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I N T R O D U C T I O N  

The e s s e n t i a l  purpose of t h i s  volume is  t o  p r e s e n t  t h e  p r i n c i p l e s  

of t h e  Augmented Lagrang ian  Me thod ,  t o g e t h e r  wi th  numerous app l i ca -  
t i o n s  of t h i s  method t o  t h e  n u m e r i c a l  s o l u t i o n  of boundary -va lue  

prob lems  for p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  o r  i n e q u a l i t i e s  a r i s i n g  
i n  M a t h e m a t i c a l  P h y s i c s ,  i n  t h e  Mechanics  o f  C o n t i n u o u s  Media and i n  
t h e  E n g i n e e r i n g  S c i e n c e s .  

Simultaneous developments i n  computer s  and i n  Numer ica l  A n a l y s i s  - 
i n  p a r t i c u l a r  t h e  F i n i t e  E lemen t  Method - have g radua l ly  l e d  research  
workers,  eng inee r s ,  e t c . . .  t o  use m a t h e m a t i c a l  mode l s  of g r e a t e r  
and g r e a t e r  complexity f o r  t h e  r e p r e s e n t a t i o n  of t h e  phenomena which 
a r i s e  i n  t h e i r  r e s p e c t i v e  d i s c i p l i n e s .  Ce r t a in  c a l c u l a t i o n s  which 
h i t h e r t o  had been cons idered  imprac t i cab le  have become r o u t i n e  
m a t t e r s ,  and it has become p o s s i b l e  t o  abandon c e r t a i n  s impl i fy ing  
assumptions - i n  p a r t i c u l a r ,  l i n e a r i t y  - and thereby  ga in  a more 
r e a l i s t i c  s imula t ion  of t h e  phenomena cons idered .  

This  development has  l e d ,  f o r  Numer ica l  A n a l y s t s  i n  p a r t i c u l a r ,  
t o  a s ea rch  f o r  e f f i c i e n t  methods f o r  s o l v i n g  t h e  " l a r g e  s y s t e m s "  

which a r i s e  from t h e  d i s c r e t i s a t i o n  of n o n l i n e a r  boundary -va lue  

p r o b  l e m s ,  v a r i a t i o n a l  i n e q u a l i t i e s ,  o p t i m a l  c o n t r o l  p r o b l e m s ,  etc . .  . 
Many of t h e s e  problems can be  expressed  i n  t h e  form of a s e a r c h  

for a minimum o f ' a  f u n c t i o n a l  - o r ,  a t  any r a t e  can be e a s i l y  red- 

uced t o  t h i s .  I t  i s  t h e r e f o r e  tempting t o  apply t o  t h e  s o l u t i o n  of 
t h e s e  problems methods taken  from Mathemat i ca l  Programming ( i . e .  
t h e  f i e l d  of Opt imisa t ion  Algor i thms) .  

I t  should  be remarked t h a t ,  w h i l s t  accep t ing  t h a t  t h e  e x i s t i n g  
techniques  of Mathematical Programming provide  a s a f e  and r e l i a b l e  

V 
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s t a r t i n g  p o i n t ,  t h e i r  a p p l i c a t i o n  t o  t h e  s o l u t i o n  of  problems in -  
vo lv ing  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  or i n e q u a l i t i e s  r e q u i r e s  
c e r t a i n  p recau t ions  t o  be t aken ;  t h e r e  a r e  i n  r e a l i t y  few methods 
capable of e f f i c i e n t l y  minimising f u n c t i o n a l s  which depend on 
s e v e r a l  thousand v a r i a b l e s ,  ove r  sets de f ined  by s i m i l a r  numbers of 
l i n e a r  o r  n o n l i n e a r  c o n s t r a i n t s .  A s  one might expec t ,  it i s  nec- 
e s s a r y  t o  adap t  t h e  g e n e r a l  methods and t a k e  account  of  t h e  p a r t -  
i c u l a r  s t r u c t u r e  of t h e  problems t o  be so lved .  This  i s  what w e  
s h a l l  be a t t empt ing  t o  do i n  t h i s  book, by showing how a sma l l  number 
of very s imple  i d e a s  can be a p p l i e d  t o  t h e  s o l u t i o n  of problems 
which a p r i o r i  appear  completely d i f f e r e n t .  

The approach which w e  s h a l l  be  fo l lowing  may a t  f i r s t  seem s u r -  
p r i s i n g ;  i n  f a c t ,  w e  s h a l l  very  o f t e n  be modifying t h e  o r i g i n a l  
problem by in t roduc ing  supplementary c o n s t r a i n t s  and v a r i a b l e s ,  
which a t  f i r s t  s i g h t ,  may appear  t o  have t h e  e f f e c t  of i n c r e a s i n g  
i t s  complexity.  However, t h i s  compl ica t ion  w i l l  t hen  be seen  t o  
be l a r g e l y  compensated by t h e  s t r u c t u r a l  s i m p l i  f i e a t i o n  which 
it in t roduces .  

The b a s i c  p r i n c i p l e s  which w i l l  s e r v e  t o  guide  us throughout  t h i s  
work w i l l  be t h e  fo l lowing:  

(i) There a r e  a t  t h e  p r e s e n t  t i m e  e f f i c i e n t  methods a v a i l a b l e  
f o r  s o l v i n g  l i n e a r  s y s t e m s ,  even of very  l a r g e  o r d e r ;  
t h i s  i s  p a r t i c u l a r l y  t r u e  f o r  systems i n  which t h e  m a t r i x  
i s  s y m m e t r i c  and p o s i t i v e  d e f i n i t e .  

(ii) The average c o s t  of t h e  above s o l u t i o n s  i n c r e a s e s  only  
margina l ly  i f  w e  s o l v e ,  u s ing  a d i r e c t  method, l i n e a r  
systems r e l a t i n g  t o  a common ma t r ix ,  i n t e r n a l l y  w i t h i n  
an i t e r a t i v e  p rocess .  

(iii) N o n l i n e a r  problems which depend on a s m a l l  number of 

v a r i a b l e s  ( s a y ,  < <  10 t o  be more s p e c i f i c )  a r e  easy  t o  
s o l v e  ( o r  a t  any r a t e  much e a s i e r  t o  s o l v e  than  those  
which depend on a l a r g e  number of v a r i a b l e s ) .  

Methods f o r  s o l v i n g  l a r g e  n o n l i n e a r  systems a r e  u n i v e r s a l l y  based 
( s e e  ORTEGA-RHEINBOLDT C11) on a l i n e a r i s a t i o n  embedded w i t h i n  an 
i t e r a t i v e  p rocess .  The updat ing  of t h e  l i n e a r i s e d  problem and i t s  
s o l u t i o n  g e n e r a l l y  c o n s t i t u t e  t h e  most expens ive  phase of  t h e  over- 
a l l  s o l u t i o n  p rocess .  I n  t h i s  p e r s p e c t i v e ,  a s o l u t i o n  method which 
uses  t h e  same m a t r i x  a l l  t h e  t i m e m a y b e  ex t remely  a t t r a c t i v e .  

The methods which w e  propose u t i l i s e  a d e c o m p o s i t i o n - c o o r d i n a t i o n  

p r i n c i p l e  ( i n  t h e  sense  of  BENSOUSSAN-LIONS-TEMAM 111) which means 
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t h a t  t h e  n o n l i n e a r i t y  is  t r e a t e d  a t  a l o c a l  l eve l ,  and i n  which t h e  

coord ina t ion  i s  e f f e c t e d  through t h e  s i m u l t a n e o u s  use of  Lagrange  

m u l t i p l i e r s  and a p e n a l i s a t i o n  method: i n  t h i s  w e  fo l low a method- 
ology f i r s t  i n t roduced  around 1 9 7 0  by HESTENES i l l  and POWELL 111.  
This p r i n c i p l e  of l o c a l i s a t i o n  of t h e  n o n l i n e a r i t i e s  is  i n  f a c t  one 
of t h e  governing p r i n c i p l e s  of t h i s  volume. A d d i t i o n a l l y ,  t h e  

methods of decomposition which w i l l  be found i n  t h i s  book a r e  w e l l  
s u i t e d  t o  P a r a l l e Z  C o m p u t a t i o n ,  which c e r t a i n l y  appears  t o  be one 
of t h e  d i r e c t i o n s  of t h e  f u t u r e  i n  Numerical Ana lys i s ,  having r ega rd  
t o  t h e  a r c h i t e c t u r e s  now be ing  adopted f o r  l a r g e  modern s c i e n t i f i c  
computers. W e  t h e r e f o r e  have reason  t o  hope t h a t  t h e  methods de- 
veloped i n  t h i s  book w i l l  f i n d  wide a p p l i c a t i o n  i n  f u t u r e  y e a r s .  

W e  now come on t o  t h e  con ten t s  of t h i s  volume: 
Chapter I i n t r o d u c e s  t h e  Augmented Lagrangian method i n  t h e  c l a s -  

s i c a l  con tex t  of Q u a d r a t i c  Programming w i t h  l i n e a r  c o n s t r a i n t s  i n  

f i n i t e  d i m e n s i o n s .  W e  he re  s tudy  i n  d e t a i l  some s t a n d a r d  a lgo r -  
i thms - and o t h e r s  which are r a t h e r  less s o  - and g ive  a number of  
r e s u l t s ,  some of  them new, r e l a t i n g  t o  t h e i r  convergence. 

I n  Chapter  I1 w e  apply t h e  r e s u l t s  of t h e  p rev ious  chap te r  t o  t h e  

s o l u t i o n  of  t h e  S t o k e s  and  N a v i e r - S t o k e s  e q u a t i o n s  for i n c o m p r e s s i b l e  

v i s c o u s  f l u i d s .  C e r t a i n  of  t h e  r e s u l t s  of Chapter  I a r e  v e r i f i e d  
expe r imen ta l ly  on t h e  b a s i s  of numer ica l  tests.  

I n  Chapter  I11 w e  i n t r o d u c e ,  w i t h i n  a r a t h e r  g e n e r a l  H i l b e r t i a n  
framework, t h e  p r i n c i p l e  of decomposition-coordination on which t h e  
rest  of t h e  book w i l l  be based. Here w e  s tudy  i n  p a r t i c u l a r  t h e  
convergence, under q u i t e  g e n e r a l  assumpt ions ,  o f  t h e  two b a s i c  a l -  
gor i thms,  A L G l  and A L G 2 ,  t o  which t h e  remainder of  t h e  book i s  
p r i m a r i l y  devoted. Th i s  c h a p t e r  is  i l l u s t r a t e d  by numerous 
examples taken  from Mechanics and from Phys ic s .  

I n  Chapter  I V  w e  apply  t h e  r e s u l t s  of t h e  preceding  chap te r  t o  t h e  

s o l u t i o n  of  mi ld ly  n o n l i n e a r  problems of  t h e  form 

Au + $(u) = f, 

where A i s  a l i n e a r  e l l i p t i c  o p e r a t o r  of o r d e r  two and $ i s  a 
numer ica l  f u n c t i o n .  W e  a l s o  cons ide r  i n  t h i s  con tex t  t h e  use of 
hybr id  f i n i t e  e lements .  

I n  Chapter V,  w e  apply t h e  r e s u l t s  of  Chapter I11 t o  t h e  s o l u t i o n  
of second-order n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  equa t ions  and in -  
e q u a l i t i e s ,  i n  which t h e  n o n l i n e a r i t y  r e l a t e s  t o  t h e  g r a d i e n t  of t h e  
s o l u t i o n .  The methods which a r e  desc r ibed  he re  apply i n  p a r t i c u l a r  
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t o  t h e  s o l u t i o n  o f  boundary-value problems f o r  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n s  such  as 

-V*(V(x,Vu)Vu) = f. 

I t  w i l l  be  e s t a b l i s h e d  t h a t  such  problems can  be  s o l v e d  w i t h  
remarkable  e f f i c i e n c y .  

I n  C h a p t e r s  V I  and V I I  w e  c o n s i d e r  a p p l i c a t i o n s  o f  t h e  methods 
o f  Chapter  I11 t o  t h e  s o l u t i o n  o f ,  r e s p e c t i v e l y ,  problems i n  

E l a s t o - P l a s t i c i t y  and i n  t h e  s t e a d y  and t i m e - d e p e n d e n t  f l o w  of 

v i s c o - p t a s t i c  f Z u i d s  of B i n g h a m  t y p e  i n  two-d imens iona2  c a v i t i e s .  

The problem c o n s i d e r e d  i n  C h a p t e r  V I  i s  f o r m u l a t e d  i n i t i a l l y  as an 
e l l i p t i c  v a r i a t i o n a l  i n e q u a l i t y  r e l a t i n g  t o  t h e  L i n e a r  E l a s t i c i t y  

o p e r a t o r ,  w h i l e  t h a t  c o n s i d e r e d  i n  C h a p t e r  V I I  i s  r e f o r m u l a t e d  i n  
t e r m s  of a v a r i a t i o n a l  i n e q u a Z i t y  of o r d e r  4 ,  which may b e  e l l i p t i c  

or  p a r a b o l i c  depending  on t h e  c i r c u m s t a n c e s ,  v ia  t h e  i n t r o d u c t i o n  
of a stream f u n c t i o n .  

W h i l s t  t h e  problems d e a l t  w i t h  i n  Chapters  I11 t o V I I  a l l  f a l l  
w i t h i n  t h e  s c o p e  o f  Convex A n a l y s i s  and Monotone Operator.s,  t h o s e  
c o n s i d e r e d  i n  C h a p t e r  V I I I  q u i t e  d e f i n i t e l y  d e p a r t  from t h i s  frame- 
work; t h e s e  are n o n l i n e a r  problems a r i s i n g  from F i n i t e  N o n l i n e a r  
E l a s t i c i t y ,  and r e d u c e  t o  t h e  m i n i m i s a t i o n  o f  f u n c t i o n a l s  (which 
may b e  convex) o v e r  non-convex sets. N o n e t h e l e s s ,  t h e  de- 
c o m p o s i t i o n - c o o r d i n a t i o n  p r i n c i p l e s  o f  Chapter  I11 s t i l l  l e a d  t o  
e x t r e m e l y  powerfu l  a l g o r i t h m s  f o r  s o l v i n g  t h e s e  problems,  even 
though s t r i c t l y  s p e a k i n g  w e  are no l o n g e r  w i t h i n  t h e  r a n g e  o f  
a p p l i c a t i o n  o f  t h e s e  methods.  

I n  C h a p t e r s  I1 t o  V I I I  r e s u  
which e n a b l e  t h e  e f f i c i e n c y  of 
b e  a s s e s s e d .  

Chapter  I X ,  which c o n c l u d e s  

t s  o f  n u m e r i c a l  e x p e r i m e n t s  are g i v e n  
t h e  proposed  methods of s o l u t i o n  t o  

t h i s  volume, i s  much more a b s t r a c t  
i n  n a t u r e ;  i t  t a k e s  up ,  i n  a g e n e r a l  s e t t i n g ,  c e r t a i n  o f  t h e  i d e a s  
o r i g i n a l l y  c o n s i d e r e d  i n  C h a p t e r s  I11 and I V  and shows, i n  p a r t i c -  
u l a r ,  t h e  l i n k s  which e x i s t  between t h e  a l g o r i t h m s  A L G l  and ALG2 of  
Chapter  I11 and c e r t a i n  classical  d t e r n a t i n g  d i r e c t i o n  methods. 
I t  a l s o  p r o v i d e s  a t h e o r e t i c a l  framework which i s  w e l l  s u i t e d  t o  t h e  
s t u d y  of  t h e  convergence  of  a number o f  a l g o r i t h m s  b a s e d  on t h e  u s e  
of Lagrange m u l t i p l i e r s .  

Augmented Lagranqian  methods have been t h e  subject o f  numerous 
p u b l i c a t i o n s ,  and it i s  v e r y  d i f f i c u l t  t o  select  from t h e s e  a 
b i b l i o g r a p h y  which is  a n y t h i n g  l i k e  comple te .  W e  have  t h e r e f o r e  
i n d i c a t e d  i n  t h i s  book o n l y  r e f e r e n c e s  w i t h  which w e  are p e r s o n a l l y  
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f a m i l i a r  and which have a d i r e c t  r e l evance  t o  t h e  ques t ions  

addressed  h e r e i n ;  w e  t h u s  adv i se  t h e  r e a d e r  i n t e r e s t e d  i n  ob ta in ing  
f u r t h e r  i n fo rma t ion  t o  r e f e r  t o  t h e  b i b l i o g r a p h i e s  of t h e s e  volumes, 
t o g e t h e r  w i th  t h e  fo l lowing  j o u r n a l s :  

J o u r n a l  of O p t i m i z a t i o n  T h e o r y  and  A p p Z i c a t i o n s ,  

Mathernat ica  l Programming,  

S i a m  Journa l ,  of Cont roZ  and O p t i m i z a t i o n .  

W e  would l i k e  t o  thank Messrs BGgis, Bourgat,  Chan, Gabay, 
L e  T a l l e c ,  Marrocco, Mercier and Thomasset who p a r t i c i p a t e d  i n  t h e  
p r e p a r a t i o n  of t h i s  book. W e  would a l s o  l i k e  t o  acknowledge our  
p a r t i c u l a r  indebtedness  t o  M r s .  F r a n f o i s e  Weber of  I N R I A  who 
p a i n s t a k i n g l y  typed  t h e  e n t i r e  French o r i g i n a l  of t h i s  work ( t h e  
typed equa t ions  of which have been r e t a i n e d  i n  t h e  p r e s e n t  Engl i sh  
language e d i t i o n ) ,  t o  t h e  T r a n s l a t o r s ,  Messrs B.  Hunt and 
D. S p i c e r ,  and t h e i r  wives who he lped  produce t h i s  work f o r  
" T r a n s - I n t e r - S c i e n t i a " ,  and t o  t h e  N o r t h - H o l l a n d  P u b l i s h i n g  Company 

f o r  ag ree ing  t o  p u b l i s h  t h i s  t r a n s l a t i o n  i n  t h e  s e r i e s  
S t u d i e s  i n  M a t h e m a t i c s  and  i t s  A p p l i c a t i o n s .  

The f i r s t  e d i t o r  (M.  F o r t i n )  wishes t o  thank CRSNG (Canada) and 
t h e  Min i s t ry  of  Education of  Quebec f o r  t h e  f i n a n c i a l  a i d  which 
they  have g iven  t o  t h i s  work, and, s i n c e  a l a r g e  p a r t  o f  t h e  work 
was d r a f t e d  du r ing  a p e r i o d  s p e n t  by t h e  second e d i t o r  
( R .  Glowinski) a t  t h e  Mathematical  Research Center  ( M . R . C . )  of t h e  
Un ive r s i ty  of Wisconsin a t  Madison ( f inanced  under c o n t r a c t  
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C H A P T E R  I 

A U G M E N T E D  L A G R A N G I A N  M E T H O D S  I N  Q U A D R A T I C  P R O G R A M M I N G  

M. F o r t i n ,  R .  G l o w i n s k i  

1. PRINCIPLES OF THE METHOD 

I n  t h i s  c h a p t e r  and wi th  a view t o  s i m p l i f y i n g  t h e  p r e s e n t a t i o n ,  
w e  s h a l l  l i m i t  ou r se lves  t o  a p a r t i c u l a r l y  s imple  f in i t e -d imens iona l  
problem: 

L e t  A be a symmetric, p o s i t i v e  d e f i n i t e  N x N ma t r ix  and suppose 
t h a t  b E IRN; w i th  A and b w e  a s s o c i a t e  t h e  q u a d r a t i c  
f u n c t i o n a l  J: IRN +IR def ined  by 

( 1 . 1 )  

where i n  (1.1), ( .  , . )  denotes  t h e  canon ica l  Euc l id i an  i n n e r  product  
i n  IRN. L e t  B be a l i n e a r  mapping from IRN i n t o  IR', t h i s  t hus  
be ing  i d e n t i f i a b l e  wi th  an M x N ma t r ix .  We cons ide r  t h e  
m i n i m i s a t i o n  problem 

1 
2 J(v) = - (Av,v) - (b,v), 

J ( u )  5 J(v) v v  E Ker B = { v e R  N , Bv=O}, 

u ~ K e r  B. I ( 1 . 2 )  

I t  i s  a c l a s s i c a l  r e s u l t  t h a t  ( 1 . 2 )  admits a u n i q u e  s o t u t i o n .  

Following a w e l l  known t echn ique ,  we in t roduce  a Lagrange  

m u l t i p l i e r  p t IRM which t ransforms ( 1 . 2 )  i n t o  an u n c o n s t r a i n e d  

problem',  namely 

W e  a l s o  use (.,.) f o r  t h e  i n n e r  p roduc t  i n  
danger of ambiguity.  

BM, t h e r e  be ing  no 

1 



2 AUGMENTED LAGRANGIAN METHODS ( C H A P .  1) 

( 1 . 3 )  Min { J ( v )  + (p ,Bv)} .  
V€RN 

The Lagrange m u l t i p l i e r  p a p p e a r s  as an e x t r a  unknown which may, 
f o r  example,  be  o b t a i n e d  t h r o u g h  t h e  s o l u t i o n  o f  a s a d d L e - p o i n t  

p rob lem.  More p r e c i s e l y ,  w e  d e f i n e  : b x  RM + R  by 

and w e  r e c a l l  t h a t  { u , p }  w i l l  be  a s a d d l e - p o i n t  of 2 on lRN x IRM, 

i f  

and a l s o  t h a t  ( 1 . 5 )  i m p l i e s  

It can  be shown t h a t  2 a d m i t s  a t  l ea s t  one s a d d l e - p o i n t  { u , p }  on 
I?N x IRM, where u i s  t h e  s o l u t i o n  of ( 1 . 2 )  and i s  common t o  a l l  t h e  
s a d d l e - p o i n t s  o f  d on IRN x lRM. A n e c e s s a r y  and s u f f i c i e n t  

c o n d i t i o n  of u n i q u e n e s s  f o r  { u , p } ,  i n  f a c t  f o r  p ,  i s  t h a t  B b e  
s u r j e c t i v e ,  i .e .  Rank B = M. 

The f o l l o w i n g  (c lass ica l )  r e s u l t  is  e s s e n t i a l  t o t h e  s u b s e q u e n t  
d i s c u s s i o n  : 

THEOREM 1.1: The s o l u t i o n  u o f  (1.2) i s  c h a r a c t e r i s e d  by t h e  

e x i s t e n c e  of p E lRM s u c h  t h a t  

t 
Au + B p = b, 

Bu = 0. I ( 1 . 7 )  

The r e l a t i o n s  ( 1 . 7 )  aLso  c h a r a c t e r i s e  a l l  t h e  s a d d Z e - p o i n t s  of P 

on mN x mM. 
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Following HESTENES 1 1 1 ,  and POWELL 111 w e  i n t roduce  t h e  
augmen ted  L a g r a n g i a n  dr def ined ,  f o r  r > 0, by 

2 2 
( 1  -8)  Z r ( v , q )  = J(v) + (q,Bv) + $ lBvl = d ( v , q )  + $Bvl , 

M 

Lr i s  a saddle-  
where, i n  (1.8), 1 . 1  denotes  t h e  canon ica l  Euc l id i an  norm on IR . 
I t  can e a s i l y  be proved t h a t  any sadd le -po in t  of 
p o i n t  of d and v ice-versa  ( t h i s  i s  due t o  t h e  f a c t  t h a t  r l B v I 2  

vanishes  when t h e  c o n s t r a i n t  Bv = 0 i s  s a t i s f i e d ) .  

Remark 1.1: It  should  be noted  t h a t  f o r  q = 0 w e  have 

2 
( 1 . 9 )  L,(v,o)  = J(v)  + 5 IBvl , 

t h i s  be ing  t h e  c l a s s i c a l  p e n a l i s e d  f u n c t i o n a l  r e l a t i v e  t o  t h e  
c o n s t r a i n t  Bv = 0. 

The advantage of t h e  augmented Lagrangian i s  t h a t ,  because of t h e  

presence  of t h e  t e r m  (q ,Bv) ,  t h e  e x a c t  Solu t ion  of problem ( 1 . 2 )  
can be determined wi thout  making r t end  t o  i n f i n i t y ,  un l ike  
o rd ina ry  p e n a l i s a t i o n  methods where t h i s  has  t h e  e f f e c t  of causing 
a d e t e r i o r a t i o n  i n  t h e  c o n d i t i o n i n g  of t h e  systems t o  be so lved .  
Furthermore t h e  a d d i t i o n  of t h e  q u a d r a t i c  t e r m  5IBvl t o  the  
Lagrangian 2 w i l l  improve t h e  convergence p r o p e r t i e s  of t h e  

d u a l i t y  a lgor i thms desc r ibed  l a t e r .  

Remark 1 . 2 :  The case where B i s  i n j e c t i v e  i s  of no i n t e r e s t  

s i n c e  i n  t h i s  case  u = 0 i s  t h e  unique s o l u t i o n  of ( 1 . 2 ) .  In t h e  
fo l lowing  t e x t  w e  s h a l l  t hus  assume K e r  B # {O}. 

2 .  A FIRST ALGORITHM FOR SADDLE-POINT CALCULATION 

2 . 1  Descr ip t ion  of t h e  a lgor i thm 

I t  fo l lows  from Sec t ion  1 t h a t  t h e r e  i s  equiva lence  between solv- 
i n g  ( 1 . 2 )  and f i n d i n g  a saddle-poin t  of d ,  on IRN x I R M  ; from 
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ARROW-HURWICZ-UZAWA r l l ,  GLOWINSKI-LIONS-TFEMOLIEFESz [I, Chapter 11, 

Sec t ion  4 1 ,  e t c ,  such a saddle-poin t  can be c a l c u l a t e d  us ing  t h e  

fo l lowing  a lgor i thm,  t h e  v a r i a n t s  of which w e  s h a l l  denote i n  t h e  

fo l lowing  t e x t  under t h e  gene ra l  name of Uzawa's a l g o r i t h m :  

(2 .1 )  p o ~  RM, s p e c i f i e d  a r b i t r a r i l y ;  

w i t h  pn known, c a l c u l a t e  un t h e n  p b y  
n + l  

( 2 . 2 )  J 

( 2 . 3 )  pn+]  = pn + p, B u n  , ~ $ 0 .  

W e  no te  t h a t  ( 2 . 2 )  i s  e q u i v a l e n t  t o  

( 2 . 4 )  ( A  + r B t B ) u n  + B t p n  = b.  

2 . 2  Convergence r e s u l t s  

Regarding t h e  convergence of t h e  a lgo r i thm,  w e  now prove t h e  

following: 

THEOREM 2 . 1 :  For  O < a o ' p n  (2r and f o r  a l l  po e I R M  t h e  
n s e q u e n c e  u d e f i n e d  by ( 2 . 1 )  - ( 2 . 3 )  c o n v e r g e s  t o  t h e  s o l u t i o n  u 

Of ( 1 . 2 ) .  

P r o o f :  This  fo l lows  G.L .T .  [I, Chapter 2 ,  Sec t ion  41'. Suppose 

{u ,p}  i s  a saddle-poin t  of d r  . From Theorem 1.1, t h i s  saddle-  

p o i n t  i s  c h a r a c t e r i s e d  by 

t (2.5) ( A  + K B  B ) u  + B t p  = b , 

( 2 . 6 )  B U  = o C+ p = p + p, BU, 'dn. 

h e r e i n a f t e r  abbrev ia t ed  t o  G.L .T .  ( see  a l s o  Appendix 2 of G.L.T.  

1 2 1  (Engl i sh  t r a n s l a t i o n  of G.L.T.  E l l ) ) .  

' See a l s o  G.L.T. 1 2 1 .  
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-n W e  i n t r o d u c e  iin = un -u,  p = p" - p .  Then by s u b t r a c t i n g  ( 2 . 5 )  
from ( 2 . 4 )  and ( 2 . 6 )  from ( 2 . 3 )  w e  o b t a i n  

(2.8) 

W e  deduce from ( 2 . 8 )  t h a t  

and h e n c e  t h a t  

I t  f o l l o w s  f r o m  ( 2 . 7 )  t h a t  

and hence  by s u b s t i t u t i o n  i n  ( 2 . 9 )  w e  have 

If w e  t h e n  t a k e  

O < a  < p  < 2 r  
0 -  n- 

(2.1 I )  

t h e  sequence  lpnl i s  d e c r e a s i n g .  Being  bounded be low  by 0 ,  it 
i s  c o n v e r g e n t  and hence  lpn12 - IHn+ ' l2  + 0 ; ( 2 : l O )  t h e n  i m p l i e s  

( 2 . 1 2 )  lim (A;~,;~) = o , 
n++m 

and s i n c e  A i s  p o s i t i v e  d e f i n i t e  it f o l l o w s  from ( 2 . 1 2 )  t h a t  
-n u + 0,  and a l so  s i n c e  8" = un - u, w e  have lim un = u .  rn 

n++m 

R e m a r k  2 . 1 :  I t  f o l l o w s  from (2.10) t h a t  w e  a c t u a l l y  have con- 
vergence  of ( 2 . 1 )  - ( 2 . 3 )  under  t h e  f o l l o w i n g  c o n d i t i o n ,  which i s  
less r e s t r i c t i v e  t h a n  ( 2 . 1 1 )  : 
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where B2 i s  de f ined  by 

( 2 . 1 4 )  

which impl i e s  t h a t  i s  the largest eigenvalue of A-'BtB . 

With a view t o  s tudy ing  t h e  behaviour  of t h e  sequence pn it i s  
worth no t ing  t h a t  

( 2 . 1 5 )  

hence 

( 2 . 1 6 )  

We t h u s  have, f o r  

( 2 . 1 7 )  

( Im B)' = K e r  Bt, 

M R = Im B fB K e r  Bt. 

L f q E R M  , t h e  unique decomposition 

q = q 1  + q 2  , q , e I m  B , q 2 E K e r  Bt. 

Denoting by P1 ( r e s p .  P 2 )  t h e  p r o j e c t o r  of lRM on to  I m  B 

( r e s p .  K e r  B t ) ,  we thus  have 

(2 .18)  

M M  Pi E &(R ,R ) 

P i ( q )  = q i  

Lfi= 1 , 2 ,  

v q e R M  , v~ = I , z .  

I f ,  a d d i t i o n a l l y ,  p is  a Lagrange m u l t i p l i e r  f o r  (1.2), (1.4), 

then  w e  can deduce from Theorem 1.1 t h a t  t h e  same i s  a l s o  t r u e  of 
p+q, Lfq E K e r  Bt . It  fo l lows  from t h i s  t h a t  t h e r e  e x i s t s  a 
unique f i d m  B ,  such t h a t  t h e  Lagrange m u l t i p l i e r s  of ( 1 . 2 1 ,  (1.4) 

a r e  a l l  of t h e  form 

(2.19) p = F+q , q E Ker Bt. 

h 

The v e c t o r  p thus  appears  a s  t h e  Lagrange m u l t i p l i e r  of ( 1 . 2 ) ,  ( 1 . 4 )  
wi th  minimal norm i n  lRM. 

From Theorem 2 . 1  and t h e  above p r o p e r t i e s  of t h e  Lagrange mul t i -  
p l i e r s  w e  s h a l l  now deduce: 
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THEOREM 

d e f i n e d  b y  

P; = P2(P01 

2 . 2 :  I f  pn s a t i s f i e s  (2 .13)  t h e n  t h e  s e q u e n c e  pn 
a l g o r i t h m  ( 2 . 1 )  - ( 2 . 3 )  c o n v e r g e s  t o  6 + p; w h e r e  

t 
1 is t h e  componen t  o f  po i n  K e r  B . I n  p a r t i c u l a r  if 

po = 0 t h e n  lim p n = c .  
n++m 

P r o o f :  The r e l a t i o n  ( 2 . 3 )  immedia te ly  i m p l i e s  

Under t h e  c o n d i t i o n  ( 2 . 1 3 ) ,  w e  have l i m  En = 0. I t  t h e n  f o l l o w s  
from ( 2 . 7 )  t h a t  n++m 

( 2 . 2 1 )  lim B~ pn = 0. 
n++m 

S i n c e  t h e  q u a n t i t y  jBtql d e f i n e s  a norm on I m B ,  ( 2 . 2 1 )  i m p l i e s  by 
p r o j e c t i o n  o n t o  ImB t h a t  

2 .3  I n t e r p r e t a t i o n  o f  a l g o r i t h m  ( 2 . 1 )  - ( 2 . 3 ) .  R a t e  o f  conver-  
g e n c e  i f  p n  = p ,  and c h o i c e  o f  r .  

Algor i thm ( 2 . 1 ) - ( 2 . 3 )  i s  i n  f a c t  a g r a d i e n t  t y p e  a l g o r i t h m  a p p l i e d  
t o  t h e  m i n i m i s a t i o n  o f  t h e  d u a l  f u n c t i o n a l  J: : IRM +IR d e f i n e d  by 

( 2 . 2 2 )  

J,* (4) = - Mi% e,(v,q) = T(BA;lBtq,q) 1 -(BA-'b,q)' + 7 1 (A-Ib,b) 
v E R  

w h e r e  A,= A + r B ~ B .  

More p r e c i s e l y ,  by e l i m i n a t i n g  un, a l g o r i t h m  ( 2 . 1 ) - ( 2 . 3 )  can  be  
r e - e x p r e s s e d  as 

( 2 . 2 3 )  p0e RM, s p e c i f i e d  a r b i t r a r i l y ;  

Remark 2 . 2 :  The a d v a n t a g e  o f  f o r m u l a t i o n  ( 2 . 1 )  - ( 2 . 3 )  compared 
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-1 w i t h  ( 2 . 2 3 ) ,  ( 2 . 2 4 )  i s  t h a t  w e  do n o t  have  t o  c o n s t r u c t  Ar 

e x p l i c i t l y ;  i n  c e r t a i n  a p p l i c a t i o n s  i n  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n s  t h i s  would i n  p r a c t i c e  be  u n r e a l i z a b l e  s i n c e  
a f u l l  m a t r i x  of  v e r y  l a r g e  o r d e r .  The f o r m u l a t i o n  ( 2 . 2 3 ) ,  ( 2 . 2 4 )  

w i l l  on t h e  o t h e r  hand be  v e r y  u s e f u l  as a t h e o r e t i c a l  b a s i s  f o r  
s t u d y i n g  t h e  i n f l u e n c e  o f  r and p, on t h e  convergence  of 
( 2 . 1 ) - ( 2 . 3 ) .  

A i l  w i l l  be  

I n  s i m i l a r  f a s h i o n ,  by e l i m i n a t i n g  pn ,  ( 2 . 1 ) - ( 2 . 3 )  can  be  re- 
e x p r e s s e d  as 

( 2 . 2 5 )  uo = A;l(b-Btpo) , 

( 2 . 2 6 )  "n+l = un - P,A;IB~BU" , 

and Remark 2.2 h o l d s  e q u a l l y  f o r  t h e  a l g o r i t h m  ( 2 . 2 5 ) ,  ( 2 . 2 6 ) .  H 

T o  s t u d y  t h e  i n f l u e n c e  of r and p n  on t h e  convergence  o f  
( 2 . 1 ) - ( 2 . 3 ) ,  w e  o b s e r v e  t h a t  i f  
( 2 . 2 0 1 ,  ( 2 . 2 4 )  w e  have  

pn = pn - (fi + P Z ( p o ) )  t h e n  f r o m  

( 2 . 2 7 )  

From t h e  second r e l a t i o n  i n  (2 .27)  w e  deduce t h a t  

(2.28) A - 1  B P  t-n+l = A-lgtpn - ~ , A - I B ~ B A ; ' B ~ ~ ~ .  

W e  have 

which t o g e t h e r  w i t h  (2 .28)  i m p l i e s  

( 2 . 3 0 )  A-lgtpn+l = A-lBtpn - pnA-lBtB(I + r A - l  B B )  t - I  A - 1  B p .  t-n 

-1 t-n W e  p u t  yn = A B p ; g i v e n  t h e  l i n e a r  r e l a t i o n s  e x i s t i n g  between 
yn and En, pn t h e  convergence of yn towards  z e r o  t e l l s  u s  
t h a t  {Ti", pn} converges  towards  IO,O}. W e  deduce from ( 2 . 3 0 )  t h a t  
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-1 t 
We shall express ( 2 . 3 1 )  in a b a s i s  of e i g e n v e c t o r s  of A B B, but 

before doing so we shall first indicate, without proof, several prop- 

erties of the eiqenvectors and eiqenvalues of A-'BtB: 

PROPOSITION 2.1: The e i g e n v a l u e s  o f  A-'BtB a r e  Z 0 and t h e  

e i g e n v e c t o r s  c o r r e s p o n d i n g  t o  two d i s t i n c t  e i g e n v a l u e s  a r e  

A-or thogona2 ,  i . e .  if 

A - I B ~  B w. = A. w. 
1 1 1  I I - 1  t 

A B B W. = A. w. 
J J J  

w i t h  A i  + A j  t h e n  

(A wi,w.) = 0. 
3 rn 

PROPOSITION 2 . 2 :  If 0 i s  an e i g e n v a l u e  o f  A-'BtB t h e n  t h e  

c o r r e s p o n d i n g  e i g e n - s u b s p a c e  i s  Ker B and Im A-lBt is t h e  

s u b s p a c e  of RN which  is A - o r t h o g o n a l  t o  Ker B. Im A-lBt is 

t h u s  spanned b y  t h e  e i g e n v e c t o r s  o f  A B B a s s o c i a t e d  w i t h  t h e  

e i g e n v a l u e s  wh ich  a r e  d i s t i n c t  f r o m  0 .  rn 

-1 t 

We have, of course, dim Im A-lBt = Rank Bt = Rank B. In the 

following text we shall denote by N1 the rank of B and by 

Am, AM, respectively, the smallest non-zero eiqenvalue and the 

largest eiqenvalue of A-lBtB. Suppose ,%: pi}!Ll is a basis 

of Im A-'Bt, with wi the eigenvector of A B B associated with 

the eigenvalue Xi. If y e Im A-lBt we thus have 

N 1  
y = Z yi wi , y i E ~  V i .  

i=l 

We then deduce from 

that 

y " ~  Im A-'B~ Vn20 , and from (2.31) 

1 v~=I,. . . N ~ .  
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I n  t h e  remainder  of S e c t i o n  2 .3  w e  s h a l l  assume t h a t  P, = P vn,  
p o s t p o n i n g  u n t i l  S e c t i o n  3 t h e  s t u d y  of a l g o r i t h m s  of t h e  t y p e  
( 2 . 1 )  - (2 .3)  w i t h  v a r i a b l e  s t e p  s i z e  

p n .  
W e  t h u s  have 

n + l  - 1 + V - 0 )  A .  i n  
( 2 . 3 3 )  Y .  - Y i .  

1 + r  x i  

W e  s h a l l  f i rs t  examine a number o f  p o s s i b l e  c h o i c e s  f o r  p ,  w i t h  r 
g i v e n ,  a s  t h i s  w i l l  al low us t o  draw a number of c o n c l u s i o n s  con- 
c e r n i n g  t h e  c h o i c e  o f  r .  

( i )  The c a s e  r = 0 .  

W e  h e r e  have 

1 = ( 1  - pxi )y?  V ~ O ,  V i = l ,  ... N 
Yi ( 2 . 3 4 )  

From an i n s p e c t i o n  o f  t h e  ( c l a s s i c a l l y  f a m i l i a r )  F i g u r e  2 . 1  

I I -PXI  

F i g u r e  2 . 1  

t h e  o p t i m a l  c h o i c e  for  p can  b e  s e e n  t o  b e  

( 2 . 3 5 )  

P 

for p = p we t h e n  have 
opt 
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( 2 . 3 6 )  

w e  deduce from t h i s  t h a t  t h e  c o n v e r g e n c e  r a t e  R of t h e  metho? 

s a t i s f i e s ,  f o r  p = pop t ,  

( 2 . 3 7 )  

Remark 2.3: I f  r = 0 ,  a lgo r i thm ( 2 . 1 ) - ( 2 . 3 )  reduces t o  Uzawa's 
a lgo r i thm a p p l i e d  t o  t h e  Lagrangian Z def ined  by (1.4), namely 

(2.38) p0c R', s p e c i f i e d  a r b i t r a r i l y ;  

(2 .39 )  

(2 .40)  

Aun + Bt pn = b 

pn+' = p" + p, Bun. 

The r e s u l t  (2 .37)  i s  a s t anda rd  one i n  t h e  s tudy  of t h e  convergence 
of  f i x e d  s t e p  g r a d i e n t  methods (see f o r  example, CEA 111,  
MARCHOUK-KUZNETSOV 111 and t h e  b ib l iog raphy  of t h e s e  volumes).  

(ii) T h e  c a s e  p = 2 r .  

I n  t h i s  ca se  w e  deduce from (2.33) t h a t  

( 2 . 4 1 )  
1 - 'Xi 

I + 'hi 
y4 Vi=l .... N,, Vnzo. , + I  - 

'i 

A s  i n d i c a t e d  by F igure  2 . 2 ,  t h e  op t ima l  cho ice  f o r  r is  

( 2 . 4 2 )  
1 

=opt  = 
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I 

F i g u r e  2 . 2  

and f o r  r = r opt, P = 2 r  opt, w e  have 

W e  t h e r e b y  deduce t h a t  f o r  t h i s  c h o i c e  o f  r and p t h e  con- 
vergence  rate R o f  t h e  method s a t i s f i e s  

( 2 . 4 4 )  

W e  deduce from ( 2 . 3 7 ) ,  ( 2 . 4 4 )  (and  from t h e  b e h a v i o u r  o f  t h e  fUnC- 
t i o n  5 +% ) t h a t  a l g o r i t h m  ( 2 . 1 ) - ( 2 . 3 )  w i t h  
r=- 1 p = -  2 i s  i t e r a t i v e l y  f a s t e r  t h a n  a l g o r i t h m  

( 2 . 3 8 ) - ( 2 . 4 0 )  w i t h  pn = p = 2 , which w e  reca l l  c o r r e s p o n d s  t c  

a l g o r i t h m  ( 2 . 1 ) - ( 2 . 3 )  w i t h  r = 0 and p n  = p = - .  

t’”mn \l!”mhM 

8 
2 

’m+% 

Am+ % 
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(iii) The c a s e  p = r .  

This  choice  is t h e  s t anda rd  one; i n  t h i s  ca se  w e  can deduce from 
(2.33) t h a t  

and hence t h a t  
1 n+ 1 

( 2 . 4 5 )  IYi I 5 ~ 

l + r X m  

We deduce from (2.45) t h a t  t h e  

ynl  Vi=l, ... N ~ ,  V n 2 0 .  

o n v e r g e n c e  r a t e  R s a t i s f i e s  

1 

I + r X  
( 2 . 4 6 )  R S -  , 

m 

On i n s p e c t i o n  of ( 2 . 4 6 )  i t  appears t h a t  f o r  p n  = p = r a lgor i thm 
(2 .1 ) - (2 .3 )  becomes f a s t e r ,  i t e r a t i v e l y ,  a s  t h e  va lue  of r g e t s  
l a r g e r .  I f ,  i n  p a r t i c u l a r ,  r << r;- , it fo l lows  from ( 2 . 4 6 )  
t h a t  a lgor i thm ( 2 . 1 )  - (2 .3)  w i l l  i n  gene ra l  be i t e r a t i v e l y  slow. We 

1 note  t h a t  i f  r = - then  R 3 7.  

1 

m 

?n 
rn 

Remark 2 . 4 :  Although r e l a t i o n  ( 2 . 4 6 )  appears  t o  i n d i c a t e  t h a t  it 
i s  advantageous t o  work wi th  p n  = p = r a s  l a r g e  a s  p o s s i b l e ,  one 
m u s t  r e a l i s e  t h a t  a 2 1  o t h e r  t h i n g s  b e i n g  e q u a l  t h e  de te rmina t ion  of 
u i n  ( 2 . 2 1 ,  i . e .  t h e  s o l u t i o n  of t h e  l i n e a r  system 

( 2 . 4 7 )  

n 

(A + r BtB)un = b - Bt p n ,  

i s  more c o s t l y  ( i n  computation t i m e  and/or i n  memory requi rements )  
t h e  l a r g e r  t h e  va lue  of r .  I n  f a c t ,  a s  we s h a l l  see i n  t h e  follow- 
ing  d i s c u s s i o n ,  t h e  ma t r ix  Ar = A + r B B 

more i l l - c o n d i t i o n e d  t h e  l a r g e r  r becomes. 

t becomes p rogres s ive ly  

Using, once a g a i n ,  a b a s i s  of e igenvec to r s  of A-'BtB, it can be 

shown t h a t  t h e  c o n d i t i o n  number of t h e  ma t r ix  
r e s t r i c t e d  t o  ImA- lBt  ( i . e .  t o  t h e  subspace A-orthogonal t o  Ker B )  

t e n d s  t o  1 when r -f + m. This  proper ty  c l e a r l y  corresponds t o  t h e  
f a c t  t h a t  t h e  t h e o r e t i c a l  convergence of a lgor i thm (2 .1 ) - (2 .3 )  i s  
f a s t e r  t h e  l a r g e r  t h e  va lue  of r ,  i n  t h e  case  where p = r .  

A - l B t B ( I  + r A - l B t B ) - '  

m 
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( i v )  Optima2 choice of p w i t h  given r. 

From i n s p e c t i o n  of F igu re  2 .3 ,  it fo l lows  from (2.33) 

F igu re  2.3 

t h a t  t h e  opt imal  va lue  of p i s  t h e  s o l u t i o n  of t h e  l i n e a r  equa t ion  

hence 
1 + r(Am + A,) + r 2 2 + r ( A m  + A,) 

2r A A M + ( A  +A,) ( A m  + A,) + 2 r  Am A, m m 
(2.48) Popt = 

We deduce from (2.48) t h a t  f o r  p = popt w e  have 

n+ 1 l y r l  Vi=l,. . . N ~ ,  V n O ,  (2.49) IYi I I 
I + Am + 2rAm 
- 

and hence f o r  t h e  convergence r a t e  R, w e  have 
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( 2 . 5 0 )  

W e  n o t e  t h a t  p > r and t h a t  f o r  t h e  same v a l u e  of r a l g o r i t h m  
( 2 . 1 ) - ( 2 . 3 )  i s  i t e r a t i v e l y  f a s t e r  w i t h  p g i v e n  by ( 2 . 4 8 )  t h a n  w i t h  
p = r; of  c o u r s e ,  (2 .48)  i n v o l v e s  Am and A M ,  q u a n t i t i e s  which i n  
g e n e r a l  a r e  n o t  known a p r i o r i .  Remark 2 . 4  i s  a g a i n  v a l i d  f o r  t h i s  
c h o i c e  of  p ,  w i t h  ( 2 . 4 6 )  r e p l a c e d  by (2 .50)  

o p t  

C o n d i t i o n  number  of  Ar ;  c h o i c e  of r .  

W e  now go t o  f i n i s h  o f f  Remark 2 . 4 ,  b u t  f i r s t  i t  i s  a p p r o p r i a t e  
t o  d e f i n e  some n o t a t i o n .  W e  s h a l l  d e n o t e  by IvI t h e  s t a n d a r d  
E u c l i d i a n  norm on IRN and f o r  a l i n e a r  o p e r a t o r  L d e f i n e d  on IR 

w e  s h a l l  d e n o t e  by llLl1 the norm a s s o c i a t e d  w i t h  1 . 1  , namely 

N 

I lLlI = 
V € S  

where 

F o r  t h e  c o n d i t i o n  number of Ar  when r + + m, w e  t h e n  have t h e  
f o l l o w i n g :  

PROPOSITION 2.3:  The  c o n d i t i o n  number  &(Ar) of Ar  s a t i s f i e s  

( 2 . 5 1 )  

where  

P r o o f :  W e  have 

&(Ar)  = l lA,ll  I l<’ I /  . 

I t  can e a s i l y  be  shown t h a t  
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1 2 (2.52) 

W e  have  moreover  

r 11Bll2 + - S l l A r I l  5 r  IIBII + lbll . 
l lA-ll l  

t h e r e  t h e n  e x i s t s  u E S s u c h  t h a t  

( 2 . 5 3 )  

W e  now s t u d y  t h e  b e h a v i o u r  o f  t h e  f a m i l y  

W e  have  

(2.54) 

( u ~ ) ~  when r + + m .  

(Au,, ur) + r l B u r l Z  I (Av,v) , Vv ~ K e r  B n  S ,  Vr 

which i m p l i e s  

S i n c e  t h e  s e q u e n c e  
s e q u e n c e ,  a l so  d e n o t e d  by u r ,  c o n v e r g i n g  t o  an  e l e m e n t  

W e  t h e n  deduce  from (2 .55)  t h a t  

ur i s  bounded,  w e  can  e x t r a c t  f r o m  it a sub-  
u* O f  IRN. 

hence  it f o l l o w s  t h a t  

* _  (2.57) u Ker B n S .  

I n  view of ( 2 . 5 7 )  w e  can t a k e  v = u i n  ( 2 . 5 4 ) .  W e  t h e n  deduce 
t h a t  

* 

( A U , . ~ , )  5 (~u,,u~) + r I B ~ , I ~  5 ( ~ u * ,  u*) Vr 

and hence  t h a t  

which t o g e t h e r  w i t h  ( 2 . 5 3 )  i m p l i e s  

1 (2.58) l i m  - = (AU*, IJ*). 

r+- llA;lll 
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I t  t h e r e f o r e  fo l lows  from t h e  above t h a t  

I u* E Ker B n S 

thus  

- 1  1 1 ( 2 . 5 9 )  lim I / A ~  / I  = - = - 
r t + m  (Au*,u*) ' 

which wi th  (2 .52)  imp l i e s  ( 2 . 5 1 ) .  

Ar i s ,  W e  have t h u s  proved t h a t  t h e  c o n d i t i o n  number of 
a s y m p t o t i c a l l y ,  p r o p o r t i o n a l  t o  r ,  which thus  has  t h e  e f f e c t  a s  r 
i n c r e a s e s ,  of making it nore  d i f f i c u l : ,  ( o t h e r  t h i n g s  be ing  e q u a l ) ,  
t o  s o l v e  t h e  system 

(2.60) Ar un = b - Bt pn.  

I f  w e  s o l v e  ( 2 . 6 0 )  by an i t e r a t i v e  m e t h o d ,  t h e  convergence, be ing  
l i nked  t o  t h e  cond i t ion  number, w i l l  become s lower  a s  t h e  va lue  of 
r i n c r e a s e s ,  and t h i s  may l e a d  t o  a l a r g e  number of i t e r a t i o n s  t o  
so lve  ( 2 . 6 0 )  t o  an a p p r o p r i a t e  accuracy even i f ,  i n  t h e  obvious 
manner, w e  i n i t i a l i s e  t h e  c a l c u l a t i o n  of  u wi th  u . 
Furthermore,  i f  w e  s o l v e  (2 .60)  by a d i r e c t  method, t h e  s e n s i t i v i t y  
t o  r o u n d i n g - e r r o r  a c c u m u l a t i o n  w i l l  be g r e a t e r  when r i s  l a r g e .  
I n  a l a r g e  number of problems, t h e r e f o r e ,  a "good s t r a t e g y "  would 
seem t o  be t h e  fo l lowing:  

n n- 1 

* Work i n  " d o u b l e  p r e c i s i o n "  

* With t h e  parameter r having a f i x e d  va lue ,  as l a r g e  a s  
p o s s i b l e  ( ! ) ,  c a r r y  o u t  o n c e  and  f o r  a l l  t h e  Cholesky f a c t o r i s a t i o n  
of t h e  ma t r ix  
d e f i n i t e  . 

A r ,  which w e  r e c a l l  i s  symmetric and p o s i t i v e  

* Take p n  = p = r. 

R e m a r k  2.5: I n  t h e  case  where an i t e r a t i v e  method i s  used t o  
s o l v e  (2.60) w e  can ,  i n  t h e  e a r l y  s t a g e s  of a lgo r i thm ( 2 . 1 ) - ( 2 . 3 ) ,  
make do wi th  a l o w  accuracy i n  t h e  de t e rmina t ion  of u . This  

e f f e c t  can be ob ta ined ,  f o r  example, by choosing t o  use a f i x e d  

(and " s m a l l " )  number of i t e r a t i o n s  ( i n  t h e  s o l u t i o n  of ( 2 . 6 0 ) ) .  

n 
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W e  s h a l l  r e t u r n  t o  t h i s  s u b j e c t  i n  S e c t i o n  4 ,  i n  c o n n e c t i o n  w i t h  t h e  

method o f  Arrow-Hurwicz .  

Remark 2.6: With r e g a r d  t o  t h e  s o l u t i o n  o f  (2 .60)  by a n  
i t e r a t i v e  m e t h o d ,  it may be  advantageous  t o  u s e  a p a r a m e t e r  r 
which v a r i e s  w i t h  n ,  g i v i n g  i n  f a c t  a sequence  ( rn )n .  C e r t a i n  
a u t h o r s  recommend t h e  u s e  o f  a sequence  ( r n ) n  such  t h a t  

lim r = +m. 

n++m 

The o p t i m a l  c h o i c e  f o r  ( r n ) n  seems t o  b e  an open q u e s t i o n .  The 
use  of s u c h  a method combined w i t h  a d i r e c t  s o l u t i o n  of (2 .60)  i s  of 
l i t t l e  i n t e r e s t ,  s i n c e  t h e  f a c t o r i s a t i o n  o f  Ar would need  t o  b e  

c a r r i e d  o u t  e v e r y  t i m e  t h a t  r 
g e n e r a l .  8 

n 
> r n-l, t h i s  b e i n g  c o s t l y  i n  

3. VARIABLE STEP-LENGTH ALGORITHMS. CONJUGATE GRADIENT METHOD. 

3 . 1  Genera l  n o t e s  

W e  have  shown i n  S e c t i o n  2.3 t h a t  a l g o r i t h m  ( 2 . 1 ) - ( 2 . 3 )  c a n  be  
i n t e r p r e t e d  as a g r a d i e n t  a l g o r i t h m  a p p l i e d  t o  t h e  m i n i m i s a t i o n  o f  
t h e  d u a l  f u n c t i o n a l  J d e f i n e d  by ( 2 . 2 2 ) .  With t h i s  i n t e r p r e t -  
a t i o n  i n  mind it i s  n a t u r a l  t o  s e e k  t o  a p p l y ,  t o  t h e  m i n i m i s a t i o n  
o f  J* on JRM, t h e  s t a n d a r d  i t e r a t i v e  m e t h o d s  f o r  m i n i m i s a t i o n  o f  

q u a d r a t i c  f u n c t i o n a l s  (see f o r  example,  CEA 111, t h e  rev iew a r t i c l e  
o f  MARCHOUK-KUZNETSOV C11 and t h e  c o r r e s p o n d i n g  b i b l i o g r a p h y  f o r  a 
thorough s t u d y  o f  t h e s e  methods) .  I n  o r d e r  t o  c l a r i f y  t h e  
p r e s e n t a t i o n  w e  s h a l l  now g i v e  some review m a t e r i a l  on t h e s e  methods.  

* 

Suppose t h e n  t h a t  c7 i s  an M x M symmetr ic ,  p o s i t i v e  d e f i n i t e  
m a t r i x  and suppose B E BM; w e  a s s o c i a t e  w i t h  c7 and B t h e  
f u n c t i o n a l  2 d e f i n e d  by 

1 
(3.1) 2 1 4 )  = 7 ( C 7 9 , q )  - ( B , q ) .  

The m i n i m i s a t i o n  problem 
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admi ts  a u n i q u e  s o l u t i o n  which i s  a l so  a s o l u t i o n  o f  t h e  l i n e a r  
sys tem 

(3.3)  a p =  B .  

To s o l v e  ( 3 . 2 ) ,  ( 3 . 3 )  w e  now c o n s i d e r  d e s c e n t  methods o f  t h e  g e n e r a l  
t y p e  : 

( 3 . 4 )  

p 0 e R M ,  s p e c i f i e d  a r b i t r a r i l y ;  

p * + l  = pn - 
pn wn . 

The d e s c e n t  d i r e c t i o n  w w i l l  i n  g e n e r a l  be  deduced from t h e  
d i r e c t i o n  of t h e  g r a d i e n t  of  2 a t  t h e  p o i n t  pn .  F o r  a g i v e n  
d e s c e n t  d i r e c t i o n ,  w e  s h a l l  choose i n  s u c h  a way as t o  o p t -  
i m i s e  a c r i t e r i o n  r e l a t e d  t o  t h e  problem. I n  p r a c t i c e ,  w e  s h a l l  
c o n f i n e  o u r s e l v e s  t o  t h e  f o l l o w i n g  methods: 

n 

p n  

0 STEEPEST DESCENT METHOD: The d e s c e n t  i s  made i n  t h e  d i r e c t i o n  
o p p o s i t e  t o  t h e  g r a d i e n t ,  hence  

(3 .5 )  w = gn = grad  g(p")  = d p "  - B. 

The c h o i c e  of p n  is  made by m i n i m i s i n g ,  w i t h  r e s p e c t  t o  p ,  t h e  
f u n c t i o n  

( 3 . 6 )  P -+ a (P" - P 9,) . 

W e  have 

(3 .7 )  

p n  i s  t h u s  g i v e n  by 

(3.8) 

0 MINIMUM RESIDUAL METHOD: The d e s c e n t  is  s t i l l  c a r r i e d  Out  i n  

t h e  g r a d i e n t  d i r e c t i o n ,  hence wn = gn;  w e  choose p, s o  as t o  
minimise ,  w i t h  r e s p e c t  t o  p ,  t h e  r e s i d u a l  lO(p"-pg")-BI . 
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t h e  o p t i m a l  p i s  t h e r e f o r e  g i v e n  by: 

(3 .10)  

0 C O N J U G A T E  G R A D I E N T  METHOD: The c o n j u g a t e  g r a d i e n t  method 
e s p e c i a l l y  a t t r a c t i v e  f o r  s o l v i n g  q u a d r a t i c  problems b e c a u s e  

t h e o r e t i c a 2 Z y  ( i .e .  i g n o r i n g  rounding  errors) it c o n v e r g e s  i n  a 

f i n i t e  number of i t e r a t i o n s  ( s  M )  and because  moreover  i n  t h e  
g e n e r a l  c a s e  it l e a d s  t o  q u a d r a t i c  c o n v e r g e n c e 4 .  I t  would b e  
t o o  l e n g t h y  and i n a p p r o p r i a t e  t o  s t u d y  h e r e  t h e  convergence  of t 

S 

lis 

method; w e  i n s t e a d  r e f e r  t h e  r e a d e r  t o  E .  POLAK C11, J. D A N I E L  1 1 1 ,  
CEA 111,  MARCHOUK-KUZNETSOV 111, CONCUS-GOLUB El1 e t c  ..., f o r  a 
d e t a i l e d  a n a l y s i s  of t h i s  a l g o r i t h m .  

The a l g o r i t h m  p r o c e e d s  as f o l l o w s :  

1) 

w i t h  p0 g i v e n  by (3.8), 

2 )  I n  t h e  s u b s e q u e n t  s t a g e s  w e  c o n s t r u c t  d e s c e n t  d i r e c t i o n s  wn 
which a r e  Q - c o n j u g a t e s ,  i .e.  (0 wi, w.) = 0 V i , j ,  i P j .  More 

p r e c i s e l y ,  assuming t h a t  w e  know t h e  d e s c e n t  d i r e c t i o n  wn-l and 
t h a t  w e  are a b l e  t o  c a l c u l a t e  pn i n  terms of p , w e  s e e k  
w i n  t h e  f o r m  

W e  c a r r y  o u t  a f i r s t  s t e e p e s t  d e s c e n t  s t e p  by t a k i n g  wo = go, 

J 

n- 1 

n 

such  t h a t  

( 3 . 1 1 )  t a w , ,  Wn-,) = 0. 

W e  hereby  deduce t h a t  A n  must t a k e  t h e  v a l u e  

(3.12) 

' For  M " l a r g e "  q u a d r a t i c  convergence  becomes a g r e a t e r  a t t rac-  
t i o n  t h a n  convergence  i n  a f i n i t e  number of i t e r a t i o n s .  
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W e  c a n  f u r t h e r  p r o v e  t h e  o r t h o g o n a l i t y  r e l a t i o n s  

(3.13) 

(ow,, w.) = 0 

( P i ,  8 . )  = 0 

i f  i#j, 

if i#j, 

J 

J 

(Pi, Wj) = 0 i f  i r j .  

By v i r t u e  of  t h e s e  r e l a t i o n s ,  ( 3 . 1 2 )  c a n  b e  reduced  by e lementary  
m a n i p u l a t i o n s  t o  

3) A n  and t h u s  wn b e i n g  known, w e  c a r r y  o u t  an o p t i m a l  d e s c e n t  
i n  t h e  d i r e c t i o n  w n ,  i . e .  w e  choose  p n  t o  minimise t h e  f u n c t i o n  

P + 3(Prn-PWn) . 
By a c a l c u l a t i o n  ana logous  t o  t h a t  c a r r i e d  o u t  i n  0 w e  o b t a i n  

(3.15)  

2 2 

- L ( = '9,' ) .  m 
(gn> a wn) t f f  g , , q  'n - 

* 
3.2 A p p l i c a t i o n  t o  t h e  m i n i m i s a t i o n  o f  J,. 

W e  s h a l l  see h e r e  how t h e  methods d e s c r i b e d  i n  S e c t i o n  3 . 1  can be * 
a p p l i e d  t o  t h e  m i n i m i s a t i o n  o f  

(3.16)  

The c o n s t a n t  t e r m  (A;lb,b) 
m i s a t i o n .  W e  t h u s  h a v e ,  w i t h  t h e  n o t a t i o n  o f  S e c t i o n  3 . 1  

(3.17)  0 = BA-IB~, 

Jr. W e  r eca l l  t h a t  w e  have 

J,* (9) = 7 1 (BAT - I  B t q , q )  - (BA;'b,q) + $A;'b,b). 1 

o b v i o u s l y  p l a y s  no p a r t  i n  t h e  mini-  

(3.18) 6 = BAi'b. 

The m a t r i x  d g i v e n  by (3 .17)  is  o n l y  p o s i t i v e  s e m i - d e f i n i t e ,  b u t  
i t  can  e a s i l y  be  shown t h a t  t h i s  does  n o t  a f f e c t  t h e  a l g o r i t h m s  con- 
s i d e r e d  i n  S e c t i o n  3 .1 ,  which always converge  i n  t h e  q u o t i e n t  

M s p a c e  IR / K e r  B t .  

of pn i n  K e r  Bt i s  i n  f a c t  c o n s t a n t ,  and t h e r e f o r e  e q u a l  t o  t h a t  

W e  can  prove  as i n  Theorem 2 . 2  t h a t  t h e  component 

0 of  p * 
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Under these conditions the three algorithms considered in 

Section 3 . 1  become as follows: 

0 Steepest descent algorithm: 

We have w = gn =C7 pn-8 ; thus 

(3.19) w = BA-lBtpn-BA;lb = BA,' (Btp:-b). 

It follows from ( 2 . 4 )  that we have 

(3.20) Arun = b - Btpn, 

hence 

(3.21) w = - Bun. 

The optimal value of pn  is then, from ( 3 . 8 ) ,  

(3.22) 

The calculation of pn thus necessitates the solutioq with respect 

to zn, of the linear system 

hence 

Pn (BU",BZ,,) 

In addition, with pn" known, we note that u n+l satisfies 

(3.24) Arun+' = b - Btpn+l = b - Btpn - p, BtBun = A un+p A z r n r n '  

hence 

(3.25) n + l  n u = u + pnzn. 

It follows from the above formulae that at each iteration we have to 

solve only a single linear system, with matrix 

re-express algorithm ( 2 . 1 ) - ( 2 . 3 )  in the following equivalent form: 
Ar. We can, then, 

M 
(3.26) Po arbitrarily specified in IR , a n d  uO=A-l(b-BtpO); 

w i t h  pn, un known, determine zn, on, p , u b y  
n+l n+l 
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(3.27) 

(3 .28)  

(3.29) 

- I  t n 
z = - A  B B u ,  

n+l n (3 .30)  u = u + PnZn 

Minimum-residua l algorithm. 

W e  have shown i n  Sec t ion  3 .1  t h a t ,  i n  t h e  case  of t h e  minimum 
r e s i d u a l  a lgo r i thm,  p n  i s  g iven  by 

(ff gn.gn) 

I a , l  2 Pn = 

hence t h e  fo l lowing  v a r i a n t  of a lgo r i thm (3 .26 ) - (3 .30 ) :  

(3.31)  po E BM arbitrarily specified, and uD = A;'(b-BtpD), 

then with pn, un 

(3.32)  

(3 .33)  

(3.34) 

(3 .35)  

b y  
n+l  n + l  

known, determine zn ,  p n ,  p , u 

- 1  t n 
z = - A r B B u  

( B U ~ ,  B Z ~ )  
'n =-- 2 '  I Bzn I 

pn+l = pn + p, Bun, 

n+l n 
u = u + p,zn. 

0 Conjugate-gradien t algorithm. 

From S e c t i o n  3 .1 ,  a t  each i t e r a t i o n  a descent  d i r e c t i o n  w n ,  
has  t o  be c a l c u l a t e d ;  t h u s  n-1' conjugate  t o  w 

(3.36) 

t h e  va lue  of A n  be ing  g iven  by 

wn = gn + An w ~ - ~  = - Bun + An Wn-] 9 

(3 .37)  
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The descen t  d i r e c t i o n  wn be ing  known, w e  then  need to c a l c u l a t e  

(3.38) 

t o  do t h i s  we i n t r o d u c e ,  a s  i n  t h e  two preceding  a lgo r i thms ,  
such t h a t  

(3.39) z = Ar B wn, 

zn 

-1 t 

and we aga in  have 

IBunI2 
(3.40) Pn = - 

mn, BZ,) 

I n  summary, t h e  con juga te -g rad ien t  a lgo r i thm can t h u s  be w r i t t e n :  

(3.41) po s p e c i f i e d  a r b i t r a r i l y  i n  IRM; 

(3.42) uo = A;l(b-BtpO); 

a t  i t e r a t i o n  n c a l c u l a t e  t h e  d e s c e n t  d i r e c t i o n  wn b y  

(3.43) w = go = -BUO if n=O, 

(3.44) w = - B U ~  + in wn-l i s  n 3 1 ,  

(3.45) 

t hen  

(3.46) 

(3.47) 

(3.48) 

(3.49) 

pn+l = pn - pn w,, 

n+l n 
u = u + p, zn. 

i f  rial, 

B 

Remark 3.1: I n  t h e  t h r e e  a lgo r i thms  desc r ibed  above, w e  have t o  
s o l v e  a t  each  i t e r a t i o n  only  a s i n g l e  l i n e a r  system, wi th  ma t r ix  A,. 

Compared wi th  a lgo r i thm ( 2 . 1 ) - ( 2 . 3 )  used wi th  a f i x e d  p ,  t h e s e  
a lgor i thms r e q u i r e  t h e  a d d i t i o n a l  presence  i n  memory of z , a 
v e c t o r  which i s  of t h e  same o r d e r  a s  un,  having N components. I n  

n 
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t h e  case  of t h e  con juga te -g rad ien t  a lgo r i thm,  w e  a l s o  need t o  r e t a i n  
W n-l i n  memory. 
i f i e d  i f  t h e  au tomat ic  de t e rmina t ion  of t h e  s t e p  l eng th  
t o  a very  c l e a r  improvement i n  t h e  speed of convergence compared 
wi th  a lgo r i thm ( 2 . 1 ) - ( 2 . 3 )  used wi th  p n  - p = r; t h i s ,  however,  

does n o t  a lways  appear  t o  be t h e  c a s e .  a 

This  i n c r e a s e d  memory requi rement  w i l l  be j u s t -  
p n  l e a d s  

- 

Remark 3 . 2 :  I n  t h e  c a s e  of  t h e  problem 

t h e  con juga te -g rad ien t  a lgo r i thm,  i . e .  ( 3 . 4 1 ) -  ( 3 . 4 9 ) ,  converges 
t h e o r e t i c a l l y  i n  N1 (= rank B) i t e r a t i o n s  a t  most. Given t h a t  
round ing  e r r o r s  a r e  p r e s e n t ,  t h i s  r e s u l t  no longe r  ho lds  i n  
p r a c t i c e .  Furthermore,  bea r ing  i n  mind t h e  l a r g e  s i z e  of problems 
a r i s i n g  from t h e  d i s c r e t i s a t i o n  of p a r t i a l  d i f f e r e n t i a l  equa t ions ,  
it i s  d e s i r a b l e  t h a t ,  w i th  an adequate t e rmina t ion  t es t ,  convergence 
should be ob ta ined  i n  a number of  i t e r a t i o n s  c o n s i d e r a b l y  l e s s  

than N1. This  p rope r ty  w i l l  depend e s s e n t i a l l y  on t h e  c o n d i t i o n  

number of BA;’Bt r e s t r i c t e d  t o  I m  B ,  t h i s  q u a n t i t y  be ing  hence- 
f o r t h  denoted by X(BA;’Bt)ImB . I t  can be shown t h a t  

W e  no te  t h a t  

(3.52)  BA;’B~ = B(I+~A-’B‘B)A-’B~ 

and t h a t  t h e  m a t r i x  cor responding  t o  t h e  case  r = 0 i s  BA-‘Bt. 

I t  fo l lows  from t h e s e  p r o p e r t i e s  t h a t  t h e  replacement of t h e  Lag- 
rangian & def ined  by ( 1 . 4 )  by t h e  augmented Lagrangian dr. 

def ined  by (1.8), may be cons idered  as a method of p r e c o n d i t i o n i n g ,  

i n  a s ense  cl-ose t o  t h a t  o f  AXELSSON C l ] ,  t h e  p recond i t ion ing  ma t r ix  
be ing  (1+rA-’BtB); t h i s  remark i s  t r u e  no t  on ly  f o r  t h e  conjugate-  
g r a d i e n t  a lgo r i thm b u t  a l s o  f o r  a l l  t h e  o t h e r  a lgo r i thms  s t u d i e d  i n  
t h e  preceding  s e c t i o n s .  I n  p a r t i c u l a r ,  i n  view of t h i s  pre-  
cond i t ion ing ,  it would s e e m  t h a t  it should  n o t  be necessary  t o  c a r r y  
out  a r e i n i t i a l i s a t i o n  (of t h e  type  w = gn)  i n  t h e  conjugate- 

g r a d i e n t  a lgo r i thm,  i n  o r d e r  t o  c o u n t e r a c t  t h e  accumulation of 
rounding e r r o r s .  a 

n 
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4. ON CERTAIN VARIANTS OF THE METHODS OF SECTION 2: INTRODUCTION 

OF A RELAXATION PARAMl2TER; METHOD OF ARROW-HURWICZ. 

4.1 Synopsis 

We shall show in Section 4.2 that we can i m p r o v e  t h e  s p e e d  of 

c o n v e r g e n c e  of algorithm (2.1)-(2.3) by utilising a r e l a x a t i o n  

p a r a m e t e r  w ;  this leads us  to the algorithm 

( 4 . 1 )  

w i t h  un, 

( 4 . 2 )  

( 4 . 3 )  

( 4 . 4 )  

uo E I R ~ ,  po E IRM a r b i t r a r i l y  s p e c i f i e d ;  

pn k n o w n ,  c a l c u l a t e  u"'%, t h e n  u n+l and p by  
n+l 

2 , C U  n+: ,Pn)  <;e,(V,P", V " 6 R N ,  

n+& N u E X ,  

n + l  n n++ n u = u + w ( u  -u ) ,  

pn*l = pn + pBun+ '  ; 

(4.2) is equivalent to 

( 4 . 5 )  ( A + L - B ~ B ) U ~ + ' + B ~ ~ ~  = b.  

For w = 1, we once again have (with a slightly different notation) 

algorithm (2.1)-(2.3) with 

In the sections following Section 4 we shall be studying algorithms 

of the type 

pn = p ,  Vn5. 

( 4 . 6 )  u 0 € R N ,  a r b i t r a r i l y  s p e c i f i e d ;  

( 4 . 7 )  un+'=un-w S i '  ( ( A + s B t B ) u n + B t p n - b  

pn+ '=pn+p B u  n+ 1 , 
( 4 . 8 )  

where, in (4.7),the auxiliary operator Sr is s y m m e t r i c  and 

p o s i t i v e  d e f i n i t e .  We 

the Arrow-Hurwicz  type 

We can also consider 

with n. 

observe that (4.6)-(4.8) is an algorithm of 

see ARROW-HURWICZ-UZAWA c11, G.L.T. [l, 

parameters u and pn which vary 
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C h a p t e r  2 1 ,  EKELAND-TEMAM C11, e t c  ... ) .  I t  s h o u l d  a l s o  be n o t e d  
t h a t  ( 4 . 1 ) - ( 4 . 4 )  i s  a p a r t i c u l a r  case of ( 4 . 6 ) - ( 4 . 8 )  ob ta ined  by 
t a k i n g  Sr = A+rBtB  (=  Ar) and c o n s t a n t  va lues  f o r  un  and p n .  

4 . 2  S tudy  of a l g o r i t h m  ( 4 . 1 ) - ( 4 . 4 )  

For g i v e n  r ,  w e  n o w  s t u d y  t h e  convergence of a l g o r i t h m  
( 4 . 1 ) - ( 4 . 4 )  and i n  p a r t i c u l a r  t h e  o p t i m a l  choice of t h e  p a r a m e t e r s  

w and p .  P r o c e e d i n g  as i n  Sec t ion  2 . 3 ,  w e  p u t  

;n+&,"n+&-, : pn = = Un-U pn-(c+p,(po)), ' yn=A-l B P  t-n * 
(4 .9)  

WE 

(4. 

( 4 .  

( 4 .  

By e l i m i n a t i o n  of ;" and En+& w e  deduce f r o m  ( 4 . 9 ) - ( 4 . 1 2 )  

(4.13) 
n- 1 

yn+l + ( p a  A-' B ~ B  ( I + ~ A - '  B ~ B ) - ' + - z )  I) yn+ ( I -w) y =o. 

B y  m e a n s  of ( 4 . 1 3 )  w e  have reduced t h e  s t u d y  of t h e  convergence of 
a l g o r i t h m  ( 4 . 1 ) - ( 4 . 4 )  t o  t h e  s t u d y  of t h e  convergence of a doub ly  

r e c u r r e n t  sequence .  I n  f a c t ,  t a k i n g  i n t o  account t h e  r e l a t i o n s  
( 4 . 9 ) - ( 4 . 1 2 ) ,  t h e  convergence of yn t o  z e r o  i m p l i e s  t h a t  of 
{on, pn) t o  { o ,  a )  (see Sec t ions  2 . 2 ,  2 . 3 ) .  

P r o c e e d i n g  as i n  Sec t ion  2 . 3 ,  w e  n o w  express ( 4 . 1 3 )  on a b a s i s  

of ImA-'Bt f o r m e d  f r o m  t h e  e i g e n v e c t o r s  of A-'BtB a s s o c i a t e d  

w i t h  t h e  s t r i c t l y  p o s i t i v e  e i g e n v a l u e s ;  t h u s ,  w i t h  t h e  n o t a t i o n  
of Sec t ion  2 . 3 ,  w e  have 

(4.14)  
I Vi=l,. . . ,N]. 

A n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  of c o n v e r g e n c e  f o r  ( 4 . 1 ) - ( 4 . 4 )  
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k"Iuo,po} E E N x #  w i l l  t h u s  be  t h a t  t h e  r o o t s  of t h e  c h a r a c t e r -  

i s t i c  e q u a t i o n  

a s s o c i a t e d  w i t h  ( 4 . 1 4 )  be of m o d z d u s  s t r i c t l y  l e s s  t h a n  1, 

The c o n v e r g e n c e  r a t e  R w i l l  s a t i s f y  
N l  * 

Vi= I , . . . 

( 4 . 1 6 )  

where Sf, c i  a r e  t h e  r o o t s  of ( 4 . 1 5 1 ,  namely 

pxi d w P A .  
c: = I -  0 2 ( I +  - I + r h , )  + ( I -  - ( I +  --%)2 + w-I , 2 I+rhi 

( 4 . 1 7 )  1 

1 1 

W e  a r e  now going t o  s tudy ,  wi th  g i v e n  p and wi th  r s t i l l  f i x e d ,  

t h e  behaviour of 15;l and I c i I  a s  a func t ion  of w .  

The behaviour of t h e s e  two r o o t s  is  p a r t i c u l a r l y  s t r a i g h t f o r w a r d  
i n  t h e  case  where they  a r e  imaginary ( c o n j u g a t e s ) ;  i n  f a c t  w e  then  
have 

( 4 . 1 8 )  lc;] = ItTI = . 

W e  s h a l l  have t h i s  s i t u a t i o n  i f ,  i n  ( 4 . 1 7 1 ,  t h e  q u a n t i t y  under t h e  
square- root  s i g n  i s  n e g a t i v e ,  which i s  t h e  case  i f  

( 4 . 1 9 )  

* 
For w > w i ( p ) ,  both r o o t s  a r e  r e a l  and w e  deduce from ( 4 . 1 7 )  t h a t  
t h e  graphs of ci and ci a r e  a r c s  of hyperbolas ,  r e s p e c t i v e l y  
a s y m p t o t i c  i n  t h e  ( 5 ,  w )  p lane  t o  t h e  s t r a i g h t  l i n e s  whose 
equat ions  a r e  

+ - 
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W e  have shown 
a s  a func t ion  

p > r + -  I 

'i 

+ +  i n  F igures  4 . 1  and 4 . 2  t h e  behaviour of max ( 1 ti 1 , 1 E i  I ) 
of w ,  when, r e s p e c t i v e l y ,  p < r+ f and 

i 
t h e  s c a l a r  uit i n  F igure  4.1 has t h e  va lue  

2 ( 1  - pXi ) ) . 
I + ( p + r )  Xi 

Max I t  can e a s i l y  be  shown t h a t  I E f I  z 1 i f  w > w i  ( p )  where 

1 + rX. 

I+(r+ PIX 
Max 

( 4 . 2 0 )  wi (P) = 2 

2 i  

I t  can then be  shown (see a l s o  t h e  above f i g u r e s )  t h a t ,  f o r  given 
p and X i ,  t h e  convergence r a t e  is  opt imal  if w = w i ,  and t h a t  it 
i s  then  equa l  t o  

4 7 -  _I l+(r-p)Xi 
( 4 . 2 1 )  e t ( p )  = I w . ( P )  

I +( r+p)  Xi 
* 

I f  w e  p l o t ,  a s  a func t ion  of p ,  t h e  convergence r a t e s  O i  

corresponding t o  t h e  d i f f e r e n t  e igenvalues  X i ,  w e  o b t a i n ,  from 
( 4 . 2 1 ) ,  t h e  graphs i n  F igure  4.3. 
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I t  then  fo l lows  t h a t  f o r  a given r ,  t h e  convergence r a t e  w i l l  be 
opt imal  i f  where 

o p t  
O;(p) = e;(p) ; t h i s  w i l l  be t h e  case  i f  p = P 

( 4 . 2 2 )  

S u b s t i t u t i n g  t h i s  op t imal  va lue  of  p i n t o  ( 4 . 1 9 ) , w i t h  A i  = AM 

( o r  X i  = X ) ,  we o b t a i n  f o r  w t h e  op t ima l  va lue  m 

( 4 . 2 3 )  

which g i v e s  u s  t h e  opt imal  convergence r a t e  

( 4 . 2 4 )  

t h e  asymptot ic  r a t e  

of convergence i s  b e t t e r  than  t h e  op t ima l  convergence r a t e  of a lg -  
o r i thm ( 2 . 1 ) - ( 2 . 3 ) ,  which cor responds  t o  t h e  case  J = 1. I n  
p a r t i c u l a r ,  f o r  r = 0 ,  t h e  r a t e s  a r e  r e s p e c t i v e l y ,  ( w r i t i n g  

opt' and w = w 
o p t  

R e m a r k  4 . 1 :  For p = p 

o p t .  i n  t h e  case  w w I -a a = Xm/XM), I+a i n  t h e  c a s e  w = 1 and ' - 
1 +& 

R e m a r k  4 . 2 :  For g iven  p ,  t h e  b e s t  choice  of w ,  denoted by 
W * ( P ) ,  i s  g iven ,  i f  p 5 pop t ,  by 

( 4 . 2 5 )  

g i v i n g  t h e  convergence r a t e  
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( 4 . 2 6 )  

and for 

( 4 . 2 7 )  

AUGMENTED LAGRANGIAN METHODS (CHAP. 1) 

g iv ing  t h e  convergence r a t e  

I n  a l l  ca ses ,  t h e  maximal va lue  of w ( i .e .  t h e  va lue  above which 
t h e  a lgor i thm d ive rges )  i s  given by 

( 4 . 2 9 )  

Figure 4 . 4  shows t h e  graphs of w *  ( p )  and of wMax ( p )  . 

F i g u r e  4 . 4  
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1 W e  n o t e  t h a t  i f  p > 2(r + -) w e  have  w M a x ( p )  < 1. T h i s  

c o r r e s p o n d s  t o  t h e  f a c t  t h a t  f o r  w = 1 t h e  maximal v a l u e  o f  p 44 
1 i s  p r e c i s e l y  2 (r  2 . 2 ) .  F u r t h e r ,  i f  3r < - - 

44 4 4 '  
pop t w e  have  

T h i s  w i l l  be  t h e  case, i n  p a r t i c u l a r ,  f o r  r = 0 ,  when > 4 .  
T h i s  p o i n t  c l e a r l y  i l l u s t r a t e s  t h e  f a c t  t h a t  t h e  i n t r o d u c t i o ;  o f  
t h e  p a r a m e t e r  w g u a r a n t e e s  t h e  convergence  of ( 4 . 1 ) - ( 4 . 4 )  f o r  
v a l u e s  of p g r e a t e r  t h a n  t h e  bounds d e t e r m i n e d  i n  S e c t i o n  2 .  I n  
f a c t ,  w e  can o b t a i n  convergence  o f  ( 4 . 1 ) - ( 4 . 4 )  f o r  any p o s i t i v e  
v a l u e  of p ,  as l o n g  as w e  t a k e  w s u f f i c i e n t l y  s m a l l .  

Remark  4.3:  Algor i thm ( 4 . 1 ) - ( 4 . 4 )  can be  w r i t t e n  i n  t h e  form 

(4.30) Un+l = A;' (b-Btpn), 

( 4 . 3 1 )  

Observ ing  t h a t ,  w i t h  t h e  n o t a t i o n  o f  S e c t i o n  3 ,  

t h e  g r a d i e n t  gn o f  J* 

pn+l = pn + p ( ~ B u " + " ~ + (  I w ) B u n ) .  

-Bun+$ i s  i n  f a c t  
a t  p n ,  w e  deduce from ( 4 . 3 1 )  t h a t :  

( I + )  n n-l 
( 4 . 3 2 )  p"+l = p" - pw(gn (P -P ) )  

1 n n-1 
P 

s i n c e  BU" = - ( p  -p ) .  

W r i t i n g  p = p w  and A = - ( Iw) , w e  t h e n  o b t a i n  

( 4 . 3 3 )  

W e  t h u s  o b t a i n ,  f o r  p a r a m e t e r s  s u i t a b l y  chosen and d e p e n d i n g  on n ,  

t h e  c o n j u g a t e - g r a d i e n t  method o f  S e c t i o n  3. W e  c o u l d  a l so  use  i n  
t h i s  a l g o r i t h m  v a r i a b l e  p a r a m e t e r s  c o r r e s p o n d i n g  to, a s e m i -  
i t e r a t ive  Chebychev method. 

- 
P W  

pn+l  = pn + E(9,+h(Pn-p"-5) .  

R e m a r k  4 . 4 :  I t  i s  p o s s i b l e  t o  once more re-write ( 4 . 3 1 ) ,  i n  t h e  
form 

( 4 . 3 4 )  

W r i t i n g  3 = (2-w) 

pn+I = p"-l - ( 2 - w ) ( p w  -pn+pn-l)* 
2-w n 

and a = fi , w e  o b t a i n  

pn+l = p n- 1 -D(ag,-pn+pn-l) . 
2-w 

( 4 . 3 5 )  

Algor i thm ( 4 . 1 ) - ( 4 . 4 )  i s  t h u s  e q u i v a l e n t  t o  t h e  t w o - s t e p  R i c h a r d s o n  

a Z g o r i t h m  a p p l i e d  t o  t h e  m i n i m i s a t i o n  o f  t h e  d u a l  f u n c t i o n a l  J . * 
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I t  can be  shown t h a t ,  s u b j e c t  t o  making t h e  a p p r o p r i a t e  changes of 
n o t a t i o n ,  t h e  o p t i m a l  p a r a m e t e r s  g i v e n  i n  ( 4 . 2 2 )  - ( 4 . 2 3 )  c o r r e s p o n d  
e x a c t l y  t o  t h e  s t a n d a r d  o p t i m a l  parameters i n  R i c h a r d s o n ' s  method 
(see GOLUB C11). rn 

4.3 .1  G e n e r a l  n o t e s  

I n  t h i s  s e c t i o n  w e  s h a l l  f i n i s h  o f f  Remark 2 .5 ,  s i n c e  i n  f a c t  

a l g o r i t h m  ( 4 . 6 ) - ( 4 . 8 )  c o r r e s p o n d s  t o  t h e  v a r i a n t  o f  a l g o r i t h m  
( 2 . 1 ) - ( 2 . 3 )  o b t a i n e d  when, i n  t h e  c a l c u l a t i o n  o f  
a s i n g l e  i t e r a t i o n  o f  a g r a d i e n t - t y p e  a l g o r i t h m  ( w i t h  t h e  
a u x i l i a r y  o p e r a t o r  s r ) ,  s t a r t i n g  from un. W e  r eca l l  also (see 
S e c t i o n  4 . 2 )  t h a t  ( 4 . 1 ) - ( 4 . 4 )  i s  a p a r t i c u l a r  case o f  ( 4 . 6 ) - ( 4 . 8 )  
c o r r e s p o n d i n g  t o  Sr - Ar.  I n  t h e  case where Sr = I ,  w e  g e t  back 
t o  t h e  s t a n d a r d  method, c a l l e d  t h e  Arrow-Hurwicz  method, i n t r o d u c e d  
i n  ARROW-HURWICZ-UZAWA E l l .  I n  t h e  case where [dn /on  = 6 ,  Vn, 

w e  recall  t h a t  t h i s  method c o n s i s t s  of s e a r c h i n g  f o r  t h e  s a d d l e -  
p o i n t s  of  t h e  Lagrangian  Zr 
d i f f e r e n t i a l  s y s t e m  

u n + l ,  w e  u s e  o n l y  

- 

v i a  t h e  a p p r o x i m a t e  i n t e g r a t i o n  o f  t h e  

(4 .36 )  

I n  t h e  c a s e  where w e  d i s c r e t i s e  u s i n g  an E u l e r  t y p e  scheme, w e  
o b t a i n  a scheme which i s  s l i g h t l y  d i f f e r e n t  f rom ( 4 . 6 ) - ( 4 . 8 ) ,  
namely 

( 4 . 3 7 )  

( 4 . 3 8 )  pn+l = pn + pnBun. 

The scheme ( 4 . 6 ) - ( 4 . 8 )  can t h u s  b e  c o n s i d e r e d  as a " s e m i - i m p l i c i t "  
v a r i a n t  of t h e  E u l e r  scheme ( 4 . 3 7 ) ,  ( 4 . 3 8 ) .  

4.3.2 R e d u c t i o n  o f  ( 4 . 6 ) - ( 4 . 8 )  t o  t h e  d i s c r e t e  f o r m  o f  a s e c o n d -  

o r d e r  d i f f e r e n t i a l  s y s t e m  
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W e  s h a l l  assume f o r  s i m p l i c i t y  t h a t  w n  = w ,  p n  = p, Vn. W e  
t h e n  deduce from ( 4 . 7 1 ,  by s u b t r a c t i ' o n ,  

t h e n  from ( 4 . 8 )  

hence  

Again w r i t i n g  iin = un - u and n o t i n g  t h a t  
(4 .39)  t h a t  

Bu = 0 ,  w e  deduce from 

W e  o b s e r v e  t h a t  ( 4 . 3 9 )  i s  a d i s c r e t i s e d  form,  w i t h  A t  = 1 and 
u s i n g  an e x p l i c i t  scheme, o f  t h e  second-order  d i f f e r e n t i a l  sys tem 

( 4 . 4 1 )  - 1  t 
2 

d u  7 + wS;]A * + pus 
d t  

B B u = O  
r dt 

W e  n o t e  t h e  p r e s e n c e  o f  t h e  damping term 
t h a t ,  o t h e r  t h i n g s  b e i n g  e q u a l ,  t h e  n a t u r a l  f r e q u e n c i e s  o f  t h e  
undamped s y s t e m  grow w i t h  p w .  Looking a t  ( 4 . 4 0 )  and ( 4 . 4 1 ) ,  w e  
may e x p e c t  t h a t  t h e  b e h a v i o u r  o f  
w i l l  depend i n  c o m p l i c a t e d  f a s h i o n  on t h e  p a r a m e t e r s  w and p .  

W e  r eca l l  t h a t  even i n  t h e  case o f  t h e  s c a l a r  e q u a t i o n  

wSilAr and f u r t h e r m o r e  

i? = un - u ,  as a f u n c t i o n  o f  n ,  

.. * 2  x + 2 k x + w x = 0  , 

t h e  b e h a v i o u r  o f  t h e  s o l u t i o n ,  as t -+ + m, b r i n g s  i n  t h e  n o t i o n  o f  
c r i t i c a l  damping .  A p r i o r i ,  when SLIAr and S;lBtB do n o t  
commute t h e  s t u d y  o f  t h e  b e h a v i o u r  o f  iin as a f u n c t i o n  o f  n ,  by 
s p e c t r a l  m e t h o d s ,  (see S e c t i o n  4 . 2 )  would s e e m  i m p r a c t i c a b l e  f o r  t h e  
moment; t h e r e f o r e  i n  t h e  f o l l o w i n g  s e c t i o n ,  w e  s h a l l  u s e  e n e r g y  

m e t h o d s  t o  s t u d y  t h e  convergence t o  z e r o  of  i?. 

4.3.3 C o n v e r g e n c e  of a l g o r i t h m  ( 4 . 6 ) - ( 4 . 8 ) .  

W e  s h a l l  now s e e k  c o n d i t i o n s  on p and w which a s s u r e  t h e  
convergence o f  ( 4 . 6 ) - ( 4 . 8 ) ;  w e  f i r s t  d e f i n e  some n o t a t i o n .  
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With t h e  s t a n d a r d  E u c l i d i a n  i n n e r  p r o d u c t  s t i l l  w r i t t e n  as ( . , . ) ,  

w e  associate  w i t h  t h e  symmetr ic  p o s i t i v e - d e f i n i t e  o p e r a t o r  

t h e  norm 
Sr 

2 
( 4 . 4 2 )  IVI = (SrV,V) . 

r 

W e  l i k e w i s e  w r i t e  

2 
( 4 . 4 3 )  1 1  v I I  = (Arv,v). 

W e  t h e n  h a v e ,  by t h e  e q u i v a l e n c e  o f  t h e  norms on 

o f  a c o n s t a n t  cir 

IR', t h e  e x i s t e n c e  

s u c h  t h a t  

2 2 
( 4 . 4 4 )  IlvIlr arlVIS * 

The o p e r a t o r  B b e i n g  c o n t i n u o u s ,  w e  have f u r t h e r m o r e  ( w i t h  
2 

lql = ( S l S ) )  

2 2 
( 4 . 4 5 )  IBVI 5 B, IIVII r 

and 

2 2 
( 4 . 4 6 )  IBvI ' ~ r I v I s  . 

W e  n e x t  d e f i n e  8" and p" as i n  ( 4 . 9 )  and w e  e s t a b l i s h  t h a t  
i?, pn s a t i s f y  t h e  e q u a t i o n s  

(;n+l -n N 
( 4 . 4 7 )  

( 4 . 4 8 )  (pn+l-pn,q) - p(B;"+l,q) = 0 v q c R M  . 

-u ,Srv) + w(ArGn,v) + w(p",Bv) = 0 V v r R  , 

n 
I n  t h e  f o l l o w i n g  t e x t ,  w e  s h a l l  f o r  s i m p l i c i t y  d e n o t e  En by u 

and En by p n .  

We t h e n  s e t  v = u i n  ( 4 . 4 7 )  and w e  m u l t i p l y  by 2 p ;  w e  o b t a i n  n 

Fur thermore ,  from ( 4 . 4 8 ) ,  w e  have  

2pw(pn,Bun) = 2w(p n ,pn-p n-I ) = w I  pn12~(Pn-1(2+w(Pn-Pn-11~ 

and by s u b s t i t u t i n g  i n  ( 4 . 4 9 )  w e  t h e r e b y  deduce 
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I =  
(4.50) 

n+I n 2 
= P J U  -u I s  . 

r 

W e  now have  t o  o b t a i n  a n  a p p r o p r i a t e  u p p e r  bound f o r  t h e  r i g h t - h a n d  

s i d e ;  f r o m  (4 .47)  w e  have  

(4.51) p I ~ " + ~ - u ~ l f  = - pw(Arun,un+'-un) - pw(pn,Bun+' - Bun) , 
r 

t h e n ,  by a v a r i a n t  o f  t h e  Cauchy-Schwarz i n e q u a l i t y  and from ( 4 . 4 4 ) ,  
w e  have 

(4.52) Ipw(Arun,un+'-un)I 5 p ~ l u  n+l -u n I s  2 + k%- Q. 4 €  r Ilu II, * VE ' 0. n 2  

r 

W e  f u r t h e r  deduce from ( 4 . 4 8 )  t h a t  

S u b s t i t u t i n g  ( 4 . 5 2 ) ,  (4 .53)  i n t o  (4 .51)  w e  o b t a i n  

n n-1 2 
(IPn+l-Pn12 + IP -p I ) , v 0 < E < I . ,  

Next ,  r e p l a c i n g  t h e  r i g h t - h a n d  s i d e  o f  (4 .50)  by t h e  upper  bound 
o b t a i n e d  i n  (4 .54)  and n o t i n g  from ( 4 . 4 8 )  t h a t  

( p n + l - p n 1 2  = p21~un12, we o b t a i n ,  a f t e r  re -grouping  v a r i o u s  t e r m s  

n-l 12 + 

4E(l-E) 
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U t i l i s i n g  ( 4 . 4 5 )  we then  have 

The c o e f f i c i e n t  of 
which remains t o  be de te rmined ,  w e  have 

1 1 ~ ~ 1 1 2  w i l l  be p o s i t i v e  i f  f o r  some E ,  

( 4 . 5 7 )  

To d e f i n e  t h i s  c o n d i t i o n  p r e c i s e l y ,  w e  now t r y  t o  f i n d ,  f o r  g iven  
p ,  t h e  va lue  of  E i n  1 0 , l C  g i v i n g  t h e  b e s t  bound f o r  w ( i . e .  
t h e  l a r g e s t  p o s s i b l e ) .  An e lementary  c a l c u l a t i o n  shows us t h a t  
t h e  opt imal  choice  f o r  E i s ,  

( 4 . 5 8 )  

which t o g e t h e r  w i th  ( 4 . 5 7 )  imp l i e s  

( 4 . 5 9 )  

or f u r t h e r  

(4 .60)  

I f  cond i t ion  ( 4 . 5 9 )  i s  s a t i s f i e d ,  w e  have 

( 4 . 6 1 )  
PW 2 ar B,wE * 2  P -- > o  c = 2pw - 

4&* ( 1  -&*) 1 -E* 

Summing t h e  i n e q u a l i t i e s  ( 4 . 5 6 )  f o r  n = 1,. ..,fi, we o b t a i n  



(SEC. 4) VARIANTS OF METHODS 39 

The left-hand side contains the term 

R+1 2 R+1 R 2 
( 4 . 6 3 )  ( I P  I - IP  -P I 1 

2(1-E)  

for which we shall now obtain a lower bound. To do this we write 

( 4 . 6 4 )  I P  I - I P  -P I = - IpA12+2(pR+1,pR) = - IpR12+2(p R +pBu R + l  , p  R ) , 

We then substitute this lower bound into (4.62), regrouping the terms 

in lpRI2 and utilising (4.46), i.e. 

We then have, with 6 stiil to be chosen, 

~~61Bu''~)~ 5 p26y,luR+lI; . 
r 

If we then suppose 

positive, which implies 

E = E * ,  the coefficient of lpNI2 must be 

( 4 . 6 7 )  
1 2+PBr 

6 2  -=-  

2(1-E*) 2+2pur ' 

- 
On the other hand, in order for the coefficient of 

ain positive, we must have 

IuN+'I2 to rem- 
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Consequent ly ,  i f  w e  can choose  6 so t h a t  

( 4 . 6 9 )  

t h e n  c o n d i t i o n  (4 .68)  w i l l  i n  f a c t  be  a consequence o f  ( 4 . 6 0 ) .  W e  
t h e r e f o r e  have  t o  s e e k  6 s a t i s f y i n g  s i m u l t a n e o u s l y  ( 4 . 6 7 )  and 

( 4 . 6 9 ) ,  i . e .  

( 4 . 7 0 )  

We t h u s  need t o  show t h a t  t h e  i n t e r v a l  d e f i n e d  by ( 4 . 7 0 )  i s  n o t  
empty, i . e.  t h a t  

o r ,  r e g r o u p i n g  t h e  t e r m s ,  t h a t  

( 4 . 7 2 )  Br(Y,-a,B,)PL+2(Yr-arBr)P - a, s 0 .  

I t  can  e a s i l y  be  s e e n  t h a t  (4 .72)  w i l l  b e  s a t i s f i e d  f o r  any p i f  
w e  have 

y, s a B  . 
r r  ( 4 . 7 3 )  

B e f o r e  conf i rming  t h i s  p o i n t ,  w e  s h a l l  c o n c l u d e  t h e  p r o o f  o f  conver -  
gence ;  w e  have s e e n  i n  f a c t ,  assuming ( 4 . 7 3 )  i s  t r u e  f o r  t h e  moment, 
t h a t  s u b j e c t  t o  obeying  t h e  c o n d i t i o n  (4 .60)  w e  c a n  choose 6 so as 
t o  have i n  t h e  l e f t - h a n d  s i d e  o f  ( 4 . 6 6 )  o n l y  p o s i t i v e  terms. I t  
t h e n  f o l l o w s  i n  p a r t i c u l a r  t h a t  w e  have  

( 4 . 7 4 )  

which i m p l i e s  t h e  convergence  of t h e  series w i t h  g e n e r a l  t e r m  
I I u n l l :  and t h e r e f o r e  t h a t  
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( 4 . 7 5 )  

Likewise ,  it f o l l o w s  from (4 .66)  t h a t  
e x t r a c t  f rom pn a c o n v e r g e n t  sub-sequence.  W e  s h a l l  i n  f a c t  
p r o v e ,  as i n  S e c t i o n  2 ,  t h a t  pn  converges  t o  z e r o  ( r eca l l  t h a t  un 
and p a c t u a l l y  d e n o t e  tin and fjn h e r e ) .  8 

lp’I2 i s  bounded; w e  can  t h u s  

n 

I t  now remains  f o r  us  t o  prove  t h e  i n e q u a l i t y  ( 4 . 7 3 ) .  T o  do 
t h i s  w e  must f i r s t  d e t e r m i n e  t h e  c o n s t a n t s  c l r ,  B r  and y r .  I t  
can e a s i l y  be  shown t h a t  t h e s e  are r e s p e c t i v e l y  t h e  l a r g e s t  e i g e n -  
v a l u e s  o f  Sr -1 A r ,  Ar -1 B t B and Si1BtB. The i n e q u a l i t y  (4 .73)  can 

t h u s  be w r i t t e n ,  i f  p ( M )  d e n o t e s  t h e  s p e c t r a l  r a d i u s  o f  t h e  
m a t r i x  M, as 

T h i s  i n e q u a l i t y  is  o n l y  one p a r t i c u l a r  case o f  t h e  f o l l o w i n g  g e n e r a l  
r e s u l t :  

LEMMA 4 . 1 :  I f  A and  B a r e  t w o  s y m m e t r i c  m a t r i c e s  and  C i s  

a s y m m e t r i c  p o s i t i v e - d e f i n i t e  m a t r i x ,  we have  

( 4 . 7 7 )  P(AB) 5 ~(Ac)P(c-’B). 

P r o o f :  W e  i n  f ac t  have P(AB) = P(C’/2ABC-1/2) , t h e  s p e c t r a l  

r a d i u s  b e i n g  i n v a r i a n t  under  a change o f  b a s i s ;  f u r t h e r m o r e  

Remark 4.5: I n  t h e  case (which w a s  s t u d i e d  i n  S e c t i o n  4 . 2 )  where 
Sr = A r ,  t h e  c o n d i t i o n  ( 4 . 5 9 )  c l e a r l y  covers t h e  c o n d i t i o n  ( 4 . 2 9 ) ;  
t h u s  i t  i s  p r o b a b l e  t h a t  t h e  b e s t  p o s s i b l e  r e s u l t  h a s  been o b t a i n e d .  

Remark 4.6: I t  s h o u l d  b e  n o t e d  t h a t  ( 4 . 6 1 )  a l l o w s  p t o  be  
8 

t a k e n  as l a r g e  a s  d e s i r e d ,  as long  a s  w e  t a k e  w s u f f i c i e n t l y  
s m a l l .  T h i s  r e s u l t  may seem p a r a d o x i c a l  because  t h e  a l g o r i t h m  may 
be  c o n s i d e r e d  as a v e r s i o n  of Uzawa’s a l g o r i t h m  w i t h  a n  i n c o m p l e t e  

s o l u t i o n .  B u t ,  i n  t h e  c o m p l e t e - s o l u t i o n  case w e  have  s e e n  i n  
S e c t i o n  2 t h a t  p must  be  t a k e n  s u f f i c i e n t l y  s m a l l .  

8 
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Remark 4.7: It i s  c l e a r  t h a t  t h e  s p e e d  o f  t h e  convergence  w i l l  
depend e s s e n t i a l l y  on t h e  c h o i c e  of t h e  a u x i l i a r y  o p e r a t o r  
The s i m p l e s t  c h o i c e s  a r e  of c o u r s e  Sr = I and Sr = A r .  W e  can  

a l so  show t h a t  i n  t h e  case where t h e  sys tem 
s o l v e d  by a method of  symmetr ic  s u c c e s s i v e  o v e r r e l a x a t i o n  ( S S O R ) ,  

per forming  one double  p a s s  ( f o r w a r d  and back)  i s  e q u i v a l e n t  t o  
( 4 . 6 )  f o r  an o p e r a t o r  
which i s  c l e a r l y  symmetr ic  p o s i t i v e - d e f i n i t e .  For  more d e t a i l s  
0. AXELSSON C11 can  be  c o n s u l t e d .  W 

Sr.  

t n  Arun = -B p +b i s  

S s  
which can  be  c o n s t r u c t e d  e x p l i c i t l y  and 

Remark 4 . 8 :  The c h o i c e  o f  t h e  o p t i m a l  p a r a m e t e r s  f o r  t h e  
a l g o r i t h m  ( 4 . 6 ) - ( 4 . 8 )  i s ,  t o  t h e  b e s t  o f  o u r  knowledge, an o p e n  

p r o b l e m  ( e x c e p t  i n  t h e  case Sr = A r ,  see S e c t i o n  4 . 2 ) .  
t h e  r e a d e r  t o  Chapter  I1 i n  which w e  s h a l l  g i v e  some i n f o r m a t i o n  
(of  e x p e r i m e n t a l  o r i g i n )  on t h i s  s u b j e c t ,  i n  c o n n e c t i o n  w i t h  t h e  
numer ica l  s o l u t i o n  o f  t h e  S t o k e s  and t h e  Navier -S tokes  e q u a t i o n s .  

W e  r e f e r  

5 .  MISCELLANEOUS REMARKS AND DISCUSSION 

Remark 5.1:  A l l  t h e  d i s c u s s i o n  i n  S e c t i o n s  1 , 2 , 3  and 4 i s  
s t i l l  v a l i d  i f  w e  c o n s i d e r ,  i n s t e a d  o f  problem (1.2), t h e  problem 

(5.1) 

w i t h  

(5 .2 )  K = { V E R  N , Bv = c )  , c ~ I r n B .  

I t  i s  a c t u a l l y  s u f f i c i e n t  t o  r e p l a c e  

(5.3) 

by 

( 5 . 4 )  

(A+rBtB)u" = b-Btpn, 

pn+l = p" + p Bun, 

(A+rBtB)u" = b-Btpn+rBtc, 

P"+l = pn + p (Bun-c) . 

Remark 5.2 :  Suppose A E  d(Rn,Rn) i s  p o s i t i v e  d e f i n i t e ,  not 
n e c e s s a r i Z y  s y m m e t r i c ,  and suppose  t h a t  K i s  d e f i n e d  by ( 5 . 2 )  It 
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can be shown t h a t  t h e  v a r i a t i o n a l  problem6 

(5 .5 )  ( A u , v - u )  2 ( b , v - u )  V V E K ,  1 u e K  

admits one and only  one s o l u t i o n  c h a r a c t e r i s e d  by t h e  e x i s t e n c e  of 
p E BM such t h a t  

(5 .6 )  
t 

A u + B p = b ,  

Bu = c.  

I n  view of ( 5 . 6 ) ,  w e  can apply t o  t h e  s o l u t i o n  of ( 5 . 5 )  t h e  a lg -  
or i thm 

(5 .7 )  po E JRM c h o s e n  a r b i t r a r i l y ;  

w i t h  pn known,  c a t c u t a t e  un, t h e n  p , by 

(5.8) (A+rBtB)un = b-B p + s B t c ,  

n + l  

t n  

n+l n 
(5 .9)  P p + pn(Bun-c) , pn 2 0 . 

By proceeding  a s  f o r  Theorem 2 . 1 ,  it can e a s i l y  be shown t h a t  a lg-  
o r i thm ( 5 . 7 ) - ( 5 . 9 )  converges,  whatever t h e  va lue  of P O ,  s u b j e c t  t o  
t h e  cond i t ion  t h a t  

where B L  i s  de f ined  by 

(5.11) 
2 B = Max 

vfO (A,,v,v) 

and where i n  (5.11), Au i s  t h e  symmetric component of A ,  i .e .  
1 

Au = 7 (A+At) .  By c o n t r a s t ,  a " f i n e l y  d e t a i l e d "  s tudy  .of conver- 
gence r a t e s  s e e m s  much more d i f f i c u l t ,  s i n c e  t h e  s p e c t r a l  methods 
of Sec t ion  2 . 2  cannot t h e n  be used. Likewise,  t h e  ex tens ion  t o  
problem ( 5 . 5 )  of t h e  v a r i a b l e  s t ep - l eng th  and conjugate-gradien t  
methods of Sec t ion  3 may pose d i f f i c u l t i e s ;  t h i s  a p p l i e s  p a r t -  
i c u l a r l y  t o  t h e  conjugate-gradien t  method. 

The proof of t h e  convergence of  a lgo r i thm ( 4 . 6 ) -  ( 4 . 8 ) ,  based on 
energy e q u a l i t i e s  and i n e q u a l i t i e s ,  ex tends  wi thout  t o o  many e x t r a  
d i f f i c u l t i e s  t o  t h e  case  where i n  ( 4 . 7 )  A i s  p o s i t i v e - d e f i n i t e ,  

This i s  an elementary case of a v a r i a t i o n a l  i n e q u a l i t y  ( s e e  f o r  

example G.L.T. C11, C21). 
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non-symmetric. 

I n  Chapter  I1 w e  s h a l l  u t i l i s e ,  f o r  t h e  s o l u t i o n  o f  t h e  Navier -  
S t o k e s  e q u a t i o n s ,  a l g o r i t h m s  o f  t h e  t y p e  ( 5 . 7 ) - ( 5 . 9 )  and 
( 4 . 6 ) - ( 4 . 8 )  w i t h  A n o n - s y m m e t r i c .  

Remark 5.3: I n  c e r t a i n  problems it may be  a d v a n t a g e o u s ,  as 
s u g g e s t e d  by FLETCHER 111,  t o  u s e  i n s t e a d  o f  t h e  p e n a l i s a t i o n  t e r m  
r l B v I 2  a term o f  t h e  form (RBv,Bv) where t h e  m a t r i x  R i s  
symmetr ic ,  p o s i t i v e - d e f i n i t e ,  and " a p p r o p r i a t e l y  chosen" .  I t  i s  
c l e a r l y  a p p a r e n t  t h a t  t h e  i n t r o d u c t i o n  of  R ,  however, w i l l  
c o m p l i c a t e  t h e  s t u d y  of convergence  and o f  t h e  c h o i c e  o f  o p t i m a l  
p a r a m e t e r s  fo r  t h e  a l g o r i t h m s  o f  S e c t i o n s  2 , 3 ,  and 4 .  H 

Remark 5.4:  The augmented Lagrangian  methods i n t r o d u c e d  by 
HESTENES 111 and POWELL 111 have g i v e n  r ise  t o  a l a r g e  number Of 
works,  which it would be  q u i t e  i m p o s s i b l e  t o  r e c o r d  i n d i v i d u a l l y .  
W e  t h u s  r e f e r  t h e  r e a d e r  t o  t h e  t i t l e s  g i v e n  below and t o  t h e  
c o r r e s p o n d i n g  b i b l i o g r a p h i e s .  

W e  f i n d  i n  ROCKAFELLAR [l], 1 2 1 ,  131 ,  a s t u d y  of  augmented 
Lagrangian  methods,  a p p l i e d  t o  t h e  m i n i m i s a t i o n  o f  convex and 
non-convex f u n c t i o n a l s ,  w i t h  convex i n e q u a l i t y  c o n s t r a i n t s  ( p o s s i b l y  

n o n l i n e a r ) .  T h i s  s t u d y  i n t r o d u c e s  t h e  augmented Lagrangian  method 
w i t h i n  t h e  framework o f  t h e  t h e o r y  o f  d u a l i t y  i n  convex a n a l y s i s .  

W e  f i n d  a l s o  i n  BERTSEKAS C11, C21 a s t u d y  o f  t h e  convergence  of 
a l g o r i t h m s  c l o s e l y  r e l a t e d  t o  t h o s e  c o n s i d e r e d  i n  S e c t i o n  2 ,  b u t  
w i t h i n  a r a t h e r  more g e n e r a l  framework. I n  KORT-BERTSEKAS [ 1 1  
t h e r e  are a l so  t o  be  found o t h e r  p e n a l i s a t i o n  p r o c e d u r e s  a p p l i e d  t o  

t h e  c o n s t r u c t i o n  o f  augmented L a g r a n g i a n s  o f  a t y p e  d i f f e r e n t  from 
t h o s e  c o n s i d e r e d  i n  t h i s  volume. F i n a l l y ,  t h e  r e a d e r  who d e s i r e s  
a g e n e r a l  view of  s o l u t i o n  methods f o r  c o n s t r a i n e d  o p t i m i s a t i o n  
problems,  i n c l u d i n g  augmented Lagrangian  methods,  c a n  
p r o f i t a b l y  r e f e r  t o  G I L L  and MURRAY C11. H 

Remark 5.5:  I n  FORTIN 111,121,  G .L .T .  i l l ,  121 and i n  Chapter  
I1 o f  t h e  p r e s e n t  volume t h e r e  can  be found s t u d i e s  and a p p l i c a t i o n s  
o f  a l g o r i t h m s  of t h e  Uzawa and Arrow-Hurwicz t y p e s ,  t o  t h e  s o l u t i o n  
o f  problems which are much more complex t h a n  t h o s e  c o n s i d e r e d  i n  
t h i s  c h a p t e r .  8 
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Remark 5 . 6 :  W e  s h a l l  round o f f  Remark 5 . 1  by cons ide r ing  t h e  
case where i n  ( 5 . 2 )  we no  l o n g e r  h a v e  c E I m B .  We t h e r e f o r e  
have K = pI i n  t h i s  ca se ,  and problem (5 .1)  becomes i l l - p o s e d  
s i n c e  it has  no s o l u t i o n .  Consider,  however, t h e  a lgor i thm 

(5.12) po E BM c h o s e n  a r b i t r a r i l y ;  

t h e n  for n 2 0 ,  w i t h  pn k z o w n ,  d e f i n e  un and pnfl b y  

(5.13) (A+rBtB)," = b+rBtc - Btpn , 

W e  can show t h a t  under t h e  condi t ion  

w e  have 

(5.16) lim u" = u*, 
n- 

* 
where u is  t h e  s o l u t i o n  of t h e  problem, 

U * ~ K *  = { V ~ V E R ~ ,  B ~ ( B ~ - = )  = 01 
(5.17) 

J(u*) 5 J(v) Vv E K*, 

where w e  once aga in  have J ( v )  = ( A v , v ) - ( b , v ) .  

* 
W e  know t h a t  K ( f  0) i s  t h e  s e t  of t h e  s o l u t i o n s  o f  t h e  

normal  e q u a t i o n  

(5.18) B Bz = Btc. 

We can l i kewise  show t h a t  t h e  convergence of un t o  u* i s  l i n e a r  
( i .e .  a t  l e a s t  a s  r a p i d  a s  t h a t  of a geometric sequence wi th  r a t i o  

less than  1 ) . 
from ( 5 . 1 4 ) ,  and from t h e  f a c t  t h a t  c p ImB, t h a t  t h i s  d ive rges  
l i k e  an a r i t h m e t i c  p rogres s ion .  This d ivergence  i s  "much less 
rap id"  than  t h e  convergence of 
t h e r e  w i l l  be no r i s k  of "overflow". 

t 

A s  regards  t h e  sequence {pnIn ~ o ,  it fo l lows  

un, which means t h a t  i n  p r a c t i c e  

The convergence r e s u l t  s t a t e d  above holds  only  f o r  r s t r i c t l y  

p o s i t i v e ;  t h e  use of a s t r i c t l y  augmented Lagrangian i s  t h e r e f o r e  
necessary. This  a l s o  shows t h e  robus tness  of t h e  methods descr ibed  
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i n  t h i s  c h a p t e r ,  i n  t h e  p r e s e n c e  p a r t i c u l a r l y  o f  r o u n d i n g  errors. 
I n  a c t u a l  f a c t  t h e  c o n d i t i o n  c E I m B  can no l o n g e r  b e  s a t i s f i e d  
e x a c t l y  because  o f  t h e s e  errors;  n o n e t h e l e s s  t h e  above convergence  
r e s u l t s  show t h a t  t h e  augmented Lagrangian  method remains  u s a b l e  
and p r o v i d e s  t h e  b e s t  p o s s i b l e  r e s u l t  (in t h e  l e a s t  s q u a r e s  

s e n s e i  i n  t h i s  " n o i s y "  envi ronment .  



C H A P T E R  I 1  

A P P L I C A T I O N  T O  T H E  S T O K E S  A N D  N A V I E R - S T O K E S  E Q U A T I O N S  

M .  F o r t i n ,  F .  Thomasse t  

1. INTRODUCTION 

1.1 Motivation 

The objectives of this chapter are twofold. First, we shall 

show that the augmented Lagrang ian  method can be applied directly to 

the solution of certain problems in Hydrodynamics .  Secondly, we 

shall illustrate by numerical examples the results of Chapter I, 

comparing the properties of the different algorithms on specific 

examples. In particular we shall see, through concrete cases, the 

importance of the choice of the parameters; on this topic we shall 

give experimental results for an Arrow-Hurwicz type algorithm 

(see Chapter I, Section 4.3). These experimental results will be 

given in the case of the l i n e a r i s e d  S t o k e s  e q u a t i o n s ;  these equations 

can be written as the optimality conditions of a quadratic program- 

ming problem in the sense of Chapter I. 

We shall then show that the algorithms used can be extended to the 

case of the s t e a d y - s t a t e  n o n l i n e a r  N a v i e r - S t o k e s  e q u a t i o n s .  

Finally we shall indicate briefly how similar techniques can be 

applied in the time-dependent case. 

1.2 Statement of the problem 

W e  consider an open domain n in IR2 or in IR , bounded ,  with 3 

regular boundary r (for example, Lipschitz continuous). The 

coordinates in IRN x = {x,, x21 

or x = Ix 1, x2, x3j. W e  seek to determine in n the character- 

istics of the flow of an i n c o m p r e s s i b l e  v i s c o u s  f l u i d .  

(N = 2 or 3 )  will be denoted by 

Thus let 

47 
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( 1 . 1 )  

denote t h e  v e Z o c i t y  of t h e  flow and l e t  p be t h e  h y d r o s t a t i c  
p r e s s u r e .  

u(x,t) = IU, (x,t),u2(x,t),u3(x,t) 1 

W e  s h a l l  now t r y  t o  c a l c u l a t e  s o l u t i o n s  of t h e  Navier-Stokes 
equa t ions  which i n  s t a n d a r d  nondimensional form a r e  w r i t t e n :  

:(x,o) = u (x) i n  R 
-0 

(1.5) 

We cons ide r  h e r e  t h e  (no t  very  r e a l i s t i c ,  p h y s i c a l l y ,  b u t  s imple r  
t o  handle)  c a s e  where t h e  boundary c o n d i t i o n s  a r e  of homogeneous 
D i r i c h l e t  t ype ,  and where t h e  f l u i d  i s  d r i v e n  by a d i s t r i b u t e d  
e x t e r n a l  f o r c e  f = {f1,f2,f,} . The t r a n s i t i o n  t o  more r e a l -  
i s t i c  ca ses  poses no problem wi th  r ega rd  t o  t h e  numerical  t r ea tmen t .  
I n  t h e  g r e a t e r  p a r t  of t h i s  c h a p t e r  w e  s h a l l  concern o u r s e l v e s  wi th  
t h e  s t e a d y - s t a t e  c a s e  
t o  s p e c i f y  an i n i t i a l  cond i t ion  of t h e  type  ( 1 . 5 ) .  

( 2 = O_) and w e  s h a l l  n o t  t h e r e f o r e  have 

The ReynoZds  number R e ,  t h e  r e c i p r o c a l  of which appears  i n  ( 1 . 2 )  
i n  f r o n t  of t h e  v i s c o s i t y  t e r m  Ag, p l a y s ,  a s  w e  know, a c r i t i c a l  
r o l e  i n  de te rmining  t h e  behaviour of t h e  s o l u t i o n s .  I t  i s  w r i t t e n ,  
i n  g e n e r a l ,  i n  t h e  form 

Vd (1.6) R e = - ,  

where V i s  a r e f e r e n c e  v e l o c i t y ,  d i s  a r e f e r e n c e  l eng th  and v 

i s  t h e  k inemat ic  v i s c o s i t y .  The c o n s t a n t s  V and d a r e  chosen 
i n  such a way t h a t ,  f o r  example, t h e  d iameter  of R and t h e  maxi- 
mum v e l o c i t y  of t h e  flow a r e  of o r d e r  u n i t y .  L e t  us  s ay  immedi- 
a t e l y  t h a t  t h e  methods which w i l l  be p re sen ted  he re  a r e  v a l i d  f o r  
flows wi th  sma l l  o r  i n t e r m e d i a t e  va lues  of R e ,  and t h a t  t h e  ca lcu-  
l a t i o n  of s o l u t i o n s  wi th  l a r g e  Reynolds numbers p r e s e n t s  cons ider -  
a b l e  d i f f i c u l t i e s  which it would t a k e  t o o  long t o  d e s c r i b e  h e r e  
( s e e ,  f o r  example, FORTIN 1 2 1 ,  FORTIN-THOMASSET 111 f o r  f u r t h e r  
d e t a i l s ) .  

I n  o r d e r  t o  convey q u i t e  c l e a r l y  t h e  approach which w i l l  a l low us  
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t o  u t i l i s e  h e r e  t h e  r e s u l t s  o f  C h a p t e r  I ,  w e  s h a l l  f i r s t  c o n s i d e r  
i n  d e t a i l  t h e  case o f  t h e  s t e a d y - s t a t e  l i n e a r i s e d  S t o k e s  e q u a t i o n s  
which w e  w r i t e  a s  f o l l o w s :  

which c a n  be  deduced from ( 1 . 2 ) - ( 1 . 4 )  by n e g l e c t i n g  t h e  n o n l i n e a r  

t e r m s  ~ - p u  and by t a k i n g  -= T h i s  approximat ion  w i l l  be  
v a l i d  i f  R e  i s  v e r y  s m a l l ,  i . e . , f r o m  (1.6), f o r  a f l o w  w i t h  low 
v e l o c i t y ,  o r  f o r  a v e r y  v i s c o u s  f l u i d .  

aU 
a t  !. 

1 . 3  S t o k e s  problem and q u a d r a t i c  programming 

W e  s h a l l  now show t h a t  e q u a t i o n s ( l . 7 ) - ( 1 . 9 )  are t h e  o p t i m a l i t y  

c o n d i t i o n s  o f  a q u a d r a t i c  programming problem, s i m i l a r  t o  t h o s e  
s t u d i e d  i n  Chapter  I .  The e s s e n t i a l  p o i n t  w i l l  be  t o  c o n s i d e r  t h e  
zero-d ivergence  c o n d i t i o n  (1 .8)  as a l i n e a r  c o n s t r a i n t  on t h e  
s o l u t i o n  g ,  t h e  p r e s s u r e  t h e n  a p p e a r i n g  as a Lagrange  m u l t i p l i e r .  

The problems whichwe c o n s i d e r  w i l l  be  f o r m u l a t e d  i n  H i l b e r t  s p a c e s ,  
o f  i n f i n i t e  d imens ion ,  which w e  f i r s t  d e f i n e .  

Suppose t h e n  t h a t  L ' (R)  i s  t h e  s p a c e  o f  square-summable func-  
t i o n s  on Cl, equipped  w i t h  t h e  u s u a l  norm and i n n e r  p r o d u c t ,  i . e .  

W e  d e f i n e ,  i n  s t a n d a r d  f a s h i o n ,  

( 1 . 1 1 )  
1 2 av 

H (R) = ~ v l v E ~  (R) , - E L ~ ( R ) ,  i = ~  ,..., N) , axi 

t h i s  S o b o t e v  s p a c e  b e i n g  equipped  w i t h  t h e  norm, 

I t  can  be shown (see, f o r  example,  LIONS-MAGENES 111)  t h a t  t h e  t race 
a t  t h e  boundary,  vIr, of a f u n c t i o n  v from H 1 ( R )  h a s  a meaning 
and w e  p u t  
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1 1 
(1.13) H o ( R )  = { v l v c H  (a) , v l r  = 0 )  . 
The s p a c e  H A ( Q )  

semi-norm on H~ (a )  ) 
w i l l  be  equipped  w i t h  t h e  norm (which i s  o n l y  a 

1 The norms ( 1 . 1 2 )  and ( 1 . 1 4 )  are e q u i u a Z e n t  on Ho(Q), t h i s  r e s u l t  
b e i n g  a d i r e c t  consequence o f  P o i n c a r e ’ s  i n e q u a l i t y ,  

av (1 .15 )  I v j o ~ c ( Q )  lx,lo, i=l ,..., N , 
1 

for  f u n c t i o n s  v which are z e r o  a t  t h e  boundary o f  il, a bounded  

open s u b s e t  o f  IRN. 

Suppose t h e n  t h a t  

1 
(1.16) 

For I v = {V . .vNl c V, w e  w r i t e  

V = {yIy E (Ho(n))N, _O-y = 0 in fl}. 

I N  W e  now c o n s i d e r  t h e  f u n c t i o n a l ,  d e f i n e d  f o r  ~ _ E ( L , ’ ( Q ) ) ~  and y E (H,(fl)) 

by 

Having d e f i n e d  t h e  q u a d r a t i c  f u n c t i o n a l  J(-J), w e  can  s e e k  a s o l u t i o n  
o f  t h e  problem 
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J(2) 5 J ( y )  Vy e V ,  
(1.20) 

The e x i s t e n c e  of a u n i q u e  s o l u t i o n  i s  an immediate consequence of 
t h e  Lax-Milgram theorem (see, f o r  example, EKELAND-TEMAM C11, 
LIONS ill). Problem ( 1 . 2 0 )  c l e a r l y  c o n s i s t s  of  minimising a quad- 
r a t i c  f u n c t i o n a l  under a l i n e a r  c o n s t r a i n t  ( u E V ,  i.e. V - u  = 0)  ; 

it i s  t h e r e f o r e  n a t u r a l  t o  s e e k  t o  impose t h i s  c o n s t r a i n t  by means 
of a Lagrange m u l t i p l i e r ,  thereby  t r ans fo rming  (1 .20)  i n t o  a saddle-  

p o i n t  problem. W e  t h u s  d e f i n e ,  f o r  Y E  ( H o ( 0 ) ) N  and q e  L ( a ) ,  
t h e  Lagrangian 

( 1 . 2 1 )  =t(v_,s) - J ( _ V ) - ( ~ . V . ~ )  = a ( v , y ) - ( f , v ) - ( q , P . v ) ,  

_ -  

1 2 

and w e  seek  a p a i r  {;,PI d e f i n i n g  a sadd le -po in t  of d on 

( H L ( R ) ) ~ ~ L ~ ( R ) ,  i . e .  a s o l u t i o n  of t h e  problem 

The e x i s t e n c e  of a s add le -po in t ,  ( a c t u a l l y  of  t h e  p r e s s u r e  p ) ,  
i s  a more s u b t l e  problem he re  than  i n  t h e  f in i t e -d imens iona l  c a s e  of 
Chapter I .  I n  t h e  case  of t h e  S tokes  e q u a t i o n s ,  t h e  r e s u l t  i s  i n  
f a c t  a s t a n d a r d  one (see TEMAM 111,  EKELAND-TEMAM 111) and i t  can 
be deduced d i r e c t l y  from t h e  Hahn-Banach theorem, s u b j e c t  t o  c e r t -  
a i n  r e g u l a r i t y  cond i t ions  on t h e  boundary of R (see FORTIN C31, 
TARTAR [ll). 

W e  now g ive  an i n t e r p r e t a t i o n  of problem ( 1 . 2 2 )  i n  o r d e r  t o  
v e r i f y  t h a t  t h e  p a i r  I;, p l ,  a c t u a l l y  i s  a s o l u t i o n  of problem 
(1.7), ( 1 . 8 ) .  The o p t i m a l i t y  cond i t ions  f o r  ( 1 . 2 2 )  a r e  
r e s p e c t i v e l y  

and 
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C o n d i t i o n  ( 1 . 2 3 )  i s  t r u e  i n  p a r t i c u l a r  f o r  y = $ E (  B(R)) and 

we  t h u s  have ,  i n  t h e  d i s t r i b u t i o n a l  s e n s e ,  

( 1 . 2 5 )  - ~ A u  + Y!p = f i n  R. 
I 

C o n d i t i o n  ( 1 . 2 4 )  i s  c l e a r l y  e q u i v a l e n t  t o  ( 1 . 8 ) .  

I n  view o f  t h e  r e s u l t s  o f  C h a p t e r  I ,  w e  are t h u s  l e d ,  f o r  t h e  
s o l u t i o n  o f  ( 1 . 2 2 ) ,  t o  use  i n  p l a c e  o f  ( 1 . 2 1 )  t h e  augmented 

Lagrang ian  

F o r  t h i s  problem i n  i n f i n i t e  d i m e n s i o n s ,  w e  c o u l d  c o n s i d e r  d i r e c t l y  
a l g o r i t h m s  s i m i l a r  t o  t h o s e  o f  C h a p t e r  I .  I n  p a r t i c u l a r ,  Uzawa's 
a l g o r i t h m  converges  i n  t h i s  case under  t h e  same c o n d i t i o n s  as i n  
Chapter  I ,  S e c t i o n  2 .  

I t  need h a r d l y  be  s a i d  t h a t ,  i n  p r a c t i c e ,  w e  f i r s t  o f  a l l  have  
t o  t r y  t o  f i n d  a d i s c r e t i s e d  v e r s i o n  o f  ( 1 . 2 6 ) ;  t h i s  t a k e s  us  t o  a 
f i n i t e - d i m e n s i o n a l  problem which t h e n  f a l l s  e x a c t l y  w i t h i n  t h e  
framework o f  Chapter  I .  

Remark 1.1: The f a c t  t h a t  w e  can prove  t h e  convergence  o f  t h e  
a l g o r i t h m  i n  i n f i n i t e  d imens ions  allows us  t o  a n t i c i p a t e  t h a t  t h e  
convergence ra te  w i l l  t o  a c e r t a i n  e x t e n t  b e  i n d e p e n d e n t  o f  t h e  
d i s c r e t i s a t i o n  employed. I n  p a r t i c u l a r ,  t h e  f a c t  o f  r e f i n i n g  t h e  
mesh i n  a f i n i t e - e l e m e n t  (or  f i n i t e  d i f f e r e n c e )  approximat ion  o f  
t h e  problem s h o u l d  n o t  i n  i t s e l f  b r i n g  a b o u t  a d r a s t i c  d i m i n u t i o n  
o f  t h e  s p e e d  o f  convergence  o f  t h e  a l g o r i t h m .  A s t u d y  o f  t h e  

c h o i c e  o f  t h e  o p t i m a l  p a r a m e t e r s  h a s  been c a r r i e d  o u t  ( i n  t h e  case 
o f  r = 0 )  f o r  t h e  i n f i n i t e - d i m e n s i o n a l  problem, by CROUZEIX 111. 

2 .  DISCRETISATION OF THE STOKES PROBLEM 

The use  of t h e  methods o f  C h a p t e r  I ,  f o r  t h e  s o l u t i o n  o f  i n -  
c o m p r e s s i b l e  v i s c o u s  f l u i d  f l o w  problems,  f a l l s  n a t u r a l l y  w i t h i n  t h e  
framework o f  f i n i t e - e l e m e n t  methods where t h e  i n c o m p r e s s i b i l i t y  
c o n s t r a i n t  i s  t r e a t e d  by p e n a l i s a t i o n .  These methods have  
r e c e n t l y  e n j o y e d  c o n s i d e r a b l e  p o p u l a r i t y  and t h e  c o r r e s p o n d i n g  

,&R) = { @ I @  E cw(Z), @ has compact s u p p o r t  i n  Cl) 
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t h e o r e t i c a l  developments have enabled  c e r t a i n  of t h e s e  whose 
ope ra t ion  i s  r e l i a b l e  and e f f i c i e n t  t o  be p icked  o u t .  It  i s  d i f f i -  
c u l t ,  w i t h i n  t h e  i n e v i t a b l y  r e s t r i c t e d  scope of t h i s  volume, t o  
quote even a sma l l  p a r t  of t h e  works devoted t o  p e n a l i s a t i o n  
methods, a p p l i e d  t o  t h e  numer ica l  t r ea tmen t  of t h e  Navier-Stokes 
equa t ions ;  w e  s h a l l  t h e r e f o r e  make do wi th  r e f e r r i n g  t o  
BERCOVIER [ 11,  ODEN 111, TAYLOR-ZIENKIEWICZ [ 11, MALKUS-HUGHES [ 1 1  
and t o  t h e  b i b l i o g r a p h i e s  i n  t h e s e  works. 

I n  o r d e r  t o  h i g h l i g h t  c l e a r l y  t h e  u s e f u l n e s s  of t h e  augmented 
Lagrangian method w i t h i n  t h e  f i e l d  of p e n a l i s a t i o n  methods, it i s  
worth r e c a l l i n g  he re  s e v e r a l  r e s u l t s .  This  l e a d s  us  f i r s t l y  t o  
in t roduce  a v e l o c i t y - p r e s s u r e  mixed v a r i a t i o n a l  formula t ion  d i s -  
c r e t i s i n g  (1.23), (1.24), then  t o  i n t r o d u c e  a supplementary pena l -  
i s a t i o n  t e r m  (see GIRAULT-RAVIART [ 11  f o r  va r ious  mixed formula t ions  
of t h e  S tokes  and Navier-Stokes problems) . 

Suppose, t h e n ,  t h a t  i s  a t r i a n g u l a t i o n  of Q ; w e  assoc- 
1 

i a t e  w i th  Ch an approximation Wh Of ( H o ( Q ) ) N  gene ra t ed  by 
conforming o r  nonconforming f i n i t e  e lements  ( f o r  s i m p l i c i t y  w e  
l i m i t  o u r s e l v e s  t o  t h e  case  N = 2 )  ; l i k e w i s e ,  Qh w i l l  be an 
approximation of  L 2  (n ) .  
cond i t ions  f o r  t h e  e lements  of 

Qh.  
I n  t h e  case  of noncon forming  

elements we have i n  g e n e r a l ,  i f  u,, = { u l h , u Z h } ~ l $ ,  - 
( i n  f a c t  - aUih i s  a m e a s u r e ) ;  w e  cannot t h e r e f o r e  u t i l i s e  d i r e c t l y  

t h e  b i l i n e a r  form a ( . , . )  de f ined  i n  (1.19), so w e  “approximate” 
a ( . , . )  by a h ( . , . )  de f ined  by 

It i s  n o t  necessa ry  t o  impose matching 

a x .  
7 

we of course  have 

W e  n e x t  d e f i n e  on Wh a l i n e a r  o p e r a t o r  d i v h ,  of  d i s c r e t e  

d i v e r g e n c e ,  wi th  va lues  i n  Qhn by 
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i n  t h e  fo l lowing  d i s c u s s i o n  we s h a l l  use  t h e  n o t a t i o n  

and w e  approximate t h e  S tokes  problem (1.7)-(1.9) by t h e  problem 

F i n d  - J E V ~  s u c h  t h a t  
(2 .4 )  

( u  % ( s > v h )  = (,f,vh) e h E v h  ; 

problem ( 2 . 4 )  i s  e q u i v a l e n t  t o  t h e  minimisa t ion  problem 

F i n d  -%6vh s u c h  t h a t  

In t roduc ing  t h e  m u l t i p l i e r  ph E Qh t o  impose t h e  approximate 
cond i t ion  of ze ro  d ivergence ,  namely 

t o  t h e  d i s c r e t e  m i x e d  problem 
~ h ' ~ h  = 0 , w e  g e t  down 
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P u t t i n g  qh = 0 ,  w e  o b t a i n  t h e  p e n a l i s a t i o n  problem 

W e  observe  t h a t  t h e  p e n a l t y  term c o n t a i n s  t h e  d i s c r e t e  d ive r -  
gence and n o t  t h e  e x a c t  d ivergence  !'a. The reason 

f o r  t h i s  i s  s imple :  when r i s  l a r g e ,  t h e  s o l u t i o n  of ( 2 . 1 0 )  

approaches t h a t  of t h e  mixed problem ( 2 . 6 ) ,  ( 2 . 7 )  and -r(oh*s) 
converges t o  ph; w e  can t h e r e f o r e  only  o b t a i n  a c o r r e c t  s o l u t i o n  
of t h e  p e n a l i s e d  problem i f  t h e  mixed problem i s  w e l l  posed. It  

i s  w e l l  known t h a t  t h e  approximations Wh and Qh cannot be chosen 
independent ly ;  i n  o r d e r  t o  o b t a i n  a convergent  approximation, t h e  
B a b u s k a - B r e z z i  cond i t ion  must be s a t i s f i e d  ( s e e  BREZZI 111,  
BABUSKA 1 1 1 ,  FORTIN 141,  GIRAULT-RAVIART 111)  which i s  he re  w r i t t e n :  

where t h e  c o n s t a n t  k i s  independent of h. 

W e  s h a l l  n o t  dwel l  he re  on t h e  meaning of t h i s  cond i t ion ,  b u t  
s o l e l y  on i t s  consequences. One of t h e s e  i s  t h a t  i n  g e n e r a l  w e  
cannot d e f i n e  Qh by Qh = I-CW,), even f o r  conforming e lements .  I t  

t h e r e f o r e  fo l lows  t h a t ,  excep t  i n  s p e c i a l  ca ses  f o r  which we r e f e r  
t o  e .g .  MERCIER 111 and GIRAULT-RAVIART 111,  w e  cannot i n  t h e  d i s -  
c r e t i s e d  problem make t h e  d ivergence  vanish  comple te ly ,  hence t h e  
i m p o s s i b i l i t y  of p e n a l i s i n g  wi th  Il*yhlo ; t h i s  f a c t  r a p i d l y  
became appa ren t  t o  u s e r s  of  p e n a l i s a t i o n  methods, and one s o l u t i o n  

2 

which has  been adopted has  been t o  e v a l u a t e  Iv.yhlo 2 - I,Iy.yh/2 dx 

by an  i n e x a c t  q u a d r a t u r e  formula. This  method of  procedure  has  
become known under t h e  name of r e d u c e d  i n t e g r a t i o n ;  b u t  it m u s t  be 
unde r l ined  (see HUGHES-MALKUS C 11, t h a t  t h i s  procedure  i m p l i c i t l y  
d e f i n e s  an  o p e r a t o r  d ivh  and a space  Qh f o r  which 1, phqh dx 

i s  i n  f a c t  e v a l u a t e d  e x a c t l y ,  
used. I n  summary, t h e  p e n a l i s a t i o n  i s  i n d i s s o c i a b l e  from a mixed 
( v e l o c i t y - p r e s s u r e )  method, and mus t  be cons idered  as a s o l u t i o n  
technique  f o r  t h i s  l a t t e r  method, and n o t  a s  an approximation 
t echn ique  i n  i t s e l f .  I n  t h i s  sense t h e  u s e  of augmented Lagrangian 

Yph,qhc Q,, by t h e  quadra tu re  formula 
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methods i s  q u i t e  n a t u r a l  and t h e  techniques  of  Chapter I provide  
some advance on t h e  more usua l  methods, s i n c e  s e v e r a l  i t e r a t i o n s  
a c t u a l l y  enab le  t h e  e r r o r  due t o  t h e  p e n a l i s a t i o n  t o  be e l imina ted .  
We do n o t  t h e r e f o r e  have t o  choose va lues  of r a s  l a r g e  a s  i n  a 
pure p e n a l i s a t i o n  method. This  p o s s i b i l i t y  a l lows  an improvement 
i n  t h e  cond i t ion ing  of t h e  problems i n  
u s e f u l  i f  one i s  unable t o  use double p r e c i s i o n ,  o r  i f  t h e  problem 
i n  u i s  t o  be so lved  by an i t e r a t i v e  method. 

uh , and t h i s  i s  p a r t i c u l a r l y  

-h 

Regarding t h e  numerical  experiments which w e  a r e  about t o  d i s -  
cuss ,  l e t  i t  be s a i d  immediately t h a t  ou r  o b j e c t i v e  he re  i s  t o  
check t h e  e f f i c i e n c y  of t h e  a lgo r i thms  of Chapter I ,  r a t h e r  t han  t o  
o b t a i n  p r e c i s e  s o l u t i o n s  t o  a s p e c i f i c  hydrodynamic problem. W e  

a r e  t h e r e f o r e  s a t i s f i e d  wi th  q u i t e  a coa r se  approximation i n  
which, none the le s s ,  a l l  t h e  d i f f i c u l t i e s  i n h e r e n t  i n  t h e  problem 
i n  ques t ion  a r e  s t i l l  p r e s e n t .  

1 We t h e r e f o r e  use a (nonconforming) approximation of Ho(R), de- 
f i n e d  on a t r i a n g u l a t i o n  of  t h e  open domain n. This  d i s c r e t e  
space  Wh 

ang le  i s  a polynomial of degree  1, and which a r e  cont inuous  a t  t h e  
midpoints of t h e  s i d e s  of t h e  t r i a n g l e s .  Th i s  i s  t h e r e f o r e  a 
space  of nonconforming f i n i t e  e lements  i n  t h e  usua l  s ense  (see 
CIARLET 111 ,  CROUZEIX-RAVIART C11, STRANG-FIX [ l ] ) .  W e  t hus  de- 
f i n e  

i s  made up of  f u n c t i o n s  whose r e s t r i c t i o n  t o  each  tr i-  

(2.12) Vh = {Yh = Iv,h,v2hl I Y h €  Wh , phVh = 01 . 

The d i s c r e t e  o p e r a t o r  Y h  r e p r e s e n t s  d i s c r e t e  d i f f e r e n t i a t i o n  i n  
t h e  sense  of  nonconforming e lements ,  i . e .  r e s t r i c t e d  t o  t h e  in -  
t e r i o r  of each  t r i a n g l e .  

I n  t h i s  ca se  t h e  d i s c r e t e  d ivergence  yh.vh is  c o n s t a n t  ove r  
each t r i a n g l e  and t h e  zero-divergence cond i t ion  is  t h u s  expres sed  
by a l i n e a r  c o n s t r a i n t  a s s o c i a t e d  wi th  each of  t h e  t r i a n g l e s .  
This  be ing  s o  it i s  n a t u r a l  t o  choose f o r  t h e  space  
d i s c r e t e  p r e s s u r e s ,  t h e  space  of f u n c t i o n s  which a r e  c o n s t a n t  on 
each t r i a n g l e  of  

Qh of t h e  

5 .  
I t  i s  shown i n  CROUZEIX-RAVIART C11, t h a t  a p a i r  f_y,,phj, 

t h i s  be ing  a sadd le -po in t  of  t h e  %, def ined  i n  ( 2 . 8 ) ,  is  an 
approximation t o  o r d e r  h (h  be ing  t h e  longes t  s i d e  be longing  t o  
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t h e  t r i a n g l e s  i n  t h e  t r i a n g u l a t i o n )  of t h e  s o l u t i o n  {u ,p}  of t h e  
S tokes  problem. Reca l l  t h a t  p and ph a r e  de f ined  t o  w i t h i n  

an a d d i t i v e  c o n s t a n t .  

I 

Reference may be made t o  THOMASSET 111 f o r  a complete d i scuss ion  
of t h e  implementation of  t h i s  approximation. 

W e  have cons ide red  i n  our  experiments a model problem, namely 
t h e  (two-dimensional)  f low between two non-concent r ic  c y l i n d e r s ,  
t h e  i n n e r  c y l i n d e r  be ing  f i x e d  and t h e  o u t e r  c y l i n d e r  r o t a t i n g  wi th  
a uniform angu la r  v e l o c i t y  W .  I n  d e t a i l ,  w e  have taken  f o r  
t h e  r eg ion  of lR2 whose boundar ies  a r e  

C1: c i r c l e  of r a d i u s  5 and c e n t r e  

C 2 :  c i r c l e  of  r a d i u s  2 and  c e n t r e  (1,O). 

( O , O ) ,  

I ( 2 . 1 3 )  

The d i s c r e t i s a t i o n  employed used 1 2 6  t r i a n g l e s ,  t h e  number of i n -  
t e r i o r  midpoin ts  be ing  1 7 2 .  For each midpoint we have t o  d e t e r -  
mine t h e  components u1 and u2 of t h e  flow v e l o c i t y ,  and f o r  
each t r i a n g l e  t h e  va lue  of t h e  p r e s s u r e .  

Our d i s c r e t e  problem i s  t h e r e f o r e  a q u a d r a t i c  programming prob- 
l e m  w i th  3 4 4  v a r i a b l e s ,  r e l a t e d  by 1 2 6  l i n e a r  c o n s t r a i n t s  (of 
which 1 2 5  a r e  l i n e a r l y  independen t ) .  Looking back a t  t h e  not- 
a t i o n  of Chapter  I ,  t h e  ma t r i ces  correspond (save  
p o s s i b l y  f o r  a s i g n )  r e s p e c t i v e l y  t o  t h e  Laplac ian ,  t o  t h e  d ive r -  
gence and t o  t h e  d i s c r e t e  g r a d i e n t .  

A ,  B and Bt 

T o  i l l u s t r a t e  t h e  concepts ,  w e  have d i sp layed  on Figure  2 . 1  t h e  

domain and t h e  t r i a n g u l a t i o n  used ,  and on Figure  2 . 2  t h e  stream- 
l i n e s  of t h e  s o l u t i o n  yh ob ta ined .  

3 .  ALGORITHMS AND DISCUSSION OF RESULTS 

3 . 1  E x p l i c i t  formula t ion  of t h e  a lgo r i thms  

W e  s h a l l  now, f o r  t h e  case  of t h e  S tokes  problem, g ive  an ex- 
p l i c i t  d e s c r i p t i o n  of  t h e  a lgo r i thms  of  Chapter  I ;  w e  w i l l  then  
be i n  a p o s i t i o n ,  by i n s p e c t i n g  t h e  numerical  r e s u l t s  ob ta ined ,  t o  
compare t h e i r  e f f i c i e n c y  and t h e i r  ease of implementation. W e  

have of cour se  used i n  ou r  exper iments  t h e  augmented Lagrangian 
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Figure 2.1 

Triangulation of Ci 
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Figure 2.2 

Streamlines 
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The s imples t  a lgo r i thm f o r  t h e  s o l u t i o n  of our  problem i s  
Uzawa's a lgo r i thm of Chapter I ,  Sec t ion  2 ,  which w e  w r i t e  he re  a s :  

( 3 . 2 )  p: s p e c i f i e d  a r b i t r a r i l y ;  
n w i t h  p t  known, c a l c u l a t e  a s o l u t i o n  uh o f  

n+ 1 t h e n  ph by 

n+ 1 
( 3 . 4 )  Ph = Pi - PYh.-"h". 

W e  have a l s o  used t h e  v a r i a b l e  s t e p l e n g t h  methods of Chapter I ,  

Sec t ion  3 and t h e  conjugate-gradien t  method. We s h a l l  now b r i e f l y  
review t h e  ope ra t ion  of t h e s e  a lgor i thms by going through them i n  
t h e  p a r t i c u l a r  ca se  of t h e  Lagrangian ( 3 . 1 ) .  W e  p r e s e n t  w i t h i n  a 

s i n g l e  a lgor i thm t h e  v a r i a b l e - s t e p  g r a d i e n t  methods and t h e  
c o n j u g a t e - g r a d i e n t  method which d i f f e r  only through t h e  choice  of 
t h e  descent  d i r e c t i o n .  Thus suppose w e  have : 

( 3 . 5 )  pz s p e c i f i e d  a r b i t r a r i l y ;  

and uo i s  s a t i s f y i n g  - h  

On i t e r a t i o n  n, c a l c u l a t e  t h e  d e s c e n t  d i r e c t i o n  by 

( 3 . 7 )  wn = Oh.$ 

i n  t h e  methods of s t e e p e s t  d e s c e n t  and of minimum r e s i d u a l .  

I n  t h e  c o n j u g a t e - g r a d i e n t  me thod ,  we p r o c e e d  a s  f o l l o w s :  

( 3 . 8 )  wo = xh*$ i f  n=O, 
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Knowing now t h e  d i r e c t i o n  wn, s o l v e  i n  Wh t h e  p r o b l e m  

I n  t h e  minimum r e s i d u a Z  m e t h o d ,  r e p l a c e  (3.12) b y  

W e  may recol lect  t h a t  t h e  p u r p o s e  o f  i n t r o d u c i n g  t h e  i n t e r m e d i a t e  
v e c t o r  
s o l v e d  a t  each  i t e r a t i o n  f o r  t h e  c a l c u l a t i o n  of uh ,pn ,ph  . 
T h i s  method of p r o c e d u r e  s l i g h t l y  i n c r e a s e s  t h e  memory r e q u i r e m e n t s ,  
b u t  t h i s  i n c r e a s e  would o n l y  become a l i m i t i n g  f a c t o r  f o r  v e r y  
l a r g e  sys tems and h a r d l y  ever p o s e s  a problem w i t h  modern computers .  

n .  zh  i s  s o  t h a t  o n l y  a s i n g l e  l i n e a r  s y s t e m  needs  t o  be  
n n+ 1 

F i n a l l y  w e  have c o n s i d e r e d  t h e  a l g o r i t h m s  of Chapter  I ,  S e c t i o n  4 .  

I n  a g e n e r a l  way t h e s e  can  be w r i t t e n ,  i n  t h e  case of t h e  S t o k e s  
problem, i n  t h e  f o r m  

The a u x i l i a r y  o p e r a t o r  Srh must be  p o s i t i v e  d e f i n i t e .  W e  have of 
c o u r s e  c o n s i d e r e d  t h e  c a n o n i c a l  c h o i c e  
S e c t i o n  4 . 2 ,  i n  which case (3 .15)  can  b e  w r i t t e n  i n  t h e  f o r m  

(Sr = A r )  of Chapter  I ,  
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which i s  very  s i m i l a r  t o  ( 3 . 3 ) .  The use of t h i s  a lgo r i thm 

r e q u i r e s  t h e  s o l u t i o n  of a l i n e a r  system a t  each i t e r a t i o n .  

'h ' 

t hus  

W e  have,  however ,a l so  used ano the r  cho ice  of Srh,  i n  which t h i s  

ma t r ix  i s  n o t  g iven  e x p l i c i t l y .  The i d e a  c o n s i s t s  of s o l v i n g  
(3 .3)  by a symmetric s u c c e s s i v e  o v e r r e l a x a t i o n  method (SSOR), 
c a r r y i n g  o u t ,  a t  each  i t e r a t i o n  of t h e  Uzawa a lgo r i thm,  only  one 
double pass  ( forward  and back) i n  t h e  o v e r r e l a x a t i o n  method. I t  

can e a s i l y  be  shown t h a t  t h i s  procedure  i s  e q u i v a l e n t  t o  (3 .15)  
f o r  an a u x i l i a r y  o p e r a t o r  Srh which can be c o n s t r u c t e d  e x p l i c i t l y  
i f  necessary  (see AXELSSON 111,  1 2 1 ) .  Any o t h e r  i t e r a t i v e  method 
could  s i m i l a r l y  be used f o r  t h e  s o l u t i o n  of  (3 .3 )  and an expres s ion  

of t h e  form (3.15) could  be ob ta ined  ( i m p l i c i t l y )  by t a k i n g  j u s t  a 
s i n g l e  i t e r a t i o n  a t  each s t a g e  of t h e  Uzawa method. The a u x i l i a r y  
o p e r a t o r  t hus  in t roduced  i s  n o t  i n  g e n e r a l  symmetric; t h i s  i s  t h e  
c a s e ,  i n  p a r t i c u l a r ,  f o r  t h e  usua l  o v e r r e l a x a t i o n  method ( S O R ) .  

I t  would be p o s s i b l e  t o  env i sage  a complete fami ly  of i n t e r m e d i a t e  
a lgor i thms by c a r r y i n g  o u t  a t  each  s t e p  a f i x e d  number of  i t e r a t i o n s  
f o r  t h e  s o l u t i o n  of ( 3 . 3 ) .  However, a s  w e  s h a l l  see from t h e  
exper imenta l  r e s u l t s ,  t h e  op t ima l  number of i t e r a t i o n s  seems t o  be 
one ( o r  a t  any rate s m a l l ) .  Another procedure  might be t o  s o l v e  
(3 .3)  wi th  an accuracy  which is low i n  t h e  i n i t i a l  s t e p s  and 
which becomes h ighe r  and h i g h e r  a s  w e  approach t h e  s o l u t i o n .  Supp- 

lementary d e t a i l s  and p roof s  of convergence f o r  such t echn iques  can 
be found i n  BERTSEKAS 121 and KORT-BERTSEKAS C11. W e  have ret-  
a ined  t h e  l i m i t a t i o n  on t h e  number of i t e r a t i o n s  because of i t s  
s i m p l i c i t y  of implementation and frcm t h e  f a c t  t h a t  i t  l e a d s  t o  
a lgo r i thms  of t h e  Arrow-Hurwicz type  s t u d i e d  i n  Chapter I ,  Sec t ion  
4.3. 

3.2 R e s u l t s  and Discuss ion  

3.2.1 F i x e d - s t e p  U Z A W A  A l g o r i t h m s  

The implementation of t h i s  t y p e  of a lgo r i thm is  very s imple ,  and 
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MAXIMUM VALUES OF I E ~ .  AFTER 'In" ITERATIONS 

,+- 

n=15 1 
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I 

/ Y 9.6 10 1 

F i g u r e  3 . 1  
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Figure 3.2 

optimal p , theoretical and experimental, as a function of r 

- theoretical 

+ experimental 
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t he  e s s e n t i a l  d i f f i c u l t y  a s  r ega rds  a lgo r i thm ( 3 . 2 ) - ( 3 . 4 )  i s  t o  
determine t h e  opt imal  parameter .  To i l l u s t r a t e  t h e  importance of 
t h i s  cho ice ,  F igu re  3 .1  shows, a s  a f u n c t i o n  of  p ,  t h e  accuracy 
obta ined  i n  r e s p e c t  of t h e  c o n s t r a i n t  
i t e r a t i o n s .  W e  a c t u a l l y  show t h e  loga r i thm ( t o  base  10) of t h e  
maximum, ove r  t h e  t r i a n g l e s ,  of t h e  a b s o l u t e  va lue  of t h e  d i s c r e t e  
divergence (which i s  he re  c o n s t a n t  ove r  each t r i a n g l e ) .  The 
value of r used h e r e  i s  equa l  t o  6 ,  though s i m i l a r  curves  would 
be ob ta ined  f o r  any o t h e r  va lue  of r .  A s  w e  might expec t  from 
the  r e s u l t s  of  Chapter I ,  a very " sha rp"  op t ima l  va lue  i s  obta ined .  
The a p r i o r i  de t e rmina t ion  of t h i s  op t ima l  va lue  r e q u i r e s  know- 
ledge of t h e  s m a l l e s t  and l a r g e s t  e i g e n v a Z u e s  of Ai lB tB .  I t  

would be p o s s i b l e  t o  de te rmine  t h e s e  va lues  by t h e  power method. 
We have a c t u a l l y  e s t ima ted  t h e s e  va lues  by c a r r y i n g  o u t ,  w i th  
r = 0 ,  one pass  of t h e  a lgo r i thm f o r  a sma l l  va lue  of  p (hence 
sma l l e r  t han  t h e  opt imal  p ) ,  then  f o r  a va lue  very  c l o s e  t o  t h e  
l i m i t  va lue .  Then knowing t h e  r e l a t i o n  l i n k i n g  AM and A m  t o  
t h e  convergence r a t e  and having been a b l e  t o  o b t a i n  an e s t i m a t e  of 
t h e  l a t t e r ,  we can thus  c a l c u l a t e  t h e  d e s i r e d  e igenva lues .  I n  our  
case  t h e s e  va lues  a r e  

Yh-luh = 0 , a f t e r  n 

(3.19) AM = 2 , Am = .07425 . 

The va lue  AM = 2 co inc ides  wi th  a t h e o r e t i c a l  bound, which can be 
obta ined  through an energy i n e q u a l i t y  ( l ~ h * ~ h l o  2 % 2 (Ivh((, 2 ) 
i n  t h e  d i s c r e t e  spaces  used. 

W e  have t h u s  been a b l e  t o  confirm expe r imen ta l ly  t h e  agreement 
between t h e  observed opt imal  p va lues  and t h e  t h e o r e t i c a l  va lues  
given by formula ( 2 . 4 8 )  o f  Chapter I .  Figure  3 . 2  p r e s e n t s  t h e  
r e s u l t s  of t h i s  comparison; t h i s  shows a p e r f e c t  agreement between 
t h e  p r e d i c t e d  va lue  and t h e  experiment.  I n  p r a c t i c e  it i s  o f t e n  
p o s s i b l e ,  a s  i s  t h e  case  h e r e ,  t o  o b t a i n  an a p r i o r i  e s t i m a t e  
f o r  t h e  l a r g e s t  e igenvalue .  I n  c o n t r a s t  t h e  de t e rmina t ion  of A m  

i s  c o s t l y  and, i n  f a c t ,  i f  one employs a technique  analogous t o  
t h a t  which w e  have used ,  r e q u i r e s  t h e  s o l u t i o n  of t h e  S tokes  pro- 
blem. Th i s  c a l c u l a t i o n  only  becomes p r o f i t a b l e  i f  c a l c u l a t i o n s  
wi th  t h e  same d i s c r e t i s a t i o n  (and t h e r e f o r e  wi th  t h e  same ma t r i ces )  
have t o  be c a r r i e d  ou t  many t i m e s .  An approximate r u l e  might be: 

F o r  r l a r g e  t a k e  p slightly l a r g e r  than r .  
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r I 2  3 5 

n 42 28 22 I 9  

W e  n o t e  t h a t  from ( 3 . 1 9 ) ,  t h e  c o n d i t i o n  number o f  t h e  d u a l  problem 
i s  h e r e  o f  t h e  o r d e r  o f  2 1 .  W e  t h u s  have  h e r e  a r e l a t i v e l y  w e l l  
c o n d i t i o n e d  problem. W e  have s e e n  f u r t h e r m o r e ,  i n  Chapter  I ,  t h a t  
t h e  c o n d i t i o n i n g  improves as r i n c r e a s e s ,  a n  improvement which 
ought  normal ly  t o  show i t s e l f  t h r o u g h  a n  a c c e l e r a t i o n  o f  t h e  conver -  
gence of  t h e  a l g o r i t h m .  I n  T a b l e  3 . 1  w e  show t h e  number of  i t e r -  
a t i o n s  o f  a l g o r i t h m  ( 3 . 2 ) - ( 3 . 4 )  which w e r e  n e c e s s a r y  ( w i t h  t h e  
o p t i m a l  p )  t o  o b t a i n  5 on e v e r y  t r i a n g l e .  T h i s  
p o s i t i v e l y  e s t a b l i s h e s  t h a t  t h e  s i t u a t i o n  improves r a p i d l y  as r 
i n c r e a s e s .  

10 30 

10 6 

T a b l e  3 . 1  

Consequent ly ,  i f  ( 3 . 3 )  i s  s o l v e d  by a d i r e c t  method, Ar b e i n g  f o r  
example f a c t o r i s e d  once and f o r  a l l ,  it s e e m s  c l e a r  t h a t  t h e  o p t i m a l  
s t r a t e g y  c o n s i s t s  of  t a k i n g  r as l a r g e  as p o s s i b l e ,  as l o n g  as w e  
m a i n t a i n  good a c c u r a c y  i n  t h e  f a c t o r i s a t i o n .  For  a problem o f  t h e  
s i z e  o f  o u r  model problem, v a l u e s  of r 
a p p e a r  q u i t e  r e a s o n a b l e  i f  t h e  c a l c u l a t i o n s  are per formed i n  d o u b l e  
p r e c i s i o n .  The number of  i t e r a t i o n s  is t h e n  o f  t h e  o r d e r  of 2 or 
3 ,  depending  on t h e  a c c u r a c y  d e s i r e d .  F o r  f u r t h e r  examples ,  
r e f e r e n c e  may b e  made t o  t h e  a r t i c l e  by SEGAL 111.  F o r  l a r g e r  
problems,  i n  p a r t i c u l a r  i n  t h r e e  d i m e n s i o n s ,  i t  i s  p r o b a b l e  t h a t  f o r  
l a r g e  r t h e  i l l - c o n d i t i o n i n g  o f  Ar would be  a g r e a t e r  c o n s t r a i n t ,  

o f  t h e  o r d e r  o f  lo4 s t i l l  

3 . 2 . 2  Effect of the incomplete solution of ( 3 . 3 )  

W e  have s p e c i f i c a l l y  c o n s i d e r e d  t h e  case where problem ( 3 . 3 )  i s  
s o l v e d  by a n  iterative method, i n  t h i s  case i n  t h e  s h a p e  o f  a n  
overrelaxation method. S i n c e  it seems p o i n t l e s s ,  a p r i o r i ,  t o  
c a r r y  o u t  t h e  s o l u t i o n  f u l l y  and c o m p l e t e l y  i n  t h e  i n i t i a l  s t a g e s ,  
it i s  n a t u r a l  t o  l i m i t  t h e  number o f  o v e r r e l a x a t i o n  i t e r a t i o n s  t o  a 
v a l u e  which may be  q u i t e  s m a l l .  I n  o u r  model problem, t h e  d e t e r -  
m i n a t i o n  of  u i n  t h e  i n i t i a l  s t e p s  r e q u i r e d  a p p r o x i m a t e l y  50 
i t e r a t i o n s .  F i g u r e  3 . 3  shows t h e  number o f  i t e r a t i o n s  o f  

n 
-h  
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Figure  3 . 3  
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Figure 3 . 4  
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n -7 
( 3 . 2 ) - ( 3 . 4 )  which w e r e  r e q u i r e d  t o  o b t a i n  I._Oh-uhl 210 on every  
t r i a n g l e ,  a s  a func t ion  of  t h e  number m of o v e r r e l a x a t i o n  
i t e r a t i o n s  allowed f o r  t h e  s o l u t i o n  of ( 3 . 3 ) .  I t  shows t h a t  f o r  
m 2 10 t h e  method undergoes p r a c t i c a l l y  no f u r t h e r  change, t h e  
poor s o l u t i o n  of ( 3 . 3 )  i n  t h e  i n i t i a l  s t e p s  having very  l i t t l e  
e f f e c t  on t h e  o v e r a l l  p rocess .  For m < 10, however, t h e  
convergence of  t h e  a lgo r i thm i s  cons ide rab ly  r e t a r d e d .  

F igure  3 . 4  shows t h e  v a r i a t i o n  of t h e  ( expe r imen ta l )  op t imal  
va lue  of p a s  a f u n c t i o n  of m. This  demonst ra tes  t h a t  p ought 
t o  d iminish  i f  m i s  sma l l  ( i n  our  case  i f  m < 10) .  On t h e  o t h e r  
hand, w e  o b t a i n  a very  d i f f e r e n t  p i c t u r e  i f  w e  t r y  t o  v i s u a l i z e  t h e  
e f f e c t  of m on t h e  t o t a l  number of i t e r a t i o n s  necessa ry  f o r  
convergence. To i l l u s t r a t e  t h i s  f a c t ,  F igu re  3 . 5  shows a s  a 
func t ion  of m t h e  cumula t ive  number of o v e r r e l a x a t i o n  i t e r a t i o n s  
necessary  t o  achieve  convergence, t h i s  number be ing  t o  a f i r s t  
approximation p r o p o r t i o n a l  t o  t h e  computation t i m e .  Th i s  f i g u r e  
shows t h a t  t h i s  cumulative number dec reases  a lmost  l i n e a r l y  wi th  m.  
I n  t h e  case  where ( 3 . 3 )  i s  so lved  by an i t e r a t i v e  method, it t h u s  
seems t h a t  a good s t r a t e g y  is  t o  c a r r y  o u t  on ly  one o r  two passes  a t  
each s t a g e .  Th i s  obse rva t ion  may be impor tan t  i n  t h e  c a s e s  where 
t h e  sub-problems a r e  no longe r  q u a d r a t i c .  The problems of t h e  
choice  of r and of p a r e  i n  t h i s  ca se  open q u e s t i o n s  and may be 
compared wi th  t h e  problem of  t h e  cho ice  of parameters  i n  t h e  
Arrow-Hurwicz a lgor i thm.  I n  p a r t i c u l a r ,  t h e r e  c e r t a i n l y  e x i s t s  an 
opt imal  va lue  f o r  r ,  because f o r  r l a r g e  t h e  c o n d i t i o n  number of 

Ar i n c r e a s e s  p r o h i b i t i v e l y ,  caus ing  a d e t e r i o r a t i o n  i n  t h e  conver- 
gence of t h e  i n t e r n a l  i t e r a t i v e  method. 

3 . 2 . 3  V a r i a b l e  s t e p l e n g t h  and  c o n j u g a t e - g r a d i e n t  m e t h o d s  

These methods have proved t o  be ex t remely  e f f i c i e n t  f o r  our  model 
problem; t h i s  i s  p a r t i c u l a r l y  t r u e  of  t h e  con juga te -g rad ien t  method, 
t h e  implementation of  which i s  no more d i f f i c u l t  t han  t h a t  of t h e  
methods of s t e e p e s t  descen t  o r  of minimum r e s i d u a l .  The p r i n c i p a l  
advantage of t h i s  type  of technique  l ies  of course  i n  i t s  a b i l i t y  
t o  be used a s  a "b lack  box" wi th  no need f o r  u s e r - i n t e r v e n t i o n  f o r  
t h e  choice  of parameters ,  and wi thou t  t h i s  cho ice  be ing  l i n k e d  t o  t h e  
s o l u t i o n  of a s p e c t r a l  problem. 
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T o  i l l u s t r a t e  t h e  i d e a s  and t o  make c learer  t h e  comparison b e t -  
ween t h e  v a r i o u s  methods,  w e  p r e s e n t  i n  F i g u r e  3.6 t h e  d e c r e a s e  o f  
t h e  maximum v a l u e  o f  
t h e  number o f  i t e r a t i o n s .  S i n c e  t h e  scale  i s  l o g a r i t h m i c ,  t h e  
s l o p e  c o r r e s p o n d s  t o  t h e  c o n v e r g e n c e  r a t e  of a f i r s t - o r d e r  m e t h o d .  

lo,.g:I o v e r  t h e  t r i a n g l e s  as a f u n c t i o n  of 

A s  might  be  e x p e c t e d ,  t h e  c o n j u g a t e - g r a d i e n t  method, which i s  o f  

second o r d e r ,  a p p e a r s  as t h e  m o s t  e f f i c i e n t  t e c h n i q u e .  I t  r e q u i r e s ,  
however, t h e  e x a c t  s o l u t i o n  of  problem ( 3 . 1 1 ) ,  and t h i s  makes it 
p a r t i c u l a r l y  a t t r a c t i v e  i n  cases where t h e  s o l u t i o n  i s  accomplished 
by a d i r e c t  method. 

A s  r e g a r d s  t h e  o t h e r  a l g o r i t h m s ,  t h e  convergence  of t h e  v a r i a b l e -  

s t e p l e n g t h  g r a d i e n t  methods i s  b e t t e r  t h a n  t h a t  o f  t h e  method w i t h  
p f i x e d ,  f o r  t h e  o p t i m a l  c h o i c e  of t h e  p a r a m e t e r .  T h i s  i s  ex- 
p l a i n e d  by t h e  f a c t  t h a t  i n  o u r  tests t h e  
a l i m i t  c y c l e  between two p a r a m e t e r s  s i t u a t e d  e i t h e r  s i d e  o f  t h e  
o p t i m a l  p .  I n  t h e  l i m i t  w e  t h u s  have a c y c l i c  v a r i a t i o n  o f  
a s t r a t e g y  which h a s  a l r e a d y  been s u g g e s t e d  i n  C R O U Z E I X  C11, t h e  
c y c l e  b e i n g  d e t e r m i n e d  a u t o m a t i c a l l y  by t h e  a l g o r i t h m .  A s  might  

have been  a n t i c i p a t e d ,  t h e  s t e e p e s t  d e s c e n t  method is  s u p e r i o r  t o  
t h e  minimum r e s i d u a l  method, t h e  l a t t e r  b e i n g  more s e n s i t i v e  t o  t h e  

c o n d i t i o n  number. 

p n  v a l u e s  s e t t l e  down t o  

'n r  

3 . 2 .  4 A l a o r i t h m  w i t h  r e l a x a t i o n  o a r a m e t s r  

F i g u r e  3.6 shows a l s o  t h e  convergence  of t h e  a l g o r i t h m  (3 .15) -  
( 3 . 1 8 ) ,  which w a s  deduced from Uzawa's a l g o r i t h m  t h r o u g h  t h e  i n t r o -  
d u c t i o n  o f  a r e l a x a t i o n  p a r a m e t e r .  The o p t i m a l  p a r a m e t e r s  have 
been e s t i m a t e d  u s i n g  f o r m u l a s  ( 4 . 2 2 ) ,  ( 4 . 2 3 ) o f  C h a p t e r  I .  T h i s  
f i g u r e  shows t h a t  t h e  i n t r o d u c t i o n  of t h e  p a r a m e t e r  w a c c e l e r a t e s  
t h e  convergence  a p p r e c i a b l y ,  and t h i s  i s  f o r  a d u a l  problem which i s  
q u i t e  w e l l  condi . t ioned .  The a c c e l e r a t i o n  e f f e c t  s h o u l d  b e  f e l t  
s t i l l  more when t h e  c o n d i t i o n i n g  i s  worse .  I n  o u r  model problem, 
t h i s  method i s  comparable  t o  t h e  v a r i a b l e - s t e p l e n g t h  g r a d i e n t  
a l g o r i t h m s .  W e  have a l r e a d y  n o t e d  i n  C h a p t e r  I t h a t  i n  t h e  c a s e  o f  
v a r i a b l e  p a r a m e t e r s ,  t h i s  method encompasses t h e  c o n j u g a t e - g r a d i e n t  
method. Consequent ly ,  s i n c e  the d e t e r m i n a t i o n  of t h e  o p t i m a l  
p a r a m e t e r s  r e q u i r e s  t h e  s o l u t i o n  o f  a s p e c t r a l  problem, t h i s  
a l g o r i t h m  o f f e r s  l i t t l e  a t t r a c t i o n  i n  t h e  case o f  o u r  model problem. 
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I ts  a t t r a c t i o n  would be more obvious i n  t h e  c a s e  of t h e  non l inea r  
Navier-Stokes equa t ions .  

3 . 2 . 5  A l g o r i t h m s  of A r r o w - H u r w i c z  t g p e  

A s  w e  have a l r eady  mentioned i n  Sec t ion  3 .1 ,  i f  w e  c a r r y  ou t  t h e  
s o l u t i o n  of  ( 3 . 3 )  by a symmetric o v e r r e l a x a t i o n  ( S S O R )  method, w e  
a r e  a c t u a l l y  us ing  an a lgo r i thm of t h e  type  ( 3 . 1 5 ) - ( 3 . 1 6 ) .  This  
a lgor i thm has  t h e  advantage,  compared wi th  t h e  preceding  ones ,  of no t  
r e q u i r i n g  t h e  s o l u t i o n  of  a l i n e a r  system a t  each  i t e r a t i o n ,  t h e  
c a l c u l a t i o n  be ing  e n t i r e l y  e x p l i c i t ,  and consequent ly  r a p i d .  The 
e s s e n t i a l  problem he re  of  course  i s  t o  de te rmine  t h e  opt imal  para- 
meters w and p , which minimise t h e  number of i t e r a t i o n s  requi -  
red  t o  r each  a s p e c i f i e d  l e v e l  of accuracy .  S ince  we a r e  n o t  i n  a 
p o s i t i o n  t o  g ive  a t h e o r e t i c a l  a n a l y s i s  of t h i s  q u e s t i o n ,  we i n s t e a d  
p resen t  he re  some exper imenta l  r e s u l t s ,  which, we hope, w i l l  a l low 
t h e  r e a d e r  t o  o b t a i n  an i n t u i t i v e  view of  t h e  behaviour of t h e  algo- 
ri thm. 

* * 

F i r s t  w e  r e c a l l  t h e  r e s u l t s  of Chapter I ,  Sec t ion  4 . 3 ,  where w e  
po in t ed  o u t  t h e  analogy between t h i s  a lgo r i thm and a wave equa t ion  
wi th  damping p r e s e n t .  I n  t h i s  analogy w has  t h e  appearance of 
a damping c o e f f i c i e n t  and p w  of t h e  squa re  of  a propagat ion  speed. 
I n t u i t i v e l y  w e  can t h e r e f o r e  e x p e c t ,  f o r  a s p e c i f i e d  va lue  of p ,  an 
under-damping phenomenon f o r  t h e  sma l l  va lues  of w ,  and an over- 
damping beyond some c r i t i c a l  va lue  which w i l l  be a func t ion  
( p r e s e n t l y  unknown) of  t h e  e igenva lues  of t h e  va r ious  o p e r a t o r s  
which occur  i n  t h e  a lgor i thm.  

Such a phenomenon can i n  f a c t  be v e r i f i e d ;  f o r  r = 0 t h e  
c r i t i c a l  va lue  appears  t o  be w = 1. This  t h r e s h o l d  seems t o  in -  
c r ease  f o r  l a r g e r  v a l u e s  of  r. For r = 6 ,  f o r  example, a t r a n -  
s i t o r y  phase of under-damping was observed f o r  w = 1.1. 
Unfor tuna te ly  it i s  n o t  p o s s i b l e  t o  e s t i m a t e  t h e  opt imal  va lue  of 
w by making use of t h e  c r i t i c a l  damping va lue .  I n  a c t u a l  f a c t  
t h i s  va lue  may w e l l  be d i f f e r e n t  f o r  each  of t h e  "components" of 
t h e  s o l u t i o n .  

The main expe r imen ta l  f i n d i n g s  a r e  a s  fo l lows:  

- The op t ima l  speed  of convergence i s  a lmost  t h e  s a m e  f o r  r = 0 and 
r = 1 and subsequent ly  d iminishes  r a p i d l y  a s  r i n c r e a s e s  because 
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of  t h e  i l l - c o n d i t i o n i n g  of  Ar.  

- For  a g i v e n  v a l u e  o f  w ,  t h e  o p t i m a l  v a l u e  o f  p obeys ( t o  a 

f i r s t  a p p r o x i m a t i o n )  t h e  l a w  

P opt = 2 r + l .  

T h i s  e s t i m a t e  s l i g h t l y  u n d e r e s t i m a t e s  t h e  e x p e r i m e n t a l  v a l u e ,  b u t  
t h e  s p e e d  o f  convergence  i s  n o t  v e r y  s e n s i t i v e  t o  such  an 
u n d e r e s t i m a t e  . 

- The c h o i c e  o f  w i s  more d i f f i c u l t .  I t  i s  n e c e s s a r y  t o  "under -  
r e l a x "  f o r  r l a r g e .  T o  i n d i c a t e  t h e  t r e n d s ,  T a b l e  3 . 2  

summarises a few e x p e r i m e n t a l  v a l u e s .  

1.06 

T a b l e  3 . 2  

I n  summary, t h e  b e n e f i t  o f  t h e  augmented Lagrangian  i s  by n o  
means a p p a r e n t  f o r  s u c h  an a l g o r i t h m :  t h e  o p t i m a l  v a l u e  o f  r i s ,  
i f  n o t  p r e c i s e l y  0 ,  a t  l ea s t  i n  t h e  neighbourhood of 0 .  By 
c o n t r a s t ,  t h e  c o m p u t a t i o n a l  e f f o r t  i s  c o m p e t i t i v e  w i t h  t h e  p r e c e d i n g  
methods i n  which e v e r y  i t e r a t i o n  r e q u i r e s  t h e  s o l u t i o n  o f  a l i n e a r  
sys tem.  The problem o f  t h e  o p t i m a l  c h o i c e  o f  t h e  p a r a m e t e r s ,  o r  o f  
an au tomat i c  c h o i c e  s i m i l a r  t o  t h a t  made i n  t h e  method o f  s t e e p e s t  
d e s c e n t ,  m e r i t s  f u r t h e r  s t u d y  i n  s p i t e  of t h e  d i f f i c u l t y  o f  t h e  
q u e s t  i o n .  

3 .  2 .  6 C o n c l u s i o n s  

The methods b a s e d  on t h e  u s e  o f  t h e  augmented Lagrangian  are 
a p p a r e n t l y  v e r y  e f f i c i e n t  f o r  s o l v i n g  q u a d r a t i c  problems w i t h  l i n e a r  
c o n s t r a i n t s ,  and i t  i s  c lear  t h a t  t h i s  e f f i c i e n c y  carries across t o  
a more g e n e r a l  s e t t i n g .  O f  a l l  t h e  a l g o r i t h m s  t e s t e d ,  t h e  most 
a t t r a c t i v e  a r e  t h o s e  i n  which t h e  p a r a m e t e r s  are chosen a u t o -  
m a t i c a l l y ;  t h i s  a p p l i e s  p a r t i c u l a r l y  f o r  t h e  c o n j u g a t e - g r a d i e n t  
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a l g o r i t h m  i n  a s s o c i a t i o n  w i t h  a d i r e c t  method f o r  t h e  s o l u t i o n  of  

t h e  l i n e a r  sub-problems.  

The methods of  Arrow-Hurwicz t y p e  d e s e r v e  a more thorough s t u d y  
a s  r e g a r d s  t h e  c h o i c e  o f  p a r a m e t e r s .  They c o u l d  prove  t o  be  e x c e l -  
l e n t  f o r  c a s e s  i n  which t h e  sub-problems are n o n l i n e a r .  W e  t h u s  
have h e r e  a n  open problem, d i f f i c u l t  m o s t  c e r t a i n l y ,  b u t  o f  g r e a t  
p r a c t i c a l  i n t e r e s t .  

Regard ing ,  more e s p e c i a l l y ,  t h e  S t o k e s  problem, t h e  r e s u l t s  ob- 
t a i n e d  show t h a t  t h e  augmented Lagrangian  approach  allows us  t o  
r e d u c e  t h e  problem t o  s o l v i n g  s e v e r a l  problems o f  l i n e a r - e l a s t i c i t y  

t y p e  ( 3  or  4 f o r  r s u f f i c i e n t l y  l a r g e ) ,  which can  themselves  be  
s o l v e d  u s i n g  a f a c t o r i s a t i o n  c a r r i e d  o u t  once  and f o r  a l l .  W e  
b e l i e v e  t h a t  t h i s  method of  p r o c e d u r e  may prove  t o  b e  less c o s t l y  
t h a n  c u r r e n t l y - u s e d  methods which c o n s i s t  of  d i r e c t l y  s o l v i n g  by 
f a c t o r i s a t i o n  t h e  g l o b a l  l i n e a r  s y s t e m  i n  { u , p } .  I n  t h i s  c a s e  
t h e  sys tems b e i n g  d e a l t  w i t h  a r e  a c t u a l l y  l a r g e r  i n  s i z e ,  as w e l l  as  
b e i n g  s i n g u l a r ,  and t h e i r  bandwidth i s  c o n s i d e r a b l y  l a r g e r .  W e  can  
t h e r e f o r e  e x p e c t  t h a t  f o r  l a r g e  problems t h e  augmented Lagrangian  
method w i l l  be  f a s t e r  and less s e n s i t i v e  t o  rounding  e r r o r s .  I n  
c o n c l u s i o n ,  w e  remark t h a t  t h e  method h a s  a l s o  been used  f o r  
problems which a r e  ana logous  t o  t h e  S t o k e s  problem b u t  which a r i s e  
from t h e  f i e l d  o f  s o i l  mechanics ,  by M .  SOULIE Ill. 

4 .  =VIER-STOKES EQUATIONS, STEADY-STATE NONLINEAR CASE 

4 . 1  S t a t e m e n t  o f  t h e  problem 

W e  now c o n s i d e r  t h e  case o f  t h e  n o n l i n e a r  Navier‘Stokes 
e q u a t i o n s ;  t h e s e  d e s c r i b e  numerous problems o f  g r e a t  p r a c t i c a l  i m -  
p o r t a n c e .  J u s t  as i n  t h e  p r e c e d i n g  s e c t i o n s ,  w e  c o n s i d e r  f o r  simp- 
l i c i t y  t h e  case of  a f l o w  w i t h  homogeneous boundary c o n d i t i o n s  i n  a 
domain 
With t h e  n o t a t i o n  used  e a r l i e r  f o r  t h e  v e l o c i t y  v e c t o r ,  t h e  p r e s s u r e  
and t h e  e x t e r n a l  f o r c e s ,  t h e  problem t o  b e  s o l v e d  i s  now 

3 Ci o f  IR2 (or  o f  iR ) ,  bounded and w i t h  r e g u l a r  boundary.  
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These e q u a t i o n s  are n o n l i n e a r  and t h e i r  s o Z u t i o n  d o e s  n o t  c o r r e s p o n d  

t o  s e a r c h i n g  f o r  t h e  minimum o f  a f u n c t i o n a l .  W e  can  however w r i t e  
them i n  t h e  form o f  a v a r i a t i o n a l  e q u a t i o n  i n  t h e  f o l l o w i n g  manner. 
Again p u t t i n g ,  as i n  S e c t i o n  2 ,  

and 

it can b e  shown (see LIONS 1 2 1 ,  TEMAM I l l )  t h a t  p roblem ( 4 . 1 ) - ( 4 . 3 )  
i s  e q u i v a l e n t  t o  s e e k i n g  u E V (see ( 1 . 1 6 )  f o r  t h e  d e f i n i t i o n  o f  V )  

s a t  i s  f y  i n g  

( 4 . 6 )  va(u_,v_) + b(u_,u_,v_) = ( f _ , v _ )  v v _ ~ V .  

I 

Equat ion  ( 4 . 6 )  i s  deduced f r o m  ( 4 . 1 )  by m u l t i p l y i n g  by a f u n c t i o n  
w i t h  z e r o  d i v e r g e n c e  and t h e n  i n t e g r a t i n g  by p a r t s .  The p r e s s u r e  
t e r m  v a n i s h e s  because  w e  have  

1p.y dx = - 1; 1.y dx = 0 1, 
i f  v h a s  z e r o  d i v e r g e n c e  and i s  z e r o  a t  t h e  boundary.  
C o n v e r s e l y ,  i f  u i s  a s o l u t i o n  of ( 4 . 6 )  it can  b e  shown t h a t  t h e r e  
e x i s t s  p E L ( a )  such  t h a t  w e  have 

( 4 . 7 )  

Thus t a k i n g  Y E  ( J ( R ) ) N ,  w e  a g a i n  o b t a i n  ( 4 . 1 )  i n  t h e  d i s t r i b u -  
t i o n a l  s e n s e .  
N o t e  t h a t  ( 4 . 7 )  and 

2 "  

I N  
v a ( u , v )  + b(F,E,y)  - (p ,g-y)  = ( f , v )  V v e  (Ho(W) . - -  - -  

are  t h e  ana logue  o f  t h e  o p t i m a l i t y  c o n d i t i o n s  f o r  t h e  Lagrangian  
( 1 . 2 1 )  i n  the S t o k e s  problem. W e  c a n  t h e r e f o r e  c o n s i d e r  (4 .71 ,  
(4 .8)  as a " v a r i a t i o n a l  Lagrange problem" and w e  s a y  t h a t  a p a i r  

{ u , p }  s a t i s f y i n g  t h e s e  c o n d i t i o n s  c o n s t i t u t e s  a n  equizibrium p o i n t  

f o r  t h i s  problem. W e  s h a l l  now a t t e m p t  t o  e x t e n d  t o  t h i s  new t y p e  
of c a s e  t h e  a l g o r i t h m s  u s e d  i n  t h e  p r e c e d i n g  s e c t i o n s  f o r  t h e  

- 
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s o l u t i o n  of t h e  S t o k e s  problem. 

The u n d e r l y i n g  i d e a  i s  c l o s e l y  r e l a t e d  t o  t h e  t e c h n i q u e s  used  i n  
t h e  p r o o f s  o f  e x i s t e n c e  o f  a s o l u t i o n ,  which are based  on t h e  s e a r c h  
f o r  a f i x e d  p o i n t  f o r  t h e  mapping T f rom V i n t o  V d e f i n e d  by 

o r  a l t e r n a t i v e l y  

( 4 . 1 0 )  - vAy+( ,v .~)u  + V p  = f i n  G - -  
( 4 . 1 1 )  V-u = 0 i n  R 

( 4 . 1 2 )  uIr = 0 .  

_ I  

- I 

Problem ( 4 . 9 )  i s  a l i n e a r ,  nonsymmetr ic  v a r i a t i o n a l  problem. W e  

d e n o t e  by A ( v )  t h e  l i n e a r  o p e r a t o r  f rom V i n t o  V '  ( V ' :  d u a l  of  
V )  d e f i n e d  by 

- 

( 4 . 1 3 )  <A(v)u,w> = va(u,w) + b(v,u,w) V w c V ,  
- - 1  - I  - - -  - 

where <., .> d e n o t e s  t h e  b i l i n e a r  f o r m  of  t h e  d u a l i t y  between V '  

and V .  I t  c a n  e a s i l y  b e  shown (see LIONS 1 2 1 )  t h a t  t h e  t r i l i n e a r  
form b i s  a n t i - s y m m e t r i c  f o r  t h e  l a s t  two v a r i a b l e s  i f  u E V ,  i . e .  
i f  u h a s  z e r o  d i v e r g e n c e  and i s  z e r o  a t  t h e  boundary.  Thus i f  
v E V, w e  have b ( v , u , u )  = 0 .  Then, p u t t i n g  w = u i n  ( 4 . 1 3 ) ,  

w e  t h u s  have  

I 

_ - -  - -  

The o p e r a t o r  A ( y )  i s  t h e r e f o r e  V - e l l i p t i c  (see L I O N S  C21) and t h e  
Lax-Milgram Theorem a l l o w s  us  t o  i n f e r  t h e  e x i s t e n c e  of a u n i q u e  

s o l u t i o n  o f  problem ( 4 . 9 ) .  T h i s  r e s u l t  i m p l i e s  t h a t  t h e  o p e r a t o r  T 

i s  w e l l  d e f i n e d .  W e  f u r t h e r  deduce f r o m  ( 4 . 9 )  t h e  a p r i o r i  upper  
bound 

The o p e r a t o r  T t h u s  maps a c l o s e d  b a l l  (hence  a weakly compact 

se t )  of V i n t o  i t s e l f .  

Using t h e  c o m p a c t n e s s  of  t h e  i n j e c t i o n  o f  Hk(Q) i n t o  L 4 ( G ) ,  it 
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can be proved t h a t  t h e  o p e r a t o r  T i s  c o n t i n u o u s  f o r  t h e  weak 

t o p o l o g y  of V '. S c h a u d e r ' s  F i x e d - P o i n t  Theorem can t h u s  be 
app l i ed .  Furthermore it i s  c l e a r  t h a t  any f i x e d  p o i n t  of T is  a 
s o l u t i o n  of  t h e  Navier-Stokes equa t ions .  

Uniqueness can be  proved f o r  v " l a r g e "  o r  f " s m a l l "  ( s e e  
LIONS 1 2 1 ) .  Knowing t h a t  t h e  e x i s t e n c e  of a s o l u t i o n  can be ded- 
uced from a f ixed -po in t  theorem, it i s  n a t u r a l  t o  t r y  t o  s o l v e  t h e  
problem by t r y i n g  t o  f i n d  t h i s  f i x e d  p o i n t  numer ica l ly ,  by means of 
an i t e r a t i v e  method. 

4 . 2  Bas ic  Algorithm 

I n  t h e  l i g h t  of what has  gone b e f o r e ,  w e  t h u s  cons ide r  t h e  fo l lowing  
a lgor i thm:  

(4.16) uo s p e c i f i e d  a r b i t r a r i l y ;  

t h e n  for n-2 0 ,  w i t h  un known,  c a l c u l a t e  un'%, pnfl s a t i s f y i n g  

(4.17) - vAu n+l 12 +(_~~-y)u~+l'~ + Vpn+l = f i n  s1 

(4.18) V * U ~ + ~ ~ ~  = 0 i n  s 1 ,  

I - 

- - - 
- I  

n+l I2  

n + l  

(4 .19 )  : = 0 , 

and t h e n  u 

( 4 . 2 0 )  

by  - 
un+l = w u n+112 + ( I - L O ) _ u "  
I - 

bY 
n + l  Ac tua l ly ,  t h e  case  w = 1 d e f i n e s  u 

(4.21) un+l = T(un) .  

- 

- - 
The gene ra l  case  can thus  be w r i t t e n  

(4.22) u*+' = w T(gn) + (I-LO):". 

The choice  of w # 1 is  c l e a r l y  des igned  t o  a c c e l e r a t e  t h e  conver- 
gence,  i f  p o s s i b l e .  I t  i s  shown i n  CROUZEIX C11 t h a t  t h i s  a lg -  
o r i thm converges whenever t h e  s o l u t i o n  i s  unique. I n  c a s e s  of 
non-uniqueness w e  may hope t o  converge t o  t h e  s t a b l e  s o l u t i o n  
"nearest" t o  uo, - 

' hence compac t  



(SEC. 4 )  NAVIER-STOKES; STEADY STATE 79 

Remark 4 . 1 :  From t h e  Lax-iqilgram Theorem and ( 4 . 1 4 ) ,  t h e  sol- 
u t i o n  u 
and un. By c o n t r a s t ,  t h e  convergence  i s  o n l y  a s s u r e d  i f  uo i s  
s u f f i c i e n t l y  n e a r  t o  a s o l u t i o n  u t h a t  t h e  s p e c t r a l  r a d i u s  

o f  ( 4 . 1 7 ) - ( 4 . 1 9 )  e x i s t s  whatever  t h e  v a l u e s  o f  u n i f  - 
- - 

- 
p(T'(u)), (where TI(:) i s  t h e  F r e c h e t  d e r i v a t i v e  o f  T a t  u - ) 

i s  s t r i c t l y  less t h a n  1. The i n v e s t i g a t i o n  of  t h e s e  " s t a b l e "  
s o l u t i o n s  i s  a d i f f i c u l t  problem which a g a i n  i s  l a r g e l y  l e f t  open.  
I n  p r a c t i c e ,  t h e  u s e r  must be  s a t i s f i e d  w i t h  p r o v i n g  convergence 
e x p e r i m e n t a l l y .  

- 

m 

Remark 4 . 2 :  The implementa t ion  o f  a l g o r i t h m  ( 4 . 1 6 ) - ( 4 . 2 0 )  req-  
u i r e s  problem ( 4 . 1 7 ) - ( 4 . 1 9 )  t o  b e  s o l v e d .  T h i s  problem i s  i n  
e v e r y  r e s p e c t  ana logous  t o  t h e  S t o k e s  problem, t h e  o p e r a t o r  
A(un)  = (-vA+un'V) b e i n g  l i n e a r  and V - e l l i p t i c  (see ( 4 . 1 4 ) )  - - -  

though nonsymnietric. W e  have a l r e a d y  mentioned i n  C h a p t e r  I ,  

S e c t i o n  5 ,  t h a t  t h e  convergence  of t h e  UZAWA a l g o r i t h m  can  i n  t h i s  

case be  proved  by t h e  energy  methods of C h a p t e r  I ,  S e c t i o n  2 . 1 .  
I n  o r d e r  t o  s t a t e  t h i s  a l g o r i t h m  i n  e x p l i c i t  f a s h i o n  w e  p u t 4  

( 4 . 2 3 )  A r ( y n )  = - vA + un'V - r V ( V - )  
- I  _ _  

The a l g o r i t h m  i s  t h e n  w r i t t e n  

( 4 . 2 4 )  p n + l r o  s p e c i f i e d  a r b i t r a r i l y ;  

t h e n  for s 2 0 , w i t h  p n + l P s  known,  compu te  uni'ls s a t i s f y i n g  

and  

pn+l,s+l n+l,s - n+l/2,s. 
( 4 . 2 6 )  = P  P' 'F 

I t  can  be  shown t h a t  t h e  c o n d i t i o n  f o r  convergence  i s  i n  t h i s  case5 

I, V(V*v) = grad ( d i v  v ) .  - - - .  - 
F o r  c e r t a i n  a p p r o x i m a t i o n s  t h i s  c o n d i t i o n  would become 

0 < p < 2 ( r +  i). 
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(4.27) 0 < p  < 2  (r+v) . 
W e  t hus  see t h a t  t h e  advantage of t h e  pena l ty  te rm w i l l  become 
g r e a t e r  a s  w g e t s  sma l l e r .  W e  s h a l l  r e t u r n  t o  t h i s  remark i n  
Sec t ion  5.  

Remark 4.3: I t  can immediately be deduced from ( 4 . 1 7 ) - ( 4 . 1 9 )  
t h a t  pnfl 

does n o t  i n  gene ra l  correspond t o  t h e  minimisation of a f u n c t i o n a l  
and which can be  w r i t t e n  

is a s o l u t i o n  of a nonsymmetric "dua l  problem" which 

(4.28) v*(A;I (U_")ypn+l) = !*(A;' ( u _ " ) f _ ) ,  

an express ion  which i s  c l e a r l y  analogous t o  t h a t  ob ta ined  f o r  t h e  
Stokes problem. L i k e w i s e  w e  see from ( 4 . 2 5 ) ,  ( 4 . 2 6 )  t h a t  
pn+ l ,  s+l  

(4.29) pn+l 9 s + 1  = P  n+l * s  + p{~*(A;l(_un)~pn+'  '")-1.(A;'(,")f)} . 

can be w r i t t e n  

The convergence of t h e  a lgo r i thm depends on t h e  spectrum of t h e  
ope ra to r  (from ~ ~ ( f i )  + L ~ ( Q ) )  

- 1  n 
(4.30) q + q + p!*(A, (_" ) y q ) .  

We r e f e r  t h e  r eade r  t o  CROUZEIX 111 f o r  a s tudy  of t h i s  spectrum 
which i s  n e c e s s a r i l y  somewhat complex. Even i n  t h e  f i n i t e -  

d i m e n s i o n a l  case ,  a s p e c t r a l  a n a l y s i s  of t h e  convergence i s  
s c a r c e l y  p o s s i b l e  i n  view of t h e  non-symmetry of t h e  o p e r a t o r .  

Remark 4 . 4 :  I t  i s  aga in  p o s s i b l e  t o  apply h e r e  c e r t a i n  of t h e  
va r i ab le - s t ep  methods of Chapter I ,  Sec t ion  3. A s  a r e s u l t  of t h e  
non-symmetry of t h e  problem, t h e  method of s t e e p e s t  descent  l o s e s  i t s  
meaning and t h i s  l e a d s  us t o  favour  us ing  t h e  method of minimum 
r e s i d u a l s ,  i .e .  t o  determine p s  so a s  t o  m i n i m i s e  ly-yn+l's+l 
t h i s  procedure remaining p e r f e c t l y  j u s t i f i a b l e  here .  Following 
t h e  n o t a t i o n  a l r eady  in t roduced  and fo l lowing  a l s o  Sec t ion  3 of 

t h i s  c h a p t e r ,  t h e  a lgor i thm can be w r i t t e n  

10. 

s p e c i f i e d  a r b i t r a r i l y ;  (4.31) pn+l ,  o 

cazcuzate t h e  s o l u t i o n  gn+fno o f  

A (un)uncl/2,0 + J!pn+l,o = f .  
r -  - (4.32) 

I 

On i t e r a t i o n  s ,  d e f i n e  t h e  d e s c e n t  d i r e c t i o n  ws by  
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Then s o l v e  t h e  prob lem 

and c a l c u l a t e  p s  bg 

The advantage of such an a lgo r i thm i s  of  course  t h a t  t h e  choice  of 
t h e  parameter  p ,  always a r a t h e r  d i f f i c u l t  m a t t e r ,  i s  c a r r i e d  ou t  
i n  an au tomat i c  manner. m 

Remark 4.5: I n  t h e  l i g h t  of  t h e  numer ica l  r e s u l t s  of Sec t ion  3, 
it would s e e m  e f f e c t i v e  t o  employ h e r e  a conjugate-gradien t  method, 

even though a t  first s i g h t  t h i s  may appear  d i f f i c u l t  i n  view of t h e  
non-symmetry of t h e  problem. Following PAIGE 111 and GOLUB 111 
it i s ,  however, p o s s i b l e  t o  c o n s t r u c t  a lgo r i thms  of conjugate-  
g r a d i e n t  t ype  f o r  a non-symmetric problem, by us ing  a l ea s t - squa res  
fo rmula t ion .  The a lgo r i thms  t h u s  c o n s t r u c t e d  r e q u i r e  a t  each 
i t e r a t i o n  t h e  s o l u t i o n  of two l i n e a r  systems ( i n s t e a d  of only  one 
i n  t h e  symmetric case  of t h e  S tokes  problem) .  The complexity of 
t h e  c a l c u l a t i o n  i s  t h e r e f o r e  doubled. An i n v e s t i g a t i o n  of t h e  
a p p l i c a t i o n  t o  ( 4 . 1 7 ) - ( 4 . 1 9 )  of P A I G E ' s  a lgo r i thm,  o r  of  a v a r i a n t  
b e t t e r  adapted  t o  t h e  p a r t i c u l a r  c a s e  w e  a r e  p r e s e n t l y  cons ide r ing ,  
t h u s  appears  t o  be a d i r e c t i o n  of r e sea rch  which ought t o  be e x -  

p lo red .  A s  a p a r t i c u l a r  r e f e r e n c e ,  w e  may c i t e  WIDLUND L 1 l .  8 

Algorithm (4.16)-(4.20), combined wi th  ( 4 . 3 1 ) - ( 4 . 3 7 ) ,  t h u s  
appears  a s  a method which i s  s imple  and c o m p 2 e t e Z y  a u t o m a t i c  f o r  
c a l c u l a t i o n s  invo lv ing  t h e  Navier-Stokes equa t ions .  Unfor tuna te ly ,  
convergence i s  n o t  a s su red  and t h e  cho ice  of  t h e  parameter w i s  an 
open problem. The use  of t h e  "augmented" o p e r a t o r  A r ( y n )  i n  

p l a c e  of A(un) i s  aimed a t  a c c e l e r a t i n g  t h e  convergence of  - 
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(4 .31) - (4 .37)  a t  h igh  Reynolds numbers, i . e .  when v i s  sma l l .  
Never the less  t h e  g l o b a l  convergence of ( 4 . 1 6 )  - (4 .20)  i s  unchanged 
by t h i s  procedure  and i s  c e r t a i n l y  s lower  f o r  w sma l l .  One 
p o s s i b l e  s t r a t e g y  i s  c l e a r l y  t o  c a l c u l a t e  a sequence of s o l u t i o n s  
a t  i n c r e a s i n g  Reynolds numbers, each  t i m e  i n i t i a l i s i n g  ( 4 . 1 6 ) -  
(4.20) wi th  t h e  l a s t  s o l u t i o n  ob ta ined .  I n  p r a c t i c e ,  t h i s  app- 

roach does appear  t o  g i v e  good r e s u l t s  i n  t h e  ma jo r i ty  of 
problems. To conclude t h i s  s e c t i o n ,  and be fo re  w e  e n t e r  upon t h e  
s tudy  of v a r i a n t s  of t h e  above a lgo r i thm,  w e  should  p o i n t  o u t  t h a t  
c e r t a i n  a u t h o r s ,  (OLSON 111,  ROACHE C11) sugges t  t h e  use of t h e  
N e w t o n - R a p h s o n  method, f o r  s o l v i n g  t h e  n o n l i n e a r  Navier-Stokes 
problem. Th i s  a lgo r i thm i s  w r i t t e n  

(4 .38)  uo s p e c i f i e d  a r b i t r a r i l y ,  '.,u" = 0 :  

t h e n  f o r  n t 0 ,  p u t  

w h e r e  6un,p" a r e  s o l u t i o n s  of - 

V.6U" = 0 , - -  (4 .41)  

(4 .42)  6_u"lr = _o . 

Problem ( 4 . 4 0 ) - ( 4 . 4 2 )  i s  very  s i m i l a r  t o  ( 4 . 1 7 ) - ( 4 . 1 9 )  and w e  can 
adap t  t o  t h i s  ca se  t h e  a lgo r i thm of Remark 4 . 4 .  I t  i s  n a t u r a l  t o  

expec t  t h a t  Newton's method, i f  used, w i l l  converge more r a p i d l y  
than  t h e  f ixed -po in t  a lgo r i thm.  However, t h e  o p e r a t o r  appear ing  
i n  (4 .40)  i s  n o t  a p r i o r i  V - e l l i p t i c  and t h e r e  i s  no th ing  t o  a l low 
us  t o  a s s e r t  t h e  e x i s t e n c e  of  a s o l u t i o n  The use of 

Newton's method t h u s  appears  more q u e s t i o n a b l e  than  t h a t  of 
( 4 . 1 6 ) - ( 4 . 2 0 )  and i n  c e r t a i n  c a s e s  w e  may expec t  t o  encounter  

6 ~ ~ .  

numerical  d i f f i c u l t i e s  i n  t h e  s o l u t i o n  of  ( 4 . 4 0 ) - ( 4 . 4 2 ) .  I 

Remark 4 . 6 :  The b a s i c  a lgo r i thm desc r ibed  i n  t h e  preceding  
s e c t i o n  r e q u i r e s  t h e  s o l u t i o n  of a n o n s y m m e t r i c  l i n e a r  system 
i n  which t h e  m a t r i x  v a r i e s  from one i t e r a t i o n  t o  ano the r .  This  
l a t t e r  c o n s i d e r a t i o n  makes t h e  use of such an a lgo r i thm r e l a t i v e l y  
expens ive ;  i t  t h e r e f o r e  seems a t t r a c t i v e  t o  look f o r  a method i n  
which t h e  l i n e a r  p a r t  w i l l  have a f i x e d  m a t r i x  and w i l l  t h u s  be 
s o l v a b l e  i n  an e f f i c i e n t  manner. The methods d e s c r i b e d  i n  t h e  
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p r e c e d i n g  s e c t i o n s  a l l o w  us  t o  o b t a i n ,  v e r y  e f f i c i e n t l y ,  s o l u t i o n s  
of  S t o k e s  problems and more g e n e r a l l y  of problems of t h e  t y p e  
g i v e n  below ( w i t h  c1 2 0 )  

clu - V A U  + Vp = f in a , - I -  

(4.43) 

V-u = 0 in a, - -  (4.44) 

it i s  t h e r e f o r e  n a t u r a l  t o  look  f o r  i t e r a t i v e  methods which e x p l o i t  
t h e s e  p o s s i b i l i t i e s  t o  t h e  maximum. Algor i thms o f  t h i s  k i n d  are 
d e s c r i b e d  i n  GLOWINSKI-MANTEL-PERIAUX :11 and GLOWINSKI 1 2 ,  Chapter  
71;  i n  t h e  above r e f e r e n c e s  t h e  s o l u t i o n  o f  t h e  Navier -S tokes  pro-  
blem i s  reduced  t o  t h a t  of a sequence  o f  problems o f  t h e  t y p e  
( 4 . 4 3 ) - ( 4 . 4 5 )  ( t h e r e f o r e  s o l u b l e  by t h e  methods o f  t h e  p r e c e d i n g  
s e c t i o n s )  and o f  problems o f  n o n l i n e a r  D i r i c h l e t  t y p e  which a r e  
s o l v e d  by l e a s t - s q u a r e s  p r e c o n d i t i o n e d  c o n j u g a t e - g r a d i e n t  methods. 
I n  p a r t i c u l a r  it s h o u l d  be mentioned t h a t  t h e  alternating direction 
methods a l l o w  t h e  d e c o u p l i n g ,  i n  a s i m p l e  and e f f i c i e n t  manner, of  
t h e  n u m e r i c a l  d i f f i c u l t i e s  a s s o c i a t e d  w i t h  t h e  i n c o m p r e s s i b i l i t y ,  
and t h o s e  a s s o c i a t e d  w i t h  t h e  n o n l i n e a r i t y ;  w e  d i r e c t  t h e  r e a d e r  t o  
t h e  t w o  r e f e r e n c e s  g i v e n  above f o r  f u r t h e r  d e t a i l s  c o n c e r n i n g  t h e s e  
methods. 

5.  VARIANTS AND APPROXIMATIONS O F  THE BASIC ALGORITHM O F  

SECTION 4 

The a l g o r i t h m  proposed  i n  S e c t i o n  4 . 2  r e q u i r e s ,  w i t h i n  any one 
o v e r a l l  f i x e d - p o i n t  i t e r a t i o n ,  t h e  s o l u t i o n  o f  nonsymmetric l i n e a r  
sub-problems by methods ana logous  t o  t h o s e  used  i n  t h e  case of  t h e  
S t o k e s  problem. A n a t u r a l  i d e a  a t  t h i s  p o i n t  would be t o  c a r r y  
o u t  i n i t i a l l y  o n l y  a n  i n c o m p l e t e  s o l u t i o n  of t h e  sub-problems;  w e  
have a l r e a d y  s e e n  i n  S e c t i o n  3 t h a t  t h i s  method of p r o c e d u r e  may i n  
c e r t a i n  cases be  advantageous  and may a c c e l e r a t e  t h e  o v e r a l l  p r o c e s s  
To implement t h i s  i n c o m p l e t e  s o l u t i o n  w e  c a n  proceed  i n  t w o  ways, 
e i t h e r  by employing a t e r m i n a t i o n  tes t  which becomes p r o g r e s s i v e l y  
more s t r i n g e n t  as t h e  a l g o r i t h m  p r o c e e d s ,  o r  by f i x i n g  a n  upper  
bound t o  t h e  number o f  i n t e r n a l  i t e r a t i o n s .  

W e  s h a l l  be a d o p t i n g  t h i s  l a t t e r  method h e r e ,  and w e  s h a l l  be 
d i s c u s s i n g ,  w i t h i n  a c o n t e x t  where w e  res t r ic t  o u r s e l v e s  t o  a 
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single iteration, algorithms which may be viewed as nonlinear 

variants of the algorithm of Chapter I. We shall content ourselves 

with the simplest cases, which will nonetheless illustrate the 

fundamental approach. 

5.1 Variants of UZAWA type 

In accordance with the general principle stated above, we here 

consider algorithm (4.16)-(4.20) in which at each step we carry out 

only a single iteration of (4.24)-(4.26) for the solution of 

(4.17)-(4.19). In this case the various stages can be condensed 

into a simplified algorithm, as follows: 

(5 .1 )  uo and  po c h o s e n  a r b i t r a r i l y ;  

w i t h  un and pn k n o w n ,  c a l c u l a t e  a s o l u t i o n  un'% of 

A ( u ~ ) u = + " ~  + Op" = f , (5.2) r-. - 

blr 
n+l t h e n  knowing  untf, c a l c u l a t e  u n+l and p 

This algorithm can immediately be seen as the adaptation to our 

nonlinear problem of the algorithm of Chapter I, Section 4, in 

which we had introduced a relaxation parameter into the Uzawa 

algorithm. Note here, however, that even for w = 1 an initial 

value uo of the velocity has to be specified; this corresponds 

to the fact that this algorithm is an approximation of the fixed- 

point algorithm of Section 4.2. 

- 

The choice of 
pn  

can be made using the method  of minimum 

r e s i d u a l s  described in Remark 4.4. One could also consider using 

a carefully-chosen fixed value of p .  We should emphasise that 

the choice of parameters here is a very tricky open problem. 

Remark 5.1: The e x i s t e n c e  of a solution of problem (5.2) is 

assured if the operator Ar (yn) is V-elliptic (see (4.14)). We 

have already shown that such will be the case if 

divergence. This result arises from the fact that the trilinear 

yn has zero 
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form b (u ,v ,w)  de f ined  i n  ( 4 . 5 )  i s  anti-symmetric w i th  r e s p e c t  t o  

v and w i f  0.u = 0 .  Unfor tuna te ly  t h i s  cond i t ion  i s  no t  s a t i s -  
f i e d  by un. T o  circumvent t h i s  d i f f i c u l t y ,  w e  can use (see 
TEMAM 111) t h e  anti-symmetrised form 

_ _ I  

- - - -  
I 

We observe  t h a t  w e  c l e a r l y  have i n  t h i s  ca se  

(5.7) 

Furthermore t h e  supplementary t e r m  does no t  p e r t u r b  t h e  equa t ions  
because it van i shes  i n  t h e  l i m i t  when p-4 = 0 . The e x i s t e n c e  Of 

n i f  u w i l l  t h e r e f o r e  be a s su red  i f  w e  r e p l a c e  A r ( y n )  by Ar(un) where 
I I 

W e  s h a l l  n o t  a t t empt  he re  t o  prove t h e  convergence of t h e s e  
a lgo r i thms .  The a v a i l a b l e  p roof s  ( s e e  f o r  example C R O U Z E I X  i l 1 ) a r e  

modelled on t h e  proof of t h e  l i n e a r  case  and a l l  cu lmina te  i n  
imposing upon t h e  v i s c o s i t y  parameter a cond i t ion  ( v  " s u f f i c i e n t l y  
l a r g e " )  which would appear ,  i n  t h e  l i g h t  of t h e  exper imenta l  r e s u l t s ,  
t o  be much t o o  r e s t r i c t i v e  and which f o r  a l l  p r a c t i c a l  purposes 
l i m i t s  us t o  cases  where t h e  l i n e a r  S tokes  approximation i t s e l f  
would be adequate .  W e  t hus  have he re  an unreso lved  t e c h n i c a l  d i f f -  
i c u l t y ,  a s s o c i a t e d  wi th  ou r  i n a b i l i t y  t o  o b t a i n  an appropr i a t e  
upper bound f o r  t h e  n o n l i n e a r  t e r m .  This  problem can a l s o  be re- 
l a t e d  t o  t h a t  o f  t h e  non-uniqueness of t h e  s o l u t i o n s .  However, 
from TEMAM 111 w e  can o b t a i n  a r e s u l t  concern ing  weak convergence 

i n  t h e  mean, i . e .  

M + + m .  Thus, l ack ing  a p roof ,  w e  s h a l l  have t o  make do wi th  a 
h e u r i s t i c  d i s c u s s i o n .  W e  f i r s t  advoca te  t h e  p r i n c i p l e  t h a t  any 
convergence can only  come about  from a d i s s i p a t i v e  t e r m ,  t h i s  
p r i n c i p l e  be ing  j u s t i f i a b l e  both from t h e  mathematical  p o i n t  of 
view and from t h e  p h y s i c a l  p o i n t  of view. I n  t h e  case  r = 0 ,  t h e  
only  d i s s i p a t i v e  term i n  a lgo r i thm ( 5 . 1 ) - ( 5 . 5 )  i s  t h e  te rm - vAu"+~'* 
which cor responds  i n  ( 4 . 1 )  t o  t h e  t e r m  - vhu . The non l inea r  term 
i t se l f  i s  conse rva t ive  and would be t o t a l l y  incapab le  of  producing 
any convergence whatsoever towards a s t eady  s ta te .  

Rm;, ~ M r n  
converges weakly t o  a s o l u t i o n  when 

- 

Now, i n  t h e  p h y s i c a l  a p p l i c a t i o n s  of  most i n t e r e s t  t h e  v i s c o s i t y  
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parameter  i s  v e r y  s m a l l ,  which means t h a t  t h e  d i s s i p a t i o n  c o n t a i n e d  
i n  o u r  a l g o r i t h m  i s  v e r y  weak. F o r  v s m a l l  (o r  f o r  a l a r g e  
Reynolds number, i n  t h e  te rminology of  f l u i d  mechanics)  w e  may 
t h e r e f o r e  e x p e c t  t h e  convergence  t o  be  s low.  W e  t h u s  see t h e  
advantage  o f  t h e  p e n a l t y  t e r m  of  H e s t e n e s ,  which f o r  r # 0 i n t r o -  
duces  a supplementary  d i s s i p a t i o n  i n t o  t h e  a l g o r i t h m .  T h i s  supp- 
lementary  d i s s i p a t i o n ,  which d o e s  n o t  change t h e  s o l u t i o n ,  f o r c e s  
t h e  convergence o f  t h e  p r e s s u r e  t e r m  and adds t o  t h e  n a t u r a l  d i s s i -  
p a t i o n  which,  however ,  i s  a l o n e  i n  b e i n g  a b l e  t o  e n s u r e  t h e  
convergence o f  u . The a d v a n t a g e  o f  t h e  method o f  H e s t e n e s ,  
which w e  propose  h e r e ,  ought  t h e r e f o r e  t o  become much more a p p a r e n t  
f o r  s m a l l  v a l u e s  of  t h e  v i s c o s i t y .  I t  must however be  n o t e d  t h a t  
i n  t h i s  c a s e  o t h e r  problems ar ise ,  such  as  t h e  a p p e a r a n c e  o f  
boundary l a y e r s  and p o s s i b l y  t u r b u l e n c e ;  such  problems r e q u i r e  a n  
a p p r o p r i a t e  t r e a t m e n t ,  c h i e f l y  w i t h  r e g a r d  t o  t h e  d i s c r e t i s a t i o n ,  
and w e  s h a l l  n o t  e n t e r  upon a d i s c u s s i o n  o f  s u c h  t o p i c s  h e r e .  
The numer ica l  s o l u t i o n  o f  t h e  Navier -S tokes  e q u a t i o n s  a t  l a r g e  
Reynolds numbers i s  i n  o u r  o p i n i o n  s t i l l  a n  u n r e s o l v e d  problem,  
and t h e  methods which w e  d e s c r i b e  h e r e  c o v e r  o n l y  one a s p e c t  o f  t h e  
q u e s t i o n .  

n 
5 

5.2 V a r i a n t s  of  ARROW-HURWICZ t y p e  

W e  have  s e e n  i n  Chapter  I t h a t  t h e  a n a l o g u e  ( i n  t h e  l i n e a r  c a s e )  
o f  a l g o r i t h m  ( 5 . 1 ) - ( 5 . 5 )  forms p a r t  o f  a f a m i l y  o f  a l g o r i t h m s  o f  

t h e  ARROW-HURWICZ t y p e ,  w i t h  a u x i l i a r y  o p e r a t o r .  A s  w e  have 
a l r e a d y  mentioned i n  S e c t i o n  3 o f  t h e  p r e s e n t  c h a p t e r ,  t h e s e  
methods can  i n  p r a c t i c e  b e  implemented as a v e r s i o n  of ( 5 . 1 ) - ( 5 . 5 )  
i n  which t h e  s o l u t i o n  o f  ( 5 . 2 )  i s  c a r r i e d  o u t  i n c o m p l e t e l y .  The 
a d v a n t a g e ,  i n  c e r t a i n  cases,  i s  t h a t  t h e  c a l c u l a t i o n s  c a n  b e  
c a r r i e d  o u t  i n  a f u l l y  e x p l i c i t  manner. The most g e n e r a l  form i s  
w r i t t e n  

W e  o b s e r v e  t h a t  i n  t h e  case o f  and w = 1, t h e  a l g -  
o r i t h m  r e d u c e s  t o  ( 5 . 1 ) - ( 5 . 5 )  w i t h  w = 1. The s i m p l e s t  case i s  
of course 
use  of  r e l a x a t i o n  methods i n  t h e  s o l u t i o n  o f  ( 5 . 2 )  l e a d s  t o  

Sr = A r ( y n )  

sr = I ,  which g i v e s  a f u l l y  e x p l i c i t  a l g o r i t h m .  The 
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nonsymmetric a u x i l i a r y  o p e r a t o r s ,  g i v e n  t h e  p a r t i c u l a r  form of  

Ar ( u n )  . 
The convergence  o f  t h i s  t y p e  o f  a l g o r i t h m  i s  e v i d e n t l y  even 

more d i f f i c u l t  t o  e s t a b l i s h  t h a n  t h a t  o f  t h e  p r e c e d i n g  case, and 
it would b e  o u t  o f  t h e  q u e s t i o n  t o  a t t e m p t  t o  s t u d y  i t  h e r e .  In-  
t u i t i v e l y ,  t h e  b e h a v i o u r  a t  low Reynolds numbers ought  t o  be s i m i -  
l a r  t o  t h a t  o f  t h e  c o r r e s p o n d i n g  a l g o r i t h m  i n  t h e  l i n e a r  case. 

An a l g o r i t h m  o f  t h i s  t y p e  h a s  been  u s e d  ( i n  t h e  case where 
Sr = I ,  r = 0 )  i n  FORTIN-PEYRET-TEMAM 111, up t o  Reynolds numbers 
o f  t h e  o r d e r  o f  1 0  . The s p e e d  o f  convergence  d i m i n i s h e s  con- 
s i d e r a b l y  as v d e c r e a s e s ,  and t h e  c h o i c e  o f  t h e  p a r a m e t e r s  becomes 
c r i t i c a l .  

3 

5 .3  Numerical r e s u l t s  

The tests c a r r i e d  o u t  are  f r a g m e n t a r y  b u t  n o n e t h e l e s s  e n a b l e  
some i n s i g h t  t o  be  g a i n e d  i n t o  t h e  e f f e c t  o f  t h e  p e n a l t y  t e r m  on 
t h e  convergence  of  t h e  a l g o r i t h m .  The n u m e r i c a l  r e s u l t s  w e  have 
a v a i l a b l e  are main ly  f o r  a l g o r i t h m  ( 5 . 1 ) - ( 5 . 5 ) .  

The f i r s t  e x p e r i m e n t a l  f i n d i n g  i s  t h a t  t h e  s t u d y  c a r r i e d  o u t  i n  
t h e  l i n e a r  case s t i l l  remains  v a l i d  q u a l i t a t i v e l y .  The o p t i m a l  
v a l u e  o f  w i s  less t h a n  1, i . e .  it is  p r e f e r a b l e  t o  " u n d e r - r e l a x " .  

The problem t a k e n  was ana logous  t o  t h e  one i n t r o d u c e d  f o r  t h e  
n u m e r i c a l  e x p e r i m e n t s  i n  t h e  l i n e a r  case, and t h e  v a l u e s  o f  v 

t e s t e d  w e r e  1 and 1/10. The o p t i m a l  v a l u e  o f  (J w a s ,  f o r  t h e s e  
t w o  v a l u e s  of v, around 0 . 1 ,  and t h a t  o f  p w a s  around 1 . 5  f o r  
r = 0 ,  and around 7 f o r  r = 5.  The s p e e d  o f  convergence  d i m i n i s h e d  
w i t h  v b u t  much less f o r  r = 5 t h a n  f o r  r = 0 .  The v a l u e  of p 

seems t o  b e  more o r  less i n d e p e n d e n t  o f  v. By c o n t r a s t ,  t h e  sol-  
u t i o n  of ( 5 . 2 )  i s  c l e a r l y  m o r e  d i f f i c u l t  f o r  v s m a l l .  

I n  t h e  c a s e  of  a l g o r i t h m  ( 5 . 9 ) - ( 5 . 1 0 ) ,  t h e  r e s u l t s  w e  have 
a v a i l a b l e  are v e r y  i n c o m p l e t e .  The s p e e d  o f  convergence  d imini -  
s h e s  w i t h  v b u t  it seems h e r e  t o  b e  a r e a l  advantage  t o  t a k e  
r > 0 f o r  v s m a l l ,  c o n t r a r y  t o  what happened i n  t h e  l i n e a r  case. 
The r e a s o n  i s  undoubtedly  t h a t  t h e  d i s s i p a t i o n  i s  i n c r e a s e d ,  a t  
l eas t  i n  a sub-space  o f  t h e  s p a c e  o f  " a d m i s s i b l e "  s o l u t i o n s .  
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6 .  NAVIER-STOKES EQUATIONS. TIME-DEPENDENT CASE. 

This s e c t i o n  does n o t  p r e t e n d  t o  be exhaus t ive .  The aim i s  
simply t o  show t h a t  t h e  t echn iques  developed i n  t h e  s t eady- . s t a t e  
case  remain usab le  i n  t h e  time-dependent c a s e ,  and t o  i l l u s t r a t e  
t h i s  a s s e r t i o n  through a s imple  example. The methods proposed can 
e a s i l y  be adapted  t o  more complex s i t u a t i o n s  and t o  more e l a b o r a t e  
schemes . 

6 . 1  S ta tement  of t h e  problem 

W e  cons ide r  he re  t h e  n o n l i n e a r  Navier-Stokes equa t ions  i n  t h e  

time-dependent c a s e .  W e  t h u s  seek  a s o l u t i o n  u ( x , t )  of 

a: 
- -  at VAU + (u.0)~ + Vp = f, 

v-u = 0, 

--. .  I I 

(6.1) 

- I  

(6.2) 

(6.3) I u(x.0) = :I(x) g i v e n ,  

(6.4) Ulr = 0. - I 

W e  cons ide r  a d i s c r e t i s a t i o n  wi th  r e s p e c t  t o  t i m e  by a very 
s imple  scheme of i m p l i c i t  t ype  (k  = A t ) :  

w i t h  fR+' = f (x, (n+l)k), - I 

n+ 1 
(6.6) 0'. = 0 ,  

(6.7) I -0' 

(6.8) u = _o. 

0 u = u  

n+ 1 

I n  p r a c t i c e  we s h a l l  obvious ly  be a t t empt ing  t o  s o l v e  a d i s c r e t i s e d  

form of t h i s  problem. W e  cou ld ,  f o r  example, use t h e  f i n i t e -  
element method desc r ibed  i n  Sec t ion  2 of t h i s  chap te r .  

The impor tan t  p o i n t  t o  cons ide r  i s  t h a t ,  yn be ing  known, t h e  
s o l u t i o n  of (6 .5 ) - - (6 .8 )  i s  a problem of t h e  same type  a s  t hose  
desc r ibed  i n  Sec t ion  5 ;  t h e  o p e r a t o r s  involved  a r e  merely modi f ied  
s l i g h t l y .  More s p e c i f i c a l l y ,  w e  have t o  s o l v e  a problem of t h e  

t Y  Pe 
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u - kVAu + k(u.V)u + kVp = F ,  
I I I 

( 6 . 9 )  

(6.10) 

(6.11) :IIr = 2 .  

V-u = 0 i n  B, - -  

Remark 6 . 1 :  I n s t e a d  o f  ( 6 . 5 )  w e  c o u l d  c o n s i d e r  a s e m i - i m p l i c i t  
scheme, r e p l a c i n g  ( 6 . 5 )  by  

Remark 6 . 2 :  ( 6 . 5 ) - ( 6 . 8 )  can  be  w r i t t e n  i n  v a r i a t i o n a l  form . 
With t h e  n o t a t i o n  o f  S e c t i o n  4 ,  w e  o b t a i n  

( 6 . 1 4 )  ~ ' E v  g i v e n .  

By v i r t u e  o f  t h e  ant i -symmetry o f  t h e  form b ( y , y , y ) ,  it can e a s i l y  
be  shown t h a t  s u c h  i m p l i c i t  schemes are u n c o n d i t i o n a l l y  s t a b l e .  

Remark 6.3 :  The e x i s t e n c e  and u n i q u e n e s s  o f  u n+l i n  t h e  semi-  - 
i m p l i c i t  scheme d e f i n e d  by (6 .12)  pose  no problems.  I n  f a c t ,  
un+l  i s  t h e  s o l u t i o n  of a l i n e a r  problem r e l a t i n g  t o  t h e  operator - 

I+k(-vA+_u"-F) which i s  V - e l l i p t i c .  

By u s i n g ,  as i n  S e c t i o n  4 ,  a f i x e d - p o i n t  theorem, t h e  e x i s t e n c e  
of  a s o l u t i o n  u of problem ( 6 . 9 ) - ( 6 . 1 1 )  can b e  demonst ra ted  wi th-  
o u t  d i f f i c u l t y .  W e  s h a l l  now show t h a t  i f  w e  c o n s i d e r  an approx- 
i m a t i o n  o f  ( 6 . 9 ) - ( 6 . 1 1 )  i n  a s p a c e  o f  f i n i t e  d i m e n s i o n s  ( f o r  
example by means of f i n i t e  e l e m e n t s  as i n  S e c t i o n  2 ) ,  w e  have 
uniqueness  o f  t h e  s o l u t i o n  f o r  k s u f f i c i e n t l y  s m a l l .  

- 

As i n  S e c t i o n  4 ,  w e  d e n o t e  by 1 . 1 ,  and I I . I I 1  t h e  r e s p e c t i v e  

Vhc V ,  where i n  t h e  m a j o r i t y  o f  c a s e s  t h e  p a r a m e t e r  
norms o f  ( L 2 ( B ) ) N  and V. W e  s h a l l  i n  f a c t  b e  working w i t h i n  
a s p a c e  
r e p r e s e n t s  t h e  s i z e  o f  t h e  mesh used  f o r  t h e  approximat ion .  There 
t h e n  e x i s t s  a mesh-dependen t  c o n s t a n t  S ( h )  s u c h  t h a t  

h 
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W e  can  now prove  t h e  f o l l o w i n g :  

LEMMA 6.1: i n  finite d i m e n s i o n s ,  and f o r  t h e  s p a t i a l  d i m e n s i o n  

N = 2, t h e  solution of t h e  p r o b Z e m  (6.9)-(6.11) is unique if k 
is sufficiently small. 

P r o o f :  Suppose y1 and y2 a r e  t w o  s o l u t i o n s  o f  t h e  problem. 
I n  v a r i a t i o n a l  form w e  can t h u s  w r i t e  

s u b t r a c t i n g  ( 6 . 1 7 )  from ( 6 . 1 6 )  and p u t t i n g  y = u1-y2, w e  o b t a i n ,  

a f t e r  v a r i o u s  m a n i p u l a t i o n s  on t h e  n o n l i n e a r  terms and t a k i n g  ad- 
v a n t a g e  of t h e  ant i -symmetry o f  b (see S e c t i o n  4 )  

U t i l i s i n g  t h e  i n e q u a l i t y  of  C a g l i a r d o  (see LIONS [ 2 1 ) ,  w e  c a n ,  i n  
two d imens ions ,  o b t a i n  t h e  f o l l o w i n g  upper  bound f o r  t h e  n o n l i n e a r  
t e r m :  

W e  s h a l l  t h e r e f o r e  have  u1 = y2 i f  w e  can choose k such  t h a t  w e  
have  

(6.22) (I-kCS(h) 1(u2(( I ) D  0 .  

S t i l l  u s i n g  ( 6 . 1 5 ) ,  w e  can  t r a n s f o r m  (6 .22)  i n t o  

(6.23) 

But s e t t i n g  v = u i n  ( 6 . 1 7 ) ,  it can  e a s i l y  be  s e e n  t h a t  ILII~~ 
is  bounded above by a c o n s t a n t  depending  o n l y  on I t  i s  t h u s  
p o s s i b l e  t o  v e r i f y  ( 6 . 2 3 ) ,  and hence  t h e  r e s u l t .  rn 

2 kCS (h) I I I ~ / ~ ~  1 . 

- - 2  

f .  
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6 . 2  S o l u t i o n  a l g o r i t h m s  

W e  have a l r e a d y  n o t e d  t h e  ana logy  between problem ( 6 . 9 )  - ( 6 . 1 1 )  
and t h e  cases d i s c u s s e d  i n  S e c t i o n s  4 and 5 of t h i s  c h a p t e r .  W e  

can t h e r e f o r e  u s e ,  f o r  i t s  s o l u t i o n ,  a l g o r i t h m s  c l o s e l y  r e l a t e d  t o  
t h o s e  d e s c r i b e d  f o r  t h e  s t e a d y - s t a t e  Navier -S tokes  e q u a t i o n s .  To 
i l l u s t r a t e  t h e  i d e a s ,  w e  s h a l l  d i s c u s s  h e r e  a n  a l g o r i t h m  o f  t h e  
UZAWA t y p e .  

UZAWA a l g o r i t h m ,  s e m i - i m p l i c i t  c a s e  

Suppose w e  have u E V g i v e n .  W e  wish  t o  s o l v e  

(6.24) 

- 

u - - kVA! + k ( i . j ' ) F  + kj'p = _F , 

(6.25) - "'u = 0 ,  

(6.26) ? I r  = 0. 

- n  Remark 6.4 :  I n  p r a c t i c e ,  g = g , = En+kf_. R 

I n  o r d e r  t o  s o l v e  ( 6 . 9 ) - ( 6 . 1 1 ) ,  w e  can  t h e r e f o r e  u s e  t h e  f o l l o w i n g  
a l g o r i t h m :  

(6.27) po s p e c i f i e d  a r b i t r a r i l y ;  

w i t h  ps known,  c a l c u l a t e  t h e  s o l u t i o n  us of 

b y  
s+l 

t h e n  p 

s+l s (6 .29 )  p = p - p s y . g .  

W e  n o t e  t h a t  problem ( 6 . 2 8 )  i s  l i n e a r  (nonsymmetr ic)  . The conver-  
gence o f  t h i s  a l g o r i t h m  i s  a d i r e c t  consequence of t h e  r e s u l t s  of 
C h a p t e r  I .  I n  p a r t i c u l a r ,  w e  have  f o r  p s  t h e  c o n d i t i o n  

(6.30) 

I t  i s  a l so  p o s s i b l e ,  as i n  S e c t i o n  4 ,  t o  u t i l i s e  t h e  method of mini-  
mum r e s i d u a l s  f o r  t h e  d e t e r m i n a t i o n  of 

0 < p, < 2(r+v).  

p s .  

Remark 6.5:  The u s e  of such  an i t e r a t i v e  method i n  a t i m e -  
dependent  scheme would c l e a r l y  be  p r o h i b i t i v e  i f  t h e  convergence a t  
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each t i m e - s t e p  w e r e  n o t  e x t r e m e l y  r a p i d .  I n  a c t u a l  f a c t  t h e  s i t u -  
a t i o n  h e r e  i s  much more f a v o u r a b l e  t h a n  i n  t h e  s t e a d y - s t a t e  case. 
I n  p r a c t i c e  

- t h e  i n i t i a l i s a t i o n  can b e  e f f e c t e d  u s i n g  pn which w i l l  i n  
n + l  g e n e r a l  be  close t o  p , 

- t h e  problem i s  w e l l  c o n d i t i o n e d  f o r  k s u f f i c i e n t l y  s m a l l  and 
r s u f f i c i e n t l y  l a r g e .  

I n  p r a c t i c e ,  w e  may e x p e c t  t o  c a r r y  o u t  o n l y  a v e r y  s m a l l  number of  
i t e r a t i o n s  a t  e a c h  t i m e  s t e p  ( 2  o r  3 ) .  I 

W e  are now g o i n g  t o  c o n s i d e r  t h e  f u l l y  i m p l i c i t  case and show 
t h a t  t h e  UZAWA a l g o r i t h m  i s  s t i l l  a p p l i c a b l e .  

UZAWA a l g o r i t h m  i n  t h e  i m p l i c i t  scheme c a s e .  

W e  have a l r e a d y  shown i n  S e c t i o n  6 . 1  t h a t  t h e  i m p l i c i t  scheme 
( 6 . 5 ) - ( 6 . 8 )  i s  w e l l  posed  f o r  k s u f f i c i e n t l y  s m a l l .  W e .  s h a l l  now 
see t h a t ,  under  t h e  same c o n d i t i o n s ,  w e  can  c a l c u l a t e  u 
n o n l i n e a r  UZAWA a l g o r i t h m .  S i n c e  t h e  c a l c u l a t i o n  o f  
e q u i v a l e n t  t o  t h e  s o l u t i o n  o f  ( 6 . 9 ) -  ( 6 . 1 1 ) ,  w e  s h a l l  c o n s i d e r  t h e  
s o l u t i o n  o f  t h i s  l a t t e r  problem. W e  s h a l l  u t i l i s e  h e r e  t h e  a n t i -  
symmetr ised form o f  t h e  n o n l i n e a r  t e r m  i n t r o d u c e d  e a r l i e r  i n  S e c t i o n  
5.1.  The a l g o r i t h m  c o n s i d e r e d  i s  t h e n  w r i t t e n :  

( 6 . 3 1 )  uo, p1 c h o s e n  a r b i t r a r i l y ;  

w i t h  u and ps known, c a l c u l a t e  t h e  s o l u t i o n  us of  

by a 
n + l  

- n + l  is 

s-1 - - 

t h e n  p S + l  b y  

( 6 . 3 3 )  ps+]  = p s  - p(0.gS). 

I n  v a r i a t i o n a l  form, w e  can  w r i t e  (6 .32)  as f o l l o w s :  
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Remark 6.5 :  I n  t h e  c o n t e x t  o f  t h e  i m p l i c i t  scheme ( 6 . 5 ) - ( 6 . 8 ) ,  
I n  a n a t u r a l  c h o i c e  would b e  t o  t a k e  u0 = un , p = p . I - -  

Remark 6.6 :  Problem ( 6 . 3 2 )  i s  l i n e a r  (us-' b e i n g  known) and 
non-symmetric.  Use of t h e  a n t i - s y m m e t r i s e d  form b a l l o w s  us  t o  
s t a t e  t h e  e x i s t e n c e  o f  a u n i q u e  s o l u t i o n  
( H ~ ( R )  ) N  - e l l i p t i c .  

I 

us,  t h e  o p e r a t o r  b e i n g  - 
1 

I n  t h e  f o l l o w i n g  d i s c u s s i o n ,  w e  c o n s i d e r  a l g o r i t h m  ( 6 . 3 1 ) -  ( 6 . 3 3 )  
i n  f i n i t e  d i m e n s i o n s ,  i . e .  f o r  t h e  s o l u t i o n  of a d i s c r e t i s e d  
v e r s i o n  o f  ( 6 . 5 )  - ( 6 . 8 )  . We have a l r e a d y  p r o v e d  a u n i q u e n e s s  r e s u l t  
f o r  t h i s  case i n  Lemma 6 . 1 .  We s h a l l  now p r o v e  t h e  f o l l o w i n g  
r e s u l t :  

PROPOSITION 6 . 1 :  I n  f i n i t e  d i m e n s i o n s ,  and f o r  t h e  s p a t i a Z  

d i m e n s i o n  N = 2 ,  t h e  sequence  us c o n v e r g e s  f o r  k s u f f i c i e n t l y  

s m a l l ,  t o  t h e  s o l u t i o n  u of  p r o b l e m  ( 6 . 9 ) - ( 6 . 1 1 ) .  The sequence  

ps i s  bounded and f o r  any c l u s t e r  p o i n t  p* of t h i s  s equence  t h e  

pair { u,p*}  s a t i s f i e s  ( 6 . 9 ) - ( 6 . 1 1 ) .  

- 
- 

P r o o f :  We w r i t e  ( 6 . 9 )  i n  v a r i a t i o n a l  form. P u t t i n g  

Es = us-u and  ps = ps-p, w e  o b t a i n  by s u b t r a c t i n g  ( 6 . 9 )  f rom (6 .32)  
X I  

and u s i n g  ( 6 . 1 0 )  we s+l Taking  t h e  i n n e r  p r o d u c t  o f  (6 .33)  w i t h  p 
o b t a i n  

We c a n  w r i t e  t h e  l a s t  t e r m  of (6 .36)  i n  t h e  form 

F u r t h e r m o r e ,  by t h e  Cauchy-Schwarz i n e q u a l i t y  w e  have  

We m u l t i p l y  (6 .35)  by p and ( 6 . 3 6 )  by k .  Taking  t h e  sum and 
u s i n g  (6 .37)  and ( 6 . 3 8 ) ,  we see t h a t  
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A s  i n  Lemma 6 .1 ,  w e  o b t a i n  an upper  bound f o r  t h e  n o n l i n e a r  term by 
u s i n g  C a g l i a r d o ' s  i n e q u a l i t y  

By t h e  e q u i v a l e n c e  of norms (6 .15)  and t h e  Cauchy-Schwarz i n e q u a l i t y ,  
w e  o b t a i n  

S u b s t i t u t i n g  i n t o  ( 6 . 3 9 )  w e  o b t a i n  

W e  w i l l  be  able t o  a p p l y  t h e  argument  o f  Theorem 2 . 1  o f  C h a p t e r  I if 

w e  have 

i . e  

2 ( 6 . 4 4 )  

Thus w e  a g a i n  have t h e  uniqueness condition o f  Lemma 6 . 1 .  The 
s t a t e m e n t  of t h e  p r o p o s i t i o n  c a n  b e  deduced from ( 6 . 4 2 )  by t h e  

u s u a l  p r o c e d u r e s .  

The p r i n c i p l e s  b e h i n d  t h i s  p r o o f  c o u l d  i n  f a c t  b e  e x t e n d e d  t o  
problems of t h e  same t y p e  a s s o c i a t e d  w i t h  o t h e r  i m p l i c i t  schemes 
which are more a c c u r a t e  t h a n  ( 6 . 5 )  - ( 6 . 8 ) .  T h i s  a l g o r i t h m  i s  
v e r y  s i m i l a r  t o  t h o s e  o f  S e c t i o n  5 . 1  and it is  o f  c o u r s e  p o s s i b l e  t o  
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introduce into it variants such as the use of a relaxation parameter. 

The fact that we have been able to prove convergence here is clearly 

linked with the existence of a uniqueness result. 

7. GENERAL DISCUSSION ON CHAPTER I1 

The results obtained for the solution of the Stokes problem show 

that the use of an augmented Lagrangian can be an efficient method of 

approach for this problem. Its attraction ought to become even more 

pronounced in three-dimensional problems where the size of the matrices 

involved makes the use of direct methods difficult. The extension to 

the nonlinear case is often found to be efficient. The analogy 

between the ARROW-HURWICZ type algorithm of Section 5.2 and the method 

of CHORIN 111 should be mentioned. A similar approach has been used 

in FORTIN-PEYRET-TEMAM 111 and in BEGIS Ell, this latter work relating 
to the calculation of non-Newtonian fluids. 

In the nonlinear case, the benefit of the penalty term lies in the 

fact that it improves the dissipation of the system without perturbing 

the solution. We shall see in the following chapters that it can 

sometimes actually bring about the convergence of algorithms which 

would otherwise be ill-posed. 
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C H A P T E R  111 

ON D E C O M P O S I T I O N - C O O R D I N A T I O N  M E T H O D S  

U S I N G  AN A U G M E N T E D  L A G R A N G I A N  

M .  F o r t i n ,  R .  G l o w i n s k i  

1. INTRODUCTION 

1.1 Motivation. Examples. 

A large number of problems in Mechanics, in Physics, in Econo- 

mics, etc... (see Chapter IV, V, VI, VII, VIII) can be stated in the 

form 

( 1 . 1 )  (P) Min { F ( B v )  + G ( v ) )  , 
V € V  

where 

* V, H are normed vector spaces (real for simplicity) of 
finite or infinite dimension, 

* F, G are functionals which are convex, proper, and lower 
semi-continuous (1.s.c.) on, respectively, H and V. 

The formulation (1.1) is quite general, since as will be seen in 

the Chapters which follow (see also ROCKAFELLER C 4 1 ,  CKELAND-TEMAM 

I l l ) ,  such a formulation encompasses the minimisation of functionals 
which are possibly nondifferentiable over convex sets, the nondif- 

ferentiability or the constraint relating to v and/or Bv. W e  

illustrate this by two examples: 

Example 1: F l o w  of a Bingham f l u i d  i n  a c y l i n d r i c a l  d u e t .  

Let R be a bounded open domain in IR2 with regular boundary r 
(R is the c r o s s  s e c t i o n  of the duct). W e  define V, H by 

9 7  
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2 2  (1.3) H = (L (n)) . 

L e t  w and g b e  two  p o s i t i v e  constants ( r e f e r  t o  C h a p t e r  V ,  S e c t -  
i o n  5 f o r  t h e  
c o n s i d e r e d )  . 

p h y s i c a l  meaning of w and g and of t h e  example 
Now suppose  w e  have  t h e  problem 

( 1 . 4 )  Min 
v EV 

where,  i n  (1.4), 
a t i o n s  c o n s i d e r e d )  . 

f E L 2 ( n )  ( a c t u a l l y  f = c o n s t a n t  i n  t h e  a p p l i c -  

Problem ( 1 . 4 )  i s  o b v i o u s l y  a p a r t i c u l a r  form o f  problem (P) ob- 

t a i n e d  by p u t t i n g  

(1.5) B = v  

and by d e f i n i n g  F ,  G by 

( 1 . 7 )  

I n  (1.6) w e  have p u t  

An a l t e r n a t i v e  c h o i c e  fo r  F ,  G i s  g i v e n  by 

191 = 4- 

The above f u n c t i o n s  F,  G are convex,  and c o n t i n u o u s ,  and F i s  

nondifferentiubze on H b e c a u s e  of t h e  p r e s e n c e  of t h e  t e r m  f n l q l d x .  

The c h o i c e s  (1.6)’ (1.7) or (1.8), ( 1 . 9 )  w i l l  l e a d  t o  s l i g h t l y  
d i f f e r e n t  a l g o r i t h m s  fo r  t h e  s o l u t i o n  o f  (1.4), by t h e  methods des-  

c r i b e d  i n  S e c t i o n  3 .  I n c i d e n t a l l y  t h i s  p o s s i b i l i t y  of c h o i c e  i n  
t h e  decomposi t ion  allows u s  t o  p r e d i c t  a c e r t a i n  d e g r e e  o f  v e r s a t i -  
l i t y  i n  t h e  u s e  of t h e  methods s t u d i e d  i n  t h i s  c h a p t e r .  
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E x a m p l e  2 :  E l a s t o p l a s t i c  t o r s i o n  of a c y Z i n d r i c a Z  b a r .  

2 L e t  Q be  a bounded open domain i n  I R , w i t h  r e g u l a r  boundary r 
( Q  i s  t h e  c r o s s  s e c t i o n  of  t h e  b a r ) .  W e  d e f i n e  V ,  H by (1.2), 

(1 .3 )  and w e  c o n s i d e r  t h e  problem 

( I .  10) 
v EK 

where f E L2(n) 

c o n s i d e r e d ) ,  and 

( 1 . 1 1 )  K = { V ~ V ~ H ~ ( Q ,  5 1  a.e.1 . 

( f  = c o n s t a n t  i n  t h e  f l u i d  mechanics  a p p l i c a t i o n s  

1 

W e  r e f e r  t o  C h a p t e r  V ,  S e c t i o n  5 ,  f o r  t h e  p h y s i c a l  meaning of 
(l.lO), (1.11). Problem (1.10) i s  a l s o  a p a r t i c u l a r  form o f  prob-  
l e m  ( P )  o b t a i n e d  by p u t t i n g  

( 1 . 1 2 )  B = 8 ,  

w i t h  F ,  G d e f i n e d  by 

( 1 . 1 4 )  

I n  (1.13), 12 d e n o t e s  t h e  i n d i c a t o r  f u n c t i o n  o f  t h e  convex s e t  

(1.15) K = I q I q E H ,  I q /  2 1  a . e . 1  . 
A 

W e  t h u s  have ,  by d e f i n i t i o n  of  t h e  i n d i c a t o r  f u n c t i o n ,  

L ( q )  = + m  if q # K .  (1 .16)  

S i n c e  t h e  convex set  i s  nonernpty(0 E 8 )  and cLosed  i n  H ,  Ii; i s  
c o n v e x ,  p r o p e r ,  and Z . S . C .  on H ;  it t h u s  f o l l o w s  t h a t  F s a t i s f i e s  

t h e  s a m e  p r o p e r t i e s .  Fur thermore  G i s  c l e a r l y  convex and c o n t i n -  
uous on V. 

An a l t e r n a t i v e  c h o i c e  f o r  F ,  G is g i v e n  by 

F = 1- K ( 1 . 1 7 )  
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The v a r i o u s  remarks made i n  r e l a t i o n  t o  Example 1 a p p l y  e q u a l l y  t o  
Example 2 .  rn 

1 . 2  P r i n c i p l e  of t h e  method 

The e s s e n t i a l  i d e a  i n  t h e  whole of t h e  f o l l o w i n g  d i s c u s s i o n  i s  
based  on t h e  f a c t  t h a t  t h e r e  i s  t r i v i a l l y  a n  e q u i v a l e n c e  between (PI 
and 

( 1 . 1 9 )  (n )  Min {F(q)+G(v)}  , 

w i t h  
{ v , q )  E W  

( 1 . 2 0 )  W = { { v , q }  E V  X H ,  Bv-q = 0 )  . 
W e  have t h u s  i n t r o d u c e d  a supplementary  v a r i a b l e  q , l i n k e d  t o  v 
through t h e  l i n e a r  e q u a t i t y  r e l a t i o n  Bv = q . To h a n d l e  t h i s  
c o n s t r a i n t  w e  s h a l l ,  as i n  C h a p t e r  I ,  u t i l i s e  a L a g r a n g e  m u l t i p l i e r  
and reduce  t h e  problem (II) ( t h u s  a lso (P)) t o  a s a d d l e - p o i n t  problem. 

I n  t h e  f o l l o w i n g  d i s c u s s i o n  w e  s h a l l  assume t h a t  t h e  s p a c e s  V 

and H a r e  H i Z b e r t ' s p a c e s ;  H i s  i d e n t i f i e d  w i t h  i t s  d u a l  and w e  
d e n o t e  by ( . , . )  t h e  i n n e r  p r o d u c t  i n  H ,  and by 1 . 1  t h e  a s s o c i a t e d  
norm ( i n  c e r t a i n  cases t h e  r e s u l t s  w i l l  a p p l y  t o  t h e  case where H 

i s  a r e f l e x i v e  Banach s p a c e . )  W e  t h e n  d e f i n e ,  f o r  v E V ,  q E H ,  

LI E H t h e  Lagrangian  

( 1 . 2 1 )  & ( v , q , V )  = F(q) + G(v) + (U9Bv-q) 3 

and t h e n  f o r  r 2 0 ,  t h e  augmented Lagrangian  
( 1 . 2 2 )  2 

k , ( v , q , U )  = d ( v , q , v )  + f (Bv-q[ . 
I n  S e c t i o n  2 w e  s h a l l  s t u d y  t h e  problem o f  t h e  e x i s t e n c e  o f  s a d d l e  

- p o i n t s  f o r  L and &, and t h e  r e l a t i o n s  between t h e  s a d d l e - p o i n t s  
o f  Z! and t h o s e  o f  Lr . m 

The approach  fo l lowed up t o  now may s e e m  somewhat c o n t r i v e d  and 

c o m p l i c a t e d ,  s i n c e  w e  have i n t r o d u c e d  a supplementary  v a r i a b l e  q 
and a supplementary  c o n s t r a i n t  Bv - q = 0 .  By d o i n g  t h i s  w e  have  
i n  a c t u a l  f a c t  s i m p l i f i e d  t h e  n o n l i n e a r  s t r u c t u r e  o f  problem (PI by 
decoupl ing  F and B . T o  i l l u s t r a t e  t h i s  f a c t  w e  s h a l l  a p p l y  t h e  

' There  w i l l  t h u s  be no d i f f i c u l t i e s  i n  f i n i t e  d imens ions .  
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above p r i n c i p l e  t o  t h e  two examples of S e c t i o n  1.1; we remark t h a t  
t h e  numerical  u t i l i s a t i o n  of t h i s  type  of method seems t o  have been 
f i r s t  i n t roduced  by GLOWINSKI-MARROCCO [I] f o r  t h e  numerical  s o l u t i o n  
of t h e  p a r t i c u l a r  problem (1 < p < m )  

- v * ( I v ~ ~ P - ~ v ~ )  = f i n  R , 
(1.23) 

t o  which w e  s h a l l  r e t u r n  i n  Chapter V .  

A p p l i c a t i o n  t o  Example 1 o f  S e c t i o n  1.1 ( F l o w  of a Bingham f l u i d ) :  

With t h e  f u n c t i o n a l s  F and G de f ined  by ( 1 . 6 ) , ( 1 . 7 ) ,  t h e  
Lagrangian i s  w r i t t e n  

( 1 . 2 4 )  

s o  t h a t  t h e  augmented Lagrangian i s  

(1.25) 

&v,q,u) = Iql 2 dx + g lnlq(dx - j,ivdx + j;-(Vv-q)dx. i, 
2 

P,(v.q,u) = ;e(v,q,u) + j,lVv-qI dx. 

We no te  immediately t h a t  f. i s  l i n e a r  wi th  r e s p e c t  t o  v and 
hence t h a t  Zr i s  q u a d r a t i c  (wi th  p o s i t i v e - d e f i n i t e  q u a d r a t i c  p a r t ) .  
This  imp l i e s  t h a t  , wi th  1~ and q f i x e d ,  w e  can minimise d, with  
r e s p e c t  t o  v on V ,  whereas t h i s  o p e r a t i o n  i s  imposs ib le  wi th  2 

( t h i s  drawback d i sappea r s  i f  F and G a r e  de f ined  by ( 1 . 8 ) , ( 1 . 9 ) ) .  
I t  fo l lows  from t h i s  t h a t  c e r t a i n  a lgo r i thms  (see Sec t ion  3 )  w i l l  be 
a p p l i c a b l e  t o  t h e  c a l c u l a t i o n  of t h e  sadd le -po in t s  of 
f o r  t hose  of P . We s h a l l  now g ive  t h e  o p t i m a l i t y  cond i t ions  char- 

2 a c t e r i s i n g  any sadd le -po in t  
We o b t a i n  t h e  system of  equa t ions  and ( v a r i a t i o n a l )  i n e q u a l i t i e s  

Z r  b u t  no t  

{u,p,A] of L r  on HL(R) x ( L 2 ( R ) ) 2 x  (L2(f2)) 

(1.28) vu-p = 0. 

Note t h a t  problem ( 1 . 2 6 )  i s ,  wi th  p and A f i x e d ,  a problem 

which i s  l i n e a r  w i th  r e s p e c t  t o  u, and of a completely s t anda rd  
type .  The v a r i a t i o n a l  i n e q u a Z i t y  ( 1 . 2 7 )  exp res ses  t h e  f a c t  t h a t ,  
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f o r  s p e c i f i e d  u and A ,  p g i v e s  t h e  minimum o f  &(u,q,X) . W e  have 
h e r e  a m i n i m i s a t i o n  problem r e l a t i n g  t o  a n o n d i f f e r e n t i a b l e  func-  
t i o n a l  f o r  which t h e  o p t i m a l i t y  c o n d i t i o n  i s  e x p r e s s e d  by an i n -  
e q u a l i t y  (see G.L.T.  111,  C21 and LIONS 111). Problem (1 .27)  o f f e r s  
a c o n s i d e r a b l e  advantage  o v e r  t h e  i n i t i a l  problem ( 1 . 4 ) .  I n  f a c t  
w e  can  r e d u c e  it t o  a f a m i l y  o f  p o i n t  problems of  t h e  t y p e  

where 1 .  I and ( .  , . )  d e n o t e  t h e  norm and t h e  i n n e r  p r o d u c t  on lR2 

and where w e  have p u t ,  a t  t h e  p o i n t  x E R, 

(1.30) d ( x )  = X(x) t rVu(x). 

Denoting t h e  s o l u t i o n  of ( 1 . 2 9 )  by t ( x )  , w e  t h e n  have 

(1 .31)  

I t  can  e a s i l y  b e  v e r i f i e d  t h a t  p d e f i n e d  by p ( x  
s o l u t i o n  o f  ( 1 . 2 7 ) .  

The a t t r a c t i o n  o f  t h e  decomposi t ion  c a r r i e d  o u t  
t r a n s f o r m s  t h e  " g l o b a l "  n o n d i f f e r e n t i a b l e  problem 

i s  a 

t h a t  it 
o a f a m i l y  

o f  l o c a l  problems,  c o o r d i n a t e d  v ia  t h e  Lagrange m u l t i p l i e r  A. T h i s  
t r a n s f o r m a t i o n  o f  c o u r s e  o n l y  becomes h e l p f u l  i f  w e  can  s o l v e  t h e  
sys tem ( 1 . 2 6 ) - ( 1 . 2 8 )  by an a p p r o p r i a t e  a l g o r i t h m .  

= E ( x )  

i s  t h u s  
1 . 4 )  i n  

A p p l i c a t i o n  t o  Example 2 of S e c t i o n  1.1 ( E l a s t o p l a s t i c  t o r s i o n ) :  

With t h e  f u n c t i o n a l s  F and G now d e f i n e d  by ( 1 . 1 3 ) ,  (1.14), t h e  
Lagrangian  i s  w r i t t e n :  

( 1 . 3 2 )  

and as i n  (1.25), w e  have t h e  augmented Lagrangian  

(1.33) 

The remarks made i n  t h e  p r e v i o u s  example are whol ly  a p p l i c a b l e  a g a i n  
h e r e .  Any s a d d l e - p o i n t  {u ,p ,A} Of a ~ on HA(n) x (L2(iL)) '  x ( ~ ~ ( $ 2 ) ) ~  

i s  c h a r a c t e r i s e d  by a s y s t e m  ana logous  t o  ( 1 . 2 6 ) - ( 1 . 2 8 ) ,  o n l y  t h e  

Z(v,q,u)  = + j n j q 1 2 d x  + I i (q )  - fvdx + p-(Vv-q)dx , I, I, 
2 

z , ( v , q , u )  = z ( v , q , U )  + $ I v V - q l  - 
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i n e q u a l i t y  (1 .27)  b e i n g  a l t e r e d  i n t o  

r r 

W e  can  r e c o g n i s e  i n  (1 .34)  t h e  c h a r a c t e r i s a t i o n  of t h e  p r o j e c t i o n  of  

2 T h i s  p r o j e c t i o n  i n t o  
p o i n t .  A s  i n  t h e  p r e c e d i n g  example,  t h e  decomposi t ion  h a s  a l l o w e d  
a problem which i n c l u d e d  a c o n s t r a i n t  which w a s  d i f f i c u l t  t o  manip- 
u l a t e ,  t o  be  reduced  t o  a f a m i l y  of l o c a l  problems,  c o o r d i n a t e d  v i a  
a Lagrange m u l t i p l i e r .  

( L  ( n ) ) '  can  t h u s  be  c a r r i e d  o u t  p o i n t  by 

2 .  INVESTIGATION OF PROBLEM ( P )  AND O F  THE SADDLE-POINTS OF 

2 AND = E r -  

T h i s  s e c t i o n  i s  d e v o t e d  t o  r e v i e w  ma te r i a l  o f  a t h e o r e t i c a l  
n a t u r e ;  t h u s  t h e  r e a d e r  who i s  p r i m a r i l y  i n t e r e s t e d  i n  t h e  a l g o r -  
i t h m i c  a s p e c t s  o f  t h i s  volume can  a t  a f i r s t  r e a d i n g  go forward  t o  
S e c t i o n  3 o f  t h i s  c h a p t e r .  

2 . 1  E x i s t e n c e  and uniqueness  p r o p e r t i e s  f o r  problem (P)  . 

From s t a n d a r d  r e s u l t s  o f  Convex A n a l y s i s  i n  i n f i n i t e  d imens ions  
(see f o r  example LIONS 111,  EKELAND-TEMAM 111) t h e  prpblem ( P )  W i l l  

admi t  a s o l u t i o n  i f  t h e  f u n c t i o n a l  J ( v )  = F(Bv) + G ( v )  s a t i s f i e s  

(2.1) lim J(v) = +m when lIv]Iv +. + m ,  

a s u f f i c i e n t  c o n d i t i o n  f o r  u n i q u e n e s s  b e i n g  t h e  s t r i c t  c o n v e x i t y  

of J. W e  assume o f  c o u r s e  t h a t  J $ +m . 

Remark 2 . 1 :  I n  t h e  f o l l o w i n g  d i s c u s s i o n  w e  s h a l l  d e n o t e  by 

II'II or  I I ' I I v  t h e  norm on V ,  t h e  norm on H b e i n g  everywhere 
d e n o t e d  by 1 . 1  . 

Remark 2 . 2 :  Suppose t h a t  w e  have 
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I f  t h e  o p e r a t o r  B i s  i n j e c t i v e  wi th  I m  B c l o s e d  i n  H ,  t hen  lBvl 
d e f i n e s  on V a norm e q u i v a l e n t  t o  llvll such t h a t  w e  have 

lim F(Bv) -+ + m  I i f  “ V I /  -t +- 
( 2 . 3 )  

2 . 2  P r o p e r t i e s  of t h e  sadd le -po in t s  of k and of 2, 

The use of t h e  a lgo r i thms  of S e c t i o n s  3 and 4 i s  e s s e n t i a l l y  j u s t -  
i f i e d  by t h e  fo l lowing:  

THEOREM 2 . 1 :  Suppose {u,p,X} is a s a d d l e - p o i n t  of 2 on 

V x H x H; t h e n  {u,p,A} is a s a d d l e - p o i n t  of f r  , V r > O ,  and v i c e  

v e r s a .  Fur thermore  u is a solution of (P), and we have p = Bu. 

P r o o f :  L e t  {u,p,A} be a s add le -po in t  of k on V X H X H .  

W e  t hus  have 

( 2 . 4 )  ~ ( u , P , P )  5 k ( u , p , X )  5 k ( v , q , h ) ,  V { v , q l  c VXH, VP 6 H. 

From t h e  f i r s t  i n e q u a l i t y  i n  ( 2 . 4 )  w e  deduce 

hence 

(2.5) Bu = p .  

From t h e  second i n e q u a l i t y  i n  ( 2 . 4 )  w e  then  deduce 

hence a f o r t i o r i  

F(Bu) + G(u) 5 F(Bv) + G(v) V v c V ,  
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which proves  t h a t  u i s  a s o l u t i o n  of (P). 

I n  view of ( 2 . 5 )  w e  immediately have 

UU,P,U) = Z r ( u , p , ! 4  = & ( u , p , A )  = ;e,(u,p,A) < ; e ( v , q , A )  5 P,(v,q.A),  

V{v,q} E VxH , V~.J E H. 

Suppose, conve r se ly ,  t h a t  {u,p,X} i s  a sadd le -po in t  of e r ;  hence 

(2.6) Z r ( u , p , u )  %,(u,p,A) Qr (v ,q ,A)  V{v,q} 6 VXH, V U  E H. 

Proceeding as  above, w e  deduce from t h e  f i r s t  i n e q u a l i t y  i n  ( 2 . 6 )  
t h a t  p = Bu. 
Furthermore w e  have 

( 2 . 7 )  L r ( u , p , A )  Y! ,(v,q,A) V { v , q l  E VxH. 

Taking i n t o  account t h e  convexi ty  of d, wi th  r e s p e c t  t o  { v , q } ,  t h e  
p a i r  {u ,p}  i s ,  f o r  given X ,  c h a r a c t e r i z e d  by 

G(v) - G(u) + (A,B(v-u))+ r(Bu-p,B(v-u)) 2 0 Vv E V ,  

F (q )  - F ( p )  - (A,q-p) + r(p-Bu,q-p) 2 0  VqEH. 

t h u s ,  s i n c e  p = Bu, w e  f u r t h e r  have 

(2.8) G(v)-G(u) + (A,B(v-u)) 2 0  V V  E V ,  

The r e l a t i o n s  ( 2 . 8 )  , ( 2 . 9 )  a r e  e q u i v a l e n t  t o  

Furthermore 

;e(U,P,U) 5 ;e(U,P,X) 

fo l lows  t r i v i a l l y  from Bu = p. 

Theorem 2 . 1  i s  t h e r e f o r e  completely proved. 

Remark 2.3: I n  infinite dimensions, t h e  q u e s t i o n  of t h e  p o s s i b l e  
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e x i s t e n c e  o f  a s a d d l e - p o i n t ,  i . e .  o f  a Lagrange m u l t i p l i e r  A, i s  
p r o b l e m a t i c a l  and i s  always dependent  on t h e  p o s s i b i l i t y  o f  u s i n g  i n  
some form o r  o t h e r  t h e  Hahn-Banach Theorem. S u f f i c i e n t  c o n d i t i o n s  
t o  a s s u r e  t h e  e x i s t e n c e  o f  t h e  m u l t i p l i e r  would be  

(2.10) ( P )  a d m i t s  a s o l u t i o n ,  

(2 .11)  3 u  E V  where FDB+G is f i n i t e ,  

( 2 . 1 2 )  F i s  c o n t i n u o u s  w i t h  r e s p e c t  t o  Bu . 
A proof  of  t h i s  r e s u l t  can be  found i n  EKELAND-TEMAM 111 and an a n a l -  
ogous r e s u l t  a p p e a r s  i n  GABAY-MERCIER 111. I n  p r a c t i c e  c o n d i t i o n  
( 2 . 1 2 )  i s  t h e  most d i f f i c u l t  t o  s a t i s f y .  

I n  f i n i t e  d imens ions  t h e  e x i s t e n c e  o f  a s a d d l e - p o i n t  i s  a s s u r e d  
s i n c e  w e  min imise  under  a l i n e a r  e q u a l i t y  c o n s t r a i n t ;  i n  t h i s  c a s e  
it i s  s u f f i c i e n t  t h a t  problem (P) admi t  a s o l u t i o n .  

I n  problems which are d i s c r e t i s e d  from a problem i n  i n f i n i t e  
dimensions w e  c o u l d  t h u s  have uh which a p p r o a c h e s  u a s  h + 0 

whereas  t h e  m u l t i p l i e r  A h  d o e s  n o t  converge  i n  H .  

2 . 3  R e l a t i o n s  w i t h  p e r t u r b a t i o n  t h e o r y  i n  Convex A n a l y s i s  

The approach f o l l o w e d  i n  S e c t i o n  1 . 2  c o n s i s t e d  of  " d u a l i s i n g "  t h e  
o r i g i n a l  problem (P) by a p r o c e d u r e  which a t  f i r s t  s i g h t  may s e e m  
somewhat c o n t r i v e d .  W e  now show t h a t  t h i s  approach  i s  no m o r e  t h a n  
a d i f f e r e n t  way of e x p r e s s i n g  t h e  d u a l i t y  i n  t h e  s e n s e  o f  Fenchel -  
Rocka f e 1 l a r  . 

C o n s i d e r ,  t h e n ,  problem ( P ) ,  namely: 

( 2 . 1 3 )  inf {F(Bv)+G(v)~  . 
v EV 

I n  convex a n a l y s i s  (see ROCKAFELLAR C41, EKELAND-TEMAM [ 1 1 )  t h e  s t a n -  
d a r d  p r o c e d u r e  f o r  a s s o c i a t i n g  a Lagrangian  w i t h  ( P )  i s  t o  c o n s i d e r  
a p e r t u r b e d  f u n c t i o n a l  on V x H, d e f i n e d  by 

( 2 . 1 4 )  @ ( V , Z )  = F(Bv-z)+G(v). 

The Lagrangian  a s s o c i a t e d  w i t h  ( 2 . 1 4 )  i s  t h e n  d e f i n e d  c l a s s i c a l l y  by 

(2 .15)  L(v,u) = inf { ( z , ~ )  + $ ( v , z ) } =  inf { ( z , ~ )  + F(Bv-2)) + G(v). 
Z 2 
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Suppose q = Bv-z; w e  c a n  t h e n  w r i t e  ( 2 . 1 5 )  i n  t h e  form 

( 2 . 1 6 )  L(v,lJ) = i n f  {(Bv-q,u) + F ( q ) j  + G(v).  

I f  L ( .  ,.) a d m i t s  a s a d d l e - p o i n t  [u ,X} on V x H ,  t h e n  u i s  a so l -  
u t i o n  of ( P )  and w e  have 

4 

( 2 . 1 7 )  in f  sup L(v,u)  = sup i n f  L(v ,u) .  
veV UEH UrH VCV 

W e  t h e n  d e s c r i b e  as  t h e  d u a l  problem o f  ( P )  t h e  maximisation problem 

on H d e s i g n a t e d  ( P * )  and d e f i n e d  by 

( 2 . 1 8 )  sup {inf  L(v ,p)}  . 
U V  

I f  w e  e x p r e s s  L(. ,.) e x p l i c i t l y  w e  can  w r i t e  

( 2 . 1 9 )  sup i n f  inf {F(q)  + G(v) + (y,Bv-q)) = sup i n f  & ( v , q , U ) .  
I J v q  IJ { v , q l  

The approach  f o l l o w e d  i n  S e c t i o n  1 . 2  t h u s  c o n s i s t e d  o f  u t i l i s i n g  t h e  

Lagrangian  L ( .  , . ) i n  a n  e q u i v a l e n t  b u t  "more e x p l i c i t "  form. 

T h i s  remark a p p l i e s  e q u a l l y  w e l l  t o  t h e  augmented Lagrangian .  I n  

f a c t  t h e  s t a n d a r d  d e f i n i t i o n  (ROCKAFELLAR [ll, FORTIN [I]) i s  obt -  
a i n e d  by c o n s i d e r i n g  

r 2  
( 2 . 2 0 )  tJ,(V,Z) = t J (v ,z )  + ( 2 1  , 

By t h e  same argument  as above w e  can d e r i v e  t h e  Lagrangian  d r  of  
S e c t i o n  1 . 2 .  

I n  FORTIN C11, L r ( v , u )  i s  c a l c u l a t e d  by e l i m i n a t i o n  o f  q i n  
( 2 . 2 1 ) .  F o r  t h e  s o l u t i o n  o f  c e r t a i n  problems which are n o n l i n e a r  

w i t h  r e s p e c t  t o  v ,  t h i s  l e a d s  t o  a l g o r i t h m s  v e r y  s i m i l a r  t o  t h o s e  
s t u d i e d  i n  S e c t i o n s  3 and 4 .  The s e a r c h  f o r  a s a d d l e - p o i n t  o f  
L r ( V , p )  u s i n g  an a l g o r i t h m  of t h e  UZAWA t y p e  (see C h a p t e r  I )  r e q u i r e s  
at. e a c h  s t a g e  t h e  s o l u t i o n  o f  a problem which i s  nonlinear w i t h  res- 
p e c t  t o  v (see FORTIN C11 where t h e  case o f  Example 1 o f  S e c t i o n  1.1 
i s  d e a l t  w i t h ) .  The a l g o r i t h m s  d e s c r i b e d  i n  t h e  remainder  of t h i s  
c h a p t e r  can  be  c o n s i d e r e d  as methods o f  s o l u t i o n  by decomposi t ion  
of t h i s  n o n l i n e a r  problem (see Remark 3 . 1  b e l o w ) .  m 
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Remark 2 . 4 :  Suppose r 2 0;  by proceeding  a s  i n  Theorem 2 . 1 ,  i t  
can e a s i l y  be shown t h a t  i f  {u,X1 i s  a sadd le -po in t  of  Lr  on 
V x H then  {u,Bu,X) i s  a sadd le -po in t  of fr on V X H X H ,  and 
v i c e  ve r sa .  

Remark 2 . 5 :  An impor tan t  p r o p e r t y  concern ing  t h e  use  of t h e  aug- 
mented Lagrangian i s  t h a t ,  f o r  any r 0 ,  t h e  Lagrangians Lr and 

fr t o g e t h e r  w i th  t h e  a s s o c i a t e d  dua l  problems a r e  always d i f f e r e n t -  

i a b l e  with  r e s p e c t  t o  u ,  which is  n o t  t h e  case  i n  g e n e r a l  f o r  r = 0. 
I t  i s  i n  f a c t  proved i n  FORTIN C11 t h a t  f o r  r > 0 t h e  dua l  problem 
i s  a r e g u l a r i s a t i o n  by an in f - convo lu t ion  of t h e  d u a l  problem f o r  
r = 0. Th i s  p rope r ty  i s  e s p e c i a l l y  u s e f u l  f o r  t h e  c o n s t r u c t i o n  of 
a lgor i thms us ing  t h e  g r a d i e n t  of  t h e  f u n c t i o n a l  of t h e  d u a l  problem. 

3. DESCRIPTION OF THE ALGORITHMS 

I n  t h i s  s e c t i o n  w e  s h a l l  d e s c r i b e  two i t e r a t i v e  methods of s o l u t -  

i on  of ( P )  which a r e  i n  f a c t  methods f o r  c a l c u l a t i n g  t h e  saddle-  
p o i n t s  of L r r  t h i s  approach be ing  j u s t i f i e d  by Theorem 2 . 1 .  

3 .1  F i r s t  a lgo r i thm ( A L G 1 )  

I n  view of Theorem 2 . 1  it i s  n a t u r a l ,  f o r  c a l c u l a t i n g  t h e  saddle-  

p o i n t s  of 
t y p e  given below ( s e e  Chapter  I ,  Sec t ion  2 . 1 )  : 

(3.1) 

w i t h  A n  known, d e t e r m i n e  {unlpn}, t h e n  

Pr on V x H x H I  t o  u t i l i s e  t h e  a lgo r i thm o f  t h e  Uzawa 

X o  E n s p e c i f i e d  a r b i t r a r i l y ;  

b y  
x n + l  

( 3 . 3 )  - - n +Pn(Bun-pn). 

In  t h e  fo l lowing  t e x t  a lgo r i thm ( 3 . 1 ) - ( 3 . 3 )  w i l l  o f t e n  be r e f e r r e d  t o  
as ALG1.  The convergence of  A L G l  w i l l  be s t u d i e d  i n  Sec t ion  4 .  I t  

fo l lows  from (3 .2)  t h a t  t h e  p a i r  {un,pn} i s  c h a r a c t e r i z e d  by t h e  
coupled system 
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G(v)-G(un)+(Xn,B(v-un))+r(Bun-pn,B(v-un)) 2 0 V v E V ,  

un E v, 
( 3 . 4 )  

Remark 3.1: The above algorithm can also be written as a saddle- 

point calculation algorithm for Lr (see (2.15)). In fact we have 

seen in Section 2.3 that we actually have 

( 3 . 6 )  L,(v,LJ) = inf =!,(v,q,'s). 

We thereby deduce that if {un,pn] is a solution of (3.2) we also 

have 

9 

It is shown in FORTIN 111 that problem (3.7) is in general nonlinear 
with respect to v and that its d i r e c t  solution is difficult. 

Through the introduction of q, then of P,, this problem (3.7) has 
been decomposed into the system which is the equivalent of the two 

inequalities (3.4), (3.5). Expressing the problem in the form of a 

system will lead to efficient procedures for solving (3.7) (and 

(3.2)). rn 

Remark 3.2: The reader may verify that algorithm ALGl can be 

interpreted as a s u b g r a d i e n t  algorithm for the dual functional 

It can actually be shown that, whatever the values of X , V , E  H, we 

have 

h,(u) <hr(X)+(Buh-ph,~-h), 

where {uX,pXl is the solution of the problem 
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Add i t iona l ly ,  w e  have noted  i n  Remark 2.5 t h a t ,  f o r  
always d i f f e r e n t i a b l e .  Thus i n  t h i s  ca se  we i n  f a c t  have a s t anda rd  

g r a d i e n t  a lgo r i thm when r i s  s t r i c t l y  p o s i t i v e .  

r > 0,  hr(X) i s  

3.2 Second a lgo r i thm (ALG2) 

I n  t h e  implementation of A L G l  t h e  e s s e n t i a l  d i f f i c u l t y  i s  c l e a r l y  
t h e  s o l u t i o n  a t  e a c h  i t e r a t i o n  of t h e  system (3 .4)  , ( 3 . 5 ) .  A na t -  
u r a l  s o l u t i o n  procedure  c o n s i s t s  of  u s ing  t h e  b l o c k  r e l a x a t i o n  method 
given below ( w h e r e  n i s  f i x e d ) :  

pn,o  n-1 
(3.8) = P  I 

t h e n  f o r  k L 1 

,B(v-unYk)) 2 0 V v E 'J, 
G(V)-G(~"*~)+ )+r (au"' k-p n,k-I 

(3.9) 

F(q)-F(pn'k)-(Xn,q-pnyk)+~(pn,k_Bun~k,~-pn~k) 5 0 V q  E H , 

pnYk E H. 

(3.10) 

The a lgo r i thm ( 3 . 8 ) - ( 3 . 1 0 )  i s  convergent under q u i t e  g e n e r a l  assump- 
t i o n s  on F and G (see f o r  example, CEA-GLOWINSKI C11). Taking 
i n t o  account t h e  r e s u l t s  of Chapters  I and I1 concern ing  i n c o m p l e t e  

minimisa t ion  i n  t h e  UZAWA a lgo r i thm (see Chapter  I ,  Sec t ion  2.3, 
Remark 2.5 and Chapter 11, S e c t i o n s  3.2 and 5.2) w e  o b t a i n  n a t u r a l  
v a r i a n t s  of A L G l  by r e s t r i c t i n g  o u r s e l v e s  when s o l v i n g  (3 .41 ,  (3 .5 )  
by (3 .8 ) - (3 ,10 )  t o  a f i x e d  number of b lock  r e l a x a t i o n  passes .  I n  
t h e  l i m i t i n g  case  of a s i n g l e  pass  w e  o b t a i n  t h e  a lgo r i thm 

(3.11) {po,X1} E H x H a r b i t r a r i l y  s p e c i f i e d ;  

w i t h  {pn-l,Xnl known, d e t e r m i n e  s u c c e s s i v e l y  u , p , b y  
n n A n + l  
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( 3 . 1 4 )  A"+' = A" + p (Bun-pn). 

I n  t h e  f o l l o w i n g  t e x t  a l g o r i t h m  ( 3 . 1 1 ) - ( 3 . 1 4 )  w i l l  o f t e n  b e  r e f e r r e d  
t o  as ALG2. The convergence  o f  ALG2 w i l l  b e  s t u d i e d  i n  S e c t i o n  5. 

Remark 3.3:  The a l g o r i t h m  ALG2 seems t o  have been f i r s t  i n t r o -  
duced by GLOWINSKI-MARROCCO 111 i n  c o n n e c t i o n  w i t h  t h e  n u m e r i c a l  
s o l u t i o n  o f  problem ( 1 . 2 3 ) .  The convergence  o f  ALG2 f o r  p, = p = r 
w a s  d e m o n s t r a t e d  i n  MERCIER C21 i n  r e l a t i o n  t o  t h e  n o n l i n e a r  e l a s t i -  

c i t y  problem o f  C h a p t e r  V I ,  and t h e n  e x t e n d e d  by GABAY-MERCIER 111 
t o  t h e  case where O < p n = p < 2 r  , under  q u i t e  g e n e r a l  assumpt ions  on 
F ( G  b e i n g  l i n e a r ) .  

3 .3  A p p l i c a t i o n  t o  t h e  examples  of  S e c t i o n  1 

I n  o r d e r  t o  c l a r i f y  t h e  c o n c e p t s  i n t r o d u c e d  i n  S e c t i o n s  3 . 1  and 
3.2, w e  s h a l l  now s e t  o u t  A L G l  and ALG2 e x p l i c i t l y  f o r  t h e  two model 
problems o f  S e c t i o n  1.1. 

Case o f  Example 1 of S e c t i o n  1.1 ( F l o w  of a Bingham f l u i d )  

With t h e  Lagrangian  ier d e f i n e d  by ( 1 . 2 4 ) ,  ( 1 . 2 5 ) ,  and t a k i n g  i n -  
t o  a c c o u n t  ( 1 . 2 6 ) - ( 1 . 3 1 )  and ( 3 . 4 ) ,  ( 3 . 5 ) ,  A L G l  t a k e s  t h e  f o l l o w i n g  
form : 

(3.15) lo a r b i t r a r i l y  c h o s e n  i n  (L2 ( Q )  ) 2 ;  

t h e n ,  A n  b e i n g  known,  d e t e r m i n e  {un,pn}  by s o l v i n g  t h e  c o u p l e d  

s y s t e m  

- rAu"+rV*p"-V*A" = f on R ,  
(3. 16) 

Unlr = 0 ,  
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Remark 3.4:  I n  p r a c t i c e  ( 3 . 1 5 ) - ( 3 . 1 8 )  w i l l  b e  a p p l i e d  t o  a n  
approximat ion  (by f i n i t e  d i f f e r e n c e s  o r  f i n i t e  e l e m e n t s )  o f  t h e  pro-  
blem ( 1 . 4 ) .  Looking a t  ( 3 . 1 6 ) ,  ( 3 . 1 7 ) ,  it a p p e a r s  t h a t  t h e  imple-  
m e n t a t i o n  of t h e  b l o c k  r e l a x a t i o n  method ( 3 . 8 ) - ( 3 . 1 0 )  w i l l  p r e s e n t  
no p r a c t i c a l  d i f f i c u l t i e s  p r o v i d e d  t h a t  an e f f i c i e n t  program i s  
a v a i l a b l e  f o r  s o l v i n g  t h e  D i r i c h l e t  problem f o r  - A .  a 

T o  p a s s  from A L G l  t o  ALG2 it s u f f i c e s  t o  r e p l a c e  (3 .15)  by 

(3.19) { p  , A  1 a r b i t r a r i Z y  c h o s e n  i n  ( L 2 ( n ) ) 2  x (L2(Q))2; 0 1  

and (3 .16)  by 

- rAun+rV-pn-]-V-An = f on Q, 

(3.20) 

w i t h  t h i s  a l g o r i t h m  t h e  d e t e r m i n a t i o n  o f  un,  pn i s  s e q u e n t i a l .  

Case o f  Example 2 o f  S e c t i o n  1.1 ( E Z a s t o p Z a s t i c  t o r s i o n )  

With t h e  Lagrangian  Pr d e f i n e d  by  ( 1 . 3 2 ) ,  (1 .33)  and t a k i n g  
account  o f  ( 1 . 3 4 ) ,  (1 .35)  and o f  ( 3 . 4 ) ,  ( 3 . 5 ) ,  A L G l  t a k e s  t h e  follow- 
i n g  form: 

(3.21) A o  a r b i t r a r i Z y  c h o s e n  i n  ( L 2  (R)) 2 ;  
t h e n ,  A n  b e i n g  known, d e t e r m i n e  {un'pn} b y  

- rAun+rV-pn-V.An = f on Q, 

u lr = 0, 

An+rVun 

I n  

(3.22) 

(3.23) pn = 
sup( I+r, 1 in+rvunl ) ' 

( 3 . 2 4 )  An+' = An+pn(Vun-pn). 

T h i s  a l g o r i t h m  i s  v e r y  c l o s e l y  r e l a t e d  t o  ( 3 . 1 5 ) - ( 3 . 1 8 )  and Remark 
3.4 i s  e q u a l l y  v a l i d  f o r  ( 3 . 2 1 ) - ( 3 . 2 4 ) .  
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T o  p a s s  from A L G l  t o  ALG2,  it s u f f i c e s  t o  r e p l a c e  ( 3 . 2 1 1 ,  ( 3 . 2 2 )  

by (3.19) , (3 .20 ) .  

Remark 3.5: A l l  o t h e r  t h i n g s  be ing  e q u a l ,  t h e  " c o s t "  of an 
i t e r a t i o n  i s  h i g h e r  f o r  A L G l  than f o r  ALG2,  and i n  a l a r g e  number of 
problems it i s  p r e f e r a b l e  t o  use t h i s  l a t t e r  a lgor i thm.  Nonethe- 
less w e  should p o i n t  o u t  t h a t  i n  c e r t a i n  v e r y  s t i f f  problems, f o r  
example ( 1 . 4 )  wi th  g " l a r g e "  o r  a l t e r n a t i v e l y  (1.23) wi th  p 
"c lose"  t o  1 o r  " l a r g e " ,  A L G l  i s  f a s t e r  t han  ALG2 both i n  t h e  number 
of i t e r a t i o n s  and i n  t h e  computation t i m e .  A l l  t h e s e  p o i n t s  w i l l  
be i l l u s t r a t e d  through va r ious  examples i n  t h e  fo l lowing  chap te r s .  

4 .  CONVERGENCE O F  A L G l  

I n  s e c t i o n  4 . 1 ,  w e  s h a l l  s tudy  t h e  convergence of A L G l  when V 

and H a r e  H i l b e r t  spaces  of a r b i t r a r y  d i m e n s i o n ;  then  i n  Sec t ion  4 . 2  
w e  s h a l l  examine t h e  e x t e n t  t o  which t h e  assumptions of Sec t ion  4 . 1  
can be weakened when V and H a r e  of f i n i t e  d i m e n s i o n .  

4 . 1  General  ca se  

To s tudy  t h e  convergence of ALGL, w e  s h a l l  be making s e v e r a l  sup- 
plementary assumptions.  W e  s h a l l  f i r s t  assume t h a t  w e  have 

( 4 . 1 )  B is i n j e c t i v e  and I m B  i s  c l o s e d  i n  n.  

In  a d d i t i o n ,  w e  s h a l l  make t h e  fo l lowing  assumption on F concerning 

growth a t  i n f i n i t y  

Taking i n t o  account t h e  p r o p e r t i e s  of G I  ( 4 . 1 )  and ( 4 . 2 )  imply t h a t  
( P )  admi ts  a unique s o l u t i o n  u *. I n  t h e  fo l lowing  t e x t  w e  s h a l l  

w r i t e  p = Bu. 
W e  nex t  assume t h a t  F = F + F1, where F1 i s  convex, proper  and 
1.s.c. on H ,  and where Fo i s  convex, d i f f e r e n t i a b l e  on H I  and 

0 

~~ ~ ~ 

Provided w e  assume t h a t  Dom(PoB) nDom(G)  # 0 ( w e  r e c a l l  t h a t  i f  

j : X  -ti then  D o m ( j )  = {xc X, j ( x )  cR) ). 
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u n i f o r n i Z y  c o n v e x  O U ~ T  t h e  bounded  s u b s e t s  of H 

sense: 

in the following 

For  any  M > 0, t h e r e  e x i s t s  a c o n t i n u o u s  f u n c t i o n  

6M: 
for a l l  p,qcH, l p (  S M ,  (qlSM, we h a v e :  

CO,2M1 + 1 R ,  s t r i c t l y  i n c r e a s i n g ,  w i t h  6,(0) = 0 ,  s u c h  t h a t  

( 4 . 3 )  (F;(q)-F;(P),q-P) 2 $&-PI). 

Idhere,  i n  ( 4 . 3 ) ,  FA d e n o t e s  t h e  g r a d i e n t  o f  Fo. 

THEOREM 4 .1 :  S u p p o s e  t h a t  L r  a d m i t s  a s a d d l e - p o i n t  {u,p ,X} 
o n  V x H x H. Under  t h e  a b o v e  a s s u m p t i o n s  o n  B ,  F and  G ,  and  

if p n  s a t i s f i e s  

( 4 . 4 )  O < C ~  < p  S a l < 2 r ,  
o n  

we h a v e  f o r  A L G l  t h e  f o l l o w i n g  c o n v e r g e n c e  r e s u l t s :  

( 4 . 5 )  u + u s t r o n g l y  i n  V ,  n 

( 4 . 6 )  pn + p s t r o n g l y  i n  H, 

( 4 . 7 )  x"+~-x" + o s t r o n g l y  i n  H, 

( 4 . 8 )  A n  i s  bounded  i n  H. 

F u r t h e r m o r e  i f  A *  i s  a ( w e a k )  c l u s t e r  p o i n t  of A" i n  H ,  

tu,p,h*} is a s a d d l e - p o i n t  of zr(v,q,p) on v x n x n .  

P r o o f :  In the following text we shall write 

-n 
We thus have to show that ;" -t 0, p" + 0, and that A remains boun- 

ded; {u,p,X} being a saddle-point of ;er, we have 

(4 .10 )  G(v)-G(u)+(X,B(v-u))+r(Bu-p,B(v-u))s 0, V v  E v ,  
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(4.12) X = A + pn(Bu-p), V n  . 

Fur thermore  (3.2 ) - ( 3.5)  imply 

(4.13) G(v)-G(u")+(X",B(v-u"))+r(Bu -p ,B(v-u")) t 0 , V v  E V ,  
n n  

(4.14) 

(4. IS)  

W e  t h u s  set  v = u i n  ( 4 . 1 0 ) ,  q = p i n  ( 4 . 1 1 ) ,  t h e n  v = u i n  
(4 .13)  and q = p i n  ( 4 . 1 4 ) ,  s o  t h a t ,  by a d d i t i o n ,  w e  have 

(FA(pn) .q-pn)+FI (q)-FI (pn)-(An,q-pn)+r(pn-Bu?q-pn) 2 0 

An+' = hn+pn(Bu -p ) . 
, v q E H, 

n n  

n n 

(4.16) r I Bin 1 '-r (p", Bin) + (h", Bin) S 0, 

(4.17) (F~(pn)-F~(p),pn-p)+r~~n~2-r(~n,B?)-(~n,~n) S O  . 

Summing ( 4 . 1 6 )  and ( 4 . 1 7 )  and r e g r o u p i n g  t h e  t e r m s ,  w e  o b t a i n  

(4.18) 

A l s o ,  s u b t r a c t i n g  ( 4 . 1 2 )  f rom (4 .15)  and t a k i n g  t h e  sca la r  s q u a r e  i n  
H ,  w e  o b t a i n  

(4.19) 

(F;(pn)-FA(p) ,pn-p)+r(B;"-pnI2+(Xn,Bin-Fn) 5 0 . 

-n -n -n 2 -n -n 2 Ihn/2-1Xn+112 = - 2pn(Bu -P ,A )-pnlBu -P 1 , 

I t  t h e n  f o l l o w s  from ( 4 . 1 8 )  and ( 4 . 1 9 )  t h a t  

(4.20) lhn/2-lXn+1 1 '  5 2pn(FA(pn)-F;(p),pn-p)+pn(2r-pn) IBu -n -p -n I 2 . 

I n  view of t h e  assumpt ion  ( 4 . 4 )  on p n  w e  t h u s  have 

(4.21) l i m  I ~ u ~ - p ~ l  = o ( since ~u=p), 

(4.22) lim (F;(P~)-F;(P),P"-P) = 0, 

n + + m  

n + + m  

and w e  have X n  bounded i n  H .  

W e  now show t h a t  pn i s  bounded i n  H ;  i n  f a c t ,  s i n c e  t h e  f u n c t -  
i o n a l  F i s  p r o p e r ,  t h e r e  e x i s t s  6 E H ,  s u c h  t h a t  - -  <F(c) < + m .  

Then p u t t i n g  q = 3 i n  ( 3 . 5 ) ,  w e  o b t a i n  

(4.23) F (fi)-(X",fi)+r (pn-Bu?p^) t F (pn)-(An,pn)+r (pn-Bun,pn). 

S i n c e  X" i s  bounded i n  H and knowing t h a t  pn - Bun t e n d s  t o  
z e r o ,  w e  t h e r e b y  deduce t h a t  t h e r e  e x i s t  p o s i t i v e  c o n s t a n t s  B o , B 1 ,  
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independent of n ,  such t h a t  

Taking i n t o  account  assumption ( 4 . 2 ) ,  it fo l lows  from ( 4 . 2 4 )  t h a t  
pn i s  bounded, i . e .  t h a t  t h e r e  e x i s t s  M > 0,  such t h a t  

( 4 . 2 5 )  ( p n l  SM, Vn. 

Furthermore,  f o r  M s u f f i c i e n t l y  l a r g e ,  w e  a l s o  have 

( 4 . 2 6 )  /PI 5I.i. 

I t  then  fo l lows  from ( 4 . 2 5 ) ,  ( 4 . 2 6 )  and from t h e  uniform convexi ty  
of Fo over  t h e  bounded s u b s e t s  of H ,  t h a t  we have 

( 4 . 2 7 )  

W e  t hus  have 

( 4 . 2 8 )  

( ~ ; ( p ~ ) - ~ ; ( p )  ,pn-p) 2 & M ( I ~ n - ~ I )  v n. 

l i m  6 ( Ip"-p\ )  = 0 .  M n + + m  

I t  then  fo l lows  from t h e  p r o p e r t i e s  of 6'M t h a t  

( 4 . 2 9 )  l i m  Ipn-p( = 0, 
n + + m  

and from ( 4 . 2 1 )  t h a t  

( 4 . 3 0 )  l i m  ~u~ = p (=~u), s t r o n g z y  i n  H .  
n + + m .  

S ince  t h e  o p e r a t o r  B i s  i n j e c t i v e  wi th  ImB c losed  i n  H ,  t h i s  i m -  
p l i e s  ( s e e  Remark 2 . 2 )  t h a t  

( 4 . 3 1 )  l i m  un = u , s t r o n g l y  in V. 
n + + m  

The p r o p e r t i e s  of t h e  sequence 
Theorem, a r e  then  immediate consequences of t h e  convergence proper -  
t i e s  of un and of pn and a r e  ob ta ined  by pass ing  t o  t h e  l i m i t  i n  

A n ,  g iven  i n  t h e  s t a t emen t  of t h e  

( 3 . 3 ) - ( 3 . 5 ) .  a 

R e m a r k  4 . 1 :  W e  have proved t h e  convergence of  t h e  a lgo r i thm by 
I 

making use  of t h e  assumption of c o e r c i v i t y  ( 4 . 3 )  on F o ( . ) .  I t  i s  
easy  t o  show t h a t  an analogous r e s u l t  i s  ob ta ined  by assuming t h a t  
G ( ' )  i s  d i f f e r e n t i a b l e ,  i t s  d e r i v a t i v e  s a t i s f y i n g  a c o n d i t i o n  
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s i m i l a r  t o  ( 4 . 3 ) .  I n  f a c t  t h e  convergence  p r o o f  s i m p l i f i e s  and i t  
is  n o  l o n g e r  n e c e s s a r y  t o  assume B t o  b e  i n j e c t i v e .  W e  s h a l l  
e n c o u n t e r  i n  Chapter  I V  a case where t h i s  v a r i a n t  w i l l  be  u s e f u l .  

4 . 2  The f i n i t e - d i m e n s i o n a l  case 

I f  V and H are o f  f i n i t e  d imens ion ,convergence  o f  ALGl can b e  
o b t a i n e d  under  weaker  assumpt ions  t h a n  t h o s e  g i v e n  i n  S e c t i o n  4 . 1 .  

F i r s t l y ,  f o r  h r  t o  admi t  a s a d d l e - p o i n t  i t  w i l l  be s u f f i c i e n t  
f o r  ( P )  to admi t  a s o l u t i o n  (see Remark 2 . 3 ) .  F u r t h e r m o r e ,  I m  €3 

i s  s t i l l  c l o s e d .  A s  r e g a r d s  F,  i t  follows from CEA-GLOWINSKI 
[I, S e c t i o n  2 .21  t h a t  t h e  uni form c o n v e x i t y  p r o p e r t y  o f  
i n  S e c t i o n  4 . 1  i s  s a t i s f i e d  i f  

(4 .32 )  Fo i s  s t r i c t l y  convez and of c l a s s  C1. 

I n  f a c t  i f  Fo sat isf ies  ( 4 . 3 2 )  and if we assume t h a t  (P) admi ts  a 
s o l u t i o n  w e  can d i s p e n s e  w i t h  assumpt ion  ( 4 . 2 ) .  T h i s  f o l l o w s  from 

t h e  f a c t  t h a t  t h e  s t r i c t  c o n v e x i t y  o f  

monotonic i ty  o f  Fo,  and from t h e  f o l l o w i n g :  

Fo g i v e n  

Fo i m p l i e s  t h e  s t r i c t  
I 

LEMMA 4.1 :  Suppose H i s  of f i n i t e  dimension;  l e t  A: H -t H 

be a c o n t i n u o u s  and s t r i c t l y  monotone o p e r a t o r ,  p an e lement  of H 

and (p"), a sequence of e l e m e n t s  of H such t h a t  

(4 .33 )  l i m  ( A ( P ? - A ( ~ ) ,  pn-p) = 0. 
n + + m  

We then  have 

(4 .34 )  lim p" = p .  
n + + w  

Proof: Suppose t h a t  (4 .34)  i s  n o t  t r u e ;  i n  t h i s  case t h e r e  
m e x i s t s  6 > 0 and a sub-sequence e x t r a c t e d  from (p"),, ( p  I m  s a y ,  

s u c h  t h a t  

(4 .35 )  Ipm-pI 2 6  V m  . 
6 6 L e t  S ( p ; z )  be  t h e  s p h e r e  w i t h  c e n t r e  p and r a d i u s  2. W e  d e f -  

i n e  zm E S ( p ;  2 )  by 6 

W e  r eca l l  t h a t  A: H -t H i s  s a i d  t o  b e  s t r i c t l y  monotone i f  
( A ( q ) - A ( p ) ,  q-p)  > 0 V p . 9  8, P # 9. 
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m 
(4.36) z m = p + ; x € L  ; 

m I Pm-P I m 
z t h u s  b e l o n g s  t o  t h e  "open i n t e r v a l "  l p , p  [ of t h e  s p a c e  H 

(see F i g u r e  4 . 1 ) .  
W e  s h a l l  d e n o t e  by tm t h e  q u a n t i t y  - ; w e  t h u s  have 

6 

2 1 1  Pm-P 

F i g u r e  4 . 1  

m m  (4.37) zm = p + t ( p  - p ) ,  

and ,  from ( 4 . 3 5 ) ,  

(4.38) 

S i n c e  t h e  o p e r a t o r  A i s  s t r i c t l y  monotone w e  have  

(4.39) (A(pm)-A(p) ,pm-p) > ( A ( p + t ( p m - p ) ) - A ( p )  .P"-P) > O  V t E 10,1[ , 

m hence i n  p a r t i c u l a r  ( w e  se t  t = t i n  ( 4 . 3 9 ) )  

(4.40) ( A ( P ~ ) - A ( P )  ,pm-p) > ( A ( Z ~ ) - ( A ( P )  ,pm-p) > 0. 

I n  view o f  ( 4 . 3 7 ) ,  (4 .38)  i t  f o l l o w s  from ( 4 . 4 0 )  t h a t  

6 m S i n c e  t h e  s p h e r e  S ( p ;  3 )  i s  compact  w e  can e x t r a c t  f rom ( z  ) m  a 
sub-sequence,  i t s e l f  a l s o  d e n o t e d  by 

(4.42) 

m ( z  ) m ,  s u c h  t h a t  

6 l i m  zm = z , z E s ( ~ ;  y) . 
m + + m  

S i n c e  t h e  o p e r a t o r  A i s  c o n t i n u o u s  w e  deduce from ( 4 . 3 3 ) ,  ( 4 . 4 1 ) ,  
( 4 . 4 2 )  t h a t  
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The o p e r a t o r  A b e i n g  s t r i c t l y  m o n o t o n e ,  (4 .33)  i m p l i e s  t h a t  z = p ,  
6 which i s  a b s u r d  s i n c e  lp-zl = - > O .  W e  c a n n o t  t h e r e f o r e  have ( 4 . 3 5 ) ;  
2 

hence  p converges  t o  p .  n 

I n  view o f  t h e s e  v a r i o u s  remarks ,  one can e a s i l y  prove  t h e  f o l l -  
owing v a r i a n t  o f  Theorem 4 . 1 :  

THEOREM 4.2: S u p p o s e  t h a t  V and H a r e  o f  f i n i t e  d i m e n s i o n  

and  t h a t  (P) a d m i t s  a s o l u t i o n  u. We make t h e  f o l l o w i n g  assump-  

t i o n s  on  B, G ,  F 

- B i s  i n j e c t i v e ,  

- G i s  c o n v e x ,  p r o p e r  and  Z . S . C .  on V ,  

- We h a v e  F = Fo f F1 w i t h  F1 c o n v e x ,  p r o p e r  and  l . s . c .  

on  H ,  and Fo s t r i c t l y  c o n v e x  and  of c l a s s  C1 on H .  

T h e  s o l u t i o n  of ( P )  i s  t h e n  u n i q u e ,  and  u n d e r  t h e  c o n d i t i o n  

we have  for A L G l  t h e  f o l l o w i n g  c o n v e r g e n c e  r e s u l t s  

lim un = u, 
n + + m  

lim pn = BU, 
n + + m  

A n  i s  bounded  i n  H. 

M o r e o v e r ,  if h i s  a c l u s t e r  p o i n t  of A n  i n  H ,  t h e n  { u , B u , h }  is 

a s a d d l e - p o i n t  of  Lr on V x H x n .  

Remark 4 . 2 :  W e  s h a l l  m e e t  i n  C h a p t e r  V, i n  c o n n e c t i o n  w i t h  t h e  
minimum s u r f a c e s  problem, a s i t u a t i o n  i n  which t h e  assumpt ion  ( 4 . 2 )  
on F i s  n o t  s a t i s f i e d ,  e i t h e r  f o r  t h e  c o n t i n u o u s  problem o r  f o r  
t h e  approximate  problem, and i n  which t h e  convergence  o f  ALGl w i l l  
f o l l o w  ( f o r  t h e  approximate  problem) from Theorem 4 . 2 .  

4.3 On t h e  c h o i c e  o f  r and of { p n I n .  

I n  t h e  g e n e r a l  case t h e  d e t e r m i n a t i o n  o f  t h e  o p t i m a l  p a r a m e t e r s  
i s  a c o m p l i c a t e d  m a t t e r ,  as a consequence o f  t h e  n o n l i n e a r i t y  of 
problem ( 3 . 4 )  , ( 3 . 5 )  ; f u r t h e r m o r e ,  t h e  convergence  p r o p e r t i e s  o f  t h e  
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n sequences {unln  and I p  l n ,  {An}n may be d i f f e r e n t ,  a s  w e  sha  
see below. 

We cons ider  t h e  case  where 

1 2  
( 4 . 4 4 )  F(q)  = lq( , 

( 4 . 4 5 )  G(v) = -((f,v)), 

t h e  o p e r a t o r  B s t i l l  s a t i s f y i n g  ( 4 . 1 ) .  
The problem ( P )  i s  then  e q u i v a l e n t  t o  

t ( 4 . 4 6 )  B Bu = f, 

and Zr admits a s  a s add le -po in t  {u,Bu,Bu}; w e  t h u s  have 

3 )  

1 

A = p = Bu. I t  i s  appa ren t  t h a t  t h e  use of A L G l  i s  of no p r a c t i c a l  
i n t e r e s t  f o r  s o l v i n g  ( 4 . 4 6 )  s i n c e ,  a t  each i t e r a t i o n ,  it w i l l  be 
necessary  t o  s o l v e  l i n e a r  problems r e l a t i n g  t o  B B .  Nonethe less ,  
t h i s  t r i v i a l '  c a se  o f f e r s  a c e r t a i n  t h e o r e t i c a l  i n t e r e s t  f o r  t h e  
s tudy  of  t h e  convergence of t h e  a lgo r i thm.  The l a t t e r  i s  w r i t t e n ,  

( l i m i t i n g  ou r se lves  t o  t h e  c a s e  where 

t 

p, = p ) ,  

( 4 . 4 7 )  A' a r b i t r a r i l y  specified i n  H; 

t h e n ,  A" b e i n g  known,  c a Z c u l a t e  un,pn,An+' b y  

( 4 . 4 8 )  

( 4 . 4 9 )  

( 4 . 5 0 )  

BtAn + rBt(Bun-pn) = f ,  

p" = A" + r ( ~ u  -p 1 ,  n n  

A " + l  = A n + p (Bun-pn) . 
n Again us ing  t h e  n o t a t i o n  ii" = u -u, pn-p, xn = A n - A ,  w e  have 

( 4 . 5 1 )  B ' X ~ + ~ B ~ ( B ; " - ; " )  = o v n  t 0 ,  

( 4 . 5 2 )  pn = i;"+r(~;"-p~) v n L 0 ,  

= in+p (B;"-;") v n t 0 .  ( 4 . 5 3 )  In+ I 

Mult ip ly ing  ( 4 . 5 2 )  by B t ,  w e  deduce from (4 .51)  t h a t  

( 4 . 5 4 )  ~ ~ 6 "  = o V n ?  0.  

We t hen  deduce from (4.51) and from (4.54) t h a t  

( 4 . 5 5 )  BtXn = -rBtB;" V n t 0 .  . 
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M u l t i p l y i n g  ( 4 . 5 3 )  by Bt  and t a k i n g  a c c o u n t  o f  ( 4 . 5 4 )  and ( 4 . 5 5 ) ,  
w e  o b t a i n  

( 4 . 5 6 )  Btg;n+l = (y) Btgin = (I-:) B~B;" v n S  0 .  

W e  t h e r e b y  deduce t h a t  i f  r = p ,  w e  have4  

( 4 . 5 7 )  un = u, v n 2 1  ; 

w e  t h u s  have convergence  o f  un i n  two  i t e r a t i o n s ,  whatever  t h e  
v a l u e  o f  A o  E H. For  p # r t h e  r a t e  o f  convergence  o f  t h e  
sequence  u depends on t h e  r a t i o  f .  m n 

W e  now c o n s i d e r  t h e  convergence o f  t h e  sequence  A n .  I n  view 

of (4 .55)  w e  have  B ; ~  = - 1 B(B~B)-'B'x~ , 

or a l t e r n a t i v e l y  

I -n ( 4 . 5 8 )  B;" = - -PA 
r 

where P = ( B t B ) - l B t  i s  t h e  p r o j e c t i o n  o p e r a t o r  f rom H o n t o  I m B .  

By s u b s t i t u t i n g  ( 4 . 5 8 )  i n t o  ( 4 . 5 3 ) ,  and by u s i n g  ( 4 . 5 2 ) ,  w e  o b t a i n  

I"+' = ( 1  - P) x n + p ( l  - l ) p x n ,  t / n  S O .  
1 +r I+r r ( 4 . 5 9 )  

By p r o j e c t i o n  o f  (4 .59)  o n t o  I m B ,  t h e n  o n t o  t h e  o r t h o g o n a l  subspace  
K e r  Bt w e  t h u s  deduce 

( 4 . 6 0 )  pxn+' = ( 1  - P)PX", v n > O ,  

I n  t h e  case where p = r w e  t h u s  have convergence  o f  PAn i n  two  

i t e r a t i o n s .  The p r o j e c t i o n  o f  A n - A  o n t o  K e r  Bt " d e c r e a s e s "  by 

t h e  f a c t o r  (1- l+r), i . e .  i n  t h e  case where 
-!- I f  w e  choose  A o  i n  I m B  w e  t h u s  h a v e ,  f o r  p = r ,  converg- l+r '  
e n c e  o f  A n  i n  t w o  i t e r a t i o n s .  I f  A o  i s  chosen a r b i t r a r i l y  i n  
H t h e  convergence  o f  
v a l u e  o f  r ,  when p = r .  A s  r e g a r d s  t h e  sequence  p it f o l l o w s  
f r o m  t h e  p r e c e d i n g  r e l a t i o n s  t h a t  

P p = r ,  a f a c t o r  o f  

A n  t o  A = Bu w i l l  be  f a s t e r  t h e  l a r g e r  t h e  
n 

' W e  r eca l l  t h a t  B i n j e c t i v e  w i t h  I m B  c l o s e d  i n  H i m p l i e s  t h a t  
BtB i s  an i s o m o r p h i s m  o f  V o n t o  V. 
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t h e  sequence  pn t h u s  behaves  l i k e  t h e  sequence  ( I - P ) x n .  m 

The p r e c e d i n g  a n a l y s i s  i n d i c a t e s  t h a t  i n  c e r t a i n  c a s e s  w e  may 
e x p e c t  a f a s t e r  convergence f o r  un t h a n  f o r  A n  or  pn.  Such 
a phenomenon h a s  i n  f a c t  been e s t a b l i s h e d  e x p e r i m e n t a l l y  (see 
GABAY-MERCIER [ l l )  i n  t h e  case o f  t h e  e l a s t o p l a s t i c  t o r s i o n  problem 
(see S e c t i o n  1.1, Example 2 ) .  I t  a l s o  a p p e a r s ,  i n  t h e  l i g h t  of  

numerous n u m e r i c a l  e x p e r i m e n t s ,  t h a t  t h e  c h o i c e  o f  p n  = p = r 
is " quas  i -op  t i m a l "  . 

I t  i s  a l s o  e a s y  t o  show t h a t  t h e  convergence  of A L G l  w i l l  be  
f a s t e r  t h e  l a r g e r  t h e  v a l u e  of r.  From a p r a c t i c a l  p o i n t  o f  
view,  however, t h e  s i t u a t i o n  i s  r a t h e r  more complex: i n  f a c t ,  t h e  
c o n d i t i o n i n g  of  t h e  sys tem ( 3 . 4 ) ,  ( 3 . 5 )  g e t s  worse as r i n c r e a s e s ,  
so t h a t  t h e  speed  o f  convergence  of t h e  r e l a x a t i o n  a l g o r i t h m  ( 3 . 8 ) -  
( 3 . 1 0 )  d e c r e a s e s .  Moreover t h e  c h o i c e  o f  t h e  t e r m i n a t i o n  t es t  f o r  
t h e  i n t e r n a l  i t e r a t i o n s  ( 3 . 8 ) - ( 3 . 1 0 )  and t h e  e f f e c t  o f  rounding  
e r r o r s  a l so  p l a y  a p a r t .  E x p e r i m e n t a l l y  t h e  combined e f f e c t  o f  
t h e s e  f a c t o r s  - namely,  w i t h  a n  i n c r e a s e  o f  r a n  a c c e l e r a t i o n  o f  
A L G l  b u t  a s lowing  down of  t h e  i n t e r n a l  r e l a x a t i o n  a l g o r i t h m  - l e a d s  
i n  many cases t o  an a l g o r i t h m  whose o v e r a l l  s p e e d  o f  convergence  
( i n  t e r m s  o f  computa t ion  t i m e )  depends r e l a t i v e l y  l i t t l e  on t h e  
c h o i c e  o f  r;  t h i s  f a c t  w i l l  be  i l l u s t r a t e d  by t h e  v a r i o u s  examples  
c o n s i d e r e d  i n  t h e  f o l l o w i n g  c h a p t e r s .  

5. CONVERGENCE OF ALGZ 

I n  t h i s  s e c t i o n  w e  s h a l l  show t h a t  under  q u i t e  g e n e r a l  assumpt- 
i o n s  on F and G w e  have  convergence  of  ALGZ under  t h e  c o n d i t i o n  

w e  do n o t  know whether  t h i s  r e s u l t  is  o p t i m a l ,  

s i n c e  i n  c e r t a i n  p a r t i c u l a r  cases ( G  l i n e a r ,  f o r  example)  t h e  upper  
bound of t h e  i n t e r v a l  o f  convergence  can  b e  r e p l a c e d  by 2 r  . I n  
f a c t  t h i s  q u e s t i o n  becomes somewhat academic i n  c h a r a c t e r  ( i n  o u r  
o p i n i o n )  s i n c e  i n  t h e  v a r i o u s  a p p l i c a t i o n s  of ALGZ which have been  
u n d e r t a k e n  t h e  o p t i m a l  c h o i c e  f o r  p seems t o  b e  p = r . 

I + &  o <  pn = p <  ( T )  r ; 

5.1  Genera l  case 

W e  are now going  t o  c o n s i d e r  t h e  convergence  o f  ALGZ under  t h e  
same assumpt ions  as t h o s e  u s e d  i n  S e c t i o n  4 . 1  f o r  ALG1.  
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W e  have 

THEOREM 5.1: We assume t h a t  Lr a d m i t s  a s a d d l e - p o i n t  {u,p,A} 
on V x H x H .  Under  t h e  a s s u m p t i o n s  on  B ,  F,  G u s e d  i n  S e c t i o n  

4 . 1 ,  and i f  p n  s a t i s f i e s  

(5.1) 
I+& 

0 < P n  = P < (7) r, 

we have  f o r  A X 2  t h e  f o l l o w i n g  c o n v e r g e n c e  r e s u L t s  

(5.2) u" -t u s t r o n g l y  i n  V ,  

( 5 . 3 )  pn -f p s t r o n g l y  i n  n ,  

(5.4) hn+'- in  -t o s t r o n g l y  i n  n ,  

(5.5) A n  i s  bounded  i n  H .  

Moreover  i f  A *  i s  a ( w e a k )  c l u s t e r  p o i n t  o f  A" i n  H, {u,p,A} i s  

a s a d d l e - p o i n t  o f  Y ! ? ~  on V x H x H. 

P r o o f :  W e  a g a i n  w r i t e  in = un-u, in = pn-p, X" = A"- 1 ; {U,P,XJ 

b e i n g  a s a d d l e - p o i n t  of L r  on V x H x H ,  w e  have 

(5.6) G(v)-G(u)+(h,B:~-u))+r(B~-p,B(v-u)) 5 0, Vv E V, 

(5.7) 

(5.8) A = X+p(Bu-p), V n. 

(F;(p),q-p)+F1 (q)-F, (p)-(X,q-P)+r(p-Bu,q-P) 5 0, Vs  E H, 

I n  a d d i t i o n ,  ( 3 . 1 2 ) - ( 3 . 1 4 )  imply 

G(v)-G(un)+(Xn,B(v-un))+r(Bu n -p n-I ,B(v-un)) t 0, Vv E V, 

(F;(pn) ,q-pn)+F1 (q)-FI (pn)-(Xn,q-pn)+r(pn-Bun,q-pn) 2 0, v 9 E 8, 

(5.9) 

(5.10) 

(5.11) A"+' = Xn+p(Bu"-pn). 

n W e  s e t  v = u i n  ( 5 . 6 ) ,  q = pn i n  ( 5 . 7 ) ,  t h e n  v = u i n  (5 .9)  
and q = p i n  (5 .10)  ; hence by a d d i t i o n  

(5.12) r I Bin I '-r (in-] , Bin)+ (T",B;") 5 0, 

(5.13) (FA(pn)-FA(p) ,pn-p)+rlpn12-r(pn,B;")-(Tn,~n) SO. 

Adding ( 5 . 1 2 ) ,  (5 .13)  and r e g r o u p i n g  t h e  t e r m s ,  w e  o b t a i n  

(5.14) (FA(pn)-FA(p) ,pn-p)+r I Bin-pnl 2+(Xn,B;n-pn)+r(pn-pn-' ,B?) S 0. 
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Also, s u b t r a c t i n g  (5 .8)  f rom (5 .11)  and t a k i n g  t h e  sca la r  s q u a r e  i n  
H ,  w e  o b t a i n  

I t  t h e n  f o l l o w s  from ( 5 . 1 4 ) ,  (5 .15)  t h a t  

-n -n 2 -n -n-1 
(5.16) IXn('-lXn+'l2 >2p(F:,(pn)-F~(p),pn-p)+p (2r-p) IBu -p 1 +2pr(p -p , B i n ) .  

W e  now t r y  t o  modify t h e  f i n a l  t e r m  on t h e  r i g h t - h a n d  s i d e  o f  

( 5 . 1 6 ) .  
S t a r t i n g  f r o m  

B;n = (B;n-B;n-I )+(B;n-l-pn-l )+pn-l 

From (5 .17)  and from 

w e  deduce t h a t  

C o n s i d e r i n g  ( 5 . 1 0 )  on i t e r a t i o n  n - 1 i n s t e a d  o f  n ,  w e  have 

n- I n-l)-(Xn-l,q-pn-l)+r(pn-l-B~n-~ n-1 
(5.19) (FA(pn-'),q-p )+Fl(q)-FI(p ,q-p ) 20. 

Taking  q = p n- 1 i n  ( 5 . 1 0 )  and q = p" i n  ( 5 . 1 9 )  w e  o b t a i n  by 
a d d i t i o n  

1 

I t  f o l l o w s  from t h e  m o n o t o n i c i t y  of Fo, and from ( 5 . 2 0 ) ,  t h a t  

rlpn-pn-112-(~n-~n-l -n -n-l)-r(B;n-B;n-l -n -n-l 
( 5 . 2 1 )  3P -P .p -p ) 5 0 .  
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W e  have ( f r o m  ( 3 . 1 4 ) )  

In = In- 1 + p(B;n- 1 --n- 1 
( 5 . 2 2 )  ). 

I t  t h e n  f o l l o w s  from (5 .21)  and ( 5 . 2 2 )  t h a t  

1;"-pn-I 1 2-p(B;n-I -n-1 -n -n-I 
-p p -p )-r( B?-Bin-' ,;"-in-') s 0 , 

i . e .  

r(B;n-B;n-l -n -n-l) rrlpn-pn-lj2-p(B;n-l -n-1 -n -n-1 
( 5 . 2 3 )  .P -P -P .P -P ) 

I t  t h e n  f o l l o w s  from ( 5 . 1 8 ) ,  (5 .23)  t h a t  

2pr(B;n -n -n-I -n 2 -n-1 2 -n -n-l 2 + 
,P -P ) >Pr(lp I - I P  I )+prlp -P I 

-n-I -n-1 -n -n-I 
+ zP(r-P)(Bu -P ,p -P ) .  

(5.24) 

F i n a l l y ,  combining ( 5 . 1 6 ) ,  (5 .241 ,  w e  o b t a i n  

Then u s i n g  t h e  Cauchy-Schwarz i n e q u a l i t y  it f o l l o w s  from ( 5  
t/a>o w e  have  

25)  t h a t  

I f  p = r it i s  c lear  t h a t  by u t i l i s i n g  t h e  same method as i n  t h e  
p r o o f  o f  Theorem 4 . 1  w e  have  ( 5 . 2 ) - ( 5 . 5 ) .  
I f  O <  p < r, t a k i n g  c1 = 1 and o b s e r v i n g  t h a t  Ir-pl = r-p, and 

t a k i n g  i n t o  a c c o u n t  (5 .261 ,  w e  have  

which i m p l i e s ,  as i n  Theorem 4 . 1 ,  ( 5 . 2 ) - ( 5 . 5 ) .  I f  p > r w e  have 
Ir - P I  = p - r ;  it t h e n  f o l l o w s  from (5 .26)  t h a t  t h e  convergence  
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r e s u l t s  ( 5 . 2 ) - ( 5 . 5 )  w i l l  a p p l y  i f  w e  have  p p M ,  where 

By e l i m i n a t i o n  of u w e  deduce from ( 5 . 2 7 )  t h a t  

2 
pM - rpH - r2 = o 

i . e .  ( s i n c e  P M  ’ 0 )  

Taking i n t o  a c c o u n t  t h e  convergence  r e s u l t s  ( 5 . 2 ) - ( 5 . 5 ) ,  t h e  
weak c l u s t e r  p o i n t  p r o p e r t y  o f  i n  t h e  s t a t e m e n t  of t h e  
Theorem can e a s i l y  b e  deduced,  by p r o c e e d i n g  t o  t h e  l i m i t  i n  (3.12)- 
( 3 . 1 4 ) .  a 

5.2 F i n i t e - d i m e n s i o n a l  case 

Using a v a r i a n t  of  t h e  p r o o f  of  Theorem 5 . 1 ,  t o g e t h e r  w i t h  Lemma 
4 . 1 ,  w e  can e a s i l y  prove  t h e  f o l l o w i n g :  

THEOREM 5.2: S u p p o s e  t h a t  t h e  a s s u m p t i o n s  on V, H ,  F, B ,  G 

a r e  t h o s e  i n  t h e  s t a t e m e n t  of Theorem 4 . 2 .  T h e n  i f  

t h e  c o n c l u s i o n s  i n  t h e  s t a t e m e n t  o f  Theorem 4 . 2  a r e  s t i l Z  v a l i d .  

5.3 D i s c u s s i o n .  Choice of p and of r .  

W e  begin  w i t h  some remarks:  

Remark 5 . 1 :  I f  G i s  Z i n e a r  it h a s  been  proved  by GABAY-MERCIER 
[ll t h a t  ALG2 converges  i f  

O<p, = p < 2 r .  

The proof o f  t h i s  r e s u l t  is r a t h e r  t e c h n i c a l  and d o e s  n o t  s e e m  t o  b e  
e x t e n d a b l e  t o  t h e  more g e n e r a l  cases c o n s i d e r e d  i n  t h i s  book. . 
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Remark 5.2:  I n  t h e  case where G i s  l i n e a r  w e  n o t e  t h a t  t h e  
s t a g e  (3 .12)  o f  ALG2 is  a l i n e a r  problem r e l a t i v e  t o  t h e  symmetr ic  
o p e r a t o r  3 B.  Consequent ly ,  i n  f i n i t e  d imens ions  (and assuming t 

B i n j e c t i v e )  it w i l l  b e  c o n v e n i e n t  t o  S a c t o r i s e  once  and f o r  a1 
( f o r  example by C h o l e s k y ' s  method) t h e  m a t r i x  B B which i n  t h i s  
i s  symmetr ic  and p o s i t i v e  d e f i n i t e .  m 

t 

Remark 5.3:  H e r e  a g a i n ,  as w e  have  mentioned i n  Remark 5 . 1  
I 

ALGl, w e  can  r e p l a c e  t h e  c o e r c i v i t y  assumpt ions  on F o ( . )  by an 
assumpt ion  on G ( . )  . 8 

1 

case 

f o r  

On t h e  c h o i c e  o f  p and r. 

1 W e  s a w  i n  S e c t i o n  4 . 3  t h a t  i f  F(q) = T l q I 2  and i f  G i s  l i n e a r ,  
t h e n  t h e  sequence  
a t i o n s  a t  t h e  m o s t  i f  w e  use  
w i t h  t h e  same assumpt ions  on F and G ,  w e  a l s o  have convergence of 

{ u n I n  
c h o i c e  of {po,X1}). 
g r e a t e r  d e g r e e  o f  r o b u s t n e s s  f o r  ALG1. 

{u"}, r e l a t i n g  t o  ALGl converges  i n  t w o  i ter-  

p n  = p = r .  I n  t h e  c a s e  o f  ALG2, 

i n  t w o  i t e r a t i o n s  a t  t h e  most i f  p n  = p = r = 1 ( f o r  any 
T h i s  f a c t  would a p p e a r  t o  i n d i c a t e  a r a t h e r  

I n  g e n e r a l ,  f o r  g i v e n  r ,  e x p e r i e n c e  i n d i c a t e s  t h a t  t h e  b e s t  
c h o i c e  i s  p = r. The c h o i c e  o f  r i s  more p r o b l e m a t i c a l  and 
i n  t h i s  r e s p e c t  ALGZ i s  more s e n s i t i v e  t h a n  ALG1. A l s o ,  f o r  v e r y  
" s t i f f "  problems A L G l  would a p p e a r  t o  b e  more r o b u s t  t h a n  ALG2; by 
t h i s  w e  mean t h a t  t h e  c h o i c e  of r i s  less c r i t i c a l  and t h a t  t h e  
computa t ion  t i m e  w i t h  ALGl may be  much s h o r t e r  f o r  a g i v e n  problem 
t h a n  w i t h  ALG2. 

6 .  APPLICATION TO SOME NONLINEAR PROBLEMS 

6 . 1  I n t r o d u c t i o n  

The p u r p o s e  of  t h i s  s e c t i o n  i s  t o  show v i a  s e v e r a l  examples  t h a t  
t h e  methods deve loped  p r e v i o u s l y  a r e  a p p l i c a b l e  t o  a v a r i e t y  of  

d i f f e r e n t  t y p e s  o f  problem. I n  c e r t a i n  cases, w e  s h a l l  r e - e n c o u n t e r  
c lass ica l  methods f o r  which t h e  a l g o r i t h m s  A L G l  and ALG2 w i l l  p r o v i d e  
s o l u t i o n  p r o c e d u r e s  which are  o f t e n  s i m p l e r  t h a n  t h e  u s u a l  t e c h n i -  
q u e s .  
which a p p e a r  t o  b e  new and which may p o s s e s s  c e r t a i n  advantages  from 

t h e  a l g o r i t h m i c  p o i n t  of  view. G e n e r a l l y ,  it w i l l  b e  e s t a b l i s h e d  

I n  o t h e r  cases w e  s h a l l  o b t a i n  decomposi t ion  p r o c e d u r e s  
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t h a t  t h e  decomposition methods of t h i s  chap te r  can ex tend  t o  a very 
d i v e r s e  range of a p p l i c a t i o n s ,  and t h a t  they  c o n s t i t u t e  a f l e x i b l e  
means of approach t o  op t imisa t ion  problems, i n  a manner which i s  
sometimes r a t h e r  non-standard. 

6 . 2 .  Case of t h e  examples of Sec t ion  1.1 (Flow of a Bingham 

f l u i d  and e l a s t o p l a s t i c  t o r s i o n )  

The a p p l i c a t i o n  of a lgor i thms A L G l  and ALGZ t o  t h e s e  problems has 
a l r eady  been desc r ibed  i n  Sec t ion  3 . 3  and w e  s h a l l  n o t  go over t h i s  
ground aga in .  W e  s h a l l  con ten t  ou r se lves  he re  wi th  a few remarks. 
A s  regards  t h e  convergence of t h e  a lgo r i thms ,  we r e c a l l  t h a t  w e  have 

i n  the  case  of a Bingham f l u i d ,  and 

i n  t h e  case  of e l a s t o p l a s t i c  t o r s i o n .  I n  both c a s e s ,  w e  can w r i t e 5  

Fo(q)  = T 
convex. I t  can be shown wi thout  d i f f i c u l t y  t h a t  a l l  t h e  assurnp- 
t i o n s  of Theorem 4 . 1  and 5 . 1  a r e  s a t i s f i e d .  

2 
(ql dx, t h i s  f u n c t i o n a l  being d i f f e r e n t i a b l e  and s t r i c t l y  I, 

A s  regards  t h e  choice  of p and of r ,  w e  no te  t h a t  t h e s e  pro- 
blems a r e  very c l o s e l y  r e l a t e d  t o  t h e  case  d e a l t  wi th  i n  Sec t ion  4.3. 
Experimentally,  (GABAY-MERCIER ill), it has  been e s t a b l i s h e d  t h a t  f o r  
ALGZ t h e  convergence of u i s  f a s t e r  than  t h a t  of pn o r  A n  f o r  
p = r = 1. I t  would c e r t a i n l y  appear t h a t  t h e  choice  of r = 1 is  
optimal i n  t h i s  c a s e 5 .  W e  s h a l l  r e t u r n  t o  t h e  above t o p i c  i n  more 
d e t a i l  i n  Chapter V .  

n 

6 .3  A nonl inear  D i r i c h l e t  problem 

This d e s c r i p t i o n  fo l lows  t h e  approach of GLOWINSKI-MARROCCO C11; 

t h e  problem descr ibed  w i l l  be cons idered  i n  d e t a i l  i n  Chapter V .  

For 1 < s < + m, and wi th  a bounded open subse t  of IR , w e  N 

This  assumes u = 1 i n  ( 6 . 1 ) .  
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cons ider  

We wish t o  s o l v e  i n  n t h e  fo l lowing  non l inea r  D i r i c h l e t  problem 

where 
I t  can be  shown by s t anda rd  t echn iques ,  (see L I O N S  C21), t h a t  ( 6 . 4 )  

posses ses  a unique s o l u t i o n  which i s  a l s o  a s o l u t i o n  of t h e  minimi- 
s a t i o n  problem 

f E W - I ’ ~ ’ ( Q )  (; I 1  + ;, = I ) .  

W e  no t e  t h a t  W;”(Cl) is n o t  a H i Z b e r t  space6. W e  cannot t h e r e f o r e ,  
i n  t h e  in f in i t e -d imens iona l  ca se ,  apply t h e  convergence theorems of 
A L G l  and ALG2. One way of surmounting t h i s  d i f f i c u l t y  i s  t o  con- 
s i d e r  a d i s c r e t i s e d  problem. We s h a l l  then  be i n  a space  of f i n i t e  
dimension and it w i l l  be p o s s i b l e ,  t h e  cond i t ions  of a p p l i c a t i o n  
be ing  s a t i s f i e d ,  t o  u t i l i s e  A L G l  and ALG2 for t h e  s o l u t i o n  of t h e  
approximate problems. T o  avoid  in t roduc ing  new n o t a t i o n  which w i l l  
n e e d l e s s l y  encumber t h e  d i s c u s s i o n ,  w e  s h a l l  be s a t i s f i e d  wi th  a 
f o r m a l  argument r e l a t i n g  t o  t h e  cont inuous  problem. 

Thus suppose 

W e  t hen  p u t  

hence 

Except i f  s = 2.  
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F i r s t  w e  n o t e  t h a t  w e  c l e a r l y  have 

(6.8) lim % = + a ,  

Iq I s  ++m 

where (91, i s  t h e  norm o f  q i n  ( L S ( n ) ) N ,  i .e .  

( 6 . 9 )  

Moreover, f o r  any p ,q  c H (see f o r  example GLOWINSKI-YARROCCO ill, 
CIARLET I l l ) ,  w e  have 

(6 .10 )  (F'(q)-F'(p),q-p) 2 alq-plz if s 2 2 ,  

I n  a d d i t i o n  w e  can  show t h a t  

(6.12) lF'(q)-F'(p)ls, 5 B(Ip1,+1q1,) s-2 Iq-pIs if s 2 2 ,  

and 

(6.13) IF'(q)-F'(p)) I s ,  581q-pls 

The c o n s t a n t s  a and fi are  i n d e p e n d e n t  of p and of q and are 
s t r i c t t y  p o s i t i v e .  

if 1 s s r 2 .  s- 1 

For  t h e  s o l u t i o n  of ( 6 . 4 )  or  ( 6 . 5 )  w e  s h a l l  use  t h e  augmented 
Lagrangian:  

The a l g o r i t h m  A L G l  can t h e n  be  w r i t t e n :  

(6.15) A'< ( ~ " ( a ) ) ~ ,  a r b i t r a r i l y  c h o s e n ;  

f o r  n 2 0, A n  b e i n g  known,  c a l c u l a t e  t h e  s o l u t i o n  u , p of 
n n  

-rAu" = f+V.A"-rV.p" in R ,  
(6.16) 
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( 6 . 1 7 )  I pnl s-2pn+,pn = rVu"+X", 

t h e n  

The system ( 6 . 1 6 ) ,  ( 6 . 1 7 )  can be so lved  by t h e  r e l a x a t i o n  method 

( 3 . 8 ) - ( 3 . 1 0 ) .  W e  no te  t h a t ,  by means of an appropr i a t e  d i s c r e t i -  
s a t i o n ,  t h e  non l inea r  problem ( 6 . 1 7 )  decomposes i n t o  a family of 
two-dimensional problems which a r e  easy t o  so lve .  T o  o b t a i n  A L G 2 ,  

w e  r ep lace  (6.15) by 

(6.19) { p o , X ' )  E H X H '  arbitrariZy c h o s e n ;  

and ( 6 . 1 6 )  b y  

The p r o p e r t i e s  (6 .8)  and (6 .10 ) - (6 .13 )  a l low,  i n  f i n i t e  dimensions, 
t h e  Theorems 4 . 1  and 5 .1  t o  be a p p l i e d  and t h e  convergence of t h e  
above a lgor i thms t o  be thereby  deduced. Numerical experiments show 
t h a t  t h e  d i r e c t  s o l u t i o n  of ( 6 . 4 )  f o r  s i n  t h e  neighbourhood of 1 
o r  s l a r g e  (e .g .  s < 1.5 o r  s > 5)  by s t anda rd  i t e r a t i v e  methods 
(conjugate  g r a d i e n t ,  Newton-Raphson , non l inea r  o v e r r e l a x a t i o n ,  
e t c  ... ) i s  very d i f f i c u l t .  T o  our  knowledge, t h e  only r e a l l y  e f f -  
i c i e n t  methods i n  t h i s  ca se  a r e  A L G l  and ALG2. For more d e t a i l s  
see Chapter V. 

6 . 4  Appl ica t ion  t o  t h e  s o l u t i o n  of mi ld ly  non l inea r  systems and 
r e l a t i o n s h i p  wi th  a l t e r n a t i n g  d i r e c t i o n  methods 

The a lgor i thms A L G l  and ALG2 can a l s o  be used (assuming t h e  in-  
t roduc t ion  of an appropr i a t e  augmented Lagrangian) f o r  t h e  s o l u t i o n  
of mildly n o n l i n e a r  problems of t h e  type 

( 6 . 2 1 )  Au+Cp(u) = f, 

where, l i m i t i n g  ou r se lves  t o  f i n i t e  dimensions and w r i t i n g  
v = { v  l , . . .vNl :  
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- A is an N X N symmetr ic  p o s i t i v e  d e f i n i t e  m a t r i x ,  

- 'p : IRN -f IRN i s  a n o n l i n e a r  mapping o f  d i a g o n a l  t y p e ,  i . e .  

( V ( V ) ) ~  = ' p i ( v i )  , i = l ,  ... N, 

w i t h  
t h a t  cpi(0) = 0 )  , 

'pi 
: IR +IR, c o n t i n u o u s  and i n c r e a s i n g  ( w e  can always assume 

- f E ElN. 

The d i s c r e t i s a t i o n  by finite differences o r  finite elements of 
c e r t a i n  m i l d l y  n o n l i n e a r  e l l i p t i c  o r  p a r a b o l i c  problems l e a d s  t o  
problems o f  t h e  t y p e  (6 .21)  (some examples  w i l l  be  g i v e n  i n  
Chapter  I V ) .  

Remark 6 . 1 :  The a l g o r i t h m s  which w e  s h a l l  be  d e s c r i b i n g  fo r  
s o l u t i o n  of (6 .21)  e x t e n d  t o  t h e  case where A i s  non-symmetric, 
and positive definite. 

W e  d e f i n e  t( i = 1 ,..... N, 

S i n c e  t h e  f u n c t i o n  
'pi 

i s  c o n t i n u o u s  and i n c r e a s i n g  it f o l l o w s  t h a t  

$i i s  C1 and convex. S i n c e  t h e  o p e r a t o r  A i s  symmetr ic  it 
f o l l o w s  t h a t  s o l v i n g  (6 .21)  i s  e q u i v a l e n t  t o  s o l v i n g  t h e  minimis-  
a t i o n  problem 

N 
J(u)  S J ( v )  V v c R  , 

( 6 . 2 2 )  1 u e R N ,  

w i t h ,  i n  ( 6 . 2 2 )  

where ( .  , . )  d e n o t e s  t h e  c a n o n i c a l  E u c l i d i a n  i n n e r  p r o d u c t  on IRN 

and II-II d e n o t e s  t h e  a s s o c i a t e d  norm. 

The above p r o p e r t i e s  o f  A and 'pi imply t h a t  ( 6 . 2 1 ) ,  (6 .22)  
a d m i t s  a unique solution. 
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R e m a r k  6.2 :  I f  A is  non-symmetric and  p o s i t i v e  d e f i n i t e ,  it 
can e a s i l y  b e  shown t h a t  (6 .21)  s t i l l  admits a unique  s o l u t i o n .  m 

The problem (6 .22)  i s  a p a r t i c u l a r  problem ( P )  i n  which ,  w i t h  t h e  
n o t a t i o n  of S e c t i o n  1.1, w e  can  t a k e  

By v i r t u e  of t h i s  d e c o m p o s i t i o n  w e  can s o l v e  ( 6 . 2 1 ) ,  (6 .22)  by A L G l  

and ALGZ ( n o t e  t h a t  i n  t h e  p r e s e n t  case G i s  n o n l i n e a r ) .  

R e m a r k  6.3:  I n s t e a d  o f  d e f i n i n g  G and F by ( 6 . 2 5 ) ,  ( 6 . 2 6 ) ,  
w e  c o u l d  u s e  

W e  n a t u r a l l y  associate  w i t h  (6 .24)  - ( 6 . 2 6 )  t h e  auqmented Lagrangian  

S i n c e  t h e  c o n s t r a i n t  v - q = 0 i s  l i n e a r ,  
p o i n t  on lRN x IRN x DN. T h i s  s a d d l e - p o i n t  
equal  t o  {u,u,Au}.  

Zr admits a s a d d l e -  
i s  i n  f a c t  u n i q u e  and 

S o l u t i o n  of ( 6 . 2 1 ) ,  ( 6 . 2 2 )  by ALG1; 

I t  f o l l o w s  f rom ( 3 . 4 ) ,  ( 3 . 5 ) ,  (6 .27)  t h a t  t h e  a p p l i c a t i o n  o f  ALGl  

t o  t h e  s o l u t i o n  o f  ( 6 . 2 1 ) ,  (6 .22)  l e a d s  t o  t h e  f o l l o w i n g  a l g o r i t h m  

(6.28) Xo cRN,  

t h e n  f o r  n 2 0 ,  

r-un+rp(un) = f + r p  n n  -A , (6.29) 
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( 6 . 3 0 )  (rI+A)pn = run+A", 

(6.31) A"+l = A"+pn(u"-p"). 

The n o n l i n e a r  sys tem ( 6 . 2 9 ) ,  (6 .30)  can b e  s o l v e d  by t h e  b l o c k  r e l -  

axation method of  S e c t i o n  3.2 and w e  n o t e  t h a t ,  pn and A n  b e i n g  
known, t h e  c a l c u l a t i o n  o f  un i n  ( 6 . 2 9 )  r e d u c e s  t o  t h e  s o l u t i o n  o f  
N n o n l i n e a r  e q u a t i o n s ,  e a c h  i n  a s i n g l e  v a r i a b l e ,  which a r e  indep-  
e n d e n t  of  e a c h  o t h e r  and o f  t h e  form 

( 6 . 3 2 )  rc+rpi(E) = b , i = l ,  ... N .  

The p a r a m e t e r  r b e i n g  > 0 and 'pi b e i n g  Co and i n c r e a s i n g ,  
e q u a t i o n  (6 .32)  a d m i t s  a unique  s o l u t i o n  which can be  c a l c u l a t e d  by 
v a r i o u s  methods (see HOUSEHOLDER C11, BRENT 1 1 1 ) .  

n S i m i l a r l y  i f  u and A n  are known i n  ( 6 . 3 0 ) ,  w e  o b t a i n  pn by 
s o l v i n g  a l i n e a r  sys tem w i t h  m a t r i x  r I f A .  Assuming r indepen-  
d e n t  o f  n ,  it i s  t h u s  c o n v e n i e n t  t o  f a c t o r i s e  r I f A  once and f o r  
a l l  (by a Gauss or  Cholesky m e t h o d ) .  

S o Z u t i o n  of ( 6 . 2 1 ) ,  ( 6 . 2 2 )  b y  ALG2: 

It  s u f f i c e s  t o  r e p l a c e  (6 .28)  by 
" 

(6.33) {po,A') E R  xR , 

and (6 .29)  by 

( 6 . 3 4 )  run+cp(un) = f+rpn-'-An. 

I t  t h e n  f o l l o w s  from Theorem 5.2 t h a t  w e  have convergence  of  ( 6 . 3 3 ) ,  

( 6 . 3 4 ) ,  ( 6 . 3 0 ) ,  (6 .31)  i f  O<p, = p < r. 1 +vT 

Remark 6.4:  Suppose t h a t  p n  = p = r i n  ALG2: w e  t h e n  have  

ru"+cp(u") = f+rpn-'-An, 

A"+' = An+= (un-pn) . 
(6.35) rpn+Ap" = ru"+A", 

It  t h e n  f o l l o w s  from (6 .35)  t h a t  

(6.36) An+' = Ap", 

W e  t h e n  deduce from ( 6 . 3 5 ) ,  ( 6 . 3 6 )  t h a t  

(6.37) run+cp(un) +Apn-' = f+rp"-l 
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(6.38) rpn+Apn+cp(u") = f+rpn- ' .  

Consequent ly  t h e r e f o r e ,  i f  p n  = p = r ,  ALGZ r e d u c e s  ( p u t t i n g  
un = pn-') t o  an a l t e r n a t i n g  d i r e c t i o n  me thod  a p p l i e d  t o  t h e  sol-  
u t i o n  o f  ( 6 . 2 1 )  ( w e  s h a l l  r e t u r n  t o  t h e  above t o p i c  i n  C h a p t e r s  I V  

and IX). 

Remark 6 . 5 :  W e  s h a l l  see i n  Chapter  I V  t h a t  A L G l  combined w i t h  
t h e  b l o c k  r e l a x a t i o n  method of S e c t i o n  3.2 i s  more r o b u s t  and more 
e f f i c i e n t  t h a n  ALGZ i f  'p i s  o f  "low" d i f f e r e n t i a b i l i t y ;  t h i s  w i l l  
be t h e  c a s e  i f  f o r  example w e  use  a f i n i t e - e l e m e n t  o r  f i n i t e -  
d i f f e r e n c e  approximat ion  o f  t h e  n o n - l i n e a r  e l l i p t i c  problem 

w i t h  1 < s < 2 .  Chapter  I V  w i l l  g i v e  a number o f  r e s u l t s  o f  num- 
e r i ca l  e x p e r i m e n t s  r e l a t i n g  t o  problems o f  t h e  t y p e  ( 6 . 3 9 ) .  

7 - APPLICATIONS TO NONLINEAR PROGRAMMING PROBLEMS 

I n  t h i s  s e c t i o n  w e  s h a l l  b e  p r e s e n t i n g  t w o  f a m i l i e s  o f  a p p l i c -  
a t i o n s  of t h e  methods o f  t h i s  c h a p t e r  t o  n o n l i n e a r  programming. 
The f i rs t ,  d e s c r i b e d  i n  S e c t i o n  7 . 1 ,  i s  l i n k e d  t o  t h e  augmented 
Lagrangian  methods i n t r o d u c e d  by ROCKAFELLAR 111 f o r  t h e  c a s e  of 
i n e q u a l i t y  c o n s t r a i n t s .  T h i s  i n v o l v e s  a n a t u r a l  e x t e n s i o n  o f  t h e  
method of H e s t e n e s  and  P o w e l l  s t u d i e d  i n  Chapter  I .  I n  t h i s  res- 
p e c t ,  a l g o r i t h m  ALGZ can be  c o n s i d e r e d  as a new t e c h n i q u e  f o r  ob- 
t a i n i n g  t h e  r e q u i r e d  s a d d l e - p o i n t .  W e  s h a l l  t h e n  p r e s e n t  i n  S e c t -  
i o n  7 . 2  a n o t h e r  approach  which,  i n  somewhat more t a n g i b l e  f a s h i o n ,  
i s  b a s e d  on a decomposi t ion  p r i n c i p l e  which r e s u l t s  i n  a d e c o u p l i n g  
of t h e  c o n s t r a i n t s .  F i n a l l y ,  i n  S e c t i o n  7.3 w e  s h a l l  d e s c r i b e  an 
a p p l i c a t i o n  of  t h e  methods of  t h i s  c h a p t e r  t o  t h e  s o l u t i o n  of t h e  
s o - c a l l e d  Weber problem, i n  c o n n e c t i o n  w i t h  which some n u m e r i c a l  
r e s u l t s  w i l l  be p r e s e n t e d .  

7 . 1  An augmented Lagrangian  i n  t h e  case o f  i n e q u a l i t y  
c o n s t r a i n t s  

W e  c o n s i d e r  h e r e  i n  lRN a c lass ica l  n o n l i n e a r  programming problem 
s u b j e c t  t o  i n e q u a l i t y  c o n s t r a i n t s :  
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N Inf F(v) , v c R  , 

gi(v) SO, i = l ,  ..., M. (7.1) 

We s h a l l  assume t h a t  t h e  M func t ions  gi a r e  c o n v e x  and w e  w r i t e  

G : R~ - R ~ ,  

(G(v))~ = gi(v) , i = l ,  .... M. 
(7.2) 

The problem ( 7 . 1 )  can c l e a r l y  be  w r i t t e n  i n  t h e  form: 

Inf F(v) under the constraints 
{V,d 

M i q S 0 , G(v) = q ( w i t h  q 5 0 -@ qi 5 0 Vi=l,. . .N if q = {qiIi=,), 

(7.3) 

which l eads  t o  t h e  augmented Lagrangian 

The minimisation wi th  r e s p e c t  t o  q can be c a r r i e d  ou t  d i r e c t l y  
(see Sec t ion  2 . 3 ) ;  i n  f a c t ,  f o r  f i x e d  v and 1 1 ,  i t  can e a s i l y  be 
shown t h a t  f o r  q 5 0 t h e  minimum i s  a t t a i n e d  a t  q = p ,  where, 
f o r  i = 1, ..., PI, w e  have 

S u b s t i t u t i n g  ( 7 . 5 )  i n t o  ( 7 . 4 ) ,  w e  o b t a i n  wi th  t h e  n o t a t i o n  of Sec t -  
ion 2.3 

which corresponds d i r e c t l y  wi th  t h e  form given by ROCKAFELLAR 111.  
A UZAWA-type a lgor i thm f o r  L r (v ,u )  r e q u i r e s  t h e  minimisa t ion  wi th  
r e s p e c t  t o  v ,  wi th  !J f i x e d ,  of L r ( v , v ) .  Th i s  r e q u i r e s  t h e  s o l -  
u t ion  of a h ighly  non l inea r  problem. 

W e  now cons ider  a lgor i thm ALG2 f o r  e r ( v , q , p ) .  I f  we assume 
t h a t  F and G a r e  d i f f e r e n t i a b l e ,  f o r  given X1 and p , w e  
can determine un then pn by 

0 
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(7.7) F'(u")+(G'  (u"))t[rG(un)-rpn-l+A"l = 0,  

and 

(7.8) 
A" 

pn = min I0,gi(un)+ -$ I , i = l  ,... M. 
A n + l  by F i n a l l y ,  w e  can c a l c u l a t e  

(7 .9)  A"+' = An+p(G(u")-pn). 

I n  t h e  case of a f f i n e  c o n s t r a i n t s ,  Theorem 5 . 1  a s s u r e s  t h e  conver-  
gence o f  t h i s  a l g o r i t h m  under  q u i t e  g e n e r a l  c o n d i t i o n s  on F. W e  
have n o t  t r i e d  t o  e x t e n d  t h i s  proof  t o  t h e  g e n e r a l  case. S i m i l a r l y  
t h e  use  o f  A L G l  and o f  t h e  r e l a x a t i o n  method ( 3 . 8 ) - ( 3 . 1 0 )  can be  
c o n s i d e r e d  as b e i n g  e q u i v a l e n t  ( a p a r t  f rom t h e  s o l u t i o n  method) t o  
t h e  a p p l i c a t i o n  o f  a UZAWA-type a l g o r i t h m  t o  L r ( v , p ) .  Viewed i n  
t h i s  way, t h e  use  o f  ALG2 i s  a v a r i a n t  i n  which t h e  m i n i m i s a t i o n  of  
L r ( v , u )  w i t h  r e s p e c t  t o  v i s  c a r r i e d  o u t  i n  a n  i n c o m p l e t e  manner. 

7 .2  M i n i m i s a t i o n  o f  a f u n c t i o n a l  o v e r  an i n t e r s e c t i o n  of  convex 
sets - 

7.2 .1  S t a t e m e n t  of t h e  probZem 

L e t  V be  a r e a l  H i l b e r t  s p a c e .  W e  c o n s i d e r  on V a f u n c t -  
i o n a l  F,  which i s  convex,  p r o p e r  and 1.s.c. W e  wish t o  minimise F 

o v e r  t h e  (non-empty) c l o s e d  convex s e t  K ,  where w e  have 

M 

i= 1 
(7.10) K = n Ki 

where f o r  i = 1, ..., M, e a c h  o f  t h e  Ki i s  i t s e l f  convex and 
c 10s ed .  

Remark 7.1: T h i s  s i t u a t i o n  o b v i o u s l y  encompasses t h e  c lass ica l  
case of S e c t i o n  7.1. 
W e  s h a l l  p r e s e n t  h e r e  a n o t h e r  p r o c e d u r e  f o r  a s s o c i a t i n g  an augmented 
Lagrangian  w i t h  t h i s  problem. 

I t  s u f f i c e s  t o  p u t  K~ = I v ~ ~ ~ ( v ) ~ o ) .  

Remark 7.2: An impoaant par t icular  case is that where F is 
q u a d r a t i c ,  i .e.  
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1 I 
2 'XV F(V) = - a(v,v)- <f,v>v,xv = < A V , V > ~  - <f.v>v~xv . 

In ( 7 . 1 1 ) ,  a(.,.) is bilinear, continuous, symmetric and V-elliptic 

(i.e. a(v,v) 2allvllv V V E V ,  a > O )  and the operator A E  P(V,V') is de- 

fined by a(u,v) = <Au,v> V u , v e  V. 

( 7 . 1 1 )  

2 

The problem to be solved can then be written in the form of a 

variational inequality: 

a(u,v-u) 2 <f,v-u> , V v e  K, 
( 7 . 1 2 )  1 U E K .  

This formulation can be extended to the case where a(u,v) is not 

symmetric. In the latter case (7.12) is no longer equivalent to a 

minimisation problem. 

We shall now introduce for the solution of this problem a de- 

composition principle whose aim is to obtain a family of optimis- 

ation problems, coordinated via a Lagrange multiplier. 

We thus put 

w = { { v , q } ~ v x v  M , v-qi = 0 , v i = l ,  . . . 3  1 , 
(7 .13 )  

and 

( 7 . 1 4 )  x = {{v,q}E W , qi E Ki,  Vi=l, ..., Pl}. 

It is clear that the original problem is equivalent to 

(7.15) inf fo(q) , 
{v,ql E x 

where we have written, 

Suppose IK, is the indicator function of the convex set Ki. We 

write 
1 

It is then natural to consider the augmented Lagrangian 
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We thus look for a saddle-point of The ex- 

istence of such a saddle-point poses no problem in the finite dim- 

ensional case. 

L r  on V x $1 x VM. 

Remark 7 . 3 :  The formulation (7.18) will be simpler to work with 

if V is identified with its dual. This poses no problem in 

f i n i t e  d i m e n s i o n s .  It will suffice to equip IRN with the 

Euclidian metric. If another metric is used, we shall indicate at 

that time the modifications which need to be made to the algorithms. 

7.2.2. S o l u t i o n  o f  t h e  p r o b l e m  by ALGl and ALG2 

In accordance with the general results, algorithm ALGl is here 

written as follows: 

( 7 . 1 9 )  A O  c $1 s p e c i f i e d  a r b i t r a r i l y ;  

f o r  n 2 0, and  w i t h  An known,  c a l c u l a t e  t h e  s o l u t i o n  {un,pn} 

o f  t h e  s y s t e m  

n n  A*+' = A: + p,(u -pi), i=l, ..., M. i ( 7 . 2 2 )  

We note that (7.21) is a system of variational inequalities, each 

of these inequalities involving only a s i n g l e  constraint pi E Ki. 

In many cases each of the problems decoupled in this way will be 

easier to solve than the original problem. For example if we use 

an algorithm based upon a projection onto K, it is in general much 

easier to project onto each of the 

their intersection. The same remark also applies for algorithms 

requiring the construction of an admissible solution. A l s o ,  such 

a process is well adapted to p a r a l l e l  c o m p u t a t i o n ,  the possibility 

n 

Ki independently than onto 
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of which can be anticipated on future computers. We can clearly 

pass from algorithm ALGl to ALGZ by replacing (7.19) and (7.20) by: 

( 7 . 2 3 )  { p o . x I )  c?WM c h o s e n  a r b i t r a r i l y ;  

and 

n The calculation of u and pn has become s e q u e n t i a l  and no lon- 

ger s i m u l t a n e o u s ,  but the M components of pn can be calculated 

i n d e p e n d e n t l y  of one another, and in particular can be calculated 

in p a r a l l e l .  

By way of an example, we consider ALGZ in the particular case 

where F is of the form (7.11). In order to fully describe the 

algorithm we introduce the operator S of isomorphism between 

V and V'. (We have S = I if V is identified with its dual). 

We clearly have 

V'XV . ( 7 . 2 5 )  (U,V), = < s u , v >  

Using this notation, the algorithm ALG2 can be written: 

( 7 . 2 6 )  ( p o , X 1 }  E ?x# c h o s e n  a r b i t r a r i l y ;  

a ( p i  , q i - p i ) + r ( p i  ,qi-pi)" 2 < f , q . - p n >  1 1  + <S(=U"+X:) , q i - p 2  io010 v q i E K i ,  P ~ E K ~ ,  i = l ,  ..., M, 
( 7 . 2 8 )  

Such an algorithm can also be applied in the case where the bi- 

linear form a(u,v) is V-elliptic, and non-symmetric. If, in the 

symmetric case, we equip V with the norm 1 1 ~ 1 1 ~  = a ( v , v )  = <Av,v> , 
(7.28) becomes 

(I+r) <Ap;,qi-p4> 2 <f ,qi-pq> + <A(run+u;), qi-pq> 

V q i E K i ,  p ; e K i ,  i = l ,  ..., M. 
( 7 . 3 0 )  
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Remark 7.4 :  The a l g o r i t h m  ALG2 h a s  been deduced from ALGl v i a  
a s o l u t i o n  method b a s e d  on a b l o c k  r e l a x a t i o n .  The r e a d e r  can  
e a s i l y  deduce an a l g o r i t h m  i n  which problems o f  t h e  t y p e  ( 7 . 2 1 )  o r  
( 7 . 2 8 )  a r e  s o l v e d  s e q u e n t i a l l y  and no l o n g e r  i n  p a r a l l e l  f a s h i o n .  

F i n a l l y ,  w e  n o t e  t h a t  t h e  augmented Lagrangian  which w e  have  used 
i s  only  one p o s s i b l e  example.  W e  c o u l d  f o r  example i n  (7 .13)  have 
d e f i n e d  a1 t e r n a  t i v e  l y  

(7.31) w = { { v , q j E v x V M  ; v=ql ; qi=qi-l , i=l ,..., MI 

which would o f  c o u r s e  have l e d  t o  q u i t e  d i f f e r e n t  a l g o r i t h m s .  

Remark 7.5:  The methods d e s c r i b e d  i n  t h e  p r e s e n t  s e c t i o n  7.2 

can be  viewed as f r a c t i o n a l - s t e p  methods w i t h  m u l t i p l i e r ,  which 
i n  a c e r t a i n  s e n s e  g e n e r a l i s e  t h e  methods d e s c r i b e d  i n  BENSOUSSAN- 
LIONS-TEMAM [ l , C h a p t e r  2 1 ,  and which,amongst o t h e r  t h i n g s ,  a l l o w  
us t o  a v o i d  t h e  u s e  of t h e  d i v e r g e n t  series u t i l i s e d  i n  t h e  above 
r e f e r e n c e .  

7.3. A p p l i c a t i o n  t o  t h e  s o l u t i o n  o f  t h e  Weber problem 

7.3.1. S t a t e m e n t  of t h e  p r o b l e m  

C e r t a i n  a u t h o r s  (see COOPER-KATZ E l l ,  f o r  example)  u s e  t h e  des-  
i g n a t i o n  Weber  p r o b l e m  f o r  t h e  f o l l o w i n g  n o n d i f f e r e n t i a b L e  m i n i m i -  

s a t i o n  problem: 

(7.32) 

where 
M 

i = I  
(7.33) J(y) = 1 oi IIy-”ll 9 

w i t h ,  i n  ( 7 . 3 3 ) ,  

a i > 0  Y i = l ,  ... M ; x. , R ~  Y i = 1 ,  ... M, 
-1 

(7.34) 

P r o b l e m  (7 .32)  a d m i t s  a t  l e a s t  one  solution. 
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7 . 3 . 2 .  I n t r o d u c t i o n  o f  a n  augmen ted  L a g r a n g i a n  f o r  t h e  s o l u t i o n  

of  p r o b l e m  ( 7 . 3 2 )  

Problem ( 7 . 3 2 )  i s  c l e a r l y  e q u i v a l e n t  t o  t h e  problem 

M 
(7.35) Min 1 a i  1 1  pill}, 

{q ,_y}Ew - i = l  

where 

I t  f o l l o w s  from ( 7 . 3 5 ) ,  ( 7 . 3 6 ) ,  and from t h e  p r e c e d i n g  s e c t i o n s ,  t h a t  

an augmented Lagrangian  n a t u r a l l y  a s s o c i a t e d  w i t h  problem ( 7 . 3 2 )  i s  
g i v e n  by: 

where ( . , . ) d e n o t e s ,  i n  ( 7 . 3 7 ) ,  t h e  o r d i n a r y  E u c l i d i a n  i n n e r  p r o d u c t  
on IRN ( i . e .  t h a t  a s s o c i a t e d  w i t h  I I - I I  1 and y = { y i I i e l ( ~  R ) .  M NM 

Max a. 

Min ai 
. 1  

Remark 7 . 6 :  I n  t h e  case where L>> I ,  it would be  app- 

i 
r o p r i a t e  t o  u s e ,  i n s t e a d  o f  ( 7 . 3 7 ) ,  t h e  augmented Lagrangian  d e f i n e d  

by 

7 . 3 . 3 .  A p p l i c a t i o n  of ALG2 t o  t h e  s o l u t i o n  o f  ( 7 . 3 2 )  

The a p p l i c a t i o n  o f  ALG2 t o  t h e  s o l u t i o n  of  ( 7 . 3 2 ) ,  v i a  t h e  d e t e r -  
m i n a t i o n  of t h e  s a d d l e - p o i n t s ,  i n  
Lagrangian  ( 7 . 3 7 ) ,  l e a d s  t o  t h e  f o l l o w i n g  a l g o r i t h m :  

IRN x IRNM x BNM, o f  t h e  augmented 

(7.39) {_xo,_X1l cRNxRNM, s p e c i f i e d  a r b i t r a r i l y ;  

t h e n ,  for n 2 1, a s s u m i n g  ,_An} known,  d e * e r m i n e  s u c c e s s i v e l y  
I n n  p ,,x a n d  in+' by 

(7 .40 )  -1 a? = r(xn-'-,xi) - + P, i = l , .  . .M, 
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(7.43) 
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It s h o u l d  b e  n o t e d  t h a t  w e  are n o t  s a t i s f y i n g  h e r e  t h e  c o n d i t i o n s  of 
a p p l i c a t i o n  o f  Theorems 5 . 1  and 5 . 2  of  S e c t i o n  5.4.  I n  f a c t ,  hav- 
i n g  r e g a r d  t o  t h e  c h o i c e  made f o r  2, (see ( 7 . 3 7 ) ) ,  w e  have  

M 

and G E 0; F i s  t h e r e f o r e  nondifferentiable and n o t  s t r i c t Z y  convex .  

7.3.4.  Nurnerica 1 a p p l i c a t i o n s .  

W e  s h a l l  now a p p l y  a l g o r i t h m  ( 7 . 3 9 ) - ( 7 . 4 3 )  t o  t h e  s o l u t i o n  of a 
p a r t i c u l a r  Weber problem; t h e  problem i n  q u e s t i o n  ( c o n s i d e r e d  i n  
COOPER-KATZ, loc. c i t . )  i s  d e f i n e d  i n  IR2 by t h e  a i  and  xi 
(i = 1, ... 10) i n  T a b l e  7 .1:  

i 

1 

2 

3 

4 

5 

6 

7 

a 
9 

10 

ai 

3 

8 

3 

7 

1 

3 

9 

6 

7 

5 

X .  -1 

(89, 731 

t39,91 

I14.51 

(36.891 

{46,121 

(55.11 

c53.641 

(32,571 

( 6 8 , 4 2 1  

{63,921 

T a b l e  7 . 1  

W e  have  u s e d  a l g o r i t h m  ( 7 . 3 9 ) - ( 7 . 4 3 )  w i t h  
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( 7 . 4 4 )  
1 xo = 0, x = 0, 

I I 

(7 .45 )  P = r, 

and t h e  t e r m i n a t i o n  t e s t  

(where l lyll, = Iy11+Iy21 i f  2: = {y,,y2}) . I n  T a b l e  7.2 w e  have 
i n d i c a t e d ,  f o r  s e v e r a l  v a l u e s  o f  r ,  t h e  number o f  i t e r a t i o n s  nec-  
e s s a r y  f o r  convergence  ( u n d e r  t h e  c o n d i t i o n s  ( 7 . 4 4 ) - ( 7 . 4 6 ) )  and t h e  
c o r r e s p o n d i n g  c a l c u l a t e d  s o l u t i o n s .  

I r I number of i t e r a t i o n s  I ca lcu la ted  s o h .  I 
(51 .670 ,62 .159}  

{51 .669,62.1591 

710 {51 .666 ,62 .154}  

T a b l e  7.2 

I t  w i l l  be  n o t e d  t h a t  i s  " r a t h e r "  f a r  away from t h e  

c a l c u l a t e d  s o l u t i o n s .  The r e s u l t s  o b t a i n e d  by means o f  ( 7 . 3 9 ) -  
(7 .43)  c o i n c i d e ,  t o  v e r y  h i g h  a c c u r a c y ,  w i t h  t h o s e  o b t a i n e d  i n  
COOPER-KATZ, loc. c i t . ,  by a s t e e p e s t  d e s c e n t  method; i n  a c t u a l  f a c t  
t h e  convergence of a l g o r i t h m  ( 7 . 3 9 ) - ( 7 . 4 3 )  i s  v e r y  f a s t  ( f o r  r = 0.1) 

s i n c e  (see T a b l e  7 . 3 ) ,  as e a r l y  as t h e  f i f t h  i t e r a t i o n ,  w e  a l r e a d y  
have a v e r y  good approximate  s o l u t i o n  t o  t h e  Weber problem con- 
s i d e r e d .  

xo = {O,O} 

I f  i n s t e a d  o f  i n i t i a l i s i n g  a l g o r i t h m  ( 7 . 3 9 ) - ( 7 . 4 3 )  by (7 .44)  w e  
use  A1 = and (as i n  COOPER-KATZ, l o c .  c i t . )  

2 a.x. 
i = l  1-1 

xo = ( i .e .  t h e  b a r y c e n t r e  o f  t h e  x i ) ,  
I 

w e  have convergence ,  f o r  r = 0.1, i n  2 5  i t e r a t i o n s  ( i n s t e a d  o f  4 1 ) .  
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- 
n - 
0 
5 

10 

15 

20 

25 

3 0  
35 
40 
41 - 

R" 

0 . 9 5 0 ~  I 0-3 
0.1 17x1 0-3 
0.682X10-3 
0 . 1 8 5 ~ 1 0 - ~  
0.957X10-5 
o.512x10-5 
0 . 2 3 4 ~ 1  o - ~  
0.1 ogx1 o - ~  
0.944X10-6 

n 
X 

I0,OI 
{5 l  .773,62.166) 
I51 .699,62.098] 
{5 l  .687,62.1441 
I51 .679,62.154} 
{ 5 l  .674,62.156} 
{ 5 l  .672,62.158) 
{51.671,62.159} 
I 5 1  .670,62.159} 
{ 5 l  .670,62.159} 

Table 7 . 3  ( r  = 0 . 1 )  

8. GENERAL DISCUSSION ON CHAPTER I11 

A s  w e  have mentioned s e v e r a l  t i m e s  i n  t h e  preceding  t e x t ,  t h e  

methods of t h i s  chap te r  can be extended t o  v a r i a t i o n a l - i n e q u a l i t y  
problems which a r e  n o t  e q u i v a l e n t  t o  o p t i m i s a t i o n  problems. They 
can a l s o  be used ,  a s  i n  BEGIS [21 ,  f o r  t h e  s o l u t i o n  of non l inea r  
problems of  o r d e r  4 ,  corresponding  t o  a problem invo lv ing  t h e  flow 
of a Bingham f l u i d  which i s  more g e n e r a l  than  t h e  case  of Example 1 

of S e c t i o n  1.1. W e  s h a l l  r e t u r n  t o  t h e  above t o p i c  i n  Chapter V I I .  

The decomposi t ion-coord ina t ion  method which w e  have p resen ted  can 
be r e l a t e d  t o  t h e  methods desc r ibed  i n  BENSOUSSAN-LIONS-TEMAM C11. 
H i s t o r i c a l l y  speaking ,  it would appear  t h a t  t h e  use of an augmented 
Lagrangian f o r  s o l v i n g  n o n l i n e a r  v a r i a t i o n a l  problems' v i a  A L G l  and 
ALG2 i s  due t o  GLOWINSKI-MARROCCO 111, C21, [ 3 1 .  The f i r s t  proof of 
convergence of A L G 2  ( i n  t h e  c a s e  where G i s  l i n e a r )  i s  due t o  
GABAY-MERCIER [ 11. 

I t  should  a l s o  be p o i n t e d  ou t  t h a t ,  depending on t h e  type  of pro- 
blem cons ide red ,  n a t u r a l  v a r i a t i o n s  of t h e  a lgo r i thms  desc r ibed  may 
l e a d  t o  more r a p i d  convergence. 

T o  conclude t h i s  c h a p t e r ,  i t  should  be  mentioned t h a t  by making 
use of t h e  r e s u l t s  of OPIAL [ l l ,  w e  i n  f a c t  o b t a i n  i n  Theorems 4 . 1  

and 5.1 ( r e s p e c t i v e l y  4 . 2  and 5.2) t h e  convergence of t h e  whole 

sequence {An} t o  A * ,  such t h a t  {u,p,A*} i s  a sadd le -po in t  of 

' O f  boundary va lue  type .  
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d ( a n d  of d r )  on V x H x H. W e  re fe r  t o  G . L . T .  [ 2 ,  A p p e n d i x  2 1  
for  a proof of t h i s  r e s u l t  i n  a m o r e  gene ra l  con tex t .  



C H A P T E R  I V  

N U M E R I C A L  S O L U T I O N  OF M I L D L Y  N O N L I N E A R  P R O B L E M S  

B Y  A U G M E N T E D  L A G R A N G I A N  M E T H O D S  

M. F o r t i n ,  R .  G l o w i n s k i ,  T . F .  Chan 

1. INTRODUCTION 

T h i s  c h a p t e r  p a r t l y  car r ies  on t h e  work o f  CHAN-GLOWINSKI E l l ,  1 2 1  
and e x t e n d s  t h e  a l g o r i t h m i c  p a r t  o f  it, i n  p a r t i c u l a r  t h e  p a r t  d e a l -  
i n g  w i t h  approximat ion  by f i n i t e  e l e m e n t  methods and w i t h  t h e  u s e  of 
q u a d r a t u r e  f o r m u l a s .  W e  s h a l l  a l s o  see how, by a j u d i c i o u s  c h o i c e  
of t h e  f u n c t i o n a l  s p a c e s  and o f  t h e  decomposi t ion ,  w e  can  o b t a i n  

h y b r i d  f i n i t e  e l e m e n t  methods and s o l v e  t h e  c o r r e s p o n d i n g  approxi -  
mate problems by augmented Lagrangian  methods. 

W e  s h a l l  p r e s e n t  s o m e  n u m e r i c a l  r e s u l t s  i l l u s t r a t i n g  t h e  p o t e n t -  
i a l i t i e s  o f  t h e  methods d e s c r i b e d  below and w e  s h a l l  show t h e  close 
l i n k s  which e x i s t  between t h e s e  a l g o r i t h m s  and t h e  a l t e r n a t i n g  

d i r e c t i o n  m e t h o d s  of  Peaceman-Rach ford  and D o u g l a s - R a c h f o r d .  

I n  t h e  remainder  o f  t h i s  c h a p t e r  w e  s h a l l  t h u s  b e  c o n s i d e r i n g  t h e  
n u m e r i c a l  s o l u t i o n  of m i l d l y  n o n l i n e a r  problems o f  t h e  f o l l o w i n g  t y p e ,  
on a domain fl of lRN w i t h  boundary a R  = r 

where,  i n  (1.1) , w e  have:  

( i) A i s  a second-order  e l l i p t i c  o p e r a t o r ,  p o s s i b l y  

non-symmetr ic ,  
( f i )  @ i s  an i n c r e a s i n g  mapping ( i n  t h e  wide s e n s e )  

c o n t i n u o u s  from IR i n t o  IR, 

(iii) f i s  a f u n c t i o n  d e f i n e d  o v e r  R. 

A s  w e  s h a l l  see l a t e r ,  t h e  r e s u l t s  o b t a i n e d  c a n  be  e x t e n d e d  t o  

1 4 7  
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mu 1 t i v a  l u e d  e q u a t i o n s  (*I o f  t h e  t y p e  

(1.2) f e  Au + a j ( u ) ,  

1 

where a j ( u )  d e n o t e s  t h e  s u b - d i f f e r e n i i a l  w i t h  r e s p e c t  t o  u o f  a 
c o n v e x  f u n c t i o n a l  j ( .  ) . 

W e  s h a l l  f i r s t  b r i e f l y  rev iew t h e  r e s u l t s  o f  CHAN-GLOWINSKI 111,121 
c o n c e r n i n g  t h e  e x i s t e n c e  and t h e  u n i q u e n e s s  of  a s o l u t i o n  of  prob-  

l e m  ( l . l ) ,  t h e n  w e  s h a l l  n e x t  d e s c r i b e  a p r o c e d u r e  f o r  a p p r o x i m a t i n g  
t h i s  problem by a f i n i t e  e l e m e n t  method. F i n a l l y  w e  s h a l l  show how 
- u s i n g  t h e  methods of C h a p t e r  I11 - w e  can  decompose problem (1.1) 
through t h e  u s e  of  a s u i t a b l e  augmented Lagrangian  so as t o  o b t a i n  
t h e  c l a s s i c a l  a l t e r n a t i n g  d i r e c t i o n  methods.  

2 .  A CLASS OF M I L D L Y  NONLINEAR ELLIPTIC PROBLEMS 

2 . 1 .  F o r m u l a t i o n  of  t h e  problem 

W e  c o n s i d e r  a bounded domain R i n  IRN, w i t h  s u f f i c i e n t l y  reg-  
u l a r  boundary r ( s a y ,  L i p s c h i t z  c o n t i n u o u s  i n  t h e  s e n s e  o f  
NECAS Ell), a l s o  (see C h a p t e r s  I1 and I11 f o r  t h e  n o t a t i o n )  

1 
(i) V = H o ( n )  , 
(ii) a c o n t i n u o u s  linear form L : V + R ,  i . e .  L(v) = <f,v> , 

where f E v '  = H-'(fi) and where < - , - >  i s  t h e  b i l i n e a r  

form of  t h e  d u a l i t y  between V '  and V ,  

(iii) a: V x V +IR, a c o n t i n u o u s  b i l i n e a r  form, which i s  
V - e l l i p t i c  ( i . e .  3 a>O such  t h a t  

(2.1) a(v,v) 2alv1:  Y V ~  v , 

where w e  w r i t e  

( * )  T r a n s l a t o r ' s  N o t e :  The t e r m  " m u l t i v a l u e d  e q u a t i o n "  i s  used  t o  
d e n o t e  an e q u a t i o n  a s s o c i a t e d  w i t h  a m u l t i v a l u e d  o p e r a t o r ;  such  an 
e q u a t i o n  i s  sometimes known under  t h e  French  name m u l t i v o q u e  

e q u a t i o n .  

1 

S e e , f o r  example, ROCKAFELLAR 1 4 1 ,  EKELAND-TEMAM 111 f o r  t h e  d e f -  
i n i t i o n  of s u b d i f f e r e n t i a l s .  
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(2.2) 

t h e  u s u a l  norm’ on H:(n) ) . 
W e  do n o t  assume a p r i o r i  

( i v )  a c o n t i n u o u s  f u n c t i o n  $ : 

wide s e n s e  and s a t i s f y i n g  

(2.3) 

t h a t  a ( .  , . )  i s  symmetr ic .  
IR +IR, i n c r e a s i n g  i n  t h e  

$ ( O )  = 0; w e  p u t  

t h e  f u n c t i o n  @ i s  t h e n  c o n v e x ,  C1 and n o n - n e g a t i v e  w i t h  @ ( O )  = 0; 

it can  be  shown t h a t  j(.) i s  c o n v e x ,  p r o p e r  and 1 . s . c .  on L1(n) 
( t h u s  a f o r t i o r i  on V = H (a)). 1 

Remark 2 . 1 :  The c o n t i n u i t y  of $ ( . )  i s  e s s e n t i a l  f o r  o b t a i n i n g  
c e r t a i n  o f  t h e  r e s u l t s  of CHAN-GLOWINSKI 111,  1 2 1 ;  f o r m a l l y ,  a t  
l e a s t ,  i t  i s  i n  n o  way n e c e s s a r y  f o r  t h e  implementa t ion  of  t h e  a l g -  
o r i t h m s  which w e  d e s c r i b e  i n  t h e  remainder  o f  t h i s  c h a p t e r .  

C o n s i d e r  t h e n  t h e  n o n l i n e a r  v a r i a t i o n a l  e q u a l i t y  problem 

Find U E V ,  s u c h  t h a t  $(u) E L I ( , )  n V ‘  and 
(2.5) 

a(u,v) + <I$(u),v> = <f,v> Y v c V  ; 

w e  associate  w i t h  ( 2 . 5 )  t h e  v a r i a t i o n a l  i n e q u a l i t y  problem 

I a(u,v-u) u a V ’  + j(v) - j(u)t<f,v-u> Y v t V .  

(2.6) 

Under t h e  above assumpt ions  on f ,  a(.,.), @(a), it c a n  be  shown t h a t  

problems ( 2 . 5 )  and ( 2 . 6 )  are e q u i v a l e n t  and admit a u n i q u e  s o l u t i o n ;  

n o n e t h e l e s s  problem ( 2 . 6 )  remains  meaningfu l  (see LIONS 111 ,  

A t  l e a s t ,  when i s  b o u n d e d .  
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G.L.T.  ill, C21) even when j(.) i s  n o t  d i f f e r e n t i a b l e ;  t h i s  is  f o r  
example t h e  case  wi th  

( 2 . 7 )  j(v) = \,lv\dx . 

The i n e q u a l i t y  ( 2 . 6 )  cor responds ,  i n  g e n e r a l ,  t o  a mul t iva lued  eq- 
ua t ion  of t h e  type  ( 1 . 2 ) .  I n  t h e  c a s e  where t h e  b i l i n e a r  form 

a ( .  , . )  i s  s y m m e t r i c ,  problem ( 2 . 6 )  i s  e q u i v a l e n t  t o  t h e  fo l lowing  
problem i n  t h e  C a l c u l u s  of V a r i a t i o n s :  

Find u e v  such tha t  

J(u) 2 J(v) h e  V , 

1 
J(v) = T a(v,v) + j(v) - <f,v> ; 

I (2.81, 

with  

( 2 . 8 ) 2  

under t h e  preceding  assumptions on f ,  a(-,-), $(.), t h e  minimisa t ion  
problem (2 .8 )  posses ses  a unique s o l u t i o n ;  t h i s  comes from t h e  f a c t  
t h a t ,  j(.) being  convex, p rope r  and 1 . s . c .  on V ,  we can apply t o  
t h e  problems ( 2 . 6 )  and (2 .8)  a number of g e n e r a l  r e s u l t s  concerning 

v a r i a t i o n a l  i n e q u a l i t i e s  and t h e  minimisa t ion  of convex f u n c t i o n s ;  
t h e s e  r e s u l t s  a r e  e s t a b l i s h e d  i n  e .g .  LIONS-STAIQACCHIA 111,  
LIONS [ l l ,  GLOWINSKI 111, 121, EKELAND-TEMAM C11. I t  i s  shown 

i n  CHAN-GLOWINSKI [ 1 1  and GLOWINSKI 111 t h a t  t h e  s u f f i c i e n t  c o n d i t i o n s  
of a p p l i c a t i o n  a r e  f u l f i l l e d ;  it is  f u r t h e r  shown t h a t  $(u) E L’(Q) n V; 

and t h a t  t h e r e  i s  equ iva lence  between ( 2 . 5 ) ,  ( 2 . 6 )  (and (2 .8)  i f  
a ( . , . )  i s  symmetr ic ) .  We s h a l l  n o t  dwel l  any f u r t h e r  on t h e s e  
t h e o r e t i c a l  q u e s t i o n s  concerning problem (1.1) and i t s  s e v e r a l  
v a r i a t i o n a l  fo rmula t ions ;  i n  t h e  fo l lowing  s e c t i o n s  w e  s h a l l  d i s c u s s  
t h e  approximation of  problem (l.l), and i t s  i t e r a t i v e  s o l u t i o n  v i a  

d e c o m p o s i t i o n  me thods  of t h e  same type  a s  t hose  i n  Chapter 111. 

2 . 2 .  Approximation of problem ( 2 . 5 ) ,  ( 2 . 6 )  by f i n i t e  e l e m e n t  
methods 

I n  t h e  fo l lowing  w e  cons ide r  a c a s e  where problem ( 2 . 5 ) ,  o r  one 

of  i t s  e q u i v a l e n t  fo rmula t ions  ( 2 . 6 )  o r  ( 2 . 8 ) ,  i s  approximated by a 
method of conforming f i n i t e  e lements  of t h e  most f r e q u e n t l y  used 

type .  The terminology and t h e  n o t a t i o n  used i n  r e l a t i o n  t o  t h e  
method of f i n i t e  e lements  a r e  t h e  s a m e  a s  i n  Chapter 11; t h u s  l e t  
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be  a t r i a n g u l a t i o n  o f  t h e  t w o - d i m e n s i o n a l  domain R which 
f o r  s i m p l i c i t y  w e  s h a l l  assume t o  be  p o Z y g o n a Z .  W e  t h e n  c o n s i d e r  a 

s p a c e  o f  conforming f i n i t e  e l e m e n t s  o f  d e g r e e  k ( 2  l), namely 

where,  i n  ( 2 . 9 ) ,  Pk (K) d e n o t e s  t h e  s p a c e  of  po lynomia ls  of  d e g r e e  
5 k on t h e  e l e m e n t  K .  Next w e  c o n s i d e r  t h e  approximate  problem 

w e  have  h e r e  used  t h e  f o r m u l a t i o n  (2 .61 ,  b u t  w e  c o u l d  e q u a l l y  w e l l  
have  used  t h e  e q u i v a l e n t  f o r m u l a t i o n  ( 2 . 5 )  and ( 2 . 8 ) .  I n  g e n e r a l  

it i s  n o t  p o s s i b l e  t o  u s e  ( 2 . 1 0 )  from 3 p r a c t i c a l  p o i n t  of view; i n  
r e a l i t y  it i s  n o t  p o s s i b l e  t o  o b t a i n  an e x a c t  a n a l y t i c a l  e v a l u a t i o n  
o f  t h e  i n t e g r a l s  d e f i n i n g  
t r a c t a b l e  problem it i s  n e c e s s a r y  t o  u s e  n u m e r i c a l  i n t e g r a t i o n  

formulas  i n  o r d e r  t o  approximate  

e l e m e n t  K o f  t h e  t r i a n g u l a t i o n  eh, s n u m e r i c a l  i n t e g r a t i o n  points 
such  t h a t  w e  have 

j ( v h ) ,  and i n  o r d e r  t o  o b t a i n  a n u m e r i c a l l y  

j ( v h ) .  W e  t h u s  c o n s i d e r  i n  t h e  

xiK, i = 1, ... s ,  e a c h  b e i n g  a s s i g n e d  a o e i g h t  o .  
1’ 

S 

f (x)ds = Area (K) 1 W i  f (xiK).  I, i = l  
( 2 . 1 1 )  

W e  t h e n  p u t  

( 2 . 1 2 )  

and w e  c o n s i d e r  t h e  approximate  problem 

Find % E  Wkh such tha t  
( 2 . 1 3 )  

I t  i s  c lear  t h a t  t h e  a c c u r a c y  o f  o u r  approximat ion  w i l l  be  i n f l u -  
enced  by t h e  a c c u r a c y  o f  t h e  n u m e r i c a l  i n t e g r a t i o n  f o r m u l a ,  t h e  
c h o i c e  of which w i l l  be  guided  by t h e  p r o p e r t i e s  o f  t h e  f u n c t i o n  a .  
F o r  r e a s o n s  which w i l l  become a p p a r e n t  i n  t h e  f o l l o w i n g  s e c t i o n  it 
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w i l l  be  e s p e c i a l l y  d e s i r a b l e  t o  u s e  q u a d r a t u r e  f o r m u l a s  which are 
c a p a b l e  o f  i n t e g r a t i n g  e x a c t l y  t h e  i n n e r  p r o d u c t  
hence  

L 2 ( Q )  i n  W k h ,  

T h i s  r e q u i r e m e n t  i s  n o t  mandatory however; i n  p a r t i c u l a r  it i s  n o t  
s a t i s f i e d  i n  CHAN-GLOWINSKI 111 and GLOWINSKI 111 .  However, it 
w i l l  b e  e s s e n t i a l  t h a t  t h e  se t  o f  p o i n t s  xiK s h o u l d  b e  Pk-un i -  

s o l v e n t  on K ,  t h a t  i s  t o  s a y  (see CIARLET [lj) t h a t  knowing t h e  
s v a l u e s  o f  a polynomia l  of d e g r e e  s k ,  a t  t h e  q u a d r a t u r e  p o i n t s ,  
d e t e r m i n e s  t h i s  po lynomia l  u n i q u e l y .  

ExampZe 2 . 1 :  I n  CHAN-GLOWINSKI 111, GLOWINSKI [I, C h a p t e r  41 an 
approximat ion  o f  t h e  problem by conforming f i n i t e  e l e m e n t s  o f  d e g r e e  

one on t r i a n g l e s  i s  u s e d ;  t h e  i n t e g r a t i o n  p o i n t s  are t h e  v e r t i c e s  
o f  t h e  t r i a n g l e s ,  a ' s s igned  w e i g h t s  1 / 3 ,  and t h e y  c o r r e s p o n d  t o  t h e  
d e g r e e s  of  f reedom o f  t h e  approximat ion .  T h i s  q u a d r a t u r e  formula  
i s  o f  o r d e r  one and d o e s  n o t  s a t i s f y  c o n d i t i o n  ( 2 . 1 4 ) ;  n o n e t h e l e s s  
i t  does l e a d  t o  c o n v e r g e n t  a p p r o x i m a t i o n s .  

Example 2 . 2 :  W e  c o n s i d e r ,  s t i l l ,  an approximat ion  by f i n i t e  
e l e m e n t s  o f  d e g r e e  one and w e  u s e  as i n t e g r a t i o n  p o i n t s  t h e  mid- 
p o i n t s  of  t h e  s i d e s  o f  t h e  t r i a n g l e s ,  t h e s e  b e i n g  a s s i g n e d  w e i g h t s  
1/3.  T h i s  q u a d r a t u r e  formula  i s  e x a c t  f o r  p o l y n o m i a l s  of  d e g r e e  

two and s a t i s f i e s  c o n d i t i o n  ( 2 . 1 4 ) .  I t  w i l l  be  n o t e d  t h a t  t h e  
n u m e r i c a l  i n t e g r a t i o n  p o i n t s  c o r r e s p o n d  t o  t h e  d e g r e e s  o f  f reedom 
o f  an approximat ion  by noncon forming  f i n i t e  e l e m e n t s  o f  d e g r e e  one 
( i n  f a c t  t h a t  u t i l i s e d  i n  C h a p t e r  I1 f o r  t h e  s o l u t i o n  o f  t h e  S t o k e s  
and Navier-Stokes problems)  . 

Example 2.3:  W e  c o n s i d e r  an a p p r o x i m a t i o n  by f i n i t e  e l e m e n t s  o f  
d e g r e e  t w o .  I t  i s  known (see f o r  example LYNESS-JESPERSEN C11) 
t h a t  it i s  p o s s i b l e  t o  c o n s t r u c t  a q u a d r a t u r e  formula  on a t r i a n g l e ,  
which i s  e x a c t  f o r  po lynomia ls  o f  d e g r e e  4 ,  and which u s e s  s i x  i n -  

t e g r a t i o n  p o i n t s .  W e  can moreover  u s e  t h e s e  s i x  p o i n t s  t o  d e f i n e  
u n i q u e l y  a polynomia l  o f  d e g r e e  two. 
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Examples 2 . 2  and 2 .3  show t h a t  c o n d i t i o n  ( 2 . 1 4 )  can be  s a t i s f i e d  
by t h e  trianguZar f i n i t e  e l e m e n t s  m o s t  u s u a l l y  employed. The case 
of  q u a d r i l a t e r a l  e l e m e n t s  i s  even  s i m p l e r  because  t h e  c o r r e s p o n d i n g  
q u a d r a t u r e  f o r m u l a s  (deduced from t h e  Gauss ian  f o r m u l a s )  are w e l l  
known and e a s i l y  o b t a i n e d ,  a t  l eas t  on t h e  r e f e r e n c e  r e c t a n g l e .  
I t  i s  shown i n  CHAN-GLOWINSKI L 1 1 ,  GLOWINSKI [l, Chapter  4 1  t h a t  t h e  
approximat ion  o b t a i n e d  by u s i n g  t h e  f u n c t i o n a l  j h  (v,) d e f i n e d  by 
t h e  q u a d r a t u r e  formula  i n  Example 2 . 1  l e a d s  t o  an approximate s o l u -  
t i o n  which c o n v e r g e s ,  as h + 0 ,  t o  t h e  e x a c t  s o l u t i o n  ( i . e .  t h a t  
o f  problem ( 2 . 5 ) ,  ( 2 . 6 ) ) .  The p r o o f  g e n e r a l i s e s  w i t h o u t  d i f f i -  
c u l t y  and it i s  even  p o s s i b l e  t o  o b t a i n  e s t ima tes  of t h e  approxi -  
mat ion e r r o r  ( t h e s e  b r i n g  i n  t h e  n o n l i n e a r i t y  o f  t h e  p r o b l e m ) .  W e  
s h a l l  n o t  d w e l l  any f u r t h e r  on t h e s e  p o i n t s  b e c a u s e  o u r  o b j e c t i v e  
i n  t h e  p r e s e n t  work i s  r a t h e r  t o  d e s c r i b e  i t e r a t i v e  methods of  so l -  
u t i o n .  

3 .  AUGMENTED LAGRANGIAN AND DECOMPOSITION O F  THE PROBLEM 

( 2 . 5 ) ,  ( 2 . 6 )  

W e  s h a l l  assume i n  t h i s  s e c t i o n ,  a l t h o u g h  t h i s  i s  n o t  i n  f a c t  
e s s e n t i a l ,  t h a t  t h e  b i l i n e a r  form a ( . , . )  i s  s y m m e t r i c .  

3.1  C o n s t r u c t i o n  o f  t h e  augmented Lagrangian .  ( I )  Continuous 
case. 

I n  a c c o r d a n c e  w i t h  t h e  g e n e r a l  p r i n c i p l e s  i n t r o d u c e d  i n  Chap- 
t e r  111, w e  s h a l l  f i r s t  t r y  t o  decompose problem ( 2 . 5 ) ,  ( 2 . 6 )  by 
i n t r o d u c i n g  a supplementary  a r t i f i c i a l  v a r i a b l e .  The c o o r d i n a t i o n  
i s  t h e n  a c h i e v e d  by means o f  a Lagrange m u l t i p l i e r  and a p e n a l i -  
s a t i o n  t e r m .  A s  w e  s h a l l  see a t  a l a t e r  s t a g e  t h e  c h o i c e  o f  t h e  
decomposi t ion  i s  n o t  un ique ,  and t h e  one which w e  s h a l l  c o n s i d e r  i n  
t h i s  s e c t i o n  i s  t h e  one which t o  us  a p p e a r s  t o  b e  t h e  s i m p l e s t  o f  
t h e  v a r i o u s  p o s s i b l e  c h o i c e s .  

R e f e r r i n g  back t o  t h e  n o t a t i o n  of C h a p t e r  111, w e  p u t  

1 2 
(3 .1)  V = Ho(n), H = L (a) 

and w e  t a k e  as t h e  o p e r a t o r  B t h e  c a n o n i c a l  i n j e c t i o n  o f  V 

i n t o  H; w e  t h e n  d e f i n e  G(.) and F ( . )  by 
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( 3 . 2 )  

and 

M I L D L Y  NONLINEAR PROBLEMS 

1 
G(v) = a ( v , v )  - < f , v >  

( C H A P .  4 )  

r e s p e c t i v e l y .  

I t  i s  c l e a r  t h a t  i f  {u,p,X} i s  a saddle-poin t  on V x H x H of 
t h e  augmented Lagrangian dr , w e  then  have u = p, where u i s  t h e  

s o l u t i o n  of problem ( 2 . 5 ) ,  ( 2 . 6 ) ,  ( 2 . 8 ) ;  w e  have ob ta ined  ( 3 . 4 )  by 
in t roduc ing  t h e  a r t i f i c i a l  v a r i a b l e  q and by imposing t h e  con- 
s t r a i n t  v - q = 0 i n  L2 ( Q )  . Proving t h e  e x i s t e n c e  of a 
Lagrange m u l t i p l i e r  X poses no d i f f i c u l t i e s  i n  t h i s  p a r t i c u l a r  
case.  

3.2 Cons t ruc t ion  of t h e  augmented Lagrangian. (11) The 
d i s c r e t e  case  

T o  approximate t h e  augmented Lagrangian ( 3 . 4 )  v i a  a f i n i t e  ele- 
ment method, it i s  necessary  t o  d e f i n e  an approximation of 
i n  o rde r  t o  approximate t h e  f u n c t i o n s  q and appear ing  i n  ( 3 . 4 ) ;  

moreover w e  need t o  keep i n  mind t h a t  ou r  o b j e c t i v e  i s  t o  ob ta in  
algorithms i n  which t h e  t r ea tmen t  of t h e  non l inea r  p a r t  i s  pure ly  
l o c a l .  

L 2 ( Q )  

2 In  regard  t o  t h e  approximation of L (fl) a n a t u r a l  choice  i s  t o  
cons ider  

(3.5) Qkh = I qhl qhl K c  P k ( K )  YKc 5) s 

t h a t  i s ,  t o  use t h e  same f i n i t e  e l e m e n t s  a s  i n  t h e  c o n s t r u c t i o n  of 
W k h ,  bu t  suppress ing  t h e  matching cond i t ions  a t  t h e  i n t e r f a c e s  of 
t h e s e  elements.  W e  then  approximate t h e  f u n c t i o n a l  I(.) us ing  
( 2 . 1 2 )  and we cons ide r  f o r  
augmented Lagrangian de f ined  by 

vhc Wkh, qhc Qkh, phc  Q, t h e  d i s c r e t e  
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1 2 
( 3 . 6 )  drh(vh,qh,uh) = 7 a(vh,vh)+jh(qh) - <f.vh> + (uh,vh-qh)+ 3 vh-qhl 0. 
Now c o n s i d e r  t h e  case where t h e  q u a d r a t u r e  f o r m u l a  d e f i n i n g  
( v i a  2 . 1 2 ) )  s a t i s f i e s  t h e  c o n d i t i o n  ( 2 . 1 4 ) ,  i . e .  a l l o w s  t h e  i n n e r  
p r o d u c t  i n  L 2 ( n )  o f  two f u n c t i o n s  from Qkh t o  b e  c a l c u l a t e d  ex-  
a c t l y ;  i n  t h i s  case w e  t h e n  have 

j h ( . )  

( 3 . 7 )  

I f  c o n d i t i o n  ( 2 . 1 4 )  i s  n o t  s a t i s f i e d ,  t h e  L a g r a n g i a n s  d e f i n e d  by 

( 3 . 6 )  and ( 3 . 7 )  a r e  d i s t i n c t .  However i f  vh = qh,  whenever t h e s e  
two f u n c t i o n s  c o i n c i d e  a t  t h e  q u a d r a t u r e  p o i n t s ,  it i s  p e r m i s s i b l e  
t o  u s e  ( 3 . 7 )  f o r  t h e  n u m e r i c a l  s o l u t i o n  o f  t h e  approximate  problem 
( 2 . 1 3 ) ;  t h i s  i s  t h e  case i n  p a r t i c u l a r  f o r  t h e  q u a d r a t u r e  formula  
i n  Example 2 . 1 .  

Before  d e s c r i b i n g  t h e  a l g o r i t h m s  which w i l l  e n a b l e  t h e  s a d d l e -  
p o i n t s  of t h e  augmented Lagrangian  ( 3 . 7 )  t o  be  c a l c u l a t e d ,  w e  w i l l  
f i r s t  i n t r o d u c e  a c e r t a i n  amount o f  n o t a t i o n ;  i t  w i l l  a l s o  be  use- 
f u l  t o  i d e n t i f y  t h e  o p t i m a l i t y  c o n d i t i o n s  o f  t h i s  s a d d l e - p o i n t  
problem. 

The s p a c e  Wkh d e f i n e d  by ( 2 . 9 )  i s  a s t a n d a r d  s p a c e  f o r  approx- 

Ho(Cl)  by t h e  method of  f i n i t e  e l e m e n t s ;  w e  s h a l l  assume 1 i m a t i o n  o f  
t h a t  f u n c t i o n s  from Wkh are c h a r a c t e r i s e d  by N h  scalars, t h e  
d e g r e e s  of f r e e d o m ;  f o r  example i n  t h e  case o f  c o n f o r m i n g  f i n i t e  
e l e m e n t s  o f  d e g r e e  one  ( r e s p .  t w o )  w e  s h a l l  u s e  t h e  v a l u e s  
t a k e n  a t  t h e  v e r t i c e s  ( r e s p .  a t  t h e  v e r t i c e s  and t h e  m i d p o i n t s  of  
t h e  s i d e s )  o f  t h e  t r i a n g l e s  i n  t h e  t r i a n g u l a t i o n  5 ( n o t  s i t u a t e d  

on r )  t o  c o m p l e t e l y  d e f i n e  a f u n c t i o n  from Wlh ( r e s p .  W Z h ) .  

A s  r e g a r d s  
c o n s i d e r  t h e  v a l u e s  t a k e n  by t h e  f u n c t i o n s  from Qkh a t  t h e  quad- 

r a t u r e  p o i n t s ;  w e  d e n o t e  by Ph t h e  t o t a l  number o f  q u a d r a t u r e  
p o i n t s  ( n o t  s i t u a t e d  on r ) .  I n  o r d e r  n o t  t o  o v e r - c o m p l i c a t e  t h e  

h;  n o t a t i o n  u n n e c e s s a r i l y ,  w e  s h a l l  h e n c e f o r t h  w r i t e  N = N h ,  P = P 

i n  a d d i t i o n  w e  s h a l l  d e n o t e  by y , g , y  lRN, IRp, lRp, 

whose components c o r r e s p o n d  t o  t h e  d e g r e e s  o f  f reedom a s s o c i a t e d  w i t h  

Qkh ,  t h e  n a t u r a l  c h o i c e  of d e g r e e s  o f  f reedom w i l l  be t o  

t h e  v e c t o r s  i n  
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r e s p e c t i v e l y ,  

o p e r a t o r  S from IRN i n t o  iRp d e f i n e d  by 

vh E Wkh, qh E Q,,, uh E Q,,. W e  t h e n  c o n s i d e r  t h e  l i n e a r  

- “h ‘kh i . e .  w e  a s s o c i a t e  w i t h  v t h e  v a l u e s  t a k e n  by t h e  f u n c t i o n  
a t  t h e  q u a d r a t u r e  p o i n t s  n o t  l o c a t e d  on r .  

W e  a l so  d e f i n e  t h e  l i n e a r  o p e r a t o r  M from IRp i n t o  lRp, ass- 
o c i a t e d  w i t h  t h e  approximate  i n n e r  p r o d u c t  on L2 (n ) ,  by 

where, i n  ( 3 . 9 ) ,  ph(xiK) = q (x. IK) = 0 i f  xiK t T ;  w e  have 
M = M .  t - -  

I f  c o n d i t i o n  ( 2 . 1 4 )  i s  s a t i s f i e d  w e  have 

N F i n a l l y  w e  d e n o t e  by A t h e  l i n e a r  o p e r a t o r  f rom lRN i n t o  IR 

d e f i n e d  by 

(3 .11)  (&,y)  = a(u,,,v,) Y\ ,vh  E Wkh. 

With r e g a r d  t o  t h e  n o n l i n e a r i t y ,  w e  d e n o t e  by @ (9) ( r e s p .  Q (3) ) t h e  
v e c t o r  o b t a i n e d  by a p p l y i n g  @ ( r e s p .  a )  to e a c h  o f  t h e  components 

I 

RN 

of 9. 

Taking a c c o u n t  of t h e  above n o t a t i o n ,  t h e  augmented Lagrangian  
( 3 . 7 )  can  be  w r i t t e n  i n  t h e  form 

P where 1 = {l, ... 1 1  ( E  1R ) .  - 
The o p t i m a l i t y  c o n d i t i o n s  of o u r  problem can  t h e n  be  w r i t t e n  
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(3.13)3 Su = p. 

I n  cases where 0 is  n o t  d i f f e r e n t i a b l e ,  ( 3 . 1 3 ) 2  would have t o  
b e  r e p l a c e d  by t h e  v a r i a t i o n a l  i n e q u a l i t y  

P \ lp c~ , and ~q 5 ~ '  we have 

(3.14) 

i n  p r a c t i c e  t h i s  i n e q u a l i t y  h a s  t o  be  s o l v e d  p o i n t w i s e  a t  e a c h  of 
t h e  q u a d r a t u r e  p o i n t s ,  which i n  g e n e r a l  creates n o  d i f f i c u l t i e s  
( A  and u b e i n g  known). - - 

W e  are  now i n  a p o s i t i o n  t o  d e s c r i b e  t h e  a l g o r i t h m s  f o r  s o l v i n g  
t h e  approximate  problem (2 .13)  (of  t h e  same t y p e  as t h o s e  cons id-  
e r e d  i n  C h a p t e r  111) a s s o c i a t e d  w i t h  t h e  augmented Lagrangian  ( 3 . 1 2 ) .  

4 .  ALGORITHMS FOR SOLUTION OF THE APPROXIMATE PROBLEM ( 2 . 1 3 ) .  
DISCUSSION 

B e a r i n g  i n  mind t h e  e q u i v a l e n c e  between t h e  approximate  problem 
(2 .13)  and t h e  sys tem ( 3 . 1 3 ) ,  w e  s h a l l  b e  a p p l y i n g ,  f o r  t h e  s o l u t i o n  
o f  t h e  l a t t e r ,  t h e  a l g o r i t h m s  o f  C h a p t e r  111. I n  t h e  f o l l o w i n g  
d i s c u s s i o n  y, F ,  h a g a i n  d e n o t e  t h e  v e c t o r s  i n  IRN, lRp, IRp assoc-  

i a t e d ,  r e s p e c t i v e l y ,  w i t h  uh, ph,  A h .  Thus,  h a v i n g  r e g a r d  t o  
( 3 . 1 2 ) ,  ( 3 . 1 3 ) ,  w e  have  t h e  f o l l o w i n g  a l g o r i t h m s :  

ALG1: 

(4.1) ho cRp,  c h o s e n  a r b i t r a r i l y ;  

t h e n  f o r  n z O ,  X n e ~ '  b e i n g  known, d e t e r m i n e  u", pn and An+' b y  - 

- -I - 
( 4 . 2 )  

AU" + rsksu" + ~$1" - r S k p n = F ,  - -- - 

Remark 4 . 1 :  I n  t h e  case d e s c r i b e d  i n  CHAN-GLOWINSKI Lll, C21, w e  
have S = St = M = I .  

- - ,  - - .  
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Remark 4 . 2 :  I t  s h o u l d  b e  n o t e d  t h a t  by n u l t i p l y i n g  t h e  f i r s t  
r e l a t i o n  i n  ( 4 . 2 )  by 
second r e l a t i o n  i n  ( 4 . 2 ) ,  w e  o b t a i n  

( 4 . 4 )  

StM, t h e n  by a d d i n g  t h e  r e s u l t  o b t a i n e d  t o  t h e  _ -  

Aun + S k  4 (p") = F. 
I- - -  - - 

The i t e r a t i v e  reZaxation method d e s c r i b e d  i n  Chapter  I11 is  a p p l i c -  
a b l e  f o r  t h e  s o l u t i o n  of  sys tem ( 4 . 2 ) ;  hence  f o r  n 2 0 w e  have:  

G i v e n  the v e c t o r  A n ,  c h o o s e  u n r 0  a r b i t r a r i l y ,  (for e x a m p l e  

u n r u  = u n - l ) ,  t h e n - f o r  

s u c c e s s i v e  l y  

k 2 O , - u n r k  - b e i n g  known,  s o l v e  

( 4 . 6 )  

The r e s u l t s  of CEA-GLOWINSKI 1 1 1 ,  GLOWINSKI 1 2 ,  Chapter  51 a p p l y  
t o  ( 4 . 5 ) ,  ( 4 . 6 )  and ,  u s i n g  t h e  assumpt ions  a l r e a d y  made, w e  c a n  
prove  t h e  convergence  of ( 4 . 5 ) ,  ( 4 . 6 ) ,  t o  
m e n t a t i o n  of ( 4 . 5 ) ,  ( 4 . 6 )  two s t r a t e g i e s  can be  used:  

{un ,pn} .  I n  t h e  imple-  

(1) Cont inue  t o  i t e r a t e  u n t i l  t h e  d i f f e r e n c e  between t w o  s u c c e s s -  
i v e  i t e r a t e s  i s  s m a l l e r  t h a n  some t h r e s h o l d  E ,  chosen  i n  
advance,  b e f o r e  p r o c e e d i n g  t o  u p d a t e  A n  v i a  ( 4 . 3 ) ;  t h i s  
c o r r e s p o n d s  e x a c t l y  t o  ALGl i n  s o  f a r  as E i s  s u f f i c i e n t l y  
s m a l l  f o r  sys tem ( 4 . 2 )  t o  be  s o l v e d  t o  h i g h  a c c u r a c y .  

- 

( 2 )  L i m i t  t h e  number of r e l a x a t i o n  i t e r a t i o n s  ( 4 . 5 ) ,  ( 4 . 6 )  t o  a 

t h e n  u p d a t e  A n  v i a  ( 4 . 3 )  ; t h e  l i m i t i n g  kmaxI " s m a l l  " number 
case kmax = 1 o b v i o u s l y  g i v e s  t h e  a l g o r i t h m  ALG2 d e s c r i b e d  
below.  

5 

ALG2 : 

( 4 . 7 )  uo,A1 c h o s e n  a r b i t r a r i l y ;  

f o r  n 2 1, u and A n  b e i n g  known, d e t e r m i n e  s u c c e s s i v e l y  

p i and 

- 5-1 
I 

b y  
n n  l A n + l  

n 
( 4 . 8 )  r p  + $ ( p n )  = rSun- l  - -  + A", - 

( 4 . 9 )  (A+rStMS)un - - _ - _  = rStMpn . I- - StMAn I - -  + F, - 
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A n+l = X n  + p,(Su"-p"). - I -- I ( 4 . 1 0 )  

This  l a t t e r  a l g o r i t h m  i s  worthy of  f u r t h e r  a t t e n t i o n  because  it con- 
t a i n s  as p a r t i c u l a r  cases a number o f  t h e  c l a s s i c a l  a Z t e r n a t i n g  

d i r e c t i o n  methods.  I n  f a c t  combining ( 4 . 9 )  and ( 4 . 1 0 )  we  o b t a i n  
t h e  r e l a t i o n  

S k X " "  = F - Au" + (p,-r)Sk(Su"-p"). I - - I  - 
I - -  - -- ( 4 . 1 1 )  

The r e l a t i o n  ( 4 . 1 1 )  e n a b l e s  us t o  e l i m i n a t e  A n  f rom ( 4 . 8 )  and 

( 4 . 9 ) ;  f i r s t  w e  c o n s i d e r  t h e  case 
5 

p n  = p = r ;  w e  t h e n  o b t a i n  

r ( S k p "  - S k S u n - l )  + Aun-' + S k $ ( p n )  = F ,  - -- - --I II I ...-- ( 4 . 1 2 )  - 
r(StMSu" - s k ~ u " - ' )  + s k g p n )  + AU" = F .  

pn = un-'; i f  S = M = I 

I-- I I-- -.. I -- I 

( 4 . 1 3 )  

Suppose w e  p u t  
CHAN-GLOWINSKI C11, 121 (where t h e  q u a d r a t u r e  formula  of  Example 2 . 1  

i s  u s e d )  w e  o b t a i n  from ( 4 . 1 2 ) ,  (4 .13)  a n  a l t e r n a t i n g  d i r e c t i o n  

method o f  t h e  Douglas-Rachford t y p e  (see DOUGLAS-RACHFORD 1 1 1 ) .  

a s  i s  t h e  case i n  - I 

I n  t h e  g e n e r a l  case ( p n  # r) ( 4 . 1 2 )  would b e  r e p l a c e d  by 

r ( S k p n  - stMpn-') + AU"-' + - -  s k  $(pn) I = F ,  ... II - -- -I 

(4 .14 )  
I 

where w e  have  p u t  

=  sun-^ + (r-pn) yn-l 

Pn 
(4.15) !"-I 

I n  p r a c t i c e  it i s  eas ie r  t o  work w i t h  ( 4 . 7 ) - ( 4 . 1 0 )  t h a n  ( 4 . 1 2 1 ,  (4.13). 
I t  i s  a l s o  i n t e r e s t i n g  t o  o b s e r v e  t h a t  w e  c a n  d e r i v e  an a l t e r n a t i n g  

d i r e c t i o n  method of t h e  Peaceman-Rachford t y p e  (see PEACEMAN- 
RACHFORD [ll) t h r o u g h  a v a r i a n t  of ALG2; i n d e e d ,  c o n s i d e r  t h e  
a l g o r i t h m  

ALG3: 

u0, X1 c h o s e n  a r b i t r a r i l y ;  - -  ( 4 . 1 6 ) '  

n- 1 
f o r  n 2 1, u, and h n  b e i n g  known, d e t e r m i n e  s u c c e s s i v e l y  

b y  
n n A n + l  

? ' -  ' ! ! I -  

(4 .17)  rpn + $(En) = rSun-I I- + - A", 
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- A"+"2 = I 1" + p(su"-'-p"), 
--. ." ( 4 . 1 8 )  

W e  t h u s  c a r r y  o u t  a f i r s t  update  o f  
s o l u t i o n  f o r  
f o r  un; i t  w i l l  a l s o  b e  n o t e d  t h a t  i n  ALG3 t h e  pn and t h e  u I 
p l a y  r o l e s  which are symmetr ic ,  which i s  n o t  t h e  case i n  ALG2. 
From t h e  p o i n t  of view o f  t h e  s e a r c h  f o r  a s a d d l e - p o i n t  and i n  rel-  
a t i o n  t o  ALG1,  t h i s  a l g o r i t h m  i s  " less  i m p l i c i t "  t h a n  ALG2, and i n  
f a c t  f o r  " s t i f f "  problems ALG3 i s  u s u a l l y  less r o b u s t  t h a n  A L G 2 .  

I f  p = r w e  deduce from ( 4 . 1 7 ) - ( 4 . 2 0 )  

A n  - (by ( 4 . 1 8 ) )  f o l l o w i n g  t h e  

en, t h e n  a second (by ( 4 . 2 0 ) )  f o l l o w i n g  t h e  s o l u t i o n  
n 

I 2  
I = $(En) and zk A,"+' = F-A~". I II 

W e  t h e n  o b t a i n  

r(Skp"-SkSu"-') + Aun-l + S k $ ( p n )  = F, - II I 1-1 I- - -  I ( 4 . 2 1 )  
I 

r(StMSun - StMp") + S%$(p") + Au" = F ; 
I I -." I -  I _I I 

( 4 . 2 2 )  

n p u t t i n g  
ections o f  Peaceman-Rachford. 

p = un-', w e  i n d e e d  o b t a i n  t h e  method o f  alternating dir- 
I - 

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  w e  have been a b l e  t o  locate some 
a l t e r n a t i n g  d i r e c t i o n  methods w i t h i n  a m o r e  g e n e r a l  framework, namely 
t h e  s e v e r a l  p o s s i b l e  v a r i a n t s  of  t h e  a l g o r i t h m  ALG1. 

With r e g a r d  t o  t h e  convergence  of t h e  a l g o r i t h m s ,  t h e  r e s u l t s  o f  
Chapter  I11 can  be a p p l i e d  w i t h o u t  d i f f i c u l t y .  W e  have i n  f a c t  
t o  d i s t i n g u i s h  two cases,  depending  on whether  o r  n o t  t h e  quad- 
r a t u r e  formula  used  i n t e g r a t e s  e x a c t l y  t h e  i n n e r  p r o d u c t  on 
r e s t r i c t e d  t o  t h e  s p a c e  Q k h .  

t e r  I11 (Theorem 4 . 1  and Remark 4 . 1 )  are  a p p l i c a b l e  i n  t h e i r  e n t -  
i r e t y .  Otherwise  t h e y  a p p l y  t o  t h e  sys tem i n  f i n i t e  d imens ions ;  
however t h e  e q u i v a l e n c e  of  t h e  norms p l a y s  no o v e r r i d i n g  ro le  i n  t h e  
p r o o f  of convergence and w e  can e x p e c t  a n  o v e r a l l  r a t e  of conver -  
gence which is a l m o s t  i n d e p e n d e n t  of t h e  d i s c r e t i s a t i o n .  

L 2 ( n )  

I f  i t  d o e s ,  t h e  r e s u l t s  o f  Chap- 
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5. NUMERICAL EXPERIMENTS 

5 . 1  Formula t ion  o f  a model problem. Genera l  n o t e s .  

I n  o r d e r  t o  i l l u s t r a t e  t h e  r e s u l t s  o f  t h e  p r e c e d i n g  s e c t i o n s ,  w e  
s h a l l  now summarise t h e  n u m e r i c a l  e x p e r i m e n t s  of  CHAN-GLOWINSKI C11 
r e l a t i n g  t o  t h e  convergence  of t h e  a l g o r i t h m s  A L G l  and ALG2 a p p l i e d  
t o  t h e  s o l u t i o n  o f  a p a r t i c u l a r  problem (1.1). 

W e  have  t h e r e f o r e  c o n s i d e r e d  t h e  model problem 

t h e  f u n c t i o n  $I ( . )  b e i n g  d e f i n e d ,  f o r  R > 0, by 

L- 1 (5.2) @(t) = sgn(t)ltlR = tltl . 

W e  have  shown i n  F i g u r e  5 .1  t h e  form of t h e  f u n c t i o n  @ f o r  t h r e e  
v a l u e s  o f  Q .  I n  t h e  m a j o r i t y  o f  o u r  tests we  took  Q = 0.1, which 
l e a d s  t o  a problem which i s  q u i t e  d i f f i c u l t  n u m e r i c a l l y ;  w e  i n  f a c t  

have  @'(O) = +- , s o  t h a t  w e  c a n  e x p e c t  some d i f f i c u l t i e s  i n  t h e  
r e g i o n s  where u(x1 ,x2)  = 0. W e  t o o k  ( fo r  x = {x1,x2}) 

( 5 . 3 )  
2'  

u(x) = sin 2nxl s i n  2nx 

1 t 

F i g u r e  5 .1  
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and w e  

( 5 - 1 )  t 

APP 
having  

( 5 . 4 )  

a t t e m p t e d  t o  s o l v e  a d i s c r e t i s e d  v e r s i o n  o f  problem 
( 5 . 2 ) .  

i c a t i o n  of  t h e  a l g o r i t h m s  d e s c r i b e d  i n  S e c t i o n  4 l e a d s  t o  
t o  s o l v e  one-dimensional  problems o f  t h e  form 

rc + +(5)  = b, 

where b i s  g i v e n .  Note t h a t  t h e  s i n g u l a r i t y  o f  +' a t  0 ob- 
l i g e s  u s  t o  t a k e  c e r t a i n  p r e c a u t i o n s  d u r i n g  t h e  n u m e r i c a l  s o l u t i o n  
of  ( 5 . 4 ) ,  even f o r  such  an e l e m e n t a r y  problem. 

W e  s h a l l  f i r s t  make a number o f  g e n e r a l  comments on t h e  b e h a v i o u r  
o f  t h e  v a r i o u s  a l g o r i t h m s  t e s t e d ;  t h e n  w e  s h a l l  go i n t o  r a t h e r  more 
d e t a i l  on c e r t a i n  p o i n t s  which s e e m  t o  us  t o  p o s s e s s  some i m p o r t a n c e  
i n  r e l a t i o n  t o  t h e  a l g o r i t h m s .  

5 .2  Comments on t h e  implementa t ion  and t h e  convergence  of 
A L G l  and ALG2 

A S  w e  have s e e n  i n  S e c t i o n  4 ,  a l g o r i t h m  ALGZ i s  a s p e c i a l  case of  
ALGl i n  which t h e  number o f  i n t e r n a l  i t e r a t i o n s  h a s  been l i m i t e d  t o  
o n e .  I n  p r a c t i c e  a g r e a t e r  d e g r e e  of g e n e r a l i t y  would be  o f f e r e d  
by i n c o r p o r a t i n g  ALGl i n  a program a l l o w i n g  t h e  number o f  i n t e r n a l  
i t e r a t i o n s  t o  b e  l i m i t e d  by a t e r m i n a t i o n  t es t  b a s e d  e i t h e r  on t h e  
d e c r e a s e  of  s o m e  r e s i d u a l ,  o r  on a maximum number of i n t e r n a l  it- 
e r a t i o n s .  A s  r e g a r d s  t h e  v a r i a n t  ALG3, t h i s  would i n v o l v e  o n l y  
a minor  m o d i f i c a t i o n .  

Concerning t h e  s p e e d  o f  convergence ,  t h e  main d i f f i c u l t i e s  en- 
c o u n t e r e d  r e l a t e d  t o  t h o s e  r e g i o n s  where t h e  f u n c t i o n  $ '  i s  s i n g -  
u l a r ,  t h a t  i s ,  where u(x) = 0 ;  i t  i s  i n  f a c t  o b s e r v e d  t h a t  t h e  
a s y m p t o t i c r a t e  of convergence  o f  ALG2 i s  v e r y  s low a t  t h e s e  p o i n t s ,  
and t h i s  f a c t  i s  c l e a r l y  i l l u s t r a t e d  i n  F i g u r e  5.2 which corres- 
ponds t o  a n u m e r i c a l  t es t  i n  which w e  have i n i t i a l i s e d  ALGZ f i r s t  
w i t h  
t h e  f i r s t  case t h e  s o l u t i o n  h a s  a l r e a d y  been a t t a i n e d  a t  t h e  s i n g -  
u l a r  p o i n t s  because  it can e a s i l y  b e  s e e n  t h a t  t h e  a l g o r i t h m  w i l l  
l e a v e  t h e  v a l u e s  unchanged a t  t h e s e  p o i n t s ;  i n  t h e  second c a s e  t h e  
s o l u t i o n  h a s  t o  r e a c h  t h e  v a l u e  z e r o  a t  t h e  above p o i n t s .  
F i g u r e  5.2 shows t h a t  f o r  
e r g e n c e ;  i n  t h e  second case- (i.;. uo = 1,O) 

uo = 0 ,  A 1  = 0, and t h e n  uo = 10 (= {lo,.. . l o } ) ,  5' = 0.  I n  - . .  

uo = 0 w e  have a v e r y  f a s t  l i n e a r  conv- 
w e  have  a s u b l i n e a r  - 
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convergence. A c l o s e  examination of t h e  r e s u l t s  r e v e a l s  t h a t  t h e  
slowness of t h e  convergence i s  l o c a l i s e d  a t  t h e  p o i n t s  where 
u ( x )  = 0, t h e  o t h e r  va lues  having a l r e a d y  been ob ta ined  t o  a reason- 
a b l e  accuracy .  I t  i s  t h e r e f o r e  c l e a r  t h a t  t h e  cho ice  of good in -  
i t i a l  va lues  can l e a d  t o  a very  s i g n i f i c a n t  improvement; however it 
i s  s t i l l  very  impor t an t  t o  make t h e  a lgo r i thm more r o b u s t  because 
i n  p r a c t i c e  it i s  u n l i k e l y  t h a t  i t  w i l l  be p o s s i b l e  t o  f i n d  i n i t i a l  
va lues  which w i l l  enab le  t h e  d i f f i c u l t y  a s s o c i a t e d  wi th  t h e  s ing -  
u l a r  p o i n t s  of c$' t o  be circumvented. 

10-I 

lo-* 

I o - ~  

I o - ~  

I o - ~  

F igure  5 .2  

Convergence of ALG2 

1 2 3 4 5 6 7 8 9  iter. . . * . 

p=r=5 

xo = 0 - -  
p0=0 
I -  

( t h e  v e r t i c a l  a x i s  r e p r e s e n t s  t h e  L2 e r r o r  i n  un) 
I 
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I n  p r a c t i c e  two remedies  are p o s s i b l e :  

(1) I n c r e a s e  r d u r i n g  t h e  c o u r s e  o f  t h e  c a l c u l a t i o n  ; t h i s  nec- 

ess i ta tes  t h e  r e f a c t o r i s a t i o n  o f  t h e  m a t r i x  
which may be e x p e n s i v e .  

= A + rStMS, - -I 

( 2 )  Carry  o u t  f u r t h e r  i t e r a t i o n s  w i t h i n  t h e  i n t e r n a l  r e l a x a t i o n  
loop ( 4 . 5 ) ,  ( 4 . 6 ) ;  t h i s  i n  f a c t  means u s i n g  A L G l  w i t h  a more 
or less comple te  i n t e r n a l  s o l u t i o n .  

1 2 3  4 5 6 7 8 9 1 0 1 1 1 2  
I I I I I I , I I *  

i t e r .  

-T 

\ 
\ 

'+ 
\ 

uo = 1-0 \ -c 

i = 

ALG 1 1 

F i g u r e  5 .3  



(SEC. 5 )  NUMERICAL EXPERIMENTS 165 

F i g u r e  5.3 i l l u s t r a t e s  t h e  r e s u l t s  o b t a i n e d  by u s i n g  t h e  second 
s t r a t e g y ;  i n  t h e  c o r r e s p o n d i n g  n u m e r i c a l  tests w e  s t o p p e d  t h e  i n t e r -  
n a l  i t e r a t i o n s  ( 4 . 5 ) ,  ( 4 . 6 )  when t h e  d i f f e r e n c e  between two succ-  
e s s i v e  i terates  was s m a l l e r  i n  norm t h a n  E. F i g u r e  5.3 shows t h e  
convergence  r e s u l t s  o b t a i n e d  w i t h  E = 10 and l o - *  ; t h e  h o r i z -  
o n t a l  a x i s  shows t h e  t o t a l  number of  i n t e r n a l  i t e r a t i o n s  of  
( 4 . 5 ) ,  ( 4 . 6 )  needed t o  a t t a i n  t h e  a c c u r a c y  shown on t h e  v e r t i c a l  
a x i s  ( t h i s  b e i n g  t h e  L2 norm o f  t h e  e r r o r  c o r r e s p o n d i n g  t o  y n ) .  
The c i r c l e d  p o i n t s  i n d i c a t e  t h a t  t h e r e  h a s  been a n  u p d a t e  of  
v i a  ( 4 . 3 ) ,  a t  t h a t  i t e r a t i o n .  By way o f  comparison w e  have r e p l o t -  
t e d  on t h i s  f i g u r e  t h e  r e s u l t s  f o r  ALG2 a l r e a d y  p r e s e n t e d  i n  Fig- 

u r e  5.2.  For  E = 1 0  , a l g o r i t h m  A L G l  d e g e n e r a t e s  r a p i d l y  i n t o  
ALGZ, s i n c e  f o r  n of t h e  o r d e r  of t e n  t o  f o r t y  or so  w e  have 
convergence  of  ( 4 . 5 ) ,  ( 4 . 6 )  i n  a s i n g l e  i t e r a t i o n  as soon a s  
n 1 no; it can  b e  s e e n  t h a t  convergence  i s  a t t a i n e d  r a p i d l y  a t  
p o i n t s  f o r  which u h ( x )  # 0. 

-2  

in, 

-2 

-4 For  E = 10 a l a r g e r  number of  i n t e r n a l  i t e r a t i o n s  (4 .51 ,  (4 .6)  
w a s  c a r r i e d  o u t  b e f o r e  u p d a t i n g  A n  v i a  ( 4 . 3 ) ;  t h e  mean r a t e  o f  

- 2  
c o n v e r g e n c e  i s ,  however, g r e a t l y  improved i n  comparison t o  E = 1 0  , 
and i s  i n  f a c t  close t o  t h a t  o b s e r v e d  f o r  ALG2 w i t h  
w e  have i n  l a r g e  p a r t  e l i m i n a t e d  t h e  e f f e c t  o f  t h e  i n i t i a l  cond- 
i t i o n s .  

yo = 0;  t h u s  

Remark 5.1: I n  view o f  t h e  above n u m e r i c a l  t e s t s  t h e  a l g o r i t h m  
ALGl i s  a p p a r e n t l y  m o r e  r o b u s t  t h a n  ALGZ which i s  i n  f a c t  e q u i v a l e n t  
t o  an a l t e r n a t i n g  d i r e c t i o n  method. W e  can t h e r e f o r e  c o n s i d e r  
A L G 1 ,  o b t a i n e d  by i n t r o d u c i n g  an augmented L a g r a n g i a n ,  as a method 
which e n a b l e s  t h e  r o b u s t n e s s  and t h e  s p e e d  o f  conver'gence of  t h e s e  
a l t e r n a t i n g  d i r e c t i o n  methods t o  be i n c r e a s e d .  

5 .3  D i s c u s s i o n  on t h e  c h o i c e  of t h e  p a r a m e t e r s  r & p .  

W e  s h a l l  c o n c l u d e  S e c t i o n  5 by d i s c u s s i n g  t h e  c h o i c e  o f  para-  
meters r and p .  A s  f a r  as p i s  concerned  w e  have s y s t e m a t i -  
c a l l y  used  p = r a l l  t h e  t i m e ;  t h i s  v a l u e  i s  always a v e r y  good 
one even i f  it is  n o t  a b s o l u t e l y  o p t i m a l .  The n u m e r i c a l  t es t s  
showed t h a t  i n  t h e  case o f  ALG2 a v a l u e  of  p r a t h e r  l a r g e r  t h a n  r 
( p  1.1 r)  a c c e l e r a t e d  t h e  convergence v e r y  s l i g h t l y ;  i n  t h e  abs- 
e n c e  o f  a p r e c i s e  method f o r  d e t e r m i n i n g  t h e  o p t i m a l  v a l u e  of p ,  
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however, w e  recommend t h e  c h o i c e  p = r. With r e g a r d  t o  t h e  c h o i c e  
of r ,  F i g u r e  5.4 i n d i c a t e s  t h e  number o f  i t e r a t i o n s  needed f o r  con- 
vergence  o f  A L G l  f o r  d i f f e r e n t  v a l u e s  o f  r .  An optimum w a s  rec- 
orded  n e a r  r = 5 ,  b u t  t h i s  optimum i s  n o t  c l e a r l y  d e f i n e d  and t h e  
c h o i c e  o f  r i s  n o t  c r i t i c a l  w i t h i n  a r a t h e r  wide i n t e r v a l ;  t h i s  i s  
due t o  an e f f e c t  of  p a r t i a l  c a n c e l l a t i o n  between two phenomena w i t h  
o p p o s i t e  a c t i o n s .  What happens i s  t h a t  i n c r e a s i n g  r i n c r e a s e s  
t h e  s p e e d  of  convergence  o f  A n  i n  ALG1, b u t  d e c r e a s e s  t h a t  of  t h e  
i n t e r n a l  i t e r a t i o n s  ( 4 . 5 ) ,  ( 4 . 6 ) ;  t h e  combined e f f e c t  i s  h i g h l y  
complex b u t  t h e  r e s u l t  is  an a l g o r i t h m  which i s  n o t  v e r y  s e n s i t i v e  
t o  t h e  c h o i c e  o f  r .  

- 

40 

30 

20 

10 

O L  . . + 

1 5 10 20 r 

F i g u r e  5 .4  

E f f e c t  of t h e  c h o i c e  of r on t h e  convergence o f  ALGl 

The r e a d e r  can  r e f e r  t o  CHAN-GLOWINSKI 111  f o r  f u r t h e r  d e t a i l s  
r e l a t i n g  t o  t h e  convergence of  A L G l  and ALG2 a p p l i e d  t o  t h e  sol-  
u t i o n  of  problem ( 5 . 1 ) ,  ( 5 . 2 ) ,  t o g e t h e r  w i t h  a number o f  compar isons  
w i t h  o t h e r  i t e r a t i v e  methods. 

6. SOME REMARKS ON H Y B R I D  METHODS 

I n  t h i s  s e c t i o n  w e  c o n s i d e r  a v a r i a n t  o f  t h e  p r e c e d i n g  methods 
which may be  u s e f u l  f o r  c e r t a i n  problems and which i s  l i n k e d  w i t h  
t h e  h y b r i d - p r i m a l  f i n i t e  e l e m e n t  methods ( h y b r i d e s  p r i m a u x  i n  t h e  
o r i g i n a l F r e n c h  te rminology of THOMAS [l]). The s t a r t i n g  p o i n t  W i l l  

once a g a i n  be t h e  methodology o f  Chapter  111, t h e  g e n e r a l i t y  o f  
which w i l l  a g a i n  be  f u r t h e r  i l l u s t r a t e d  h e r e .  

I n  h y b r i d  f i n i t e  e l e m e n t  methods it i s  s t a n d a r d  p r a c t i c e  t o  d e -  

c o u p l e  a boundary-value problem i n t o  a f a m i l y  o f  loca l  problems 
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def ined  over each element of t h e  t r i a n g u l a t i o n .  The recoupling 
of t h e s e  l o c a l  problems i s  g e n e r a l l y  c a r r i e d  o u t  by means of a 
Lagrange m u l t i p l i e r  a s s o c i a t e d  wi th  t h e  matching c o n s t r a i n t  a t  t he  
i n t e r f a c e  of t h e  elements.  I n  t h e  l i g h t  of what we have presented  
e a r l i e r ,  t h e  advantage of such a method is apparent  i n  t h e  case  of 
non l inea r  p rob lems i in  f a c t  t h e  s o l u t i o n  a t  t h e  element l e v e l  in -  
vo lves  a problem having a sma l l  number of v a r i a b l e s ,  which i s  much 
e a s i e r  than  d e a l i n g  wi th  a g loba l  non l inea r  problem. However two 
o b s t a c l e s  a r i s e ,  i n  r ega rd  t o  t h e  a lgo r i thms ,  f o r  t h e  e f f i c i e n t  
e x p l o i t a t i o n  of hybr id  methods: 

(i) The l o c a l  problems a r e  o f t e n  ill posed and cannot be solved 
independently of one another .  

( ii) Coordina t ion  a lgor i thms based on t h e  convergence of t h e  
m u l t i p l i e r s  a r e  slow, and t h e i r  e f f i c i e n c y  d e t e r i o r a t e s  
r a p i d l y  a s  t h e  number of elements i nc reases .  

W e  s h a l l  now show t h a t  t h e  u s e  of a s u i t a b l y  def ined  augmented 
Lagrangian enables  t h e  above d i f f i c u l t i e s  t o  be  overcome, and 
allows e f f i c i e n t  a lgor i thms t o  be cons t ruc t ed .  

W e  s h a l l  t h u s  cons ide r  a model problem of t h e  form ( 2 . 5 ) ,  namely: 

F i n d  U E  HA(Q) s u c h  t h a t  $(u)  E L1(Q)  n H - I ( Q ) ,  satisfying 
(6 .1)  

a(u,v) + <$(u) ,v> = < f  ,v> Yv E Ho(Q).  1 

When a(.,.) i s  symmetric, (6.1) is equivalent  to the minimisation 
on Ho(n) of the f u n c t i o n a l  de f ined  by ( 2 . 8 ) , ,  i . e .  

1 

1 
( 6 . 2 )  J(v) = a(v,v) + j(v) - <f,v> . 
Thus, l e t  Ch be a t r i a n g u l a t i o n  of Q ; t h e  p r i n c i p l e  of hybr id  
methods c o n s i s t s  of de f in ing  t h e  problem on a l a r g e r  space ,  consid- 
e r i n g  membership of HA(Q) as a c o n s t r a i n t .  To do t h i s  w e  pu t  

( 6 . 3 )  H = n H * W ,  
K E  Ch 

t h i s  space  be ing  equipped wi th  t h e  product  topology,  i . e .  t h a t  
a s s o c i a t e d  wi th  t h e  i n n e r  product  
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2 

1 
Suppose t h a t  f E L (Q); t h e  f u n c t i o n a l  ( 6 . 2 )  t h e n  e x t e n d s  n a t u r a l l y  
o n t o  H ,  and V = Ho(Q) i s  a c l o s e d  subspace  of H ( w e  r e t a i n  t h e  

n o t a t i o n  a ( . , . )  and I(.)) . The s t a n d a r d  approach  would con- 
s i s t  o f  i n t r o d u c i n g  a Lagrange m u l t i p l i e r  on t h e  i n t e r f a c e s  o f  t h e  
t r i a n g u l a t i o n  Ch i n  o r d e r  t o  e n f o r c e  matching .  T h i s  a p p r o a c h ,  
however, does n o t  l e n d  i t se l f  w e l l  t o  t h e  u s e  o f  an augmented 
Lagrangian  because  t h e  n a t u r a l  p e n a l i s a t i o n  t e r m  u t i l i s e s  t h e  norm 

on H f ( a K ) ,  t h e  m a n i p u l a t i o n  o f  which i s  somewhat awkward. I t  i s  

i n  f a c t  n e c e s s a r y  t o  use a l i f t  o n t o  t h e  e l e m e n t  t o  o b t a i n  a cal- 
c u l a b l e  e x p r e s s i o n ,  and t h i s  i s  what  w e  s h a l l  do i n d i r e c t l y  i n  t h e  
work which f o l l o w s .  

W e  s h a l l  u t i l i s e  t h e  methodology of  C h a p t e r  I11 w i t h  G 5 0. 

Thus f o r  vcV,  q c H ,  ~ E H ,  w e  d e f i n e  t h e  augmented Lagrangian  

Remark 6 . 1 :  For  r = 0,  t h e  Lagrangian  ( 6 . 5 )  i s  t h e  s t a n d a r d  
Lagrangian  of  h y b r i d  methods w i t h  a m u l t i p l i e r  on t h e  i n t e r f a c e s  of 
t h e  t r i a n g u l a t i o n .  C o n s i d e r ,  i n  f a c t ,  a p a r t i c u l a r  f i n i t e  ele- 
ment K and g E H-’ ( a K )  ; w e  can  s o l v e  

Suppose t h a t  g t a k e s  on a s i n g l e  v a l u e  a l o n g  e a c h  o f  t h e  i n t e r -  

f a c e s  ( a p a r t  f rom a s i g n  change t o  t a k e  a c c o u n t  of  t h e  o r i e n t a t i o n  
of  t h e  n o r m a l ) ;  it can e a s i l y  b e  s e e n  t h a t  ( L I , v ) ~  = 0 and t h a t  

t h e  t e r m  (u,q), r e d u c e s  t o  boundary t e r m s  o f  t h e  form 

I t  is  of i n t e r e s t  t o  s t a t e  t h e  o p t i m a l i t y  c o n d i t i o n s  o f  t h e  problem: 
i n  v a r i a t i o n a l  form,  t h i s  amounts t o  f i n d i n g  {u,p,x} E V x H x H such  
t h a t  

(6.7) a ( p , q )  + ( ,$ (p) ,q)  - (f,d - ( x , q ) ,  + r ( p - u , d H  = 0 YqcH, 

r(u-p,v)H + (X,v), = 0 YV E V (= H o ( Q ) ) ,  1 (6.8) 

(6.9) ( U - P , ~ ) ~  = 0 Y p E H. 
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For  g i v e n  X and u,  t h e  problems ( 6 . 7 )  are decoupled  and are 
s o l v e d  e l e m e n t  by e l e m e n t ;  t h e  r e c o u p l i n g  i s  a c h i e v e d  v i a  t h e  

m u l t i p l i e r  and v i a  t h e  l i n e a r  problem ( 6 . 8 )  which i s  of  t h e  form 

-Au + u = F(p,A) in R ,  
(6.10) 

uIr  = 0, 

where F ( q , A )  d e n o t e s  a r i g h t - h a n d  s i d e  depending  on p and on X 

It  i s  v e r y  s i m p l e  t o  a d a p t  a l g o r i t h m s  A L G l  and ALGZ t o  t h i s  c a s e ;  
n o t e  t h a t  t h e  u p d a t i n g  o f  A n  i s  c a r r i e d  o u t  u s i n g  

n n  (6.11) (An+l-Xn,~)H = P, (U -p , I I ) ~  Y v c  H. 

Taking i n t o  a c c o u n t  ( 6 . 4 )  and p u t t i n g  AU = -Au + U, w e  t h e n  have 

Ax"+' = Ax" + p, A(u"-p") in K, 

(6.12) 
ah" a 

+ P, < (u"-p"), 

where nK d e n o t e s  t h e  outward normal  t o  K .  The Neumann prob-  
l e m s  ( 6 . 1 2 )  are i n  f ac t  loca l  and are s o l v e d  e l e m e n t  by e lement .  

Remark 6.2: I n  c o n t r a s t  t o  t h e  p r e c e d i n g  s e c t i o n s ,  t h e  de- 
c o u p l i n g  method no l o n g e r  n e c e s s i t a t e s  s p l i t t i n g  t h e  o p e r a t o r  i n t o  
a l i n e a r  p a r t  and a n o n l i n e a r  p a r t ;  it i s  t h e r e f o r e  v e r y  g e n e r a l  
and c a n  be  e x t e n d e d  t o  c a s e s  m o r e  complex t h a n  t h o s e  c o n s i d e r e d  
above.  The s o l u t i o n  of  t h e  n o n l i n e a r  problem ( 6 . 7 )  may t h e n  be- 
come more c o m p l i c a t e d ,  and t h e  a d v a n t a g e  of t h e  h y b r i d  f i n i t e  ele- 
ment methods t h e n  a c c r u e s  e s s e n t i a l l y  from t h e  f a c t  t h a t  t h e  non- 
l i n e a r  problems c o n t a i n  o n l y  a s m a l l  number o f  v a r i a b l e s .  

Remark 6 . 3 :  The f o r m u l a t i o n  p r e s e n t e d  above encompasses  t h e  
u s u a l  h y b r i d  methods. I n  r e g a r d  t o  t h e  d i s c r e t i s a t i o n  o f  t h e  
problem by f i n i t e  e l e m e n t s ,  however, it i s  more g e n e r a l  i n  t h a t  it 
a l l o w s  t h e  u s e  of conforming f i n i t e  e l e m e n t s  fo r  t h e  approximat ion  
o f  u .  I n  f a c t  t h e  awkward problem o f  t h e  d i s c r e t i s a t i o n  of t h e  
m u l t i p l i e r  on t h e  i n t e r f a c e s  i s  no l o n g e r  p r e s e n t .  

On t h e  q u e s t i o n  of t h e  convergence  o f  a l g o r i t h m s  o f  t h e  t y p e  
A L G 1 ,  ALGZ a p p l i e d  t o  t h e  s o l u t i o n  of  ( 6 . 1 ) ,  v i a  t h e  augmented 
Lagrangian  ( 6 . 5 ) ,  t h e  r e s u l t s  o f  C h a p t e r  I11 are a p p l i c a b l e  i n  
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t h e i r  e n t i r e t y .  I t  s h o u l d  a l so  b e  n o t e d  t h a t  t h e  r e c o u p l i n g  t h r -  
ough t h e  l i n e a r  problem ( 6 .  l o ) ,  which i s  g l o b a l  on Z2, e n a b l e s  us  
t o  a n t i c i p a t e  convergence  p r o p e r t i e s  more or less i n d e p e n d e n t  of  
t h e  number of e l e m e n t s  used .  

I. GENERAL DISCUSSION ON CHAPTER I V  

The a l g o r i t h m s  developed  i n  t h i s  c h a p t e r  e n a b l e  u s  t o  s o l v e  
e f f i c i e n t l y  a l a r g e  number o f  n o n l i n e a r  problems.  I n  b r i n g i n g  
t h e  n o n l i n e a r i t y  down t o  a l o c a l  l e v e l  w e  s i m p l i f y  t h e  problem 
c o n s i d e r a b l y ,  and t h e  r e c o u p l i n g  t h r o u g h  t h e  s o l u t i o n  o f  l i n e a r  
s y s t e m s ,  w i t h  matrices which are f i x e d  d u r i n g  t h e  i t e r a t i v e  
p r o c e s s ,  i s  a c o n s i d e r a b l e  advantage .  F i n a l l y ,  t h e s e  methods are  
w e l l  a d a p t e d  t o  Parallel C o m p u t a t i o n  and s h o u l d  prove  p a r t i c u l a r l y  
e f f i c i e n t  f o r  f u t u r e  g e n e r a t i o n s  of  computers .  

The f a c t  t h a t  w e  have been a b l e  t o  o b t a i n  a s  p a r t i c u l a r  cases a 
number o f  a l t e r n a t i n g  d i r e c t i o n  methods,  which have proved  t h e i r  
e f f i c i e n c y  e l s e w h e r e ,  i s  t h u s  a r e l i a b l e  g u i d e  f o r  implementa t ion .  
I n  Chapter  I X  w e  s h a l l  g i v e  m o r e  i n f o r m a t i o n  c o n c e r n i n g  a l t e r n a t i n g  
d i r e c t i o n  methods and t h e  l i n k s  which e x i s t  between t h e s e  methods 
and t h e  augmented Lagrangian  methods (see a l s o  LIONS-MERCIER C11) .  



C H A P T E R  V 

A P P L I C A T I O N  TO T H E  S O L U T I O N  O F  S T R O N G L Y  N O N L I N E A R  

S E C O N D - O R D E R  B O U N D A R Y - V A L U E  P R O B L E M S  

M. Fortin, R. Glowinski, A. Marrocco 

1. INTRODUCTION 

The aim of this chapter is to give a relatively detailed account 

of a number of applications of Augmented-Lagrangian methods to the 

solution of nonlinear second-order boundary-value problems, in which 

the nonlinearity relates to the gradient of the unknown function. 

The general setting is the same as that in Chapter 111, and we shall 

show how the various problems we describe can be fitted into this 

framework. We shall also discuss the approximation of these problems 

by means of finite-element methods and the consequences with regard to 

the iterative solution algorithms. The results of various numerical 

tests will serve to illustrate the behaviour of the algorithms used, 

and will demonstrate their efficiency. 

We shall show, in a relatively general context, that the framework 

presented permits easy implementation of the so-called 'interior pen- 

alty' finite-element methods.' 

2. GENERAL FRAMEWORK OF THE PROBLEMS IN CHAPTER V 

This second section aims to provide a common general framework for 

the examples which follow: the reader should therefore not be sur- 

prised at the formal character of this framework, which is justified 

by our desire to unify a number of extremely diverse problems. We 

ought also to point out that in this chapter we shall be giving much 

more attention to the algorithmic aspects than to the precise mathem- 

atical formulation 

roximate problems. 

or to the convergence of the solutions of the app- 

In the sense of DOUGLAS-DUPONT C11, WHEELER c11, ... 
171 
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In this chapter, we shall thus be considering the problem of the 

minimisation, in appropriate functional spaces, of functionals J of 

the form 

( 2 . 1 )  J(v) = F(Vv) + G(v). 

In (2.1), v denotes a function defined on a domain in IR , and 
Vv denotes its gradient. The term F(Vv) will be written more 

specifically in the form' 

( 2 . 2 )  

In many cases the function Ip will not depend explicitly on x , 
and in general it will be e o n u e x  with respect to /Vvl. The solutio 

of such a problem clearly lends itself very well to the introduction 

of an augmented Lagrangian of the same type as those considered in 

Chapter 111. Thus, using the notation of Chapter 111, the following 

form suggests itself: 

N 

F(Vv) = O(x,lVvl)dx. i, 

2 
In our examples, we shall have H = (L for the continuous 

problem, with a discrete version of this space for the approximate 

problems. It should be pointed out immediately that in some cases 

it will be possible to give a rigorous definition of 

case of the approximate problems; in particular, this will be the 

case for problem (3.2) of Section 3, if l < s  < 2 ,and for the m i n i m a l  

surfaces problem of Section 6.3. 

d,, only in the 

In the numerical tests which will be presented, the discretisation 

will be performed by means of conforming finite elements of degree 

one , on triangles. The discretisation of the variable q which 

represents the gradient will thus be particularly simple since in 

this case the components of q will be constant over each element. 

Just as in Chapter IV, the discussion can be generalised to more 

complicated cases: quadratic finite elements and piecewise-linear 

gradients; with these, it will once again be necessary to make jud- 

icious use of numerical integration techniques, as we did in Chapter 

IV. Our approach will be centred, primarily, on the use of 

algorithms ALGl and ALG2 of Chapter 111, and the results of the num- 

erical tests will serve to illustrate their convergence properties. 
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3. A CLASS OF NONLINEAR D I R I C H L E T  PROBLEMS 

3 . 1  Formula t ion  o f  t h e  a roblems.  Augmented L a q r a n g i a n s  

3 . 1 . 1  T h e  c o n t i n u o u s  c a s e  

I n  t h i s  s e c t i o n  w e  s h a l l  be  c o n s i d e r i n g  t h e  monotone  n o n l i n e a r  

o p e r a t o r  A ,  d e f i n e d  ( w i t h  1 < s <+a) by 

(3.1) Av = - V * ( \ V V ~ ~ - ~ ) V V .  

T h i s  o p e r a t o r  a p p e a r s  i n  c e r t a i n  mathemat ica l  models d e s c r i b i n g  t h e  
mechanica l  d e f o r m a t i o n  of i ce  ( see  f o r  example PELISSIER 111 and t h e  
a s s o c i a t e d  b i b l i o g r a p h y ) .  The s o l u t i o n ,  i n  a domain R w i t h  boun- 
dary  r , o f  t h e  n o n l i n e a r  D i r i c h l e t  problem 

Au = f i n  R ,  

u = o on r ,  
(3.2) 

c o n s i d e r e d  e a r l i e r  i n  Chapter  111, S e c t i o n  6 . 3 ,  can b e  reduced  t o  t h e  

s o l u t i o n  o f  t h e  f o l l o w i n g  problem i n  t h e  C a l c u l u s  of V a r i a t i o n s  : 

F i n d  u E V 

J(u) 5 J(v) Vv E V, 

(3.3)1 

w h e r e  

t h e  s p a c e  W1” (a) 
i s ,  f o r  1 <  s < + m ,  a r e f l e x i v e  Banach s p a c e  when it i s  equipped  w i t h  
t h e  norm3 

( d e s c r i b e d  e a r l i e r  i n  C h a p t e r  111, S e c t i o n  6 . 3 )  
0 

( 3 . 4 )  lvls = (I, lVvls dx)’”. 

1 s  We t h e r e f o r e  have h e r e ,  u s i n g  t h e  n o t a t i o n  o f  ( 2 . 2 ) ,  O ( x , z )  = - z  . 

3 i s  a norm on W:’S(R) i f  C? i s  bounded  i n  a t  l eas t  one 
d i r e c t i o n  i n  lRN . 
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3.1.2 The approx imate  p r o b  Zems 

Except f o r  s = 2 ,  t h e  space  V i s  n o t  a H i l b e r t  space  and w e  can 
n o t  t h e r e f o r e  apply t h e  r e s u l t s  of Chapter  I11 d i r e c t l y  t o  problem 
( 3 . 2 ) , ( 3 . 3 ) ;  f o r t u n a t e l y ,  however, t h i s  can be done f o r  t h e  approz -  

i m a t i o n s  of t h i s  problem. 

Suppose we have a t r i a n g u l a t i o n 4  Th of  R : w e  cons ide r  on Zh 
an approximation of V u s i n g  conforming f i n i t e  e lements  of degree  

one o r  two. More p r e c i s e l y ,  f o r  k = l  o r  2 ,  w e  d e f i n e  

where P k ( K )  i s  t h e  space  of polynomials of degree  <k  on K .  

Likewise,  w e  d e f i n e  

c l e a r l y ,  we have 

(3  * 7 )  VVh E Lkh *h E Vkh‘ 

The d i s c r e t i s e d  ve r s ion  of ( 3 . 2 ) ,  ( 3 . 3 )  t h u s  c o n s i s t s  of minimising 
J(*) over  Vkh , l e a d i n g  t o  t h e  augmented Lagrangian’ 

def ined  on Vkh X Lkh X Lkh . 
For k = l  t h e  c a l c u l a t i o n  of  gr does no t  p r e s e n t  any problems 

s i n c e  qh i s  cons t an t  ove r  each  t r i a n g l e  of “eh . I f  k = 2 ,  w e  
s h a l l  use a quadra tu re  formula t o  e v a l u a t e  
Chapter I V ,  we s h a l l  t h u s  cons ide r ,  i n  t h e  e lement  K ,  L n u m e r i c a l  

i n t e g r a t i o n  p o i n t s  xiK, i = l ,  ... 

J R ( q h l S  dx : a s  i n  

, R  , each be ing  a s s igned  a weight 

‘ This  assumes R c IR2 and bounded:  however, t h e  fo l lowing  d i scuss -  
i on  may r e a d i l y  be ex tended  t o  t h e  c a s e  
a l s o  assume t h a t  R i s  polygonal .  

R c IRN , N t 3 .  W e  s h a l l  
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wi such that we have 

(3.9) f (x)  dx Area (K) 1 oi f(xiK). 
L 

K i = l  

For k =2, the most appropriate choice would be to take the points x. 

as the midpoints of the sides of the triangle K (so that P.=3), each 

being assigned a weight 1/3 (so that w .  =1/3 Vi=1,2,3); this 

quadrature formula is in fact exact for polynomials of degree 2, and 

this allows us to calculate the terms 2 jo)vvh-qhl dx and 

laph* (Vvh - qh) dx e x a c t Z y .  Furthermore, again if k = 2, knowing the 

value of a piecewise-linear function at the midpoints of the sides of 

a triangle fixes this function uniquely; it then follows that the 

values of qlh and q2h at the midpoints of the sides of Th can 
be used as degrees of freedom relative to (it would be equally 

straightforward, if we so desired, to enforce matching of certain 

components of qh at the midpoints of the sides). Proceeding as in 

Chapter IV, Section 3, this leads to the discrete augmented Lagrangian 

iK 

2 

qh 

This Lagrangian is defined on 

dr(vh,qh,uh) if k = 1 (to within the term in f vh dx ) .  We have 

assumed for simplicity that in fvhdx has been approximated in 

(3.10) by the same quadrature formula as used for the other terms; 

however, this is not necessary. 

Vkh xLkh x Lkh 
and it coincides with 

In order to gain a better understanding of the algorithms which 

follow, it is important to consider the numerical solution of the 

variational problem equivalent to the minimisation with respect to 

qh of dr and Arb, with vh and ph f i x e d .  In the case of dr 
defined by (3.8) we obtain 

For k = l  the components of ph are constant over each triangle. 

For k = 2  we would use numerical integration via the Lagrangian d 
in this case we have to determine the values of 

rh ' 
ph at the quadrature 
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points. In both cases, we find that we have to solve, triangle-by- 

triangle or point-by-point, the nonlinear system 

Once lphl is known, plh and pZh can immediately be deduced from 

(3.12); now (3.12) implies 

s-l 
(3.13) lPhl + 'IPhl Irvvh+'hl, 

or, defining g(.) by g(q) =qS-l + rq, 

(3.14) g(q) = Irvvh+~,l ; 

since the function g is a homeomorphism of IR, onto IR, , (3.14) 
admits a unique solution which can be calculated by standard methods 

for nonlinear equations in one variable, although certain precautions 

have to be taken for extreme values of s (i.e. s close to 1, or 

s large) 

3.2 The basic algorithm and its convergence properties 

The basic algorithm for implementation of the augmented Lagranqian 

The following is irh 
a brief summary of the principles of this algorithm. 

is once again algorithm ALGl of Chapter 111. 

ALGORITHM A L G l  ( G e n e r a l  f o r m )  

(3.15) 

t h e n  f o r  

(3.16) 

Lkh 1; c h o s e n  a r b i t r a r i l y  i n  

n 2 0 ,  A: b e i n g  known, c a l c u l a t e  uh, ph and 1;" b y  
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I n  
(3.16 

(3 .15 

practice, it is necessary to have a method for solving problem 

; this leads us to a more ‘operational’ version of algorithm 

- (3.17) : 

ALGORITHM A L G l  ( P r a c t i c a l  f o r m )  

(i) Choose : 

- an a c c u r a c y  t o l e r a n c e  E, 

- a maximum number of i n n e r  i t e r a t i o n s  k 

- t h e  v a l u e s  by wh ich  t h e  o u t e r  i t e r a t i o n s  a r e  i n i t i a l i s e d  : 
max 

(ii) F o r  

f o r  

(3.19) 

n-1. 
n 2 0  and w i t h  A: and p:-’ known, p u t  zo= ph , t h e n  

m t o  and w i t h  zm known, s o l v e  : 

m 
v 6 Vkh, 

(rzm-h,”)*vvh dx Vv h 6 Vkh 

m 
(note that the solution v of (3.19) minirnises vh -+ Rrh(vh,zm,XE) 

over Vkh) . 

N e x t ,  knowing t h e  s o l u t i o n  vm o f  (3.19), soZue : 

(actually, the ‘point’ version of these equations; 

ated minimises qh + drh(vm,qh,Af:) over Lkh) ‘ 

If m+l - zm i s  l e s s  t h a n  E ( i n  t h e  L2 norm, for e x a m p l e ) ,  

o r  if m + l = k  

(3.21) 

o t h e r w i s e  s e t  m = m + l  and r e t u r n  t o  (3.19). 

(iii) W i t h  uf: and p: known, c a l c u l a t e  ( t r i a n g l e - b y - t r i a n g Z e  i f  

z m+l thus calcul- 

max J p u t  

{ = v”, p t  = zm+l ; 

k = l ,  o r  a t  t h e  q u a d r a t u r e  p o i n t s  i f  k = 2 )  
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If Ou; - pf: is sufficiently small, terminate ALG1; otherwise set 

n = n  + 1 and r e t u r n  t o  (ii) . 

is thus carried out by a relaxation n n  The determination of {uh,ph} 

method; if we take kmax=l, we obtain algorithm ALG2 of Chapter 111. 

Remark 3.1: For reasons which will be given in Remark 3.2, it is 
m 

recommended that a termination test be used which relates to z 

rather than to v" ; as is pointed out in MARROCCO C11, a termination 

test on v can lead to premature termination ('sticking' or pseudo- 

convergence) of the iterative process. 

m 

In order to gain a better understanding of the behaviour of ALG1, 

it is instructive to study this algorithm when p =I and s =2; for 

this value of s the problem to be solved is linear. The interesting 

fact is that in this case we obtain convergence in two iterations at 

most; this was demonstrated earlier in Chapter 111, Section 4.3, but 

we shall nonetheless prove it again for the particular case in question 

here (the proof which follows is valid for ALG1; a similar one can be 

given for ALG2 if p = r = l ,  and this value r = l  will also be encoun- 

tered once more when we examine the experimental convergence results). 

Just as in Chapter 111, it is sufficient to consider the case f = O  

(so that uh = O ) ;  additionally, we write 

( 3 . 2 3 )  Q = { n h l s h E \ h ,  qh = Vvh, vhEVkh kh 

and we denote by P the operator of projection from Lkh onto Q for 

the norm L2(S2). 

1 (= vv ), 

Q 

It then follows from (3.19), (3.21) that 

P A" = r ( P  pn - v<', 
Q h  Q h  

( 3 . 2 4 )  

and then from (3.20) that 

" + r(p"-V ") = A:. 
( 3 . 2 5 )  'h h "h 

By projection of (3.22) onto Q and its orthogonal space, and taking 

account of the fact that p =r, we obtain 
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We deduce from (3.24) and (3.2611 that 

(3.27) P A"+' = o v n > O ,  
Q h  

so that from (3.24) we have 

(3.28) 

By projection of (3.25) onto Q , we then obtain 

pQp; - V <  = o vnr  I .  

P A" = pQp; = o vn 2 I .  
Q h  

n 
h We thus have Vut = 0 for n 2 1, so that u = 0. On the other hand, 

we have 

(3.29) 

There is thus decoupling between the convergence of 

of [A:ln>o if s =2. For s * 2 , a variant of the above proof 
would show that 

since it is then no longer possible to decompose (3.20) onto Q and 

its orthogonal in Lkh , we no longer have convergence of uh in a 

finite number of iterations. We can nonetheless expect very different 

(I - P )An , (1 - PQ)pt . rates of convergence for 

(I-p )A"+] = -L I+r (I-Pp;. 

i u ~ ~ n z o  and that 

PQAt always converges in a single iteration, but 

n 

, PQp: and P A" 
Q h  

Remark  3.2: In view of these quite different convergence proper- 
ties of the sequences {uEIn20 and {p:Inro , IAtl,,, , it is necess- 
ary to use a termination test somewhat more sophisticated than one 

which relates solely to the sequence it is f o r  this reason 
that in the case of ALGl discussed earlier, we suggested terminating 

n 
the outer iterations when Vu; -ph 

{ u E ) ~ ~ ~  ; 

became sufficiently small in norm. 

R e m a r k  3.3: Another case, the practical importance of which will 

become apparent in Section 4, is the one in which the problem to be 

solved is linear but with a variable coefficient, i.e. of the form 

(with a(x) 2 a > 0 a.e.) 

(3.30) Inf I$ Ina(u)IVv12 dx - j,f. dxl . 
vcH' (a) 

We shall assume a(x) to be such that the minimisation problem (3.30) 

admits a unique solution. If for the solution of this problem we 

consider the augmented Lagrangian 
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t h e n  a l g o r i t h m  A L G l  n o  l o n g e r  c o n v e r g e s  i n  t w o  i t e r a t i o n s ;  however, 

t h i s  p r o p e r t y  i s  r e c o v e r e d  i f  i n s t e a d  of ( 3 . 3 1 )  w e  u s e  t h e  augmented 
Lag rang  i an 

I t  i s  r e a s o n a b l e  t o  suppose  t h a t  t h i s  p r o p e r t y  can be used  t o  improve 
t h e  convergence of  A L G l  i n  t h e  n o n l i n e a r  c a s e .  I n  f a c t ,  l e t  u s  
assume t h a t  w e  know an es t imate  ~ ( x )  o f  /phi , w e  c o u l d  t h e n  
c o n s i d e r  an augmented Lagrangian  o f  t h e  form 

s-2 . 

The i d e a l  p r o c e d u r e  would undoubtedly  be  t o  u p d a t e  n ( x )  a t  e a c h  
i t e r a t i o n  of ALG1,  u s i n g  
(we  c o u l d  even  c o n s i d e r  an u p d a t e  d u r i n g  t h e  i n n e r  i t e r a t i o n s  ( 3 . 1 9 ) ,  
( 3 . 2 0 ) ) ;  however, t h i s  u p d a t e  m o d i f i e s ,  a t  e a c h  i t e r a t i o n ,  t h e  m a t r i x  
of  t h e  l i n e a r  problem c o r r e s p o n d i n g  t o  ( 3 . 1 9 ) ;  t h i s  problem would be  
o f  t h e  form 

p: , t h e r e b y  o b t a i n i n g  a sequence  {r-injn20 

F i n d  v", Vkh such tha t  Vvhc Vkh w e  have 

(3 .34 )  

It i s  a p p r o p r i a t e  t o  a s s e s s  whether  t h e  a c c e l e r a t i o n  o f  convergence  
t h e r e b y  o b t a i n e d  j u s t i f i e s  t h e  c o s t  o f  t h e  new Cholesky f a c t o r i s a t i o n  
i f  ( 3 . 3 4 )  i s  s o l v e d  by a d i r e c t  method; it i s  c l ea r  t h a t  t h e  u s e  of  
an e f f e c t i v e  i t e r a t i v e  method ( p r e c o n d i t i o n e d  c o n j u g a t e  g r a d i e n t ,  
m u l t i g r i d  method, e t c . )  f o r  s o l v i n g  t h e  l i n e a r  problem ( 3 . 3 4 )  would 
be  an a t t r a c t i v e  a l t e r n a t i v e  t o  a d i r e c t  method which r e q u i r e s  a t  each  
i t e r a t i o n  a r e f a c t o r i s a t i o n  o f  t h e  m a t r i x  a s s o c i a t e d  w i t h  t h e  l i n e a r  
problem ( 3 .  3 4 ) .  

Note t h e  obvious  l i n k s  which e x i s t  between t h i s  method u s i n g  
{ r ~ ~ } ~ > ~  , and a Newton method. 

W e  s h a l l  e n c o u n t e r  an a p p l i c a t i o n  o f  t h i s  p r e s e n t  remark l a t e r  on 
i n  S e c t i o n  4 of t h i s  c h a p t e r .  H 
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Remark  3.4: It  f o l l o w s  from Remark 3 . 3  t h a t ,  a l l  o t h e r  t h i n g s  
be ing  e q u a l ,  t h e  o p t i m a l  c h o i c e  of  t h e  p a r a m e t e r  r ( i n  ALG2 i n  p a r t -  
i c u l a r )  w i l l  v a r y ,  i n  o r d e r  o f  magni tude ,  as lphl  , w e  can  i n  
f a c t  i n t e r p r e t  (3 .33)  a s  d e f i n i n g  an augmented Lagrangian  w i t h  a 
uariabte p e n a l i s a t i o n  p a r a m e t e r  e q u a l  t o  
of which would b e  ( a s y m p t o t i c a l l y  i n  n a t  l e a s t )  e q u a l  t o  2 / p h j  
i f  ph were known. S i m i l a r l y ,  it may b e  c o n j e c t u r e d  t h a t  i n  t h e  
c a s e  o f  t h e  s t a n d a r d  p e n a l t y  t e r m  ( i . e .  < is! lBvh- qh12 d x )  t h e  o p t i m a l  
p a r a m e t e r  r w i l l  v a r y  from one problem t o  a n o t h e r  a s  lphl . 

s - 2  . 

$ q ( x )  , t h e  o p t i m a l  v a l u e  
r s - 2  

s-2 

3.3  Numerical  e x p e r i m e n t s  

I n  t h i s  s e c t i o n  w e  s h a l l  b e  d i s c u s s i n g  some o f  t h e  many numer ica l  
r e s u l t s  o b t a i n e d  by GLOWINSKI-MARROCCO 113,141 and MARROCCO 111, 
g i v i n g  p a r t i c u l a r  emphas is  t o  c e r t a i n  p o i n t s  which w e  c o n s i d e r  t o  b e  
e s p e c i a l l y  i m p o r t a n t .  I n  t h e  n u m e r i c a l  e x p e r i m e n t s  which w e  s h a l l  
d e s c r i b e ,  t h e  domain s! w i l l  b e  a d i s c  and t h e  r i g h t - h a n d  s i d e  f 
of  ( 3 . 2 )  w i l l  b e  a p o s i t i v e  c o n s t a n t  d e n o t e d  by C ; under  t h e s e  
a s s u m p t i o n s ,  t h e  e x a c t  s o l u t i o n  o f  ( 3 . 2 )  i s  known, and i n  t h e  c a s e  
o f  a d i s c  o f  r a d i u s  R c e n t r e d  on t h e  o r i g i n ,  t h i s  s o l u t i o n  i s  g i v e n  

by 

(3.35) 

where 1x1 = (x l  + x; ) *  i f  x = {xl ,x2}.  W e  have t a k e n  R = 0 . 5  and 
C = O . l  i n  t h e  n u m e r i c a l  tests which w i l l  b e  d e s c r i b e d .  The d i s c  s! 

h a s  been  t r i a n g u l a t e d  by means o f  a t r i a n g u l a t i o n  c o n t a i n i n g  2 5 6  
t r i a n g l e s ,  t h e  f i n i t e  e l e m e n t s  used  b e i n g  
o n e ;  t h e  components o f  Vvh and o f  qh are t h e r e f o r e  c o n s t a n t  o v e r  
each  t r i a n g l e .  

S S S - -  - 
u(x) = s-l (s)s-l ( R s - q x ~ s - ~ ) ,  

s 2  

2 

Th 
Co-conforming and o f  d e g r e e  

I n  o r d e r  t o  e v a l u a t e  t h e  per formance  of ALG1,  w e  have t o  remember 
t h a t  it is  n o t  s u f f i c i e n t  merely t o  e v a l u a t e  t h e  number o f  u p d a t e s  o f  
A: v i a  ( 3 . 1 7 ) ;  t h e  sequence  w i l l  i n  f a c t  converge  more 

q u i c k l y  ( i n  terms o f  t h e  number o f  o u t e r  i t e r a t i o n s )  as r becomes 
l a r g e r ;  however, t h e  i n c r e a s e  i n  r s lows  down t h e  convergence  o f  
t h e  r e l a x a t i o n  method used  t o  s o l v e  sys tem ( 3 . 1 6 ) ;  t h e r e  i s  t h e r e f o r e  
a b a l a n c e  t o  b e  s t r u c k  between t w o  oppos ing  e f f e c t s ,  and t h i s  i m p l i e s  
t h e  e x i s t e n c e  o f  an o p t i m a l  v a l u e  o f  r . F u r t h e r m o r e ,  i n  o r d e r  t o  
have a p r o p e r  e v a l u a t i o n  o f  t h e  r e s u l t s ,  it i s  i m p o r t a n t  t o  c o n s i d e r  
t h e  t o t a l  c o m p u t a t i o n a l  e f f o r t  r e q u i r e d  f o r  t h e  s o l u t i o n  o f  t h e  
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approximate  problem; w e  s h a l l  t h e r e f o r e  compare t h e  cumulative 
numbers  o f  r e l a x a t i o n  i t e r a t i o n s  ( 3 . 1 9 ) ,  ( 3 . 2 0 )  r e q u i r e d  f o r  t h e  con- 
vergence  o f  t h e  a l g o r i t h m  t o  w i t h i n  a g i v e n  l e v e l  of p r e c i s i o n .  I n  
t h e  c a s e  o f  ALG2 t h i s  number c o i n c i d e s  w i t h  t h e  number o f  u p d a t e s  o f  

X E  . F i g u r e s  3 . 1 ,  3 .2  and 3 .3  i l l u s t r a t e  t h e  b e h a v i o u r  of ALGl f o r  
t h r e e  v a l u e s  of s , namely s = 1.1, 3 and 10. F i g u r e s  3 . 4 ,  3 .5  and 
- 3.6 i l l u s t r a t e  t h e  c o r r e s p o n d i n g  r e s u l t s  f o r  ALG2 ( u s e d  i n  e x a c t l y  
t h e  same way a s  A L G l  w i t h  p = r  ) .  

I n  F i g u r e s  3 . 1  t o  3 .3  ( i . e .  r e l a t i n g  t o  ALG1) two c u r v e s  a p p e a r ;  
t h e  c u r v e  l a b e l l e d  C1 shows t h e  c u m u l a t i v e  number o f  r e l a x a t i o n  i ter-  
a t i o n s  as a f u n c t i o n  o f  r ; c u r v e  C2 i n d i c a t e s  t h e  number o f  u p d a t e s  
of  1; , t h i s  number t e n d i n g  towards  u n i t y  as r i n c r e a s e s .  I n  Fig- 
u r e s  3.4 t o  3 . 6 ,  c u r v e s  C1 and C2 c o i n c i d e .  
s c o n s i d e r e d ,  t h e  o p t i m a l  r i s  t o  a l l  i n t e n t s  and p u r p o s e s  t h e  same 
f o r  A L G l  and ALG2. Fur thermore ,  even f o r  s =1.1, a l g o r i t h m  ALG2 

a p p e a r s  t o  be  more e f f i c i e n t  t h a n  ALG1;  f o r  t h i s  f a m i l y  o f  problems,  
t h e r e f o r e ,  it does n o t  a p p e a r  w o r t h w h i l e  t o  s o l v e  sys tem (3 .16)  by t h e  
r e l a x a t i o n  method ( 3 . 1 9 ) ,  ( 3 . 2 0 )  t o  v e r y  h i g h  a c c u r a c y  b e f o r e  u p d a t i n g  

; t h e  same a l s o  a p p l i e s  f o r  v a l u e s  o f  s o n l y  s l i g h t l y  g r e a t e r  
t h a n  u n i t y .  T h i s  o b s e r v a t i o n  c o n c e r n i n g  t h e  s u p e r i o r i t y  of ALG2 over 
A L G l  seems t o  c o n t r a d i c t  what was e s t a b l i s h e d  i n  C h a p t e r  I V ;  however, 
t h i s  can be  e x p l a i n e d  by t h e  f a c t  t h a t  t h e  t e r m i n a t i o n  tes t  used  i n  
MARROCCO 111,  from which w e  have t a k e n  o u r  r e s u l t s ,  r e la tes  t o  t h e  
d i f f e r e n c e  between uh and u: ; now it would once a g a i n  a p p e a r  
t h a t  t h e r e  e x i s t s  a c e r t a i n  d e c o u p l i n g  between t h e  convergence o f  

and  t h a t  o f  { p i l n 2 0  or  , t h i s  d e c o u p l i n g  becoming {uE}nzO 
complete  f o r  s = 2  a s  w e  s a w  i n  S e c t i o n  3 .2 .  T h i s  d e c o u p l i n g  prop-  
e r t y  w a s  n o t  p r e s e n t  i n  C h a p t e r  I V  where,  i n  f a c t ,  u: and p i  are 
e q u a l  i n  t h e  l i m i t  a s  n - t  + m  . 

F o r  t h e  t h r e e  v a l u e s  o f  

n + l  

Another  o b s e r v a t i o n  which a t  f i r s t  s i g h t  i s  somewhat b a f f l i n g  con- 
c e r n s  t h e  h i g h  s e n s i t i v i t y  o f  t h e  o p t i m a l  v a l u e  o f  r t o  t h e  problem 
b e i n g  c o n s i d e r e d .  The o p t i m a l  v a l u e  o f  r depends on s and a l s o  on 
t h e  r i g h t - h a n d  s i d e  f of  e q u a t i o n  ( 3 . 2 ) .  

L e t  us  f i r s t  c o n s i d e r  t h e  case i n  which s i s  f i x e d ,  and i n  which 

f = c o n s t .  = C  ; w e  r eca l l  t h e  e m p i r i c a l  formula  of GLOWINSKI-MARROCCO 
1 4 1  f o r  t h e  o p t i m a l  v a l u e  o f  r : i f  ro ( r e s p .  rl ) i s  t h e  o p t i m a l  
v a l u e  o f  r f o r  f = C o  ( r e s p .  f = C , ) ,  t h e n  w e  have ( a p p r o x i m a t e l y )  
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2-s 
- =  I0 c I  s-l 

( 3 . 3 6 )  (+ . 
l o  

T h i s  formula i s  t o  b e  viewed a l o n g s i d e  Remark 3.4, where it was conj -  
e c t u r e d  t h a t  t h e  o p t i m a l  r s h o u l d  b e  p r o p o r t i o n a l  t o  lphl  , now 
it f o l l o w s  from (3.35) t h a t  when w e  p a s s  from f = C 

( =  I Vul ) i s  . m u l t i p l i e d  p r e c i s e l y  by t h e  f a c t o r  (C1/Co) ’-* ; 

c o n s i s t e n t  w i t h  ( 3 . 3 6 )  and c o n f i r m s  t h e  c o n j e c t u r e  o f  Remark 3.4. 

s-2 . 
t o  f = C1 , IpI 0 

t h i s  i s  

The e f f e c t  o f  a v a r i a t i o n  o f  s i s  more c o m p l i c a t e d  t o  i n v e s t i g a t e  
s i n c e  w e  are t h e n  no l o n g e r  d e a l i n g  w i t h  a s i m p l e  f a c t o r  o f  p r o p o r t -  
i o n a l i t y ;  i n  t h e  p a r t i c u l a r  c a s e  o f  t h e  tes t  problem c o n s i d e r e d ,  
which i s  i n  f a c t  one-d imens iona l  ( b e i n g  a x i s y m m e t r i c ) ,  it i s  nonethe-  
less e a s y  t o  v e r i f y  t h a t  i f  @ =On, where fi i s  t h e  s o l u t i o n  o f  t h e  

problem f o r  s = 2 , t h e n  w e  have 1 Bul = I l’(s-l) where u i s  t h e  
s o l u t i o n  c o r r e s p o n d i n g  t o  an a r b i t r a r y  v a l u e  o f  s i n  t h e  r a n g e  

( =  (x; +x: ) ’  ) 

so t h a t  w e  have 

1 i s  < + -  ; now, f o r  s = 2 ,  161 is p r o p o r t i o n a l  t o  1x1 s-2 
and I V U ~ ‘ - ~  w i l l  t h u s  be  p r o p o r t i o n a l  t o  \ X I =  , 

Jph/s-2 21 - if s = 1.1, 
I XI 

Now an o p t i m a l  
and 0.9x10-2 f o r  

v a l u e s  p r e d i c t e d  by (3.37). I t  can  t h e r e f o r e  b e  s e e n  t h a t  once a g a i n  
t h e  use o f  an augmented Lagrangian  o f  t h e  t y p e  (3.33), where rl ( x )  i s  
an e s t i m a t e  of  
W e  s h a l l  e n c o u n t e r  a n o t h e r  a p p l i c a t i o n  o f  t h i s  p r i n c i p l e  i n  S e c t i o n  6.3. 

r v a l u e  3x1O1l i s  found f o r  s = 1.1 ; 2XlO-l f o r  s = 3; 

s = 10 ; t h e s e  numbers c o r r e s p o n d  e x a c t l y  t o  t h e  

Ip 1 s-2 , c o u l d  v e r y  p r o b a b l y  s t a b i l i s e  t h e  c h o i c e  o f  r. h 

F i n a l l y ,  w e  must p o i n t  o u t  t h a t  t h e  r e s u l t s  o f  GLOWINSKI-MARROCCO 
Cll,C41 show t h e  impor tance  o f  working i n  d o u b l e  p r e c i s i o n  (on IBM 

computers  a t  l e a s t ) ,  i n  p a r t i c u l a r  f o r  ex t reme v a l u e s  o f  s ( i . e .  s 
c l o s e  t o  1 and > > 2 ) .  I n  s i m i l a r  v e i n ,  compar isons  between ALG1,  

ALG2 and o t h e r  methods o f  s o l v i n g  problem (3.2) ( i n  p a r t i c u l a r ,  non- 
l i n e a r  o v e r r e l a x a t i o n  methods)  may b e  found i n  GLOWINSKI-MARROCCO 1 4 1 ;  
it would a p p e a r  t h a t  t h e  a l g o r i t h m s  d e s c r i b e d  above are t h e  m o s t  e f f -  
i c i e n t  f o r  s o l v i n g  (3.2), p a r t i c u l a r l y  f o r  s c l o s e  t o  1 o r  >>2. 
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3 . 4  C o n t i n u i t y  c o n s t r a i n t s  on t h e  g r a d i e n t ;  I n t e r i o r  
p e n a l t y  methods 

W e  c o n s i d e r  ( f o r  s i m p l i c i t y )  t h e  c a s e  o f  a Z i n e a r  problem ( s  = 2 )  
o f  t h e  t y p e  ( 3 . 2 ) ,  s o l v e d  by f i n i t e - e l e m e n t  methods o f  d e g r e e  a t  
l e a s t  t w o .  I n  a s t a n d a r d  a p p r o x i m a t i o n ,  t h e  n o r m a l  component o f  t h e  
g r a d i e n t  o f  t h e  approximate  s o l u t i o n  i s  n o t  c o n t i n u o u s  a c r o s s  i n t e r -  
e l e m e n t  b o u n d a r i e s .  Now,  f o r  c e r t a i n  a p p l i c a t i o n s ,  it may be  d e s i r -  
a b l e  ( a n d  u s e f u l )  t o  e n f o r c e  t h i s  c o n t i n u i t y .  One p o s s i b l e  approach 

f o r  a c h i e v i n g  t h i s  c o n s i s t s  o f  c o n s i d e r i n g  t h i s  c o n t i n u i t y  c o n d i t i o n  
a s  a supplementary  c o n s t r a i n t  which can  be  t r e a t e d  e i t h e r  by means o f  
a L a g r a n g e  m u l t i p l i e r  o r  by means of a p e n a Z t y  t e r m ;  t h i s  l a t t e r  app- 
r o a c h  i s  known by t h e  name of  t h e  ' i n t e r i o r  p e n a l t y  m e t h o d ' ,  t h e  pen- 
a l i s a t i o n  b e i n g  a p p l i e d  t o  any jump i n  t h e  normal  d e r i v a t i v e  o c c u r r i n g  
a t  t h e  e l e m e n t  i n t e r f a c e s ,  i n  t h e  i n t e r i o r  o f  t h e  domain. 

The framework which w e  have j u s t  d e s c r i b e d  does  i n  f a c t  a d a p t  q u i t e  
r e a d i l y  t o  s u c h  methods:  it i s  s u f f i c i e n t  t o  impose matching  condi-  
t i o n s  on t h e  f u n c t i o n s  from 
Lagrangian  d e f i n e d  ea r l i e r .  

Lkh and t o  u s e  a v a r i a n t  o f  t h e  augmented 

A p a r t i c u l a r l y  f a v o u r a b l e  c a s e  i s  t h a t  i n  which,  i f  k =  2 ,  w e  
e n f o r c e  matching  o f  t h e  components o f  t h e  g r a d i e n t  a t  t h e  m i d p o i n t s  
of  t h e  e l e m e n t  s i d e s  (L2h t h e n  compr ises  nonconforming e l e m e n t s  o f  

d e g r e e  o n e ) ;  Vvh- q h = O  

f o r  t h e  c o n s t r a i n t  o f  matching  t h e  normal  d e r i v a t i v e s .  S i n c e  t h e  
m i d p o i n t s  of  t h e  s i d e s  c o i n c i d e  w i t h  t h e  q u a d r a t u r e  p o i n t s  which i n t -  
e g r a t e  p o l y n o m i a l s  o f  d e g r e e  t w o  e x a c t l y ,  t h e  b a s i s  o f  L2h formed by 

a s s o c i a t i n g  a n  i n t e r p o l a t i o n  f u n c t i o n  w i t h  e a c h  node i s  o r t h o g o n a l .  
I t  t h e r e f o r e  f o l l o w s  t h a t  t h e  c a l c u l a t i o n  o f  p: remains  a p o i n t  calc- 
u l a t i o n  d e s p i t e  t h e  i n t e r - e l e m e n t  matching  c o n d i t i o n s .  However, 
d e s p i t e  t h e  l i n e a r i t y  of t h e  problem, w e  no l o n g e r  have convergence 
of  
c o n s t r a i n t  imposed i n  L2h i n v a l i d a t e s  t h e  proof  o f  S e c t i o n  3 . 2 .  

N o n e t h e l e s s ,  s i n c e  t h e  c a l c u l a t i o n  o f  pn v i a  t h e  ana logue  o f  (3 .20)  
i s  l i n e a r  ( s i n c e  s = 2 )  and l o c a Z ,  w e  can d e t e r m i n e  p: a s  a f u n c t i o n  
o f  uE and X i  and i n s e r t  t h e  r e s u l t s  o b t a i n e d  i n t o  t h e  ana logue  of 
( 3 . 1 9 ) ,  and t h e r e b y  e l i m i n a t e  t h e  i n n e r  r e l a x a t i o n  i t e r a t i o n s  a t  t h e  
cost  o f  h a v i n g  t o  assemble  a m a t r i x  which i s  o n l y  s l i g h t l y  more comp- 
l i c a t e d  t h a n  t h a t  i n  t h e  o r i g i n a l  scheme. Then w e  need  o n l y  choose 
r as l a r g e  as p o s s i b l e ,  i . e .  a t  t h e  l i m i t  of t h e  machine p r e c i s i o n ,  
i n  o r d e r  t o  o b t a i n  a correct s o l u t i o n  o f  t h e  l i n e a r  problem o b t a i n e d  

w e  w i l l  t h u s  be s u b s t i t u t i n g  t h e  c o n s t r a i n t  

CuE>n20 i n  a f i n i t e  number o f  i t e r a t i o n s ;  i n  f a c t ,  t h e  matching  

h 
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by elimination of ph. 

Remark  3.5: The convergence, as h + O ,  of such approximations 

with constraints on the normal derivative is often quite difficult to 

prove (but see DOUGLAS-DUPONT [ll, WHEELER 111 and the corresponding 
bibliography, as well as FORTIN-SOULIE 111 in which a nonconforming 
element of degree two is considered, for which convergence can be 

proved). 

4. A MAGNETO-STATIC PROBLEM 

4.1 Formulation of the problem 

In this section we shall be discussing some of the results obtained 

by GLOWINSKI-MARROCCO r 5 1  and MARROCCO Ill in connection with the cal- 

culation of the magnetic state of rotating machines (motors, altern- 

ators, ... ) or static machines (transformers). Here, we are conc- 

erned with problems in which even the linearised case has a highly 

variable coefficient, and in which it will be necessary to use an aug- 

mented Lagrangian of the kind introduced in Remark 3.3 of Section 3.2. 

a a a  
axl ax2 ax3 

With $ = {-, -, -1, the Maxwell equations of magnetostatics 

are written: 

+ - +  
( 4 . 2 )  B = LIH, 

( 4 . 3 )  
+ - +  
v.B = 0 ; 

t 
in ( 4 . 1 )  - (4.3), 6 is the m a g n e t i c  f i e l d  vector, J is the c u r r e n t  

d e n s i t y  vector, B the m a g n e t i c  i n d u c t i o n  vector and 1~ the m a g n e t i c  

p e r m e a b i l i t y  of the medium. In view of (4.3) there exists a vector 

potential h such that $ = $ x 1; ; the above equations therefore lead 

to the equation 

+ 

( 4 . 4 )  i t x  ( . $ X i )  =;, 

with v = l/v. We have v =vrvo , where v is the relative magn- 

etic reluctivity and where vo is the magnet<c reluctivity in vacuo; 
7 

we have v o = 1 0  /4n (M.K.S.A.). In the following, we shall be rest- 

ricting our attention to two-dimensional cases for which 
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+ + 
(4 .5 )  A = Io ,o ,A}  , j = {O,O, j } ,  

a a a  
ax, ax2 ax so that (4.4) reduces (with V = {-, -, -})  to: 

3 

The coefficient v appearing in (4.6) depends on the material; in 

copper  and in a i r  we have v = v  - in f e r r o - m a g n e t i c  media we shall 
0 '  

assume - neglecting hysteresis effects - that v is an increasing 

function (in the wide sense) of 161 ; it is actually more convenient 

to consider v to be an increasing function of 151 and this is what 

we shall do in the following discussion. In the two-dimensional case 

we have 

and we can then rewrite (4.6) in the more explicit form 

Finally, denoting by $(x,a) the function which satisfies 

we see that (4.6) is the Euler equation, in an appropriate functional 

space V ,  of a problem in the Calculus of Variations, namely the min- 

imisation of the energy functional 5 defined by 

(4 .10 )  

where R is usually the median cross-section of the rotating machine. 

The problem 

(4 .11 )  

is clearly of the form considered in Section 2. The choice of V 

depends on the boundary conditions; in the following we shall assume 

that 

eous D i r i c h l e t  type. On the basis of laboratory measurements we have 

taken for v , in the ferromagnetic parts, a function of the form 

1 V=Ho(R), which corresponds to boundary conditions of homogen- 
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UcI 

U"+T 
( 4 . 1 2 )  V ( E , a , C , T ; U )  = E + (C-€) - , 

t h e  parameters € , c i , C , T  be ing  p o s i t i v e  wi th  C >  E .  The func t ion  
thus  obta ined6  i s  monotone: F igu re  4 . 1  r e p r e s e n t s  t h e  r e s u l t s  of 
t h i s  smoothing f o r  v . For r e l u c t i v i t i e s  of t h e  t y p e  (4 .12) ,  t h e  
problem posses ses  a unique s o l u t i o n  i f  1 V = H o ( Q ) .  

r 

Figure  4 . 1  

STATOR RESULT OF SMOOTHING 

ALPHA 0.54192E01 
C 0.17577E00 
T 0.87589304 
EPS 0.516363-03 

,OA ! ,  , , , , , , , , , , , , , , , , , , , , , , , , , , ~, , , , , , , , , , , , , . . . , 
0. 2.00 4.00 6.00 8.00 

[ B""2 IN MKSA 
DO 

4 . 2  Formulation us ing  an augmented Lagrangian 

Even i f  w e  n e g l e c t  t h e  n o n l i n e a r i t y ,  which would be p e r m i s s i b l e  
f o r  l o w  c u r r e n t s ,  problem (4 .8 )  has  v a r i a b l e  c o e f f i c i e n t s  s i n c e  t h e  
r e l u c t i v i t y  i s  no t  t h e  same i n  a i r  a s  i n  i r o n .  To reduce t h e  problem 
t o  t h e  form of t h e  g e n e r a l  c a s e ,  r e f e r r i n g  back t o  what was s a i d  i n  
Remark 3 . 3  of Sec t ion  3 . 2 ,  w e  would use i n  t h e  g e n e r a l  ca se  t h e  
augmented Lagrangian7 de f ined  a s  fo l lows  : 

~~ ~ 

' Using a l e a s t  squares smoothing technique .  

The p i n  (4.13) has no th ing  t o  do wi th  t h e  magnetic pe rmeab i l i t y ,  
a q u a n t i t y  which w i l l  n o t  appear  aga in  e x p l i c i t l y  h e r e i n a f t e r .  
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( 4 . 1 3 )  

The o p t i m a l  c h o i c e  fo r  Q i s  t h e  unknown f u n c t i o n  v ;  i n  p r a c t i c e ,  
one a t t e m p t s  t o  o b t a i n  a s u i t a b l e  e s t ima te  f o r  t h i s  f u n c t i o n .  

To s o l v e  ( 4 . 1 1 )  w e  s h a l l  a g a i n  u s e  a l g o r i t h m s  A L G l  and ALG2 which 
we s h a l l  n o t  d e s c r i b e  e x p l i c i t l y  h e r e ;  f o r  i n f o r m a t i o n  on t h e s e  a l g -  
or i thms w e  r e f e r  t h e  r e a d e r  t o  t h e  p r e c e d i n g  s e c t i o n s  and c h a p t e r s ,  
and t o  GLOWINSKI-MARROCCO 151 and MARROCCO [ll. I n  t h e  c a s e  o f  a 
l i n e a r  problem, w e  s h a l l  have convergence of  A L G l  ( r e s p .  ALG2)  i n  a t  
most two i t e r a t i o n s  ( f o r  f ~ t } ~ ~ ~ )  if ri = v and i f  p = r ( r e s p .  p = r = 1). 

The e x e c u t i o n  of ALGl and ALG2 i n v o l v e s  t h e  s i m u l t a n e o u s  s o l u t i o n  
f o r  A L G 1 ,  and t h e  s e q u e n t i a l  s o l u t i o n  f o r  ALG2,  o f  t h e  e q u a t i o n s  
( o m i t t i n g  t h e  i t e r a t i o n  s u p e r s c r i p t s ) :  

which is l i n e a r ,  and 

which i s  n o n l i n e a r ,  b u t  which can  b e  s o l v e d  l o c a l l y .  I n  f a c t ,  t o  
s o l v e  ( 4 . 1 5 )  w e  p r o c e e d  as i n  S e c t i o n  3 by i n t r o d u c i n g  z = IpI , which 
t a k e s  us f rom s o l v i n g  (4 .15)  t o  s o l v i n g  

2 W e  p u t  g(x;z) = ( V ( X , Z  ) + q ( x ) ) z  ; t h e  dependence on x means t h a t  we 

have several t y p e s  o f  e q u a t i o n s  depending on whether  t h e  p o i n t  x 
l i es  i n  a i r ,  copper  o r  i r o n .  
(4 .16)  g i v e s  z e x p l i c i t l y ;  i n  i r o n  g ( x ; . )  i s  a s t r i c t l y  

I n  a i r  and copper  w e  have v=vo and 
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i n c r e a s i n g  f u n c t i o n  p o s s e s s i n g  a p o i n t  o f  i n f l e c t i o n  which depends 

n e i t h e r  on r n o r  on r- . I f  w e  t a k e  care w i t h  t h e  i n i t i a l i s a t i o n ,  
w e  can use  Newton's method f o r  s o l v i n g  ( 4 . 1 6 ) .  F o r  t h e  d i s c r e t e  
problems,  t h e  s o l u t i o n  t a k e s  p l a c e  a t  t h e  q u a d r a t u r e  p o i n t s  f o r  
f i n i t e  e l e m e n t s  o f  o r d e r  2 2 ,  and t r i a n g l e - b y - t r i a n g l e  f o r  e l e m e n t s  
o f  o r d e r  1. Most o f  t h e  comments made i n  S e c t i o n  3 remain v a l i d  
f o r  t h e  p r e s e n t  problem. 

4.3 Numerical  e x p e r i m e n t s  

The r e s u l t s  p r e s e n t e d  h e r e  c o n c e r n  a f o u r - p o l e  a l t e r n a t o r ;  t h e  
c o r r e s p o n d i n g  domain n i s  t h e r e f o r e  a d i s c  and t h e  t r i a n g u l a t i o n  
rh used  ( a c t u a l l y  a q u a r t e r  o f  it) i s  shown i n  F i g u r e  4 . 2 ;  t h i s  
t r i a n g u l a t i o n  &, c o n t a i n s  812 t r i a n g l e s  and 384 i n t e r i o r  v e r t i c e s .  
The f i n i t e  e l e m e n t s  used  a r e  C -conforming o f  o r d e r  1. F i g u r e  4.3 
shows t h e  c o n t o u r s  (which a r e  a c t u a l l y  t h e  l i n e s  o f  magnet ic  i n d u c t i o n )  

0 

,. 
c u r r e n t  of 5 ~ / m '  . f o r  t h e  s o l u t i o n  c o r r e s p o n d i n g  t o  a 

F i g u r e  4 . 2  

T r i a n g u l a t i o n  used.  

F i g u r e  4 . 3  

L i n e s  of m a g n e t i c  i n d u c t i o n .  
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On t h i s  f i g u r e  t h e  ro tor ,  t h e  s t a t o r  and t h e  a i r - g a p  o f  t h e  a l t e r n a t o r  

can c l e a r l y  be  s e e n .  The c h o i c e  of t h e  f u n c t i o n  n ( x )  r e q u i r e s  an 
i n i t i a l  e s t i m a t e  f o r  v ;  f o r  t h e  r e s u l t s  p r e s e n t e d  h e r e  w e  have used 

two methods,  t h e  second o f  which i s  a c t u a l l y  a more s o p h i s t i c a t e d  
v e r s i o n  of t h e  f i r s t :  

Method I: 

and t h e  r o t o r ,  r e s p e c t i v e l y .  For  k > 0, chosen a r b i t r a r i l y ,  w e  p u t  
W e  know t h e  minimal  v a l u e s  tS and E~ o f  v i n  t h e  s t a t o r  

( 4 . 1 7 )  

q = v  i n  t h e  a i r  and t h e  copper  k o  

qk = k E~ 

Ilk = k E s 

i n  t h e  r o t o r  

i n  t h e  s t a t o r .  

Method 2: 

problem ( a c t u a l l y  i t s  d i s c r e t e  v e r s i o n )  
Having d e f i n e d  n k  by ( 4 . 1 7 )  w e  solve t h e  f o l l o w i n g  l i n e a r  

I, qk V\*vv dx = 

( 4 . 1 8 )  

W e  t h e n  p u t  

( 4 . 1 9 )  

rl = v  i n  t h e  a i r  

11 = V ( l V q ( 1 2 )  

0 

i n  t h e  r o t o r  o r  t h e  s t a t o r .  

W e  c o u l d  c o n s i d e r  u s i n g  a s y s t e m a t i c  p r o c e d u r e  f o r  u p d a t i n g  n ( x )  
( a f t e r  a s p e c i f i e d  number o f  i t e r a t i o n s  o f  A L G l  o r  ALG2, f o r  example) .  

The major drawback of such  an u p d a t e  l i e s  i n  t h e  f a c t  t h a t  t h e  b i -  
l i n e a r  form i n  problem ( 4 . 1 4 )  would be  m o d i f i e d  v e r y  f r e q u e n t l y  so 

t h a t  f o r  t h e  approximate  problem a new m a t r i x  would have t o  b e  
f a c t o r i s e d  i f  t h e  d i s c r e t e  ana logue  o f  ( 4 . 1 4 )  i s  s o l v e d  by a d i r e c t  
method. 

I n  p r a c t i c e ,  a r e l i a b l e  method ( a c t u a l l y  a ' c o n t i n u a t i o n ' - t y p e  
method) c o n s i s t s  o f  p r o g r e s s i v e l y  i n c r e a s i n g  t h e  c u r r e n t  d e n s i t y  j 

(which i n c r e a s e s  t h e  n o n l i n e a r i t y  o f  t h e  problem) and u s i n g  t h e  
r e s u l t s  o f  t h e  p r e c e d i n g  c a l c u l a t i o n  f o r  t h e  e s t i m a t i o n  o f  v. The 
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r e s u l t s  o f  MARROCCO 111,  which w i l l  b e  b r i e f l y  r e p e a t e d  h e r e ,  w e r e  a l l  

o b t a i n e d  u s i n g  a l g o r i t h m  A L G 2 .  W e  l i s t  below what w e  c o n s i d e r  t o  be 
t h e  most i m p o r t a n t  f e a t u r e s  o f  t h e s e  r e s u l t s .  

For  a l o w  v a l u e  of t h e  c u r r e n t  (j = 0.5 A/mm2) t h e  problem i s  
p r a c t i c a l l y  l i n e a r  and v ,  b o t h  i n  t h e  rotor  and i n  t h e  s t a t o r ,  s t a y s  
c l o s e  t o  t h e  minimal v a l u e s  c R  and c S  r e s p e c t i v e l y .  
o b t a i n  t h e  approximate  s o l u t i o n  w i t h  e x c e l l e n t  p r e c i s i o n  i n  two i t e r a -  
t i o n s  f o r  ~ ( x )  chosen i n  accordance  w i t h  ( 4 . 1 7 )  w i t h  k = 1. For  
k > 1, s t i l l  w i t h  j = 0 . 5  A/mm2, t h e  v a l u e  o f  0 i s  o v e r - e s t i m a t e d ,  
and t h i s  s lows  down t h e  convergence:  hence  f o r  k = 10 a p p r o x i m a t e l y  
2 5  i t e r a t i o n s  of A L G 2  are r e q u i r e d  f o r  convergence .  

For  p = r = l  w e  

2 For a l a r g e r  v a l u e  o f  j ( j  = 2  A/mm 1 ,  t h e  i m p o r t a n c e  o f  t h e  non- 
l i n e a r i t y  i n c r e a s e s  and it i s  s t i l l  t h e  e s t i m a t i o n  o f  q ( x )  which h a s  
t h e  predominant  e f f e c t  on t h e  r a t e  o f  convergence .  Suppose t h a t  
j = 2 A/mm2 and c o n s i d e r  a n  e s t i m a t e  of 
by making k v a r y  from 1 t o  20,  w e  o b s e r v e  t h a t  t h e  o p t i m a l  v a l u e  o f  
r d e c r e a s e s  f rom 10 t o  1 and t h a t  t h e  c o r r e s p o n d i n g  number o f  i t e ra -  
t i o n s  d e c r e a s e s  from 9 0  t o  50. F i g u r e  4 . 4  r e p r e s e n t s  a t y p i c a l  
r e s u l t  o b t a i n e d  w i t h  k = 2 0  and j = 2 A/mm . 

q o b t a i n e d  by u s i n g  ( 4 . 1 7 ) ;  

2 

F i g u r e  4 . 4  
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Method 2 (i.e. (4.18), (4.19)) is very efficient if we start with 

the estimate obtained by using (4.17) with k = 1. We see the optimal 

value of r go to 1 and the number of iterations decrease to about 

25. For larger values of k the use of (4.18), (4.19) does not 

improve, and in fact actually decreases, the rate of convergence. 

For j = 2 A/m , which gives a small nonlinearity, taking k = 1 

amounts to estimating n(x) by solving the linear problem, and this is 

a natural choice to make. 

2 

2 In contrast, for j = 7.5 A/mm , which in this example corresponds 
to the normal rggime, the effect of the nonlinearities is larger. If 

we choose ~ ( x )  by method (4.17) we obtain very comparable results for 

k varying from 10 to 50: approximately 50 iterations to obtain the 

solution, with an optimal value of r going from 10 to 1. In the 

case of method (4.18), (4.19) we ob ain a significant improvement for 

k = 10, which reduces the number of iterations to about 25. For 

higher values, method (4.18), (4.19 can become disastrous. 

We can deduce from all this that the use of the augmented Lagrangian 

method will be effective if we succeed in obtaining a good initial 

estimate of r l  (x) , which allows us to work (in ALG2) with r = 1. The 

most rational choice would be to make the fullest possible use of the 

information provided by earlier calculations: for example, continu- 

ously increasing the current enables the nonlinear effects to be 

introduced gradually. It should be noted, however, that the algorithm 

itself is very robust; a poor choice of q(x) or of r slows down, 

but does not prevent, convergence. This algorithm can therefore be 

used with every confidence, and its performance can be improved by 

experiment. 

5. CALCULATION OF SUBSONIC AND TRANSONIC POTENTIAL FLOWS OF 
COMPRESSIBLE IDEAL FLUIDS 

In this section we attempt to present a succinct examination of 

the possibilities offered by augmented Lagrangian methods for the 

numerical simulation of s u b s o n i c  and t r a n s o n i c  flows of compressible 

ideal fluids; in the t r a n s o n i c  case the problem considered is 

difficult and has given rise to numerous publications; for further 

details on the numerical solution of such problems by f i n i t e  e l e m e n t  

methods, we refer to BRISTEAU-GLOWINSKI-PERIAUX-PERRIER-PIRONNEAU- 
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POIRIER Ell, 121, GLOWINSKI r2, Chapter 71, AMARA-JOLY-THOMAS 111, 

and to their associated bibliographies. 

5.1 Formulation of the problem 

In this section we consider the numerical simulation of the 

p o t e n t i a l  (and therefore i r r o t a t i o n a l )  flow of a compressible ideal 

fluid. Within the limited scope of this section it would be out of 

the question to attempt to give a detailed description of the physical 

assumptions underlying the model described below, and we advise the 

reader who is not familiar with such problems to consult one of the 

treatises on Fluid Mechanics, such as LANDAU-LIFCHITZ 111. 

Let r$ denote the v e l o c i t y  p o t e n t i a l ,  with u = V$ the velocity 

field; with p denoting the density of the fluid, the mass conserva- 

tion equation is then written 

(5 .1)  v - p u  = V.pV@ = 0. 

By introducing certain assumptions relating to the equation of state 

of the fluid, we deduce from the conservation of momentum equation 

that 

where, in (5.2): 

(i) po  is the d e n s i t y  of t h e  f l u i d  a t  r e s t  

(ii) y is the r a t i o  of s p e c i f i c  h e a t s ;  y = 1.4 in the case of 

air 

(iii) C, is the c r i t i c a Z  speed  of s o u n d .  

In the case of air we thus have 

(5 .3 )  

1 
6 in a suitably chosen system of units we have po = 1 and k = -. 

Combining (5.1) , (5.2) and (5.3) we obtain a nonlinear problem which 
is formally very similar to the magnetostatic problem studied above 

in Section 4. It is therefore quite natural to follow the same line 

of approach as in Section 4 in order to attempt to obtain a numerical 
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s o l u t i o n  o f  t h e  f low problems i n  q u e s t i o n  h e r e .  

W e  t h e r e f o r e  d e f i n e  I) by 

I +(O) = 0. 

The f u n c t i o n  5 + I ) ( E 2 )  
Cl,l/kl . The f u n c t i o n a l  3 d e f i n e d  by 

i s  i n c r e a s i n g ,  convex on C0,ll and concave on  

(5.5) 

where Ci i s  t h e  f l o w  domain and L ( * )  i s  a l i n e a r  form which t a k e s  
i n t o  a c c o u n t  c e r t a i n  o f  t h e  boundary c o n d i t i o n s ,  i s  non-convex  o v e r  
i t s  domain of d e f i n i t i o n ;  e q u a t i o n  ( 5 . 1 )  i n  c o n j u n c t i o n  w i t h  an 
adequate  set  o f  boundary c o n d i t i o n s  c h a r a c t e r i s e s  t h e  s t a t i o n a r y  

p o i n t s  of 3 , which i n  t h e  p r e s e n t  c a s e  a r e  n o t  n e c e s s a r i l y  minimum 
p o i n t s .  I n  t h e  case where t h e  s t a t i o n a r y  p o i n t  I$ s a t i s f i e s  

lV@l s l  , 
' p a r t '  o f  t h e  f u n c t i o n a l  and $ i s  t h e  u n i q u e  s u b s o n i c  s o l u t i o n  (poss-  
i b l y  t o  w i t h i n  an a d d i t i v e  c o n s t a n t ) .  I f  t h e r e  e x i s t s  a r e g i o n  i n  
which 
e n s u r e  u n i q u e n e s s  it i s  n e c e s s a r y  t o  impose a supplementary  c o n d i t i o n ;  
t h i s  c o n d i t i o n  i s  p r o v i d e d  by t h e  Second Law of  Thermodynamics ,  and 
may b e  f o r m u l a t e d  as f o l l o w s :  

which c o r r e s p o n d s  t o  a s u b s o n i c  f low,  w e  are i n  t h e  c o n v e x  

l O @ l  > 1 ,  t h e n  w e  have a genuine  t r a n s o n i c  f l o w  and i n  o r d e r  t o  

The e n t r o p y  is n o n - d e c r e a s i n g  a l o n g  a s t r e a m l i n e  

o r i e n t a t e d  i n  t h e  d i r e c t i o n  o f  t h e  f l o w .  
( 5 . 6 )  1 
I n  t h e  case o f  t h e  p r e s e n t  problem o f  p o t e n t i a l  f l o w s ,  t h e  e n t r o p y  
c o n d i t i o n  ( 5 . 6 )  can be  f o r m u l a t e d  as an i n e q u a l i t y  c o n s t r a i n t  on t h e  
p o s s i b l e  d i s c o n t i n u i t i e s  i n  V$ , a s  f o l l o w s .  Suppose t h a t  S i s  a 
s u r f a c e  (or  l i n e )  of d i s c o n t i n u i t y  o f  t h e  f low v e l o c i t y  ( i . e .  a s h o c k ) ;  
w e  d e n o t e  by u- t h e  v e l o c i t y  immedia te ly  ups t ream o f  t h e  shock ,  and 
by u+ t h e  v e l o c i t y  immedia te ly  downstream; w e  t h e n  have 

where n i s  t h e  normal  t o  S .  The c o n d i t i o n  ( 5 . 7 )  e l i m i n a t e s  
e x p a n s i o n  s h o c k s  ( a c r o s s  which t h e r e  would b e  a sudden drop  i n  p r e s s -  
u r e  and d e c r e a s e  i n  e n t r o p y ) ;  it t h u s  a d m i t s  o n l y  c o m p r e s s i o n  shocks.  
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It should be noted that the condition ( 5 . 7 )  depends on the solution 

itself (through the medium of S and n )  and that the problem thus 

posed falls into the context of quasi-variational inequalities. The 

description of an interior penalty method for the numerical treatment 

of ( 5 . 7 )  and its application to the calculation of transonic flows 
may be found in BRISTEAU-GLOWINSKI-PERIAUX-PERRIER-PIRONNEAU-POIRIER 

121, GLOWINSKI 12, Chapter 71, and GLOWINSKI-LIONS-TREMOLIERES [2, 

Appendix 4 1  . 

5.2 Formulation via an augmented Lagranqian. Solution 
a1 gori thms 

Since the functional 3 (see ( 5 . 5 ) )  is not convex, the problem 
under consideration does not (except in the purely subsonic case) 

fall within the general framework of Chapter 111; nonetheless, we 

can - formally at least - still introduce an augmented Laqrangian 
and consider seeking its stationary points, possibly taking account 

of condition ( 5 . 7 )  (by means of an interior penalty method, for 
example). We therefore introduce the augmented Laqrangian 

where, in (5.8), the linear form L(*)depends on the boundary condi- 

tions of the problem. Just as in the magnetostatic problems in 

Section 4, we have introduced a renormalisation function TI, the 

optimal value of which is p ( B $ )  where $ is the required solution; 

the precise value of this factor, however, is not so critical in the 

present problem, since within the range of validity of the transonic 

model (which we may here take to be lV@l < 1.5, say) the density 
finally varies only slightly (in the sense that it remains of the 

order of p o ) .  In order to find the stationary points of dr we 

shall use algorithms ALGl and ALG2; it will therefore be necessary 

to solve, at each iteration of ALG1, a system in {@",pn}, An being 

known, namely 

(p"- A").vv dx + 7 I L(v) yV€ V, 

( 5 . 9 )  
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1 where V i s  a subspace  of H ( a ) ,  which t a k e s  i n t o  a c c o u n t  t h e  
boundary c o n d i t i o n s ,  and where H = ( L  (a) I N  (N = 1 ,2,3 i n  a p p l i c a t i o n s )  
I f  w e  s o l v e  t h e  sys tem ( 5 . 9 ) ,  (5 .10)  by r e l a x a t i o n ,  t h e n  (5 .10)  w i l l  
i n v o l v e  s o l v i n g  an e q u a t i o n  i n  one v a r i a b l e  of t h e  t y p e  ( i f  q :  1) 

2 

: 

(5.11) (p(z2)+r)z = b. 

W e  p u t  g r ( z )  = (p(z2)+r)z. 

r; f o r  r s m a l l  t h e r e  w i l l  be  t w o  s o l u t i o n s  t o  t h e  e q u a t i o n  
g r ( z )  = Const .  

F i g u r e  5 . 1  shows g, f o r  v a r i o u s  v a l u e s  of 

F i g u r e  5 .1  

I f  i n  a d d i t i o n  t o  A n  w e  suppose  t h a t  I $ ~  i s  known i n  ( 5 . 1 0 )  , t h e n  fo r  

r s u f f i c i e n t l y  l a r g e ,  (5 .10)  a d m i t s  a un ique  s o l u t i o n  pn; i n  con- 
t r a s t ,  t h e  sys tem ( 5 . 9 ) ,  (5 .10)  w i t h  a g i v e n  A n  d o e s  n o t  i n  g e n e r a l  
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have a unique solution. 

In the case of s u b s o n i c  flows, for which we remain within the 

domain of convexity of the functional 3 in (5.5) , we can use ALGl 
and ALG2 without taking any particular precautions; some numerical 

tests for 0 c IR2 

Lagrangian dr from (5.8), in which + I  has been taken; the spaces 

V and H in (5.9), (5.10) are approximated using Co-conforming finite 

h elements of order 1 (i.e. piecewise affine) over a triangulation Z 

of R. In the case of the nozzle shown in Figure 5.2 we have con- 

vergence of ALG2, for subsonic flows, in at most 20 iterations. The 

optimal value of r is close to 1. 

are given in MARROCCO Ell, using ALG2 with the 

In the case of genuine transonic fZows,  the solution calculated 

by the above algorithms can depend on r and may contain expansion 

shocks (i.e. non-physical shocks); it is therefore necessary to 

incorporate into the mathematical model the condition (5.7). There 

are several possible ways of doing this; however, we think it use- 

ful to point out one in particular, which results directly from the 

decomposition associated with the relation Vv-q = 0. We have al- 

ready mentioned in Section 3.4 that it is possible to impose continu- 

ity constraints on the gradient of the solution; now, the conditions 

(5.7), which are of inequality type, are very similar to the con- 

straints on V$I considered in Section 3.4. A natural approach would 

therefore be to approximate $I (and the corresponding test functions 

v ) by piecewise functions of degree k 2 2, and p = V$I by piecewise 
functions of degree k - 1 ; if k = 2, we can impose condition (5.7) , 
that is Ip-.nl 2 /p+.nl , at the midpoints of the element sides. 
remains to investigate solution algorithms which are suitable for 

such a treatment of condition (5.7). 

It 

NUMBER OF NODES 300 
NUMBER OF ELEMENTS 490 

(The f igure d e p i c t s  a half nozzle) 

Figure 5.2 
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6 .  FURTHER APPLICATIONS 

I n  t h i s  s e c t i o n  w e  c o n s i d e r  t h r e e  examples  o f  a p p l i c a t i o n s  which 
come w i t h i n  t h e  framework of S e c t i o n  2 o f  t h i s  c h a p t e r ;  t w o  o f  t h e s e  
examples have a l r e a d y  been touched  upon i n  Chapter  111. S i n c e  t h e  
numer ica l  t r e a t m e n t  of t h e s e  problems i s  v e r y  s i m i l a r  t o  t h a t  of t h e  
problems i n  t h e  p r e c e d i n g  s e c t i o n s  and s i n c e  t h e  n u m e r i c a l  r e s u l t s  
o b t a i n e d  o n l y  s e r v e  t o  c o n f i r m  t h o s e  o b t a i n e d  e a r l i e r ,  it w i l l  s u f f i c e  
t o  g i v e  o n l y  a r e l a t i v e l y  b r i e f  o u t l i n e  o f  them; n o n e t h e l e s s ,  w e  
s h a l l  a t t e m p t  t o  shed  s o m e  l i g h t  on t h e  p a r t i c u l a r  q u a l i t i e s  of t h e  
problems c o n s i d e r e d ,  and t h e i r  impact  on t h e  n u m e r i c a l  t r e a t m e n t .  
S e c t i o n s  6 . 1  and 6 . 2  w i l l  t h u s  d i s c u s s ,  r e s p e c t i v e l y ,  t h e  f l o w  of a 

Bingham fluid i n  a c y l i n d r i c a l  d u c t  and t h e  e l a s t o p l a s t i c  t o r s i o n  of 

a c y l i n d r i c a l  b a r .  S e c t i o n  6 . 3  w i l l  t r e a t  a minimal  s u r f a c e  problem. 

6 . 1  Flow of a v i s c o p l a s t i c  Bingham f l u i d  i n  a c y l i n d r i c a l  d u c t  

6 . 1 . 1  FormuZation of t h e  probZem 

W e  c o n s i d e r  t h e  f low o f  a v i s c o p l a s t i c  ma te r i a l  o f  Bingham t y p e  
i n  a c y l i n d r i c a l  d u c t  w i t h  c r o s s - s e c t i o n  Q. T h i s  problem i n v o l v e s  a 
p l a s t i c i t y  t h r e s h o l d  g ;  i f  t h e  mechanica l  s tresses remain below 
t h i s  t h r e s h o l d  v a l u e ,  t h e  ma te r i a l  s t a y s  r i g i d ,  whereas  beyond t h e  
t h r e s h o l d  it behaves  l i k e  an i n c o m p r e s s i b l e  f l u i d  w i t h  v i s c o s i t y  V .  

The f l o w  i n  t h e  d u c t  i s  induced  by a l i n e a r  p r e s s u r e  d r o p  f which, 
i n  p r a c t i c e ,  i s  c o n s t a n t  o v e r  t h e  c r o s s - s e c t i o n s  of t h e  d u c t .  

1 
L e t  u E Ho(Q) d e n o t e  t h e  r e q u i r e d  v e l o c i t y ;  

1 
w e  o b t a i n  t h i s  by 

minimis ing  i n  Ho(Q) t h e  f u n c t i o n a l  

2 8 
w i t h  v > 0, g > 0,  f E L (Q). 

W e  n o t e  t h a t  i f  v = 0 w e  a g a i n  have t h e  problem of S e c t i o n  3 w i t h  
I t  i s  e s s e n t i a l  

f o r  t h e  above 
s = 1, t h e  t e r m  n l V ~ l d x  b e i n g  n o n - d i f f e r e n t i a b l e .  

f w e  are  s e e k i n g  a s o l u t i o n  i n  H o ( Q )  1 t o  assume v > 0 

problem: t h i s  problem i n  t h e  C a l c u l u s  o f  V a r i a t i o n s  a d m i t s  a 

unique  s o l u t i o n ,  c h a r a c t e r i s e d  by t h e  v a r i a t i o n a l  i n e q u a l i t y  

8 2 W e  have assumed f E L  (a) i n  o r d e r  t o  s l i g h t l y  widen t h e  g e n e r a l i t y .  
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a detailed numerical analysis of which may be found in GLOWINSKI- 

LIONS-TREMOLIERES C11, 121 and GLOWINSKI C11, C21. 

6.1.2 S o l u t i o n  by augmented Lagrang ian  me thods  

An augmented Lagrangian associated naturally with the flow problem 
1 defined in Section 6.1.1 is dr : H o ( Q )  (L2(Q))2 X (L2(Q))2 + 

given by 

The corresponding algorithms ALGl and ALG2 have already been described 

in Chapter 111, Section 3 . 3 ;  however it will be worth making the 

effort to write out the system corresponding to the minimisation of 

ir with respect to q and v , with p f i x e d .  The optimality condi- 

tion with respect to v, at the point {u,p,X} leads to 

It is important to note that problem (6.4) is in fact independent of 

r, in the sense that, after division by r , the bilinear form in 
(6.4) is {v,w} + VV-Vw dx, i.e. that associated with the homo- 

geneous Dirichlet problem for the operator - A .  Further, minimising 

over (L the functional q + x,(u,q,X) reduces to the minimisation 

over (L (Q))2 of the functional 

2 

2 

and this reduces to solving a.e. in x E D and with 5 describing iR2, 

for the functional 

(6.6) 
U+r 2 1 5 1 ~  + g\cl - (rvu(x)+X<x)>*c. 
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In t h e  d i s c r e t e  case  t h e  s o l u t i o n  i s  performed t r i a n g l e  by t r i a n g l e ,  

o r  a t  t h e  quadra tu re  p o i n t s  used f o r  e v a l u a t i n g  in lql dx. P u t t i n g  d ( x )  = rVu(x) + h ( x ) ,  t h e  
above minimisa t ion  problem i s  given by 

The decomposition a s s o c i a t e d  wi th  t h e  c o n s t r a i n t  q - Qv = 0 and wi th  
t h e  augmented Lagrangian ( 6 . 3 )  has  t h u s  allowed us  t o  e l i m i n a t e  any 
d i f f i c u l t y  a s s o c i a t e d  wi th  t h e  n o n d i f f e r e n t i a b l e  t e r m  

Remark 6 . 1 :  I f  w e  r e f e r  back t o  Remark 3 . 3  of Sec t ion  3 ,  i t  
would be  a d v i s a b l e ,  i n  o r d e r  t o  improve t h e  convergence of A L G l  and 
ALGZ, t o  use a pena l ty  t e r m  of  t h e  form 11 (x )  IVv-ql dx, where, 

formaZty, 11 r e p r e s e n t s  an e s t i m a t e  of v + &I.  
not  a p p l i c a b l e  h e r e ,  s i n c e  i t  becomes i n f i n i t e ;  none the le s s  t h i s  
l e a d s  us t o  t h i n k  t h a t  t h e  pena l ty  term should  be very  l a r g e  i n  t h e  
r i g i d  zones,  i . e .  t hose  i n  which Vu = 0. S ince  t h e  r i g i d  zones 
i n c r e a s e  wi th  g ,  we should expec t  t o  see t h e  op t ima l  va lue  of  r 
( i n  ALG2 p a r t i c u l a r l y )  i n c r e a s e  wi th  g . 

2 l n  
Th i s  expres s ion  i s  

9 

Remark 6 . 2 :  I n  t h e  zones where g 2 l d l ,  which a f t e r  convergence 
cor respond t o  t h e  r i g i d  zones of t h e  problem, w e  have, from ( 6 . 7 ) ,  

IpI = 0. I n s e r t i n g  t h i s  r e s u l t  i n t o  ( 6 . 4 )  it can r e a d i l y  be seen  
t h a t  i n  t h e s e  r eg ions  w e  a r e  i n  f a c t  s o l v i n g  

t a k i n g  r t o  be l a r g e  i n  t h e s e  r eg ions  i n  f a c t  amounts t o  f o r c i n g  

-Au to have t h e  va lue  zero .  

6.1.3 Numer ica l  r e s u l t s  

The numerical  r e s u l t s  o f  MARROCCO Cll, which w e  s h a l l  d i s c u s s  

9 
All t h i s  assumes t h a t  w e  a r e  us ing  p = r i n  ALG1, ALGZ. 
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very briefly in this section, were obtained in a very simple case for 

which the exact solution is known; with the domain as the disc of 

radius 1 centred at the origin, the solution of problem (6.2) is given, 

for f = C ( >  0), by 

C 
c 2  

u E O i f g > g  = -  

(6.9) 

An approximation by Co-conforming finite elements of order 1 

used, the corresponding triangulation 

The calculations were performed for g = 2,5,8, the rigid zone then 

being the circle of radius R' = 0.2, 0.5, 0.8, respectively. 

If we consider ALG2 (with p = r) , the optimal value of r is 5 x 

(resp. 1.0, 7.0) for g = 2 (resp. 5 ,  8), the corresponding numbers of 
iterations being respectively 10, 25, 50 for a termination test which 

relates solely to the convergence of the sequence [uh?n20. 

In all the cases considered, ALGl (with p = r) performs less effect- 

ively than ALG2, and this is true even for problems in which the non- 

linearity is very large, i.e. g is large ( g = 8 for example). The 

calculations confirm that, for ALG1, the convergence of the relaxation 

iterations is slow in the rigid zones. Decoupling between the con- 

vergence of [un} 

the value of u: depends only on the components of p: and X E  in the 

was 

"eh comprising 256 triangles. 

n 

and that of {p;3,,, and {Xz}n20 is also evident: h ntO 

1 0  

space VVh, where Vh = {v Iv EC'(E~),V~J~EP, V K c C h ,  v = 0 on 3%) , h h  h 

and it would certainly appear that these components converge rapidly 

and do not require an accurate solution for [ u ~ , p ~ }  to be obtained at 

each iteration of ALG1. 

A powerful algorithm (in terms of the number of iterations) would un- 

doubtedly be ALG2 with r made to increase during the course of the 

calculation so as to accelerate convergence in the rigid zones. 
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Remark 6 . 3 :  In  Chapter V I I  of t h i s  book w e  desc r ibe  t h e  appl ica-  

t i o n  of t h e  augmented Lagrangian methods of Chapter I11 t o  t h e  s o l u t -  
ion  of problems invo lv ing  t h e  flow of Bingham f l u i d s  which a r e  much 
more complicated than  those  cons idered  i n  t h i s  s e c t i o n ;  i n  f a c t ,  by 
swi tch ing  t o  t h e  s t ream func t ion ,  w e  o b t a i n  v a r i a t i o n a l  i n e q u a l i t i e s  

of  o r d e r  4 , whereas problem ( 6 . 2 )  i s  a v a r i a t i o n a l  i n e q u a l i t y  of 

o r d e r  2 .  

1 1  

6 . 2  E l a s t o p l a s t i c  t o r s i o n  of a c y l i n d r i c a l  b a r  

6 . 2 . 1  F o r m u Z a t i o n  of t h e  p r o b l e m  

The p h y s i c a l  mot iva t ion  of t h e  problem i s  a s  follows: 

W e  cons ide r  a c y l i n d r i c a l  b a r  of i n f i n i t e  l eng th  and wi th  c r o s s  
s e c t i o n  R ,  made of an i s o t r o p i c  elastic/perfectly-plastic m a t e r i a l ,  
t h e  t h r e s h o l d  of p l a s t i c i t y  ( i . e .  t h e  y i e l d  stress) being given by 
t h e  von Mises c r i t e r i o n .  S t a r t i n g  from an uns t r e s sed  i n i t i a l  s t a t e ,  
an i n c r e a s i n g  t o r s i o n a l  couple i s  app l i ed  t o  t h e  b a r ,  t h e  t o r s i o n  
be ing  c h a r a c t e r i s e d  by t h e  angle  of t w i s t  pe r  u n i t  l eng th ,  denoted by 

C i n  t h e  fo l lowing  no te s .  

W e  can then  reduce t h i s  problem ( s e e  GERMAIN C11 f o r  a d e t a i l e d  
a n a l y s i s )  t o  seeking  a func t ion  u , t h e  so -ca l l ed  s t r e s s  p o t e n t i a l  

(de f ined  t o  w i t h i n  an a d d i t i v e  c o n s t a n t ) .  For s l i g h t l y  g r e a t e r  
g e n e r a l i t y  we s h a l l  assume t h a t  R i s  R-connected ( i f  R = 0, R i s  
simply connec ted ) ;  F igure  6 . 1  i l l u s t r a t e s  a s i t u a t i o n  i n  which 

R = 3 .  W e  denote  by R* t h e  domain ob ta ined  by t h e  union of R and 
t h e  w i ,  i = 1, ...R. W e  next d e f i n e  

(6.10) 2 = I q l q E  (L’(Q*))’, 191 < I  a .e . ,  q=o o n  wi, i = ~  ,... a ) ,  

t hen  

(6.11)  K = {vlv E Hb(R*), Vv E , 

and f i n a l l y  t h e  f u n c t i o n a l  J : Hk(R*) -f IR 

(6.12) 

by 

1 1  

i .e .  r e l a t i v e  t o  an e l l i p t i c  ope ra to r  of o r d e r  4.  
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The stress p o t e n t i a l  u , mentioned above,  i s  t h e n  t h e  s o l u t i o n  
o f  t h e  f o l l o w i n g  problem i n  t h e  C a l c u l u s  of V a r i a t i o n s  ( i n  some 
a p p r o p r i a t e  sys tem o f  u n i t s ) :  

(6.13) 

J ( u )  5 J(v) Vv E K,  

t h i s  i t s e l f  b e i n g  e q u i v a l e n t  t o  t h e  V a r i a t i o n a l  i n e q u a l i t y  problem 

(6.14) 

The e s s e n t i a l  d i f f i c u l t y  w i t h  (6.13), ( 6 . 1 4 )  s t e m s  f rom t h e  c o n s t r a i n t  
of  b e l o n g i n g  t o  K.  

F i g u r e  6 . 1  

6 . 2 . 2  S o l u t i o n  of (6.13), ( 6 . 1 4 )  by  a u g m e n t e d  L a g r a n g i a n  m e t h o d s  

W e  i n t r o d u c e  t h e  augmented Lagrangian  
: H;(R*) x ( L ~ ( Q * ) ) ~  x ( L ~ ( Q * ) ) ~  -+ dr IR d e f i n e d  by 

W e  s h a l l  d e t e r m i n e  u by s e e k i n g  t h e  s a d d l e  p o i n t s  o f  dr on 
HA(Q*) x K" x ( L 2 ( Q * ) ) 2 ;  
of C h a p t e r  I11 whose implementa t ion  f o r  t h e  s o l u t i o n  of t h e  e las to-  
p l a s t i c  t o r s i o n  problem ( i n  t h e  c a s e  where i s  s imply  c o n n e c t e d )  was 
d e s c r i b e d  i n  Chapter  111, S e c t i o n  3.3. 

for t h i s ,  w e  employ a l g o r i t h m s  ALGl o r  ALG2 
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We suppress the iteration indices; the implementation of ALGl and 

ALG2 requires the solution (simultaneous or sequential, depending on 

the case in question) of the following equations and inequalities, 

with h fixed : 

(6.17) 

I 

p'(q-p) dx 2 (rVu+h)*(q-p)dx Y q c  K, J R* 

Equation (6.17) is solved pointwise in explicit fashion since 

p = 0 in wi, i = I ,  ... k ,  

(6.18) 

in R, h+rVu 

sup(l +r, 1 X+rVul) P =  

so that our decomposition method has eliminated the difficulties 

directly related to the von Mises criterion IOU] 5 1. 

In practice, (6.18) is solved at a certain number of points depend- 

ing on the discretisation used. For finite-element approximations 

in which the functions u and v in ( 6 . 1 3 ) ,  (6.14) are approximated 

by piecewise-linear functions, (6.18) is solved triangle-by-triangle 

to obtain the two constant components of p . In the general case 

the points are chosen to correspond with a quadrature formula which 

is exact for integrating terms of the form fn* p-q dx 
corresponds to introducing an approximate convex set gh 
s u p p o r t  function (see EKELAND-TEMAM 111 for this concept) approximates 

the support function of K , i.e. In lql dx (in the case without any 

holes) by the use of the chosen quadrature method. 

. This 

whose 

Remark  6.4:  It is not possible to apply Remark 3 . 3  of Section 3 

to this example; it is, however, easy to see that in the plastic 

zones (where IpI = lVul = l), taking r to be large will, in view 

of (6.16), force -Vu + 8-p to vanish. We can therefore expect an 

optimal value of r which will increase with C , since increasing 
the twist angle causes an enlargement of the plastic zones. 
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6.2.3 NurnericaZ r e s u l t s  

The numerical  r e s u l t s  ob ta ined  by MARROCCO 111 (wi th  p = r )  con- 
f i rm t h e  r e s u l t s  of Sec t ion  6.1.3 r e l a t i n g  t o  t h e  flow of  a Bingham 
f l u i d  i n  a c y l i n d r i c a l  duc t .  Algorithm ALG2 i n  f a c t  performs 
b e t t e r  t han  A L G l  and once aga in  t h e  r eg ions  of R where t h e  convergence 
i s  s lowes t  a r e  t h o s e  i n  which t h e  n o n l i n e a r  e f f e c t s  man i fe s t  them- 
s e l v e s  t h a t  i s ,  i n  t h e  case  of t h e  t o r s i o n  problem, t h e  r eg ions  
where Vul = 1. The numer ica l  tes ts  w e r e  p e r f o r m 4  wi th  
R = 10 1C X 10, 11 and C = 10 and t h e s e  show t h a t  t h e  convergence 
r a t e  - measured by t h e  number of i t e r a t i o n s  - i s  more o r  l e s s  independ- 
e n t  of t h e  d i s c r e t i s a t i o n ;  t h i s  i s  shown by Figure  6 . 2  ( i n  r e l a t i o n  
t o  ALG2)  i n  which t h e  cu rves  1 , 2 , 3  cor respond r e s p e c t i v e l y  t o  a 
t r i a n g u l a t i o n  =Ch wi th  128, 512 and 2048 t r i a n g l e s .  These curves  
i n d i c a t e  t h e  number of i t e r a t i o n s  r equ i r ed  f o r  convergence, a s  a 
func t ion  of r . 

One of  t h e  consequences of t h e  ex t remely  weak dependence of  A L G l  

and ALG2 on t h e  cho ice  of h i s  t h a t  it i s  p o s s i b l e  t o  de te rmine  t h e  

opt imal  r on a coa r se  mesh, and then  t o  u s e  t h e  op t ima l  r t h u s  
obta ined  f o r  c a l c u l a t i o n s  on a much f i n e r  mesh. 

F igu re  6 . 2  
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Remark 6.5 :  C h a p t e r  V I  d e s c r i b e s  t h e  a p u l i c a t i o n  o f  ALGl  and ALG2 

t o  t h e  n u m e r i c a l  s o l u t i o n  o f  an e l a s t o p l a s t i c i t y  problem which i s  much 

more c o m p l i c a t e d  t h a n  t h a t  d i s c u s s e d  i n  t h e  p r e s e n t  s e c t i o n ;  nonethe-  
l ess ,  t h e  b a s i c  p r i n c i p l e s  o f  s o l u t i o n  u s i n g  an augmented Lagrangian  
remain t h e  same, and  are once a g a i n  b a s e d  on t h e  g e n e r a l  c o n c e p t s  dev- 
e l o p e d  i n  C h a p t e r  111. 

6 . 3  A p p l i c a t i o n  t o  t h e  s o l u t i o n  o f  t h e  minimal  s u r f a c e s  problem 

6 . 3 . 1  F o r m u l a t i o n  of  t h e  p r o b l e m  

I n  t h i s  w e  w i l l  be  c o n s i d e r i n g  t h e  a p p l i c a t i o n  o f  t h e  g e n e r a l  
methods o f  C h a p t e r  I11 t o  t h e  s o l u t i o n  o f  a problem which once a g a i n  
f a l l s  - f o r m a l l y ,  a t  l e a s t  - w i t h i n  t h e  g e n e r a l  framework d e f i n e d  i n  
S e c t i o n  2 o f  t h e  p r e s e n t  c h a p t e r ;  t h i s  i s  a p a r t i c u l a r l y  s i m p l e  (as 
f a r  a s  i t s  f o r m u l a t i o n  i s  concerned)  min imal  s u r f a c e s  problem. We 

t h u s  c o n s i d e r  t h e  c o n t o u r  C i n  m3 , d e f i n e d  u s i n g  a domain Cl o f  R 

( w i t h  boundary r ) ,  by 

(6.19) 

2 

C = {{x,g(x)} e R 3 ,  X E  r ,  g(x) ER)  , 

and t h e  f u n c t i o n a l  

(6.20) 

The minimal  

( 6 . 2 1 )  

where 

(6.22) 

s u r f a c e s  problem i s  t h e n  d e f i n e d  by 

W e  a r e  h e r e  d e a l i n g  w i t h  a n o n t r i v i a l  problem s i n c e  - among o t h e r  
d i f f i c u l t i e s  - t h e  s p a c e  W l ' l ( C 2 )  i s  n o t  r e f l e x i v e ;  w e  have t o  con- 
s i d e r  (see EKELAND-TEMAM [ l])  g e n e r a l i s e d  s o l u t i o n s ,  and t h e  c o n d i t i o n  

u l r  = g  

b o u n d a r i e s  I' and f u n c t i o n s  g .  The t r e a t m e n t  which f o l l o w s  i s  
t h e r e f o r e  f o r m a l ,  and i s  t o t a l l y  j u s t i f i e d  o n l y  f o r  d i s c r e t i s e d  prob- 
l e m s  (which t h e n  f a l l  w i t h i n  t h e  c o n t e x t  o f  Theorems 4 . 2  and 5.2 o f  
C h a p t e r  111, S e c t i o n s  4 and 5 ,  r e s p e c t i v e l y ) .  

c a n n o t  be  s a t i s f i e d  i n  t h e  u s u a l  s e n s e ,  even f o r  v e r y  r e g u l a r  
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6.3.2 S o l u t i o n  of p r o b l e m  ( 6 . 2 1 )  by augmented Lagrang ian  
a l g o r i t h m s  

W e  i n t roduce  t h e  augmented Lagrangian 

(6.23) Lr(v,q,p) = I n d m  dx + 5 I IVv-ql 2 dx + 
n 

To determine u w e  s h a l l  t h u s  s e e k  ( fo rma l ly  i n  i n f i n i t e  dimensions) 
t h e  sadd le  p o i n t s  of dr on by 
a lgor i thms of t h e  type  A L G 1 ,  ALG2.  W e  s h a l l  t h e r e f o r e  be l e d  t o  

so lve ,  a t  each  i t e r a t i o n ,  s i m u l t a n e o u s l y  f o r  A L G l  and s e q u e n t i a l l y  

f o r  ALG2,  t h e  fo l lowing  n o n l i n e a r  system ( w e  omit t h e  i t e r a t i o n  
i n d i c e s ) ,  wi th  h f i x e d  : 

2 
(Vg n H1(n)) x ( L 2 ( n ) ) 2  x ( L 2 ( Q ) )  

(6.25) 

The non l inea r  equa t ion  can be so lved  p o i n t  by p o i n t ;  p u t t i n g  
z = IpI , we f i r s t  have t o  s o l v e  t h e  fo l lowing  n o n l i n e a r  equa t ion  i n  

one v a r i a b l e  : 

f o r  which Newton's method may be a p p l i e d  wi thou t  d i f f i c u l t y .  Depend- 
i n g  on t h e  type  of approximation used ,  w e  s o l v e  ( 6 . 2 6 )  e i t h e r  element- 
by-element, o r  a t  quadra tu re  p o i n t s ,  a s  f o r  t h e  n o n l i n e a r  problems 
desc r ibed  i n  t h e  preceding  s e c t i o n s  of t h e  p r e s e n t  chap te r .  

Remark 6 .6 :  On t h e  b a s i s  of  Remark 3.3 of Sec t ion  3, w e  should 
2 i n  t h i s  case  use a p e n a l t y  term of t h e  form 

~ ( x )  an e s t i m a t e  of (1 + lVuI2)-'  ; t h i s  t e r m  i s  sma l l  when lVul i s  
l a r g e .  We must t h e r e f o r e  expec t  t h a t  t h e  opt imal  va lue  of r f o r  
ALG2 (wi th  p = r )  , and i n  t h e  c a s e  of  t h e  Lagrangian (6.231, w i l l  be 
less than  un i ty .  

q ( x )  /Vv - ql dx , wi th  
fR 

6.3.3 Numerical  r e s u l t s  

The r e s u l t s  of  MARROCCO Cll, which w e  summarise b r i e f l y  h e r e ,  rel- 
ate t o  t h e  case where R i s  t h e  c i r c u l a r  corona de f ined  by : 
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t h e  boundary cond i t ions  a r e  g ( x )  = O  on t h e  c i r c l e  of r a d i u s  4 and 
g ( x )  = B ( = c o n s t . )  on t h e  c i r c l e  of r a d i u s  1 .  Since  t h e  s o l u t i o n  
i s  axisymmetric i t  i s  e a s i l y  c a l c u l a t e d ,  and wi th  
it i s  given by 

( 6 . 2 8 )  u(x)  = A ( A r g  ch - Arg ch ), 

2 %  I X I  = (xf + x2 ) 

4 

t h e  c o n s t a n t  A having t o  be determined from t h e  va lue  of B (knowing 
t h a t  u ( x )  = B i f  I X I  = 1) .  This  c l a s s i c a l  s o l u t i o n  e x i s t s  on ly  f o r  
B l e s s  than  a c r i t i c a l  va lue  BC=- 2 . 0 7 .  I f  B >  B c ,  then  t h e  so lu-  
t i o n  ' b reaks  down' i n  t h e  sense  t h a t  t h e  cond i t ion  u = B  can no longer  
be s a t i s f i e d  on t h e  c i r c l e  of  r a d i u s  1 .  Numerically,  i f  w e  d i s c r e t -  
i s e  by means of  Co-conforming f i n i t e  e lements ,  t h i s  shows i t s e l f  ( s e e  
F igure  6 . 3  where c ros s - sec t ions  of  an approximate s o l u t i o n  a r e  shown) 
a s  a very  l a r g e  g r a d i e n t  n e a r  t h e  boundary where t h e  aforementioned 
'breakdown' phenomenon occur s .  I n  view of Remark 6 . 6  w e  should exp- 
e c t ,  i n  t h e  case  of ALG2 (wi th  p = r ) , t o  see t h e  opt imal  va lue  of r 
dec rease  a s  B i n c r e a s e s ;  t h i s  i s  confirmed by t h e  numerical  tes ts ,  
s i n c e  f o r  B = 1 ( r e s p .  2.07, 4 )  t h e  opt imal  va lue  of r i s  c l o s e  t o  
1 ( r e s p .  0 .2 ,  0.1); t h e  cor responding  numbers of  i t e r a t i o n s  a r e  
20, 30 and 50,  r e s p e c t i v e l y .  W e  t h u s  s e e  t h a t  Remark 3 . 3  of Sec t ion  
3 has  enabled  t h i s  phenomenon t o  be p r e d i c t e d  even though it runs  
coun te r  t o  t h e  numer ica l  exper iments  of t h e  e a r l i e r  s e c t i o n s  of  t h e  

p r e s e n t  c h a p t e r  where, o t h e r  t h i n g s  be ing  e q u a l ,  t h e  opt imal  va lue  
of r i n c r e a s e d  when t h e  n o n l i n e a r  e f f e c t s  became more s i g n i f i c a n t .  

A s  f a r  a s  A L G l  i s  concerned, it t u r n s  o u t  once aga in  t o  be more 
expens ive  than  ALG2. 

Remark  6 .7 :  JOURON [ll g i v e s  a d e t a i l e d  account of t h e  approxim- 
a t i o n  o f  t h e  minimal-surfaces problem by means of methods us ing  con- 
forming f i n i t e  e lements  of  o r d e r  1 ,  and of  t h e i r  i t e r a t i v e  s o l u t i o n  
by n o n l i n e a r  o v e r r e l a x a t i o n  methods ( s e e  also JOHNSON-THOMEE [11 and 
CIARLET C1, Chapter 51 f o r  f in i t e - e l emen t  approximat ions  of t h e  min- 
imal -sur faces  problem) .  
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7. DISCUSSION ON CHAPTER V 

I n  t h i s  c h a p t e r  w e  have a p p l i e d  t h e  methods o f  C h a p t e r  I11 t o  t h e  
s o l u t i o n  o f  problems w i t h  v a r i o u s  p h y s i c a l  o r i g i n s .  W e  have t h e r e b y  
been a b l e  t o  d e m o n s t r a t e  t h e  f a c t  t h a t  t h e  decomposi t ion  o f  a non- 
l i n e a r  problem t h r o u g h  t h e  i n t r o d u c t i o n  of an augmented Laqrangian  
i s  a r o b u s t  method, r e a d i l y  a d a p t a b l e  t o  numerous s i t u a t i o n s  ( w e  
s h a l l  b e  s e e i n g  f u r t h e r  examples  o f  t h i s  i n  C h a p t e r s  V I ,  V I I  & V I I I ) .  

T h i s  r o b u s t n e s s  and t h i s  g e n e r a l i t y  e n a b l e  t h e  augmented-Lagrangian 
methods t o  be  used  f o r  t h e  e f f i c i e n t  s o l u t i o n  o f  numerous t y p e s  o f  
problems.  

Two phenomena wor thy  o f  o u r  a t t e n t i o n  have become a p p a r e n t :  t h e  
f i r s t  of t h e s e  c o n c e r n s  t h e  p a r t i a l  d e c o u p l i n g  between t h e  convergence  
o f  t h e  sequence Cun}n>O a p p r o x i m a t i n g  t h e  unknown f u n c t i o n  u ,  and 
t h a t  o f  t h e  sequence [pn}n>O a p p r o x i m a t i n g  Vu ; t h i s  d e c o u p l i n q  
i s  t o t a l  i n  t h e  l i n e a r  case i f  w e  p u t  p = r .  T h i s  i s  one a s p e c t  o f  
a l g o r i t h m s  A L G l  and ALG2 which would m e r i t  a more d e t a i l e d  i n v e s t i q -  
a t i o n  : it i s  t h i s  d e c o u p l i n q  which p a r t i a l l y  e x p l a i n s  t h e  s u p e r i o r -  
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i t y ,  f o r  t h i s  t ype  of problem a t  l e a s t ,  of ALG2 ove r  ALG1;  t h i s  i s  
t r u e  even f o r  problems i n  which t h e  n o n l i n e a r i t y  i s  ve ry  s t r o n g .  We 
had i n  f a c t  observed t h e  oppos i t e  s i t u a t i o n  i n  Chapter I V ;  t h e  d i f f -  
e r ence  obv ious ly  r e l a t e s  t o  t h e  f a c t  t h a t  t h e  image under V of  t h e  
space V i n  which u i s  sought  i s  a s t r i c t ,  c lo sed  subspace of 

(L2 (Q) ) N  and we can have ve ry  r ap id  convergence o f  t h e  component of  

pn 
ence I p  I t  would be i n t e r e s t i n g  t o  ana lyse  t h i s  phenomenon 
i n  more d e t a i l ,  wi th  a view t o  developing a lgo r i thms  which e x p l o i t  
t h i s  f e a t u r e  a s  f a r  a s  p o s s i b l e .  

which be longs  t o  t h i s  space  and y e t  slow convergence of  t h e  sequ- 
n 

The second phenomenon i s  r e l a t e d  t o  t h e  r61e which could be p layed  
by a p e n a l t y  te rm,  wi th  v a r i a b l e  c o e f f i c i e n t s ,  of t h e  form la 11 ( x )  I Vv - ql dx , f o r  a c c e l e r a t i n g  convergence. 
advantage would l i e  i n  t h e  f a c t  t h a t  f o r  A L G 2 ,  wi th  p = r and rl s u i t -  
ab ly  chosen, t h e  opt imal  r would be c l o s e  t o  1 .  I n  r e a l i t y ,  t h e  
choice  of  r) r e q u i r e s  an a p r i o r i  knowledge of t h e  s o l u t i o n .  Thus, 
a s  one p o s s i b i l i t y ,  w e  can cons ide r  a lgo r i thms  which invo lve  updat ing  
q ( x )  du r ing  t h e  course  of t h e  c a l c u l a t i o n ;  i f  t h e  l i n e a r  systems a r e  
so lved  by d i r e c t  m e t h o d s ,  however, such an update  would r e q u i r e  t h e  
f a c t o r i s a t i o n  of a new ma t r ix ,  which i s  a r e l a t i v e l y  expens ive  oper- 
a t i o n .  Th i s  drawback would d i sappea r  i f  p o w e r f u Z  i t e r a t i v e  m e t h o d s  

could be used t o  s o l v e  t h e s e  l i n e a r  systems; amongst t h e  methods 
which can be cons ide red ,  we may l i s t  p recond i t ioned  conjugate-gradien t  
methods, m u l t i g r i d  methods, e t c .  Secondly,  t h e r e  e x i s t  s i t u a t i o n s  
f o r  which a fami ly  of s i m i l a r  problems has  t o  be so lved ,  d i f f e r i n g  
only  through t h e  va lues  of a few parameters .  I n  such c a s e s ,  it would 
be p o s s i b l e  t o  use a func t ion  t- d e r i v e d  from a mean s o l u t i o n ,  or t o  
employ a s t r a t e g y  of  g radua l ly  i n c r e a s i n g  t h e  parameters ,  wi th  an up- 
d a t e  of 0 when t h e  s o l u t i o n  has  changed s u f f i c i e n t l y .  W e  have a l s o  
been a b l e  t o  u s e  t h e  e x i s t e n c e  of an opt imal  c o e f f i c i e n t  0 having a 
c e r t a i n  form - r e l a t e d  t o  t h e  behaviour of Vu - t o  p r e d i c t ,  a t  l e a s t  
q u a l i t a t i v e l y ,  t h e  cor responding  behaviour  of t h e  opt imal  parameter r 
wi th  t h e  c o e f f i c i e n t  11 t aken  equa l  t o  1 .  

2 A cons ide rab le  

F i n a l l y ,  w e  should  p o i n t  o u t  t h a t  f o r  t h e  problems t r e a t e d  i n  t h e  
p r e s e n t  c h a p t e r ,  t h e  choice  of Ar makes it p o s s i b l e  t o  make r vary  
wi thout  having t o  r e f a c t o r i s e  t h e  ma t r ix  of t h e  l i n e a r  system which 
occurs  du r ing  t h e  c a l c u l a t i o n ;  i n  c e r t a i n  c a s e s  it would c e r t a i n l y  
be h e l p f u l  i f  w e  could  make r vary  i n  an e f f e c t i v e  manner, though 
t h e  p r e c i s e  means of doing t h i s  remains t o  be de te rmined .  
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The magnetostatic problems investigated in Section 4 are of great 

industrial importance (transformers, rotating machines, electromagnets 

in particle accelerators, read/write heads for disks and magnetic 

tapes, etc.); since the formulation used in Section 4 is by no means 

the only one possible, we consider it necessary, in view of the impor- 

tance of the subject, to indicate a few other formulations and to make 

a number of observations on the associated augmented-Laqranqian 

algorithms. 

Following, for 

ine the functions 

example, MUNRO C11 we can, in magnetostatics, def- 

Uc and U by, respectively, 

' 0  

[ (uC : complemen tary  m a g n e t i c  e n e r g y  p e r  u n i t  v o l u m e ) ,  
A 

[ (U : s t o r e d  m a g n e t i c  e n e r g y  p e r  u n i t  v o l u m e )  

t +  
Suppose that 3 = O  in (4.1) ; then there exists $I such that 

+ 
i.e. H derives from a s c a l a r  p o t e n t i a l ;  it is convenient in this 

case to use Uc, which gives the energy functional 

r 
( 7 . 4 )  s s  = jn uC dx. 

-t 
If 5 # 6 , then H no longer derives from a scalar potential, but 

+ +  
V * B  = O  implies the existence of a vector potential it such that 

V x A = B  ; it is then more convenient to use A (this is what was 

done in Section 4 in the case where 

ional to be used being defined by 

+ + +  + 

A =  { O , O , A } ) ,  the energy funct- 

The augmented Lagrangians associated with the above two situations 

are defined as follows: 

t +  
(i) When j = O  and when the s c a l a r  p o t e n t i a l  $I is used, we 

+ +  
obviously put H = V @  and we p e n a l i s e  and d u a l i s e  this linear const- 

raint so as to obtain the augmented Lagrangian i: defined by 
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(7.6) 

I n  implement ing  t h e  above a l g o r i t h m s  A L G l ,  ALG2 w e  o b t a i n  t h e  f o l l -  
owing e q u a t i o n s  ( t h e  i t e r a t i o n  i n d i c e s  have  been o m i t t e d )  : 

1 
(V i s  a subspace  o f  H (R) which t a k e s  i n t o  account  t h e  boundary con- 
d i t i o n s ,  and Vo i s  t h e  a s s o c i a t e d  t e s t - f u n c t i o n  s p a c e ,  c o r r e s p o n d i n g  

t o  homogeneous boundary c o n d i t i o n s ) ,  

A t  t h e  n u m e r i c a l  i n t e g r a t i o n  p o i n t s  o r  t r i a n g l e - b y - t r i a n g l e ,  depending 
on t h e  approximat ion  used ,  ( 7 . 8 )  l e a d s  t o  t h e  f o l l o w i n g  v e c t o r  equa- 
t i o n  ( i n  IR’ o r  IR3 depending on t h e  dimension N of t h e  problem) : 

+ 
H E R N ,  

+ +  
B ( H )  + r q H  = C ,  

(7.9) 

+ 
where C i s  a known v e c t o r .  I n  t h e  case where t h e  mater ia l  i s  i s o -  
t r o p i c ,  w e  can reduce  t h e  s o l u t i o n  o f  (7 .9)  t o  t h a t  o f  a n o n l i n e a r  
e q u a t i o n  i n  IR+ g i v i n g  161 ( l i k e  ( 4 . 1 6 )  i n  S e c t i o n  4 ) .  

(ii) When $ *  6 and when t h e  v e c t o r  p o t e n t i a l  2 i s  used ,  w e  
t h i s  g i v e s  t h e  augmented Lagrangian  

+ 
p e n a l i s e  and d u a l i s e  6 = 3 X A ; 

which i n c l u d e s  t h e  augmented Lagrangian  d e f i n e d  by (4.13) i n  S e c t i o n  
4 . 2  as a p a r t i c u l a r  c a s e .  The e q u a t i o n s  c o r r e s p o n d i n g  t o  ( 7 . 7 ) ,  (7 .8)  
are t h e n ,  r e s p e c t i v e l y ,  
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(7.12) 

A s  be fo re ,  ( 7 . 1 2 )  i s  so lved  t r i a n g l e - b y - t r i a n g l e  o r  a t  t h e  numerical  
i n t e g r a t i o n  p o i n t s ,  depending on t h e  approximation chosen, by so lv ing  
t h e  fo l lowing  i n  lRN : 

(7.13) 

H(B) + rnB = C. 

The s o l u t i o n  of (7.11), on t h e  o t h e r  hand, can pose a number of 
d i f f i c u l t i e s  and it i s  convenient t o  d i s t i n g u i s h  t h e  cases  N = 2 and 
N = 3 ;  i f  Ti = {O,O,A} t h i s  l eads  t o  a problem i n  l R 2  and, a s  w e  
saw i n  Sec t ion  4 ,  t h e  r e l a t i o n  

reduces t h e  s o l u t i o n  of ( 7 . 1 1 )  t o  t h a t  of a l i n e a r  e l l i p t i c  problem 
of second o r d e r  and of s t anda rd  type .  For N = 3 , problem ( 7 . 1 1 )  
i s  i n  gene ra l  i l l - p o s e d  s i n c e  t h e  semi-norm 

i s  n o t  a norm on ( H 1 ( Q ) / l R )  ; t h i s  i s  due t o  t h e  f a c t  t h a t  

+ + +  
v x  (V+Vl$) = $ X Z  w$ , 

which means t h a t  t h e  v e c t o r  p o t e n t i a l  i s  i n  gene ra l  de f ined  only  t o  
wi th in  a g rad ien t  (see DURAND [I]). It then  fo l lows  t h a t  t h e  
f u n c t i o n a l  3, given by ( 7 . 4 )  i s  no t  coe rc ive  i n  (H (,)/El) . It 
is  shown i n  MARROCCO [ 2 1  t h a t  a f u n c t i o n a l  space  adapted t o  3-dimens- 
i o n a l  magne tos t a t i c  problems i s  t h e  following: 

1 3 
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and t h a t  i t  i s  s u f f i c i e n t  t o  add t o  t h e  f u n c t i o n  

t y p e  2 In a ( x )  IV.A12dx 
c o e r c i v e  on W . The f u n c t i o n a l  Zv t h u s  c o r r e c t e d  a d m i t s  a 
un ique  minimum on W ,  t h e  c o r r e s p o n d i n g  v e c t o r  p o t e n t i a l  A s a t i s f y i n g  
t h e  Maxwell e q u a t i o n s  o f  m a g n e t o s t a t i c s ,  a s  w e l l  as t h e  c o n d i t i o n  
V * A  = 0. I f  w e  add t h e  above term t o  t h e  Lagrangian  A: 
( 7 . 1 0 ) ,  w e  o b t a i n  i n  p l a c e  of ( 7 . 1 1 )  

ZV a t e r m  of t h e  
1 ( w i t h  a ( x )  t ci0 > 0) i n  o r d e r  t o  make it 

-f 

+ +  d e f i n e d  by 

i t  i s  r e a s o n a b l e  t o  t a k e  a = r q ,  i n  which case, f o r  c e r t a i n  g e o m e t r i e s  
( i f  R i s  a p a r a l l e l e p i p e d ,  f o r  e x a m p l e ) ,  ( 7 . 1 6 )  can b e  decomposed i n t o  
t h r e e  problems o f  D i r i c h l e t  t y p e  (one  f o r  e a c h  component o f  A ) ;  

e q u a t i o n  ( 7 . 1 2 )  remains  unchanged. 

-+ 

1 The a d d i t i o n  o f  t h e  t e r m  
s i d e r e d  as a p e n a l i s a t i o n  o f  t h e  c o n d i t i o n  V - A  = 0; i t  i s  t h e r e f o r e  
n a t u r a l  t o  t h i n k  of a s s o c i a t i n g  a Lagrange m u l t i p l i e r  w i t h  t h i s  con- 
s t r a i n t ;  t h i s  l e a d s  t o  t h e  augmented Lagrangian  d: d e f i n e d  ( i f  
ci = r n )  by 

gci16.a12 dx t o  ZV and J!,: may be  con- 
+ +  

A l l  t h e  above reminds u s  of t h e  S t o k e s  problem i n  Chapter  11, t h e  
f u n c t i o n  nq p l a y i n g  t h e  rsle o f  a p r e s s u r e .  I n  t h e  implementa t ion  
o f  a l g o r i t h m s  A L G 1 ,  ALG2 i n  r e l a t i o n  t o  t h e  Lagrangian  ( 7 . 1 7 ) ,  e q u a t i o n  
(7.12)  remains  unchanged; as r e g a r d s  t h e  e q u a t i o n  i n  A ,  t h i s  becomes 

-+ 

+ 

~ ( i f x ~ ) . ( $ x ~ )  dx  + r q($.t)($*G)dx = I, 
j;q$*: dx  & E  W .  

(7.18) 

dx + I; (r$-I) - (5 x G)dx - 

From t h e  p o i n t  of view of approximat ion  by f i n i t e  e l e m e n t s ,  t h e  a f o r e -  
ment ioned ana logy  w i t h  t h e  S t o k e s  problem s u g g e s t s  u s i n g ,  amongst 
o t h e r s ,  noncon forming  f i n i t e  e l e m e n t s  P1 o f  t h e  t y p e  used  ea r l i e r  i n  
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Chapter I1 for approximating Stokes and Navier-Stokes problems (in 

3 dimensions, Th 
d e g r e e s  o f  f r e e d o m  will be the values taken at the centres of the 

faces of these tetrahedra by the approximations Ah, vh of 2 and v). 
(See MARROCCO 1 2 1  for more details on these nonconforming approxima- 

tions and on the corresponding numerical experiments). 

will be a family of t e t r a h e d r a  and the associated 

+ +  + 

We shall conclude this chapter with a few bibliographic comments. 

We have already pointed out that the nonlinear operator 

v + -v* ( 1  vv/ s-2vv) 

of Section 3 ,  has appeared in mathematical models in g l a c i o l o g y  and we 

refer the reader to PELISSIER [ 1 1  and the associated bibliography: 
the numerical augmented-Lagrangian treatment was introduced by 

GLOWINSKI-MARROCCO C11 and developed in MARROCCO C11. For the magneto- 

static problem of Section 4, the reader may refer to GLOWINSKI- 

MARROCCO C51. The potential-flow problems of Section 5 are classical, 

and the reader interested in the fluid-mechanical aspects of these 

problems may refer to LANDAU-LIFCHITZ C11. The viscoplasticity and 

elastoplasticity problems of Section 6 are treated, in particular, in 

DUVAUT-LIONS [l], and the numerical treatment of the corresponding 

variational inequalities is described in detail in GLOWINSKI-LIONS- 

TREMOLIERES C11,[21 and GLOWINSKI C11,[21; the case of the torsion 

of a cylindrical bar with multi-connected cross-section is treated 

in GLOWINSKI-LANCHON [l]. In connection with minimal-surface pro- 

blems we have already cited EKELAND-TEMAM C11 in which the concept of 
a g e n e r a l i s e d  solution is discussed; once again, this is a classical 

problem which has given rise to numerous works. 



C H A P T E R  V I  

A P P L I C A T I O N  OF A L G O R I T H M  A L G Z  TO A 

T W O - D I M E N S I O N A L  E L A S T O P L A S T I C I T Y  P R O B L E M  

B .  M e r c i e r  

INTRODUCTION 

W e  s h a l l  now cons ide r  a new example a r i s i n g  from t h e  Mechanics of 
Continuous Media. I n  comparison t o  t h e  preceding  examples, i n  
p a r t i c u l a r  Examples 1 and 2 of Chapter 111, t h e  s i t u a t i o n  w i l l  be 
somewhat d i f f e r e n t :  i n  f a c t  t h e  f u n c t i o n a l  F w i l l  be n o n c o e r c i v e  

(bu t  d i f f e r e n t i a b l e ) ;  a s  G i s  l i n e a r ,  t h e  problem (P) w i l l  be 
' n o n c o e r c i v e '  and w e  w i l l  no t  be a b l e  t o  prove t h e  e x i s t e n c e  of  a 
s o l u t i o n  i n  i n f i n i t e  dimensions.  I n  c o n t r a s t ,  t h e  dua l  of (P), 

which invo lves  F*, t h e  conjugate  of F , i s  w e l l  p o s e d  as F* i s  
coe rc ive  i n  t h e  example which w e  a r e  cons ide r ing ,  and t h i s  a l s o  
imp l i e s  t h e  d i f f e r e n t i a b i l i t y  of F. Furthermore,  a s  w e  saw i n  
Chapter V i n  connec t ion  wi th  o t h e r  problems, i n  o r d e r  t o  improve t h e  
r a t e  of convergence of  a lgo r i thm ALGZ,  t h e r e  is  an advantage t o  be 

ga ined  i n  t h i s  example by choosing a p e n a l t y  t e r m  i n  t h e  augmented 
Lagrangian 

norm on H I bu t  which i s  a s s o c i a t e d  wi th  a n o t h e r  q u a d r a t i c  f o r m .  
dr which i s  no t  equa l  t o  t h e  square  of t h e  n a t u r a l  

1. THE CONTINUOUS PROBLEM 

W e  cons ide r  a cont inuous  e l a s t o p l a s t i c  medium he ld  f i x e d  on one 
p a r t  of i t s  boundary. W e  seek t h e  stress f i e l d  u and t h e  d i s -  
placement f i e l d  u which a r e  set  up i n  t h e  continuous medium when 
i t  i s  s u b j e c t e d  t o  e x t e r n a l  forces ( t h e  above s i t u a t i o n  i s  i l l u s t r a -  
t e d  i n  F igu re  1.1). 

21 7 
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r i g i d  
p a r t  

F i g u r e  1.1 - The c o n t i n u o u s  medium b e f o r e  and a f t e r  a p p l i c a t i o n  of  t h e  
e x t e r n a l  l o a d s  

L e t  R c lRd 

w i t h  s u f f i c i e n t l y  r e g u l a r  boundary,  r e p r e s e n t i n g  t h e  c o n t i n u o u s  med- 
ium; w e  s e e k  t h e  stress f i e l d  u i n  t h e  s p a c e  

( d  = 2 or 3 i n  a p p l i c a t i o n s )  be  t h e  open bounded domain 

2 
H = { T = (‘r..), T . . E L  ( a ) ,  T. = T. l < i , j s d }  I 

11 1J  ij j i ’  

W e  d e n o t e  by 
i s  fixed and by 

To t h e  p a r t  o f  t h e  boundary where t h e  c o n t i n u o u s  medium 

v = { V C  ( H ’ ( Q ) ) ~  , v = o o n  T o }  

t h e  s p a c e  of  admissible displacements. 

The o p e r a t o r  B : V -f H i s  d e f i n e d  a s  f o l l o w s :  

, a v .  a v .  
( B v ) .  1~ . = -( - ax: + A ax. ) , 1 s i , j  s d  

J 1 

; 

B v  r e p r e s e n t s  t h e  Zinearised strain t e n s o r .  From Korn’s  inequality, 

which i s  proved  i n  DUVAUT-LIONS [l], B i s  o f  c l o s e d  image. 

W e  i n t r o d u c e  a symmetr ic  automorphism A o f  IRd2 s a t i s f y i n g  

where c1 > 0 ; 1 . 1  and * d e n o t e  t h e  norm and t h e  E u c l i d i a n  i n n e r  
p r o d u c t  on IR . T h i s  automorphism t a k e s  i n t o  a c c o u n t  t h e  e l a s t i c i t y  
c o e f f i c i e n t s ,  so  t h a t  t h e  energy of  t h e  c o n t i n u o u s  medium i s  w r i t t e n  

d 

W e  d e n o t e  by G ( v )  t h e  f u n c t i o n  e q u a l  and o p p o s i t e  t o  t h e  work 
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done by t h e  e x t e r n a l  f o r c e s  i n  a d i s p l a c e m e n t  v E V o f  t h e  c o n t i n -  

uous medium ( G  E V ' ,  d u a l  o f  V), and w e  d e f i n e  

E = { T  E H , ];.Bv dx + G(v) = 0 , V V E  V) , 

which i s  te rmed t h e  set  o f  s t a t i c a l l y - a d m i s s i b l e  stress f i e l d s .  

2 
F i n a l l y ,  w e  d e n o t e  by C c IRd t h e  ( c 1 o s e d ) p Z a s t i c i t y  convex s e t  

and by 

(1 .2 )  K = {T E H , T ( X )  E C a.e. x ~ S 2 )  

t h e  set  o f  p l a s t i c a l l y  a d m i s s i b l e  stress f i e l d s .  Hencky's  l a w  t h e n  
s ta tes  t h a t  t h e  stress f i e l d  u i s  t h e  s o l u t i o n  of t h e  o p t i m i s a t i o n  
problem 

( 1 . 3 )  Min T 1 j S 2 ( f l T ) - T  dx . 
T € W E  

I f  t h e  c o n d i t i o n  K n E # 0 i s  s a t i s f i e d ,  t h a t  i s ,  i f  w e  are 
' b e l o w '  t h e  L i m i t  load,  t h i s  problem a d m i t s  a unique s o l u t i o n ,  from 

(1.1). (Note t h a t  K and E are c Z o s e d ) .  S i n c e  t h e  s e t  E 

depends l i n e a r l y  on G I  i f  t h e  o r i g i n  b e l o n g s  t o  t h e  i n t e r i o r  o f  
C ( O E  I n t  C ) ,  which w e  s h a l l  assume t o  b e  t h e  case h e r e ,  and i f  t h e  
e x t e r n a l  f o r c e s  (and  hence  G )  are s u f f i c i e n t l y  s m a l l ,  t h e n  t h e  
c o n d i t i o n  K n E # 0 w i l l  be  r e a l i s e d .  

2 .  THE PROBLEM ( P )  

A s  w e  have  s t a t e d  above,  w e  s h a l l  e q u i p  H , n o t  w i t h  i t s  n a t u r a l  
i n n e r  p r o d u c t ,  b u t  w i t h  a n  i n n e r  p r o d u c t  r e l a t e d  t o  t h e  e n e r g y ,  
namely: 

(p,q) = Jn(A-'p)*q dx , 

and w e  d e n o t e  by I I * I I  t h e  a s s o c i a t e d  norm. With t h i s  n o t a t i o n ,  t h e  
e n e r g y  t o  b e  minimised  i n  (1 .3)  i s  w r i t t e n  as  ~ I I A T I I  and t h e  set E 

as : 

1 

E = I T C H  , (AT,Bv) + G(v) = 0 , V V E V )  , 

s o  t h a t  
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0 if T E E ,  

+ -  otherwise, 
Sup { - G ( v )  - (AT,Bv)}  = 
VE v 

and problem (1.3)  i s  e q u i v a l e n t  t o  

1 
Min Sup {711A-rl12 - (A-r ,Bv)  - G ( v ) I  . 
T € K  V € v  

I ts  d u a l  (ob ta ined  by permuta t ion  of t h e  minimum and t h e  supremum) i s  
w r i t t e n ,  a f t e r  a change of s i g n ,  a s  

(2.1) Inf { F ( B v )  + G ( v ) }  
vcv 

wi th  

and 

( 2 . 3 )  KO = { q c H  , A - ' q c K I  

This  dua l  i s  c l e a r l y  a problem of t h e  form i n v e s t i g a t e d  i n  Chapter 111; 

t h e  f u n c t i o n  F i s  t h e  con juga te  of t h e  f u n c t i o n a l  z [ iq l l  + I K 0 ( q ) ,  
and consequently i t  is  d i f f e r e n t i a b l e ,  bu t  n o n c o e r c i v e  i n  gene ra l .  
Problem ( 2 . 1 )  t h e r e f o r e  does  no t  always admit a s o l u t i o n  i n  i n f i n i t e  

dimensions,  even i f  K n E i s  nonempty (see t h e  counter-example i n  

1 2  

MERCIER C31).  

3 .  APPROXIMATION BY FINITE ELEMENTS 

I n  p r a c t i c e ,  w e  a r e  ob l iged  t o  reduce t h e  problem t o  f i n i t e  
dimensions i n  o r d e r  t o  s o l v e  (1 .3)  ( o r  ( 2 . 1 ) ) .  To t h i s  end w e  i n t r o -  
duce a fami ly  of t r i a n g u l a t i o n s  {ThIh, indexed by a parameter  
h > 0 ;  wi th  h g iven ,  Gh i s  a set  of t r i a n g l e s  cove r ing  Q 

s a t i s f y i n g  t h e  fo l lowing  p r o p e r t i e s :  l e t  T ,  T ' c  "eh be two d i s t i n c t  
t r i a n g l e s  of th ; then  w e  have 

( I )  I 

2 To s i m p l i f y  t h e  d e s c r i p t i o n  we assume t h a t  Q i s  a polygon i n  IR. 
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T n T '  = @  , o r  
T n T' = 1 one comple te  common edge  
T n T' = 1 one common v e r t e x .  

I n  s h o r t ,  t h e  s i t u a t i o n  shown i n  F i g u r e  3 .1  i s  f o r b i d d e n .  

F i g u r e  3 .1  : Forbidden  s i t u a t i o n  

The p a r a m e t e r  h d e n o t e s ,  f o r  example,  t h e  d i a m e t e r  o f  t h e  l a r g e s t  
t r i a n g l e  i n  rh . W e  t h e n  d e n o t e  by Vh c V t h e  s p a c e  of  f i n i t e  
e l e m e n t s  c o n s t i t u t e d  by piecewise affine and continuous dispZacement 

fields over each triangZe of p= W e  d e n o t e  by Hh c H t h e  subspace  
o f  Hh composed of piecewise-constant tensors o v e r  each triangle of  

ch, so t h a t  t h e  o p e r a t o r  B maps Vh i n t o  a p a r t  of Hh . W e  

t h e n  p u t  

h '  

Eh = { T ~ C  H,, , (ATh,Bvh) + G(vh) = 0 , V v h E  v,} 9 

and t o  approximate  ( 1 . 3 )  we choose t h e  f i n i t e - d i m e n s i o n a l  problem 

r 
which admits a unique  s o l u t i o n  a h  . It  can be  shown t h a t  a h  -f o 

when h -f 0 (see MERCIER 131) .  

The d e f i n i t i o n  of  t h e  d u a l  of  (3 .1)  a g a i n  depends on c o n s i d e r i n g  
(on K x V )  t h e  Lagranqian  

1 
( 3 . 2 )  l l A ~ 1 1 ~  - (h~,Bv) - G(v) , 

where t h e  d u a l  v a r i a b l e  u (uh i n  f i n i t e  d imens ions)  i s  i n  t h i s  case 
t h e  L a g r a n g e  multiplier of t h e  stress -r E E ( T  t Eh i n  f i n i t e  dimens- 
i o n s ) .  A s  t h e  i n t e r i o r  o f  t h e  convex s e t  K i s  empty i n  H , i t  
is  n o t  p o s s i b l e  t o  deduce t h e  e x i s t e n c e  o f  u from t h i s  remark. On 
t h e  o t h e r  hand,  K n Hh h a s  a nonempty i n t e r i o r  i n  Hh , t h u s  
showing t h e  e x i s t e n c e  o f  uh , from ROCKAFELLAR 1 4 ,  S e c t i o n  281, a s  
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long  as Eh n ( i n t  K) i s  nonempty (which i s  a s t r o n g e r  c o n d i t i o n  t h a n  
t h a t  

s u f f i f i c i e n t z y  smaZZ). I n c i d e n t a l l y ,  uh a l so  s a t i s f i e s  

K n Eh be  nonempty b u t  which i s  t r u e  i f  t h e  e x t e r n a l  f o r c e s  are 

which i s  t h e  d u a l  o f  ( 3 . 1 )  and which i t s e l f  i s  e v i d e n t l y  a problem of 
t h e  t y p e  i n v e s t i g a t e d  i n  Chapter  111 ( n o t e  t h a t  (3.3) is c l e a r l y  a 
d i s c r e t i s e d  form o f  ( 2 . 1 )  , b u t  t h e  convergence  o f  uh t o  u , even i f  
u e x i s t s ,  i s  i m p r o b a b l e ) .  

4 .  APPLICATION OF ALGORITHM ALGZ 

The augmented Lagrangian  i n t r o d u c e d  i n  C h a p t e r  I11 i s  o f  t h e  fc,rm: 

2 
z,(v,q,P) = F(q) + G(v) + (P,Bv-q) + :IIBv-qlI . 

W e  n o t e  t h a t  i n  t h e  p r e s e n t  case G i s  l i n e a r .  

LEMMA 4 . 1 :  L e t  tu ,p ,Xl  be  a s a d d l e  p o i n t  of dr ; t h e n  u i s  

a s o l u t i o n  of ( 2 . 1 ) ,  p = Bu and f u r t h e r m o r e  

where  u is a s o Z u t i o n  of t h e  i n i t i a Z  p r o b l e m  (1.1). 

P r o o f .  The f i r s t  p a r t  fo l lows  d i r e c t l y  f rom Theorem 2 . 1  o f  
Chapter  111. From S e c t i o n  2 .3  of C h a p t e r  111, it a l so  f o l l o w s  t h a t  
{u,A} i s  a s a d d l e  p o i n t  of t h e  Lagrangian  (see (2 .161,  C h a p t e r  111) 

I\v\ l*  + IK0(v) - (~,Bv) - G(v)  I 

I 
L(v,P) 

which a g a i n  g i v e s  t h e  Lagrangian  ( 3 . 2 )  a f t e r  t h e  s i m p l e  change of 
v a r i a b l e  u = A T .  H 

Obvious ly ,  t h e  e x i s t e n c e  o f  s u c h  a s a d d l e  p o i n t ,  l i k e  t h a t  of u , 
i s  d o u b t f u l  i n  t h e  i n f i n i t e - d i m e n s i o n a l  case; however, i n  p r a c t i c e ,  
t h e  problem w i l l  be s o l v e d  i n  f i n i t e  d imens ions .  

I n  view of t h e  l i n e a r i t y  of G , a l g o r i t h m  ALGZ may b e  w r i t t e n :  
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{po,ho]  E HxHendP> 0 

Ipn,Xn} E HxH b e i n g  g i v e n  b y  r e c u r r e n c e ,  c a l c u l a t e  

u r e  g i v e n ;  

( 4 . 2 ) ,  t h e  s o l u t i o n  un+' o f  r(Bu"+' ,Bv)+(Bv,Xn-rpn)+ G(v) = 0 V v  E V , 

( 4 . 2 ) 2  t h e  s o l u t i o n  pn+l o f  F'(pn+l)+rpn+l = X" + rBun+l , 

( 4 . 2 )  An+' = A" + p(Bun+I-p"+l) . 
3 

in stage (4.2)2 of algorithm (4.2) can be n+l The calculation of p 

written out explicitly. In fact, in view of the definition of F , 
we have 

where n : H -+ KO is the projection onto KO. From the definitions 

(2.3) and (1.2) of KO and of K , vo is local, and the nonlinear 

equation (4.2)2 can therefore be solved almost everywhere. It de- 

composes triangle by triangle for the approximate problem, since we 

have taken the precaution of choosing a space of piecewise-constant 

functions for Hh . We can even solve (4.2)2explicitly with (4.3). 

LEMMA 4.2 L e t  $" = 1 I+r (Xn+rBun+l) ; t h e n  we have 
1 

p"+l = --((I +r) $" - no$n) . 
P r o o f .  We show that @n is a convex combination of p n+l and 

= vopn+l, which then gives the nop n+l . 
result. 

Consequently we have 

Stage (4.2)2 of algorithm (4.2) is linear since G is linear. In 

finite dimensions, this consists of solving a linear system with 

matrix BtSB , where the matrix S is symmetric and positive- 

definite relative to the inner product ( * , * ) .  

S y n o p s i s :  We shall now prove the convergence of algorithm (4.2) 

in the case where p = r . Here we are in a situation which is the 

r e v e r s e  of that in Chapter 111: the problem (P) is noncoercive 

and, in contrast, its dual ((1.3) in this case) is coercive. In 

Chapter 111, it was (P) which was coercive and its dual (in Examples 
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1 and 2 o f  S e c t i o n  1.1 a t  l e a s t )  which w a s  n o t .  Conseque, i t ly ,  w e  
proved t h a t  
p r o p e r t y  f o r  A n  . Here, i n  c o n t r a s t ,  w e  s h a l l  show t h a t  A n  + X 
and t h a t  w e  have o n l y  a weak convergence  p r o p e r t y  f o r  
have a somewhat ana logous  s i t u a t i o n  f o r  t h e  a p p r o x i m a t i o n ,  s i n c e  
uh + u 
r e g a r d  t o  uh . 

n 
{ u  ,pn} + { u , p i  and c o u l d  p r o v e  only a weak convergence 

{ u n , p n i .  W e  

( i s o m o r p h i c  t o  X) and s i n c e  w e  c a n n o t  prove  a n y t h i n g  w i t h  

5. CONVERGENCE OF ALGORITHM ALG2 

THEOREM 5 . 1  I f  t h e r e  e x i s t s  a s a d d l e  p o i n t  {u,p ,Al  o f  t h e  

L a g r a n g i a n  dr , t h e n  a l g o r i t h m  ( 4 . 2 )  c o n v e r g e s  f o r  p = r i n  t h e  

f o l l o w i n g  s e n s e  : { u n , p n )  r e m a i n s  bounded  and A n  + A when 

n + + m .  

P r o o f .  By s u b t r a c t i n g  ( 4 . 2 ) 3  f rom ( 4 . 2 ) *  w e  o b t a i n  ( s i n a e  
p = r ) :  

Xn+l = Fl(p"+l) 

so t h a t  A n  and pn are  l i n k e d  by a s i m p l e  r e l a t i o n .  Fur thermore ,  

s i n c e  {u,p,A1 i s  a s a d d l e  p o i n t  of zr , w e  have 

S i m i l a r l y  w e  have A = F ' ( p )  i n  (5 .112 i n  view of ( 5 . 1 ) 3 .  P u t t i n g  
xn = A n  - A ,  pn = pn - p and in = un - u ,  w e  o b t a i n  

f + l  a + l  11 = x + r B?+' ( 5 . 2 )  + rP 

By s u b t r a c t i n g  (5.1)1 f rom (4 .211  w e  a l so  o b t a i n  

-n+ 1 -n -n (5.3) r(Bu ,Bv) = - (Bv,X -rp ) ,  

i .e.  by i n t r o d u c i n g  t h e  o p e r a t o r  P : H + I m B ,  which p r o j e c t s  o n t o  

t h e  image of B: 
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t h e r e f o r e  (5 .2)  becomes 

-n+l -n+l x +rp = (I-P)X"+r P 7 

and squa r ing  ( s i n c e  P and I -P  a r e  2 o r thogona l  p r o j e c t o r s )  

I ~ P + ' I ~ ~ +  r (pn+l ,xn+ ' )  + r2 1 l p n + l l 1 ~  5 I I X ~ ~ ~ ~ +  r2 I I ~ ~ I I ~  
which proves ,  s i n c e  by t h e  monotonicity of  F ' ,  ( p n + l l  In+') 2 0 ,  t h a t  
A n  and pn remain bounded, and t h e r e f o r e  un a l s o  remains bounded i n  
view of  (5 .4 ) .  

Furthermore ( p  , 
s i n c e  F ' ( q )  = IT q ,  i n  t h e  form 

+ 0 when n -t + m ,  which can be w r i t t e n ,  -n+l  5;nfl) 

n+ 1 n+ I 
(TOP - TOP, p -p) + 0 . 

Now 
n+ 1 n+ 1 n+ I 

i n  view of t h e  p r o p e r t i e s  of  p r o j e c t i o n  on to  a convex s e t :  w e  have 

t h u s  proved t h e  convergence of A n  t o  A when n -f + m. 

6 .  NUMERICAL APPLICATION 

6 . 1  Desc r ip t ion  o f  t h e  mechanical problem 

W e  have cons idered  t h e  problem of t h e  bending of  an encas t r ed  beam 
of l e n g t h  !L and of  t h i c k n e s s  2a ,  sub jec t ed  t o  a s h e a r  f o r c e  Fo 
(see F igure  6 . 1 ) .  

F igu re  6 . 1  - Encas t red  beam s u b j e c t  t o  a s h e a r  f o r c e  Fo. 
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W e  assume t h a t  t h e  w i d t h  o f  t h e  beam ( i n  t h e  d i r e c t i o n  o r t h o -  

gonal  t o  t h e  p l a n e  o f  t h e  f i g u r e )  i s  s u f f i c i e n t l y  l a r g e  and w e  w i l l  
t h e n  be  j u s t i f i e d  i n  s t u d y i n g  t h e  p l a n e - s t r a i n  problem i n s t e a d  of 
t h e  t h r e e - d i m e n s i o n a l  problem, by assuming t h a t  t h e  d i s p l a c e m e n t  
f i e l d  depends o n l y  on x1 and x2  and s a t i s f i e s  u3  = 0. The 
s t r a i n  t e n s o r  E = Bu c a n  t h e n  be  w r i t t e n :  

Ox3 

W e  s h a l l  see t h a t  t h e  same d o e s  n o t  a p p l y  f o r  t h e  stress t e n s o r .  
Assuming t h e  medium t o  b e  i s o t r o p i c ,  w e  have  

A-le A t r ( e )  6 + 2ue 

where t r ( e )  d e n o t e s  t h e  t race o f  t h e  t e n s o r  e ,  A and 1-1 are 
t h e  Lam6 c o n s t a n t s ,  and 6 i s  t h e  Kronecker  t e n s o r .  W e  have 

adopted  t h e  von Mises p l a s t i c i t y  c r i t e r i o n ,  and t h e  p l a s t i c i t y  
convex set  i s  t h e r e f o r e  w r i t t e n  

where i s  a c o e f f i c i e n t  c h a r a c t e r i s t i c  o f  t h e  m a t e r i a l ,  T~ i s  
t h e  d e v i a t o r  of t h e  t e n s o r  T ( T ~  T - a t r  ( T )  6 ) ,  and I * I i s  t h e  
E u c l i d i a n  norm of I R 9 .  An e x p l i c i t  c a l c u l a t i o n  shows t h a t  

1 

r 

0 2 .  D k f i  
v l e  1 Z f l e  I 5 - z?J 

k fi ( l e D (  - 9)  o t h e r w i s e .  

$(e)  E Kotr(e) + 

A s  may be  e x p e c t e d ,  F i s  d i f f e r e n t i a b l e :  w e  have 

F’(e )  = $ ‘ ( e ( x ) )  , a.e. xeS2 , where 

$ ‘ ( e )  = KO tr (e)d  + rnin(Z?J, - 
I eDI 
k f i  )eD 

where KO = X f 2 . 3 

S i n c e  i n  t h e  e q u i l i b r i u m  s ta te  w e  have a = @ ‘ ( E ( u ) ) ,  w e  see t h a t  i n  

g e n e r a l  a33 # 0. The problem i s  n o n e t h e l e s s  two-dimensional ,  and 
t h e  t h i r d  component o f  t h e  d i s p l a c e m e n t  i s  z e r o .  
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6 . 2  Choice of cons t an t s  

We have chosen p = - 1.33 , X = ( i n  Imper ia l  u n i t s  which 30 
we s h a l l  no t  d e f i n e  h e r e ) ,  a = 2 and R = 20. The t r i a n g u l a t i o n s  

( see  F igure  6 . 2 ) .  R 2a chosen w e r e  uniform, wi th  mesh i n t e r v a l s  ; and - 
We have chosen ml = 10 and m2 = 6 f o r  an i n i t l a l  mesh ( t h i s  g ives  
dim Vh = 1 4 0 )  and ml = 1 4  and m2 = 8 f o r  a second mesh (dim Vh = 252).  

With t h e s e  d a t a  t h e  ma t r ix  B SB of t h e  l i n e a r  system t o  be so lved  

i n  t h e  e l a s t i c  case  ( 5  = + m )  i s  badly  condi t ioned  and it i s  necessary  
t o  perform t h e  c a l c u l a t i o n s  i n  double p r e c i s i o n .  

1 . m2 

t 

I 
I 

t 
m 

1 

Figure  6 . 2  - F i r s t  t r i a n g u l a t i o n  used (m, = 10, m2 = 6 ) .  

The ma jo r i ty  of i t e r a t i v e  methods a r e  i n e f f i c i e n t  f o r  so lv ing  t h i s  
l i n e a r  system, wi th  t h e  excep t ion  of t h e  conjugate-gradien t  method 
and i t s  v a r i a n t s .  Even so ,  t h i s  l a t t e r  method only  s t i l l  converges 
i n  a number of i t e r a t i o n s  c l o s e  t o  t h e  number of v a r i a b l e s ,  and t h i s  
means t h a t  it i s  n o t  compet i t ive  wi th  d i r e c t  methods. I t  i s  q u i t e  
p o s s i b l e  t h a t  t h i s  conclus ion  would need t o  be recons idered  i f  a 
s u i t a b l e  change of t h e  i n n e r  product  w e r e  made, s i n c e  t h i s  may have 
a p recond i t ion ing  e f f e c t .  

For t h e  e l a s t o p l a s t i c  case ,  w e  have chosen k = ~ 6 . f O - ~  and have 
compared a lgor i thm ALG2 wi th  two o t h e r  s t anda rd  a lgor i thms.  

6 . 3  Gradien t  method 

W e  pu t  @ ( v )  = F(Bv) + G(v) ; so lv ing  (P,) i s  equ iva len t  t o  mini- 
mising @ which i s  d i f f e r e n t i a b l e  over Vh; us ing  $ and denot ing  

by <.,.> t h e  i n n e r  product  chosen on Vh,  w e  have 

( 6 . 1 )  <@'(v),w> = ~ ? I ( B ~ ) - B W  dx + G(w) , V w e V h  . 

The g r a d i e n t  method ( f o r  minimising 0 on V ) i s  then  w r i t t e n  h 
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uo E Vhand p>O 

un E Vh b e i n g  g i v b n  by r e c u r r e n c e ,  

a r e  g i v e n ;  

c a l c u l a t e  

un+I = un - p $'(u") .  

I f  w e  choose  as i n n e r  p r o d u c t  < I > t h e  n a t u r a l  i n n e r  p r o d u c t  
on IRN where N i s  t h e  d imens ion  o f  vhl  t h e  c a l c u l a t i o n  o f  t h e  g r a d i e n t  
$ '  from formula  ( 6 . 1 )  i s  immediate .  However, as a l r e a d y  p o i n t e d  
o u t ,  even i n  t h e  q u a d r a t i c  case t h i s  p r o c e d u r e  d o e s  n o t  produce good 
r e s u l t s  because  o f  t h e  ill c o n d i t i o n i n g  o f  t h e  m a t r i x  I t  i s  
a l s o  p o s s i b l e  t o  choose  any o t h e r  i n n e r  p r o d u c t  on Vh,  b u t  t h e n  w e  
would have t o  s o l v e ,  a t  e a c h  i t e r a t i o n ,  a l i n e a r  sys tem w i t h  m a t r i x  
R ,  where R i s  t h e  m a t r i x  o b t a i n e d  from t h e  chosen i n n e r  p r o d u c t  < , > .  

W e  s a y  t h a t  t h e  m a t r i x  R a c t s  a s  an a u x i l i a r y  o p e r a t o r  (or  a s  a p r e -  

c o n d i t i o n i n g  o p e r a t o r ) .  W e  have t e s t e d  t h e  f o l l o w i n g  i n n e r  p r o d u c t  

BtSB. 

<u,v> = (ABu)Bv dx , J, 
and t h e  m a t r i x  R o b t a i n e d  i s  t h e n  t h e  s t i f f n e s s  m a t r i x  of t h e  e l a s t i c  
problem, which would a p p e a r  a n a t u r a l  c h o i c e  f o r  s o l v i n g  t h e  e las to-  
p l a s t i c  problem. 

6 . 4  Con j u g a t e - g r a d i e n t  method 

T o  minimise $ on Vh, w e  can  a l so  u s e  t h e  c o n j u g a t e - g r a d i e n t  
method: 

uo c V h  , wo = $ ' (vo )  a r e  g i v e n ;  b y  r e c u r r e n c e ,  

knowing u " m d  wn( E vh) , 

u - u - p, wn, where p, m i n i m i s e s  g ( p ) =  $(u"-pw") , 

c a l c u l a t e  

n+l - n 

<'n+ 1 9 'n+ Crn ' =rn+l + Xnwn , where X = 
<rn,rn> 

L e t  u s  s a y  s t r a i g h t  away 

w e r e  less t h a n  e x c e l l e n t  
method w a s  a p p l i e d .  I n  
t i o n  of p n ,  and t h i s  i s  
a v a l u e ,  p o s s i b l y  non-un 

t h a t  t h e  r e s u l t s  o b t a i n e d  w i t h  t h i s  method 
W e  s h a l l  now d e s c r i b e  t h e  way i n  which t h e  

p r a c t i c e  i t  i s  a d e q u a t e  t o  u s e  an approxima- 
what was done. I t  i s  p o s s i b l e  t o  d e t e r m i n e  
q u e ,  o f  t h e  second d e r i v a t i v e  of $, s i n c e  
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$ is d i f f e r e n t i a b l e  almost everywhere. For p n  we have chosen 
the  f i r s t  i t e r a t e  of  Newton's method: 

which a c t u a l l y  g i v e s  t h e  e x a c t  s o l u t i o n  i n  t h e  e l a s t i c  case .  This  
choice i s  q u i t e  adequate ;  a more a c c u r a t e  c a l c u l a t i o n  of p n  would 
be more expens ive  t o  compute and would n o t  b r i n g  about  any s i g n i f i c a n t  
improvement i n  t h e  convergence. W e  r e i n i t i a l i s e  wn = rn every  2 N  

o r  3N i t e r a t i o n s ;  once aga in  no s i g n i f i c a n t  improvement would be 
ev iden t  i f  a r e i n i t i a l i s a t i o n  were performed each  t ime t h e  inne r  
product  

n+l  n+l n 
<w ,u -u > 

becomes p o s i t i v e  o r  s m a l l e r  than  a s u f f i c i e n t l y - s m a l l  p o s i t i v e  con- 
s t a n t .  The problem i s  fundamentally i l l - c o n d i t i o n e d :  i n  t h e  
( e l a s t i c )  l i n e a r  c a s e  we can s u c c e s s f u l l y  c o n s t r u c t  N conjugate  
d i r e c t i o n s  and s o l v e  t h e  problem; however, w e  a r e  unable  t o  do 
t h i s  i n  t h e  ( e l a s t o p l a s t i c )  n o n l i n e a r  case .  

I n  t h e  l i g h t  of r e c e n t  r e s u l t s  (see AXELSSON C11, CONCUS-GOLUB- 

O ~ L E A R Y  [l]) it would appear  t h a t  t h e  i d e a  of  changing t h e  i n n e r  
product  
improvement. Th i s  i s  t h e  b a s i c  i d e a  behind so -ca l l ed  preconditioning 

methods. Two o p t i o n s  appear  a v a i l a b l e :  e i t h e r  t o  t a k e  a s  t h e  mat r ix  
R ( a r i s i n g  from t h e  i n n e r  product  < , > I  t h a t  of t h e  e l a s t i c  problem, 
o r  t o  use an incomplete Cholesky decomposition of  t h i s  mat r ix  
fo l lowing  an i d e a  due t o  MEIJERINK-VAN DER VORST C11, which would 
s i g n i f i c a n t l y  reduce  t h e  c o s t  o f  each i t e r a t i o n .  The use of some 
p recond i t ion ing  i s  i n  ou r  op in ion  e s s e n t i a l  i f  t h e  performance of  
t h e  conjugate-gradien t  method i s  t o  be improved. It should  be noted  
t h a t  t h e  use  of  an a u x i l i a r y  o p e r a t o r  i n  t h e  g r a d i e n t  method, j u s t  a s  
i n  t h e  p e n a l i s a t i o n - d u a l i t y  methods s t u d i e d  i n  t h e  p r e s e n t  book, has  
an analogous e f f e c t  which amounts t o  changing t h e  m e t r i c  o f  t h e  space.  

<.,.> on Vh could  i n  t h i s  ca se  l e a d  t o  a s i g n i f i c a n t  

6.5 Choice of t h e  parameters  f o r  a lgo r i thm ALGZ 

W e  have chosen f o r  t h e  termination test f o r  a lgo r i thm ALGZ: 

When t h e  f o r c e  Fo i s  s u f f i c i e n t l y  sma l l ,  t h e  problem i s  pure ly  e l a s t i c  
and t h e  choice  r = 1 i s  opt imal .  I n  t h e  e l a s t o p l a s t i c  domain, t h e  
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0 .  I01 I33 ( e l a s t i c )  
0.203 245 - - - 
0.270 41 1 - - - 
0.322 547 42 35 3 

0.404 514 - - - 

c h o i c e  r < 1 accelerates t h e  convergence :  a good c h o i c e  would 
seem t o  be r = - o r  r = -  
f i r s t  i t e r a t i o n  w e  a r r ive  a t  a s o l u t i o n  two o r  t h r e e  t i m e s  l a r g e r  t h a n  
t h a t  of t h e  e l a s t i c  problem, and which i s  a p p r o x i m a t e l y  of t h e  o r d e r  
of magnitude of t h e  e l a s t o p l a s t i c  s o l u t i o n .  However, t h e  c h o i c e  
of r i s  n o t  c r u c i a l .  The f o l l o w i n g  t a b l e s  summarise t h e  r e s u l t s  
o b t a i n e d  : 

?j. I n  f a c t ,  i n  t h i s  case, from t h e  v e r y  1 

Table  6 . 1  - R e s u l t s  f o r  ml = 6 ,  m2  = 10 ( 1 4 0  v a r i a b l e s )  

: v e r t i c a l  d i s p l a c e m e n t  o b s e r v e d  a t  x = R ,  x2=-a,  
: number of i t e r a t i o n s  o f  t h e  c o n j u g a t e - g r a d i e n t  

method 
: number o f  i t e r a t i o n s  of ALGZ 

1 
U 

"1 

"2 
t l ,t2 : r e s p e c t i v e  machine t i m e s  ( i n  seconds  on 

IBM 370/168) .  

- 
FO - 

0.2 

0.4 

0.5 

0.55 

0.6 

0.65 

U 

0.116 

0.236 

0.346 

0.460 

0.680 

1 .oo 

Conjugate  I ALG2 g r a d i e n t  

n l  

181 

371 

645 

800 

1200 

- 

I r a d i e n t  ( w i t h  aux- 
l i a r y  o p e r a t o r )  

n3 

1 

- 
82 

- 
215 

250 

T a b l e  6 . 2  - R e s u l t s  for m = 8 ,  m2 = 1 4  (252 v a r i a b l e s )  (compared w i t h  
T a b l e  6 . 1  we have added t h e  v a l u e s  of 
number of i t e r a t i o n s )  and t (mach ine  t i m e  r e l a t i v e  t o  t h e  g r a d i e n t  
method w i t h  a u x i l i a r y  o p e r a 3 o r ) ) .  

r u s e d  i n  ALGZ and n3 ( t h e  
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F i g u r e  6.3 - V a r i a t i o n  of t h e  number of i t e r a t i o n s  of ALG2 a s  a 
f u n c t i o n  of r ( c a s e  ml = m2 = 3 ) .  

7. DISCUSSION 

F o r  t h e  problem c o n s i d e r e d  h e r e ,  a l g o r i t h m  ALG2 i s  t w o  t o  t h r e e  
t i m e s  f a s t e r  t h a n  t h e  g r a d i e n t  method w i t h  a u x i l i a r y  o p e r a t o r  and t e n  
t o  twenty  t i m e s  f a s t e r  t h a n  t h e  c o n j u g a t e - g r a d i e n t  method w i t h o u t  pre-  
c o n d i t i o n i n g .  The good per formance  of  b o t h  o f  t h e  f i r s t  two methods 
may be  a t t r i b u t e d  t o  t h e  f a c t  t h a t ,  even though w e  had a l i n e a r  sys tem 
w i t h  m a t r i x  B S B  t o  s o l v e  a t  e a c h  i t e r a t i o n ,  s i n c e  t h i s  m a t r i x  w a s  
f i x e d  and o f  banded s t r u c t u r e ,  it was f a c t o r i s e d  once and f o r  a l l  (by 
C h o l e s k y ' s  method) a t  t h e  s ta r t  o f  t h e  a l g o r i t h m  i n t o  a p r o d u c t  LL , 
L b e i n g  lower  t r i a n g u l a r  and  o f  banded s t r u c t u r e .  A t  e a c h  i t e r a t i o n  
w e  t h e r e f o r e  have t o  s o l v e  o n l y  t w o  l i n e a r  sys tems w i t h  m a t r i x  L ,  and 
t h i s  i s  e x t r e m e l y  r a p i d .  A s  r e g a r d s  s t a g e  ( 4 . 2 ) 2  o f  a l g o r i t h m  ( 4 . 2 1 ,  
t h i s  c a n  a l so  b e  per formed v e r y  r a p i d l y  s i n c e  it decomposes t r i a n g l e  

by t r i a n g l e .  

t 

t 

I t  i s  now a p p r o p r i a t e  t o  e x p l a i n  t h e  impor tance  o f  t h e  c h o i c e  o f  
t h e  i n n e r  p r o d u c t  a d o p t e d  i n  S e c t i o n  2 .  I n  f a c t ,  i n  t h e  augmented 
Lagrangian  dr 
A t  any r a t e ,  i t  w a s  under  such  an assumpt ion  t h a t  t h e  p r o o f s  i n  
C h a p t e r  I11 w e r e  performed.  However, i f  w e  t a k e  f o r  H t h e  ' n a t u r a l '  
i n n e r  p r o d u c t  on H: 

t h e  p e n a l t y  t e r m  i s  t h e  s q u a r e  o f  t h e  norm on H .  

( p , d  = p . 4  dx 1, 
t h e n  t h e  per formance  of a l g o r i t h m  ALG2 d e t e r i o r a t e s  s i g n i f i c a n t l y .  
I n  t h i s  case t h e  m a t r i x  w i l l  n o t ,  i n  f a c t ,  b e  t h e  m a t r i x  o f  
t h e  u n d e r l y i n g  e l a s t i c  problem, b u t  t h a t  o f  an e l a s t i c  problem w i t h  
d i f f e r e n t  c o e f f i c i e n t s ,  which d o e s  n o t  b e a r  such  a close r e l a t i o n  t o  

BtSB 
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the (nonlinear) problem being treated. The same applies also for 

the gradient algorithm with auxiliary operator. 

We cannot over-emphasise for such problems the importance of the 

imev ' p ~ b h m t  ~3 the >Pam on whit\ w~ are wX!xin> - thiak is , < -  thy 
vocabulary of the gradient method, of choosing a good auxiliary 

operator or, in the vocabulary of the conjugate-gradient method, of 
choosing a good 'preconditioning'. This concept is also important 

for the penalisation-duality algorithms: the choice of the penalty 

term is at our disposal and it is necessary to take the one closest 

to the nonlinear problem being considered, as has already been pointed 

out in Chapter V. 



C H A P T E R  V I I  

A P P L I C A T I O N  T O  T H E  N U M E R I C A L  S O L U T I O N  O F  T H E  

T W O - D I M E N S I O N A L  F L O W  OF I N C O M P R E S S I B L E  V I S C O P L A S T I C  F L U I D S  

D .  B e g i s ,  R.  G l o w i n s k i  

1. GENERAL NOTES. SYNOPSIS 

The p r e s e n t  c h a p t e r  i s  based  l a r g e l y  on BEGIS C21 and GLOWINSKI- 
LIONS-TREMOLIERES C2 , Appendix 61. It ex tends  Sec t ion  6 . 1  of 
Chapter V r e l a t i n g  t o  t h e  flow of  a Bingham f l u i d  i n  a c y l i n d r i c a l  
duc t .  Here we s h a l l  be cons ide r ing  t h e  much more complicated pro- 
blem of t h e  unsteady flow of  a f l u i d  of t h e  above t y p e  i n  a bounded 
two-dimensional c a v i t y .  W e  s h a l l  see t h a t  t h e  i n t r o d u c t i o n  of a 
s t ream f u n c t i o n  enab le s  t h e  problem cons idered  t o  be reduced t o  a 
p a r a b o l i c  v a r i a t i o n a l  i n e q u a l i t y  of o r d e r  4 w i t h  r e s p e c t  t o  t h e  space 

v a r i a b l e s .  W e  s h a l l  then  examine t h e  approximation of t h e  above 
problem by methods us ing  mixed  f i n i t e  e l e m e n t s  ( f o r  t h e  s p a t i a l  

a p p r o x i m a t i o n )  and f i n i t e  d i f f e r e n c e s  ( f o r  t h e  a p p r o x i m a t i o n  i n  t i m e ) .  

W e  s h a l l  then  show t h a t  t h e s e  approximate problems can be so lved  by 
t h e  augmented Lagrangian methods of  Chapter  111, t h e  a lgo r i thms  
the reby  ob ta ined  g e n e r a l i s i n g  those  of Chapter V ,  Sec t ion  6 . 1 ,  r e l a -  
t i n g  t o  t h e  f low of a Bingham f l u i d  i n  a c y l i n d r i c a l  duc t .  F i n a l l y ,  
w e  s h a l l  p r e s e n t  some numerical  r e s u l t s  ob ta ined  by t h e  above methods, 
and t h i s  w i l l  demonstrate some of  t h e  p r o p e r t i e s  of  Binqham f l u i d s .  

2 .  FORMULATION O F  BINGHAM FLOWS USING THE VELOCITY AND THE PRESSURE 

L e t  R be a bounded domain i n  IR2 wi th  r e g u l a r  boundary r .  With 

- v = {vl,v2} denot ing  an IR2-valued f u n c t i o n ,  w e  pu t  

233 
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w e  a s s o c i a t e  w i t h  z t h e  i nonempty )  a f f i n e  s p a c e  

I n  t h e  f o l l o w i n g  d i s c u s s i o n ,  w e  s h a l l  n e g l e c t  t h e  e f f e c t s  of 

i n e r t i a  ( a s s o c i a t e d  w i t h  t h e  t r i l i n e a r  form ( . , . , - )  of Chapter  11, 

S e c t i o n  4 . 1 ,  r e l a t i o n  ( 4 . 5 ) )  ; t h i s  l e a d s  us (see DUVAUT-LIONS C1, 

Chapter  V I 1 ) t o  model t h e  u n s t e a d y  f l o w  i n  R o f  a Binqham f l u i d  
s a t i s f y i n g  u = 5 on r ,  by 

( 2 . 9 )  

\ ~ ( 0 )  = y o €  H, _ f €  L 2 (0,T;VA). 

W e  reca l l  t h a t  i n  ( 2 . 9 )  

v i s  t h e  v i s c o s i t y  of t h e  f l u i d ,  
4 i s  t h e  t h r e s h o l d  of p l a s t i c i t y  ( y i e l d  s t r e s s )  

f i s  a d e n s i t y  of e x t e r n a Z  f o r c e s .  

DUVAUT-LIONS C 1 ,  Chapter  6 1  p r o v e s  ( f o r  z = 9 )  t h e  e x i s t e n c e  and 

1 

g : u n i t  normal v e c t o r  on r ,  p o i n t i n g  outwards  from R .  
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uniqueness  o f  a s o l u t i o n  o f  problem ( 2 . 9 ) ;  t h e  case # Q ,  w i t h  z 
s a t i s f y i n g  ( 2 . 7 ) ,  may b e  t r e a t e d  a n a l o g o u s l y .  

Remark 2 . 1 :  W e  have assumed i n  t h e  above t h a t  5 ( =  g l r )  i s  indepe-  
ndent  of t; t h e r e  a r e  n o  f u r t h e r  d i f f i c u l t i e s  i n  t r e a t i n g  t h i s  c a s e  
n u m e r i c a l l y  by t h e  methods t o  b e  d i s c u s s e d  s u b s e q u e n t l y .  

3. FORMULATION OF BINGHAM FLOWS USING A STREAM FUNCTION 

I n  t h i s  s e c t i o n  w e  s h a l l  a d o p t  t h e  f o l l o w i n g  t w o  s i m p l i f y i n g  
assumpt ions :  

(i) R i s  simply c o n n e c t e d  

(ii) I 2 = UI 

n o n e t h e l e s s  Remark 2 . 1  s t i l l  h o l d s  f o r  s i t u a t i o n s  i n  which (i) and/or  
(ii) a r e  n o t  s a t i s f i e d .  I f  w e  c o n f i n e  o u r  a t t e n t i o n  t o  two-d irnens ionaZ 

f l o w s ,  w e  can  e l i m i n a t e  t h e  c o n d i t i o n  7-s = 0 i n  a n a t u r a l  manner 
by i n t r o d u c i n g  a s t r e a m  f u n c t i o n  d e f i n e d  ( t o  w i t h i n  an a d d i t i v e  
c o n s t a n t )  by 

( 3 . 1 )  

The c o n d i t i o n  2 = Q on r i m p l i e s  

(3.2) JI = Const .  o n  r ,  

(3.3) - =  an o o n  r , 

W e  s h a l l  t a k e  li, = 0 on r ,  which f i x e s  t h e  c o n s t a n t  ment ioned  above. 

2 L e t  v_ E Vo ; w e  a s s o c i a t e  w i t h  v_ t h e  f u n c t i o n  @ E H o ( R )  d e f i n e d  
u n i q u e l y  by 

(3.4) 

W e  r eca l l  t h a t  
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I n  view o f  ( 3 . 1 ) ,  ( 3 . 4 )  w e  can r e d u c e  ( 2 . 9 )  t o  t h e  f o l l o w i n g  p a r a -  

b o l i c  v a r i a t i o n a l  i n e q u a Z i t y  ( o f  o r d e r  4 w i t h  r e s p e c t  t o  t h e  s p a c e  
v a r i a b l e s )  : 

/ ~ i n d  ii, E L 2 (O,T;Ho(R)) 2 n Lm(O,T;Hb(Q)) such  t h a t  

(3.7) 

where 

(3.9) 

Remark 3.1:  I n  f a c t  w e  have 

2 (3.10) i(@, , @ 2 )  = j t @ 1 A @ 2  dx W l  A2 E Ho(W . 

I n  t h e  f o l l o w i n g  w e  s h a l l  b e  u s i n g  ( 3 . 8 )  and (3.10) s i m u l t a n e o u s l y .  

a f 2  a f ,  

ax, ax2 
* I f ,  i n  ( 2 . 9 ) ,  ( f , v )  = \,fv dx t h e n  = - - - . 
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4. APPROXIMATION OF THE STEADY-STATE PROBLEM 

4.1 Synopsis. Formulation of the steady-state problem 

Before approximating ( 3 . 7 )  - by means of a mixed finite-element 
method - we shall first study the approximation of the corresponding 
steady-state problem, i.e. the following elliptic variational in- 

equality of order 4: ( 3 )  

where a(*,-) and j(.) are defined by (3.8), (3.9); we note that 

( 4 . 1 )  is equivalent to the rninimisation problem 

where, in ( 4 . 2 ) ,  we have 

We shall assume in the following that f E H-'(n); 

would be no difficulty in treating the case in which 

in fact there 

( f , $ )  = i,f A$ dx V-$ E H:(Q) ; f E L 2 ( n ) .  

Since the bilinear form a(-,.) is H:(O)-eZZiptic (i.e. coercive), 
2 

and the functional j(.) is convex and continuous on H o ( R ) ,  with 

4 + (f,@)Zinear and continuous, then it is a classical result (see, 

for example, LIONS 113) that (4 .11 ,  (4 .2 )  admits a unique s o l u t i o n .  

4.2 Approximation of ( 4 . 1 ) ,  (4.2) by a mixed finite-element 
method 

We shall approximate ( 4 . 1 ) ,  (4.2) here by a mixed finite-element 

method suggested by MIYOSHI C11. The objective is to reduce the 

approximation to that of a problem in which we only have to perform 

the discretisation of H ( a )  and L ( a )  instead of discretising H ( a )  1 2 2 

3 

We shall henceforth omit the symbol - .  
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which i s  a much more c o m p l i c a t e d  t a s k .  To d o  t h i s ,  w e  f i r s t  
i n t r o d u c e  a weakened v a r i a t i o n a l  f o r m u l a t i o n  o f  o u r  problem. The 
new v a r i a t i o n a l  problem t h u s  o b t a i n e d  p o s s e s s e s  a unique  s o l u t i o n  
which c o i n c i d e s  w i t h  t h a t  of (4.1), ( 4 . 2 )  under  f a i r l y  u n r e s t r i c t i v e  
c o n d i t i o n s .  F o r  a g e n e r a l  p r e s e n t a t i o n  of  t h i s  approach ,  t h e  r e a d e r  
may r e f e r  t o  GIRAULT-RAVIART [ll. 

2 Thus, suppose  I$ E H o ( Q )  and p u t  f o r  1 5 i , j  5 2 ,  

( 4 . 4 )  

1 W e  t h e n  have ,  f o r  a l l  v E H ( a ) ,  

( 4 . 5 )  

s a t i s f y  ( 4 . 5 )  t h e n  1 Converse ly  i f  I$ E H o ( Q )  

$ E H o ( Q )  and z and q? are r e l a t e d  by ( 4 . 4 ) .  Thus w r i t i n g  
and z = {zi j}15i , j52 2 

( 4 . 6 )  

where w e  have a,B E 10,lC w i t h  c1 + B = 1, t h e n  

and p u t t i n g  

t h i s  l e a d s  u s  t o  r e p l a c e  problem (4.1), ( 4 . 2 )  by t h e  f o l l o w i n g  problem: 

T h i s  problem, which i s  e q u i v a l e n t  t o  t h e  i n i t i a l  p roblem,  o f f e r s  a 
c o n s i d e r a b l e  advantage  as f a r  as  t h e  d i s c r e t i s a t i o n  i s  concerned ,  
s i n c e  it r e q u i r e s  o n l y  t h e  a p p r o x i m a t i o n  o f  t h e  s p a c e s  H (Q) and 

L2 (Q) . 
( 4 . 4 ) .  

1 

The d i s c r e t e  v a r i a b l e s  are t h e n  r e l a t e d  by a weak form o f  
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W e  s h a l l  assume i n  t h e  f o l l o w i n g  t h a t  Cl i s  a convex polygon i n  
IR2 ; l e t  {Zhlh b e  a s t a n d a r d  f a m i l y  of t r i a n g u l a t i o n s  o f  R . W e  
t h e n  p u t  

Vh = {V h E C o ( E ) ,  v h l K E P k  V K E V h }  , 
1 voh = Ivh vh, = o on r l=  Vh n H o ( n ) ,  i h 

( 4 . 1 0 )  

a$h aVh wh avh 

(q 7 + 
) d x  = 0 Vvhc Vh, 1 5  i , j  5 2 )  . 

1 2 
xj xi 

I t  may be  n o t e d  t h a t  t h e  a p p r o x i m a t i o n s  o f  H (Q) and L (a )  are per -  
formed h e r e  u s i n g  t h e  same s p a c e  o f  f i n i t e  e lements .  T h i s  p r o c e d u r e  
i s  w e l l  a d a p t e d  t o  t h e  p r e s e n t  s i t u a t i o n ,  b u t  it i s  n o t  t h e  o n l y  
means p o s s i b l e .  F i n a l l y  t h e  approximate  problem w i l l  o b v i o u s l y  be:  

T o  c o n c l u d e ,  we  n o t e  t h a t  t h e  f a c t  t h a t  w e  a r e  u s i n g  

a s  an a u x i l i a r y  v a r i a b l e  means t h a t  t h e  p rocess  i s  - a 2 $  
'ij - axiax 

j 
p a r t i c u l a r l y  w e l l  a d a p t e d  t o  t h e  t r e a t m e n t  o f  t h e  n o n d i f f e r e n t i a b l e  
t e r m  a p p e a r i n g  i n  t h e  f u n c t i o n a l  t o  be  minimised;  it i s  f o r  t h i s  
r e a s o n  a l so  t h a t  t h e  above mixed method h a s  been  chosen .  

4.3 S o l v a b i l i t y  of problem ( 4 . 1 1 )  

The f o l l o w i n g  theorem i s  proved  i n  GLOWINSKI-LIONS-TREMOLIERES C2, 
Appendix 6 ,  S e c t i o n  4.4.31: 

THEOREM 4 . 1 :  T h e  a p p r o x i m a t e  prob lem ( 4 . 1 1 )  a d m i t s  one  and o n l y  

one s o l u t i o n .  

The s o l u t i o n  o f  ( 4 . 1 1 )  by a l g o r i t h m s  o f  t h e  ALGl o r  ALG2 t y p e  w i l l  
form t h e  s u b j e c t  of S e c t i o n  6 l a t e r  i n  t h e  p r e s e n t  c h a p t e r .  

4 . 4  Convergence of t h e  approximate  s o l u t i o n s  

W e  s h a l l  res t r ic t  o u r  a t t e n t i o n  t o  t h e  cases k = 1, 2 (see Remark 
4 . 1  below fo r  k 2 3 ) ;  c o n c e r n i n g  t h e  convergence  o f  t h e  approximate 
s o l u t i o n s  when h + 0, w e  have :  
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THEOREM 4.2: Suppose t h a t  when h + 0 t h e  a n g l e s  o f  ‘Eh remain  

bounded be low ,  u n i f o r m l y  i n  h, by go 

c o n d i t i o n  

0 ;  s u p p o s e  a l s o  t h a t  t h e  

Max h ( K )  

( 4 . 1 2 )  
K E C h  

Min h(K) 5‘1  
V % , 7  i n d e p e n d e n t  o f  h, 

(where h(K) = l e n g t h  o f  t h e  l o n g e s t  s i d e  o f  KI i s  s a t i s f i e d .  We 

t h e n  have 

( 4 . 1 3 )  lim {$h,sh~ = { ~ l , s ~  s t r o n g l y  i n  ~ ~ ( n )  I x ( ~ ~ ( n ) ) ~ ,  
k t 0  

where {$h,sh} i s  t h e  s o l u t i o n  of t h e  a p p r o x i m a t e  p r o b l e m  (4.11), $ 

i s  t h a t  o f  t h e  c o n t i n u o u s  p r o b l e m  (4.1), (4.2) and where 
a * $  

axiax 
j 

w i t h  s . .  = ~ 

{si j’lsi, j 22 1 7  
s =  

We refer the reader to GLOWINSKI-LIONS-TREMOLIERES c2, Appendix 6, 

Section 4.4.41 for the proof of Theorem 4.2. 

Remark 4.1: We have assumed above that k = 1, 2; in fact, 

similar convergence results could be obtained for approximations 

based on finite elements of order k 2 3 ,  but given the l i m i t e d  r e g -  

u l a r i t y  of the solutions ($  ,d H (n) X Ho(Q) in general) the use of 

elements of such a high order is not justified. 

4 2 

4.5 Approximation using numerical integration 

From a practical point of view it is necessary to use a numerical 

integration procedure in order to approximate the functional J(*,*) 

in (4.9), (4.11); we shall restrict our attention to the case 

k = 1. Let Ch denote the set of the vertices of Bh; we 

approximate ?on Vh the inner product induced by L2 ( a )  , i.e. 

where, in (4.14), m ( P )  is the sum of the areas of the triangles which 
have P as a common vertex. In view of (4.14) we shall in fact use 

in (4.11) the functional Jh(-,-) defined (if k = 1) by 
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where fh is an approximation of f. Similarly, instead of using 

Wh defined by ( 4 . 8 ) ,  we shall, if k = 1, use Wh defined by 

Using the relations ( 4 . 1 6 )  it is easy to express z.. (P), YP E Ch 

explicitly as a function of the values taken by Qh on Ch; in 

fact the matrix associated with the discrete inner product (*,*)h 

Vh is diagonal. 

to eliminate the variable zh; 

further details. 

llh 

in 

In the numerical solution, it is therefore possible 

we refer the reader to BEGIS C21 fp-  

5. APPROXIMATION OF THE EVOLUTION PROBLEM (3.7) 

5.1 Semi-discretisation with respect to time 

Let k = At ( >  0) denote one step in the time discretisation; we 

then approximate (3.7) by the following impZicit scheme (where 

$n 2 $(nk) and where the - have been omitted) : 

/ f o r  $" known, determine Qn+l b y  solving 

(5.1) 

The use of the above semi-discrete scheme has thus enabled us to 

reduce the solution of the evolution problem (3.7) to that of a 

sequence of elliptic variational inequalities, equivalent to the 
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following sequence of minimisation problems (with n 2 0): 

Find $n+l E Ht(a) such that 

(5  2) 
I k  J"+' ($"+I) 5 JE+l (@) W$ E Ht(0) 

where 

The discretisation of ( 5 . 2 ) ,  ( 5 . 3 )  by the mixed finite-element method 

of Section 4 is treated in Section 5.2 below. 

5.2 Complete discretisation of (3.7) 

The notation is the same as that in Section 4.2; we approximate 

$O = j l 0  by $: E Voh and the semi-discrete scheme (5.1) by the follow- 

ing: 

With the function $: E voh known, obtain 
f o r  n = O l l l .  .., the minimisation problem 

~ $ ~ + l , s ~ + l }  b y  solving, 

where ( j ( . )  still defined by (4.7)): 

It can easily be shown that problem ( 5 . 4 ) ,  ( 5 . 5 )  admits a unique 
solution; furthermore, the comments in Section 4.5 concerning the 

use of numerical integration are still valid for problem ( 5 . 4 ) ,  (5.5). 

With regard to the convergence, as h, k + 0, of the above approximate 

solutions to the solution of problem ( 3 . 7 ) ,  we refer the reader to 
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GLOWINSKI-LIONS-TREMOLIERES [21.  

6 .  SOLUTION OF ( 4 . 1 )  ( 5.2)  BY AUGMENTED-LAGRANGIAN METHODS 

6 . 1  S y n o p s i s  

I n  t h i s  s e c t i o n  w e  s h a l l  show t h a t  it i s  p o s s i b l e  t o  s o l v e  t h e  
steady state problem ( 4 . 1 ) ,  o r  t h e  sequence  o f  problems (5.2)  (ob- 
t a i n e d  by t h e  semi-discretisation in time o f  problem ( 3 . 9 ) ) ,  by 
means o f  augmented Laqranqian  methods which f a l l  w i t h i n  t h e  g e n e r a l  
framework d e f i n e d  i n  Chapter  111. W e  s h a l l  c o n f i n e  o u r  a t t e n t i o n  
t o  t h e  case which i s  continuous with respect to the space variables, 
b u t  t h e  q e n e r a l i s a t i o n  t o  problems which are  approximate  i n  space  
and t i m e  d o e s  n o t  p r e s e n t  any p a r t i c u l a r  d i f f i c u l t y  ( a p a r t  from t h e  
f a c t  t h a t  t h e  formal i sm which h a s  t o  b e  c o n s t r u c t e d  i s  e x t r e m e l y  
cumbersome). 

6.2 The model problem. I n t r o d u c t i o n  o f  an auqmented Lagranqian  

Problems ( 4 . 1 )  and ( 5 . 2 )  l e a d  us  t o  c o n s i d e r  t h e  m i n i m i s a t i o n  pro-  

blem 
2 1 Find $ c H o ( R )  such that 

w i t h  

and y 2 0 (y = 0 f o r  t h e  s t e a d y - s t a t e  problem, y = l/k i f  (6 .1)  
a r i s e s  f rom problem ( 5 . 2 ) ) .  The p r i n c i p a l  d i f f i c u l t y  i n  t h e  s o l u t i o n  
of  ( 6 . 1 ) ,  ( 6 . 2 )  a r i s e s  f rom t h e  nondifferentiable f u n c t i o n a l  

T o  g e t  round t h i s  d i f f i c u l t y  (as  w e l l  as  t o  s i m p l i f y  t h e  d i s c r e t i s a t -  
i o n  o f  t h e  problem) w e  s h a l l  a d o p t  t h e  framework o f  S e c t i o n  ( 4 . 2 )  and 
c o n s i d e r  a mixed v a r i a t i o n a l  f o r m u l a t i o n  of problem ( 6 . 1 ) ,  ( 6 . 2 ) .  
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With j ( - )  s t i l l  d e f i n e d  by ( 4 . 7 )  w e  a g a i n  p u t  

+ g j ( z )  - (f,@), 

so t h a t  it i s  c l e a r  t h a t  ( 6 . 1 )  , ( 6 . 2 )  can  be  w r i t t e n  

I n  o r d e r  t o  a d a p t  t h e  g e n e r a l  method of Chapter  I11 t o  t h i s  case, 
it i s  n a t u r a l  t o  i n t r o d u c e  h e r e  a supplementary  v a r i a b l e  
q = {qiIiTl E ( L 2 ( n ) ) 2  r e l a t e d  t o  2 

z by t h e  l i n e a r  e q u a t i o n s  

I t  i s  t h i s  c o n s t r a i n t ( 6 . 4 )  t h a t  w e  s h a l l  be t r e a t i n g  by p e n a l i s a -  

t i o n  and d u a l i t y ,  v i a  t h e  i n t r o d u c t i o n  of an a u g m e n t e d  L a g r a n g i a n .  

S o  as t o  a l l o w  t h e  n o t a t i o n  of Chapter  I11 t o  b e  used  h e r e ,  w e  p u t :  

W e  t h e n  d e f i n e  f o r  r > 0,  { @ , z }  t v, q E H I  u E H t h e  augmented 
Laqrangian  dr: V x H x H -+ JR by 

The s o l u t i o n  o f  problem ( 6 . 1 )  , (6 .2)  t h e n  r e d u c e s  t o  s e e k i n g  a 
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saddle point of dr on V x H x H .  We could also have considered in 

the above the decomposition associated with 1 F(q) = T BV 1,Iql' dx + pi, 191 dx, 

In the following sections we- shall have to  solve problems correspond- 

ing to the minimisation of &, on V, z and 1-1 being fixed. This 

minimisation leads to solving a linear mixed problem in $ , z .  The 

remarks made earlier relating to the discretisation and the use of 

numerical integration still apply, and we can consider the solution 

of such a problem as being standard. 

6 . 3  Application of ALGl to seekinq a saddle point of dr 

In view of Section 6.2, it is natural to solve problem (6.11, (6.2) 

by using algorithm ALGl of Chapter 111; we then obtain the following: 

7 2  
(6.7) xo 6 H = ( ~ - ( n ) )  given, 

then, for n 2 0, An E H being known,  determine {IJIn,sn} E V and 

pn t H then An+' b y  

( tIJI",s"> E v ,  pn E H, 

In view of the convergence results established in Chapter 111, 

Section 4, we have: 

THEOREM 6.1: Suppose that dr admits a Saddle point {{$,sl,p,A} 

on V XH XH; then if 

(6.10) O <  P <  2r, 

we have f o r  all A o  E H 

2 2  (6.12) lim P" = p strongly in (L (n)) , 
n- 



246 2-D FLOW OF VISCOPLASTIC FLUIDS (CHAP. 7 )  

(6.13) lim An = A" w e a k l y  i n  (~'(n))', 
n- 

It is clear that, once again, the essential difficulty with this 

approach lies in the fact that system (6.8) has to be solved at each 

iteration; 

solved by a block over-relaxation method like that described in 

Chapter 111, Section 3.2. A s  far as the choice of p is concerned, 

numerical experiments indicate once again that the optimal value lies 

close to p = r. 

in view of the structure of 4, this problem can be 

6.4 On variants of algorithm (6.6) - (6.8) 

The first of these variants is algorithm ALG2 which has already 

been studied in some detail in Chapter I11 and used extensively in 

Chapters IV, V and VI. In the case under consideration here, we 

obtain the following: 

( 6 . 1 4 )  {$-I ,s-'~ E V ,  A O  c H a r e  g i v e n ,  

t h e n ,  f o r  n t 0, {$n-l, sn-'1 E V, An c H b e i n g  known,  we d e t e r m i n e  

pn,{$",s"? and An+' s u c c e s s i v e l y  b y  

(6.15) 

(6.16) 

( 6 . 1 7 )  

It follows from Chapter I11 that the convergence results of 

Theorem 6.1 still hold if instead of (6.10) we have 

I + &  r ,  o < p < -  
2 

(6.18) 
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W e  s h a l l  see t h a t  t h e  s o l u t i o n  o f  (6 .15)  and (6 .16 )  does  n o t  pose  

any d i f f i c u l t i e s ;  problem ( 6 . 1 6 )  i s  i n  f a c t  a problem o f  Linear b i -  

harmonic t y p e  w r i t t e n  i n  mixed f o r m u l a t i o n ,  as  f o l l o w s :  

Find {$",sn} E W s u c h  t h a t  / 

(6.19) 

T h i s  problem a d m i t s  one and o n l y  one s o l u t i o n .  As r e g a r d s  (6.151, 

it can  e a s i l y  be  shown t h a t  t h i s  problem a d m i t s  a unique  s o l u t i o n  
g i v e n  e x p l i c i t l y  by 

1 +x" 
(6.20) p" = 7 clx"l-g, 

Ix"l ' 

where Xn = {Xy, X;} i s  d e f i n e d  by 

X" = A" + 2rs?;l, 

X" = A" * r(s"-l 
(6.22) 2 2  22 - 1 1  ) *  

I 1  (6.21) 

n-' 

and where 1x1 = 

Once a g a i n  t h e  o p t i m a l  c h o i c e  f o r  p a p p e a r s  t o  l i e  close t o  
p = r;  t h e  o p t i m a l  c h o i c e  o f  r i s  a much more c o m p l i c a t e d  problem 
s i n c e  t h i s  o p t i m a l  v a l u e  a p p e a r s  t o  depend on v and g ;  nonethe-  

less,  t h e  comments made i n  Remark 6 . 1  i n  C h a p t e r  V ,  S e c t i o n  6 . 1 . 2 ,  
a g a i n  h o l d  f o r  t h e  p r e s e n t  problem. 

T o  c o n c l u d e  t h i s  s e c t i o n  on v a r i a n t s  o f  ALGl, w e  s h o u l d  mention 
t h e  f o l l o w i n g  v a r i a n t  due t o  GABAY Cll, which w e  have a l r e a d y  m e t  i n  
C h a p t e r  I V .  W e  s h a l l  r e t u r n  i n  Chapter  I X  t o  t h e  p r o p e r t i e s  of  t h i s  
a l g o r i t h m  which w e  s h a l l  r e f e r  t o  a s s :  

W i t h  (6.141, (6.15) a s  b e f o r e ,  d e t e r m i n e  b y  
An+1/2 
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then {Jln,sn} E V by 

ar.d f i n a l l y  b y  

(6.25) in+' = + p(B{$",s"}-p"). 

It may be noted that in the above algorithm the variables { $ , z }  

and q play a symmetric role; this was not the case in ALG2, where 

the order chosen is governed by considerations of ellipticity, for 

the details of which we refer the reader to Chapter 111. 

Section 7 below gives the results of a number of numerical experi- 

ments in which the above algorithms (actually, finite-dimensional 

variants of these) have been applied to the solution of problems (3.7) 

and (4.1). 

7. NUMERICAL EXPERIMENTS 

In this section we shall describe some of the numerical results ob- 

tained by BEGIS C21 using the methods of approximation by finite 
elements, and of iterative solution by augmented Laqrangian, of the 

preceding sections. 

7.1 Formulation of the test problem 

Let R = lO,lCxlO,l~ ; we consider a family of Binqham flows for 

which (using the notation of Section 2) we have 

(7.1) v = 1 ,  

( 7  * 2) ,f = _o, 
: I r  = b = {bl,b21with b2 = 0 on r ,  
bl ( 0 , ~ ~ )  = b l  ( I  , x 2 )  = 0 

bl(xI,l) = 0 

e x 2  E 10,1[, 

Vxl E 10,1[ , bl(xl,O) = 1 VxlE 10,lC. 

( 7 . 3 )  

We are thus dealing with problems which can be classed as flow in a 

cavity with a sliding w a l l ;  we note that lr  5 . g  dI' = 0, but that 
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7 . 2  Numerical  r e s u l t s  

D e t a i l s  of t h e  p r a c t i c a l  implementa t ion  o f  t h e  methods of approxima- 
t i o n  and i t e r a t ive  s o l u t i o n  d e s c r i b e d  i n  t h e  p r e v i o u s  s e c t i o n s  may be  
found i n  BEGIS C21. 

S t e a d y - S t a t e  C a s e s :  F o r  v a r i o u s  v a l u e s  o f  g ,  w e  have shown i n  

F i g u r e s  7 . 1  t o  7 . 5  t h e  r i g i d  r e g i o n s  (shown h a t c h e d )  and t h e  v i s c o -  
p l a s t i c  r e g i o n s  ( i n  w h i t e ) ,  as w e l l  as t h e  s t r e a m l i n e s  ( t h e s e  a r i  t h e  
e q u i p o t e n t i a l s  o f  I$ ) ;  w e  o b s e r v e  t h a t  t h e  zones o f  r i g i d i t y  i n c r -  
ease w i t h  g ( t h e  asymmetr ies  which can  be  s e e n  a r e  due t o  t h e  asym- 
metries o f  t h e  t r i a n g u l a t i o n  employed) .  

U n s t e a d y  C a s e s :  For  v a r i o u s  v a l u e s  o f  g ,  w e  have c o n s i d e r e d  t h e  
case i n  which t h e  ma te r i a l  f i l l i n g  t h e  c a v i t y  Q i s  i n i t i a l l y  a t  rest 
( s o  u(x,O) = 0 
t h e  s l i d i n g  ( d e f i n e d  by ( 7 . 3 ) )  o f  t h e  lower w a l l  o f  R. When t h e  
s t e a d y  s ta te  h a s  been a t t a i n e d  ( t o  w i t h i n  a c e r t a i n  p r e c i s i o n ) ,  t h e  
motion of  t h e  lower  w a l l  i s  a r r e s t e d ,  w i t h  t h e  aim o f  o b s e r v i n g  t h e  
r e t u r n  t o  t h e  i n i t i a l  s t a t e  u = 0 ( i . e .  I$ = 0)  i n  R .  

Y x e n  6 +(x,O) = 0 Y x E ~ ) ,  and i s  t h e n  s e t  i n  motion by 

I I  

F o r  v a r i o u s  v a l u e s  o f  g ( i n c l u d i n g  g = 0) w e  have shown i n  
F i g u r e  1.6 t h e  b e h a v i o u r  o f  

i t  may be  n o t e d  t h a t  f o r  g > 0 t h e  r i g i d  s t a t e  i s  a t t a i n e d  i n  a 

f i n i t e  t i m e  which grows p r o g r e s s i v e l y  smaller as g becomes l a r g e r ;  
t h i s  a c c o r d s  w i t h  p h y s i c a l  i n t u i t i o n  and can be  j u s t i f i e d  t h e o r e t i c -  
a l l y .  

Methods f o r  t h e  n u m e r i c a l  s i m u l a t i o n  o f  t h e  two-dimensional  f low 

of Bingham f l u i d s  may b e  found i n  FORTIN C21, BEGIS C11, t h e s e  b e i n g  
b a s e d  on d i f f e r e n t  p r i n c i p l e s  ( i n c l u d i n g  t h e  d i r e c t  u s e  o f  t h e  
v e l o c i t y - p r e s s u r e  f o r m u l a t i o n  of S e c t i o n  2 ) ;  numerous n u m e r i c a l  
r e s u l t s  are  a l so  g i v e n  i n  t h e s e  r e f e r e n c e s ,  which are i n  agreement  
w i t h  t h o s e  p r e s e n t e d  h e r e  (see a l s o  Chapter  V I  o f  GLOWINSKI-LIONS- 
TREMOLIEFES Cll, C 2 l ) .  
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B I N G H A M  F L U I D  
PARAMETERS : 

Threshold  of p l a s t i c i t y  0 .5  

E x t e r n a l  force: f l ( x 1 , x 2 , t )  =O.O , f 2 ( x 1 , x 2 , t ) = 8 . 0  
V i s c o s i t y  1.0 

BOUNDARY C O N D I T I O N S :  
N o r m a l  c o m p o n e n t  of v e l o c i t y  0.0 
T a n g e n t i a l  c o m p o n e n t  of v e l o c i t y  0.0 a t  %=O, 1;5=l 

1.0 a t  x = O  I N I T I A L  C O N D I T I O N :  2 
I n i t i a l  v e l o c i t y  0.0 

S T E A D Y  S T A T E  

M a x .  va lue  of s t r e a m  f u n c t i o n  0 . 9 2 8 E - 1  
V a l u e  of s t r e a m  func t ion  on l i n e  1 0.510E-3 
D i f f e r e n c e  b e t w e e n  successive l i n e s  0 . 1 0 0 E - 1  

l l l l i l  R i g i d  zones 
L A B O R I A  D . B E G I S  
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BINGHAM F L U I D  
PARAMETERS : 

T h r e s h o l d  of p l a s t i c i t y  
V i s c o s i t y  
E x t e r n a l  force:  f l ( x 1 , x 2 , t )  = O . O ,  

N o r m a l  c o m p o n e n t  of v e l o c i t y  
T a n g e n t i a l  c o m p o n e n t  of v e l o c i t y  

BOUNDARY C O N D I T I O N S :  

I N I T I A L  CONDITION:  

I n i t i a l  v e l o c i t y  

STEADY STATE 

1.0 
1.0 
f 2 ( x 1 , x 2 , t )  =o .o  

0.0 
0.0 a t  y = O ,  l;? =1 
1.0 a t  x2=0 

0.0 

M a x .  va lue  of stream f u n c t i o n  0 . 8 6 4 3 - 1  
V a l u e  of stream f u n c t i o n  on l i n e  1 0 . 5 1 0 E - 3  
D i f f e r e n c e  between successive l i n e s  0 . 1 0 0 E - 1  

I I I / I /  R i g i d  zones 
LABORIA D. B E G I S  

F igure  7 . 2  ( g  = 1) 
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BINGHAM F L U I D  

PARAMETERS : 
T h r e s h o l d  of p l a s t i c i t y  
V i s c o s i t y  
E x t e r n a l  force: f l ( x 1 , x 2 , t )  = O . O ,  

N o r m a l  c o m p o n e n t  of Ve loc i ty  
T a n g e n t i a l  c o m p o n e n t  of V e l o c i t y  

BOUNDARY C O N D I T I O N S  : 

I N I T I A L  CONDITION:  

I n i t i a l  v e l o c i t y  

2 . 5  
1.0 
f * ( x 1 , x 2 , t )  =o .o  

0.0 
0.0 a t  y = O ,  l;3 =1 
1.0 a t  3 ' 0  

0.0 

STEADY STATE 

0 . 7 3 7 E - 1  M a x .  value of s t r e a m  f u n c t i o n  
Value of s t r e a m  f u n c t i o n  on l i n e  1 0 . 5 1 0 E - 3  
D i f f e r e n c e  b e t w e e n  successive l i n e s  0.100E-1 

LABORIA D. B E G I S  
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BINGHAM F L U I D  
PARAMETERS : 

T h r e s h o l d  of p l a s t i c i t y  5 .0  

E x t e r n a l  force: f l ( x 1 , x 2 , t )  = O . O ,  f 2 ( x 1 , x 2 , t )  = O . O  
V i s c o s i t y  1.0 

BOUNDARY C O N D I T I O N S  : 

N o r m a l  c o m p o n e n t  of v e l o c i t y  0.0 
T a n g e n t i a l  c o m p o n e n t  of v e l o c i t y  0.0 a t  %=O, 1;3='l 

1.0 at 3 ' 0  

I N I T I A L  C O N D I T I O N :  

I n i t i a l  v e l o c i t y  0.0 

STEADY STATE 

M a x .  va lue  of s t r e a m  func t ion  0 . 6 1 6 E - 1  
V a l u e  of s t r e a m  f u n c t i o n  on l i n e  1 0 . 5 1 0 E - 3  
D i f f e r e n c e  b e t w e e n  successive l i n e s  0 . 1 0 0 E - 1  

l l l l i l  R i g i d  zones 
LABORIA D. B E G I S  
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BINGHAM F L U I D  

PARAMETERS : 

T h r e s h o l d  of p l a s t i c i t y  10.0 
V i s c o s i t y  1.0 
E x t e r n a l  force: f l ( x 1 , x 2 , t )  = O . O ,  f 2 ( x 1 , x 2 , t )  =O.O 

BOUNDARY C O N D I T I O N S :  

N o r m a l  c o m p o n e n t  of v e l o c i t y  0.0 
T a n g e n t i a l  c o m p o n e n t  of v e l o c i t y  0.0 a t  x =0, l;%=l 

1.0 a t x 2 = 0  1 

I N I T I A L  C O N D I T I O N :  

I n i t i a l  v e l o c i t y  0.0 

STEADY S T A T E  

Max. va lue  of s t r e a m  f u n c t i o n  0 . 5 0 0 E - 1  
V a l u e  of stream f u n c t i o n  on l i n e  1 0 . 5 0 0 E - 3  
D i f f e r e n c e  b e t w e e n  successive l i n e s  0 . 1 0 0 E - 1  

l l l l l i  R i g i d  z o n e s  
LABORIA D . B E G I S  
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C H A P T E R  V I I I  

A P P L I C A T I O N  TO T H E  S O L U T I O N  OF F I N I T E  

N O N L I N E A R  E L A S T I C I T Y  P R O B L E M S  

J . F .  B o u r g a t ,  R .  G l o w i n s k i ,  P .  Le T a l l e c  

1. GENERAL NOTES. SYNOPSIS 

The aim o f  t h i s  chap te r  i s  t o  show t h a t  t h e  gene ra l  p r i n c i p l e s  of 
d e c o m p o s i t i o n - c o o r d i n a t i o n  s t u d i e d  i n  Chapter I11 have a range of 
a p p l i c a t i o n  cons iderably  wider than  t h a t  cons idered  i n  Chapter 111, 

which a rose  from Convex A n a l y s i s  and Monotone O p e r a t o r s ;  i n  f a c t ,  
w e  s h a l l  show i n  t h i s  chap te r  t h a t  t h e s e  p r i n c i p l e s  and t h e  a s soc ia t ed  
a lgor i thms w i l l  l e ad  t o  t h e  development of i t e r a t i v e  methods, s t i l l  
r e l a t e d  t o  ALG1,  ALG2 (and poss ib ly  A L G 3 ) ,  which a r e  extremely 
e f f i c i e n t  f o r  so lv ing  non-convem v a r i a t i o n a l  p rob lems  a r i s i n g  from 
N o n l i n e a r  E l a s t i c i t y ,  i n  which t h e  d i s p l a c e m e n t s  and/or t h e  s t r a i n s  

a r e  l a r g e  r e l a t i v e  t o  t h e  more usua l  con tex t  of Linear  E l a s t i c i t y ,  
where they  a r e  assumed t o  be ' ve ry  s m a l l ' :  t h i s  f i n i t e  cha rac t e r  of 
t h e  d isp lacements  and/or t h e  s t r a i n s  j u s t i f i e s  t h e  t i t l e  of t h e  pres- 
e n t  c h a p t e r  which must n e c e s s a r i l y  be cons idered  a s  merely an i n t r o -  
duc t ion  t o  a v a s t  and d i f f i c u l t  s u b j e c t  which i s  a s  y e t  s t i l l  r e l a t i -  
ve ly  undeveloped i n  t e r m s  o f  numerical  methodology. 

The p r i n c i p l e s  and methods mentioned above w i l l  be app l i ed  t o  t h e  
s o l u t i o n  of two types  of problem a r i s i n g  from F i n i t e  N o n l i n e a r  E l a s t -  

i c i t y ;  namely: 

( i) I n  Sec t ion  3 ,  t h e  l a r g e - d i s p l a c e m e n t  c a l c u l a t i o n  of equ i l ib r ium 

conf igu ra t ions  f o r  a c l a s s  of i n e x t e n s i b l e  and f l e x i b l e  p i p e l i n e s .  

(ii) I n  Sec t ion  4 ,  t h e  mechanical behaviour of i n c o m p r e s s i b l e ,  e l a s t i c  

m a t e r i a l s  of Mooney-Rivlin type .  

The r e s u l t s  of numerical  experiments w i l l  be p re sen ted  and d iscussed  
f o r  both t h e  above cases .  

Although t h e  methods used have t h e i r  formal o r i g i n  i n  Chapter 111, 

2 5 1  
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it seems d e s i r a b l e  t o  r e p e a t  ( w i t h o u t  p r o o f )  t h e  e s s e n t i a l  p o i n t s  

r e l a t i n g  t o  t h e  p r i n c i p l e s  and methods o f  C h a p t e r  111, so a s  t o  

improve t h e  r e a d a b i l i t y  o f  t h e  p r e s e n t  c h a p t e r :  w e  do t h i s  i n  

S e c t i o n  2 ,  below. 

T o  conclude  t h i s  i n t r o d u c t i o n  w e  would l i k e  t o  p o i n t  o u t  t h e  f o l -  

lowing s e l e c t i o n  of  works i n  which v a r i o u s  a s p e c t s  of  t h e  above non- 

l i n e a r  e l a s t i c i t y  problems a r e  deve loped:  

BOURGAT-DUMAY-GLOWINSKI 111, GLOWINSKI-LE TALLEC 111 ,  121,  LE TALLEC 

[11, 1 2 1 ,  GLOWINSKI-LE TALLEC-RUAS 111,  RUAS 111 and e s p e c i a l l y  
BOURGAT-GLOWINSKI-LE TALLEC 111 on which t h e  c o n t e n t s  o f  t h i s  c h a p t e r  

a r e  h e a v i l y  b a s e d .  

2 .  DECOMPOSITION OF VARIATIONAL PROBLEMS. ASSOCIATED ALGORITHMS. 

I n  t h i s  s e c t i o n  w e  s h a l l  b r i e f l y  summarise t h e  v a r i o u s  c o n s i d e r a t -  

i o n s  which w e r e  deve loped  i n  d e t a i l  i n  C h a p t e r  111: t h i s  w i l l  a l l o w  

t h e  r e a d e r  who i s  more p a r t i c u l a r l y  i n t e r e s t e d  i n  t h e  a p p l i c a t i o n s  

t r e a t e d  i n  t h i s  s e c t i o n  t o  t a c k l e  i t  d i r e c t l y  w i t h o u t  f i r s t  h a v i n g  t o  

r e a d  Chapter  I11 (which can t h e r e f o r e  be  pos tponed  t o  a second r e a d i n g ) .  

2 . 1  A f a m i l y  of v a r i a t i o n a l  problems 

I n  t h e  f o l l o w i n g  w e  s h a l l  r e s t r i c t  o u r  a t t e n t i o n  t o  rea l  H i l b e r t  

s p a c e s ;  w e  t h u s  l e t  V and H be  two such  s p a c e s ,  e q u i p p e d  w i t h  t h e  

norms and i n n e r  p r o d u c t s  

1 1 ' 1 1 ,  ((*,*)) and 1 . 1 ,  ( ' ,-), 

r e s p e c t i v e l y .  L e t  B E d ( V , H )  and l e t  F and G be  two convex, 

p r o p e r ,  l o w e r  semi-continuous f u n c t i o n a l s  from H and V i n t o  

IR u { + m ) ,  r e s p e c t i v e l y ;  w e  assume t h a t  

(2 .1 )  dom (G) ndom (FOB) # 0, 

where 

w i t h  a s i m i l a r  d e f i n i t i o n  f o r  dom (FOB). W e  a s s o c i a t e  w i t h  V ,  H ,  

€4, F, G ,  above,  t h e  minimisation p r o b l e m :  
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(p)  1 F i n d  u c V  s u c h  t h a t  

J(u) 5 J(v) Vv E V, 

where J : V + is defined by 

(2.2) J(v) = F(Bv) + G(v). 

The functional J(-) and problem (P) have a very special structure; 

thus it is natural to think in terms of using methods which take 

advantage of this structure. 

Remark 2.1: The majority of the considerations which follow can 

be applied to variational problems of the form 

where f E V' (the d u a l  space of V) and where A1 (resp. A2) are mono- 

t o n e  o p e r a t o r s  (possibly multivalued) from H into H' (the dual of H )  

(resp. from V into V'); 

V' is not in general the gradient (or subgradient ('I) of a functional 
J (B' denotes the t r a n s p o s e  of the operator B). 

the operator A = B'oAIOB + A2 from V into 

For numerical results relating to these generalisations we refer 
the reader to LIONS-MERCIER C11, GABAY C11 ( s e e  also Chapter IX of 

the present book and GLOWINSKI-LIONS-TREMOLIERES 12, Appendix 21). 

If we assume that in addition to (2.1) we also have 

(2.4) lim J(v)  = + m  

llvll++ 
then ( P )  admits a solution which is u n i q u e  if J is s t r i c t l y  c o n v e x .  

Remark 2.2: The applications to Nonlinear Elasticity in Sections 

3 and 4 actually relate to non-convex minimisation problems. 

2.2 A decomposition principle 

We shall now briefly summarise the developments of Chapter 111; 

See EKELAND-TEMAM C11 for this concept. 
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w e  t h u s  d e f i n e  W c V x H by 

Problem (P)  i s  e q u i v a l e n t  t o  

Find { u , p l  E W such  t h a t  

(= ) 

j ( u , p )  5 j ( v , q )  { v , q j  6 w 
w i t h  

Remark 2.3:  The new problem ( I T )  c l e a r l y  resembles mixed  f o r m u l a -  

t i o n s ,  t o  t h e  e x t e n t  t h a t  t h e  r e l a t i o n  B v  - q = 0 s u g g e s t s  t h e  i n t r o -  
d u c t i o n  of  a Lagrange m u l t i p l i e r .  

Remark 2 . 4 :  Problems (P)  and ( I T )  a r e  e q u i v a l e n t ,  b u t  by c o n s i d e -  
r i n g  ( T )  w e  have i n  some ways s i m p l i f i e d  t h e  n o n l i n e a r  s t r u c t u r e  o f  
(P)  though a t  t h e  cost  o f  a new v a r i a b l e  q and of t h e  r e l a t i o n  

(2.7) Bv-q = 0 ; 

i n  f a c t ,  s i n c e  r e l a t i o n  (2 .7)  i s  l i n e a r ,  some v e r y  e f f i c i e n t  t e c h -  
n i q u e s  e x i s t  f o r  t r e a t i n g  it: w e  s h a l l  t r e a t  it i n  t h e  f o l l o w i n g  
work by making s i m u l t a n e o u s  u s e  o f  p e n a l i s a t i o n  and Lagrange m u l t i -  

p l i e r  methods, t h r o u g h  t h e  medium of a s u i t a b l y - c h o s e n  augmented 

Lagrang ian .  

2.3  An augmented Lagrangian  a s s o c i a t e d  w i t h  ( I T )  

L e t  r > 0; w e  d e f i n e  dr: V x H x H + by 

2 
(2.8) &,(v,q,p) = F(q)+G(v)+ 5 1 Bv-qI + (U,Bv-q) 

It  i s  shown i n  Chapter  111, S e c t i o n  2 .2 ,  t h a t  i f  {u,p,A1 i s  a s a d d l e  
p o i n t  o f  ic, on v x H x H ( i . e .  

{u ,p ,X}  6 V X  H X  H and 

+(U,P,!J) 5 i l , ( U , P , X )  ‘il,(v,q,lJ) y {v ,q .v l  E v x H X  H) 9 I (2.9) 
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then {u,p} is a solution of ( T ) ,  i.e. u is a solution of (P) 

(with p = Bu). 

2.4 A first algorithm for solving ( P )  

To solve (P) and (n) we shall determine the saddle points of 

by a duality algorithm of the type considered in GLOWINSKI-LIONS- 

TREMOLIERES [I, Chapter 21,[2, Chapter 2 and Appendix 21. Such an 

algorithm applied to the solution of (2.9) is algorithm ALG1, intro- 

duced in Chapter 111, Section 3.1; that is: 

(2.10) E H ,  g i v e n  

t h e n  f o r  n t 0 ,  Xn b e i n g  known, d e t e r m i n e  un,pn,Xn+l b y  

= An + p(Bu"-p") . I 
( 2 . 1 2 )  

As regards the c o n v e r g e n c e  of (2.10) - (2.12), it is shown in 
Chapter 111, Section 4, that under very reasonable assumptions on F, 

B, G and if 

(2.13) O < p < 2 r  

we have, when n + i m: 

( 2 . 1 4 )  un + u s t r o n g l y  in v 

(2.15) p" + p = BU s t r o n g l y  i n  H 

(2.16) A" + h w e a k l y  i n  H 

where u is the solution of (P), and where A is such that {u,p,X} 

is a saddle point of dr on V x H x H .  

Remark 2.5: The only nontrivial stage in the above algorithm is 

the solution of problem (2.11); in fact to solve (2.11), taking 

into consideration its very special structure, it is very convenient 
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to use block-relaxation algorithms such as those considered in CEA- 

GLOWINSKI C11, CEA 111, 121, GLOWINSKI 12, Chapter 51 and which are 

also used in Chapter 111, Section 3.2. If we use these relaxation 

methods, and if in the calculation of [un,pn) we perform only a 

single r e l a x a t i o n  i t e r a t i o n ,  s t a r t i n g  f r o m  we then 

obtain the algorithm described below in Section 2.5. 

2.5 A second algorithm for solving (P) 

In this case we are in fact dealing with algorithm ALG2 of Chapter 

111, Section 3.2, namely: 

-1  
(2 .17 )  u g i v e n  i n  V, A' g i v e n  i n  H, 

s u c c e s s i v e l y  by An known, d e t e r m i n e  pn,un,Xn+l n- 1 t h e n  f o r  n t 0 ,  u 

(2 .19 )  

( 2 . 2 0 )  

dr(un-' ,pn,An) 5dr(un-' ,q,A") Y q  E H, 

(2 .18 )  

pn E H, 

n n  
k r ( u  ,P ,?I") <kr(v,p",A") Yv E V ,  

un E v. 

= A" + @(Bun-p") . hn+l 

Remark 2.6: Different variants of (2.17) - (2.20) are poss 

we can for example 

ble; 

(i) interchange the roles of q and v (see also Remark 2.7 , 
(ii) update An between stages (2.18) , (2.19) ; by doing this we 

then obtain the following variant (due to GABAY I l l ) ,  of (2.17) - 
(2.20), and to which we shall return in more detail in Chapter IX: 

- I  
(2.21) u g i v e n  i n  V, 1' g i v e n  i n  H, 

b y  
n- 1 n An+1/2 n Xn+l 

t h e n  f o r  n t 0 ,  u and Xn g i v e n ,  c a l c u l a t e  p , ru I 

kr(un-l ,pn,An) dr(un-l ,q,An) Yq E H, 

(2 .22)  

P" H, 
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( 2 . 2 5 )  - - xn+1/2 + P(Bun-pn) ; 

q and v p l ay  a much more symmetric r o l e  i n  ( 2 . 2 1 )  - (2 .25)  than  i n  

( 2 . 1 7 )  - (2 .20 ) .  8 

R e m a r k  2 . 7 :  I f  a lgo r i thm ( 2 . 1 7 )  - (2 .20)  i s  used ,  it i s  recom- 
mended t h a t  i n  t h e  second s t a g e  t h e  problem so lved  should be t h e  one 
which has  t h e  b e t t e r  e l l i p t i c i t y  p r o p e r t i e s  ( s e e  Chapter I11 f o r  t h e  
mot iva t ion  f o r  such a c h o i c e ) ;  i f  a lgo r i thm ( 2 . 2 1 )  - (2.25) i s  be ing  
used, t h i s  i s  n o t  impor tan t  s i n c e  q and v then  p l ay  a symmetric 
r o l e .  

A s  r ega rds  t h e  convergence of  ( 2 . 1 7 )  - ( 2 . 2 0 ) ,  it i s  proved i n  

Chapter 111, Sec t ion  5 ,  t h a t  under very  reasonable  assumptions on F ,  

B ,  G w e  aga in  have t h e  convergence p r o p e r t i e s  ( 2 . 1 4 )  - ( 2 . 1 6 )  if 

( 2 . 2 6 )  
1 +G 

O < p < -  r. 2 

2 . 6  Remarks on t h e  choice  of  p and r. 

For  given r ,  t h e  op t ima l  choice  f o r  p i s  very  c l o s e  t o  p = r ,  
i n  t h e  l i g h t  of t h e  l a r g e  number of numerical  exper iments  performed 
wi th  t h e  a lgo r i thms  i n  Sec t ions  2 . 4  and 2.5.  The choice  of  r i s  
a much t r i c k i e r  problem; t h e o r e t i c a l l y ,  t h e  convergence g e t s  pro- 
g r e s s i v e l y  f a s t e r  a s  r i n c r e a s e s ;  i n  p r a c t i c e ,  f o r  l a r g e  va lues  
o f  r t h e  system ( 2 . 1 1 )  i s  i l l - c o n d i t i o n e d ,  and t o  s o l v e  i t  accura t e ly  
becomes a c o s t l y  o p e r a t i o n ,  w h i l s t ,  f o r  very  l a r g e  v a l u e s  of  r ,  
t h e  rounding e r r o r s  gene ra t ed  can be d i s a s t r o u s .  It can t h u s  be 
seen  t h a t  when r i n c r e a s e s ,  two phenomena wi th  c o n t r a d i c t o r y  
e f f e c t s  a r i s e ;  t h e  combined e f f e c t  of t h e s e  two phenomena on (2 .10) -  
( 2 . 1 2 )  produces an a lgo r i thm which i s  no t  very  s e n s i t i v e  t o  t h e  
choice  of r and which i s  very  robus t .  I f  w e  use  a lgo r i thms  ( 2 . 1 7 ) -  
( 2 . 2 0 )  and ( 2 . 2 1 )  - ( 2 . 3 5 ) ,  wi th  p = r ,  t h e  op t ima l  choice  of r i s  
i n  g e n e r a l  a very  d i f f i c u l t  problem t o  ana lyse .  
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2 . 7  Rela t ions  wi th  a l t e r n a t i n g - d i r e c t i o n  methods. F u r t h e r  
d i scuss  ion. 

2 . 7 . 1  R e l a t i o n s  b e t w e e n  a l g o r i t h m s  ( 2 . 1 7 )  - ( 2 . 2 0 ) ,  ( 2 . 2 1 )  - 
(2.25) and c e r t a i n  a l t e r n a t i n g - d i r e c t i o n  m e t h o d s .  

W e  s h a l l  assume f o r  s i m p l i c i t y  t h a t  V = H and B = I ;  w e  s h a l l  
a l so  assume t h a t  F and G admit a s  d i f f e r e n t i a l s  ( o r  subd i f f e ren -  
t i a l s )  A1 and A 2 ,  r e s p e c t i v e l y ;  A1 and A2 a r e  n e c e s s a r i l y  monotone  

o p e r a t o r s  ( p o s s i b l y  mul t iva lued) .  Problem ( P )  i s  then  e q u i v a l e n t  t o  

(where = must be r ep laced  by E i f  A1 and/or A2 a r e  mul t iva lued)  

Suppose t h a t  p = r ;  w e  then  o b t a i n  by e l i m i n a t i o n  of A n  i n  ( 2 . 1 7 ) -  
(2.20) : 

- 1  
(2.28) u g i v e n ;  

t h e n  f o r  n t 0 ,  

(2.29) rpn+Al (p") = ru n- I -A2(un-'), 

(2.30) run+A2(un) = ru"-'-A, (p") 

P u t t i n g  u n+1/2 = pn", we f i n a Z Z y  o b t a i n  

run+' /'+A ( un+l 12) = run-A2 (u") , 

ru n+l +A2(u n+l ) = run-A (un+'/'). 

1 (2.31) 

I (2.32) 

I n  (2 .31 ) ,  ( 2 . 3 2 )  w e  can recognise  an a l t e r n a t i n g - d i r e c t i o n  me thod  

of Douglas -Rach ford  t y p e  (see DOUGLAS-RACHFORD 111). 

Simi la r ly  by e l imina t ion  of A n  and An+1/2 i n  ( 2 . 2 1 )  - (2.25) w e  
o b t a i n ,  ( s t i l l  assuming p = r)  

run+' "+A (un+l 1') = , 1 (2.33) 

n+l n+l) n+1/2-A (Un+1/2) 
1 (2.34) ru +A2(u = ru 
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which i s  i n  f a c t  an a l t e r n a t i n g - d i r e c t i o n  method of Peaceman-Rachford 

t y p e  ( see  PEACEMAN-RACHFORD Ill). 

An i n v e s t i g a t i o n  of t h e  convergence o f  t h e  above a l t e r n a t i n g -  
d i r e c t i o n  methods when A1 and A2 a r e  monotone o p e r a t o r s  from 
H I  poss ib ly  mul t iva lued ,  and n o t  n e c e s s a r i l y  t.he g r a d i e n t s  of convex 
f u n c t i o n a l s ,  may be found i n  LIONS-MERCIER [ll, GABAY [11 (see a l s o  
Chapter I X ) .  

H i n t o  

2 . 7 . 2  I n t e r p r e t a t i o n  of a t g o r i t h m s  ( 2 . 1 7 )  - (2.20) and ( 2 . 2 1 )  - 
(2.25) i n  t e r m s  of t h e  n u m e r i c a l  i n t e g r a t i o n  of e v o l u t i o n  
e q u a t i o n s  

I t  follows from Sec t ion  2 . 7 . 1  t h a t  i f  p = r ,  V = H and B = I ,  then 
( 2 . 1 7 )  - ( 2 . 2 0 )  and ( 2 . 2 1 )  - (2 .25)  can be cons idered  a s  i m p t i c i t  

s chemes ,  

g r a t i o n  w i t h  r e s p e c t  t o  t i m e  of t h e  Cauchy p r o b l e m  

us ing  t h e  decomposition A = A1 + A2 f o r  t h e  n u m e r i c a l  i n t e -  

(2.35) 

* + A(u) = 0, 

u(0)  = Uo. 

In  view of t h i s  i n t e r p r e t a t i o n ,  r appears a s  t h e  i n v e r s e  of a t i m e  
s t e p  A t ,  w i th  A t  = 7 ( r e sp .  A t  = r) f o r  a lgor i thm ( 2 . 1 7 )  - (2.20) 
( r e sp .  ( 2 . 2 1 )  - ( 2 . 2 5 ) ) .  A s  i s  shown i n  BOURGAT-DUMAY-GLOWINSKI C11, 
t h i s  i n t e r p r e t a t i o n  of t h e  above a lgo r i thms ,  r e l a t e d  t o  t h e  numerical  
i n t e g r a t i o n  wi th  r e s p e c t  t o  t of t h e  evo lu t ion  problem (2 .35 ) ,  can 
be  very  u s e f u l  f o r  g iv ing  a q u a l i t a t i v e  unders tanding  of t h e  behaviour 
o f  t h e s e  a lgo r i thms ;  f o r  example, it i s  c l e a r  t h a t  t h e  above a lgo r -  
i thms w i l l  become p rogres s ive ly  more r e l i a b l e  a s  r i n c r e a s e s  ( i . e .  
a s  A t  becomes s m a l l e r ) .  

1 2 

The numerical  i n t e g r a t i o n  of (2.35) us ing  a l t e r n a t i n g - d i r e c t i o n  
methods i s  s t u d i e d  i n  LIONS-MERCIER 111 under r e l a t i v e l y  gene ra l  
assumptions on A1 and A2. 

2.7.3 F u r t h e r  d i s c u s s i o n  

The s o l u t i o n  of problems such a s  ( P )  by decomposition-coordination 
methods us ing  augmented Lagrangians seems t d b e  due ( i n  t h e  con tex t  
of boundary-value problems a t  l e a s t )  t o  GLOWINSKI-MARROCCO [ll-C31 

(See a l s o  POLYAK C11 f o r  a p p l i c a t i o n s  i n  Nonlinear Programming). For 
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f u r t h e r  d e t a i l s  and v a r i o u s  a p p l i c a t i o n s  w e  r e f e r  t h e  r e a d e r  t o  t h e  

o t h e r  c h a p t e r s  of t h e  p r e s e n t  book and t o  LIONS-MERCIER C11 , 
GABAY 111, GLOWINSKI 111, 121  , GABAY-MERCIER 111, BOURGAT-DUMAY- 

GLOWINSKI C11, GLOWINSKI-MARROCCO 1 4 1 ,  151, MARROCCO [I], MERCIER 111, 

CHAN-GLOVJINSKI 111  and BEGIS C21 . 

A s  f a r  a s  w e  a r e  aware, t h e  a f o r e m e n t i o n e d  r e l a t i o n s h i p s  between 

t h e  a l g o r i t h m s  of  S e c t i o n  2.5 and a l t e r n a t i n g - d i r e c t i o n  methods were 
observed  f o r  t h e  f i r s t  t i m e  by CHAN-GLOWINSKI 111, 1 2 1 .  W e  conclude  

t h i s  s e c t i o n  by p o i n t i n g  o u t  t h a t  t h e  m a j o r i t y  o f  t h e  i d e a s  c o n s i d e r e d  

a r e  deve loped  f u r t h e r  i n  C h a p t e r s  I11 and I X .  

3. APPLICATIONS I N  FINITE NONLINEAR ELASTICITY. ( I )  LARGE-DISPLACE- 
MENT CALCULATION OF THE E Q U I L I B R I U M  POSITIONS OF INEXTENSIBLE, 
FLEXIBLE PIPELINES 

T h i s  s e c t i o n  i s  b a s e d  on t h e  a r t i c l e  by BOURGAT-DUMAY-GLOWINSKI 111. 

3 . 1  Formula t ion  o f  t h e  problem 

3.1.1 Genera l  discussion 

F l e x i b l e  p i p e l i n e s  p l a y  a n  i m p o r t a n t  r o l e  i n  t h e  e x p l o i t a t i o n  o f  
o f f - s h o r e  o i l  f i e l d s  j t h e  e n g i n e e r s  concerned  a r e  i n t e r e s t e d  i n  t h e  

s t a t i c  and dynamic b e h a v i o u r  o f  t h e s e  p i p e l i n e s ,  i n  t h e  e f f e c t s  of 
c u r r e n t s  and t i d a l  s w e l l s ,  i n  t h e  problems o f  c o n t a c t  a t  t h e  sea- 
bed and w i t h  o t h e r  o b s t a c l e s  ( f o r  example t h e  p i p e l i n e  i t s e l f ) ,  e tc . .  
F i g u r e  3 . 1  below i l l u s t r a t e s  t h i s  t y p e  o f  s i t u a t i o n  and shows some o f  

t h e  n o t a t i o n  which w i l l  be  used  i n  t h e  f o l l o w i n g  d i s c u s s i o n .  

face of t h e y  

0 0 
/ 

F i g u r e  3 . 1  
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W e  have: 

A, B : t h e  ends of t h e  p i p e l i n e  
S t h e  c u r v i l i n e a r  coord ina te ;  s ( A )  = 0, s ( B )  = L (L:  

l eng th  of t h e  p i p e l i n e )  

M ( s )  : g e n e r i c  p o i n t  of t h e  p i p e l i n e ,  w i th  coord ina te s  x ( s ) ,  
Y ( s )  . 

I n  t h i s  c h a p t e r  w e  s h a l l  con f ine  ou r  a t t e n t i o n  t o  t h e  s t a t i c  d i s -  
placements of p i p e l i n e s  and w e  s h a l l  n e g l e c t  t h e  e f f e c t  of water  
c u r r e n t s ;  f o r  c a l c u l a t i o n s  invo lv ing  c u r r e n t s ,  and f o r  dynamic 
behaviour w e  r e f e r  t o  BOURGAT-DUMAY-GLOWINSKI C11. 

3 . 1 . 2  S i m p l i f y i n g  a s s u m p t i o n s  

W e  s h a l l  assume f o r  s i m p l i c i t y  ( b u t  a l s o  because t h i s  s t i l l  a l lows  
a number of i n t e r e s t i n g  p re l imina ry  r e s u l t s  t o  be obta ined  regard ing  
t h e  behaviour  of t h e s e  p i p e l i n e s ) ,  t h a t  

- t o r s i o n a l  e f f e c t s  a r e  n e g l e c t e d ,  

- t h e  p i p e l i n e  i s  i n e x t e n s i b l e ,  

- t h e  d i a m e t e r  of t h e  p i p e l i n e  i s  s m a l l  r e l a t i v e  t o  i t s  l e n g t h  L, 

- we c o n f i n e  o u r s e l v e s  t o  t w o - d i m e n s i o n a l  d i s p l a c e m e n t s ,  

- t h e  p i p e l i n e  is f Z e x i b l e  and,  c o n s e q u e n t l y ,  can  s u p p o r t  l a r g e  
d i s p l a c e m e n t s  w h i l s t  s t i l l  o b e y i n g  a l i n e a r  c o n s t i t u t i u e  law 
b e t w e e n  t h e  s t r e s s e s  and t h e  s t r a i n s .  

3 .1 .3  ModeZling o f  s t a t i c  p rob lems  

The mathematical  fo rmula t ion  of t h e  i n e x t e n s i b i l i t y  c o n d i t i o n  i s  
g iven  by 

( 3 . 1 )  x * 2 + y ' 2  = I o n  T O , L I  

Cons ider ing  t h e  p i p e l i n e  as  a beam, and a l s o  assuming t h a t  t h e  only  
e x t e r n a l  f o r c e s  a r e  those  due t o  g r a v i t y ,  i t  i s  r easonab le  t o  assume 
t h a t  t h e  d isp lacement  f i e l d s  cor responding  t o  s t a b l e  e q u i l i b r i u m  pos- 
i t i o n s  a r e  s o l u t i o n s  of t h e  fo l lowing  locaZ m i n i m i s a t i o n  problem: 

where i n  ( 3 . 2 )  : 
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( i) E I  ( >  0) i s  t h e  f l e x u r a l  r i g i d i t y  o f  t h e  p i p e l i n e .  

(ii) g i s  t h e  a c c e l e r a t i o n  due t o  g r a v i t y .  
(iii) p i s  t h e  l i n e a r  d e n s i t y  ( i . e .  mass p e r  u n i t  l e n g t h )  o f  t h e  p ipe-  

l i n e  ( i f  t h e  p i p e l i n e  i s  immersed i n  w a t e r ,  i n  o r d e r  t o  t a k e  
account  of buoyancy e f f e c t s  w e  t a k e  

P = P,-oPw. 

where po and 0 r e s p e c t i v e l y  are t h e  i n t r i n s i c  l i n e a r  d e n s i t y  and 
t h e  c r o s s - s e c t i o n a l  a r e a  o f  t h e  p i p e l i n e ,  and where pw i s  t h e  
v o l u m e t r i c  d e n s i t y  o f  t h e  w a t e r ) .  a 

F i n a l l y ,  t h e  local  minima which w e  are s e e k i n g  a r e  t o  b e  found i n  
t h e  nonconvex  s e t  8 d e f i n e d  by 

1 2 8 = I i X , Y l / X , Y € C  [ O , L 1  , X " , Y " € L  ( O , L ) ,  

+y" = 1 on C O , L ] ,  together with appropriate boundary conditions}.  

( 3 . 3 )  

Remark 3.1:  Problem ( 3 . 2 )  can  c l e a r l y  b e  seen  t o  be a non-convex ,  

n o n - q u a d r a t i c ,  n o n l i n e a r  programming p r o b l e m ,  which i s  t h u s  i n h e r e n t l y  

d i f f i c u l t .  

Remark 3.2: By u s i n g  t h e  n u m e r i c a l  methods which w i l l  be  
d e s c r i b e d  below,  w e  s h a l l  e a s i l y  b e  a b l e  t o  t r e a t  c a s e s  f o r  which E I  

and/or  p are f u n c t i o n s  o f  s ,  and i n  which e x t e r n a l  f o r c e s  and en- 
e r g y  terms, more c o m p l i c a t e d  t h a n  t h o s e  i n  ( 3 . 2 ) ,  are p r e s e n t  i n  t h e  
f u n c t i o n a l  t o  be  minimised.  

3 .2  R e s u l t s  on t h e  e x i s t e n c e  o f  s o l u t i o n s  f o r  t h e  s t a t i c  problem 

The m a t h e m a t i c a l  s t u d y  o f  problems s u c h  as (3 .2)  g o e s  back a t  l e a s t  
a s  f a r  as E u l e r  ( t h e  problem o f  t h e  " e l a s t i ca" ,  o r  e l a s t i c  r o d ) .  
Suppose t h a t  t h e  boundary c o n d i t i o n s  are g i v e n  by 

( 3 . 4 )  

w i t h  xA,yA,xBIyB g i v e n ,  o r  by 
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where 

compa 

, i n  ( 3 . 5 ) ,  xA, yA, xB,  yB,  ao, Bo, aL, B L  are g i v e n  w i t h  

Bo = 1, aL + 8, = 1; 

c t n e s s  arguments  i n  BOURGAT-DUMAY-GLOWINSKI C11. 

2 2 2  t h e  f o l l o w i n g  theorem i s  t h e n  proved  by 

THEOREM 3.1 :  Suppose t h a t  IZBI < L and t h a t  t h e  boundary 

c o n d i t i o n s  (3 .4 )  o r  ( 3 . 5 )  a r e  s a t i s f i e d ;  t h e n  p r o b l e m  ( 3 . 2 )  a d m i t s  

a t  l e a s t  one s o l u t i o n .  

For  a d e t a i l e d  m a t h e m a t i c a l  i n v e s t i g a t i o n  of problems o f  t h e  above 
t y p e  ( i n  p a r t i c u l a r  f o r  non-uniqueness  p r o p e r t i e s )  w e  r e f e r  t o  
ANTMAN c11 a d  ANTMAN-ROSENFELD 111. 

3 . 3  Numerical s o l u t i o n  o f  t h e  s t a t i c  problem. ( I )  Genera l  
Notes 

The n u m e r i c a l  s o l u t i o n  o f  problems s i m i l a r  t o  ( 3 . 2 )  h a s  been 
c o n s i d e r e d  by s e v e r a l  a u t h o r s :  amongst t h e s e  w e  s h o u l d  mention 
HIBBIT-BECKER-TAYLOR 111 and MAIER-ANDREUZZI-GIANESSI-JURINA-TADDEI [11. 

Problem ( 3 . 2 )  i s  i n  f a c t  n o n t r i v i a l  f rom t h e  n u m e r i c a l  p o i n t  of 
view: it can b e  d e a l t  w i t h  by i n t r o d u c i n g  a Lagrang ian  a s s o c i a t e d  
w i t h  t h e  f u n c t i o n a l  

and w i t h  t h e  ( n o n l i n e a r )  i n e x t e n s i b i l i t y  c o n d i t i o n  ( 3 . 1 )  , as f o l l o w s :  

L e t  X be  a Lagrange m u l t i p l i e r  a s s o c i a t e d  w i t h  a l o c a l  minimum 

(3.8) 

( 3 . 9 )  

it t h e n  f o l l o w s  from t h e  f a c t  t h a t  d i s  s t a t i o n a r y  
must s a t i s f y  

+ boundary c o n d i t i o n s ,  

4- - 
EI - -& (A 2) = - g on IO,IT,  

+ boundary c o n d i t i o n s ,  
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(3.10) ~ f ~ + ; l ~  = I on 1 0 , ~ ~ .  

It  f o l l o w s  from ( 3 . 8 )  - (3.10) t h a t  X can be  viewed as a g e n e r a Z i s e d  

e i g e n v a l u e  t o  which t h e r e  c o r r e s p o n d s  t h e  g e n e r a l i s e d  e i g e n f u n c t i o n  

{x,y} .  

S i n c e  t h e  e s s e n t i a l  d i f f i c u l t y  i n  problem ( 3 . 2 )  l i es  i n  t h e  i n e x t e n s i -  

b i l i t y  c o n s t r a i n t  ( 3 . 1 ) ,  it seems n a t u r a l  t o  overcome it by u s i n g  t h e  
t r a n s f o r m a t i o n  x '  = c o s  $ , y '  = s i n  $, where $ i s  i n  f a c t  t h e  
a n g l e  between O x  and t h e  d i r e c t e d  t a n g e n t  t o  t h e  p i p e l i n e  a t  
M = { x , y } ,  and where d$/ds i s  t h e  c u r v a t u r e  a t  M. T h i s  t r a n s f o r m a -  
t i o n ,  which i s  used  i n  a number of s i m i l a r  problems as w e l l  as i n  
problem ( 3 . 2 )  by M.O. B r i s t e a u  and t h e  second a u t h o r ,  l e a d s  t o  
problems i n v o l v i n g  s e c o n d - o r d e r  d i f f e r e n t i a l  e q u a t i o n s  (whereas  t h e  
o r i g i n a l  problem i s  o f  f o u r t h  o r d e r )  b u t  i n  which t h e  n o n l i n e a r  
s t r u c t u r e  i s  more c o m p l i c a t e d  s i n c e  it i n v o l v e s  t r a n s c e n d e n t a l  
f u n c t i o n s  such  a s  t + s i n  t and t + c o s  t ,  t h e  r e p e t i t i v e  e v a l u a t i o n  
o f  which can be  c o s t l y ;  f u r t h e r m o r e  t h e  boundary c o n d i t i o n s ,  o f  t h e  

t y p e  ( 3 . 4 )  ( 3 . 5 ) ,  a r e  e x p r e s s e d  i n  t e r m s  o f  n o n l i n e a r  i n t e g r a l  re la-  
t i o n s  on $ (see BOURGAT-DUMAY-GLOWINSKI C1, S e c t i o n  31). 

A f u r t h e r  argument f o r  working d i r e c t l y  w i t h  x ,  y i n s t e a d  of  $, 

i s  t h a t  t h i s  c o n s t i t u t e s  a s t a r t i n g  p o i n t  f o r  t h e  s o l u t i o n  o f  much 
more c o m p l i c a t e d  problems i n  F i n i t e  N o n l i n e a r  E l a s t i c i t y ,  c o n c e r n i n g  
i n c o m p r e s s i b l e  m a t e r i a Z s  , f o r  which t h e  g e o m e t r i c  domain c o n s i d e r e d  
i s  two- o r  t h r e e - d i m e n s i o n a l  ( a  s p e c i f i c  example of s u c h  a s i t u a t i o n  
w i l l  be  m e t  i n  S e c t i o n  4 ) .  

3.4 Numerical  s o l u t i o n  o f  t h e  s t a t i c  problem. (11) Approxima- 
t i o n  - 

2 3 .4 .1 .  A p p r o x i m a t i o n  of t h e  space  H ( 0 , L )  and t h e  f u n c t i o n a l  J 

2 2 S i n c e  8 i s  a subset o f  H ( 0 , L )  x H ( 0 , L ) )  an i m p o r t a n t  s t e p  
towards t h e  n u m e r i c a l  s o l u t i o n  o f  ( 3 . 2 )  w i l l  b e  t o  d e f i n e  a s u i t a b l e  
approximat ion  of  H ( 0 , L ) ;  

t h a t  si E C0,Ll  V i ,  s 
W e  t h e n  approximate  H ( 0 , L )  by 

such  

= 0, sN = L and s i c  s ~ + ~ ,  Y i  = O f  ..., N - 1. 

2 N t o  do t h i s  w e  i n t r o d u c e  { s i } i = o  

2 O  

(3.11) 
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where,  i n  g e n e r a l ,  Pk i s  t h e  s p a c e  o f  p o l y n o m i a l s  i n  a s i n g l e  v a r i a b l e  

o f  d e g r e e  2 k ;  

h = max (si +1 - si ) .  

u s i n g  

w e  have Vh c H 2  ( 0 , L )  and dim Vh = 2 ( N  + 1). W e  t a k e  
I f  vh E Vh i t  i s  c o n v e n i e n t  t o  d e f i n e  i t  by 

i 

I n  view of  t h e s e  d e g r e e s  of f reedom it i s  o b v i o u s  t h a t  

t o  an a p p r o x i m a t i o n  by f i n i t e  e l e m e n t s  of Hermite  t y p e  (see F i g u r e  3 . 2 ) .  
Vh cor responds  

0 I I I I I I 

I 
I I I I 

I I I I 
I I I I 
I .L L L Y 

n - n + 
0 S. si si+1/2 si+l L S 

Z-1  

F i g u r e  3.2 

x H 2  ( O , L ) ,  t h e  f u n c t i o n a l  J i n t r o d u c e d  2 S i n c e  Vh x Vh c H ( 0 , L )  

i n  (3 .6)  i s  d e f i n e d  on Vh x Vh;  f u r t h e r m o r e  s i n c e  xh,  yh ,  E Vh 

i m p l i e s  t h a t  ( x i  + y i 2 )  I ~ s i  

i n  J can  b e  c a l c u l a t e d  e x a c t l y  by u s i n g  S i m p s o n ' s  r u l e  on e a c h  sub- 
i n t e r v a l  [ S ~ , S ~ + ~ I ,  i = O,l, ..., N - 1. By r e s t r i c t i o n  o f  J t o  

Vh X Vh 

2 
E P 2 ,  t h e  two i n t e g r a l s  a p p e a r i n g  

i+1 

w e  o b t a i n  a f u n c t i o n a l  which depends on 4 ( N  + 1) v a r i a b l e s .  

3 .4 .2  A p p r o x i m a t i o n  of 6 

A s  w e  are  u s i n g  an approximat ion  o f  Hermite  c u b i c  t y p e ,  t h e r e  i s  
no d i f f i c u l t y  i n  approximat ing  boundary c o n d i t i o n s  such  a s  ( 3 . 4 )  o r  
( 3 . 5 ) .  A s  r e g a r d s  t h e  i n e x t e n s i b i l i t y  c o n d i t i o n  ( 3 . 1 ) ,  t h e  obvious  
c h o i c e  i s  t o  u s e  

c o n s t i t u t e  p r e c i s e l y  a subset of  S i n c e  I x i ( s i )  l i  = o  , { y h ( s i )  I i  = o  

t h e  d e g r e e s  of freedom used  f o r  d e f i n i n g  xh and y h ,  t h e  p r a c t i c a l  

implementa t ion  o f  ( 3 . 1 2 )  does  n o t  p r e s e n t  any d i f f i c u l t y .  However, 
w e  have o b s e r v e d  t h a t  f o r  ' s t i f f '  problems ( i . e .  w i t h  s t r o n g  

N N 
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v a r i a t i o n s  i n  t h e  c u r v a t u r e )  r e l a t i v e l y  i n a c c u r a t e  r e s u l t s  may b e  
o b t a i n e d  by u s i n g  (3 .12)  , u n l e s s  t h e  d i s c r e t i s a t i o n  i s  r e f i n e d  i n  
t h o s e  r e g i o n s  where t h e  c u r v a t u r e  v a r i e s  s t r o n g l y .  Such a p r o c e d u r e  
can i n c r e a s e  N c o n s i d e r a b l y ,  and t h e r e f o r e ,  as f a r  as  a c c u r a c y  i s  
concerned ,  w e  have found it m o r e  c o n v e n i e n t  t o  approximate  (3 .1)  by 

( 3 . 1 3 )  

where s .  1+1,2 = $ (si + si+l) (see F i g u r e  3 . 2 ) .  

The n u m e r i c a l  r e s u l t s  p r e s e n t e d  i n  S e c t i o n  3 w e r e  i n  f a c t  o b t a i n e d  by 

u s i n g  ( 3 . 1 3 )  t o  approximate  ( 3 . 1 ) .  Using (3 .12)  ( r e s p .  ( 3 . 1 3 ) )  t o  
approximate  ( 3 . 1 )  i n t r o d u c e s  a round N ( r e s p .  2 N )  q u a d r a t i c  e q u a l i t y  

c o n s t r a i n t s  ( t h e  e x a c t  number depends on t h e  boundary c o n d i t i o n s ) .  
I n  t h e  f o l l o w i n g ,  t h e  approximat ion  o f  8 , o b t a i n e d  by a p p r o x i m a t i n g  
( 3 . 1 )  by (3 .12)  o r  (3 .131 ,  w i l l  b e  denoted  by B h ;  it i s  c l e a r  t h a t  

e h  i s  a c l o s e d  subset of  Vh x Vh. 

3.4.3 A p p r o x i m a t i o n  of p r o b l e m  ( 3 . 2 )  

I n  t h e  l i g h t  of S e c t i o n s  3 . 4 . 1  and 3.4.2,  w e  approximate  ( 3 . 2 )  by 

where 

I n  r e l a t i o n  t o  t h e  ex is tencc?  of s o l u t i o n s  f o r  t h e  d i s c r e t e  problem 

(3.141,  t h e  f o l l o w i n g  v a r i a n t  o f  Theorem 3 . 1  i s  proved  i n  BOURGAT- 

DUMAY-GLOWINSKI El, S e c t i o n  5.31: 

THEOREM 3.2:  Suppose t h a t  6, i s  nonempty ( f o r  t h i s  i t  i s  

s u f f i c i e n t  t h a t  lA%I < L i f  t h e  boundary  c o n d i t i o n s  a r e  g i v e n  by ( 3 . 4 )  
o r  ( 3 . 5 ) ) ;  prob lem ( 3 . 1 4 )  t h e n  a d m i t s  a t  l e a s t  one s o l u t i o n .  
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3.4.4 Convergence of t h e  a p p r o x i m a t e  s o l u t i o n s  

W e  s h a l l  now in t roduce  t h e  no t ion  of an i s o l a t e d  s o l u t i o n  f o r  t h e  
l o c a l  min imisa t ion  problem ( 3 . 2 )  : 

DEFINITION 3.1: L e t  {x,y} be a s o l u t i o n  of (3.2); we say  t h a t  

Ix,?} i s  an i s o l a t e d  s o l u t i o n  of (3.2) i f  t h e r e  e x i s t s  a ne ighbourhood  

I- of { x l u l  s u c h  t h a t  

The convergence r e s u l t s  o f  t h e  fo l lowing  theorem a r e  proved i n  BOURGAT- 

DUMAY-GLOWINSKI 11 , Sec t ion  5.4 1 : 

THEOREM 3.3: Suppose t h a t  t h e  boundary c o n d i t i o n s  a p p e a r i n g  i n  

t h e  d e f i n i t i o n  of 6 a r e  g i v e n  by (3.4) o r  (3.5); suppose  a l s o  t h a t  

8 i s  d e f i n e d  v i a  (3.12). We t h e n  have :  i f  { x l u l  i s  an i s o l a t e d  

s o l u t i o n  of (3.2), t h e n  for h s u f f i c i e n t l y  s m a l l  t h e  approx imate  

p r o b l e m  (3.14) a d m i t s  a s o l u t i o n  

{ ~ , ~ l  ; we a l s o  have 

{Gh,yh} i n  t h e  ne ighbourhood  of 

2 2 - -  - -  
(3.17) lim Ixh,yhl = {x,y} s t r o n g l y  i n  H ( 0 , ~ )  X H  ( 0 , ~ ) .  

WO 

S i m i l a r l y  w e  may prove: 

THEOREM 3.4: Suppose t h a t  8 and 4, a r e  a s  i n  t h e  s t a t e m e n t  of 
Theorem 3.3. Then if ({Xh,Gh})h i s  a f a m i l y  of g l o b a l  minima for J 

on B h l  we have ( a t  l e a s t  for a s u b s e q u e n c e )  

where {x,?} r e a l i s e s  t h e  g l o b a l  minimum of J on 6 .  

Remark 3.3: H e r e ,  w e  have n o t  cons idered  t h e  convergence of t h e  
approximate s o l u t i o n s  when E;, i s  de f ined  v i a  (3.13) ; i n  such a 
case  w e  a r e  d e a l i n g  wi th  a much more d i f f i c u l t  problem. Ne i the r  have 
w e  cons ide red  t h e  behaviour  of t h e  approximate s o l u t i o n s  i n  t h e  neigh- 
bourhood of  t u r n i n g  p o i n t s  o r  genuine b i f u r c a t i o n  p o i n t s ;  i n  t h i s  
d i r e c t i o n  w e  mention t h e  works of F. K I K U C H I  [ll, YAMAGUTI-FUJI1 [11, 
KESAVAN 111 I BREZZI-RAPPAZ-FAVIART C11- C31. 
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3.5 Numerical  s o l u t i o n  o f  t h e  s t a t i c  problem. (111) I t e r a t i v e  
methods o f  s o l u t i o n  

In  t h i s  s e c t i o n  w e  f o l l o w  BOURGAT-DUMAY-GLOWINSKI 11, S e c t i o n  6 1 .  

3 .5 .1  G e n e r a l  n o t e s  and  s y n o p s i s  

Although it i s  c lear  t h a t  t h e  c o n s i d e r a t i o n s  d i s c u s s e d  below should  

s t r i c t l y  have been developed  f o r  t h e  approximate  problems,  w e  have 
n o n e t h e l e s s  chosen t o  use  t h e  c o n t i n u o u s  problem s i n c e  b o t h  t h e s e  
t y p e s  of  problem have t h e  same n o n l i n e a r  s t r u c t u r e ;  f u r t h e r m o r e ,  
t h e  formal i sm of  t h e  c o n t i n u o u s  problem i s  s i m p l e r .  The n o n l i n e a r  
e q u a l i t y  c o n s t r a i n t s  ( 3 . 1 )  ( o r  t h e i r  f i n i t e - d i m e n s i o n a l  v a r i a n t s  
( 3 . 1 2 ) ,  ( 3 . 1 3 ) )  c o n s t i t u t e  t h e  major  d i f f i c u l t y  t o  b e  surmounted i n  
t h e  n u m e r i c a l  s o l u t i o n  of t h e  l o c a l  m i n i m i s a t i o n  problem ( 3 . 2 ) ,  when 
working d i r e c t l y  w i t h  t h e  d i s p l a c e m e n t s  x ,  y. S c h e m a t i c a l l y ,  f o r  
s o l v i n g  ( 3 . 2 )  and i t s  f i n i t e - d i m e n s i o n a l  v a r i a n t s ,  two f a m i l i e s  of  
methods are a v a i l a b l e :  

( i) Methods u s i n g  m u l t i p l i e r s  and p e n a l i s a t i o n  

A s  was s e e n  i n  S e c t i o n  3 .3 ,  w e  can a s s o c i a t e  a Lagrange  m u Z t i p l i e r  

f u n c t i o n  X w i t h  t h e  e q u a l i t y  c o n s t r a i n t  ( 3 . 1 )  ; i n  d o i n g  t h i s  one 
h a s  t o  s o l v e ,  w i t h  r e s p e c t  t o  {x,y,A}, t h e  n o n l i n e a r  d i f f e r e n t i a l  
sys tem ( 3 . 8 )  - ( 3 . 1 0 )  ( a c t u a l l y  i t s  f i n i t e - d i m e n s i o n a l  v a r i a n t s )  ; 
i n  p r a c t i c e ,  t h e  d i s c r e t e  v a r i a n t s  of ( 3 . 8 )  - ( 3 . 1 0 )  can b e  s o l v e d  
by t h e  v a r i a b l e  m e t r i c  methods deve loped  by POWELL 121 which g e n e r a l i s e  
t h e  w i d e l y  known method o f  D a v i d o n - F l e t c h e r - P o w e l l  (see a l s o  MATTHIES- 

STRANG I 1 1  f o r  some s i m i l a r  methods d i r e c t e d  a t  t h e  s o l u t i o n  o f  pro-  
blems i n  N o n l i n e a r  Mechanics) .  We have t h e  i m p r e s s i o n  t h a t  t h e  
methods mentioned above are t r i c k i e r  t o  implement t h a n  t h e  methods 
d e s c r i b e d  below i n  S e c t i o n  3 . 5 . 2 ,  and a l s o  t h a t  t h e y  have much 
g r e a t e r  computer memory r e q u i r e m e n t s  when l a r g e - s c a l e  problems a r e  
b e i n g  t r e a t e d .  

I t  i s  n a t u r a l  t o  a s s o c i a t e  w i t h  t h e  L a g r a n g i a n  A d e f i n e d  by 

( 3 . 7 )  t h e  augmen ted  L a g r a n g i a n  dr d e f i n e d  ( w i t h  r > 0 )  by 

(3.18) 

I f  w e  r e p l a c e  d. by Ar, t h e  c o n d i t i o n s  f o r  dr t o  be s t a t i o n a r y  
l e a d  t o  t h e  f o l l o w i n g  v a r i a n t  o f  ( 3 . 8 )  - (3 .10 ) :  
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(3.19) 

\EI ~ ( 4 )  - a dx d - 2 - 2  dx ds (A z) - r - ( ( x '  +y' - 1 )  - ) = 0 on lO,LC,  
ds d s  

( +  boundary c o n d i t i o n s  

- - 
EI ; ( 4 )  - (A 2) - r a ( x ' ~ + Y ' ~ - I )  2 ) = - pg on IO,L[,  ds 

(3.20) 

+ boundary c o n d i t i o n s  

(3.21) x ~ ~ + ; * ~ - I  = o on I O , L C ,  

which i s  c l e a r l y  e q u i v a l e n t  t o  s y s t e m  ( 3 . 8 )  - ( 3 . 1 0 ) .  

I t  i s  c lear  t h a t  t h e  above approach ,  u s i n g  an augmented Lagrangian ,  
f u r t h e r  c o m p l i c a t e s  a problem which i s  a l r e a d y  c o m p l i c a t e d  enough i n  
i t s  own r i g h t  s i n c e  (3 .19)  - ( 3 . 2 1 )  i s  even 'more  n o n l i n e a r '  t h a n  
(3 .8)  - ( 3 . 1 0 ) ;  f u r t h e r m o r e ,  (3 .19)  - (3 .21)  a r e  'more c o u p l e d '  
t h a n  ( 3 . 8 )  - ( 3 . 1 0 ) .  I f  w e  t a k e  A = 0 i n  ( 3 . 1 9 ) ,  ( 3 . 2 0 ) ,  and i f  
w e  do n o t  c o n s i d e r  ( 3 . 2 1 )  , w e  o b t a i n  t h e  n e c e s s a r y  c o n d i t i o n s  o f  o p t i -  
m a l i t y  f o r  a problem deduced from ( 3 . 2 )  by p e n a t i s a t i o n  of  t h e  
c o n d i t i o n  x '  + y V 2  - 1 = 0.  w 2 

(ii) Methods u s i n g  d i r e c t  m i n i m i s a t i o n  on m a n i f o l d s  

I n s t e a d  o f  ' r e l a x i n g '  t h e  c o n s t r a i n t  ( 3 . 1 ) ,  i . e .  x I 2  + y t 2  - 1 = 0 ,  

by Lagrange m u l t i p l i e r s  and/or  p e n a l i s a t i o n ,  w e  can a t t e m p t  t o  mini-  
m i s e  J d i r e c t l y  on t h e  m a n i f o l d  d e f i n e d  by ( 3 . 1 ) ,  as  i s  done i n  
GABAY [11 and LICHNEWSKY 111 (by t h e  o p t i m a l  d e s c e n t  o r  t h e  c o n j u g a t e  

g r a d i e n t  method) .  However, a l t h o u g h  t h e s e  methods a r e  e x t r e m e l y  
e l e g a n t  i n  t h e i r  u n d e r l y i n g  p r i n c i p l e s  and are v e r y  e f f i c i e n t  f o r  
c e r t a i n  problems i n  t h a t  t h e y  p e r f o r m  t h e  m i n i m i s a t i o n  on t h e  g e o d e s i c s  

o f  t h e  m a n i f o l d ,  t h e y  are i n  p r a c t i c e  somewhat d i f f i c u l t  t o  implement 
i f  t h e  number of  c o n s t r a i n t s  i s  v e r y  l a r g e ;  t h i s  i s  c e r t a i n l y  t h e  
case f o r  t h e  d i s c r e t e  var ian ts  o f  ( 3 . 2 )  d e s c r i b e d  i n  S e c t i o n  3.4.  

The methods which w e  s h a l l  d e s c r i b e  i n  S e c t i o n  3.5.2 d i f f e r  q u i t e  
c o n s i d e r a b l y  f r o m  t h e  t w o  t y p e s  o f  method ment ioned  above;  nonethe less  
t h e y  do have a c e r t a i n  number o f  c h a r a c t e r i s t i c s  i n  common w i t h  them, 
i n  t h e  s e n s e  t h a t :  
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They a r e  a l s o  b a s e d  on t h e  u s e  o f  an augmen ted  L a g r a n g i a n ;  i n  

t h e  p r e s e n t  case, however, t h e  c o n s t r a i n t s  t o  b e  t r e a t e d  by 
Lagrange m u l t i p l i e r s  and p e n a l i s a t i o n  are l i n e a r ,  and t h i s  
c o n s t i t u t e s  a s u b s t a n t i a l  s i m p l i f i c a t i o n .  

W e  r e t a i n  t h e  n o t i o n  o f  d i r e c t  m i n i m i s a t i o n  on a m a n i f o l d  which 
( i n  a c e r t a i n  s e n s e )  i s  a s s o c i a t e d  w i t h  t h e  i n e x t e n s i b i l i t y  
c o n d i t i o n  ( 3 . 1 ) .  

3 . 5 . 2  S o l u t i o n  o f  p r o b l e m  ( 3 . 2 )  b y  an augmen ted  L a q r a n g i a n  
me thod  -- 

In s p i t e  o f  t h e  f a c t  t h a t  problem ( 3 . 2 )  i s  non-convex, t o  s o l v e  it 
w e  s h a l l  a p p l y  t h e  methodology developed  i n  C h a p t e r  I11 and summarised 
i n  S e c t i o n  2 o f  t h e  p r e s e n t  c h a p t e r .  I n  t h e  p r e s e n t  c o n t e x t ,  problem 
( P )  i s  problem ( 3 . 2 ) ,  t h a t  i s  

L L 
LOC min {F !o(x"2+y"2)ds + pg I y d s l  , 
I X , Y I E  8 0 

w i t h  d d e f i n e d  by ( 3 . 3 ) .  W e  t h e n  have t h e  f o l l o w i n g  v e r y  o b v i o u s  
p r o p o s i t i o n  : 

P r o p o s i t i o n  3 . 1 :  The p r o b l e m  ( P )  i s  e q u i v a l e n t  t o  t h e  p r o b l e m  

w i t h  

( 3 . 2 2 )  2 2 if= I {X,y ,p ,q lE  z x  (L (0,L)) , X"P, y"q, p2+q2 = 1 1 ,  

2 2 where  2 i s  t h e  s u b s p a c e  of H ( 0 , L )  x H ( 0 , L )  d e f i n e d  by  t h e  b o u n d a r y  

c o n d i t i o n s  s p e c i f i e d  for I x , y 3  i n  t h e  d e f i n i t i o n  o f  6 .  

The n e x t  s t e p  i s  t o  ' r e l a x '  t h e  f u n c t i o n a l  r e l a t i o n  between { x , y l  
and { p , q j  by i n t r o d u c i n g  ( w i t h  r > 0) t h e  f o l l o w i n g  augmen ted  Lagrang-  

i a n :  
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By ana logy  w i t h  t h e  convex s i t u a t i o n  d e s c r i b e d  i n  C h a p t e r  111 and 
- - - - - -  

i n  S e c t i o n  2 o f  t h i s  c h a p t e r ,  w e  suppose  t h a t  { x , y , p , q , X , l ~ }  i s  a 
( l o c a l )  s a d d l e  p o i n t  f o r  

( 3 . 2 4 )  

2 
kr 

2 2 

on Z x S x (L (0,L))2, where 

s = { ~ p , q ~  E (L  (0,~)) , p2+q2 = I a.e.1 ; 

- -  
it can  t h e n  b e  proved  t h a t  {x,?} E 6 , t h a t  x' = P I ,  y '  = q ,  and t h a t  
A , ~ J  a r e  Lagrange m u l t i p l i e r s  f o r  t h e  e q u a l i t y  c o n s t r a i n t s  x' - p = 0,  
- -  

y ' - q  = 0. 

I n  view o f  t h e s e  p r o p e r t i e s ,  it i s  t h u s  n a t u r a l  t o  e x t e n d  t o  t h e  
Lagranqian  dr d e f i n e d  by (3.23) t h e  i t e r a t i v e  methods o f  Chapter  
111, t h e  d e s c r i p t i o n  o f  which i s  r e p e a t e d  i n  S e c t i o n s  2.4 and 2.5; 
t h e  c o r r e s p o n d i n g  a l g o r i t h m s  are d e s c r i b e d  i n  S e c t i o n s  3.5.3 and 
3.5.4 below. 

3.5.3 A f i r s t  i t e r a t i v e  method u s i n g  dr 

T h i s  i s  i n  f a c t  a l g o r i t h m  A L G l  o f  C h a p t e r  111, S e c t i o n  3.1, and 
of S e c t i o n  2.4 o f  t h e  p r e s e n t  c h a p t e r .  Using t h e  n o t a t i o n  o f  S e c t i o n  
3.5.2 above,  t h i s  a l g o r i t h m  i s  w r i t t e n :  

( 3 . 2 5 )  A ' , ~ O  a r e  g i v e n ;  

t h e n  for n t 0 ,  assuming  t h a t  A n  and pn a r e  known, c a l c u l a t e  
n n n n X n + l  n + l  

x r~ r~ r q  r P by 

( 3 . 2 6 )  

( 3 . 2 7 )  

The n o n - t r i v i a l  p a r t  of a l g o r i t h m  (3.25) - ( 3 . 2 7 )  i s  o b v i o u s l y  t h e  
w e  can  a g a i n  p r o c e e d  by b l o c k  r e l a x a t i o n  s o l v i n g  of problem (3.26); 

(see S e c t i o n  2.4, Remark 2.5) by minimis ing  a l t e r n a t e l y  w i t h  r e s p e c t  
t o  {x ,y}  and { p , q ) ;  i f  w e  c o n f i n e  t h i s  t o  a s i n g l e  i n n e r  i t e r a t i o n  

w e  o b t a i n  - w i t h  a s u i t a b l e  i n i t i a l i s a t i o n  - t h e  v a r i a n t  o f  a l g o r i t h m  



278 FINITE NONLINEAR ELASTICITY PROBLEMS (CHAP. 8 )  

(3 .25)  - ( 3 . 2 7 )  d e s c r i b e d  i n  S e c t i o n  3.5.4 below. 

3.5.4 A second  i t e r a t i v e  method u s i n g  

I n  t h i s  c a s e  t h e  a l g o r i t h m  w e  u s e  i s  ALG2 o f  C h a p t e r  111, S e c t i o n  
3 .2 ,  and of S e c t i o n  2.5 o f  t h e  p r e s e n t  c h a p t e r ;  t h a t  is :  

1 1  0 0  
(3.28) X D ~ J  ,x ,y g i v e n ;  

n-1 n-1 t h e n  f o r  n t 1, assuming  t h a t  x , y , in, un a r e  known, c a l c u l -  

a t e  {pn,qn} ,  {xn,yn} and IXn+l ,  vn+l}  by 

(3.29) 

(3.30) 

( 3 . 3 1 )  

Find {pn,qn} E S s u c h  t h a t  V {q,p} E S 

n-1 n-1 i er(xn-l ,yn-l ,Pn,qn,Xn,lJn) 5 dr(X ,y ,p,q,Xn,un), 

Find {xn,yn} € 2  s u c h  t h a t  67 {x,y} € 2 ,  

n n n n n n  n n n n  
Zr(X rY YP 3 9  ,X ,lJ ) SILr(X,Y,P .q ,A ,lJ ) , 

Remark 3.4: A v a r i a n t  o f  a l g o r i t h m  (3 .29)  - (3 .31)  i s  g i v e n  i n  

BOURGAT-DUMAY-GLOWINSKI [I, S e c t i o n  6.2.11 i n  which u s e  i s  made o f  a 
r e l a x a t i o n  p a r a m e t e r  i n  t h e  c a l c u l a t i o n  o f  {xn,yn}.  

Remark 3.5: W e  c o u l d  a l s o  u s e ,  i n s t e a d  o f  ( 3 . 2 8 )  - (3 .31)  , t h e  
v a r i a n t  deduced from a l g o r i t h m  ( 2 . 2 1 )  - ( 2 . 2 5 )  i n  S e c t i o n  2 . 5 ,  Remark 
2 . 6 .  

From t h e  p r a c t i c a l  p o i n t  o f  view it i s  e s s e n t i a l  t o  have  equiv-  
a l e n t ,  more e x p l i c i t ,  formulations f o r  ( 3 . 2 9 )  and ( 3 . 3 0 ) .  I n  t h i s  d i r e -  
c t i o n ,  it may be  n o t e d  t h a t  (3 .30)  i s  i n  f a c t  e q u i v a l e n t  t o  t h e  
f o l l o w i n g  f o u r t h - o r d e r  boundary-value sys tem:  

(3.32) 

( +  boundary c o n d i t i o n s ,  



INEXTENSIBLE FLEXIBLE PIPELINES 2 7 9  (SEC. 3 )  

( 3 . 3 3 )  

+ boundary c o n d i t i o n s .  

I f  t h e  boundary c o n d i t i o n s  are g i v e n  by ( 3 . 4 )  o r  ( 3 . 5 ) ,  w e  can t h e n  
s o l v e  ( 3 . 3 2 )  and ( 3 . 3 3 )  i n d e p e n d e n t l y  o f  each  o t h e r ,  and f u r t h e r m o r e  
t h e i r  d i s c r e t i s e d  v e r s i o n s  are l i n e a r  s y s t e m s  w i t h  t h e  same m a t r i x ;  

t h i s  m a t r i x  i s  s p a r s e ,  s y m m e t r i c ,  p o s i t i v e  d e f i n i t e  and i n d e p e n d e n t  

o f  n i f  r i s  f i x e d ;  i n  t h i s  c a s e  w e  can p e r f o r m  a Cholesky  

f a c t o r i s a t i o n  once and f o r  a l l ,  and a t  each  i t e r a t i o n  o f  ( 3 . 2 8 )  - 
(3 .31)  w e  s h a l l  have t o  s o l v e  o n l y  4 s p a r s e ,  t r i a n g u l a r ,  w e l l - p o s e d  

sys tems t o  d e t e r m i n e  {xn ,yn} .  

W e  s h a l l  now s t u d y  t h e  s o l u t i o n  of ( 3 . 2 9 ) ;  t o  o b t a i n  {pn,qn3 it 
i s  n e c e s s a r y  t o  s o l v e ,  a . e .  on C0,Ll t h e  two-d imens iona l  m i n i m i s a t i o n  
problem 

(3  .34-) 

2 2 However, s i n c e  p ( s )  + q ( s )  = 1, (3 .34)  r e d u c e s  t o  

(3 .35 )  

where,  i n  ( 3 . 3 5 )  , w e  have p u t  
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Remark 3.6 :  W e  have j u s t  shown t h a t  (3 .30)  i s  a w e l l - p o s e d  

problem i f  t h e  boundary c o n d i t i o n s  a re  g i v e n  by ( 3 . 4 )  o r  ( 3 . 5 ) .  
Problem (3 .29)  i f  
? ( s )  = Y n ( s )  = 0 ,  t h e  e n t i r e  c i r c l e  p2 + q 2  = 1 is  a s o l u t i o n .  
a c t u a l  f a c t ,  i n  a 2 1  t h e  n u m e r i c a l  e x p e r i m e n t s  which w e  have performed,  
w e  have n o t e d  t h a t  t h i s  p r o b l e m a t i c a l  s i t u a t i o n  n e v e r  arose i f  r 
was s u f f i c i e n t l y  l a r g e ;  it i s  p o s s i b l e  t o  a c c o u n t  f o r  such  behaviour .  

i s  a l so  w e l l  posed i f  { X n ( s )  , Y n ( s )  1 # { O , O } ;  

I n  

Remark 3 . 7 :  I n  a c c o r d a n c e  w i t h  Remark 2.7 o f  S e c t i o n  2 .5 ,  w e  
s o l v e  t h e  problem i n  { x , y )  a t  t h e  second s t e p  of a l g o r i t h m  ( 3 . 2 8 )  - 
(3 .31)  I as t h i s  problem i s  a s s o c i a t e d  w i t h  a s t r o n g l y  e l l i p t i c  opera-  
t o r  ( i n  c o n t r a s t  t o  t h e  problem i n  {p ,q}  which i s  a s s o c i a t e d  w i t h  a 
non-mono t o n e ,  mu 1 t i v a  t u e d  o p e r a t o r )  . 

3.6 Numerical  e x p e r i m e n t s  

I n  t h i s  s e c t i o n  w e  s h a l l  d e s c r i b e  and d i s c u s s  t h e  n u m e r i c a l  r e s u l t s  
d b t a i n e d  i n  s o l v i n g  a number o f  t es t  problems;  w e  r e f e r  t o  BOURGAT- 

DUMAY-GLOWINSKI C11 f o r  f u r t h e r  n u m e r i c a l  t e s t s ,  and i n  p a r t i c u l a r  f o r  
t h e  numer ica l  s o l u t i o n  o f  problems i n  which t h e r e  are w a t e r  c u r r e n t s  
a c t i n g  on t h e  p i p e l i n e ,  and o f  dynamic problems ( o s c i l l a t i o n s ,  f o r  
example)  c o n c e r n i n g  t h i s  p i p e l i n e .  

3 .6 .1  D e s c r i p t i o n  of t h e  t e s t  p r o b l e m  

Me c han  i c a  1 pa  rame t e  rs : 

E I  = 7000 N m L ,  p = 7 . 6 7  Kg/m, L = 32.6 m. 

Boundary  c o n d i t i o n s :  

x ( 0 )  = y(O), x ' ( 0 )  = 1, y '  ( 0 )  = 0, 

x ( L )  = 1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 ;  y ( L )  = 0, x ' ( L )  = 1, y ' ( L )  = 0. 

3.6.2 F u r t h e r  i n f o r m a t i o n  c o n c e r n i n g  t h e  n u m e r i c a l  s o l u t i o n  

F o r  a p p r o x i m a t i n g  ( 3 . 2 )  we used  a u n i f o r m  d i s c r e t i s a t i o n  of C 0 , L l  
w i t h  h = L/50 and t h e  approximat ion  d e s c r i b e d  i n  S e c t i o n  3.4. The 
approximate  problems w e r e  s o l v e d  by a d i s c r e t i s e d  v a r i a n t  o f  a l g o r i t h m  
(3 .28)  - ( 3 . 3 1 )  w i t h  = r = 50 000. F o r  t h e  t e r m i n a t i o n  t es t  w e  
took  a d i s c r e t i s e d  v e r s i o n  o f  
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(3.37) 

3 .6 .3  P r e s e n t a t i o n  o f  t h e  n u m e r i c a l  r e s u l t s  

(i) We show in Figure 3.3,  for x(L) = 2,3,4,5,6 the numerical results 

which were obtained as follows: 

We first calculated the solution corresponding to x(L) = 6 by initiali- 

sing in ( 3 . 2 8 )  with 

XI = = 0, 

(3.38) 

xo(s) = 3 ( 1 - c o s i T i ) ,  yo(s )  = -3 siniTS L , 

which corresponds to a s e m i c i r c l e  with diameter AB; as the length 

of this semicircle is 3 7 ~  = 9 . 4 2 4  ..., we can see that the initial 

L.  

O D  

-L D 

-6 

-12. 

1 
-16 o 

I I I I I I 

Figure 3.3 (x(L) = 2,3,4,5,6) 



282 

0. 
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-a. 
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- 

- 

- 

- 

s o l u t i o n  l i e s  a l o n g  way from t h e  s o l u t i o n  r e q u i r e d ;  convergence 

w a s  reached  i n  166 i t e r a t i o n s  of a l g o r i t h m  ( 3 . 2 8 )  - ( 3 . 3 1 ) .  F o r  
x ( L )  = 5,4 ,3 ,2  ( t h i s  was t h e  o r d e r  w e  a c t u a l l y  f o l l o w e d )  w e  used  a 
k i n d  of  incrementa2 m e t h o d ,  t h e  i n i t i a l i s a t i o n  o f  ( 3 . 2 8 )  - ( 3 . 3 1 )  
b e i n g  performed by u s i n g  t h e  r e s u l t s  o b t a i n e d  f o r  t h e  p r e v i o u s  v a l u e  
of X ( L ) .  

For  r e a s o n s  of c l a r i t y  t h e  s o l u t i o n s  c o r r e s p o n d i n g  t o  x ( L )  = 6 , 4 , 2 ,  
r e s p e c t i v e l y ,  a r e  p i c t u r e d  i n d i v i d u a l l y  i n  F i g u r e s  3 . 4 ,  3.5 and 3 .6 .  

- 16. -8. 4 -4 .  8. 12. -16. -8. -4. 4. 12. 

F i g u r e  3.4: ( x ( L )  =6)  F i g u r e  3 .5 :  ( x ( L ) = 4 )  

4. 

A 
-16 . l  ' ' ' ' ' ' ' ' ' 

-8. -4. 0. 4. 8. 12. 

F i g u r e  3.6:  ( x ( L ) = 2 )  
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T a b l e  3 . 1  shows t h e  number o f  i t e r a t i o n s  r e q u i r e d  f o r  convergence ,  
u s i n g  t h e  t e r m i n a t i o n  t es t  ( 3 . 3 7 ) :  

0. 

-4. 

-8. 

-12. 

Number o f  
i t e r a t i o n s  

- 

- 

- 

- 

166 
105 
105 
107 
I05 

T a b l e  3 . 1  

The above f i v e  c a l c u l a t i o n s  were performed i n  a s i n g Z e  computer  r u n ,  
and r e q u i r e d  t h r e e  m i n u t e s  on a CII / IRIS 80 computer. 

(ii) F i g u r e  3.7 shows t h e  n u m e r i c a l  r e s u l t s  o b t a i n e d  as f o l l o w s  f o r  
x ( L )  = 1 , 2 , 3 , 4 , 5 , 6 , 7 , 8  : e a c h  c a l c u l a t i o n  h a s  been performed by 
i n i t i a l i s i n g  a l g o r i t h m  (3 .28)  - (3 .31)  w i t h  
c o r r e s p o n d i n g  t o  t h e  lower semicircle w i t h  d i a m e t e r  A B :  w e  are t h u s  

A '  = u1 = 0 and {xo,yo} 

4' 7 
t 1 

- 16. 
-8. -4. 0. 4. B. 12 

t 

-16.l ' ' ' ' ' ' ' ' ' 
-8. - 4. 0. 4. 8. 12 

F i g u r e  3.7: (x(L)=1,2,3,4,5,6,7,8) F i g u r e  3.8: (x(L)=4, 5) 
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x(L) 8 7 6 5 4 3 2 

I n c r e m e n t a l  

(case ( i ) )  

m i n c r m t a  

s t r a t e g y  -8561 -8142 -7688 -7199 -6674 -6112 -5510 

-8561 -8142 -7688 -7199 -9434 -9702 -9932 
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1 

-4868 

-10124 

s t a r t i n g  from a p o i n t  f a r  away from t h e  r e q u i r e d  s o l u t i o n  and w e  a r e  
n o t  employing an i n c r e m e n t a l  s t r a t e g y .  W e  o b s e r v e  i n  F i g u r e  3.7 two 
t y p e s  o f  form f o r  t h e  s o l u t i o n s  c a l c u l a t e d  ( t h i s  c o r r e s p o n d s  t o  
d i s t i n c t  b r a n c h e s  o f  s o l u t i o n s ) ;  i t  c a n  a l s o  be  s e e n  t h a t  i f  x ( L )  i s  
s u f f i c i e n t l y  s m a l l  t h e n  t h e  s o l u t i o n s  i n  F i g u r e  3.7 d i f f e r  from t h o s e  
o b t a i n e d  i n  (i) u s i n g  an i n c r e m e n t a l  method. S i n c e  t h e  c r i t i c a Z  

vaZue o f  x ( L )  f o r  t h e  above phenomenon seems t o  l i e  between 4 and 5 ,  
w e  have s i n g l e d  o u t  t h e  s o l u t i o n s  f o r  x ( L )  = 4 and 5 s e p a r a t e l y  i n  
F i g u r e  3.8.  

Table  3 . 2  below i n d i c a t e s  t h e  number o f  i t e r a t i o n s  r e q u i r e d  f o r  con- 

v e r  gen ce : 

Number o f  
x(~) I i t e r a t i o n s  

1 220 
2 
3 
4 220 

I ;;: 

170 I 187 

T a b l e  3.2 

The above e i g h t  c a l c u l a t i o n s  c o r r e s p o n d  t o  an o v e r a l l  e x e c u t i o n  t i m e  
o f  7 m i n u t e s  on a CII / IRIS 80 computer. 

3.6.4 F u r t h e r  discussion 

T a b l e  3.3 shows t h e  v a l u e s  t a k e n  by t h e  f u n c t i o n a l  J ( d e f i n e d  
i n  ( 3 . 6 ) )  f o r  t h e  s o l u t i o n s  of ( 3 . 2 )  d e s c r i b e d  i n  S e c t i o n  3.6.3 above. 

T a b l e  3 .3  
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Table 3 .3  demonst ra tes  t h e  fo l lowing  ( h a r d l y  s u r p r i s i n g )  f a c t :  by 
us ing  an incrementa l  s t r a t e g y  w e  have been a b l e  t o  fo l low one branch 
of s o l u t i o n s ,  d e s p i t e  t h e  f a c t  t h a t  more s t a b l e  s o l u t i o n s  e x i s t  f o r  
t h e  same va lues  of x (L)  . 

4. APPLICATIONS I N  FINITE NONLINEAR ELASTICITY. (11) TWO-DIMEN- 
SIONAL CALCULATIONS INVOLVING LARGE DISPLACEMENTS AND LARGE 
STRAINS FOR INCOMPRESSIBLE MATERIALS O F  MOONEY-RIVLIN TYPE 

4 . 1  Synopsis 

The aim of t h i s  s e c t i o n  i s  t o  a s s e s s  t h e  p o s s i b i l i t i e s  o f f e r e d  by 
t h e  mthds of Chapter 111 and of Sec t ion  2 of t h e  p r e s e n t  c h a p t e r ,  
f o r  t h e  numerical  s o l u t i o n  of  n o n l i n e a r  problems a r i s i n g  i n  t h e  f i e l d  
of  mul t id imens iona l  F i n i t e  Nonl inear  E l a s t i c i t y .  I n  t h i s  s e c t i o n  w e  
s h a l l  be concen t r a t ing  on a r e l a t i v e l y  ' s imp le '  s t a t i c  problem, 
namely t h e  mechanical behaviour  of a two-dimensionaZ body made from 
an i n c o m p r e s s i b  Ze m a t e r i a l  of Mooney-R iv l in  t y p e .  The major d i f f i -  
c u l t y  i n  t h i s  problem i s  t h e  i n c o m p r e s s i b i l i t y  c o n d i t i o n  and w e  s h a l l  
see how t h e  d e c o m p o s i t i o n - c o o r d i n a t i o n  methods of Chapter 111, and of  
Sec t ion  2 of t h e  p r e s e n t  c h a p t e r ,  p rovide  a s imple  and e l e g a n t  means 
of overcoming t h i s  d i f f i c u l t y .  The method desc r ibed  has i n  f a c t  also 

been used s u c c e s s f u l l y  f o r  t h e  s o l u t i o n  of t h e  s t a t i c  equ i l ib r ium 
problem f o r  th ree-d imens iona l  bod ie s ;  problems of t h i s  k ind  a r e  much 
more d i f f i c u l t ,  and f o r  t h e i r  numerical  t r ea tmen t  by t h e  methods of  
t h i s  book w e  refer t h e  r e a d e r  t o  GLOWINSKI-LE TALLEC I l l ,  I 2 1  and 
LE TALLEC [ll, 121.  

4 . 2  Formulation of  t h e  problem 

4 . 2 . 1  N o t a t i o n .  MechanicaZ a s s u m p t i o n s  

A fundamental problem i n  Nonl inear  E l a s t i c i t y  i s  t h e  c a l c u l a t i o n  of 
the &formations and d isp lacements  of  a s o l i d  body c o n s i s t i n g  of  a 
homogeneous, i s o t r o p i c ,  h y p e r e z a s t i c  and i n c o m p r e s s i b Z e  m a t e r i a l ,  sub- 
j e c t e d  t o  volume f o r c e s  pof 

c o n f i g u r a t i o n )  and t o  s u r f a c e  f o r c e s  so. I n  a L a g r a n g i a n  f o r m u l a -  

tion, t h e  energy  f u n c t i o n a Z  corresponding t o  a d i spZacemen t  f i e l d  y 
is  g iven  by 

( p o  i s  t h e  d e n s i t y  i n  t h e  r e fe rence  
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where, i n  (4.1), R i s  a domain i n  IRN Corresponding  t o  t h e  r e f e -  

rence  c o n f i g u r a t i o n ;  a R  (=an, u a n 2 )  i s  t h e  boundary o f  R, t h e  body 
be ing  f i x e d  on an1: w e  have d e n o t e d  by u ( v )  t h e  i n t e r n a Z  e l a s t i c  

energy  f u n c t i o n  ( p e r  u n i t  m a s s ) .  F o r  a Mooney-Rivlin m a t e r i a l  w e  
have 

(4.2) 

t where,  i n  ( 4 . 2 ) ,  ( 4 . 3 )  , Ii i s  t h e  
w i t h  

ith i n v a r i a n t  o f  t h e  t e n s o r  FF , 
ziil 

F = I+Vv, - - ...- - -  ( 4 . 4 )  

and E l ,  E2 are p o s i t i v e  c o e f f i c i e n t s  which depend on t h e  m a t e r i a l .  
d i s p l a c e m e n t  y must a l s o  s a t i s f y  t h e  i n c o m p r e s s i b i l i t y  c o n d i t i o n ,  

which i s  e x p r e s s e d  by 

The 

det F(v) = 1 a.e.  on R. - -  - ( 4 . 5 )  

Remark 4 . 1 :  W e  have assumed i n  (4.1) t h a t  So i s  i n d e p e n d e n t  o f  

y; t h i s  c o r r e s p o n d s  t o  a c lass ica l  s i m p l i f y i n g  assumpt ion  known as 
t h e  dead load  a s s u m p t i o n ;  t h i s  assumpt ion  f a c i l i t a t e s  t h e  p r e s e n t a -  
t i o n  o f  t h e  problem w i t h o u t  changing  i t s  fundamenta l  n a t u r e ,  inasmuch 
as t h e  e s s e n t i a l  d i f f i c u l t y  l i es  i n  t h e  i n c o m p r e s s i b i l i t y  c o n d i t i o n  
( 4 . 5 ) .  W e  r e f e r  t o  GLOWINSKI-LE TALLEC 111 and LE TALLEC [11 ,  1 2 1  
f o r  t h e  g e n e r a l i s a t i o n  of t h e  a l g o r i t h m s  i n  S e c t i o n  4.3 t o  t h e  case 
where t h e  dead l o a d  assumpt ion  i s  n o  l o n g e r  s a t i s f i e d :  a number o f  
n u m e r i c a l  t e s t s  showing t h e  e f f i c i e n c y  o f  t h e s e  g e n e r a l i s e d  a l g o r i t h m s  
may a l s o  be  found i n  t h e  above r e f e r e n c e s .  

4 . 2 . 2  Mathemat i ca l  f o r m u l a t i o n s  

I n  t h i s  s e c t i o n  w e  s h a l l  d e s c r i b e  v a r i o u s  f o r m u l a t i o n s  f o r  t h e  
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e l a s t o s t a t i c  problem; d e m o n s t r a t i n g  t h e i r  e q u i v a l e n c e  i n  t h e  g e n e r a l  
case i s  s t i l l  a n  open m a t h e m a t i c a l  problem (we  refer t o  LE TALLEC 111, 
c21, as w e l l  as  t o  LE TALLEC-ODEN [ I 1  f o r  a d i s c u s s i o n  on t h e s e  
q u e s t i o n s  r e g a r d i n g  e q u i v a l e n t  f o r m u l a t i o n s ;  see a l s o  t h e  d i s c u s s i o n  
i n  S e c t i o n  4 . 2 . 2 . 1 ) .  

4 . 2 . 2 . 1  Formulation by minimisation of the energy functional 

It i s  r e a s o n a b l e  t o  assume t h a t  t h e  d i s p l a c e m e n t s  u c o r r e s p o n d i n g  - 
t o  t h e  stable equilibrium states s a t i s f y  t h e  f o l l o w i n g  c o n d i t i o n :  

( 4 . 6 )  5 locally minimises on K the functionaz v + n ( y ) ,  - 

where,  f o r  an i n c o m p r e s s i b l e  Mooney-Rivlin ma te r i a l ,  w e  have 

1 N  K = (H (n)) , y = on 2R1 ,  d e t  F ( v )  = 1 
3 -  

( 4 . 7 )  

a. e., F-’ (y)  E (L~(Q))~~~I , - 

and y -t IT(:) d e f i n e d  by ( 4 . 1 )  , ( 4 . 2 )  , ( 4 . 3 ) .  The e x i s t e n c e  o f  so l -  
u t i o n s  f o r  ( 4 . 6 ) ,  ( 4 . 7 )  i s  proved  i n  BALL C11. 

4 . 2 . 2 . 2  Formulation by equilibrium equations 

The e q u i l i b r i u m  p o s i t i o n s  ( s t a b l e  o r  u n s t a b l e )  c o r r e s p o n d  t o  t h e  
s o l u t i o n s  o f  t h e  sys tem of n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  

1 N  where DIT i s  t h e  d i f f e r e n t i a l  o f  IT (on H (Q)) ) and where 

( 4 . 9 )  

( i n  ( 4 . 9 )  w e  have used  t h e  c l a s s i c a l  n o t a t i o n  of Mechanics w i t h  r e g a r d  

t o  summation and d i f f e r e n t i a t i o n ) .  The above f u n c t i o n  p i s  c l e a r l y  
a Lagrange muZtipZier a s s o c i a t e d  w i t h  t h e  i n c o m p r e s s i b i l i t y  c o n d i t i o n  
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(4.5) and is seen to be a p r e s s u r e .  

4.2.2.3 F o r m u l a t i o n  by augmented Lagrang ian  

We proceed as in Sections 2 and 3 (and as in Chapter 111) by 

'relaxing' the linear relation (4.4) simultaneously by a Lagrange 

multiplier and penalisation, giving the augmented Lagrangian (with 

r > 0): 

(4.1 I )  d,(y ,$,g)  = IT(:) + 5 IIVV+I-GII~ II 3 % =2 - I, U*(Vv+I-G) -- z z dx. 

This leads to the following formulation of the elastostatic problem 

(4.12) 

1 Find { y ,E ,x>  E W = X X Y  X (L2(n))NXN, t h e  s t a t i o n a r y  p o i n t  
- I  

/ I on W o f  t h e  augmented Lagrang ian  F, 

where, in (4.12), 

y = { G I G <  ( ~ ~ ( n ) ) ~ ' ~ ,  G-I E (L2(n))NXN, det G = 1 u.e.3 . 
ii;i I 

I 

4.2.2.4 On some r e l a t i o n s  b e t w e e n  f o r m u l a t i o n s  (4.6) , (4.8) and 
(4.12) 

The following results are proved in LE TALLEC C11, C21: 

(i) There is equivalence between (4.8) and (4.12), 

(ii) Any "regular" solution of (4.6) is a solution of (4.8) and 

(4.12). 

(iii) If the functional IT is c o n v e x  (which is the case for a 

Mooney-Rivlin material if N = 2) then any solution 

{u,g, i> of (4.12) is such that y (locally) minimises 

+Rr(y,z,?) on X ; likewise for r sufficiently large, 

any solution of (4.12) is such that f minimises 

5 +Zr(u,$, ,X) (locally on Y). 
I 

Remark 4.2: If {u,F,A} is a solution of (4.12) the condition 
I Z . 5  

2, dr(yfF,i) - = 0 implies that 
I 
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(4.13) 

I n  view o f  (4 .13)  , 
K i r c h h o f f  t e n s o r  c o r r e s p o n d i n g  t o  t h e  i n c o m p r e s s i b i l i t y .  

a l s o  b e  n o t e d  t h a t  any a l g o r i t h m  s o l v i n g  ( 4 . 1 2 )  y i e l d s  t h e  stress 
f i e l d  d i r e c t l y .  

_X can  be  s e e n  t o  b e  t h e  p a r t  o f  t h e  f i r s t  P i o l a -  

It  should  

4.3 

4.3. 

Once 

S o l u t i o n  of problem ( 4 . 1 2 )  

A f i r s t  a l g o r i t h m  for s o l v i n g  ( 4 . 1 2 )  

a g a i n ,  w e  u s e  a l g o r i t h m  A L G l  o f  Chapter  111, S e c t i o n  3 . 1 ,  and 
o f  S e c t i o n  2 . 4  o f  t h e  p r e s e n t  c h a p t e r ;  i n  t h e  n o t a t i o n  of S e c t i o n  
4 . 2  w e  o b t a i n  t h e  f o l l o w i n g :  

2 NxN (4.14) A' g i v e n  i n  (L  ( a ) )  , 

b y  
h n + l  

t h e n  for n 2 0 ,  - A n  b e i n g  known, d e t e r m i n e  unlFn and I 

I - 

(4.16) An+'  = An - p (Vun+_I-Fn), p > 0. 
I - -. I - z  -I 

Remark 4.3 Problem (4 .15)  i s  e q u i v a l e n t  t o  t h e  n o n l i n e a r  system 

which,  when s o l v e d  by b l o c k  r e l a x a t i o n ,  l e a d s  t o  t h e  a l g o r i t h m  
d e s c r i b e d  i n  S e c t i o n  4.3.2 below. 

4.3.2 A second  a l g o r i t h m  f o r  s o l v i n g  ( 4 . 1 2 )  

T h i s  t i m e ,  w e  employ a l g o r i t h m  ALG2 of C h a p t e r  111, S e c t i o n  3 . 2 ,  
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and o f  S e c t i o n  2.5 o f  t h e  p r e s e n t  c h a p t e r ,  namely: 

(4.19) - 1  
g i v e n  i n  X ,  _xO g i v e n  in - 

n- 1 t h e n  f o r  n 2 0 ,  u and A n  b e i n g  known, d e t e r m i n e  Fn,  2n and 
A n + l  I - - 

b y  
Itl 

(4.20) 

(4.21) 

in+' = in - ~(V~"+I-F") , p > 0. 
I Z Z  I- 

(4.22) 

Problem ( 4 . 2 1 ) ,  which i s  e q u i v a l e n t  t o  

(4.23) 

i s  i n  f a c t  an u n c o n s t r a i n e d  m i n i m i s a t i o n  problem, t h e  s o l u t i o n  o f  

which p r e s e n t s  l i t t l e  d i f f i c u l t y ,  e s p e c i a l l y  i f  r i s  s u f f i c i e n t l y  
l a r g e ;  i f  N = 2 ,  t h e  f u n c t i o n a l  i n  (4 .23)  i s  q u a d r a t i c ,  and s o l v i n g  
( 4 . 2 1 ) ,  ( 4 . 2 3 )  r e d u c e s  t o  s o l v i n g  a l i n e a r  probZem r e l a t i v e  t o  an 
o p e r a t o r  w i t h  p a r t i a l  d e r i v a t i v e s  of  second o r d e r  ( s i m i l a r  t o  t h e  
L i n e a r  E l a s t i c i t y  o p e r a t o r )  which i s  i n d e p e n d e n t  of n ,  and whose 
f i n i t e - d i m e n s i o n a l  v a r i a n t s  are l i n e a r  sys tems a s s o c i a t e d  w i t h  
symmetr ic ,  p o s i t i v e - d e f i n i t e  matrices which are independent  o f  n 
( w e  t h e n  u s e  a p r e - f a c t o r i s a t i o n  of t h e s e  matr ices) .  

Problem ( 4 . 2 0 )  i s  n o t  so s t r a i g h t f o r w a r d  ( i n  a p p e a r a n c e  a t  l e a s t ) ;  
i f  N = 2 ,  ( 4 . 2 0 )  r e d u c e s  ( o m i t t i n g  t h e  i n d e x  n )  t o :  

Find F c  (L 2 ( R ) ) 4  s u c h  t h a t  F11F22-F12F21 = 1 a . e .  

and wh ich  m i n i m i s e s  t h e  f u n c t i o n a l  ( * )  

,G + In [rGij-2(r(ui 2 . + G i j ) - A .  .)G. . ]  dx 
, J  1 3  1 J  

o v e r  t h e  s e t  o f  t h e  G E  (L 2 4  ( a ) )  s u c h  t h a t  GllG22-G12G21= 1 a.e.  i (4.24) 

D 

' The 6 . .  i n  ( 4 . 2 4 )  i s  t h e  Kronecker  d e l t a .  1 3  
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I n  so f a r  a s  t h e r e  a r e  no derivatives of 5 and i n  ( 4 . 2 4 )  , w e  can 
s o l v e  t h i s  l a t t e r  problem p o i n t  by p o i n t ;  it i s  t h u s  necessary  t o  
s o l v e  an i n f i n i t y  ( i n  theory  a t  l e a s t )  of problems i n  of t h e  

type  : 

- - 

IR4 

( 4 . 2 5 )  

Find {F..}cR4 such  t h a t  F11F22-F12F21 = I and wh ich  

minimises t h e  f u n c t i o n a l  

Over  

1 J  
2 Gij -+ rG.. - 2a 
ij ijGij 

4 
{IG..}€R , GllG22-G12G2, = I } .  i 13 

The above c o n s t r a i n t  i s  d i agona l i sed  wi th  t h e  a i d  of t h e  new 
v a r i a b l e s  

Using b = [bi}4=1. de f ined  by ( 4 . 2 6 ) ,  problem (4.25) reduces t o  - 

( 4 . 2 7 )  

2 Find  b eR4 s u c h  t h a t  c .b .  = 2 ,  c1 = c4 - 1 ,  
1 1  

c2 = c3 = - I  and w h i c h  minimises 5 -+ r c i  - 2z.c. 
1 1  

4 o v e r  = I ~ ~ I ~ = ~  , ~ . c ?  = 21 . 
1 1  

The s o l u t i o n s  of ( 4 . 2 7 )  a r e  given by 

(4.28) { b i l e  R4 , bi = zi/(r+z.p), Yi=l,2,3,4, 

where t h e  s c a l a r  p ( t h e  Lagrange m u l t i p l i e r  a s soc ia t ed  wi th  
Eibi2 = 2 )  s a t i s f i e s  

(4.29) (z1+z4)/(r+p)’ = 2+(z2+z3)/(r-p) . 2 2  2 2  2 

2 2  Suppose t h a t  z1 + z 4  # 0 ;  it then  can e a s i l y  be shown t h a t  ( 4 . 2 9 )  

admits j u s t  one s o l u t i o n  i n  l-r,+r[: fur thermore ,  u s ing  t h e  I m p l i c i t  

F u n c t i o n  Theorem (see LE TALLEC C11, C21 GLOWINSKI-LE TALLEC 111 f o r  
f u r t h e r  d e t a i l s )  i t  can be shown t h a t  t h i s  s o l u t i o n  of ( 4 . 2 9 1  belonging 

t o  I-r ,+rC i s  p r e c i s e l y  t h a t  a s s o c i a t e d ,  v i a  (4.28), with  t h e  gZobaZ 
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2 2 minimum o f  t h e  f u n c t i o n a l  c -f r c .  - 2 z . c .  on E ~ C ~  = 2 and a l s o  t h a t  
t h e r e  are i n  f a c t  no o t h e r  l o c a l  o r  g l o b a l  minima. S o l v i n g  (4 .29)  
on I - r , + r [  i s  a t r i v i a l  problem; w e  t h e n  deduce b from p ,  by 
u s i n g  ( 4 . 2 8 ) ,  and ,F f rom by u s i n g  ( 4 . 2 6 ) .  The m u l t i p l i e r  p 
i s  i n t e r p r e t e d  m e c h a n i c a l l y  as a p r e s s u r e ;  i n  f a c t ,  i t  i s  shown i n  
LE TALLEC 111,  [ 2 1 ,  GLOWINSKI-LE TALLEC [11 t h a t  t h i s  m u l t i p l i e r  p 
i s  e q u a l  t o  t h e  p r e s s u r e  p which a p p e a r s  i n  (4 .8)  (which t h e r e f o r e  
j u s t i f i e s  o u r  u s e  of i d e n t i c a l  n o t a t i o n ) .  

... 1 1 1  

- 

Remark 4.3:  I n  t h e  n u m e r i c a l  t e s t s  w e  have per formed,  n o t  once 
2 2  d i d  w e  e n c o u n t e r  t h e  case z1 + z 4  = 0; 

f o r  r s u f f i c i e n t l y  l a r g e  t h i s  s i t u a t i o n  c a n n o t  a r i s e ,  i f  N = 2 ,  f o r  
problem ( 4 . 1 2 ) .  Fur thermore ,  t h i s  c o n d i t i o n  o f  " r  s u f f i c i e n t l y  
l a r g e "  i s  fundamenta l ,  as i s  shown i n  LE TALLEC Cll, 121 and GLOWINSKI- 
LE TALLEC C11 ( t h e s e  r e f e r e n c e s  even  go so f a r  as t o  g i v e  a lower  
bound f o r  r ,  t h i s  bound b e i n g  r e l a t e d  t o  c e r t a i n  norms o f  t h e  p r e s s -  
u r e  p ) .  

i n  f a c t  w e  c o n j e c t u r e  t h a t  

4 . 4  Numerical  tests 

Suppose t h a t  N = 2 ;  w e  r e d u c e  problem ( 4 . 6 )  (as  w e l l  as  problems 
(4 .8)  , ( 4 . 1 2 ) )  t o  a f i n i t e - d i m e n s i o n a l  problem by u s i n g  a finite-ele- 
ment approximation. W e  have used  rectangular finite elements 

K E Qh,  where Qh i s  a quadrangulation of R. We t h e n  approximate  

t h e  d i s p l a c e m e n t  v by yh E Co:E)  x co(E) , such  t h a t  
I 

(4 .30 )  

where 

( 4 . 3 1 )  

t h e  i n c o m p r e s s i b i l i t y  c o n d i t i o n  ( 4 . 5 )  i s  imposed a t  t h e  c e n t r e  of 
each  e l e m e n t a r y  r e c t a n g l e  
as an a v e r a g e  over e a c h  r e c t a n g l e ) .  

K E Qh (which i s  e q u i v a l e n t  t o  impos ing  it 

The convergence o f  t h e  approximate  s o l u t i o n s  when h -t 0 i s  a v e r y  
d i f f i c u l t  q u e s t i o n ;  t h i s  t o p i c  i s  t a c k l e d  i n  LE TALLEC [I], C21. 

I n  t h e  n u m e r i c a l  tests which f o l l o w ,  R i s  a ( two-dimens iona l )  
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b a r  c o n t a i n i n g  a c r a c k ;  t h i s  c r a c k  i s  assumed n o t  t o  p r o p a g a t e  any 
f u r t h e r .  F i g u r e  4 . 1  shows t h e  r i g h t - h a n d  p o r t i o n  o f  t h e  b a r ,  t h e  
c r a c k  and t h e  q u a d r a n g u l a t i o n  Qh ( a c t u a l l y  t h e  r i g h t - h a n d  h a l f  of 
Q h ) .  W e  suppose  t h a t  i n  ( 4 . 1 1 ,  ( 4 . 2 )  w e  have po  = 1, El = 1, 
an2 = 

t h e  e n d s  of t h e  b a r  and t e n d i n g  t o  e l o n g a t e  i t ,  t h e  d e n s i t y  o f  t h e s e  
f o r c e s  b e i n g  2 ( i n  modulus) .  The b a r  t h u s  s t r e t c h e s  under  t h e  a c t i o n  
o f  t h e s e  f o r c e s ,  and F i g u r e  4 .2  shows t h e  e q u i l i b r i u m  p o s i t i o n  o b t a i n e d ;  
t h i s  w a s  c a l c u l a t e d  by means of t h e  d i s c r e t i s e d  v a r i a n t  of a l g o r i t h m  
( 4 . 1 4 )  - ( 4 . 1 6 )  , i n i t i a l i s e d  w i t h  t h e  c o n f i g u r a t i o n  of F i g u r e  4.1. 

an and t h a t  So c o r r e s p o n d s  t o  h o r i z o n t a l  f o r c e s  a p p l i e d  t o  
1 

Using p = r = 10, convergence of  ( 4 . 1 4 )  - ( 4 . 1 6 )  w a s  a t t a i n e d  i n  
2 0  i t e r a t i o n s ,  c o r r e s p o n d i n g  t o  a computa t ion  t i m e  o f  5 seconds  on a 
CDC 6 4 0 0 .  I t  i s  i n t e r e s t i n g  t o  o b s e r v e  t h e  b e h a v i o u r  o f  t h e  c r a c k .  

F i g u r e  4 . 1  

F i g u r e  4 .2  

A number of n u m e r i c a l  tests r e l a t i n g  t o  o t h e r  two-dimensional  
problems and t o  c e r t a i n  ax isymmetr ic  and t h r e e - d i m e n s i o n a l  problems 
may b e  found i n  LE TALLEC 111, 1 2 1 ,  GLOWINSKI-LE TALLEC [ 1 1 , [ 2 1 .  

5.  SOME REMARKS ON THE APPLICATION OF THE ALGORITHMS OF SECTION 2 
TO THE SOLUTION OF EIGENVALUE AND EIGENVECTOR PROBLEMS 

The problems i n  F i n i t e  N o n l i n e a r  E l a s t i c i t y  c o n s i d e r e d  i n  S e c t i o n s  
3 and 4 o f  t h i s  c h a p t e r  are somewhat r e m i n i s c e n t  o f  e i g e n v a Z u e  and 
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e i g e n v e c t o r  p r o b l e m s :  they  i n  f a c t  involve  t h e  minimisation of 

func t iona l s  (sometimes q u a d r a t i c )  ove r  sets de f ined  by n o n Z i n e a r  

e q u a l i t y  c o n s t r a i n t s .  It i s  t h e r e f o r e  n a t u r a l  t o  cons ide r  u s ing  
the  a lgor i thms of Chapter I11 and of Sec t ion  2 of t h e  p re sen t  
chapter  f o r  so lv ing  c e r t a i n  e igenvalue /e iqenvec tor  problems. In  
the  fo l lowing ,  w e  s h a l l  conf ine  ou r  a t t e n t i o n  t o  t h e  de te rmina t ion  of 
t he  s m a l l e s t  e i g e n v a l u e  of a s y m m e t r i c  p o s i t i v e - d e f i n i t e  m a t r i x  (and 
of an a s s o c i a t e d  e i q e n v e c t o r ) ;  it i s  i n  f a c t  p o s s i b l e  t o  g e n e r a l i s e  
the  d i scuss ion  below t o  t h e  s o l u t i o n  of c e r t a i n  n o n l i n e a r  e igenvalue  
problems. 

Let A be an N x N s y m m e t r i c  p o s i t i v e - d e f i n i t e  mat r ix ;  l e t  
Am ( > O )  be i t s  s m a l l e s t  e i g e n v a l u e  and l e t  xm ( f  0) be an a s soc ia t ed  
e iqenvec tor .  We t hus  have 

- 
- - 

and it i s  a c l a s s i c a l  r e s u l t  t h a t  
t h e  minimisation problem 

i s  a (non-unique) s o l u t i o n  of Xm 

I t  i s  a l s o  known c l a s s i c a l l y  t h a t  i f  w e  a s s o c i a t e  wi th  ( 5 . 2 )  - ( 5 . 4 ) ,  

t h e  Lagrangian L : RN X R  +. R def ined  by 

then  A m  i s  t h e  Lagranqe m u l t i p l i e r  a s s o c i a t e d  wi th  t h e  minimisation 

problem ( 5 . 2 )  and wi th  t h e  Lagrangian ( 5 . 5 ) .  
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I n  o rde r  t o  apply t h e  decomposition-coordination methods of 
Chapter I11 and of Sec t ion  2 of t h e  p r e s e n t  chap te r ,  w e  f i r s t  no te  
t h a t  problem (5 .2)  i s  equ iva len t  t o  

( 5 . 6 )  

where 

W e  then  a s s o c i a t e  wi th  t h e  l i n e a r  c o n s t r a i n t  y-3 = 9 ,  t h e  augmented 

Lagrangian dr : JR3N + IR def ined ,  w i th  r > 0,  by 

In  o r d e r  t o  so lve  (5 .6 )  (and t h e r e f o r e  ( 5 . 1 ) ,  ( 5 . 2 ) )  w e  a r e  

t h e r e f o r e  l e d  t o  determine ( l o c a l )  s add le  p o i n t s  of 
(lRN X S )  X IRN ; t h e  a p p l i c a t i o n  of a lgor i thm A L G l  of Sec t ion  2 . 4  

(and of Chapter 111, Sec t ion  3 .1 )  l e a d s  t o  t h e  a lgor i thm 

dr on 

(5.9) xo g i v e n ,  

t h e n ,  f o r  n 2 0 ,  A n  b e i n g  known, d e t e r m i n e  {xn,pn} t h e n  bg - - -  

and 

(5.11) I X"+l = I A" + p ( p - p " ) ,  p > 0 .  

Once aga in ,  w e  can so lve  (5 .10)  by a b lock - re l axa t ion  method and, 
a s  b e f o r e ,  by r e s t r i c t i n g  t h i s  t o  a s i n g l e  i n n e r  r e l a x a t i o n  i t e r a t i o n ,  
w e  deduce from (5 .9)  - (5 .11)  t h e  fo l lowing  v a r i a n t  (of type  ALGZ 

( c f .  Sec t ion  2 . 5  and Chapter 111, Sec t ion  3 . 2 ) ) :  

- 1  
( 5 . 1 2 )  x and g i v e n ,  
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n- 1 t h e n ,  for n 2 0 ,  5 and in b e i n g  known, d e t e r m i n e  pn ,  zn and 

An'' s u c c e s s i v e l y  by 
Y 

(5.13) 

(5.14) 

( ,"ERN, 

(5.15) - = A n  + p(_xn-pn), P > O .  

It  i s  c l e a r  t h a t  t h e  minimisa t ion  problem (5 .14)  i s  e q u i v a l e n t  t o  
t h e  s o l u t i o n  of  t h e  l i n e a r  s y s t e m  

(5 .16)  (rz+5)_xn = rp"-," I . 

Since  t h e  ma t r ix  rI + A i s  s y m m e t r i c  and p o s i t i v e - d e f i n i t e ,  w e  can 
perform once and f o r  a l l  a Choiesky f a c t o r i s a t i o n  of t h i s  ma t r ix ;  
hence we s o l v e ,  a t  each i t e r a t i o n ,  two l i n e a r  systems of  t r i a n g u l a r  
ma t r i ces  . 

- I  

The s o l u t i o n  of problem (5 .13)  does n o t  p r e s e n t  any f u r t h e r  d i f -  
f i c u l t i e s ;  i n  f a c t ,  t a k i n g  account of  t h e  cond i t ion  CJ E S,  problem 
(5.13)  i s  e q u i v a l e n t  t o  

(5.17) Max (g , _Xn+rZn-l ) , 
qrs 

so t h a t  

Taking account of ( 5 . 1 6 ) ,  ( 5 . 1 8 ) ,  w e  can w r i t e  a lgo r i thm (5 .12)  - 
(5.15) i n  t h e  fo l lowing ,  more p r a c t i c a l ,  form: 

-1  
(5.19) 5 and lo g i v e n ,  
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t h e n ,  f o r  n 2 0 ,  xn-l  and A n  being known 

(5 .21)  

= A" + p(_X"-p"), p > 0. 
(5 .22)  An+ 1 

S i m i l a r l y ,  by updat ing  A n  i n  (5 .19)  - (5.22) between t h e  s t a g e s  - 
(5 .20)  and ( 5 . 2 1 ) ,  w e  o b t a i n  t h e  fo l lowing  a lgo r i thm (of t ype  ALG3) 
i n  which and q p l a y  symmetric r o l e s :  - 

- 1  
( 5 . 2 3 )  x and A O  given, - 

n- 1 t h e n ,  f o r  n z 0 ,  x and A n  being k n o w n ,  - - 
A" + rxn-' 

- 1 1  An+rxn-l 1 1  ' 
( 5 . 2 4 )  pn = - ." 

I -  

(5.25) 

(5.26) 

( 5 . 2 7 )  

The convergence of t h e  above a lgo r i thms  remains t o  be  proved; 

none the le s s ,  i f  w e  suppose t h a t  

then  w e  have 

Am = * 

W e  no te  (and it i s  s u f f i c i e n t  t o  s e t  p = r t o  show t h i s )  t h a t  alqo- 

r i t hms  ( 5 . 1 9 )  - (5.22) and (5 .23)  - ( 5 . 2 7 )  are  v a r i a n t s  of t h e  p o w e r  
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method ,  which i s  a s t a n d a r d  method f o r  t h e  c a l c u l a t i o n  o f  t h e  e igen -  
va lues  and e i q e n v e c t o r s  of m a t r i c e s  (see WILKINSON El l ,  WILKINSON- 
REINSCH [I], STEWART 111,  PARLETT [l]). Numerical t e s t s  c a r r i e d  o u t  
by M.O. B r i s t e a u  a t  I N R I A ,  have demonst ra ted  t h e  good convergence 
p r o p e r t i e s  of t h e  above a lgo r i thms  a s  l o n g  a s  r is t a k e n  s u f f i c i e n t l y  

l a r g e  ( i f  w e  p u t  p = r ,  which once a g a i n  s e e m s  t o  b e  t h e  b e s t  c h o i c e ) .  

W e  l e a v e  it a s  an exercise  f o r  t h e  r e a d e r  t o  d e r i v e  v a r i a n t s  of 
t h e  above a lgo r i thms  which e n a b l e  t h e  o t h e r  e iqenva lues  and e igen-  
v e c t o r s  of  A t o  be c a l c u l a t e d .  - 



C H A P T E R  I X  

A P P L I C A T I O N S  OF T H E  M E T H O D  OF M U L T I P L I E R S  

T O  V A R I A T I O N A L  I N E Q U A L I T I E S  

D. Gabay 

1. INTRODUCTION 

T h i s  c h a p t e r  e x t e n d s  and  complements some o f  t h e  remarks made i n  
t h e  p r e v i o u s  c h a p t e r s ,  i n  p a r t i c u l a r  i n  C h a p t e r  111. W e  g e n e r a l i s e  
t h e  augmented Laqrangian  method t o  t h e  case o f  v a r i a t i o n a l  i n e q u a l -  
i t i e s  and w e  g i v e  t o  i t  t h e  m o r e  a p p r o p r i a t e  name o f  t h e  method  of  
m u l t i p l i e r s  s i n c e  t h e s e  problems do n o t  g e n e r a l l y  i n v o l v e  a Lagrangian .  
W e  s h a l l  a l s o  d e m o n s t r a t e  t h e  e q u i v a l e n c e  between a l g o r i t h m  A L G l  and 
a method of s o l u t i o n  well-known i n  N o n l i n e a r  A n a l y s i s ,  namely t h e  
proximal -poin t  a l g o r i t h m .  F i n a l l y ,  w e  r e c o n s i d e r  i n  d e t a i l  t h e  
i d e a s  i n t r o d u c e d  e a r l i e r ,  i n  C h a p t e r  I V ,  on t h e  s u b j e c t  of a Z t e r n a t i n g  

d i r e c t i o n  m e t h o d s ,  and w e  d e s c r i b e  t h e  r e l a t i o n s h i p  between t h e s e  
methods and ALG2 and ALG3 (see a l so  C h a p t e r  V I I I ,  S e c t i o n  2 ) .  To 

f a c i l i t a t e  a p r o p e r  p r e s e n t a t i o n  of t h e  problems, w e  f i r s t  r eca l l  a 

number o f  d e f i n i t i o n s  and r e s u l t s .  

1.1 Monotone o p e r a t o r s  

L e t  X b e  a rea l  H i l b e r t  s p a c e  equipped  w i t h  t h e  i n n e r  p r o d u c t  
( a , . ) .  W e  d e s i g n a t e  as a monotone  o p e r a t o r  a m u l t i - v a l u e d  mapping 
T:  X + 2' such  t h a t  w e  have 

(1.1) ( z ' - ~ , x ' - x ) ~ " O  Yx,x' E X ,  Y z E T ( x ) ,  Yz' E T ( x ' ) .  

W e  s a y  t h a t  T i s  a m a x i m a l  mono tone  o p e r a t o r  i f ,  i n  a d d i t i o n ,  t h e  

g r a p h  

i s  n o t  s t r i c t l y  i n c l u d e d  w i t h i n  t h e  g r a p h  of any o t h e r  monotone 

299 
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o p e r a t o r  on X. These o p e r a t o r s  o c c u r  i n  Convex A n a l y s i s  and i n  t h e  

s t u d y  of c e r t a i n  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  (see, f o r  example,  
B F E Z I S  C11). I n  f a c t  a v e r y  i m p o r t a n t  s p e c i a l  case a r i ses  from t h e  
f i e l d  o f  Convex A n a l y s i s .  L e t  $ : X + I - m ,  +-I b e  a f u n c t i o n  
which i s  p r o p e r ,  convex and lower  semi-cont inuous  on X and c o n s i d e r  
i t s  s u b g r a d i e n t  a$,  d e f i n e d  a t  x E X by 

The o p e r a t o r  x + a $ ( x )  i s  maximal monotone, and i f  x E X i s  a s o l u t i o n  
of t h e  m u l t i v a l u e d  e q u a t i o n  ( * )  

t h e n  w e  a l s o  have 

The m u l t i v a l u e d  e q u a t i o n  ( 1 . 4 )  i s  t h u s  e q u i v a l e n t  t o  t h e  o p t i m i s a t i o n  
problem ( 1 . 5 ) ,  ( o r  convex programming p r o b l e m ) ,  which i s  i m p l i c i t l y  a 
c o n s t r a i n e d  problem s i n c e  t h e  s e t  o f  p o i n t s  where @ ( y )  = +- i s  
o b v i o u s l y  e x c l u d e d  from t h e  set  of a d m i s s i b l e  s o l u t i o n s .  

However, it i s  n o t  a lways p o s s i b l e  ( i n  p a r t i c u l a r  i n  examples  
a r i s i n g  from t h e  t h e o r y  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s )  t o  
a s s o c i a t e  a n  o p t i m i s a t i o n  problem w i t h  a m u l t i v a l u e d  e q u a t i o n :  w e  
t h e n  c o n s i d e r  d i r e c t l y  a f o r m u l a t i o n  u s i n g  a v a r i a t i o n a l  i n e q u a l i t y .  
Given a nonempty, c l o s e d ,  convex s u b s e t  K o f  X and a maximal mono- 

t o n e  o p e r a t o r  A on X ,  n o t  n e c e s s a r i l y  d e f i n e d  by a s u b g r a d i e n t ,  w e  
seek  x E K ,  s a t i s f y i n g  t h e  f o l l o w i n g  v a r i a t i o n a l  i n e q u a l i t y  (see 
LIONS-STAMPACCHIA C11): 

(1 - 6 )  T h e r e  e x i s t s  Z E A ( X )  such  t h a t  (Z,Y-X)~LO YycK. 

L e t  u s  now c o n s i d e r  t h e  m u l t i v a l u e d  e q u a t i o n  

( 1 . 7 )  0 E T(x). 

( * )  T r a n s l a t o r ' s  n o t e :  Sometimes known under  t h e  name m u l t i v o q u e  
e q u a t i o n .  
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Any s o l u t i o n  of t h e  i n e q u a l i t y  ( 1 . 6 )  a l s o  s a t i s f i e s  ( 1 . 7 )  wi th  T 

de f ined  by 

A ( x ) + N K ( x )  if x E K ,  I B o t h e r w i s e ,  
(1 - 8 )  T ( x )  = 

where NK(x) denotes  t h e  cone  normal  t o  K a t  x") ;  ROCKAFELLAR 1 6 1  
has  shown t h a t  T i s  maximal monotone. W e  no te  t h a t  i f  A i s  
a maximal monotone s i n g Z e - v a Z u e d  o p e r a t o r  and i f  K i s  a c losed  
convex cone i n  X w i th  v e r t e x  0, then  t h e  v a r i a t i o n a l  i n e q u a l i t y  
( 1 . 6 )  i s  e q u i v a l e n t  t o  t h e  c o m p l e m e n t a r i t y  p r o b l e m :  

Find X E K  s u c h  t h a t  

- A ( x )  E K'and ( A ( x ) , x ) ,  = 0, 

where KO denotes  t h e  p o l a r  cone  ( * ) o f  K .  

The mul t iva lued  equa t ion  ( 1 . 7 )  t h u s  u n i f i e s  v a r i a t i o n a l  problems 
of  t h e  type  ( 1 . 5 ) ,  v a r i a t i o n a l  i n e q u a l i t i e s  of t h e  type  ( 1 . 6 )  and 
complementarity problems of t h e  type  ( 1 . 9 )  . W e  can t h e r e f o r e  t r a n s -  
pose a lgo r i thms  des igned  f o r  s o l v i n g  problems of one t y p e  t o  t h e  
s o l u t i o n  of problems of  t h e  o t h e r  two types .  

1 . 2  The method of m u l t i p l i e r s  

The development of Opera t iona l  Research dur ing  t h e  l a s t  twenty 
y e a r s  has  promoted an inc reased  emphasis on t h e  i n v e s t i g a t i o n  of 
o p t i m i s a t i o n  problems; more advanced numerical  methods and experiments 
t h e r e f o r e  e x i s t  i n  t h e  f i e l d  of convex programming than  i n  t h e  f i e l d s  
of  v a r i a t i o n a l  i n e q u a l i t i e s  and complementarity problems. The uni- 
f y i n g  framework p resen ted  above would t h u s  i n d i c a t e  one p o s s i b l e  
methodology f o r  reducing  t h e  gap between t h e s e  domains: namely, 
g iven  a known a lgo r i thm f o r  t h e  convex programming problem (1.5), 

f i n d  t h e  cor responding  gene ra l  a lgo r i thm f o r  s o l v i n g  t h e  mul t iva lued  
equa t ion  ( 1 . 7 )  and deduce from it t h e  cor responding  a lgo r i thm f o r  
t h e  v a r i a t i o n a l  i n e q u a l i t y  (1.6), which can be s p e c i a l i s e d  t o  t h e  
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complementar i ty  problem (1.9). T h i s  approach  h a s  been f o l l o w e d  

i m p l i c i t l y  by GLOWINSKI-LIONS-TREMOLIERES 111 , 1 2 1  f o r  d e f i n i n g  
r e l a x a t i o n  a l g o r i t h m s ,  g r a d i e n t  a l g o r i t h m s  ( w i t h  a u x i l i a r y  o p e r a t o r )  , 
c o n j u g a t e - g r a d i e n t  a l g o r i t h m s ,  d u a l i t y  methods and p e n a l i s a t i o n  
methods,  f o r  t h e  s o l u t i o n  of v a r i a t i o n a l  i n e q u a l i t i e s .  

The method of m u l t i p l i e r s  h a s  f o r  a number o f  y e a r s  g e n e r a t e d  a 
c o n s i d e r a b l e  amount o f  i n t e r e s t  f o r  t h e  s o l u t i o n  o f  c o n s t r a i n e d  o p t i m i -  
s a t i o n  problems,  b o t h  f o r  i t s  s i m p l i c i t y  o f  implementa t ion  and f o r  t h e  
advantages  it o f f e r s  o v e r  p e n a l i s a t i o n  methods (see BERTSEKAS 111). 
Proposed i n i t i a l l y  by HESTENES [11 and POWELL 111 f o r  m i n i m i s a t i o n  
problems w i t h  e q u a l i t y  c o n s t r a i n t s ,  i t  can b e  i n t e r p r e t e d  a s  a 
g r a d i e n t  method f o r  s o l v i n g  a d u a l  problem a s s o c i a t e d  w i t h  a n  augmented 
Lagrangian ,  t h i s  b e i n g  o b t a i n e d  by adding  t o  t h e  o r d i n a r y  Lagrangian  
a p e n a l i s a t i o n  t e r m  depending  on a p a r a m e t e r  r > 0 (which need n o t  
t e n d  t o  i n f i n i t y ) ;  hence  t h e  a l t e r n a t i v e  name: p e n a l i s a t i o n - d u a l i t y  

method. ROCKAFELLAR 111 ,  C71 d e f i n e d  t h e  method f o r  convex program- 
ming problems and d e m o n s t r a t e d  i t s  g l o b a l  and l i n e a r  ( s u p e r l i n e a r  i f  
r -t + m) convergence.  

I n  t h i s  c h a p t e r ,  w e  propose  t o  e x t e n d  t h e  method o f  m u l t i p l i e r s  
t o  v a r i a t i o n a l  i n e q u a l i t i e s  and t h e n  t o  propose  a p p r o x i m a t i o n s  o f  
t h i s  method which w i l l  e n a b l e  a decomposi t ion  o f  t h e  c a l c u l a t i o n s  t o  
b e  e f f e c t e d .  T h i s  work may b e  r e c o g n i s e d  a s  a g e n e r a l i s a t i o n  of 
Chapter  I11 and o f  GABAY-MERCIER 111, i n  which t h i s  o b j e c t i v e  w a s  
a c h i e v e d  f o r  p a r t i c u l a r  i n e q u a l i t i e s  c o r r e s p o n d i n g  t o  c o n v e x  v a r i a -  

t i o n a l  p rob lems  o f  t h e  form 

( I  . l o )  inf IF(BV)+G(V)~, 
V€V 

where F and G are f u n c t i o n s  w i t h  v a l u e s  i n  I-m,+ml, and which a r e  
convex,  p r o p e r ,  l o w e r  semi-cont inuous  and d e f i n e d  r e s p e c t i v e l y  on t h e  
r ea l  H i l b e r t  s p a c e s  H and V ,  e q u i p p e d  w i t h  t h e  i n n e r  p r o d u c t s  

( -  , - ) H  and (. , *  ) v  ; 
117, FORTIN 111)  t h a t  w e  can associate  w i t h  (1.10) t h e  regularised 
d u a l  p rob lem ( o r  augmented d u a l  problem) : 

it can be  shown (see C h a p t e r  111, GABAY-MERCIER 

where, f o r  r 2 0 ,  t h e  concave f u n c t i o n a l  Q r  : H + C-m,+m[ i s  d e f i n e d  by 
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The f u n c t i o n a l  q r  i s  always d i f f e r e n t i a b l e  f o r  r > 0. We can 
s o l v e  problem (1.10) and i t s  dua l  (1.11) by seek ing  on V X H  X H  a 
s add le  p o i n t  of t h e  augmented L a g r a n g i a n  def ined  ( a s  i n  Chapter 111) 

b Y 

I t  i s  p o s s i b l e  t o  o b t a i n  k, d i r e c t l y  from t h e  v a r i a t i o n a l  pro- 
blem (1.10) by in t roduc ing  t h e  v a r i a b l e  q and t h e  a r t i f i c i a l  con- 
s t r a i n t  Bv-q = 0,  t h i s  c o n s t r a i n t  t hen  be ing  pena l i s ed  and d u a l i s e d  
a long  t h e  l i n e s  of t h e  o r i g i n a l  procedure  of HESTENES C11. For see-  
k ing  s a d d l e  p o i n t s  of k,, we have made e x t e n s i v e  use i n  t h i s  book of 
Uzawa's a lgo r i thm a p p l i e d  t o  (ALGl), and a p a r t i c u l a r  v a r i a n t  of 
t h i s ,  ( A L G 2 ) .  I n  o r d e r  t o  c l a r i f y  t h e  r e s t  of t h e  d e s c r i p t i o n ,  we 
g ive  below a b r i e f  r e s t a t emen t  of a lgo r i thm ALG1,  t h e  p r o p e r t i e s  of 
which w e r e  s t u d i e d  i n  Chapter 111. 

dr, 

z 1 :  
X n  known, s o l u t i o n s  un E V ,  p E H ,  of  

Xo b e i n g  c h o s e n  a r b i t r a r i l y ,  we s e e k  for n = 0, 1, ..., w i t h  
n 

(1.14) Pr(un,pn,Xn) 5 d,(v.q,X") VV 6 V, W 6 H, 

b y  
X n + l  t h e n  we c a l c u l a t e  

(1.15) An+' = Xn+p(Bun-pn). 

We then  cons ide r  t h e  augmented d u a l  f u n c t i o n a l  Jir d e f ined  by 

W e  have, from (1.14), $,(An) = dr(un ,pn ,Xn) ;  fur thermore ,  it can 
be shown ( s e e  ROCKAFELLAR C21, FORTIN C11) t h a t  w e  have 

( I  .17) 
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where 

(1.10) in the sense of Fenchel (see ROCKAFELLAR 151, EKELAND-TEMAM C11); 
that is 

$o is in fact the functional defining the dual of problem 

( 3 )  where F* and G* denote the conjugate functions of F and G , 
defined on H and V respectively, and where Bt is the operator 

from H into V defined by 

t ( 4 )  
( 1 . 1 9 )  ( B v , d H  = (v,B q) ,  v v c  V ,  v q c  H 

In the terminology of MOREAU C11, relation (1.17) states that 

-rqr is the prox imal  p o i n t  mapping" relative to -rJio. 

this (see ROCKAFELLAR C21 that the method of multipliers (algorithm 
ALGl with p = r) generates the same sequence of iterates {An} as nzO 
the prox imal  p o i n t  a l g o r i t h m  for solving the multivalued equation 

(1.7) with T = - a $  o. This algorithm was introduced by MARTINET 111, 

[ 2 1  and generalised by ROCKAFELLAR C81 for an arbitnary maximal mono- 

tone operator T on H; it constructs a sequence An E H in accord- 

ance with the recurrence relation 

We deduce from 

= J;(x") n = O , I ,  ..., An+l (1.21) 

where J: = (I+rT)-' is a contracting single-valued operator called 

the r e s o l v e n t  of T (see BREZIS C11). This observation will guide our 

approach to generalising the method of multipliers to variational in- 

equalities. 

After first recalling, in Section 2 below, the convergence prope- 

rties of the proximal-point algorithm, we then define in Section 3 a 

variational inequality which generalises the variational problem 

(1.10) and which includes the inequality (1.6) as a particular case, 

and we associate with this a dual variational inequality. In Section 

4 we apply the proximal-point algorithm to the representation of the 

("See Section 3 for the relation between Bt and the usual adjoint B' 
of B. 

* T r a n s l a t o r ' s  n o t e :  a p p l i c a t i o n  de prox imi t e '  in the original French. 
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dua l  v a r i a t i o n a l  i n e q u a l i t y ,  i n  mul t iva lued  ("muZtivoque") form, and 
t h i s  d e f i n e s  a method of m u l t i p l i e r s  f o r  t h e  s o l u t i o n  of v a r i a t i o n a l  
i n e q u a l i t i e s  by p e n a l i s a t i o n - d u a l i t y ,  g e n e r a l i s i n g  a lgo r i thm ALG1. 

Observing t h a t  t h e  mul t iva lued  o p e r a t o r  a s s o c i a t e d  wi th  t h e  dua l  
i n e q u a l i t y  has  t h e  form of t h e  sum of two maximal-monotone o p e r a t o r s ,  
w e  i n v e s t i g a t e  i n  Sec t ion  5 some approximations of  t h e  proximal-point 
a lgo r i thm which t a k e  advantage of t h i s  s t r u c t u r e .  I n  p a r t i c u l a r ,  w e  
apply  two a lgo r i thms  r e c e n t l y  proposed by P.L. LIONS-MERCIER 111 which 
g e n e r a l i s e  t h e  a l t e r n a t i n g - d i r e c t i o n  methods t o  t h e  s o l u t i o n  of t h e  

mul t iva lued  equa t ion  (1.7) and we thereby  o b t a i n  two v a r i a n t s  of t h e  
method of m u l t i p l i e r s  f o r  t h e  s o l u t i o n  of v a r i a t i o n a l  i n e q u a l i t i e s ;  
t h e s e  v a r i a n t s  provide  a decomposition scheme coord ina ted  v i a  t h e  
m u l t i p l i e r s  (see BENSOUSSAN-LIONS-TEMAM 1 1 1 ) .  One of t h e s e  v a r i a n t s  
g e n e r a l i s e s  t o  v a r i a t i o n a l  i n e q u a l i t i e s  t h e  a lgo r i thm ALG2 from 
Chapter  I11 and from GABAY-MERCIER Cll, which can t h e r e f o r e  be i n t e r -  
p r e t e d  a s  an a l t e r n a t i n g - d i r e c t i o n  method a s  was no ted  i n  CHAN- 

GLOWINSKI I l l ,  f o r  a p a r t i c u l a r  c l a s s  of problems, and a s  was po in ted  
o u t  i n  Chapters I V  and V I I I .  The o t h e r  v a r i a n t  comprises a lgo r i thm 
ALG3 mentioned i n  Chapter V I I I .  I n  Sec t ion  6 w e  s tudy  another  
approximation of t h e  proximal-point a lgo r i thm which employs a s p l i t -  
t i n g  of  t h e  o p e r a t o r  T. W e  then  r ecove r  t h e  p o i n t  p r o j e c t i o n  gra- 
d i e n t  method f o r  convex programming (GOLDSTEIN [ll), and i t s  gene ra l i -  
s a t i o n  t o  t h e  v a r i a t i o n a l  i n e q u a l i t y  ( 1 . 6 ) ;  app l i ed  t o  t h e  dua l  
i n e q u a l i t y  of ( 1 . 6 )  t h i s  may be i n t e r p r e t e d  a s  a method of mul t i -  
p l i e r s  w i th  p r o j e c t i o n .  

2.  THE PROXIMAL-POINT ALGORITHM 

L e t  X be a r e a l  H i l b e r t  space  equipped wi th  t h e  i n n e r  product  
(. ,. ) and t h e  cor responding  norm I - I , and l e t  T be a maximal- 
monotone o p e r a t o r  on X. W e  wish t o  s o l v e  t h e  mul t iva lued  equat ion  

F i n d  X E X  such that 

0 E T ( x ) .  

(2.1) 

For a l l  x E X and a l l  r > 0 t h e r e  e x i s t s  ( see  M I N T Y  c11) a 

unique y E X such t h a t  

(2.2) x E (I+rT) (y) . 
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The o p e r a t o r  J: = ( I + r T ) - '  i s  t h u s  s i n g l e - v a l u e d  and d e f i n e d  on t h e  
whole o f  X; w e  c a l l  t h i s  t h e  r e s o l v e n t  o f  T.  T h i s  i s  a c o n t r a c -  

t i o n  from X i n t o  x, i .e .  

W e  s h a l l  show t h a t  J; i s  moreover  a f i r m  c o n t r a c t i o n .  

PROPOSITION 2.1: For  a l l  r > 0 t h e  r e s o Z v e n t  JG of t h e  maximal 

monotone o p e r a t o r  T is a f i r m  c o n t r a c t i o n ,  i . e .  i t  s a t i s f i e s  

Proof :  W e  p u t  y = J ; ( x ) ,  y '  = J ; ( x ' ) .  

x = y+rz where Z E  T(y), 

x' = y'+rz' where z' E T(y'). 

From ( 2 . 2 )  w e  have 

W e  can t h u s  w r i t e  
2 

Iyl-yIx = ( y ' - y , ~ ~ - x ) ~  - r(y'-y,z'-z) X 

5 (y'-y,x'-x)x 

i n  view of t h e  maximal m o n o t o n i c i t y  o f  T ;  hence t h e  r e s u l t .  

Remark 2 . 1 :  I f  T = a @ ,  t h e  s u b g r a d i e n t  of a convex,  p r o p e r ,  
lower  semi-cont inuous  f u n c t i o n  @ : X + 1 - m , + = 7 I l  t h e n  

i n  t h e  te rminology of MOREAU [11 
r e l a t i v e  t o  t h e  f u n c t i o n a l  r @ .  

J; i s  t h e  p r o x i m a l  p o i n t  mapping 

W e  n o t e  t h a t  0 E T ( x )  i s  e q u i v a l e n t  t o  J g ( x )  = x. The s o l u t i o n  
of t h e  m u l t i - v a l u e d  e q u a t i o n  ( 2 . 1 )  t h u s  r e d u c e s  t o  s e e k i n g  t h e  f i x e d  

p o i n t s  of t h e  c o n t r a c t i o n  mapping J;. 

DEFINITION 2.2: (see ROCKAFELLAR C 81 ) : Given  a n o n d e c r e a s i n g  

sequence  

t h e  p r o x i m a l - p o i n t  a l g o r i t h m  g e n e r a t e s  a sequence  

X a c c o r d i n g  t o  t h e  r e c u r r e n c e  r e l a t i o n  

{ r n }  of p o s i t i v e  numbers  and an a r b i t r a r y  p o i n t  xo E X I  

{x"} of p o i n t s  of 
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Remark 2 . 2 :  The proximal-point a lgo r i thm can be i n t e r p r e t e d  as 
an i m p l i c i t  d i s c r e t i s a t i o n  scheme f o r  t h e  mul t iva lued  evo lu t ion  equa- 
t i o n  

0 E + T(x) with x(0) = xo, d t  (2.6) 

t h e  parameters  rn r e p r e s e n t i n g  t h e  t i m e  s t e p s  f o r  t h e  d i s c r e t i s a t i o n  

xn+'-x" 
OE- + T(xn+I). 

n 

The fo l lowing  convergence r e s u l t  s t a t e s  t h a t  t h e  sequence cxnl 
converges t o  a s o l u t i o n  of t h e  s t e a d y - s t a t e  equa t ion  0 E T ( x ) .  

THEOREM 2.1: Suppose t h a t  t h e r e  e x i s t s  a t  l e a s t  one s o l u t i o n  t o  

e q u a t i o n  ( 2 . 1 ) .  The p r o x i m a l - p o i n t  a l g o r i t h m  g e n e r a t e s  a sequence  

[xn} which  c o n v e r g e s  weak ly  t o  x E X s u c h  t h a t  0 E T ( x )  and 

r 
P r o o f :  Using r e l a t i o n  ( 2 . 3 )  which expres ses  t h e  f a c t  t h a t  JTn 

i s  a f i r m  

By adding 

w e  a r r i v e  

c o n t r a c t i o n ,  w e  o b t a i n  f o r  a l l  n 

-x,xn-x ) X 

= 1 (/x"+'-xlx 2 + lx"-x\; -lx"+l-x" I x ) .  

t h e s e  i n e q u a l i t i e s  from n = 0 t o  an a r b i t r a r y  i n t e g e r  N, 

a t  

which shows t h a t  Ixn+' -xn lX converges t o  0 and t h a t  t h e  sequence 
{xn} i s  bounded. 

By hypo thes i s ,  t h e  s e t  o f  t h e  f i x e d  p o i n t s  o f  JG i s  nonempty 
( s i n c e  t h e r e  e x i s t s  a t  l e a s t  one s o l u t i o n  of ( 2 . 1 ) )  ; O p i a Z ' s  Lemma, 
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see OPIAL Ell, t h u s  e n a b l e s  t h e  weak convergence o f  t h e  sequence  

{x"} t o  be  e s t a b l i s h e d  (see a l s o  MARTINET I l l ,  I21 and ROCKAFELLAR 
I l l ) .  

Remark 2.3: W e  can  d e f i n e  t h e  p r o x i m a l  p o i n t  a l g o r i t h m  w i t h  

r e l a x a t i o n  by t h e  r e c u r r e n c e  

Theorem 2 . 1  remains  v a l i d  f o r  any r e l a x a t i o n  p a r a m e t e r  0 < w < 2 .  

I t  can i n  f a c t  be shown t h a t  i f  J i s  a f i r m  c o n t r a c t i o n ,  t h e n  
Jw = (l-w)I+wJ 

w e  deduce t h a t  Ix  n+l - xn I 
1 < w < 2 w e  can e s t a b l i s h  t h e  i n e q u a l i t y  

i s  a l s o  a f i r m  c o n t r a c t i o n  f o r  0 < w < 1 from which 
+ 0 and t h e  weak convergence .  For  

which allows u s  t o  prove  t h a t  Ix  n+l - x n l X  a g a i n  converges  t o  0 .  

I f  T i s  c o e r c i v e  ( w i t h  modulus a > O ) ,  i . e .  i f  

(2.9)  (Z'-Z,X'-X)~ 2 ciIx'-xl~ Yx,x' E X, Vz E T(x), Yz' E T(x'), 

t h e n  it can e a s i l y  be shown t h a t  

(2.10) ~.JC~(X') - J~ rn (x)lX< (]+am)-' Ix'-xIx Vx,x' E H, 

which i m p l i e s  t h a t  JEn h a s  a unique  f i x e d  p o i n t  x which i s  t h e  

unique s o l u t i o n  s a t i s f y i n g  0 E T ( x ) .  

THEOREM 2 . 2 :  I f  T i s  c o e r c i v e ,  t h e  p r o x i m a l - p o i n t  a l g o r i t h m  

( 2 . 3 )  g e n e r a t e s  a s e q u e n c e  {xnl  w h i c h  c o n v e r g e s  s t r o n g l y  and 

l i n e a r l y  t o  t h e  u n i q u e  s o l u t i o n  x of t h e  m u l t i v a l u e d  e q u a t i o n  ( 2 . 1 ) .  
I f  rn + + m ,  t h e  c o n v e r g e n c e  i s  s u p e r l i n e a r .  

Proof: The i n e q u a l i t y  ( 2 . 1 0 )  can  b e  w r i t t e n ,  w i t h  x '  = xn and 
w i t h  x a s o l u t i o n  o f  ( 2 . 1 ) ,  as  
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which impl i e s  t h e  s t r o n g  convergence and which g i v e s  an e s t i m a t e  of  
t h e  r a t e  of convergence. 
l i n e a r  s i n c e  

I f  rn + + m, t h e  convergence i s  super- 

I xn+]-x I 
1 im = o .  

n++m I xn-xlx 

Remark  2 . 4 :  The i n t r o d u c t i o n  of t h e  r e l a x a t i o n  mentioned i n  
Remark 2.3 enab le s  t h e  convergence of t h e  proximal-point a lgor i thm t o  
be a c c e l e r a t e d  i f  t h e  parameter  w i n  t h e  r ecu r rence  ( 2 . 7 )  i s  s u i t -  
ab ly  chosen (assuming f o r  s i m p l i c i t y  t h a t  r i s  f i x e d ) .  Suppose 
t h a t  T i s  coe rc ive  ( cond i t ion  ( 2 . 9 ) )  and a l s o  t h a t  it i s  uniformly 
Lipschi tz -cont inuous ,  i . e .  ( T  then  be ing  s ing le -va lued)  

w i t h ,  n a t u r a l l y ,  M t a. W e  now i n t r o d u c e  t h e  n o t a t i o n  
X n+1/2 = 

zn+li2 = z:n'1/2), and from (2 .10)  we have 
by d e f i n i t i o n ,  w e  have xn = xn+1/2+rzn+1/2, where 

W e  can w r i t e  ( 2 . 7 )  i n  t h e  form 

and w e  o b t a i n  ( f o r  w > 1) t h e  e s t i m a t e  

The c o e f f i c i e n t  on t h e  r i g h t  i s  a minimum f o r  w *  = l + a / r d  (w* < 2 
f o r  r s u f f i c i e n t l y  l a r g e ) ;  it then  fo l lows  t h a t  

Th i s  e s t i m a t e  i s  n o t  very  sha rp  b u t ,  compared wi th  ( 2 . 1 1 ) ,  it demon- 

s t r a t e s  t h e  a c c e l e r a t i o n  of t h e  r a t e  of convergence produced by over- 
r e l a x a t i o n .  m 

Before concluding t h i s  s e c t i o n  we should  mention a r e l a t i o n  which 
e x i s t s  between t h e  r e s o l v e n t s  of t h e  o p e r a t o r  T and i t s  i n v e r s e  
T - I  which w i l l  be used l a t e r  on i n  t h i s  Chapter (see Sec t ion  5 ) .  
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P R O P O S I T I O N  2 . 2 :  Given  r > 0 ,  We p u t  & = l / r ;  we t h e n  have t h e  

r e l a t i o n  

Proof: We pu t  y = J;x: by d e f i n i t i o n  w e  have x = y+rz  wi th  
z E T ( y )  , from which w e  deduce t h a t  y E T - I  ( E  (x-y) ) . W e  t h e r e f o r e  
o b t a i n  

EX E ( I+ET-l  

which then  g i v e s  ( 2  14). 

3 .  VARIATIONAL INEQUALITIES I N  DUALITY 

I n  t h e  fo l lowing ,  V and H deno te  r e a l  H i l b e r t  spaces  equipped 
r e s p e c t i v e l y  w i t h  t h e  i n n e r  p roduc t s  ( -  , - )  and V '  and H '  

denote t h e  cor responding  dua l  spaces .  
< * , - > H , x H  t h e  b i l i n e a r  forms of d u a l i t y  between V'  and V and 
between H '  and H ,  and by hV and hH t h e  isomorphisms of V 

on to  V'  and of  H o n t o  H '  de f ined  r e s p e c t i v e l y  by 

W e  denote  by < * , * > v , x v  and 

< A ~ , V > ~ , ~ ~  = ( U , V ) ~  Y U , V E V  with A p c V ' ,  

I n  many cases  it it p o s s i b l e  t o  i d e n t i f y  H w i th  i t s  dua l  and w e  
then  have A H  = I. 

Let  A : V -f 2' be a (mul t iva lued)  maximal monotone o p e r a t o r  on 
V,  wi th  domain 

L e t  B : V -t H be a cont inuous  l i n e a r  o p e r a t o r  from V i n t o  H ,  l e t  
B '  be i t s  a d j o i n t  ( B '  E d ( H ' , V ' ) )  de f ined  by 

<B'g'  ,v> v, = < q ' ,  B v > ~ , ~ ~  Vv E V ,  Vq' E H '  and l e t  
F : H + I-m,+ml be a lower semi-continuous,  p rope r ,  convex f u n c t i o n  
wi th  e f f e c t i v e  domain 
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(3.2) dom(F) = { q l q  E H, F(q) < +ml , 

t h e  i n t e r i o r  o f  which w e  s h a l l  assume t o  b e  nonempty. W e  a l so  
assume t h a t  t h e  f o l l o w i n g  q u a l i f i c a t i o n  c o n d i t i o n  i s  s a t i s f i e d :  t h e r e  
e x i s t s  v E i n t ( d o m ( A ) )  such  t h a t  Bvo E dom(F).  

W e  c o n s i d e r  a v a r i a t i o n a t  i n e q u a t i t y  i n  t h e  f o l l o w i n g  g e n e r a l  
form: 

Find U E V  such  t h a t  

(3 f 3) 
1 3  w E A ( u )  such  t h a t  (w,v-u)" + F(Bv)-F(Bu) t 0 Vv E V. 

We r e c a l l  t h a t  i f  A = a G ,  a G  b e i n g  t h e  s u b g r a d i e n t  o f  a f u n c t i o n  
G : V -f ]--,+-I which i s  convex,  p r o p e r  and lower semi-cont inuous ,  
t h e n  t h e  i n e q u a l i t y  (3.31 is e q u i v a l e n t  t o  t h e  convex v a r i a t i o n a l  
problem (1.10) , i . e. 

Inf IF (BV) +G(v) 1 ,  
VE v 

i n t r o d u c e d  by ROCKAFELLAR 151 t o  g e n e r a l i s e  F e n c h e t ' s  d u a l i t y  t h e o r y  

( t h i s  problem i n c l u d e s  i n  p a r t i c u l a r  t h e  o r d i n a r y  convex p r o g r a m i n g  
problems ( 1 . 5 ) ) .  The v a r i a t i o n a l  i n e q u a l i t y  ( 1 . 6 )  a l s o  c o n s t i t u t e s  
a p a r t i c u l a r  case of  (3 .3)  w i t h  V = H ,  w i t h  B t h e  i d e n t i t y  mapping 
and w i t h  
w i t h  nonempty i n t e r i o r  d e f i n e d  by  

F = IK, t h e  i n d i c a t o r  f u n c t i o n  o f  t h e  c l o s e d  convex set  K 

0 i f  v r  K, i + m  o t h e r w i s e .  
( 3 . 4 )  I,(v) = 

T r a n s p o s i n g  t h e  a n a l y s i s  o f  MOSCO 111 i n t o  t h i s  formal i sm,  w e  assoc-  
i a t e  w i t h  (3 .3)  t h e  d u a l  v a r i a t i o n a t  i n e q u a l i t y :  

Find h c n  s u c h  t h a t  

(3.5) 

3p E A ~ ( A )  such  t h a t  (~,LI-X)~+F*(U)-F*(X) 5 0 VU E n ; 

i n  ( 3 . 5 )  F* : H + I-m,+-l d e n o t e s  t h e  convex f u n c t i o n  c o n j u g a t e  t o  
F (see ROCKAFELLAR 1 4 1  EKELAND-TEMAM [I]) d e f i n e d  on H by 
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t 
( 3 . 7 )  AB(p) = { q E  HI ~ V E V  s u c h  t h a t  q = -BV, - B ~ ~ , A ( v ) } ,  

where Bt d e n o t e s  t h e  o p e r a t o r  f rom H i n t o  V d e f i n e d  by 
B~ = A ; ' ~ B ~ ~ A ~ .  

The t i t l e  of  ' d u a l  i n e q u a l i t y '  i s  j u s t i f i e d  by t h e  f o l l o w i n g  
r e s u l t :  

THEOREM 3.1:  A v e c t o r  u E V  i s  a s o l u t i o n  o f  t h e  v a r i a t i o n a l  

i n e q u a l i t y  ( 3 . 3 )  i f  and onZy i f  t h e r e  e x i s t s  a s o l u t i o n  A of t h e  

i n e q u a l i t y  (3 .5)  such  t h a t  -B X E A ( u ) .  Fur thermore ,  u and A 
a r e  r e s p e c t i v e l y  s o l u t i o n s  of (3 .3)  and ( 3 . 5 )  i f  and o n l y  i f  

-BtA E A ( u )  and -Bu E A:(A) and we have t h e  i d e n t i t y  

t 

Proof :  F i r s t ,  w e  n o t e  t h a t  t h e  i n e q u a l i t y  ( 3 . 3 )  can be  w r i t t e n  

3 w c A ( u )  such  t h a t  - W E  a(F.B)(u). 

S i n c e  t h e  domain o f  F h a s  a nonempty i n t e r i o r ,  t h e r e  e x i s t s  a p o i n t  
o f  H where F i s  f i n i t e  and c o n t i n u o u s ;  w e  t h e r e f o r e  have (see 
EKELAND-TEMAM 111 Chapter  1, P r o p o s i t i o n  5 .7)  

a(F0B) (u) = BtaF(Bu) 

s i n c e  w e  have chosen  t o  d e f i n e  t h e  s u b g r a d i e n t  aF a s  a m u l t i v a l u e d  
o p e r a t o r  from H i n t o  s u b s e t s  o f  H (whereas  t h e  s u b d i f f e r e n t i a l  
of F i s  a n  o p e r a t o r  from H i n t o  s u b s e t s  o f  H I ) .  The s u b g r a d i e n t  
aF* o f  t h e  c o n j u g a t e  f u n c t i o n  F* d e f i n e d  i n  ( 3 . 6 )  i s  i n  f a c t  i d e n t i -  
ca l  t o  t h e  i n v e r s e ,  i n  t h e  s e n s e  o f  m u l t i v a l u e d  o p e r a t o r s ,  o f  aF 
(see EKELAND-TEMAM 1 1 1 ) ;  it f o l l o w s  from t h i s  t h a t  p E a F ( q )  i s  
e q u i v a l e n t  t o  q E aF* ( p )  . The i n e q u a l i t y  (3 .3)  i s  t h e r e f o r e  equiva-  
l e n t  t o  

3 w c A ( u ) ,  3 A c H  s u c h  t h a t  -BtA = w with B u c  aF*(A) ; 

t t f r o m  t h e  d e f i n i t i o n  (3 .7)  o f  AB, w e  have  -Bu E A B ( A )  and A i s  such  
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which is an equivalent formulation of the inequality (3.5). The 

identity (3.8) follows immediately from the property Bu E aF* ( A ) .  rn 

If A = aG, the dual operator At = BoaG-lo(-Bt) is in fact the 
P subgradient of the function G*a(-B ) (since the qualification condi- 

tion is satisfied) and the dual variational inequality ( 3 . 5 )  is equi- 
valent to the variational problem 

the d u a l  probZem,  i n  t h e  s e n s e  of FencheZ ,  of the variational problem 

( 3 . 4 ) .  

4 .  THE METHOD OF MULTIPLIERS FOR VARIATIONAL INEQUALITIES 

The variational inequality 

F i n d  U E V  s u c h  t h a t  

( 4 . 1 )  

3 w ~ A ( u ) ,  {W,V-U)~+F(BV)-F(BU) 2 0  Y v c V  

is equivalent to the multivalued equation 

F i n d  u EV s u c h  t h a t  

( 4 . 2 )  

0 T(4, 

V 
where since dom(F) has nonempty interior, the operator T : V + 2 
is defined by 

( 4 . 3 )  T = A + B ~ ~  aF0 B . 

By hypothesis, A is maximal monotone. The same applies for 

BtoaFoB; in fact, for all v E V, v' E V and all E aF(Bv) and 

1 ~ '  E aF(Bv') we have (Btl-l-Btu',~-~l)V = (!J-~',BV-BV')~ 2 0  

since F is convex and proper; the maximal monotonicity then 
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follows from the lower semi-continuity of F. The qualification 

condition and the property int (dom (F) ) = int (dom (aF) ) guarantee that 

T, the sum of two maximal monotone operators, is itself maximal mono- 

tone (see BREZIS C11, Corollary 2 . 7 ) .  

Similarly, the dual variational inequality; 

is equivalent to 

( 4 . 5 )  0 E U ( X )  

where the operator U : H -t 2H is defined by the sum 

t *  
( 4 . 6 )  U = AB+aF . 

The subgradient aF* = (aF) is maximal monotone. Furthermore, 
t 

p )  and q' E AB(p') we have for p and p '  E H and for all q E -4; 

(q-q',P-lJ')H = (v-v',w-w')v, 

(q-q',v-u')H' 0, 

t A(v' t with w = -B p t A(v), w'=- B p '  

which proves the monotonicity of A:. 

, so that 

In order to prove the maximal 

monotonicity of A; we adopt a suppiementary assumption; 

assume henceforth either that 

we shall 

( 4 . 7 )  A i s  c o e r c i v e  (in the sense of ( 2 . 9 ) ) ,  

or that 

( 4 . 8 )  B ~ B  i s  a n  i s o m o r p h i s m  o f  V .  

PROPOSITION 4.1: Suppose t h a t  one o f  t h e  a s s u m p t i o n s  ( 4 . 7 )  o r  
( 4 . 8 )  i s  s a t i s f i e d .  Then t h e  o p e r a t o r  A: d e f i n e d  b y  ( 3 . 7 )  i s  

maximal mono t o n e .  
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P r o o f :  We shall now show that for all r > 0 the multivalued 

equation 

admits for all y E H a unique solution I. The vector p E H, if it 

exists, satisfies, by definition of AB, t 

y = p-rBv, 

with v such that -Bt p E A(v) ; v is thus a solution of the multi- 

valued equation 

(4.10) -Bty E (A+rBtB) (v) 

which, for all y E H, admits a unique solution if ( 4 . 7 )  or ( 4 . 8 )  is 

satisfied. We then deduce the unique solution of (4.9) to be 

(4.11) U = y+rB(A+rBtB)-l (-Bty), 

t 
and w e  also deduce the maximal monotonicity of AB (see BREZIS 111, 

Proposition 2.2). 

Suppose that the variational inequality ( 4 . 1 )  admits a solution 

u E int (dom(A) ) ; Theorem 3.1 indicates that the dual inequality 

( 4 . 4 )  possesses a solution A and X E intCdom(AB)l n dom(aF*); 

hence the maximal monotonicity of U (see  BREZIS C11). We can there- 

fore solve the "dual" multivalued equation ( 4 . 5 )  by using the proximal- 
point algorithm for U; given a nondecreasing sequence {rnl of 

positive numbers and an initial approximation 

the sequence 

t 

Xo E H, we generate 

{An} via the recurrence 

Xn+~ = J"~(x") , n=0,1, ... . ( 4 . 1 2 )  

-1 
By definition of the resolvent Jrn = (I+rnU) , we have 

U 

with un+', pn+' such that 

( 4 . 1 4 )  -BtXn+' E A(u*+l), 
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( 4 . 1 5 )  X"+I E aF(p"+l) ; 

n + l  n+l i n s e r t i n g  ( 4 . 1 3 )  i n t o  ( 4 . 1 4 )  and (4.15), w e  c h a r a c t e r i s e  u , p 

a s  a s o l u t i o n  of 

W e  can t h e r e f o r e  desc r ibe  t h e  a lgor i thm i n  t h e  fo l lowing  form, 
which g e n e r a l i s e s  t o  t h e  v a r i a t i o n a l  i n e q u a l i t y  ( 4 . 1 )  U z a v a ' s  

a t g o r i t h m  ALGl f o r  t h e  augmented Lagrang ian  ( 1 . 1 3 )  a s s o c i a t e d  wi th  
t h e  v a r i a t i o n a l  problem (1.10) . 

M u l t i p l i e r  methods f o r  v a r i a t i o n a l  i n e q u a l i t i e s  (ALG1) :  

Given a n o n d e c r e a s i n g  s e q u e n c e  { r n l  of p o s i t i v e  numbers ,  and an 

X' t H ,  w e  deduce a s e q u e n c e  i n i t i a l  a p p r o x i m a t i o n  

f o t t o w i n g  r e c u r r e n c e :  

(i) Given  A n ,  f i n d  {un+l ,pn+l}  E V x H s a t i s f y i n g  

{An) v i a  t h e  

3w"" E A(un+') such  t h a t  

(wn+I ,v)V+(An-rnpn+l+rnBu n+ I , B v ) ~  = 0 V v  E V ,  i ( 4 . 1 8 )  

F(pn+')-(An,pn+l)H + $ IBu n+l -P n+l I 

2 
(4.19) 

5 F(q)-(?-.n,q)H + IBun+l-qlH Vq E H. 

(ii) U p d a t a  t h e  m u l t i p l i e r s :  

A t  each i t e r a t i o n  w e  t h e r e f o r e  have t o  so lve  a v a r i a t i o n a l  equa t ion  
i n  v coupled wi th  a minimisa t ion  problem i n  q. The convergence 
of t h e  method fo l lows  from t h e  convergence of t h e  proximal-point 
a lgor i thm f o r  t h e  maximal monotone o p e r a t o r  U. 
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THEOREM 4 . 1 :  Suppose t h a t  t h e  v a r i a t i o n a l  i n e q u a l i t y  ( 4 . 1 )  a d m i t s  

a t  l e a s t  one s o 2 u t i o n  v E i n t ( d o m ( A ) )  and t h a t  one of t h e  a s s u m p t i o n s  

( 4 . 7 )  , (4 .8 )  i s  s a t i s f i e d .  Then t h e  method of m u l t i p l i e r s  A L G l  i s  

w e l l  d e f i n e d  and g e n e r a t e s  a s e q u e n c e  {An) c o n v e r g i n g  weak ly  t o  A, 
a s o l u t i o n  of t h e  d u a l  v a r i a t i o n a l  i n e q u a l i t y  ( 4 . 4 ) .  If, i n  

a d d i t i o n ,  A-' i s  c o e r c i v e  w i t h  modulus y , which  i m p l i e s  t h a t  A 

i s  L i p s c h i t z - c o n t i n u o u s  w i t h  c o n s t a n t  y-', t h e n  t h e  sequence  {An) 
c o n v e r g e s  s t r o n g l y  t o  A, t h e  u n i q u e  s o l u t i o n  of ( 4 . 4 )  and 

If rn + + m, t h e n  t h e  convergence  of  t h e  sequence  {An] i s  s u p e r l i n e a r .  

P r o o f :  The f i r s t  p a r t  of t h e  theorem i s  a c o r o l l a r y  of Theorem 
2 . 1 ,  w h i l s t  t h e  e s t i m a t e  of t h e  r a t e  of convergence fo l lows  from 
Theorem 2 . 2 .  

Remark 4 . 1 :  W e  can a l s o  apply t h e  p r o x i m a 2 - p o i n t  a l g o r i t h m  w i t h  

r e z a x a t i o n ,  ( 2 . 7 ) ,  t o  t h e  dual  mul t iva lued  equa t ion  (4 .5 )  ; w e  o b t a i n  
a method of  m u l t i p l i e r s ,  i n  which t h e  updat ing  formula ( 4 . 2 0 )  i s  
changed i n t o  

Remark 2.3 a l lows  u s  t o  conclude t h a t  t h e  method converges f o r  a l l  p n r  

pn = u r n ,  w i th  0 < w < 2 ;  
r e s u l t  o f  Chapter  111. The a n a l y s i s  of Remark 2 . 4  i n d i c a t e s  t h a t  t h e  
r a t e  of convergence of  t h e  method of  m u l t i p l i e r s  can be a c c e l e r a t e d  
by s u i t a b l y  choosing pn i n  ( 4 . 2 2 ) ;  assuming r f i x e d ,  an approxi- 
mation of t h e  op t ima l  parameter  is  given by p *  = w * r  = r + a  M2 > r; 

t h i s  r e s u l t  should  be compared wi th  t h e  a n a l y s i s  c a r r i e d  o u t  i n  
Chapter  I i n  t h e  s imple r  con tex t  of q u a d r a t i c  f u n c t i o n a l s .  

w e  have t h u s  g e n e r a l i s e d  t h e  convergence 

Remark 4.2: For t h e  s o l u t i o n  of  ( 4 . 1 8 ) ,  ( 4 . 1 9 1 ,  w e  can obviously 
use t h e  usua l  success ive  r e l a x a t i o n  method: by performing only  a 
s i n g l e  i n n e r  i t e r a t i o n ,  we o b t a i n  a lgo r i thm ALG2, t o  which w e  s h a l l  
r e t u r n  i n  Sec t ion  5 below. 

Remark 4.3: W e  can a l s o  a t tempt  t o  apply t h e  proximal-point 
a lgo r i thm r e l a t i v e  t o  t h e  maximal monotone o p e r a t o r  T def ined  by 
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( 4 . 3 ) ,  t o  s o l v e  t h e  mul t iva lued  equa t ion  ( 4 . 2 ) ,  e q u i v a l e n t  t o  t h e  
i n e q u a l i t y  ( 4 . 1 ) .  Thus, g iven  a nondecreas ing  sequence { r n }  of 
p o s i t i v e  numbers and an i n i t i a l  approximation uo, w e  d e f i n e  a sequence 

{un} i n  V by t h e  fo l lowing  r ecu r rence :  

Given un f i n d  u n+l s a t i s f y i n g  t h e  v a r i a t i o n a l  i n e q u a l i t y  

Ywn+l L *(un+ ' ) ,  pn+l E aF(Bu"+') such  t h a t  

(w n+l 

( 4 . 2 3 )  

-1 (u n+l -,P) ,v-u n+ 1 )V+(pn+l ,B~-B~"+')~L o vv E v .  

Problem (4.23) i s  d i f f i c u l t  t o  s o l v e  s i n c e  i t  invo lves  A ,  B and F a l l  

a t  t h e  same t i m e .  The i n t r o d u c t i o n  of t h e  d u a l i t y  and t h e  method of  
m u l t i p l i e r s  enab le s  u s  t o  g e t  round t h i s  d i f f i c u l t y  ve ry  e f f e c t i v e l y .  

5. DECOMPOSITION BY MULTIPLIERS : ( I )  ALTERNATING-DIRECTION METHODS 

The v a r i a t i o n a l  i n e q u a l i t i e s  ( 4 . 1 )  and ( 4 . 4 )  a r e  e q u i v a l e n t  t o  
t h e  mul t iva lued  equa t ions  ( 4 . 2 )  and ( 4 . 5 ) ,  which a r e  of t h e  form: 

Find X E X  such  t h a t  

(5.1) 
0 E T W ,  

where T i s  a maximal monotone o p e r a t o r  such t h a t  

(5.2) T = R+S, 

where R and S denote maximal monotone o p e r a t o r s  on X. 

The proximal-point a lgo r i thm r e q u i r e s  t h e  c a l c u l a t i o n  of JG which 
Recent ly ,  P.L. may be much more complicated than  t h a t  of  J i  and JE. 

LIONS and B. MERCIER 111 have proposed t w o  a lgo r i thms  which g e n e r a l i s e  
a l t e r n a t i n g - d i r e c t i o n  methods t o  t h e  mul t iva lued  equa t ion  form ( 5 . 1 )  
when T i s  given by (5.21, and which invo lve  only  t h e  r e s o l v e n t s  of  R 

and S. I n  p a r t i c u l a r ,  t hey  ana lyse  an a lgo r i thm of  t h e  DOUGLAS- 
RACHFORD type  111: 

( 5 . 3 )  tn+' = Ji(2Ji-I)tn + (I-Ji)tn, n-0, I , .  . . , 
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and an a lgo r i thm of t h e  PEACEMAN-RACHFORD type  C11: 

( 5 . 4 )  tn+' = (2Ji-I) (2Ji-I)t" , n=O, I , .  . . ; 

knowing an approximation xo of a s o l u t i o n  x of ( 5 . 1 ) ,  t h e s e  

a lgo r i thms  must be i n i t i a l i s e d  a t  to such t h a t  

(5.5) xo = Ji(to), 

t h a t  i s  

(5.6) to = xo + rso, s 0 c  s(x0) 

We can apply t h e s e  a lgo r i thms  t o  t h e  mul t iva lued  equa t ion  (4 .5)  
e q u i v a l e n t  t o  t h e  dua l  v a r i a t i o n a l  i n e q u a l i t y  ( 4 . 4 )  ; t h i s  cor res -  
ponds t o  a decomposition of  type  (5 .2 )  w i th  

on t h e  H i l b e r t  space  H .  We t h u s  o b t a i n  two v a r i a n t s  of t h e  method o f  

m u l t i p l i e r s  (ALG1)  i n  wh ich  t h e  prob lems  i n  v and q are  now de-  

coupzed .  

5 . 1  The Douglas-Rachford v a r i a n t  of t h e  method of m u l t i p l i e r s :  
a lgo r i thm ALG2 

Given a?? a p p r o x i m a t i o n  Ao of t h e  s o l u t i o n  of t h e  dua l  i n e q u a z i t y  

( 4 . 4 )  we d e f i n e  to such  t h a t  Xo = J g ( t o ) ,  t h a t  i s  

with  po E aF* (Ao), and hence such t h a t  

(5.9) A D  E aF(po) .  

I n  g e n e r a l  we p u t  

(5.10) X" = J;(t") ; 

n 
by d e f i n i t i o n  of t h e  r e s o l v e n t  Jg, t h e r e  e x i s t s  p 
t h a t  

E aF*(Xn) such 
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(5.11) 

and 

(5.12) A" E aF (p") . 

Using t h e  formula  ( 4 . 1 1 )  which c h a r a c t e r i s e s  J i  = ( I + r A B )  -' when 
one o f  t h e  assumpt ions  ( 4 . 7 ) ,  ( 4 . 8 )  i s  s a t i s f i e d ,  t h e  r e c u r r e n c e  
( 5 . 3 )  d e f i n e s  

n+ 1 
= A n  + rBu , tn+ 1 (5.13) 

w i t h  

n+ 1 
(5.14) u = (A+rBtB)-' (rBtpn-BtAn). 

I n s e r t i n g  r e l a t i o n  ( 5 . 1 1 ) ,  f o r  t h e  i n d e x  n + l ,  i n t o  ( 5 . 1 3 )  w e  o b t a i n  
t h e  r e c u r r e n c e  formula  f o r  t h e  sequence  {A"}: 

n+l n+l (5.15) = An + r(Bu -p ), 

which i s  i n  f a c t  i d e n t i c a l  t o  t h e  f o r m u l a  ( 4 . 2 0 )  f o r  u p d a t i n g  t h e  
m u l t i p l i e r s ,  when t h e  p a r a m e t e r  r i s  f i x e d .  W e  n o t e  t h a t  by 
r e c u r r e n c e  p n + l  

E aF* ( A n + ' )  and t h e r e f o r e  s a t i s f i e s  

(5.16) An + rBu n+ 1 E aF(p"+') + r p n + l ,  

t h i s  b e i n g  a m u l t i v a l u e d  e q u a t i o n  which h a s  t h e  unique  s o l u t i o n  

(5.17) pn+l = (F+rI)-] (h"+rBun+l). 

W e  can t h u s  u s e  ( 5 . 1 4 ) ,  (5 .151 ,  ( 5 . 1 7 )  t o  d e s c r i b e  a l g o r i t h m  ( 5 . 3 )  

i n  a form s i m i l a r  t o  t h e  method o f  m u l t i p l i e r s ,  a s  below. 

The D.R. v a r i a n t  o f  t h e  method o f  m u l t i p l i e r s  (ALG2) : 

Given r > 0 ,  and i n i t i a l  a p p r o x i m a t i o n s  Ao E H I  po E H such  

t h a t  ho E aF(po)  , define t h e  sequences Iun} , Ipn} , IAnl  b y  t h e  

recurrence : 
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(i) X n  and pn b e i n g  known, s e e k  u n+l E V s a t i s f y i n g  t h e  
v a r i a t i o n a l  i n e q u a l i t y  

(5.18) 3wn+Ic A ( u n + l )  such  t h a t  ( W " + ] , V ) ~ +  (Xn-rpn+rBun+l,Bv)H = 0 V V C  V ; 

(ii) 
prob lem:  

un+l  b e i n g  known, s e e k  a s o l u t i o n  pn" of t h e  m i n i m i s a t i o n  

(iii) u p d a t e  t h e  m u l t i p l i e r s  by 

I n  t h i s  form, t h e  method can be seen  t o  be a v a r i a n t  of a lgor i thm 
A L G l  of Sec t ion  4 i n  which t h e  problem ( 4 . 1 8 ) ,  ( 4 . 1 9 )  i s  so lved  i n  
approximate f a sh ion  by performing only  a s i n g l e  r e l a x a t i o n  s t e p .  
This  g e n e r a l i s e s  a lgo r i thm ALG2 of Chapter  I11 t o  t h e  case  of 
v a r i a t i o n a l  i n e q u a l i t i e s .  Problem (5 .18)  i s  e s p e c i a l l y  simple 
when A i s  an a f f i n e  s i n g l e - v a l u e d  o p e r a t o r  s i n c e ,  fo l lowing  an 
a p p r o p r i a t e  d i s c r e t i s a t i o n ,  it reduces t o  t h e  s o l u t i o n  of  a l i n e a r  

s y s t e m  w i t h  a m a t r i x  wh ich  is c o n s t a n t  dur ing  t h e  course  of  t h e  i te-  
r a t i o n s .  Problem (5.19) c o n s i s t s  of t h e  minimisa t ion  of  a s t r o n g l y  
convex func t ion  which i s  i n d e p e n d e n t  of B ;  w e  can t h e r e f o r e  so lve  
t h i s  e a s i l y  us ing  an i t e r a t i v e  method, even i f  B i s  i l l - c o n d i t i o n e d ;  
w e  have achieved  a d e c o u p l i n g  of t h e  d i f f i c u l t i e s  r e l a t i n g  t o  F and t o  

B. F i n a l l y ,  w e  no te  t h a t  i f  F has  a s e p a r a b l e  s t r u c t u r e ,  i .e .  i f  

H can be w r i t t e n  a s  t h e  Car t e s i an  product  of m spaces  
Hi ,  i = 1, .... m and i f  F is de f ined  a s  t h e  sum 

m 

i = l  
(5 .21 )  F =  1 Fi 

of f u n c t i o n s  Fi : 

prope r  and convex, t h e n  p r o b l e m  ( 5 . 1 9 )  decomposes i n t o  m i n d e p e n d e n t  

p r o b l e m s  on e a c h  of t h e  Hi of t h e  form: 

Hi + I-m,+ml which a r e  lower semi-continuous,  
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where t h e  s u b s c r i p t  i d e n o t e s  t h e  component p e r t a i n i n g  t o  Hi .  

THEOREM 5.1:  Suppose t h a t  t h e  v a r i a t i o n a l  i n e q u a l i t y  (4.1) 

a d m i t s  a t  l e a s t  one s o l u t i o n  u E i n t ( d o m ( A ) )  and t h a t  one o f  t h e  

a s s u m p t i o n s  (4.7) - (4.8) i s  s a t i s f i e d .  Then aZgor i thm ALGZ i s  w e l l  

d e f i n e d  and c o n s t r u c t s  a s e q u e n c e  i t n  = hn+rpn} w h i c h  c o n v e r g e s  

weak ly  t o  t s u c h  t h a t  h = JE(t) s a t i s f i e s  t h e  d u a l  v a r i a t i o n a l  

i n e q u a l i t y  (4.4). The s e q u e n c e  {An} i s  bounded and I X n + l - A n l H  -t 0.  

P r o o f :  The theorem f o l l o w s  from Theorem 3 . 1  and  from an a n a l y s i s  
of  t h e  convergence o f  a l g o r i t h m  ( 5 . 3 )  (see LIONS-MERCIER [I], S e c t i o n  
1 . 3 ,  P r o p o s i t i o n  2 ) .  

W e  can  conclude  t h a t  t h e  sequence  C X " }  converges  weakly t o  X 

F i n a l l y ,  w e  g i v e  an es t imate  of  i f  J i  o r  JE i s  a compact mapping. 
t h e  ra te  of convergence  i n  t h e  s p e c i a l  case where ( a F j - l  i s  b o t h  
L i p s c h i t z - c o n t i n u o u s  ( w i t h  c o n s t a n t  y )  and c o e r c i v e  ( w i t h  modulus 
a 2 y ) ,  i . e .  i f  f o r  a l l  q , q '  E H and f o r  a l l  h t a F ( q ) ,  h '  E a F ( q ' ) :  

(5 .24 )  

THEOREM 5.2:  Suppose t h a t  t h e  a s s u m p t i o n s  o f  Theorem 5 . 1  a r e  

s a t i s f i e d  and f u r t h e r m o r e  t h a t  ( a F ) - l  i s  L i p s c h i t z - c o n t i n u o u s  ( w i t h  

c o n s t a n t  y )  and c o e r c i v e  ( w i t h  modulus a 2 y ) .  Then t h e  sequence  

{An} d e f i n e d  b y  a l g o r i t h m  ALGZ c o n v e r g e s  s t r o n g l y  t o  A, a s o l u t i o n  

of t h e  duaL v a r i a t i o n a l  i n e q u a Z i t y  (4.4), and 

I n  p a r t i c u l a r ,  t h e r e  e x i s t s  an o p t i m a l  p a r a m e t e r  r* f o r  which  we 

g e t  t h e  e s t i m a t e  

( 5 . 2 6 )  

P r o o f :  See  LIONS-MERCIER 111, S e c t i o n  1 . 3 ,  P r o p o s i t i o n  4 

Remark 5.1:  Using t h e  r e l a t i o n s h i p  e s t a b l i s h e d  i n  Propos  t i o n  2 . 2  
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between t h e  r e s o l v e n t s  of aF* and i t s  i n v e r s e  aF, we can re -express  
t h e  recur rence  ( 5 . 3 )  de f in ing  a lgo r i thm ALG2 i n  t h e  form 

where E = l / r .  Using t h e  equat ion  ( 4 . 1 1 )  d e f i n i n g  
shown t h a t  E t n  a l s o  s a t i s f i e s  t h e  r ecu r rence  

(5 .28 )  E t  n+l = Ji((2JiF-I) - (Etn))+(I-JiF) (Et"), 

where ?: i s  t h e  c o n t r a c t i o n  def ined  on H (when ( 4 . 7 )  o r  (4 .8 )  i s  
s a t i s f i e d )  by 

The formula t ion  ( 5 . 2 8 )  i s  i n t e r e s t i n g  f o r  two reasons: it expresses  
a lgo r i thm ALG2 i n  t h e  terms of t h e  p r i m a l  v a r i a t i o n a Z  i n e q u a l i t y  ( 4 . 1 )  
and i t  in t roduces  n a t u r a l l y  t h e  new ope ra to r  ?: . 

In  t h e  s p e c i a l  ca se  where V = H and B = I ,  r e l a t i o n  ( 5 . 2 8 )  i s  i n  f a c t  
i d e n t i c a l  t o  t h e  Douglas-Rachford a lgo r i thm ( 5 . 3 )  f o r  so lv ing  t h e  
mul t iva lued  equa t ion  

( 5 . 3 0 )  0 E Au + aF(u) ,  

a s s o c i a t e d  wi th  t h e  pr imal  v a r i a t i o n a l  i n e q u a l i t y ;  it thus  gene ra t e s  
t h e  same i t e r a t e s  a s  when it i s  app l i ed  t o  t h e  dua l  v a r i a t i o n a l  in -  
e q u a l i t y  . 

5 . 2  The Peaceman-Rachford v a r i a n t  of t h e  method of m u l t i p l i e r s :  
a lgo r i thm ALG3 

W e  use  t h e  same i n i t i a l i s a t i o n  ( 5 . 8 ) ,  ( 5 . 9 )  a s  b e f o r e ,  and we 
aga in  p u t  

(5.31) tn = Xn+rp" with X" = Jr(tn) S ; 

w e  have 

( 5 . 3 2 )  (2.J:-I) (t") = X"-rp" 
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I t  i s  now convenient  t o  in t roduce  

An+' /' = Jr (An-rpn) = X"-rpn+rBun'l , 
R ( 5 . 3 3 )  

n + l  where u i s  aga in  de f ined  by ( 5 . 1 4 ) .  The r ecu r rence  ( 5 . 4 )  i s  
w r i t t e n  

n+1/2+rBun+l tn+' = Jr (A"-rp") + (Ji-I) (X"-rp") = A R ( 5 . 3 4 )  

with  pn+ l  now de f ined  by 

W e  can t h e r e f o r e  d e s c r i b e  a lgo r i thm ( 5 . 4 )  by u s i n g  ( 5 . 1 4 ) ,  ( 5 . 3 3 ) ,  

( 5 . 3 5 ) ,  ( 5 . 3 6 ) ,  a s  below. 

The P.R.  v a r i a n t  of t h e  method of  m u l t i p l i e r s  (ALG3) : 

Given  r > 0 ,  and i n i t i a l  a p p r o x i m a t i o n s  Ao E H and po E H 

such  t h a t  Xo E aF(po), d e f i n e  t h e  s e q u e n c e s  {un},{pn},{An} v i a  t h e  

recurrence . .  

(i) Given An,pn, f i n d  un+l  E v s a t i s f y i n g  t h e  v a r i a t i o n a 2  

e q u a t i o n  

3wn+l E A(un+') s u c h  t h a t  

( 5 . 3 7 )  

(wn+' ,v)V+(Xn-rpn+rBun+l , B v ) ~  = 0 V v E  V ; 

(ii) Update t h e  m u l t i p l i e r s :  

n + l  (iii) Find p E H s a t i s f y i n g  t h e  m i n i m i s a t i o n  p r o b l e m  
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1 S F(q)-(A”+’/’,q), + $IBun+]-qlH 2 Yq E H ; 

( i v )  Update t h e  rnuZ t ipZ ier s  

The Peaceman-Rachford v a r i a n t  (P .  R. ) d i f f e r s  from t h e  Douglas- 
Rachford v a r i a n t  ( D . R . )  on ly  through t h e  a d d i t i o n  of  t h e  in t e rmed ia t e  
update  of  t h e  m u l t i p l i e r s  ( 5 . 3 8 )  ; it t h u s  o f f e r s  t h e  same s e t  o f  
advantages.  The Peaceman-Rachford v a r i a n t  i s ,  however, less ‘ r o b u s t ’ ,  
i n  t h a t  it converges under more r e s t r i c t i v e  assumptions than  t h e  
Douglas-Rachford v a r i a n t ;  none the le s s ,  a s  w e  s h a l l  see, i f  i t  does 
converge,  t hen  i t s  rate of convergence i s  f a s t e r .  

THEOREM 5 .3 :  Suppose t h a t  t h e  a s s u m p t i o n s  of Theorem ( 5 . 1 )  a r e  

s a t i s f i e d .  Then t h e  a l g o r i t h m  ALG3 i s  w e l l  d e f i n e d  and t h e  s e q u e n c e s  

{Bun},{pn},{Xn} and I t n  = An+rpn} a r e  bounded i n  H ;  t h e r e  e x i s t s  

an e x t r a c t e d  s u b s e q u e n c e  of I t n }  w h i c h  c o n v e r g e s  w e a k l y  t o  t E H 

s u c h  t h a t  X = J g ( t )  s a t i s f i e s  t h e  duaZ v a r i a t i o n a l  i n e q u a l i t y  ( 4 . 4 ) .  

P r o o f :  The f i r s t  p a r t  of t h e  theorem fo l lows  from LIONS-MERCIER 
113, Sec t ion  1 . 2 ,  Propos i t i on  1. W e  n e x t  n o t e  t h a t ,  s i n c e  J k  and 
J; a r e  f i r m  c o n t r a c t i o n s  ( i n  t h e  sense  of  ( 2 . 3 ) )  , then, ( 2 J k - I )  and 

( 2 J s - I )  a r e  themselves c o n t r a c t i o n s ,  a s  i s  t h e i r  product.  S ince  t h e  
set  of  f i x e d  p o i n t s  of  ( 2 J i - I )  ( 2 J s - I )  i s  nonempty ( s i n c e  by hypo thes i s  
t h e r e  e x i s t s  a t  l e a s t  one s o l u t i o n  of t h e  equa t ion  0 E R(p)+S ( p ) )  , 
w e  can e x t r a c t  from 
o f  t h e s e  f i x e d  p o i n t s  t. 

r 
r 

I t n }  a subsequence which converges weakly t o  one 

W e  s h a l l  now g ive  an e s t i m a t e  f o r  t h e  r a t e  of  convergence, under 
t h e  same assumptions a s  f o r  a lgo r i thm ALG2. 

THEOREM 5 .4 :  Suppose t h a t  t h e  a s s u m p t i o n s  of Theorem-5. ,2  a r e  

s a t i s f i e d .  Then t h e  sequence  {An} d e f i n e d  by a l g o r i t h m  ALG3 con- 

v e r g e s  s t r o n g l y  t o  A, a s o l u t i o n  of t h e  d u a l  i n e q u a l i t y  ( 4 . 4 ) ,  and we 

have 
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(5.41) 

I n  p a r t i c u l a r ,  t h e r e  e x i s t s  an o p t i m a l  p a r a m e t e r  r *  for which  We 

have t h e  e s t i m a t e  

(5.42) 

P r o o f :  A s  c o n d i t i o n  ( 5 . 2 3 )  s ta tes  t h a t  ( aF) - '  i s  L i p s c h i t z -  
c o n t i n u o u s ,  t h i s  i m p l i e s  t h a t  

S i n c e  t h e  mapping ( 2 J r - I )  i s  a c o n t r a c t i o n ,  w e  have 

Itn+'-tlH< I (2Ji-I)tn - (2Ji-I)tlH, 

R 

so t h a t  

(5.44) I tn+'-t 1; 5 4 I Jg( tn)-Ji( t) I ; - 4(Ji(tn)-J:(t), tn-t)H+ I tn-t IH. 2 

Using once a g a i n  t h e  argument  i n  t h e  proof  of P r o p o s i t i o n  2 . 1 ,  and 
u s i n g  c o n d i t i o n  ( 5 . 2 4 ) ,  it can b e  shown t h a t  

(5.45) IJi(t")-Ji(t) IHS 2 (Ji(tn)-Ji(t),tn-t)H - ralXn-XIi ; 

i n s e r t i n g  ( 5 . 4 5 )  i n t o  ( 5 . 4 4 )  and u s i n g  ( 5 . 4 3 ) ,  t h e  e s t ima te  ( 5 . 4 1 )  
can be e s t a b l i s h e d .  The c o n s t a n t  (1- 'I2 i s  m i n i m a l  f o r  

r *  = 1 , i . e .  t h e  same value  as f o r  ALG2,  and i s  t h u s  e q u a l  t o  

2 )  ( l + y r )  

(1 - y 3 1 / 2  . 8 

Comparison of (5 .26)  and ( 5 . 4 2 )  would a p p e a r  t o  i n d i c a t e  t h a t  
ALG3 i s  f a s t e r  t h a n  ALG2. N a t u r a l l y ,  t h e s e  estimates are  n o t  
p r e c i s e  enough t o  allow us t o  r e a c h  s u c h  a c o n c l u s i o n  d e f i n i t i v e l y .  

6.  DECOMPOSITION BY MULTIPLIERS : (11) PROJECTION METHODS 

Once a g a i n ,  w e  c o n s i d e r  t h e  m u l t i v a l u e d  e q u a t i o n  
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where T i s  de f ined  a s  t h e  sum of two maximal monotone ope ra to r s :  

( 6 . 2 )  T = R+S. 

W e  now assume t h a t  R i s  s i n g l e - v a l u e d  and Lipschi tz -cont inuous  wi th  
c o n s t a n t  M, and w e  cons ide r  f o r  r > 0 t h e  a lgo r i thm 

Remark  6 . 1 :  Algorithm ( 6 . 3 )  can be i n t e r p r e t e d  a s  a d i s c r e t i s a -  
t i o n  scheme f o r  t h e  mul t iva lued  e v o l u t i o n  equa t ion  

which i s  e x p l i c i t  r e l a t i v e  t o  R and i m p l i c i t  r e l a t i v e  t o  S; i f  
r denotes  t h e  t ime s t e p ,  t hen  ( 6 . 3 )  d e f i n e s  t h e  s o l u t i o n  of t h e  
d i s c r e t i s e d  equa t ion  

n+ 1 -xn 
( 6 - 5 )  O E X  + R(xn) + S(x"+'). 

THEOREM 6 . 1 :  If R i s  L i p s c h i t z - c o n t i n u o u s  ( w i t h  c o n s t a n t  M I  
and c o e r c i v e  ( w i t h  modulus a ) ,  t h e n  t h e  s e q u e n c e  {xn} g e n e r a t e d  by 

( 6 . 3 )  c o n v e r g e s  s t r o n g l y  t o  x E H ,  s a t i s f y i n g  (6.1) f o r  a l l  

0 < r < 2uM . If R - l  i s  c o e r c i v e  ( w i t h  m o d u t u s  M - ' ) ,  t h e n  t h e  

s e q u e n c e  {xnl  c o n v e r g e s  w e a k l y  t o  x for a l l  0 < r < 2/M. 

- 2  

P r o o f :  I f  R i s  Lipschi tz -cont inuous  and coe rc ive ,  then  ( I - r R )  

i s  a s t r i c t  c o n t r a c t i o n  f o r  a l l  
p a r t  of t h e  theorem by n o t i n g  t h a t  J; is a l so  a c o n t r a c t i o n .  

0 < r < 2aM-' and w e  deduce t h e  f i r s t  

L e t  us now assume t h a t  R - l  i s  coe rc ive  (wi th  modulus M - I ) ,  i .e .  
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Then 

2 2 I (I-rR) (x') - (I-rR) (x) I x  5 /x'-xlx + (Mr2-2r) (R(x')-R(x) ,X'-X)~ 

= (2-Mr)((1-rR)(x1)-(I-rR)(x), x'-x) + (Mr-I) Ix'-x/x. 

(6.7) 
2 

X 

For  1/M 2 r < 2/M, ( 6 . 7 )  i m p l i e s ,  s i n c e  Ji i s  a f i r m  c o n t r a c t i o n ,  

t h a t  Ixn+l-xnIX + 0 and w e  t h e n  deduce ,  f rom O p i a l ' s  lemma, t h e  weak 
convergence o f  {x"} t o  a s o l u t i o n  x of ( 6 . 1 ) .  

For  0 < r 5 M, t h e  m o n o t o n i c i t y  o f  

(6.8) \(I-rR)(x')-(I-rR)(x) I x  ((I-rR)(x')-(I-rR)(x),~'-x)~, 

1 R l e a d s  t o  t h e  upper  bound 

2 

and ( I - r R )  i s  a f i r m  c o n t r a c t i o n :  w e  t h e r e f o r e  conclude  t h a t  
I x n + L  n n 

x I x  -f 0 and t h a t  w e  have weak convergence  of 
MERCIER c 11). 

[ x  1 (see a l s o  

We i l l u s t r a t e  t h i s  a l g o r i t h m  by a p p l y i n g  i t  f i r s t  t o  t h e  v a r i a -  

t i o n a l  i n e q u a l i t y  ( 1 . 5 )  i n  t h e  p a r t i c u l a r  case where A i s  a 
s i n g l e - v a l u e d  o p e r a t o r  from V i n t o  V, which i s  monotone and  s e m i -  
c o n t i n u o u s  (and  t h e r e f o r e  maximal monotone) : 

F i n d  u c K  s u c h  t h a t  

(A(u) ,V-U)" 2 0 Yv E K ; 

t h e  v a r i a t i o n a l  i n e q u a l i t y  ( 6 . 9 )  i s  e q u i v a l e n t  t o  e q u a t i o n  ( 6 . 1 )  w i t h  

K' 
(6.10) R = A and s = a1 

LEMMA 6.1: The r e s o l v e n t  JE o f  S = a I K ,  t h e  s u b g r a d i e n t  of 
t h e  i n d i c a t o r  f u n c t i o n  IK o f  a c o n v e x  s e t  K w h i c h  is a n o n e m p t y  

c l o s e d  s u b s e t  o f  V, is i n d e p e n d e n t  of r > 0 and e q u a l  t o  t h e  

o p e r a t o r  o f  p r o j e c t i o n  o n t o  K ,  i .e .  

(6.11) 

P r o o f :  From Remark 2 . 1 ,  w e  have 
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Jr(w)  = Are rnin{T 1 /v-wIv 2 + r I K ( v ) l  

v t v  
S 

I 2 
= Arg min lv-v lv  = P,(w). m 

v c K  

Algor i thm (6 .3)  t h u s  l e a d s  t o  t h e  r e c u r r e n c e  

(6.12) u n+ 1 = PK(un-rA(un)) n=O, 1 , .  . . ; 

when A i s  t h e  g r a d i e n t  V@ of a convex and c o n t i n u o u s l y  d i f f e r e n -  
t i a b l e  f u n c t i o n a l  I$ : V + IR , w e  r e c o g n i s e  i n  (6 .12)  t h e  g r a d i e n t  

p r o j e c t i o n  method of GOLDSTEIN C11, t h e  convergence  p r o p e r t i e s  of 
which are  o b t a i n e d  as a c o r o l l a r y  of Theorem 6.1. 

L e t  us  now c o n s i d e r  t h e  d u a l  v a r i a t i o n a Z  i n e q u a l i t y  of ( 6 . 9 ) :  

t h i s  i s  t h e  p a r t i c u l a r  case of  (3 .5)  i n  which B i s  t h e  i d e n t i t y  
mapping of V ,  and a 
support f u n c t i o n  ( 5 ) K L f  t h e  convex set  K.  

i s  e q u i v a l e n t  t o  a m u l t i v a l u e d  e q u a t i o n  on V o f  t h e  form (6 .1) . ,  
( 6 . 2 )  w i t h ,  i n  t h i s  case, 

t h e  c o n j u g a t e  f u n c t i o n a l  o f  IK, i s  t h e  
The i n e q u a l i t y  (6 .13)  

-1  (6 .14 )  R = -A *(-I), s = aaK. 

W e  suppose  t h a t  A i s  c o e r c i v e  ( w i t h  modulus a) which i m p l i e s  t h a t  

A-1 i s  s i n g l e - v a l u e d  and L i p s c h i t z - c o n t i n u o u s  ( w i t h  c o n s t a n t  l / a )  . 
It can b e  shown, as  i n  Lemma 6 .1 ,  t h a t  t h e  r e s o l v e n t  J S  of aaK i s  
i n d e p e n d e n t  o f  r: 

a l g o r i t h m  (6 .3)  t h e n  l e a d s  t o  t h e  r e c u r r e n c e  
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which can be expressed  i n  a form s i m i l a r  t o  t h a t  of t h e  method of  
m u l t i p l i e r s .  

Method of m u l t i p l i e r s  w i th  p r o j e c t i o n  ( a lgo r i thm A L G 4 )  : 

G i v e n  r > 0 and an  i n i t i a l  a p p r o x i m a t i o n  Xo E V ,  de ' f i ne  

{un},{Xn} v i a  t h e  r e c u r r e n c e :  

n + l  (i) G i v e n  A n ,  f i n d  u , s a t i s f y i n g  t h e  v a r i a t i o n a l  e q u a t i o n  

( 6 . 1 7 )  ( A ( U ~ + ' ) + A " , V ) ~  = 0 Y v e V  ; 

(ii) Update  t h e  m u l t i p l i e r s :  

(6.18) An+] = (I-P&An+,un+l). 

Theorem 6 . 1  g i v e s  t h e  c o n d i t i o n s  f o r  convergence of t h e  method. 

COROLLARY 6 .1 :  S u p p o s e  t h a t  t h e  v a r i a t i o n a l  i n e q u a l i t y  ( 6 . 9 )  

a d m i t s  a t  l e a s t  o n e  s o l u t i o n  and t h a t  t h e  o p e r a t o r  A i s  c o e r c i v e  

( w i t h  modu lus  0). T h e n  a l g o r i t h m  ALG4 i s  w e l l  d e f i n e d  and  g e n e r a t e s  

a s e q u e n c e  {An) w h i c h  c o n v e r g e s  w e a k l y  t o  

d u a l  v a r i a t i o n a l  i n e q u a l i t y  ( 6 . 1 3 ) ,  f o r  a l l  0 r 2a. 

X E V, a s o l u t i o n  o f  t h e  

Remark 6 . 2 :  I f  t h e  convergence of {An] i s  s t r o n g  ( f o r  example 
i f  V i s  of f i n i t e  d imens ion) ,  it can be shown t h a t  t h e  sequence 
{An} converges l i n e a r l y  and t h a t  t h e r e  e x i s t s  an opt imal  s t e p  r*. 

Remark 6 . 3 :  Algorithm ( 6 . 1 7 )  , ( 6 . 1 8 )  e f f e c t s  a decomposition 
of  t h e  v a r i a t i o n a l  i n e q u a l i t y  ( 6 . 9 )  wherein t h e  problem r e l a t i n g  t o  
A and t h a t  r e l a t i n g  t o  t h e  c o n s t r a i n t  v E K become decoupled due t o  
t h e  i n t r o d u c t i o n  of t h e  m u l t i p l i e r s  A n .  

7. GENERAL DISCUSSION 

This  c h a p t e r ,  which i s  of  a d i s t i n c t l y  more a b s t r a c t  c h a r a c t e r  
than  t h e  preceding  c h a p t e r s ,  has  p r i m a r i l y  been aimed a t  demonst ra t ing  
t h e  l i n k s  which e x i s t  between t h e  augmented-Lagrangian method and 
some of t h e  well-known methods of non- l inea r  a n a l y s i s .  These 
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connec t ions  may s e r v e  t o  sugges t  some new approaches f o r  t h e  s tudy  of 
a lgor i thms and f o r  t h e  op t imisa t ion  of t h e  parameters which c o n t r o l  
convergence. I n  p a r t i c u l a r ,  w e  b e l i e v e  t h a t  t h e  techniques  developed 
i n  t h i s  chap te r  should  allow an i n v e s t i g a t i o n  of t h e  convergence of 
v a r i a n t s  of a lgo r i thm ALGl i n  which a r e Z a x a t i o n  p a r a m e t e r  is 

i n t r o d u c e d  t o  a c c e l e r a t e  t h e  c o n v e r g e n c e  o f  t h e  i n n e r  i t e r a t i o n s .  

This  procedure f o r  a c c e l e r a t i n g  convergence has  a c t u a l l y  been used i n  
Chapter I i n  t h e  s impler  con tex t  of q u a d r a t i c  f u n c t i o n a l s  and l i n e a r  
c o n s t r a i n t s .  
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