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Introduction

In 1920 Lukasiewicz introduced his three valued logic ([223]), the first model of
multiple-valued logic. The n-valued propositional logic for n > 3 was constructed
in 1922 and the 8p-valued Lukasiewicz-Tarski logic in 1930 ([224]). The first com-
pleteness theorem for Rp-valued Lukasiewicz-Tarski logic was given by Wajsberg
in 1935. As a direct generalization of two-valued calculus, Post introduced in 1921
an n-valued propositional calculus distinct from that of Lukasiewicz ([239]).

In the early 1940s Gr.C. Moisil was the first to develop the theory of n-
valued Lukasiewicz algebras with the intention of algebraizing Lukasiewicz’s logic
([226, 227]), but an example of A. Rose from 1956 established that for n > 5 the
Lukasiewicz implication can no longer be defined on a L.ukasiewicz algebra. Conse-
quently, the structures introduced by Moisil are models for Lukasiewicz logic only
for n =3 and n = 4. These algebras are now called Zukasiewicz-Moisil algebras or
LM algebras for short ([14]).

The loss of implication has led to another type of logic, today called Moisil
logic, distinct from the Lukasiewicz system. The logic corresponding to n-valued
Lukasiewicz-Moisil algebras was created by Moisil in 1964. The fundamental con-
cept of Moisil logic is nuancing. During 1954-1973 Moisil introduced the 6-valued
LM algebras without negation, applied multiple-valued logics to switching theory
and studied algebraic properties of LM algebras (representation, ideals, residuation)
([228]). Moisil’s works have been continued by many mathematicians ([149, 151]).
A. Torgulescu introduced and studied 8-valued LM algebras with negation ([170]),
while V. Boicescu defined and investigated n-valued LM algebras without negation
([13D).

Today these multiple-valued logics have been developed into fuzzy logics, which
connect quantum mechanics, mathematical logic, probability theory, algebra and
soft computing.

In 1958 Chang defined MV-algebras ([38]) as the algebraic counterpart of Rg-
valued Lukasiewicz logic and he gave another completeness proof of this logic
([39D.

An MV-algebra is an algebra (A, @, ~,0) with a binary operation @, a unary
operation ~ and a constant O satisfying the following equations:

vii
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MV) x®y)Pz=x®(yD2);
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Studies on MV-algebras have been developed in [5-8, 22, 77, 81, 87, 89, 91, 120,
139, 146, 147, 153, 213, 214, 217-219, 247].

Starting from the systems of positive implicational calculus, weak systems of
positive implicational calculus and BCI and BCK systems, in 1966 Y. Imai and K.
Iséki introduced the BCK-algebras ([168]).

In 1977 R. Grigolia introduced MV, -algebras to model the n-valued Lukasiewicz
logic ([157]) and it was proved that there is a connection between n-valued
Lukasiewicz algebras and MV, -algebras ([171-173, 191, 216]).

One of the most famous results in the theory of MV-algebras was Mundici’s
theorem from 1986 which states that the category of MV-algebras is equivalent to
the category of Abelian £-groups with strong unit ([229]).

The non-commutative generalizations of MV-algebras called pseudo-MV alge-
bras were introduced by G. Georgescu and A. Iorgulescu in [135] and [137] and
they can be regarded as algebraic semantics for a non-commutative generalization
of a multiple-valued reasoning ([215]). The pseudo-MV algebras were introduced
independently by J. Rachtinek ([241]) under the name of generalized MV-algebras.

A. Dvurecenskij proved in [97] that any pseudo-MV algebra is isomorphic with
some interval in an £-group with strong unit, that is, the category of pseudo-MV
algebras is equivalent to the category of unital £-groups.

Residuation is a fundamental concept of ordered structures and categories and
Ward and Dilworth were the first to introduce the concept of a residuated lattice as
a generalization of ideal lattices of rings ([262]). The theory of residuated lattices
was used to develop algebraic counterparts of fuzzy logics ([256]) and substructural
logics ([234]).

A residuated lattice is defined as an algebra A = (A, A, V, ©, —, ~, €) of type
(2,2,2,2,2,0) satisfying the following conditions:

(A]) (A, A, V) is a lattice;

(A2) (A, ®,e) is amonoid,;

(A3) x @y <ziff x <y — z iff y < x ~» z for any x,y,z € A (pseudo-
residuation).

A residuated lattice with a constant O (which can denote any element) is called a
pointed residuated lattice or full Lambek algebra (FL-algebra, for short). If x < e
forall x € A, then A is called an integral residuated lattice. An FL-algebra A which
satisfies the condition 0 < x <e for all x € A is called FLy,-algebra or bounded in-
tegral residuated lattice ([129]). In this case we put e = 1, so that an FL,,-algebra
will be denoted (A, A, V,®, —, ~,0,1). Clearly, if A is an FL,,-algebra, then
(A, A, V,0,1) is a bounded lattice.

In order to formalize the multiple-valued logics induced by continuous t-norms
on the real unit interval [0, 1], P. Hijek introduced in 1998 a very general multiple-
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valued logic, called Basic Logic (or BL) ([158]). Basic Logic turns out to be a com-
mon ingredient in three important multiple-valued logics: 8g-valued Lukasiewicz
logic, Godel logic and Product logic. The Lindenbaum-Tarski algebras for Basic
Logic are called BL-algebras ([23, 82, 220-222, 255-257]). Apart from their log-
ical interest, BL-algebras have important algebraic properties and they have been
intensively studied from an algebraic point of view.

The well-known result that a t-norm on [0, 1] has residuum if and only if the
t-norm is left-continuous makes clear that BL is not the most general t-norm based
logic. In fact, a weaker logic than BL, called Monoidal t-norm based logic (MTL,
for short) was defined in [117] and proved in [197] to be the logic of left-continuous
t-norms and their residua. The algebraic counterpart of this logic is MTL-algebra,
also introduced in [117].

G. Georgescu and A. Torgulescu introduced in [136] the pseudo-BL algebras as
a natural generalization of BL-algebras in the non-commutative case. A pseudo-BL
algebra is an FL,,-algebra which satisfies the conditions:

(A) x—=>Y)Ox=x0O (x ~»y)=x Ay (pseudo-divisibility);
(As) x =YV (= x)=((x~y)V(y~x)=1 (pseudo-prelinearity).

Properties of pseudo-BL algebras were deeply investigated by A. Di Nola, G.
Georgescu and A. Torgulescu in [85] and [86]. Some classes of pseudo-BL algebras
were investigated in [143] and the corresponding propositional logic was established
by Héjek in [158] and [159].

A more general structure than the pseudo-BL algebra is the weak pseudo-BL
algebra or pseudo-MTL algebra introduced by P. Flondor, G. Georgescu and A.
Iorgulescu in [122]. Pseudo-MTL algebras are FL,,-algebras satisfying condition
(As) and they include as a particular case the weak BL-algebras which is an alter-
native name for MTL-algebras.

Properties of pseudo-MTL algebras are also studied in [46, 144, 181].

An FL,, -algebra which satisfies condition (A4) is called a divisible residuated
lattice or bounded R{-monoid. Properties of divisible residuated lattices were stud-
ied by A. Dvurecenskij, J. Rachtinek and J. Kiihr ([105, 111, 205, 240]).

Pseudo-BCK algebras were introduced in 2001 by G. Georgescu and A.
Torgulescu ([138]) as non-commutative generalizations of BCK-algebras. Proper-
ties of pseudo-BCK algebras and their connection with other fuzzy structures were
established by A. Torgulescu in [179-182].

For a guide through the pseudo-BCK algebras realm we refer the reader to the
monograph [186].

Another generalization of pseudo-BL algebras was given in [148], where pseudo-
hoops were defined and studied. Pseudo-hoops were originally introduced by Bos-
bach in [15] and [16] under the name of complementary semigroups. It was proved
that a pseudo-hoop has the pseudo-divisibility condition and it is a meet-semilattice,
so a bounded R¢-monoid can be viewed as a bounded pseudo-hoop together with
the join-semilattice property. In other words, a bounded pseudo-hoop is a meet-
semilattice ordered residuated, integral and divisible monoid.

Other topics in multiple-valued logic algebras have been studied in [34, 36, 92,
132, 141, 150, 248].
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The notion of a state is an analogue of a probability measure and it has a very
important role in the theory of quantum structures ([108]). The basic idea of states is
an averaging of events (elements) of a given algebraic structure. Since in the case of
Lukasiewicz co-valued logic the set of events has the structure of an M V-algebra, the
theory of probability on this logic is based on the notion of a state defined on an MV-
algebra. Besides mathematical logic, Riecan and Neubrunn studied MV-algebras
as fields of events in generalized probability theory ([250]). Therefore, the study
of states on MV-algebras is a very active field of research ([40, 83, 84, 119, 133,
246]) which arises from the general problem of investigating probabilities defined
for logical systems.

States on an MV-algebra (A, @,”,0) were first introduced by D. Mundici in
[230] as functions s : A — [0, 1] satisfying the conditions:

s(1) =1 (normality);
s(xdy)=sx)+s(y) if x ©y =0 (additivity),

wherex O y=(x"dy ) .

They are analogous to finitely additive probability measures on Boolean algebras
and play a crucial role in M V-algebraic probability theory ([249]).

States on other commutative and non-commutative algebraic structures have been
defined and investigated by many authors ([20, 21, 102, 133, 134, 140, 142, 258,
259]).

The aim of this book is to present new results regarding non-commutative
multiple-valued logic algebras and some of their applications. Almost all the results
are based on the author’s recent papers ([42-75]).

The book consists of nine chapters.

The Chap. 1 is devoted to pseudo-BCK algebras. After presenting the basic
definitions and properties, we prove new properties of pseudo-BCK algebras with
pseudo-product and pseudo-BCK algebras with pseudo-double negation. Examples
of proper pseudo-BCK algebras, good pseudo-BCK algebras and pseudo-BCK lat-
tices are given, and the orthogonal elements in a pseudo-BCK algebra are charac-
terized. Finally, we define the maximal and normal deductive systems of a pseudo-
BCK algebra with pseudo-product and we study their properties.

In Chap. 2 we recall the basic properties of pseudo-hoops, we introduce the no-
tions of join-center and cancellative-center of pseudo-hoops and we define and study
algebras on subintervals of pseudo-hoops. Additionally, new properties of a pseudo-
hoop are proved.

Chapter 3 is devoted to residuated lattices. We investigate the properties of the
Boolean center of an FL,,-algebra and we define and study the directly indecom-
posable FL,,-algebras. One of the main results consists of proving that any linearly
ordered FL,,-algebra is directly indecomposable. Finally, we define and study FL,,-
algebras of fractions relative to a meet-closed system.

In Chap. 4 we present some specific properties of other non-commutative
multiple-valued logic algebras: pseudo-MTL algebras, bounded R{-monoids,
pseudo-BL algebras and pseudo-MV algebras. As main results, we extend to the
case of pseudo-MTL algebras some results regarding prime filters proved for
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pseudo-BL algebras. The Glivenko property for a good pseudo-BCK algebra is
defined and it is shown that a good pseudo-hoop has the Glivenko property.

Chapter 5 deals with special classes of non-commutative residuated structures:
local, perfect and Archimedean structures. The local bounded pseudo-BCK(pP)
algebras are characterized in terms of primary deductive systems, while the per-
fect pseudo-BCK(pP) algebras are characterized in terms of perfect deductive sys-
tems. One of the main results consists of proving that the radical of a bounded
pseudo-BCK(pP) algebra is a normal deductive system. We also prove that any
linearly ordered pseudo-BCK(pP) algebra and any locally finite pseudo-BCK(pP)
algebra are local. Other results state that any local FL, -algebra and any locally
finite FL,,-algebra are directly indecomposable. The classes of Archimedean and
hyperarchimedean FL,,-algebras are introduced and it is proved that any locally fi-
nite FL,,-algebra is hyperarchimedean and any hyperarchimedean FL,,-algebra is
Archimedean.

Chapter 6 is devoted to the presentation of states on multiple-valued logic alge-
bras. We introduce the notion of states on pseudo-BCK algebras and we study their
properties. One of the main results consists of proving that any Bosbach state on
a good pseudo-BCK algebra is a Riecan state, however the converse turns out not
to be true. We also prove that every RieCan state on a good pseudo-BCK algebra
with pseudo-double negation is a Bosbach state. In contrast to the case of pseudo-
BL algebras, we show that there exist linearly ordered pseudo-BCK algebras having
no Bosbach states and that there exist pseudo-BCK algebras having normal filters
which are maximal, but having no Bosbach states.

Some specific properties of states on FL,-algebras, pseudo-MTL algebras,
bounded R¢-monoids and subinterval algebras of pseudo-hoops are proved.

A special section is dedicated to the existence of states on the residuated struc-
tures, showing that every perfect FL,,-algebra admits at least a Bosbach state and
every perfect pseudo-BL algebra has a unique state-morphism.

Finally, we introduce the notion of a local state on a perfect pseudo-MTL algebra
and we prove that every local state can be extended to a Riecan state.

In Chap. 7 we generalize measures on BCK algebras introduced by A. Dvurecen-
skij in [94] and [108] to pseudo-BCK algebras that are not necessarily bounded. In
particular, we show that if A is a downwards-directed pseudo-BCK algebra and m
a measure on it, then the quotient over the kernel of m can be embedded into the
negative cone of an Abelian, Archimedean ¢-group as its subalgebra. This result
will enable us to characterize nonzero measure-morphisms on downwards-directed
pseudo-BCK algebras as measures whose kernel is a maximal filter. We study state-
measures on pseudo-BCK algebras with strong unit and we show how to character-
ize state-measure-morphisms as extremal state-measures or as state-measures whose
kernel is a maximal filter. In particular, we show that for unital pseudo-BCK alge-
bras that are downwards-directed, the quotient over the kernel can be embedded into
the negative cone of an Abelian, Archimedean £-group with strong unit. We gener-
alize to pseudo-BCK algebras the identity between de Finetti maps and Bosbach
states, following the results proved by Kiihr and Mundici in [211] who showed that
de Finetti’s coherence principle, which has its origins in Dutch bookmaking, has
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a strong relationship with MV-states on MV-algebras. We also generalize this for
state-measures on unital pseudo-BCK algebras that are downwards-directed.

Chapter 8 is devoted to generalized states on residuated structures. The study
of these generalized states is motivated by their interpretation as a new type of se-
mantics for non-commutative fuzzy logics. Usually, the truth degree of sentences
in a fuzzy logic is a number in the interval [0, 1] or, more generally, an element
of an FL,,-algebra. Similarly, for generalized states, the probability of sentences is
evaluated in an arbitrary FL,,-algebra.

We define the generalized states of type I and type II and generalized state-
morphisms and we study the relationship between them. We prove that any perfect
FL,,-algebra admits strong type I and type II states. Some conditions are given for
a generalized state of type I on a linearly ordered bounded R¢-monoid to be a state
operator. The notion of a strong perfect FL,,-algebra is introduced and it is proved
that any strong perfect FL,,-algebra admits a generalized state-morphism. The no-
tion of a generalized Riecan state is also introduced and the main results are proved
based on the Glivenko property defined for the non-commutative case. The main re-
sults consist of proving that any order-preserving type I state is a generalized RieCan
state and in some particular conditions the two states coincide. We introduce the no-
tion of a generalized local state on a perfect pseudo-MTL algebra A and we prove
that, if A is relatively free of zero divisors, then every generalized local state can be
extended to a generalized Riecan state.

Chapter 9 deals with residuated structures with internal states. We define the
notions of state operator, strong state operator, state-morphism operator, weak state-
morphism operator and we study their properties. We prove that every strong state
pseudo-hoop is a state pseudo-hoop and any state operator on an idempotent pseudo-
hoop is a weak state-morphism operator. It is proved that for an idempotent pseudo-
hoop A a state operator on Reg(A) can be extended to a state operator on A. One of
the main results of this chapter consists of proving that every perfect pseudo-hoop
admits a nontrivial state operator. Other results compare the state operators with
states and generalized states on a pseudo-hoop. Some conditions are given for a state
operator to be a generalized state and for a generalized state to be a state operator.

We hope that this book will be useful to graduate students and researchers in the
area of algebras of multiple-valued logics.

I wish to firstly thank my adviser George Georgescu for guiding many of my
steps in this field.

This manuscript owes a lot to Afrodita Iorgulescu for her careful reading and
remarks.

I am also in debt to Anatolij Dvurecenskij for his suggestions and fruitful collab-
orations.

On a personal note, I am very grateful to my parents for all their support and
encouragement over the years.

Last but not least I wish to thank my husband for his wonderful companionship.

Towa City, USA Lavinia Corina Ciungu
May 2013
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Chapter 1
Pseudo-BCK Algebras

BCK algebras were originally introduced by K. Iseki in [194] with a binary opera-
tion * modeling the set-theoretical difference and with a constant element 0, that is,
a least element. Another motivation is from classical and non-classical propositional
calculi modeling logical implications. Such algebras contain as a special subfamily
the family of MV-algebras where some important fuzzy structures can be studied.
For more about BCK algebras, see [167, 174—179, 182-187, 189, 192, 193, 225].

Pseudo-BCK algebras were introduced by G. Georgescu and A. lorgulescu in
[138] as algebras with “two differences”, a left- and right-difference, instead of one
+ and with a constant element 0 as the least element. In [112], a special subclass of
pseudo-BCK algebras, called Lukasiewicz pseudo-BCK algebras, was introduced
and it was shown that each such algebra is always a subalgebra of the positive cone
of some £-group (not necessarily Abelian). The class of Lukasiewicz pseudo-BCK
algebras is a variety whereas the class of pseudo-BCK algebras is not; it is only a
quasivariety because it is not closed under homomorphic images. Nowadays pseudo-
BCK algebras are used in a dual form, with two implications, — and ~~ and with
one constant element 1, that is the greatest element. Thus such pseudo-BCK alge-
bras are in the “negative cone” and are also called “left-ones”. Further properties of
pseudo-BCK algebras and their connection with other fuzzy structures were estab-
lished by A. Torgulescu in [179-182]. For a guide through the pseudo-BCK algebras
realm, see the monograph [186]. Studies on pseudo-BCK algebras were also devel-
oped in [107, 163, 190, 206, 208-210].

In this chapter we prove new properties of pseudo-BCK algebras with pseudo-
product and pseudo-BCK algebras with pseudo-double negation and we show that
every pseudo-BCK algebra can be extended to a good one. Examples of proper
pseudo-BCK algebras, good pseudo-BCK algebras and pseudo-BCK lattices are
given and the orthogonal elements in a pseudo-BCK algebra are characterized. Fi-
nally, we define the maximal and normal deductive systems of a pseudo-BCK alge-
bra with pseudo-product and we study their properties.

L.C. Ciungu, Non-commutative Multiple-Valued Logic Algebras, 1
Springer Monographs in Mathematics, DOI 10.1007/978-3-319-01589-7_1,
© Springer International Publishing Switzerland 2014


http://dx.doi.org/10.1007/978-3-319-01589-7_1

2 1 Pseudo-BCK Algebras

1.1 Definitions and Properties

Definition 1.1 A pseudo-BCK algebra (more precisely, reversed left-pseudo-BCK
algebra) is a structure 4 = (A, <, —, ~», 1) where < is a binary relation on A,
— and ~~ are binary operations on A and 1 is an element of A satisfying, for all
X,Vy,z € A, the axioms:

(PsBCK|) x > y=(y—=> 2~ @ —>2,x~»y=(y~2z2)—> (X2

(PsBCKy) x <(x = y) =y, x < (x »y) = y;

(psBCK3) x <x;

(psBCK,) x <1;

(psBCK) if x <yand y <x,thenx =y;

(psBCKg) x <yiffx > y=1iffx ~»y=1.

A pseudo-BCK algebra A = (A, <, —, ~, 1) is commutative if — =~-. Any
commutative pseudo-BCK algebra is a BCK-algebra.

In the sequel we will refer to the pseudo-BCK algebra (A, <, —,~, 1) by its
universe A.

Proposition 1.1 The structure (A, <, —,~>, 1) is a pseudo-BCK algebra iff the
algebra (A, —, ~~, 1) of type (2,2,0) satisfies the following identities and quasi-
identity:

(psBCK}) (x > y) ~[(y > )~ (x> 2)]=1;
(psBCK)) (x ~y) = [(y~2) = (x =~ 2)]=1;
(psBCK%) 1 — x =x;

(psBCK})) 1~»x =x;

(psBCK3) x — 1=1;

(psBCKy) (x > y=1andy — x =1) implies x = y.

Proof Obviously, any pseudo-BCK algebra satisfies (psBCK'))—(psBCK,).
Conversely, assume that an algebra (A, —, ~», 1) satisfies (psBCK’1 )—(psBCK’6).
Applying (psBCK?) and (psBCK'}) we get:

x> y]l=0->0)w x>~ 1->y]=1
Similarly, by (psBCK}) and (psBCK’,) we have:
x= [y =y]=0wx) > [ —>Aw=y]=1
Applying (psBCK?) and (psBCK?,) we have:
xo>x=l>@x->x0)=>0~D>[Iwx)>1~x]=1
Similarly, by (psBCK))) and (psBCK'|) we get:
xwx=lwawx)=1->Dw=[1->x~1->x)]=1

Moreover, if x - y =1 then x ~» y =x ~» [(x = y) ~» y] = 1 and similarly, if
x~y=Ilthenx > y=x—=[(x~y)—>y]=1.
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Fig. 1.1 Example of proper pseudo-BCK algebra

It follows thatx — y=1iff x ~» y = 1.
We deduce that the relation < defined by x <y iff x — y =1 is a partial order
on A which makes (A, <, —, ~», 1) a pseudo-BCK algebra. O

In the sequel, we shall use either (A, <, —, ~>, 1) or (A, —, ~>, 1) for a pseudo-
BCK algebra.

Example 1.1 Consider A = {o1, a1, by, c1,02,a2,b2,c2, 1} withoy <aj, by <c) <
1 and a1, b1 incomparable, 0y < as, b < ¢z < 1 and ay, by incomparable. Assume
that any element of the set {o1, a1, b1, c1} is incomparable with any element of the

set {02, aa, ba, c2} (see Fig. 1.1).
Consider the operations —, ~~» given by the following tables:

— | 01 ai b] cT 02 a b2 ) 1
o1 |1 1 1 1 o0y ap by ¢ 1
aq (] 1 b] 1 0oy ap b2 2 1
by lag ag 1 1 o0y a by ¢ 1
cirlor ap b1 1 o0 ay by ¢ 1
oo logr a by ¢ 1 1 1 1
a oy a by ¢ oo 1 by 1 1
b2 o1 aj b1 cl] € 1 1 1
c|lor ap by ¢4 oo ¢ by 1 1

1 oy ag b1 ¢4 02 ap by ¢ 1
~ o1 a by ¢ o0 ay by ¢ 1
o1 | 1 1 1 1 o0y ay by ¢ 1
a |by 1 by 1 02 ax by o 1
bl o1 daj 1 1 0oy ap b2 2 1
cirlor ap by 1 o0y ay by ¢ 1
0oylor ao by ¢ 1 1 1 1 1
a o a by ¢ b 1 by 1 1
by |or ag by ¢4 by ¢ 1 1 1
¢y | 01 di b1 C1l b2 (6] b2 1 1

1 o] daj b] ¢l 02 ap b2 2 1
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Then (A, <, —, ~, 1) is a proper pseudo-BCK algebra.

We recall the definition of an £-group. The language of lattice-ordered groups
(£-groups) involves both the group operations and the binary lattice operations.

By a lattice-ordered group (£-group) we will mean an ordered group (G, <)
such that (G, <) is a lattice. The £-group G is called an fu-group if there exists
an element u > 0 such that for any x € G there is an n € N such that x < nu. The
element u is called a strong unit.

For details regarding £-groups we refer the reader to [2, 12, 76].

Example 1.2 Let (G, V, A, +, —, 0) be an £-group.
On the negative cone G~ = {g € G | g < 0} we define:

g—=h:=h—(gVvhy=mh-g A0,
g~h:=—(@gVvh) +h=(-g+h)AO0.

Then (G~, <, —, ~», 0) is a pseudo-BCK algebra.

Remark 1.1 (Definition of union) Let (A;, <, —;, ~i, 1;)ie; be a collection of
pseudo-BCK algebras such that:

(1) I;=1foralliel,
(i) A;NA; ={1}foralli,jel,i#j.

Let A =J,;.; A; and define:

iel
x—;y ifx,yeA;iel
y otherwise,

_Jx~iy ifx,yeA;iel
r Y= {y otherwise.
Then (A, <, —,~», 1) is a pseudo-BCK algebra called the union of the pseudo-
BCK algebras (A;, <, =i, ~, 1;)ier.

Note that the notion of union defined above is not related to the notion of ordinal
sum defined in Chap. 2.

Proposition 1.2 In any pseudo-BCK algebra A the following properties hold:

(psbck-c1) x <y impliesy >z <x—>zandy~>z7 <x ~Z;
(psbck-cp) x <y, y <zimplies x <z,

(psbck-c3) x > (y~z) =y~ (x =2, x> —>2)=y—> (x ~2);
(psbck-cs) z<y—xiff y <z~ x;

(psbck-cs) z—>x<(y—>2) > (> x), 2> x < (y~2)~ (y~x);
(psbck-cg) x <y —>x,x <y~x;
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(psbck-c7) 1 > x=x=1~x;

(psbck-cg) x > x=x~x=1;

(psbck-c9) x > 1=x~1=1;

(psbck-c10) x <y impliesz —>x <z—yandz~>x <z7~>Yy;
(psbck-ci1) [(y > x) = x]—>x=y > x, [(y»x) > x]wx=y~x.

Proof

(psbck-c1) Since x <y, applying (psBCKg), (psBCK ) and (psBCK,) we get 1 =
Xx—>y<(y—>2~x—>2),0(y—>z)~((x—>z)=1forall z € A.
Applying (psBCKg) againwe get y — 2 < x — Z.

Similarly, y ~» z < x ~ z.

(psbck-cp) By (psbck-c1), x <y implies y - z < x — z. Since y < z we have
y—>z=1,s0x — z=1. Applying (psBCK¢) we get x < z.

(psbck-c3) Applying (psBCK{) we have y - x < (x — z) ~ (y — z) and by
(psbck-cr) we get [(x = 2) ~» (y > 2)]~u <(y = x) ~u forany u € A.
From this inequality, replacing z with u ~» z, x with x ~» z and u with (u ~~
x) ~ [y = (u~> z)] we get

[~ 2) = @~ 2]~ [y = @~ ]|~ [~ x)~ [y = @~ 2)]]

<= @] [@sx) [y = @~2]]

By (psBCK{) we have u ~» x < (x ~» z) = (1 ~~ z) and applying (psbck-cy) it
follows that the left-hand side of the above inequality is equal to 1.

Thus the right-hand side is also equal to 1, s0 y — (x ~» 2) < (U ~> x) ~ [y —
(u ~2)].

Replacing x with y — z and u with x we get

y=> [0~z [x~ (=]~ [y— @x~2)]

But, by (psBCK,) wehave y < (y > z) ~ 2,50y = [(y > 2) ~ z] = L.
It follows that [x ~ (y = 2)] ~ [y > (x ~ 2)] = 1.
Therefore x ~ (y = z) <y = (x ~ 2).
On the other hand, by (psBCK,) we have x < (x ~» z) — z and applying (psbck-
cyweget[(x ~2z) > z]~ (y—>2) <x~ (y—2).
By (psBCK ) we have y — x < (x — z) ~» (y — z) and replacing x with x ~> z
wegety > (x~2) <[(x~2) > 2]~ (y = 2) Sx~ (¥ — 2).
We conclude that x — (y ~»z) =y ~ (x — 2).
Similarly, x ~ (y > 2) =y — (x ~ 2).
(psbck-c4) From z <y — x, by (psBCK,) and (psbck-c1) we have

Y<(y—=>Xx)wx <z X

Similarly, fromy <z~ xwegetz<(z~x) > x <y — x.
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(psbck-cs) Applying (psBCK{) we have y — z < (z — x) ~» (y — x) and accord-
ing to (psbck-c1) we get

[(z—>x)w(y—>x)]—>(y—)x)i(y—)z)—>(y—>x).

By (psBCK,) it follows that z = x < [(z = x) ~ (y = x)] = (y = x), and
applying (psbck-c2) we conclude that z - x < (y = z) = (y — x).
Similarly, from y ~» z < (2~ x) = (y ~» x) we get 2 ~» x < (¥ ~ 7) ~»
(y ~ x).

(psbck-cg) Since y <1 =x — x, it follows by (psbck-c4) that x <y ~» x.
Similarly, fromy <1=x~>x wegetx <y — x.

(psbck-c7) By (psbck-cg) we have x <1 — x andx <1~ x.
By (psBCK,)we get ] < (1 > x)~xand 1 < (1 ~x)— x.
It follows that (1 - x) ~»x=1and (1 ~x) > x=1,s0 1 > x <x and
l~~wx<x.Thusl ->x=x=1~x.

(psbck-cg) and (psbck-co) are consequences of the axiom (psBCKy).

(psbck-c10) Applying (psbck-c7), (psBCKg) and (psBCK |) we have:

z=>y=lwEZz—->y)=x—>y)~(EZ—>y)>z—>x and
Zwy=l=@Ewy)=x~y)—> 2~y =z~x.

(psbck-c11) By (psBCK,) wehave y < (y - x) ~»xand y < (y ~ x) = x.
Applying (psbck-c1) we get

[(y—>x)wx]—>x§y—>x and [(ywx)—)x]wxfywx.
On the other hand, by (psBCK,) we have:
y—>x§[(y—>x)v->x]—>x and ywxf[(ywx)—mc]wx.
We conclude that
[(6>x)wx]>x=y—>x and [(y~x)>x]wx=y~x O

Proposition 1.3 Let (A, <, —, ~, 1) be a pseudo-BCK algebra.
If \/ ;¢ Xi exists, then so does |\;c;(x; — y) and )\;c;(x; ~ y) and we have:

(psbck-c12) (\/ie[ X)) —>y= /\,’E[(xi —y), (\/ie[ Xj) oy = /\ieI(xi ~y).

Proof 1f we let x = \/,; x;, it follows that x; < x and applying (psbck-c) we have
x —>y<x;— yforalli el.Letzbe alower bound of {x; — y |i € I}. Then, by
(psbck-c4), z < x; — y implies x; <z ~>y foralli € I, so x <z ~> y. Applying
(psbck-c4) again, we get z < x — y.

Thus x — yisthe glb.of {x; — y|i € I}.

We conclude that A;_; (x; = y) exists and (\/;c; xi) = y = A;e; (i = ¥).

Similarly, /\;c;(x; ~ y) exists and (\/;c; xi) ~ y = N\;je; (xi ~ y). O
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0

Fig. 1.2 Example of bounded pseudo-BCK algebra

Definition 1.2 If there is an element O of a pseudo-BCK algebra (A, <, —, ~~, 1),
such that 0 < x (i.e. 0 > x =0~>x = 1), for all x € A, then 0 is called the zero
of A. A pseudo-BCK algebra with zero is called a bounded pseudo-BCK algebra
and it is denoted by (A, <, —, ~»,0, 1).

Example 1.3 Consider A ={0,a,b,c,1} with0 <a,b <c < 1 and a, b incompa-
rable (see Fig. 1.2).
Consider the operations —, ~~» given by the following tables:

— |10 a b c 1 ~10 a b ¢ 1
o1 1 1 1 1 o1 1 1 1 1
a |0 1 b 1 1 al|b 1 b 1 1
bla a 1 1 1 b |10 a 1 1 1
c |0 a b 1 1 c |0 a b 1 1
110 a b ¢ 1 110 a b ¢ 1

Then (A, <, —,~»,0, 1) is a bounded pseudo-BCK algebra. (As we will see later,
A is even a pseudo-BCK lattice.)

Let (A, <, —,~,0, 1) be a bounded pseudo-BCK algebra. We define two nega-
tions ~ and ~: forall x € A,

x =x—0, xTi=x~0.
In the sequel we will use the following notation:
xTT=(x7); xT = (xN)N; x = (x_)w; xTT=(x7)".
Example 1.4 Let (G, V, A, +, —,0) be an £-group with a strong unit # > 0. On the
interval [—u, 0] we define:

x—>y:=(y—x)A0, x~y:=(=x4+y)A0.

Then ([—u,0], <,—,~>, —u,0) is a bounded pseudo-BCK algebra with x~ =
—u —x and x~ = —x — u. In a similar way, ((—u, 0], <, —,~=,0) is a pseudo-
BCK algebra that is not bounded.
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Example 1.5 Let (G, Vv, A, +, —,0) be an £-group with a strong unit # > 0. On the
interval [0, u] we define:

x—=>y=W—x+y) Au, x~~y:=O—x+u)Au.

Then ([0, ], <, —, ~>,0,u) is a bounded pseudo-BCK algebra with x™ =u — x
and x~ = —x + u. If on [0, u] we set - =~~ and ~»| =—, then ([0, u], <, —1,
~1,0,u) is isomorphic with ([—u, 0], <, —, ~», —u, 0) under the isomorphism
xt—>x—u,x €l0,u].

Proposition 1.4 In a bounded pseudo-BCK algebra the following hold:

(psbck-c13) 17 =0=17,0"=1=07;

(psbck-c14) x <x7 7, x <x"77;

(psbck-c15) x = y <y~ X7, x>y <y —>x;
(psbck-c16) x <y implies y~ <x~ and y~ <x7;
(psbck-c17) x >y " =y~x"andx ~»y =y —>x";

(psbck-c18) x~~ T =x",x" 7T =x"

(psbck-c19) x >y " =y mxT =x" >y Tandx ~~»y T =y > xT =
XTT ey

(psbck-cy0) x >y =y T mxT =x"" >y andx ~~y =y T > xT =
XTT ey

(psbck-c31) (x =y ) T =x—>y T and (x ~y ) T =x~y 7.

Proof

(psbck-c13) Since 0 < 0, by (psBCKg) we get 0 -~ 0 =1 and 0 ~» 0 =1, that is,
0"=1land 0™ =1.
Taking x =1 and y =0 in (psBCK,) we have 1 < (1 — 0) ~» 0, hence (1 —
0) ~»0=1. Thus by (psBCKg) we get ] > 0<0,s01 > 0=0,ie. 17 =0.
Similarly, 17 =0.
(psbck-c14) This follows by taking y = 0 in (psBCK,).
(psbck-c15) Applying (psBCK ) for z =0 we get:
x—=>y<(y—->0~x—>0=y ~x~ and
X~y <(y~>0)—> x~0)=y —x".
(psbck-c16) From x <y, applying (psbck-ci) wegety - 0<x - 0,s0y” <x~.
Similarly, y~ <x™.
(psbck-c17) By (psbck-c15), (psbck-c14) and (psbck-c1) we get:

X—=>y <y T exT <y~ax oand x~y <y T —o>xT <y—>x.
In the above inequalities we change x and y obtaining:
y—=>x <x~y and y~x <x—y .

Thus x > y“ =y~x"andx~y =y —x".
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(psbck-c13) By (psbck-c14) and (psbck-cie) we get x~~ 7 <x™ and x77 <x".
By (psbck-c14), replacing x with x™ and x~ we get x~ <x~ 77 and x~ <
x~ "7, respectively. Thus x 77" =x"and x~~~ =x".

(psbck-c19) By (psbck-ci7) wehave: y ~»x~ =x — y~.

Replacing y with y~ we get: y~ ~~»x~" =x — y~ .

Replacing x by x~ 7 in the last equality we get: y~ ~>x~ "~ =x"" — y
Hence applying (psbck-c1g) it follows that: y~ ~»x~ =x7" — y~ .

Thusx > y 7=y ~x  =x ">y .
Similarly, x ~» y™ 7" =y~ > xT =x"" ~ yT.

(psbck-cy9) The assertions follow by replacing in (psbck-c19) y with y~ and y with
y~, respectively and applying (psbck-c13).

(psbck-cp1) Applying (psbck-c3) and (psbck-c19) we have:

I=x=>y )wx=>y T )=x=>((x=>y"")~y")
=x > ((x — yw_)N_ > yw—) — (x N yw—)”— — (x N y~—)‘

Hence (x > y~7) " <x— y~ .
On the other hand, by (psbck-c14) we have x — y~~ < (x — y~ )77, thus
(x—=>y )T =x—y . Similarly, (x ~> yTT) T T =x~ yT 7 =

We recall some notions and results regarding pseudo-BCK semilattices (see
[209]).

Definition 1.3 A pseudo-BCK join-semilattice is an algebra (A, Vv, —, ~~, 1) such
that (A, V) is a join-semilattice, (A, —, ~», 1) is a pseudo-BCK algebra and x —
y=liffxvy=y.

Remark 1.2 1t is easy to show that an algebra (A, v, —, ~~, 1) of type (2,2, 2,0) is
a pseudo-BCK join-semilattice if and only if (A, V) is a join-semilattice and (A, —,
~=, 1) satisfies (psBCK'| )~(psBCKY) and the following identities:

(psBCK7) xV[(x = y) ~ y]l=(x = y) ~y;
(psBCKg) x — (x Vy)=1.

Definition 1.4 A pseudo-BCK meet-semilattice is an algebra (A, A, —, ~», 1) such
that (A, A) is a meet-semilattice, (A, —, ~~, 1) is a pseudo-BCK algebra and x —
y=1liffx Ay=ux.

Remark 1.3 1t is easy to show that an algebra (A, A, —, ~~, 1) of type (2, 2,2,0)
is a pseudo-BCK meet-semilattice if and only if (A, A) is a meet-semilattice and
(A, —,~=, 1) satisfies the identities (psBCK'))-(psBCKY) and the identities:
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(psBCKG) x A[(x = y) ~ y] =x;
(psBCKY) (x Ay) > y=1.

Example 1.6 Given a pseudo-hoop (A, ®, —,~>, 1) (see Chap. 2), then (A, A,
—,~, 1) is a pseudo-BCK meet-semilattice, where x A y =x © (x ~ y) =
(x—>y) Ox.

In the sequel by a pseudo-BCK semilattice we mean a pseudo-BCK join-
semilattice.

Definition 1.5 Let (A, <, —, ~>, 1) be a pseudo-BCK algebra. If the poset (A, <)
is a lattice, then we say that A is a pseudo-BCK lattice.
A pseudo-BCK lattice is denoted by (A, A, V, =, ~, 1).

Example 1.7 Consider the bounded pseudo-BCK algebra (A, <, —, ~»,0, 1) from
Example 1.3. Since (A, <) is a lattice, it follows that A is a pseudo-BCK lattice.

Let A be a pseudo-BCK algebra. For all x, y € A, define:
xViy=@E—>y) vy, xVay=(@x~y) o>y

Proposition 1.5 In any bounded pseudo-BCK algebra A the following hold for all
X,y € A:

() Ovix=x=0Vax;

2) xVvi0=x"",xVv0=x"";

B lvix=xVvil=1=1Vvox=xVy1;
@) x<yimpliesxViy=yandxVyy =1y,
B) xVix=xVyx=x.

Proof

1) 0vix=(0—x)~x=1~x=x and similarly 0 v, x = x.

2) xvi0=(x—>0)~0=x"" and similarly x Vo 0 =x"".

(3) Wehave: 1vix=(1—>x)~x=1landxVvil=x—>1)~1=1,s0lvVvix =
xVvi1l=1.Similarly, 1 Vo x =x Vv 1=1.

@ xVviy=x—>y)~y=1~>y=y. Similarly, x Vo y = y.

(5) This follows from the definitions of v and V5. O

Proposition 1.6 In any bounded pseudo-BCK algebra A the following hold for all
X,y € A:

D) xVviy T =x""Vviy TandxVvyy T =x"TVoy T,
Q) xVviy =xT"Vviy andxVyy T =x""VayT,

N\ ~— ~—

3) x77 vy y_N)_N =x""Viy Tand (x7T Voy ) =x""Vay
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Proof

(1) Applying (psbck-c19) we have:

xviy T = (x — y*N) ~y T = (xfw

xVopy T = (x ~y yN_) -y T = (xw_

(2) Applying (psbck-c20) we have:

xViY T =x—=>y )y =TT 5y ) wy

xvzy_z(xwy_)ay_z(xw_wy

(3) Applying (psbck-cp1) we have:

(xiw V1 yiN)iw

Viy

(xwi Vo ywi)wi

Vay

[ Y B
X

[T~ yT) =y
X

Proposition 1.7 In any pseudo-BCK algebra the following hold for all x,y € A:

(psbck-cp) (xViy) > y=x—>yand (x Vo y)~>y=Xx~> Y.

Proof This is a consequence of the property (psbck-c11).

Lemma 1.1 Let A be a pseudo-BCK algebra. Then:

(1) xVv1y (yVi1x)isan upper bound of {x, y};

(2) x V2 y (y Va2 x)isan upper bound of {x, y}

forall x,y € A.

Proof
(1) By (psBCK,) wehave x < (x — y) ~ .

Since by (psbck-cg), y < (x — y) ~» y, we conclude that x, y < x Vi y.

Similarly we get x, y <y Vi x.
(2) Similar to (1).

Definition 1.6 Let A be a pseudo-BCK algebra.

(1) fxvyy=yvixforall x,y € A, then A is called V{-commutative;
2) Ifxvoy=yvaxforall x,y € A, then A is called Va-commutative.

Lemma 1.2 Let A be a pseudo-BCK algebra.
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(1) If for all x,y € A, x V1 y (y V1 x) is the Lub. of {x,y}, then A is Vi-
commutative;

) If for all x,y € A, x Vo y (y V2 x) is the Lu.b. of {x,y}, then A is V;-
commutative.

Proof
(1) Suppose that for all x,y € A, x V1 y (¥ V1 x) is the L.u.b. of {x, y}. Then by

Lemma 1.1, for all x,y € A we have y Vix <xViyand x Vi y <y V| x.
Applying (psBCKs) we getx V1 y =y Vi x. Thus A is V|-commutative.
(2) Similar to (1). O
Proposition 1.8 Let A be a pseudo-BCK algebra.
(1) If A is Vi-commutative, then x /1y is the L.u.b. of {x, y}, forall x,y € A;
2) If A is Vo-commutative, then x Vo y is the Lu.b. of {x, y}, forall x,y € A.
Proof

(1) Letx,y € A. According to Lemma 1.1, x V1 y is an upper bound of {x, y}. Let
z be another upper bound of {x, y}, i.e. x <z and y < z. We will prove that
x V1 y < z.Indeed, applying Proposition 1.5(4) and taking into consideration
that A is V{-commutative we have:

XV1y—=>2Z=XV1y—>yViZ=xV1iy—>2zVi1)y
=((x=y~y)=> (@—=y)~y).

According to (psBCK) we have (b — ¢) ~» (a — ¢) > a — b and replacing a
with z — y, b with x — y and ¢ with y we get:

(>~ y)=> (@G>~ y)=2@=> )~ x>y
>x—z (by (psBCK))).

Hence x Vi y — z>x — z=1 (since x < z). It follows that x Vi y —> z =1,
thus x V| y < z. We conclude that x V1 y is the l.u.b. of {x, y}.
(2) Similar to (1). O

Theorem 1.1 If A is a pseudo-BCK algebra, then:

(1) A is vi-commutative iff it is a join-semilattice with respect to V1 (under <);
(2) A is va-commutative iff it is a join-semilattice with respect to Vo (under <).

Proof This is a consequence of Lemma 1.2 and Proposition 1.8. g

Corollary 1.1 Let A be a pseudo-BCK algebra. Then:

(1) If A is Vi-commutative, then x V1 y <x V2 y,yVax forallx,y € A;
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(2) If A is Vo-commutative, then x Vo y <xV1y,yVix forallx,y € A.

Proof

(1) According to Lemma 1.1, x V2 y, y V2 x are upper bounds of {x, y}. By Propo-
sition 1.8, x V1 y is the L.u.b. of {x, y}, thus x Vi y <x V2 y,y vV x.
(2) Similar to (1). O

Definition 1.7 A pseudo-BCK algebra is called sup-commutative if it is both V-
commutative and V,-commutative.

Theorem 1.2 A pseudo-BCK algebra is sup-commutative iff it is a join-semilattice
with respect to both V1 and V.

Proof This follows from Theorem 1.1. O

Corollary 1.2 If A is a sup-commutative pseudo-BCK algebra, then x V1 y =x V3 y
forall x,y € A.

Proof By Corollary 1.1, x Vi y <x Vo yand x Vo y <x Vi Yy, hence x V| y =
X Vo y. g

Lemma 1.3 In a V{-commutative (V>-commutative) bounded pseudo-BCK algebra
A, we have x~~ = x (x~~ = x, respectively), for all x € A.

Proof Replacing y with O in the identity x Vi y =y V| x, we get (x — 0) ~ 0=
0— x)~x,le.x "~ =x.
Similarly, replacing y withOin x Vo y =y Vo x, we get x~~ = x. U

Corollary 1.3 Let A be a sup-commutative, bounded pseudo-BCK algebra. Then

X7 =x""=ux,forall x € A.

Proof This follows by replacing y with 0 in the equality x Vi y = x V2 y and ap-
plying Lemma 1.3. d

In a bounded pseudo-BCK algebra A, define, for all x, y € A:
xAry=("viyT)T,
XAy = (x_ \Z) y_)w.
Lemma 1.4 Let A be a pseudo-BCK algebra. Then for all x,y € A:

(1) x A1y (¥ A1 x)is alower bound of {x~~,y~"};
(2) x "2y (y A2 x) is alower bound of {x~—,y~ " }.
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Proof

(1) By Lemma 1.1 we have x 7, y~ <x~ Vvyy ,hencex Ay y=(x" Vi y ) <

x~7,y~ 7. Thus x A1 y is a lower bound of {x~™, y~}.
(2) Similar to (1). U

Proposition 1.9 Let A be a bounded pseudo-BCK algebra.

(1) If A is Vi-commutative, then x A1y (y A1 X) is the g.L.b. of {x, y} and x N1 y =
YA X, forallx,y € A;

(2) If A is Vo-commutative, then x Ao y (y A2 x) is the g.L.b. of {x, y} and x Ny y =
yA2x,forall x,y € A.

Proof

(1) ByLemma 1.3, x™~ =x and y~~ = y. Hence by Lemma 1.4, x Ay y is a lower
bound of {x, y}. Now let z be another lower bound of {x, y}, i.e. z <x,y. It
follows that x~, y~ < z~, thus z~ is an upper bound of {x~, y~}. Since A is
V1-commutative, by Proposition 1.8, x™ Vv y~ is the l.u.b. of {x ™, y™}, hence
x“Vvyiy <z7.Thusz=z""<(x"Viy ) =xA1y,ie. x Aryisthe glb.
of {x, y}. Since A is Vi-commutative, we have x~ V| y~ =y~ V| x~, hence
by definition it follows that x A y =y Aj x, forall x, y € A.

(2) Similar to (1). O

Corollary 1.4 Let A be a bounded pseudo-BCK algebra.

(1) If A is Vi-commutative, then A is a lattice with respect to N1, V1;
(2) If A is Vo-commutative, then A is a lattice with respect to Ao, V.

Proof This follows by Propositions 1.8 and 1.9. U

Theorem 1.3 A bounded sup-commutative pseudo-BCK algebra A is a lattice with
respect to both V1, A1 and V2, Ao (under <) and for all x, y we have:

xXViy=xVay, XNANLYy=X/N2)Y.

Proof By Corollary 1.4, A is a lattice with respect to both A1, V1 and Ap, Vs.
By Corollary 1.2, x Vi y =x vy y for all x,y € A. By Proposition 1.9 we get:
xANyy<xAryandx Afy<xApy hencex Ajy=xApyforallx,yeA. O

We recall that a downwards-directed set (or a filtered set) is a partially ordered
set (A, <) such that whenever a, b € A, there exists an x € A such that x < a and
x <b.

Dually, an upwards-directed set is a partially ordered set (A, <) such that when-
evera,b € A, there exists an x € A suchthata <x and b < x.

If X is a set, then a net in X will be a set {x; | i € I}, where (I, <) is an upwards-
directed set.
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We say that a pseudo-BCK algebra A satisfies the relative cancellation property,
(RCP) for short, if for every a, b, c € A,

a,b<c and c—a=c—>b,c~a=c~b imply a=b.

We note that a pseudo-BCK algebra A that is sup-commutative and satisfies the
(RCP) condition is said to be a Lukasiewicz pseudo-BCK algebra (see [112]).

Example 1.8 The pseudo-BCK algebra A from Example 1.3 is downwards-directed
with (RCP).

Proposition 1.10 Any downwards-directed sup-commutative pseudo-BCK algebra
has (RCP).

Proof Consider a,b,c € A suchthata,b<candc—a=c—>b,c~a=c~>b.
There exists an x € A such that x <a, b.
By (psbck-cy), from a < c it follows that ¢ ~» x <a ~~ x.
According to Proposition 1.5(4) and (psbck-c3) we have:
a~x=(~x)Vi(a~x)=(a~ x)V](c~x)
=[(a->x)—>(cwx)]w(cwx)z[cw[(awx)—>x]]->(cwx)
Z[CW(G \/zx)]W(CW)C)Z[CW(X vza)]W(cwx)
= (c~a)~ (c~x).
Similarly, b ~» x = (c~>b) ~» (c~x) =(c~a) ~ (c~Xx) =a ~ X.
We have: a =x Voya=aVox=(@~x)—>x=0b~x)—>x=bVyx =

xVab=b.
Thus A has (RCP). g

1.2 Pseudo-BCK Algebras with Pseudo-product

Definition 1.8 A pseudo-BCK algebra with the (pP) condition (i.e. with the pseudo-
product condition) or a pseudo-BCK(pP) algebra for short, is a pseudo-BCK algebra
(A, <, —, ~, 1) satisfying the (pP) condition:

(pP) Forall x,y € A, x © y exists where
xOy=min{z |x <y—>z}=min{z |y <x ~ z}.
Example 1.9 Take A = {0,a1,a>,s,a,b,n,c,d,m,1} with 0 <a; <a» < s <

a,b<n<c,d<m<1 (see Fig. 1.3).
Consider the operations —, ~~ given by the following tables:
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Fig. 1.3 Example of bounded pseudo-BCK(pP) algebra
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Then (A, <, —, ~,0, 1) is a bounded pseudo-BCK(pP) algebra. The operation ©
is given by the following table:

10 ag a0 s a b n ¢ d m 1
ojo o o 0 0 O O O O o0 o
al 0 0 0 ay ay ay ay a4y ay ayp a
a |0 a1 ay ay a ay ay ay ay ax a
s |10 a a s s s s s s § S
al|l0 ag ao s s s s s s § a
b|0 ag ao s s s s s s s b
n|0 a a s s s s s § S§ n
c|0 a a s s s s s § § ¢
d|0 a a s s s s s s s d
m|0 a a s s s s s s § m
110 ag a0 s a b n ¢ d m 1

Remark 1.4 Any bounded linearly ordered pseudo-BCK algebra satisfies the (pP)
condition. If the pseudo-BCK algebra is not bounded this result is not always valid.
Indeed, let (Q, <, 4, —, 0) be the additive group of rationals with the usual linear
order and take A = {x € Q | —+/2 < x < 0}. Then (A, —,0) is a linearly ordered
BCK-algebra with x — y = min{0, y — x}.

Wehave {z€ A| (—1) < (—1) > z=min{0, z + 1}} = A.

Thus (—1) ® (—1) = min A does not exist in (A, —, 0).

Example 1.10

(D) If (A, <,—,~,0,1) is the bounded pseudo-BCK algebra from Example 1.3,
then:

min{z | b <a — z} =min{a, b,c, 1} and
min{z |a < b ~~ z} =min{a, b, ¢, 1}
do not exist. Thus b © a does not exist, so A is not a pseudo-BCK(pP) algebra.

2) If (A, <, —,~,0,1) is the subreduct of an FL,,-algebra (see Chap. 3), then it
is obvious that A is a bounded pseudo-BCK(pP) algebra.

Example 1.11 Consider A ={0,a,b,c, 1} with0 <a < b, c < 1 and b, ¢ incompa-
rable (see Fig. 1.4).
Consider the operations —, ~~» given by the following tables:

—- |0 a b ¢ 1 ~10 a b ¢ 1
o1 1 1 1 1 o1 1 1 1 1
a |0 1 1 1 1 a |0 1 1 1 1
b |10 a 1 ¢ 1 b |10 ¢ 1 ¢ 1
c |0 b b 1 1 c |0 a b 1 1
1 10 a b ¢ 1 110 a b ¢ 1
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0

Fig. 1.4 Example of pseudo-BCK algebra without (pP) condition

Then (A, <, —, ~,0, 1) is a bounded pseudo-BCK algebra.
Since (A, <) is a lattice, it follows that A is a pseudo-BCK lattice.
We can see that c © b =min{z | ¢ < b — z} = min{b, ¢, 1} does not exist.
Hence A is a pseudo-BCK lattice without the (pP) condition.

Remark 1.5 1t is easy to see that from the definition of the (pP) property, in any
pseudo-BCK(pP) algebra we have:

(psbck-c33) x<y—=>(xOQY),x <y~ (yOx).

Theorem 1.4 The (pP) condition is equivalent to the (pRP) (pseudo-residuation
property):
(pRP) Forall x, y, z the following holds

XOy<z iff x<y—z iff y<x~z.

Proof Assume that the (pP) condition holds.

From x © y < z, applying (psbck-c1p) we have y - x © y <y — z and by
(psbck-cy3) we get x <y — z. Itiseasy tosee that x <y — zimpliesx Oy < z.

Thusx ©y <ziff x <y — zand similarly, x Oy <ziff y <x ~~ z.

So, (pRP) also holds.

Conversely, suppose that (pRP) is satisfied.

Sincex ®y<x@y,by (pRP) wehave x <y > xOy,s0xOyefz|x <
y— z}.

But from x <y — z, by (pRP) we have x © y < z, and we conclude that min{z |
x<y—>z}=x0Oy.

One can prove similarly that min{z | y <x ~z} =x O y.

Thus the (pP) condition is also satisfied. O

Theorem 1.5 Let (A, <, —,~>, 1) be a pseudo-BCK(pP) algebra. Then the alge-
bra (A, ©, 1) is a monoid, i.e. © is associative with identity element 1.

Proof For an arbitrary element u € A, applying Theorem 1.4, (psbck-c4) and
(psbck-c3) we have:
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xOyYOz<u iff xOy<z—u iff x<y—(z—u) iff
y<x~(z—u) iff y<z— (x~u) iff
yOz<x~u iff xO(H Oz <u.

It follows that (x ® y) ©z=x ® (y © 2), hence © is associative.

By (psbck-co3) we have y <x - yOux,sofory=1weget ] <x - 10O x.
Thus x - 1®x =1, thatis, x <1®x.Onthe otherhand, 1 ®x <x,s01®x = x.
Similarly, x ©® 1 = x, that is, 1 is the identity element.

We conclude that (A, ®, 1) is a monoid. O

Remark 1.6 A partial ordered residuated integral monoid (porim, for short) is a
structure (A, <, ®, —, ~», 1), where (A, <) is a poset with greatest element 1,
(A,O,1)isamonoidand x Oy <ziffx <y — ziffy <x ~ z,forall x, y, z € A.
Applying Theorems 1.5, 1.4 and (psBCK,), it follows that every pseudo-
BCK(pP) algebra is a porim.
On the other hand, one can easily prove that every porim is a pseudo-BCK(pP)
algebra (see Remark 3.2).

Theorem 1.6 Pseudo-BCK(pP) algebras are categorically isomorphic to porims.
Proof This follows from Remark 1.6. U

Proposition 1.11 In any pseudo-BCK(pP) algebra the following properties hold.

(psbck-co4) x Oy <x,y;

(psbck-c25) (x > y)Ox <x,y,x O (x ~y) <x,y;

(psbck-cr6) x <y impliesx Oz <y0z,z20x<70Y;

(psbck-c7) x > y<(x02) > (Y02, x~»y=(z2Ox)~ (2O Y);

(psbck-c28) xO(y > 2)<y—> (x02),(y~»2)Ox <y~ (2Ox);

(psbck-c29) Y > 2D O —=> YN =<x—>2, x~=»Y)O(Y~2) <x~7;

(psbck-c30) x > (y—>2)=xOy) >, x> (y~2)=(Ox)~z;

(psbck-c31) (x©2) > (YO =<x—> (2—>¥), 20x)~ (2OY) <x~(2~Yy);

(psbck-c3) x > y<(xO)—=> (YOD=Xx—=>Z—=>y),x~»y<(zOx)~ (0O
Y) x> (2y);

(psbck-c33) (xp—1 —> X) © (Xp—2 = Xp—1) © --- O (x1 = x2) < x| = X, and
(X1~ x2) O (X2~ x3) O+ O (Xp—1 ~ Xp) <X~ Xp.

Proof
(psbck-cp4) Applying (psbck-ce) we have:
X<y—>x,50x0y<x and y<x~y,s0xQy=<y.

(psbck-cys5) By (psbck-ca4) we have (x — y) O x <x.
Since (x - y) © x = min{z | x - y < x — z} and taking into consideration
thatx - y <x — ywe get (x > y) O x < y. Similarly, x © (x ~ y) <x, y.
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(psbck-ca6) Applying (psbck-co3) we have x <y <z — y © z, so by (pRP) we get
x©Oz<yQ©z Similarly,zOx <z 0O y.

(psbck-cy7) Taking into consideration (psbck-cas), (psbck-ca6) and (pRP) we have
x—=>y)Ox<y,so[x—>y)Ox]0z=y0Oz.
Thusx - y < (x ©z) = (y ©z) and similarly x ~» y < (z O x) ~» (2 O y).

(psbck-cpg) Applying (psbck-cps) we get x O (y — z) © y < x O z and by (pRP)
wehave x O (y > 2) <y —> (x © 2).
Similarly, (y ~»2) ©x <y~ (2 ©® x).

(psbck-cy9) By (psbck-cos5) and (pRP) we have

OG>0 —=>y)O0x=(y—>20y<z, s0(y—=>20kx—>y)<x—z

Similarly (x ~» y) © (y ~ 2) < x ~ Z.
(psbck-c3g) For any u we have:

Uu<x—> -z iff uGx<y—z iff WOx)Oy<z iff
uOxoy)<z iff u<@xOy)—z, sox—>(Y—=>2=x0y) —z.

Similarly, x ~» (y ~2) = (y © x) ~ z.
(psbck-c31) From y © z <y, applying (psbck-c10) and (psbck-c3p) we get

XQz—>y0z<xQz—=>y=x—>(2—>Yy).

Similarly, (z @ x) ~ (zOQy) <x ~ (z~ V).
(psbck-c3p) This is a consequence of properties (psbck-c27) and (psbck-c31).
(psbck-c33) This follows from (psbck-ca9) by induction. O

Proposition 1.12 In a bounded pseudo-BCK(pP) algebra the following hold:

(psbck-c34) x©0=00x=0;

(psbck-c35) y~ O (x —> y) <x" and (x ~»y) Oy~ <x7;
(psbck-c3g) x~ O©x=0and x ©x~ =0;

(psbck-c37) x >y~ =(@xQy)  andx ~y~ =(yOx)7;
(psbck-c3g) x <y  iff x Oy=0and x <y~ iff y Ox =0;
(psbck-c39) x <y~ iff y <x7;

(psbck-c40) x <x~ > yandx <x™ ~y.

Proof

(psbck-c34) Fromx <0 —->0=1land x <0~ 0=1wegetx ©0<0and 00O
x<0.Thusx ©0=00x =0.

(psbck-c3s) This follows from (psbck-ca9) for z = 0.

(psbck-c36) Fromx - 0<x —>0weget(x > 0)Ox <0,s0x~ ©x=0.
Similarly, x © x~ =0.

(psbck-c37) Applying (psbck-c30) we get:

x_>y_=x—>(y—>0)=x©y—>0=(XQY)_
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Similarly, x ~ y~ = (y O x)".

(psbck-c3g) Assume x <y~ . Applying (psbck-cos) we getx Oy <y~ ©y =0, so
x ©®y =0. Conversely, if x © y =0, by (psbck-coz) we getx <y - (x O y) =
y— 0=y~. Similarly, x <y~ iff y Ox =0.

(psbck-c3g) This follows from (psbck-c3g).

(psbck-c409) Since 0 <y,wehavex ©x~ <y,so0x <x™ — y.

Similarly, x <x~ ~> y. O

Proposition 1.13 In every bounded pseudo-BCK lattice A we have:

(psbck-c41) (x Vy)" =x"AyT, (xVy) T =xT Ay
(psbck-caz) (x Ay)” =x" Vy and (x Ny)T =xTVyT
(psbck-c43) (xVy) " =x""Vy Tand (xVy) T =x"T vy~

Proof

(psbck-c41) According to (psbck-c12), for all x, y, z € A we have:
xVy)—=z=@x—=>DA(—>2) and (X Vy)wz=x~2) Ay~ 2).

Takingz=0weget(x Vy)" =x" Ay and (x Vy) " =x"Ay".
(psbck-c43) Byx Ay<xandxAy<ywegetx  <(xAy) andy” <(xAy)~,

respectively. Thus (x A y)™ >x~ v y~. Similarly, (x A y)” >x" Vv y™.
(psbck-ca3) Applying (psbck-car) and (psbck-cap) we get:

[\
=
<

<

©
=

(=N

vy =T AYT)T

v
=
f
<
<
0
U

vy =AY
Proposition 1.14 In any pseudo-BCK(pP) lattice the following hold:

1 xo (\/iel yi) = \/iel(x ©y;) and (\/iel Vi) Ox = \/,'61()’[ O x);
2) y— (/\iel Xi) = /\jg[(y — x;) and y ~ (/\iel Xi) = Ajej(y ~ Xi);
(3) (\/ielxi) —>Yy= /\iel(xi — y) and (\/iel Xj) oy = /\ie[(xi ~ ),

whenever the arbitrary meets and unions exist.

Proof

(1) Since y; < \/iel y; for all i € I, according to (psbck-cre) we get x O y; <x O
(\iep yi) forall i € 1. Tt follows that \/;; (x © yi) <x © (\;; Yi)-

On the other hand, x © y; < \/;;(x © y;) forall i € I, so y; <x ~
Vier(x © y;) forall i € I. If follows that \/,.; yi <x ~ \/;c;(x © y;), that
is,x© (\/iel yi) < \/iel(x O yi).

Thus x © (V7 ¥i) = Vier(x © yi).

Similarly, (\/;c; yi) © x = \/;¢;(yi © x).
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(2) For any u € A we have the following equivalences:

ufy—)(/\xi) iff u@yi/\xi iff u@y<ux;foralliel iff
iel iel
u<y-—xforalliel iff uf/\(y—)xi).

iel

Therefore, y — (\;c; xi) = \je; = xi).
Similarly, y ~ (A\je; xi) = N\ies (v ~ xi).
(3) For any u € A we have the following equivalences:

us(\/x,»>—>y iff u@(\/xi)fy iff \/wox)=<y iff

iel iel iel

u@x;i<yforalliel iff u<x;— yforaliel iff

u < /\(xi - y).

iel

Therefore, (\/;c; xi) = y = N\;je; (xi = ¥).
Similarly, (\/iel Xi) sy = /\ieI(Xi ~ y). O

1.3 Pseudo-BCK Algebras with Pseudo-double Negation

Definition 1.9 A bounded pseudo-BCK algebra (A, <, —, ~», 0, 1) has the (pDN)
(pseudo-Double Negation) condition if it satisfies the following condition for all
xeA:

(PDN) x ™7 =x"" =x.

Example 1.12 Let (G, V, A, 4+, —,0) be a linearly ordered ¢-group and let u € G,
u < 0. Define:

Ly 0 ifx<y
Y= w—x)vy ifx>y,

0 ifx<y

xwy:{(—x—i—u)\/y if x > y.

Then A = ([u, 0], -, ~>,0=u, 1 =0) is a pseudo-BCK(pDN) algebra.

Example 1.13 Consider the structure (A, <, —, ~>, 0, 1) given in Fig. 1.5.
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1

0

Fig. 1.5 Example of pseudo-BCK(pDN) algebra that is not lattice

The operations — and ~» on A = {0, a, b, ¢, d, 1} are defined as follows:

- |0 a b ¢ d 1 ~10 a b ¢ d 1
o1 1 1 1 1 1 o1 1 1 1 1 1
al|ld 1 d 1 1 1 alc 1 ¢ 1 1 1
blc ¢ 1 1 1 1 bld d 1 1 1 1
cla a d 1 d 1 c|b d b 1 d 1
d|b ¢ b ¢ 1 1 d|la a ¢ ¢ 1 1
110 a b ¢ d 1 110 a b ¢ d 1

Then (A, <, —,~,0, 1) is a pseudo-BCK(pDN) algebra that is not lattice.

Example 1.14 Any sup-commutative bounded pseudo-BCK algebra is a pseudo-
BCK(pDN) algebra (see Corollary 1.3).

Proposition 1.15 Let A be a pseudo-BCK(pDN) algebra. Then for all x,y € A the
following hold:

(psbck-C44) X—=> Y=Yy ~»X ,X~y= y“‘ —x7;
(prCk-C45) .XN —>y= y7 ~ X,
(psbck-ca6) (x = y7) " =(y~x7)".

Proof

(psbck-c44) This is a consequence of (psbck-c19).

(psbck-c4s) This follows from (psbck-caq) replacing x with x™.

(psbck-ca6) Applying (psbck-c16), condition (pDN), (psbck-c4) and (psbck-cas), for
any z € A we have:

(x—>y_)N§z iff z7<x—y iff x<z7~w~y =y—>z iff
y<x~z=z —x7 iff 7 <y~x" iff (ywxw)ifz.
Thus (x > y7 )" =(y~x")". O

Proposition 1.16 In every pseudo-BCK(pDN) lattice A we have:
(psbck-ca7) (x~Vy )T =@"TVYT) T =xAY.
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Proof By (psbck-cq1) wehave (x™ Vy )" =x"" Ay T =xAYy.
Similarly, (x~ VvV y™)” =x A y. U

Proposition 1.17 Let A be a pseudo-BCK(pDN) algebra and x,y € A.
If x Ny exists, then x~ vV y—,x~ VY~ exist and:

(psbck-cag) (X AY)"=x"Vy ,(x Ay =x"Vvy .

Proof Sincex Ay <x,y,wegetx™,y” <(x Ay)~.It follows that (x A y)~ is an
upper bound of x~ and y~. Let u be an arbitrary upper bound of x~ and y—, that is,
x7, ¥y~ <u. Since A satisfies condition (pDN), we get u™ <x,y,sou” <x A Y.
Finally we get (x A y)™ <u, so (x A y)~ is the least upper bound of x~ and y~.
Thus x~ Vy existsand (x Ay)" =x~ Vy .

Similarly, x™ Vv y~ exists and (x A y)T =x" Vv y~. O

Corollary 1.5 In every pseudo-BCK(pDN) lattice A we have:
(psbck-cag) (x~ Ay )T =T AYT)T =xVy.

Let (A, <, —,~,0,1) be a pseudo-BCK(pDN) algebra. Define on A a new op-
eration - as follows:

xy=(x—>y7) =(y~x")" foralx,yeA.
This operation is well-defined by (psbck-cae).

Lemma 1.5 Ler (A, <,—,~,0,1) be a pseudo-BCK(pDN) algebra. For any
X,y,Z € A:

x<y implies x-z<y-zandz-x=<z-y.

Proof Wehavex -z=(x —>z" ) andy-z=(y —> z7)". From x <y and (psbck-
cpywegety -z~ <x— 2z .
Applying (psbck-c16) we have (x - z7)” <(y — z7) 7, thatis,x -z <y-z.
Similarly, x < y implies y ~ z~ < x ~» 27,50 (x ~z7)” < (y ~» z™) 7, that is,
2 Xx=2-). U

Proposition 1.18 Let (A, <, —,~~,0, 1) be a pseudo-BCK(pDN) algebra. The fol-
lowing conditions are equivalent:

(PDN-Cy) x-y=<ziffx<y—>ziffy<x~z

(PDN-C3) x-y=min{z |x <y —>z}=min{z |y <x ~ z};

(PDN-C3) y > z=max{x |[x-y<z}=max{x |y -x <z}.

Proof

(pDN-C1) = (pDN-C3) Sincex -y <x-y,by (pDN-C1) wehavex <y — (x-y).
If z satisfies x <y — z, then by (pDN-C1) we get x - y < z. Thus x - y = min{z |
x <y — z}. Similarly, x - y =min{z | y <x ~» z}.
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(pDN-C3) = (pDN-C) If x - y < z, then applying (psbck-c1p) we have y — (x -
y) <y — z. Taking into consideration that, by (pDN-C2), x <y — (x - y), we
getx <y—z.

(pDN-C1) = (pDN-C3) Since y — z <y — z, by (pDN-Cy) we get (y — 2) -
y < z.If x satisfies x - y < z, then by (pDN-C1) we have x <y — z.

Thus y - z=max{x | x - y < z}.

(PDN-C3) = (pDN-C) If x - y < z, then by (pDN-C3) we get x <y — z and
applying Lemma 1.5 it follows that x - y < (y — z) - y. Since by (pDN-C3) we
alsohave (y > z)-y<z,wegetx-y<z.

The rest of the proof is similar. g

Proposition 1.19 Let (A, <, —, ~>,0, 1) be a pseudo-BCK(pDN) algebra. Then:
x—=>y=(x-y7)", xwy:(y_-x)w.

Proof Sincex-y=x—>y7 ) " =(~x") andx”" =x=x"", we get

(x . yw)_ = (x — yN_)N_ =x—y and (y_ -x)N = (x ~ y_N)_N =X~y

O

Proposition 1.20 Let (A, <,—,~>,0,1) be a pseudo-BCK(pDN) algebra. Then
forallx,y,z € A:

x-y<z iff x<y—>z iff y<x~z.
Proof We will apply the properties (psbck-ca) and (psbck-caa):
xoy<z iff (x—>y7) <z iff 7 <x—>y iff x<zwy =y—oz
and
x-y<z iff (ywx7) <z iff T<y~xT if y<ToxT=x~z
O

Theorem 1.7 A bounded pseudo-BCK algebra (A, <, —, ~,0, 1) satisfying con-
dition (pDN) has the (pP) condition and:

xOy=(x—>y") =(~x")", x—>y=(x0oy"),
xwyz(yfc)x)w.

Proof By Propositions 1.20 and 1.18, it follows that A satisfies the (pP) condition.
Ifwelet x® y=min{z |x <y — z} =min{z | y ~» z = x - y}, it follows that
xQy=x-y=x—>y ) =(y~x)". O
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Theorem 1.8 Let (A, <, —,~>,0, 1) be a bounded pseudo-BCK algebra. The fol-
lowing are equivalent:

(a) A has the (pDN) condition;
®)x—>y=y ~wx andx~~y=y" —x7;

) xT—>y=y ~wxandx” ~>y=y" —x;

(d) x~ <yimpliesy™ <x and x~ <y implies y~ <x.

Proof
(a) = (b) By (psbck-c19) we have:

x> y=xoy T =y and xemy=xeey T =y o

(b) = (c) By (psbck-ci7) wehave: x™ — y™ 7 =y~ ~x" .
Applying (b) we get: x~ > y=y" ~»x""and y" w~x=x" >y .
Thus x~ — y =y~ ~» x. Similarly, x ™ ~»y =y~ — x.

(c)= () If x~ <y, then x~ ~» y=1. Applying (c) we get y~ — x = 1, that is,
¥~ <x.Similarly, x™ <y implies y~ < x.

(d) = (a) From x~ < x~ and (d) we have x~~ < x. Taking into consideration
(psbck-c14) we get x~~ = x. Similarly, x~~ = x.

Thus A satisfies the (pDN) condition. ]

~

Theorem 1.9 If (A, <,—,~>,0,1) is a pseudo-BCK(pDN) algebra, then the fol-
lowing are equivalent:

(a) (A, <) is a meet-semilattice;
d) (A, <) is a join-semilattice;
(¢) (A, <) isalattice.

Proof

(a) = (b) Consider x, y € A. Since A is a meet-semilattice, x~ Ay~ exists. Apply-
ing (psbck-cag), it follows that x ™~ v y ™™ exists, that is, x V y exists.
Thus A is a join-semilattice.

(b) = (c) Because A is a join-semilattice it follows that x~ Vv y~ exists for all
x,y € A. Hence by (psbck-c47), x Ay =(x~ v y~)". Thus x Ay exists, so A is
a lattice.

(c) = (a) This is obvious, since A is a lattice. Il

Proposition 1.21 In every pseudo-BCK(pDN) lattice the following hold.:
1 y— (/\ie[ Xi) = /\iel(y — Xi);
2) y~ (/\ielxi) = /\iel(y ~ Xj).

Proof This is a consequence of Proposition 1.14(2), since every pseudo-BCK(pDN)
lattice is a pseudo-BCK(pP) lattice. We give another proof for this result.
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Applying (psbck-c17) and Proposition 1.3 we have:

y = O vaxg) = vay) ey T = yT) Ay )
:(y—>xl_~)A(y—>x2_N)=(y—>x1)/\(y—>x2).
By (psbck-cq7) we have (x; V x, )™ =x1 A x2.
Hence y — (x1 Ax2) = (y = x1) A (¥ = x2).
By induction we get assertion (1).
(2) Similar to (1). O

Remark 1.7 1f the pseudo-BCK lattice A does not have the property (pDN), then
the results of Proposition 1.21 do not hold. Indeed, in the pseudo-BCK lattice A
from Example 1.3 we have a — (@ Ab) =a — 0=0, while (¢ > a) A (a — b) =
IAb=b.Thusa — (a Ab) # (a — a) A(a— D).

Proposition 1.22 In every pseudo-BCK(pDN) lattice the following conditions are
equivalent:

(C) xAY) = z=@x—=>2)V(—=>and (x ANy)~>z2=x~2)V(y~2);
(C) z—>@xVvyY)=Z—=>x)V@—=>y)andz~ xVYy)=(@~x)V(Z~Y).

Proof
(C1) = (C2) By the second identity from (Cy) we have:
(XTAY )z =T ) V(YT ).
Applying (psbck-c17) and (psbck-ca9) we get:
(xTAY ) wz =z (xTAYT) =z (xVy).
By (psbck-ca4) we have:
(T2 ) V(T ) =@ ) Vi ).
Thusz > (x Vy)=(@—>x)V(z—y).
Similarly, from the first identity of (C) we get the second identity from (C3).
(C2) = (Cy) By the second identity from (C) we get:
T (T vy )= xT) Vv (zT ).
Applying (psbck-cas) and (psbck-caq) we have:
(VY ) =@ —2) V(2.

By (psbck-ca7), it follows that (x Ay) > z=(x —> 2) V (y = 2).

Similarly, from the first identity of (C,) we get the second identity from (Cy). O
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Remark 1.8 The class of pseudo-BCK(pDN) lattices satisfying the conditions (C1)
and (C») is not empty. Indeed, one can see that every pseudo-MV algebra satisfies
these conditions (see Chap. 4).

Theorem 1.10 Let A be a pseudo-BCK lattice such that at least one of the following
identities holds:
(C) @AY =»z=@x =2V (-2
(CD) @AM z=@~=2) V(2.
Then (A, A, V) is distributive.
Proof Letu = (x VvV y) A (xVz).Obviously, x <uand y Az <u.
It follows that u is an upper bound of x and y A z.

Let v be an arbitrary upper bound of x and y A z, thatis, x <vand y A z <.
By Proposition 1.3 we get:

xVvVy) > v=x—->vA(—>v)=y—v and

XV = v=x—=>V)AE—>v)=7—>0.
If the identity (C|) is satisfied, then we have:
[Gvy)=v]v[av)—>v]=(—>v)VE—>v)=(Az)—>v=1 and
[(Gv)AGxvV)]—ov=[xVy) >v]V[@xVi)—>v]=1,

thatis, (x Vy) A(x Vz) <v,sou <wv.
Thus u is the least upper bound of x and y A z.
We conclude that x V (y A z) = (x Vy) A (x V 2), that is, (A, <) is distributive.
Similarly, if (Clz) is satisfied, we get the same conclusion. O

Corollary 1.6 If (A, A, V,—,~~,0,1) is a pseudo-BCK(pDN) lattice satisfying
(C1) or (Cy), then (A, A, V) is distributive.

Proof 1f A satisfies Cy, then it satisfies (Cll) and (Clz), so A is distributive.
If A satisfies (C3), since by Proposition 1.22 (C1) is equivalent to (C»), it follows
that A is distributive. O

1.4 Good Pseudo-BCK Algebras

Definition 1.10 A bounded pseudo-BCK algebra A is called good if it satisfies the
following condition for all x € A:

(good) x™ 7 =x

We remark that any pseudo-BCK(pDN) algebra is good.
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Example 1.15 The bounded pseudo-BCK algebras from Examples 1.4 and 1.5 are
good pseudo-BCK algebras.

Remark 1.9 Any bounded pseudo-BCK algebra can be extended to a good one. In-
deed, consider the bounded pseudo-BCK algebra A = (A, <, —, ~»,0, 1) and an el-
ement 0; ¢ A. Consider a new pseudo-BCK algebra A; = (A1, <, =1, ~1,01, 1),
where A1 = A U {0} and the operations —| and ~~ are defined as follows:

x—>y ifx,yeA

x—>1y:=41 ifx=01,ye A
0 ifxeA,y=0,
x~y ifx,yeA

x~1y:=41 ifx=01,y€ A
01 ifxeA,y:Ol.

One can easily check that A is a subalgebra of A; and A, is a good pseudo-BCK
algebra.

Example 1.16 Consider the pseudo-BCK algebra A from Example 1.3. Since
(@)~ =1and (a™)~ =a, it follows that A is not good. A can be extended to the
good pseudo-BCK algebra A; = (A, <, —, ~,0, 1), where A; ={0,a,b,c,d, 1}
(in the construction given in Remark 1.9 we replaced ¢ by d, b by ¢, a by b, 0 by a
and 01 by 0,500 <a < b,c <d < 1 and b, c are incomparable). The operations —
and ~~ are defined as follows:

- |0 a b ¢ d 1 ~10 a b ¢ d 1
oj]1 1 1 1 1 1 o1 1 1 1 1 1
a |0 1 1 1 1 1 a |0 1 1 1 1 1
b |10 a1l ¢ 1 1 b |0 ¢c 1 ¢ 1 1
c |0 b b 1 1 1 c|0 a b 1 1 1
d|0 a b ¢ 1 1 d |0 a b ¢ 1 1
110 a b ¢ d 1 110 a b ¢ d 1

One can easily check that A; is a good pseudo-BCK algebra.
Moreover, we can see that

min{z | ¢ <b — z} =min{b,c,d,1} and min{z|b <c~-z}=min{b,c,d, 1}

do not exist. Thus ¢ ® b does not exist, so .A; does not satisfy the (pP) condition.
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by
as

ay

0

Fig. 1.6 Example of good pseudo-BCK(pP) lattice

Example 1.17 Consider the pseudo-BCK lattice .4 from Example 1.9. Since
(al_)N =ap and (a;)” = ay, it follows that A is not good. A can be extended
to the good pseudo-BCK algebra (see [182]) A} = (Ay, <, —,~>,0,1), where
Ay ={0,a1,az,br,s,a,b,n,c,d,m,1} with 0 <ay <ar <by <s<a,b<n<
c,d <m <1 (see Fig. 1.6).

The operations — and ~~ are defined as follows:

— 10 a, ap bp s a b n ¢ d m 1
o171 1 1 1 1 1 1 1 1 1 1 1
ar (O 1 1 1 1 1 1 1 1 1 1 1
al0 ao 1 1 1 1 1 1 1 1 1 1
b |0 ap ap 1 1 1 1 1 1 1 1 1
s |0 ap ap bp 1 1 1 1 1 1 1 1
a |0 a a bp m 1 m 1 1 1 1 1
b |0 a ao bp m m 1 1 1 1 1 1
nl|0 a a bp m m m 1 1 1 1 1
c |0 a a b m m m m 1 m 1 1
d |0 a ao b m m m m m 1 1 1
m|0 a a by m m m m m m 1 1
110 a aa bop s a b n ¢ d m 1
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~ |10 a a by s a b n ¢ d m 1
of(r 1 1 1 1 1 1 1 1 1 1 1
a |0 1 1 1 1 1 1 1 1 1 1
al|l0 bpb 1 1 1 1 1 1 1 1 1 1
b0 ap ao 1 1 1 1 1 1 1 1 1
s 10 ap a0 bp 1 1 1 1 1 1 1 1
al|l0 a a bp m 1 m 1 1 1 1 1
b |0 a a bh m m 1 1 1 1 1 1
n|0 a a bp m m m 1 1 1 1 1
c |0 a aa bp m m m m 1 m 1 1
d|0 a a b m m m m m 1 1 1
m|0 a aa bp m m m m m m 1 1
110 ap aa b s a b n ¢ d m 1

One can easily check that A; = (A}, <, —,~>,0,1) is a good pseudo-BCK(pP)

lattice. The operation © is given by the following table:

©|l0 a a by s a b n ¢ d m 1
ojo o o 0o 0 O O O O 0o o0 o
al 0 a ay ay a3 ay ay a4y ay ayp a3 a
a |0 a a a a a ay ay ay ay ay a
by |0 a ay by by by by by by by by by
s |10 a a b s s s s s s 5§ 8§
al|l0 a a by s s s s s s § a
b|0 a a by s s s s s s s b
n|0 a a by s s s s s s s n
c|0 a a b s s s s s s § c
d|0 a a by s s s s s s s d
m|0 a a bp s s s s § § § m
110 ap a0 bp s a b n ¢ d m 1

Proposition 1.23 In any good pseudo-BCK(pP) algebra the following properties
hold:

1 7oy ) =x" 0y )
Q@ x "y T=xoy .

Proof
(1) Applying (psbck-c37) and (psbck-c17) we have:
(xw(gy”)f =x" >y T =x"T >y "=y ~x""
= y_ ~xT T = (x_ ® y_)N_

(2) Because the pseudo-BCK(pP) algebra is good, by (psbck-ca5), we have:
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xOY T =00y T =TT O T E0yTT)

~—

=x @(xwf W(ny)fw)

~—

=x"TO(T T (x—>y7)).
Applying (psbck-c3o) we get:
X (x> yT) =TT () 0) = (x >y ) OxT T w0
= [~y ox T =[x~y ) orT

(by (psbck-c19) replacing y with y~ wehavex — y~ =x=" — y7).
Applying (psbck-cr5) we have (x~~ — y7) ©x~~ <y, hence [(x~~ —
Yy )OxTT]7 =y 7. Thus

xOY T=xTTOETT (x> y*)N) =x""0 [(xwf —y7) @xw7]~

>x"T oy . O

Proposition 1.24 Let (A, <,—,~~,0, 1) be a good pseudo-BCK algebra. We de-
fine a binary operation @ on Abyx®y: =y~ — x" " .Then forall x,y € A the
following hold:

(D x@y=x"~y;

Q) x,y<x®y;

B) xd0=0px=x"";

@ xdl=1dx=1;

G By T=x®y=x"®y "

(6) @ is associative.

Proof

(1) This follows by (psbck-c19), second identity, replacing x with x .
(2) Sincex <x7~ <y~ — x77,itfollows thatx <x @ y.
Similarly, y <y~ " <x7~y T,50y<x®y.
B)xp0=0"—>x""=1->x""=x"".
Similarly, 0@ x =x"—> 07" =x" > 0=x"".
@ 1dx=x"—>1""=x"—>1=1.Similarly, x® 1 =1.
(5) Applying (psbck-c>1), we get:

(x@y)_wz(ywexw_) =y >x T =x®y.

—~

Wealsohave: x 7~ @y "= ) > @ ) T =y >x T =x®y.
(6) Applying (psbck-c»1) and (psbck-c3) we get:

@@y Br=(x" =y )@= (x ~y )T
:ZN_> (x_’V")yw_):X_W(ZN_)yN_)zx—W(y@z)

=x" Bz T =x®(HD2). O
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Proposition 1.25 [If (A, <, —,~,0, 1) is a good pseudo-BCK(pP) algebra, then
x@y=("0x7) =" 0x7)".

Proof This follows by applying (psbck-c37). U

As in [242] for the case of bounded R¢-monoids, a good pseudo-BCK(pP) alge-
bra A which satisfies the identity (x © y)™ " =x"" @y~ " forall x, y € A will be
called a normal pseudo-BCK(pP) algebra.

If A is a pseudo-BCK(pP) algebra, then for any n € N, x € A we put x =1 and
xn+1:xn®x:x®xn.

If A is a good pseudo-BCK algebra, then for any n € N, x € A we put Ox =0

and (n + 1)x = nx & x = x @ nx (the latter equality is a consequence of Proposi-
tion 1.24(6)).

Proposition 1.26 If (A, <, —,~>,0, 1) is a normal pseudo-BCK(pP) algebra, then
the following hold for all x,y € A and n € N:

1D xOy) =y &x and (xOQy) =y " dx";

@) (o) =n(y" @x)and (x O Y)Y =n(y~ ®x™);
B) " =nx" and x")” =nx"".

Proof

(1) Applying Proposition 1.25 we have:
O =@eN T =00y ) =y exT;
@O =@oy TT=(0""0yT) =y ex".
(2) For n =2, applying (1) we get:

—~—

(x0y?) =[conoron] =[conoxoy]
=[conToxonT] =xoNTTewoNTT
=@x0y ®xoy =" ®x )y ®x)
=2(y"®x").

By induction we get (x © y)")™ =n(y~ & x7).

Similarly, (x © ¥)")~ =n(y~ & x7).
(3) This follows from (2) for y = 1. [l

Definition 1.11 Let A be a good pseudo-BCK algebra. If x, y € A, we say that x is
orthogonal to y, denoted x L y, iff x™ < y~. We can define a partial operation +
on A, namely if x L y,thenx +y:=x @ y.
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Lemma 1.6 Let A be a good pseudo-BCK algebra. Then the following properties
hold for all x,y € A:

M x Lyiffy™" =x7;

Q) xLx andx+x" =1,

B)x“ Lxandx™ +x=1;

4 x1L0andx+0=x"";

BG)0Lxand0+x=x"",;

©) ifx<y,thenx Ly ",y  Lxandx+y =y—>x ",y +x=y~>x"";
N ifx Ly, thenx™™ Ly ™,

@) x~ Ly iffx~ Ly™.

Proof

(D) x Lyiffx77 <yTiff y77 <x7T7T =x".
(2) Since x™~ <x7 7 = (x7)7, it follows that x 1. x~ and

x+x =x"—=>x"=1.
(3) Similarly, from x~™~ <x™~ = (x")~ we get that x~ L x and
X THx=x"—=>x"T"T"T=x"—>x"=1.
(4) Since x~~ < 1=07, it follows that x 1 0 and
x+0=0"—>x"T"=1->x"T"=x"
(5) Since x™~ <1 =07, it follows that 0 L x and
O+x=x"—=>0"=x"—=>0=x"".
(6) Since x <y,wehave y~ <x7,thatis, (y7) " <x",sox Ly".
Moreover, x +y~ =y~ = x~ =y —>x~ " (by (psbck-c19)).
Similarly we have y~ <x™,s0 (y™7)™" <x7,thatis,y” Lxand y~ +x =
X7 =y =xT >y =y~ a7 (by (psbek-c17)).
(7 x Lyimpliesx™ ™ <y~ ,so(x™ )~ <(y~ )7, thatis,x~ "~ Ly .
@) x~ Ly iffx "<y TiffxT <y Tiff 7)< (x)"iffxT LyT. O

Proposition 1.27 In a good pseudo-BCK(pP) algebra A the following are equiva-
lent forall x,y € A:

() x Ly;
b)) y T oxTT=0.

Proof

xLly iff y7U<xT=x"T"" iff y7T<xT7 >0 iff
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Proposition 1.28 Let A be a good pseudo-BCK(pP) algebra and x,y € A such that
x L y. Then the following hold:

1) yox=0;
2) x" Ly™ foralln,m € N.

Proof

(1) Since x L y,then y~™~ © x~~ = 0. Taking into consideration that x < x~" and
y<y T,wegetyOQx <y " Ox " =0,50yOx=0.

(2) From x" < x and y™ <y, it follows that (x")™" <x™" and (") ™" <y
Hence ™)™ O (") ™" <y 7 0x 7 =0,s0 ") O "™ =0 and
applying Proposition 1.27 we get that x L y™. O

—~~

Definition 1.12 Let A be a good pseudo-BCK algebra.

(1) We say that x is N-orthogonal to y, denoted x L, y,if x~ <y~ .
(2) A has the strong orthogonality property ((SO) for short), if x L y implies
X 1,0 yforall x,y € A such that x £ 0 and y # 0.

Remark 1.10 If A is a good pseudo-BCK algebra, then:

(D) x Ly yiff y7 <x™7;

(2) x L, yiff x~ L y~ (and according to Proposition 1.6(8) we also have x L, y
iff x™ L y™);

B) xLl,,land1_L,,x forall x € A;

@) x L, 0iffx— =x"=0;

) 0L, xiff x—=x"=0.

Remark 1.11 Let A be a good pseudo-BCK algebra.
Then A has the (SO) property iff x~ =y~ iff y© =x~" for all x # 0 and

y#0.

1.5 Deductive Systems and Congruences

Definition 1.13 Let A be a pseudo-BCK algebra. The subset D € A is called a
deductive system of A if it satisfies the following conditions:

(DS1) 1€ D,
(DS,) forallx,ye A,ifx,x > ye D,theny e D.
Lemma 1.7 Let A be a pseudo-BCK algebra. Then D C A with 1 € D is a deduc-

tive system of A if and only if it satisfies the condition:

(DS}) forallx,y € A, ifx,x ~»ye D, theny e D.
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Proof Assume that D C A is a deductive system of A.
First of all we observe that,if x € D,y € Asuchthatx <y,thenx - y=1¢€ D,
hence by (DS2), y € D.
If x, x ~ y € D, then according to (psBCK,) we have x < (x ~» y) — y.
Hence (x ~» y) — y € D and by (DS>) we get y € D.
Thus (DS>) implies (DS5). Similarly, (DS5) implies (DS>). O

The deductive system D of a pseudo-BCK algebra A is called proper if D # A.
Obviously, the deductive system D is proper iff O ¢ D iff there is no x € A such that
x,x~ € D iff there isno x € A such that x, x™~ € D.

Definition 1.14 A deductive system D of a pseudo-BCK algebra A is said to be
normal if it satisfies the condition:

(DS3) forallx,ye A, x > yeDiff x~yeD.

Remark 1.12 In [208] a normal deductive system is called a compatible deductive
system.

We will denote by DS(A) the set of all deductive systems and by DS, (A) the set
of all normal deductive systems of a pseudo-BCK algebra A.
Obviously, {1}, A € DS(A), DS, (A) and DS, (A) S DS(A).

Definition 1.15 Let A be a pseudo-BCK(pP) algebra. A subset # # F C A is called
a filter of A if it satisfies the following conditions:

(F1) x,ye Fimpliesx Oy € F;
(F,) xeF,ye A, x <yimpliesy € F.

Proposition 1.29 Let A be pseudo-BCK(pP) algebra and F a nonempty subset
of A. Then the following are equivalent:

(a) F is a deductive system of A;
(b) F is afilter of A.

Proof

(a) = (b) Assume that F is a deductive system of A.
Consider x,y € F. According to (psbck-c3g), and taking into consideration
(DS1), wehavex - (y > x0Qy)=x0Oy—=>x0Qy=1€F.
Since x,y € F, applying (DS) it follows that y — x © y € F and finally
xOyekF.
Thus (F1) is satisfied.
If xe F,y € Asuchthat x <y, thenx — y =1 € F. Hence, by (DS1), we get
y € F, that is, (F2). We conclude that F is a filter of A.

(b) = (a) Assume that F is a filter of A.
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Since F is a nonempty subset of A, there exists an x € F' and obviously, x < 1.
Hence, by (F>), it follows that 1 € F. Thus (DS) is satisfied.

Consider x, y € A such that x, x — y € F. According to (F1), (x > y)Ox € F.
Since by (psbck-czs) (x — y) © x <y, applying (F,) we get y € F, that is,
(DS?).

Thus F is a deductive system of A. O

We will denote by F(A) the set of all filters and by F,,(A) the set of all normal
filters of a pseudo-BCK(pP) algebra A.

It follows that in the case of a pseudo-BCK(pP) algebra A we have DS(A) =
F(A) and DS, (A) = Fp(A).

By Proposition 1.29, in the case of pseudo-BCK algebras we will use the notion
of a deductive system, while for pseudo-BCK(pP) algebras and its particular cases
(pseudo-hoops, FL,,-algebras, pseudo-MTL algebras, R¢-monoids, pseudo-BL al-
gebras) we can use both notions of deductive system and filter.

Definition 1.16 A deductive system is called maximal or an ultrafilter if it is proper
and is not strictly contained in any other proper deductive system.
We make the following definitions:

Max(A) = {F | F is a maximal deductive system of A} and

Max,, (A) = {F | F is a maximal normal deductive system of A}.

Clearly, Max, (A) € Max(A).

Example 1.18 Consider the pseudo-BCK algebra A from Example 1.3.

(1) The deductive systems of A are the following: D| = {a,c, 1}, D, = {b, c, 1},
D3 ={c, 1} and Dy = {1}.

(2) Dj and D, are maximal deductive systems.

(3) D3 is a normal deductive system.

(4) D and D5 are not normal deductive systems (b — a =a € D1, while b~ 0 =
0¢ Dianda ~~0=b e Dy, whilea— 0=0¢ D).

Example 1.19 In the pseudo-BCK algebra A; from Example 1.16, the set D =
{a,b,c,d, 1} is a maximal normal deductive system.

Proposition 1.30 If A is a bounded pseudo-BCK(pP) algebra, then the sets
Ay ={x€A|x" =0} and Aj={xeA|x" =0}
are proper deductive systems of A.

Proof If x,y € Ay, then(x ©y)" =x >y =x—>0=x"=0,50xOy€A;.
Ifx€Ay,y€Asuchthatx <y, then y” <x~ =0,s0y~ =0, thatis, y € A, .

Because 0 ¢ A, we conclude that A is a proper deductive system of A.
Similarly for the case of A U
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Proposition 1.31 Let A be a bounded pseudo-BCK algebra and H € DS,(A).
Then:

() x“eHiffx~ eH,;
(2) x € H implies (x™)" € Hand (x~)~ € H.

Proof

(1) This follows by taking y = 0 in the definition of a normal deductive system.
(2) Fromx € H and x < (x7)~ we get (x~)~ € H, that is, x~ ~» 0 € H. Hence
x~—>0€H,so(x7)” € H. Similarly, (x™)~ € H. O

Proposition 1.32 Any proper deductive system of a pseudo-BCK algebra A can be
extended to a maximal deductive system of A.

Proof This is an immediate consequence of Zorn’s lemma. U

Example 1.20

(1) Let A be the pseudo-BCK(pP) algebra from Example 1.9, D = {s,a, b,n, c,d,
m,1} and Dy = {a»,s,a,b,n,c,d,m,1}. Then: DS(A) = {{1}, Dy, Dy, A},
DS, (A) ={{1}, D1, A}, Max(A) = {D;} and Max,, (A) = @.

(2) In the case of the pseudo-BCK(pP) algebra A from Example 1.17, with D; =
{ai,a2,b2,5,a,b,n,c,d,m, 1}, Dy ={bs,s,a,b,n,c,d,m, 1} and D3 = {s, a,
b,n,c,d,m, 1}, we have: DS(A) = {{1}, D1, D2, D3, A1}, DS, (A1) = {{1},
Dy, D3, A1}, Max(A;) ={D;} and Max,(A|) = {D}.

Let A be a good pseudo-BCK(pP) algebra. The notion dual to that of a filter is
that of an ideal.

Definition 1.17 An ideal of a good pseudo-BCK(pP) algebra A is a nonempty sub-
set I of A satisfying the conditions:

(Iy) fx,yel,thenx®yel.
() fxeA,yel,x<y,thenxel.

Recall that, if A is a pseudo-BCK(pP) algebra, then for any n € N, x € A we
put x¥=1and x"t' =x" ®x = x © x". If A is bounded, the order of x € A,
denoted ord(x), is the smallest n € N such that x” = 0. If there is no such n, then
ord(x) = o0.

Definition 1.18 For every subset X C A, the smallest deductive system of A con-
taining X (i.e. the intersection of all deductive systems D € DS(A) such that
X C D) is called the deductive system generated by X and it will be denoted by
[X). If X = {x} we write [x) instead of [{x}).

Lemma 1.8 Let A be a bounded pseudo-BCK(pP) algebra and x,y € A. Then:
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(1) [x) is proper iff ord(x) = o0;
(2) ifx <y and ord(y) < oo, then ord(x) < 00;
) if x <y and ord(x) = oo, then ord(y) = co.

Proof
(1) [x) is proper iff 0 ¢ [x) iff x" % 0 for all n € N iff ord(x) = co.
(2) and (3) follow from the fact that x < y implies x" < y" for all n € N. O

Let A be a pseudo-BCK algebra.
Given an integer n > 1, we define inductively

x—=>0y:=y, x—>”y:=x—>(x—>”*1y), n>1 and

x~0yi=y, anyzsz(an_ly), n>1.

Lemma 1.9 Ler (A, —, ~, 1) be a pseudo-BCK algebra. Then [@) = 1 and for any
=+ X C A we have:

ey
X)={acAlxi—> (> (Gn—oa))=1
forsomexl,...,x,,eXandnz1}
=facAlxi~ (-~ (pa)--)=1
forsomexl,...,xneXandnz1};
@)

[x):{aeA|x—>"a:1fors0menzl}
={a€A|x~"a=1forsomen>1}.

Proof 1t is clear that [() = 1.

(D) LetY={acA|x1—>(C(—>Uy—>a) - )=1,x1,...,x, € X,n>1}.
Obviously, 1 € Y. Considera,a~beY,ie,

1 and

x1= (= (xm > (@~ b))
y1_>("'_)(yn_>a)"'):]

for some x1, ..., Xm, ¥1,.-.,Yn € X, m,n € N.
Applying (psbck-c3) we get inductively

a~(xi=> (> @n=ob)))=xi=> (> (xm—>@~b))=1

Hencea <x;i— (---— (x;y > b)---).
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Applying (psbck-c10) we get inductively

I=y1=> (> n—a))
<y (o (= (112 (= Gm = b)) ).

It follows that y; — (- — (yp > (x1 > (- —=> (xpy > b)---)))---) =1, s0
beY.ThusY € DS(A).

Moreover, we can see that X C Y and Y € D whenever D € DS(A), so
Y =[X), which proves that Y = [X). Similarly,

(X)={acAlxi~ (-~ @p~a))=Lx,....xp€X,n>1}.
(2) This follows from (1). O
Proposition 1.33 If A is a pseudo-BCK(pP) algebra and X C A, then
[X)={acAla=x1Ox20 - O xy for somen > 1and x1,x2,...,x, € X}.
Proof 1f we put
X ={acA|la>x1Ox30---Ox, forsomen > 1and x1,x2, ..., x, € X},

it is obvious that X’ is a filter of A which contains X.

Taking into consideration Proposition 1.29, X’ is a deductive system of A con-
taining X, that is, [X) € X'.

Now let Y € DS(A) suchthat X C Y.Ifa € X/, then there are x1, x2,...,x, € X
suchthat x{ ©@x, ©--- © x,; <a. Since x1, x3, ..., x, €Y, it follows that x; ® x2 ©®
- Ox,€Y,soacY.Hence X' CY.

We conclude that X' C ({Y | Y € DS(A), X C Y} =[X).

Thus X’ =[X), that is,

[X)={aeA|la=x1Ox2 O --Ox, forsomen >1and x1,x3,...,x, € X}.UI

Remark 1.13 Let A be a pseudo-BCK(pP) algebra. Then:

(1) If X is a deductive system of A, then [X) = X.

2) [x)={ye A|y=>=x"forsomen > 1} ([x) is called a principal deductive sys-
tem).

(3) If D is a deductive system of A and x € A\ D, then

D(x) = [DU{x})
={yeAly=(d10x")0(20x) 0O (dnOx")

for some m > 1,n1,n2,...,npy >0,d,da, ..., dy € D}.

Lemma 1.10 Let A be a pseudo-BCK(pP) algebra and D a proper deductive sys-
tem of A. Then the following are equivalent:
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(a) D is maximal,
(b) forallx € A,ifx ¢ D then [D U {x}) = A.

Proof

(a) = (b) Obviously, D C [DU{x}), D #[DU{x}). Since D is maximal, it follows
that [D U {x}) = A.

(b) = (a) Suppose that there exists a proper deductive system E of A such that
D C E and D # E. It follows that there is an x € E'\ D and applying (b) we get
that [D U {x}) = A. But [D U {x}) € E, hence E = A. Thus E is not proper, a
contradiction. Therefore D € Max(A). O

Proposition 1.34 If D1, D, are nonempty subsets of a pseudo-BCK(pP) algebra A
such that 1 € D1 N Dy, then

[DiUD)={x€A|x>(d Od])O(d2Ody) O+ O (d Ody)
forsomen>1,d\,da,...,d, € D1,d},d5,....d, eD2}.

Proof Let H={x € A|x>(d ©d) ©---O (d, ©d,) forsomed;,dy,...,d, €
Di.dj.d,,...,d), € Dy}. We prove that H e DS(A). Letx e H,y € A, x < y.
Since x > (d1 ©d}) © - O (d, ©d,) forsome dy, dy, ...,d, € Dy,d},d), ...,
d, € Dy,wehave y > (di ©d}) ©--- O (d, Od,), thatis, y € H.
For x,y € H there exist n,m > 1, di,da,...,dp, e1, €2, ..., ey € Dy, dy,dj,
d,, e, e, ..., e, € Dy such that

x> (di10d) OO (dnOdy), y=(e10€])O 0O (emOey,).

WegetxQy=>(d Od)O---O(d, 0d;)O(e1 ©e€) O---O (e Oeyp,), SO
xQ®ye€ H.Thus H €e DS(A).

Since 1 € D1 N Dy, we deduce that Dy, D> C H (if x € Dy, then x > x © 1 with
leDy,soxe H;ifx e Dy,thenx >1®x with1 € Dy,so x € H).

Hence D{ U Dy C H, so it follows that [D; U D) C H.

Now let D € DS(A) such that D; U D, C D.

If x € H, then there are d1,d>, ...,d, € D1, d{,d,...,d, € Dy such that x >
(d1©d)©---O(d,Od,)). Since dy,da, ...,dy,,d},d, ...,d), € D, it follows that
(d©d})©---O(d, ©dy) € D, hence x € D.

Thus H € D, so H € ({D € DS(A) | D, U D, € D} =[D; U Dy).

We conclude that [D; U Dy) = H. O

Lemma 1.11 Letr A be a pseudo-BCK(pP) algebra and H € DS, (A). Then:
(1) Foranyx € Aand h € H, thereisan h' € H suchthatx ®© h > h' © x;

(2) Foranyx € Aandh € H, thereisan h” € H suchthath® x> x O h".
Proof

(1) Lety=xOh. Thenx Oh=y>(x—y) Ox.
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Buth <x~»xOh=x~»Yy.Since h € H, it follows that x ~~ y € H.
Because H is a normal filter we have i’ =x — y € H.Thusx ©h > h' O x.
2) Lety=hOx.ThenhOx=y>xO0x~y).Buth<x—>hOx=x—y.
Since h € H, it follows that x — y € H. Because H is a normal filter we have
W=x~yeH. ThushOx>xQOh. O

Lemma 1.12 Let A be a bounded pseudo-BCK(pP) algebra, H a normal proper
deductive system of A and x € A. Then the following are equivalent:

(a) there exists an h € H such that x < h~,
(b) there exists an h € H such that x ® h =0;
(c) there exists an h € H such that x <h™
(d) there exists an h € H such that h © x =0.

Proof

(a) & (b) and (¢) < (d) are obvious.

(b) = (d) Assume that there exists an 2 € H such that x ® A = 0. According to
Lemma 1.11, there exists an 4’ € H such that x O h > h’ ©® x, hence ' ©® x =0.

(d) = (b) Similar to (b) = (d). O

Proposition 1.35 Let A be a pseudo-BCK(pP) algebra, H € DS, (A) and x € A.
Then

H(x)=[HU{x})= yeA|yZh®x"f0rs0meneN,heH}

yeA|y=x"OhforsomeneN,heH)}

yeA|x"—>yer0rsomen21}

—— —— —— ——

y€A|x" ~y€H forsomen > 1}.

Proof Let y e H(x). Then y > (h O x") © (hy ©x™) @ --- © (hy, © x"m) for
somem > 1,n1,n2,...,n,4 >0, hy,h, ..., hy, € H,by Remark 1.13(3).
Ifm=1,then y>h; ©x"! and we take h = h| and n = n;.
Ifm=2,theny > (h; Ox") O (hy ©x"?) =h1 © x"' © hp) © x"2.
According to Lemma 1.11, there is an 7, € H such that x"' © hy > h}, © x".
Hence y > hy © (hy ©x™) © x> = (hy © hy)) © x"1"2 and we take h = h1 O h)y
and n =n| + ny. By induction we get y > h © x" forsomen e N, h € H.
Similarly, y > x" © h for some n € N, h € H. Thus

H(x):{yeA|y2h©x”forsomeneN,heH}
={yeA|y>=x"OhforsomeneN,heH}.
If ye H(x), then h © x" <y for some n > 1, h € H. Thus 7 < x" — y, hence

x"—>yeH.
Conversely, assume that # = x — y € H for some n > 1.



1.5 Deductive Systems and Congruences 43

We alsohave (h ©x") > y=h— (x" > y)=h—>h=1,hence h © x" < y.
Therefore, y € H(x) and we conclude that

Hx)={yeA|x"— ye H forsomen > 1}.
Similarly, H(x) ={y € A | x" ~» y € H for some n > 1}. g

Corollary 1.7 Let A be a pseudo-BCK(pP) algebra and H a proper normal deduc-
tive system of A. Then the following are equivalent:

(a) H e Max,(A);
(b) forallx € A, ifx ¢ H, then forany y € A, x" — y € H for somen € N,n > 1,
(¢) forallx € A, if x ¢ H, then forany y € A, x" ~~y € H for somen €N, n > 1.

Proof

(a) = (b) Since H is maximal, by Lemma 1.10, [H U{x}) = A and applying Propo-
sition 1.35 we get the assertion (b).

(b) = (a) Let x € A\ H. By (b), for all y € A we have x" — y € H for some
n €N, n> 1. Since (x" — y) © x" <y, by Proposition 1.35 it follows that
y € [HU{x}). Hence [H U {x}) = A. Applying Lemma 1.10 we get that H €
Max, (A).

(a) & (c) Similar to (a) < (b). O

Proposition 1.36 If A is a pseudo-BCK(pP) algebra and D1, Dy € DS,,(A), then
[DiUDy))={xe€eA|x>u®v for someu € Di,v € Dy}.
Proof By Proposition 1.34 we have:
[DiIUD) ={xeA|x>(d10d]) O (hOdy) OO (d Ody)

forsomen > 1,d1,da, ..., d, € Dy,d},d, ....d, € Dy}

Putd = (d1 ©d)) ©(20dy) ©---O(d, ©dy) =d1 O (d]Od) O---O(d,_; ©

dy) ©d,,.

By Lemma 1.11, there is a d7 € D; such that d{ © d» > d, © d;). Hence

d>di OO (d) ©Od3) © -+ O (dn O dy).

Similarly, there is a d € D5 such that d) © d3 > d3 © df, so

d>di0dOd; 0 (df ©ds) O+ O (dy O d)).

Finally, d > d1 0 d Od3©---Od, @d’;/ withdy, dp, ..., d, € Dl,d,/l/ € D,. Taking
u=di0d,0d30 - Ody,v=d),wegetx >d>uOv withu € D;,ve D;.00

Definition 1.19 A bounded pseudo-BCK(pP) algebra A is locally finite if for every
x € A, x # 1 we have ord(x) < oo.
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Proposition 1.37 Let A be a bounded pseudo-BCK(pP) algebra. The following are
equivalent:

(a) A is locally finite;
(b) {1} is the unique proper deductive system of A.

Proof According to Lemma 1.8(1), A is locally finite iff for every x € A\ {1},
[x) = A iff {1} is the unique proper deductive system of A. O

Theorem 1.11 If D is a proper deductive system of a bounded pseudo-BCK(pP)
algebra A, then the following are equivalent:

(1) D € Max(A);

(2) forany x ¢ D thereisad € D,n,m € N, n,m > 1 such that (d © x™)™ =0.

Proof
(a) = (b) Since D € Max(A) and x ¢ D, we have [DU {x}) = A,s00e€[DU
{x}). By Remark 1.13 it follows that there exist m > 1, ny,na,...,n, >0,

di,da, ...,dy € D such that
(1 0x") O (b 0x) 0O (dnOx"™) <0, so
(d10x")0(20x™) O O (dn ©x") =0.
Taking n = max{ny,ny,...,nytandd =d1 ©dr ©--- ©d,, € D we get
(dox")" <(d0x")0(h0x™)0 O (dnox")=0.

It follows that (d ® x")™ =0.

(b) = (a) Assume that there is a proper deductive system E of A such that D C E,
D # E. Then there exists an x € E such that x ¢ D. By the hypothesis, there
exist d € D, n,m € N such that (d © x")" = 0. Since x,d € E, it follows that
0 € E, hence E = A which is a contradiction. Thus D € Max(A). O

Theorem 1.12 [f H is a proper normal deductive system of a bounded pseudo-
BCK(pP) algebra A, then the following are equivalent:

(a) H e Max, (A);
(b) forany x € A, x ¢ H iff (x"*)™ € H for some n € N;
(c) forany x € A, x ¢ H iff (x")~ € H for some n € N.

Proof

(@) = (b) If x ¢ H, then [H U {x}) = A, hence 0 € [H U {x}).
According to Proposition 1.35, there exists an n € N and an 7 € H such that
hoOx"<0.Thenh <x"—-0=(x")",ie. x")”" € H.
Conversely, consider x € A such that (x*)™ € H for some n € N and assume
x € H. Then x" — 0 € H and taking into consideration that x" € H, we get
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0 € H. This means that H is not a proper deductive system, which is a contra-
diction. Hence x ¢ H.

(b) = (a) Assume there is a proper deductive system F such that H C F and
H # F. Then there is an x € F such that x ¢ H. Hence (x")~ € H C F for
some n € N. It follows that x" € F and x" ® (x")” =0 € F, which contradicts
the fact that F is a proper deductive system. Thus H € Max(A).

(a) & (c) Similar to (a) < (b). O

Proposition 1.38 If A is a bounded pseudo-BCK(pP) algebra and D = A\ {0} €
Max(A), then A is good.

Proof Obviously (07)™ =(07)" =0. Assume x > 0, thatis,x e D.If x",x~ € D
it follows that x~ © x, x ® x~ € D, that is, 0 € D, a contradiction.

Thus x~ =x~ =0, hence (x7)~ = (x~)~ = 1. Therefore, (x7)~ = (x™)~ for
all x € A, so A is a good pseudo-BCK(pP) algebra. g

Proposition 1.39 Let A be a bounded pseudo-BCK(pP) algebra, D € Max(A) and
x,y € A. Then:

(1) y¢ Dand y © x = x implies x =0;
2) y¢ Dand x © y =x implies x =0.

Proof

(1) Consider x € A, y € A\ D such that y © x = x. Assume x > 0 and consider
E ={z€ A|z0®x = x}. First we prove that E is a proper deductive system
of A. Obviously, 1,y € E and 0 ¢ E. Consider z € A such that y — z € E, so
(y—=200x=x.8Since (y >2)0yOx=(( — 7)) ®x =x, it follows that
x=[(y—=>20ylOx <zOx <x.Thus z ®x = x, hence z € E. Therefore
E is a proper deductive system. Since y € E and D is maximal, it follows that
y € D, a contradiction. Thus x = 0.

(2) Similar to (1). O

A congruence on a pseudo-BCK algebra (A, —, ~», 1) is an equivalence relation
compatible with the operations —, ~». The set of all congruences of A is denoted
by Con(A). The class of pseudo-BCK algebras is not closed under homomorphic
images. In other words, there exist congruences 6 € Con(A) such that the quotient
algebra (A/6, —, ~», 1/6) is not a pseudo-BCK algebra, as we can see in the fol-
lowing example (Example 2.2.3 in [208]).

Example 1.21 Let (G, -, -1 1,v, A) be an £-group with an order-unit u € G and
put v =u~"!. Then for every g € G there exists an n € N with v" < g < v™", hence
for every g € G~ the maximum max{n € N | g < v"} exists and we shall denote it
by m(g).

Let X ={x; |i e N} and Y = {y; | i € N} be two infinite sequences, and put
A=G~UXUY.Inorder to turn A into a pseudo-BCK algebra we define the two
binary operations — and ~- as follows (where g, h € G7):
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1
G—l
\ \
x2 Y2
x1 Y1
Zo Yo

Fig. 1.7 Example of pseudo-BCK algebra whose homomorphic image is not pseudo-BCK algebra

(1) g—=h:=h-(gvh)y '=h-gHAlandg~h:=(gVvh) " h=(g V- h)Al;
@) xi—>g=xiwg=yi—>g=yi~g:=1
Q) g = Xi=g~Xi :=Xitm(g) and g = ¥i = g ~> Vi = Yitm(g)’
€]
) 1 ifi <j

Xi = Xj=Xi=Xj=Yi = Yj=Vi~vYj:= vi—i ifi>

(5) Xi = Yj = Yit1 = Yj, Xi ~> Yj = Yitl ~ V), Vi = Xj =Xj41 — xj and y; ~
Xj=Xj41~ Xj.

A straightforward verification yields that (A, —, ~», 1) is a pseudo-BCK algebra
(see Fig. 1.7).

It can easily be seen that the equivalence @ with the partition {G~, X, Y} as well
as ¥ with the partition {G~, X U Y} is a congruence on (A, —, ~~, 1) with kernel
G =[lle =[llw.

At the same time, A gives an example of a pseudo-BCK algebra whose homo-
morphic image is not a pseudo-BCK algebra. Specifically, A/® does not satisfy the
quasi-identity (psBCK),since X - Y=Y - X =G~ and X #Y.

A congruence 6 € Con(A) such that the quotient algebra (A/6, —,~~,1/0)
is a pseudo-BCK algebra is called in [208] a relative congruence. With any
H € DS, (A) we associate a binary relation =y on A by defining x =g y iff
x—>y,y>xeHiffx~y, y~xeH.

The quotient of A by =g will be denoted A/H. For any x € A, let x/H be the
congruence class x/=,, of x, hence A/H = {x/H|x € A}.

Denote by 0y the congruence =g .

Proposition 1.40 For a given H € DS, (A) the relation 0y is a congruence on A.

Proof Obviously, 8y is reflexive and symmetric.
Assume x =g y and y =g z. By (psBCK ) we have:
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xX—>y<(y—>2z2)~x—>2z) and
X~y < (¥~ z) = (X 2).

Since x — y € H, it follows that (y — z) ~ (x — z) € H.
Fromy—-zeHand (y > 2)~ (x >z)€ Hwegetx > z¢c H.
Similarly, x ~» z € H. In the same manner, from

7> y<(y—>x)~(z—>x) and
2y < (y~x)—> (2~ x)

wegetz>xecHandz~xe H.
Thus x =g z, that is, 6 is transitive.
Hence 6y is an equivalence relation on A.
We prove now that 6y is compatible with — and ~-.
Consider (x, y), (a, b) € 6. Applying (psBCK ) we have:

x—>y<(y—>a)~(x—a) and
y=>x<(x—>a)~((y—a).

Since x = y, y — x € H, it follows that (y — a) ~» (x - a) € H and (x - a) ~
(y—>a)e H.Hence (x > a,y — a) €0y.
According to (psbck-cs) we have

a—>b<(y—>a)— (y—>b) and
b—>a<(y—>b)— (y—a).

Since a - b, b — a € H, it follows that (y - a) — (y — b) € H and (y — b) —
(y—>a)e H.Thus (y > a,y — b) € 0y.

Due to the transitivity of 6y we get (x — a, y — b) € 0y, that is, 6y is compat-
ible with —. We can prove similarly that 6y is compatible with ~. O

Proposition 1.41 [f H € DS, (A), then:

(1) 6y is a relative congruence of (A, —, ~>, 1), that is, A/0g becomes a pseudo-
BCK algebra with the natural operations induced from those of A;
(2) If A is a pseudo-BCK(pP) algebra, then 0y is compatible with ©.

Proof

(1) If [x]oy — [y]oy = [1loy and [y, — [x]oy = [1]ey, then [x — y]lo, = [1]o,
and [y — xlg, = [1lgy, so that recalling H = [1]p,, we have x — y,y — x €
H and (x, y) € 0y, thatis, [x]g, = [yloy-
Thus the quotient algebra A /6y is a pseudo-BCK algebra.
(2) If x =p,, y and a =g, b, we will prove that x ©a =g, y © b and a © x =g,
bOy.
Fromx > (x > y) ®x and a > (b — a) © b, it follows that x ©® a > (x —
Y)OxO® (B — a)Ob.Since b — a € H,by Lemma 1.11 there exists an i’ € H
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suchthatx @ (b - a) @b > h ©x ©b. It follows that x Oa > (x = y) Oh' ©
xOb,hence (x > y) Oh' <x®b—> x ©Oa. Since (x > y) Oh' € H, we get
thatx ©b — x ©a € H. Similarly, x Oa -xObe H,s0x Oa =g, x ©b.
One can analogously show that x © b =g, y © b, hence x ©a =g, y O b.
We prove in the same manner thata © x =g, b O y.
We conclude that 6y is compatible with ©. O

Corollary 1.8 If A is a pseudo-BCK(pP) algebra and H € DS, (A), then A/Oy is
a pseudo-BCK(pP) algebra.

Lemma 1.13 If H is a normal deductive system of a bounded pseudo-BCK(pP)
algebra A, then:

(1) x/H=1/H iff x € H;
Q) x/H=0/H iffx~ € H iffx~ € H;
(3) x/H<y/Hiffx—>yeHIifx~yeH.

Proof

() x)H=1/Hiffx > 1,1 ->xe Hiffxe H.

2) x/H=0/H iffx > 0,0 >xe Hiffx“ e Hiff x~ € H.

3) x/H<y/Hiffx/H—>y/H=1/Hiff (x > y)/H=1/H iff x - y € H iff
x~»yeH. g

Proposition 1.42 If H is a proper normal deductive system of a bounded pseudo-
BCK(pP) algebra A, then the following are equivalent:

(a) H e Max,(A);
(b) A/H is locally finite.

Proof H is maximal iff the condition (b) from Theorem 1.12 is satisfied. This con-
dition is equivalent to: for any x € A, x/H # 1/H iff (x")”/H = 1/H for some
neNiff (x/H)" =0/H for some n € Niff A/H is locally finite. U

Definition 1.20 Let A and B be two bounded pseudo-BCK(pP) algebras. A func-
tion f : A —> B is a homomorphism if it satisfies the following conditions, for all
X,y € A:

(H) f(xOy)=fx)0O f(y);

(Hy) fx—=>y)=fx)— f);
(H3) f(x~y)=f(x)~ f();
(Hy) f(0)=0.

Remark 1.14 If f : A —> B is a bounded pseudo-BCK(pP) algebra homomor-
phism, then one can easily prove that the following hold for all x € A:

(Hs) f(h)=1,
(He) f(x7)=(f(x)";
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(H7) fx™)=(f(x)7;
(Hg) ifx,y € A, x <y, then f(x) < f(y).

The kernel of f is the set Ker(f) = f~'(1)={x e A| f(x) =1}.
The function 7y : A — A/H defined by mg(x) = x/H forany x € A is a

surjective homomorphism which is called the canonical projection from Ato A/H.
One can easily prove that Ker(wry) = H.

Proposition 1.43 If f : A — B is a bounded pseudo-BCK(pP) algebra homomor-
phism, then the following hold:

ey
@
3

Ker( f) is a proper deductive system of A;
f is injective iff Ker(f) = {1};
If G € DS(B), then f~'(G) € DS(A) and Ker(f) € f~1(G).
If G € DS, (B), then f~'(G) € DS, (A). In particular Ker(f) € DS, (A);

4) If f is surjective and D € DS(A) such that Ker(f) € D, then f(D) € DS(B).
Proof
(1) We have f(1) =1,s0 1 € Ker(f). Let x, y € A such that x, x — y € Ker(f),

(@)

3

“

thatis, f(x) =1 and f(x — y) = 1. It follows that 1 = f(x) = f(y) = f(y),
so y € Ker(f). Thus Ker(f) is a deductive system of A. Since f(0) =07 1, it
follows that 0 ¢ Ker(f). Hence Ker(f) is a proper deductive system.

Suppose that f is injective and x € Ker(f). It follows that f(x) = 1= f(1), so
x = 1. Conversely, suppose that Ker(f) = {1} and x, y € A such that f(x) =
f(y). It follows that f(x) - f(y) =1, thatis, f(x > y)=1.Thusx — y €
Ker(f),so x — y =1, thatis, x < y. Similarly we get y < x and we conclude
that x = y. Thus f is injective.

If G € DS(B), then 1 € G. Hence f(x) =1 € G for all x € Ker(f), so
Ker(f) € f~1(G). Let x1, x» € A such that x; < x; and x1 € f~1(G). It fol-
lows that f(x1) < f(x2) and f(x1) € f(f’l(G)) C G, so f(x1) € G. Thus
f(x2) € Gand x2 € f~1(G), so f~1(G) e DS(A).

Suppose G is normal. Then x — y € f~1(G) iff f(x — y) € G iff f(x) —

f(y) € Giff f(x)~ f(y)eGiff f(x ~y)eG iff x ~ye f1(G), so
f~Y(G) is normal. Since {1} is a normal deductive system of B, it follows that
F~1{1}) = Ker(f) is normal.
Since 1 € D,wehave 1 = f(1) € f(D).Let y; € f(D), y2 € B such that y; —
y2 € f(D). It follows that there is an x; € D such that y; = f(x1). Since f is
surjective, there is an xp € A such that y» = f(x2). We have y; — y» € f(D)
iff f(x1) = f(x2) € f(D)iff f(x; = x2) € f(D) iff x; = x € f~1(D).

Taking into consideration that YD) e DS(A) and x; € f~1(D), it fol-
lows that x» € f~1(D), thatis, y» = f(x2) € (D). Thus f(D) e DS(B). O

Proposition 1.44 If f : A —> B is a surjective bounded pseudo-BCK(pP) alge-
bra homomorphism, then there is a bijective correspondence between {D | D €
DS(A),Ker(f) € D} and DS(B).
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Proof By Proposition 1.43, for any D € DS(A) such that Ker(f) € D and G €
DS(B) there is a correspondence D — f(D) and G +— f ~1(G) between the two
sets.

We have to prove that F~Yf(D))=D and f(f~(G)) = G. Since f is surjec-
tive, it follows that f(f_1 (G)) = G. Obviously, D C f_1 (f(D)) always holds.

Suppose that x € =Y f(D)), then f(x) € f(D), so there is a x’ € D such that
f(x) = f(x)). It follows that f(x") — f(x) =1, s0 f(x' — x) =1, that is, x’ —
x eKer(f) € D.Fromx’,x' > xe Dwegetx e D.Thus f~I(f(D)=D. 0O

Corollary 1.9 If D € DS, (A), then:

(1) mp(E) € DS(A/D), where E € DS(A) such that D C E,
(2) The correspondence E +— mp(E) is a bijection between {F | F € DS(A),
D C F}and DS(A/D).

Proof
(1) This follows from Proposition 1.43(3).
(2) This follows from Proposition 1.44. O

Proposition 1.45 If D, H € DS,,(A) such that H C D, then D € Max(A) iff
(D) e Max(A/H).

Proof We will apply Theorem 1.12. Suppose that D € Max(A) and let y € A/H,
y ¢ my (D). It follows that there is an x € A such that y = gy (x) = x/H. Obyvi-
ously, x ¢ D. Since D € Max(A), it follows that:

(x")_ € D for somen e N iff nH((x")_) € ry (D) for some n € N iff
7 (((x/H)")") € mp (D) for some n € N iff

(y")” € mu (D) for some n € N.

Thus g (D) € Max(A/H). The converse can be proved in a similar way. O

Corollary 1.10 If H is a proper normal deductive system of a bounded pseudo-
BCK(pP) algebra A, then there is a bijection between {D | D € Max(A), H C D}
and Max(A/H).

Proposition 1.46 If P is a proper normal deductive system of a bounded pseudo-
BCK(pP) algebra A, then the following are equivalent:

(a) forallx,y € A, (x®y)*)~ € P forsomen € Nimplies (x™)” € Por(y™)™ €
P for some m € N;

(b) forallx,y e A, (xOy)")™ € P for somen € Nimplies (x")~ € Por (y™)™ €
P for some m € N.
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Proof This is obvious taking into consideration that, since P is a normal deductive
system, x~ € P iff x~ € P forall x € A. O

Definition 1.21 A proper normal deductive system of a bounded pseudo-BCK(pP)
algebra A is called primary if it satisfies one of the equivalent conditions from
Proposition 1.46.

Remark 1.15 If the bounded pseudo-BCK(pP) algebra A is normal, then its primary
deductive systems can be dually characterized by means of the operation @. Indeed,
if P is a proper normal deductive system of A, applying Proposition 1.26 we have:

(xoW") =n(y"®x7), (x™)" =mx~ and (") =my”

for all n, m € N.
Therefore, a proper normal deductive system P of the normal pseudo-BCK(pP)
algebra A is primary if it satisfies the following condition for all x, y € A:

ifn(y”" @®x~) e PforsomeneN, then

mx~ € Pormy~ € P for some m € N.
Obviously, the above condition is equivalent to the following:

ifn(y~@®x") e PforsomeneN, then
mx~ € P ormy”~ € P for some m € N.
Proposition 1.47 Let A be a bounded pseudo-BCK(pP) algebra and P a primary
deductive system of A. Then the following are equivalent:
(a) forallx € A, (x")™ € P for some n € N implies (x~)™)~ ¢ P forallm e N,
(b) forallx € A, (x™)™ € P for some n € N implies ((x~)"™)~ ¢ P for allm € N.

Proof Since P is primary, it is a normal deductive system. Hence x~ € P iff x™ € P
for all x € A and the assertion follows immediately. g

Definition 1.22 A primary deductive system of a bounded pseudo-BCK(pP) alge-
bra A is called perfect if it satisfies one of the equivalent conditions from Proposi-
tion 1.47.

Proposition 1.48 If P is a perfect primary deductive system of a bounded pseudo-
BCK(pP) algebra A, then:

(1) forallx € A, (x")™ € P for somen e Niff (x7)")~ ¢ P forallm € N,

(2) forallx € A, (x™)~ € P for somen € Niff (x~)")~ ¢ P forall m € N.
Proof

(1) The first implication follows immediately, since P is perfect.
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Consider x € A such that ((x7)™)~ ¢ P for all m € N. By (psbck-c3¢),
xTOx=0,50 (x~©x)")"=0"=1¢€ P for all m € N. Since P is pri-
mary, it follows that ((x7)")~ € P or (x")~ € P for some n € N. Taking into
consideration that ((x~)")~ ¢ P for all n € N, we conclude that (x")~ € P for
some n € N.

(2) Similar to (1). O

Definition 1.23 Let A be a bounded pseudo-BCK(pP) algebra and X € A\ {0}. We
say that an element x € A is:

(i) an X-left zero divisor if thereisa y € X such that x © y =0;
(ii) an X-right zero divisor if there is a y € X such that y © x = 0;
(iii) an X-zero divisor if there are y;, y; € X suchthat x ©® y; =y, © x =0.

If X = A\ {0}, then an X-zero divisor is called a zero divisor of A.

The element 0 is called the trivial zero divisor.

The set of all X-left zero divisors, X-right zero divisors and X-zero divisors of
A will be denoted by X;-Div(A), X,--Div(A) and X-Div(A), respectively.

By Div(A) we will denote the set of all zero divisors of A.

Remark 1.16 Let A be abounded pseudo-BCK(pP) algebra and X C A\ {0}. Then:

(1) 0e€ X;-Div(A) N X,-Div(A) and 1 ¢ X;-Div(A) U X,.-Div(A);
(2) if x e Div(A) and y € A such that y < x, then y € Div(A);
3) ifx,yeDiv(A),thenx © y,y © x € Div(A).

Proposition 1.49 Let A be a bounded pseudo-BCK(pP) algebra satisfying the con-
ditions: Div(A) = {0}, ord(x) = oo and x~ =x" =0 for all x € A\ {0}. Then any
proper normal deductive system of A is perfect.

Proof We first prove that any proper normal deductive system P of A is primary.
Let x, y € A and consider the following cases:

(1) Ifx,y > 0,thenx ©®y > 0, so ord(x ® y) = oo. It follows that (x ® y)" # 0 for
alln € N. Hence (x ©® y)" )" =0¢ P.

(2) If x =0, then ((x ® y)")” =0~ =1 € P for all n € N. Moreover, (x")” =
0" =1€ P forallmeN.

(3) If y=0, then (x ®y)")™ =0~ =1 € P forall n € N. Then we have (y")™ =
0" =1ePforallmeN.

Thus P is a primary deductive system of A.

Since x" # 0 for all x € A\ {0}, it follows that (x")™ =0¢ P foralln e N.

For x =0 we have (0")" =1¢€ P forall n € Nand ((07)")™ =0 ¢ P for all
m € N. Thus P is a perfect deductive system of A. g
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Example 1.22

(1) It is a simple routine to check that the normal deductive system D =
{s,a,b,n,c,d,m, 1} of the bounded pseudo-BCK(pP) algebra A from Exam-
ple 1.9 is primary, but D is not perfect: (a%)’ =0"=1€eD and ((af)z)’ =
(@)~ =0"=1eD.

(2) According to Proposition 1.49, the normal deductive systems D| = {ay, az, b2,
s,a,b,n,c,d,m,1}and D3 ={s,a, b,n,c,d,m, 1} of the pseudo-BCK(pP) al-
gebra A from Example 1.17 are perfect deductive systems.



Chapter 2
Pseudo-hoops

A generalization of pseudo-BL algebras was given in [148], where the pseudo-hoops
were defined and studied. Pseudo-hoops were originally introduced by Bosbach in
[15] and [16] under the name of complementary semigroups. It was proved that
a pseudo-hoop has the pseudo-divisibility condition and it is a meet-semilattice,
so a bounded R¢-monoid can be viewed as a bounded pseudo-hoop together with
the join-semilattice property. In other words, a bounded pseudo-hoop is a meet-
semilattice ordered residuated, integral and divisible monoid.

In this chapter we present the main notions and results regarding pseudo-hoops
from [148], we prove new properties of these structures, we introduce the notions
of a join-center and cancellative-center of a pseudo-hoop and we define and study
algebras on subintervals of pseudo-hoops.

2.1 Definitions and Properties

Definition 2.1 A pseudo-hoop is an algebra (A, ©, —, ~», 1) of the type (2, 2,2, 0)
such that, for all x, y, z € A:

(psHOOP|) x©1=10x=x;

(psHOOP,) x > x =x ~x = 1;

(psHOOP3) (xOy)—z=x— (y = 2);

(pSHO0P4) (-XQy)"")Z:yW(XWZ);

(psHOOPs) (x > y) Ox=(y=>x)Oy=x0(x~y)=yO (y~ x).

In the sequel, we will agree that © has higher priority than the operations —, ~,
and those higher than A and V.

If the operation © is commutative, or equivalently — = ~-, then the pseudo-hoop
is said to be hoop. Properties of hoops were studied in [1, 10, 15, 16].

On the pseudo-hoop A we define x < y iff x - y =1 (equivalentto x ~»y =1)
and < is a partial order on A.

In the sequel we will refer to the pseudo-hoop (A, ®, —, ~~, 1) by its universe A.
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Proposition 2.1 In every pseudo-hoop (A, ®, —, ~, 1) the following hold:

(pshoop-c1) x Oy <ziffx <y— ziff y <x ~» z (pseudo-residuation);
(pshoop-c2) (A, O, 1) isamonoidand x <y impliesx Oz <y0z,70x<z0Yy;
(pshoop-c3) (A, <) is a meet-semilattice with

IANYy=x—=>))O0x=(—=>x)0y=x0(x~~y)
=y0O (y~x) (pseudo-divisibility);

(pshoop-cy) the element 1 is the greatest element of A and
l>x=1~x=ux, x—>1l=xww1=1;

(pshoop-cs) x < (x = y) ~y,x < (x ~> y) = y;
(pshoop-c¢) x > y<(y—=>2)~~»(x—=>2),x~»y=<(y~27) — (x ~2).

Proof

(pshoop-c1) Wehave x Oy <ziff xOy—->z=1iff x > (y > 2)=11iff x <
y— z. Similarly, x O y <z iff y <x ~~ z.

(pshoop-c2) By (psHOOP)), 1 is the neutral element of A.
Consider u € A. We have:

xOY)0z<u iff xOQy<z—u iff

xSy-)(z—)u):yGZ—)M lff x@(y@Z)SM

It follows that (x © y) ©z=x O (y © z), so © is associative.

Thus (A, ®, 1) is a monoid.

Fromy®z<y®zwehavey <z— y©®z.Sincex <y,wegetx <z—>yQz,
hence x ©® z <y ® z. Similarly, 7O x <z O y.

(pshoop-c3) Fromx - y<x —>yandy —>x<y—>xweget(x > y)Ox <y
and (y — x) © y < x, respectively. Hence, if we denote x Ay =(x - y) Ox =
(y = x) ©y, it follows that x A y is a lower bound of {x, y}.

Let u be another lower bound of {x, y}, thatis, u <x and u <y.

Fromu > x=1=u—uweget(u—>x)Qu<u<y.

But(yu >x)Ou=(x—->u)Ox,hence (x > u) Ox <y,sox > u <x —> y.
Wehave (x > u) Ox=wU—>x)Qu=10Qu=u.

It follows that u = (x > u) Ox < (x > y) ©x =x A y. Thus x A y is the
greatest lower bound of {x, y} with respect to the order <.

We conclude that every pseudo-hoop is a meet-semilattice with respect to the
order <, where the meet operation is given by

XANY=@x=>Y)0O0x=Q—=>x)0y=x0x~y)=y0O(y~x).

(pshoop-c4) Taking y =1l intheequalityx Ay=(x—>y)OQx=(y —>x)Qy, we
getx Al=(x—>1)Ox=1—x.Itfollowsthatl > x=x A1l <x.
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On the other hand, fromx ® 1 =x we have x <1 — x.
Hence 1 — x = x and similarly 1 ~» x = x.
It followsthat x =1—->x=(x —>1)Ox=x A1 <1 forall x € A.
We conclude that 1 is the greatest element of A.
FromlOx=x<lwegetl<x— 1.Butx —>1<1,hencex > 1=1.
Similarly, x ~» 1 = 1.
(pshoop-c5) From (x - y) Ox=xAy<y,wegetx <(x = y)~> y.
Similarly, fromx © (x ~» y) =x Ay <y,wehave x < (x ~»y) = y.
(pshoop-ce) Applying (pshoop-c3), we get:

=20 —=>y»O0x=0—=>200xA=<(Y—>200y=yAz=z

It follows that (y = 2) @ (x > y) <x > 7,50 x = y < (y = 2) ~ (x = 2).
Similarly, x ~ y < (y ~ z) = (x ~ 7). 0

Proposition 2.2 Every pseudo-hoop is a pseudo-BCK(pP) algebra which is a meet-
semilattice satisfying the pseudo-divisibility property.

Proof Suppose that (A, ®, —, ~, 1) is a pseudo-hoop.
We will prove that (A, <, —, ~, 1) is a pseudo-BCK(pP) algebra.

(psBCK ) follows from (pshoop-ce);

(psBCK,) follows from (pshoop-cs);

(psBCK3) follows from (psHOOP,);

(psBCK,) follows from (pshoop-c4);

(psBCK5) and (psBCKg) follow by the definition of < and from the fact that <is a
partial order on A.

The (pP) condition is a consequence of (pshoop-c1) and Theorem 1.4.
Thus (A, <, —, ~», 1) is a pseudo-BCK(pP) algebra. Il

It follows that all properties proved for a pseudo-BCK(pP) algebra are also valid
in the case of pseudo-hoops.

Definition 2.2 A bounded pseudo-hoop is an algebra (A, ©, —, ~», 0, 1) such that
(A, ®,—,~, 1) is apseudo-hoop and 0 < x for all x € A.

Proposition 2.3 ([148]) In any pseudo-hoop A, the following property holds for all
X,y €A:
(pshoop-c7) [((y = x) > x) = y]| = (y > x) =y — x and [((y ~» x) = x) ~

I~ (y~x)=y~x.

Proof Let z = (y — x) ~» x. By (pshoop-cs) and (psbck-cp;) we have y < z and
7z — x =y — x. It follows that
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Z=>N—->0—->0)=¢C>Y>C>x)=z2—>)y)0z>x=CAYy)—>x

=y—x.
Similarly, [((y ~ x) = X) ~> y] ~> (Y~ Xx) =y~ X. O

Let (A, ©, —,~,0, 1) be a bounded pseudo-hoop.

We define two negations ~ and ~: forallx e A, x7 :=x - 0, x" :=x ~~ 0.

A bounded pseudo-hoop A is called good if x™~ =x"" forall x € A.

If x™™ =x"" =x forall x € A, then the bounded pseudo-hoop A is said to have
the pseudo-double negation condition, (pDN) for short.

Obviously, any bounded pseudo-hoop with (pDN) is good.

Proposition 2.4 If A is a good pseudo-hoop, then for all x,y € A:

(pshoop-cg) (x™7 = x) " =(x""~x)" =0;
(pshoop-cg) (x > y) " =x""—=>y Tand (x ~y) T T =x""~y" 7,
(pshoop-c10) (x Ay)™ " =x"" Ay T

— ~

(pshoop-c11) x >y =x"" =y andx ~~y =x""~y".

Proof

(pshoop-cg) From 0 < x applying (psbck-c1p) we get x~~ — 0 <x~ "~ — x, that
is, x” <x™~ — x.Hence (x7~ = x)~ <x~~
It follows that:

~ ~

(T ox) =0T ox) AxTT=xTT o[0T (7T 5 x) ]
=x

~ —_~

©) [(xiw — x) @xiw]w =x "0 (xiw Ax)N
=x"0x7=0
(we applied the axiomv O (v~ u) =uAvforv=x""andu = (x"" — x)7).

Similarly, ™7 ~» 0 <x77 ~» x, 50 X7 <x7 7 ~» x. Hence (x77 ~ x)” <

—_~

X
Therefore
(" x) = (e 2) AT = [ o (T e x) [ ex
=[x T wx)] ox T =(x"T"Ax) Ox "
=x"0x " =0.
Thus (x™7 = x) ="~ x)” =0.

(pshoop-cg) Applying the axioms of a pseudo-hoop we have:
EANO(Y~0)=<yo(y~0=yAn0=0.

Butx Ay=(x—y)®x,hence (x > y) Ox O (y ~0) <O0.
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It follows that x © (y ~» 0) < (x — y) ~» 0. Applying (psbck-c1) we get

[(x > »)~0]>0<xO(y~0)—>0=x—[(y~0)— 0]
Thus (x = y)™~ < x — y~ . On the other hand we have:

(r=>y ) T =roy) T =(roy) =r sy
Replacing x with x — y~ " and y with x — y in the above identity we have:
e e VR [C Ty B G i I
Since x - y < (x = y)~ 7, applying (psbck-c1o) we get:
(x=>y ) Gx->T"T=2x>y ) > x>y, so
(k=)= =] 2=y ) > @=>n] .

Taking into consideration the above identity and applying (psHOOP;) we get:

—~

x>y D)ooy T2 [(x=>yT) > (=)
=[x=>y)ox—>y] T =(xAy Ty

Butx Ay <y <y~ hence by (psbck-ci) wehave y™~ — y <x Ay~ — y.
Applying (pshoop-cg) we get:

(x—>y‘~)—>(x—>y)_~2(y_~—>y) =0"=1.

It follows that (x - y™7) = (x > y)7 "~ =1, thatis, x >y~ < (x —> y)™ .

We conclude that (x — y)™"  =x — y~ .
From (psbck-ci9) we have x — y~~ =x~~ — y~~, hence (x — y)™~ =
X7~ — y77. Similarly, (x ~ y) T T =x"" ~ y

—~

(pshoop-c19) Fromx Ay <x,yweget (x Ay)” <x~ 7,y
Hence (x Ay)™ " <x " Ay .
On the other hand, applying Proposition 1.23 and (pshoop-c9) we have:

AN T=(x=>»ox) =@—y»TTox "

~ —_~ —~

=TTy T)ox T=x""Ay

We conclude that (x A y)™ " =x"" Ay .
(pshoop-c11) Applying (psbck-c19), (pshoop-cg) and (psbck-c37) we have:

x Ty =xTT oy T T = (x> )
=(x0y7) =x0y =x—>y .

Similarly, x ~» y~ =x7" ~» y7. O
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Proposition 2.5 ([148]) Let A be a pseudo-hoop and I an arbitrary set. Then:

) x06 (\/iel yi) = \/iel(x O yi);
(2) (\/ie] i) Ox = \/,'el(yi O x);
3) x AN ) =Vie,(x Ayi),

whenever the arbitrary unions exist.

Proof

(1) Since y; < \/iel yi foralli € I, it follows that x © y; <x © (\/ie[ y;) for all
iel. Thus \/;c;(x ©yi) <x O (V;ep vi)-
Let z € A such that \/;;(x © y;) < z. It follows that x © y; <z foralli € I,
soyi <x~zforalliel. Thus\/;.;yi <x~2z,50x0 (Ve ) <z
So, for any z € A, we have proved that \/;,.;(x © y;) < z implies x ©
(\/iel yi) <z
Taking z =\/;c;(x @ yi), we get x O (\/;c; ¥i) < Ve (x O yi).
We conclude that x © (\/;¢; i) = V;e; (x © yi).
(2) Similar to (1).
(3) From y; < \/;¢;vi.we getx Ay; <x A\, yi foralliel.
Hence \/;c;(x Ayi) <x A (Vg Yi)-
Conversely, we have:

(o)) o= (Yoo

iel iel iel iel
= \/(J’i ©) (\/yi W)C))-
iel iel

From (psbck-c1) we have \/;.; yi ~» x < y; ~»x for all i € A, so y; ©
Vieryi~>x)<yi0@i~x)=yiAx=xAy;foralliel.
It follows that

\/(y,' © (\/yi wx)) <\@&Aay), soxna (\/y,') <\ @Ay
iel iel iel iel iel
Thus x A (\V;c; i) = Ve (x Ayi). O
Proposition 2.6 ([148]) Let A be a pseudo-hoop and H C A. The following are
equivalent:
(a) H is a compatible deductive system;
(b) H is anormal filter (i.e. x © H=H © x forall x € A).
Proof

(@) = (b) ConsideryexOH,y=xOhwithxeAandh e H.
It followsthat x Oh=y=xAy=(x—y) Ox.
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Fromh <x~xOh=x~>yandh e H wehavex ~»ye H.
Since H is a compatible deductive system of A, we getx — y € H.
Consequently, if we let b’ = x — y, it follows that y =h' O x € H O x.
Thusx O HC H O x.
Similarly, HOx Cx O H,sox © H=H ©x forall x € A.

(b)=(a) Assumex ~ye H,sox Ay=x0O x~y)ex® H=H QO x, that is,
xAy=hOxforsomeh e H.
It follows that x > y=x > x Ay=x > hOx. Since h <x - h ® x and
he H,wegetx — ye H. Similarly, fromx - ye H wegetx ~»ye H.
Thus H is a compatible deductive system of A. O

If x, y € A, then we define the pseudo-joins of x and y by:
xUpy=((x—=y)~y)A((y—x)~x),
xUyy=((x~y)=>y)A((y~x)—x).

We will also use the notation:

xViy=x—>y)~y and xVoy=(x~>y)—y.

Obviously, x Uy y=(x Vi yY) A(yVix)andx Uy y = (x V2 y) A (¥ V2 x).

Proposition 2.7 ([148]) In any bounded pseudo-hoop A the following hold:
(1) xU10=xUr0=0U1x=0Ur x =x;

@2 xUjl=xWUl=1Ujx=1Ux=1;

B) xUjx=xUyx =x.

Proof

M xU0=((x—>0)~~0)A(0—x)~x)=x"" Ax=ux (by (psbck-c14)).
Similarly, x Uy 0=0U; x =0U x = x.

Q) xUil=(x=>D~»DA((1>x)~»x)=1A1=1.
Similarly, x Uy 1 =1Ujx =1Uyx = 1.

(3) This is obvious. O

Proposition 2.8 ([148]) In any bounded pseudo-hoop A the following hold:
(D) xUpy=yUrxandx Uy y =y Uy x;

2) x,y<xUpyandx,y<xUyy;

G x=yiffxUry=y;

@ x=yiffxUry=y.

Proof

(1) This is obvious.
(2) By (pshoop-cs) and (psbck-ce¢) we have x,y < (x - y)~yand x,y < (y —
x) — x. Hence x, y <x Up y. Similarly, x, y <x U y.
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(B) Ifx<y,then(x > y)~y=1~>y=y.
Hence x Uy y =y A [(y — x) ~ x] =y, since by (pshoop-cs), y < (y —
X) ~ X.
Conversely, suppose that x U; y = y.
It follows that x A y =x A (x Uy y) = x, by (2). Thus x < y.
(4) Similar to (3). O

Proposition 2.9 ([148]) Let A be a pseudo-hoop. The following are equivalent:

(a) Uy is associative;

(b) forallx,y,ze€ A, x <y implies x Uy z <y U z;

(c) forallx,y,ze A,x Ut (3 Az) <(x U1 y) A (x Uy 2);
(d) Uy is the join operation on A.

Proof

(a) = (d) We have x, y <x Uj y, sox Uy y is an upper bound of {x, y}.
Letz € Asuchthatx,y <z.By(a), (x Uy y) U z=x U1 (yUq 2).
From y < z and (pshoop-cs5) we have:

yUiz=((y—= 2~ 2)A(@G=>»N~y)=0w)A (= y) ~y) =z

It follows that x U (YU1 z2) =x U1 z=((x > 2) » 2) A((z > x) ~»x) =2z.
Thus x Uy y < (x Uy y) U; z =z. Hence x U y is the L.u.b. of {x, y},sox vy
existsand x Vy =x U y.

(d) = (a) Applying (d) we have (x Uy y)Ujz=(xVy)Vz=xVvV (V) =xU
(y Uy 2).
Thus U is associative.

(b) = (d) We have x, y <x U y, so x U; y is an upper bound of {x, y}.
Let z € A such that x, y < z. From x < z, applying (b) we obtain:

xUry<zUiy=(@=>y)~y)Ar(y—=2~z) =z

We conclude that x U; y is the L.u.b. of {x, y},sox vV yexistsand x Vy =xUj y.
(d) = (b) Letx,y,z€ Asuchthatx <y.

It follows that x Uy z=xVz<yVvz=yU;z
(c) = (d) We have x, y <x Uj y, so x Up y is an upper bound of {x, y}.

Letz€ Asuchthatx,y <z.Wehave x U; (y A2) < (x Uy ¥y) A (x Up 2).

SincexUjz=((x >z2)~2)A(z—=>x)~x)=z,wegetx Uy <(xUp y)A

7z <z.Thus x Uy y is the L.u.b. of {x, y},sox V yexistsand x Vy=x U y.
(d)=(c) Forallx,y,z€e A, xU (yAZ)=xV (YA Z).

Obviously, y Az <y impliesx V (y Az) <x V y.

Fromx <xvzandyAz<z<xvzwegetxV(yAz)<xVz.

It follows that x V (y A2) < (x Vy) A (x V 2).

Hencex Ui (W AZ)=x V(Y AZD) S@VIA@VD=@U y)AMKU 2.0

Proposition 2.10 ([148]) Let A be a pseudo-hoop. The following are equivalent:
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(a) Uj is associative;

(b) forallx,y,ze A, x <y impliesx Uyz <y U z;

() forallx,y,z€e A, x Uy (3 Az) < (x Uy y) A (x U 2);
(d) Uy is the join operation on A.

Proof The proof is similar to that of Proposition 2.9. 0

Remark 2.1 Suppose that U; is associative. By Proposition 2.9 it follows that Uy is
the join operation on A, that is, V exists and Vv = Uj.

Applying Proposition 2.5(3) we get that (A, A, V) is a distributive lattice.

The same result is obtained using U, and Proposition 2.10.

Theorem 2.1 Every bounded locally finite pseudo-hoop has property (pDN).

Proof Let A be a bounded locally finite pseudo-hoop and x € A. If x = 0, then
07" =0"" =0. Suppose x # 0. We prove that x~~ = x. By (psbck-c14) we have
x < x~"". Suppose that x~~ f x, hence x™~ — x # 1. Since A is locally finite,
thereis ann € N, n > 1, such that (x =~ — x)" = 0. We have:

T ox)ox =0T ox) > TT =TT 5x)> (x7T>0)

=x—>0=x",
(x N—)x) —>x_=(x —>x)—>((x N—)x)—)x_)
= (x — x) —>Xx =x
By induction we get (x7~ — x)" > x~ =x".Thus0 - x~ =x",sox™ = 1.
Hence x < x~~ =0, that is, x = 0, a contradiction. Therefore x~ < x, so
x~ 7 =x. Similarly, x~~ = x. Thus A satisfies (pDN). U

We recall the notion of an ordinal sum of pseudo-hoops.
Let A1 and A; be pseudo-hoops such that A} N A, ={1}. Weset A=A U Ay
and we define the operations ®, —, ~» on A as follows:

xQiy ifx,yeA;i=12
xQy:i=31x ifxe A\ {1},ye Ay
y itx €Ay, ye A\ ()

x—;y ifx,yeA;,i=1,2
x—>yi=1y ifxe Ay, ye A\ {1}
1 ifxe A\ {1}, ye Az
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x~;y ifx,yeA;,i=1,2
X~=>y:i=1y ifx e Ay e A1\ {1}
1 ifx e A\ {1}, y € As.

Then (A, ®, —,~>, 1) is a pseudo-hoop called the ordinal sum of Ay and A;
and we denote it by A = A| @ Aj. The construction can of course be extended to
arbitrarily many systems of pseudo-hoops.

Definition 2.3 A pseudo-hoop A is called:

(1) simple if {1} is the unique proper normal filter of A;
(2) strongly simple if {1} is the unique proper filter of A.

Obviously, any strongly simple pseudo-hoop is simple.
When A is a hoop, since filters and normal filters coincide, the notions of simple
and strongly simple hoop coincide.

Proposition 2.11 ([148]) For any pseudo-hoop A the following are equivalent:

(a) A is strongly simple;

(b) forallx € A, ifx # 1 then [x) = A;

(c) forall x,y € A, if x # 1 then there exists an n € N, n > 0, such that y > x";

(d) forallx,y € A, if x # 1 then there existsann € N,n > 0, such that x -" y =1
for somen e N,n > 1;

(e) forallx,y € A, if x # 1 then there existsann € N, n > 1, such that x ~" y =1
for somen € N, n > 0.

Proof (a) < (b) is obvious.
By Lemma 1.9 and Proposition 1.33 any one of the conditions (c), (d) and (e) is
equivalent to condition (b). O

Lemma 2.1 ([148]) In any strongly simple pseudo-hoop A the following hold for
all x,y € A:

() y—>x=ximpliesx=1o0ry=1;
2) y~x=ximpliesx=1o0ry=1.

Proof

(1) Consider x,y € A such that y — x = x. Applying (psHOOP;), it follows by
induction that y* — x = x for all n € N, n > 0. If y # 1, then according to
Proposition 2.11(c), there exists an ng € N, ng > 0, such that y"™° < x, that is,
y"0 — x=1.Hencex = 1.

(2) Similar to (1). O

Definition 2.4 A pseudo-hoop (A, ®, —,~>, 1) is said to be cancellative if the
monoid (A, ®, 1) is cancellative, thatis, x Oa =y O a impliesx =y anda O x =
a ©yimplies x =y forall x, y,a € A.
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Proposition 2.12 ([148]) A pseudo-hoop A is cancellative iff the following identi-
ties hold:

(C) y—=>x0y=ux;
(C2) y»yOx=ux,

forall x,y € A.

Proof Suppose that A is cancellative.
It followsthat x O y=yA(x O y)=(y—>xOy) Oy, hencex =y —> x O y.
Similarly, yOx=yA (Y Ox)=yO (y~yOx),hencex =y~»yOx.
Conversely, suppose that A satisfies (C1) and (C2).
If x©z=y0Oz thenapplying (Cq) twicewegetx =z > xOz=7—> yOz =Y.
Similarly, from z @ x =z ©® y and (C,) it follows that x =z ~» 2 O x =7 ~»
zO0y=y. O

Example 2.1 ([148]) Let G = (G, Vv, A, +, —, 0) be an arbitrary £-group and G~ be
the negative cone of G, thatis, G~ ={x € G | x <0}.
On G~ we define the following operations:

xXQy:=x+Yy,
x—=>y:=((—-x)A0,
x~y:=(—x+y)AQ.

Then G~ =(G~, ®, —, ~», 0) is a cancellative pseudo-hoop.
We shall verify the conditions (psHOOP|)—(psHOOPs).
Consider x,y,z€ G™.

(psHOOP|) x©0=x+0=x=0+x=00x.
(psHOOP,) x > x=x~~»x=0A0=0.
(psHOOP;) xOy—z=[z—(x+y)]A0=(z—y—x)A0and

x> —=>2)=[C=NA0=x]A0=(z—y—x)A(=Xx) A0
=(Z—-y—x)An0

(since —x > 0, we have (—x) A0=0). Thusx Oy —>z=x —> (y — 2).
(psHOOP,) Similar to (psHOOP;).
(psHOOPs) (x > y)Ox=(y—x)A0+x=yAx.

Similarly, (y > x) Oy =xAy, xO X~ y)=yAX,yO (¥~ Xx)=XxAY.

Thus (x > ) Ox=(y > x)Oy=x0 X~ y)=yO(y~x).

It follows that G™ is a pseudo-hoop.

We will verify conditions (Cp) and (C3).

Ifx,yeG ,theny > x0y=0x+y—y)A0=xA0=xandy~yQOx =
(=y+y+x)A0=xA0=nx.

Thus G~ is a cancellative pseudo-hoop.
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Proposition 2.13 ([148]) Let A be a cancellative pseudo-hoop. Then for all
X, Y,z € A the following hold:

D x—>y=x0Qz—=>y0zandx~>y=z0x~z0Y;

2) x0z<y0Qziffx<yandzOx<zOyiffx <y.

Proof

(1) By (C1) and (psHOOP5) we get

X—>y=x—>Z—>y070)=x0z—>y0Oz.
By (C2) and (psHOOP,) we get
X y=x~(@Z~z0y)=20x~z0)y.

2) Applying (1), x 0z<yQziff xOz—>yOz=1iffx > y=1iff x <y.
The second inequality can be proved in the same way. d

Definition 2.5 A pseudo-hoop (A, ®, —, ~>, 1) is said to be Wajsberg if it satisfies
the following conditions:

Way) (x > y)~>y=(y—>x)~x;
(Waz) (x ~y) = y=(y~x)—>x,

ie.xViy=yVvVixandx Voy=yVax.

Remark 2.2 Taking y =0 in (Wa;) and (Way), it follows that a bounded Wajsberg
pseudo-hoop satisfies (pDN).

Example 2.2 ([148]) Let G = (G, V, A, +, —,0) be an arbitrary £-group. For an
arbitrary element # € G, u > 0 define on the set G[u] = [0, u] the operations:
xXOQy:=x—-u+y)Vvo,
x—=>y=Q(—x+u) Au,
xX~y:=WU—x+Yy) Au.
Then G[u] = (G[u], ®, —, ~», u) is a bounded Wajsberg pseudo-hoop.
Indeed, we check the conditions (psHOOP,)—(psHOOPs5).

(psHOOP)) xQu=x—-—u+u)vO=xVvO0=xanduOx=wu—-u+x)v0=
x V0 =ux,since x > 0.

(psHOOP,) x > x=x~»X=uAu=u.

(psHOOP;) Applying the properties of an £-group we have:

x@y—>z=[(x—u+y)\/0]—>z
=[z—G—u+y)VO+u]ru
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=@Z—-—y+u—x+u)A(z+u) ANu
=(Z—-y+u—x+u)Au and
x—>(y—)z)=[(y—>z)—x+u]/\u=[(z—y+u)/\u—x+u]/\u
=@C—-y+u—x+uyA(u—x+u)Au
=@Z—-y+u—x+u)Au.
Thus (x O y) > z=x—> (y > 2).
(psHOOP,) Can be proved in a similar way as (psHOOP5).
(psHOOP5) We have:
(x—)y)@x:[(x—)y)—u+x]\/0=[(y—x+u)/\u—u+x]v0
=[(y—x—l—u—u+x)/\(u—u+x)]\/0=(y/\x)\/0
=y AX.
Similarly, (y > x) Oy =xAy, xO0O X~ y)=yAX,yO (¥~ Xx)=XxAY.
Thus (x > ) Ox=(y > x)Oy=x0 (x~y) =y O (y~x).
It follows that G[u] = (G[u], ®, —, ~», u) is a pseudo-hoop.
Obviously, it is bounded.
We will prove that G[u] satisfies conditions (Wa;) and (Way).

Let x, y € G[u]. We have:
(x—)y)wy:[u—(x—)y)+y]/\uz[u—(y—x—i—u)/\u—i—y]/\u
:[(u—u+x—y+y)v(u—u+y)]/\u

=(xVy)Au=xVy and
(y—>x)~=>x:[u—(y—)x)—i—x]/\u:[u—(x—y—i—u)/\u—i—x]/\u
:[(u—u+y—x+x)v(u—u+x)]/\u
=(QVX)AU=yVx=xVy.
Thus (x — y) ~» y = (y — x) ~» x, hence G[u] satisfies (Way).

We can similarly prove that condition (Way) is also satisfied.
Therefore G[u] = (G[u], ®, —, ~», u) is a bounded Wajsberg pseudo-hoop.

Proposition 2.14 ([148]) Let A be a Wajsberg pseudo-hoop. Then for all x,y € A
the following hold.:

(ew)) xUjy=@x —>y)~»y=(Q —>X)~X;
(ewp) xUgy=(x~y)—>y=(~Xx)—X;
(ews) Ug and Uy are associative;

(ewsg) x Vy=xUpy=xUy.
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Proof

(cwq) This follows from the definition of U; and (Wa).

(cwp) This follows from the definition of Uy and (Way).

(ewsz) If x <y and z € A, then applying (psbck-c1) twice we get y — 72 <x — 2
and (x > 2) ~z<(y > z) ~ z, thatis, x U z < y Uj z.
By Proposition 2.9, U; is associative. Similarly, Uy is associative.

(cw4) This follows by Remark 2.1. O

Corollary 2.1 If A is a Wajsberg pseudo-hoop, then
XVy—>y=x—>y and xVy~y=x~>Yy
forall x,y € A.

Definition 2.6 A pseudo-hoop A is called basic if it satisfies the following condi-
tions:

Bap)) x—=>y)—=>z=((y—>x)—>2)—>2z
(Baz) (x ~>y) >z <((y~x)~2)~ 2z

We say that a pseudo-hoop is representable if it can be represented as a subdirect
product of linearly ordered pseudo-hoops (see Chap. 3).

It is straightforward to verify that any linearly ordered pseudo-hoop and hence
any representable pseudo-hoop is basic.

Proposition 2.15 ([148]) Let A be a basic pseudo-hoop. For any x,y,z € A, the
following hold:

D x=Ui(y—=>x)=land (x ~y)Uy (y ~x)=1;
@ x—=y=@Uiry) = yandx~y=(xUyy)~y;
Q) GUry)—mz=@x—=>DA(—=>2)and (x Uz y)~z=x~2)A(y~2).

Proof

(1) Let u = (x — y) Uy (y = x). According to (Baj) we have (x - y) - u <
((y = x) = u) — u. Applying Proposition 2.8(2) we have x — y,y = x <u,
hence (x - y) >u=(y — x) > u=1. It follows that 1| <1 — u =u, so
u =1, thatis, (x - y) U; (y — x) = 1. Similarly, (x ~ y) Uy (y ~ x) = 1.

(2) Since x <x Uj y, applying (psbck-c1) we get (x Uy y) = y <x — y.

From (pshoop-cs) and (psbck-c1) it follows that

x>y (x=>y)~y)>y=@xUiy) >y,
sincex U y=((x > y) > Ay > x)~x)<(x— y)~ Y.

Hencex - y=(xU; y) = y.
We can prove in the same manner that x ~» y = (x Uy ¥) ~~ y.
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(3) Since x,y < x Uy y, applying (psbck-c1) we have (x Uy y) - z <x — z and
(xUyy)—z<y—z.Hence (xUjy) > z<(x = 2) A (y = 2).
Letu=[(x = 2) A(y = 2)] ~ [(x Uy z) — z]. We will prove that u = 1.
We have:

[(x > DA —=>2]O[xU1y) > y]O U y)
=[c=2A0=>2]O[EUIyAY]
=[d>2DA(G—>2)]0y<(y—>200y=yAz=<z, s0

(x> DA —=>]O[(xUry) > y]<(xUry) >z

It followsthat (x U1 y) > y<[(x > DA (Y —=> 2]~ [(x U1 y) > z] =u.

Applying (2) it follows that x — y = (x Uy y) = y <u, thatis, (x = y) —
u=1.

Similarly, (y - x) > u = 1.

By(Baj)wegetl=x—y)»u<({(y—>x)—u)—-u=1—-u=u,so
u=1.

Hence (x > 2) A (y > 2) < (xU; 2) = z.

We conclude that (x Uj y) = z=(x = 2) A (y = 2).

Similarly, (x Uz y) ~» z=(x ~» 2) A (¥ ~> 2). O

Proposition 2.16 ([148]) Let A be a basic pseudo-hoop. Then, for any x,y € A,
xVyexistsand x Vy=xUyy=xUyy. The lattice (A, A, V) is distributive.

Proof We have x,y <xUjyand x,y <x U, y.Letze A such that x, y < z, that
is,x >z=y—>z=1.
According to Proposition 2.15(3) we have (x U; y) = z=(x > 2) A (y > 2) =
IAl=1,s0xU;y <z Similarly, x Uy y <z. Thusx Vy=xU; y=x U y.
Finally, applying Proposition 2.5(3) we conclude that (A, A, V) is a distributive
lattice. O

Proposition 2.17 ([148]) Let A be a pseudo-hoop. The following are equivalent:

(a) A is a basic pseudo-hoop;
(b) Uy and U, are associative and (x — y)Uy (y > x) =1 forall x,y € A,
(c) Uy and Uy are associative and (x ~>y) Uz (y ~ x) =1 forall x,y € A.

Proof

(a) = (b) Applying Proposition 2.16 it follows that vV = U; = U, is the join oper-
ation on A. Taking into consideration Propositions 2.9 and 2.10 we get that U
and U, are associative. The second assertion follows by Proposition 2.15(1).

(b) = (a) By Remark 2.1 we have v = U = U,. Applying (psbck-c24) and (psbck-
c12) we get
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((x—)y)—)z)@((y—)x)—)z) < ((x—)y)—)z)/\((y—)x)—)z)
=((x—>y)\/(y—>x))—>z=1—>z=z,
Hence ((x — y) = 2) < ((y = x) — z) — z, that is, (Bay).
(Bay) can be proved similarly.
(a) < (c) follows in the same manner as (a) < (b). O
Proposition 2.18 ([148]) In any basic pseudo-hoop A the following hold:
D) xO00AD=@ONAEODand (YyAZ)Ox=((Ox)A(ZOX);
2) x=y)=>G—=x)=y—>xand (x ~y)~ (y~x)=y~x.
Proof
(1) According to Proposition 2.16, V exists, V = U; = U; and (A, A, V) is distribu-
tive. Applying Propositions 2.15, 2.5 we get:
@ONAGO)=[xONAGxO)]O1
=[xONAEOD]O[(y~2)V(z~ )]
[(xOWAGKOD) O~ 2)]
V(6O AE0)0 @)
<xoyo(~2]|v[xoz0 @~y
=[x A]|V[xrOGEAN]=xO (K A2).

On the other hand, fromx ©® (Y Az) <xOyandx O (y Az) <x Oz we get
XOWAD =@ OY)AMXO2).
Thusx © (Y Az) = (x O y) A (x ©z) and similarly (y A2) Ox =y Ox) A
(z O x).
(2) According to (psbck-cg) we have y —> x < (x = y) — (y = x).
Applying Proposition 2.15, we have

l=@—->x)U(x—y)
=[(G—=>x) > x> y)~wx—>y)]
/\[((x—)y)—)(y—)x))w(y—)x)].

Hence (x > y) > (y > x) <y — x.

Thus (x > y) = (y > x) =y — x.

Similarly, (x ~» y) ~» (y ~> x) =y ~ x. g
Proposition 2.19 ([148]) Any Wajsberg pseudo-hoop is a basic pseudo-hoop.

Proof Let x,y € A. By (pshoop-c7), (Way) and (psbck-ca2) we have:
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y=>x=[((y > x)~x)—>y]> (G —>x)
=[(G=»~=y)=y]=> ===y = G-—>x).

Applying (cw1) we get

x=>NUI—=x0)=(x—=>y)—=>G—=>x)~(—>x)
=(y—>x)w(y—>x)=1.

By (cw3) it follows that U; and U, are associative and applying Proposition 2.17
we get that A is a basic pseudo-hoop. 0

Proposition 2.20 ([148]) Let A be a basic pseudo-hoop satisfying the conditions:

y—x=x implies x=1ory=1 and

y~~x=x implies x=1ory=1
forall x,y € A. Then A is a linearly ordered Wajsberg pseudo-hoop.

Proof Consider x, y € A. Applying Proposition 2.18(2) we have (x - y) — (y —
x) =y — x. Taking into consideration the hypothesis, we get x - y=1or y —
x =1, thatis, x <y or y <x. It follows that A is a linearly ordered pseudo-hoop.

We will now prove that A is a Wajsberg pseudo-hoop.

Let x,y € A. If x =y, then (Way) is obvious. Assume x # y. Since A is linear,
we can suppose that x < y. It follows that (x > y)~~>y=1~>y=y.

By (pshoop-c7) we have [((y = x) ~» x) »> y] > (y > x) =y — x, so by
hypothesis and the fact that y — x % 1, we get ((y — x) ~> x) = y = 1, hence
(y = x) ~ x < y. But, from (pshoop-cs5) we have y < (y = x) ~» x, so (y —
x)~x=y.Hence (x > y)~y=(y = x) ~ x.

Thus A satisfies (Wap). Similarly, A satisfies (Way).

We conclude that A is a Wajsberg pseudo-hoop. d

Corollary 2.2 Every strongly simple basic pseudo-hoop is a linearly ordered Wajs-
berg pseudo-hoop.

Proof This follows from Lemma 2.1 and Proposition 2.20. g

Example 2.3 ([148]) The pseudo-hoop G~ from Example 2.1 is a basic pseudo-
hoop. Indeed, consider x, y, z € G~. We have

x=>N—=>z2=c—@x—=>»)A0=(2—(—x)A0)A0=[(z—x+y)Vz]AO.
Similarly, (y — x) > z=[(z — y + x) V z] A 0. It follows that:

(>0 —>2)>z=[z—((G=y+x) V) A0)]A0
=[z-G—y+x)vz)Vvz]A0
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=[(G—x+y—2)A0)vz]AO
=[c—x+y—-2Vvz]AOV2AO
=[@-x+y—2vz]Aa0.
Since z <0, we have 0 < —z,hence z —x +y <z—x +y —z. Thus
x=>N—=z=[{C—x+y)Vz]AO<[E—x+y—2)Vz|A0D
=((y—>x)—>z)—>z

It follows that G~ satisfies (Ba;) and similarly G~ satisfies (Bay).
We conclude that G™ is a basic pseudo-hoop.

Example 2.4 The pseudo-hoop G[u] from Example 2.2 is a basic pseudo-hoop. In-
deed, we have proved that G[u] is a Wajsberg pseudo-hoop and applying Proposi-
tion 2.19 it follows that G[u] is a basic pseudo-hoop.

Definition 2.7 An element a of a pseudo-hoop A is said to be an idempotent if
a® = a. The set of all idempotents of A is denoted by Id(A).

A pseudo-hoop A is called an idempotent pseudo-hoop if Id(A) = A, that is, all
elements of A are idempotent.

On the other hand, an idempotent pseudo-hoop A is a Godel pseudo-hoop, that
is, a pseudo-hoop with condition (Godel) (a ©a =a foralla € A).

Lemma 2.2 (Proposition 3.1 in [106]) If a € Id(A), then for all x € A we have:
(I)aGx=aArx=x0Qa;

2)a—x=a~x.

Proof

(1) We have:

a@Qx<arx=a®@@~wx)=a®@a®@~x)=a®a@aAx)<al®x.

Thus a © x =a A x and similarly x ©a =a A x.
(2) For an arbitrary z € A we have:

z<a—>x iff zOa<x iff a@Qz<x iff z<a~x,

thatis,a - x =a ~ x. O

Remark 2.3

(1) Representable Brouwerian algebras are idempotent basic hoops and generalized
Boolean algebras are idempotent Wajsberg hoops ([198]).
(2) Any bounded idempotent pseudo-hoop A is good.
Indeed, applying the identity a — x =a ~» x forx =0, we geta™ =a", so

a " =a " =a " forallac A.
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2.2 Join-Center and Cancellative-Center of Pseudo-hoops

We introduce the notions of join-center and cancellative-center of a pseudo-hoop
and we prove some of their properties.

Definition 2.8 If A is a pseudo-hoop, then the set JC(A) ={a € A | a Vv x exists for
all x € A} is called the join-center of A.

Obviously, 1 € JC(A) and, if A is bounded, then 0 € JC(A).
If A is a Wajsberg pseudo-hoop, then JC(A) = A.

Definition 2.9 If A is a pseudo-hoop, then the set CC(A) ={a € A|x Oa =
y©a impliesx =y anda © x =a © y implies x = y for all x, y € A} is called the
cancellative-center of A.

Obviously, 1 € CC(A) and 0 ¢ CC(A).
If A is a cancellative pseudo-hoop, then CC(A) = A.

Proposition 2.21 If A is a pseudo-hoop and a € CC(A), then the following hold
forall x € A:

(1) a— (xOa)=ux;

2) a~@OGx)=x.

Proof

(1) Wehave x Qa=an(x®a)=(a— (xOa)) Oa.
Taking into consideration that a € CC(A), we geta — (x ® a) = x.
(2) Similarly, from a ©x =a A (@O x)=a ® (a ~ (a © x)) we have a ~
(a®x)=nx. O

Corollary 2.3 If A is a pseudo-hoop and a € CC(A), then

a"—a"M'=a"wa" "' =a forallneN.

Proof Applying Proposition 2.21(1) and (psHOOP;) for x = a,a®,a, ... we get:
a=a—a’=a— (a—>a3)=a2—>a3=a2—> (a—>a4)

=a’>a*=-..=a"—a"".
Similarly, by Proposition 2.21(2) and (psHOOP,) we get a = a" ~ a"+1. 0

Proposition 2.22 If A is a pseudo-hoop and a € CC(A), then the following hold
forall x,y € A:

D x—>y=x0a)— (yOa);
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(2) x~>y=(@0Ox)~(a0y);
B x<yiffxQa<yQaiffa®x<a0y.

Proof
(1) Applying Proposition 2.21(1) and (psHOOP5) we get:

x—)y:x—)(a—>(y®a))=(x®a)—>(y®a)~

(2) Similarly, x »y=x~ (@~ @QOy)=@0Ox)~ (@®y).
(3) Applying (I) wehave x Oa <y Qaiff x ©a) > (yOQa)=1iff x > y=1
iff x < y. Similarly, applying (2) we geta O x <a Q@ yiff x <y. g

2.3 Algebras on Subintervals of Pseudo-hoops

The problem of introducing an MV-algebra structure and a pseudo-MV algebra
structure on subintervals of algebras was solved in [37] and respectively in [195]
and [196]. It was proved in [105] that for a bounded R¢-monoid or a pseudo-BL.
algebra A, for any a,b € A, a < b, the subinterval [a, b] can be endowed with a
structure of the same kind as that on A. For the case of an FL,,-algebra A it was
proved in [55] that, if a, b with a < b belonging to the Boolean center of A, then the
subinterval [a, b] of A can be endowed with a structure of an FL,,-algebra. In this
section we will establish some conditions on a, b € A for the subinterval [a, b] of A
to be endowed with a structure of a pseudo-hoop.

Theorem 2.2 Let (A, ®,—,~>,0, 1) be a bounded pseudo-hoop and a € JC(A).
Then the algebra A}Z = ([a, 1], @}l, —>}Z, «»—)é, a, 1) is a bounded pseudo-hoop, where
x@clly::(x@y)\/a,x—>(11y:=x—>yandx«~>}1y:=xwy.

Proof First, we observe thata <y <x — y,x ~» y implies x — y,x ~> y € [a, 1]
for all x,y € [a, 1]. We will check conditions (psHOOP|)—(psHOOPs) from the
definition of a pseudo-hoop:

(psHOOP,) For all x € [a, 1] we have:
x@él:(x@l)va:xva:x and
1®;x=(10x)\/a=x\/a=x.

(psHOOP,) x —»!x=x > x=landx ~) x=x~x=1;
(psHOOP;)

x@éy—>;z:(x@y)Va—>z:(x®y—>z)/\(a—>z)
:(x@y)—)z:x—)(y—)z):x—)é(y—)éz)

(since a < z, it follows thata — z = 1).
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(psHOOP,) can be proved in a similar way as (psHOOP3).
(psHOOPs) Since (x > y) Ox=(y—=>x)Oy=x0x~y) =y 0O (y ~ x), we
get
[(x > »ox]va=[(ry—>x)Oy]Va
= [x@(xwy)]vaz[yQ(ywx)]va,

that is,

(x =4 7) Ogx = (y =4 %) Oy =x O (x =4 ¥) =y Og (¥ ~4 x)-
Thus Al = ([a, 1], 0}, =, ~L a, 1) is a bounded pseudo-hoop. O
Obviously, A = A} and {1} = A].

Theorem 2.3 Let (A, ®, —,~>,0, 1) be a bounded pseudo-hoop, a € CC(A) and
Ag = ([0, a], ®8, —>8, wg, 0,a), where: x @8 yi=xO(@~y),x —>8 yi=(x—
y)Qaand x ~§y:=a® (x ~y). Then Aj is a bounded pseudo-hoop.

Proof We will verify the axioms of a pseudo-hoop:

(psHOOP,) For all x € [0, a] we have:

xQpa=x0(@~a)=xOl=x and

aQyx=a0(@~x)=aAx=x.
(psHOOP,) For all x € [0, a] we have:

x—=>5Xx=x—>x)0a=10a=a and
x~=ix=a0@x~x)=a0l=a.
(psHOOP;) First of all we note that x Of y = (a — x) O y.
Indeed, from (@ - x) ©a O @~y)=(@—>x)Oa® (a~y) we get (aA
xX)O(a~y)=(@—>x)O(@Ay).Hence x ® (a ~» y) =(a — x) ©y, that is,
x@%y:(a—)x)@y.
Applying the rules of calculus in pseudo-hoops, we get:
xOfy >fz=x—§(y—>5z) iff
(@a—=x)0y—gz=x—4(—2)0a iff
[(a—>x)®y—>z]®a=[x—>(y—)z)(aa]@a iff
@—>x)0y—>z=x—>(y—>2)0Qa iff

a—-x)>(y—-20=x—>(y—>20a.
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For any u € A we have:

Uu<(a—x)— (y—>2) u@@—->x)<y—z
uQ@—>x)0a<(y—>z20a
uQ@Ax)<(y—->20a

u@x<(y—>20a

R A

u<x—>QyY—>20a.
Conversely,

u<x—>(y—>20a UOx<(y—>20a

=
= uO@Ax)=(y—>20a
= u@—x)0a<(y—2z0a
= uQ@—>x)<y—>z
= u<(@a—x)—Qy-—-2).
Since u is arbitrary, it follows that (a > x) > (y > z2)=x —> (y > 2) Oa.
Thus x ©F y =g z2=x = (y = 2)-
(psHOOP,) This can be proved in a similar way as (psHOOP3).
(psHOOPs) For all x, y € [0, a] we have:
(x=4y)0fx=(y—>fx)0fy iff
[(x — y)@a] O x = [(y—)x)(Da] Opy iff
x—=>y)0a@~wx)=Qy—>x)0ad®(@~y) iff
x=>y)0@rx)=(y—>x)0@ny) iff
x=>yOx=(y—>x)0y.
The last identity is true, since (A, ®, —, ~», 0, 1) is a pseudo-hoop. The remain-

ing identities in (psHOOP5) can be proved in a similar manner as the above.
We conclude that A is a bounded pseudo-hoop. g

Theorem 2.4 Let (A, ®, —,~,0, 1) be a bounded pseudo-hoop, a,b € CC(A) N
JC(A), a <b and Ag = ([a, b], @Z, —>2, wg,a,b), where: x @2 yi=xO®B~
y)Vva,x —>la’ yi=x—>y)Obandx wg y:=bO® (x ~ V). Then AZ is a bounded
pseudo-hoop.

Proof According to Theorem 2.2, the algebra ([a, 1], @Lll, A, V, —>}1, wé, a, 1) with
theoperationsx@}lyz(x@y)\/a,x—%y:x—)yandxwiy:xwyisa
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bounded pseudo-hoop. Let x, y € [a, b]. Since x < b, by (psbck-c1) we have b —
y <x — y, hence

x—=>y)0b>b—>y)Ob=bAy>a.
Similarly, b ~» y < x ~» y, so:
bOx~y)2bO(b~y)=bAy=>a.

By Theorem 2.3 it follows that the algebra ([a,b], @b, =2 ~2 a,b) is a

bounded pseudo-hoop with the operations:
xby=x0] (bwiy)=x®‘1,(bwy)=(x®(b~=>y))\/a,
x—>2y=(x—>3ly)®3,b=(x—>y)®flb=((x—>y)®b)Vaz(x—>y)®b,
Xy =b O (x g y) =bOg (x =)
=(b®(x~=>y))\/a=b®(xwy). O



Chapter 3
Residuated Lattices

Residuation is a fundamental concept of ordered structures and the residuated lat-
tices, obtained by adding a residuated monoid operation to lattices, have been ap-
plied in several branches of mathematics, including £-groups, ideal lattices of rings
and multiple-valued logics. The study of commutative residuated lattices was initi-
ated in the late 1930s by Krull, Dilworth and Ward ([93, 204, 261, 262]) and recently
they have been investigated in [35, 121, 145, 152, 165].

Non-commutative residuated lattices, sometimes called pseudo-residuated lat-
tices, biresiduated lattices or generalized residuated lattices, are the algebraic coun-
terparts of substructural logics, i.e. logics which lack at least one of the three struc-
tural rules, namely contraction, weakening and exchange.

In this book residuated lattice means non-commutative residuated lattice.

Complete studies on residuated lattices were developed by Ono, Jipsen, Galatos,
Tsinakis and Kowalski ([3, 11, 124-126, 129, 200, 235-237]). Particular cases of
residuated lattices are the full Lambek algebras (FL-algebras), integral residuated
lattices and bounded integral residuated lattices (FL,,-algebras).

In the present chapter we investigate the properties of a residuated lattice and
the lattice of filters of a residuated lattice, we study the Boolean center of an FL,,-
algebra and we define and study the directly indecomposable FL,,-algebras. We
prove that any linearly ordered FL, -algebra is directly indecomposable and any
subdirectly irreducible FL,-algebra is directly indecomposable. Finally, the FL,,-
algebras of fractions relative to a meet-closed system is introduced and investigated.

3.1 Definitions and Properties

We recall some basic notions and results regarding residuated lattices and FL,,-
algebras and we give examples of proper FL,,-algebras.

Definition 3.1 A residuated lattice is an algebra A = (A, A, V,®, —, ~,¢e) of
type (2,2,2,2,2,0) satisfying the following axioms:

(A1) (A, A, V) is alattice;
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(A2) (A, ®,e)is amonoid (i.e. O is associative, with identity element e);
(A3) xOy<ziff x <y—>ziff y <x ~ z for any x,y,z € A (pseudo-
residuation).

(Our notation differs slightly from that of [129]; we write x — y and x ~» y
instead of y/x and x\y, respectively.)

Note that generally, e is not the top element of A.

We will agree that, in the absence of parentheses, the operation © is performed
first, followed by —, ~» and A, V.

In the next proposition we prove some properties of residuated lattices (see [11,
129, 200]).

Proposition 3.1 In any residuated lattice (A, A,V,O®,—,~>,e) the following
hold:

(rl-c1) ifx <y, thenx ©z<yQzandzOx<z0Y;

(rl-c2) x© (\/iel yi) = \/,'E](x © ;) and (\/iel Vi) Ox = \/iel(yi O x);
(rl-c3) y = (Nicr X)) = Niet 0 = xi) and y ~ (N\;cp xi) = Nic; 0 ~ xi);
(rl-cs) (\ierxi) = y = Nie; i = ) and (\/;c; xi) ~y = Nicg(xi ~ ¥),

whenever the arbitrary meets and unions exist.

Proof

(rl-c1) From y ©®z <y ® z we have y <z — y O z and taking into consideration
thatx <ywegetx <z—>yQOz.
Hence x ©z <y ®zandsimilarly zOx <z QO y.

(rl-c2), (rl-c3), (rl-c4) follow similarly as in Proposition 1.14. O

Proposition 3.2 In any residuated lattice (A, N\,V,®,—,~>,e) the following
hold:

(rl-cs) (x> y)Ox<yandx O (x ~y) <y,

(rl-cg) xO(y—>2)<y—>x0and (y~z2) Ox <y~ (2O x);

(rl-c7) y > 2)0x—>y)<x—>zand (x ~y)O(y~2) <x~z;
(rlcg) x >y<(y—>2)~x—>zgandx~y=<(y~z)—> (x ~72),
(rl-co) x > y<(z—=>x) > (2—=>y)and x ~>y < (2~ x) ~ (2~ y);
(rl-c10) x> y<x 02— (Y0ODandx~y<(zOx)~ (20Y);
(rlc11)) x> (y—=>2)=@x0Oy)>zandx ~ (y~2) = Ox)~z;
(rl-ci2) x <(x > y)~yandx < (x~>y) > y;

(rl-c;3) e > x=e~»x =1x;

(rl-ci4) x > x>eand x ~ x > ¢,

(rl-c15) x> ) O@@—>e)<(zZOx)—>yand(z~>e)Ox~y)<(xOz)~y;
(rl-ci6) x > x)Ox=xandx ® (x ~>x) =x;

(r-c17) (x> x)?=x > x and (x ~ x)? =x ~ x;

(rl-c13) zO (X AY) = ZOX)ANEZOy)and (x ANy)Oz=(xO2) A (y©O2);
(rlci9) x > (y~g)=y~@x—>gandx~(y—>z2)=y— (x ~ 2);
(rl-c20) yYO(x—e)<x—>yand (x ~e)Oy <x~>y.
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Proof

(rl-c5) Fromx > y<x —>yweget(x > y)Ox <yand fromx ~»y <x -~y
we have x © (x ~ y) < y.

(rl-c¢) Applying (rl-cs5) we have (y — z) © y < z, and by (#l-cy) it follows that
YOO —=>2)0y<x0z.ThusxO(y—>2)<y—> (xO2).
Similarly, (y ~z) O x <y~ (2 © x).

(rl-c7) Applying (rl-c5) we have:

OY—>2)0x—=>y)Ox=<(y—>z2)©y=<z, hence

O—>200kx—=>y)<x—>2z.

Similarly, x © (x ~ y) © (y »2) =y © (y ~ 2) <z, hence (x ~ y) O (y ~
7) <X~ 2Z.

(rl-cg) This follows from (rl-c7).

(rl-c9) Applying (rl-cs) we have (x > y) O (z > x) Oz <(x > y) Ox <y, $0
x—=>y)O0@E—x)<z—yandfinallyx -y <(z—>x)—> (z—>y).
Similarly, x ~» y < (2~ x) ~» (2~ y).

(rl-c10) Applying (rl-cs) we get (x — y)Ox Oz <y©®z,hencex — y < (x©z) —
(y ©®z). Similarly, x ~» y < (z O x) ~ (2O y).

(rl-c11) For any u € A we have:

Uu<x—>@y—-z iff uGx<y—-z iff WOx)Oy<z iff
UOXOY) <z iff u<x0oy) —z,

sox—>(y—>20=x0y) — 2.
Similarly, x ~» (y ~2) = (y © x) ~ z.

(rl-c12) The inequalities follow applying (rl-cs).

(rl-c13) Foranyu e Awehaveu <e—>x iffu Oe <xiffu <x.
Thus e — x = x and similarly e ~» x = x.

(rl-c14) From x <x wegete ® x <x,hencee <x — x.
Similarly, x ©® e < x implies e < x ~» x.

(rl-c15) Applying (rl-cg) and (rl-c11) we have:

x—=>)y0E—>e)<z—>Ux—>y)0e=z—>x—>y)=z0x—>y.

Similarly, (z ~>e) O (x ~y) < (x ©z) ~ y.
(rl-c16) Fromx — x <x —> x we get (x > x) O x < x.
On the other hand, from ¢ < x — x we have x < (x - x) ® x.
Thus (x — x) © x = x. Similarly, x ® (x ~» x) = x.
(rl-c17) Applying (rl-c7) we have (x — x)2 =x—=>x)0Mx—>x)<x—x.
On the other hand, frome <x - x we get x - x < (x — x)z, hence (x —
x)? = x — x. Similarly, (x ~» x)> =x ~ x.
(rl-c1g) From x Ay <x and x A y <y, it follows that z ® (x A ¥) <z ® x and
0@ AY)<zOY. ThuszO X AY) < (ZOX)A(ZOY).
Similarly, x AY) ©Oz<(x O 2) A (Y O 2).
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(rl-c19) For any u € A we have:

U<x—> Y~z iff uGx<y~z iff yOuGOx<z iff

yOu<x—z iff u<y~(x—2).

Thus x - (y~z) =y ~» (x = z). Similarly, x ~» (y > 2) =y — (x ~ 2).
(rl-c20) By (rl-c5) we have (x — ¢) © x < e and applying (rl-c;) we get y © (x —

e)Ox<y©Oe=y.Hencey®O (x - e) <x —y.

Similarly, fromx © (x ~e) <ewegetx O (x ~e)Oy<e®Oy=1y,50 (x ~

)OOy <xn~y. O

Example 3.1 ([124]) Let (G, Vv, A, @,_1 , e) be an £-group.
Define: x - y:=yOx landx ~ y:=x"1 0 y.
Then (G, A, V, ®, —, ~, e) is a residuated lattice.

Example 3.2 ([200]) Let (A, A, V,®, =, ~>, e) be a residuated lattice and A~ =
{x € A | x < e}. Then the negative cone of A is defined as (A7, A, V, O, =>4,
~p-,e), where x — 4- y:=(x — y) Aeand x ~»4- y:=(x ~ y) Ae. Itis easy
to check that (A7, A, V, ®, = 4-, ~>4-, €) is again a residuated lattice.

Proposition 3.3 If a residuated lattice (A, A, V, ©, —, ~>, e) has a bottom element
0, then it also has a top element 1 and for every x € A the following hold:

1 x00=00x=0;
2)0>x=0~x=1;
B)x—>1=x~1=1.

Proof

(1) Since 0 is a bottom element, we have 0 < x ~» 0, hence x ©0<0,s0x ©@0=0
for all x € A. Similarly, from 0 <x — 0 we get 0 © x <0, thatis, 0 © x =0.
Thus x ©0=00x =0.

(2) First of all we show that 0 — 0 = 0 ~~ 0. Indeed, for any u € A we have:

u<0—0 iff uo0<0 iff u®0=0 iff
0Qu=0 iff u<0~0.

It follows that 0 — 0 =0~ 0.
Take 1=0—-0=0~0.Fromx ©0=0we get x <0 — 0 =1 for all
x € A. Hence 1 is the top element of A.
Now, from 1 ©0=0<xwegetl <0—x,s00—>x=1.
Similarly, from 0 ©® 1 =0 < x, we have 1 <0~ x, hence 0 ~» x = 1.
(3) Since1®©x <1,wehave ]l <x — 1,hence x > 1 =1.
Similarly, fromx © 1 <1 weget 1 <x ~» 1, thatis, x ~» 1 =1. O
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A residuated lattice A with a constant O (which can denote any element) is called
a pointed residuated lattice or full Lambek algebra (FL-algebra, for short). If x <e
for all x € A, then A is called an integral residuated lattice.

Clearly, an integral residuated lattice is a porim.

Remark 3.1 If (A, A, VvV, O, —, ~>, e) is aresiduated lattice, then x <y iff x - y >
eiff x ~>y>e.

Indeed, x <yiffeOx <yiffe <x — y. Similarly, x < y iffe <x ~» y.

If (A, A, V,®, —, ~,e) is an integral residuated lattice, then x < y iff x — y =
X~y =e.

Remark 3.2 Every porim is a pseudo-BCK(pP) algebra.

Indeed, (psBCK) and (psBCK,) can be proved in the same way as (rl-cg) and
(rl-c12), respectively. The remaining axioms of a pseudo-BCK algebra are conse-
quences of Remark 3.1.

An FL-algebra A which satisfies the condition 0 < x < e forall x € A is called an
FL,,-algebra or bounded integral residuated lattice. According to Proposition 3.3,
in this case we have e = 1, so that an FL,,-algebra will be denoted (A, A, V, ®, —,
~+,0, 1). Clearly, if A is an FL,,-algebra, then (A, A, V, 0, 1) is a bounded lattice.

A totally ordered FL,-algebra is called a chain or linearly ordered FL,,-algebra.

An FL,-algebra is commutative if the operation © is commutative (iff — = ~~)
and we shall call such algebras FL,,,-algebras.

In the sequel we will refer to the FL,-algebra (A, A, V, ®, —,~,0, 1) by its
universe A.

Example 3.3 Consider A = {0,a,b,c, 1} with 0 <a < b < ¢ < 1 and the opera-
tions ®, —, ~~ given by the following tables:

10 a b ¢ 1 — 10 a b ¢ 1 ~10 a b ¢ 1
00 0 0 0 O o1 1 1 1 1 o1 1 1 1 1
al0 0 0 a a al|b 1 1 1 1 al|b 1 1 1 1
b0 0 0 b b blb ¢ 1 11 b|b b 1 1 1
c|0 a a ¢ ¢ c |0 a b 1 1 c |0 b b 1 1
110 a b ¢ 1 110 a b ¢ 1 110 a b ¢ 1

Then (A, A, V,®, —,~,0, 1) is an FL,,-algebra.

Example 3.4 The bounded pseudo-BCK(pP) lattice (A, A, V, ®, —, ~»,0, 1) from
Example 1.9 is a proper FL,,-algebra.

Example 3.5 The good pseudo-BCK(pP) lattice (A1, A, V, O, —,~,0,1) from
Example 1.17 is a proper good FL,,-algebra.
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Remark 3.3

(1) According to Theorem 1.4, any bounded pseudo-BCK(pP) lattice is an FL,,-
algebra.

(2) Taking into consideration (r/-cg), (rl-c12), Proposition 3.3 and Remark 3.1, it
follows that any FL,,-algebra is a bounded pseudo-BCK(pP) lattice.

Theorem 3.1 Bounded pseudo-BCK(pP) lattices are categorically isomorphic with
FL-algebras.

Proof This is a consequence of Remark 3.3. d
Recallthat x™ =x - O0and x™ =x ~ 0.

Proposition 3.4 In any FL,,-algebra the following hold:

(rl-c21) x > y=x—> xAY)andx ~»y=x~ (X \y);

(rl-cp) ifx Vy=1,then foreachn e N,n>1,x" v y* =1,

(rl-c23) x V(O =xVy) OV,

(rl-c24) x vy <[(x = y) ~ I A [(y = x) ~ x];

(rl-c25) x vy <[(x ~y) = YIA[(y ~ x) = x];

(rl-cp6) X" Vv y" = (x Vv y)™ forallm,n e N,m,n > 1;

(rl-cy7) X7 vy )™ T =TT VY)Y T=xVY Tand (x7T VY )T =
xTTVvy) T = vy) T

Proof

(rl-c1) By (psbck-ca5) we have (x > y) Ox <x Ay,80x > y <x — (x AYy).
Applying (psbck-c10), x Ay <y impliesx — (x Ay) <x — y.
Thus x - y=x — (x A y). Similarly, x ~» y =x ~» (x A y).

(rl-cpp) fxvy=1,thenx=x01l=x0xVy)=x0Ox VXG)yfszy.
Hence (x2Vy)vy>xVvy=1,s0x>Vvy=1.
Itfollowsthat y=10y=(x?>Vy)0y=x>0yVvyQy<x?Vvy’
Thus x>V (x> v y?) > x> vy=1,s0 x> Vv y>=1.
Now we have 1 =x Vv y=x2Vvy2=x2)?Vv (?)? = (x> V(P> =---.
We conclude that x2" v yzn =1forallneN,n>1.
Taking into consideration that n < 2" we get x" v y* > x
Thus x" vy"=1forallneN,n > 1.

(rl-c23) Applying (rl-c2) we have:

on v yzn — 1'

VOV =(xVvy)ox)V(xVvy oz)
= (@00 VHoN)V(xko) V(o)
S@VOVEVEO))=xV(o2).

(rl-cp4) From (x - y) ©x <y wehave x < (x — y) ~> y.
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Taking into consideration that y < (x — y) ~ y,we getx Vy < (x — y) ~> y.
From (y > x) Oy <xwegety <(y = x)~x.
Sincex < (y = x) ~x,wegetx Vy < (y = x) ~ x.
Thus x Vy <[(x = y) ~ y]A[(y = x) ~ x].
(rl-co5) Similar to (rl-cpq4).
(rl-c26) Applying (rl-c23), we show that x v y" > (x vV y)* foralln e N, n > 1.
Forn=1,itisobviousthatx Vy > x VvV y.
Forn=2wehave:xVy22 (x\/y)@(x\/y):(xVy)z.
Suppose that x vV y" > (x V y)" and we have:

XV =xv (" Oy = VYHVEVY) = @V TV (xVy) = vy) T

We conclude that x v y" > (x v y)" foralln e N, n > 1.
It follows that:

A"V Yt ="V ) = v = (v =y v)"™ = (v )™
(rl-c27) Applying (psbck-c41) we have:
VYT T =TT Ay
=@ Ay ) =((xVvy) ) =@xVvy " and
VYT =TT AY)T
=AY ) T=((xVvy)) =V
Similarly, x™~ vy ™) T =TT Vvy) T =@xVy) . O
Theorem 3.2 Let (A, A, V,®,—,~>,0,1) be an FLy-algebra. Then the algebra

Al =(la, 1], A, V, =, ~, @}1, a, 1) isan FLy-algebra, wherex@éy =(x0Oy)Va
forallx,y €|a,1].

Proof We will check the conditions (A1)—-(A3) from the definition of an FL,,-
algebra:

(A1) Obviously, ([a, 1], A, V, a, 1) is a bounded lattice with smallest element a and
greatest element 1.
(A2) Sincex@},l: xOl)va=xVa=x andl@éx =(1®Gx)Vva=xVva=x,
it follows that 1 is the unit element in ([a, 1], @}l, 1).
For any x, y, z € [a, 1] we have:
(x0ay) Gaz=((xOy) va)Oz)va
=((x0y02 V(@) Va
=@x0y0 V(@0 Vva)
=(x0y0OzVa,
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x0 (ol =(xo (o va))va
=(x0y0zVxoa)Vva
=x0y02V(x0a)Va)
=x0y0Oz) Va.

Thus @, is associative.
It follows that ([a, 1], @}l, 1) is a monoid.

(A3) x@éySZ=>(x®y)\/a§Z=>x®y51:x§y—>zandy§xwz.
Conversely, x <y — z = x © y < z and considering that a < z we get (x ©
yVa<ziva=z=x0ly<z.

Similarly, from y < x ~» z we get x @}1 y<z.
We conclude that A} is an FL,,-algebra.
It is trivial to see that A = A} and {1} = A]. O

The next result is proved in a similar manner as in [110] for the case of bounded
R{¢-monoids.

Proposition 3.5 In any locally finite FL,-algebra the following hold:

(1 0<x<1iff0<x™ <1;
1) 0<x<1iff0<x™ <1,
Q) x~=0iffx=1;
Q) x~=0iffx=1;
B) x“=1iffx=0;
(3) x~=1iffx=0.

Proof

(1) Consider 0 < x < 1 and let n > 0 be the least integer such that x"” = 0.
It follows that x" 1 #0and X" lox=x"=0,hence0 < x" 1 <x—>0=x".
Ifx~=1,then 0 <x <x~ 7 =0, a contradiction. Thus 0 < x~ < 1.
Conversely, consider 0 <x™ < 1,s00<x™ "  <land 0 <x <x™".
If x =0, then x~ = 1, which is a contradiction. Thus 0 < x < 1.

(2) Assume x~ =0. If x < 1, then similarly as in (1) we get 0 < x™, a contradic-
tion. Hence x = 1. Conversely, if x = 1, then x~ = 0.

(3) Assume x~ =1, so x~ = 0. Taking into consideration that x < x~", we get
x =0. Conversely, if x =0, then x~ = 1.

(1), (2), (3") can be proved in a similar way to (1), (2) and (3), respectively. O

For any FL,,-algebra A, we make the following definitions:

Reg(A):={xeA|lx=x""=x""},
[d(A):={xeA|xOx=x}.
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Proposition 3.6 Ifx € Id(A) and y € A, then:
x=>¥y)0O0x=y0x and xOx~y)=x0OYy.

Proof Taking z = x in (psbck-co7) we getx — y <x©Ox — yOux.Sincex Ox = x,

it follows that x - y <x - y ®© x,s0 (x > y) ® x <y O x. On the other hand,
fromy<x—>ywegetyOx<(x—->y)Ox.Thus(x > y) Ox=yOx.

The second identity follows similarly from the second inequality (psbck-c27).

g

Proposition 3.7 Ifforall x,y € A:

x—=>y)O0x=y0x or xOx~y)=x0Yy,

then A =1d(A).

Proof Taking y = x in any of the two identities and applying (rl-c16), we get x ©
x =x forall x € A. Hence A =1d(A). O

Example 3.6 If A is the FL,,-algebra from Example 3.4, then Id(A) = {0, a3, s, 1}
and Reg(A) = {0, 1}.

Definition 3.2 The distance functions on the FL,-algebra A are the functions
di,dy: A X A—> A defined by:

dix,y) =(x—=> A —=>x)=xVy—>xAYy;

dx,y) =@~ A= X)=xVy~>xAY.

Proposition 3.8 The two distance functions satisfy the following properties:

(1) di(x,y) =di(y,x) and dr(x, y) = dr(y, x);
(2) ditx,y)=1iffx=yiffdr(x,y)=1;

3) di(x,0)=x"and dr(x,0) =x"";

4) di(x,1) =x=da(x, 1);

(5) di(x,y) <d2(x~,y7);

(6) da(x,y) <di(x™,y7);

(7) di(x,y) <di(x™7,y"7);

®) da(x,y) <dr(x™ 7,y 7);

(9) dZ(xiv yi):dl(xiw’ yiw);

(10) di(x™, Yy ) =da(x™ 7, y7 7).

Proof

(1) This is obvious.
2) dix,y)=lox—>y=landy—>x=1lwx<yandy<x&x=y.
Similarly, b (x, y) =1 x=y.



88 3 Residuated Lattices

(3) By the definition of the distance functions we have:

dix,0)0=x=>0)A0—=>x)=x" Al=x";

(4) Similarly we get:

dx,D=x—->DA{l—>x)=1Ax=ux;

., D=x~DA(l~x)=1Ax=x.
(5) By (psbck-c1s) we have:
dix, =@ =>NAY=>)= (Y =x)AQRT Yy )=d(x7.y7).
(6) By (psbck-c1s) we have:
hx,Y)=x=>NAG»x) < >3 )A T y7)=di(x7, 7).

(7) By (5) and (6) we get di(x, y) <da(x™,y7) <di(x™ 7, y~ 7).
(8) Similarly, da(x, y) <dj(x~,y™) <dy(x~7,y~ 7).
(9) By the above properties we get:

dy(x",y7) <di(x" 7y ) <da(x T Ty T ) =da(x L y7),

hence dp(x~,y7 ) =di(x~7,y~ 7).
(10) Similarly, di(x™,y™) < da(x™7,y™7) < di(x™ 77,y 7)) = di(x™, ),
hence di(x™, y7) =da(x~ 7,y 7). -

3.2 The Lattice of Filters of an FL,-Algebra

Recall that a nonempty subset F of a lattice L is a filter of L if it satisfies the
conditions: (i) x,y € F implies x Ay € F and (ii)) x € F, y € L, x <y implies
yeF.

Let (A, A,V,®,—,~,0,1) be an FL,-algebra. We recall that (see Defini-
tion 1.15) a nonempty set F of A is called a filter of A if the following conditions
hold:

(F1) fx,ye F,thenx®OyeF;
(F) fxeF,yecA,x<y,thenyeF.
Remark 3.4 If F is a filter of A, then:

(F3) 1eF.
(Fy) fxeF,yeAtheny > xe€ F,y~x€F.
(Fs) Ifx,ye F,thenx Ay € F.
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Remark 3.5

(1) Any filter of A is a filter for the lattice (A, A, V), but the converse is not true.
Indeed, let F be a filter of an FL,,-algebra A and x, y € A. Sincex ® y € F and
xOQy<xAy,wegetx Aye F,so F is a filter of the lattice (A, A, V).

Consider now A = {0, a, b, c, 1} where 0 < a < b < ¢ < 1 and the operations
®, —, ~ are given by the following tables:

|10 a b ¢ 1 -0 a b ¢ 1
00 0 0 0 O oj1 1 1 1 1
al0 0 0 O a a|lc 1 1 1 1
b0 0 0 0 b b|b ¢ 1 1 1
c|0 0 a a c c|b ¢ ¢ 1 1
110 a b ¢ 1 110 a b ¢ 1
~10 a b c 1
o1 1 1 1 1
al|lc 1 1 1 1
blc ¢ 1 1 1
cla c ¢ 1 1
110 a b ¢ 1

Then (A, A, V, ®, —>,~,0,1) is an FL,,-algebra (we will see later that it is a
pseudo-MTL chain).
One can easily prove that F' = {c, 1} is a filter of the lattice (A, v, A), but F
is not a filter of the FL,,-algebra A (c€ F,butc ©c=a ¢ F).
(2) InFL,, algebras filters coincide with deductive systems, being pseudo-BCK(pP)
algebras.

Proposition 3.9 Let A be an FLy,-algebra. Then [x Vv y) = [x)N[y) forallx,y € A.

Proof Consider z € [x V ¥), 80 z > (x VvV y)" for some n > 1. It follows that z > x”
and z > y" for some n > 1, that is, z € [x) and z € [y).

Thus z € [x) N[y),s0 [x Vy) C [x) N[y).

Conversely, if z € [x) N [y), then z € [x) and z € [y), so z > x" and z > y™
for some n,m > 1. Applying (rl-co¢) we get z > x" v y™ > (x v y)™", that is,
ze€[xVvy).Hence [x) N[y) C[x Vy). Thus [x Vy)=[x)N[y). Il

If F| and F, are filters of A, we define F1 A Fo = F1 N F, and F| vV F, =
[F1 U F).

Recall that, if F € F(A) and x € A\ F we denote [F U {x}) by F(x). Then
according to Propositions 1.35 and 1.36 we have F(x) = F V [x).

Definition 3.3 Let £ = (L, A, V) be a lattice.

(1) For every y, z € L, the relative pseudocomplement of y with respect to z, pro-
vided it exists, is the greatest element x such that x A y < z. It is denoted by
y=z(e y=>z=max{x | x Ay <z}).
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(2) L is said to be relatively pseudocomplemented provided the relative pseudo-
complement y = z exists for every y,z € L.

(3) A Heyting algebra is a relatively pseudocomplemented lattice with 0, i.e. it is
bounded.

If £ is a relatively pseudocomplemented lattice, then = can be viewed as a
binary operation on L and there exists the greatest element, 1, of the lattice: 1 =
x = x for all x € L. Consequently, we have the following equivalent definition,
with © = A:

Definition 3.4

(1) A relatively pseudocomplemented lattice is an algebra £ = (L, A, V,=, 1),
where (L, A, V, 1) is a lattice with greatest element and the binary operation
= on L satisfies: forall x, y,ze L,x <y=zifandonlyifx Ay <z.

(2) A Heyting algebra is an alternative name for a bounded relatively pseudocom-
plemented lattice. For any x € L, the element x* = x = 0 is called the pseudo-
complement of x.

Remark 3.6

(1) A Brouwer algebra is the dual of a Heyting algebra (Vv instead of A, > instead
of <,y - z=min{x | z <x V y} instead of y = 7).

(2) Recall that Godel algebras are Heyting algebras verifying the condition (x =
y) V (y = x) = 1 and that the Godel t-norm and its associated residum (impli-
cation) on [0, 1] are:

x Qg y:=min{x, y} =x Ay,

1 ifx<y
X —>G)Yy = .
y ifx > y.
(Godel implication).
Note also that a proper Heyting algebra (i.e. which is not a Godel algebra) is
not linearly ordered.
(3) AnFL,-algebra A satisfying A =1d(A) is a Heyting algebra.

According to [9], a complete lattice is a Heyting algebra if and only if it satisfies
the identity

an (\/ bi) =\/(@nb.

iel iel
Let A be an FL,,-algebra.

The proof of the next result is similar to that in [30] for the case of pseudo-BL
algebras.
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Theorem 3.3 (F(A), A, V,=, {1}, A) is a complete Heyting algebra, that is,

F A <\/G,-) =\/(F/\Gi)

iel iel
for any filter F and for any family of filters {G;}ic of A.

Proof We have F A (\/;c; Gi) = \/;je;(F AG)) iff FN[U;e; Gi) =[U;ie; (FN
G,)) for any filter F' and for any family of filters {G;};ecs of A.

Clearly, [[U;c;(FNG)) S FN[U;e; G-

Conversely, if x € F N [Uie] G;), then x € F and there exist i1, i2, ..., €1,
Xi; € G,-j (1<j<m)suchthatx >x;, ©---Ox;,.

By (rl-co3) wehave x =x vV (x;; © - OXx;, ) > (x VX)) O O (x VX;,).

Since x Vxi; € FﬂGi_/ forevery 1 < j < m, it follows that x € [UieI(FﬂG,-)),
hence F N [J;¢; Gi) S [Uie; (FNGy)). Thus FN[U;c; Gi) = [Ue; (FNG)),
thatis,F/\(\/iE,Gi)z\/iel(F/\Gi). O

Proposition 3.10 If Fy, F; € F,,(A) then:

(1) FiANFeF(A);
2) FiVv F, e F,(A).

Proof

(1) We have Fi A F» = F1 N F>. Consider x, y € A such that x — y € F| N F>, that
is, x >y € Fy and x — y € F>. It follows that x ~~ y € F] and x ~» y € F,
hence x ~ y € F1 N F,.

Similarly, x ~» y € F1 N F, implies x - y € F1 N F> = F1 A Fa.
Hence Fi A Fp € F,,(A).
(2) Letx,y € Asuchthatx — y € F1 Vv F, =[F1 U F3). By Proposition 1.36, there
areu € Fi,ve Fpsuchthatu Qv <x — y.
Hence u Ov) Ox <y,sou®(v®x) <y.
Applying Lemma 1.11, there isa v’ € F» such that v O x > x O v'.
It follows that y > (u © x) O v'.
Similarly, there isau’ € Fy suchthatu @ x > x Qu',s0 y > x © (' © v').
We getu’ © v <x ~» y,hence x ~ y € F| Vv F.
Similarly, x ~ y € F1 vV F> implies x — y € F1 V F;.
Thus F; VvV F> € F,,(A). O

Proposition 3.11 If (F})ic; is a family of normal filters of A, then:

(1) /\iel Fi e}-n(A);
() Vier Fi € Fu(A).

Proof Similar to the above argument. g
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As a consequence of the above result we get:
Theorem 3.4 F,(A) is a complete sublattice of (F(A), C).

Proposition 3.12 For a given H € F,,(A) the relation 0y ==y is a congruence
on A.

Proof According to Propositions 1.40 and 1.41, 6y is an equivalence relation com-
patible with —, ~» and ©.

Consider (x, y), (a, b) € 0y.

We have x - y,y > x,x ~» y,y~x € Hand a - b,b - a,a ~ b, b ~
aeH.

From y <y Vv b, applying (psbck-c1p), it follows that x — y <x — y V b, so
x — yVvbe H. Similarly, from b <y v b we get a - b <a — y Vv b, hence
a—yVvbeH.

According to (rl-c4) we have x Va - yvb=(x —>yVvb)A(a—yVvb)eH.

We can prove similarly that y Vb — xVa,xVa~yVvb,yvVb~xVaeH.

Thus x Vv a =g, y v b. We conclude that 6y is compatible with V.

From x A a < x, applying (psbck-ci) we getx — y <x Aa — Y.

Hence x Aa — ye H.

Similarly, from x Aa <a wehavea - b <xAa—>b,soxAa—>beH.

Since by (rl-c3) we have x Aa — yAb=(x Aa— y) A (x Aa — b), it follows
thatx Aa — yAb € H. Similarly, yAb — x Aa,x Aa~>yAb,yAb~>xANa € H.

Thus x A a =g, y A b. Hence 0y is compatible with A.

We conclude that 6 is a congruence on A. g

3.3 Boolean Center of an FL-Algebra

Let (A, A, V, 0, 1) be a bounded lattice. Recall that (see [4, 156]) an element a € A
is said to be complemented if there is an element b € A such that a v b =1 and
a Ab = 0; if such an element b exists, it is called a complement of a. We will denote
the set of all complemented elements in A by B(A). Complements are generally
not unique unless the lattice is distributive. In FL,,-algebras however, although the
underlying lattices need not be distributive, the complements are unique.

If a has a unique complement, we shall denote this complement by a’.

Proposition 3.13 Let (A, A, V,®, —>,~+,0,1) be an FLy,-algebra and suppose
that a € A has the complement b € A. Then the following hold:

(1) if cis a complement of a in A, then ¢ = b;
2) a=a"=bandb™ =b"" =a;
3) al=a.
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Proof

(1) Since b and ¢ are complements of a, it follows that a Vb =1=a V ¢ and
anb=0=aAc.Hencec=cOl=cO@Vvb)=(cOa)V(cOb)=cOb
(sincec®a <cAa=0,wehave c ®a =0).

Similarly, b=10b=(aVvc)Ob=@Ob)V(cOb)=cOb. Thus b =c.

(2) We have:

a®Ob<anb=0, soa<b—->0=b" andb<a~0=a";

bOa<bAra=0, sob<a—0=a anda<b~0=5b".

But,ta =a " Ol=a" OaVvb)=(@ ©Ga)vVia  ©b)=a Ob.
Hence a™ ©b=a~ >a~ A b and using the fact thata™ © b <a™ A b, we
geta- =a  ©Ob=a Ab,sob>a Ab=a".
Thus a™ = b and similarly a™ = b.
(3) Applying (rl-cp) we get:

a=a®(a\/b)=az\/(a®b)=a2
(sincea ©b <aAb=0). O

Let B(A) be the set of all complemented elements of the lattice L(A) =
(A, A, Vv,0,1). The set B(A) is called the Boolean center of A.

Lemma 3.1 Let A be an FLy,-algebra. Then the following are equivalent:

(a) x € B(A);
b) xvx =land x Ax~ =0;
© xvx“=land x Ax~ =0.

Proof

(a) = (b) Since x € B(A), thereexistsay € Asuchthatx Vy=1landx Ay =0.
Hence x T =x" O 1l=x" 0@V =" O0x) V@~ Oy =x" Oy, so
y>x~ ®y=x".0n the other hand, because y ® x <x Ay =0, it follows that
yOx=0,s0y <x".Thusx™ =y, thatis,x Vx~ =landx Ax~ =0.

(b) = (a) Obviously.

(a) = (c) Similar to (a) < (b). O

Corollary 3.1 Ifx € B(A), then:

(D) x)2=x"and x™)2=x";
) x—>x" =x~wwx =x"andx > x" =x~x"=x";
B)x > x=x"~wx=x"—>x=x"~x=x.
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Proof We have:

D x =x"0l=x" 0 v) =@ )2V 0ox)=x)%Ex"=10x"=
@EVIH)OxT=x0xT) VD)=

(2) and (3) follow from (r/-c24) and (rl-c25), taking into consideration that x Vx~ =
x VvV x~ =1 and applying (psbck-c). O

Corollary 3.2 Ifx € B(A), then x™~ =x"" =x.

Proof Since x and x~ " are complements of x ~, then by Proposition 3.13 it follows
that x 7~ = x. Similarly, x™~ = x. O

Proposition 3.14 Ifa € B(A) and x € A, then the following hold:

(1) aGx=xGa=a0x0Oa;
2)a  Ox=x0a =a OxOa =a"  O0x0a" " =a"0x=x0®a".

Proof
(1) Applying the properties of an FL,,-algebra we get:
a@x:a@x@l:a@x@(avaw)
=@Ox®a)Vv (a@x@aw):anQa

(we applied the fact thata ©x ©a~” <a®a” =0,s0a O x ©a”~ =0).
Similarly, x Oa=a O x ©a.
(2) We have:

a"Ox=a OxOl=a Ox0O(a” Va)
=" Ox0a")V(ea  OxGa)=a” OxOa"
(sincea” Ox®a<a ©a=0,wehavea” ©®©x ®a=0).
x0a”=(a"Vva)o(xoa")
=@ 0x0a7)V(@ox0d)=a"0x0a"

(sincea®@x @a~ <a®a~ =0, it follows thata © x ©a™ =0).
The assertion follows taking into consideration that a™ =a"™". g

Proposition 3.15 Ifa € B(A), then the filters [a), [a™) and [a™) are normal.

2 — g, we have:

Proof Since a
[a)={xeA|x" <aforsomeneN,n>1}={x€A|a=<x)}.

It follows that:
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x—>ye€la) iff a<x—y iff aOGx=<y iff

xOa<y iff a<x~y iff x~yela).

Thus [@) is a normal filter of A. Using the identities (¢~)?> =a~ and (@~)?> =a",
itfollowsthat[a7)={x € A|a” <x}and[a7)={xe€ A|a™ <x}.
We prove in a similar manner that [a™) and [a™) are normal filters of A. O

Proposition 3.16 Let A be an FLy,-algebra, x € B(A) and n € N, n > 1. Then the
following are equivalent:

(@) x" € B(A);
® xvEH =landxv (x")™ =1.

Proof

(a) = (b) Let x" € B(A). By Lemma 3.1 we have x" v (x")~ = 1. Since x" < x,
wegetl=x"Vv ("N <xvE"HT,soxVv )T =1
Similarly, x v (x")~ = 1.

(b) = (a) Since x vV (x™)™ =1, by (rl-cp2) we have x" Vv ((x")7)" = 1.
Because (x")7)' < () ,weget 1 =x" v ((x")7)" <x"v (") ,s0x"V
"™ =1
Similarly x" v (x")™ =1, so by (psbck-c41) we get (x")™ A (x")~ =0.

Because x" < (x")7” we get (x")T AX" < ()T AT =0,80 (x")T A
x"=0.
From x" v (x")™ =1 and x" A (x™)~ = 0 it follows that x" € B(A). O

Proposition 3.17 Ifx € A, n € N, n > 1 such that x" € B(A) and x" > x~ v x™,
then x = 1.

Proof From x" > x~ vx™ we get x" >x~ and x" > x".
Hence (x™)™ <x™ " and (x")™ <x"7, respectively.
Since x" € B(A), by Proposition 3.16 we have:

lzxv(x")ffoxwfsz and
l=xvV (x")w <xvx T=x",
sox " =x""=1,thatis, x” =x" =0.
Applying (psbck-c30) we have:

(xz)_z(xQX)_=x®x—>0=x—>(x—>0)=x—>x_=x—>0=x

and similarly (x2)~ =x"~, s0 (x?)~ = (x3)~ =0.
Recursively we get (x")” = (x")" =0.Hence l =x v (x")"=xv0=x. O
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3.4 Directly Indecomposable FL,-Algebras

Recall that (see [19]), if A is an algebra and 07,6, € Con(A), then 6] o 6, is the
binary relation on A defined by (x, y) € 01 o 6, iff there exists a z € A such that
(x,2) €61 and (z,y) € 6. If 01,6, € Con(A) such that 6; o 6, = 6, o 6] we say
that 61 and 6, are permutable. An algebra A is called congruence permutable if
61 00y =6, 06 for all 61,0, € Con(A).

According to [200] every FL,,-algebra is congruence permutable.

For any algebra A, two permutable congruences 61, 6> of A are complementary
factor congruences if 01 v 6 =1 and 61 A 6, =0 (1 and 0 are top and respectively
bottom elements in the lattice Con(A)).

The mapping p; : A} x Ay — A;, i € {1,2}, defined by p;((a,a2)) = a; is
called the projection map on the i'™ coordinate of Ay x Aj.

An algebra A is directly indecomposable if A is not isomorphic to a direct prod-
uct of two nontrivial algebras.

A subdirect representation of an algebra A with factors A; is an embedding f :
A —> [];<; Ai such that each f; = p; o f is onto A; forall i € I. A is also called
a subdirect product of A;. An algebra A is subdirectly irreducible iff it is nontrivial
and for any subdirect representation f : A —> [];.; A;, there exists a j € I such
that f; is an isomorphism of A onto A ;.

An algebra A is said to be simple if it has a two element congruence lattice.

In what follows we recall some results from [19].

For i € {1, 2}, the mapping p; : A| x Ay —> A; is a surjective homomorphism
from A = A X A, to A;. Furthermore, in Con(A;| x Aj), Ker(p;) and Ker(p,) are
permutable and Ker(p;) N Ker(p2) =0, Ker(py) Vv Ker(pa) =1.

If 61, 6, are complementary factor congruences of an algebra A, then A =
A/01 x A/6>. As a consequence, an algebra A is directly indecomposable iff the
only complementary factor congruences on A are 0 and 1.

A subdirectly irreducible algebra is directly indecomposable.

Every algebra is isomorphic to a subdirect product of subdirectly irreducible al-
gebras (Birkhoff’s theorem).

iel

Proposition 3.18 Let A be an FL,,-algebra and a € B(A). Then the congruences
Olay and 04—y form a pair of complementary factor congruences.

Proof We proved in Proposition 3.15 that [a@) and [a™) are normal filters of A, so
() and 8,y are congruences on A.

Since every FL,,-algebra is congruence permutable, it follows that the congru-
ences 64y and ), are permutable. Hence we have to prove that 64) N 6,-) = {1}
and 64 V 6;,-) = A with the join defined in the lattice of filters of A. In the proof
of Proposition 3.15 we showed that [a) ={x €e A|x >a}land[a")={x € A|x >
a”}.Wehavex €e[a)N[a™) iff x >aandx >a” iff x >ava™ =1,s0x =1, that
is, [a) N[a™) = {1}.

Since [a) V[aT)=[fx€e A|x>a}U{x € A|x > a"}), applying Proposi-
tion 1.36 wegetla) VlaT)={xe€A|x}>a0Ca ={xeA|x>0}=A. O
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Corollary 3.3 If A is an FLy,-algebra and a € B(A), then the congruences 64y and
Ola~) form a pair of complementary factor congruences.

Proof This follows from the fact that [a™) = [a™). O

Theorem 3.5 A nontrivial FLy,-algebra A is directly indecomposable iff B(A) =
{0, 1}.

Proof As mentioned above, an FL,,-algebra A is directly indecomposable iff the
only factor congruences on A are 0 and 1. By Proposition 3.18, the number of pairs
of complementary factor congruences coincides with the number of elements of
B(A). Thus A is directly indecomposable iff B(A) has only two elements, that is,
B(A) ={0, 1}. 0

Corollary 3.4 A simple FLy-algebra is subdirectly irreducible and a subdirectly
irreducible FLy-algebra is directly indecomposable.

Proof This follows from the definitions of simple and subdirectly irreducible alge-
bras and applying Theorem 3.5. O

Example 3.7 If A is the FL,,-algebra from Example 3.3, we can see that B(A) =
{0, 1}, so it is directly indecomposable.

Proposition 3.19 Any linearly ordered FL,-algebra is directly indecomposable.

Proof Let A be a linearly ordered FL,,-algebra and a € B(A). By Lemma 3.1 we
have aVVa™ = 1. Since A is linearly ordered, it follows thata <a™ ora™ < a, hence

a=lora  =1.Ifa=1,wegetl=a" =a—>0,s01 ®a <0, thatis, a =0.
Thus a € {0, 1}. We conclude that B(A) = {0, 1} and according to Theorem 3.5 it
follows that A is directly indecomposable. 0

In what follows we give some applications of the above results.
The next two results are proved in a similar way as in [201] for the case of
commutative FL,,-algebras (FL,,,-algebras).

Proposition 3.20 If A is an FLy,-algebraanda € B(A),thenaOx =xQa =aAx
forall x € A.

Proof According to Birkhoff’s theorem, A is isomorphic to a subdirect product of
subdirectly irreducible algebras. Consider the isomorphisms f; (i € I') which define
the subdirect representation of A with the factors A; (i € I). Applying Theorem 3.5
we get that f;(a) € {0, 1}, so fi(a) © fi(x) = fi(a) A fi(x) for all i € I. Hence
filaOx)= fi(a)© fix)= fi(a) A fi(x) = filanx) foralli e I. Thusa ©x =
a Ax.Similarly, x a=x Aa=a A x. O
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Proposition 3.21 If A is an FL,,-algebra, then B(A) is the universe of a Boolean
subalgebra of A.

Proof We have to prove that (B(A), A, V) is distributive and closed under the oper-
ations A, V, ®, — and ~>.

For distributivity, we must prove the identity a A (b VvV ¢c) =(a Ab) V (a Ac¢)

for all a, b, c € B(A). Applying Proposition 3.20 we get:

anbve)=ad®ObVve)=@Ob)Vadc)=(@@Ab)V(anc).
By the hypothesis there exist a’, b’ € A such that:
ana =0, ava =1, bAb =0, bvb =1.

We prove that a’ v b’ is the complement of a A b:

(a@anb)yA(@ Vv )y=(arbra)V(aAbAD)=0v0=0;

(anbyv(ad v )=(avb va)a(a@Vvb vb)=1r1=1.
Similarly, we prove that a’ A b’ is the complement of a V b:

(avbh)A(d AV)= (' Ab Na)V (@' Ab AD)=0VvV0=0;

(avbyv(d ab)=(avbvd)a(avbvb)=1r1=1.

Thusa Ab,a Vv b e B(A).

Ifa,be B(A),thena ©b=a Ab € B(A), so B(A) is closed under ©.

If b’ is the complement of b, then b’ = b~ = b~ and applying Corollary 3.2 we
have b=~ =b"" = b. It follows that:

a—b=a—>b""=@Ob7) €B(A) and
a~wb=a~b""=((b" 0a) € B(A).

Hence B(A) is closed under — and ~-.
We conclude that B(A) is a Boolean subalgebra of A. Il

Corollary 3.5 (De Morgan’s laws) (a vV b) =a' Ab and (a Ab) =a’ Vv b'.
Corollary 3.6 (B(A), A, V) is a De Morgan lattice.

Proposition 3.22 If A is an FLy-algebra, then the following hold for all a,b €
B(A)andx,y € A:

b)) x—=>a)Ox=xO0(x~a)=aAx;
b)) (@a—>x)0a=a®(a~~x)=aANx,
(b3) x> y)Oa=[x0a)—> (yOa)lOa;
(bg) a©(x~y)=a0O[(@a®x)~ (a®y]l
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Proof

(b1) By (psbck-cy5) we have (x > a) O x,x © (x ~~a) <a A x.
Since a < x — a, x ~» a, we get

aOx<(x—>a)Ox and xQa<xO(x~a).

Applying Proposition 3.20, it follows thata Ax < (x = a) O x,x O (x ~ a).
Therefore (x > a) Ox=xO (x ~~a) =a A x.

(b2) Similar to (by).

(b3) By (psbck-cy7) wehave (x > y) Qa <[(x ®a) = (y©Oa)] Oa.
Conversely, by (psbck-cp5) we have:

[(x0a) > (Yoa)]oxoa)<y®a<y
and taking into consideration that x ®a =a © x, we get
[(x0a)> (yOa)|©@ox) <y.

Hence [(x ©®a) > (yQa)]©Qa<x—y.
By right multiplication with a and applying the fact that a> = a, we get:

[(x@a)e(y@a)]@af(xay)@a.

Thus (x > y) Qa=[(x ®a) — (y Oa)] Oa.
(bg) Similar to (b3). O

Proposition 3.23 If A is an FLy-algebra, then the following hold for all a,b €
B(A)andx,y € A:

(bs) (a—>b)Ox=[(x0a) > (xOb)]OxX;
(be) xO(a~b)=x0O[(aOx)~ (bOx)];
(b7) a = (x > y)=(a—x) = (a—y);

(bg) a~> (x ~y)=(a~>x)~(a~y);

(o) ifx,y<a,thenx®O@~y)=(@—>x)0Oy.
Proof

(bs) Applying (rl-c3) we have:

[x0a) > xob)]ox=[x0a) > (xAb)]Ox
:[(x@a—)x)/\(x@a—ﬂa)]@x
=xG0a—>b)Ox
=[x—>(a—>b)]®x=(a—>b)/\x

=(a—>b)Ox

(we also applied (psbck-c3p), (b1) and the fact that a — b € B(A)).
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(be) Similarly, applying (rl-c3), (psbck-c3p) and (by) we get:

x@[(a@x)W(be)]:x@[(a@x)W(b/\x)]
:x@[(a@wa)/\(a@xwx)]
=x0@0Ox~Db)
=x®[xW(aWb)]=xA(av~>b)
=x0®(a~b).

(b7) Applying (psbck-c30) and (by) we have:

a—>x—>y)=@Ox)—>y=arx—Yy
=@—>x)0a—y=(@—>x)—> (a—Yy).
(bg) Similar to (b7).
(b9) Applying (b1) and (by) we get:
xOQa~y)=@Arx)0@~y)=a®@@~x)o0@~y)
=@—>x)0a®@a~y)=@—>x)0@—y)Oa
=@—=>x)0@Ay)=(@—x)0y. O
Proposition 3.24 If A is an FLy-algebra, then the following hold for all a,b €
B(A)and x,y € A:

(b1p) av(xQy)=(@Vvx)O@Vy);

b)) an(xOy)=(@nrx)O@ny);

(blz) (a Bl x) Bgazaforallml,ﬂze{a,w}.
Proof

(b10) Applying (rl-c) we get:

(a \/x)@(a\/y)z[(a\/x)@a]\/[(a\/x)@y]
=[(a\/x)/\a]\/[(a®y)\/(x®y)]
=aVvV@Oy)Vxoy) =aVv(x0oy)

(sincea®y <a,wehavea Vv (a®y)=a).
(b11) Applying the properties of an FL,,-algebra we have:
@Ax)0@ny)=@0x)0@Qy)=a0(x0a)Oy
=a@QxNa)Oy=a0@rx)Oy=a0@O®x)OYy
=a2®x©y=a®(x®y)=a/\(x®y).
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(b12) Applying (psbck-c19), (psbck-c1) and Corollary 3.1(3) we have:
a—->0<a—x and (@a—>x)—>a<(a—>0)—a=a —a=a.

Since by (psbck-cg) a < (a — x) — a, we get (a —> x) > a =a.
Thus we have proved (b1>) for [} =L, =—.
The other cases can be proved in the same way. g

In [105] a bounded R¢-monoid structure was defined on the subintervals [a, b] of
the interval [0, 1] for all a, b € [0, 1], a < b (recall that a bounded R¢-monoid is an
FL,-algebra (A, A, VvV, ®, —, ~=, 0, 1) satisfying the pseudo-divisibility condition:
x—=>y)O0x=x0x~y) =xAyforalx,yeA).

In the case of an FL,-algebra we can endow the subinterval [a, 1] with the
structure of an FL,, -algebra for all a € A (Theorem 3.2). We will prove that, if
a,b € B(A), then the subintervals of the forms [0, a] and [a, b] can also be endowed
with an FL,,-algebra structure.

Theorem 3.6 Let (A, A,V,O,—,~,0,1) be an FLy-algebra, a € B(A) and
A= ([0,a], A, vV, 08, =§, ~(, 0, a), where: x Og y :=x O (@~ y), X = y:i=
(x—>y)Qaandx ~§y:=a® (x ~y). Then Aj is an FLy-algebra.

Proof We will verify the axioms of an FL,,-algebra.

(A1) Itis clear that ([0, a], A, Vv, 0, a) is a bounded lattice with smallest element O
and greatest element a.
(A3) Since for all x € [0, a] we have

xQpa=x0(@~a)=xO1l=x and

aQpx=a0(@~x)=aAx=x,

it follows that a is a unit with respect to O .
Associativity can be proved by applying (bg) and (b;):

x0f(y0fz)=a—>x)0(ojz)=@—>x)0y0 @~z
= (x 05 y) © (@~ 2)=(x Of y) O 2.

Thus ([0, a], ©%, a) is a monoid with unit a.
(A3) Consider x, y, z € [0, a] such that x ©F y < z, that is,

(@a—x)0y=<z and xO@~y) <z
It follows thata — x <y — zand a ~» y < x ~» z, hence

(@a—x)Qa<(y—>z2Qa=y—>3z and

a®(@~y)<a®(x~z)=x~2.
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Thusx =anx=(@a—x)0a<y—gzandy=aAy=a0O (@a~y) =<
X~ 2.
Conversely, suppose x <y —( z=(y — z) © a. It follows that:

x@ﬁy:x@(awy)§(y—>z)®a®(awy)
=0 —=>20@Ay)=(—=>20y=<yAnz=z

In a similar way, from y < x ”"8 z we get x @f’) y<z.
Thus Aj is an FL,,-algebra. O

Theorem 3.7 Let (A, A, V,®,—,~>,0,1) bean FLy-algebra,a,b € B(A),a <b
and AZ = ([a, b], A, Vv, @Z, —>Z, wz,a,b), where: x @Z yi=xO(®b~y)Va,
X —>Z y:=x—>y)Obandx wla’ y:=bQ® (x ~ V). Then Ag is an FLy,-algebra.

Proof According to Theorem 3.2, the algebra ([a, 1], ©}, A, v, =1 1 a, 1) with
theoperationsx(D(lly:(x@y)\/a,x—>;y=x—>y andxwéy:xwyisan
FL,-algebra. Let x, y € [a, b]. Since x < b, by (psbck-ci) wehaveb - y <x — y,
hence (x > y) ©b>b—>y)Ob=bAy>a.

Similarly, b~y <x 9,500 (x ~»y)>bO(b~~»y)=bAy=>a.

By Theorem 3.6 it follows that the algebra ([a, b], A, V, @2, —>’a’, wz, a, b) is an
FL,,-algebra with the operations:

x@y=x0 =Ly =x0l b~y =xo®~y)Vva,
x=by=@=slyoelb=—=yolb=((x—>yobva=x—y o,

xby=bol (x Ll =bOl (x> =GO G~ ) Va=bo (x~y).
O

3.5 FL,-Algebras of Fractions Relative to a Meet-Closed System

In this section we introduce the FL,,-algebra of fractions relative to a meet-closed
system. For more on this subject see [24-29, 31-33, 252].
Let (A, A, V, O, —,~,0, 1) be an FL,,-algebra.

Definition 3.5 A nonempty subset S C A is called a meet-closed system in A if
leSandx,ye Simpliesx AyeS.

S(A) will denote the set of all meet-closed systems of A (obviously, {1}, A €
S(A)).

Consider the relation ®g on A defined by (x, y) € Oy iff there exists e € S N
B(A) suchthatx Ae=y Ae.

Lemma 3.2 The relation Oy is a congruence on A.
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Proof Reflexivity holds: (x,x) € Og,sincex Al=xAland 1 € SN B(A).
Symmetry is also straightforward: (x, y) € ®g iff there exists an e € S N B(A)
such that x Ae =y A eiff (v, x) € Og.
We prove transitivity:

(x,y) € ®g iff thereexistsane € SN B(A)suchthatx Ae=y Ae.
(y,2) € ®g iff thereexistsan f € SNB(A)suchthat y A f =z A f.

Consider g = e A f which belongs to S N B(A) and we have:
xAg=xAenf=xne)Af=QAe)ANf
=OAfHre=Af)he=zAg,

which proves transitivity.
We now prove that ®g is compatible with the operations: A, V, ©, —, ~>.
If (x,y) € Og, (z,t) € Og, where x, y, z,t € A, then we need to prove that:

XAZYAD,(xVZ,yVE,(xOZ,yOt),(x > 2,y —>1),(x ~ 7,y ~1) € Og.

By the definition of ®g we know that there exist e, f € S N B(A) such that
xANe=yAeandzA f=tAf.

Letg=eA f,s0ge€SNB(A).

Compatibility with A:

xADAg=ADAN(N))=@xAe)ANZAL)=OAe)AEANf) = A)ANG,

SO (x Az, Yy AtL) € BOg.
We now prove the compatibility with V. Applying (rl-c>), we get:

xVDIAg=(xVv0Og=¢g0xVY=(EOXx)V(gO2)
=@Arx)Vignra=[enf)rx]Vv]en f)rz]
=(YAYVEAg=(0gV(Og=QVv)oOg=>(VAg,

so(xVz,yVt) € Bg.
For the compatibility with ©, applying (b1) we have:

xODNg=gAEx0)=EAX)O@EAD=(EAfAX)O (AN fAZ)
=(YAeNfHOUAeAN) =AY OUAY =00 NG,

$0 (x©z,yQr) €06s.
We check the compatibility with —, taking into consideration (b3):

(x=>)Ag=x—>2)0g=[x0g—>(z0g)]0g
=[xrg > Grg]og=[00Ae) > (rg)]Og
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=00 —>tog]og=(r—>n0¢g
=0—>nng,
o (x > z,y—>1t) € Og.
Finally, for the compatibility with ~-, applying (b4) we have:

(X =2)Ag=gA(Xx~2)=g0(x~2)=g0[(g0x)~ (g02)]
=g0[(gAx)~(gAr)]=8g0[gAY) ~ (gAD)]
=200~ @EoN]=g00(~1)=gA(y~1)
=0~ Ag,

SO (x ~» z,y~ 1) € Og. O
Remark 3.7 For x € A, denote by x/S§ the equivalence class of x relative to ®¢ and
let A[S]=A/®s. Let ps: A — A[S], ps(x) :=x/8§.

Then A[S] is an FL,,-algebra with 0 = 0/S, 1 =1/S and for every x, y € S we
have:

x/SVy/S:=(xVy)/S,

xX/SAy/S:=(xAY)/S,
x/SOy/S:=x0y)/S,
x/§—=>y/S:=x—=Yy)/S,
x/S~y/S:=(x~y)/S.

Hence pg is an onto morphism of FL,,-algebras.

Remark 3.8

(1) If0 e S, then A[S]=0.
Indeed, since 0 € SN B(A) and x A 0 =y A0, it follows that (x, y) € Oy,
forall x,y € A.
(2) If SN B(A) = {1}, then A[S] = A.
Indeed, (x,y) € Og iff x A1 =y A 1iff x =y, thatis, A[S] = A.
(3) ps(SNB(A)) ={1}.
Indeed, s As=1Asforalls e SN B(A),sos/S=1/S=1.

Definition 3.6 A[S] is called the FL,-algebra of fractions relative to the meet-
closed system S.

Example 3.8 Consider the FL,,-algebra A from Example 3.3. Obviously, B(A) =
{0, 1}.

For any meet-closed system S which contains 0 (for example S = {0, a, 1}) we
have A[S]=0.
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For any meet-closed system S such that 0 ¢ S (for example S = {a, b, 1}) we
have A[S] = A.

Theorem 3.8 Let A’ be an FLy-algebra and let f : A — A’ be a morphism of
FL-algebras such that (S N B(A)) ={1}.

There exists a unique morphism of FLy,-algebras f' : A[S]— A’ such that the
following diagram is commutative (that is, f' o ps = f):

!

AlS] — = A

-

A

Proof Consider ps(x) = ps(y) with x, y € A. It follows that (x, y) € ®g and thus
there exists an e € SN B(A) suchthatx Ae=y Ae.

Hence f(x Ae) = f(y A e) and since f is a morphism of FL,,-algebras we
obtain: f(x) A f(e) = f(y) A f(e) and using the fact that f(e) =1 we get f(x) =

f ).
It follows that the map f’: A[S] — A defined by f'(x/S) = f(x) forallx € A

is correctly defined. It is also easy to check that f’ is a morphism of FL,-algebras
and f' o ps = f. The unicity of f’ follows from the fact that f is an onto map. [

Remark 3.9 If A is a pseudo-MTL algebra (see Definition 4.1), then A[S] is a
pseudo-MTL algebra too. Moreover, if A is a pseudo-BL algebra (see Defini-
tion 4.5), then A[S] is also a pseudo-BL algebra. Indeed:

(x/S=y/SHV/S—=>x/S)=x—=>y)/SV(y—=>x)/S
= ((x — y)\/(y—>x))/S= 1/8=1,
(x/S~y/S)V (y/S~x/S)=(x~y)/SV(y~x)/S
=((r~yV~0)/Ss=1/S=1,
x/SAY/S=(xAY)/S=((x—y) Ox)/S
=@x—=>y)/S0x/S=x/S—>y/S)Ox/S,
X/SAY/S=@xAY)/S=(xO@«x~y)/S
=x/SO @~ y)/S=x/SO(x/S~ y/S).
So A[S] is a pseudo-BL algebra of fractions relative to the meet-closed system.
(See Chap. 4 for pseudo-MTL algebras and pseudo-BL algebras.)
Definition 3.7

(1) A subset I of a bounded lattice (L, A, Vv, 0, 1) is called an ideal if it satisfies the
conditions:
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(L) 0el;
(LIy) ifa,bel,thenavbel,
(LI3) ifael andb <a,thenbel.

(2) Anideal I of L is called primeifa Anb el impliesaelorbel.

Let (A, A, V,®, —,~,0,1) be an FL,,-algebra and P be a prime ideal of the
underlying lattice L(A). So P # A and S = A\ P is a meet-closed system in A. We
denote by Ap the algebra A[S] and we put Ip = {x/S|x € P}.

Lemma 3.3 Let x € A suchthatx/S € Ip. Then x € P.

Proof From x/S € Ip it follows that there exists a y € P such that x/S = y/S
which means that there exists an e € S N B(A) such that x Ae =y A e <y, hence
x ANee€ P.Since Pisprimeande € S = A\ P, it follows that x € P. O

Proposition 3.25 The set Ip is a proper prime ideal of the underlying lattice
L(Ap).

Proof Since 0 € P, it follows that 0 € Ip.

Letx,ye P,sox/SVy/S=(xVy)/Selp.Now,letx € P, y € A such that
y/S <x/S. This implies y/S — x/S =1/, thus (y - x)/S = 1/, which means
there exists an e € SN B(A) such thate A (y > x) =e Al =e¢,hence e <y — x.
Thus e ® y < x, which means e A y < x. It follows that e Ay € P, so y € P and
thus y/S € Ip. Hence Ip is an ideal of Ap.

We prove now that Ip % Ap. Assume Ip = Ap andso 1/S € Ip,hence 1 € P by
Lemma 3.3. But this implies P = A, which is a contradiction. Finally, we prove that
Ip is prime. Consider x, y € P such that x/SAy/S € Ip. It follows that (x Ay)/S €
Ip,sousing Lemma3.3wegetx AyeP.

Since P is prime, we getx € Porye Psox/Selpory/Selp.

We conclude that /p is a proper prime ideal of the underlying lattice L(Ap). U



Chapter 4
Other Non-commutative Multiple-Valued Logic
Algebras

In this chapter we present some specific properties of other non-commutative
multiple-valued logic algebras: pseudo-MTL algebras, bounded R¢-monoids,
pseudo-BL algebras and pseudo-MV algebras. As main results, we extend to the
case of pseudo-MTL algebras some results regarding the prime filters proved for
pseudo-BL algebras.

4.1 Pseudo-MTL Algebras

In order to capture the logic of all left-continuous t-norms and their residua, Esteva
and Godo ([117]) introduced the Monoidal T-norm based Logic (MTL for short).
Jenei and Montagna proved in [197] that MTL is standard complete, i.e. it is com-
plete with respect to the semantics given by the class of all left-continuous t-norms
and their residua. Esteva and Godo also developed the algebraic counterpart of this
logic, that is, MTL-algebra (bounded integral commutative prelinear residuated lat-
tice). P. Flondor, G. Georgescu and A. Iorgulescu have independently introduced
MTL-algebra under the name weak-BL algebra. They have also introduced the weak
pseudo-BL algebra also called a pseudo-MTL algebra ([122]) which is an FL,,-
algebra satisfying pseudo-prelinearity condition.

In fact, there are two important residuated structures which derive from an FL,,-
algebra:

— Pseudo-MTL algebra, which is an FL,-algebra together with the pseudo-
prelinearity condition (studied in [122, 181, 232, 233]);

— Divisible FL,,-algebra or bounded R¢-monoid, which is an FL,,-algebra together
with the pseudo-divisibility condition (investigated in [111, 181, 205, 240]).

Therefore, all the properties of an FL,,-algebra hold in a pseudo-MTL algebra, so in
this section we will focus on some specific properties of this structure by extending
some similar properties proven in the case of pseudo-BL algebras.

We will also give an example of a pseudo-MTL algebra which is not a chain and
an example of a locally finite pseudo-MTL algebra.

L.C. Ciungu, Non-commutative Multiple-Valued Logic Algebras, 107
Springer Monographs in Mathematics, DOI 10.1007/978-3-319-01589-7_4,
© Springer International Publishing Switzerland 2014
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Definition 4.1 A pseudo-MTL algebra is an algebra A = (A, A, V, O, =, ~,0, 1)
of type (2,2,2,2,2,0,0) satisfying the following conditions:

(psMTL;) (A, A, V,0,1) is a bounded lattice;

(psMTL,) (A, ®, 1) is a monoid;

(pSMTL3) x Oy <ziffx<y—ziffy <x~szforanyx,y,z € A;
(PSMTLy)) (x = y)V(y—=x)=x~y)V(y~x)=1.

In other words, a pseudo-MTL algebra is an FL,,-algebra which satisfies the
pseudo-prelinearity condition (psMTLy,).

A pseudo-MTL algebra A is proper if it does not satisfy the pseudo-divisibility
condition, that is, A is not a pseudo-BL algebra (see Sect. 4.3).

Example 4.1 The FL-algebra (A, A, V,®, —,~>,0,1) from Example 3.3 is a
pseudo-MTL chain.

Remark 4.1 Consider the pseudo-MTL chain A from Example 4.1.

(1) One can easily prove that A is not a pseudo-BL algebra because:
b—->a)Ob#bO (b~ a).

(2) Aisa good pseudo-MTL chain.

The following propositions describe some specific properties of pseudo-MTL
algebras.

Proposition 4.1 ([186]) In any pseudo-MTL algebra A the following properties
hold:

(psmtl-c1) xAY)"=x"Vy and (x Ay)  =x"VyT,
(psmtl-c3) xVy=[(x > y)~> yIA[(y = x)~x]landxVy=[(x ~y) = y]A
[(y~x) = x].

Proof

(psmtl-c1) From (rl-cp1) we have x — y = x — x Ay and applying (psbck-c15) we
getix > y=Xx—>XAY<(XAY) ~x".
Hence x Ay)" O (x > y) <x".
Changing x and y in the above inequality we also get: (x Ay) " O (y > x) < y~.
Applying (rl-c>), it follows that:

XA =E@AY Ol=xAY) O[x—=y V(-]
=[xAy) 0= ]V[xAN O —>x)]<x"Vy .

On the other hand, according to (psbck-c4p) we have x~ Vy~ < (x Ay)~.
Hence (x Ay)” =x~ vy~ . Similarly, x Ay)" =x"Vy™.
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(psmtl-cp) Denote by u the right term of the equality.
By (rl-coa) wehave x Vy <[(x = ¥) > Y]IA[(y = x) ~ x] =u.
On the other hand, applying (rl-c2) we have:

u:1®u=[(x—>y)v(y—>x)]®u=[(x—>y)®u]\/[(y—)x)@u].

But,

x—=>)ou=x—->y0[[x—=>y~y]A[(—>x)~x]]
Sx—=>yO(x—=>y)~y)<y (by(rl-cs)).

Similarly, (y - x) Qu < x.

It follows thatu = [(x > Y) Qu]V[(y > x)Qu]<yVvx=xVy.

We conclude that x V y =[(x = y) ~» y] A [(y = x) ~ x].

Similarly, x Vy =[(x ~ y) = y] A [(y ~ x) = x]. g

Proposition 4.2 In any pseudo-MTL algebra A the following properties hold:

(psmil-c3) (x > y) > z2<((y > x) > 2) > zand (x ~> y) ~ z < ((y ~ x) ~
7) ~ 75

(psmtl-c4) (x > y) > z2=((y > x) > 2)~zand (x v y) ~» 2= ((y » x) ~
7) = 2

(psmtl-cs) (x —> V)'V(y—>x)"=land (x ~y)"V (y~x)'"=1,foralln e N,
n>1.

Proof

(psmtl-c3) Applying (psbck-cys) and (rl-c4) we get:

[ > —=z]o[>0 =z <[x—=> ) > z]A [y —>x) > 2]

Z[(x%y)v(y_)X)]—)Z=1_)Z=Z.

Thus (x — y) > 2 < ((y = x) = 2) = 2.
Similarly, (x ~» y) ~» z < ((y ~ x) ~ 2) ~ 2.

(psmtl-c4) This can be proved in a similar way as (psmtl-c3).

(psmtl-c5) This follows from (7l-c27), since (x - y) V(y —> x)=1and (x ~» y) VvV
(y~x)=1. O

We will present some interesting results regarding the locally finite pseudo-MTL
algebras and some examples of normal filters of a pseudo-MTL algebra. These ex-
amples will be used in later chapters.

Example 4.2

(1) Consider the pseudo-MTL chain from Example 4.1. Since ord(c) = oo, it fol-
lows that A is not locally finite.
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(2) Consider the algebra (A, A, V, ®, —, ~», 0, 1) from Example 3.5.
Then A is a pseudo-MTL chain and we have:

ord(0) =1, ord(a) =2, ord(b) =2, ord(c) = 3.
Thus A is a locally finite pseudo-MTL chain.

Remark 4.2

(1) InProposition 39 in [212] it is proved that every locally finite pseudo-MYV alge-
bra is commutative.

(2) In Corollary 4.10 in [143] it is proved that every locally finite pseudo-BL alge-
bra is an MV-algebra, so it is commutative.

(3) In Theorem 3.10 in [110] it is proved that every locally finite bounded R¢-
monoid is an MV-algebra, so it is commutative.

(4) By the above example we proved that there exist locally finite pseudo-MTL
algebras which are non-commutative.

Remark 4.3 It is known that, if A is a locally finite pseudo-BL algebra A, then
x77 =x"" =x forall x € A, i.e. condition (pDN) holds (see Proposition 4.9 in
[143]). This result does not hold in the case of pseudo-MTL algebras. Indeed, in the

pseudo-MTL algebra A from Example 3.5 we have b~ =c¢ # b.

Example 4.3 Consider the filter F' = {c, 1} of the pseudo-MTL chain A from Exam-
ple4.1.Since b >a=ce F and b~ a=0>b ¢ F, it follows that F is not a normal
filter of A.

Definition 4.2 A proper filter P of A is called prime if forall x,ye A, x VyeP
impliesx e Pory e P.

The set of all prime filters of A will be denoted by Spec(A). We also denote by
Spec, (A) the set of all prime normal filters of A. Clearly, Spec, (A) C Spec(A).

Example 4.4 ([182]) Consider A = {0,a,b,c,1} with 0 <a <b < ¢ < 1 and the
operations ®, —, ~» given by the following tables:

— o 2 o0
OO OO OO
Q Q Q Q O
SR QO™
o o Q Q 9Oolo
—_ 0 QR Ol
— o -8 o
OO OO ~=O
QST = =R
ST ===
O = == =0
S S [y
— o > o
S O O O =IO
Q Q0 = =Q
ST ===
O = == =0
ot |

A=(A,A,V,0,—,~,0,1) is a proper pseudo-MTL chain. We have:

F(A) ={{1}.{c. 1}, {a, b,c, 1}, A}, Fa(A)={{1},{a. b, c, 1}, A},
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Max(A):{{a,b,c,l}}, Maxn(A)z{{a,b, c,l}},
Spec(A) = {{1}, {c, 1}, fa,b,c, 1)}, Spec,(A) = {{1}, {a, b, c, 1}}.

Obviously, in this case we have Max;, (A) = Max(A).

In the examples of FL,,-algebras and pseudo-MTL algebras that have been pre-
sented, all proper filters are prime. The pseudo-MTL algebra in the next example
has a proper filter which is not prime.

Example 4.5 Let A ={0,a,b,c, 1} with 0 <a < b,c < 1, but where b and c are
incomparable. Consider the operations ®, —, ~» given by the following tables:

©l0 a b ¢ 1 - |0 a b ¢ 1 ~10 a b ¢ 1
0j]0 0 0 0 O 0|1 1 1 1 1 o1 1 1 1 1
al0 0 a 0 a a|b 1 1 1 1 al|lc 1 1 1 1
b0 0 b 0 b b |10 ¢ 1 ¢ 1 blc ¢ 1 ¢ 1
c|0 a a ¢ c c|b b b 1 1 c |0 b b 1 1
10 a b ¢ 1 110 a b ¢ 1 110 a b ¢ 1

Then (A, A, V,®, —, ~,0, 1) is a proper pseudo-MTL algebra. Clearly, A is nota
pseudo-MTL chain.

Obviously, P = {c, 1} is a prime filter of A. Consider the filter F' = {1} of A.
SincebVvc=1¢€ F,butb,c ¢ F, it follows that F is not a prime filter of A. Thus:

F(A) ={{1}, {b, 1}, {c, 1}, A}, Fa(A) = {{1}, A},
Max(A) = {{b, 1}, {c, 1}}, Max, (A) =¥,
Spec(A) = {{b, 1}, {c, 1}}, Spec,, (A) = 0.

Proposition 4.3 If P is a proper filter of A, then the following properties are equiv-
alent:

(a) P is prime;
(b) forallx,ye A, x >yePory—>xeP;
(c) forallx,ye A,x~yePory~xecP.

Proof

(a) = (b) This follows by the definition of a prime filter, taking into consideration
that (x > y)V(y—>x)=1€ P.

(b) = (a) Assume that x vV y € P and for example x — y € P.
Sincex Vy=[(x > y)~>y]A[(y > x)~x]e Pweget(x > y)~yeP.
Thus y € P. Similarly, if y -~ x € P we getx € P.
We conclude that P is prime.

(a) & (c) This follows similarly as (a) < (b). O
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Corollary 4.1 If P is a prime filter and Q is a proper filter such that P C Q, then
Q is a prime filter.

Proof Consider x,y € A. Since P is a prime filter, by Proposition 4.3 we get x —
yePory—>xeP,sox—>yeQory—xe(.
Thus Q is also a prime filter. g

The next result was proved in [85] in the case of a pseudo-BL algebra without
using the pseudo-divisibility axiom, so the proof is also valid for a pseudo-MTL
algebra.

Theorem 4.1 (Prime filter theorem) Let A be a pseudo-MTL algebra, F € F(A)
and let I be an ideal of the bounded lattice (A, A, V, 0, 1) such that F NI = .
Then there exists a prime filter P of A such that F C P and PNI =4.

Proof Let H={H € F(A) | F € Hand H NI = (}}. A routine application of
Zorn’s lemma shows that H has a maximal element, P. Suppose that P is not a
prime filter of A. Then there are a,b € A suchthata - b ¢ Pandb —>a ¢ P. It
follows that the filters [P U {a — b}) and [P U {b — a}) are not in H. Hence there
existce IN[PU{a—b})andd e IN[P U {b— a}).

By Remark 1.13(3), ¢ > (s1 ®© (@ > b)) O -+ - O (s © (@ — b)Pm), for some
m=>1,p,....,pm>0andsy,...,spePandd> (11O b—->a))O---O{t O
(b — a)in), forsomen >1,q1,...,q, >0and t{,...,t, € P.

Lets=510---Ospandt =11 O --Oty. It follows that s, € P.

Let p=max{p; |i=1,...,m}and g =max{q; |i =1,...,n}.

Then ¢ > [["L,(s © (@ > b)) =[s O (a— b)PI" andd > [[[_,t © (b —
a))=[tO (b — a)?]".Now letu =s Ot and r = max{p, ¢}. It follows that u € P
andc>u®@@—->b)1",d>ud®b—a)]".

Applying (rl-cg), (rl-c2) and (rl-c2o) we get:

x=CVdZ[M@(d—)b)r]m\/[MQ(b—)a)r]n
>(uo@=>b"vuoww-a )™
=uola@—=b"'ve—-a) )" =wo )™ =u""<cP.

Thus x € P. Since [ is an ideal, we have x € I, thatis, P N [ # (J, a contradiction.
We conclude that P is a prime filter. O

Corollary 4.2 Let F be a filter of A and a € A\ F. Then there is a prime filter P
of Asuchthat F C Panda ¢ P.

Proof Consider I ={x € A|x <a}.
We prove that [ is an ideal of the lattice L(A) and F NI = (.
First we will verify the axioms of a lattice ideal (Definition 3.7):
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(LI1) Since 0 <a, it follows that 0 € 1.
(LI) Ifx,yel,wehavex <aand y <a,sox Vy<a,thatis,x Vyel.
(LI3) Ifxelandy <x,wehave y <a,soyel.

Suppose that F N I # @, that is, there is an x € F N I. It follows that x < a and
x € F, so a € F which is a contradiction. Thus F N I = @.

According to the prime filter theorem, there is a prime filter P of A such that
FC Pand PNI=4.Sincea € I, it follows that a ¢ P. O

Corollary 4.3 Leta € A, a # 1. Then there is a prime filter P of A suchthata ¢ P.
Proof This follows by Corollary 4.2 where F = {1}. O

Corollary 4.4 Every proper filter F is the intersection of those prime filters which
contain F. In particular, [ Spec(A) = {1}.

Proof Since F is a proper filter, then there is an @ € A \ F and according to Corol-
lary 4.2 there is a prime filter P of A such that F C P.

Thus F is the intersection of those prime filters which contain F'.

If F = {1}, we obtain () Spec(A) = {1}. 0

Corollary 4.5 Max(A) < Spec(A).

Proof Consider F € Max(A). Since F is a proper filter of A, by Corollary 4.2 it
follows that there exists a prime filter F of A such that F C P.

Because P is a proper filter, it follows that ' = P, so F is a prime filter of A,
that is, F' € Spec(A). Thus Max(A) C Spec(A). O

Proposition 4.4 The set of proper filters including a prime filter P of A is a chain.

Proof Consider the proper filters Py, P, of A such that P C P; and P C P», so
P C PN P,. By Corollary 4.1, P; N P is a prime filter of A.

Assume there exist x € Py \ Pand y € P\ P;. Sincex € Py and x <x V y, it
follows that x vV y € Py. Similarly, from y € P, and y <x vy wehave x Vy € P.
Thus x Vy € PN P,. Hence x € Py N P, or y € P; N P, which is a contradiction.

We conclude that P; € P, or P, C P, that is, the set of proper filters including
P is a chain. O

Proposition 4.5 A pseudo-MTL algebra A is a chain if and only if every proper
filter of A is prime.

Proof Assume A is a chain and let P be a proper filter of A. Consider x, y € A such
that x V y € P. Since A is a chain we have x <y or y <x, thatis, x Vy=ux or
xVy=y.Hencex € Porye P,so P is prime.

Conversely, since P = {1} is a proper filter of A, it follows that P is prime.
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Letx,ye A.Since (x > y) V(y—>x)=1eP,wegetx >y=1o0ry—
x = 1. It follows that x <y or y < x, that is, A is a chain. O

Definition 4.3 An element p < 1 of a bounded lattice (A, A, Vv, 0, 1) is said to be
meet-irreducible if p =x Ay implies p=x or p=y.

Theorem 4.2 [f P is a proper filter of the lattice F (A), then the following are equiv-
alent:

(a) P is prime;

(b) P is meet-irreducible in the lattice F(A);

(c) ifx,y€ AsuchthatxV y=1,thenx € Porye P,

(d) forallx,y e A\ P thereisaz € A\ P suchthat x <zandy <z,
(e) ifx,yeAand[x)AN[y) S P,thenx € Porye€P.

Proof We will follow the idea used in [30].

(a) = (b) Let P;, P, € F(A) such that Py A P, = P.
Since P € Py and P C P,, by Proposition 4.4 we have P C P, or P, C P;.
Hence P = Py or P = P,. Thus P is meet-irreducible.

(b) = (a) Consider x, y € A such that x V y € P. We have:

P(x)ﬁP(y):(P\/[x))ﬂ(Pv[y)):PV([x)ﬁ[y)):P\/[xVy):P.

Since P is meet-irreducible, it follows that P = P(x) or P = P(y).
Hence x € P or y € P, thatis, P is a prime filter.

(a) = (¢) This is obvious, since 1 € P.

(¢c)=(a) Letx,ye A.Since (x > y)V(y—>x)=1,wegetx >ye Pory—
x € P. By Proposition 4.3 it follows that P is prime.

(a) = (d) Let P be a prime filter of A and x,y € A\ P. Suppose for every z € A
with x <z and y <z we have z € P. Then for z =x V y, since x, y < z, we get
xVye P.Hencex € Porye P, acontradiction. Thus there existsaz € A\ P
such that x <zand y < z.

(d) = (b) Suppose there exist Fy, F, € F(A) such that P = F; N F» and P # Fy,
P # F,. Hence there exist x € F| \ P and y € F> \ P. By hypothesis, there
isaze A\ P suchthat x <zand y <z. It follows that z€ FiN F, = P, a
contradiction. Thus P is meet-irreducible in F(A).

(d) = (e) Consider x, y € A such that [x) N [y) € P and suppose x,y ¢ P.

By the hypothesis, there is a z € A\ P such that x <z and y < z. Hence z €
[x)N[y) € P,soze P,acontradiction. Thus x € P or y € P.

(e) = (a) Letx,y € A suchthat x vy € P. It follows that [x vV y) C P.

Since [x V y) = [x) N [y), we have [x) N [y) € P. By the hypothesis, we get
x € Porye P,thatis, P is a prime filter of A. O

Proposition 4.6 Any locally finite pseudo-MTL algebra A is a chain.
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Proof Let x,y € A such that x vV y = 1. Applying (psmtl-c2), we get:
Il=xvy=[x= N~ y]A[G~x)—=x]<@—>y)~y,

so (x > y) ~» y =1, thatis, x — y < y. Taking into consideration that y < x — y,
we get x — y = y. Suppose that x % 1. Since A is locally finite, there is an n € N
such that x* = 0. We have:

y=x—>y=x— (x > y) =x>

—>y=---:x"—>y=O—>y=1.

Thusx vy=1iff x=1or y=1.But, forall x,y € A we have (x - y) V (y =
x) =1, so, applying the above result we getx - y=1ory—x=1.Hencex <y
or y < x. We conclude that A is a chain. O

Remark 4.4 If H is a maximal and normal filter of a pseudo-MTL algebra A, then it
is a natural problem to determine whether A/H is a linearly ordered pseudo-IMTL
algebra (involutive pseudo-MTL algebra, i.e. a pseudo-MTL algebra satisfying con-
dition (pDN)).

Consider x/H, y/H € A/H. Since any maximal filter of A is also a prime filter
(see Corollary 4.5), by Proposition 4.3 it follows that for x, y € A we have x — y €
Hory— xeH. Thusby Lemma 1.13, x/H <y/H or y/H <x/H,thatis, A/H
is a linearly ordered pseudo-MTL algebra. Moreover, since x — y € H iff x ~
y € H, it follows that (x - y)/H = (x ~y)/H,sox/H - y/H =x/H ~ y/H
for all x, y € A, thatis, A/H is an MTL-algebra. We also have x=~/H = x/H iff
T o)A —=>x"T")eHIiff x — x € H (because x < x~ " forall x € A,
sox —>x_ " =1).

Similarly, x™~/H = x/H iff x™~ — x € H. We conclude that A is a linearly
ordered IMTL algebra if and only if A satisfies the property:

x " —>xeH and x"T —>x€H forallxeA.

In the case of the pseudo-MTL algebra A from Example 4.4 with the maximal and
normal filter H = {a, b, c, 1}, the above condition is satisfied, so A/H is a linearly
ordered IMTL algebra, more precisely, A/H = {0,1}, where 0 = 0/H and 1 =
1/H.

4.2 Bounded Residuated Lattice-Ordered Monoids

Bounded residuated lattice-ordered monoids (bounded R£-monoids) are a common
generalization of pseudo-BL algebras and Heyting algebras, i.e. the algebras behind
fuzzy and intuitionistic reasoning.

Definition 4.4 A bounded R¢-monoid or divisible residuated lattice is an algebra
(A, A, V, 0, —>,~,0,1) of type (2,2,2,2,2,0,0) satisfying the following condi-
tions:
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(R¢1) (A, ®, 1) is a monoid,

(Re¢y) (A, A,V,0,1) is a bounded lattice;

(RE3) xOy=<ziffx <y—ziffy<x~zforallx,y,zeA;
(Reg)) x—>y)Ox=x0x~y)=xAyforalx,yeA.

In other words, a bounded R¢-monoid is an FL,,-algebra satisfying the pseudo-
divisibility condition (R{4). Properties of bounded R£-monoids have been studied
by J. Rachtinek, J. Kiihr, A. Iorgulescu and A. Dvurecenskij ([110, 186, 205, 240,
2441]). In this section we will recall some properties of bounded R£-monoids which
do not hold in the case of pseudo-MTL algebras, and hence of FL,,-algebras.

In order to present some examples of bounded R¢-monoids (see [176]), we
consider the linearly ordered set L,y = {0,1,2,...,n}, n > 1, organized as a
lattice with A = min and vV = max and organized as a left-MV algebra £,,11 =
(Ly+1,®,” , n) with:

x ©y=max{0, x +y —n}, x — y=min{n, y — x +n}, x"=x—0.
We also consider the non-linearly ordered MV-algebra:
L2X2:{Osa’b1 1};L2 X L2:{07 ]} X {Os 1},

where 0 < a, b < 1 and a, b are incomparable whose tables are the following:

©0 a b 1 -0 a b 1
0/0 0 0 O O(1 1 1 1
al|l0 a 0 a a|b 1 b 1
b|10 0 b b bla a 1 1
110 a b 1 110 a b 1

We recall that a pseudo-Product algebra is a pseudo-BL algebra A which satisfies
the following conditions for all x, y,z € A ([181]):
(PPl) x Ax“=0and x Ax™ =0;
(PP2) z7)" OlxQ2) > (YOI =x—yand (7))  OzOx) ~» (O Y] =

X~ y.

Example 4.6 ([182]) If A is a non-linearly ordered pseudo-MV algebra or pseudo-
Product algebra, then the ordinal sums A & £, A ® L3, A ® Ly are proper, good
R{¢-monoids.

Example 4.7 ([182]) If A is a proper pseudo-MV algebra or a proper pseudo-BL
algebra, then the ordinal sum L4, @ A is a proper, good R¢-monoid.

Proposition 4.7 ([186]) Let A = (A, A,V,0,—,~,0,1) be a bounded R{-
monoid. Then

(divrl-c1) x A(Viep 3i) = Vies (x Ay,

whenever the arbitrary union exists.
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Proof Applying (rl-c2) we have:

(V)= (Vo (V=) = Voo

iel iel

=

jel

Since y; < \/ ¢, y; for all i € I, applying (psbck-c1) we get \/;c;yj ~ x <
yi ~>x. Hence y; © (V ¢y yj ~> %) <3 © (yi > x) = yi A X.

It follows that \/; ., [vi © (\/jel Vi~ )] < Vie(x Ayi).

Thus x A (V7 i) < Vier(x A yi).

On the other hand, from y; < \/je, yj wehave x Ay Sx/\\/jel yjforalli e [.

Thus \/;c;(x Ayi) <x A\ vi. We conclude that x A \/;.; yi = Ve (x A
Vi)- O

Corollary 4.6 ([186]) If (A, A, V,®, —>,~,0,1) is a bounded RC-monoid, then
L(A) = (A, A, V) is a distributive lattice.

Proposition 4.8 In any bounded R¢-monoid A the following holds for all x,y,

7€ A:

divrl-c2) x> y) > —=>20)=0—->x)> O —>2and (x ~y)~ (x ~7)=
(¥~ x) ~ (¥~ 2).

Proof Applying (psbck-c30) we have:

x> >E@G=>2)=(x>YOX>Z=XAYy—>Z=YyAX—>Z
=0—=>x)0y—>z=0—>x)>0—>2).
Similarly,

XY (XD =XQ X Y)W I=XAYI=YAX~Z

=yO(y~x)vwz=(y~x)~(y~2). O

Proposition 4.9 (Lemma 3.7 in [110]) In every bounded R¢-monoid A we have:

(D) z>x=z—>yandx,y <zimplyx =y;
2) zwx=z~yandx,y <zimplyx =Yy,
(3) If A is linearly ordered, then 7 — x =z — y # | implies x = y;
(4) If A is linearly ordered, then z ~ x =z ~> y # 1 implies x = y.

Proof

(1) Wehavex =zAx=(Z—>x)0z=2Z—>y)Oz=zAy=y.
(2) Similar to (1).
B)Hfz—>x=z—y#1l thenz£x,zZy hencex <z,y <z.
Applying (1) we get x = y.
(4) Similar to (3). O



118 4 Other Non-commutative Multiple-Valued Logic Algebras

Remark 4.5 (Theorem 11.1.1 in [186]) For any pseudo-BCK(pP) lattice (A, A, Vv,
—, ~», 0, 1) the pseudo-divisibility condition is equivalent to properties (1) and (2)
from Proposition 4.9.

Proposition 4.10 In every locally finite bounded RE-monoid we have:

(1) Fory <1,x ©y=x implies x =0.
2) Fory <1,y ©x = x implies x =0.

Proof This follows from Proposition 1.39, taking into consideration that in a locally
finite bounded pseudo-BCK(pP) the only maximal filter is D = {1}. 0

Proposition 4.11 (Proposition 3.11 in [110]) Let A be a bounded R¢-monoid.

(1) If F is a maximal filter of A, then F is prime;
(2) If F is a normal and maximal filter of A, then forall x,y € A:

x—=>yVv@y—-x)eF and (x~y)Vv(y~x)eF.

Remark 4.6 In [199] the notion of a generalized BL-algebra (GBL-algebra for
short) is defined as a residuated lattice satisfying the pseudo-divisibility condition
and it is proved that every finite GBL-algebra is commutative. Since a bounded
R¢-monoid is a bounded integral generalized BL-algebra, every finite bounded R¢-
monoid is commutative.

Proposition 4.12 Every bounded Wajsberg pseudo-hoop is a bounded R¢-monoid.

Proof Let (A, ®, —,~,0, 1) be a bounded Wajsberg pseudo-hoop.

Condition (R£1) follows by (pshoop-c2).

According to Proposition 2.14 for every x,y € A, x V y exists, thus (A, V, A,
0, 1) is a bounded lattice, hence (R¥{,) is satisfied.

Conditions (R¢3) and (R{4) follow from the properties (pshoop-c1) and (pshoop-
c3), respectively.

We conclude that A is a bounded R£-monoid. O

Corollary 4.7 Every finite bounded Wajsberg pseudo-hoop is commutative.

Proof This is a consequence of Remark 4.6 and Proposition 4.12. g

4.3 Pseudo-BL Algebras

G. Georgescu and A. lorgulescu introduced in [136] the pseudo-BL algebras as
a natural generalization of BL-algebras for the non-commutative case. A pseudo-
BL algebra is an FL,,-algebra which satisfies the pseudo-divisibility and pseudo-
prelinearity conditions. Properties of pseudo-BL algebras were deeply investigated



4.3 Pseudo-BL Algebras 119

by A. Di Nola, G. Georgescu and A. Iorgulescu in [85] and [86]. Some classes of
pseudo-BL algebras were investigated in [143] and the corresponding propositional
logic was established by Hajek in [158] and [159].

Definition 4.5 A (left-)pseudo-BL algebra is an algebra A = (A, A, V, O, —, ~,
0,1) of type (2,2, 2,2,2,0,0) satisfying the following conditions:

(psBLy) (A, A, V,0,1) is a bounded lattice;

(psBL,) (A, ®, 1) is a monoid;

(psBL;) x Oy <ziffx <y —ziff y<x~szforanyx,y,z € A;
(PsBLy) (x > y)Ox=x0(x~y)=xAyforalx,yecA;
(psBLs) (x> y)V( —=>x)=@x~y)V(y~x)=1

In other words, a pseudo-BL algebra is a divisible residuated lattice (bounded R¢-
monoid) satisfying the pseudo-prelinearity axiom as well as a pseudo-MTL algebra
satisfying the pseudo-divisibility axiom.

Example 4.8 ([85]) Let (A, ®,®,”,7,0, 1) be aleft-pseudo-MV algebra (see Def-
inition 4.6). We define two implications corresponding to the two negations:

x_)y:y@x_:(XQyN)_ and XWy:xNGBy:(y_@x)N
for any x, y € A. Then (A, V, A, ®, =, ~,0, 1) is a pseudo-BL algebra.

We will see that a pseudo-BL algebra (A, A, V, O, —, ~>, 0, 1) is a pseudo-MV
algebra if and only if it satisfies property (pDN).

Example 4.9 ([85]) Consider an arbitrary £-group (G, V,A,+,—,0) and u € G,
u < 0. If we define:

XOQy:=x4+y)Vu,

X i=u-—x,

x T i=—x+4+u,
x—>y: = —x)A0,
x~y:=(—x+y) A0,
x®y=x—u+y)AQ,

then ([u, 0], V, A, ®, =, ~>,0=1u,1=0) is a pseudo-BL algebra.

Theorem 4.3 ([148]) Bounded basic pseudo-hoops are termwise equivalent to
pseudo-BL algebras.

Proof Let (A, ®,—,~»,0,1) be a bounded basic pseudo-hoop. According to
Proposition 2.16, V is defined and v = U; = U,, and by Proposition 2.17, (x —
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VWVy—->x)=1,x~y)v(y~x)=1forall x,y € A. Since A is a meet-
semilattice, it follows that (A, A, V, ®, =, ~»,0, 1) is a pseudo-BL algebra.
Conversely, if (A, A, V, ®, =, ~>,0, 1) is a pseudo-BL algebra, then conditions
(psHOOP | )—(psHOOP:) are satisfied, thus A is a bounded pseudo-hoop. Applying
Proposition 2.17, it follows that A is a bounded basic pseudo-hoop. g

Since any pseudo-BL algebra is a bounded basic pseudo-hoop, a pseudo-MTL
algebra and a divisible FL,,-algebra, all the properties and results presented in the
previous sections are also valid in the case of pseudo-BL algebras.

In this section we will mention some specific properties which will be used in
later chapters.

Proposition 4.13 ([85]) In any pseudo-BL algebra we have:

(psbl-c1) If xvy=1,thenx O y=x A Y.

(psbl-c2) zO(xAY)=@OX)AZOY)and (x Ay)Oz=xO2) A (yO2).

(psbl-c3) ZO XTI AXQ A AX)=CZOXDAEZOX)A---A(ZOXxp) and (x1 A
XN AX)OZz=X1 QDA X2 O A--- A (X, ©2).

(psbl-c4) If d\ and dy are the two distance functions from Definition 3.2, then

di(x,y)=@x—=>y)O(—=>x) and dy(x,y)=(x~y)O(y~ x)
forallx,y e A.
Proof
(psbl-c1) According to (psmtl-c2) we have
I=xvy=[~y)—>y]A[(~x) -]

Thus (x ~» y) > y =1, hence x ~» y < y.

Itfollowsthat x Ay=xO (x ~y) <xOy.

Since x ® y <x Ay, we conclude that x ® y =x A y.
(psbl-c2) Applying (rl-ca1), (psbck-ca7) and (psbck-ce) we get:

X~ yY=XXAY<ZOX~~»ZOXAY)
S@EOxwz0Y) »[20x~20 (K AY)]

and similarly y v x < (zQy~zQx)~ [20y~ 20 (x AY)].
But according to (divrl-c2) we have

(ZOX~z0y)»[z20x~20(xAY)]
=@ZOy~z0xX)~[z0y~z0xAY)]

Itfollowsthat I =(x ~» ) V(y»x) S (2Ox ~z0y) = [20x~ 20O (x A
1l
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Thus (Z QO x~zOY) ~[zO0x~ 70O (x Ay)] =1, that is,
Z7OXZOY<ZzOX~ZO KX AY).

Hence ZOx)Q z20x~z0Qy)<zO X Ay), thatis ZOx)A(zOy) <
zO X AY).
On the other hand, by (rl-c1g) we have

ZOAY)Z@ZOX)A(zOY), hencezO(xAY)=(ZOX)A(ZzOY).

Similarly, x AY) ©z=x O 2) A (y ©2).
(psbl-c3) This follows from (psbl-c;) by induction.
(psbl-c4) This follows by (psbl-cy), taking into consideration (psBLs). O

Remark 4.7 In [86] it was asked whether every pseudo-BL algebra is good. This
problem was solved in [113], by proving that there are uncountable many varieties
of pseudo-BL algebras which are not good. We recall that every linearly ordered
pseudo-BL algebra is good ([98]) and every linearly ordered pseudo-hoop is good
([99D.

Proposition 4.14 If A is a good pseudo-BL algebra, then

~

(xOy) T=xTT0y .
Proof Applying (psbl-c»), (psbck-c37), (pshoop-c11) and (psbck-c3¢) we have:

O T=@on Ay "=y @onTT]oyT

)

=" = (xY) oy T =y

) (y_w ~ xw)]_ Oy "= (y_N /\xw)_ Oy~

~

~ —~

= (T ~aT) Joy

= [y_
=(yTTvxT)ey T=0"Vvx)oy”
YT)VETToy ) =0v(xTToyT)

Corollary 4.8 Every good pseudo-BL algebra is normal.

Proposition 4.15 In every locally finite pseudo-BL algebra A we have:

1) x©z=y ©z#0implies x = y;
2) zOx=zOQy#0impliesx =y.

Proof

(1) Assumex #y.Thenx Ay <yorx Ay <ux.
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In the first case wehave y > x =y —>x Ay < 1.
Applying (psbl-c3) and by hypothesis we get

EXAYOz=@xODAHYO=x0z.
Sincex Ay = (y = x) © y, we have
xOz=@AY0z=((—=>x)0(0)=(—=>x)0x02).

Taking into consideration that y — x < 1, applying Proposition 4.10 we get
x ® z =0, which is a contradiction. Therefore x = y.
For the case x A y < x we get the same result.
(2) Similar to (1). O

Let A be a pseudo-BL algebra. Recall that ([86]):

— B(A) is the Boolean algebra of all complemented elements in the distributive
lattice L(A) = (A, A, Vv, 0, 1) of A;

— Reg(A) ={xeA|lx=x""=x""}

- ld(A)={xecA|xOx=x}.

Proposition 4.16 Let A be a pseudo-BL algebra, x € Id(A) and y € A. Then the
following hold:

D) xOy=xAy=y0Ox;
2) x Ax =xAx"=0;
B)x—=>y=x~y;

@ x—=x".
Proof
(1) We have:

XIANY=X0@x~Y)=x0x0x~»y)=x0@xAY)=x0O0X)A(XOY)
=xAXOY)=x0Yy.

Similarly, x Ay =y O x.

(2) Applying (1) wegetx Ax™ =x~ Ox=0andx Ax" =x"0x=0.

(B3) Sinccu<x—>yiffuGx<yiff xQu<yiffu <x~»yforanyu € A, it
follows that x — y =x ~» y.

(4) This follows from (3) where y = 0. O

Proposition 4.17 ([86]) If A is a pseudo-BL algebra, then B(A) = Reg(A)NId(A).

Remark 4.8 The pseudo-BL algebras presented in this section are in fact left-
pseudo-BL algebras. For the sake of completeness we also define the notion of a
right-pseudo-BL algebra as a structure Ag = (Ag, VR, AR, ®r, =R, ~R,0g, 1R)
of type (2,2,2,2,2,0,0) satisfying the following axioms:
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(rpsBL{) (AR, VR, AR, Og, 1g) is a bounded lattice;

(rpsBL,) (AR, ®r, Og) is a monoid;

(rpsBL3) 7 <px@ryiff y >pz<gpxiff x ~wpz <gyforanyx,y,z € Ag;
(rpsBLy) (x >R Y)@BRrx=x®pr (x ~py)=xAgyforallx,ye Ag;
(rpsBLs) (x >R Y) AR (Y >R X) = (x ~R Y) AR (y R X) =Og.

For other results regarding pseudo-BL algebras we refer the reader to [85, 86]
and [143].

4.4 Pseudo-MYV Algebras

(Right-)pseudo-MV algebras were introduced by G. Georgescu and A. Iorgulescu
in [135] and [137] as a generalization of MV-algebras, that is, a non-commutative
extension of MV-algebras. An equivalent definition of pseudo-MV algebras was
presented by J. Rachinek in [241]. The notion of left-pseudo-MV algebras was
introduced and studied in [122].

A. Dvurecenskij proved in [97] that any pseudo-MV algebra is isomorphic with
some unit interval I"(G,u) = {x € G | 0 < x <u}, where (G, u) is an £-group with
strong unit . Then the category of unital £-groups is equivalent to the category of
pseudo-MV algebras.

In this section we will point out some basic definitions and results concerning
pseudo-MV algebras. For unproven results or unexplained notions we refer the
reader to [88, 100, 122, 128, 135, 137, 169, 188, 207, 238, 241].

In the sequel, an £u-group will be a pair (G, u) where (G, Vv, A, +, —,0) is an
£-group and u is a strong unit of G.

Foreachx € G,letxT =x v 0, x~ = (—x) v 0, and |x| = x+ 4+ x~. It follows
that x =xT — x~.

Proposition 4.18 ([9]) In any £-group G the following hold:

M Ixvz) =G VvIl=|x—yl
@) lxnz) = ADI=Ix =yl
3) Ix+yl=Ix[+1yl:

@) xF =y <lx—yl;

G ™ =yTI=lx—yl

Example 4.10 ([96]) Let G be the group of all matrices of the form

_(§ «
2=(
where &, @ € R, &€ > 0 and the group operation is the usual multiplication of matri-

ces. We denote A by (&, ).
Then A~ = (1/&, —a/&) and (1, 0) is the neutral element.
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If we define G := {(£,a) | ) £ > 1 or (ii) £ = 1 and « > 0}, then G with the
positive cone G™ is a linearly ordered £-group with strong unit U = (2, 0).

Now we will recall an important construction in the theory of £-groups, namely
the lexicographic product ([9]). If H is a linearly ordered group and G is an £-group,
then the lexicographic product of H and G is H X, G := (H x G, <, 4+, —, (0, 0)),
where 4+, — and < are defined as follows:

(x1, y1) + (x2, y2) := (x1 +x2, y1 + y2),
(x1, y1) — (x2, y2) :i= (x1 — x2, y1 — ¥2),

(x1,¥1) < (x2,y2) iff (1) x; <xpor (i) x; = x2 and y; < y;.

Definition 4.6 ([122]) A left-pseudo-MV algebra is a structure (Ap, Or, D, L,
~L,0p, 1) of type (2,2, 1, 1,0, 0) such that the following axioms are satisfied for
all x,y,ze Ar:

(lpsMV1) xOL(yOLz2)=(xOLYy) OL z;

(IpsMVy) x Op 1L =1, O x =x;

(IpsMV3) x ©1, 0, =0, O x =0g;

(IpsMVy) 0," =17,0," =1z;

(UpsMVs) (x7LOLy b))t ="t 0OLy F)7k;

(UpsMVe) x OL XL @Ly) =y OL (YL @®Lx)=xBLy L) OLy=( &L
x"L)YOr x;

(IpsMV7) x®L (x L OLY)=(@xOLY L) DLY;

(IpsMVg) (x7L)™L =x;

where x ®r y:= (L Ox L) L =(y~L @x~L)7L,

Example 4.11 ([85]) Let us consider an arbitrary £-group (G, Vv, A, +, —, 0) and let
u' € G, u’ <0.Define:

X oLy = (x’+y’) v,
xXti=u — X, X =—x"+u,
X' @py =" —u'+y) 0.
Then (Ap = [u/,0), O, ®r, L, t,0, =u’, 1, =0) is a left-pseudo-MV algebra.

(AL, OL, @1, %,7L,0r, 1) is a left-pseudo-MV algebra, we make the defi-
nition:

x—opy=(x0oLy™t) F=ydrxt, xwpy=(ytorx) F=x"tdLy.

Proposition 4.19 ([122]) In any left-pseudo-MV algebra A the following properties
hold:
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(lpsmv-c) (x7L)"t=x=x"1)7L;

(psmv-c2) x ALYy =x0OL (x"t@LY)=x0OL(x ~Ly)=yOL (YL BLxXx)=
x®LY H)OLYy=Q@®LxL)OLx=(x—>LYy)OLX;

(psmv-c3) xVLy=x®L (x L OLY)=y®L (Y L OLX)=(xOLy L)®Ly=
OOLx " )®Lx=x—>Ly)~>Ly=&~LYy)—>LY;

(Upsmv-ca) x <p yiff y L Orx=0r iff x ~»py=1piff x"L @ y=1L iff x =
YOLOYtOLX)iff y=y®L (Y LOLX)iff yOLx L =1L iffx > y=1L
ffx®Ly +=0.,0, <x=<1p;

(Ipsmv-c5) (AL, AL,VL,0r, 1) is a bounded distributive lattice;

(Ipsmv-c¢) x® 0, =0, Brx=xandx @ 1y =1, b x=1y;

(psmv-c7) x OLy =@t OLx ) L=t ®Lx" )L =x—>Ly H)t=
(y ~px™H)TE

(Ipsmv-cg) x®L (Y®L) =& BLY) DL 25

(psmv-co) z <L x@®L Yy iff x L OLz =L yiff zOL Y <pxand x OLy <r z iff
X<pz®Ly t=y—>rziff y<px"L®Lz=x~p2;

(psmv-c10) X @L Yy ) VL (Y@L x D) =@ @Ly) Ve (L@ x) =1L =
O=>LX) VL x> yY) = ~Lx) VL (X~ y);

(psmv-c11) (YOLX )AL (xOLY H) ="t OLx) AL (x"EOLYy)=0L.

Corollary 4.9 If (AL, O, ®r, L ,7L,0p,1L) is a left-pseudo-MV algebra, then
(AL, AL,VL,OL,—>1,~1L,0r,1L) is a pseudo-BL algebra.

Definition 4.7 A (right-)pseudo-MV algebra is a structure (A, ®, ®,7,”,0,1) of
type (2,2, 1, 1,0, 0) such that the following axioms hold for all x, y, z € A:

PpsMV)) x®(yD2)=xDy) Dz

PsMV,y) x®0=08x =x;

(PpsMV3) x®1=1®x=1;

(psMV,) 17 =0,17=0;

(psMVs) (x @y ) =" ®y);

PsMVg) x® (" O =y@ (Y 0x)=x0y )®y=(y0O0x ) ®x;
(PsMV7) xO(x~ @) =x®y )Oy;

(psMVg) (x7)" =ux;

where x Oy :=(y~ &x7) .

We consider that the operation © has priority over the operation .
In the sequel by a pseudo-MV algebra we mean a right-pseudo-MV algebra.

Example 4.12 ([137]) Consider an arbitrary £-group G and let u € G, u > 0. If we
put by definition:

ArR=T(G,u):={xeG|0<x <u},
xX@y:=(x+y) Au,

X =u-—x,
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X =—x+4u,

xQy:=x—-u+y) Vo,
then (Agr = I'(G,u),®,”,”,0,u) is a pseudo-MV algebra.

Example 4.13 ([116]) Let ACR xR, A={(1,y) | y=>0}U{(2,y) |y <0} and
0=(1,0),1=(2,0). For all (a, b), (c,d) € A define:

(I,b+d) ifa=c=1
(a,b)® (c,d) =13 2,ad+b) ifac=2andad+b =<0
(2,0) otherwise,

(a,b)” = (3_&)7 (a’b)~:<%,_£>'
a a a 2a

Then (A,®,®,7,7,0,1) is a pseudo-MV algebra, where (a,b) O (c,d) :=
((c,d)" ®(a,b)7)".

Example 4.14 ([96]) Let G = (Z x Z x Z, +, (0, 0, 0), <) be the Scrimger 2-group.
The group operation + is defined by:

| ki +ma,my + ko, ny +n3) if npis odd
(kr, my, ni) + (ka, ma, n2) := { (ki +ko,mi +mo,ny +ny) ifnyiseven.
The neutral element is 0 = (0, 0, 0) and

(—m, —k,—n) ifnisodd
(—k,—m,—n) if niseven.

—(k,m,n) ::{

The order relation on G is (k1,mq1,n1) < (kp, mp, ny) iff

()ny <ny or (i)ny=ny ki <ky,m; <my.

Then
(ki,ka,m1) ifn) >ny
(k1,mi,n1) Vv (ko,ma,n2) =3 (ky Vko,mi Vmp,ni Vny) ifny=ns
(k2,m2, n2) ifn <no.

One can check that G is a non-Abelian £-group which is not linearly ordered and
that u = (1, 1, 1) is a strong unit of G. The positive cone of G is

GT=ZxZxZI,uZ* xZ* x {0}.
The corresponding pseudo-MV algebra has the form

A=T(G,u)=Z% x ZT x {0} UZ<| x Z<| x {1}
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with:

k,m, 00" :=(1 —k,1—m, 1),
k,m,0)" :=(1—m,1 —k, 1),
k,m,1)" =10 —-m,1—k,0),
k,m, D" :=10—-k,1—m,0),
(k1,m1,0) @ (k2, m2,0) := (k1 + ko, my +m3,0),
(k1,m1,0) @ (ka,ma, 1) := ((m1 +k2) A L, (may+ k1) AL 1),
(ki,myi, 1) @ (ka, m2,0) := ((k1 +k2) A1, (m1 +m2) A1, 1),
(ki,my, 1) @ (k2, m, 1) := (1, 1, 1).

Proposition 4.20 ([137]) In any pseudo-MV algebra the following properties hold:

(psmv-c1) x©Oy= (" ®x7)";

(psmv-c2) (x7)” =x;

(psmv-c3) xDx" =1, x" dx=1;

(psmv-c4) (x@y)”" =y Ox ,(x®y) =y Ox;
(psmv-c5) (xQy)" =y ®x ,(xOQy) =y &x;
(psmv-ce) xy=(~ Ox7) =@~ 0x7)7;
(psmv-c7) X7 OYBY =y Oxdx".

Proposition 4.21 ([137]) In a pseudo-MV algebra A the following are equivalent:

@ x"dy=1

(b) y"Ox=0;

© y=x®x"0Oy;

(d x=x0C" ®y);

(e) thereisan a € A such that y =x @ a;
® xo0y =0

(g yox"=1.

We define x < y iff one of the above equivalent conditions holds and “<” defines
an order relation on A ([137]). Moreover, A is a distributive lattice with the lattice
operations defined as below:

XVYy=x®dx  Oy=y®y Ox=x0y ®y=yOx Dx,
x/\y:=x®(x_69y)=y®(y_@x)=(x@yw)®y=(y@xw)(bx.

Proposition 4.22 ([137]) In a pseudo-MV algebra A the following hold:

(psmv-cg) x <y impliesa®x <a®y,xPa<yda;
(psmv-c9) x Oy <ziff y<x~ @ziffx<z®Yy;
(psmv-c10) xOY<xAYy<x®y<xVy.
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In the sequel we will use the notation:
Ox :=0, nm+Dx:=nxdx forn>1.

Proposition 4.23 ([137]) In a pseudo-MV algebra A the following hold:

(psmv-c11)) XD YA = DYNAXD2), YA Dx=(QDx)AZDx);
(psmv-c12) x®OHYV)=ExDYVED2),YV)Bx=Qdx)V (Zdx);
(psmv-c13) x Oy~ AyOx~ =0;

(psmv-ci4) x " Qy Ay  Qx=0;

(psmv-c15) if x ®y=x@®zandx Oy =x Oz, then y =1z,

(psmv-c16) If y®x=72®xandyOx=z0x,theny=z;

(psmv-c17) ifx Ny =0, thennx Any=0foralln e N,n > 1.

Remark 4.9 ([122])

(D) If (AL, OL,®r, L,7L,0., 1) is a left-pseudo-MV algebra, then (A, Py,
Or, L,7L,0r, 1) is aright-pseudo-MV algebra.

(2) If (Ag, ®r, Or, ®,7R 0g, 1g) is aright-pseudo-MV algebra, then (Ag, Ok,
@Dr, ®,7k, 0g, 1R) is a left-pseudo-MV algebra.

Remark 4.10 ([85]) Let (Ag, ®r, Or, &, ,0g, 1g) be aright-pseudo-MV alge-
bra and let — g, ~» g be two implications defined by:

X—>RrYy:=yOrx R and x~py:=x"FQOpy.
Then (AR, Vg, AR, ®R, =R, ~R, O, 1g) is a right-pseudo-BL algebra.

Remark 4.11

(1) Every locally finite bounded R¢-monoid is a linearly ordered MV-algebra (The-
orem 3.10 in [110]).

(2) If H is a maximal and normal filter of a bounded R¢-monoid A, then A/H is a
linearly ordered MV-algebra (Theorem 3.12 in [110]).

Proposition 4.24 ([85]) Let (A, A, V,®, —,~+,0,1) be a pseudo-BL(pDN) alge-
bra (i.e. x™~ =x"" =x for all x € A). Define the operation & on A by

x@y:: (y_Qx_)Nz(yNQxN)_zx_'v-)y=y~—)x.
Then (A, ®,®,~,7,0,1) is a pseudo-MV algebra.

Corollary 4.10 ([85]) A pseudo-BL algebra A is a pseudo-MV algebra if and only
if A has condition (pDN).

Remark 4.12 To be more precise, we have:
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(1) Aleft-pseudo-BL algebra (A;, A, VL, ®OL, —1L,~1,0r, 1) is aleft-pseudo-
MYV algebra iff (x7L)"L = (x"L) L =x forall x € Ar, where x "L =x — 0
and x" L =x ~~» 0.

(2) A right-pseudo-BL algebra (Ag, Vg, Ag, ®r, = Rr,~R,0r, 1g) is a right-
pseudo-MV algebra iff (x 78)™® = (x“®)™R = x for all x € A, where x ™k =
x—> lgpand xR =x ~~ 1p.

Proposition 4.25 Any locally finite pseudo-BL algebra is a locally finite MV-
algebra.

Proof According to Proposition 2.1, any locally finite pseudo-BL algebra satisfies
(pDN), so it is a pseudo-MV algebra. g

Proposition 4.26 Let A be a pseudo-BL algebra and H a normal filter of A. The
following are equivalent:

(a) H is a maximal filter;
(b) A/H is alocally finite MV-algebra.

Proof This follows from Propositions 1.42 and 4.25. 0

Theorem 4.4 Pseudo-MV algebras are termwise equivalent to bounded Wajsberg
pseudo-hoops.

Proof According to Corollary 4.9 and Remark 4.10 every pseudo-MV algebra A
is a pseudo-BL algebra satisfying x vV y = (y = x) ~» x = (y ~» x) — x for all
x,yeA.(SincexVy=yVvx,wehavex Vy=(x > y)~y=(x~y)— yfor
all x, y € A.) Conversely, if a pseudo-BL algebra A satisfies the above condition,
then for y =0 we get x~ =x"~ = x for all x € A, hence, by Proposition 4.24, A
is a pseudo-MV algebra. Applying Theorem 4.3 it follows that pseudo-MV algebras
are termwise equivalent to bounded basic pseudo-hoops satisfying x vy = (y —
X))~ x=(y~x)—X.

Obviously, any pseudo-hoop satisfying x Vy=(y = x) ~»x =(y ~> x) > x
is a Wajsberg pseudo-hoop and by Proposition 2.19 any Wajsberg pseudo-hoop is a
basic pseudo-hoop.

We conclude that pseudo-MV algebras are termwise equivalent to bounded Wa-
jsberg pseudo-hoops. g

Dvurecenskij proved that any pseudo-MV algebra is isomorphic to some unit
interval I' (G, u) defined by the formulas given in Example 4.12 and the category of
unital £-groups is categorically equivalent to the category of pseudo-MV algebras.

Theorem 4.5 (Theorem 3.9, Theorem 6.9 in [97]) Let (A, ®,®,,7,0,1) be a
pseudo-MYV algebra. Then there exists an £-group G with strong unit u such that A
and I' (G, u) are isomorphic pseudo-MV algebras. The category of unital £-groups
is categorically equivalent to the category of pseudo-MV algebras.



130 4 Other Non-commutative Multiple-Valued Logic Algebras

Let (A,6,0,7,7,0,1) be apseudo-MV algebra. Dvurecenskij defined a partial
addition + on A: x + y is defined iff x < y~, and in this case x + y :=x @ y (see
[95, 108]). Obviously, x + y is defined iff x <y~ iff y <x™.

Proposition 4.27 (Proposition 6.4.2 in [108]) The following properties hold in any
pseudo-MV algebra A:

1) x+0=x=0+xforanyx € A;

2) x+x7=1=x"+x forany x € A,
Q) ifx +y=1,theny=ux;

@ ifx+y=1,theny=x"andx=y".

On a pseudo-MV algebra A we define two distance functions di,dy:AxA— A
as follows:

di(x,y):=x0y " ®yox , dxy)=x"0y®y Ox.
Proposition 4.28 ([137]) In a pseudo-MV algebra A the following hold:
dix, ) =x0y VyOx~, dxy)=x"0yvy ox

In [85] the following connections between the distances d1, d, on the pseudo-MV
algebra (A, ®, ®,”,7, 0, 1) and the distances d1, d» on the corresponding pseudo-
BL algebra are proved:

di(x,y)=(di(x,y))” and dy(x,y)=(d2(x,))"

forall x,y € A.

Definition 4.8 ([212]) The order of an element x, denoted ord(x), is the least n € N
such that nx = 1, if such n exists, and oo otherwise.

Proposition 4.29 ([212]) In any pseudo-MV algebra the following hold:

(1) ord(x™) =ord(x™);
(2) ord(x) =ord(x~7) =ord(x~"7).

Definition 4.9 ([137]) A nonempty subset / of a pseudo-MV algebra A is called an
ideal if the following conditions are satisfied:

(psmv-11) if xelandye A,y <x,theny eI,

(psmv-1p) ifx,yel,thenx®yel.
An ideal [ is normal if the following condition holds:

(psmv-13) forevery x,y e A, y ©x~ el iff x~ © y € I (or, equivalently, x — g
yveliffx ~gyel).
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An ideal I of A is called proper if I # A. Anideal I of A is called maximal if it is
proper and for each ideal J # I,if I € J, then J = A.

An ideal I of A is called principal if there is an element a € A such that [ is the
ideal generated by {a}, i.e. I = (a] = {x € A|x <na for some n € N}.

Associated with any normal ideal 7 of A is a congruence defined by:
x=;y iff di(x,y)el iff dr(x,y)el.

Denote by x /1 the congruence class of an element x € A and by A/ the set of con-
gruence classes of A. Then A/I becomes a pseudo-MYV algebra with the operations
induced by those of A. We notice that x/I =0/ iff x € I.

Definition 4.10 A nonempty subset / of a pseudo-MV algebra A is called a filter if
the following conditions are satisfied:

(psmv-F1) if xeland ye A, y > x,then y € [;
(psmv-F,) ifx,yelthenx©Oyel.

Remark 4.13 J. Rachtnek introduced in [241] the so called non-commutative MV-
algebras which are in fact equivalent to pseudo-MV algebras. The equivalence
is given by the fact that if (A,®,®,7,”,0,1) is a pseudo-MV algebra, then
(A,®,0,7,7,0,1), where x @ y = y ® x, is a non-commutative MV-algebra.
Conversely, if (A,®,0,”,7,0,1) is a non-commutative MV-algebra, then
(A,®,0,7,7,0,1), where x @ y = y O x, is a pseudo-MYV algebra.

Remark 4.14 The notions of “right-” and “left-” algebras are connected with the
right-continuity of a pseudo-t-conorm and with the left-continuity of a pseudo-t-
norm, respectively (see [122]). The statement “@ is a pseudo-t-conorm on the poset
(A, <, 0) with smallest element 0” is equivalent to the statement “the algebra (A, <,
@, 0) is a partially ordered, integral right-monoid”. Dually, the statement “® is a
pseudo-t-norm on the poset (A, >, 1) with greatest element 1” is equivalent to the
statement “the algebra (A, >, ©, 1) is a partially ordered, integral left-monoid” (see
[179, 181, 186]). Initially, pseudo-MV algebras were defined as “right” algebras,
while pseudo-BL algebras were defined as “left” algebras. For this reason, in the
present book by pseudo-MV algebras we mean right-pseudo-MV algebras, while
in the case of pseudo-BL algebras, pseudo-MTL algebras, FL,,-algebras, pseudo-
hoops and pseudo-BCK algebras we choose to work with “left” algebras.

4.5 The Glivenko Property

Glivenko proved that a proposition is classically demonstrable if and only if its
double negation is intuitionistically demonstrable ([154]). In other words, classical
propositional logic can be interpreted in intuitionistic propositional logic.
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Versions of both the logical and algebraic formulations of Glivenko’s theorem
have been intensively studied ([127, 129, 254]).

In this section we define the Glivenko property for multiple-valued logic alge-
bras.

For a bounded pseudo-BCK algebra (A, —, ~», 0, 1) we define

Reg(A):={a€Ala™" =a"" =a}.

Obviously, 0, 1 € Reg(A).
One can easily see that A satisfies the (pDN) condition if and only if A = Reg(A).

~ ~—

Moreover, if A is good, then Reg(A) ={a€ A|a ™" =a} and a7, a IS
Reg(A).
Proposition 4.30 If (A, —, ~~,0, 1) is a good pseudo-BCK algebra, then:

(1) x®yeReg(A) forallx,y € A;

2) xV1y,xVayeReg(A) forall x,y € Reg(A);
(3) x > y,x~yeReg(A) forall x,y € Reg(A);
4) (Reg(A), —,~>,0,1) is a subalgebra of A.

If A is a good pseudo-hoop, then
(5) x Ay eReg(A) forall x,y € Reg(A).
If A is a good pseudo-MTL algebra, then
(6) x vyeReg(A) forall x,y € Reg(A).
If A is a good pseudo-BL algebra, then:
(7) x ©y € Reg(A) forall x,y € Reg(A);
®) (Reg(A), A, V,O, —>,~,0,1) is a subalgebra of A.
Proof

(1) This follows from Proposition 1.24(5).
(2) This follows from Proposition 1.6(3).
(3) Applying (psbck-cp1), if x, y € Reg(A) then:

x—>y=x—>yw_z(x—>yw_)w_=(x—>y)w_,
xwy=xm=y =y ) =@y

(4) This follows by (3) and from the fact that 0, 1 € Reg(A).

(5) By (pshoop-c1o).

(6) By (psbck-c41) and (psmtl-cy).

(7) This follows from Proposition 4.14.

(8) This follows by (3), (5), (6), (7) and from the fact that 0, 1 € Reg(A). O

Theorem 4.6 In any good pseudo-BCK algebra A the following are equivalent:

@ x T —=>x) T =" ~wx) T =1forallx € A;
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b)) 7T x)T =TT x)T=0;

© x=>y) T =x—->y Tand(x~y) T =x~y T forallx,y e A;

(d) the mapping f : A — Reg(A) defined by f(x) =x~"" is a surjective mor-
phism of pseudo-BCK algebras.

Proof

(a) < (b) This is obvious.
(a) = (c) Applying (psbck-c15) and (psbck-c19) we have:

X—>y<y ~x =x—>y .
Hence, by (psbck-c21) we get:
x>y T<(xoy ) T =xoy
Conversely, from (psbck-cs) we have:
Yy Ty y ) = y).
Taking into consideration that x — y < (x — y)™ " and (psbck-c19) we have:
x>y ) Go>N=x=>y T )>@x->n"".

Applying (a) and (psbck-c>1), we get:

1= (y_N — y) < [(x — y_N) - (x—> y)_N]_N

= (x — y‘”) S (x—=y) .

Itfollowsthat(x >y ) > (x> y) =Lsox—>y " <(x—>y) .
We conclude that (x — y)™ " =x — y~ .
Similarly, (x ~> y)™ " =x ~>y~ .

(c) = (a) Applying (c) we have:

—~

(x"—=>x) =x"->x"=1 and

—~ o~

(x_wa) =x " ~x =1
(¢c) = (d) From (c) and applying (psbck-c19), we have:
f=y=x—>y) " =x—>y =x" >y =f(x)—>f),
fam=>y)=@~y) " =x~my T =xT"wmy = f(x) > f(y).

Hence f is a morphism from A to Reg(A).
Moreover, for an arbitrary y € Reg(A), taking x = y~~, we have: f(x)
(y™7) " =y " =y, thus f is a surjective morphism.
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(d)=(c) If f: A—> Reg(A) defined by f(x) =x~" is a morphism, we have:
= y) = f() = f(). thatis, (¢ = )~ =x"" =y

Since by (psbck-c19) we have x™~ — y~~ =x — y~ 7, it follows that (x —
y) T =x—y 7.Similarly, (x ~> y)T T =x~y7 . 0

Definition 4.11 We say that a good pseudo-BCK algebra A has the Glivenko prop-
erty if it satisfies one of the equivalent conditions from Theorem 4.6.

Remark 4.15 By (psbck-c19), in any good pseudo-BCK algebra A satisfying the
Glivenko property the following hold:

(x—=y)T=xTT oy

(x ) =TTy

forall x,y € A.

Example 4.15

(1) The good FL,-algebra A from Example 4.4 has the Glivenko property.

(2) The good FL,,-algebra A from Example 4.1 does not satisfy the Glivenko prop-
erty. Indeed, (b~~a) " " =bF#1=b~a .

(3) Any pseudo-BCK(pDN) algebra has the Glivenko property.

Remark 4.16

(1) Any good pseudo-hoop has the Glivenko property.
Indeed, if A is a good pseudo-hoop, then according to (pshoop-cy), the fol-
lowing hold for all x, y € A:

—~

(k=) =x TSy ey =T ey
Applying (psbck-c19) it follows that
x—=>y) T=x—>y", (x~>y) T =x~y

Thus any good pseudo-hoop satisfies the Glivenko property.
(2) Any good R¢-monoid has the Glivenko property.

Remark 4.17

(1) It is obvious that the property (pshoop-c9) holds in any good FL,,-algebra with
(pDN).

(2) The property (pshoop-cg) does not hold in any good FL,,-algebra. Indeed, if
A is the good FL,,-algebra from Example 4.1, we have (b~ a)™" =b# 1=

b~ ~a



Chapter 5
Classes of Non-commutative Residuated
Structures

In this chapter we study special classes of non-commutative residuated structures:
local, perfect and Archimedean structures. The local bounded pseudo-BCK(pP)
algebras are characterized in terms of primary deductive systems, while the per-
fect pseudo-BCK(pP) algebras are characterized in terms of perfect deductive sys-
tems. One of the main results consists of proving that the radical of a bounded
pseudo-BCK(pP) algebra is normal. We also prove that any linearly ordered pseudo-
BCK(pP) algebra and any locally finite pseudo-BCK(pP) algebra are local. Other
results state that any local FL,,-algebra and any locally finite FL,,-algebra are di-
rectly indecomposable. The classes of Archimedean and hyperarchimedean FL,,-
algebras are introduced and it is proved that any locally finite FL,,-algebra is hyper-
archimedean and any hyperarchimedean FL,,-algebra is Archimedean.

5.1 Local Pseudo-BCK Algebras with Pseudo-product

Definition 5.1 A pseudo-BCK(pP) algebra is called local if it has a unique maximal
deductive system.

In this section by a pseudo-BCK(pP) algebra we mean a bounded pseudo-
BCK(pP) algebra, even though some notions and properties are also valid for un-
bounded pseudo-BCK(pP) algebras.

We define:

D(A):={xeAlord(x) =00} and D(A)*:={x e A|ord(x) < oo}.

Obviously, D(A) N D(A)* =@ and D(A) U D(A)* = A.

We also remark that 1 € D(A) and 0 € D(A)*.

Let A be a pseudo-BCK(pP) algebra and D € DS(A). We will use the following
notation:

D* :={xeA|x <y forsomey e D},
D*:={xeA|x <y forsomey € D}.
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Proposition 5.1 Let A be a local pseudo-BCK(pP) algebra. Then:

(1) any proper deductive system of A is included in the unique maximal deductive
system of A;

(2) Ay :={x€A|x” =0}and Ay :={x € A|x~ =0} are included in the unique
maximal deductive system of A.

Proof

(1) This is an immediate consequence of Zorn’s lemma.
(2) This follows from Proposition 1.30 and (1). O

Theorem 5.1 Let A be a pseudo-BCK(pP) algebra. Then the following are equiva-
lent:

(a) D(A) is a deductive system of A;

(b) D(A) is a proper deductive system of A;

(c) Aislocal,

(d) D(A) is the unique maximal deductive system of A;

(e) forall x,y € A, ord(x © y) < oo implies ord(x) < 0o or ord(y) < o0.

Proof

(a) = (b) Since ord(0) = 1, we have 0 ¢ D(A), so D(A) is a proper deductive
system of A.

(b) = (a) This is obvious.

(a) = (e) Consider x, y € A such that ord(x ©® y) < 00,50 x © y ¢ D(A).

Since D(A) is a deductive system of A, it follows that x ¢ D(A) or y ¢ D(A).
Hence ord(x) < oo or ord(y) < oo.

(e) = (a) Because 1 € D(A) it follows that D(A) is nonempty. Consider x,y €
D(A), that is, ord(x) = oo and ord(y) = oco. By (e) we get ord(x © y) = 00, so
x ®y € D(A). Consider x € D(A) and y € A such that x < y. It follows that
x™ > 0 forall n € N. Since x" < y" we get y" > 0 forall n € N, so ord(y) = oo,
that is, y € D(A). Thus D(A) is a deductive system of A.

(d) = (c) This follows by the definition of a local pseudo-BCK(pP) algebra.

(¢) = (d) If M is the unique maximal deductive system of A, then by Lemma 1.8
and Proposition 5.1 we have x € M iff [x) € M iff [x) is proper iff ord(x) = oo
iff x € D(A). Hence M = D(A).

(d) = (a) This is obvious.

(a) = (d) Since 0 ¢ D(A), it follows that D(A) is a proper deductive system of A.
Let F be a proper deductive system of A. Consider x € F. Since [x) C F, we
have that [x) is a proper deductive system of A, so by Lemma 1.8 it follows that
ord(x) = o0o.Hence x € D(A),so F € D(A). Thus D(A) is the unique maximal
deductive system of A. g

Corollary 5.1 If A is a local pseudo-BCK(pP) algebra, then:

(1) forany x € A, ord(x) < oo or [ord(x ™) < 0o and ord(x™) < 00];
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(2) D(A)L € D(A)* and D(A)X < D(A)*;
(3) D(A)N D(A)* = D(A) N D(A): =0.

Proof

(1) Letx € A.Since x ©x~ =x~ ©x =0, it follows that ord(x ®x~) =ord(x~ ®
x) =ord(0) =1 < co. By Theorem 5.1(e) we get (1).

(2) Let x € D(A)*. This means that there is a y € D(A) such that x < y~.
Since ord(y) = oo, by (1) we get that ord(y~) < oo. Hence ord(x) < o0, so
x € D(A)*. Thus D(A)* € D(A)*. Similarly, D(A)* C D(A)*.

(3) This follows from (2), taking into consideration that D(A) N D(A)* = (. O

Example 5.1 Consider the pseudo-BCK(pP) algebra A from Example 1.9. One can
easily check that D(A) = {a»,s,a,b,n,c,d,m, 1} and it is a deductive system of
A, so A is a local pseudo-BCK(pP) algebra.

Proposition 5.2 Any linearly ordered pseudo-BCK(pP) algebra is local.

Proof Assume that A is a linearly ordered pseudo-BCK(pP) algebra and consider
x,y € A such that ord(x © y) < oco. Since A is linearly ordered, we have x <y
or y < x. Assume that x < y. It follows that x ®©x <x ® y, so ord(x © x) < o0.
Hence ord(x) < oo. Similarly, from y < x we get ord(y) < oo. Thus according to
Theorem 5.1(e), A is a local pseudo-BCK(pP) algebra. U

Proposition 5.3 Any locally finite pseudo-BCK(pP) algebra is local.

Proof We have D(A) = {1}, so D(A) is a deductive system of A. Applying Theo-
rem 5.1, it follows that A is local. O

Theorem 5.2 Any local FL-algebra is directly indecomposable.

Proof Let A be a local FL,,-algebra and a € B(A). Since a~ = a”, according to
Corollary 5.1 we get that ord(a) < oo or ord(a™) < oo. It follows that there exists
an n € N, n > 1, such that " =0 or (a~)" = 0 (in fact, there exist ny,n; € N,
ni,ny > 1,such thata™ =0 or (a~)" =0, and we take n = min{n, n}). Since by
Proposition 3.13 and Corollary 3.1 we have a” =a and (a¢~)" = a~, it follows that
a=0ora” =0.Ifa™ =0,thena™" = 1 and by Corollary 3.2 we geta =a~ "~ = 1.
Thus a € {0, 1}, hence B(A) = {0, 1}. By Theorem 3.5 it follows that A is directly
indecomposable. 0

Theorem 5.3 Any locally finite FL,,-algebra is directly indecomposable.
Proof Let A be alocally finite FL,,-algebra. According to Proposition 5.3, it follows

that A is local and applying Theorem 5.2 we conclude that A is directly indecom-
posable. g
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Proposition 5.4 If P is a proper normal deductive system of a pseudo-BCK(pP)
algebra A, then the following are equivalent:

(a) P is primary;
(b) A/P isalocal pseudo-BCK(pP) algebra;
(c) P is contained in a unique maximal deductive system of A.

Proof

(a) & (b) Applying Theorem 5.1(e) and Lemma 1.13(2), we have: A/P is lo-
cal iff [for all x,y € A, ord(x/P ©® y/P) < oo implies ord(x/P) < co or
ord(y/P) < oo] iff [for all x,y € A, (x/P ©® y/P)* =0/P for some n € N
implies (x/P)" =0/P or (y/P)™ =0/ P for some m € NJiff [forall x, y € A,
(x ®y)"/P =0/P for some n € N implies x” /P =0/P or y"/P =0/ P for
some m € N] iff [for all x,y € A, ((x ® y)")~ € P for some n € N implies
(x™)~ € P or (y")~ € P for some m € NJ iff P is primary.

(a) & (c) By(a) < (b), P is primary iff A/ P islocal iff A/P has a unique maximal
deductive system. By Corollary 1.10 there is a bijection between Max(A/P) and
{D | D e Max(A), P € Dj}. It follows that P is primary if and only if there is a
unique maximal deductive system of A containing P. g

Theorem 5.4 If A is a pseudo-BCK(pP) algebra, then the following are equiva-
lent:

(a) A islocal,
(b) any proper normal deductive system of A is primary;
(c) {1} is a primary deductive system of A.

Proof

(a) = (b) Let H be a proper normal deductive system of A. By Theorem 5.1(d),
D(A) is the unique maximal deductive system of A. Hence H C D(A) and
according to Proposition 5.4 it follows that H is primary.

(b) = (c) Since {1} is a proper normal deductive system of A, by (b) we get that
{1} is primary.

(c) = (a) Since {1} is primary, applying Proposition 5.4 it follows that A/{1} is
local. Taking into consideration that A = A /{1}, it follows that A is local. [

5.2 Perfect Residuated Structures

5.2.1 Perfect Pseudo-BCK Algebras with Pseudo-product

Definition 5.2 A bounded pseudo-BCK(pP) algebra A is called perfect if it satisfies
the following conditions:

(1) A isalocal good pseudo-BCK(pP) algebra;
(2) forany x € A, ord(x) < oo iff [ord(x ™) = 0o and ord(x™) = c0].
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Proposition 5.5 Let A be a local good pseudo-BCK(pP) algebra. Then the follow-
ing are equivalent:

(a) A is perfect;
(b) D(A)Z = D(A)Z = D(A)*.

Proof

(a) = (b) Since A is a local pseudo-BCK(pP) algebra, applying Corollary 5.1(2)
we get D(A)* € D(A)* and D(A)*, C D(A)*.
Conversely, consider x € D(A)*, that is, ord(x) < co. By the definition of a
perfect pseudo-BCK(pP) algebra we get ord(x~) = oo and ord(x™) = oo, that
is, x ,x” € D(A). Applying the properties x <x~~ and x <x~ "~ we get x €
D(A)* and x € D(a)’. It follows that D(A)* C D(A)* and D(A)* C D(A)*,
respectively. Thus D(A)* = D(A)* and D(A)* = D(A)*.

(b) = (a) Consider x € A such that ord(x) < oo, thatis, x € D(A)*.
Since D(A)* = D(A)*, there exists a y € D(A) such that x <y, s0 y~~ <
x7.By y <y~" and ord(y) = oo, we get ord(y~ ") = co. From y=~ < x™ we
get ord(x™) = oo. Since D(A)* = D(A)*, there exists a y € D(A) such that
x<y7,s0y"7 <x7.Byy<y~" and ord(y) = oo, we get ord(y”~ ") = oo.
From y~~ <x~ we get ord(x ™) = 0.
Conversely, consider x € A such that ord(x ™) = oo and ord(x™) = oco.
Since A is local, by Corollary 5.1(1) it follows that ord(x) < co.
Thus A is a perfect pseudo-BCK(pP) algebra. 0

Corollary 5.2 If A is a perfect pseudo-BCK(pP) algebra, then
DA ={x" |xe DA} ={x"|xe DA}

Example 5.2

(1) Consider the pseudo-BCK(pP) algebra A from Example 1.9. Since A is not
good, it follows that it is not a perfect pseudo-BCK(pP) algebra.

(2) If A; is the good pseudo-BCK(pP) algebra from Example 1.17, we have
D(Ay) ={ay,a2,b2,5,a,b,n,c,d,m, 1} and D(A})* = {0}. It is easy to see
that D(A1) is a deductive system of A;. Since ord(0™) = ord(0™) = oo, it fol-
lows that A is a perfect pseudo-BCK(pP) algebra.

Proposition 5.6 Let A be a good pseudo-BCK(pP) algebra and P a proper normal
deductive system of A. Then the following are equivalent:

(a) P is a perfect deductive system of A;

(b) A/P is a perfect pseudo-BCK(pP) algebra.

Proof By Proposition 5.4, A/P is local iff P is primary. Also, A/ P is perfect iff
the following condition is satisfied:

ord(x/P) < oo iff [ord((x/P)_) = o0 and ord((x/P)N) = oo].
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But, applying Lemma 1.13, we have:

ord(x/P) <oo iff (x/P)"=0/P forsomen eN iff
[(x")” € P for some n € Nand (x")" € P for some n € NJ.
We also have:
ord((x/P)") =00 iff ((x/P)")" #0/PforallmeN iff
((x7)")" ¢ P forallm e N.

Taking into consideration the definition of a perfect deductive system it follows
that (a) < (b). O

Theorem 5.5 If A is a local good pseudo-BCK(pP) algebra, then the following are
equivalent:

(a) A is perfect,;
(b) any proper normal deductive system of A is perfect,
(c) {1} is a perfect deductive system of A.

Proof

(a) = (b) Let D be a proper normal deductive system of A. Since A is local, by
Theorem 5.4 it follows that D is primary. Let x € A such that (x"*)~ € D for
some n € N and suppose that ((x7)"™)~ € D for some m € N. Since D is
proper, [(x")7), [((x7)™)7) € D are also proper deductive systems of A. By
Lemma 1.8(1) it follows that ord((x") ™) = ord(((x ~)") ™) = oo. Since A is per-
fect, ord(x™) < oo and ord((x~)™) < o0, hence ord(x) < oo and ord(x ™) < oo,
contradicting the fact that A is perfect.

Thus (x")~ € D for n € N implies ((x~)™)~ ¢ D for all m € N, that is, D is
perfect.

(b) = (c) This is obvious, since {1} is a proper normal deductive system of A.

(c) = (a) Since {1} is a perfect deductive system of A, applying Proposition 5.6 it
follows that A/{1} is perfect. Taking into consideration that A = A/{1} we get
that A is perfect. 0

Definition 5.3 Let A be a pseudo-BCK(pP) algebra. The intersection of all maximal
deductive systems of A is called the radical of A and is denoted by Rad(A). The
intersection of all maximal normal deductive systems of A is called the normal
radical of A and is denoted by Rad, (A).

It is obvious that Rad(A) and Rad, (A) are proper deductive systems of A and
Rad(A) € Rad, (A).

Proposition 5.7 If A is a local pseudo-BCK(pP) algebra, then Rad(A) = D(A).
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Proof By Theorem 5.1 it follows that D(A) is the unique maximal deductive system
of A, so Rad(A) = D(A). [l

Example 5.3 Consider the perfect pseudo-BCK(pP) A; from Example 1.17. One
can easily check that

Rad(Ay) =Rad,(A;) = D(A) ={ai,az,br,s,a,b,n,c,d,m, 1}.

Lemma 5.1 Let A be a local pseudo-BCK(pP) algebra and x € Rad(A)*, y € A.

(1) If y < x, then y € Rad(A)*;
(2) x © y e Rad(A)*.

Proof

(1) Since x € Rad(A)*, there exists an n € N such that x” = 0. But y < x, so
y" < x". It follows that y" = 0, that is, ord(y) < co. Hence y € Rad(A)*.
(2) This follows from (1), taking into consideration that x © y < x. O

Lemma 5.2 Let A be a pseudo-BCK(pP) algebra.

(1) If A is local, then x € Rad(A) implies x~,x~ € Rad(A)*;
(2) If A is perfect, then x € Rad(A)* implies x~,x~ € Rad(A). Il

Proof

(1) Letx e Rad(A).If x~ € Rad(A) or x~ € Rad(A), then x~ ®x € Rad(A) or x ®
x~ € Rad(A), respectively. It follows that 0 € Rad(A), a contradiction. Hence
x7,x~ eRad(A)*.

(2) Let x € Rad(A)*. If x~ € Rad(A)* or x~ € Rad(A)*, then ord(x™) < o0 or
ord(x™) < oo, respectively. By definition of a perfect pseudo-BCK(pP) algebra
it follows that ord(x) = oo, a contradiction. Thus x —, x™~ € Rad(A). O

Corollary 5.3 If A is a perfect pseudo-BCK(pP) algebra, then x € Rad(A) implies
X", x 7, x77,x7" €eRad(A).

Theorem 5.6 If A is a perfect pseudo-BCK(pP) algebra, then Rad(A) is a normal
deductive system of A.

Proof We have to prove that x — y € Rad(A) iff x ~» y € Rad(A) forall x, y € A.
Consider x, y € A such that x — y € Rad(A) and suppose x ~» y ¢ Rad(A).

From y <y™™ we get x > y < x — y~ = (by (psbck-c14) and (psbck-cg)).
Since Rad(A) is a deductive system of A, it follows that x — y~~ € Rad(A), that
is, (x ® y7)~ € Rad(A) (by (psbck-c37) and from the fact that A is good).

Hence x © y~ € Rad(A)*.

On the other hand, from x ~ y ¢ Rad(A), it follows that x ~» y € Rad(A)*.

Since x < x~ 7, by (psbck-c1) we get X~ ~» y <X~ Y, S0 X~ Yy E
Rad(A)* (by Lemma 5.1). By (psbck-cq0) we have x~ < x™7 ~» y, so x~ €
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Rad(A)*, that is, x € Rad(A). But y < x ~» y, so y € Rad(A)*, that is, y~ €
Rad(A). Since Rad(A) is a deductive system of A and x, y™~ € Rad(A), we get
x ©®y~ € Rad(A) which is a contradiction. Thus x — y € Rad(A) implies x ~» y €
Rad(A).

Similarly, x ~» y € Rad(A) implies x — y € Rad(A) and we conclude that
Rad(A) is a normal deductive system of A. O

Corollary 5.4 If A is a perfect pseudo-BCK(pP) algebra, then Rad(A) = Rad, (A).

Corollary 5.5 If A is a perfect pseudo-BCK(pP) algebra, then A/ Rad(A) is perfect
t0o.

Proof By Theorem 5.6, Rad(A) is a proper normal deductive system of A and by
Theorem 5.5 it follows that Rad(A) is perfect. Applying Proposition 5.6 we get that
A/Rad(A) is a perfect pseudo-BCK(pP) algebra. 0

Remark 5.1 If the pseudo-BCK(pP) algebra A is not perfect, then the result proved
in Theorem 5.6 is not always valid. Indeed, consider the pseudo-BCK(pP) algebra A
from Example 1.9. Since A is not good, it is not a perfect pseudo-BCK(pP) algebra.
Moreover, D(A) = {az, s,a,b,n, c,d, 1} is the unique maximal deductive system
of A, so Rad(A) = D(A). But D(A) is not a normal deductive system (aj; ~» 0 =
ay € D(A), while a; — 0=a; ¢ D(A)).

For a pseudo-BCK(pP) algebra A we define AT :={x € A|x > x~ v x}.

Proposition 5.8 If A is a linearly ordered pseudo-BCK(pP) algebra, then
Rad(A) C A™.

Proof Consider x € Rad(A) and suppose that x ¢ AT, that is, x % x~ Vv x™. Since
A is a chain, it follows that x < x~ Vv x™. Taking into consideration that Rad(A) is a
deductive system of A, we getthat x~ vx~ € Rad(A),sox © (x~ vx™) € Rad(A).
Applying (rl-co) we have (x © x7) V (x ©x™) € Rad(A) and since x © x~ =0, we
get x © x~ € Rad(A). It follows that (x ©® x™) © x € Rad(A), hence 0 € Rad(A), a
contradiction. Thus x € A™ for all x € Rad(A), so Rad(4) C AT, O

Corollary 5.6 A" is a deductive system of the linearly ordered pseudo-BCK(pP)
algebra A iff AT =Rad(A).

Theorem 5.7 If A is a linearly ordered pseudo-BCK(pP) algebra, then Rad(A) =
{xeA|x">x"vx" forallneN,n>1}.

Proof Consider x € Rad(A). Then x"” € Rad(A) € AT, thatis, x" > (x")™ v (x")~
foralln e N,n > 1.Fromx" <xwegetx™ <(x")Tandx™ < (x")7,sox~ vx™ <
M v M < x".
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Conversely, consider x € A such that x" > x~ v x™ foralln e N, n > 1. We
have x" #£ 0 for all n € N (if x" =0, we get 0 =x" > x~ v x™, a contradiction).
Therefore [x™) is a proper deductive system of A. Since A is linearly ordered, the
union of all its proper deductive systems is the unique maximal deductive system
Rad(A) of A. Thus x € [x") € Rad(A). 0

Remark 5.2 ([232]) If A is an MTL-algebra, then Rad(A) = {x € A | x" >
x~ foralln e N,n > 1}.

Remark 5.3 Let A be a pseudo-BCK(pP) algebra.

Then Rad(A) N Rad(A)-Div(A) = @. Indeed, suppose that there exists an x €
Rad(A) NRad(A)-Div(A). It follows that there exist y;, y» € Rad(A) such that x ©
y1 =y2 ®x =0. Hence 0 € Rad(A), so Rad(A) is not proper, a contradiction.

Definition 5.4 A pseudo-BCK(pP) algebra is said to be relatively free of zero divi-
sors if Rad(A)-Div(A) = {0}.

Lemma 5.3 If the perfect pseudo-BCK(pP) algebra A is relatively free of zero di-
visors and x € Rad(A), y € Rad(A)*, thenx L y or y L x ifand only if y =0.

Proof Suppose that there exist x € Rad(A) and y € Rad(A)* such that x 1 y. Ac-
cording to Proposition 1.28 we have y ® x = 0. Since A is relatively free of zero
divisors, it follows that y = 0. Similarly, if y L x we have x ©® y =0, so y =0. On
the other hand x L 0 and O _L x, hence the assertion is completely proved. U

Proposition 5.9 If a perfect pseudo-BCK(pP) algebra A has no nontrivial zero di-
visors, then Rad(A) = A\ {0}.

Proof Obviously, Rad(A) = A \ {0} is equivalent to Rad(A)* = {0}. Consider x €
Rad(A)*, that is, ord(x) < co. Let n € N, n > 1 be the smallest integer such that
x" =0. Then x © x"~! =0 with x”~! 0. Since A has no nontrivial zero divisors,
it follows that x = 0. Thus Rad(A)* = {0} and we are done. O

Example 5.4

(1) The perfect pseudo-BCK(pP) algebra A from Example 4.4 is relatively free of
zero divisors.

(2) The non-perfect pseudo-BCK(pP) algebra A from Example 4.5 is relatively free
of zero divisors.

(3) Consider the pseudo-BCK(pP) algebra A from Example 4.5 and X =
{b,c,1} C A. Since a ©® ¢ = 0 with ¢ € X, it follows that a is a X-left zero
divisor of A. From b © a = 0 with b € X we get that a is an X-right zero
divisor of A.

Lemma 5.4 If A is a perfect pseudo-BCK(pP) algebra and x,y € Rad(A), then
xty.
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Proof Suppose that there exist x, y € Rad(A) such that x L y. According to Propo-
sition 1.27 we have y™~ @ x~~ = 0. Since y~7,x~"~ € Rad(A) and Rad(A) is
a deductive system of A, it follows that y™~ ©® x~~ € Rad(A), so 0 € Rad(A), a
contradiction. Thus x £ y. O

Proposition 5.10 If A is a perfect pseudo-BCK(pP) algebra, then Rad(A)* is an
ideal of A.

Proof We verify the axioms from Definition 1.17:

(I1) If x,y € Rad(A)*, then according to Proposition 1.25 we have x @ y =
(y~ ®x7)7. Since y~,x~ € Rad(A) and Rad(A) is a deductive system of
A, it follows that y~ ® x~ € Rad(A). Thus (y~ ® x7)~ € Rad(A)*, that is,
x @y e Rad(A)*.

(I3) Consider y € A and x € Rad(A)* such that y < x.
From y < x we get x~ < y~. Since x~ € Rad(A) and Rad(A) is a deductive
system of A we have y~ € Rad(A), that is, y € Rad(A)*. O

Recall that, if A is a pseudo-BCK(pP) algebra, then a subset B C A is a subalge-
bra of A if B is closed under the operations of A.

Proposition 5.11 Let A be a pseudo-BCK(pP) algebra and B be a subalgebra of A.
Then Rad, (B) € Rad, (A) N B.

Proof First, we prove that if H € Max;(A), then H N B € Max, (B).

One can easily prove that H N B is a deductive system of B. Since 0 ¢ H, it
follows that H N B is proper. For any x € A, applying Theorem 1.12 we have that
x ¢ H iff (x")~ € H for some n € N. Then for any x € B, since (x")~ € B for
all n e N, we have x ¢ H N B iff (x")~ € HN B for some n € N. Thus H N B €
Max, (B).

It follows that Rad,(B) € (\({H N B | H € Max,(A)} =Rad, (A) N B. O

Corollary 5.7 If A is a perfect pseudo-BCK(pP) algebra and B a perfect subalge-
bra of A, then Rad(B) C Rad(A) N B.

Remark 5.4 1f A is an MTL-algebra and B a subalgebra of A, it was proved in [232]
that Rad(B) = Rad(A) N B.

This result does not hold for pseudo-MTL algebras, so it does not hold for
pseudo-BCK(pP) algebras (FL,,-algebras).

Indeed, consider the pseudo-MTL algebra A in Example 4.4. According to The-
orem 3.2, (B = [b,1],0),—,~,b, 1) is a subalgebra of A (where x ®} y =
(x ®y) Vb forall x,y € [b, 1]). One can easily check that Rad(A) = {a, b, c, 1}
and Rad(B) = {c, 1}, hence Rad(A) N B = {b, c, 1} # Rad(B).

Moreover, A and B are perfect pseudo-BCK(pP) algebras, so Rad(A) = Rad, (A)
and Rad(B) = Rad, (B). Hence Rad, (B) # Rad,,(A) N B.
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Remark 5.5 The proof of the above mentioned result is based on the congruence
extension property (CEP, for short). A class A of algebras of the same type has CEP
if for every algebra A in A, every subalgebra B of A and every congruence 6 on B,
there exists a congruence @ on A such that @ N B% =4,

It was proved in [129] that the class of FL,,-algebras does not satisfy CEP.

In order to prove this, the FL,,-algebra (A = {0,a,b,c, 1}, A, V,®, —,~,0,1)
with 0 <a < b < ¢ < 1 and the operations ®, —, ~» given by the following tables
was considered:

©l0 a b ¢ 1 - 10 a b ¢ 1 ~10 a b ¢ 1
00 0 0 0 O o1 1 1 1 1 o1 1 1 1 1
al0 0 0 0 «a ala 1 1 1 1 alc 1 1 1 1
b|0 a b b b bla a 1 1 1 b0 a I 1 1
c|0 a b ¢ ¢ c|la a b 1 1 c |0 a b 1 1
110 a b ¢ 1 110 a b ¢ 1 110 a b ¢ 1

One can easily check that (B = {b, ¢, 1}, ®, —, ~», b, 1) is a subalgebra of A and
that B has the non-trivial congruence 6 = {{c, 1}, {b}}. Suppose that there exists a
non-trivial congruence ® on A such that ® N B = 6, so c® 1. It follows that
(@a—a®c)®B(a—adl),thatis,a®@ 1. Hencea ©c® 11,5000 1. Thus ®@
is the trivial congruence on A and we can conclude that the class of FL,,-algebras
does not satisfy CEP.

By contrast, it was proved in [129] that the class of FL,,,-algebras satisfies CEP,
hence the class of MTL-algebras has this property too. More precisely, if a variety
of the class A of FL,-algebras (A, A, V, ®, —, ~, 0, 1) satisfies the identity (x A
ko y=y0O(xA e)¥ for some k € N, k > 1, then A satisfies CEP. This is the case
for the variety CRL of FL,,,-algebras.

Since the FL,,-algebra from the above example is a pseudo-MTL algebra, it fol-
lows that the class of these algebras also does not satisfy CEP.

5.2.2 Perfect Pseudo-MTL Algebras

Since a pseudo-MTL algebra is a pseudo-BCK(pP) algebra, a perfect pseudo-MTL
algebra is defined in the same way as a perfect pseudo-BCK(pP) algebra. All prop-
erties and results presented in the previous section for perfect pseudo-BCK(pP) al-
gebras are also valid in the case of perfect pseudo-MTL algebras. In this section we
will investigate some specific results for perfect pseudo-MTL algebras.

Proposition 5.12 If A is a perfect pseudo-MTL algebra, then for any x,y €
Rad(A),x~ Oy =x"0y =0.

Proof We will follow the idea used in [30] for the case of pseudo-BL algebras.

Let x, y € Rad(A). Proving x~ ® y~ = 0 is equivalent to proving that (x~ ©
y~)7 = 1. Suppose (x~ ® y~)~ # 1. By Corollary 4.3, there exists a prime de-
ductive system P such that (x~ © y7)~ ¢ P, that is, y~ ~ x~ ¢ P. Since
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P is prime, by Proposition 4.3 it follows that x™ ~» y~ € P, or equivalently
X7 ~syT"TeP.Hencex T~y T eP,so(yT " OxT )T eP.

By Proposition 1.32, there is a maximal deductive system M such that P € M.

Since A is perfect, we have M = Rad(A). Obviously, u =y~ ©x~ "~ ¢ P (if
ueP,sinceu” € P,weget0=uOu~ € P, hence P is not a proper deductive
system, a contradiction). Thus y™~ © x =~ ¢ Rad(A).

By Theorem 5.6 we have that Rad(A) is a normal deductive system, so ap-
plying Theorem 1.12, there is an n > 1 such that [(y~~ © x~7)"]~ € Rad(A).
Let z=(y~~ ©x~ )", so z~ € Rad(A). Since x, y € Rad(A), by Corollary 5.3
we have y~7,x77 € Rad(A), so y~,x~~ € Rad(A), hence z € Rad(A). Thus
z,z~ € Rad(A) and 0 =z~ © z € Rad(A), that is, Rad(A) is not a proper deductive
system, a contradiction. We conclude that x~ © y~ =0.

Similarly, x~ © y~ =0. O

Corollary 5.8 Let A be a perfect pseudo-MTL algebra.

(1) Ifx,y eRad(A)*, thenx O y=y O x =0;
(2) If x eRad(A) and y € Rad(A)*, thenx™ <y~ and x~ <y~
3) If x eRad(A), thenx™ <x™ " Ax™ “andx™ <x 7 Ax"".

Proof

(1) Since x,y € Rad(A)*, it follows that x~, y~ € Rad(A) and applying Propo-
sition 5.12 we get x~~ ® y~~ = 0. Taking into consideration the fact that
x<xTandy<y T,wegetxOy<x Oy “=0.Hencex ©y=0.
Similarly, y ® x =0;

(2) From x, y~ € Rad(A), by Proposition 5.12 we get x~ © y~~ =0.

Because y <y~ “,wehavex " Oy <x~ Oy~ =0,s0x~ ©y=0. Hence
x~ <y~.Similarly, x~ < y™;

(3) From x € Rad(A), it follows that x~, x~ € Rad(A)*. Since A is good, we get
from (2)that x~ <x7 ", x T and x~ <x~ " ,x " ".Itfollowsthat x~ <x~~ A
x Tand xT < xT T AXTT. O

Proposition 5.13 If A is a perfect pseudo-MTL algebra and x,y € Rad(A)*, then
xLlyandy L x.

Proof Since x,y € Rad(A)*, it follows that y~—,x~ € Rad(A). Hence y~™~ ©
x~~ =0. By Proposition 1.27, we get x L y. Similarly, y L x. d

Proposition 5.14 Let A be a perfect pseudo-MTL algebra, x € Rad(A) and y €
Rad(A)*. Then:

(1) ifx LyoryLx,then y>=0;
(2) ifx Ly, then y € Rad(A);-Div(A);
3) if y L x, then y € Rad(A),-Div(A).



5.2 Perfect Residuated Structures 147

Proof

(1) According to Corollary 5.8 we have x~ < y~. On the other hand, since x L y,
we get y © x =0. It follows that y < x™ < y~, that is, y2 =0.
Similarly, from x~ <y~ andx ©@ y=0we get y <x~ < y™,s0 y> =0.
(2) Obviously, x # 0. Since x L y, we get y © x =0, thatis, y € Rad(A);-Div(A).
(3) Similarly, from y L x we have x ® y =0, so y € Rad(A),-Div(A). O

5.2.3 Perfect Pseudo-MYV Algebras

In this subsection we recall some notions and results regarding the local and perfect
pseudo-MV algebras (see [212]).
If A is a pseudo-MV algebra, we denote by D(A) the set {x € A| ord(x) = oo}.
Obviously, 0 € D(A).

Lemma 5.5 If A is a pseudo-MV algebra, then:
{x € Alx =y~ for some y € D(A)} = {x € Alx =y~ for some y € D(A)}.
We define

D(A)* := {x € Alx >y~ forsome y € D(A)}
= {x € Alx >y~ for some y € D(A)}.

Obviously, 1 € D(A)*.

Definition 5.5 A pseudo-MV algebra is called local if for every x, y € A the fol-
lowing condition holds: ord(x @ y) < oo implies ord(x) < oo or ord(y) < co.

Remark 5.6 If A is local, then ord(x) < oo or ord(x ™) < oo.

Proposition 5.15 Let A be a pseudo-MV algebra. The following are equivalent:
(a) A is local,

(b) D(A) is an ideal of A;

(c) D(A) is a proper ideal of A;

(d) D(A) is the unique maximal ideal of A.

Proposition 5.16 If A is a local pseudo-MV algebra, then:
(1) D(A)* is a filter of A;
(2) D(AYND(A)* =0@.

Definition 5.6 A local pseudo-MV algebra A is called perfect if for any x € A,
ord(x) < o0 iff [ord(x ™) = 00 and ord(x™) = o0].
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Proposition 5.17 If A is a local pseudo-MV algebra, then the following are equiv-
alent:

(a) A is perfect;
(b) A=D(A)UD(A)*.

Definition 5.7 The intersection of all maximal ideals of a pseudo-MV algebra is
denoted by Rad(A) and it is called the radical of A.

Corollary 5.9

(1) If A is a local pseudo-MV algebra, then Rad(A) = D(A);
(2) A local pseudo-MV algebra A is perfect iff A =Rad(A) URad(A)*.

Proposition 5.18 If A is a perfect pseudo-MV algebra, then:
(1)

Rad(A)* = {x € A|ord(x) < 0o} = {x~ | x € Rad(A)}
= {x7 | x eRad(A)};

2) x©y=0forall x,y € Rad(A);
(3) ifx e Rad(A) and y € Rad(A)*, then x < y;
4) (Rad(A), &, 0) is a cancellative monoid.

Proposition 5.19 If A is a perfect pseudo-MV algebra, then Rad(A) is a normal
ideal of A.

Proof We have to prove that y ©® x~ € Rad(A) iff x~ © y € Rad(A).

Assume that y © x~ € Rad(A). If x~ © y ¢ Rad(A), then x™ © y € Rad(A)*.

Hence (x~ © y)~ € Rad(A), so y~ @ x € Rad(A).

Since x,y~ <y~ @ x, we get x, y~ € Rad(A), so x~, y € Rad(A)*. Because
Rad(A)* is a filter, it follows that y © x~ € Rad(A)* which is a contradiction, so
x~ ©yeRad(A).

Similarly, x™~ ® y € Rad(A) implies y © x~ € Rad(A).

Thus Rad(A) is a normal ideal of A. Il

Example 5.5 Let Z be the Abelian £-group of integers, G an £-group, go € G and
A=T(Z x1ex G, (1, g0)) where Z Xy G is the lexicographic product of Z and G.
One can easily prove that

A={0,8)1geGT}u{,8)1g<g} and DA)={0.g8)|geG"}.

Obviously, D(A) is an ideal of A, so A is a local pseudo-MV algebra.
Because ord((0, g)) = oo for all g € G and ord((1, g)) =2 for all g < go, we
conclude that A is a perfect pseudo-MV algebra.
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5.3 Archimedean Residuated Structures

The Archimedean property was stated by Archimedes in the following form: ... the
following lemma is assumed: that the excess by which the greater of (two) unequal
areas exceeds the less can, by being added to itself, be made to exceed any given
finite area” ([164]).

This is one of the most beautiful axioms of classical arithmetic.

In the case of the field of real numbers, the Archimedean property can be for-
mulated as follows: for any real numbers x and y with x > 0, there exists an n € N
such that nx > y.

The aim of this section is to extend the Archimedean property to the case of FL,,-
algebras. We will also define the hyperarchimedean FL,,-algebras, proving that ev-
ery hyperarchimedean FL,,-algebra is Archimedean and every locally FL,,-algebra
is hyperarchimedean.

We recall the notions of Archimedean £-groups, MV-algebras and pseudo-MV
algebras.

An €-group G is Archimedean if for 0 <x,y € G, nx <y for all n € N implies
x=0.

Proposition 5.20 (Theorem 6.1.32 in [108]) In any MV-algebra A the following
conditions are equivalent:

(a) Rad(A) ={0};

(b) nx <x~ forall n € N implies x = 0;

(c) nx <y~ foralln € Nimplies x Ny =0;

(d) nx <y foralln € Nimpliesx ©y=x,

where nx :==x1 @ - - ®x, withx;=---=x, =X.

Definition 5.8 An MV-algebra A is Archimedean in Dvurecenskij’s sense [108] if it
satisfies condition (b) of Proposition 5.20 and A is Archimedean in Belluce’s sense
[6] if it satisfies condition (d) of Proposition 5.20.

By Proposition 5.20 the two definitions of Archimedean MV-algebras are equiv-
alent.

Definition 5.9 ([97]) A pseudo-MYV algebra A is said to be Archimedean if the ex-
istence of na :==ay +ax +--- +a,, where ay =a, =--- =a, =a € A, for any
integer n > 1, entails that a = 0.

Theorem 5.8 (Theorem 4.2 in [97]) Any Archimedean pseudo-MV algebra is com-
mutative, that is, an MV-algebra.
Proposition 5.21 In any FL-algebra the following are equivalent:

(@) x">x7 Vvx" foranyn € Nimplies x = 1,
(b) x" >y~ vy~ foranyn € Nimpliesx vV y=1,
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() x" =y~ vy foranyn e Nimpliesx > y=x~y=yandy —>x=y~
X =x.

Proof

(a) = (b) Take x, y € A such that x” >y~ v y~ for any n € N.
By the properties of FL,,-algebras and by hypothesis we have:

(xVy) =x Ay <y <y vy =x"<(@xvy" and
vy T =xTAY Sy TSy vy T =X < (e vy,

hence (x Vy)" > (xVy)” V(xVy) foranyneN.
Thus by (a), we getx Vy =1.
(b) = (a) Consider x € A such that x” > x~ v x~ forany n € N.
Applying (b) fory =x we getx Vx =1, hence x = 1.
(b) = (c¢) Assume that x” >y~ vy~ forany n € N.
Applying (b), it follows that x v y = 1. But, for x, y € A we have:

xVy<[(x—=y) =y A[(y—x)~x],
xVy <[~y = y]A[(y~x) —x].
Since x v y = 1, it follows that:

[x >~ y]A[—>x)~x]=1 and
[(wa)—)y]A[(ywx)—)x]zl,

hence (x > y)~»y=1and (x ~y) —> y=1.
From (x — y) ~» y =1 we have x — y < y and taking into consideration that
y <x — y,weobtain x — y =y. Similarly, x ~» y = y.
In a similar way we can prove that y — x =y ~» x = x.
(¢c) = (a) Consider x € A such that x" > x~ v x™ for any n € N.
Applying (c) for y = x we get x — x = x, hence x = 1. 0

Definition 5.10 An FL,-algebra s called Archimedean if one of the equivalent con-
ditions from Proposition 5.21 is satisfied.

Example 5.6 Take A ={0,a,b,c, 1} where 0 <a < b, c < 1 and b, ¢ are incompa-
rable. Consider the operations ©, —, ~~ given by the following tables:

10 a b ¢ 1 — |0 a b ¢ 1 ~10 a b ¢ 1
0|0 0 0 0 O o1 1 1 1 1 o1 1 1 1 1
al0 0 0 a a alc 1 1 1 1 al|b 1 1 1 1
b|0 a b a b blc ¢ 1 ¢ 1 b |10 ¢ 1 ¢ 1
c|0 0 0 ¢ ¢ c |0 b b 1 1 c|b b b 1 1
110 a b ¢ 1 110 a b ¢ 1 110 a b ¢ 1
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Then (A, A, V,®, —,~,0, 1) is an FL,,-algebra.

We have:
Onzon_VOA':l\/lzl, n>1,
a"=0#%a"va =cvb=1 n=2,
b'=bFtb Vvb =cv0=c, n>1,
"=ctc veT=0vb=b, nx>lI,
1"=1>1"v17=0v0=0, n>1.

Obviously:a #a~ va~=cvb=1.

We conclude that, x” > x~ v x™ foralln € N, n > 1, implies x = 1. Hence A is
an Archimedean FL,-algebra.

Definition 5.11 If A is an FL,-algebra, then an element x € A is called
Archimedean if there is an n € N, n > 1, such that x* € B(A). An FL,,-algebra
A is called hyperarchimedean if all its elements are Archimedean.

Example 5.7 Consider the FL,,-algebra A from Example 3.4.
Since al2 =0¢€ B(A), it follows that a; is Archimedean.
By contrast, ag =ay ¢ B(A) foralln e N, n > 1, so a is not Archimedean.
Thus A is not a hyperarchimedean FL,,-algebra.

Proposition 5.22 Any locally finite FL,-algebra is hyperarchimedean.

Proof Let A be alocally finite FL,,-algebra and x € A. Hence there existsann € N,
n > 1, such that x” =0 € B(A). It follows that any element x of A is Archimedean,
so A is hyperarchimedean. d
Proposition 5.23 Any hyperarchimedean FL,,-algebra is Archimedean.

Proof Let A be a hyperarchimedean FL,,-algebra and x € A such that x" > x~ Vv
x~ for any n € N. Since A is hyperarchimedean, there exists an m € N, m > 1,
such that x € B(A). According to Proposition 3.17 it follows that x =1, so A is
Archimedean. g
Corollary 5.10 Any locally finite FL,-algebra is Archimedean.

Proof This follows from Propositions 5.22 and 5.23. 0
Example 5.8 Consider again the pseudo-MTL algebra A from Example 4.1. Since

"=c>0=c" v foral n>1 and ¢ # 1, it follows that A is not an
Archimedean pseudo-MTL algebra.
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Example 5.9 The pseudo-MTL algebra A from Example 3.5 is locally finite, so it
is Archimedean.

We give an example of an Archimedean pseudo-MTL algebra which is not a
chain and is not a hyperarchimedean pseudo-MTL algebra.

Example 5.10 Consider the pseudo-MTL algebra A from Example 4.5.
Since a*> =0 € B(A), it follows that a is Archimedean.
By contrast, b" =b ¢ B(A) foralln € N, n > 1, so b is not Archimedean.
Thus A is not a hyperarchimedean pseudo-MTL algebra.
We have:

0"=0#0"Vv0 =1vl=1, n=>1,
a"=0%a"va =bvce=1, n=>2,
b"=bF b vb =0vc=c, n>1,
"=ctc v =bv0=b, n>1

1"=1>1"v1"=0v0=0, n>1.

We conclude that, if x" > x~ vx~ foralln e N,n > 1, then x = 1.
Hence A is an Archimedean pseudo-MTL algebra.

Remark 5.7 By Examples 5.9 and 5.10 we have proved that, in general, an
Archimedean FL,-algebra is not commutative. This result seems to be important,
taking into consideration the known results in the case of other structures: any
Archimedean £-group is Abelian (Theorem 10.19 in [12]) and any Archimedean
pseudo-MV algebra is an M V-algebra, so it is commutative (Theorem 4.2 in [97]).

Remark 5.8 Obviously, an FL,,-algebra is Archimedean if it satisfies one of the
following equivalent conditions:

(a) x" = x~ for any n € N implies x = 1;
(b) x* >y~ forany n € Nimplies x Vy =1;
(¢) x* >y~ foranyn € N implies x - y =y and y —> x = x.

We will give below an example of Archimedean FL,,,-algebra.

Example 5.11 (Example 19.3.1 in [178]) Consider A = {0,a, b, c,d, 1} with 0 <
a <b,c<d <1 andb, c incomparable. Define the operations ©, — by the follow-
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ing tables:
10 a b ¢ d 1 - |0 a b ¢ d 1
0/0 0 0 0 0 O o1 1 1 1 1 1
al0 0 0 0 0 a ald 1 1 1 1 1
b{0 0 0 0 0 » b|ld d 1 d 1 1
c|0 0 0 0 0 ¢ cl|ld d d 1 1 1
d|{0 0 0 0 0 d d|d d d d 1 1
110 a b ¢ 1 1 110 a b ¢ d 1

Then (A, A, V, ®, —, 0, 1) is a proper bounded FL.,,-algebra.

Indeed, since (b — ¢) © b =0+# a =b A c, it follows that the condition (By) is
not satisfied, so A is neither a BL-algebra nor a divisible FL,,-algebra.

Moreover, (b — ¢) V (c = b) =d # 1, so A is not an MTL-algebra.

In fact, A is a bounded FL,,,-algebra with weak nilpotent minimum (WNM) and
(Cy) conditions:

(WNM):  xQy) " V[aAy—>@on]=1,
(Cv): xvy=[(x—= = y]A[0—x)—x]
We have:
0" =0£0 =1, n>1,
a"=0%a" =d, n>2,
B'=0%b"=d, n>2,
"=0%c"=d, n>2,
d"=0%Fd"=d, n>2,
1"=1>1"=0, n>1.

We conclude that, if x” > x~ foralln € N, n > 1, then x = 1. Hence A is an
Archimedean FL,,,-algebra.



Chapter 6
States on Multiple-Valued Logic Algebras

If a trial is governed by the laws of classical logic, then the set of its associated
events has the structure of Boolean algebra and based on this principle classical
probability theory was developed. A probability (Boolean state) on a Boolean alge-
bra (B, A, Vv, —,0, 1) is a function m : B —> [0, 1] such that:

mxvVvy)=mkx)+m(y), ifxAy=0;
m(l)=1.

In order to develop a probability theory starting from a logical system, it is nec-
essary to solve two problems:

— to establish an algebraic structure on the set of events;
— to define an appropriate notion of probability (state).

The sets of events will always have the structure of the Lindenbaum-Tarski alge-
bra associated to the logical system, however establishing a sound notion of proba-
bility is more difficult. In the classical case the definition of probability is based on
the existence of a binary additive operation: the Boolean join V in the case of prob-
abilities defined on Boolean algebras and the MV-sum & in the case of probabilities
on MV-algebras. If the algebras of events are not endowed with this kind of sum,
then we can approach the problem in two ways:

(i) by defining a pseudo-sum which satisfies some of the usual properties of the
sum, and by defining the probability by the “additivity” property;

(ii) by stipulating some rules which determine how the probability behaves relative
to certain event operations (such as implication).

Approach (i) was taken by Riecan in [245] and this led to the Riecan states
on pseudo-BL algebras ([131]), bounded R¢-monoids ([110, 111]), FL,,-algebras
([49]) and bounded pseudo-BCK algebras ([52, 67]).

Approach (ii) was used in the above mentioned papers to define the Bosbach
states based on the implication operations on pseudo-BL algebras, bounded R¢-
monoids, FL,,-algebras and bounded pseudo-BCK algebras, respectively.
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© Springer International Publishing Switzerland 2014
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The states on £-groups with strong unit are studied in [155].
A state on an £-group (G, u) with strong unit u is a function s : G — R such
that:

s(g1+g2)=s(g1) +s(g2) forall g1, 8 €G;
s(g) >0 forallgeG™T;

g(l)=1.

It is known that any Abelian ¢-group (G, u) with strong unit # possesses at least
one state (Sect. 4 in [155]).

The states on an MV-algebra (A, @, ~, 0) were first introduced by D. Mundici
in [230] as an averaging of the truth-value in Lukasiewicz logic. A state on an MV-
algebra is defined as a function s : A — [0, 1] satisfying the conditions:

s(1)=1 (normality);
sx@®y)=sx)+s(y), ifxOy=0 (additivity),

where x O y=x"dy ) .

There exists a bijective correspondence between the set of states on an MV-
algebra and the set of states on (G, u), where (G, u) is an fu-group such that
I'(G,u) = A (Theorem 15.2.10 in [89]). As a consequence, every MV-algebra ad-
mits at least one state.

The states on MV-algebras have been entirely studied in [203, 249, 250].

In the case of non-commutative structures, the states were first introduced for
pseudo-MV algebras in [96] and it was proved that any linearly ordered pseudo-
MYV algebra possesses a unique state and that there exists a pseudo-MV algebra
having no states on it.

The notion of a Bosbach state on pseudo-BL algebras was defined in [131] using
an identity studied by Bosbach in residuation groupoids ([17]). The Riecan state
was also defined on a good pseudo-BL algebra in [131], which extends the additive
measures introduced by Riecan for BL-algebras in [245]. It was proved that every
Bosbach state is a Riecan state, but the converse was an open question. It was also
proved in [131] that the existence of a state-morphism on a pseudo-BL algebra is
equivalent to the existence of a maximal filter which is normal. Based on this result,
in [98] it was proved that every linearly ordered pseudo-BL algebra admits a state.
The notion of state was extended in [111] to the case of bounded R¢-monoids and
it was shown that the Bosbach and Riecan states on good R¢-monoids coincide.
In [208] the states on a pseudo-BCK semilattice were defined and it was proved
that any Bosbach state on a good pseudo-BCK semilattice is a Riecan state, but the
converse is not true.

In this chapter we will present the notion of a state for pseudo-BCK algebras
([52, 67]). One of the main results consists of proving that any Bosbach state on a
good pseudo-BCK algebra is a RieCan state, but the converse turns out not to be true.
Some conditions are given for a Riecan state on a good pseudo-BCK algebra to be
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a Bosbach state. In contrast to the case of pseudo-BL algebras, we show that there
exist linearly ordered pseudo-BCK algebras having no Bosbach states and that there
exist pseudo-BCK algebras having normal deductive systems which are maximal,
but having no Bosbach states.

Some specific properties of states on FL,-algebras, pseudo-MTL algebras,
bounded R¢-monoids and subinterval algebras of pseudo-hoops are proved.

A special section is dedicated to the existence of states on the residuated struc-
tures, showing that every perfect FL,,-algebra admits at least a Bosbach state and
every perfect pseudo-BL algebra has a unique state-morphism.

Finally, we introduce the notion of a local state on a perfect pseudo-MTL algebra
and we prove that every local state can be extended to a Riecan state.

Many results in this and the following chapters are based on the notion of the
standard M V-algebra.

The standard MV-algebra, denoted [0, 1]g, is the interval [0, 1] of reals, equipped
with the operations:

X @, y :=min{x + y, 1}, x Op y:=max{x +y— 1,0},

x Ay :=min{x, y}, x Vy:=max{x, y},

x —>py:=x" @py=min{l —x +y, 1} (Lukasiewicz implication),
x x> 0=1-—ux,

for all x,y € [0, 1].

6.1 States on Bounded Pseudo-BCK Algebras

Definition 6.1 A Bosbach state on a bounded pseudo-BCK algebra A is a function
s : A —> [0, 1] such that the following conditions hold for any x, y € A:

(B1) s(x)+s(x —> y)=s)+s(y— x);
(B2) s(x) +s(x~y)=s(y) +s(~x);
(B3) s(0)=0ands(1) =1,

where + is the usual addition of real numbers.

Example 6.1 Consider the bounded pseudo-BCK lattice A; from Example 1.16.
The function s : A} — [0, 1] defined by: s(0) :=0, s(a) =s(b) =s(c) =s(d) =
s(1) :=11is a unique Bosbach state on Aj.

Now we present an example of a bounded linearly ordered pseudo-BCK alge-
bra having a unique Bosbach state. On the other hand, not every linearly ordered
pseudo-BCK algebra admits a Bosbach state (see Example 6.6).

Example 6.2 Consider the bounded pseudo-BCK lattice A from Example 4.4. The
function s : A — [0, 1] defined by: s(0) :=0, s(a) =s(b) =s(c) =s(1):=1isa
unique Bosbach state on A.
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Not every bounded pseudo-BCK algebra has Bosbach states.

Example 6.3 Consider the bounded pseudo-BCK lattice A from Example 1.3. One
can prove that A has no Bosbach states. Indeed, assume that A admits a Bosbach
state s such that s(0) =0, s(a) =«, s(b) =B, s(c) =y, s(1) = 1. From s(x) +
s(x—>y)=s(y)+s(y—x),takingx=a,y=0,x=>b,y=0,and x =c, y =0,
respectively, we geta =1, =0,y = 1.

On the other hand, taking x =b, y =0 1in s(x) + s(x ~> y) =s(y) + s(y ~> x)
we get 84+ 0=0+ 1, so 0 =1 which is a contradiction. Hence A does not admit a
Bosbach state.

Proposition 6.1 Let A be a bounded pseudo-BCK algebra and s be a Bosbach state
on A. Forall x,y € A, the following properties hold:

D) s(y—=>x)=14sx) —s@)=s(y~x) and s(x) <s(y) whenever x <y,
(2) s(xVviy)=s(yVvix)ands(xVay)=s(yVa2x);

(B) s(xviy ) =sxTTViIy Dands(x Vay ) =s(x"T Vay )

@) sx™"Vviy)=stxVviy Tands(xTT Vay)=s(xVay )

(5) s(x™ ) =s5(x)=s5("7);

®) sx)=1—-sx)=sx").

Proof

(1) This is straightforward.

(2) By Proposition 1.7 and property (1), we have s(x — y) =s(x V1 y = y) =
I+s(y)—s(xVviy)ands(y > x)=s(yVix > x)=14+sx) —s(y V1 x).

Thens(x —> y)=s(y)+s(y > x) —sx)=s(y)+1+sx)—s(y Vi x) —

s(x) proving s(x V1 y) =s(y V1 x). Similarly, s(x V2 y) =s(y V2 x).

(3) This follows from Proposition 1.6.

(4) This follows from (2) and (3).

(5) Since x™~ =x V10, by (2) we have

s(x_N) =s(xVvi0)=5s0Vvix)= s((O —X) wx) =s(x).

In a similar way, we have s(x) =s(x"~ 7).
®6) sx)=s(x—>0)=50)—sx)+5sO0—>x)=1-—sx).
Similarly, s(x™) =1 — s(x). U

Proposition 6.2 Let A be a bounded pseudo-BCK algebra and let s : A — [0, 1]
be a function such that s(0) =0, s(x V1 y) =s(y V1 x) and s(x V2 y) =s(y V2 x)
forall x,y € A. Then the following are equivalent:

(a) s is a Bosbach state on A,

d) forallx,ye A,y <x impliess(x - y)=s(x ~y)=1—sx)+s(y);

(c) forallx,ye A,s(x > y)=1—s(x Vi y)+s)ands(x ~y)=1—s5(x V3
) +s(y).
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Proof

(a) = (b) This follows from Proposition 6.1(1).
(b) = (c¢) This follows from the inequalities x, y <x Vi yand x,y <x V7 y.
(c) = (a) Using (c), we get:
s)+s(x—>y)=s@)+1-sxViy)+s(y)
=1=s(Vix)+s)+s@)=s)+sQy—x).

Similarly,
s()+s(x~=y)=s)+1-sxV2y)+s()
=1=s(Vax)+s)+s)=s(y)+s(y~x).
Moreover, by (c) we have:
s(D=s(x—x)=1—sx)+sx)=1.

Thus s is a Bosbach state on A. O

Proposition 6.3 Let A be a bounded pseudo-BCK algebra and s be a Bosbach state
on A. Forall x,y € A, the following properties hold:

(D s =>y)=sx—>y Dands(x"T ~y)=s(x ~y"7);

2)sx =y )=s(y wx)=s(x"" >y )=sx"" —>y) and s(x ~
Y T) =857 > xT)=s(xXTT Yy ) =s(xTT ~y);

B) s(xT =y ) =sxT > y)and s(xT > yTT) =s(xT ~ ).

Proof

(1) Using Propositions 6.2(c) and 6.1(4), we have:

s(xT > y)=1-s(x""Vviy)+s()
=1-s(xVviy " )+s( ) =s(x—>y").

~— —

Similarly, s(x™ 7 ~> y) =s(x ~> y7 7).
(2) This follows by (psbck-c19) and (1).
(3) Applying Proposition 6.1(4) we get:

STy ) =1=s(xTVviyT ) +s(T) =1 =s(xTTT Vi y) +s(p)
=1- s(xw Vi y) +5(y) :s(xN — y).
Similarly, s(x™ ~» y77) =5(x~ ~ y). =

Proposition 6.4 Let s be a Bosbach state on a bounded pseudo-BCK algebra A.
Then for all x,y € A, we have:
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(1) s(xVviy) =sxVay);
(2) sx = y)=s(x~y).
Proof

(1) First we prove the equality for y < x. Applying Propositions 6.1(2) and 1.5(4),
we have s(x V1 y) =s(y V1 x) =s(x) and s(x V2 y) = s(y V2 x) = s(x), that
is, s(x V1 y) =s(x Va2 y).
Assume now that x and y are arbitrary elements of A. Using Proposi-
tion 6.1(2) again and the first part of the proof, we have

s(xviy)=s(xVvi(xVviy)=s((xVviy Vix)

= s((x V1Y) Va x) >s(y Vo x)

=s(xVay) =s(y Vo (x Vo y))

=s((xVvay)Viy) =sxViy).
(2) This follows immediately from Proposition 6.2(c) and the first equation. O
Proposition 6.5 Let s be a Bosbach state on a bounded pseudo-BCK algebra A.
Then for all x,y € A, we have:
D) s =y )=s(7 > x"7)
2) sxT =y )=s(y"T > x"7).
Proof
(1) By (psbck-c15) we have x~ ~» y~ <y~ — x~ 7, so by Proposition 6.4(2) and

Proposition 6.1(1) it follows that:
s(x_ — y_) = s(x_ ~> y_) < s(y_w — x_N) < s(x_w_ ~ y_w_)
= s(x_ ~ y_) =s(x_ — y_).
Thus s(x™ >y ) =s(y" " —x 7).

(2) Similar to (1). O
Proposition 6.6 Let s be a Bosbach state on a bounded pseudo-BCK algebra A.
Then for all x,y € A, we have:
(1) s(x—=>y)=s&x™" =y )
(2) s(x~y)=s(x"" ~yT7). O
Proof
(1) By Proposition 6.3(2) we have s(x — y~ ) =s(x~~ — y~ 7).

From y <y~ and (psbck-c10) we get x — y <x — y~ ", hence

s(x > y) < s(x — y_w) =s(x_ N y‘”)_
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On the other hand, by x <x~" and (psbck-c1) we have x™~ — y <x — y,
so using Proposition 6.3(2) again we get

s(xTT oy ) =s(xTT > y) <sx > ).

We conclude that s(x — y) =s(x™"~ — y~ ™).
(2) Similar to (1). 0

Definition 6.2 Let A be a bounded pseudo-BCK algebra. A state-morphism on A
is a function m : A —> [0, 1] such that:

(SM1) m(0) =0;
SM3) m(x — y)=m(x ~y)=m(x) > m(y) forall x,y € A.

Proposition 6.7 Every state-morphism on a bounded pseudo-BCK algebra A is a
Bosbach state on A.

Proof 1t is obvious that m(1) = m(x — x) =m(x) > m(x) = 1.
We also have:

m(x) +m(x — y) = m(x) + m(x) =g m(y) =m(x) +min{1 —m(x) +m(y), 1}
=min{l +m(y), 1 +m(x)}
=m(y) + min{1 — m(y) + m(x), 1}
=m(y) +m(y) »pm(x) =m(y) +m(y — x).

Similarly, m(x) + m(x ~ y) = m(y) +m(y ~ x).
Thus s is a Bosbach state on A. O

Proposition 6.8 Let A be a bounded pseudo-BCK algebra. A Bosbach state m on
A is a state-morphism if and only if:

m(x Vi y) = max{m(x), m(y))
forall x,y € A, or equivalently,
m(x Vay)= max{m(x), m(y)}

forall x,y € A.

Proof In view of Proposition 6.4, the two equations are equivalent. If m is a state-
morphism on A, then by Proposition 6.7, m is a Bosbach state.
Using the relation m(x — y) =1 —m(x V1 y) +m(y), we obtain:

m(x Viy)=1+m(y) —mx = y)=1+m(y) — (mx) - m())
=1+m(y) —min{l —m(x) +m(y), 1}
=14+m(y)+ max{—l +m(x) —m(y), —1} = max{m(x), m(y)}.
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For the converse, assume that m is a Bosbach state on A such that
m(x Viyy)= max{m(x), m(y)} forall x,y € A.
Then, again using the relation m(x — y) =1 —m(x V1 y) +m(y), we have:

mx —y)=1+m(y) —max{m(x),m(y)}
= 1+ m(y) +min{—m(x), —m(y)}
=min{l —m(x) + m(y), 1} =m(x) > m(y).

Similarly, m(x ~> y) =m(x) —¢ m(y).
Thus m is a state-morphism on A. g

Example 6.4 Consider the pseudo-BCK algebra A = {0, a, b, c, 1} from Exam-
ple 1.11. The function m : A — [0, 1] defined by:

m(0) :=0, m(a) =mb)=m(c)=m(l):=1

is a unique Bosbach state on A.
In addition, m(x V| y) = m(x Vo y) = max{m(x), m(y)} for all x, y € A, hence
m is also a state-morphism on A.

The set Ker(s) :={a € A | s(a) = 1} is called the kernel of the Bosbach state s
on A.

Proposition 6.9 Let A be a bounded pseudo-BCK algebra and let s be a Bosbach
state on A. Then Ker(s) is a proper and normal deductive system of A.

Proof Obviously, 1 € Ker(s) and 0 ¢ Ker(s).
Assume thata,a — b € Ker(s). Wehave 1 =s5(a) <s(aVvib),sos(aVvib)=1.
It follows that 1 =s(a — b) =1 —s(a V| b) + s(b) = s(b).
Hence b € Ker(s), so Ker(s) is a proper deductive system of A.
By Proposition 6.4(2), s(a ~» b) = s(a — b), and this proves that Ker(s) is nor-
mal. U

Lemma 6.1 Let s be a Bosbach state on a bounded pseudo-BCK algebra A
and K = Ker(s). In the bounded quotient pseudo-BCK algebra (A/K, <, —, ~>,
0/K,1/K) we have:

(1) a/K <b/K iff s(a— b)=1iff s(a V1 b) =s() iff s(a V2 b) = s(b);
2) a/K =b/K iff s(a—b)=sb—a)=1iffs(a) =sb) =s(a V1 b) iff s(a ~
by=sb~a)=1Iiffsa)=sb)=s(aVva2b).
Moreover, the mapping § : A/K — [0, 1] defined by §(a/K) :=s(a) (a € A)
is a Bosbach state on A/K.
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Proof

(1) It follows easily that: a/K <b/K iff (a - b)/K =a/K - b/K =1/K =K
iffa >beKiff s(a— b)=1.
Ass(a—b)=1—s(avib)+sb),wegeta/K <b/K iff s(aVvib) =s(b).
Similarly, a/K < b/K iff (a ~ b)/K =a/K ~b/K =1/K = K iff a ~
beK iff s(a~b)=1.
Ass(@a~b)=1—s(aVvab)+s(b),wegeta/K <b/K iff s(aV,b) =s(b).
(2) This follows easily from (1).

The fact that § is a well-defined Bosbach state on A/K is now straightforward.
O

Proposition 6.10 Let s be a Bosbach state on a bounded pseudo-BCK algebra A
and let K = Ker(s). For every element x € A, we have

x 7/K=x/K=x""/K,
that is, A/ K satisfies the (pDN) condition.

Proof We have x < x~ 7. By the definition of a Bosbach state and Proposi-
tion 6.1(5), we have

s(x_N — x) =s5(x) —I—s(x — x_N) - s(x_w) =s(x — x_w) =s()=1.
Hence x™7/K = x/K. In a similar way, we prove the second equality. U

Remark 6.1 Let s be a Bosbach state on a bounded pseudo-BCK algebra A. Ac-
cording to the proof of Proposition 6.10, we have

s(x*”—>x)=1:s(xwf—>x) and s(xfwwx)zlzs(xwfwx).

Proposition 6.11 Let s be a Bosbach state on a bounded pseudo-BCK algebra A.
Then A/K is Vi-commutative as well as Vo-commutative, where K = Ker(s). In
addition, A/K is a V-semilattice and good.

Proof Since s is a Bosbach state, A/K is a pseudo-BCK algebra.
We denote x/K by X, x € A. Then §, defined by §(a) :=s(a) (a € A), is a
Bosbach state on A/K.

(1) We show thatif x <y,thenxVviy=y=yVyx.
By Proposition 1.5(4), we have x V| y = y.
We have to show that s((y Vi x) = y) = 1.
By Proposition 6.1(1), we have

sVIX)=s((y = x)wx) =5 = X)) ~x) =145 - 857 — )
=143@) —[1+5X) =53] =53) =s().
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Therefore, using Proposition 6.1(2),

s(hVvix) > y)=5((GVix)—>y)=143503) =57 Vi X)
=14+5@) —SEV1 ) =14+5F) —-§G) =1.

Hencex Viy=y=y Vi
(2) Now we show that X v y =
By (1), we have

X holds for x < y.
y V1 X holds for all x, y € A.

XVIy=XxVi(AViy)=&EViy)Vix=yVvix=yVi(yViXx)
=(VIX)VIYy=X VY.

Hence x vi y =y vy x for all x,y € A. This implies that A/K is Vvi-
commutative. In a similar way we prove that A/K is V,-commutative, that is,
A/K is sup-commutative. By Theorem 1.2, A/K is a V-semilattice. Moreover,
according to Proposition 6.10, A/K is good. O

An MV-state on an MV-algebra A is a mapping s : A — [0, 1] such that s(1) =1
and s(a @ b) = s(a) + s(b) whenever a © b = 0. Every MV-algebra admits at least
one MV-state, and due to [131], every M V-state on A coincides with a Bosbach state
on the BCK algebra A and vice versa.

We note that the radical, Rad(A), of an MV-algebra A is the intersection of all
maximal ideals of A ([41]).

Theorem 6.1 Let s be a Bosbach state on a bounded pseudo-BCK algebra A and
let K =Ker(s). Then (A/K,®, ~,0/K), where

a/KGBb/K::(aN—MJ)/K and (a/K)” :=a /K,

is an Archimedean MV-algebra and the map §(a/K) := s(a) is an MV-state on this
MV-algebra.

Proof By Propositions 6.10 and 6.11, A/K is a good pseudo-BCK algebra that
is a V-semilattice and § on A/K is a Bosbach state such that Ker(s) = {1/K}. By
Proposition 3.4.7 in [208], (A/K)/ Ker(§) is term-equivalent to an M V-algebra, that
is, it is Archimedean and § is an M V-state on it.

Since A/K = (A/K)/Ker(8), the same is also true for A/K, and this proves the
theorem. O

We recall that if a bounded pseudo-BCK algebra A is good, in view of Proposi-
tion 1.24, we can define a binary operation @ viax @y =x" — y~ " =y ~»x" "
that corresponds to an “MV-addition”. And for any pseudo-MV algebra A we know,
[96], that an MV-state is a state-morphism iff m(a @ b) = m(a) &y m(b) for all
a, b € A. Inspired by this we can characterize state-morphisms as follows.
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Lemma 6.2 Let m be a Bosbach state on a bounded pseudo-BCK algebra A. The
following statements are equivalent:

(a) m is a state-morphism,
(b) m(@™ — b™7) =min{m(a) + m(b), 1} forall a,b € A;
(c) m(b™ ~»a”~7)=min{m(a) +m(b), 1} foralla,b € A.

Proof

(a) = (b) Assume that m is a state-morphism on A. Since m is a Bosbach state, by
Proposition 6.3(3) we have

m(a@~—b"")=m(a” - b)=m(a”) > mb)
=m(a)” —¢ m(b) =min{m(a) + m(b), 1}.
(b) = (a) Applying Proposition 6.6 and (b) we have
m(a—>b)y=m(a™~ —b"")=min{m(a”) + m®), 1}
= min{1 —m(a) +m(b), 1} =m(a) - m(@).

Similarly, m(a ~» b) = m(a) —¢. m(b).
Moreover, taking a = b =0 in (b) we get m(0) =0.
Hence m is a state-morphism.

In the same way we can prove that (a) < (c). [l

Proposition 6.12 Let s be a Bosbach state on a bounded pseudo-BCK algebra A.
The following are equivalent:

(a) s is a state-morphism;
(b) Ker(s) is a normal and maximal deductive system of A.

Proof

(a) = (b) We will follow the idea used in Proposition 3.4.10 in [208].

Let s be a state-morphism. We show that [Ker(s) U {a}) = A for any a ¢ Ker(s).
Take a ¢ Ker(s) and an arbitrary x € A. Since [0, 1] is a simple MV-algebra and
s(a) # 1, it follows that [s(a)) = [0, 1], so s(a) =" s(x) = 1 for some n € N.
But we have s(a) —" s(x) = s(a =" x) and hence a —" x € Ker(s).

Now, l =(a =" x)~ (a@a—=>"x)=a—" ((a >" x) ~ x), where a,a ->" x €
Ker(s) U {a}, which means that x € [Ker(s) U {a}). Thus [Ker(s) U {a}) = A,
proving that Ker(s) is a maximal deductive system of A.

(b) = (a) Let K = Ker(s). According to Theorem 6.1, A/K = (A/K)/Ker(s) is a
BCK algebra that is term equivalent to an MV-algebra. Assume F is a deductive
system of A/K and let K(F) ={a € A|a/K € F}. Then K(F) is a deduc-
tive system of A containing K. The maximality of K implies K = K (F) and
F ={1/K}. By Theorem 6.1, A/K can be assumed to be an Archimedean MV-
algebra having only one maximal deductive system, {1/F}. Therefore A/K is
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an MV-subalgebra of the MV-algebra of the real interval [0, 1]. This yields that
the mapping a — a/K (a € A) is the Bosbach state s that is a state-morphism.
O

Lemma 6.3 Let m be a state-morphism on a bounded pseudo-BCK algebra A and
K =Ker(m). Then:

a/K <b/K ifandonlyif m(a) <m(b);
a/K =b/K ifandonlyif m(a)=m(b).

Proof By Proposition 6.7 it follows that m is a Bosbach state on A. Applying
Lemma 6.1, a/K <b/K iff m(b) =m(a V1 b).

But m(a V1 b) = max{m(a), m(b)} and hence m(a) < m(b).

The second assertion follows from the first one. O

Proposition 6.13 Let m be a state-morphism on a bounded pseudo-BCK algebra A.
Then (m(A), @, —,0) is a subalgebra of the standard MV-algebra ([0, 1], ®, ~, 0)
and the mapping a/ Ker(m) — m(a) is an isomorphism of A/ Ker(m) onto m(A).

Proof Since m is a state-morphism, it is a homomorphism of (A, —, ~+, 0, 1) onto
(m(A), -, —,0,1). Hence A/ Ker(m) = m(A). 0

Proposition 6.14 Let A be a bounded pseudo-BCK algebra and m1, my be two
state-morphisms such that Ker(m1) = Ker(my). Then m; = my.

Proof The assertion holds in the case of pseudo-MV algebras (Proposition 4.5 in
[96]).

By Proposition 6.7, m1 and mj are two Bosbach states. The conditions yield
A/Ker(m;) = A/Ker(my), and as in the proof of Proposition 6.12, we have that
A/ Ker(m) is in fact an MV-subalgebra of the M V-algebra of the real interval [0, 1].
But Ker(m1) = {1/K} = Ker(i,). Hence, by Proposition 4.5 in [96], | = iy,
consequently, m| = my. O

Definition 6.3 Let A be a bounded pseudo-BCK algebra. We say that a Bosbach
state s is extremal if for any 0 < A < 1 and for any two Bosbach states s, s2 on A,
s = As1 4+ (1 — A)sp implies 51 = s5.

Summarizing the previous characterizations of state-morphisms, we have the fol-
lowing result.

Theorem 6.2 Let s be a Bosbach state on a bounded pseudo-BCK algebra A. Then
the following are equivalent:

(a) s is an extremal Bosbach state;
®) s(x v1y) =max{s(x),s(y)} forallx,y € A;
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(c) s(x vay)=max{s(x),s(y)} forallx,y € A;
(d) s is a state-morphism;
(e) Ker(s) is a maximal deductive system.

Proof The equivalence of (b)—(e) was proved in Propositions 6.8 and 6.12.

(d) = (a) Let s = As; + (1 — X)so, where 51, sp are Bosbach states and 0 < A < 1.
Then Ker(s) = Ker(s;) N Ker(sy) and the maximality of Ker(s) gives that
Ker(s1) and Ker(s,) are maximal and normal deductive systems. (e) yields that
s1 and s, are state-morphisms and Proposition 6.14 entails s; = 53 = s.

(a) = (d) Lets be an extremal state on A. Define § by Lemma 6.1 on A/ Ker(s). We
assert that § is an extremal MV-state on the MV-algebra A/ Ker(s). Indeed, let
m=2iu;+ (1 —2A)uo, where 0 < A < 1 and | and u; are states on A/ Ker(s).
There exist two Bosbach states s; and s> on A such that s;(a) := u;(a/Ker(s)),
a € A fori=1,2. Then s = As; + (1 — A)sp which gives 51 = s, = s, thus
1 =y =5. Since A/ Ker(s) is in fact an MV-algebra, we conclude from The-
orem 6.1.30 in [108] that § is a state-morphism on A/ Ker(s). Consequently, so
is s on A. (The equivalence (a) < (d) was proved in Theorem 6.1.30 in [108]
for the case of bounded commutative BCK-algebras, hence it also holds for MV-
algebras.) U

We present the following characterization of the existence of Bosbach states on
a bounded pseudo-BCK algebra.

Theorem 6.3 Let A be a bounded pseudo-BCK algebra. The following statements
are equivalent:

(a) A admits a Bosbach state,

(b) there exists a normal deductive system F # A of A such that A/ F is termwise
equivalent to an MV-algebra;

(c) there exists a normal and maximal deductive system F such that A/F is
termwise equivalent to an MV-algebra.

Proof

(a) = (b) If m is a Bosbach state, then, according to Theorem 6.1, the normal de-
ductive system F = Ker(m) satisfies (b).

(b) = (a) If A/F is an MV-algebra, then it possesses at least one M V-state, say (.
The function m(a) := u(a/F) (a € A) is a Bosbach state on A.

(@) = (c) If A possesses at least one state, by the Krein-Mil’man Theorem,
0. BS(A) = SM(A) # (. Then there is a state-morphism m on A and by The-
orem 6.2(e), the deductive system F = Ker(m) is maximal and normal, so by
Theorem 6.1, F satisfies (c).

(c) = (a) The proof is the same as that of (b) = (a). Il

Remark 6.2 In the case of pseudo-BL algebras and bounded R¢-monoids the exis-
tence of a state-morphism is equivalent to the existence of a maximal filter which is
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normal (see [131] and [110], respectively). This result is based on the fact that, if A
is one of the above mentioned structures and H is a maximal and normal filter of A,
then A/H is an MV-algebra.

In the case of pseudo-BCK algebras this result is not true, as we can see in the
next examples.

Example 6.5 Consider the bounded pseudo-BCK algebra A = {0, a, b, 1} with
— =~~ given by the following table:

-~ ol
[N e =)
QI = =R
[ ]
[ W G — -

Then F = {1} is a unique proper deductive system of A. Moreover, F is evidently
normal. But A = A/{1} is not an MV-algebra and in view of Theorem 6.3, A has no
Bosbach states.

Example 6.6 Consider A = {0,a,b,c, 1} with 0 <a < b < ¢ < 1 and the opera-
tions —, ~» given by the following tables:

—- 10 a b ¢ 1 ~10 a b ¢ 1
o1 1 1 1 1 o1 1 1 1 1
al|lb 1 1 1 1 al|b 1 1 1 1
b |b ¢ 1 1 1 b|b b 1 1 1
c |0 a b 1 1 c |0 b b 1 1
110 a b ¢ 1 110 a b ¢ 1

Then (A, <, —,~»,0,1) is a good pseudo-BCK lattice. But there is no Bosbach
state on A. Indeed, assume that A admits a Bosbach state s such that s(0) = 0,
s@)=a,s(b)=4,s(c)=y,s(1)=1.Froms(x) +s(x = y) =s) +s(y = x),
taking x =a, y=0,x =b, y=0and x = ¢, y =0, respectively we get o« = 1/2,
B =1/2, y = 1. On the other hand, we have:

s@)+s@a~~b)y=s@+s(1)=1/24+1=3/2,
s(b)+sb~~a)=sb)+sb)=1/2+1/2=1,

so condition (B;) does not hold.
Thus there is no Bosbach state, in particular, no state-morphism on A.

Remark 6.3 The previous Examples 6.5 and 6.6 of bounded linearly ordered state-
less pseudo-BCK algebras exhibit another difference between bounded pseudo-
BCK algebras and bounded pseudo-BL algebras since every linearly ordered
pseudo-BL algebra admits a Bosbach state (see [98, 104]).
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Remark 6.4 We say that a net of Bosbach states {sy } converges weakly to a Bosbach
state s if s(a) = limy, s (a) for every a € A. According to the definition of Bosbach
states, the set of Bosbach states is a (possibly empty) compact Hausdorff topological
space in the weak topology.

Extremal Bosbach states are very important because they generate all Bosbach
states: by the Krein—Mil’man Theorem, Theorem 5.17 in [155], every Bosbach state
is a weak limit of a net of convex combinations of extremal Bosbach states.

Let BS(A), 0.BS(A) and SM(A) denote the set of all Bosbach states, all ex-
tremal Bosbach states, and all state-morphisms on (A, <, —, ~», 0, 1), respectively.

Theorem 6.2 says

9. BS(A) =SM(A)
and they are compact subsets of BS(A) in the weak topology.

Let A be a bounded pseudo-BCK algebra and x, y € A. We recall that x is or-
thogonal to y, denoted x L y, iff x™~ < y™ (see Definition 1.11). If x L y, we
define a partial operation + on Abyx +y:=x®y=y" — x" .

Definition 6.4 Let A be a good pseudo-BCK algebra. A Riecan state on A is a
function s : A — [0, 1] such that the following conditions hold for all x, y € A:

(Ry) ifx Ly, thens(x +y) =s(x)+s(y);
(Ry) s(1)=1.

The notion of a RieCan state extends the additive measures introduced by Riecan
for BL-algebras ([245]).

Proposition 6.15 If s is a Riecan state on a good pseudo-BCK algebra A, then the
following properties hold for all x, y € A:

(D sGx7)=sx7)=1-s(x);

(2) s(0)=0;

(B sGx™ ) =sx"T)=s(x"T) =s(x"T) =s5(x);

@ ifx<y,thens(x)<s()ands(y > x " )=s(y~x"")=1+sx) —s(y);

B) s(xVviy) = x ) =s((xViy)~»x"T)=1—-s(xV1y)+sx)and s((x V2
Y)=>xT ) =s((x V2 y) »~xTT)=1—s(x Vay) +sx);

6) s(xVviy) =y )=s((xVviy)~y )=1=s(xViy) +s(y) ands((x V2
Y=y ) =s((xVay)~y ) =1=sxVay)+sO).

Proof

(1) Sincex Lx~ andx+x~ =1,wehave: s(x) +s(x7)=s(1)=1,s0s(x7) =
1 —s(x). Similarly, s(x™) =1 — s(x).

(2) This follows from the fact that 0 1. 0 and 0 + 0 =0.

(3) Applying the fact that x L 0 and x + 0 =x"", we get s(x) = s(x~ ) and
similarly the other equalities.

(4) Since x <y,itfollowsthatx L y" andx+y =y —x"".
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Hence s(x) +s(y7 ) =s(y > x"7),s05(x) —s(y)=s(y >x" ") —-1=<0,
thatis, s(x) <s(y). Wegets(y > x~ ) =14+s(x) —s(y).
Similarly, from x <y we have y~ L x and y~ +x =y ~»x~ and we get

s(y wxwf) =1+s5x)—s().

(5) This follows from (4), since x <x Vi yand x <x Vo y.
(6) This follows from (4), since y <x Vviyandy <x Vj y. U

Theorem 6.4 Any Bosbach state on a good pseudo-BCK algebra is a RieCan state.

Proof Let A be a good pseudo-BCK algebra and s be a Bosbach state on A. Assume
x Ly, thatis, x7~ <y~.Wehave: s(y"7) + s~ > x ) =sx" ") +sx" —
y7).Since s(x™" >y ) =1, wegett 1 —s(y) +sO" —>x ) =s5x)+ 1, so
s = xTT) =s5(0) +5(y).

Thus s(x ® y) =s(x) + s(y).

Since by hypothesis s(1) = 1, it follows that s is a RieCan state on A. 0

Remark 6.5 The converse is not true in general, as we can see in the next example,
which shows that there exists a Riecan state on a good pseudo-BCK algebra A that is
not a Bosbach state. Moreover, the good pseudo-BCK algebra A from this example
has no Bosbach states.

Example 6.7 Consider A = {0,a,b,c, 1} with 0 <a < b < c < 1 from Exam-
ple 6.6. Then (A, <, —,~+,0,1) is a good pseudo-BCK algebra. The function
s : A —> [0, 1] defined by

s(0):=0, s(@):=1/2, s®):=1/2, s@):=1, s(l):=1

is a unique Riecan state. Indeed, the elements x, y € A with x L y are those given
in the table below:

X y x y xX+y
0 0 O 1 0
0 a O b b
0 b O b b
0 ¢ O 0 1
0 1 0 0 1
a 0 b 1 b
a a b b 1
a b b b 1
b 0 b 1 b
b a b b 1
b b b b 1
c 0 1 1 1
1 0 1 1 1
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On the other hand, as was shown in Example 6.6, A has no Bosbach states.
We can see that the kernel of s is the set {c, 1}, which is a deductive system but
not normal.

Example 6.8 The bounded pseudo-BCK algebra A in Example 6.5 has no Bosbach
states, but the function s : A — [0, 1] such that s(0) :=0, s(a) = s(b) :=1/2 and
s(1) :=11s a unique Riecan state on A.

The next example is in accordance with Theorem 6.4.

Example 6.9 Consider again the good pseudo-BCK algebra A; from Example 1.16.
We claim that the Bosbach state s : Ay —> [0, 1] defined by s(0) := 0, s(a) =
s(b) =5(c) =s(d) = s(1) :=1 is also a RieCan state on A;. Indeed, the elements
x,y € Ay with x L y are those given in the table below:

|
¢
¢

X y X y x+y
0 0 O 1 0
0 a O 0 1
0 o 0 0 1
0 ¢ O 0 1
0 4 0 0 1
0 1 0 0 1
a 0 1 1 1
b 0 1 1 1
c 0 1 1 1
d 0 1 1 1
1 0 1 1 1

One can easily check that s is a RieCan state.

Theorem 6.5 Let A be a pseudo-BCK(pDN) algebra and s be a Riecan state on A
such that s(x V1y) =s(yVix)and s(x Vo y)=s(yVax) forall x,y € A. Then s
is a Bosbach state on A.

Proof Let s be a RieCan state on a good pseudo-BCK(pDN) algebra A. According
to Proposition 6.15(2) we have s(0) = 0. Since y~~ =y for all y € A, by Proposi-
tion 6.15(6) we get s(x V1 y) > y)=1—s(x Vi y)+s(y) ands((x V2 y) > y) =
1 —s(x V2 y)+s(y). Applying Proposition 1.7, we have:

sx—=y)=1—s(xVviy)+s(y) and sx~y)=1-sxV2y)+s(y).
Finally, by Proposition 6.2 it follows that s is a Bosbach state on A. g

Corollary 6.1 Riecan states on Wajsberg pseudo-hoops with (pDN) coincide with
Bosbach states.
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Proof This follows from Theorem 6.5, taking into consideration that in any Wajs-
berg pseudo-hoop A we have s(x V1 y) =s(y Vi x) and s(x V2 y) =s(y V2 x) for
all x,y e A. O

Corollary 6.2 Riecan states on locally finite Wajsberg pseudo-hoops coincide with
Bosbach states.

Proof According to Theorem 2.1 every locally finite pseudo-hoop satisfies the
(pDN) condition. The assertion follows from Corollary 6.1. Il

Theorem 6.6 Let A be a good pseudo-BCK algebra satisfying the identities:

x>y =GVviy) o>y,
(x> T = vay)wy
If s is a Riecan state on A such that s(x V1 y) =s(y V1 x) and s(x V2 y) =

s(y Vax) forall x,y € A, then s is a Bosbach state on A.

Proof Let s be a Riecan state on a good pseudo-BCK algebra A. According to
Proposition 6.15(2) we have s(0) = 0. Applying Proposition 6.15(3), (6) we get:

sax=>y=s(x—=>»")=s(xVviy) >y )=1-skxViy) +s(y) and
sy =s((x~=y) ) =s(xVvay)»y ) =1—sx vay) +s).

Thus, by Proposition 6.2, it follows that s is a Bosbach state on A. g
Example 6.10 Consider again the good pseudo-BCK lattice A; from Example 1.16.
One can check that A satisfies the identities from Theorem 6.6. Hence every RieCan
state s on Aj satisfying the conditions s(x V1 y) =s(y Vi x) and s(x Vo y) =s(y V2

x) forall x, y € Ay, is a Bosbach state on Aj.
Moreover, we have:

Ovi0=0vo0=0;
Ovix=0vax=x and xVv10=xVv,0=1, forallxe A\ {0,1};

Ilvix=xvil=1vax=xVvyl=1 forallxeA;.

It follows that the function s : A; — [0, 1] defined by s(0) :=0, s(a) =s(b) =
s(c) =s(d) = s(1) :=1 satisfies the conditions s(x V| y) =s(y V1 x) and s(x Vo
y) =s5(y Vo x) forall x, y € A;. Then according to Theorem 6.6, s is a RieCan state
on Aj, which is in accordance with Example 6.9.

Example 6.11 Let A be the good pseudo-BCK algebra from Example 6.6. One
can easily check that A satisfies the two identities from Theorem 6.6. According
to Example 6.7, the function s : A — [0, 1] defined by s(0) := 0, s(a) := 1/2,
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s(b):=1/2,5(c) :=1, s(1) := 1 is the unique Riecan state on A. But s(a Vv, b) =
s(b) =1/2, while s(b V2 a) =s(c) =1, so s(a V2 b) # s(b Vv, a). It follows that
s does not satisfy the conditions from Theorem 6.6. Moreover, we have shown in
Example 6.7 that s is not a Bosbach state on A.

6.2 Bosbach States on Subinterval Algebras of a Bounded
Pseudo-hoop

Since every pseudo-hoop is a pseudo-BCK(pP) algebra, the results regarding the
states on bounded pseudo-BCK algebras presented in the previous section are also
valid for bounded pseudo-hoops. In this section we will study the restrictions of
Bosbach states on the subinterval algebras of bounded pseudo-hoops.

Proposition 6.16 Ler (A, ©, —,~>,0, 1) be a bounded pseudo-hoop, a € CC(A)
and s be a Bosbach state on A. Then the following hold:

M s(x—=>y)0a)=s@ +skx—>y -1

(2) s@O (x~y)=s@+sx~y -1

Proof

(1) Applying Proposition 2.21(1) and (B1) we get:

s(@) +s(x = y)=s()+s(a— ((x > y) ©a))
=s((x — y)@a) +s(((x—> y)@a) —>a)
:s((x—>y)®a)+l
(since (x = y) ©® a < a, it follows that ((x - y) ®a) > a=1).

Thus s((x — y) ©®a) =s(a) +s(x - y) — 1.
(2) The proof is similar to (1), applying Proposition 2.21(2) and (B»). O

Lemma 6.4 Let (A, ®, —, ~~,0, 1) be a bounded pseudo-hoop, a € CC(A) and s
be a Bosbach state on A. Then the following hold for all n € N:

(1) s@"*t) =s(@") +s(a) —1;
) s@") =ns(a) —n+1.

Proof

(1) By (By) we have s(a") + s(a" — a"t!) = s(@"t) 4+ s(@"t' — a").
Since a"*t! < a”, we have a"*! — " = 1 and applying Corollary 2.3 we
get s(a”) + s(a) = s@ ) +s(1), so s(@" ) = s(@") + s(a) — 1.
(2) This follows from (1) by induction. O
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Proposition 6.17 Let (A, ®, —,~>,0,1) be a bounded strongly simple pseudo-
hoop, a € CC(A) and s be a Bosbach state on A. If a # 1, then s(a) # 1.

Proof Since A is strongly simple and a # 1, by Proposition 2.11 it follows that
[a) = A. Hence O € [a) and according to Remark 1.13(2) there exists an m € N such
that @™ = 0. Suppose that s(a) = 1. Then, applying Lemma 6.4(2), from s(a”) =
ms(a) —m + 1 we get 0 = 1, a contradiction. Thus s(a) # 1. O

In what follows, Ag, Aé and AZ (a < b) will be the subinterval algebras on a
bounded pseudo-hoop A introduced in Chap. 2.

Theorem 6.7 Let (A, ®, —, ~>,0, 1) be a bounded pseudo-hoop, a € JC(A) and s
be a Bosbach state on A. If s(a) # 1, then s} : [a, 1] — [0, 1], 5} (x) := S(fl:(sa(;’)

is a Bosbach state on A}.

Proof We verify the defining conditions of a Bosbach state:
(B1)

Sa(0) + 54 (x =>4 ¥) = 5,00 + 54 (x > y)

_ s —s(@) | sx—y) —s(a)

1 —s(a) 1—s(a)
_ s(x)+s(x = y)—2s(a)
1—s(a)
s + sy = x) = 2s(a)
1—s(a)
_SM=s@ sG> x)—s@)
1—s(a) 1—s(a)

=50(y) +50(y = 1)
=54y +sh(y =L x).
(B2) This can be proved similarly as (Bj).
(B3) Obviously, s} (a) =0and s!(1) = 1.
Thus s is a Bosbach state on A}. O
Corollary 6.3 Let (A, ®, —,~,0, 1) be a bounded strongly simple pseudo-hoop,

ae CC(A)NJC(A), a # 1 and s be a Bosbach state on A.

Then s; ‘la, 1] — [0, 1], s; (x):= S(fl;:a(;‘) is a Bosbach state on A}l.

Proof This follows from Proposition 6.17 and Theorem 6.7. g
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Theorem 6.8 Let (A, ®, —, ~»,0, 1) be a bounded pseudo-hoop, a € CC(A) and
s be a Bosbach state on A. If s(a) # 0, then s : [0, a] —> [0, 1], s§(x) := S o q
Bosbach state on Aj.

Proof We verify the defining conditions of a Bosbach state.

(B1) Applying Proposition 6.16(1) we get

sg(x)+s3(x -0 y) =sg(x)+sg((x—> y)@a)
_ s, s> ) 0a)
B s(a) s(a)
_ s(x)+s@) +sx—y) —1

s(a)
s +s@) +s(y—>x)—1
- s(a)
s |, sG>0 0a)
 s(a) s(a)

=55 +s5(y —>§ x).
(B2) This can be proved in a similar way by applying Proposition 6.16(2).
(B3) Obviously, s;(0) =0 and sg(a) = 1.

Thus s is a Bosbach state on Aj. O

Theorem 6.9 Let (A, ®, —,~,0, 1) be a bounded pseudo-hoop, a,b € CC(A) N
JC(A), a < b and s be a Bosbach state on A. If s(a) # s(b), then sé’ :la,b] —

[0, 1], s2(x) := i«gg:ig; is a Bosbach state on AL.

Proof We verify the defining conditions of a Bosbach state in the same way as in
the above theorem:

(B1)
s2(x) —i—sé’(x —b y) = s2(x) —i—sﬁ((x —y)Ob)
_s) —s@a) | s((x—>y)Ob) —s(a)

~ s(b) —s(a) s(b) — s(a)

_ s(x) —2s(@)+s®)+sx—>y)—1
s(b) — s(a)

s +s(y > x)+s5(b) —2s(a) — 1
s(b) —s(a)

_s(y)—=s@a) | s(b)+s(y—>x)—s(a)—1
- s(b) —s(a) s(b) —s(a)
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_s(y)—s(a) | s((y > x)Ob) —s(a)
" s(b) —s(a) s(b) —s(a)

=52 +sL((y > ) 0b) =55y +s5(y =L x).

(B) Similar to (By).
(B3) Obviously, s°(a) =0 and s (b) = 1.

Thus s? is a Bosbach state on A2. O

6.3 States on FL,,-Algebras

In this section we establish some properties of states on FL,,-algebras, pseudo-MTL
algebras, bounded R¢-monoids and pseudo-BL algebras. We prove that in the case
of a good FL,,-algebra satisfying the Glivenko property, Riecan and Bosbach states
coincide. As a consequence, RieCan states on good R£-monoids coincide with Bos-
bach states. It is proved that there is a bijection between the state-morphisms on a
pseudo-BL algebra and its maximal and normal filters.

Proposition 6.18 Let A be an FL-algebra and let s : A — [0, 1] be a function
such that s(1) = 1. Then the following are equivalent:

@ l4+sxAy)=s(xVy) +s(di(x,y)) forallx,y € A;
®) 1+s(xAy)=sx)+s(x—y)forallx,yeA;
©) sx)+sx—>y)=s@)+s(y > x)forallx,y €A,

where + is the usual addition of real numbers.

Proof

(a)= (b) Ifa<b,thenaAb=a,avb=b,a— b=1and
dia,by=(a—>b)Ab—->a)=1ANb—>a)=b— a,

hence by the hypothesis, 1 4+ s(a) =s(b) + s(b — a).
Letting a = x Ay and b = y, it follows that

I+s(xAy)=s)+s(y—=>xAy)=s(y) +s(y —>x)

(here we applied (rl-c21)).

b)=(@©) sx)+sx—=>y)=1+s@xAy)=1+s(yAx)=s(y)+s(y—> x).

(c) = (a) We have that d;(x,y) =x Vy — x Ay, hence, applying the hypothesis
we get that:

s(xVy)—i—s(dl(x,y))=s(x\/y)+s(xVy—>xAy)
=sxXAY)F+sxAYy—=>xVY)=sx Ay +s(1)
=14s(xAy)

(xAy<xvVvyimpliesx Ay —>xVy=1). g
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Proposition 6.19 Let A be an FL,-algebra and let s : A —> [0, 1] be a function
such that s(1) = 1. Then the following are equivalent:

@ l4+sxAy)=s(xVy) +s(d(x,y)) forallx,y € A;
®) 1+s(xAy)=sx)+s(x~y)forallx,yeA;
©) sx)+s(x~y)=s(y)+s(y~x)forallx,yecA.

Proof The proof is similar to that of Proposition 6.18. d
Proposition 6.20 Let A be an FLy,-algebra and s : A — [0, 1] such that s(0) = 0.

Then the following are equivalent:

(a) s is a Bosbach state on A,

(d) forallx,ye A,y <x impliess(x —> y)=s(x ~y)=1—sx)+s(y);

(c) forallx,ye A,s(x > y)=s(x~>y)=1—sx Vy) +s(y).

Proof

(a) = (b) This follows from (B;) and (B5).

(b) = (c) Applying (b),since y <xVyandxVy— y=ux—y,itfollows that:
sM+s(y—>@vy))=s@xvy) +s(xvy) —>y)=saVy) +six—y),

sos(x > y)=1—s(xVy)+s(y) and similarly s(x ~> y) =1—s(x Vy)+s(y).
(¢c) = (a) Using (c¢), we get:
s)+s(x—>y)=sx)+1—-sxVy +s(y)
=1—-s(yvx)+s&x)+s@)=s(y)+sly—>x).

Similarly,

sX)+sx~>y)=sx)+1-s(xVy +s)
=1-s(yVvx)+sx)+s(y)=s)+sy~x).

Moreover, by (c) we have: s(1) =s(x > x)=1—s(x) +s(x) = 1.
Thus s is a Bosbach state on A. O

Proposition 6.21 Let s be a Bosbach state on an FLy-algebra A. Then for all
X,y € A the following properties hold:

(rl-by) s(di(x,y)) =s(d2(x, y));

(rl-by) sxOy)=1—s(x—>y )ands(yOx)=1—sx~~y");
(rl-b3) s(x) +s(y) =s(x O y)+sO~ —x);

(rl-bs) s(x) +s5(y) =s(y ©x) +s5(y~ ~ x);

(rl-bs) s(x > y)=s(x™" >y DNands(x ~»y) =s(x"" ~y 7).
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Proof
(rl-b1) By Propositions 6.18 and 6.19,

s(@d1 () =145 Ay) = s(e v y) =s(da(x. y)).

(rl-by) By Proposition 6.1(6) we have s(x O y) ") =1 —s(x O y).
Buu(x@Qy) " =x—=>y ,s05x0Qy)=1—s(x—>y7).
Similarly, s(y ©x) =1 —-s(y©Ox))=1—-s(x ~y7).

(rl-b3) Applying (B}) and (r/-b;) we have:

SEOY +s(yT = x)=sx Oy +5x) +s(x = y7) —s(y7)
=s(x O +sx)+1=s@xOy) —1+s(y)
=s5(x) +5(y).

(rl-bsg) Applying (B>) and (r/-b;) we have:

SO0 +5(y7 = x) =50/ 00 +50) +5(x~y7) —5(x”)
=5y OX)+s@)+1-5s(Ox)—1+s5()
=s(x) +s(y).

(rl-bs) Applying Proposition 6.20, (rl-c27) and Proposition 6.1(5) we get:

s(xTT >y ) =1- s(x_N vy )+ s(y_w)
=1=s((xvyT) ) +s07)
=1l—s((xVvy) ) +s(y™")
=1l—s(xVy +s(y)=sx—y).

Similarly, s(x ~» y) =s(x~" ~> y~ 7). Il

Corollary 6.4 Let s be a Bosbach state on an FLy,-algebra A. Then forall x,y € A
the following properties hold:

(D sx=>y)=s(x—=>y )=s(" ~x)=s@x ">y )=sx"" —y);
Q) s(x~~»y)=s(x~>y )=s( = x)=sxTT =y ) =5 ~y);
B) sGxT=>y) =5 = xTT)=s&T >y ) =s(y" ~x).

Proof

(1) and (2) follow from Proposition 6.3(2) and (rI-bs).
(3) Replacing x with x™ in (1) we get:

s(xT=>y)=s(xT =y ) =sOT ~xTT)=s(xT =5y ) =s(xT = ).

From (2) we have s(x ~ y) =s(y~ = x7), 80 s(y ~ x) =s(x~ — y7).
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Replacing y by y™ it follows that s(y™ ~»x) =s(x™ — y~ 7).
Finally, we conclude that:

s(xT = y)=s(y”T =TT ) =s(xT >y ) =s(y” ~x). O

Example 6.12 Consider the good FL,,-algebra A; from Example 3.5.
The function s : A; — [0, 1] defined by:

s(0) :=0,
s(ar) = s(az) =s(by) =s(s) =s(a) =s(b)
=sn)=s(c)=s(d)=s(m)=s5(1):=1

is the unique Bosbach state on Aj.

Proposition 6.22 Let s be a Bosbach state on an FLy,-algebra A. Then the follow-
ing properties hold for all x,y € A:

(1) x/Ker(s) =y/Ker(s) iff sx Ay)=s(x Vy);
Q) IfsxAy)=s(xVy),thens(x)=s(y)=s(x AYy).

Proof

(1) According to Lemma 6.1 and Proposition 6.18(a) we have:

x/Ker(s) = y/Ker(s) iff dj(x,y)eKer(s) iff
s(dl(x,y))zl iff sdxAy)=s(xVy).

(2) Since s(x A y) <s(x),s(y) <s(x V y) it follows by hypothesis that s(x) =
s(y)=s(x Ay). O

Proposition 6.23 Let s be a Bosbach state on a pseudo-MTL algebra A. Then the
following properties hold for all x,y € A:

(mil-by) s(di(x,y)) = s(di(x — y,y = x)) and s(d2(x,y)) = s(da(x ~ y,
Y~ x));

(mtl-by) s(di(x™,y7))=s(d1(x™,y7)) =s(d(x,y));

(mtl-b3) s(x~™ =y )=sx" >y )=14+s5sx)—s(x Vy);

(mil-bg) s(x™ =y )=sO™" > x")ands(x” =y )=s(y"" > x"77);

(mil-bs) s(x) +s(y) =s(x Vy)+sx Ay

(mtl-bg) x Vy=1implies 1 +s(x Ay)=s5(x)+s(y);

(mtl-b7) 1 4+ sdi(x,y)) =s(x = y)+s(y = x) and 1 + s(dr(x,y)) = s(x ~
y)+ sy~ x);

(mil-bg) 1+ s5(x)+s5(y) =s(di(x,y)) +s((x = y) > y)+s((y > x) = x) and
1+ 5(x) +s() =s(d2(x,y) +5((x ~y) ~y)+5((y ~ x) ~ Xx).
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Proof

(mtl-by) By Proposition 6.18(a) and by the pseudo-prelinearity condition it follows
that:

L+s(dix,y)=1+s((x—>y)AQ—x)
=s((x = yVy—> x)) +s(d1(x >y, y— x))
=1 +s(d1(x —>y,y—> x)).
Thus s(dj (x, y)) =s(d(x = y,y — x)).
Similarly, s(dz(x, y)) = s(da(x ~> y, y ~ x)).
(mtl-by) Applying Proposition 6.18(a), Proposition 6.1(6) and taking into consider-
ation (psbck-c41) and (psmtl-c1), we get:
s(d1 (x_, y_)) =1+ s(x_ A y_) - s(x_ \Y y_)
=1+ s((x \Y y)_) - s((x A y)_)
=1—-sxVy) +sxAy) =s(d1(x, y)).

Similarly, s(d1(x™, y™)) = s(di(x, y)).
(mtl-b3) Applying Proposition 6.18(b), Proposition 6.1(6) and taking into consid-
eration (psbck-c41) and (psmtl-c1), we get:

sV +s(xT =y )=sxVvy)+1l+sxTAyT)—s(x7)
=s(xVy) +s((x Vy)_) +s(x)=14sx),

hence s(x~ =y ) =14+sx) —s(x Vy).
Similarly, s(x™ — y7) =14s(x) —s(x V).
(mtl-bs) By (psbck-ci15) and by Proposition 6.4(2) it follows that:

s(xf — yf) =s(x" ~ yf) < s(yiw — xiw) < s(xfw* ~ yiwf)
= s(xf ~ yf) =s(x* — y*).

Thus s(x™ >y ) =s(y™ "~ —x 7).

Similarly, s(x™ — y7) =s(~ " — x77).
(mtl-bs) Applying Proposition 6.1(5) and taking into consideration (psbck-c41) and

(psmtl-c1), we have:

sxVy)+s(xAy) = s((x Y y)_N) + s((x A y)_w)

\Y y_w) + s(x_N A y_w).

—~

=s(x

Applying (mtl-b3) we get:

s(x_N \/y_w) =1 —l—s(x_w) —s(x — y_N_) =1+skx)— s(x_ — y_).
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By Proposition 6.18(b) and (mtl-b4) we obtain:
s(x_w A y_N) =s(y_~) + s(y_w — x_N) —1=s5(y) —i—s(x_ — y_) —1.

Hence s(x™ " Vy ™) +sx™" Ay ) =s(x) +5(y).
We conclude that s(x) +s(y) =s(x Vy) +s(x A Y).
(mtl-bg) This follows from (mtl-bs).
(mtl-b7) This follows by (mtl-be) and the pseudo-prelinearity condition.
(mtl-bg) Since y <x — y and x <y — x, applying Proposition 6.1(1) we get:
L+s() =50 = ») +s((x = y) =),

14+sx)=s(y—x) +s((y - X)—> x).
Adding these two equalities and applying (mtl-b7) we have:

I4+sx)+s(y)=—1+s(x—>y)+s(y—>x)
+5(x =)= y)+s((y—>x)—>x)
=s(di(x, ) +s((x = y) > y)+s((y > x) > x).

Similarly, 1 +s(x) +s(y) =s(d2(x, y)) +5((x ~> y) > y) +5((y ~ x) ~ X).
g

Proposition 6.24 [f s is a Bosbach state on a pseudo-MTL algebra A, then for all
X,y € A the following are equivalent:

(a) x/Ker(s) =y/Ker(s);
(b) s(xAy)=s(xVy);
(©) s(x)=s(y)=s(xAYy).

Proof
(a) & (b) We have:

x/Ker(s) =y/Ker(s) iff di(x,y)e€Ker(s) iff s(dl (x, y)) =1.

But, according to Proposition 6.18(a) we have 1 4+ s(x A y) =s(x V y) +
s(di(x,y)),sox/Ker(s) =y/Ker(s) iff s(x Ay) =s(x Vy).

(b) = (c) Since s(x A y) <s(x),s(y) <s(x Vy), applying (b) we get s(x) =
s(y)=s(xAYy).

(c) = (b) According to (mtl-bs) we have s(x) + s(y) =s(x Vy) + s(x Ay) and
applying (c) we get s(x A y) =s(x V y). O

Proposition 6.25 Let s be a Bosbach state on a bounded Re-monoid A. Then the
following properties hold for all x,y € A:

(divrl-by) s(di(x,y)) < s(di(x = y,y = x)) and s(d2(x,y)) < s(da(x ~ y,
y = x));
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(divrl-by) s(di(x™,y7)) = s(di(x,y)) and s(di1(x™, y7)) = s(di(x, y));
(divrl-b3) s(da(x™,y7)) = s(d2(x, y)) and s(dr(x™, y™)) = s(da(x, y));
(divrl-by) ifx <y, thens(y) —s(x) =s(y Ox7) =s(x"~ O y).

Proof

(divrl-b1) By Proposition 6.18(a) it follows that:

l—|—s(d1(x,y)) =1 +s((x — y)/\(y—>x))
=s((x—> y) \/(y—>x)) +s(d1(x—> y,y—)x))

<s(D+s(dix—>y,y—=>x)=1+s(di(x >y, y—x)).
Thus s(d;(x, y)) < (di1(x = y,y — x)).
Similarly, s(d2(x, y)) <s(d2(x ~> y,y ~> Xx)).

(divrl-by) Applying Proposition 6.18(a), Proposition 6.1(6) and taking into consid-
eration (psbck-c41) and (psbck-ca2), we get:

s(dl(x_, y_)) =1 +s(x_ /\y_) —s(x_ \Y y_)
>1 +s((x \ y)_) — s((x A y)_)
=1—-sxVy)+sxAy) =s(d1 (x,y)).

Similarly, s(d; (x~, ™)) > s(d1 (x, y)).
(divrl-b3) This follows in a similar manner as (divri-by).
(divrl-by) Applying (rl-b>), (psbck-c19) and Corollary 6.4 we get:

S50 =1 =s{x = y) = 1=s(y™ = x) =1 =5y~ ).

By (B1) and x <y it follows that s(y — x) =1 + s(x) — s(y).
Thus s(y ©x7) =s(y) — s(x) and similarly s(x~ © y) =s(y) — s(x). Il

Theorem 6.10 Let A be a good FL,-algebra satisfying the Glivenko property. Then
every Riecan state on A is a Bosbach state.

Proof Let s be a RieCan state on A, so s(0) =0and s(1) = 1.
Consider y < x. Then applying Proposition 6.15(3), (4) we have:

s(x = y) :s((x — y)_N) =1-s5x) +s(y_w) =1—-sx)+s().

Similarly, s(x ~> y) =1 —s(x) + s(y).
Applying Proposition 6.20 it follows that s is a Bosbach state on A. g

Remark 6.6 Since any good R{-monoid satisfies the Glivenko property (Re-
mark 4.16), it follows that Riecan states on good R£-monoids coincide with Bosbach
states. This result was proved in [111], showing that every extremal Riecan state on
a good R¢-monoid is an extremal Bosbach state and applying the Krein-Mil’man
Theorem.
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As we already mentioned (Remark 6.2), in the case of pseudo-BL algebras and
bounded RZ-monoids the existence of a state-morphism is equivalent to the exis-
tence of a maximal filter which is normal. In what follows we will prove this fact
for the case of pseudo-BL algebras (see [131]).

Proposition 6.26 Let A be a pseudo-BL algebra and H a normal and maximal
filter of A. Then there is a unique state-morphism s on A such that Ker(s) = H.

Proof Since by Proposition 4.26 A/H is a locally finite MV-algebra, according to
[38] we can suppose that A/ H is an MV-subalgebra of [0, 1].. Then the mapping s :
A —> A/H defines a state-morphism on A such that Ker(s) = H. The uniqueness
of s follows from Proposition 6.14. d

Corollary 6.5 The function s — Ker(s) establishes a bijection between the state-
morphisms on a pseudo-BL algebra A and the normal and maximal filters of A.

Example 6.13 (Example 2.5 in [131]) Consider A ={0,a,b, 1} withO<a <b <1
and define the operations ®, — by the following tables:

©|0 a b 1 -0 a b 1
0|0 0 0 O O[1 1 1 1
al0 0 a a ala 1 1 1
b0 a b b b |10 a 1 1
110 a b 1 110 a b 1

Then (A, A, V,®, —,0, 1) is a BL-algebra denoted by BL4A ([260]).

The function s : A — [0, 1] defined by s(0) :=0, s(a) := % sb):=1,s(1):=1
is the unique Bosbach state on BL4A.

On the other hand we can see that F' = {b, 1} is the unique maximal filter of A.
(F is also normal, since in a BL-algebra every filter is normal.)

Example 6.14 (Example 4.13 in [109]) Consider A ={0,a, b, c, 1} withO <a, b <
¢ < 1 and a, b incomparable (see Fig. 1.2) and let ®, — be the operations given by
the following tables:

©l0 a b ¢ 1 — |0 a b ¢ 1
00 0 0 0 O o1 1 1 1 1
al0 a 0 a a a|b 1 b 1 1
b0 0 b b b bla a 1 1 1
c|0 a b ¢ c c |0 a b 1 1
110 a b ¢ 1 110 a b ¢ 1

Then (A, A, V,®,—,0,1) is a proper bounded commutative R¢-monoid (since
(a — b) VvV (b— a)=c#1,itfollows that A is not a BL-algebra).

Moreover, F, = {a, c, 1} and Fp = {b, c, 1} are the unique maximal (and normal)
filters of A. The only extremal states on A are s, and s, where Ker(s,) = F, and
Ker(sp) = Fp. Every Bosbach state on A is a convex combination of s, and sp.
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Finally, given a RieCan state s on a good FL,-algebra A, we will construct a
Riecan state on A/ Ker(s).

Theorem 6.11 Let A be a good FLy,-algebra. If s is a RieCan state on A, then the
function § : A/Ker(s) — [0, 1] defined by §(x /Ker(s)) := s(x) is a RieCan state on
A/Ker(s).

Proof First, we prove that § is well-defined.

Indeed, if x/Ker(s) = y/Ker(s), then by Proposition 6.22 it follows that s(x A
y) = s(x V y). Then by Proposition 6.18(a) we have s(d;(x, y)) = 1.

It follows that d; (x, y) € Ker(s) and similarly, d»>(x, y) € Ker(s).

Thus x =ger(s) ¥-

Moreover, if X =ker(s) ¥, then s(x) = s(y).

Indeed, x =ker(s) ¥ is equivalent to s(x — y) = s(y — x) = 1 and by Proposi-
tion 6.18(c) it follows that s(x) = s(y).

Applying the method used in [110] we prove now that § is a Riean state on
A/ Ker(s).

First we recall that if X < ¥, then there is an element x| € x such that x; < y.

Indeed, it suffices to take x; = x A y.

Assume that X 1§, thatis, 77 <X, hence X~ < J =377 =37, 50
X777 <397 Consider x| € £~ such that x; <y™~. Hence x; ~ <y~,sox; Ly.

Therefore:

~

SE+H=3(("0i7) ) =3((0"ox7) N =s(("0x7) ) =stey
= s(xiw <) yiw) = §()?1 + §7N) = s(x1 + yiw) =s(x1) + s(yfw)
=5(x) +s(y) =5(X) +3@)-

(We took into consideration that x| =ger(s) x implies s(x1) = s(x).) Il

6.4 On the Existence of States on Residuated Structures

In this section we will investigate the existence of states on some classes of FL,,-
algebras, pseudo-MTL algebras and pseudo-BL algebras.

Theorem 6.12 Any perfect pseudo-BL algebra admits a unique state-morphism.

Proof According to Proposition 6.26, if H is a normal and maximal filter of
a pseudo-BL algebra A, then there is a unique state-morphism on A such that
Ker(s) = H. On the other hand, a perfect pseudo-BL algebra has a unique maxi-
mal filter, namely Rad(A). By Theorem 5.6, Rad(A) is a normal filter of A. Thus, if
A is a perfect pseudo-BL algebra, then Rad(A) is the unique normal and maximal
filter of A. Hence a perfect pseudo-BL algebra admits a unique state-morphism. [
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Theorem 6.13 Any perfect FL,-algebra admits a Bosbach state.

Proof Let A be a perfect FL,,-algebra, so A = Rad(A) U Rad(A)*. Consider the
map s : A —> [0, 1] defined by

ey

@)

3

“

1 ifx e Rad(A)
s(x) = ) .
0 ifx eRad(A)*.

We will show that s is a Bosbach state on A. Obviously, s(1) =1 and s(0) =0.
In order to prove the conditions (B;) and (B;) we consider the following cases:

x,y € Rad(A).

Obviously, s(x) = s(y) = 1. Since Rad(A) is a filter of A and x <y — x,
y <x — y, it follows that x — y, y — x € Rad(A). Hence s(x —> y) =s(y —
x)=1.

Similarly s(x ~» y) = s(y ~ x) = 1, so the conditions (B;) and (B;) are
verified.

x,y € Rad(A)*.

In this case s(x) = s(y) =0 and we will prove that x - y,y — x €
Rad(A). Indeed, suppose that x — y € Rad(A)*. Since x < x~ 7, it follows
that x™~ —> y<x —> y,s0x~ "~ — y € Rad(A)*. But, x~ <x~~ — y, hence
x~ € Rad(A)*, that is, x € Rad(A), which is a contradiction. It follows that
x — y € Rad(A) and similarly, y — x € Rad(A). Hence s(x — y) = s(y —
x) = 1. In the same way we can prove that s(x ~» y) =s(y ~ x) =1, so (Bj)
and (B5) are verified.

x € Rad(A), y € Rad(A)*.

Obviously, s(x) =1 and s(y) =0. Because x <y — x we get y - x €
Rad(A).

We show that x — y € Rad(A)*. Indeed, suppose that x — y € Rad(A).

Because y <y~ wehavex > y<x — y~",sox — y~~ € Rad(A). This
means that (x ©® y~)~ € Rad(A), thatis, x ©® y~ € Rad(A)*. On the other hand,
since Rad(A) is a filter of A and x, y~ € Rad(A) we have x © y~ € Rad(A),
a contradiction. We conclude that x — y € Rad(A)*, so s(x — y) =0 and
s(y = x) = 1. Similarly, s(x ~» y) =0and s(y ~» x) = 1.

Thus conditions (B1) and (B5) are verified.

x € Rad(A)* and y € Rad(A).

Obviously, s(x) =0 and s(y) = 1.

Since y < x — y, it follows that x — y € Rad(A).

We show that y — x € Rad(A)*. Indeed, suppose that y — x € Rad(A).

Fromx <x "~ wegety >x<y—>x"",s0y—>x " €Rad(A). Hence
(y ®x7)” € Rad(A), thatis, y © x~ € Rad(A)*. But y, x~ € Rad(A), so y ©
x~ € Rad(A), a contradiction. It follows that y — x € Rad(A)*,so s(y — x) =
0 and s(x — y) = 1. Similarly, s(y ~» x) =0 and s(x ~> y) = 1.

Hence (B;) and (B;) are verified. O
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Example 6.15 The pseudo-MTL algebra in Example 4.4 is a perfect pseudo-MTL
algebra with Rad(A) = {a, b, ¢, 1} and Rad(A)* = {0} and it admits the Bosbach
state s : A — [0, 1], 5(0) :=0, s(a) =s(b) =s(c) =s(1) :=1.

Remark 6.7 It was proved in [98] that every linearly ordered pseudo-BL algebra
admits a Bosbach state. We say that a pseudo-BL algebra A is representable if it
can be represented as a subdirect product of linearly ordered pseudo-BL algebras. It
follows that every representable pseudo-BL algebra admits a Bosbach state.

6.5 Local States on Perfect Pseudo-MTL Algebras

In this section we introduce the notion of a local state on a perfect pseudo-MTL
algebra A and we prove an extension theorem for this type of state. More precisely
we prove that, if A is relatively free of zero divisors, then any local state on A can
be extended to a Riecan state on A.

Definition 6.5 If A is a perfect pseudo-MTL algebra, then a local state (or local
additive measure) on A is a function s : Rad(A)* — [0, co) satisfying the condi-
tions:

(Is1) s(x @ y) =s(x)+s(y) forall x, y € Rad(A)*;
(Isp) s(0)=0.

According to Proposition 5.10 it follows that the function s is well defined, i.e.
x @y e Rad(A)* for all x, y € Rad(A)*.

Example 6.16

(1) The function s : Rad(A)* — [0, 00), s(x) := 0 for all x € Rad(A)* is a local
state on the perfect pseudo-MTL algebra A.

(2) If S is a Riecan state on the perfect pseudo-MTL algebra A, then s := S|rad(a)*
is a local state on A.

If s is a local state on the perfect pseudo-MTL algebra A, then we define the
function s* : Rad(A) — [0, 00) by s*(x) :=1 —s(x~ ® x7) for all x € Rad(A).

Proposition 6.27 If s is a local state on the perfect pseudo-MTL algebra A, then
the following hold for all x, y € Rad(A)*:

(D s&x77) =s(x);

2) s)+sQ™ ) =s(("O0x) D ands(x) +s(y)=s((xTOY)7);
B) s +s((x" Oy =50 +s((TOxT)7);

@4 s(x)<s((x”O0x7)7),s(x) <s(x” Ox™)7).



6.5 Local States on Perfect Pseudo-MTL Algebras 187

Proof

(1) Since x L. 0and x & 0=x""", it follows that s(x ™) = s(x).
(2) Since y € Rad(A)*, we have y~—,y~~ € Rad(A)*, so according to Proposi-
tion 5.13 we have x L y~~ and y~ L x. It follows that:

X@y =y T —-xTT = (y__N @xw)_ = (y_ @xm)_,
Y T dx=yT ~xTT = (x_ ©) yNN_)N = (x_ 0} yN)N.
Thus s(x) +s(y™ ) =s((y~ ©x) ) and s(x) +s(y" ) =s(x" Oy ).
(3) This follows from (2).

(4) This follows by setting y = x in (2) and taking into consideration that
s(x77),s(x7) =0. O

Proposition 6.28 If s is a local state on the perfect pseudo-MTL algebra A, then
the following hold for all x,y € Rad(A):

(1 s*() =1,

(2) s*(x77) =s5%(x);

3) s*x@y)=1=[s(y"Ox7)+s(y~OxMI;

@) T+s5"(x) <s*(x7 )+ ("),

(5) s*(x @ y) =s5"(x) +5*(y) iff sOT OxT) =5~ Ox7)=0and s(x7) +
s +sO)+sO) =1

(6) min{s(x7),s(xM)} < 5.

Proof

M1 s*MH=1-s"d1)=1-5000=1-—50)=1.

(2) This follows immediately from the definition of s* and (psbck-c13).

(3) Since x € Rad(A), x < x @ y and Rad(A) is a filter of A, we have x & y €
Rad(A). It follows that (x ® y)~, (x ® y)~ € Rad(A)*, hence (x ®y)~ L (x P
.

By the definition of s* we get

sfa@y)=l-s(@dy ooy )=1-[s(cdy)7)+s(@cadn7)]
Taking into consideration the identities:
s(@ey))=s((y"0x7) )=s(y ©x7) and
(@) =s((™ o) ) =s(~ 0x7)

wegets* (x @ y)=1—[s(y” Ox7) +s5(~ Ox7)I.
(4) We have

ST =1—s(x" T @xT ) =1—s(x""7) —s(x7)
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and similarly
s*(xNN) =1- s(xNN_ QB)CNNN) =1- s(xN) — s(xNNN)

(here we applied the fact that x,y € Rad(A) implies x~~ ", x ,X ,
x77 eRad(A)*,sox™ " Lx " TandxT7TT LT,
Thus s*(x™ ) +s* ™) =1 —-[s(x" ") +s&x™")] + s*(x), so 1 +
s*(x) <sF(xTT) 5T
(5) Applying (3) we get:
SFx®y)=s5*(x) +5*(y) iff
1 —i—s(y* (Dx*) —i—s(yN (wa) = s(xf Gaxw) —i—s(y* @y~ iff
I+s((bmoxT)e (" ox7))=s(("exT) ey &y))
Since 1 +s((y" QxT)@® (Y Ox7)) > lands((x~ ®x")D(y ®y™7)) <1,
we get that:
S @y) =5 @) 55 () ff
s((y_ @x_) ® (yN @xw)) =0 and
s(c"@x) e (y @y))=1 iff
s(y Ox~ )_s(y Ox ):0 and
(x

() 4 5(7) +() =1

(6) Wehave s*(x) =1—s(x"®x ) =1—-[s(x)+s(x)],so0s(x7)+s(x™) < 1.
Thus min{s(x ™), s(x™)} < % O

N

Theorem 6.14 (Extension theorem) Let A be a perfect pseudo-MTL algebra which
is relatively free of zero divisors. Then every local state on A can be extended to a
Riecan state on A.

Proof Let s : Rad(A)* — [0, o0) be a local state on A and the function §: A —
[0, 1] defined by

{ if x € Rad(A)
Sx):= .
s(x)N[0,1] if x e Rad(A)*.

We prove that S is a Riecan state on A. More precisely, since it is obvious that
S(1) =1, we must prove that for all x, y € A such that x L y, we have S(x +y) =
Sx) + S(y).

Consider the following cases:

(1) x,yeRad(A).
According to Lemma 5.4, x £ y.
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(2) x e Rad(A) and y € Rad(A)*.

Applying Lemma 5.3 we get x L y iff y =0. We have S(x +y) =S(x+0) =
Sx@®0)=8x"") =1 (since x~~ € Rad(A)). On the other hand, S(x) +
S(y)=Sx)+S0)=1+s(0)=1.Thus S(x + y) =Sx) + S(»).

(3) x eRad(A)* and y € Rad(A).

Applying Lemma 5.3 we getx L y iff x =0. We have S(x +y) = S(0+y) =
SO@y)=SQ ) =1and S(x) +S(y)=SO)+SHy)=s0)+1=1.

Thus S(x +y)=Sx) + S(y).

(4) x,y e Rad(A)*.

By Proposition 5.13 it follows that x L y and by the definition of a local

additive measure we have:

Sx+y)=Sx®y) =s(x®y) N[0, 11= (s(x) +5()) N[O, 1]=S(x) +S(»).

Thus S is a RieCan state on A. O
We call S the extension of the local state s.

Example 6.17 If s is the local state from Example 6.16(1), then the function S :
A — [0, 1] defined by S(x) := 1 for all x € Rad(A) and S(x) :=0 for all x €
Rad(A)* is an extension of s.

Theorem 6.15 Let A be a perfect pseudo-MTL algebra relatively free of zero divi-
sors. The extension S of a local state s on A is a Bosbach state on A if and only if
s(x) =0 forall x e Rad(A)*.

Proof According to Theorem 6.13, the map s : A — [0, 1] defined by

{1 if x € Rad(A)
s(x) = .
0 ifx eRad(A)*
is a Bosbach state on A.

Conversely, let A be a free of zero divisors perfect pseudo-MTL algebra, s be
a local additive measure on A and S the extension of s. We will investigate the
conditions for S to be a Bosbach state on A. Obviously, S(1) =1 and S(0) =0. In
order to check the conditions (B;) and (B;) from the definition of a Bosbach state
(Definition 6.1), we consider the following cases:

(1) x,yeRad(A).
Obviously, S(x) = S(y) = 1. Since Rad(A) is a filter of A and x <y — x,
y <x — y, it follows that x — y, y — x € Rad(A).
Hence S(x - y) =S(y > x) = 1.
Similarly S(x ~» y) = S(y ~» x) = 1, so conditions (B;) and (B,) are veri-
fied.
(2) x,y e Rad(A)*.
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We will prove that x — y,y — x € Rad(A). Indeed, suppose that x —
y € Rad(A)*. Since x < x~ 7, it follows that x™~ —> y <x — y,s0o x~~ —
y € Rad(A)*. But x~ <x~~ — y, hence x~ € Rad(A)*, that is, x € Rad(A),
which is a contradiction. It follows that x — y € Rad(A) and similarly, y —
x € Rad(A). Hence S(x — y) = S(y — x) = 1. In the same way we can prove
that S(x ~» y) = S(y ~» x) = 1, so (B1) and (By) are verified iff s(x) = s(y) for
all x, y € Rad(A)*. Since s(0) = 0, it follows that (B) and (B;) are verified iff
s(x) =0 for all x € Rad(A)*.
x € Rad(A), y e Rad(A)*.

Obviously, S(x) =1 and S(y) =5(y). Asx <y —>x,wegety — x €
Rad(A).

We show that x — y € Rad(A)*. Indeed, assume that x — y € Rad(A).

Since y <y~ wehave x > y<x — y~~,s0x = y~~ € Rad(A). This
means that (x ©® y~)~ € Rad(A), thatis, x ©® y~ € Rad(A)*. On the other hand,
since Rad(A) is a filter of A and x, y~ € Rad(A) we have x © y~ € Rad(A),
a contradiction. We conclude that x — y € Rad(A)*, so S(x — y) =s(x — y)
and S(y — x) = 1. Similarly, S(x ~» y) =s(x ~» y) and S(y ~» x) = 1. Thus
conditions (B1) and (B;) are verified iff s(x — y) =s(y) and s(x ~> y) = s(y).
For y = 0, from the first identity we get s(x~) = s(0) = 0 and replacing x with
¥~ we have s(y~ ") = 0. By Proposition 6.27(1) it follows that s(y) = 0.
x € Rad(A)*, y € Rad(A).

Obviously, S(x) =s(x) and S(y) =1. Since y <x — y, we get x — y €
Rad(A).

We show that y — x € Rad(A)*. Indeed, assume that y — x € Rad(A).

From x <x™~ wehave y > x <y — x"",s0 y = x~~ € Rad(A). This
means that (y ® x~)~ € Rad(A), that is, y ® x~ € Rad(A)*. But y,x™ €
Rad(A), so y ©® x~ € Rad(A), a contradiction. Hence y — x € Rad(A)*, so
S(y > x) =s(y = x) and S(x — y) = L. Similarly, S(y ~» x) = s(y ~> x)
and S(x ~» y) = 1. It follows that conditions (B;) and (B;) are verified iff
s(x) =s(y — x) and s(x) = s(y ~» x). Taking x = 0 in the first identity, we
have s(y~) = 0 and replacing y with x™ it follows that s(x~") = 0. Applying
Proposition 6.27(1) we get s(x) = 0. Il



Chapter 7
Measures on Pseudo-BCK Algebras

In this chapter we generalize the measures on BCK-algebras introduced by
Dvurecenskij and Pulmannova in [94] and [108] to pseudo-BCK algebras that are
not necessarily bounded. In particular, we show that if A is a downwards-directed
pseudo-BCK algebra and m a measure on it, then the quotient over the kernel of m
can be embedded into the negative cone of an Abelian, Archimedean £-group as its
subalgebra. This result will enable us to characterize nonzero measure-morphisms
as measures whose kernel is a maximal deductive system.

7.1 Measures on Pseudo-BCK Algebras

Consider the bounded BCK(P) algebra Ay = ([0, 1], <, —¢,0, 1), where — is the
Lukasiewicz implication x —¢ y = min{l —x + y, 1} (i.e. the standard M V-algebra
([0,1], ©r, ™, 1)).

Definition 7.1 Let (A, <, —, ~», 1) be a pseudo-BCK algebra. If m : A — [0, 00)
is such that for all x, y € A:

() m(x - y)=m(x ~»y) =m(y) —m(x) whenever y < x, then m is said to be a
measure;

(2) if 0 € A and m is a measure with m(0) = 1, then m is said to be a state-measure;

3) if m(x - y) =m(x ~ y) = max{0, m(y) — m(x)}, then m is said to be a
measure-morphism;

(4) if 0e A, m(0) =1 and m is a measure-morphism, then m is said to be a state-
measure-morphism.

Of course, the function vanishing on A is always a (trivial) measure.

We note that our definition of a measure (a state-measure) defines a map that
maps a pseudo-BCK algebra that is in the “negative cone” to the positive cone of
the reals R. For a relationship with the previous type of Bosbach state see the second
part of the present section and Remark 7.4.

L.C. Ciungu, Non-commutative Multiple-Valued Logic Algebras, 191
Springer Monographs in Mathematics, DOI 10.1007/978-3-319-01589-7_7,
© Springer International Publishing Switzerland 2014


http://dx.doi.org/10.1007/978-3-319-01589-7_7

192 7 Measures on Pseudo-BCK Algebras

Example 7.1 Let (G, V, A, V,+,—,0) be an £-group with negative cone G~ (see
Example 1.2). Assume that m is a positive-valued function on G~ that preserves
addition in G~ . Then m is a measure on the bounded pseudo-BCK algebra G™, and
conversely if m is a measure on G, then m is additive on G~ and positive-valued.

We recall that not every negative cone, even of an Abelian ¢-group, admits a
nontrivial measure. For an example see Example 9.6 in [155].

Proposition 7.1 Let m be a measure on a pseudo-BCK algebra A. Forall x,y € A,
we have:

(1) m(1) =0;

(2) m(x) = m(y) whenever x <y;

(B) m(x viy)=m(yVix)andm(x Vay) =m(y Vzx);
4) m(xvyy)=m(xVay);

(5) mx = y)=m(x ~y).

Proof

(1) Sincel <l1wegetm(l)=m(l - 1)=m(l)—m(1) =0.
(2) Since x <y it follows that m(y — x) =m(x) —m(y), so m(x) —m(y) > 0.
(3) First, let x < y. Then by Proposition 1.5(4), we have m(x V1 y) = m(y). Using
the property of measures, we have:
m((y Vix)— x) =mx) —m(y Vi x) =m(x) — m((y — X) wx)
=m(x) —m(x) +m(y — x)

=m(x) —m(x) +m(x) —m(y)

=m(x) —m(y),
giving m(y Vi x) = m(y). Hence m(x V1 y) = m(y V1 x) = m(y), whenever
x <y.
Now let x, y € A be arbitrary. Using the first part of the present proof and
(2), we have:

m(x viy)=m(x Vi (xVviy)=m((xViy)Vix) <m(yVix)
=m(yvi(yVvix)=m((yVvix)Viy)<m(xVyy).
Thus m(x Vi y)=m(y vy x) forall x, y € A.
In a similar way we prove that m(x Vo y) =m(y V2 x).
(4) First, again let x < y. Then m(x Vi y) = m(y) and m(y) = m(x Vp y) =
m(y Vo x). This gives m(x V1 y) =m(x Vo y) =m(y).
Now let x, y € A be arbitrary. Using (3), we have:
m(xViy)=m(x Vi (xViy)=m(xVa(xViy)=m((xViy) Vax)
<m(yVax)=m(xVay) =m(x Va (x V2 y)) =m((x V2 y) Vax)
=m((x Va2 y) Vi x) <m(yVix)=m(xViy).

It follows that m(x V1 y) =m(x Vo y).
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(5) According to Proposition 1.7 and (4),

m(x — y)=m((x Viy)—>y)=m(y) —m(x Viy)

=m(y) —m@xvay) =m((xvay)~=y)=m@x~y). U

Lemma 7.1 Let m be a state-measure on a bounded pseudo-BCK algebra A. Then
forallx € A,we have m(x~)=m((x") =1—m(x).

Proof Since 0 < x, we have:

m(x_) =m(x—>0)=m@0) —m(x)=1—m(x).
m(xN) =m(x~0)=m0) —mx)=1-m).

Proposition 7.2 Let A be a pseudo-BCK algebra. Then:

(1) y <x implies m((x — y) ~y) =m((x ~ y) = y) = m(x) whenever m is a
measure on A;

(2) if m is a measure on A, then Kerg(m) = {x € A | m(x) = 0} is a normal deduc-
tive system of A;

(3) any measure-morphism on A is a measure on A.

Proof
(1) From y <x — y we get
m((x = y)~y) =m(y) —m(x - y) =m(y) — (m(y) —m(x)) =m(x).

Similarly, m((y ~» x) = x) =m(x).
(2) According to Proposition 7.1(1), 1 € Kerg(m).
Assume that x, x — y € Kerg(m).
Since x < x V1 y, by Proposition 7.1(2), we have 0 = m(x) > m(x V1 y), so
m(x Vv1y)=0.
Inaddition, 0 =m(x — y) =m((xV1y) = y)=m(y) —m(x V1y) =m(y),
so y € Kerg(m). (Here we applied the fact that y < x V| y and Proposition 1.7.)
Thus Kerg(m) is a deductive system of A.
The normality of Kerg () follows from Proposition 7.1(5).
(3) We have m(1) =m(1 - 1) = max{0,m(1) —m(1)} =0,s0if y <x then 0 =
m(l) = m(y - x) = max{0, m(x) — m(y)} and m(x) < m(y), thus m(x —
y) =max{0, m(y) —m(x)} =m(y) — m(x).
Similarly, m(x ~» y) =m(y) — m(x). Il

Example 7.2 Consider the bounded pseudo-BCK lattice Ay from Example 1.16.
The function m : A} —> [0, co) defined by: m(0) := 1, m(a) = m(b) = m(c) =
m(d) = m(1) := 0 is the unique measure on A;. Moreover, m is even a state-
measure on Aj.

Proposition 7.3 Let A be a bounded pseudo-BCK algebra. If M is a Bosbach state,
then m := 1 — M is a state-measure.
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Proof Lety <x,thatis,y > x=y~x=1.
By Proposition 6.1(1), M(x = y) =M(x ~y)=1—M(x) + M(y).
It follows that:

mx—>y)=mx-~y)=1-Mux—>y)=Mx)—M(®)
=1-M(y)— (1 —M(x)):m(y)—m(x).

Since by (B3) m(0) =1 — M (0) = 1, we conclude that m is a state-measure. [

Proposition 7.4 Let A be a bounded pseudo-BCK algebra. If m is a state-measure
on A, then M :==1 — m is a Bosbach state on A.

Proof We have: y < x V1 y and using the definition of the measure, we get

m((x Vi y) = y) =m((x Viy)~y) =m(y) —m(x Vi y).

Using Proposition 1.7, we have: x Vi y > y =x — y, so we get m(x — y) =
m(y) —m(x Viy).

Similarly, m(y — x) =m(x) —m(y V1 x).

In the same way we get:

mx ~y)=m(y) —m(x va2y) and m(y~>x)=m(x)—m(yVax).

According to Proposition 7.1(3) we have m(x Vi y) =m(y Vi x), so m(x) +
m(x — y) =m(y) + m(y — x).

Similarly, m(x) + m(x ~» y) =m(y) + m(y ~ x).

Therefore:

Mx)+Mx—>y)=M((y)+M(y —>x) and
Mx)+Mx~y)=M(®y)+ My~ x).

Furthermore, M (0) = 0 by the hypothesis and M (1) = 1 by Proposition 7.1(1).
Thus M is a Bosbach state. g

If A is a bounded pseudo-BCK algebra, in a similar way as for Bosbach states,
we can define extremal state-measures, as well as the weak-topology. Denote the set
of state-measures by SM(A), the set of state-measure-morphisms by SMM(A),
and the set of extremal state-measures by d,SM(A), respectively.

Theorem 7.1 Let A be a bounded pseudo-BCK algebra. Define a map ¥ :
SMi(A) - BS(A) by (m) :=1—m, m € SM(A). Then ¥ is an affine-
homeomorphism such that m is a state-measure-morphism if and only if ¥ (m) is a
state-morphism. In particular, m is an extremal state-measure if and only if m is a
state-measure-morphism.

Proof Propositions 7.3—7.4 show that ¥ is a bijection preserving convex combina-
tions and weak topologies.
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If, say, s is a state-morphism on A, i.e. s(x — y) = min{l — m(x) + m(y), 1},
then it is straightforward to show that m = 1 — s is a state-measure-morphism on A,
i.e. m(x — y) = max{m(y) — m(x), 0} (likewise for the second arrow ~).

In view of Theorem 6.2, we see that a state-measure is extremal iff it is a state-
measure-morphism. d

Remark 7.1 As a corollary of Theorem 7.1 and Remark 6.4, we have that if A is a
bounded pseudo-BCK algebra, then

0.SM1(A) = SMM (A).

Theorem 7.2 Let m be a measure on a pseudo-BCK algebra A.

Then A/Kerg(m) is a pseudo-BCK algebra and the mapping m : A/
Kerg(m) —> [0, +00) defined by m(x) := m(x), x := x/Kerg(m) € A/ Kerg(m),
is a measure on A/ Kerog(m), and A/ Kerg(m) is sup-commutative.

Proof By Proposition 7.1(5) we have m(x — y) =m(x ~» y).
According to Proposition 7.2(2), Kerg(m) is a normal deductive system of A.
Consider x =y. Thenx — y, y — x € Kerg(m) and m(x — y) =m((x V1 y) —
Y)=0=m(y) —m(x Vviy),som(y)=m(x Vi y).
Similarly, m(x) =m(y Vi x). But m(y) =m(x Vi y) =m(y V1 x) =m(x).
Hence 1 is a well-defined function on A/ Kerg(m).
To show that /i is a measure, assume y < x. By Proposition 1.5(4), y v ¥ = x.
Then i (x — y) =m(x — y) =m((x V1 y) = y) =m(y) —m(x Vi y).
Butm(x Vi y)=m(y vix)=m((y Vi X) =m(x) =m(x).
Therefore m(x — y) =m(y) — m(x). Similarly, m(x ~ y) =m(y) — m(x).
In the same way as in the proof of Proposition 6.11 we can show that A/ Kerg(M)
is both V|-commutative and V,-commutative. Il

In view of Theorem 6.1 and Theorem 7.1 we know that if m is a state-measure
on a bounded pseudo-BCK algebra A, then A/ Ker(m) is in fact an MV-algebra, so
that according to Mundici’s famous representation theorem, [41], A/ Ker(m) is an
interval in an £-group with strong unit. In the following result we generalize this
£-group representation of the quotient for measures on unbounded pseudo-BCK
algebras that are downwards-directed.

Theorem 7.3 Let m be a measure on an unbounded pseudo-BCK algebra A that
is a downwards-directed set. Then the arrows — and ~ on A/ Kerg(m) coincide.
Moreover, there is a unique (up to isomorphism) Archimedean £-group G such that
A/ Kerg(m) is a subalgebra of the pseudo-BCK algebra G~ and A/ Kero(m) gen-
erates the {-group G.

Proof We note that if a is an arbitrary element of A, then ([a, 1], <, —,~>,a, 1) is
a pseudo-BCK algebra.

We define K := Kerg(m). Given x, y € A, choose an element a € A such that
a<x,y.Ifm(a)=0,thena/Ko=(x — y)/Kog=(x ~y)/Ko=1/Kp.
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Assume m(a) > 0 and define m, (z) := m(z)/m(a) for any z € [a, 1]. Then m,
is a state-measure on [a, 1] and in view of Theorem 7.1, s, := 1 — m, is a Bosbach
state on [a, 1].

Theorem 6.1 entails that [a, 1]/ Ker(s,) can be converted into an Archimedean
MV-algebra. In particular, (x — y)/Ker(s;) = (x ~» y)/Kerg(s;). This yields
sq((x = y) = (x ~ y)) =1 and m((x — y) = (x ~» y)) = 0. In a similar way,
m((x ~»y) — (x = y)) = 0. This proves — / Kerg(m) = ~~ / Kerg(m).

In addition, we can prove that, forall x, y € A,

((c = ») v (v = x))/Kerg(m) = 1/ Kerg(m) = ((x ~ y) V (v ~~ x))/ Kerg(m).

It is clear that if m = 0, then Kerg(m) = A and A/ Kerg(m) = {1/ Kerg(m)}, so
that the trivial £-group G = {0}, where O¢ is a neutral element of G, satisfies our
conditions.

Therefore, let m # 0. By Lemma 4.1.8 in [208], A/ Kerg(m) is a distributive lat-
tice. As in Proposition 1.10 we can show that A/ Kerg(m) satisfies the (RCP) condi-
tion, and therefore, A/ Kerg(m) is a Lukasiewicz BCK algebra, see [112]. Therefore,
[103, 112], there is a unique (up to isomorphism of £-groups) £-group G such that
A/ Kerg(m) can be embedded into the pseudo-BCK algebra of the negative cone
G~ . Moreover, A/ Kerg(m) generates G.

Since the arrows in A/ Kerg(m) coincide, we see that G is Abelian, and since
every interval [a/Ky, 1/Ko] is an Archimedean MV-algebra, so is G. 0

Remark 7.2 'We note that if m is a measure-morphism on A, then:

1) m(u —" x) =max{0, m(x) —nm(u)} for any n > 0;
(2) mxi = (= (xp = a)---)) =max{0,m(a) —m(x;) — -+ —m(x,)}.

Proposition 7.5 Let m be a measure-morphism on a pseudo-BCK algebra A such
that m # 0. Then Kery(m) is a normal and maximal deductive system of A.

Proof Since m is a measure-morphism, then by Proposition 7.2(2), Kerg(m) is a
normal deductive system.

Choose a € A such that m(a) # 0. Let F be the deductive system generated by
Kerg(m) and by the element a. Let z € A be an arbitrary element of A. There is an
integer n > 1 such that (n — )m(a) <m(z) < nm(a). By Remark 7.2(1), we have
that m(a —" z) = max{0, m(z) —nm(a)} =0, so z € F and A C F proving that
Kerg(m) is a maximal deductive system. O

If m # 0 is a measure on a bounded pseudo-BCK algebra A, then passing to a
state-measure sy, (a) := m(a)/m(1), a € A, and using Theorem 7.1, we see that m
is a measure-morphism iff Kerg(m) is a maximal deductive system.

The same result is true for unbounded pseudo-BCK algebras that are downwards-
directed:

Theorem 7.4 Let m # 0 be a measure on an unbounded pseudo-BCK algebra A
that is downwards-directed. Then m is a measure-morphism if and only if Kero(m)
is a maximal deductive system.
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Proof By Proposition 7.5, Kerg(m) is a maximal deductive system of A.

Suppose now Kerg(m) is a maximal deductive system of A. In view of Theo-
rem 7.3, A/ Kerg(m) can be embedded as a subalgebra into the pseudo-BCK alge-
bra G~, where G~ is the negative cone of an Abelian and Archimedean £¢-group
G that is generated by A/Kerg(m). Let m(a/Kerg(m)) := m(a) (a € A). Then
Kerg(m) = {1/ Kerg(m)} and Og := 1/ Kerg(m) is the neutral element of G.

Fix an element a € A with m(a) > 0. Since Kery(m) is maximal in A, Kerg(m) =
{1/ Kerg(m)} is maximal in A/ Kerg(m) and consequently, {1/ Kero(m)} is a max-
imal deductive system of the pseudo-BCK algebra G~ because A/ Kerg(m) gener-
ates G. Therefore the ¢-ideal L :={0g} = {1/ Kero(m)} is a maximal £-ideal of G.

We recall that every maximal £-ideal, L, of an £-group is prime (a, b € G with
a ANb=01impliesa € L or b € L), whence G/L is a linearly ordered £-group (see
e.g. Proposition 9.9 in [76]).

Since G = G/L, G is Archimedean and linearly ordered, and by the Holder
theorem, Theorem 24.16 in [76], G is an £-subgroup of the £-group of real num-
bers, R. Let s be the unique extension of m onto G, then s is additive on G and
s(g) >0 for any g € G™. Since G is an £-subgroup of R, s is a unique additive
function on G that is positive on the negative cone (see Example 7.1) with the prop-
erty s(a/Kerg(m)) = m(a) > 0 for our fixed element a € A. Because A/ Kergy(m)
can be embedded into R™, we see that s is a measure-morphism on G .

Consequently, m is a measure-morphism on A. U

Proposition 7.6 Let m{ and my be two measure-morphisms on a downwards-
directed pseudo-BCK algebra A such that there is an element a € A with m1(a) =
my(a) > 0. If Kerg(m1) = Kerg(my), then m| = ms.

In addition, let a € A be fixed. If m is a measure-morphism on A such that
m(a) > 0, then m cannot be expressed as a convex combination of two measures
m1 and my such that mi(a) = my(a) = m(a).

Proof

(1) By Theorem 7.4, A/ Kerg(m1) = A/ Kerp(my) is a pseudo-BCK subalgebra of
R~. The condition m{(a) = m,(a) > 0 entails 711 = my, so m; = my.

(2) Let m = Amy 4+ (1 — A)my where m| and mj are measures on A such that
mi(a) =my(a) =m(a) and 0 < A < 1. Then Kerg(m) C Kerg(m ) NKerg(m»).
The maximality of Kerg(m) entails that both Kerg(m) and Ker,(m) are maxi-
mal ideals and by Theorem 7.4, we see that m and m, are measure-morphisms
on A. The condition m1(a) = my(a) = m(a) yields by (1) that m =m| = m>.

O

Proposition 7.7 Let m be a state-measure on a good pseudo-BCK algebra A. Then
M :=1—m is a Riecan state on A.

Proof Let x, y be such that x L y, thatis, y~~ < x~ and using the fact that m is a
measure, we obtainm(x~ =y~ ) =mx~ ~y D)=m(y ") —m(x7).
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Now, because A is good we get m(x~ — y~ ) =m(y) — 1 + m(x), which im-
plies M(x ®y) = M(x) + M(y). Since M(1) =1 —m(1) = 1, we conclude that M
is a Riecan state on A. U

Proposition 7.8 Let A be a pseudo-BCK(pDN) algebra and s be a Rielan state
on A. Then S := 1 — s is a state-measure.

Proof Let s be a RieCan state on A.
Consider y < x. Changing x to y in Proposition 6.15(5) we get:

s(Ovin) =y ) =s(GVix)~y ) =1—s(yVix)+s.
But according to Proposition 1.5(4) we have y V1 x = x, so
s(x — y_N) :s(x > y_N) =1—s5(x)+s(y).
Taking into consideration the (pDN) condition we get
sx = y)=sx~y)=1-s5(x)+s(y).
It follows that S(x — y) =S(x ~» y) =S() — S(x).
Moreover, we have S(0) = 1, so S is a state-measure on A. O
Remark 7.3 We can also define a measure as a map m : A —> (—00, 0] such that

m(x — y)=m(x ~y)=m(x) —m(y) whenevery <ux.

Properties (2) of Proposition 7.1 and (1) of Proposition 7.2 become:

(2') m(x) <m(y) whenever x <y and m is a measure on A;
(1) y < x implies m((x — y) ~ y) = m((x ~ y) = y) = —m(x) whenever m is
a measure on A.

If m(0) = 0 then m is a state on A.

Proposition 7.3 will be modified so thatm =1+ M.

Consider again the bounded pseudo-BCK lattice A| from Example 1.16.

The function m : Ay —> (—00, 0] defined by: m(0) := —1, m(a) = m(b) =
m(c) =m(d) =m(1l) ;=0 is the unique measure on Aj.

Remark 7.4 1f a pseudo-BCK algebra is defined on the negative cone, as in Exam-
ples 1.2 and 1.4, we map the negative cone to the positive cone in R. According to
the second definition, we map the negative cone to negative numbers.

7.2 Pseudo-BCK Algebras with Strong Unit

In this section we will study state-measures on pseudo-BCK algebras with strong
unit. We apply the results of the previous section to show how to characterize state-
measure-morphisms as extremal state-measures, or as those with the maximal de-
ductive system. In particular, we show that for unital pseudo-BCK algebras that are



7.2 Pseudo-BCK Algebras with Strong Unit 199

downwards-directed, the quotient over the kernel can be embedded into the negative
cone of an Abelian, Archimedean £-group with strong unit.

According to [108], we say that an element u of a pseudo-BCK algebra A is
a strong unit if, for the deductive system F(u) = [u) of A that is generated by u,
we have F(u) = A. For example, if (A, <, —, ~~, 0, 1) is a bounded pseudo-BCK
algebra, then u = 0 is a strong element. If G is an £-group with strong unit u > 0,
then the negative cone G~ is an unbounded pseudo-BCK algebra with strong unit
—u.

Remark 7.5 We note that a deductive system F of a pseudo-BCK algebra with a
strong unit u is a proper subset of A if and only if u ¢ F.

By a unital pseudo-BCK algebra we mean a pair (A, u) where A is a pseudo-
BCK algebra with a fixed strong unit u. We say that a measure m on (A, u) is
a state-measure if m(u) = 1. If, in addition, m is a measure-morphism such that
m(u) = 1, we also call it a state-measure-morphism. We denote by SM(A, u)
and SMM(A, u) the set of all state-measures and state-measure-morphisms on
(A, u), respectively. The set SM(A, u) is convex, i.e. if m,mpy € SM(A, u) and
A € [0, 1], then m := am1 + (1 — X)my € SM(A, u); it could be empty. A state-
measure m is extremal if m = Am1 + (1 — A)my for A € (0, 1) yields m =m| = my.
We denote by 9,SM (A, u) the set of all extremal state-measures on (A, u).

Example 7.3 Let G be an £-group with strong unit # > 0. Then a mapping m on G~
is a state-measure on (G, —u) if and only if (i) m : G~ — [0, 00), (i) m(g + h) =
m(g) +m(h) for g, h € G~, and (iii) m(—u) = 1. A state-measure m is extremal if
and only if m(g A h) = max{m(g),m(h)}, g,h € G~ (see Proposition 4.7 in [96]).
In addition, (—u) —" g = (g +nu) AOforany n > 1.

Let £2 # ¥ be a compact Hausdorff topological space and let 3(§2) be the Borel
o -algebra of §2 generated by all open subsets of £2. Any element of B(£2) is said to
be a Borel set, and any o -additive (signed) measure is said to be a Borel measure.

Let P(£2) denote all probability measures, that is, all positive regular Borel mea-
sures u € M(£2) such that u(£2) = 1.

We recall that a Borel measure p is called regular if

inf{£(0):Y € 0, O open} = u(¥) = sup{u(C) : C C Y, C closed}

for any Y € B(£2).

Example 7.4 Let §2 # () be a compact Hausdorff topological space and let C(§2) be
the set of all continuous functions on §2. Then C(§2) is an £-group with respect to
the pointwise ordering and usual addition of functions and the element # = 1, the
constant function equal to 1, is a strong unit. According to the Riesz Representation
Theorem, see e.g. p. 87 in [155], a mapping m : A —> [0, c0) is a state-measure on
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(C(£2)7, —1) if and only if there is a unique regular Borel probability measure u
on B(£2) such that

m(f) = — /Q FEdpe),  feCE@) .

and vice-versa, given a regular Borel probability measure p, the above integral al-
ways defines a state-measure.

If £2 is a separable space, then a state-measure is extremal if and only if it
is a state-measure-morphism if and only if u = §, for some point x € §2, where
Sx(M) =1iff x € M, and 6, (M) = 0 otherwise, so m(f) = f(x).

Definition 7.2 We say that a net of state-measures {my} converges weakly to a state-
measure m if m(a) = limy my (a) for every a € A.

Proposition 7.9 The state spaces SM(A, u) and SMM(A, u) are compact Haus-
dorff topological spaces.

Proof If SM(A,u) is void, the statement is evident. Thus suppose that (A, u)
admits at least one state-measure. For any state-measure m and any x € A we
have by Proposition 1.7: m(u — x) = m((u V1 x) = x) = m(x) —m@u Vi x).
But u <uvVvix, hence m(u Vi x) <m@) =1, so m(u - x) >m(x) — 1 and
m(x) <m(u — x) + 1. Therefore

m(x)fm(u—)x)+15m(u—>2x)+2§~~-§m(u—>”_1x)+n—1.

Since u is strong, given x € A, let ny denote an integer ny > 1 such that
u—"xx=1.Thenu <u—>""lxandmu —-"""x) <m@u)=1. Consequently,
mx) <mu —>"""1x)+n, — 1 <n,. Hence SM(A, u) C [1:calO, ny]. By Ty-
chonoff’s Theorem, the product of closed intervals is compact. The set of state-
measures SMM(A, u) can be expressed as an intersection of closed subsets of
[0, oo)A, namely of the following sets (for x, y € A):

My = {m € [0, OO)A |mx — y)=m(x ~y)=m(y) _m(x)}, x<y,
M, = {m €0, 00)* | m(x) > 0}, {m € [0, 00)* | m(u) = 1}.
Therefore SM(A, u) is a closed subset of the given product of intervals, and hence,
it is compact.

Similarly, the set of state-measure-morphisms SMM(A, u) is a subset of
]_[x <10, ny] and it can be expressed as an intersection of closed subsets of [0, 00)4,
namely of the following sets (for x, y € A):

M,y ={me[0,00" |m(x > y) =m(x ~ y) = max{0, m(y) —m(x)}},
M, = {m €[0,00)* | m(x) >0}, {m €0, 00)* | m(u) = 1}.

Therefore SMM(A, u) is a closed subset of the given product of intervals, and
hence, it is compact. O
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Proposition 7.10 Let u be a strong unit of a pseudo-BCK algebra A and m be a
measure on A. Then m vanishes on A if and only if m(u) = 0.

Proof Assumem(u) =0.Thenm(u — x) =m((uVix) = x) =mx)—m@uVix).
Butu <uvix,hence 0 <m(uvix)<m(u)=0,s0m(x)=m(u — x) and

m(x):m(u—>x)=m(u—>2x)=...=(m—>”x):m(1)=0

when u —" x =1 for some integer n > 1.
If now m(u) > 0, then m does not vanish trivially on A. O

Lemma 7.2 Let m|, my be state-measure-morphisms on a unital pseudo-BCK al-
gebra (A, u). If Kerg(m) = Kerg(my), then my = m».

In addition, any state-measure-morphism cannot be expressed as a convex com-
bination of other state-measure-morphisms.

Proof The sets m1(A) = {mi(a) | a € A} and my(A) = {my(a) | a € A} of real
numbers can be endowed with a total operation g such that (m(A), xr, 0) and
(my(A), *r, 0) are subalgebras of the BCK algebra ([0, 00), *g, 0) in the sense of
Chap. 5 in [108], where s *gr t = max{0,s — t}, s,¢ € [0, 00). The number 1 is a
strong unit in all such algebras.

If we let m; and 7, be the state-measure-morphisms on the quotient pseudo-
BCK algebras A/ Kerg(m) and A/ Kerg(my) defined by m; (a/ Kerg(m;)) = m;(a),
we have again m; (A/Kerg(m;)) =m;(A) fori =1, 2.

Define a mapping ¢ : m1(A) — ma(A) by ¢ (m1(a)) = mz(a) (a € A). Itis pos-
sible to show that this is a BCK-algebra injective homomorphism. By Lemma 6.1.22
in [108], this means that m(A) = my(A), thatis, m(a) = my(a) for all a € A.

Suppose now that m = Amy + (1 — A)mo, where m, m1, m, are state-measure-
morphisms and A € (0, 1). Then Kerg(m) C Kerg(m1) N Kerg(m>). By Proposi-
tion 7.5, all kernels Kerg(m), Kerg(m1), Kerg(m>) are maximal deductive systems,
so Kerg(m) = Kerg(m|) = Kerg(m2) and by the first part of the present proof,
m=m|=mj. O

Proposition 7.11 Let u be a strong unit of a pseudo-BCK algebra A and let J be
a deductive system of A and Jo := J N [u, 1]. Then Jy is a deductive system of the
pseudo-BCK algebra ([u, 1], <, =, ~,u, 1). If F(Jo) is the deductive system of A
generated by Jy, then

F(Jo)=F. ()

Moreover, Jy is maximal in [u, 1] if and only if J is maximal in A.

Proof Suppose that J is a deductive system of A. Then Jy := J N[u, 1] is evidently
a deductive system of [u, 1]. It is clear that F(Jy) C F.
On the other hand, take x € J. Since u is a strong unit, by Lemma 1.9, there is
anintegern > l suchthatuy ->"x=1=u— (- —> (u > x)---).
Setx,=uVixand x,—; =u Vi (u —>ix) fori=1,...,n—1.
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An easy calculation shows that x; € Jp forany i =1, ..., n.

Moreover, u - (u —> (- —> (u > x)-- ) =x1 > (x2 > (- = (x >
x)---)) = 1 which by Lemma 1.9 proves x € F(Jy).

Now let J be a maximal deductive system of A. Assume that F' is a deductive
system of [u, 1] containing Joy with F # [u, 1], and let F (F) be the deductive system
of A generated by F.

Then F € F(F) N [u, 1].

If now x € 1:"(F)ﬂ[u, 1], there are f1,..., f, € F suchthat fi - (--- — (f, —
x)---)=1giving x € F. Hence F = F(F) N [u, 1].

We assert that £ (F) is a deductive system of A containing J, and F (F) # A.

If not, then u € F (F) and therefore by Lemma 1.9, there are x1,...,x, € F such
that x; > (- —> (x, > u)---)=1.If we set z, =x, Vi u and z,,_; = x,—; V1
xi—>(C—> @&y —>u)---), fori =1, — 1, then each z; belongs to F' and

z1—> (++— (zy, > u)---) =1 which 1mphes u € F, which is a contradiction.

The maximality of J entails J = F(F) Since Jo C F = F(F) Nu,11=JnN
[0, 1] = Jp. That is, Jp is a maximal deductive system of [u, 1] as was claimed.

Assume now that Jy is a maximal deductive system of [u, 1] and let G # A be a
deductive system of A containing J. Then G¢ := G N [u, 1] is a deductive system
of [u, 1] containing Jy, and by (x), we get G = F(Gy). We assert u ¢ Gg. Suppose
the converse. Then u € G and for any x € A, there is an integer n > 1 such that
u—>"x=u— (---(u—x)---)=1proving x € G, so A C G, which is absurd.

The maximality of Jy entails Jo = G and in view of (), we have J = F(Jp) =
F(Go) = G, thus J is a maximal deductive system of A. O

Proposition 7.12 Let m be a state-measure on a unital pseudo-BCK algebra (A, u),
and let my be the restriction of m onto the interval [u,1]. Then m, is a state-
measure-morphism on ([u, 1], <, =, ~, u, 1).
Consider the following conditions:
(a) m is a state-measure-morphism on (A, u);
(b) my, is a state-morphism on [u, 1];
(c) Kerg(m) is a maximal deductive system of (A, u);
(d) Kerg(my) is a maximal deductive system of [u, 1].

Then (b), (c), (d) are mutually equivalent and (a) implies each of the conditions
(b), (c) and (d).
Proof Let m,, be the restriction of m to [u, 1]. Then m,, is a state-measure on [u, 1]
and Kerg(m,) = Kerg(m) N [u, 1]. Due to Proposition 7.11 we have
F (Kero(my)) = Kerg(m).

(a) = (b) This is evident.
(b) & (d) This follows from Theorem 6.2(d)—(e).
(b) & (¢) We have Kerg(m,) = Kerg(m) N [u, 1].

Then by Proposition 7.11, we have the equivalence in question. g
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Theorem 7.5 Let (A,u) be an unbounded unital pseudo-BCK algebra that is
downwards-directed and let m be a state-measure on (A, u). Then there is a unique
(up to isomorphism) Abelian and Archimedean £-group G with strong unit ug > 0
such that the unbounded unital pseudo-BCK algebra (A/Kerg(m), u/ Kerg(m)) is
isomorphic to the unbounded unital pseudo-BCK algebra (G™, —ug).

Proof Letm,, be the restriction of m to the interval [u, 1]. By Theorems 7.1 and 6.1,
the quotient [u, 1]/ Kerg(m,) can be converted into an MV-algebra, and in view
of Kery(m,) = Kerg(m) N [u, 1] we have that [u, 1]/ Kerg(m,) is isomorphic to
[t/ Kerg(m), 1/ Kerg(m)] = [u, 1]/ Kerg(m), so that both can be viewed as isomor-
phic MV-algebras. Let G be the £-group guaranteed by Theorem 7.3 that is gener-
ated by A/ Kerg(m).

Therefore ug := —(u/ Kerg(m)) is a strong unit for G and O¢g := 1/ Kerg(m) is
the neutral element of G.

By Mundici’s famous theorem [41], the unital £-group (G, ug) is the same for
[u, 1]/ Kerg(m,) and [u, 1]/ Kerg(m). If now g € G~ , then g = g1 +- - - + g, Where
81,---,8n € u, 11/ Kerg(m). The set of elements g € G~ such that g € A/ Kery(m)
is a pseudo-BCK algebra containing A/ Kerg(m). Furthermore, because A/ Kerg(m)
generates G, this implies that the pseudo-BCK algebra (G™, —u) is isomorphic to
the unital pseudo-BCK algebra (A/ Kerg(m), u/ Kerg(m)). O

Theorem 7.6 Let m be a state-measure on a unital pseudo-BCK algebra (A, u)
that is downwards-directed and let m,, be the restriction of m to the pseudo-BCK
algebra [u, 1]. The following statements are equivalent:

(a) m is a state-measure-morphism on (A, u);

(b) my, is a state-morphism on [u, 1];

(c) Kerg(m) is a maximal deductive system of (A, u);
(d) Kerog(my) is a maximal deductive system of [u, 1];
(e) m is an extremal state-measure on (A, u);

) my is an extremal state-measure on [u, 1].

Proof By Theorem 7.12, (b), (¢), (d) are mutually equivalent and (a) implies each
of the conditions (b), (c), (d). Theorem 7.4 entails that (c) implies (a). From Theo-
rem 6.2 we see that (b) and (f) are equivalent. Proposition 7.6 gives (a) implies (e).

(e) = (a) Letm be an extremal state-measure on (A, u). Define m(a/ Kerg(m)) :=

m(a) (a € A). We assert that i is extremal on the unital pseudo-BCK algebra
(A/Kerg(m), u/ Kerg(m)). Indeed, if m = Ay + (1 — A)up, 0 < A < 1, where
w1 and py are two state-measures on (A/ Kerg(m), u/ Kerg(m)), then there are
two state-measures m, my on (A, u) such that m| = u; and M = wy. Hence
m = Ami + (1 — A)ymy yielding m; =mj and u1 = up.
By Theorem 7.5, A/Kerg(m) is isomorphic to the pseudo-BCK algebra
(G™,ug), where G~ is the negative cone of an Abelian and Archimedean ¢-
group G that is generated by A/ Kerp(m) and the element ug := —(u/ Kerg(m))
is a strong unit for G.
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Similarly as in the proof of Theorem 7.4, i can be extended to a state-measure,
s,on (G~ , u/Kerg(m)) so that s can be extended to an additive function denoted
again by s on the whole unital ¢-group (G, —(u/ Kerg(m))) that is positive on
G~ and s(u/ Kerg(m)) = 1.

Moreover, s is extremal on (G, —(u/Kerg(m))) which by Theorem 12.18 in
[155] is possible if and only if Kerg(m) = {1/ Kerg(m)} is a maximal deductive
system of the unital pseudo-BCK algebra (A/ Kerg(m), u/ Kerg(m)).

Since the mapping a — a/ Kerg(m) is surjective, this implies that Kero(m) is a
maximal deductive system of (A, u). By the equivalence of (c) and (a) we have
that m is a measure-morphism. 0

As a direct consequence of Theorem 7.6 and the Krein-Mil’man Theorem we
have:

Corollary 7.1 Let (A,u) be a unital pseudo-BCK algebra that is downwards-
directed. Then

0. SM(A, u)=SMM(A, u)

and every state-measure on (A, u) is a weak limit of a net of convex combinations
of state-measure-morphisms.

7.3 Coherence, de Finetti Maps and Borel States

In this section, we will generalize to pseudo-BCK algebras the relation between
de Finetti maps and Bosbach states, following the results proved by Kiihr and
Mundici in [211] who showed that de Finetti’s coherence principle, which has its
origin in Dutch bookmaking, has a strong relationship to M V-states on M V-algebras.
We then generalize this to state-measures on unital pseudo-BCK algebras that are
downwards-directed.

We recall the following definitions and notation used in [211]. Let A be a
nonempty set and let WV be a fixed system of maps from [0, 1]4. We endow W
with the weak topology induced from the product topology on [0, 1]4. By conv W
and cl W we denote the convex hull and the closure of W, respectively. In addition,
if W is convex, 9,V will denote the set of all extremal points of J/. We note that
the weak topology of Bosbach states is in fact the relativized product topology on
[0, 114.

Definition 7.3 ([211]) Let A’ ={ay, az, ..., a,} be a finite subset of A. Then a map
B : A" — [0, 1] is said to be coherent over A if

n
forall oy,09,...,0, €R, thereisaVeW sit. Za,-(ﬁ(ai) —V(a;)) = 0.
i=1
By a de Finetti map on A we mean a function 8 : A — [0, 1] which is coherent
over every finite subset of A. We denote by Fyy the set of all de Finetti maps on A.
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An interpretation of Definition 7.3 is as follows [211]: Two players, the book-
maker and the bettor, wager money on the possible occurrence of elementary events
ai,...,a, € A. The bookmaker sets a betting odd B(a;) € [0, 1], and the bettor
chooses stakes o; € R. The bettor pays the bookmaker o;S(a;), and will receive
0;V (a;) from the bookmaker’s possible world V. As scholars, we can assume that
o; may be positive as well as negative. If the orientation of money transfer is given
via bettor-to-bookmaker, then the inequality in Definition 7.3 means that the book-
maker’s book should be coherent in the sense that the bettor cannot choose stakes
o1, ..., 0, which ensure that he will win money for every V € W.

Remark 7.6 Let A be a bounded pseudo-BCK algebra and denote by BS(A) the
set of Bosbach states on A and by W the set of state-morphisms on A. Note that,
according to Theorem 6.2, W coincides with the set of extremal Bosbach states, and
by the Krein-Mil’man Theorem,

BS(A) =clconvd,BS(A) =clconv SM(A).

Theorem 7.7 Let A be a bounded pseudo-BCK algebra and let VW = SM(A) # @.
Then

Fyy = BS(A).

Proof According to Theorem 6.2 and Remark 6.4, WV is closed. Now we can apply
Proposition 3.1 in [211] since we have W C BS, 9,BS =W (S W), W closed. So
we get BS = Fyy. O

Theorem 7.7 has an important consequence, namely that every Bosbach state (if
it exists) on a bounded pseudo-BCK algebra is a de Finetti map coming from the set
of [0, 1]-valued functions on A, generated by the set of state-morphisms. Moreover,
applying Remark 7.6 we have that this de Finetti map is exactly the weak limit of a
net of convex combinations of state-morphisms.

There is also another relationship concerning the representability of Bosbach
states via integrals.

Let A be a bounded pseudo-BCK algebra and let W = SM(A). Every element
a € A determines a (continuous) function f, : W — [0, 1] via

fa(V):=V(), VeWw.
Definition 7.4 We say that a mapping s : A — [0, 1] is a Borel state (of W) if

there is a regular Borel probability measure x defined on the Borel o -algebra of the
topological space VV generated by all open subsets of W such that

s(@) = f FoVYp (V).
w

Let Byy be the set of all Borel states of W.
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Theorem 7.8 Let A be a bounded pseudo-BCK algebra. For any Bosbach state s
on A, there is a Borel probability measure u on B(W) such that

s(a) 2/ Ja(V)du(V).
w

Proof Since W = SM(A) is closed (see Remark 6.4), by Theorem 4.2 in [211] we
have W C By, 3.8yy € W and Fyy = Byy. Therefore by Theorem 7.7, BS(A) =
Byy, i.e. every Bosbach state is a Borel state on A. O

We note that if we set 2 = BS(A), then for any a € A, the function a :
BS(A) — [0, 1] defined by a(s) := s(a), s € SB(A), is continuous. Therefore,
we can strengthen Theorem 7.8 as follows.

Theorem 7.9 Let A be a bounded pseudo-BCK algebra. For any Bosbach state s
on A, there is a unique Borel probability measure . on B(BS(A)) such that

s(a) =/ a(x)du(x).
SM(A)

Proof Suppose that the set of all Bosbach states on A is nonempty. By the
Krein-Mil’man Theorem (Remark 7.6), the set of extremal Bosbach states is also
nonempty and it coincides with the set of state-morphisms. Define Fy := ({Ker(s) |
s € SM(A)}. In view of Theorem 6.1, Lemma 6.2 and Proposition 6.12, Fj
is a normal ideal, and similarly as in Theorem 6.1, we can show that A/Fy
is an Archimedean MV-algebra, and for any Bosbach state s on A, the map-
ping s(a/Fy) = s(a) (a € A) is an MV-state (= Bosbach state) on A/Fy; we set
a:=a/Fy (a € A). Moreover, the state spaces BS(A) and BS(A/ Fp) are affinely
homeomorphic compact nonempty Hausdorff topological spaces under the mapping
s € BS(A) — § € SB(A/Fp) (i.e. they are homeomorphic in the weak topologies of
states preserving convex combinations of states). In addition, the compact subsets
of extremal Bosbach space are also homeomorphic under this mapping. By [202],
on the Borel o-algebra B(BS(A)), there is a unique Borel probability measure u
such that

s(a) = §(a/Fo) =/ adp.
SM(A/Fy)

This integral can be rewritten identifying the compact spaces and Borel o -algebras
in the form

s(a) =/ a(x)du(x). 0
SM(A)

It is interesting to note that de Finetti was a great propagator of probabilities
as finitely additive measures. The main result of [202] and Theorem 7.9 state that
whenever s is a Bosbach state, it generates a o -additive probability such that s is
in fact an integral over this Borel probability measure. Thus Theorem 7.9 joins de
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Finetti’s “finitely additive probabilities” with o -additive measures on an appropriate
Borel o -algebra.

We now generalize Theorem 7.7 and Theorem 7.8 to unbounded pseudo-BCK
algebras that are downwards-directed.

Theorem 7.10 Let (A, u) be a pseudo-BCK algebra that is downwards-directed
and let W=SMM(A,u) # 0. Then

Fw =SM(A,u).

Proof This follows from Theorem 7.6 and using the same steps as those in Theo-
rem 7.7. O

Theorem 7.11 Let (A, u) be a pseudo-BCK algebra that is downwards-directed.
For any state-measure m on (A, u), where W = SMM(A, u) # 0, there is a Borel
probability measure i on BOW) such that

m(a) =/ Ja(V)dp(V).
w

Proof This follows from Theorem 7.6 and it follows steps analogous to those in
Theorem 7.8. 0



Chapter 8
Generalized States on Residuated Structures

In the case of states on multiple-valued logic algebras, the domain of a state varied,
while the codomain remained the real interval [0, 1] with its additive structure. On
the other hand, in the theory of probability models ([123, 253]), the probability
is seen as a new kind of semantics. Instead of the validity of sentences (events)
one studies the probability of their achievement. For multiple-valued logics it is
more profitable to study the truth degree of sentences instead of their validity. In
many cases, the evaluation of the truth degree of sentences is made in an abstract
structure (M V-algebra, BL-algebra, etc.), and not in the standard algebra [0, 1] (see
for example [158]). This point of view suggests that we define a probability with
values in an abstract algebra (in our case, an FL,,-algebra). This chapter begins
by showing that in the definition of a Bosbach state the MV-algebra structure was
used for the codomain of the state. We found several equivalent conditions which
define a Bosbach state, and these conditions are expressed in terms of FL,,-algebra
operations. If we replace [0, 1], the standard MV-algebra, with an arbitrary FL,,-
algebra or FL,,,-algebra, the equivalence of these conditions is no longer preserved.
In fact, the group of equivalent conditions splits into two parts. The conditions as
a whole are not equivalent, but within each subgroup the equivalence is preserved.
Each of the two groups of equivalent conditions leads to a notion of a generalized
Bosbach state. In this way the notions of a generalized Bosbach state of type I and
of type II appear.

We distinguish two kinds of generalized states; namely we define generalized
states of type I and II, we study their properties and we prove that every strong type
II state is an order-preserving type I state. We prove that any perfect FL,,-algebra
admits a strong type I and type II state. Some conditions are given for a generalized
state of type I on a linearly ordered bounded R¢-monoid to be a state operator.

We introduce the notion of a generalized state-morphism and we prove that any
generalized state morphism is an order-preserving type I state and, under certain
conditions, an order-preserving type I state is a generalized state-morphism. The
notion of a strong perfect FL,,-algebra is introduced and it is proved that any strong
perfect FL,,-algebra admits a generalized state-morphism. The notion of a general-
ized Riecan state is also given, and the main results are proved based on the notion of
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the Glivenko property defined in the non-commutative case. The main results con-
sist of proving that any order-preserving type I state is a generalized RieCan state
and in certain circumstances the two states coincide. We introduce the notion of a
generalized local state on a perfect pseudo-MTL algebra A and we prove that, if A
is relatively free of zero divisors, then every generalized local state can be extended
to a generalized RieCan state. The notions of extension property and Horn-Tarski
property are introduced for a pair (A, L) of FL,,-algebras with L complete and it is
proved that under some conditions, if the pair (Reg(A), L) has the extension prop-
erty or Horn-Tarski property, then the pair (A, L) has these properties too. Finally,
we outline how the generalized states give an approach to the theory of probabilistic
models for non-commutative fuzzy logics associated to a pseudo t-norm.

8.1 Generalized Bosbach States on FL,-Algebras

Starting from the observation that in the definition of a Bosbach state the standard
MV-algebra structure for its codomain was used, for the case of FL,,-algebras the
notion of a state was generalized as a function with values in an FL,,-algebra ([74,
75]). Properties of generalized states are useful for the development of an algebraic
theory of probabilistic models for non-commutative fuzzy logics.

In this section we define the generalized Bosbach state of types I and II and we
study their properties. The notion of a strong generalized Bosbach state is introduced
and it is proved that any perfect FL,,-algebra admits a strong type I and type II state.
Some conditions are given for a generalized state of type I on a linearly ordered
bounded RZ-monoid to be a state operator.

Let A be an FL,,-algebra and s : A — [0, 1] be a function such that s(0) =0
and s(1) = 1. It was proved in Propositions 6.18 and 6.19 that the following are
equivalent for all x, y € A:

(PH T+s(x Ay)=s(xVy)+sdi(x,y);
(P)) 1+s(xAy)=s5(x) +5x = y);
(P{) s(x)+s5(x = y)=s(y) +5(y — x)
and the following are also equivalent for all x, y € A:
(PP 1+sxAy)=s(xVy) +s(dax,y)):
(P3) T+s(x Ay)=s(x)+s(x~y);
(P) s(x)+5(x~y)=s()+s(y~x).
One can easily check that:

(I) The condition ( Pll) is equivalent to each of the following conditions:

(I1) s(di(x,y) =s(xVy) —ps(xAYy);
(1) s(xVy)=s(di(x,y) =rsxAYy).

(II) The condition (P21) is equivalent to each of the following conditions:
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() s(x = y)=s(x) £ s(x Ay);
() s(x)=s(x — y) > s(aAb).
(IIT) The condition ( P31) is equivalent to the following condition:
() s(x > y) =rs(y) =s(y > x) > s(x).
Similarly, we can prove that:
(I") The condition (Plz) is equivalent to each of the following conditions:
(1)) s(da(x,y)) =s(x Vy) > s(x Ay);
(Iy) s(xVy)=s(d2(x,y)) >rs(x AY).
(II') The condition (P22) is equivalent to each of the following conditions:

(1) s(x ~y)=s(x) =L s(x AY);
() s(x)=s(x~y) =L s(x AY).

(II"y The condition (P32) is equivalent to the following condition:
(IT}) s(x ~>y) =ps(y) =5y ~ x) —>p 5(x).

The above equalities suggest an extension of the definition of a Bosbach state re-
placing the standard MV-algebra ([0, 1], min, max, O, —¢,, 0, 1) with an arbitrary
FL,,-algebra.

In the sequel, (A, A, V,®,—,~,0,1) and (L, A, V, O, —>,~+,0,1) are FL,,-
algebras and s : A — L is an arbitrary function.

(We use the same notation for the operations in both structures, but the reader
should be aware that they are different.)

By dia, d24 and dy1, do; we denote the distance functions in the FL,,-algebras
A and L, respectively (see Definition 3.2).

Proposition 8.1 If s(0) =0 and s(1) = 1, then the following are equivalent:

(i) foralla,be A, s(dia(a,b)) =s(aVvb)— s(a Ab)and s(drp(a,b)) =s(aVv
b) ~ s(a A b);

(i) forall a,b e A withb <a, s(a — b) =s(a) — s(b) and s(a ~» b) = s(a) ~
s(b);

(iii) foralla,b e A, s(a — b) =s(a) - s(anb) and s(a ~ b) =s(a) ~ s(aAb);
@iv) foralla,be A,s(a — b) =s(aVvb) — s(b) and s(a ~» b) =s(aV b) ~ s(b).
Proof Leta,b € A.
(i) = (ii) Assume b < a. Then we have:

dia(a,b)=a—b, so

s(a — b) =s(d1A(a, b)) =s(aVvb)—sanb)=s(a) — sb)
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and
dya(a,by=a~~b, so

s(a~b) = s(dgA(a, b)) =s(a Vv b)~s(anb)=s(a)~ sb).
(ii)) = (i) Since a Ab <a Vv b, we have:

s(dlA(a,b))=s(a\/b—>a/\b)=s(a\/b)—>s(a/\b) and
s(dzA(a,b))=s(avbwa/\b)=s(a\/b)ws(a/\b).
(ii) = (iii) Applying (rl-c3) wehavea - b=a—>aAbanda~~b=a~>a Nb.
Since a A b < a, we get:
s(a—>b)=s(a—>aAb)=s(a) > s(anb) and

s(a~+b)=s(a~anb)=s(a)~ s(anb).
(iii) = (ii) Assume b <a, so a A b = b. It follows that:

s(a— b) =s(a) — s(a Ab) =s(a) — s(b) and
s(a~b)=s(a)~ s(anb)=s(a)~ sb).
(i) = (iv) Applying (rl-c4) wehaveavb—>b=a—->bandaVvb~~b=a~~b.
Since b <a Vv b, we get:
s(a—b)=s(avb—b)=s(aVvb)—sb) and

s(a~+b)=s(aVvb~b)=s(aVb)~~ sb).
(iv) = (ii) Letb <a,soa VvV b =a. It follows that:

s(a— b)=s(aVvb)— s(b)=s(a) — s(b) and
s(a~»b)=s(aVvb)~sb)=s(a)~ sb). O

Proposition 8.2 Ifs(0) =0 and s(1) = 1, then the following are equivalent:

@) for all a,b € A, s(a vV b) = s(d1a(a,b)) — s(a N b) = s(drala,b)) ~
s(a A Db);
(i) foralla,b e A s(a) =s(a — b) — s(a Ab) =s(a ~> b) ~» s(a A D);
@iii) foralla,b e Awithb <a, s(a) =s(a — b) — s(b) =s(a ~» b) ~ s(b);
@iv) foralla,be A, s(aV b) =s(a — b) — s(b) =s(a ~ b) ~ s(b);
) for all a,b € A, s(a — b) — s(b) =s(b - a) — s(a) and s(a ~ b) ~
s(b) =s(b ~a)~ s(a).

Proof Leta,b e A.
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(i) = (iii) Assume b < a, thus:
avVvb=a, aANb=b, diala,b)=a — b, dra(a,b) =a~b.

Hence s(a) = s(a — b) — s(b) and s(a) = s(a ~» b) ~> s(b).
(iii) = (i) Taking into consideration that djs(a,b) =a Vv b — a A D, dya(a,b) =
avb~aAbanda Ab <a Vv b, we have:

s(aVvb)=s(avb—aAb)—sanb)=s(diaa,b))—s@aAb) and
savb)=sa@avb~anb)~ s(aANb) :s(dzA(a,b)) ~+s(a A D).

(i) = (iii) Assume b <a,soa Ab=0b.
Hence s(a) = s(a — b) — s(b) =s(a ~ b) ~ s(b).

(iii) = (ii) Applying the propertiesa Ab <a,a >aAb=a—b,a~~anb=
a ~ b we get:

s(@)=s(a—>anb)—s@rb)=s(a@a—>b)—s(@Ab) and
s(@)=s(@~>aAb)~s(@Arb)=s(a~b)~ s(@Ab).

(iii) = (iv) Sinceb<aVvb,aVvbh—>b=a—bandaV b~ b =a ~ b, we have:
s@vb)=s@vhb—b)—sb)=s(a—b)— s(b) and
s(@avb)=s(aVb~sb)~ sb)=s(a~b)~sb).

(iv) = (v) By (iv) we have:
s(a—b)—s(b)=saVvb)=s(bVva)=sb—a)—>s(a) and
s(@a~>b)~sb)=s(@vb)=sbVa)=sb~ a)~ sa).

(v) = (iii)) Assume b < a. Thus

s@)=1—s(a)=s(1) > s(a)=s(b—a)—>s()=sa—b)—sb) and
s(a)=1~s(a)=s(1)~s(a)=sb~a)~s(a) =s(a~b)~ s(b). 0
Definition 8.1 Let (A, A, V, O, —>,~,0,1)and (L, A, V, O, —>,~+,0,1) be FL,;-

algebras and s : A —> L an arbitrary function such that s(0) =0 and s(1) = 1.
Then:

1. s is called a generalized Bosbach state of type I (or briefly, a state of type I or a
type I state) if it satisfies the equivalent conditions from Proposition 8.1.

2. s is called a generalized Bosbach state of type II (or briefly, a state of type Il or
a type II state) if it satisfies the equivalent conditions from Proposition 8.2.

3. A generalized type I, II state s is called a strong type I, II state if s(a — b) =
s(a~»b)foralla,be A.

Example 8.1 Any FL,,-algebra morphism s : A — L is an order-preserving type |
state.
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Example 8.2 ([114]) If A is a bounded R¢-monoid, then a state operator on A is
a function 0 : A — A such that for any x,y € A the following conditions are
satisfied:

(1) o (0)=0;

2)ox—y)=cx)—>o(xAyando(x ~y)=0(x)~o(x AY);
B)o(xOy)=0(x)00x~x0y)=0(y—>x0y)Oa(y);

4) o(c(x)Oo(y)=0(x)O0o(y);

(5) o(o(x) > 0o(y)=0(x) >o(y)ando(o(x) ~ 0o (y) =0(x)~0o(y);
(6) o(o(x) Va(y) =o(x)Va(y).

Taking x = y =1 in (2), it follows that o (1) = 1.

Since 0(0) =0, o(1) = 1 and condition (2) of the above definition is condi-
tion (iii) in Proposition 8.1, it follows that any state operator o on a bounded
R¢-monoid is a type I state. Moreover, it was proved in [114] that x < y implies
o(x) <o(y), thus o is an order-preserving type I state.

Example 8.3 Let A be the FL,,-algebra from Example 4.4, L be the FL,-algebra
from Example 4.1 and s : A — L, 5(0) :=0, s(a) = s(b) = s(c) =s(1) := 1. One
can easily check that s is a type I state and a type II state.

Example 8.4 Let A be the FL,-algebra from Example 4.4 and consider the func-
tions:

s1:A— A, 51(0):=0,s51(a):=a,s1(b) :=b,s1(c) :=c,51(1):=1,
s2:A—> A, 5(0):=0,5(@)=s2b) =s2(c) =s52(1) :=1.

One can easily check that 57 is a type I state, while s; is a strong type I state and
a strong type II state.

Remark 8.1 Not all type I states are order-preserving, and not all order-preserving
type I states are type II states. Indeed, consider the following example of an FL,,-
algebra A = {0, a, b, c, d, 1}, with the following partial order relation and operations

([186]):
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— |10 a b ¢ d 1 10 a b ¢ d 1
o1 1 1 1 1 1 00 0 0 0 0 O
a |0 1 b ¢ ¢ 1 al0 a b d d a
blc 1 1 ¢ ¢ 1 b|{0 b b 0 0 b
c|b 1 b 1 a 1 c|0 d 0 d d c
d|b 1 b 1 1 1 d|0 d 0 d d d
110 a b ¢ d 1 110 a b ¢ d 1
Consider the maps s1, ..., 56 : A — A presented in the table below:

X 0 a b ¢ d 1

s1x) |0 a 0 1 a 1

s$5(x) |0 a b ¢ d 1

s3x) |0 1 0 1 1 1

s4x) |0 1 b ¢ ¢ 1

ssx) |0 1 ¢ b b 1

se(x) |0 1 1 0 0 1

The type I states from A to A are s;, with i € 1,6. Out of these, the only order-
preserving ones are s2, $3, 54, s5 and s¢. Indeed, 51 is not order-preserving, as ¢ < a
and s1(c) =1 > s1(a) =a.

The type I states from A to A are s3, 54, s5 and s¢.

The next proposition generalizes to FL,,-algebras the following result from
[263]: if A and L are FL,,-algebras, then every type II state s : A —> L is an
order-preserving type I state.

Proposition 8.3 Every strong type Il state is an order-preserving type I state.

Proof Since b < (a — b) ~» b and b < (a ~» b) — b, applying (psbck-c11) and
Proposition 8.2(iii), (iv) we have:

s((a — b) ~ b) = s(((a — b) ~ b) — b) — 5(b)
=s(a—>b)—> s(b)=s(avb) and
s((a ~ b) — b) = s(((a ~> b) — b) Wb) ~> §(b)
=s(a~b)~sb)=s(aVvb).
Fromb <a — b and b <a ~~ b we get:
s(a— b) = s((a — b) ~~ b) ~+s(b)=s(aVvb)~sb) and
s(a~b) = s((a ~ b) — b) — s(b) =s(a Vv b) — s(b).
Since s is strong, we have:

s(a— b)=s(a~b)=s(aVvb)— sb)=s(aV b)~~s().
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Taking into consideration Proposition 8.1(iv), it follows that s is a type I state.
By Proposition 8.2(iii), s is order-preserving. g

Remark 8.2 In the case when L is the standard MV-algebra [0, 1], order-preserving
type I states s : A —> [0, 1] coincide with Bosbach states on A, as the identities
(iii) from Proposition 8.1 are equivalent to the identities (II1) and (I ’1), and type II
states s : A —> [0, 1] coincide with Bosbach states on A, as the identities (v) from
Proposition 8.2 are equivalent to the identities (/111) and (III’1 ).

Remark 8.3 Let A, B, L be FL,,-algebras, s : B—> L be a functionand f: A —
L be an FL,,-algebra morphism. Then by Proposition 8.1(iii), if s is a type I state,
then s o f : A — L is a type I state, and if, moreover, s is order-preserving and f
is order-preserving, then s o f is order-preserving. By Proposition 8.2(ii), if s is a
type II state, then s o f is a type II state.

In the sequel we will use the notation s(a) ™ instead of (s(a))™ and s(a)™ instead
of (s(a))™.

Proposition 8.4 Ifs is a type I state, then for all a, b € A the following hold:

(1) sta™)=s(a)” ands(a™)=s(a)”;

2) sta ) =s(a) ", s(@™) =s@)™", sta ™) =s@@)™" and s(a~~) =
s(@)~;

3) s(avVvb)—s(a)=sb)— s(aAb)ands(aV b)~ s(a) =s(b) ~ s(a NDb),

@ s —=a)=s(a) " = s(@) ands@ = ~a)=s(a)” " — s(a);

(5) s((aoy1 b) og b) =5s(a oy b) oy s(b), where o1, 0 € {—, ~};

(6) s((aoy b) oy b) = (s(aV b)oy s(b)) ops(b), where o1, 0y € {—, ~};

(7) s(avb)—s(a)Asb)=s(a)Vsb)—> s(anb)ands(aVb)~s(a)As(b) =
s(a) Vv s(b) ~ s(a A b);

@®) sta—aGb)Os(a)<s(a®b)ands(a) ®s(a~a®b) <s(a®b).

Proof

(1) s(@a™)=s(a— 0)=s(a) - s0) =s(a) > 0=s(a)” and similarly s(a™) =
s(a)”™.

(2) This follows from (1).

(3) This follows from Proposition 8.1(iii), (iv).

(4) By (psbck-c14), Proposition 8.1(ii) and (2).

(5) By (psbck-cg) and Proposition 8.1(ii).

(6) By (psbck-cg) and Proposition 8.1(ii), (iv).

(7) From (rl-c4) we have

XVy—=z=x—=>2AQ—2), XVy~mz=x~2)A(y~2)
and from (rl-c3) we get
2= XxAYy=(Z—=>x)A(Z—y) and z~~>xAy=(Z~x)A(z~Y),

forall x,y,z € A.
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Applying the above formulas and (3) we get:

s(aVvb)—s(a) As(b) = (s(a VvV b) — s(a)) A (s(a Vv b) — s(b))
= (s(a) > s(a A b)) A (s(b) > s(a A D))
=s(a)vVs) —s(anb).
Similarly,

s(a Vv b)~s(a) As(b) = (s(a V b) ~~ s(a)) A (s(a V b) ~~ s(b))
= (s(a) ~s(a N b)) A (s(b) ~s(a N b))
=s(a) VvV s(b) ~ s(a A D).

(8) By Proposition 8.1(ii) we have
sa—>a®b)y=s(a)—>s(@a®b) and s(a~~a®b)=s(a)~ s(a®Db).
Applying (psbck-cp5) we get:

s(la—>a®b)Os(a)= (s(a) —>5(a0® b)) Os(a) <s(a®b) and
s(a)@s(awa(bb)=s(a)®(s(a)ws(a®b))§s(a®b). Il

Proposition 8.5 If s is an order-preserving type I state, then for all a,b € A the
following hold:

(1) s(a) ©s(b) <s(a©b);

2) s(a)Osb)”" <sa@aOb H)ands(a) ©sb)” <s(a®b™);

(3) s(a— b) <s(a) — s(b) and s(a ~ b) <s(a) ~ s(b);

@) s(a—=>b)Osb—a)=<dir(s(a),sb)) ands(a~~b) Osb~ a) <dy(s(a),
s(b));

(5) s(dia(a, b)) <diL(s(a),s(b)) and s(dra(a, b)) < dar(s(a),s(b)).

Proof

(1) Obviously, b <a~»a ® b, hence s(b) <s(a~a ®b).
Applying Proposition 8.4(8) we get s(a) © s(b) <s(a) O s(a~a Ob) <
s(a ®b).
(2) This follows from Proposition 8.4(1) and (1).
(3) By Proposition 8.1(iii) we get s(a — b) = s(a) — s(a A D).
Since a A b < b, we have s(a A b) < s(b) and by (psbck-c1p) it follows that
s(a) — s(a Ab) <s(a) — s(b). Thus s(a — b) <s(a) — s(b).
Similarly, s(a ~~ b) < s(a) ~» s(b).
(4) Applying (3) and (psbck-ca4) we get:

sa—b)Osb— a) < (s@ — sb) O (s(b) > s(@))
< (s(a) — s(b)) A (s(b) — s(a)) :dlL(s(a), s(b)).
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Similarly, s(a ~~ b) © s(b ~ a) <dpr(s(a), s(b)).
(5) By (3) we have:

s(dlA(a,b)) = s((a —>b)AN(b— a)) <s(a— b)As(b—a)
< (s(a) — s(b)) A (s(b) — s(a)) = dlL(s(a),s(b))

(from x Ay <x,y, we have s(x A y) <s(x),s(y), hence s(x Ay) <s(x) A

s())-
Similarly, s(daa (a, b)) < dar (s(a), s(b)). O

Proposition 8.6 Let s be a type II state. Then for all a, b € A the following hold:

(1) a < b implies s(a) < s(b);

2) s(a)=s(a”) and s(a) =s(a")";

(3) s@ ) =s@ ) =s(a)=s(@) " =s@)"";

@) s(a— b)=s({(a— b)— b)— s(b) and s(a ~ b) =s((a ~+ b) ~ b) ~ 5(b);
(5) s(a — b) =s{(a— b) ~ b) ~ s(b) and s(a ~ b) =s((a ~» b) — b) — s(b);
©6) s(a)=s(@) ands(a™)=s(a)".

Proof
(1) By (psbck-cg) and Proposition 8.2(iii) we have

s(a) <s(b— a) — s(a) =s(b).
(2) Since 0 < a, by Proposition 8.2(iii) we get

s(a)=s(a— 0) —> 025(07) — O:s(af) .

Similarly, s(a) =s(a ~»0)~»0=s@") ~»0=s(a")".
(3) By (2) and (psbck-c1g) we get:

s(a_w) = s(a_w_)_ =s(a_)_ =s(a) and
s(aN_) = s(aN_N)N = s(aw)w =s(a).
We also have:

s(a)™"~

s(a_)_w_
s(aN)N7N = s(aN)N =s(a).

(4) This follows from (psbck-ce) and Proposition 8.2(iii).
(5) Similar to (4).
(6) Applying (5) and (3) we have

s(a”)” =s(a) and

s(a)~~

s(cf) =s(a—0)= s((a — 0) ~ O) ~5(0) = s(cfw)w =s(a)” and
s(aw) =s(a~0)= s((a ~ 0) — 0) — s(0) = s(aw7)7 =s(a)”. O
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Proposition 8.7 If A and L are bounded R¢-monoids and s : A —> L is an order-
preserving type I state, then for all a, b € A the following hold:
(1) s(a®b)=s(a—>a®b)®s(a)=s(a)®s(a~a®b),
) s(anb)=s(a—b)Os(a)=s(a) ®s(a~Db).
Proof
(1) One can easily check that a © b <a A b <djs(a,b) <a—banda O b <
aANb<dys(a,b) <a~b.Itfollows that:
s(a—>a®b)®s(a) = (s(a) —s(a® b)) Os(a)
=s@)As(a®b)=s(a®b) and
s(a) ©s(a~a®b)=s(a)® (s(a) ~s(a © b))
=s@)As(a@a®b)=s(@®b).

(2) Sincea—aAb=a—banda~aAb=a~ b, we have:

s(a—>b)Os(a)=s(a—>aAb)Os(a)= (s(a) — s(a N b)) © s(a)
=s(a) As(anb)=s(aAb) and

s(a) ©s(a~b)=s(a)©s(a~anb)=s(a)©® (s(a) ~s(a N b))
=s(a) As(aAnb)=s(aAb). [l

Theorem 8.1 If A is a linearly ordered bounded R€-monoid and s : A —> A is an
order-preserving type I state such that s*(x) = s(x) < x for all x € A, then s is a
state operator on A.

Proof Applying the hypothesis and the definition of a type I state, we will verify
axioms (1)—(6) from the definition of a state operator.

(1) s(0)=0:
This follows from the definition of a type I state.
) s(a— b)=s(a) > s(a Ab) and s(a ~ b) =s(a) ~ s(a ADb):
This is condition (iii) from Proposition 8.1.
3) sa®b)=s(a)Os(a~a®b)=s(b—>a®b)Osb):
From Proposition 8.7(1) we have s(a © b) = s(a) © s(a ~»a © b).
Similarly as in the proof of Proposition 8.7(1), we have:

s(b—>a®b)Osb) = (s(b) — s(a@b))@s(b) =s(b)As(a®Ob)=s(@®b).

(4) s(s(a) ©s(b)) =s(a) Os(b):
Since s(x) < x for all x € A we have s(s(a) © s(b)) <s(a) © s(b).
On the other hand, from Proposition 8.5(1), replacing a with s(a) and b with
s(b) we get sz(a) ®s2(b) <s(s(a)®Os(b)),thatis, s(a) ©Osb) <s(s(a) Os(b)).
Thus s(s(a) © s(b)) =s(a) © s(b).
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5) s(s(a) = s(b)) =s(a) — s(b) and s(s(a) ~> s(b)) =s(a) ~ s(b):
Since A is linearly ordered we consider the cases:

(a) b <a,so s(b) <s(a). According to condition (ii) from Proposition 8.1 we
get s(s(a) — s(b)) =s%(a) — s>(b) =s(a) — s(b).
(b) a <b,sos(a) <s(b). It follows that s(a) — s(b) = 1, thus

s(s(a) — s(b)) =s(a) —> s(b)=s(1)=1.

Similarly, s(s(a) ~> s(b)) = s(a) ~ s(b).
6) s(s(a) Vvs) =s(a)V s).
Assume a < b, hence s(a) < s(b), so s(a) V s(b) =s(b). It follows that

s(s(@) v s®) =s5*(b) = s(b) = s(a) v s(b).
Similarly, if b < a, then s(b) < s(a), so s(a) V s(b) = s(a). Hence
s(s@@ v s®) =s*@ =s@) =s@ v sb).
We conclude that s is a state operator on A. O

Example 8.5 1f A is abounded R¢-monoid, then the identity s := id 4 is a type I state
satisfying the condition s2(x) = s(x) = x forall x € A. Thus s is a state operator on
A (in this case in Theorem 8.1, A does not need to be linearly ordered).

Remark 8.4

(1) It was proved in [114] that any state operator o on a linearly ordered bounded
R¢-monoid satisfies the condition 62 =o'

(2) If A is an arbitrary bounded R¢-monoid and o : A —> A is an R¢-endomor-
phism satisfying the condition o> = o, then it is called a state-morphism oper-
ator. If o is a state operator satisfying the condition o (x © y) = o (x) © o (y),
then it is called a weak state-morphism operator and it was proved that any
weak state-morphism operator is a state operator. We can see that condition
s2(x) = s(x) < x for all x € A from Theorem 8.1 can be replaced with condi-
tions s(x © y) = s(x) ®s(y) forall x, y € A and s2 = s. Indeed, from axiom (4)
of the definition of a state operator we have: s(s(a) © s(b)) = s>(a) © s>(b) =

s(a) © s(b).
Proposition 8.8 Let A and L be FL-algebras and let s : A —> L be a type I and
type Il state. Then for all a, b € A the following hold:
() s(a@a—>b)—>b)=s({(b—a)— a);
(2) s((@~>b)~b)=s((b~a)~a).
Proof According to Proposition 8.4(5) and Proposition 8.2(v) we have:

(1) s((a—b) > b)=s(a—b)—>sb)=s(b— a)— s(a)=s((b—> a)— a).
2) s((a ~b) ~b)=s(a~>b)~sb)=sb~a)~s(a)=s({(b~a)~a). O
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Proposition 8.9 Let s : A —> L be an order-preserving type I state or strong type
1I state. Then Ker(s) is a proper and normal filter of A.

Proof One can easily check that 1 € Ker(s) and 0 ¢ Ker(s).

Consider a,b € A such that a,a — b € Ker(s), that is, s(a) = 1 and s(a —
b)=1.

Assume that s is an order-preserving type I state.

Applying Proposition 8.1(iii) we get:

l=s(a—>b)=s(a)—>sanb)=1—sanb)=s(anb) <s(b).

Thus s(b) = 1, that is, b € Ker(s), so Ker(s) is a proper filter of A.
Assume a — b € Ker(s), that is, s(a — b) = 1.

From Proposition 8.1(iii) we get s(a) — s(a A b) =1,s0 s(a) <s(a A D).
Hence s(a ~~ b) = s(a) ~> s(a Ab) =1. Thus a ~» b € Ker(s).

Similarly, a ~» b € Ker(s) implies a — b € Ker(s).

We conclude that Ker(s) is a normal filter.

Let s be a strong type II state (not necessarily order-preserving).

By Proposition 8.2(v) we have:

sby=1—>sb)=s(a—>b)—>sb)y=s(b—>a)—>sa)=sb—>a)—>1=1.

Thus b € Ker(s), so Ker(s) is a proper filter of A.
Since s(a — b) = s(a ~» b), it follows that Ker(s) is a normal filter. Il

Proposition 8.10 Ler s : A —> L be an order-preserving type I state or strong
type I state. Then in the quotient FLy,-algebra (A/Ker(s), A, V, ©, =, ~, OKer(s)
IKer(s)) We have:

(1) a/Ker(s) <b/Ker(s) iff s(a— b) =1 iff s(a ~b) =1 iff s(a) =s(a ADb) iff
s(b) =s(aV b);
(2) a/Ker(s) =b/Ker(s) iff s(a) =s(b) =s(a Ab) =s(aVb).

Proof We have

a/Ker(s) < b/Ker(s) iff
(a — b)/Ker(s) =a/Ker(s) — b/ Ker(s) = 1/ Ker(s) = Ker(s) iff
s(a—b)=1.

Similarly,
a/Ker(s) <b/Ker(s) iff

(a ~ b)/Ker(s) =a/Ker(s) ~» b/ Ker(s) = 1/ Ker(s) = Ker(s) iff
s(a~b)=1.
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(1) Assume that A is an order-preserving type I state.
According to Proposition 8.1(iii) we get:

s(a—b)=1 iff 1=s(a) > s(anb) iff s(a)<s(aAb).

Since s(a A b) < s(a), it follows that s(a — b) =1 iff s(a) =s(a A D).
Similarly, s(a ~ b) =1 iff s(a) =s(a A D).
On the other hand, by Proposition 8.1(iv) we have:

sla—>b)=1 iff 1=s(aVvb)—sb) iff s(aVvb)<s).

But s(b) <s(a Vv b),hence s(a — b) =1iff s(b) =s(a Vv b).

Similarly, s(a ~ b) = 1 iff s(b) =s(a V D).

Suppose that s is a strong type II state.

By Proposition 8.2(ii) we have s(a — b) =1 iff s(a) =1 — s(a A b) =
s(a N D).

By Proposition 8.2(iv) we have s(a — b) =1 iff s(a Vb) =1 — s(b) =
s(b).

(2) This follows from (1). O

Theorem 8.2 If L satisfies the (pDN) condition and s : A —> L is an order-
preserving type I state, then A/ Ker(s) satisfies the (pDN) condition.

Proof According to Proposition 8.4(2) and taking into consideration that L satisfies
the (pDN) condition, we have:

s(a \Y, a_N) = s(a_w) =s(a)” " =s(a) and

s(a Vv aN_) = s(aw_) =s(a)” " =s(a).

Applying Proposition 8.10 we get a= "~/ Ker(s) = a~~ / Ker(s) = a/ Ker(s).
Thus A/ Ker(s) satisfies the (pDN) condition. Il

Theorem 8.3 If s : A —> L is a strong type Il state, then A/Ker(s) satisfies the
(pDN) condition.

Proof Applying Proposition 8.6(3) we get:
s(a Y aiw) = s(aiw) =s(a) and s(a % a”f) = s(awf) =s(a),

hence by Proposition 8.10 it follows that a~"/ Ker(s) = a~~ / Ker(s) = a/ Ker(s).
We conclude that A/ Ker(s) satisfies the (pDN) condition. Il

Theorem 8.4 Any perfect FLy,-algebra admits a strong type I and type II state.
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Proof Let A be a perfect FL,,-algebra, so A = Rad(A) U Rad(A)*. Consider the
map s : A —> L defined by

ey

@)

3

“

1 ifx e Rad(A)
s(x):= . .
0 ifx e Rad(A)*.

Obviously, s(1) =1 and s(0) = 0.
We consider the following cases:

a,b eRad(A).

Obviously, s(a) = s(b) = 1. Since Rad(A) is a filter of A and b <a — b, it
follows that a — b € Rad(A). Hence s(a — b) = 1. Similarly, s(a ~» b) = 1.

In the same way, from a < a Vv b it follows that a v b € Rad(A), so
s(avb)=1.

Thus condition (iv) from Proposition 8.1 and condition (iv) from Proposi-
tion 8.2 are verified.

a,b eRad(A)*.

In this case, s(a) = s(b) = 0 and we will prove thata — b, a ~~ b € Rad(A).
Indeed, suppose that a — b € Rad(A)*. Since a <a~", it follows that a =~ —
b<a—b,soa "~ — beRad(A)*.Buta” <a "~ — b,hence a~ € Rad(A)*,
that is, a € Rad(A), which is a contradiction. It follows that a — b € Rad(A)
and similarly, a ~» b € Rad(A). Hence s(a — b) =s(a ~» b) = 1.

Since a A b < a, we have a A b € Rad(A)*, so s(a Ab) =0.

We can see that condition (iii) from Proposition 8.1 and condition (ii) from
Proposition 8.2 are verified.

a € Rad(A) and b € Rad(A)*.

Obviously, s(a) =1 and s(b) =0.

We show that a — b € Rad(A)*. Indeed, suppose that a — b € Rad(A).

Because b <b™",wehavea - b <a— b~",soa— b~ €Rad(A). This
means that (¢ © b~)~ € Rad(A), thatis, a © b~ € Rad(A)*. On the other hand,
since Rad(A) is a filter of A and a, b™ € Rad(A) we have a © b~ € Rad(A), a
contradiction. We conclude that a — b € Rad(A)*, so s(a — b) =0.

Similarly, s(a ~ b) = 0. Since a A b < b, we have a A b € Rad(A)*, so
s(a nb)=0.

Thus condition (iii) from Proposition 8.1 and condition (ii) from Proposi-
tion 8.2 are verified.

a € Rad(A)* and b € Rad(A).

Obviously, s(a) =0 and s(b) = 1.

Since b < a — b it follows that a — b € Rad(A), so s(a — b) = 1.

Similarly, s(a ~» b) = 1. From b <a v b we get a v b € Rad(A), so s(a Vv
b)=1.

Thus condition (iv) from Proposition 8.1 and condition (iv) from Proposi-
tion 8.2 are verified.

We conclude that s is a type I and type II state.

Since we have proved that s(a — b) = s(a ~» b) for all the above cases, it
follows that s is strong. g
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Remark 8.5 The generalized states look similar to internal states which have been
defined and investigated for M V-algebras ([119]), BL-algebras ([72]), bounded R¢-
monoids ([114]) and bounded pseudo-hoops ([64]). It has been proved that if A is
one of these structures and o : A —> A is an internal state on A, then o (A) is a
subalgebra of A.

This property does not hold for FL,,-algebras. Indeed, consider the FL,,-algebra
A and the type I and type Il state s4 from Remark 8.1. We can see that s4(b) Vsa(c) =
bvc=a¢ss(A)={0,b,c, 1}, hence s4(A) is not closed under V.

Proposition 8.11 Let A be a linearly ordered FL,y-algebra and s be an order-
preserving type I state or a type Il state on A. Then s(A) is linearly ordered.

Proof According to Proposition 8.6(a), any type II state is order-preserving.

Let x, y € s(A), thus there exist @, b € A such that x = s(a) and y = s(b). Since
A 1is linearly ordered, we have a < b or b < a. Taking into consideration that s is
order-preserving, it follows that x = s(a) <s(b) = yory = s(b) < s(a) = x. Hence
s(A) is linearly ordered. g

8.2 Generalized State-Morphisms

We introduce the notion of generalized state-morphism and we prove that any gen-
eralized state morphism is an order-preserving type I state. We also prove that, in
certain particular conditions, an order-preserving type I state is a generalized state-
morphism. The notion of a strong perfect FL,,-algebra is introduced, and it is proved
that any strong perfect FL,,-algebra admits a generalized state-morphism.
Throughout this section, A and L are FL,,-algebras.
Consider the arbitrary function s : A —> L and the properties:

(smgp) s(0)=0and s(1)=1;

(smy) s(avb)=s(a)Vvs)forala,beA;

(smp) s(a Ab)=s(a) As(b) foralla,be A;

(sm3) s(a — b) =s(a) — s(b) and s(a ~» b) =s(a) ~» s(b) foralla,b € A;
(smy) s(a®b)=s(a) ®s(b)foralla,be A.

Lemma 8.1 Ifs: A —> L is an order-preserving type I state, then:

(1) (smy) implies (sm3);

(2) (smp) implies (sm3).

Proof

(1) Applying Proposition 8.1(iv) we have:

s(@a—b)=s(aVb)—sb)=(s(a)Vsb)— sb)
= (s(a) — s(b)) A (s(b) — s(b)) =s(a) — s(b) and
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s(a~»b)=s(aVvb)~sb)= (s(a) \% s(b)) ~ 5(b)
= (s(a) ~ s(b)) A (s(b) ~ s(b)) =s(a) ~ s(b).
(2) Applying Proposition 8.1(iii) we get:
s(a— b)=s(a) > s(anb)=s(a) —> (s(a) /\s(b))
= (s(a) — s(a)) A (s(a) — s(b)) =s(a) — s(b) and
s(a~b) =s(a) ~ s(aAb)=s(a)~ (s(a) Asb))
= (s(a) » s(@)) A (s(@) ~ s(b)) = s(a) ~ s(b). O

Lemma 8.2 Let L be an FLy,-algebra satisfying the (pDN) conditionand s : A —>
L be an order-preserving type I state. Then (smy) implies (smy).

Proof According to Proposition 8.4(1) and (psbck-ca1) we have:
s(avb)y = s((a \% b)f) = s(af A bf) = s(cf) A s(bf)
=s(@)~ As(b)” =(s(a) vsb)) .

Hence s(a vb)™" = (s(a) vs(b))™".
Since L satisfies the (pDN) condition, it follows that s(a v b) = s(a) Vv s(b). O

Lemma 8.3 Lets: A —> L be an order-preserving type I state. Then:

(1) (sm3) implies s(a ©b)™ = (s(a) ©s(b))” and s(a O b)™ = (s(a) © s(b))” for
alla,b e A;
(2) If L satisfies the (pDN) condition, then (sm3) implies (sms).

Proof
(1) Applying Proposition 8.4(1) and (psbck-c37) we have:
s@Ob)” =s5(@a0b) )=s(a—b")=sa)—>s(b”)=s(a) > s(b)~
= (s(@) ©5()) .
Similarly,
s(@@b)” =s((@a0b)™)=s(b~a~)=s0)~s(a”) =sb) ~ s(a)~
= (s(a) © (b))

(2) This follows by (1) and the (pDN) condition. O

~

Definition 8.2 Let A and L be FL,,-algebras. A function s : A — L is a general-
ized state-morphism if it satisfies conditions (smq)—(sm3).



226 8 Generalized States on Residuated Structures

Example 8.6 Let A be the FL,-algebra from Example 4.4 and L an arbitrary
FL,,-algebra. Consider the function s : A — L, s(0) := 0, s(a) = s(b) = s(c) =
s(1) := 1. One can easily check that s is a generalized state-morphism.

Proposition 8.12 Any generalized state-morphism is an order-preserving type [
state.

Proof According to Proposition 8.1(ii), a generalized state-morphism is a type I
state. By (sm1)—(sm3) the generalized state-morphism is a lattice morphism, so it is
an order-preserving function. 0

Proposition 8.13 Let s : A —> L be an order-preserving type I state. If A/ Ker(s)
is totally ordered, then s is a generalized state-morphism.

Proof We check conditions (smq)—(sm3).

(smg) This follows from the definition of a type I state.

(smy)—(smy) Let a,b € A. Since A/Ker(s) is totally ordered, it follows that
a/Ker(s) < b/Ker(s) or b/ Ker(s) < a/Ker(s).
Suppose a/Ker(s) < b/Ker(s), thus, by Proposition 8.10, s(a — b) = 1 and
s(a ~» b) = 1. By Proposition 8.1(iii), (iv) we have:

1=s(a— b)=s(a) > s(arnb)=s(aVb)— s(b).

Hence s(a) <s(a Ab) <s(aVvb)<s(b),sos(aVvb)=s(a)Vs)and s(a A
b) =s(a) As(b).

(sm3) By Lemma 8.1, (sm1) implies (sm3).
Thus s is a generalized state-morphism. g

Proposition 8.14 Lets: A —> L be a generalized state-morphism and L be totally
ordered. Then A/ Ker(s) is totally ordered.

Proof Leta,b € A. Since L is totally ordered, it follows that s(a) < s(b) or s(b) <
s(a), thatis, s(a - b) =s(a) > s(b)=1ors(b — a) =s(b) > s(a) = 1.

Hence a/ Ker(s) < b/Ker(s) or b/ Ker(s) < a/Ker(s).

Thus A/ Ker(s) is totally ordered. O

Proposition 8.15 Let s : A —> L be an order-preserving type I state and L be
totally ordered. Then s is a generalized state-morphism iff A/ Ker(s) is totally or-
dered.

Proof This follows from Propositions 8.13 and 8.14. g

Definition 8.3 A perfect FL,,-algebra is said to be strong perfect if Rad(A)* is
closed under V.
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Theorem 8.5 Any strong perfect FLy-algebra admits a generalized state-
morphism.

Proof Let A be a strong perfect FL,,-algebra, so A = Rad(A) URad(A)*.

ey
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Consider the map s : A — L defined by

1 if x e Rad(A)
s(x) = . .
0 ifx e Rad(A)*.

Obviously, s(1) = 1 and 5(0) = 0, so condition (smy) is verified.
Similarly as in Theorem 8.4 we will consider the following cases:

a,b eRad(A).
Since a,b,a Ab,a~v b,a— b,a ~ b € Rad(A), we have

s(a)=s(b)=s(anb)=s(avb)=s(a—b)=s(a~b)=1

and the conditions (sm)—(sm3) are verified.
a,b eRad(A)*.

It follows that a, b, a A b € Rad(A)*. Since Rad(A)* is closed under Vv, we
also have a v b € Rad(A)*, so s(a) =s(b) =s(a Ab) =s(a Vv b) =0.

We proved in Theorem 8.4 that a — b, a ~» b € Rad(A), thus s(a — b) =
s(a~b)=1.

It is easy to see that conditions (sm|)—(sm3) are satisfied.
a € Rad(A), b e Rad(A)*.

Obviously, s(a) =1 and s(b) = 0. From a A b < b € Rad(A)* it follows that
a A b e Rad(A)*, so s(a A b) =0. Similarly, since a <a Vv b and a € Rad(A),
we get a V b € Rad(A), thus s(a Vv b) = 1. It was proved in Theorem 8.4 that
a— b,a~ beRad(A)*, hence s(a - b) =s(a ~ b) =0.

Conditions (sm1)—(sm3) are again satisfied.
a € Rad(A)*, b € Rad(A).

Obviously, s(a) =0 and s(b) = 1. From a A b < a € Rad(A)* it follows that
a Ab eRad(A)*, so s(a A b) =0. Similarly, since b <a Vv b and b € Rad(A),
we get a V b € Rad(A), thus s(a Vv b) = 1. It was proved in Theorem 8.4 that
a— b,a~ beRad(A), hence s(a —> b) =s(a~b)=1.

In this case conditions (sm1)—(sm3) are also satisfied. Thus s is a generalized
state-morphism on A. O

Remark 8.6 The FL,-algebra A from Example 4.4 is perfect with Rad(A) =
{a, b, c, 1} and Rad(A)* = {0}. Obviously, Rad(A)* is closed under Vv, so A is a
strong perfect FL,,-algebra. Let L be an arbitrary FL,-algebra. According to The-
orem 8.5 the function s : A — L defined by

1 ifxefa,b,c, 1}

SCV=00 itx=0
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is a generalized state-morphism on A.
As we can see, it is the generalized state-morphism from Example 8.6.

8.3 Generalized Riecan States

We introduce the notion of a generalized Riecan state and we show that any order-
preserving type I state is a generalized RieCan state. Special conditions are given
which force the two notions to coincide. Some of the main results are proved using
the notion of the Glivenko property defined for the non-commutative case.

In this section A and L will be considered to be good FL,,-algebras.

We recall that if a,b € A, then a is orthogonal to b, denoted by a L b, if
b~ <a".

Definition 8.4 The function m : A — L is said to be orthogonal-preserving if
m(a) L m(b) whenever a L b.

Definition 8.5 An orthogonal-preserving function m : A — L is called a general-
ized Riecan state iff the following conditions are satisfied for all a, b € A:

(GRy) m(1) =1,
(GRy) ifa L b, then m(a @& b) =m(a) ® m(b).

Example 8.7 Consider again the FL,,-algebra A from Example 4.4.
One can easily check that x ™~ = x"~~ forany x € A, so A is a good FL,,-algebra.
We claim that the function m : A — A defined by: m(0) := 0, m(a) = m(b) =
m(c) =m(1) := 1 is a generalized RieCan state on A.
Indeed, the elements x, y € A with x L y are those given in the table below:

X

~

X x@y mx®dy) mx)dm(y)

(=)
(=)

v
0
1
1
1
1
0
0
0

— 0 T OO o oo
O OO === ==

SO OO0 QR O |=
e e e e =)
e e e e
el e e e

)

0

One can easily check that m is a generalized RieCan state.
Proposition 8.16 Let m : A —> L be a generalized Riecan state. Then, for all
a, b € A the following hold:

(1) m@)@&m@ ) =m(a~)®m(a)=1;
@) ma )" =m(a)” andm(a™)"" =m(a)";
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(3) if L satisfies the (pDN) condition, then m(a™) =m(a)~, m(a~) =m(a)” and
m(a~") =m(a);

4) m(0) =0;

) ifb<a,thenm(a)” <m(b)” and m(a)” <m(b)”;

(6) if L satisfies the (pDN) condition, then b < a implies m(b) < m(a).

Proof
(1) Sincea La~ and a™ L a, applying (psbck-c36) we get:
m@) @m(a”)=ma®a)=m((a~~ ©a~)")
=m((a~ ©a”) )=m(0")=m1) =1,
m(a~)@®@m@) =m(a~ @®@a)=m((a” ©a~")")
=m((a”0a"") )=m(07)=m1) =1

(2) Froma 1 a~ it follows that m(a) L m(a=),som(a™)"" <m(a)".
On the other hand,

~

l=m(l)=m(a eaa_) =m(a) Gam(a_) =m(a)” ~ m(a_)_ ,

hence m(a)™ <m(a=)~".
Thus m(a=)~" =m(a)~ and similarly, m(a™)~~ =m(a)”.
(3) m(@)=m(a)” and m(a™) =m(a)” follow from (2).
The identity m(a™ ") = m(a) follows from m(a™) = m(a)~ replacing a with
a” and applying the (pDN) condition for L.
(4) Puttinga =0in 2)weget 17~ =m(0)~,som(0)” =1, thatis, m(0) - 0= 1.
It follows that m(0) < 0, thus m(0) = 0.
(5) From Lemma 1.6(6), b <a impliesb L a—,som(b) L m(a™).
Applying (2) we get m(a)” = m(a~)"" < m(b)~. Similarly, m(a)~ <
m(b)~.
(6) This follows by (5). O

Theorem 8.6 Any order-preserving type I state is a generalized Riecan state.

Proof Let s : A —> L be an order-preserving type I state and a, b € A such that
a Ll b.Itfollowsthata™™ <b™.

Since s is order-preserving, we get s(a™ ") < s(b™).

Applying Proposition 8.4(1), (2) we get s(a)™ <s(b)™.

Hence s(a) L s(b), thus s is orthogonal-preserving.

By Proposition 8.1(ii) we have:

s(a @ b) =s(b” — aN_) = s(b”) — s(aw_) =sb)” = s(a@)” " =s(a) ®sb).

We conclude that s is a generalized Riecan state. g
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Remark 8.7 There exist generalized Riecan states which are not type I or type 11
states. Indeed, let A be the FL,,-algebra from Example 4.1. The generalized Riean
states m : A —> A are the following:

X

0 a b ¢ 1
miix) 0 a b c¢ 1
my(x) 0 a b 1 1
my(x) 0 b b ¢ 1
me(x) O b b 1 1

mi, ma, m3, my are generalized RieCan states on A, but m is the only type I
state.

Theorem 8.7 If A satisfies the (nDN) condition and m : A — L is a generalized
Riecan state such that for alla € A, m(a™) =m(a)” and m(a™) =m(a)”, then m
is an order-preserving type I state.

Proof Fromm(a™)=m(a)” and m(a™) =m(a)~ we getm(a~") =m(a)~". Let
a,be Awithb<a,sob ™" <a™"~
It follows that b 1. a—, so m(b) L m(a™), thatis, m(b) L m(a)~.
Similarly we have a™ L b, hence m(a)™ L m(b).
Applying the (pDN) condition of A we get:
b®a =a = b" " =a-—b,

a ®b=a""~b " =a~b.
It follows that:

m(a — b) = m(b eaa_) =m(b) eam(a_) =m(b) Dm(a)”

=m(a)” " = mb) "

m(a_w) — m(b_w) =m(a) = m((b);
m(a ~ b) = m(aN @b) = m(aN) ®mb)=m(a)” ®m)
=m(a) " ~mb) " =m a_N) ~ m(b_w) =m(a) ~ m(b).

By Proposition 8.1(ii), m is a type I state.
From m(b) L m(a™) it follows that m(b)™" < m(a)™", that is, m(b™") <
m(a=").

Thus m(b) < m(a), so m is order-preserving. O

Corollary 8.1 If A and L satisfy the (pDN) condition and m : A — L is a gener-
alized Riecan state, then m is an order-preserving type I state.

Proof This follows from Theorem 8.7 and Proposition 8.16(3). O
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Proposition 8.17 If A and L are good FLy,-algebras and m : Reg(A) — L is a
generalized RieCan state on Reg(A), then M : A —> L defined by:

M(x) = m(x_w)
is a generalized Riecan state on A such that Migeg(A) = m.

Proof Obviously, M(1) = 1.

Consider a, b € A such thata L b, thatis,a™" <b™.

It follows thata=~~"~ <b~"".Hencea ™~ L b~ .

Thus a @ b exists iff a™™ @ b~ exists.

Since, by Proposition 1.24(5), (a®b)™" =a @b, it follows thata ®b € Reg(A).
Moreover,a™ " @b~ =0b""" Qa ") T =b" O0a")  =a®b.

Hence M(a ®b)=m(a=""" @b )=m(a ") Ddmb~"")=M(a) ® M(b).

We conclude that M is a generalized RieCan state on A. d

Example 8.8 Let A be the FL,,-algebra from Example 4.1.

Then Reg(A) = {0, b, 1} and m : Reg(A) —> A is a generalized RieCan state on
Reg(A). One can easily check that M : A —> A defined by M (x) :=m(x~") is the
generalized RieCan state m4 on A from Remark 8.7.

Theorem 8.8 If A has the Glivenko property and L satisfies the (pDN) condition,
then any generalized Riecan state m : A —> L is an order-preserving type I state.

Proof Letm : A —> L be a generalized RieCan state and a, b € A such that b <a.
By Lemma 1.6(6) it follows that b 1 a™ and a™ L b.
Taking into consideration the definition of the operation @ and (psbck-c19) we
have:b@a  =a ™~ b " " =a—b " anda”" ®b=a"" b T =a~b"".
Hence, by the Glivenko property we get:
m(a—b)=m(@a— b))~ =m((a — b)_N) =m(a — b_N) =m(b eaa_)
=m(b) ® m(a_) =m(a)”" = m®b) " =m(a) - m),
m(a~b)y=m(a~b)~ "~ =m((a ~ b)fw) =m(a ~ biw) = m(aN EBb)
= m(aN) @&mb)=m(a)”" ~mb)" " =m(a) ~ m(b)
(since L satisfies the (pDN) condition).

According to Proposition 8.1(ii)) and Proposition 8.16(6), m is an order-
preserving type I state. O

Corollary 8.2 If A is a good R¢-monoid and L satisfies the (pDN) condition, then
any generalized Riecan state m : A —> L is an order-preserving type I state.

Proof This follows from Theorem 8.8, taking into consideration that any good R¢-
monoid satisfies the Glivenko property (Remark 4.16). g
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Corollary 8.3 If A has the Glivenko property, L satisfies the (pDN) condition and
m: A —> L is a generalized RieCan state on A, then Ker(m) is a proper and normal
filter of A.

Proof This follows from Theorem 8.8 and Proposition 8.9. O

Lemma 8.4 If A has the Glivenko property, L satisfies the (pDN) condition and m :
A —> L is a generalized Riecan state on A, then a =Ker(m) b implies m(a) =m(b).

Proof We know that a =ger(m) b is equivalent to m(a — b) =m(b — a) = 1.
From m(a — b) = 1 and Proposition 8.1(iii) we get m(a) <m(a A b).
Since a A b < a, according to Proposition 8.16 we have m(a A b) <m(a).
Thus m(a) = m(a A b). Similarly, from m(b — a) = 1 and Proposition 8.1(iii)
we get m(b) =m(a N D).
Hence m(a) = m(b). O

Theorem 8.9 If A has the Glivenko property, L satisfies the (pDN) condition and
m is a generalized Rie¢an state on A, then the function m : A /Ker(m) — L defined
by m(x/Ker(m)) :=m(x) is a generalized Riecan state on A /Ker(m).

Proof First we prove that m is well-defined.

Indeed, if a/Ker(m) = b/Ker(m), then by Proposition 8.10(2) it follows that
m(a A b) =m(a Vv b). By Theorem 8.8, m is an order-preserving type I state and
applying Proposition 8.1(i) it follows that m(d; (a, b)) = 1 and m(d>(a, b)) = 1.

Hence dy(a, b) € Ker(m) and d>(a, b) € Ker(m). Thus a =ker(m) b.

We prove now that /71 is a generalized Riecan state on A/ Ker(m).

We remark that if a/Ker(m) < b/Ker(m), then there is an element a; €
a/Ker(m) such that a; < b. Indeed, it suffices to take a; =a A b.

Assume that a/ Ker(m) L b/ Ker(m), that is, (a/Ker(m))™™ < (b/Ker(m))™.

It follows that a="/ Ker(m) < b~/ Ker(m).

Take a; € a= "/ Ker(m) such that afw <b~,thatis,a; Lbanda; Lb™".

Therefore, applying Lemma 8.4, Proposition 1.24(5) and Proposition 8.16(3) we
get:

(((b/Ker(m))™ © (a/Ker(m))")")
(6~ ©a™)" /Ker(m)) =m((b™ ©a™)")
(a®b) = m(a_N @ b_w)

i (a/Ker(m) @ b/ Ker(m)) =

m
m
m

i((a/Ker(m))™~ @ (b/Ker(m))™ )

1/ Ker(m) @ (b/Ker(m)) ™)

106~ ) =m(a) ®m(b~") =m(a) ® m(b)
a/Ker(m)) @ i (b/ Ker(m)). O

a
a

(
alt
m(
alt
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8.4 Generalized Local States on Perfect Pseudo-MTL Algebras

In this section we introduce the notion of a generalized local state on a perfect
pseudo-MTL algebra A and we prove an extension theorem for this type of state.
More precisely we prove that, if A is relatively free of zero divisors, then any gen-
eralized local state on A can be extended to a generalized RieCan state on A.

In this section A and L will be perfect pseudo-MTL algebras.

Definition 8.6 A generalized local state on A is an orthogonal-preserving function
s : Rad(A)* —> L satisfying the conditions:

(GLS)) s(x @ y) =s(x) @ s(y) forall x, y € Rad(A)*;
(GLS>) s(0)=0.

Remark 8.8 For all x, y € Rad(A)* wehavex @ y=(y~ ©x™)".
Since x~,y~ € Rad(A) and Rad(A) is a filter of A, it follows that y~ ® x™ €
Rad(A), thatis, (y~ ® x~)~ € Rad(A)*. Thus the function s is well defined.

Example 8.9

(1) The function s : Rad(A)* —> L, s(x) := 0 for all x € Rad(A)* is a generalized
local state on the perfect pseudo-MTL algebra A.

(2) If m is a generalized Riecan state on the perfect pseudo-MTL algebra A, then
§ 1= mRad(A)* s a generalized local state on A.

Proposition 8.18 If s is a generalized local state on A, then the following hold for
all x, y € Rad(A)*:

(1) sx™)=s(x)"7;
2) s)Bs™ ) =sx")Bs();
(3) s(x) <s(x7Ox7)7).

Proof

(1) Since x 1. 0, wehave x @0 =x""".
On the other hand, s(x @ 0) = s(x) ® s(0) = s(x) & 0, thus s(x~ ) =
s(x)™".
(2) Since x,x~~,y~ " €Rad(A)*,wehave x L y~"and x~~ L y.
Hence s(x) @s(y™ ) =s(x @y ) =s((y77O0x7) ) =s((y " Ox7)7)
ands(x" ) Bs(y)=sGxTT@y)=s((yTOxTT)T)=s((yTOxT)7).
It follows that s(x) & s(y™ ) =s(x™") & s(y).
(3) Replacing y with x in the identity s(x) ® s(y™ ") =s((y~ © x7)7), we get
s)Dsx™ ) =s((x7Ox7)7).
Since s(x) <s(x) ®s(x~ "), wehave s(x) <s((x~ Ox™)7). O

Theorem 8.10 (Extension theorem) Let A be a perfect pseudo-MTL algebra which
is relatively free of zero divisors. Then every generalized local state on A can be
extended to a generalized RiecCan state on A.
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Proof Let s : Rad(A)* —> L be a generalized local state on A and the function
m: A —> L defined by

{1 if x € Rad(A)
m(x) = .
s(x) if x e Rad(A)*.

We prove that m is a generalized RiecCan state on A. More precisely, since it is
obvious that m(1) = 1, we must prove that for all x, y € A such that x L y, we have
m(x @ y) =m(x) ®m(y).

Consider the following cases:

(1) x,y eRad(A). According to Lemma 5.4, x L y.

(2) x eRad(A) and y € Rad(A)*. Applying Lemma 5.3 we get x L y iff y =0. We
have m(x @ y) =m(x d0) =m(x~") =1 (since x~~ € Rad(A)). On the other
hand, m(x) @m(y) =mx)®m0)=1ds0)=10=1.

Thus m(x & y) =m((x) @ m(y).

(3) x eRad(A)* and y € Rad(A). Applying Lemma 5.3 we get x L y iff x = 0. We

have:

mx®y)=mO0®y)=m(y"")=1 and
mx)®dm(y)=m@0)d&m(y)=s0)d1=0p1=1.

Thus m(x & y) =m(x) @ m(y).
(4) x,y eRad(A)*. By Proposition 5.13 it follows that x L y and by the definition
of a generalized local state we have

mx@y)=sx®y)=s(x)®s(y) =mx) dm(y).
Thus m is a generalized Riecan state on A. g

We call m the extension of the generalized local state s.

Corollary 8.4 Let A be a perfect pseudo-MTL algebra relatively free of zero di-
visors. If A and L satisfy the (pDN) condition, then any generalized local state
s :Rad(A)* — L can be extended to an order-preserving type I state.

Proof This follows by applying Theorem 8.10 and Corollary 8.1. g

Corollary 8.5 Let A be a perfect pseudo-MTL algebra relatively free of zero divi-
sors. If A has the Glivenko property and L satisfies the (pDN) condition, then any
generalized local state s : Rad(A)* —> L can be extended to an order-preserving
type I state.

Proof This follows from Theorems 8.10 and 8.8. g

Example 8.10 If s is the generalized local state from Example 8.9(1), then the func-
tion m : A —> L defined by m(x) := 1 for all x € Rad(A) and m(x) := 0 for all
x € Rad(A)* is an extension of s.
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8.5 Extension of Generalized States

In this section we discuss possible generalizations of the Horn-Tarski extension the-
orem ([166]) for the case of generalized states. Such extension theorems will be
useful when proving certain completeness theorems of Gaifman type ([123]) in the
context of the theory of probabilistic models for fuzzy logics.

We recall that an FL,,-algebra is complete if it is complete as a lattice, that is, all
its subsets have both a supremum (join) and an infimum (meet).

Definition 8.7 Let A and L be FL,-algebras, L complete. Let B be an FL,,-
subalgebra of A and s : B —> L be a generalized RieCan state (or type I state,
or type II state). Consider the functions s, : A — L and s*: A — L defined by:

sx(a) = sup{s(x) IxeB,xfa} forany a € A;
s*(a) :=inf{s(x) |x€B,a§x} foranya € A.
sy 1s called the interior state and s* the exterior state of s.

Lemma 8.5 Forany a € A, s,(a) < s*(a).

Definition 8.8 The pair (A, L) satisfies the extension property of states (EP) if for
any FL,,-subalgebra B of A and for any generalized RieCan state s : B — L there
exists a generalized Riean state s’ : A —> L with s'|p =s.

Definition 8.9 The pair (A, L) satisfies the Horn-Tarski property (HT) if for any
FL,, -subalgebra B of A, for any generalized Rie€an state s : B — L, and for any
ac A, r €0, 1], the following are equivalent:

(i) s can be extended to a generalized RieCan state s' : A — L such that s'(a) =r;
(i) s«(a) =r <s*(a).

According to Lemma 8.5, (HT) implies (EP).

Remark 8.9 According to the Horn-Tarski theorem ([166]), any pair (A, [0, 1]¢.)
where A is a Boolean algebra and [0, 1], is the standard M V-algebra, satisfies prop-
erty (HT).

Remark 8.10 According to Kroupa’s theorem ([202]), any pair (A, [0, 1]¢), where
A is an M V-algebra, satisfies property (EP).

Theorem 8.11 Let A and L be good FL,-algebras with L complete satisfying the
(pDN) condition. If (Reg(A), L) has property (HT) (or (EP)), then (A, L) has prop-
erty (HT) (or (EP), respectively).

Proof Assume that (Reg(A), L) has property (HT). Let B be an FL,,-subalgebra of
A, s : B— L be a generalized Riecan state, a € A and r € [0, 1]. We will show the
equivalence of conditions (i), (ii) in Definition 8.9.
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(i) = (ii) Assume that there exists a generalized RieCan state s’ : A — L which
extends s and s'(a) = r. For any x,y € A with x <a <y, we have s'(x) <
s'(a) <5'(y),s0s(x) <r <s(y). It follows that s,(a) <r < s*(a).

(i1) = (i) Assume s4(a) < r < s*(a). Consider Reg(B) and Reg(A) and define
m = S|Reg(B)- Reg(B) is an FL,,-subalgebra of Reg(A) and m is a generalized
Riecan state. Consider the interior state m, : Reg(A) — L and the exterior state
m* :Reg(A) — L associated with m. For any x € Reg(A):

my(x) = sup{m(u) | u € Reg(B),u < x} < s.(x);
m*(x) = inf{m(v) | v € Reg(B), x < v} = s*(x).

Consequently, for any x € Reg(A) we have my(x) < s.(x) <r <s*(x) <
m*(x). Consider a~~ € Reg(A). As (Reg(A), L) has property (HT), there ex-
ists a generalized RieCan state m’ : Reg(A) — L such that m’|Reg(p) = m and
m'(a~") = r. Consider the function s’ : A —> L defined by s'(x) =m'(x™"7)
for any x € A. According to Proposition 8.17, s” is a generalized Riecan state
on A.Forany x € A, according to Proposition 8.16 we have: s’ (x) =m/(x ™) =
mx~")=sx"")=sx). Also, s’ (a) =m'(a ") =r.

The other assertion can be proved similarly. 0

Corollary 8.6 Let A be a Heyting algebra. Then (A, [0, 1]¢.) has property (HT).

Proof Reg(A) is a Boolean algebra (according to Glivenko’s Theorem) and
(Reg(A), [0, 1]¢.) has property (HT) (according to Remark 8.9). O

Corollary 8.7 Let A be a BL-algebra. Then (A, [0, 1]¢) satisfies (EP).

Proof Reg(A) is an MV-algebra and (Reg(A), [0, 1]¢) satisfies (EP) (according to
Remark 8.10). O

8.6 Logical Aspects of Generalized States

The non-commutative propositional logics psMTL and psMTL" were studied by Ha-
jek in [160] and [161]. The language of both logical systems is based on the binary
connectors A, V, &, —, ~» and the truth constant 1. We will consider the axiomati-
zation of psMTL and psMTL' from [160, 161] and [162]. In [197] the standard com-
pleteness theorem of psMTL' is proved. The algebraic structures of psMTL are the
psMTL-algebras, and those of psMTL' are the representable psMTL-algebras, char-
acterized by Kiihr’s axioms [205]. The predicate calculi psMTLY and psMTL'V,
associated with the propositional systems psMTL and psMTL", were introduced in
[162] (see also [90]). The standard completeness theorem of psMTL'V was proved
in [90].

Let C be a schematic extension of psMTL' (in the sense of [118]). The predicate
calculus Cy associated with C preserves the axioms of C and, moreover, has the
following axioms for the quantifiers:
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(Ax.1) Yx¢(x) — ¢(t) where the term ¢ can be substituted for x in ¢(x);
(Ax.2) @(t) — Jxp(x) where the term ¢ can be substituted for x in ¢(x);
(Ax.3) Vx(¢ = ¥) = (¢ = Vxy) (x is not free in @);

(Ax.4) Yx(p ~> ) ~> (¢ ~» Vxi) (x is not free in ¥);

(Ax.5) VYx(¢ = ¢¥) - (3xp — ¥) (x is not free in );

(Ax.6) Vx(¢ ~> )~ (Fxp ~~ ¥) (x is not free in ¥);

(Ax.7) Yx(p Vv) = (Vx¢ Vv) (x is not free in v).

The deduction rules of Cy are those of C plus the generalization:

4
—(G).
7rp @

We fix a schematic extension C of psMTL'. We denote by E the set of the sen-
tences of Cy and by E/~ = {¢|¢ € E} the Lindenbaum-Tarski algebra of Cy. E/~
is a psMTL"-algebra which satisfies the algebraic form of Cy.

In the following we present a starting point for the development of a theory of

probabilistic models for the non-commutative fuzzy logics described above.
Let D C E such that:

e D contains all the formal theorems of Cy;
e D is closed under the connectors Vv, A, &, —, ~>;
e leD.

Then D/~ = {¢|p € D} is a subalgebra of E/~.
We fix an FL,,-algebra L.

Definition 8.10 A function u : D — L is called a logical probability of type I on D
if for any ¢, ¥ € D:

(Py) if ¢ then u(p) =1;

(P2) plo =) = (u(p) > u@)) =1;
(P3) (e~ )~ (u(p) ~ u()) =1;
(Pg) p(p — ) =pulp) —> ulp A¥);
(Ps) plp ~ ) = pu(p) ~ u(p Ar).

Similarly, we define the logical probabilities of type II and of Riecan type.
In the sequel we will only use logical probabilities of type I which we will simply
call logical probabilities.

Lemma 8.6 Ler u: D — L be a logical probability and ¢, € D. Then:

(@) ift @ — Y then u(p) < u(¥);
(ii) if =@ ~ ¥ then (@) < n(Y);
(iii) if't- @ <> ¢ then pu(p) = u(y);
(V) if =@ e~ then p(p) = u().

According to Lemma 8.6, we can define a function i : D/~ —> L by (¢) :=
u(p) for any ¢ € D. Then fi is a monotone type I state. Based on this fact, the
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properties of type I states (for example those described in Proposition 8.4) can be
transferred to logical probabilities.

Let U be a set of new constants and Cy(U) the language obtained from Cy by
adding the constants from U too. Denote by E(U) the set of sentences from Cy(U)
and by E(U)/~ the Lindenbaum-Tarski algebra associated to Cy(U). It is obvious
that £/~ is an FL,,-subalgebra of E(U)/~.

In the sequel, we assume that the FL,,-algebra L is complete.

We fix a logical probability ; : D — L and U a set of new constants. We define
the functions pu, : E(U) — L and u* : E(U) — L as follows, for any ¢ € E(U):

1(9) = sup{p(¥) | ¥ € D, -y — ¢}
1 (p) :=inf{u() | ¥ € Do — ¥}

We consider the monotone type [ state ft : D/~ — L associated to u, the
interior state (it)s : E(U)/~ —> L and the exterior state (i1)* : E(U)/~ — L
(defined in the previous section).

Lemma 8.7 For any sentence ¢ € E(U), () = (W)«(p/~) and p*(p) =
(W)*(@/~).

Definition 8.11 We say that the language Cy has the property (HT) if for any set U
of new constants, the Lindenbaum-Tarski algebra E(U)/~ has the property (HT).

Lemma 8.8 Assume that Cy has the property (HT). Let u: D — L be a logical
probability, U a set of new constants, 0 € E(U) and r € [0, 1]. The following are
equivalent:

(a) There exists a logical probability v : E(U) — L such that v|p = u and
v(D)=r;

(b) nx(0) <r < u*H).

Proof We apply Lemma 8.7. O

Let U be a set of new constants and m : E(U) —> L a logical probability. We
introduce the following conditions for the pair (U, m):

(G3) For any new formula ¢ (x) of Cy(U),

m(3xg(x)) —sup{ (\/qb(az)

(GY) For any new formula ¢ (x) of Cy(U),

m(Yxp(x)) _1nf{ (/\¢(a,)

nea),al,...,aneU}.

nea),al,...,aneU}.
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Properties (G3) and (GV) were inspired by Gaifman’s conditions on the proba-
bility models of the first-order logics [123]. The pair (U, m) is called a probabilistic
structure on Cy if it satisfies the conditions (G3) and (GV). The probabilistic struc-
ture (U, m) is a model of the logical probability u : D — L if m|p = u.

Definition 8.12 We say that the system of the logic Cy satisfies Gaifinan’s com-
pleteness theorem (GC Th) if any logical probability u : D — L admits a model.

Remark 8.11 According to [123], the classical predicate calculus satisfies (GC Th).
In [133], it was proved that the infinite-valued Lukasiewicz predicate logic LV sat-
isfies (GC Th).

Conditions (HT) and (GC Th) are important in the development of a theory of
probabilistic models for the logical system Cy. In the sequel, we will try to present
a few ideas in this direction.

Let (U, u) and (V, v) be two probabilistic structures for Cy. We say that (V, v)
is an elementary extension of (U, u) and we write (U,u) < (V,v) if U C V and
for any ¢ € E(U), u(¢) = v(p). The probabilistic structures (U, u) and (V, v)
are elementarily equivalent if for any ¢ € E, u(¢) = v(p). In this case we write
U,u)=(V,v).

Remark 8.12 Suppose Cy is the classical first order logic. Let U be a set of new
constants and E((U) the set of quantifier-free sentences of Cy. In [123] the following
result has been proved: any logical probability u : Eq(U) — [0, 1] extends in a
unique way to a logical probability 4 : E(U) —> [0, 1] which satisfies Gaifman’s
conditions (GV) and (G3). An important open problem is to prove some similar
results for various systems Cy. This would allow us to define a notion of probabilistic
substructure and to develop a good part of the probabilistic theory models (see [130]
for probabilistic models of classical finite order logic).

Consider a family (Uy, uy)q <) indexed by the ordinals & < A such that:

for any o < A, Uy is a nonempty set;

Uy CUgforany o < B < A;

for any @ < A, uy : E(Uy) — L is a logical probability;
uglew,) =Uq, forany o < g < A.

LetU =J,_, Uy andu : E(U) —> L be the function defined by u(¢) = uy(¢),
if ¢ € E(Uy). It is obvious that u is well defined. Furthermore, u|g,) = uq, for
any o < A. We will denote the pair (U, u) by |, _; (Ux, ta).

Proposition 8.19

() If (Uy, uy) satisfies (GV) for any a < A, then (U, u) satisfies (GV).
(1) If (Uy, uy) satisfies (G3) for any o < A, then (U, u) satisfies (G3).
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Proof

(i) Consider the sentence Yx¢ (x) € E(U), so there exists an ordinal < A with
Vxp(x) € E(Uy). Letay,...,a, € U, so there exists a § < A such that « <
andai,...,a, € Ug. ThentVx¢ (x) - /7_, ¢(a;) in the language Cv(Up) so,
according to Lemma 8.6(i), we have u(Vxp(x)) < u(/\?=1 ¢(a;i)). In this way
we obtain the inequality u(Vx¢(x)) < inf{u(/\?:l p@a))|new,ay,...,a, €
U}l.

The converse inequality follows:

u(‘v’xw(x)) = ua(‘v’xw(x)) = inf{ug (/\ go(ai)>

i=1
= inf{u (/\ (p(a,-)>
i=1
> inf{u(Ago(a»)
i=1

(i) Similar to (i). O

nea),a],...,aneUﬁ}

new,al,...,aneUﬂ}

nea),al,...,aneU}.

A sequence of probabilistic structures (Uy, uy)q<) is called elementary if
(Ug,ug) = (Ug,upg) for any a < B < A. If (Uy, uq)a<y is an elementary se-
quence of probabilistic structures then, according to Proposition 8.19, (U, u) =
Uy <y (Ua, uq) is another probabilistic structure and (U, uq) < (U, u) for any
o <A

Theorem 8.12 Assume that Cy satisfies (HT) and (GC Th).

Let (U,u) and (V,v) be two elementarily equivalent probabilistic structures.
Then there exists a probabilistic structure (W, w) such that (U,u) < (W, w) and
V,v) (W, w).

Proof Consider the sentences go(Z) e E(U), w(Z) € E(V) with a= (ai,...,ay)
in U" and b= (by,...,by) in V™. Assume that - ¢(a) <> ¥ (b) in Cy(U U V).
Let = (x1,...,%n) and Y= (¥, .-+, ym) With (X1, ..., %0} N {¥1s--rs Y} = 0.

We notice that - ¢(a) < ¥ x @(x) in Cy(U), F ¥ (b) <>V ¥ % (¥ ) in Cy(V), 50
FV X o(x) “rv y w(?) in Cy(U U V). But ¥ Y (¢ x)andV ¥ ¥(¥) belong
to E,so-V x go(x) <V y w(y) in Cv Because (U,u) = (V,v), it follows that
u(p(a)) —M(V X p(x)) =v(¥ y W(y)) = v(lﬁ(b))

Let ¢ = (p(a) € E(V)\ EU), where a= (ai,...,an) has components in V.

We will show that there exists a logical probability pu : E(U U V) — L such that
wlew) =u and u(p) = v(p). Since Cy satisfies (HT) and using Lemma 8.8, it is
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enough to prove the inequality u,(¢) < v(p) <u*(p), where u, : E(UUV) — L
and u* : E(U UV) —> L are the functions defined before Lemma 8.7.

Let - ¢ — ¢(a) in Cy(U U V) with ¢ € E(U). Because ¢(a) <> ¥ x ¢(x)
and V x gp(?) € E we have u(y) <u(v X go(?)) = v(go(;)) = v(p), by applying
Lemma 8.6 and the fact that (U, u) = (V, v). It follows that u,(¢) < v(p). The
inequality v(¢) < u*(¢) can be proved similarly.

Using the above, by transfinite induction, we construct a logical probability v :
E(U UV)— L such that v|g) =u and v|g(v) = v. Applying property (GC Th)
to v, we get that there exists a probability structure (W, w) suchthat UUV C W and
w|E(U) = VlE(U) =u and w|E(V) = VlE(V) =v.So (U,u) < (W,w) and (V,v) <
(W, w). O

The notions and results from this section suggest the possibility of developing a
probabilistic theory of models for Cy logics. Such investigations should start from
the literature of the probabilistic theory of models for the classical predicate calculus
(in particular the works [123, 253]).

The following open problems could be investigated:

1. Robinson’s consistency theorem (p. 114 in [251]) is a result of the classical the-
ory of models that can be expressed in terms of pure semantics. The goal is to
be able to easily give a similar statement for the case of Cy logics. For exam-
ple, consistency theories from Robinson’s theorem will be replaced with logical
probabilities. The proof of this assertion will require the existence of a Gaifman
type completeness theorem ([123]) (which holds, for example, in the case of the
probabilistic models of Lukasiewicz logics [133] and it can use the basic proba-
bilistic structures). A consistency theorem of such type has not been proved even
for the case of classical probabilistic models.

2. The omitting types theorem is another important result from the classical the-
ory of models which could be expressed in terms of logical probabilities and
of the above mentioned probability structures. We mention that a version of the
omitting types theorem was proved in the case of some multiple-valued logics
in [231]. However, a probabilistic version of the omitting types theorem has not
been proved even in the case of classical predicate logics.

3. The Lowenheim-Skolem type theorems (in the case of probabilistic models for
classical logic, this topic has been investigated in [123, 253]).

4. Ultraproducts of probabilistic models of Cy logics (the case of ultraproducts of
classical probabilistic models has been studied in [253]).

5. Model-completion and model-companion of a logical probability and existential
complete probabilistic structures (in the case of classical probabilistic models,
this subject has been studied in [133]).



Chapter 9
Pseudo-hoops with Internal States

Flaminio and Montagna ([119]) endowed the MV-algebras with a unary operation
called an internal state, or a state operator, satisfying some basic properties of states
and the new structures are called state M V-algebras. Di Nola and Dvurecenskij pre-
sented the notion of a state-morphism MV-algebra which is a stronger variation
of a state MV-algebra ([78]). Subdirectly irreducible state-morphism MV-algebras
have been characterized in [80], and some classes of state-morphism MV-algebras
were presented in [79]. The notion of a state operator was extended by Rachiinek
and Salounova in [243] to the case of GMV-algebras (pseudo-MV algebras). State
operators and state-morphism operators on BL-algebras were introduced and inves-
tigated in [72] and subdirectly irreducible state-morphism BL-algebras were stud-
ied in [101]. Recently, Dvure&enskij, Rachiinek and Salounovi presented state Ré-
monoids and state-morphism RZ-monoids ([114, 115]). A general approach of state-
morphism algebras was presented in [18].

In this chapter we study these concepts for the more general fuzzy structures,
namely the pseudo-hoops, and we present state pseudo-hoops and state-morphism
pseudo-hoops. We define the notions of a state operator, strong state operator, state-
morphism operator and weak state-morphism operator and we study their properties.
We prove that every strong state pseudo-hoop is a state pseudo-hoop and any state
operator on an idempotent pseudo-hoop is a weak state-morphism operator. It is
proved that for an idempotent pseudo-hoop A, a state operator on Reg(A) can be
extended to a state operator on A. One of the main results of the chapter consists
of proving that every perfect pseudo-hoop admits a state operator. Other results
compare the state operators with states and generalized states on a pseudo-hoop.
Some conditions are given for a state operator to be a generalized state and for a
generalized state to be a state operator.
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9.1 State Pseudo-hoops
In what follows (A, ®, —, ~»,0, 1) will be a bounded pseudo-hoop.

Definition 9.1 A state pseudo-hoop is a pair (A, o) where A is a bounded pseudo-
hoop and 0 : A — A is a mapping, called a state operator, such that for any
x, y € A the following conditions are satisfied:

(81) 0(0)=0;

(82) ox > y)=0x)—>oxAy)ando(x ~y)=0(x)~o(x AYy);

(853) c(xOY)=0x)Oo(x~»x0Oy)=0(y—=>x0y) Oo(y);

(84) o(0c(x) ©a () =0(x) Oo(y);

(85) o(o(x) > 0o(y)) =0(x) —>o(y)and o (0 (x) ~ a(y)) =0 (x) ~ ().

Ker(o) :={x € A|o(x) =1} is called the kernel of o.
A state operator is called faithful if Ker(o) = 1.

Proposition 9.1 If (A, o) is a state pseudo-hoop, then for all x, y € A the following
hold:

1 oM=1;

2)o(x)=0cx) " ando(x")=0o(x)";

(3) x <y implies o (x) <o (y);

@4 o(xOy)=0x)Qc();ifxOy=0,theno(xOy)=0x)OQa(y);ifAis
goodandy 1 x,thena(x O y)=0((x) ©a(y);

(5) c(x Oy ) =z0x)Oo(y) ando(y” ©x) =0(y)” ©o(x);if x <y, then
o(xOy ) =0x)Oo(y) ando(y” ©x)=0(y)” ©o(x);

6) cxAy)=0(x)Oo(x~y)=0(y—>x)O0(y);

(7) o(x > y) <o(x) > o(y) and o(x ~ y) <0o(x) ~ o(y); if x and y are
comparable, then 0 (x — y) =0 (x) > o(y) and o (x ~» y) =0 (x) ~» o (¥);

@) ox > y)Oo(y > x) =di(o(x),0(y)) and o(x ~ y) ©o(y ~ x) <
dr(o(x),0(y));

9) o?(x) =0(x);

(10) if A is good, then: o (x @ y) <o (x) ®o(y);o(o(x) Do (y))=0(x)Do(y);
ifx Loy, theno(x®y)=0(x)®o(y);oxdx")=0(x"dx)=1,;

(11) o(A)={xeAlo(x)=x}

(12) o(x > y) =0(x) > 0o(y) fff o(y > x) =0(y) > ox) iff o(x ~ y) =
o(x) oy iffo(y~x)=0(y)~ox);

(13) o(c(x) Ao (y) =0 (x) Ao (y);

(14) o(o(x) Vio(y)) =o0(x) Vi o(y) and o(o(x) Va2 o(y)) =0o(x) V2 0(y);
o(xViy)<ox)Vio(y) and o(x Vo2 y) <o(x) Vao(y); if x and y are
comparable, then 0 (x V1 y) =c(x) Vio(y) ando(x Va2 y) =0 (x) V20 (y);

(15) if o is faithful, then x <y implies o (x) <o (y);

(16) if o is faithful, then either o (x) = x or o (x) and x are not comparable;

(17) if A is linearly ordered and o is faithful, then o (x) = x for all x € A.



9.1 State Pseudo-hoops 245

Proof

1) o(1)=0(0—>0)=00)>0c(OA0)=1.
(2) Applying (S72) we get:

oc(x)=0c(x—>0)=0(x) > o(xA0)=0(x)—>0c(0)
=o(x)—>0=0(x)".

Similarly foro(x™) =0 (x)™.

(3) By (pshoop-c3) we getx =y O (y ~ x),800(x) =0 (yO(y ~x))=0(y) ©
o(y~>yO(y~x))<o(y).

4) Fromx Oy <xOywegety <x~»xQ®Yy,soby(3)wehaveo(y) <o(x ~
xOy).

Applying (S3) we get: 0 (x O y) =0 (x) O (x ~»x O y) >0 (x) O a(y).

fxOy=0,thenc(x ®y)=0,500x O y)=0(x)Oo(y)=0.

If A is good and y | x, by Proposition 1.28 we have x ® y = 0, hence
o(xQy)=0x)Oo(y)=0.

B)o(xOyYy)=0cx)Oo(y) ando(y” Ox)=>0(y)” ©o(x) follow from (4)
and (2).

Ifx <ywehave y” <x™7,y” <x7,50x0y <xOx  =0andy  Ox <
xT Ox=0.Itfollowsthat c(x ® y7) =0(y~ ©x)=0,hence c(x © y™) =
oc(x)Oo(y) " =0ando(y” Ox)=0(y)” ©o(x)=0.

(6)

c(xAY)=0(xOx~y)=0(x)O0(x~ (xO(x~y)))
=oc(x)Qo(x~xAy)=0c(x)Oo(x~y) and
cx Ay =0(y—>x)0y)=0(y—> (> 1) 0y)Oa()
=0(y=>xAy)0a(y)=0(y—>x)Oa(y).
(7) By (S2) and (psbck-c19) we have:

cx > y)=0ckx)—>oxAy)<o(x)—>o(y) and

o(x~wy)=0()wo@xAy) =o(x)~o(y).

Ifx<y,theno(x) <o(y)ando(x > y)=0c(x) >oc(x AYy)=0(x) —>
o(x)=1.
We also have 0 (x) > o(y) =1, thuso(x > y) =0 (x) = o (y).
Similarly, o (x ~~ y) =0 (x) ~ o (y).
If y <x, then x A y =y and the equalities follow from (S7).
(8) By (7) we have 6 (x — y) <o(x) > o(y) and 6 (y — x) <o (y) > o(x),
hence o (x = y) O o (y = x) <di(o(x), o(y)).
Similarly, o (x ~~» y) © o (y ~ x) <dy(o(x), 0 (y)).
(9) Applying (1) and (S4) we have:

az(x) = o(a(x)) = a(a(x) @a(l)) =ox)Oo(l)=0(x).
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(10) Fromo(y~ ©x7) 2 0(y) Oo(x™) we get (0(y ) O o(x ™)~ = (0(y~ O
x7)™.
Applying (2) it follows that (6 ()~ @ o (x)7)” =0 ((y~ ©x7)7).

Thus o (x ®y) <o (x) Bo(y).
By (2) and (9) we get:

ole@@o()=0((c(» 0c®)) ) =(o(c(y")0o(x7)))"
=(@()oc@r7) =M 0sm7)"
=0 (x)Bo(y).

Obviously, c(x ®0) =0 (x) ®o(0) and 6 (0D x) =0 (0) B o (x).
Since x 1,, y, we have x~ L y—, so by (4) and (2) we have

U(y_ @x_) = a(y_) @a(x_) =o0(y)” Oox)".
Hence
cx@y)=o((y"0x7)")=(c(y"0x7)) =(c» 0o®7)"
=ox)®o(y).
For the last assertion we have:
o(r @) = (o(r" 0x7) ) = (o[ 0x7)) = (c®)
o(x” ©x) = (o(x~ 0x™)) = (o (+~ 0x7)) = (0(0)”

(11) Let y € 0(A), so there exists an x € A such that y = o (x).
Hence o (y) = 02(x) = o (x) = y. It follows that y € {x € A | o (x) = x}.
Conversely, if y € {x € A | o (x) = x} it follows that y € o (A).
(12) Suppose o (x — y) =0 (x) — o(y). Applying (S2), (6) and (pshoop-c3) we
get:

1 and

1.

o(y—=>x)=0(y) >oc(yAx)=0(y) > o(x—>y)Oo(x)
=0(y)—> (6(x) > 0(y) Oox)=0(y) > o (x) Ao(y)

=o(y) = a(x).

Similarly, if 6 (y = x) =0 (y) > o(x),theno(x = y) =0 (x) = o (y).
Suppose again that o(x - y) =o0(x) > o(y),s0 o (y = x) =0 (y) =
o(x).
Then we have:
o(x~y)=0(x)~o(xAy)=0cx)~ (0(y—>x)Oa(y))
=0x)~ ((6(y) > 0(x)Oo(y)=0x)~0ox)Ad(y)
=0(x)~o(y).

Similarly, if o (x ~» y) =0(x) ~ o (y),theno(x - y) =0 (x) = o (y).
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Finally, we can prove in the same manner that o (x ~» y) = o (x) ~> o (y)
implies o (y ~» x) =0 (y) ~» o (x).
(13) Applying (6), (9), (S5) and (pshoop-c3) we get:

o(c(x)Aa(y) =0(x) 0o (0(x) ~0a(y)=0(x) O (0(x) ~0o(y)
=o(x)No(y).

(14) Applying (S5) and (9) we get:

olc@)via)=o((c(x) > o)~ o) =0(c(x) = o)~ a(y)
= (a(x) — cr(y)) ~o(y)=0(x)Vio(y).

Similarly, o (o (x) Va0 (y)) =0 (x) V2o (y).
The second part follows applying (7) twice.
(15) By (3) x < y implies o (x) < o (y). Suppose o (x) = o (y). From (5,) it follows
that o (y - x) = o (y) - o(x) =1, thatis, y — x € Ker(¢) = {1}. Thus y —
x =1, hence y < x, a contradiction. It follows that o (x) < o (y).
(16) Consider x € A such that o (x) # x and let x and o (x) be comparable.
We have x <o (x) oro(x) < x,s0o0(x) < o(x), acontradiction. It follows
that either o (x) = x or o (x) and x are not comparable.
(17) Since A is linearly ordered it follows that x and o (x) are comparable.
Hence by (16), o (x) = x. O

Corollary 9.1 Let (A, ) be a linearly ordered state pseudo-hoop. Then for all
X,y € A the following hold:

(1) o(x > y)=o0(x)—>o(y)ando(x ~ y)=0(x) ~ o (y);
@) o(xVviy)=o@)Vio(y)ando(x Vay)=0(x) Va0 (y);
(3) if A has (SO) property, then:

a(x@y‘):o(x)@a(y_) and a(y
a(yEBx_)za(y)EBa(x_) and cr(x

Proof

(1) This follows from Proposition 9.1(7).
(2) This follows from Proposition 9.1(14).
(3) Consider the following cases:

(a) If x =0, then applying Proposition 1.24(3) and Proposition 9.1(2) we have:
0(0 &) y_) = a(y_w_) = J(y_) =o(y)” and
cO@o(y)=0®o(y )=0(y) =o(".

Thus o(x & y~) =0 (x) ®o(y~) and similarly c (y " ® x) =0 (y™) &
o(x).
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(b) If y =0, then according to Proposition 1.24(4) we have:
o(x@O_) =c(x®l)=0(1)=1 and G(l)@d(y_) = 1@0()/_) =1.

Thus c(x @ y~) =0(x) Do(y~) and similarly o (y~ & x) =0 (y™) &
o(x).
(c) Assume x #0, y#0and x <y.
According to Proposition 1.6(6), x L y~ and y~ L x.
Applying Proposition 9.1(10) we have

c(x@®y )=0c@)®o(y”) and o(y " @x)=0(y")Do).
Similarly, if x 0, y # 0 and y < x we get
oc(y®x)=0(3@o(x") and o(x"®y)=0(x")Bo(y). O
Proposition 9.2 Let (A, o) be a state pseudo-hoop. Consider the properties:

@ ox—>y)=c(x)>o@)oroc(x~y)=ocx)~ao(y) forallx,y € A,
®) oxAy)=cx)Aoa(y) forallx,y e A;

) o(xOy)=cx)Oa(y) forallx,y € A,
doxVviy)y=ox)Vvio(y)ando(x Vo y)=0c((x)Vao(y) forallx,y € A.

Then:

(a) is equivalent to (b);
(a) implies (c) and (d).

Proof According to Proposition 9.1(12), o preserves — iff it preserves ~.
(a) = (b) By Proposition 9.1(6) and (pshoop-c3) we have:
c(xAY)=0@x)Oo(x~y)=0x)O(c(x)~0o(y)=0)Ac(y).
(b) = (2) Applying (S3) we get:
o(x—>y)=0(x)>o(xAy)=0(x)—> (0(x)Ac(y)=0(x)—>a(y).

Similarly, o (x ~ y) = 0 (x) ~ o (¥).
(a) = (c) By (psHOOP5) we have:

c(xOy) > 0@ =0x0y—>2)=0(x—>(y—>2)
=o(x) = (@(y) = (0(2) = (0(x) O () = 0 (2).
Taking z =0 (x) © o (y) we get:
cx@y) = a(c(x)0a()=(0(x)0a(y) = a(c(x)Oa(y))
=(c(x)0o() = (c(x)Oa(y)=1.
Thus o (x © y) <o (o(x) ©o(y)) =0(x) ©0o(y).
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Applying Proposition 9.1(4), we get c (x © y) =0 (x) O o (y).
(a) = (d) This follows by the definitions of Vv and V5, applying (a). O

Let A be a bounded pseudo-hoop and o : A — A be a mapping such that for all
X,y € A:
(85) c(xOy)=0(y" VIx)Oo(y)=0x)Oo(x™ Vvay).
Definition 9.2 A mapping ¢ : A —> A is called a strong state operator on A if
satisfies conditions (S7), (S52), (Sé), (S4), (Ss).

A pair (A, o) such that A is a bounded pseudo-hoop and o is a strong state
operator on A is called a strong state pseudo-hoop.

A state operator o is called a C-state operator if it satisfies the following condi-
tion:

(©) o(xViy)=o(yVix)ando(x Vay) =0(y V2 x).

A pair (A, o) such that A is a bounded pseudo-hoop and o is a C-state operator on
A is called a C-state pseudo-hoop.
If a C-state operator is strong, then we call it a C-strong state operator.

Remark 9.1 Every state Wajsberg pseudo-hoop is a C-state Wajsberg pseudo-hoop.

Proposition 9.3 Let A be a bounded pseudo-hoop. If 0 : A —> A is an order-
preserving mapping satisfying condition (C), then o(x V1y) =o(x V2 y) for all
x,y€A.

Proof First we prove the equality for y < x.
Applying Proposition 1.5(4) and condition (C) we get:

o(xViy)=oc(Vix)=o0(x) and o(xVay) =o0(x),

ie,o(xViy)=0o(xVay).
Assume now that x and y are arbitrary elements of A. Using again Proposi-
tion 1.5(4), condition (C) and the first part of the proof, we get:
o(xViy) = o(x V1 (x Vq y)) =a((x V1Y) Vi x)
= o((x V1Y) Va x) >o0(yVax)
=o(xV2(yVax)=o(xVay)
=o(yva(xVvay)=0((xVva2y) Vay)
>o(xViy).

Thuso(x V1 y)=0(x V2 ). O

Corollary 9.2 If o is a C-state operator, then o (x V1 y) =0 (x V2 y).
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Theorem 9.1 Every strong state pseudo-hoop is a state pseudo-hoop.

Proof Consider the strong state pseudo-hoop (A, o) and x, y € A.
Taking into consideration that y~ <y — x and x~ < x ~» y we get:

Yy Vi(y—>x)=y—x and xw\/z(xwy)zxwy_
Then applying (S%) we have:
c(xAY=0(xOx~y))=0@x)0c(x"Va(x~y)=0(x)Oo(x~y).

It follows that 6 (x © y) =0 (x A (X O Y)) =0 (x) O 0 (x ~ (x O y)).

Similarly, c(x Ay) =0 ((y > x) O y) =0y~ Vi (y > x) Qo(y) =0 (y -
X) 00 (y),s00(xOy)=0((xOy)Ay)=0(y = (xOy)Oo(y).

Thus condition (Sé) implies condition (S3), hence o is a state operator on A. [

Proposition 9.4 If o is a strong state operator on a bounded pseudo-hoop A such
that x~ <y ory~ <x forsomex,y€ A, theno(x®y)=0(x) ©o(y).

Proof Since o is a strong state operator, it satisfies the condition
o(x®Oy)= a(yi V1 x) Oo(y)=o0(x) @O’()CN Vo y).
According to Proposition 1.5(4), y~ < x implieso(y~ Vix) =c(x)andx™ <y

implies o (x~ V2 y) =0(y). Thus o (x © y) =0 (x) © o (y). O

Proposition 9.5 If o is a state operator on a linearly ordered bounded pseudo-hoop
A, then o is a pseudo-hoop endomorphism such that 6> = o .

Proof Since (A, o) is a linearly ordered state pseudo-hoop, according to Corol-
lary 9.1, o preserves — and ~-. Applying Proposition 9.2, it follows that o pre-
serves ©. Taking into consideration that o also preserves the constants 0 (by (S7))

and 1 (by Proposition 9.1(1)), we conclude that ¢ is an endomorphism. Condition

o2 = o follows from Proposition 9.1(9). O

Proposition 9.6 If (A, o) is a state pseudo-hoop, then o (A) is a subalgebra of A.

Proof By (84), (S5), (S1) and Proposition 9.1(1), o (A) is closed under the opera-
tions ®, —, ~», 0, 1. Thus o (A) is a subalgebra of A. [l

Definition 9.3

(1) A state operator o on a bounded pseudo-hoop A is called a weak state-morphism
operator on A if forall x,y € A:

(Se) o(x©y)=0(x) ©a(y).

In this case (A, o) is called a weak state-morphism pseudo-hoop.
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(2) A bounded pseudo-hoop endomorphism o : A —> A is said to be a state-
morphism operator if 6> =o.

Obviously, a state-morphism operator is always a weak state-morphism operator.

Example 9.1 ([114])

(1) If A is a bounded pseudo-hoop, then the identity idj; is a state operator on A.

(2) Let A be a bounded pseudo-hoop and B = A x A. Then the mappings o1, 07 :
B —> B such that o((x1,x2) := (x1, x1), 02(x1,x2) := (x2,xp) are state-
morphism operators on the bounded pseudo-hoop B.

Remark 9.2 From Propositions 9.2 and 9.4 it follows that:

(1) If o is a state operator on A preserving — or preserving ~», then o is a weak
state-morphism operator and a state-morphism operator.

(2) If o is a strong state operator on a bounded pseudo-hoop A such that x™ < y or
y~ <xforall x,y € A, then o is a weak state-morphism operator.

Proposition 9.7 If A is a bounded cancellative pseudo-hoop, then any state opera-
tor o on A is a weak state-morphism operator.

Proof According to (S3) and taking into consideration that in a cancellative pseudo-
hoop y - x © y = x, we get:

cxOy)=0(y—=>x0y)00(y)=0x) Qo).

Thus o is a weak state-morphism operator on A.
(The proof for the case x ~» x ©® y =y is similar.) O

Theorem 9.2 If A is a bounded idempotent pseudo-hoop, then any state operator
o on A is a weak state-morphism operator and a state-morphism operator.

Proof Consider x, y € A. Since they are idempotent, so are o (x) and o ().
Hence, applying the property of idempotent elements and Proposition 9.1(4) we
get:

oc(xAY)=0(x0Qy)>0(x)Oa(y)=0(x)Ac(y).

On the other hand, c(x Ay) <o (X)) Ao (y) =a(x) ©a(y).

Thuso(x Ay)=c(xOQy)=0cx)Oo(y)=0(x) Ac(y).

Hence o is a weak state-morphism operator on A.

Since A is preserved, according to Proposition 9.2((a) < (b)), one of —, ~ is
preserved as well. It then follows from Proposition 9.1(12) that the other arrow is
also preserved. The constants 0 and 1 are preserved by (S1) and Proposition 9.1(1),
respectively. Thus o is an endomorphism on A.

Since from Proposition 9.1(9) we have o2 = ¢, it follows that o is also a state-
morphism operator on A. g
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Proposition 9.8 If o is a state operator on a bounded pseudo-hoop A, then Ker(o)
is a normal filter of A.

Proof Since o (1) = 1, it follows that 1 € Ker(o).

Consider x, y € Ker(o). Theno (x ©y) > o (x) ©o(y) =1,hencec (x O y) =1,
that is, x © y € Ker(o). If x € Ker(o) and y € A are such that x < y, then we have
1=0(x) <o(y),thatis, y € Ker(o).

Thus Ker(o) is a filter of A.

Letx,y € Asuchthatx — y € Ker(o),s00(x — y) = 1.

Applying (S7) we geto(x) > o(x Ay)=1,hence o(x) <o(x Ay).

Therefore o(x) = o(x A y) and applying again (S2) we have o(x ~~» y) =
o(x)~ao(x Ay)=1.Thus x ~ y € Ker(o).

Similarly, x ~~ y € Ker(o) implies x — y € Ker(o) and we conclude that Ker(o)
is a normal filter of A. O

9.2 On the Existence of State Operators on Pseudo-hoops

In this section we investigate the existence of state operators, proving that every
perfect pseudo-hoop admits a nontrivial state operator.

In what follows A will be a bounded pseudo-hoop.

We recall that any bounded idempotent pseudo-hoop A is good (Remark 2.3).

Proposition 9.9 Let (A, o) by an idempotent state pseudo-hoop. Then:

D oxAy)=c(xOy)=0x)Oo(y)=0cx)Aoc(y)forallx,yeA;
2)ox—>y)=0x)—>o(y)ando(x ~y)=0((x)~a(y) forallx,y € A;
B OV T=@AY) T =x"T"AY T=x""0y T forallx,y € A.

Proof

(1) This follows from the proof of Theorem 9.2.

(2) By Proposition 9.2 it follows that o(x — y) =0 (x) > o(y) or o(x ~> y) =
o(x) ~ o(y) for all x,y € A, which are equivalent according to Proposi-
tion 9.1(12).

(3) Since A is idempotent, x O y =x Ay forall x, y € A.

Applying (pshoop-c1o) we get:

~

kO T=GAN T =x Ay T =x 0y O

Proposition 9.10 Let (A, o) be a state pseudo-hoop and x,y € Reg(A). Then:

(1) o(x) € Reg(A);
(2) if Ais good,thenx @y, x ANy, x —> y,x~Yy,xV1y,x Va2 y € Reg(A);
(3) if A is idempotent, then x © y € Reg(A).
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Proof

(1) By Proposition 9.1(2) we have:
o(x)" T = a(x_w) =o(x) and o(x)” = a(xw_) =o(x),

thus o (x) € Reg(A).
(2) Applying Proposition 1.25 we get:

ey T=(("ox7)) = ox) =xdy.

From the goodness property we have (x ®y)" " =(x D y)” =xDy.

Thus x @ y € Reg(A).

Applying (pshoop-cip) wehave (x Ay) ™" =x" " Ay T =XAY,S0XAYy€E
Reg(A).

By (pshoop-c9) we have:

x—>y) "T=x""—>y T=x—>y and
(X)) T =TT ey T =y

Thus x — y, x ~» y € Reg(A).
As a consequence, it follows that x Vi y, x V2 y € Reg(A).
(3) From Proposition 9.9 wehave (x O y) " " =x"" 0Oy " =x0Oy,50x Oy €
Reg(A). O

Lemma 9.1 Any state operator o on a locally finite pseudo-hoop is faithful.

Proof Assume that there exists an x with 0 < x < 1 such that o (x) = 1. Then there
is an integer n > 1 such that x* =0, hence 0 =0 (0) =0 (x"*) > o(x)" =1, a con-
tradiction. Thus o is faithful. O

Proposition 9.11 If A is a strongly simple locally finite basic pseudo-hoop, then
the identity is the unique state operator on A.

Proof Let o be a state operator on A. By Lemma 9.1 it follows that o is faithful.
Since every strongly simple basic pseudo-hoop is linearly ordered (Corollary 2.2),
applying Proposition 9.1(17), we get o (x) = x for all x € A. 0

Theorem 9.3 Let A be an idempotent pseudo-hoop and o : Reg(A) — Reg(A) be
a state operator on Reg(A). Then the mapping 6 : A — A defined by

o(x):= o(x_w)

is a state operator on A such that GReg(a) =0
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Proof Obviously, 6 (0) = o (0) =0, so condition (Sy) is verified.
Applying (pshoop-c9) and Proposition 9.9 we get:

6(x > y)= U((x — y)_N) = U(x_N — y_N) = U()C_N) — o(x_N A y_w)
=o(x 7)o o(xAYNTT)=6x) > 5(x AY).

Similarly, 6 (x ~ y) =6 (x) ~» 6 (x A y), so ¢ satisfies (52).
By Proposition 9.9 we also have:

GaxoON=0(@oN )=c(x"0y ) =c(xT")0c(x T ~xT" 0y ")
o) O = (109 ) =a () 0o (- x 0™
=0(x)Oc(x~x0Qy).

Similarly, 6 (x @ y) =6(y > x ©®y) ©®6(y), hence ¢ satisfies (S53).
For condition (S4) we have:

560 050) =o (o) 0o () ) =ole™) " 0ol )
(o) 0ol ) =0 () 0ol ) =60 050)

thus it is verified too.
Finally we have:

e =>6)=c((c(x™)>a(y™) )=clcx™)  =o(y7) )
=0(0(x) >y )=o) = ()

=0(x)—>a(y)

Q

and similarly ¢ (6 (x) ~» 6 (y)) =& (x) ~» 6 (), that is, condition (S5) for .
We conclude that & is a state operator on A.
If x € Reg(A), then 6 (x) =0 (x™7) =0(x), SO O|Reg(4) =0 U

Corollary 9.3 If A is an idempotent pseudo-hoop, then any state operator on
Reg(A) can be extended to a state operator on A.

Theorem 9.4 Every perfect pseudo-hoop admits a nontrivial state operator.

Proof Let A be a perfect pseudo-hoop, so A = Rad(A) URad(A)*. We will prove
that the map o : A — A defined by

1 ifx e Rad(A)

o(x):= .
0 if x e Rad(A)*

is a state operator on A.
Obviously, o (0) = 0, hence (S7) is satisfied.
We consider the following cases:
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(1) a,b eRad(A).

Obviously, o (a) = o (b) = 1. Since Rad(A) is a filterof A and b <a — b, it
follows that a — b € Rad(A). Hence o (¢ — b) = 1. Similarly, o (a ~» b) = 1.

From the definition of a filter we have @ © b, a A b € Rad(A).

Thuso(a) =0 () =0(a—b)=0c(@a~~b)=c(anb)=0c(a®b)=1.

Sincea®beRad(A)andaOb<a~a®Ob,a®b<b— a®b it follows
thata~a ®b,b—>a®beRad(A),soc(a~a®b)=0c(b—>a®b)=1.

One can easily check that conditions ($2)—(S5) are satisfied.

(2) a,b eRad(A)*.

In this case, o(a) = o(b) =0 and we will prove that a — b,a ~» b €
Rad(A). Indeed, suppose that a — b € Rad(A)*. Since a < a~ ", it follows
thata™~ — b <a— b,soa”~ — b e Rad(A)*. Buta™ <a~~ — b, hence
a~ € Rad(A)*, contradicting condition (ii) in the definition of a perfect pseudo-
hoop (a € Rad(A)* = D(A)* iff a— € Rad(A) = D(A)). It follows that a —
b € Rad(A) and similarly a ~» b € Rad(A). Hence o (a — b) = o (a ~ b) = 1.

FromaAb<b,a®b<b,wegetarnb,a®beRad(A)*, thuso(a Ab) =
o(a®b)=0.

We can see that conditions (S7)—(S5) are also verified.

(3) a €Rad(A), b € Rad(A)*.

Obviously, o(a) =1 and o (b)) =0.

We show that ¢ — b € Rad(A)*. Indeed, suppose that a — b € Rad(A).

Because b <b~",wehavea — b <a—> b~ ",s0oa — b~ €Rad(A). This
means that (a © b~)~ € Rad(A), thatis, a © b~ € Rad(A)*. On the other hand,
since Rad(A) is a filter of A and a, b~ € Rad(A) we have a ® b~ € Rad(A), a
contradiction. We conclude that a — b € Rad(A)*, so o (a — b) =0.

Similarly, a ~ b € Rad(A)*, so o (a ~» b) =0.

Sincea Ab<b,a®b<b,wehavea Ab,a®b cRad(A)*,soo(anb)=
gla®b)=0.

Moreover, a € Rad(A) and a © b € Rad(A)* implies a ~» a © b € Rad(A)*,
hence o (a ~~a ® b) =0.

It is easy to see that conditions (S2)—(S5) are satisfied.

(4) a e Rad(A)* and b € Rad(A).

Taking into consideration that b <a — b, b <a ~» b we have a — b,a ~~
beRad(A). Froma Ab,a®b <a we geta Ab,a ®b € Rad(A)*.

Hence o(a) =0,0(b) =1, 0(aAb)=0(a®b)=0,0(a—> b)=0c(a ~
b)=1.

Applying case (3), b € Rad(A) and a © b € Rad(A)* implies b > a O b €
Rad(A)*,soo (b —> a ®b) =0.

Thus conditions (57)—(S5) are also satisfied.

We conclude that o is a state operator on A, that is, (A, o) is a state pseudo-
hoop. O

Remark 9.3 The state operator ¢ defined in Theorem 9.4 is a C-state opera-
tor. Indeed, in cases (1), (3) and (4) in the proof of Theorem 9.4 we have
aVib,bVvia,aVvyb,bVvyaeRad(A), so o(a Vi b) =0(bVia)=1 and
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clavyb)=0o(bVvra)=1.Incase 2),aVib,bVia,aVyb,bVvyaecRad(A)*,
hence o(aVib)=0(bVia)=0ando(aVob)=0(bVya)=0.
Thus o is a C-state operator.

9.3 State Operators and States on Pseudo-hoops

States on bounded pseudo-hoops have been investigated in [56]. In this section we
show that there is a close connection between state operators and states on pseudo-
hoops.

Theorem 9.5 Let o be a state operator on the bounded pseudo-hoop A preserving
— or ~~. If s is a Bosbach state on A, then the mapping s, : A — [0, 1] defined by
So (x) :=s(0(x)) is a Bosbach state on A.

Proof Obviously, s5(0) =0 and s, (1) = 1, so (B3) is verified.

It is sufficient to assume that just one of the arrows —, ~~ is preserved, the
preservation of the other one is then implied by Proposition 9.1(12).

Assume o preserves — . It follows that:

Se (X)) + 855 (x > y) = s(cr(x)) +s(o(x — y)) =s(c7(x)) +s(0(x) — a(y))
=s(c()+s(c(y) > o) =s(a(y) +s(o(y = x))
=55(y) + 55 (y — x).

Thus s, satisfies (B1) and similarly s, satisfies (B>).
It follows that s, is a Bosbach state on A. Il

Corollary 9.4 Let (A, 0) be a linearly ordered state pseudo-hoop and s be a Bos-
bach state on A. Then the mapping sy : A — [0, 1] defined by sy (x) :=s(o(x)) isa
Bosbach state on A.

Proof According to Corollary 9.1, o preserves — and ~», hence by Theorem 9.5,
S, 1s a Bosbach state on A. O

Corollary 9.5 Let (A, o) be an idempotent state pseudo-hoop and s be a Bosbach
state on A. Then the mapping sy : A — [0, 1] defined by s;(x) := s(o(x)) is a
Bosbach state on A.

Proof By Proposition 9.9, o preserves — and ~», hence by Theorem 9.5, s, is a
Bosbach state on A. g

Theorem 9.6 Let A be a bounded pseudo-hoop and o be a state operator on A
preserving — or ~~. If s is a Bosbach state on Reg(A), then the mapping 5, : A —
[0, 1] defined by 55 (x) :=s(o(x~ 7)) is a Bosbach state on A.
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Proof Obviously, s5(0) =0 and s, (1) = 1, so (B3) is verified.

If o preserves one of the arrows —, ~=, then by Proposition 9.1(12) the second
one is also preserved. Assume o preserves —.

Applying (pshoop-cg), we have:

=50 (¥) + 55 (y = x).

Thus §, satisfies condition (By).
Similarly, §5(x) + S5 (x ~> y) = 55 (y) + 55 (¥ ~> x), so condition (B5) is also
satisfied. It follows that s, is a Bosbach state on A. O

Theorem 9.7 Let A be a good pseudo-hoop satisfying the (SO) property, o be a
state operator and s be a Riecan state on A. Then the mapping s; : A — [0, 1]
defined by sy (x) := s(o(x)) is a Riecan state on A.

Proof Obviously, s, (1) = 1.
It is easy to check that s, (x ®0) = 54 (x) + 55 (0) and 55 (0B x) = 545 (0) + 54 (x).
Consider x, y € Asuch that x #0, y 2 0and x L y. It follows that o (x) L o (y).
By the (SO) property we have x _L,, y and applying Proposition 9.1(10) we get
oc(x ®y)=o0(x)®o(y). Hence:

So(x @) =s(0(x®y)) =s(0 () ®a(y) =5(0(x) +5(0()) = 50 (x) +56 (7).

Thus s, is a RieCan state on A. Il

Theorem 9.8 Let A be a good pseudo-hoop with the (SO) property and t be a state
operator on A. If s is a Rie¢an state on Reg(A), then the mapping s; : A — [0, 1]
defined by s, (x) :=s(t(x~")) is a Riecan state on A.

Proof Since s is a RiecCan state on Reg(A), according to Proposition 6.15(3),
s(x77)=s(x) for all x e Reg(A).
Obviously, 57 (1) =1, 5;: (x ®0) =5, (x) + 5:(0) and 5; (0 & x) = 5, (0) + 57 (x).
Consider x, y € Asuchthatx #0, y#0and x L y.
It follows that x™~ L y=™ (Proposition 1.6(7)).
Hence by the (SO) property, x =~ L,, y~~
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Since (x & y)™~ =x"" @& y~ = (Proposition 1.24(5)), applying Proposi-
tion 9.1(10) we get:

ey =s(t(@on ) =sEE"ey ) =sEx) ()
S(‘E(Xiw)) @S(T(y7~ ) =35:(x) +5r(y)

(since s is a RieCan state and from x =~ L y~ " it follows that T (x ™) L t(y™ 7).
Thus §; is a RieCan state on A. O

9.4 State Operators and Generalized States on Pseudo-hoops

The concept of generalized states has been extended to the case of pseudo-BCK
algebras and pseudo-hoops ([68]). In this section we investigate the connection be-
tween state operators and generalized states on a pseudo-hoop. Some conditions are
given for a state operator to be a generalized state and for a generalized state to be a
state operator.

Let A be a bounded pseudo-hoop and s : A —> A be an arbitrary function such
that s(0) =0 and s(x V1 y) =s(y Vo x) for all x,y € A. Then s is said to be a
generalized Bosbach state of type I or a type I state if it satisfies one of the following
equivalent conditions:

(bsly) for all x,y € A with x > y, s(x > y) =s(x) — s(y) and s(x ~ y) =
5(x) ~ s(y)3

(bslp) forallx,ye A, s(xViy)=s(x —> y)~s(y)ands(x Vo2 y) =s(x ~» y) —>
s(»);

(bsIz) forallx,ye A, s(x > y) ~s(y)=s(y ~x) > s(x)and s(1) = 1;

(bsly) forallx,y e Awithx >y, s(x) =s(x = y) ~s(y) =s(x ~y) —> s();

(bsls) forallx,ye A,s(x > y)=s(xViy) = s(y)and s(x ~> y) =s(x Va y) ~>
s(0);

(bslg) for all x,y € A, s(x > y) =s(x) > s(x A y) and s(x ~> y) = s(x) ~
s(x Ay).

Proposition 9.12 Let A be a bounded pseudo-hoop and s : A —> A be an order-
preserving type I state on A. Then the following hold for all a, b € A:

(D) sa@aOb)=sb—>a®b)Os)=s(a)Os(a~a®b),

2) s(a) Osb) <s(aODb).

Proof

(1) Since a © b < a, b, applying (bsl1) we have:

s(b—>a®b)Osb) = (s(b) — s(a®b)) Osb)
=s(b)As(a®b)=s(a®b) and
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sa)©s(a~a®b)=s(a)® (s(a) ~ s(a @b))
=s@)Asa®b)=s(a®b).

(2) Froma <b—a ® b wehaves(a) <s(b—>a®b).
Applying (1) we get: s(a) © s(b) <s(b —->a O b) O s(b)=s(a ©b). O

Let A be a bounded pseudo-hoop and s : A —> A be an arbitrary function such
that s(0) =0 and s(x V1 y) =s(y V2 x) for all x, y € A. The function s is said to
be a generalized Bosbach state of type Il or a type Il state if it satisfies one of the
following equivalent conditions:

(bsily) for all x,y € A with x >y, s(x > y) =s(x) ~ s(y) and s(x ~> y) =
5(x) = 5(7);

(bslly) forallx,ye A,s(xV1y)=s(x > y) > s(y)ands(x V2 y) =s(x ~> y) ~
s(¥)3

(bsll3) forallx,y€ A, s(x > y) > s(y) =s(y ~x)~s(x)ands(1) =1;

(bslly) forallx,y e Awithx >y, s(x) =s(x = y) = s(y) =s(x ~> y) ~s(y);

(bsll5) forallx,ye A,s(x > y)=s(xViy)~s(y)ands(x ~>y) =s(xVa2y) —>
s();

(bsllg) for all x,y € A, s(x > y) =s(x) ~ s(x Ay) and s(x ~ y) =s(x) —>
s(x Ay).

Let A be a bounded Wajsberg pseudo-hoop and s : A —> A be a mapping satis-
fying s(0) =0, s(1) =1 and s(x V| y) = s(y V2 x). Then:

(1) s is a type I state iff s(dj(x,y)) =s(x Vy) — s(x Ay) and s(da(x,y)) =
s(x VvV y)~s(x Ay);

(2) s is a type II state iff s(di(x,y)) =s(x V y) ~ s(x A y) and s(da(x,y)) =
s(xVy —sxAy).

Let A be a bounded pseudo-hoop. An endomorphism 4 : A —> A satisfying
the condition A(x V1 y) = h(y Vo x) for all x,y € A is called a generalized state-
morphism. If, moreover, h(x — y) = h(x ~> y) for all x, y € A, then h is a strong
generalized state-morphism.

A mapping m : A —> A is called a generalized Riecan state iff the following
conditions are satisfied for all x, y € A:

(rs1) m(1)=1;
(rsp) forallx,ye A,if x L y,then m(x) L m(y) and m(x ® y) =m(x) ® m(y).

Proposition 9.13 Every C-state operator on a bounded pseudo-hoop is a type [
state.

Proof Let o be a state operator on a bounded pseudo-hoop A.

From (S1) we have o (0) = 0.

By condition (C) and Proposition 9.3 we get o (x V1 y) =0 (y V2 x).

Since condition ($7) in the definition of a state operator is condition (bsl), it
follows that o is a type I state on A. g
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Corollary 9.6 Every perfect pseudo-hoop admits a type I state.

Proof According to Theorem 9.4 and Remark 9.3, every perfect pseudo-hoop has
a C-state operator, hence by Proposition 9.13 every perfect pseudo-hoop admits a
type I state. U

Proposition 9.14 Let (A, o) be an idempotent state pseudo-hoop such that o (x V1
y) =0y Vax). Then o is a generalized state-morphism on A.

Proof This follows by Propositions 9.9 and Proposition 9.2. 0

Proposition 9.15 Let (A, o) be a linearly ordered state pseudo-hoop such that
o(x V1y)=0(yVax). Then o is a generalized state-morphism on A.

Proof This follows by Corollary 9.1 and Proposition 9.2. 0

Proposition 9.16 If (A, o) is a good state pseudo-hoop satisfying the (SO) prop-
erty, then o is a generalized RieCan state on A.

Proof From Proposition 9.1(1) we have o (1) = 1, that is, (rsy).
It is easy to check that o (x ®0) =0 (x) B 0 (0) and 6 (0D x) = (0) B o (x).
Consider x, y € A suchthat x #0, y #0and x L y.
From the (SO) property we have x L,, y and applying Proposition 9.1(10), we
geto(x B y)=0(x) Do(y),so(rsy)is verified too.
Thus o is a generalized Riecan state on A. U

Theorem 9.9 If A is a linearly ordered bounded pseudo-hoop and s : A — A is
an order-preserving type I state such that s*>(x) = s(x) < x for all x € A, then s is
a state operator on A.

Proof Applying the hypothesis and the definition of a type I state, we will verify
axioms (S1)—(S5) from the definition of a state operator.

(S1) s(0)=0:
This follows from the definition of a type I state.
(82) s(a— b)=s(a) —> s(a Ab) and s(a ~ b) =s(a) ~+ s(a A b):
This is the condition (bslg).
(S3) s(@a@b)=s@)Os(a~a®@b)=s(b—>a®b)®s():
This follows from Proposition 9.12(1).
(S4) s(s(a) ©s(b)) =s(a) Os(b):
Since s(x) < x for all x € A we have s(s(a) © s(b)) <s(a) © s(b).
On the other hand, from Proposition 9.12(2), replacing a with s(a) and b with
s(b) we get s>(a) © s2(b) < s(s(a) @ s(b)), that is, s(a) @ s(b) < s(s(a) ©
s(b)).
Thus s(s(a) © s(b)) =s(a) © s(b).
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(Ss) s(s(a) — s(b)) =s(a) — s(b) and s(s(a) ~ s(b)) =s(a) ~ s(b):
Since A is linearly ordered we consider the cases:

(@) b <a, so s(b) <s(a). According to condition (bsI;) we get s(s(a) —
s(b)) = sz(a) — s2(b) = s(a) — s(b).

(b) a < b, so s(a) < s(b). It follows that s(a) — s(b) = 1, thus s(s(a) —
sb)) =s(a) > sb)=s(1)=1.

Similarly, s(s(a) ~~ s(b)) = s(a) ~ s(b).
We conclude that s is a state operator on A. U

Theorem 9.10 If A is a linearly ordered bounded pseudo-hoop and s : A — A is
an order-preserving type I state such that s> = s and s(x © y) = s(x) O s(y) for all
X,y € A, then s is a weak state-morphism operator on A.

Proof The axioms (S7), (52), (S3) and (S5) are verified in a similar way as in Theo-
rem 9.9.

For axiom (S;) we have: s(s(a) © s(b)) = s2(a) © s2(b) = s(a) © s(b).

Since s(x © y) =s(x) © s(y) for all x, y € A, it follows that s is a weak state-
morphism operator on A. g

Theorem 9.11 Let o be a C-state operator on the bounded pseudo-hoop A pre-
serving — or ~>. If s : A —> A is a type I (type II) state on A, then s; : A — A
defined by sy (x) :=s(o(x)) is a type I (type II) state on A.

Proof Obviously, s5(0) =s(0(0)) =s(0) =0.

We remark again that, if o preserves one of the arrows —, ~~, then by Proposi-
tion 9.1(12) the second one is also preserved.

Since o is a C-state operator on A, applying Corollary 9.2 we have:

so(xViy)=s(o(xVviy)=s(o(xVay))=s5(xVay).

On the other hand, from o (x V2 y) =0 (y Vax), we get s5 (x V2 ¥) = 54 (y V2 Xx).

Hence s, (x V1 ¥) =55 (¥ V2 X).

Let s be a type I state on A, so it satisfies (bsly).

Consider y < x. It follows that o (y) < o (x) and taking into consideration that o
preserves —, we get:

so(x > y) =s(0(x = y)) =s(c(x) > o (y) =s(c ) = s(a(y))
= 55 (x) = 55 ().
Similarly, s; (x ~» y) = 55 (x) ~» s5(y) forall x, y € A.
Hence s, satisfies (bsl1), thus it is a type I state on A.

Suppose s is a type I state on A, so it satisfies (bslly).
Assume y < x, so o(y) <o(x). Since o preserves —, we get:
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So (x> M) =5(0 (x> ) =s(0(0) > 0() =5(0@) ~ 5 (0 ()
= 50() ~ 55.(7).

Similarly, s (x ~» y) =55 (x) = s5(y) forall x, y € A.
Thus s, satisfies (bslly), hence it is a type II state on A. g

Corollary 9.7 Let (A, o) be a linearly ordered C-state pseudo-hoop and s be a type
I (type II) state on A. Then the mapping s, : A —> A defined by s, (x) := s(o (x))
is a type I (type II) state on A.

Proof According to Corollary 9.1, o preserves — and ~-, hence by Theorem 9.11,
5o is a type I (type II) state on A. g

Corollary 9.8 Let (A, 0) be an idempotent C-state pseudo-hoop and s be a Bos-
bach state on A. Then the mapping s, : A — A defined by s (x) :=s(o(x)) is a
type I (type II) state on A.

Proof By Proposition 9.9 we have o (x A y) =0 (x) A o (y). According to Proposi-
tion 9.2, o preserves — or ~-, hence by Theorem 9.11, s, is a type I (type II) state
on A. 0

Remark 9.4 The state operator o from Corollaries 9.7 and 9.8 is an endomorphism
satisfying condition (C). Moreover, o (A) is a Wajsberg sub-pseudo-hoop of A.



References

1. Agliano, P., Ferreirim, LM.A., Montagna, F.: Basic hoops: an algebraic study of continuous
t-norms. Stud. Log. 87, 73-98 (2007)
2. Anderson, M., Feil, T.: Lattice-Ordered Groups: An Introduction. Reidel, Dordrecht (1988)
3. Bahls, P, Cole, J., Galatos, N., Jipsen, P., Tsinakis, C.: Cancellative residuated lattices. Al-
gebra Univers. 50, 83—106 (2003)
4. Balbes, R., Dwinger, P.: Distributive Lattices. University of Missouri Press, Columbia (1974)
5. Belluce, L.P.: Semisimple algebras of infinite valued logic and bold fuzzy set theory. Can.
J. Math. 38, 1356-1379 (1986)
6. Belluce, L.P.: Semisimple and complete MV-algebras. Algebra Univers. 29, 1-9 (1992)
7. Belluce, L.P., Di Nola, A.: Yosida type representation for perfect MV-algebras. Math. Log.
Q. 42, 551-563 (1996)
8. Belluce, L.P,, Di Nola, A., Lettieri, A.: Local MV-algebras. Rend. Circ. Mat. Palermo 42,
347-361 (1993)
9. Birkhoff, G.: Lattice Theory. Am. Math. Soc., Providence (1967)
10. Blok, W.J., Ferreirim, I.M.A.: On the structure of hoops. Algebra Univers. 43, 233-257
(2000)
11. Blount, K., Tsinakis, C.: The structure of residuated lattices. Int. J. Algebra Comput. 13,
437-461 (2003)
12. Blyth, T.S.: Lattices and Ordered Algebraic Structures. Springer, Berlin (2005)
13. Boicescu, V.: Contributions to the study of Lukasiewicz algebras. Ph.D. thesis, University of
Bucharest (1984) (in Romanian)
14. Boicescu, V., Filipoiu, A., Georgescu, G., Rudeanu, S.: Lukasiewicz-Moisil Algebras. North-
Holland, Amsterdam (1991)
15. Bosbach, B.: Komplementidre Halbgruppen. Axiomatik und Aritmetik. Fundam. Math. 64,
257-287 (1969)
16. Bosbach, B.: Komplementire Halbgruppen. Kongruenzen und Quotienten. Fundam. Math.
69, 1-14 (1970)
17. Bosbach, B.: Residuation groupoids. Results Math. 5, 107-122 (1982)
18. Botur, M., Dvurecenskij, A.: State-morphism algebras—general approach. Fuzzy Sets Syst.
218, 90-102 (2013)
19. Burris, S., Sankappanavar, H.P.: A Course in Universal Algebra. Springer, New York (1981)
20. Bugneag, C.: States on Hilbert algebras. Stud. Log. 94, 177-188 (2010)
21. Bugneag, C.: State-morphisms on Hilbert algebras. An. Univ. Craiova, Ser. Mat. Inform. 37,
58-64 (2010)
22. Bugneag, D., Piciu, D.: On the lattice of ideals of an MV-algebra. Sci. Math. Jpn. 56, 362-367
(2002)
L.C. Ciungu, Non-commutative Multiple-Valued Logic Algebras, 263

Springer Monographs in Mathematics, DOI 10.1007/978-3-319-01589-7,
© Springer International Publishing Switzerland 2014


http://dx.doi.org/10.1007/978-3-319-01589-7

264

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.
41.

42.

43.

44.

45.
46.

47.

48.

49.

50.

51.

References

Busneag, D., Piciu, D.: On the lattice of deductive systems of a BL-algebra. Cent. Eur.
J. Math. 2, 221-237 (2003)

Busneag, D., Piciu, D.: Localization of MV-algebras and fu-groups. Algebra Univers. 50,
359-380 (2003)

Busneag, D., Piciu, D.: Boolean BL-algebra of fractions. An. Univ. Craiova, Ser. Mat. In-
form. 31, 1-19 (2004)

Bugneag, D., Piciu, D.: MV-algebra of fractions and maximal MV-algebra of quotients.
J. Mult.-Valued Log. Soft Comput. 10, 363-383 (2004)

Busneag, D., Piciu, D.: Boolean MV-algebra of fractions. Math. Rep. (Bucur.) 7, 265-280
(2005)

Busneag, D., Piciu, D.: Localization of pseudo-BL algebra. Rev. Roum. Math. Pures Appl.
L, 495-513 (2005)

Busgneag, D., Piciu, D.: BL-algebra of fractions and maximal BL-algebra of quotients. Soft
Comput. 9, 544-555 (2005)

Busneag, D., Piciu, D.: On the lattice of filters of a pseudo-BL algebra. J. Mult.-Valued Log.
Soft Comput. 12, 217-248 (2006)

Busneag, D., Piciu, D.: Residuated lattice of fractions relative to a meet-closed system. Bull.
Math. Soc. Sci. Math. Roum. 49, 13-24 (2006)

Busneag, D., Piciu, D.: Pseudo-BL algebra of fractions and maximal pseudo-BL algebra of
quotients. Southeast Asian Bull. Math. 31, 639-665 (2007)

Busneag, D., Piciu, D.: Localization of pseudo-MV algebras and ¢-groups with strong unit.
Int. Rev. Fuzzy Math. 2, 63-95 (2007)

Busneag, D., Rudeanu, S.: A glimpse of deductive systems in algebra. Cent. Eur. J. Math. 8,
688705 (2010)

Busneag, D., Piciu, D., Jeflea, A.: Archimedean residuated lattices. An. stiint. Univ. “ALL
Cuza” lasi, Mat. LVI, 227-252 (2010)

Ceterchi, R.: Pseudo-Wajsberg algebras. Mult. Valued Log. 6, 67-88 (2001)

Chajda, I., Kiihr, J.: A note on interval MV-algebra. Math. Slovaca 56, 47-52 (2006)
Chang, C.C.: Algebraic analysis of many-valued logic. Trans. Am. Math. Soc. 88, 467-490
(1958)

Chang, C.C.: A new proof of the completeness of the Lukasiewicz axioms. Trans. Am. Math.
Soc. 93, 74-80 (1959)

Chovanec, F.: States and observables on M V-algebras. Tatra Mt. Math. Publ. 3, 55-65 (1993)
Cignoli, R., D’Ottaviano, .M.L., Mundici, D.: Algebraic Foundations of Many-Valued Rea-
soning. Kluwer Academic, Dordrecht (2000)

Ciungu, L.C.: L-partitions generated by L-fuzzy sets. An. Univ. Craiova, Ser. Mat. Inform.
31, 28-34 (2004)

Ciungu, L.C.: Classes of residuated lattices. An. Univ. Craiova, Ser. Mat. Inform. 33, 189—
207 (2006)

Ciungu, L.C.: Algebraic models for multiple-valued logic algebras. Ph.D. thesis, University
of Bucharest (2007)

Ciungu, L.C.: Convergences in perfect BL-algebras. Mathw. Soft Comput. 14, 67-80 (2007)
Ciungu, L.C.: Some classes of pseudo-MTL algebras. Bull. Math. Soc. Sci. Math. Roum. 50,
223-247 (2007)

Ciungu, L.C.: States on perfect pseudo-MV algebras. J. Appl. Math. Stat. Inform. 3, 153-163
(2007)

Ciungu, L.C.: On perfect pseudo-BCK algebras with pseudo-product. An. Univ. Craiova, Ser.
Mat. Inform. 34, 29-42 (2007)

Ciungu, L.C.: Bosbach and Riecan states on residuated lattices. J. Appl. Funct. Anal. 2, 175-
188 (2008)

Ciungu, L.C.: Convergence with a fixed regulator in perfect MV-algebras. Demonstr. Math.
41, 1-10 (2008)

Ciungu, L.C.: Convergences in algebraic nuanced structures. J. Concr. Appl. Math. 3, 267—
277 (2008)



References 265

52.
53.

54.
55.
56.
57.
58.
59.
60.
61.
62.
63.
64.
65.
. Ciungu, L.C., Cusick, T.W.: Sum of digits sequences modulo m. Theor. Comput. Sci. 35,
67.

68.

69.

70.
71.
72.

73.

74.
75.

76.
71.

78.

79.

Ciungu, L.C.: States on pseudo-BCK algebras. Math. Rep. (Bucur.) 10, 17-36 (2008)
Ciungu, L.C.: Convergence with a fixed regulator in residuated lattices. Ital. J. Pure Appl.
Math. 26, 93-102 (2009)

Ciungu, L.C.: On the existence of states on fuzzy structures. Southeast Asian Bull. Math. 33,
1041-1062 (2009)

Ciungu, L.C.: Directly indecomposable residuated lattices. Iran. J. Fuzzy Syst. 6, 7-18
(2009)

Ciungu, L.C.: Algebras on subintervals of pseudo-hoops. Fuzzy Sets Syst. 160, 1099-1113
(2009)

Ciungu, L.C.: The radical of a perfect residuated structure. Inf. Sci. 179, 2695-2709 (2009)
Ciungu, L.C.: On the convergence with fixed regulator in residuated structures. In: Symbolic
and Quantitative Approaches to Reasoning with Uncertainty, Proc. 10th European Confer-
ence ECSQARU. Lecture Notes in Artificial Intelligence, pp. 899-910 (2009)

Ciungu, L.C.: On pseudo-BCK algebras with pseudo-double negation. An. Univ. Craiova,
Ser. Mat. Inform. 37, 19-26 (2010)

Ciungu, L.C.: Toward a probability theory on nuanced MV-algebras. J. Mult.-Valued Log.
Soft Comput. 16, 221-246 (2010)

Ciungu, L.C.: Local pseudo-BCK algebras with pseudo-product. Math. Slovaca 61, 127-154
(2011)

Ciungu, L.C.: Weight and nonlinearity of Boolean functions. Turk. J. Math. 36, 520-529
(2012)

Ciungu, L.C.: Relative negations in non-commutative fuzzy structures. Soft Comput. (2013).
doi:10.1007/s00500-013-1054-2

Ciungu, L.C.: Bounded pseudo-hoops with internal states. Math. Slovaca (to appear)
Ciungu, L.C.: Submeasures on nuanced M V-algebras (submitted)

4738-4741 (2011)

Ciungu, L.C., Dvurecenskij, A.: Measures, states and de Finetti maps on pseudo-BCK alge-
bras. Fuzzy Sets Syst. 160, 1099-1113 (2010)

Ciungu, L.C., Kiihr, J.: New probabilistic model for pseudo-BCK algebras and pseudo-
hoops. J. Mult.-Valued Log. Soft Comput. 20, 373-400 (2013)

Ciungu, L.C., Riecan, B.: General form of probabilities on IF-sets. In: Fuzzy Logic and Ap-
plications, Proc. 8th International Workshop WILF. Lecture Notes in Artificial Intelligence,
pp. 101-107 (2009)

Ciungu, L.C,, Riecan, B.: Representation theorem for probabilities on IFS-events. Inf. Sci.
180, 793-798 (2010)

Ciungu, L.C., Riecan, B.: A proof of the inclusion-exclusion principle for IF-states (submit-
ted)

Ciungu, L.C., Dvurecenskij, A., Hycko, M.: State BL-algebras. Soft Comput. 15, 619-634
(2011)

Ciungu, L.C., Kelemenov4, J., Riecan, B.: A new point of view to the inclusion-exclusion
principle. In: Proc. 2012 IEEE 6th International Conference “Intelligent Systems”, Septem-
ber 6-8, Sofia, Bulgaria, pp. 142-144 (2012)

Ciungu, L.C., Georgescu, G., Muresan, C.: Generalized Bosbach states: part I. Arch. Math.
Log. 52, 335-376 (2013)

Ciungu, L.C., Georgescu, G., Muresan, C.: Generalized Bosbach states: part II. Arch. Math.
Log. (2013). doi:10.1007/s00153-013-0339-6

Darnel, M.R.: Theory of Lattice-Ordered Groups. Dekker, New York (1995)

Di Nola, A.: Algebraic analysis of Lukasiewicz logic, ESSLLI. Summer school, Utrecht
(1999)

Di Nola, A., Dvurecenskij, A.: State-morphism MV-algebras. Ann. Pure Appl. Log. 161,
161-173 (2009)

Di Nola, A., Dvurecenskij, A.: On some classes of state-morphism MV-algebras. Math. Slo-
vaca 59, 517-534 (2009)


http://dx.doi.org/10.1007/s00500-013-1054-2
http://dx.doi.org/10.1007/s00153-013-0339-6

266

80.

81.

82.

83.

84.

85.

86.

87.
88.

89.
90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.
101.

102.

103.

104.

105.

106.

107.

References

Di Nola, A., Dvurecenskij, A.: On varieties of MV-algebras with internal states. Int. J. Ap-
prox. Reason. 51, 680-694 (2010)

Di Nola, A., Lettieri, A.: Perfect MV-algebras are categorically equivalent to Abelian £-
groups. Stud. Log. 53, 417-432 (1994)

Di Nola, A., Leustean, L.: Compact representations of BL-algebras. Arch. Math. Log. 42,
737-761 (2003)

Di Nola, A., Georgescu, G., Lettieri, A.: Extending probabilities to states on MV-algebras.
Coll. Logicum, Ann. Kurt Godel Soc. 3, 31-50 (1999)

Di Nola, A., Georgescu, G., Leustean, I.: States on perfect MV-algebras. In: Novék, V., Per-
filieva, 1. (eds.) Discovering the World with Fuzzy Logic. Studies in Fuzziness and Soft
Computing, vol. 57, pp. 105-125. Physica-Verlag, Heidelberg (2000)

Di Nola, A., Georgescu, G., lorgulescu, A.: Pseudo-BL algebras: part I. Mult. Valued Log.
8, 673-714 (2002)

Di Nola, A., Georgescu, G., lorgulescu, A.: Pseudo-BL algebras: part II. Mult. Valued Log.
8, 717-750 (2002)

Di Nola, A., Flondor, P., Leustean, I.: MV-modules. J. Algebra 1, 21-40 (2003)

Di Nola, A., Dvurecenskij, A., Tsinakis, C.: Perfect GMV-algebras. Commun. Algebra 36,
1221-1249 (2008)

Di Nola, A., Georgescu, G., Leustean, 1.: MV-algebras. Manuscript

Diaconescu, D.: Kripke-style semantics for non-commutative monoidal t-norm logic.
J. Mult.-Valued Log. Soft Comput. 16, 247-263 (2010)

Diaconescu, D., Georgescu, G.: Tense operators on MV-algebras and Lukasiewicz-Moisil
algebras. Fundam. Inform. 81, 379—408 (2007)

Diaconescu, D., Georgescu, G.: On the forcing semantics for monoidal t-norm based logic.
J. Univers. Comput. Sci. 13, 1550-1572 (2007)

Dilworth, R.P.: Non-commutative residuated lattices. Trans. Am. Math. Soc. 46, 426-444
(1939)

Dvurecenskij, A.: Measures and states on BCK-algebras. Atti Semin. Mat. Fis. Univ. Modena
Reggio Emilia 47, 511-528 (1999)

Dvurecenskij, A.: On partial addition in pseudo-MV algebras. In: Proc. 4th International
Symposium on Economic Informatics, pp. 952-960. INFOREC Printing House, Bucharest
(1999)

Dvurecenskij, A.: States on pseudo-MV algebras. Stud. Log. 68, 301-327 (2001)
Dvurecenskij, A.: Pseudo-MV algebras are intervals in £-groups. J. Aust. Math. Soc. 70,
427-445 (2002)

Dvurecenskij, A.: Every linear pseudo-BL algebra admits a state. Soft Comput. 6, 495-501
(2007)

Dvurecenskij, A.: Agliano-Montagna type decomposition of linear pseudo-hoops and its ap-
plications. J. Pure Appl. Algebra 211, 851-861 (2007)

Dvurecenskij, A.: On n-perfect GMV-algebras. J. Algebra 319, 4921-4946 (2008)
Dvurecenskij, A.: Subdirectly irreducible state-morphism BL-algebras. Arch. Math. Log. 50,
145-160 (2011)

Dvurecenskij, A.: States on quantum structures versus integrals. Int. J. Theor. Phys. 50, 3761—
3777 (2011)

Dvurecenskij, A., Graziano, M.G.: Commutative BCK-algebras and lattice ordered groups.
Math. Jpn. 49, 159-174 (1999)

Dvurecenskij, A., Hyc¢ko, M.: On the existence of states for linear pseudo-BL algebras. Atti
Semin. Mat. Fis. Univ. Modena Reggio Emilia 53, 93—110 (2005)

Dvurecenskij, A., Hyc¢ko, M.: Algebras on subintervals of BL-algebras, pseudo-BL algebras
and bounded residuated RZ-monoids. Math. Slovaca 56, 125-144 (2006)

Dvurecenskij, A., Kowalski, T.: On decomposition of pseudo-BL algebras. Math. Slovaca
61, 307-326 (2011)

Dvurecenskij, A., Kiihr, J.: On the structure of linearly ordered pseudo-BCK algebras. Arch.
Math. Log. 48, 771-791 (2009)



References 267

108.

109.

110.

111.

112.

113.

114.

115.

116.

117.

118.

119.

120.
121.

122.

123.
124.

125.

126.

127.

128.
129.

130.

131.
132.

133.
134.

135.

Dvurecenskij, A., Pulmannova, S.: New Trends in Quantum Structures. Kluwer Academic,
Dordrecht (2000)

Dvurecenskij, A., Rachiinek, J.: Probabilistic averaging in bounded commutative R{-
monoids. Discrete Math. 306, 1317-1326 (2006)

Dvurecenskij, A., Rachtinek, J.: Probabilistic averaging in bounded non-commutative R¢-
monoids. Semigroup Forum 72, 190-206 (2006)

Dvurecenskij, A., Rachtinek, J.: On Rie¢an and Bosbach states for bounded non-commutative
R{-monoids. Math. Slovaca 56, 487-500 (2006)

Dvurecenskij, A., Vetterlein, T.: Algebras in the positive cone of po-groups. Order 19, 127—
146 (2002)

Dvurecenskij, A., Giuntini, R., Kowalski, T.: On the structure of pseudo-BL algebras and
pseudo-hoops in quantum logics. Found. Phys. 49, 1519-1542 (2010)

Dvurecenskij, A., Rachtinek, J., Salounovd, D.: State operators on generalizations of fuzzy
structures. Fuzzy Sets Syst. 187, 58-76 (2012)

Dvurecenskij, A., Rachinek, J., Salounovd, D.: Erratum to “State operators on generaliza-
tions of fuzzy structures” [Fuzzy Sets Syst. 187 (2012) 58-76]. Fuzzy Sets Syst. 194, 97-99
(2012)

Dymek, G., Walendziak, A.: Semisimple, Archimedean and semilocal pseudo-MV algebras.
Sci. Math. Jpn. 66, 217-226 (2007)

Esteva, F., Godo, L.: Monoidal t-norm based logic: towards a logic for left-continuous t-
norms. Fuzzy Sets Syst. 124, 271-288 (2001)

Flaminio, T.: Strong non-standard completeness for fuzzy logics. Soft Comput. 12, 321-333
(2008)

Flaminio, T., Montagna, F.: MV-algebras with internal states and probabilistic fuzzy logics.
Int. J. Approx. Reason. 50, 138-152 (2009)

Flondor, P., Leustean, I.: Tensor products of MV-algebras. Soft Comput. 7, 446-457 (2003)
Flondor, P., Sularia, M.: On a class of residuated semilattice monoids. Fuzzy Sets Syst. 138,
149-176 (2003)

Flondor, P., Georgescu, G., lorgulescu, A.: Pseudo-t-norms and pseudo-BL algebras. Soft
Comput. 5, 355-371 (2001)

Gaifman, H.: Concerning measures on first-order calculi. Isr. J. Math. 2, 1-18 (1964)
Galatos, N.: Varieties of residuated lattices. Ph.D. thesis, Vanderbilt University, Nashville
(2003)

Galatos, N.: Minimal varieties of residuated lattices. Algebra Univers. 52, 215-239 (2005)
Galatos, N., Jipsen, P.: A survey of generalized basic logic algebras. In: Cintula, P., Hanikova,
Z.,Svejdar, V. (eds.) Witnessed Years: Essays in Honour of Petr Hajek, pp. 305-331. College
Publications, London (2009)

Galatos, N., Ono, H.: Glivenko theorems for substructural logics over FL. J. Symb. Log. 71,
1353-1384 (2006)

Galatos, N., Tsinakis, C.: Generalized M V-algebras. J. Algebra 283, 254-291 (2005)
Galatos, N., Jipsen, P., Kowalski, T., Ono, H.: Residuated Lattices: An Algebraic Glimpse at
Substructural Logics. Elsevier, Amsterdam (2007)

Georgescu, G.: Some model theory for probability structures. Rep. Math. Log. 35, 103-113
(2001)

Georgescu, G.: Bosbach states on fuzzy structures. Soft Comput. 8, 217-230 (2004)
Georgescu, G.: An extension theorem for submeasures on Lukasiewicz-Moisil algebras.
Fuzzy Sets Syst. 158, 1782-1790 (2007)

Georgescu, G.: States on polyadic MV-algebras. Stud. Log. 94, 231-243 (2010)

Georgescu, G.: Probabilistic models for intuitionistic predicate logic. J. Log. Comput. 21,
1165-1176 (2011)

Georgescu, G., lorgulescu, A.: Pseudo-MV algebras: a non-commutative extension of MV-
algebras. In: Proc. 4th International Symposium of Economic Informatics, pp. 961-968. IN-
FOREC Printing House, Bucharest (1999)



268

136.

137.

138.

139.

140.

141.

142.

143.

144.

145.

146.

147.

148.

149.

150.

151.

152.

153.
154.

155.
156.
157.
158.
159.
160.
161.

162.

References

Georgescu, G., lorgulescu, A.: Pseudo-BL algebras: a non-commutative extension of BL-
algebras. In: Abstracts of the 5th International Conference FSTA 2000, Slovakia, pp. 90-92
(2000)

Georgescu, G., lorgulescu, A.: Pseudo-MV algebras. Mult. Valued Log. 6, 95-135 (2001)
Georgescu, G., lorgulescu, A.: Pseudo-BCK algebras: an extension of BCK-algebras. In:
Proc. DMTCS’01: Combinatorics, Computability and Logic, pp. 97-114. Springer, London
(2001)

Georgescu, G., Leustean, I.: Convergence in perfect MV-algebras. J. Math. Anal. Appl. 228,
96-111 (1998)

Georgescu, G., Leustean, I.: Probabilities on Lukasiewicz-Moisil algebras. Int. J. Approx.
Reason. 18, 201-215 (1998)

Georgescu, G., Leustean, I.: A representation theorem for monadic Pavelka algebras.
J. Univers. Comput. Sci. 6, 105-111 (2000)

Georgescu, G., Leustean, 1.: Towards a probability theory based on Moisil logic. Soft Com-
put. 4, 19-26 (2000)

Georgescu, G., Leustean, L.: Some classes of pseudo-BL algebras. J. Aust. Math. Soc. 73,
127-153 (2002)

Georgescu, G., Popescu, A.: Non-commutative fuzzy structures and pairs of weak negations.
Fuzzy Sets Syst. 143, 129-155 (2004)

Georgescu, G., Popescu, A.: Similarity convergence in residuated structures. Log. J. IGPL
13, 389413 (2005)

Georgescu, G., Liguori, F.,, Martini, G.: Convergence in MV-algebras. Mathw. Soft Comput.
4,41-52 (1997)

Georgescu, G., Iorgulescu, A., Leustean, I.: Monadic and closure M V-algebras. Mult. Valued
Log. 3, 235-257 (1998)

Georgescu, G., Leustean, L., Preoteasa, V.: Pseudo-hoops. J. Mult.-Valued Log. Soft Comput.
11, 153-184 (2005)

Georgescu, G., Iorgulescu, A., Rudeanu, S.: Grigore C. Moisil (1906—-1973) and his school
in algebraic logic. Int. J. Comput. Commun. Control 1, 81-99 (2006)

Georgescu, G., Leustean, 1., Popescu, A.: Order convergence and distance on Lukasiewicz-
Moisil algebras. J. Mult.-Valued Log. Soft Comput. 12, 33-69 (2006)

Georgescu, G., lorgulescu, A., Rudeanu, S.: Some Romanian researchers in the algebra of
logic. In: Grigore C. Moisil and His Followers in the Field of Theoretical Computer Science,
pp. 86—120. Romanian Academy Ed., Bucharest (2007)

Georgescu, G., Leustean, L., Muresan, C.: Maximal residuated lattices with lifting Boolean
center. Algebra Univers. 63, 83-99 (2010)

Gerla, B., Leustean, I.: Similarity MV-algebras. Fundam. Inform. 69, 287-300 (2006)
Glivenko, V.: Sur quelques points de la logique de M. Brouwer. Bull. Cl. Sci., Acad. R. Belg.
15, 183-188 (1929)

Goodearl, K.R.: Partially Ordered Abelian Groups with Interpolation. Mathematical Surveys
and Monographs, vol. 20. Am. Math. Soc., Providence (1986)

Griitzer, G.: Lattice Theory. First Concepts and Distributive Lattices. A Series of Books in
Mathematics. Freeman, San Francisco (1972)

Grigolia, R.S.: Algebraic analysis of Lukasiewicz-Tarski’s n-valued logical systems. In:
Wajcicki, R., Malinkowski, G. (eds.) Selected Papers on Lukasiewicz Sentential Calculi,
pp- 81-92. Polish Academy of Sciences, Wroclav (1977)

Héjek, P.: Metamathematics of Fuzzy Logic. Kluwer Academic, Dordrecht (1998)

Hijek, P.: Basic fuzzy logic and BL-algebras. Soft Comput. 2, 124-128 (1998)

Héjek, P.: Observations on non-commutative fuzzy logic. Soft Comput. 8, 28-43 (2003)
Héjek, P.: Fuzzy logics with non-commutative conjunctions. J. Log. Comput. 13, 469479
(2003)

Hijek, P., Sevtik, J.: On fuzzy predicate calculi with non-commutative conjuction. In: Proc.
East West Fuzzy Colloquium, Zittau, pp. 103—110 (2004)



References 269

163.

164.

165.

166.

167.
168.

169.

170.

171.

172.

173.

174.

175.

176.

177.

178.

179.
180.

181.

182.

183.

184.

185.

186.
187.

188.

189.

190.

Halag, R., Kiihr, J.: Deductive systems and annihilators of pseudo BCK-algebras. Ital. J. Pure
Appl. Math. 25, 83-94 (2009)

Heath, T.L.: The Works of Archimedes. Dover, New York (1953)

Hohle, U.: Commutative residuated monoids. In: Hohle, U., Klement, P. (eds.) Non-classical
Logics and Their Applications to Fuzzy Subsets, pp. 53-106. Kluwer Academic, Dordrecht
(1995)

Horn, A., Tarski, A.: Measures in Boolean algebras. Trans. Am. Math. Soc. 64, 467497
(1948)

Idziak, P.M.: Lattice operations in BCK-algebras. Math. Jpn. 29, 839-846 (1984)

Imai, Y., Iséki, K.: On axiom systems of propositional calculi. XIV. Proc. Jpn. Acad. 42,
19-22 (1966)

ITonita, C.: Pseudo-MV algebras as semigroups. In: Proc. 4th International Symposium on
Economic Informatics, pp. 983-987. INFOREC Printing House, Bucharest (1999)
Torgulescu, A.: (1 4 0)-valued Lukasiewicz-Moisil algebras. Ph.D. thesis, University of
Bucharest (1984) (in Romanian)

Iorgulescu, A.: Connections between MYV, -algebras and n-valued Lukasiewicz-Moisil
algebras—I. Discrete Math. 181, 155-177 (1998)

Iorgulescu, A.: Connections between MV ,-algebras and n-valued Lukasiewicz-Moisil
algebras—II. Discrete Math. 202, 113-134 (1999)

Torgulescu, A.: Connections between MV, -algebras and n-valued Lukasiewicz-Moisil
algebras—IV. J. Univers. Comput. Sci. 6, 139-154 (2000)

Torgulescu, A.: Classes of BCK-algebras—part 1. Preprint 1, Institute of Mathematics of the
Romanian Academy (2004)

ITorgulescu, A.: Classes of BCK-algebras—part II. Preprint 2, Institute of Mathematics of the
Romanian Academy (2004)

Iorgulescu, A.: Classes of BCK-algebras—part III. Preprint 3, Institute of Mathematics of
the Romanian Academy (2004)

Iorgulescu, A.: Classes of BCK-algebras—part IV. Preprint 4, Institute of Mathematics of
the Romanian Academy (2004)

Iorgulescu, A.: Classes of BCK-algebras—part V. Preprint 5, Institute of Mathematics of the
Romanian Academy (2004)

Iorgulescu, A.: On pseudo-BCK algebras and porims. Sci. Math. Jpn. 16, 293-305 (2004)
Iorgulescu, A.: Pseudo-Iséki algebras. Connection with pseudo-BL algebras. J. Mult.-Valued
Log. Soft Comput. 11, 263-308 (2005)

ITorgulescu, A.: Classes of pseudo-BCK algebras—part I. J. Mult.-Valued Log. Soft Comput.
12, 71-130 (2006)

Torgulescu, A.: Classes of pseudo-BCK algebras—part II. J. Mult.-Valued Log. Soft Comput.
12, 575-629 (2006)

Torgulescu, A.: On BCK algebras—part L.a: an attempt to treat unitarily the algebras of logic.
New algebras. J. Univers. Comput. Sci. 13, 1628-1654 (2007)

Torgulescu, A.: On BCK algebras—part I.b: an attempt to treat unitarily the algebras of logic.
New algebras. J. Univers. Comput. Sci. 14, 3686-3715 (2008)

ITorgulescu, A.: On BCK algebras—part II: new algebras. The ordinal sum (product) of two
bounded BCK algebras. Soft Comput. 12, 835-856 (2008)

Iorgulescu, A.: Algebras of Logic as BCK-Algebras. ASE Ed., Bucharest (2008)
Torgulescu, A.: Monadic involutive BCK-algebras. Acta Univ. Apulensis, Mat.-Inform. 15,
159-178 (2008)

Torgulescu, A.: Classes of examples of pseudo-MV algebras, pseudo-BL algebras and divis-
ible bounded non-commutative residuated lattices. Soft Comput. 14, 313-327 (2010)
Iorgulescu, A.: On BCK algebras—part III: classes of examples of proper MV algebras,
BL algebras and divisible bounded residuated lattices, with or without condition (WNM).
J. Mult.-Valued Log. Soft Comput. 16, 341-386 (2010)

Torgulescu, A.: The implicative-group—a term equivalent definition of the group coming
from algebras of logic—part I. Preprint 11, Institute of Mathematics of the Romanian




270

191.

192.

193.

194.

195.

196.

197.

198.

199.

200.

201.

202.

203.

204.

205.
206.

207.

208.

209.
210.

211.

212.
213.

214.

215.

216.

217.

218.

References

Academy (2011)

Iorgulescu, A.: Connections between MV, -algebras and n-valued Lukasiewicz-Moisil
algebras—III. Manuscript

Torgulescu, A.: On BCK algebras—part IV: classes of examples of finite proper IMTL alge-
bras, MTL and bounded «y algebras, with or without condition (WNM) (submitted)
Iorgulescu, A.: On BCK algebras—part V: classes of examples of finite proper bounded «, B,
y, By algebras and BCK(P) lattices (residuated lattices), with or without conditions (WNM)
and (DN) (submitted)

Iseki, K.: An algebra related with a propositional calculus. Proc. Jpn. Acad. 42, 26-29 (1966)
Jakubik, J.: On intervals and the dual of a pseudo-MV algebra. Math. Slovaca 56, 213-221
(2006)

Jakubik, J.: On interval subalgebras of generalized MV-algebras. Math. Slovaca 56, 387-395
(2006)

Jenei, S., Montagna, F.: A proof of standard completeness for Esteva and Godo’s logic MTL.
Stud. Log. 70, 183-192 (2002)

Jipsen, P.: An overview of generalized basic logic algebras. Neural Netw. World 13, 491-500
(2003)

Jipsen, P., Montagna, F.: On the structure of generalized BL-algebras. Algebra Univers. 55,
227-238 (2006)

Jipsen, P., Tsinakis, C.: A survey of residuated lattices. In: Martinez, J. (ed.) Ordered Alge-
braic Structures, pp. 19-56. Kluwer Academic, Dordrecht (2002)

Kowalski, T., Ono, H.: Residuated lattices: an algebraic glimpse at logics without contraction.
Monograph (2001)

Kroupa, T.: Every state on semisimple MV-algebra is integral. Fuzzy Sets Syst. 157, 2771-
2782 (2006)

Kroupa, T.: Representation and extension of states on MV-algebras. Arch. Math. Log. 45,
381-392 (2006)

Krull, W.: Axiomatische Begriindung der allgemeinen Idealtheorie. Sitzungsber. Phys.-Med.
Soz. Erlangen 56, 47-63 (1924)

Kiihr, J.: Pseudo-BL algebras and DR¢-monoids. Math. Bohem. 128, 199-208 (2003)
Kiihr, J.: Pseudo-BCK algebras and residuated lattices. Contrib. Gen. Algebra 16, 139-144
(2005)

Kiihr, J.: On a generalization of pseudo-MV algebras. J. Mult.-Valued Log. Soft Comput. 12,
373-389 (2006)

Kiihr, J.: Pseudo-BCK algebras and related structures. Univerzita Palackého v Olomouci
(2007)

Kiihr, J.: Pseudo-BCK semilattices. Demonstr. Math. 40, 495-516 (2007)

Kiihr, J.: Representable pseudo-BCK algebras and integral residuated lattices. J. Algebra
317, 354-364 (2007)

Kiihr, J., Mundici, D.: De Finetti theorem and Borel states in [0, 1]-valued algebraic logic.
Int. J. Approx. Reason. 46, 605-616 (2007)

Leustean, I.: Local pseudo-MV algebras. Soft Comput. 5, 386-395 (2001)

Leustean, I.: Contributions to the theory of MV-algebras: MV-modules. Ph.D. thesis, Faculty
of Mathematics and Computer Science, University of Bucharest (2003)

Leustean, I.: «-convergence and complete distributivity in MV-algebras. J. Mult.-Valued Log.
Soft Comput. 12, 309-319 (2006)

Leustean, I.: Non-commutative Lukasiewicz propositional logic. Arch. Math. Log. 45, 191-
213 (2006)

Leustean, I.: A determination principle for algebras of n-Lukasiewicz logic. J. Algebra 320,
3694-3719 (2008)

Leustean, I.: Tensor products of probability MV-algebras. J. Mult.-Valued Log. Soft Comput.
16, 405419 (2010)

Leustean, I.: Metric completions of MV-algebras with states. An approach to stochastic in-
dependence. J. Log. Comput. 21, 493-508 (2011)




References 271

219.
220.

221.
222.

223.
224.

225.
226.

227.

228.

229.

230.
231.

232.

233.

234.

235.

236.
237.

238.
239.

240.
241.
242.
243.
244,
245.
246.
247.
248.

249.

Leustean, I.: Hahn-Banach theorems for M V-algebras. Soft Comput. 16, 1845-1850 (2012)
Leustean, L.: Representations of many-valued algebras. Ph.D. thesis, Faculty of Mathematics
and Computer Science, University of Bucharest (2003)

Leustean, L.: Sheaf representations of BL-algebras. Soft Comput. 9, 897-909 (2005)
Leustean, L.: Baer extensions of BL-algebras. J. Mult.-Valued Log. Soft Comput. 12, 321—
336 (2006)

Lukasiewicz, J.: On three-valued logic. Ruch Filoz. 5, 169—171 (1920) (in Polish)
Lukasiewicz, J., Tarski, A.: Untersuchungen iiber den Aussagenkalkiil. Comp. Rend. Soc.
Sci. et Lettres Varsovie Cl. III 23, 30-50 (1930)

Meng, J., Jun, Y.B.: BCK-Algebras. Kyung Moon Sa Co., Seoul (1994)

Moisil, Gr.C.: Recherches sur les logiques non-chrysippiennes. Ann. Sci. Univ. Jassy 26,
431-466 (1940)

Moisil, Gr.C.: Notes sur les logiques non-chrysippiennes. Ann. Sci. Univ. Jassy 27, 86-98
(1941)

Moisil, Gr.C.: Essais sur les Logique Non-Chrysippiennes. Romanian Academy Ed.,
Bucharest (1972)

Mundici, D.: Interpretation of AFC*-algebras in Lukasiewicz sentential calculus. J. Funct.
Anal. 65, 15-63 (1986)

Mundici, D.: Averaging the truth-value in Lukasiewicz logic. Stud. Log. 55, 113-127 (1995)
Murinové, P., Novak, V.: Omitting types in fuzzy logic with evaluated syntax. Math. Log. Q.
52, 259-268 (2006)

Noguera, C., Esteva, F., Gispert, J.: On some varieties of MTL-algebras. Log. J. IGPL 13,
443-466 (2005)

Noguera, C., Esteva, F., Gispert, J.: Perfect and bipartite IMTL-algebras and disconnected
rotations of prelinear semihoops. Arch. Math. Log. 44, 869-886 (2005)

Ono, H.: Substructural logics and residuated lattices: an introduction. In: Hendricks, F.V.,
Malinowski, J. (eds.) 50 Years of Studia Logica. Trends in Logic, vol. 20, pp. 177-212.
Kluwer Academic, Dordrecht (2003)

Ono, H.: Completions of algebras and completeness of modal and substructural logics. In:
Advances in Modal Logic, vol. 4, pp. 335-353. King’s College Publications, London (2003)
Ono, H., Komori, Y.: Logics without contraction rule. J. Symb. Log. 50, 169-201 (1985)
Pavelka, J.: On fuzzy logic II. Enriched residuated lattices and semantics of propositional
calculi. Z. Math. Log. Grundl. Math. 25, 119-134 (1979)

Piciu, D.: Algebras of Fuzzy Logic. Universitaria Ed., Craiova (2007)

Post, E.L.: Introduction to a general theory of elementary propositions. Am. J. Math. 43,
163-185 (1921)

Rachiinek, J.: A duality between algebras of basic logic and bounded representable DR¢-
monoids. Math. Bohem. 126, 561-569 (2001)

Rachtinek, J.: A non-commutative generalization of M V-algebras. Czechoslov. Math. J. 52,
255-273 (2002)

Rachtinek, J., Salounov4, D.: A generalization of local fuzzy structures. Soft Comput. 11,
565-571 (2007)

Rachinek, J., Salounov, D.: State operators on GMV-algebras. Soft Comput. 15, 327-334
(2011)

Rachiinek, J., Slezdk, V.: Bounded dually residuated lattice ordered monoids as a generaliza-
tion of fuzzy structures. Math. Slovaca 56, 223-233 (2006)

Riecan, B.: On the probability on BL-algebras. Acta Math. Nitra 4, 3—13 (2000)

Riecan, B.: On the probability theory on MV-algebras. Soft Comput. 4, 49-57 (2000)
Riecan, B.: Almost everywhere convergence in M V-algebras with product. Soft Comput. 5,
396-399 (2001)

Riecan, B.: On the Dobrakov submeasure on fuzzy sets. Fuzzy Sets Syst. 151, 635-641
(2005)

Riecan, B., Mundici, D.: Probability on MV-algebras. In: Pap, E. (ed.) Handbook of Measure
Theory, pp. 869-909. North-Holland, Amsterdam (2002)



272

250.

251.

252.

253.

254.

255.
256.

257.
258.
259.
260.
261.

262.
263.

References

Riecan, B., Neubrunn, T.: Integral, Measure and Ordering. Kluwer Academic, Dordrecht
(1997)

Robinson, A.: Introduction to Model Theory and the Metamathematics of Algebra. North-
Holland, Amsterdam (1974)

Rudeanu, S.: Localizations and fractions in algebra of logic. J. Mult.-Valued Log. Soft Com-
put. 16, 467-504 (2010)

Scott, D., Krauss, P.: Assigning probabilities to logical formulas. In: Hintikka, J., Suppes, P.
(eds.) Aspects of Inductive Logic, pp. 219-264. North-Holland, Amsterdam (1966)

Torrens, A.: An approach to Glivenko’s theorem in algebraizable logics. Stud. Log. 88, 349—
383 (2008)

Turunen, E.: BL-algebras of basic fuzzy logic. Mathw. Soft Comput. 6, 49-61 (1999)
Turunen, E.: Mathematics Behind Fuzzy Logic. Advances in Soft Computing. Physica-
Verlag, Heidelberg (1999)

Turunen, E.: Boolean deductive systems of BL-algebras. Arch. Math. Log. 40, 467-473
(2001)

Turunen, E., Mertanen, J.: States on semi-divisible residuated lattices. Soft Comput. 12, 353—
357 (2008)

Turunen, E., Mertanen, J.: States on semi-divisible generalized residuated lattices reduce to
states on M V-algebras. Fuzzy Sets Syst. 22, 3051-3064 (2008)

Turunen, E., Sessa, S.: Local BL-algebras. Mult. Valued Log. 6, 229-249 (2001)

Ward, M.: Residuated distributive lattices. Duke Math. J. 6, 641-651 (1940)

Ward, M., Dilworth, R.P.: Residuated lattices. Trans. Am. Math. Soc. 45, 335-354 (1939)
Zhou, H., Zhao, B.: Generalized Bosbach and Riecan states based on relative negations in
residuated lattices. Fuzzy Sets Syst. 187, 33-57 (2012)



Index

Symbols

Div(A), 52, 143

Ker(f), 49, 96, 162, 179, 184, 195, 221, 244

By, 205

B(£2), 199

Cy, 236, 239, 240

CC(A),73,75,76, 173, 175

C(£2), 199

Con(A), 45, 46, 96

DS, (A), 36,38, 41, 46, 50

DS(A), 36,49, 50, 135

Fw, 204, 205, 207

Fn(A), 37

F(A), 37,89, 112

(Cy) condition, 152

(EP), 235

(G3), 238

(GV), 238

(GC Th), 239, 240

(HT), 235, 238

(pDN) condition, 22, 58, 63, 66, 119, 128, 132,
163, 222, 225, 228, 230, 231, 234, 235

(pP) condition, 15

(pRP), 18

(RCP), 14, 15, 195

(SO) property, 35, 257, 260

JC(A), 73,76, 174

Max, (A), 37,43, 48, 144

Max(A), 37,50, 113

0.SM(A, u), 199

Rad, (A), 140, 144

Rad(A), 140, 143, 145, 184, 186, 222, 226,
233,255

Rad(A)*, 144, 185, 226

Reg(A), 132, 231, 235, 252, 253, 257

SM(A,u), 199, 200, 204

SMM(A,u), 199, 200, 204, 207

Spec, (A), 110

Spec(A), 110, 113

psMTL', 236

Vv1-commutative pseudo-BCK algebra, 11,
163, 195

Va-commutative pseudo-BCK algebra, 11,
163, 195

X-Div(A), 52

X;-Div(A), 52

X,-Div(A), 52

A

Additive measure, 169, 206

Archimedean £¢-group, 149, 195, 196, 203
Archimedean element, 151

Archimedean FL,,,-algebra, 152
Archimedean FL,,-algebra, 150, 152
Archimedean MV-algebra, 149, 164, 195, 206
Archimedean pseudo-MTL algebra, 151
Archimedean pseudo-MV algebra, 149, 152

B

Basic pseudo-hoop, 68, 71, 119, 129

BCK algebra, 164, 165, 195

BCK(P) algebra, 191

Birkhoff’s theorem, 96, 97

Boolean algebra, 98, 122, 155, 235

Boolean center, 74, 93

Boolean state, 155

Borel measure, 199

Borel probability measure, 199, 205, 206

Borel set, 199

Borel state, 205

Bosbach state, 157, 170, 174, 177, 179, 185,
189, 193, 205, 256

Bounded integral residuated lattice, 82

L.C. Ciungu, Non-commutative Multiple-Valued Logic Algebras, 273
Springer Monographs in Mathematics, DOI 10.1007/978-3-319-01589-7,
© Springer International Publishing Switzerland 2014


http://dx.doi.org/10.1007/978-3-319-01589-7

274

Bounded pseudo-BCK algebra, 7, 22, 28, 132,
157, 193, 205

Bounded pseudo-hoop, 57, 74, 173, 224, 244

Bounded R¢-monoid, 101, 107, 115, 118, 128,
181, 183, 214, 219, 220

Brouwer algebra, 90

C

C-state operator, 249, 255, 259
C-state pseudo-hoop, 249, 262
C-state Wajsberg pseudo-hoop, 249
C-strong state operator, 249
Cancellative pseudo-hoop, 64, 66, 251
Cancellative-center, 73

Canonical projection, 49

CEP, 144

Coherent bookmaker’s book, 205
Coherent map, 204

Commutative pseudo-BCK algebra, 2
Commutative residuated lattice, 83, 118
Compatible deductive system, 36, 60
Complement, 92, 98

Complementary factor congruence, 96
Complementary semigroup, 55
Complemented element, 92, 122
Complete FL,,-algebra, 235
Congruence, 45, 46, 92, 96, 102
Congruence extension property, 144
Congruence permutable algebra, 96

D

de Finetti map, 204, 205

De Morgan lattice, 98

De Morgan’s laws, 98

Deductive system, 35, 199, 201, 202

Directly indecomposable algebra, 96, 137

Distance function, 87, 120, 130, 211

Divisible residuated lattice, 115, 119

Downwards-directed set, 14, 195, 197, 203,
207

E

Elementarily equivalence, 239
Elementary extension, 239
Equivalence relation, 45, 46, 92
Extension of generalized local state, 234
Extension of local state, 189
Extension property, 235

Extension theorem, 188, 233

Exterior state, 235, 238

Extremal state, 166, 183

Extremal state-measure, 194, 199, 203

Index

F

Faithful state operator, 244, 253

Filter, 36, 60, 88, 114, 131, 147

Filtered set, 14

FL-algebra, 82

FL.y-algebra, 83, 97, 145, 152, 214

FL,,-algebra, 82, 88, 102, 134, 137, 149, 176,
210, 224, 228, 235

FL,,-algebra of fractions, 104

G

Gaifman’s completeness theorem, 239

GBL-algebra, 118

Generalized BL-algebra, 118

Generalized Boolean algebra, 72

Generalized Bosbach state of type I, 213

Generalized Bosbach state of type II, 213

Generalized local state, 233, 234

Generalized Riecan state, 228, 231, 233, 235,
259, 260

Generalized state-morphism, 225, 259

Generated deductive system, 38

Generated ideal, 130

Glivenko property, 134, 182,231, 234, 236

Godel algebra, 90

Godel condition, 72

Godel implication, 90

Godel pseudo-hoop, 72

Godel t-norm, 90

Good pseudo-BCK algebra, 28, 32, 132, 164,
170, 197

Good pseudo-BCK(pP) algebra, 33, 34, 45, 83,
138

Good pseudo-BL algebra, 121, 132

Good pseudo-hoop, 58, 132, 257

Good pseudo-MTL algebra, 132

Greatest lower bound (g.1.b.), 6, 14

H

Hausdorff space, 169, 199, 200, 206

Heyting algebra, 89

Homomorphism pseudo-BCK(pP) algebra, 48
Horn-Tarski property, 235

Horn-Tarski theorem, 235

Hyperarchimedean FL,,-algebra, 151
Hyperarchimedean pseudo-MTL algebra, 152

I

Ideal, 38, 105, 130, 147

Idempotent element, 72

Idempotent pseudo-hoop, 72, 251, 252
Idempotent state pseudo-hoop, 252, 260
Idempotent Wajsberg hoop, 72

IMTL algebra, 115



Index

Injective homomorphism, 49
Interior state, 235, 238
Involutive MTL algebra, 115

J

Join-center, 73

K

Kernel, 46, 49

Kernel of Bosbach state, 162

Kernel of state operator, 244

Krein-Mil’man Theorem, 167, 169, 182, 204,
206

Kroupa’s theorem, 235

L

L-group, 4, 123, 129, 199

Lattice filter, 88

Lattice-ordered group, 4

Least upper bound (l.u.b.), 11, 62

Left-monoid, 131

Left-pseudo-BCK algebra, 2

Left-pseudo-BL algebra, 119, 122

Left-pseudo-MV algebra, 119, 124, 128

Lexicographic product, 124, 148

Lindenbaum-Tarski algebra, 237, 238

Local additive measure, 186

Local pseudo-BCK(pP) algebra, 135, 137, 138,
141

Local pseudo-MV algebra, 147

Local state, 186, 188, 189

Locally finite basic pseudo-hoop, 253

Locally finite bounded R¢-monoid, 110, 118,
128

Locally finite FL,,-algebra, 86, 137, 151

Locally finite MV-algebra, 129

Locally finite pseudo-BCK(pP) algebra, 43,
48, 118, 137

Locally finite pseudo-BL algebra, 110, 121

Locally finite pseudo-hoop, 63, 253

Locally finite pseudo-MTL algebra, 109, 114

Locally finite pseudo-MYV algebra, 110

Locally finite Wajsberg pseudo-hoop, 172

Logical probability, 237

Logical probability of Riecan type, 237

Logical probability of type I, 237

Lu-group, 4

Lukasiewicz implication, 157, 191

Lukasiewicz pseudo-BCK algebra, 15

M

Maximal deductive system, 37, 40, 43, 135,
138, 140, 145, 165, 166, 203

Maximal filter, 115, 118, 129, 184

275

Maximal ideal, 130, 147, 164

Measure, 191, 193, 195, 198, 201

Measure-morphism, 191, 193, 196

Meet-closed system, 102, 104

Meet-irreducible element, 114

Model of logical probability, 239

MV-algebra, vii, 110, 116, 128, 149, 152, 156,
164, 167, 195, 210, 224, 236

MV-state, 164, 167, 206

N

N-orthogonal elements, 35

Negative cone, 4, 65, 82, 191, 195, 198, 203

Net, 14, 169, 200, 204, 205

Normal deductive system, 36, 43, 44, 48, 162,
193, 196

Normal filter, 41, 60, 91, 96, 115, 129, 221,
251

Normal ideal, 131, 148, 206

Normal prime filter, 110

Normal pseudo-BCK(pP) algebra, 33

Normal radical, 140

(0]

Order of an element, 38, 130

Ordinal sum of pseudo-hoops, 63
Orthogonal elements, 33, 169, 228
Orthogonal-preserving function, 228, 233

P

Perfect deductive system, 51, 139

Perfect pseudo-BCK(pP) algebra, 138, 141,
143, 144

Perfect pseudo-BL algebra, 184

Perfect pseudo-MTL algebra, 145, 186, 233

Perfect pseudo-MV algebra, 147

Permutable congruences, 96

Pointed residuated lattice, viii, 82

Porim, 19, 83

Primary deductive system, 51, 138

Prime filter, 110, 111, 114

Prime filter theorem, 112

Prime ideal, 105

Principal deductive system, 40

Principal ideal, 130

Probabilistic structure, 239

Projection map, 96

Proper deductive system, 36

Proper ideal, 130

Pseudo-BCK algebra, 2, 15, 35, 199

Pseudo-BCK join-semilattice, 9, 10, 12, 26, 55

Pseudo-BCK lattice, 10, 27, 168, 193

Pseudo-BCK meet-semilattice, 9, 26, 55, 119

Pseudo-BCK semilattice, 10



276

Pseudo-BCK(pDN) algebra, 22, 171, 198

Pseudo-BCK(pP) algebra, 15, 31, 36, 37, 40,
44,57, 83, 135

Pseudo-BCK(pP) lattice, 21, 30, 83, 118

Pseudo-BL algebra, ix, 116, 119, 125, 145,
168, 183, 186

Pseudo-BL(pDN) algebra, 128

Pseudo-divisibility, ix, 101, 107, 112, 116,
118,119

Pseudo-double negation, 22, 58

Pseudo-hoop, 55, 73, 131, 134

Pseudo-join, 61

Pseudo-MTL algebra, 108, 119, 144, 151, 179

Pseudo-MYV algebra, 125, 147, 149, 164

Pseudo-prelinearity, ix, 107, 108, 119

Pseudo-product, 15

Pseudo-product algebra, 116

Pseudo-residuation, viii, 18, 79

Q
Quotient pseudo-BCK algebra, 46, 162, 201

R

Radical of MV-algebra, 164

Radical of pseudo-BCK(pP) algebra, 140

Regular Borel measure, 199

Relative cancellation property, 14

Relative congruence, 46

Relative pseudocomplement element, 89

Relative pseudocomplemented lattice, 89

Relatively free of zero divisors, 143, 188, 233,
234

Representable algebra, 186

Representable Brouwerian algebra, 72

Representable pseudo-hoop, 68

Residuated lattice, 79, 118

Riecan state, 169, 182, 186, 188, 197, 257

Riesz Representation Theorem, 199

Right-monoid, 131

Right-pseudo-BL algebra, 122, 128

Right-pseudo-MV algebra, 125, 128

S

Scrimger 2-group, 126

Simple algebra, 96

Simple pseudo-hoop, 64

Standard MV-algebra, 157, 166, 191, 210, 216,
235

State of type I, 213

State of type II, 213

State operator, 214, 219, 244, 249, 253, 256,
260

State pseudo-hoop, 244, 249, 252, 256, 260

Index

State-measure, 191, 199

State-measure-morphism, 191, 199

State-morphism, 161, 183, 184, 194, 203, 206

State-morphism operator, 220, 250

Strong orthogonality property, 35

Strong perfect FL,,-algebra, 226

Strong state operator, 249, 251

Strong state pseudo-hoop, 249

Strong type I, 1I state, 213

Strong unit, 4, 123, 129, 156, 195, 199, 203

Strongly simple pseudo-hoop, 64, 71, 174, 253

Subdirect product, 96

Subdirect representation, 96

Subdirectly irreducible algebra, 96

Subinterval algebra, 74, 173

Sup-commutative pseudo-BCK algebra, 13,
14, 163, 195

Surjective homomorphism, 49, 96

Surjective morphism, 132

T

Trivial zero divisor, 52

Tychonoff’s Theorem, 200

Type I state, 213, 220, 224, 229, 231, 235, 258,
260

Type 1l state, 213, 220, 235

U

Ultrafilter, 37

Union of pseudo-BCK algebras, 4
Unital pseudo-BCK algebra, 199
Upwards-directed set, 14

W

Wajsberg pseudo-hoop, 66, 67, 70, 118, 129,
171, 249, 259

Wajsberg sub-pseudo-hoop, 262

‘Weak BL-algebra, 107

Weak convergence, 169, 200

Weak nilpotent minimum, 152

Weak pseudo-BL algebra, 107

Weak state-morphism operator, 220, 250

Weak state-morphism pseudo-hoop, 250

Weak topology, 169, 204

X

X-left zero divisor, 52
X-right zero divisor, 52
X-zero divisor, 52

y/
Zero divisor, 52
Zorn’s lemma, 38, 112, 136



	Non-commutative Multiple-Valued Logic Algebras
	Introduction
	Contents

	Chapter 1: Pseudo-BCK Algebras
	1.1 Deﬁnitions and Properties
	1.2 Pseudo-BCK Algebras with Pseudo-product
	1.3 Pseudo-BCK Algebras with Pseudo-double Negation
	1.4 Good Pseudo-BCK Algebras
	1.5 Deductive Systems and Congruences

	Chapter 2: Pseudo-hoops
	2.1 Deﬁnitions and Properties
	2.2 Join-Center and Cancellative-Center of Pseudo-hoops
	2.3 Algebras on Subintervals of Pseudo-hoops

	Chapter 3: Residuated Lattices
	3.1 Deﬁnitions and Properties
	3.2 The Lattice of Filters of an FLw-Algebra
	3.3 Boolean Center of an FLw-Algebra
	3.4 Directly Indecomposable FLw-Algebras
	3.5 FLw-Algebras of Fractions Relative to a Meet-Closed System

	Chapter 4: Other Non-commutative Multiple-Valued Logic Algebras
	4.1 Pseudo-MTL Algebras
	4.2 Bounded Residuated Lattice-Ordered Monoids
	4.3 Pseudo-BL Algebras
	4.4 Pseudo-MV Algebras
	4.5 The Glivenko Property

	Chapter 5: Classes of Non-commutative Residuated Structures
	5.1 Local Pseudo-BCK Algebras with Pseudo-product
	5.2 Perfect Residuated Structures
	5.2.1 Perfect Pseudo-BCK Algebras with Pseudo-product
	5.2.2 Perfect Pseudo-MTL Algebras
	5.2.3 Perfect Pseudo-MV Algebras

	5.3 Archimedean Residuated Structures

	Chapter 6: States on Multiple-Valued Logic Algebras
	6.1 States on Bounded Pseudo-BCK Algebras
	6.2 Bosbach States on Subinterval Algebras of a Bounded Pseudo-hoop
	6.3 States on FLw-Algebras
	6.4 On the Existence of States on Residuated Structures
	6.5 Local States on Perfect Pseudo-MTL Algebras

	Chapter 7: Measures on Pseudo-BCK Algebras
	7.1 Measures on Pseudo-BCK Algebras
	7.2 Pseudo-BCK Algebras with Strong Unit
	7.3 Coherence, de Finetti Maps and Borel States

	Chapter 8: Generalized States on Residuated Structures
	8.1 Generalized Bosbach States on FLw-Algebras
	8.2 Generalized State-Morphisms
	8.3 Generalized Riecan States
	8.4 Generalized Local States on Perfect Pseudo-MTL Algebras
	8.5 Extension of Generalized States
	8.6 Logical Aspects of Generalized States

	Chapter 9: Pseudo-hoops with Internal States
	9.1 State Pseudo-hoops
	9.2 On the Existence of State Operators on Pseudo-hoops
	9.3 State Operators and States on Pseudo-hoops
	9.4 State Operators and Generalized States on Pseudo-hoops

	References
	Index

