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Preface

This research monograph is an analytical treatment of a geometric problem that
recently arose in an applied community [6, 7, 10] focused on developing numerical
methods for understanding the pathways of rare transition events in stochastic
dynamical systems with small noise. For years, it had been a reoccurring problem
that the underlying mathematical framework, Wentzell-Freidlin theory [8], is typi-
cally formulated in terms of time-parameterized paths, and that in that formulation
no “maximum likelihood transition path” exists. This was leading to numerical
problems since algorithms had no well-defined object to converge to.

In a collaboration of Eric Vanden-Eijnden (NYU) and myself [9, 10], it was then
found that a geometric reformulation of the theory, i.e., one based on unparameter-
ized rectifiable curves! y, promised to resolve this issue because the main reason
for this non-existence (the time parameterization) had been eliminated. Indeed, an
algorithm based on this approach, the geometric minimum action method (gMAM),
turned out to converge reliably in our applications.

This in turn seemed to suggest that in this geometric formulation an (unparam-
eterized) maximum likelihood transition curve y* does indeed exist, defined as
the minimizer of a certain non-negative geometric functional S(y). Motivated by
the prospects of finally having a well-defined object to work with, I then took up
the exciting task of developing criteria for rigorously proving this existence in the
most general framework possible. The results of this effort are the content of this
monograph.

The key problem in dealing with our functionals of interest is a degeneracy? they
share that allows for curves y with positive Euclidean length but with vanishing

These are the same curves that the reader will know from the Cauchy integral theorem in
complex analysis, which also treats its curves as geometric objects that are not tied to any specific
parameterization.

2To prevent confusion for those familiar with Wentzell-Freidlin theory, it should be pointed out
that this property is not related to degeneracies in the diffusion matrix of the given SDE. In fact, in
our applications we can only consider non-degenerate diffusions.
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viii Preface

action, S(y) = 0. Many of the techniques and concepts that we develop here in
order to address this difficulty are fundamentally new and have value in their own
right, as they may be of use in other problems related to such actions.

The effort that this investigation required is justified by more than just academic
curiosity: No algorithm for finding a minimizer y* of S can work without the
interaction with a human who tweaks its parameters and who verifies whether its
output looks reasonable. Now if no minimizer exists, then naturally the algorithm
will fail to find one, but without any analytical insight the user may falsely
blame himself/herself instead and keep trying to tweak the algorithm parameters.
Furthermore, any analytically obtained knowledge about properties of y* can be
used either to gain confidence in the numerically obtained curve (by checking
whether it indeed has these properties) or to speed up the algorithm (by restricting
its search for y* to only those curves that fulfill these properties).

In short: Solid analytical knowledge about the existence and properties of y* are
invaluable to the person who uses an algorithm for finding it.

I hope that this monograph will not only impact how people within the large
deviation community view and work with transition curves, but that the generality of
its results will also spark some interest outside of this field and lead to applications
that go beyond my original motivation for this work.

New York, NY, USA Matthias Heymann
June 2015



Acknowledgements

I want to thank Weinan E, Gerard Ben Arous, Eric Vanden-Eijnden, Lenny
Ng, Marcus Werner, Stephanos Venakides, and Sergio Almada for some useful
suggestions and comments. I also want to thank the Duke University Mathematics
Department and in particular Jonathan Mattingly and Mike Reed for providing me
with the inspiring environment and the freedom without which this work would not
have been possible.

Throughout the time of this work, I was partially supported by the National
Science Foundation via grant DMS-0616710.

ix






Contents

Partl Results

1 Introduction ... 3

1.1 Geometric Action Functionals.................coooooiiiia 3

1.2 Example: Large Deviation Theory ...t 4

1.3 Key Features of the Existence Theory ...............cocviiiiiio... 6

1.4 Techniques Used in the Literature ..............cooooviiiiiiiie... 7

1.4.1 Constructive Techniques.............oooeeviiiiiiiiiiiini 7

1.4.2 The Lower Semi-Continuity Technique ..................... 8

1.5  Properties of Minimum Action Curves..............cceeevvinnnee... 10

1.6 The Structure of this Monograph...............cooiiiiiiiiii. .. 10

1.7 Notation and ASSUMPLONS .. ....veeeerinniiiieeeeiieeniiiaeee.. 11

2 Geometric Action Functionals............................ 13

2.1 UV S ettt 13
2.1.1 Rectifiable Curves and Absolutely Continuous

Functions ... 13

2.1.2  Curves that Pass Points in Infinite Length ................... 16

2.1.3 Summary of the Various Classes of Curves ................. 17

2.2 Geometric Actions, Drift Vector Fields .............................. 18

2.3 The Subclass of Hamiltonian Geometric Actions ................... 21

3 Existence of Minimum Action Curves....................coooeiiiian 29

3.1 A First Existence Result ...... ... ..o 29

3.2 Points with Local Minimizers, Existence Theorem ................. 34

3.3  Finding Points with Local Minimizers ............................... 39

3.4 Examplesin RZ........oiiiiiiiiii 43

3.4.1 Two Basins of Attraction .............ccovvuuuinininnnnnnnn.. 46

3.4.2 Three Basins of Attraction...............coovuuuiiiinnnnnnn.. 46

3.4.3 An Example with Trivial Natural Drift ...................... 47

3.4.4 Examples to Which Our Criteria Do Not Apply ............ 48

3.4.5 Modifying the Natural Drift ......................... 51

3.5 ATop-Level Theorem...........ccooiiiiiiiiiiiiiiiiiiiiiiie.. 52



xii

4

6

Contents

Properties of Minimum Action Curves .................coooiiiiiiinnnn.. 57
4.1  Points that Are Passed in Infinite Length ............................ 58
4.2 The Advantage of Going with the Flow....................oooii. 59
4.3 Some Results on the Non-Existence of Minimizers................. 60
4.4 How to Move from One Attractor to Another ....................... 63
ConClUSIONS ... 67
5.1 Recapitulation .........ooovinuiiiiiiiiii e 67
5.2 OpenProblems ........ccooiiiiiiiiiiiii e 68

PartII Proofs

Proofs for Sect. 3.3: Finding Points with Local Minimizers............. 71
6.1 Proof of Proposition 3.16 .............ccoiiiiiiiii i 71
6.2 Proof of Lemma 3.22 ... 73
6.3 Admissible Manifolds............ccooiiiiiiiiiiiii i 74
6.4  Flowline-Tracing Functions ................cccoiiiiiiiiiiii... 79
6.5  Proof of Proposition 3.23 ... 84
6.6 Proof of Proposition 3.25 ... 87
Proof of Lemma 6.15 ... 97
7.1 Setting Things Up .....oooiiiii e 97
7.2 Modification of the Admissible Manifolds .......................... 104
7.3 Definition of the Functions f;; Proof of their Properties.............. 111
7.3.1 Proof of Properties (1)—(1V) . ...ovvieiiiiiiiiiiian 112

7.3.2 Proof of Property (V)........c.ccoiiiiiiiiiiiiiiiiiiii i, 115

7.3.3  Proof of Property (Vi) ........ccooiiiiiiiiiiiiiiiiiiniinnn, 126

7.3.4  Proof of Property (VIi) ........ccoviiiiiiiiiiiiiieinnnnnn. 141
Technical Proofs and Remarks for Part I ................................. 143
Al Proofof Lemma2.3 ... oo 143
A2  Proofof Lemma2.6.....cooviiiiiiiiiiiiiiiiiii e 148
A3 Proofof Lemma2.13 ... 152
A4 Proofof Lemma2.14 ... 152
A5 Proofof Lemma2.17 ... e 153
A.6  Large Deviations for Killed Diffusion Processes .................... 154
A.7  Some Remarks on the Proof of Lemma 3.20 ........................ 155
A.8  Proof of Lemma3.26 (1) ...oovvviiineeiiiiiiie i 156
A9  Proofof Lemmad.d.....oooiiiiiiiiiiii i e 156
Technical Proofs and Remarks for PartII ................................ 161
B.1  ProofofLemma6.l.......c..vvviiiiiiiiiiiiiiiiiiiiiiiieeees 161
B.2  Remarks on the Construction of M, M"¢ p and p, .............. 163
B.3  ProofofLemma7.3......couiiiiiiiiiiiiiiiiiiiiiiiiieees 165
B4 Proofoflemma7.4.....ccoovviiiiiiiiiiiiiiiiiiiiieees 167

B.5 ProofofLemma7.5.. ..o 168



Contents xiii
B.6  ProofofLemma7.0.......ccoovuiiiiiiiiiiiiiii i 168
B.7  ProofofLemma7.8.......ccoouiiiiiiiiiiii 169
B.8 ProofofLemma7.9... ..o 170
B9  Proofof Lemma7.10 .....oooiiiiiiiiiiiiiii i 171
B.10 Proofof Remark 7.11 .. ..ot i 173
B.11 Proofof Lemma7.12 .. ..ot i 174

GlOSSATY . ...t 177

R @I@INCES . . ..o ot e e 181

I EX .. s 183






Acronyms

a.e.
gMAM
LDP
LDT
ODE
SDE
w.l.o.g.

Almost every/almost everywhere
Geometric minimum action method
Large deviation principle

Large deviation theory

Ordinary differential equation
Stochastic differential equation
Without loss of generality

XV



Part I
Results



Chapter 1
Introduction

Abstract In this chapter we introduce the reader to the problem addressed by this
monograph. First we explain the main question at hand and its motivation in the
context of the Wentzell-Freidlin theory of rare transition paths. We then summarize
the main features of our existence theory, and the various approaches used in the
literature. Finally, we explain the structure of this monograph and introduce some
notation.

1.1 Geometric Action Functionals

A geometric action S is a mapping that assigns to every unparameterized oriented
rectifiable curve y in R” a number S(y) € [0, co). It is defined via a curve integral

1
S(y) ::/E(z,dz) :2/0 Lp, ") da, (1.1)
v

where ¢: [0, 1] — R” is any absolutely continuous parameterization of y, and where
the local action £ € C(R" x R", [0, 00)) must have the properties

(i) Vx,y e R" Ve > 0: L(x,cy) = cl(x,y),

(ii) for every fixed x € R" the function £(x, - ) is convex.

While (i) guarantees that the second integral in (1.1) is independent of the choice
of @, (ii) is necessary to ensure that S is lower semi-continuous in a certain sense.
A trivial example is given by £(x,y) = |y|, in which case S(y) is just the Euclidean
length of y, or more generally, by £(x,y) = |y|,, for any Riemannian metric g. In
fact, £ generalizes the well-studied notion of a Finsler metric [2] in that (a) £ only
needs to be continuous (no smoothness required), that (b) we do not require that
£(x,y) = £(x, —y), and that (c) £ need not be strictly convex in y.

Now given two sets Aj, A, C R”, in this work we develop criteria under which
there exists a minimum action curve y* leading from A; to A,, i.e., under which

© Springer International Publishing Switzerland 2015 3
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4 1 Introduction

dy* e F/ﬁz := {y | y starts in A; and ends in A,} such that

S(y*) = inf S(y). (1.2)

yeFAlz

We then prove properties of the minimizer y* without finding y* explicitly.

Although our existence results can certainly be applied to the exemplary local
actions given above, the present work was primarily motivated by a recently
emerging problem from large deviation theory that is adding a considerable layer
of difficulty: In contrast to Finsler metrics, in this example £(x, y) vanishes in some
direction y = b(x) # 0, which allows for curves y (the flowlines of the vector
field b) with positive Euclidean length but vanishing action S(y).

1.2 Example: Large Deviation Theory

Consider for some b € C!'(R",R") and some small parameter ¢ > 0 the stochastic
differential equation (SDE)!

dX° = b(XO)dt + VedW,, X, =x. (1.3)

where (W;)>o is an n-dimensional Brownian motion, and where the zero-noise-
limit, i.e., the ODE x = b(x), has two stable equilibrium points x;,x; € R". The
presence of the small noise allows for rare transitions from x; to x, that would
be impossible without the noise (green curve in Fig. 1.1), and one is interested in

Fig. 1.1 Rare noise-induced transitions from one meta-stable state to another (green curve) stay
near the minimum action curve y* (red) with high probability

'The reader with no background in probability theory should not feel discouraged here: No
knowledge in that field will be required to understand the results or proofs in this monograph.



1.2 Example: Large Deviation Theory 5

the frequency and the most likely pathway of these transitions. Both questions are
answered within the framework of Wentzell-Freidlin Theory [8] (a subfield of large
deviation theory), the key object being the quasipotential

V(xi,x) = inf  Sr(y), (1.4)
>0
x€C3(0.7)
17 .
where Sr(x) = 3 |b(x) — x|”dt, (1.5)
0

and where Cjc‘f (0,7) denotes the space of all absolutely continuous functions
x:[0, T] — R” fulfilling x(0) = x; and x(T) = x5.

The idea behind this formula is that transitions have been shown to more likely
occur in neighborhoods of paths y with small action S7(x), and thus V(x;,x;) is a
measure for how likely it is to see any transition within some fixed observation time
(with smaller values of V indicating a higher likelihood). Furthermore, the expected
time until a transition to x, happens was shown to scale like e”*172)/¢ as & \ 0 [16].
Observe that S7(y) cannot be made arbitrarily small, since paths y that leave x; must
deviate from the flowlines of b (which fulfill y = b(y)).

An unpleasant feature of this formulation is that the minimization problem (1.4)
does not have a minimizer (T*, y*), i.e., a function y* € Cff (0, T*), defined on
some optimal finite time interval [0, 7*], at which the infimum (1.4) is achieved.
The main reason for this is that by [8, Chap.4, Lemma 3.1] y* would need to vanish
at x; and x,, and typically also at some critical point x. along the way (see Sect. 4.4),
so that y* would need infinite time each to leave x;, pass x. and approach x,.
Therefore, in general it is not even possible to define a minimizer y*: R — R” on
an infinite time interval, but one would rather have to paste together two solutions
X1 x5 R — R" with

lim x7 (1) = x, lim y7(1) = lim x3(1) =x,, and lim x;(¢) = x,.
1—>—00 —> 00 1—>—00 —>00

This is a major problem for both analytical and numerical work, and so in [9, 10]
the use of the alternative representation

V(xi,x) = inf S(y) (1.6)
yer?

was suggested, where the geometric action S(y) is given by

Ex,y) = [bOly[ = (b(x).y). (SDE) (1.7)

which can be seen as a degenerate version of a Randers metric [2, Chap. 11].
A minimizer y* of (1.6), i.e., a maximum likelihood transition curve (the red
curve in Fig. 1.1), seems more feasible to exist in this formulation since the time
parameterization has been eliminated from the problem.
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This geometric reformulation of the quasipotential generalizes also to other
types of Markovian time-homogeneous® stochastic dynamics, such as SDEs with
multiplicative noise or continuous-time Markov jump processes [9, 10, 16], with
modified (in the latter case not Randers-like) local action £. It was shown to
effectively remove the numerical difficulties [9-11, 19], and our goal in this
monograph is now to demonstrate also its analytical advantages when addressing
geometrical® questions.

1.3 Key Features of the Existence Theory

The goal of this monograph is to develop a comprehensive geometric theory for
proving the existence of minimum action curves, the key features of which are the
following:

(i) The theory can be applied to a large class of geometric actions, including
those encountered in the context of large deviation theory. It also applies
to Riemannian actions (as a trivial example), and in fact to actions that
at different locations in space can have features of one or the other.

(ii) The minimization is carried out over the space of rectifiable curves with
start and end points in some prescribed sets A; and A,, respectively.

(iii) Curves can be constrained to only traverse points in a prescribed closed
subset D C R”.

(iv) Whenever possible, minimizers y* are shown to be rectifiable as well.

(v) The conditions of the key theorems are non-technical and easy to check
based on information that is explicitly available in practice.

(vi) Smoothness requirements on the local action £ and related functions are
kept to a minimum.

In the process, the reader will be provided with the necessary basic definitions
and concepts. The tools that we develop for our purposes have value in their own
right, as they may be of use also in other problems related to geometric actions.

2That is, the definition of the dynamics via its drift and noise covariance matrix in the case of an
SDE, or via its jump rates in the case of a jump process, cannot explicitly depend on time.

3See, however, [10, Sect. 2.4] for how the optimal time parameterization can be recovered from
the minimum action curve y*.
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1.4 Techniques Used in the Literature

Let us take a look at some methods that have been used in the literature to prove the
existence of optimal time-dependent curves, and let us understand why they either
cannot be applied in the given geometric setting at all, or why they would only lead
to partial results. The approaches fall into two categories:

(a) constructive techniques, which are based on the derivation of an ODE that min-
imizing curves need to fulfill, and which effectively transform the minimization
problem into a boundary value problem with start point x; and end point x,; and

(b) abstract techniques based on the lower semi-continuity of the action functional
of interest.

1.4.1 Constructive Techniques

Two prominent examples of constructive techniques based on an ODE are the
following:

(i) First-Order ODE for Drift Vector Fields with a Gradient-Like Structure. This
technique can only be used for the specific action (1.5), where the drift vector
field » must be of the form b(x) = —VV(x) + v (x) for some potential function
V:D — [0,00), D € R”, and for some vector field v perpendicular to VV.
Under these assumptions, a simple estimate can show that any solution x ()
of the ODE § = VV(x) + v*(x) minimizes the action between its start and
end point [8, Chap. 4, Theorem 3.1]. Now assume that the given start point
X1 is the unique minimum of V and the only point at which VV vanishes, and
that V(x;) < infyejp V(x). Then since the solution of the above ODE with
x(t = 0) = x, fulfills d%V(X(t)) = |[VV(x(1))|> > 0 for YVt < 0 and therefore
approaches x; as 1 — —o0, one can conclude that x| is a (generalized)
minimizer of (1.4).

(ii) The Euler-Lagrange Equation. If the action St is not in the specific form (1.5)
then there is no general first-order equivalent to the above ODE. Instead,
one can derive a second-order ODE called the Euler-Lagrange equation for
the extremals y of Sr, by setting the variation §S7 equal to zero (this is the
equivalent of finding the minimum of a function f(x) by attempting to solve
f'(x) = 0). For fixed T, one is then again left with the boundary problem that
requires y(0) = x; and y(T) = x,.

To obtain a more general theory that is not taylored to any specific action,
one can write this ODE in the form of the 2n-dimensional first-order ODE
system y = %—;I()(,p), p = —%(}(,p), where the function H(x,p) is the
Hamiltonian associated to the action S7 (more precisely, it is the Legendre
transform of its integrand). Necessarily, this reduction to a first-order system
comes along with more relaxed boundary conditions: The solution (y(¢), p(t))
must now lead from a point of the form (x|, p;) and to one of the form (x;, p»).
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To minimize also over all T > 0 in (1.4), it turns out that we also need to
ask that H(xy,p1) = H(xz,p2) = 0; if x; and x, are critical points of the
system (i.e., if %(xl,z, 0) = 0) then for a subclass of Hamiltonians (%7 in
Definition 2.12 (iii)) this implies that p; = p, = 0.

The main problems with these constructive approaches are the following: First,
the statement about the ODE in the first approach only holds for actions Sy
in the given specific form, and its proof cannot be extended to general actions.
Furthermore, if the point x; is not an attractor of b then the solution y starting at
x, will in general not lead to x; as r — —oo, and so the above statement (“if a
solution of the ODE connects x; and x; then it is a minimizer”’) becomes worthless.
The problem persists if x; and x; are replaced by sets A; and A,, respectively.

The general Hamiltonian ODE still leaves us with the problem of showing
that the derived boundary value problem actually has a solution, and it is unclear
how this problem can be approached in our intended generality. Instead, this
formulation is more useful in situations in which the existence of a minimizer can
be assumed: For example, in [15] minimizers in R? were computed numerically
by solving the boundary value problem via the shooting method, and in [4, 5]
the Hamiltonian formulation has turned out to be useful for proving properties of
minimizers, addressing uniqueness questions, and investigating the regularity of the
quasipotential.

The biggest two problems with any ODE-based constructive approach, however,
are the following: First, minimizers y* of (1.2) have numerically been found to
generally have cusps as they pass critical points (even in the basic case where £ is
given by (1.7) with some smooth b, see Fig. 1.1 or [10, Fig. 4.1]). Therefore we
know that there is no ODE that the arclength parameterization of y* could possibly
fulfill throughout the entire curve.

Second, ODE-based approaches (both for geometric and for time-parameterized
curves) would not allow us to constrain our curves to be contained in some given set
D C R" (point (1.3) in our wish list in Sect. 1.3), since such constraints can cause
y* to become non-smooth when the curve reaches and then traces the (potentially
also non-smooth) boundary dD.

For these reasons, such approaches are not an option for us.

1.4.2 The Lower Semi-Continuity Technique

The idea behind the lower semi-continuity approach is the following: As we know,
any continuous function f:/ — R defined on a compact interval / C R obtains its
infimum on 7 (i.e., 3x* € I:f(x*) = inf\¢; f(x)). However, it is not hard to see that
we can in fact allow f to have jumps, as long as the function value at such points is
not larger than any of the two one-sided limits. More generally, we only need to ask
that Vx € I:f(x) < liminf,_,,f(y). Functions with this property are called lower
semi-continuous.

The proof that this property indeed still suffices is analogous to the continuous
case: Take any minimizing sequence (xx)ren (i.€., iMoo f(xx) = infie;f(x)),
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choose a converging subsequence (xy,)en (this is possible since / is compact), and
call its limit x* € I. Then

F) < liminff() < lim f(x,) = inf /().
y—>x* —00 X€E

where we first used the lower semi-continuity of f, then the definition of lim inf, and
finally the property of the minimizing sequence. This shows that x* is a minimizer.

Now in our situation, in which the function f(x) is replaced by the functional
S(y), why would we not simply define ourselves a topology on the space of curves
under which S is continuous, and then use the standard continuity result? The above
proof shows that there is a fine trade-off to be made: If we choose the topology
too fine (making it too hard for a sequence of curves to converge) then we may
no longer be able to find a converging subsequence of our minimizing sequence
of curves; if we choose the topology too coarse (making it too easy to converge)
then our functional may no longer be continuous. It is for this reason that one
commonly uses this weakened form of continuity—lower semi-continuity—when
it comes to functionals: to ease this trade-off to the point that the existence proof
can be completed.

Using this approach in our geometric context, one quickly arrives at the following
first result (Proposition 3.8): If there exists a minimizing sequence (yi)ren of (1.2)
whose curves yy are all contained in some compact set K C R" and have uniformly
bounded curve lengths, then there exists a minimizer y* € T, :1 2. (The conditions on
(vi)ren guarantee the existence of a converging subsequence, obtained by applying
Arzela-Ascoli’s theorem.)

In practice, however, this criterion alone is of little use since minimizing
sequences are not at our direct disposal, and so their curve lengths can be hard
to control. What we need is an estimate that bounds the length of a curve y in
terms of its action S(y): since the curves in any minimizing sequence (Yx)ren
have (converging and therefore) bounded actions, this would imply that the length
condition in the statement above is fulfilled.

Now we see the challenge of our proof: The degeneracy of our local action
£(x,y) can allow a curve to move in a direction y (=b(x) for the SDE geometric
action (1.7)) at no cost, and so there can be arbitrarily long curves with small or zero
action. Furthermore, at some critical points x. (in the SDE case those points with
b(x.) = 0), £(x.,y) may even vanish for every direction y, which again allows for
arbitrarily long curves near this point with arbitrarily small action. For this reason,
the desired estimate described above (Lemma 6.13) and our resulting main existence
criteria (Propositions 3.23 and 3.25) will be intimately tied to the flowline diagram
of the drift vector field b, or of a generalized definition thereof for general geometric
actions (Definition 2.7).

In [8, Chap. 4, Lemma 2.2], the existence of a (generalized) time-parameterized
minimizer y*:(—o0,0] — R” of (1.4)—(1.5) is shown in the case where x; is an
attractor of the vector field b and x; is a point in its basin of attraction (thus avoiding
much of the problems caused by the time parametrization). Its proof suggests one
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way of obtaining such an estimate away from critical points also for our geometric
action S(y), based on the observation that there are no infinitely long flowlines or
limit cycles in our region of interest. Following that specific route would however
come at the cost that we would lose control over the minimizer’s curve length near
critical points, and so we would not be able to prove that our obtained minimizer y*
stays rectifiable as it passes critical points. Our estimate in Lemma 6.13 instead,
which carefully quantifies some decisive constants involved, does provide us with
the desired extra amount of control near critical points, albeit at the cost of some
extra work in our proofs.

1.5 Properties of Minimum Action Curves

Then turning our attention to the properties of minimizers, we consider a subclass of
geometric actions that still contains the large deviation geometric actions mentioned
above. For our main result, suppose that the drift » has two basins of attraction (see,
e.g., Figs. 1.1, 3.4a,b, or 4.2), and let y* be the minimum action curve leading from
one attractor to the other.

Since for the class of actions in question y* can follow the flowlines of b at no
cost, it is not surprising that the second (“downhill”) part of y* will be a flowline
connecting a saddle point to the second attractor. In particular, the /ast hitting point
of the separatrix is a point with zero drift (the saddle point). Here we prove also the
non-obvious fact that also the first hitting point must have zero drift. In practice, such
knowledge can be used either to gain confidence in the output of algorithms that
compute y* numerically (such as the geometric minimum action method, gMAM,
see [9, 10]), or to speed up such algorithms by restricting their search to only those
curves with these properties.

Finally, we will demonstrate how the same result (Corollary 4.5) that is used to
prove this property can also be used to prove the non-existence of minimizers in
some situations.

1.6 The Structure of this Monograph

This monograph is split into two main parts and an appendix. In Part I we lay out
all our results on the existence of minimum action curves, we demonstrate with
several examples how to use our criteria in practice, we discuss when minimizers do
not exist, and finally we prove the above-mentioned properties of minimum action
curves. The reader who is only interested in gaining enough working knowledge to
use our existence criteria in practice will find it sufficient to read only this first part.

Part II consists of two chapters: Chap. 6 contains the proofs of our key criteria
(stated in Part I) under which a “local” existence property holds to which our global
existence theorem has been reduced in Part I; the reader who wants to know why
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these criteria work should also read this chapter. Chapter 7 contains the proof of a
very technical lemma that was needed in Chap. 6 in order to deal with curves that
are passing a saddle point; the reader can decide to skip this chapter without losing
much insight.

Appendices A and B contain some of the more technical proofs that we have
omitted in Parts I and II, respectively, in order to not interrupt the flow of the main
arguments. While Appendix A can significantly contribute to the understanding of
Part I, Appendix B is very technical in nature and can be skipped as well.

The suggested reading order is as follows: Part I, Appendix A, Part II,
Appendix B.

1.7 Notation and Assumptions

For a point x € R" and a radius r > 0 we define the open and the closed balls
B.(x):={weR"[lw—x|<r} and B.(x):={weR"||lw—x|<r}

Similarly, for a set A C R”" and a distance r > 0 we define the open and the closed
neighborhoods N,(A) and N,(A) as

N,(A) := {w e R"|dist(w,A) <r} and N,(A):= {weR"|dist(w,A) < r}.

Furthermore, we denote by A, by A€ := R"\ A, by A° := (A)¢, and by 04 := A\ A°
the closure, the complement, the interior, and the boundary of A in R”, respectively.
For a point x on a C'-manifold M we denote by T, M the tangent space of M at x.

For a function f and a subset A of its domain we denote by f|4 the restriction of
f to A, and we use the notation f = ¢ to emphasize that f is constant. Expressions
of the form 1.,,4 denote the indicator function that returns the value 1 whenever the
condition cond is fulfilled and 0O otherwise.

Finally, throughout this monograph we let D € D C R" be two fixed connected
sets, where D is open, and where D is closed in D. An additional technical
assumption on D will be made at the beginning of Sect. 3.1. D will serve as our state
space,4 i.e., as the set that the curves y live in, and D will be used for an additional
constraint on the curves y during our minimization, i.e., we will in fact minimize
over 1"/;412 := {y C D]y starts in A and ends in A,}. (For simplicity we suppress
the dependence of I AAf on D in our notation.) If no such constraint is desired, just

choose D := D; the reader is encouraged to consider this simple unconstrained case
whenever on first reading he may feel overwhelmed by some definition or statement
involving D.

“Note that we may occasionally reuse the letter n of our state space dimension also for other
purposes, e.g., as an index for sequences such as (¥,),en-



Chapter 2
Geometric Action Functionals

Abstract In this chapter we begin by teaching the reader all the necessary basics of
rectifiable curves and absolutely continuous functions. We then introduce the class
of geometric action functionals to which our theory can be applied (and in particular
the subclass of Hamiltonian geometric actions), give several examples of geometric
actions, and prove a lower semi-continuity property for them. Finally, we define the
notion of a “drift” of an action, as a generalization of the drift vector field entering
the Wentzell-Freidlin action.

2.1 Curves

Let us begin by reviewing some basic definitions and facts related to curves, and let
us then introduce the various classes of curves that we will use.

2.1.1 Rectifiable Curves and Absolutely Continuous
Functions

An unparameterized oriented curve y is an equivalence class of functions ¢ €
C([0,T],D), T > 0, that are identical up to continuous non-decreasing changes
of their parameterizations, or more formally, whose Fréchet distance to each
other vanishes. In this monograph we will tacitly assume that all our curves are
unparameterized and oriented.

A curve y is called rectifiable [18, p. 115] if for some (and thus for every)
parameterization ¢ € C([0, T], D) of y we have

N
length(y) := length(¢) := ;u}R)] Z lo(t) — p(ti1)| < 0.
€

O=ty<--<ty=T i=1

It is easy to see that length(¢) is in fact the same for any parameterization ¢ of y,
and that it is finite if and only if all the component functions of ¢ are of bounded
variation [18, Theorem 3.1]. We will denote the set of rectifiable curves in D by I".

A function ¢:[0,T] — D is said to be absolutely continuous [18, p. 127] if
for every ¢ > 0 there exists a § > 0 such that for any finite collection of disjoint
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intervals [t;—1,%;) C [0,T],i = 1,...,N, we have

N

N
Dti—t) <8 = Y o) — )| <.
i=1

i=1

We will denote the space of absolutely continuous functions with values in D by
C (0, T). One can show [18, Proposition 1.12 (ii) and Theorem 3.11] that a function
@ isin C(0, T) if and only if there exists an L'-function which we denote by ¢’ such
that ¢(¢) = ¢(0) + fot ¢’ (7) dt for V¢ € [0, T]. In that case, ¢ is differentiable in the
classical sense at almost every ¢ € [0, T, with derivative ¢’(¢).

Clearly, every function ¢ € C(0,T) is the parameterization of a rectifiable
curve y since for every partition 0 = ¢ty < --- < ty = T we have

ti—1
/ @' dt
ti

and it is not hard to show [18, Theorem 4.1] that length(y) = fOT |@’| dz. The
reverse is not true: Not every function ¢ that parameterizes a rectifiable curve y
is necessarily absolutely continuous (a counterexample can be constructed using the
Cantor function [18, p. 125]). However, we have the following:

N

N
PNIOEXICIEDY
i=1

i=1

T
5/ '] dr < oo,
0

Lemma 2.1 (Parameterization by Arclength)

(i) Any curvey € I' can be parameterized by a unique function ¢, € C(0, 1) with
|¢;| = length(y) a.e.

(ii) If ¢ € C(0,T) is any absolutely continuous parameterization of y then ¢ =
@y o B for some absolutely continuous function B:[0, T] — [0, 1], and we have
@' = (p,0B)B and ' > 0 a.e.on [0, 1].

Proof (i) This is a trivial modification of [18, p. 136].

(ii) In the proof in [18, p. 136] it is shown that for any parameterization ¢ €
C([0,T],D) of y the function ¢, fulfills ¢(t) = ¢,(B(?)) for V¢ € [0,T],
where B:[0,7] — [0, 1] is defined by B(r) := length(¢|,q)/ length(y). For

any collection of disjoint intervals [t;—1,#;) C [0,T],i = 1,...,N, we have
N | N
) — B(tiz1)) = ———— ) length(o|i_,
2 (B = pl-v) = s ; ength(@ly,-..11)
| N M;
= sup 9(st) — (si—y)
length(y) ; MiEN 1;| k k=t |
[,'71=S6<"'<S5\,1,_=t,’
| N M
=T sup sup W(Si) _</’(Si_ )|
length(y) M EN My€EN ZZ| * -l

i=1 k=1
1 1 N N
[()—SU<"'<SM1 =1 IN—1=5) <"'<SMN =IN
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and since for ¢ € C(0, T) the last double sum can be made arbitrarily small by
ensuring that Y0 Y% (st —si_ ) = Yo, (t; — ti1) is sufficiently small,
this shows that B is absolutely continuous. Clearly, 8/ > 0 a.e. since B is
non-decreasing, and for V¢ € [0, T] we have

‘A¢M=¢m—wm=%wmrwwmw

ﬂ(t) / ! / !
=4 %MZA%$@WMM

0

(for the last step, see [18, p. 149, Exercise 21]), which implies that
¢’ = (¢, 0 B)B’ ae.on [0,T]. 0

The following lemma is a result about the uniform convergence of absolutely
continuous functions. We will use the notation ¢ C G (for a function ¢ € C(0, 1)
and a set G C R") to indicate that ¢(«) € G for Yo € [0, 1]. Similarly, for a curve
y € I' we will write y C G to indicate that ¢, C G.

Lemma 2.2 (i) If a sequence (¢,)nen C C(0,1) fulfills ¢, C K for ¥Vn € N and
some compact set K C D, and if

M := sup esssup |g,(a)| < o0, 2.1
neN  «€l0,1]

then there exists a uniformly converging subsequence.
(ii) If a sequence (gn)nen C C(0, 1) fulfilling the conditions of part (i) converges
uniformly then its limit ¢ is in C(0, 1) and fulfills |¢'| < M a.e.

Proof (i) The sequence (¢,).en iS equicontinuous since by (2.1) we have

ay
/ ¢, da
2%}

for ¢y < ) and Vn € N, and so we can apply the Arzela-Ascoli theorem.
(ii) By the same estimate, for any collection of disjoint intervals [e;—1, «;) C [0, 1],
i=1,...,N, we have

ay
5/|wwsMw—w

oo

|(pn(al) - @n(OlO)l =

N N N
> le@) = @] = lim > |eu(@) = gulei-)| <MY (@ —aim).
i=1

i=1 i=1

This shows that ¢ is absolutely continuous, and (taking N = 1 and recalling
that ¢’ is the classical derivative a.e.) that |¢/| < M a.e. Since K is compact and
¢, C K for Vn € N, we have ¢ C K C D and thus ¢ € C(0, 1). O
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2.1.2 Curves that Pass Points in Infinite Length

Sometimes we will have to work with curves that do not have finite length (i.e.,
that are not rectifiable). We denote by C(0, 1) D C(0, 1) the space of all functions
in C([0, 1], D) that are absolutely continuous in neighborhoods of all but at most
finitely many «; € [0, 1], and we denote by I" D I the set of all curves that can be
parameterized by a function ¢ € C(0, 1).

Note that for Vo € C(0, 1), ¢’ is still defined a.e., but one can see that for
these exceptional values o; we have f[o,l]m[a,-—s,a,- +e] |¢'| da = oo for Ve > 0.! We
therefore say that the curve y € I" given by ¢ passes the points ¢(;) in infinite
length.

Of particular use in our work is, for fixed x € D, the set r (x) of all curves that are
either of finite length (i.e., rectifiable) or that pass x once in infinite length (note that
rcr (x) C I"). More precisely, these are the curves that can be parameterized by
functions in the set C(x), which we define to be the set of functions ¢ € C([0, 1], D)
such that

either ¢ € C(0, 1),
or (p(%) =x,

and ¢|(0,1/2—a) and @|[1/2+4,1] are absolutely continuous for Va € (0, %).

See Sect. 2.1.3 and Fig. 2.1 for an illustration of these classes of curves.

In preparation for Lemma 2.3, which is the equivalent of Lemma 2.2 for
sequences of functions in C(x), we introduce the following notation: For a curve
y and a point x we say that y passes x at most once if for any parameterization
¢ € C([0, 1]) of y we have

(<o <a <1: () =¢lr) =x) = Vae o, a (@) =x
(2.2)
For a Borel set E C Dand acurve y € I we define

1
length(y|g) := /]lzeEIdzl =/ |¢'[1yepda € [0, 00]
y 0

for any parameterization ¢ € C(0, 1) of y.

Lemma 2.3 Let x € D, let the sequence (Yp)nen C I'(x) fulfill y, C K for Vn € N
and some compact set K C D, suppose that every curve y, passes x at most once,

I'The key argument for this can be found at the end of the proof of Proposition 3.25.



2.1 Curves 17

and suppose that there exists a function n: (0, 00) — [0, 00) such that
Vn e N Yu > 0: length(yulp, ) < n(w). (2.3)

Then there exist parameterizations ¢, € 6(x) of the curves y, such that a
subsequence (¢, )xen converges pointwise on [0,1] and uniformly on the sets
[0, % —a] U [% +a, 1], a € (0, %) The limit ¢ is in C(x), and the corresponding
curve y € I (x) fulfills

Yu > 0: length(y|l§“(x)(-) < n(u). 2.4)
Proof See Appendix A.1. This proof uses Lemma 2.6 (i). O
Introducing some final notation, for two sets A1, A, C D we write
r>:={yer|ycD,y startsinA; and ends in A5},
C2(0.1) :={p € C(0.1) | ¢ C D, 9(0) € Ar. (1) € Ay},

and for two points xj,x, € D we similarly define I’ X’EZ and é‘ff (0, 1). The sets r Alz,
Cﬁf 0,1), r'x Cjﬁz 0, 1), f'xfz (x) and C‘jlz (x) are defined analogously.

X1 2 1

2.1.3 Summary of the Various Classes of Curves

(See Fig. 2.1 for illustrations.) All curves are unparameterized and oriented, and they
may have loops and cusps. The class I" contains only curves with finite length, while
curvesin ' D I’ may reach and/or leave finitely many points in infinite length, also
repeatedly. For some fixed x € D (marked by the cross), f'(x) contains all of I,
plus all the curves that pass x once in infinite length; they cannot pass any other
point in infinite length, and they cannot pass x twice in infinite length. The sub- and

- Q L
I

\/‘}Xg_

Fig. 2.1 Illustration of the various classes of curves
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superscripts x; and x, or A; and A, add constraints to the start and end points of
these functions and curves and in addition require them to take their values in D.

2.2 Geometric Actions, Drift Vector Fields

In this section we will define the class & of geometric action functionals, and we
will generalize the concept of a “drift vector field” b(x) from the large deviation
geometric action of the SDE (1.3), given by (1.7), to general geometric actions
Se¥.

Definition 2.4 We denote by ¢ the set of all functionals S: I = [0, 0] of the form
1
50) = [ ted = [ top) e @3)
y 0

where ¢ € C(0, 1) is an arbitrary parameterization of y, and where the local action
£ € C(D x R",[0,00)) has the following properties:

(i) VxeD VyeR" Ve > 0: £(x,cy) = cl(x,y),
(ii) for every fixed x € D the function £(x, -) is convex.

For ¢ € C(0, 1) we will sometimes use the notation S(¢) := fol e, ¢’) da, and
for any interval [o, @] C [0, 1] we will denote by S(¢|je, ) = fofllz Lp, ") da
the action of the curve segment parameterized by ¢|(¢; ay]-

As we will see next, (i) is needed to show that (2.5) is independent of the specific
choice of ¢, while (ii) is essential to show that S is lower semi-continuous in a certain
sense (Lemma 2.6). Observe also that (i) implies that £(x,0) = 0 for Vx € D.

Lemma 2.5 Functionals S € 9 and their local actions £(x,y) have the following
properties:

(i) S(y) is well-defined, i.e., (2.5) is independent of the specific choice of .
(ii) For ¥compactK C D 3dc; = ¢1(K) >0 Vx € K Vy € R™ L(x,y) < c1ly|- In
particular, we have for Vy € I" with y C K:S(y) < c1 length(y).

Proof (i) Givenacurve y € I' and any parameterization ¢ € C(0, 1) of y, we use
the representation ¢ = ¢, o 8 of Lemma 2.1 (ii) and Definition 2.4 (i) to find
that

1 1
[ tp.¢)do = / tgy 0 B. (g, 0 )B') da
0 0
1
- /0 €y 0 B.gl, 0 )P da

1
- /0 t(gy. 4, dB.
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where the last step follows again from [18, p. 149, Exercise 21]. By the
uniqueness of ¢,,, the right-hand side only depends on y. The proof for general
curves y € I is based on the same calculation.

(ii) Given any K, set ¢; := 1 + maX,ex yj=1 £(x,y) > 0, use Definition 2.4 (i) to
show that £(x,y) = [y|¢(x, ﬁ) < c1|y| for ¥y # 0, and recall that £(x,0) = 0.

In particular, if ¢ € C(0, 1) is a parameterization of some y € I" with y C K
then S(y) = fol Lp,¢)da < ¢ fol |¢'| da = c; length(y). o

Lemma 2.6 (Lower Semi-Continuity) For VS € 4 we have the following:

(i) If a sequence (@p)nen C C(0,1) fulfilling (2.1) has a uniform limit ¢ € C(0,1)
then liminf,_, o S(¢,) > S(¢).
(ii) The limit y constructed in Lemma 2.3 fulfills lim inf, o0 S(y,,) > S(y).

Proof See Appendix A.2. O

Definition 2.7 Let S € 4. A vector field b € C'(D,R") is called a drift of S if for
VY compact K C D3c,=cr(K) > 0Vxe K VyeR"

£(x,y) = e2(Ib@)|Iyl = (b(x), 3)). (2.6)

The right-hand side of (2.6) is a constant multiple of the local large deviation
geometric action (1.7) of the SDE (1.3) with drift 5(x) and homogeneous noise,
and thus we see that for the geometric action associated to (1.3), the vector field
b(x) in (1.3) is clearly a drift also in this generalized sense (take ¢c; = 1). The
inequality (2.6), which will only be used to obtain the key estimate Lemma 6.13 (and
a weaker version thereof in the proof of Lemma 4.2), effectively reduces our proofs
for an arbitrary action S € ¢ to the case of the specific action given by (1.7), and it
is ultimately the reason why the conditions of our main criteria, Propositions 3.23
and 3.25, solely depend on the drift and not on any other aspect of the action S.

The drift vector field b(x) in Definition 2.7 is not a uniquely defined object: If b is
a drift of some action § € ¢ and if B € C'(D, [0, 00)) then Bb is a drift of S as well
(with modified constants ¢,), and in particular the vector field b(x) = 0 is a drift of
any action S € ¢. Note however that (i) if S(x) > 0 for Vx € D then the vector
fields b and Bb have the same flowline diagrams, and we will find that our criteria
will not distinguish between these two choices; (ii) if on the other hand 8(x) = 0
and b(x) # 0 for some x € D then the flowline diagrams of b and Bb are different,
and our criteria may only apply to b but not to 8b. In general, a good choice for the
drift (i.e., one that lets us get the most out of our criteria) will be one with only as
many roots as necessary.
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Definition 2.8 For a given vector field b € C!(D,R") we define the flow ¥ €
C'(D x R, D) as the unique solution of the ODE

Y (x,t) =b(Y(x, 1)) for xeD,teR,

2.7)
Y(x,0) =x for xeD.

By a standard result from the theory of ODEs [1, Sect.7.3, Corollary 4], our
regularity assumption on b implies that the solution ¥ (x, f) is well-defined locally
(i.e., for small #), unique, and C' in (x, f). However, since b will always play the role
of a drift, we may assume that ¥ (x, r) is in fact defined globally, i.e., for Vi € R:
Indeed, if this is not the case then we can instead consider the modified drift b,
for some function § € C 1(D (0, 00)) that vanishes so fast near the boundary 0D
that the associated flow ¥ only reaches dD in infinite time (i.e. 1//(x t) is defined
for V(x, 1) € D x R), and the only aspect of the flow that will be relevant to us (the
flowline diagram) remains invariant under this change.

Finally, recall that under this additional assumption we have ¥ (¥ (x,1),s) =
Y(x,t+s)and 9,V (x,1) = Vb(Y(x, 1)) for Vx € D and Vt,s € R.

We conclude this section by classifying the points in state space according to the
type of difficulty that they will pose for our existence theory.

Definition 2.9 Let S € ¢ be given by the local action £(x, y), and let x € D.

(1) xis called a degenerate point of S if 3y € R" \ {0}: £(x,y) = 0.
(ii) x is called a critical point of S if Vy € R": £(x,y) = 0.

We denote by Dg+ := {x € D|Vy € R"\{0}: £(x,y) > 0} the set of non-degenerate
points of S.

In other words, degenerate points are those at which there is at least one direction
into which one can locally move at no cost, while at critical points one can move
into any direction at no cost. At non-degenerate points of S, every direction comes
at a positive cost. Note that every critical point is degenerate.

Since directions with zero cost make it hard for us to control the length of curves
that pass the point in question, critical points will be the hardest to deal with in our
existence theory, while non-degenerate points will be the easiest.

Example 2.10 (i) For the geometric action S given by (1.7), i.e., by £(x,y) =
|b(x)|]y] — (b(x),y), every point in D is degenerate (i.e., D¢+ = @), and the
critical points are those points x for which b(x) = 0. Indeed, if x € D is such
that b(x) = 0 then clearly we have £(x,y) = 0 for Vy € R", and for all other
points only the direction given by y = b(x) # 0 fulfills £(x,y) = 0.

(i) For the Euclidean length, i.e., the geometric action S given by £(x,y) = |y|,
there are no degenerate or even critical points, and so we have D¢+ = D. O
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2.3 The Subclass of Hamiltonian Geometric Actions

We will now consider a particular way of constructing a geometric action from
a Hamiltonian H(x, 6), which was introduced in [9, 10] in the context of large
deviation theory.?

Lemma 2.11 Let the function H € C(D x R", R) fulfill the assumptions

(HI) VYxeD: H(x0) <0,
(H2) the derivatives Hy and Hyy exist and are continuous in (x, 0),
(H3) Y compactK C D3Img > 0Vx € KVO,£ € R": (£, Hog(x, 0)E) > mg|E|>

Then the function £: D x R" — [0, 00) defined by

£(x.y) := max{(y,0) |6 € R", H(x,0) < 0} (2.8a)

max{(y,6) |6 € R", H(x,6) = 0} (2.8b)

has the properties of Definition 2.4, and so it defines a geometric action S € 9.

Proof The sets L, := {0 € R"|H(x,0) < 0} are bounded, in fact uniformly for
all x in any compact set K C D, since for Vx € K V0 € L, 30 € R™

0> H(x,0) = H(x,0) + (Hg(x,0),0) + {0, Hoo (x, 0)6)
> —max |H(x,0)| — max |Hp (x,0)||0] + $m|6]>. (2.9)
X€EK X€EK

This shows that £ is finite-valued, and since 0 € L, by (H1) we have
£(x,y) > (y,0) = 0 for Vy € R". The fact that the representations (2.8a) and (2.8b)
are equivalent is obvious for y = 0; for y # 0 observe that for V6 € R”
with H(x,0) < O the boundedness of L, implies that there 3¢ > 0 such that
H(x,0 + cy) = 0, and (y,0 + cy) > (y,0). The relation £(x,cy) = cf(x,y) for
Ve > 0 is clear, and £(x,-) is convex as the supremum of linear functions. The
continuity at any point (xo,yo = 0) follows from the estimate £(x,y) < M|y| for
Vy € R" and all x in some ball B, (xo) C D, where M := sup{|0] | 0 € U,ep, (x,) L+}-
The continuity everywhere else will follow from Lemma 2.14 (i). O

Definition 2.12 (i) We call a function H fulfilling the properties (H1)-(H3) a
Hamiltonian, and we say that H induces the geometric action S defined in
Lemma 2.11.

(ii)) We denote the class of all Hamiltonian geometric actions, i.e., of all actions S
constructed as in Lemma 2.11, by 7 C ¢.

2This work also proposed an algorithm, called the geometric minimum action method (gMAM),
for numerically computing minimizing curves of such geometric actions.
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(iii) We denote by J#% C . the class of all geometric actions S € 7 that are
constructed from a Hamiltonian H that fulfills the stronger assumption

(H1’) Vx € D: H(x,0) = 0.

Note that since £ depends on H only through its O-level sets, different Hamilto-
nians H can define the same local action £ via (2.8), i.e., they can induce the same
geometric action S € 7. In particular, for VB € C(D, (0, 00)) the Hamiltonians
H(x,0) and B(x)H(x, 0) induce the same action S. The next lemma shows how
Definition 2.9 can be expressed in terms of H, and that Assumption (H1") does not
depend on the specific choice of H.

Lemma 2.13 Let S € 7, and let H be a Hamiltonian that induces S.

(i) A point x € D is critical if and only if
Hyp(x,0) =0 and H(x,0) =0, (2.10)

and in that case (2.10) holds in fact for every Hamiltonian that induces S.
(ii) A point x € D is degenerate if and only if H(x,0) = 0.
(iii) If some H inducing S fulfills (H1’) then all of them do.

Proof See Appendix A.3. For part (ii) see also Fig. 2.2b. O

In particular, Lemma 2.13 (ii) and (iii) imply that % is the class of all Hamiltonian
actions S such that D only consists of degenerate points, i.e., such that Dy, = @.
Furthermore, we learn that for VS € 5 we have Ds+ = {x € D | H(x,0) < 0}.

To actually compute £(x, y) from a given Hamiltonian H, and for many proofs,
the following alternative representation of £ is oftentimes useful. It can be derived
by carrying out the constraint maximization in (2.8b) with the method of Lagrange
multipliers.

Lemma 2.14 (i) Forevery fixed x € D and y € R" \ {0} the system
Hy(x,0) = Ay, H(x,v) =0, A=>0 (2.11)

has a unique solution (¥ (x,y), A(x,y)), the functions ¥: D x (R" \ {0}) — R”"
and A:D x (R" \ {0}) — [0, 00) are continuous, and the function £ defined
in (2.8a) can be written as

0(x.y) = (()y,ﬂ(x,y)) ify #0, 2.12)

ify=0.

(ii) If S € € is induced by H then a point x € D is critical if and only if
dy # 0: A(x,y) = 0. In that case, we have in fact A(x,y) = 0 for Vy # 0.

Proof See Appendix A.4. O
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See Fig.2.2a for a geometric interpretation of (2.8a)—(2.8b) and (2.11)-(2.12):
By Assumption (H3) the function H(x,-) and thus also its O-sublevel set
{60 € R"| H(x,0) < 0} is strictly convex, and by Assumption (H1) it contains the
origin. The maximizer in (2.8a), 8 = ¥ (x,y), is the unique point on its boundary
where the outer normal aligns with y, and the local action £(x,y) is |y| times the
component of ¥ (x, y) in the direction y.

The following lemma provides a quick way to obtain a drift for any Hamiltonian
geometric action. The examples at the end of this section will illustrate its use.

Lemma 2.15 If S € J2 is induced by H then b(x) := Hy(x, 0) fulfills the estimate
in Definition 2.7, and thus if b is C' then it is a drift of S. We call a drift obtained in
this way a natural drift of S.

Proof Let b(x) := Hy(x,0), and let K C D be compact. Define a := sup,cx |b(x)|
and ¢ := [2 + sup{|H99(x, 0)| |x ek, |0 < a}]_1 e (0, %], and let x € K and
y e R™.

If y = 0 then (2.6) is trivial since both sides vanish. Also, if y # 0 and
A(x,y) = 0 then by Lemmas 2.14 (ii) and 2.13 (i) we have b(x) = 0, so (2.6) is
trivial again. Therefore let us now assume that y # 0 and that A(x, y) > 0.

Setting 6y := ¢ (lb‘(xl)| y— b(x)) a Taylor expansion of H(x, 6y) around 6 = 0
gives us a 6" on the straight line between 0 and 6y (thus fulfilling |0'| < [6] <
2¢3|b(x)| < 2ac, < a) such that

H(x, 6p) = H(x,0) + (Hs(x,0), 6o) + 3(60. Hoa (x, 0")60)
<0+ (b(x). 60) + 3¢5 60|
= (b(x) + 3¢5 " 6o, bo)

(37l + bw). oy = beo)

= 32|55 = bP) = 0

(a) : R’ = Hx9) |[l(b) . Ay = Hy(x,0)

Fig. 2.2 (a) Illustration of (2.8a)—(2.8b) and (2.11)—(2.12), for fixed x € D and y € R" \ {0},
in the case H(x,0) < 0. (b) If H(x,0) = 0 and if y aligns with Hg(x,0) then ¥ = 0 and thus
fx,y) =0
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Another Taylor expansion, this time around 8 = ¢ := ¥ (x,y), now gives us a 6”
such that

0 > H(.X, 90)
= H(x,9) + (Ho(x.9), 60 — ) + (60 — 9, Hpo (x,6") (60 — 9))
=04+ Axy)(y. 00— ) +0,

where we used both equations in (2.11), and Assumption (H3). Since A(x,y) > 0,
this implies that

£0ey) = (8.5) = (60.y) = co B2y — b(x).3) = e2(Ib@)|ly| = (b(). ).

|

Note that since there is not a unique Hamiltonian associated to S, there is not
a unique natural drift either; in particular, the remark following Definition 2.12
implies that with b also Bb is a natural drift for V8 € C(D, (0, 00)), with the
same flowline diagram. The next remark shows that for actions S € .74 in fact every
natural drift has the same flowline diagram.

Remark 2.16 For S € 7% we have the following:

(1) All natural drifts b share the same roots since by Lemma 2.13 (i) and (H1’)
we have b(x) = 0 if and only if x is a critical point. In particular, this means
that natural drifts are optimal in the sense that by (2.6) they only vanish where
necessary.

(i) At non-critical points x, the direction y := % is the same for every natural
drift b, since Lemma 4.3 (i)—(ii) will characterize it as the unique unit vector y
such that £(x,y) = 0.

Thus, for any fixed S € .74 all natural drifts have the same flowline diagram.

In contrast, for actions § € 7\ 74 (i.e., if S has any non-degenerate points) the
natural drift is not always the optimal choice: In Examples 2.20 and 2.21 below the
natural drift will even turn out to be the trivial (and thus useless) drift b = 0. (See
Example 3.32 in Sect. 3.4.3 for how to find a better one.) Furthermore, Example 3.33
illustrates two cases in which the natural drift is non-trivial but contains a limit cycle,
which would usually prevent us from using it in our existence criteria.

However, since in that example we assume that there is a non-degenerate point
on the limit cycle, the following lemma turns out to resolve the problem in this case:
It says that we are allowed to modify the obtained natural drift in a closed subset of
the region Dy in any way we want.

Lemma 2.17 Suppose that b is a drift of S € 4, and that b € CY(D,R") is another
vector field that coincides with b outside of some closed subset of Ds+. Then b is a
drift of S, too.
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Proof See Appendix A.S. O

Finally, the next lemma states the key property of Hamiltonian geometric actions
in particular in the context of large deviation theory: It shows how a double
minimization problem such as (1.4)—(1.5) can be reduced to a simple minimization
problem over a Hamiltonian geometric action.

Lemma 2.18 Ler H be a Hamiltonian fulfilling (H1)—~(H3), and define for VT > 0
the functional Sp: C(0,T) — [0, o0] as

T
Sr(y) = / L(y, y)dt, where (2.13)
0
L(x,y) := sup ((y, 0) — H(x, 9)) for Vxe D Yy e R" (2.14)
R

is the Legendre transform of H(x, ). Then for YA1,A, C D we have

inf  Sp(x) = inf S(y). (2.15)
_T>0 yeFAz
2€C,2(0.1) =

where S € J is the geometric action induced by H.

Proof Using the bijection (7, x) <> (y. T, p) given in Lemma 2.1 (ii) that assigns
to every y € C(0,T) its curve y € I" and its parameterization § € C([0, T], [0, 1])
via the relation y = ¢, o 8, we have

b Sro= il nf  Selgyof)= int, SG)
XGQ%(O,T) A1 BeC([0.1].[0.1]) Al

B non-decr., surjective

where the functional

S(y) == }g{) St(py o B)

BeC((0.71.[0,1])
B non-decr., surjective

was found in [10] to have the integral representation (2.5) with the local action given
by (2.8a)—(2.8b) (or equivalently, by (2.11)—(2.12)). O

We conclude this section with three examples of Hamiltonian geometric actions.

Example 2.19 (Large Deviation Theory, PartI) Stochastic dynamical systems with
a small noise parameter ¢ > 0 often satisfy a large deviation principle whose

3 At the beginning of [10], additional smoothness assumptions on H were made, but they do not
enter the proofs of these representations.
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action functional St is of the form (2.13)—(2.14). Examples include (i) stochastic
differential equations (SDEs) in R" [8]

dX¢ = b(X5)dt + Veo (X)) dW,, X, = xi, (2.16)

where b(x) is the drift vector field and o (x) is the diffusion matrix of the SDE, and
(ii) continuous-time Markov jump processes in R” [16] with jump vectors ee; € R”,
i =1,...,N, and corresponding jump rates £~'v;(ex) > 0. Here we assume that b,
A := ool and v; are C! functions, and that for each fixed x € D, A(x) is a positive
definite matrix.

Using the notation (w;,wa),, = (w1, Mw) and soon also |wly = (w, w)}vfz
for Ywi,wy,w € R" and for any positive definite symmetric matrix M, the
Hamiltonians used in (2.13)—(2.14) to define Sy are

H(x.0) = (b(x).0) + 3|0[3,.  (SDE) (2.17a)
N
H(x,0) = Z vi(x) (e<e"’0> — 1). (Markov jump process) (2.17b)

i=1
In the SDE case, the function L(x, y) defined in (2.14) can easily be found to be

L(x,y) = 51b(x) = y[3-14); (SDE) (2.18)

whereas for Markov jump processes no closed form of L(x, y) is available.

The central object of large deviation theory for answering various questions about
rare events in the zero-noise-limit & — 0, such as the transition from one stable
equilibrium point of b to another, is the quasipotential V (x|, x;). Originally defined
by (1.4) using the action S7 given by (2.13)—(2.14), Lemma 2.18 allows us to rewrite
itas

V(xi,x2) = inf S(y), (2.19)
yeri?

where § € JZ is the Hamiltonian geometric action defined via (2.8a)—(2.8b), or
equivalently, via (2.11)-(2.12). The minimizing curve y* in (2.19) (if it exists) can
be interpreted as the maximum likelihood transition curve.

In the SDE case, (2.11) can in fact be solved explicitly: Its solution is given by
A = |b(X)|a@)-1/Ya—1 and ¥ = A(x)"'(Ay — b(x)), and so we obtain the local
geometric action

K(xv y) = Ib(x)|A_1(x)|y|A_l(x) - (b(x)v y)A_l(x)‘ (SDE) (220)

For Markov jump processes no explicit expression for £(x, y) exists.
Finally, we observe that in the SDE case (2.17a) the expression Hy(x, 0) for the
natural drift given in Lemma 2.15 indeed recovers the given vector field b(x), while
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in the case (2.17b) of a Markov jump process we obtain

N
b(x) = Z vi(x)e;, (Markov jump process)

i=1

which is the vector field that defines the zero-noise-limit of Kurtz’s Theorem
(see [12] or [16, Theorem 5.3]). O

Example 2.20 (Riemannian Metric) Suppose that A € C(D,R™") is a function
whose values are positive definite symmetric matrices A(x). Then the action § € ¥
given by

L(x,y) = |ylaw (2.21)
is a Hamiltonian action, S € JZ \ J%), with associated Hamiltonian

H(x,0) = |9|/24(X),1 —1. (Riemannian metric)

Indeed, as one can easily check, for this choice of H the Eq. (2.11) are fulfilled by
A = 2/|y|aw and ¥ := A(x)y/|y|aw), and thus the local geometric action defined
by (2.12) yields (2.21).

Note that the natural drift for this Hamiltonian is b(x) = 0. As we shall see,
however, this will be made up for by the fact that H(x,0) < 0 for Vx € D, see
Proposition 3.16 and Example 3.32 in Sect. 3.4.3. O

Example 2.21 (Quantum Tunneling) The instanton by which quantum tunneling
arises is the minimizer y* of the Agmon distance [17, Eq. (1.4)], i.e., of (2.19),
where S € ¢ is given by the local action

£(x,y) = V2UX)lyl. (2.22)

Here, x; and x; are the minima of the potential U € C(D, [0, 00)), and it is assumed
that U(x;) = U(xp) = 0.

If U did not have any roots then this would be a special case of
Example 2.20, with A(x) := 2U(x)I, which leads us to the Hamiltonian
H(x,0) = |0]>/(2U(x)) — 1. According to the remark following (2.11), we could
multiply H by the function U(x) without changing the associated action, and so we
would find that (2.22) is given by

H(x,0) = % 16— U(x). (quantum tunneling)
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We can now check that this choice in fact leads to (2.22) even if U does have roots
(with A = /2U(x)/|y| and ¥ = Ay), and so we have S € JZ \ J%. Again, the
natural drift is b(x) = 0. O

Example 2.22 (Large Deviation Theory, Part II) Now consider again the
SDE (2.16), but equipped with the additional feature that the process jumps to
some “dead” state at the rate £~ 'r(X;), for some given bounded absorption rate
function r € C(D, [0, 00)). Then this killed diffusion process is fulfilling a large
deviation principle as well,* and assuming for simplicity that A(x) = I, the large
deviation action St is given by

H(x,0) = (b(x).0) + 3|0 - r(x), (2.23)
L(x,y) = 31b(x) —yI> + r(0), (2.24)

thus penalizing curves for spending time in regions where r(x) > 0. Solving the

system (2.11), we find that A = [y|™'{/|b(x)|? + 2r(x) and = Ay — b(x), which

leads us to the corresponding geometric local action

£(x.y) = YIVIPO)? 4 2r(x) — (. b(x)). (2.25)

For general A(x) all scalar products and norms only have to be replaced as in
Example 2.19, which then makes (2.25) a generalization of (2.20). Observe also how
our expression Hy (x, 0) for the natural drift defined in Lemma 2.15 still recovers the
given vector field b.

In summary, adding the continuous and bounded absorption rate ' r(x) to the
SDE (2.16) had the effect of subtracting r(x) from H(x, €) and adding it to L(x, y),
which leaves the natural drift unchanged but results in H(x,0) = —r(x) being
negative wherever r(x) > 0. As a result, by Lemma 2.13 (ii) the set of non-
degenerate points in Definition 2.9 is given by D¢+ = {r € D|r(x) > 0}.

In fact, the comments in Appendix A.6 show that adding a properly scaled
absorption rate to any other process will have the same effect on its large deviation
action. O

“Probabilists will find some comments in Appendix A.6.



Chapter 3
Existence of Minimum Action Curves

Abstract In this chapter we begin by stating the problem of the existence of a
minimum action curve, and we prove our main existence theorem, which requires
all relevant points in the state space to “have local minimizers.” We then list three
criteria for proving this property for a given point, each designed to target one out of
three different categories of points; the key ingredient here is our newly introduced
notion of “admissible manifolds.” After illustrating the use of these criteria with a
variety of examples, we conclude with a top-level theorem that can free us from
having to invoke these criteria by hand if the drift of the given action is of a certain
form. The proofs of the main criteria described in Sect. 3.3 will be postponed to
Chap. 6 in Part II.

3.1 A First Existence Result

Definition 3.1 (i) For a given geometric action S € ¢ and two sets Aj,A; C D

we denote by P(A;,A,) the minimization problem infy <2 S(y). For two
Al

points x;, x, € D we write in short P(x, x;) 1= P({x;}, {x2}).
(i) We say that P(A;, A;) has a strong (weak) minimizer if

Iy eI (vt el Sy*) = inf S(y).

yEFAlz

The curve y* is also called a minimum action curve of P(A;, A»).
(iii) We say that (y,)nen C T /flz is a minimizing sequence of P(A|, A,) if

lim S(y,) = inf S(y).
n—>o0 A

yEFAlz

While our goal is to prove the existence of strong (i.e., rectifiable) minimizers, we
have to accept the fact that they don’t always exist, and our criteria below will give
some insight in when this can happen. Later in Lemma 4.2 we will also see that the
only points near which minimizers may be non-rectifiable are the roots of a drift b.

To illustrate this point, let us now construct an example of a case in which there
exists a weak minimizer, but not a strong one. Observe how in this example Vb(0)
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is the zero matrix, which is why our key criterion Proposition 3.25 below will not
be applicable in this case.

Example 3.2 Consider the curve y* given by the parameterization ¢: [0, 1] — R?
defined by ¢(«) := (1 — «)(cos ﬁ, sin ﬁ) for Vo € [0,1) and by ¢(1) := 0.1t

fulfills
1 |
CoS — 1 —sin —
(p/(a) — _ ) 11—01 + 11—0[
sing=; ) 1-a\cos

1 1
= length(y) = /0 l¢' (o) | da = /0 VI+ (1 —a)?da = oo,

and so we have y* € f'xfz \ 12, where x; := (cos 1,sin 1) and x := (0, 0) denote
the start and the end point of y*, respectively.

Let the potential function V:R?> — [0, 00) be given in polar coordinates by
V(r,0) := r*sin’(3(r~' — 0)) for Vr > 0 and by V(r=0, §) := 0, which vanishes
on the infinite continuation of the spiral y* (defined by allowing @ € (—oo, 1] above)
and is positive outside of it. Finally, consider the SDE geometric action S given
by (1.7) with drift b := —VV € C'(R?,R?), and suppose that we are trying to find
the minimum action curve leading from x; to x,.

Since V takes its minimal value O everywhere on y*, we have b|,« =—VV|,» =0
and thus S(y*) = 0 by (1.7), and so y* is a minimizer.

On the other hand, any curve in I’ has finite length and therefore needs to leave
the spiral at some point, i.e., it will traverse a point x € R? with V(x) > 0. Its initial
segment y from x| to x must therefore fulfill

S(y) = / (IVV@IId] + (VV (). d))
Y

> 2/ (VV(2).dz) = Z/dV(z) =2(V(x) - V(x1)) 3.1)
Y

14
=2V(») > 0=58(y").

and so no curve in /;? can be a minimizer.

Constructing an example involving only isolated roots of b can be achieved by
adding a radial function to V that vanishes fast enough near the origin. The curve y*
defined above may then no longer be the minimizer, but basic arguments will suffice
to show that any minimizer will be a similar spiral and thus in 1:;’;2 O

Recall that (by our definition at the end of Sect.2.1.1) the class of curves I’ flz
only contains curves that are contained in D, and so P(A;, A,) is the problem of
finding the best curve leading from A; to A, that is contained in D. To avoid that this
additional constraint negatively affects our construction of minimizers by forcing us
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to move along curves whose lengths we cannot control, we have to require some
regularity of D.
For the rest of this monograph we will make the following assumption:

Assumption (D): The set D has the following property:

VxeD Yv>03r>0 VweB.(x)ND Iy e I'": length(y) < v.

Again recall that I'” only contains curves that do not lead out of D. In words, this
assumption requires that for any x € D and any arbitrarily small given v > 0, all
points in D that are sufficiently close to x can be connected to x by a curve y C D
with length no larger than v.

Remark 3.3 Using a compactness argument, Assumption (D) also implies that
any two points in D can be connected by a rectifiable curve y € D, which by
Lemma 2.5 (ii) (with K := y) has finite action. In particular, any (weak or strong)
minimizer must have finite action.

The following example, illustrated by Fig. 3.1a—c, discusses how this assumption
can be violated.

(a) (b)

o

Assumption (D) Assumption (D) ./

Fig. 3.1 Mlustrations of Examples 3.4 and 3.6: (a—c) three cases in R? in which Assumption (D)
is violated, (d) one case in which by Lemma 3.5 Assumption (D) is fulfilled
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Example 3.4 In Fig. 3.1a, if we choose x to be the lower right corner of D and v
smaller than the length of the (infinitely many) horizontal cuts into the right side
of D, then any small ball around x will contain a point in D just above x, which can
only be connected to x by curves that first go left, then all the way down, and then
back to the right along the lower border of D. But such curves are longer than v, and
so Assumption (D) does not hold.

Figure 3.1b shows a set whose boundaries we assume to spiral into a point x in a
similar way as the curve y* constructed in Example 3.2. Since the point x can only
be connected to any other point in D by infinitely long curves, Assumption (D) is
violated in this case as well.

Finally, Fig. 3.1c shows a set D whose boundaries are zigzag curves that—when
constructed properly—Iead to the same problem as in the preceding case of a spiral,
so that Assumption (D) is violated again. O

The next lemma gives some sufficient (but by no means necessary) conditions
that can help to prove Assumption (D) for a given set D of interest.

Lemma 3.5 IfD =D, or ifD = Ui=l D,- f0r~s0me sets Dl, ... ,Dm C D that are
closed in D and convex, then the Assumption (D) is fulfilled.

Proof Letx € D and v > 0. If D = D then we can choose r € (0, v] so small
that B,(x) C D, and for any w € B,(x) N D = B,(x) we can let y be the straight
line from x to w. Then we have y C B,(x) C D and thus y € I, and furthermore
length(y) = [w—x| <r<v.

If D = UL D, for some sets D; that are closed in D and convex, let
I:={i|xeD;} # @ and choose r € (0,v] so small that B,(x) C D \ Ul¢,
Then we have B,(x) N D = I, (B,(x) N D) = UlEI(B (x) N D;), and so for
Vw € B () N D 3i € I such that w is in the convex set D;. Since also x € D;, the
straight connection line y from x to w fulfills y € D; C D and thus y € T, "', and
again we have length(y) = |[w —x| <r <. O

Example 3.6 The set D shown in Fig.3.1d does fulfill Assumption (D), since it is
the union of two rectangles, an ellipse, and a triangle, all of which are closed convex
sets. O

The following lemma explains why in Definition 3.1 we do not distinguish
between minimizing over I ,3412 and over I X‘lz: Minimizing the action over either of
these two sets leads to the same value.

Lemma 3.7 For any geometric action S € 4 and any two sets A, A, C D we have

1nf S(y) = 1nf S(y). 3.2)

yeFAl yeFAl

Proof The inequality “>" is clear since I /ﬁ >cr AA} *. To show also the inequality

“<” letany y € I;AAf and ¢ > 0 by given. We must constructa curve y € I AAf with
S(y) =S8(7) +e.
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To do so, let p > 0 be so small that K := Np()?) C D, and let ¢; > 0 be
the corresponding constant given by Lemma 2.5 (ii). Suppose there are m points
along y that are passed in infinite length. We then define y € T /flz by replacing
the at most 2m infinitely long curve segments preceding and/or following these
m points by rectifiable curves y; C D with length(y;) < v = min{ﬁ, p}, as
given by Assumption (D). Since for every i we have y; C Np()?) and thus S(y;) <
c1 length(y;) < 5 by Lemma 2.5 (ii), we have S(y) < S(7)+>_; S(yi)) < S(7) +e,
completing the proof. O

In this chapter we will explore conditions on § that guarantee the existence of a
(weak or strong) minimizer y*. We begin with a first result that was already stated
in the introduction.

Proposition 3.8 Let S € ¥, let the two sets Aj,A; C D be closed in D, and
suppose that there exists a compact set K C D such that the minimization problem
P(A1,Ay) has a minimizing sequence (Yn)nen With y, C K for Yn € N and
with sup,cy length(y,) < oo. Then P(A1,Az) has a strong minimizer y* fulfilling
length(y*) < liminf,_ o length(y,).

Proof Let M’ := lim inf,_ length(y,), and let us pass on to a subsequence, which
we again denote by (¥,).en, such that lim,_, length(y,) = M’. For Vn € N, let
¢n = @y, be the arclength parameterization of y, given by Lemma 2.1 (i), i.e.,
the one fulfilling |¢/| = length(y,) a.e. Our conditions on (y,)nen now imply that
the sequence (¢, ),en fulfills the conditions of Lemma 2.2 (i), and so there exists a
subsequence (¢, )ken that converges uniformly to some function ¢* € K C DcD
which by Lemma 2.2 (ii) is in C(0, 1). Since A; and A, are closed in D, we have
p* € Cﬁf (0, 1). By Lemma 2.6 (i), the curve y* € FAAf parameterized by ¢* fulfills

S(V*) = 5(90*) = khm S((pnk) = lim S(ynk) = inf S(J/),
—00 k—00 yEF/flz

i.e., y* is a strong minimizer of P(A1, Ap).

Finally, observe that for Ve > 0 Jky € N: SUDPg >, length(y,,) < M’ + ¢, and
applying Lemma 2.2 (ii) to the tail sequence (¢, )i>k, We find that |p*'| < M' + ¢
a.e. and thus length(y*) < M’ + &. Since ¢ > 0 was arbitrary, this shows that
length(y*) < M'. O

In practice, this result by itself is of little use since minimizing sequences are not
at our direct disposal, and so controlling its curve lengths is hard. Instead, in the
following we will build on this result and replace its bounded-length-condition with
criteria that are based on explicitly available properties of S, such as the flowline
diagram of a drift b.
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3.2 Points with Local Minimizers, Existence Theorem

First, we will use a compactness argument to reduce the minimization problem
P(A1,A) to the special case P(xj,x;) where x; and x, are close to each other.
The following definition lies at the heart of this entire work, and therefore the
reader is strongly advised not to proceed until this definition is fully understood.
The illustrations in Fig. 3.2 may help.

Definition 3.9 (i) We say that a point x € D has strong local minimizers if
3r,n > 0 3 compact K C D Vx;,x, € B.(x) N D the minimization problem
P(x1,x2) has a strong minimizer y* € I')2 with y* C K and length(y*) < 7.

(ii) We say that a point x € D has weak local minimizers if there exist a constant
r > 0, a function 7: (0, 00) — [0, 00) and a compact set K C D such that for
Vxi,x3 € B,(x) N D the minimization problem P(xy, x») has a weak minimizer
y* e f'xfz(x) with y* C K and Yu > O: length(y*|l§“(x)c) < n(u).

Observe that strong implies weak: Indeed, if x has strong local minimizers then we
can choose the function 7 (u) in part (ii) to be the constant  given in part (i), and so
x has weak local minimizers.

It is important to understand that the only aspect of this property that justifies
the use of the word “local” is that x; and x, are close to x; the corresponding
minimization problem P(x,x;) still considers curves that lead far away from x.
Thus, checking that a given point x has local minimizers generally requires global
knowledge of £ (although an exception is given in Proposition 3.16).

Remark 3.10 (i) The set of points with strong local minimizers is open in D.
(i1) To prove that a point.x € D has strong local minimizers, it suffices to show that
for Vi > 03r > 0 Vx,x, € B,(x) N D the minimization problem P(xy, x;)

o

Fig. 3.2 Tlustration of Definition 3.9 (i). The left graphic illustrates the case D = D; the right
one shows how for D < D we only need to consider points x;, x, € D, and that the corresponding
minimizing curve y* is then constrained to lie within D. In either case, independently of x| and x,,
y* must lie within some fixed compact set K C D and satisfy a length condition
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has a minimizer y* € I;? with length(y*) < 7. Indeed, this implies that
y* C BH_,,/z(x) ND =: K C D, and K is compact if r and 7 are chosen so
small that BH_,, /2(x) C D.

(iii) For the same reasons, if D = R" then the requirement y* C K in
Definition 3.9 (i) may be dropped entirely since then K := BH_,, 2(x) N D
is a compact set with y* C K.

As we will see in Sects.3.3 and 3.4, showing that a given point has (weak or
strong) local minimizers is rather easy once the flowlines of a good choice for the
drift b of § are understood. In fact, oftentimes one can show that every point x € D
has local minimizers.

The following theorem, in combination with the tools that we will develop in
Sect. 3.3, is our main result. It extends the local property of Definition 3.9 to a global
one by using a compactness argument.

Theorem 3.11 (Existence Theorem)

(i) Let S € 4, and let K C D be a compact set consisting only of points that have
weak local minimizers. Let the two sets A1,A; C D be closed in D, and let
us assume that the minimization problem P(A|, A,) has a minimizing sequence
(VYw)nen such that y, C K for Vn € N. Then P(A1, Ay) has a weak minimizer.

(ii) If (in addition to the above conditions) all points in K actually have strong (as
opposed to weak) local minimizers then P(A1, Az) has a strong minimizer.

Proof Postponed to the end of this section. O

The decisive advantage of Theorem 3.11 over Proposition 3.8 is that the bounded-
length-condition of the minimizing sequence is no longer required, and instead
we have to show that K consists of points with local minimizers. The remaining
condition, y, C K for Vn € N, boils down to the following estimate.

Lemma 3.12 Let S € ¥, let K C D be compact, let A1,A, C D, and suppose that
there exists some curve yg € I, AA} 2 with yo C K such that

S(yo) = inf S(y). (3.3)
yEFAlz
YEK

i.e., no curve leading from Ay to A, and leaving K along its way has a smaller
action than y,. Then P(A1, Ay) has a minimizing sequence (V,)nen with y, C K for
VneN.

Proof Let (y,),en be any minimizing sequence. If we replace every curve y, that is
not entirely contained in K by yp then because of (3.3) we only reduce the action.
Thus we obtain a new minimizing sequence that is now entirely contained in K. O

Example 3.13 1In the case that D = R”, that A; is bounded, and that S is the SDE
geometric action given by (1.7) with a drift of the form b = —VV, for some potential
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Ve Cz(R”, R) with lim,_, o, V(x) = o0, it suffices in Lemma 3.12 to choose K =
Bz(0) for some sufficiently large R > 0.

To see this, choose the fixed curve yy € I’ AAf arbitrarily, and let y € I’ AAf with
y € K. Let y’ denote the curve segment of y until its first exit of Bg(0), and let x;
and x, be the start and end points of y’, respectively. Then using the same trick as
in (3.1) one can show that

S(y) = S(¢/") = 2(V(x2) = V(x1))
> 2min{V(x) | x| = R} —2max{V(x) | x € A},

which can be made larger than S(yy) by choosing R large enough. O

Proof (Theorem 3.11) Although the construction for part (i) directly implies the
statement of part (ii), we will show part (ii) separately first (since its proof uses a
much easier argument at its end) and then extend the proof to cover part (i). See
Fig. 3.3 for an illustration of the proof of part (ii).

(i) Let S € ¢, and let the sets K,A;,A, C D have the properties described in
Theorem 3.11, where K only consists of points with strong local minimizers.
For Vx € K Definition 3.9 (i) provides us with values r,, n, > 0 and compact
sets K, C D such that for Vxi,x2 € B, ()N D there exists a minimizer
Yox, € 137 of the minimization problem P(xi,x;) with y;  C K, and
length(y; ,,) < 7. Since {B, (x)|x € K} is an open covering of K, there
exists a finite subcovering, i.e., there exist points x',...,x* € K such that
K C U,]F:l B,;(x'), where rj := r,;. We define M := Zf:l Ny

Now let (Yp)neny C I AAf be a minimizing sequence with y, C K for Vn € N.
For each fixed n € N we will now define a modified curve y, by cutting y, into
at most k pieces whose start and end points lie within the same ball, and then by
replacing these pieces by the corresponding optimal curves with the same start
and end points.

Fig. 3.3 Illustration of the proof of Theorem 3.11 (ii), with D = D. Every curve , of the given
minimizing sequence is cut into at most k pieces whose start and end point is contained in the
same ball 1_3,/. (/). Using Definition 3.9, these pieces are then replaced by new curve segments with
minimal action and controllable length
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To make this description rigorous, let the functions ¢, € Cﬁf (0, 1) be some
parameterizations of the curves y,, and fix n € N. We then define (for some
m < k) the numbers 0 = «; < --- < «,, = 1, the distinct indices ji,...,j. €
{1,...,k} and finally j,,+1 = j,, by induction, as follows:

* Leta; = 0, and letj; be such that ¢,(0) € B, (x¥").
e Fori>1,letot; := sup{(x e [0,1] |<pn(oc) € B, (xji)}, and let

Ji+1 be such that ¢, (oi+1) € Brji+1 (xj"+1) if a4 <1,

Jit1 :=Ji, m:i=1i it oy =1

In other words, we split the curve y, into m pieces whose endpoints fulfill
@n(@i), pu(@i1) € By (¥) for Vi = 1,...,m. Since also ¢, C K C D,
by definition of the radii #; the m minimization problems P((p,, (i), qon(a,-+1))
(i = 1,...,m) have strong minimizers y,’; C K,; C D with length(ynf D) = Nis
and in particular we have S(y,;)) < S(¢uljg; ;4,))- The concatenated curve

Pui=Vpy + o+ Vi € Ta? thus fulfills

SG) =D _SWr) < D S(@alway) = S@n) =S), (34

i=1 i=1

m m k
length(y,) = Zlength(y,:i) < Z Nyi < Z ng =M. (3.5)

i=1 i=1 j=1

Because of (3.4), the modified sequence (¥,)en is still a minimizing sequence,
and (3.5) tells us that the curves y, have uniformly bounded lengths. Further-
more, we have y, C Uf’;l K C U/]'(=1 K,j, which is a compact subset of D.
Therefore we can apply Proposition 3.8 and conclude that P(A;,A;) has a
minimizer y*, with

length(y™) < liminflength(y,) < M.
n—>oo

For this part we begin as in the proof of part (ii), by choosing a finite collection
of balls B, (+) covering K, now given by Definition 3.9 (ii) whenever x' only

has weak local minimizers. Given the minimizing sequence (V,)neny C I flz, we
cut each curve y, into smaller segments as in part (ii). The number of pieces
m and the indices ji, .. .,j,, may depend on n, but since there are only finitely
many combinations, we may pass on to a subsequence (which we again denote
by (Vn)nen), such that m and j, .. ., j, are in fact the same for every curve y,,.
We then construct a new sequence (Jy)nen C I AAf with S(7,) < S(y.)
for Vn € N as in the proof of part (ii), only that now if ¥/ only has
weak local minimizers then the curve segment y; must be obtained from
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Definition 3.9 (ii), and so we have y; € r (*") in this case. We can assume
that each segment y,; visits the point ¥ at most once (otherwise we can cut
out the piece between the first and the last hitting point of ¥, which can only
decrease the action of the curve).

If ! has strong local minimizers then we can apply Lemma 2.2, just as in
the proof of Proposition 3.8, to show that some subsequence of the arclength
parameterizations (¢,1),en C C(0,1) of (¥ )nen converges uniformly to
the parameterization of some y5, ;, € I'. If instead ¥ only has weak local
minimizers then we apply Lemma 2.3 to show that a subsequence of some
parameterizations (@,.1)pey C C(¥') of (¥, )nen converges pointwise on
[0, 1] and uniformly on each set [OL% —al U [% +a,1],a € (0, %), to the
parameterization of some y5, ; € I'(¥!). In either case, since y,; C D for
Vn € N and since D is closed in D, we have Yoo C D.

We repeat this procedure for %2, ..., ", each time passing on to a further
subsequence, and in this way obtain curve pieces Y5, ,..., V5, that by

construction connect to a curve y* € I;AAY. Using both parts of Lemma 2.6,
its action fulfills

S(p*) =) S(y%) < Y liminfS(y;,) < liminf " S(y;)
’ n—>oo ’ n—>oo ’
i=1 i=1 i=1
= liminfS(y,) <liminfS(y,) = inf S(y) = inf S(y),
n—o00 n—o00 A =AY

yeI"Al yeI"Al

where in the last step we used Lemma 3.7. Since y* € I:Alz, equality must hold,
and so y* is a weak minimizer. O

Remark 3.14 Denoting the minimizer by y*, the proof implies that

in (i), there exists a finite set W C K of points that only have weak but not strong
local minimizers, depending only on K but not on A; and A,, such that every point
that y* passes in infinite length is in W;

in (ii), we have length(y*) < M, where M > 0 is a constant only depending on
K but not on A; and A».

Remark 3.15 Theorem 3.11 and Lemma 3.12 can easily be generalized to cover
also the minimization over sets of the form

Ip o = {y cDh | Yy Visits Ay, . . ., Ag in this order}

or Lyoa = {y ﬁ|yvisitsA1,...,Akin any order}

for any given k € N and any given sets A;,...,A; C D that are closed in D. In
this case, (¥,),eny must be a minimizing sequence of the corresponding associated
minimization problem.
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3.3 Finding Points with Local Minimizers

This leaves us with the question how one can show that a given point x € D has
local minimizers. We have developed three criteria that were respectively designed
to be applied to non-degenerate points (Proposition 3.16), degenerate non-critical
points (Proposition 3.23), and critical points (Proposition 3.25). The proofs of most
statements that are listed in this section will be carried out in Part II.

From now on we will assume that S € ¢ and that b is a drift of S in the sense of
Definition 2.7, and we will denote by ¥ (x, t) the flow of b given in Definition 2.8.

Our first result is the following.

Proposition 3.16 Letx € D be a non-degenerate point of S. Then x has strong local
minimizers.

Proof See Part 11, Sect. 6.1. O

Example 3.17 For the geometric action given by (2.21), i.e., the curve length
with respect to a Riemannian metric, every point in D is non-degenerate by
Lemma 2.13 (ii) since we have H(x,0) = —1 # 0, and so according to
Proposition 3.16 every point in D has strong local minimizers.

For the quantum tunneling geometric action given by (2.22) we have H(x,0) =
—U(x), and so similarly Proposition 3.16 tells us that every point x € D with
U(x) > 0 has strong local minimizers. Addressing also the points x; and x,, which
fulfill U(x;) = U(xz) = 0, will have to wait for Proposition 3.25 later in this section.

Note how in either case we could also have shown the non-degeneracy using its
original definition based on £(x, y) (Definition 2.9 (1)) . O

Unfortunately, Proposition 3.16 cannot be applied to actions S € 7 (since those
actions do not have any non-degenerate points), and so in particular it cannot be
applied to the large deviation geometric actions for SDEs and for Markov jump
processes, as given in Example 2.19.

To control the potential problems that can arise for these actions, namely that
£(x,y) = O for some y # 0, we now introduce the concept of admissible
manifolds. Loosely speaking, an admissible manifold M is a compact C'-manifold
of codimension 1 with the property that the flowlines of the drift b are never tangent
to M and always cross M in the same direction (“in” or “out”).

Definition 3.18 Given a vector field b € C!(D,R"), a set M C D is called an
admissible manifold of b if there exists a function fyy € C(D, R) such that

() M = fy;' ({0}),

(i) M is compact,
(iii) fy is C' in a neighborhood of M, and
(iv) Vx € M: (Vfy(x),b(x)) > 0.

Property (iv) says that the drift vector field b(x) flows from the set f;;' ((—00, 0))
into the set f;;' ((0, 00)) at every point of their common boundary M = f;' ({0}),
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crossing M at a non-vanishing angle. Note that M is a proper C!-manifold since by
part (iv) we have Vfy, # 0 on M. Also by part (iv) we have the following:

Remark 3.19 If M is an admissible manifold of b then Vx € M: b(x) # 0.

To get a better idea of how admissible manifolds look in R?, the reader may
briefly skip ahead and take a look at Figs. 3.4-3.6 on pp. 44-50. There, the black
and the blue lines are the flowlines of the vector field b(x), and the solid red lines
are admissible manifolds. Dashed red lines are examples of curves that are not
admissible manifolds since they are crossed by the flowlines in either direction (both
“in” and “out”).

The following Lemma gives a nice analytical example of an admissible manifold,

for a generalization of the previously discussed potential drift b = —VV.

Lemma 3.20 Suppose that the drift b can be written in the form b = —VV + v+
for some potential V € C*(D,R) and some vector field vt € C'(D,R") such that
(VV,v1) = 0 on D and that v+ = 0 wherever VV = 0.

Then for any c € R, if the level set M. := V~'({c}) is compact and if VV # 0
on M., then M. is an admissible manifold. More generally, even if M. does not
fulfill these two conditions, any connected component of M, that fulfills them is an
admissible manifold.

Proof If M, is compact and if VV # 0 on M, then one can easily see that all
four properties in Definition 3.18 are fulfilled by the function fj;, = —V + c. In
particular, property (iv) holds because for Vx € M, we have (Vfy. (x),b(x)) =
(=VV(x),=VV(x) + v () = [VV(@®)]* > 0.

For the second part of the lemma, all we have to do is to modify fy;. away from
the given connected component (let us call it M), and remove all the roots of fy,
except for those in M. This is possible only because M divides R” into an “inside”
and an “outside,” on which we can have the modified function fMC take values of
opposite signs. The latter is the content of the Jordan-Brouwer Separation Theorem.
In fact, the proof of that theorem given in [13] works by constructing a function that
already has all the properties that we require of J?M(., and so there is nothing left for
us to do. The interested reader will find some more remarks in Appendix A.7. 0O

Lemma 3.22 below gives another general example of an admissible manifold, as
found repeatedly in Figs. 3.4-3.6: the surface of a small deformed ball around an
attractor or repellor x of the drift b.

To prepare for this lemma, we introduce two functions f; and f, that are defined
on the basins of attraction/repulsion of x, denoted by B, and B,,, respectively.' These
functions measure the “distance” of a point w to the equilibrium point x in terms of
the length of the flowline starting from w until it reaches x as t — oo (f;) or as
t — —oo (f,,), respectively.

I'The subscript indicates whether x is a stable or an unstable equilibrium point. The slight notational
conflict with balls B, (x) will not be an issue for us since we will never denote radii by s or u.
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Definition 3.21 Let x € D be such that b(x) = 0 and that all the eigenvalues
of the matrix Vb(x) have negative (positive) real parts, and let B; (B,) be the
basin of attraction (repulsion) of x. Then we define the function f;: By — [0, 00)
(fu: By — [0, 00)) by

fi(w) ;:/0 |b(¢(w,t))|dt=/0 [V (w, 1)| dt, w € B, (3.6a)

0 0o
Suw) ::/ |b(1p(w,t))|dt:/ | (w, 1)| dt, w € By. (3.6b)

Lemma 3.22 Let x € D be such that b(x) = 0 and that all the eigenvalues of the
matrix Vb(x) have negative (positive) real parts. Then for sufficiently small a > 0
the level set M := ' ({a}) (M“ := £, "' ({a})) is an admissible manifold.

Proof See Part 11, Sect. 6.2. O

The following proposition, which is our second criterion for showing that a given
point x € D has local minimizers, is our first result that makes use of the concept
of admissible manifolds. In practice this criterion covers most cases that cannot be
addressed with Proposition 3.16.

Proposition 3.23 Let M be an admissible manifold and x € ¥ (M,R) N D. Then x
has strong local minimizers.

Proof See Part 11, Sect. 6.5. O

Proposition 3.23 says that every admissible manifold M that we find will give us
a whole region ¥ (M, R) N D of points with strong local minimizers, where ¥ (M, R)
is the union of all the flowlines emanating from M. An immediate consequence is
the following:

Corollary 3.24 Let x € D be such that b(x) = 0 and that all the eigenvalues of the
matrix Vb(x) have negative (positive) real parts, and denote by B (B,) the basin of
attraction (repulsion) of x. Then every point in (Bs \ {x}) N D ((B, \ {x}) N D) has
strong local minimizers.

Proof This follows from Lemma 3.22 and Proposition 3.23 since for small a > 0 we
have ¥ (M, R) = B,\{x} and (M, R) = B, \ {x}. (The reader who wants to prove
these intuitive equations rigorously will find the necessary tools in Lemma 6.1.) O

By Remark 3.19, admissible manifolds cannot contain any points x with
b(x) = 0, and thus the flowlines emanating from M cannot contain any such points
either. As a consequence, to show that a given point x € D has local minimizers,
Proposition 3.23 can only be useful if b(x) # 0. For points with b(x) = 0 (and in
particular for the missing point x in Corollary 3.24) we have the following criterion.
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Proposition 3.25 Let x € D be such that b(x) = 0, and that all the eigenvalues of
the matrix Vb(x) have nonzero real part. Let us denote by My and M, the global
stable and unstable manifolds of x, respectively, i.e.,

M;:={weD| Jlim g (w. 1) = x, (3.7a)
M, :={weD]| Jim yr(w. 1) = x}. (3.7b)

(i) If x is an attractor or repellor of b then x has weak local minimizers. If in
addition

Je,c3>0 VYweB(x)ND Iy € I'": length(y) < c3lw—x|,  (3.8)

3p,c4,8 >0 Yw € By(x) VyeR":  L(w,y) < calw— x|yl
(3.9)

then x has strong local minimizers.
(ii) If x is a saddle point, and if there exist admissible manifolds M, . .., M,, such
that

M, UM\ {x} € |y R), (3.10)

i=1

then x has weak local minimizers. If in addition the state space is two-
dimensional, i.e., D C R?, and if (3.8)—(3.9) are fulfilled then x has strong
local minimizers.

Proof See Part 11, Sect. 6.6. O

Before we come to some examples that illustrate the use of this criterion, let us first
take a closer look at its conditions. We begin with the conditions (3.8)—(3.9) that are
necessary to show that the point x in question has in fact strong (as opposed to only
weak) minimizers.

The condition (3.8) on the shape of the set D near x is a stronger version
of Assumption (D): While Assumption (D) ensures that the length of connecting
curves y C D between x and the points w € B,(x) can be made uniformly
small by choosing r > 0 sufficiently small, the condition (3.8) asks that r can
in fact be chosen as a constant multiple of the requested maximum curve length.
Lemma 3.26 (i) will give some useful criteria for checking this condition.

The condition (3.9), which implies that x must be a critical point according to
Definition 2.9 (ii), asks that £(w, y) is Holder continuous at w = x, uniformly for all
y with |y| = 1. Using Lemma 3.26 (ii), this condition can easily be checked even
in the case of a Hamiltonian geometric action when no explicit formula for £(x, y)
may be available.
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Lemma 3.26 (i) If x € D° (which is true in particular if D = D), or if D =
U:"zl D,- for some sets ﬁl, ... ,ﬁm C D that are closed in D and convex, then
the condition (3.8) is fulfilled.

(ii) Suppose that S € 37 is induced by a Hamiltonian H such that H(-,0) and
Hy(-,0) are locally Hilder continuous at x. Then the condition (3.9) is fulfilled
if and only if x is a critical point.

Proof (i) As in the proof of Lemma 3.5. (ii) See Appendix A.8. O

Finally, the condition (3.10) says that every point in the stable and unstable manifold
of x (except for x itself) has to lie on a flowline emanating from one of a finite
collection of admissible manifolds, or equivalently, that every flowline in the stable
and the unstable manifold must intersect one of these finitely many admissible
manifolds. See Sect. 3.4 for examples.

We conclude this section by pointing out that it is Proposition 3.25 (ii) that is
responsible for the somewhat excessive length of this monograph (and in particular
for Chap. 7 and most of Appendix B). In particular, a lot of effort went into proving
the existence of strong local minimizers in Proposition 3.25 (ii) at least in the
two-dimensional case, which allows us to conclude that the problem P(A;,A;) of
minimizing S(y) overall y € FAAf has a solution y* that actually lies in FAAf and not

only in the larger class r :1 2. For remarks on the possible extension of our results to
higher dimensions, see our conclusions in Chap. 5.

3.4 Examples in R?

Let us see in some two-dimensional examples, D = R2, how these criteria are used
in practice. In Figs. 3.4-3.6, the black and the blue lines are the flowlines of b, the
roots of b are denoted by the symbols © (attractor), @ (repellor), and (5) (saddle
point). Basins of attraction are shown in various shades of gray, basins of repulsion
are shaded with gray lines at various angles. The stable and unstable manifolds of
the saddle points are drawn in blue. Finally, a representative selection of admissible
manifolds is drawn as solid red curves. In Fig. 3.6, dashed red curves illustrate why
it is impossible to draw admissible manifolds through certain points.

Throughout the discussion of these examples in the remainder of Sect. 3.4, we
will assume that for every root x of b (i.e., for every attractor, repellor, or saddle
point) all the eigenvalues of the matrix Vb(x) have non-zero real parts. Also, for
simplicity we will discuss the case D = D, so that the condition (3.8) is trivially
fulfilled by Lemma 3.26 (i). But our arguments will not change if D < D, except
that then proving that the roots of b have strong (as opposed to only weak) local
minimizers requires checking the additional condition (3.8), for example by using
Lemma 3.26 (1).
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Fig. 3.4 (a-b) Two systems with two attractors, (c) one system with three attractors
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Fig. 3.5 (a-b) Two more systems with three attractors
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3.4.1 Two Basins of Attraction

In our first two examples we consider systems in which the drift vector field b has
two stable equilibrium points whose basins of attraction partition the state space into
two regions.

Example 3.27 Figure 3.4a shows the flowlines of a vector field b with two attractors,
and with one saddle point on the separatrix. The points in the two basins of
attraction (light gray and dark gray) all have local minimizers by Corollary 3.24
and Proposition 3.25 (i). The three red lines are admissible manifolds (the two small
ones can be obtained from Lemma 3.22), and we observe that every flowline on
the stable and the unstable manifold of the saddle point (blue) intersects one of
them. Proposition 3.23 thus implies that every point on these flowlines has local
minimizers, and Proposition 3.25 (ii) implies that the saddle point itself has local
minimizers as well. We conclude that in this system every point in D has local
minimizers.

In fact, all points (with the possible exception of the roots of b) have strong
local minimizers. To guarantee that the three roots have strong local minimizers as
well, one only needs to check the condition (3.9) at these points. In the case of an
action S € J¢ induced by some Hamiltonian H such that H(-,0) and Hy(-,0)
are locally Holder continuous, by Lemma 3.26 (ii) this is equivalent to (2.10).
Note that if S € 5% and b is a natural drift then (2.10) is fulfilled. These remarks
about the distinction between strong and weak local minimizers also apply to the
Examples 3.28-3.31. O

Example 3.28 Figure 3.4b shows another system with two attractors, only now
there are two saddle points and one repellor on the separatrix. The two basins of
attraction are again drawn in light gray and dark gray, the basin of repulsion is
shaded in gray diagonal lines. By Corollary 3.24 and Proposition 3.25 (i) every
point in these three regions has local minimizers, which leaves us only with the two
saddle points, and with the outer halves of their respective stable manifolds. Again
we observe that every flowline of the stable and unstable manifolds of the two saddle
points (blue) intersects one of the four admissible manifolds drawn in the figure. As
in the previous example, Proposition 3.23 thus implies that every point on these
flowlines has local minimizers, and Proposition 3.25 (ii) implies that the two saddle
points have local minimizers as well. We conclude that also in this system every
point in D has local minimizers. O

3.4.2 Three Basins of Attraction

We now discuss three examples of systems with three attractors. In each case, we
will again find that every point in the state space has local minimizers.
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Example 3.29 Figure 3.4c shows a system with three attractors, with all three basins
of attraction aligned in a row. As usual, Corollary 3.24 and Proposition 3.25 (i)
cover the three basins of attraction, Proposition 3.23 covers the stable manifolds
of the saddle points since they intersect the outer admissible manifold, and
Proposition 3.25 (ii) covers the saddle points themselves since every flowline of
their stable and unstable manifolds intersects an admissible manifold. We conclude
again that every point in D has local minimizers. O

Example 3.30 Figure 3.5a shows a system with three attractors that form a triangle
with a repellor at its center. There are a total of three saddle points, one on
each of the three branches of the separatrix. All the points in the three basins of
attraction and in the basin of repulsion have local minimizers by Corollary 3.24 and
Proposition 3.25 (i). Again we are left only with the three saddle points, and with
the outer halves of their stable manifolds. Both can be treated with Propositions 3.23
and 3.25 (ii) as in the previous examples, and we find again that every point in D
has local minimizers. O

Example 3.31 Figure 3.5b shows yet another system with three attractors. This
time, one basin of attraction is enclosed by the two others, and we count a
total of two repellors and four saddle points. After applying Corollary 3.24 and
Proposition 3.25 (i) to the three basins of attraction and the two basins of repulsion,
we are only left with the four saddle points, and with the outer halves of the stable
manifolds of the two outer saddle points. We can proceed as before, and apply
Propositions 3.23 and 3.25 (ii) to show that also these remaining points have local
minimizers. O

3.4.3 An Example with Trivial Natural Drift

Example 3.32 For the geometric action given by (2.21), i.e., the curve length with
respect to a Riemannian metric, and for the quantum tunneling geometric action
given by (2.22), we only found the natural drift b(x) = 0, and so we must argue
differently. Example 3.17 showed how one can apply Proposition 3.16 to all points
x € D in the case of the Riemannian metric, and to all points x € D \ {x;,x2}
in the case of the quantum tunneling geometric action, to show that these points
have strong local minimizers. To deal also with the points x; and x; in the latter
case, let us now assume that the potential U in (2.22) has the property that
dc, & > OVx € B.(x): |U(x)| > c|]x —x;|* fori = 1,2.

Under this assumption, the vector fields b;(x) := ¢;(x)(x — x;), for some cutoff
functions ¢; € C(D,[0,1]) with supp¢; C B.(x;) and &;(x;) = 1, are drift vector
fields of S since

L(x,y) = V22U @) |yl = V2 |x — xilly] = V2¢ [b:(x)]]y]
/2 (1b:)lyl = (Bi(x). ).
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Since for each i = 1, 2 the point x; is a repellor of b;(x) with Vb;(x;) = I, we can
apply Proposition 3.25 (i) to conclude that x; and x, have weak local minimizers. If
in addition U is Holder continuous at x; and x, then the condition (3.9) is fulfilled,
and x; and x, have in fact strong local minimizers. (Observe that the alternative
criterion for (3.9) given by Lemma 3.26 (ii) leads to the same condition.) O

3.4.4 Examples to Which Our Criteria Do Not Apply

We will now present three examples in which for some points the conditions of our
criteria are not fulfilled. As a consequence, unless we can otherwise show that there
exists a minimizing sequence that stays in a compact set K C D away from these
points, the question of whether a minimizer exists will be left undecided at present:
Without further thought it may still be possible that (i) the points in question in
fact do have local minimizers, and our criteria from the previous section are only
not strong enough to show it, or (ii) the points do not have local minimizers, but
Theorem 3.11 which requires this property for all points in the compact set K C D
is asking for more than necessary. In both cases a minimizer may still exist.

Fortunately, for the first of the following examples we will discover later in
Chap. 4 that (at least for actions S in the subclass %‘f C % defined at the
beginning of Chap.4) both Theorem 3.11 and our criteria in fact fail for a reason,
and that the above possibilities (i) and (ii) are not the case: Proposition 4.6 will show
that for these actions the points in question do not have local minimizers and that
a minimizer does not exist. For the second example we will have a partial result of
that kind. These insights are an important contribution to our theory because they
indicate why the conditions of our criteria are necessary, and they suggest that they
are not unnecessarily strong.

The first two of these examples have in common that there is a loop consisting
of one or more flowlines that can be traversed at no cost. Such loops are bound to
lead to problems since they allow for infinitely long curves with zero action, thus
making it hard to control the curve lengths of a minimizing sequence.

3.4.4.1 Limit Cycles

Figure 3.6a shows a system consisting of a limit cycle that encloses the basin of
attraction of a stable equilibrium point. We are interested in a curve of minimal
action that leads from the attractor to the limit cycle, and so the vector field outside
of the limit cycle is irrelevant to us.

All the points in the basin of attraction can again be treated by Corollary 3.24
and Proposition 3.25 (i), but (independently of the drift vector field outside of the
limit cycle) our criteria will fail to show that the points on the limit cycle itself have
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local minimizers: Proposition 3.23 would require us to find an admissible manifold
that crosses the limit cycle, but this is impossible.

Indeed, any closed loop M that may be a candidate for an admissible manifold
crossing the limit cycle (such as the red dashed line in Fig.3.6a) would have to
intersect the limit cycle at least twice (it is not allowed to be tangent to the limit cycle
by Definition 3.18 (iv)), or put differently, the limit cycle would have to intersect M
at least twice. But this would mean that the flowline on the limit cycle enters the
interior of M at one place and exits it at another (at the two red crosses), which
ultimately contradicts Definition 3.18 (iv). This observation is proven rigorously in
Corollary 6.3 of Part II.

In Sect. 4.3 we will prove that all this happens for a reason: In Proposition 4.6
we will find that for actions S € %’64', points on limit cycles never have (weak or
strong) local minimizers, and that no minimizer from the attractor (in fact from any
point in the basin of attraction) to the limit cycle exists. Instead, the cheapest way
to approach the limit cycle is to circle around infinitely in the direction of the flow,
see Fig.3.7a; this however is not a curve in I" and is thus not considered a valid
minimizer in our present framework.

3.4.4.2 Closed Chains of Flowlines

The next example in Fig. 3.6b is similar in character: Again we have a closed curve
that can be traversed at no cost, only that this time it consists of four flowlines that
lead from saddle point to saddle point, and we are looking for a curve of minimal
action that leads from the attractor to this loop. As before, our criteria fail to show
that any of the points on the loop has local minimizers: Both Proposition 3.23
and 3.25 (ii) would require us to find an admissible manifold crossing the loop,
but for the same reasons as in the previous example this can easily be seen to be
impossible.

This time, however, the issue can at present not be resolved entirely. Corollary 4.5
in Sect. 4.3 will only allow us to conclude for actions S € %’ff that if a minimizer
exists then it will reach the loop at one of the saddle points. Further work would
be necessary to prove that such a solution indeed exists, and to decide if it is
more advantageous to rather approach the loop by circling around infinitely in the
direction of the flow, see Fig. 3.7b.

At least Lemma 4.8 will explain why our criteria are insufficient for showing that
those points on the loop with non-zero drift have local minimizers: The proofs of
these criteria work by proving the stronger requirements of Remark 3.10 (ii), and
for actions § € %’ff those are not fulfilled.
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Fig. 3.6 Three systems to which our criteria cannot be applied: (a) a limit cycle, (b) a closed chain
of flowlines, (¢) non-contracting state space

(a)

Fig. 3.7 The (generalized) minimum action curves for two of these cases: (a) a limit cycle, (b) a
closed chain of flowlines
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3.4.4.3 Non-Contracting State Space

The examples of Sects.3.4.1 and 3.4.2 had in common that the state space was
contracting in the sense that there exists a bounded region which every flowline
eventually leads into as + — oo. This last example, a constant vector field b(x) :=
by # 0 illustrated in Fig. 3.6¢, discusses what can happen if that is not the case.

For reasons similar to the ones in the previous two examples we fail to find even
a single admissible manifold, and so we cannot apply Proposition 3.23. However,
at least in the simple case of the geometric action for an SDE with non-vanishing
constant drift and with additive noise it is not difficult to adjust the technique of this
paper and to show that every point has strong local minimizers: At the beginning
of Sect. 6.4 we will show how in this case one can effectively use the non-compact
admissible manifold M = {b,}~*.

It may be possible to extend the results of this paper to cover also cases like this
one in more generality: One could drop the assumption that admissible manifolds
need to be compact and instead list all the entities that need to be bounded on them.
This however is beyond the scope of this monograph.

3.4.5 Modifying the Natural Drift

If a limit cycle of some obtained drift b intersects the set Ds4 of non-degenerate
points, so that traversing it comes at the cost of a positive action, then it no longer
provides a way to construct arbitrarily long curves with arbitrarily small action,
and so it should no longer pose a problem for our existence theory. The following
example will show how Lemma 2.17, which allows us to modify the drift on a closed
subset of Dy, may be useful in such situations.

Example 3.33 Consider again the case of the killed diffusion process with absorp-
tion rate r(x) described in Example 2.22, and suppose that the natural drift vector
field b defined in Lemma 2.15 has a flowline diagram as illustrated in Fig. 3.8a, with
a limit cycle that intersects the set Dg+ = {x € D | r(x) > 0}.

As is, this drift would lead to the problems described in Sect. 3.4.4.1. However,
by smoothly adding a small downwards-directed component to b on a closed subset
of Dgy, we can construct a new vector field b that according to Lemma 2.17 is still
a drift of our geometric action, and whose flowline diagram shown in Fig. 3.8b no
longer has a limit cycle. We can then proceed as in Sect. 3.4.1 and apply our criteria
to the modified drift 5 to show that every point in D has local minimizers.

As another example, if the natural drift b is as in Fig. 3.9a, i.e., if the drift outside
of the limit cycle flows outwards, then it can be modified as illustrated in Fig. 3.9b,
and again all points in D can be shown to have local minimizers, as in our previous
examples. O
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Fig. 3.8 An example illustrating the use of Lemma 2.17 to remove a limit cycle that intersects the
set Dg4-: (a) the natural drift, (b) the adjusted drift with the limit cycle removed
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Fig. 3.9 Another example illustrating the use of Lemma 2.17, here with the drift outside of the
limit cycle flowing outwards: (a) the natural drift, (b) the adjusted drift with the limit cycle removed

3.5 A Top-Level Theorem

Throughout Chap.3 we have followed a bottom-up approach: Proposition 3.8 in
Sect. 3.1, which was proven using a lower semi-continuity argument, required
the existence of a minimizing sequence with uniformly bounded curve lengths.
Theorem 3.11 in Sect. 3.2 then replaced this condition by the requirement that all
relevant points in D have local minimizers. Finally, this theorem was made useful in
practice with the help of Propositions 3.16, 3.23, and 3.25 in Sect. 3.3, which allow
us to easily check the rather abstract definition of points with local minimizers, by
looking for adequate admissible manifolds. In the various examples in Sect. 3.4 it
was then demonstrated how these criteria can be successfully applied if only the
flowline diagram of a drift b of ¢ is well-understood.
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We will now top off this chain of results by a theorem that—for all drift vector
fields b of a certain form—can replace Propositions 3.16, 3.23, and 3.25. Its proof
works by constructing the admissible manifolds for us and then applying these three
propositions.

Theorem 3.34 Let S € ¥, let b be a drift of S, and suppose that b can be written
in the form b = =NV + v for some potential V € C*(D,R) and some vector field
vt e CY(D,R") such that (VV,v+) = 0 on D and that v = 0 wherever VV = 0.
Further assume that for Vx € D with b(x) = 0, all the eigenvalues of Vb(x) have
non-zero real part.

Then for Yv € R, each connected component of V™' ({v}) that is compact
consists only of points that have local minimizers. In particular, if V has compact
level sets then every point in D has local minimizers.

The points x in question have in fact strong (as opposed to only weak) local
minimizers

(i) in the case b(x) # 0 under no additional conditions, and
(ii) the case b(x) = 0 if the conditions (3.8)—(3.9) are fulfilled, and for saddle
points x of b if in addition the state space is two-dimensional (i.e., D C R?).

Proof First note that the assumptions on b and V imply that |b|> = |VV|? + |vt|?,
and thus also that Vx € D: (b(x) = 0 < VV(x) = 0).

Now let v € R, let M be a compact connected component of V! ({v}), and let
x € M. We want to show that x has local minimizers.

To do so, first let ¢ > 0 be so small that B,(M) € D and that B,(M) does not
overlap with any other connected component of V! ({v}). Since the assumption on
the eigenvalues implies that the roots of b are isolated points, there are only finitely
many of them in the compact set B, (M), and so we can further decrease ¢ > 0 so
much that the only roots of b (and thus of VV) in B,(M) are the ones contained
in M. Finally, since v is not in the compact set V(dB.(M)), there Jv_, v4 € R with
v— < v < v4 such that

[v—,v+] N V(0B.(M)) = @. (3.11)

Case 1: b(x) # 0, and thus VV(x) # 0. Ifin fact VV # 0 on all of M then M is
an admissible manifold by Lemma 3.20, and so we can apply Proposition 3.23
directly to show that x has local minimizers. If however VV(x) = 0 for some
point X € M\ {x} then M is not an admissible manifold, and we will have to work
with a different nearby level set of V, which we will choose as follows.

First, since V(x) = v € (v—, v4), there 3¢ > 0 so small that V(¥ (x, [0, #'])) C
[v—, v4], which by (3.11) implies that ¥ (x,[0,#]) N dB.(M) = & and in
particular X := ¥ (x,1') € B.(M). Setting 0 := V(X) € [v_,v4] and denoting
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by M’ the connected component of V=1({0}) containing %, again by (3.11) M is
contained in B, (M) and therefore compact. Furthermore, since

SV (x0) = (VV.D)lywn = (VV.=VV + )y
=—|VV(y@x.0)> <0 (3.12)

for Vi € R, we have 0 # v and thus M’ N M = @&, and so M’ does not contain
any roots of VV. By Lemma 3.20 we therefore find that M’ is an admissible
manifold, and so since x € M’, x = ¥ (X, —t) has strong local minimizers by
Proposition 3.23.

Case 2: b(x) = 0. If xis an attractor or a repellor of b then x has local minimizers
by Proposition 3.25 (i), and so it only remains to consider the case in which
x is a saddle point of b. To define the admissible manifolds necessary for
Proposition 3.25 (ii), consider the two compact sets

M=V '({(v_) NB.(M) and M=V '({v4}) N B.(M),

which are disjoint from M and thus (by our choice of ¢) do not contain any
roots of VV. Since by (3.12) M; and M, are actually contained in B.(M),
their connected components are in fact connected components of V! ({v_}) and
V=1 ({v4}), respectively, and so by Lemma 3.20 these components are admissible
manifolds. Since compact sets can only have finitely many connected compo-
nents, we conclude that M; and M, are the unions of finitely many admissible
manifolds, and so we are allowed to use these sets for the condition (3.10).

To check that (3.10) holds, let now x € M, \ {x}, i.e., lim;—, 0 ¥ (X,) = x and
X # x.

If ¥ (x, (—o0, 0]) were contained in the compact set B,(M) then V would remain
bounded on ¥ (X, (—oo, 0]). Equation (3.12) (with x replaced by x) would then
imply the existence of the finite limit

V= lim V(&) > lim V) = Ve = v

and furthermore that liminf,_, _, |[VV(¥ (X,1))| = 0, so that there would have
to be a point X' € By(M) in the limit set of the flowline ¥ (x, (—o0, 0]) with
VV(x') = 0and V(x') = v’ # v (and thus x’ ¢ M). But this contradicts the fact
that the only roots of VV in By(M) are in M.

Therefore, as 1 — —oo the flowline containing ¥ must exit B.(M) at some time
' < 0, which by (3.12) fulfills V(¥ (x,¢')) > v, and thus by (3.11)

VW E D) > s > 0 = V() = lim V(Y 1).
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This in turn implies that for some ¢’ € (¢, 00) we have V(¥ (x,1”)) = vy and
by (3.12) in fact V(¥(x, [, o¢])) = [v,v4]. Since limjoo Y/(X,1) = x € M,
(3.11) now implies that ¥ (x, [f”,o0]) C B.(M), i.e., X := ¥ (x,t") € M>, and
thus x = ¥ (x, —t") € ¥ (M,, R).

Since x € M, \ {x} was arbitrary, we have proven that M, \ {x} C ¥ (M,, R),
and analogously one can show that M, \ {x} C ¥ (M;, R). This concludes the
proof of the condition (3.10), and so x has local minimizers. The additional
conditions in this theorem for roots of b having strong as opposed to only weak
local minimizers are the ones found in Proposition 3.25.

Finally, suppose that V has compact level sets, and let x € D. Then for v := V(x)
the connected component of V™! ({v}) containing x is compact as well, and by what
was proven above this component consists only of points with local minimizers.
Therefore, x has local minimizers. O



Chapter 4
Properties of Minimum Action Curves

Abstract In this chapter we study the properties of minimum action curves, often
focusing on a specific subclass of actions. First we show which points minimizing
curves can pass “in infinite length.” Then we find for a certain type of Hamiltonian
actions that the action of the drift vector field’s flowlines vanishes, and that bending
curves into the direction of the drift reduces their action. As a consequence, we
then prove the non-existence of minimizers in some situations, and we show that
minimizers leading from one attractor of the drift to another have to pass a saddle
point on the separatrix between the two basins of attraction.

Let us begin by defining the subclass %’6"’ C J of geometric actions to which
most results in this chapter apply. Observe that this class includes the large deviation
geometric actions in Example 2.19.

Definition 4.1 We define %’6"’ C % as the class of all Hamiltonian geometric
actions that are induced by a Hamiltonian H that fulfills the Assumptions (H1’),
(H3), and the following stronger smoothness assumption:

(H2’) The derivatives H,, Hy, Hyg = (Hgx)", Hgpg, and H,gg exist and are
continuous in (x, 0).

Note that for S € 7 we cannot guarantee that every Hamiltonian that induces §
will fulfill (H2’). Also recall that by Lemma 2.13 (i), for these actions a point x € D
is critical if and only if the natural drift at that point vanishes, i.e., if Hg(x,0) = 0.
The goal of this chapter is to study some properties of geometric actions and their
minimizers. The following is a summary of our main results.
For general geometric actions S € ¢ we will show that

* the only points that a curve y € I" with S(y) < oo can pass in infinite length are
those at which every drift of S vanishes.

For actions S € %‘64' with a corresponding natural drift b we will prove the
following (for simplicity summarized for the case D = D):

e IfLisalimitcycleof b andif A} C D\ L then the minimization problem P(A1, L)
does not have a solution. We give a quantitative explanation why curves rather
like to approach L by circling around infinitely in the direction of the flow.
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* Points on limit cycles of b do not have local minimizers.
e Minimum action curves leading from one attractor of b to another reach and leave
the separatrix between the two basins of attraction at critical points (see Fig. 4.2).

4.1 Points that Are Passed in Infinite Length

To prepare for Corollary 4.5, we need to understand which points can be passed in
infinite length without accumulating infinite action. Here we find that such points
must be roots of any drift . A refined statement that relates the length of a curve to
its action will be given by Lemma 6.13 in Part II.

Lemma 4.2 LetS € 9, lety € I with S(y) < 0o, and let x be a point on y that is
passed in infinite length. Then for every drift b of S we have b(x) = 0.

Proof Suppose that by := b(x) # 0. Let ¢ > 0 be so small that B,(x) C D,

c:= min |b(w)| >0  and min (lgo,b/(v?)) > 1.
WEB(x) WEB(x)
where we use the notation v := ﬁ for Vv € R” \ {0}, and let ¢, := c,(B.(x)) be

the constant associated to b by Definition 2.7. In order to obtain a contradiction by
showing that S(y) = oo, it suffices to pass on to a small segment of y around x. We
can therefore consider the case y € I (x), and we may assume that y C B, (x).

Let ¢ € C(x) be a parameterization of y, and define for Ya € (0, %) the sets
1, := [O,% —al U [% +a,1]and I; := {&a € I,|¢'(¢) # 0} and the number
L, := [, |¢'| do. Then

/1_ |<p’||b/(5)—<;’|da2/1_ |<p’|(l3o,b/(5)—<;’)da2/ (31¢'1 = (bo. ¢')) der

Iq

= 3L — (b, [¢(5 — @) — (O] + [¢(1) — (3 + @)])

> 3L, — 4e,

which is positive for sufficiently small a since lim,\ oL, = length(y) = oo.
By (2.6) and the Cauchy-Schwarz inequality this implies that

501 = [ togrda = [ (b@llg = (b)) da

I(l

2 — cac —
=2 [ b@Ige) -9 da = Z [ 161156) - 9 do
I I
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>

3

cc (fl; I(p/”b/(-(;) - 5’\ do‘)z - CZC(%LH _ 48)2
2 Ji= ¢/l dat - 2L,

and letting a \ 0 shows that S(y) = oo. O

4.2 The Advantage of Going with the Flow

The next lemma says that the drift 4 is the only candidate for a direction into which
one can move at no cost, and that for actions S € % one can indeed follow the
natural drift flowlines at no cost. Note that the latter is obvious for the geometric
action given by (1.7).

Lemma 4.3 (i) Let S € ¢4, let b be a drift of S, and let x € D andy € R" \ {0}. If
£(x,y) = 0 then either b(x) = 0 or'y = cb(x) for some ¢ > 0.

(ii) Let S € 74, let b be a natural drift, and let x € D andy € R". If b(x) = 0 or
y = ¢b(x) for some ¢ > 0 then £(x,y) = 0.

(iii) IfS € #5 and y € I is a flowline of a natural drift then S(y) = 0.

Proof (i) If £(x,y) = 0 then (2.6) implies that either b(x) = 0 or y = cb(x) for
some ¢ > 0. Since y # 0, we must have ¢ > 0.

(i) If 0 = b(x) = Hp(x,0) then x is a critical point by Lemma 2.13 (i), so that
£(x,y) = O0for Vy € R".If b(x) # 0 andy = cb(x) = cHy(x,0) for some
¢ > Othen (%, 1) = (0, %) solves (2.11), so that ¥ (x,y) = 0 and thus £(x,y) =
(¥ (x,y),y) = 0by (2.12). If ¢ = 0 then y = 0, and so we have £(x,y) = 0
again.

(iii) Given any parameterization ¢ € C(0, 1) of y, we have ¢’ = cb(p) a.e. on [0, 1]
for some function c() > 0, and so part (ii) implies that £(¢, ¢’) = 0 a.e. on
[0, 1], i.e., S(y) = 0. O

For the rest of Chap.4, let us now assume that S € j‘ff)"'. The next lemma
says that if the end of a given curve does not follow the natural drift flowlines
(condition (4.1)), so that its action is positive by Lemma 4.3 (i), then one can reduce
its action by bending it slightly into the direction of the drift, as defined in (4.2) and
illustrated in Fig. 4.1a.

The fact that this works is less obvious than it may seem at first: While the
sheared curve moves into a less costly direction, it may also be longer, and so a
precise calculation is necessary to show that the benefits from the change in direction
outweigh the additional costs from its potential increase in length.

Lemmad4.4 Let § € %’fﬁ, and let b be a natural drift of S obtained from a
Hamiltonian that fulfills the Assumption (H2’). Let y € I', let x be its end point,



60 4 Properties of Minimum Action Curves

S(ye) < S(y)

Fig. 4.1 (a) Illustration of Lemma 4.4: For § € ,%”0+, bending a curve slightly into the direction
of the natural drift decreases its action. (b) Illustration of the proof of Corollary 4.5: If the curve
y* = y!' 4+ p? ended in a point with non-zero drift then it could not be a solution of P(A;, A;)
since y! + y. + ¥, has a smaller action

and let ¢ € C(0, 1) be its arclength parameterization. Suppose that b(x) # 0, and
that

dt > 0 Jarbitrarily large a € [0,1): p() ¢ W(x, (-1, 0]). “.1

Then for sufficiently large oy € [0, 1) the family of curves y, € I' given by

(pa(a) = (0(0() l:fOl € [Os OlO]v 42)
0(@) + (@ — a0)blp(@)  ifo € [oo. 1],

defined for small ¢ > 0, fulfills 0,S(Ye)|e=0 < O.
Proof See Appendix A.9. O

4.3 Some Results on the Non-Existence of Minimizers

Lemma 4.4 has some interesting consequences. The first one is that if Ay C D° and
if A, is flow-invariant under the natural drift then any solution of P(A, A,) must first
reach A, at a critical point, since otherwise we could use Lemma 4.4 to construct a
curve with a lower action, as illustrated in Fig.4.1b. In particular, this implies that
if such a set A, does not contain any critical points then no minimizer can exist.
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Corollary 4.5 Let S € %‘f, let A C D, let Ay, C D \ A be closed in D, and
suppose that the minimization problem P(A1,A3) has a weak solution y* € 1:':12.

Denoting by X its first hitting point of A, let us also assume that X € D° and that
the flow  of some natural drift b of S fulfills

w(fc, (-1, ‘L’)) CA; for some T > 0. 4.3)

(In particular, these conditions on X are fulfilled if Ay C D° and if Ay is flow-
invariant under b.) Then X is a critical point.

Proof We may assume that x is the end point of y* (otherwise we may instead
consider the minimizer obtained by cutting off the segment after X). Also, because
of Remark 2.16, (4.3) is in fact fulfilled for the flow of any natural drift of S,
and thus we may assume that b is constructed from a Hamiltonian that fulfills
Assumption (H2’).

Suppose that b(x) # 0. Then since S(y*) < oo by Remark 3.3, Lemma 4.2 says
that y* cannot pass X in infinite length, and thus we can write y* = y! 4+ y2, where
y? is a rectifiable curve ending in & such that y2 C D° and length(y?) > 0. Now
consider the family of curves y, constructed from y = y? as in Lemma 4.4. The
condition (4.1) is fulfilled since y? does not visit ¥ (%, (—, 0]) C A, prior to %, and
so we have 3.5(y:)|=0 < 0, which implies that S(y,) < S(y?) — ce for some ¢ > 0
and all sufficiently small ¢ > 0. Now defining x, := ¥ (%, (1 — «)), which by (4.3)
isin A, for ¢ € [0, 7), we have

Xe = Y (%,0) + e(1 — )P (%, 0) + o(e)

=3+ (1l —a)b(X) + o(e)

= @:(1) + o(e),
i.e., the straight line y, from ¢, (1) (that is the end point of y,) to x, € A, has alength
and thus by Lemma 2.5 (ii) also an action of the order o(¢). Finally, for sufficiently
small & > 0 we have y,, 7. C D° and thus 7* := y' +y. + 7. € Fflz, and the above
estimates show that

S = S + S(re) + S(7e) = S(r') + S(r*) —ce + o(e)
=8(y") —ce +o(e) <S(y")

for small ¢ > 0, contradicting the minimizing property of y*. O

Applying Corollary 4.5 to two specific examples of flow-invariant sets A,,
namely the limit cycle and the closed chain of flowlines shown in Fig. 3.6a,b, will
now easily lead us to the results that were promised to us in Sect. 3.4.4. We begin
with the case of a limit cycle.
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Proposition 4.6 (N on-Existence of Minimizers) Let S € %4', let b be a natural
drift, and let L C D° be a limit cycle of b, i.e.,

el IT>0 bx)#0, L=v(x,[0,T)) and ¥(x,T) = x.

(i) IfA; C D \ L and A, C L then the minimization problem P(A1, A;) does not
have any solutions.
(ii) Points x € L do not have local minimizers.

Proof (i) First suppose that A, = L. If P(A;, L) had a solution y* then according
to Corollary 4.5 its first hitting point of L would be a critical point. But there
are no critical points on L, so P(A;, L) cannot have a solution.

Now let A, C L, and suppose that P(A;,A,) had a solution y*. Then we
obtain a contradiction by showing that y* is also a solution of P(A, L), which
was just proven not to exist. Indeed, if there were a curve y; € r ALI with S(y1) <

S(y*) then the curve y, € I:Alz, constructed by attaching to y; a piece of L
leading from the end point of y; to some point on A, in the direction of the
flow, would by Lemma 4.3 (iii) have the same action, S(y2) = S(y1) < S(y*),
contradicting the minimizing property of y*.

(i) Suppose that some point x € L had weak local minimizers. Then there would
be an r > 0 such that B,(x) C D and that for Vx|, x, € B,(x) the minimization
problem P(x}, x;) has a weak solution y*. In particular, we could choose x; €
B,(x) \ L and x, := x € L. But part (i) says that for this choice P(x;, x;) does
not have a solution. O

Remark 4.7 The proof of Proposition 4.6 (i) via Lemma 4.4, which argues that
every curve leading to L can be improved by bending its end into the natural drift
direction, indicates why curves like to approach L by circling around infinitely in the
direction of the flow (see Fig.3.7a). Using the tools of this monograph, one could
now prove the existence of a “minimizing spiral;” this is left as an exercise to the
reader.

Applying Corollary 4.5 to the closed chain of flowlines in Fig. 3.6b as our choice
of A, gives us two insights: First, if a solution of P(A}, A,) exists (which at present
we cannot guarantee) then it would have to reach A, in one of the four critical points.

Second, we find out why our techniques are insufficient to prove that the non-
critical points on the chain of flowlines have local minimizers: The proofs of these
criteria work by actually showing the stronger property in Remark 3.10 (ii), which
in this example does not hold for actions S € %’6"’.

Note that this does not imply that the points on the chain of flowlines do not have
local minimizers. This question will remain unanswered at present.

Lemma 4.8 Let S € j‘ff)"', and suppose that the natural drift flowlines are as in
Fig. 3.6b. Let A, be the set consisting of the four flowlines connecting the critical
points (including their end points), and suppose that Ay C D°.
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(i) IfA; C D\ A, then any solution of P(A},A,) (if it exists) has to reach A, at a
critical point.
(ii) The non-critical points in A, do not fulfill the property in Remark 3.10 (ii).

Proof (i) This is a direct consequence of Corollary 4.5, since A, is flow-invariant.
(ii) Let b be a natural drift of S, let x € A, with b(x) # 0, and let n > 0 be so small
that Bn(x) does not contain any critical point. If the property in Remark 3.10 (ii)
were true then there would be an r € (0, 2] such that B.(x) C D and that
for Vx;,x € B.(x), P(x;,x;) has a solution y* with length(y*) < 7 and
thus y* C Brﬂ/z(x) C B,,(x). In particular, we can pick x; € B,(x) \ A; and
Xy 1= x € Aj. As in the proof of Proposition 4.6 (i) we could then show that the
corresponding solution y* of P(x;,x;) is also a solution of P(x;,A;), and by
Corollary 4.5 y* would first hit A, at a critical point. But this is not possible
since y* C Bn(x), and since by construction Bn(x) does not contain any critical
points. O

4.4 How to Move from One Attractor to Another

Still assuming that § € %’ff and that b is a corresponding natural drift, as another
consequence of Corollary 4.5 we will now learn how minimum action curves cross
the separatrix between two basins of attraction as they move from one attractor of b
to another; see Fig. 4.2 for an illustration.

As long as the set D is not too restrictive, it seems intuitive that the point at
which the minimum action curve leaves the separatrix and enters the second basin
of attraction should have zero drift, since this allows the curve to follow a flowline
of b all the way to the second attractor at no cost.

?

_m |
Fig. 4.2 Minimum action curves reach and leave the separatrix between two basins of attraction

at critical points. However, the first and last hitting points do not need to coincide, as illustrated in
this example with an additional equilibrium point on the separatrix
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It is however less obvious that also the first hitting point of the separatrix must
have zero drift. Consider for example the geometric action given by (1.7), where
the flowline diagram of b is as in Figs. 1.1 or 4.2, and where |b| is very small along
a channel that leads from the first attractor to a point on the separatrix far away
from any critical point. Curves can then follow that channel at very little cost, and it
seems unclear at first whether it would then indeed be advantageous to go the long
way towards a critical point in order to cross the separatrix. Corollary 4.5 will help
us to show that this is indeed the case.

These two observations are the content of Proposition 4.9. Note that in contrast
to Proposition 3.25, this theorem does not make any assumptions on the eigenvalues
of Vb at the attractors or at the saddle point.

We want to point out that besides the actual result itself, one of the main
takeaways here is how easily the statement of Proposition 4.9 can be formulated in
our geometrical framework, whereas merely trying to state this geometrical result
using the time-dependent parameterization is difficult and appears unnatural (recall
our remarks in Sect. 1.2).

Proposition 4.9 Let S < %’ff, let b be a natural drift, let x1, x, € D be two distinct
attractors of b, let the open sets By, B, C D denote their basins of attraction, let
X := 0B; N 0B, N D denote their separatrix, and assume that X U B, C D°. Let
A,Ay C D be such that Ay C By andx, € A, C B».

If the minimization problem P(Ay,A;) has a weak solution y* C By U B, UX
then its first and its last hitting point of X are critical points.

Proof Let us denote the first and the last hitting points of X by z; := ¢*(«) and
22 = ¢*(an), where ¢* € C(0, 1) is a parameterization of y* € FAAf and

Q) = min {a €[0,1] \(p*(oc) € X} €(0,1),
a; :=max{a € [0,1]| ¢* (@) € X} € (0, 1).

First hitting point: X is closed in D by definition, we have X C D° by assumption,
and X = B; N B, N D is flow-invariant since B; N D and B, N D are. Therefore, to
conclude that z; is a critical point, it is by Corollary 4.5 enough to show that the
curve given by ¢*|[0.+,] is @ weak solution of the minimization problem P(A{, X).
To do so, assume that there were a curve y; € I;A)f with S(y1) < S(@*[0,e1]) <

S(y*). One could then obtain a contradiction by constructing a curve in I AAf
with an action less than S(y*), as follows: First follow y; from A; to X, then
move from the endpoint of y; into B, along a line segment ), so short that
S(y1) + S(y2) < S(y*) (using Assumption (D) and Lemma 2.5 (ii)), and finally
follow the drift b into x, € A, at no additional cost (using Lemma 4.3 (iii)).
Last hitting point:  First we claim that s = S(¢*|js,17) = 0. Indeed, if s
were positive then in contradiction to the minimizing property of y* we could
construct a curve in I /ﬁ > with an action less than S(y*), as follows: First move
along the curve segment given by ¢*[jo.«,+5, Where § > 0 is chosen so small that
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S(@*ljwr.er+6) < s and thus S(@*|.a,+6) < S(y*); since p* (a2 + 8) € By by
definition of &, we can then follow the drift from ¢* (a; + §) into x, € A, at no
additional cost.

This shows that s = 0, and we can conclude that £(¢*,¢*) = 0 a.e. on
[z, 1]. Now if we had b(z2) # 0 and thus b(¢*) # 0 on some interval [, &],
@ > s, then Lemma 4.3 (i) would imply that ¢*" = cb(¢*) a.e. on [as, @] for
some function c(a) > 0, i.e., ¢* follows a flowline of b on this interval. Since
@* (@) € B, and b(p*) # 0 on [ay, @], we would thus obtain the contradiction
2 =¢*(2) € B, C D\ X.

O



Chapter 5
Conclusions

Abstract In this chapter we look back and summarize our main results, and we
discuss some open problems.

5.1 Recapitulation

We have defined the class ¢ of geometric action functionals on the space I" of
rectifiable curves (in fact on a larger space I" that contains also infinitely long
curves), and we have shown that the Hamiltonian geometric actions that arose in
[9, 10] in the context of large deviation theory belong to ¢. We have extended
the notion of a drift vector field b from the large deviation geometric action of an
SDE (1.3) to general actions S € ¢, such that any curve with vanishing action must
be a flowline of b.
We have developed conditions under which there exists a curve y* with

S = inf Sk,
yEFAlz

i.e., a solution to the problem of minimizing some given action S € ¢ over all curves
y leading from the set A; to the set A,. The curve y* is called a strong solution if
it has finite length, and it is called a weak solution if it passes certain critical points
in infinite length. Using a compactness argument, we have reduced this existence
problem to a local property (“a point x has local minimizers”), and we have listed
several criteria (whose proofs are the content of Part II) with which one can check
this property for a given point x, provided that the flowline diagram of an underlying
drift is well-understood.

We have then demonstrated in various examples how these criteria are oftentimes
sufficient to show that every point in the state space has local minimizers. We have
also included some examples in which our criteria are insufficient, and we have
obtained some results that explain why; in particular, in one example we have proven
that no minimizer y* exists. Finally, we have proven a top-level theorem stating that
for generalized drifts of the form b = —VV + v with an appropriate potential V,
every point in the state space has local minimizers.
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We have then shown various properties of geometric actions and their minimiz-
ers. Our main result here was that for certain actions, minimum action curves leading
from one attractor of the drift to another reach and leave the separatrix between the
two basins of attraction at a point with zero drift.

5.2 Open Problems

An important open question is whether the criterion for strong local minimizers in
Proposition 3.25 (ii) can be extended to dimensions n > 3. The author believes
that this is indeed the case, but that the proof would require a modification of
our technique: While it would certainly suffice to extend Lemma 6.15 (vi)—(vii)
correspondingly, this appears to be very hard, and Lemma 6.15 (vi) may actually be
false in higher dimensions. One possible alternative approach could be to omit the
line (6.48) in the proof of Proposition 3.25 and instead use a generalized version of
Lemma 6.13 that directly applies to our function F’; in this way one would need to
control the gradients Vf; only where F' = f;.

Another interesting open question is the following: For the drift b in Fig. 3.7a the
tools provided in this monograph make it relatively easy to prove the existence of
a “minimizing spiral” leading from the attractor to the limit cycle. For the drift in
Fig. 3.7b a minimizer will exist, too; however, it is not clear whether this minimizer
will again be a spiral, or a curve y € I" that ends in one of the saddle points
instead. In order to answer this question, one will need to develop new ideas to
decide whether the points on the chain of flowlines have local minimizers.



Part 11
Proofs



Chapter 6
Proofs for Sect. 3.3: Finding Points with Local
Minimizers

Abstract This chapter contains the proofs of our three criteria—Propositions 3.16,
3.23, and 3.25—for showing that a given point has local minimizers. In the process
we develop some valuable tools for working with admissible manifolds, and we
prove a powerful inequality that bounds the length of a curve above by its action.

6.1 Proof of Proposition 3.16

The key to the proof of Proposition 3.16 is that the condition Yy € R” \ {0}:
£(x,y) > 0 implies that we can locally estimate |y| < ﬁ@(x, y) for some u > 0,
which in turn will provide us with a quick way to locally bound the length of
a curve by its action. Since minimizing sequences have bounded actions, their
lengths must therefore be bounded near the given point x as well, and we can apply
Proposition 3.8.

Proof (Proposition 3.16) We will prove the stronger condition of Remark 3.10 (ii).
Let n > 0 be given. Since minjy=; £(x,y) > O, there exists an & > 0 such that
B:(x) C D and

@ = min £(w,y) > 0.
WEB(x)
=1

Using Definition 2.4 (i), this implies that

Vw € Be(x) Yy # 0: £(w,y) = [y[€(w, £7) = plyl, (6.1)
and for y = 0 this relation is trivial. Let ¢; = ¢;(B(x)) > 0 be the constant given by
Lemma 2.5 (ii), let v := min{e, é‘—fl, %}, and finally use Assumption (D) to choose

r e (0, %5] so small that for Vw € B,(x) NnD dy € I'": length(y) < v.
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72 6 Proofs for Sect. 3.3: Finding Points with Local Minimizers

Now let x1, x; E_Br(x)ﬂﬁ_. Fori=1,2lety' € I'} with length(y’) < v and thus
in particular 7' C B, (x) C Be(x), and let 7 := —p' + y* € I'}2. Since ¥ C B, (x),
we can use Lemma 2.5 (ii) to find that

infx2 S(y) < 8(y) < cilength(y) < 2cyv. (6.2)

yE€ly;

Next, let (¢,)nen C ij (0,1) be a parameterization of a minimizing sequence
(Vn)nen of P(x1, x2). We claim that

Ing € NVn > ng: yu C Be(x). (6.3)

Indeed, if this were not the case then we could find a subsequence (¢,, )ren such that
Vk € N3u € [0, 1]: |@y (o) — x| = €. Letting

= min{a € [0,1] | |@n, () — x| > 5} € (0,1)

and applying (6.1), we would then have
o ,
S(Vnk) = / K((pnkv (pnk) da
0

(73
> u[o ¢, | da

a
> M‘ / ¢, do
0

= plgn (o) — @n (0)]

= ju|(@n () — x) + (x —x7)]|

> p(lgm () — x| = [x — x1])

> ple—r) = jpue. (6.4)

Taking the limit k — oo, using that (y,),en is @ minimizing sequence of P(xy, x»),
and finally using (6.2), we would thus find that

e < inf S(y) < 2ev,
yery

which contradicts our definition of v. This proves (6.3), which allows us for Va > ng
to apply (6.1) on the entire curve y,, and so we find that we have

1 1
S(yn) = / (@n @) do > / lg, | da = 1 length(y,) (6.5)
0 0
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for Vn > ng, and thus

1
sup length(y,) < ; sup S(y,) < oo.

n=>nq n=ng

We can now apply Proposition 3.8 and conclude that the problem P(xj,x;) has a
strong minimizer y* € I';? fulfilling

1 1 2
length(y™) < liminflength(y,) < —liminfS(y,) = — inf S(y) < e <n,
n—>00 M n—>00 " yenjjz M

where we used (6.5), the minimizing property of (y,)nen, (6.2), and the definition
of v. ]

6.2 Proof of Lemma 3.22

To prepare for the proof of Lemma 3.22, we first need to collect some properties of
the functions f; and f;, of Definition 3.21.

Lemma 6.1 The functions f; and f, of Definition 3.21 are finite-valued and
continuous. Furthermore,

(i) fy € C'(B; \ {x}) and fu € C'(By \ {x});

(ii) Yw € B\ {x}: (Vfi(w),b(w)) = — |b(w)], (6.6a)
VYw € B, \ {xj: (Vfulw).b(w)) = |[b(w)|: (6.6b)
(iii) Yw € By: fy(w) > |w — x|, (6.7a)
VYw € B,: f,(w) > |w—x|; (6.7b)
(iv) Vcompact K C By 3cs > 1 Vw € K: f(w) < ¢c5|w — x|, (6.8a)
Y compact K C B, 3c5 > 1 Vw € K: f,(w) < cs|lw — x|. (6.8b)
Proof See Appendix B.1. O

Proof (Lemma 3.22) Let us assume first that x is an unstable equilibrium point. Let
a > 0 be so small that B,(x) C B,, abbreviate M := M“ = f."!({a}), and define

Fulw) = min{f,(w) —a,a} ifw € B,, 6.9)

a else.
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Then f), is continuous on D. Indeed, f,, is continuous on B, and for Vw € B, \ By, (x)
we have f,(w) > |w — x| > 2a by (6.7b) and thus fi;(w) = a. It now remains to
show the properties (i)—(iv) of Definition 3.18.

@) fuw) =0 & (w € B, and f,(w) = a) & wef'({a}) =M.

(i) M is closed as a level set of the continuous function fi;. M is bounded since
M C B,(x): Indeed, if w € M then |w — x| < f,(w) = a by (6.7b).

(iii) Let wy € M, i.e., f,(wo) = a. In particular, we must have wy # x, since
Jfu(x) = 0 by definition of f,,. Since B, is open, there exists an ¢ > 0 such that
B:(wo) C B, \ {x}, and thus f, is C' on B,(wo) by Lemma 6.1 (i). Since f,
is continuous, we can also choose ¢ > 0 so small that Yw € B.(wp):f,(w) €

%, 2a), which in particular implies that fj; = f, — a on B;(wy), and thus that
fuis C ! on B, (wo) as well. Since wy € M was arbitrary, this shows that there
exists a neighborhood of M on which f, is Cy, with Vf; = Vf,.

(iv) Consequently, we have for Yw € M that (Vfy(w), b(w)) = (Vf,(w), b(w)) =
|b(w)| by (6.6b). Since M C B, \ {x} as seen in part (iii), we have for Yw € M
that b(w) # 0 and thus (Vfy;(w), b(w)) > 0.

If x is a stable equilibrium point then the proof is carried out analogously, except
that we replace f, by f; and then multiply the definition of f); by —1. In this way,
in the proof of (iii) we will find that Vf); = —Vf; on M, but since in the proof
of part (iv) we will now have to use (6.6a) instead of (6.6b), we will still find that
(Viu(w), b(w)) = —(Vfs(w). b(w)) = +|b(w)| > 0. o

6.3 Admissible Manifolds

In preparation for the proofs of Propositions 3.23 and 3.25, we will now collect
some properties of admissible manifolds. Before proceeding, the reader is advised
to review Definition 3.18, which we will soon use without further reference. In
particular, given an admissible manifold M, we will often denote by fj; an arbitrary
function that fulfills the properties listed in Definition 3.18, and any statement about
an otherwise unspecified function fj, is to be understood as valid for all functions
with these properties.

Lemma 6.2 If M is an admissible manifold then
Vx e M VieR: sgn(fu(V(x,1)) = sgn(o). (6.10)

In particular, we have Y (x,t) € M if and only if t = 0, which shows that admissible
manifolds cannot be crossed by the same flowline more than once.
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Proof Let x € M. Clearly, (6.10) holds for + = 0 by Definition 3.18 (i). Suppose
now that there were a ¢ > 0 such that fy; (¥ (x, #)) < 0. Then

= inf{t > 0| fu (¥ (x.1)) <0}
would be well-defined, and since
3 fu (¥ (x.10)] g = (V¥ (x,0)), ¥ (x,0)) = (Vfir (x), b(x)) > 0
by Definition 3.18 (iv), we would have T > 0,
fu(W(x,0) >0  forVie (0,7T) (6.11)

and w := ¥ (x,T) € f;;'({0}) = M. Since ¥ (x,1) = ¥(w,t — T), (6.11) can be
rewritten as

fu(w, 1)) >0  forVte (-T,0).
But this would mean that

(Tfur W) bw) = B fur (W v, 1),
= lim }[ fu(y (v.0) ~fu (W Ow.—0) | =

=fu(w)=0 >0 for t€(0,T)

which contradicts property (iv) of Definition 3.18. Consequently, we must have
Ju(Y(x, 1)) > 0 for V¢ > 0, and with an analogous argument one can show that
Ju(Y(x, 1)) < 0for V¢ < 0, concluding the proof of (6.10).

In particular, if a flowline crosses M at some point x then (6.10) implies that for
V't # 0 we have fi (¥ (x, 1)) # 0 and thus ¥ (x, 1) ¢ M. O

Corollary 6.3 Ifx € D lies on a limit cycle of b then there is no admissible manifold
M with x € Yy (M, R).

Proof If x € D lies on a limit cycle then we have ¥ (x, T) = x for some T > 0. If
there existed an admissible manifold M, aw € M and at € R such that ¢ (w,t) = x
then we would have Y (w, T) = ¥ (x, T—t) = ¥ (x, —t) = w € M, which contradicts
Lemma 6.2. O

In particular, this shows that we cannot use Proposition 3.23 to prove that a given
point on a limit cycle has local minimizers. Proposition 4.6 (ii) of Sect. 4.3 explains
why this had to be the case: For actions S € %’ff points on limit cycles do not have
local minimizers.

The next lemma (which is used in the proofs of Corollary 6.6 and Lemma 6.15)
allows us to deform a given admissible manifold and turn it into a new one. With
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a smart choice of the function §(x) this new manifold can have additional useful
properties.

Definition 6.4 For any B € C'(D,R) we denote by ¥4 € C'(D x R, D) the flow
corresponding to the vector field 8b.

Lemma 6.5 Let B € C'(D,R). If M is an admissible manifold and T € R then also
the set M' := Yg(M, T) is an admissible manifold.

Proof We will show that the continuous function fyr (x) := fu(¥g(x,—T)), x € D,
has the four properties of Definition 3.18.

O fwx =0 < fulypx,-T7) =0 < Y&, -T) € M <
x€yp(M.T) =M.

(i) M’ = Yp(M,T) is compact as the continuous image of a compact set.

(iii) Denote by N an open neighborhood of M on which fi; is C'. Then fy (x) is
C' wherever y4(x,—T) € N, i.e., where x € Yg(N,T) =: N' D M. Since
¥g(-,T) has a continuous inverse (namely ¥g(-,—7)), N’ is an open neigh-
borhood of M'.

(iv) Suppose that there exists an xo € M’ such that {(Vfir(x0), b(x0)) < 0, and let
w = Yg(xo, —T) € M. The functions

Ji) = fu(Wplx.—0)., 1€R, xeD,

are C' in (¢,x) wherever ¥g(x,—f) € N, and thus in particular where x =
Yg(w, t). Therefore the function

g0 = (VAi(Wp(w, D), b(yp(w, 1)), 1€R,

is well-defined and continuous, and since fy = fyy and fr = fyp, it fulfills
8(0) = (Vfu(w),b(w)) >0  and  g(T) = (Vi (x0), b(x0)) =0

(the first estimate is property (iv) of the admissible manifold M). This shows
that 37 € (0, T]: g(to) = 0, and abbreviating v := ¥g(w, fo), we find that

0 = B(v)g(to) = (Vfi, (v), B)b(V)) = 8 fi, (W (v, )|, _,
= al’fM(l//ﬂ (U, T— t())) |r=0 = al’fM(I//ﬂ (W’ T))L:()
= (VA (w), Bw)b(w)) = B(w)g(0)

and thus B(w) = 0. In particular, this implies that

Yp(w.) =w forVieR, (6.12)
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which enables us to compute an explicit formula for the function h(f) :=
Vg (w, 1): We have h(0) = I (since ¥g(x,0) = x for Vx € D) and

h(t) = V(e n)| = Vi[(BBYWp(x.0)]| .,
= (V(BD)) (¥p(w. 1)) Virgw. 1) = ( Bw) Vb(w) + b(w) ® VBW))h(D).
D e N’

=w =h(t) =0

and so Vyg(w, 1) = h(t) = exp(b(w) ® tV,B(w)) for V¢t € R. Again using
(6.12), we thus obtain the contradiction

2(to) = (Vf, (w), b(w))
= Vi (Vg (w. —10)) VI (w, ~10)b(w)
= Vi (w)et @0 VB b))
= (Vfur(w), b(w))e 0 (P20
> 0.

|

In other words, if one lets the points on M follow the flow b for a fixed amount
of time then one obtains a new admissible manifold. As a direct consequence we
obtain Corollary 6.6, which in turn will reduce the proof of Proposition 3.23 to
points x € M only.

Corollary 6.6 Ifx € ¥(M,R) for some admissible manifold M then there exists
another admissible manifold M’ such that x € M’

Proof Let x = Y(w,T) for some w € M and some T € R. Then x € M’ :=
¥ (M, T), and by Lemma 6.5 (applied to 8 := 1) M’ is an admissible manifold. O

The following lemma defines two functions z(x) and #(x) on the set ¥ (M, R)
(that is the union of all the flowlines of b emanating from M). These functions
are used extensively throughout the rest of this paper, in particular in the proof
of Lemma 6.15 to define a function B for use in Lemma 6.5, and in the proofs
of Lemmas 6.10 and 6.15 to define certain “flowline-tracing functions” from
admissible manifolds.

Lemma 6.7 Let M be an admissible manifold. Then (M, R) is open, and there
exist two functions z € C'(Yy(M,R), M) and t € C'((M,R), R) whose values are
the unique ones fulfilling

Vxe y(M,R): z(x)eM and ¥(z(x),t(x)) = x. (6.13)
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Furthermore, we have for Vx € (M, R)

Vz(x) b(x) = 0, (6.14)
(Vi(x),b(x)) = 1, (6.15)
xeM & tx)=0 & z(x)==x (6.16)

Proof Let us abbreviate A := ¥ (M, R). The existence (but not the smoothness) of
two functions z(x) and #(x) fulfilling ¥ (z(x), #(x)) = x is clear by our choice of their
domain ¥ (M, R). To show uniqueness, let x € A, 71,20 € M and t;,1, € R fulfill
¥(z1,t1) = x = ¥ (22, 12). Then we have ¥ (2,4 — ) = 22 € M, and Lemma 6.2
tells us that t; — , = 0, i.e., t; = t,. This in turn implies that z, = V(21,11 — 1) =
¥(z1,0) = z1.

To see that the functions z and ¢ are C! on A, let x € A. Let ¢ > 0 be so small
that f3; is C' on B,(z(x)). Since ¥ (x, —#(x)) = z(x), there exists a neighborhood U
of (x, #(x)) such that V(w, 1) € U: ¥(w,—7) € B¢(z(x)). In particular, the function
F(w, 1) := fu(¥(w,—7)) is C! on U. Since

F(x, 1(x)) = fu (¥ (x. —1(x))) = fu(z(x)) = 0

and 9 F(x,1(0) = —(Vfu (¥ (v, =) b(Y (v, —1()))
= ~(Vfu(z(x)). b(z(x))) # 0

by Definition 3.18 (i) and (iv), we can apply the Implicit Function Theorem to obtain
a C!-function #(w), defined in a neighborhood V of x, such that for Yw € V we have
0 = F(w.i(w)) = fu (¥ (w, —i(w))), i.e., Z(w) := ¥ (w,—i(w)) € M. By definition
of Z we have ¥ (Z(w),7(w)) = w for Vw € V, which tells us that (i) V C A, proving
that A is open, and (ii)) 7 = 7]y and 7 = z|y (because of the uniqueness of the
functions z and 1). Since 7 and z are C', the latter shows that 7 and z are C' on V, and
thus on all of A.

To show (6.14) and (6.15), we evolve both sides of (6.13) by some small time ¢
and find that ¥ (z(x), 1(x) + 7) = ¥(x, 7), i.e.,

(Y1) =20 and  H(Y(x 1) =1(x) + 7.
Differentiating with respect to 7 and setting 7 = 0, we obtain
0 = Vz(¥ (x,0)) ¥ (x,0) = Vz(x) b(x) and
1 = (Vi(¥(x,0)), ¥ (x,0)) = (Vi(x), b(x)).

It remains to show (6.16). If x € M then the equation ¥ (x, 0) = x and the uniqueness
of the representation (6.13) imply that 7(x) = 0. If #(x) = 0 then by (6.13) we have
x = ¥ (z(x),0) = z(x). Finally, if z(x) = x then x € M since z takes valuesin M. 0O



6.4 Flowline-Tracing Functions 79

With this new notation we can now rephrase Lemma 6.2 as follows.

Corollary 6.8 Let M be an admissible manifold, and let t(x) be the corresponding
function given by Lemma 6.7. Then we have

Vx e y(M,R) VieR: sgn(fu(y¥(x,1)) = sgn(t(x) + 1), (6.17)
Vx e y(M,R): sgn(fi(x)) = sgn(t(x)). (6.18)

Proof Using (6.13) we can write

sgn(fu (¥ (x, 1)) = sgn(fu (¥ 2(x). 1(x) +1))).

and since z(x) € M, we can apply Lemma 6.2 to obtain (6.17). To prove (6.18), set
t=0. O

6.4 Flowline-Tracing Functions

The purpose of this section is to find a replacement for the local bound £(x, y) > u|y|
that was used in (6.4) and (6.5) to bound the length of a curve in terms of its action.
Without the condition of Proposition 3.16, our only lower bound on £(x, y) is (2.6),
which vanishes if y = ¢b(x) for some ¢ > 0. As a result, curves that follow the
flowlines of b could be arbitrarily long and have zero action. We thus need to exclude
the possibility that the curve follows the flowlines of b for arbitrarily long distances,
for example because these flowlines lead far away from the desired endpoint.

To quantify this idea, consider for example the constant vector field b(x) = by €
R"™\ {0}. In this case, if y C K and if the start and end point of y are confined to a
ball B,(x) then we have

1 1
S() = /0 o ) da = /0 (Iboll¢'] = {bo. ') da

= ¢ ([bol length(y) — (bo. (1) — 9(0)))
= length(y) = _L-S() + (. 9(1) = 9(0)) < k=S +2r. (6.19)

calbol

where ¢; = ¢;(K), and again we have found a bound for the length of y in terms of
its action.

For non-constant vector fields & however, things are not that easy. We will have
to lay out a non-cartesian coordinate grid that is compatible with this idea, i.e.,
one whose “b-coordinate” increases at unit speed along the flowlines of b. The
manifold consisting of all the points with vanishing b-coordinate can be crossed by
the flowlines of b only in one direction, which leads us to the definition of admissible
manifolds. The notion of such a coordinate grid is made precise by the following
definition.
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Definition 6.9 A functionf: D — R is said to trace the flowlines of the vector field
b: D — R" between the values ¢g; and ¢, (for two real numbers g; < ¢») if

(i) f is continuous on D,
(i) f is continuously differentiable on E := ' ((q1. 92)),
(iii) we have either (iii.1) Vx € E: (Vf(x), b(x)) = |b(x)|,
or  (iii.2) Vx € E: (Vf(x), b(x)) = —|b(x)].

Property (iii) says that on the region E, f increases or decreases at unit speed in
the direction of the flow b, and thus for x € E, f(x) can be interpreted as the value
of the b-coordinate of x. Note that if a function f traces the flowlines of b between
q1 and ¢, and if (q1, g2) C (g1, q2), then f also traces the flowlines of b between g;
and g».

The following lemma, which is used in the proof of Proposition 3.23, shows
how to construct a flowline-tracing function from an admissible manifold. A
corresponding statement for Proposition 3.25 is given by Lemma 6.15.

Lemma 6.10 Let M be an admissible manifold. Then there exists an ¢ > 0 and a
Sunction f € C(D,R) such that

(i) f71{0}) = M,
(ii) f traces the flowlines of b between the values —e and ¢,
(iii) defining E := f~! ((—8, 5)), the closure E is a compact subset of D,
(iv) Yx € E: b(x) # 0, and
(v) supeg [Vf(x)| < o0
Proof Abbreviate A := y(M,R), let z € C'(A,M) and t € C'(A,R) be the
functions given by Lemma 6.7, and define the function g € C'(A, R) by

t(x)
g(x) = /0 |b(¥(z(x),7))|dT  for Vx € A, (6.20)

i.e., |g(x)| is the length of the flowline segment between x and z(x). First note that
by Remark 3.19 we have b(z(x)) # 0 and thus b(/(z(x), 7)) # 0 for Vr € R. This
shows that g is C! and (using (6.20) and (6.18)) that

sgn(g(x)) = sgn(t(x)) = sgn(f(x)) for Vx € A. (6.21)

Since A is open by Lemma 6.7 and contains the compact set M, there 3¢ > 0 such
that N> (M) C A. Since for Vx € G := g~ ((—25, 28)) we have

o= 20| = [¥ (2(x), 1(x)) = ¥ (2(x). 0) |

1(x) . t(x)
= ‘/ V(z(x), 1) d7| = '/ b(¥(z(x), 7)) dr
0 0

t(x)
<| [ oty e m)ar | = lew] <2
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we have G C N»(M) C A. Finally, we set D~ := f;;'((—00,0)) and DT :=
fir'((0, 00)), and we define the function f: D — R as

glx) ifxed,
f(x):={-2¢ ifxeD \G, (6.22)
2¢ ifxeDt\G.

Note that f is well-defined since the three cases are defining f on disjoint sets whose
union is all of D. Indeed, since f;,;' ({0}) = M C A, (6.21) implies

S (40 = g7 ({0} (6.23)

and thus D\ (D~ UD™) = £;,1({0}) = g7'({0}) C G. It remains to show that f has
the desired properties (i)—(v).

(i) Using (6.22)—(6.23) we find that f~' ({0}) = g1 ({0}) = f;;' ({0}) = M.
(i) To check that f traces the flowlines of b between the values —e and ¢, we have
to check the three properties of Definition 6.9:

(ii.1) For any set B C D let us temporarily (i.e., for this part (ii.1) only) use
the notation B to denote its closure in D. Clearly, f is continuous on each
of the three parts of the domain. To see that f is also continuous on the
boundaries of these regions, we use that G is open, (6.23), (6.21), and
that G C g~'([—2e, 2¢]) (since G C N».(M) C A), to obtain

DO-\6NMDT\G) = (D-nDY)nc*
C S ((=00.01) Nfi7'([0.00)) N G
= fu' (0 Ng™'((2¢.20)
€20 =10y N g7 ((—26,20)) = 2,

D-\6NG = D-NG'NG

fir ((—00.0]) N g ™! ((—2¢,2¢)) N g™
x ([—2¢,2¢])

= fu'((—00,0]) Ng™" ({—2¢,2¢})
2 g7 (—28}).

N

and similarly (DT \ G) N G C g~'({2¢}).
(ii.2) fis C' on G since f|g = g|g and g is C'. Since G = g~ '((—2¢,2¢)) =
7' ((=2¢,2¢)) D E, this shows that f is C' on E.
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(ii.3) This also shows that for Vx € G D E we have

Vf(x) = Vg()
= [b(¥ (0, 1)) | Vi(x)

t(x)
i Uo (bz %) (0. 1) V¥ (200 7) df}vz(x),

0 (6.13)—(6.15) imply that (Vf(x), b(x)) = |b(x)|.

(iii) The continuity of f implies that E C f~'([~e,¢]) = g7 '([~e.¢]) C G C
NZE(M). Since NZS(M) is compact, this shows that Eisa compact subset of
G CD.

(iv) This is a consequence of Remark 3.19 since E C G C A = ¥/ (M, R).

(v) This follows directly from our proofs of parts (ii.2) and (iii) where we showed
that f is C' on the set G which contains the compact set E. O

As we see, we cannot expect to cover all of D with our grid, but only some
set E = f~'((q1.¢2)), and so our generalized version of the estimate (6.19), given
in Lemma 6.13, must be restricted to E as well. To do so, we need to introduce
the continuous function A?, which is equal to the identity on [¢1, g2] and constant
outside of g1, g2]. Two properties are given in Lemma 6.12.

Definition 6.11 For any two real numbers q; < ¢, we define the function

h#2:R — [q1, g2] by

hf(a) := min(max(a, q1), qz).
Lemma 6.12 For Vai,a, € R we have the estimates

|1 (ar) = hi(a2)| < g2 — g1, (6.24a)
B2 (ar) — b2 (az)| < |ar — aa. (6.24b)

Proof The estimate (6.24a) holds because /> maps into [q1,q2], (6.24b) just says
that A7 is Lipschitz continuous with Lipschitz constant 1, which can easily be
checked by splitting R into (—o0, ¢1], [¢1, ¢2] and [g2, 00). O

Lemma 6.13 Let x,x, € D, y € I g1 < ga, let f:D — R be a function that
traces b between the values g, and q», let E = f~! ((ql, qz)), and assume that E
is a compact subset of D. Let ¢; ‘= c(E) be the constant given by Definition 2.7,
and assume that cs = c¢(E) := min .z [b(x)| > 0 and ¢7 := c1(f,q1,q2) :=
sup,eg | Vf(x)| < co. Then we have

2 2
length(y |1 ((gr.q) < ?ZS(” +2[HE (f (1)) — K2 (f ()] (6.25)
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Proof Let us abbreviate L := length(y|g) and A := h%(f(x2)) — hf?(f(x1)). If
L —]A| <0 then

ZC%
L=2|A[=2(L—|A]) =0= —=S().
C2Cq

50 (6.25) is clear. Therefore let us now assume that L—|A| > 0 and thus in particular
L>0.Lety € C2(0, 1) be a parameterization of y, and let

Q:={ae0,1]]¢() € Eand ¢'(x) # 0}.

Using (2.6) and the Cauchy-Schwarz inequality, and using the notation w := il for

[w
Vw € R"\ {0}, we find that
1
500 = [ g ¢/ e da
0

1
> e /0 (1@)]1¢| — (6(©). ¢'))Luco da

1
& — 2
2 [ b@ie66) — o' Pluco de

e [N~ e
= 2 [ i9166) - 7 Luco d
0
1 N 2
- C2C¢ (f() |§0/”b((p) - (p/|]la€Q dOl)
= 1
2 fo I‘p/maEQ do
€266 T 2
= ( |@l[b(@) = ¢'|Laco doc) : (6.26)
2L \ Jy
Now letting 0 := +1 or 0 := —1 depending on whether the function f fulfills the

property (iii.1) or (iii.2) of Definition 6.9, we have a.e. on Q that

crl¢’||ble) — ¢'| = ole'[(VF (@), b(g) — @)
= |¢'|o(V/(9). b(9)) — o (Vf (), ¢)
= |¢'| — 0 0uf(p). (6.27)

Since h2 o f is Lipschitz continuous (with Lipschitz constant c7), hi2 o f o ¢
is absolutely continuous, and so its classical derivative exists a.e. on [0, 1]. We
have d,h{2(f(9)) = 0uf (¢) wherever f(¢) € (q1.92), and d,hE(f(¢)) = O
wherever f(¢) ¢ (q1,42) (except possibly at & = 0, 1) because hf? does not take
values outside of [g1. g>]. This shows that d,hf2 (f(¢)) = [0 f(¢)]Ls(p)e(g:.92)» and
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so0 (6.27) implies that
1 N 1
er [ 1601660 = [lueo da = [ (1¢'1=00.50)) Lo d
1
=L-o /0 [0 f () L(p)e(q1.q0) dt

1
—L-o /0 0. (f(p)) de

=L—-0A
>L—|Al (6.28)

Multiplying (6.26) by ¢3 and plugging in (6.28), we thus obtain

C2Ce C2C6 |A|2
GS(r) = TEL—1AD? = FE(L- 2141+ ) = cace(5L - 1),

ie,L < ﬁS(y) + 2| 4|, and (6.25) is proven. O

— (206

Remark 6.14 1f K1 C K, (q1,42) C (q1,92), and if f traces the flowlines of b
between ¢ and g3, then

o (Ky) > e2(Ky), ce(K1) > c6(K>), ca(fsq1,q2) < ca1(f.q1,q2)-

6.5 Proof of Proposition 3.23

Proof We will again prove the stronger condition of Remark 3.10 (ii). Let x €
¥(M,R) N D and n > 0 be given. By Corollary 6.6 there exists another admissible
manifold M’ such that x € M’. For this manifold M’, Lemma 6.10 now provides
us with an ¢ > 0 and a function f:D — R such that the properties (i)—(v) of
Lemma 6.10 are fulfilled. By decreasing & > 0 if necessary, we may assume that
B.(x) C D. As in Lemma 6.10 we set E := f~!((—¢, £)).

The set f_l( —5.5 ) is compact since it is closed in D and a subset of the
compact set E C D (see Lemma 6.10 (iii)). Since it is disjoint from the closed
set E¢ we thus have

Ac=dist(f'({-%.£}), E) > 0.

Lemma 2.5 (ii) and Definition 2.7 provide us with constants c¢;:=
c1(Be(x)) > 0 and ¢; := ¢2(E) > 0, and Lemma 6.10 (iv) and (v) imply that
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the constants ¢ := c¢(E) and ¢7 := c¢7(f, —¢, ¢) defined in Lemma 6.13 fulfill
c6 > 0 and ¢7 < 00, so that all the requirements are met to apply Lemma 6.13 to
any interval (g1, ¢2) C (—¢, €). Finally, we define

A 2\-1
V= min{s, Q%2 , Q(q + ﬁ) }, (6.29)
56‘16‘7 4 C2Cq

and we let r € (0,v] be so small that B,(x) C f~'((-%£.%)) C E (which is
possible because f(x) = 0 by Lemma 6.10 (i)), and that for Yw € B,(x) N D
dy e I'":length(y) < v (which is possible by Assumption (D)).

Now let x;,x; € B,(x)ND. Fori = 1,21let ¥ € I'* with length(7’) < v and thus
in particular 7' C B, (x) C Be(x), and let y := —y' + 7% € I}}2. Since ¥ C Be(x),
Lemma 2.5 (ii) shows that

infx2 S(y) < 8(y) < cylength(y) < 2cyv. (6.30)
Y€l

Next, let (¢n)nen C Cjﬁf (0, 1) be some parameterizations of a minimizing sequence
(Vn)nen of P(x1,x;). We claim that

dng e NVn > np: max f(p,(@)) <e. (6.31)
a€[0,1]

Indeed, if this were not the case then we could extract a subs_equence (@ )nen such
that maxyeo,1f(¢n, (@) > € for Vk € N. Since x1,x, € By(x) C f_l( -5.5 ),

we have f(¢,,(0)) = f(x1) < § and f(¢,, (1)) = f(x2) < §, and thus for Vk € N

there would then be two numbers 0 < & < & < 1 such that f(g,, (&) = 5
F (@ (@) = &, and f(py (@) € (£,¢) for Va € (a, dx). Applying Lemma 6.13
with (g1, g2) = (5, ¢), we would then have

2c

2
7 & &
—L=8(y,,) = length(y,, | —2\h —h
v (Ym) = length(Vu |1 (e/2.0)) = 2|1E /0 (f(x1) ) = hE )5 (f(x2) )|

= =

[STEY
(1LY

1
li e e
= /0 I(pnkl]lf(‘ﬂnk)e(s/la) da — 2‘5 _ 5

Qar ,
> / 0], | do
673

ak
/ go,/lk do
ak

(Note that Lemma 6.13 gives us this estimate for constants c,, ¢ and c¢7 that are
defined using g; = % and g, = ¢, but the above estimate still holds as is, since by

z

= ‘ (pnk(&k) - ¢nk(&k) ‘ > A.
N—— N——
&fI{ehcE ({5
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2
Remark 6.14 the term 622%76 becomes larger by switching to our constants.) Taking
the limit K — oo and using (6.30), we thus find that

2

C
A< =7 % 2c1v,
C2C6

which contradicts (6.29). This proves (6.31), and with analogous arguments one can
show that mingeo,17 f(¢n(@)) > —¢ for large enough n € N.

After passing on to a tailsequence we may thus assume that y, C f~! ((—8, s))
for Vn € N. Using this additional knowledge, we can now apply Lemma 6.13 one
more time (this time with (g1, g2) = (—¢, €)) to obtain

length(y,) = length(Vu /-1 ((—e.)))

2¢2
< IS0 + 20 (0) — ()|

ZC%
= —LS(ya) + 2|f(x1) — f(x2)]
C2Ce

2c2
< —LS(ya) + 2lx1 — x2| max [Vf(w)|
C2C6 WEB,(x
2c%
< ZLS(yn) + deor (6.32)
C2Cq

for Vn € N, and thus sup, ¢ length(y,) < oo. We can now apply Proposition 3.8
and then use (6.32), the minimizing property of (y,)en, (6.30) and (6.29) to
conclude that the problem P(x1, x) has a strong minimizer y* € I';? that fulfills

length(y™) < liminflength(y,)
n—>o0

25 .
< dcyr + —= liminf S(y,)
CrCg N—>00

2 2
= derr+ =L inf S(y)

C2C6 yely?

2

7
<4cv + —= X 2c1v
C2C6

2
C1C

= 41)(6‘7 —+ —7)
C2Cq

=1.
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6.6 Proof of Proposition 3.25

If b(x) = O then the strategy in the proof of Proposition 3.23 (laying out a
“b-coordinate grid” around x) breaks down because x cannot lie on an admissible
manifold. Using the following lemma, we can however lay out multiple b-coordinate
grids, each with x on its boundary, that together cover a punctuated neighborhood
of x. We then have to refine our estimates for the curve lengths carefully, by slicing
that neighborhood into appropriate regions and adding up the bounds that we obtain
for each of them. The following lemma provides us with the necessary tools for this
technique.

Lemma 6.15 (a) Let x € D, and let the assumptions of Proposition 3.25 (i) or (ii)
for x to have weak local minimizers be fulfilled. Then there exist an € > 0 and
functions fi, . ...,fu € C(D,[0,00)) such that forVi=1,...,m

(i) filx) =0,

(ii) fi traces the flowlines of b between the values 0 and ¢,
(iii) defining E; := ;! ((O, 8)), the closure E; is a compact subset of D, and
(iv) Yw € E; \ {x}: b(w) # 0.

Furthermore,
(v) dcg > 0 Yw € B,(x): max{fi(w),....fn(w)} > cs|w — x|.

(b) In addition, if the assumptions of Proposition 3.25 (i) or (ii) for x to have strong
local minimizers are fulfilled, then

(vi) Yi=1,....,m: sup,eg |Vfi(w)| < oo, and
(vii) dco > 1 Yw € Be(x): max{fi(w), ..., fu(w)} < colw —x].

Observe that since this lemma takes a vector field b and provides us with
corresponding functions f;, the properties (3.8)—(3.9) (which do not concern b) are
not needed for its proof (they will only be used in the main part of the proof of
Proposition 3.25). The only additional condition that we will use for proving (vi)—
(vii) is that in the saddle point case we have D C R?.

Proof Here we will only prove the statement for the case that x is an attractor or
a repellor of b, where—as we will see—only one flowline-tracing function f; is
enough, i.e., we can take m = 1. The much harder proof for the case of a saddle
point is the content of Chap. 7.

Let us first deal with the case in which x is an attractor of b. Let ¢ > 0 be so small
that B.(x) C By, where Bj is the basin of attraction of x, let f;: B; — [0, 00) be the
function given by Definition 3.21, and finally define

fsw) ifw Ef;l([O, s)),

e else.

fiw) == (6.33)
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We will now show that f] has the desired properties (i)—(vii).

@ filx) =fi(x) = 0.

(i)

(iii)
(iv)

v)
(vi)

(vii)

To show that f; traces the flowlines of b between the values 0 and ¢, we have
to check the three properties in Definition 6.9.

(ii.1) Clearly, f; is continuous on Dy := f;'([0,¢)) and on D, := D \ Dj.
Dy is open since it can be written as f;'((—oc.¢)), and thus D,
is closed in D. To show that f; is continuous on all of D, it thus
suffices to show that for any converging sequence (w,),en C D
with w 1= lim,—oo W, € D, we have lim,—o fi(w,) = fi(w). To do
so, first note that by (6.7a) we have D; C Bg(x), which implies
that w € B.(x) C By and thus lim, e f;(w,) = f;(w). Now since
fs(w,) € [0,¢) for Vn € N, we have fy(w) € [0, ¢], and thus w € D,
implies fy(w) = e. We can now conclude that lim,— o fi(w,) =
im0 fs(Wn) = fs(W) = & = fi(w).

(ii.2) We have Ey := f7'((0,¢)) = £;'((0. ¢)) and thus fi|g, = filE,. Also,
we have E] C B:(x) \ {x} C B\ {x} by (6.7a) and since f;(x) = 0.
Therefore by Lemma 6.1 (i), f; and thus also f; is C' on Ej.

(ii.3) Sincef; = f; onthe openset E; C B\ {x}, we have Vfi|g, = Vf|g, and
thus Vw € Ej: (Vfi(w), b(w)) = (Vf;(w), b(w)) = —|b(w)| by (6.6a).

We have E; C B, (x) C By C D, and so E|isa compact subset of D.

The relation shown in part (iii) implies E; \ {x} C By \ {x}, and since x is the
only point in B, with zero drift, this shows that Yw € E; \ {x}: b(w) # 0.
Let w € B:(x). If w € £71([0,¢)) then fi(w) = fi(w) > |w — x| by (6.7a).
Otherwise we have fi(w) = ¢ > |w — x|. Thus we can choose cg := 1.

In the proof of Lemma 6.1 (i), an integrable bound on the integrand of (B.2)
was found that is uniform on a neighborhood of some fixed w € By \ {x}. We
can use even easier arguments to find an integrable bound that is uniform on
some punctuated ball B, (x) \ {x} (at x the argument breaks down since % is

undefined). This proves that |Vf;| is bounded on Bn(x) \ {x}, and since Vf; is
continuous on By \ {x}, | Vf;| is thus bounded also on the set B, (x) \ {x} which
includes E;. Since we saw in (ii.3) that Vfi|g, = Vf;|g,, this shows that | Vfi|
is bounded on Ej.

Let ¢s > 0 be the constant given by (6.8a) that corresponds to K := B, (x).
Then for Yw € B.(x) we have fi(w) < f;(w) < cs|w — x|, i.e., we can take
Cg := Cj5.

This completes the proof for the case of an attractor. If x is a repellor then we replace
[ by f,, everywhere in our proof, and the only difference will be that in part (ii.3) we
have Vw € Ei: (Vfi(w), b(w)) = +|b(w)| by (6.6b). O

We are now ready to prove Proposition 3.25. In the part proving that x has strong
local minimizers we must assume that the reader has read the proof of Lemma 2.3
in Appendix A.1, since we will reuse its terminology without further notice.
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Proof (Proposition 3.25) Preparations. Let x € D, and let the conditions of
Proposition 3.25 (i) or (ii) for x to have weak local minimizers be fulfilled. Let
g, cg > 0 and the functions fi, ..., f,: D — [0, 00) be given as in Lemma 6.15 (a),
let E; := f7'((0,¢)) for Vi = 1,...,m, and define F := max{fi,....fu}. By
decreasing & and cg if necessary, we may assume that B.(x) C D and cg € (0, 1).
Since b(x) = 0 and since our assumptions imply that Vb(x) is an invertible matrix,
b is locally invertible at x and we can further decrease ¢ until

|b(w)| > Alw — x| for Vw € B,(x) and some A > 0. (6.34)

If the additional conditions for x to have strong local minimizers are fulfilled, then
we will at this point first choose p, c4,8 > 0 such that (3.9) is fulfilled (where we
may assume that p € (0, 1] and thus also that § € (0, 1]), and then further decrease &
until (3.8) holds for some c3 > 0 (Where we may assume that e € (0, p/c3]). Observe
that we will not use these properties (3.8)—(3.9) during the first part of our proof
(where we show that x has weak local minimizers). This ends our definition of ¢.

In either case, for every i = 1,...,m, the set fi_l({%}) is compact since it is
closed in D and a subset of the compact set E;CD (see Lemma 6.15 (iii)). Since it
is disjoint from the closed set £ ((O, Cgé‘))c, we thus have

A= rnlnmdlst(f A=), ! ((0 cse)) )

1<i<

Next we let ¢; = cl(Bzg(x)) > 0 as given by Lemma 2.5 (ii). Also, defining

= UL, E; D F7'((0,¢)), the set E = [J{, E; is a compact subset of D by
Lemma 6.15 (iii), and so Definition 2.7 provides us with a constant ¢; := ¢; (E) > 0.
Defining E} = fi_l( 4t c 5)) C E; for Yi = 1,...,m, the constant ¢ :=
minj<j<p c6( ) defined in Lemma 6.13 fulfills c(, > 0 by Lemma 6.15 (i), (iii)
and (iv), and the constant ¢; := max;<j<m C7( fi, 8 3 ,cse) defined in Lemma 6.13

is finite since Vf; is continuous on E; D E’ by Lemma 6.15 (ii), and since E’ is
compact by Lemma 6.15 (iii). Finally, we deﬁne

. 26 A
V := min{ &, 5 (6.35)
Scicq
and we let r € (0, v] be so small that
B.(x) C F'([0, 42)) (6.36)

(this is possible since F' > 0, F is continuous, and F(x) = 0 by Lemma 6.15 (i)),
that

min  |b(w)| < min |b(w)| (6.37)

WEB¢ (x)\B,(x) WEE\B, (x)
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(this is possible since b(x) = 0, and since E \ B ¢(x) is a compact set on which b # 0
by Lemma 6.15 (iii)—(iv)), and that for Vw € B,(x) N D3y € IY:length(y) < v
(this is possible by Assumption (D)).

If the additional conditions for x to have strong local minimizers are fulfilled
then we will in fact show the stronger property in Remark 3.10 (ii), so let n > 0
be given. Under these conditions, Lemma 6.15 (vi) says that the constant ¢; :=
maxi<i<m ¢7(fi, 0, €) defined in Lemma 6.13 is finite, and Lemma 6.15 (vii) gives
us a constant cg > 0. We then decrease r further so that

2ar®
] —2-9

24+8mcé+5045369

<5, where a:="—"3_""T" 4 dmcoe' ", (6.38)
" czc§+8A

Again observe that we will not use the constants ¢; and c9 and the estimate (6.38)
during the first part of our proof. This ends our definition of r.

Weak local minimizers. Now let x;,x, € B,(x) N D, let (Yn)nen C T2 be a
minimizing sequence of P(xj, x;), and let us assume that each curve y, visits the
point x at most once (otherwise we may cut out the piece between the first and the
last hitting point of x, which can only decrease the action of the curve). Denoting
by (@n)nen C C(0, 1) their arclength parameterizations given by Lemma 2.1 (i), we
first claim that for sufficiently large n € N we have

m[a&x] F(@n(a)) < cge. (6.39)
€

Indeed, if this were not the case then we could extract a subsequence (@, )ren such
that for some iy and Vk € N we had maxyepo,1) fiy (@n, () > cge. Since by (6.36)
we have f;,(x1) < F(x)) < —6‘88 and similarly fj, (x2) < 1C3€ we could then use
the same arguments as in the proof of Proposition 3.23 (only here with Lemma 6.13
applied to fi, and (g1, ¢2) = (%Cg&‘, cg€)) and Remark 6.14 to conclude that

L G8E 2 2
= M X 2c1v < 27 x 21,
(E zlo ) €6 (E l/o) cace

contradicting (6.35). This proves (6.39) for large enough n € N, and so after passing
on to a tailsequence we may assume that (6.39) holds for Vn € N.

In particular, this implies that y, C B.(x) for Vn € N. Indeed, otherwise there
would be a point w on y, such that |[w — x| = ¢, and Lemma 6.15 (v) and (6.39)
would then imply that cge = cg|lw—x| < F(w) < cge. As aresult, we are allowed to
apply the estimate in Lemma 6.15 (v) (and later also the one in Lemma 6.15 (vii))
to all points on the curves y,,.

We will now use Lemma 2.3 to construct a converging subsequence. In order to
control the lengths of y, away from x, we use (6.39), the definition of F, Lemma 6.13
(whose conditions can be checked as above) and (6.24a) to obtainfor Vi = 1,...,m



6.6 Proof of Proposition 3.25 91
and Yu € (0, cge) constants C;,, > 0 (independent of x; and x,) such that

/ﬂF(z>>ule|=/ Lr@)eese 1dz]
yll yll

m

= Z y Li@)ew.ese) 142
— )y

NE

[ CuuSCra) + 212" (i) = g (fix2)|

1

<
<

For u > cge this estimate holds with n(u) := 0 by (6.39). We could now use that
B.(x)¢ C F_l((Cgu, oo)) by Lemma 6.15 (v) to check the condition (2.3), but in
preparation for the second part of this proof we will instead make use of the remark
at the beginning of the proof of Lemma 2.3, which says that the estimate (6.40) is
enough as is, and we will consider the construction and terminology of that proof,
using our function F (instead of the function F(w) = |w—x|), ¢ := cg, K := B,(x),
and u; := 727%, where

Ciar) S(ra) + 2m(ese = w)

=-

1

14

M=

C,;u) sup S(y;) + 2mcse =: n(u). (6.40)
; jeN

7= max F(w). (6.41)

WEB(x)

Thus, by Lemma 2.3 there exist parameterizations ¢, € C‘ff (x) of y, such that a
subsequence of (¢,),en converges to a parameterization ¢* € C‘jc‘f (x) of a curve
y* € f'xfz(x). We have y* C B.(x) = K since y, C B.(x) for Vn € N, and in
particular we can apply the estimate in Lemma 6.15 (v) (and later also the one in
Lemma 6.15 (vii)) to every point on y*. By (A.12), i.e., the generalized version
of (2.4), we therefore have

length()/*lgu(x)(-) = / 11|z—x|>u IdZI = / ]lF(z)>CsM IdZI < n(csu) =: 7(u)
r* v*

for Vu > 0. Finally, by Lemmas 2.6 (ii) and 3.7 we have

S(y*) <liminfS(y,) = inf S(y) = inf S(y), (6.42)
n—00 yer? yer?

and since y* € f;jz, we must have equality, i.e., y* is a weak minimizer of P(x1, x,).
This concludes the proof that x has weak local minimizers.



92 6 Proofs for Sect. 3.3: Finding Points with Local Minimizers

Strong Local Minimizers. Now let the additional conditions of part (i) or (ii) be
fulfilled. To show that x has in fact strong local minimizers, it remains to show that
¢* € C(0,1) (so that y* € I;?) and that length(y*) < 7.

To show that ¢*" € L'(0,1) and to estimate length(y*), we now begin by
proving some properties of the function F o ¢*. First, note that replacing ¢, by
its reparametrized version ¢, in (6.39) and then taking the limit » — oo implies that

max F(p*(a)) < cge < e. (6.43)
a€0,1]

Second, taking the limit n — oo in (A.9) implies that for Vk € N we have

either Vs €[0,d.]: F(e*(s)) > ux
(6.44)
or @* is constant on [0, d; ]

(or both), and the same is true with [0, d; ] replaced by [d,;", 1]. Third, we have

VneN VkeNp: F(gu(3) < F(pu(diy ) < Foa(dy)), (6.45)
VkeNo: F(*(3)) < F(9*(diy)) < F(9*(dp)), (6.46)

and the same relations hold with d” and di, | replaced by d; and d;f ;.

Indeed, the left inequality in (6.45) is clear: F (qon(%)) = F ((Z)n(an(%))) =
F(@n(a) < F(@u(an(di)))) = F(@a(diy,)). The second inequality in (6.45)
can be seen as follows: If a,(d;)) = an(d,) then we have F(p.(d ) =
F(ga(dy)), so (6.45) holds. Also, if Iiu+1 = @ then F(p.(dy) =
F(@n(an(dlc_+1))) = F(‘;n(alnnjn)) = F(@n(an(dk_))) = F(@n(dk_))’ and (6.45) holds
as well. Otherwise we have a,(d;) < a,(d; ) = minl, 41, so that o, (d;) ¢
Lyx+1 and thus F((pn(dk_)) = F(@n(an(dk_))) > Ukl = F((ﬁn(an(qu-l))) =
F(@n(di ). This ends the proof of (6.45), and (6.46) now follows by taking the
limit n — oo. The modified statements with d;” and d,_, | replaced by d,j and d,j' T
can be shown analogously.

Next, we will prove a minimizing property of ¢*, namely that for each pair of
numbers 0 < s5; < 5, < %or% < 51 < 55 <1 we have

S(¢*|[51,sz]) = hlf S(y). (6.47)

We will prove this for the case 0 < s1 < s < %, the other case can be
shown analogously. To do so, we denote the left-hand side of (6.47) by S*. If the
statement were wrong then we could find a curve y € Fw‘{'(iilg) whose action fulfills
o = §* — S(yo) > 0. By the minimizing property of (y,).eny and the relation

S§* = S(@*|is1.5) < liminf,00 S(@nl[s;.,5,)) (Which follows from Lemma 2.6 (i),
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respectively, we could now choose an n € N so large that

S(yn) < H}fg S(y) + %O— and S((pn|[51,sz]) > 8" - %O-v
V€I

and since lim,— o0 ¢, (s;) = @*(s;) fori = 1,2, Assumption (D) would allow us to
choose n € N so large that there exist curves

On(s1) ©n(s2)
Fw *(s1) and Fw *(s2)

with length(y'?) < min{4‘Z—,l, e}

Now y* C B.(x) and length(7'?) < & imply that > C B,.(x), and so by
Lemma 2.5 (ii) we have the estimates S(—y!) < c¢; length(y') < io and similarly
S(7?) < %(f. Therefore the curve y € T2, constructed by removing from y, the
piece given by ¢,s, s, and replacing it by the curve —y' + yo + 7%, would have the
action

S(P) = S(va) = S@alpsr.s) + S(=7") + S(vo) + S(7°)

<(y161}§25(y)+§a) (s*—lo)+io+ (S —0)+ Lo

= inf S(y),

)/EI}I

which is a contradiction, and (6.47) is proven.

We are now ready to show that ¢*' € L!'(0,1) and to estimate length(y*).
Fix k € No, and let E} := f7'((us2.6)) C E; C Efor Vi = 1,....m.
Using (6.43), (6.44), Lemma 6.13 applied to the curve given by ¢*|o- €
C(dk_, di ), Remark 6.14, and (6.24b), we find that

*/ dk_Jrl */
et = 10T el 0

Ok

" rhe
=< Z/_ 0% L) €0 det (6.48)

i=1 7 dk
[ 207(fio g2 8,
SZ k k S( |Z)
L c2(E})cs(EY)

+ 21, (0" (@) - um(ﬁ(so*(dk—ﬂ)))”

- m - 26‘% S * 2 * d- * d-

< Z ) (#*lor) + V(‘P (d)) = filp*( k+1))‘:|.
(6.49)
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To estimate cg(EX), first we argue that
¥ C [Be(x) NES] U [Be(x)° N EF] C [Be(x) N Buyyp/eo (0] U [Be(x)° N E],

where we used that E C E C E, and that for Yw € B.(x) N EX we have [w — x| >

lF(w) > if-(w) > iuk+2, ie,we B.(x)N Byt 5 /co (x)€. Furthermore, by (6.41)

and Lemma 6.15 (v) and (vii) we have cgr < ¥ < cor and thus in particular = ""“ <

—9 < r. Thus, together with (6.37) and (6.34) we find that

ca(Eb = min {[b(w)|; w € E}}
min {|b(w)| : w € [Bo(x) N Buy, /e (X)) U [Be(x)° N E]}
min {[b(w)|; w € [Be(x) N By, /e, ()] U [Be(x) N B,(x)‘]}
= min {[b(w)|; w € Be(x) N By /o (X))

. Atterr A_rz—(k+2) > ACSVZ—(HZ)' (6.50)
C9 C9 €9

Assume now that for the given k € Ny (A.13a) holds (recall that we denote our limit
by ¢* instead of ¢). Using (6.50), f; > 0, the definition of F, and (6.46) and (A.13a),
we can then continue the estimate (6.49) and find that

3

2m52692k+2
g < MO0 T [ ) (o*(d ]
/k_ lo* | da < CrCoAT (P IQk ; @*(d;) +f(‘/’ ( k+l))
2k+3mC7C9 . . — *7 g—
< ms@’ lor) + Zm[F(<P (dy)) + Fle (dk+1))]
2k+3mc7cQ
*lo- 2 2u. 6.51
CC3AT (qo |Q" ) + am X i ( )
By (3.8) there exist curves 7! € Y% and 72 € I ) with
length(7;) < eslg*(dy) —x| < e <p, (6.52a)
length(7;) < ¢3]¢* (diyy) — x| < e3¢ < p, (6.52b)

and thus in particular )7,3’2 - Bp (x). Let

- _ _ o*(d )
V=Pl + Pt e It

which fulfills y; C Bp(x), and let ¢, € C(0,1) be a parameterization of 7 with
(ﬁk(%) = x. The minimizing property (6.47), (3.9), (6.52a)-(6.52b), Lemma 6.15 (v),
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and again (6.46) and (A.13a) now tell us that
S(¢*lor) < S
1
o AL
0
1
N AL
0
s [
< e max @)~ [ 1g{]da
a€0,1] 0
o 8 1
[ oz [ 1ol
1/2 0

148
|: @l da:| = ¢4 length(j)'?

= ¢4 max
a€l0,1]

= c4(length(7)) + length()’k))HS

C4[C lo*(di) — x| + c30” (dk+1)—x|]
[c

SR + SRt an ]

< c4(2c3”k)1+8 - C4<26‘3r2_ )HS, (6.53)

(& Cg

Therefore, if (A.13a) holds then by (6.51), (6.53) and (6.38) we have the estimate

o 2k+3mc709 2c3r27k\1+8 —k
lo*'| da < X 04( ) + 4mcor2
or CcrcsAr cs

24+8 146 . =2
< ( 3+8;4C7C9 + 4mC981_8)}’82_8k — 61782_8/(. (654)
C2C8

But if instead (A.13b) holds then ¢*’ vanishes a.e. on [d]_, %] D Qy and thus (6.54)

is trivial. Therefore (6.54) always holds, and analogously the same estimate can be
established for Q,j'. We thus obtain

|<o*’|da— ( I dar+ ") dot)
of

2ar®
< 2ar Zz—5k % <7 (6.55)
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by (6.38), i.e., *' € L'(0, 1) and length(y*) < 7. To prove the absolute continuity
of ¢*, it remains to show that

©*(s) — 9™ (0) = /5 ¢* da for Vs € [0, 1]. (6.56)
0

This is true for Vs € [0, %) since ¢* is absolutely continuous on each Ji, and for
s = % by taking the limit s % in (6.56) and using dominated convergence.
Analogously, one can show that ¢*(1) — ¢*(s) = fsl ¢* da for Vs € [%, 1], and
therefore for s € (3, 1] we have

9 ()= 9" (0) = (¢* (D) =" (D)) + (¢* ) = ¢"(0) = (¢* (1) — ¢*(5))

1 1/2 1
=/ (p*’da—i-/ (p*/doz—/ ¢* da
1/2 0 s
:/ ¢* da
0

as well. This concludes the proof of the absolute continuity of ¢*, so that y* € F;jz,
i.e., x has strong local minimizers. This terminates the proof of Proposition 3.25.

O



Chapter 7
Proof of Lemma 6.15

Abstract This chapter contains the proof of the very technical Lemma 6.15 in
Chap. 6. Some details of this proof will be postponed to Appendix B.

Since the case in which x is an attractor or a repellor of b was already proven in
Sect. 6.6, let us now consider the case in which x is a saddle point of b. We assume
that all the conditions of Proposition 3.25 (ii) for x to have weak minimizers are
fulfilled, i.e., that Vb(x) has only eigenvalues with nonzero real parts, and that there
exist admissible manifolds M;, i = 1, ..., m, such that (3.10) is fulfilled.

Our proof is structured as follows. In Sect. 7.1 we will review some details of the
Stable Manifold Theorem, make several definitions, and choose some constants to
prepare for the estimates to come. In Sect. 7.2 we will use Lemma 6.5 to modify
the given admissible manifolds M; in such a way that they obtain certain additional
properties. Finally, in Sect. 7.3 we will define the functions f; explicitly and prove
that they have the desired properties.

The proofs of various technical statements in this chapter are deferred to
Appendix B in order to not interrupt the flow of the main arguments, and it is
recommended to skip those proofs on first reading.

7.1 Setting Things Up

By our assumption on Vb(x) we can write

o _o(POY -1
A= Vb(x) = R (0 Q) R 7.1)

for some matrices R € R™", P € R"*" and Q € R"™*" where n,, n, € N fulfill
ns+n, = n, and where all the eigenvalues of P have negative real parts and all those
of O have positive real parts.

The key ingredient to our proof will be the Stable Manifold Theorem, a standard
result from the theory of ordinary differential equations, which provides us with M
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and M"¢, the local stable and unstable manifolds of b at the point x, respectively. Its
core statement is the following:

Theorem 7.1 (Stable Manifold Theorem) Let x € D be a saddle point of a C'-
vector field b: D — R" such that Vb(x) has the form (7.1). Then there exist ng- and
ny-dimensional C'-manifolds M, M'° C D called the local stable and unstable
manifolds, respectively, that contain x and have the properties

Yw e Mﬁ"": lim Y (w,f) =x and Yw e Mi"": lim y(w,f) = x.
h —>00 —>—00

Furthermore, there ay > 0 with B,,(x) C D such that

Yw € Bay(x) \ MY 3t > 0: r(w,1) ¢ Byy(x), (7.2a)
Yw € By, (x) \ M 3t < 0: Y (w,1) ¢ By (%), (7.2b)

and that the properties (7.3)—(7.12) below hold.
The tangent spaces of M and M at x are given by

TxMﬁoc = span(ry, ..., ") and TXM,Z;’" = span(Fu,+1, - - 7n),

respectively, where ry, ..., 1, are the columns of R.

Proof See, e.g., [3, Sect. 13.4] or [14, Sect.2.7] for the main statement above. The
properties (7.3)—(7.12) can be extracted from the proofs in [3, 14]; the necessary
details are found in Appendix B.2. O

As we list the additional properties (7.3)—(7.12) of Mé”c and Mft”c, which in the
literature are usually not stated explicitly as part of the Stable Manifold Theorem,
note that each of those properties involving ay remains valid if ag is decreased, and
note also that the same is true for (7.2a)—(7.2b).

First, M'¢ and M are related to the global stable and unstable manifolds M,
and M, defined in (3.7a)—(3.7b) via the equations

My =y(M{.(=00,0])  and M, =y (M,”.[0.00)), (7.3)
so that in particular M'*¢ C M, and M C M,,. Furthermore,
Mff’" N Bao (x) and Mff"' N Bao (x) are compact, (7.4)

and by choosing M and M sufficiently small we may assume that

M N M = {x} (7.5)
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and that
to : = sup { (Vs Yu) ‘ el = Iyul = 15y € T, M.y, € Ty, MY°

for some w, € M'¢

s

Wa € M{;’C} c[0,1). (7.6
During the proof of the Stable Manifold Theorem we learn how to construct a

function p; € C'(B,,(x), M) that projects By, (x) along T.M'* onto M, i.e.,
one has

Yv € B, (x): ps(v) —v € T,M"“, (1.7
Yv € Mé”c N B, (x): ps(v) = v. (7.8)

For Yv € B,,(x) and V € R the function

1o (1) == Y (ps(v),1) (7.9)

fulfills?

O =x+Uw-—x) + /0 Ui—g(xi(v))dr — / Vierg(xy (7)) dr, (7.10)

where we define

) e 0\ . 00\,
U, .= ( 0 O)R , V::=R (0 e'Q)R vVt € R, (7.11)
gw) :=b(w) —A(w —x) Vw e D. (7.12)

Similarly, there exists a function p, € C'(Bg,(x), M') that projects B, (x) along
T.M¢ onto M'¢, and the function y?(¢) := ¥ (p,(v), ¢) fulfills a relation analogous
to (7.10).

Let us now adjust Definition 3.21 and Lemma 6.1 to the present situation where
x is a saddle point.

Definition 7.2 Let x € D be such that b(x) = 0 and that all the eigenvalues of the
matrix Vb(x) have nonzero real part. Then we define the functions f;: My — [0, 00)
and f,: M, — [0, 00) as

By this we mean that p; is the restriction to l_?ao (x) of a C'-function that is defined on a larger open
ball.

2See [20, Appendix 4] for a quick derivation of (7.10).
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fi(w) ;:/0 |b(¢(w,t))|dt=/0 [ (w,0)|dt, w e M,, (7.13a)

0 0
fu(w)::/ |b(1p(w,t))|dt:/ [y (w, 0| dt, w e M,. (7.13b)

Lemma 7.3 The functions f; and f,, of Definition 7.2 are finite-valued and have the
following properties:

(i) For Yw € M, the function t — f;(\(w, 1)) is non-increasing (decreasing if

w # x) and C', with 3. f,(y (w, 1)) = —|b( (w, 1),
for Yw € M,, the function t — f,(¥(w, 1)) is non-decreasing (increasing if
w # x) and C', with 3, f,(¥ (w, 1)) = +|b(y (W, 1))].

(ii) Vw € My: fi(w) > |w—x|, (7.14a)
Ywe M,: fu(w) > |w—x. (7.14b)

Furthermore, after decreasing ay > 0 sufficiently, we have the following:

(iii) There exist functions f;,f, € C (Bao (x), [0, oo)) that are C' on B, (x) \ {x} such

that
Vw € M N Byy(0): fi(w) = fu(w), (7.152)
Vw € M 0 By (x): fu(w) = fu(w). (7.15b)

(iv) There 3c19 > 1 such that

Yw € M N Byy(x): f;(w) < crolw — x, (7.162)
Yw € M N B, (x): fu(w) < crolw — x]. (7.16b)
Proof See Appendix B.3. O

Now consider for Ya > 0 the level sets
M :=f"(la}) and M;:=f"'({a}),
which by (7.14a)—(7.14b) and because of f;(x) = f,(x) = 0 fulfill
Ya>0: M*UM® C B,(x) \ {x}. (7.17)

We will now continue to decrease ap > 0 to make our construction in Sects. 7.2
and 7.3 work. First, we have the following.
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Lemma 7.4 We can decrease ay > 0 so much that for Va € (0, ao)

M and £ ([O, ao]) are compact subsets of M, (7.18a)
M cmdfu_l ([0, ao]) are compact subsets ofMi"", (7.18b)
V(M{.R) = Mg\ {x},  ¢(M,.R) = M, \ {x}, (7.19)

and that in the two-dimensional case (D C R?) the sets M® and M® each consist of
exactly two points.

Proof See Appendix B.4. O

Second, since b(x) = 0, by Remark 3.19 we have x ¢ M; for Vi = 1,...,m, i.e.,
Ju;(x) # 0, and so we can make ay > 0 so small that

Vi=1,...,m Yw € By (x): fu,(w) # 0. (7.20)
In fact, using the notation
I:={1,...,m},

I = {iel|fu ) >0},
I~ = {i eI|fyu,(x) <0},

we have IT U I~ = I, and (7.20) and the continuity of the functions f;, imply

Vie It Yw e B,y (x): fir,(w) > 0, (7.21a)
Vie I Yw € By (x): fi.(w) <O. (7.21b)
Third, since Vb(x) is an invertible matrix, the function b is locally invertible at x by
the Inverse Function Theorem, and its local inverse is C' as well. Since b(x) = 0,
we can thus decrease ap > 0 so much that
Adi,dy > 0 Yw € B,y (x):  di|b(w)| < |w — x| < da|b(w)|. (7.22)
In particular, we have

Yw € Byy(x) \ {x}: b(w) # 0. (7.23)

Fourth, observe the following refined version of the triangle inequality.
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Lemma 7.5 V6 € [0,1)3d € (0,1) Yo, w € R":
(v,w) < Bvllwl = |v+w| < max{|v|, |w|} + dmin{[v], |w|} (7.24)

Proof See Appendix B.5. O

Let d; € (0, 1) be the constant d given by Lemma 7.5 that corresponds to the value
0 = 6y € [0, 1) defined in (7.6), let d4, @ > O such that

Vt>0: |Uy| < dse™ and Vi <0: |V < dye”, (7.25)

and choose k¥ > 0 so small that

2d4l€ 1
_— <= S
a — 2

8dardy

|:(|A|+K) +2d2}/c§ 1(1—d3) and 8dyds <1. (7.26)

2
o
Then since the function g defined in (7.12) is C! and fulfills Vg(x) = 0, we can
further decrease ap > 0 so much that Vw € B, (x): |Vg(w)| < k. As a consequence,

we have

Vwiwz € Boy (01 [3(w1) = g(wa)| < k|wi —wa, (7.27)
and (taking w, = x and using g(x) = 0) thus in particular

Yw € By (x):  |gw)| < k|w —x]. (7.28)

This completes our definition of ag. Now since x € M N M, by (7.8) we have
ps(x) = pu(x) = x, and so we can choose a; € (0, ap] so small that

px(Bal (x)) U pu (Bal (x)) C Bao (x) (7.29)

Lemma 7.6 We can decrease a; > 0 so much that Vi > 0 Ju > 0:

(i) all the flowlines starting from a pointw € Bu (x) \ M ¢ will leave B, (x) at some
time Ty (w) > 0 as t — oo, and we have

¥ (w, [0, Ty (w)]) C N, (M° N By, (x)) N By, (x); (7.30)

(ii) all the flowlines starting from a pointw € Bu (x) \M'¢ will leave By, (x) at some
time Tr(w) < 0 ast — —oo, and we have

¥ (w, [T2(w), 0]) C N,(M“ N B, (x)) N By, (x). (7.31)

Proof See Appendix B.6. The lemma is obtained from the linear case b(w) =
A(w — x) by applying the Hartman-Grobman-Theorem [14, p. 119]. O
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Definition 7.7 For Vi € I we denote by z; and #; the functions that Lemma 6.7
associates to the admissible manifolds M;.

It remains to choose one last sufficiently small constant, a > 0. To prepare, the
next lemma groups the points w € M4 UM% C (M, UM,) \ {x} C U~, ¥v(M;, R)
(here we used the condition (3.10)) according to the index i such that w € ¥ (M;, R),
and it gives us a bound on |£;(w)].

Lemma 7.8 Va € (0, ag] Icompact K{, ..., K; C D 3n,, T, > 0 such that

k=M and | K =M. (7.32)
ielt iel—
Viel: Ny, (K CyM;, =Ty, Ta)). (7.33)

In the two-dimensional case we can use the sets

K=y M, RynM* forielt, (7.34a)
K¢ =y M, RyNM? foriel . (7.34b)
Proof See Appendix B.7. O

Now let us define the compact set

K = Boy(x) U ¥ (Mi. [Ty Tay)). (7.35)

i=1

By Remark 3.19 no point in M; and thus also in ¥ (M;,R) has zero drift, and
using (7.23) we thus find that the set 5" (R" \ {0}) U {x} is open and contains K.
Therefore we can choose a > 0 so small that

0<a<a; < ay, (7.36)

Ny (K) C b (R"\ {0}) U {x} C D. (7.37)

Finally, in the two-dimensional case (D C R?) we decrease @ > 0 at this point
as described on pp. 128-130 (Steps 2—3 of our proof of Lemma 6.15 (vi)). We
emphasize that our construction on those pages will not make use of anything
we do beyond this point, and that the sole reason for postponing this step is to
not unnecessarily distract the reader now with further details. This completes our
preparation process.
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7.2 Modification of the Admissible Manifolds

We begin the second part of our proof with the definition of the sets A;Ifl and AA/Iff

Lemma 7.9 There exists a py > 0 such that the compact sets

M% = p7 (MO NNy (M) and M@ := p; (M) N N,y (MY) (7.38)
fulfill

MiNMy=M" and MNM, =M. (7.39)

Proof See Appendix B.8. O

Note that since p; and p, are only defined on B, (x), we have

A~

M% C B,y(x)  and MY C By (x). (7.40)

Our goal in this section is to use Lemma 6.5 to turn the admissible manifolds M;
into new ones, M, whose union covers Min N, (M%) and Min N,(M?) for some
sufficiently small p > 0, see (7.53) and (7.55). The essential ingredients for defining
the functions B; needed for Lemma 6.5 are the functions given by the following
lemma. Observe the resemblance with Lemma 6.7.

Lemma 7.10 There exist open sets Dy O M, \ {x} and D, O M, \ {x} and functions
7z € C! (DS,M‘YJ), t, € CY(Dy,R), z, € C! (D,A,Mg) andt, € Cl(Du,R) such that

Vw € Dy: ¥ (zs(w). t,(w)) = w, (7.41a)
VYw € Dyt Y (zu(w). tu(w)) = w, (7.41b)
Vw € Dy N M%: z,(w) = w, (7.42a)
Vw e D, N M%: z,(w) = w. (7.42b)

Furthermore, z; and z,, are constant on the flowlines of b, i.e., we have

Vwe Dy VteR: y(w,t) eDy = z(¥(w, 1)) = z;(w), (7.43a)
YweD, VteR: ¢(w,t)eD, = z,(¥(w, 1) =z,(w). (7.43b)
Proof See Appendix B.9. The proof resembles the one of Lemma 6.7, with the

additional difficulty that now our target manifolds AA/If and sz are not admissible,
and so a single flowline might intersect them more than once. O
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Remark 7.11 We may assume that

Vielt: Ko =z,(K"“), (7.442)
Viel™: K= z,(K"). (7.44b)
Proof See Appendix B.10. O

The next lemma provides us with sets G; that we will need momentarily.

Lemma 7.12 For Vi € I there exists an open set G; C D such that

Viel : G; D y(K, [Tz T;)): (7.45)
Viel™: G;nf;'([0.00)) CNai(K), (7.462)
Viel: G;Nfy'((—00,0]) C Na(K). (7.46b)
Proof See Appendix B.11. O

Now let some i € I be given. Assuming for the moment that i € I'™, we have
K¢ C M¢ by (7.32) and thus ¥(K{, [T, Tz]) C v(ME,R) = M\ {x} C Dy
by (7.19) and the choice of D in Lemma 7.10, and combining this with (7.45) we
find that
YK, [-Ta, Tal) C Dy N Gy, (7.47)

Since K C M? C M? by (7.32) and (7.39), (7.42a) and (7.43a) imply that
VYw e ¥ (Kf, [Tz, Ta]): zs(w) € K, and since z, is continuous there is an open
set W; with

Y (K?, [~T5.Tz]) C W; C Dy N G; (7.48)
that is so small that

VYwe Wi z(w) €N,. (K% C v(M;, [-T;, T3)),

where in the last step we used (7.33). In particular,

Vwe Wi z(w) € y (M R) and £i(z(w)) € [=Ts, T4]. (7.49)

Furthermore, since K? and [—T3, T;] are compact and W; is open, because of (7.48)
we can choose a p € (0, py] small enough that

¥ (N, (K?), [~T;,Tz]) € Wi C Dy N Gi. (7.50)
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Finally, we let v; € C1(D, [0, 1]) be a function with supp(v;) C W; such that
Vw € ¥ (N, (K9, [Tz, T5]): vi(w) = 1 (7.51)
and define

Bi(w) = viw)ii(z; (w)) %fw €W (7.52)
0 ifwe D\ Wi,

which is well-defined by (7.49). Then 8; € C!(D, R), and by Lemma 6.5 the set
M = Y. (M;, 1) (7.53)

is an admissible manifold again.

If i € I” then an analogous strategy for defining M/ can be applied (with Mj?, D;
and z; replaced by Mg, D, and z,,, respectively), and the relations (7.47)—(7.53) hold
in their correspondingly modified form. In this way we can define M| successively
for Vi € I, at each step potentially decreasing the previously obtained p (this is
possible since (7.50)—(7.51) remain true if p is decreased).

Definition 7.13 For Vi € I we denote by z; and 7. the functions that Lemma 6.7
associates to the admissible manifolds M.

The new admissible manifolds M’ have the following properties.
Lemma 7.14 (Properties of M)
(i) Viel : y(M,,R) = ¢ (M;,R).

(ii) YieIt: M*NN,(KY) c M], (7.54a)
Vie I™: M2NN,(KY) c M), (7.54b)
MINN,M8 c | M. MinN,G) c | ;. (7.55)

ielt iel—

(iii) Yi€IVw e Nz(M)\ {x}: b(w) # 0.

(iv) Vie It Vze M / Ib(¥(z, 7)) dt = &, (7.56a)
0

0
Viel VzeM: / Ib(¥(z, 7)) dr > a. (7.56b)
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(v) ForVp e (0, p]3n > 0 such that

Vw € B,(x) \ M 3t < 0: y(w,1) € M7, (7.57)
lps(W (w, 1)) = ¥ (w, )| < p; (7.58)
Vw € B, (x) \ M 3t > 0: y(w,1) € M, (7.59)
lpu(W(w. 1) — ¥ (w.0)| < 4. (7.60)

(vi) There 3¢ > 0 such that

Yw € B.(x) \ M i e I't: w e y(M, (0, 0)), (7.61)
Zh(w) € M¢, (7.62)
¥ (w. [—£{(w), 0]) C By, (x): (7.63)
Yw € Be(x) \ M 3j e I": we y(M],(—00,0)), (7.64)
Z(w) € M, (7.65)
¥ (w. [0, =1} (W)]) C Byy (). (7.66)

Proof In part (ii) we will only show (7.54a) and the first relation in (7.55), in parts
(iii)—(iv) we will only treat the case i € IT, and in parts (v)—(vi) we will only
show the properties (7.57)—(7.58) and (7.61)—(7.63), respectively. The remaining
properties can then be shown analogously. Throughout the proofs of parts (i)—(iv)
we will repeatedly make use of the following three properties:

First, for any given 8 € C'(D,R) we have

Vsw.f) = Y(w.5,(1) YweD VieR, where (7.67)
50 1= [ Bpon o) (7.68)
0

Indeed, if B(w) = O then Yg(w,) = w for V¢ € R, and (7.67)—(7.68) are trivial.
Otherwise we have for Vt € s,,(R)

Lyg(w.s,1(0) = vp(w. 5,1 (1) x (5,1 (1)
= (Bb) (Y5 (w, 5, () x [B(Ws (w55 (@))]
= b(Yp(w. s, (1))

and Yg(w, s,,'(0)) = ¥g(w,0) = w, showing that ¥4 (w.s,' (1)) = ¥(w, 7). We
will for Vi € I denote by s', the functions defined in (7.68), with 8 = B,.
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Second, since by (7.52) the functions §; vanish outside of W;, we have
YweW; Vr e R: yg(w, 1) € W, (7.69)

Since by (7.48) we have W; C D for Vi I't, and since by (7.43a) z, is constant on
the flowlines of b and thus on those of §;b, this implies that

Vielt Ywe W; Yt € R: z,(¥p,(w, 7)) = z,(w). (7.70)

Third, leti € IT and u € W; C D;. Since z, takes values in Mf C Bao (x) by (7.40),
we have fy, (z;(#)) > 0 by (7.21a), and by (7.49), (6.18) and (7.52) this implies that
Viel™ Yue W ti(zu)) € (0, T3], (7.71)
Vielt YueD: B(u) €0,T;]. (7.72)

Now let us begin with the proofs of the properties (i)—(vi).
(i) Since (7.67) implies ¥, (w, 1) € ¥ (w,R) for Yw € D, we have by (7.53)

V(M. R) = ¥ (Y5, (M;. 1).R) C (¥ (M. R),R) = ¥(M;.R)

for Vi € I. The reverse inclusion follows analogously from the equation M; =
Vg (le’ —1).

(i) Let i € It and w € M? N N,(K?). Then for ¥t € [~1,0] we have
Isi,(t)] < Tz by (7.68) and (7.72), and thus yg,(w,1) = Y (w,s (1) €
V(N (K, [-T3,Tz]) C Wi C Dy by (7.67) and (7.50). By (7.69), (7.51),
(7.52), (7.70) and (7.42a) we therefore have

Vi e [-1,01: Bi(Wp(w. 1) = ti(z(¥p,(w, 1)) = ti(z(w)) = 1:(w),
which implies si (—1) = —t;(w) by (7.68). We can now conclude that
wﬁi(ws_l) = W(stﬁ(—l)) = W(W7 _ti(w)) = Zi(W), ie, w =
Vg, (zi(w), 1) € ¥g,(M;,1) = M. This shows (7.54a), and taking the union

overalli € I on both sides and using (7.32) implies the first relation in (7.55).
(iii) Leti € I't. It is enough to show

M! C N;(K) (7.73)
since then by (7.37) we can conclude that

Na(M}) C Nyz(K) € b~ (R \ {0}) U {3,
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@iv)

which is (iii). To show (7.73), let w € M. By definition of M] in (7.53) and
by (7.67) there is a v € M; such that w = ¥ (v, 1) = ¥ (v,si (1)), which
implies that w € ¥ (M;, R) and #;(w) = s (1).

Case 1: Bi(v) = 0. Then yg,(v,f) = vforVie R,sow =veM; CK C
N;(K) by (7.35).

Case 2: Bi(v) # 0. Then B;(yg,(v,t)) # 0 for V¢ € R, and in particular
Bi(w) # 0. Therefore we have w € W; C G; by (7.52) and (7.48).
Furthermore, we have 7;(w) = si (1) > 0 by (7.68) and (7.72), and thus
Jfu;(w) > 0 by (6.18). By (7.46a) we can now conclude that

w € G; N fi,' ([0, 00)) C Na(K) (7.74)

also in this case, completing the proof of (7.73) and thus of (iii).

Again let i € I'", and suppose that (7.56a) is not true, i.e., that 3z € M] such
that

o0
[ o <a (7.75)
0
Then for s,z > T > 0 we have

ven v =| [ deod

o0 .
< / [¥(z,t)|dt = 0
T
as T — oo, and thus 3% € D: lim, o ¥ (z,t) = X. Furthermore, since

Zz>/0 |1/}(z,t)|d12/0 V(z, 1) dr

= | lim ¥ =¥ (0)| = [~

and z € M}, (7.73) and (7.37) tell us that ¥ € N;(M!) C Ny;(K) C D. Therefore
the limit

lim 9 (z,0) = lim b(y(z.1) = b(F) (1.76)

exists, and since also the limit lim,, », ¥ (z, ) exists, the limit (7.76) must be
zero, i.e., b(X) = 0. Since ¥ € N;(M), part (iii) of this lemma thus says that
X = x, i.e., limo ¥(z,f) = x. In other words, we have z € M, and our
assumption (7.75) can be rephrased as f;(z) < a.

Now since z € M| = ,(M;, 1), there Jv € M; such that z = g, (v, 1).

Case 1: Bi(v) = 0. Then g, (v,f) = v for Vi € Rand thusz = v € M;.
But on the other hand by (7.14a) we have |z — x| < fi(z) < a < ag, which
by (7.20) implies that fis, (z) # 0, contradicting z € M;.
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Case 2: B;(v) # 0. Then by (7.52) we have v € W,, and (7.69) and (7.71)
imply that ti(zs(l//ﬂi(v, ‘C))) > 0 for Vr € R. Therefore by (7.68), (7.52)
and (7.70) we have

4 1 1
§.(1) = /0 Bi(Yp(v. 1)) dr < /0 (2 (W (v, 7)) dt = 11z (V).

Since ¥ (v, —t,(v)) = z(v) and v € M; implies that ;(z;(v)) = —t,(v), this
means that s¢ (1) < —£,(v), and so using Lemma 7.3 (i) we find that

a > fy(2) = fi(¥p, (v, 1) = (¥ (v,5,(1)))
> fi(¥ (v, —1,(v))) = fi(z:(v)). (7.77)

Finally, since z = ¥,(v, 1) = ¥ (v, si (1)) and z € M, we have
z(v) = ¥ (v, —1,(v)) = ¥ (2. —s, (1) — 1,(v)) € M,

and since z,(v) € AA/IE‘ by definition of z;, (7.39) thus implies that z,(v) € M‘?
But this means that f;(z;(v)) = a, contradicting (7.77).

(v) Letp € (0, p] be given. Since by (7.8) and (7.4) we have p;(w) —w = 0 on the
compact set M N B, (x), there is an 7 > 0 such that

Yw e Nn (Mﬁ"c N By, (x)) N B, (x): |ps(w) —w| < p. (7.78)

Now define the function g(w) := fi(ps(w)) > 0 for Vw € B, (x), which
is continuous by (7.29) and Lemma 7.3 (iii). The compact set g~! ([O, Ez]) N
dB,, (x) is disjoint from the compact set M N B, (x), since any point w that
is contained in both sets would have to fulfill 2 > g(w) = fi(p;(w)) = f;(w) >
|w — x| = a; (where we used (7.8) and (7.14a)), contradicting (7.36). Thus we
can decrease 1 > 0 so much that

[¢7"([0.a]) N 3B, (x)] NN, (M N B, (x)) = 2. (7.79)

Applying Lemma 7.6 to this choice of 1, we obtain a . > 0 such that all the
flowlines starting from some point w € Bu (x) \ M will leave B,, (x) at some
time T,(w) < 0 ast — —oo, and (7.31) holds. Since g(x) = fi(ps(x)) =
fs(x) = 0 by (7.8), we can decrease & > 0 so much that

Yw € Bu(x): glw) <a. (7.80)
Now let w € Bu(x) \Mi"“. By (7.31) and (7.36) we have ¢ (w, T>(w)) €

N, (M N B, (x)), and thus ¥ (w, To(w)) ¢ g~'([0,a]) N 3B, (x) by (7.79).
Since Y (w,Tr(w)) € 0B, (x) by definition of T,(w), this means that
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v(w, To(w)) ¢ g_l([O,Zl]), ie., g(lﬂ(w, Tz(w))) > a. Since g(¥(w,0)) < a
by (7.80), there 3¢ € (T>(w),0) such that a = g(¥(w,1)) = fx(pX(W(w, t))),

ie.,
ps(W(w. 1) € M* (7.81)

and thus ¥ (w,1) € ps_l(Mj?). Furthermore, by (7.78), (7.31) and (7.36) we
have |py(¥(w. 1)) — ¥ (w,1)| < p, i.e., (7.58), and thus Y (w,1) € N;(M?) C
Np(Mf) C NPO(Mg) by (7.81). Combining the last two statements and
using (7.38), we find that ¥ (w, 1) € p7 (M%) NN, (M) = M?, which s (7.57).
(vi) Continuing the construction of part (v) (e.g., for the choice p := p), we have
found that ¥ (w,1) € M% N N,(M?). Therefore by (7.55) there 3i € I such
that z := Y(w,f) € M| and thus w = ¥(z,—1) € (M, (0,00)), with

Zi(w) = z = Yy(w,1) € M? and ti(w) = —t. Finally, since [~£;(w),0] =
[£,0] C [T>(w),0], (7.31) implies that ¥ (w, [—£(w),0]) C By, (x) C Bgy(x).
This shows that (7.61)—(7.63) hold for ¢ := pu. O

7.3 Definition of the Functions f;; Proof of their Properties

We are now ready to define the functions f; that we are looking for.

Definition 7.15 We define the functions fi,...,f,,:D — [0,00) as follows: If
i € I'" then we define

a if fyr(w) <0,
t,.’(w)
filw) == max{O, a—/ b(¥ (2 (w), )] dr} if we y(M,[0,00)),
0
0 else;

(7.82a)

and if i € I then we define
a if fM’((W) > 0,
0
filw) := max{O, a—// \b(w(z;(w),z))\dz} if we (M), (—o00,0]),

i(W)
0 else.

(7.82b)

These functions are well-defined: If w € y(M/, [0, 00)) then #(w) > 0 and thus
Sfw (w) = 0 by (6.18); and similarly, if w € ¥ (M, (—oo, 0]) then fy, (w) < 0. Note
that the two integrals in (7.82a)—(7.82b) are the lengths of the flowline segments
between w and z(w).



112 7 Proof of Lemma 6.15

Now let ¢ > 0 be the value given to us in Lemma 7.14 (vi), and let us reduce it if
necessary so that & < a.

We will now show that the functions f; fulfill the properties (i)—(vii) of
Lemma 6.15. The properties (ii)—(iv) and (vi) will in fact be proven for a instead of ¢,
i.e., we will show stronger statements than required (since a > ¢), and for that
purpose we denote

E :=f'((0,a) foriel

In parts (i)—(iv) and (vi) we will restrict ourselves to the case i € I'" (the proofs for
the case i € I~ can be done analogously).

7.3.1 Proof of Properties (i)—(iv)

(i) Recalling (7.53) and the construction of fM‘_/ in the proof of Lemma 6.5, and
using that b(x) = 0, we find that

Vie I+: fM{(x) :fM,-(l/fﬂ,-(xa _1)) :fM,-(x) > 0. (783)

Also, since by Remark 3.19 M/ and thus also ¥ (M’, R) does not contain any
points with zero drift, we have x ¢ ¥ (M, [0, 00)). Therefore f;(x) is defined
by the third line in (7.82a), and so we have f;(x) = 0.

(ii) To show that the function f; traces the flowlines of b between the values 0 and a,
we have to check the three properties in Definition 6.9.

(ii.1) The definition of f; in (7.82a) divides D into three parts, let us call them
Dy, D, and Ds. To show that f; is continuous on D, we will show that f;

. . . . —D
is continuous on the closures in D of each of the three parts, i.e., on Dy,
—D —D
D, and D5.
. . —D
First consider D; = f;'((—00,0)). For ¥w € D; \ D; C f,/

({0}) = M/ we have £/(w) = 0 by (6.16), and f(w) is defined by the
second line in (7.82a), so

0
filw) = max{O, a —/0 |b(¥ (Zi(w), 7)) | dr; = max{0,a} = a.

This shows that f; is constant and thus continuous on 5?.
Regarding D3, observe that by (6.18) we have (M, (—00,0)) C
fiz! ((=00,0)), and so we can write

Ds := D\ [,/ ((-00.0)) U (M. 0. 00))]
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(ii.2)

=D\ [fz\;;l ((=00,0)) U v(M.R) ].
———

open open by Lemma 6.7

. . . . —D .
This shows that D3 is closed in D, i.e., that D; = D3, and so f; is constant
. —D
and thus continuous also on D5 .
. . . —D .
It remains to show that f; is continuous on D, . Suppose that this

were not the case. Then there would be a sequence (W,),eny C Dy =
Y (M., [0, 00)) that converges to some w € D and for which we have

lim sup |f;(w,) — fi(w)| > 0. (7.84)

Since fi|p, is continuous, we must have w ¢ D,. By passing on to a
subsequence, we may assume that z.(w,) converges to some z € M.
as n — oo (since M. is compact), and that 7/(w,) converges to some
t € [0, oo] (since 7 (w,) > 0 for Vn € N).

Now if we had ¢ < oo then letting n — oo in the equation w, =
¥ (2i(wn). £(wy)) would tell us that w = ¥ (z,1) € ¥(M/, [0, 00)) = D,.
Thus we have r = oo, and with Fatou’s Lemma and (7.56a) we find

r;(w,,) [e’e]
lim inf / |6(v (2 (wn). )| dr > / m 1o/ |B(V (2 (W), )| de
0 0 n— 00

n—oo

= /Ooo bz o)l dr > G

tl{(Wn)
= lim fi(w,) = lim max{O, Ez—/ |b(¥ (Zi(wn). T))| dri = 0.
n—>o00 n—>o00 0

To find the value of f;(w), first note that for Vn € N we have #/(w,) >0
and thus fj,s (w,) > 0 by (6.18), and taking the limit n — oo shows that
Jw(w) > 0,ie.,w ¢ D,. Since also w ¢ D, this shows that f;(w) is
defined by the third line in (7.82a), so that f;(w) = 0 = lim,—co fi(Wn),
in contradiction to (7.84). This shows that f; is continuous on 52), and
thus on all of D.

To show that f; is C' on E] = f;71((0,a)), note that E] C v (M, [0, 00))
by (7.82a), so that

1(w)
YweE: fi(w) =a—/0 |b(y (Zi(w). 7)) dT € (0,a) (7.85)
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and thus

Vfi(w) = =[b(v @ (w), ;(w))) [V (w)

i t{(W) bTVb )
_ /0 ( B )(W(zﬁ(w),r))w(z;(w),c)dr Vzi(w)

= —[b(w)| V£ (w)

AL bTVb 7
L[ (50 wen. o). o ac v
L Jo _
(7.86)
for Vw € E. The last term is well-defined and continuous in w since
Zi(w) € M; implies that b(z/(w)) # 0 by Remark 3.19 and thus

b(V (g (w), 7)) # Ofor VT € R.
(ii.3) Now using (7.86), (6.14) and (6.15), we find for Yw € E! that

(Vfi(w), b(w)) = =[bw)| (V£i(w), b(w))
——

=1

£ (w) Ty
_|:/0 (b|b|b)(w(zl/'(w)’t))vw(Z,{(W),r)dc}

x VZi(w)b(w)
——————

=0

= —|bw)|.
Remark: For i € I~ we would obtain Yw € E!: (Vfi(w),b(w)) =
+[b(w)l.
(iii) By (7.85) we have for Vw € E!

tl{(w) t,’
a>/0 |b(1/f(z;(w),r))|dz=/0

1 (w)

V¥ (Z(w), 7) dr

w) .
[V (zi(w), T)| dT

>

=¥ (@ w). ;W) = Y (& W), 0] = |w = zj(w)|

and thus w € Nz(M?), so that
E! C N;(M) C Ny (K) (7.87)

by (7.73). Since K is compact, this shows that El’ is compact as well, with
E| C Ny (K) C Dby (7.37).

(iv) By (7.87) we have E; C N;(M!) and thus E} \ {x} C Nz(M}) \ {x}, and so by
Lemma 7.14 (iii) we have Yw € E/ \ {x}: b(w) # 0.
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7.3.2 Proof of Property (v)

Now let F := max{fi,...,fn}. It suffices to show the estimate F(w) > cg|lw — x|
for Vw € By(x) \ (M°¢ U M) since this set is dense in B.(x) and since both F and
| - — x| are continuous by part (ii.1).

Let w € B.(x) \ (M!°¢ U M"°) be fixed. Then by Lemma 7.14 (vi) there exist
i € I'* and j € I" such that (7.61)—~(7.66) hold. We abbreviate T := —ti(w) < 0,
Ty := —tj’.(w) > 0, and

@) ;= Y(w, 1) for Vt € R.

Because of (7.61) and (7.64), fi(w) and fj(w) are defined by the second lines
in (7.82a) and (7.82b), respectively, and we can begin our estimate as follows:

F(w) = max{f;(w).f;(w)}
0

7, (w)
zmax{é—/o |b(¥(Zi(w), 1)) | dt, a—/ |b(V (& (w). n))]| dt

o)
0
:max{g,_ / .o +0) @

)

i Ib(Y &), £w) + 1) dt}

0 —1(w)
:max%iz—// |b(yr(w, 1)) dt, Zz—/o |b(yr(w, t))|dt}

-t (w)

0 T
:max{ft—/T [V (w, 1) dt, a—/0+|1'p(w,t)|dt}

0 . Ty .
:max%iz—/ 6| dr, a—/ |¢|dt}. (7.88)
T 0

We must now show that the last line in (7.88) is bounded below by cs|w — x| for
some constant cg > 0. The trick will be to write

p—x= (¢s_x)+(¢u_x)+r (7.89)

for some small remainder r (which vanishes if b is linear), where ¢; is a flowline
in M, and ¢, is a flowline in M,,. The flowlines ¢, and ¢, are easier to deal with in
several ways, mostly since we can apply f; and f, to them, respectively.

To define ¢, and ¢,, first note that since ¢(7-) = ¥ (w, —t(w)) = z:(w) € M
by (7.62) and similarly ¢ (Ty) € M?, by (7.38) we have

wyi=po(p(T)) e M{  and  wy = pu(p(Ty)) € M. (7.90)
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We now define the functions ¢, € C'(R, M), ¢, € C'(R,M,) and finally r €
C'(R,R") by

¢s(1) == Y (ws, 1 = T2), (7.91a)
du(t) = Y (wy, t = Ty) (7.91b)
and  r(t) := ¢p(t) — ps(t) — pu(t) +x (7.92)

for Vr € R, i.e., (7.89), which fulfill
¢s(T-) = wy and u(Ty) = wy. (7.93)

Note that for VT € R we have

[ dotar= [T ola= [ o+ 1)@

[ letw@.o0.0) o = .00, (7.94a)

/_ D]t = - = fu(bul()). (7.94b)

and thus by (7.90) and (7.93) in particular

o0 . T+ X
/T oD dr = fi($(T)) =& and / 1dul df = £ ($u(T1)) = @

(7.95)
Furthermore, by Lemma 7.3 (i)

fs o ¢ is C' and non-increasing, (7.96a)
fi 0 ¢y is C' and non-decreasing. (7.96b)

Thus, by (7.14a)—(7.14b), (7.95) and (7.96a)—(7.96b) we have
Vi=T_: |¢s(t) — x| < fi(s(1) =[fs(s(T)) = a, (7.97)
Vi< Ty |pu(t) — x| < fulu(D) < fulPu(T4)) = a, (7.98)

which together with (7.18a)—(7.18b), (7.63) and (7.66) implies
¢s([T-,00) M, ¢ ((—o0, Ti]) C MY, (7.99)

G([T-, T4]) U ([T, 00)) U (=00, Tt ]) C By (). (7.100)
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The relation (7.100) will be necessary to justify the use of various estimates that are
only valid on By, (x).

As another consequence, choosing t = 7_ in (7.98) and using (7.95) shows that
Ju@u(T-)) = a = fi(¢5(T-)), and similarly we find that f(¢s(T+)) < fu(@u(T5)).

Therefore we have f, (¢M(T—)) _fs(d)s(T—)) <0</, (¢M(T+)) _fs(d)s(T-l-))’ and thus
there 37 € [T-, T4 ] such that

Our next goal is to find small bounds on fTT_+ |r| dt and fTT_“L || dt. We begin by
recalling Duhamel’s formula, which says that

o) =x+e(w—x)+ / t e™g(p (7)) dr
0
=x+ U, +V)(w—x)+ /t(Ut—r 4+ Vi—)glp(r))dr VieR, (7.102)
0

where the matrix groups (U;).er and (Vi)er are the ones defined in (7.11). Since
¢(1-) € B, (x) by (7.100), we can choose v := ¢ (1) in (7.9)—(7.10), and since

by (7.9), (7.90) and (7.91a) we then have y} () = ¥ (p;(v), 1) = Iﬁ(ps(qﬁ(T_)), t) =
Y (wy, 1) = ¢y(t + T-) for Vi € R, (7.10) tells us that

$ult+T2) = x+ Ud(p(T) — x) + /0 Us—eg(dy(t + T)) de

- / Vgt + T dr

for V¢ € R. We now replace t by t—7_, use (7.102) to obtain an expression for ¢ (7-),
and use that U, U;, = Uy 4, and U, V;, = 0 for V1, 75 € R, to obtain

i
¢s(t) = x+ Ui [(UT + Ve )(w—x) + /0 (Ur— + Ve —0)g($(7)) df}

(o]

t—1_
+ / Ui —8(¢s(t + T-)) dr — / Vit —8(¢s(r + 1-)) dt
0 —T-

0
=x+Uw—x)— /T Ui—.g(¢(v))dr

+ /T Umag(@0) dr / Vierg((0)) dr. (7.103)
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Similarly, one can obtain the formula

It
Gult) = x+ Vi(w—2) + / Vi g(@ (1)) de
0
T+ t
- / Vi og(@u(0) dT + / Us_rg(ha(1)) dr. (7.104)

—00

Subtracting (7.103) and (7.104) from (7.102), we thus obtain for V¢ € [T_, T4 ]
r(t) = ¢(t) — ¢s(t) — u(t) +x

= (U + Vw—x) + /0 (Une + Vie)g(d (1)) de

0
U + /T Ur_r g (1)) dr — / Ur_r gy ()) dr

4 / Vg () de
s

T
CViw—x) /0 Vg @) dr + / Ve rg((0)) dr

t

t

- /_ Ur—rg($u(0)) d

T
- /T  (LeatUss — Los Vi) (2@ (D) — () — g(bul))) dr

ya. ()
- / Urrg(du(0)) dr + / Vi 1g(dy(1)) de
Tt

—0o0

o0
= / (]lt<rUt—r - ]]-thVt—r)A(t) dr, (7.105)

(o]

where for Vt € R we define

A7) = 11 <o<ry (8(6 (7)) — 8(85(7)) — 8(¢u(D))
-l g(d)u(t)) - ]lT>T+ g(¢5(‘5))-

Combining (7.105) with (7.25), we obtain the estimate

o0
|r(t)|§d4/ e A@m)|dr  for Vi e [T, Ty]. (7.106)
—00
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Now let C, C [T-,T+] and C; := [T-, Tit] \ C; be two measurable sets to be chosen
later, and let C; := C; U (—o0,T-) and CZ+ := G, U (T, 00). Then we have for
Vi eR

A7) = Teec, (8(8(0) — g(85(2))) + Liee, (8(b () — 8(u(2)))
—Liecr 8(u(0)) =1 o+ 8(¢5(7)),

and thus by (7.100), (7.27)~(7.28), (7.92) and (7.22)

|A@)] < Teecik| 9(2) = ¢5(0) | + Trecsk| ¢ (1) — (D) |
S—————— S——————
=r(t)+¢u(t)—x =r(t)+¢s(r)—x
+ Leecy l¢u(t) — x| + 1t klbs() — x|
< Leecyk (|r(D] + [¢u(t) = x[) + Teecyk (Ir(2)] + |¢s(z) — x[)
 Lreer olu(®) — x|+ 1, oo ilgu(D) x|

= k(Teepr (@] + 2 X Teeer [9u(0) = x| + 2 x 1+ 164(2) = x1)

).

= te( e F(D)] + 22T cecr [9u(D] + 21+ 1u(D)]).  (7.107)

< K(nfem,m (D] + 2daLeect [b(pu(D))] + 2d21 .+ [b((7)

We can now use (7.106), (7.107) and the first estimate in (7.26) to obtain

Ty T o)
/ |r(0)] dr < 44/ dt/ dre A7)
ya. —00

B o0 o0
<d, / dt |A(7)] / dre okl
—0Q —0Q

2d o0
=2 |A@)|de

—00

2d I . .
< —‘“U I dt+2d2/ |¢u|dt+2d2/ |¢5|dti|
o y cr fora

1

1 s 4d2d4l( . .
5 Irl dr + |¢u|dt+ " |¢S|dt
ol o cr c;

7 8dod . .
- / Irdr < 22 4”[/ |¢>u|dt+/ |¢>S|dt}. (7.108)
T o = fons

Cl 2

IA
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To turn this into an estimate for fTiJr |7| dt, we start from the relation

F=¢—¢— ¢y
= b() — b(s) — b(y)
= (A(p —2) + 8(9)) — (Ads — %) + (@) — (A — 2) + 8(¢)
= A} — s — u +2) + (3(8) — 8(¢2) — 8(6)
— Ar + A, (7.109)

where the last step is valid only on [T, Tt ]. Using (7.109), (7.107), (7.108) and the
second estimate in (7.26), we thus obtain

T+ T+ Ty
/ |7 dr < |A|/ || dt+/ |A| de
_ _ _

I . .
< (|A] +K)/ 7| dt+2d2/</ |¢>u|dt+2d2/</ |ps| dt
T C G

[(|A| +K)8d;d4 +2d2]/<|:/q |u| dt + /C; |<;.5X|dt:|

%(1—43)[/ |q'su|dt+/ |q'55|dt:|. (7.110)
cr ¢

1

IA

IA

Since by (7.99) we have ¢, ([T, T}-]) C M"¢ and ¢, ([T, T}+]) C M'¢ and thus also
Vie [T Ty §s(0) € TpoMy and (1) € Ty, )M,".
(7.6) tells us that
Vie [T, Tyl (1), ¢u(D)) < Ools ()] |u(D)].
Therefore, if we choose

Cri= {re [ 73] | 1) < 1901}, (7.111a)
G 1= {r e [I-.T4] | [u(0)] > 6,01}, (7.111b)

then by our choice of d3 using Lemma 7.5 we have on [7_, T4 ] that

s + dul < Liec, (18] + daldul) + Liec, (d3lds] + |¢ul). (7.112)
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and using (7.112), (7.110), (7.95) and (7.111a)—(7.111b), we obtain the estimate

& o
/|ww=/ 16y + o+ Fldi
T T_

T+ X X T+ T+
5/ |¢s+¢u|dt+2/ |i|dt—/ |7 dr
. . T

stwwmmmﬁL@mwwmm

. . I+
wda=a| [idaars [ iagar]- [ i

1

—[ e [ e
€U cruC,

o0 T_
_1 i i
20+@{L|mm+[wmmﬂ

It
_ 1 _ " i _ ;
41@{L@wa;mm}j;mm

o) T
=&+&—%(1+d3)[/ |<i>s|dt+/ Iéuldt}
s —00
It

T
—auwﬁﬁfmﬂmmmnw—ﬁ 1# di

(7.113)

To control the next-to-last integral, note that by (7.96a)—(7.96b) and (7.101) we have

min{fu((ﬁu)va((l&x)} :fu(¢u)11(—w,?] +f‘v(¢x)]l(?,oo)7

and thus using (7.99)—(7.100), (7.22) and Lemma 7.3 (ii) and (iv) we find that

B 1 (&
[ mintigul 8} a = - [ ming, — 5. 16, — ol a
— 2 JT-

1 [
. / min{f, (,).fy(¢)} di

drcio Jr_

- 1:fﬂmmwzﬁuwm}

dacio

%

i T (" . o
> / |¢u|df+/ |¢x|dt:|'
drcio | J1 i

1 r 7 Ty
/ |py — x| dt+/ |ps — x| dti|
dycro | Jr T

(7.114)
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We can now reorder the terms in (7.113), use (7.114), define d5 := min{%(l + d3),

%(1 — )dzcl() 2} > 0, and use (7.94a)—(7.94b) and (7.101) to obtain

251—/:+ $ldr > %(1+d3)[/_; |¢'>u|dr+/: |¢3S|dr}
+i—dy /f min g . g/} dr + /f i de
1 +d3)[/_: |q'>u|dr+/:° a

,
[/ |¢u|dr+/ dar] + [ it
: :
2d5|:/_oo |¢u|dt+/; |¢X|dt+2/T_+ |i|dt}

Iy
— ds [fu(@@) L A@G@) +2 /T B dr}

A%

2(1 - d3)

T
_ 2ds[fs(¢s(f)) + /T " dt}. (7.115)

Observe that the left-hand side of (7.115) is the sum of the two expressions in the
last line of (7.88) that we have to estimate. Instead of splitting the integral on the left
of (7.115) into the two integrals in (7.88), however, we will have to take an extra step
first and split it into two equal parts instead. In other words, we define 7 € [T, Ty ]
as the unique value that fulfills

7 X T X
/ |p|dr = / || dr (7.116)
ya 7

and thus in particular

b 1. (= . r
/T, |¢|dt=§/L |¢|dt=§|:/; |¢|dt+/ﬁ |¢|dti|. (7.117)

We must now further estimate the right-hand side of (7.115) by a multiple of
|¢ (1) — x|. We begin by using (7.94a) and (7.95) to find

/;T+|<i.>|dt—/;|<z'5|dt=/;7+ |q'>s+¢”+i|dt_/; s + b + 7| dt
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& 1
- / (] + Il + ) 0~ /L(|q'>s| — |l = |#]) dr

OO. OO. T+. T+
52/ |¢y|dr—/ |¢5|dr+/ |¢u|dr+/ 1# dr
1 T— —00 T_

It
= %) — i+ a+/ 1# dt
T_
It
= 265 + / I# dr.

Analogously one can obtain the estimate

7 X T+ X T+
dr — d 2f, (D, rld
/L|¢| ‘ / ¢ dr < 2 G))+/ 1# de

t T_
It
— 2(0) + /T Hdr,

where we used (7.101), and putting both together we find that

[f |<z's|dr—/; g1 dr

This and (7.117) then lead us to the estimate

l%m Lﬂwmzﬂﬁgﬂm—ﬁ]@m
I8 dlar— [ gl

which in turn allows us to bound |¢ (7) — x| by terms only involving 7,

It

< 264D + / 17 db.

l¢@) — @)

=

1 (=
<FG@) + 3 /T # de.

60l = 19() x| + 9@ — $0)
1
<160~ +£GD) + 5 [l

1 [
= 10,0+ 4.0+ 1) = 24| 10D + 5 [l

It

1
<100 =] +10uD) —x + O]+ £@D) + 5 [ lilar

_
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Iy

1

e
= D) + 5 /T #de + 1), (7.118)

where we used (7.14a)—(7.14b) and again (7.101). To estimate |r(7)| further, we start
from (7.106) and (7.107), where this time we choose C| := [T, 7] and C, := (7, T+ ],
and then use (7.94a)—(7.94b), the first estimate in (7.26), and again (7.101):

o0
sup |r()] < sup ds / e~ A(r)|dr
—00

T_<t<T} T_<t<Ty

It
<«kdy sup |:/ e =l r(r)] dr
T

T-<t<Ty

7 00
+ 2d2/ e~ =g, (v)| dr + 2d2/ e =g (7)] dr:|
—0Q

7

00 1
< Kd4|: sup |r(7)] x/ eltlgr 4+ 2d2/ |pu(T)| dT
—00 (o 9)

T-<t<Ty —

24, / 1640 dr}

_ m[; sup M) 4 24 (@) + zdya(m»}

T_<t<Ty

5% sup  [F(0)] + ddodk £, (D).

T_<t<Ty

Solving and using also the third estimate in (7.26), we thus find that

sup  |r(1)] < 8dadak f($s(1)) =< fi(¢s(7)).

T—<t<T}

and so (7.118) can be estimated further by

Iy

n 1 )
6O =41 =3@@) +5 [+ )

Iy

1
< 4f(¢s(1)) + 3 /T |7| dt. (7.119)
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Combining (7.117), (7.115) and (7.119), we obtain

_ 7 . 1 _ T+ . T .
i [ o= 5|2 [ iglar] = asfnon+ [ ]

It

ds 1
= %o+ [

|7 dti| > 1ds|¢(7) — x|, (7.120)

and by (7.116) thus also

T+ X
a—[ 1ldr > L5l () — xl. (7.121)

t

To replace 7 by 0 in (7.120)—(7.121) and finally prove the desired lower bound for
the last line in (7.88), let cg := min{%ds, 1} > 0.1f # > 0 then (7.120) implies

a—/T0|q'>|dr= [a—[; |¢|dt}+/0?|¢|dt

> Laslp () — x| + ‘/ b dr
0

= 1ds|p (@) — x| + [¢(D) — $(0)|
> cs(lp @) — x| + 16 (@) — ¢ (0)])
> ¢l (0) — x| = cs|lw —x], (7.122)

and similarly, if 7 < 0 then (7.121) implies

T .
&—/ |p|dt > cg|w — x|. (7.123)
0

In any case, at least one of the estimates (7.122) and (7.123) has to hold, and so we
can conclude that

0 X T X
max{&—/ |p] dt, Zz—/ |¢|dt} > cg|lw — x|.
y 0

With this we can now finally complete the estimate (7.88) and prove that F(w) >
cg|lw — x| for Yw € B.(x) \ (M U M) and thus for Vw € B.(x), which is what
we had to show.

From now on let us assume that the state space is two-dimensional, i.e., D C R2.
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7.3.3 Proof of Property (vi)

Again we will assume that i € I'". The proofis divided into two parts: First we show
in Step 1 that

E[\ {x} C y(M].R), (7.124)

so that for any choice of © > 0, I_fl’ \ B, (x) is a compact subset of (M., R) by
what we showed in part (iii). Since the expression for Vf;| £/ given in (7.86) extends

to a continuous function on all of ¥ (M’, R) and is thus bounded on E{ \ By (x), this
implies that Vf; is bounded on E; \ B,,(x). It then remains to show in Steps 2—12 that
for some p > 0 we have

sup  |Vfi(w)| < oo. (7.125)

weEi’ﬂBﬂ(x)

Step 1:  To show (7.124), let w € E} \ {x}, and let (w,)nen C E/ with w, — w. By
passing on to a subsequence we may assume that Vn € N: |w, — x| > %lw — x|
and that lim, . z;(w,,) = z for some z € M] (since M] is compact). We begin by
showing that there exist § > 0 and ny € N such that

VY =ng: Y (Z(wn), [0, (w,)]) N Bs(x) = 2. (7.126)

To see this, first recall that by (7.56a) there 3¢ > 0 such that

4
[ 1w onar = a— b

Since the expression on the left is a continuous function of z and since b(z) # 0
by Remark 3.19, there v > 0 such that

/

V7 € B,(z): b(Z) #0 and / bW (. 7)ldr = a—{lw—x|. (7.127)
0

Since the compact set ¥/ (B, (). [0, ]) does not contain any roots of b, it does not
contain x, and thus we can choose a § € (0, %|w - x|] such that

¥ (B.(2).[0.7]) N Bs(x) = @. (7.128)
Finally, let ny € N be so large that

Yn>ng: Zi(w,) € B,y(2). (7.129)
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Now suppose that (7.126) were wrong, i.e., that for some n > ny there were a
" € [0, 7:(w,)] such that ¥ (z(w,), ") € Bs(x). Then by (7.128)—(7.129) it would
have to fulfill 7/ > 7, i.e.,0 <7 < ¢’ < t/(w). Furthermore, we would have

t,{(Wrt)
[ b o)

/!

ti/(Wn)
/,, |b(¥ (& (wn), D)) | dT =

t,‘/(Wn) .
/ J (& w). 1) dr
r/

’

= [V &), i) = ¥ &G 0w). 1)
= [wa = ¥ ). )|

> |wy = x| = Y (Z(wn), ") — x|
> §|w—x| -4
> }1|w—x|.

Together with (7.85), (7.127) and (7.129) this would then lead to the contradic-
tion
T{(Wn)
i [ . o) ar
0
4 tll'(Wn)
> [ o o)lac+ [ o, o) dr
t//
> (a—lw—xl) + {lw—x =4,

concluding the proof of (7.126).
Now let n > ng and r € (0,7/(w,)]. The vector v = Y (Zi(wy),1) €
Y (ML, [0, 00)) fulfills Z(v) = z/(w,) and ti(v) =t € (0, (wy,)], and so by (7.85)
we have

T{ (Wn)

7 (v)
0< /0 1b(¥ (Zi(v), 7)) | dT < /0 |b(¥ (2 (wa). 7)) | dT < a,

ie., v € E. This shows that ¥ (z;(w,), (0,7(w,)]) C Ej, which together with
(7.126) implies that ¥ (z/(w,), [0,7.(w,)]) C E/ \ Bs(x). Since

dg := min{|b(v)| |v € E]\ Bs(x)} > 0

by what we showed in parts (iii) and (iv), by (7.85) we therefore have

t,{(Wn)
a> / |b(¥ (2 (wn). T))| dT = £ (ws) X de.
0
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ie., fj(w,) € [O, 5;‘6) We can thus extract a subsequence (wy, )ren such that
limg— o0 £(wy,) = " for some ¢ € [0, d%] Taking the limit k — oo in the
relation w,, = ¥ (2/(wy,). }(wy)) now tells us that w = y(z,7”) € ¥(M],R),
terminating the proof of (7.124).

Step 2:  To prepare for the proof of (7.125), we begin by defining an invertible
affine transformation L: R” — R” that shifts x to the origin and then turns space
so that TXM,Z;’" coincides with the y-axis. To do so, let R be an orthogonal matrix
such that A = R(‘f’ S)RT for some p, g > 0 and r € R, define L by

L(w) = R"(w —x), L™'(v) := Rv +x, (7.130)
and define the transformed drift b € C' (L(D), R") by
b(v) := RTb(L™ (v)).

Since 5(0) = R"b(x) = 0 and Vb(0) = RTVb(x)R = RTAR = (7 J), we can

write b(v) = (77 9)v + g(v) for some C'-function & with
20)=0 and Vg(0) =0, (7.131)
and so the flow x(v, 1) := L(y(L™'(v), 1)) for Vv € L(D) V1 € R, which fulfills
X(Lw), 1)) = L(y(w,1))  VYweDVieR, (7.132)

is the solution of the system
1.0 =Rb(y(L™ (v).0) = RTb(L™ (x(v.1)) = b(x(v.1))  (7.133a)
= (7 x@. 0+ g(x (v, 1), (7.133b)
x(v,0) = L(y (L' (v),0)) = v. (7.133¢)

Writing this system componentwise with g = (g1, 82), x = x(v,1) = (X1, x2)
and v = (vy, v2), we have

11=-rx+glx ), (7.134a)

X2 =rx1+qx2+ &1 x2), (7.134b)

x1(v,0) = vy, x2(v,0) = vy. (7.134c¢)
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Step 3:  Next, we will have to choose some constants. Let

5o I
dr = 2(|r| + ¢6) + 2, (7.135)
f = max{f%"‘ FLO0+1+(G+d+ 25)1“1’/4} SG+42,  (1.136)

and for some small o > 0 to be chosen momentarily we define the open double
wedge

Wsp := {(s,y) eR? | 0<|s| <o, |%| < 9} C Bg(1+9)(0).

To choose o, note that since g; and g, are C'-functions that by (7.131) fulfill
£12(0,0) = 0 and

Vg12(0,0) =0, (7.137)

we have g1 2(s,y) = o(|s| + |y|), and since on W, o we have |s| + |y| < (1+8)]s],
this implies that

g12(s,y) = o(|s]) as (s,y) = 0in W, 4. (7.138)
Therefore we can pick o > 0 so small that
Lea(sy)| <5 for¥(s,y) € Wop, (7.139)

and then the function h: W,y — R given by

L2t Lea(s,y)
h(s,y)i= |-+ 2|2 s (7.140)
y 1
p o ps 1= 258105
is well-defined and C'. Furthermore, we have
L4+ Loer(s,y) L+ L4 Lo(s.y)
Sayh(s,y) =3 i _ps P;‘ y _ P ps ps > 3yg1(s,y)
ps 1— p—sgl(&y) (1 - pixgl(s,y)) ps

- 1 2 _y b 9
p I_Egl(ssy) (l—pisgl(s,y)) p

and since by (7.137)—(7.138) the last expression converges to 0 as (s,y) — 0
in W, 9, we can choose o > 0 so small that

|0yh(s,y) < 5IsI™" for ¥(s,y) € Wop. (7.141)



130 7 Proof of Lemma 6.15

Finally, writing M; \ {x} = ¥ (w},R) U ¥ (w},R) for some points w}, w), € D,
by (7.132) the points L(w}) and L(w)) lie on the global stable manifold of the
saddle point y = 0 of the system (7.133a)—(7.133c). Since by (7.133b) the
local stable manifold of that system at the origin is tangent to the eigenvector
(p + g.—r) of the matrix (77 )) and is thus contained in Wj _ near the origin,
there therefore 37 > 0 such that

X(Lw). [T.00)) CW, 5  fork=1,2. (7.142)

Since our construction in Steps 2—3 was solely based on the given vector field b,
we can use it to decrease a one final time, as explained at the end of Sect. 7.1,
so that a < min{f;(Y (W;.T)), fi( (W), T))}. (To prepare also for the case
i € I”, we must at this point also further decrease a according to an analogous
construction with the stable and unstable direction exchanged.)
Since f;71((0,a]) € M\ {x} = ¥ (w},R) Uy (wy, R) and since by Lemma 7.3 (i)
our choice of a implies that for k = 1,2 and V¢ < T we have fi(y (W, 1)) >
fs(Ww, T)) > a, (7.132) and (7.142) then imply that
L{((0.a)) € L(y (W) [T 00)) U Y (wh. [T 00))
= (L. [T, 00)) U x(L(W)). [T. 00))
C W, (7.143)

We now denote by w;, w, € D the two points given by Lemma 7.4 such that
M® = {wi,w}, (7.144)
and we denote fork = 1,2
(i i) 1= Llw) € L(M) = L(f;7 (@) € W, 5. (7.145)

Step 4:  For initial values (so,y0) € W, now consider the solution y(s) :=
¥(So, yo; s) of the ODE

rs+qy+gz(ss)’) _ §+ ;% +pisg2(ssy)

o) — [ 7.146
y () s+ 21(5y) T Tei650) (7.1462)
_ _[I n Q} +h(s.y). (7.146b)
p ps
¥(s0) = Yo. (7.146¢)

The right-hand sides in (7.146a)—(7.146b) are well-defined, equal and C' on
Ws.0 by (7.139)—(7.140), and so y(s) is well-defined until its graph reaches the
boundary of Wy 4.
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The meaning of the system (7.146a)—(7.146c) is the following: Con-
sider a solution y(v,f) of (7.133a)—(7.133c) starting from some point
v = (s0,y0) € Wy such that for some 7 > 0 we have

x(v,[0,7]) C Wyg. (7.147)
If 5o > O then this implies that
Vi€ [0,7]: yx1(v,t) >0 andthus y;(v,7) <0 (7.148)
by (7.134a) and (7.139). This shows that
0 < x1(v,7) < x1(v,0) = 50, (7.149)

and that on [0, 7] the function y(v, -) takes values on the graph of some function
y(s) = y(s0,y0; ), i.e., we have
12, 1) = y(x1(v, 1)), (7.150)
.0 =y 00w (7.151)

for YVt € [0,7]. Since y(v,t) # 0 by (7.148), together with (7.134a)—~(7.134b)
this shows that

oo X gt xe) ora+gy(x) + g y(xn))
YY) =-"—= =
X1 —px1+gi(x1, x2) —px1 +gi(x,y(x1))

ie., y(s), s € [x1(v,7), so], is the solution of the ODE (7.146a)—(7.146¢), where
the initial condition (7.146¢) follows from setting = 0 in (7.150) and using that

V= (S(), y()).
If 59 < O then all inequalities in (7.148)—(7.149) are reversed, and so (7.150)—
(7.151) hold as well, only that then y(s) is defined on the interval [so, x1(v,7)].

Step 5:  Now let us choose a . > 0 for which we will be able to show (7.125).
Denoting

Ji={k € {1.2}|wi ¢ ¥ (M. R)}, (7.152)

we have for Vk € J that y (w, R) N M| = @, ie., V1 € R: fyry (¥ (Wi, 7)) # 0.
Thus, if we had fy; (¥ (we, —1)) < 0 then we would have fy (¥ (wk, 7)) < 0 for

V1 € R, and letting T — oo and using that wy € M? C M, would imply that
Juy (x) = 0, contradicting (7.83). This shows that

VkeJ: fi (Y (we.—1) > 0. (7.153)
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Furthermore, since for Vk € {1,2} we have

/_ IO o) dr > /0 bW (v, )| dt = fi(wy) =

there 37" > 0 so large that

T/
Vk e {1,2}: / by (wi, 7))] dT > . (7.154)
—1

Using also the value p > 0 constructed in the steps leading to Lemma 7.14,
by (7.153)—(7.154) there thus exists a p > 0 such that

p < min{p, 2lwi —wal, 511, 521}, (7.155)

Vk €J Vv € Bi(wi): for (¥ (v, 1)) > 0, (7.156)
T/

Yk € {1,2} Yv € B3(wy): / |b(y (v, 7))|dT > a. (7.157)
-1

Finally, we have x ¢ M by Remark 3.19, and because of (7.157) the sets Bﬁ(wk)
and thus Ip(Bﬁ(wk), [-1,T ]) cannot contain x. Therefore we can choose u €
(0, ap] so small that (7.57)—(7.58) hold, and that

Boou(x) N M. = 2, (7.158)
B,(x) Ny (Bs(wp), [-1,T]) = @. (7.159)

Step 6:  To show (7.125), let now w € E. N B, (x). We must find a bound on
| Vfi(w)| that is independent of our choice of w. We begin by showing that there
exist 7 > 0 and k € {1, 2} such that

B,(w) C E. N B, (x), (7.160)
Yu € B,(w): v, 1= L(z;(u)) € Wso—1, (7.161)
vy = Sk, yu) (7.162)
for some y, € R with
[Yu = Y&l < p- (7.163)

To do so, let n > 0 be so small that (7.160) holds and that

Yu € By(w): |7(u) — z;(w)| < p, (7.164)
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and let u € By(w) C E; N B,(x) C B,, (x). First observe that this implies that
u ¢ M,Z;’". Indeed, otherwise we would by Lemma 7.3 (i), (ii) and (iv) have for
Vi <0

1Y (. 7) — x| < fu(¥ (. 7)) < fulw) < crolu—x| < crop
and thus ¥ (u, 7) ¢ M! by (7.158). But this would show that u ¢ ¥ (M., [0, 00)),

which by (7.82a) contradicts u € E, = f;! ((O, Ez)).
Since u ¢ M"¢, by (7.57)—(7.58) there 3t < 0 such that v := ¥ (u, t) fulfills

v e M, (7.165)

Ips(v) —v| < p. (7.166)

In particular, because of (7.165) and (7.38) we have p,(v) € Mf, and so
by (7.144) there 3k € {1, 2} such that p;(v) = wy and thus by (7.166)

v € B3(wy). (7.167)
Suppose we had k € J. Then by (7.156) we would have
0 < firr (W (v.~1) = for (P (et — 1) = figr (W (&), £,w) +1—1))
and thus 7/(u) + t — 1 > 0 by (6.10). Furthermore, by (7.167) and (7.159) we
would have u ¢ ¥ (v, [-1,T']) = ¥ (u,[t— 1,1+ T']) and thus O ¢ [t— 1,1+ T"],
and since t — 1 < t < 0, this would show that t + T/ < 0. To summarize, we
would have

—fu) <t—1<t+T <0,

and so by (7.85), (7.167) and (7.157) we would arrive at the contradiction

/

£ (u)
Zz>/0 |b(¥ (2 (). 7))|dz

0
:// |b(V (2 (W), £ (w) + 1))| dr

-t ()

0
- / Ib(Y (u, 1)) dr (7.168)
—w

+T1’
= [ b o (7.169)

—1

T/
:/ |b(y (v, 7))|dT > a. (7.170)
-1
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Therefore we have k ¢ J and thus wy € ¥ (M, R) ﬂMa =y M;,R) ﬂMa = Ka
by (7.152), (7.144), Lemma 7.14 (i) and (7.34a). By (7.165), (7.167), (7 155)
and (7.54a) we thus have v € M“ N N3 (K“) C M“ NN, (K“) C M}, and so the
relation u = (v, —t) shows that zl(u) v. Therefore we have p;(v) —v =
wi — z,(u), and so (7.166) and (7.7) say that

lwi — z; (W] < p, (7.171)
wi — 7 (u) € TM". (7.172)

To see that & is independent of our choice of u € B,(w), we apply the above
arguments to w instead of u and find that for some k’ (7.171)~(7.172) hold with
wi — Z,(u) replaced by wy — z;(w). Since

[wi —wi| < |wie — 2 ()| + 1zi(w) — ZZ(wW)| + |z (W) —ww| <35 < [wi —wy

by (7.171), (7.164) and (7.155), we must have k' = k.
Now (7.130) and (7.172) imply that for Yu € B,(w) we have

L(Z (1)) — L(wy) = RT(Z(u) — wi) € RTT, M = ToL(M°).

Since L(M!) is just the local unstable manifold at y = 0 of the transformed
system (7.133a)-(7.133c) and is thus tangent to the y-axis at the origin, this
means that the first components of L(z}(u)) and L(wx) = (5, yx) coincide, which
is (7.162). Furthermore, since

Lz W) = Lwi)| = [R" (z(w) = wi)| = |Z(w) —=wi| < p

by (7.171), their y-components differ by at most p, ~i.e., (7;163), and together
with (7.145), (7.155) and (7.136) this implies %—: < %—i\ + |§| <O0+1<6-1,

which is (7.161).

Step 7:  W.lLo.g. let us from now on assume that 5, > 0. In this step we will show
that then for V (sg,y0) € Wyg with 0 < 59 < 5 the function y(sg, yo; s) is well-
defined (and has its graph in W, ) at least for s € [so, 5], thus allowing us to
define the function

Flsoy0) = / VT T BoyGonyo P ds. (7.173)

which we may in short write as f (v) for v = (s0,¥0) € Wsa.

To see this, we will show that as s increases from sy, the graph of y(s) :=
¥(S0, Yo; 8) is repelled from the upper and lower boundaries of W, g and must
thus reach the right boundary of W, at s = o > 5. Indeed, suppose that at
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some s > 0 the graph of y(s) has reached a point (s, y) with 2 > 6 — 1. Then

by (7.136) we have ¥ > 6 — 1 > ‘%I" > ’% andthus[—’) + ;% > 1, so that

1 1T 24+2+ Loy
o[22 =y -] = e R Y e g1 <o
s 17 sL T=taGy sl TtV

by (7.146a) and (7.139). Similarly, one can show that if }(TY) < —(6 — 1) then
SY[”%)] > 0.

Furthermore, observe that for any point (so,y0) € Wse such that y(s) :=
v(S0, Yo; ) is defined for all s in some interval [sy, 5] 3 so, the uniqueness of the
solutions of (7.146a)—(7.146¢) implies that y(s) = y(s1, y(s1); s), so that

[ VHFORs = [ i+ et e
= Fs1.5(s1). (7.174)

Step 8:  We will now show that f is C! on W, 4, and that for V (s, o) € W9 we
have the bounds

1950 (s0.30)| = 5+ 2(Ir| + 48). (7.175a)

18, (50, y0)| < 3, (7.175b)

which are the core of this proof.
To do so, first note that since the right-hand side of (7.146b) is C ' on Ws.0,
y(s) := y(s0, yo; 5) is C! with respect to the initial data yo, with

Bs[337(5)] = B30 () = [=Zs™" + Byh(s, y(5)) |3y ¥(s)

for Vs € [so, 5] by (7.146b), and since dy,y(so) = 1 by (7.146¢), we find that

dyoy(s) = eXP( / | [—j’—,s’_l + dyh(s’, y(s"))] ds’),

s

03,y (5) = [~ 27" + 0,5, (5)) ] exp( / [~ + 0, ¥ )] 0
S0
for Vs € [so, 5x]. We can now invoke (7.141) to obtain

3 s 3 L
|ayoy/(s)| = _qs_l eXp(_i/ s’ ldS,) = _qs_l(s_O)ZI
2p 2p Js, 2p s
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3 Sk/50 4
= / I3}oy(s)|ds<—/ - SO i 2—‘]/ s0F5) gg
P J1

/ s+ 5) 4y = 3, (7.176)
2P 1
which by (7.173) leads us to our first bound

Y
so 1+ D' (9)]?

i.e., (7.175b). For the other bound (7.175a), note that for small A we have

A Ek
|yof (s0. y0)| = dyY (s) ds| < / 10y,) (s)] ds < 3,

50

y(so + A, y(so,yo: 50 + A): s) = y(s0,y0: ),

and differentiating with respect to s and then computing the A-derivative at A =0
leads us to

sy (s0 + A, ¥(s0.yo: S0 + A); s) = 9,¥(s0. Yo: 5)
= (950959)(50, Y05 ) + (3y,95¥) (50, yo; ) X (35¥)(s0, Y05 S0) = O
= 05 () = —0,,Y' () x ¥ (50). (7.177)
By (7.146a) and (7.139), |y’ (s0)| can be bounded by
roow o1
5t s8(sy)
1= 5:8165.7)

sup [Y'(s)| = sup

S0<85<5k (s.)EWs g

Il
p

0+ 3

T

+
ST = §(|r| +4¢0) + 1, (7.178)
2

and so (7.173), (7.177), (7.176) and (7.178) lead to the estimate
2 S V' (s) ’
0. (50, = |—+v 14+ [ (s0)]? + — 9,V (s)ds
|950f (50, y0)| ‘ [’ (s0)] T DOF o (5)

Sk
51+Wmn+/|%ﬂmm

S0

Sk
§1+WWN+WWM/I%MMMS
S0

< 1-+4]y(s0)
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2
< 1+4[2(rl +q0) + 1]
=5+ 2(Irl + g0).
Step 9:  Now let us consider the function
Y(s) := y(Sk, yei 5)

that passes through the point (5x,yr) = L(wy). Since wy € Mj? = f'{a})
by (7.144), Lemma 7.3 (i) implies that ¥ (wy., [0, 00)) C f;"'((0, a]) and thus

X(Lwi). [0, 00)) = L(v (wi. [0, 00))) C L(£;'((0.al)) C W, 5
by (7.132) and (7.143). Since by (7.132) and (7.130) we have
Tim ((LOv), 1) = Tim L(y (wi, 1) = LE) = 0, (7.179)

by our remarks at the end of Step 4 this shows that y(s) is defined for 5, > s >
lim, 00 y1(L(Wy), 1) = 0, i.e., for Vs € (0, 5], with graph in W, 5. le.,

{(5.5(s)) |s € (0.5]} C W_5. (7.180)
Using that §(L(wy).7) = RTb(y(wy.1)) by (7.132) and (7.130), abbreviating
x = x(L(wy), 7) etc., using (7.151) for y(s), and finally making the substitution

s = x1(L(w), t) and recalling that y;(L(wi),-) < 0 by (7.148) and our
assumption 53 > 0, we thus obtain for V¢ > 0

/ bW (wp. )] dt = / 7(LOw), )l de
0 0
= / Vit a5 de
0
=[0 JIF B il de
x1(L(wg),0)
:/ V1+ )P ds. (7.181)
X

1(L(wi)1)

Now using that y(L(wy),0) = L(wyx) = (5k,yx) and (7.179), taking the limit
t — oo implies

/Osk [ O)Pds = /0 bW (ue D) dr = £0v) =& (7.182)



138 7 Proof of Lemma 6.15
Step 10:  Next, let u € B,(w) be fixed, and denote

5= x1(v, 1) for Vt € (0, 7 (u)], (7.183)
Y(8) 1= y(Sk, Yus 8, (7.184)

i.e., y(s) is the curve passing through the point (5¢,y.) = v, = L(Z(u))
(recall (7.161)—(7.162)). We claim for Vr € (0, #;(u)] that

—fiw) = f(sy(s,))  fort < £j(w),
fi(u) = F(L(w)) for t = 1/(u).
(7.185)

Indeed, if y(v,,[0,7]) C Wsg then (7.85), a calculation analogous to (7.181),
and (7.174) show that

if x(va,[0,7]) C Wos then {f’
a—

m)
i~ filu) = /0 (v (& (). 1)) | de
> /0 (¥ (&) 1))| de

11 (L(2] (1)),0)
_ / T+ O)Rds
X

(L] (u)).0)

Sk
= / 1+ [y’(s)]2 ds (7.186)
= f (s, ¥(s0)),

where the integration bounds in (7.186) followed from (7.183) and the relation
X0y, 0) = v, = (8k, yu). If 1 = 7/(u) then we have equality, and thus the second
statement in (7.185) follows if we can show that (s,{(u),y(s,lf_(u))) = L(u).

To do so, note that by (7.183) and (7.150) we have y(s;) = y(x1(v4, 1)) =
x2(vy, t) and thus

(51, ¥(s0)) = x(vu, 1) for Vr € (0, #(u)], (7.187)
and therefore by (7.132) in particular
(5700 Y1) = X(LE W), 4;(w) = L(¥ (zi(w), ,(w)) = L(w).  (7.188)
Step 11:  Next we claim that

X (v [0, 7(w)]) C Wosg. (7.189)



7.3 Definition of the Functions f;; Proof of their Properties 139

Suppose that this were false. Since v, € W, 9—; by (7.161), the exit time
i:=min{r € [0,£,w)] | x(u. 1) ¢ Wo9-1} >0
would then be well-defined and fulfill
X(vuv [Oa ;)) C Wa,@—la
X(Um?) ¢ Wa,@—l‘
Since 5; > 0, we would then have (7.148) at least for ¢ € [0, 7), and since y(v,, )
is not the origin (which would imply that also 0 = v, = L(z/(«)) and thus

zi(u) = x in contradiction to Remark 3.19), it would have to lie on the top or
bottom border of W, »9_;. As a result, we would have

X(vus [Os ;]) C WU,97 (7190)
and so y(s) is defined (and has graph in W, ) for s € [x1(v.,7),5] = [s5, 5.

Furthermore, since y(v,,7) = (s;,¥(s;)) by (7.187), we would have |y(s;)| =
(6 — 1)|s;] and thus

(1) = ()| = Iy(sp)| = [3(sp)] = (0 = 1= )]sy (7.191)
by (7.180). Since by (7.163) and (7.155) we also have
[yGx) = YE)| = [yu — Il <0 < Sk,

and since & — 1 — @ > 1 by (7.136), the continuity of the function s +—
s~ 1y(s) — ¥(s)| on [s;, 5%] would imply that there 35 € [s;, 5x] such that

y() = 3| = 5. (7.192)
Now by (7.146b) we have for Vs € [s;, 5k

O[5/ (v(s) = 5(s))]

= L= )

+ sq/p[(_[f + @i| + h(s,y)) - (_|:£ + Q_S}i| + h(S,S’))i|
p ps p DS

= sq/P(h(s, y) — h(s,y))
= s9P(y — §) d,h(s,y*)
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for some y*(s) between y(s) and y(s), and thus
$2(5(5) = 5(5) = 51" 06 = T exo( [ Ay 6 a).

Since with (s’, y(s")) and (s', 3(s)) also (s',y*(s")) is in W4, we can use the
estimate (7.141) to find

s7)y(s) = $(s)| < 57 |y(sp) — y(S)IGXP( / e dS’)

= s ly(sp) = F)I(2)"

= ) = 56)] = 8 y(s) = 5]

< (6 —1=0)|y(s) = 55| T
by (7.191). Setting s := s and using (7.192) and (7.136) would now imply
S < (0 — 1= 0) 7 |y(sp) — F(sy) | T
= ly(s;) = y(s3)| = (0 —1— 9)1+q/zﬂs >@+d+ 29)s (7.193)

Since by (7.180), by the equivalent of (7.178) for y and 0 instead of yand 60, and
by (7.135) we have

[ VIEFOR s =14 sup 501 214 201 +40) 41 =

0<s<s

and by (7.174) and (7.182) thus
76.56)) = / t TT T ORds
= / TP ds— / TFFORds
0 0

> G — dis, (7.194)

we could finally use (7.190) and (7.185), twice (7.174), (7.175b), (7.194), (7.193),
twice (7.180) and (7.192) to obtain the contradiction

a>a—fi(u >f(st’y(st))
N / VT ORds
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_ f TGP + / T+ D/ @)P ds
_ / VI+ P ds +7G.yG)

> | Y ©)lds+[fG.yE) —FG.3E)] + 6. 56)

= |y() = y(sp)| = 3[y(5) = yG)[ + (@ — drs)
> [Iy(s9) = ()| = [3(s2) = 3@ = 156) = @] = 3ly() = F(G)| +a — dy5
> (4 +d7 +260)5 — [§(sp)] = [5G)] = 41yG) = FG)| +a — d7s
> (4+dy+20)5s—0s; — 05 — 45 + a — d75
>a,
concluding the proof of (7.189).
Step 12:  'We can now put everything together: By (7.189) the condition in (7.185)

is fulfilled for t = 7/(u), and so we have a — f;(u) = f‘ (L(u)). This relation was
shown for Yu € B, (w), and differentiating it at u = w shows that

IVAiw)| = [VALW)R| = [VF(LW))I.

Since L(w) = x(L(z:(w)),Z(w)) € Wy by (7.188) and (7.189), (7.175a)-
(7.175b) thus give us the upper bound

VAW <[5+ 2(rl + ¢0)] +3

which is independent of our choice of w € E! N By, (x). This terminates our proof
of property (vi).

7.3.4 Proof of Property (vii)

Let ¢g := sup{|Vﬁ(v)| | veE.,e I}, which is finite by what we showed in
part (vi), and which fulfills c9 > 1 by our calculation for part (ii.3) and by part (iv).
Let w € B,(x) and i € I; we must show that f;(w) < co|w — x|.

If filw) = 0 then the estimate is trivial. Otherwise the function 7 €
C([0, 1], [0, @), defined by h(0) := fi(x + 0(w — x)), fulfills

h(1) = fi(w) > 0 = fi(x) = h(0)
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by property (i), and thus the values

6, := max{f € [0, 1] | h(8) = 0},
6, := min {0 € [6;, 1]| h(0) = fi(w)}

fulfill 6, < 6,. For VO € (6, 6;) we then have
0= h(6h) <h(0) <h(6) =fi(w) <a,

ie,x+ 0(w—x) €f7'((0,a)) = E}, so his C' on (6;, 6,) by what was shown in
part (ii.2). Thus by the mean value theorem 30 e (61, 6>) such that
Fiw) = h(62) = h(6r) = K (0)(6: — 61)
< | VAiCe+ 80w =) lw |62 — 6]

< colw —x| x 1.



Appendix A
Technical Proofs and Remarks for Part I

Abstract This appendix contains some of the more technical proofs that we had
omitted in Part I in order to not interrupt the flow of the main arguments.

A.1 Proof of Lemma 2.3

Proof Let (V)nen C I'(x) be given with the properties stated, and let sy :=
liminf,— o S(y,). In a first step, let us pass on to a subsequence (which we again
denote by (¥,)nen), such that lim,—, o S(y,) = so (we will only need this property
for the proof of Lemma 2.6 (ii)). Let (¢,)nen C C(x) be a corresponding sequence
of parameterizations.

The strategy of this proof will be as follows: First we will define continuous,
weakly increasing, surjective functions «,,: [0, 1] — [0, 1] that we use to define the
new parameterizations ¢, = @, o «, of y,. For some fixed sequence (u)reny C
(0, co) with 1 N\ 0, these parameterizations are constructed in such a way that on
each interval [0, d; ] and [d;", 1] (where d, and d,:r are defined in (A.2)) the functions
@, either remain constant or stay outside of the ball B, (x). The assumption (2.3) will
therefore allow us to control (uniformly in 7) the curve lengths on these intervals,
and thus also |¢/|. For each k € N we can then apply Lemma 2.2 (i) to the sequence
(qon|[0q 1l 1])"€N and obtain a limiting function ¢ that is absolutely continuous

on each set [0,d, | U [d,j', 1], and we can then show that ¢ € C(x).

To facilitate the proof of Proposition 3.25 in Sect. 6.6, which will build on the
construction of the present proof, let us rewrite our assumption (2.3) more generally
as

Vn e NVu > 0: / Lreysu |dz| < n(w), (A.1)
Vn

where F(w) := |w—x| for Vw € D. We point out that the only properties of F that we
will use are that (i) F is continuous on D, and (ii) 3¢ > OVw € K: F(w) > c|lw —x]|.

Step 1 (Definition of o, at the points d_, d,j): First we pick for Van € N a value
an. € [0,1] such that F(@,(a),,)) = mingefo,1] F(@n(a)). Since ¢, C K for

min

Vn € N, we may (by passing on to a subsequence if necessary) assume that
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lim,,— 00 @n(ayy,;,) exists. Next we define for Vk € Ny

di = 5—2700 gt =147 *HD (A2)
Or =ld diyy).  Qf = 1df,. 4. (A.3)
O0F =0, V0.  Jii=Ug 0F =[0.d ) Uldf,. 1], (A4)

we choose a strictly decreasing sequence (ux)xen, C (0, 00) such that

o = max{ sup F(@(0), sup F(@(1))] (A.5)

neN neN

(this is possible since the right-hand side is bounded by max,,cx F(w)) and that
ur \ 0 as k — oo, and we define for Vn € N and Vk € Ny the compact set

L = {a € [0, 1] | F(@n(@)) < ue}.

Then we define for Vn € N the surjective, weakly increasing function
a,: [0, 1] — [0, 1] as follows: At the points d;_ and d,;" we set

min/l,; if I #* O, maxl,;, if Iz #* @,

an(d) =1 o (d;) =
min

n

else, i else,

(A.6)

for Vk € Ny, and we set an(%) =g
Step 2 (Properties of a,):  Before we define «,(s) at the remaining points s €
[0, 1], observe that ¢,,(0) = 0 and &, (1) = 1, since (A.5) implies that 0, 1 € .
Also note that every function ¢, as defined so far is non-decreasing since for each
fixed n € N the sequence of sets (/,,x)ren, is decreasing, and since o). € I«

whenever [, ; # @ (which implies that o, (d; ) < o, < ot (d,j' ) for Vk € Ny).

min —

Finally, observe that for Vk € N and Vn € N we have

either Va € [0, a,(d;)]: F(@n(e)) > ui (A.7a)
or an(d,) =0 (A.7b)

(or both), and the same is true with [0, o, (d} )] replaced by [a, (d,:r ), 1]in (A.7a),
and with (A.7b) replaced by an(d,j) = 1. Indeed, if a,(d;) > O then for
Va € [0,a,(d;)) we have o & I, i.e., F(@a(ar)) > u, which implies (A.7a).
The modified statement (i.e., (A.7a)—(A.7b) with the two replacements) is shown
analogously.

Step 3 (Full definition of ay, setting ¢, = ¢ 0 op): In either case, the curve seg-
ments given by (Z),,l[o,a”(d;)] are rectifiable for Vk € N: If (A.7a) holds then
this follows from (A.1) with u = ”—2", and if (A.7b) holds then this segment
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degenerates to a single point. Similarly, the segments given by ¢”|[a,, @)1 are
rectifiable for Vk € N by the corresponding modified versions of (A.7a)—(A.7b).
We can thus define «,(s) at the remaining points s € [0, 1] by requiring that
the function @,(s) = @,(a,(s)), restricted to the sets Q, and Q,j, k € Ny,
is the arclength parameterization of the curves given by (Z)n|[a”(dk_)’a”(dk_+1)] and
¢”|[a,, @y @ respectively. In particular, on each set Q, and Q,j, ©n 18
absolutely continuous and |¢/ | is constant a.e.
Step 4 (Proof that ¢, traverses all of y,): By construction, ¢y, 1 and @y 1y tra-
verse the curves given by ¢, (o g,] and @,|(g, 1), where &, := lim; ,(d;’) and
&, = limy_ o0 0, (dy) (these limits exist since (c,(d; ))ren, and (an(d,j' ))keNy
are monotone bounded sequences). Therefore, to see that ¢, is in fact a
parameterization of the entire curve y,, we need to show that ¢, is constant on

[@n, @]
Now if (for fixed n € N) there 3ky € Ng Vk > ko: I, = < then we have
Vk > kot an(dy) = alf, = an(d,j) and thus &, = «&,, and we are done.

Otherwise we have o, (d;) € I, for Vk € Ny, and thus F((Z)n(an (dk_))) <u—0
as k — oo. This shows that F(¢,(&,)) = 0 and thus @,(&,) = x, and similarly
one can show that ¢,(&,) = x. Because of our assumption that y, passes the
point x at most once we can now use (2.2) to conclude that ¢, is constant on
[@n, &, also in this case. This shows that ¢, is a parameterization of y,, (and in
particular continuous).

Step 5 (Proof that ¢, € C(x)):  To see that ¢, € C(x), first note that by construc-
tion ¢, is absolutely continuous on [0, % —al U [% + a,1] for Va € (0, %) If
(pn(%) # x then F(Pn(0min)) = F((pn(%)) > 0, so that for large k € N we have
Iy = @ and thus a,(d;) = o, (d,j') by (A.6); this in turn implies that ¢, and
thus ¢, is constant on [d_, d,j'], and thus that ¢, € C(0, 1).

Step 6 (Constructing a converging subsequence of (¢,)nen): Now let us construct
a converging subsequence of (¢,)nen. First observe that our definition
©n = @p o, and the monotonicity of ¢, translate (A.7a)—(A.7b) into the
following: For Vk € N and Vn € N we have

either Vs € [0,d;]: F(pau(s)) = ux (A.8a)

or @y, is constant on [0, d} ] (A.8b)

(or both), and the same is true with [0, d,_] replaced by 4, 1].

We can now find a subsequence of functions ¢, that for k = 1 either all
fulfill (A.8a) or that all fulfill (A.8b); we can then find a further subsubsequence
such that the same is true for k = 2, etc., and by a diagonalization argument we
can pass on to a subsequence, which we again denote by (¢,).en, such that for
Vk € N dny, € N such that

either Vn>n, Vs e[0,d;]: F(pa(s)) > u
(A.9)
or Vn > ng: @, is constant on [0, d; |
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(or both). Finally, by following the same strategy one more time we may
also assume that the same is true also with [0,d, | replaced by [d;", 1]. This
property (A.9) is not important to us now, but we will need it in the proof of
Proposition 3.25.

Now using that for VneN, |g;| is constant a.e. on the intervals Q; and Q,'(",
and using (A.8a) and (A.8b), which say that either |¢;| vanishes a.e. on
[0,d; 1] D Q) or the indicator function in (A.10) below takes the value 1 on
[0,d, 1] D Oy, we find for Yk € Ny and almost every s € Q) that

ln)l = 105 1™ / lgplda = @76F)7! / enl i)z, da (AL10)

Qk k

1
< okt / 100 Ly o < 272 (1),
0

and analogously one can derive this n-independent upper bound also for almost
every s € Q,j. This shows that for every fixed k € Ny we have

2]+2

sup esssup ¢, (s)| = sup sup esssup|g/(s)| < sup n(ujz2) < oo.

neN  seJi 0<j<k neN xEQ.i 0<j<k
J

(A.11)

By Lemma 2.2 (i) we can therefore extract a subsequence of (¢,).en that
converges uniformly on Jj, then extract a further subsubsequence converging
uniformly on J,, etc., and using a diagonalization argument we can find a
subsequence which for simplicity we will again denote by (¢,),en that converges
uniformly on every Ji, and in particular pointwise on | ;o Jx = [0, %) U (%, 1].
Since also (pn(%) = @y (ocr”nm) converges as n — 090, (¢,)nen converges in fact
pointwise on all of [0, 1]. Let us denote the limit by ¢: [0, 1] — K.

Step 7 (Proof that the limit ¢ fulfills (2.4)): By Lemma 2.2 (ii) the function ¢
is absolutely continuous on each set J;, which provides us with an almost
everywhere defined function ¢’: [0, 1] — R” that is integrable on each set Jj.
To see that

1
/ @' | Lpp)>udar < n(u) for Yu > 0, (A.12)
0

we fix u > 0, and we define for Vv > u and Vg € R the continuous function
hy(g) := min(max({=,0), 1) < 1,,. Applying Lemma 2.6 (i) to the functional
S € ¢ given by £(x,y) := h,(F(x))|y|, we find that for Vk € N we have

/ hy (F(9))]¢'| doc < liminf / o (F(¢0)) | dar
I n—oo J,
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n—

1
< liminf / Lrg>ul@,| da
 Jo

= hmlnf/ ﬂF(z)>u IdZI S 77(”)
n—oo Vn

by (A.1). Taking the limits kK — oo and v \( u and using monotone convergence
now imply (A.12).

Step 8 (Proof that ¢ € C(x)): It remains to show that ¢ € C(x). To prepare, let us
first show that for Yk € Ny we have

either  F(p(dy)) < (A.132)

or ¢ is constant on [d,_, %] (A.13b)

(or both), and the same holds with d;” replaced by d,j' in (A.13a), and with [d}_, %]
replaced by [1,d; ] in (A.13b).

Indeed, if for some fixed k € Ny we have F(¢(d;)) > u then for large n €
N we have F((ﬁn(ocn(dk_))) = F(pu(dy)) > uy, ie., ay(d;) ¢ I,k and thus
an(dy) =al,, = an(%) by (A.6). The monotonicity of ¢, then implies for large
n € N that o, and thus ¢, are constant on [d}_, %], and taking the limit n — oo
implies (A.13b). The modified statements can be shown analogously.

Next, let us show that ¢ is continuous. Since ¢ is even absolutely continuous
on every set Ji, we only have to show continuity at s = %, and by symmetry
of our construction we only have to show that qo(%—) = (p(%). Now if
for some k € N (A.13b) holds then this is clear, therefore let us assume
that (A.13a) holds for Vk € N. Taking the limit k — oo in (A.13a) implies
that liminfy =/, F(¢(s)) = 0. Thus, if the limit lim, ~; , F'(¢(s)) would not exist
then there would be a sequence (s,;)men € (0, %) with s,, % such that for some
u > 0and Vm € N we have F(¢(s,,)) > 2u. Now F~'([0,u]) N K is compact, so
that

dist(F_l([O, W) NK, F~'([2u, oo))) >0,

and thus the fact that ¢(s) moves back and forth between these two sets
infinitely many times as s % would imply that fol/ : |@'|Lycr(p)<uda = o0,
contradicting (A.12). This proves that lim, ~ /, F(¢(s)) = 0, and since by
construction F o ¢ takes its minimum at s = %, we have F ((p(%)) = 0. Property
(ii) of F' now implies that lim, ~, ¢(s) = x = go(%), concluding the proof of the
continuity of ¢.

Finally, to show that ¢ € C(x), assume that (p(%) # x. Then neither (A.13a)
nor its modified version can hold for Vk € N (since taking the limit k — oo
in (A.13a) would imply that F((p(%)) = 0 and thus (p(%) = x), and so ¢ must
be constant on some interval [d}_, d,j; ]- Since ¢ is absolutely continuous on every
set Jy, this implies that ¢ € C(0, 1), terminating the proof. O
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A.2 Proof of Lemma 2.6

Proof (i) Step 1: Denoting by M > 0 the bound given in (2.1), let for ¥§ > 0
the function £2: D x By;(0) — [0, o) be defined as

C(x,y) = sup [(6.y) +a]. where
(0.a)€0 s

Orsi= {(e,a) € R x R‘ Vu € By(0): (0,v) +a< inf L(w, v)},
wEBgs(x)ND

for Vx € D and Vy € By(0). (The function £%(x, -) is the convex hull of
the function v > inf,cg, (np £ (W, v) restricted to v € By(0).) We begin by
proving the following properties:

(a) V8 >0Vxe DVyeBy(0):0=<(x.y) <inf,cz ynpln.y),
(b) V6 >0Vxe D:_Es(x, +) is convex,
() Vxo € DVyy € BM(O) V§ > 0 with Bg(X()) C D:
lim inf(x,y)_)(xo,yo)_ég (x,y) = o (0, y0),
(d) Vxo € D Yy € By (0): iminfiyy ) (xo0.04) £2(x, ) = £(x0. yo).

Proofs:

(a,b) First observe that (6,a) = (0,0) fulfills (0,v) +a = 0 < £(w,v)
for every w and v, and so we have (0,0) € ©,;s and thus E‘g(x, y) >
(0,y) + 0 = 0. The upper bound in (a) follows right from the
definitions of £ and @, s, by considering v = y. Finally, the functions
£%(x, - ) are convex since they are the suprema of affine functions.
(c) Letxy € D,y € By(0), and § > 0 with Bs(xg) C D. Given any & > 0,
we must show that for all (x, y) sufficiently close to (xg, yp) we have
0% (x,y) = £3(x0,y0) — €. To do so, let & > 0. Then by definition of £
there 3(0, a) € O, s such that

(6.y0) +a > £°(xo,y0) — . (A.14)

Furthermore, if we choose 8’ > 0 so small that By (x0) C D then
the function (x, v) > inf,,c5,ynp £ (W, v) is uniformly continuous on
By (x0) x By(0), and so in particular there 38” > 0 such that for Vx €
Bs»(x0) and Vv € By (0) we have

inf  f(w,v)— _inf L(w,v)| <
weEBs(x)ND wEBg(xo)ND

W] ™

Since (0, a) € O, s, we therefore have

(0,v) +a< inf {w,v) < inf L(w,v)+ 3
WEBs(xo)ND WEBs(x)ND
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(d)

Step 2:

for all such x and v, and thus Vx € Bsr(xo): (6,a — %) € O.s. By
definition of £% and by (A.14), this finally shows that for Vx € B~ (xo)

and Vy € By (0) with |y — yo| < m we have

Cx,y) = (0,y) + (a—£) = ((0.y0) +a) + (0,y —yo) — £
> (€% (xo.y0) — §) — 6] 5517 — 5 = £ (x0, y0) — .

Let xo € D and y; € By(0). Since by Definition 2.4 (ii) £(xo,-) is
convex, 30 € R" Ja € R such that

£(x0,y0) = (0.y0) +a and Vy e R": L(xo,y) > (0,y) + a.

In particular, for Yc > 0 we can apply the latter to y = cyp and use
Definition 2.4 (i) to find that c(0, yo) + a < £(xo, cyo) = cl(x0,y0) =
c({8, yo) +a) and thus (1 —c)a < 0. Choosing ¢ = 0 and ¢ = 2 shows
that a = 0, and so we have

L(xg,y0) = (0,y0) and VyeR"™ £(xp,y)—(6,y) > 0.
(A.15)

Given any ¢ > 0, there thus 35" > 0 such that
VYw € Bgn(xo) Yv € By (0): £(w,v) — (6, v) > —. (A.16)

Now let (x,y, 8)€ By /2(x0) xBu (0)x (0, 7). Since for Vw €Bs(x)N D
we have w € Bs(x) C Byn 12x) C By (x0), (A.16) implies that
(6, —¢) € O, 3, so that by the definition of £* and by the first statement
of (A.15) we have
Cxy) = (0,y) ¢

= (0.y0) + (6.y—y0) — ¢

= L(x0,y0) + (0. y —yo) — ¢

> £(xo,0) — 101ly — yo| — .

This shows that

liminf  £%(x,y) > £(x0, yo) — &,
(x,y,6)=>(x0.y0,0+) ( y) ( y)

and since € > 0 was arbitrary, the proof of property (d) is complete.

This second part of the proof is analogous to the proof of [16,

Lemma 5.42]. Let (8,,)men be a sequence with §,, N\ 0, and with all values
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8, so small that Bs, (y) C D, where y is the curve parameterized by ¢. For
Vm € Nlet J, := [M/§,], and let " := J/—m for Vj = 0,...,J,. Then
by (2.1) we have for Vm,n e N,Vj =0,...,J, — l,and Va € [a}”,aﬁl]

lgn() — @u(ef")| =

“ M
[ i@ aa] < @-apm =3 <5,
o'

m

ie., pu(a) € Bgm (¢n(e")). By applying property (a) above and then Jensen’s
inequality (justified by property (b)) we therefore find that

1
Ston) = [ ton(@. i) do

ot._H
=3 [ (o) i) da

j=0 j
J _1 m
m 1 0(.+1

> 1—68'" (fpn(oc,’-"), I / RAC) da)
j=0 m o'
Im—1 1

= > (o). Sulgntet) = ene)])
j=0 "

for Vimm, n € N, and thus

Jn—1
EO EE \ 1 8, m m m
liminf S(g,) > lim inf ZO 0 (9u(@"). Ju[ou(@t) = gule)])
p

m

In—1
m . . 1

> Zg hnn_l)logf E{&n (%(“}"), I [(pn(a;il) - (pn(ajm)])'
J=

Using that by Lemma 2.2 (ii) we have |¢’| < M a.e. and thus

m
o
J
%

i
o)) — o(@M]| = ‘Jm /m @' (@) da‘ < Jul|ay) — o' |M =M,

and using our initial assumption that Bgm (y) C D, we can then use property
(c) to continue our estimate and obtain

In—1

liminfS(p0) = 3 -0 (p(a). Julotein) —ote))

=0 "
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for Vm € N. Now defining the piecewise constant functions ¢™, 'Y : [0, 1) —
D as 9" () == ¢(o}") and ¢’} (&) := @(a}}y,) for Vor € [a;”, o} ), this can
be rewritten as ‘ ‘

1
limintS(e) = [ € (6@, dufo @) ~¢7@)]) da

for Vm € N. Finally, taking the limit m — oo on the right-hand side,
applying Fatou’s Lemma, and then using property (d) together with the limits

lim ¢"(a) = p(a) for Vo € [0, 1]
m—>00
and  lim J,[¢/ () — ¢"(@)] = ¢'(«) forae.a €0, 1],
m—>0o0

we find that
1
lim inf S(¢,) > lim inf/ £ (qo'_"(a), In[ @ () — (p'_”(a)]) do
n—oo m—>00 0

1
> /0 lim inf 5 (qo’_"(a), In[ @} () —wi”(a)]) dor

1
> / (p(@). ¢ (@) da = S(@).
0

This completes the proof of part (i).

Since the convergence is uniform on each set I, := [0, 1 —a] U [% +a,1],ac
(0, %), and since (2.1) is fulfilled for the sequences ((pnk |Ia)keN by (A.11), part (i)
allows us to estimate the combined action of the two pieces of the function ¢/,
by

Up, ¢") da = S(pl,) < liminfS(py,|;,) <liminfS(y,) = liminfS(y,).
I k—00 k—00 n—00

In the last step we used that at the beginning of the proof of Lemma 2.3 we had
made sure that limy—oc S(y,,) = liminf,— o S(y,). Letting a \ 0 and using
the monotone convergence theorem now imply that

1
S(y) = / 0. o) da < TiminfS(y,).
0 n—>oo
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A.3 Proof of Lemma 2.13

Proof (i) If (2.10) holds for some H then the function H(x, - ), which is strictly
convex by Assumption (H3), achieves its minimum value O at the point § = 0,
implying that {6 € R"| H(x, 8) < 0} = {0} and thus £(x,y) = 0 for Vy € R".
Conversely, if Vy € R": £(x,y) = 0 and H is any Hamiltonian inducing S then
we have VO # 0: H(x,6) > 0 (for if there were a 6 # 0 with H(x,6) < 0
then we had £(x,y = 0) > (6,0) > 0), and so by Assumption (H1) H(x,-)
achieves its minimum value 0 at the point § = 0, which implies (2.10).

(i) Letx € D.By Assumption (H1) we have H(x, 0) < 0.If H(x, 0) < 0 then given
any y # 0 we have H(x, 8 = ey) < 0 for some small ¢ > 0, and thus £(x,y) >
(v, ey) > 0, so x is a non-degenerate point according to Definition 2.9 (i).
Now assume that H(x, 0) = 0. If x is a critical point then we have £(x,y) =0
even for Vy € R". Otherwise by part (i) we have y := Hg(x,0) # 0, and since
for VO € R” with H(x, 8) < 0 there 36 € R” such that

0> H(x,0) = H(x,0) + (Hp(x,0).0) + (0. Hpo(x.0)8) > 0 + (y,0) + 0

by Assumption (H3), we find that £(x,y) < 0 and thus £(x,y) = 0. Since in
either case we found a y € R”" \ {0} such that £(x,y) = 0, x is a degenerate
point.

(iii) Now let H; and H, be two Hamiltonians that induce S. Then applying part (ii)
twice (and noting that Definition 2.9 (i) is based on the function £(x, y), which
is the same for both Hamiltonians) tells us that for Vx € D we have

Hi(x,0)0 =0 <« xisadegenerate point < H,(x,0) =0,

and so H; fulfills (H1) if and only if H, does. ]

A.4 Proof of Lemma 2.14

Proof First let us show the existence of a solution of (2.11). If x is a critical point
then (¢, 1) = (0, 0) solves (2.11) for Vy € R" by Lemma 2.13 (i) (this also shows
the first direction of part (ii)). If x is not critical then we have Hy(x, 8) # 0 whenever
H(x, 8) = 0 (for otherwise H(x, - ) would take its minimum value 0 at 6, and since
the minimizer is unique by Assumption (H3), Assumption (H1) would imply that
0 = 0, i.e., x is a critical point by Lemma 2.13 (i)). Thus, for fixed y # 0, any
0* € R” that is a solution of the constraint maximization problem (2.8b) (and thus
also of (2.8a)) must solve Vo,u[(y, 0) — wH(x, 9)] = 0 forsome p € R, i.e.,

y = uHg(x,0%) and H(x,6%) = 0.
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Clearly, u # 0 since y # 0. In fact, u > O since otherwise we would have
(Ho(x,0%),y) = ||/ < 0 and thus H(x, 8* + ey) < 0 for some & > 0, but then
(y,0* + ey) > (y,0*) would contradict the fact that 8* is a maximizer of (2.8a).
Therefore (%, A) := (6*, u™") solves (2.11).

Next we will show the uniqueness, and that the representation (2.12), which is
trivial for y = 0, holds also fory # 0. Letx € D and y € R" \ {0}, and let (}, 1) be
a solution of (2.11). Since A = |Hy(x, ¥)|/|y|, the uniqueness of (¥, 1) will follow
from the uniqueness of 9.

If A = 0 then (2.11) says that H(x, - ) takes its minimum value 0 at ¢, and thus
again by Assumptions (H1) and (H3) we must have % = 0 (proving uniqueness).
By Lemma 2.13 (i), (2.11) now says that x is a critical point, so (2.12) returns the
correct value £(x, y) = 0. This also shows the reverse direction of part (ii).

If A > Othen for VO € L, := {6 € R"|H(x,6) < 0} there 30 € R" such that
by (2.11) and Assumption (H3) we have

0> H(x,0) = H(x,®) + (Hp(x.9). 0 — ) + 1(0 — 9. Hpo(x, 6)(6 — 1))
>0+ Ay, 0 —9) + Smy|0 — O
= (3. 0) = (3,.0) + sm A0 — 9> = (y,0). (A.17)

Since also & € L, this implies that £(x, y) = (y, ¢#),i.e., (2.12). If (8, 1’) is another
solution of (2.11) then we have (y, #) = £(x,y) = (y, '), and so setting 6 := &' in
the left inequality in (A.17) implies that ¢ = ¢’.

Finally, to show the continuity, suppose that for some (x, y) € Dx (R"\{0}) there
exists a sequence (x,,y,) — (x,y) such that (¢, A,) := (¥ (x,, yn), A(xn, ¥n)) stays
bounded away from (¢ (x, y), A(x,y)). Since &%, € L,, and the sets L,, are uniformly
bounded by what was shown at the beginning of the proof of Lemma 2.11, the
sequence (9,) is bounded. Thus, since A, = |Hy(x,, ¥,)|/|val, also the sequence
(,) is bounded, and so there is a converging subsequence (,,, A,, ). Now letting
k — oo in the system (2.11) for (x,,,y,,) and using the uniqueness shown above,
we see that its limit must be (9 (x, y), A(x,y)), and we obtain a contradiction. O

A.5 Proof of Lemma 2.17

Proof Let us denote that closed subset by E, and let a compact set K C D be
given. Let c; = cz(K \E ) > 0 be the constant provided to us by Definition 2.7

for the drift b and the compact set K \ E, define the positive constants m; :=

minexng, yj=1 £(x,y) > 0 and my := 1 4+ maxX;exng |l~7(x)|, and finally set ¢, :=
min{cz, 2’"7‘2} > 0.

Now let Vx € K and Vy € R" \ {0}. If x € E and |y| = 1 then we have

Ux,y) = mi = 352[b(x)| = & (|b@)|lyl = (b(x), ),
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and for all other y € R" \ {0} this inequality then follows from the scaling property
in Definition 2.4 (i). If x € K\ E then the inequality follows from the definition of ¢,
and the fact that b(x) = b(x):

Lx,y) = e (|b)y] = (b(), ) = E2(1b)|IY] = (), ).

Therefore the inequality holds for Vx € K and Vy € R" \ {0}, concluding the proof.
0

A.6 Large Deviations for Killed Diffusion Processes

This section is meant to address only those readers with background in large
deviation theory. We will show that the killed diffusion process indeed fulfills a large
deviation principle (LDP), with its action functional S given by (2.13) and (2.24),
in the sense that for Vi € C([0, T], D) and small § > 0 we have

]P’(the process was not killed and ||X. — ¥/ [|j0.7] < 8) (A.18)
T
= E[llnx.—w\l[o.n<a X exp (—8“ / r(X,) dt)] ~ e ST,
0

where [E denotes the expectation with respect to the probability measure of the
regular (i.e., non-absorbing) diffusion process, where “a” has the standard meaning
used in large deviation theory, and where it is understood that Sp(y¥) = oo for
¥ ¢ C(0, T). The precise definition of an LDP and of the symbol “A-” in this context
can be found in [8, Chap. 3].

Proof Let us denote by Rr:C([0,T],D) — [0,00) the functional defined by
Rr(y) = fOT r(¥)dt, and by S7=° the large deviation action functional of the
regular SDE, i.e., the one given by (2.13) and (2.24) with » = 0. Then we have
Sr = S;ZO + Rp.

According to [8, Chap.3, §3], an LDP holds with action functional Sy iff
properties (0) and (IIT) in [8, Chap. 3, §3] are fulfilled, where (III) is the Laplace
principle as described below in (A.19),' and where by the remark preceding [8,
Chap. 3, Thm.3.2] property (0) is equivalent to asking that Sy is lower semi-
continuous and has relatively compact® level sets {{ | S7(¥) < s}, s > 0.

Since the regular diffusion process is known to fulfill an LDP with action
functional $5=°, the functional S;= is lower semi-continuous and has relatively
compact level sets (property (0)). As a result, since Ry is continuous, St = S5="+Ry

'Note however that the scaling by ¢ in (A.19) is specific to our situation and can be different for
other processes.

2A set is called relatively compact if its closure it compact.
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is lower semi-continuous as well; furthermore, since SrT=O < S7, the level sets of St
are subsets of the level sets of S’T=0, and thus relatively compact themselves.

Finally, by property (III) the Laplace principle holds for SrT=O, i.e., for every
bounded continuous functional G: C([0, T], D) — R we have

lim e In Eet ' 0X) = max (G = S5=°(y)), (A.19)
e\0

where the maximum is taken over all ¥ € C([0, T], D). Now given any such G, we
can apply this statement to G — Ry and obtain

lim e In Efes 6@ e RIX)] = max [(G(¥) = Rr(¥)) = S~ (¥)]

= max [G(y) — (S7T°() + Rr(¥))]
= max (G(¥) — Sr(¥)). (A.20)

But this is just the property (III) for the killed process, and so the killed process
fulfills an LDP with action functional S7.

As a final remark, note that technically we did not really apply the criteria
in [8, Chap. 3, §3] to a probability measure here, but rather to the measure defined
by (A) := P(the process was not killed and X. € A) for any Borel subset of
C([0, T], D), and the total mass m := Ee™* KrX) of i is less than 1 if r # 0.
However, we can insert a factor % right before the expectation on the left of (A.20)
without any effect on the limit, and then (A.20) becomes the Laplace principle for
the probability measure ip, According to [8, Chap. 3, §3], ip, therefore fulfills an
LDP with action functional S, and we can then remove the factor % again from all
the exponential limits that large deviation theory provides. O

A.7 Some Remarks on the Proof of Lemma 3.20

The conditions for M in the opening paragraph of [13] are met with ¢ := fj;,, with U
chosen as a suitable neighborhood of M that separates M from the other components
of M., and with v(x) := —VV(x) for Vx € M. Note that the fourth paragraph of [13]
states that ¢ suffices to be C2.

The function constructed in the main proof of [13] (again denoted by ¢) then
fulfills M = ¢ '({0}) and is C? (properties (i) and (iii) of Definition 3.18).
Furthermore, it is shown that Vo = cv = —c¢VV on M for some scalar field
c(x) > 0, which implies that on M we have (Vp,b) = (—cVV,-VV 4+ vt) =
c|VV|? > 0 (property (iv) of Definition 3.18).
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We should point out that the for us decisive equation on the last page of [13],
which shows that ¢(x) > 0, has a critical typo: It should read ¢ = --- = f’(0) > 0,
not = 0.

A.8 Proof of Lemma 3.26 (ii)

Proof “=": 1If (3.9) holds then choosing w = x implies that x is a critical point
according to Definition 2.9 (ii).

“&":  If x is a critical point then it fulfills (2.10), and so by our assumption there
da, 8, p > 0 such that for Vw € K := Bp(x) C D we have [H(w, 0)| < a|lw—x|*
and |Hyg(w,0)| < a|w — x|?. Because of (2.9) the second equation in (2.11)
implies that ¢ := sup,,cx yepn [ (W, )| < 0o. Finally, let mg > 0 be the constant
given by Assumption (H3), and let ¢4 := (2a(1 + c)mz")'/2.

Now let w € Bp(x) andy € R". If y = 0 then £(x,y) = 0 and there is nothing to
prove. Otherwise we abbreviate ¥ := 1 (w, y), and a Taylor expansion gives us a
6 € R" such that

0 = H(w,9) = H(w,0) + (Hs (w, 0), 9) + (8, Hyq (w, 0))
> —alw —x|* —alw — x[? [§] + Img |9

> —a(l + c)|lw—x|* + Img|9]?
—1\l/2 5 _ §
= |9 < (Za(l + c)my ) w—x|° = ca|lw — x|°.

The estimate (3.9) thus follows from (2.12). |

A.9 Proof of Lemma 4.4

Proof For greater transparency, we will first lead the proof for the special case of
the local action (1.7).

SDE case. Let B C D be a closed ball around x that is so small that d; :=
minyep |b(w)| > 0, and further define d; := maxyep|b(w)| and dz =
max,ep |[Vb(w)|. Let @ € [0, 1) be so large that ¢|jz ;] C B, and define for
a € la, 1]

(@) =o' —b@)| =2(1— (¢, b)),

where we use the notation w = ﬁ for Vw € R" \ {0}. Note that n(«) is well-

defined a.e. on [&, 1] because b(¢) # 0 on [@, 1] (by our choice of B and &), and
because |¢’| = length(y) > 0 a.e. on [0, 1].
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First we claim that there are arbitrarily large values oy € [&, 1) such that
falo n(a)do > 0. Indeed, if this were not true then there would exist an oy €

[@,1) such that = 0 and thus g;’ = b/(-(,;) a.e. on [ag, 1]. But this would
mean that on [og, 1], ¢ traverses a flowline of b that ends in x, and so we have
() € ¥(x, (—t,0]) for V sufficiently large « € [0, 1), contradicting (4.1).

We pick oy < 1 so large that dods length(y)(1—ap) < %df and formally compute

1
0cS(ye)le=o = lim £ /0 [£(@e. 02) — Llp. ¢))] dat
1
= s“i%/ [b@e. o) = tp. "] da
g

1
:/ 0l (@e, @L)|e=0 dav. (A.21)
Qo

The last step of exchanging limit and integral will be justified rigorously when
we treat the general case. Since

or = ¢ +e(b(@) + (@ —ag)Vb(p)g')

a.e. on [ay, 1], the integrand of (A.21) is

0:0(pe. 9Dl = 8. (160 1L — (b(g). 1)),
= [¢'|{b(¢). Vb(@) (e — a0)b(p))
+ [b(@)I{¢'. (@) + (@ — o) Vb(@)¢')
— (¢ Vb(p) (@ — a0)b(p))
— (b(9). b(¢) + (@ — ) Vb()¢')
— b@)P(1~ (¢ b))
+ (@ — a0)|b(@)] |¢'(b(@) — ¢'. Vo(p) (b(@) — @)
< —1&n(@) + dods (1 — a0)|¢'||b(9) — 5/\2
n(a)[—1d; + dads(1 — o) length(y)]
< —1din(@).

Plugging this into (A.21), we obtain

1
0eS(Ve)le=0 < —id%/ n(e) de < 0.

@0
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General case.  We choose B and & as before, but now we define n(x) =
|# (@, ¢')|>. Again, there are arbitrarily large op € [@, 1) with falo n(e)do > 0
since (o) = 0 = Hp.¢) =0 = Hylp,0) = Mp.¢)¢ = ¢ =
Hy(p,0) = b(¢p) (the second step followed from the definition (2.11) of ¥ (x, y),
in the third step we used that Hy (¢, 0) # 0 by our choice of B and &). By implicit

differentiation in (2.11), [10, Appendix E] shows that for Vx € D and Vy # 0
we have’

B, y)Ty = =271 (x, y)Ho(x, 9 (x, y)) wherever A(x,y) # 0,
By (x, yy=0.
From (2.12) we therefore obtain
Vel(x,y) = 0] (x,y)y = A7 (6, ) Hi(x, 9 (x, y)),
Vil(x,y) = 0] (x.y)y + O (x.y) = 9(x.y)

wherever y # 0 and A(x,y) # 0, and thus, abbreviating ¥, = ¥ (¢, ¢.) and
Ae = A(@e. ¢}), we have a.e. on [ag, 1]

9:L(ge. (P;) = _A;I(Hx((paa De), aa‘/’s) + (19‘25 3590;)
= —A; ' (Hu(ge, D), (@ — c0)b(9))
+ (9. b(p) + (@ — 20) VD(p)g'). (A.22)

Setting ¢ = 0 and abbreviating ¢ = (¢, ¢’) and A = A(g, ¢’), we find

0:L(0e 0D, = (9:5(9)) + (@ = a0) [ (2. VE(@)¢') = 27" (Hi(0. 9). b)) |
(A.23)

To show that the first term is negative, we make a Taylor expansion and find that
for some ¥ we have

0= H(p,?) = H(p,0) + (Ho(¢.0).9) + L(9, Hpo(p, D)D)
>0+ (b(g), ?) + Smp|D]

= (0.b(p)) < —Lmp|V], (A.24)

where we used Assumptions (HI1’) and (H3). To control the second term
in (A.23), we make two more Taylor expansions and use the equations

3In this calculation we consider the gradients H,, Hy, V,{ and V,£ as column vectors.
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H,(x,0) = 0 (a consequence of Assumption (H1”)) and (2.11) to show that

Hi(p.9) = Hi(¢,0) + Hus (9,009 + O(19%) = 0+ Vb(p)"9 + O(|9 ),
b(p) = Hyp(p,0) = Ho(p.9) + O(19]) = A¢" + O(|P]).

Note that to bound the first remainder term we had to require the existence of a
continuous derivative H,pg, and we also needed a uniform bound on ¢ (which is
in B) and on ¢ (which then follows from what was shown at the beginning of the
proof of Lemma 2.11). The square bracket term in (A.23) is thus

-1 = (0. Vb(p)g') = A7 (Vb)) + O(91). 29" + O(1)))
= 0(1 ). (A.25)

where we used that A ™! is bounded. (The latter follows from Lemma 2.14 (ii)
and the continuity of A, since ¢ is in the compact set B which does not
contain any critical points, and since |¢’| = length(y) > 0 a..) Now
combining (A.23), (A.24) and (A.25), and choosing « sufficiently close to 1,
we find that

0:l(er )|,y < —3mslO P + (1 — 20)|P* < —c[?* = —cn(@)
for some constants ¢, ¢ > 0, and thus 9,S(y,)|.=0 < —c al(, n(e) da < 0.

It remains to justify the exchange of limit and integral in (A.21). Using the mean
value theorem and Lebesgue, this boils down to finding a bound on (A.22) that
is uniform in both ¢ > 0 and @ € [«g, 1]. But this is a straight forward estimate
since ¥, and A;! are uniformly bounded in « and ¢ (for reasons similar to the
ones used for ¢ and A~! above). O



Appendix B
Technical Proofs and Remarks for Part I1

Abstract This appendix contains some of the more technical proofs that we had
omitted in Part I in order to not interrupt the flow of the main arguments.

B.1 Proof of Lemma 6.1

Proof It is enough to show these properties for f;; the analogous properties for f,
then follow by replacing b by —b. To show that f; is finite-valued, first recall [20,
Theorem 7.1] that

Je,e,0 >0Vv €B,(x) Vi=>0: |Y(v,1) —x| < c|v—x]e™™ < ce, (B.1)

where we will assume that ¢ is so small that B..(x) C D. Thus, since for any given
w € By there exists a T > 0 such that Y (w,T) € B.(x), |¥(w,1) — x| decays
exponentially as 1 — oo, and since Ja > 0 Yv € B.(x) : |b(v)| < alv — x|, also
|b(y¥ (w, 1))| decays exponentially, proving that the integral in (3.6a) converges. The
continuity of f; will follow from (i) and (iv).

(1) Letw € By \ {x}. Then formally we can differentiate

Vfs(w) = %/0 1b(¥ (w, t))IdIZ/O Vo [b(¥ (w, )| dt

_ /°° by (w. ) Vb (w, 1) VY (w, 1)
0 [b(y(w. 1)

To make the exchange of integration and differentiation rigorous and to show
that Vf;(w) is continuous, it suffices to show that there exists a function
p € L'([0, 00), R) such that the integrand of (B.2), let us call it g(w, 7), fulfills
lg(v, )| < p(t) for YVt > 0 and all v in some ball B,,(w). To find such a bound
for g, first we use that “%‘| < 1. Second, if we choose T as before and n > 0
so small that

dr. (B.2)

Vv € B,(w): ¥(v,T) € B(x) (B.3)
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then by (B.1) and (B.3) we have
Yu e By(w) Vi >0: Y(v,7) € K := ¥ (B,(w),[0,T]) UBe(x) C D,

and since K’ is compact, |Vb(y (v, 1))| can be bounded by a constant as well.
Therefore it suffices to show that we can decrease > 0 so much that

32,6 > 0 Vv € B,(w) Vi > 0: |V (v,1)] < &e™™. (B.4)
To do so, first recall that X, (f) := Vi (v, 1) is the solution of the ODE
0: X, (1) = Vb(¥ (v, )X, ()

= AX, (t) + Gy (I)Xv (t) Vi >0,
Xy(0) =1,

where A := Vb(x) and C,(¢) := Vb(y (v, 1)) — A. Since lim/00 ¥ (v, 1) = x
uniformly for v € B,,(w) by (B.1) and (B.3), we have lim,o Cy(f) =
uniformly for v € Bn(w), and so (B.4) is a straight forward generalization
of the proof of [20, Theorem 6.3] (where now one has to keep track of the
uniformity of all estimates in v).

) (VAG)bON) = 0 AW o) 2 = lim HAW 00 1) = fiw)]
.1 o *
zhm—[ /0 [b(y (w1 4 h)| di — /0 |b(w(w,r))|dr}

h—0 h

o1 h
=~ lim /0 bW (w. )] df = —[b(w)| (B.5)

(i) filw) =

/Ooo{k(w, 1) dr

= w02, = = wi. (B.6)

(iv) We set @ 1= max,cp_(y }

have

fi(w) < 51/0 [ (w, 1) — x| dr < ca|w—x|/ e ¥dt = |w—x|

Since £ is continuous on K \ B:(x) by part (i), (6.8a) holds with

Tw=xl

) ca fs(w)
¢5 := maxq —, max .
o wek\B.(v) |w — x|
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B.2 Remarks on the Construction of M, M"¢_ p. and p,

First let us quickly review the proof of the Stable Manifold Theorem found in [3,
Sect. 13.4] and [14, Sect. 2.7]. Both sources begin the construction of M¢ by using
the transformation w = x4Rw, b(i) := R™'b(x+Rw) to reduce it to the case where
x = 0 and R = I. Our formulas for general x and R can thus be obtained either by
reversing this transformation, or directly by generalizing the construction in [3, 14].
Their analogues for M are then obtained by reversing time and replacing b by —b.

In a first step, the method of successive approximations is used [14, pp. 109-110]
to construct for every v in some ball Bs(x) C D a function y} with

lim x'(r) = x (B.7)
—> 00

that solves (7.10) and thus y! = b(x?), i.e., xi (1) = ¥(x¥(0), 7). One then defines
the function ps(v) := xY(0) for Vv € Bs(x) (implying (7.9)), and finally one
defines the manifold M'¢ as the image of the function ¢: By (0) — D, ¢s(u) =
ps(x + R(u,0,...,0)7), where n := §/|R|, and where B+ (0) denotes the ball in R™
with radius 7 and center 0. Analogously one can define the functions y,, p,, and ¢,,
and the manifold M.

The functions p, and p, are shown to be C' with derivatives such that

(see [3, last line on p. 331, and Theorem 4.2]), and since ¢5(0) = p,(x) = x and
$.(0) = p,(x) = x, this shows that M"° and M'¢ are proper C'-manifolds with

T.M" = RE, and T.M"" = RE,, (B.9)

where we denote
Eg:={(i.....v0) €R" | vy 41 =+ = v, =0}, (B.10a)
Eyi= {0 0) € R [0y = = v, = 0}, (B.10b)

More details on the remaining properties of the functions p; and p, can be found at
the end of this section.

(7.5):  Next we claim that we can decrease n > 0 so that (7.5) holds. Indeed, other-
wise we could find sequences (u)ren C B (0) \ {0} and (uf)ren C B2(0) \ {0}
converging to zero such that for Vk € N and u* := (u*, —u¥) we have

0= ¢S(M];) - ¢u(”§)
= (1 + Ve (0)t) — (x + Vepu (0)ua) + o] + [ua])
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= (V¢5(0), Ve (0))u* + o(|u])
= Ruf + o(|u¥)),

and dividing by |u*| and multiplying by R~! would imply that u*/|u¥| — 0.
(7.6):  To ensure that also (7.6) is fulfilled, note that the vectors y, and y, in (7.6)
are of the form

(corts) Vo (us)cs ( ) Vu(uu)cy
Ys(Cs, Us) ' = = Yully, Uy) ' = =

[V (us)cs| |V () cul
for some (cy,u;) € 9By (0) x By (0) and (c,,uy) € 0B}*(0) x By«(0). Since
ys(cs,0) € TMY and y,(c,,0) € TM" and since T,M N T,M¢
R(E; N E,) = {0} by (B.9), we have y;(c;s, 0) # y,(cy,0) and thus

(¥5(c5,0), yulcu, 0)) < 1 for Ve, € 0B} (0) and Ve, € 9B} (0).

Thus the continuity of the function f(c;, uy, ¢, ty) := (ys(cs, uy), yu(cy, uu)) and
the compactness of dB}*(0) and 9B|*(0) imply that

sup{f(cs, 0, ¢4, 0) | ¢s € 3B} (0), ¢, € 9B} (0)} < 1,
and so we can decrease 17 > 0 so much that

b = sup{f(cs, us, cur ) | (c5,u5) € OB} (0) x By (0),
(custty) € 3B(0) x B1#(0) } < 1.

which is (7.6).

(7.2a)—~(7.3):  In[3, Chap. 13, Theorem 4.1] it is shown that Jay € (O, ‘R%l) such
that the property (7.2a) (and analogously (7.2b)) holds. The relation “C” in (7.3)
is now a direct consequence of (7.2a)—(7.2b), while the relation “D>” in (7.3) was
already clear from (B.7) and its counterpart lim,, _, () = x.

To see that px(BaO (x)) C Mé”c (observe that ag < ﬁ = m < §), first note
that the construction of y! in [14] implies for Vv, w € Bs(x) that

if v—weRE, then y, =yxY andthus p;(v)=psw). (B.11)

Therefore, if we denote by Py the orthogonal projection onto E, and if for
Yv € B,,(x) we let u, € R™ be the vector such that (u,,0) = P,R™'(v — x)
then |uy| = |(uy,0)] < [R7'(v —x)| < [R7'ag < 7, ie, uy, € By(0),
and since v — (x + R(u,,0)) = R(I — P)R'(v — x) € RE,, (B.11) implies
that ps(v) = ps(x + R(uy,0)) = ¢y(u,) € M. Similarly, one can show that
Pu(Bay () C M-,
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(7.7—(7.8):  From (7.10) and (B.9) one can see that for Vv € Bgs(x) we have
ps(v) —v € RE, = TXMi”C, i.e., (7.7). Therefore, if v € Mé"“ N Bs(x) and
thus v = py(w) for some w € Bs(x), then v —w = py(w) —w € RE,, and thus
by (B.11) we have p,(v) = ps(w) = v, which is (7.8).

(7.4):  Note that M N B,y (x) = ps(Byy(x)) N By, (x) (indeed, “D” is clear since
ps maps into Mé"“, “C” follows from (7.8)). The continuity of p, thus implies
that Mé”c N Bao (x) is compact, and an analogous representation shows that also

Mo By, (x) is compact.

B.3 Proof of Lemma 7.3

Proof We will only show these properties for f;. Since M'¢ is an n,-dimensional C'-
manifold, it can locally be described by a diffeomorphism ;: U — {;(U) = B,(0),
for some neighborhood U C B,,(x) of x and some p > 0, that fulfills ¢;(x) = 0 and

M NU = ¢ N(E), (B.12a)

ie, (M NU)=E N, (B.12b)

where E; is given by (B.10a).
Indeed, in the notation of Appendix B.2, we can define {; via its inverse

CNur, ) = P, ) RO, 0, 1y )T (B.13)

for Yu € B, (0), which is a diffeomorphism for sufficiently small v € (0, n] since
V¢7'(0) = R by (B.8), and where we also choose u so small that for Yu € B, (0)
we have ¢ (u), ds(ur, ... uy,) € By, (x). The relation “>” in (B.12a) is clear. To
show the reverse relation “C”, let w € Mff’c N U, and let u € B, (0) be such that
w = {7 '(u). Then w — ¢s(uy, ..., u,) € RE, by (B.13), and so (7.8), (B.11) and
again (7.8) imply that

Hw) = w = pyw) = pylgs(ur, .. un)) = G5, .. ).

By (B.13) this shows that u € E;, i~.e., w e {S_l (Ey), terminating the proof of (B.12a).
Now consider the vector field b € C' (U, R") defined as

b(w) := b(w) — 2R() § )R~ Vi, (x) " £s(w), weU.
In this new vector field, x is an attractor since by (7.1)

Vh(x) = Vb(x) — 2R(3 )R V&, (0™ V&, (x) = R( %R
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has only eigenvalues with negative real parts. Also, we have b(w) = b(w) for Yw €
M'"¢ N U. Indeed, for Vw € M'° N U we have by (B.12b) and (B.9)

£,(w) € L(MI N U) C Ey = To(E; N §(U)) = Todo(M* N V)
= V¢,(x) To(My N U) = V&,(x) RE;,

ie., R7'VE(x)7'¢,(w) € E;, which implies that (§ o )R™'VE(x) ™' (w) = 0.

Since x is an attractor of B, there v > 0 such that B, (x) is contained in its basin
of attraction, which in particular implies that B, (x) C U and that the flow ¥ (w, f)
corresponding to b is defined and in U for Yw € B, (x) and V¢ € [0, o0). Thus we
can define a function f;: B, (x) — [0, o) based on this flow ¥ as in Definition 3.21,
which has all the properties of Lemma 6.1. In particular, f; is continuous on B, (x)
and C! on B, (x) \ {x}.

Furthermore, by [14, Corollary on p. 115] we can reduce v > 0 so much that
for Vw € MY N B,(x) we have ¥/(w,[0,00)) C U C By, (x), and thus in fact
¥ (w, [0,00)) C M N U because of (7.2a). Therefore, since b = b on M nu,
any flowline ¥ (w, [ 00)) starting from a point w € MI”C N B, (x) coincides with the
flowline v/ (w, [0, 00)), which implies that f;(w) = ﬁ(w) for Yw € M N B, (x).

In particular, f; is finite-valued on M°NB, (x), and if we decrease ay so much that
ap € (0, v) then (iii) and (iv) hold, Where for 19 we choose the constant cs > 1 given
by Lemma 6.1 (iv) corresponding to the function fY and the compact set K := B,,0 (x).
Furthermore, given any Vw € M, by (3.7a) and (7.3) there is a T > 0 such that
vyw,T) € Mé”c N B, (x) and thus

T
700 = [ b On ]+ 1) < .
so f; is finite-valued on all of M. The statements in (i) now follow from

d fs(Y(w.0) = lim W@+ 1) — £y (w,0)]

= 1iml[/00 lb(¥(w. T +t+h))|dr—/oo |b(y(w. T +t))|dr}
0 0

h—0 h
1 t+h
=~ Jim / 1Y (v, 7)) dr = —[b(y (w. D).

The proof of (ii) is identical to the one of Lemma 6.1 (iii), see (B.6). O
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B.4 Proof of Lemma 7.4

Proof First we will show that
£7H[0. a0]) € M2 N By, (%), (B.14)

which in particular says that fs_l([O,ao]) is a subset of M. By (7.14a) we
have £;71([0. ap]) C Byy(x). Thus, if (B.14) were wrong then there would be a
w € f71([0,a0]) \ M C B,y(x) \ M, and by (7.2a) we could find a t > 0
such that ¥ (w,f) ¢ By, (x). But then by (7.14a) and Lemma 7.3 (i) we would
have ay < |y (w, 1) — x| < fi(¥(w, 1) < fi(¥(w,0)) = f;(w), contradicting
w € £71([0., ao]), and (B.14) is proven.

Now let]:‘S € C(B,,(x),[0,00)) be the function given by Lemma 7.3 (iii) that
fulfills f, = f; on M N B,,(x). Then by (B.14) we have

£7100- aol) = £7([0. o) N (M N By (x)
=77 (10.a0]) N (M 0 Byy (1))

Since f}‘l([O, ap]) and by (7.4) also M N B,,(x) are compact, this shows that
£7([0, ao]) is compact. The statements for £, ([0, ao]), M* = f;'({a}) and M4 =
£ 1({a}) follow from similar arguments.

Next let us show the first relation in (7.19). The inclusion “C” is clear since
M® C M, \ {x}. To show the inclusion “D”, let a € (0,a0] and w € M, \ {x}.
By (3.7a) and (7.3) there 3t > 0 so large that ¥ (w,) € M N Ba/clo(x), which
by (7.16a) implies that

fs(y(w, 1)) <crolw—x[ <a (B.15)

since % < a < ay. Since by (7.5) we have wy := ¥ (w, 1) € M"¢ ﬂBa/Cm(x)\{x} C
By, (x)\M"¢, by (7.2b) there 3¢ < 0 such that Y (wy, ') ¢ By, (x) and by (7.14a) thus

fs@w, t +1)) = (Y (wo. 7)) = [¥(wo, ') — x| > ap > a. (B.16)

Now by (B.15), (B.16) and the continuity of f;(¥(w,-)) shown in Lemma 7.3 (i),
there 3" € [t + ¢, ] such that f;(Yy(w,?")) = a, i.e., v = Y(w, ") € M?, which
implies w = ¥ (v, =) € ¥ (M?, R). This proves that M, \ {x} C ¥ (M?, R).
Finally, observe that in the two-dimensional case M; \ {x} consists of only two
distinct flowlines, each of which contain by Lemma 7.3 (i) at most and by (7.19)
at least one point in M¢{. Thus M; \ {x} contains exactly two points in M¢, and
since M¢ C My \ {x} by (7.19), this shows that M¢ consists of exactly two points.
Analogous arguments show this statement also for M¢. O
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B.5 Proof of Lemma 7.5

Proof Letd := —1 + /2 + 26 € (0, 1), which fulfills ¢*> + 2d — (1 + 26) = 0. Let
v,w e R” fulfill (v, w) < 8|v||w|, and w.l.0.g. let us assume that |w| < |v|. Now if
v = 0 then w = 0, and the estimate is trivial. Otherwise

M <1= w
lv] = 1 —d>

= 20|v| + |w| < 2d|v| + d*|w|

= v+ wl? = |v]> + 2(v, w) + [w|* < |v]* + 20|v||w| + |w|]?

< o] + 2d|v||w| + d®|w]> = (|v| + d|w])’.

B.6 Proof of Lemma 7.6

Proof We will only show part (i); part (ii) can be proven analogously. According
to the Hartman-Grobman-Theorem [14, p. 119] there exists an open set U C D
containing x, and a homeomorphism F: U — F(U) C R” such that F(x) = 0, and
that for Yw € U and every interval J C R with 0 € J and ¥ (w,J) C U we have
Vi€ J:F(y(w, 1)) = e F(w), where A’ := (§ ). In addition, we may assume that

FYE,) c M™, (B.17)

where E,, is given by (B.10b).

Indeed, by picking § > O sufficiently small we can make sure that for
Vw € Bs(x) N F7'(E,) and ¥t < 0, [ F(w)| < (sup,<o[e™?|)|F(w)] is so
small that F~' (e’ F(w)) € U N By, (x) and thus ¥ (w, £) = F~1 (e’ F(w)) € By, (x),
which by (7.2b) implies that w € M. Therefore we have Bs(x) N F~1(E,) C M,
and so (B.17) holds if we replace F by F|g;x)nu-

Now let us decrease a; > 0 so much that B,, (x) C U, let n > 0, and define

Ki:=B,(x)NM* and K, := B, (x)\ Ny(Ky). (B.18)

Since K, is a compact subset of U, F(K>) is compact as well, and since by (B.17)
and (B.18) we have

F(Ky) NE, = F(K; N F~'(E,))
C F((Ba, (¥) \ K1) N M)
= F((Bay (x) \ M) N M) = @,
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there v > 0 such that
F(K>) NN, (E,) = @. (B.19)

Finally, let ¢ := sup,.,|e”| € [1,00), and choose u € (0,a;) so small that
Yw € B, (x): |[F(w)| < z.

Now let w € B,(x) \ M. Since u < a; < ao, by (7.2a) the flowline
starting at w will eventually leave B, (x) as t — oo. Denote the exit time by
Ty(w) > 0 and let ¢ € [0, T (w)]. Then since ¥ (w,[0,7]) C B (x) C U, we
have F(y(w, 1)) = e4'F(w) = u(t) + v(t), where u(t) := ({ % )F(w) € E, and
v(?) == (¢ 9)F(w). Since [v(t)| < [e®||[F(w)| < ¢ x % = v, this representation
shows that F(y(w,1)) € N,(E,) C R"\ F(K;) by (B.19), and thus ¥ (w,f) €
B, (x) \ Ky = By, (x) NN,(K;) by (B.18). Since ¢ € [0, T (w)] was arbitrary, we can
conclude that ¥ (w, [0, 71 (w)]) C Ba, (x) N N, (K;), which is (7.30). O

B.7 Proof of Lemma 7.8

Proof Let a € (0,a0]. By (7.19) and (3.10) we have M¢ C M \ {x} C
U.e; ¥ (M;, R), and in fact we have

M c | v, R). (B.20)
ielt+

Indeed, if w € M¢ and thus w € ¥ (M;, R) for some i € I then by (6.17) we have
Ju,(W(w, 1)) > 0 for V¢ > —t;(w), and by (3.7a) and (7.20) taking the limit r — oo
implies that fys,(x) > 0,1i.e.,i € It.

In the two-dimensional case (n = 2) this immediately shows that the sets K7
defined in (7.34a), which by the last statement of Lemma 7.4 contain at most two
points and are thus compact, fulfill the first relation in (7.32). For n > 3 we construct
the sets K¢ for i € I'" as follows: Since the sets ¥ (M;, R) are open by Lemma 6.7,
by (B.20) we have that for Yw € M¢ 3i,, € I 3, > O: Brw(w) C v(M;,,R).
Since {B,, (w) | w € M¢} is an open covering of the compact set M¢, there is a finite
subcovering, i.e., there is a finite set F C M¢ such that | ,,cr By, (W) D M¢. Now
defining the compact sets K¢ := M“ N (U B, (w)) for Vi € I'", we have

weF, i,=i
| k¢ =m0 B, (w) = M, (B.21)
ielt weF

which is the first relation in (7.32). Analogously we can construct the sets K for
Vi € I” and show that they fulfill the second relation in (7.32).
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Since
Viel: K! C y(M;,R) (B.22)

(_for n = 2 this follows from (7.34a), for n > 3 from the definition of the balls
B, (w)) and since ¥(M;,R) is open and Kj' compact, there 3, > 0 such that

Vi € I:N,, (K{') C ¥(M;,R). Since the sets N,,(K') are compact, |#;| is bounded
on N, (K{') for Vi € I, say by some T, > 0, which implies (7.33). O

B.8 Proof of Lemma 7.9

Proof We will only show how to construct a pp > 0 that fulfills the first statement
in (7.39). To begin, observe that M@ and (M, [—T,,,0]) are compact by (7.18a)
and disjoint: Indeed, every w € ¥ (M, [—T,,. 0]) can be written as w = ¥ (v, 7) for
some v € M{ and some t € [T, 0], and so by Lemma 7.3 (i) and (7.36) we have

W) =W, 0) = (¥ @0) =fi(v) =a>a = w¢M.

Since also M? C B;(x) C B,,(x) by (7.17), we can thus choose py > 0 so small that

Noo (M) 0y (M, [T, 0]) = @, (B.23)
Npy (MZ) C Bay (). (B.24)

Now define Mf‘ by (7.38). This set is compact since both Mf (by (7.18a)) and the
domain Bao (x) of the continuous function p, are compact. We must show the first
statement in (7.39).

The relation M¢ C Mf N M, is easy: By (7.18a) and (7.17) we have M C
M!*¢N\B,,, and thus Vw € M% w = p,(w) by (7.8). This means that M¢ C p~' (M%),
and thus M% C M? by (7.38). The relation M@ C Mj is clear from (7.19).

To show the reverse relation, i.e., I\Al‘? NM;, C M% letw € I\Al‘? N My. By (7.38)
we have w € p71 (M), i.e.,

fs(ps(w)) = a. (B.25)

Suppose we had f;(w) > ay. Since f;(¥ (w, 1)) = froo |b(Y¥(w, 7))|dT — 0 as r— oo,
there would then be a r > 0 such that f;(\ (w, 1)) = ao, i.e,, v := Y (w, 1) € M.
Since w € N, (M%) by (7.38), (B.23) then implies that w ¢ (M, [-T,,.0]), and
so the representation w = (v, —1) shows that —t ¢ [—T,,,0] and thus t > T,,.
Now since v € M%, by (7.32) and (7.33) there 3i € IT such that v € K° C
WV (M;, [~Tay. Ts)). Therefore we can write w = ¥ (v, —1) = ¥ (z(v), t:(v) — t),
which implies that 7;(w) = 1;(v) —1 < Ty, — Ty, = 0 and thus fiy,(w) < 0 by (6.18).
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Since w € N,y (M%) C By, (x) by (7.38) and (B.24), (7.21a) thus implies that i ¢ IT,
a contradiction.

Therefore we must have f;(w) < ao and thus w € M N B,,(x) by (7.18a)
and (7.14a). We can now use (7.8) to rewrite (B.25) as f;(w) = a, i.e., w € Mf. O

B.9 Proof of Lemma 7.10

Proof We will only construct the functions z; and #; and the set Dy; the functions z,
and 7, and the set D, are defined analogously. We begin by defining

i(w) == inf{t e R|y(w,1) € M3} for Vw € D, (B.26)
which we interpret as o0 if ¥(w, ) ¢ Mf for V¢ € R. We claim that for Vv €

M; \ {x} 36, > 0 such that

(1) the infimum in (B.26) is achieved for Yw € Bs, (v),
(i) 7is C" on Bs, (v), |
(iii) Yw € Bs,(v) N M¢: #(w) = 0.

Once this is established we can define the C'-functions

ts(w) := —1(w),

() = Y. 700) for Vw € Dy := UUEMX\{X} Bs, (v).

This definition then immediately implies (7.41a), and by property (i) we have
zs(w) € M“ for Vw € D;. Property (iii) implies that for Yw € D; N M“ we have
7(w) = 0 and thus z,(w) = ¥ (w,0) = w, which is (7.42a). Finally, the relation

i(Yyw,0)) =tw)—o0o for Vo € R (B.27)
implies that
(Y (w,0)) = ¥ (¥ (w,0),1(¥ (w,0)))
= Y (Y(w,0),71(w) —0) = Y (w,7(w) = z,(w)

wherever both sides are defined, which is (7.43a).
To prove the claims (i)—(iii) stated above, let v € M, \ {x}.

Case 1: v € M  Then since M? C B;(x) C By (x) by (7.17) and (7.36), there
A, T > 0 such that

V(w,7) € Bu(v) X (=1, 2): Y(w,T) € Npy(M?) N By, (x) (B.28)
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and thus in particular p;((w, 7)) € By, (x) N M"¢ by (7.29) and the definition
of p,. Therefore by Lemma 7.3 (iii) the function F(w, 1) := f;(ps(¥ (. 7))) is
well-defined and continuous on B, (v) x (=%, ). Observe that on this set we have

Fwt)=a & ywr)ep,' M) & ywr)eM,  (B.29)

where the last step follows from (7.38) and (B.28).

Since f;(¥(v,-)) is continuous by Lemma 7.3 (i) and since f;(v) = a, by
decreasing T > 0 we can also make sure that for Vt € (—7,7) we have
Yv(v,7) € £71([0,a0]) C MY N B, (x) by (7.18a) and (7.14a), and thus
F(v,7) = (¥ (v, 7)) by (7.8). Therefore by Lemma 7.3 (i) we have

F(,0) = fi(v) = a, (B.30)
3. F(v,0) = —|b(v)| < 0. (B.31)

Because of (B.30) we can further decrease i and 7 so much that for V(w, ) €
B,(v) x (—1,%) we have f;(ps(y(w,7))) = F(w,7) € (0,a9) and thus
Ps(Y (W, 7)) € Bgy(x) \ {x} by (7.14a), so that F is C' on B, (v) x (—7,%) by
Lemma 7.3 (iii).

Finally, by (B.31) we can further decrease ¢ and T so much that for V(w, 1) €
B, (v) x (=7, %) we have 0. F(w, t) < 0, so that

for Vw € B, (v) there is at most one value 7 € (-7, 7)

such that F(w, 1) = a.

(B.32)

We can now invoke the Implicit Function Theorem, and so there exists a §, €
(0, u] and a function 7, € C'(Bs,(v), (—7, 7)) such that for Yw € Bjs, (v) we
have F(w, t,(w)) = a, which by (B.32) and (B.29) means that

for Vw € Bs, (v), T, (w) is the unique value in (-7, 7)

such that ¥ (w, 7,(w)) € 1\?13

(B.33)
Now since v € Mf* C Uiei+ ¥ (M;,R) by (B.20), there 3i € I such that v €
¥ (M;, R), and (6.17) implies that for ¢ := min{—#;(v) — 1, —7} we have
Su, (Y (v,1)) < 0. (B.34)
By Lemma 7.3 (i) we have fy(y(v,1)) > fi(y(v,0)) = fi(v) = a

for Vi € [f,—%], so that y(v.[/,—%]) N M = @, and since also
¥ (v, [/, —7]) C Mj, (7.39) thus tells us that

y(v,[f,—%]) N M = 2. (B.35)
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Now considering (B.34) and (B.35), and that Mf‘ is compact, we can further
decrease 8, > 0 so much that

Vw € Bs, (v): fur, (¥ (w, 1)) <0, (B.36)
Yw e Bs, (v): ¥(w, [/, —2]) N M = 2. (B.37)

Now let w € Bs, (v). Then since t +— sgn(fM,(w(w t))) is non-decreasing
by (6.17), (B.36) implies that fi, ( (w, 1)) < 0for Vz € (—o0, #']. Since by (7.40)
and (7.21a) we have fi, (1) > O for Yu € M“ this means that ¥ (w, 1) ¢ M“ for
Vi € (—o0,7], and by (B.37) in fact for V¢ € (—o0, —7]. Thus (B.33) 1mphes
that 7, (w) is the unique value in all of (—oo, 7) fulfilling ¥ (w, t,(w)) € A;If‘
This in turn has three consequences: (i) the infimum in (B.26) is achieved for
VYw € Bs, (v), with

tw) = t,(w) for Yw € Bs, (v), (B.38)

which in turn 1mp11es that (i) 7 is C! on Bs, (v) since t, is; and (iii) since for
Yw € Bs,(v) N M“ we have y(w,0) = w € M“ we can conclude that 0 =
7,(w) = 7(w) for those w. These are the three properties that we had to prove.

Case 2:v ¢ M Then since v € M,, (7.39) implies that v ¢ M?. Since M is
compact, there thus exists a §, > 0 such that Bs, (v) N Ma = @, and claim (iii)
will be trivially true. Furthermore, by (7.19) there exist u € M“ and 0 € R such
that v = ¥ (u, —0), i.e., ¥ (v,0) = u € Bs,(u), where §, is given by Case 1. Let
us decrease §, > 0 so much that Vw € Bs, (v): ¥ (w,0) € Bs, (). Then by (B.27)
and (B.38) (applied to Bs, (1)) we have

i(w) =1y (w,0)) + 0 = (Y (Ww.0)) +0

for Yw € Bs, (v), which implies property (ii), and

Y, iw) = Y (¥ (w,0),i(w) —0) = Y (¥ (w,0), u(¥ (w,0))) € M

by (B.33), which is property (i). O

B.10 Proof of Remark 7.11

Proof We will only prove (7.44a), i.e., the case i € I'". Note that z,(K;") is well-
defined since for i € I'T we have K C M® C M, \ {x} C D, by (7.32), (7.19) and
the definition of Dj.

The proof of Remark 7.11 must be led separately for the dimensions n = 2 and
n > 3:1In the case n = 2 we must show that our explicit definition (7.34a) of K¢
that we will use later on fulfills (7.44a); in the case n > 3 we only need to show
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that given the sets K constructed in Lemma 7.8, the sets I~(l‘~‘ = z,(K{") are an

alternative choice that fulfill (7.32)—(7.33) for some constants 1z, T; > 0. A look at
the last paragraph of the proof of Lemma 7.8 reveals that for the latter it suffices to
show that the sets K“ are compact and fulfill K“ C ¥ (M;,R) for Vi € I'", and that
Usert Kf = M2

Beginning with the case n = 2, first let w € K = ¢ (M;,R) N M%. The three
representations z;(w) = ¥ (w, —t;(w)) = 1//(zi(w), ti(w) — t‘v(w)) then show that
(W) € M* N M, N y(Mi,R) = M* N y(M;,R) = K? by (7.39) and (7.34a),
proving the inclusion z,(K;") C Kf‘.

For the reverse inclusion Kla C z(K{") letw € Kla = ¥(M;,R) N M?. Then we
have ¥ (w, —t;(w)) = z:(w) € M; C By, (x) by (7.20) and thusﬁ(W(w, —ti(w))) >
| (w, —t;(w)) — x| > ay. Since f; (¥ (w, 0)) = f;(w) = a < ay, this shows that there
Jt € R such that f;(¥(w, 1)) = ap and thus v := Y (w,1) = W(zi(w), ti(w) + t) €
Y (M;,R) N M% = K®. Since w € M* C M% and w,v € M, \ {x} C Dy, (7.42a)
and (7.43a) now show that w = z;(w) = z,(V¥ (v, —1)) = z,(v) € z,(K*).

Moving on to the case n > 3, first note that the sets I~{l‘~‘ are compact as the
continuous images of compact sets. To see that I~{l‘~‘ C ¥ (M;,R), note that if w €
K% = z,(K{") then there Jv € K such that

w=z,(v) = ¥ (v,—1(v)) € Y(K".R) Cy (¥ (M. R),R) = v (M;. R)

by (B.22). Finally, to show that | ,.,+ K% = M, observe that since

U i{la = U ZS(K?O) = Zs( U K;lo) = ZJ(M?O)

ielt ielt ielt

by (7.32), we only need to prove that z,(M®) = M¢.

To do so, first observe that by (7.41a) and (7.19) we have z (M%) C
Y(MY,R) C M;, and thus by definition of z; and by (7.39) we have z,(M%) C
AA/If N M, = M@. To show the reverse inclusion, let w € M?. Then by (7.19) we
have w € M; \ {x} = Yy (M ,R), and so Jv € M It € Riw = ¥ (v,?) and
thus fi(¥ (v, 1) = fi(w) = a, ie., ¥(v,1) € Mg. Since f;(¥ (v, -)) is decreasing
by Lemma 7.3 (i), ¢ is in fact the unique value with this property. Since v € Mj,
by (7.39) this means that ¢ is the unique value such that ¥ (v,f) € AA/If, which in
the notation of Appendix B.9 implies that 7(v) = ¢ and thus z;(v) = ¥ (v,7(v)) =
Y (v, t) = w. This shows that w € z,(M), completing our proof. O

B.11 Proof of Lemma 7.12

Proof Again we will only consider the case i € I, First we claim that

v (K, [~Tz, T5]) N S ([0.00)) C K. (B.39)
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To see this, let w € W(Kf‘, T3, T;]) ﬂfA;il([O, oo)). If w € B,,(x) then by (7.35)
we have w € K. Therefore suppose now that w ¢ Bao (x); we must show that w € K
also in this case.

Letv € Kf‘ and t € [T, T3] such that w = ¥ (v, t). Since by Remark 7.11 we
have v € K¢ = z,(K"), there Ju € K*: v = z,(u), and we find that

w =y (.0) = Y. =YY —w).1) = y(ur—1w). (B.40)

Since u € K® C M by (7.32), and since w ¢ By, (x) D f;1([0. ao]) by (7.14a), we
thus have

[ @, 0)) = fi(u) = ao < fi(w) = fi(¥ (.1 = 1,w))),

and so Lemma 7.3 (i) implies that 0 > ¢ — #,(u). Therefore by (B.40) and (7.33) we
have

w e w(K;los (—OO, O)) C W(W(Mn [_Ta()s Tao])v (—OO, 0)) = w(Mis (—OO, Tao))

and thus #;(w) < T,,. Furthermore, since fjs,(w) > 0 by our choice of w, by (6.18)
we have #;(w) > 0. We can now conclude that #;(w) € [0,T,,) and thus w €
¥ (M;,[0,T,)) C K by (7.35), and (B.39) is proven.

Now we abbreviate M; := f;;!((—00.0)), M;" := £;1([0.00)), and F :=
w(K?, [-T3, Ta]), and finally we define the open set G; := M; U Nz(F N Ml.+).
Then the relation (B.39) translates into

FNM' CK, (B.41)

which by (7.37) implies that N; (F N Mi+) C N;(K) C D and thus G; C D. Also, we
have

GiDIFNMJUI[FNM]=FN[M; UM |=FND=F,
which is (7.45), and again using (B.41) we find that

G:NM" =M UN;(FN MY N M;
r=[m D]t
= [M7 O MF]U [Na(F M) 0 M
C @UN;(FN M) C Nx(K),

which is (7.46a). O
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Absolute continuity A smoothness property for a function f: [a, ] — R” that is
stronger than continuity, but weaker than continuous differentiability. We have

C' — Lipschitz cont. — abs. cont. — bounded variation — diff. a.e.

See Sect. 2.1.1 for a precise definition.

Admissible manifold An (n — 1)-dimensional C'-submanifold of our state space
D C R" that divides D into two parts (“inside” and “outside”), in such a way that all
flowlines of the given — drift vector field b € C' (D, R") under consideration cross
the manifold in the same direction (“inwards” or “outwards”) and at a non-vanishing
angle. See Definition 3.18 for details.

This property was introduced in the context of this work as a tool for checking
that a given point has — local minimizers, see Propositions 3.23 and 3.25.

Diffusion process A random function X:[0,00) — R”, typically denoted as
(X1):>0, that solves a stochastic differential equation (SDE)

dX; = b(X;, 1) dt + o(X;, 1) dW,, Xi=0 = xo, (D

where b: R" x [0,00) — R" is called the drift, o: R" x [0, 00) — R™™ is called
the noise matrix, and where the process (W;);>¢ is an m-dimensional Brownian
motion. If o = 0 then (X;),> is just the solution of the standard ordinary differential
equation X, = b(X,, ). In this book we only consider the case where b = b(x) and
o0 = o(x), where n = m, and where det(o (x)) # 0 for every x.

The SDE (1) can be interpreted as an instruction for numerically simulating the
random process (X;)s>o using a generalized Euler method, in which at each time step
dt the process not only moves by a deterministic part b(X;, 7) dz, but in addition also
by a random step o (X,, r) dW,, where dW; is a vector consisting of m independent
samples from a normal distribution with mean 0 and variance dr.
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Drift In its original meaning, the drift is the vector field » in an SDE (1). In
our example from — Wentzell-Freidlin theory, where we consider b = b(x)
and in the simplest case ¢ = /el (where I is the identity matrix), the
local — geometric action is given by fspp(x,y) = |b(x)|ly| — (b(x),y). This
motivates us to generalize the notion of a drift: Given a geometric action S(y)
with local geometric action £(x,y), we call a vector field b a drift of S if locally
we have the bound £(x.y) > c¢(|b()|ly| — (b(x).y)) for some ¢ > 0. Since
the — flowline diagram of such a vector field b encodes all the necessary
information about the key problem in our existence proof, namely about those
curves with potentially vanishing action, the flowline diagram of a drift of S is
the key ingredient in the criteria of our existence theorem. See Definition 2.7
for the exact definition of this generalized notion of a drift, and Definition 3.18,
Propositions 3.23 and 3.25, and Theorem 3.11 for its context in our existence theory.

Flowline diagram The flowline diagram of a vector field » € C!(R",R") is the
diagram composed of the curves given by the solutions of the ODE

(1) = b(x(1)), x(t=0)=x), t€R,

for any starting point xy € R".

Geometric action A function S that assigns to any unparameterized — rectifiable
curve y a number S(y) := fy {(z,dz) = 0, where the function £(x, y) is called the
local geometric action. See Definition 2.4 for details. The convexity requirement in
Definition 2.4 (ii) is designed to guarantee that S is — lower semi-continuous, a
property that our existence theory relies upon.

Geometric minimum action method (gMAM) An algorithm for computing the
— minimum action curve y* of a given — geometric action S(y) numerically [9,

10].

Large deviation theory A branch of probability theory that deals with events that
are rare (i.e., unlikely) in a certain limit, or in other words, with large deviations
from typical behavior. Large deviation principles (i.e., the conditions under which
this theory applies) have been proven for a variety of very different probabilistic
settings, and the key takeaway of the theory is for all these cases that if rare events
happen then they do so in a very predictable way.

For example, when flipping a large number N of independent fair coins, one
would expect about %V heads (typical behavior), and so an outcome of more than,
say, 70 % heads is an unlikely event. However, when repeating this experiment
(1 experiment = N coin flips) many times, such rare outcomes will eventually occur.
Now if one records only those few experiments with at least 70 % heads, one will
find that most of those experiments will in fact have a head ratio of very close to
70 %, since ratios of 80 % or even 90 % are so much less likely than 70 %. This
predictability becomes more and more pronounced as N gets larger, and in the limit
the proportion of recorded cases with more than (70 + €)% heads goes to zero for
any € > 0.
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A large deviation principle in the context of diffusion processes (i.e., SDEs) is
provided by — Wentzell-Freidlin theory.

Local minimizers, points with Given a — geometric action S(y), a pointx € D is
said to have local minimizers if for all start and end points x;, x, in a neighborhood
of x there is a — minimum action curve leading from x; to x, whose length is
controlled uniformly over all x, x,, and that remains confined to some compact set
independent of x;, x,; see Definition 3.9 for details.

Our main existence theorem, Theorem 3.11, uses a compactness argument to turn
this local existence property into a global one. Criteria for proving that a given point
has this property are provided by Propositions 3.16, 3.23, and 3.25.

Lower semi-continuity A function f:R — R is called lower semi-continuous
if Vx € R: f(x) < liminf,,,f(y). This property is weaker than continuity in
that it allows for jumps in the graph of f, as long as the function value at such
a jump location is not larger than the left and the right limit. Such functions are
still guaranteed to obtain their minimum values on every compact interval. When
generalizing this property to real-valued functions on more complicated spaces,
such as to — geometric actions S(y), one needs to specify the topology of that
space, i.e., in which sense the limit y — x is to be understood. See Sect. 1.4.2
for further explanations, and see Lemma 2.6 for the exact way in which geometric
actions are lower semi-continuous.

Minimum action curve A curve y* that for given sets A;,A> C D and a given
— geometric action S(y) fulfills S(y*) = inf, S(y), where the infimum is taken
over all rectifiable curves y leading from A, to A,. See Definition 3.1 for details.

Quasipotential The quasipotential is defined as the infimum of the
— Wentzell-Freidlin action functional over all transition times 7 > 0. It is the
key object of study in Wentzell-Freidlin theory [8], as it encodes information about
how and how frequently rare transition events in diffusion processes occur under an
appropriate limit.

Rectifiable curve Rectifiable curves are those curves that locally have finite length.
See Sect. 2.1.1 for details.

Riemannian metric A Riemannian metric on a set D C R” is a collection of inner
products {{-,-). |z € D}. Under this metric, curve lengths are defined as S(y) :=
fy |dz|, i.e., by assigning to each infinitesimal curve segment between two nearby

points z, z + dz € D the length |dz|, := (dz, dz)zl/z.

Stable Manifold Theorem This theorem from the study of ODEs describes, for a
given vector field » € C'(R”, R"), the local behavior of the ODE k() = b(x(t)) near
a saddle point xo € R" of b, i.e., near a point with b(xg) = 0 such that the matrix
Vb(xp) has eigenvalues both with positive and with negative real parts, but none
with vanishing real part. It states that in some neighborhood of x, the set of points
that converge to xy under the dynamics of the ODE as t — oo (¢t — —00), without
leaving that neighborhood, form a C!'-manifold, called the local stable (unstable)
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manifold. The dimension of this manifold is given by the number of eigenvalues
of Vb(xy) (including their multiplicities) with negative (positive) real part. See
Theorem 7.1 for details.

Wentzell-Freidlin theory A branch of — large deviation theory, this is
the theory of rare transition events of stochastic processes, in particular of
— diffusion processes given by an SDE. If the starting point xp in (1) is an attractor
of b and if the noise o is very small then the probability of the process moving far
away from x, within some fixed time 7 > 0 is small. Wentzell-Freidlin theory [8]
establishes a — large deviation principle for this probabilistic setting under the
zero-noise-limit, which implies that if such a rare transition event occurs, it does so
with overwhelming probability along a specific pathway. The theory specifies this
pathway as the minimizer of the Wentzell-Freidlin action functional, which encodes
the probability of the process following a given pathway (with lower action values
corresponding to higher probabilities).
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