Marco Manetti

QTopology N



UNITEXT - La Matematica per il 3+2

Volume 91

Editor-in-chief

A. Quarteroni

Series editors

L. Ambrosio

P. Biscari

C. Ciliberto

M. Ledoux

W.J. Runggaldier



More information about this series at http://www.springer.com/series/5418


http://www.springer.com/series/5418

Marco Manetti

Topology

@ Springer



Marco Manetti

Department of Mathematics
Sapienza - Universita di Roma
Rome

Italy

Translated by Simon G. Chiossi, UFBA—Universidade Federal da Bahia, Salvador (Brazil).

Translation from the Italian language edition: Topologia, Marco Manetti, © Springer-Verlag
Italia, Milano 2014. All rights reserved.

ISSN 2038-5722 ISSN 2038-5757 (electronic)
UNITEXT - La Matematica per il 3+2
ISBN 978-3-319-16957-6 ISBN 978-3-319-16958-3  (eBook)

DOI 10.1007/978-3-319-16958-3
Library of Congress Control Number: 2014945348

Springer Cham Heidelberg New York Dordrecht London

© Springer International Publishing Switzerland 2015

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, express or implied, with respect to the material contained herein or
for any errors or omissions that may have been made.

Cover design: Simona Colombo, Giochi di Grafica, Milano, Italy
Printed on acid-free paper

Springer International Publishing AG Switzerland is part of Springer Science+Business Media
(Www.springer.com)



Preface

To the Student

This textbook offers a primer in general topology (point-set topology), together with
an introduction to algebraic topology. It is meant primarily for students with a
mathematical background that is usually taught in the first year of undergraduate
degrees in Mathematics and Physics.

Point-set topology is the language in which a considerable part of mathematics is
written. It is not an accident that the original name ‘analytic topology’ was replaced
by ‘general topology’, a more apt term for that part of topology that is used by the vast
majority of mathematicians and is fundamental in many areas of mathematics. Over
time its unabated employment has had a constant polishing effect on its theorems and
definitions, thus rendering it an extraordinarily elegant subject. There is no doubt that
point-set topology has a significant formative value, in that it forces the brain—and
trains it at the same time—to handle extremely abstract objects, defined solely by
axioms. In studying on this book, you will experience hands-on that the point-set
topology resembles a language more than a theory. There are endless terms and
definitions to be learnt, a myriad of theorems whose proof is often rather easy, only
occasionally exceeding 20 lines. There are, obviously, also deep and far-from-trivial
results, such as the theorems of Baire, Alexander and Tychonov.

The part on algebraic topology, details of which we will give in Chap. 9 together
with the mandatory motivations, is devoted to the study of homotopy, fundamental
groups and covering spaces.

I included around 500 exercises in the text: trying to solve them with dedication
is the best way to attain a firm hold on the matter, adapt it to your own way of
thinking and also learn to develop original ideas. Some exercises are solved directly
in the text, either in full or almost. They are called ‘Examples’, and their importance
should not be underestimated: understanding them is the correct way to
make abstract notions concrete. Exercises marked with ), instead, are solved in
Chap. 16.
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It is a matter of fact that the best way to learn a new subject is by attending
lectures, or studying on books, and trying to understand definitions, theorems and
the interrelationships properly. At the same time you should solve the exercises,
without the fear of making mistakes, and then compare the solutions with the ones
in the text, or those provided by teacher, classmates or the internet.

This book also proposes a number of exercises marked with s, which I per-
sonally believe to be harder than the typical exam question. These exercises should
therefore be taken as endeavours to intelligence, and incentives to be creative: they
require that we abandon ourselves to new synergies of ideas and accept to be guided
by subtler analogies, rather than trail patiently along a path paved by routine ideas
and standard suggestions.

To the Lecturer

In the academic years 2004-2005 and 2005-2006, I taught a lecture course called
‘Topology’ for the Bachelor’s degree in Mathematics at University of Rome
‘La Sapienza’. The aim was to fit the newly introduced programme specifications
for mathematical teaching in that part of the syllabus traditionally covered in
‘Geometry 2’ course of the earlier 4-year degrees. The themes were carefully
chosen so to keep into account on one side the formative and cultural features of the
single topics, on the other their usefulness in the study of mathematics and research
alike. Some choices certainly break with a long-standing and established tradition
of topology teaching in Italy, and with hindsight I suspect they might have been
elicited by my own research work in algebra and algebraic geometry. I decided it
would be best to get straight to the point and state key results and definitions as
early as possible, thus fending off the terato(po)logical aspects.

From the initial project to the final layout of my notes, I tried to tackle the
conceptual obstacles gradually, and make both theory and exercises as interesting
and entertaining as possible for students. Whether I achieved these goals the reader
will tell.

The background necessary to benefit from the book is standard, as taught in first-
year Maths and Physics undergraduate courses. Solid knowledge of the language of
sets, of linear algebra, basic group theory, the properties of real functions, series and
sequences from ‘Calculus’ are needed. The second chapter is dedicated to the
arithmetic of cardinal numbers and Zorn’s lemma, two pivotal prerequisites that are
not always addressed during the first year: it will be up to the lecturer to decide—
after assessing the students’ proficiency—whether to discuss these topics or not.

The material present here is more than sufficient for 90 hours of lectures and
exercise classes, even if, nowadays, mathematics syllabi tend to allocate far less
time to topology. In order to help teachers decide what to skip I indicated with the
symbol ~ ancillary topics, which may be left out at first reading. It has to be said,
though, that Chaps. 3—6 (with the exception of the sections displaying ~), form the
backbone of point-set topology and, as such, should not be excluded.
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The bibliography is clearly incomplete and lists manuals that I found most
useful, plus a selection of research articles and books where the willing student can
find further information about the topics treated, or mentioned in passing, in this
volume.
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Chapter 1
Geometrical Introduction to Topology

Let us start off with an excerpt from the introduction to Chapter V in What is
mathematics? by R. Courant and H. Robbins.

‘In the middle of the nineteenth century there began a completely new development in
geometry that was soon to become one of the great forces in modern mathematics. The
new subject, called analysis situs or topology, has as its object the study of the properties
of geometrical figures that persist even when the figures are subjected to deformations so
drastic that all their metric and projective properties are lost.” (...) “When Bernhard Riemann
(1826-1866) came to Gottingen as a student, he found the mathematical atmosphere of that
university town filled with keen interest in these strange new geometrical ideas. Soon he
realized that here was the key to the understanding of the deepest properties of analytic
functions of a complex variable.’

The expression ‘deformations so drastic’ is rather vague, and as a matter of fact
modern topology studies several classes of transformations of geometrical figures, the
most important among which are homeomorphisms and homotopy equivalences.

While precise definitions for these will be given later, in this chapter we shall
encounter a preliminary, and only partial notion of homeomorphism, and discuss a
few examples. We will stay away from excessively rigorous definitions and proofs
at this early stage, and try instead to rely on the geometrical intuition of the reader,
with the hope that in this way we might help newcomers acquire the basic ideas.

1.1 A Bicycle Ride Through the Streets of Rome

Problem 1.1 On a bright Sunday morning Mr. B. decides to go on a bike ride that
crosses every bridge in Rome once, and only once. Knowing that he can decide where
to start from and where to end, will Mr. B. be able to accomplish his wish?

We remind those who aren’t familiar with the topography of Rome that the city
is divided by the river Tiber and its affluent Aniene in four regions, one being the
Tiberine island, lying in the middle of the river and joined to either riverbank by
bridges.
© Springer International Publishing Switzerland 2015 1
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Fig. 1.1 The topology of the
bridges of Rome

Roma-Urbe
airport

o7 bridges

Tiberine
island

Colosseum

In order to answer the question we needn’t go around the streets of Rome on two
wheels testing possibilities, nor mess up a street map with a marker.

The problem can be visualised by drawing four circles on a sheet of paper, one for
each region, and indicating how many bridges connect any two regions (Fig. 1.1).

A configuration of this kind contains all the information we need to solve the
problem. If you agree with this statement, then you are thinking topologically. In
other words you have understood that whether the proposed bicycle ride is possi-
ble doesn’t depend on metric or projective properties like the bridges’ length, their
architectural structure, the extension of mainland areas and so on. But if you insist
on solving the problem using a street map, you should imagine the map is drawn on
a thin rubber sheet. Think of stretching, twisting and rumpling it, as much as you
like, without tearing it nor making different points touch one another by folding: you
will agree that the answer stays the same.

Problem 1.2 In the old town of Konigsberg, on the river Pregel, there are two islets
and seven bridges as in Fig. 1.2. The story goes that Mr. C. wanted to cross on foot
every bridge in Konigsberg only once, and could start and finish his walk at any point.
Would have Mr. C. been able to do so?

Fig. 1.2 The bridges of old
Konigsberg
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Here’s another problem of topological flavour:
Problem 1.3 Can one drive from Rome to Venice by never leaving the motorway?

As the motorway goes through Rome and Venice, the problem is truly a question
about the connectedness of the Italian road system: a network of roads is connected
if one can drive from any one point to any other. Here, too, the answer is clearly
independent of how long the single stretches of road are, or how many turns or
slopes there are etc.

A useful mathematical concept for solving the previous problems is that of a
graph. In Euclidean space a graph is a non-empty set of V points, called nodes
or vertices, certain pairs of which are joined by S segments called edges. Edges
are not necessarily straight, but can be parts of circles, parabolas, ellipses, or more
generally ‘regular’ arcs that do not pass through the same point in space more than
once. Another assumption is that distinct edges meet only at nodes. A walk of length
p in a graph is a sequence v, vy, ..., v, of nodes and a sequence /1,12, ..., 1, of
edges, with /; joining v; _; to v; for any i. The nodes vy and v, are the endpoints of
the walk. A graph is said to be connected if there is a walk beginning and ending at
any two given nodes u, w.

If u is a node in a graph I, we call degree of u in I the number of edges
containing u, counting twice edges with both endpoints in u. It’s straightforward that
the sum of the degrees of all nodes equals twice the number of edges; in particular,
any graph must have an even number of odd-degree nodes.

A graph is called Eulerian if there’s a walk that visits each edge exactly once: in
this case the length of the walk equals the number of edges in the graph.

Going back to the bridges’ problem, no matter whether in Rome or Konigsberg,
let’s construct a graph I" having mainland areas as nodes and bridges as edges. The
crossing problem has a positive answer if and only if I" is an Eulerian graph (Fig. 1.3).

Theorem 1.1 In any Eulerian graph there are at most two nodes of odd degree.
More specifically, the answer to the problem of the Konigsberg’s bridges is ‘no’.

Proof Choose a sequence of nodes vy, ..., vs and a sequence of edges [y, ..., [s
that give a walk visiting every edge precisely once. Every node u other than vg and
vs has degree equal twice the number of indices i such that u = v;. ]

Fig. 1.3 The Konigsberg

D
bridges’ graph 7\‘
’ v 7
c
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Fig. 1.4 Tralfamadore’s D
700, with shed location D

Exercises

1.4 (O) Suppose I is a connected graph where each node has even degree. Prove
that every graph obtained by removing one edge from I is still connected.

1.5 Letwvy, ..., v, bethe nodes of a graph I" and A the adjacency matrix: this is the
n x n-matrix whose entry a;; equals the number of edges joining v; to v;. Explain
the geometrical meaning of the entries of the powers of A.

1.6 Tralfamadore’s zoo has six thematic areas surrounded by walking paths, as in
Fig. 1.4. Altogether there are 16 pathways that are long 1 km and two that are long
2km. Once appointed director of the zoo, Mister V. realised that the zoo’s janitor was
going around 24 km every day to keep sidewalks tidy, and blamed him for wasting
time. The caretaker said that to sweep every path, starting from his shed and then
making a way back, he really needed to go around as much. Who’s right according
to you?

1.2 Topological Sewing

To sharpen our topological intuition let’s pay a visit to the topological tailor: this is a
pro whose skills allow him to work a very thin fabric with incredible elastic features,
that can be folded, modelled, stretched and deformed at pleasure without tearing it.
The simplest handicrafts involve these operations:

1. cutting out a piece X of material in the shape of a convex polygon with n > 2
sides;

2. choosing k pairs of sides of X, 2k < n, and marking sides belonging to different

pairs with distinct letters;

deciding the orientation of each of the 2k sides chosen in 2;

4. sewing, or glueing, or pasting together the sides in each couple, respecting the
orientation.

[O8]
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For instance, if we glue two opposite sides of a square that are oriented in the
same way we obtain a (hollow) cylinder,

while if we glue two adjacent sides, oriented starting from the common vertex, we
end up with a disc.

The famous Mobius strip arises by glueing together two non-consecutive, oppo-
sitely oriented sides.

We leave it to the reader to try and visualise the other possible outcomes of pasting
a square’s edges in this sort of way (Fig. 1.5 and Exercise 1.7).

Exercises

1.7 (©) Say whether Fig. 1.6—after glueing sides as indicated—will produce a disc,
a cylinder, a Mobius strip or something completely different. Explain your answer.
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b a
Torus
“ Sphere b b (doughnut) b
a a
a a
Projective Mobius Klein
b plane b a strip a b bottle b
a a

Fig. 1.5 Handiworks arising from a square of fabric. Sometimes the material’s elastic features are
not relevant, and one can replace the miraculous fabric with paper

Fig. 1.6 What’s this?

1.3 The Notion of Continuity

In mathematics the meaning of the word continuity can be traced back to the Latin
verb continere (literally, to keep together) and refers to closeness, adherence, forming
an unbroken whole, and so on. Although these meanings still appear in some dictio-
naries under ‘continuous’ and ‘continuity’, nowadays they are rather old-fashioned,
to the point where one remains puzzled when asked:

Which points on the real line are continuous to 10, 1[ = {0 < x < 1}?

The same question, phrased in a less obsolete language, becomes the more intel-
ligible:

Which points on the real line are adherent (attached/stick) to 10, 1[?

In the space R” of n-tuples (x1, ..., x,) of real numbers the notion of continuity
(=adherence) is easy to render.

Definition 1.2 A point x € R" is called adherent to a subset A C R" if it is possible
to find points of A that lie arbitrarily close to x.

Any real number, for example, is adherent to the set of rationals, while any number
in [0, 1] = {0 < x < 1} adheres to the interval |0, 1[ C R.
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The distance between two points x = (xq,...,x,) and y = (y1,..., y;) in R”?
is given by Pythagoras’ formula

dx,y) =/ (1 = y)2 -+ Con — )2

Equivalently, d(x, y) = ||lx — y||, where ||x|| = +/(x - x) is the norm associated to
the standard dot product (x - y) = > x;y;.

Lemma 1.3 The distance d satisfies the triangle inequality

d(x,y) <d(x,z)+d(z,y)

forany x,y,z € R".

Proof Setting x — z = u, z — y = v, the triangle inequality amounts to |lu + v|| <
ll#]| + ||v]|. Since both sides are non-negative, the latter inequality is the same as

0 < (lull + lvID* = llu + vI* = 2(lullv]l — (u - v)).
As |lul/[lv]| = 0, it suffices to prove the so-called Cauchy-Schwarz inequality:
lull* v = (u - v)* = 0.

When v = 0 the Cauchy-Schwarz inequality is trivially true. So we can assume
v # 0 and consider the vector

v
w=ulv|| —Wm-v)—.
vl
An easy computation shows that
2 201,112 2
0 < llwll” = flul“lvlI* = (- v)~. O

The distance enables us to better explain the notion of a set of points that is
‘arbitrarily close’ to a given point, and thus understand adherence. More precisely,
a point p is adherent to a set A if and only if for any real number § > 0 there exists
a point x € A such that d(p, x) < §.

The intuitive idea of a tear in the fabric should hint at a failure of adherence: if
a point x € R" is adherent to a subset A, we say that a map f: R" — R tears x
away from A when the point f(x) is not adherent to f(A).

Continuous maps are those that do not cause tears, slits and the like, hence those
that preserve the continuity relationship (=adherence) between points and subsets.

Definition 1.4 Let X C R” and ¥ C R™ be subsets. A map f: X — Y is called
continuous if, for any subset A C X and any point x € X adherent to A, the point
f(x) adheres to f(A).
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Don’t worry if this definition of a continuous map doesn’t at first sight coincide
with what you have learnt in high school or during analysis classes. We’ll explain in
the sequel that our definition is equivalent to the ones you are familiar with.

An immediate consequence of the definition above is that constant maps, transla-
tions in R" and more generally, isometries (distance-preserving functions) are con-
tinuous.

Quite often one doesn’t rely on Definition 1.4 to check whether a function is con-
tinuous, but prefers instead to use general properties of continuity and reduce to a
basic list of remarkable continuous maps. In the rest of the section we’ll denote with
capital letters X, Y, Z . .. subsets of Euclidean spaces.

(C1) Let f: X — Y be continuous and W C X, Z C Y subsets such that
f(W) C Z. Then the restriction f: W — Z is continuous.

CHIf f: X - Yand g: Y — Z are continuous, then also gf: X — Z is
continuous.

(CYIf X C Y, theinclusionmap i: X — Y is continuous.

Consider two sets X C Y and a function f: Z — X. Then f: Z — X is con-
tinuous if and only if f: Z — Y is continuous. In fact, if f: Z — Y is continuous,
also f: Z — X is continuous by C1. Conversely, f: Z — Y is the composite of
f: Z — X with the continuous (by C3) inclusion X — Y. All this to say that
to establish whether a function is continuous we can reduce to consider functions
f: X —> R

(C4) Let fi: X — R,i = 1,...,n, denote the components of a function
f:X —- R'ie f(x) = (fi(x),..., fu(x)), x € X. Then f is continuous if
and only ifthe fi, ..., fy are all continuous.

The next list is borrowed from analysis and calculus courses:

(C5) The following maps are continuous:

. every linear map R" — R,;

. the multiplication R?2 > R, (x,y) = xy;

. the inverse R — {0} - R — {0}, x —> x~1;

. the absolute value R — R, x — |x|;

. the exponential function, the logarithm, the sine, the cosine and all other trigono-
metric functions, on the respective domains;

6. the functions R — R, (x, y) — max(x, y) and (x, y) — min(x, y).

O R S

Conditions C1,..., C5 imply the continuity of many other functions. For instance,
if f, g: X — Rare continuous then also f+g¢, fg,and f/g (provided g is not zero on
X) are continuous. The reason is that the map (f, g): X — R2, x — (f(x), g(x)),is
continuous and f + g is the composite of (f, g) with the linear map (x, y) — x +y;
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f g is the composite of (f, g) with the product map (x, y) — xy. Analogously for
f/g. Along this line of thought it is easy to show by induction that any polynomial
expression involving continuous maps is continuous. There are countless examples
like these and we shall not overindulge.

Intimately related to adherence and continuity is the concept of closed sets.

Definition 1.5 A subset C C X in R” is called closed in X if it coincides with
the set of points of X that adhere to C. Equivalently, C is closed in X if, for any
xeX—-C={xeX|x ¢&C},anumber § > 0 exists such that d(x, y) > § for
every y € C.

Example 1.6 Take X C R”, a number » > 0 and a point x € R". The set
C={x'eX|dxx)<r)
isclosedin X.If y € X — C,infact, § = d(x, y) —r > 0. By the triangle inequality
d(y,x") =d(x,y) —d(x',x) = 8

for every x’ € C, and so y is not adherent to C.

Example 1.7 Consider a subset X C R” and a continuous map f: X — R. The
set C = {x € X | f(x) = 0} is closed in X. To see this take x € X adherent
to C; then f(x) is adherent to {0}, so f(x) = 0. This means x € C and C is
closed. The same argument also proves that the pre-image of a closed set Z C R,
ie.{x e X| f(x) € Z},isclosed in X.

Theorem 1.8 (Glueing lemma) Let f: X — Y be a function, A, B two closed
subsets in X such that X = AU B and the restrictions f: A — Y, f: B— Y are
continuous. Then f is continuous.

Proof Take a subset C C X and a point x € X adherent to C. We have to prove that
f(x) is adherent to f(C). Observe that x is adherent to at least one between C N A
and C N B. If not, in fact, there would exist positive numbers §4 and §p such that

d(x,y) >384 forevery ye CNA,
d(x,y) >ép forevery y e CNB.

If § is the minimum between § 4 and § g, we would have d(x, y) > & forevery y € C,
so x would not be adherent to C. Just to fix ideas, assume x is adherent to CN A. Then
x must also adhere to A, and since A is closed, we get x € A. Now, the restriction
f: A — Yiscontinuous, so f(x)isadherentto f(ANC). Since f(ANC) C f(C),
a fortiori f(x) is adherent to f(C). U

The set of complex numbers C is in one-to-one correspondence with the plane
R?. The distance of two complex numbers z, u coincides with the modulus of their
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difference |z — u|. The identification extends to n dimensions, hence maps C" bijec-
tively to R?", and everything we said so far is also valid for subsets in C and maps
between them.

Exercises

1.8 Consider the 8 types of interval, where a, b are real numbers with a < b:

la,b[={x e R|a < x < b};
[a,b[={x € R |a < x < b};
la,b]={x e R|a < x < b},
[a,b]={x e R|a <x <b};
l—o0,al={x eR | x <a};
]—o00,al={x eR|x <a};
Ja,4oo[={x e R |a < x};
[a,4oo[={x eR|a < x}.

NN R WD

Say which ones are closed subsets in R according to Definition 1.5.
1.9 Which of the following sets are closed in R??
(o [+ =1} () |0<sx<10<y<l}
{.»)0=x, 0=y}, {(x,»[0=x=1 x+y=1Ij
(o 10<x?+y <1}, {(@»[0=x, 0<y<sinw).
1.10 Establish which of the following sets are closed in C (i = /—1):
(zeCl?eR}), {zeCllZ?~zl <1},
2" +i2" |neZ}, {27"+i2" | nelZ).

1.11 Let X C R" be a given subset, A, Y C X and A closed in X. Prove that ANY
is closedin Y.

1.12 Prove that, for a function f: X — Y, the following assertions are equivalent:

1. f is continuous;
2. for any closed set Cin Y the set {x € X | f(x) € C}isclosed in X.

1.13 Prove that in R”:

1. the union of two closed sets is closed;
2. the intersection of any number of closed sets is a closed set.
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Fig. 1.7 The Mandelbrot
set, well known in the world
of ‘fractals’

1.14 (Mandelbrot set) Given a complex number z € C define recursively a
sequence {p,(z)} C Cby po(z) = z, pp+1(2) = pn(2)? + z. Prove that:

1. if the sequence p,(z) is bounded, then | p, (z)| < 2 for every n > 0; (Hint: if not,
call n the smallest integer such that |p,(z)| = 2(1 + a), a > 0, and show that
|Puts (D] = 2(1 + @)1 > | py(2)| for any s > 0.)

2. for any n > 0 the map z — p,(z) is continuous;

3. let M C C be the set of complex numbers z such that {p,(z)} is a bounded
sequence. Prove that M is closed.

The set M (depicted in Fig. 1.7) is called Mandelbrot set.

1.4 Homeomorphisms

Definition 1.9 A homeomorphism is a continuous and bijective map with contin-
uous inverse. Two subsets in R” are called homeomorphic if there is a homeomor-
phism mapping one to the other.

In the eyes of the topologist homeomorphic spaces are indistinguishable. For
instance, he won’t see any difference between the four intervals

]Os ][1 ]07 2[ ’ ]07 +OO[ ) ] — 00, +OO[
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(see Exercise 1.8 for the notation). Indeed, the maps
f:1—00,4+oo[ — 10, +o0[ f(x) =e",
g: 10, +o0o[ — 10, 1[ gx) =e ",
h: 10,1 — 10, 2[ h(x) = 2x

are homeomorphisms.
Through a topologist’s spectacles a circle and a square:

S'={x,y) eR?|x*+y* =1} and P ={(x,y) e R*||x|+|y| =1}

are identical. It is easy to see that

fiS' > P, f(x,y>=( S )
I+ o xl 1yl

and

X y
g: P =S g,y = ,
Vi 4?2 a4 y?

are both continuous and inverse to one another, see Fig. 1.8.
Let us introduce some commonly used symbols. For any integer n > 0 we set

D" = {x € R" | ||x]| < 1}, called closed unit ball of dimension 7,

$" = {x € R™! | |x|| = 1}, called unit n-sphere.
Moreover, for any point x € R” and any real » > 0 one calls

B(x,r) ={y € R" | d(x, y) < r}theopen ball with centre x and radius r.

Fig. 1.8 Topological s

equivalence of circle and ‘
square \

gp)= s [f(s)=p.
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Example 1.10 Affine transformations in R? are homeomorphisms. This implies, in
particular, that all triangles are homeomorphic to one another, and so are parallelo-
grams. Consider the square Q and the triangle T defined, in coordinates, by

Q={G.»IlIx[+lyl=1}, T={xyeQl|y=0}L

Then .
f:0—->T, fx,y)= (x,z(erIXI—l)),

is a homeomorphism that fixes the common boundary sides.

Example 1.11 The following spaces are homeomorphic:

e the punctured plane X = R? — {0,0)};
e the round cylinder ¥ = {(x, y,z) € R? | x? 4+ y? = 1};
e the 1-sheeted hyperboloid Z = {(x, y,z) € R? | x2 + y2 =1+ z%}.

To prove this fact we may consider mappings

f:Y—>X f(x,y,2) = (xe*, ye*) and

X y
g:Z—=>Y g(x,y,z)=< , ,z).
V1422 V1422

The reader can check that f and g are invertible with continuous inverses.

Example 1.12 Open balls in R" are homeomorphic to the whole R”. Namely, for
any p € R" and r > 0 the map x — rx + p induces a homeomorphism between
B(0, 1) and B(p, r), while

g: R" — B(0, 1), gx) = —
1+ [|x|1?

y
VT=yI?

Example 1.13 (Stereographic projection) Let N = (1,0, ..., 0) be the ‘North pole’
of the sphere §” = {(xo, ..., x,) € R | lez = 1}. The stereographic projection

is a homeomorphism with inverse g~!(y) =

f: 8" — [N} > R"

is defined by identifying R” with the hyperplane H C R™*! of equation xy = 0 and
setting f (x) to be the intersection of H with the line through x and N. In coordinates,
f and its inverse read

B 1
f(xo,...,xn)_1

— X0

(xla e axl‘l)5
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~1 _ Sivi—1 2yi 2yn
f (yl""7yn)_ 27 PRI 2 .
L+ 2y 1+ 2y L4+ y;

The functions f and f~! are continuous, so the stereographic projection is a home-
omorphism. An easy exercise in proportions shows that if we identify R" not with
H but with the hyperplane xg = ¢, ¢ # 1, f gets multiplied by 1 — c.

Example 1.14 Let h: R" — R be a continuous map, and consider
X ={(o, ..., x) e R""! | xo < 0},
Y = {(x0, ..., xn) € R | xo < Ax1, ... x0))
Then
f:X—Y, f(x0,.oosxy) = o+ h(X1, .., Xp), X1y o v vy Xp)

is a homeomorphism (Fig. 1.9).

Example 1.15 The complement of a circle in R? is homeomorphic to the complement
of a line plus a point. Call e1, €2, €3 € R3 the canonical basis and consider the circle

K={xeR|(x-e3)=0, [x —e1|> =1}

through the origin. Since the inversion map

R {0} > R3— {0}, r(x)= ﬁ
X

is a homeomorphism that coincides with »~!, the space R3 — K is homeomorphic

to R3 — ({0} U r(K — {0})). Now it suffices to show that (K — {0}) is a line

not passing through the origin. This can be done using either elementary geometry

Fig. 1.9 The stereographic projection f: S! — {N} — R!
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(Euclid’s theorems) or analytical techniques. By setting y = r(x), in fact, we have
x = y/|ly]|?, so the plane (x - e3) = 0 is mapped to (y - e3) = 0 while the sphere
|lx —eq ||2 = 1 becomes the locus

1 1—2(y-ep)
0=||x—e1||2—1=||x||2—2(x~e1)=W—2(y ):—y.

—_— 61
Iyl Iyl

Allinall, » (K —{0}) equals the intersection of the planes (y - e3) = 0and2(y - 1) =
1.

Example 1.16 A complex 2 x 2-matrix

(¢2)

is, by definition, an element of the special unitary group SU(2, C) if
ab a
cd b

ad —bc = la®> + b> = |c>+1d)> =1, ac+db=ca+bd=0.

[ O

):I and ad —bc=1,

that is to say, if

Multiplying ac + db = 0 by a and substituting ad with 1 + bc gives the constraint
(|cz|2 + |b|2)c + b = 0, from which ¢ = —b. A similar computation gives d = a, so
special unitary matrices of order 2 are those of the form

(_al; Ia’) with (a,b) € $3 = {(a,b) € C? | |a|* + |b*> = 1.

Thus we proved that SU(2, C) is homeomorphic to the sphere S°.

Example 1.17 The set X C R® x R3 of pairs of orthonormal vectors is homeomor-
phictothe set Y C C3 of vectors (z1, 22, z3) such that

Z+E+5=0, |al+lnP+ln’=2.

If x; and y; denote the real and imaginary parts of z;, in fact, the previous relations

read
3 3 3
2N =2 2= yi=00 D =0,
£ ; i=1 i=1 i=l1

a system expressing the orthonormality of (x1, x2, x3) and (y1, y2, ¥3).
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Example 1.18 Consider complex numbers p, g € C with the same modulus |p| =
gl = r > 0. For any § > O there exists a homeomorphism f: C — C such
that f(p) = g and f(x) = x whenever ||x| — r| > §. Given ¢ € R we set
R(x, x) = (cosa +i sina)x. Choose an angle o € R so that R(«, p) = ¢, and pick
a continuous map g: R — R satisfying g(r) = o and g(t) = Ofor¢ & [r — 6, r + 6]
(e.g., g(t) = amax(0, 1 — |t — r|/§)). The continuous map

f:C—=C, f) =Rg(xD,x),

is a homeomorphism, with inverse f ~1(y) = R(—g(ly]), y), that fulfils the require-
ments.

Example 1.19 Let A, B C C be finite subsets containing the same number of points.
Then C — A and C — B are homeomorphic. Since composites of homeomorphisms
are homeomorphisms, an induction argument on the number of elements of A — B
reduces the claim to the following fact.

Let x,y,v1,...,vs be distinct points in C. There exists a homeomorphism
f:C — Csuchthat f(x) =yand f(v;) = v;, foranyi.
Up to translations we can assume (exercise) that [x| = |y| # |v;| for all i. Write

r = |x| = |y| and take § > 0 so that |v;| & [r — &, r 4 8] for every i. We conclude
by applying Example 1.18.

Topological spaces are most certainly not all homeomorphic to each other. For
instance R is not homeomorphic to [0, 1]: a hypothetical homeomorphism [0, 1] —
R would have to be onto, and thus violate Weierstral3’s theorem on the existence of
maxima for continuous maps defined on closed, bounded intervals.

Deciding whether two Euclidean subsets are homeomorphic or not is not always
easy: at times the problem becomes so difficult that not even the most brilliant
mathematicians can solve it. This textbook offers the simplest topological methods
that enable one to handle and solve that problem in a number of interesting situations.
It’ll be shown, later on, that the spaces in Example 1.19 are homeomorphic only in
case A and B have the same cardinality.

Exercises

1.15 Prove that if X is homeomorphic to ¥ and Z is homeomorphic to W, then
X x Z is homeomorphic to ¥ x W.

1.16 Verify that orthogonal projection in R? induces a homeomorphism between
the paraboloid z = x2 + y? and the plane z = 0.

1.17 (Q) Find a homeomorphism between S" x R and R+ — {0}.

1.18 () Find a homeomorphism between the hypercube I = [0, 1]" C R” and
the unit ball D".

1.19 Find a subset of R* homeomorphic to §' x S
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1.20 Describe a homeomorphism from S? x S? to a subset of R>. (Hint: identify
$2 x §? with a subset of §°.)

1.21 Show that the mapping
FrlxeR" | xl <1} = {(x,») e R" xR | x| +y* =1, y < 1},

F) = Qxv/1— x|, 2)x]* = 1),

is a homeomorphism. What does f have to do with the homeomorphisms of
Examples 1.12 and 1.13?

1.22 Prove that the quadric in R”

x%+-~-+x12,—xf,+1—~~—x12,+q=1 (where p+¢q <n)

is homeomorphic to SP~! x R*~P_ (Hint: Example 1.11.)

1.23 We have seen that ]0, 1[ is homeomorphic to R, and hence not homeomorphic
to [0, 1]. Consider the map f: 10, 1[x[0, 1[— [0, 1] x [0, 1[, shown in Fig. 1.10:

(%,1—3x) if3x +y<l,
2y —1 .
fx,y)= x4+ (1 —2x) ) ifl—y<3x <2+,
2y +1
(1-%,3x—2) if3x —y > 2.

Check, even using the glueing lemma (Theorem 1.8), that f is a homeomorphism.

1.24 Consider a continuous map z: R"” — ]0, +oo[ and the two spaces
X ={(xo, ..., x) e R0 <xo <1}

and

|

|

I

fa °

| :',

|

|

[

Fig. 1.10 In topology the cancellation rule does not hold: if X x Z is homeomorphic to ¥ x Z,
we cannot say X is homeomorphic to Y
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Y = {(x0, ..., %) € R0 <x0 < h(x1,..., %)}
Show that
f: XY, f(xo, ... xn) = (xoh (X1, ..oy X0), X1s o ooy Xp),

is a homeomorphism.

1.25 Prove that the lower half-plane X = {(x, y) € R? | y < 0} is homeomorphic
toY = XU([—1, 1]1x[0, 1]). (Hint: show, with Example 1.10 and the glueing lemma,
that Y is homeomorphic to X U {(x, y) | y < 1 — |x|}, then use Exercise 1.24.)

1.26 () Check that

z—1

{zeClz=a+ib,b>0} > {ze€C||z| <1}, > nr
z+1i

is a homeomorphism and describe the inverse.

1.5 Facts Without Proof

Here is a short compilation of interesting and/or paramount results, whose proof goes
beyond our scope:

Theorem 1.20 No sphere S" is homeomorphic to a ball D™, n,m > 1.

Theorem 1.21 Two products of spheres S"!' x --- x §"™ and S™ x --- x §"™ are
homeomorphic only if h = k and n; = m; Vi (up to permuting indices).

Theorem 1.22 R” is homeomorphic to R™ if and only if n = m.
Theorem 1.23 Every continuous map f: D" — D" has at least one fixpoint.

Theorem 1.24 Let f: S?* — S*" be continuous. Then there exists a point x € §*"
such that f(x) = +x.

Theorem 1.25 Let p: S" — R” be continuous. There exists a point | € S" such
that p(l) = p(-1).

With the help of a few tricks we’ll be able to prove the above theorems in special
cases. The general proofs require what is known as cohomology theory, an extremely
fascinating topic and the core of any lecture course in algebraic topology. Albeit
not particularly arduous, the study of cohomology demands for a long series of
algebraic and topological preliminaries, which, alas, precludes it from being taught
at an undergraduate level.
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Interested readers will find the proofs of Theorems 1.20—1.24 (or equivalent ver-
sions thereof) in any introductory text on singular homology and cohomology, such
as [Do80, Ma91, GHS81, Vi94] for instance. Theorem 1.25 is attributed to Borsuk
and requires more refined techniques than the others: [Fu95] contains one such proof.
Alternative arguments for Borsuk’s theorem, that don’t rely on cohomology, can be
found in [Du66, GP74].

Exercises
1.27 Use Theorem 1.25 to prove Theorems 1.20 and 1.22.

1.28 Show that Theorem 1.24 doesn’t hold for continuous maps f: S' — S!, nor
more generally for continuous maps f: §2*+1 — g2+l

1.29 Even though we’ll prove Theorem 1.25 when n = 1 later on, it could be fun
to try and find a naive argument (still n = 1) based on this observation: if two mice
live in an infinite pipe that has no side exits, and at 8 pm each mouse is where the
other one was at 8 am, at some moment they must have met.
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Chapter 2
Sets

In this book we’ll always work within the so-called naive set theory and completely
avoid the axiomatic backgrounds. This choice has the advantage of leaving the reader
free to pick his own preferred notions of ‘set’ and ‘element’, for instance ones sug-
gested by conventional wisdom, or those learnt during undergraduate lectures on
algebra, analysis and geometry. The only exception will concern the axiom of choice,
whose content is less evident from the point of view of elementary logic, or to the
layman.

We’ll deliberately adopt the approach of the ostrich, that buries its head in the
sand so not to see the paradoxes! to which this MO may lead. A healthy and low-
cost rule of thumb—that also helps to by-pass the classical paradoxes—is to eschew
statements of the sort the set of all sets such that ..., and prefer rather the family of
sets .... This, by the way, also rids the language of tedious and lacklustre repetitions.
The same principle holds when talking about families of objects, so we will say: the
class of all families ..., the collection of all classes ... and so on.

2.1 Notations and Basic Concepts

If X isaset we’ll write x € X if x belongs to X, that is, if x is an element of X. We’ll
indicate with ¢ the empty set, while the symbols {*} and {oo} will both denote the
singleton, the set with only one element. A set is called finite if it contains a finite
number of elements, and we’ll write | X| = n if X has exactly n elements. A set that
isn’t finite is called infinite.

If A and B are sets we write A C B if A is contained in B, i.e. when every
element of A is an element of B. Weuse A C B, A # B,or A C B, incase A is
strictly contained in B. The set A is said to meet or intersect B (then A and B meet,
or intersect) if their intersection A N B isn’t empty.

IRussell’s paradox being the most widely known, see Sect. 8.1.
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Example 2.1 A consequence of the definition of C is that § C A, for any set A.
Even if this doesn’t convince you completely you must accept it anyhow, at least as a
convention. In this way, given any property p defined on the elements of A, it makes
sense to write

laeAlp@)} CA,

where {a € A | p(a)} denotes the set of elements in A for which p is true. Similarly,
for any set A there is a unique map ¥ — A. Sometimes it may be better to think of
the singleton as the set of maps from the empty set to itself.

The set of elements in A that do not belong to B is denoted A — B = {x € A |
x & B}. If x1, ..., x, belong to a set X, {x1, ..., x,} will indicate the subset of X
whose elements are precisely xi, ..., x,.

We write f: X — YorXi> Y tomean that f isamap from X toY,andx +— y
tomean y = f(x). Givenamap f: X — Y and a subset A C Y one defines

A =(xeX| fx)eA)

Subsets in X of the form f~!(A) are called saturated with respect to f.If y € ¥
we call £~ ({y}) the fibre of f over y. Often, slightly abusing notations, f~!(y) is
used to mean £~ ({y}).

If f: X — Y is a map between sets and A, B are subsets in X, it is easy to
check that f(AU B) = f(A) U f(B), while it is usually not true that f(A N B) =
f(A)N f(B). What can be said in this respect is the following straightforward fact.

Proposition 2.2 (Projection formula) Let f: X — Y beamapand A C X, B CY
subsets. Then

f(AN f71(B) = f(A)NB.

To say that amap f: X — Y is one-to-one (a.k.a. injective, or an injection) one

. . I
uses sometimes an arrow with hook f: X < Y, or X < Y. The symbol used for
onto, or surjective, maps (i.e. surjections) is occasionally the double-headed arrow

f
f:X—>YorX —»Y.
If A is a family of sets, the symbols

U{A|Ae A} and U A
AecA

both denote their union. Similar notations hold for the intersection, using N instead
of U. We use the coproduct symbol [] to denote disjoint unions: for any family of
sets A there is an obvious surjective map

[Jtaraea— [ Jla14a e
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that is one-to-one if and only if AN B = ¢ forevery A, B € A.

A family A is called indexed if there exists an onto map A: I — A, where [ is
the set of indices. One usually writes A; instead of A(i) and U{A; | i € I} instead
of U{A | A € A}. Parameters and parametrised family are synonyms of indices
and indexed family, respectively.

De Morgan’s laws prescribe that the set-theoretical operation of complementation
swaps the roles of union and intersection: in other words, if A, B C X,

X—-(AUB)=X-ANX-B), X—-(ANB)=X-A)UX-B).
This is true more generally for every family {A; | i € I} of subsets of X: in formulas
X—(UAi)=ﬁ<X—A,->, X—(ﬂAi)=U(X—A,->.

iel iel iel iel

The Cartesian product of a finite number of sets X1, ..., X, is written
n
Xy x---xX,, or HX,-,
i=1

and is, by definition, the set of n-tuples (x, ..., x,) where x; € X; foreveryi. Given
a set X and any natural number n € N the Cartesian product of X with itself n times
is indicated with X".

Let A be a subset of X x Y and B a non-empty subset of Y. It makes sense to
consider the quotient (A: B) C X, which we define as

(A:B)=1{x e X |{x} x B C Al

In other terms, (A : B) is the largest subset of X such that (A: B) x B C A; in
particular (X x Y:Y) = X.

Exercises

2.1 Prove Proposition 2.2.

2.2 Prove that for any three sets A, B, C one has
AN(BUC)=(ANB)U(ANC) and AUMBNC)=(AUB)N(AUCQC).

2.3 Show thatif {A; | i € I} and {B; | j € J} are arbitrary families of sets, the
distributive laws of union and intersection hold:
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(U A,') N U B; | = U (A; N Bj),
iel jeJ iel
jeJ

(ﬂA,-)u ﬂBj = ﬂ(AiUBj).
iel jelJ iel
jeJ

24 (O) Let f: X — Ybeamapand A, B subsets of X. Tell which of the following
statements are always true, and which are not:

f(ANB) D f(A)N f(B);
F(ANB) C f(A)N f(B);
F(X —A) C f(X)— f(A);
f(X —A)D f(X)— f(A);
7N (f(A) C A;
F71fa) o A

AR e

2.2 Induction and Completeness

We denote by:

e N ={I,2,3,...} the set of natural numbers (positive integers);
e No=1{0,1,2,3,...} the set of non-negative integers;

e 7 ={0,+£1,£2, +3, ...} the ring of integers;

e 7Z/n the group of integers modulo 7;

e Q, R, C the fields of rational, real and complex numbers.

We’ll suppose that readers are familiar with the induction principle and other
properties of natural numbers.
Induction principle. Let

P: N — {true, false}

be a map such that P(1) = true, and P(n) = true each time P(n — 1) = true. Then
P(n) = true for every n.

Besides induction, we’ll often make use of two statements equivalent to it.

Well-ordering principle.2 Every non-empty subset of N contains a smallest
element.

Principle of recursive definition. Take a non-empty set X and maps

X" — X

2Less frequently called ‘least-integer principle’.
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for every n € N. Then for each x € X there exists a unique map f: N — X such
that

fM=x,  fr+1D)=r(fD), fQ),....f(n) Vn=1

There are plenty typical and well-known applications of the latter (the factorial
of a natural number, Pascal’s triangle,3 Fibonacci numbers etc.). Let us now discuss
another consequence, to be used later.

Lemma 2.3 Let X C N be an infinite subset. There exists a strictly increasing
bijection f: N — X.

Proof Given a finite subset Y C X, its complement X — Y isn’t empty, so it has a
smallest element. It is enough to define f recursively by

S =min(X),  fr+ 1D =min(X —{f(D), f(2),.... fF(M}.

Concerning real numbers, a particularly important property is the following.

Completeness of the real numbers. Every non-empty set of real numbers that is
bounded from above has a least upper bound.

To refresh the memory we remind that X C R is said bounded from above (or
upper bounded) if there exists M € R such that M > x forall x € X. A real number
s € R is called a least upper bound or supremum of X, written s = sup(X), if:

1. s > x forevery x € X;
2. for any € > O there exists x € X suchthatx > s — .

Swapping > with < gives the notions of a set bounded from below and of greatest
lower bound/infimum inf (X). For intervals we’ll adopt the notations of Exercise 1.8.

Exercises

2.5 Using the well-ordering principle prove that for every surjectivemap f: N — X
there is amap g: X — N such that fg(x) = x for every x € X.

2.6 (©) Define 3v2 using solely the following notions: powers with integer expo-
nent, well-ordering principle and completeness of the reals.

2.7 (©) Use the principle of recursive definition to show that for any real number
x there is a bijection g: N — N such that

" (=1)9®
lim - =x
n— 00 P q(i)

3Known in Italy as Tartaglia’s triangle.
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2.3 Cardinality

Definition 2.4 Two sets X, Y are said to have the same cardinality, written |X| =
|Y|, if a bijective map X — Y exists.

Clearly, if | X| = |Y] and |Y| = |Z] then | X| = |Z|. Sometimes the symbol |X]|
might be ambiguous (for instance when one has to do with absolute values); in that
case the alternatives are Card(X) and #X.

Definition 2.5 A set is called countably infinite if it has the cardinality of N =
{1, 2, 3, ...}, and countable if it is either countably infinite or finite.*

By Lemma 2.3 a set is countable if and only if it has the same cardinality of a
subset of N. Let us see a few examples.

Example 2.6 The sets Z and Ny are countable. The maps f: Z — N,

2n ifn >0,
f(n):[l—Zn itn <0,

and g: Ng — N, g(n) = n + 1, in fact, are bijective.

Example 2.7 The set N x N of pairs of natural numbers is countable. To prove it
observe that C = {(x,y) € Z* | 0 < x < y} is countable, since for any integer
n > 0 there is a unique element (x, y) € C such thatn = x + >.?_ i. Moreover,
the map

No x Ng — C, (a,b) — (a,a+Db)

is bijective. Therefore an explicit bijection between N x N and N is

a+b—2
NxN—>N,  (@bra+ > i=s@+b-2@+b-1+a
i=0

Given a set X we write P(X) for the family of its subsets, and Py(X) C P(X)
for the family of finite subsets of X.

Example 2.8 The family Py(X) of finite subsets of a countable set X is countable.
In fact we can identify X with Ny, then notice that any finite subset of Ny can be
viewed as the set of digits equal to 1 of a suitable binary number: this fact amounts
to saying that

k
PoMNo) > No, {8}~ 0, {n1,...,m}—> D 2%,
i=1

is a bijection.

“4The reader should be aware that this terminology is far from universal: some people call ‘countable’
what we defined as countably infinite, and use ‘at most countable’ to mean countable.
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We’ll prove later in the book (Corollary 2.31) that [Po(X)| = | X| for any infinite
set X.

Theorem 2.9 (Cantor) If X isn’t empty, there are no surjectivemaps f: X — P(X).
In particular X and P(X) do not have the same cardinality.

Proof Take amap f: X — P(X) and let’s prove that the subset
S={xeX|x¢f)}ePX)

isn’t contained in the range of f. Assume, by contradiction, there existed an element
s € X suchthat f(s) = S.If s € S, by definition of § we would have s ¢ f(s) = S.
If, instead, s ¢ S = f(s), the definition of S would imply s € f(s) = S. Either
possibility leads to a contradiction so there cannot be such an element s. O

Example 2.10 Any open interval Ja, b[ C R, with a < b, has the cardinality of R.
Given a real number ¢ € ]a, b[, in fact, the map f: Ja, b[ — R,

Y76 e < b
ifc<x <
b—x -
fx) =
xX—c .
ifa<x<c
xX—a

is bijective.

Lemma 2.11 Consider sets X,Y and mappings f: X — Y, g: Y — X. There
exists a subset A C X such that

ANg(Y — f(A) =0, AUGY — f(A) = X.

Proof Consider the family A of subsets B C X such that BN g(Y — f(B)) = 0.
Clearly A isn’t empty because it contains the empty set. Let’s show that A = U{B |
B € A} has the required properties. If x € A thereis B € A suchthatx € B,sox ¢
g(Y — f(B)) and therefore x ¢ g(Y — f(A)). If there existedx € AUg(Y — f(A)),
then setting C = A U {x} we would have g(Y — f(C)) C g(Y — f(A)) and then
CNg(Y — f(C)) = 0, against the definition of A. O

From Lemma 2.11 follows a useful criterion to decide whether two sets have the
same cardinality.

Theorem 2.12 (Cantor-Schroder-Bernstein) Let X, Y be sets. If there exist two injec-
tivemaps f: X — Y and g: Y — X, then X and Y have the same cardinality.

Proof According to Lemma 2.11 there exists a subset A C X such that, putting
B =Y — f(A),
ANg(B)=0¥ and AUg(B) = X.
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The definition of B also tells that B N f(A) = @ and BU f(A) = Y, while the
injectivity of f and g implies that the maps f: A — f(A) and g: B — g(B) are
bijections. To finish it suffices to remark that

f(x) ifxeA

he X=X h() =171 i x e g(B)

is a bijection. ]

If X and Y are sets we write |X| < |Y| if an injection X — Y exists. We have
just proved the following properties:

Reflexivity: |X| < |X| for any set X.
Anti-symmetry: |X| < |Y|and |Y| < |X| imply | X| = |Y]|.
Transitivity: |X| < |Y|and |Y| < |Z| imply |X| < |Z].

We’ll write | X| > |Y]| to mean |Y| < |X]|.

Remark 2.13 Tt is possible to prove, and we shall do so later (Proposition 2.25), that
the cardinalities of any two sets can always be compared, i.e. that for any X, Y either
IX] < [Y]or|Y] < |X].

Given sets X, Y we denote by X¥ the set of all maps f: ¥ — X. For example
RN is the set of real sequences ai, az, ... . There exists a natural bijection

ar (X7 - X2 ag)(y, 2) = 9(2) ().

Proposition 2.14 The sets R, NN RN 2N gnd P(N) have the same cardinality. In
particular, the set of real numbers R isn’t countable.

Proof Before we get started with the proof, let’s remind that for any X there is a
natural one-to-one correspondence between P(X) and the set of maps from X to
{0, 1}: it associates to f: X — {0, 1} the subset A = {x € X | f(x) = 1}. Hence
P(X) and 2% have the same cardinality.

Let now C be the set of strictly increasing sequences { f,,} of natural numbers.
The bijection

a: NV €, alf)n=D_ f),

i=1
shows that C has the same cardinality of N~ The mapping

B: 11, +oo[— C, B(x), = integer part of 10" x,
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is one-to-one, so |R| < |C|. But also v: C — R defined by

+00 1 N 1
’Y(f)=zlo—fn=sup[zlo—fn|NeN]

n=1 n=1

is injective, whence |R| > |C|. By the Cantor-Schréder-Bernstein theorem |R| =
|Cl = N

Due to the bijection between N and N x N the sets N and NYV*N have the same
cardinality, so [INYN| = (NN = |RN). Similarly

IP@)| = 28] = 2N = 1NN = PaA)™,
and the natural injections 2N 5 NN and N — P(N) entail

INV| < (PN = 121 < NN, 0

Exercises

2.8 Describe a bijective map between the intervals [0, 1[ and [0, +oo].

2.9 Show that if A C R contains a non-empty open interval, then |A| = |R].
2.10 Prove that rational numbers are countable.

211 (Q) Let X be the set of finite sequences of natural numbers. Prove X is
countable.

2.12 (s, O) Prove the existence of an infinite, non-countable family of subsets
C; C N such that C; N C; has finite cardinality for every i # j.

2.4 The Axiom of Choice

Suppose we have a surjection g: ¥ — X between two sets and we want to construct
amap f: X — Y such that g(f(x)) = x for every x. We can take an element
x1 € X and choose an element f(x1) in the non-empty set g’l({xl}), then take
x3 € X — {x1} and choose f(x>) in the non-empty set g_1 ({x2}) and so on. If X is
finite the process will at some point end, and furnish the required map f. But if X
is infinite, without further information there’s no elementary reason to guarantee we
can make the infinitely many choices necessary to define f. This is why we have to
add to our arsenal—if we want to make some mathematical progress—the celebrated
axiom of choice, which we’ll state in two equivalent versions.
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Axiom of choice (V1) If g: Y — X is a surjective map between sets, there exists
amapping f: X — Y such that g(f(x)) = x for every x € X.

The axiom of choice is, in some sense, neither true nor false, and each one of
us may or not believe in it (and accept the consequences). For more information
and explanations on this matter we refer to [To03]. However, the axiom of choice
is accepted by the overwhelming majority of mathematicians, and we’ll follow suit
without further ado.

Proposition 2.15 Given non-empty sets X and Y, |X| < |Y| if and only if there
exists an onto map ¥ —» X.

Proof If there is a 1-1 map f: X — Y between non-empty sets, then clearly there
is also an onto map g: ¥ — X: it is enough to fix an element xo € X and define
g = f Yy if y € f(X) and g(y) = xo otherwise.

Vice versa, if g: Y — X is onto, by the axiom of choice we also have f: X — Y
with g(f(x)) = x for every x € X. Such an f is one-to-one, for if f(x;) = f(x2)
then x; = g(f(x1)) = g(f(x2)) = x2. O

A relation on a set X is a subset SR C X x X. It is customary to write xRy
whenever (x, y) € ‘R.
An equivalence relation on X is a relation ~ satisfying these properties:

Reflexivity: x ~ x for every x € X.
Symmetry: x ~ y implies y ~ x.
Transitivity: x ~ y and y ~ z imply x ~ z.

Definition 2.16 Let ~ be an equivalence relation on a set X. The equivalence class
(or coset) of an element x € X is the subset

(x]CcX, [x]={yeX]|y~ux}

Equivalence classes determine the equivalence relation uniquely, and the above
properties read:

Reflexivity: x € [x] for every x € X.
Symmetry: x € [y] implies y € [x].
Transitivity: x € [y] and y € [z] imply x € [z].

It’s not hard to see that [x] N [y] # @ forces x ~ y and [x] = [y]. The set of
equivalence classes X/~ = {[x] | x € X} is called the quotient set of X under the
relation ~. The well-defined map

m X = X/~, 7)) =[x],
is called quotient map. According to the axiom of choice there exists amap f: X/~

— X such that f([x]) € [x] for every equivalence class. The range of f is a subset
S C X that meets each equivalence class in exactly one point.
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Example 2.17 Consider the set R”T! —{0} of non-zero vectors with n+1 components
and define on it x ~ y iff x = ¢y for some ¢ € ]0, +oo[. It is straightforward to see
that ~ is an equivalence relation, and the sphere S” meets each equivalence class in
one point.

Lemma 2.18 Ler ~ be an equivalence relation on X, w: X — X/~ the quotient
map and f: X — Y another mapping. The following facts are equivalent:

1. the map f is constant on equivalence classes, i.e. f(x) = f(y) whenever x ~ y;
2. there is a unique map g: X/~ — Y such that f = gr.

Proof Exercise. O

In certain cases the following version of the axiom of choice is more suitable.

Axiom of choice (V2) Let X = U{X; | i € I} be the union of a family of non-
empty sets X; indexed by a set I. Then there exists a map f: 1 — X such that
f@i) € X; foreveryi.

Let’s show that the two versions V1, V2 of the axiom of choice are equivalent. If
X = U{X; | i € I}, we can consider the set Y = {(x,i) € X x I | x € X;} and
the projections p: ¥ — X, g: Y — [. By assumption p and g are onto, and V1
ensures the existence of #: I — Y such that the composite g/ is the identity map
on /. Then it is enough to take f = ph: I — X.

Conversely, if g: X — [ isonto X; = g_l(i) = {x € X | g(x) = i} is non-
empty for every i € I. As X = U;X;, by V2 there exists f: I — X such that
f@) € X;,ie.gf(i) =iforeveryi € I.

Example 2.19 We exploit the axiom of choice to prove that the countable union of
countable sets is countable. Let {X,, | n € N} be a countable family of countable
sets; for any n the set of injections X, < AN isn’t empty and the axiom of choice
allows to pick, for every n € N, amap f;,: X, — N. Now consider

w: U, Xy = N, pw(x) =min{n | x € X},
¢: U, X, > NxN, o(x) = (u(x), fu ).

It is immediate to see that ¢ is one-to-one, and therefore U, X, is countable.
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Remark 2.20 The axiom of choice permits to prove a number of counter-intuitive
results, and this is one of the reasons why it raises eyebrows. The most striking
examples are probably the Hausdorff paradox (see Exercise 14.9), and the Banach-
Tarski paradox [Wa93]. Two subsets A, B C R3 are called scissors-congruent if
there are sets Ay, ..., A, and direct isometries (roto-translations) 61, ..., 8, of R3
such that A and B are the disjoint unions of Ay, ..., A, and 01(A}), ..., 0,(A,)
respectively. The Banach-Tarski theorem states that the closed unit ball in R? is
scissors-congruent to the disjoint union of two closed unit balls.

Lacking the axiom of choice, on the other hand, a great deal of mathematics
inevitably falls apart. For example the countable union of countable sets might no
longer be countable without the axiom of choice, see [To03, p. 228].

Exercises

2.13 Given aset X call P(X)’ the family of non-empty subsets in X. A choice map
on X is by definition a map s: P(X)" — X such that s(A) € A for any non-empty
subset A C X. Prove that the axiom of choice is equivalent to the existence of a
choice map on any given set.

214 Q) Let X = [[{X; |i € I}and Y = [[{Y; | i € I} be disjoint unions of
families indexed by the same set /. If X; has the cardinality of Y; for every i € I,
prove that X has the same cardinality of Y.

2.15 Prove that the axiom of choice is equivalent to Zermelo’s postulate: ler A be
a family of non-empty disjoint sets. There exists a set C such that C N A consists of
one element, for each A € A.

2.16 (©) Given a set X and a countable family I3 of subsets in X, denote by 7 the
collection of subsets of X that can be written as unions of elements of 5. Prove that
for any family A C 7 there is a countable subfamily A" C A such that

YUuv= VW

UeA VeA

2.17 Use the axiom of choice to prove the following statement rigorously.

Let f: X — Y be an onto map. If for every y € Y the set f~'(y) is countably
infinite, there exists a bijection X — Y x N whose composition with the projection
Y x N — Y equals f.

2.18 Find the cardinality of the set of bijections N — N (Hint: for every subset
A C N with at least 2 elements, there exists a bijection f: N — N such that
fn) =niffn ¢ A).
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2.5 Zorn’s Lemma

Before it can be employed to tackle many mathematical problems, the axiom of choice
needs to be formulated in other, less intuitive ways. Among its various incarnations
(see [Ke55, p. 33]), the most renowned is—without doubt—Zorn’s lemma. Whereas
the axiom of choice has to do with equivalence relations, Zorn’s lemma deals with
order relations.

An ordering on a set X is a relation < satisfying three properties:

Reflexivity: x < x for every x € X.
Anti-symmetry: if x < yand y < x then x = y.
Transitivity: if x < yandy < zthenx < z.

Other names of an ordering are order relation, or simply order. If < is an order
relation one defines x < y tomean x < y and x # y.

Example 2.21 Let A, B C Y be sets. Define
A<B if ACB.

The relation < is an ordering on P(Y), called inclusion.

An order relation on X is called a total ordering if either x < y or y < x for
every x,y € X. An ordered set is a set equipped with an ordering, and a totally
ordered set is a set with a total ordering.’

Any subset in an ordered set becomes ordered under the induced inclusion relation.

Definition 2.22 Let (X, <) be an ordered set.

1. A subset C C X is called a chain if x < y or x > y for any x,y € C. Put
differently, C C X is a chain if and only if C is totally ordered by the induced
order relation.

2. Let C C X be a subset. A point x € X is called an upper bound for C if x > y
forevery y € C.

3. A point m € X is a maximal element in X if it is the unique upper bound of
itself, i.e. {x € X | m < x} = {m}.

Theorem 2.23 (Zorn’slemma) Let (X, <) be a non-empty ordered set. If every chain
in X is upper bounded, then X contains maximal elements.

We warn the young and inexperienced reader that the consequences of Zorn’s
lemma are far more instructive than its proof. For this reason one might want to skip
the proof at first. A proper argument, which requires the axiom of choice, will be
given in Sect. 8.2, just for the sake of completeness.

3 Also these names are not universally accepted: some people call ‘ordering’ our total ordering, and
‘partial ordering’ our ordering. Poset (standing for ‘partially ordered set’) is another term for an
ordered set.


http://dx.doi.org/10.1007/978-3-319-16958-3_8

34 2 Sets

Let’s show that the axiom of choice can be deduced from Zorn’s lemma. The
proof we’ll provide is the most straightforward and useful means of applying Zorn’s
lemma, whence we shall be very thorough. Consider the first version of the axiom
of choice (V1), and let X, Y be non-empty, g: ¥ — X onto. We’ll show that Zorn’s
lemma yields the existence of a map f: X — Y such that g(f(x)) = x for every
x € X. For this let’s introduce the set S made by pairs (E, f) where:

1. £ C X is a subset;
2. f: E— Yissuchthat gf(x) = x forevery x € E.

The set S isn’t empty, for it contains the pair (4, # < Y). Elements in S can
be ordered by extension: (E, h) < (F, k) iff k extends h, that is to say E C F and
h(x) = k(x) for every x € E. We claim that any chain C C § is bounded from
above. Consider the set

A= |J E

(E,h)eC

and define a: A — Y like this: if x € A there is (E,h) € C such that x € E,
and we set a(x) = h(x). The map a is well defined: if (F, k) € C and x € F then
(E,h) < (F,k)or (E,h) > (F, k) because C is a chain. In either case x € EN F
and h(x) = k(x). Itis clear that (A, a) € S is an upper bound for C.

By Zorn’s lemma there is a maximal element (U, f) € S, so it suffices to show
U = X.If that were not the case, there would exist y € Y such that g(y) € U and the
pair (U U {g(y)}, f7), extending (U, f) and such that f’(g(y)) = y, would belong
to S, contradicting the maximality of (U, f).

Corollary 2.24 Let (X, <) be an ordered set whose every chain has at least one
upper bound. Then for any a € X there exists a maximal element m in X such that
m > a.

Proof Apply Zorn’s lemmato {x € X | x > a}. ]

Proposition 2.25 Cardinalities are always comparable: if X and Y are sets, then
either | X| < |Y|or|Y| < |X|.

Proof Consider the family A of subsets A C X x Y for which the projections
p:A— Xandg: A — Y are one-to-one. As {J belongs to A4, this isn’t empty and
is ordered by the inclusion. Every chain C C .4 is bounded: considering the obvious
element C = U{A | A € C}, the maps p: C — X and ¢g: C — Y are injective and
thus C bounds C.

By Zorn’s lemma A has a maximal element; let’s show that one of the projections
p: A — Xandg: A — Y is onto. If this were not true there would exist x €
X —p(A)andy € Y — g(A); therefore AU {(x, y)} € A, contradicting maximality.

Now, if p: A — X isonto then | X| = |A| < |Y|. Similarlyifg: A — Y is onto,
Y= Al < |X]. u
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Exercises

2.19 Let X be an ordered set with the property that every non-empty subset has a
maximum and a minimum. Prove that X is finite and totally ordered.

2.20 Consider, on a set X, a relation < such that:

1. forevery x, y € X, at least one between x < y, y < x is false;
2. ifx <yandy < z,thenx < z.

Prove that
X<y << X<yorx=y

defines an ordering.

2.21 Let f: X — X be amap on a set X and denote by

fO=tdx, f'=f fP=Ffofi oo fr=fof"",

the iterations of f. Consider the relation ‘x < y if there exists n > 0 such that
x = f"(y)’. Show that < is an ordering on X if and only if, whenever f"(x) = x
for some x € X and an integer n > 0, we have f(x) = x.

2.22 Given a vector space V (not necessarily finite-dimensional) consider the set
G (V) of its vector subspaces, ordered by inclusion (Example 2.21). Prove that for
every subset X C V containing 0 the family

{FeG(V)|FCX}

contains maximal elements.

2.23 (Tukey’s lemma, Q) Let X be a set and B a non-empty family of subsets of X
such that A C X belongs in B iff every finite subset B C A belongs in 3. Show that
BB has maximal elements for the inclusion.

2.24 Use Zorn’s lemma to show that any set admits a total ordering.

2.25 Let V be a vector space over a field K. For any subset A C V call L(A) C V
the linear closure of A, i.e. the intersection of all vector subspaces containing A; note
that L(@) = {0}. A subset A C V is called a set of generators of V if L(A) =V,
and linearly independent if v ¢ L(A — {v}) for every v € A.

(1) Prove that L(A) coincides with the set of finite linear combinations
ayvy + -+ ayvy, a;, €K, v, €A,
of elements of A.

(2) Show that a set of vectors is linearly independent if and only if every finite subset
of it is linearly independent.



36 2 Sets

(3) Let A C V be linearly independent and v € V a vector. Prove that A U {v} is
linearly independent if and only if v ¢ L(A).

Call B the family of all linearly independent subsets of V, ordered by inclusion:
A < B if A C B. An (unordered) basis of V is a maximal element of 5.

(4) Prove that bases do exist, and that for every basis B one has L(B) = V, i.e.
any basis is a set of generators. Then show that any linearly independent set is
contained in at least one basis, and further, any set of generators contains at least
one basis.

Let B C V be a set of generators and A C V a linearly independent set. To show
|A| < |B| we consider the set C of pairs (S, f), where S C Aand f: S — Bisan
injection such that (A — S)U £ (S) is linearly independent. We also impose ANB C §
and f(v) = v for any v € A N B. Now let’s order C by extension: (S, ) < (T, g)
if S C T and g extends f.

(5) Prove that C isn’t empty, has maximal elements and that if (S, f) is maximal,
then S = A. (Hint: if there exists v € A — §, then B isn’t contained in L((A —
(SU{h) U f(S))

(6) Show that any two bases of a vector space have the same cardinality.

2.6 The Cardinality of the Product

In this section we’ll apply the axiom of choice and Zorn’s lemma to show that any
infinite set has the same cardinality of its Cartesian powers.

Lemma 2.26 Every infinite set contains a countably infinite subset.

Proof We shall prove that any infinite set X admitsa 1-1 map f: N — X.Therange
f(N) will be the required countable subset. Call Py(X) the family of finite subsets
of X; for every A € Pp(X) the complement X — A isn’t empty and we can write

X=U{X—-A|AePyX)}.
The axiom of choice ensures the existence of g: Py(X) — X suchthat g(A) € A
for every finite subset A C X.Hence we candefinea 1-1 map f: N — X recursively

by setting

FM=g@® and f)=g{fD), fQ),.... fln—1)) forn > 1.

Lemma 2.27 If A is infinite and B is countable, |A U B| = | A|.
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Proof It’s not restrictive to assume A N B = (). By Lemma 2.26 there exists a
countably infinite subset C C A. Note that C U B is countable, i.e. it has the same
cardinality of C, and so A = C U (A — C) has the same cardinality of AU B =
(CUB)UA-C). ]

Lemma 2.28 |X x N| = | X]| for any infinite set X.

Proof Consider the family A consisting of pairs (E, f)withE C Xand f: ExN —
E injective. We know X contains countably infinite subsets, so A isn’t empty. We
can order A using the extension relation, and declare (E, f) < (H,g) iff E C H
and g extends f. It isn’t hard to show that any chain is bounded, and Zorn’s lemma
then tells there is a maximal element (A, f).

Now we prove |A| = |X|. By contradiction, suppose |A| < | X]|, so that X — A is
infinite and must contain a countably infinite subset B. Choosea I-l mapg: BxN —
B and then define h: (AU B) x N - AU Bby h(x,n) = f(x,n)ifx € A and
h(x,n) = g(x,n)ifx € B.Then hisinjective and extends f, against the maximality
of (A, f). O

Remark 2.29 It descends from Lemma 2.28 that if Y is infinite and X = U;ffX i 18
the union of a countable family where |X;| < |Y| for every i, then |X| < |Y]|. Let
in fact A C N be the set of indices i such that X; # @J; if A = J there’s nothing to
prove, while if A # ¢

Y| <Y x Al = |Y x N| = Y]

and so |Y| = |Y x A|. If we choose for every i € A anonto map f;: ¥ — X, it
follows that f: Y x A — X, f(y,i) = fi(y), is onto.

Theorem 2.30 Any infinite set X satisfies |X| = |X?|.

Proof The argument is very similar to that of Lemma 2.28. Consider the family .4 of
pairs (E, f) where E is a non-empty subsetin X and f: E x E — E is one-to-one.
As X contains countably infinite subsets, A # . Let’s order .A by extension, i.e.
(E, f) <(H,g)iff E C H and g extends f. Easily, every chain is bounded, and so
there is a maximal element (A, f) by Zorn’s lemma. The fact that f is 1-1 tells that
|AZ] = |A|, soitis enough to prove that |A| = | X|. Again by contradiction, suppose
|A| < |X]|. Then X — A contains some B of the cardinality of A, and in particular

|B| = |B x Al = |A x B| = |B x B|.

Since (AUB) x (AUB) = Ax AUA Xx BUB x AU B x B, and by Remark 2.29
there is a bijection from Bto A x BU B x AU B x B, we can extend f to AU B.
But this contradicts the maximality of (A, f). [

Given a set X we define S(X) to be the disjoint union of all Cartesian powers
X", n € N. When X is finite and non-empty S(X) is countable. We also remind that
Po(X) denotes the family of finite subsets in X.
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Corollary 2.31 |S(X)| = |Po(X)| = | X| for any infinite set X.

Proof For any integer n > 0 we have |X"| = | X|. In fact, if » > 1 by induction we
have |X"| = |[X"~! x X| = |X x X| = |X], so S(X) is a countable union of sets
with the cardinality of X. The natural onto map S(X) — Po(X) — {#} then shows
that | X| = |Po(X)]. ]

Exercises

2.26 Prove that any infinite set can be written as disjoint union of countably infinite
subsets.

2.27 Let K be an infinite field. Prove that the ring K[x] of polynomials with coef-
ficients in K has the same cardinality of K.

2.28 Let X, Y be infinite sets and A C X x Y a subset such that:

1. foreveryx € X, {y € Y | (x,y) € A} is countable;
2. foreveryy € Y, {x € X | (x,y) € A} isn’t empty.

Prove that | X| > |Y|. (Hint: show there exists a -1 map A — X x N.)

2.29 Let Q C C denote the set of complex numbers that are roots of polynomials
with rational coefficients. Show that @ is countable and deduce the existence of tran-
scendental numbers. (Hint: Exercise 2.28. A number is transcendental, by definition,
if it does not belong to Q)

2.30 Let B be abasis of the vector space V over a field K. Describe how a surjective
map Py(K x B) — V looks like and deduce that if the set K x 15 is infinite, then

VI = K x B| = max(|K], |B]).

2.31 (s, Q) Let I be an infinite set, K a field and B a basis for the vector space
K! of maps f: I — K. Prove that the cardinality of B is strictly bigger than that of
I. Deduce that every infinite-dimensional vector space cannot be isomorphic to its
algebraic dual.
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Chapter 3
Topological Structures

According to some psychologists, before the age of two-and-a-half children simply
scribble. Between two-and-a-half and four they develop an understanding of sorts for
topology, because they draw different pictures for open and closed figures. From four
years on they can replicate all topological notions: a point inside a figure, outside
it or on the border. Only between four and seven they start distinguishing simple
figures (like squares, triangles) based on their size or angles.

A space is a set whose elements are called points. Putting a topological structure
on a space X means being able to say, given a subset A, which are the interior points,
which the exterior points and which the boundary points. Obviously this can’t be
done completely arbitrarily, and there are a few requirements dictated by common
sense:

. any point in X is an interior point of X;

. if x is an interior point of A, then x € A;

. if x is an interior point of A and A C B, x is an interior point of B;

. if x is an interior point of both A and B, then it is an interior point of A N B;

. if A° denotes the set of interior points of A, then any point of A° is an interior
point of A°.

| O R S R

Exterior points of a subset are those that are interior to the complementary set,
and boundary points are neither interior nor exterior points.

The above five conditions can be adopted as axiomatic definition of a topological
structure (see Exercise 3.14). Nowadays, though, the standard practice is to define
topological structures by way of families of open sets, which is what we’ll do next.

3.1 Topological Spaces

Definition 3.1 A topology on a set X is a family 7 of subsets of X, called open
sets, satisfying the following requirements:
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(A1) ¥ and X are open sets;
(A2) the union of any number of open sets is an open set;
(A3) the intersection of two open sets is an open set.

A set equipped with a topology is called a topological space. Its elements are called
points.

Condition A3 implies that any finite intersection of open sets is still an open set: in
factif Ay, ..., A, areopensets wecanwrite AjN---NA, = (A1N---NA,_1)NA,.
By induction on n the set A N --- N A,_1 is open, so by A3 also A; N ---N A, is
open.

Any set admits at least one topology, typically several. For instance the family
T = P(X) of subsets of X is atopology called the discrete topology, while the family
7T containing only the empty set and X is a topology called trivial or indiscrete.

Example 3.2 In the Euclidean topology on R, a subset U C R is open if and only
if it is the union of open intervals. Open sets thus defined satisfy Al, A2, A3 in
Definition 3.1: for example, if

A=Jlai.bil.  B= ] lendil.

iel heH

are open sets, the distributive laws of union and intersection guarantee that

AmB=(U]a,-,b,-[)m(U]ch,dh[)= U Jai.bil 0 len, dal

iel heH iel,heH

is still a union of open intervals. The Euclidean topology is often called the standard
topology.

Example 3.3 The upper topology on R is defined as the one having | — oo, a[, with
a € R U {400} as non-empty open sets.

Definition 3.4 Let X be a topological space. A subset C C X is called closed if
X — C is open.

Since set-complementation swaps unions with intersections, the closed sets of a
topology on X satisfy the following properties:

(C1) ¥ and X are closed;
(C2) any intersection of closed sets is closed;
(C3) the union of two closed sets is closed.

As for open sets, condition C3 implies that the finite union of closed sets is closed.

It is clearly possible to describe a topology by telling what are its closed sets.
For example, the cofinite topology (or finite-complement topology) on X decrees a
subset C C X closed if and only if either C = X or C is finite.
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Definition 3.5 Let 7 be a topology on a set X. A subfamily B C 7 is called a basis
of 7 if every open set A € 7 can be written as union of elements of B.

Example 3.6 Open intervals form a basis for the Euclidean topology on the real line.

A basis determines uniquely the topology, because any union of basis elements
is open, and conversely any open set has that form.

Theorem 3.7 Let X be a set and B C P(X) a family of subsets. There exists a
topology on X for which B is a basis if and only if two conditions hold:

1. X =U{B| B e B}
2. for any pair A, B € B and any point x € A N B there exists C € B such that
xeCCANB.

Proof The two conditions are clearly necessary, so let’s prove they are also sufficient.
Define open sets to be arbitrary unions of elements of 3. Then X is open (union of
everything), ) is open (empty union), and the union of open sets is easily open. The
second condition implies that for every A, B € 3 we have

ANB=U{C|CeB, CC ANB).

If U = UA; and V = UB; are unions of elements A;, B; € B, by the distributive
laws we obtain

UNV =U(A;NBj)=U{C|C e Band3i, jsuchthat C C A; N B;}.
ij
O

A common mistake the reader should prevent is to mix the notion of a topological
basis with Theorem 3.7: in the definition the topology is given, and the criterion to
be checked is not the one stated in the theorem, but that any open set can be written
as union of open sets from the basis.

There is a natural order relation among the topologies of a given set.

Definition 3.8 Let 7 and R be topologies on the same set. One says that 7 is finer
(or stronger, larger) than R (and that R is coarser, weaker, or smaller than 7°),
written R C 7, when every open set of R is open in 7.

Example 3.9 The lower-limit line is defined as the set of real numbers with the
topology whose basis consists of the family of half-open intervals [a, b[. As ]a, b[ =
Uesalc, b[, this topology is finer that the Euclidean topology.'

Given an arbitrary collection {Z;} of topologies on a set X their intersection
T = N;7; is a topology. If the 7; are the only topologies containing a given family
S C P(X) of subsets of X, then 7 is the coarsest topology among those containing
elements of S as open sets.

'Mathematicians do not invent strange-looking topologies just for fun: Robert Sorgenfrey, for
instance, defined the lower-limit topology to answer the question of whether the product of para-
compact spaces (Definition 7.14) is paracompact (it’s not [So47]).
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Example 3.10 Let {X; | i € I} be a collection of topological spaces. Consider on
their disjoint union X = []; X; the coarsest topology among those containing the
topology of each X;; here a subset A C X is open iff AN X; is openin X; foreveryi.
The topological space defined in this way is called disjoint union of the topological
spaces X;.

Example 3.11 Let K be a field, n > 0 a given integer and K[x1, ..., x,] the poly-
nomial ring in n variables and coefficients in K. For any f € K[x, ..., x,] we
define

D(f) ={(a1,...,an) € K" | f(ai1,...,an) # O}.
Since D(0) =@, D(1) = K" and D(f) N D(g) = D(fg), the subsets D(f) form a

basis of open sets for a topology on K” that is called Zariski topology. One indicates
by V(f) the complement of D(f), and sets

V(E) = ﬂ V(f)={(a,...,ay) € K" | f(aj,...,ay,) =0 V f € E}

feE
for any subset E C Klx, ..., x,]. The subsets V(E) are, as E varies, the only
closed subsets in the Zariski topology. Given any subset £ C K[x, ..., x,] one

writes I = (E) for the ideal generated by E; as E C [ we have V(I) C V(E).
Conversely, given an element f € I, there is an integer n > 0 and polynomials

fio--s fu€ Eand gy, ..., g, € K[x1,...,x,] suchthat f = fig1 + -+ fugn>
and therefore

VIE)ycV(foNn---nV(fa) CV(f).

This proves that
V(E) C (Y V() =V),

fel
whence V(I) = V(E) and, further, that Zariski-closed subsets are precisely the
subsets of type V (1), as I varies among the ideals of the ring K[xy, ..., x,].
Exercises

3.1 (Q) True or false?

There is only one topological structure on the singleton.

A set with two elements admits exactly four different topological structures.

On a finite set any topology has an even number of open sets.

On an infinite set with the cofinite topology any pair of non-empty open sets has
non-empty intersection.

S

3.2 Prove that closed intervals [a, b] C R are closed in the Euclidean topology.

3.3 Letoo € X be a given element in a set. Check that
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T={ACX|oo¢gAorX — Ais finite}

defines a topology on X.

3.4 Let X be a set. Prove that
T={ACX|A=0or X — Ais finite or countable}

is a topology on X.

3.5 Let (X, <) be an ordered set. Show that the subsets
My={reX|x<y}

are, as x € X varies, a basis for a topology.

3.6 (There exist infinitely many primes, ©) For any pair of integers a, b € Z,
with b > 0, let’s write N, , = {a + kb | k € Z}. Prove the following facts:

1. arithmetic progressions B = {N,.5 | a, b € Z, b > 0} form a basis for a topology
7T on Z;

2. every N, p is both open and closed in 7;

3. call P = {2, 3, ...} C Nthe set of primes. Then

Z—{—1,1y=U{Np,, | p € P}.

Therefore if P were finite {—1, 1} would be open in 7.

3.2 Interior of a Set, Closure and Neighbourhoods

The concept of adherence defined in Sect. 1.3 generalises to arbitrary topological
structures.

Definition 3.12 Given a subset B in a topological space X, one writes B for the
intersection of all closed sets containing B:

B=(){C|BcCCcCX, Cclosed} .

Equivalently, B is the smallest closed set in X containing B, and is called the closure
of B; its points are said to be adherent to B.

Example 3.13 1f A C B, any closed set containing B also contains A, and sOA C B.
If A; is a family of subsets in a topological space, then U; A; C U; A;jzas Aj C U A,
in fact, A_j C U; A, for any j.
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Definition 3.14 A subset A in a topological space X is said to be dense if A = X
or, equivalently, if A meets every non-empty open subset of X. More generally, if
A C B are subsets, A is dense in B when B C A.

Example 3.15 1. Inaspace with the trivial topology any non-empty subset is dense.
2. In a space with the discrete topology no proper subset is dense.
3. The set of rationals is dense in the space R equipped with the Euclidean topology.
4. In a space with the cofinite topology any infinite subset is dense.

Closely related to the closure are the notions of interior and boundary.

Definition 3.16 The interior B° of a subset B in X is the union of all open sets
contained in B. Equivalently, B° is the largest open set contained in B; its points are
called interior points of B.

Notice that a subset B of a topological space is open if and only if B = B° and
closed if and only if B = B. Passing to the complement we obtain the relationship
X —-B°=X—B.

Example 3.17 For the Euclidean topology on the real line R we have, for any a < b:

la, bl =la, b] = la, b] =|a, b], [a,b]®° =la,b[°=]a,b]° =]a, bl .

Definition 3.18 The boundary of a subset B in a topological space is the closed set
0B = B — B° = BN X — B. Hence boundary points are those adherent to B and
to X — B.

For instance, in the Euclidean topology on R we have d[a, b] = {a, b} and
dla, b[ = {a, b} for any a < b.

Definition 3.19 Let X be a topological space and x € X a point. A subset U C X is
called a neighbourhood of x if there is an open set V such thatx € Vand V C U,
i.e. if x is an interior point of U.

Let’s denote by Z(x) the family of neighbourhoods of x. By definition if A is a
subset in a topological space, A° = {x € A | A € Z(x)}; in particular a subset is
open if and only if it is a neighbourhood of each of its points.

Lemma 3.20 The family I (x) of neighbourhoods of a point x is closed under exten-
sion and finite intersection, i.e.:

1. ifUeZI(x)andU C V,thenV € I(x);
2. ifU,V €I(x), then UNV € I(x).

Proof If U is a neighbourhood of x there exists an open set A suchthatx € A C U.
If U C V then a fortiori x € A C V, and so V as well is a neighbourhood of x.
If U, V are neighbourhoods of x there exist open sets A, B such thatx € A C U,
xeBCV.Hencexe ANBCUNYV. [l
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Set-complementation allows to give a useful characterisation of the closure of
a set.

Lemma 3.21 Let B be a subset in a topological space X. A point x € X belongs to
B ifand only if U N B # @ for every neighbourhood U € Z(x).

Proof By definition x ¢ B if and only if x is an interior point of X — B; at the same
time x is an interior point of X — B if and only if there is a neighbourhood U € Z(x)
suchthat U C X — B. (]

There is, for neighbourhoods, the analogue of the notion of a basis.

Definition 3.22 Let x be a point in a topological space X. A subfamily 7 C Z(x) is
called a local basis (of neighbourhoods) at or around x, if for any U € Z(x) there
exists A € J suchthat A C U.

Example 3.23 1. LetU € Z(x) be a given neighbourhood. All neighbourhoods of
x contained in U form a local basis at x.
2. If B is a basis for the topology, open sets in B containing x form a local basis at
X.

A topology can be described entirely by listing the neighbourhoods of its points
(see Exercise 3.14).

Exercises

3.7 (©) Give an example of subsets A, B C R such that
ANB=0, ANB#0, ANB#J.

3.8 (V) Let A, B be subsets in a topological space. Prove AU B = A U B.

3.9 (V) Let A be a dense subset of a topological space X. Prove U N A = U for
any open set U C X.

3.10 On the plane R? consider the family 7 consisting of the empty set, R? and all
open discs {x> 4+ y> < r2}, r > 0. Prove that 7 defines a topology and determine
the closure of the hyperbola xy = 1.

3.11 Show that the closed intervals [—27",27"], n € N, form a local basis of
neighbourhoods around 0 in the Euclidean topology on R.

3.12 A topological space is called T1 if every finite subset is closed. Prove that X
is a T1 space if and only if
= U

UeZ(x)

forevery x € X.
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3.13 Let {U, | n € N} be a countable local basis of neighbourhoods at a point x in
a topological space. Prove that the family

(Vo=UiN---NU, | neN}

is still a local neighbourhood basis at x.

3.14 (O) Let X be a set and suppose we are given, for any x € X, a family Z(x) of
subsets in X so that the following five conditions hold:

1. X € I(x) for every point x € X;

2. x e U forany U € Z(x);

3. ifUeZ(x)andU C V,then V € Z(x);

4. if U,V € Z(x),thenU NV € T(x);

5. if U € Z(x), there is a subset V C U such that x € V and V € Z(y) for any
yeV.

Prove that there exists a unique topology on X for which Z(x) is the family of
neighbourhoods at x, for any x € X.

3.15 A closure operator on a given set X isamap C: P(X) — P(X) obeying the
four (Kuratowski) axioms:

1. A C C(A) for every subset A C X;

2. C(A) =C(C(A)) forevery A C X;

3. C@) =0,

4. C(AUB) =C(A)UC(B) forevery A, B C X.

Prove that for any topological structure on X the map A — A is a closure operator,
and conversely, that for any closure operator C on X there is a unique topological
structure for which C(A) = A.

3.16 Spot the mistake(s) in the following argument, allegedly proving the inclu-
sion U;A; C U;A;. Let x € U;A;. Any neighbourhood of x meets U; A;, so any
neighbourhood meets one of the A; and therefore x belongs to the closure of A;.

3.3 Continuous Maps

Definition 3.24 A map f: X — Y between two topological spaces is continuous
if the pre-image

i =eX|f)ea
of any open set A C Y is open in X.

Before we continue let’s remark that the operator f -1 py) > P(X) commutes
with the operations of set-complementation and union:
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- =x-r1, [ =ur'A.

As a result:

1. amap f: X — Y is continuous if and only if the pre-image f~!(C) of any
closed set C C Y is closed in X (complementation);

2. let B be a topological basis of Y. A map f: X — Y is continuous if and only if
for any B € B the set f~!(B) is open in X (each open set in Y is the union of
elements of B).

Lemma 3.25 Let f: X — Y be a map between two topological spaces. Then f is
continuous if and only if f( A) C f(A) for any subset A C X.

Proof Let’s suppose f continuous; then for any A C X the subset f~'( f(A)) is
closed and contains A. Therefore A C f~!(f(A))andso f(A) C f(A).

Now assume f(A) C f(A) for any A C X. In particular for every closed set
C C Y (setting A = f~1(C))

feFHen c ey =c=c,

whence f~1(C) ¢ f~1(C). But this means f~'(C) is closed. O
Lemma 3.25 implies that Definitions 1.4 and 3.24 are equivalent.
Theorem 3.26 The composite of continuous maps is continuous.

Proof Take continuous maps f: X — Yandg: Y — Zandlet A C Z be open. By
the continuity of g we have that g~ (A) is open, and then f~! (g_l (A)) becomes
open because f is continuous. To finish it suffices to note that f~! (g’l(A)) =

g~ 1(A). 0

Definition 3.27 A map f: X — Y between topological spaces is continuous at a
point x € X if for any neighbourhood U of f(x) there is a neighbourhood V of x
such that f(V) C U.

Theorem 3.28 A map f: X — Y is continuous if and only if it is continuous at
every point of X.

Proof Suppose f continuous and let U be a neighbourhood of f(x). By definition
of neighbourhood there is an open set A C Y such that f(x) € A C U: the open set
V=F"1Aisa neighbourhood of x and f(V) C U.

Conversely, suppose f is continuous at every point and let A be an open setin Y.
We claim f~'(A) is a neighbourhood of all of its points. If x € f~1(A) then A is a
neighbourhood of f(x) and there is a neighbourhood V of x such that f(V) C A.
This amounts to saying V C f~!(A), and therefore f~!(A) is a neighbourhood
of x. (]
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Definition 3.29 A homeomorphism is a continuous bijective map with continuous
inverse. More precisely, a continuous mapping f: X — Y is called a homeomor-
phism if there exists a continuous map g: ¥ — X such that the composites g f and
fg are the identity maps on X and Y respectively.

Two topological spaces are said homeomorphic if there’s a homeomorphism
between them.

Definition 3.30 A map f: X — Y is called:

1. openif f(A)is openin Y for any open set A of X;
2. closed if f(C) is closed in Y for any closed set C of X.

Lemma 3.31 Let f: X — Y be a continuous map. The following conditions are
equivalent:

1. f is a homeomorphism,
2. f is closed and bijective;
3. f is open and bijective.

Proof Let’s prove (1) = (2): every homeomorphism is bijective by very definition.
If g: Y — X is the inverse of f, g is continuous and for any closed subset C C X,
f(C) =g 1 (C)isclosedin Y.

As for (2) = (3),let A C X be open and set C = X — A. As f is bijective we
have f(A) = f(X —C) =Y — f(C), so f(A) is the complement of the closed set

FO).
At last, to show (3) = (1) suppose g: ¥ — X is the inverse of f. Then for any
open subset A C X, g~!(A) = f(A) is open and therefore g is continuous. O

The term real(-valued) continuous map typically refers to a continuous map
f: X — R for the Euclidean topology on R.

Exercises

3.17 Prove that constant maps are continuous, irrespective of the topologies consid-
ered.

3.18 Let 77 and 7, be given topologies on a set X. Prove that the identity map
(X,71) — (X, T»), x — x, is continuous if and only if 7] is finer than 75.

3.19 Given f: R — R and k € R write
Mk)={xeR| f(x) >k} mk)y={xeR]| f(x) <k}

Prove that f is continuous if and only if M (k) and m (k) are open for any k.

3.20 Let f;: Y; — X be a family of continuous maps with values in a given topo-
logical space X. Show that the induced map f: [[; ¥; — X is continuous, where
L1; Yi is the disjoint union (Example 3.10) and f(y) = fi(y) if y € ;.
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3.21 Two subsets A, B of a topological space are called adherent to each other if
(ANB)U(ANB) # 0.

Prove that continuous maps preserve the relation of adherence of subsets. Con-
versely if f: X — Y is amap between T1 spaces (see Exercise 3.12) that preserves
adherence, f is continuous.

3.22 Prove that the composite of two homeomorphisms is a homeomorphism and
the inverse of a homeomorphism is a homeomorphism, so that the set Homeo(X) of
homeomorphisms from a topological space X to itself is a group. Introduce, on the
category? of topological spaces, the relation ‘X ~ ¥ <= X is homeomorphic to
Y’. Show that ~ is an equivalence relation (called topological equivalence).

3.23 Tell, justifying the answer, whether the group of homeomorphisms of the inter-
val [0, 1] is Abelian.

3.24 (Q)Let X, Y be topological spaces and B a topological basis of X. Prove that
f: X — Y isopenifand only if f(A)isopeninY forevery A € B.

3.25 Let f: X — Y be a continuous mapping and A C X a dense subset. Prove
f(A) isdense in f(X).

3.26 Let f: X — Y bean open mapping and D C Y adense subset. Prove f~1(D)
is dense in X.

3.27 Consider the following commutative diagram of continuous maps:

) .
lf/
Y

Show that 4 is closed provided f is onto and g closed.

VA

3.28 Let X be a topological space. A map f: X — R is upper semi-continuous
if £=1(] — 0o, a[) is open in X for any a € R. Prove f: X — R is upper semi-
continuous if and only if, for any x € X and any ¢ > 0, there is a neighbourhood U
of x such that f(y) < f(x) + e forevery y € U.

3.29 (Q) Find an example of a map f: [0, 1] — [0, 1] that is continuous only at
the point 0.

3.30 (©) Let A C R be a countable subset. Find a map f: R — [0, 1] that is
continuous at every point in R — A, and only there.

ZRigorously speaking, the notion of a category is quite different from that of a set: while we wait
for the correct definition (Sect. 10.4), the name ‘category’ can be used instead of ‘collection’.
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3.31 (s, Q) Let X be atopological space and f: X — R any map. Prove the subset
of points of X at which f is continuous is the intersection of a countable family of
open sets.

Remark 3.32 Tt can be proved (Exercise 6.25) that the set of rational numbers cannot
be written as countable intersection of open sets in R in any way. A baffling con-
sequence of Exercises 3.30 and 3.31 is that there do exist maps that are continuous
only at irrational points, while there’s no continuous mapping on Q only.

3.4 Metric Spaces

Definition 3.33 A distance on a set X is a function d: X x X — R meeting the
following properties:

1. d(x,y) >0forany x,y € X,andd(x,y) =0 < x =y;
2. d(x,y) =d(y,x) forevery x,y € X;
3. d(x,y) <d(x,z)+d(z,y) forall x, y, z € X.

Condition 3 is called triangle inequality.
Example 3.34 On an arbitrary set X the function

0 ifx =y,

d: X x X - R, dx,y) = 1 ifx £y

is a distance.

Definition 3.35 A metric space is a pair (X, d) formed by a set X and a distance d
on X.

Example 3.36 The line R with the Euclidean distance d(x, y) = |x — y| is a metric
space.

Example 3.37 The space R", with the Euclidean distance

dx,y) =01 = y2 4 = ),

is a metric space: the triangle inequality holds by virtue of Lemma 1.3.

Example 3.38 The identification C = R? of complex numbers with pairs of reals
generalises to any Cartesian power: C"* = R?". The Euclidean distance on R*" reads

dey) =l =P+ =l xyeC”

in the coordinates of C". The functiond : C" x C" — Ris called Euclidean distance
on C".
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Example 3.39 R" admits other interesting distance functions, such as
n
di(x.y) = lxi =yl and  doo(x, y) = max{lx — yil}.
i=1

We may compare these to the Euclidean distance d by the inequalities

doo(x,y) =d(x,y) =di(x,y) =n-doo(x,y).
The only non-trivial relation is the middle one, and to prove it it’s enough to square it.

Example 3.40 Let d be a distance on a set X. The function
d: X x X - R, d(x,y) = min(l, d(x, y))

is still adistance, called standard bound of d. The only property that’s not immediate
is the triangle inequality d(x,y) < d(x,z) + d(z,y). Asd < 1,if d(x,z) +
d(z,y) > 1 there is nothing to prove. If, instead, d(x,z) + d(z,y) < 1 then
d(x,z) =d(x,2),d(z,y) =d(z, ), so

d(x,y) <d(x,y) <d(x,2) +d(y,2) =d(x,2) +d(z, y),

eventually showing that d is indeed a distance function.

Definition 3.41 Let (X, d) be a metric space. The subset
Bx,r)y={ye X |dx,y) <r}

is called open ball centred at x with radius » (for the distance d).

The name ‘ball’ stems from the Euclidean world. Balls for the two distances of
Example 3.39 are actually hypercubes.
Any distance function induces in a natural way a topological structure.

Definition 3.42 (Topology induced by a distance) Let (X, d) be a metric space. The
topology on X induced by d is called metric topology: A C X is open in the metric
topology if for any x € A there exists r > 0 such that B(x,r) C A.

Let’s check that the family of open sets defined in 3.42 fulfils axioms A1, A2 and
A3.If A = ( the condition is automatic. Since x € B(x, r) for any r > 0, we can
write X = UyexB(x, 1). If A = U; A; with A; open for every i and x € A, there is
one index j such thatx € A;, and we can findr > Osuchthat B(x,r) C A; C A.If
A, Bareopenand x € ANB thereexistr, t > Osuchthat B(x,r) C A, B(x,t) C B;
calling s the minimum between » and ¢, we have B(x,s) C AN B.
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Example 3.43 The Euclidean topology (also known as standard topology) of the
spaces R" and C" is by definition the one induced by the Euclidean distance. Unless
we specify otherwise, the symbols R” and C" will henceforth always denote the
standard topological structure on the respective space.

Lemma 3.44 For the topology induced by a distance:

1. open balls are open;

2. asubset is open if and only if it is a union of open balls (therefore open balls form
a topological basis);

3. asubset U is a neighbourhood of a point x if and only if it contains an open ball
with centre x, i.e. iff there exists r > 0 such that B(x,r) C U.

Proof Concerning (1),if y € B(x,r) wesets =r —d(x,y) > 0;ifd(z,y) < s
thend(x, z) <d(x,y)+d(y,z) <rand B(y,s) C B(x,r) follows.

Now we prove (2). Since the union of open sets is open the ‘if” statement is ok.
For the converse, if A is open we can choose, for any x € A, areal number r(x) > 0
such that B(x, r(x)) C A, whence A = U,eca B(x, r(x)).

As for (3), note that U is a neighbourhood of x if and only if there is an open A
such that x € A C U. If B(x,r) C U, since B(x, r) is open, we have that U is a
neighbourhood. Vice versa, if U is a neighbourhood there is an open set A such that
x € A C U, and therefore an r > 0 such that B(x,r) CA CU. O

Example 3.45 Consider a metric space (X, d). The proof of Example 1.6 shows that
for any x € X and any real number r, the subset C = {x’ € X | d(x,x’) < r}is
closed in the metric topology. It is quite interesting to observe that in general such
subset does not coincide with the closure of the open ball B(x, r): just take open
balls of radius 1 for the distance of Example 3.34.

For metric spaces we rediscover the classical definition of continuity given by the
(in)famous couple ‘epsilon-delta’.

Theorem 3.46 Let f: (X,d) — (Y, h) be a map between two metric spaces and x
a point of X. Then f is continuous at x if and only if for any ¢ > 0 there exists § > 0
such that h(f (x), f(y)) < & whenever d(x,y) < 4.

Proof Continuity at x means that for any neighbourhood V of f(x) there is a neigh-
bourhood U of x such that f(U) C V. It is enough to invoke the description of
neighbourhoods in a metric space given in Lemma 3.44. (]

Example 3.47 (Distance from a subset) Let (X, d) be a metric space. For any non-
empty subset Z C X consider the distance from Z, the function defined by

dz: X — R, dz(x) = inf d(x, 7).
zeZ

Notice dz(x) = 0 if and only if x € Z. Moreover, dy satisfies the triangle
inequality |dz(x) — dz(y)| < d(x,y), hence is continuous: in fact, because of the
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obvious symmetry it suffices to show that for any pair of points x, y € X we have
dz(y) —dz(x) < d(x,y). From the definition there exists, for any ¢ > 0,z € Z
such that dz(x) + ¢ > d(x, z), and so

dz(y) =d(z,y) =d(z,x) +d(x,y) =dz(x) + e +d(x, ).

In particular dz(y) — dz(x) < e +d(x, y), and everything follows when taking the
limit as ¢ goes to 0.

Corollary 3.48 Letd, h be distances on a set X. The topology induced by d is finer
than the topology induced by h if and only if for any x € X and any ¢ > 0 there
exists 8 such that d(x,y) <6 = h(x,y) < e&.

Proof The d-topology is finer than the h-topology if and only if the identity map
(X,d) — (X, h) is continuous. U

Definition 3.49 Two distances on a set X are said equivalent if they induce the
same topology. A topological space X is metrisable if the topology is induced by a
suitable distance.

For example if d is a distance, for any positive real number a the function ad is
a distance with the same balls as d, and thus it is equivalent to d.

Corollary 3.50 Let d, h be two distances on X and a, c positive real numbers. If

d(x.y) > min(a, h(x, y))

forany x,y € X, the topology induced by d is finer than the one induced by h. In
particular any distance is equivalent to its standard bound (Example 3.40).

Proof For the first statement it is enou_gh to take, in Corollary 3.48, the number § as
the minimum of a/c and ¢/c. Calling d(x, y) = min(1, d(x, y)) the standard bound
of d, we have

d(x.y) > min(1, d(x, y))’ dex, 0> min(1, d(x, y)).

1 1 0
Example 3.51 Let (X, h) and (Y, k) be metric spaces and f: [0, +oo[2> Ra map
such that:

1. 0 < f(c1,¢2) < f(ar,a2) + f(b1,by) whenever 0 < ¢; < a; + by and 0 <
cy < ay+ by
2. f(a,b)=0ifand onlyifa =b = 0.

Thend: (X xY)x (X xY)—=R

d((x1, y1), (x2, y2)) = f(h(x1, x2), k(y1, ¥2)),
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is a distance on X x Y. In particular, the functions
di,dry,dso: (X xY)x (X xY)—> R,

dl((X], yl)s (-x21 )’2)) = h(.XI, x2) + k(yl’ yz),

do(x1, ¥ (2, 2) = A1, 2% + k1, 1202,
doo((x1, y1), (X2, y2)) = max(h(x1, x2), k(y1, y2)),

are equivalent distances on X x Y, as it follows from Corollary 3.50 and the inequal-
ities doo < d2 < dj < 2do.

Definition 3.52 Let (X, d) be a metric space. A subset A C X is bounded if there
is a real number M such that

d(a,b) < M foranya,b € A.

Amap f: Z — X, with Z a set, is bounded if f(Z) is a bounded set.

Corollary 3.50 shows, amongst other things, that boundedness is not a topological
property: there exist pairs of equivalent distances on a set X such that X is bounded
for one distance and unbounded for the other.

Exercises

3.32 (Quadrangle inequality, Q) Let (X, d) be a metric space. Prove that any four
points x, y, z, w € X satisfy

|d(x1 y) - d(Zv w)| S d(-xs Z) + d(yv U))

When w = z the quadrangle inequality reduces to the triangle inequality, while
for w = y it becomes |d(x, y) —d(z,y)| < d(x, 2).

3.33 (Q) Let d be a distance on a finite set X. Prove that the induced topology is
discrete.

3.34 Let X be a finite set, Y = P(X) the family of subsets of X and defined: ¥ x
Y - Rby

d(A,B) = |A|+ |B| —2|ANB|  (|A| = cardinality ofA).

Prove that d is a distance on Y.

3.35 Prove that the metric topology is the coarsest among all topologies whose open
balls are open.
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3.36 Show that any set with the discrete topology is metrisable.

3.37 Show that any set (containing at least two points) with the trivial topology is
not metrisable.

3.38 Prove that in a metric space an open ball of radius 1 cannot properly contain an
open ball of radius 2. Find an example, or prove the non-existence, of a metric space
where an open ball of radius 2 contains an open ball of radius 3 as a proper subset.

3.39 (O) Let f: [0, +00[— [0, +0o[ be a continuous map with f~1(0) = 0 and
f(c) < f(a)+ f(b) forany ¢ < a + b, and take a distance d on a set X. Prove that
the function i (x, y) = f(d(x, y)) is a distance equivalent to d.

3.40 (Q) Let d be a distance on a set X. Prove that

d ’
5: X x X — R, S(x,y)zﬂ
1+dx,y)

is a distance equivalent to d.

3.41 Let (X, d) be a metric space and Z C X a non-empty subset. Prove that for
any x € X
dz(x) =inf{r e R| B(x,r) N Z # 0}.

342 (Q) Let (X, d) be a metric space and A, B C X disjoint closed sets. Prove
the existence of two disjoint open sets U, V C X suchthat A C U and B C V.
(Hint: use the functions d4, dp from Example 3.47 in order to define the set {x €
X [da(x) <dp(x)}.)

3.5 Subspaces and Immersions

Any subset Y in a topological space X inherits naturally a topological structure: one
says that a subset U C Y is open in Y if there is an open set V in X such that
U =Y N V. Itis straightforward that open sets thus defined satisfy conditions Al,
A2 and A3 in Definition 3.1, and therefore define a topology on Y, called subspace
topology.>

A topological subspace of X is a subset Y endowed with the topology of open
setsinY.AsY —(VNY)=YN(X—V),itfollows that C C Y isclosedin Y if and
only if there is a closed set B in X such that C = Y N B. If B is a topological basis
of X,{ANY | A € B}isabasis of the subspace topology on Y. The inclusion map
i: Y — X is continuous, because for any open A of X we have i1 (A)=YNA,an
open set in Y by definition. The subspace topology, moreover, is the coarsest among
those that make the inclusion map continuous.

3In other books this sometimes is called induced topology on subsets. We shall shun the latter
terminology to avoid confusion with what comes next.
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Example 3.53 1If (X, d) is a metric space and Y C X, the restrictionof dtoY x Y
turns Y into a metric space: the topology induced by the restricted distance coincides

with the subspace topology: any open ball in Y arises as intersection with an open
ball in X.

A topological subspace is called discrete if the subspace topology is discrete.
Equivalently, a subspace Z C X is discrete if and only if for any z € Z there is an
open set U C X such that U N Z = {z}. Integer numbers are a discrete subspace of
R, for example, whereas Q is not discrete in R.

Proposition 3.54 Consider X, Z topological spaces, Y a subspacein X, f: Z — Y
amap and if: Z — X the composite of [ with the inclusion of Y in X. Ifif is
continuous then also f is, and conversely.

Proof If f is continuous then i f is continuous as composite of continuous maps.
Now suppose i f continuous and take A C Y open in Y. There is an open set U
in X suchthat A=Y NU,so f~'(A) = (if)""(U) is open in Z. O

Lemma 3.55 Let Y be a subspace in a topological space X and A a subset of Y.
The closure of A in Y coincides with the intersection of Y with the closure of A in X.

Proof Let C be the family of closed sets in X containing A. For C € C the subsets
CNY are the only closed sets in Y containing A, so the closure of A in Y (by definition
Ncec(Y N C), coincides with Y N ([ ¢ C). But the latter is the restriction to ¥
of the closure of A in X. O

Lemma 3.56 Let X be a topological space, Y C X a subspace and Z C Y a subset.

1. IfY isopenin X, then Z is openin Y iff Z is open in X.

2. IfY isclosedin X, then Z is closed in Y iff Z is closed in X.

3. If Y is a neighbourhood of vy, Z is a neighbourhood of y in' Y iff Z is a neigh-
bourhood of y in X.

Proof Only the last claim is non-trivial. Let U be an open subset in X such that
y € U C Y. If Z is a neighbourhood of y in Y there is an open set V in ¥ with
x € V C Z. The intersection V N U is open in U, so it is open in X as well, and

yeVnuUCZ.
Conversely: if there is V openin X withx € V. C Zthen V = V NY is open in
Y, too. O

Definition 3.57 A continuous, one-to-one map f: X — Y is called a (topological)
immersion if every open set in X is of the form f~!(A) for some open set A in Y.

Put differently, f: X — Y is an immersion if and only if it induces a homeomor-
phism from X to f(X).
Not all continuous injections are immersions. For example the identity map

Id: (R, Euclidean topology) — (R, trivial topology)

is continuous and 1-1 but no immersion.
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Definition 3.58 A closed immersion is both an immersion and a closed map. An
open immersion is an immersion and an open map.

Lemma 3.59 Let f: X — Y be continuous.

1. If f is closed and one-to-one, f is a closed immersion.
2. If f is open and one-to-one, f is an open immersion.

Proof (1) Assume f is injective, continuous and closed. For any closed set C C X,
the image f(C) C f(X)isclosedin Y and hence closed in the subspace topology of
f(X). Therefore the restriction f: X — f(X) is continuous, bijective and closed,
whence a homeomorphism.

(2) The argument is analogous and left as an exercise. (|

There exist immersions that are neither closed nor open; animmersion f: X — Y
is closed if and only if f(X) is closed, and open if and only if f(X) is open.

Exercises

3.43 (Q) True or false?

1. The closure of a discrete subspace is discrete.
2. Every discrete subspace of a metric space is closed.

344 (O)Let B C Xbea subset,_A open 12 X and Z C A the closure of AN B in
the subspace A. Prove Z = A N B, where B is the closure of B in X. Compare this
fact with Lemma 3.55 and Exercise 3.7.

3.45 () Let X be a topological space: a subset Z C X is said locally closed if for
any z € Z there is an open subset U C X containing z such that Z N U is closed
inU.

Prove that the following statements are equivalent:
1. Z is locally closed;

2. Zis open in Z (in the subspace topology);
3. Z is the intersection of a closed and an open subset of X.

3.46 Two subsets A and B of a topological space X are called separated if they are
not adherent to each other: AN B = AN B = (. Prove that:

1. if F,G C X are both open or both closed, A = F — G and B = G — F are
separated;
2. if A, B C X are separated, A and B are open and closed in A U B.

347 Consider X = R—{1}, Y = {32 = x>+ x’} c R®and f: X — 7Y,
f(t) = (1> — 1,13 —1). Show that f is continuous and bijective, that any x € X has
aneighbourhood U such that f: U — f(U) is a homeomorphism and that f is not
a closed map.

3.48 (Q) Prove that any discrete subspace of R is countable.



58 3 Topological Structures

3.6 Topological Products

If P, Q are topological spaces we write P x Q for their Cartesian product and call
p: PxQ— P,q: Px Q — Q the projections onto the factors. The collection T
of topologies on P x Q for which p, g are continuous mappings isn’t empty because
of the discrete topology, and the intersection of all topologies in T is the coarsest
among those rendering the projections continuous.

Definition 3.60 The product topology on P x Q is the coarsest of all those making
the projections continuous.

Theorem 3.61 With the previous notations:

1. subsets of the type U x V, forany U C P and V C Q open, form a basis, that
we call the canonical basis of the product topology;

2. the projections p, q are open maps, and for any (x,y) € P x Q the restrictions
p: P x{y}— P,q: {x} x Q — Q are homeomorphisms;

3. amap f: X — P x Q is continuous if and only if its components f1 = pf and
f» = qf are continuous.

Proof (1) For the time being let’s indicate with P the product topology. As (U; X
Vi) N (Uz x Vo) = (Uy NUL) x (Vi N V,), by Theorem 3.7 the subsets U x V,
with U and V open in P and Q respectively, form a basis of a topology 7. The
projection p: P x Q — P is continuous for 7 because for any open U C P the
set p~1(U) = U x Q is a basis element, and hence it belongs to 7. One proves
similarly that ¢ is continuous for 7, hence 7 is finer than P. On the other hand if
Uc PandV C Qareopen, U x V = p~ L (U)Ng~'(V) € P. Therefore any open
set of 7 is union of open sets in the product topology, implying that 7 is coarser
than P. Altogether 7 coincides with the product topology.
(2) Take y € Q, and then for any open pair U C P,V C Q

(UXV)D(Px{y})zlgx{y} tyeyv,

and the open sets of P x {y} are precisely the possible unions of the products
U x {y} as U varies among open sets in P. Consequently p: P x {y} — Pisa
homeomorphism. Let A be open in P x Q: to show that p(A) is open we need to
write p(A) = Uyer(A N P x {y}) and note that any p(A N P x {y}) is open in P.

As far as (3) is concerned, f is continuous if and only if the pre-image of any
open set of a basis is open. Hence f is continuous if and only if for any open pair
UcCP,VCQthesubset f~(U x V)= f'U)N f; '(V)isopenin X. [

Example 3.62 The equivalent metrics dj, d and d, (Example 3.51) induce on the
Cartesian product (X, h) x (Y, k) the product topology.

The previous construction generalised to the product of any finite number
P1, ..., P, of topological spaces. The product topology on P; x --- x P, is the
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coarsest among those rendering the projections continuous. The canonical basis of
the product topology is given by subsets U; x --- x U,, with U; open in P;.

Example 3.63 The Euclidean topology on R” coincides with the product topology
of n copies of R.

Example 3.64 The projection on the first factor p: R?> — R is not a closed map.
The hyperbola C = {xy = 1} C R? is the zero set of the continuous map f(x, y) =
xy — 1, whence a closed set. On the other hand p(C) = R — {0} is definitely not a
closed set.

Exercises

349 Givenmaps f: X — Y and g: Z — W, define

fxg:XxZ—>YxW,  (fxgu2)=(f(x)gk).

1. Prove that if f and g are continuous, f x g is continuous.
2. Show that f x gis openif f and g are open.
3. Prove by an example that if f and g are closed, f x g might not be closed.

3.50 Show that the product of topological spaces is associative, i.e. that (X x Y) x Z,
X x (Y x Z) and X x Y x Z have the same topology for any X, ¥ and Z.

3:51 _Let X, Y be topological spaces, A C X, B C Y subsets. Prove that A x B =
A x B.In particular if A and B are closed, A x B is closed in the product.

3.52 Let (X, d) be a metric space. Show that d: X x X — R is continuous for the
product topology.

3.53 Show that if Y is discrete, the product topology on X X Y coincides with the
topology of the disjoint union ]_[er X x {y}.

3.54 Letg: R — [0, 1] be continuous and such that g(1) =1, g(z) = 0if |t — 1| >
1/2. Consider f: R?> — [0, 1],

fx,00=0, fx,y)=gky " if y#O0.

Prove that f is not continuous, although for any given x, y both restrictions ¢ +—>
f(x,t),t — f(t,y) are continuous.

3.7 Hausdorff Spaces

Definition 3.65 A topological space is called a Hausdorff space, or T2 space, if
any two distinct points admit disjoint neighbourhoods.
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In other words, given distinct points x, y in a Hausdorff space X there exist
neighbourhoods U € Z(x) and V € Z(y) suchthat U NV = @.

Not all spaces are Hausdorff: the trivial topology is not T2, except for the irrelevant
cases where the space is empty or has only one element.

Example 3.66 Any metric space is Hausdorff. If d is the distance and x # y, then

d(x, -
dx,y) > 0.When 0 < r < *, ) the balls B(x, r) and B(y, r) are disjoint,

simply because if there was a z € B(x, r) N B(y, r), the triangle inequality would
imply d(x,y) <d(x,z) +d(z,y) <2r <d(x,y).

Non-metrisable Hausdorff spaces do exist: Exercises 3.61 and 3.62 are but two
examples.

Lemma 3.67 In a Hausdorff space finite subsets are closed.

Proof Tt suffices to prove that points are closed, i.e. if x € X Hausdorff, then X —{x}
is open. Take y € X — {x}, so that there are disjoint neighbourhoods U € Z(x),
V e Z(y); a fortiori V. C X — {x}, so X — {x} is a neighbourhood of any of its
points. [

Proposition 3.68 Subspaces and products of Hausdorff spaces are Hausdorff.

Proof Let X be Hausdorff, ¥ C X asubspace and x, y € Y distinct. There are open
disjointsets U, V C X suchthatx e Uandy € V. ThenUNY and V NY are open
and disjoint in Y.

Let X, Y be Hausdorff and (x, y), (z, w) € X x Y distinct; to fix ideas suppose
x # z. Then there exist disjoint open sets U, V C X suchthatx € U andz € V.
It follows that (x,y) e U x Y, (z,w) e VxYand U x YNV xY =(UNYV)
x Y =0. (Il

Theorem 3.69 A ropological space is Hausdorff'if and only if the diagonal is closed
in the product.

Proof The diagonal of a topological space X is the subset
A={x,x)|xeX}CX xX.

Suppose X is Hausdorff space and take (x, y) € X x X — A. By definition x # y,
so there exist open sets U, V of X suchthatx € U,y € Vand U NV = (. Hence
(x,¥y) e UxV CX x X — A, proving that X x X — A is a neighbourhood of any
of its points and that the diagonal is closed.

If Aisclosedin X x X and x # vy, there exist open sets U, V C X such that
(x,y)eUxVCXxX—A,whencex eU,yeVadUNV =4. [l

Corollary 3.70 Let f,g: X — Y be continuous, with Y Hausdorff. The set C =
{xe X| f(x)=gx)}isclosed in X.
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Proof The map

(f,e: X—>YxY, (f,e)x)=(f(x),gx)
is continuous and C = (f, g)’1 A, where A denotes the diagonal of Y. O

Example 3.71 If f: X — X is a continuous map of X, one says x € X is a fixed
point of f if f(x) = x. If X is Hausdorff the set of fixed points for f is a closed
subset: just apply Corollary 3.70 taking X = Y and g equal the identity.

Lemma 3.72 Let X be a Hausdorff space and p1, ..., p, finitely many distinct
points in X. Then there exists a finite sequence Uy, ..., U, of open sets in X such
that p; € U; for any i and U; N U = for every i # j.

Proof For every pair 1 < i < j < n we can find disjoint open sets U;; and U;
such that p; € U;; and p; € Uj;. Now consider, for any given i, the open set
Ui=nU;j | j #i}. 0

Exercises

3.55 Tell whether an infinite set with the cofinite topology is Hausdorff. Explain the
answer.

3.56 Let X, Y be topological spaces, Y Hausdorff. Prove that if there is a 1-1 con-
tinuous map f: X — Y then also X is Hausdorff.

3.57 Let f,g: X — Y be continuous, Y Hausdorff and A C X a dense subset.
Prove that f(x) = g(x) for every x € A implies f = g.

3.58 Determine the cardinality of the set of continuous maps f: R — R. (Hint:
continuous real-valued maps are determined by their values on Q.)

3.59 Prove that a topological space is Hausdorff if and only if for any point x we

have B
(x} = ﬂ U.

UeZ(x)

3.60 Let f: X — Y be continuous with ¥ Hausdorff. Prove that the graph I' =
{(x, f(x)) € X x Y | x € X} is closed in the product.

3.61 (Golomb [Go59], s, Q) For any pair of coprime integers a,b € N define
Nap ={a+kb |k € No} C N. Prove that:

1. the family B = {N, | a, b € N, gcd(a, b) = 1} is a basis of a topology 7 on
N;

2. T is Hausdorff;

3. any multiple of b belongs to the closure of N, p; L

4. for any pair of non-empty open sets A, B € 7 we have A N B # ;
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5. 7 is non-metrisable.

3.62 (=, Q) Denote by R; the lower-limit line (Example 3.9). Prove that R; and
X = R; x R; are Hausdorff spaces, and the subspace

Y ={(x,y) e Ry xRy | x+y =0}

is closed and discrete in X. Suppose (by contradiction) that there exists a distance d
on X. Prove that there exists a map f: R — ]0, +oo[ such that

B((t, —1t), f()) N B((s, —s), f(s)) =¥
for all t # 5. Then deduce there is a map #: R — ]0, +oo[ such that
([t, {4 h(O] x[—1, —1 + h(t)[) N ([s, 5+ h(s)[ x[=s, —s + h(s)[) -y

for every ¢ # s, and this leads to a contradiction.
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Chapter 4
Connectedness and Compactness

The concept of a topological space is way too general to allow to prove interesting
and wide ranging results. When a mathematician faces useful notions that are too
general, there is only one thing he does: classify.

Without going into a matter that, albeit compelling, concerns more the method-
ology of science than mathematics, we will show with the aid of a simple example
how the idea of classifying suits topology—always bearing in mind, though, that the
same reasoning is common to mathematics as a whole.

Suppose we have two spaces that our intuition suggests aren’t topologically equiv-
alent, and we would like to prove rigorously that they’re not homeomorphic. First
of all we look at their cardinalities: if different we are done, but if they’re equal we
cannot deduce much. For obvious reasons of space, and time, the thought of writing
down all possible bijective maps between the two spaces, and verify if each one
is a homeomorphism, is ill-advised, and quickly abandoned. The traditional way a
mathematician chooses to follow is this:

Step 1. Introduce topological features that are invariant under homeomorphism.
The properties of being metrisable or Hausdorff are of this sort, for example. In some
situations homeomorphism-invariance is clear from the definitions, in others it’s not
at all transparent (a typical case is the dimension of a topological manifold) and a lot
of theoretical work is needed to sort the issue out.

Step 2. Test the properties of Step 1 on the two spaces: if we are smart enough
to find—and here’s where a mathematician’s intuition enters the game—a property
that’s easy to establish and with respect to which the spaces behave differently, then
we can deduce the spaces are not homeomorphic. At this stage the theory allows to
spare time by means of statements of the kind: ‘if a space has property x, x2, ...,
then it also has property yi, y2,....

This chapter is devoted to the study of two pivotal topological proprieties invariant
under homeomorphisms: connectedness and compactness. More will follow in the
ensuing chapters.
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4.1 Connectedness

It’s part of the human intuition to answer ‘two’ when asked ‘How many pieces make
up the space X = R — {0}?" This happens because we are able to distinguish two
parts in X, namely X_ = {x < 0} and X4+ = {x > 0}, that in our mind match the
word ‘piece’ of the question.

Topological structures allow to define in a mathematically precise way the notions
of connected space and connected component, that correspond to the naive con-
cepts of ‘one single piece’ and ‘piece of cake’ if the cake is already sliced.

Definition 4.1 A topological space X is called connected if the only subsets that
are both open and closed are ) and X. A non-connected topological space is called
disconnected.

Lemma 4.2 On a topological space X the following properties are equivalent:

1. X is disconnected;
2. X is the disjoint union of two open, proper subsets;
3. X is the disjoint union of two closed, proper subsets.

Proof (1) = (2), (3). Let A C X be open, closed and non-empty. If A # X the
complement B = X — A is open, closed and non-empty and X is the disjoint union
of A and B.

(2) = (1). Suppose A1 U A, = X with Ay, A> open, non-empty and disjoint.
Then A; = X — Aj is closed, too.

B)= (). If C; U Cy = X, where C1, C, are closed, non-empty and disjoint,
C1 = X — C, is open. O

Example 4.3 The space X = {x € R | x # 0} is disconnected. The non-empty
subsets
X_=XN]—-o00,0[ X4+ =XnNJO0,4oo

are open in the subspace topology, disjoint and their union is X.
One says a topological subspace is connected if it is so for the induced topology.

Lemma 4.4 Let X be a topological space and A C X an open and closed subset.
For any connected subspace Y C X either Y C AorY N A = 0.

Proof The intersection Y N A is open and closed in Y. As Y is connected, necessarily
YNA=Y (henceY C A)orY NA=40. O

Example 4.5 Let X be a topological space, K C X a closed subset and U C X an
open subset containing K. If X and U — K are connected, also X — K is connected.
In fact, suppose by contradiction X — K = A U B, with A, B open, disjoint and
non-empty. Since U — K is a connected subspace of X — K, by Lemma 4.4 either
U—-K CAorU — K C B;tofixideas suppose U — K C AandU — KN B = (.
Then AUK = AUU,UNB =@Pandhence X = (AUK)UB =(AUU)UB s
the union of open, disjoint, non-empty sets, against the assumption.
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Theorem 4.6 The interval [0, 1] is connected in the Euclidean topology.

Proof Take C and D non-empty closed subspaces of [0, 1] suchthat CUD = [0, 1];
we claim C N D # @. Suppose, to fix ideas, 0 € C, and write d € [0, 1] for the
infimum of D. It will be enough to prove d € C N D. As D is closed, d must belong
in D,soifd =0 we are done. If d > Owe set E = C N[0, d]. As E is closed and
contains [0, d[ it follows d € E,sod € C. O

Theorem 4.7 Let f: X — Y be a continuous map. Then X connected implies f(X)
connected.

Proof Let Z C f(X) be anon-empty, open and closed subsetin f(X). By definition
of subspace topology there exist an open A C Y and a closed C C Y such that
Z = f(X)NA = f(X)NC.But f is continuous, so f~1(Z) = f~1(A) is open,
and f~1(Z) = f~1(C) is closed. As X is connected, f~'(Z) = X and therefore
Z = f(X). O

Definition 4.8 A topological space X is path(wise)-connected if, given any two
points x, y € X, there is a continuous mapping «: [0, 1] — X such that a(0) = x
and a(1) = y. Such an « is called a path from x to y.

The continuous image of a path connected space is clearly path connected. The
intuitive notion of connectedness of a graph seen in Chap.1 corresponds to path
connectedness.

Lemma 4.9 Any path connected space is connected.

Proof Let X be a path connected space and A, B C X open, non-empty and such
that AU B = X: we want to prove A N B # {J. Choose x € A, y € B and a path
a: [0, 1] — X such that «(0) = x and «(1) = y. The open sets a~1(A), a”(B)
are non-empty, their union is [0, 1] and so there exists ¢t € a! (AN a~Y(B). The
point a(t) belongs to A N B, which is thus not empty. (]

We shall prove later on, as consequence of Proposition 10.5, that open connected
subsets in R" are path connected. If n > 2, there exist closed, connected subsets in R”
that are not path connected (Exercise 4.20). The most wicked—at least in our view—
example of connected but path disconnected subset is described in Exercise 8.6.

Lemma 4.10 Letr A and B be path connected subspaces in a topological space. If
AN B # @, then AU B is path connected.

Proof 1t suffices to show that if x € A and y € B (or conversely) there is a path
a: [0,1] - AU B from a(0) = x to a(1) = y. Pick z € AN B and choose paths
B:10,1] > A and ~: [0, 1] — B such that 3(0) = x, 8(1) = v(0) = z, v(1) = y.
Now define « as follows:

{ﬁ(ZI) if0<r<1/2.
a(r) = i .
V2t —1) ifl2<t<1.
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Example 4.11 The spaces R" and the spheres S” are path connected for every n > 0.
Indeed, a possible path joining any two points x, y € R” is the standard parametri-
sation of the segment between x, y: a(t) = tx + (1 — t)y. The sphere §",n > 1,
is the union of two open sets homeomorphic to R” under stereographic projection,
and the claim follows now from Lemma 4.10.

We recall that a subset A C R" is convex if rx + (1 —#)y € Aforeveryx,y € A
and any ¢ € [0, 1]. Intervals, for instance, are precisely the convex subsets of R.
Another example is the open ball

B(p,r)={x eR"[|p—x| <r},

convex for any p € R" and any » > 0. In factif x, y € B(p,r) and ¢t € [0, 1], the
triangle inequality gives

lp—Gx+ A=l =1lt(p—x)+A-0(p—WI
sltp =0l + 1A =0(p =l =tlp—xI+A=0Dlp -yl
<tr+(1—-tr=r

sotx + (1 —1t)y € B(p,r).
Corollary 4.12 Any convex subset of R" is path connected and hence connected.

Proof Let A be convex in R”; for any x, y € A the map «: [0, 1] — A, a(t) =
tx 4+ (1 — t)y is continuous. U

Corollary 4.13 For a subset I C R the following are equivalent conditions:

1. I isaninterval, i.e. a convex subset;
2. I is path connected;
3. I is connected.

Proof Only (3) = (1) isnon-trivial. If / C Risnotaninterval, thereexista < b < ¢
such that a,c € I but b ¢ I. The open disjoint sets / N] — oo, b[ and 1 N b, 400
aren’t empty and disconnect /. (]

We are now in the position of showing the first applications of connectedness.

Example 4.14 Let f: [0,1] — [0, +o0o[ be continuous and such that f(1) = 0.
There exists an x € [0, 1] such that f(x) = x. In fact the range of [0, 1] — R,
x — f(x) — x, is a connected set containing f(1) — 1 = —1and f(0) — 0 > 0.

Example 4.15 The interval ]0, 1[ is not homeomorphic to [0, 1[. Suppose the con-
trary, and that f: [0, 1[ — ]O, 1[ was a homeomorphism. Then f would induce,
by restriction, a homeomorphism f: ]0, I[ - ]0, I[ —{f(0)}. The contradiction
emerges from the observation that ]0, 1 is connected whereas 10, I1[ — {f(0)} is
disconnected.
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To prevent a common mistake let us point out that connectedness doesn’t forbid
the existence of open, non-empty subspaces homeomorphic to closed subspaces.
Here’s an example: in the Euclidean topology the intervals [0, 1[ and [1, 2[ are
homeomorphic; yet the former is open and the latter closed as subspaces of the
connected space [0, 2[.

Lemma 4.16 Take n > 0 and a continuous map f: S" — R. There exists x € S"
such that f(x) = f(—x). In particular f cannot be one-to-one.

Proof Consider the continuous map
g: 8" >R, g)=fx)— f(=x).

As n > 0, the sphere S” is connected, the image g(S") is connected in R and hence
convex. Choose an arbitrary point y € S”. The interval g(S") contains g(y), g(—y)
and therefore also the convex combination

1 1 1 1
Eg(y) + 59(—y) = E(f(y) —f=y)+ E(f(—y) - f(y) =0

Hence 0 € g(S8") and an x € S” must exist such that g(x) = 0. O

Example 4.17 No subset in R can be homeomorphic to an open set in R”, for any
n > 1. In fact every open subset in R” contains a subset homeomorphic to the sphere
§"=1 so Lemma 4.16 applies.

Lemma 4.18 Let Y be a connected topological space and f: X — Y a continuous,
onto map such that f~'(y) is connected for every y € Y. If f is open, or closed,
then X is connected.

Proof Suppose f isopenandlet A, A C X be open, non-empty and such that X =
A1UA3. AsY = f(A1)Uf(A2) and Y is connected, thereexists y € f(A1)N f(A2),
so fTY () NA; #8,i =1,2.But f~(y)is connected, so f~1(y) NA; N Ay # @,
and a fortiori Ay N Ay # (.

If f is closed the same proof works with the proviso of taking Ap, As
closed. (]

Theorem 4.19 The product of two connected spaces is connected.

Proof We have to show that if X and Y are connected, so is X x Y. For that it’s
enough to note that the projection X x ¥ — Y is continuous, onto, open and its
fibres are homeomorphic to X. The claim descends from Lemma 4.18. (]

Using induction we immediately obtain that finite products of connected spaces
are connected.
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Exercises

41 Q)Letp,q € R2 denote the points (1, 0) and (—1, 0). Which of the following
subspaces in R? are connected?

A={xeR||x—pl <Tlorllx—qll <1}
B={xeR’||x—pl| <lorlx—gql| <1
C={xeR||lx—pl <lorllx—qll <1}

4.2 Which are the connected subspaces in a discrete topological space?

4.3 Let A, B be subspaces such that A U B and A N B are connected. Prove that if
A, B are both closed or both open, A and B are connected.

4.4 For any triple p, g, v € R”", the path
Qpg,v- [0, 1] — R”, ap,q,v(t) ={0-0)p+tqg+1(l -1y,

is a parabolic arc (possibly degenerate) with endpoints p and g.
Prove that if p # ¢, for any x € R" — {p, ¢} there exists at most one vector v
orthogonal to p — g and such that x belongs to the range of ap 4 v.

4.5 (Q) Prove that if n > 2 the complement of a countable subset in R” is path
connected.

4.6 Take n > 2 and f: S — R a continuous map. Call A the set of points
t € £(S") such that the fibre f~!(¢) has finite cardinality.

Show that A contains at most two points. Give examples of maps f where A has
cardinality O, 1 and 2.

4.7 Prove that the product of two path connected spaces is path connected.

4.8 A subset A in R” is star-shaped with respect to the point a € A if for every
b € A the segment joining a with b is contained in A. Prove that star-shaped sets are
path connected.

4.9 Let X C R? be a bounded and convex subset. Show R? — X is path connected.

4.10 (s, Q) Let A be an open convex set in R and p a point not in A. Prove that
there exists a straight line through p that does not meet A.

4.11 (@) Let X be a Hausdorff space with the property that X — A is connected for
any finite subset A C X. Prove that the space of configurations

Conf,(X) = {(x1,...,x,) € X" | x; # xj forevery i # j}

is connected for every n > 0.
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4.2 Connected Components

Definition 4.20 Let X be a topological space. A subspace C C X is called a
connected component of X (sometimes just ‘component’) if it satisfies two prop-
erties:

1. C is connected;
2. C C A and A connected imply C = A.

In other terms a connected component is a maximal element in the family of
connected subspaces ordered by inclusion.

Example 4.21 Let X be a topological space and C C X open, closed, connected
and non-empty. Then C is a connected component of X. In fact C is connected by
hypothesis, and if C C A, then C is open, closed and non-empty in A. Therefore if
A is connected it follows C = A.

Lemma 4.22 Let Y be a connected subspace in a topological space X and suppose
Y C W C Y. Then W is connected. In particular the closure of a connected subspace
is connected.

Proof Let Z C W be non-empty, open and closed in W. Then Z N Y is open and
closed in Y. As Y is dense and Z is open in W, we have Z NY # (. But Y is
connected, so Y C Z. Now, Y is dense and Z is closed in W, hence Z = W. O

Lemma 4.23 Let x be a pointin X and{Z; | i € 1} afamily of connected subspaces
in X all containing x. Then W = |J; Z; is connected.

Proof Take A C W simultaneously open, closed and non-empty. By Lemma 4.4,
for every i we have Z; C Aor Z; N A = (. Since A # ¢ there’s an index i such
that AN Z; # ¥, so Z; C A and in particular x € A. But x belongs to all subspaces
Zj,s0 Z; N A isn’t empty for every j, whence Z; C A for all j and therefore
W = A. ]

Corollary 4.24 Let A, B be connected. If AN B # () then AU B is connected.
Proof Let x € AN B and apply Lemma 4.23 to the family {A, B}. U

Lemma 4.25 Let x be a point in the topological space X. Denote by C(x) the union
of all connected subspaces containing x:

Cx)= U{Y | x €Y C X, Y connected).

Then C(x) is a connected component of X that contains x.

Proof First, note {x} is connected, sox € C(x). Applying Lemma 4.23 to the family
of all connected subspaces containing x we infer that C(x) is connected. Now let
A C X be a connected subspace containing C(x). In particular x € A, and by
definition of C(x) we have A C C(x), so C(x) = A. (I
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Definition 4.26 Retaining the notation of Lemma 4.25 one calls C (x) the connected
component of x in X.

Theorem 4.27 Every topological space is the union of its connected components.
Each connected component is closed and any point is contained in one, and only
one, connected component.

Proof Lemma 4.25 tells that every point belongs in some connected component. If
C, D are connected components with C N D # ¢, by Corollary 4.24 the subspace
C U D is connected and the obvious inclusions C C C U D, D C C U D imply
C = CUD = D. At last, if C is a connected component, by Lemma 4.22 Cis
connected and contains C, so C = C. |

Connected components are in general not open (see Exercise 4.12). In many
concrete cases, though, they will be open because of the following result.

Lemma 4.28 If every point in a topological space X has a connected neighbour-
hood, the connected components of X are open.

Proof Let C C X denote a connected component, take x € C and U a connected
neighbourhood of x. Since x € C N U, the union C U U is connected and hence
C UU cC C, which means that U C C and C is a neighbourhood of x. O

Any homeomorphism transforms connected components into connected compo-
nents, with the effect that two homeomorphic spaces must have the same number of
components.

Example 4.29 X = R — {0} is not homeomorphic to ¥ = R — {0, 1}, because X has
two connected components | — oo, O[ and ]0, +oo[, while Y has three: ] — oo, O,
10, 1[ and ]1, +o0l.

Exercises

4.12 (Q) Describe the connected components of the subspace Q C R of rational
numbers. Deduce that, in general, connected components are not open.

4.13 (O)LetY C X be aconnected subspace and {Z; | i € I}afamily of connected
subspaces in X that meet Y. Prove that W =Y U | J; Z; is connected.

4.14 (O) Let X, Y be connected spaces and A C X, B C Y proper subsets. Prove
X x Y — A x B is connected.

4.15 Show that the two subspaces of R? (see Fig.4.1):

A={(x,y) eR*|y=0}U{(x,y) e R? | x* +y* =l and y > 0};
R={(x,y) eR* |y =0}U{(x,y) e R* [ x* + (y — D? =1},

are not homeomorphic. (Hint: understand how many connected components one
obtains by removing one point from either space.)
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N

4.16 Let{A, | n € Z} be a countable family of connected subspaces of X such that
A, N Ay # 0 for every n. Prove A = U, A,, is connected.

Fig. 4.1 Non-
homeomorphic subspaces in
the plane

4.17 Consider a family {A; | i € I} of non-empty connected subspaces in some X.
Prove:

1. the family A C P(I), formed by subsets J C I for which the union U{A; | j €
J} is connected, contains maximal elements (with respect to the inclusion);

2. suppose that for any i, j € [ there is a sequence iy, i3, ..., € I such that
iy =i,ip = jand A;y NA;,, # W foreveryk =1,...,n— L. Prove that the
union U{A; | i € I}is connected.

418 (Q)Let{A, | n € N} be a countable family of connected subspaces in X such
that A, 11 C A, for every n. Is it true that N, A, is necessarily connected?

4.19 Show that any homeomorphism f: R — R of finite order, i.e. such that
fP = Id for some p > 0, has a fixed point. (Hint: call » = max(0, f(0), £2(0),
s fP710)) and @ = f71(b), then prove that f fixes a point in the interval [a, b].)

4.20 (%, Q) Let X C R? denote the union of the segment {x = 0, |y| < 1} with
the range of f: ]0, +-o0o[— R2, f(r) = (+—', cos(r)). Prove that X is closed in R,
connected and not path connected.

4.3 Covers

Definition 4.30 A cover of a set X is a family .4 of subsets such that X = U{A |
A € A}. A cover is called finite if A is a finite family, countable if A is countable.
If A, B are covers of X and A C B, A is said a subcover of .

Quite frequently it’s convenient to work with covers A = {U; | i € I} defined
through indexed families. In such case, and unless we say so explicitly, the onto map
I — A, i+ U,,isnot assumed to be 1-1.

A number of important features of topological spaces regard the behaviour with
respect to covers.

Definition 4.31 A cover A of a space X is said:

1. open ifevery A € A is open;
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2. closed if every A € A is closed,;
3. locally finite if for every x € X there is an open V C X with x € V and
V N A # ¢ for a finite number of A € A at most.

Any basis of a topology is an open cover. The family {[n,n + 1] | n € Z}is a
locally finite closed cover of R.

Definition 4.32 Let A be a cover of X. We call A an identification cover in case
U C X is open if and only if U N A is open in A for every A € A.

Not every cover has the above property: {{x} | x € R}, for instance, is a closed
cover of R but not an identification cover.

Proposition 4.33 Let A be an identification cover of X. A map f: X — Y is
continuous if and only if for any A € A the restriction fia: A — Y is continuous.

Proof Let U C Y be open; if the restriction fij4: A — Y is continuous for every
A € A, then f_l(U) NA= flgl(U) is open in A and f‘l(U) is open in X. U

Theorem 4.34 Open covers and locally finite closed covers are identification covers.

Proof Let A be an open cover of X, and U C X.If U N A is open in A for any
A e A, thenU N Aisopenin X aswell,soU =U{ANU | A € A} is open.

Consider now a finite, closed cover X = C{U---UC,, and take U C X such that
UNC;isopenin C; foreveryi. Write B=X —U,so BNC; =C; —(UNC;)is
closed in C;, and hence in X, for every i. Then B = U?zl (B N Cj) is closed.

If{C; | i € I}isalocally finite, closed cover, we can find an open cover .4 in such
away that {C; N A | i € I}1is aclosed, finite cover of A, for any A € A. Therefore,
if UNC;isopeninC; foreveryi, U NC; N Aisopenin ANC; forall A € A, and
then U N A is open in A for all A € A. The conclusion is that U is openin X. [

Exercises

4.21 Let A be an open cover of X and B the family of open sets in X that are
contained in some element of 4. Prove that B is a basis of the topology.

4.22 Prove that {[—n, n] | n € N} is an identification cover of R.

4.23 Let A be a cover of X such that U{A° | A € A} = X. Show that A is an
identification cover.

4.4 Compact Spaces

Definition 4.35 A topological space is said to be compact if any open cover admits
a finite subcover. A subspace in a topological space is compact if it is compact for
the induced (subspace) topology.
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Equivalently, a subspace K of X is compact iff for any family A of open sets in
X with K C U{A | A € A}, there exist finitely many Ay, ..., A, € A such that
KCAU---UA,.

Example 4.36 The space R" is not compact, for any n > 0; to show this it’s enough
to find an open cover without finite subcovers. Consider the open balls with centre 0
and radius a natural number

R" = U B(0, m).
If such cover had a finite subcover, there would exist mq, ..., m; € N with
R" = U;_,B(0, m;) = B(0, max(my, ..., mg)),

which is patently false.

Example 4.37 Any finite set is compact, irrespective of the topology we put on it: for
any open cover we can define a finite subcover by choosing one open set containing
each point.

A discrete topological space is compact if and only if it is finite. In a discrete
space X, in fact, the family of singletons {{x} | x € X} is an open cover. This has a
finite subcover iff X is finite.

Theorem 4.38 Let f: X — Y be a continuous map. If X is compact the range
f(X) is a compact subspace in'Y.

Proof Let Abe afamily of open setsin Y covering f(X). Then the family { f “1(A) |
A € A} is an open cover for X, so there are finitely many Ay, ..., A, € A with
X = f YA U---U f1(A,). This implies that f(X) C Aj U---U A,. O

Theorem 4.39 The closed interval [0, 1] is compact in R.

Proof Let A be a family of open subsets in R that covers [0, 1]:
[0,1]CU{A| A e A}

Write X C [0, +oo[ for the set of points ¢ such that the closed interval [0, 7] is
contained in a finite union of open subsets in .A.

The interval [0, 0] is contained in an open set of 4, so 0 € X. Let’s call b the
least upper bound of X. If b > 1 there exists + € X such that | < ¢ < b, whence
[0, 1] C [0, ] is contained in a finite union of open subsets in A. Now suppose
b < 1, and let’s prove this leads to a contradiction. If » < 1 there’s an A € A such
that b € A, and A being open implies the existence of § > 0 such that

1b—-96,b+6[C A.

On the other hand, by the properties of the supremum there’s a ¢+ € X such that
b — 6 <t < b.Hence [0, t] is contained in a finite union of covering sets, say
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[0,f/]C A U---UA,.
Therefore if 0 < h < 4,
[0,6+h]=1[0,2]U[t,b+h] C[0,7]U]b—0,b+ [ CAUAIU---UA,,

and then b + h € X for any real number 0 < h < 4. O

Example 4.40 The real line R isn’t homeomorphic to the interval [0, 1], for [0, 1] is
compact, whereas R is not.

Proposition 4.41 1. Any closed subspace in a compact space is compact.
2. Finite unions of compact subspaces are compact.

Proof Let’s begin with (1) and take Y closed in the compact space X. We need to
prove that for any family .4 of open subsets such that Y € U{A | A € A}, there are
finitely many sets A1, ..., A, € AsuchthatY C A; U---U A,. The open family

AU {X — Y} is a cover of the compact space X, so we can pick A, ..., A, € A
suchthat X = (X —Y)UA; U---U A,. Immediately, then, Y C A U---U A,.
Now let us see to (2). Let K, ..., K, be compact subspaces in some X, and A

a family of open subsets in X covering K = K1 U---UK,.Foranyh =1,...,n
there is a finite number of 4;, C A that covers the compact set K, so K is contained
in the finite union U{A | A € A U---UA,}. O

Corollary 4.42 A subspace in R is compact if and only if it is closed and bounded.

Proof Note preliminarily that the definition of a compact set involves only the notions
of openness and cover, so it must be invariant under homeomorphism; that is, any
space homeomorphic to a compact space is itself compact.

Let A C R be closed and bounded. Then A C [—a, a] for some a > 0. The
interval [—a, a] is homeomorphic to [0, 1] and hence compact. Therefore A is closed
in a compact set, whence compact.

Conversely, if A C R is compact, the family of open intervals { ] —n, n[ | n € N}
covers A and so we can find a finite subcover:

AC]—ny,n[U---Ul—=ngng.

Therefore A C] — N, N[, where N is the largest among ny, ..., ny. This implies
A is bounded. Now for any p ¢ A the map f(x) = 1/(x — p) is continuous and
defined on R — {p}. Its range f(A) is compact, hence bounded, so p ¢ A and then
A is closed. ([

Corollary 4.43 Let X be acompact topological space. Any continuousmap f: X —
R has a maximum and a minimum.

Proof The range f(X) is compact in R, so closed and bounded; but every closed
bounded subset of R has maximum and minimum points. (|
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Theorem 4.44 Consider a closed map f: X — Y with Y compact. If f~1(y) is
compact for every y € Y, then X is compact.

Proof Without loss of generality we may assume f is onto (otherwise we can always
replace Y with f(X)). For any subset A C X define

A={yeY|f 'y cAl.

AsY — A" = f(X — A) and [ is closed, it follows that A’ is open provided A is
open. Take an open cover A of X and call B the family of finite unions of elements of
A. The family B’ = {B’ | B € B} is an open cover of Y:if y € Y, the fibre f~!(y)
is compact, so there are Ay, ..., A, € A such that f_l(y) Cc AfU---UA,, and
theny € B/, where B=A; U---UA,,.

But as Y is compact, we have a finite sequence By, ..., B, € Bsuch that Y =
B{U---UBy,.Then X = B U---U B,, and since every B; is a finite union in A,
we’ve found a finite subcover for A. (I

Proposition 4.45 Let B be a basis of the space X. If every cover of X made by
elements of B has a finite subcover, X is compact.

Proof For any open U C X we set By = {B € B | B C U}. By assumption B is a
basis, so for any open set U we have U = U{B | B € By}.

Let A be an open cover of X and consider the open family C = U 4B4. It’s clear
that C covers X by basis elements, and because of the assumptions we’ve made C
has a finite subcover . For any open set U € F let’s choose an open set A(U) € A
such that U € By, i.e. U C A(U). Then {A(U) | U € F} is a finite subcover of
A. (]

Proposition 4.46 Let K1 D Ky D --- be a countable descending chain of non-
empty, closed and compact sets. Then

(){Kn |n €N} #0.

Proof Givenn € N, the set K1 — K, is open in K1. Now observe that the intersection
of the closed sets K, is empty precisely when the sets K| — K, cover K. ([

Exercises

4.24 Consider the metric space Q of rational numbers with the Euclidean distance.
Prove that

K:{xe@mgxgﬁ}

is closed and bounded, yet not compact.

4.25 (O) A family of subsets A in a set X is said to enjoy the finite-intersection
property if for every (non-empty) finite subfamily 7 C A we have N{A | A €
F} # 0.
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Prove that a topological space is compact if and only if every closed family with
the finite-intersection property has non-empty intersection. Convince yourself that
Proposition 4.46 is a special case of this.

4.26 Let X be a compact space, U C X open and {C; | i € I} aclosed family in X

with
ﬂ C;,CcU.
iel
Prove that there exist finitely many indices i1, ..., i, € I such that

¢,n---n¢C;, CU.

4.27 Prove that the space of Exercise 3.3 is compact and Hausdorff. Deduce that
any set admits a topology that renders it a compact T2 topological space.

4.28 Denote by R;; the real line with the upper topology (Example 3.3). Prove that
every compact, non-empty set in R,;; has a maximum. Conclude that if X is compact,
every upper semi-continuous map f: X — R (Exercise 3.28) has a maximum.

4.29 (Q) Let X be a compact space and f: R — X a continuous and closed map.
Show that there exists x € X such that f~'(x) is infinite.

4.30 (@, Q)Let X becompactand {f;: X — [0, +oo[ | i € I}anon-empty family
of continuous maps. Prove that

f: X — [0, +oof, fx) =inf{fi(x) |i € I},

has a maximum point in X. Find an example showing that there is no minimum, in
general.

4.5 Wallace’s Theorem

Let A C X, B C Y be subsets in two topological spaces. The product A x B is a
subset of X x Y and we can introduce a topology on A x B in two different ways.
We can consider A x B as a topological subspace of X x Y, or we may view it as the
topological product of A and B. It’s plain to see that the restriction of the canonical
basis of X x Y to A x B coincides with the canonical basis of A x B, so that the
two procedures eventually give rise to the same topological structure.

Theorem 4.47 (Wallace) Let X, Y be topological spaces, AC X and BC Y com-
pact subspaces and W C X x Y an open set such that A x B C W. Then there exist
open sets U C X and V C Y such that

ACU, BCV and UxV CW.
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Proof Consider first the special case in which A is a point, A = {a}. For any b € B
there exist two open sets U, C X, V C Y such that

(avb)eUbXVbCW

The open family {V}, | b € B} covers B and by compactness we have by, ..., b, € B
such that B C Vp, U --- UV}, . Define the open sets U = Up, N --- N Up, and
V=V, U---UV,,:then

{fa} x BCUxV CUUp, xVp,, CW.

In case A is an arbitrary compact set, we’ve shown that for any a € A there are
open sets U,, V, with
{fa}xBCcU, xV, CcW.

The family {U, | a € A} is an open cover of A; by compactness there are
ai,...,ay € Asuchthat A C U, U---UU,,,,sotheopensets U = U, U---UU,,
andV =V, N---NV, satisfy Ax BCU xV CW. O

Wallace’s theorem is particularly useful in view of its many interesting conse-
quences.

Corollary 4.48 Any compact subspace in a Hausdorff space is closed.

Proof Let X be Hausdorff and K C X compact. To show K is closed we’ll prove
thatif x ¢ K there is an open set U C X suchthatx e Uand U N K = 0.

The product {x} x K does not intersect the diagonal A C X x X, and since X
is Hausdorff, {x} x K is contained in the open set W = X x X — A. By Wallace’s
theorem we have open sets U, V C X with {x} x K C U x V C W. In particular
xeUandUNK =0. O

Corollary 4.49 Let X, Y be topological spaces:

1. if X is compact, the projection p: X x Y — Y is a closed map;
2. if X and Y are compact, X X Y is compact.

Proof To prove (1) let C C X x Y be a given closed set. If p(C) = Y there is
nothing to prove; otherwise, take y ¢ p(C) and let us prove y has a neighbourhood
disjoint from p(C). As X x {y} C X x Y — C, by Wallace’s theorem there is an
open neighbourhood V of y suchthat X x VNC =@,s0o VN p(C) = 0.
Concerning (2) we may just apply Theorem 4.44 to the second projection
XxY—>Y. O

An induction argument guarantees that a finite product of compact spaces is
compact.

Corollary 4.50 A subset A C R" is compact, in the Euclidean topology, if and only
if A is closed and bounded.
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Proof If A C R" is closed and bounded it must be contained in [—a, a]” for some
a > 0. The interval [—a, a] is homeomorphic to [0, 1], whence compact. By
Corollary 4.49 the Cartesian product [—a, a]” is compact, and so is any closed
subspace in it.

Conversely, if A C R" is compact, the map do: A — R, do(x) = |x], is
continuous and so has a maximum. This means A is bounded. Moreover R” is
Hausdorff, so A is also closed. O

Example 4.51 Spheres S” and closed balls D" are closed and bounded in Euclidean
space, hence compact.

Corollary 4.52 Let f: X — Y be continuous, X compact and Y Hausdorff. Then
f is closed. If f is additionally bijective, then it is a homeomorphism.

Proof Let A C X be closed. Then it is compact, f(A) is compact and hence closed
in Y. Every continuous and closed bijection is a homeomorphism. (I

Exercises

431 Let K C R" be a compact subspace and U C R" open, non-empty and
containing K. Prove U N (R" — K) # 0.

4.32 Consider the closed unit ball D" C R" and an open set U C D" containing
the boundary 9D" = S"~!. Prove there exists a real number r < 1 such that
D" =B0,r)UU.

4.33 (Q) Prove that a continuous and closed map f: R — S§” cannot be 1-1.

4.34 Let K C R” be a compact subset. Prove that
X ={(ap,...,ap) € S" [ (x1,...,x0) € K, ap = a1x1 + - -+ + anxp}

is a closed subset of the unit sphere.

4.35 Show that a map between compact Hausdorff spaces is continuous iff its graph
is closed in the product.

4.36 (Compactly-generated spaces) A topological space is called compactly
generated if it is Hausdorff and the family of its compact subspaces is an iden-
tification cover.! Prove that if every point in a Hausdorff space X has a compact
neighbourhood then X is compactly generated.

4.37 (Proper maps) A continuousmap f: ¥ — Ziscalled proper if the pre-image
f~'(K) of any compact set K C Z is compact.

Prove that a Hausdorff space X is compactly generated (Exercise 4.36) iff every
proper map f: Y — X is closed.

For more on the topic of compactly-generated spaces and their usefulness in topology we refer to
Steenrod’s article [Ste67].



4.5 Wallace’s Theorem 79

4.38 Let Z be a compact Hausdorff space. Prove that a subset Y C Z is compact if
and only if the projection X x ¥ — X is closed, for any space X.

4.39 (O) Let (X, d) be a metric space and ¢ a positive real number. Consider a
sequence xo, X1, ..., X, € X such thatd(x;_1, x;) < 2¢ foreveryi =1, ..., n; the
endpoints xg and x,, are called e-apart. We may think of such points as the footprints
left by a man with legs long ¢ that wanders through X. Prove that:

1. if X is connected, then any two points of X are s-apart, whichever € > 0;

2. give an example of disconnected space in which any two points are e-apart,
whichever € > 0;

3. if X is compact and two arbitrary points are e-apart for any € > 0, then X is
connected.

4.40 (=) Let (X, 7) be a Hausdorff space and K the family of subsets A C X such
that A N K is open in K for any compact set K C X. Prove that:

1. K is a finer topology than 7; furthermore, X = 7 precisely when (X, 7) is
compactly generated (Exercise 4.36);

2. the space (X, K) is Hausdorff and compactly generated;

3. let Y be a compactly generated space and f: Y — (X, 7) a continuous map.
Then f: Y — (X, K) is continuous.

The topology K is called Kelley extension of 7 and (X, K) the ‘Kelleyfication’ of
(X, 7).

4.6 Topological Groups

A topological group is a set G on which a group structure and a topological structure
coexist: this means that the product

GxG—G, (g,h) v gh,

and inversion
G—>G, gr—g!

are continuous operations. For any given & € G, the map

Ry,: G — G definedas Rj(g) = gh
is the composite of the product in G with the inclusion G — G x G, g — (g, h).
Hence Rj,, called right multiplication by 7, is continuous as composite of continuous

functions. Furthermore, Ry, is bijective with inverse R;-1, hence a homeomorphism.
In a similar manner the left multiplication by /
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Lp: G — G definedby Lj(g) = hg

is a homeomorphism with inverse Lj-1.

Lemma 4.53 For any g and h in a topological group G there exists a homeomor-
phism ¢ from G to G such that p(g) = h.

Proof Consider ¢ = R-1),,0r o = Ly 1. O

Example 4.54 Every group endowed with the discrete topology becomes a topolog-
ical group.

Example 4.55 The additive groups (R”, +) and (C", +), with the Euclidean topol-
ogy, are topological groups.

Example 4.56 The group GL(n, R) is open in the space R and as such it admits a
natural topological structure, with which it becomes a topological group. The entries
of the product of two matrices A, B depend in a continuous way on the entries of A
and B, and the entries of A~! depend continuously on those of A.

Lemma 4.57 Let G be a topological group with neutral element e. Then G is Haus-
dorff if and only if {e} is closed.

Proof One implication is clear, since points are closed in Hausdorff spaces.

Now suppose {e} is closed in G and consider the map ¢: G x G — G, ¢(g, h) =
gh~!, composite of continuous maps hence itself continuous. Since ¢ (g, h) = e iff
g = h, the pre-image of {e} is precisely the diagonal, which is closed. To finish we
invoke Theorem 3.69. O

Let’s now overview some features of the main linear groups:

GL(n,R) = {A € M, ,(R) | det(A) # 0}.
SL(n,R) = {A € M, ,(R) | det(A) = 1}.
SO, R) = {A € M, ,(R) | AAT =1, det(A) = 1}.
GL(n,C) = {A € M, ,(C) | det(A) # 0}.
SL(n, C) = {A € M,,.»(C) | det(A) = 1}.

U(n,C) = {A € My,(C) | A" A =1I}.
SU(n, C) = U(n, C) N SL(n, C).

They’re all subspaces of R" or (C”Z, in particular they are metrisable and so Haus-
dorff.

Proposition 4.58 The groups GLT(n,R) = {A € GL(®n,R) | det(A) > 0} and
GL(n, C) are connected.
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Proof We shall prove only that GL™ (n, R) is connected, for GL(n, C) is completely
analogous.

The group GL* (1, R) coincides with the interval ]0, +oo[ and is connected; by
induction we can suppose n > 1 and GL*(n — 1, R) connected. Consider the map
p: M, ,(R) — R" sending a matrix to its first column vector. If we isolate the first
column from the others we may write M, ,(R) = R" x M, ,—1(R), and then p
is the projection onto the first factor of the product. This makes p continuous and
open, and so its restriction to the open set GL*(n,R) C M, ,(R) is open; moreover,
p(GL*(n,R)) = R" — {0}.

We claim that the fibres of p: GL*(n,R) — R" — {0} are connected: from
this plus Lemma 4.18 the connectedness of GL™(n, R) will follow. The fibre
p‘1 (1,0, ...,0)is the product R x GL*(n—1, R), so connected. Given any y €
R —{0} the fibre p~!(y) is non-empty, solet A € GL* (n, R) be such that p(A) = y.
Left-multiplication by A, L4 (B) = AB, is a homeomorphism of GL* (n, R). From
the relation p(AB) = Ap(B) follows L4 (p~'(1,0,...,0)) = p~'(y),so the fibres
of p are all homeomorphic. (I

Corollary 4.59 The topological groups SL(n, R) and SL(n, C) are connected,
while GL(n, R) has two connected components.

Proof We just saw that GL(n, C) and GL* (n, R) are connected. Dividing the
first column vector by the determinant yields maps GL(n, C) — SL(n, C) and
GL*(n, R) — SL(n, R), both continuous and onto.

The group GL(n, R) is the disjoint union of the open sets GL*(n, R) and
GL™(n, R) = det™!(] — o0, 0[), and multiplying by any matrix with negative deter-
minant induces a homeomorphism from GL™(n, R) to GL™ (n, R). O

For the study of the orthogonal and unitary groups we’ll need a preliminary result.

Lemma 4.60 Ler f: X — Y be an onto, continuous map from X compact to Y
connected and Hausdorff. If all fibres f~'(y) are connected, y € Y, then X is
connected.

Proof The map f is closed so we can apply Lemma 4.18. ]

Proposition 4.61 The topological groups SO(n, R), U(n, C), SU(n, C) are com-
pact and connected.

Proof We will only discuss SO(n, R), because the cases U(n, C) and SU(n, C) are
entirely similar. Consider the continuous mapping

Myn(R) > My n(R) xR, A > (AAT, det(A));
SO(n, R) is the pre-image of (/, 1) and hence closed in M, ,,(R). Since the column

vectors of an orthogonal matrix have norm 1, SO(n, R) is contained in the bounded
set {(aij) | >; i aizj = n}, proving its compactness.
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The map p: SO(n,R) — S"~! sending a matrix to its first column vec-
tor is continuous. Moreover, p(AB) = Ap(B) for any A, B € SO(n, R), and
Li(p~'(v)) = p~!(Av), which implies that the fibres are all homeomorphic. The
fibre over (1,0, ..., 0) is SO(n — 1, R). Since SO(n, R) is compact and §"~! is con-
nected Hausdorff, connectedness is proven by induction on n, keeping into account
Lemma 4.60 and the fact that SO(1, R) = {1}. (Il

Exercises

4.41 Prove that

SU@2,0) xU(1,€) - U2,0), (A2~ A- ((Z) (1))

is a homeomorphism.
4.42 Prove that SL(n, R) and SL(n, C) are not compact, for any n > 1.
4.43 (Q) Prove that for any n, m > 2 the space

X={Ae Mn,n(R) | A" = I}

is disconnected.

4.44 Let A, B C R" be closed sets and call
W(A, B) = {g € GL(n,R) | g(A) N B # @}.

Suppose A is compact and prove that W(A, B) is closed in GL(n, R). Show—
by finding an example—that W (A, B) might not be closed if neither A nor B are
compact.

4.45 Let G be atopological group and H C G a subgroup. Prove that H is open and
closed in G provided the interior H° is not empty. (Hint: write H and its complement
as union of open sets of the form R, (H°) for suitable g € G.)

4.46 Let G be atopological group with neutral element e. Prove the following facts:

1. if H C G is a subgroup, then H is a subgroup;
2. the connected component of e in G is a closed subgroup.

4.47 Let H beaclosed, connected subgroupin (R", +). Prove H isa vector subspace
of R". (Hint: show H = N, H,,, where H,, is the subspace generated by B(0, 1/n) N
H.)

4.48 Let G be a topological group. For subsets A, B C G define
A'={a"|aeA), AB={ab|ac A, be B}.

Prove that A = NAU = NAU ™!, where U varies among all neighbourhoods of the
neutral element.
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4.49 Let G be a Hausdorff topological group and H C G a discrete subgroup (the
points in H are open in the subspace topology). Prove that H is closed in G and
compare this fact with Exercise 3.43. (Hint: use Exercise 4.48; show that there’s a
neighbourhood U of the neutral element e such that U U ~I'NH = {e}, and also that
for every x € HU there’s a unique 4 € H such that x € hU.)

4.50 Prove that:

1. any discrete subgroup of the real additive group (R, +) has the form Za for some
aeR;
2. any discrete subgroup of U(1, C) is finite cyclic.

4.7 Exhaustions by Compact Sets

Definition 4.62 An exhaustion by compact sets of a topological space X is a
sequence of compact subspaces {K, | n € N} such that:

1. K, C K;H for any n;

2. UpKy = X.

For an arbitrary exhaustion by compact sets { K, } the family of interiors { K} is an
open cover of X, so for any compact H C X there’s an n such that H C K] C K,,.

Example 4.63 For any n € N define K, = {(x,y) | x> + y> < n?} C R% The
sequence {K,} is an exhaustion of R? by compact sets.

Example 4.64 Let’s use the exhaustion of Example 4.63 to show that R? isn’t home-
omorphic to ¥ = R? — {0}. We argue by contradiction and assume there is a home-
omorphism f: R?> — Y. Then the sequence D, = f(K,) is an exhaustion of ¥ by
compact sets, and what we saw earlier tells that there’s an integer N such that the
compact set ST ={(x,y) | x2 + y? = 1} lies inside Dy. The function
frY = 10400l, [y =27+

has a maximum M > 1 and a minimum 1 > m > 0 on the compact set Dy . Hence

(o) eY [ +y> <m)C{(x, ) eY =Dy |x*+y <1,

() €Y [x?+y> > M) C{(x,y) €Y = Dy [ 2> + 3% > 1},
and Y — Dy is the disjoint union of the open non-empty sets

{(x,y) €Y =Dy | x> +y?> <1} and {(x,y) €Y — Dy |x>+y>>1}.

But this is absurd, since Y — Dy = f(R? — Ky) and R?> — K is connected.
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Using exhaustions by compact sets we can, in some sense, describe the ‘behaviour
at infinity’ of topological spaces.

The routine method for capturing the behaviour at infinity of a space X is to look
at its one-point compactification (or Alexandrov compactification) X, which is
the following.

Take a topological space X and a point co not belonging in X. Define X=X U{oo}
and consider on X the family

={A | Aopenin X} U {)? — K | K closed and compact in X}.

It’s easy to see that 7 defines a topology and the natural inclusion X — Xisan open
immersion. We want to prove that Xisa compact space. If X= UU; is an open cover,
there i is an index, say 0, such that oo € Uy, and so U,#OU, covers the compact set
K=X- Uyg. IfUU---UU, is a finite subcover of K then X = UpuUU---UU,.

Proposition 4.65 Retaining the previous notation, X is Hausdorff if and only if X
is Hausdorff and every point in X has a compact neighbourhood.

Proof X is open in X, so any two points have disjoint neighbourhoods in X if and
only if they have disjoint neighbourhoods in X. Take x € X: then x, oo have disjoint
neighbourhoods in X iff there exist a closed, compact K C X and an open U such
that x €e U and U N ()A( — K) = . Fix K; an open U as above exists iff x belongs
to the interior of K, so x, oo have disjoint neighbourhoods in X iff there’s a closed,
compact K C X such thatx € K°. ]

Proposition 4.66 Let f: X — Y be an open immersion of Hausdorff spaces. Then

. e _ X fy=rw,
pr= % m={L D71

is continuous. In particular, a compact Hausdorff space Y coincides with the one-
point compactification of Y — {y}, forany y € Y.

Proof Take U open in X.If U C X then ¢ N (U) = f(U). If, instead, U = X-K
for some compact set K C X, then g~ (U) = Y — f(K).

In the special situation where Y is compact and Hausdorff, X = Y — {y} and
f is the inclusion, the map g is a continuous bijection between compact Hausdorff
spaces, hence a homeomorphism. ([

Exercises

4.51 (Q) Use the exhaustion of Example 4.63 to show that R? is not homeomorphic
toR x [0, 1].

4.52 Prove that R x [0, 1] is not homeomorphic to R x [0, 4-o0].

4.53 Prove that the open cylinder {x> + y?> < 1}  R? isn’t homeomorphic to the
closed cylinder {x% + y*> < 1} C R>.
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4.54 () Prove the following subspaces of R? are not homeomorphic:
X={(xy21z>00U{Cxy 2| +y" <1, z=0)
Y ={(.y.2]z>00U{@y.2 x> +y* > 1, z=0}

4.55 Interpret the space of Exercise 3.3 as a one-point compactification.

4.56 Let f: X — Y beaproper map (Exercise 4.37). Prove that f extends naturally
to a continuous map f: X — Y.

4.57 (w, Q) Let U C S" be an open subset of the sphere homeomorphic to R”.
Show that the complement $” — U is connected.

Reference

[Ste67] Steenrod, N.E.: A convenient category of topological spaces. Mich. Math. J. 14, 133-152
(1967)
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Chapter 5
Topological Quotients

5.1 Identifications

The dual notion to an immersion is that of an identification.!

Definition 5.1 A continuous and onto map f: X — Y is called an identification
if the open sets of Y are precisely the subsets A C Y such that f~!(A) is open in X.

As f~! commutes with complementation of sets, a continuous onto map f: X —
Y is an identification if and only if closed sets in ¥ are those of the form C C Y for
f~H(C) closed in X, and conversely.

Let f: X — Y be a continuous map; we remind that a subset A C X is called
saturated by f (or f-saturated) whenever x € A, y € X and f(x) = f(y) imply
y € A. Equivalently, f-saturated sets have the form f~!(B) for some B C Y.

Saying that f is an identification amounts to saying that open sets in Y are exactly
the images f(A) of saturated sets A. Warning: not every open set in X is saturated,
so identifications may not be open maps.

Example 5.2 Let A be a cover of the space X and consider the disjoint union ¥ =
[1{A | A € A}. The natural map ¥ — X is continuous, onto and an identification if
and only if A is an identification cover.

Definition 5.3 A closed identification is an identification and a closed map. An
open identification is an identification together with an open map.

An identification can be at the same time open and closed, like for instance home-
omorphisms.

Lemma 5.4 Let f: X — Y be continuous and onto. If f is closed, it is a closed
identification. If f is open, it is an open identification.

IThe name identification is not used by everybody: guotient map and proclusion are employed at
times to indicate the same.
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Proof f being onto implies f(f~'(A)) = A forany A C Y. Therefore if f is open
and A C Y is such that f~!1(A) is open, then A = f(f~!(A)) is open, making f
an identification. The same argument goes through for closed maps. (]

Example 5.5 The mapping
100,271 = St ={(x,y) | X2 +y* =1}, f() = (cos(r), sin(r)),

is a closed identification: it’s onto and continuous, from a compact set to a Hausdorff
space, hence closed. Had we wanted to prove directly that f is closed, we would’ve
noted that the restrictions

f:00,71— S'n{y=0}, f:lm2r]l— S'Nn{y<o0},
are homeomorphisms, so that C C [0, 27] closed implies that both
fON{y=0}= N0, 7], fC)N{y <0}= f(CN[m2n]),

are closed; then f(C) is closed, too. Notice that f isn’t an open map, for [0, 1] is
open in [0, 27] but its image inside S' isn’t.

Lemma 5.6 (Universal property of identifications) Let f: X — Y be an identifica-
tionand g: X — Z a continuous map. There exists a continuous mappingh: Y — Z
such that g = hf if and only if g is constant on the fibres of f.

g
.

X
/7/
oy
Ve
Y

Proof What ‘g constant on the fibres of f’ means is that f(x) = f(y) implies
g(x) = g(y). This condition is clearly necessary for the existence of /; we’ll prove
its sufficiency.

As f is onto, we can define h: ¥ — Z by h(y) = g(x), where x € X is any
point such that f(x) = y: by assumption 4 is well defined, and g = hf. We claim &
is continuous. Let U C Z be open, then f~!(h~'(U)) = ¢~'(U) is open in X, and
since f is an identification A~ (U) is openin Y. (I

Example 5.7 Let’s describe the n-dimensional unit ball and sphere as

D'={xeR"||Ix|* <1}, S"={(x,y) eR"xR||x|>+y* =1},
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and consider
fiD" = 8" fx)=Qxv1—|x|220x]* = D).
Such a map is continuous and onto. Its restriction
frlxeD"xl <1} > {(x, eS|y <1}

is a homeomorphism, and furthermore f(9D") = (0, 1) € S§"; in practice f con-
tracts the boundary of the ball to a single point on the sphere. Since D" is compact
and S" Hausdorff, f is a closed identification.

Exercises
5.1 Prove that identifications are preserved under composition of maps.

5.2 Let f: X — Y be an identification and ¢g: ¥ — Z a continuous map. If
gf: X — Z is an identification, show that g is an identification as well.

5.3 (©) Consider two open identifications f: X — Y and g: Z — W. Show that

fxg: XxZ—=>YxW, (fxgk 2 =((x),g9),

is an open identification. (Warning: if f and g aren’t both open, f x g might not be
an identification, see Exercise 5.12.)

54 (Q) Let f: X — Y beanidentification. Show that if the connected components
of X are open, so are the connected components of Y.

5.5 Let f: X — Y be an identification all of whose fibres f~!(y) are connected.
Prove that every open, closed and non-empty subset of X is saturated. Conclude that
Y connected implies X connected.

5.6 (©) Let f: X — Y be an open identification and A C X a saturated set; prove
that A? and A are saturated. Find an example showing that this not always the case
if f is a closed identification.

5.7 (w) Let X, Y, Z be Hausdorff spaces, f: X — Y an open identification,
g: X — Z acontinuous map and D C Y a dense subset. Suppose g is constant
on f~(y) for any y € D. Prove that there exists #: ¥ — Z such that g = hf.
(Hint: show that the map

{1, x2) e X X X | fx) = fx2)} = X, (x1,x2) = x1,

is open and use the results of Exercises 3.26 and 3.57.)
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5.2 Quotient Topology

Consider a space X, aset Y and a surjectivemap f: X — Y. As f~! commutes with
unions and intersections the family of subsets A C ¥ such that f~!(A) is open in
X defines a topology on Y, called the quotient topology (or identification topology)
with respect to f.

The quotient topology is the only topology on Y that makes f an identification,
and the finest topology for which f is continuous.

Now imagine having an equivalence relation ~ on X. Denote by X/~ the set of
equivalence classes and by 7: X — X/~ the surjection mapping x € X to its class
m(x) = [x]. The topological space X/ ~, equipped with the quotient topology of 7,
is called quotient (space).

Proposition 5.8 Let f: X — Y be a continuous map, ~ an equivalence relation
on X and m: X — X/ ~ the canonical quotient map. There exists a continuous
mapping g: X/~ — Y such that gm = f if and only if f is constant on equivalence
classes.

Proof Immediate consequence of Lemma 5.6. O

Example 5.9 Let f: X — Y be continuous, and for any x, y € X define x ~ y
if f(x) = f(y). The relation ~ is an equivalence relation, and Proposition 5.8
guarantees f induces a continuous 1-1 map f: X/~ — Y on the quotient. From
the definition of quotient topology it follows immediately that f is an identification
if and only if f is a homeomorphism.

A particularly interesting class of quotients is produced by so-called contractions:
let X be a space, A C X a subset and consider the smallest equivalence relation ~
on X having A as equivalence class. Precisely: for any x, y € X

x~y ifandonlyif x =y or x,y € A.

It is common to denote with X /A the quotient of X by the relation ~; the idea is that
the canonical quotient map X — X/A contracts, or shrinks, A to a point.

Example 5.10 The mapping
f: s" 1 x[0,1] — D", f(x, 1) =tx,

is continuous and onto. As §”~! x [0, 1]is compact and D" Hausdorff, f is closed and
hence an identification. Now, f(x) = f(y)iffx = yorx,y € "1 % {0}. By Exam-
ple 5.9 f induces ahomeomorphism between the quotient " ~! x [0, 1]/5"~! x {0}
and the ball D".

Example 5.11 Look at the hypercube I" = [0, 1]" C R" and contract its boundary
oI" = [0, 1]" =10, 1["* to a point. The quotient I /JI" is homeomorphic to the
sphere S”, because 1" is homeomorphic to D" and we saw in Example 5.7 that there
is an identification D" — S" contracting the ball’s boundary to a point.
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Example 5.12 The Mobius strip can be physically constructed by taking a rectangu-
lar strip of flexible material (such as paper, leather, thin plate etc.) and glueing two
opposite sides after twisting one.

Topologically speaking, the Mdbius strip M arises from the (closed) square
[0,1] x [0,1] Cc R? by identifying (0, y) with (1,1 — y), for every y € [0, 1]:
to visualise the identification better you might want to look at the sewing pattern of
Fig.1.5.

Example 5.13 The Klein bottle may be defined as the quotient of the square [0, 1] x
[0,1] c R? by the relation that identifies (0, y) ~ (1,1 — y) and (x,0) ~ (x, 1),
for any x, y € [0, 1].

Let us finally remark that the quotient of a compact space is compact and the
quotient of a connected space is connected.

This is no longer true for Hausdorff spaces (see Exercise 5.8). If f: X — Zisan
identification, Z is Hausdorff precisely when, for any x, y € X with f(x) # f(y),
there exist open, saturated and disjoint sets A, B C X withx € A and y € B. By
Exercise 5.6 if f is open the requirement that A and B be open may be replaced by
that of being neighbourhoods of x and y respectively. The picture in the compact
case is even simpler.

Theorem 5.14 Let f: X — Y be an identification, where X is compact and Haus-
dorff. The following statements are equivalent:

1. Y is Hausdorff;
2. f is a closed identification;
3. K ={(x1,x) € X x X | f(x1) = f(x2)} is closed in the product.

Proof The implication (1) = (3) follows because K is the pre-image of the diagonal
under the continuousmap f X f: X x X - Y x Y.

Now let’s show that (3) implies (2), i.e. that f~1(f(A)) is closed for any closed
A C X. As X is compact the projections p1, p»: X x X — X are closed, and the
formula

U A) = pir(K N pstA)

implies that £ ~!(f(A)) is closed provided A and K are.

To finish we need to show (2)=(1): f is closed and onto and points in X are
closed, so the points of Y are closed. Take a # b € Y. Then the closed sets A =
f~Ya), B = f~'(b) are compact and disjoint. But X is Hausdorff, so Wallace’s
theorem gives open sets U, V C X with

AXBCUXxVCXxX—-A,
ie,ACU,BCV,UNV =0,(X-U)U(X—-V) = X.Byassumption f is closed,

soU' =Y — f(X—-U),V' =Y — f(X — V) are open disjoint neighbourhoods of
a and b respectively. (]
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Exercises

5.8 (©) Consider the equivalence relation
x~yif x=yorif |x| =|y| > 1

defined on R with the Euclidean topology. Prove that the quotient R/ ~ is not
Hausdorff, and any of its points has an open neighbourhood homeomorphic to the
interval | — 1, 1[.

5.9 Prove, as A varies among the subsets of [0, 1] made by two distinct points, that
the quotient space [0, 1]/A can be of three distinct homeomorphism-types.

5.10 Let D? = {x> + y% < 1} C R?. Prove that R?/D? is homeomorphic to R?.
5.11 Let X be Hausdorff, K C X compactand X /K the contraction of K to a point.
Prove the following facts:

1. X/K is Hausdorff;

2. (Excision property.) Let A be a open set of X contained in K. Then the natural
map (X — A)/(K — A) - X/K is a homeomorphism;

3. if X is compact, X /K coincides with the one-point compactification of X — K.

5.12 (Q) Consider an identification f: R — X suchthat f(x) = f(y) if and only

2
if x =yorx,y € Z.Call C C R x Q the union of the lines x +y =n 4+ —, as
n
n € N varies. Prove that:

1. f is a closed identification;
2. C is closed and saturated by
[xIld:RxQ— X xQ;

3. (f x Id)(C) is not closed in the product topology; more precisely, the point
(f(0), 0) belongs to the closure of (f x Id)(C);
4. f x Id is not an identification.

5.3 Quotients by Groups of Homeomorphisms

We indicate with Homeo(X) the set of homeomorphisms of a topological space X
to itself. The composition of maps induces on Homeo(X) a group structure, where
the identity map is the neutral element.

Let G C Homeo(X) be a subgroup. Then

x ~y if there exists g € G suchthat y = g(x),
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for x, y € X, defines an equivalence relation on X, whose cosets are called G-orbits,
and whose quotient space is written X/G.

Proposition 5.15 Let G C Homeo(X) be a group of homeomorphisms of a space
X, and m: X — X /G the canonical quotient map. Then 7 is an open map. If G is a
finite group, T is closed as well.

Proof For any subset A C X
7~ (m(A)) = Ug(A) | g € G}.

If A is open, g(A) is open for any g € G, so 7~ (m(A)) is a union of open sets,
hence open; by definition of quotient topology 7(A) is open.
In case G is finite the same argument with A closed remains valid. (]

Although even the quotient of a Hausdorff space by some group of homeomor-
phisms may not be Hausdorff (cf. Exercise 5.13), we have a better arsenal to decide
whether a given quotient X/~ is Hausdorff in case we mod out by G C Homeo(X).

Proposition 5.16 Let G be a group of homeomorphisms of X. The quotient X /G is
Hausdorff if and only if

K={x,9x)) e XxX|xeX, geG}

is closed in the product.

Proof The canonical map 7: X — X/G is open and surjective. Hence
p:XxX—>X/GxX/G, plx,y=@kx),ny),

is open and onto, and so an identification.

Observe that p(x, y) belongs in the diagonal A of X/G x X/G iff x and y live
in the same G-orbit, i.e. (x, y) € K. This proves that p_l(A) = K, and because p
is an identification, A is closed if and only if K is closed. O

Proposition 5.17 Let G be a group of homeomorphisms of a Hausdorff space X
andm: X — X/G the canonical map. Suppose there is an open subset A C X such
that:

1. the quotient map m: A — X/G is onto;
2. {g€ G| g(A)N A #£ B} is finite.
Then X /G is Hausdorff.

Proof Denote by gy, ..., g, the elements of G such that g(A) N A # @. Fix p,q €
X /G distinct and choose two points x, y € A in their orbits: 7(x) = p, 71(y) = q.
As X is Hausdorff, forany i = 1, ..., n we can find an open pair (U;, V;) in X with
x € Uj, gi(y) € V; and U; N V; = (. Consider now the open sets
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n n -1
U:Aﬂ'ﬂlUi, V:Aﬂ'ﬂlgi Vi)
1= 1=

and we will show U Ng(V) =@ forany g € G. If g(A)NA =@, thenby U,V C A
we have U Ng(V) C ANg(A) = @. Instead if g = g; for some i, from U C U; and
Vcg ' (ViyweinferUnNg(V) cU;NV; =@.Butx € U and y € V, so to show
that x, y belong to disjoint, open, saturated sets we might as well prove

(ggG g(U)) N (thh(V)) = gJLIJeG(g(U) Nh(V)) =9.

If we had g(U) N h(V) # @ for some g, h € G then
Ung 'h(V) =g ' (g@)Nh(V)) #90,

contradicting what was proved above. ]

Example 5.18 Let G C Homeo(R") be the group of translations by vectors with
integer components, i.e. g € G iff there exists a € Z" with g(x) = x + a for every
x € R". The quotient R" /G is Hausdorff: take

A={(x1,...,xn) € R" | |x;] < 1forany i},

then A — R"/G isonto and, ifa = (ay,...,a,) € Z",then AN (A +a) # @ only
if |a;| < 1 for any i. Now apply Proposition 5.17.

Corollary 5.19 Let G be a finite group of homeomorphisms of a Hausdorff space
X. Then X /G is Hausdorff.

Proof Apply Proposition 5.17 to the open set A = X. O
Exercises

5.13 Prove that the quotient R” / GL(n, R) is not Hausdorff, for any integer n > 0.

5.14 Let X be Hausdorff, G C Homeo(X). Suppose thatforany x, y € X there exist
neighbourhoods Uof x and V of y such that g(U) NV # @ for at most finitely many
g € G. Prove that X/G is Hausdorff. (Hint: mimic the proof of Proposition 5.17.)

5.15 () Prove that

MR —> S, x > 2™ = (cos(2mx), sin(27x))
is an identification that induces a homeomorphism R/Z = S!. Here Z is understood
as the subgroup of homeomorphisms of R spanned by the translation x — x + 1.

Show that the map ¢>™~ is open but not closed.

5.16 Take X Hausdorff and g: X — X a homeomorphism. Let G >~ Z indicate the
group of homeomorphisms of R x X generated by (¢, x) — (¢ + 1, g(x)).
Show that the quotient (R x X)/G is a Hausdorff space.
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5.4 Projective Spaces

Amongst the foremost examples of quotient spaces by groups of homeomorphisms
we must include the real projective spaces P” (R). By definition P (R) is the quotient
of R™*1 — {0} by the group of homotheties (dilations): in other words the quotient
under the equivalence relation

x~y <= x=\y forsome A € R — {0}.

Note that there’s a natural 1-1 correspondence between P”(R) and the set of
1-dimensional vector subspaces (lines) of R"*! through the origin. Given a vec-
tor (xo, ..., x,) € R"! — {0}, the equivalence class in P"(R) is usually written
[x0, ..., xul.

We put on P"*(R) the quotient topology; by Proposition 5.15 the canonical map
72 R™1 — {0} — P"(R) is an open identification.

Composing the inclusion i : §” — R"*! — {0} and 7 produces a continuous, onto
map that factorises through a continuous bijection f: §"/~ — P"(R), where for
x,y € §" wesetx ~ yiff x = y. We claim that f is a homeomorphism; to this
end let’s consider the commutative diagram

sn L Rt _qoy L gn
v v L rw =
X

-1 llx]]
si~L @ L oenyn

Both the inclusion i and the map r are continuous, so also 7i and 7'r are continuous.
By Proposition 5.8, then, f and f~! are continuous.

Because $"/ ~ = §"/ £ Id, £1d C Homeo(S") being the subgroup of order
two formed by the identity and the antipodal map, Corollary 5.19 implies that the
real projective spaces are Hausdorff.

Example 5.20 Consider the space X = D?/ ~ obtained from the two-dimensional
disc D? = {x e R? | |Ix| < 1} by modding out the relation that identifies antipodal
points on the boundary:

x~y = x=y or |[x[[=]yl=1 x=-y.

The aim is to show that X is homeomorphic to the real projective plane P (R).
For starters, we identify the disc D? with the upper hemisphere

ST ={(x,y, 0 eR | x*+y +7=1,2>0} C §*
using the homeomorphism S_%_ — D2, (x,y,2) — (x,y). Thus X is homeomorphic

to S_ZF / ~, where ~ is the antipodal identification of (x, y, 0) € Si with (—x, —y, 0).
Call i: §2 — S the inclusion and 7: S — P*(R), p: S3 — X the canonical
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quotients. Then we have a commutative diagram of continuous maps

i

52— §?
Ypo 47
x L P2R)

Our j is bijective and maps a compact space to a Hausdorff space, so j is a homeo-
morphism.

Example 5.21 For every index i =0, ..., n the subset
A; = {[x0, ..., x,] € P"(R) | x; # 0}

is an open set homeomorphic to R” and therefore {Ag, ..., A,} is an identification
cover. In fact, if we denote by w: R"+! — {0} — P"(R) the quotient map,

7N A = {(x0, ..., x) € R™TT— {0} | x; # 0}
is open. The map

f:Rn_>A05 f()’l,uw)’n)=[17y1,~~~7)’n]
is continuous and bijective. In addition,

s (Ag) — R, f_lﬂ'(xo,xl,...,xn)z(x—l,... x—”)

xo 7 xo
is continuous, and by the universality of identifications f ! is continuous. Eventually,
a simple permutation of the indices gives, for any i, a homeomorphism Ay =~ A;.

Complex projective spaces are defined in a similar way. [P (C) is the quotient of
C"*+1 — {0} by the equivalence relation

x ~y <= thereexists A € C — {0} suchthatx = \y,

so P"(C) = (Ct! — (0D /G, where G is the group of complex homotheties.
We endow P"(C) with the quotient topology.

Proposition 5.22 Projective spaces, both complex and real, are connected, compact
and Hausdorff.

Proof The projections
S"—>P'R), S ={zeC™ ||zl =1} > P'(C)

are continuous and onto, proving that the spaces are compact and connected.
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We already know real projective spaces are Hausdorff, so let us consider the
complex case. By Proposition 5.16 P"(C) is Hausdorff if and only if

K ={(x,y) € (€ — {0 x (C"' —{0}) | x = Ay}

is closed. Viewing any point in C"*! as a column vector we end up identifying
(C1 —{0}) x (C"*F! — {0}) with the space of (n + 1) x 2-matrices with non-
zero columns. Therefore K is the intersection of (C"*! — {0}) x (C"*! — {0}) with
matrices of rank one. This set is closed because it’s defined by the vanishing of all
2 X 2-minors. (]

Exercises

5.17 Prove that the quotients maps
"> P'®), S ={zeC"' ||zl =1} > P'(O),

are closed identifications.

5.18 Verify that P'(R) — S!,

x% - x12 2xox1
xo,xtl >\ 5——= 5=
X X7 xgt+ X

is a homeomorphism.

5.19 Verify that P'(C) — S2,

lzol? — 121> Zoz1 —Z120  Zozi +2120)
lz01? + 121127 |z01? + |z11? 20l + |z11?

[z0, z1] — (

is a homeomorphism.

5.20 A projective transformation of P*(R) is a map P"*(R) — P"(R) induced by
a 1-1 linear map R"*! — R”*! when passing to the quotient. Prove that projective
transformations are homeomorphisms.

5.21 Consider the subset Z C P! (R) x R* of elements ([x0, x1], (a1, a>, a3, as))
with
xg 4+ a1x3x1 + axx3x} + azxoxi + agxf =0

Prove that Z is closed in the product and conclude that the set of vectors
(ar,az,as,aq) € R* for which the monic polynomial a1+ art? + ast +ay
has at least one real root is closed in R*.

L

5.22 (GraBmannians, #) Given integers 0 < k < n we denote with G (k, R") the
set of linear subspaces in R” of dimension k, and with
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Xnk ={A € My, k(R) | rank(A) = k}

the set of n x k-matrices with maximal rank. There is an obvious onto map
m: Xpk — G(k,R") that sends a matrix to the subspace spanned by its column
vectors. Let’s put on X, x the subspace topology, and on G(k, R") the quotient
topology. Prove that:

1. the map GL*(n, R) — X, & giving the first k columns of a matrix is open and
onto. Deduce that G (k, R") is a connected space;

2. m(A) = n(B) if and only if A = BC for some C € GL(k, R). Conclude that 7
is an open identification;

3. the obvious composite

SO(n,R) — GLT(n,R) — X, — G(k, R")

is onto; deduce that G (k, R") is compact;

4. the space G (k, R") is Hausdorff (Hint: for a given pair (A, B) € X, x X X r we
have m(A) = w(B) iff the matrix (A, B) € M, o has rank < k);

5. givenasubspace H C R”" of dimensionn —k, theset V € G (k, R") of subspaces
such that V N H = 0 is open and dense in G (k, R").

Eventually, use minors to define a continuous map X, y — RN — {0}, with N =

(Z), that factorises through a continuous 1-1 map p: G(k, R") — PV “1(R).

5.23 (=) Let X be a space, n a fixed integer and consider, for any point x € X, a
projective subspace Ly C P"(R). Assume that the subset

Z={(x,p) e X xP"(R) | p € Ly}
is closed. Prove that for any k < n
Ur={xe X |dimL, <k}
isopenin X (Hint: x € Uy iff there exists a subspace H C P"(R) of dimension n — k
such that L N Ly = ). How can we use this result to study the map that sends a

matrix A € M,_,(R) to the vector subspace L4 of matrices B € M, ,(R) satisfying
AB = BA?

5.5 Locally Compact Spaces

Definition 5.23 A topological space is locally compact if every point has a compact
neighbourhood.
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Example 5.24 Open sets in R" are locally compact: if U C R” is open and x € U
we can find r > 0 satisfying B(x,r) C U; then the closed ball B(x, R), for any
0 < R < r, is a compact neighbourhood of x in U.

Straight from the definition we have that any compact space is locally compact.
Furthermore,

Proposition 5.25 Every closed subspace in a locally compact space is locally com-
pact. The product of two locally compact spaces is locally compact.

Proof Let Y be closed in X locally compact. Any y € Y has a compact neighbour-
hood U C X. The intersection ¥ N U is a neighbourhood of y in Y and is also
compact because closed in U.

If X, Y are locally compactand (x, y) € X x Y, the product U x V of two compact
neighbourhoods of x € U C X and y € V C Y is a compact neighbourhood of
(x, ). 0

On a par with compactness, local compactness is especially useful side by side
with the Hausdorff property.

Theorem 5.26 Every point in a locally compact Hausdorff space has a local basis
of compact neighbourhoods.

Proof Pick x in a Hausdorff space X and suppose K is a compact neighbourhood of
x. We’ll prove that the family of compact neighbourhoods of x inside K is a basis.
Take U open in X containing x and consider the compact set A = K — U and the
inclusions

{x}xACKxK—-ACK xK,

where A is the diagonal. Wallace’s theorem gives two disjoint open sets V, W C K
withx € V and A C W. The subset V N K is open in K° and therefore open in
X. As K is closed in X, also K — W is closed in X, and so the closure of V in X is
contained in K — W. Hence

xeVNK°CVCK-WCK—-A=KNU,

and V is thus a compact neighbourhood of x inside K N U. ]

Corollary 5.27 Consider an identification f: X — Y and a locally compact Haus-
dorff space Z. Then

fxld:XxZ—>YxZ, (x,2) (f(x),2),

is an identification, too.

Proof To simplify the notation we’ll write F = f x Id. The key observation is that
if A C X x Z is F-saturated, then (A: B) is f-saturated for any B C Z. Recall that
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(A:B)={xe X |{x} x BC A}.

We have to show that x € (A : B), x’ € X and f(x) = f(x') imply x’ € (A: B):
this is clear because for any b € B we have (x,b) € A, F(x,b) = F(x',b), and
since A is saturated it follows that (x/, b) € A.

LetU C Y xZbesuchthat A = F~1(U) isopenin X x Z and take (y, z) € U; we
want to find neighbourhoods V C Y, W C Z suchthat (y,z) € Vx W C U.Choose
x € X with f(x) = y. As Z is locally compact, by Theorem 5.26 there is a compact
neighbourhood W of z such that {x} x W C A. Now, the map7: X x W — X is
closed, so

AW)=X—7(X x W —A)

is an open set that we know is f-saturated. By definition of identification V = f((A:
W))isopenand (y,z) e Vx W C U.
Eventually, if f is open then f x Id is open, irrespective of what Z is. (]

We saw in Exercise 5.12 that Corollary 5.27 does not hold without the local
compactness of Z.

Exercises

5.24 Let A C R? be the union of all straight lines y = nx, with n positive integer.
Prove that A isn’t locally compact, and the onto map R x N — A, (¢, n) — (¢, nt),
isn’t an identification.

Show further that R x N is a locally compact Hausdorff space, and its quotient
R x N/{0} x N is Hausdorff but not locally compact.

5.25 LetY = X/ ~ be an arbitrary quotient; prove that if X is compactly generated
(Exercise 4.36) and Y Hausdorff, then Y is compactly generated, too.

5.26 Let X be a locally compact space. Prove that every compact subspace has a
compact neighbourhood (i.e., for any K C X compact there exists H C X compact
such that K C H®).

5.27 Let Y be dense in a Hausdorff space X. Prove that Y locally compact implies
Y open.

5.28 (@) Consider a continuous map f: X — Y between locally compact Haus-
dorff spaces. Suppose K C Y is a compact set with compact pre-image f~!(K).
Prove that there exist open sets f~'(K) Cc U, K C V such that f(U) C V
and the restriction f: U — V is proper (Exercise 4.37). (Hint: let W be a
compact neighbourhood of f~!'(K); notice that K N f(OW) = @ and consider
U=W-—f1(f(ow).)
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5.6 The Fundamental Theorem of Algebra ~

We have all the ingredients to present the most classical proof of the fundamental
theorem of algebra, which relies on results from point-set topology. Corollary 15.26
will offer a different proof involving homotopy theory.

Lemma 5.28 Let p(2) be a polynomial of positive degree with complex coefficients,
and suppose p(0) # 0. Then there exists z € C such that |p(z)| < |p(0)].

Proof Call k > 0 the multiplicity of O as root of the polynomial p(z) — p(0), so that
() = p0) — Xbo+brz+ -+ bz"),  with by #0.

r0)
0

Suppose c is a kth root of and consider the continuous map

g: 10,11 >R, g(1) = |p(c)| =

p
p(o) _ tkp(o) _ fk+] Zbick+iti71
i=1

By the triangle inequality

g(t) < |pO)|(1 — %) + !

r
Zbick+ltl—l .

i=1

Since by assumption |p(0)| > 0, for any positive and sufficiently small # we have
9(1) < g(0). O

Theorem 5.29 Let p(z) be a polynomial with complex coefficients of positive degree.
There exists zo € C such that p(zp) = 0.

Proof Without loss of generality we can assume p(z) is monic:

1

p)=7"+ap 17" +---+ay, n>0.

Consider the continuous map f: C — [0, 4o0[, f(z) = |p(z)|, and let’s prove it
has an absolute minimum. By the triangle inequality

n—1 n—1
f@=1p@| =" = D laillz' = Iz”l(1 -2 |Z||ﬂz)

i=0 i=0

Choose a real number R > 0 so large that

lap| 1 <
< :
R" 2

1
|ai| 1
Rn—i < E
i=0
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For every z € C with |z| > R we have

n—1
; n Rn
GE Iz"l(l -y ol )z LI = = laol = £ (0).

so the minimum of f restricted to the compact set {z | |z| < R} is a minimum for f
on the whole plane.

Call zg the absolute minimum point of | p(z)|. Then g(z) = |p(z + zo)| has an
absolute minimum at 0. By Lemma 5.28 the polynomial ¢(z) = p(z + zo) vanishes
at 0, whence p(zg) = 0. O

Definition 5.30 For any positive integer n the elementary symmetric functions
01, ...,0y: C" — C are the polynomials defined through the relationship

n
t" +01(Zl7--~»Zn)tn_1 +- ozl z0) = H(t+zi)-
i=1

Putin a different way, the values of o1, . . . , g, onthe complex n-tuple (ay, . . ., a,)
are the coefficients of the monic polynomial of degree n having —ay, ..., —a, as
roots. When n = 3 the elementary symmetric polynomials are

o1 =21+t22+23, 02=2122+ 2223 +2321, O3 = 2122Z3.
Lemma 5.31 The map
o:C"—=>C",  o0()=(01(),...,0,(2)),
is a closed identification.

Proof By the fundamental theorem of algebra o is onto; we claim it’s actually a
closed map. Denote by V,, = C"*! the vector space of homogeneous polynomials
of degree n with complex coefficients in the variables 1y, ¢, and let P(V,,) = P"*(C)
be its projectivisation. Then

g: Cﬂ - ]P)(Vn)’ g(alﬂ sy an) == [t{l + altot?_l + tet + ant(l;l]v
induces a homeomorphism from C” to the open set

U = {[h(t0,11)] € P(V,)) | R(0, 1) # O}

Call p: P(V))" — P(V,) the map induced by multiplying the coordinates:

p(lurty + zitol, .. ., [upts + zatol) = [(uity + z1t0) - - - (pts + 2uto)].
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The mapping p is closed because P(V)" is compact and P(V,,) Hausdorff, and by
the projection formula the restriction p: p~!(U) — U is closed too. Now observe
that

f:C" = p W), f@i .. z) = A1+ 2100 - . (1 =+ 2alo))s

is a homeomorphism and
cn _U) cn
l/f 19
P(V)" 2> P(V)

commutes. (]
Every permutation 7 of {1, ..., n} induces a homeomorphism 7: C" — C"
defined by
T_I(Zlv cesZp) = (ZT(I)v cees ZT(n))

(the permutation of indices). This defines a representation of the symmetric group
3, as a subgroup of Homeo(C"), and it makes sense to consider the quotient C" / X,,.

Theorem 5.32 [n the notations above the map o is compatible with the ¥, -action
and induces a homeomorphism C" /%, >~ C". In particular o is an open and closed
identification.

Proof By definition ¢ is constant on the orbits of %,, so Proposition 5.8 gives a

commutative diagram of continuous maps.

Ccr ——C"

, A

C"/ %0

We know from algebra courses that every polynomial of degree n has n uniquely
defined roots (up to order), so 4 is bijective. By Lemma 5.31 ¢ is an identification
and hence / is a homeomorphism. Now Proposition 5.15 tells that C* — C"/ %, is

open and closed, making o open and closed, too. (]
Exercises
5.29 Consider the set ¥ C R”" of vectors (ay, ..., a,) such that the polynomial

M +at" '+ +a,hasa multiple factor. Prove that Y is closed in R”. (Hint: call
V4 the space of real homogeneous polynomials of degree d in ty, #1). Then

1

g:R" = P(V,), glar,....,ay) =[1f +aitot}” + -+ anty]

is continuous and ¥ = Uyy<, g_l (Z4), where Z,; is the image of the closed map
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P(Va) x P(Vi24) = P(Vi),  (Ipl.[g]) — [p*ql.)

5.30 (s) Prove that, for n > 2, there’s no continuous map s: C" — C" such
that os = Id. (Hint: it may be useful to restrict o to configurations of n points,
cf. Exercise 4.11).

5.31 (=, Q) Call C[r], the space of complex monic polynomials of degree n; the
affine structure naturally turns C[7], into a topological space homeomorphic to C".
Prove that:

1. the subspace in C[¢], of polynomials with multiple roots is closed and connected,
its complement is dense and path connected;
2. the map
M, ,(C) — Clt],, A det(A +1t1),

is an open identification;
3. the subset in M, ,(C) of diagonalisable matrices contains a dense open set (NB:
any neighbourhood of the zero matrix contains non-diagonalisable matrices).
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Chapter 6
Sequences

6.1 Countability Axioms

Definition 6.1 A topological space is said to be second countable if the topology
admits a countable basis of open sets.

A space with this property is also said to satisfy the second countability axiom.

Example 6.2 The Euclidean line R has a countable basis: the family of open intervals
with rational endpoints

{le.dl]c.d € Q}

is countable and forms a basis for the Euclidean topology. Any open set in R, in fact,
is the union of open intervals, and for any ]a, b[ we have

la,bl=|J{le.d[ |a<c<d<b, c,d Q).

Example 6.3 Any subspace in a second-countable space is second countable: if 5 is
a countable basis for X and Y C X,then {ANY | A € B} is a countable basis for Y.

Example 6.4 The product of two second-countable spaces is still second countable.
It’s easy show that if .4 and B are bases of X and Y respectively,

C={AxB|AecA, BebB}

is a basis of X x Y. If A and B are countable, so is C.

It’s also quite simple to find examples of quotients of second-countable spaces
that do not inherit the property, like the one of Exercise 6.1.

We recall (Definition 3.14) that a subset is dense if it intersects every non-empty
open set.

Definition 6.5 A topological space is called separable if it contains a countable
dense subset.

© Springer International Publishing Switzerland 2015 105
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Lemma 6.6 Every second-countable space is separable.

Proof Let B be a countable basis of X; for any open set U € B choose a point
py € U. The set of such points E = {p,, | U € B} is countable, and dense because
it meets every basis element. (|

Lemma 6.7 Any separable metric space has a countable basis.

Proof Let (X, d) be a separable metric space and choose a countable dense subset
E C X. Itis enough to show that the countable family of open balls

B={B(,27")|ec E,neN}

is a basis. Take U open and x € U, then choose an integer n € N so that
B(x, 21_") C U. As E is dense, there exists an ¢ € E N B(x,27"); symmet-
rically, x belongs to the ball B(e,27"), so from the triangle inequality we have
B(e,2™™) C B(x,2'™) c U. O

Example 6.8 Denote by £>(R) the set of real sequences {a,}, n > 1, such that
> a,% < +00, and set

for any a = {a,} € £>(R). Since for every a, b € R we have (a + b)> + (a — b)> =
2(a® + b?), immediately £2(R) is a vector subspace. Given sequences {a,}, {b,} €
£2(R), the triangle inequality

N

N N
Slan—b)r< | D ai+ | > b2
n=1 n=1

n=1
holds, for any N > 0. Passing to the limit for N — oo gives
lla = bl < llall + lI&]l,

hence £2(R) is metrised by the distance d(a, b) = |la — b||.

Now let’s consider the countable set £ C EZ(R) of eventually null, rational
sequences. Given any sequence a = {a,} € ¢*(R) and any real number £ > 0, we
may find an integer N > 0 and N rational numbers by, ..., by such that

Z a,% <e, (an — bn)2 < % forevery n < N.

n>N
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Consider the sequence b = (b1, b, ..., by, 0,0, ...): it satisfies
lla — b||2 = Z(an — bn)2 + Z a,zl < 2¢e.
n<N n>N

This proves that E is dense, the metric space £>(R) is separable, and by Lemma 6.7
£2(R) has a countable basis.

Proposition 6.9 In a second-countable space every open cover admits a countable
subcover.

Proof Let X have a countable basis B and consider an open cover A. For every
x € X choose an open set U, € A and an element B, € Bsuch that x € B, C U, .
The open family B’ = {B, | x € X} is asubcover of 13, and so it is countable. We can
find a countable subset E C X such that B’ = {B, | x € E}, whence {U, | x € E}
is a countable subcover of A. (]

Definition 6.10 A topological space satisfies the first countability axiom, or is first
countable, if every point admits a countable local basis of neighbourhoods.

If a space is second countable then it is first countable: the open sets in a countable
basis that contain a given point forms a local basis at that point.

Lemma 6.11 Metric spaces are first countable.

Proof Let x be a point in a metric space. The open balls {B(x,27") | n € N} are a
local basis of neighbourhoods around x. (]

The next example shows that not all first-countable spaces are metrisable.

Example 6.12 The lower-limit line R; (cf. Example 3.9) is separable and first count-
able, but doesn’t have countable bases. In particular it can’t be metrisable. The subset
of rational numbers is dense in R;, making R; separable. For any real a, the countable
open family {[a, a +27"[ | n € N} is a local basis around a. Take an open basis 3
of Ry; for any x € R; the open set [x, +00[ contains x, and so there is U (x) € B
such that x € U(x) C [x, +oo[. In particular, if x < y then x € U(y) and hence
U(x) # U(y). Therefore the map R; — B, x — U (x),is 1-1 and B is not countable.

Theorem 6.13 Let X be a second-countable, locally compact Hausdorff space.
There exists an exhaustion of X by compact sets, i.e. a sequence

KiCcKycC---

of compact sets covering X and such that K, C K | for any n.

Proof Let B be a countable basis, 5, C B the subfamily of open sets with compact
closure. Since X is locally compact and Hausdorff, 5. covers X. Call A the collection
of finite unions of elements of B.. By construction A is at most countable, every
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A € A has compact closure and for any compact set K C X there’s an element
A € Asuchthat K C A. Fix an onto map g: N — B, then define recursively a
sequence of compact sets K1 C K» C --- by

K1=g( ), anAnUg(n)v

where A, is one of the elements in A that contain K,_;. This makes the family {K,,}
an exhaustion by compact sets. O

Exercises

6.1 (O) Givenreal numbers x, y € R, wedefinex ~ yiffx = yorx, y € Z. Prove
that R/~ doesn’t satisfy the first axiom of countability.

6.2 Let B be a basis in a second-countable space. Prove that there exists a countable
subfamily C C B giving a basis for the topology.

6.3 Consider a continuous and onto map f: X — Y. Show that if X is separable
then also Y is separable. If, in addition, f is open and X second countable, then Y
has a countable basis.

6.4 Prove that the product of two separable spaces is separable. Give an example of
a separable space containing a non-separable subspace. (Hint: Exercise 3.62.)

6.5 Let f: X — Y be a continuous, closed and onto map such that f~!(y) is
compact for every y € Y. Prove that Y has a countable basis if X has a countable
basis.

6.6 (=) Take disjoint copies R, of the real line, parametrised by a real number
a €] —7/2, m/2[, and define continuous maps

fa: Ry — {0 x1—1,1[ - R?,

cos(a) sin(a)
X ) '

— tsin(a), —— + t cos(a)
X

fa(x,t) = (

Now consider the disjoint union of R? with the strips R, x | — 1, 1[, and denote by

CR2U Ryx]— 1]

~

X

the quotient under the smallest equivalence relation ~ such that

(x, 1) ~ fa(x, 1), forevery (x,t) e (R, —{0})x]—1,1[.
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Prove that:

1. X is connected, separable and Hausdorff; each point has an open neighbourhood
homeomorphic to R2;

2. X contains a discrete subset whose cardinality is more than countable. In partic-
ular, X isn’t second countable;

3. X can’t be written as countable union of compact sets.

6.2 Sequences

A sequence in a topological space X is a map a: N — X; the domain is usually
viewed as a set of indices, so one writes a; rather than a(i).

Definition 6.14 Let {a,} be a sequence in a space X.

1. The sequence converges to a point p € X if for any neighbourhood U of p there
isan N € N such thata, € U foreveryn > N.

2. A point p € X is called a limit point of the sequence if for any neighbourhood
U of p and for every N € N there exist n > N such thata, € U.

Saying that a sequence accumulates at p means that p is a limit point. If a sequence
converges to p then it also accumulates to p, so p is a limit point; the converse is
generally false.

Every sequence in a Hausdorff space converges at most to a point, if it converges at
all. Suppose the sequence {a, } converges to distinct points p and ¢; if X is Hausdorff,
there are disjoint neighbourhoods p € U, g € V andintegers N, M suchthata, € U
for every n > N and a, € V for all n > M therefore for any n > max(N, M) we
have a, € U NV, contradicting the assumption U NV = .

Definition 6.15 A sequence {a,} in X is said to be convergent if it converges to
some point p € X. When X is Hausdorff, one also says that p is the limit of {a,}.
In symbols
a, — p, or lim a, =p.
n—o0
Definition 6.16 A subsequence of a sequence a: N — X is the composite of the
mapping a with some strictly increasing function k: N — N.

Lemma 6.17 Let {a,} be a sequence in X. If there’s a subsequence {ay )} converg-
ing to p € X, then p is a limit point for {a,}.

Proof Let U be a neighbourhood of p. By definition of convergence there exists an
integer N such that ay,) € U for any n > N. Given any integer M we can find
an integer m such that ay(,) € U and k(m) > M: therefore p is a limit point for
{an}. U
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In first-countable spaces many topological properties can be defined by means
of sequences and subsequences. In order not to bore the reader too much we shall
discuss this matter only with regard to closure and compactness.

Proposition 6.18 Letr X be a first-countable space and A C X a subset. For every
x € X the following conditions are equivalent:

1. there exists a sequence with values in A that converges to x;
2. the point x is a limit point of an A-valued sequence;
3. the point x belongs in the closure of A.

Proof The implication (1) = (2) is clear; let us prove (2) = (3). Suppose x is a
limit point for a: N — A and write A’ = a(N); for any neighbourhood U of x we
have UNA' # @, sox € A’ C A.

As for (3) = (1), let {U, | n € N} be a countable local basis of neighbourhoods
around x. As x € A, for any n we know U; N --- N U, N A # @, and we may pick
apointa, € Uy N---NU, N A. The sequence {a,} converges to x, for if U is a
neighbourhood of x, then there’s an integer N such that Uy C U, and therefore
ap € Uy Cc U foranyn > N. [l

Lemma 6.19 In a compact space any sequence has limit points.

Proof Let X be compact and a: N — X a sequence. For every m we set C,,, =
{a, | n > m} C X. By definition x € X is a limit point for a if x € C,, for every m.
Proposition 4.46 tells that the countable descending chain of non-empty closed sets
C,», has non-empty intersection. (]

Definition 6.20 A space X is sequentially compact if every sequence has a con-
vergent subsequence.

Lemma 6.21 A first-countable space is sequentially compact if and only if every
sequence admits a limit point. In particular any first-countable compact space is
also sequentially compact.

Proof The ‘only if” statement follows by the definitions and Lemma 6.17. For the
other implication, assume every sequence has a limit point and let’s show the space
is sequentially compact.

Take a sequence {a,}; we claim it contains a convergent subsequence. Choose a
limit point p and call {U,,} a countable local basis of neighbourhoods at p. Possibly
to replacing U,, with U1 N --- N U,,, we may assume that U,,+| C Uy, for every m.
The fact that p is a limit point allows to define a sequence k (m) of integers such that
k(m 4+ 1) > k(m) and axny € U, for any m. In particular the subsequence ay ()
converges to p. (]

Proposition 6.22 The following are equivalent in a second-countable space X:
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1. X is compact;
2. every sequence in X has a limit point;
3. X is sequentially compact.

Proof We already know (1) = (2), and also that (2) = (3) holds in first-countable
spaces.

There remains to show that if X has a countable basis, then (3) = (1). Suppose
X isn’t compact, and let’s find a sequence with no convergent subsequences. Take
an open cover A without finite subcovers; by Proposition 6.9 A has a countable
subcover {A, | n € N}. A fortiori {A, | n € N} doesn’t admit finite subcovers, so for
every n € Nthereisonea, € X — U;f:] A j. We shall prove that every subsequence
of {a,} cannot converge. Given a strictly increasing map k: N — N and a point
p € X there exists N such that p € Ay, whence ay(,) &€ Ay forevery k(n) > N;in
particular {ay(,)} doesn’t converge to (the arbitrary point) p. (]

Remark 6.23 Compact, but not sequentially compact spaces do exist (Exercise 7.7).
There are also sequentially compact spaces that aren’t compact (Exercise 7.8).

Exercises

6.7 Leta: N — R be a 1-1 and onto map between the natural numbers and the
rationals. Find the limits points of the sequence a. (Hint: every non-empty open set
in R contains infinitely many rational numbers.)

6.8 Let X and Y be first countable and Hausdorff. Prove that f: X — Y is contin-
uous iff it maps convergent sequences to convergent sequences.

6.9 (©) Prove that every first-countable Hausdorff space is compactly generated
(Exercise 4.36).

6.10 A point x in a space X is called a limit point of the subset A C X if every
neighbourhood of x contains points of A other than x.

Prove that x € X is a limit point of {a,} if and only if (x,0) € X x [0, 1] is a
limit point of the subset

{(@a,, 27" |ne N} C X x[0,1].

6.11 (O)Ifaspaceisnotfirstcountable the implication (2) = (1) in proposition 6.18
usually fails: the following example is due to R. Arens (1950).

Take X = Ny x Ny with the topology for which a set C C X is closed iff
(0,0) € C or C N ({n} x Np) is infinite for at most finitely many »n. Consider the
subset A = X — {(0, 0)} and prove:

1. (0, 0) is a limit point for a sequence with values in A;
2. there’s no sequence in A that converges to (0, 0).


http://dx.doi.org/10.1007/978-3-319-16958-3_7
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6.3 Cauchy Sequences

Definition 6.24 A sequence {a,} in a metric space (X, d) is a Cauchy sequence if
for any € > O there exists an integer N such that d(a,, a,,) < ¢ forany n,m > N.

Every convergent sequence is a Cauchy sequence: in fact, if p is the limit of {a,},
then for every € > 0 there is an N such that a, € B(p, /2) for any n > N; the
triangle inequality implies d(a,, a,,) < € forany n,m > N.

Lemma 6.25 A Cauchy sequence is convergent if and only if it has limit points. In
particular, any Cauchy sequence in a sequentially compact metric space converges.

Proof Let {a,} be a Cauchy sequence in a metric space (X, d), with limit point
p € X. We’ll show that for every € > 0 we can find N € N such thatd(p, a,) < ¢
for any n > N. The Cauchy property implies that there’s an M € N such that
d(ay,apy) < €/2 for any n,m > M; as p is a limit point, there also is an N > M
such that d(p, ay) < /2. Now use the triangle inequality

d(p,ay) <d(p,ay) +d(ayn,ay) < e foreveryn > M.

If a Cauchy sequence has a convergent subsequence, by Lemma 6.17 it has a limit
point. (]

Definition 6.26 A metric space X is called complete if every Cauchy sequence
converges to a point in X.

From Lemma 6.21 it follows that every compact metric space is sequentially
compact; hence, by Lemma 6.25, it also complete.

Theorem 6.27 The Euclidean spaces R" and C" are complete metric spaces.

Proof As C" = R>" we can deal with R” only. Let {a,} be a Cauchy sequence in
R" and N € N a number such that

la, —an|| < 1foranyn > N.

Writing
R = max{llaill, lazll, ..., llan|},

by the triangle inequality the sequence {a,} is contained in the compact subspace
D={xeR"||x||<R+1}.

Lemma 6.25, then, guarantees that the sequence must converge. (]

Lemma 6.28 Let {f,: N — A, | n € N} be a countable family of maps. If every
A, is finite, there exists a strictly increasing map g: N — N such that f,(g(m)) =
fn(g(n)) for any m > n.
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Proof A is finite so at least one fibre of f] contains infinitely many elements.
Lemma 2.3 warrants the existence of a strictly increasing map g; : N — N making
f1g1 constant. On the same grounds at least one of the fibres of f>g; is infinite, and
we can find a strictly increasing ¢ : N — N so that fg;¢> is constant. Continuing
in this way we can define a sequence of strictly increasing maps g,: N — N such
that, for any n, f,,g192 - - - g, 1S constant.

Now let’s consider the ‘diagonal’ map

g:N—=>N, gn)=g1---gu(n),

and prove that it has the desired properties. Given n,m € N, n < m, we setl =
Gn+1- "+ gm(m); thenl > m and

Jn(g(m)) = fugr -+ gn() = fagr--- gn(n) = fu(g(n)). O

Theorem 6.27 yields that R is complete as a consequence of the sequential com-
pactness of [0, 1]. It is instructive to show the opposite implication, i.e. prove that
[0, 1] is sequentially compact because R is complete. To do this we have to show
that every sequence in [0, 1] has a Cauchy subsequence.

Suppose we have a sequence {a,} in [0, 1]. Call A, the set of the 2" intervals

0,27 ,...,[i27", G+ D27"[,... ,[1=2"",1], 0<i<?2",

and let f,,: N — A, be the map such that a,, € f,(m) for any m. By Lemma 6.28
there’s a strictly increasing map g: N — N such that f,(g(n)) = f,(g(m)) for any
n < m. The subsequence {b, = a4} satisfies |b, — by,| < 27" for any n < m, so
it is Cauchy.

Proposition 6.29 A subspace in a complete metric space is closed if and only if it
is complete for the induced metric.

Proof Let (X, d) be complete and A C X closed. Every Cauchy sequence in A is
Cauchy in X, so it converges to a limit a € A; therefore (A, d) is complete provided
A is closed.

Vice versa, every sequence in A that converges to a € A is Cauchy in (A, d), so
if (A, d) is complete, a € A. O

Exercises

6.12 (Q) Find an example showing that completeness is not a homeomorphism-
invariant property.

6.13 Define a distance d on R — Z that renders (R — Z, d) complete and homeo-
morphic to R x Z.

6.14 Prove that the metric space £%(R) introduced in Example 6.8 is complete.


http://dx.doi.org/10.1007/978-3-319-16958-3_2
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6.15 Let £°°(R) be the space of bounded real sequences {a,}, with distance

d({an}, {bu}) = suplay — byl.

Prove that £°°(R) is a complete metric space but it isn’t separable.

6.16 (Contraction theorem, Q) Let (X, d) be a metric space. A function f: X — X
is called a contraction (mapping) if there exists a real number v < 1 such that

d(f(x), f(y)) <~vd(x,y) forevery x,yeX.

Prove that if (X, d) is complete, non-empty, and f: X — X a contraction, there
exists a unique point z € X such that f(z) = z. Show, moreover, that for every
x € X the sequence { f"(x)} converges to z.

6.17 () Find amap f: R — R without fixed points and such that

If () = FDI < lx =yl

for every x, y.

6.18 (=) Let A be an open set in a complete metric space (X, d). Prove there exists
a distance & on A inducing the subspace topology and such that (A, &) is complete.

6.4 Compact Metric Spaces

Definition 6.30 A metric space is said to be totally bounded if it can be covered
by a finite number of open balls of radius r, for any positive real number r.

Each totally bounded metric space is bounded: if X is the finite union of balls
B(x1,1),..., B(x,, 1) and M is the maximum distance between any two centres x;,
by the triangle inequality the distance of any two points of X is at most M 4 2. Any
discrete and infinite space, with the distance of Example 3.34, is bounded but not
totally bounded.

Lemma 6.31 Every sequentially compact metric space is totally bounded.

Proof Take (X, d) sequentially compact and suppose, by contradiction, there is an
r > 0 such that X cannot be covered by finitely many open balls of radius . We
construct recursively a sequence {a, }: choose a; € X arbitrarily, and for any n > 1
let a,, be some element in the non-empty closed set

n—1
X — _U] B(a;,r).
1=

Since d(ay,, an) > r for every n > m, no subsequence of {a,} can converge. O


http://dx.doi.org/10.1007/978-3-319-16958-3_3
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Lemma 6.32 Every totally bounded metric space is second countable.

Proof Let X be totally bounded. For any n € N there’s a finite subset E;,, C X such
that X = U{B(e,27") | e € E,}. The countable set E = UE,, is thus dense, making
X separable. Invoking Lemma 6.7 allows to conclude. ]

Theorem 6.33 In a metric space X the following conditions are equivalent:

1. X is compact;

2. every sequence in X has a limit point;
3. X is sequentially compact;

4. X is complete and totally bounded.

Furthermore, if any one of the above holds then X is second countable.

Proof Call d the distance. A metric space satisfies the first countability axiom, so
(1) = (2) and (2) = (3) are proven.

As for (3) = (1), the previous Lemmas 6.31 and 6.32 show that a sequentially
compact metric space has a countable basis, and Proposition 6.22 applies.

We claim (2) 4+ (3) = (4): Lemma 6.31, in fact, says that the space is totally
bounded, and Lemma 6.25 that it’s complete.

In order to prove (4) = (3) it suffices to show that in a totally bounded metric
space we can extract a Cauchy subsequence from any sequence {a,}. For any n call
A, afinite set of open balls of radius 27" covering X, and pick amap f,: N — A,
with the property that f;, (i) is a ball containing a;, for every i. By Lemma 6.28 there’s
a subsequence {ay(y)} such that, for any n < m, a4, and ay(,) belong in the same
ball of radius 27". Then {ay(,)} is a Cauchy sequence. O

Lemma 6.34 A subspace A in a metric space is totally bounded if and only if A is
totally bounded.

Proof Suppose A is totally bounded and take r > 0; there existay, ..., a, € A with
A C U B(aj,r/2).

Choosing, for any i = 1,...,n, a point b; € B(a;,r/2) N A, from the triangle

inequality we have

ACACUL_ Bb,r).

Suppose now A is totally bounded and take r > 0; there exist aj,...,a, € A
such that
A C U |B(a;, r/2),

SO

AcC U!_,B(a;, r/2) C U B(a;,r). O
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Definition 6.35 A subspace A in a space X is relatively compact if it is contained
in a compact subspace of X.

When X is Hausdorff, A C X is relatively compact if and only if A is compact.

Corollary 6.36 A subspace in a complete metric space is relatively compact if and
only if it is totally bounded.

Proof Let X be complete and A C X totally bounded; by Proposition 6.29 and
Lemma 6.34 A is complete and totally bounded, hence compact.
Conversely, if A is compact it is totally bounded, so A is totally bounded. O

Exercises

6.19 Show that R, with the standard bound of the Euclidean distance (Example 3.40),
is a bounded metric space, but not totally bounded.

6.20 (Q) Let (X, d) be a compact metric space and f: X — X an isometry, i.e. a
distance-preserving map. Prove that f is a homeomorphism. (The only non-trivial
fact is that f is onto.)

6.21 Prove that the image of a relatively compact space under a continuous mapping
is relatively compact.

6.22 Let (X, d) be a metric space: for any C C X and any real number r > 0 write

B(C.r =] B(y.n.

yeC

Prove Ny-oB(C,r) = C and B(C,r) = {x € X | dc(x) < r}, where d¢ denotes
the distance from the set C (Example 3.47).

6.23 (Hausdorff distance) Call X' the family of non-empty, closed and bounded
subspaces in a metric space (X, d). For every C, D € X define, using the notation
of Exercise 6.22,

h(C,D) =inf{r | C C B(D,r), D C B(C,r)}.

Prove the following statements:

1. h(C, D) < rifandonlyifforany z € C andany w € D thereexistx € D,y € C
such that d(z, x) < randd(w, y) <r;

2. his adistance on X (called the Hausdorff distance);

3. (X, d) is totally bounded if and only if it is bounded and there exists a finite set
S C X such that h(X, §) < r forany r > 0;

4. letC,D e X.If h(C,D) <rand A C C,then h(A, DN B(A,r)) <r;
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5. if (X, d) is totally bounded, (X, k) is totally bounded;

6. let {A,} be a sequence in X such that h(A;, Ay+1) < 27" for any n. Then every
xy € Ay extends to a sequence {x,} such that x,, € A, and d(x,, x,4+1) < 27"
for any n;

7. if (X, d) is complete, (X, h) is complete; (Hint: take {A,} in X such that
h(A,, Ap+1) < 27" and call A the set of limit points of sequences {x,} such
that x, € A, and d(x,, x,4+1) < 27". Prove that A, converges in the closure of
A))

8. if (X, d) is compact, (X, h) is compact.

6.5 Baire’s Theorem

Definition 6.37 A subset in a topological space is said to be nowhere dense if its
closure has empty interior, and meagre if it is contained in the union of countably
many nowhere-dense subsets.

Being nowhere dense or meagre is not an intrinsic property, in other words it also
depends on the ambient space X . For example, the point {0} is nowhere dense in R but
not in Z (it’s not even meagre in the integers); so it makes sense to speak of nowhere-
dense and meagre subspaces, whereas a nowhere-dense or meagre topological space
alone is meaningless.

We may, rather punningly, distinguish meagre sets in two categories: truly thin
and slender subsets, and ‘false lean’ ones. The former have empty interior, while the
second sort do not albeit still being meagre. A Baire space is a space that has no
subsets of the second type:

Definition 6.38 A topological space X is a Baire space if each meagre subset has
empty interior.

To check such a property it obviously suffices to show that countable unions
of nowhere-dense closed sets have non-empty interior, or equivalently, countable
intersections of open dense sets are dense.

Example 6.39 The empty set is a Baire space. Any non-empty discrete set is a Baire
space: the only nowhere-dense subset is .

The space Q is not a Baire space: every point is nowhere dense and closed, and
Q is the countable union of its elements.

Theorem 6.40 (Baire) Complete metric spaces and locally compact Hausdorff
spaces are Baire spaces.

Proof The two situations require distinct proofs, albeit with a common underlying
idea.
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Start with X locally compact and Hausdorff. Let {C,, | n € N} be a countable
family of nowhere-dense closed sets in X and Uy C X a non-empty open set: we
have to prove Uy ¢ U, C,. We define a sequence of open sets

UyDU DU, D>DU;3D---

such that for any n > 1 the following conditions hold:

L. Uy #9;
2. U, is compact and contained in U,,_1 — C,.

By assumption C; is nowhere dense and, in particular, Uy — C; is non-empty and
open; choose an arbitrary point x € Uy — C1. By Theorem 5.26 x has a local basis
of compact neighbourhoods, so we can find an open U; containing x (hence non-
empty) and such that U is compact and contained in Uy — Cj. Then we proceed
recursively: if we have U,,, the argument above allows to find a non-empty open set
U, +1 such that Uy, is compact and contained in U,, — C,,41. If A = Mu=oU, C Uy,
by construction A C X — C, for all n, while Proposition 4.46 implies A # .
Therefore Uy doesn’t lie in the union of the nowhere-dense closed sets C,,.

Suppose now {C,, | n € N} is a countable family of nowhere-dense closed sets
in a complete metric space (X, d). By contradiction, suppose there’s an open ball
B(xo,r) C U,C,. By assumption C, has empty interior, so for any ball B(x, s),
s > 0, and any n we have B(x, s) — C,, # 0. Pick x; € B(xo, r/3) — C1 and a real
number 0 < r; < r/3 such that B(xy, r1) NC; = @. ‘Extend’ x| and r{ to sequences
{x,}, {r,} defined as follows: choose x; € B(x,r1/3) —C2and 0 < rp < r;/3 with
B(x2,r2) N C2 = . Now continue recursively, by taking the subsequent index. By
the triangle inequality, if n < m

1
d(xp, Xm) < d@y, Xpp1) + - +dXp_1, Xpm) < g(rn + 1)

1

T r 1 r
=30+ 3T )

3 ’ +3m—n—1

S—Vn§3—n~

Therefore {x,} is a Cauchy sequence, hence it converges to, say, /. Taking the limit
as m — oo, the previous inequalities give d (x,, h) < r,/2,and so h ¢ C,, for every
n. On the other hand d(xq, h) < r, whence h € B(xqg,r) C UC,,. O

Remark 6.41 The two statements in Baire’s theorem are completely independent.
There are compact Hausdorff space that can’t be metrised by any distance, and
complete metric spaces that aren’t locally compact (like infinite-dimensional Banach
spaces).

The name Baire is French (so it should be spoken as the verb faire). René Baire
(1874-1932) is also known for introducing, in 1899, the notion of semi-continuous
functions and for proving that a lower semi-continuous function defined on a closed
and bounded interval has a minimum.
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Corollary 6.42 Let{F,, | m € N}be acountable family of subsets in R". If Uy, Fyy =
R”, there exists an integer m such that the closed set Fy, has non-empty interior (in
the Euclidean topology).

Proof R”" is a Baire space. O
Exercises

6.24 Prove that R” cannot be written as a countable union of proper vector subspaces.
6.25 Prove Remark 3.32, i.e. that Q is not the countable intersection of open sets
in R.

6.26 Let X = UU; be an open cover of X. Show that the following are equivalent:

1. X is a Baire space;
2. any open set U; is a Baire space;
3. any closed set U; is a Baire space.

6.27 (Q) Is it possible to define a Hausdorff topology on N that makes it:

1. compact?
2. connected?
3. compact and connected?

6.28 (#, O) Let A C R be dense and countable (e.g. Q). Given an arbitrary
map f: R —]0, +o0o[, show that there exist a € A and b € R — A such that

min(f(a), f (b)) > |a —b].

6.6 Completions ~

Definition 6.43 Let (X, d) and ()A( , d ) be metric spaces. Amap @ : X — X is called
a completion of (X, d) if:

1. @ is an isometry: dA(q§(x), ®(y)) =d(x,y)forallx,y € X;
2. (X,d)isa complele metric space;
3. &(X)isdensein X.

Example 6.44 The inclusion maps (Q, d) C (R, d) and (]0, 1[, d) C ([0, 1], d) are
completions (d is the Euclidean distance).

In this section we shall prove the existence, uniqueness and the main features of
completions.

Lemma 6.45 Let{a,}, {b,} be Cauchy sequences in a metric space (X, d). The limit

lim d(ay, by) € [0, +00[
n—00

exists and is finite.
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Proof The quadrangle inequality (Exercise 3.32) implies
|d(an, by) — d(am, bw)| < d(an, am) + d(by, by),

and so the real sequence d(ay,, b,) is Cauchy. O

Given a metric space (X, d) we denote by ¢(X, d) the set of all Cauchy sequences
in it. Consider on ¢(X, d) the equivalence relation

{an} ~ {by} ifandonlyif lim d(ay,by) = 0.
n—0oo

Write X = ¢(X, d)/ ~ for the corresponding quotient set and denote by [a,] € X the
coset of the Cauchy sequence {a,}. For any a € X let @ (a) € X be the equivalence

class of the constant sequence a, a, a, . ..; note how [a,] = ®(a) if and only if
lim a, = a, so that the canonical inclusion
n—00

®: X > X

is onto if and only if (X, d) is complete. Lemma 6.45 ensures that

d: X xX =R, d(anl, [bn]) = 1im_d(ay, by)

is a well-defined map. Notice that X depends on X but also on the chosen distance d.

Lemma 6.46 Let A be a dense subset in a metric space (X, d). The natural inclusion
A — X is one-to-one and onto.

Proof The only non-obvious property to check is surjectivity, i.e. that every Cauchy
sequence in X is equivalent to a Cauchy sequence in A. For this, let {x, } be a Cauchy
sequence in X, and for any given n choose a, € A so that d(ay, x,) < 27". The
quadrangle inequality implies

d(an, am) < d(xp, xp) +27V,  forall n,m >N

and therefore {a,} is a Cauchy sequence. It is also clear that [a,] = [x,]. O

Theorem 6.47 (Existence of completions) Retaining the previous notation, the map
d is a distance on X and the inclusion @ is a completion.

Proof By definition d([ay], [b]) = 0, and d([ay], [bn]) = 0 iff [a,] = [b,]. Given
three Cauchy sequences {a,}, {b,}, {c,} we have:

d(lay]. [ba]) = limd(an, by) = limd(by, an) = d([ba], [an).


http://dx.doi.org/10.1007/978-3-319-16958-3_3

6.6 Completions ~ 121

d(an). [by]) = limd(ay, by) < lim (d(ay. cx) + d(ca. b))
< limd(ay, cx) + limd(cn, by) = d(lan). [ea]) +d((cnl. [ba)).

Hence d is a distance. Furthermore,
d(®(a), @ (b)) = lim d(a, b) = d(a, b)
n—oo

for any a, b € X, so @ is an isometry.

Let’s prove that @ (X) is dense in 5(\, i.e. for any € > 0 and any [a,] € X there
exists b € X such that d ([an], @ (b)) < €. As {a,} is Cauchy, there exists N such
that d(ay, a,) < € for any n > N, and then we may as well just take b = ay.

There remains to prove that (X, d)is complete. The map X — @ (X) is abijective
isometry and @ (X) is dense in X, so the natural maps

L —

)?—>¢(X)—>)?

are bijections. In particular X = X, which is the same as saying X is complete. [J

Theorem 6.48 (Uniqueness of completions) If
h: (X,d) — (Y,9), k:(X.d)— (Z,p)

are completions of the same metric space (X, d), there exists a unique bijective
isometry f: (Y,0) — (Z, p) such that k = fh.

Proof The uniqueness of f descends from the fact that 4(X) is dense in Y. For
the existence we can suppose that ¥ = X is the completion built in Theorem 6.47,
without loss of generality. The isometry k: X — Z has dense range, so it induces a
bijective isometry

k:X - Z.
Moreover, since (Z, p) is complete, @ : Z — Zis abijective isometry. Consequently

f= @~k has the properties we are seeking. (I

Corollary 6.49 (Universal property of completions) Let @ : (X, d) — (5(\ ,d ) be a
completion. For any complete metric space (Y, 6) and any isometry h: (X,d) —
(Y, §) there exists a unique isometry k: (X,d) — (Y, 0) such that k® = h.

Proof The map h: X — h(X) is a completion, so it’s enough to apply
Theorem 6.48. 0

Exercises

6.29 Let BC(X, R) the set of bounded, continuous maps f: X — R defined on a
space X. It has a natural metric structure given by the distance
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d(f, g) = sup | f(x) — g(x)].

xeX
Suppose X is metric with distance d, and fix @ € X. Prove that the map
v:X— BC(X,R), WYx)(y)=dx,y) —d,y),

is a well-defined isometry.

Remark 6.50 In analogy to the upcoming Theorem 6.51, it can be proved that
(BC(X,R),d) is a complete space. Therefore the closure of ¥ (X) is a comple-
tion of X.

6.30 LetK[x]be the ring of polynomials in x over the field K. Prove that the function
d: K[x] x K[x] = R, d(p,q) =inf{27" | x" divides p(x) — g(x)},

is a distance, and that the completion of (K[x], d) is canonically isomorphic to the
ring of formal power series K[[x]].

6.7 Function Spaces and Ascoli-Arzela Theorem ~

We indicate with C (X, Y) the set of continuous mappings between the spaces X and
Y; on it we can introduce many natural topological structures, some of which we
shall encounter in the sequel (Example 7.4, Sect. 8.5).

This section is devoted to the special situation in which X is compact and (Y, d)
is a metric space; given continuous maps f, g: X — Y, the real function

X—=>R, x> d(f(x),gkx)),
is continuous, so it has a maximum and a minimum on X.
Theorem 6.51 Let X be compact and (Y, d) a metric space. The function

p: CX,Y)xC(X,Y) >R, p(f,9) =max{d(f(x), g(x)) | x € X},

is a distance on C(X, Y). Moreover:

1. the evaluation map
e:CX,Y)x X =7, e(f,x)= f(x),

s continuous;
2. (C(X,Y),p) is complete if and only if (Y, d) is complete.
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Proof The triangle inequality is the only non-evident fact if we are to prove that p
is a distance. Take f, g, h € C(X,Y) and choose x € X such that d(f(x), h(x)) =
p(f, h); by the triangle inequality on Y

p(fi ) =d(f(x), h(x)) = d(f(x),g(x)) +d(g(x), h(x)) < p(f, 9) + p(g, h).

Take f € C(X,Y), x € X and € > 0. Pick a neighbourhood U of x such that
d(f(x), f(y)) <eg/2foreveryy e U.If p(f, g) <¢e/2,

d(f(x),g(y) =d(f(x), fF(¥)) +d(f(¥).g9(y) <€

proving the evaluation mapping is continuous at the point ( f, x).
Suppose now that (Y, d) is complete and let f,, be a Cauchy sequence in C(X, Y).
For any point x € X

d(fn(x), fm(x)) < p(fu, fin)s

so { fn(x)} is Cauchy in Y; letting f(x) be the limit of f,(x), we have to show that
f: X — Y is continuous at every xo € X and that f, — f in C(X,Y). Given
xo € X and € > 0, choose a positive integer n such that p( f,,, fi,) < /3 for any
m > n and a neighbourhood U of x¢ such that d(f,(x), fu(x9)) < €/3 for any
x € U. By the triangle inequality

d(f(x), f(x0)) = imd (fu () fm(x0))
= imd(fu(x), fu (X)) +Umd(fu(x0), fn(x0)) +d(fu(x), fu(x0)) =€

for all x € U, proving that f is continuous at xp. To see that f, — f in C(X,Y),
fix, for any € > 0, an integer N such that p(f;;, fin) < e forall n,m > N. Then

d(fn(x), f0)) = lmd(fu(x), fn(x)) = €

forany x € X andn > N, so p(fy, f) = max{d(f,(x), f(x)) | x € X} <e.
Eventually, note that (Y, d) is isometric to the closed subspace of constant maps
from X to Y. [l

Corollary 6.52 Let (Y, d) be complete. For every positive integer n the metric space
(Y™, p), where
p((-xla ) -xn)v ()’19 LR} yn)) = mlaXd(-xl'v yi)s

is complete.

Proof The space (Y",p) is canonically isometric to the complete space
Cc{1,....,n}Y). O

The Ascoli-Arzela theorem is the generalisation of Corollary 6.36 to the space
C(X, Y); first, though, a definition.
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Definition 6.53 Let X be a space, (Y, d) a metric space. A family of continuous
functions F C C(X, Y) is called equicontinuous if for any xo € X and € > 0 there
exists a neighbourhood U of xo such that

d(f(x), f(x0) <¢€

for every f € F and every x € U. The family F is said to be pointwise totally
bounded if the set

f 1 fer}

is totally bounded in Y for every x € X.

Observe that equicontinuity and pointwise total boundedness depend on the dis-
tance d.

Theorem 6.54 (Ascoli-Arzela) Let X be a compact topological space and (Y, d)
a complete metric space. A family of continuous maps F C C(X,Y) is relatively
compact in C(X, Y) if and only if:

1. F is equicontinuous, and
2. F is pointwise totally bounded.

Proof We begin by proving 1 and 2 are necessary, and suppose F is contained in a
compact subspace K C C(X, Y). Since the evaluation map at any x € X

ex: CX,Y) =Y, e(f)=f),

is continuous, it follows that { f (x) | f € F} = e, (F) lies in the compact set e, (K).
Let xo € X be given, and consider the continuous function

a:C(X,Y) x X — [0, +o0o], a(f,x) =d(f(xo), f(x)).

For any ¢ > 0 the compact set K x {x} is a subset in the open set a~1([0, ]), and
Wallace’s theorem gives us an open set U C X such that xo € U and K x U C
a~1([0, e[); in particular d( f (xo), f(x)) < e forevery f € F and any x € U.

Now we show that if F fulfils 1 and 2, it is relatively compact in the complete
space C(X, Y). By Corollary 6.36 it suffices to prove that F is totally bounded. Fix
areal ¢ > 0; the equicontinuity of F implies that for any x € X there’s an open
neighbourhood U, with d(f(x), f(y)) < ¢ forany y € U, and any f € F. The
space X is compact, so there are x1, ..., x, € X with

X=U,U---Ul,,.

The range of
F=>Y" [ (f&),... fa)
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is contained in the product [ ] ey, (F) of totally bounded sets, so it is totally bounded.
We can find a finite ' C F such that, for every f € F, there exists g € F with
d(f(xi), g(x;)) < € for any i. We claim F lies in the union of open balls centred
at g € F with radius 3e: take f € F and g € F such that d(f(x;), g(x;)) < € for
every i. Then for any x € X there’s an i such that x € U,,;, whence

d(f(x),g(x)) <d(f(x), f(x)+d(f(xi), g(x)) +d(g(x;), g(x)) < 3e. O

Exercises

6.31 Say whether the family of continuous maps

{fu} CC(0, 1, R),  fulx) =x",
is equicontinuous and if it has limit points in C ([0, 1], R).

6.32 (Dini’s lemma) Let X be compact and { f,}, n € N, a sequence in C(X, R)
such that:

. fu(x) > fm4+1(x) for every x € X and every m;
2. lim, f,(x) =0 for every x € X.

Prove that {f,} converges to 0 in C(X, R). (Hint: consider the open family U, =
(xeX| fulx) <e},e >0,

6.33 (©) Let X be a compact space and I a proper ideal in the ring C (X, R). Prove
that all maps f € I have a common zero x € X.

6.8 Directed Sets and Nets (Generalised Sequences) ~

Nets, also known as generalised sequences, extend the concept of a sequence in that
they allow to apply most of the present chapter’s results to spaces that may not be
first countable.

Definition 6.55 An ordered set (I, <) is called directed when, for every i, j € I,
there exists 4 € [ suchthat h > i and h > j.

Equivalently, a directed set is an ordered set in which every finite subset is upper
bounded. Let us present a few examples:

1. the set N with the usual ordering and, more generally, N" with the order relation
(ar,...,ay) < (b1,...,by) <= a; < b; forevery i,

2. the set Py(A) of finite subsets of A with the inclusion;

3. the set Z(x) of neighbourhoods of a point x in a topological space, with the
relation U <V < V C U.
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Definition 6.56 A map p: J — [ between directed sets is called a cofinal
morphism if it preserves orderings (p(j) > p(j’) if j > j’) and for every i € I
there’s a j € J such that p(j) > i.

Example 6.57 Consider the family I of finite subsets inside a set A with even car-
dinality. The inclusion / < Py(A) is a cofinal morphism.

The composite of two cofinal morphisms is a cofinal morphism.

Definition 6.58 A net in a topological space X isamap f: I — X, where [ is
directed.

For I = N, anet f: I — X is nothing but a sequence in X. The name ‘net’ is
inspired by the case I = N".

Definition 6.59 Let X be topological space, f: I — X anet and x a point in X.
One says that:

1. the net f converges to x if for any neighbourhood U € Z(x) there’s an index
i € I suchthat f(j) € U forevery j > i;

2. x is a limit point of the net f if for any neighbourhood U € Z(x) and any i € 1
there’sa j > i such that f(j) € U.

In a similar manner to what occurs with sequences, a converging net must converge
to alimit point, whilst a limit pointisn’t necessarily a point to which the net converges,
in general.

Lemma 6.60 Let f: I — X be anet. Then x € X is a limit point for f if and only
if there’s a cofinal morphism p: J — I such that the net fp: J — X converges
to x.

Proof If fp converges to some x, then x is a limit point of f because p is cofinal.
As for the converse: suppose x is a limit point of f and call Z(x) the family of
neighbourhoods around x, as usual. Consider

J={GU)elxI(x)]| f@i)eU},

with the relation
@G, U)=<((,V) if i<jandV CU.

The set (J, <) is directed: if (i, U), (j, V) € J, there’san h € I such that h > i
and & > j. By definition of limit point, there exists k > h such that f(k) e UNV,
so(k,UNV)=>(G,U), (k,UNV)=>(j, V). The projection onto the first factor
p: J — I is surjective, hence a cofinal morphism (just notice that p(i, X) = i for
every i € I). Let U be a neighbourhood of x and take i € I such that f(i) € U.
Then for every (j, V) > (i, U) we have fp(j, V) € U, and fp converges to x. [

At this juncture we can generalise Proposition 6.18.
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Proposition 6.61 Let A be a subset in a space X. For any point x € X the following
are equivalent requirements:

1. there is a net in A that converges to x;
2. there is a net in A with limit point x;
3. the point x belongs in the closure of A.

Proof (1) = (2) is trivial. If x € X is a limit point of some net f: I — A, for any
neighbourhood U of x there’sani € I suchthat f(i) € U;hence UN f(I) # @, 1i.e.
x belongs to the closure of (/). As f(I) C A we have x € A, proving (2) = (3).

Let us see that (3) = (1).Ifx € A and Z(x) is the directed set of neighbourhoods
around x, the axiom of choice guarantees that we may pick anet f: Z(x) — A such
that f(U) € U N A for every neighbourhood U of x. Immediately, then, f converges
to x. ([l

Theorem 6.62 A topological space X is compact if and only if every net has a limit
point.

Proof Suppose X is compact and there’s a net f: [ — X without limit points:
this will lead to a contradiction. For any x € X (not a limit point) there are a
neighbourhood U (x) € Z(x) and an index i(x) € I such that f(j) &€ U (x) for any

Jj = i(x). By compactness we have xq,...,x, € X suchthat X = U(x;)U---U
U(xy,). Let h € I be an upper bound for i (x1), ..., i(x,). Then f(h) ¢ U(x;) for
anyi =1,...,n, absurd.

Vice versa, assume X isn’t compact and choose an open cover X = U{U, | a € A}
without finite subcovers. Consider the directed set Py (A) of finite subsets of A. Using
the axiom of choice we pick a net f: Py(A) — X such that f(B) ¢ U, for any
B € Pp(A) and every a € B.If x € U, C X were a limit point, there would exist a
finite subset B C A containing a and such that f(B) € U,. But this cannot be, so
the net f can’t have limit points. (]

Example 6.63 To get an idea of but one possible application of nets, we outline
the proof of the fact that every finite-dimensional subspace of a topological vector
space is closed. The reader will find extremely worthwhile filling in all the gaps. For
simplicity let’s consider real vector spaces: for complex vectors spaces the argument
is completely analogous.

A topological vector space V is a vector space furnished with a Hausdorff topol-
ogy that makes the operation of taking linear combinations continuous; in particu-
lar, for any linearly independent vectors vy, ..., v, the linear map f: R" — V,
fx1,...,xp) = D xjv; is continuous and 1-1. Let us prove f is a closed
immersion. Take C C R” closed and v € m; we have to show v € f(C).
Lets: I — f(C) be anet convergingtov € V and writet = f~'os: I — C.
Next, immerse R” in its one-point compactification R” U {oo} ~ S§"; we may assume
thatlim; 7 (i) € R"U{oo} exists, possibly composing with another cofinal morphism.

There are two cases to consider, in the first of which the limit of ¢ is contained in
R"; as C is closed in R” we have v = f(lim; t(i)) € f(C).
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In the second case lim; 1 (i) = oo, so lim; ||#(i)|| = +o0 and lim; ﬁ =
i
() 1(i) . 1(i)
On the other hand — = f - , and the neti — — has at least one
llz@) I 2@l 2@l

limit point @ € $"~!. Therefore f(a) = 0, contradicting the injectivity of f.
Exercises

6.34 Prove that a space is Hausdorff if and only if every net converges to one point,
at most.

6.35 Say if the following nets a: N x N — R converge, and if so compute the
limits:

m

aln,m) = ——, a(n,m) = ! a(n,m) =ne".

n4+m n—m?+1’

6.36 Let S be anon-empty setand a: S — R any function. Explain the meaning of
the expression ‘the series > ¢ f(s) converges’. (Hint: consider the directed set of
finite subsets of S.)

6.37 (wp) Let {a,} be a real sequence. Consider the directed set Py(N) of finite
subsets in N and the net

[iPo®N) =R, f(A) = ay.

neA

Prove that f is convergent if and only if the series Z,J;Xl’ ay is absolutely convergent.



Chapter 7
Manifolds, Infinite Products
and Paracompactness

7.1 Sub-bases and Alexander’s Theorem

Definition 7.1 A sub-basis of a topological space is a family P of open sets such
that finite intersections in P form a basis of the topology.

Every basis is also a sub-basis.

Example 7.2 A sub-basis for the Euclidean topology on R is given by the open sets
] —o00,al, 1b,+oc[ as a, b € R vary, since open intervals ]a, b[ form a basis, and
we can write Ja, b[=] — oo, b[N]a, +oo[ .

Lemma 7.3 Let X, Y be topological spaces and P a sub-basis of Y. Amap f: X —
Y is continuous if and only if f~1(U) is open for every U € P.

Proof Just observe that £ ~! commutes with union and intersection. O

Let P be a cover of a set X, and consider the family B of finite intersections in
P.If A, B € Bthen AN B € 3, and B covers X. By Theorem 3.7 15 is a basis of
a topology that has P as sub-basis. It’s easy to see that this topology is the coarsest
one having P as open sets.

Example 7.4 Takeaset S and atopological space X ;inthe set X5 of maps f: § — X
consider the family P of subsets

PGs,U)={f:S— X| f(s) e U}

for any s € S and any open set U. The coarsest topology on X5 containing P is
called pointwise-convergence topology, and has P as sub-basis.

Theorem 7.5 (Alexander) Let P be a sub-basis for X. If every cover of X made by
elements of P has a finite subcover; then X is compact.
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Proof Suppose X not compact and let’s prove there’s a cover consisting of elements
of P that has no finite subcovers. Call 7 the family of open sets and Z the collection
of subfamilies A C 7 covering X but without finite subcovers. Non-compactness
implies that Z is not empty. Consider on Z the inclusion order, i.e. A < A'if A C A'.
Let C C Zbeachain. ThenC = U{A € C} € Z and C is an upper bound for C: in fact
if there were a finite subcover {A1, ..., A,} C C, every A; would belong to some A4;
in the chain C and we’d have the contradiction {Ay, ..., A,} C max(Ay, ..., A,).
By Zorn’s lemma there is a maximal element Z € Z.

Now we shall prove that PN Z is an open cover, i.e. for any x there’sa P € PNZ
such that x € P. Take x € X and choose A € Z such that x € A; by definition of
sub-basis we have Py,..., P, € Psuchthatx € PyN---N P, C A; we have to
show P; € Z for some i = 1, ..., n. So, suppose not: then foreveryi = 1,...,n
the cover Z; = Z U {P;} is strictly bigger than Z, whence it cannot belong to Z;
therefore there’s a finite subcover X = P, U A; 1 U---UA,;,, where A; ; € Z. We
deduce that X = (N; P;) U; ; A; j, making X = AUU; ;A; ; afinite subcover of Z.

Summarising, P N Z is an open cover of X consisting of sub-basis sets; being
contained in Z, on the other hand, it cannot admit finite subcovers. But this is precisely
what we had to prove. O

It is important to remark, by what we saw in Example 2.8, that a space is second
countable if and only if it admits a countable sub-basis.

Exercises

7.1 Let P(N) be the family of all subsets of N. For any pair of finite and disjoint
subsets A, B C N define

UA,B)={SePMN)|ACS, SNB=0}.

Prove that:

1. as A and B vary, the U (A, B) form a basis for a topology 7 on P(N);
2. the subsets

Pn)={SePM) [nes}, Qm)={SePN)|n¢S}

form, as n € N varies, a sub-basis of 7 ;

3. the space (P(N), 7) is compact and Hausdorff; (Hint: consider a cover P(N) =
Upea P (n) Upep Q(m), it follows B € U,c4 P(n), and therefore A N B # @;
use Alexander’s theorem.)

4. the function : .

f.P(N>—>[o,r_]] HOED I

nes

is continuous for any r > 1. When r > 2 it’s also 1-1.
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7.2 (QO) Consider the space X of maps f: R — R with the topology of pointwise
convergence (Example 7.4). Prove that X is Hausdorff and not first countable.

7.2 Infinite Products

Given an arbitrary family {X; | i € I} of sets one defines the Cartesian product
X = [l;c; Xi as the set of all maps x: I — U;X; such that x; € X; for every
index i € . That’s to say that any element of the product is a collection {x;};es
indexed by I such that x; € X; for every i. The axiom of choice ensures that X isn’t
empty provided each X; is non-empty. The projections p;: X — X; are defined as
pi(x) = x;.

When the X; are all equal to some set X, the product [[,.; X; = [[;c; Xo
coincides with Xé, the set of maps / — Xo. For any set ¥ and any f: Y —
[1ic; Xi we write f; tomean f followed by the projection p;. Note that f is uniquely
determined by the family {f;: ¥ — X; |i € I}.

If all X; are topological spaces, we define product topology on X the coarsest
one for which the projections are continuous. This amounts to say that p;” L), for
every i € I and U open in X;, constitute a sub-basis that we shall call canonical
sub-basis. A canonical basis is given by open sets that are finite intersections of the
canonical sub-basis.

When the X; are all equal the product topology coincides with the pointwise-
convergence topology (Example 7.4), because the two have the same sub-basis.

Lemma 7.6 In the previous notations, amap f: Y — [|..; X; is continuous if and

only if all its components f;: Y — X; are continuous.

iel

Proof The projections p; are continuous, so f continuous implies that the compo-
nents f; = p; f are.

Conversely, suppose each component f; is continuous. For any open set p;~ L)
in the canonical sub-basis we have f _l(pl._ Yy = fi_1 (U) is open, implying f
continuous. O

Theorem 7.7 (Tychonov) The product of an arbitrary family of compact spaces is
compact.

Proof Take X = [];.; X; with the product topology and suppose all X; are compact.
We’ll prove compactness through Alexander’s Theorem 7.5.

Consider a collection .4 of open sets from the canonical sub-basis: assigning A
is the same as assigning, for every i, a collection A; of open sets in X; such that

A={p7 W) iel, UeA.
Suppose that A is a cover; then A; covers X; for some index i. In fact if C; =

X; —U{U | U € A;} was non-empty for every i, by the axiom of choice there would
exist x € X such that x; € C; for each i, so
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x gUlp ' (U) |iel, Ue A} =U{V |V e A

Therefore take that i € I for which A; is a cover of X;. By compactness there’s a
finite subcover X; = Uy U---U U, with U; € A;, hence {p; ' (U;)} C Ais a finite
subcover. (]

Remark 7.8 There are proofs of Theorem 7.7 in the literature that don’t require
Alexander’s result. Yet any other proof makes use of the axiom of choice or an
equivalent statement: that’s because Tychonov’s theorem is equivalent to the axiom
of choice (Exercise 7.6).

Theorem 7.9 The product of any number of connected spaces is connected.

Proof We already know that this is true for products of two spaces, and by induction
the same carries through for a finite number. Consider now the product X = [],.; X;
of an arbitrary family of connected spaces. If X is empty there’s nothing to prove.
Suppose X # @ and choose x € X. Call F(x) C X the subset of points y such that
vi # x; for finitely many indices i € I at most. Because the closure of a connected
subset is connected, we can limit ourselves to proving that:

1. F(x) is connected;
2. F(x)isdensein X.

If / C [ is finite we denote by py: X — []
coordinates, and define

jes Xj the projection to the J-

z; ifield

hJ:HXj_)Xy hJ(Z)i: Xi lflg.]

jelJ

Each A is continuous, so the range of /1y is connected and contains x. By definition
F(x) is the union of these ranges, and Lemma 4.23 implies F(x) is connected.

By the definition of product topology, for every J finite in / and U open in
11 jes X, the open sets p}l(U ) contain the canonical basis and are therefore a
basis. Moreover h;l(pjl(U)) = U, soif U isn’t empty F(x) N p}l(U) # (J: in
particular F(x) intersects every non-empty open set of the canonical basis. (I

Exercises
7.3 Prove that the product of an arbitrary number of Hausdorff spaces is Hausdorff.

7.4 Prove that the product of countably many second-countable spaces is second
countable.

7.5 Show that P(N), with the topology of Exercise 7.1, is homeomorphic to the
product of |N| copies of {0, 1}.
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7.6 Letg: Y — X be a surjective map between sets. Put on Y the topology whose
closed sets are ¥ and all subsets g~ ' (A) with A C X finite. Prove Y is compact.

Identify the space S of maps f: X — Y with the product of | X| copies of Y; by
Tychonov’s theorem the latter topology turns S into a compact space.

If A C X is a finite subset, there exist maps f: X — Y such that g(f(x)) = x
for every x € A: to prove the existence of such an f one needs to make finitely many
choices, so the axiom of choice doesn’t come into play. As A varies among all finite
subsets in X, prove that the subspaces

F(A) ={f eS| g(f(x)) =xforall x € A}

are closed in the product and satisfy the finite intersection property (Exercise 4.25).
Deduce that Tychonov’s theorem implies the axiom of choice.

7.7 (s, Q) Let S be the set of maps a: N — {—1, 1}. Prove that the product of |S|
copies of [—1, 1] is compact but not sequentially compact.

7.8 (%) Let I be the interval [0, 1] and endow X = I! = {f: I — I} with the
product topology. By Tychonov’s theorem X is compact and Hausdorff.

Call B C X the subspace of maps f: I — [ such that f(x) 7# O for at most
countably many x € /. Show that B is dense in X, not compact but sequentially
compact.

7.3 Refinements and Paracompactness

The notion of being locally finite extends in a natural way to arbitrary families of
subsets.

Definition 7.10 A family A of subsets in a space X is locally finite if every point
x € X admits a neighbourhood V € Z(x) such that V N A # ) for at most finitely
many A € A.

Since any neighbourhood contains an open set, and an open set intersects a subset
A if and only if it intersects the closure, a family {A; | i € I} is locally finite if and
only if {A; | i € I} is locally finite.

Lemma 7.11 For any locally finite family {A;} of subsets,

~C

i = UA;.
1

In particular the union of a locally finite family of closed sets is closed.

Proof The r;clation U;A; C UjA;is always true because the closed set U; A; contains
A;, and so A;, for every i. There remains to prove that if {A;} is locally finite, then
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U; A; is closed. We can find an open cover X = U ;jUj such that U; intersects finitely
many sets A;, whence (U;A;) NU; = U;(U; N A;) is closed in U;. To conclude,
recall that any open cover is an identification cover. ([

Definition 7.12 Let {U; | i € I} and {V; | j € J} be covers of some space. One
says that {U; | i € I} refines {V; | j € J}, orthat {U; | i € I} is a refinement
of {Vj | j € J},if for every i € I thereisa j € J such that U; C V;. Insuch a
case we will callamap f: I — J such that U; C Vy(; forany i € I a refinement
function.

Example 7.13 Consider covers {U; | i € I} and {V; | j € J}. Then the cover
{UiNV; | (,j) el x J}isarefinement of both. As refinement functions we may
take the projections I x J — I, I x J — J.

Definition 7.14 A space is called paracompact if every open cover possesses a
locally finite open refinement.

Any compact space is clearly paracompact. The reader might wonder why we
insist on refinements and not just consider locally finite subcovers: the reason is that
if every open cover in X has a locally finite subcover, X is compact (easy exercise).
Similarly, if all open covers of X have finite refinements, again X is compact (super-
easy exercise).

Theorem 7.15 Let X be a Hausdorff space.

1. If X is exhausted by compact sets, then X is paracompact and locally compact.
2. If X is connected, paracompact and locally compact, it has an exhaustion by
compacts sets.

Proof Concerning (1), let K; C K> C --- be a compact exhaustion of X and B an
open basis. We claim that for any open cover A of X there’s a subfamily C C B that
is a locally finite open refinement of A.

We set, by convention, K;,, = ¢ in case n < 0. For every n € N and any x €
K, — K,_, let’s choose an open set A € A such that x € A and a basis element
B(n,x) € B such that x € B(n,x) and B(n,x) C AN (K, ; — Ky,—2). The
B(n, x) cover the compact set K, — K,_, so there’s a finite subcover K,, — K| C
B(n, x1) U---U B(n, xg). The union, as n varies, of all such covers is the required
family C.

Now we show (2). Suppose X connected, paracompact and locally compact. The
latter property says we can find an open cover A of X such that A is compact for any
A € A, and paracompactness allows to refine it with a locally finite open cover B:
clearly B is compact for every B € B. We also notice that by Lemma 7.11 the union

U{B | B € C}
is closed in X, for any subfamily C C B. Let B; be a finite subset in B such that the

compact set K; = U{B | B € By} is non-empty. There exists a finite family B, C B
such that
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K1 C U{B | B € B}.
A recursive process yields a sequence of finite families 3, C B such that
K,=U{B|BeB, CUB|BebB,i)
for every n. To finish we have to show that U, K,, = X. But
UnKy =U{B | B € U,B,} =U{B | B € U,B,}

implies that U, K, is open and closed in the connected space X. In conclusion, X is
exhausted by the compact family {K},}. ([

Corollary 7.16 Every locally compact, second-countable Hausdorff space is para-
compact.

Proof By Theorem 6.13 any locally compact Hausdorff space with a countable basis
has an exhaustion by compact sets, and Theorem 7.15 guarantees its paracompact-
ness. O

Lemma 7.17 In paracompact Hausdorff spaces every point has a local basis of
closed neighbourhoods.

Proof Start with X paracompact and Hausdorff. We have to prove thatif U C X is
open and contains x, there’s an open V C X suchthat X — U C V and x ¢ V. 1t
follows from this that the closed set X — V is a neighbourhood of x and lies in U.
Write C = X — U; as X is Hausdorff, every y € C has an open neighbourhood
Wy € Z(y) suchthatx ¢ W} The space is paracompact, so the cover X = UU{W,, |
y € C} admits a locally finite refinement X = U{V; | i € I}. Consider the open
set V.=U{V; |i el V,NC # @}:if V; N C # ¢ then V; lies in some W.
Consequently x ¢ V; andx ¢ V = U{V; | Vi N C # @). O

Theorem 7.18 (Refinement theorem) Let X = U{U; | i € I} be an open cover of a
paracompact Hausdorff space. There exists a locally finite open cover X = U{V; |
i € I} such that V; C U; foreveryi € I.

Proof For any x € X choose i(x) € I with x € Uj(y), and also an open neighbour-
hood W (x) € Z(x) such that W(x) C Ui(x). If X = U{A; | j € J}isalocally finite
open refinement of the open cover X = U{W (x) | x € X}, there exists a refinement
function f: J — [ satisfyingA_j C Uyj forevery j € J. Consider, forany i € /I,
the open set V; = U{A; | f(j) =i}: as {A}} is locally finite, Lemma 7.11 implies
V; =U{A] | f(j) =i} C Us. O

Eventually, we state a result due to A.H. Stone. The interested reader will find a
proof in [Du66, Mu00].
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Theorem 7.19 (Stone) Every metrisable space is paracompact.

Exercises

7.9 Prove that any open cover of a space X possesses refinements made by open
sets from some basis .

7.10 Prove that every closed subspace in a paracompact space is paracompact.

7.11 () Prove that the product of a compact space with a paracompact space is
paracompact.

7.12 () Prove that the inteval [a, b[ (a < b) is paracompact in the lower-limit
topology (Example 3.9). Conclude that the lower-limit line is paracompact. (Hint:
it might be worth observing that every cover made by disjoint open sets is locally
finite.)

7.4 Topological Manifolds

Definition 7.20 A space M is called an n-dimensional topological manifold if:

1. M is Hausdorff;

2. every point in M has an open neighbourhood homeomorphic to an open set of
Rn ;

3. every connected component of M is second countable.

Example 7.21 Any open set in R" is an n-dimensional topological manifold, and
any open subset in C” is a topological manifold of dimension 2.

Example 7.22 The sphere S” is a topological manifold of dimension n: each point
x lies in the open set S — {—x}, which is homeomorphic to R” under stereographic
projection.

Example 7.23 The real projective space P" (R) is an n-dimensional topological man-
ifold: every point lies in the complement of some hyperplane H, and P"(R) — H is
an open set homeomorphic to R”.

Example 7.24 The complex projective space P (C) is a 2n-dimensional topological
manifold: any point lies in the complement of some hyperplane H and P"(C) — H
is open and homeomorphic to C".

Remark 7.25 The three conditions of Definition 7.20 are independent from one
another, in that any two do not imply the third one. The space described in Exer-
cise 5.8 is connected and second countable, any of its points has a neighbourhood
homeomorphic to R, but it is not Hausdorff. Exercise 6.6 provides an instance of
a connected Hausdorff space that is locally homeomorphic to R? but not second
countable.

In many textbooks condition 3. is replaced by paracompactness, and in the rest
of this section we set out to prove that the two definitions are equivalent.
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Lemma 7.26 Suppose every point in a space M has an open neighbourhood home-
omorphic to an open set of R". Then M is locally compact and locally connected.

Proof Take x in M; by assumption there is an open neighbourhood U of 0 in R” and
an open immersion f: U — M suchthat f(0) = x.If B(0,r) C U for somer > 0,
the f(B(0,t)) constitute, for every 0 < ¢t < r, a local basis of closed, compact and
connected neighbourhoods of x. d

Proposition 7.27 A topological manifold is locally compact and Hausdorff. Each
connected component is open and exhausted by compact sets.

Proof Local connectedness and Hausdorff-local compactness follow from Lem-
ma 7.26. Lemma 4.28 guarantees that connected components are open, while Theo-
rem 6.13 ensures they are exhausted by compact sets. (]

Corollary 7.28 Every topological manifold is paracompact.

Proof A connected topological manifold is locally compact, Hausdorff and second
countable, hence paracompact by Corollary 7.16. A topological manifold is also the
disjoint union of its components, and it’s straightforward from the definition that the
disjoint union of paracompact spaces is still paracompact. (I

Corollary 7.29 Let M be paracompact, Hausdorff and such that any point has an
open neighbourhood homeomorphic to an open set in R". Then M is a topological
manifold.

Proof In Lemma 7.26 we proved that M is locally compact and all connected com-
ponents are open. Let M be a given connected component. By Theorem 7.15 My is
exhausted by compact sets K,,. We cover each K, with a finite number of open sets
homeomorphic to open sets of R”. Therefore My is the countable union of open sets,
each of which is second countable. But then also M| is second countable. U

Exercises

7.13 Prove that every O-dimensional topological manifold is a discrete space, and
conversely, every discrete topological space is a topological manifold of dimension
Zero.

7.14 Prove that a non-empty open set in a topological manifold is a topological
manifold of the same dimension.

7.15 Prove that the product of two topological manifolds is a topological manifold.

7.16 Let M be a connected topological manifold of dimension bigger than 1 and
K C M afinite subset. Prove that M — K is connected. (Hint: Example 4.5.)

7.17 (w) Let M be a connected topological manifold and p, g € M two points.
Prove that there exists a homeomorphism f: M — M such that f(p) = gq.

7.18 (@) Prove that the Grassmannian G (k, R") (Exercise 5.22) is a topological
manifold of dimension k(n — k).
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7.5 Normal Spaces ~
Definition 7.30 A space is said to be normal if it is Hausdorff and disjoint closed
sets are separated by disjoint open sets.

Rephrasing, a Hausdorff space X is normal if any two disjoint closed sets A, B C
X are contained in disjointopensets U,V C X: ACU,BCVandUNV =0.

Proposition 7.31

1. Every metrisable space is normal.
2. Every paracompact Hausdorff space is normal.

Proof (1) We know that a metric space (X, d) is Hausdorff. If A, B denote disjoint
closed sets, consider the map f: X — [0, 3],

3ds(x)

OTE R

where dy(x) = inf d(x, y).
yeY

According to Example 3.47 f is continuous, the open sets U = f~1([0, 1[), V =
£71(12, 3]) are disjoint and contain A and B respectively.

(2) Take X paracompact Hausdorff and A, B disjoint and closed. Consider the
open cover X = (X — A) U (X — B); by the refinement theorem 7.18 there exist
open sets U, V such that

UuvVv=X, UcX-A and VCX-B.

Hence ACX—U,BCX—Vand (X -U)N(X —V)=40. O

Definition 7.32 Given two covers {U;} and {V;} of the same space X, we say that
{V;} is a star refinement of {U;} if, for any x € X, the open set

V) =U{V; |x eV}

lies in some U;. A space is fully normal if it is Hausdorff and each open cover admits
a star refinement.

Every fully normal space is normal: if C, D are closed and disjoint we consider
a star refinement {V;} of X = (X — C) U (X — D), and observe that the open sets

U=U{V;|V;NnC #0}, W =U{V; | V,ND # ¢}
don’t intersect.

Theorem 7.33 Every paracompact Hausdorff space is fully normal.
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Proof Let {U;} be an open cover of the paracompact Hausdorff space X, of which
we seek a star refinement. Possibly refining further, we can assume X = U{U;} is
locally finite. By the refinement theorem there’s a closed cover X = U{C;} such that
C; C U, for every i; in particular {C;} is locally finite. Now let W (x) be an open
neighbourhood of x € X that intersects finitely many elements of {C;}. Refining
W (x) again, if necessary, let’s assume the following:

1. ifx € C;, then W(x)NC; = @,
2. if x € Cj, then W(x) C U;.

Fix a point x € X. There is an index i such that x € C;, so if x € W(y) then
Wy)NC; #0,y € C; and W(y) C U;. Thus we have proved that {W (y)} is a star
refinement of {U;}. U

Exercises
7.19 Prove that every closed subspace in a normal space is normal.

7.20 Use Wallace’s theorem to prove directly that compact plus Hausdorff implies
normal.

7.21 Let X be Hausdorff and {A, | n € N} a countable family of connected,
compact subspaces such that A, C A,, for all n. Prove that N, A, is connected.
(Hint: assume—without loss of generality—that X = A;. If N, A,, were contained
in the union of two open disjoint sets we could apply Exercise 4.26...)

7.22 Let X be compact, connected and Hausdorff. Prove that the family of closed
and connected subspaces that contain a given A C X has minimal elements for the
inclusion. (Of course, when A is connected every minimal element as above must be
equal to A.)

7.23 (w0, Q) Let {U; | i € I} be alocally finite open cover of a normal space X.
Prove that there’s an open cover {V; | i € I} such that V; C U; for every i. (Hint:
use Zorn’s lemma on the set of pairs (J,{V; | j € J}), where J C I, V; C X is
open Withvj C U;jforevery j € J,and (Uje; Vj) U (UigsU;) = X))

7.24 (%) Use Exercise 6.28 and the arguments in Exercise 3.62 to show that the
lower-limit plane R; x IR; is not normal, and hence neither paracompact.

7.6 Separation Axioms

Being Hausdorff or normal are perhaps the most familiar instances of what are called
in the literature separation axioms. The imagination of mathematicians has produced
many more properties of this kind, and the next definition summarises only the most
renowned, which Tietze introduced in 1921 under the name Trennbarkeitsaxiome.
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Definition 7.34 A space is called:

TO if distinct points have distinct closures;

T1 if every point is closed;

T2 (or Hausdorff') if distinct points ¢ # d are contained in disjoint open sets:
ceU,deVandUNV =,

e T3 if every closed set C and every pointd ¢ C are contained in disjoint open sets:
CcU,deVandUNV =0,

T4 if every two closed disjoint sets C, D are contained in open disjoint sets:
ccU,DcVandUNV =4.

Definition 7.35 A space is called regular if it is T1 and T3.

Under axiom T1, i.e. if points are closed, T4 implies T3 and T3 implies T2. In
particular, a space is normal if and only if it satisfies T1 and T4, so that

metrisable = normal = regular = Hausdorff = T1 = TO.

Theorem 7.36 Every second-countable regular space is normal. In particular, sub-
spaces and finite products of second-countable normal spaces are normal.

Proof Let X be regular with countable basis 3, and let C, D be disjoint closed sets.
Regularity implies that for every x € C there’s a U € B with

xeUcUcCX-D,
and similarly for every point y € D. Consider the subfamilies
C={UeB|UND=y}, D={VeB|VNC=0}

Both C and D being countable allows to write C = {U,, | n € N}, D ={V,, | n € N},
and then C C U{U,, | n € N}, D C U{V,, | n € N}. For each n consider open sets

Ay=U,— UV;, B,=V,— UU,.

j=<n j<n

Supposem > n.Then A,,NV,, = B,,NU, = # and therefore A,, "B, = B, NA, =
(. But the last relation means that A, N B, = @ for any chosen n, m € N. Eventually,
if A=UA,, and B=UB, wehave C C A,D C Band AN B = .

Now observe that subspaces and products of regular spaces are regular (Exer-
cise 7.25). U

Traditionally, Theorem 7.36 is served together with another result which we state
without proof.

IRather confusingly, the term ‘separated’ can sometimes be found to mean T2, whereas being
‘separable’ (as of Definition 6.5) is not a separation axiom. Most scholars agree, with hindsight,
that using separability to indicate a countability axiom was not a particularly brilliant idea.
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Theorem 7.37 (Urysohn) Every second-countable normal space is metrisable.

The original argument, published in [Ur25], was actually written up by Alexandrov
based on the notes left by Urysohn, who drowned when he was 26 years old. Other
proofs can be found in [Du66, Mu00].

Among the several preliminary results needed for Theorem 7.37, one is partic-
ularly famous and commonly referred to as Urysohn’s Lemma (Lemma 8.29). It is
proved in almost every textbook on point-set topology.

Exercises

7.25 (Q) Prove that subspaces and products of spaces satisfying axiom Tx are still
Tx whenx =1, 2, 3.

7.26 Let X be regular but not normal. Prove the existence of a closed subspace
A C X for which the quotient X /A is Hausdorff but not regular.

7.27 Recall that the lower-limit line R; is normal (Exercise 7.12), whilst the product
R; x Ry is not (Exercise 7.24). Deduce that the converse arrows in

metrisable = normal = regular = Hausdorff

are all false, in general.

7.28 (=, Q) Let {Y,,} be a countable family of closed sets in a normal space. Prove
that Y = U, Y, with the subspace topology, is normal.
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Chapter 8
More Topics in General Topology ~

8.1 Russell’s Paradox

According to the unsophisticated and naive definition, a set is determined by its
elements (with no further conditions); therefore it might seem that the same would
hold for the set of all sets, i.e. the set whose elements are all possible sets. Such a
set, let us call it X for the moment, would have the curious property that X € X. If
we buy the fact that a set can belong to itself, we may as well take one step further
and consider the subset

Y={AecX|AdA}.

Now wait: if Y ¢ Y, thenwe have Y € Y,andif Y € Y, then Y ¢ Y, in either case
by the mere definition of Y.

What we have outlined above is a very popular antinomy called Russell’s para-
dox. It teaches us that the set of all sets cannot exist, and invites us never to forget
the divine rule: the ‘set of all sets’ has no ontological meaning. When tempted to talk
about it, we must by all means avoid to do so.

And because any set possesses topological structures, neither a ‘set of topological
spaces’ exists.

Exercises

8.1 Let X be a Hausdorff space. The Stone-Cech compactification of X is a contin-
uous map f: X — c(X), where c(X) is a compact and Hausdorff space, with the
following universal property: for any compact Hausdorff space Y and any continu-
ous map g: X — Y there exists a unique continuous map h: c(X) — Y such that
g=nhf.

We will present now an argument allegedly proving the existence of the Stone-
Cech compactification. Alas, it contains a deadly mistake that the reader is asked
to spot. A correct proof can be found in the books by Kelley [KeSS5, p. 53] or
Dugundji [Du66, Th. 8.2].
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Pseudo-proof. Call A the set of pairs (Z, ¢), with Z compact Hausdorff and
¢: X — Z continuous. The product

w= [] z

(Z,¢)eA

is a compact Hausdorff space by Tychonov’s theorem. Now consider the projections
m(z.4): W — Z onto the various factors and the continuous map f: X — W of
components m(z 4) f = ¢. Atlast, define c(X) = W The subspace c(X) is closed
in W hence compact and Hausdorff. If g: X — Y is continuous and Y is compact
Hausdorff, it is enough to consider & = m(y ) to have g = hf. The uniqueness of
descends from the facts that Y is Hausdorff and f(X) dense in c(X).

8.2 The Axiom of Choice Implies Zorn’s Lemma

We observed earlier that Zorn’s lemma implies the axiom of choice. Here we prove
the converse, i.e. that Zorn’s lemma also follows from the axiom of choice.

Definition 8.1 Let X be a set. A family F C P(X) of subsets in X is called strictly
inductive if the union of any non-empty chain C C F belongs in the family:

UAE]-".

AeC

Theorem 8.2 Let F denote a strictly inductive family of subsets in X and f: F —
F a map such that A C f(A) for every A € F. Then for any Q € F there exists
P € F such that Q C P and f(P) = P.

Proof Tt will suffice to find an element P € F suchthat Q C P and f(P) C P. We
call tower a subfamily A C F satisfying the following conditions:

S1: Q € A,
S2: f(A) C A
S3: Uuec A € A for any non-empty chain C C A.

Let T indicate the collection of towers in ', anon-empty family because it contains
JF. Now observe that

M=) A
AeT

satisfies S1, S2, S3, so we have M € T. Moreover, the family {B € 7 | Q C B}
belongs to T, and hence Q C B for every B € M.
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For the time being let’s call a subset T in X good if T € M and f(A) C T for
every A € M, A C T; weremind that A C B means that A is a proper subset of B.
For example, Q is a good subset.

In order to continue we need two intermediate results.

Lemma 8.3 For every good subset T € M and every A € M, either A C T or
f(T) C A

Proof Let T € M be good and consider
N={AeM|ACTor f(T) C A}.

Since N' C M, to prove N' = M we may just prove that A is a tower. Concerning
S1 we’ve already seen that Q C B for every B € M; in particular Q C T, so
0 eN.

To prove that f(A) € N forevery A € N, i.e.S2, we separate cases:

. if A C T then f(A) C T (T is good), and f(A) € N follows;
2. if A =T then f(T) = f(A), so trivially f(T) C f(A) and then f(A) € N;
3. if f(T) C A,then f(T) C A C f(A) and therefore f(A) € N.

Now S3. Let C be a non-empty chainin N andset H = | J,., A€ M.IfH C T
we claim H € N if not, there would exist an A € C not contained in 7', and then
f(T) C A;afortiori f(T) C H,sointheend H € V. O

—_—

Lemma 8.4 Every element in M is good.

Proof Indicate with 7 the family of good subsets:
T={TeM]|f(A) CTforevery Ae M, AC T}

As in the previous lemma, to show 7 = M we can prove 7 is a tower. We know
already that Q is good, so S1 holds. As for S2, we need to show that 7 good implies
f(T) good, i.e. f(A) C f(T) forevery A € M with A C f(T). Lemma 8.3 says
that A e Mand A C f(T)imply A C T, so applying f we get f(A) C f(T).
There remains S3. Let C C 7 be a chain and define H = (J 4.0 A € M. We have
to show that H is good, in other words thatif A € M and A C H, then f(A) C H.
As H is not contained in A thereisa T € C such that T ¢ A; hence f(T) ¢ A. By
Lemma 8.3 A C T, which together with T ¢ A implies A C T. But T is good, so
f(A)cTCH. O

Let’s now resume the proof of Theorem 8.2. It suffices to prove that the tower M
is also a chain in X. If so, namely, properties S3 and S2 give

P::UAe./\/l, f(P) e M,
AeM

and therefore f(P) C P.
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So take S, T € M and suppose S ¢ T.Lemma 8.4 says 7 is good, and from
Lemma 8.3 we obtain f(T) C S.AsT C f(T),weconclude T C S. ([l

Remark 8.5 It’s important to stress that the proof of Theorem 8.2 uses neither the
axiom of choice, nor Zorn’s lemma. As a matter of fact, invoking Zorn’s lemma
would’ve simplified the proof drastically, and reduced it to a few lines only, because
any maximal element of F necessarily is a fixed point of f.

Corollary 8.6 A non-empty, strictly inductive family F C P(X) of subsets in a set
X contains maximal elements.

Proof Consider the family R C F x F of pairs (A, B) with A C B. Let’s argue by
contradiction and suppose there were no maximal elements in 7. Then the projection
R — F on the first factor would be onto, and the axiom of choice would give a map
f:F — Fsuchthat A C f(A) for every A € F. But this would contrast with
Theorem 8.2. O

Corollary 8.7 (Hausdorff’s maximum principle) The family of chains in an ordered
set is strictly inductive. In particular, every chain in an ordered set is contained in a
maximal chain.

Proof Suppose F C P(X) denotes the family of chains in an ordered set (X, <).
Given C C F we need to show that the subset

E=|JH

HeC

is a chain. Take x, y € E and two chains H, K € Cwithx € Hand y € K. AsC is
a chain in P(X), either H C K or K C H.If, for instance, H C K, thenx,y € K,
and since K is a chain in X we also have x < y or y < x. This proves that E is a
chain in X. To finish we appeal to Corollary 8.6. (I

Corollary 8.8 (Zorn’s lemma) A non-empty ordered set, all of whose chains are
bounded from above, contains maximal elements.

Proof Let (X, <) be ordered and not empty, and suppose every chain has an upper
bound. By Corollary 8.7 there’s a maximal chain C C X. Let m denote an upper
bound of C. We claim m is maximal in X. If not, there would exist x € X with
x > m, and C U {x} would be strictly bigger than C. O

Exercises

8.2 (Q)Let X denote an infinite topological space. Write A for the ring of continuous
maps f: X — Rand D C A for the subset of maps vanishing at infinitely many
points. Prove that A has prime ideals that are contained in D.



8.2 The Axiom of Choice Implies Zorn’s Lemma 147

8.3 (=) Kilgore Trout finally managed to publish his latest sci-fi novel, about the
adventures of Dr. Zorn, Minister of Transportation in a universe with infinitely many
planets connected by an efficient shuttle service. Each spaceship travels back and
forth between two planets and follows a precise route. This system allows to move
from one planet to any other with a finite number of journeys and stopovers.

Budget cuts force Dr. Zorn to abolish certain routes, with the result that for any
two given planets there’s only one route to go from one to the other without taking the
same spacecraft twice. ‘If there were finitely many planets,” said Billy, ‘my earthling
brain would find the solution; but the more I think about it, the less I understand’.

Despite Billy’s bafflement Dr. Zorn manages to get the job done. How did he do
it?

8.3 Zermelo’s Theorem

Consider an ordered set (X, <) and a subset § C X: a point s € X is called the
minimum of §, written s = min(S), if s € S and s < x for every x € S. Because of
the anti-symmetric property of < the minimum must be unique, if it exists.

Definition 8.9 An order relation < on a set X is a well-ordering if every non-empty
subset in X has a smallest element, i.e. every § = S C X contains an s € § such
that s < x for any x € S. In this case X is called well ordered.

For example, the well-ordering principle asserts that the set of natural numbers,
with the usual ordering, is well ordered.

Write P(X)’ for the family of non-empty subsets of some set X. To any well-
ordering on X we associate the minimum function

min: P(X) — X,

which satisfies:

1. min(A) € A for every A € P(X);
2. min(A U B) = min(min(A), min(B)) for every A, B € P(X)'.

From the minimum function we can reconstruct the order relation: given x, y we
have x < y iff x = min(x, y), while y < x iff y = min(x, y). In particular any
well-ordered set is totally ordered.

Lemma 8.10 Letr X be a non-empty set and \: P(X)' — X a map such that:

1. M(A) € Aforevery A € P(X)';
2. MAUB) = A(A(A), \(B)) forevery A, B € P(X)'.

Then there exists a unique well-ordering on X for which X\ is the minimum function.
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Proof Define x < y if x = A(x, y), and let’s show that (X, <) is well ordered and
A = min. As A\(x, x) = A(x) = x for every x € X, < is reflexive. If x < y and
y < xthenx = A(x, y) and y = A(x, y) by definition,sox = y. If x < yandy <z
then

X = )\(xy y) = )\()\(-x)r )\(y’ Z)) = /\(-x’ Yy, Z) = )\()\(X, y)v A(Z)) = /\(-x, Z)

whence x < z. At last, if A C X is a non-empty subset and a = A\(A) € A, then
A ={x}U A forevery x € A, and so

a=MA) = AXAU{x}) = AXAA), \(x)) = Aa, x),

implying a < x. O
Theorem 8.11 Any set X admits a function \: P(X) — X such that:

1. M(A) € Aforevery A € P(X)';
2. MA U B) = A(A(A), X(B)) forevery A, B € P(X)'.

Proof If X = () there’s nothing to prove. If X # () we consider the family A of
pairs (E, Ag) where E C X is non-empty and A\g: P(E)" — X satisfies properties
1 and 2. For x € X we always have ({x}, {x} — x) € A, showing that A is not
empty. Let’s introduce on A the order relation (E, A\g) < (F, A\p) <= E C F and
AE(ENA) = Ap(A) forevery A C F suchthat AN E # (.

With the aid of Zorn’s lemma we shall prove that .4 has maximal elements. Take
a chain C in A and define the pair (C, A¢) as follows:

C=JIEI(E ) eC)
Ac(A) = Ag(ANE) for some (E, Ag) € C suchthat AN E # @.

The reader can easily check that (C, A\¢) € A is an upper bound for C.

So take a maximal element (M, A\ps) and suppose by contradiction that there is an
m € X — M. Consider (N, A\y), where N = M U {m}, \y({m}) = m and Ay (A) =
A (AN M) forevery A C N different from ¢ and {m}. Since (M, \ps) < (N, An),
we’ve contradicted the maximality of (M, \y). O

We point out that condition 1 in Theorem 8.11 is equivalent to the axiom of choice
(see Exercise 2.13).

Corollary 8.12 (Zermelo’s theorem) Every non-empty set X admits a well-ordering
< such that the cardinality of {y € X | y < x}, for any x € X, is strictly less than
1XI.

Proof By Theorem 8.11 and Lemma 8.10 X admits a well-ordering <. Define L(x) =
{z € X |z < x}, for x € X.If the cardinality of L(x) is less than that of X, we can
take < as our <. Otherwise let a € X be the minimum of the non-empty set
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{x e X | IL()|=|X]}.

By construction L(a) has the cardinality of X, and < induces on L(a) a well-
ordering with the additional property that |L(x)| < |L(a)| for every x € L(a). Now
it suffices to take an arbitrary bijection f: X — L(a) and set

X<y &= [fx)=2fO.

Exercises

8.4 Let K C R? be a connected set. Prove that if K has at least two points then it
has the cardinality of R.

8.5 Let A C R? be path disconnected. Show that [R> — A| = |R|.
8.6 (s) Let C be the family of closed sets in R? with the cardinality of R.

1. IfC,DeCandCUD = R?, prove that C N D € C. (Hint: if neither is contained
in the other, use Exercise 8.5.)

2. Prove that C has the cardinality of R. (Hint: R? is second countable.)

3. Fix an order < on C that satisfies the hypotheses of Zermelo’s theorem. One says
that i/ C C is a lower set if, for any given x € U, y < x = y € U. Denote by A
the set of triples (U, f, g) where U is a lower setin C and f, g: U — R? satisfy:

(@ fUHNgU) =10
() f(C), g(C) € C for every closed set C € U.

Show that A, ordered by extension, contains maximal elements. Use statement
2. to conclude that there exist disjoint subsets A, B C R2 such that C N A 0,
CN B # {@forevery C €C.

4. Using the previous points and Exercise 8.4 prove that there exists a dense con-
nected subset A C R? such that any path «: [0, 1] — A is constant.

Remark 8.13 The reader familiar with measure theory may also prove that the sub-
sets A, B in Exercise 8.6 are not Lebesgue measurable.

8.7 (=, Q) Let X be an infinite set. Prove that there is a family A of subsets of X
such that:

1. |A| = |X| forevery A € A,
2. |JANB| < |X|forevery A, B € A, A # B;
31X < | Al

(Hint: consider a maximal family among those satisfying conditions 1 and 2 and with
cardinality larger than or equal to | X]|.)
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8.4 Ultrafilters

This section can be skipped at first (even second) reading: the topics dealt with should
be considered merely as ‘topological folklore’ and a bizarre exercise.

The notion of an ultrafilter was introduced by Henri Cartan in 1937 and has
applications in topology, logic and measure theory. It was, by the way, used by
Godel for the ‘proof” of the existence of God!

The definition we will give is not the standard one, albeit equivalent.

Definition 8.14 A non-empty family U/ of subsets in a set X is called an ultrafilter
if these conditions hold:

1. A #@forevery A elU;

2. ifACBCXand A €U, then B e U;

3. ifA,BelUdthen ANB €U,

4. ifUC Xand ANU # @ forevery A € U,then U € U.

Example 8.15 Let p be a point in X. The family Y = {A C X | p € A} is an
ultrafilter.

Lemma 8.16 Let U be an ultrafilter in X. Then for every subset A C X either
AeldorX —Ael.

Proof Argue by contradiction and suppose A ¢ U and X — A ¢ 4. Condition 4 in
Definition 8.14 gives C, D € U suchthat ANC = @, DN (X — A) = @. Then
CCX—-ADCA,

CNDCAN(X —A) =40,

violating 1 and 3. U

Theorem 8.17 (Ultrafilter lemma) Let A be a family of non-empty subsets in X.
There exists an ultrafilter containing A if and only if every finite subfamily of A has
non-empty intersection.

Proof One direction is trivial. If Ay N --- N A,, # @ for every Ay, ..., A, € A,
the family F of subsets containing a finite intersection of A satisfies 1, 2 and 3 of
Definition 8.14.

Let U be the collection of subfamilies G C P(X) containing F and that satisfy 1,
2 and 3. Then U is ordered by the inclusion, and has a maximal element I/ by Zorn’s
lemma. We claim U satisfies condition 4 as well. Take asubset Ain X.If ANU #
for every U € U, the family of subsets containing A N U for some U € U belongs
in U, and by maximality A € U. (]

Before passing to the exercises, which we recommend to solve in the given order,
we need the notion of convergence of an ultrafilter.

Definition 8.18 Anultrafilter ¢/ in a topological space X converges toapointx € X
if every neighbourhood of x belongs in /.

It is immediate from definition that in a Hausdorff space an ultrafilter converges
at most to one point.
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Exercises

8.8 Show that any ultrafilter inside a finite set must be of the type described in
Example 8.15.

8.9 Let A be an open cover of a space X without finite subcovers. Prove that there
exists an ultrafilter 4 in X such that 4 N U = @. Conclude that not every ultrafilter
has the form of Example 8.15.

8.10 Let !/ be an ultrafilter that converges to no point. Prove that the family of open
sets not belonging in ¢/ is a cover with no finite subcovers. Conclude that a space is
compact if and only if each of its ultrafilters converges.

8.11 Let P be a sub-basis in X and U/ an ultrafilter. Prove that I/ converges to x if
andonlyif {P € P|x € P} CU.

8.12 Let P be a sub-basis of X and U/ an ultrafilter. Suppose U/ doesn’t converge in
X. Prove that P — U/ is an open cover of X without finite subcovers.

8.13 Use the previous exercises to give an alternative proof of Alexander’s Theo-
rem 7.5.

8.14 Let U be an ultrafilter in a set X, f: X — Y a surjective map and define
fU) ={f(A) | A € U}. Prove that f(U) is an ultrafilter in Y, that f(Uf) = {A C
Y | f7'(A) € U}, and that for every ultrafilter V in Y there’s an ultrafilter 2/ in X
such that f(U) = V.

8.15 Let X = []; X; be a product space and p;: X — X; the projections. Prove
that an ultrafilter I/ in X is convergent if and only if p; ({/) is convergent for every i.

8.16 Use Exercises 8.10 and 8.15 to prove Tychonov’s Theorem 7.7.

Warning: the ultrafilter lemma is not equivalent to the axiom of choice. In the
proof of Tychonov’s theorem given in Exercise 8.16 the ultrafilter lemma does not
fully replace the axiom of choice: the latter is still necessary, for instance, to solve
Exercise 8.15 since the spaces X; are not assumed Hausdorff.

8.5 The Compact-Open Topology

We retrieve the notations of Sect. 6.7 and recall that C (X, Y) denoted the space of
continuous maps between topological spaces X, Y. The subsets

WK, U)={f e CX,Y) | f(K) CU},

for any K compact in X and U open in Y, form the sub-basis of the so-called
compact-open topology of C (X, Y).

In this section we will show that the compact-open topology on C (X, Y) has nice
properties when X is locally compact and Hausdorff.
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Lemma 8.19 Let X, Y be spaces with X locally compact Hausdorff, and P a sub-
basis on Y. The family {W (K, U)}, withU € P and K compact in X, is a sub-basis
of the compact-open topology on C(X, Y).

Proof We’ll show that for every f: X — Y continuous, K C X compact and
U C Y open with f(K) C U, there exist compact sets K1, ..., K,, and open sets
Ui, ..., U, € P such that

feWK,U)Nn---NW(K,, U, C WK, U).

Let B be the family of finite intersections of open sets from P. Then B is a basis of
Y, and since f(K) is compact, we may find Vi, ..., V,, € B such that

f(K)CViU---UV, CU.

Any x € K has a compact neighbourhood K, such that f(K,) C V; for some i.
But the family of interiors of the K is an open cover of K, so there’s a finite subset
S C K suchthat K C U{K, | x € S}. Foreveryi =1,...,m set

K =U{K; | x €S, f(Ky) CVi}
Each K; is compact, and
feWE, V)N NW(Kpy, Vi) C WK, U).

For every index i there are U;y, ..., Ujs € P such that V; = U;; N --- N U, and
now we can use the trivial relation

W(K;, Uip) N---NW(K;, Uis) = W(K;, V;)

to conclude. |

Theorem 8.20 (Exponential law) Let X, Y, Z be spaces, and assume all function
spaces have the compact-open topology. There exists a natural one-to-one map

TIC(XxY,Z2)—> CX,C, 2)).

Furthermore:

1. if'Y is locally compact Hausdorff, = is bijective;
2. if X is locally compact Hausdorff, = is continuous;
3. if X, Y are locally compact Hausdorff, ~ is a homeomorphism.

Proof Given f: X x Y — Z continuous, the mapping

fiX—=cwz), [foo=fxy
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is well defined. Easily, fis continuous: let W(K, U) belong in the sub-basis of
C(Y, Z) and take x € X such that f(x) e W(K,U),ie. f({x} x K) C U.
According to Wallace s theorem there’s an open set A C X such that x € A and
Ax K c f71(U),ie. f(A) C W(K, U). This proves the continuity off

Thus we’ve defined a natural 1-1 map

T:CXxY,Z2)—> CX,C{,2Z)).

If Y is locally compact, then = is bijective. We will prove that for every ¢g: X —
C(Y, Z) continuous,

X xY—=>Z,  f(x,y)=g9x)),

is continuous. Take U C Z open and (x,y) € f~'(U); then g(x) is continuous
and Y is locally compact Hausdorff. Hence y has a compact neighbourhood B such
that g(x)(B) C U, so g(x) € W(B, U). The map g is continuous, whence x has a
neighbourhood A in X such that g(A) C W(B, U); this implies f(A x B) C U.

By Lemma 8.19, if X is locally compact Hausdorff, we can take as sub-basis
on C(X, C(Y, Z)) the open sets W(H, W(K, U)), where H, K are compact in X
and Y respectively, and U is open in Z. Since - identifies W(H x K, U) with
W(H, W(K, U)), it is necessarily continuous.

As for claim 3, it suffices to show that the W(H x K, U) constitute a sub-basis
for the compact-open topology on C(X x Y, Z). Take T C X x Y compact and
f € W(T,U).For every t € T there exist compact sets K; C X and H; C Y such
that f(K; x Hy) C U andt isin the interior of K; x H;. By passing to a finite subcover
we may find finitely many compact sets K1, ..., K, C X, Hy, ..., H, C Y with

T CUK; xH;, f(K;xH;)CU,
1

so that, eventually,

feW(K x H,U)N---NW(Ky, x Hy, U) C W(T, U).

Exercises

In the following exercises, unless otherwise stated, all function spaces will implicitly
have the compact-open topology.

8.17 Consider topological spaces X, Y, Z with X locally compact Hausdorff. Prove
that C(X, Y x Z) is homeomorphic to C(X,Y) x C(X, Z).

8.18 Let X, Y be spaces, X locally compact Hausdorff. Prove that
CX.Y)xX—=>Y  (fix)— f(x),

is continuous.
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8.19 Let X be a finite set with n points equipped with the discrete topology. Show
that C (X, Y) is homeomorphic to the product Y.

8.20 Let X, Y, Z, W be spaces. Prove that
CX,Y)—> C(Z, W), f—>GofoPF,

is continuous, for any pair of continuous maps F: Z - X, G: Y — W,

8.21 (m», Q) Let X be compact Hausdorff and (Y, d) a metric space. Prove that the
distance (see Theorem 6.51)

60:C(X,Y)xC(X,Y) — R, 0(f, g) = max{d(f(x),g(x)) | x € X},

induces the compact-open topology.
8.22 (=)

1. Let X, Y, Z be locally compact Hausdorff. Prove that the composition of maps
CY,Z)yxCX,Y)—>CX,2), (f,.9— fg

is continuous for the compact-open topology.

2. Let X be compact Hausdorff. Show that the compact-open topology induces on
Homeo(X) the structure of a topological group, see Sect.5.3. (Hint: f(A) C B
iff f7Y(X—B)C X—A)

3. Prove that the compact-open topology turns Homeo(R) into a topological group.

8.6 Noetherian Spaces

The upcoming result is very much used in algebraic geometry and commutative
algebra.

Proposition 8.21 On an ordered set (X, <) the following are equivalent:

1. every non-empty subset of X contains maximal elements;
2. every countable ascending chain {x; < xo < ---} C X stabilises (i.e. there’s an
index m € N such that x,, = x,, for everyn > m).

Proof For (1)=(2) it’s enough to notice that any countable ascending chain {x; <
x3 < ---} contains a maximal element, say x,,, and therefore x,, = x,, for every
n=>m.

Let us prove (2)=-(1). By contradiction, suppose we have a non-empty S C X
with no maximal elements, i.e. {y € S | y > x} # 0 for every x € S. By the axiom
of choice there’s a function f: § — S such that f(x) > x for every x € S. Take
xo € S: the ascending chain {x, = f"(xg) | n € N} does not stabilise. O
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Definition 8.22 A space is called Noetherian if every non-empty family of open
sets has a maximal element for the inclusion.

By Proposition 8.21 a space is Noetherian if and only if every countable ascending
chain stabilises.

Example 8.23 Let K be any field. The affine space K" equipped with the Zariski
topology (Example 3.11) is Noetherian. The proof is a simple consequence of
Hilbert’s basis theorem,! and as such we leave it to lecture courses on algebraic
geometry and commutative algebra.

Lemma 8.24 [f X is a Noetherian space:

1. X is compact;
2. any continuous image of X is Noetherian;
3. any subspace of X is Noetherian.

Proof To prove 1 we need to see that every open cover U has a finite subcover: for
this we can pick a maximal element in the family of finite unions in /.

Property 2 is trivial, and for 3 take Y C X. Call 7 (X) and 7 (Y) the open sets in
X and Y, and let

r: T(X)—> T(), r(U)y=UNY,

denote the restriction map. If 7 C 7 (Y) is a non-empty collection of open sets and
U e T(X) a maximal element in » ~! (F), we claim »(U) = U NY is maximal in F.
Let V be open in X such that r(U) C r(V) and r(V) € F;then U UV € r~1(F),
by maximality V C U and therefore r(U) = r (V). O

Definition 8.25 A topological space is said to be irreducible if any pair of open,
non-empty sets has non-empty intersection. Equivalently, a space is irreducible if
it cannot be written as finite union of proper closed subsets. A subspace is called
irreducible if it is an irreducible space for the induced topology.

Examples include the empty set, points, and more generally, any space with the
trivial topology.

Lemma 8.26 Ler X be a space and Y C X an irreducible subspace. Then:

1. the closure Y is irreducible;
2. ifU C Xisopen, Y N U is irreducible;
3. if f: X — Z is continuous, f(Y) is irreducible.

Proof We will prove only 1, and leave the rest to the reader. Take open, non-empty
sets U, V in Y'; as any subspace is dense in its closure, U NY and V NY aren’t empty.
If Y is irreducible then (UNY)N(VNY) #P,andsoU NV £ . O

"Hilbert’s basis theorem: Every non-empty family of ideals in the ring K[x1, ..., Xx,] contains
maximal elements for the inclusion.
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Definition 8.27 The irreducible components of a topological space are the maxi-
mal elements in the family of irreducible closed subsets ordered by inclusion.

The family of irreducible closed subsets is never empty, for it contains the empty
set. Exercise 8.30 shows that any space can be viewed as the union of its irre-
ducible components. The following theorem studies this feature when the ambient
is Noetherian.

Theorem 8.28 A Noetherian space X has a finite number of irreducible components
X1,..., X, Moreover, X = X1 U---U X, and any component X; is not contained
in the union of the other components X, j #1i.

Proof We start by showing that every closed set in X can be written as finite union of
irreducible closed subsets; for that consider the family C of closed sets in X and the
subfamily F C C of finite unions of irreducible closed subsets. By contradiction, if
F # C there exists a minimal element Z € C — F. But Z ¢ F, so the closed set Z is
not irreducible, and then there are proper closed sets Z, Z, such that Z = Z{ U Z,.
By minimality Z, Z, € F,s0 Z € F.

Sowehave X = XU---UX,, where X; is closed and irreducible; with the proviso
of eliminating superfluous closed sets we can assume X; doesn’t lie in the union of
the remaining X ;. The claim is that X1, ..., X,, are the irreducible components of X.

Take Z C X irreducible and closed. Since Z = (Z N X)) U--- U (Z N X,),
we must have Z = Z N X; for some index i: in other terms there’s an i such that
Z C X;. The same holds if Z is an irreducible component. By maximality, then, any
irreducible component of X must be one of the X;.

Conversely, if an X; is not an irreducible component, there’s a proper inclusion
X; C Z with Z irreducible; the previous argument tells that Z is contained in some
X j, contradicting the assumption. (]

Exercises

8.23 Prove that the cofinite topology, on any set, is Noetherian.
8.24 Prove that the finite union of Noetherian spaces is Noetherian.

8.25 Prove that every non-empty irreducible subspace in a Hausdorff space contains
only one point.

8.26 Show that if K is an infinite field, the space K" with the Zariski topology is
irreducible, for every n > 0.

8.27 (Q)Takeirreducible spaces X, Y and a topology on the Cartesian product X x Y
such that, for every (xg, yo) € X x Y, the inclusions

X—>XxY, x (x,y0),
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and
Y > X xY, y = (X0, ),

are continuous. Prove that X x Y is irreducible.

8.28 Let f: X — Y be continuous, open and with irreducible fibres. If Z C Y is
irreducible, prove that f ~1(Z) is irreducible as well.

8.29 Give an example of closed identification f: X — Y where Y is irreducible,
f~Y(») is irreducible for every y € Y and X is not irreducible.

8.30 (Q)LetC be the family of closed, irreducible subsets in X ordered by inclusion.
Show that any point of X is contained in one maximal element of C at least.

8.7 A Long Exercise: Tietze’s Extension Theorem

Recall that a space is called normal when it is Hausdorff and disjoint closed sets have
disjoint neighbourhoods. The exercises at the end of the section, solved in the given
order, provide a proof of the following two results.

Lemma 8.29 (Urysohn’s lemma) Let A, C be disjoint closed sets in a normal space
X. There exists a continuous map f: X — [0, 1] such that f(x) = 0whenx € A
and f(x) =1 when x € C.

Theorem 8.30 (Tietze extension) Let B be closed in a normal space X, J C Ra
convex subspace and f: B — J a continuous map. Then there exists a continuous
map g: X — J such that g(x) = f(x) for every x € B.

For metric spaces Urysohn’s lemma is easy to prove: it suffices to recycle the
argument of Proposition 7.31.

Let us remark that Lemma 8.29 is a special case of Theorem 8.30 when J = [0, 1]
and B = AUC. The classical proof of Theorem 8.30, for which we suggest consulting
[Mu00, Du66], uses Urysohn’s lemma and the completeness of the space BC (X, R)
of continuous and bounded real functions on X.

Exercises

8.31 Let f: B — [0, 1] be a continuous mapping, S C [0, 1] a dense subset and
define B(s) = {x € B | f(x) < s}, fors € S. Prove that

f(x)=inf{s € S| x € B(s)} ifx € U{B(s) | s € S}
fx) =1 otherwise

for every x € B.
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8.32 (©¥) Let X be a space and S C [0, 1] a dense subset. Suppose to have, for
every s € S, open sets X(s) C X so that X(s) C X(¢) if s < ¢ in S. Now define
g: X — [0, 1] by

gx)=inf{s € S| x € X(s5)} ifx e U{X(s)|s e S}
gx) =1 otherwise.

Prove g is continuous.

8.33 (Q) Consider closed sets A, B, C in a normal space X and a continuous map
f: B — R. Assume A N C = {J, and that there exist real numbers a < ¢ such that:

ANBC{xeB| f(x)<a}, CNBC{xeB| f(x)>c}.

Prove that for any b € ]a, c[ there are open disjoint sets U, V C X with
ACU, UNB={xeB|f(x)<b), UNBC({xeB]| f(x)<bh},
CcV, VNB={xeB|f(x)>b}), VNBC{xeB]| f(x)=>b)

(Hint: write AU {x € B | f(x) < b}and C U {x € B | f(x) > b} as countable
unions of closed sets, then argue as for the proof of Theorem 7.36.)

8.34 Take B closed in a normal space X, and let f: B — [0, 1] be continuous.
Indicate with A C [0, 1] the set of rational numbers of the form 5z, for n > 0 and
0<r <2" Forevery s € Aset B(s) ={x € B| f(x) < s}. Choose an open set
X (1) C X such that X(1) N B = B(1) and define X (0) = @.

Prove that one can extend the pair X (0), X (1) to an open family {X (s) | s € A}

such that
X()NB=B(s), XENBC{xeB]| f(x)<s)

for every s € A, and also that X(s) C X(r)ifs < t.

Hint: any element of A — {0, 1} can be written in a unique way as r/2", with
n > 0 and r odd. Construct the open sets X (r/2") by induction on n by employing
Exercise 8.33 with

r—1 r+1
A=X , C=X-X )
n n

r—1 r r+1
, b=—, c= .
2n 2n 2n

a =

8.35 Let B be closed in anormal space X and f: B — [0, 1] acontinuous mapping.
Combine the results of Exercises 8.34, 8.32 and 8.31 to show that f extends to a
continuous map g: X — [0, 1].


http://dx.doi.org/10.1007/978-3-319-16958-3_7

8.7 A Long Exercise: Tietze’s Extension Theorem 159

8.36 Prove Urysohn’s lemma.

8.37 Let B be closed in X normal, J an open convex subset of [0, 1] and f: B —
J a continuous map. Call k: X — [0, 1] a continuous extension of f and write
A =k=1([0,1] — J). Now take h: X — [0, 1] continuous and such that #(A) = 0,
h(B) = 1. Given a point j € J consider the convex combination

g(x) = h(x)k(x) + (I = h(x)) /.
Prove that g: X — J is a continuous extension of f.
8.38 Prove Theorem 8.30.

8.39 If Bisclosed in a normal space X, show that any continuous mapping f: B —
S" extends over an open neighbourhood of B.

8.40 (Q) Prove that a normal space X admits an exhaustion by compact sets if and
only if there exists a proper map f: X — R.

8.41 (=) Let B be closed in a normal space X, and
f:X— 8", F:Bx[0,1] > §",
two continuous maps such that f(x) = F(x, 0) for every x € B. Prove that
g:B— 8", gx)=F(x, 1),

extends to a continuous map X — S”. (Hint: extend F to a suitable open set in
X x [0, 1] and then restrict to the graph of another suitable map X — [0, 1].)
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Chapter 9
Intermezzo

In this shorter chapter, and only here, we will allows ourself to be less rigorous in
the arguments and a little more vague in defining notions. The purpose is to explain
in an intuitive manner, sometimes even slightly punningly, a few foundational ideas
of the branch of mathematics called ‘algebraic topology’.

9.1 Trees

We met in Chap. 1 the intuitive ideas of graph, connected graph and walk inside a
graph. Let’s call length of a walk the number of edges in it. A simple path is a
walk without repeated nodes. In a connected graph any two distinct nodes are the
endpoints of a simple path: just take a shortest walk among all walks joining the
two nodes. A walk is said to be closed if the last and first nodes coincide. We shall
call circuit a closed walk without repeated edges. A tree is then a connected graph
containing no circuits.

Definition 9.1 Let I be a graph with V nodes and S edges. The number e(I") =
V — S is called the Euler-Poincaré characteristic of I".

Theorem 9.2 If I' is a connected graph, e(I") < 1. Equality holds if and only if I
is a tree.

Proof If a graph I" contains a circuit, the operation of removing one edge of the
circuit from I" will produce a new graph I'’, still connected, with e(I") = e(I"’) — 1.
This shows, in particular, that if a graph I" contains circuits, we can remove finitely
many edges and eventually obtain a tree A. Then e(I") < e(A), and to finish the
proof it suffices to show that e = 1 for trees.

We proceed by induction on the number of nodes; trees with one node have no
edges, so the claim is trivial. Any tree I” contains simple paths (e.g. the single nodes)
whose length is bounded by the edge number S. Let H be the set of nodes of a simple
path of maximum length in I", and v9p € H an end node; vy is joined to v; € H by
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an edge /1. We claim that /1 is the unique edge in I" passing through vg. If vo were
connected to a node u by some edge I # [; then either u € H, in which case I"
would contain a circuit, or u ¢ H and then we could take a longer trail by adding the
edge [ and the node u. In any case we would have a contradiction. Hence the graph
I"’ obtained by removing /; and v from I is still connected, it has no circuits and
by inductive hypothesis e(I") = e(I'") = 1. O

Exercises

9.1 Prove that also the converse to Theorem 1.1 holds: if a connected graph contains
at most two nodes of odd degree, then it’s an Eulerian graph. (Hint: the proof is similar
to that of Theorem 9.2).

9.2 Polybricks and Betti Numbers

This section discusses concepts that are typical of advanced lectures on topology,
and so might prove a bit challenging to less-experienced readers. At any rate the
material presented here doesn’t prepare for the remaining chapters, so skipping it
wouldn’t do any harm.

Billy has a magnificent collection of LEGO bricks, all shaped as parallelopipeds,
wonderfully coloured and numbered from 1 to n. He spends lots of time playing with
them and expresses his creativity by assembling various objects X C R3, which we’ll
call polybricks. He’s so pleased with his creations that he takes note of the relative
positions of the single pieces to be able to replicate his best works at international
optometry conferences.

After long conversations with Mr. Cech, Billy has started to write down the set
No C {1,...,n} of bricks used to build every X, and the set Ny C Ny x Ny of
pairs of bricks (a, b), a < b, that touch at least at one point. Generalising, for every
i > 0 we call N; the family of i 4+ 1-tuples (ag, ai,...,a;) € Né‘H such that
ap <ay < --- < a; and the ap, . .., a, all touch at one point at least.

Mr. Cech has a recipe requiring that we indicate, for each index i, with C the
vector space of maps f: N; — R and define linear maps d; : C! — C**! as follows:

dof(a,b) = f(b) — f(a), dif(a,b,c)= f(b,c)— fla,c)+ f(a,b),
and more generally
i+1 _
dif(ao, ... ais1) = > (=D flao, ... @}, ....ai),
j=0

where the hat ~— reminds we have to omit that variable. With the help of his
father-in-law Billy managed to prove that the composition of d; and d; is always
0 (exercise for the reader), so it is possible to define vector spaces
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Hi(X) kernel of d; : C! — Cit! 50
= . —, i >0.
image of d; _: CI=! — (i

It’s rather surprising that the dimensions of the real vector spaces H'(X) only
depend on the homeomorphism class of the polybrick X. The numbers b; (X) =
dim H (X),i =0, 1, ..., are called Betti numbers of X, in honour of Enrico Betti
(Pistoia 1823 - Pisa 1892), the forefather, with Riemann, of modern topology. Readers
may prove as exercise that by coincides with the number of connected components
of X; the unabridged and rigorous proof that the Betti numbers are invariant under
homeomorphisms is far from easy, and was achieved around 1940.

The Euler-Poincaré characteristic of a polybrick is defined as the alternating sum
of Betti numbers

e(X) = bo(X) = bi(X) +ba(X) + -+ (=1)'bi(X) + - --

and is a topological invariant. Its core property is that (exercise in linear algebra for
the reader) it equals the alternating sum of the cardinalities of the sets N;

e(X) = |Nol — INt| + [No| + -+ -+ (=D [N | + -+,

and so it’s quite easy to compute.

Suppose we have a polybrick in which each point belongs to not more than two
bricks, that is, No = @. Such an object can be represented as a graph with Ny as
set of vertices and N as set of edges (meaning that two vertices a,b € Ny are
joined by an edge iff one of the ordered pairs (a, b), (b, a) belongs to Ny.) Then the
Euler-Poincaré characteristics of polybrick and graph coincide.

One can generalise Betti numbers to an arbitrary topological space as the dimen-
sions of suitable vector spaces, and in such a way that they remain topological
invariants. Regrettably, these vector spaces can have infinite dimension, so that
bi(X) € Ng U {400} in general.

9.3 What Algebraic Topology Is

Imagine having a family F of topological spaces and wanting to understand when
elements of F are homeomorphic; for the sake of simplicity F will consist of con-
nected subspaces in R3.

We are seeking functions f: F — [ suchthatif X, Y € F are homeomorphic, in
symbols X ~ Y, then f(X) = f(Y). A function of this sort is called a topological
invariant of F, and its usefulness depends on two factors: how complete the invariant
is, and how concrete it is. A constant map f: 7 — [ is an invariant with no use
whatsoever; at the other end of the spectrum are so-called complete invariants,
characterised by the fact that X ~ Y precisely when f(X) = f(Y).



164 9 Intermezzo ~

Complete invariants always exist: take I = F/~ and the canonical quotient map
f. Yet the whole point of finding invariants is to understand the deeper structure of
F/ ~, which is usually complicated and mysterious. That’s why one requires that
invariants be concrete, i.e. that the codomain / be a simpler set than F/ ~, and that f
correspond to an explicit procedure or geometrical criterion. In the previous chapters
we witnessed many invariants like that, where I = {true, false} and the maps f were
representing compactness, connectedness, metrisability and so on.

Another example is the invariant by: F — I = Ny U {+o00} that maps a space to
the number of its connected components. More generally, every Betti number b, is
a topological invariant with values in / = Ny U {+o00}.

Ever since Poincaré’s work mathematicians have discovered a wealth of topolog-
ical invariants f: F — I where the elements of [ are algebraic entities, like groups,
vector spaces, polynomials et c. An instance are the Cech cohomology spaces H' (X)
we met in the previous section about polybricks, but whose definition can be broad-
ened to hold for any paracompact Hausdorff space. An excellent introduction to Cech
cohomology can be found in Kodaira’s book [Ko86, Sect.3.1].

Algebraic topology deals with this kind of invariants and other related issues.
The ensuing chapters will discuss the fundamental group, an invariant introduced
by Poincaré and denoted by 7y : F — I, where F are path-connected spaces and /
isomorphism classes of groups.

Reference

[Ko86] Kodaira, K.: Complex Manifolds and Deformation of Complex Structures. Springer, Berlin
(1986)



Chapter 10
Homotopy

There’s an intuitive notion of ‘equivalence of shapes’ in topology that is broader
than the concept of homeomorphism. Two connected regular subsets in R> — where
regular is meant naively, as the opposite of complicated, strange, pathological, unrea-
sonable etc.—have equivalent shape if they have the same number of holes. To be
concrete, the letters in the word HOMOTOPY, for instance, each thought as a connected
union of curves in R?, can be grouped in two equivalence classes of shapes: O, P
have the same shape because they have one hole, while H, M, T, Y have no holes.
Here’s another example: the letter B, a circle with its diameter, two touching circles
(Fig.10.1).

In this chapter we’ll define in precise terms the notion of homotopy: having the
same homotopy type will correspond to the intuitive idea of having equivalent shapes.

10.1 Locally Connected Spaces and the Functor 7

Definition 10.1 A space is locally connected if every point has local basis of con-
nected neighbourhoods.

From Lemma 4.28 the connected components of a locally connected space are
open. While general connected spaces may not be locally connected (Exercise 10.1),
open sets in R” are locally connected, and the product of two locally connected
spaces is locally connected.

Definition 10.2 Let X be a topological space. Denote by 7o (X) = X/ ~ the quotient
space under the relation ~ that identifies points connected by a path in X.

To be more precise, for any two points x, y € X one defines the set of paths from

x toy:

2(X,x,y) ={a:[0,1] > X | a continuous, «(0) = x, a(l) = y}
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Fig. 10.1 Subsets in the plane with equivalent shapes

and then
m0(X) = X/~, where x~y &= Q(X,x,y) # 0.

We have to make sure ~ is an equivalence relation.
Reflexivity. To prove x ~ x we consider the constant path

1,:[0,1] = X, 14(t) =x foreveryt € [0, 1].
Symmetry. For every x, y € X we have the path-reverting operator
it 2(X,x,y) > 2(X,y,x), i()() =al —1),

that s clearly invertible. In particular £2 (X, x, y) is empty precisely when £2 (X, y, x)
is empty.

Transitivity. We just consider the product of paths (or composite)
*: 2(X, x,y) X 2(X,y,2) > 2(X,x,2), (o, ) > ax*p,

where

| a2 if0<t<1/2,
kPO =150 1) ifl2<r<1.

Definition 10.3 Let X be a space and «: [a, b] — X a path, a, b real numbers. We
shall call standard parametrisation of « the path

&€ X, ala), ad), a@) =al(l —t)a+tb).

For example, if & € 2(X, x, y) and 3 € £2(X, y, z), then « can be recovered as
the standard parametrisation of « * J restricted to the interval [0, 1/2].

The choice of [0, 1] in the definition of ~ is clearly only conventional, for noth-
ing essential would change if we took paths defined on an arbitrary compact interval
[a, b], a < b. The only drawback would be worse formulas for inverting and com-
posing paths.
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Equivalence classes for the relation ~ are called path components of X, which
are usually neither open nor closed. Therefore 7y (X) is the set of path components
of X.

Definition 10.4 A space X is locally path connected if any point has a local basis
of path connected neighbourhoods.

An open set in R” is locally path connected: if X C R” is open and x € X, there
exists ¥ > 0 such that B(x,r) C X. The balls B(x,t),0 < t < r, constitute a local
path connected basis.

Proposition 10.5 Let X be locally path connected. Its path components in X are
open, and coincide with the connected components.

Proof Take x € X andlet A = {y | £2(X, x, y) # 0} be the path component con-
taining it. We want to show that A is open, or equivalently that it is a neighbourhoods
of any of its points. Take y € A and choose a path a € £2(X, x, y); by assump-
tion there’s a path connected neighbourhood U of y, so for every z € U we have a
B € 2(U,y, z). The path a * (3 belongs to £2(X, x, z),s0z € A, and then U C A.
The complement of A is the union of all (open) path components other than A, which
makes A closed. Let C(x) be the connected component containing x. As A N C(x)
is open and closed in C(x), C(x) C A. On the other hand A is path connected, so A
is connected and A C C(x). (]

Consider a continuous map f: X — Y and a path «: [0, 1] — X; their com-

position is the path fa: [0,1] — Y, soif x1,x» € X are joined by a path then
f(x1), f(x2) belong to the same path component. Therefore f induces a mapping

mo(f): mo(X) — mo(Y),  mo(S)xD) = [f(x)]

between the quotient spaces. The next properties are immediate:

F1. let Id: X — X be the identity map. Then mo(/d): mo(X) — mo(X) is the
identity map;
F2. if f: X —> Y and g: Y — Z are continuous, then

m0(9.f) = mo(g)mo(f): mo(X) — mo(Z).
Properties F1 and F2 entitle one to say that the assignment
mo: { topological spaces } — { sets }, X — m(X),

is a functor. We shouldn’t call 7mp a map because its domain and codomain are not
sets but categories (precise definitions are postponed to Sect. 10.4).
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Example 10.6 Let K1 C K> C --- be an exhaustion by compact sets of a space X
such that the inclusioni: X — K,,11 — X — K, induces a bijection

m0(i): m(X — Knp1) —> mo(X — Ky)

for every n. Then the cardinality of my(X — K,+1) is a topological invariant of
X, i.e. it doesn’t depend on the chosen exhaustion. Suppose we have another such
exhaustion H; C Hp C ---. There exist integers n < m and h < k such that
H, C K, C H, C K. Hence we have inclusions

« k) 5
X—-Ky — X-H, — X—K;, — X—H,.
Applying the functor 7o gives

3
70X — Ko) ™D 70X — H,) D r0(X — Ki) Y 70(X — H,).

By assumption o (3)m(cr) and mo(y)mo(3) are bijections, and it’s not hard to con-
clude from this that () is bijective (see Lemma 11.21 as well).

Example 10.7 As promised earlier, we prove that R —{s points} is not homeomor-
phic to R” —{¢ points} if m > 1 and s # 1.

Take distinct points p1, ..., p; in R”. We claim that the number ¢ + 1 is a topo-
logical invariant of R” — {py, ..., p;}. For any n > 0 consider the compact set

1
Kn=[x€Rm Hixll < n, llx = pill 2;].

When n >> 0, R"” — K, has r + 1 connected components, and the inclusion X —
K, 11 — X—K, induces a bijection between the corresponding 7(’s. The topological
invariance of ¢ 4 1 is now a consequence of Example 10.6.

Exercises

10.1 Prove that the union X C R? of all straight lines ax = by, a, b € Z not both
zero, is path connected but not locally path connected.

10.2 (¥) Let X be a space with the following property: for every point x € X and
every neighbourhood U of x there exists a neighbourhood V' of x such that any two
points of V can be joined by a path in U. Prove X is locally path connected.

10.3 Let A C R” be open and connected and take two points p, g € A. Prove that
there is a zig-zag from p to ¢ (a continuous, piecewise-linear path v: [0, 1] — A
with v(0) = p and (1) = gq).
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Fig. 10.2 Every
homeomorphism fixes (0, 0)

(0,0)

10.4 (Local 7, ) Let x € X be a point in some space and A a local basis of
neighbourhoods at x. Define the set

m0(X — {x}.x) ={s € [] 70(U — {x}) | s is coherent},
UeA

where ‘coherent’ means that for every U,V € A such that U C V we have
mo(i)(sy) = sy, wherei: U — {x} — V — {x} is the inclusion morphism.
Prove that mo(X — {x}, x) doesn’t depend on the chosen neighbourhood basis.

10.5 Let X C R? be defined by the equation xy(x + y)(x> —4)(y> — 1) = 0
(Fig. 10.2). Use the result of Exercise 10.4 to show that any self-homeomorphism of
X has (0, 0) as fixed point.

10.2 Homotopy

Definition 10.8 Two continuous maps fp, f1: X — Y are said to be homotopic if
there is a continuous function

F:Xx[0,1]—>Y

such that F(x,0) = fo(x) and F(x,1) = fi(x) for every x € X. Such an F is
called a homotopy between fy and f7.

To help one ‘visualise’ the meaning of the above definition let’s write f;(x) =
F(x,t) forevery (x,t) € X x [0, 1]. Then for any ¢ € [0, 1] the map

fi: X—>Y

is continuous. When ¢t = 0 we recover fp, which deforms in a continuous way, as ¢
varies, until it becomes f7 forr = 1.
Example 10.9 LetY C R" be a convex subspace. For any topological space X, two

continuous maps fo, f1: X — Y are homotopic: it suffices to define the homotopy as

F:Xx[0,11=7Y,  F,0)=—1fo(x)+1tfi(x).
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Example 10.10 Consider continuous mappings f,g: X — R" — {0} such that
lf(x) —gx)| < [lf(x)] for every x € X. Then f and g are homotopic, for
lt(f(x) — g(x)|l < |l f(x)] forevery ¢t € [0, 1] and we can take

F: X x[0,1] - R" — {0},
Fx,) =0 -0 f(x)+1tg(x) = f(x) —1(f(x) — gx)),

as homotopy between them.

Notation From now on, and unless stated differently, the capital letter 7 will always
indicate the closed interval [0, 1] with the Euclidean topology.

Lemma 10.11 Let X, Y be topological spaces. The homotopy relation is an equiv-
alence relation on the set C(X, Y) of continuous maps from X to Y.

Proof Take f: X — Y continuous. Then
F:XxI—>Y, F(x,t) = f(x),

is ahomotopy between f and f.If F (x, ¢) isahomotopy between f and g, F'(x, 1 —1)
is a homotopy between g and f. At last, if F'(x, ¢) is a homotopy between f and g,
and G(x, t) a homotopy between ¢ and £,

) ) F(x,2t) if0<r<1/2,
H:XxI=>7Y, H(x”)_[G(x,zz—l) if1/2<t<1,

is a homotopy between f and /. (]

Example 10.12 Consider the antipodal map f: S" — S", f(x) = —x. Whenn =
2k — 1 is odd f is homotopic to the identity map, for we can write $” = {z €
C* | |zl = 1} and F(z, 1) = ze™ is a homotopy. When n is even, instead, f is
not homotopic to the identity, but this is—as one can well imagine—much harder to
show.

The homotopy relation is stable under composition of maps, in the sense explained
below.

Lemma 10.13 Given continuous maps as in the diagram

fo 90
A LA
X __ Y 7,
N 9

if fo is homotopic to f1 and gg is homotopic to g1, then gy fo is homotopic to g1 fi.

Proof Let F: X x I — Y and G:Y x I — Z be the involved homotopies:

F(x,0) = fo(x), F(x,1) = fi(x), G(y,0) = go(y) and G(y, 1) = g1(y). It’s easy
to see that
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H:XxI— Z, H(x,t) = G(F(x,t),1),

is a homotopy between g fo and g1 f7. O

Definition 10.14 A continuous map f: X — Y is a homotopy equivalence if there
exists a continuous map g: ¥ — X such that fg is homotopic to the identity map
of Y and ¢ f is homotopic to the identity of X. Two topological spaces are called
homotopy equivalent if they admit a homotopy equivalence between them.

It’s quite common to say that two spaces have the same homotopy type if they
are homotopy equivalent.

By definition, then, homeomorphic spaces are homotopy equivalent. The next
example shows that the opposite is in general false.

Example 10.15 All non-empty convex subsets in R” are homotopy equivalent. Take
X C R", Y C R™ convex and not empty, then pick two continuous maps f: X — Y
and g: Y — X arbitrarily (e.g., constant ones). As X is convex, from Example 10.9
we know that g f : X — X is homotopic to the identity, and similarly fg.

Lemma 10.16 If two continuous maps f, g: X — Y are homotopic, then
mo(f) = mo(g): mo(X) — mo(¥).

In particular, mo(f) is a bijection if f: X — Y is a homotopy equivalence.

Proof Saying mo(f) = mo(g) means that the points f(x) and g(x) belong in the
same path component of Y for every x € X. Let F: X x I — Y be a homotopy
between f and g. Then f(x) and g(x) are joined by the path

a:l —Y, a(t) = F(x,t).

Suppose now that f: X — Y is a homotopy equivalence, g: ¥ — X is con-
tinuous and both g f, f g are homotopic to the identity. The lemma’s first statement
ensures that

mo(fg) = mo(f)mo(g): mo(Y) — mo(Y),
mo(gf) = mo(g)mo(f): mo(X) — mo(X)

are identity maps, whence mo( f) is invertible with inverse 7o (g). ([l

Definition 10.17 A space is contractible if it is homotopy equivalent to a point.
This is the same as demanding that the identity map is homotopic to a constant map.

Example 10.15 shows that convex subsets of R" are contractible. Any contractible
space is, by Lemma 10.16, path connected, and it is natural to ask whether there exist
path connected spaces that are not contractible. The answer is yes, they do exist: we’ll
have to suffer a bit to prove that the unit circle S' is not contractible. Other examples
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include the spheres S", n > 2; the proof that these aren’t contractible goes beyond
the scopes of this textbook.

Exercises

10.6 Prove, as claimed in Definition 10.17, that for X non-empty the following
statements are equivalent:

1. X has the homotopy type of a point;

2. forany p € X themap f: X — X, f(x) = p, is homotopic to the identity;

3. there is a point p € X such that f: X — X, f(x) = p, is homotopic to the
identity.

10.7 Let A C C(X, Y) be a family of continuous maps from X to Y. One says that
fo. f1 € A are homotopic relatively to A if there’s a homotopy F: X x I — Y
between fp and f; such that f; € A for every t € I, where f;(x) = F(x,t). Show
that this is an equivalence relation.

10.8 In the notation of Definition 10.14, the map g is called homotopic inverse of
f.Let f: X — Y be a homotopy equivalence. Prove that the homotopic inverse of
f is unique up to homotopy.

10.9 Prove that homotopy equivalence is transitive, i.e. if X has the homotopy type
of Y and Y the homotopy type of Z, then X has the homotopy type of Z.

10.10 Given spaces X, Y one writes [X, Y] to denote the set of homotopy classes
of maps from X to Y. Show that if X is contractible there exists a natural bijection
[X, Y] = mo(Y).

10.11 Prove that the product of two contractible spaces is contractible.

10.12 Let X be a space and f, g: X — S” continuous maps. Using the algebraic
expression
1f(x)+d-0gk)
llzf () + (1 =gl

t €0,1],

show that if f(x) # —g(x) for every x € X, then f is homotopic to g.

10.13 (s) Let S C ¢*(R) (see Example 6.8) be the space of square-integrable
sequences of norm one:

$% = {lan) € CR) | D ay =1},

Generalise the arguments used for Exercise 10.12 in order to show that the identity
map on S and the constant map (aj, az,...) — (1,0, ...) are both homotopic to
(a1,a3,as3,...) — (0,ay,as, az, ...). Conclude that S*° is contractible.
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10.3 Retractions and Deformations

Definition 10.18 A subspace Y C X is a retract of X if there is a continuous map
r: X — Y, called retraction, such that r(y) = y forevery y € Y.

Example 10.19 Let A, B C R? be two circles touching at a unique point p. Then

if A,
rrAUB — A,  r(x)= ! ?xe
p ifx € B,

is a retraction.

Definition 10.20 A subspace Y C X is called a deformation retract of X if there
is a continuous map R: X x I — X, called deformation of X into Y, such that:

1. R(x,0) € Y and R(x, 1) = x forevery x € X;
2. R(y,t) =yforeveryyeVY,tel.

Example 10.21 Let A C R" be a star-shaped subset with respect to the point p € A
(Exercise 4.8). Then p is a deformation retract of A: one possible deformation is

R:AxI— A, R(x,t)=tx+ (1 —1)p.

Proposition 10.22 A deformation retract Y C X is a retract of X, and the inclusion
i:Y < X is a homotopy equivalence.

Proof If R: X x I — X denotes the deformation of X to Y, the mapr: X — Y
defined by R(x,0) = i(r(x)) is a retraction, and R a homotopy between ir and the
identity on X. As ri = Idy, i and r are homotopy equivalences. (]

Example 10.23 The sphere S” is a deformation retract of R™"*t1 {0}, via the defor-
mation
R: R™ —{0}) x [ — R"™ —{0},  R(x,1) = tx + (1 — z)”x—”.
X

Example 10.24 Suppose Y is the union of two sides in a triangle X. Then Y is a
deformation retract of X, see Fig. 10.3.

We can assume X in R? is given by the intersection of the half-planes x > 0,
y>0,x+y < 1,and Y is X intersected with the two axes x = 0, y = 0. A possible
deformation is

R(x,y,t) =t(x,y) + (1 = )(x — min(x, y), y — min(x, y)).
In a similar way one proves that any non-degenerate simplex X C R” can be

deformed to m of its faces X1, ..., X;, for every 1 < m < n. In fact, up to affine
transformations and permutation of indices, we can write
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Fig. 10.3 Deformation of a
triangle to two of its sides

X={(x1,....,x) €eR"|x;, >0, xi +---+x, <1},

Xi=XN{x; =0},i =1,...,m, and take the deformation
R(x,t) =x — (1 —t)(min(xy, ..., Xp), ..., min(xy, ..., x,),0,...,0).
Exercises

10.14 () Prove that in a Hausdorff space every retract is closed.

10.15 (©) Prove that an empty glass is a deformation retract of the full glass. More
precisely, show that ¥ = D? x {0ju s Lyx10,1] c R3 is a deformation retract of
X =D>x[0,1]C R%

10.16 (¥) Set X = {(tx,1) € R? | 1 € [0, 1], x € Q}. Prove that:

1. (0, 0) is a deformation retract of X, so X is, in particular, contractible;
2. (0, 1) is not a deformation retract of X.

10.17 Prove that X = {(p,q) € S" x §" | p # q} has the homotopy type of S".
(Hint: the graph of the antipodal map is a deformation retract.)

10.18 Prove that SL(n, R) is a deformation retract of GL™ (n, R).

10.19 One denotes by S' v S! the space obtained by glueing together two circles
at one point (the figure eight).

Convince yourself that the four spaces R? — {2 points}, S — {3 points}, §' x
ST — {1 point} and S' v S! have the same homotopy type. We don’t require a formal
proof. (Hint: show that the first three have a deformation retract homeomorphic to
Stv St interpret S x S — {1 point} as quotient of /> — {one interior point} by the
equivalence relation discussed in the section on topological sewing.)

10.20 (s, Q) Prove that X = {(a, b, ¢) € R? | b> > 4ac} has the homotopy type
of 1.

10.21 (=, O) Let X be the space of real n x (n — 1)-matrices of maximal rank.
Prove X is homotopy equivalent to GL™ (n, R).

10.22 (#,Q)Let X € Homeo(D") be the set of self-homeomorphisms of the closed
unit ball that equal the identity on $”~!. Put on X the subspace topology induced by
C(D", D) (Theorem 6.51). Prove that the identity /d € X is a deformation retract
of X.
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10.4 Categories and Functors

The terms ‘category’ and ‘functor’ began to be employed in mathematics around
1940 as part of a new language capable of simplifying the theory underlying certain
phenomena occurring in algebraic topology. Only later, owing to the genius ideas
of A. Grothendieck, category theory allowed to make such tremendous advance-
ments in the most abstract areas (to be clear: logic, topology, algebra and algebraic
geometry) that it became an essential part of these. Nowadays we are witnesses of a
slow but unstoppable expansion of category theory into every field of mathematical
knowledge.
Assigning a category A means assigning:

. acollection Ob(A), whose members are called objects of the category A;

. for any pair of objects X, Y in A, a set Mora (X, Y) whose elements are called
morphisms between X and Y in the category A;

3. for any triple X, Y, Z € Ob(A), a map, called composition,

o =

Mora (X, Y) x Mora (Y, Z) — Mora(X, Z2), (f,9)— gf.

All these data must obey the following axioms:

. Mora(X,Y)NMora(Z, W) =@ unless X =ZandY = W;

. for any object X there is an identity morphism 1x € Mora (X, X) with the
property that 1xf = f and glx = g for every f € Mora(Y, X) and g €
Mora (X, Z);

3. the composition of morphisms is associative: h(gf) = (hg) f for every f €

Mora (X, Y), g € Mora(Y, Z) and h € Mora(Z, W).

N =

Just as one proves that the neutral element in a group is unique, so the identity mor-
phism is unique. A morphism f € Mora (X, Y) is called an isomorphism if there
exists f~! € Mora (Y, X) such that ff~! = Iy and f~! f = 1x. In this case f~!
is unique, and is called the inverse of f.

To indicate that X is an object of the category A one almost always writes, abusing
notations, X € A.

Example 10.25 The category of open sets in a topological space X is the category
with open subsets in X as objects and inclusions as morphisms.

Example 10.26 The category Set has sets as objects and maps as morphisms.

Example 10.27 The category Grp has groups as objects and group homomorphisms
as morphisms.

Example 10.28 The category Top has topological spaces as objects and continuous
mas as morphisms.
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Example 10.29 The category KTop has the same objects as Top and homotopy
classes of continuous maps as morphisms. Lemma 10.13 ensures that the composition
law is well defined.

Example 10.30 To any set S we can associate a category having S as collection of
objects and identity maps as morphisms.

Example 10.31 Given a group G, G denotes the category with one object * and
Mor g (*, *) = G as morphisms. The composition law is the product in G.

Remark 10.32 In the definition of category and the previous examples we have
implicitly assumed the existence of a hierarchy between sets and collections—
mathematical and hence also linguistic: every set is a collection, but there are col-
lections that aren’t sets, like the collection of all sets. Sometimes it’s useful to push
this farther, and introduce classes, conglomerates and so on, along the naive picture

{ sets } C {classes } C { conglomerates } C --- .

A collection of sets is a class, a collection of classes is a conglomerate. The advantage
of this additional distinction is that it allows, in some sense, to treat classes and sets
alike: for example, we can have an axiom of choice for classes. Needless to say, all
this can be formalised and packaged into solid axiomatic set theories [En77].

Many authors require, in defining categories, that the collection of objects be a
class.

The observation that category’s axioms do not change if morphisms are ‘reversed’
leads to the notion of opposite category.

Definition 10.33 Let C be a category. The opposite category C° has the same
objects Ob(C) = Ob(C?) and

Morco (X, Y) = Morc (Y, X) forevery X,Y € Ob(C) = Ob(C°)
as morphisms.
Note that (C°)° = C.

Definition 10.34 Let A, B be categories. A functor from A to B, written F: A — B,
consists of two functions (both denoted with F):

1. the function on objects, a law mapping an object X in A to one, and one only,
object F(X) of B;
2. the function on morphisms, consisting of a map

F: Mora(X,Y) — Morg(F(X), F(Y)),  f F(f)

for every pair of objects X, Y in A.
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The function on morphisms must preserve identity maps and composition laws:
F(lx) = lrx)and F(fg) = F(f)F(9).

Example 10.35 m is afunctor from the category of topological spaces to the category
of sets.

Example 10.36 Let G, H be groups. In the notations of Example 10.31, there is a
natural bijection between the set of homomorphisms F: G — H and the set of
functors F: G — H.

Remark 10.37 Until recently a functor as of Definition 10.34 was called a covari-
ant functor. A contravariant functor was a functor F: A — B with the follow-
ing properties replacing the respective covariant ones: if f € Mora (X, Y) then
F(f) e Morg(F(Y), F(X)), and action on composites F(fg) = F(g)F(f).

To any contravariant functor F: A — B corresponds tautologically a covariant
functor F': A° — B, and the other way around. Contravariant functors are not very
popular nowadays and one prefers to use opposite categories instead.

Example 10.38 Let Vect denote the category of K-vector spaces: objects are vector
spaces over K and morphisms the linear maps. The function Homy (—, K) that maps
a vector space V to its dual Homy (V, K) defines a functor

Homg (—, K): Veety — Vectr.

Exercises

10.23 For any integer n > 0 let [n] be the category having as objects the numbers
0,1, ..., n and as morphisms

] if b
Morpu(a, b) = e

one morphism ifa <b
Prove that there exists a natural bijection between functors [n] — [m] and non-
decreasing maps {0, 1,...,n} — {0, 1,...,m}.

10.24 Prove that two topological spaces are homotopy equivalent if and only if they
are isomorphic in KTop.

10.25 Let Y be a given topological space. Prove that the recipe that assigns to a
space X the set C(Y, X) of continuous maps ¥ — X is a functor from the category
of topological spaces to the category of sets.

10.26 For any integer n > 0 write [n] = {0, 1, ..., n}, equipped with the usual
ordering. We indicate with A the category of finite ordinals, i.e. that with objects
Ob(A) = {[n] | n = 0} and morphisms

Mora ([n], [m]) = {f: [n] — [m] non-decreasing}.
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For a given n > 0 write
A" ={(tg,....tn) eR™ | ;>0, tg+ -+ 1, = 1}

for the standard simplex of dimension 7.
Check that [n] + A" defines a functor from A to the category of topological
spaces, where a morphism f: [n] — [m] is associated to the continuous mapping

Lt AT AT fon )= D G D i D g

fH=0  f=l1 f)=m
and the sum Zf(i):j tj is zero if f (i) # j, foreveryi € [n].

10.27 (Products) A diagram of three objects and two morphisms

A/P\B

in a category C is called a product if, given any other diagram A < X — B,
there’s a unique morphism X — P rendering

a commutative diagram. The object P is called the product of A and B in the category
C, written P = A x B. The product of two objects might not exist: but if it does,
then it is unique up to isomorphisms.

Check that products always exist in the categories Set, Grp and Top, and they
correspond to Cartesian products of sets, products of groups and topological products
respectively.

Prove that the intersection of two open sets coincides with their product in the
category of Example 10.25.

Lastly, tell whether the product [1] x [1] exists in the category of finite ordinals
(Exercise 10.26).

10.28 Consider the category CGHaus of compactly generated Hausdorff spaces
and continuous maps (Exercise 4.36). It can be shown that the topological product of
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two compactly generated spaces may not be compactly generated.! That being said,
use Kelleyfication (Exercise 4.40) to show that CGHaus has products.

10.29 (Coproducts) A diagram of three objects and two morphisms
A— Q< B

in a category A is called a coproduct if it is a product in the opposite category A°.
State the universal property of coproducts. Show that in the categories Set and Top
coproducts always exist, and correspond to disjoint unions.

10.5 A Detour ~

Sometimes the greatest ideas in mathematics stem from simple, when not trivial,
observations. Consider the singleton {x} as topological space. Any space Y is home-
omorphic in a natural way to C ({*}, Y, the space of continuous maps from {x} to ¥
endowed with the compact-open topology. Therefore

mo(Y) = mo(C({}, ¥)).

Who says we have to stop at {x}? We may as well fix a locally compact Hausdorff
space X, consider continuous maps C (X, Y) with the compact-open topology and
define the set

[X, Y] =m(C(X,Y)).

Each homeomorphism ¥ = Z induces a homeomorphism C(X,Y) = C(X, Z),
hence a bijection [X, Y] = [X, Z]. So if we wanted to prove that the sphere isn’t
homeomorphic to the torus, we could show that [Sz, Slx s 1] contains one point
only, whereas [SZ, $2] is a countably infinite space. The idea is certainly fascinating,
and Theorem 8.20 implies that two continuous maps fp, f1: X — Y belong in the
same path component in C (X, Y) if and only if they are homotopic.

For technical reasons to be clarified later, it’s more convenient to work with pointed
topological spaces, i.e. pairs (X, xo) where xo € X. We define [(X, xq¢), (¥, y0)] =
mo(C (X, x0), (¥, y0))), where

C((X,x0), (Y, y0)) = {f € C(X,Y) | f(x0) = yo}-

The case where X = S” isasphere and xo = N the North pole will play a particularly
important role. For any n > 0 one writes

The examples are highly non-trivial. Results analogous to the exponential law (Theorem 8.20)
and to Exercises 8.17, 8.18 hold in the category of compactly generated spaces, without further
hypotheses such as local compactness; this is perhaps the main reason for introducing CGHaus,
see [Ste67].
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(Y, yo) = [($", N), (¥, yo)I.

As a matter of fact it isn’t hard to prove that for n > 1 the space m, is a group, called
nth homotopy group of Y.

While the study of ,, for n > 2, lies beyond the reach of the present text, we
will discuss the group 71 to great extent in the ensuing chapters.
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Chapter 11
The Fundamental Group

We keep on writing I to denote the closed unitinterval [0, 1]. Givenapatha: I — X,
the points a/(0), (1) are called endpoints, in particular «(0) is the initial point and
a(1) the end, or final, point. In case «(0) = a(l) = a the path « is called a loop
with base point a € X.

11.1 Path Homotopy

We have already introduced the space of paths in X between points a, b € X
2(X,a,b) ={a: I — X | a continuous, a(0) = a, a(l) = b}.

We also have defined the product and the inversion
) 1
a(2t) 1f0§t§§,
1.

*: 2(X,a,b)x2(X,b,c) > 2(X,a,c), axB()= 1
62t —1) ififtf

i: 2(X,a,b) > 2(X,b,a), ()@ =al —1).
Note thati(i(a)) = aand i (o * B) = i(B) * i ().

Definition 11.1 Two paths o, § € $2(X, a, b) are path homotopic if there is a
continuous map F': I x I — X such that:

1. F(t,0) = «a(r), F(t,1) = B(t) forevery t € I;
2. FQO,s)=a, F(1,s) =bforeverys € I.

Such an F is called a path homotopy between « and (3.

© Springer International Publishing Switzerland 2015 181
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Fig. 11.1 Path homotopy a a

We remark that the notion of path homotopy is more restrictive than that of
homotopy of continuous maps. Here we additionally demand that intermediate paths

Fo:1— X, Ft)=F(,s),

have the same initial and end points, for every s € 1. We’ll write a ~ (3 to mean that
« and ( are path homotopic (Fig. 11.1).

We know from earlier that homotopic maps define an equivalence relation; the
same proof, with minimal changes, also shows that path homotopy is an equivalence
relation.

Example 11.2 Let X C R” be a convex subset and «, 5 € 2(X, a, b) paths with
the same endpoints. Then « and 3 are path homotopic:

F:I1xI—X, F(t,s)=s8@) + (1 —s)a(t),

is a path homotopy.

Composition and inversion of paths commute with path equivalence, meaning the
following:

1. given paths a, o' € 2(X,a,b), 3,3 € 2(X,b,c),if a ~ o' and 3 ~ 3, then
a*xfB~a %[

2. ifa, 0 € 2(X,a,b)and o ~ o/, then i () ~ i(a)).

In fact, if F(z, s) is a path homotopy from « to o, and G (¢, s) a path homotopy from

B to 3, then F(1 —t,s) is a path homotopy from i () to i («'), while the ‘product
of homotopies’

FQ2t,s) if0<t<1/2,

FxG(t,s) = )
GQR2t—1,s) ifl/2<t<1,

is a path homotopy between o * 3 and o * 3.

Lemma 11.3 Let a: I — X be a path, ¢: I — I any continuous map such that
@(0) = 0 and ¢(1) = 1. Then «a(t) is path equivalent to B(t) = a(p(t)).
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Proof 1t suffices to consider the path homotopy
F:IxI— X, F(t,s) = aso() + (1 —s)1).
Proposition 11.4 The product * is associative up to path homotopy:
ax (fxy) ~ (axf)*y

forany o € 2(X,a,b), € 2(X,b,c)and~ € 2(X,c,d).
In particular, the homotopy class of the path o x (3 vy is well defined.

Proof The path (« * [3) x y is a reparametrisation of « * (3 * 7). More precisely,
2t forO0 <t <

(0 B) + (1) = (0 % (B )((1), where 6(1) = t+%for

Now we can apply Lemma 11.3 to conclude. (]

Lemma 11.5 Take p1, p2, p3 € R" and call T C R" the (possibly degenerate)
triangle of vertices p1, pa, p3, i.e.

T={tpi+bopr+t3p3|ti,2,13>0, 1 +tr+13=1}.

Given a continuous map f: T — X, we write f;; for the standard parametrisation
of f restricted to the edge joining p;, p;:

fijt [0, 11 = X, fij(t) = f((I—0)pi +1p)).

Jas

Then f13 ~ fi2 * fa3.

Proof Consider
F:IxI— X, F(5) =f@q{,s)),
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where g: I x I — T is defined piece-wise:

1
(1 —t—1ts)p1 +2tspy + (t — ts)p3 fort < >
q(t,s) =
1
A—t—s+1ts)p1 +2(0 —t)spr+ (t —s +ts)ps fort > 3
Then
F(r.0) = S =0Dp1+1p3) = fi3(t) 1 <3
’ F(A=0p1+1p3) = fis(t) 1=
Fa. 1) = | £ =20p1+2ip2) = fia(20) t<3
’ S =Qt=1D)pa+ Q2 —Dp3) = f3 —1) 1=3
F@O,s)= f(p), F(,s)= f(p3),
and so F is a path homotopy from fi3 to fi2 * f3. (I
Proposition 11.6 For any path o € 2(X, a, b):
1 lgxa~axl, ~aq;
2. axi(a)~ 1,
where 1,4, 1, are the constant paths at a, b respectively.
Proof The paths 1, * o and « * 1; arise from « after reparametrisation:
1
0 for0 <t < 3
(la *a)(1) = a(¥(2)),  where ¥(1) = |
2t—1for- <t <1.
2
1
2t for0 <t < 3
(ax1p)(1) = a(n(®)),  where n(r) =
1 for- <t <1
2
By Lemma 11.3 we have equivalences 1, *x a ~ a * 1, ~ a.
Consider the path homotopy F: I x [ — X,
a(2t) for 0 <t <s/2
F(t,s) =< a(s) for s/2<t<1-s/2 la) @ NG X
a(2—2t) forl—s/2<t<1. —
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Table 11.1 Lemma 11.5 for a triangle with two vertices coinciding

pi=p2=0,p3=1 a~lgxa
p1=0,pp=p3=1 a~axl
pr=p3=0,pp=1 lg ~axi(a)
p2=0,pr=p3=1 Ip ~i(e) *
p3=0,pi=pr=1 i(a) ~ 1p *i(a)
p2=p3=0,p =1 (@) ~i(a)x1,

As F(t,0) = 1,(t) and F(t,1) = a * i(x)(t) for every ¢ in [0, 1], it follows that
axi(a) ~ 1.

Here’s an alternative argument: imagine the interval / as a degenerate triangle of
vertices p1, p2, p3 € {0, 1} in R, with the p; not all equal, and apply Lemma 11.5
to a: I — X. This produces the six path homotopies of Table 11.1. (I

Corollary 11.7 Let o € 2(X, a, b) be a path and p € [0, 1] an arbitrary point.
Write d = a(p) € X and call o, o the standard parametrisations of « restricted
to [0, p] and [p, 1] respectively:

ap € 2(X,a,d), ap(t) = al(tp),
ay € 2(X,d, b), a1(t)=a((l-=0p+1).

Then

1. ap*xaq ~ o
2. foranyc € X and every path 3 € 2(X, d, c),

agx B*i(0)*xa; ~ a.

Proof By definition ag * a1 (f) = a(¢p(t)), where

(b(t):[zm if0<r<1/2
p+Q—1)(1—p) ifl2<t<]l,

SO o * o ~ « follows from Lemma 11.3.
The product * is associative up to path homotopy, whence

ap * B xi(B1) * ap ~ (ap * (B1 *i(B1))) * a1 ~ (ap * 1g) x a1 ~ apg x o ~ a.
O

Corollary 11.8 Let «: I — X be a path, and py, ..., pn € [0, 1] given points. Set
po =0, puy1 = landforeveryi =0, ...,nlet a; be the standard parametrisation
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of the restriction of o to [ pi, pi+1), i.e. a;(t) = a((1 —t) p; +tpi+1). Then « is path
homotopic to the product oy * - - - * oy

Proof Apply Lemma 11.5 to the triangle T C R with vertices p,_1, p, | and the
map «: T — X. The product ay;,—1 * a, is thus path homotopic to the standard
parametrisation of « restricted to [p,—1, 1]. The rest follows by induction on n. [

At last we observe that the path homotopy equivalence relation and the operators
x and 7 behave well with respect to the composition of maps.

Proposition 11.9 Ler f: X — Y be a continuous mapping.

1. Givena, € 2(X,a,b), ifa~ pthen fa~ fp.
2. Consider o € 2(X,a,b) and B € 2(X,b,c). Then f(a* () = fax* f5 and
i(fo) = f((a).

Proof If F: I xI — X isapathhomotopy,sois fF: I xI — Y. The pathoperators
of taking products and inverting involve exclusively operations on the domain 7, so
they commute with the composition of maps. (I

Exercises

11.1 Prove that o, 3: I — R% — {(0, 0)},
a(t) = (1 + t)(sin(8t), cos(8t)), 6@ =1+ t2)(sin(8t), cos(8t)),

are path homotopic.

11.2 Prove that the paths a.: I — s2,
a,(t) = (sin(c) sin(7t), cos(c) sin(7t), cos(rwt)),
are, for ¢ € R, all path homotopic to one another.

11.3 Given paths o, 8 € 2(X, a, b), prove that o ~ B iff a *i(8) ~ 1,.

114 Q) Let «, 8,7 € £2(X, a, a) be such that a * (8 % v) = (a % §) * . Show
that if X is Hausdorff, then «, 3 and -y are constant.

11.2 The Fundamental Group

Given a space X and a point a € X, one defines 7(X, a) as the quotient of
£2(X, a, a) by path homotopy equivalence. For any loop a € §2(X, a, a) we write
[a] € m1(X, a) for the corresponding homotopy class.
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Theorem 11.10 The set m1(X, a) has a group structure with neutral element [1,]
and operations

[alfl=[ax*pB], [al™' =[i(a)].

Proof Straightforward consequence of Propositions 11.4 and 11.6. (]

Definition 11.11 The group 7 (X, a) is called the fundamental group, or first
homotopy group (more rarely Poincaré group) of X with base point a.

Note that 71 (X, a) only depends on the path component of a in X.

Example 11.12 Let X C R”" be a convex subspace. For every a € X we have
m(X,a) =0:if a € 2(X, a, a), in fact,

F:IxI—X, F(t,s) =sa+ (1 —s)a(t),

is a path homotopy from « to the constant path 1,. Hence every loop is homotopic
in X to a constant path.

What happens to the fundamental group if we change the base point? Clearly if
a, b live in different path components there is no relationship between 7 (X, @) and
m1(X, b). Conversely,

Lemma 11.13 Take v € §2(X, a, b) and define
Y m(X,a) > m(X,b), plal=T[i(y)*axy].

The map vy is well defined and a group isomorphism.

Proof It was observed earlier that the product % commutes with path equivalences,
sov:: m (X, a) = m (X, b) is well defined. Moreover 3 is a group homomorphism
since

yeladylBl = () * axyIli(y) * Bxy] = [i(y) xa*xy*i(y) * B*7]
=i *xaxlyxBxy]=[i(y) *axBx*x7v]
= v:[allF].

Eventually,

iMe(ylal) = [y *i(y) * axyxi(N]=[la x ax 1] = [a],
hence y; is an isomorphism with inverse i (7). (]

Thanks to Lemma 11.13 we are able to decide whether the fundamental group of
apath connected space is isomorphic to a given group G, without specifying the base
point. If X is path connected 71 (X) denotes the isomorphism class of its fundamental
group with respect to any base point.
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Definition 11.14 A space is called simply connected if it is path connected and its
fundamental group is trivial.

Equivalently, X is simply connected if path connected and 71 (X, a) = 0, with a
in X arbitrary.

Example 11.15 The hypercube I” is convex in R”, so Example 11.12 allows to say
it is simply connected.

From now onwards we will, for simplicity, view the circle S! as the set of complex
numbers of norm one, thus identifying it with the topological group U (1, C).

Example 11.16 Given an integer n € Z let oy : I — S! be the path o, (1) =
exp(2imnt) = ¢*™" Then

Z—m(S', 1),  ne [al,

is a group homomorphism (actually an isomorphism, see later). In fact oy is the
constant path, and Corollary 11.7 implies that a4, is path homotopic to a;, * ay,
for any n, m > 0. Also observe that «_,, = i(«ay,) for every n € Z.

Proposition 11.17 The fundamental group of the product of two spaces is isomor-
phic to the product of the fundamental groups:

T (X x Y, (a,b)) =m1(X,a) x (Y, b).

Proof Any patha: I — X x Y is uniquely determined by its components oy : 1 —
X, ap: I — Y, giving rise to the natural bijection

QX x Y, (a,b),(ab) =X, a, a) x 2(,b,b).

Similarly, every homotopy F: I? — X x Y is uniquely determined by the compo-
nents Fy: I> — X, F»: I — Y, and the bijection above induces a group isomor-
phism

(X x Y, (a,b)) =m(X,a) x 71 (Y, b)

on the quotients. (]

Exercises

11.5 Prove that A = {(x,y) € R? | y > x?} and B = {(x, y) € R? | y < x?} are
simply connected.

11.6 Take a path connected space X anda, b € X. Prove that 71 (X, a) is an Abelian
group if and only if the isomorphism 3 : 71 (X, a) — 71 (X, b) doesn’t depend on
the choice of v € £2(X, a, b).



11.2 The Fundamental Group 189

11.7 Let G be a connected topological group with neutral elemente and f: R — G
a continuous homomorphism. For every n € Z let o, : I — G be the path o, (1) =
f(nt). Prove that if Z C ker(f) = f~!(e), the map

Z — (G, e), n = [ayl,

is a group homomorphism.

11.8 (Q) Consider a space X and a base point a € X. Show that there is a natural
1-1 and onto map between the space of loops $2(X, a, a) and the set of continuous
functions f: §' — X mapping 1 to a.

11.9 (s)Let X be path connected, and denote by [S', X]the set of homotopy classes
of continuous maps S! — X. Prove that there’s a natural surjective map 71 (X, a) —
(S, X1, for every a € X. Show further that [S!, X]isin 1-1 correspondence with
the conjugacy classes of the group 71 (X, a).

11.3 The Functor

Amongst other things Proposition 11.9 implies that for any continuous map f: X —
Y and every base point a € X the mapping

m(f): mX,a) > m(Y, f(a), m(f)a]) =[fal,

is a well-defined group homomorphism. To simplify the notation f; is often used
instead of 71 (f), in absence of ambiguity.

Example 11.18 Consider a space X, theinclusioni: A — X and abase pointa € A.
In general the homomorphism i,.: 71 (A, a) — 7 (X, a) is not 1-1 because it may
happen there are homotopically non-trivial paths in A that are homotopically trivial
in X. However:

1. if Ais aretract of X, then i,: 7 (A, a) — 7 (X, a) is injective;
2. if A is a deformation retract of X, i,: m1(A, a) — (X, a) is an isomorphism.

To prove these assertions let o be a loop in A with base point a and such that
ix[a] = 0. There exists a path homotopy F: [ 2 5 X such that F (¢, 0) = a(¢) and
F(,1) =a.Ifr: X — A is a retraction, rF : 12 > Aisa path homotopy, so
[a] =0in 7 (A, a), proving 1.

Suppose now R: X x I — X is a deformation of X into A, and take a loop
0 € $2(X, a, a). The continuous map

F:I> > X, F(,s) = R(B(),s)

is a path homotopy between 3 and r@ € §2(A, a, a), where r = R(—, 0). This
proves i, ([r3]) = [B], whence i, is onto.
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The functorial properties of f +— f; are self-evident:

1. if Id: X — X is the identity, then Id,: 7 (X, a) — 7 (X, a) is the identity, for
every a € X;
2. let f: X —> Y, g: Y — Z be continuous, and a € X a base point. Then

gxfs = (8f)x: m(X,a) — mi(Z, gf ().

It’s rather instructive to use the previous properties towards another proof that if
r: X - A, A C X, is aretraction, then r,: m1(X,a) — m(A, a) is onto, for any
a € A.Suppose i: A — X is the inclusion; then ryiy = (ri)sx = (Idja)« = Id, so
ry must be onto and i, one-to-one.

Concerning homotopy invariance the situation now is slightly more involved than
for .

Proposition 11.19 Let F: X x I — Y be a homotopy between continuous maps
f = F(—,0and g = F(—,1), and a € X a base point. We denote by v €
20, f(a), g(a)) the path v(s) = F(a, s). Then the diagram

7r1(X,a)

m(Y, f(a)) L m (Y, g(a))

is commutative.

Proof The claim is that the v * gae and fo * 7y are path homotopic, for any o €

£2(X, a, a). Let’s look at the continuous map
go

I’ —Y, (t,s) — F(al(t),s), gl gl

fa

restricted to the edges of the square /2. Lemma 11.5, applied to the triangles depicted,
gives path equivalences v *x gav ~ § and § ~ fa * v, where J is the path §(r) =
F(a(t), t). Now it’s enough to recall that homotopy equivalence is transitive. [

Corollary 11.20 Let g: X — X be a continuous map homotopic to the identity.
For any a € X the map g.: m1 (X, a) — m1(X, g(a)) is a group isomorphism.

Proof Call F: X x I — X ahomotopy between F(x,0) = x and F(x, 1) = g(x)
and ~y the path v(t) = F(a, t). Proposition 11.19 implies

gx =7z mi(X, a) - T (X, g(a)),



11.3 The Functor 7 191

making g, an isomorphism. |

We are now in the position of proving that the isomorphism class of the fundamen-
tal group is a homotopy invariant; before that, though, we’ll need a simple lemma
about sets.

Lemma 11.21 Given maps

ALpschp

between sets, if gf is bijective and hg one-to-one, then f is bijective.

Proof Both gf and hg are 1-1, so also f and g are injective. As gf is onto, for
every b € B there’s ana € A with gf(a) = g(b), and the injectivity of g implies
f(a) = b; hence f is onto. O

Theorem 11.22 Let f: X — Y be a homotopy equivalence between two spaces.
Then fy: m1(X,a) — m (Y, f(a)) is a group isomorphism, for any a € X.

Proof Let g: Y — X be a homotopy inverse to f, i.e. a continuous map such that
fg and gf are both homotopic to the identity. Then

T, a) L5 m (Y, F@) > m (X, gf (@) 2> m (Y, fef (@)

are group homomorphisms. By Corollary 11.20 f,.g. and g, fi are isomorphisms,
so Lemma 11.21 tells that f, is invertible. |

Exercises

11.10 Suppose—hypothetically—that S' were simply connected (it’s not). Under
this assumption prove that any path connected space X would have 71 (X) = 0.

11.11 Prove that a continuous map homotopic to a constant induces the zero homo-
morphism between the fundamental groups.

11.12 (Q) Let X be path connected. Prove that X is simply connected if and only
if every continuous map f: S' — X extends to a continuous map D> — X.

11.13 Let f: X — Y be continuous. Prove that for every path v € (X, a, b)

m(X,a) ——> 7 (X, b)

lﬂ %
(@R

mi (Y, f@) L% (v, £ )

is a commutative diagram of group homomorphisms.
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11.14 Let X, Y be path connected, f: X — Y continuous. Prove that the fact
that the homomorphism f: m1(X, a) — 7 (Y, f(a)) may be 1-1, or onto, doesn’t
depend upon the choice of the base point a.

11.15 (O) Let Y be aretract of X, i: ¥ — X the inclusion, and fix a point y € Y.
Prove that if i, (Y, y) is a normal subgroup in 7 (X, x), then for every retraction
r: X — Y we have an isomorphism

(X, y) @ m (Y, y) x ker(ry).

11.4 The Sphere S" Is Simply Connected (n > 2)

In this section we’ll prove that for every n > 2 the sphere S” is simply connected.
The idea is rather simple: take a path o € §2(S", @, @) and assume o: [ — S" isn’t
onto, i.e. that there’s a point b € S” such that a(I) C S" — {b}. As S" — {b} is
homeomorphic to the simply connected space R", it follows that « is homotopically
trivial in S” — {b}, hence homotopically trivial in S”. But I has ‘dimension 1’ whereas
S" has ‘dimension n’, so the hypothesis that « isn’t surjective for n > 2 is quite
reasonable.

For every n > 2, alas, there exist paths I — S” that are onto: the so-called Peano
curves (Theorem 15.6 and Exercise 15.9).

On the bright side, we do have ways to overcome the proplem, the most widely
known being the following:

1. prove that « is path homotopic to a C* path, then call on Sard’s theorem to show
that a smooth path / — S” can’t be surjective if n > 2;

2. prove that « is path homotopic to the product of finitely many loops that aren’t
surjective.

Here we will choose the latter, and go on to prove a more general result known as
van Kampen’s theorem. We refer to [Mi65, GP74], instead, for more information
on the first method.

Theorem 11.23 (Lebesgue number) Let (Y, d) be a compact metric space, f: Y —
X a continuous map and A an open cover of X. There exists a positive real number
0 such that f(B(y, §)) is entirely contained in an open set of A, forany 'y € Y.

Proof For any positive integer n indicate with Y;, for the set of points y € Y such
that B(y,2™") c f~(U) for some U € A. All we have to prove is that ¥,, = Y for
some 7.

Clearly Y, C Y, for every n, and since A is a cover, U,Y, = Y. The sub-
space Y, is contained in the interior of Y, ;: take y € Y, and pick U € A such
that B(y,2™") C f~'(U). By the triangle inequality, if d(y,z) < 27"~! then
B(z,27""Y C B(y,27") C f~'(U), and then z € ¥,,11. Therefore ¥, C Y7, | and
UpY? =Y. AsY is compact, Y = Y for some n, and a fortiori Y = Y),. O


http://dx.doi.org/10.1007/978-3-319-16958-3_15
http://dx.doi.org/10.1007/978-3-319-16958-3_15

11.4 The Sphere S" Is Simply Connected (n > 2) 193

Corollary 11.24 Let «: I — X be a path and A an open cover of X. There exists a

o : ii+1
positive integer n such that, foreachi = 0, ... ,n—1, therange of o: |:—, ] —
non

X is contained in some element of A.
Proof The interval [ is a compact metric space and Theorem 11.23 can be applied. [

Theorem 11.25 (van Kampen: part I) Let A, B be open sets in a space X such
that X = AU B, xo € AN B a given point and f,: m1(A, x9) — w1 (X, X0),
g« T (B, x9) = w1 (X, x0) the homomorphisms induced by inclusions A C X and
B C X.

If A, B and A N B are path connected, the group m1(X, xo) is generated by the
images of fy and g.

Recall that a group G is said to be generated or spanned by a subset S C G if
every element of G arises as (finite) product of elements of S U S~!, where S~! =
{g7! | g € S}. Analogously, G is generated by subsets S; and S, if it is spanned by
their union $ = S| U S5.

Proof Let o € £2(X, x¢, x9) be a path. The claim is that « is path homotopic to
the product of a finite number of paths vi,...,7, € £2(X, xo, Xo), each entirely
contained either in A or in B. By Corollary 11.24 there’s an n > 0 such that the

. . i—1 0] . . . .
restriction of « to each interval |:—, —], i = 1,...,n,1is contained in A or
n

. . 1 i .
B. Call ¢; the standard parametrisation of « restricted to |:— —], ie. q;(t) =
n n

(i—1+t)
al——).
n
Foreveryi = 1,...,n — 1 define x; = a(i/n). Since A, B, AN B are path

connected, for any i we can find a path §; € £2(X, x;, xo) so that:

1. if x; € AN B, then 3; € (AN B, x;, xp);
2. if x; € A— B, then 3; € 2(A, x;, x9);
3. ifx; € B— A, then 3; € 2(B, x;, xp).

These conditions imply, in particular:

1. if x; € A, then 3; € 2(A, x;, x¢);
2. if x; € B, then 3; € (B, x;, xp).

Therefore « is path equivalent to y; * - - - * 7y, where
Y1 =arxfi, 2 =1i(61)*az* b,
Ly =iB—) ko kB, ..
V-1 = i(Bp-2) * an—1 % Bp—1,  Yn = i(Bp—1) * .

Every ; belongs in £2(A, xo, x9) U £2(B, xg, x0), and the proof is finished. [
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Corollary 11.26 Let A, B be openin X with X = AUBand ANB # 0. If A, B,
A N B are path connected and A, B simply connected, then X is simply connected.

Proof That X is path connected is clear. Choose a base point xo € A N B. As
w1 (A, x9) = w1 (B, xo) = 0, by Theorem 11.25 the group 71 (X, x¢) is generated by
the neutral element, and so it is trivial. O

Corollary 11.27 For every n > 2 the sphere S" is simply connected.

Proof Write S* = AU B, where A = §" — {(1,0,...,0)} and B = §" —
{(=1,0,...,0)} are open. The latter are homeomorphic to R", hence simply con-
nected, while AN B is homeomorphic to R” — {0}, a connected set for every n > 2. [

Corollary 11.28 The complement of a finite set in R" is simply connected when
n > 3.

Proof Suppose n > 3 and let’s prove that X = R" — {py1,..., pn} is sim-
ply connected, where p1,..., p, are distinct. The argument is by induction on
m. When m = 0 X is convex so simply connected. When m = 1 the sphere
{x € R* | |lx — p1ll = 1} =~ ™! is a deformation retract of X, and the claim

follows from Corollary 11.27.
Now assume m > 2 and that the result holds for R" — {k points}, k < m. Since
p1 # p> there’s a linear map f: R" — R such that f(p1) # f(p2); possibly

flipping the sign of f (or swapping p; and p;) we may suppose f(p1) < f(p2).
Now write X = A U B, where

A={xeX| f(x) < f(p)}, B={xeX]|fx)>f(pn})

Each open set A, B, A N B is homeomorphic to R" — {k points} for some k < m.
The inductive hypothesis and Corollary 11.26 end the proof. (]

Corollary 11.29 The complex projective space P (C) is simply connected for every
n>0.

Proof We use induction on 7, noting that P*(C) consists of one point and hence is
simply connected.

Let zo, ..., 2, be homogeneous coordinates on P (C), and call H C P"*(C) the
hyperplane defined by zg = 0. Since H = P"~!(C), by inductive hypothesis H can
be taken to be simply connected. Write P"(C) = A U B, with

A=P'(C)—H, B=P"C)-{[1,0,...,0].

Observe the following:

1. C" - A, (z1,---,2n) — [1,21, .-, 2Zn), is @ homeomorphism, implying A is
simply connected;

2. the intersection A N B, as subset in A, is homeomorphic to C* — {0}, and hence
connected;

3. the map
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R: B x I — B, R([z0s 21, - --s2nls ) = [tz0, 215 - - -5 Znl,

is a deformation of B into H, making B simply connected.

Corollary 11.26 then says that P"(C) is simply connected. O

The proof above won’t work for real projective spaces, because (n = 1) the
space AN B = R — {0} is disconnected. As a matter of fact, we will prove that
P*(R) is not simply connected for every n > 0. Nevertheless, the construction of
Corollary 11.29, applied to real projective spaces, shows that 71 (P"), n > 0, is
generated by the fundamental group of one of its lines (Exercise 11.20).

Exercises

11.16 Let A, B be open. Prove thatif A U B and A N B are path connected, then A
and B are path connected.

11.17 (©) Compute the fundamental group of the union of $2 and the three coordi-
nate planes in R3.

11.18 Prove that for every pair of integers 0 < n < m — 3, the complement in R™
of a vector subspace of dimension 7 is simply connected.

11.19

(1) Consider simply connected open sets {U; };<n such that U; C U4 for every i.
Show that the union | J; U; is simply connected.

(2) LetU = (—a, a)" be an open hypercube in R"”, n > 3, and A a finite subset in
U. Show that U — A is simply connected.

(3) Prove that the complement of a discrete closed set in R”, n > 3, is simply
connected.

11.20

(1) Retain the assumptions of Theorem 11.25. Suppose, further, that the inclusion
AN B — B induces a surjective homomorphism of the fundamental groups.
Prove that f,: m1 (A, x9) — 71 (X, xg) is onto.

(2) Take a € P"(R) and a hyperplane H C P"(R) through a. Prove that for n > 2
the inclusion H — P"(R) induces a surjective map 71 (H, a) - 71 (P"(R), a).

11.21 (O) Let compact sets K1 C K> C --- exhaust X. Prove that if every K,
is simply connected, then also X is simply connected. More generally, show that
if x € K and the inclusion K,, C K, induces an isomorphism 71 (K, x) =~
71 (K41, x) for every n, then every inclusion K, C X induces an isomorphism
T (Ky, x) ~ m (X, x).

11.22 (=, ©) Prove that the spaces (see Fig. 11.2):

S={(x,y,2) e R? | x2 +y? = sin®(72) },
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Fig. 11.2 Sausages and necklace

C ={(x,y,2) € R /x2 4 y2 = max(0, sin(nz)) },

are simply connected.

11.5 Topological Monoids ~

Definition 11.30 An A space is a triple (X, u, e) consisting of a topological space
X, a continuous map p: X X X — X and a point e € X, called unit, such that

plx, e) = ple,x) =x

for every x € X. An A; space is called a topological moneoid if 1 is an associative
product:
px, pu(y, 2)) = p(p(x, y), 2)

for any x, y, z € X.

The unit e is completely determined by the product u: if e1, e € X are units, then
ey = u(ea, e1) = ej. Every topological group is a topological monoid; every retract
of an A; space containing the unity is an A space.

Theorem 11.31 Let (X, u, e) be an A; space. Then:

1. the group m1(X, e) is Abelian;
2. under the natural isomorphism 11 (X x X, (e,e)) = m(X,e) x m(X, e) the
homomorphism [, can be identified with the product of m1(X, e):

po: T(X, @) x (X, e) > (X, e),  ps(led, [B]) = [a]lB].

Proof For paths «, 3 with base point e, by definition we have . ([a], [5]) = [4]
where §(t) = pu(a(t), 5(¢)). If we consider the map

(e

F:I? - X, F(t,s) = pla(t), B(s)), B B




11.5 Topological Monoids 197
Lemma 11.5 yields path equivalences
axfB~d~Fx*a. 0

Remark 11.32 Between amonoid and an A; space are several ‘intermediate’ notions.
For example an A3 space, which is a quadruple (X, p, e, h) where (X, u, ) isan Aj
space and h: X3 x I — X a homotopy between

(x,y,2) = plulx,y),2), &, 9,2 pkx,pwb,2).

In an Az space, in particular, the product is associative up to homotopy.

Another instance (far too advanced to be discusses thoroughly here) are Ay
spaces, introduced in the 1960s by Stasheff [Sta63]. They have the remarkable prop-
erty of being invariant under homotopy. This and other features turned Ao, spaces
and their relatives (Ao algebras, A, categories) into a hot topic, with a profusion
of applications in all areas of contemporary mathematics.

Exercises

11.23 Prove that the fundamental groups of SL(n,C), U(n,C), SL(n,R) and
SO (n, R) are Abelian.

11.24 Let (X, u, ) be a topological monoid, and indicate with p,: X — X,
n > 0, the map raising to the nth power. Prove that the group homomorphism
(pn)«: (X, e) = w1 (X, e) coincides with taking nth powers in the Abelian group
m1(X, e).

11.25 Let G be a path connected topological group with neutral element e. For
every g € G define the continuous map

Inng: G — G, Inng(a) = gag_l.

Prove that the homomorphisms (Inng).: m1(G, e) — w1 (G, e) equal the identity
map.

11.26 Let X be a locally compact Hausdorff space. Show that C (X, X), with the
compact-open topology and composition of maps as product, is a topological monoid.
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Chapter 12
Covering Spaces

At this stage we are only able to show that certain spaces are simply connected:
normally it’s quite difficult to prove directly the existence of loops that aren’t
homotopic to constant paths. There are indirect methods for this, and this chapter is
dedicated to one such.

We will define covering spaces and prove that the covering spaces of a simply
connected space are of a special kind which we name ‘trivial’. Then it’ll be straight-
forward that many familiar spaces have non-trivial coverings, e.g. circles and real
projective spaces.

12.1 Local Homeomorphisms and Sections

Definition 12.1 A continuous map f: X — Y is a local homeomorphism if for
every x € X there exist open sets A C X, B C Y suchthatx € A, f(A) = B and
the restriction f: A — B is a homeomorphism.

Example 12.2 Every continuous, 1-1 and open map is a local homeomorphism.

Lemma 12.3 Every local homeomorphism f: X — Y is open, and the fibres
'), y €Y, are discrete.

Proof We want to show that theimage f (V) ofanopenset V C X isaneighbourhood
of each of its points. That is to say, for every y € f(V) there exists U C Y open
suchthaty e U C f(V).

Letx € V be suchthat f(x) = y; by assumption there are open sets A C X, B C
Y such that x € A, f(A) = B and the restriction f: A — B is a homeomorphism.
In particular y € f(V N A),and U = f(V N A) is open in B so also open in Y.

Forevery y € Y and x € f~!(y) there exists an open neighbourhood x € A for
which the restriction f: A — Y is 1-1. Hence f~'(y) N A = {x}, proving that the
subspace topology on the fibres £~ !(y) is discrete. (]
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If p: X — Y is a map between sets, a function s: ¥ — X is called a section
of pif p(s(y)) =y forevery y € Y. A necessary condition for p to have a section
is that p be onto; vice versa, the axiom of choice says exactly that any map admits
sections.

In contrast—moving back to the topological world—continuous sections of con-
tinuous surjective maps do not exist, in general.

Proposition 12.4 Let p: X — Y be a continuous map and s : Y — X a continuous
section of p, i.e. a continuous mapping with p(s(y)) = y for everyy € Y. Then:

1. p is an identification;
2. if X is Hausdorff, s is a closed immersion.

Proof (1) Clearly p must be onto. To show that it is an identification we should prove
thatif A C Y issuchthat p~!(A) is open, then A isopenin Y. Buts~!(p~1(A4)) = A,
and s is continuous, so A is open in Y.

(2) It’s obvious that s is 1-1; we need to show that if X is Hausdorff, s is closed.
As s(C) = s(Y)N p~1(C) forevery C C Y, itis enough to see that s(Y) is closed in
X. Since x € s(Y) iff x = sp(x), we can write s(Y) = f‘l(A) where A C X x X
is the diagonal and

f:X—> X xX, fx) = (x,sp(x)).

Now recall that in a Hausdorff space the diagonal is closed. (I

So, if a continuous map p does have a continuous section, it must be an identification.
But this is not sufficient. For example, the closed surjective map

p: 10,11 = S',  p(r) = (cos(2nt), sin(2m1)),

doesn’t admit sections: if, by contradiction, there were a continuous section, for
set-theoretical reasons its range should be either [0, 1[ or ]O, 1], while from the
topological viewpoint any continuous image of S! is compact. Similarly, since there’s
no continuous, 1-1 map s: S I R (Lemma 4.16), the open, onto map

p:R— S'.  p(r) = (cos(2mt), sin(27t)),

cannot have continuous sections.
Exercises
12.1 Explain whether the map f of Exercise 3.47 is a local homeomorphism.

12.2 (O)Let p: E — X be alocal homeomorphism, with £ Hausdorff. Prove that:

1. the diagonal in £ x E is open and closed in

Exy E={(e1,e2) € Ex E| p(er) = ple)};
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2. letY be connected and f, g: Y — E continuous maps such that pf = pg. Then
f=gor f(y) #g(y) foreveryy € Y;

3. let U C E be open, connected and such that the restriction p: U — X is 1-1.
Then U is a connected component of p~! (p(U)).

12.3 Let f: X — Y be alocal homeomorphism. Prove that:

1. if Y is first countable, so is X;
2. if Y is separable and every fibre is at most countable, X is separable.

124 Let f: X — Y and g: Y — Z be such that g, g f are continuous and g is a
local homeomorphism. Prove that the set of points where f is continuous is open in
X.

12.5 () Show that the natural projection p: S" — P"(R) doesn’t have continuous
sections, for any positive integer n.

12.2 Covering Spaces

Definition 12.5 Let X be a connected space. A space E together with a continuous
map p: E — X is a covering space of X if every point x € X is contained in an
open set V C X whose pre-image p~—! (V) is the disjoint union of open sets U; with
the property that p: U; — V is a homeomorphism for every i.

The space X is called the base (space) of the covering space, E is the total space
and p is the covering map. The sets p~!(x), x € X, are called fibres of the covering
space.

Anopen set V C X is an admissible (open) set of the covering p if it fulfils the
condition of Definition 12.5. With other words V' C X is admissible if we can write
p_l(V) = U; U;, where:

1. every U; is open in E and the restrictions p: U; — V are homeomorphisms;
2. UiNnUj =@ foreveryi # j.

Clearly, an open set contained in an admissible open set is still admissible. We will
say that the covering space is trivial if the whole base X is an admissible set.

If p: E — X is a covering space, from the definition every point e € E has an
open neighbourhood homeomorphic to an open neighbourhood of p(e). For later use
we note that this implies that if X is locally path connected, also E is locally path
connected.

Definition 12.6 A covering space p: E — X is connected if the total space E is
connected.

Example 12.7 Let X be connected and F a non-empty discrete space. The projection
on the first factor X x F — X is a trivial covering space, and it’s connected if and
only if F consists of one point.
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Fig. 12.1 By identifying R
with the helix E = {(z,¢) €
C x R | z = e(?)} under the
homeomorphism

t — (e(t), t), the covering
map e: R — S! coincides
with the projection

p: C xR — C restricted to
E

Example 12.8 Let’s identify the circle S' with the set of unit complex numbers.
Then .
e:R—> S, e@) =" = cos2nt) + i sin(271)

defines a connected covering space. In fact, ¢ is a surjective local homeomorphism,
and for every open interval Ja, b[ C R

e 'e(la, b)) =U{la+n,b+nl|neZ).

If |b —a| < 1, for every n € Z the interval la + n,b + n[ is open in R and
e:Ja+n,b+n[ — S'is ahomeomorphism on its range (Fig. 12.1).

Example 12.9 The natural projection p: §" — P"(R) is a covering map. For every
x € §S"the openset U = {y € §" | (x - y) # 0} is saturated by p and the open sets

yesS"[x-y)>0, {yeS'|kx-y) <0}

are its connected components. The restriction of p to each one of the latter is a
homeomorphism on the image.

Example 12.10 The map p: C—{0} — C—{0}, p(z) = z2, defines a covering space.
An open set U C C—{0} is admissible if and only if U admits a continuous branch
of the square-root function. Since this branch can be defined on the complement of
any half-line starting at O in the complex plane, admissible open sets cover C—{0}.

Example 12.11 The map
e: C— C—{0}, e(z)=expmiz) = ™7,

is a covering map. The admissible sets are the open sets where the logarithm has a
continuous branch.
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Proposition 12.12 Let p: E — X be a covering map. Then:

1. the map p is a local homeomorphism; in particular p is open and its fibres are
discrete;

2. foreveryx,y € X, the fibres p~'(x) and p~'(y) have the same cardinality;

3. for every connected Y C X, the restriction p: p~'(Y) — Y is a covering map.

Proof (1)If V C X isan admissible open set of p, by definition of covering space the
restriction p: p~'(V) — V is a local homeomorphism. But the open sets p~! (V),
with V admissible, cover E, so p: E — X is a local homeomorphism.

(2) Let xo € X be a given point and call A C X the set of points x € X such
that p~!(x) has the cardinality of p~!(xg). As X is connected and A not empty, it
suffices to show A is open and closed.

If V C X is an admissible open set, the fibres p’1 (x), x € V, have the same
cardinality. In fact if we write p_1 (V) = UU; with i in some index set J, the U; open
and disjoint and p: U; — V a homeomorphism, then each fibre intersects every U;
in exactly one point. Hence we have a bijection between p~!(x) and J, and then
V. C Aor VN A = (. But admissible sets cover X, so A and X — A are both open.

(3) For this it’s enough to notice that the restriction of an admissible set to Y is
admissible for the map p: p~1(Y) — Y. O

Definition 12.13 Suppose every fibre of p: E — X is finite with cardinality d.
Then one says that p is a covering map of degree d, or a d-fold covering map.

For instance: the projection $” — P"(R) is a covering map of degree 2 (or a
double covering), p: S' — S', p(z) = 23, is a three-fold covering map (degree 3),
while S' x S' — S! x S!, (21, 22) = (22, 23), has degree 4.

Lemma 12.14 Let p: E — X be a covering space. For every admissible open set
V C X and every point e € p~'(V) there exists a continuous section s,: V —
p_l(V) ofp: p_l (V) — V such that s,(p(e)) = e. If V is connected, s, is unique.

Proof As V is admissible we can write p~! (V) = U U W with U, W open disjoint,
e € U and ppy:U—>Va homeomorphism. The inverse s, = p‘_U1 is a section with
the required features.

If V is connected, then U is connected and also a connected component of p’1 V).
Suppose u: V — E is another continuous section such that u(p(e)) = e. Since
u(V) C p‘1 (V) and V is connected it follows that u (V') is contained in the connected
component of p~!(V) that contains e. Hence u: V — U is the inverse of P O

By Lemma 12.14 we can define, for every x € X and any connected admissible
set V C X containing x, a continuous map

P ) x V-5 pTl V), dery) = se().

It’s not hard to prove that @ is open and bijective, hence a homeomorphism.
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Exercises

12.6 Let X, F be topological spaces, with X connected. Prove that the projection
X x F — X is a covering space if and only if F has the discrete topology.

12.7 Let p: E — X be a covering space. Prove that if X is Hausdorff, then E is
Hausdorff, too.

12.8 Let p: E — X and g: F — Y be coverings. Prove that

pxq:EXF—XxY,  (pxgq)e f)=(ple) q(f))

is a covering.

12.9 Let p: E — X be a covering space. Prove that for every connected Y and
every continuous map f: ¥ — X,

ffpille,y) e ExY|ple)=fWMI—Y, f'pley) =y,
is a covering space. (Hint: identify Y with the graph of f.)
12.10 (Q) Foranya,b € R, a < b, the map

e:la,b[— S',  e@t) = cos(2nt) + i sin(27t)

is a local homeomorphism but not a covering. Why?

12.11 (Q) Prove that the multiplicative groups ' and C — {0} are isomorphic as
Abelian groups but not homeomorphic as topological spaces.

12.12 (=, Q) Let p: E — X be a local homeomorphism of connected Hausdorff

spaces. Prove that if E is compact then p is a covering map of finite degree.

12.13 (s, Q) Let A = (Z 2) be a 2 x 2-matrix with integer coefficients, and
consider

pa:Stx St = St x St pa(zi,z2) = (2925, 2529).

Prove that if det(A) # 0, then py4 is a covering map of degree | det(A)]|.

12.3 Quotients by Properly Discontinuous Actions

Definition 12.15 Let G be a subgroup of the group Homeo(E) of homeomorphisms
of a space E. The group G is said to act properly discontinuously if every point
e € E has aneighbourhood U such that g(U) NU = ¢ for any g € G different from
the identity.
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Example 12.16 The translation ¢ +— ¢ + 1 generates a subgroup of Homeo(R),
isomorphic to Z, that acts properly discontinuously.

Example 12.17 The subgroup in Homeo(R? — {0}) generated by the multiplication
by a number A > 1 acts in a properly discontinuous fashion.

Theorem 12.18 Let E be a topological space and G C Homeo(E) a subgroup
acting properly discontinuously. If E / G is connected, then the quotientmap p: E —
E /G is a covering map.

Proof Fix e € E and choose an openset U C E suchthate € U and g(U)NU =¥
for every ¢ different from the identity.
Proposition 5.15 implies that p: E — E/G is an open map, and

p (p(U)) =U{g(U) | g € G}.

So we just need to prove that, for any g € G, the open sets g(U) are disjoint and that
p: g(U) — p(U) is a homeomorphism.

Since g(U)NA(U) = h(h~'g(U)NU), it follows g(U)Nh(U) = ¥ for every g #=
h. The quotient map p: U — p(U) is open and bijective hence a homeomorphism.
The map p: g(U) — p(U) is the composite of the homeomorphisms ¢! g(U) —
U with p: U — pU).

Proposition 12.19 Let G C Homeo(E) be a subgroup of homeomorphisms of a
Hausdorff space E. If:

1. G acts freely, i.e. g(e) # e forevery e € E and every g different from the identity,
and

2. any point e € E has an open neighbourhood U such that g(U) N U # @ for
finitely many g € G at most (NB: this is automatic if G is finite),

then G acts properly discontinuously.

Proof Let e and U be as in the statement; we shall find a neighbourhood V' of e such
that g(V) NV = ¢ for every g other than the identity. Write

{91, ....gn} ={g € G | glU)NU # ¥}.

As E is Hausdorff and G acts freely, by Lemma 3.72 there exist n disjoint open sets
Ui, ..., U, C E such that g;(e) € U; for every i. Hence the point e belongs in the
open set

V=Ung'Wnn--ng, U

To show that g(V) NV = @ for every g different from the identity, suppose g; = Id
to fix ideas, so that V.C U N Uj. For every i = 2,...,n we have g;(V) C U;,
hence ¢;(V) NV = @;if g &€ {g1,...,9m} then g(V) C ¢g(U), and therefore
gVHynv =40. (Il
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Remark 12.20 The quotient of a Hausdorff space by a group acting properly discon-
tinuously could be non-Hausdorff. We refer to Massey’s textbook [Ma67, p.167] for
an example where E = R?, G = Z but the quotient £/G isn’t Hausdorff.

Example 12.21 Let G C Homeo(RR?) be the subgroup generated by the translations
a,b: R* > R>  alx,y)=@+1Ly), by =xy+].

Notice thatab = ba, the map 7? = G, (n,m) — a"b™, is a group isomorphism, and
thatif U C R? is an open set contained in a ball of radius < 1/2, then g(U)NU = @
for every ¢ different from the identity.

The quotient R?/G is homeomorphic to the torus S' x S': in fact the map

R?> = S' xS, (x,y) > (e(x), e(y)),

factorises through a continuous bijection R>/G — S! x §'. Now observe that R>/ G
is compact and the product of circles is Hausdorff.

Example 12.22 Let G C Homeo(IR?) denote the subgroup generated by the isome-
tries

a,b:R* > R%  ax,y)=@+1,1-y), b,y =y+1.

Note the relation bab = a, and that the elements of G are the isometries of the form
g(x,y) = (x +n, (=1)"y + m) for some n, m € Z. Hence, if U C R? is an open
set contained in a ball of radius <1/2, then g(U) N U = @ for every g other than the
identity. The quotient p: R?> — R?/G is therefore a connected covering space.

The same argument used for Example 5.18 shows here that R?/G is Hausdorff
and the composite of the inclusion [0, 11> € R? with p factorises through a homeo-
morphism between R?/G and the Klein bottle.

Exercises

12.14 Let G be a group of homeomorphisms of a Hausdorff space that acts in a
properly discontinuous way. Prove that the orbits of G are closed and discrete. (Hint:
every point has a neighbourhood intersecting any orbit in one point at most.)

12.15 Let G be a group of homeomorphisms of a locally compact Hausdorff space
E. Assume that:

1. G acts freely on E;
2. for every compact set K C E, we have g(K) N K # ¢ for finitely many g € G.

Prove that the action of G is properly discontinuous and that the quotient £/G is
locally compact and Hausdorff.
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12.16 Let G be a group of isometries of a metric space (E, d). Prove that G acts
properly discontinuously if and only if for any e € E there exists [ > 0 such that
d(e, g(e)) > [ for every g € G different from the identity.

12.17 Let 0 < p < ¢ be fixed coprime integers and let £ € C be a prim-
itive gth root of unity. Prove that the group of homeomorphisms of the sphere
§% ={(z1.22) € C* | llz1ll* + l|z2l|> = 1} generated by (1. 22) > (§21.6P22) is
isomorphic to the cyclic group of order ¢, and that it acts properly discontinuously.
The corresponding quotient is called a lens space.

12.18 Letn be a positive integer and p, C C the subgroup of nth roots of unity. For

any £ € uy let
Ie={GuweC ||z <1, u=(1-[z)¢}.

Prove that the union I = Ugc,,, I¢ is simply connected, and the action
/‘Ll’l X F - Fv (55 (Zﬂ U))) = (§Z7 511))

is properly discontinuous.

12.19 (=) Let H C C be the set of complex numbers z with imaginary part bigger
than 0, and G C Homeo(H ) the homeomorphisms of the form

az+b
9
cz+d

with a,b,c,d € Z, ad — bc = 1.

Prove that G acts properly discontinuously on H — (Gi U Gw), where Gi and Gw
are the orbits of the square and cubic roots of —1, i.e. iZ+1=0andw?—w+1=0.
(Hint: it may be useful to show first that the imaginary part of (az 4+ b)/(cz + d)
equals the imaginary part of z divided by |cz + d|*. Use Exercise 12.15.)

12.4 Lifting Homotopies

Definition 12.23 Let f: ¥ — X be a continuous map and p: E — X a covering
space. A continuous mapping g: Y — E is called a lift of f when the diagram

commutes, i.e. f = pg.

Lemma 12.24 For any covering space p: E — X the diagonal A C E x E is open
and closed in the fibred product
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Exy E={(u,v) € ExE|pu)=p}

Proof Take (e, e) € A and choose an open set U C E such that e € U and the
restriction p: U — X is 1-1. Then

UxU)N(Exy E)=UxxU
is an open neighbourhood of (e, e) in the fibred product. On the other hand
(U xU)N(E xx E) ={(u,v) eU xU | pu) = p)} C A,

proving that A is a neighbourhood of any of its points, inside the fibred product.

Conversely, if (e1, e2) € E x y E — A we pick an admissible open set V' containing
p(e1) = p(ez). Since e] # ey, there exist disjoint open sets Uy, U C p~1(V) such
that ey € Uy, ey € U,. Therefore

(e1,e0) e (U1 xUp))N(Exy E) CExy E— A,

so that the diagonal is closed in the fibred product. (]

Theorem 12.25 (Uniqueness of lifts) Let p: E — X be a covering space, Y a
connected space and f: Y — X a continuous map. For any two lifts g, h: Y — E
of f we have either g = h or g(y) # h(y) foreveryy € Y.

Proof Let g, h: Y — E be lifts of f, and consider the continuous map

DY > Exy E, @)= ((),h)).

By Lemma 12.24
A={yeY|gy)=h(}=o""'(4)

is open and closed in Y. Since Y is connected, A =Y or A = 0.

Corollary 12.26 Let p: E — X be a covering, Y connected and f: Y — X
continuous. Then for every 'y € Y and e € E such that p(e) = f(y) there exists at
most one lift g: Y — E of f such that g(y) = e.

Proof Straightforward consequence of Theorem 12.25. (]

It’s easy to see that lifts don’t always exist: any lift of the identity is a continuous
section, and we did remark earlier that the covering spacee: R — S! doesn’t possess
continuous sections.
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Theorem 12.27 (Lift of a path) Let p: E — X be a covering space, a.: I — X
a path and e € E a point such that p(e) = «(0). Then « lifts to a unique map
o, : I — E such that a.(0) = e.

Proof Uniqueness follows from Corollary 12.26 and it’s then enough to prove exis-
tence. Since admissible open sets form a cover, by Corollary 11.24 there exist a

positive integer n and n admissible open sets V1, ..., V,, C X such that the range of
. i—1 i, . . .
«, when restricted to |: , —], is contained in V;, forevery i = 1, ..., n.
n o n

We define recursively n continuous maps

|:i—1 ii|
i - s _)Ey
n n

such that p(v;(t)) = a(t), 71(0) = e and v;(i/n) = vi+1(i/n) for every i. The
product of all 7; will give us the required path «,.. Suppose to have defined ;, sete; =
~i(i/n)andcalls;1y: Viy1 — p‘l(ViH) asection of p suchthats; 1 (a(i/n)) = e;
(Lemma 12.14). Now it is sufficient to define ;11 (¢) = si+1(a(?)), i/n <t <

(i + 1)/n, and everything follows. [

Lemma 12.28 Write
L={ts)el’|ts=0}

for the union of two successive sides of a square and call i : L < I? the inclusion
morphism.

Let p: E — X be a covering space, F: 1> — X and f: L — E continuous
maps such that pf = Fi. Then F lifts to a map G: I*> — E such that Gi = f.

Proof For starters consider the special case in which the range of F is completely
contained in an admissible open set V. From condition pf = Fi follows f(L) C
p~1(V), and as V is admissible we can write p~!(V) as disjoint union of open
sets U, W such that p: U — V is a homeomorphism and f (0, 0) € U. Therefore
L= f~Y(U)uU f~1(W). Since L is connected and f~1(U) # @, f(L) is contained
in U. Now indicate with s : V — U the inverse homeomorphismto p: U — V and
set G = sF. Then pG = psF = F,so G is a lift of F. Furthermore f = spf =
sFi = Gi, as we wanted.
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Now to the general situation. By Corollary 11.24 there exist a positive integer n
and n? admissible sets V; j C X such that

. . i—1 i J—1j
F(QG, j)) C Vi;, where Q(l,1)=[ ” ,—}X[ ,—]

n non
forevery i, j = 1, ..., n. Put on N? the total order
@, j) < (h, k) ifi+j<h+kori+j=h+k j<k,

and observe that for every (h, k), 1 < h, k < n, the intersection

om.kynfLu |J oG

(@) <(h.k)

equals two consecutive sides of the square Q (%, k). We can then use the previous
construction of lifts on the smaller squares Q (&, k), and recursively manufacture lifts

Gu:LU |J o0G.j)—E.
(i.j)=<(h.k)

The requested lift is G = Gy,
To understand better the recursive procedure it’s useful to draw the sequence of
domains of the lifts G:

O

Theorem 12.29 (Covering homotopy theorem) Let p: E — X be a covering space
and F: I* — X, a: [ — E continuous maps such that F(t,0) = p(c(t)) for any
t € I. Then F admits a unique lift G : I* — E such that G(t,0) = a(t) for every 1.

Ix{0)— > E

/7
G lp
T F
I x[0,1] —=X .

Proof Proving existence is enough, for uniqueness is a consequence of the connect-
edness of /% and Theorem 12.25. Write 3: [ — E for the lift of the paths — F (0, s)
starting at 3(0) = a/(0); the glueing of o and 3 defines a continuous map
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f:L=A{(ys) e 12 |ts =0} > E, f(,0) =a), f(0,s)=pF(),
that, together with F, satisfies Lemma 12.28 by construction.

The existence and uniqueness theorems for lifts have important repercussions on
the fundamental group.

Lemma 12.30 Let p: E — X be a covering space, o, 8 € 2(X, a, b) two paths
with the same endpoints, and e € E a point such that p(e) = a. Denote by
Qe, Be: I — E the lifts of o and 8 beginning at «,(0) = (.(0) = e. The fol-
lowing statements are equivalent:

1. « and (3 are path homotopic;
2. (1) = B.(1) and v, B, are path homotopic.

Proof (1)=(2). Let F: I > Xbea path homotopy such that F(0,¢) = a(?),
F(l,t) = B(t), F(s,0) = a, F(s,1) = b. By the covering homotopy theorem
there exists a continuous G : /> — E such that G(s, 0) = e. Uniqueness implies
G(0,1) = ae(t) and G(1,1) = [.(t). The path G(s, 1) lift the constant path 15, so
it must be constant. Consequently o, (1) = 3.(1), and G is a path homotopy.
2)=(). If a, and 3, are path homotopic, then also &« = pa, and 8 = pf, are
path homotopic. O

Theorem 12.31 Let p: E — X be a covering space. If X, E are path connected
and X is simply connected, then p is a homeomorphism.

Proof Covering maps are open and onto, and hence homeomorphisms iff they are
1-1. Let e, u € E be such that p(e) = p(u) = x € X; as E is path connected, there
exists a path a: I — E such that a(0) = e and a(1) = u. But 71 (X) = 0, so pais
path homotopic to a constant, and by Lemma 12.30 the endpoints of « coincide, i.e.
u = e. This proves that p is injective. [

Corollary 12.32 The circle S' is not simply connected.

Proof The circle has non-trivial connected covering spaces (Example 12.8), so we
can invoke Theorem 12.31. ]

Corollary 12.33 Let p: E — X be a covering and f: S* — X a continuous map.
Foreveryy € §* and e € p~'(f(y)) there exists a unique lift g: S*> — E of f such
that g(y) = e.

Proof Without loss of generality we may assume y is (1,0, 0). We remind that
there’s an identification map ¢: 1> — S that contracts the boundary of /2 to the
point (1, 0, 0) and induces a homeomorphism between the open square ]0, 112 and
the punctured sphere S? — {(1, 0, 0)}.
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Theorem 12.29 warrants that there exists a continuous map h: 1> — E lifting
[fq that assumes the value e on one side of the square:

12$E

Xk

§F——=X

Let F denote a fibre of ¢; as the restriction i r: F — E is the lift of a constant
map, and F' is connected, 4| must be constant. Then the universality of identifica-
tions (Lemma 5.6) forces the existence of a continuous map k: S* — E such that
kq = h. Hence pkg = ph = fq, and because q is onto, pk = f.

12*}!>E

Lk

§2 ——X
Exercises

12.20 Let p: E — X be a covering space. Prove that:

1. every continuous map f: D> — X has a lift;

2. every continuous map f: R?> — X has a lift;

3. letg: I*> — Y be an identification map whose fibres ¢! (y) are all connected.
Then every continuous map f: ¥ — X has a lift.

12.21 Let f: C — C—{0} be acontinuous mapping. Prove there exists a continuous
g: C— C — {0} such that g" = f, for every n > 0.

12.22 Prove that any continuous map S> — S! is homotopic to a constant.

12.23 (Q) Let p: G — H be a continuous homomorphism of connected, locally
path connected topological groups. Prove that if p is a covering map, its kernel is
contained in the centre of G, i.e. kg = gk for every g € G, k € ker(p).

12.24 Let p: E — F and g: F — X be continuous and surjective maps between
connected, locally path connected spaces. Prove the following:

1. ifgp: E — X is a covering, also p and g are coverings;

2. if p and ¢ are coverings and ¢ has finite degree, gp is a covering;

3. if p and ¢ are coverings and every point in X has a simply connected open
neighbourhood, then gp is a covering.
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12.5 Brouwer’s Theorem and Borsuk’s Theorem

Theorem 12.34 (Borsuk) There is no continuous map f: S* — S' such that
f(=x) = —f(x) for every x € S>.

We will present four different proofs of this, each unveiling a different aspect of
the theory.

Proof (first proof of Theorem 12.34) Let f: S> — S! be a continuous mapping; we
wish to show that there exists a point xg € S such that f(—xq) # — f (xo). Consider
the covering ¢: R — S!. By Corollary 12.33 there’s a continuous map g: S> — R
lifting f, i.e. such that eg = f. Lemma 4.16 provides us with an xo € S satisfying

g(x0) = g(—x0), hence f(xo) = f(—xo): in particular f(—xo) # — f (xo). a

Corollary 12.35 For any continuous map g: S* — R? there exists a point x € S*
such that g(x) = g(—x). O

Proof By contradiction: if g(x) — g(—x) 3 0 for every x € S, the continuous map

lg(x) — g(=x)l
would satisfy f(—x) = — f(x) for every x, and thus violate Borsuk’s theorem. []

Corollary 12.36 Take n > 3 and A C R" open, non-empty. Then no continuous
map f: A — R? can be one-to-one.

Proof Just note that A contains a subspace homeomorphic to S% and apply Corollary
12.35. -

Corollary 12.37 There are no continuous maps r: D> — S satisfying r(—x) =
—r(x) for every x € S\

Proof Let’s fix notations and set
D*={(x1.x) eR* [x{+x3 <1}, S ={(x1.x) €eR* |x] + x5 = 1},
§? = {(x1, x2, x3) € R® | x] + x3 4+ x3 = 1}.

Now suppose there was r: D? — S! continuous with r(—xp, —x2) = —r(x, x2)
for every x € S'. Then

r(xi, x2) if x3 > 0,
—r(=x1, —x2) ifx3 <0,

87— s f(x1,x2,X3)={

would contradict Theorem 12.34. O
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Corollary 12.38 The circle S' is not a retract of the disc D, i.e. there is no
continuous map r: D> — S such that r (x) = x for every x € S'.

Proof This is a straightforward consequence of Corollary 12.37. Another argument
is as follows: if S! were a retract of D?, by Example 11.18 the inclusion S! — D?
would induce a 1-1 homomorphism of the fundamental groups. (]

Corollary 12.39 (Brouwer’s fixed-point theorem) Any continuous map f: D> —
D? has at least one fixed point.

Proof Suppose by contradiction that f(x) # x for every x. We can define r: D? —
S! by
r(x) =x+1t(x— f(x)), where t >0 and ||r(x)| = 1.

Geometrically this means that r(x) is the point on the circle that x meets when
moving away from f(x) along a straight line (Fig. 12.2). The map r is continuous
(see Exercise 12.31 as well) and 7 (x) = x forevery x € S!. Therefore r is a retraction
of the disc onto the boundary, in breach of Corollary 12.38. (]

Corollary 12.40 Let f: R?> — R? be a continuous map. Assume there are positive
numbers a < 1 and b such that |x — f(x)|| < a||x|| + b for every x € R?. Then f
is onto.

Proof Suppose by contradiction there is a p € R? that doesn’t belong in the range
of f, and choose a real number R large enough to satisfy the inequality aR + b <
R —lpll.

Write D = {x e R? | ||x|| < R}and S = {x € R? | |x|| = R}. As R > ||p||, the
point p belongs in the interior of D, and so for every x € S the triangle of vertices
x, —x, p has an obtuse angle at p. Consider the continuous map

r:D— S, r(x)=p+t(f(x)—p), wheret >0, [|[r(x)] =R.

Notice that r(x) is the intersection between S and the affine half-line through f (x)
starting from p. If we take x € §,

lx — f)ll =alxll+b=aR+b < R—|pl=lxll—lpl=<lx—pl

Fig. 12.2 Proof of
Brouwer’s fixed-point
theorem



http://dx.doi.org/10.1007/978-3-319-16958-3_11

12.5 Brouwer’s Theorem and Borsuk’s Theorem 215

and f(x) doesn’t belong to the segment joining p and —x. Consequently 7 (x) # —x,
so the continuous map 2: D — D, h(x) = —r(x), has no fixed points, infringing
Brouwer’s theorem.

Exercises

12.25 Show that at any given moment there are on the surface of the Earth two
antipodal places with the same temperature and atmospheric pressure.

12.26 Show that a continuous map f: $2 — RZ? such that f(—x) = —f(x) for
every x € S must have a zero.

12.27 (Watermelon theorem) Consider a watermelon having finite volume and con-
tinuous, bounded density function. Prove that one can cut it through a point ¢ and
simultaneously separate flesh and pips in two parts of the same weight. (Hint: fix a
Cartesian framing in R? with origin at c. For any x € S consider the vector-valued
function f(x) = (f+ — f—, p+ — p—), where f, represents the flesh and p. the
pips contained in {y € R? | (x - y) > 0}, while f_, p_ the respective quantities in
the other half-plane.

12.28 (Ham-and-cheese sandwich theorem, Q) Take three open bounded sets B (the
bread), H (the ham) and C (the cheese) in R?, and assume further that B is connected.

Prove that there exists a plane in R3 that simultaneously divides each set B, H, C
in two halves of the same volume.

12.29 (Lusternik-Schnirelmann theorem) Let Ay, A>, A3 C S 2 pe closed sets with
A1 UA> U Az = S2. Prove that there exists at least one index i such that A; contains
a pair of antipodal points. (Hint: write B; = {—x | x € A;} and suppose A; N B] =
A> N By = . Consider

iR = (o et ).

dAl (.X) + d31 (x) ' dAz ()C) + de ()C)

where dz indicates the distance from Z. Show that f(x) = f(—x) implies x €
A3z N B3.)

12.30 Let A, Ap, A3 C 52 be closed, connected subsets such that
AlUAzUA3=SZ.

Prove that there’s at least one i such that, for every real 0 < d < 2, A; contains a
pair of points x, y with ||[x — y|| = d (Hint: Exercise 12.29).

12.31 () Find the explicit expression of the function » (x) introduced in the proof
of Corollary 12.39.

12.32 Let f,g: S' — S! be continuous and such that f(x) # g(x) for every x.
Prove that f and g are homotopic.
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12.33 Prove that R? is not homeomorphic to R x [0, 4-o00[.

12.34 () Prove that the group of homeomorphisms of R?, with the compact-open
topology, is a topological group. (Hint: by Exercise 8.22 we just need to show that
the transformation mapping a homeomorphism to its inverse is continuous at the
identity. Argue as in the proof of Corollary 12.40.)

12.35 (&) Prove the Ham-and-cheese sandwich theorem of Exercise 12.28 without
assuming B connected. (Hint.: keeping in mind Exercise 4.34, for every n there exists
an open connected set B, C R3 such that B C B, and the volume of B, — B is
smaller than 1/n.)

12.6 A Non-abelian Fundamental Group

Consider the union X of two tangent circles. It is convenient to view X as a graph
with one vertex e and two edges a, b. Fixing the edges’ orientations defines ele-
ments [a], [b] € (X, e) corresponding to the homotopy classes of the simple
loops obtained by running along the edges in the chosen direction. We want to prove
that [a][b] # [b][a], and thence that the fundamental group of X is not Abelian.

Consider the connected covering space p: E — X of degree 3 depicted in
Fig. 12.3. The nodes ey, e3, e3 of the graph E (left) are mapped by p to the unique
vertex e of X, while the interior of each edge of E is mapped homeomorphically to
the interior of the edge of X indexed alike. Note that every node in the figure has an
incoming a edge, an outgoing a edge, an incoming b edge and an outgoing b edge.

Observe that the lift of the pathaxb € §2(X, e, e) starting at e is the productofa €
2(E,e1,e1)andb € 2(E, e1, e2),soithastoend ate;. Similarly, bxa € 2(X, e, e)
lifts to a path with initial point e;: the lift is the product of b € 2(E, e1, e2) and
a € 2(E, e2, e3), and ends necessarily at e3. Since the two lifts have same initial
points but different final points, Lemma 12.30 tells that a * b is not homotopic to
bxain 2(X, e, e).

52 b
e
b a L b a
es b

Fig. 12.3 A covering space of the ‘figure of eight’
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Exercises
We retain the notations introduced throughout this section.

12.36 Prove that p,m((E, e1) # ps«m1(E, €2), and that p, 7 (E, e1) is not a normal
subgroup in 7 (X, e).

12.37 Prove that ([a][b])" # ([b][a])" in 7 (X, e) for every n > 0.

Reference

[Ma67] Massey, W.: Algebraic Topology: An Introduction. Harcourt Brace and World, New York
(1967)



Chapter 13
Monodromy

From this point onwards we shall normally assume, to make the theory more agile
and simplify both statements and proofs, that total spaces and bases of all coverings
E — X arelocally path connected. In particular, given a connected covering £ — X,
both E, X will be path connected.

There are situations in which the fundamental group acts in a special way on
sets, depending on the so-called monodromy. Paths with non-trivial monodromy
are homotopically non-trivial. In the present chapter we shall discuss monodromies
arising from coverings, and we will show that sometimes the monodromy action
allows to describe the fundamental group completely.

13.1 Monodromy of Covering Spaces

Let p: E — X be acovering and x, y € X two points. One calls monodromy the
map
Mon: p~'(x) x Q(X,x,y) = p~'(y).  Mon(e, a) = a.(D),

where o, : I — E is the unique lift of the path « with initial point c,(0) = e. Note
that for every path 3 € Q(X, y, z) one has (a * 8), = . * Ba,(1), SO

Mon(e, a * (3) = Mon(Mon(e, @), 3).
Lemma 12.30 implies that Mon(e, o) depends only on the homotopy class of
«. In particular, Mon(e, o * i(«)) = Mon(e, 1) = e, and so for every given o €

Q(X, x,y), the map

p ') = p7'(y»), er> Mon(e, ),
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is bijective with inverse
p ') = p7x),  u > Mon(u,i(a)).

The monodromy’s homotopy invariance has another consequence if we pass to
the quotient; namely, taking y = x gives

p ) x m(X,x) > p~lx), (e, [a]) — e-[a] = Mon(e, a).
It follows easily from the definitions that
e-[Ix]=e e -([allB]) = (e-[a])-[A],

for every [a], [3] € m1(X, a) and any e € p_l(x).

Theorem 13.1 Let p: E — X be a connected covering, e € E a base point and
x = p(e). Then:

1. the group homomorphism p,: 7 (E, e) — m (X, x) is injective, and
p<mi(E, e) ={la] e mi (X, x) | e-[a] =e};

2. there’s a one-to-one correspondence between the fibre p~'(x) and right cosets
of psmi(E, e) in (X, x);

3. for every [a] € w1 (X, x) we have [a]’lp*ﬂ'l(E, e)lal = pym(E, e - [a]). In
particular the subgroups {p.m1(E, u) | p(u) = x} are precisely the conjugates
of p«mi(E, e) in m1(X, x).

Recall that a right coset of a subgroup H C G is a subset in G of the type Hg,
for ¢ € G. Equivalently, right cosets of H in G are the equivalence classes of the
relation ‘g; ~ ¢g» < 9192_1 e H.

Proof Let’s recall what we said at the very beginning of the chapter: since we assume
E, X locally path connected, if E, X are connected they become path connected.

Proof of (1). Injectivity is a straightforward consequence of Lemma 12.30 (with
a=>b=nux).If[a] € psm(E, e)there’sapath3: I — E suchthat 3(0) = 5(1) = ¢
and [«a] = [pf]; since lifts are unique 8 = a,, so G(1) = a.(1) and e - [a] = e. If,
conversely, & € Q(X, x, x) and Mon(e, o) = e - [a] = e, then the lift a, is a loop
and therefore [a] = [pa.] € psm1(E, e).

Proof of (2). The monodromy allows to define

T (X, x) > p_l(x), [a] — e - [a] = Mon(e, «).
Let’s show that [a] — e - [a] is onto, and e - [a] = e - [#] if and only if [oz][ﬁ]_l €

psmi(E,e). If u € p~'(x), since by assumption E is path connected, there’s a
path v: I — E such that y(0) = e and (1) = u. The lift’s uniqueness implies
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v = (p7)e, and by definition of monodromy we have u = e - [py]. Now given
homotopy classes [a], [3] € m1(X, x), we have e - [a] = e - [[] if and only if
e-[a]-[B]7! = eif and only if [][F]™" € p«mi(E, e).

Proof of (3). It suffices to prove that

[a]™! parri (E, e)[a] C pumi(E, e - [a])

forevery o € Q(X, x, x). Let oo : I — E be the lift of « starting at o, (0) = e; then
a,(1) = e - [a] and

i(ae) * Q(E,e,e)xa, C QE,e-[a],e-[a]). O

Corollary 13.2 The fundamental group of P"(R) is isomorphic to Z/2, for any
n>2.

Proof The quotient map p: S* — P"(R) is a connected double covering. Let
e € S" be a point and x = p(e) its image; Theorem 13.1 implies that the sub-
group p,m1 (8", e) C m(P"(R), x) has two right cosets. If n > 2, the sphere S” is
simply connected, so the subgroup p.7(S", e) is trivial and therefore 7| (P" (R), x)
contains just two elements. But up to isomorphism there’s only one group with two
elements. (]

Monodromy actions commute with continuous maps:

Proposition 13.3 Let

o F

X —
be a commutative diagram of continuous maps, with p, q coverings. Then

wle-[a]) = p(e) - fiu(lal)
foreverye € E and [a] € (X, p(e)).

Proof Let a: I — X be aloop based at the point p(e), and . : I — E its unique
lift through «, (0) = e. By definition of monodromy c, (1) = e - [a], so (e - [a]) =
plae(1)).

Consider the path 5: I — F, B(t) = p(ae(t)). Since g(B(t)) = qpa.(t) =
fpae(t) = fal(t) forevery t, it follows that (3 is the lift of f« such that 3(0) = ¢(e).
Hence

ple) - fillal) = ple) - [fal = B(1) = pae(l). O
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Exercises

13.1 Show that the quotient space of R by the group generated by the involution
(x,y,2) — (—x, —y, —z) is not homeomorphic to R3.

13.2 (=, ©) Compute the fundamental group of the space of real 3 x 3-matrices of
rank one.

13.2 Group Actions on Sets

Definition 13.4 Let G be a group and T a set. A left action of G on T is a map
GXT—)Tv (gvlt)'_>g.t7

such that:

1. 1-t=tforeveryt € T, where 1 € G is the neutral element;
2. (ghy-t=g-(h-t)foreveryt €T, g,h €G.

Example 13.5 Let E be a space and Homeo(E) the group of homeomorphisms of
E with the composition product. The map

Homeo(E) x E — E, ¢-e = q¢(e),

is a left action.

If G acts on the left on T, then for every g € G one can define
Ly:T—T, Ly(t)=g-t.
As LyLp = Lg, it follows that for any g the map L, is bijective with inverse L 1.
Definition 13.6 A right action of G on T is a map
TxG—T, t,g9)—t-g,

such that:

1. t-1=tforeveryt € T, where 1 € G is the neutral element;
2. t-(gh)=(t-g)-hforeveryt € T,g,h €G.

Example 13.7 Let p: E — X be acovering. Then for every x € X the monodromy
map
P xmX,x) = pTl@), () e u-lal,

is a right action.
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If G acts on the right on T, then for every g € G we set
Ry: T —> T, Ry(t) =1-g.

From Ry;R; = Rjq descends, in particular, that every R, is bijective with inverse

Rg—l.

We remark that any right action induces a canonical left action, and conversely,

bytheruleg-t =¢-g L.

Definition 13.8 A left action of a group G on a non-empty set 7 is called:

1. faithful, if for every g # 1 there existsat € T such that g -t # t;
2. free,ifg-t #tforeveryg #1,t €T,
3. transitive, if for every ¢, s € T thereexista g € G suchthatg -7 =s.

Similar notions hold for right actions.

Observe that a free action is faithful, while if G acts freely and transitively on T,
the element g € G mapping any ¢, s € T one to the other is unique.

Definition 13.9 Consider a set 7 on which a group G acts on the left and another
group H acts on the right. The two actions are called compatible if

g-(t-h)=(g-0)-h

foreveryt e T,ge Gandh € H.

Example 13.10 The product G x G — G may be viewed as both a right and a left
action of the group G on itself. The multiplication’s associativity is equivalent to the
above notion of compatible actions.

Example 13.11 Let V, W be vector spaces, Hom(V, W) the set of linear maps from
V to W. The group GL(W) acts on the left on Hom(V, W), while GL(V) acts on
the right, and the two are compatible.

Proposition 13.12 Consider groups G, H and a set T. Suppose G acts freely and
transitively on T on the left, while H acts on the right, compatibly with G. For any
e € T define

0,: H— G, 0. (h) = the unique g € G suchthatg-e =e - h.

The map 0, is a group homomorphisms and {h € H | e-h = e} is a normal subgroup
of H.

Proof As the actions are compatible, for every h, k € H

0,(hk) e = e hk = (¢ h) -k = (B, (h) - ¢) - k
=0c(h)- (e k) =0.(h) (0c(k)-e) =0.(h)0c(k) - e,

whence 0, (hk) = 0,(h)0,(k). The set {h € H | e - h = e} is the kernel of 0,. (I
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The homomorphism 6, depends on the choice of ¢ € T. If we take u € T, and
g € G is the unique element with g - e = u, then

w-h=0,h)-u=0,(h)-(g-e), wu-h=(g-e)-h=g-0c(h)-e),

for every h € H. Consequently 6, (h)g = gb.(h), and 6, is then the composite of 0,
with the inner automorphism G — G, § — ggg~ .

Exercises

13.3 Let G be a group of homeomorphisms of a space X . Show that there is a natural
right action of G on continuous maps f: X — R.

13.4 Let groups G and H, a set T, a left action of G on T and a compatible right
action of H on T be given.

Show that G acts on the left on the quotient 7/H, H acts on the right on 7/ G,
and that there exist natural bijections

(T/H)/G=(T/G)/H =T/~

where t ~ s ifft = g-s-h forsome g € G, h € H. Sometimes one writes G\T/H
to indicate the double quotient (T/H)/G = (T/G)/H.

13.3 An Isomorphism Theorem

Let G be a group of homeomorphisms of a space E that acts properly discontinuously.
Suppose X = E/G is connected, and write p: E — X for the natural quotient map.
By Theorem 12.18 p is a covering map. Given x € X, for every pair of points
u,v € p~'(x) there’s a unique element g € G such that g(u) = v. Therefore the
action

Gxp ()= p '),  (g.u)— g,

is free and transitive.

Lemma 13.13 In the notation above, the left action of G on p~'(x) is compatible
with the monodromy’s right action

P ) x m(X, x) = plx), (e, [a]) > e-[al.

Proof Lete € p~'(x), g € Gand a: I — X aloop with base point x. To prove
g(e-[a]) = g(e)-[a] it suffices to apply Proposition 13.3 to the commutative diagram
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E E
b
d
x 4> x.
Now fix a point e € p_1 (x) and define

0,: m(X,x) > G, 0. ([«]) = the unique g € G such that g(e) = e - [a].

Put differently, if a. : I — E is the lift of « such that ., (0) = e, then 0, ([a]) is the
only element of G satisfying 6, ([a])(e) = a.(1).

Theorem 13.14 Retaining the notations above, the map 0,: 71(X,x) — G is a
group homomorphisms with kernel p.mi(E, e); in particular p,m(E, e) is a nor-
mal subgroup in 7 (X, x). If E is connected, then 0, factorises through a group
isomorphism
m(X,x) ~
_—

° p*ﬂ-l(Eve)

Proof 0, is a homomorphisms with kernel p,m{(E, e¢) by virtue of Lemma 13.13
and Proposition 13.12.

If E is connected 6, is onto: for every g € G, in fact, there’s a path 3 in E such
that 5(0) = e and 3(1) = g(e). Then &« = pf is a loop, and g(e) = e - [a], i.e.
0. ([al) = g. O

Quite often it’s useful to describe the inverse of §,: assuming E connected,

~ m(X,x)

0;': G— PENTL 0, (9) = [py] where v € Q(E, ¢, g(e)).
* k]

e
So we may say that 9;1 (g) is the coset containing the homotopy class of the image
under p of any path in E with initial point e and endpoint g(e).

Corollary 13.15 Let E be simply connected, G a group of homeomorphisms of E
acting properly discontinuously. Then the fundamental group of E /G is isomorphic
to G.

Proof Immediate consequence of Theorem 13.14. (]

Example 13.16 The fundamental group of the circle is isomorphic to Z. In fact
S! = R/Z, where Z acts on the left by n - x = n + x, and the quotient map is the
exponential map e. By Corollary 13.15

LD > 2Z, (ol 0-[a]l€Z,

is an isomorphism.
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Example 13.17 By applying Corollary 13.15 to the construction of Example 12.22
we deduce that the fundamental group of the Klein bottle is isomorphic to the group
with two generators a, b subject to bab = a. This group, by the way, is not Abelian.

At this juncture we can use the fact that 7 (S') is isomorphic to Z to give another
proof of Borsuk’s theorem.

Proof (Second proof of Theorem 12.34) Suppose by contradiction to have a contin-
uous map f: $2 — S!'such that f(—x) = — f(x) for every x. Identify S with unit
complex numbers and consider the double covering : S' — S!, h(z) = 7.

Leta: I — S be apath joining two antipodal points. The closed path hfoc: I —
S! is not homotopically trivial because its lift f« is not a loop. Indicate with 3: I —
S? the path B(t) = —a(t). Then hf3 = hfa, and o % (3 is a loop in S? hence
homotopically trivial. So we have

0 =I[hrf(axP)] = [hfallhfB] = [hfallhfal,

which is at odds with the fact that 7 (S') doesn’t contain non-trivial elements of
order 2. O

Exercises

13.5 Compute the fundamental group of

R3—({x=y=0}u{z=0, x2+y2=1}).
(Hint: consider the revolution of {(r, z) € R? | r > 0, (r, z) # (1, 0)} about the axis
x=y=0)

13.6 Compute the fundamental group of the Mobius strip. Prove that this surface
cannot be retracted to its boundary.

13.7 Compute the fundamental group of the quotient induced by the action of
Exercise 12.18.

13.8 Compute the fundamental group of
X ={(x0,..., %) € S" | x3 +x} < 1}
for every n > 3.

13.9 Let f: S' x S — $? be a continuous map and I C S! x S! x §? its graph.
Determine the fundamental group of S! x S! x §2 — I".
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13.10 Set X = {(x,y,2) € R} | x>+ y?> =72, z # 0} and let G C Homeo(X) be
the group with generators a, b: X — X:

a(xvy’z):(_xv_yvz)v b(-xvyiz):(xvyﬂ _Z)'

Prove that G is isomorphic to Z/2 x Z/2 and it acts in a properly discontinuous
fashion. Furthermore, say whether X/ G is homeomorphic to R? — {(0, 0)}. Explain.

13.11 () Prove that the fundamental group of GL(n, C) is infinite.

13.12 (s, Q) Let o, B: I — I? be paths such that a(0) = (0, 0), (1) = (1, 1),
£(0) = (1,0) and 5(1) = (0, 1). Prove that they have to intersect at some point, i.e.
a(t) = ((s) for certainz, s € I.

13.13 (#,Q)LetX C RZbe homeomorphicto § 1 Assume there existapointx € X
and a real number » > 0 such that X N B(x, r) concedes with the intersection of
B(x, r) with a straight line. Prove that RZ — X can’t be connected. (Hint: identify the
plane with the sphere minus a point; for every 0 < ¢ < r the closed set S> — B(x, 1)
is homeomorphic to 72; apply Exercise 13.12 to show that mo(B(x,r) — X) —
770(S2 — X) is one-to-one.)

13.4 Lifting Arbitrary Maps

Consider a covering p: E — X, a connected and locally path connected space Y
and a continuous map f: ¥ — X. We’d like to determine a necessary and sufficient
condition for a lift of f to exist.

Fix a point yg € Y and suppose there exists g: ¥ — E such that pg = f; if we
write eg = g(yo) and xo = f(yo) = p(ep), the homomorphisms f,: w1 (Y, yo) —
m1(X, x0) equals the composite

9x DPx
(Y, yo) —> mi(E, eo) — m1 (X, x0),
so the range of p, contains the range of f.

Theorem 13.18 Let f: Y — X be a continuous map between connected, locally
path connected spaces, p: E — X a covering and yg € Y, eg € E points such that
f(vo) = p(eo). Then there exists a continuous map g: Y — E such that pg = f
and g(yo) = eq if and only if

fem1(Y, yo) C pami(E, ep).

Proof We already proved this condition necessary, so let’s demonstrate it’s sufficient,
t0o.
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Setxo = f(yo), and for any y € Y choose a path a: I — Y such that a(0) = yg
and a(1) = y. The composite fa: I — X is a path starting at f(yp); consider the
monodromy

Mon: p~'(x0) x (X, x0, f (1) = P~ (f ()

and set g(y) = Mon(eq, f«). We claim that g is well defined: if : I — Y is another
path with 5(0) = yp and 3(1) = y, then « * i (/3) is a loop with base point yg, and the
homotopy classof faxi(f3) = f(ax*xi(8))belongsin f,m (Y, yo). By assumption
[fa * i(fB)] € psmi(E, ep) and therefore Mon(eg, f«) = Mon(eg, f3).

Let’s show g is continuous everywhere. Take y € Y and an open neighbourhood
A C E of g(y). Pick an admissible open set V C X containing f(y), then call
U c p~ (V) an open set in E containing g(y) and such that p: U — V is a
homeomorphism. In particular p(U N A) is open, and by continuity there exists a
path connected open W C Y suchthaty € Wand f(W) C p(UNA) C V; we want
to show g(W) C A.Fixapatha € Q(Y, yo, y). Forevery point w € W we consider
apath G: I — W from y to w. The lift of /3 at g(y) is entirely contained in U N A,
and as g(y) = Mon(eo, fa) and g(w) = Mon(eo, f(a x 3)) = Mon(g(y), f ),
eventually g(w) € U N A. ]

Example 13.19 The topological group SU(2, C) is homeomorphic to the sphere S3
(Example 1.6). As such, it is compact and simply connected. Consider a continuous
group homomorphism f: SU(2, C) — S': we shall prove that f(A) = 1 for every
A e SU(2,C).

Let Id € SU(2, C) denote the identity matrix. As f(/d) = 1, Theorem 13.18
ensures that there’s a unique lift g: SU(2, C) — Rsuchthateg = f and g(/d) = 0.
We want to show that g is a homomorphism, i.e. that

G: SU22,C) xSU(2,C) — R, G(A, B) =g(AB) — g(B) — g(A),
is the zero map. As e is a homomorphism,
eG(A, B) = f(AB)f(B) "' f(A) ' =1,

so G is the lift of a constant map. But SU(2, C) is connected, implying that G is
constant and G(Id, Id) = 0.

The range of g is compact in R, so bounded; at the same time, for every A €
SU(2, C) and every n € Z we have g(A") = ng(A), whence g(A) = 0. The latter
means g is constant.

Proof (Third proof of Theorem 12.34) Suppose there existed a continuous map
f: $2 — S! such that f(—x) = — f(x) for every x, and let us show we’ll end up
with a contradiction.

Write ¢: S — P*(R) and p: S' — P!(R) for the canonical quotients, then
consider the commutative diagram of continuous maps
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SQ L} Sl
lq lp where  g([z]) = [f(2)].
P2(R) -% P'(R)

The fundamental group of P?(R) is isomorphic to Z/2, while the projective line
P!(R) is homeomorphic to S! and has thus fundamental group isomorphic to Z. As
any homomorphism from Z/2 to Z is trivial, by Theorem 13.18 g lifts to a continuous
map h: P2(R) — S! such that ph = g.

Choose x € S2: then hg(x) = £ f(x),and hq(x) = f(x)orhq(—x) = hq(x) =
— f(x) = f(—x). In either case hq and f agree at one point at least. But being lifts
of pf = gq, f and hq coincide everywhere, in violation of f(x) # f(—x).

Exercises

13.14 Prove that any continuous map P3(R) — S! is homotopic to a constant map.

13.15 (O) Consider a commutative diagram of continuous maps and connected,
locally path connected spaces

AL E

o b

vy 5 X

Suppose p is a covering and g induces a surjective homomorphism of the relative

fundamental groups. Prove that there exists a continuous map G: Y — E such that
pG=F,Gg=f.

13.16 () Let «: [0,1] — C — {0} be a loop with base point 1 and such that
a(t) = a(t + 1/2) forevery 0 < t < 1/2. Prove that [«] is an even multiple of the
generator of 7 (C — {0}, 1).

13.17 Leta: [0, 1] - C — {0} be a loop based at 1 and such that «(r) = —a(r +
1/2) for every 0 < t < 1/2. Prove that [a] is an odd multiple of the generator
of 71 (C — {0}, 1). (Hint: consider the covering C — {0} — C — {0}, z — Zz°,
and the lift a1 of o with a1(0) = 1. Prove that either o1 (¢ + 1/2) = ia(¢) or
a1t +1/2) = —ia(t) forevery 0 <t < 1/2.)

13.18 (Fourth proof of Theorem 12.34) Use Exercise 13.17 to show that there cannot
be any continuous map f: D> — S! such that f(—x) = — f(x) for every x € S'.
Deduce Borsuk’s theorem.

13.19 Determine all continuous group homomorphisms S! — S'. (Hint: first, clas-
sify continuous homomorphisms from (R, +) to itself and from (R, +) to S L)
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13.20 (w) Let p: E — G be a connected covering of a topological group G with
neutral element 1 € G. Given a point e € E such that p(e) = 1, prove that there’s
a unique multiplication £ x E — E rendering E a topological group with neutral
element e and p a group homomorphism. Show, moreover, that E is Abelian if G is
Abelian.

13.21 (=)Let G be aconnected, locally path connected, compact group with neutral
element e. Prove that every continuous homomorphism f: G — S! is uniquely
determined by the homomorphism of Abelian groups

fo: (G, e) > m(S', 1).

13.5 Regular Coverings ~

We continue assuming that all spaces are locally path connected.

Lemma 13.20 Let X be path connected, x1, xo € X points and f: X — Y a con-
tinuous mapping. There exists an isomorphism vz : m (Y, f(x1)) — m (Y, f(x2))
such that v¢(fim1 (X, x1)) = fum (X, x2). In particular f,m (X, x1) is a normal
subgroup in w1 (Y, f(x1)) if and only if f.m1(X, x2) is normal in w1 (Y, f(x2)).

Proof Let 6: [0, 1] — X be a path with §(0) = xy, §(1) = xp, and write 7 =
f6:[0,1] = Y. By Lemma 11.13 we have isomorphisms:

Op: m (X, x1) = m(X,x2), Bl =1[i(6) * B 4],

Yo mY, f(x) = m, f(x2),  plal =[i(y) *axq].

Then 4 has the requested properties, for if 5 € Q (X, x1, x1) then

Ve fslBl =l f Bl =[i(f0) * [ fo] =[f(i(0) x B 0)] = fids[Bl. O

Definition 13.21 A connected covering p: E — X isregular whenever p, 71 (E, e)
is a normal subgroup of 71 (X, p(e)), where e is an arbitrary point in E.

Lemma 13.20 implies that 13.21 is a proper definition.

Example 13.22

1. If E is a simply connected space, any covering p: E — X is regular.
2. If X is connected and 71 (X) Abelian, every connected covering p: E — X is
regular.
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3. Every connected double covering is regular: it’s a well-known algebraic fact that
any subgroup of index two is normal.
4. The three-fold covering of Sect. 12.6 is not regular.

A consequence of Theorem 13.14 is thatif a group G acts properly discontinuously
on a connected space E, the covering E — E/G is regular. In this section we’ll
prove that the converse is true, too: regular coverings are precisely those that arise
as quotients of properly discontinuous actions.

Definition 13.23 Let p;: E; — X, p2: E» — X be coverings of a space X. A
continuous map ¢: E; — Ej is called a covering morphism if

is commutative.

We can also say that covering morphisms ¢: E1 — Ej are lifts of p;. If E
is connected, in particular, two distinct covering morphisms ¢, 1¢): E1 — E» must
satisfy p(e) # 1 (e) for every e € Ej. The composite of two covering morphisms is
a covering morphism.

Having introduced the notion of morphism, it makes sense to talk about the cat-
egory of coverings of a given space; from this will descend a natural notion of
isomorphism.

Definition 13.24 Let p;: E1 — X, p»: E» — X be coverings of the same space
X. A covering morphism ¢: E; — E is a covering isomorphism if there is a
covering morphism ¢: E» — E| such that 1) and 1y are the identity morphisms.

Definition 13.25 Denote by Aut(E, p) the group of automorphisms of a covering
p: E — X, i.e. the set of covering isomorphisms of ¢: E — E equipped with the
composition product.

The group Aut(E, p) acts on E: as p is constant on orbits, the universal property
of quotients provides us with the factorisation

E—"' ¥

|

E/Au(E, p)

where p is open and onto. The consequence is that p is a homeomorphism if and
only if Aut(E, p) acts transitively on the fibres of p.
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Theorem 13.26 Let p: E — X be a connected covering.

1. Giveney, ey € E, there exists an automorphism p € Aut(E, p) suchthat p(e1) =
ey if and only if

pler) = ple2), psmi(E, e1) = psmi(E, e2).

2. Aut(E, p) acts on E properly discontinuously.

Proof (1) If there is an automorphism ¢ € Aut(E, p) such that ¢(e1) = ez, then
ple2) = pp(er) = p(er) and psmi(E, e2) = pxpxmi(E, e1) = psmi(E, e1).

Conversely, if p(e;) = p(ez) and p,m1(E, e1) = pum1(E, e2), by Theorem 13.18
there exist covering morphisms ¢, ¥ : E — E suchthat p(ej) = ez and ¢(e2) = ey.
As Pip(er) = ey and piP(ey) = en, by the uniqueness of lifts o) = Y = Id.

(2) Let e € E be given. Pick an admissible set V' C X containing p(e) and call
U c p~ (V) an open set in E containing e € U and such that p: U — V is 1-1.
We want to prove that ¢ € Aut(E, p) and U N o(U) # @ imply ¢ = Id. Choose
ueUNeU),sou, o (u) € U thenu = go_l(u) as p is 1-1 on U. Therefore
o = Id because lifts are unique. (]

Corollary 13.27 A connected covering p: E — X is regular if and only if
Aut(E, p) acts transitively on the fibres of p. In that case E/Aut(E, p) ~ X,
and for every e € E there’s an isomorphism

m1(X, p(e))

~ Aut(E, p).
PxT1 (Ev 6')

Proof The first part descends directly from Theorem 13.26 and the fact that for any
given e; € E, the conjugate subgroups to p.m1(E, eq) are exactly p,m(E, e3), with
ey € E such that p(ez) = p(ey).
If Aut(E, p) acts transitively on fibres we know that E/Aut(E, p) >~ X, and
X,
M ~ Aut(E, p) follows from Theorem 13.14. (I
p*ﬂ'l (E’ 6)
Remark 13.28 There’s a suggestive analogy between the theories of field extensions
and covering spaces, according to which Galois extensions correspond to regular
coverings: thus, regular coverings are called Galois coverings at times.

Exercises

13.22 Always assuming that every space is locally path connected, prove that a
covering morphism is an isomorphism if and only if it is bijective.

13.23 Let p: E; — E> be a covering morphism. Prove that if E» is connected, ¢
is a covering map.
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13.24 Given groups H C G, the normaliser of H in G is
N(H)={ge G |gHg™ ' = H)}.

1. Prove that N (H) is a subgroup of G, H is a normal subgroup in N(H) and N (H)
is the largest subgroup of G containing H as a normal subgroup. In particular
N(H) = G if and only if H is normal in G.

2. Let p: E — X be a connected covering and e € E. Then for every homotopy
class [a] € N(pym1(E, e)) there’s a unique automorphism ¢ € Aut(E, p) such
that p(e) = e [a]. Prove that the map N (p.71(E, e)) — Aut(E, p) just defined
is onto, and descends to an isomorphism

N(psmi(E, e))

~ Aut(E, p).
p*ﬂ-l (Es e)

13.6 Universal Coverings

Definition 13.29 A covering u: X — X is said to be universal if the total space X
is connected and simply connected.

We saw in Example 13.22 that universal coverings are regular. In particular, if
u: X — X is universal then Aut(X, u) acts freely and transitively on fibres, and
m1(X) >~ Aut(X, u) are isomorphic.

Proposition 13.30 (Universal property of universal coverings) Lef u: X — X be
a universal covering. For every covering p: E — X and any points X € X, e € E
such that u(x) = p(e), there exists a unique covering morphism ¢: X — E such
that ¢(x) = e. In particular, all universal coverings of a space X are isomorphic to
one another.

Proof Since 0 = u*m()? X) C pxm1(E, e), ¢ exists by virtue of Theorem 13.18.
Additionally, if p: E' — X is universal then the previous arguments show that there’s
a covering morphism ¢: E — X with 1¥(e) = X. But X and E are connected by
definition, so the lift’s uniqueness forces ¢ and 1 ¢ to be identity maps. ([l

This proves the uniqueness of universal coverings. The remaining part of the
section is devoted entirely to the issue of existence. We begin with a simple necessary
condition.

Definition 13.31 A space X is semi-locally simply connected if any point x € X
has a path connected neighbourhood V such that i, 71 (V, x) = 0in 71 (X, x), where
i: V — X is the inclusion map.

Hence, a locally path connected space X is semi-locally simply connected if and
only if each point lies in an open set V where any loop is homotopically trivial in X.
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Lemma 13.32 Let X be connected and locally path connected. If X admits a uni-
versal covering, then X is semi-locally simply connected.

Proof Letu: X — X denote the universal covering, and U C X an admissigle set.
Calli: U — X the inclusion. Since we have a continuous section s: U — X,

ixT1 (U, X) = uyssmi (U, x) Cupm (X, s(x)) =0

forevery x € U. U

Example 13.33 There are connected and locally path connected space that aren’t
semi-locally simply connected, and hence don’t admit a universal covering. One
such example is

X=R>—{27,0) | neN}.

Take a neighbourhood U C X of 0, fix an irrational number r > 0 such that
xeX|lxl=2r}CU
and choose an integer N satisfying 2~V < 2r. Consider
Y= eR|Ix—r0l=r), Z=R—{2"0)

The inclusions 0 € Y C U C X C Z induce an isomorphism 7 (Y, 0) — m1(Z, 0),
so the morphism 71 (U, 0) — (X, 0) cannot be trivial.

Let u: X — X be the universal covering of X. Any point X € X determines a
bijective map
o X — U (X, x,y),

yeX

where x = u(x) and 7(X, x, y) = Q(X, x, y)/ ~ are the homotopy classes of paths
joining x and y. Given y € X, in fact, there is a unique class £ € w(X, X, y), whence
D (y) = uy(€) is well defined. The inverse to P is the covering’s monodromy map.

Theorem 13.34 A connected and locally path connected space admits a universal
covering if and only if it is semi-locally simply connected.

Proof One implication follows from Lemma 13.32, so we’ll prove that a connected,
locally path connected and semi-locally simply connected space X admits a universal
covering u : X > X.

The previous argument suggests we choose a point x € X and consider the set

QX,x,y)

X = X, x,y), where X, x,y)) = ———— .
UW( X ) (X, %, y) path homotopies

yeX
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Path homotopies preserve endpoints, so
u: X > X,  u(la]) = al)

is a well-defined onto map. There is a natural 1-1 correspondence between ul(x)
and 71 (X, x). Let’s define a topology on X making u a universal covering. Given
a € Q(X,x,y) and an open neighbourhood U > y, define W(a, U) C X to be
homotopy classes of paths of the form « * o/, with o’ in U starting at y. Clearly
W(a, U) = W(a, U"), where U’ is the connected component of U containing a.(1).
Moreover, if 3 € W(a,U) and V C U open contains 3(1), then W(3, V) C
W(a, U). B

The subsets W(a, U) form a basis for a topology on the set X, because any
[a] € 7(X,x,y) belongs in W(«, X), and if [v] € W(a, U) N W(3, V), then
~(1) € U NV and also

[Vle WH,UNV)C W, UyNW(B, V).

In this topology u : X — X is continuous and open, since

= | W), uWa, U) =U
a(l)eU

for every open connected U C X.

Suppose now U C X is open, connected, and such that any loop in it is homotopi-
cally trivial in X. Fixapatha: I — X starting at x and such that a(1) = u([«]) € U.
The projection u: W(a, U) — U is a homeomorphism: if u([a * 3]) = u([c * ¥])
then i(/3) * v is aloop in U, so (3 and y are homotopic in X and [ * 5] = [a * 7]
in X, i.e. u is one-to-one on W(«, U).

Given «, 8 in X with initial point x and endpoint in U, we have W(x, U) =
W(B,U) or W(a, Uy NW(3,U) = @. That’s true because if v in X satisfies [vy] €
W(a,U) N W(B,U), then [a] = [y * '], [B] = [y * B], and further, [§] =
[a*i(a)) * 3] € W(a, U). Therefore W(3,U) C W(a, U), and by symmetry
W(a,U) C W(B,U).

At this stage we have that u is a covering. Given o € (X, x, y), consider

as: [0,1] = X, ag(t) = a(ts), s €0, 1],

and define B
a:[0,1] = X, as) = [ag] € m(X, x, a(s)).

Fix s € [0, 1] and an open set U containing the point a/(s). Then a positive real
number ¢ exists, such that a(r) € U forevery s —e <t < s + ¢. By Corollary 11.7
we have [o;] € W(as, U) for every s — e <t < s + ¢. Therefore the map & is
continuous, and X is path connected. Notice that u(&(s)) = a(s), so & is the lift of «
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with &(0) = [1,]. This eventually proves [a] = &(1) = Mon([1,], «); in particular
the monodromy action of the covering u is free, so u,m (X, [1,]) = 0. ([

Exercises

13.25 Letp: E — Fandg: F — X becontinuous, onto maps between connected
spaces. Prove that if p, g are coverings and X has a universal covering, then gp is a
covering.

13.26 Prove that every continuous map X — Y lifts to a continuous map X—>Y
between the universal coverings (provided these exist).

13.27 Let X be the sphere S? with North pole and South pole identified. Determine
the universal covering and the fundamental group of X. (Hint: consider the quotient
of the sausage space of Exercise 11.22 by some properly discontinuous action.)

13.7 Coverings with Given Monodromy

Consider a covering p: E — X, apoint x € X and the monodromy action
p L) x T (X, x) > pl(x).

It’s not hard to show that E is connected if and only if the monodromy action is
transitive. In fact if E is connected, for every pair a, b € p~!(x) we can find a path
a € Q(E,a, b) and hence b = a - [ pa]. Conversely, if the monodromy is transitive,
the fibre p~!(x) is contained in a path component. Given any pointa € E we choose
a path a: I — X such that «(0) = p(a), (1) = x. The lift o, : I — E joins a
to some point in p~!(x), so that a belongs in the same connected component where
p’1 (x) lies.

We saw already, in Theorem 13.1, that the stabiliser of any e € p‘l(x), i.e. the
subgroup

Stab(e) = {a € m(X,x) | e-a = e},

coincides with p,m(E, e). In particular the covering p: E — X is universal if and
only if the monodromy is free and transitive. Moreover, the covering is regular if and
only if the monodromy acts transitively and all stabilisers are normal subgroups.

Theorem 13.35 Let X be connected, locally path connected and semi-locally simply
connected. For every non-empty set T and every right action

T xm(X,x) —>T
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there exists a covering p: E — X and a bijection ¢: T — p~'(x) such that
ot ea) = ¢(t) - a, foreveryt € T and a € w (X, x). The pair (p, @) is unique
up to isomorphism.

Before we go to the proof let’s clarify the last statement. The pair (p, ¢) being
unique up to isomorphism means thatif g: F — X andv: T — ¢~'(x) are another
covering-bijection pair, there is a covering isomorphism E — F extending )¢~

Proof We’ll begin with uniqueness; the argument itself will eventually show exis-
tence as well.

Solet p: E — X be a covering and ¢: T — pil()ﬁ) a bijection such that
¢(tea) = ¢(t)-aforeveryt € T,a € m (X, x). Writeu: X — X for the universal
covering and fix a point ¥ € u~!(x). By Proposition 13.30, for every e € p~!(x)
there is a unique covering morphism 7, : X — E such that 7e(X) = e. We also have
an isomorphism

0: Aut(?, u) — m (X, x), X -0(g) = g(x).

The monodromy commutes with covering morphisms, so for any e € p~1(x) and
g € Aut(X, u) we obtain

e 0(g) =n.(x) - 0(g) = n.(x - 0(9)) = n.(g(X))

whence 1,9 = Ne-0(g)" Put on T the discrete topology and define ¢ : T x X —> Xas
the composite of u with the projection 7' x X — X.Then

T xX—>E, 5t =)

is a covering morphism of X. Note that 7 is onto, and for every ¢g € Aut(X, u)

n(t, 9(3)) = N5)(9(F)) = No()-0(9)(F) = 1t @ 0(g), ¥).

Therefore we can view Aut(X, u) as a subgroup of homeomorphisms of 7" x X that
commute with 7, just by mapping g € Aut(X, u) to the function

TxX—>TxX, (3 (ted(9 ", ().

The group Aut(X, u) acts properly discontinuously on X, so it also acts in a
properly discontinuous way on 7' x X. The action of Aut(X, u) on the fibre g 'x) =
T x u~(x) is free, and every orbit intersects 7 X {x} in one point. On the other hand
n(t, X) = ¢(t), so n induces on quotients a bijection

g ') /Aut(X, u) — p~(x).
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Consequently 1 descends to the quotient to give an isomorphism

T x X N
Aut(X,u)

The covering h: T x X /Aut(f ,u) — X was built using only X and the
action e, without any mention to E. This proves uniqueness, and at the same
time existence. (]

Corollary 13.36 Let X be connected, locally path connected and semi-locally
simply connected. Given x € X and a subgroup H C 71 (X, x), there exist a covering
p: E — X and a point e € p_l(x) such that p,m1(E,e) = H.

Proof Let T = {Ha | a € m(X, x)} denote right H-cosets. There is an obvious
right action

T xm(X,x)—T, Haeb= Hab,

and by Theorem 13.35 also a covering p: E — X such that p~!(x) = T, whereby
e is the monodromy action. If we define e € T C E to be the point corresponding
to the trivial coset, i.e. e = H,

pxmi(E,e) ={aem(X,x) | Hea=H}=H
follows. O

Exercises

13.28 Let p: E — X be a connected covering, A C X an open subset and e €
p~1(A) a point. Prove that p~!(A) is connected if and only if the range of the map
m1(A, p(e)) = m1(X, p(e)) intersects every right coset of p,m(E, e).

13.29 Let X be connected, locally connected and semi-locally simply connected.
Suppose X contains a retract homeomorphic to S!. Prove that X admits regular
connected coverings of degree d, for any integer d > 0.

13.30 (=, O) Consider the topological group G of real unipotent 3 x 3-matrices
(matrices having 1Is on the diagonal and Os below), and the discrete subgroup I' of
matrices with integer entries. Is G/ I" or some covering space of it homeomorphic
to the product (S')? of three circles? Explain your answer.



Chapter 14
van Kampen’s Theorem

The notation for this chapter will be as follows: if G is a group and § C G a subset
we will write (S) C G or (s | s € S) C G for the normal subgroup generated by S,
which is the intersection of all normal subgroups in G containing S. It’s easy to show
that (S) coincides with the subgroup generated by all elements of the type gsg~!,

fors € Sand g € G.

14.1 van Kampen’s Theorem, Universal Version

Let A, B be open in a space X with X = A U B; suppose A, B and A N B are path
connected, A N B # ) and then fix a point xg € A N B. The inclusions A C X,
B CX,ANB C Aand AN B C B induce a commutative diagram of group
homomorphisms:

m1(A N B, x0) —— 71 (A, x0)

| |

T1(B, x0) —— mi (X, x0) .

We showed in Sect. 11.4 that when A and B are simply connected, then also X is
simply connected. If we pay a little attention it’s not hard to see that the argument of
Theorem 11.25 implies that if o, is onto then g, is onto.

In general, van Kampen’s theorem asserts that the fundamental group of X is
determined, up to isomorphism, by the fundamental groups of A, B, A N B and the
homomorphisms c, 3,. In a convenient formulation of the theorem 7 (X, xq) is the
solution to a universal problem. Later we’ll give an equivalent description in terms
of free products of groups (Fig. 14.1).

Theorem 14.1 (van Kampen, universal version) Retaining the previous setup, for
every group G and every pair of homomorphisms h: 71 (A, xo) = G, k: m (B, x9) —
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G such that haw, = kf, there exists a unique homomorphism ¢: m1(X, x9) = G
making the diagram

T1(AN B, x0) —— 71 (A, x0)

AN
ﬁ*i J/f* h

m1(B, x0) ——= m1(X, xo)

commutative.

Proof (partial) The proof of Theorem 11.25 told us that any element in £2 (X, xg, x0)
is path homotopic to the product of a finite number of loops contained either in A
or in B. This means that for any v € 7(X, x9) we may find two finite sequences
ai,...,a, € m(A, x9), b1, ..., b, € w1 (B, xg) such that

v = fi(an)g«(byr) - - - fulan)gx(bn).

If we are seeking ¢ as in the statement, we must require

() = h(apk(by) - - - h(an)k(bn).

We’ve thus settled the uniqueness of ¢ and also provided a construction for it;
now we should check the definition of ¢ makes sense, i.e. that ¢o(y) shouldn’t depend
on the a;, b;. This is the complicate part of the proof, for which we refer the reader
to either Massey [Ma67, Ma91] or Vick [Vi94]. But it’s the consequences of van
Kampen’s theorem, as for Zorn’s lemma, that are far more telling than the actual
proof.

In Sect. 15.7 we’ll show that Theorem 14.1 descends easily from Theorem 13.35,
under mild additional hypotheses.

Corollary 14.2 Let’s keep the previous notions and suppose the homomorphism
B«: m (AN B, x9) — m1(B, xg) is onto. Then the homomorphism f,: w1 (A, xg) —
71(X, x0) is onto and has as kernel the normal subgroup generated by o, (Ker (34):

m1(A, xo)
(c(ker B))

m1(A, x0)
(ax (ker By))

ha kills the kernel of (3, and so there is a homomorphism

m1(X, x0) =

Proof Call h: (A, x9) — the quotient map. The homomorphism

m (AN B, xp) m1(A, x0)

k:m (B, xp) > ker 3y - (o (ker By))
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suchthat k3, = ha,.By Theorem 14.1 there is aunique homomorphism ¢ : 71 (X, x0)
m1(A, X0)

-
(o (ker By))

rendering

71(A N B, x0) ——= (A, x0)

N PN

Us! (Ba XO) T T (Xa XO)

N
k — 71—1 (Aa xO)

(ax (ker By))

a commutative diagram. As / is onto, also ¢ is onto. But fia, = g4 Sx, so the kernel
of fyray contains the kernel of 3, and then o, (ker 8,) C ker fi. Consequently f;

A’
(4, xo) — (X, x9). Hence f, =

(o (ker By))
VkBy = Yhay = fras = g+

factorises through a homomorphism :

¥h,

and the surjectivity of 3, implies 1k = g,. That is to say,

w1 (AN B, xg) LN m1(A, Xx0)

N

m1(B, x0) ——= m1(X, xo)

(4

m1(A, x0)
(ax(ker By))

k —

commutes. By uniqueness the composite map ¥ must be the identity, proving that
pis 1-1.

Corollary 14.3 With the above notations, if By : 71(A N B, x9) — (B, xo) is an
isomorphism, then f,: (A, xo) — m1(X, x0) is an isomorphism.

Example 14.4 Let X C R”" be open, connected and p, g € X distinct points. The
homomorphism f;: 71 (X —{p}, ¢) — 71 (X, q) induced by the inclusion X —{p} C
X is:

1. onto forn = 2;
2. one-to-one and onto for n > 3.
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For the purposes of the proof consider a positive real number r such that the ball
B={xeR"||x—pll <r}iscontainedin X. Set A = X — {p}. If n > 2 the
sets A, B, AN B are connected and X = A U B. Choose xo € A N B and a path
v € 2(X — {p}, q, x0). Then

m1(A, 9) —> T (A, x0)
I fe 1 f

06
T (X, q) —> ™ (X, x0)

commutes, and since the homomorphism 71 (A N B, xo) — 71(B, xg) is surjective
for n > 2 and bijective for n > 3, it suffices to invoke the previous two corollaries.

Example 14.5 The argument of Example 14.4 works, with minimal changes that we
leave to the reader, in the more general case where X is a connected topological
manifold of dimension 7.

Example 14.6 Let X C R? be the complement of a circle. Example 1.15 shows that
X is homeomorphic to R? — (line U point). By Example 14.4 the inclusion

R — (line U point) C R — (line)
induces an isomorphism of the fundamental groups, so
71(X) ~ 7 (R? — (line)) .
On the other hand the complement of a line arises also by rotating an open half-plane

about the boundary axis, so the space R — (line) is homeomorphic to S! x {(x, y) €
R? | y > 0}, and the fundamental group is isomorphic to Z.

Example 14.7 The isomorphism
T (R — (circle)) = Z
can be proved using Corollary 14.3, directly. Suppose K is the circle of equation
y=0 (x-H+=1

in R3 and write R — K = A U B, where:

1. B is the complement of the closed disc bounded by K
B=R—{(x,y,0|y=0, x —4? + 2> < 1};

2. A is the solid torus of revolution obtained by rotating about the z-axis the open
ball centred at (4, 0) with radius 1, i.e.

A={r—-4>+72 <1}, x=rcos(d), y=rsin(®)
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Fig. 14.1 Exercise 14.2:
what’s the fundamental
group?

in cylindrical coordinates (r, 6, 7).

Clearly, B has the homotopy type of S so it’s simply connected, while A N B
is contractible. Hence by Corollary 14.3 the inclusion A ¢ R3 — K induces an
isomorphism of the fundamental groups.

Exercises
14.1 (Q) Compute the fundamental group of the complement in R? of the set
(3, ly=0+2=1U{(xy2y=2=0x=1}

14.2 Compute the fundamental group of the union of three mutually tangent
spheres 2 (Fig. 14.1).

14.3 Compute the fundamental group of the complement of
(Y, ly=0, ¥+ =1U{(x,y,212=0 (= D> +y" =1}
in R3.

14.4 Compute the fundamental group of the union of a sphere S> C R centred at
the origin with a finite number of planes through its centre.
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14.2 Free Groups

Definition 14.8 Let S be a set. A free group generated by S is a group F together
withamap ¢: S — F with the following universal property: for every group H and
every map ¥: S — H there exists a unique homomorphism 7: F — H such that
Y =ne.

P

HH

S
/4
F

Example 14.9 The trivial group F = {0} is the free group generated by @. If § = {x}
has one element only, the group F' = Z with ¢: {x} — Z, ¢(x) = 1, defines a free
group generated by S.

In order to concentrate on their features, we’ll prove the existence of free groups
in a while, and for the moment take it for granted.

Lemma 14.10 Let ¢: S — F be afree group generated by S. The map ¢ is 1-1 and
its range ¢(S) generates F.

Proof Let a,b € S be distinct elements and consider a map 1: S — Z such that
Y(a) = 0,1 (b) = 1. By definition of free group there’s ahomomorphismn: F — Z
such that ¢) = n¢, and this implies ¢(a) # ¢(b).

Write G C F for the subgroup generated by ¢(S) andi: G — F for the inclusion
morphism; the claim is that i is onto. As ¢(S) C G, we can decompose ¢ = i) for
some ¥ : § — G, and by universality there is only one homomorphism n: F — G
such that n¢ = 1. Consider now the homomorphisms

Id: F — F, in: F— F.

Since Id ¢ = in¢ = ¢, by uniqueness they must be the same, i.e. Id = in, so i is
onto.

Lemma 14.11 Free groups generated by the same set are canonically isomorphic.
More precisely, if p: S — F and ¢': S — F' are free groups generated by S, there
exists a unique isomorphism n: F — F’ such that n¢ = ¢'.

Proof Because ¢: S — F is a free group, there’s a homomorphism n: F — F’
such that n¢ = ¢, and similarly, ¢': S — F’ is free so there’s ': F/ — F such
that ¢/ = ¢. Hence nn'¢’ = ¢’, and by uniqueness 71’ = Id. In the same way
n'n = Id can be proved, so 7 is an isomorphism.

Lemma 14.12 Let F and G be the free groups generated by two sets S and T. If
at least one of S, T is finite and F is isomorphic to G, then S and T have the same
cardinality.
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Proof By definition there is a natural bijective map between the set of maps S —
7./2, of cardinality 2!, and homomorphisms F — Z/2. Hence the free group F
determines 2!5!, and for the same reasons the free group G determines 2!7|. If F and
G are isomorphic, then 251 = 2I71,

Remark 14.13 Lemma 14.12 holds even when S, T are both infinite, but this case
requires a different proof, see Exercise 14.8.

Theorem 14.14 For any set there exists a free group generated by it.

Proof The argument presented here is not the simplest available, but has the advan-
tage of describing the free group explicitly. Given any S we will construct a larger
set S C Fs and a group structure on Fyg; this Fg, together the inclusion § — Ffg,
will satisfy the universal property of Definition 14.8.

We define Fg to consist of reduced words on the alphabet S U S~!. This means
that Fs is made by the empty word 1 and all finite expressions of the type

ay az o an
Sp S8,

where s; € S, a; € Z — {0} and s; # s;4+1 for every i. For example, if S = {a, b}
the set Fg consists of a, a?, ab, aba, ab*a~'b, .. .; on the other hand the words
aa” ', aab?, ..., not being reduced, don’t belong in Ff.

The group structure on Fy is defined as follows: first, 1 is the neutral element.
The inversion is defined through

(sm a any—1

. ] 7“"... —a 701
18 S =5 2

n n
while the multiplication is given by the recursive rule

s?l-usﬁf"t{”---t,l;,m if s, #1,

(Slal . SZ)l)(tlbl . tbm) _ Sill . an+hl by b

m - tz tnl ifsl’l:tls dap +b1 #07

(7S ) i sy =11, an + by = 0.

It’s not hard to understand that Fg is a group, at least at an intuitive level. As
a matter of fact, the rigorous proof for the associativity is rather boring, so several
algebra books adopt van der Waerden’s trick (Exercise 14.6), or use an argument of
Artin [Ar47].

It is often useful to reason by induction on the length of words. The length /(i)
of areduced word u € Fg is defined by the formula

1) =0, I sy =lai]+ -+ lagl.

Clearly S generates Fs. Moreover, any map ¥ : S — G with values in a group G
extends to a homomorphism
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n: Fs— G, n(sy'sy? - s5m) = (s1) M P(s2)® - - (sa) ™. 0

Example 14.15 The free group generated by two elements «, b is infinite, although
there are only finitely many elements of given length.

Example 14.16 Let G C SO(3, R) be the subgroup generated by matrices

1 =220 L (30 0
A==|2v2 1 o), B=-[0 1 —2V2
3 3
0 0 3 0242 1

It’s a free group generated by A, B; equivalently, the induced homomorphism
Fia, By — SO(3, R) is 1-1. We will only sketch the rough idea, and let the interested
reader work out the details.

Let g = g192 - - - gk be areduced word of length £ > 2 where every g; belongs to
{A,A7', B, B~'}and g; # g;;|. As A and B are similar matrices, to prove that g is
not the identity it suffices to show that if gy = A*!, then g(1, 0, 0) = (a, bv/2, ¢) /3
with a, b, c integer and b not divisible by 3. By induction on k

(@, b"v/2, ¢ (@, b'V2,¢)
9394 -+ gk(1,0,0) = T k2 9293 - gk(1,0,0) = k-1

with b’ not divisible by 3. There are 12 conditions to verify since g ¢g» can be one of

AT2  pE2 pElpEl  pEL4EL
Here are two cases in detail (the remaining ten are completely similar). If g1 = g» =
A then

b=2d"+b =4d" 7", b =24"+b";

eliminating a” yields b = 2b’ — 9b”, and as 3 is not a factor in &', also b is not
divisible by 3.
Ifgi =B,g0 =Athenb =0"—2c and ¢’ = 3¢”, hence b = b' — 6¢”.

Exercises

14.5 (Q) Let Fs be the free group generated by a set S. Given elements a # b in S,
prove that ab # ba.

14.6 Givenaset S define A = SUS™!, where S~! denotes the set of formal inverses
of S. Write P (A) for the set of finite reduced sequences ay, az, .. ., a, in A: reduced
means that a;_1, aj+1 # s~ 'incasea; = s € S. Note that P(A) contains the empty
sequence ¥. Let X be the group of bijections o: P(A) — P(A) and ¢p: S — X the
injective map defined by the rules
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s,ay,az,... ifay; # s—L
o)@) =s,  P(s)ar,az,...) =
1

a,as, ... ifa, =s—".

Check that ¢ is well defined and 1-1, then prove that the subgroup of ¥ generated
by ¢(S) is in a natural one-to-one correspondence with Fg.

14.7 Show that a free group cannot contain elements of finite order except 1. (Hint:
write #” = 1 and consider the conjugate of # with smallest length.)

14.8 Given a group G write G(x?) C G to denote the subgroup generated by
{a® | a € G}. Prove that:

1. G(x?)isnormal in G, the quotient G/ G(x?) is Abelian and every coset has order
2;

2. if : G — H is a homomorphism, (b(G(xz)) C H(x?).In particular, G isomor-
phic to H implies G/G(x?) isomorphic to H/H(x?);

3. G/G(x?) has a natural structure of Z/2-vector space and its dimension (cardi-
nality of a basis) depends only on the isomorphism class of G;

4. let Fs be the free group generated by S. The map § — Fg/Fg(x?) is 1-1 and its
image is a basis of a vector space over Z/2.

14.9 (Hausdorff paradox) Follow the outline given and show that the axiom of
choice implies the existence of a countable subset D C S2, four disjoint sets
My, My, M3, My C $2 — D and two rotations A, B € SO(3, R) such that

MiNAMy) =W, M UAM)=S>-D,
M3sNBMy) =W, M3UBMy)=S5>—-D.

Let A, B be the transformations given in Example 14.16 and call G the free group they
generate. For any ¢ € {A, Al B, B! } we indicate with G 4 the subset of elements
in G corresponding to reduced words starting with ¢. We have three partitions:

1. G={Id}UGAUG4-1UGpUGpg-1;
2. G=GAUAG -1;
3. G=GpUBGpg-1.

Let D C S? consists of the intersection points of S with the axes of the rotations
in G. The set D is countable and G acts freely on S* — D. By the axiom of choice
there exists K C S — D meeting every G-orbit in one point. For any subset H C G
we write H(K) = {g(x) | g € H, x € K}. Then G(K) = S — D, and if H, L
are disjoint in G it follows that H(K) N L(K) = (. Now take M| = G4(K),
My =G -1 (K), M3 = Gp(K) and My = G-1(K).
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14.3 Free Products of Groups

The notion of free product of groups is very similar to that of free group, and in some
sense it generalises the latter.

Definition 14.17 The free product of a family of groups {G; | s € S}is a group F
together with homomorphisms ¢;: Gy — F, for every s € §, so that the following
universal property holds: for every group H and every family of homomorphisms
Ys: Gy — H,s € §, there is a unique homomorphism 7: F — H such that
1y = ney for every s.

s
Gy, ——H

7
¢s 7
i// Iy
F

Rather easily, the homomorphisms ¢, are all one-to-one: for every given s € S
we consider H = Gy, s = Id andy; = Ofori # s, and deduce that ¢; is injective.

Example 14.18 The free product of two groups G, G, is a group G * G together
with homomorphisms ¢;: G; — G % G2, i = 1,2, such that for every group H
and every pair of homomorphisms v; : G; — H there’s a unique homomorphism
n: G1 * Gy — H that makes

G % Ga
P
|
G |3y Go

a commutative diagram.
Proposition 14.19 Any family of groups admits the free product.

Proof Let {Gs | s € S} be afamily of groups, and for simplicity of notation suppose
every pair has only the neutral element in common, i.e. Gy N G, = {1} for every
s # h.On UgGs — {1} consider the equivalence relation

g~h < g,h € Gsforsome s € §.

Define F to be the set of reduced words on the alphabet U; G, meaning that F is
made by the empty word 1 and all finite sequences

g1 X g2 X+ X gn
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with g; € U;Gs. We demand further that g; # 1 and g; # gi41 for every i. Let’s
describe the group structure: 1 is the neutral element, the law

G x@g) =g g xgp!

determines inverse elements and the product is defined recursively via
g1 Gn X I Xy if gn 7 11,
(gr---gn) X (1 -tm) = Y g1 Gn1 X Gnlt X L2+t if gn ~ 11, gnt1 # 1,

(g1 gn-1) X (t2-+ - ty) if g, ~t1, gut1 = 1.

As seen in the case of free groups, F is the free product of the family
{Gs |s €S} O

Exercises

14.10 Let Gy, s € S, be groups isomorphic to Z. Prove that the free product of
{Gs | s € S} is isomorphic to the free group generated by S.

14.11 Prove that the free product of a family of free groups is free.
14.12 Prove that the free product of two non-trivial groups is infinite.

14.13 Show that the group of permutations on n elements is a quotient of the free
product of n — 1 copies of Z/2.

14.14 Prove that the kernel of the natural homomorphism
Z/2+7]2 — Z]2 x 7.]2

is isomorphic to Z.

14.15 Show that the free product of two groups coincides with the coproduct in the
category of groups (Exercise 10.29).

14.4 Free Products and van Kampen’s Theorem

There is a certain similarity between Theorem 14.1 and the universal property of the
free product of groups. It is possible—and this is exactly what we’ll do here—to
replace the universal property characterising van Kampen’s theorem with a more
explicit construction, that uses suitable quotients of a free product of groups.
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Let’s return to the situation of Sect. 14.1, where a space X was the union of open
sets A, B with A, B and A N B path connected, then fix a point xo € A N B. The
inclusions A C X, B C X, ANB C Aand AN B C B induce a commutative
diagram of homomorphisms between fundamental groups:

By definition of free product there is a unique homomorphism
h: (A, x0) * T (B, x0) = m1(X, x0)
so that

m1(A, x0)

| A

m1(A, x0) % m1 (B, x0) ——> 11 (X, x0)

9%
m1(B, x0)

becomes commutative. The vertical arrows are the inclusions in the free product.
The range of & coincides with the subgroup of 7 (X, xo) generated by the ranges of
[« and g,. As we assumed A, B, A N B path connected, the universal version of van
Kampen’s theorem implies that /4 is onto.

In general & is not 1-1, though: write & and B for the composites of o, and [y
with the inclusion in the free product:

m1(A N B, x0) ——— m1(A, x0)

g

h
m1(A, x0) * 1 (B, x0) — 71 (X, x0)

s

Wl(AﬂB,Xo)?Wl(Bva)
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The kernel of & contains all the elements of thg form a(v) x 3(7_1), where v €
71 (AN B, xp). Infact ha = fooe = g s = hf3, s0

h(@() x BON) = h@G@)HRBE™Y) = (ha(y)(rBH) ™ = 1.

Theorem 14.20 (van Kampen) Retaining the previous notation, if A, B and AN B
are path connected, the kernel of h is the smallest normal subgroup containing
elements &(y) x 5(7_1), forany v € m (AN B, xp).

Proof Let N C m(A, x9) * m1(B, xo) be the normal subgroup generated by
&(7)@(7_1) as y varies in 1 (A N B, xp). We saw that N C ker(/), and also that
& = [ (mod N), by construction. Hence a commutative diagram arises:

m1(A, X0)
Qe S
T1(A N B, x0) Wl(A,XO);m(B,XO) Lwn(X,xo)
x\ O
m1(B, X0)

By Theorem 14.1 there’s a unique homomorphism

o1 (X, x0) — m1(A, x0) * T1(B, x0)

N

such that also

m1(A, x0)

Qux S
mANBy)  MESEREN L )
x\ /

m1(B, x0)

commutes.

By uniqueness iy must be the identity, making ¢ injective. On the other hand
(A, x0) * m1(B, x0)

N

is generated by the images of 71 (A, xo) and 71 (B, x0), SO ¢

is onto.
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Corollary 14.21 In the above notation, suppose A, B, A N B are path connected
and S is a set of generators of m1 (A N B, xq). Then

m1(A, x0) * m1 (B, X0)

T (X, x0) = ———
(@()Bs s €8)

Proof Write
H= (a6 ) seSs), T={yem(ANB, x)|amim~"eH).

By Theorem 14.20 it’s enough to show 7 = 7 (A N B, xp). As S C T, and S
generates 71 (A N B, xp), we can reduce to proving that 7 is a subgroup, and since
T # ¢ we justneed v6~! € T forevery v, 8 € T:

a0 HBEY Y = aMmaE) T o)A
= @B BBG)™H @@®BE)H ™ BmAE)H

Now, H is normal, so the last term above belongs to H. (]

Corollary 14.22 [n the previous notation, if A N B is simply connected then
(X, x0) = w1 (A, x0) * 71 (B, x0).

Proof Straightforward consequence of Theorem 14.20.

Example 14.23 Let X denote two tangent circles and let’s find its fundamental group.
We may think of X as a graph in the plane formed by one node xo and two edges
a, b. Choosing orientations on the latter defines two loops, whence two elements in
m1(X, x0).

Take two small open neighbourhoods A and B of a and b respectively, as in
Fig.14.2.

Then A N B is contractible, while A, B have the homotopy type of the circle.
Hence

m1(X, x0) = m (A, x0) * m1 (B, x0) = (Za) * (Zb)

and the fundamental group of X is the free group on two generators.
Using induction on n, the same idea shows that the fundamental group of 7 circles
touching at only one point is isomorphic to the free group on n generators.

Fig. 14.2 Computing the
fundamental group of two
tangent circles using van
Kampen’s theorem
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Exercises

14.16 Let X, X, be disjoint path connected spaces. Call X the space obtained by
connecting X1 and X, with a path ~.

Y
< X . X,

Prove 71 (X) >~ m1(X1) * w1 (X7).

14.17 Compute the fundamental group of the complement in R3 of the set
(3.2 1y=0, @ +2?+2 = JU{G.y.2) |y=0, @ =27+ =1},

14.18 (Q) Compute the fundamental group of the complement in R of the three
coordinate semi-axes

{z=y=0,x>0}U{z=x=0, y>0lU{y=x=0, z>0}.

14.19 Compute the fundamental group of the complement of 1 points on S

14.20 Let K C 82 = {(x, y,2) € R3 | x2 4+ y2 4+ z2 = 1} be a closed subset such
that:

1. §% — K is connected;
2. {(x,y,z) € K| x > 0} is consists of n points.

Prove that 1 (S2 — K) is not zero for n > 2, and not Abelian if n > 3.

14.21 Consider a circle in R3 and n parallel straight lines going through the middle.
Let X be the complement of their union. Prove that 71 (X) is not free if n > 1, and
not Abelian when n > 2.

14.22 (Q) Let F be the free group on two elements. Prove that for every n > 0 there
exists a subgroup G C F of index n that is free on n + 1 generators.
14.5 Attaching Spaces and Topological Graphs

The vague ideas of cutting and pasting seen in Chap. 1 can be formalised using
quotients, according to the following general scheme.
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Take disjoint spaces X, Y, a subspace K C X and a continuous map f: K — Y.
Put on X U Y the disjoint-union topology (cf. Example 3.10), the one for which the
inclusions X — X UY and Y — X UY are open immersions. Now define a new
space

XUpY=(XUY)/~,

where ~ is the smallest equivalence relation for which x ~ f(x) for every x € K.
This definition makes sense when K = ¢, as well.

The space X Uy Y is said to be obtained by attaching X to Y via f; the map f
is called attaching map.

Example 14.24 In case the attaching map f: K — Y is onto we have X Uy ¥ =
X/ =, where = is the smallest equivalence relation on X such thatx ~ yifx,y € K
and f(x) = f(y). In particular, X Uy ¥ = X/K when Y consists of one point and
K # 0.

Lemma 14.25 In the previous notation, if H C X and g: H N K — Y is the
restriction of f, the natural inclusion

®:HU; Y — XUpY
is continuous. In case H U K = X and H, K are both closed or both open, ® is a
homeomorphism. When K = X, XUy Y =Y.
Proof Theinclusion HUY C XUY passes to the quotient as the inclusion ®, which
is continuous by the universal property of identifications. Write

q: X — XUyY, i:Y—> XUyY

for the restrictions to X and Y of the quotient map p: XUY — X Uy Y. Theni is
1-1, and a subset A C X Uy Y is open (or closed) if and only if i~1(A) and q_1 (A)
are open (closed).
Indicate with
J:Y—>HU;Y, ri-H— HU;Y

the natural inclusions. Then for every subset A C H U, Y

i@ =), ¢l @A) =rf UG A,

Consequently if H, K are open, the map & is open, while if H and K are both closed,
® is closed. To finish the proof it suffices to observe that H U K = X implies &
bijective.

Attaching spaces commutes with (deformation) retracts:

Proposition 14.26 With the same notation as before, if K C Z C X and Z is a
deformation retract of X, then Z Uy Y is a deformation retract of X Uy Y.
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Proof Let R: X x I — X be adeformation of X into Z, and consider the continuous
map
g(x,1) = R(x,1), xeX,

g: (XUY)x I — XUY,
gy, t) =y, yevY.

From Corollary 5.27 we know that (XUY) x I — (XU Y) x I is an identification,
and by the universal property g descends to the quotients as a continuous map

G: (XUsY)x1— XUsY.

This is a deformation of X Uy Y into Z Uy Y.

Example 14.27 We continue using the notation introduced thus far. Consider the case
in which X is a square minus an interior point, and Z, K are the perimeter and one side
respectively. Just to fix ideas set X = [—1, 1]> — {(0,0)} and K = {—1} x [—1, 1].
Since Z is a deformation retract of X, Proposition 14.26 implies that Z Uy Y is a
deformation retract of X Uy Y.

~—_
Now take two real numbers —1 < b < a < 0 and open sets in X Uy Y

A=(-l,al x[-1,1DUs Y, B=1b1]x[-1,1].

As A N B is simply connected Corollary 14.22 applies, and we deduce
(X UypY) =71 (A) s (B) =71 (A) % Z .

On the other hand K is a deformation retract of [—1, a[ x [—1, 1], hence ¥ =
K Uy Y is a deformation retract of A. Altogether
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T(ZUpY)=m(XUrY) =m(Y) *Z.

Example 14.28 From the combinatorial viewpoint a (possibly infinite) graph is given
by a set of edges L, a set of nodes V and amap f: L x {0, 1} — V that assigns to
an edge / its endpoints f (I, 0), f(, 1).

If we wish to pass from combinatorics to topology we need to match nodes to
points and edges to ‘regular’ arcs. We define a topological graph to be the space

G=(Lx[0,1)U;V,

where L and V have the discrete topology. Notice that for any edge / the natural map
{l} x [0, 1] — G determines a path ¢g; : [0, 1] — G with endpoints ¢;(0) = f(, 0),
qi(1) = f(, 1), whose image is exactly what we intended in Chap. 1 by an edge.

Since L and V are discrete spaces, a subset A C G is open (closed) if and only if
q, H(A)is open (closed) forevery! € L.Inparticular,amap ¢: G — X iscontinuous
if and only if the composites ¢g; are all continuous. This implies that the topology
of a topological graph is finer than those arising from its possible embeddings in R":
see in this respect Exercise 14.24.

A topological graph is called a tree if it is simply connected, and a bouquet of
circles if it has only one node.

Exercises

14.23 Let G = (L x [0, 1]) Uy V be a topological graph (Example 14.28). Prove
that:

1. G is a Hausdorff space, and every point has a local basis of contractible neigh-
bourhoods;

2. every subgraph (H x [0,1]) Uy S, where H C L and f(H x {0,1}) C S CV,
is closed in G;

3. the subspaces V and L x {%} are closed and discrete. Conclude that G is compact
iff V and L are finite sets.

14.24 Find a topological graph G and a continuous, one-to-one map G — R? that
is not homeomorphic on its range (Hint: Exercise 10.16)

14.25 Let X, Y be Hausdorff, U C X open and C C U, D C Y compact, then
consider a homeomorphism f: Y — D — U — C. The space Y Uy (X — C) arises by
‘carving out” C from X and ‘transplanting’ D in its place. Prove that Y Uy (X — C)
is Hausdorff. Show by an example that ¥ Uy X is not Hausdorff in general.

1426 Set Y = S' = {(x,y) e R2 | x> +y? =1}, X =Y x[0,1]and K =
Y x {0, 1}. Consider maps f,g: K — Y

f(xs)’sf)z(LY)’ g(x»)’:f)z(X,(—l)ZY)-
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Show that X Uy Y is homeomorphic to the torus S' x S, whereas X Ug Y is
homeomorphic to the Klein bottle.

14.27 (=) Prove that any point in a topological tree is a deformation retract of the
whole space.

14.6 Cell Complexes

Definition 14.29 Let Y be a space and f: $"~! — Y a continuous map. We say
that D" Uy Y is obtained by attaching an n-cell to Y.

Example 14.30 Any finite topological graph arises by attaching finitely many 1-cells
(the edges) to a finite discrete set (the nodes).

Example 14.31 The sphere S” can be obtained by attaching an n-cell to a space with
one point: D" Uy {*}, namely, coincides with the quotient D"/ s,

Example 14.32 The real projective space P"(R) arises by attaching an n-cell to
P~ 1(R). In factif £: §"~! — P"~!(R) is the usual quotient map, D" Uy P"~!(R)
coincides with the quotient of D" under the relation that identifies antipodal boundary
points.

Example 14.33 The sewing operations described in Sect. 1.2 attach a 2-cell (the
polygon’s interior) to a finite graph (the boundary modulo the equivalence relation).

We wish to understand the effect that attaching an n-cell to a path connected
space has on its fundamental group. We shall treat the casesn = 1,n = 2andn > 3
separately.

14.6.1 Attaching 1-cells

Let Y be a path connected space: attaching a 1-cell to ¥ means choosing two points
Y0, ¥1 (possibly equal) and build the union of Y with the interval [0, 1] upon identi-
fying O with yp and 1 with y; (Fig. 14.3).

As Y is path connected we can find a path v: [—1, 1] — Y such thaty(—1) = yy,
v(1) = y;. Consider the punctured square X = [—1, 112 = {(0, 0)}, the side K =
{—1} x [—1, 1] and the attaching map

Fig. 14.3 Two 1-cells
attached to the sphere S? ]
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fiK—>Y, f(=1,1) =~().

From Example 14.27 we know that X U Y has the same homotopy type of the space
obtained by attaching to Y a 1-cell with endpoints yg, y;. Therefore

m(D'Up ¥) = m(Y) % Z.

14.6.2 Attaching 2-cells

Let us attach a 2-cell D? to Y via the function f: S! = 9D? — Y, and write
yo = f(1). Then f defines a loop

v € R, y0,y0), ()= f(cos2nt,sin2mr).
We claim that the inclusion ¥ C D? U 7 Y induces a surjective homomorphism

w1 (Y, yo) — (D*U 1 Y, y0) whose kernel is the normal subspace spanned by the
homotopy class of . We can, in fact, write D U rY =AUB, where

A=D*-{0husY, B=D>-S§

The open set B is simply connected, while the intersection A N B is connected and
its fundamental group is isomorphic to Z. By Corollary 14.2

m1(A)

2 _
MDD Uy ¥) = ==

where a is the image in 71 (A) of the generator of 71 (A N B). Now it suffices to
note that Y is a deformation retract of A, and that under the induced isomorphism
m1(Y) >~ m1(A), a corresponds to the class of .

14.6.3 Attaching n-cells, n > 3

Attaching to Y the n-cell D" allows to write D" Uy Y = AU B, where
A=D"—-{0))UyY, B=D"-5"1
Incasen > 3, then, both B and AN B are simply connected, so Corollary 14.3 forces

m (D" Uy Y) = m(A). As already noticed, moreover, Y is a deformation retract of
A,som (D" Uy Y) =m(Y).
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D

5 nodes, 8 edges 5 nodes, 9 edges 5 nodes, 8 edges

Fig. 14.4 Finite topological graphs in R?

Exercises

14.28 Prove that Y Hausdorff implies D" Uy Y Hausdorff, irrespective of the at-
taching function f.

14.29 Compute the fundamental groups of the graphs in Fig. 14.4.

14.30 (O) Let X be a connected graph with v nodes, [ edges and Euler-Poincaré
characteristic e(X) = v — [. Prove that the fundamental group of X is a free group
on 1 — e(X) generators.

14.31 (Euler formula for polyhedra) Let G C S? denote a finite graph of / edges
and v nodes lying on the sphere, and F C S? — G a non-empty finite set made of
f distinct points. Prove that if G is a deformation retract of §> — F, necessarily
v—1+ f = 2. (Hint: S — F has the homotopy type of a bouquet of f — 1 circles.)

14.32 (Euler formula for doughnuts) Let G € S' x S! be a finite graph of / edges
and v nodes lying on the torus, F C S! x S! — G a non-empty finite set of f distinct
points. Prove that if G is a deformation retract of S' x §' — F, thenv — [+ f = 0.
(Hint: S x S' — F has the homotopy type of a bouquet of f + 1 circles.)

14.33 (%) Let L C P?*(R) be a projective line and X a connected space whose
fundamental group is finite cyclic of odd order. Prove that if f: L — X induces a
surjective homomorphism between the corresponding fundamental groups, the space
P2(R) Uy X is simply connected.

14.34 (=, Q) Use the theory of covering spaces and van Kampen’s theorem to show
that the kernel of the natural homomorphism

Z)3%7)2 — 7)3 x L)2

is a free group on two generators. More precisely: let a be the generator of Z/2 and
b the generator of Z/3; then the kernel is the free group generated by abab?, ab*ab.
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Chapter 15
Selected Topics in Algebraic Topology

15.1 Natural Transformations and Equivalence
of Categories

Among the most riveting concepts in category theory are natural transformation and
equivalence of categories; much of the mathematics of the last 60 years wouldn’t
exist without them. Rephrasing MacLane [ML71], one may say that functors were
introduced for the purpose of defining natural transformations, and categories in
order to define functors.

Let A,B be two categories and F,G: A — B two functors. A natural
transformation v: F — G assigns to every object X of A a morphism vy €
Morg (F(X), G(X)) such that, for every morphism f € Mora (X, Y), the diagram

FX) Y Ry
ax) Y )

commutes.
A natural transformationy: F' — G is called an isomorphism of functors if -y,
is an isomorphism in the category B, for every X € A.

Example 15.1 For any functor F: A — B the identity on F is by definition the
natural transformation 15 : F — F such that (1p), =1 F(X)’ for every X € A.

Example 15.2 Given sets X, Y of the same cardinality, the functors

F,G:Set > Set, F(Z)=ZxX, G(Z) =ZxY,

© Springer International Publishing Switzerland 2015 261
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are isomorphic. If f: X — Y is an invertible map, the natural transformation

Vi F = G, 77(z,x) = (z, f(x)),

is an isomorphism.

Example 15.3 Given an arbitrary space X we define a category 7r(X) with the points
in X as objects and
2(X,x,y)

Mor )= ———
0. y) path homotopy

as morphisms. The composition of morphisms is the product of paths: any path « is
thus invertible when seen as morphism in the category 7(X), and has inverse i («).
For every x € X we have (X, x) = Morz(x)(x, x), and every continuous map
f: X — Y determines a functor f,: w(X) — w(Y) in a natural manner.

Consider now X, Y and a homotopy F: X x I — Y from f to g. There is an
isomorphism of functors v: fi, — ¢g«, whereby for every point x € X the morphism
Yx € Morz(yy(f(x), g(x)) is the homotopy class of the path r — F(x, t).

Remark 15.4 The category 7(X) of Example 15.3 has these properties:

1. the class of objects is a set;
2. every morphism is invertibile, hence an isomorphism.

Generally speaking, a category satisfying these conditions is called a groupoid.
The category 7 (X) is called the fundamental groupoid of the space X.

Natural transformations can be composed: if v: F — G and §: G — H denote
natural transformations, their composite §y: F — H is defined by the rule

0vx =90x7vx, forevery X €A.

Natural transformations are also referred to as morphisms of functors.

Lemma 15.5 Let F, G: A — B be functors. A natural transformation v: F — G
is an isomorphism if and only if there exists a natural transformation §: G — F
such that 6y = 1, v6 = 1¢.

Proof 1f a natural transformation §: G — F such that v = 1 and 7§ = g
exists, then y,d, = Loxy IxYx = 1p(x for every X € A. This means ~yy is an
isomorphism.

If ~y is an isomorphism it is enough to set §, = v;(l for every object X € A. [J

Definition 15.6 A functor F: A — B is called:
1. fully faithful if the map

F: Mora(X,Y) — Morg(F(X), F(Y))

is bijective for every pair of objects X, Y € A;



15.1 Natural Transformations and Equivalence of Categories 263

2. essentially surjective on objects if every object Z € B is isomorphic to F (X)
for some X € A.

Example 15.7 Let f: X — Y be a continuous map. The functor f,: w(X) —
w(Y) is essentially surjective iff f,: mo(X) — mp(Y) is onto, and fully faithful iff
Jfo: mo(X) = mo(Y) is one-one and fi: w1 (X, x) — m (¥, f(x)) is bijective for
every x € X.

Definition 15.8 A functor F': A — Bis an equivalence of categories if there exists
afunctor G: B — A suchthat G F and F G are isomorphic to the identity functors (in
A and B respectively). Two categories are said equivalent if there is an equivalence
between them.

Example 15.9 1f two spaces X, Y have the same homotopy type, their fundamental
groupoids 7 (X), 7w(Y) are equivalent categories.

Theorem 15.10 A functor F: A — B is an equivalence of categories if and only if
it is fully faithful and essentially surjective on objects.

Proof Suppose F: A — B is an equivalence of categories; there exist a functor
G: B — A and two isomorphisms of functors v: 1y — GF, d: g — FG. Let
Z € B be an object: then 6,,: Z — FG(Z) is an isomorphism, proving that F is
essentially surjective. Given objects X, Y € A, for every morphism f: X — Y we
have GF(f) = vy ffy;(]. In particular the map

GF:Mora(X,Y) - Mora(GF(X), GF(Y))

isinvertible, i.e. G F is fully faithful. Similarly, F G is fully faithful and the argument
used for Lemma 11.21 shows that F and G are fully faithful.

Now assume F' fully faithful and essentially surjective. For every object Z € B
choose! an object G(Z) € A and an isomorphism 6,: Z — F(G(Z)). As F is
fully faithful, given a morphism i4: Z — W in B there’s a well-defined morphism
Gh): G(Z) — G(W) such that FG(h) = 6Wh521. The easy task of checking that
G is a functor from B to A, and that : 1 — F G is an isomorphism, is left to the
reader. For every X € A let v, : X — GF(X) be the only isomorphism such that
F(yy) = §F(X) : F(X) > FGF(X);as F is fully faithful, -y is an isomorphism. [J

Example 15.11 The existence and uniqueness of covering spaces with prescribed
monodromy (Theorem 13.35) can be understood as an equivalence of categories.
Take a connected, semi-locally simply connected space X and fix a point xp € X.
Let’s look at the category Covy, whose objects are covering spaces of X, and whose
morphisms are covering morphisms. Let us denote by B the category having objects
(T,e), where T is a set and e: T x 7w (X, x9) — T a right action. An arrow
f:(T,0) — (T, &) defines a morphism in B if f: T — Tisa map of sets such

I'This requires the axiom of choice, in its version for classes.
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that f(t e a) = f(t)ea foreveryt € T, a € 7 (X, xo). Then we can rephrase
Theorem 13.35 in a completely equivalent way, by saying that the functor

Covy — B, covering — monodromy,

is an equivalence of categories.
Exercises

15.1 Let F: A — B be a fully faithful functor. Prove that F is essentially injective:
X, Y € A are isomorphic provided F'(X) is isomorphic to F(Y).

15.2 (Yoneda’s lemma) Let A be a category. For any object X € A we denote by
hy: A — Set the following functor: on objects is equals

hy(Y) = Mors (X, Y),

while if f is a morphism in A, hy(f) = composition with f. Make the definition
of h, on morphisms more precise, and check that it really defines a functor.

Given a functor K : A — Set we write Nat(h,, K) for the collection of natural
transformations «y: hy — K. Show that for every object X € A the map

Nat(hy, K) - K(X), v vx(Ix),

is bijective. Then prove that Ay is isomorphic to hy iff X is isomorphic to Y.

15.3 Let Vectk be the category of vector spaces over a field K and denote by
D: Vectg — Vecty the functor sending a vector space V to its double dual D(V) =
Vo,

Prove that the natural inclusions iy, : V < V** induce a natural transformation
between the identity functor and D.

15.4 Interpret van Kampen’s theorem (Theorem 14.1) as an equivalence of cate-
gories.

15.2 Inner and Outer Automorphisms

For any group G one indicates with Aut(G) the set of its automorphisms, i.e.
the isomorphisms G — G. Map-composition turns Aut(G) in a group, actually a
subgroup of the group of permutations of G.

Example 15.12 The group Aut(Z") is isomorphic to the group of n x n-matrices
with determinant £1 and integer coefficients.
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Given a group G there’s a homomorphism

Inn: G - Aut(G), g > Inng,

where with Inn, we denote the conjugation by g: Inny(a) = ga g~}

g € G, in fact, a — gag~! is an automorphism of G.

,a € G. For any

Definition 15.13 Automorphisms of the form Inn, are called inner automor-
phisms; automorphisms that are not of this sort are called outer automorphisms.
The subgroup Inn(G) C Aut(G), image of the homomorphism Inn, is the group of
inner automorphisms of G.

The subgroup Inn(G) C Aut(G) is normal: take an automorphism ¢, so that

¢Inng ¢~ (@) = d(gg~ (@)g™") = d(9)ad(g)~" = Inny (@)

forevery g, a € G.Thenin Aut(G) one has ¢ Inn, e Inngg). The corresponding

quotient group is written
Aut(G)

Inn(G)

Out(G) =

Exercises

15.5 If G is an Abelian group, Inn(G) = {0}. Prove, more generally, that the kernel
of the homomorphism Inn coincides with the centre of G. We remind that the centre
of a group G isthe set {a € G | ab = ba Vb € G} of elements that commute with
any other.

15.6 Let X be a path connected space and x € X a base point. Show that there’s a
well-defined natural homomorphism

r: Homeo(X) — Out(m(X, x)).

Prove that homeomorphisms homotopic to the identity lie in the kernel of .

15.7 A subgroup H of a group G is called characteristic if ¢(H) = H for every
¢ € Aut(G). Prove that:

1. any characteristic subgroup is normal;

2. the centre of a group is characteristic;

3. the commutator subgroup G’ C G, i.e. the subgroup generated by elements
aba= b7, a, b € G, is characteristic;

4. for any group G there exists a natural homomorphism

Out(G) — Aut(G/G"),

where G’ is the commutator of G.
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15.3 The Cantor Set and Peano Curves

We denote by X the space of sequences a: N — {0, 1}. We may think of X as the
product of |N| copies of the discrete space {0, 1}, and with the product topology we
obtain a compact Hausdorff space.

Given a sequence a € X, the sets

U(N,a)=1{b e X |b, =ayforeveryn < N}, N e N,

give a local basis of neighbourhoods around a. In particular X is first countable, and
hence sequentially compact.

Lemma 15.14 In the above notations:

1. for any positive integer n and any real r > 1, the map

o0

1
: , a) = — @kn+1, Akn+25 - - - Akn+n),
FiX >R f@ = )
k=0
s continuous;
2. for any positive integer n
= 1
p: X —[0,171", pla) = Z W(akn-H, Akn425 -+ -5 Qkndn)s
k=0
is continuous and onto;
3. the map
o 2
g: X > 0.1, gl@=> 7
k=1

is continuous and 1—1.

Proof Consider on R” the distance d(x, y) = >, |x; — yi|. If b € U(nN, a),

o0
n nr
d(f ), < —- ==
(SO, f@) = 7 p—
k=N
The surjectivity of p is a consequence of the fact that any real number x € [0, 1]
can be written (not uniquely) as x = >, ak /2% for a suitable sequence aj with
values in {0, 1}.
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Leta, b € X be distinct sequences and call N the largest integer such that a; = b;
for every i < N. Suppose, to fix ideas, that ay = 0 and by = 1. Then

2 2 2 2 1
g(b)_g(a):3_N+Z3_k(bk_“k)33_N_Z37=3—N>0-
k>N k>N

O

Definition 15.15 The image C = g¢g(X) C [0,1] of the mapping g from
Lemma 15.14 is called Cantor set.

The Cantor set is the set of numbers between 0 and 1 whose decimal expan-
sion in base 3 doesn’t contain the digit 1. As X is compact and [0, 1] Hausdorff,
Corollary 4.52 implies that C is a closed subset in [0, 1].

Actually, it can be proved directly that C is closed without invoking the compact-
ness of X. For any positive integer n let U,, C [0, 1] be the subset consisting of the

2" numbers
n

1

E —ay, a,=0,2.
k

k=1 3

Distinct points in U, are at least 2- 37" apart, and since > ;_, 2/ 3% = 37", forevery
x € C and every n > 0 there is a unique x, € U, such that x, < x < x, +37".
Conversely, take the decimal expansion of x € [0, 1] — C in base 3

by
x=Z3—k, by =0,1,2,

and the biggest integer n such that x, = > ;_, l;—f, € Up,. Then b,41 = 1 and
x€x,+2-3"1 x, +3"],s0C =n,C,, where

C, = U [x,x +37"]

xeU,
is closed. Notice, eventually, that C is the closure of the countable set U, U,,.

Theorem 15.16 (Peano curves) There exists a continuous and onto map [0, 1] —
[0, 11" for any integer n > 0.

Proof Let p and g be the maps introduced in Lemma 15.14. As X is compact and
C = g(X) C [0, 1] Hausdorff, the invertible map g: X — C is a homeomorphism,
so pg~': C — [0, 1]" is continuous and surjective. Tietze’s extension theorem
(Theorem 8.30), applied on the components of pg~!, warrants that pg~! extends to
a continuous map [0, 1] — [0, 1]". O
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For a different approach to Peano curves, based on the complete metric space
C(I, I'"), we refer readers to [Mu0O, Theorem 44.1].

Exercises
15.8 Foranyreal x € R define the following recursive sequence { p, (x)}: p1(x) = x

and

()_3 3pn(x) )
pn+1x—2 Pn(X Ak

Write A for the set of numbers x such that {p, (x)} is bounded. Prove:
1. Aisclosedin [0, 1];

+oo
a .
2. x€EA < x= Z 3—2, where each a,, is either O or 2;
n=1
3. A coincides with the Cantor set C.

15.9 Use the homeomorphism S” >~ ["/JI" to show that there exists a surjective
loop a: I — S", for any n > 0.

15.4 The Topology of SO(3, R)

The object of concern of this section is the topological group SO(3, R), the impor-
tance of whom, especially in solid-state mechanics and particle physics, cannot go
amiss. We already know that SO(3, R) is a compact, connected and Hausdorff space.
In a moment we will show it is a 3-dimensional topological manifold, and we shall
find its fundamental group.

Each A € SO3,R), A # Id, is a rotation about an axis in R3, giving us a
well-defined map

r: SOB3,R) — {Id} —> PX(R),  r(A) = axis of A.

The symmetry s; with respect to a straight line L C R3 belongs in SO(3, R), so
we also have a map

s: PX(R) — SO3,R) — {Id}, L+ s,

such that rs = Id.

Proposition 15.17 Retaining the previous notation, r and s are continuous maps.
Moreover, there is no continuous mapping

f: SOB3,R) — {Id} — R — {0}

such that Af (A) = f(A) for every A € SO(3,R), A # Id.
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Proof Let’s first prove that r is continuous; consider
Z ={(A, x) € (SO, R) — {Id}) x §? | Ax = x}

andlet p: Z — SO3,R) — {Id}, q: Z — S*> — P?(R) be the projections on the
factors. For any closed C C P2(R) we have r —1(C) = p(q_1 (0)). As §2is compact
and Z closed, p is closed and also r~1(C) is closed.

Take A € SO(3, R): we can find an orthonormal basis in which A reads

1 0 0
0 cos(a) —sin(«)
0 sin(a) cos(a)

Hence A belongs in the range of s if and only if tr(A) = —1. Therefore s(P*(R))
coincides with the compact set W = {A € SO(3,R) | tr(A) = —1}, and s is the
inverse of the bijection "lw ' W — P2(R). As W is compact and P%(R) Hausdorff,
"iw is a homeomorphism.

Suppose there existed an f as stated; possibly dividing by || f (A)| we may assume
f: SOB3,R)—{Id} — S%.Butthen fs would be a section of the non-trivial covering
space S — P2(R). O

Theorem 15.18 The topological group SO(3, R) is homeomorphic to the projective
space P3(R). The mapr: SO3,R) — {Id} — P2(R) is a homotopy equivalence.

Proof Takeo € P3(R). Any projective 2-plane not passing through o is a deformation
retract of P3(R) — {0}, so to prove the claim we need to find a homeomorphism
SO(3, R) = P3(R) mapping the space W of symmetries to a plane.

Define a surjective map f: S> x R — SO(3, R) as follows: open your right
hand and align the thumb with a unit vector x € $2, then define f(x, a) to be the
rotation around the axis Rx by an angle « oriented in the way the fist closes. As
fx,a) = f(—x,2m — a) = f(x, 27 + «), the restriction

f: 8% %[0, 7] - SOB3, R)

is continuous and onto, and since S? x [0, 7] is compact and SO(3, R) Hausdorff,
f is a closed identification. It’s easy to see that f(x, o) = f(y, () iff either « = 3
andx = y,ora = =0,ora = =mand x = —y. In this respect observe that
f(x,0) is the identity matrix, for every x € S2, whereas f(x,m) is the symmetry
with respect to the vector subspace spanned by x. Consider

g: 82 x[0,7] = PP(R),  g((x1,x2,x3), @) = [ax1, axz, ax3, ™ — al.

It’s not difficult to show that g is onto, and g(x) = g(y) if and only if f(x) = f(y).
The universal property of identifications now implies that there’s a homeomorphism
¢: SO3,R) —> P3(R) such that g = ¢ f. What is more, g(Id) = [0, 0, 0, 1] and
gW) = f{a=7}) = {[x1, x2, x3, 0]} U
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The group PSU(n, C) is by definition the quotient of SU(n, C) by the finite cyclic
subgroup of multiples of the identity with determinant 1. For instance, PSU(2, C) =
Su@,C)

+1d
connected group.

. With the quotient topology, PSU(n, C) becomes a Hausdorff, compact,

Proposition 15.19 There exists an isomorphism PSU(2, C) >~ SO(3, R) that is a
homeomorphism as well.

Proof 1t suffices to find a continuous and surjective homomorphism of groups

p: SUR,C) — SO(3, R) such that ker p = {£1d}. As SU(2,C) and SO(3, R)
u@,C .

are compact Hausdorff, the quotient map % — SO(3, R) will be a homeo-

morphism.
To define p we introduce the real vector space H C M3 2(C) of 2 x 2 traceless
Hermitian matrices. This is naturally isomorphic to R® under

t it
¢: R — H, <Z5(tl,tz,t3)=(t o2 3)-
2 — 13 —0

This map also shows that the bilinear form
1
Hx H— R, (A, B) — Etr(AB),

coincides with the dot product of R3. Furthermore, for every U € SU(2,C)

pU): H — H.  p(U)A)=UAU",
is a linear isometry that, through the linear isomorphism ¢, yields a homomorphism
p: SUR2, C) — O(3, R). Topologically, p is continuous and so its range lies in the

connected component at the identity, i.e. SO(3, R).
Now we will prove that

p: SU2,C) — SOB3,R)

is a surjective homomorphism with kernel {+/d}. In Example 1.16 we saw that
special unitary 2 x 2-matrices (elements of SU(2, C)) have the form

(

For simplicity we write

—b

3 ) . wherea, b e C satisfy |a|® + |b> = 1.

SR

ﬂ(a,b)=p(

SR

|
Q1 o
\—/
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and call p: SO(3,R) — S the projection on the first column vector. The identity

a—-b\ (10 a b\ _(la*=1p* 2ab
b a 0-1)\=-ba) ™ 2ab  |b)* — |al?

implies that pp(a, b) = (1,0, 0) iff » = 0, and a pinch of trigonometry produces
pp(cos(a), sin(a)e’ﬂ) = (cos(2a), sin(2a) cos(B), sin(2c) sin(/3)).

In particular pp is onto, and p(a, b) = Id forces b = 0. An easy computation
(omitted) shows
1 0 0
p(e,0) = | 0cos2a) —sina) |,
0 sin(2a) cos(2a)

whence p(a, b) = Id iff b = 0, a = £1. Now it’s easy to prove that p is onto. Take
A € SO(3, R), choose a matrix U € SU(2, C) suph that p(A) = pp(U) and set
B = p(U)"'A. Then p(B) = (1,0, 0), so B = p(e'®, 0) for some a. (I

Proposition 15.19 can be used to give another proof of the homeomorphism
SO(3, R) = P3(R). First, SU(2, C) is homeomorphic to the sphere S3, and secondly,

the multiplication in SU(2, C) by —Id corresponds to the antipodal involution in $°.

SU2,C) . . .
Therefore PSU(2, C) = ji—ld)’ with the quotient topology, is homeomorphic to

P3(R).
Exercises

15.10 If you know what Euler angles are, use them to give yet another proof that
p: SU2,C) — SO(3, R) is onto.

15.11 Let G C SO(3, R) be the subgroup of matrices with (1,0, 0) as first row
vector. Prove that G is not a retract of SO(3, R).

15.12 Prove that any continuous homomorphism SO(3, R) — S! is trivial.

15.13 Find, for every n > 2, a homomorphism PSU(n, C) — SO(n”> — 1, R) that
is continuous and injective.

15.14 (=) Letn be a positive integer and p: SO(n+ 1, R) — S” the projection on
the first column vector, i.e. p(A) = Ae; where ¢ is the first vector in the canonical
basis.

For any a € R o # 0, we call S, € SO(n + 1, R) the reflection with respect
to the hyperplane orthogonal to a:

(x-a)

Sa(x) =x _Z(aoa)

Q.
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Note how S,,_, (1) = v when u, v € §".

1. Prove that for any u € S” there’s a continuous map
s: 8" —{u} - SO +1,R)

such that ps(v) = v for every v € §" — {u}.
2. Prove that for every u € S” there’s a homeomorphism

¢: (8" — {u}) x SO, R) — p~ (8" — {u})

such that p¢ is the projection on the first factor.

Use Corollary 14.3 to show that 71 (SO(n, R)) = Z/2 for every n > 3.

4. Repeat the previous argument—in the complex case—to show that SU(n, C) is
simply connected for every n > 2.

bt

15.15 (Cayley transform) Let A, B be square matrices with B invertible. Prove that
AB = BA implies AB~' = B™! A, in which case we’ll write

A -1 -1
—=AB"'=B7"A.
B

Now let n be a given positive integer and take the subset U C M, ,(R) of matrices
I1—A

A withdet(/ + A 0. Prove that
(I+A)# T+ A

e U forevery A € U, and

I—A

is an involutive homeomorphism (i.e. f 2 = Id). Show moreover:

1. f(A) is orthogonal <= A is skew-symmetric;
2. if an orthogonal matrix E belongs in U, then det(E) = 1.

Deduce that the group SO(7, R) is a topological manifold of dimension n(n — 1)/2.

15.16 (w, O) Take n > 3 and the subset D C SO(n, R) x SO(n, R) of pairs
(A, B) € D such that A, B generate a free group. Prove that D is dense.

15.5 The Hairy Ball Theorem
Definition 15.20 One says that a sphere S” can be combed if there exists a contin-
uous map f: 8" — S§”" such that f(x) is orthogonal to x, for every x € S”.

The curious terminology becomes all the more clear if we imagine the ball centred
at the origin, so that a boundary point x € S” is identified with a position vector, a
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vector orthogonal to x is tangent to the sphere at the point x, and a normal vector at
x € S§" can be imagined as a hair on the hypersurface.

Example 15.21 Suppose n = 2m — 1 is odd: then S” can be combed. Consider
§?m=1 © C™ and take the multiplication by the imaginary unit as f.

When 7 is even, instead, S” cannot be combed without bald spots or parting the
hair: for n > 2, as usual, the proof requires more algebraic topology than we can
afford here (namely, the first applications of homology theory).

Theorem 15.22 (Hairy ball theorem) The sphere S* cannot be combed.

Proof Suppose, by contradiction, there existed f: §> — S continuous and such
that (x - f(x)) = 0 for every x € $2. Consider the continuous map

g: 8 = 8% g =xA fl),

where A indicates the cross product:

a a bc' — cb’
blAlb ) =|ca —ac
c c ab’ — ba’

Unit vectors orthogonal to x are precisely those of the form cos(a) f (x)+sin(a)g(x).
Writing x, f(x), g(x) as column vectors let’s define a continuous bijection F': § 2%
s — SO(@3, R) by

F(x, em) = (x, cos() f(x) + sin(a)g(x), — sin() f (x) + cos(a)g(x)).

As domain and target are compact and Hausdorff, F would be a homeomorphism.
But this can’t be, for the fundamental group of SO(3, R) is isomorphic to Z/2, while
the fundamental group of $? x S is isomorphic to Z. (]

Corollary 15.23 Let g: S* — R3 be a continuous map. There exists a point x € S>
such that g(x) is a multiple of x.

Proof By contradiction, assume that the vectors g(x) and x were linearly indepen-
dent, for any x € S2. The map

g(x) — (g(x) - x)x

- S22 = ,
f8 = T = 1900 = (9t -mx]

obtained by orthonormalisation, would violate the hairy ball theorem. (]

A layman’s version of Corollary 15.23 says that at any given time there’s a hur-
ricane somewhere, i.e. there’s always at least one point on the surface of the Earth
where the wind blows vertically.
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Exercises
15.17 (Q) Prove that any continuous map P?(R) — P?(R) has a fixed point.

15.18 Prove that if $” can be combed, the antipodal map on S” is homotopic to the
identity.

15.19 (%) Let p: SO3,R) — §2 map a matrix to its first column vector. Prove
that for every path a: I — S there exists a path : I — SO(3, R) with p§ = a.

15.6 Complex Polynomial Functions

Lemma 15.24 Let U C C be a neighbourhood of 0 and f: U — C the map
f(z) = 2"g(z), where n is a positive integer and g: U — C a continuous map with
g(0) # 0. Then f(U) is a neighbourhood of 0.

Proof Without loss of generality we can assume U is a closed ball with centre 0,

ie. U = {z | |z] < r}, r > 0; in particular the path ¢ +> re(t) is homotopically

trivial in U. We may also suppose, possibly taking a smaller U, that the real part of

% is bigger than 1/2 for every z € U, and—up to multiplication by a constant—

also that g(r) = 1. We claim that f(U) contains an open ball centred at 0 with
n n

radius % By contradiction, let p € C be such that |p| < % and p ¢ f(U). Then

f(U) c C—{p}, and the path a(¢r) = f(re(t)) is homotopically zero in C — {p}.
We’ll show that « is path homotopic to 3(¢) = (re(t))", where the path homotopy
is the convex combination

F(t,s) =sa(t) + (1 —5)3(1).
To show that p does not lie in the image of F write
F(t,s) = (re®)" (sg(re(t)) + (1 —s)) :

for any s € [0, 1] the complex number sg(re(t)) + (1 — s) has real part larger than

or equal to 1/2, so the modulus of F(¢, s) is always bigger than or equal to r" /2.
Now observe that the homotopy class of 3 in 7 (C — {p}, f(r)) is non-trivial,

being the nth power of the generator. But this contradicts the hypothesis. a

Theorem 15.25 Let f(z) € Clz] be a complex polynomial of positive degree. The
associated polynomial function f: C — C is continuous, open and closed.

Proof Continuity is clear, and openness follows directly from Lemma 15.24. As
for closure, note that f extends to a continuous map f : P1(C) — P'(C) by setting
f (00) = 0. Since C = f ~1(C)and f is closed (it goes from compact to Hausdorff),
by the Projection formula we infer that f is closed. O
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Corollary 15.26 Every complex polynomial of positive degree has a complex root.

Proof Let f be a non-constant polynomial. By Theorem 15.25 the map f: C — C
is open and closed, and in particular f(C) is an open and closed set. Then f is onto,
because C is connected. ([

15.7 Grothendieck’s Proof of van Kampen’s Theorem

Here we shall prove a slightly weaker version of van Kampen’s theorem 14.1 using the
theory of covering spaces. According to reliable sources [Fu95, Go71] the argument
is due to Grothendieck.

Let A, B be open sets in a space X such that X = A U B, and suppose that A,
B and A N B are path connected. Fix a point xo € A N B. The inclusions A C X,
B C X,ANB C A, ANB C B induce a commutative diagram of homomorphisms.

m1(A N B, x0) —— 71 (A, X0)

| |

m1(B, x0) ——> mi (X, x0)

Theorem 15.27 Assume, in the previous notations, that every point in X admits a
local basis of simply connected neighbourhoods.

Then for any group T and any homomorphisms h: w1 (A, x9) — T, k: m
(B, x0) — T such that ho, = kf, there exists a unique homomorphism m: 7
(X, x9) = T that renders

m1(A N B, x0) ——> 71 (A, x0)

B*l lf* h

7TI(B7X0)T>7T1(X,XO)
N

a commutative diagram.

Remark 15.28 Theorem 15.27 requires, in contrast to Theorem 14.1, the additional
fact that X be locally simply connected (in the weak sense). This hypothesis is,
luckily, satisfied by the vast majority of spaces of common use.

Proof We know already that 71 (X, x¢) is generated by the images of f, and g,, and
this implies immediately that 7 is unique.
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Every open subset in X is locally path connected and semi-locally simply con-
nected, so we have at our disposal the full theory of covering spaces, including the
theorem of existence and uniqueness of covering spaces with assigned monodromy.

The homomorphisms £, k determine right actions

T xm (A, xg) > T, (t,a) — tea =th(a),
T x m(B,xg) —> T, (t,b) — t @b = tk(b),

compatible with the left action of the multiplication T x T — T. By Theorem 13.35
there exist covering spaces

p: E— A, q: F — B,
and bijections ¢: T — p~'(xq), ¢»: T — ¢~ '(xo) that map those actions to the
monodromy actions. Consider the monodromy action associated to the covering
space

p: p_l(AﬂB) — ANB.
For any a € m1(A N B, xq), t € T we clearly have

(1) -a = p(t e ax(a)) = @(th(ax(a))).

Analogously, from the monodromy associated to the covering

g:¢ '"(ANB) > ANB

we obtain

V() -a =t o fi(a)) = Y(tk(Bs(a))).

By assumption hay = kS, so the two monodromy actions are isomorphic; by
Theorem 13.35 there’s a homeomorphism @ : p~'(ANB) — ¢~ ' (AN B) such that

p (AN B)
/ \
T [ ANB

g "(ANB)

is commutative. Now let’s attach E to F using the attaching map @: this produces
acovering E Up F — X whose fibre over xq is isomorphic to 7', and therefore we
have a monodromy action
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T x m(X,x9) = T.

Let 1 € T be the neutral element, and set 7: (X, x9) —> T tobe n(a) =1 - a.
Ifa € m (A, xp) then 1 - fyu(a) = 1 ea = h(a), while if b € w1 (B, x9) we have
1-g«(b)=1eb=k(b).

The left action given by the multiplication of T is compatible with the mon-
odromy restricted to the subgroups f,m1(A, xp) and g, (B, x¢). As the latter gen-
erate 71 (X, xp), the monodromy action T x 71 (X, xo) — 7T is compatible with the
multiplication 7 x T — T. Proposition 13.12 then ensures that 7 is a homomor-
phism, ending the proof. (]

15.8 A Long Exercise: The Poincaré-Volterra Theorem

The exercises of this section will furnish, if solved in the given order, the proofs of
the following facts:

Theorem 15.29 (classical Poincaré-Volterra) Let E be a connected Hausdorff space
and p: E — R" a local homeomorphism. Then every fibre of p is at most countable
and E is second countable.

Theorem 15.30 (Poincaré-Volterra for covering maps) Let p: E — X be a cover-
ing space. If X is a topological manifold then E is a topological manifold.

Exercises
15.20 If you haven’t already done so, solve Exercises 12.2, 12.3, 12.7.

15.21 Let B be a countable basis in a locally connected space. Prove that the con-
nected components of open sets in B form a countable family.

15.22 Let E be a separable Hausdorff space, X locally connected and second count-
able, and p: E — X a local homeomorphism. Prove that E is second countable.
(Hint: consider § C E dense and countable, A the family of connected components
of open sets of a countable basis of X, and B the family of open sets U C E such
that p(U) € Aand p: U — p(U) is a homeomorphism. Prove that B is a basis in
E, and that for every (V,s) € A x S there’s at most one open set U € B such that
p(U)=Vands eU.)

15.23 Let E be path connected and p: E — R" a local homeomorphism. Prove
that for any two points ey, e € p’1 (0) there exists a path o € §2(E, ey, e2) such
that p« is an edge-path with vertices in Q. (Hint: take any path joining ey, e> and
cover it with finitely many open sets U; for which p(U;) are convex.)

15.24 Prove Theorem 15.29.
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15.25 Find an example showing that the classical Poincaré-Volterra theorem is false
if we remove the Hausdorff hypothesis.

15.26 Prove that a connected manifold admits a cover by countably many con-
tractible open sets.

15.27 Let X be a connected manifold, S C X a countable dense subset and A a
countable cover of X by simply connected open sets. Consider the countable set

P={Ux,y)|U€ecA x,yeSNU}

and choose, forevery £ = (U, x, y) € P,apathag: [0, 1] — U such that o(0) = x,
a(l) =y.

Prove that any path in X with endpoints in S is path homotopic to a finite product
of paths a¢, § € P. Deduce that the fundamental group of X is countable.

15.28 Let X be a connected manifold and £ — X a connected covering space.
Prove that E is second countable.

15.29 Prove Theorem 15.30.

15.30 (=) Under the assumptions of Theorem 15.29, denote by R(e) (¢ € E) the
set of positive real numbers r for which there exists an open neighbourhood e € U
such that p: U — B(p(e), r) is a homeomorphism. Prove that if p is not invertible,
every R(e) is bounded from above, and

f:E—>R, f(e) =sup R(e),

is continuous.
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Chapter 16
Hints and Solutions

This final chapter contains the solutions to the exercises marked with © and a number
of suggestions and tips.

16.1 Chapter 1

1.1 The answer to Problem 1.1 is yes, independently from the number of bridges
joining ‘mainland’ areas. What does depend on the integers p, g, r are the ride’s
possible starting and arrival zones. For example, if p, g, r are all even, or all odd,
the tour will have to start from the Colosseum and finish at the Vatican.

1.4 Let p, g € I" be the endpoints of anedge l and set I’ = I" —[: as I is connected
we just need to prove that p, g are the endpoints of some walk in I"/. When p = ¢
there is nothing to prove; otherwise, p, g are the only odd-degree nodes of I"/, and as
such they belong to the same connected component. More precisely, we can write I’
as a disjoint union of connected graphs, each having an even number of odd nodes.
Hence p, g lie on one connected subgraph of I''.

1.7 By cutting the square along the diagonal we obtain

a a a

and then glueing the other pair of identified edges
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gives back the Mobius strip.

1.17 For example
S"xR— R {0}, (x,t) > ex,

with inverse v — (v/||v]|, log [[v]]).

1.18 Suppose we have a continuous map @ : R” — R such that:

1. &(tx) =t ®(x) foranyt > 0;
2. there exist constants m, M > 0 for which:

mlx| < @(x) < M|x|, forevery x e R".
Then f, g: R" — R™:

L T
Il 0%

fx)=x

are continuous and one inverse of the other. They induce a homeomorphism from
{x | @(x) <1} totheunitball {y | ||y]| < 1}.
As for any x = (xq, ..., x,) € R" we have

[lxl
NG < max(|xil, ..., [xa]) = llx]l,

if we consider the map @ (x) = max(|x;|) the previous construction gives a homeo-
morphism between the unit ball and the hypercube

[—1, 17" = {x e R" | max(|x1], ..., |x.]) < 1}.

1.26 The maps

(zeClz=a+ib,b>0)— {zeC ||z <1}, ZHZ:LZ,,
Z 1

. 14z

{zeCllzl <1} > {zeC|lz=a+ib, b > 0}, zr—>zl ,
—Z

are continuous and inverse of one other.
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16.2 Chapter 2

2.4 Formulas 2, 4, 6 are always true, while 1,3 and 5 are usually false: consider for
example f: R — R, f(x) =x%, A={x <0}, B={x > 0}.

2.6 For instance
3V2 sup {x e R | x" < 3min{meN| m?z22n%) for any n € N} )

2.7 Denoting by P, D C N the subsets of even and odd numbers respectively, we
define recursively g: N — N by ¢g(1) = 1 and

min(P — {g(1). g@). ... g} it X, EE < x,
gln+1) = _
min(D — {g(1), 9(2). ... gm)})) if 3 0 x

As
1 1
I
neP n neD n
the map g is bijective and
" (=1)9®
lim g(n) = +o0, lim - —x| =0.
n— 00 n— 00 = g(l)

2.11 Hint: call {p,} the sequence of primes: p; = 2, p» = 3, p3 = 5 and so on.

To each finite sequence ay, .. ., a, of natural numbers we can associate the product
ay _ax a,
PL Py - pn"

2.12 Hint: consider, for any real x € [1, 10[, the map
firN=>N,  fi(n) = [10"x],

where |—]| indicates the integer part: |[f] = max{n € Z | n < t}. Prove that
lim,, f,(n)/10" = x, and since 10" < f,(n) < 10"t show that x € [1, 10[ is
uniquely determined by the range of fy. Then show that f,(n) < fy(n) implies
fx(m) < f,(m) for any m > n.

2.14 By the axiom of choice we may choose, forany i € I, abijection f;: X; — Y;.
Now consider the map

f:X—>Y, fx) = filx) if x € X;.

2.16 Hint: consider the family {(U, V) e Bx A|U C V}.
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2.23 By Zorn’s lemma it suffices to show that each chain C C B is upper bounded:
to do that it’s enough to show

U{A| AeC}eB.

If B C U{A | A € C} is a finite subset, there exists C € C such that B C C, and
since C € B we have B € B. This proves that any finite subset of U{A | A € C}
belongs to B, whence U{A | A € C} € B.

2.31 Hint: consider first the case where K is countable, using Exercise 2.30. If F
is a subfield in KK, by the natural inclusion F/ < K’ every subset A C F/ that is
linearly independent over F is also linearly independent over K.

16.3 Chapter 3

3.1 1,2 and 4 are true, 3 is false.

3.6 We need to show that the family of progressions N, j satisfies Theorem 3.7: but
this is an immediate consequence of the formulas

Nojy =27,  Nab N Nea=U{Nspal|s € NapNeal
As N p is the complement in Z of the open union
Na+1,6 U Ngy2pU... UNgyp—15

the open set N, p, is also closed. Note that any non-empty open set contains at least
one arithmetic progression, and hence it must be infinite.

3.7 For example, A = [0, 1[and B =R — A.

3.8 FromA C AUB follgwsg C AU B; similarly B ¢ A U B implies KE E_C
A U B. On the other hand A U B is closed and contains AU B,so AUB C AU B.

39 AsANU C U, we have U N A C U, therefore it suffices to prove that UcC
U N A, or equivalently, that the closed set U N A contains U. But the set V =
UN(X —UNA) is open, and since A NV = ¢ by the density of A we obtain
V=4.

3.14 Define a topology 7 on X by declaring open the subsets that are neighbour-
hoods of all of their points, i.e. A € 7 iff A € Z(x) for any x € A. Let us check that
in this way (A1), (A2), (A3) from Definition 3.1 hold true.
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The empty set, having no elements, is a neighbourhood for all its points, while
condition 1 implies that X is open. Let {A; | i € I} be a family of open sets and
call A = U{A; | i € I} their union. If x € A thenx € A; for some j, s0o A;isa
neighbourhood of x and by condition 3 it follows that A is also a neighbourhood of
x.If Aand B are opensetsand x € AN B,then A, B € Z(x) and AN B € Z(x) by
condition 4.

Now that we know 7 is a topology let’s denote, just for the moment, by J(x) the
family of neighbourhoods of x in 7. We claim Z(x) = J(x). If U € J(x) there is
an open set A such that x € A and A C U. By definition A € Z(x), so condition 3
implies U € Z(x). Vice versa, take U € Z(x) and V as in condition 5. Then V € 7
andso U € J(x).

3.24 Suppose f(A) is open in Y for any element A in the basis B. If U C X is
open, we can find a subfamily {A;} of open sets in 3 such that U = U; A;. Therefore
fU) =U; f(A;) is a union of open sets in Y.

3.29 For instance,
x ifxeQ,

f(x)z[o ifxgQ.

3.30 Write A as union of a countable family of finite sets {A,}, n € N, and define

O lfng’
'R =
fiR=M0L fo=q_ L o,
min{n | x € Ay}

3.31 Hint: for any n > 0 consider the set A,, C X of points x admitting a neigh-
bourhood U such that | f(y) — f(z)| < 1/n for any y,z € U. Then take the set
B,, of points x having a neighbourhood U such that | f(y) — f(x)| < 1/n for any
y € U. Show that every A, is open, A, C By, and NA, = NB,,.

3.32 To fix ideas suppose d(x, y) > d(z, w). By the triangle inequality
dx,y) =d(x,2) +d(z,y) =d(x,2) +d(z, w) +d(y, w),

and so
d(x,y) —d(z,w) <d(x,z) +d(y, w).

3.33 If X contains just one point there’s nothing to be proven. Assume then X is
finite, with at least two points. Take x € X and set

r=min{d(x,y) |y € X, y # x}.
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Clearly r > 0 and B(x, r) = {x}, from which the topology on X is discrete, and any
subset is open and closed. Observe that there exists y € X such that d(x, y) = r,
whence

{x}=Bx,r)#{yeX[dx,y) =r}.

3.39 By the continuity of f at O it follows that the topology induced by d is finer
than the one induced by #.

Conversely, note that f is non-decreasing and f(1/n) > f(1)/n for any positive
integer n. So we may consider, for any £ > 0, an integer n such that 1/n < . If
h(x,y) < f(1)/n,then f(d(x,y)) < f(1/n)andsod(x, y) < €; by Corollary 3.48
the topology induced by # is finer than the topology induced by d.

3.40 The function f(t) = 1’? satisfies f~1(0) = 0. Moreover, f is concave and

increasing when t > 0, so af(t) < f(at) for any t > 0, a € [0, 1]. In particular,

[O = fa+h=—fa+b+ #f(a +b) < fl@) + f )

for every 0 < ¢ < a + b, which implies 6 = f o d is a distance. To show its
equivalence to d just notice

d(x,y) = 6(x,y) = d(x,y)/2,
where d is the standard bound of d, and apply Corollary 3.50.

3.42 A full proof is contained in Proposition 7.31.

3.43 Both assertions are false. One counterexample is the discrete subspace {1/n |
neN} CR.

3.44 Since AN B isclosedin A and contains ANB,wehave Z C ANB.IfC C X
is a closed subset such that_Z = A NC, then D_: C U (X — A) is closed and
DNA=Z;butBC D,soBC DandthenANB CAND="Z.

3.45 Let Z be locally closed and take z € Z; by assumption there is an open set
U C X suchthat ZNU is closed in U. From Exercise 3.44 we know ZNU = ZNU,
ie. ZNU C Z, proving that Z is open in Z. The latter means that there’s an open
set U C X such that Z = Z N U, so Z is the intersection of a closed and an open
set. The implication (3) = (1) is obvious.

3.48 We want to prove that any discrete subspace X C R is countable. Given x € X
choose a positive real 4 (x) such that

X N B(x, h(x)) = {x},
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and for any integer n > 0 take the subset
Xp={xeX||x| <n, h(x) > 1/n}.
Since X = U, X,, it’s enough to show that every X, is finite. For any pair of distinct

points x, y € X, we have |[x — y| > max(h(x), h(y)) > 1/n, so X, contains 2n?
points at most.

3.61 Take four natural numbers a, b, c,d such that gcd(a,b) = 1 and gcd
(c,d) = 1. The product bd is coprime to any element in N, , N N, 4: in fact, if
n=a+ kb = c+ hd and p is a prime that divides bd, then either p divides b and
then ged (p, n) = ged(p, a) = 1, or p divides d and so gcd(p, n) = gcd(p, c) = 1.
Hence

N=Ni1, NapNNed=U{Nypa|n€NagpN Neal

showing that 13 is a basis of a topology 7.
Given distinct positive integers n, m, for any prime p > max(n, m) we have

ne€Nyp,, meN,,, NypNNpyp,=0,

so that 7 is a Hausdorff topology.
Let a, b be coprime, fix a multiple b of b and let’s show that hb € N, 4 implies

Na,b n Nc,a’ #* @.

From hb € N, 4 follows that b and d don’t have common divisors, so we can find
positive integers ¢, s such that tb — sd = ¢ — a. Then

a+th=c+sd e NgpbNNeg .

Take A, B open, non-empty; then there exist four natural numbers a, b, c, d such
that gcd(a, b) = ged(c,d) = 1 and

Na,b C A, Nc’d C B.
By what we saw above,
bd € Ngy N Negq C ANB.

In any metric space (X, d) of cardinality larger than one we may always find two
open non-empty sets with disjoint closures, namely

B(x,r)C{ze X |d(x,z) <r},
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for x € X and r a real positive number. Given distinct x, y and a real number
r < d(x,y)/2, the triangle inequality gives

B(x,r)N B(y,r) =0.

3.62 AsY isclosed in the Euclidean topology, a fortioriit’s closed in the lower limit
plane. From Y N[z, t + 1[x[—¢, —t 4+ 1[= {(z, —¢)} we deduce that the topology on
Y is discrete. For any ¢ € R the subset Y — {(¢, —¢)} is closed in X. As function f
we can take

1
f@) = EdY—{(z,—z)}(I, —1)
and as A(t) any positive number such that
[t,t +h(@O[ x[—1, =t + h(1)[C B((t, —1), f(1)) .

For any integer n > 0O the set {t € [—n,n] | h(t) > 1/n} contains at most 2n? + 1
elements, so {t € R | &(t) > 0} is countable: contradiction.

16.4 Chapter 4

4.1 B and C are connected, A is disconnected.

4.5 Hint: let X C R” be the complement of a countable set. For every p,qg € X
there exist uncountably many parabolic arcs «, 4., (as defined in Exercise 4.4) where
v is orthogonal to p — ¢.

4.10 Without loss of generality suppose p = 0; call B the opposite of A, i.e. B =
{—x | x € A}. Solving the exercise amounts to proving that there is a half-line
emanating from O that does not meet AU B; the convexity of A implies that LNA = ¢}
or L N B = ¢ for any half-line L from 0. Using polar coordinates, the map

£:10, 400 xR — R?> — {0},  f(r,0) = (rcosb, rsinb),

is continuous, so f~'(A), f~1(B) are open. The projection onto the second factor
p: 10, +0o[ xR — R is open, whence pf~'(A), pf~'(B) are open and disjoint
in R. By connectedness there exists some € R — (pf~'(A) U pf~1(B)), so the
half-line r + (r cost, r sint) does not intersect A U B.

4.12 Every subset of Q with at least two points is disconnected. In fact if X C Q
and a, b € X, for any irrational number £ between a and b we can write

X = (XN]—o0,£)U(XN]E, +ool),
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a union of open, non-empty, disjoint sets. Therefore every connected component of
Q consists of one point.

4.13 Apply Lemma 4.23 to the family {W; = Z; U Y'}.

414 Letxg € X — A and yp € Y — B be given. The subspaces {xo} x Y and
X x {yo} are connected and intersect at the point (xo, yg). Hence their union Z =
{xo} x Y U X x {yp} is connected. Note that X x ¥ — A x B is the union of all
connected spaces {x} x Y and X x {y} forx € X — Aand y € Y — B. These
subspaces meet Z, so now it suffices to use Exercise 4.13.

4.18 False: take for instance A, to be the complement in R? of the segment y = 0,
x| < n.

4.20 Denote with Y C X the range of f: 10, +oo[— R2, f(1) = (t~!, cos(r)).
Clearly Y is path connected, hence connected. To show that X is connected it’s
enough to show that X is the closure of ¥ in R%. The complement of X is a union of
three open sets

fx <0}, {lyl>1} and {(x,y)|x >0, y#cos(x™ "},

so X is closed in R?, and now we only need to see that the points in X — Y are
adherent to Y. Take p € X — Y and choose t > 0 so that p = (0, cos(t)); then for
any neighbourhood U of p and any large enough integer n, the point f (¢ +27n) lies
imnUNY.

Now assume, by contradiction, that X is path connected. Choose a path «:: [0, 1]
— X such that «(0) = (0,0) and a(1) € Y. Write ay, az: [0, 1] — R for the
components of « and let ¢ be the maximum of the closed, bounded set {t € [0, 1] |
a1(t) = 0}. To fix ideas suppose ax(c) > 0: the case ax(c) < 0 is practically
identical. By continuity there is a § > 0 such that ax(t) > —1/2if t € [c, ¢ + §].
But a;([c, ¢ + J]) is connected with at least two points, so there exists v > 0
such that [0, 7] C a1([c, ¢ + J]). In particular we can find ¢ €]c, ¢ + J] such that
ai(t) > 0 and cos((o1 (1))~ = —1. Now observe that a;(r) = a > 0 implies
a(t) = (a, cos(a™")): contradiction.

4.25 Let A’ be the family of complements of elements of A. Then A has empty
intersection precisely when A’ is a cover; moreover, A has the finite-intersection
property iff A" does not contain finite subcovers.

4.29 The family of closed sets K,, = f([n, +00[), n € N, fulfils Proposition 4.46,
so there exist an x € N, K,. If f~!(x) were finite there would exist an integer n such
that f_l(x) C ]—o0,n[,hence x ¢ K,,.

4.30 For every index i € I we have f(x) < f;j(x), so f; is bounded; then also f si
bounded and has a least upper bound

M = sup f(x).

xeX
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Consider, for any i € I and any positive integer n, the open subset
U,=xeX| filx) <M—1/n}.

Suppose f(x) < M for any x € X, by contradiction. Then for all x € X there is
a positive integer n such that f(x) < M — 1/n and there’s also an i € I such that
fi(x) < M — 1/n. Consequently {U; ,} is an open cover of X and we can extract a
finite subcover

X =Ujjp U---UU p,.

If N = max(ny,...,ns), then f(x) < M — 1/N for any x € X, violating the
definition of M. As counterexample to the existence of a minimum we may consider
the maps g, : [0, 1] = [0, 1],n € N,

l—(m—Dt if0O<t<1l1/n,
gn(t): .
t ifl/n<t<l.

4.33 This is a particular case of Exercise 4.29.

4.39 Given € > 0, the relation x ~ y <= x,y are € -apart is an equivalence
relation and the equivalence classes are open. Hence X is a disjoint union of open
cosets, and if X is connected there is one equivalence class only.

If X is compact and disconnected, it is the union of non-empty closed disjoint
sets C1, Cy. The product C; x C> is compact, so we have

r= min d(x,y).
xeC1,yeCr Y

It is then clear that when 2¢ < r the points of C cannot be ‘c-joined’ to C5. For the
last item, an example is the subset of R? defined by equation x%y = x.

4.43 X contains matrices other than the identity /, like 27 /m-rotations about a
codimension-two subspace. So it suffices to show that the singleton {/} is open in X,
i.e. there’s an open set U C M, ,(R) such that X N U = {I}. But (A — NHAm1 4+
-+ A+1)=0forany A € X, so take

U={AecM,,(R)|det(A" '+ ...+ A+1)£0}.

4.51 Denote by K, the closed ball of radius n. Argue by contradiction and suppose
there is a homeomorphism f: R> — R x [0, 1], then set D,, = f(K,,). The family
{D,} is an exhaustion by compact sets and there is an integer N such that {0} x
[0, 1] lies in Dy. On the other hand, Dy is compact and its projection onto the
first factor is bounded in R. Therefore both open sets ] — oo, O[x[0, 1] — Dy and
10, 400[x[0, 1] — Dy are non-empty, and R x [0, 1] — Dy is disconnected. But this
is inconsistent with the connectedness of R> — K, so the alleged homeomorphism
f cannot exist.
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4.54 Hint: consider the exhaustion by compact sets K1 C K> C --- where

Kn = I(xvyvz)

1
Xyt -, OSZSH]U
n

1
x2+y? <n, —5z§n].
n

v I(x, y,2)

4.57 Suppose the closed set S — U were disconnected. Then S” — U would read
as union of two closed, disjoint and non-empty sets C, C>. As S" is compact and
Hausdorff, also C1, C, are compact, and by Wallace’s theorem there are open disjoint
sets A1, Ay C S" such that C1 C Ay, Cp C As.

Let f: R" — U be a homeomorphism. As §" — (A; U A3) is a compact set in
U, there is a real number r large enough so that S — (A; U Ay) C f(B(0,r)).
Write K = f(B(0, r)); the latter is compact hence closed. Possibly replacing A; by
A; — K wemay assume A; N K =0,i =1, 2.

The connected set U — K = f(R" — B(0, r)) is contained in A; U Aj; now it
suffices to show that

U-K)NAI=UNA #0, U—-K)NA=UNA, #0

to attain an absurd. If Ay N U = @ then A; C C; UCy, and since A; N Cy = @ it
follows A| C C;.Hence A; = Cy, in contrast to the connectedness of S”. Altogether,
U N A; # @.In asimilar way one proves U N Ay # 0.

16.5 Chapter 5

5.3 The maps f and g are onto, so also f x g is surjective. By Lemma 5.4 it’s enough
toshow that U C X x Z openimplies (f x g)(U) open. Let’s write U as union of open
sets of the canonical basis, say U = U; A; X B;. Then (f x g)(U) = U; f(A;) X g(B;)
is an open union.

5.4 Hint: for every connected component C C Y, prove that p~!(C) is a union of
connected components of X.

5.6 By hypothesis fisopen,so f(A°) C f(A)°.ThenA° C f~'(f(A)°) C A,and
A° = f~1(f(A)°). That A is saturated can be proved by passing to complements,
keeping in mind that A = X — (X — A)® and the complement of a saturated subset
is saturated.

A possible counterexample is the identification of Example 5.5 with saturated sets
A = {0}JU]1,2x], B =10, 1].
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5.8 Call 7: R — R/~ the quotient map. As 7(1) # w(—1), but 1 and —1 don’t
have disjoint saturated neighbourhoods, R/~ is not Hausdorff. For every x € R, the
restriction

mlx—1L,x+1[—-> X

is an open immersion, hence any 7(x) has a neighbourhood homeomorphic to an
open interval.

5.12 The only non-trivial part is the third. We have to show that for every open set
U C Qsuch that 0 € U, and every open f-saturated set V C R such that0 € V,

(fW) xU)N(f xId)(C) = (f x ID)((V x U)NC) # 0.

Take n € N so that [0, ﬁ/n] N Q c U, and choose a real ¢ > 0 sufficiently
small for [n,n + €] C V. Since [n, n + ] x ([0, ﬁ/ n] N Q) intersects the straight
line x + y = n + +/2/n, it follows that (V x U) N C # #.

5.15 The inclusion [0, 1] — R and the map e2™— factorise through continuous bi-
jections [0, 1]/{0, 1} — R/Z — S'. We know that the restriction of ¢™ ~ to [0, 1]is
an identification, so the composite [0, 1]/{0, 1} - R/Z — S lis ahomeomorphism.
Therefore [0, 11/{0, 1} £ R/Z = S'.

The projection R — R/Z is open and hence e is open, too. The subset
C={n+ % |n €N, n> 2} c Risclosed, while the closure of ¢2™~(C) contains
the point (1, 0).

27i—

5.31 Hint: use Theorem 5.32 and restrict A +— det(A + ¢/) to the subspace of
upper-triangular matrices.

16.6 Chapter 6

6.32 Indicate with p: R — R/~ the quotient map and with z = p(Z) the equiv-
alence class of the integers. Assume z has a countable local basis U,, n € N, and
choose a number 0 < d,, < 1/2 such that [n — d,,n + d,] C p’l(Un) for each
n € N. The open set

:|—oo,%|: Uu :|n—dn,n+dn|:

neN

is saturated, so it corresponds to a neighbourhood of z: the latter, though, doesn’t
contain any of the neighbourhoods U,,.

6.9 Let X be a first-countable Hausdorff space and C a subset such that K N C is
closed in K for any compact set K ; we’ll prove that C is closed in X.
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Take p € C and choose a sequence {a,} in C converging to p. We claim K =
{p}U{a, | n € N} is compact in X. In fact if K C UA;, A; open in X, there is an
index, say io, such that p € A;,. As {a,} converges to p, a, € A;, foranyn > N
and some N. For any n < N pick an i, such that a, € A;,, so then

KCAy,UA,U.---UA,,.

By assumption C is closed in K, hence p € C.

6.9 For every neighbourhood U of (0, 0) the intersection U N A is infinite and
then (0, 0) is an accumulation point for any onto mapa: N — A. If b: N — A
converges to (0, 0), then for any n we have b, € X —({n} x Np) ultimately. Therefore
b(N)N ({n} x Np) is a finite set. Hence b(N) is closed in X and the sequence b cannot
converge to (0, 0).

6.11 The metric space (R, d), d(x,y) = |x — y|, is complete and homeomorphic
to (]0, 1[, d), which is not complete.

6.16 If there were two fixed points z1, z2, then

d(z1,z2) =d(f(z1), f(z2)) < vd(z1, 22).

As~vy < land d(zy, z2) = 0, we would have d(z1, z2) =0, 1i.e. z1 = 2.
Let x € X be a given point. We claim x; = f(x), x2 = f(x1), ... is a Cauchy
sequence. In fact, for any n

d(xn’ xn-l—l) S ,-Ynd(x5 x])a

and the triangle inequality, for m > n, tells

m—1
; d(x, xq)
d(Xn. Xm) < d @, X)) + o d oy, xn) < dx,x1) DA <" P

i=n
Denote by z the limit of x,,. Since f is continuous,
f(@) =1lim f(x;) = limx,4+; = z.

6.17 Hint: suppose h: R —]0, +oo[ has derivative 0 < &' < 1 (e.g. h(x) =
1+ %n(x)) and consider the map f(x) = x — h(x).

6.20 Suppose, by contradiction, that f was not onto. Choose xp € X — f(X) and
write x, = f"(xg) forany n > 0. If 2 > 0 is the distance of xo from the closed
set f(X), then d(xg, x,) > h for any n > 0. By assumption f is an isometry, so
d(xy, Xpm) = d(x0, Xm—pn) = h for all m > n; this implies that the sequence x, does
not contain a Cauchy subsequence.
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6.27 The answers are:

1. yes;
2. yes (Hint: Exercise 3.61);
3. no (Hint: Baire’s theorem).

6.28 Hint: consider the sets
Fo={xeR—-A]| f(x) > 1/n}, neN,

and use Corollary 6.42 for showing that there’s an a € A N F, if n is large enough.

6.33 Forevery f € I write D(f) = {x € X | f(x) # 0}. As f is invertible in
C(X,R)ifand only if D(f) = X, the fact that I is a proper ideal forces D(f) # X
forevery f € I.

By contradiction: if {D(f) | f € I} were a cover, by compactness we could get
a finite subcover X = D(f1) U---U D(fy); if so, then, g = f12 + -4 fn2 would
belong in the ideal / and not vanish anywhere.

16.7 Chapter 7

7.2 Consider distinct maps f, g: R — R and choose a point s € R such that
f(s) # g(s). Take open disjoint sets U, V C R such that f(s) € U and g(s) € V.
Then f, g respectively belong to the open disjoint sets

P(s,U)={heX|h(s)eU), P, V)={heX]|h(s)eV}

Assume, by contradiction, that the point O € X, corresponding to the zero map, had
a countable local basis of neighbourhoods {V,,}. The space X being Hausdorff, for
any f # O there is an n such that f ¢ V,,, so N, V, = {0}. But for any n there is a
finite number of open sets in the subbasis P(sy, Uy), ..., P(sk, Ux) such that

0e P(s;,U)N...N0 P(sg, Up) C V.

Consequently {0} would be a countable intersection of open sub-basis sets, which is
impossible because R is not countable.

7.7 Hint: for any strictly increasing function k: N — N we can choose a map
ar: N — {—1, 1} such that a(k(n)) = (—1)", for any n. Consider the sequence
{x,}in [—1, 115 given by

Xp: S —> [—1,1], xp(a) = a(n).

7.23 Let X = U{U; | i € I}bealocally finite open cover of anormal space X. Call A
the collection of pairs (J, {V; | j € J}) where J C I and {V; | j € J}is afamily of
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open sets in X suchthatvj CUjforany j € Jand (UjeyV;)U(U;gsU;) = X. The
set A is ordered by extension, in other words (J, {V; | j € J}) < (H,{W) | h € H})
iff JCHand V; = W, forall j € J.

The claim is that .4 contains maximal elements, so by Zorn’s lemma we need to
show that every chain C in A4 is bounded from above. Solet C = {(Js,{V; | j €
Js}) | s € §} be a chain and consider

s Js, {V] | J € UgJih)

as candidate upper bound. In order to prove that this element belongs in .4 the only
non-trivial fact to check is that

U vUl U u)=x

JEUs Jg J&Us Js

Fix x € X. As the cover {U;} is locally finite, the set I (x) = {i € I | x € U;}is
finite. If I(x) & UsJ;, then x € (U JEU T U j), for otherwise there would be an
s € S such that 7 (x) C J;, and so

xeX— UU]' CUVjCUVj.

JEds J€Js J€Us Jy

Take a maximal element (J, {V; | j € J}) in A and let’s show J = [I: this will end
the proof. Suppose there is an index i ¢ J and consider the closed set

A=x-Uv|IUl U u

jeJ JEJUL}

Then A; C U, and the normality hypothesis implies we can find an open set V; such
that A; C V; C V; C U;. Hence (J U {i},{V; | j € JU{i}}) € A, violating the
maximality of (J, {V; | j € J}).

7.25 We shall prove only the case T3, as T1 and T2 are completely analogous. Let
X,Y be T3 spaces, C C X x Y aclosed set and (x,y) € C. There are open sets
UCX,V CYsuchthat (x,y) e U xV C X x Y — C. Furthermore, there exist
open sets A C X and B C Y such that

xeACAcCU, yeBCBCV,

whence (x,y) e AXBCAxBCXxY —C.
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7.28 Hint: let X be the normal space containing the closed sets Y, and A, B two
closed sets in X such that AN B NY = @. For any n consider the closed sets
A, =ANY,and B, = BNY, and note that A, N B = AN B, = (. Now we can
either argue as in the proof of Theorem 7.36, or as in Exercise 8.33.

16.8 Chapter 8

8.2 Hint: let’s call D the family of ideals contained in D. The zero ideal belongs
in D, so the family isn’t empty. Take P € D maximal with respect to the inclusion
and suppose fg € P.If, by contradiction, neither ideals P + (f), P + (g) were in
D, there would exist four continuous maps a, b € A, ¢,d € P suchthataf + c and
bg + d vanished at finitely many points. Their product would belong to P and yet
have only finitely many zeroes: contradiction.

8.7 X has the same cardinality of X x X, so the set of all fibres of X x X — X
tells that there are families B of subsets in X satisfying:

1. |A| = |X]| for any A € B;
2. |ANB| < |X|forany A, B € B, A # B;
3. 1X] = 1B

By Zorn’s lemma there is a maximal one .4 among them; we want to prove | X| < |.A4].
Assume, by contradiction, | X| = |.A|. Zermelo’s theorem gives us a well-ordering
=< on A such that

{B € A|B < A} <|Al =I|X|=|Al

for any A € A. Consequently || J{AN B € A| B < A}| < |A|, and then A ¢
U{B e A| B < A}. Forany A € Achoose x4 € A—|J{B € A| B < A};
clearly x4 # xp if A # B,so C = {x4 | A € A} has the same cardinality of X. On
the other hand C N'A C {xa} U {xp | B < A} forany A € A, so |C N A| < |X|,
breaching the maximality of A.

8.21 Just for the sake of clarity let’s call B(y, r) any open ball in (¥, d) and B(f, r)
any open ball in (C(X, Y), ). Let K be compact in X, U an open set in ¥ and
f e W(K,U). As f(K) is compact, there exists e > 0 such that d(f(x), y) > e for
any x € K,y € Y — U. Therefore

feB(f,e) CW(K,U),

proving that the metric topology is finer than the compact-open topology. Conversely,
take f € C(X,Y) and € > 0. Then any point x € X has a compact neighbourhood
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x € K, such that f(Kyx) C B(f(x),€). By compactness X is covered by a finite
number of such neighbourhoods, say X = K, U... UK}, , so

f € W(Kyy, B(f(x1), ) NN W(Ky,, B(f(xn), ©) C B(f, 2e).

8.27 LetU;, Uy C X xY beopen and non-empty, and take (x1, y1) € Uy, (x2, y2) €
U». By assumption

Vi={yeY |,y elU}, V={yeY|(x,vy) €U}

are open and non-empty in Y, so there is a point yg € Y such that (x1, yp) € U; and
(x2, yo) € U,. This implies that W = {x € X | (x, y0) € U1} and Wr = {x € X |
(x, yo) € Uy} are open non-empty sets in X, from which there exists xg € X such
that (xg, yo) € Uy N U».

8.30 Given x € X denote by C, C C the family of irreducible closed sets containing
x; Cy is not empty because it contains the closure of the irreducible space {x} (see
Lemma 8.26). By Zorn’s lemma we just have to prove that any chain A4 in C, is upper
bounded. Now, Y = U{Z | Z € A} is irreducible since for any open non-empty pair
U,V C Y thereexists Z € Asuchthat U N Z # #and V N Z # (. Therefore the
closed set Y is irreducible and bounds .4 from above.

8.32 Hint: for any a € ]0, 1[ we have

g '(10,aD) = |J X, ¢7'(10,a) = ) X(s).

s<a s>a

8.33 For any positive integer n we can find open sets U,,, V,, with:
AU eB| f()<b=1/n}CUs  UpN(x€B|f(x)=blUC) =0,
CU{xeB|f(x)=b+1/n}CV,, V,N({xeB]| f(x)<blUA) =0.

The open sets

U:U Un—UV,' , V:U Vn_UUi ;
n n

i<n i<n
have the required properties.

8.40 If f: X — Ris a proper map, K, = f~!([—n, n]) defines an exhaustion by
compact sets. Suppose conversely that there exists an exhaustion by compact sets
{K,}; by Urysohn’s lemma we have a sequence of continuous maps f,: X — [0, 1]
such that f, = 0on K, and f, = lon X — K . Then f = > f, is well defined,
continuous and proper.
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16.9 Chapter 10

10.2 Consider x € X and a neighbourhood U of x. We have to show that there’s a
path connected neighbourhood W of x contained in U. Possibly taking the interior
of U we may suppose U open.

Let W be the path component of U containing x: it’s sufficient to show that W is
openin U and hence a neighbourhood of x. Forevery y € W there’s a neighbourhood
V of y such that any pair of points in V can be joined by a pathin U. Hence V. C W.

10.14 Hint: use Example 3.71.

10.15 The map
R: X x[0,1] —» X, R(x,t) =tx+ (1 —t)rx),

where r (x) is the intersection between Y and the straight line through x and (0, 0, 2),
is a deformation of X into Y.

10.16 The map X x I — X, (x, y,t) — (tx, ty), deforms X into (0, 0).
By contradiction, suppose there is a deformation R: X x I — X of X into the
point (0, 1) and consider the open set

U={kx,y)eX|y>0}

For any rational a # 0, the points (0, 1), (a, 1) belong in different connected com-
ponents of U. The open set R~ (U) contains {(0, 1)} x I, and by Wallace’s theo-
rem there’s an open set V C X such that (0,1) € Vand V x I C R (), ie.
R(x,y,t) e U foranyt € I, (x, y) € V. Given an arbitrary rational number a # 0
such that (a, 1) € V, then, the path a: I — U, a(t) = R(a, 1, t), starts at (0, 1)
and ends at (a, 1): contradiction.

10.20 Since the inequality b? > 4dac can be written b2 + (a — ¢)? > (a + ¢)?, by
setting z = b+ i(a — ¢), x = a + ¢, we can identify X with the space {(z,x) €
CxR|l|z]? > x2).

The subspace ¥ = {(z,x) € C x R | lzI> =1, x = 0} is homeomorphic to s!
and a deformation retract of X: a possible deformation is

R(z,x,t) = (tz + (- t)i, tx) .

|z]

10.21 Hint: call p: GLT(n,R) — X the projection on the first n — 1 column
vectors. Expand the determinant via Laplace’s cofactor formula and prove that there
exists a continuous s: X — GL™(n, R) such that ps = Idy. Then prove that sp is
homotopic to the identity.
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10.22 Hint: consider the map

R: X xI— X, R(f, t)(x) = max(||x||, ) f (m)

16.10 Chapter 11

11.4 We show that « is a constant path; the proof for 5 and +y is entirely similar.
From a* (B*y) = (a* 3) x follows, in particular, «(2t) = «(4t) forany ¢t < 1/4.
Setting 4t = s we obtain

S
as) =als/2) = a(s/4) =+ = lim a (2_") — a(0)

forany s € I.

11.8 The map ¢: [0, 1] — S, g(r) = ¢*™, is an identification. By the universal
property of identifications the composition with ¢ induces a 1—1 correspondence
between continuous maps f: s - X and paths a: [0, 1] — X such that a(0) =
a(l).

11.12 Hint: there exists an identification /2 — D? that contracts three sides to one
point on the boundary.

11.15 For ease of notation we set G = i, w1 (Y, y) and K = ker(r,). By functoriality
the retraction r induces a homomorphism r,: m(X, y) — G such that r.(a) = a

foranya € G.
The claim is that if G is normal, then ab = ba for any a € G, b € K. In fact,
r*(aba"b") =aa"! = 1,s0aba"'b~! € K; on the other hand G is normal, so

ba~'pb~! € G and then a(ba='b~') € G. Altogether aba™'b~! € K NG = {1},
whence ab =