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The objective of this book is to provide the techniques necessary tu study the rnotlon 
of machines. A focus is placed on the application of kinematic theories to real world 
machinery. It is intended to bridge the gap between a theoretical study of kinematics 
and the application to practical mechanisms. Students completing a course of study 
using this book should be able to determine the motion characteristics of a machine. 
Further, such analysis could be performed on design concepts to optimize the mo- 
tion of a machine arrangement. 

It is expected that students using this book will have a good background in tech- 
nical drawing, college algebra and trigonometry. Also, knowledge of vectors and 
mechanics, and use of computer application software, such as spreadsheets, will be 
useful. However, these concepts have been introduced in the book. 

This approach of applying theoretical developments to practical problems is con- 
sistent with the philosophy of engineering technology programs. This book is pri- 
marily oriented toward mechanical and manufacturing related engineering technol- 
ogy programs. It can be used in either associate or baccalaureate degree programs. 

Following are some distinctive features of this book: 

1. Pictures and sketches of machinery that contains mechanisms are incorpo- 
rated throughout the text. 

2. The focus is on the application of kinematic theories to practical mechanisms. 
3. Both graphical techniques and analytical methods are used in the analysis of 

mechanisms. 
4. A student copy of Working Model, a commercially available dynamic soft- 

ware package is obtainable for use with this book. Tutorials and problems 
that utilize this software are integrated into the book. 

5. Suggestions for implementing the graphical techniques on computer aided de- 
sign (CAD) systems are included. 

6. Every chapter concludes with a few case studies. These cases illustrate a 
mechanism that is used on industrial equipment and challenges the student to 
discuss the rationale behind the design and suggest improvements. 

7. Basic mechanism force analysis methods are introduced. 

L11 



8. Every malor wncrpt is tollowrd by an example problem w illustrate the ap- 
plication of the concept. 

9. Every example problem begins with an introduction of a real machine that re- 
lies on the mechanism being analyzed. 

10. Numerous end-of-chapter problems are consistent with the application ap- 
proach of the text. Every concept introduced in the chapter has at least one 
associated practice problem. Most of these problems include the machine that 
relies on the mechanism being analyzed. 

11. Where applicable, end-of-chapter problems are provided that utilize the ana- 
lytical methods, and are best suited for programmable devices icalculators. 
spreadsheets, math software, etc.) 

1 developed this textbook after teaching mechanisms for several semesters and 
noticing that students do not always see the practical applications of the material. 
To this end, I have grown quite fond of the case study problems and begin each class 
with one. The students refer to this as the “mechanism of the day.” I found this to be 
an excellent opportunity to focus attention on operating machinery. Additionally, it 
promotes dialog and creates a learning community in the classroom. 

Finally, the purpose of any textbook is to guide the students through a learning 
experience in an effective manner. I sincerely hope that this book will fulfill this 
intention. I welcome all suggestions and comments and can be reached at 
dmyszka@engr.udayton.edu. 
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:ics 
Mechanisms 

,OBJECTIVES upon completion oftbis chapter, the student wrll be dble to: 

1. Explain the need for kinematic analysis of mechanisms. 

2. Define the basic components that comprise a mechanism 

3. Draw a kinematic diagram from a view of a complex machine. 

4. Compute the number of degrees of freedom of a mechanism. 

5. Identify a four-bar mechanism and classify it according to its powble mwon 

6. Identify a slider-crank mechanism. 

: I.1 INTRODUCTION 

The analysis of mechanisms and machines aims at understanding the relationships 
between the motions of the machine parts and the forces that produce the motions. 
The initial problem in the design or analysis of a mechanical system is determining 
the system’s motion. The study of motion is termed kinematics. Kinematic analysis 
is the primary focus of this text. 

As a secondary problem, a power source must be selected that will provide suffi- 
cient forces to operate the machine. The study of the dynamic forces is termed ki- 
netics. This problem is introduced in Chapter 9 of this text. However, the concepts 
relative to the transmission of forces are posed throughout the text. 

I.2 MECHANISMS 

Machines are devices used to accomplish work, such as a chain saw to cut wood. A 
mechanism is the heart of a machine. It is the mechanical portion of a machine that 
has the function of transferring motion and forces from a power source to an out- 
put. For the chain saw, the mechanism takes power from a small engine and delivers 
it to the cutting edge of the chain. 

Figure 1.1 illustrates an adjustable height platform that is driven by hydraulic cylin- 
ders. Although the entire device could be called a machine, the parts that take the 
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1.3 

Figure 1.1 Adjustable height platform. 

power trum rhc cylmders and drive the raising and lowermg of the platform are 
mechanisms. 

A mechanism can be considered rigid parts that are arranged and connected so 
that they produce the desired motion of the machine. The purpose of the mechanism 
in Figure 1.1 is to lift the platform and any objects that are placed upon it. Mecha- 
nism analysis ensures that the device will exhibit motion that will accomplish the de- 
sired purpose of a machine. 

KINEMATICS 

Kinematzcs deals with the way things move. Formally defined, it is the brudy of the 
geometry of motion. Kinematic analysis involves determination of position, dis- 
placement, rotation, speed, velocity, and acceleration. 

To illustrate the importance of such analysis, refer to the device in Figure 1.1 
Kinematic analysis provides insight to significant design questions, such as: 

What is the significance of the length of the legs that support the platform? 
Is it necessary for the support legs to cross and be connected at their midspan, or 

is it better to arrange them so that they cross closer to the platform? 
How far must the cylinder extend to raise the platform 8 inches? 

As a second step, dynamic force analysis of the platform could provide insight 
into another set of pertinent design questions: 

What capacity (maximum force) is required of the hydraulic cylinder? 
Is the platform free of any tenancy to tip over? 
What cross-sectional size of the legs and material is required of the support legs 

so they don’t fail? 

A majority of common mechamsms exhiblr morlon such that the parts mwc NJ 
parallel planes. For the device in Figure 1.1, two identical mechanisms are used on 
opposite sides of the platform for stability. However, the motion of these mecha- 
nisms is strictly in the vertical plane. Therefore, this is called a ~Ianar mechanism. 
Planar mechanisms are the primary focus of this book. 



1.4 MECHANISM TERMINOLOGY 

As stated, mechanisms consist oi cunnecrcd parts. A linkqe IS a mechanism whcrc 
all parts are connected to form a closed chain. One part is designated the fmme be- 
cause it sewes as the frame of reference for the motion of all other parts. The frame 
is typically a part that exhibits no motion. For the mechanism shown in Figure 1.1, 
the base that sits on the ground would be considered the frame. 

Links are the individual parts of the mechanism. They are considered rigid bodies 
and are connected with other links to transmit motion and forces. A true rigid body 
does not change shape during motion. Although a true rigid body does not exist, 
mechanism components are designed to minimally deform and are considered rigid. 

Elastic parts, such as springs, are not rigid and, therefore, are not considered 
links. They have no effect on the kinematics of a mechanism, and are usually ig- 
nored during kinematic analysis. They do supply forces, and must be included dur- 
ing the dynamic force portion of analysis. 

A joint is a movable connection between links and allows relative motion be- 
tween the links. The two primary joints are the revolute and sliding joint. The revo- 
lute joint is also called a pin or hinge joint. It allows pure rotation between the two 
links that it connects. The sliding joint is also called a piston or prism joint. It allows 
linear sliding between the links that it connects. Figure 1.2 illustrates these two pri- 
mary joints. 

A cam joint is shown in Figure 1.3A. It allows for both rotation and sliding of the 
two links that it connects. Because of the complex motion allowed, the cam connec- 
tion is called a higher o&v joint. A gear connection also allows rotation and sliding 
of the teeth as they mesh. This arrangement is shown in Figure 1.3B. The gear con- 
nection is also a higher order joint. 

A simple link is a rigid body that contains only two joints, which connects it to 
other links. Figure 1.4A illustrates a simple link. A crank is a simple link that is able 
to complete a full rotation about a fixed center. A rocker is a simple link that oscil- 
lates through an angle, reversing its direction at certain intervals. 

(8%) PI” 

Figure 1.2 Primary jo~nrs: (A) Pm ana (B) Sliding. 
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(a) Cam joint 

Figure 1.3 Higher order joints: (A) Cam lwm and (B) Gear joint 

A complex link is a rigid body that contains more than two joints. Figure 
1.4B illustrates a complex link. A rocker arm is a complex link, containing 
three joints, that is pivoted near its center. A bellcrank is similar to a rocker 
arm, but is bent in the center. The complex link shown in Figure 1.4B is a bell- 
crank. 

A point of interest is a point on a link where the motion is of special interest. 
Once kinematic analysis is performed, the displacement, velocity, and accelerations 
of that point are determined. 

(a) Simple link (hj Complex ll”k 

Figure 1.4 Links: (A) Simple Link and (B) Complex link 



1.5 KINEMATIC DIAGRAMS 

In analyzing the mutl~n of a machme, it IS uttcn Uficult m visualize the move- 
ment of the components in a full assembly drawing. Figure 1.5 shows a machine 
that is used to handle parts on an assembly line. A motor produces rotational 
power, which drives a mechanism that moves the arms back and forth in a syn- 
chronous fashion. As can be seen, an assembly view of the entire machine be- 
comes complex and it is difficult to focus on the motion of the mechanism under 
consideration. 

It is easier to represent the part5 in skeleton form 50 that only the dinren- 
sions that influence the motion of the mechanism are shown. These “strippcd- 
down” sketches of mechanisms are often referred to as kinematic diagrams. 
The purpose of these diagrams arc similar to electrical circuit schematic or pip- 
ing diagrams, in that they represent variables that affect the primary function 
of the mechanism. Table 1.1 shows typical conventions used in creating kine- 
matic diagrams. 

A kinematic diagram should be drawn to a scale proportronal to the AC- 
tual mechanism. For convenient rcfercncc, the links are numbered, starting 
with the frame as link number 1. To avoid confusion, the joints should he 
lettered. 

Figure I.5 lwv-arlllr d synchro loader (Courtesy PickOmatic Systems, Frrguson Machmc Lu.J. 
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TABLE 1.1 Symbols Used in Kinematic Diagrams. 
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r--T-- TABLE 1 1 Svmbols Used in Kinematic Diagrams--continued. 

,.,“,“.,.,, j,. . ..I , T$d Form Kinematic Representation 

MPLE PROBLEM 1.1 

Figure 1.6 shows a shear that is used to cut and trim electromc circun board laml- 
nates. Draw a kinematic diagram. 

The first step in constructing a kinematic diagram is to decide the part that will be 
designated as the frame. The motion of all other links will be determined relative to 
the frame. In some cases, its selection is obvious as the frame is firmly attached to the 
ground. 

In this problem, the large base that is bolted to the table is designated as 
the frame. The motion of all other links is determined relative to the base. 



Figure 1.6 Shear press for Exampie Problem 1. I 

The base IS numbered as lrnk 1. Careful observation reveals three other mov- 
mg parts: 

2. Handle 
3. Cutting blade 
4. Bar that connects the cutter wth the handle 

Pin joints are used tu connect these three different parts. Thee IU~IS are lettered A 
through C. In addition, the cutter slides up and down, along the base. This sliding 
joint is lettered D. Finally, the motion of the end of the handle is desired. This is desig- 
nated as point of interest X. 

The kinematic diagram is given in Figure 1.7. 

Figure 1.7 Kmemanc &gram for Example Problem I. I. 

EXAMPLE PROBLEM 1.2 

Figure 1.8 shows a pair of vice grips. Draw a kinematic diagram 

Solution: 

The first step is to decide the part that will be designated as the iramc. In thu 
problem, no parts are attached to the ground. Therefore, the selection of the frame 
is rather arbitrary. 
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Figure 1.8 Vice grips for Example Problem 1.2. 

The top handle is designated as the frame. The motion of all other links is deter- 
mined relative to the top handle. The top handle is numbered as link 1. Careful ob- 
servation reveals three other moving parts: 

2. Bottom handle 
3. Bottom jaw 
4. Bar that connects the top and bottom handle 

Four-pin joints are used to connect these different parts. These joints are lettered 
A through D. In addition, the motion of the end of the bottom jaw is desired. This is 
designated as point of interest X. Finally, the motion of the end of the lower handle 
is also desired. This is designated as point of interest Y. 

The kinematic diagram is given in Figure 1.9. 

Figure 1.9 Kinematic diagram for Example Problem 1.2 

.~. 
;;$(i KJNEMATICINVERSION 

The first step in drawing a kinematic diagram is selecting a member to serve as a 
fixed link or frame. In some cases, the selection of a frame is arbitrary, as in the vice 
grips from Example Problem 1.2. As different links are chosen as a frame, the rela- 
tive motion of the links is not altered. The absolute motion can be drastically differ- 
ent, depending on the link selected as the frame. However, the relative motion is of- 
ten the desired result. 

In Example Problem 1.2, an important result of kinematic analysis is the distance 
that the handle must be raised in order to open the jaw. This is a question of relative 
position of the links: the handle and jaw. Because the relative motion of the links 
does not change with the selection of a frame, the choice of a frame link is not im- 
portant. The process of selecting alternate links to serve as the fixed link is termed 
kinematic inversion. 
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1.7 MOBILITY 

An important property m mechanism analysis is the number of degrees of freedom 
of the mechanism. The degree of freedom is the number of independent inputs re- 
quired to precisely position all links of the mechanism with respect to the ground. It 
can also be defined as the number of drivers required to operate the mechanism. Ex- 
amples of mechanism drivers could be manually moving one link to another posi- 
tion, connecting a motor to the shaft of one link, or pushing a piston of a hydraulic 
cylinder. 

The number of degrees of freedom of a mechanism is also called the mobility, and 
given the symbol “F.” When the configuration of a mechanism is completely defined 
by positioning one link, that system has one degree of freedom. Most machine 
mechanisms have one degree of freedom. Robotic arms can have three, or more, de- 
grees of freedom. 

Degrees of freedom for planar mechanisms joined with common joints can be cal- 
culated through Gmebler’s equation: 

(1.1) F = degrees of freedom = 3(n - 1) - 2jp ~ jh 

where: n = total number of links in a mechanism, j, = total number of primary 
joints (pins or sliders), and jh = total number of higher-order joints(cams or gears). 

Mechanisms with one degree of freedom are termed constrained mechanisms. As 
mentioned, most mechanisms used in machines are constrained. 

Mechanisms with zero, or negative, degrees of freedom are termed locked mecha- 
nisms. These mechanisms are unable to move and form a structure. A twss is a structure 
composed of simple links and connected with pin joints and zero degrees of freedom. 

Mechanisms with more than one degree of freedom are termed unconstrained 
mechanisms. These mechanisms need more than one driver to precisely operate 
them. Common unconstrained mechanisms are robotic arms and other “reaching” 
machines, such as back hoes and cranes. These types of mechanisms are commonly 
referred to as open-loop linkages. Formally defined, an open-loop linkage is when 
one or more links are connected to only one other link. 

,&AMPLE PROBLEM 1.3 

Figure 1.10 shows a toggle clamp. Draw a kinematic diagram, using the clamping 
surface and the handle as points of interest. Also compute the degrees of freedom for 
the clamp. 

Solution: 

The component that is bolted to the table is designated as the frame. The motion 
of all other links is determined relative to this frame. The frame is numbered SF link 
1. Careful observation reveals three other moving parts: 

2. Handle 
3. Arm that serves as the clamping surface 
4. Bar that connects the clamping arm and handle 
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Figure 1.10 Toggle clamp for Example Problem 1.3. 

Four-pm joints are used to connect these different parts. These jomts are lettered 
A through D. In addition, the motion of the clamping surface is desired. This is des- 
ignated as point of interest X. Finally, the motion of the end of the handle is also de- 
sired. This is designated as point of interest Y. 

The kinematic diagram is detailed in Figure 1.11 

D 

Y 

x 

Figure 1.11 Kinematic diagram for Example Problem 1.3 

Calculating the mobility of the mechanism, it is seen that there are 4 links. There 
are also four-pin joints. Therefore: 

n = 4, jp = 4 pins, jh = 0 

and: 

F = 3(n - 1) ~ 2jp - jl 

= 3(4 - 1) ~ 2(4) - 0 = 1 

With one degree of freedom, the clamp mechanism is constrained. Moving onI) 
one link, the handle, precisely positions all other links in the clamp. 

Figure 1.12 shows a beverage can crusher used to reduce the size of cans for easier 
storage prior to recycling. Draw a kinematic diagram, using the end of the handle as 
a point of interest. Also compute the degrees of freedom for the device. 

The back portion of the device serves as a base and can be attached to a wall. This 
component is designated as the frame. The motion of all other links is determined 
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Figure 1.12 Can crusher for Example Problem 1.4. 

relatrve 10 this frame. The frame IS numbered as link 1. Careful observation shuwb a 
planar mechanism with three other moving parts: 

2. Handle 
3. Block that serves as the crushing surface 
4. Bar that connects the crushing block and handle 

Three-pin joints are used to connect these different parts. One pin connects the 
handle to the base. This joint is labeled as A. A second pin is used to connect link 4 
to the handle. This joint is labeled B. The third pin connects the crushing block and 

link 4. This joint is labeled C. 
The crushing block slides vertically during operation; therefore, a sliding joint 

connects the crushing block to the base. This joint is labeled D. In addition, the mo- 
tion of the handle end is desired. This is designated as point of interest X. 

The kinematic diagram is given in Figure 1.13. 
To calculate the mobility, it was determined that there are four links in this mech 

anism. There are also three-pin joints and one slider joint. Therefore: 

n = 4, jr = (3 pins + 1 slider) = 4, jh = 0 

and: 

F = 3(x - 1) ~ 2&, jh 

= 3(4 - 1) - 2(4) 0 = 1 

Figure 1.13 Kinematic diagram for Example Problem 1.4. 
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With one degree of treedom, the can crusher mechanism is constrained. Moving 
only one link, the handle precisely positions all other links and crushes a beverage 
can placed under the crushing block. 

./,a 

;mMPLE PROBLEM 1.5 

Figure 1.14 shows another device that can be used to shear material. Draw a kine- 
matic diagram, using the end of the handle and the cutting edge as points of interest. 
Also, compute the degrees of freedom for the shear press. 

Solution: 

The base is bolted to a working surface and can be designated as the frame. The 
motion of all other links is determined relative to this frame. The frame is numbered 
as link 1. Careful observation reveals two other moving parts: 

2. Gear/handle 
3. Cutting lever 

Two pin joints are used to connect these different parts. One pin connects the cut- 
ting lever to the frame. This joint is labeled as A. A second pin is used to connect the 
gear/handle to the cutting lever. This joint is labeled B. 

The gear/handle is also connected to the frame with a gear joint. This joint is la- 
beled C. In addition, the motion of the handle end is desired and is designated as 
point of interest X. The motion of the cutting surface is also desired and is desig- 
nated as point of interest Y. 

The kinematic diagram is given in Figure 1.15 

Figure 1.14 Shear press for Example Problem 1.5 
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Figure 1.15 Kinematic diagram for Example Problem 1.5 

To calculate the mobility, it was determined that there are three lmks in this 
mechanism. There are also ~VJO pin joints and one gear joint. Therefore: 

n = 3 j, = (2 pins) = 2 jh = (1 gear connection) = 1 

and: 

F = 3(n 1) - 21p - ,h 

= 313 - 1) - 2(2) - 1 = 1 

With one degree of freedom, the shear press mechanism is constrained. Moving 
only one link, the handle precisely positions all other links and brings the cutting 
edge onto the work piece. 

A common component used to drive a mechanism is a hydraulic or pneumatic 
cylinder. Figure 1.16A illustrates a hydraulic cylinder. Figure 1.16B shows the corn- 
man kinematic representation for the cylinder unit. 

Figure 1.16 Hydraulic cylinder. 
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The cylinder umt typically contams a rod and piston assembly that slides relative to 
a cylinder. For kinematic purposes, these are two links (i.e., piston/rod and cylinder), 
connected with a sliding joint. In addition, the cylinder and rod end usually has provi- 
sions for pin joints. The following Example Problem incorporates a cylinder unit. 

\- 
‘@&MPLE PROBLEM 1.6 

Figure 1.17 shows an outrigger foot to stabilize a utility truck. Draw a kinematic di- 
agram, using the bottom of the stabilizing foot as a point of interest. Also compute 
the degrees of freedom. 

Solution: 

During operation of the outriggers, the utility truck is stationary. Therefore, the 
truck is designated as the frame. The motion of all other links is determined relative 
to the truck. The frame is numbered as link 1. Careful observation reveals three 
other moving parts: 

2. Out rigger leg 
3. Cylinder 
4. Piston/rod 

Three pin joints are used to connect these different parts. One connects the out- 
rigger leg with the truck frame. This is labeled as joint A. Another connects the out- 
rigger leg with the cylinder rod and is labeled as joint B. The last pin joint connects 
the cylinder to the truck frame and is labeled as C. 

One sliding joint is present in the cylinder unit. This connects the piston/rod with 
the cylinder. It is labeled as joint D. 

The stabilizer foot is part of link 2 and a point of interest located on the bottom 
of the foot is labeled as point X. The resulting kinematic diagram is given in Figure 
1.18. 

To calculate the mobility, it was determined that there are four links in this mech- 
anism, as well as three pin joints and one slider joint. Therefore: 

n = 4, ip = (3 pins + 1 slider) = 4, ih = 0 

Figure 1.17 Outrigger for &ample Problem 1.6. 



16 Chapter 1 INTRODUCTION TO MECHANISMS AND KINEMATICS 

Figure 1.18 Kinematic diagram for Example Problrrr~ 1.6. 

and: 

= 3(4 1) - 2(4) ~ 0 = 1 

With one degree of freedom, the outrigger mechanism is constrained. Moving 
only one link, the piston precisely positions all other links in the outrigger, placing 
the stabilizing foot on the ground. 

Some mechanisms have three links that are all connected at a common pin joint. 
This situation brings some confusion to kinematic modeling. Physically, only one pin 
may connect all three links. However, by definition, a joint can connect two links. 

For kinematic analysis, this configuration must be modeled as two separate 
joints. One joint connects the first and second links. The second joint then connects 
the second and third links. Therefore, when three links come together at a common 
pin, the joint must be modeled as two pins. This scenario is illustrated in the follow- 
ing Example Problem. 

EXAMPLE PROBLEM 1.7 

Figure 1.19 shows a mechanical press used to exert large forces to insert a small part 
into a larger one. Draw a kinematic diagram using the end of the handle as a point 
of interest. Also compute the degrees of freedom. 

The bottom base for the mechanical press sits on a WORK bench and remams sra- 
tionary during operation. Therefore, this bottom base is designated as the frame. 
The motion of all other links is determined relative to the bottom base. The frame is 
numbered as link 1. Careful observation shows five other moving parts: 

2. Handle 
3. Arm that connects the handle to the other arms 
4. Arm that connects the base to the other arms 
5. Press head 
6. Arm that connects the head to the other arms 



Figure 1.19 Mr.-hanid press for Example Problem 1.i 

Pin joints are used to connect the several different parts. One connects the handle 
to the base and is labeled as joint A. Another connects link 3 to the handle and is la- 
beled as joint B. Another connects link 4 to the base and is labeled as C. Another 
connects link 6 to the press head and is labeled as D. 

It appears that a pin is used to connect the three arms-links 3, 4 and 6- 
together. Because three separate links are joined at a common point, this must be 
modeled as two separate joints. They are labeled as E and F. 

A sliding joint connects the press head with the base. This joint is labeled as G. 
Motion of the end of the handle is desired and is labeled as point of interest X. 

The kinematic diagram is given in Figure 1.20. 
To calculate the mobility, it was determined that there are six links in this mecha- 

nism, as well as six pin joints and one slider joint. Therefore: 

and: 

n = 6, i, = (6 pins + 1 slider) = 7, jb = 0 

= 316 - 1) - 2(7) ~ 0 = 15 - 14 = 1 

Figure 1.20 Kinematic diagram for Examplr Problem 1.7 
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With one degree of freedom, the mechamcal press mechanism 1s constramed. 
Moving only one link, the handle precisely positions all other links in the press, slid- 
ing the press head onto the work piece. 

._., 
$3 THE FOUR BAR MECHANISM 

The simplest and most common linkage is the four-bar linkage. It is a combination 
of four links, one being designated as the frame, and connected by four pin joints. 
Because it is encountered so often, further exploration is in order. 

The mechanism for an automotive rear window wiper system is shown in Figure 
1.21A. The kinematic diagram is shown in Figure 1.21B. Notice that this is a four- 
bar mechanism because it is comprised of four links connected by four pin joints and 
one link is unable to move. 

The mobility of a four-bar mechanism consists of the following: 

n = 4 jp = 4 pins jh = 0 

and: 

F = 3(n - 1) ~ Zj, ~ ih 

= 3(4 - 1) ~ 214) - 0 = 1 

Cd) 

Figure 1.21 Rear-wmdow wiper mechanism. 
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Because the tour-bar mechanism has one degree of freedom, it is constrained or 
fully operated with one driver. The wiper system in Figure 1.21 is activated by a DC 
electric motor. 

Of course, the link that is unable to move is referred to as the frame. Typically, 
the pivoted link that is connected to the driver or power source is called the input 
link. The other pivoted link that is attached to the frame is designated the output 
link or follower. The coupler or connecting a~wz “couples” the motion of the input 
link to the output link. The following designations are used to describe the length of 
the four links: 

L, = Length of the fixed lmk 
Lz = Length of the shorter pivoting link (typically the input link). 
Lx = Length of the coupler. 
L4 = Length of the longer pivoting link (typically the output link). 

Depending on the arrangement and lengths of the links and a four-bar mechanism 
can be classified as the following three linkage types: 

Crank-rocker A crank-rocker has the shortest link of the four-bar mechanism 
configured adjacent to the frame. When this shortest link continuously ro- 
tates, the output link oscillates between limits. Thus, the shortest link is called 
the crank, and the output link is called the rocker. The wiper system in Figure 
1.21 is designed to be a crank-rocker. As the motor continuously rotates the 
input link, the output link oscillates or “rocks.” The wiper arm and blade are 
firmly attached to the output link, oscillating the wiper across a windshield. A 
four-bar mechanism behaves as a crank-rocker when the following conditions 
existi’): 

L2 < L, or L3 or L4 

and L, i (L, + L4 L,) 

and L1 > (IL, - L, I + L,) 

Note that the I x I notation refers to the absolute value of x. 

Crank-crank The crank-crank, or double crank, has the shortest link of the four- 
bar mechanism configured as the fixed link or frame. When one of the pivoted links 
rotates continuously, the other pivoted link also rotates continuously. Thus, the two 
pivoted links, 2 and 4, are able to both rotate through a full revolution. The shorter 
of the two rotating links is typically the input link. The crank-crank mechanism is 
also called a drag link mechanism. A four-bar mechanism behaves as a crank-crank 
when the following condition exists @‘: 

L, i L, or Li or L4 

and L, < (L3 + Lb ~ L2) 

and L1 > (IL, - L‘, I + L,) 
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Rockewocker The rocker-rocker, or double rocker, has the lmk oppmte the short- 
est link of the four-bar mechanism configured as the frame. In this configuration, 
neither link connected to the frame is able to complete a full revolution. Thus, both 
input and output links are constrained to oscillate between limits, and called rock- 
ers. A four-bar mechanism behaves as a rocker-rocker when any of the above condi- 
tions do not exist and the following condition is met or (6): 

L? < L1 or L2 or L4 

EXAMPLE PROBLEM 1.8 

A nose wheel assembly for a small aircraft is shown in Figure 1.22. Classify the mo- 
tion of this four-bar mechanism based on the configuration of the links 

Solution: 

In an analysis that focuses on the landing gear, the motion of the wheel assembly is 
determined relative to the body of the aircraft. Therefore, the aircraft body is designated 
as the frame. Figure 1.23 shows the kinematic diagram for the wheel assembly, number- 
ing, and labeling the links, The tip of the wheel was designated as point of interest X. 

The lengths of the links include: 

LI = 32 in. Lz = 12 in. L3 = 30 in. L4 = 26 in. 

The shortest link is adjacent to the frame. Therefore, it is designated Lz. This 
mechanism can be either a crank-rocker or a rocker-rocker since the frame is not the 
shortest link. The criteria for the different Fategories of four-bar mechanisms should 
be reviewed. 
For a crank-rockel 

LL < L, or Lz or L4 

12 < 32 (yes] 

12 < 30 {yes) 

Figure 1.22 Nose wheel assembly for Example Problem 1.8. 
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Figure 1.23 Kinematic diagram for Example Problem 1.8. 

12 < 26 {yes) 

and L, < (L, + L, ~ LL) 

32 < (30 + 26 ~ 12) = 44 {yes] 

and L, > (IL, ~ L41 + L,) 

32 > (I30 - 261 + 12) = 16 {yes] 

Because all criteria for a crank rocker are valid, the nose wheel assembly is a 
crank-rocker mechanism. 

ii&$! SLIDER CRANK MECHANISM 
Another mechanism that is commonly encountered is a slider crank. This mecha- 
nism also consists of a combination of four links, with one being designated as the 
frame. This mechanism, however, is connected by three pin joints and one sliding 
joint. 

A mechanism that drives a manual water pump is shown in Figure 1.24A. The 
corresponding kinematic diagram is given in figure 1.24B. 

The mobility of a slider crank mechanism is represented by the following: 

n = 4, jp = (3 pins + 1 sliding) = 4, jh = 0 

and: 

F = 3(n - 1) - 2j0 - jh 

= 3(4 - 1) - 2(4) ~ 0 = 1 
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1.10 

(a) (b) 

Figure 1.24 Pump mechanism for a manual wafer pump: (A) Mechanism and (B) Kinematic 
diagram 

Because the slider crank mechanism has one degree of freedom, it is constrained 
or fully operated with one driver. The pump in Figure 1.24 is activated manually by 
pushing on the handle (link 3). 

In general, the pivoted link connected to the frame is called the crank. This link is 
not always capable of completing a full revolution. The link that translates is called 
the slider. This link is the piston/rod of the pump in Figure 1.24. The coupler or con- 
necting rod “couples” the motion of the crank to the slider. 

TECHNIQUES OF MECHANISM ANALYSIS 

Most of the analysis of mechanisms involves geometry. Often, graphical methods 
are employed because the motion of the mechanism can be clearly visualized. 

Graphical solutions involve drawing “scaled” lines at specific angles. One exam- 
ple is the drawing of a kinematic diagram. A graphical solution involves preparing a 
drawing where all links are shown at a proportional scale to the actual mechanism. 
The orientation of the links must also be shown at the same angles as on the actual 
mechanism. 

This graphical approach has merits in ease and solution visualization. However, 
accuracy must be a serious concern to achieve results that are consistent with analyti- 
cal techniques. For several decades, mechanism analysis was primarily completed us- 
ing graphical approaches. Even with its popularity, many scorned graphical tech- 
niques as being imprecise. However, the development of computer-aided design 
(CAD) systems has allowed the graphical approach to be applied with precision. This 
text attempts to illustrate the most common methods used in the practical analysis of 
mechanisms. Each of these methods is briefly introduced in the following sections. 

1.10.1 Traditional Drafting Techniques 

Over the past decades, all graphical analyst was performed using traditional draw- 
ing techniques. Drafting equipment was used to draw the needed scaled lines at spe- 
cific angles. The equipment used to perform these analyses included triangles, paral- 
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Id araght edges, canpasses, prorracrors, and engmeermg scales, As mmtmned, this 
method was often criticized as being imprecise. However, with proper attention to 
detail, accurate solutions can be obtained, 

It was the rapid adoption of CAD software cwer the past several years that lim- 
ited the use of traditional graphical techniques. Even with the lack of industrial ap- 
plication, many still believe that traditional drafting techniques can still be used by 
students to illustrate the concepts behind graphical mechanism analysis. Of course, 
these concepts are identical to those used in graphical analysis using a CAD system. 
But with using traditional drawing techniques, the student can concentrate on the 
kinematic theories and will not be “bogged down” with learning CAD commands. 

1.10.2 CAD Systems 

As mentioned, graphical analysis may be performed using tradrrional drawing 
procedures or using a CAD system, as is commonly practiced in industry. Any 
one of the numerous commercially available CAD systems can be used for mech- 
anism analysis. The most popular CAD systems include AutoCAD, Microstation, 
Unigrahpics, and ProEngineer. Although the commands differ from system to 
system, all have the capability to draw highly accurate lines at designated lengths 
and angles. This is exactly the capability required for graphical mechanism 
analysis. 

Besides increased accuracy, another benefit of CAD is that the lines do not need to 
be scaled to fit on a piece of drawing paper. On the computer, lines are drawn on 
“virtual” paper that is of infinite size. 

This text does not attempt to thoroughly discuss the system-specific commands 
used to draw the lines, but several of the Example Problems are solved using a CAD 
system. The main goal of this text is to instill an understanding of the concepts of 
mechanism analysis. This goal can be realized regardless of the specific CAD system 
incorporated. Therefore, the student should not be overly concerned with the CAD 
system used for accomplishing graphical analysis. For that manner, the student 
should not be concerned whether manual or computer graphics are used to learn 
mechanism analysis. 

1.10.3 Analytical Techniques 

Analytical methods can also be used to achieve precise results. Advanced analytical 
techniques often involve intense mathematical functions, which are beyond the 
scope of this text and routine mechanism analysis. In addition, the significance of 
the calculations are often difficult to visualize. 

The analytical techniques incorporated in this text, couple .the theories of geom- 
etry, trigonometry, and graphical mechanism analysis. This approach will achieve 
accurate solutions, yet the graphical theories allow the solutions to be visualized. 
This approach does have the pitfall of laborious calculations for more complex 
mechanisms. Still, a significant portion of this text is dedicated to these analytical 
techniques. 
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1.10.4 Computer Methods 

As the more accurate analytical solutions are desired for several posmom of a 
mechanism, the number of calculations can become unwieldy. In these situations, 
the use of computer solutions is appropriate. Computer solutions are also valuable 
when several design iterations must be analyzed. 

A computer approach to mechanism analysis can take several forms: 

l Spreadsheets are very popular for more routine mechanism problems. An im- 
portant feature of the spreadsheet is that as a cell containing input data is 
changed, all other results are updated. This allows design iterations to be com- 
pleted with ease. As problems become more complex, they can be difficult to 
manage on a spreadsheet. Nonetheless, spreadsheets are used in problem solu- 
tion throughout the text. 

l Commercially mailable dynamic analysis programs, such as Working Model, 
ADAMS (Automatic Dynamic Analysis of Mechanical Systems), or I-DEAS (In- 
tegrated Design Engineering Analysis Software) are available. Dynamic models 
of systems can be created from menus of general components. These packages 
are best suited when kinematic analysis is large component of the job. Chapter 
2 is dedicated to dynamic analysis programs. 

l User-written com@ter programs in a high-level language, such as FORTRAN, 
BASIC, or C can be created. The programming language selected must have di- 
rect availability to trigonometric and inverse trigonometric functions. Due to the 
time and effort required to write a special program, they are most effective when 
a complex, yet not commonly encountered, problem needs to be solved. Some 
simple algorithms are provided for elerfientary kinematic analysis in Chapter 9. 

Problems in Sketching Kinematic Diagrams 

1-l. A mechanism is used to open the door of a 
heat-treating furnace and is shown in Figure 
Fl.l. Draw a kinematic diagram of the mecha- 
nism. The end of the handle should be identi- 
fied as a point of interest. 

Figure P1.l Problems 1-l and l-26. 

1-2. A pair of bolt cutters are shown m t‘q+m P1.L. 
Draw a kinematic diagram of the mechanism, 
selecting the lower handle as the frame. The 
end of the upper handle and the cutting surface 
of the jaws should be identified as points of 
mtcrest. 

Figure P1.2 Problems l-2 and l-27. 



l-3. A folding chair that is commonly used in stadi- l-6. Another configuration for a pair of pliers is 
urns is shown in Figure P1.3. Draw a kinematic shown in Figure P1.6. Draw a kinematic dia- 
diagram of the folding mechanism. gram of the mechanism. 

Figure P1.6 Problems l-6 and l-31. 

l-7. A mechanism for a window is shown in Figure 
P1.7. Draw a kinematic diagram of the mccha- 
nism. 

l-4 

l-5. 

Figure P1.3 Problems 1-3 and l-28 

A foot pump that can be used to till bike tires, 
toys, etc. is shown in Figure P1.4. Draw a kine- 
matic diagram of the pump mechanism. The foot 
pad should be identified as a point of interest 

Figure P1.4 Problems l-4 and 1-29. 

A pair of pliers 1s shown in Figure P1.5. Draw 
a kinematic diagram of the mechanism. 

Figure P1.S Problems l-5 and 1.30. 

Figure P1.7 Problems l-7 and l-32. 

1-X. Another mechanism for a window is shown in 
Figure P1.8. Draw a kinematic diagram of the 
mechanism. 

Figure P1.8 Problems l-8 and l-33 



1.9. A toggle clamp used for holding a workplace 
while it is being machined is shown in Figure 
~1.9. Draw a kinematic diagram of the mecha- 
msm. 

Figure P1.9 Problems l-9 and l-34. 

1-10. A child’s diggmg toy that is cwmnon at many 
municipal sandboxes is shown in Figure P1.10. 
Draw a kinematic diagram of the mechanism. 

1.21. A brake that is used to slow a drive shaft on 
general industrial equipment IS shown in Flgure 
~1.11. Understanding that the drive shaft and 
disk are not part of the braking mechanism, 
draw a kinrmatic diagram of the mechanism. 

Figure P1.ll problems l-11 and l-36. 

l-12. A rough sketch of an auormot~ve drum braking 
configuration is shown in Figure P1.12. Draw a 
kinematic diagram of the mechamsm, arhitrar- 
ily considering the left brake pad a fixed link 

Figure P1.10 Problems I-10 and l-35. Figure P1.12 Problems l-12 and 1-37 
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I-13. A sketch ot a microwave oven carrier used II) 
assist people in wheelchairs is shown in Figure 
P1.13. Draw a kinematic diagram of the mech- 
anism 

Figure P1.13 problems l-13 and 1.38. 

1-14. A sketch of a truck used to deliver supphra EO 
passenger jets is shown in Figure P1.14. Draw 
a kinematic diagram of the mechanism. 

l-15. A skrrch of a drwce LO move packages from an 
assembly bench to a convcyar is shown in Fig- 
ure P1.15. Draw a kinematic diagram of the 
mechanism. 

Figure P1.15 Problems l-15 and l-40 

I-16. A sketch of a lift platform is shown in Figurr 
P1.16. Draw a kinematic diagram of the mech- 
amsm. 

Figure P1.16 Problems l-16 and l-41 

1-I 7. A sketch of a lift platform is shown in Flgurr 
P1.17. Draw a kinematic diagram of the mech- 
amsm. 

Figure P1.14 Problems l-14 and l-39 Figure P1.17 Problems l-17 and 1-42 



1.18. A sketch of a back hoe is shown m Figure 
P1.18. Draw a kinematic diagram of the mech- 
2”lSlII. 

Figure P1.18 Problems l-18 and l-43. 

l-19. A sketch of a front loader is shown in Figurr 
P1.19. Draw a kinematic diagram of the mecha- 
nism. 

Figure P1.19 Problems l-19 and l-44. 

1.20. A sketch of an adjustable height platform used 
IO load and unload freight trucks is shown in 
Figure P1.20. Draw a kinematic diagram of the 
mechanism. 

l-21. A sketch of a kirchen apphance carrier, used for 
under-counter storage, is shown in Figure 
P1.21. Draw a kinematic diagram of the mech- 
anism. 

Figure P1.21 Problems 1-21 and l-46 

1-22. A sketch of a facrory-style garage door is 
shown in Figure P1.22. Draw a kinematic dra- 
gram of the mechanism. 

Figure P1.22 Problems 1-22 and l-47 

Figure P1.20 Problems l-20 and l-45. 



l-23. A sketch of a device to close the top flaps of 
boxes is shown in Figurr 1’1.23. Draw a kinc- 
maric diagram of the mechanism. 

Figure P1.23 Problems l-23 and l-48. 

I-24. A sketch of an automated factory window 
npmrr 1s shown in Figure 1’1.24. Draw a kmc- 
matic diagram of the mechamsm. 

l-25. A sketch rrf a wear trsr fixture is shown in Fig- 
ure P1.25. Draw a kinematic diagram of the 
mechanism. 

Figure P1.24 Problems l-24 and l-49 
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Problems in Calculating Mobility 

l-26 through l-50. Specify the number of Imks, the 
number and type of joints, and calculate the mo- 
bility for each of the 25 mechanisms described 
above. For Problem l-26, use Figure Pl .l; for 
Problem l-27, use Figurr P1.2; and so on. 

Problems in Classifying Four-Bar 
Mechanisms 

l-51. A mcchamsrr to spray water onto vehicles at 
an automated car wash is shown in Figure 
P1.51. 

~lassliy the four-bar mechanism, based on 
its possible motion, when the lengths of the 
links are: a = 12 in.; b = 2 in.; c = 14 in.; 
and d = 4 in. 

1.52. For the wafer spray mechanism in Figure 
P1.51, classify the four-bar mechanism, based 
on its possible motion, when the lengths of the 
links are: a = 12 in.; b = 4 in.; c = 12 in.; 
and d = 4 in. 

l-53. For the wafer spray mechanism in Figure 
P1.51, classify the four-bar mechanism, based 
on its possible motion, when the lengths of the 
links arc: a = 12 in.; b = 3 in.; c = 8 in.; 
and d = 4 in. 

l-54. For the wafer spray mechanism in Figure 
P1.51, classify the four-bar mechanism, based 
on its possible motion, when the lengths of the 
links are: a = 12 in.; h = 3 in.; c = 12 in.; 
and d = 5 in. 

Figure 1’1.51 Problems I-5 1 to l-54 
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l-1. The mechanism shown in Figure Cl.1 has been 
taken from a feed device for an automated hall- 
bearing assembly machine. An electric mofo~ is 
attached to link F as shown. Carefully examine 
the configuration of the components in the 
mechanism. Then answer the following leading 
questions to gain insight into the operation of 
the mechanism. 

Figure Cl.1 (Courtesy Industrial Press, Inc.) 

1. As link A rotates clockwise 90”, what will hap- 
pen to slide C? 

2. What happens to the ball trapped in slide C 
when it is at this position? 

3. As link A continues another 90” clockwise, 
what action occurs? 

4. What is the purpose of this device? 
5. Why are there chamfers at the entry of slide C? 
6. Why do you suppose there is a need for such a 

device? 

1-2. Figure Cl.2 shows a mechanism that is typical 
in the rank of a water closer. Note that flapper C 
is hollow and filled with trapped air. Carefully 
examine the configuration of the components in 
the mechanism. Then answer the following lead- 
ing questions to gain insight into the operation 
of the mechanism. 

1. As the handle A is rotated counterclockwise, 
what is the motion of the flapper C? 

2. When the flapper C is raised, what effect is 
SWI? 

3. When flapper C is lifted, it tends to remain in 
an upward position for a period of time. What 
causes this tendency to keep the flapper lifted? 

Figure Cl.2 

4. When will this tendency (to keep the flapper C 
lifted) cease? 

5. What effect will cause item D to move? 
6. As item D is moved in a counterclockwise di- 

rection, what happens to item F? 
7. What does item F control? 
8. What is the overall operation of these mechanisms? 
9. Why is there a need for this mechanism and a 

need to store water in this tank? 

1-3. Figure Cl.3 shows a mechanism that guides newly 
formed steel rods to a device that rolls them into 
reels. The rods are hot when formed, and water is 
used assist in the cooling process. The rods can be 
up to several thousand feet long and slide at mtes 
up to 25 miles per hour through channel S. 

Figure Cl.3 (Courtesy Industrial Press, Inc.) 
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Once the reel is full, the reel with the coiled 
rod is then removed. In order to obtain high effi- 
ciency, the rods follow one another very closely. 
It is impossible to remove the reel in a short time 
interval; therefore, it is desirable to use two reels 
in alternation. This mechanism has been de- 
signed to feed the rods to the reels. 

Buckets B, and BL have holes in the bottom. 
The water flow from the supply is greater than 
the amounf that can escape from the holes. Care- 
fully examine the configuration of the compo- 
nents in the mechanism, then answer the follow- 
ing leading questions to gain insight into the 
operation of the mechanism. 

1. In the shown configuration, what is happening 
to the level of wafer in bucket B,? 

2. In the shown configuration, what is happening 
to the level of water in bucket B,? 

3. What would happen to rocker arm C if bucket 
Bz were forced upward? 

4. What would happen to rocker arm R if bucket 
B, were forced upward? 

5. What does rocker R control? 
6. What is continual motion of this device? 
7. How does this device allow two separate reels 

to be used for the situation described? 
8. Why do you suppose that wafer is used as the 

power source for the operation of this mecha- 
msm? 



Models of 
Working 

OBJECTIVES upon completion of&s chapter, the student will be able to: 

1. Understand the use of commercially available software for mechambm analysis 

2. Use Working Model@ to build kinematic models of mechanisms. 

3. Use Working Model@ to animate the motion of mechanisms. 

4. Use Working Mod@ determine the kinematic values of a mechanism. 

i:l INTRODUCTION 

The rapid development of computers and software has altered the manner m which 
many engineering tasks are completed. In the study of mechanisms, software pack- 
ages have been developed that allow a designer to construct computer models of a 
mechanism. These computer models allow the designer to simulate the mechanism. 
Software packages can solve kinematic and dynamic equations and determine the 
motion and force values of the mechanism during operation. In addition, the soft- 
ware can animate the computer model of the mechanism, allowing visualization of 
the design in action. 

This chapter primarily serves as a tutorial for simulating machines and mecha- 
nisms using the Working Mod@ demonstration software, obtainable with the text. 
While the student may not yet understand the kinematic values generated during the 
analysis, the visualization of the mechanism can be extremely insightful. The mater- 
ial presented in the next several chapters will allow the student to understand the 
numerical solutions of the dvnamic software. 

.2,2 COMPUTER SIMULATION OF MECHANISMS 

Along with Working Model@, other commercially available dynamic analysis pro- 
grams such as ADAMS@ (Automatic Dynamic Analysis of Mechanical Systems), 
DADS@ (Dynamic Analysis of Dynamic Systems) or I-DEAS@ (Integrated Design 
Engineering Analysis Software) are available. Each computer program will allow 
creation of a mechanism from menus of general components. The general compo- 
nents include simple links, complex link, pin joints, sliding joints, etc. The mecha- 



nism is operated by selecting driver components, such as nwtws or cylinders, from 
menus. 

The strategy for performing the dynamic analysis with these packages is also very 
similar. A general procedure for model building and analysis can be summarized as: 

L. Define a set of rigid bodies (sizes, weights and inertial properties) 
L. Place constraints on the rigid bodies (connecting the rigid bodies with jomrs) 
3. Specify the input motion ( define the properties of the driving motor, cylinder, 

etc.) 
4. Run the analysis 
5. Review the motion of the links and forces through the mechanism. 

Of course, the commands and details will very greatly among the different pack- 
ages. As mentioned, a demonstration version of Working Mod@ is obtainable with 
this text and the details of its use will be further illustrated in the following sections. 

$3 OBTAINING A LIMITED VERSION OF WORKING MODEL 2D 

A limited version of Working Model 2D can be readily obtained, ar no cost. Of 
course, a fully functioning version is available for purchase. In the limited version, 
some features have been disabled, most notably the Save and Print functions. Re- 
gardless, this version can provide an excellent introduction to building computer 
models of mechanisms. The tutorials in the following sections can be completed us- 
ing this limited version. The software is distributed by Knowledge Revolution, and 
can be obtained from the following Web site: 

http://www.kw.com/ 
The software can also be obtained by contacting: 

Knowledge Revolution 
66 Bovet Road, Suite 200 
San Mateo, CA 94402 
(800) 766-6615 

Included with the software are directions for installation and setup. This method 
of distribution will allow the most recent version of Working Model 2D to be ob- 
tained. However, as the Working Model software is updated, the menus and icons 
may be slightly different from the tutorials that follow. Using some intuition, the stu- 
dent will be able to adapt and successfully complete mechanism simulations. 

( ‘2.4 USING WORKING MODEL=’ TO MODEL A FOUR-BAR MECHANISM 

Working Model is a.popular, commercially available motion simulation package. It 
rapidly creates a model on a desktop computer that represents a mechanical system 
and performs dynamic analysis. This section uses Working Model to build a model 
of a four-bar linkage and run a simulationl’. It is intended to be a tutorial; that is, it 
should be followed while actually using Working Model. The student is then en- 
couraged to experiment with the software to perform other analyses. 
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Step 1: Open Working Model 

1. Click on the Working Model program icon to start the program 
Working Model opens and begins running a demonstration dialog. 

2. Explore Working Model using the introduction dialog boxes. 
The demonstration dialog boxes provide an overview of Working Mud4 as- 
tomw examples, and ordering information. 

3. Enter the Working Model application by selecting “Exit to Working Model” 
A tool bar appears on the left of the window and tape controls display along 
the bottom. The tool bar contains the options necessary to create simulations. 
The tape controls operate running and viewing simulations. 

Step 2: Create the Links 

This step crcata the three mowng links in a four-bar mechamsm. The background 
serves as the fixed, fourth link. 

1. Create a new Working Model document by selecting “New” from rhe “File” 
menu. 

2. Construct the linkage by creating the three non-fixed links. Double click on the 
rectangle tool on the toolbar. 
The tool turns black, indicating that it un be used multiple times 

3. Using the rectangle tool, sketch OLIN three bodies as shown in Figure 2.1. 
Rectangles me drawn by positioning the mouse at the first corner, click mm, 
then move the mouse to the location of the opposite comer and click again. 
Rectangles me parametrically defined and their precise sizes will be specified 
later. 

4. Open the “Properties box” and “Geometry box” in the “Window” menu. 
This displays information about the links and allows editing of this informa- 
tion. 

5. Use the “Properties box” and “Geometry box” to change the center of the hor- 
izontal link to 0,O. Also change the geometry to a width of 8.5 and a height of 
0.5. 
The shafx and location of the rectangle should change upon data entry. 

6. Likewisk, use the “Prope& box” aid “Geometry box” to change the geom- 
etry of the long vertical link to a width of 0.5 and a height of 3. Also change 
the geometry of the short vertical link to a width of 0.5 and a height of 1.5. 
Again, the shape and location of the vectangle should change upon data entry. 

7. Close both the “Properties box” and “Geometry box” windows. 

Step 3: Place Points of Interest on the Links 

This step teaches the usage of the “Object Snap” tool to place points preusely. The 
“Object Snap” tool highlights commonly used positions, like the center of a side, 
with an “X.” When a point is placed using “Object Snap,” the point’s position is au- 
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Figure 2.1 Three links sketched using the rectangle to01 

tomarically defined with parametric equations. These equations ensure that the 
point maintains its relative location even after r&zing or other adjustments. 

1. Double click on the point tool. The icon is a small circle and is directly below 
the anchor tool. 
The point tool turns black, indicating that it can he used multiple times with- 
out needing to be reselected before each new point is sketched. 

2. Move the cursor over one of the links. 
Notice that an “X” appears around the pointer when it is centered on a side, 
over a COT~Y, or over the centw of a rectangle. This feature is called “Object 
Snap” and highlights the commonly-used parts of a link. 

3. Place the cursor over the upper portion of one of the vertical links. When an 
“X” appears around the pointer (Figure 2.2), click the mouse button. 

4. Place additional points as shown in Figure 2.2. 
Make sue that each of these points is placed at a “snap point” as evidenced 
with the “X” appeaving at the pointer. 

5. Select the pointer tool. The icon is an arrow pointed up and to the left. 
6. Double click on one of the points that were sketched in Steps 3 or 4 to open the 

“Properties” window. 
7. Edit the “Properties” window such that the points on the horizontal link are 

separated by 8 units. Edit the point on the long vertical link so that it is 1.5 
units directly above the center of that link. Edit the point on the short vertical 
link so that it is 0.5 units directly above the center of that link. 
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Figure 2.2 Point locations. 

Step 4: Connecting the Points to Form Pin Joints 

This step joins the points to create pin joints. A pin joint acts as a hinge between two 
bodies. The SmartEditor prevents joints from breaking during a drag operation. 

1. Select the anchor tool. 
2. Click on the horizontal link to ancnor the link down. 

An anchor is used to tell the SmartEditor not to move this body during con- 
struction. After the pin joints have been created, the anchor will be deleted. 

3. Select the pointer tool. 
4. With the pointer tool selected, click and drag on the background to make a 

selection box that surrounds the two left points as shown in Figure 2.3. Re- 
lease the mouse button, and the two points should now be highlighted (dark- 
ened). 
This method of selecting objects is called “box select.” Any object that is 
contained completely within the box when the mouse is released is high- 
lighted. 

5. Click on the “Join” button in the tool bar which will highlight the object. 
The SmartEditor creates a pin joint between the two points selected, moving 
the unanchored link into place. The moved link may no longer be vertical. 
This is fixed in a moment. 

6. Perform steps 4 and 5 for the two right points to create another pin joint. 
Once again, the horizontal link remains in this original position, and the 
SmartEditov moves the vertical link to create the pin joint. 



Step 1: Open Working Model 

1. Click on the Working Model program icon to start the program 
Working Model opens and begins running a demonstration dialog. 

2. Explore Working Model using the introduction dialog boxes. 
The demonstration dialog boxes provide an overview of Waking Model, as- 
tomes examples, and ordering information. 

3. Enter the Working Model application by selecting “Exit to Working Model” 
A tool bar appears on the left of the window and tape controls display along 
the bottom. The tool bar contains the options necessary to cmzte simulations. 
The tape controls operate vunning and viewing simulations. 

Step 2: Create the Links 

This step creates the three moving links in a four-bar mechanism. The background 
serves as the fixed, fourth link. 

1. Create a new Working Model document by selecting “New” from the “File” 
l,,C”U. 

2. Construct the linkage by creating the three non-fixed links. Double click on the 
rectangle tool on the toolbar. 
The tool turns black, indicating that it can be used multiple times 

3. Using the rectangle tool, sketch out three bodies as shown in Figure 2.1. 
Rectangles are drawn by positioning the mwse at the first COY~T, click once, 

then moue the mouse to the location of the opposite covw and click again. 
Rectangles are parametrically defined and their precise sizes will be specified 
later. 

4. Open the “Properties box” and “Geometry box” in the “Window” menu. 
This displays infooumation about the links and allows editing of this infouma- 
tmn. 

5. USC the “Properties box” and “Geometry box” to change the center of the hor- 
izontal link to O,O. Also change the geometry to a width of 8.5 and a height of 
0.5. 
The shafx and location of the rrctanyle should change upon data entry. 

6. Likewise, use the “Prope&s box” and “Geometry box” to change the get~m- 
ctry of the long vertical link to a width of 0.5 and a height of 3. Also change 
the geometry of the short vertical link to a width of 0.5 and a height of 1.5. 
Again, the shape and location of the rectangle should change upon data entry. 

7. Close both the “Properties box” and “Geometry box” windows. 

Step 3: Place Points of Interest on the Links 

This step teaches the usage of the “Object Snap” tool to place points precisely. ‘The 
“Object Snap” tool highlights commonly used positions, like the center of a side, 
with an “X.” When a point is placed using “Object Snap,” the point’s position is au- 
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Figure 2.1 Three links sketched using the rectangle tool. 

tomatically defined with parametric equations. These equations ensure that the 
point maintains its relative location even after r&zing or other adjustments. 

1. Double click on the point tool. The icon is a small circle and is directly below 
the anchor tool. 
The point tool turns black, indicating that it can be used multiple times with- 
out needing to be reselected before each new point is sketched. 

2. Move the cursor over one of the links. 
Notice that an “X” appears around the pointer when it is centered on a side, 
ouer a corner, or cmer the centu of a rectangle. This feature is called “Object 
Snap” and highlights the commonly-used parts of a link. 

3. Place the cursor over the upper portion of one of the vertical links. When an 
“X” appears around the pointer (Figure 2.2), click the mouse button. 

4. Place additional points as shown in Figure 2.2. 
Make sure that each of these points is placed at a “snap point” as evidenced 
with the “X” appearing at the pointer. 

5. Select the pointer tool. The icon is an arrow pointed up and to the left. 
6. Double click on one of the points that were sketched in Steps 3 or 4 to open the 

“Properties” window. 
7. Edit the “Properties” window such that the points on the horizontal link are 

separated by 8 units. Edit the point on the long vertical link so that it is 1.5 
units directly above the center of that link. Edit the point on the short vertical 
link so that it is 0.5 units directly above the center of that link. 



Step 4: Connecting the : Points to Form Pin Joints 

This step joins the points to create pin joints. A pin joint acts as a hinge between two 

bodies. The SmartEditor prevents joints from breaking during a drag operation. 

Figure 2.2 Point locations 

1. Select the anchor tool. 
2. Click on the horizontal link to anchor the link down. 

An anchor is used to tell the SmartEditor not to moue this body during con- 
struction. After the pin joints have been created, the anchor will he deleted. 

3. Select the pointer tool. 

4. With the pointer tool selected, click and drag on the background to make a 
selection box that surrounds the two left points as shown in Figure 2.3. Re- 
lease the mouse button, and the two points should now be highlighted (dark- 

ened). 
This method of selecting ohiects is called “box select.” Any object that is 
contained completely within the box when the mouse is u&used is high- 
lighted. 

5. Click on the “Join” button in the tool bar which will highlight the object. 
The SmartEditor creates a pin joint between the two points selected, moving 
the unanchoved link into place. The moved link may no longm be vertical. 
This is fixed in a moment. 

6. Perform steps 4 and 5 for the two right points to create another pin joint. 
Once again, the horizontal link remains in this original position, and the 
SmartEditov moves the vertical link to create the pin joint 
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Figure 2.3 Select two points to join as a pin joint. 

7. Select the left vertical link by clicking on it with the point tool. 
Four black boxes appear around the link indicating that it has been selected. 
The boxes me called handles and can be dragged to resize atz object. 

8. Using the coordinates bar at the bottom of the screen, enter a “0” in the f (ro- 
tation) field. 
The coordinates fields at the bottom of the scmx are useful to obtain infor- 
mation on Working Model objects. These fields can also be used to edit object 
information. Changing the rotation to 0” adjusts the bav back to its original, 
vertical position. 

9. If needed, complete Steps 7 and 8 on the right vertical link. 
10. Select the anchor used to keep the horizontal link in position during building, 

and press the delete key to remove it. 
The anchor is no longer needed, and should be removed. 

11. Select the “Pin Joint” tool and place another pin joint using the snap point, at 
point B as indicated in Figure 2.4. The “Pin Joint” tool appears as two links 
joined by a circle. It is the fifth icon in the right column. 
The “Pin Joint” tool is similar to the point tool used to create the last two pin 
joints. The pin tool automatically creates two points, attaches them to the 
bodies beneath the cursor (or the body and the background, as in this case), 
and cmztes a join in one seamless step. This pin joint joins the rectangle to the 
background. 

12. Double click on the pin joint to open the “Properties” window. Edit the loca 
tion of the joint to 1.5 units directly below the center of the long vertical link 
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Figure 2.4 Adding the final pin joint and motor to the linkage. 

Step 5: Adding a Motor to the Linkage 

This step adds the motor to one of the links to drive the linkage. 

1. Click on the motor tool in the tool box. This tool appears as a circle, sitting on 
a base and a point in its center. 
The motor tool becomes shaded, indicating that it has been selected. The CUT- 
SOI should now look like a small motor. 

2. Place the cursor over the “snap point” on the right, vertical link at point D. 
Click the mouse. 
A motor appears on the four-bar linkage as shown in Figure 2.4. Similar to a 
pin joint, a motor has two attachment points. A motor automatically connects 
the top two bodies. If only one body were to lay beneath the motor, it would 
join the body to the background. A motor would then apply a torque between 
the two bodies to which it is pinned. 

3. Double click on the motor to open the “Properties” box. Edit the location of 
the motor to place it 0.5 units directly below the short vertical link. 

4. Click on “Run” in the tool bar. 
The four-bar linkage begins slowly cranking through its range of motion. 

5. Click on “Reset” in the tool bar. 
The simulation will reset to frame 0. 



6. Double-click on the motor to open the “Properties” box. 
This can also be accomplished by selecting the motor and choosing “Proper- 
ties” from the “Window” menu to opm the “Properties” box. 

7. Increase the velocity of the motor to 300 deg/sec by typing this value in the 
“Properties” box. 
Users can define n motor to apply a certain torque, to move to a given rota- 
tional position, or to turn at a given velocity OY acceleration. Rotation, veloc- 
ity, and acceleration motws have built-in control systems that automatically 
calculate the torque needed. 

8. Click on “Run” in the tool bar. 
The four-bar linkage ome again begins to crank, this time at a much higher ve- 
lOCity. 

Step 6: Resizing the Links. 

This step uses the Coordmates Bar on rhe bottom of the screen to adjust the size and 
angle of the links. This section highlights Working Model’s parametric features. No- 
tice that when a link is resized, all points stay in their proper positions and all joints 
stay inracr. Because they were located with the Object Snap, these points are posi- 
tioned with equations and automatically adjust during design changes. 

1. If not already selected, click on the Pointer tool. 
2. Click once on the vertical left-hand link to select it. 
3. Enter a slightly larger number in the “h” (height) box of the selected link in the 

Coordinates Bar at the bottom of the screen. 
The link resizes on the screen. Notice how the Smart Editor automatically ye- 
sizes, repositions, and rebuilds the model based upon the parametric equations 
entered for each joint location. 

4. Similarly, resize the other links and watch the Smart Editor rebuild the model. 
Different configurations ofa model can be investigated using Working Model’s 
parametric features. 

Step 7: Measurmg a Point’s Position 

1. Click on “Reset” in the tool bar. 
The simulation stops and wsets to frame 0. 

2. Select the point tool from the tool bar. It appears as a small, hollow arcle. 
The point tool is located immedtately to the left of the pin joint tool used car- 
liev. 

3. Place the cursor over the horizontal link of the four-bar linkage and press the 
mouse button. 
A point is attached to the bar. This is a single point, and does not attach the bar 
to the background. It is simply a “point of interest.” 

4. When a point is not already selected (darkened), select it by clicking on it. 
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5. Create a meter to measure the position of this point by choosing “Position” 
from the “Measure” menu. 
A new meter appears. Position meters default to display digital (numeric) in- 
formation. A digital meter can be changed to a graph by clicking once on the 
triangle in the upper left hand corner. 

4. Click on “Run” in the tool bar. 

The simulation immediately begins running and measurement information ap- 
pears in the mete? as shown in Figwe 2.5. Mew data can be exported as an 
ASCII file, copied onto the clipboard and pasted into a spreadsheet program 
for fwther analysis. In this case, the spreadsheet would receive four columns of 
information: Time, X, Y and Rotation. One YOUJ would appear for each inte- 
gration time step calculated. 

7. Modify the simulation and rerun it. 
Working Mod& seamless integration between the editzng and runnrng of the 
dynamics engine allows the tlsey to quickly investigate many different simula- 
tion configurations. As an example, modify the mass of the horizontal bav us- 
ing the “Properties” box, and rerun the simulation. The pin locations can be 
modified and links resized; then the velocities and forces can be measwed. This 
four-bar linkage can wen be investigated in zero gravity by turning offgravity 
under the “World” menu. 

Figure 2.5 Running a simulation with a meter. 
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Step 8: Tracing the Path of a Point of Interest, 

This step creates a trace of the movement of a selected point. 

1. Select all objects using the box select method described earlier. 
All elements appear black. 

2. Select the appearance option in the “Window” menu. 
3. In the appearance window, turn off “Track Center of Mass,” “Track Con- 

nect,” and “Track Outline.” 
These featum can he turned off by clicking OVEY the appropriate check 
mauk. 

4. Click on the background to deselect all objects. 
5. Select only the point of interest created in Step 7. 

Only this point should appear black. 
6. Select the appearance option in the “Window” menu. 
7. In the appearance window, turn on “Track Connect.” Make sure only the one 

point is selected. 
This feature cm he turned on hv clicking cxw the appropriate check 
mauk. 

Kun the simularion. The screen should look like Figure 2.6. 

Figure 2.6 ‘Tracintr the uath of a point. 
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Applying What has been Learned. 

This demonstration illustrates how to create and run simple simularwn, in Workmg 
Model. The student is encouraged to experiment with this simulation, or create an 
original mechanism. Working Model has an incredible array of features that allows 
the creation of models to analyze the nmst complex mechanical devices. 

.2.5 USING WORKING MODEL@ TO MODEL 
A SLIDER-CRANK MECHANISM 

This section serves as a tutorial to create a shder-crank mechanism. It should bc folk 
lowed while actually using Working Model. Again the student is encouraged to ex- 
periment with the software to perform other analyses. 

Step 1: Open Working Model as in Step 1 of the previous section. 
Step 2: Create the Links 

This step creates the three moving links in the slider-crank rnechanrxn Agan, the 
hackground serves as the fixed, fourth link. 

1. Create a new Working Model document by selecting “New” from the “File” 
menu. 

2. Construct the linkage by creating the three non-fixed links. Double click on the 
rectangle tool in the toolbar. 
The tool tuwzs black, indicating that it can be used multiple times 

3. Using the rectangle tool, sketch out three bodies as shown in Figure 2.7. 
Position the wzmse at the first corner, click once, then move the mouse to the 
location of the opposite corner and click again. Rectangles are parametrically 
defined and their precise sizes me specified later. 

Step 3: Use the Slot Joint to Join the Sliding Link to the Background 

1. Click and hold down on the slot joint button. The icon 1s m the rlghr-hand col- 
umn above the “Join” button. 

2. Select the “keyed slot” icon. The icon appears as a rectangle inside a slot. 
3. Move the cursor over the center of the rectangular sliding link and click the 

mouse button. The screen should look like Figure 2.8. 
4. Select the pointer tool. 
5. Double click on the slot. 

This opens the “Properties” window for the slot. 
6. Change the angle to -45”. 

The incline of the slot changes. 

Drag the other links until the screen appears similar to Figure 2.Y. 
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Figure 2.7 Three links sketched using the rectangle tool. 

Figure 2.8 Point and slot location 
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Figure 2.9 Sliding joint. 

Step 4: Connecting Other Links to Form Pin Joints 

This step creates points, and joins them to create pm jomts. A pm jomt acts as a 
hinge between two bodies. 

1. Select the anchor tool. 
2. Click on the vertical link to anchor the link down. 

An anchor tells the SmartEditor not to moue this body durmg construction. 
After the pin joints have been created, the anchor will be deleted. 

3. Double click on the point tool. The icon is a small circle and is directly below 
the anchor tool. 
The point tool twns black, indicating that it can be used multiple times with- 
out needing to be reselected before each zew point is sketched. 

4. Place the cursor over the upper portion of one of the vertical links. When an 
“X” appears around the pointer (Figure 2.10), click the mouse button. 

5. Place additional points at the ends of the horizontal link as shown in Figure 
2.10. 
Make sure that each of these points is placed at a “snap point” as evidenced 
with the “X” appearing at the pointer. 

6. Place another point at the center of the sliding rectangle. 
This point is used to create a pin joint to the coupler. 
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Figure 2.10 Placing points on the other links. 

7. Select the pointer tool. 
8. With the pointer tool selected, click on one point that will be connected with a pm 

joint. Then, holding down the Shift key, click on the second point that will form a 
pin joint. Notice that the two points should now be highlighted (darkened). 

9. Click on the “Join” button in the tool bar, which will highlight it. 
The SmartEditor ideates a pin joint between the two selected points, moving 
the unanchored link into place. The moved link may no longer be vertical. 
This will be fixed in a moment. 

10. Perform Steps 8 and 9 for the other two points that will create another pin 
joint. The screen will appear similar to Figure 2.11. 
Once again, the vertical link remains in this original position, and the 
SmartEditor moves the vertical link to create the pin joint. 

11. Click on the vertical link. 
Four black boxes appear around the link indicating that it has been selected. 

12. Select the “Move to front” option in the “Object” window. 
This places the wrtical link in fvont of the conmxting link, making the anchor visible. 

13. Select the anchor used to keep the horizontal link in position during building, 
and press the Delete key to remove it. 
The anchor is no longer needed, and should he removed. 



Figure 2.11 Adding the pin joints and motor to the linkage. 

Step 5: Adding a Motor to the Linkage 

This step adds the motor to one of the links to drive the linkage. 

1. Click on the motor tool in the tool box. This tool appears as a circle, sitting on 
a base with a point in its center. 
The motw tool becomes shaded, indicating that it has been selected. The cur- 
sor should now look like a small motoY. 

2. Place the cursor over the “snap point” on the vertical link. Click the mouse. 
A motor appears on the slider-crank linkage as shown in Figure 2.11. Similar 
to a pin joint, a motcn has two attachment points. A mote? automatically con- 

nects the top two bodies. lf only one body were to lay beneath the motor, the 
motor would join the body to the background. The wmtcv then applies a 

torque between the two bodies to which it is pinned. 
3. Click on “Run” in the tool bar. 

The slider-crank linkage begins slowly cranking through its range of motion. 
4. Click on “Reset” in the tool bar. 

The simulation resets to fnme 0. 
(. Double-click on the motor to open the “Properties” box. 

This can also be accomplished by selecting the motor and choosing “Proper- 
ties” from the “Window” menu to open the “Puoperties” box 
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6. Increase the velocity of the motor to -300 deg/sec by typing this value in the 

“Properties” box. 
Users can define a motor to apply a certain torque, to moue to a given rota- 
tional position, 01 to turn at a given velocity or acceleration. Rotation, veloc- 
ity, and acceleration moton have built-in control systems that automatically 
calculate the torque needed. In this demo, we use the velocity motor. 

7. Click on “Run” in the tool bar. 
The slider-crank linkage once again begins cranking, this time at a much higher 
velocitv. 

Applying What has been Learned 

The student is encouraged to experiment with this simulation or to create an origi- 

nal mechanism. Working Model has an incredible array of features that allows for 
the creation of a model to analwe most complex mechanical devices. 

2-l. 

2-2. 

2-3. 

211 

2-5 

2-6 

model of a four-bar mechanism. Use the follow- 
I”,$ values: 
frame = 9 in; crank = 1 in; coupler = 10 in; fol- 
lower = 3.5 in; crank speed = 200 radisec 
frame = 100 mm; crank = I2 mm; coupler = 
95 mm; follower = 24 mm; crank speed = 30 
radkec 
frame = 2 ft.; crank = 0.5 ft; coupler = 2.1 it; 
follower = 0.75 fr; crank speed = 25 rpm 

Use the Working Model software that was 
supplied with the text to generate a model of a 
slider-crank mechanism. Use the following val- 
UC*: 
offset = 0 in; crank = 1.45 in; coupler = 4.5 in; 
crank speed = 200 tad/xc 
offsct = 0 mm; crank = 95 mm; coupler = 350 
mm; crank speed = 200 radisec 
offset = 50 mm ; crank = 95 mm; coupler = 
350 mm; crank speed = 200 rad/sec 

2-7. Figure P2.7 shows a mechanism that operates 
the landing gear in a small airplane. Use the 
Working Model software to generate a model of 
this linkage. The motor operates clockwise. at a 
COnSfanf rate of 20 rmn. 

Figure P2.7 Pmhlem 7 



2-K. Figure P2.8 show, a mechanism that operares a 
coin operated, chdd’s amusement ride. Use the 
Working Model softwarr to generaw a model of 
this linkage. The motor operates counter clock- 
wisr, at a constant raft of 60 rpm. 

Figure P2.8 Problem 8 

2-9. Figure P2.9 shows a transfer mechanism that 
lifts crates from one conveyor to another. Use the 
Working Model software to gencrare a model of 
this linkage. The motor operates counter clock- 
wise, at a constant rate of 120 rpm. 

2-10. Figure P2.10 shows a another transter mecha- 
nism that pushes crates from one conveyor to 
another. Use the Working Model software to 
generate a model of this linkage. The motor op- 
erates clockwise, at a constant rate of 40 rpm. 

Figure P2.10 Problem 10 

2-11. Figure P2.11 shows a yet another transfer 
mechanism that lowers crates from one con- 
veyor to another. Use the Working Model soft- 
ware to generatr a model of this linkage. The 
cylinder extends, at a constant dare of 1 fpm. 

Figure P2.11 Problem 1 I 

Figure P2.9 Problem 9. 
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2-12. hlgure P2.12 shows a mechanism that applies 
labels t” packages. Use the Working Model 
software t” generate a model of this linkage. 
The mot”~ operates counter clockwise, at a 
COnSfant rate of 300 rpm. 

2-1. The mechanism shown in figure C2.1 is a top 
view of a fixture in a machining operation. 
Carefully examine the configuration of the com- 
ponents in the mechanism. Then, answer the 
following lading questions to gain insight into 
the operation of the mechanism. 

Figure IV.12 Problrm 12. 

1. As the handle A IS turned, moving the 
threaded rod B to the left, describe the mo- 
tion of grip C. 

2. As the handle A is turned, moving the 
threaded rod B t” the left, describe the mo- 
tion of grip D. 

3. What is the purpose of this mechanism! 
4. What action would cause link D I” move up- 

ward? 
5. What is the purpose of spring G? 
6. Discuss the season for the odd shape to links 

E and F. 
7. What would you call such a device? 
8. Describe the rationale behind using R 

rounded end for the threaded rod B. 

Figure C2.1 



OBJECTIVES Upon completion ofthis chapter, the student will be able tu: 

1. Differentiate between a scalar quantity and a vector. 

2. Apply the appropriate trigonometry principles to a right triangle. 

3. Apply the appropriate trigonometry principles to a general triangle. 

4. Determine the resultant of two vectors, using both graphical and analyucal meth- 
ods. 

5. Resolve vector quantities into components in the horizontal and vertical direc- 
tions. 

6. Subtract two vectors, using both graphical and analytical methods. 

7. Manipulate vector equations. 

8. Utilize a vector equation to determine the magnitude of two vectors. 

3.1 INTRODUCTION 

Mechanism analysis involves manipulating vector quantities. Displacement, veloc- 
ity, acceleration, and force typically are the desired properties of a mechanism, and 
are all vectors. Prior to working with mechanisms, a thorough introduction to vec- 
tors and vector manipulation is in order. In this chapter, both graphical and analyti- 
cal solution techniques are presented. Students who have completed a mechanics 
course mw omit this chapter or use it as a refrrmce to review vector manipulation. 

3.2 SCALAKS AND VECTORS 

In the analysis of mechanisms, two types of quanrmes need to be distingmshed. A 
scalar is a quantity that is sufficiently defined by simply stating a magnitude. By say- 
ing “a dozen donuts,” one describes the quantity of donuts in a box. Because only a 
number fully defines the amount of donuts in the box, an amount is a scalar quan- 
tity. The following are additional examples of scalar quantities: a board is 8 ft long;, 
a class meets for 50 min; or the temperature is 78” F. Length, time and temperature 
are all scalar quantities. 
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Figure 3.1 A 45 mph vclmry x~tm. 

In cuntra~~, a UL’LZUI is not fully defined by stating only a magmrude. Indicating 
the direction of the quantity is also required. Stating that a golf ball traveled 200 
yards does not fully describe its path. Neglecting ro express the direction of travel 
hides the fact that the ball has landed in a lake. Thus, the direction must be in- 
cluded to fully describe such a quantity. Examples of properly srated vectors in- 
clude “the crate is being pulled to the right with 5 lb or “the train is traveling at 
a speed of 50 mph in a northerly direction.” Displacement, force, and velocity are 
vector quantities. 

The common notation used tu describe a vector is with a line segment having an 
arrowhead placed at one end. With a graphical approach to analysis, the length of 
the line segment is drawn proportional to the magnitude of the quantity that the 
vector describes. The direction is defined by the arrowhead and the incline of the 
line with respect to sane reference axis. Figure 3.1 shows a fully defined velocity 
vector. 

3.3 GRAPHICAL VECTOR ANALYSIS 

Much of the work involved in the study of mechamsms and analysis or vectors in- 
valves geometry. Often graphical methods are employed in such analyses because 
the motion of a mechanism can be clearly visualized. For more complex mecha- 
nisms, analytical calculations involving vectors also become laborious. 

A graphical approach to analysis involves drawing scaled lines at specific an- 
gles. To achieve results that are consistent with analytical techniques, accuracy 
must be a major objective. For several decades, accuracy in mechanism analyses 
was obtained with attention to precision and proper drafting equipment. Even 
with its popularity, many scorned graphical techniques as being imprecise. 
However, the development of computer-aided design (CAD), and its accurate 
geometric constructions, has allowed graphical techniques to be applied with 
precision. 

3.4 DRAFTING TECHNIQUES REQUIRED 
IN GRAPHICAL VECTOR ANALYSIS 

a 

1 

1 

The methods of graphical mechanism and vecror analysts are identical, whether using 
drafting equipment or a CAD package. Although it may be an outdated mode in in- 
dustrial analyses, drafting can be successfully employed to learn and understand the 
techniques. 
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3.5 

3.6 

bar those usmg drattlng equipment, hne lines and circular arcs are demanded to 
produce accurate results. Precise linework is needed to accurately determine inter- 
section points. Thus, care must be taken in maintaining sharp drawing equipment. 

Accurate measurement is as important as line quality. The length of the 
lines must be drawn to a precise scale and linear measurements should be 
made as accurately as possible. Therefore, a proper engineering scale with 
inches divided into fifty parts is desired. Angular measurements must be 
equally precise. 

Lastly, a wise choice of a drawing scale is also a very important factor. Typically, 
the larger the construction, the more accurate the measured results are. Drawing 
precision to 0.05 in. produces less error when the line is 10 in long, as opposed to 1 
in. Limits in size do exist in that very large constructions require special equipment. 
However, an attempt should be made to create constructions as large as possible. 

A drawing textbook should be consulted for the details of general drafting tech- 
niques and geometric constructions. 

CAD KNOWLEDGE REQUIRED IN GRAPHICAL VECTOR ANALYSIS 

As stated, the methods of graphical mechanism and vector analysis are identical, 
whether using drafting equipment or a CAD package. CAD allows for greater 
precision. Fortunately, only a limited level of proficiency on a CAD system is re- 
quired to properly complete graphical vector analysis. Therefore, utilization of a 
CAD system is preferred, and should not require a large investment on a “learn- 
ing curve.” 

As mentioned, the graphical approach of vector analysis involves drawing lines at 
precise lengths and specific angles. The following list outlines the CAD abilities re- 
quired for vector analysis. The user should be able to: 

l Draw lines at a specified length and angle; 
l Insert lines, perpendicular to existing lines; 
l Extend existing lines to the intersection of another line; 
l Trim lines at the intersection of another line; 
l Draw arcs, centered at a specified point, with a specified radius; 
l Locate the intersection of two arcs; 
l Measure the length of existing lines; 
l Measure the included angle between two lines. 

Of course, proficiency beyond the items listed above facilitates mwr effiuenr 
analysis. However, familiarity with CAD commands that accomplish these actions is 
sufficient to accurately complete vector analysis. 

TRIGONOMETRY REQUIRED IN ANALYTICAL VECTOR ANALYSIS 

In the analytical analysis of vectors, knowledge of basic trigonometry concepts 1s re- 
quired. Trigonometry is the study of the properties of triangles. The first type of trian- 
gle examined is the right triangle. 
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3.6.1 Right Triangle 

(3.1) 

(3.2) 

(3.3) 

In performmg vector analysis, the use of the basic trigonometric function5 I> vttally ml- 
portant. The basic trigonometric functions apply only to right triangles. Figure 3.2 illus- 
trates a right triangle with sides denoted as a, 6, and c, and interior angles as A, B, and C. 
Note that angle C is a 90” right angle. Therefore, the triangle is called a right triangle. 

B 
c 

--iI 

a 

A c 

b 

Figure 3.2 The right triangle 

The basic trigonometric relationships are defined as: 

sine/A = sin/A = 
side opposite d 

hypotenuse c 

cosineLA = cosLA = 
side adjacent b 

hypotenuse c 

tangentLA = tan/LA = 
side opposite a 

side adjacent b 

These definitions can also be applied to angle B: 

b 
sin/B = - 

c 

cosLB = a 
‘ 

b 
tan/LB = ~ 

a 

(3.4) 

(3.5) 

The I’yrhagorean theorem gives the relationship of the three sides of a right fnanm 
glc. For the triangle shown in Figure 3.2, it is defined as: 

a2 + b2 = c2 

Finally, the sum of all angles in a triangle is 180”. Knowing that angle C is 90”, 
the sum of the other two angles must be: 

LA + LB = 90” 

. . . 
; E+&lPLE PROBLEM 3.1 

Figure 3.3 shows a front loader with cylinder BC in a vertical position. Determine 
the required length of the cylinder to orient arm AB in the shown configuration. 
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Figure 3.3 Front loader for Example Prohlenl 3.1 

Solution: 

The triangle side, BC can be found using Equation 3.1 

sinLA = opposite side 

hypotenuse 

BC 
sin 35” = ~ 

(96 in) 

solving 

BC = (96 in)sin 35” = 55.06 m 

Notice that the drstance between A and C can similarly be drtcrmincd usmg 
Equation 3.2. Thus: 

codA = 
adjacent side 

hypotenuse 

AC 
cm 35” = ~ 

(96 in) 

solving, 

AC = (96 rn)cos 35” = 78.64 I”. 

IEXAMPLE PROBLEM 3.2 

Figure 3.4 shows a tow truck with an 8.ft boom, which is inclined at a 25” angle. 
Determine the horizontal distance that the boom extends from the truck. 

Solution: 

The horizontal projection of the boom can be determined from Equation 3.2: 

cm 25” = 
horizontal projection 

(8 ft) 

horrzontal projection = (8 ft)cos 25” = 7.25 ft 
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I I- Ii ft- 

Figure 3.4 Tow truck for Example Problem 3.3 

The horizontal distance from the front end of the truck to the end of the boom is: 

6 ft + 7.25 ft = 13.25 ft 

Because the overall length of the truck is 11 ft, the horizontal distance that thP 
boom extends from the truck is: 

13.25 ft 11 ft = 2.25 ft. 

3.62 Oblique Triangle 

(3.61 

In the prenous discusnon, the analysis was restricted to right triangles. An approach 
to general or oblique triangles is also important in the study of mechanisms. Figure 
3.5 shows a general triangle. Again, a, b, and c denote the length of the sides and 
LA, LB, and LC represent the interior angles. 

For this general case, the basic trigonometric functions described in the pre- 
vious section are not applicable. To analyze the general triangle, the law of 
sines and the law of cosines have been developed. The law of sines can be 
stated as: 

a b c 
sin/A sinLB sin/C 

(3.7) 

The law ofcosines can be stated as: 

c2 = a2 + b2 ~ 2ab cosLC 

Figure 3.5 The oblique triangle. 
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In addition, the sum of all mrermr angles m a general triangle must total 180”. 
Stated in terms of Figure 3.4 the equation would be: 

(3.8) LA + LB + LC = 180” 

Problems involving the solution of a general triangle fall into one of four cases: 
Case 1: Given one side (a) and two angles (LA and LB). 

To solve a problem of this nature, Equation 3.8 can be used to find the third 
angle: 

LC = 180” - LA - LB 

The law of sines can be rewritten to find the remaining sides. 

sin/C c=aE-l sinLA 

Case 2: Given two sides (a and b) and the angle opposite to one of the sides (LA). 
To solve a Case 2 problem, the law of sines can be used to find the second angle. 

Equation 3.6 is rewritten as : 

LB = sin~‘[(~sinLA] 

Equation 3.8 can be used to find the third angle: 

LC =180” - LA - LB 

The law of cosines can be used to find the third side. Equation 3.7 is rewritten as: 

c = -\/(a’ + b2 - 2ab COSLC] 

Case 3: Given two sides (a and b) and the included angle (LC). 
To solve a Case 3 problem, the law of cosines can be used to find the third side: 

c = v[a2 + b2 - 2ab COSLC] 

The law of sines can be used to find a second angle. Equation 3.6 is rewritten as: 

LA = sin-‘((:)sinLC] 

Equation 3.8 can be used to find the third angle: 

LB = 180” - LA - LC 
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ease 4: Given three sides. 
To solve a Case 4 problem, the law of cosines can be used to find an angle. Equa- 

tion 3.7 is rewritten as: 

LC = cos-, 

I 

(a2 + b2 - 2) 

2ab I 

The law of sines can be used to find a second angle. Equation 3.6 is rewritten as: 

LA = sin~l(~~siw!C) 

Equation 1.8 can be used to find the third angle: 

LB = 180” - LA - LC 

Once familiarity in solving problems involving general triangles is gained, refer- 
ring to the specific cases will be unnecessary 

MPLE PROBLEM 3.3 

Figure 3.6 shows a front loader. Determine the required length of the cylinder to ori- 
mr RW AB in the shown configuration. 

Figure 3.6 Front loader for Example Problem 3.3. 

Solution: 

By focusing on the triangle created by pants A, B, and L, It IS apparent that this is a 
Case 3 problem. The third side can be found by using the law of cosines: 

c= d\/(a’ + b2 - 2ab COSLCJ 

= v[(78 it@ + (96 i# - 2(7X in)(96 in) cos 25”) 

= 41.55 in. 

Because it was not required to determine the remaining angles, the procedure de- 
scribed for Case 3 problems will not be completed. 



EXAMPLE PROBLEM 3.4 

Figure 3.7 shows the drive mechamsm tor an engme system. Uetermme the crank 
angle as shown in the figure. 

Figure 3.7 Engine linkage for 
Example Problem 3.4. 

By focusing on the trrangle created by points A, B, and C, ir is apparent that this is a Case 
4 problem. Angle A can be determined by redefining the variables in the law of cosines: 

= coscl 
(5.3 i$ + (1 in)’ - (5 in)* 

2(5.3in)(l in) 1 
= 67.3” 

This angle is defined between side AC (the vertical side) and leg AB. Because the 
crank angle is defined from a horizontal axis, the crank angle can be determined by 
the following: 

Crank angle = 90” - 67.3” = 22.7” 

Although not required in this problem, angle C can be determined by: 

LC = sin-’ ~&in&I) 

= sin-l {[gsin 67.3”) = 10.6” 

Finally, angle B can be found by: 

LB = 180” - 67.3” - 10.6” = 102.1” 
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is.7 VECTOR MANIPULATION 

Throughout the analysis or mechamsma, vector quantities (e.g., displacement or v’- 
locity) must be manipulated in different ways. In a similar manner to scalar quantl- 
ties, vectors can be added and subtracted. However, unlike scalar quantities, these 
are not simply algebraic operations. Because it is also required to define a vector, di- 
rection must be accounted for during mathematical operations. Vector addition and 
subtraction are explored separately in the following sections. 

Adding vectors is equivalent to determining the combined or net effect of two 
quantities as they act together. For example, in playing a round of golf, the first 
shot off the tee travels 200 yards, but veers off to the right. A second shot then 
travels 120 yards, but to the left of the hole. A third shot of 70 yards places the 
golfer on the green. As this golfer looks on the score sheet, she notices that the 
hole is labeled as 310 yards; however, her ball traveled 390 yards (200 + 120 + 
70 yards). 

As repeatedly stated, the direction of a vector is just as important as the magni- 
tude. During vector addition, 1 + 1 does not always equal 2; it depends on the di- 
rection of the individual vectors. 

GRAPHICAL VECTOR ADDITION ( + >) 

Graphical addition is an operation that determines the net effect of vectors. A graph- 
ical approach to vector addition involves drawing the vectors to scale and at the 
proper orientation. These vectors are then relocated, maintaining the scale and ori- 
entation. The tail of the first vector is designated as the origin (point 0). The second 
vector is relocated so that its tail is placed on the tip of the first vector. The process 
then is repeated for all remaining vectors. This technique is known as the tip-to-tail 
method of vector addition. The name is derived from viewing a completed vector 
polygon. The tip of one vector runs into the tail of the next. 

The combined effect is the vector that extends from the tail of the first vector in 
the series to the tip of the last vector in the series. Mathematically, an equation can 
be written that represents the combined effect of vectors: 

R=At>B+>CC>D+>... 

Vector R is a common notation used to represent the resultant of a series of vec- 
tors. A resultant is a term used to describe the combined effect of vectors. Also note 
that the symbol +> is used to identify vector addition and to differentiate it from al- 
gebraic addition. 

It should be noted that vectors follow the commutative law of addition; that is, 
the order in which the vectors are added does not alter the result. Thus: 

R = (A +> B +> C) = (C +> B +> A) = (B +> A +> C) = 

The process of combining vectors can be completed graphically, using either man- 
ual drawing techniques or CAD software. Whatever method is used, the underlying 
concepts are identical. The following Example Problems illustrate this concept. 
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EXAMPLE PROBLEM 3.5 

Determine the combined effect of velocity vectors A and B, shown in Figure 3.8. 

Scale: 
II 25 SO 
I I 

Figure 3.8 Vectors for Example Problem 3.5. 

The physical length of vector A is 1.18 units long. Thus, it represents a velocity of: 

1.18 units (50 i&)(1 unit) = 59 in/s 

Vector B is 0.76 units long. It represents a velocity of: 

0.76 units (50 i&)(1 unit) = 30 in/s 

To determine the resultant, the vectors must be relocated so that the tail of B is lo- 
cated at the tip of A. To verify the commutative law, the vectors were redrawn so 
that the tail of A is placed at the tip of B. Th e resultant is the vector drawn from the 
tail of the first vector, the origin, to the tip of the second vector, Both vector dia- 
grams are shown in Figure 3.9. 

Figure 3.9 The combined effect of vectors A & B for Example Problem 3.5 
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The length vector R is measured as 1.40 units; therefore, the resultant represents 
a velocity of: 

1.32 units (50 i&)/(1 unit) = 66 in/s 

The direction is also required to fully define vector R. The angle from the hori- 
zontal to vector R is measured as 57”. Therefore, the proper manner of presenting 
the solution is as follows: 

R = 66 in/s L.57” 

~~~@+‘LE PROBLEM 3.6 

Determine the combined effect of force vectors A, B, C, and D, shown in Figure 
3.10. 

Figure 3.10 Vectors for Example Problem 3.6. 

Vector A IS measured as 1 umt long. It represents a force of 200 Ibs 

Vector B measured as 1.13 units long. It represents a force of: 

1.13 units (200 lbs)/(l unit) = 226 Ibs 

Vector C is 0.88 units long. It represents a force of: 

0.88 units (200 lbs)l(l unit) = 176 lbs 

Vector D is 1.50 units long. It represents a force of: 

1.50 units (200 Ibs)/(l unit) = 300 Ibs 

To determine the resultant, the vectors must be relocated so that the tail of B is lo- 
cated at the tip of A. Then the tail of C is placed on the tip of B. Finally, the tail of 
D is placed on the tip of C. Again, the ordering of vectors is not important, and any 
combination could be used. As an illustration, another arbitrary combination is 

used in this example. The resultant is the vector drawn from the tail of the first vec- 
tor, the origin, to the tip of the fourth vector. The vector diagrams are shown in Fig- 
ure 3.11. 
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,’ 

Figure 3.11 The combined effect of vectors A, B, C & D for Example Problem 3.6. 

The length vector R is measured as 2.61 units; therefore, the resultant represents 
a velocity of: 

2.61 units (200 lbs)/(l unit) = 521 Ibs 

The direction is also required to fully define the vector R. The angle from the hor- 
izontal to vector R is measured as 68”. Therefore, the proper manner of presenting 
the solution is as follows: 

R = 521 Ibs L68” 

‘.3.9 ANALYTICAL VECTOR ADDITION (+ >): TRIANGLE METHOD 

Two analytical methods can be used to determine the net effect of vectors. The lirsr 
method is best suited when the resultant of only two vectors is required. As with the 
graphical method, the two vectors to be combined are placed tip-to-tail. The resultant is 
found by connecting the tail of the first vector to the tip of the second vector. Thus, the re- 
sultant forms the third side of a triangle. In general, this is an oblique triangle, and the 
trigonometric laws described in section 3.6.2 can be applied. The length of the third side 
and a reference angle must be determined through the law of sines and cosines to fully de- 
fine the resultant vector. This method can be illustrated through an Example Problem. 
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PROBLEM 3.7 

Determine the resultant of two acceleration vectors shown in Figure 3.12. 

Figure 3.12 Vectors for Example Problem 3.7. 

The vectors are placed tip-to-tail as shown in Figure 3.13. Note that only a rough 
sketch is required because the resultant is analytically determined. 

R=A+>B B 

Figure 3.13 Canbmed effect of WXKXS A & B 
for Example Problem 3.7. 

Because the angle between A and the horizontal is 20”, the angle labeled “8” is also 
20”. By examining Figure 3.13, the angle between vectors A and B is 20” + 75” = 95”. 
Therefore, the problem of determining the resultant of two vectors is actually a gen- 
eral triangle situation described in Section 3.6.2 (Case 3). 

By following the procedure outlined for a Case 3 problem, the law of cosines is 
used to find the magnitude of the resultant: 

R = d(a” + b2 - 2ab cos C) 

= g(46 f&)2 + (23 f&)2 - 2(46 f&)(23 ft/s’)cos 9S0] = 53.19 ft/s’ 

The law of sines can be used to find the angle between vectors A and R: 

= sin-’ 
i 

(23 W sin 950 
53.19 f&2) I 

= 25.5” 

The angle from the horizontal is 20” + 25.5 o = 45.5”. The resultant can be prop- 

erly written as: 

R = 53.19 f& 145.5” 

or R = 53.19 f& L 134.5” 
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The second method for analytically determmmg the resultanr ot vectors is best 
suited for problems where more than two vectors are to be combined. This method 
involves resolving vectors into perpendicular components. 

Resolution of a vector is the reverse of combining vectors. A single vector can be 
broken into two separate vectors, along convenient directions. The two vector com- 
ponents have the same effect as the original vector. 

In most applications, it is desirable to concentrate on a set of vectors directed ver- 
tically and horizontally; therefore, a typical problem involves determining the hori- 
zontal and vertical components of a vector. This problem can be solved by using the 
tip-to-tail approach, but in reverse. To explain the method, a general vector, A. is 
shown in Figure 3.14. 

(a) (b: (cl 

Figure 3.14 Components of a vector. 

Two vectors can be drawn tip-to-tail along the horizontal and vertical that have the 
net effect of the original. The tail of the horizontal vector is placed at the tail of the 
original and the tip of the vertical vector is placed at the tip of the original vector. This 
vector resolution into a horizontal component, A,,, and the vertical component, A,, is 
shown in Figure 3.14B. Recall that the order of vector addition is not important. 
Therefore, it is not important whether the horizontal or vertical vector is drawn first. 
Figure 3.14C illustrates the components of a general vector in the opposite order. 

Notice that the magnitude of the components can be found from determining the 
sides of the triangles shown in Figure 3.14. These triangles are always right trian- 
gles, and the methods described in Section 3.3 can be used. The direction of the com- 
ponents are taken from sketching the vectors as in Figure 3.14B or 3.14C. Standard 
notation consists of defining horizontal vectors directed toward the right as positive. 
All vertical vectors directed upward are also defined as positive. In this fashion, the 
direction of the components can be determined from the algebraic sign associated 
with the component. 

An alternative method to determine the rectangular components of a vector 
is to identify the vector‘s angle with the positive x-axis of a conventional Carte- 
sian coordinate system. This angle is designated as 8,. The magnitude of the 
two components can be computed from the basic trigonometric relations as: 

(3.9) A,, = A cos ~9, 

(3.10) A, = A sin 0, 
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The importance ot ttus method lies in the fact that the directmns of the compo- 
nents are evident from the sign that results from the trigonometric function. That is, 
a vector that points into the second quadrant of a conventional Cartesian coordinate 
system has an angle, O,, between 90” and 180”. The cosine of such an angle results 
in a negative value, and the sine results in a positive value. Equations 3.9 and 3.10 
imply that the horizontal component is negative (i.e., towards the left in a conven- 
tional coordinate system) and the vertical component is positive (ix., upward in a 
conventional system). 

:  E PROBLEM 3.8 “... . . 
A force, F, of 3.5 kN is shown in Figure 3.15. Determine the horizontal and vertical 
components of this force. 

35” 

7 F = 3.5 kN 

Figure 3.15 Force vector for Exam& 
Problem 3.8. 

Solution: 

The horizontal vector (component) is drawn from the tail of vector F. A vertical vec- 
tor (component) is drawn from the horizontal vector to the tip of the original force 
vector. These two components are shown in Figure 3.16. 

Fix 
3s 

F” I7 F = 3.5 !a 

Figure 3.16 Force components for 
Example Problem 3.8 

Working with the right triangle, an expression for both components can be writ 
ten using trigonometric functions: 

sin 35” = opposite side F, 

hypotenuse 3.5 kN 

adjacent side 
cos 35” = ~ ~ Fh 

hypotenuse 3.5 kN 

Both these expressions can be solved in terms of the magnitude of the desired 
components: 



FJ, = (3.5 kN)cos 35” = ~87 kN t 

= -2.87 kN 

F, = (3.5 kN)sin 35” = 2.0 kN I 

= -2.0 kN 

hu altcmanv~ solurion is obtained by using Equations 3.9 and 3.10. The angle from 
the positive x-axis, 0, to the vector F is 215”. The components are computed as follows: 

F,, = F cos 0, = (3.5 kN)cos 215” = -2.87 kN 

= 2.87 kN t 

F, = F sm tl, = (3.5 kN)sin 21.5” = -2.U kN 

= 2.0 kN J 

3.11 ANALYTICAL VECTOR ADDITION (+ >): COMPONENT METHOD 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

The components of a series of vectors can be used to determine the net effect of the 

vectors. As mentioned, this method is best suited when more than two vectors need 
to be combined. This method involves resolving each individual vector into horiron- 

tal and vertical components. It is standard to use the algebraic sign convention for 
the components as described above. 

All horizontal components may then be added into a smgle vector component. 

This component represents the net horizontal effect of the series of vectors. It is 
worth noting that the component magnirudes can be simply added together because 
they all lay in the same direction. These components are treated as scalar quantities. 
A positive or negative sign is used to denote the sense of the component. This con- 
cept can be summarized in the following equarion: 

Rh = Ah + Bh + C,, f D,, + 

Similarly, all vertical components may be added together into a single vector corirl- 
ponent. This component represents the net vertical effect of the series of vectors: 

R,, = A, + B, + C, + D, + 

The two net components may then be added vectorally into a resultant. Trigon<,- 
metric relationships can be used to produce the following equations: 

R = ‘/Rh2 + R,* 

This resultant is the combined effect of the entire series of vectors. This procedure 

can be conducted most efficiently when the computations are arranged in a table as 
demonstrated in the following Example Problem. 
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EXAMPLE PROBLEM 3.9 

Three forces act on a hook as shown m Figure 3.17. Determme the net effect of these 
forces. 

Figure 3.17 Forces for Example Problem 3.9. 

Solution: 

The horizontal and vertical components of each force are determined by trigonometry 
and shown in Figure 3.18. Also shown are the vectors rearranged in a tip-to-tail fashion. 

The components are organized in Table 3.1. 

-.. 

I TABLE 3.1 Vector Components for Example Problem 3.9. 

h-component (Us) 
h=Fcos8. 

Ah = (3O)cos 90” = +30 Ibs Ibs. 
B/, = (20)&x 45" = +14.14 Ibs 

‘C, = (SO)cos 120” = -25 lbs. 

,. R,j = 19.14 

v-component [lbs) 
F, = F sin S, 

A, = (30)sin 90" = 0 
B, = (20)sin 45” 

= +14.14 Ibs 
C, = (50)sin 60” 

= 43.30 Ibs 
R" = 87.44 

Notice in Figure 3.18 that adding the magnitudes of the horizontal components is 
tracking the total “distance” navigated by the vectors in the horizontal direction. The 
same holds true for adding the magnitudes of the vertical components. This is the logic be- 
hind the component method of combining vectors. For this problem, adding the individ- 
ual horizontal and vertical components gives the components of the resultant as follows: 

Figure 3.18 Components of vectors in Example Problem 3.9 
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R,, = 19.14 and R, = 57.44 

The resultant is the vector sum of two perpendicular vectors, as shown in Figure 3.19. 

c R R” = 57.44 IbS e I$= 19.14ibS 
Figure 3.19 Resultant vecta for 

Example Problem 3.9. 

The magnitude of the resultant can be found from equation 2.13: 

R = dRh2 + Rv2 

= v(l9.14 lbs)’ + (57.44 Ibs)’ = 60.54 lbs 

The angle of the resultant can be found: 

and: 

0, = tan-‘(3.00) = 71.6” 

Thus, the resultant of the three forces can be formally stated as: 

R = 60.54 lbs L71.6” 

VECTOR SUBTRACTION (- >) 

In certain cases, the difference between vector quantities is desired. In these situa- 
tions, the vectors need to be subtracted. The symbol -> denotes vector subtraction, 
which differentiates it from algebraic subtraction. Subtracting vectors is accom- 
plished in a similar manner as combining them. In effect, subtraction adds the nega- 
tive of the vector to be subtracted. The negative of a vector is equal in magnitude, 
but opposite in direction. Figure 3.20 illustrates a vector A and its negative, +A. 

Whether a graphical or analytical method is used, a vector diagram should be 
drawn to understand the procedure. Consider a general problem where vector B 
must be subtracted from A, as shown in Figure 3.21A. 

This subtraction can be accomplished by first drawing the negative of vector B, 
->B. This is shown in Figure 3.21B. Th en, vector ->B can be added to vector A, 
as shown in Figure 3.21C. This subtraction can be stated mathematically as: 
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R = A -> B = A +> (->B) 

Notice that this statement is identical to the subtraction of scalar quantities 
through basic algebraic methods. 

Figure 3.21D shows that the same result can be obtained by placing the original vec- 
tor B onto vector A, but opposite to the tip-to-tail orientation. This method is usually 
preferred after some confidence has been established because it eliminates the need 
to redraw a negative vector. Generally stated, as vectors are combined in a tip-to-tail 
format, the vector that is to be subtracted must point towards the vector being 
subtracted. This method is further explored as the individual solution methods are 
reviewed. 

A -A 

// 

Fiaure 3.20 Neeative vector 

(a) (h) 

Figure 1.21 Wcror subtraction 

3~13 GRAPHICAL VECTOR SUBTRACTION (~ >) 

As discussed, vector subtraction closely parallels vector addition. To graphically 
subtract vectors, they are relocated to scale to form a tip-to-tail vector diagram. The 
vector to be subtracted must be treated in the manner discussed above. 

Again, the process of subtracting vectors can be completed graphically, using ei- 
ther manual drawing techniques or CAD software. Whatever method is used, the 
underlying concepts are identical. The specifics of the process are shown in the fol- 
lowing examples. 

1 &AMPLE PROBLEM 3.10 

Determine the result of subtracting the velocity vector B from A, R = A p> B, 
shown in Figure 3.22. 
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Figure 3.22 Vectors for Example Problem 3.10 

Solution: 

First, the length of the vectors are measured, and the scale is used to derermine the mag- 
nitudes of vectors A and B. Note that in Figure 3.22,l d raving unit represents 40 inis: 

IAl = 0.80 units (40 in/s)/(l unit) = 32 in/s 

I B I = 1.40 units (40 in/s)/(l unit) = 56 in/s 

To determine the result, the vectors are located in the tip-to-tail form, but vector 
B points towards vector A. Again, this occurs because B is being subtracted (oppo- 
site to addition). The vector diagram is shown in Figure 3.23. 

The resultant extends from the tail of A, the origin, to the tail of B. The length 
vector R is measured as 1.42 units; therefore, the resultant represents a velocity of: 

1.42 units (40 i&)/(1 unit) = 57 ink 

Figure 3.23 R = A -> B for Example Problem 3.10. 
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The direcuon IS also requrea to fully define the vector R. The angle horn the hon- 
zontal to vector R is measured as 99”. Therefore, the proper manner of presenting the 
solution is as follows: 

R = C6.8 in/s 181’ 

01 

R = 56.8 in/s L99” 

‘PROBLEM 3.11 

Determine the result, R = A - > B - > L + > D, of the force vectors shown in Figure 3.24. 

Figure 3.24 Vectors for Example Problem 3.11 

Solution: 

Notice that one drawing unit represents 200 Ibs. The length of the vectors are mea- 
sured, and this scale is used to determine the magnitudes of the vectors: 

IA I = 1.00 units (200 Ibs)/(l unit) = 200 Ibs 

IBI = 1.13 units (200 Ibs)/(l unit) = 226 Ibs 

I Cl = 0.88 units (200 Ibs)/(l unit) = 176 Ibs 

IDI = 1.50 units (200 Ibs)/(l unit) = 300 in/s 

To determine the result, R = A +> B -> C +> D the vectors must be relocated 
tip-to-tail. Vector C must be drawn pointing towards vector B because C is being 
subtracted. The tail of vector D is then placed on the tail of C since D is to be added 
to the string of previously assembled vectors. The completed vector diagram is 
shown in Figure 3.25. 

By viewing the vector polygon in Figure 3.25, it appears that vector C was placed 
in backwards, which occurs with vector subtraction. The length of vector R is mea- 
sured as 1.82 units; therefore, the resultant represents a velocity of: 

1.82 units (200 Ibs)/(l in) = 365 Ibs 

The angle from the horizontal to vector R is measured as 81”. Therefore, the 
proper manner of presenting the solution is as follows: 

R = 365 Ibs L81° 
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Figure 3.25 Result for Example Problem 3.6. 

73 

, I , .  

:.3.14 ANALYTICAL VECTOR SUBTRACTION (->): TRIANGLE METHOD 

As in analytically adding vectors, the triangle method is best suited for manipulation 
of only two vectors. A vector diagram should be sketched using the logic as described 
in the previous section. Then the triangle laws can be used to determine the result of 
vector subtraction. This method can be visualized through an Example Problem. 

:S~‘%MPLE PROBLEM 3.12 .,., I. 

Determine the result of the vectors R = A -> B shown in Figure 3.26. 

Solution: 

x2 I 

B = 10 o/s2 

Figure 3.26 Vectors for Example Problem 3.12. 

The vectors are placed into a vector polygon as shown in Figure 3.27. Again, 
vector B is placed pointing towards vector A because it is to be subtracted. Also 
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A 15” 
e 0 

B 
E+ R 

Figure 3.27 The result for 
Example Problem 3.12. 

note that only a rough sketch is required because ths resultant is analytically 
determined. 

Because the angle between A and the horizontal is 15”, the angle between A and 
the vertical is 75”. Notice that the angle between the vertical and A is the same as the 
angle labeled 0: thus, 0 = 75”. 

The problem of determining the result of A p> B is actually a general triangle sit- 
uation described in Section 3.6.2 (Case 3). 

Following the procedure outlined for a Case 3 problem, the law of cosines is used 
to find the magnitude of the resultant: 

R = g\/(A' + B2 -2AB cos0) 

= 9[(15 ftls’)’ + (10 ftls”)’ - 2(15 ft/s’) (10 ft/s’) cos 75”) = 15.73 ft/s’ 

The law of sines can he used to find the angle between vectors A and R: 

A = <in-’ (ii)sin 8) B = sin-’ ((hirkin C] 

I (10 ftk’) 
= 6' (15,73 ft,szjsin 750 = 37.9" 

1 
From examining Figure 3.27, the angle from the horizontal is 37.9” ~ 15” = 

22.9”. The resultant can be properly written as: 

R = 15.73 ftis’ 722.9” 

$15 ANALYTICAL VECTOR SUBTRACTION (- >): 
,I : COMPONENT METHOD 

The component method can be best used to analytically determine the result of the 
subtraction of a series of vectors. This is done in the exact manner as vector addi- 
tion. Consider the general problem of vector subtraction defined by the following 
equation. 

R=A+>B->C+>D+> 

The horizontal and vertical components of each vector must be determined (see 
Section 3.10). Also, a sign convention to denote the sense of the component is re- 
quired. The convention that was used in Section 3.10 granted components that 
point either to the right or upward a positive algebraic sign. 
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Because they are scalar quantities, the individual components can be algebraically 
combined by addition or subtraction. For the general problem stated above, the hor- 
izontal and vertical components of the result can be written as follows: 

Rh = A,, + B,, - C,, + DA + 

R, = A, + B, - C, + D, + 

Notice the components of C are subtracted from all the other components. This 
IS consistent with the desired vector subtraction. Using Equations 3.13 and 3.14, the 
two result components may then be combined vectorally into a resultant. This resul- 
tant is the result of the vector manipulation of the entire series of vectors. Again, the 
procedure can be conducted most efficiently when the computations are arranged in 

a table. 

PROBLEM 3.13 

Analytically determine the result R = A -> B +> C +> D for the velocity vectors 
shown in Figure 3.28. 

Figure 3.28 Forces for Example Problem 3.13 

Solution: 

The horizontal and vertical components of each velocity are determmed by 
trigonometry using Equations 3.9 and 3.10 and shown in Figure 3.29. Also shown 
are the vectors rearranged in a tip-to-tail fashion, subtracting vector B. 

Figure 3.29 Result for Example Problem 3.13 

The values of the component are entered into Table 3.2. 
Algebraic manipulation of the individual horizontal and vertical components 

gwes the components of the resultant: 

R,, = A,, - Bb + C,, + D,, 

= (+3.0) ~ (-11.59) + (+5.66) + (+8.66) = +28.91 ftk 
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;r?-*,a i. . .j 

I) 

* TABLE 3.2 Conmonent Values for Exam& Problem 3.13. 

R, = A, - B, + C, + D, 

= (-5.19) - (-3.11) + (+5.66) + (-5.00) = ~1.42 ftis 

The magnitude and direction of the resultant may be determined by vectorally 
adding the components (Figure 3.30). 

0 
I 5, 

R 4 R” 

Figure 3.30 Resultant vecfa for Example 
Problem 3.13. 

The magnitude of the resultant can be found from Equation 3.13: 

R = tiRh2 + R,’ 

and: 

R = v(28.91 ft/# + (-1.42 ftls)’ = 28.94 ftis 

The angle of the resultant can be found from the tangent function: 

- 1.42 it/s 

28.91 ftis 
= -0.05 

and: 

0, = tan-‘(-0.05) = 2.8” 

Thus, the resultant of the four vectors can be formally stated as 

R = 28.94 it/s X2.8” 

*. 
.I?6 VECTOREQUATIONS 

As already seen, vector operatmns can be expressed III equatmn form. The re- 
sult of subtracting two vectors, R = A -> B, is actually a vector equation. 
Vector equations can be manipulated in a similar manner to algebraic equa- 
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tmns. The terms can be transposed by changing their signs. For example, the 
equation: 

A+>B->C=D 

can be rearranged as: 

A +>B = C +> D. 

The significance of vector equations has also been seen with the introduction of 
vector addition and subtraction. In addition, vectors can be placed tip-to-tail, and 
the resultant is a vector that extends from the start of the first vector to the end of 
the final vector. In the previous sections, the start of the first vector has been called 
the origin of the vector diagram. Figure 3.31A illustrates the vector diagram for the 
following: 

R = A t> B +> C. 

The equation can be rewritten as: 

B+>C=Rp>A 

The vector diagram shown in Figure 3.31B illustrates this form of the equation. 
Notice that because vector A is subtracted from R, vector A must point toward R. 
Recall that this is the opposite of the tip-to-tail method because subtraction is the 
opposite of addition. 

Notice that as the diagram forms a closed polygon, the magnitude and directions 
for all vectors are maintained. This verifies that vector equations can be manipulated 
without altering their meaning. The equation can be rewritten once again as follows 
(Figure 3.31C): 

->B +> R = A f> C. 

As seen from Figure 3.31, a vector equation can be rewritten into several differ- 
ent forms. Although the vector polygons created by the equations have different 
shapes, the individual vectors remain unaltered. By using this principle, a vector 
equation can be written from viewing a vector diagram. 

(a) (b) 
A+>B+>C=R B+>C=R+>A 

Figure 3.31 Vector equations. 
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_. . 
j;@@vLE PROBLEM 3.14 

Write a vector equation for the arrangement of vectors shown in Figure 3.32 

Figure 3.32 Vector diagram for Example Problem 3.14 

Solution: 

Use point O1 as the origin for the vector equation and follow the paths to point PI: 

The upper path states: A+>B+>C+>D 

The lower path states: E+>F 

Because they start at a common point and end at a common point, both paths 
must be vectorally equal. Thus, the following equation can be written: 

OIPl = A +> B +> C +> D = E +> F 

Another equation can be written by using point O2 as the origin and follnwing 
the paths to point PI: 

The upper path states: C+>D 

The lower path states: ->B -> A +> E +> F 

Thus. the equation can be written as follows: 

OIPl = C +> D = ->A -> B +> E t> 6 

Be aware that these are two forms of the same equation. 

E PROBLEM 3.15 

Write a vector equation for the arrangement of vectors shown in Figure 3.33. Then rewrite 
the equation to eliminate the negative terms and draw the associated vector diagram. 

SOlUtiOW: 

Use point O1 as the ongin for the vector equation and follow the paths to the point PI: 

The upper path states: A->B+>Cp>D 

The lower path states: -> E t> F 
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D 

c 

e 

P 

B F 

A E 

0 

Figure 3.33 Vector diagram for Example Problem 3.15 

Thus, the following equation can be written as: 

OIEl = A -> B +> C p> D = ->E +> E 

To eliminate the negative terms, vectors B, D, and E all must be transposed to 
their respective opposite sides of the equation. This yields the following equation: 

A+>C+>E=B+>D+>F 

Note that the order of addition is not significant. Rearranging the vectors into a 
new diagram is shown in Figure 3.34. 

Figure 3.34 Rearranged diagram for Figure 3.34 Rearranged diagram for 
Example Problem 3.15. Example Problem 3.15. 

Familiarity with vector equations should be gained, as they are used extensively 
in mechanism analysis. For example, determining the acceleration of even simple 
mechanisms involve vector equations with six or more vectors. 

3.17 APPLICATION OF VECTOR EQUATIONS 

Each vector in an equation represents two quantities, a magnitude and a direction. 
Therefore, a vector equation actually represents two constraints: the combination 
of the vector magnitudes and the directions must be equivalent. Therefore, a vector 
equation can be used to solve for two unknowns. In the addition and subtraction 
problems previously discussed, the magnitude and direction of the resultant were 
determined. 

A common problem in mechanism analysis involves knowing the direction of all 
vectors involved in the analysis, yet the magnitude of two vectors is unknown. As is 
similar to the addition of vectors, this problem also involves two unknowns. There- 
fore, one vector equation is sufficient to solve these problems. 
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;&Z? GRAPHICAL DETERMINATION OF VECTOR MAGNITUDES 

For problems where the magnitude of two vectors in an equation must be deter- 
mined, the equation should be rearranged so that one unknown vector is the last 
term on each side of the equation. To illustrate this point, consider the case where 
the magnitudes of vectors A and B are to be found. The vector equation consists of 
the following: 

A+>B+>C=Dt>E 

and should be rearranged as: 

C+>B=D+>E->A 

Notice that both vectors with unknown magnitudes, A and B, are the last terms 
on both sides of the equation. 

To graphically solve this problem, the known vectors on each side of the 
equation are placed tip-to-tail starting from a common origin. Of course, 
both sides of the equation must end at the same point.” The intersection of 
these two lines represent the direction of the unknown vectors and solves 
the problem. The lines can be measured and scaled to determine the mag- 
nitudes of the unknown vectors. The sense of the unknown vector is also 
discovered. 

This process of graphically determining vector magnitudes can be completed 
graphically, using either manual drawing techniques or CAD software. Whatever 
method is used, the underlying strategy is identical. The solution strategy can be ex- 
plained through Example Problems. 

. . . . . 
;;++PLE PROBLEM 3.16 

A vector equation can be written as: 

A+>B+>C=D+>E 

The directions for vectors A, B, C, D, and E are known, and the magnitudes of 
vectors B, C, and D are also known (Figure 3.35). Graphically determine the mag- 
nitudes of vectors A and E. 

Figure 3.35 Vectors for Example Problem 3.16. 

“Therefore, hnes at the proper direction should be inserted into the vector polygon 
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Solution: 

First, the equation is rewritten so that the unknown magnitudes appear as the last 
term on each side of the equation: 

B+>C+>A=D+>E 

Using point 0 as the common origin, vectors B and C can be drawn up-n-tail. 
Because it is on the other side of the equation, vector D should be drawn from the 
origin (Figure 3.36A). 

Direction of A 

Figure 3.36 Vector diagrams for Example Problem 3.16. 
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Obviously, vectors A and E close the gap between the end of vectors C and 
D. A line that represents the direction of vector A can be placed at the tip of 
C. This is dictated by the left side of the vector equation. Likewise, a line 
that represents the direction of vector E can be placed at the tip of D (Fig- 
ure 3.36B). 

The point of intersection of the two lines defines both the magnitude and sense of 
vectors A and E. A complete vector polygon can be drawn as prescribed by a vector 
equation (Figure 3.36C). 

The following equations are obtained by measuring vectors A and E and using 
the proper scale of one drawing unit representing 100 in/s’: 

A = 1.60 units = 160 in/s’ + 

E = 3.06 units = 306 in/s’ ? 

. 
: 
L,. . ti PROBLEM 3.17 

A vector equation can be written as rollows: 

A+>B->C+>D=E+>F 

The directions for vectors A, B, C, D, E, and Fare known, and the magnitudes of 
vectors B, C, E, and Fare also known as shown in Figure 3.37. Graphically solve for 
the magnitudes of vectors A and D. 

Figure 3.37 Vectors for Example Problem 3.17 

The equation is first rewritten so that the unkn nwn magnitudes appear as the last 
term on each side of the equation: 

B->C+>A=E+>F->D 

Using puint 0 as the common origin, vectors B and C can be drawn tip-to-tip 
(because C is being subtracted). Because they are on the other side of the equation, 
vectors D and F are placed tip-to-tail starting at the origin (Figure 3.38A). 

As in Example Problem 2.15, vectors A and D must close the gap between the 
end of vectors C and D. A line that represents the direction of vector A can be placed 
at the tip of C. This is dictated by the left side of the vector equation. Likewise, a line 
that represents the direction of fector D can be placed at the tip of F (Figure 3.36B). 
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The pant of intersection of the two lines defines both the magnitude and sense of 
vectors A and D. The sense of D is chosen in a direction that is consistent with it be- 
ing subtracted from the right side of the equation. The complete vector polygon can 
be drawn as prescribed by the vector equation (Figure 3.38C). 

The pant of intersection of the two lines defines both the magnitude and sense of 
vectors A and D. The sense of D is chosen in a direction that is consistent with it be- 
ing subtracted from the right side of the equation. The complete vector polygon can 
be drawn as prescribed by the vector equation (Figure 3.38C). 

Figure 3.38 Vector diagrams for Example ProhIm ‘1 I 7 

The following equations are obtained by measuring vectors A and D and using 
the proper scale of one drawing unit representing 100 in/?: 

A = 0.30 units = 30 in/s2 k 

E = 0.68 iunits = 68 in/s’ \ 60” 
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3.19 ANALYTICAL DETERMINATION OF VECTOR MAGNITUDES 

An analytical method can also be used to determine the magnitude of two vectors in 
an equation. In these cases, the horizontal and vertical components of all vectors 
should be determined as in Section 3.10. Components of the vectors with unknown 
magnitudes can be written in terms of the unknown quantity. As in the previous 
component methods, an algebraic sign convention must be followed while comput- 
ing components. Therefore, at this point, a sense must be arbitrarily assumed for the 
unknown vectors. 

The horizontal components of the vectors must adhere to the original vec- 
tor equation. Likewise, the vertical components must adhere to the vector 
equation. Thus, two algebraic equations are formed, and two unknown mag- 
nitudes must be determined. Solving the two equations simultaneously yields 
the desired results. When either of the magnitudes determined has a negative 
sign, the result indicates that the assumed sense of the vector was incorrect. 
Therefore, the magnitude determined and the opposite sense fully define the 
unknown vector. 

This method is illustrated in the Example Problem below. 

.%%MPLE PROBLEM 3.18 

A vector equation can be written as follows: 

A+>B->C+>D=E+>F 

The directions for vectors A, B, C, D, E, and Fare known, and the magnitudes of 
vectors B, C, E, and F are also known as shown in Figure 3.39. Graphically solve for 
the magnitudes of vectors A and D. 

Figure 3.39 Vectors for Example Problem 3.18 

Solution: 

The horizontal and vertical components of each force are determined by trigonome- 
try. The sense of the unknown vectors is assumed and the components are found in 
terms of the unknown quantity. (Assume vector A points upward and vector D 
points down and to the right.) 
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A 
112.6 

-42.4 42.4 
1Qok)- -.866D 
123.2 100 

‘. -100 0 

The components can be used to generate algebraic equations that are derived 

from the original vector equation: 

A+>B->C+>D=E+>F 

horizontal components: 

Ah f B,, - C, f D,, = E,, + Fh 

(0) + (65.0) - (-42.4) + (+0.500 D) = (+173.2) + (~100.0) 

vertical components: 

A, + B, - C, + D, = E, + F, 

(+A) + (+112.6) - (42.4) + (-0.866 D) = (+lOO.O) + (0) 

In this case, the horizontal component equation can be solved independently for 

D. In general, both equations are coupled and solved simultaneously. Solve the her. 
izontal component equation to obtain the following: 

D = -68.4 in/s2 

Substitute this value into the vertical component equation to obtain: 

A = -29.4 in/s2 

Because both values are negative, the original directions assumed for the un- 
known vectors were incorrect. Therefore, the corrected results are: 

A = 29.4 in/s2 J 

D = 68.4 in/s’ \ 60” 



While manual drafting techniques are instructive 
for problems that require graphical solution, use 
of a CAD system is highly recommended. 

Working With Triangles 

For the triangle shown in Figure 1’3.1: 

Figure P3.1 Problems 1 and 2. 

i-1. Analytically determine the an& 0. 
1-2. Analytically dercrmine the length of sldr ZI 

For the triangle shown in Figure P3.3. 

Figure P3.3 Problems 3 and 4 

3-3. Analytically determine the length of srdr x. 
1-4. Calculate the angle 9 and the hyporenux R. 
3-5. Calculate the angle 0 and the hypotenuse R F’g~ 

ure P3.5. 

For thr folding shelf in Figure P3.6: 

hgure P3.6 Problcmr 6-Y. 

1-6. Determine thr angle, @, and the length, s, of 
rhc two identical support links when x = 150 
mm and y  = 275 mm. 

3-7. Determine thr distance, x, and the length, s, of 
rhe two identical support links when 0 = 35’ 
ands=lOin. 

3-X. For the foldmg shelf in Kgurc P3.6 with P = 
.35” and s = 10 in, determine rhu distances, x 
and y. 

3-Y. A roof that has an X on 12 pxch sloprs upward 
8 vertical m for every 12 in of horLontal dis- 
mncc. Determine the angle with the horizontal 
of such a roof. 



lwr the swmg-out window in Figure P3.10: 

Figure P3.10 Problems 10 and 11 

3-10. Determine the length, s, of thr two ldenrical 
support links when x = 850 mm, d = 500 mm, 
and p = 35”. 

3-11. Determine the an& @ when x = 24 in, d = 16 
in, and s = 7 in. 

Figure P3.12 shows a ramp that attaches 
onto a tractm trailer bed. 

Figure P3.12 Prnhlrms 12 and li 

3-12 

3-13 

3-14 

3-15. 

t 
h 

If  the hcighr, h, of the trailer is 52 in, drrrr- 
mine thr lrngth of ramp needed CO maintain an 
angle, 8, of 30”. 
Derermme the angle with the ground when the 
trailer height 1s 1.5 m and rhr ramp IS 4 m 
long. 

Figure P3.14 shows a ladder resting on the 
side of a building. 

Figure P3.14 Problems 14 and 15. 

When the length of the ladder is 12 ft and the 
angle with the ground, 0, is 70”, detrrmme the 
vertical distance on the wall where the ladder 
is restmg. 
Dcrcrmine the angle wth the ground when the 
ladder is 7 m long and rests on the ground 2 m 
from the wall. 

Figure P3.16 shows a belt conveyor used on 
a farm to lift hay into lofts. 

Figure P3.16 Problems 16 and I7 
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i-16. Determine the required length of the wpport 
rod when the anglr is @ = 28” and the disk 
rances are x = 20 ft and d = 16 ft. Also deter- 
mine the vertical height of the end of the con- 
veyor when L = 25 ft. 

j-17. Drtermine the an& ,3 when a vrrtical height 
of 8 m is requred at the end of the convcyrrr 
andx=8m,d= lOm,andl.=l3m. 

Figure P3.1R shows a utility truck equipped 
with a lift basket. 

-I 8. ~rrermme rhc vrrncal heighr of the basket 
when: a = 24 in, h = 36 in, c = 30 in, d = 60 
in, e = 6 it and f = 10 ft. 

-19. Dctrrmine the vrrtical height of thr basket 
when thr hydraulic cylinder IS shortened to 50 
I”. 

Vector Addition (Graphical 
and Analytical Problems) 

For the vectors shown in Figure P3.20: 

Scale: 

Figure P3.20 Problems 20,21, 32-35 

3-20. Graph,cally detcrmmr the resulfanf, R = 
“l+>R. 

3-21. Analytically determine the resuliant, R = 
A+>B. 
For the vectors shown in Figure P3.22: 

Figure P3.22 Problans 22, 23, 36-39 

3-22. Graphically drrermme thr resultant, R = 
A+>U. 

3-23. Analytically determine the resultant, R = 
A+>R. 
For the vectors shown in Figure P3.24: 

70” 

/ 

SdC 

0 5” I”” 
I ~ / 1 I 

Figure P3.24 Problems 24, 25, 40-43. 

3-24. Graphically detcrmme the resulrant, R = 
A+>A. 

3-25. Analyr~ally determinc the resultant, K = 
A+>B. 
For the vectors shown in Figure 1’3.26: 

Figure P3.26 Prohlcms 26, 27, 44-47. 



3-26. Graphically determme the resultant, R 
A+>B+>C. 

3-27. Analytically determine the resultant, R 
A+>B+>C. 
For the vectors shown in Figure P3.28: 

7” 7 D = 4” A = 50 40 -7 B = 75 Scale: 0 t+ttT x 
Figure P3.28 Problems 28,29,48-51. 

3-28. Graphically determine the resultant, R 
A+>B+>C+>D. 

3-29. Analytically determine the resultant, R 
A+>B+>C+>D. 

For the vectors shown in Figure P3.30: 

Figure P3.30 Problems 30,31, 52.55 

3-30. Graphically determine the resultant, R 
A+>B+>C+>D+>E. 

3-31. Analytically determine the resultant, R 
A+>B+>C+>D+>E 

Vector Subtraction 

3-32. For the vectors shown m Figure P3.20, graph,- 
ally determine the vector,] = A -> B. 

For the vectors shown in Figure P3.20: 
3-33. Graphically determine the vector, K = B -> 

A. 
3-34. Analytically determine the vector, J = A -> B. 
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j-35. Analyncally determme the vector, K = B 
A. 

-> 

For the vectors shown in Figure P3.22: 
3-36. graphically determine the vector,] = A -> B. 
3-37. Graphically determine the vector, K = B -> 

A. 
3-38. Analytically determine the vector,J = A -> B. 
3-39. Analytically determine the vector, K = B -> 

A. 
For the vectors shown in Figure P3.24: 

3-40. Graphically (determine the vector, ] = A -> 
R -. 

341. Graphically determine the vector, K = B -> 
A. 

3-42. Analytically determine the vector, J = A -> B. 
343. Analytically determine the vector, K = B -> 

A. 

General Vector Equations (Graphical 
and Analytical Problems) 

For the vectors shown in Figure P3.26: 
3-44. Graphically determine the vector, J = C +> 

A->B. 
3-45. Graphically determine the vector, K = A -> 

A m> C. 
3116. Analytically determine the vector, J = C +> 

A->B. 
347. Analytically determine the vector, K = B -> 

A -> C. 
For the vectors shown in Figure P3.28: 

348. Graphically determine the vector, J = C +> 
A->B+>D. 

3-49. Graphically determine the vector, K = B -> 
D+>Am>C. 

3-50. Analytically determine the vector, J = C +> 
Ap>B+>D. 

3-51. Analytically determine the vector, K = B m> 
D+>A->C. 

For the vectors shown in Figure P3.30: 
3-52. Graohicailv determine the vccfo~ 1 = C +> 

A-&>B+‘>D->E. 
, 

3-53. Graphically determine the vector, K = B m> 
D+>A->C+>E. 

3-54. Analytically determine the vector, J = C +> 
A->B+>DmbE. 

3-55. Analytically determine the vector, K = B -> 
D+>Am>C+>E. 
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0 

B A 

67 

E c 

Figure P3.56 Ihblem 56. 

3-87. Using the VCCW~ diagram in Figure 1’3.57: 

A 

R E c 

@i? 

” 

solving For Vector Magnitudes (Graphical 
and Analytical Problems) 

3-58 A wxtor equation can be written as A +> 
R +> C = D +> E. The dirccrinns of all vet- 
mrs and magnirudcc of A, B, and D arc shown 
m Figure 1’3.SX. Graphically (usmg either 
manual drawing rechniqw 01 CAD) dcter- 
mine the magmrudes of xctors C and E. 

Figure P3.58 Problems SR and 61. 

i-.59. A ve~mr equatmn can be wrxten as A +> 
B +> C ->D = E -> F. The dirrctmns of all 
vectors and magrmudcs of A, B, C, and E arr 
shown in Flgurr 1’3.59. Graphically jusmg ei- 
ther manual drawing tcchniqurs or CAD) de- 
termme the magnitudrs of vectors D and fi 

Figure P3.59 Problems 59 and 62 
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56U. K vrctor cquatron can bc w&en as A -> 
B -> C +> D = -> E +> 1: The directwns 
of all vectors and magnitudes of A, D, F, and F 
xc shown in Figure P3.60. Graphically (using 
either manual drawing techniques or CAD) de- 
termine the magnitudes of vectors B and C. 

Figure P3.60 Problems 60 and 63 

.  I  

3-l Figure C3.1 shows two of many keys from an 
adding machine that was popular srvrral years 
ago. End virws are also shown to illustrate the 
configuration at key 1 and 2. Carrfully examine 
thr configuration of the components m the 
mechanism. Then, answrr the followmg leading 
qucsrions to gain msight into the operation of 
the mrchanism. 

2 2 

I 

c 

c 

Figure C3.1 (Courtesy, Industrial Press) 

1. As key 2 1s pressed, what happrns to rocker 
platr A? 

2. What is thr purpose of sprmg C? 
3. What is the purposr of spring B? 
4. As button 2 is pressed, that happens to button 

1) 

J-61. Analytmily determme VCC~OIS C and E from 
problem 3-58. 

3-62. Analytically drrermme vecfor~ D and F from 
problem 3-59. 

3-63. Analytically determine vectors B and C from 
problem 3-60. 

5. What is the purpose of this drwcc? 
6. Recause furcr IS a vector, KS dirrcrwn is in>- 

portant. What direction must the force ap- 
plied by the spring B act? 

7. What dxectirm must the force applird hy 
spring C act? 

8. I.&t other machines, other than an adding ma 
chine, that could use this device. 

9. What is the function of pin D? 

3-2 An autrrmatic machine that forms steel wcrr OL- 
cas~onally jams whrn the raw mater~l is over- 
suxd. To prevent srriour, damage to the machinr, 
it was necrsrary for the operator to cut off 
power immediately when the machinr hrcamc 
jammed. However, the oprraror is unable to 
maintain close watch over the machine to prc- 
venr damage. Thereforr, the following mccha- 
nism has hea ruggcsred to solve rhr probicm. 

F~gurc C3.2 shows that gear C drlrer a mating 
gear (not shown) which oprrarrs the wire-forIn- 
ing machme. Drwrshaft A carries collar B, which 
is keyed to it. Gear C has a *lip fit onto shatr A. 
Two pins, G and E, attach links > and D, rcspec- 
tiwly, to gear C. An additional pm on gear C is 
used co hold the end of spring H. Carefully e,v 



amine the configuration ot the components In the 
mechamsm. Then, answer the following leading 
questions to gain insight into the operation of the 
mechanism. 

Figure C3.2 (Courtesy, Industrial Press) 

1. As driveshaft A turns, what is the motion of 
collar B? 

2. If  gear C is not directly attached to collar B, 
how can the motion from the shaft rotate the 
gCar? 

3. What happens IO the motion of gear C if link 
D were forced upward? 

4. What action would cause link D to move up- 
ward? 

5. What resistance would link D have to mov- 
ing upward? 

6. What is the purpose of this device? 
7. What would you call such a device? 
8. How does this device aid the automatic wire- 

forming machine described above? 
9. This device must be occasionally “reset.” 

Why and how will that be accomplished? 
10. Because force is a vector, its direction is im- 

portant. What direction must the forces ap- 
plied by the spring H act? 

II. ~1st other machmes, other man the WITC- 
forming one, that could use this device. 

3-3 The mechanism shown in Figure C3.3 is a top 
view of a fixture in a machming operation. Care- 
fully examine the contigurarmn of the compo- 
nents m the mechanism. Then, answer the fol- 
lowing leading questions to gam insight into the 
operation of the mechanism. 

c 

Figure C3.3 

1. As handle A is turned, moving the threaded 
rod B to the left, describe the motion of grip 
c. 

2. As handle A is turned, moving the threaded 
rod B to the left, describe the motion of grip 
D. 

3. What is the purpose of this mechanism? 
4. What action would cause link D to move up- 

ward? 
5. What is the purpose of spring G? 
6. Discuss the reason for the odd shaoe to links 

E and F. 
7. What would you call such a device? 
8. Describe the rationale behind using a rounded 

end for the threaded rod B. 



Analysis 

_ 
:Q3JECTIVES upon completion of this chapter, the student will be able to: 

1. Define position and displacement of a point 

2. Graphically and analytically determine the position of all links in a mechanism as 
the driver link(s) are displaced. 

3. Graphically and analytically determine the limiting positions of a mechanism. 

4. Graphically and analytically determine the position of all links for an entire cycle 
of mechanism motion. 

5. Plot a displacement diagram for various points on a mechanism as a function of 
the motion of other points on the mechanism. 

-5.1 INTRODUCTION 

For many mechanisms, the sole purpose of analysis is to determine the position of all 
links as the mechanism is moved into another position. The task may be to reposi- 
tion a clamp into a closed position. Analysis may involve determining the range of 
motion of automotive windshield wipersl’osition analysis is often repeated at several 
intervals of mechanism movement to determine the position of all links at various 
phases of the operation cycle. Analysis may involve determining the spatial require- 
ments of a robotic arm. Such position analysis is the focus of this chapter. 

: 4 i POSITION :: 
The primary purpose in analyzing a mechanism is to study its motion. Motion is the 
act of changing the position of the linkson a mechanism, and the points on those 
links. As the position of the links are altered, the mechanism is forced into a differ- 
ent configuration. 

The position of a point on a mechanism is the spatial location of that point. As 
the mechanism moves into a new configuration, the point firmly attaches to the 
mechanism and moves along with it. The position of the point can be visually seen 
by drawing the point on the mechanism or on its kinematic skeleton. Formally, a 
point can be located by using coordinates in some reference coordinate system. For 



most analyses, it 1b afficienr LO show the position of a pomr on a sketch of the mech- 
amsm. 

Recall from Chapter 1 that an important property of a mechanism is the mobility 
UT number of degrees of freedom. For linkages with one degree of freedom, the po- 
sition of one link or point can precisely determine the position of all other links or 
points. Likewise, for linkages with two degrees of freedom, the position of two links 
can precisely determine the position of all other links. Therefore, the positions of 
points and links in a mechanism are not arbitrary and independent. 

The degrees of freedom are the number of independent parameters required to 
specify the position of every link in a mechanism. The independent parameters are 
the positions of certain “driver” links. Most practical linkages have one degree of 
freedom. A primary goal of position analysis is to determine the resulting position of 
the points on a mechanism as a function of the position of some “driver” points. 

4.3 DISPLACEMENT 

Displacement is the end product of motion. It is a vector that represents the distance 
between the starting and ending positions of a point. Two types of displacements are 
considered here: linear and angular. 

Linear displacement is the straight line distance between an original position of a 
point on a mechanism and some later position. It is not influenced by the path or 
distance that a point travels during motion. Linear displacement is simply the 
straight line distance between the starting and ending position of a point during a 
time interval under consideration. The linear displacement of a point, for example 
point E, is denoted as s,,. 

Angular displacement is the angular distance between two positions of a rotating 
link. By definition, only a link can rotate; any rotation of a single point is ignored. A 
link may rotate a few degrees or several revolutions, yet the displacement is only the 
angle between the starting and ending positions. The angular displacement of a link, 
for example link 3, is denoted as e3. 

As mentioned above, displacement is a vector. The magnitude of the displacement 
is the distance between the initial and final positions during an interval. This magni- 
tude is in linear units (i.e., inches, feet, millimeters) for linear displacement, or in ro- 
tational units (i.e., degrees, radians, revolutions) for rotational displacement. 

Of course, a direction is needed to fully define a vector. For linear displacement, the 
direction can be identified by an angle from a reference axis to the line that connects 
the two positions. The sense of the vector is obtained from the linw that connects the 
initial position and is directed towards the final position. For angular displacement, 
the direction is stated as whether the displacement is clockwise or counterclockwise. 

j&4 POSITION ANALYSIS 

A common problem is determining the position of all links in a mechanism, as rhe 
driver link(s) are displaced. As stated in Section 4.2, the degrees of freedom of a 
mechanism determine the number of independent driver links. For the most com- 



mon mechanisms, those wth one degree of freedom, position analysis consists of de- 
termining the position of all 1’ k m s as one link is displaced. The positions of all links 
are called the configuration of the mechanism. 

Figure 4.1 illustrates this problem. The mechanism shown has four links, as num- 
bered. Recall that the fixed link, or frame, must always be included as a link. The 
mechanism also has four revolute, or pin, ioints. 

Figure 4.1 Typical position analysis. 

From quation 1.1, the degrees of freedom can be calculated as follows: 

F = 3(4 ~ 1) ~ 2(4) = 1 

With one degree of freedom, moving one link precisely positions all other lmks 111 
the mechanism. Therefore, a typical position analysis problem involves determining 
the position of links 3 and 4 in Figure 4.1, as link 2 moves to a specified displace- 
ment. In this example, the displacement is angular, &= 15” clockwise. 

;il;.S POSITION: GRAPHICAL ANALYSIS 

In placing a mechanism in a new configuration, it is necessary to redraw links m 
their respective new positions. Links that rotate about fixed centers can be relocated 
by drawing arcs through the main points on the link, centered at the fixed point. 
This was illustrated in Figure 4.1 as link 2 is rotated 15” clockwise. 

In some analyses, complex links that are fixed to the ground also must be rotated. 
This can be done using several methods. In most cases the simplest method begins by 
relocating only one line of the link. The other geometry that describes the link can then 
be reconstructed, based on the position of the line that has already been relocated. 

Figure 4.2 illustrates the problem of rotating a complex link. In Figure 4.2A, line 
AB of the link is displaced to its desired position, A0 = 60” clockwise. Notice that 
the relocated position of point B is designated as B’. 

The next step is to determine the position of the relocated point C, which is des- 
ignated as C’. Because the complex link is rigid and does not change shape during 
movement, the lengths of lines AC and BC do not change. Therefore, point C’ can 
be located by capturing the lengths of AC and BC and striking arcs from points A 
and B’, respectively (Figure 4.2B). 

When graphical displacement analysis is employed on a CAD system, rotating 
links is not difficult. The lines that comprise the link can be duplicated and rotated 
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B 

R’ B 

c 

Figure 4.2 Rotating a complex link. 

to yield the relocated link. All CAD systems have a command that can easily rotate 
and copy geometric entities. It is convenient to display the rotated link in an alter- 
nate color and place it on a different layer. 

Once the driver link is repositioned, the position of all other links must be derer- 
mined. To accomplish this, the possible paths of all links that are connected to the 
frame can be constructed. For links that are pinned to the frame, all points on the 
link can only rotate relative to the frame. Thus, the possible paths of those points are 
circles, centered at the pin connecting the link to the frame. 

Figure 4.3 illustrates a kinematic diagram of a mechanism. Links 2, 4, and 6 are 
all pinned to the ground. Because points B, C, and E are located on links 2,4, and 6 
respectively, their possible paths can be readily constructed. The possible path of 
point B is a circle centered at point A, which is the pin that connects link 2 to the 
frame. The paths of C and E can be determined in a similar manner. 

The path of a point on a link that is connected to the frame with a slider joint can 
also be easily determined. All points on this link move in a straight line, parallel to 
the direction of the sliding surface. 

After the paths of all links joined to the frame are constructed, the position of the con- 
necting links can be determined. This is a logical process that stems from the fact that a 
link is rigid. Rigidity means that the links do not change lengths or shape during motion. 

Figure 4.3 Paths of points on a link pinned to the frame. 



In Figure 4.1, the posmons of links 3 and 4 are desired as link 2 rotates 15” clock- 
wise. Using the procedures described above, link 2 has been relocated to the pre- 
scribed location which determined the position of point B’. The possible path of 
point C has also been constructed (Figure 4.4). 

Figure 4.4 Constructing the path of C 

From the rigidity concept, the length of link 3 does not change during motmn. Al- 
though link 2 has been repositioned, the length between points B and C does not 
change. To summarize the facts of this position analysis, the following is known: 

1. Point B has been moved to B’; 
2. Point C must always lay on its possible path; and, 
3. The length between B and C must stay constant. 

From these facts, the new position of link 3 can be constructed. The length of line 
BC can be captured. Because point B has been moved to B’, an arc of length BC is 
constructed with its center at B’. By sweeping this arc, the feasible path of point C 
has been determined. However, point C’ must lay on its possible path. Therefore, 
point C’ must be located at the intersection of the two arcs. This process is illus- 
trated in Figure 4.5. 

Once C’ has been located, the position of links 3 and 4 can be drawn. Thus, the con- 
figuration of mechanism, as the driver link was repositioned, has been determined. 

The above description describes the logic behind graphical position analysis. The 
actual solution can be completed using manual drawing techniques (using a protrac- 

Figure 4.5 Locating the posmon of C’ 



TOI and compass) or can he completed on a CAD sysrem jusmg a rorare and copy 
command). The logic is identical; however, the CAD solution is not susceptible to 
the limitations of drafting accuracy. Regardless of the method used, the underlying 
concepts of graphical position analysis can he further illustrated and expanded 
through Example Problems below. 

EXAMPLE PROBLEM 4.1 

Figure 4.6 shows a kinematic diagram of a mechanism that is driven by moving link 
2. Graphically reposition the links of the mechanism as link 2 is displaced 30” coun- 
terclockwise. Also determine the resulting displacement of point E. 

Figure 4.6 Kinematic diagram for Examplr l’rublem 4.1 

Solution: 

To verify that the mechanism is uniquely positioned by moving one link, its mobility 
can he calculated Six links are labeled. Three of these links are connected at point 
C. Recall from Chapter 1 that this configuration must he counted as two pin joints. 
Therefore, a total of 6 pin joints is counted. One sliding joint connects links 1 and 6. 
No gear of cam joints exists: 

n = 6 jn = (6 pins + 1 sliding) = 7 jh = 0 

= 3(6 ~ 1) ~ 2(7) - 0 = 15 - 14 = 1 

With one degree of freedom, moving one link uniquely positions all other links of 
the mechanism. 

To reposition the mechanism, the possible paths of all the points on links that are 
connected to the frame (R, C, and E) are drawn. Link 2 is then graphically rotated 30” 
counterclockwise, locating the position of point B’. This is shown in Figure 4.7A. 

Being rigid, the shape of link 3 cannot change and the distance between points B 
and C remains constant. Because point B has been moved to B’, an arc can he drawn 



Figure 4.7 Displacement constructions for Example Problem 4.1 
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of length BC, centered at B’. Tlus ate ,r,xcxnr~ the fewble path ot pomt c’. Thhc ~n~ci-xc~~on 
ofthis arcwith thepossiblepathof Cyields the position of C’. This is showninFigure4.7B. 

This same logic can be used to locate the position of point E’. The shape of link 5 
cannot change and the distance between points C and E remains constant. Because 
point C has been moved to C’, an arc can be drawn of length CE, centered at C’. 
This arc represents the feasible path of point E’. The intersection of this arc with the 
possible path of E yields the posirion of E’ (Figure 4.7B). 

Finally, with the position of c’ and E’ determined, links 3 through 6 can br 
drawn. This is shown in Figure 4.7C. The displacement of point E is the linear dis- 
tance between the original and new positions of point, described as E’. The distance 
between E and E’ is measured and adjusted for the drawing scale. 

SE = 0.915 in c 

EXAMPLE PROBLEM 4.2 

Compound-lever snips, as shown in Flgure 4.8, are often used m place of regular 
tinner snips when large cutting forces are required. Use the top handle as the frame 
to graphically reposition the components of the snips when the jaw is opened 15”. 

Figure 4.8 Cutting snips for Example Problem 4.2. 

Solution: 

The kinematic diagram for the snips is given in Figure 4.9A. The top handle ha 
been designated as the frame, and points of interest were identified at the tip of the 
cutting jaw (X) and at the end of the handle (Y). 

Notice that this is a four-bar mechanism, with one degree of freedom. Moving 
one link, namely the jaw, uniquely positions all other links of the mechanism. 

To reposition the mechanism, the top cutting jaw, link 2, is repositioned 15” 
counterclockwise. This movemenr corresponds to an open position. The point of in- 
terest, X, also needs to be rotated with link 2. 

Since this is a four-bar mechanism, determining the position of point C’ is identi- 
cal to the analysis in the previous problems. Figure 4.9B shows the constructions 
necessary fo determine the position of C’. 

Finally, the location of point of interest Y must be determined. Link 4 is rigid and its 
shape is not altered. Because the side C’D has been located, point Y’ can be readily found. 



x 

Y 

Figure 4.9 Constructions for Example Problem 4.2 
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Similar to the procedurr UUI m Flgurc 4.2, rhr d~srancr L)Y doe nor change; 
therefore, the path of point Y can be determined. The distance CY also does not 
change, but point C has been relocated to C’. The feasible path for Y’ can be con- 
structed from C’. The intersection of these two paths gives the final location of Y’. 
This construction is shown in Figure 4.9C. 

The displacement required from the bottom handle, in order to open the jaw 15”, 
can be measured. From Figure 4.9C, the bottom handle, link 4, must be displaced: 

0, = 35” counterclockwise 

j&6 POSITION: ANALYTICAL ANALYSIS 

Analytical methods can be used in position analysis to yield results wth a hlghrr de- 
gree of accuracy. This accuracy comes with a price in that the methods often become 
numerically intensive. Complex methods, involving higher-order math, have been 
developed for position analysis. 

For design situations, where kinematic analysis is not a daily task, such methods 
can be difficult to understand and implement. A more straightforward method of 
position analysis involves locating triangles and using the laws of trigonometry. Al- 
though it may not be as efficient, this technique’s simplicity far outweighs any ineffi- 
ciencies. Thus, this triangle method of displacement analysis is used in this text. 

In general, this method involves drawing convenient lines through a mechanism, 
breaking it into triangles. Laws of general and right triangles are then used to deter- 
mine the lengths of the triangle sides and the magnitude of the interior angles. As de- 
tails about the geometry of the triangles are found, this new information is com- 
bined to provide insight about the entire mechanism. 

The method can best be seen through the Example Problems below, 

$&A&PLE PROBLEM 4.3 

Figure 4.10 shows a toggle clamp used to securely hold parts. Analytically drrrrminc 
the displacement of the clump surface as the handle rotates downward 15”. 

The kinematic diagram is given in Figure 4.11A. Th e end of the handle was labeled 
as point of interest X. 

For this slider-crank mechanism, a triangle is naturally formed between pin joints 
A, B, and C. This triangle is shown in Figure 4.11B. 

Prior to observing the mechanism in a displaced configuration, all properties of 
the original configuration must be determined. The internal angle at joint C, LBCA 
can be determined from the law of sines (Equation 3.6): 

sinLBAC sinLBCA 

(BC) = (AB) 
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Figure 4.10 Toggle clamp for Example Problem 4.3. 

LBCA = sK’[(E)sioiBAC] 

= siC’[(z) sin 30”] = 38.68” 

The interior angle at joint B, LABC, .a h f c n r ound because the sum of all interior 
angles in any triangle must total 180”: 

LABC = 180" - (30" + 38.68") = 111.62” 

The length side AC represents the original position of the slider, and can be de- 
termined from the law of cosines, Equation 3.7: 

AC = dAB2 + BC' - 2(AB)(BC)cosLCBA 

= l/(50 IIIIII)~ + (40 nm$ ~ 2(50 mm)(40 mm)cos(111.62) 

= 74.66 mm 

The displaced configuration is shown in Figure 4.11C when the handle is rotated 
downward 15”. Note that this displacement yields an interior angle at joint A, 
LC'AB', of 15”. The law of sines can he used to find the interior angle at joint C’, 
LB'C'A: 

LB'C'A = sinm’[($$)siniC’AB’] 

= sin~m’[(~)sin15”] = 18.88” 

Again, the interior angle at joint B’, LAB'C', can he found because the sum of all 
interior angles in any triangle must total 180”: 

LAB'C' = 180" - (W + 18.88”) = 146.12” 
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Figure 4.11 Mechanism for Example Problem 4.3. 

The length side AC’ represents the displaced position of the slider. As before, it 
can be determined from the law of cosines: 

AC’ = g AB” + B’C” - Z(AB’)(B’C’)cosL 

= d(50 rnn+ + (40 mm)’ - 2(50 mm)(40 mm)cos(142.12”1 

= 85.19 mm 

The displacement of point C during this motion can be found as the difference of 
the triangle sides AC’ and AC: 

s, = 85.19 - 74.66 = 10.53 mm t 

As stated, this clamp mechanism is a slider-crank linkage. Specifically, it is termed 
an in-line slider-crank mechanism because the line of slider motion extends through 
the center of the crank rotation. Figure 4.12 illustrates the basic configuration of an 
in-line slider-crank linkage. 

Because this is a common mechanism, the results from the previous problem can 
be generalized. (lo) A typical analysis problem determines the position of the slider 
(L4) and the interior joint angles (e3 and y) for known links (L2 and L,) at a certain 
crank angle (8,). 
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(4.1) 

Figure 4.12 In-line slider-crank mechanism. 

The equations used in Example Problem 4.3 are summarized in terms of L, , L, 
and 01: 

LZ O3 = sin-’ -sinQz [ I L3 

(4.2) 

(4.3) 

y = 180” ~ (B, + &) 

L4 = VL22 + Lx2 - 2(L,)(L,) cosy 

These equations can be used to determine the position of the links in any mecha- 
nism configuration. Recall, however, that these equations are only applicable to an 
in-line slider-crank mechanism. 

A/“.,.. 

:  LE PROBLEM 4.4 m**./, 

Figure 4.13 shows a concept for a hand pump used for increasing oil pressure in a 
hydraulic line. Analytically determine the displacement of the piston as the handle 
rotates 15” counterclockwise. 

The kinematic diagram 1s gwen m Figure 4.14A. The end of the handle was labeled 
as point of interest X. 

In contrast to the previous problem, this mechanism is an offset slider-crank 
mechanism. For this type of mechanism, it is convenient to focus on two right trian- 
gles. These triangles are shown in Figure 4.14B. Notice that the complementary an- 
gle to the lo”, the 80” angle, is also shown. 

Prior to observing the mechanism in a displaced configuration, all properties of 
the original configuration must be determined. Focusing on the lower right trian- 
gle, the sides AD and BD can be determined from the following trigonometric 
functions: 



Figure 4.13 Toggle clamp for 
Example Problem 4.4. 

AD = (AB)cosLBAD = (5 in)cos(80”) = 0.87 in. 

BD = (AB)sinLBAD = (S injsin(80”) = 4.92 in 

By focusing on the top triangle, the length of side CE can be found as the sum of 
the offset distance and the length of side AD from the lower triangle: 

CE = Offset + AD 

= 1.0 + 0.87 = 1.87 in 

Original Relucated 
cunfigurarion configurati”” 

(a) (b) (cl 

Figure 4.14 Mechanism diagrams for Example Problem 4.4 
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Use the Pythagorean theorem (Equation 3.4) to determine side BE: 

CB’ = BE’ + CE’ 

BD = VBC’ - CE’ 

= V(4)2 - (1.87)’ = 3.54 in 

The original position of the piston, point C, can be determined by summing BD and BE: 

L, = BD + BE = 4.92 + 3.54 = 8.46 in. 

Although not required in this problem, the angle that defines the orientation of 
link 3 is often desired. The internal angle LBCE can be determined through the fol- 
lowing trigonometric functions: 

cosLBCE = g 

LBCE = cos-’ g LBCE = mm1 (CEIBC) 

1.87 in = cos-l ~ i ! 4 in 
= 62.13” 

The displaced configuration is shown in Figure 4.14C with the handle rotated 
downward 15”. Note that this displacement yields an angle at joint A of 25”, and its 
complement 35” is also shown. Focusing on the lower right triangle, the sides AD’ 
and B’D’ can be determined from the following trigonometric functions: 

AD’ = (AB’)cosLB’AD’ = (5 in)cos(65”) = 2.11 in. 

B’D’ = (AB’)sinLB’AD’ = (5 in)sin(65”) = 4.53 in. 

Focusing on the top triangle, the length of side C’E’ can be found as the sum of 
the offset distance and the length of side AD’ from the lower triangle: 

C’E’ = Offset + AD’ 

= 1.0 + 2.11 = 3.11 in. 

Side B’E’ can then be determined: 

B’E’ = q(B’C’)2 ~ (C’E’)’ 

= v(4 in)2 ~ (3.11 in)’ = 2.52 in 

The displaced position of the piston can be determined by summing BD and BE: 

L,, = B’D’ + B’E’ = 4.53 + 2.52 = 7.05 in. 

The displacement of the piston, point C, during this motion can be found by sub- 
tracting the length L,, from L,: 

sc = 8.46 ~ 7.05 = 1.41 in J 
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(4.4) 

(4.5) 

(4.6) 

As stated, this mechanism is an offset slider-crank mechanism because the line of 
slider motion does not extend through the center of the crank rotation. Figure 4.15 
illustrates the basic configuration of an in-line slider-crank linkage. 

I. 

Figure 4.15 Offset slider-crank mechanism. 

Because this is also a common mechanism, the results from the previous problem 
can be generalized. A typical analysis problem consists of determining the position 
of the slider (L4) and the interior joint angles (0, and y) for known links (L,, L,, 
and L,) at a certain crank angle (Q. 

The equations used in Example Problem 4.4 are combined and summarized in 
terms of L,, L,, L,, and .92.C10r 

Q3 = sin- * 
[ 

L1 + Lz sine2 

L 1 
La = Lz cos(&) + L? cos(&) 

y = 180” - (8, + 8,) 

These equations can be used to determine the position of the links in any mechanism 
configuration. Recall, however, that these equations are only applicable to an offset slider- 
crank mechanism. The equations also apply when the offset distance is in the opposite di- 
rection. For these cases, L1, in the above equations should be substituted as a negative 
V&Z. 

&&vIl’LE PROBLEM 4.5 

Figure 4.16 shows a toggle clamp used for securmg a workplece during a machinmg 
operation. Analytically determine the angle that the handle must be displaced in or- 
der to lift the clamp arm 30” clockwise. 

Solution: 

The kinematic diagram for the clamp is given in Figure 4.17A. The end of the handle was 
labeled as point of interest X and the clamp nose was identified as point of interest Y. 

This mechanism is the common four-bar linkage. In order to more closely analyze 
the geometry, Figure 4.17B focuses on the kinematic chain ABCD. A diagonal is cre- 
ated bv connecting B and D. forming two triangles. 
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Figure 4.16 lamp for Example Problem 4.5. 

Prior to observing the mechanism in a displaced configuration, all properties of 
the original configuration must be determined. The diagonal BD can be found by 
using the lower left triangle ABD and the Pythagorean theorem. 

BD = V(AB)~ + (~0)~ 

= (12)’ + (25)’ = 27.73 mm 

The internal angles, LABD and LBDA, can be determined from the following 
basic trigonometric functions: 

sinLABD = [2$Tzrn) = 0.901 

LABD = 63.36” 

cosLBDA = f2;.;;:m) = 0.901 

LBDA = co~~~(O.901) = 25.64” 

Focusing on the top triangle, the internal angle LBCD can be found from the law 
of cosines, introduced in Equation 3.7: 

BD’ = BC’ + CD2 - 2(BC)(CD)cosLBCD 

rewriting: 

cosLBCD = 
BC’ + CD’ - BD’ 

2(BC)(CD) 

= (20 mm)2 + (15 mm)’ - (27.73 IIIIII)~ = -o,240 

2(20 mm) (15 mm) 

LBCD = c0s-~(-O.240) = 103.9” 
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Figure 4.17 Mechanism for Example Problem 4.5. 

The internal angles LCBD and LBDC can be determined from the law of sines: 

LCBD = sin-l [ig),i,,,CD] 

= sin-’ (20 mm) 

(27.73 mm) 
sin 103.9” 

I 
= 44.4” 

The interior angle at LBDC can be found because the sum of all interior angles in 
any triangle must total 180”. Thus: 

LBDC = 180” ~ (103.9” + 44.4”) = 31.7 

The roral mechanism angles at joint B (between links 2 and 3) and at joint D (be- 
tween links 1 and 41 can be determined. 
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At joint B: 

LABC = LABD + LCBD 

= 63.4” + 44 4’ = 107.8” 

At joint D: 

LCDA = LBDC + LBDA 

= 31.7” + 25.6” = 57.3” 

The displaced configuration is shown in Figure 4.17C with the clamp nose, link 
2, rotated clockwise 30”. Notice that this leaves the interior angle at joint A, 
LDAB’ as 60”. Also, the lower triangle is no longer a right triangle. 

The diagonal B’D can be found by using the lower triangle, AABD, and the law 
of cosines: 

(B’D) = (AB’)’ + (AD)L - 2(AB’)(AD) cosLB’AD 

= d(l2 mmJ2 + (25 mm)’ ~ 2(12 mm)(25 mm) cos 60” 

= 21.66 mm 

The internal angle LAB’D can be determined from the law of sines: 

sinLAR’D = 
I 

-mm)& 60” 
(21.66 mm) I 

= 0.99 

LAB’D = sK1(0.99)88.3” 

The total of the interior angles of any triangle must be 180”. Therefore, angle 
LB’DA can be readily determined: 

LB’DA = 180” - (/DAB’ - LAB’D) 

= 180” - (60” - 88.3”) = 31.7” 

Focusing on the top triangle, the internal angle B’C’D can be found from the law 
of cosines: 

cosLB’C’D = 
B’C” + CD’ - B’D’ 

2(B’C’)(C’D) 

~ (20 mm)’ + (15 mm)’ (21.66 mm)’ 

2120 mm)(l5 mm) 
= 0.26 

LB’C’D = uK’(O.26) = 74.9” 



The mternal angles LC’B’D and LB’DC’ can be determined from the law of smes: 

LC’B’D = sinel[(E)sinlB’C’D] 

(20 mm) 
(21,66 mm) sin 74.9” 

I 
= 63.1” 

The final interior angle, LB’DC’, of the upper triangle can be found by the fol- 
lowing: 

LB’DC’ = 180” - LC’B’D - LB’C’D 

= 180” ~ (63.1” - 74.9”) = 42.0” 

The total mechanism angles at joint B (between links 2 and 3) and at joint D (be- 
tween links 1 and 4) can be determined by the following: 
At joint B: 

LAB’C’ = LAB’D + LC’B’D 

= 88.3” + 63.1” = 151.4” 

At joint 0: 

LC’DA = LB’DC’ + LB’DA 

= 42.0” + 31.7” = 73.7 

The angular displacement of the handle, link 3, can be determined by focusing on 
joint B, as shown in Figure 4.17D. For the original configuration, the angle of link 
3, above the horizontal is expressed as: 

LABC - 90” = 107.79” + 90.0” = 17.79” 

For the displaced configuration, the angle of link 3, above the horizontal IS ex- 
pressed as: 

LAB’C’ ~ 120” = 151.40” - 120.0” = 31.40” 

Finally, the angular displacement of link 3 is determined by: 

A& = 31.40” ~ 17.79” = 13.61” CCW 

(4.7) 

The four-bar mechanism is another very common linkage. Therefore, equations 
that were generated in this previous analysis can be generalized for future use. Fig- 
ure 4.18 illustrates a general four-bar linkage. 

A typical analysis problem consists of determining the interior joint angles (83, 
Q,, and y) for known links (L,, Lz, L3, and I+) at a certain crank angle (02). 

The equations used in Example Problem 4.5 can be combined and summarized in 
terms of L1, L,, L,, Lb, and t$ ? 

BD = gL,2 + LIZ - 74L1)wc”s (a 



Figure 4.18 The four-bar mechanism 

(4.8) 
1 LS2 + L4 - BD’ 

y = C”S 
W3JIU I 

(4.9) e4 = 180” - cos-l 
I 

(4.10) e3 = e4 ~ y 

These equations can be used to determine the position of the links in any mecha- 
nism configuration. The equations are applicable to any four-bar mechanism assem- 
bled as shown in Figure 4.18. 

For four-bar mechanisms classified as crank-rockers(as described in Section 1.8) 
there are two regions of possible motion. The mechanism shown in Figure 4.18 op- 
erates in the first circuit (Figure 4.19A). 

Cd (b) 

Figure 4.19 Circuits of a four-bar mechanism 

By physically disconnecting joint C, the links can be rotated and reassembled into 
the configuration shown in Figure 4.19B. As this mechanism is operated, it exhibits 
motion in the second circuit. Although the motion of the mechanism appears to be 
different, depending on the circuit of operation, the relative motion between the 
links does not change. However, the circuit in which the mechanism is assembled 
must be determined to fully understand the operation of the mechanism. 

For four-bar mechanisms operating in the second circuit, equation 4.9 must be 
slightly altered as follows: 
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LIMITING POSITIONS: GRAPHICAL ANALYSIS 

The configuration of a mechanism that places one of the follower links in an ex- 
treme position is call a limiting position. Because most mechanisms have links that 
oscillate between positions, two limiting positions are common. The displacement 
(i.e., linear or angular) of the follower link from one extreme position to the other 
defines the stroke of the follower. A limiting position also gives a useful phase from 
which other motions can be referenced. 

The position of a driver or input link which places a follower link in an extreme 
position is often desired. The logic used in solving such a problem is identical to the 
position analysis discussed above. 

$j 
1." pgi~0~~~~4.6 

The me&anismshowninFigure 4.20 is the driving linkage for areciprocatingsaber saw. Deter- 
mine the limiting positions of the mechanism that places the saw blade in its extreme positions. 

Figure 4.20 Saber saw mechamsm 

for Example Problem 4.6. 

The kinematic diagram for the reciprocatmg saw mechamsm IS gwen in Figure 
4.21A. Notice that this is a slider-crank mechanism as defined in Chapter 1. The 
slider crank has one degree of freedom. 

The saw blade, link 4, reaches its extreme downward position as links 2 and 3 
are in line. This configuration provides the maximum distance between points A 
and C. To determine this maximum distance, the lengths of links 2 and 3 must be 
combined. A procedure for graphically accomplishing this is as follows: 

1. Draw the possible path of point C. Because link 4 is connected to the frame 
with a sliding joint, the possible path is a vertical line (Figure 4.21B). 

2. Draw an arc, the length of link 2 centered at point B (Figure 4.21B. 
3. Continue the line between the joints on link 3 to intersect the arc. The point of 

intersection is labeled point D in Figure 4.21B. 



I‘, 

Figure 4.21 Extreme positions for Example Problem 4.6. 
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4. The length between D and C is the combined length of links 2 and 3. There- 
fore, an arc can be constructed of this length, centered at point A. The inter- 
section of this arc and the possible path of point C determines the extreme 
downward position of C, denoted as C’. 

5. Links 2 and 3 can be drawn, and point B’ can be determined (Figure 4.21C). 

Next, the configuration that places the saw blade, link 4, in its extreme upper po- 
sltion must be determined. In this configuration, links 2 and 3 are again in line, but 
overlapped. This provides the minimum distance between points A and C. Thus, this 
minimum distance is the difference between the lengths of links 3 and 2. 

This minimum distance can be determined in a similar fashion to the maximum 
distance. Recall that the distance between C and D in Figure 4.21B represents the 
combined length of links 2 and 3. Similarly, the distance between points C and E 
represents the difference between links 3 and 2. 

Using this distance, the position of point C at its extreme upward position, de- 
noted as C”, can be determined (Figure 4.21B). Finally, links 2 and 3 can be drawn 
and the position of point B” is located. 

The stroke of the saw blade can be measured as the extreme displacement of 
point C. Scaling this from the kinematic diagram yields the following result: 

s,- = 1.27 in. 

‘&AMPLE PROBLEM 4.7 

Figure 4.22 illustrates a liiage that operates a water nozzle at an automatic car wash. Deter- 
mine the limiting positions of the mechanism that places the saw blade in its extreme positions. 

/1 Water inlet 

Figure 4.22 Water nozzle linkage for Example Problem 4.7. 

The kinematic diagram for the water nozzle linkage is given in Figure 4.2312. Notice 
that this is a four-bar mechanism. 



Figure 4.23 Extreme positions for Example Problem 4.1 

The analysis in this example is very similar to the prewous problem. The nozzle, 
link 4, reaches its extreme downward position as links 2 and 3 are in line. This con- 
figuration provides the maximum distance between points A and C. To determine 
this maximum distance, the lengths of links 2 and 3 must be combined. A procedure 
for graphically accomplishing this is as follows: 

1. Draw the possible path of point C. Because link 4 is connected to the frame 
with a pin joint, the possible path is an arc centered at point D (Figure 4.23B). 

2. Draw an arc, the length of link 2 centered at point B (Figure 4.23B). 
3. Continue the line between the joints on link 3 to intersect the arc. The point of 

intersection is labeled point E in Figure 4.23B. 
4. The length between E and C is the combined length of links 2 and 3. There- 

fore, an arc can be constructed of this length, centered at point A. The inter- 
section of this arc and the possible path of point C determines the extreme 
downward position of C, denoted as C’. 

5. Links 2 and 3 can be drawn, and point B’ can be determined (Figure 4.23C). 

Next, the configuration that places the nozzle, link 4, in its extreme upper posi- 
uon must be determmed. Similar to the slider crank discussed above, links 2 and 3 
are in line, but overlapped. This provides the minimum distance between points A 
and C. Thus, this minimum distance is the difference between the lengths of links 3 
and 2. 

This minimum distance can be determined in a similar fashion to rhe maximum 
distance. Recall that the distance between C and E in Figure 4.23B represents the 
combined length of links 2 and 3. Similarly, the distance between points C and fi 
represents the difference between links 3 and 2. 

Using this distance, the position of point C at its extreme upward position, de- 
noted as C”, can be determined. This is shown in Figure 4.238. Finally, links 2 and 3 
can be drawn and the position of point B’ is located. 
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The stroke of the nozzle can be measuted as the extreme angular displacement of 
link 4. Scaling this from the kinematic diagram yields the following: 

A8, = 47” counterclockwise 

+3 LIMITING POSITIONS: ANALYTICAL ANALYSIS 

Analytical determination of the limiting positions for a mechamsm IS a combinatmn 
of two concepts presented earlier in this chapter: 

Concept 1. The logic of configuring the mechanism into a limiting configuration. 
This was incorporated in the graphical method of determining the 
limiting positions, as presented in Section 4.7. 

Concept 2. The method of breaking a mechanism into convenient triangles and 
using the laws of trigonometry to determine all mechanism angles and 
lengths, as presented in Section 4.6. 

Combining these two concepts to determine the position of all links in a mecha- 
nism at a limiting position is illustrated through the Example Problem below. 

:@.&M?LE PROBLEM 4.8 

Figure 4.24 shows a conveyor transfer mechanism. Its function is to feed packages 
to a shipping station at specific intervals. Analytically determine the extreme posi- 
tions of the lifting conveyor segment. 

Figure 4.24 Conveyor feed for Example Problem 4.8 

Solution: 

The kinematic diagram for the mechanism is given in Figure 4.25A. The end of the 
conveyor segment is labeled as point of interest X. 

This mechanism is another four-bar linkage. As seen in Section 4.7, the follower 
of a four-bar is in an extreme position when links 2 and 3 are in line with each other. 
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Figure 4.25 Mechamsm for Example Problem 4.8 

Figure 4.25B illustrates this mechanism with the follower in its upper position. No- 
tice that the links form a general triangle, AACD. 

This upper-limiting position is fully defined by determination of the internal an- 
gles. The internal angle at joint A, /CAD, can be found using the law of cosines: 

cosLCAD = 
AD’ + AC - CD2 

WD)(ACJ 

~ (18 in)2 + (20 in)’ - (8 in)’ = o,917 

2(18 in)(20 in) 

LCAD = co~~‘(O.917) = 23.6” 

The law of sines can be used to find either of the remaining internal angles. The 
law of sines may present some confusion with angles between 90” and 180” because: 

sin B = sin (lSOa - B) 

When the inverse sine function is used on a calculator, an angle is between 0” and 90”. 
Howevq the desired result may be an angle between 90” and 180”. To minimize this co&- 
sion, it is recommended to draw the triangles to an approximate scale, and verify numerical 
results. Also, it is best to use the law of sines with angles that are in the range of 0” to 90”. 

Using that approach, the internal angle at joint C, LACD, is determined using the 
law of sines since it is obviously smaller than 90”. 

(18 in) 
~ -sm 23.6” = .900 

(8 in) 

LACD = sK’(0.90) = 64.1’ 
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The internal angle at joint D, LADC, can be determined: 

LADC = 180” - (/CAD + LADC) 

= 180” - (23.6” - 64.1”) = 92.4” 

Figure 4.25C illustrates this mechanism with the follower in its lower position. 
Again, the links form a general triangle, AAC’D. 

To fully define this configuration, the internal angles aredetermined through an 
identical procedure as described above. 

For the internal angle at joint A, LCAD: 

cosLC’AD = 
AD’ t AC2 - C’D’ 

2(AD)(AC’) 

= (18 in)2 + (12 in)’ - (8 in)’ = o,935 

2(18 in)(12 in) 

LC’AD = co~~‘(O.935) = 20.7 

The internal angle at D is in the range of 0” to 90”. Therefore, for the internal an- 
gle at joint D, LAC’D: 

(18 in) 
= --s,n 20.7” = 0.795 

(8 in) 

LADC’ = sK’(0.795) = 52.8” 

Finally, the internal angle at joint C’, LAC’D, can hP determined by the follow- 

ing: 

LAC’D = 180” - (LC’AD + LADC’) 

= 180” - (20.7” + 52.8”) = 106.4” 

To summarize, the conveyor segment cycles between 92.4” and 52.8”, as mea- 
sured upward from the vertical: 

52.82” i Q4 192.38” 

and the stroke is: 

AQ4 = 92.4” - 52.8” = 39.6” 

,. 
: 4.9 COMPLETE CYCLE: GRAPHICAL POSITION ANALYSIS 

The configuration of a mechanism at a particular instant IS termed the phase of the 
mechanism. The position analyses discussed in this chapter focus on determining the 
phase of a mechanism at a given displacement of an input link. 



A cycle of a mechanism is the motion from a given phase until all the links of the 
mechanism assume the original configuration. From an analysis standpoint, the ac- 
tual determination of an original configuration is not important. Any convenient 
configuration, can be selected as the original phase. 

To complete a full-position analysis, it is common to determine the configuration 
of the mechanism at several phases of its cycle. The procedure, whether graphical or 
analytical, is virtually the same as detailed in the previous sections. However, the 
only adaptation includes repeating these procedures at some interval of input posi- 
tion. The following Example Problems illustrate the position analysis for a full cycle. 

; FXAMPLE PROBLEM 4.9 

Figure 4.26 shows the driving mechanism of hand-held grass shears. The mechanism 
operates by rotating the large disc as shown. Graphically determine the position of 
the driving mechanism at several phases of its operating cycle. 

Figure 4.26 Grass shears for Example Problem 4.9 

Solution. 

The kinematic diagram is given in Figure 4.27A. The end of the middle cuttmg blade 
is labeled as point of interest X. 

This mechanism is constrained and is verified by the following equations: 

n = 4j0 = (3 pins + 1 sliding) = 4 jh = 0 

and: 

F = 3(n - 1) ~ 2jp ~ jh 

= 3(4 - 1) ~ 2(4) - 0 = 1 

As mentioned, drawing the mechanism in several phases of its cycle is Identical to the 
previous position analysis, but repetitive. While drawing the different phases, the kine- 
matic diagram can become cluttered very quickly. It is highly recommended that different 
colors or fonts be used to represent each phase of the cycle. When using CAD, it is also ben- 
eficial to place each phase on a different layer, which can be rapidly displayed or hidden. 

For this problem, the driving link, link 2, is positioned at 45” intervals through- 
out its cycle. This is shown in Figure 4.27B. In practice, even smaller increments are 
used depending on the desired level of precision. 



Figure 4.27 Mrchamsm phases for Examplr Problem 4.9 

The phases assoi~ared wnh the lmutmg pouwn> >huuld alw lx dctcrmmcd. The 
shear blade reaches its upward-most position when link 4 rotates to the greatest an- 
gle possible. This occurs when link 4 is tangent to the circle that represents the pos- 
sible positions of point B. The point of tangency is denoted as B’ and the cone- 
sponding position of the blade is denoted as X’. This is shown in Figure 4.1SC. 

Similarly, the lowest position of the blade occurs when link 4 dips to its lowest angle. 
Again, this occurs when link 4 is tangent to the circle that represents the possible paths of B. 
The points related to this lowest configuration are denoted in Figure 4.27C as B” and X”. 

The maximum displacement of link 4 can be scaled from the kinematic diagram: 

AB, = 17” clockwise 

4.10 COMPLETE CYCLE: ANALYTICAL POSITION ANALYSIS 

To generate the configuration of a mechanism throughout a cycle, ~ualyucal dnaly- 
sis can be repeated to obtain various phases. This can be an extremely repetitious 
pXXSS. 



Figure 4.27 
continued 



124 Chapter 4 POSTION ANALYUS 

Equations, generared from triangles defined m part by the mechanr~m links, can 
be summarized as in equations 4.1 through 4.12. Th ese equations can be solved for 
various values of the driver position. Computer spreadsheets are ideal for such 
analyses. Spreadsheets are introduced in Chapter 7. 

.EXAMPLE PROBLEM 4.10 

Figure 4.28 shows a mechanism that is designed to push parts from onr conveyor to 
another. During the transfer, the parts must be rotated as shown. Analytically deter- 
mine the position of the puchrr rod at several phases of its motion. 

Figure 4.28 Conveyor feed for Example Problem 4.10 

Solution: 

The kinematic diagram for this mechanism is shown in Figure 4.29. Noncr that x IS ai o&x:r 
slideraank mechanism. Thus, equations 4.4,4.5, and 4.6 can be used in a full-cycle analysis. 

Figure 4.2Y Kmerrranc diagram for Examplr 
Problem 4.10 

The equarv~ns were input into Table 4.1 and yielded the results a shown. 
Focusing on link 4, the slider oscillation can be approximated as: 

26.51 mm < L4 < 93.25 mm 

and the maximum displacement as: 

L, = ALq ” 93.25 - 26.51 = 66.74 mm 

I’hls 15 only an approximation because, at 1.5” increments, the limmng po~~rrw 
cannot be precisely detected. When exact information on the limiting position is re- 
quired, the techniques discussed in Section 4.8 can be used. 
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her Rod for Example Problem 4.10. 

,.% ./,,_ ,. 6 Ided -I (deg) 
1”,.*,,,.1**.iii.*. 

25.38 154.62 .“,,**ll,,l,l.~~ (. 
lr:1:152:::::!::’ ( .s7:92 32.65 132.35 

3. .X9.60. 40.01 109.99 
68.93 47.02 87.98 
57.03 53.10 66.90 
45.47 57.41 47.59 

: .:, .3.6.Q6 59.00 31.00 
29d94~ ._, 57.41 17.59 
ii,03 53.10 6.90 

,,_... 
/ ‘.Z 

..,. 

: ,,;g:51 47.02 
,/*,.._a. 

j,..:zwi4 40.01 
:;“:.~29.96 32.65 

x25 5.38 334.62 
:7.40 18.52 326.48 
12.39 12.37 317.63 

7.21 
I:(‘; 34.88 3.29 
..a'~62.23 0.84 
::,. j ‘0.00 0.00 

v’ : 77.76 0.84 

307.79 
296.71 
284.16 
270.00 
254.16 

/ ~. (,. 

., 84.88 3.29 236.71 
'90.66 7.21 217.79 
94.35 12.37 197.63 

18.52 176.48 
25.38 154.62 

Observing the information on the joint angles, it appears that the equations for 
y led to a discontinuity at the crank angle, Q2, of 150”. The values are correct and 
physically correspond to the configuration where link 2 passes under link 3, and y 
measures the outside angle. This illustrates the need to verify the information ob- 
tained from the equations with the physical mechanism. 

;$.$I DISPLACEMENT DIAGRAMS 

Once a full-cycle position analysis is completed, it 1s common to plot the displacemcnr 
of one point corresponding to the displacement of another point. It is most crxnmon 
to plot the displacement of a point on the follower to the displacement of a point on 
the driver. 

Typically, the displacement of the driver is plotted on the x-axis. In the case of a 
crank, the driver displacement consists of one revolution. The corresponding dis- 
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placement of the follower is plotted along rhe y-axes. The dq&ccmcm plotted may 
be linear or angular depending on the motion obtained from the specific mechanism. 

‘EXAMPLE PROBLEM 4.11 

Figure 4.30 shows the driving mechanism of a reaprocating compressor. Plot a dis- 
placement diagram of the piston displacement relative to the crankshaft rotation. 

After close exammation, thr compressor mechanism is identified a a Jider crank. 
Recall that this mechanism has one degree of freedom, and can be operated by ro- 
tating the crank. The kinematic diagram with the appropriate dimensions is shown 
in Figure 4.31. 

Figure 4.31 Kinematic diagram 
for Example Problem 4.11. 

The tigure dxplays the reference positions from which the displaccmenr~ of the 
crank (link 2) and the piston (point C) are measured 



TABLE 4.2 Position of Piston for Example Problem 4.11 

’ Crank idee) 0 30 60 90 120 150 180 I : l?iston(in) Crank (deg) 0 210 0.14 240 0.48 270 0.90 300 1.23 330 1.40 360 1.50 

1 1 Piston (in) 1.40 1.23 0.90 0.48 0.14 0.0 

The actual displacements can be determined either analytically or graphically, us- 
ing the methods presented in the previous sections. For this problem, the displace- 
ments were obtained analytically and are tabulated in Table 4.2. The crank dis- 
placement (0,) is in degrees and the piston displacement (s,) is in inches. 

0 0” 120 180 240 3”” 160 

Crank angle (kg) 

Figure 4.32 D~splaccmmt diagram for Example Problem 4.11 

These values are plotted in Figure 4.32 to form a displacement diagram. 

4.12 COUPLER CURVES 

The motion of the connecting rod or coupler of a four-bar mechanism is rather 
complex. The path traced by any point on the coupler is termed a coupler CUYVE. 
Two of these paths, namely those traced by the pin connections of the coupler, are 
either a circle centered at the fixed pivot, or a line parallel to a sliding joint. How- 
ever, all other points on the coupler trace rather complex curves. 

The methods in this chapter can be used to construct the trace of the motion of cer- 
tain points on a mechanism. Section 4.9 introduces the concept of constructing the 
configuration at several phases of its cycle. As these phases are constructed, the posi- 
tion of a certain point can be retained. The curve formed by joining the position of this 
point at several phases of the mechanism forms the trace of that point. If the point re- 
sides on a floating link, the resulting trace, or coupler curve, is a complex shape. These 
traces can be used to determine the spatial requirements of a mechanism. 



While manual drafting techniques are instructive 
for problems that require graphical solution, use 
of a CAD system is highly recommended. 

Graphical and Analytical Position Analysis 

For the mechanism shown in Figure P4.1: 

Scale. 
0 
++d 

Figure P4.1 Problems 1-6, 71, 82. 

4-l. Graphically position the links as link 2 is ro- 
tated 90” counrerclockwisc and determine the 
resulting linear displacement of link 4. 

4-2. Graphically position the links as link 2 is IO- 
tated 120” clockwise, and determine the result- 
ing linear displacement of link 4. 

4-3. Analytically position the links as link 2 is IO- 
tated 120” counterclockwise, and determine 
the resulting linear displacement of link 4. 

44. Analytically posxion the links as link 2 is ro- 
tated 90” clockwise, and determine the result- 
ing linear displacement of link 4. 

4-5. Graphically position the links into the configu- 
rations that place link 4 in its limiting posi- 
t~ons. Determine the maximum linear displace 
menf (stroke) of link 4. 

4-6. Analytically position the links into the config”- 
rations that place link 4 in its limiting posi- 
tions. Determine the maxm~um linear displace- 
ment (stroke) of link 4. 

Far the mechanism shown in Figure P4.7: 

4-7. Graphically position the links as link 2 is ro- 
tated 120” counterclockwise, and determine 
the resulting angular displacement of link 4. 

r-8. Graphically position the links as link 2 is ro- 
tated 60” clockwise, and determine the result- 
ing angular displacement of link 4. 

4-9. Analytically position the links as link 2 is ro- 
rated 90’ counterclockwise, and determine the 
resulting angular displacement of link 4. 

4-10. Analytically position the links as link 2 is IO- 
tated 90” clockwise, and determine the result- 
mg angular displacement of link 4. 

4-11. Graphically position the links into the configu- 
rations that place link 4 in its limiting posi- 
tions. Determine the maximum angular dis- 
placement (stroke) of link 4. 

4-12. Analytically position the links into the configu- 
rations that place link 4 in its limiting posi- 
tions. Determine the maximum angular dis- 
placement (stroke) of link 4. 

For the mechanism shown in Figure P4.13: 

10.25 in -I 

Figure P4.13 Problems 13.18, 72, 84 

4-13. Graphically position the links as link 2 is ro- 
tated 90” counterclockwise, and determine the 
angular displacement of link 4. 

4-14. Graphically position the links as link 2 is IO- 
tared 30” clockwise, and determine the angular 
displacement of link 4. 

4-15. Analytically position the links as link 2 is IO- 
rated 150” counterclockwise, and determine 
the angular displacement of link 4. 

4-16. Analytically position the links as link 2 is ro- 
tated 90” counterclockwse, and determine the 
angular displacement of link 4. 

Figure P4.7 Problems 7.12, 71, 83. 



4-17. Graph,cally poimun rhc lmki mru rhe configum 
rations that place link 4 in its limiting posi- 
Cons. Determine thr maximum angular dw 
placement (stroke) of link 4. 

4-I 8. Analytically position the links into the configu- 
ratirrns that place link 4 in xs limiting posi- 
tmns. Determine the maximum angular dis- 
placcmcnt (stroke) of link 4. 

For the mechanism shown in Figure P4.19: 

5. 

mm 

Figure P4.19 Problems 19-26, 73, 85 

q-19. Graphically position the links as hnk 2 is roe 
tated 120” cauntercluckvnse, and detrrmmr 
the displacement of link 4. 

4-20. Graphically positmn the links as ilnk 2 is ro- 
tated 60” clockwse, and determine the dis- 
placement of link 4. 

4-21. Analytically poslrion the links as link 2 is ro- 
tated 90” counterclockwise, and determine the 
displacement of link 4. 

4-22. Analytically position the links as link 2 is RI- 
tated 30” clockwise, and determine the dis- 
placement of link 4. 

4-23. Graphically position the links as hnk 4 is 
moved 5 mm to the right, and determine the 
angular displacement of link 2. 

4-24. Analytically position the links as link 4 is 
moved 4 mm to the left, and determine the an- 
gular displacemmt of link 2. 

4-25. Graphically position the links into the configw 
rations that place hnk 4 in its limiting posi- 
tions. Determine the maximum displacement 
(stroke) of link 4. 

4-26. Analytically position the links into the configu- 
rations that place link 4 in its limitmg posi- 
rions. Determine the maximum displacement 
(stroke) of link 4. 

For the mechanism shown in Figure P4.27: 

Figure P4.27 Problems 27-34, 74, 86. 

4-27. Graphically position the links as Ink 2 is IO. 
tated 90” counterclockwise, and determine the 
displacement of point X. 

4-28. Graphically posmon the links as link 2 is IO- 
tatcd 150” clockwise, and determine the dis- 
placement of point x. 

4-29. Analytically position the links as lmk 2 IS ro- 
tated 110” counterclockwise. and determine 
the displacement of link 4. 

4-30. Analytically powion the links as hnk 2 is ro- 
tated 70” clockwise, and determine the dis- 
placement of link 4. 

4-3 I, Graphically position the links as link 4 is dis- 
placed 5 in up the incline, and determine the 
displacement of point X. 

4-32. Analytically positmn the links as link 4 is ro- 
tated 7 in down the incline, and determine the 
displacement of link 4. 

4-33. Graphically position the links into the configu- 
rations that placr link 4 in its limiting posi- 
tions. Determine the maximum displacement 
of point X and the stroke of link 4. 

4-34. Analytically position the links into the configw 
rations that place link 4 m its limiting posi- 
ti~ns. Determine the stroke of link 4. 



For the dump truck mechanism shown m 
Figure P4.35: 

m ..m 

Figure P4.35 Problems 35.40, 75, 87. 

t-35. Graphically determine the displacement of the 
hed as the cylinder is shortened 0.15 m. 

4-36. Shown m Figure P4.3.5 is a dump truck with a 
bed that is operated by a hydraulic cylinder. 
Graphically determine the displacement of the 
dump truck bed as the cylinder is lengthened 
0.2 m. 

4-37. Shown XI Figure P4.35 is a dump truck with a 
bed that is oorrated bv a hvdraulic cvlindcr. , , 
Graphically determine the required displacr- 
man of the cylinder when the dump truck bed 
IS raised 15”. 

4-3X. Shown in Figure P4.35 is a dump truck with a 
bed that is operated by a hydraulic cylinder. 
Analytically determine the displacement of the 
dump truck bed as the cylinder is lengthened 
0. I m. 

4-39. Shown in Figure P4.35 is a dump truck with a 
bed that 1s operated by a hydraulic cylinder. 
Analytically determine the displacement of the 
dump truck bed as the cylinder is shortened 
0.1 In. 

4-40. Analytically determine the required displace- 
ment of the cylinder when thr bed is to be low- 
ered 20”. 

For the VKX grips shown m Figure P4.41: 

Figure P4.41 Problems 41.44, 76, 88. 

4-41 

4-42 

J-l3 

444 

Graph&ly determine the positron of all IInk,, 
as the top jaw is opened 40” from the position 
shown, while the lower jaw is held stationary. 
Determine the angular displacement of the top 
handle to accomplish this motion. 
Graphically determine the position of all links 
in the vice grips in Figure P4.41, as the top 
handle is opened 20” from the position shown, 
while the lower handle is held stationary. De- 
termine the resulting angular displacement of 
the top jaw. As the thumb screw in Figure 
P4.41 is rotated, the effective pivot point of its 
contact link is moved. During this motion, the 
spring prohibits the jaws from moving. 
Graphically reposition all links as this effective 
pivot point is moved 2 cm to the right. Then 
graphically determine the position of all links 
in the vice grips as the top jaw is opened 40 
from the position shown, while holding the 
hrxtom jaw fixed. Determine the angular dis- 
placement of the top handle to accomplish this 
mot10n. 
As the thumb SCICW in Figure P4.41 is rotated, 
the effective pivot point of its contact link is 
moved. Durmg this motion, the spring pro- 
hibits the jaws from moving. Analytically 
reposition all links as this effective pivot point 
is moved 2 cm. to the right. Then analytically 
determine the position of all links in the vice 
grips as the top handle is opened 20” from the 
position shown, while holding the bottom 
handle fixed. Determine the resulting angular 
displacement of the top jaw. 



The heat-treated furnace door is closed 
when contigurcd with the dimensions shown 
in Figure P4.45: 

E~gure P4.45 Problems 45-48, 77, 89. 

Graph&iy determine the amount that rhc 
door opens as the Icvcr, which LS originally scf 
at lo”, is rotated to 40”. 
Graphically determine the amount that the 
lever needs IO bc rotated in order to raw the 
door 3 in. 
Analytically determine the amount that the 
door opens as the lever, which is originally set 
ar lo”, is rotated to 25”. 
Analytically determine the amount that the 
lever needs to be rotated in order IO raise the 
door 6 in. 

A small, foot-operated air pump is shown 
in Figure P4.49: 

Figure P4.49 Problems 49-52, 78,90 

449. Graphically determine the distance that the air 
cylinder contracts when the foot pedal is IO- 
rated 2.S” counterclockwise from its current 

4-50 

4-j I 

4-52 

posmrrn. Knowmg that rhc dlamerrr of the 
cyhnder is 25 mm, calculatr the volume of air 
that is dqlacrd by the pump, also dercrminc 
the displacement of pwnt X. 
Graphically determine the amount of rotation 
of the foot pedal to compress the air cylinder 
to 175 mm, and determine the displacement of 
point X. 
Analytically determme rhe distance that the dir 
cylinder contracts, when the foot pedal is IO- 
rated 20” counterclockwise from its current 
positIon. Knowing that the dnmeter of the 
cylinder iy 25 mm, also calculare the volume of 
air that is dqlaced by the pump. 
Analytically dcrcrminr the amoum of rowion 
of the foot pedal fo compress the air cylinder 
to 130 mm. 

A carrier for a microwave oven, fo assist 
people in wheelchairs, is shown in Figure 
P4.53. The two support links are identical. 

Figure Pd.53 Problems 53-56, 7Y, !+I 

4-53. Graphically determine the amount of romtwn 
of rhc from support link when the bnear actu- 
anx ia retracted to a distance of 400 mm. Also, 
determine the vertical distance that the carrier 
is lifted. 

4-54. Graphically determine the amount that the In 
ear acmato~ needs to retract when the from 
support link is raised 45”, and determine the 
vertical distance that the carrier is hfted. 
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4-55. 

4-56. 

Analytically determine the amount of rorxwn 
of the support link when the linear actuator is 
retracted to a distance of 425 mm, and derw 
mine the vertical distance that the carrier is 
lifted. 
Analytically determme the amount that the bn- 
ear a~tuafo~ needs to refract when the front 
support link is raised 70”, and determine the 
vertical distance that the carrier is lifted. 

A lift truck, used to load and unload sup- 
plies into passenger jets is shown in Figure 
P4.57: 

Figure Pt.57 Problems 57.60, 80, 92 

4-57. Graphically determine the vertical distance 
that the truck box lowers, if the bottom sliding 
pm were moved toward the cab, from the dis- 
tance of 2.0 m to 2.5 m. 

4-5X. Graphically determine the distance the lowrr 
pins must widen to lower the truck box 
0.75 m. 

4-59. Analytically determine the vertical distance 
that the truck box lowers. if the bottom &dine y 
pin were moved from the distance of 2.0 m to 
1.5 m. 

d-60. Analytically determine the distance the lower 
pins must be widened to lower the truck box 
l.Om. 

The nose wheel landing gear mechanism 
for a small airplane is shown in Figure P4.61. 

Figure P4.61 Problems 61-64, 81, 93 

4-6 1 

4-62 

d-63 

4-64 

Graphically determine the angular litt of the 
wheel assembly, as the crank is rotated 60” 
counterclockwise. 
Graphically determine the angular displacr- 
merit of the crank that would place the wheel 
assembly at its highest position. Also deter- 
mine, from the current position, the amount 
that the wheel assembly will rotate. 
Analytically determine the angular lift of the 
wheel assembly, as the crank is rotatcd 110” 
counterclockwise. 
Analytically determine the angular displace- 
ment of the crank that would place the wheel 
assembly at its lowest position. Also deter- 
mine, from the current position, the amount 
that the wheel assembly will rotate. 

Displacement Diagrams 

For the mechanism shown in Figure P4.1; 
4-65. Graphically create a displacement diagram of 

the linear motion of link 4 as link 2 rotates a 
full cycle. 

4-66. Analytically create a displacement dqram of 
the linear motion of link 4 as link 2 rotates a 
full cvcle. 



full cycle. 
4-68. Analytically create a displacement diagram of 

the angular motion of link 4 a~ lmk 2 rofafcs a 
full cvclr. 

Fdr the mechanism shown in Figure P4.13: 
4-69. Graphically create a displacement diagram ot 

thr angular motion of Ink 4 as link 2 rotafcs a 
f”ll cycle. 

4-70. Analytically create a displacemrnt diagram of 
the angular motion of link 4 as Ink 2 TOCICCS a 
full cycle. 

For the mechanism shown in Figure P4.19: 
4-71. Graphically creav a displacement diagram of 

the linear motion of link 4 as link 2 rofafes a 
full cycle. 

4-72. Analytically cxafe a d~splacemenr diagram of 
the linear motion of link 4 as link 2 rotates a 
full cycle. 

For the mechanism shown in Figure P4.27: 
4-73. Graphically creafe a displacement diagram of 

the linear motion of link 4 as link 2 rotates a 
full cycle. 

4-74. Analytically create a displaccmenr diagram of 
the linear motion of link 4 as link 2 rotacs a 
full cycle. 

For the dump truck mechanism shown in 
Figure P4.35: 

t-75. Graphxally create a displacemenr diagram of 
the angular motion of the bed as the cylinder 
extends from 1.25 m IO 1.75 m. 

q-76. For the vice grips shown in Figore P4.41, 
graphxally create a displacement diagram of 
the angular mono” of the rop handle as the 
bottom handle is selected as the framr and the 
top jaw opens to 45” from the currem posi- 
t,on. 

4-77. For the furnace door shown in Figure P4.45; 
graphically creafe a displacement diagram of 
the vertical motion of the door as the handle is 
rotated downward 45” from the c”rrenf pow 
t,on. 

J-78. For the bicycle pump shown in Figure P4.49. 
graphically creafe a displacement diagram oi 
the length of the cylinder as the foot pedal ii 
rotated ro downward 30” from the c”ircnr po- 
SIT,““. 

-I-/?. h,r rhe ,,,,cruw~\-c UYC” ~arncr shown in Fig- 
“re P4.53, graphically create a displacemcm 
diagram of the vertical displacement of the 
carrier as the linear acfwafor extends from 200 
mm to 700 mm. 

4-80. For the bfring truck box shown in Figure 
1’4.57, graphically crcae a displacement dia- 
gram of rhi haght of the box as the lower pms 
are separated from 1.5 m fu 2.8 m. 

4-81. For the nose wheel mechanism shown in Fig- 
UK P4.61, graphxally crcatc a displacement 
&gram of the angular displacement of thr 
wheel assembly as the motor crank rocks 
clockwise 105” from its C”IIC”~ position. 

Displacement Problems Using 
Working Model 

4-82. 

4-8.3. 

-1-84. 

4-83. 

4-86. 

4-87. 

4-8X. 

Use the Working Model0 software obtailxd 
with the wxt to creafe a model and provide the 
desired output for the following mechanisms. 
Using the mechanism in P4.1, create a dls~ 
placement diagram of the lmcar motion of link 
4 as lmk 2 rotares a full cyclr. 
twr the mechanism shown in Figure P4.7, CIC~ 
ate a displacement diagram of the a”g”lar mom 
rion of link 4 as link 2 rofafcs a full cycle. 
For the mechanism shown in Figure P4.13, 
crate a displacement diagram of the angular 
motion of link 4 as l&k 2 rotates a full cycle. 
For rhc mechanism shown in Figure P4.19, 
create a displacement diagram of the linear 
motion of link 4 as link 2 rotates a full cycle. 
For the mechanism shown in Figure P4.27, 
creaw a displacement diagram of the bncar 
motion of link 4 as link 2 rofafes a full cycle. 
For the dump truck mechanism shown in Fig- 
ure P4.35, create a displacement diagram of 
the angular motion of the bed as the cylinder 
extends from 1.2511~ to 1.75m. 
For the vice grips shown m Figure P4.41, cw 
ate a displacemcnt diagram of the angular mw 
tion of the top handle as the bottom handle is 
selected as the frame and the fop jaw opens fo 
4.5” from the arrenf position 
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4-89. For the furnace door shown in Figure 1’4.45, 
create a displacement diagram of the vertical 
motion of the door as the handle is rotated 
downward 45” from the current position. 

4-90. For the bicycle pump shown in Figure P4.49, 
create a displacement diagram of the length of 
the cylinder as the foot pedal is rotated down- 
ward 30” from the current position. 

4-91. For the microwave oven cattier shown in Fig- 
ure P4.53, create a displacement diagram of 
the vertical displacement of the carrier as the 

4-l. Figure C4.1 shows a mechanism that was de- 
signed to impart motion on a machine slide. 
Carefully examine the configuration of the com- 
ponents in the mechanism, then answer the fol- 
lowing leading questions to gain insight into the 
operation. 

F 

Figure C4.1 (Courtesy, Industrial Press) 

1. As wheel C is rotated clockwise, what IS the 
motion of pin D? 

2. What is the motion of pin P? 
3. What is the motion of pin K? 
4. What effect does turning the handwheel F 

have on slide U? 
Describe the manner in which the motion 

of the handwheel is transferred to the slide U. 
5. What effect does turning the handwheel F 

have on the motion of the mechanism? me 
sue to comment on all characteristics of the 
motion. 

6. What is the purpose of this device? 

4-92 

4-93 

hear acnsator rxrends from LOO mm to 700 
mm. 
For the lifting truck box shown in Figure 
P4.57, create a displacement diagram of the 
height of the box as lower pins are separated 
from 1.5 m to 2.8 m. 
For the nose wheel mechanism shown in Fig- 
ure P4.61, create a displacement diagram of 
the angular displacement of the wheel assem- 
bly as the motor crank rocks clockwise 105” 
from its current position 

4-2. Figure C4.2 presents an mterestmg maten& 
handling system for advancing small parts onto 
a feed track. Carefully examine the the configu- 
ration of the components in the mechanism, 
then answer the following leading questions to 
gain insight into the operation. 

Figure C4.2 (Courtesy, Industrial ~rrss) 

1. The small, round-head SCT~W blanks are fed 
into a threading machmr through track B 
and C. How do the sctews get from bowl A 
to track B? 

2. Although not clearly shown, track R is of a 
parallel finger design. Why is a parallel fin- 
aer arranczement used to carry the screws? 

3. As a second mechanism intermittently raises 
link D, what is the motion of track B? 

4. Determine exactly what connects link D and 
track B. 

5. What is the purpose of link E? 
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6. As a irwnd mechamsm mrermmrntly ra,ses 
link D, what is the motion of the screws? 

7. What determines the lowest position that 
link D can travel? Notice that the tips of 
track B do not contact the bottom of bowl A. 

8. As screws are congested in the outlet track 
C, what happens to finger F as link D is 
forced lower? 

9. As screws arc congested in the outlet track 
C, what happens to the tips of track B? 

10. What is the purpose of this device, and dis- 
cuss its special features? 

11. What type of mechanism could be operating 
link D? 

l-3. Figure C4.3 depicts a producrwn rransfer ma- 
chine that moves clutch housings from one sta- 
tion to another. Platform A supports the hous- 
ings during the transfer. Carefully examine the 
the configuration of the components in the 
mechanism, then answer the following leading 
questions to gain insight into the operation. 

1. To what ~ypr of mon~n IS bar B resrrmed? 
2. What motion does link C encounter as ax 

cylinder L is shortened? 
3. What is the motion of point K as air cylinder 

L is shortened? 
4. Why does joint F need to ride in slot G? 
5. What is the purpose of this mechanism? 
6. What effect does turning the threaded rod 

end R have, thus lengthening the cylinder 
rod? 

7. Knowing that the drawing IS one~quarter 
size, draw a kinematic sketch of this mecha- 
nism. 

8. Compute the mobility of this mechanism. 
9. Graphically reposition all links as the air 

cylinder is shortened 2 in. 

Figure C4.3 (Courtesy, Industrial Press) 



Analysis 

:OBJECTIVES upon compktion ofthis chapter, the student wdl he able to: 

1. Define linear, rotational, and relative velocities. 

2. Convert between linear and angular velocities. 

3. Using the relative velocity method, graphically solve for the vrloc~ty of a pant on 
a link, knowing the velocity of another point on that link. 

4. Using the relative velocity method, graphically and analytically determine the ve- 
locity of a point of interest on a floating link. 

5. Using the relative velocity method, analytically solve for the velocity of a point on 
a link, knowing the velocity of another point on that link. 

6. Using the instantaneous center method, graphically and analytically determine 
the velocity of a point. 

7. Construct a velocity curve to locate extreme velocity values. 

:, A.1 INTRODUCTION 

Velocity analysis involves determining “how fast” certam points on the links of a 
mechanism are traveling. Velocity is important because it associates the movement 
of a point on a mechanism with time. Often the timing in a machine is critical. 

For instance, the mechanism that “pulls” video film through a movie projector 
must advance the film at a very precise rate. A mechanism that feeds packing mate- 
rial into a crate must operate in sequence with the conveyor that indexes the crates. 
A windshield wiper mechanism operating on high speed must sweep the wiper 
across the glass zt least 45 times every minute. 

The determination of velocity in a linkage is the purpose of this chapter. Two 
common analysis procedures are examined: the relative velocity method and the in- 
stantaneous center method. Consistent with other chapters in this book, both graph- 
ical and analytical techniques are included. 
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3.2 VELOCITY OF A POINT 

Linear velocity of a point is the linear displacement of that point per unit time. Re- 
call that linear displacement of a point, s, is a vector and defined as a change in po- 
sition of that point. This was introduced in Section 4.3. 

As described in Chapter 4, the motion of a point is viewed as translation and is 
discussed in linear terms. By definition, a point can only have a linear displacement. 
When the time elapsed during a displacement is measured, the velocity can be deter- 
mined. 

As with displacement, velocity is a vector. The magnitude of velocity is often re- 
ferred to as “speed.” Understanding the direction of linear velocity requires deter- 
mining the direction in which a point is moving at a specific instant. Figure 5.1 illus- 
trates the velocity of two points on a link. The velocity of points A and B are 
denoted as vA and vg, respectively. Note that although they are on the same link, 
both these points can have different linear velocities. Points that are farther from the 
pivot travel faster. This produces a “whipping” action, that can be felt on several 
annmment rides. 

(5.1) 

15.21 

Figure 5.1 Lmear velocities of points on a hnk 

Mathemaucally, linear velocity of a point is defined as: 

ds 

“=z 

and for short time periods as: 

u3s 
At 



Because displacement is a vector, Equation 5.1 states that velocity is also a vector. 
Therefore, a direction is also required to completely define velocity. Linear velocity 
of a point is directed along the line of instantaneous motion of the point. From Fig- 
ure 5.1, uA is directed along the path that point A is moving at this instant. In casual 
terms, if point A were to break away from link 2 at this instant, point A would 
travel in the direction of its linear velocity. 

Linear velocity is expressed in the units of length divided by time. In the United 
States Customary System, the common units used are feet per second (it/s or fps), 
feet per minute (fr/s or fpm), or inches per second (in/s or ips). In the International 
System, the common lmit~ urrd RX- meters per second (m/s\ or millimeters per sec- 
ond (mm/s). 

5.3 VELOCITY OF A LINK 

As seen in Figure 5.1, several points on a link can have drastically different linear veloc- 
ities. This is especially true as the link simply rotates about a fixed point, as in Figure 
5.1. In general, the motion of a link can be rather complex as it moves and spins. 

Any motion, however complex, can be viewed as a combination of a straight line 
movement and a rotational movement. Fully describing the motion of a link can 
consist of identification of the linear motion of one point and the rotational motion 
of the link. 

Although several points on a link can have different linear velocities, the entire 
link has the same rotational velocity. Rotational velocity of a link is the rotational 
(or angular) displacement of that link per unit of time. Recall that rotational dis- 
placement of a link, A@, is a vector that is defined as the angular change in orienta- 
tion of that link. This was introduced in Section 4.3. 

Mathematically, rotational velocity of a link is defined as: 

and for short time prrwds, or when the velocity can be assumed linear: 

A0 

“‘at 

Because rotational displacement is a vector, Equation 5.3 states that rotational 
velocity is also a vector. The direction of rotational velocity is in the direction of ro- 
tation. It can be fully described by specifying either the term clockwise or counter- 
clockwise. For example, the link shown in Figure 5.1 has a rotational velocity that is 
consistent with the linear velocities of the points that are attached to the link. Thus, 
the link has a clockwise rotational velocity. 

Rotational velocity is expressed in the units of angle divided by time. In both the 
United States Customary System and the International System, the common units 
used are revolutions per minute (‘pm), degrees per second (degis), or radians per 
second (radis or rps) 
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$j4 RELATIONSHIP BETWEEN LINEAR AND ANGULAR VELOCITIES 

For a link in pure rotation, the linear velocity of any point attached to the link is re- 
lated to the angular velocity of the link. This relationship is expressed as: 

(5.5) 

where: 

u = 10 

u = linear velocity of the pant of mrcrex 
r = distance from the center of rotation to the point of interest 
w = angular velocity of the rotating link 

Linear velocity is always perpendicular to a line that connects the center of the 
link rotation to the point of interest. Thus, linear velocity of a point on a link in pure 
rotation is often called the tangential velocity. This is because the linear velocity is 
tangent to the circular path of that point, or perpendicular to the line that connects 
the point with the pivot. 

It is extremely important to remember that the angular velocity, w, in Equation 
5.5 must be expressed as units of radians per unit of time. To be exact, the radian is 
a dimensionless unit of angular measurement and is often omitted. Linear velocity is 
expressed in units of length per time and not radians times length per time, as Equa- 
tion 5.5 would infer. 

Often the conversion must be made from the more common unit of revolutions 
per minute (i-pm): 

w(rad/min) = [w(rev/min)] 

(5.6) 

and: 

= 274~ (rev/min)] 

(5.7) 

As stated in rhe previous section, the angular velocity of the link and the linear ve- 
locities of points on the link are consistent. That is, the velocities (rotational or lin- 
ear) are in the direction that the object (link or point) is instantaneously moving. As 
mentioned, linear velocity is always perpendicular to a line that connects the center 
of link rotation to the point of interest. 

:&WU?LE PROBLEM 5.1 

Figure 5.2 illustrates a cam mechanism used to drive the exhaust port of an internal 
combustion engine. Point B is a point of interest on the rocker plate. At this instant, 
the cam forces point R upward at 30 mm/s. Determine the rotational velocity of the 
rocker plate and the velocity of point C. 
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Figure 5.2 Mechanism for Example Problem 5.1 

The rocker plate is connected to the frame with a pin joint at point A. The velocity of 
point B is a vector directed upward with a magnitude of 30 mm/s. Figure 5.3 shows a 
kinematic diagram. 

Figure 5.3 Kinematic diagram for Example Problem 5.1. 

It should be apparent that as point B travels upward, the rocker plate, link 2, is 
forced to rotate clockwise. Therefore, as point B has upward linear velocity, the 
rocker plate must have a clockwise rotational velocitv. The magnitude of the rota- 
tional velocity is found by rearranging Equation 5.5: 

&+ = ‘R 
Yb 

= C30 mds) = 1.5 ra& 
20 mm 



rhis can be converted to rpm by rearranging Equation 5.6: 

a:(a,9:,, = gqg)] 

Including the direction: 

w2 = 1.5 rails, clockwise. 

The linear velocity of point C can also be computed from Equation 5.5: 

vc = Y,W~ 

The direction of the linear velocity of C must be consistent with the rotational ve- 
locity of link 2. The velocity also is perpendicular to the line that connects the cen- 
ter of rotation of link 2, point A, to point C. Therefore, the velocity of point C is di- 
rected to the right horizontally. 

Including the direction: 

,‘5S RELATIVE VELOCITY 

The difference between the motion of two pants is rcrmed relative monon. Con- 
sider a situation where two cars travel on the interstate highway. The car in the left 
lane travels at 65 miles per hour (mph) and the car in the right lane travels at 55 
mph. These speeds are measured in relationship to a stationary radar unit. Thus, 
they are a measurement of absolute motion. 

Although both are moving forward, it appears to the people in the faster car 
that the other car is actually moving backwards. That is, the relative motion of 
the slower car to the faster car is in the opposite direction of the absolute motion. 
Conversely, it appears to the people in the slower car that the faster car is travel- 
ing at 10 mph. That is, the relative velocity of the faster car to the slower car is 
10 mph. 

Relative wlocity is a term used when the velocity of one object is related to that 
of another reference object, which can also be moving. The following notation dis- 
tinguishes between absolute and relative velocities: 

vA = absolute velocity of point A 
us = absolute velocity of point B 
vBjA = relative velocity of point B with respect to A 

= velocity of point B “as observed” from point A 
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Relative motion - the difference between the motion of two points - can be 
written mathematically as: 

(5.8) 

or rearranged as: 

(5.9) zig = ** +> vB,* 

Note that Equations 5.8 and 5.9 are vector equations. Therefore, in order to use 
the equations, vector polygons must be prepared in accordance with the equations. 
The techniques discussed in Section 2.16 must be used in dealing with thee cqua- 
tions. 

PROBLEM 5.2 

Figure 5.4 shows a cargo lift mechanism for a delivery truck. At this instant, point A 
has a velocity of 12 in/s in the direction shown, and point B has a velocity of 20 in/s, 
also in the direction shown. Determine the rotational velocity of the lower link and 
the relative velocity of point B relative to point A. 

Figure 5.4 Mechanism for Example Problem 5.2 

Figure 5.5A shows the kinematic diagram of this mechanism. Notice that it is the fa- 
miliar four-bar mechanism. 

From the kinematic diagram, it should be apparent that as point A travels up and 
to the right, link 2 rotates counterclockwise. Thus, link 2 has a counterclockwise ro- 
tational velocity. The magnitude of the rotational velocity is found bv rearranging 
Equation 5.5 as follows: 

= (12 W = o,s * 

(24 in) set 
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(a) (b) 

Figure 5.5 Kinematic diagram for Examplr Problem 5.2. 

This can be converted to rpm by rearranging Equation 5.6 as: 

Including the direction: 

w2 = 5.8 rpm, counterclockwise 

The relative velocity of B with respect to A can be found from Equation 5.8: 

A vector polygon is formed from this Equation and is given in Figure 5.5B. No- 
tice that this is a general triangle. Either a graphical or analytical solution can be 
used to determine the vector Us,*. 

Arbitrarily using an analytical method, the velocity v~,~ can be found from the 
law of cosines. 

Yg,A = [VA2 + uIi2 2 (v/J(v&os 30”)] 

= g[(12in/si2 + (10.4inis)’ ~ 2(12in/s)(10,4in/s)(cos 30”)] = h.Oin/s 

The angle between u~,~ and uH is shown as 0 in Figure 5.5B. It can be found by us- 
ing the law of sines: 

1 = 90” 

Thus, this vector polygon actually formed a right triangle. The relative velocity of 
B with respect to A is stated formally as follows: 

uB,,., = 6.0 in/s + 

Relative velocity between two points on a link is useful in determining velocity 
characteristics of the link. Specifically, the relative velocity of any two points on a 
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(5.10) 

link can be used to determme the angular veloaty of that hnk. Assummg that pomts 
A, B, and C lay on a link, the rotational velocity can be stated as: 

~ ffA/B UBIC ~ VA/C 

TAB YBC YAC 

where rAII = the distance between points A and B. 

The direction of the rotational velocity is consistent with the relative velocity of 
the two points. The relative velocity of B with respect to A implies that B is seen as 
rotating about A. Therefore, the direction of the relative velocity of B “as seen 
from” A suggests the direction of rotation of the link that is shared by points A and 
B. Referring to Figure 5.6, when vBjA is directed up and to the left, the rotational ve- 
locity of the link is counterclockwise. Conversely, when u~,~ is directed down and to 
the right, the rotational velocity of the link is clockwise. 

3.6 GRAPHICAL VELOCITY ANALYSIS: RELATIVE VELOCITY METHOD 

Graphical velocity analysis will determine the velocity of mechanism points in a sin- 
gle configuration. It must be understood that the results of this analysis correspond 
to the current position of the mechanism. As the mechanism moves, the configura- 
tion changes, and the velocities also change. 

The basis of the relative velocity method of analysis is derived from the following 
fact: 

Two points that reside on the same link can only have a relative velocity that 
is in a direction perpendicular to the line that connects the two points. 

This fact is an extension of the definition of relative velocity. Figure 5.6 illustrates 
two points, A and B, that are on the same link. Recall that ugIA is the velocity of B 
“as observed” from A. For an observer at A, it appears that B is simply rotating 
around A, as long as both A and B are on the same link. Thus, the velocity of B with 
respect to A must be perpendicular to the line that connects B to A 

Figure 5.6 Kelat~ve velocity of two pants on the same link 



With rhls fact, and vector analysis techniques, the velocity of points on a mecha- 
msm can be determined. 

5.6.1 Points on Links Limited to Pure Rotation or Pure Translation 

The most basic analysis involves the determination of the velocity of a pomt on a 
link, that is limited to pure rotation or pure translation, knowing the velocity of an- 
other point on the same link. Pin joints are often convenient points of analysis be- 
cause they reside on two links, where one is typically constrained to pure rotation or 
pure translation. The solution of this problem can be summarized as: 

1. Determine the direction of the unknown velocity by using the constraints im- 
posed by the joint, either pure rotation or pure translation 

2. Determine the direction of the relative velocity between the two joints. For two 
points on the same link, the relative velocity is always perpendicular to the line 
that connects the points. 

3. Use the relative velocity equation below to draw a vector polygon: 

%nknown Pam = % nown po1”c + > ~uok*mvn p”mr/Kc~“wr, pa”r 

4. Using the methods outlined in Section 2.18, and the vector equation above, de- 
termine the magnitudes of: 

eJnkrm”n pomc & ~IJnknowl pc’~“l,Kn”bv” p”‘“’ 

This analysis describes the logic behind graphical velocity analysis. The acrual solur~or~ 
can be completed using manual drawing techniques (using a protractor and compass) or 
can be completed on a CAD system (using a rotate and copy command). The logic is iden- 
tical; however, the CAD solution is not susceptible to limitations of drafting accuracy. Re- 
gardless of the method being practiced, the underlying concepts of graphical position 
analysis can be further illustrated and expanded through the following Example Problem. 

/, 
:EXAMPLE PROBLEM 5.3 

Figure 5.7 shows a lift platform used to raise cargo onto commercial planes. It is op- 
erated by an electric motor that rotates spool A which either retrieves or releases ca- 
ble B. Cable B, in tun, moves pin C in its slot. At this instant, the cable pulls pin C to 
the left at a rate of 10 ftlmin. Determine the velocity of the center joint, point D. 

Figure 5.7 Mechanism for Example Problem 5.3. 



Figure S.8A show> the kinrmarlc &gram of this mechamsm 

Figure 5.8 Diagrams for Example Problem 5.3 
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To tully understand this mechanism, the mobility is computed as follows: 

and: 

n = 6jP = (5 pins + 2 sliders) = 7 jh = 0 

F = 3(n ~ 1) - 2j/, ~ jh 

= 3(6 1) - 2(7) ~ 0 = 1 

With one degree of freedom, this mechanism is fully operated with one input mo- 
tion. Of course, this motion is the actuation of the cable to the left at a rate of 
10 ftlmin. 

Because link 4 is fixed to the frame at E, point D is limited to rotation about E; 
therefore, the velocity of point D must be perpendicular to the line DE. 

In addition, both points D and C reside on the same link, namely, link 3. 
Therefore, the relative velocity of D with respect to C must be perpendicular to 
line DC. 

From the previous two statements, the directions of both velocities u,, and v~,~ 
are known. These velocities can be related using Equation 5.9: 

(5.9) ULl = UC: +> VD/C 

In this equation, only the magnitudes of vD and u,,,~ are unknown. This is iden- 
tical to the problems illustrated in Section 3.18. The vector polygon used to solve 
this problem is shown in Figure 5.8B. Th e magnitudes can be determined by observ- 
ing the intersection of the directed lines of vu and ZJ~,~, The completed vector poly- 
gon is shown in Figure 5.8C. The magnitudes of the velocities can be scaled, yielding 
the following equations: 

vg = 11.3 fpm 165” 

uDjc = 11.3 fpm L 65” 

Additionally, the angular velocities of links 3 and 4 may be of interest. These an- 
gular velocities can be determined from Equation 5.10 and knowing the distance be- 
tween points C-D and D-E: 

= 11.3 fpm 

2.2 it 
= 5.14 radis 

= 11.3 fpm 

2.2 it 
= 5.14 radis 
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Convert these results to rpm with the following: 

q$ = g b(g)] 

The direction of the linear velocity of point D forces link 4 to rotate counter- 
clockwise. The direction of D relative to C forces link 3 to rotate clockwise. 
Formally stating the results: 

wi = 5.14 radis, clockwise. 

wq = 5.14 radis, counterclockwise 

5.6.2 General Points on a Floating Link 

Determining the velocity oi general pants on a floating link presents a slightly more 
complicated analysis. A floating link is simply a link that is not limited to pure rota- 
tion or pure translation. The difficulty arises in that neither the direction nor magni- 
tude of the unknown velocity is known. This is fundamentally different from the 
analysis presented in Example Problem 5.3. 

To determine the velocity of a point on a floating link, the velocity of two addi- 
tional points on the link must be already determined. As previously stated, the two 
points are commonly pin joints constrained to rotation because their velocities are 
readily obtained. This restriction assumes that the analysis similar to Example Prob- 
lem 5.3 has been completed. 

Figure 5.9 illustrates a link in which the velocity of points A and B are already de- 
termined. 

To determine the velocity of point C, the following procedure can be followed: 

1. Two equations can be written. 

L’<: = VA +> vc,A 

Notice that the directions of vc,.,, and vc,B are perpendicular to lines CA and 

CB, respectively. 
2. The individual relative velocity equations can be set equal to each other. In this 

case, this yields the following: 

3. The relative velocities can bc solved by again using the techniques outlined in 
Section 3.18. This involves constructing the vector polygon as shown in Figure 
5.9K 
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Sd?: 

0 
do 

in/s 

(b) 

Figure 5.9 Velocity of a point of interest. 

4. The relauve velocity magnitudes can be measured from the vector polygon. 
5. Knowing the relative velocities, the velocity of the point of interest, point C, 

can be determined by using one of the individual equations outlined in step 1. 
This can be readily found from the original vector polygon as shown in Figure 
5.9c. 

Again, vector polygons can be constructed using identical logic with either man- 
ual drawing techniques or CAD. This logic behind the analysis is illustrated in the 
following Example Problem. 

LE PROBLEM 5.4 Xl,.lilli. */ 

Figure 5.10 illustrates a mechanism that extends reels of cable from a delivery truck. 
It is operated by a hydraulic cylinder at A. At this instant, the cylinder retracts at a 
rate of 5 mm/s. Determine the velocity of the top joint, point E. 
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Figure 5.10 Mechanism for Example Problem 5.4. 

Kinematically, this mechanism is very similar to the one presented in Example Prob- 
lem 5.3. Figure S.llA shows the kinematic diagram of this mechanism. 

Link 5 carries both point C (known velocity) and point E (unknown velocity). 
However, link 5 is a floating link, as it is not constrained to either pure rotation 
or pure translation. Therefore, prior to determining the velocity of point E, one 
other velocity on link 5 must be determined. Point D is a convenient point be- 
cause it also resides on a link that is limited to rotation. 

Because link 2 is fixed to the frame at B, point D is limited to rotation about E. 
Therefore, the velocity of point D must be perpendicular to the line BD. 

In addition, both points D and C reside on the same link, namely, link 5. There- 
fore, the relative velocity of D with respect to C must be perpendicular to the line 
DC. From the previous two statements, the directions of both velocities ~1, and zi~,c 
are known. These velocities can be related using Equation 5.5: 

VI1 = UC +> VD/C 

In this equation, only the magnitudes of uD and v~,~ are unknown. This is iden- 
tical to the problems illustrated in Section 2.18. The vector polygon used to solve 
this problem is shown in Figure S.llB. The magnitudes can be determined by ob- 
serving the intersection of the directed lines, vD and vDlc. The magnitudes of the ve- 
locities can be scaled, yielding the following equations: 

vD = 3.5 mm/s L45” 

Now that the velocity of two points on link 5 are fully known, the velocity of 
point E can be determined. Using the relative velocity equations, the velocity of the 
points involved can be related: 
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The veloatxx of C and D as well as the direction or the relative vem~mes are 
known. A vector polygon is constructed in Figure S.llC. 

Once the magnitudes of the relative velocities are determined, the polygon can be 
completed. The completed polygon is shown in Figure 5.llD. The velocity of E can 
be included in the polygon according to the vector equation above. Scaling rhe vec- 
tor and measuring the angle yields: 

5.6.3 Coincident Points on Different Links 

Calculating velocities of moving hnks, winch are connected through a shdmg )omt, 
involves using coincident points that reside on the two bodies. Typically, the direc- 
tion of the sliding motion is known; therefore, the direction of the relative velocity 
of the coincident points is known. This is sufficient information to determine the 
motion of the driven links. The concept is best illustrated through an Example 
Problem. 

EXAMPLE PROBLEM 5.5 

Figure 5.12 shows a mechanism that tips the bed of a dump truck. Deterrnme the re- 
quired speed of the hydraulic cylinder in order to tip the truck at a rate of 5 rad/min. 

Figure 5.12 Dump truck mechanism for 
Example Problem 5.5. 

Kinematically, tha mechanism is an inversion to the camnon shder-crank mecha- 
nism. Notice that the sliding joint of the cylinder and rod connecfs the rotating 
bodies of the bed and cylinder. Thus, two coincident points are defined and used ro 
solve the problem. Figure 5.13A shows the kinematic diagram of this mechanism. 



Figure 5.13 Diagrams for Example Problem 5.5 

Link 1 IS the bed frame, 2 represents the cylmder, 3 rcprcsznrs rhc pisrun/rud, and 
4 represents the bed. Notice that the pin joint that connects links 2 and 3 is labeled 
as point B. However, because links 2, 3, and 4 are located at point B, the coincident 
points are distinguished as Bz, B,, and B,. The extending motion of the cylinder is a 
relative motion of point B2 relative to point B+ Thus, the problem is to determine 
the velocity of B2 relative to Bq, which will cause link 2 to rotate at a rate of 5 
radlmin, counterclockwise. 
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The desired velocity of B, can be found with the followiug: 

The directmn of the velocity of point B2 is perpendicular to lmk 2, up and to the left. 
The velocities of the coincident points are related though Equation 5.5: 

In this equaaon, only the magnitude uBz is known. However, because links 2 and 
4 are constrained to pure rotation, the direction of uBz and vB4 is known. Also, be- 
cause BZ and B4 are connected through a sliding joint and the direction of the slid- 
ing is known. The relative velocity, uBZiB4, must be along this sliding direction. 
Therefore, enough information is known to construct a velocity polygon. 

The vector polygon used to solve this problem is shown in Figure 5.13B. The 
magnitudes can be determined by observing the intersection of the directed lines of 
vD and v~,~. The magnitudes of the velocities can be scaled, yielding the following: 

URZ,B4 = 34& 149” 

VB4 = 7.52 L40” 

Therefore, at this instant, the cylinder must be extended at a rate of 34 ftimin to 
have the bed tip at a rate of 5 rad/min. 

J VELOCITY IMAGE 

Each link in a mechanism has an image in the velocity polygon that is useful. This is 
best illustrated with Figure 5.14, which reproduces the absolute velocities from Ex- 

Figure 5.14 Velocity imagr 
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ample Problem 5.4. Notice that a triangle was drawn usmg the termmus of the three 
vectors. This triangle is shaped with proportional dimensions to the link itself. The 
shape in the velocity polygon is termed a velocity image of the link. 

If this concept of velocity image had been known initially, the solution process 
could be reduced considerably. The prior technique can be used to determine the ve- 
locity of two points on a link. These two points can be used as the base of the veloc- 
ity image. Any other points from that link can be scaled and included in the velocity 
polygon. Care must be taken not to allow the shape of the link to be flipped between 
the kinematic diagram and the velocity polygon. 

. . 
.;kj ANALYTICAL VELOCITY ANALYSIS: RELATIVE VELOCITY METHOD 

Analytical velocity analysis involves exactly the same logic as illustrated in the previ- 
ous section. The vector polygons are created according to the appropriate relative ve- 
locity equations. Because analytical techniques are used, the accuracy of the polygon 
is not a major concern, although a rough scale allows insight into the solutions. The 
vector equations can be solved using the analytical techniques presented in Chapter 4. 

Analytical solutions are presented in the following Example Problems. 

. 
:: iQl?LE PROBLEM 5.6 ,*/e1...I 

Figure 5.15 shows a primitwe well pump that is popular m undeveloped areas. To 
maximize water flow, the piston should travel upward at a rate of SOmm/s. In the 
position shown, determine the angular velocity that must be imposed on the handle 
to achieve the desired piston speed. 

Kinematic Diagram 

Figure 5.16A shows the kmematic diagram of this mechanism. Notice that ths IS a 

variation of a slider-crank mechanism, which has one degree of freedom. 

Figure 5.15 Well pump for Example I’rohlem 5.h 
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Figure 5.16 Diagrams for Example Problem 5.6 

Link 2 represents the handle. Therefore, the goal of this problem IS to determine wz, 

Geometric Configuration 

Figure 5.16B isolates the geometry of the core mechanism links. Notice that this 
geometry was used to form right triangles. Focusing on the upper triangle ABF, and 
using the trigonometric functions, the length of sides BF and AF can be determined. 

BF = 250 mm cos 15” = 241.48 mm 

AF = 250 mm sin 15” = 64.70 mm 

The length of BE is calculated by: 

BE = BF - EF 

= 241.48 mm - 200 mm = 41.48 mm 

Focusing on the lower triangle, the interior angle at C can be found with the following: 

LBCE = 
41.48 

sin-’ ~ i ! 300 
= 7.95” 
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Velocity 

To solve for the angular velocity of link 2, the linear velocity of points B or D, which 
reside on link 2, must be determined. Link 3 is of special interest because it carries 
both point C (known velocity) and point B (unknown velocity). 

Because link 2 is fixed to the frame at A, point B is limited to rotation about A. 
Therefore, the velocity of point B must be perpendicular to line AB. 

In addition, both points B and C reside on the same link (link 3). Therefore, the 
relative velocity of B with respect to C must lay perpendicular to the line BC. 

From the previous two statements, the directions of both velocities ug and vBIc 
are known. Velocity VH is perpendicular to AB, 15” from the vertical. Velocity VHIC 
is perpendicular to BC, 7.95” from the horironatal, or 90” - 7.95” = 82.05” from 
the vertical. These velocities can be related using Equation 5.5: 

In this equation, only the magnitudes of vn and vBIc: are unknown. The vector polygon 
that is used to solve this problem is shown in Figure 5.16C. The magnitudes can be deter- 
mined by solving for the length of the sides (vector magnitudes) of the general triangle. 

The remaining interior angle of this vector triangle is: 

180” ~ 82.05" - 15" = 82.95" 
The law of sines is used to determine the vector magnitudes: 

VBIC = UC (si;n,;,;,oj 

= 13.04 y 77.95" 

= 49.90mm -y150 = 49.9= 175" 
s s 

Now that the velocity B is determined, the angular velocity of link 2 can be 
solved. Notice that consistent with the direction of ug, link 2 must rotate clockwise: 

49.9mls 
=0.20 @ clockwise 

250 mm set 

Convert this result to rpm with the following: 

= $$O.?O g] = 1.9 rpm clockwise 
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EXAMPLE PROBLEM 5.7 

Figure 5.17 illustrates a roofing material delivery truck conveyor. Heavy rooting ma- 
terials can be transported on the conveyor to the roof. The conveyor is lifted into 
place by extending the hydraulic cylinder. At this instant, the cylinder is extending at 
a rate of 8 fpm (ftimin). Determine the rate that the conveyor is being lifted. 

Flgure 5.17 Conveyor for Example Problem 5.7 

Kinematic Diagram 

Figure 5.18A shows the kinematic diagram of this mechanism. Since a sliding joint is 
used to connect two rotating links, defining coincident points will aid problem solution. 
Point BZ is attached to link 2, and point B4 is attached as a point of reference to link 4. 

Link 4 represents the conveyor. Therefore, the goal of this problem is to determine w.+. 

Figure 5.18 LIlagrams for Example Problem 5.7 
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Geometric Configuration 

Figure 5.18B isolates the geometry of the core mechanism links. Notice that this 
geometry was used to form right triangles. Focusing on the lower triangle ACE 
yields the following: 

AC = -\/[AE~ + CE~] 

= [12 + 3’1 = 3.16 it 

LCAE = taK1 g 
i ! 

= 71.57” 

LACE = tan-’ g 
i ! 

= 18.43” 

Because link 4 is inclined at 20” above horizontal, the full angle at C is: 

LBCE = 90” + 20” = 110” 

then the angle at C in the upper triangle is: 

LACB = LBCE - LACE = 110” + 18.43” = 91.57 

The geometry of the upper triangle can be fully determined by: 

AB = z/AC’ + EC2 -2(AC)(BC)cosLABC 

= d(3.16 ft)2 + (6 ft)’ - 2(3.16 ft)(6 ft) cos 91.57” = 6.86 ft 

LBAC = sin-‘{(&$$ sin 91.57O) = 60.96” 

LCBA = sinml(($&$ sin 91.57”) = 27.42” 

The total included angle at A is: 

LBAE = LCAE + LBAC = 71.57” + 60.96” = 132.53” 

Velocity 

To solve for the angular velocity of link 2, the linear velocity of point BZ, which re- 
sides on link 2, must be determined. The extension of the hydraulic cylinder is given, 
which represents the velocity of B4 relative to BZ, V,,,,,. 

Because link 4 is fixed to the frame at C, point B4 is limited to rotation about C. 
Therefore, the velocity of point B4 must be perpendicular to the line BC. 

In addition, link 2 is fixed to the frame at A, and point BL is limited to rotation 
about A. Therefore, the velocity of point Bz must be perpendicular to the line AB. 

From the previous two statements, the directions of both velocities vB4 and vBZ 
are known. These velocities can be related using Equation 5.5: 
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In this equation, only the magnitudes of v  B4 and vgz are unknown. The vector 
polygon that is used to solve this problem is shown in Figure 5.1 XC. Notice that 
these vectors form a right triangle. The magnitudes can be determined by solving for 
the length of the sides (vector magnitudes) of the right triangle. 

The bottom interior angle of this vector triangle is: 

180” - 70" ~ 47.47" = 62.53" 

The veIncity of B2 is found from the following trigonometric functions: 

vm = (uBqB2 tan 62.53") 

= 15.39 fpm L 42.53” 

the direction was determined as 90” ~ 47.47”. 
Now that velocity B is known, the angular velocity of link 2 can be solved. No- 

tice that consistent with the direction of ug, link 2 must rotate clockwise: 

= 
15.39 fpm 

6 it 
= 2.56 cld clockwise 

set 

Convert this result to rpm by: 

= g k.56(g)] = 24.44 rpm clockwise 

S.9 ALGEBRAIC SOLUTIONS FOR COMMON MECHANISMS 

For the common slider-crank and four-bar mechanisms, closed-form algebraic solu- 
tions have been derived ‘lo’ They are given in the following sections. 

5.9.1 Slider-Crank Mechanism 

A general slider-crank mechanism was illustrated in Figure 4.21 and is uniquely de- 
fined with dimensions L,, L, and L3. With one degree of freedom, the motion of one 

link must be specified to drive the other links. Most often the crank is driven. There- 
fore, knowing 02, w2, and the position of all the links, from Equations 4.4 and 4.5, 
the velocities of the other links can be determined. As presented in Chapter 4, the 
position equations are: 

(4.4) 
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(4.5) L4 = L2 cos(tr2) + Li COS(t($ 

The velocity equations are given as: 

(5.11) 

(5.12) uq = -wJ2 sin Bz - wJL3 sin Bz 

5.9.2 Four-Bar Mechanism 

A general four-bar mechanism was illustrated in Figure 4.24 and is uniquely defined 
with dimensions L,, L2, Lx, and I.+ With one degree of freedom, the motion of one 
link must he specified to drive the other links. Most often the crank is driven. There- 

fore, knowing B2, wL, and rhe position of all the links, from Equations 4.7,4.8,4.9, 
and 4.10, the velocities of the other links can he determined. As presented in Chap- 
ter 4, the position equations are as follows: 

(4.7) AD = m + L22 2(L,)(Lz)cos o2 

o3 = fJ4 - y 

The velocity equations are as follows: 

5.10 INSTANTANEOUS CENTER OF ROTATION 

In determining the velocity of points on a mechanism, the concept of instant centers 
can he used as an alternative approach to the relative velocity method. This ap- 
proach is based on the fact that any link, regardless of the complexity of its motion, 
instantaneously appears to he rotating only about a single point. This imagined 
pivot point is termed the instant centw of rotation for the particular link. The in- 
stant center for a floating link, link 3, is shown in Figure 5.19. 

Using this concept, each link can he analyzed as if it were undergoing pure rota- 
tion. An instant center may exist on or off the body, and its position is not fixed in 
time. As a link moves, its instant center also moves. However, the velocities of dif- 
ferent points on a mechanism are also instantaneous. Therefore, this fact does not 
place a serious restriction on the analysis. 
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Figure 5.19 Instantaneous center. 

This concept also extends to relative motion. That is, the motion of any link, rel- 
ative to any other link, instantaneously appears to be rotating only about a single 
point. Again, the imagined pivot point is termed the instant center between the two 
links. For example, if two links were designated as 1 and 3, the instant center would 
be the point in which link 3 instantaneously appears to be rotating relative to link 1. 
This instant center is designated as (13), and verbalized as “one three,” not thirteen. 
Note that the instant center shown in Figure 5.19 is designated as (13). If link 1 were 
the frame, as is the typical designation, this instant center would describe the ab- 
solute motion of link 3. From kinematic inversion, this point is also the center of in- 
stantaneous motion of link 1 relative to link 3. Thus. the instant center (13) is the 
same as (31). 

Because every link has an instant center with every other link, each mechanism 
has several instant c~ntrr-. The total number of instant centers in a mechanism with 
IE links is: 

(5.15) Total Number of Instant Centers = 
n(n - 1) 

2 

5.10.1 Locating Instant Centers 

In a typical analysis, it is seldom that every instant center is used. However, the 
process of locating each center should be understood because every center could 
conceivably be employed. Some instant centers can be located by simply inspecting 
a mechanism. These centers are termed pimary centers. In locating primary centers, 
the following rules are used: 

Rule 1. When two links are connected by a pin joint, the instant center between 
the two links is at this pivot point. 

Rule 2. The instant center for two links in rolling contact with no slipping is lo- 
cated at the point of contact. 

Rule 3. The instant center for two links with straight line sliding is at infinity, in a 
direction perpendicular to the direction of sliding. The velocity of all points on 
a link, which is constrained to straight sliding relative to another link, is iden- 
tical and in the direction of sliding. Therefore, it can be imagined that this 
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straight motion is rotation about a point at a great distance because a straight 
line can be modeled as a portion of a circle with an infinitely large radius. Be- 
cause velocity is always perpendicular to a line drawn to the pivot, this instant 
center must be perpendicular to the sliding direction. This center could be con- 
sidered to be on any line parallel to the sliding direction because the lines meet 
at infinity. 

Rule 4. The instant center for two links having general sliding contact must lay 
somewhere along the line normal to the direction of sliding contact. 

:&,&@LE PROBLEM 5.8 

Figure 5.20 illustrates an air compressor mechanism. For this mechanism, locate all 
the primary instant centers. 

Figure 5.20 Air compressor for Example Problem 5.8. 

The kinematic diagram for the air compressor is illustrated in Figure 5.21 

Figure 5.21 Kinematic diagram for 
Example Problem 5.8. 

The four links arc numbered on the kinematic diagram. The pin joints are also 
lettered. The first pin joint, A, connects link 1 and link 2. From the first rule for pri- 
mary instant centers, this joint is the location of instant center (12). Similarly, pin 
joint B is instant center (23) and pin joint C is instant center 134). 
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Because a straight sliding joint occurs between links 4 and 1, this instant center is 
visualized at infinity, in a direction perpendicular to the sliding direction. Figure 
5.22 illustrates the notation used to identify this, along with labeling all other pri- 
mary instant centers. Recall that this instant center could be on line parallel to this 
line because it can be considered that the lines intersect at infinity. 

Figure 5.22 Primary instant 
centers for Example Problem 5.8 

Instant centers that cannot be found from the preceding four rules are located 
with the use of Kennedy’s theorem. It states that: 

“The three instant centers corresponding with any three bodies all lay on 
the same straight line.” 

For example, imagine three arbitrary links, link 3, 4, and 5. Kennedy’s theorem 
states that instant centers (34), (451, and (35) all lay on a straight line. This theorem, 
along with first locating primary instant centers, can be used to find all other instant 
centers. Locating the instant centers can be accomplished by either using graphical 
or analytical methods. Of course, graphical methods include both manual drawing 
techniques or CAD. 

The following Example Problems illustrate the procedure. 

! &&viPLE PROBLEM 5.9 ., 

Figure 5.23 illustrates an automated, self-locking brace for a platform used on ship- 
ping docks. For this mechanism, locate all the instant centers. 

Possible Instant Centers in a Mechanism (1x=4) 

2 3 4 

~23 34 
“~24 



5.10 INETANTANEOUS CENTER OF ROTATION 16.5 

Figure 5.23 Locking brace for Example Problem 5.9. 

The kinematic diagram for the loading platform is illustrated in Figure 5.24. 
The four links are numbered on the kinematic diagram. The pin joints are also 

lettered. Compute the total number of instant centers, with n = 4 links, as follows: 

Total Number of Instant Centers = 
4fl - 1) = 4(4 ~ 1) = 6 

2 2 

Table 5.1 can be used to systematically list all possible instant centers in a mech- 
anism. 

The first pin joint, A, connects links 1 and 2. From the first rule for primary in- 
stant centers, this joint is the location of instant center (12). Similarly, pin joints B, 
C, and D are instant centers (23), (34), and (14), respectively. 

The remaining combinations that need to be determined are instant centers (13) 
and (24). By applying Kennedy’s theorem, it is known that instant center (13) must be 
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on the same line as (14) and (34). L’k 1 ewise, (13) must also be on the same line as (12) and 
(23). Thus, if a straight line were drawn through (14) and (34) and another straight line 
were drawn through (12) and (23), the intersection of these lines would determine the lo- 
cation of (13). Recall that at this instant, link 3 appears to be rotating around point (13). 

In an identical process, Kennedy’s theorem states that instant center (24) must be on the 
same line as (14) and (12). Likewise, (24) must also be on the same line as (23) and (34). 
Thus, if a straight line were drawn through (14) and (12) and another straight line were 
drawn through (23) and (34), tl me intersection of these lines would determine the location 
of (24). At this instant, link 2 appears to rotate--relative to link 4-around point (24) 

Figure 5.25 illustrates the mechanism with all instant centers located. 

Figure 5.25 Instant ccntcrs for Example Problem 5.9. 

EXAMPLE PROBLEM 5.10 

Figure 5.26 illustrates a rock crusher. For this mechanism, locate all the instant centers. 

Solution: 

The kinematic diagram for the rock crusher is illustrated in Figure 5.27. 
The six links are numbered on the kinematic diagram. The pin joints are also let- 

tered. Compute the total number of instant centers, with n = 6 links, as follows: 

Total Number of Instant Centers = 
n(n 1) 

2 = 616 ~ 1) = l5 
2 

Table 5.2 systematically lists all possible instant centers in a mechanism 

TABLE 5.2 Possible Instant Centers in a Mechanism (n=6) 

2 3 4 5 

23 34 45 56 
24 35 46 
2s 36 
26 

6 
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Figure 5.26 Rock crusher for Example 
Problem 5.10. 

Figure 5.27 Kinematic diagram for Example 
Problem 5.10 

The f&t pm JOLIX, A, connects links 1 and 2. From the first rule for primary in- 
stant centers, this joint is the location of instant center (12). Similarly, pin joints A-F 
are instant centers (23), (341, (141, (451, and (561, respectively. 

Because a straight sliding joint exists between links 6 and 1, this instant center (16) 
visualizes at infinity, in a direction perpendicular to the sliding direction. Recall that 
this instant center could be on line parallel to this line because the lines meet at infinity. 



The rcmamrng comhinanons that need to be determmed are mstant centers (I 3), 
(241, (351, (461, (25), (36), (lS), and (26). By repeatedly applying Kennedy’s theorem, 
Table 5.3 is formulated. 

TABLE 5.3 Locating Instant Centers for Example 
Problem 5.10 

To Locating Use intersecting Liner 
instant center 

13 (12) (23) and (14) (34) 
24 (12) (14) and (23) ( 34) 
15 (16) (56) and (14) (45) 
46 (14) (16) and (45) (56) 
36 (13) - (16) and (34) (46) 
26 (12) (16) and (23) (36) 
3.5 (56) (36) and (34) (45) 
2.5 (24) (45) and (23) (35) 

Note that the order in which instant centers are found is extremely depen- 
dent on which instant centers are already located. This becomes quite an it- 
erative process. Figure 5.28 illustrates the mechanism with all instant centers 
located. 

Figure 5.28 Instant centers fur Example Problem 5.10 
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5.10.2 Graphical Velocity Analysis: Instant Center Method 

The instant center method is based on the following three principles: 

1. The velocity on a rotating body is proportional to the distance from the plvor 
point. 

2. The instant center that is common to two links can be considered on either 
link. 

3. The absolute velocity of the point, which serves as the common instant center, 
is the same, no matter which link is considered fixed to that point. 

Using these principles, the absolute velocity of any point on the mechanism can 
be readily obtained through a general method. This method is outlined in the fol- 
lowing six steps: 

1. Isolate the link with a known velocity (link A), the link containing the point for 
which the velocity is desired (link B), and the fixed link (link C). 

2. Locate the instant center that is common to the link with the known velocity 
and the fixed link (instant center AC). 

3. Locate the instant center that is common to the link with the known velocity 
and the link that contains the point where the velocity is desired (instant center 
AB). 

4. Determine the velocity of the instant center (AB). This can be done by under- 
standing that the velocity of a point on a link is proportional to the distance 
from the pivot. The instant center (AC) serves as the pivot. The known veloc- 
ity on link A can be proportionally scaled to determine the velocitv of the in- 
s&t center (AB). 

5. Locate the instant center that is common to the link with the point whose ve- 
locity is desired and the link fixec 

6. Determine the desired velocity. This ca 
1 (instant center BC). 

n be done by understanding that the ve- 
locity on a link is proportional to the distance from the pivot. The instant cen- 
ter (BC) serves as this pivot. The velocity of the common instant center 1ABi 
can be proportionally scaled to determine the desired velocity. 

A graphical technique for proportionally scaling a vector uses a line of cen- 
ters, LC. This is a line drawn from the pivot point of the link to the start of the 
known vector. A line of proportion, LP, must also be constructed. This is a line 
drawn from the pivot point to the end of the known vector. Figure 5.29A illus- 
trates both the line of centers and the line of proportion. The distance from the 
pivot to the desired point can be transferred to the line of centers. The magni- 
tude of the proportionally scaled vector is determined as parallel to the known 
vector, and extending from LC to LP at the transferred distance. This is also il- 
lustrated in Figure 5.29A. 

Of course, the magnitude of the velocity is perpendicular to the line that connects 
the point with unknown velocity to the pivot point. Determining the magnitude and 
positioning of that vector in the proper direction fully defines the vector. Thus, the 
vector is graphically proportioned. The result is shown in Figure 5.29B. 



(a) (b) 

Figure 5.29 Using a lmc of centers and 11nc of proportion 

This previous description describes the logic behind the instantaneous center 
method of velocity analysis using graphical techniques. The actual solution can be 
completed with identical logic whether using manual drawing or CAD. Regardless 
of the process used, the underlying concepts of a graphical approach to the instanta- 
neous center method of velocity analysis can he illnctrared through rhr following 
Example Problems. 

EXAMPLE PROBLEM 5.11 

Figure 5.23 illustrated an automated, self-locking brace for a platform used on ship- 
ping docks. Example Problem 5.9 located all instant centers for the mechanism. De- 
termine the angular velocity of link 4, knowing that link 2 is rising at a constant rate 
of 3 radisec. 

Solution: 

The kinematic diagram, with the instant centers and scale information, is repro- 
duced as Figure 5.30A. 

The linear velocity of point R can be determined from the rotational velocity of 
link 2. Point B has been scaled to be positioned at a distance of 3 ft from the pivot 
of link 2: 

t16: = lHWL = (3 fr) 3*“d = 9L 
i 1 xc set 

In a similar fashion, the rotational velocity of link 4 can be found from the linear 
velocity of the point labeled as C. The general method for using the instant center 
method can be followed to solve the problem. 

1. Isolate the links 
Link 2 contains the known velocity; 
Link 4 contains the point for which the velocity is desired; and, 
Link 1 is the fixed link. 
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Figure 5.30 Kinematic diagram for Examplr Problem 5.11 

2. The common msmnr center between the known and fixed link velocities IS 

(12). 
3. The common instant center between the known and unknown link velocities is 

(24). 
4. The velocity of instant center (24) is graphically proportioned from the veloc- 

ity of point B. Link 2 contains both point B and instant center (24); therefore, 
the velocity is proportionally scaled relative to instant center (12). This con- 
struction is shown in Figure 5.30B. The magnitude of this velocity, V(M), is 
scaled to 7.4 it/xc. 

5. The common instant center between the unknown and fixed link velocities is 

(14). 
6. The velocity of point C is graphically proportioned from the velocity of instant 

center (24). Link 4 contains both point C and instant center (24); therefore, the 
velocity is proportionally scaled relative to instant center (14). This construc- 
tion is shown in Figure 5.3OC. The magnitude of this velocity, vc, is scaled to 
13.8 fdsec. 

Finally, the rotational velocity of link 4 can be found from the velocity of point C. 
Point C has been scaled to be positioned at a distance of 5.4 it from the pivot of 
link 4: 

UC 13.8ftlsec 
w4=-= = 2.gE3 

yc 5.4 it set 
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Because the drxrlon ot the rotatIona velocity IS consistent wth velocity ot pomt 
C, the link rotates counterclockwise. Therefore: 

i-ad 
w2 = 2.6 - counterclockwise 

xc 

Note that this rotational velocity could also be determined from the velocity of instant cen- 
ter (24) because this point is considered to consist of both links 2 and 4. However, as the first 
Example Problem on the topic, it can be difficult to visualize this point rotating with link 4. 

,x,.,-i I 

h 
P&E PROBLEM 5.12 

Figure 5.26 illustrates a rock crushing device. Example Problem 5.10 located all in- 
stant centers for the mechanism. In the position shown, determine the velocity of the 
crushing ram when the crank is rotating at a constant rate of 60 rpm, clockwise. 

Solution: 

The kinematic dmgram, with the scale mtormatlon IS reproduced as Figure 5.31A. 

(b) 

Scale: 

cl 

Wttd 
in 

Figure 5.31 Diagrams for Example Problem 5.12 



The linear velocity of point B can be determined from the rotational velocity of 
link 2. Point B has been scaled to be positioned at a distance of 4.5 in from the pivot 
of link 2: 

The purpose of this problem is to determine the linear velocity of point C. The 
general method for using the instant center method can be followed to solve the 
problem. 

1. Isolate the links: 
Link 2 contains the known velocity; 
Link 5 (or 6) contains the point for which the velocity is desired; and. 
Link 1 is the fixed link. 

2. The common instant center between the known and fixed link velocities is (12). 
3. The common instant center between the known and unknown link velocities is 

P-5). 
4. The velocity of the instant center (25) is graphically proportioned from the ve- 

locity of point B. Link 2 contains both point B and instant center (25); there- 
fore, the velocity is proportionally scaled relative to instant center (12). This 
construction is shown in Figure 5.3lB. The magnitude of this velocity, uczSi, is 
scaled to 34.5 in&c. 

5. The common instant center between the unknown and fixed link velocities is 

(15). 
6. The velocity of point C is graphically proportioned from the velocity of instant 

center (25). Link 5 contains both point C and instant center (25); therefore, the 
velocity of instant center (25) is rotated to a line of centers created by point C 
and instant center (15). The velocity of instant center (25) is used to create a 
line of proportions. This line of proportions is then used to construct the ve- 
locity of C. This construction is shown in Figure 5.31C. The magnitude of this 
velocity, vc, is scaled to 32.4 in/s. 

Formally stated: 

vc = 32.4% 
s 

5.10.3 Analytical Velocity Analysis: Instant Center Method 

The instant center method is virtually unaltered when an analytical approach is used 
in the solution. The only difference is that the positions of the instant centers must 
be determined through trigonometry, as opposed to constructing lines and locating 
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the intersection points. This can be a burdensome task; thus, it is common to locate 
only the instant centers required for the velocity analysis. An analytical approach is 
illustrated through the following Example Problem. 

LEPROBLEM 5.13 

Figure 5.32 shows a mechanism used in a production line to turnover cartons so that 
labels can be glued to the bottom of the carton. The driver arm is 15 in long and, at 
the instant shown, it is inclined at a 60” angle with a clockwise angular velocity of 5 
radJsec. The follower link is 16 in long. The distance between the pins on the car- 
riage is 7 in, and the distance between the mounting bearings is 7.3 in. Determine 
the angular velocity of the carriage. 

Figure 5.32 Turnover mechanism for Example Problem 5.13 

The kinematic diagram is shown in Figure 5.33A. A point of interest, X, was in- 
cluded at the edge of the carriage. 

Trigonometry is used to determine the distances and angles inherent with 
this mechanism’s configuration. Triangles used to accomplish this are shown 
in Figure 5.33B. The distances BM and AM can be determined from triangle 
ABM: 

BM = AB sin(60”) = (15 in)sin(60°) = 13.0 in 

AM = AB cos(60”) = (15 in) 15 cos(60”) = 7.5 in 

Along the vertical BCM: 

CM = BM - BC = 13.0 - 7.0 = 6.0 in 

The angle ADC and the distance DN can be determined from triangle CDN: 

DM = CD cos(22”) = (16 in)cos(22”) = 14.8 in 
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Figure 5.33 Kumnaric diagram for Example Problem 5.13 

At this point, the general method for using the instant center method can be fol- 
lowed to solve the problem. 

1. Isolate the links: 
Link 2 contains the known velocity; 
Link 3 contains the point for which the velocity is desired; and, 
Link 1 is the fixed link. 

2. The common instant center between the known and fixed link velocities is 
(12). By inspection this instant center is located at point A. 

3. The common instant center between the known and unknown link velocities is 
(23). By inspection, this instant center is located at point B. 

4. The velocity of instant center 1231 is simolv the velocitv of point B. This can be 
determined as: 

vB = rBuL = (15 in) 

5. The common instant center between the unknown and fixed link velocities is 

(13). This instant center is located at the intersection of instant centers (12) (23) 
and (14) (34). By inspection, instant center (34) is located at point Cand (14) is 
located at point D. Therefore, instant center (13) is located at the intersection of 
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links 2 and 4. This point is labeled N in Figure 5.33B. The angles DAN, AND. 
and the distance AN can be determined from the genera1 triangle AND: 

LDAN = 180” ~ 60” = 120” 

LAND = 180” - (120” + 22”] = 38” 

AN AD 

sin(LADN) sin(LAND) 

AN = sin(LADN) = sin 22”(sY~3~iJ = 5.5 in 

BN = BA - AN = 15 - 5.5 = 9.5 in 

6. Link 3 instantaneously rotates around instant center (13). Thus, the rotational 
velocity of link 3 can be calculated from the velocity of the common instant 
center (231, relative to instant center (14). This is illustrated in Figure 5.33C 
and is calculated as follows: 

Because the direction of the rotational velocity is consistent with velocity of point 
(23) relative to (13), the link rotates clockwise. Therefore: 

rad 
w3 = 7.9 - clockwise 

xc 

VELOCITY CURVES 

The analyses, presented up to this pornr m the chapter, are used to calculate the ve- 
locity of points on a mechanism at a specific instant. Although the results can be 
useful, they only provide a “snapshot” of the motion. The obvious shortcommg of 
this analysis is that determination of the extreme conditions is difficult. It LS neces- 
sary to investigate several positions of the mechanism to discover the critical phases. 

It is convenient to trace the velocity of a certain point, or link, as the mecha- 
nism moves through its cycle. A velocity curue is such a trace. A velocity curve 
can be generated from a displacement diagram, as described in Section 4.15. 

Recall that a displacement diagram plots the movement of a point or link as a function 01 

the movement of an input point or link. The measure of input movement can be readily con- 
verted to time. This is particularly common when the driver operates at a constant velocity. 

As discussed throughout the chapter, velocity is the time rate of change of dis- 
placement. Restating Equation 5.2: 

linear velocity = u = change in linear displacemenr per change in time 



Restating Equatron 3.4: 

rotational velocity = w = change in angular displacement per change in time 

Often the driver of a mechanism operares ar a constam velocity. For example, an 
input link driven by an electric motor, in steady state, operates at constant velocity. 
The motor shaft could cause the crank to rotate at 300 rpm, thus providing constant 
angular velocity. 

This constant velocity of the driver link con~t‘rts the x-axis of a displacement diagram 
from rotational displacement to time. In linear terms, rearranging Equation 5.2 yields: 

(5.16) At = +f 

In rotational rerms, rearrangmg Equation 5.4 ylrlds: 

(5.17) At _ !!! 
w 

Thus, Equarlon 5.16 and 5.17 can be used to convert the displacement increment 
of the x-axis to a time increment. This is illustrated with Example Problem 5.14. 

.EXAMPLE PROBLEM 5.14 

A displacement diagram of the piston operating in a compressor was plotted in Ex- 
ample Problem 4.5. This diagram was plotted relative to the crankshaft rotation. 
Use this data to plot the piston displacement relative to time when the crankshaft 
drives by an electric motor at 1750 rpm. 

Solution: 

The main task of this problem 1s CO convert the increment of crankshatt rotatmn in 
Figure 4.16 to time. The x-axis increment is 30” and the crankshaft rotates at 1750 
rpm. To keep units consistent, the x-axis increment is converted to revolutions: 

A0 = = 0.08333 rev 

The time increment for the crank to rotate 0.08333 rev (30”) can be computed 
from Equation 5.11: 

At _ A0 ~ (0.0833 rev) 
w  (1750 3 

= 0.0000476 min 

= (0.0000476 min) = 0.00285 sec. 
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The results ot positron analysts are reproduced with the tune u~rement ~nsertecl, 

creating Table 5.4, which shows time tabulated in hundredths of a second. 

TABLE 5.4 Table of Piston Disolacement 
: for Eramole Problem 5.14 

Piston 

Position (in) 

These values are plotted in Figure 5.34 to form a displacement diagram relative 
to time. 

“.‘lOO 
:/\ 

s 0.6”” 
5 
.i “.200 T a “““r! .+ ~,, .~ 

0 0.005 0.01 “.O,S 0.02 0.025 0.03 0.015 
Time (S) 

Figure 5.34 Time displacement diagram for Example Problem 5.14 

These displacement diagrams relative to time can be used to generate a wlocity cwve: 

velocity = 
d(displacement) 

d(time) 

because Differential calculus suggests that the velocity ar a particular mbranr LS the 
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slope of the displacement diagram at that instant. The task is to estimate the slope of 
the displacement diagram at several points. 

5.11.1 Graphical Differentiation 

The slope at a point can be estimated by sketching a line through the point of inter- 
est, tangent to the displacement curve. The slope of the line can be determined by 
calculating the change in y-value (displacement) divided by the change in x-value 
(time). 

The procedure is illustrated in Figure 5.35. Notice that a line drawn tangent to 
the displacement diagram at tt is horizontal. The slope of this tangent line is zero. 
Therefore, the magnitude of the velocity at tI is zero. 

Figure 5.35 Velocity curves. 

A line drawn tangent to the displacement diagram at tz is slanted upward as 
shown. The slope of this line can be calculated as the change of displacement divided 
by the corresponding change in time. Notice that this As, At triangle was drawn 
rather large to improve measurement accuracy. The velocity at t2 is found as As/At, 
and is positive due to the upward slant of the tangent line. Also notice that this is the 
steepest section of the upward portion of the displacement curve. This translates to 
the greatest positive velocity. 

This procedure can be repeated at several locations along the displacement dia- 
gram. However, only the velocity extremes and abrupt changes between them are 
usually desired. Using the notion of differential calculus and slopes, the positions of 
interest can be visually detected. In general, locations of interest include: 

l The steepest portions of the displacement diagram, which correspond to the ex- 
treme velocities; and, 

l The locations on the displacement diagram with the greatest curvature, which 
correspond to the abrupt changes of velocities. 
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As mentioned, the velocity at t2 is greatest because tz is the steepest portion 
of the displacement diagram. The velocity at t4 is the greatest velocity in the 
negative direction because t4 is the steepest downward portion of the displace- 
ment diagram. 

Identifying the positions of extreme velocities is invaluable. A complete velocity 
analysis, as presented in the previous sections of this chapter, can then be performed 
at these locations. Thus, comprehensive velocity analysis is only performed during 
important mechanism configurations. 

E1(AMPLE PROBLEM 5.15 

A displacement diagram relative to time was constructed for a compressor 
mechanism in Example Problem 5.14. Use this data to plot a velocity curve rel- 
ative to time. 

Solution: 

The main task of constructing a velocity curve is TV determine the slope of many 
points on the displacement curve. This curve is reprinted as Figure 5.36. 

“.““” v / \, 
0 0.005 0.0, 0.015 0.02 0.025 0.03 0.035 

Time (sj 

Figure 5.36 Displacement curve for Example Problem 5.15. 

From this curve, it is apparent that the curve has a horizontal tangent, or zero 
slope, at 0, 0.017, and 0.034 sec. Therefore, the velocity of the piston is zero at 0, 
0.017, and 0.034 sec. These points are labeled to, t2, and t4, respectively. 

The maximum upward slope appears at 0.008 sec. This point was labeled as tl. 
An estimate of the velocity can be made from the values of As, and At, read off the 
graph. The velocity at 0.008 xc is estimated as: 

01 = OdO in = ~&!L 
0.005 xc sex 
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LikewIse, the maxmnun downward slope appears at 0.027 sec. This point was la- 
beled as ti. Again, an estimate of the velocity can be made from the values of As, 
and At, read off the graph. The velocity at 0.027 set is estimated as: 

-0.60 in 

v3 = 0.005 set 
= -&!L 

xc 

The procedure of determining the slope of the displacement curve can be repeated 
at other points in time. Compiling the slope and time information, a velocity curve 
can be constructed (Figure 5.37). 

Figure 5.37 Velocity curve for Example Problem 5.15 

5.11.2 Numerical Differentiation 

In creating a velocity curve using graphical differentiation, the theories of differen- 
tial calculus are strictly followed. However, even with careful attention, inaccura- 
cies are commonly encountered when generating tangent curves. Thus, other meth- 
ods, namely numerical approaches, are often used to determine the derivative of a 
curve defined by a series of known points. The most popular method of numeri- 
cally determining the derivative is the Richardson method.13’ It is valid for cases 
where the increments between the independent variables are equal. This limits the 
analysis to a constant time interval, which is not typically difficult. The derivative 
of the displacement-time curve can be numerically approximated from the follow- 
ing equation: 

where: 

I = data pomt Index 
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s, = displacement at data pant I 

At = t2 ~ tI = t3 - tz = t4 - tj 

t, = time at data point i 

Although the general form may look confusing with the terms i, i+l, etc., ac- 
tual substitution is straightforward. To illustrate the use of this equation, the ve- 
locity at the 5th data point can be found by the following equation: 

1)~ = [3$4] _ [ST - 2s;:i\: ~ “31 

Some confusion may occur when calculating the derivative at the end points of 
the curves. For mechanism analysis, the displacement diagram repeats with every 
revolution of crank rotation. Therefore, as the curve is repeated, the data points 
prior to the beginning of the cycle are the same points at the end of the cycle. Thus, 
when 12 points are used to generate the displacement curve, the displacement at 
point 1 is identical to the displacement at point 13. Then the velocity at point 1 can 
be calculated as: 

Because this equation is a numerical approximation, the associated error de- 
creases drastically as the increment of the crank angle and time are reduced. 

,,+AMPLE PROBLEM 5.16 

A displacement diagram of the piston operating in a compressor was plotted in Ex- 
ample Problem 4.5. This diagram was converted to a displacement curve relative to 
time in Example Problem 5.14. Use thin &ta to nmnerically generate a velocity 

curve. 

The data from Example Problem 5.14 1s expanded by msertrng an additional 
column to include the piston velocity. The time increment is calculated as fol- 

lows: 

At = t2 ~ tI = (0.00285 - 0.0) = 0.00285 xc 

fo illustrate the calculation of the velocities, a few sample calculations are shown: 

vL = [‘“32nf”“] _ [S’ - 2s31;~1 - h] 

(0.48 - 0.0) _ 

I [ 

0.90 - 2(0.90) + 2(1.43) ~ 0.14 

2(0.00285) 12(0.00285) I 
~ 141.7 in/xc 



= (0.90 - 1.43) 

I 2(0.00285) I I 
0.48 - 2(0.90) + 2(1.43) - 1.50 = -96,4 in/set 

12(0.002X5) I 

-I 

(0.0 - 0.48) 

2(0.00285) I I 

0.13 - 2iO.O) + 2(0.4X) - 0.90 = -90,9 in/set 
2(0.00285) 1 

The results can be computed and placed into table form (Table 5.5), and used ef- 
ficiently to perform these redundant calculations. For those who are unfamiliar with 
them, tables are introduced in Section 7.1. 

TABLE 5.5 Table of Piston Displacement for Example Problem 5.16 

. . 
Time PiSO” 

/ O.OOlsec) Displacement (in) 

0 0.00 0.00 
2.85 0.14 
5.70 0.48 
8.55 0.90 

11.40 1.23 
14.25 1.44 
17.10 1.50 
19.95 1.44 
22.80 1.23 
25.65 0.90 
28.50 0.48 
31.35 0.14 
34.20 0.00 

0.00 

90.9 
141.7 
137.4 

96.4 
46.6 

0.00 

-46.6 
-96.4 

-137.4 
-141.7 

-90.9 
0.00 

These values are plotted in Figure 5.38 to form a velocity diagram relative to 
time. 

Notice that this curve is still rather rough. For accuracy purposes, it is highly sug- 
gested that the crank angle increment be reduced to 10” or 15”. When a spreadsheet 
is used to generate the velocity data. even smaller increments are advisable to reduce 
the difficulty of the task. 
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Figure 5.38 Vcloary ~urvr for Example Problem 5.16. 

‘PROBLEMS 

While manual drafting rechniqucs arc instruct 
tive for problems that rrquire graphical solw 
tion, USC of a CAD system is highly rrcom- 
mended 

General Velocity Problems 

5-2. A hydraulic cylindrr rxtrnds af a wnstanf T~TL’ 
of 2 fpm. Determine the time required to frxa 
vem the entire stroke of 1.5 m. 

5-3. A gear uniformly rotates 270” in 2 xc. Drtrr- 
nune the angular veloary in rpm and radix. 

5-4. Determine the angular sped (in rpm) of rhc 
second-, minute, and hour-hands of a clock. 

Figure P5.5 Problem 5. 



i-~gure 1’5.6 shows a kmematic diagram of a 
four-bar linkage. Graphically determine the ve- 
locity of links 2 and 4 and the relative velocity 
of point B with respect to point A. 

Figure P5.6 Problems 6 and 7. 

i-6. Use V, = 800= and V, = 888= 
s s 

5-7. Use VA = 2& and V, = 22.2f’ 
mm \ 

Figure 1’5.8 shows a kinematic diagram of a 
slider-crank linkage. using the following data, 
graphically determine the velocity of link 2 
and the relative velocity of point A with re- 
spect to point B. 

Figure PS.8 Problems 8 and Y 

5-X. Use V, = 380E and V, = 336.5= 
s 5 

5-9. Use V, = 2Off and V, = I,.+ 
s s 
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Velocity Analysis Using the Relative 
Velocity Method 

Figure PS.10 shows a kinematic diagram of a 
slider-crank linkage. In the position shown, 
using the relative velocity method: 

x 

R 

Figure P5.10 Problems 10-I 3,41, 42, 53-56. 

S-10. GI-aphically determine the velocity of points 
B and C when rhc crank rotates cluckwise ar 
700 rpm. 

5-11. Graphically dercrrnine rhr vcloaty of point of 
intrrrsr X when the crank rotaws clockwise 
ar 700 rpm. 

S-12. Analytically drtci-mine thr vclocry of points 
R and C when the crank is rutaring clockwise 
at 300 rpm. 

i-13. Analyricall~ drtrmmine the velocity of point 
of imerrr X when rhc crank rotates clock- 
WlSC ar 300 rpm. 

Figure P5.14 shows a kinematic diagram 
of a slider-crank linkage. In the position 
shown, using the relative velocity method: 

5-14 

5-1.5. 

S-16. 

5-17. 

Graphically determmc the velocq of point B 
and link 2 when the slider drives upward at n 
sprrd of 900 mm/s. 
Graphically derermmc the velocity of point of 
interest X when the slider drives upward at a 
sped of 900 mm/s. 
Analyt~ally determinr the velocity of point H 
and link 2 whrn the slider drives upward at a 
speed rrf 7.~0 mm/s. 
Analytically dcrermmr the velocity of point 
of inrcresr X when the shdrr drives upward at 
a speed of 7.50 mm/s. 

Figure PS.18 shows a kinematic diagram 
of a four-bar linkage. In the position shown, 
using the relative velocity method: 

, rnn, 

Figure PS.18 Problems 18-21,4.5,46, 61-64 

j-18. Graphically drrcrmine the vrlocit) of points 
R and C, and link 4 when the 100 mm crank 
drives countrrclockwise at 60 rpm. 

5-19. Graphically detrrmmc the velocity of point of 
intcrest X when the 100 mm crank drives 
counterclockwise at 60 rpm. 

5-20. Analytically dererminr the velocxy of points 
R and C, and link 4 whm the 100 mm crank 
drives clockwisr at 80 rpm. 

Figure P5.14 Problrms 14-17, 41, 44, 57.60. 
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j-21. For the kinmmaric diagram of thr four-bar 
mechamsm shown in Figure P5.18, using the 
r&rive velocity method, analytically deter- 
mine the velocity of point of mterrst X when 
rhc 100 mm crank drives clockwise at 80 
rpm. 

Figure Pi.22 shows a kinematic diagram 
of a mechanism. In the position shown, using 
the relative vrlocitv method: 

Figure P5.22 Problems 22.25, 47, 48, 6.5-68. 

i-22. Graphically determine the velocity of pomts 
B and C when the 3.5 in crank drives clock- 
wise at 300 rpm. 

h-23. Graphically determine the velocity of points 
D and E when the crank drives clockwise at 
300 rpm. 

S-24. Analytxally drrrrminc the velocity of points 
B and C when the crank driers counrcrclock~ 
wise at 960 rpm. 

5-2.5. Graphically determme rhr velocity of points 
D and E when the crank dnvcs counterclock- 
wise ar 960 rpm. 

Figure P5.26 shows a hand-operated 
metal shear. In the position shown, using the 
relative velocitv method: 

Figure 1’5.26 Prohlmx 26-30, 67, 68. 

S-26. Graphically detcrminr the rotanonal velocity 
nf the handle when rhe shear cuts through the 
metal at a rarr rrf 3 mm/s. 

S-27. Graphically determine the v&city of point of 
intrrrsr X when the shear cuts through the 
metal at 3 rate of 3 mm/s. 

j-28. Analytically determine thr v&city of the 
shrar blade when the handle rotates clrrck- 
wise at a ratr of 2 radlscc. 

5-29. Analytically drtrrmmr the velocity of point 
of interest X when the handle rotates clock- 
wise at a rate of 2 radlscc. 

S-10. Figure PS.30 shows an industrial hraklng 
mechanism. In the poslrion shown, determinr 
the required velocity of rhr hydraulic actual 
tw when point X must approach rhr drive- 
shaft disk at a rarr of 0.2 i&cc. 



5-34. Analytically dererminc rhc vclocq nf pomt of in- 
terest X whrn the rotational velocity of the foot 
pedal assembly is 1 rad/sec, counterclockwisr. 

Figure P5.35 shows a package moving dc- 
vice. In the position shown, using the relative 
velocity method: 

Figure P5.30 Problem 30. 

Figure PS.31 shows a foot-operated air 
pump. In the position shown, using the rela- 
tive velocity method: 

Figure Pi.31 Problems 31-34, 69, 70 

5-31. Graphically determine the rotational velocity 
of the foot petal assembly whrn rbe cylinder 
~onfra~f~ at a rare of 0.5 in/xc. 

5-32. Graphically determine the velocity of point of 
interest X when the cylinder contracts at a 
rate of 0.5 inlsec. 

5-33. Analvticallv determine the ratr of cvlinder , 
compression when the rotational v&city of 
rhe foot pedal assembly is I radisec, counrrr- 
clockwise. 

Figure P5.35 Problems 35-38, 49,50, 71-74. 

5-35. Graphically dcrermine rhc angular velocity of 
the b&rank when the motor operates clock- 
wise at 1200 *pm. 

5-36. Graphically determine the velocity of the ram 
whrn the motor operates clockwise at 1200 rpm. 

5-37. Analytically determine the angular velocity of 
the bellcrank when the motor operates coun- 
rcrclockwise at 900 rpm. 

i-.38. Determine the velocity of the ram when the 
motor operates counterclockwse at 900 rpm. 

Figure P5.39 shows another package mov- 
ing device. In the position shown, using the 
relative velocity method: 

1.6 ft- 

Figure PS.39 Problems 39,40, 51, 52, 75, 76 



S-40. Analytdly determine the velocity of rhc 
platform and package when the hydraulic 
cylinder retracts at a rare of 10 fpm. 

Locating Instantaneous Centers 

Determine the location of all of the instanta~ 
mom centers for the following mechanisms. 

j-41. The kinematic diagram of the slider-crank 
mechanism shown in Figure P5.10. Usr 
graphical trchniqurs. 

i-42. The kinematic diagram of thr shdrr-crank 
mechanism shown in Figure P5.10 Use anal 
lytical rechniqacs. 

5-43. The kinematic diagram of the slider-crank 
mechanism shown in Figure P5.14 Use 
graphical trchniqurs. 

544. The kinematic diagram of the slider-crank 
mechanism shown in F~gurc P5.14. LJsc ana 
lytical techniques. 

5-4.5. The kinematic diagram of the four-bar me& 
anism shown in Figure PS. IX. IJsc graphical 
techniques. 

i-46. The kincmaric diagram of the fowbar me& 
anism shown m Figure MIX. llse analytical 
techniques. 

j-47. The kinematic diagram of the mechanism shown 
in Figure P5.22. Use graphical techniques 

i-48. The kinematic diagram of the mechanism shown 
in Figure P5.22. Use analytical techniqurs. 

5-49. The transfer mechanism shown in Figure 
PS.i.5. Use graphical rrchniques. 

S&50. The transfer mechanism shown in Figure 
P.5.35. Use analytical techniques. 

j-51. The transfer mechanism shown in Figure 
P5.39. Use graphical techniques. 

F-52. The transfer mechanism shown in Figure 
P5.39. Use analytical techniques. 

Velocity Analysis Using the Instantaneous 
Center Method 

For the kinematic diagram of the slider-crank 
mechanism shown in Figure P5.10, using the 
instantaneous center method: 

i43. Lrnphuly derrirrr,irc rhc vrlocrry uf pumrs 
B and C when the crank rotafcs counter- 
clockwise at 450 rpm. 

i-54. Graphally determine the velocity of pomt X 
when the crank romws counterclockwise at 
450 rpm. 

S-55. Analytically dcrcrminc the velocity of point, 
B and C when the crank ~otatcs clockwx at 
500 rpm. 

S-56. Analyncally drtrrminr the vcloc~ry of pomt 
X when the crank rofafcs ckrckwsr at 500 
rpm. 

For the kinematic diagram of the slidrr- 
crank mechanism shown in Figure PS.14. us- 
ing the instantaneous center mcthod: 

5-57. Graphxally detrrmmr the vrlocny uf prrmr B 
and link 2 when the slider drives downward 
at a sprrd of 60 mm/s. 

Y-ix. Graphxally derermmr the v&city of point X 
when rhc slider drives downward at a speed 
of 60 mm/s. 

5-59. Analvrically drrermme the v&city of point B 
and link 2 when rhc sltdcr dnvcs upward at a 
speed of 350 mm/s. 

j-60. Analytically determine the velocity of pomr X 
when the slidrr driers upward at a sped of 
350 mmls. 

For the kinematic diagram of the four-bar 
mechanism shown in Figure PS.18, using the 
instantaneous ccnfer method: 

5-61. Graphically drtermmr the velocity of points 
B and C, and Ink 4 when the crank drives 
crrunterclockwrc at 60 rpm. 

j-62. Graphically determmr the v&city of pomr X 
when rhc crank drives counterclockwise at 60 
rpm. 

S-63. Analytically determule the velocity of pumts 
B and C, and link 4 when the crank drives 
clockwise ar 2.50 rpm. 

S-64. Analytically determine the velocity of point 
X when the crank drtvcs clockwse at 2.50 
rpIl1. 

For the kinematic diagram of the mccha- 
nism shown in Figure 1’5.22, using the instan- 
taneous center method: 

5-65. Graphically (usmg either manual drawmg 
techniques or CAD) derermrne the velocity of 
points B, C, D, and E when the crank dnvcs 
clockwise ‘1~ 450 rpm. 
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i-66. 

j-67. 

j-68. 

i-69. 

F-70. 

i-71. 

i-72. 

i-73. 

i-74. 

i-7.5. 

i-76. 

For the sheet-metal shear mechanism 
shown in Figure P5.26, using the instanta- 
neous center method: 
Graphxxlly (usmg ritbrr manual drawing 
techniques or CAD) dctermme the rotational 
vrlrrcity of rhr handlr, and point X, when the 
shear cuts through the metal at a ratr of 32 
mm/s. 
Analyrdly drtermmr rhr rotational velocir~ 
of rhe handle, and point X, when the shear 1s 
pulled upward at a rate of 13 mm/s. 

For the air pump mechanism shown in 
Figure P5.31, using the instantaneous center 
method: 
Graphically determine the rotational velocity 
of the foot pedal asscmhly, and point X, 

when the cylindsr retracts at a rate of 1.5 
in/xc. 

Analyrically dcrermmc rhc rmatmnal velocity 
of the foot pedal assembly-, and point X, 
when the cylmdcl- extends at a rate of 2.0 
in/xc. 

For the package moving device shown in 
Figure P.5.35, using the instantaneous cemcr 
method: 
GraphIcally determine the rotational ~xlocity 
of the b&rank whzn the maii,r operarcc 
counterclockwise at 1200 rpm. 
Graphically determme rhc r&cny of the ram 
and package when the moror operates coun- 
terclockwise at 1200 rpm. 
Analytically determine the rotational velocity 
of the bellcrank when the lnoior operates 
clock&r at ,530 rpm. 
Analytically determme the velocity ram and 
package when the monx operaox clockwise 
at530rpm. 

For the package moving device shown in 
Figure P5.39, uring the instantaneous ccnrcr 
method: 
(;raphically determine the velocity plattorm 
and packagr when the hydraulic cylinder re- 
tracts at a rate of 12 fpm. 
Anaiyncally determine rhc velocity platform 
and package when the hydraulic cylinder ex- 
tends at 3 ram of 5 fpm. 

Velocity Curves 

For the mcchamsm shown m hgure P.5.10, 
construct a velocity diagram for the motion 
of point C, as the crank rotates: 

5-77. At a constam vcloc~y of 20 radix, ciock~ 
wise. Use graphical techniques. 

S-78. At a con~fanr velocity of 30 radlsec, countw 
clockww. Usr analytical trchmques. 

For the mechanism shown in Figure P5.14, 
graphically consfrucf a v&city diagram for 
the motion of point C, as the crank raafes: 

A-79. At a constant velocirv of 60 radisec, counters 
clockwise. IJsc graphical technques. 

5-80. At a crmstant v&city of 40 radisrc, clrxk- 
wise. Use analytical techniques. 

Far the mechanism shown in Figure 
P5.18, construct a velocity diagram for the 
motion of link 4, as the link 2 rofafcs: 

j-81. At a consfam vrlocity of 60 rim, clockwsr. 
LJse graphical techniques. 

C-X2. At a constant YCIUCKY of I1 5 ,-pm, countc~~ 
clockwise. Use analytical techniques. 

5-83. For the mechanism shown in Figure P5.35, 

graphically construct a vrlociry diagram for 
the package and ram, as link 2 rotates at a 
con~tanf vclocity of 600 rpm, clockwx. 

Velocity Problems Using Working Model 

j-84 

5-x.5 

5-86 

5-87 

Use thr Workmg Modrl software obtainable 
with the text ro create a model and provide the 
desired output for the foliowmg mechanisms. 
Usmg the mechanism shown in Figure P5.10, 
create a velocity diagram for the motion of 
point C as thr crank rotates at a constant vc- 
locity of 20 radlsec clockwise. 
llsing the mrchanism shown in P5.14, create 
a velocity diagram for the motion of point C 
as the crank routes ai a constanr velocity of 
60 radiscc countrrclrrckwise. 
Using the mechanism shown in Figure P5.18, 
creafc a v&city diagram for the Inotion of 
link 4 as link 2 roratr~ at a constant velocny 
of 60 rpm clockwise. 
Using thr mechanism shown in F~gurc P5.3.5 
create a velocity diagram for the package and 
ram as Ink 2 raates at a constam velocity of 
600 rpm clockwisr. 



Figure CS.l (Courtesy, Industrial I’rcss) 

Figure CS.2 (Courrrsy, lndusrrl 1 
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7. Comment on the cyclical motmn of lever 
E. 

8. Describe the motion of table R. 
9. What is the function of this mechanism? 

10. Why are there screw threads on both ends 
of link H? 

11. Compute the mobility of this mechanism. 

CA-3 Figure CA.3 illustrates the mechanism that 
drives a bellows for an artificial respiration 
machine. Carefully examine the configuration 
in question then answer the following leading 
questions to gain insight into the operation of 
the mechanism. 

1. When lmk E drwes contmually counter- 
clockwise, and rides slot J at the instant 
shown, what is the motion of disk F? 

2. When link E drives continually counter- 
clockwise, and rides slot J, at the instant 
shown, what is the motion of strap G? 

3. When link E drives continually counter- 
clockwise, and rides slot J, at the instant 
shown, what is the motion of slide A? 

4. As link E approaches the ramped pad M, 
what happens to the spring N? 

5. As link E contacts the ramped pad M, what 
happens to link E? 

6. As link E contacts the ramped pad M, what 
is the motion of disk F? 

7. As link E contacts the ramped pad M, what 
is the motion of slide A? 

8. As link E continues to rotate beyond the 

ramped pad M, what is the motion of disk 
F? 

9. As link E catches slot K, what is the motion 
of disk F? 

10. Describe the continual motion of slide A, 
which drives one end of the bellows. 

Figure CS.3 (Courtesy, Industrial Press) 



Ar ia ysis 

1. Define linear, rotational, normal, tangential, corriolis, and relative accelerar~on~. 

2. Using the relative acceleration method, graphically solve for the acceleration of a 
point on a link, knowing the acceleration of another point on that link. 

3. Using the relative acceleration method, graphically determine the acceleration of 
a point of interest on a floating link. 

4. Understand when the Coriolis acceleration is present, and include it in the analy- 
sis. 

5. Using the relative acceleration method, analytically solve for the acceleration of a 
point. 

6. Using the relative acceleration method, analytically determine the acceleration of 
a point of interest on a floating link. 

7, Construct an acceleration curve to locate extreme acceleration values. 

6.1 INTRODUCTION 

Acceleration analysis involves determining the amount that certain points on the 
links of a mechanism are either “speeding up” or “slowing down.” The amount of 
acceleration is a critical property because of the inertial forces associated with it. In 
the study of forces, Sir Isaac Newton discovered that an inertial force is proportional 
to the acceleration imposed on a body. 

An important part of mechanical design is to ensure that the strength of the links and 
joints is sufficient to withstand the forces imposed on them. Understanding all forces is 
important, especially the inertial force. Force analysis is introduced in Chapter 9. How- 
ever, as a preliminary step, acceleration analysis of a mechanism’s links is crucial. 

The determination of accelerations in a linkage is the purpose of this chapter. The 
primary procedure used in this analysis is the relative acceleration velocity method, 
which utilizes the results of the relative velocity method introduced in Chapter 5. 
Consistent with other chapters in this book, both graphical and analytical tech- 
niques are utilized. 
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Linear acceleration of a point is the change of linear velocity of that point per umr 
of time. Chapter 5 was dedicated to velocity analysis. Because velocity is a vector 
quantity, and defined with both a magnitude and a direction, a change in either con- 
stitutes acceleration. 

Consider the case of a point having straight line motion. Such a point is most 
commonly found on a link that is attached to the frame with a sliding joint. For this 
case, only the magnitude of the velocity vector can change. The acceleration can be 
mathematically defined as: 

(6.1) 

(6.2) 

dv 

“=t 

However. because: 

then: 

d=s 

“=z 

For short tune periods, or when the acceleration can bc assumed to be hear, rhc 
following relationship can be used: 

AU 

“‘at 

Because velocity is a vector, Equation 6.1 states that accelerauon 1s also 
a vector. The direction of linear acceleration is in the direction of linear 
movement when the link accelerates. Conversely, when the link decelerates, 
the direction of linear acceleration is opposite to the direction of linear 
movement. 

Linear acceleration is expressed in the units of velocity (length per time) divided 
by time, or length per squared time. In the United States Customary System, the 
common units used are feet per squared second (ft/?) or inches per squared second 
(in/?). In the International System, the common units used are meters per squared 
second (I&) or millimeters per squared second (mt&). 

By rewriting Equation 6.3, the velocity change that occurs during a period of con- 
stant acceleration is expressed as follows: 

(6.4) Au = ufina, ~ vjn,r,a, = aAt 

Additionally, the corresponding displacement that occurs during a period of con- 
stant acceleration can be written as: 

1 
(6.5) s = 2a At2 + v,,,,,,,At 
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..a_-, 
,~I,/I. PLEPROBLEM6.1 : 

An express elevator used in tall build’ mgb can reach a full speed of 15 mph in 3 sec. 
Assuming that the elevator experiences constant acceleration, determine the acceler- 
ation and the displacement during the 3 sec. 

Assuming that the acceleration is constant, Equation 6.3 can be accurately used. Be- 
cause the elevator starts at rest, the equation begins as follows: 

Au = (15 mph 0) = 15 mph 

= i”,~~)i~~(36u:~~~~nd,j = 22& 

The acceleratmn then is calculated as: 

, Av 

a =nt= 

(22ft/sec) = 7,3 it 

3 set sec2 

T 

When people accelerate in an elevator, the acceleration often “normalizes” rela- 
tive to the acceleration due to gravity. The standard acceleration due to gravity (g) 
on earth is 32.1740 ft/sec’ or 9.80665 m/secz. Therefore, the acceleration of the 
~lrvator can be expressed as: 

a = 7.3&(32.$ds2) = 0.22 g 

The displacement can be determined from Equation 6.5: 

s = +a At? + v,,,,,,At = + (3 s& + (0113 xc) 

= 30.5 ft ? (or roughly 3 floors) 

;3 “LINEAR ACCELERATION OF A POINT IN GENERAL MOTION 

The velocity of a point, moving in a general fashion, may change in two ways: 

1. The magnitude of the velocity can change. This produces an acceleration act- 
ing along the path of motion, as presented in the previous section. This accel- 
eration is termed tangentialacceleuation. 

2. The direction of the velocity vector can change over time. This occurs as 
the link, with which the point is associated, undergoes rotational motion. 
It produces a centrifugal acceleration that acts perpendicular to the di- 
rection of the path of motion. This acceleration is termed normal accel- 
eration. 



196 Chap 6 ACCELERATION ANALYSIS 

Figure 6.1 illustrates point A which is accelerating along a curved path. The tan- 
gential acceleration of point A, atA, is the linear acceleration along the direction of 
motion. Note that the vector points in the direction of motion because point A is ac- 
celerating. If point A were decelerating, the vector would point opposite to the di- 
rection of movement. Of course, the velocity vector always points in the direction of 
motion. The magnitude of tangential acceleration can be determined using Equa- 
tions 6.1, 6.2, or 6.3. 

The normal acceleration of point A, a” ,,, is a result of a change in the direction of 
the velocity vector. It acts along a line that is perpendicular to the direction of move- 
ment, and toward the center of curvature of this path. The magnitude of the normal 
acceleration is presented in Section 6.5. 

6.4 ACCELERATION OF A LINK 

Recall from Section 5.3 that any motion, however complex, can be viewed as a com- 
bination of a straight line movement and a rotational movement. Fully describing 
the motion of a link can consist of identification of the linear motion of one point 
and the rotational motion of the link about that point. As with velocity, as several 
points on a link can have different accelerations, the entire link has the same rota- 
tional acceleration. 

Rotational acceleration of a link is the rotational (or angular) velocity of that link 
per unit of time. Mathematically, rotational acceleration of a link is defined as: 

(6.7) 

dw 

“=z 

However, because: 

then: 

do 

w=z 

60 

“=z 
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For short time periods, or when the angular acceleration can be assumed to be 
linear, the following relationship can be used: 

Because rotational velocity is a vector, Equation 6.6 states that rotational acceler- 
ation is also a vector. Similarly to the discussion in Section 6.2, the direction of rota- 
tional acceleration is in the direction of motion when the rotational velocity in- 
creases or the link accelerates. Conversely, the rotational acceleration is in the 
opposite direction of motion when the rotational velocity decreases, or the link is 
decreasing. The direction can be easily described as either clockwise or counter- 
clockwise. 

Angular acceleration is expressed in the units of angular velocity (angle per time) 
divided by time, or angle per squared time. In the both the United States Customary 
System and the International System, the common units used are degrees per 
squared second (de&), revolutions per squared second (rev/s’), or the preferred 
unit of radians per squared second (rad/?). 

By rewriting Equation 6.8, the angular velocity change that occurs during a pe- 
riod of constant acceleration is: 

(6.9) Aw = qna, - qniiia, = dt 

Additionally, the corresponding angular displacement that occurs during a period 
of constant angular acceleration can be written as: 

(6.10) A9 = +A? + qn,t,a,At 

.,e..,, 

“PLE PROBLEM 6.2 

An electric motor which drives the grinding wheel shown in Figure 6.2 speeds 
up to 1800 rpm in 2 set when the power is turned on. Assuming that this speed- 
up is at a constant rate, determine the rotational acceleration of the grinding 
wheel. Also determine the number of revolutions that the wheel spins before it 
is at full speed. 

Figure 6.2 Grinding wheel for Example Pwhlrm h 2. 
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Solution: 

Convert the speed of the grinding wheel to rad/sec with the following: 

With constant acceleration, Equation 6.9 can be used giving: 

(1885radisec ~ Oj 

2 set 
= 94.2% 

xc 

The direction of the acceleration is clockwise, which is in the direction of motion 
since the grinding wheel is speeding up. The number of revolutions during this 
speeding up period can be determined through Equation 6.10: 

A0 = +Ai + w,,,,,,,,At = + 
i ! 
94.27 rad (2 secy + (0)(2 set) 

set 

= 30 revolutions 

As presented in Section 6.3, the velocity of a point moving in a general path can 
change in two independent ways. The magnitude or the direction of the velocity vec- 
tor can change over time. Of course, acceleration is the time rate of velocity change. 
Thus, acceleration is commonly separated into two elements: normal and tangential 
components. The normal component is created as a result of a change in the direc- 
tion of the velocity vector. The tangential component is formed as a result of a 
change in the magnitude of the velocity vector. 

For point on a rotating link, little effort is required to determine the direction of 
these acceleration components. Recall that the instantaneous velocity of a point on a 
rotating link is perpendicular to a line that connects that point to the center of rotation. 
Any change in the magnitude of this velocity creates tangential acceleration, which is 
also perpendicular to the line that connects the point with the center of rotation. Thus, 
the tangential acceleration of point A on a rotating link 2 can be expressed as: 

(6.11) 

where: 

aLA = tangential acceleration of the point of interest, A. 

va = linear velocity of the point of interest, A. 
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I* = distance from the center of rotation to the point of interest 

a2 = angular velocity of the rotating link, 2 

cyI = angular acceleration of the rotating link, 2 

It is extremely important to remember that the angular acceleration, LX, in Equa- 
tion 6.11 must be expressed as units of radians per squared time. Radians per 
squared second is the most commcm unit. Similarly to the discussion in Section 
6.2, tangential acceleration occurs in the direction of motion when the velocity in- 
creases or the point accelerates. Conversely, tangential acceleration occurs in the 
opposite direction of motion when the velocity decreases or the point decelerates. 

Any change in velocity direction creates normal acceleration, which is always di- 
rected towards the center of rotation. This occurs because, as the point rotates around 
a fixed pivot, the velocity vector changes along the curvature of motion. Thus, the 
change in direction will be normal to this curvature and always is directed toward the 
fixed pivot. The normal acceleration of point A on rotating link 2 can be expressed as: 

2 
(6.12) anA = V*WL = ywzz = vn 

Y 

where in addition to the above notation: 

an* = normal acceleration of the point of interest, A. 

As previously mentioned, acceleration analysis is important because inertial forces re- 
sult from accelerations. These loads must be determined to ensure that the machine is ad- 
equately designed to handle these dynamic loads. Inertial forces are proportional to the 
total acceleration of a body. The total acceleration is the vector resultant of the tangential 
and normal components, as discussed above. Mathematically, it is expressed as follows: 

(6.13) a* = d(a”,$ + (n”.J2 

. . , *  . I  

j$+vf~LE PROBLEM 6.3 

The mechanism shown in Figure 6.3 is used in a distribution center to push boxes 
along a platform and to a loading area. The input link is driven by an electric motor 

Figure 6.3 Transfer mechanism for Example Problem 6.3. 
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which, at the instara shown, has a veloaty of 25 rad/sec and acc&rates at a rate of 

500 radL&. Knowing that the input link has a length of 250 mm, determine the in- 
stantaneous acceleration of the end of the input link in the position shown. 

The kinematic diagram for the transfer mechanism is shown as Figure 6.4A. Notice 
that it is the familiar four-bar mechanism. 

Figure 6.4 Diagrams for Example Problem 6.3. 

Because the mput link (link 2) is in pure rotation, the acceleration components of 
the end of the link can be readily obtained. Equation 6.11 can be used to dere-mine 
the tangential component of acceleration: 

O*A = f’=Z = (250 mm+00 3) = 125OOOy = 125.02 

Because the link accelerates, the direction of the vector is in the direction of the 
motion at the end of the link. Thus, the tangential acceleration is: 

Equation 6.8 can be used to determine the normal component of acceleration: 

anA = mz2 = (250 mm) 25& 
i ! 

2 
= 156250% 

set s2 
= 156.25 m 

s2 
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Normal acceleration always occurs toward the cenrer of r~tauon. Thus, normal ac- 
celeration is calculated as follows: 

anA = X6.25$ J 40" 

The components of the acceleration are shown in Figure 6.4B. The total accelera- 
tion can be found from Equation 6.9: 

L-IA = v\/ianay + idAi 

~(125.01ds~)~ + (156.25m/sz)2 = 200.10m/s2 

The angle of the total acceleration vector from the normal component can be cal- 
culated as: 

Therefore, the direction of the total acceleration vector from the horizontal axis is as 
follows: 

40.0" + 38.7" = 78.7 

Formally, the total acceleration can then be written as: 

LzA = 200.10 y J 78.7" 

The total acceleration can also be determined through a graphical procedure us- 
mg either CAD or traditional drawing techniques, as explained in Chapter 3. This 
method is illustrated in Figure 6.4C. 

35.6 RELATIVE ACCELERATION 

As discussed in detail in Chapter 5, the difference between the motion of two points 
is termed dative motion. Relative velocity is defined as the velocity of one object as 
observed from another reference object, which is also moving. Likewise, relative ac- 
celeration is the acceleration of one object as observed from another reference ob- 
ject, which is also moving. 

As with velocity, the following notation is used to distinguish between absolute 
and relative accelerations: 

aA = absolute acceleration (total) ot point A 

aR = absolute acceleration itotal) of point B 

aBfA = relative acceleration (total) of point B with respect to A 

= acceleration (total) of point B “as observed” from point A 



From Equarlon 5.9, the relationship between absolute velocity and relative veloc- 
ity is written as: 

‘lakmg tune derwatlve ot the entire Equation yields the relatlonshlp tar absolute 
and relative accelerations. This can be written mathematically as: 

(6.13) aB = lzA +> aB,* 

For points that are associated with rotating links, it is more convenient to sepa- 
rate the total accelerations in Equation 6.10 into normal and tangential compo- 
nents. Thus, each acceleration is separated into its two components yielding the fol- 
lowing: 

(6.14) lzB'l +> agf = aAn +> Lz*t t> aH,Atz +> ai(,*r 

Note that 6.13 and 6.14 are vector equations and the techniques discussed in Sec- 
tion 3.16 must br used in dealing with these equations 

EXAMPLE PROBLEM 6.4 

Figure 6.5 shows a power hacksaw. At this instant, the electric motor rotates 
counterclockwise and drives the free end of the motor crank (point R) at a ve- 
locity of 12 in/s. The crank accelerates at a rate of 37 Fad/?. The top portion 
of the hacksaw also moves toward the left with a velocity of 9.8 in/s and accel- 
erates at a rate of 82 in/?. Determine the relative acceleration of point C rela- 
tive to point B. 

c 

Figure 6.5 Power saw for Example Problem 6 4 

Figure 6.6A shows the kinematic diagram of the power hacksaw. Notice that it is the 
familiar slider-crank mechanism. 

From the kinematic diagram, it should be apparent that point B travels up and to 
the left as link 2 rotates counterclockwise. Because the motor crank (link 2) is in 
pure rotation, the components of the acceleration at the end of the link can be read- 
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Figure 6.6 Kinematic diagram for Example 
Problem 6.4. 

ily obtained. Equauon 6.11 can be used to determine the tangential component of 
acceleration: 

rad 
czfB = mL = (1.75 in) 37 2 i ! = 64.75* 

set se2 

Because the link accelerates, the direction of the vector is in the direction of the mo- 
tion at the end of the link. Thus, the tangential acceleration is calculated as follows: 

Equation 6.8 can be used to determine the normal component of acceleration: 

Normal acceleration is always directed toward the center of rotation. Thus, nor- 
mal acceleration is: 

ang = 82.29 - 
se2 

J 30” 

Link 2 is isolated and the components of this acceleration are shown in Figure 6.6B. 
The motion of point C is strictly linear. Therefore, no normal acceleration occurs. 

The total acceleration is given in the problem statement as: 
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To determine the relative acceleration, Equation 6.13 can be written in terms of 
points B and C, and rearranged as: 

Because two acceleration components of point B exist, the equation is written as: 

A vector polygon is formed from this equation (Figure 6.6C). The unknown vec- 
tor can be determined using the methods presented in Chapter 3. Either a graphical 
or analytical solution can be used to determine vector anH. 

Arbitrarily using an analytical method, the acceleration L+,~ can be found by sep- 
arating the vectors into horizontal and vertical components. See Table 6.1 

I TABLE 6.1 Horizontal and Vertical Vector Components 
: for Accelerat A, 

..,.,,, 120” -32.83 .“.. 

Vertical Component 
a, = a sin 6, 

0 
-41.15 

56.08 

Separate algebraic equations can be written for the horizontal and vertical com- 
ponents as follows: 

LIC,B = ac -> agn --> agf 

ac,* ~ (horizontal camp) = (-82.0) - (-71.27) - (-32.38) 

= 121.35 = 21.35% 
set 

ac,B ~ (vertical amp) = (0) - (-41.15) - (+56.08) = -14.93A 
xc2 

The magnitude of the acceleration can be found by: 

Q/B = d(aCjB - horiz camp)* + (Q,~ - vat camp)’ 

= d(21.35)’ + (~14.93~ = 26.05inls’ 

The direction of the vector can be determined by the following: 



Finally, the relarwe accelerar~on of C with respect ro B is: 

ac,B = 26.05$ \ 35" 

,697 COMPONENTS OF RELATIVE ACCELERATION 

The accelerations of a mechanism can be much more easily analyzed when separated 
into normal and tangential components. For links that are attached directly to the 
frame, the direction of the acceleration components are obvious as described in the 
previous section. The normal component is always directed to the center of rotation 
and the tangential component is perpendicular to the normal component and in the 
direction that is consistent with either the acceleration or deceleration of the point. 
Recall that tangential acceleration is in the direction of motion when the point ac- 
celerates. Conversely, tangential acceleration is opposite to the direction of motion 
when the point decelerates. 

For points that are on the same link, a link that is not directly attached to 
the frame, the analysis focuses on the relative accelerations of these points. Fig- 
ure 6.7 shows such a link that is not directly attached to the frame, thus 
demonstrating a floating link. The relative acceleration of two points, which 
reside on that link, is shown. Notice that the normal and tangential compo- 
nents of this acceleration are also shown. Stated again, the relative acceleration 
of two points is the acceleration of one point as seen from the other reference 
point. 

Figure 6.7 Relative normal and tangential accelerations 

As with velocity analysis, relative motion consists of pure relative rotation of the 
observed point about the reference point. In other terms, the relative motion of B 
with respect to A is analyzed as if point B is rotating around point A. Thus, a nor- 
mal component of relative acceleration is directed toward the center of relative rota- 
tion, or the reference point. The tangential relative acceleration is directed perpen- 
dicular to the normal relative acceleration. The magnitude of these components is 
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computed in a similar fashion to rhe absolute acceleration of points rotating around 
fixed points: 

The direction of the relative tangential acceleration is consistent with the angular 
acceleration of the floating link, and vice versa. Referring to Figure 6.7, the relative 
tangential acceleration shows the tangential acceleration of point B, as it rotates 
around point A, which infers a clockwise angular accretion of link 3. 

E PROBLEM 6.5 

For the power hacksaw in Example Problem 6.3, determine the angular acceleration 
of the 6 in connecting link (link 3). 

Solution: 

The relative acceleration of C with respect to B was determined as follows: 

CZ,-,~ = 26.X$ L 35” 

Also note from Figure 6.5 that the connecting link is inclined at a 15” angle. Using 
this data, the total relative acceleration can be resolved into normal and tangential 
components. These components are shown in Figure 6.8. 

Figure 6.8 Relative accelerations for Example Problem 6.5. 

Figure 6.8 illustrates that 20” (35” ~ 15”) separates the total relative acceleration 
and the direction of the normal component. Thus, the magnitudes of the relative ac- 
celeration components can be analytically determined from the following trigono- 
metric relationships: 

afC,B = a&sin 20”) = 26.05$(sin 20”) = X.912 

in 
SC/B = a,(cos 20”) = 26.05+x 20”) = 24.4gY 

xc 



From Figure 6.8, the tangential component of the relative acceleration infers that 
the angular acceleration of link 3 is counterclockwise. The magnitude can be deter- 
mined as follows: 

Therefore, the angular acceleration of the connecting link is determmed by: 

rad 
013 = 1.491 counterclockwise 

set 

j6.8 RELATIVE ACCELERATION ANALYSIS: GRAPHICAL METHOD 

Acceleration analysis is primarily incorporated to determine the acceleration of xv- 
era1 points on a mechanism, in a single configuration. It must be understood that the 
results of this analysis yield instantaneous motion characteristics and, as the mecha- 
nism moves-even an infinitesimal amount-the motion characteristics change. 
Nonetheless, the instantaneous characteristics are needed, particularly the extreme 
values. It was emphasized earlier that accelerations impose inertial forces through 
the links of a mechanism. The resulting stresses must be fully understood to ensure 
safe operation of a machine. 

The strategy for determining the acceleration of a point involves knowing the ac- 
celeration of another point on that same link. In addition, the velocity of the desired 
point and the relative velocity between the two points must be known. This infor- 
mation must be found using the relative velocity methods as described in Chapter 5. 

Analysis can proceed around a mechanism by using points that are common to two 
links. For example, a point that occurs on a joint is common to two links. Therefore, 
determining the velocity of this point enables one to subsequently determine the ve- 
locity of a point on either link it joins. In this manner, the acceleration of any point on 
a mechanism can be determined by working outward from the input link. 

Recall from Equation 6.10 that the relative acceleration equation can be ex- 
panded to include the normal and tangential components: 

agn +> Qf = a*n +> a*’ +> ag,*= +> ag,*f 

Assume that the acceleration of point B needs to be determined and the accelera- 
uon of point A is already known. In a typical situation, the direction of all six com- 
ponents are known. All normal components are directed toward the center of or rel- 
ative rotation. All tangential components are perpendicular to the normal 
components. In addition, the magnitudes of all the normal acceleration vectors can 
be found from Equations 6.12 or 6.15. Of course, the magnitude of the tangential 
acceleration of the known point, point A, is also known. Therefore, the analysis de- 
termines only the magnitude of the tangential component of the point desired, and 
the magnitude of the relative tangential component. 

Relative acceleration analysis forms a vector problem identical to the general 
problems presented in Section 3.9. Both graphical and analytical solutions are feasi- 
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ble, as seen m Chapter 3. In many problems, the magnitude of certain terms may be 
zero, eliminating some of the six vector components in Equation 6.10. For example, 
when the known point is at a joint that LS common to a constant angular velocity 
link, the point has no tangential acceleration. Another example occurs when a point 
is common to a link that is restricted to linear motmn. This point does not rotate 
and has no normal acceleration. 

As in velocity analysis, the graphical solution of the vector polygons can be corn- 
pleted using manual drawing techniques or on a CAD system. The logic is identical; 
however, the CAD solution is not susceptible to limitations of drafting accuracy. Re- 
gardless of the method being practiced, the underlying concepts of graphical position 
analysis can be further illustrated and expanded through the Example Problems below. 

EXAMPLE PROBLEM 6.6 

The mechanism shown in Figure 6.9 is designed to move parts along a conveyor tray 
then rotate and lower those parts to another conveyor. The driving wheel rotates 
with a constant angular velocity of 120 rpm. Determine the angular acceleration of 
the rocker arm that rotates and lowers the parts. 

Figure 6.9 Mechanism for Example Problem 6.6. 

Solwtion: 

The portion of the mechanism that is under consideration includes the driving 
wheel, the follower arm, and the link that connects the two. Notice that,,once again, 
this is the common four-bar mechanism. A scaled, kinematic diagram 1s shown in 

Figure 6.10A. 
The angular acceleration of the rocker (link 4) can be determined from the tan- 

gential component of the acceleration of point C. Thus, the crux of the problem is to 
determine the acceleration of point C. In turn, the acceleration of point C, which 
also resides on link 3, can be determined from knowing the acceleration of point B. 
Point B is positioned on both links 2 and, 3. Therefore, the acceleration of point B 
can be determined from knowing the motmn of the input link, link 2. 



Figure 6.10 Diagrams for Example Problem 6.6 

The first step is to construct a velocity diagram, whrch includes pumt~ B and L. 
Calculating the magnitude of the velocity of point B can be accomplished with the 
following: 



Figure 6.10 Continued. 

The direction of vII is perpendicular to link 2 and in the direction of wL, duwrl 
and to the right. Therefore, a vector can be drawn to scale, from the velocity dia- 
gram origin, to represent this velocity. 

The relative velocity equation for points B and C can be written as: 

Thus, at the origin of the velocity diagram, a line can be drawn to rcprrxnt the 
direction of vector vc. This is perpendicular to link 4 because point C resides on a 
link that pivots about a fixed center. At the end of the vector uB, a line can also be 
drawn to represent the direction of vcIB. As with all relative velocity vectors, the di- 
rection is perpendicular to the line that connects points C and B. The intersection of 
the vc and Y~,~ direction lines determines the magnitudes of both vectors. The com- 
pleted velocity diagram is shown in Figure 6.10B. 

Scaling the vector magnitudes from the diagram yields the following: 
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The next step LS to construct an acceleration diagram, which includes points 
B and C. Calculating the magnitudes of the known accelerations is accom- 
plished by: 

ang = 02 = (9.4in/s)’ 

0.75 in 
= 117.8111 

YAB sz 

(directed toward the center of rotation, point A) 

a’~ = agAB = (0)(0.75 in) = 0s 

(23.5inls)’ 

4.75 in 
= 116.3111 

ICB s2 

(directed from C toward B) 

(directed toward the center of rotation, point D) 
The relative acceleration equation for points B and C can be written as: 

In forming the acceleration diagram, vector construction arbitrarily starts on the 
right side of the equation. At the origin of the acceleration diagram, a line can be 
drawn to represent the vector a gn, which is known. Because it is zero, the magnitude 
of vector aBz can be eliminated in the acceleration diagram. Therefore, at the end of 
“ector agn, another line can be drawn to represent the vector acfBn, which is also 
known. At the end of this vector, a line can be drawn to represent the direction of 
vector LI~,~~. This is perpendicular to the normal component, aCIBn but has an un- 
known magnitude. 

Since ac” is on the left side of the equation, it will be placed at the origin of the 
acceleration diagram. A line can be drawn to represent vector acn, which is known. 
At the end of this vector, a line can be drawn to represent the direction of vector acf; 
however, the vector is unknown. The line is directed perpendicular to the normal 
component ac”. Finally, the intersection of the a cf and aciBf direction lines deter- 
mines the magnitudes of both vectors. The completed acceleration diagram is shown 
in Figure 6.9C. 

Scaling the vxtor magnitudes from the diagram yields the following: 

Finally, the angular acceleration of link 4 can be determmed. By observmg the dl- 
rection of the tangential component of the acceleration of point C, up and to the 
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right, it is obvious that link 4 accelerates in a clockwise direction. The magmtude at 
this angular acceleration is computed as: 

f 
aq=-aL= 156inls’ 

1.5 in 
= 1(34’.d 

f-c,? sz 

Therefore, the angular acceleration of the follower link is: 

a4 = lC14~ clockwise 
s2 

EXAMPLE PROBLEM 6.7 

The mechanism shown in Figure 6.11 is a common punch press, designed to perform 
successive stamping operations. At this instant, the machine has just been powered 
and is coming up to full speed. The drive shaft rotates clockwise with an angular ve- 
locity of 72 radisec and accelerates at a rate of 250 rad/sec*. At the instant shown, de- 
termine the acceleration of the stamping die, which will strike the workpiece, 

a = 73” radk? 
- 

Figure 6.11 Mechanism for Example Problem 6.7 

Solution: 

The portion of the mechanism that is under consideration includes the driving 
wheel, the stamping die, and the link that connects the two. Notice that this is the 
common slider-crank mechanism. A scaled, kinematic diagram is shown in Figure 
6.12A. 



--- 

c 

Figure 6.12 Diagrams for Example Problem 6.7 



Figure 6.12 Continued 

The acceleration of the die (link 4) is strictly translational motion and 1s Idcntxal 
IO the motion of point A. The acceleration of point A, which also resides on link 3, 
can be determined from knowing the acceleration of point B. Point R is positioned 
on both links 2 and 3. Therefore, the acceleration of point B can be determined from 
knowing the motion of the input link, link 2. 

The first step is to construct a velocity diagram, which includes points A and B. 
Calculating the magnitude of the velocity of point B is as follows: 

The direction of ug is perpendicular to link 2 and in the direaon ut wL, up and 
LL~ the left. Therefore, a vector can be drawn to scale from the velocity diagram ori- 
gm to represent this velocity. 

The relative velocity equation for points A and B can be written as: 

Thus, at the origin of the velociry diagram, a line can be drawn tu rcprcxnr the 
dlrection of vector v~. This is parallel to the sliding surface, since link 4 is con- 



strained to sliding motion. At the end of the vector vH, a line can also be drawn to 
represent the direction of ~i~,~. As with all relative velocity vectors, the direction is 
perpendicular to the line that connects points C and B. The intersection of the vA 
and u~,~ direction lines determines the magnitudes of both vectors. The completed 
velocity diagram is shown in Figure 6.12B. 

Scaling the vector magnitudes from the diagram is determined as follows: 

The next step is to construct an acceleration diagram that includes points A and 
B. Calculating the magnitudes of the known accelerations is accomplished bv the 

equations: 

(directed toward the center of rotation, point C) 

UfH = OILYAH = 
in 

(1.0 in) = 2507 

(directed perpendicular to BC, in the direction of rotational acceleration) 

(directed from A toward B) 
Note that point A does not have a normal acceleration because the motion is 

strictly translational. 
The relative acceleration equation for points A and B can be written as: 

aAn +> llAf = agn +> agf +> QBn +> an/B’ 

In forming the acceleration diagram, vector construction arbitrarily starts on the 
right side of the equation. At the origin of the acceleration diagram, a line can be 
drawn to represent the vector agn, which is known. At the end of this vector, a line 
can be drawn to represent vector aBr, which is also known. At the end of vector aHi, 
another line can be drawn to represent vector aA,nn, which is also known. At the end 
of this vector, a line can be drawn to represent the direction of vector anIHi. This is 
perpendicular to the normal component, aAIH”, but has an unknown magnitude. 

Since anA is on the left side of the equation, it will be placed at the origin of the 
acceleration diagram. A line can be drawn to represent the direction of vector aA*; 
however, the magnitude is unknown. The line is directed parallel to the sliding mo- 
tion of link 4. Finally, the intersection of the aAf and aA,Bf direction lines determines 
the magnitudes of both vectors. The completed acceleration diagram is shown in 
Figure 6.12C 
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Scahng the vector magmtudes from the dqram 1s done wth the following: 

aA,Bt = 4460= 710” 
s2 

a** = 1970$ T 

Formally state the acceleration of point A as: 

aA = Qf = 1970$ = 164s 1‘ 

: 6.9 RELATIVE ACCELERATION ANALYSIS: ANALYTICAL METHOD 

The strategy for analytically determining the acceleration of various points on a 
mechanism is identical to the method outlined in the previous section. The differ- 
ence is that once the vector polygons have been formed, they can be solved using the 
analytical methods introduced in Chapter 3, and incorporated in Chapter 5 and ear- 
lier sections in this chapter. Perhaps the most effective manner of presenting the an- 
alytical method of acceleration analysis is through an Example Problem. 

,‘EXAMPLE PROBLEM 6.8 

The mechanism shown in Figure 6.13 is used to feed cartons to a labeling machine and, 
at the same time, to prevent the stored cartons from moving down. At full speed, the 
drive shaft rotates clockwise with an angular velocity of 200 rpm. At the instant shown, 
determine the acceleration of the ram and the angular acceleration of the connecting rod. 

Figure 6.13 Mechanism for Example Problem 6.8 

Solution: 

The portion of the mechanism that IS under consideration includes the drive crank, 
the pusher ram, and the link that connects the two. Once again, notice that this is the 
common slider-crank mechanism. A kinematic diagram is shown in Figure 6.14A. 



ac 

40” 

Figure 6.14 Diagrams for Exarr~ple Problem 6.8 

As in Example Problem 6.6, the acceleration of the ram (link 4) IS strictly transla- 
uonal motion and is identical to the motion of point C. The acceleration of point C, 
which also resides on link 3, can be determined from knowing the acceleration of 
point B. Point B is positioned on both links 2 and 3. Therefore, the acceleration of 
point B can be determined from knowing the motion of the input link, link 2. 

The angle between link 3 and the horizontal sliding surface of link 4 can be de- 
termined from the law of sines: 

sin p 40” 
snl - 

rAB rflc 

a = 13.9” 



The first step LS to compute the velocmes of pomts B and C. Calculate the magm 
tude of the velocity of point B using the following equation: 

w2 = g(200 rpm) = 20.9% 

(3.0 in) = 62.8e 

The direction of vg is perpendicular to link 2 and in the direction of w2, down and 
to the right. Calculating this angle: 

(40” - 90”) = 50” 

vg = 62.8 in \ 50” 
set 

The velocity of point C is parallel to the horizontal sliding surface and the veloc- 
ity of C with respect to B is perpendicular to the link that connects point B and C. 
Calculating this angle: 

(90” - 13.9”) = -76.1” 

By understanding the directions of the vectors of interest, a velocity poly- 
gon can be assembled (Figure 6.14B). Th e magnitude of the third angle in the 
velocity polygon can be determined because the sum of all angles in a triangle 
is 180”: 

180” - (50” + 76.1”) = 53.9” 

The magnitudes of the velocities can be found from the law of sines. 

Solve for the unknown velocities with the following: 

The next step is to construct an acceleration diagram that includes points B and 
C. Calculate the magnitudes of the known accelerations using the following equa- 
t,oIls: 

(dmcted toward the center of rotation, point A, / 40”) 



Because the drive link rorares ar consrant veloary: 

(directed from C toward B, / 13.9”) 
Note that point C does not have a normal acceleration because the motion is 

strictly translational. 
The relative acceleration equation for points B and C can be written a~: 

acn +> a CL = aHm +> ant t> a. L,H‘x +> ~C,Bf 

In forming an acceleration diagram, vector placement arbitrarily starts on 
the right side of the equation. At the origin of the acceleration diagram, xc- 
tar aB” is placed, which is known. Because no tangential component of the 
acceleration of point B exists, vector Q,~“, which is also known, is placed at 
the end of agn. At the end of this vector, the vector aCzjHf is placed; however, 
only the direction of this vector is known. It is directed perpendicular to 
acID”. This is perpendicular to the normal component, acTjHn. The angle is cal- 
culated as: 

13.9” ~ 90” = 76.1” 

The first term on the left side of the equation can be ignored since there is no nor- 
mal component of the acceleration of point C. Therefore, the vector representing the 
tangential acceleration of point C is placed at the origin. However, only the direction 
of this vector is known. It is parallel to the horizontal surface that link 4 is constrained 
to slide upon. The wctor polygon is illustrated in Figure 6.14C. The unknown vector 
magnitudes, ac:,Br and act, can be determined using the methods presented in Chapter 
3. First, each vector can be separated into horizontal and vertical components, as 
shown in Table 6.2.: 

Separate algebraic equations can be written for the horizontal and vertical com- 
ponents as: 

I TABLE 6.2 Accclcration Components for Example Problem 6.8. 

-1007 -845 
i6.1” -299 74 

I;;;$;; 76.1” ,240 ~‘c/B ,971 U’C,B 
‘,:&::: 180” -a, 0 
;: ;,_ : 
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(horuontal camp) 

+ac = (-1007.0) + (-298.5) + (+0.240am') 

(vertical camp) 

0 = (~845.0) + (+73.9) + (+0.971 am') 

The vertical component equation can be solved algebraically to gtve: 

LzC,Bf = 794.1$ 

This result can then be substituted into the horizontal equation to give: 

ac = 1496.1E 
s2 

Formally stated, the motion of the ram: 

a, = 1496.A 
s2 

Notice that because the acceleration is in the opposite direction of the ram move- 
ment and velocity, the ram is decelerating. Finally, to determine the motion of the 
connecting arm. use the following: 

van 49.6inls 
a?=-- 

YCB 8 in 
= 6.2$ 

m a direction consistent with the velocity of C relative to B, counterclockwi<P- 

atUB 794.linis’ 
a3=-= 

YCB X.0 in 
= 99.3+ 

in a direction consistent with the tangential acceleration of C relative to B, counrer- 
clockwise. 

6.10 ALGEBRAIC SOLUTIONS FOR COMMON MECHANISMS 

For the common slider-crank and four-bar mechanisms, closed-form algebraic solu- 
tions have been derived. ‘lo’ Thev are given in the following sections. 

6.10.1 Slider-Crank Mechanism 

A general slider-crank mechanism was illustrated m Flgurr 4.21 and is uniquely de- 
fined with dimensions L,, Lz, and Li. With one degree of freedom, the motion of 
one link must be specified to drive the other links. Most often the crank is driven. 
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Therefore, knowing Oz, w2, and a2 along with the position and velocities of all the 
links, from Equations 4.4, 4.5, 5.11, and 5.12, the accelerations of the other links 
can be determined. As presented in Chapter 4, the position equations include: 

(4.4) O3 = SK’ 
i 

LI + Lz sin ti2 

L3 I 

(4.5) L4 = L* cos(82) + L3 cos(03) 

As presented in Chapter 5, the velocity equations are: 

(5.11) 

(5.12) vq = - w2Lz sin O2 ~ w31Jl sin Oj 

The acceleration equations are then given as”“’ 

(6.17) 
0: L2 sin O2 + co: L3 sin O3 ~ azLz co& 

ai = 
L3 cos o3 

6.10.2 Four-Bar Mechanism 

A general four-bar mechanism was illuxrated in Figure 4.24 and is uruquely de- 
fined with dimensions I.i, L,, L,, and Lq. With one degree of freedom, the mo- 
tion of one link must be specified to drive the other links. Most often the crank 
is driven. Therefore, knowing Bz, 02, and a2 along with the position and velocity 
of all the links, the accelerations of the other links can be determined from Equa- 
tions 4.4, 4.8, 4.9, 4.10, 5.13, and 5.14. As presented in Chapter 4, the position 
equations are: 

0, = o4 ~ y 

As presented in Chapter 5, the velocity equations are: 

(5.13) 
L, sin(B4 - 8,) 

wj = I+ 
Li sin y 

(5.14) 
Lz sin(Oi - 0,) 

wq = wz 
L4 sin 7 
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The acceleration equations can be presented asll’]: 

(6.19) 
arLz sinis - 0,) + w4*L, cos(02 ~ 0,) w4’L4 + q*L, cos(S, - B3) 

aj = 
L3 sW4 - 83) 

(6.20) an = 42 Wh - 8d + wz2Lz COS& - 83) - w31L, COS(~, - fq 

L4 sinjO - 8,) 

‘6.11 ACCELERATION OF A GENERAL POINT ON A FLOATING LINK 

Recall that a floating link is not directly connected to the fixed link. Therefore, the 
motion of a floating link is not limited to only rotation or translation, but a combi- 
nation of both. In turn, the direction of the motion of points that reside on the float- 
ing link are not generally known. Contrast this with the motion of a point on a link 
that is pinned to the fixed link. The motion of that point must pivot at a fixed dis- 
tance from the pin connection. Thus, the direction of motion is known. 

During the acceleration analyses presented in the preceding sections, the underly- 
ing premise of the solution is that the direction of the motion is known. For a gen- 
eral point on a floating link, this is not true. For these cases, two relative acceleration 
equations must be used and solved simultaneously. 

To illustrate the strategy of determining the acceleration of a general point on a float- 
ing link, consider the kinematic sketch of the four-bar linkage shown in Figure 6.15. 

Figure 6.15 Point on a floating link 

Link 3 is a floarmg link because it is not directly attached to link 1, the fixed link. 
Because points A and B both reside on the floating link as well as links attached to the 
fixed link, the acceleration of these points can be readily determined using the meth- 
ods discussed in the previous two sections. However, point C does not reside on a link 
that is directly attached to the fixed link. Therefore, the exact path of motion of point 
C is not obvious. However, two relative acceleration equations can be written as: 



In the hrsr equatwn, both the magnitude xxi direction of ac IS unknown along 
with the direction of acIHi. The second equation introduces an additional unknown, 
namely the direction of acjA*. Overall, there are two vector equations, each with the 
capability of determining two unknowns. There are also four unknowns. Using the 
two equations simultaneously, the acceleration of point C can he determined either 
through a graphical or analytical procedure. The following Example Problems illus- 
trate this method. 

EXAMPLE PROBLEM 6.9 

The mechanism shown in Figure 6.16 is used to pull movie fihrr through a pro~tcux. 
The mechanism is driven by the drive wheel rotating at 560 rpm. At the instant shown. 
graphically determine the acceleration of the claw, which engages with the film. 

Figure 6.16 Film advance mrchanrsm 
for Example Problem 6.9. 

Solution: Solution: 

A scaled, kmrmatlc diagram of this mechanism is shown in Flgurc 6.17.A. Norux A scaled, kmrmatlc diagram of this mechanism is shown in Flgurc 6.17.A. Nurux 
that this is the basic slider-crank mrchanism with a point of interest, point X. lo- that this is the basic slider-crank mrchanism with a point of interest, point X. lo- 
cated at the claw. cated at the claw. 

Figure 6.17 Diagrams for Example Problem 6.9. 



Figure 6.17 
Continued. 



Figure b. 17 
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The first brcp 1s 10 CO~SUUCT a vcloc~ty diagram, which includes points B, C, and 
X. Calculate the magnitude of the velocity of point B with the following: 

~2 = $+O rpm) = Y&6@ 
xc 

(18 mm, = 1055= L I .O# 
s s 

The dmction of vg is perpendicular to link 2 and in the direcnon of w2, dowry and 
ro the right. Therefore, a vector can be drawn to scale from the velocity diagram ori- 
gin to represent this velocity. 

The relative velocity equation for points A and R can be written as: 

The velocity of C is constrained to translation in the vertical directwn. Of course, the rela- 
tive velocity of C with respect to B is perpendicular to the line that connects C and B. The ve- 
locity diagram shown in Figure 6.17B was drawn to scale to find the velocity magnitudes of: 

Because It is a general point on a floating link, the velocrty of pomt X mw be de- 

termined from solving the simultaneous vector equations: 

The velocities of points B and Care already known and the dlrecrlons of “x/L: and 
IQ/~. are perpendicular to the lines that connect points X and B, and X and C, re- 

spectively. These v&cities were drawn to scale and added to the velocity polygon. 
The completed velocity diagram is shown in Figure 6.17C. The magnitudes of the 
unknown velocities were found as: 

VX/C = 0.60m 
s 

v,y,~ = 0.9gm 
s 

The next step is to consnvct an acceleration diagram, which includes polntb A and Band, 
eventually, X. Calculate the magnitudes of the known accelerations with the following: 

= 61,834mmls’ = 61.Xm 
s* 

(directed toward the center of rotation, point A) 
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(directed from C toward B) 
Note that point C does not have normal acceleration because the motion is 

strictly translational. 
Understanding that there is no aBt and ac” components of acceleration. the rela- 

tive acceleration equation for points B and C can be written as: 

ac = act = agn +> agz +> aC,Hn +> Qn* 

An acceleration diagram drawn to scale is shown in Figure 6.17D. Scale the vector 
magnitudes from the diagram by using the following: 

QBf = 52.0$ J 30" 

ac = act = 6.09 
2 

As with velocities, because point X is a general point on a floating link, its accel- 
eration must be determined from solving the simultaneous vector equations 

ax = agn +> LzHf +> aX,Bn +> am* 
n ax = ac +> a; +> ax,c” +> a.y,ct 

From the work above, the accelerations aBt and ac” have been found to be zero, 
andail" andac’ are known. In addition, the magnitudes of the relative normal corn- 
ponents can be calculated: 

n (VX,B12 
em = 

(980m~42 = 21.3m 

YBX 45 mm s2 

(directed from X to B) 

aE,c = &A$ = (600mm/si2 
28 mm 

= 12.9$ (directed from X toward C) 

Again, in a similar fashion to the velocity analysis, the two acceleration equa- 
tions are superimposed onto the original acceleration polygon. The accelera- 
tions were drawn to scale and the completed acceleration diagram is shown in 
Figure 6.17E. The magnitudes of the unknown accelerations were found by the 
equations: 

LZ~,~$ = 52.0$ 768" 
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and finally: 

ax = 33.05 \ 8” 

$12 CORIOLIS ACCELERATION 

Throughout the preceding analyses, two components of an acceleration vector (i.e., 
normal and tangential) were thoroughly examined. In certain conditions, a third 
component of acceleration is encountered. This additional component is known as 
the Coriolis component of acceleration and is present in cases where sliding contact 
occurs between two rotating links. 

Mechanisms used in machines have been known to fail due to the mistaken omis- 
sion of this Coriolis component. Omitting the Coriolis component understates the 
acceleration of a link and the associated inertial forces. Therefore, the actual stresses 
in the machine components can be greater than the design allows and failure may 
occur. Therefore, every situation must be studied to determine whether a Coriolis 
acceleration component exists. 

Specifically, the Coriolis component is encountered in the relative acceleration of 
two points when all of the following three conditions are simultaneously present: 

1. The two points are coincident, but on different links; 
2. The point on one link traces a path on the other link; and, 
3. The link that contains the path rotates. 

Figure 6.18 illustrates a rear hatch of a mini-van and the related kinematic dia- 
gram. Notice that point B can be associated with either link 2, 3, or 4. To clarify the 
association to a link, point B is referred to as Bz, B,, and B+ Up to this point in the 
chapter, a coincident point on different links had the fame acceleration because only 
pin joints were used to connect two rotating links. In Figure 6.18, both pin and slid- 
ing joints are used to connect the two rotating links, links 2 and 4. In this case, the 
velocities and accelerations of BZ and B4 are not the same. 

(a) (b) 

Figure 6.18 Case where Coriolis acceleration is encountered. 
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Relarwe mouon equanom can be used to relate the velocities and accelerations as 
follows: 

434 = am +> ~B‘liRZ 

This situation represents a mechanism analysis case where the Coriolis compo- 
nent must be included in the relative acceleration term, LZ,M,LI~. Notice that: 

l The points are coincident, but not on the same link (condition 11; 
l Point B2 slides along and traces a path on link 4 (condition 2); and, 
l The link that contains the path, link 4 rotates (condition 3). 

Separating the relative acceleration term into its components yields the following: 

a84182 = arM,mn +> %4,HZf +> %4/RZC 

where aB4,BzL = the Coriolis component of acceleration 

The magnitude of the Coriolis component has been derived Is’ as: 

(6.21) e+l,BZC = 2 VH4IHZG 

Both the relative linear velocity and the absolute angular velocity can be deter- 
mined from a thorough velocity analysis of the mechanism. The angular velocity, o, 
must be of the link that contains the path of the sliding point. Care must be taken 
because a common error in calculating the Coriolis component is selecting the 
wrong angular velocity. 

Figure 6.19 Directions of the Coriolis acceleration component 
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The direction of rhe Coriolis component IS perpendicular to the r&we veloaty 
vector, vH4iB2. The sense is obtained by rotating the relative velocity vect”r such that 
the head of the vector rotates in the direction of the angular velocity of the path. 
Thus, when the angular velocity of the path, a,, rotates clockwise, the Coriolis di- 
rection is obtained by rotating the relative velocity vector, 90” clockwise. Con- 
versely, when the angular velocity of the path, oh, rotates counterclockwise, the 
Coriolis direction is obtained by rotating the relative velocity vector, 90” counter- 
clockwise. Figure 6.19 illustrates the four cases where the direction of the Coriolis 
component is determined. 

Because both the magnitude and direction of the Coriolis component can be read- 
ily calculated from the velocity data, no additional unknown quantities are added to 
the acceleration equation. However, in solving problems, it is more convenient to 
write the acceleration equation with the point tracing on the left side. The technique 
for such acceleration analvses is best illustrated through thr Example Problem be- 
1”W. 

EXAMPLE PROBLEM 6.10 

Figure 6.20 iliustrares hand-held grass shears,used for trimming areas that are hard 
to reach with m”wers or weed whackers. The drive wheel rotates at 400 rpm. De- 
termine the angular acceleration of the oscillating blades at the instant shown. 

Figure 6.20 Grass shears for Example Problem 6.10 

A scaled kmcmauc diagram ot thx mcchamsm is shown in Figure 6.21 A. 
The acceleration of B, can be readily determined from the input information re- 

garding link 2. The acce!erati”n of B4 must be found t” determine the angular ac- 
celeration of link 4. Notice that sliding occurs between rotating links (2 and 4); thus, 
all rhree of the Coriolis conditions are met. 



The first step IS to construct a velocity diagram, whrch includes pomts B, and B,. 
The distance between points A and BZ was scaled as 1.4 in. Calculate the magnitude 
of the velocity of point B, with the following: 

The direction of vgz is perpendicular to link 2 and in the dirrctmn of wL, down 
and to the right, Therefore, a vector can be drawn to scale from the velocity diagram 
origin to represent this velocity. 

The relative velocity equation for points B2 and B, can be written as: 

Because link 4 is pinned to the fixed link, rotating, the velocity of B4 is perpendicular 
w the line that connects B4 with the center of rotarion. For this case, the relative velocity 

of B2 with respect to B, is parallel to link 4 because B2 slides along link 4. The velocity 
diagram shown in Figure 6.21B was drawn to scale to find the velocity magnitudes of: 

vHziB4 = 23.3; 776” 

The drsrance berwecn pomts C and B, was scaled as 3.6 in. Thcreforr, the angu- 
lar velocity of link 4 can be calculated as: 

Because the velocity of A4 has been found to be directed down and to the right, 
the angular velocity of link 4 must be counterclockwise. 

c 

Figure 6.21 Diagrams for Example Problem 6.IU. 



Figure 6.21 
Conrinued. 
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The next step is to construct an acceleration diagram that includes points BZ and 
Bq. As mentioned, it is typically more convenient to write the acceleration equation 
with the point doing the tracing, BZ, on the left side. Using this guideline, the accel- 
eration equation is written as: 

UBLfl +z- a m* = aBtn +z=- %4* +> ‘%2mn +> %,R4c +> ~RmMC 

Calculate the magnitudes of the known accelerations with the following: 

(directed toward the center of rotation, point A) 

Argo = 0 no rotational acceleration of link 2 

(directed toward the center of rotation, point C) 

~*BZ/m = 0 

smce B, is sliding on B4 and the relative motion is purely translational (no relative 
rotation) 

aB2,B4C = Z(v,,,,)(w,) = 2 23.3& 14.e = 6766 = 56ff 
( ,,,)( s ) ? 2 

The direction of the Coriolis component is that of vBziB4, which is parallel to 
the path of Bz relative to B4 (/), rotated 90” in the direction of wq (ccw). There- 
fore, the Coriolis component is directed perpendicular to link 4, down and toward 
the right. 

The unknown quantities in the acceleration equation are aB4$ and aa2,B4t. Rewrite 
the acceleration equation, so that each unknown is the last term on both sides of the 
equation: 

ag*= +> aBZf --f aBZ,B4f =aBZ,B4n +> aBZ,&$C +> agqn +> agqf 

An acceleration diagram drawn to scale is shown in Figure 6.21C. Scale the vec- 
tor magnitudes from the diagram using the following equations: 

LZBZ,B+,~ = 1209 76" 

and finally: 

aq=4= 3OOinP 

3.6 in 
= *3..& 

ICB4 s2 
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Because the tangential accclcranon of B, was determined to be down and to the 
right, the corresponding rotational acceleration of link 4 must be counterclockwise; 
therefore: 

rad 
014 = 83.3 szccw 

6.13 EQUIVALENT LINKAGES 

Up to this point in the text, the examples of motion analysis involved only mechanisms 
with primary joints, that is, pin and sliding joints. Recall from Chapter 1 that a higher 
order joint, such as a cam or gear joint, involves rolling and sliding motion. Both cams 
and gears are the focus in later chapters. However, the motion analysis of mechanisms 
with higher order joints can be performed using the concepts already presented. 

Velocity and acceleration analysis of mechanisms that utilize higher order joints is 
greatly simplified by constructing an equivalent linkage. This method converts the in- 
stantaneous configuration of a mechanism to an equivalent mechanism, where the 
links are connected by primary joints. Figure 6.22 illustrates two cam mechanisms that 
contain rolling and sliding joints. The dotted lines represent the equivalent linkages. 

Notice that the coupler of these equivalent linkages is drawn from the respective 
centers of curvature of the IWO mating links. For a finite length of time, the two cen- 
ters of curvature for the two mating links will remain a constant distance apart. 

Figure 6.22 Velocity curve. 



6.14 

Therefore, a coupler link wth twu pm lornts can he used to replace this higher order, 
sliding joint. It is important to note that since the center of curvature may change as 
the mechanism moves. After the equivalent linkage is constructed, the method of 
morinn analysis is identical to the problems previously encountered in this text. 

ACCELERATION CURVES 

The analyses, presented up to this point in the chapter, are used to calculate the accelera- 
tion of points on a mechanism at a specific instant. Although they are important, the re- 
sults only provide a snapshot of the motion. The obvious shortcoming of this analysis is 
that determination of the extreme conditions throughout a cycle is difficult. It is neces- 
sary to investigate several positions of the mechanism to discover the critical phases. 

As shown with velocity, it is also convenient to trace the acceleration of a certain 
point, or link, as the mechanism moves through its cycle. Such a trace provides infor- 
mation ahout critical phases in the cycle. An acceleration curve provides this trace. An 
acceleration curve plots the acceleration of a point, or link, as a function of time. It 
can he generated from a velocity curve, which was introduced in Section 5.8. 

Recall that a velocity curve plots the velocity of a point or link as a function of 
time. A velocity curve is generated from a displacement curve, which was introduced 
in Section 3. Thus, a displacement curve can he used to generate a velocity curve 
which, in turn, can be used to generate an acceleration curve because: 

Differential calculus suggests that the acceleration at a particular instant is thr 
slope of the velocity curve at that instant. Since velocity is the time derivative of dis- 
placement, acceleration can also he written as: 

This equation suggests that acceleration at a particular instant is the curvature of the 
displacement curve. Admittedly, curvature may not he as convenient to determine as the 
slope. However, it is easy to visualize the locations of extreme accelerations by locating 
the regions of sharp curves on the displacement diagram. Although values may be diffi- 
cult to calculate, the mechanism can be configured to the desired position, then a thor- 
ough acceleration analysis can he performed, as presented in the preceding sections. 

To determine values for the acceleration curves, it is best to determine the slope at 
several regions of the velocity curve (see Section 5.8). 

6.14.1 Graphical Differentiation 

The task is to estimate the slope of the velocity curve diagram at several points. 
Theslope, at a point, can he graphically estimated by sketching a line through the 
point of interest, tangent to the velocity curve. The slope of the line can he deter- 
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mined by calculating the change in y-value (velocity) divided by the change in x- 
value (time). 

This procedure can be repeated at several locations along the velocity diagram. 
However, only the acceleration extremes and abrupt changes between them are usu- 
ally desired. Using the notion of differential calculus and slopes, the positions of in- 
terest can be visually detected, which include: 

l The steepest portions of the velocity diagram, which correspond to the extreme 
accelerations; and, 

l The locations on the velocity diagram with the greatest curvature, which corre- 
spond to the abrupt changes of accelerations. 

It must be noted that errors can easily occur when determining the slope of a 
curve. These errors are magnified as the slope is determined again, as deriving an ac- 
celeration curve from a velocity curve. Therefore, the values obtained for the accel- 
eration diagram should be used cautiously. Identifying the positions of extreme ac- 
celerations is invaluable. A complete acceleration analysis, as presented in the 
previous sections of this chapter, should then be performed at these mechanism ori- 
entations to obtain accurate acceleration values. The benefit of the acceleration 
curve is locating the important mechanism configurations; therefore, comprehensive 
acceleration analysis can be performed. 

PROBLEM 6.11 

A velocity curve was constructed for a compressor mechanism in Example Problem 
5.14. Use this data to plot an acceleration curve. 

Solution: 

The main task of constructing an acceleration curve is to determine the slope of 
many points on the velocity curve. This velocity curve is reprinted as Figure 6.23. 

From this curve, it is apparent that the curve has a horizontal tangent, or zero 
slope, at 0.007 and 0.027 sec. Therefore, the acceleration of the piston is zero at 
0.007 and 0.027 sec. These points are labeled tI and t3, respectively. 

The maximum upward slope appears at 0 sec. This point was labeled as tO. An es- 
timate of the velocity can be made from the values of Au0 and At, read from the 
graph. Acceleration at 0 xc is estimated as: 

A% 80inls 
ao=nt,= .0025 set 

= 32000g 
s2 

Likewise, the maximum downward slope appears at 0.017 sec. This point 
was labeled as t2. Again, an estimate of the acceleration can be made from the 
values of Av2 and At, read from the graph. The velocity at 0.017 set is esti- 
mated as: 

Af-3 70&/s 

“‘=t,= ,005 set 
= -14OOE 

sz 
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h .,” 
positive 
siope ht2= O.O”5~l 

Figure 6.23 Velocq curve 

The procedure for determining the slope of the velocity curve can be repeated at 
other points in time. By compiling the slope and time information, an acceleration 
curve can be constructed (Figure 6.24). 

Acceleratioli C”WC 

40000 T 

Figure 6.24 Acceleration CUIYC for Example Problem 6.11 
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6.14.2 Numerical Differentiation 

As in creating the velocity curve in Section 5.8.2, the acceleration curve can be de- 
termined by numerical differentiation. Again, the Richardson method’3’ is used for 
determining the derivative of a series of data points with an equally spaced, inde- 
pendent variable. Thus, the derivative of the velocity-time curve can be numerically 
approximated by using the following equation: 

where: 

i = data point index 

u$ = velocity at data point i 

At = tz - tl = t3 ~ t2 = td - t3 

t, = time at data point i 

The second derlvatlve can be similarly determined through numerical approxm~a- 
tions. This allows the acceleration curve to be derived directly from the displacement- 
time curve. Again, the Richardson method is used to numerically determine the sec- 
ond derivative with the following equation: 

(6.23) %+J - 2s, + s,-1 
a, = 

At2 1 

where in addition to the notation above: 

si = displacement at data point i 

.‘ .  .  

f+Iah4PLE PROBLEM 6.12 

A Displacement diagram of the piston operating in a compressor was plotted in Ex- 
ample Problem 3.5. From this diagram, a velocity curve was derived in Example 
Problem 5.9. Use this data to numerically generate an acceleration curve. 

Solution: 

The spreadsheet data from Example Problem 5.9 was expanded by inserting an ad- 
ditional column to include the piston acceleration. In addition, Example Problem 
5.9 calculated the time increment as: 

At = tz - t, = (0.00285 - 0.0) = 0.00285 xc 
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‘To illustrate rhc calculation of the .accelerations, a few sample calculations using 
Equation 6.8 are shown below: 

141.7 0.0 I i 137.5 - 2j141.7) + 2(&O) (~90.8) 

2j.00285) 12(.00285) I 

= 26473.54 
xc 

= (~141.7) - (-96.4) ~90.8) 2(-141.7) t 2( 96.41 (46.6) 

12(.00285) I 

4 (0.0) - (-141.7) (90.8) 2(0.0) + 2(-90.7) (141.7) 

2(.00285) 121.002851 1 

= 26473.SA 
se2 

The resulting information, with all values calculated, is given in Table 6.3 below. 
These values are plotted in Figure 6.25 to form an acceleration diagram, relative to time. 

Figure 6.25 



240 Chapter 6 ACCELERATION ANALYSIS ACCELERATION ANALYSIS 

.;.,.:.:~.., .” ‘,“Sj / 

: TABLE 6.3 Information for Exar TABLE 6.3 Information for Example Problem 6.12 

-9313.4 
-17109.1 
-17160.1 
-16165.5 
-17160.1 
-17109.1 

-9313.4 

26473.5 
34218.2 

Notice that this curve is still rather rough. For accuracy purposes, it is highly sug- 
gested that the crank angle increment be reduced to 10” or 15”. When a spreadsheet 
is used to generate the acceleration data, even smaller increments are advisable and 
do not make the task any more difficult. 

&;,.;;~,.~,‘- * ‘_I) 
,) 

,,~l;:::r,:f,~;.::;:” /1”,’ ’ 

Manual drawing techniques can be instructive 
for problems requiring graphical solution,but 

Figure P6.3 shows a centtifugal clutch, 
which engages two shafts at a threshold rota- 

6-1 
using a CAD system is highly recommended. 
Boxes are sitting on a conveyor belt as the con- 
veyor is turned on. The belt reaches full speed 
of 45 fpm (ft/tnin) in 0.5 sec. Determine the ac- 
celeration of the boxes assuming that this ac- 
celeration is constant. Also determine the dis- 
placement of the boxes during this “speeding 
up” period. 

h-2 The rotor of a iet enaine idles at 10,000 rpm - 
and, when the fuel is shut off, the engine slows 
to a stop in 120 sec. Knowing that the deceler- 
ation is neatly constant, determine the angular 
deceleration of the engine. Also determine the 
rotational displacement of the rotor during 
this “shut down” period. 
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6-3. Dererminr the normal accclcrarion of point A 
on the friction pads at the mstant shown, while 
the drive shaft rotates at 300 rpm. 

64. Determine the total acceleration of the friction 
pad at the instant shown, while the drive shaft 
rotates at 300 rpm and is speeding up at a rate 
of 300 radiscc’. 

6-S. Determine the total acceleration of the friction 
pad at the instant shown, while the drive shaft 
rotates at 200 rpm and is slowing down at a 
rate of 200 radisec’. 

Relative Acceleration Problems 

6-6. For the kinematic diagram shown m Figure 
1'6.6, the length rrf link AB is 10 mm and 0 = 
35". Box A moves upward at a velocity of 10 
mm/s and accelerates at 5 mmlsec*. At the 
same time, the velocity of box B is 7 mmiscc 
and accelerates at a rate of 25 mmlsec’. 
Graphically determine: 

h-8. Flgurc P6.X shows a device used to automati- 
cally open windows commonly found in ele- 
vated locations of gymnasiums and factories. 
At the instant when 0 = 25”, the drive nut 
~OYCS to the right at a velocity of 1 ftis and ac- 
celerates at 1 ftlsec’. At the same time, the YC- 
lociry of the shoe is 0.47 ftisec and accelerates 
at a rate of 0.91 ftiscc’. Construct a kinematic 
diagram and graphically determine: 

Figure P&b Problems 6 and 7. 

6-9. 
A. The relative velocity of A with respect to B; 

and, 
B. The relative acceleration of A with respect 

to B. 

6-7. For the kinemarlc diagram shown in Figure 
P6.6, the length of link AB is 15 in and 8 = 
40". Box A moves upward at a velocity of 50 
in/s and decelerates at 125 in/s&. At the same 
time, the velocity of the box B is 42 in/xc and 
accelerates at a rate of 48.6 in/s&. Analyti- 
tally determine: 

a) The rclatwe velocity of A with respect to B; 
and 

b) The relative acccleratmn of A with respect 
to B. 

Figure P6.8 Problems 8 and 9. 

a) The relative velocity of C wirh roptct to B; 
and, 

b) The relative acceleration of C with respect 
to B. 

For the automatic window mechanism, shown 
in Figure P6.8, at the instant when 0 = 55”, the 
drive nut moves to the right at a velocity of 2 
it/s and accelcrares at 1 ftlsecz. At the same 
time, the velocity of the shoe is 2.95 ftisec and 
accelerates at a rate of 8.51 f&x2. Analyti- 
cally determine: 

a) The relative vcloaty of C with respect LO B; 
and, 

b) The relative acceleration of C with rwxcr 
to B. 
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6-10. For the automatic window mechanism, 
shown in Figure P6.8, at the instant when 0 = 
30”, the drive nut moves IO the right at a ve- 
locity of 2 ftis and decelerates at 2 f&c’. At 
the same time, the velocity of the shoe is 1.15 
ftisec and accelerates at a rate of 0.90 ftisec’. 
Construct a kinematic diagram and graphi- 
cally determine: 

a) The relative velocity of C with respect to B; 
and, 

b) The relative acceleration of C with respect 
ton. 

6-11. For the automanc windrnv mechanism, 
shown in Figure P6.8, at the instant when 0 = 
70”, the drive nut moves to the right at a ve- 
lociry of 2 ftis and decelerates at 7.5 it/xc’. 
At the same time, the velocity of the shoe is 
5.5 f&c and accelerates at a rate of 7.46 
f&x2. Analytically determine: 

a) The relative velocity of C with respect to B; 
and, 

b) The relative acceleration of C with respect 
t0B. 

Problems in Acceleration Analysis 
For Problems 6-12 through 6-15, use the 
kinematic diagram shown in Figure PG.12 fo 
determine: 

Figure P6.12 Problems 12-15 

A. The velocity of points B and C, 
B. The rotational velocity of link 3; 
C. The acceleration of points B and C; and: 
D. The rotational acceleration of link 3. 

6-12. Link 2 rotates clockwise at a constanf veloc- 
rad 

iry of 135 ,’ Use graphical methods. 

6-13. Link 2 rotates counrcrclockwise at a constant 
rad 

velocity of 45 7 Use analytical methods. 

6-14. Link 2 rofates clockwise at a constanf veloc- 
ity of 60 radisec and accelerates at a ra~c of 
1000 rad/sec’. Graphically (using either man- 
ual drawing techniques or CAD) determine: 

6-15. I.ink 2 rotates clockwise ar a constant veloc- 
ity of 75 radisec and decelerates at a rate of 
500 radisec’. Use analytical methods. 

For Problems 6-16 through 6-19, use the 
kinematic diagram shown in Figure P6.16 fo 
determine: 

Figure P6.16 Problems 16-19 

a) The v&city of points B and C; 
b) The rotational velocity of links 3 and 4; 
c) The acceleration of points B and C; and, 
d) The rotational acceleration of links 3 and 

4. 

6-16. Link 2 rates counter-clockwise at a constant 
velocity of 10 radiscc. Use graphical meth- 
ods. 

6-17. Link 2 rotates clockwise ar a constanf vcloc- 
iry of 65 radlsec. Use analytical methods. 

6-1X. Link 2 rotates clockwise at a constant veloc- 
iry of 2.5 radisec and decelerates at a raw of 
100 rad/s&. Use graphical methods. 
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6-19. Link 2 romrcs counterclockwise at a constant 
velocity of 40 radlsec and accelerates at a rate 
of 300 radisec’. Use analytical methods. 

Figure PG.20 shows the mechanism that 
drives a needle of a sewing machine. For 
Problems 6-20 through 6-24, use Figure 
P6.20 to determine: 

Figure P6.20 Problems 20-24. 

A. The hnear velocity and the linear accelera- 
tion of pin C, and, 

B. The rotational velocity and rotational ac- 
celeration of the connecting rod, EC. 

6-20. At the instant when 0 = 30” and the drive 
wheel has a constant rotational velocity of 
200 rpm, counter-clockwise. Use graphical 
methods. 

6-21. At the instant when 0 = 30”, the drive wheel 
has a constant rotational velocity of 350 rpm, 
clockwise. Use analytical methods. 

a) The linear velocity and the hnear accclera~ 
rion of pin B; and, 

b) The rotational velocity of the connecting 
rod. 

6-22. At the instant when 0 = 120”, the drive wheel 
has a clockwise rotational velocity of 50 
radlsec and decelerates at a rate of 900 
radisec’. Use graphical methods. 

b-23. At the instant when 0 = 120”, the drive wheel 
has a counterclockwise rotational velocity of 
20 radkc and accelerates at a rate of 400 
radJsccz. Use analytical methods. 

Figure P6.24 shows a coin-operated me- 
chanical horse ride, commonly found at 
stores. For problems 6-24 through 6-29, 
construct a kinematic diagram and determine 
the rotational velocity and the rotational ac- 
celeration of the horse. 

Figure P6.24 Problems 24-29. 

6-24. The motor rotates clockwrse at a constant 9” 
rpm and 0 = 30”. Use graphical methods. 

6-25. The motor rotates clockwise at a constant 75 
rpm 0 =30”. Usr analytical methods. 

6-26. The motor rotates counterclockwise at 60 
rpm and accelerates at a rate of 30 rad/sec2 
and 0 = 45”. Use graphical methods. 

6-27. The motor locates counterclockwise at 100 
rpm and accelerates at a rate of 40 radisecZ 
and 0 = 45”.Use analytical methods. 

6-28. The motor rotares clockwise at 120 rpm and 
decelerates at a rate of 60 radlsec’, and 0 = 
60”. Use graphical methods. 

6-29. The motor rotates clockwise at 120 rpm and 
decelerates at a rate of 3 radisec’ and 8 = 
60”. Use analytical methods. 



Acceleration of Points on a Floating Link 

6-30. For rhe kinematic diagram shown m Figuc 
1’6.30, when 0 = 30”, point C moves to the 
right with a v&city of 10 mm&c and accel- 
orates at a rate of 2 mmlsec2. Graphally de- 
tcnrml?’ 

Figure PG.30 Problems 30 and 31 

4. Thr velocity of points B and X; and, 
B. The acceleration of points H and X. 

h-3 1. For the kmemaric diagram shown in hgurr 
P6.30, when 0 = 30”, the 15 mm crank ro- 
tates at 5 radisec and accelerates at 3 
radix?. Graphically determine: 

a) The velocity of points C and X; and, 
b) The acceleration of points C and X. 

Figure P6.32 illustrates a mechanism that 
is used to stamp cartons as they pass an a 
convwor belt. 

Figure P6.32 Pnrhlcms 32.35. 

6-32. 

6-33. 

h-34. 

6-35. 

Kr rhc ms~anc dwwn, fhc S.LS-m hnk ilr~ve~ 
clockwise at a consmnt rate of 20 rpm. 
Graphically determine the velocity and accel- 
eration of the stamp. 
The 5.25-i” link drives clockwae at a con- 
scant rate of 20 rpm. Graphically deternunr 
the velocity and acceleration of the stamp 
when the crank rofatrs 60” from the positjon 
shown. 
The 5.25-in link drwr counterclockwise at 
30 rpm and accelrrates at a rate of 6 radisec. 
Graphically determine the velocity and accel~ 
rration of the stamp. 
The 5.25-i” link drlvcs clockwise at 60 rpm 
and &c&rates at a rate of 6 radlsec. Graphic 
tally determine the velocity and acceleration 
of the stamp. 

Figure P6.36 illustrates a mechanism that 
is used to raise and rotate cartons from one 
conveyor to another. 

Figure P6.36 Problems 36-39 

6-36. At rhr mstant shown, with 0 = 20”, the 0.5~~ 
link drives counterclockwise at a constam 
fate of 12 rpm. Graphically determine the ve- 
locity and acceleration of point X. 

6-37. At the instant shown, when 8 = 30”, the 0.5. 
m link drives clockwise at a constant rate of 
20 rpm. determine the velocity and accelera- 
tion of point X. 

b-38. At the instant shown, when 0 = ZO”, the 0.5. 
m hnk drives clockwise ar a rate of 30 rpm 
and accelerates at a rate of 5 radix? Graph- 
sally determine the velocity and acceleration 
of point X. 



6-39. At the ms~ant shown, when 8 = O”, me 
0.5-m link drives counterclockwise at a rate 
of 18 rpm and decelerates at a rate of 5 
rad/sec’. Graphically determine the velocity 
and acceleration of point X. 

Problems Dealing with Coriolis Acceleration 

6-40 

6-41 

642 

For the kinematic diagram shown in Figure 
P6.40,O = 60", the rotational velocity of link 
2 is 30 rad/sec, clockwise. Slide 3 also moves 
outward on link 2 at a rate of 15 mm/set. De- 
termine the Coriolis acceleration of point B 
on link 3 relative to link 2. 

Figure P6.40 Problems 40.42. 

For the kinematic diagram shown m Figure 
P6.40,B = 45”, the rotational velocity of link 
2 is 30 rad/sec, counterclockwise. Slide 3 also 
moves outward on link 2 at a rate of 15 
mm/set. Determine the Coriolis acceleration 
of point B on link 3 relative to link 2. 
For the kinematic diagram shown in Figure 
P6.40,O = 30”, the rotational velocity of link 
2 is 30 rdsec, clockwise. Slide 3 also moves 
inward on link 2 at a rate of 15 mmlsec. De- 
termine the Coriolis acceleration of point B 
on link 3 relative to link 2. 

For Problems 6113 through 6-45, use the 
kinematic diagram shown in Figure P6.43, to 
determine: 

PROBLEMS 

A. The rorarwnal velocity of link 4; 
B. The sliding velocity of link 3 on 

and, 
C. The angular acceleration of link 4. 

link 4; 

643. When the rotationalocity of link 2 is 20 
radlsec counterclockwise. Use graphical 
methods. 

6-44. The rotational velocity of link 2 is 20 rad/sec, 
counterclockwise. Use analytical methods. 

6-45. When the rotational velocity of link 2 is 20 
rad/sec, counterclockwise, and accelerates at 
a rate of 5 rad/sec. Use graphical methods. 

Figure P6.46 illustrates the driving mecha- 
nism in a saber saw. Graphically determine 
the acceleration of the saw blade. 

245 

Figure P6.46 Problems 46 and 47 

646. At the instant shown, the crank IOIB~CL ar a 
constant rate of 300 rpm, clockwise. 

647. At the instant shown, the crank rotates at a 
rate of 200 rpm, clockwise, and accelerates at 
a rate of 45 rad/s& 

Figure P6.43 Problems 43.45. 



Figure IS.48 illustrarrs a bicycle pump 
mechanism. Graphically determine the rota- 
tional velocity and acceleration of the pedal 
assembly and the velocity and acceleration of 
point X. 

o-51. i:or rhc rudder mcchamsm m F~gurc 1’6.50, 
the z~ctuator cxtmds at a rate of 0. I m/xc, 
and decelerates at a rat‘? of 0.3 m/w? 
Graphically (using either manual drawing 
techniques or CAD) determine the rotatinnal 
velocity and accelcrat~on of the rudder as- 
sembly. 

Acceleration Diagram Problems 

6-52. 

1. ‘_ -.-...-. -_‘_P.. ,_ -, _- ” 

For the kinematic diagram shown in Figure 
P6.12, the crank rotates at a conxant raw of 
600 rpm, counterclockwise. Graphxally gen- 
crate a displacement diagram of the motion 
of link 4 versus crank rotation. Then use this 
graph to create velocity and xc&ration dx- 
grams of link 4. 

Figure P6.48 Problems 48 and 49. 

6-48. At the instant shown, the cylmdcr 1s bang rem 
tracted at a constant rate of 2 in&c. 

649. At the instant shown, the cylinder is bang rc- 
tracred at a rate of 2 in/xc and accelerates at 
a rate of 3 in/xc’. 

h-50. Figure P6.50 illusrrate~ a rudder mechanism 
used to steep ships. At the instant shown, the 
acn,arnr extends at a consfanf rate of 0.1 
misec. Graphically (using either manual 
drawing techniques or CAD) determine the 
roranonal velocity and acceleration of the 
rudder assembly. 

6-54. 

6-55 

6-56 

For the kinematic diagram shown m t’igurr 
P6.16, the crank rotates at a constant rare of 
1800 rpm, clockwise. Graphically generate a 
displacement diagram of the rotation of link 
4 versus the crank rotation. Then use this 
graph to create velocity and acceleration die 
grams of link 4. 
For the sewing machmr mechanism shown m 
Figure P6.20, the crank rotates at a constant 
rate of 100 rpm, clockwise. Graphically gm- 
crate a displacement diagram of needle mom 
tion versus crank rotation. Then use this 
graph to create velocity and accclcrarion dia- 
grams of the needle. 
For rhc coin-operated horse mechamsm 
shown in Figure P6.24, the crank ~ofafes at a 
constant rate of 60 rpm, counterclockwise. 
Graphically generate a displacement diagram 
of horse rotation versus crank rotation. Then 
use this graph to create veloaty and accelcra- 
twn diagrams of the horse. 
For the saber saw mechanism shown m Fig- 
ure P6.46, the crank routes at a constant rate 
of 300 rpm, counterclockwise. Graphically 
generate a displacement diagram of saw 
blade motion versus crank rotation. Then use 
this graph to create velocity and acceleration 
diagrams of the blade. 

Figure 1’6.50 Prublems 50 and 5 I 
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Accleration Problems Using Working Model 

Use the Working Model software obramablr 
with the text to crrafr a model and provide 
the desired output for the following mccha 
nisrns. 

h-57. Using the kmrmaric diagram in Figure P6.12, 
create an acceleration diagram of link 4 as 
the crank is rotating at a constant rate of 600 
rpm, counter~clockwise. 

h-58. Using the kincmaric diagram m t’igurr 1’6.16, 
creatr an acceleration diagram of link 4 as 
the crank is rotating at a constant rate of 
1800 rpm, clockwise. 

CA& STUDIES 

6-l. Figure C6.1 shows a specialty machine that is 
driven by crank shaft 1. Thr top cap H on the 
machine drives another mechamsm which is nor 
shown. Carefully axammc the components of 
the mechanism, then answer thr following Icad- 
ing questions to gain insight into its operation. 

Machine bass 

Figure C6.1 (Courta): Indoitr~i l’ress) 

1. As crank shaft lrotarrs clockwise, 30” from ~11~ 
positionshown, what 1s rhc motion of&de]? 

2. As crank shaft I rotates a few more degrees 
clockwise, what happens to the mechamsm? 

3. What purpose does item C srrvr? 
4. As crank shaft I continues to rotate, dcscrihr 

the motion of the slidr. 

h-59. Lhng the ,rwmg m‘lchInc mcchanlsm 11, hg- 
LIE P6.20, crcaw an acceleration diagram of 
the medic as the crank is rotating ar a con- 
stant rate of 100 rpm, clockwise. 

6-60. tJmg the corn operated horse mechamsm in 
Figurr 1’6.24, craw an angular acceleration 
diagram of thr horsr as rhc crank rotafcs at a 
~on~tanc r-ate of 60 rpm, counter-clockwise. 

A-61. Usmg rhr saber saw mechanism shown in 
Figure P6.46, craw an accrlrration diagram 
of the saw blade as the crank rutatrs at a c<>n- 
stain rarr of 300 rpm, countwclockwise. 



4. What pwpose does spring I, serve? 
5. What 1s the general name of the fypr of con- 

ncction bctwern irrms C and D? Then describe 
thr drtails of its funcriou. 

7. Drscribr manon and actions that takr placr 
during operation of this machine. 

b-3. I:gurr 05.3 bows a specialty machlnc that x- 
crpts pamally wi-appcd cartons from slot B. 
Tbc machme fold\ thr top and bottom wrtppcrs 
down and moves the carton to anorhcr opera- 
tion. In the positwn Jlustratrd, a carcon is 
shown as A and is bring elected from the ma- 
chmr. Carefully examine the components of thr 
mechanism, then answer the followmg lending 
qucst~ons ~1 gain insight into its operation. 

2. As link ] rotates clockwirc, 90” from the pot 
sit~on hewn, what is the motion of pusher L. 



Design 

:93JECTIVES LJPCVI completion of thrs chapter, the student will be able to: 

1. Describe mechanism synthesis. 

2. Design an in-line slider-crank mechanism. 

3. Knowing the desired mechanism time ratio, determme an appropr~are imbalance 
angle. 

4. Using graphical methods, design offset slider-crank and crank-rocker mecha- 
nisms. 

5. Using graphical methods, design a single-pivoted link to move between two pre- 
scribed positions. 

6. Using graphical methods, design a four-bar mechanism in which the coupler link 
moves between two prescribed positions. 

7. Using graphical methods, design a four-bar mechanism, where the coupler link 
moves between three prescribed positions. 

TRODUCTION 

Up to this point in the text, an emphasis was placed on the analysis of mechanisms. 
Methods have been explored that enable determination of displacements, velocities, 
and accelerations of a specific mechanism. Compared to this analysis, the design of 
a mechanism has the opposite problem: That is, given the desired motion, a specific 
mechanism must be determined. Synthesis is the term given to describe the process 
of designing a mechanism that produces a desired output motion for a given input 
motion. 

To design a mechanism, intuition can be used along with analysis methods de- 
scribed in earlier chapters. This usually involves several iterations, especially for in- 
experienced designers, and can be an inefficient process. However, the iterate-and- 
analyze method does have merit, especially in problems where synthesis procedures 
have not or cannot be developed. However, several methods for mechanism synthe- 
sis have been developed and can be quite helpful. This chapter serves as an intro- 
duction to these methods. Because analytical techniques can become quite complex, 



250 Chapter 7 MECHANISM DESIGN 

the tocus IS on graphical rcchmquca. As stated throughour the rexr, cmploymg 

graphical techniques on a CAD system generally produces accurate results. 

‘7.2 DESIGN OF SLIDER-CRANK MECHANISMS 

Many mechanisms require the reciprocating, hnear sliding motion of a compunent. 
Engines and compressors require a piston to move through a precise distance, called 
the stroke, as a crank continuously rotates. Many other applications require a simi- 
lar, linear, reciprocating motion. A form of the slider-crank mechanism is used in vir- 
tually all these applications. 

7.2.1 In-line Slider-Crank Mechanism 

(7.1) 

An in-line slider-crank mechamsm has the crank pwor along the line of the sliding 
motion of the connecting arm/piston pin. An in-line slider-crank mechanism is illus- 
trated in Figure 7.1A. The stroke, S, is defined as the linear distance that the sliding 
link exhibits between the extreme positions. Because the motion of the crank and 
connecting arm is symmetric about the sliding axis, the crank angle required to exe- 
cute a forward stroke is the same as that for the return stroke. For this reason, the 
in-line slider-crank mechanism is a balanced linkage. Assuming that the crank is 
driven with a constant velocity source, as an electric motor, the time consumed dur- 
ing a forward stroke is equivalent to the time for the return stroke. 

The design of an in-line slider-crank mechanism involves determining the appro- 
priate length of the two links, &and 13, to achieve the desired stroke, s. As can be seen 
from Figure 7.1, the stroke of the in-line slider-crank mechanism is twice the length of 
the crank. Therefore, the length of crank, I,, must be determined as followed: 

l2 = + 

The length of the connecting arm, 13, does not affect the stroke of an In-line slider- 
crank mrchaniqm. However. a shorter connecting arm yields greater velocitv and ac- 

Figure 7.1 In-line slider-crank mechanism 
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celerat~on values. Therefore, the connecting arm length should be made as large as 
possible. A detailed acceleration analysis (Chapter 6) should be completed to deter- 
mine the inherent inertial loads. Maximum acceleration always occurs at the end of 
the stroke. 

72.2 Offset Slider-Crank Mechanism 

The mechanism illustrated in Figure 7.2A is an offset slider-crank mechanism. With 
an offset slider-crank mechanism, an offset distance is introduced. This offset dis- 
tance, II, is the distance between the crank pivot and the sliding axis. With the pres- 
ence of 30 offset, the motion of the crank and connecting arm is no longer symmet- 
TIC about the sliding axis. Thwrfore, the crank angle required to execute the forward 

Figure 7.2 Offset slider-crank mechanism. 
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(7.2) 

stroke is different from the crank angle rcqured for the return stroke. An offset 
slider-crank mechanism provides a quick return when a slower working stroke is 
needed. 

A measure of the quick return action of a mechanism is the time ratio, Q, which 
is defined as follows: 

An imbalance angle, 0, is also shown in Figure 7.2B. This angle can be related to the 
time ratio, Q: 

Q= 
180” + p 
180” - /3 

Equatinn 7.3 can be rewrittm to wlve the imbalance angle as follows: 

Thus, in the design of an offset slider-crank mechanism the desired time ratio can be 
used to determine the required imbalance angle. 

. . “V .  

: :  LE PROBLEM 7.1 

A quick return mechanism is to be designed, where the outward stroke must con- 
sume 1.2 set and the return stoke 0.8 sec. Determine the time ratio, imbalance an- 
gle, and speed at which the mechanism should be driven. 

Solt4tion: 
The time ratio can be determined from Equation 7.2: 

(1.2 xc) 
' = (0.8 xc) = 1'5 

The resulting imbalance angle can be determined from Equation 7.5: 

(1.5 - 1) 
p = 180" (1,5 + 1) = 36" 

The total time for the forward and return stroke is as follows: 

1.2 + 0.8 = 2.0 set 



Because one cycle at machmc opcranon mvolves both the forward and return 
btroke, the time for the crank to complete one revolution is also 2.0 sec. The re- 
quired crank speed is determined from Equation 5.4: 

A0 

“‘nt 

1.0 rev = 0.5E 
2.0 xc set 

(7.4) 

In Figure 7.2A, the stroke of an offset slider-crank mechanism is always greater 
than twice the crank length. As the offset distance increases, the stroke also becomes 
larger. In Figure 7.2A, the feasible range for the offset distance can be written as: 

Locatmg ihe limmng posmons of the sliding link are shown m Figure 7.2A and 
were discussed in Chapter 4. The design of a slider-crank mechanism involves deter- 
mining an appropriate offset distance, 1,, and the two links lengths, & and li, to 
achieve the desired stroke, s, and imbalance angle, p. The graphical procedure to 
synthesize a slider-crank mechanism is as follows: 

1. Locate the sliding axis of the pin joint on the sliding link. This joint is labeled 
as point C in Figure 7.2A. 

2. Draw the extreme positions of the sliding link, separated by the stroke, s. 
3. At one of the extreme positions, construct any line M through the sliding link 

pin joint. This point is labeled C1 on Figure 7.2B. 
4. At the other extreme position, draw a line N through the sliding link pin joint, 

labeled CL in Figure 7.2B, inclined at an angle fl from line M. 
5. The intersection of lines M and N define the pivot point for the crank, point A. 

The offset distance, II, can be scaled from the construction (Figure 7.2B). 
6. From the construction of the extreme positions, it is known that the arc length 

between C1 and D is 212. Note that this arc is centered at point A. The distance 
CID can he scaled to determine the appropriate crank length, 12. 

7. From the construction of limiting positions, it is known that the length AC, = 
l3 lz. The connecting arm length, 13, is determined as 1.? = AC, + 1,. 

The complete mechanism is shown in Figure 7.2C. The design procedure, implr- 
mented with a CAD system, achieves accurate results. 

Note that any line N can he drawn though point C,. Therefore, an infinite num- 
her of suitable mechanisms can be designed. In general, the mechanisms that pro- 
duce the longest connecting arm have lower accelerations, and subsequently lower 
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inertial forces. A detailed acceleration analysis should be complrtrd to determine the 
inherent inertial loads (Chapter 6). As in the in-line slider-crank mechanism, maxi- 
mum values of acceleration are obtained at the end of the stroke. 

;7.3 DESIGN OF CRANK-ROCKER MECHANISMS 

A crank-rocker mechanism has also been discussed on several occasions. It is com- 
mon for many applications where repeated oscillations are required. Figure 7.3A il- 
lustrates the geometry of a crank-rocker. Comparable to the stroke of a slider-crank 
mechanism, the crank-rocker mechanism exhibits a throw angle, $ (Figure 7.3A). 
This throw angle is defined as the angle between the extreme positions of the rocker 
link. 

Similar to the offset slider-crank mechanism, a crank-rocker can be used as a 
quick return mechanism. The time ratio defined in Equations 7.2 and 7.3 equally ap- 
ply to a crank-rocker. The imbalance angle, & of a crank-rocker mechanism is also 
shown in Figure 7.3A. 

The limiting positions of a crank-rocker are shown in Figure 7.3A and were dis- 
cussed extensively in Chapter 3. Note that the radial length between the two ex- 
treme positions is twice the crank length. This notion becomes important when de- 
signing a crank-rocker mechanism. 

The design of a crank-rocker mechanism involves determining appropriate 
lengths of all four links to achieve the desired throw angle, $, and imbalance angle, 
P. The graphical procedure to synthesize a crank-rocker mechanism is as follows: 

1. Locate the pivot of the rocker link, point D in Figure 7.3B. 
2. Choose any feasible rocker length, I,. This length is typically constrained by 

the spatial allowance for the mechanism. 
3. Draw the two positions of the rocker, separated by the throw angle, +. 
4. At one of the extreme positions, construct any line M through the end of the 

rocker link. This point is labeled C, on Figure 7.3B. 
5. At the other extreme position, draw a line N through the end of the rocker 

link, which is inclined an angle /3 from line M. 
6. The intersection of lines M and N define the pivot point for the crank, point A. 

The length between the two pivots, I,, can be scaled from the construction 
(Figure 7.3C). 

7. From the construction of the extreme positions, it is known that the arc length 
between C1 and E is 21,. Note that this arc is centered at point A. The distance 
CIE can be scaled to determine the appropriate crank length, &. 

8. From the construction of limiting positions, it is known that the length AC1 = 
l3 - 12. The coupler length, 13, is determined by the equation: 

The completed mechanism is shown in Figure 7.3C. Note that any line M can be 
drawn though point Cz. Therefore, an infinite number of suitable mechanisms can 
be designed. In general, the mechanisms that produce the longest coupler have lower 
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,’ 

(b) 

c 

? 

Figure 7.Z Crank-rocker mechanism. 
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accelerations, and subsequently lower inertial forces. This procedure, implemented 
with a CAD system, achieves accurate results. 

;&4 MECHANISM TO MOVE A LINK BETWEEN TWO POSITIONS 

In material handling machines, it is common to have a link that moves from one 
general position to another. When two positions of a link are specified, this class of 
design problems is called two-point synthesis. This task can be accomplished by 
rotating a link about a single pivot point or by using the coupler of a four-bar 
mechanism. 

7.4.1 Two-Point Synthesis with a Pivotmg Link 

Figure 7.4A illustrates two points A and B, which must sit on a link and move from 
AIBl to A2B2. A single link can be designed to produce this displacement. The prob- 
lem reduces to determining the pivot point for this link, and the angle that the link 
must be rotated to achieve the desired displacement. 

Figure 7.4 Two-point synthesis wth a pwormg Ink. 
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The graphlcai procedure to design a pwotmg link for two-pomr synthesis IS as 
follows: 

1. Construct two lines that connect A,A2 and BIB2, respectively. 
2. Construct a perpendicular bisector of AlA,. 
3. Construct a perpendicular bisector of BIB2. 
4. The intersection of these two perpendicular bisectors is the required location 

for the link pivot point (Figure 7.4B). 
5. The angle between the two perpendicular bisectors is the required angle that 

the link must be rotated about the link pivot to produce the desired displace- 
ment. This angle is labeled “4” in Figure 7.4B. 

The completed link is shown in Figure 7.4C 

7.4.2 Two-Point Synthesis of the Coupler of a Four-Bar Mechamsm 

In an identical problem to the one presented in the preceding section, Figure 7.5A il- 
lustrates two points A and B, which must sit on a link and move from AIBl to A2B2. 
Some applications may make a single pivoted link unfeasible, such as when the pivot 
point of the single link is inaccessible. In these cases, the coupler of a four-bar link- 
age can be designed to produce the required displacement. Appropriate lengths must 

Figure 7.5 Two-pamr synthesis with a cuuplcr hnk. 
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be determmed for all four links and the location of pivot pomts so that the coupler 
achieves the desired displacement. 

The graphical procedure to design a four-bar mechanism for two-point synthesis 
is as follows: 

1. Construct two lines that connect A,A2 and B1B2, respectively. 
2. Construct a perpendicular bisector of A1A2. 
3. Construct a perpendicular bisector of BIBL. 
4. The pivot points of the input and output link can be placed anywhere on the 

perpendicular bisector. These pivot points are shown as C and D in Figure 
7.5B. 

5. The length of the two pivoting links are determined by scaling lengths A, C and 
B,D (Figure 75C). 

The completed linkage is shown in Figure 7.4C. Because the pivot points C and D 
can be placed anywhere along the perpendicular bisectors, an infinite number of 
mechanisms can be designed to accomplish the desired displacement. Note that 
longer pivoting links rotate at a smaller angle to move the coupler between the two 
desired positions. This produces larger transmission angles and reduces the force re- 
quired to drive the linkage. The CAD system produces accurate results. 

/. 
2.5 MECHANISM TO MOVE A LINK BETWEEN THREE POSITIONS 

In some material handling machines, it is desired to have a link move between three po- 
sitions. When three positions of a link are specified, this class of design problem is called 
three-point synthesis. For three-point synthesis, it generally is not possible to use a sin- 
gle pivoting link. This task is accomplished with the coupler of a four-bar mechanism. 

Figure 7.6A illustrates two points A and B, which must sit on a link and move from 
AIBl to A2B, to A3B3. Appropriate lengths must be determined for all four links and 
the location of pivot points so that the coupler achieves this desired displacement. 

The graphical procedure to design a four-bar mechanism for three point synthesis 
is as follows: 

1. Construct four lines connecting Al to As, B, to B,, A2 to A3, and Bz to B,. 
2. Construct a perpendicular bisector of AIAZ, a perpendicular bisector of B1B2, 

a perpendicular bisector of A2A,, and a perpendicular bisector of B2B3. 
3. The intersection of the perpendicular bisector of AlAz and the perpendicular 

bisector of A,A, locates one pivot point. This is shown as point A in Figure 
7.6B. 

4. The intersection of the perpendicular bisector of BIB2 and the perpendicular 
bisector of B,B, locates the other pivot point. This is shown as point D in Fig- 
ure 7.6B. 

5. The length of the two pivoting links is determined by scaling lengths A,C and 
BID, as shown in Figure 7.6C. 

The completed linkage is shown in Figure 7.6C. Again, the CAD system produces 
accurate results. 
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Figure 7.6 ‘Three-point svnthesis with a coupler link 

PROBLEMS 

Design of Slider Crank Mechanisms 

In Problems 7-1 through 7-3, a quick return 
mechanism is to be designed where thr out- 
ward stroke consumes t, xc and the return 
stoke t1 SK. Determine the time ratio, imhal- 
ante angle, and speed ar which the mechanism 
should be driven. 

7-1. t, = l.ls;i, = 0.8s. 
7-2. t, = 0.35s; t2 = 0.20s. 
7-3. t, = 0.041s; tz = 0.027s. 

For Problems 711 through 7-6, a quck icm 
t~>rn mechanism drivrq a~ w rpm and has an 

imhalancc angle of 8. Drtcrmmc the umr to 
complete rhc outward and return strokes. 

74. w = 1x0 rpm; 0 = 25”. 
7-5. w = 75 rpm; 0 = 17”. 
7-6. w = 500 rpm; /3 = 20”. 

For Problems 7-7 through 7-12, dewi d 
sliderxrank mrchanism with a time ratio of Q, 
stroke of s in, and time per cycle oft sec. Specm 
ify the link lengths, position of pivot, offset 
distance, and crank speed. 

7-7. Q = 1; 5 = 2 in; t = 1.2s. 
7-8. Q = 1; s = 8 mm; t = 0.08s. 
7-9. Q = 1; 5 = 0.9 mm; t = 0.4s. 
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7-10. Q = l.ih; s = 2.75 in; t = 0.6s. 
7-11. Q = 1.37; s = 46 mm; t = 3.4s. 
7-12. Q = 1.15; s = 1.2 in; t = 0.014s. 

Design of Crank-Rocker Mechanisms 

For Problems 7-13 through 7-18, design a 
crank-rocker mechanism with a time ratio of 
Q, throw angle of Ada, and rime per cycle oft 
sec. Specify the link lengths, position of pivot, 
offset distance, and crank speed. 

7-13. Q = 1; As, = 78";t = 1.2s. 
7-14. Q = l;ASq = 100";t = 3.5s. 
7-15. Q = 1.15; A84 = 55";t = 0.45s. 
7-16. Q = 1.24; AO, = 85"; t = 1.8s. 
7-17. Q = 1.36; A& = 45";t = 1.2s. 
7-18. Q = 1.1; AS4 = 112”; t = 0.3s. 

Problems of Two Point Synthesis, 
Single Pivot 

For Problems 7-19 through 7-22, a link con- 
taining points A and B must assume the posi- 
nom listed in the table for each problem. 
Graphically determine the location of a fixed 
pivot for a single pivoting link that permits the 
motion listed. Also determine the degree that 
the link must be rotated to move from position 
1 to position 2. 

7-19. 

7-20. 

7-2 1 

7-22. 

Problems of Two Point Synthesis, 
Two Pivots 

In Problems 7-23 through 7-26, a link con- 
taining points A and B is to assume the posi- 
tions listed in the table for each problem. 
Graphically, find the location of two fixed 
pivots and the lengths of all four links of a 
mechanism with a coupler that will exhibit 
the motion listed. Also, determine the 
amount that the pivot links must be rotated 
to move the coupler from position 1 to posi- 
tion 2. 

7-23 

2’:::%3,1, 3.2 

7-24. 

7-25. 



7-A 7-28. 

‘jl$g&iniitps; A,(mm) &(mm) B,imm) By In4 

Problems of Three Point Synthesis 7-29. 

Fur Problems 7-27 through 7-30, a link COP 
raining points A and B must assume the threr 
poshms listed in thr table for each problem. 
Graphically, find the location of two fixed 
pivot7 and the lengths of all four links of a 
mcchamsm with a couoler that will cxhibir 
the motion listed. t&o, determine the 
mount that the pivot links must be rotated 
to move the coupler from posmon 1 to posi- 
tion 2, then from position 2 to position 3 

7-30. 

++rdinates: A, ian) 4 (mm) B, (mm) By (mm1 
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7. As thread G rorares TO pull roller E down- 
ward, how does that alter the motion of link 
C? 

8. As thread G rotates to pull roller E down- 
ward, how does that alter the motion of pin 
H? 

9. What is the purpose of this mechamsm? 

7-2. Figure C7.2 shows a mechanism that also drwes 
a sliding block B. This sliding block, in turn, drives 

3 cuttmg tool. Carefully examme the configura- 
tion of the components in thr mechanism. Then 
answer the following questions to gain insight 
into the operation of the mechanism. 

1. As rod A drives to the right, what IS the mu- 
tion of sliding block B? 

2. Describe the motion of sliding block B as 
roller C reaches groove D. 

3. Describe the motion of sliding block B as rod 
A drives to the left. 

4. Describe the continual motion of shdinl: 
block B. 

5. What is the purpose of this mechanism? 
6. Describe a drvicc that could drive rod A RI 

the left and right. 
7. The adjustment slots at E prowde what fea- 

turc to the mechanism? 

Figure C7.2 (Courtesy, Indusrrral Prras) 
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~~~JECTNES Upon completion of this chapter, the student will be able to: 

1. Understand the basics of a general spreadsheet. 

2. Understand the strategy for using a general spreadsheet for mechamsm analysts. 

3. Create computer routines for determining kinematic properties of either four-bar 
or slider-crank mechanisms. 

: 8.1 INTRODUCTION 

Throughout the text, both graphical and analytical techniques of mechanism analy- 
sis are introduced. As the more accurate, analytical solutions are desired for several 
positions of a mechanism, the number of calculations can become unwieldy. In these 
situations, the use of computer solutions is appropriate. Computer solutions are also 
valuable when several design iterations must be analyzed. In Chapter 2, Mechanism 
Simulation, the use of dedicated dynamic analysis software was introduced. This 
chapter focuses on other forms of computer approaches to mechanism analysis. 
These other forms include using spreadsheets and creating routines using program- 
ming languages. 

j@ SPREADSHEETS 

Spreadsheets are very popular in the professional environment for a varvzry of tasks. 
Commercially available spreadsheets include Microsoftm Excel, Lotus@ l-2-3, and 
Borland Quattro Prom’. Although the commands are different for the various spread- 
sheets, all have numerous built-in functions, ease of plotting results, and the ability 
to recognize formulas. These analytical features prompted widespread use of spread- 
sheets for more routine mechanism problems. Spreadsheets have been used in vari- 
ous problem solutions in this text. This section outlines the basics of using spread- 
sheets. Of course the specific software manuals should be consulted for further 
details. 

A spreadsheet is arranged in a large array of columns and rows. The number of 
columns and rows varies among the different software products. Column headings 



Figure 8.1 General spreadshcrt 

are lettered from A to Z , then tram AA to AZ, then BA tu BZ, and VJ vu. Kuw 
headings are numbered 1,2,3, etc. The top corner of a general spreadsheet is shown 
in Figure 8.1. The intersection of a column and a row is called a cell. Each cell is re- 
ferred to by a cell address, which consists of the column and row that define the cell. 
Cell D3 is defined by the fourth (D) -01 L umn and the third row. The cursor can be 
moved among cells with either the keyboard (arrow keys) or a mouse. 

The value of a spreadsheet lies in storing, manipulating, and displaying data con- 
tained in a cell. This data commonly consists of either text, numbers, or formulas. 
The spreadsheet shown in Figure X.2 has text entered into cells Al, Fl, and F2 and 
numbers entered into cells A2 through A24, Gl, and G2. 

Although subtle differences may exist in the syntax among rhe spreadshccr pro- 
grams, the logic behind creating formulas is identical. The syntax given here is ap- 
pliable to Microsoft@ Excel. The user’s manual of another product should be con- 
sulted for the details on any differences in syntax. 

Entering a formula into a cell begins with an equal sign (=). Tht: actual formula 
is then constructed using values, operators (+, -, “, i), cell reference& (e.g., G2), and 
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rank Ang 

Figure 8.2 

functions (e.g., SIN, AVG). Formulas can get rather complex. As an rxamplr. a smr- 
ple formula can be placed in cell AS: 

=A7 + 10 

Although the actual cell contents would contain this formula, rhc sprradshcrr would 
visually show the number 60 in cell A8. Th e calculation would be automatically per- 
formed. For another example, the following expression can be inserted into cell B2: 

=(ASIN(G1”SIN(A2*3.1416/180)/G2))”180/3.1416 

This expression represents the angle between connecting rod and the slidmg plarx 
for an in-line, slider-crank mechanism. It was presented as Equation 4.1: 



The spreadsheet formula assumes that the followmg values have bcrn cnrcrrd: 

l Bz in cell A2 
l L2 in cell Gl 
l L3 in cell G2 

It should be noted that as with most computer functions, any retrrencc IO angu- 
lar values must be specified in radians. Notice that A2, an angle in degrees, is multi- 
plied by m/180 to convert it to radians. After using the inverse sine function, ASIN, 
the resulting value also is an angle in radians. Therefore, it is converted back to de- 
grees by multiplying by 180/s. 

If these two formulas were typed into AS and B2, the resulting spreadsheet would 
appear as depicted in Figure 8.3. It is important to remember that as a cell contain- 
ing input data is changed, all results are updated. This allows design iterations to be 
completed with ease. 

Another important feature of a spreadsheet is the copy and paste feature. The 
contents of a cell can be duplicated and placed into a new cell. The copy and paste 
feature eliminates redundant input of equations into cells. 

Figure 8.3 



Cell references m a formula cm be either rrlat~vr or ab~olutr. Relative references 
are automatically adjusted when a copy of the cell is placed into a new cell. Consider 
the following formula- 

=A7 + 10 

--mm cell A8. The cell reterence A7 is a relative reference to the cell dlrcctly abovr 

the cell that contains the formula, A8. If this equation were copied and placed into 
cell A9, the new formula would become: 

=A8 + 10 

Again, the cell reference A8 is a relative one; therefore, the spreadsheet would auto- 
matically adjust the formula. 

An absolute address does not automatically adjust the cell reference after using 
the copy and paste feature. However, to specify an absolute reference, a dollar sym- 
bol must be placed prior to the TOW and column. For example, an absolute reference 
to cell CT1 ImISt appear as $G$l. 

30 
40. 
50 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
2w 
210' 

Figure 8.4 



Consider the complex formula placed into cell B2. ‘lir be most efiicicnr, this for- 
mula should be slightly modified to read: 

=(ASIN($G$2*SIN(A2’3.1416/180)/$G$1))”180/3.1416 

In this manner, only the angle in cell A2 is a relative address. If the formula war 
copied to cell B3, the new formula would become: 

=(ASIN($G$2”SIN(A3’3.1416/180)/$G$1))*180/3.1416 

Notice that the address of cell A2 has been automatically adjusted to read “A3.” 
The connecting rod angle is calculated for the crank angle specified in cell A3. 

To continue with an analysis of a mechanism, the following formula can be typed 
into cell C2: 

=180 - (A2 + A3) 

14.2) 

This formula calculates the interior angle between the crank and connecrmg rud 
(Equation 4.6): 

y = 180” (8, + 8,) 

Figure 8.5 
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Because the angles arc urrrply added, and a funcuon IS nor called, a radian equva- 
lent is not required. 

Also, the following formula can be typed into cell D2: 

This formula calculates the distance from the crank pivot to the slider pin joint 
(Equation 4.1): 

(4.3) L4 = VL,Z + L,Z + 2(L2)(L3)cos y 

If these two formulas were typed into C2 and D2, and text descriptions were 
typed into cells Bl, Cl, and Dl, the resulting spreadsheet would appear as depicted 
in Figure 8.4. 

Finally, since much care was taken with using absolute and relative cell addresses 
in creating the formulas in B2, C2, and D2, they can be copied into the cells down 
their respective columns. The user’s manual should be consulted for the actual steps 
needed to copy the data into the remaining cells, which is usually a simple two- or 
three-step procedure. The resulting spreadsheet is shown in Figure 8.5. 

.SX4MPLE PROBLEM 8.1 ,_.,* . . 

Figure 8.6 illustrates a linkage that operates a water nozzle at an automatic car 
wash. Using a spreadsheet, analytically determine the angular motion of the nozzle 
throughout the cycle of crank rotation. 

Figure 8.6 Water nozzle linkage 
for Example Problem 8.1. 

Solution: 

The nozzle mechamsm is a famihar four-bar linkage. Figure 8.7 shows the kinematic 
representation of this mechanism. 



Figure 8.7 Kmcmatrc sketch fm 
Example Problem 8.1. 

General equations, which govern the motion of the links of a four bar mecha~ 

nism, were given in Chapter 4. Equation 4.7 gave the general equation for the diag- 
onal from points B to D, as shown in Figure 8.7: 

Figure 8.8 
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X aprradsheer YWSIO,, uf thla cquanun can bc plaicd and copled down column B. In 
cell B2, the following formula is inserted: 

=SQRT(($G$1”2)+($G$2”2)~2*$G$l”$G$2”COS(A2”3.1416/180)) 

To facilitate copying the formula, note the use of absolute and relative addresses. Equd- 
rion 4.8 gave the general equation for the transmission angle, y, as shown in Figure 8.7: 

y  = cos 
m, Lj2 + La2 - BD’ 

2L3L 

A spreadsheet version of this equation can be placed and copled down column C. In 
cell C2, the following formula is inserted: 

=(180/3.1416)“ACOS((($G$3”2)+($G$4”2)~(B2A2))/(2’$G$3~‘$G$4)) 

Kewriting Equation 4.9 will give the general equation for the angle of link 4, 8,, a> 
shown in Figure 8.7: 

525 48 
544 50 

6.67 68= 
692 72 
7.15 75 
737 78 
7.55 8, 
771 84 
784 86 
793 87 

Figure 8.9 Exporting data to a spreadsheet 



A spreadsheet ver~l”n of tlus equarlon can be pled and copled down iolumn b. In 
cell E2, the following formula is inserted: 

=(180/3.1416)~‘(ASIN($G$2~-SIN(A2”3.1416/1SO)/B2) 
+ASIN($G$3”SlN(C2”3.1416/18O)/B2)) 

Finally, Equation 4.10 gave the general equation for the angle of link 3, tii, as 3h”wn 
in Figure 8.7: 

03 = 180” ~ (y + 0,) 

A spreadsheet version of this equation can be placed and cowed down column D. In 
cell D2, the following formula is inserted: 

= 180 ~ (C2 + E2) 

These formulas in cells B2, C2, D2, and E2 can then be copied and pated in thar re- 
spective columns. The resulting upper part of the spreadsheet is shown in Figure 8.9. 

18.3 USER-WRITTEN COMPUTER PROGRAMS 

To solve mechanism problems, user-written curnpurer r”um~s can be wrirrcn IX, 
programmable calculators or by using application software, such as MATHCAD or 
MATLAB, or a high-level language, such as FORTRAN, BASIC, or C. The program- 
ming language selected must have direct availability to trigonometric and inverse 
trigonometric functions. Due to the time and effort required to write a special program, 
they are most effective when a complex, yet commonly encountered problem needs t” 
be solved. 

The logic behind writing computer programs t” perform kinematic analysis is vir- 
tually identical t” using a spreadsheet. The structure and syntax of the different 
higher level programming languages vary greatly. The following sections offer a 
strategy for writing computer programs to solve the kinematic properties of the tw” 
most c”mm”n mechanisms, the slider-crank and the four-bar. 

8.3.1 Offset Slider-Crank Mechanism 

The following algorithm computes the posltlon, velocity, and accelerauon “f all 
links of an offset slider-crank mechanism, as the crank rotates at constant velocity. A 
kinematic sketch of a general offset slider-crank mechanism is shown in Figure 8.10. 
The general kinematic relationships used in the algorithm have been presented in 
various sections of this text. 

The dimensions of the mechanism are accepted as data, and the algorithm performs 
the calculations for one full cycle of crank rotation. The output can be either printed or 
written to a file. This file could then be converted to a spreadsheet, if desired. 

Step 1: Accept numeric data for I,, 12, 13, and ti2 and store 
Step 2: Compute x = 4 tan~‘(l.0) 
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Figure 8.10 Offset slider-crank mechanism. 

Step 3: Enter a loop that indexes i from 0 to 360 
Step 4: Compute a = i (91180) 
Step 5: Compute b = l2 sin a 
Step 6: Compute c = l1 cos a 
Step 7: Compute d = -sK1((ll + a)/13) 
Step 8: Compute O1 = d(180/?r) 
Step 9: Compute e = l2 sin d 
Step 10: Compute f = l2 cos d 
Step 11: Compute g = l3 sin d 
Step 12: Compute h = I3 cm d 
step 13: compute ld = c + f 
Step 14: Compute w3 = -q (c/f, 
Step 15: Compute uq = -q(b) - q(g) 
Step 16: Compute a3 = [b(& + g(&]/h 
Step 17: Compute a4 = -(g(q) + c(w$ + h(w,)'-1 
Step 18: Print (or write to file) I, 03, w3, cv3, 14, vq, a4 
Step 19: Control loop to return back to step 3 

Recall that computer functions assume that angles arc gwen m radzms. There- 
fore, it is necessary to convert angular input and output as has been done in Steps 4 
and 8. This algorithm also works for an in-line, slider-crank mechanism, by specify- 
ing I, = 0 as input. 

8.3.2 Four-Bar Mechanism 

The following algorithm computes the position, velocity, and acceleration of all 
links of a four-bar mechanism, as the crank rotates at constant velocity. A kinematic 
sketch of a general four-bar mechanism is shown in Figure 8.11. Again, the general 
kinematic relationships used in this algorithm have been presented in various sec- 
tions of this text. 

As in the previous algorithm, the dimensions of the mechanism are accepted as 
data, and the algorithm performs the calculations for one full cycle of crank rota- 
tion. The output can be either printed, or written to a file. This file could then be 
converted to a spreadsheet, if desired. 
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Figure 8.11 Four-bar mechanism. Figure 8.11 Four-bar mechanism. 

Step 1: Accept numeric data for II, lz, &, l4 and wz and store 
Step 2: Compute a = 4 tan-‘( 1 .O) 
Step 3: Enter a loop that indexes i from 0 to 360 
Step 4: Compute a = i(?r/l80) 
Step 5: Compute b = (I,’ + 142 1,’ ~ &2)/(2L,,, 
Step 5: Compute c = 1J& 
Step 6: Compute d = l2 sin a 
step 7: compute e = 12 cos a 
Step 8: Compute f = cos-‘(6 + ce) 
Step 9: Compute y = f(lSO/?r) 
Step 10: Compute g = sin f 
Step 11: Compute h = cos f 
Step 12: Compute p = 2 tan-‘(( -d + L&e + l3 I, - L,h)J 
Step 13: Compute Bj = ~(180171) 
Step 14: Compute 4 = 2 tan-‘((d ~ I,g)/(e + ,4 - I, - /$T)) 
Step 15: Compute Oq = q(18Oh) 
Step 16: Compute wi = w,l, sin(q - a)l(13g) 
Step 17: Compute wq = wJ2 sin@ a)/(l,g) 
Step 18: Print (or write to file) i, y, &, wj, 0.+, w4 
Step 19: Control loop to return back to Step 3 

Recall that computer functions will assume that angles are given in radians. 
Therefore it is necessary to convert angular input and output as has been done in 
Steps 4, 9, 13, and 15. This algorithm will give the solution for a four-bar mecha- 
nism in the open configuration. If the mechanism was assembled in the crossed posi- 
tion, this routine could be quickly modified to reflect that configuration. That can be 
accomplished by changing the plus and minus signs in the numerators of Steps 12 
and 14. 



PROBLEMS 

For Problems 8-I and S-2, develop a sprrad- 
sheet that can analyze the position of all links 
in .m offset, slider-crank mechanism for crank 
angles that range from 0 r” 360. Keep it flexi- 
ble so that rhr length of any link can he quickly 
altrred. Using the listed values, produce a plot 
of the shdrr distance versus crank angle. 
offset = 0.5 in; crank = 1.25 in; coupler = 7.0 
I”. 
offset = 10 mm; crank = 25 mm; coupler = 
140 mm. 

For I'roblcms 8-3 and X-4, develop a 
sprradshret that can analyze the position of all 
links in a four-bar mechanism for crank angles 
that range from 0 to 360. Keep it flexlhlc so 
that the length of any hnk can hr quickly al- 
tered. Using the listed values, producr a plot of 
the follower angle versus crank angle. 
frame = 750 mm; crank = SO mm; coupler = 
7.50 mm; follower = 7.5 mm. 
frame = 14 m; crank = 1 in; wupler = I6 m; 
follower = 4.0 in. 

kor I'roblems 8-5 and 8-6, develop a 
spreadsheet that can dctcrmine thr slider posit 
non, velocity and accrlcrarion for crank angles 
that range from 0 to 360. Krrp it flexible SII 
that the length of any link can be qwckly al- 
turd Using the hsted values, produce a plrx of 
the slider vrlociry ~crsus crank angle. 
rrffsct = 1.25 m; crank = 3.25 in; cr~plcr = 
17.5 in; crank speed = 20 radlscc; crank accrl- 
eration = 0 rad/scc’. 
“firer = 30 mm; crank = 7.5 mm; coupler = 
420 mm; crank speed = 35 radlrrc; crank acm 
celeration = 100 rad/sec2. 

For l’roblems S-7 and X-X, develop a 
sprcadsheer that can determine the follower 
position and velocity for crank angles that 

CASE STUDIES 

X-l. The mechamsm shown in bigure C8.1 is an 
rlahoratc crankshaft and crank for a shdcrm 
crank mechanism that is not shown, hut con- 
nects to link K. Carefully examine the compo- 
ncnts of the mechanism, then answer the 

x-7 

8-8 

X-9. 

X-10 

8-l 1 

X-12 

range from 0 to 360. Keep it flexible so fur 
the length “f any link can be quickly altered 
Using the following values, produce a plot of 
the follrrwrr vclociry versus crank angle. 
frame = 9 in; crank = 1 in; coupler = 10 in; 
toliower = 3.5 in; crank speed = 200 radlsrc; 
crank xc&ration = 0 radisec’. 
frame = 360 mm; crank = 40 mm; couplrr = 
400 mm; follower = 140 mm; crank speed = 6 
radlsec; crank acceleration = 20 radisec’ 

For Problems 8-9 and X-10, develop a 
computer program that can drtermine the po- 
sition, velocity and accelerarmn of all links in a 
rlldcr-crank mechanism, for crank angles that 
range from 0 to 360. Keep it flexible so that 
the length of any link can be quckly altered. 
Using the listed values, dcrcrmine the crank 
angle that produces the maximum slider accel- 
rrat1on. 
offxt = 3 in; crank = 7.5 in; coupler = 52.8 in; 
crank speed = 4 radiscc; crank accrlrration = 
0 rad/s&. 
offset = 40 mm; crank = 94 mm; coupler = 
52.5 mm; crank sped = 10 radlsec; crank accel- 
eration = 10 radlsec’; 

For Prohlmms 8-11 and X-12, dcvclop a 
computer program that can determine the po- 
sition and velocity of ail links in a four-bar 
mechanism, fur crank angles that range from 0 
to 360. tising the listed values, determine the 
xank angle that produces the maximum slrder 
accelcrarion. 
frame = 1X m; crank = 2 m; coupler = 20 in; 
follower = 7 m; crank speed = 180 radisec; 
xmk acceleration = 0 rad/sccz. 
frame = 60 mm; crank = 18 mm; coupler = 
70 mm; follower = 32 mm; crank speed = 360 
radisec; crank acceleration = 20 radisec’ 

following leadmg questions t” gain mslghr mt” 
the operation. 

1. In the position shown, as slide bar E pulls ro 
the left. what is rhr morii,,, of link n, 



2. III the posmon shown, as slide bar E pulls to 
rhc left, what is the motion of slide block I? 

3. Pulley J is keyed to shaft A. As pulley J TO- 
rates, what is the motion of crank pin C? 

4. As pulley J rotates, what is the motion of 
slide bar E? 

5. What effect does moving slide bar E to the 
left have on crank pin C and on the motion of 
the slider-crank mechanism it drives? 

6. Sleeve F is keyed to the housing H. As pulley 
/ drivrs shaft A, what is the motion of sleeve 
F? 

7. Skew J is integrally molded with xem G. 
What 1s item G? 

8. Sleeve J has internal threads at its right end, 
and sleeve F has external threads at its right 
end. As item G rotates, what happens to 
sleeve F? 

9. As item G rorarcs, what happens co slide bar 
E? 

10. What is the purpose of this mechanism and 
how does it operate? 

Figure C8.1 (Courtesy, Industrial Press) 



Force Analysis 

OBJECTIVES up on completion ofthis chapter, the student will be able to: 

1. Define and identify a force 

2. Calculate the moment of a force. 

3. Understand the difference between mass and weight 

4. Calculate the mass moment of inertia of an object by either assuming a slmllarlty 
to a basic shape, or from the radius of gyration. 

5. Transfer the mass moment of inertia to an alternative reference axis. 

6. Understand and apply Newton’s three laws of motion. 

7. Create a free-body diagram of a general machine component. 

8. Calculate sliding frictional force, and identify its direction. 

9. Identify and use the special conditions for equilibrium of two-force and three- 
force members. 

10. Calculate inertial forces and torques. 

11. Use the superposition method to facilitate solution of an analysis with several 
forces. 

12. Graphically determine the forces acting throughout a mechanism. 

13. Analytically determine the forces acting throughout a mechanism. 

,. 
3 9.1 INTRODUCTION 

The general function of any machine is to transmit motion and forces from a power 
source to perform a task. Consider an escalator used on many commercial buildings: 
Electrical power is fed into motors, which drive mechanisms that move and fold the 
stairs. Of course, the task is to safely and efficiently move people up and down mul- 
tilevel buildings. 

Up to this point in the book, the sole focus was on the motion of a machine. This 
chapter is dedicated to an introduction of machine forces. A critical task in the de- 
sign of machines is to ensure that the strength of the links and joints is sufficient to 
withstand the forces imposed on them. As mentioned in the previous chapter, an in- 
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ertial torte results from any xce~eratmns present m a lmkagc. In many high-&peed 
machines, the inertial forces created by the motion of a machine exceed those re- 
quired to perform the intended task. Thus, understanding these forces--especially 
inertia-becomes extremely important. 

The determination of forces in a linkage is the purpose of this chapter. Mecha- 
nism force analysis utilizes the results of an acceleration analysis as introduced in 
Chapter 6. Consistent with other chapters in this book, both graphical and analyti- 
cal techniques are introduced. A basic knowledge of statics is expected, as this chap- 
ter quickly reviews the preliminary topics. A textbook dedicated to statics should be 
consulted for an in-depth coverage. 

FORCES AND TORQUES 

A force is a vector quantity that represents a pushing or pulling action on a pax. 
Pulling a child in a wagon insinuates that a force is applied to the handle of the 
wagon. Being a vector, this force is defined by a magnitude and a direction of the 
pulling action. In the United States Customary System, the common unit for the 
magnitude of a force is the avoirdupois pound or simply pound (lb). In the Interna- 
tional System, the primary unit used is the Newton (N). 

Two or more forces that may be applied to a part can be combined to determine 
the net effect of the force. Combining forces to find a resultant is identical to adding 
displacement, velocity, or acceleration vectors. Being vector quantities, forces can be 
manipulated through the methods illustrated in Chapter 2. 

A torque or moment is the twisting action produced by a force. Pushing on the 
handle of a wrench produces an action that tends to rotate a nut on a bolt. Thus, the 
force causes a twisting action around the center of a bolt. This resulting action is 
termed a moment or torque. Figure 9.1 illustrates such a force, causing a twisting ac- 
tion. 

Figure 9.1 The d&muon of a mcnnent or torque. 
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A momem IS a property that is stated relatwe to a reference pant (or axis when 
three dimensions are considered). A moment is also a vector; however, its direction is 
rotational and can be simply designated as clockwise or counterclockwise. The direc- 
tion is consistent with the twisting direction of the force around the reference point. 
The twisting action illustrated in Figure 9.1, relative to the nut, is a clockwise moment. 

A moment, created by a force, can be calculated as: 

(9.1) M,=Fd 

where: 

F = Force 

d = Perpendicular distance between reference point (point A) and force 

A = reference point designation 

Moments are expressed in the units of force multiplied by distance. In the United 
States Customary System, the common units for moments are inch-pound (lb-in) or 
foot-pound (lb-ft). In the International System, the common units used are Newton- 
millimeters (N mm) or Newton-meters iN m). 

:EXAMPLE PROBLEM 9.1 

A mechanism to automatically open a door exerts a 37.lb force on the door as 
shown in Figure 9.2. Determine the moment, relative to the pivot of the door, that 
this force creates. 

Figure 9.2 Door for Example Problem 9.1 

Solution: 

The moment can be computed from Equation 9.1. Although the force is given, the 
geometry of the door must be examined to determine the perpendicular distance, d. 
The geometry has been isolated and broken into two triangles in Figure 9.3. 
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Figure 9.3 Door gcomerry for Example Problem Y. I 

Nonce that both objects are right triangles. The common side to the two trian- 
gles, labeled as side c, can be determined with the known data for the upper triangle. 
From the Pythagorean theorem: 

c = d(12 in)’ + (3 in)’ = 12.37 in 

The included angle, 0, can also be found from the trigonometric relations: 

p = tan 
I 3 in 
~ = 14.0” 
12 in 

Focusing on the lower triangle, the included angle, y, can be found because the 
total angle was given as 40”; thus: 

y = 40” p = 26” 

Finally, the perpendicular distance can be determined from the rrlgonometnc relations: 

d = c sin(y) = 12.37 in sin(26) = 5.42 in 

The moment, relative to the pivot A, is calculated from Equation 9.1: 

MA = F(d) = 37 Ibs (5.42 in) = 200.5 in lbs 

The directlot is consistent with the twisting action of the force relative to the 
pivot A which, in this case, is clockwise. It is formally stated as follows: 

M,, = 200.5 in Ibs cw 

9.3 MASS AND WEIGHT 

Mass, m, is a measure of tne amount ot material m an object. Mass can also be de- 
scribed as the resistance of an object to acceleration. It is more difficult to “speed 
up” an object with a large mass. 
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The weigh, w, OI an object 1s a measure of the pull of gravxy on x. Thus, waghr 
is a force directed toward the center of the Earth. The acceleration ofgvavity, g, 
varies depending on the location relative to a gravitational pull. Thus, the weight of 
an object will vary. Mass, on the other hand, is a quantity that does not change with 
gravitational pull. As stated, it is used to describe the amount of material in a part. 

Weight and mass can be related through Newton’s gravitational law: 

W=mg 

In most analyses on Earth, the acceleration of gravity is assumed to be: 

This assumption is applicable to all machines and mechanisms discuxd m rhl> 
book. Of course, in the case of designing machines for use in outer space, a different 
gravitational pull would exist. 

Mass and weight are often confused in the United States Customary System; it is 

most convenient to use a derived unit for mass which is the slug. This unit directly 
results from the use of Equation 9.2: 

slug = ,lb,$)) = lb s?ft 
s2 

Occasionally, the pound-mass (lb,,,) is also used as a meaure of maa. It LS the 
mass that weighs 1 pound on the surface of the Earth. Assuming that the standard 
value of gravity applies, the pound-mass can be converted to slugs by: 

1 slug = 32.2 lb, 

Generally stated, any calculation in the United States Customary System should 

use the unit of slug for mass. 
In the International System, the common units used for mass is the kilogram 

(kg = N s%n). 

MASS MOMENT OF INERTIA 
The mass moment of inertia, I, of a part LS a measure of the rrurance ot that part tv 
rotational acceleration. It is more difficult to “speed up” a spinning object with a 
large mass moment of inertia. Mass moment of inertia, or simply moment of inertia, 
is dependent on the mass of the object along with the shape and size of that object. 
In addition, inertia is a property that is stated relative to a reference point (or axis 
when three dimensions are considered). This reference point is commonly the center 
of gravity of the part. Table 9.1 gives equations that can be used to compute the 
mass moment of inertia for common solid shapes of uniform density. 

Mass moment of inertia is expressed in the units of mass times squared length. In 
the United States Customary System, the common units are slug-squared feet (slug 
it’) which converts to pound-feet-squared seconds (lb ft s2). In the International Sys- 
tem, the common units used are kilogram-squared meters (kg m’) 
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TABLE 9.1 Mass Momenta of Inertia 

Moment dIntma 

I, = +z(u; + !2)] 
I, = +s[m(w z i IZ)] 
I, = &n(h2 + PII 

The inertia of a part can also be computed from the experlmenrally determmcd 
property radius of gyration, k. Conceptually, the radius of gyration is a measure of 
the size and shape of a part, with respect to an axis. The radius of gyration can be 
used to compute the mass moment of inertia by: 

I=mk2 
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The radius OI gyrauon 1s expressed in the umts of length. In the United States 
Customary System, the common units are feet (ft) or inches (in). In the International 
System, the common units used are meters (m) or millimeters (mm). 

As stated, the mass moment of inertia is stated relative to an axis. Occasionally, 
the mass moment of inertia is desired relative to an alternate, parallel axis. A parallel 
axis transfer equation has been derived “] to accomplish this task. To transfer the 
mass moment of inertia from the x axis to a parallel x’ axis, the transfer equation is 
as follows: 

(9.4) 1,. = I, ? m d2 

The value d, in Equation 9.4, is the perpendicular distance between the two axes. 
Notice that the second term in Equation 9.4 can be either added or subtracted. The 
term is added when the reference axis is moved away from the center of gravity of 
the part. Conversely, the term is subtracted when the transfer is toward the center of 
gravity. 

,/^.. 
:; MPLE.FROBLEM 9.2 ‘l.,*l 
The part in Figure 9.4 has been weighed at 3 lb. Determine the mass moment of in- 
ertia of the part, relative to an x-axis at the center of the part and also relative to an 
x-axis at the end of the part. 

3 in 

Figure 9.4 Part for Example Problem 9.2 

Solution: 

The part weighs 3 lb and it is assumed to be used on the Earth’s surface. The mass 
can be calculated from Equation 9.2: 

m=W= 3 Ibs 
!z 32.2 ft/s2 

= 0.093 slugs 

Although it has some intricate details, the part can be reasonably assumed to be a 
solid cylinder. The holes at the end of the part are determined to be small and in- 
significant in determination of inertia. For the solid cylinder: 

r = 3 in = 0.25 it 

1 = 18 in = 1.5 ft 
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From Table 9.1, the mass momenr of inerua relative ro the x-axis at the ccnrrr of 
the part is as follows: 

r, = +n(3? + P)] 

= &(0.093 slugs (3(0.25 it)’ + (1.5 f#)j 

= 0.0189 slug it’ = 0.0189 lb ft s2 

The mass moment of inertia is also required at the end of the part. The distance 
of the transfer from the center to the end of the part is: 

d = +(I8 in) = 9 in = 0.75 ft 

Equation 9.4 can be used to transfer the reference axis to the end of the part. No- 
tice that the second term is added because the transfer is away from the center of 
gravity: 

I, = I,, + m d2 = 0.0189 slug ft* + (0.093 slug)(O.75 ft)’ 

= 0.0712 slug ft’ = 0.0712 lb ft s* 

‘jf$ LAWS OF MOTION 

Sir Isaac Newton developed three laws of motion that serve as the basis of all force 
analyses. These laws are stated as follows: 

1. Every object remains at rest, or moves with constant velocity, unless an unbal- 
anced force acts upon it. 

2. A body that has an unbalanced force has: 

l Acceleration that is proportional to the force; 
l Acceleration that is in the direction of the force; and, 
l Acceleration that is inversely proportional to the mass of the object. 

3. For every action, there is an equal and opposite reaction 

All of these laws are utilized in the study of mechanisms. All forces that act on a 
link must be examined. It is widely accepted that the best manner to track these 
forces is to construct a free-body diagram. A free-body diagram is a picture of the 
isolated part, as if it were floating freely. The part appears to be floating because all 
the supports and contacts with other parts have been removed. All these supports 
and contacts are then replaced with equivalent forces. Thus, a free-body diagram of 
a part shows all the forces acting on the part. 

Figure 9.5 illustrates a free-body diagram of an isolated link. Notice that this part 
is designated as link 3. A convenient notation is to label the forces consistent with 
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Figure 9.5 Free-body diagram 

the link number that IS being acted upon and the link number chat ib drwmg the a~- 
Con. Thus, a force designated as FJ4, is a force on link 3 from the contact of link 4. 

$6 STATIC FORCES 

(9.5) 

(9.6) 

The first law apphes to all lmks that are at rest or moving at constant velocity; thus, 
the condition is referred to as static equilibrium. For an object to be in static equi- 
librium, the combination or resultant of all forces must result in zero. In addition, 
the vector sum of all moments, about some arbitrary point, must result in zero. 
Mathematically, the first law can be summarized as: 

CF=O 

EM=0 

The symbol, E:, represents the vectoral summatwn. Thcrcforc, Equation 9.5 can 
be written as: 

F1 +> Fz +> F3 +>. +> F, = 0 

The methods for vector manipulation that were introduced in Chapter 3 can bc 
used with these vector equations to solve for vector quantities, either graphically or 
analytically. 

9.6.1 Sliding Contact Force 

A contact force, as a result of a sliding joint, always acts perpendicular to the surface 
in contact. This contact force is commonly referred to as a normal force, N, because 
it acts perpendicular to the surfaces in contact. 

When friction cannot be neglected in machine analysis, an additional force, fric- 

tion force, F6 is observed. Friction always acts to impede motion. Therefore, a fric- 
tion force acts onto a sliding link, perpendicular to the normal force, and in a direc- 
tion opposite to the motion. 

For a stationary object, friction works to prevent motion until the maximum at- 
tainable friction has been reached. This maximum value is a function of a coefficient 
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of friction, I*. The coefficient of friction is a property that is determined experimen- 
tally and is dependent on the materials and surface conditions of the contacting 
links. Average values of friction coefficients for common materials are given in Table 
9.2.“’ The friction force value that acts on sliding conmonents in motion is calcu- 
lated as: 

(Y.7) i-= FN 

TABLE 9.2 Approximate Coefficients of Sliding Friction 

Dry Lubricated 

Hard steel On hard steel 0.45 0.08 
On babbitt 0.35 0.15 

MXi steel On mild steel 0.60 0.12 
On bronze 0.34 0.17 
On brass 0.44 - 

On copper lead 0.36 0.15 
On cast iron 0.23 0.13 

‘ On lead 0.95 0.30 
,,, On aluminum 0.50 
:_ On laminated plastic 0.35 0.05 

On teflon 0.04 
Cast iron On cast iron 0.15 0.07 

On bronze 0.22 0.07 
On brass 0.30 
On copper 0.29 
On zinc 0.21 

Ab+num On aluminum 1.40 

As mentioned, for moving objects, the friction force acts opposite to the direction 
of the relative sliding motion. 

9.62 Analysis of a Two-Force Member 

In order for any object to be in equilibrium when subjected to only two forces, those 
two forces must: 

1. Have the same magnitude; 
2. Act along the same line; and, 
3. Are opposite in sense. 

Because the two forces must act along the same line, the only line that can satisfy 
this constraint is the line that extends between the points where the forces are ap- 
plied. Thus, a link with only two forces simply exhibits either tension or compres- 
sion. 
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This fact can be extremely useful in force analysis. When the locations of the 
forces are known, the direction of the forces are defined. When the magnitude and 
sense of a single force are known, the other force’s magnitude and sense can be im- 
mediately determined. Thus, the analysis of a two-force member is simple. 

9.6.3 Analysis of a Three-Force Member 

In order for any object to be in equilibrium when subiected to onlv three forces. the 
following must occur: 

1. Resultant of all three forces must be zero; and, 
2. Directional lines of the three forces intersect at the same point. 

The first and second conditions guarantee that Equations 9.5 and 9.6 are satis- 
fied, respectively. 

A common analysis involves a three-force member, where one force is completely 
known and only the directions of the other two forces are known. Using the vector 
methods presented in Chapter 2, and incorporated throughout the book, the magni- 
tude of the remaining two forces can be determined. 

‘PROBLEM 9.3 

A novelty nut cracker is shown in Figure 9.6. When a force of 5 lb IS apphed to the 

top handle as shown and the mechanism does not move (static), draw a free-body 
diagram for each link. For this analysis, the weight of each link can be considered 
negligible. 

Figure 9.6 Nut cracker for Example 
Problem 9.3. 

Notice that link 3 (AC) IS a Gmple link, in that it contains only two pin joints. In ad- 
dition, no other force acts on this link. Thus, it is a two-force member and the forces 
acting on the link must be equal and along the line that connects the two pins. The 
free-body diagram for link 3 is shown as Figure 9.7A. As stated previously, FX is a 
force applied to link 3 as a result of contact from link 2. 

Link 2 (AB) is also a simple link, which contains only two pin joints; however, 
an additional force is applied to the handle. Thus, this link is a three-force member 
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Figure 9.7 Free-body diagrams for Example Problem 9.3. 

and the line of action of all three forces must meet at a concurrent pomt. New- 
ton’s third law stipulates that a force acting at A is equal and opposite to F,,. 
Thus, the direction of F,, is known as a result of Figure 9.7A. Because the direc- 
tion of the applied force is also known, the concurrent point can be used to de- 
termine the direction of the force from link 1. The free-body diagram for link 2 
is shown in Figure 9.7B. 

Link 4 has sliding contact with link 1. Neglecting friction, this contact force 
acts perpendicular to the contact surface. The contact force from the nut itself 
similarly acts perpendicular to the mating surface. Also, Newton’s third law stip- 
ulates that a force acting at B is equal and opposite to F,,. Thus, the direction of 
Fd3 is known as a result of Figure 9.7A. The free-body diagram for link 4 is shown 
in Figure 9.7C. 

MtiiE PROBLEM 9.4 

For the novelty nut cracker shown in Figure 9.6 and the free-body diagrams con- 
structed in Example Problem 9.3, graphically solve for all contact forces. 

Solution: 

Focusing on link 2, a three-force member, the direction of all three forces and the 
magnitude of one force are known. This data is sufficient to use the vector Equation, 
9.5, to determine the magnitude of the unknown vectors: 

CF=O 

F applied +’ Fz3 +’ &I = 0 
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Cd) (b) 

Figure 9.8 Force polygons for example Problem 9.4. 

The resulting force polygon is shown as Figure 9.8A. The unknown vectors were 
scaled using the following: 

11.0 lhs J 56” 

15.4 Ihs L 66” 

Focusing on link 3, a two-force member, the forces are immediately determined. 
These forces are directly influenced by Fz3; thus: 

15.4 Ihs J 66” 

15.4 Ihs L 66" 

Focusing on link 4, a three-force member, the direction of all three forces and the 
magnitude of one force, Fa3, are known. Again, this data is sufficient to use the vec- 
tor Equation, 9.6, to determine the magnitude of the unknown vectors: 

EF=O 

F,,,, +> Fs4 +> F,, = 0 

The resulting force oolygon is shown in Figure 9.78. The unknown vectors were scaled as: 

F 4nui = 14.1 lhs ? 

F 41 = 6.0 Ibs+ 

9.6.4 Superposition of Forces 

The principle of force superposition states that the net effect of several forces on a 
system is the combination of the effects of each individual force. Therefore, a mech- 
anism with several forces can be analyzed by concentrating on one force at a time. 
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Then the results from each individual case can be vectorally combined or superim- 
posed to determine the total result. In general, the concept of superposition is ap- 
plicable for linear systems. Therefore, it must be emphasized that this principle is 
valid for systems where friction is neglected. 

9.7 DYNAMIC FORCES 

Newton’s second law becomes critical for all parts that experience acceleration. For linear mo- 
tion, this law can be stated in terms of the acceleration of the link’s center of gravity, ag thus: 

(9.8) CF=ma, 

For rotational motion, the second law can be summarized in terms of rotational 
acceleration and moment of inertia, relative to an axis through the center of gravity: 

(9.9) CM, = &.a 

Again, the subscript “g” refers to the reference point at the link’s center of gravity. 

9.7.1 d’illembert’s Principle 

(9.10) 

Equation 9.8 can be rewrmen as: 

EF-ma,=0 

(9.11) 

Defining an inertial force, Fg’, at the center of gravity of the link, Equation 9.10 
can be rewritten again: 

CFpF'=O 8 
where: 

(9.12) FE’ = m ag 

This inertial force is simply a vector in the direction of the acceleration, with a mag- 
nitude of mass multiplied by acceleration. The concept of rewriting Equation 9.10 in 
the form of Equation 9.11 is known as d’Alembert’s principle. It allows for analysis of 
accelerating links, using the same methods incorporated in a static analysis. 

In a similar fashion, an inertial torque, Tr’, can be defined at the center of gravity 
of the link: 

(9.13) 

(9.14) 

where: 

CT-T=0 R 

T; = I8 ag 

9.7.2 Equivalent, Offset Inertia Force 

The acceleration of a link, undergoing general plane motion, can be characterized by 
the linear acceleration of the center of gravity, and the rotational acceleration of the 
entire link. These properties, a8 and a, appear in Equations 9.9 and 9.10, respec- 
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(9.15) 

tlvely. The prevmus sectmn mtroduced the concept of an martial forw acting at the 

center of gravity, which accounts for the force produced by linear acceleration. An 
inertial torque, T,‘, can also be defined to account for the torque produced by rota- 
tional acceleration. 

The inertial force can he relocated a distance away from the center of gravity, 
producing a torque about the center of gravity, which is equivalent to the inertial 

torque. Doing this eliminates the inertial torque, but still accounts for its action. The 
two equivalent force and torque systems are illustrated in Figure 9.9A,B. The dis- 
tance that the inertial force moves, d,, depends on the magnitude of the inertial 
torque: 

C M, (due to inertial torque) = C M, (due to moved inertial force) 

I, a = (m ag)dx 

therefore: 

(a) (h) 

Figure 9.9 Kelocatmg the mertial force. 

An important issue in relocating the inertial force is the direction of the move. 
The offset inertial force must cause the same twisting action as the original inertial 
torque. In Figure 9,9A, the inertial clockwise torque is consistent with the direction 
of angular acceleration. Figure 9.9B shows the relocated inertial force which is off- 
set from the center of gravity. The twisting effect, relative CO the center of gravity, is 
also clockwise. This consistency in twirting effects is extremely important. Thus, 
caution must taken when relocating the inertial force. 

EXAMPLE PROBLEM 9.5 

The link Fhown in Figure 9.10 is isolated from its mechanism. The state of accelera- 
tion can be characterized by the linear acceleration of the center of gravity (cg) and 
the rotational acceleration of the link as shown. The link also has a mass of 12 kg. 
Determine the magnitude of the inertia force, and offset the force from the cg, such 
that it also compensates for the inertial torque. 

Solution: 

The inertial force acts in the direction of the acceleration of the cg. It can be calcu- 
lated from Equation 9.10: 

F,; = m a, = (12 kg)(2.5 m/s’) = 30 N 
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Figure 9.10 Link for Example Problem 9.5. 

To relocate the inertial force, the mass moment of inertia must first be deter- 
mined. The holes at the end of the part are small and will will have a minimal effect 
on computing inertia. This part can be approximated as a rectangular prism as 
shown in Table 9.1. The moment of inertia is required relative to the axis which is 
normal to the 600 x 90 face. Thus, the equation for the y axis is used with the fol- 
lowing: 

a = 0.09 m, b = 0.008 m, and 1 = 0.60 m: 

1 
I, = jpl(a2 + 12)) 

= &(” kg[(0.09 m)’ + (0.60 III)‘]) = 0.37 kg m2 

An inertial torque occurs in the direction of the angular acceleration. It can be 
calculated from Equation 9.12: 

Tg' = I a = (0.37 kg mZ)(20 rad/s2) = 7.40 N m 

Figure 9.llA illustrates the link with the inertial forces. 
Equation 9.15 can be used to calculate the distance that the inertial force must be 

offset to compensate for the inertial torque: 

Ig 01 d,= - 
m% 

= 
(0.37 kg mZ)(20 rad/s’) = o.25 m 

(12 kg) (2.5 m/s’) 
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(b) 

Figure 9.11 Inertial loads for Example Problem 9.5. 

The offset must locate the inertial force such that it creates the same twisting action 
around the cg as the inertial torque. Recall that the inertial torque is the same direction as 
the rotational acce!eration. Therefore, for this problem, the inertial force must be low- 
ered to create the same twisting action. This resolved force is illustrated in Figure 9.llB. 

:‘$3 DYNAMIC FORCES IN MECHANISMS: GRAPHICAL ANALYSIS 

The underlying principles behind a dynamic force analysis were developed in previ- 
ous sections. An example problem is presented to illustrate the combination of all 
these principles and to determine the dynamic forces acting in a mechanism. 

As with all other graphical methods, force analysis can be completed using man- 
ual drawing techniques or a CAD system. The strategy behind rh.- solution is identi- 
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cal; howwcr, the results from usmg CAD are not susceptible to the bmltatmns of 
drafting accuracy. Regardless of the method practiced, the underlying concepts of 
graphical force analysis can be further illustrated and expanded through an Exam- 
ple Problem. 

E PROBLEM 9.6 

The mechanism shown in Figure 9.12 is used to lower and retract the landing gear 
on small airplanes. The wheel assembly link weighs 100 lb, with a center of gravity 
as shown. The radius of gyration of the assembly has been experimentally deter- 
mined to be 1.2 ft. The motor link is estimated to weigh 5 lb and rotates counter- 

clockwise at a constant rate of 3 @. The connecting link is estimated to weigh 3 lb. 
xc 

Graphically determine the forces acting on all links, and the torque required to drive 
the motor link. 

Figure 9.12 Landing gear for Example Problem 9.6 

This mechanism is the common four-bar linkage. A kinematic diagram is given in 
Figure 9.13A. 



(b) 

Figure 9.13 Dcagrams for Example Problem 9.6. 



x 

Figure 9.13 Contmrd 
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Figure 9.13 Continued 



Figure Y.13 Lonnn~~u. 



(0 

Figure 9.13 Conrmued. 

1. Geometric Analysis 

he link lengths are scalrd from the diagram .a fullow~: 

lxLi = 1.77 ft rCD = 2.33 ft rc,t( = 3.0 ft 

Il. Velocity Analysis 

The next step in the analysis IS to devzlup a complete undersrandmg uf the velocmes 
in the mechanism. The velocity of point B can be computed using the following: 

vg. = WZYB = 
i 1 
3$ (1.77 ft) = 5.31: 

Usmg the procedures outlined in Chapter 4, a veloaty equation IS used and a VT- 
locity polygon is constructed: 
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This polygon is given in Figure 9.13B. Notice that the notion of a velocity im- 
age was used to determine the velocity of the center of gravity of the three mov- 
ing links. 

Scaling the vector magnitudes from the diagram is accomplished with the equa- 
tions below: 

uc = 5.10; ,f 24" uGz = 2.6&" 58' 

UC/B = 3.lO$y 53" vG3 = 5.2O;L 42" 

uG4 = 6.58tL24" 

III. Acceleration Analysis 

The next step in the analysis is to obtain a complete understanding of the accelera- 
tions in the mechanism. Using the procedures outlined in Chapter 5, an acceleration 
equation is assembled by: 

ant +> a’c = ang +> afg +> anC,R +> afC,B 

The next step is to construct an acceleration diagram, which includes 
points B and C. Calculate the magnitudes of the known accelerations with the 
following: 

ang = m L js.31y 
= 15.93ft 

YAB 1.77 ft sz 

(directed toward the center of rotation, point A) 

at, = a!2 TAB = (0)(1.77 ft) = 0 ‘” 
s2 

anC,B ~ && _ (3.10$)2 
= 3.2oft 

TCB 3ft s2 

(directed from C toward B) 

(directed toward the center of rotation, point D) 
The acceleration polygon is constructed and shown in Figure 9.1312. Notice that 

the notion of an acceleration image was used to determine the acceleration of the 
center of gravity of the three moving links. 

Scale the vector magnitudes from the diagram, as detailed in the equations below: 

acz = 7.96t124" 
2 

aG3 = 14.00fr 136" 
s2 

aG4 = 12.25$\ 40" 
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The angular acceleratwns of the links can then be derermmed by: 

f 
a4=ac= (X25$) 

= 12.2s& cw 
TCD 2.33 ft sz 

Iv. Mass and Inertia 
Focusing on the inertial loads, the mass of each lmk 1s calculated as: 

W2 5 Ibs 
m2 = 7 = 32,2tr ~ = 0.155 slugs 

W3 3 lbs 
m3 = 7 = 32.29 ~ =0.093 slugs 

W4 100 Ibs 
% = 7 = ~ = 

32.25 
3.106 slugs 

Although they include some intricate details for calculating mass moment of iner- 
tia, links 2 and 3 are assumed to be slender rods: 

= &(0.155 slugs(1.77 ft)‘) 

= 0.040 slug ft’ = 0.040 lb ft s2 

= &0.093 slugs(3.0 ft)Z) 

= 0.069 slug ft’ = 0.069 lb ft s2 

The mass moment of inertia of link 4 can be calculated from the radius of gyra- 
tion. Use Equation 9.4: 

IG4 = m k2 

= (3.106 slugs)(l.2 ft)’ 

= 4.473 slug ft2 = 4.473 lb ft s2 



302 Chapter 9 DYNAMIC FORCE ANALYSIS 

V. Inertial Loads 

Calculate the inertial loads from Equations 9.10 and 9.11: 

I.ink 2: 

FEZI = m a E2 = (0.155 slugs)(7.96 ftl?) = 1.24 Ibs 

Tgz’ = Iz2 a2 = (0.040 lb ft s”)(O rad/s’) = 0.0 lb-ft 

Link 3: 

Fg3’ = m a 83 = (0.093 slugs)(14.00 ft/s2) = 1.30 Ibs 

Tg3’ = I,, a3 = (0.0469 lb ft s*)(O.92 i-ad/s’) = 0.06 lb-ft ccw 

Link 4: 

Fg41 = m a,, = (3.106 slugs)(12.25 it/?) = 38.05 Ibs 

Tg4’ = Is4 01~ = (4.473 lb ft ?)(2.25 radl?) = 10.06 lb-ft cw 

The application of these inertial loads on the respective links is illustrated in 
Figure 9.13D. These inertial forces can be offset from the center of gravity and 
compensate for the inertial torque. The offset distance for each link is as follows: 

Link 2: 

Link 3: 

dg3 = r,, m3 a83 
~ (0.047 lb it s’) (0.929) - 

(0.093 slugs) (14.00$) 

= 0.03 ft (right and upward) 

Link 4: 

= (4.473 lb ft s’)(2.25%) 

(3.106 slugs)(12.25$) 

= 0.26 ft (down and to the right] 
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VI. Dynamic Force Analyus 
By observing the forces on this mechanism, it appears that the magnitude of the 
weight and inertia of the wheel assembly is significantly greater than the weight and 
inertia of the other links. Therefore, loads on links 2 and 3 are neglected. The 
method of superposition can be used to break this problem into three sub-problems 
as shown in Figure 9.13E. 

Focusing on Sub-Problem 1 The associated free-body diagrams are shown in Figure 
9.13F. Link 3 is a two-force member. Thus, the direction of the forces acting on it are 
along the link and the magnitudes are equal. Link 4 is a three-force member and, be- 
cause the directions of the inertial load and F,, are known, the coincident theory re- 
veals the direction of the third force. This data is sufficient to use vector Equation 
9.6 to determine the magnitude of the unknown vectors: 

E F = mag 

C F - P4 = 0 

F~I +> Fa ->F’,=O 

The resulting force polygon is shown as Figure 9.11G. The unknown vectors 
were scaled as: 

Fdl = 40.0 lbs 1 75” 

F43 = 27.0 lbs J 38” 

Thus, the forces acting on link 3 are immediately determined by 

FJ~ = 27.0 Ibs L 38” 

F32 = 27.0 Ibs J 38” 

The free-body diagram of link 2 illustrates that the force FzJ must be counter- 
acted by the driving torque. The perpendicular distance, d, from the force Fz3 to the 
pivot A is scaled as: 

d = 1.65 ft 

from the equilibrium equation: 

CM=0 

Fz3 (8 - Tdr.veri = 0 

T&i”d = Fz3 (d) = (27.0 Ibs)(l.65 ft) = 44.6 ft Ibs cw 

Focusing on Sub-Problem 2 The associated free-body diagrams are shown as Figure 
9.11H. As in sub-problem 1, link 3, is a two-force member. Thus, the direction of the 
forces acting on it are along the link and the magnitudes are equal. Link 4 is again a 
three-force member and, because the directions of the inertial load and Fd3 are 
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known, the coincident theory reveals the direction of the third force. This data is suffi- 
cient to use vector Equation, 9.6 to determine the magnitude of the unknown vectors: 

EF=O 

F41 +> F4j +> w, = 0 

The resulting force polygon is shown in Figure 9.131. The unknown vectors were 
scaled as: 

F41 = 81.3 Ibs J 38’ 

Fd3 = 52.5 Ibs 138” 

Thus, the forces acting on link 3 are immediately determined by: 

Fad = 52.5 Ibs J 38” 

F,, = 52.5 Ibs L 38” 

The free-body diagram of link 2 illustrates that force F,, must be counteracted by 
the driving torque. The perpendicular distance, d, from the force Fz3 to the pivot A 
is scaled as: 

d = 1.65 ft 

from the eauilibrium equation: 

EM=0 

~53 (4 - Tdriverz = 0 

TdriverZ = F&i) = (52.5 lbs)(1.65 ft) = 86.7 ft Ibs ccw 

Finally, the forces from both sub-problems can be vectorally combined to deter- 
mine the net effect using the following equations: 

IF41lnet = ~F~dsub pro~em I +’ (Fdsub prouem z 

1Felner = Edrub prot+m I +’ ~F~dsub pmwem L 

(Tdriverlnet = ITdriverlsub pro~em I +’ IT~rwer1.u~ pro~em z 

The vector additions are shown in Figure 9.115, and the net forces are scaled as: 

(F-ll]ner = 120.5 Ibs 1 64” 

~F&et = 25.5 Ibs / 38” 

Vdrwerlnet = 42.1 lb-f-t ccw 

Recall that the inertial loads of links 2 and 3 were assumed to be negligible. If 
these loads and any others would need to be considered, the force analysis would be 
partitioned into several other sub-problems. Although such an analysis would be 
rather redundant, the overall procedure would be exactly the same. 
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DYNAMIC FORCES IN MECHANISMS: ANALYTICAL ANALYSIS 

The underlying principles behind dynamic force analysis were developed in previous 
sections. The only difference in an analytical approach is that the equations of equi- 
librium can be broken into orthogonal directions and solved algebraically. Of 
course, this method was used when analytically solving other vector equations. 
However, in force analysis, this algebraic approach can handle all free-body dia- 
grams, and the force superposition method is no longer needed. An Example Prob- 
lem, using an analytical approach, is presented to illustrate the combination of all 
these principles and to determine the dynamic forces acting in a mechanism. 

EXAMPLE PROBLEM 9.7 

The mechanism shown in Figure 9.14 is used to drive a small, automated leather 
punch at a rate of 20 punches per minute. The punch assembly has a mass of 1.2 kg 
and has an upward force of 16 N applied to it. The crank and connecting arm have 
masses of 0.35 and 0.75, respectively. The crank is also designed to rotate counter- 
clockwise. The coefficient between the punch assembly and the guides is consider- 
able and can be assumed to be 0.15. In the position shown, determine the torque re- 
quired to drive the punch and the forces at the joints. 

Figure 9.14 Leather punch for Example Problem 9.7 
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Soll4tion: 

This mechanism is the common slider-crank linkage. A kinematic diagram is given 
in Figure 9.15A. 

Figure 9.15 D~agrama for Example Problem 9.7. 

I. Geometric Analysis 

The angle shown in Figure 9.15A can be determined from the right triangle formed 
by the connecting arm and the offset distance. Thus: 

Because the punch operates at a rate of 20 punches per minute and the mecha- 
nism gives one punch per revolution of the crank, the crank must have a constant 
speed of 20 rpm. The crank also operates counterclockwise. Therefore: 

w2 = 20 rpm = (20 rpm) 
I 1 
g = 2.09’“d ccw 

xc 
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lI. Velocity Analysis 

The first step in analysis is to obtain a complete understanding of the velocities in the 
mechanism. The velocity of point B can be computed with the following: 

ug = w2 rg = k.09 g)(20 mm) = 41.8? i 

Using the procedures outlined in Chapter 4, a velocity equation is used and a ve- 
locity polygon is constructed (Figure 9.15B): 

Notice that because link 3 inclines at an angle from the vertical, the relative velocity voB 
inclines at an angle of 90 - 6 from the vertical. This occurs because the relative velocity be- 
tween two points on the same link is perpendicular to the line that connects those points. 

The velocity of the joints can be found from trigonometry: 

UC = tan(90 - 0) 

41.8? 

= tan (90 ~ 17.9) 
= 13.5 mm/s L 

% 41.8? 

vc’B ~ sin(90 - p) = sin(90 - 17.9) 

= 43.9= 717.9 
s 

The velocity image can be used to determine the velocity of the center of gravity 
of links 2 and 3: 

at an angle from the horizontal of: 

sin-’ 
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vG3 = 21.9= \ 17.5 
s 

111. Acceleration Analysis 

The next step in the analysis is to obtain a complete understanding ot the accelera- 
tions in the mechanism. Using the procedures outlined in Chapter 5, an acceleration 
equation is assembled as follows: 

ant +> arc = lian +> atH +> a ‘*c/B +> a*m 

The next step is to construct an acceleration diagram, which includes points B 
and C. Calculate the magnitudes of the known accelerations using the equations: 

87.47 

(directed toward the center of rotation, t) 
mm 

atH = cq yAB = (0)(20 mm) = 07 \ 

(directed from C toward B, t 72.1”) 

L?‘~ = 0 (linear sliding motion) 

The acceleration polygon is constructed and shown in Figure 9.15C. The un- 
known accelerations can be analytically determined. See Table 9.3. 

TABLE 9.3 r Acclcration Components for Example Problem 9.7. 

Horizontal 

Reference Angle Camponent Vertical Component 

“eCtLlr I@,) aj, = a coso, a. = a sin.% 

ac 90” 0 
ain 90” 0 

I a”m 107.9” 

a’C,B 72.1” 
-4.5 14.1 
0.31 af(;,Jj 0.91 a:;,fi 

Separate algebraic equations can be written for the horizontal and vertical com- 
ponents: 

ac = anB +> a”c,n t> a*c,B 
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horizonral componenrs: 

0 = 0 + (-4.51 + 1+0.31 a,') 

solving: 

4.5 

ac'B 
fpp- 14smm 

~ 0.31 2 

vertical components: 

ac = (87.4) +(14.1) + (0.95 a'& 

solving: 

ac = (87.4) +(14.1) + [(0.95(14.5)] = 115.37 

The notion of an acceleration image can be used to determine the acceleration of 
the center of gravity of the three moving links. 

After reviewing the acceleration polygon, vector magaitudes can be obtained algebraically: 

acz = T [half between OA and B] 

(87.4) 

2 
= 43.7ET 

s2 

= (115.3 + 87.4) =101,4mm ,, 
2 s2 

aG4 = ac (link 4 is pure linear motion} 

= 115.3= ? 
s2 

The angular accelerations of the links can be determmed by: 

a2 = 0.0 

atCX3 14.5? 
a3=-= 

ICB 130mm 
= O.ll’.d ccw 

sz 

014 = 0.0 

VI. Mass and Inertia 

By focusing on the inertial loads, the mass and weight of each link are given as: 
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ma = 1.2 kg W4 = 1.2 kg 9.gm = 11.76 N 
i i s2 

Although they include some intricate details for calculating mass moment of iner- 
tia, links 2 and 3 are assumed to be slender rods: 

= &,0.35 kg(20 mm)2) = 11.7 kg mm2 

= &(0.75 kg(130 n~rn)~] = 1056.3 kg mm’ 

Because link 4 undergoes pure linear motion, the mass moment of inertia is irrel- 
evant. 

V. Inertial Loads 
Calculate the inertial loads from Equations 9.10 and 9.11: 

Link 2: 

F,; = rnz uGZ = (0.35 kg) 43.7y 
i ! 

= 15.3 kg? = 0.0153 N ? 

rad 
TG~’ = I,, 01~ = (11.7 kg mm’) 0 - = 0.0 Nmm 

i i s2 

Link 3: 

F,,’ = m3 aG3 = (0.75 kg) [101.4~) 

= 76.1 kg mm/s2 = 0.0761 N ? 

= 116.2 kgmm2 ~ = 0.1162 Nmm ccw 
s2 
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Link 4: 

FC/ = mg aG4 = (1.2 kg)/115.3?) 

= 138.4 kg? = 0.1384 N 1‘ 

VI. Dynamic Force Analysis 

Free-body diagrams of all three moving links are shown in Figure 9.15E. Notice that 
the unknown joint forces are broken into vertical and horizontal components. New- 
ton’s third law states that for every action, there is an equal and opposite reaction. 
Therefore, the direction of the pin forces are shown appropriately and the magni- 
tudes are equal: 

F zs = Fszh Fz3v = Fxu Fm. = Fa FH” = Fa 

By focusing on the crank (link 2), q ‘l’b e UI 1 rnun equations can be written as: 

l CF->FZ=O 

horizontal direction: 

(9.4.11 -&I/, + Fm = 0 

vertical direction: 

-FzI, + Fuu ~ w, ~ (fFG2) = 0 

(9.4.2) F 21” = -L + W, + (+F’,,) = 3.45 -F,,, 

l X M -> T7 = 0 (using point A as reference] 

(9.4.3) F~(~AB) - Tdriver = 0 

By focusing on the connecting arm (link 3), equilibrium equations can be written 
as: 

l CF->F,=O 

horizontal direction: 

+t‘m - F34h 0 

(9.4.4) F 3s = Fsv+ 

vertical direction: 

(9.4.5) -F,,,, - Wi + Fwu ~ (+F',d = 0 

l I2 M -> T, = 0 (using point C3 as reference) 

(9.4.6) -bh&kos PI + Lh&)(sin Pi - Fdr~&ibs PI 
+ F~dd4bin 0) (+ Tc:~ 1 = 0 
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By focusing on the punch assembly (link 4), equilibrium equations can be written 
2% 

l CF->F’,=O 

horizontal direction: 

+Fk Fg,rrde = 0 

(9.4.7) F 4% = Fg:,,id, 

vertical direction: 

(9.4.8) -Fau - W, + Fappw + Firmon - i+F’,,i = 0 

Because the line of action of all forces acting on link 4 converge at the same point, 
a moment equation of equilibrium is not applicable. In addition, the friction associ- 
ated with the punch guide acts against the direction of motion (upward) and can be 
denoted as: 

F fn‘rim = P Fgw+e 

Therefore, Equation 9.4.5 becomes: 

F 43” = ~ W, + F.q+ed + Fmmn ~ (+F’,,) 

= -11.76 + 15 + 0.15F,,,d, - 0.14 

(9.4.9) = 0.15F,,,d, + 3.10 

The task is to solve the eight preceding simultaneous equations for the eight un- 
known forces. Equation 9.4.9 can be substituted into 9.4.5 and rewritten as: 

F 3% = ~ W, + hu - (+F’G,) 

= - W, + (0.15F,,,d, + 3.10) - (+F& 

= ~7.35 + 0.15F,,,d, + 3.10 - 0.08 

(9.4.10) = 0.15F,,,d, - 4.33 

Equation 9.4.7 can be substituted into 9.4.4: 

(9.4.11) F 3s = h.e = Fguide 

Equations 9.4.7,9.4.9, 9.4.10, and 9.4.11 can be substituted into 9.4.6: 

&I, (~Hc/~)(cos P) + FJZ,, (rd2Ksin PI + FM (y~&)(cos PI 
+ Fw, h&.)bin PI - i+ TGJ ) = 0 

F guxie (~dL)icos PI + (u.15F,u,, - 4.33) (Y&2)(sin P) +F,,id,(v&2)(cos Pi 

+ (0.15F,,,d, + 3.10) (r&2)(sin /3l ~ if T,, ) = 0 

Fg,id,(130/2)(cos 17.9) + (0.15F,,,d, ~ 4,33)(130/2)(sin 17.9) 

F zu,d,(130/2)(cos 17.9)+ (O.U’F,,id, + 3.10) (130/2)(sin 17.9) - (+ 0.12) = 0 
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solving: 

F gu,dr = 0.19 N 4 

Substituting back to the previous equations: 

F34,, = 0.19 N + Fs2/, = 0.19 N t- 

F 34h = 3.13 N 1‘ FJ2!, = -4.30 N (J) 

Ffrictmn = 0.03 N + FZ,,, = 0.19 N t 

F Llu = 7.75 N .i Tdrlvei = 3.80 N mm cw 

Any value, which was algebraically solved and contained a negative sign, reveals 
that the directions of those forces were incorrectly assumed when preparing the free- 
body diagrams. Therefore, the force, Fiz,,, is actually acting upward; following the 

same logic, F,,, is acting downward. 

Although manual drawing methods can be in- 
structive for problems requiring graphical so- 
lution, use of a CAD system is highly recom- 
mended. 

Three forces arc shown in Figure P9.1. For 
Problems 9-1 through 9-6,determine the rc- 
sultanr of the forces. 

Figure P9.1 Problems 1-6 

9-l. 0 = 25”. Use graphical methods 
9-2. p = 25”. Use analytical methods. 
9-3. 0 = 65”. Use graphical methods. 
94. 0 = 65”. Use analytical methods. 
9-5. 0 = 105”. Use graphical methods. 
9-6. 0 = 105”. Use analytical methods. 

A force that is applied to a box wrench is 
shown in Figure P9.7. For Problems 9-7 
through 9-9, determine the moment--rrlative 
to the center of the nut-that is created by this 
force. 

Figure P9.7 Prohlrms 7.9 

9-7. /3 = 90”. 
9-8. p = 75”. 
9-9. a = 110” 
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A force that is applied to a control lever is 
shown in Figure P9.10. For Problems 9-10 
through 9-12, determine the moment relative 
to the pivot block that is created by this force. 

9-17. 

Figure P9.10 Problems 10.12 

9-10. i3 = 0” 
9-11. /3 = 60”. 
9-12. /3 = 130”. 

Problems with Mass and Mass Moment 
of Inertia 

V-18 
9-13. The mass of a connecting rod from an inter- 

nal combustion engine has been determined 
to be 2.3 kg. Compute the weight of the rod. 

9-14. A robotic gripper was weighed at 4.5 lb. De- 
termine the mass of the gripper. 

9-15. A robotic gripper was weighed at 4.5 lb and 
has a radius of gyration relative to a certain 
axis at the center of gravity of 5 in. Deter- 
mine the mass moment of inertia of the part 
relative to this axis. 

9-16. A 6-kg mechanism link has a radius of gyra- 
tion relative to a certain axis at the cemer of 
gravity of 150 mm. Determine the mass mo- 
mem of inertia of the part relative to this 
axs. 

The part shown in Figure P9.17 has been 
weighed at 6 lb. Determine the mass moment 
of inertia of the part relative to an x-axis at 
the center of the part and also relative to an 
x-axis at the end of the part. Neglect the ef- 
fect of the holes. 

Figure P9.17 Problem 17 

For the lo-kg part shown in Flgurr P9.18, 
determine the mass momem of inertia of the 
part relative to an x-axis at the center of the 
part and also relative to an xxxis ar the end 
of the part. Neglect the effect of the holes 
and rounded ends. 

75 I 

Figure P9.18 Problems 18. 
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A force that is applied to a control lever is 9-17. 
shown in Figure P9.10. For Problems 9-10 
through 9-12, determine the moment relative 
to the pivot block that is created by this force. 

Figure P9.10 Problems 10.12. 

9-10. /3 = 0” 
9-11. 0 = 60". 
9-12. (3 = 130". 

The part shown in Figure P9.17 has been 
weighed at 6 lb. Determine rhc mass moment 
of inertia of the part relative to an x-axis at 
the center of the part and also relative to an 
x-axis at the end of the part. Neglect the ef- 
fect of the holes. 

Problems with Mass and Mass Moment 
of Inertia 

Y-l 8 
9-13. Thr mass of a connectmg rod from an inter- 

nal combustion engine has been determined 
to be 2.3 kg. Compute the waght of the rod. 

9-14. A robotic gripper was weighed at 4.5 lb. De- 
termine the mass of the gripper. 

9-1.5. A robotic gripper was weighed at 4.5 lb and 
has a radius of gyration relative to a certain 
axis at the center of gravity of 5 in. Deter- 
mine the mass moment of inertia of the part 
relative to this axis. 

9-16. A h-kg mechanism link has a radius of gyra- 
tion relative to a certain axis at the cemer of 
gravity of 150 mm. Determine the mass mo- 
merit of inertia of the part relative IO this 
axs. 

Figure P9.17 Problem 17 

For the lo-kg part shown in Figure P9.18, 
determine the mass moment of inertia of the 
part relative to an x-axis at the center of the 
part and also relative to an x-axis at the end 
of the part. Neglect the effect of thr holes 
and rounded ends. 

Figure P9.18 Problems 18. 



Generating Free Body Diagrams 

9-19. Figure P9.19 shows a overhead lift device. 
When a 600.lb force is suspended from the 
top boom, while the mechanism is stationary, 
draw a free-body diagram for each link. The 
top boom weighs 80 lb and the weight of the 
cylinder is negligible. 

Figure P9.19 Problems 19 and 22 

9-20. Figure P9.20 shows a mechanism that raises 
packages in a transfer mechanism. When a 
100-N package sits on the horizontal link, 
while the mechanism is stationary, draw a 
free-body diagram for each link. The weights 
of the links are negligible. 

9-21 Figure P9.21 shows d mechanism that is used 
to shear thin gauge sheet metal. When a 200. 
N force is applied as shown, draw a free- 
body diagram for each link. The weights of 
the links arc ncgligiblr. 

Figure P9.21 Problems 21 and 24. 

Problems with Static Machine Forces 

9-22. For the mechanism described in Problem 
9-19, determine the force in the hydraulic 
cylinder. 

9-23. For the mechanism described in Problem 
9-20, determine the torque required from the 
motor. 

9-24. For the mechanism described in Problem 
9-21, determine thr force that LS applied to 
the sheet metal. 

Figure P9.20 Problems 20 and 23 
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Problems with Inertial Forces 

Figure P9.25 shows a link that weighs 4 Ibs 
and is rotating clockwise at 20 radisec. For 
Problems 9-25 and 9-26, determine the mag- 
nitude of the inertial force and locate it on the 
link, such that it also would compensate for 
the inertial torque, if: 

.75 in dia 

Figure P9.25 shows a link 
and is rotating clockwise a 
Problems 9-25 and 9-26, determine the mag- 
nitude of the inerti; 
link, such that it a 
the inertial torque, 

Figure P9.27 Problems 27 and 28. , “ ,  I . “ “ . - . I I ”  - ;  I . . -  -_ I  

rad rad 
Y-27. The link accelerates at 407 Y-27, The link accelerates at 40~ 

9-28. The link decelerates at 40%. 

Figure P9.27 shows a 10 kg link that IO- 
fates counterclockwise at 15 radisec. Deter- 
mine the magnitude of the inertial force and 
locate it on the link, such that it also compen- 
sates for the inertial torque, if: 

Figure P9.25 Problems 25 and 26 

rad 
Y-25, The link was accelerating at 607 

9-26. The link decelerates at 6O$ 



PROBLEMS 317 

9-29. Figure P9.29 shows a slider-crank mecha- 
nism. Link 2 rotates clockwise at a constant 2 
radisec. The weight of link 2 is negligible, 
link 3 is 3 lb, and link 4 is 2 lb. The radius of 
gyration of link 3 relative to the cenwr of 
gravity is 3 in. For /3 = 45”, graphically deter- 
mine the following: 

Figure P9.29 Problems 29-32 

Y-30 

9-31 
Y-32 

Y-33 

1. The linear acceleration of link 4 and the 
center of gravity of link 3; 

2. The angular acceleration of link 3; 
3 The inertial force and torque of the coupler link; 
4. The pin forces at B and C; and, 
5 The torque to drive the mechanism in this 

position. 

Solve Problem Y-29 using an analytical 
method. 
Repeat Problem 9-29 with /3 = 120”. 
Solve Problem 9-29, with (3 = 120” and using 
an analytical method. 
Figure P9.33 shows a four-bar mechanism. 
Link 2 rotates counterclockwise at a conscant 
10 radkec. The weight of link 2 and 3 are 
negligible, and link 4 is 17 kg. The radius of 
gyration of link 4 relative to the center of 
gravity is 45 mm. For 0 = 4.5”, graphically 
determine the following: 

1. The linear acceleration of the center of 
gravity of link 4; 

2. The angular acceleration of link 4; 
3. The inertial force and torque of link 4; 
4. The pin forces at B and C, and, 
5. The torque to drive the mechanism in this 

posmon. 

9-34. Solve Problem 9-33 using an analytical 
method. 

Y-35. Krprat Problem 9-33 with 0 = 90”. 
9-36. Solve Problem 9-33 with p = 90” and usmg 

an analytical method. 
9-37. Figure PY.37 shows a small hydraulic jack. At 

this instant, a lo-lb force is applied to the han- 
dlc. This causes the 3.5 in link to rotate clock- 
wise at a constant rate of 5 radlsec. The weight 
of link 2 and 3 are negligible, and link 4 is 1.5 
lb. Graphically determine the following: 

Figure P9.37 Problems 37 and 38 

9-38. 

1. The linear acceleration of the piston; 
2. The inertial force of link 4; 
3. The pin forces; and, 
4. The force developed on the piston due to 

the hydraulic fluid. 

Solve Problem 9-37 usmg an analytical 
method. 

Figure P9.33 Problems 33.36. 
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9-39. Figure 1’9.39 shows a mechanism for a tranr- 
fer conveyor. The driving link rotates coun- 
terclockwise at a constant rate of 28 rpm. 
The box weighs 50 lb as shown. The weight 
of the driving link and the coupler are negli- 
gible. The weight of the conveyor link is 2X 
lb and the center of gravity is at its midspan. 

Figure Pp.39 Problems 39-42. 

9-l. Figure C9.1 shows a mechanism that gives mo- 
tion to slides C and D, which is used in a wire- 
stripping machine. Carefully examine the com- 
ponents of the mechanism, then answer the 
following leading qurstions to gain insight into 
if9 opcrarion. 

The radius of gyration of the conveyor link 
relative to the center of gravity is 26 in. For 
/3 = 30”, graphically (using manual drawing 
techniques or CAD) determine the following: 

1. The linear acceleration of the center of 
gravity of the conveyor link]; 

2. The rotational acceleration of the con- 
veyor link; 

/. The inertial force and torque of the con- 
veyor link; 

4. The pin forces; and, 
7. The torque required to drive the mecha- 

“,SDl. 

9110. Solve Problem 9-39 using an analytical 
method. 

941. Repeat Problem 9-39 with p = 100”. 
942. Solve Problem 9-39 with R = 100” and usine 

an analytical method. 

1. As gear A rotates clockwise, describe the mo- 
tion of gear B. 

2. As gear A rotates clockwise, what is the im- 
mediate motion of slide C? 

3. Discuss the action that takes place as pin E 
reaches the end of the slot. 

4. Discuss precisely the continual motion of 
slides C and D. 

5. Discuss how this motion could possibly be 
used in a wire-stripping machine. 

6. What is the purpose of spring GF 
7. How would the mechanism change if a 

“stiffer” spring were installed! 

Figure C9.1 (Courtesy, Industrial Press) 
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Y-2. hgurr CY.2 ,hows a mcchariixr, used IU ~CLU~I~ 
the reclining feature on some passenger airline 
sears. Carefully examine the components of the 
mechanism, then answer the following leadmg 
questions to gain insight into its operation. 

1. Ah lever A ,b rorared, what type of mouon 
does item C exhibit? 

2. What type of connection does item A and C 
have? 

3. What type of motion does hall H have? 
4. What type of motion does plungerJ have? 
5. What is the purpose of spring K? 
6. What is the purpose of item E? 
7. What is the purpose of this mechanism? 
8. Compare this mechanism to another mcchaw 

ical concept. 

Figure C9.2 (Courtesy, Industrial Press) 
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ems up on completion of this chapter, the student will be able to: 

1. Identify the different types of cams and cam followers. 

2. Create a follower displacement diagram from prescribed follower ~UILUII criteria. 

3. Understand the benefits of different follower motion schemes. 

4. Use equations to construct cam follower displacement diagrams. 

5. Geometrically construct cam follower displacement diagrams. 

6. Graphically and analytically construct disk cam profiles with several types of fol- 

7. Graphically and analytically construct cylindrical cam profiles. 

ii?o:l INTRODUCTION 
A cam is a common mechanism element, which drives a mating component known 
as a follower. From a functional viewpoint, a cam and follower arrangement is very 
similar to the linkages discussed throughout this book. The cam accepts an input 
motion similar to a crank and imparts a resultant motion to a follower. 

The unique feature of a cam is that it can impart a very distinct motion to its fol- 
lower. 1n fact, cams can be used to obtain unusual or irregular motion that would be 
difficult to obtain from other linkages. Because its motion can be prescribed, the 
cam is well suited for applications where distinct displacements and timing are para- 
mount. Cams are often used in factory automation equipment because they can se- 
quence displacements in a cost efficient manner. 

Figure 10.1 illustrates one of the most common cam applications, namely the 
valve train of an automotive engine. In this application, an oblong-shaped cam is 
machined on a shaft. This cam shaft is driven by the engine. As the cam rotates, a 
rocker arm drags on its oblong surface. The rocker arm, in turn, imparts a linear, 
reciprocating motion to a valve stem. The motion of the valve must be such that the 
exhaust pathway is closed during a distinct portion of the ,combustion cycle, and 
open during another distinct portion. Thus, the application IS perfect for a cam be- 
cause timing and motion must be precisely sequenced. 
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Figure 10.1 Engine valor wan. 

Noncc a bpring IS used around the valve stem. The rocker arm follower needs to 
maintain contact with the cam surface to achieve the desired motion. Thus, in most 
cam applications, the follower is forced against the cam surface through some me- 
chanical means. Springs are very popular for this purpose. In cases where the fol- 
lower is in the vertical plane, the weight of the follower may be sufficient to main- 
tain contact. The important point is that contact between the cam and the follower 
must be sustained. 

A cam can be designed to impart a prescribed motion to the follower. In contrast, 
the linkages described previously in this text are analyzed tu determine their motion. 
Achieving an exact, desired motion often involves trial-and-error design. This is 
done by analyzing an original linkage configuration. By observing the resulting mo- 
tion, modifications are made to the linkage until the desired motion is achieved. This 
process of designing a mechanism to achieve a prescribed motion is termed kine- 
matic synthesis. 

Although advanced kinematic techniques allow for direct synthesis of possible 
linkages, the trial-and-error design methods are more commonly used in practice. 
However, synthesis of cams is a straightforward process and is the primary focus of 
this chapter. 

10.2 TYPES OF CAMS 

A great variety of cams are available from companies that specialize in design and 
manufacture. The manufacturers may classify cams into subcategories and mark?? 
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the cams for different applications or different configurations. However, the great 
majority of cams can be separated into the following three general types: 

Plate or disk cams are the simplest and most common type of cam. A plate cam is illus- 
trated in Figure 10.2A. This type of cam is formed on a disk or plate. The radial dis- 
tance from the center of the disk is varied throughout the circumference of the cam. 
Allowing a follower to ride on this outer edge gives the followu a radial motion. 

Figure 10.2 Cam types. 

A cylindrical or drum cam is illustrated in Figure 10.2B. This type of cam is 
formed on a cylinder. A groove is cut into the cylinder, which varies along the 
axis of rotation. Attaching a follower that rides in the groove gives the fol- 
lower motion along the axis of rotation. 

A linear cam is illustrated in Figure 10.2C. This type of cam is formed on a trans- 
lated block. A groove is cut into the block with a distance that varies from the 
plane of translation. Attaching a follower that rides in the groove gives the fol- 
lower motion perpendicular to the plane of translation. 

As mentioned, plate cams are the most common type of cam. Once the underlv- 
ing theory is understood, it also is equally applicable to other types of cams. 

10.3 TYPESOFFOLLOWERS 
Followers are classified by their motion, shape, and position. The details of these 
classifications are discussed below. 



Follower Motion 

Follower motion can be separated into the following two categories: 

Translating followers are constrained to motion in a straight line (Figure 10.3A). 
Swinging arm or pivoted followen are constrained to rotational motion (Figure 

10.3B) 

(b) 

Cd) 

Figure 10.3 Follower rypcs. 

Follower Position 

The follower position, relative to the center of rotation of the cam, is typically influ- 
enced by any spacing requirements of the machine. The position of translating fol- 
lowers can be separated into two categories: 

An in-line follower exhibits straight line motion, such that the line of translation 
extends through the center of rotation of the cam (Figure 10.3A). 
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An offset follower exhibits straight line mouon, such that the hne of the momn 

is offset from the center of rotation of the cam (Figure 10.3C). 
In the case of pivoted followers, there is no need to distinguish between in-line 

and offset followers because they exhibit identical kinematics. 

Follower Shape 

Finally, the follower shape can be separated into the following four categories: 

A knife-edge follower consists of a follower that is formed to a point and 
drags on the edge of the cam. The follower shown in Figure 10.3A is a 
knife-edge follower. It is the simplest form but the sharp edge produces 
high-contact stresses and wears rapidly. Consequently, this type of follower 
is rarely used. 

A roller follower consists of a follower that has a separate part, the roller, that 
is pinned to the follower stem. The follower shown in Figure 10.3B is a roller 
follower. As the cam rotates, the roller maintains contact with the cam and 
rolls on the cam surface. This is the most commonly used follower as the fric- 
tion and contact stresses are lower than those for the knife-edge follower. 
However, a roller follower can possibly jam during steep cam displacements, 
A more thorough discussion of the tendency for a follower to jam is pre- 
sented later. 

A j&t-faced follower consists of a follower that is formed with a large, flat surface 
available to contact the cam. The follower shown in Figure 10.3C is a flat- 
faced follower. This type of follower can be used with a steep cam motion but 
does not jam. Consequently, this type of follower is used when quick motions 
are required. However, any follower deflection or misalignment causes high 
surface stresses. In addition, the frictional forces are greater than those of the 
roller follower because of the intense sliding contact between the cam and fol- 
1OWW. 

A spherical-face follower consists of a follower formed with a radius face that 
contacts the cam. The follower shown in Figure 10.3D is a spherical-face fol- 
lower. As with the flat-faced follower, the spherical-face can be used with a 
steep cam motion without jamming. The radius face compensates for deflec- 
tion or misalignment. However, once again the frictional forces are greater 
than those of the roller follower. 

Notice that these follower features are interchangeable. That is, any follower 
shape can be combined with either follower motion or position. 

3$4 PRESCRIBED FOLLOWER MOTION 

As mentioned, the unique feature of a cam is that it can impart a very distinct mu- 
tion to its follower. Of course, the motion of the follower depends on the task de- 
sired and can be prescribed to exacting detail. 

For example, suppose a follower is used to drive pick-up fingers on a paper han- 
dling machine. Prescribing the desired follower involves separating the motion into 



segments, and defimng the action that must rake place during the xgments. To illub- 
trate this process, assume that the pickup fingers must: 

1. Remain closed (extreme upward follower position) for 0.003 sec. 
2. It must open to a distance of 0.25 in, from the closed position. in 0.001 sec. 
3. It must remain in this open position for 0.002 sec. 
4. It must move to the closed position in 0.001 sec. 

Thus, by listing the exact requirements of the fingers, the motion of the follower has 
been prescribed. 

(4.4) 

It is convenient to plot the prescribed follower motion versus time. Actually, the 
follower motion can be expressed in terms of angular cam displacement rather 
than time. A plot of follower displacement versus time, or cam angular displace- 
ment is termed a follower displacement diagram. This diagram is indispensable in 
that the follower motion and kinematics can be explored without regard to the 
shape of the cam itself, The vertical axis of this diagram displays the linear fol- 
lower displacement, expressed in inches or millimeters. The horizontal axis dis- 
plays time, measured in seconds or minutes, or angular cam displacements, mea- 
sured in degrees or fractions of a revolution. This diagram is usually constructed 
to scale and along with follower kinematic analysis, it is extremely useful in de- 
termining cam shape. 

For kinematic analysis, the follower displacement versus time curve is preferred. 
To assist in the task of designing a cam shape, the follower displacement versus cam 
angle curve is desired. Relating the cam rotation and time is a straightforward 
process using the theory presented in Chapter 5. Equation 5.4 gave the following: 

A0 

“=nt 

When the cam is assumed to rotate at a constant velocity, which incorporates the 
overwhelming majority of applications, time can be related to angular displacement 
and vice versa .The angular displacement of the cam that corresponds with each mo- 
tion segment can be determined as: 

(10.1) A0 = ,At 

The required speed of the cam is determined by observing the time consumed 
during one cycle. ‘Thus: 

(10.2) 

settmg: 

AB = 1 cam revolution 

At = time consumed in 1 cycle 
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The period of cam rotatlon where there IS no tollower motion is termed a dwell. 
The details of motion during the follower raising and lowering sequences are pri- 
marily dictated by the task that needs to be accomplished and dynamic considera- 
tions. Because large forces are associated with large accelerations, there is a benefit 
to minimizing acceleration. 

,-EXAMPLE PROBLEM 10.1 

A cam is to be used for a platform that will repeatedly lift boxes from a lower con- 
veyor to an upper conveyor. This machine is shown in Figure 10.4. Plot a displace- 
ment diagram and determine the required speed of the cam when the follower mo- 
tion sequence is as follows: 

1. Rise 2 in. in 1.2 xc 
2. Dwell for 0.3 set 
3. Fall 1 in. in 0.9 xc 
4. Dwell 0.6 set 
5. Fall 1 in. in 0.9 set 

Figure 10.4 Cam sysrem for Example Problem 1u.1 

Solution: 

The total time to complete the full cycle IS needed to determme the reqwed speed of the cam. 

As, 1 cyc,e = (1.2 + 0.3 + 0.9 + 0.6 + 0.91 xc = 3.9 WC 

Then from Equation 10.2: 
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1 rev 
3.9 set 

= 0.256= 
set 

The angular increment of the cam consumed by each follower motion sequence is 
determined by Equation 10.1 

A& = (G,, ) (At) = 0.256= (1.2 xc) = 0.307 rev 
i 4 

AO, = 0.307 rev (360" / 1 rev) = 110.5” 

AOz = k.256zj(O.3 xc) = 0.077 rev = 27.6" 

AOj = (0.256=)(0.9 xc) = 0.230 rev = 82.Y" 

A04 = k.256:pe:)(O.6 xc) = 0.154 rev = 55.3" 

A05 = (0.256Ej(O.9 xc) = 0.230 rev = 82.9" 

The resulting displacement diagram is shown in Figure 10.5. Notlce that a curved 
displacement profile was constructed during the rise and fall sequences. Dynamic 
considerations dictate the actual shape of the rise and fall sections. 

1 2 3 
Time (seconds) 

Figure 10.5 Displacement diagram for Example Problem 10.1. 
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$0.5 FOLLOWER MOTION SCHEMES 

In designing a cam, the objective is to identify a uitablc profile. Through this 
process, the primary interest is to ensure that the follower achieves the desired dis- 
placements. Of course, these displacements are outlined in the displacement dia- 
gram. The shape of the cam is merely a means to obtain this motion. 

In the discussion of the previous section, the follower motion during rise 
and fall sequences was not fully identified. It was mentioned that the dynamic 
characteristics of the follower are important. Large accelerations cause large 
forces and, consequently, high stresses. Rapidly changing accelerations cause 
vibration and, consequently, noise. Due to these fundamental dynamic princi- 
ples, the rise and fall portions of a cam displacement diagram are of vital im- 
portance. 

For slow-moving cams, high accelerations are not a factor. Therefore, the cam is 
designed to merely yield the given displacements at the specified instant. The manner 
in which the follower arrives at the given point is irrelevant. In these cases, the cam 
is manufactured in the most convenient manner, as long as the given displacement is 
achieved. A plate cam can be simply composed of a combination of circular arcs and 
straight lines, which can be readily manufactured. 

For high-speed applications, it is not enough to provide a given displacement at a 
specified instant. The dynamic characteristics of the follower during the rise and fall 
sequences must be studied in considerable detail in order to minimize the forces and 
vibrations. 

A wide variety of motion schemes have been thoroughly analyzed, all with the 
sole purpose of defining the motion of the follower during a rise or fall sequence. 
The objective of these schemes is to produce the movement with smooth accelera- 
tions. 

In studying the dynamic characteristics of the follower for the different motion 
schemes, the following nomenclature is used: 

H = maximum follower displacement during the rise and fall sequence under 
consideration 

T = time period for the rise and fall sequence under consideration 
t = time where the instantaneous dynamic properties are defined 
w = speed of the cam (degkc). 
s = instantaneous follower displacement at any given time 

ds 
Y = instantaneous follower velocity = - 

dt 
dv 

a = instantaneous follower acceleration = - 
dt 

105.1 Constant Velocity 

The simplest follower motion during a rise or fall sequence is constant velocity. Con- 
stant velocity motion is characterized with a straight line displacement diagram be- 
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cause velocity IS unmxm. The aynam~ charactemucs of a consrant veloc~ry me arc 
listed in Table 10.1: 

t: ““” TABLE 10.1 Dynamic Characteristics of a Constant Velocity Rise 

Although the notion of zero acceleration is appealing, the ends of this motion 
scheme cause problems. Theoretically, the instantaneous jump from any constant 
value of velocity to another constant value of velocity results in an infinite accelera- 
tion. Because mass is always involved in machines, this theoretically results in an in- 
finite force. Actually, an instantaneous change in velocity is impossible due to the 
flexibility in machine members. Nevertheless, any shock is serious and must be kept 
to a minimum. Therefore, this motion in its pure form is impractical except for low- 
speed applications. 

A constant velocity displacement diarrram. along with velocitv and acceleration 

curves, is shown in Figure 10.6. 

I ) ~ / . , ( .  ._ ,_ ‘, 

TABLE 10.2 Dvnamic Characteristics of Constant Acceleration Rise 



105.2 Constant Acceleration 

Constant accelerat~or~ rnonw~ durmg a ~1st or tall xqucnce produce5 the smalicsr 
possible values of acceleration for a given rise and time interval. The displacement 
diagram for a rise or fall interval is divided into two halves, one of constant acceler- 
ation and the other of constant deceleration. The shapes of each half of the dis- 
placement diagram are mirror-image parabolas. The dynamic characteristics of a 
constant acceleration rise are listed in Table 10.2: 

This motion scheme, also known as parabolic or gravity motion, has constant 
positive and negative accelerations. However, it has an abrupt change of accelera- 
tion at the end of the motion and at the transition point between acceleration and 
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deceleration halves. These abrupt changes result in abrupt changes in inertial forces 
which typically cause undesirable vibrations. Therefore, this motion in its pure form 
is uncommon except for low-speed applications. 

A constant acceleration displacement diagram, along with velocity and accelera- 
tion curves, is shown in Figure 10.7. 

Figure 10.7 Constant acceleration motion curves. 

A scaled displacement diagram is required to construct the actual cam pro- 
file. The equations presented above can be used in conjunction with a spread- 
sheet, or other equation plotting package, to complete this diagram. Although 

this analytical method is precise, care must be taken to plot the diagram to 
scale. 
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Geometric construction of a displacement diagram is an alternative method to 
generate a displacement diagram to scale. Such a construction using the constant ac- 
celeration motion scheme can be accomplished by referring to Figure 10.8 and using 
the following procedure: 

1. Divide the follower rise (or fall) sequence into two halves. From Figure 10.8, 
AE represents the time period and EF the magnitude of rise for the first half of 
this motion scheme. 

2. Divide both the horizontal and vertical axes of the quadrant AEFH into equal 
parts. 

3. Construct vertical lines from the horizontal divisions. 
4. Construct straight lines from corner A to the vertical divisions. 
5. Draw a smooth curve through the points of intersection of the vertical lines 

and the lines drawn from corner A. 
6. Repeat Steps 2 through 5 for the remaining half of the curve as shown in quad- 

rant FICG in Figure 10.X 

I-.. ~ Period for rise, T -I 

Figure 10.8 Construction of a constant acceleration displacement diagram 

10.5.3 Harmonic Motion 

As seen with the polynomial mcmon schemes described above, m&al problenlb 
arise with discontinuities in the motion curves. To address that shortcoming, har- 
monic motion has been studied. Harmonic motion is derived from trigonometric 
functions, thus exhibiting very smooth motion curves. In a physical sense, it is the 
projection motion of a point on a rotating disk projected to a straight line. The dy- 
namic characteristics of a harmonic rise are listed in Table 10.3. 

This motion scheme is a definite improvement of the previous curves. It has a 
smooth, continuous acceleration. However, it has a sudden change of acceleration at 
the ends of the motion. Again, this sudden change can be objectionable at higher 
speeds. 

A harmonic displacement diagram, along with velocity and acceleration curves 
are shown in Figure 10.9. 
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. . I  . . ( .  

: TABLE 10.3 Dynamic Characteristics of a Harmonic Motion 

Figure 10.9 Harmomc moron cuwes. 
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As with other schemes, a scaled displacement diagram is required to construct the 
actual cam profile. The equations presented above can be used in conjunction with a 
spreadsheet or other equation plotting package to complete this diagram. Although 
this analytical method is precise, care must be taken to plot the diagram to scale. 

Geometric construction of a displacement diagram is an alternative method to 
generate a displacement diagram to scale. Such a construction using the harmonic 
motion scheme can be accomplished by referring to Figure 10.10 and using the fol- 
lowing procedure: 

1. Construct a semicircle, having a diameter equal to the amount of rise (or fall) 
desired. 

2. Divide the rise time period into incremental divisions. 
3. Divide the semicircle into the same number of equal divisions of the follower 

rise period. 
4. Draw vertical lines from the divisions on the time axis. 
5. Draw horizontal lines from the division points on the semicircle to the corre- 

sponding division lines on the time axis. 
6. Draw a smooth curve through the points of intersection found in the previous 

step. 

Figure 10.10 Construction of a harmonic displacement diagram. 

105.4 Cycloidal Motion 

Cycloidal motion is another motion scheme derived from trigonometric functions. 
This scheme also exhibits very smooth motion curves and does not have the sudden 
change in acceleration at the ends of the motion which makes it popular for high- 
speed applications. It has low-vibration wear and stress characteristics of all the ba- 
sic curves described. In a physical sense, it is the motion of a point on a disk rolling 
on a straight line. The dynamic characteristics of a cycloidal rise are listed in Table 
10.4. 

A cycloidal displacement diagram, along with velocity and acceleration curves, is 
shown in Figure 10.11. 

As before, a scaled displacement diagram is required to construct the actual cam 
profile. The equations presented above can be used in conjunction with a spread- 



TABLE 10.4 Dynamic Characteristics of a Cycloidal Rise 

Rise Fall 

ii,l,.i,.l. 
s=H[$-$sin(%)] s=H[l-($)+$sin($$/ 

“=+q$)] v=-q-c”s($)] 

: :Acceleration 
)I )I 

Figure 10.11 Cyclordal mmon CUIYCS. 
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sheet or other equation plotting package to complete this d,iagram. Although this 
analytical method is precise, care must be taken to plot the diagram to scale. 

Geometric construction of a displacement diagram is an alternative method to generat- 
ing a displacement diagram to scale. Such a construction using the cycloidal motion scheme 
can be accomplished by referring to Figure 10.12 and using the following procedure: 

1. On a displacement diagram grid, draw a line from the beginning point of the 
rise (or fall) to the final point. This line is drawn from A to Con Figure 10.12. 

2. Extend the line drawn in the previous step and draw a circle, with radius r = 
H 

- centered anywhere on that line 
2?r 

3. Construct a vertical line through the center ot the circle. 
4. Divide the circle into an equal number of parts. 
5. l’roject each division point on the circle along an inclined line, parallel to the 

line drawn in Step 1. 

6. Mark the intersection points of the inclined lines drawn in Step 5 with the 
vertical line drawn in Step 3. 

7. Divide the time period into the same number of equal parts as the circle. CO*- 
struct vertical lines from these divisions points. 

8. Project the points identified in Step 6 along a line parallel with the line con- 
strutted in Step 1. 

9. Mark intersection points of the line constructed in Step 8 with the vertical 
lines corresponding to the circle division points that created the inclined line. 

10. Construct a smooth curve through the points identified in Step 9. 

Figure 10.12 Construction of a cycloidal displacement diagram 

105.5 Modified Trapezoidal Motion 

The cycloidal motion scheme is accepted as the best of the basic schemes discussed. 
The disadvantage is that although the acceleration is smooth, the extreme magnitudes 
are high, Many other motion schemes have been eudied. Again, the primary goal of a 



10.5 FOLLOWER MOTION SCHEMES 337 

scheme is to optimize the dynamic characteristics, thus minimizing acceleration with- 
out any sudden changes. The most popular motion scheme for high-speed applica- 
tions is modified trapezoidal motion. Modified trapezoidal motion is a combination 
trigonometric and polynomial function. The acceleration appears as two trapezoids: 
one positive during acceleration and the other negative during deceleration. To facili- 
tate smooth curves, the corners of the trapezoid are rounded off (Table 10.5). 

A modified trapezoidal displacement diagram, along with velocity and accelera- 
tion curves. is shown in Figure 10.13 

+ 

As b&ore, a x&d displacement diagram is required to construct the actual cam 
profile. The equations presented above can be used in conjunction with a spread- 
sheet or other equation plotting package to complete this diagram. Although this 







analytical method is precise, care must be takrrr to plot rhr diagram to scale. Gee- 
metric construction techniques have not been developed for the modified trapezoidal 
motion scheme. 

EXAMPLE PROBLEM 10.2 

A cam is to be designed for an automated part loader as shown in Figure 10.14. Us- 
ing the motion equations, construct a chart that tabulates follower displacement 
versus time and cam rotation. Also plot this data when the prescribed motion for 
this application is as follows. 

1. Rise 50 mm in 1.5 xc using the constant velocity motion scheme 
2. Return in 2.0 set using the cycloidal motion schem?. 
3. Dwell for 0.75 sec. 
4. Repeat the sequence. 

I 

k~gure 10.14 Parr loader for Example Problrm 10.2. 

Solution: 

The total t,me to complete the full cycle IS nredcd to derrrmme the rcqulred speed of 
the cam. 

4,tf,,, / cyc,c = (1.5 + 0.75 + 2.0) set = 4.25 set 

Then from Equation 10.2: 

1 rev 

= 4.25 set 
= 0.23jE = 14.12 rpm 



The angular increment of the cam consumed by each follower motion sequence IS 
determined by Equation 10.1: 

A& = w,,,At = iO.235=)(1.5 SK) = 0.353 rev = 127.0" 

A02 = 0.235= (2.0 set) = 0.470 rev = 169.3" 
i J 

As, = 0.235= (0.75 SK) = 0.177 rev = 63.7” 
i 4 

For the first motion, a constant velocity rise, the displacement equation is given as: 

This first motion sequence has H = 50 mm and T = 1.5 sec. For the second motion, 
a cycloidal fall, the displacement equation is given as: 

This second motion sequence has H = 50 mm and T = 2.0 sec. Of course, the last 
motion sequence is a dwell, where s = constant. This dwell occurs at the retracted 
follower position, thus: s = 0. 

Follower Displacements for Example 
I:, Problems 10.2 

Cam An& Follower Displ. 

., _. 

0.0 0.00 
21.2 8.33 
42.4 

.,6X5 
8 

16.67 
25.00 

4.7 33.33 
‘lb~.Y 41.67 
127.1 50.00 
148.J 49.38 
MY.4 45.46 
190.6 36.88 
ill.8 25.00 
232.9 13.12 
254.1 4.54 
275.3 0.00 
317.6 0.00 
360.0 0.00 
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These above equatmns were substituted mto a spreadsheet (Table 10.6). 
This data is used to produce the plot in Figure 10.15. 

Figure 10.15 Follower displacement diagram for Example Problem 10.2. 

; #j@$@E PROBLEM 10.3 

For the application presented in Example Problem 10.2, graphically construct a fol- 
lower displacement diagram. 

Solution: 

Using the data from Example Problem 10.2, the displacement diagram shown in 
Figure 10.16 can be constructed. Note that the circle used to construct the cycloidal 
fall has a radius of: 

r=H= (50 mm) 

2?r 2n 
= 7.96 mm 
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Figure 10.16 Follower displacement diagram for Example Problem 10.3 

)U. 

: 40.6 GRAPHICAL DISK CAM PROFILE DESIGN 

Once the desired motion of a cam and follower has been defined through a displace- 
ment diagram, the actual shape of the cam can be designed. The shape of the cam 
depends on the size of the cam along with the configuration of the follower. 

Prior to designing the profile of a disk cam, some geometric features must be dr- 
fined. The following features are illustrated in Figure 10.17. 

Figure 10.17 Cam nomenclature 

The base circle ia the smallest circle centered on the cam rotanon axq and tan- 
gent to the cam surface. The size of the base circle is typically dictated by the spatial 
restrictions of the application. In general, a large base circle causes fewer problems 



with force transmission. However, a large base circle and, hence, a large cam is con- 
tradictory to the design goals of smaller products. 

The trade point serves as a reference to determine the effective location of the fol- 
lower. For a knife edge follower, it is the point of cam and follower contact. For a 
roller follower, the trace point is chosen at the center of the roller. For a flat or spher- 
ical face follower, the trace point is chosen on the contact surface of the follower. 

The home position of the cam is the orientation that corresponds to the 0” posi- 
tion on a displacement diagram. 

The reference circle is a circle drawn through the trace point of the follower, 
while the cam is at its home position. 

For ease in cam profile construction, the cam should be imagined as being sta- 
tionary. The follower then should be rotated opposite to the direction of cam rota- 
tion. This results in the necessity of only drawing the cam profile once. However, the 
relative motion is identical. The desired location for several positions of the follower 
can be identified, which determines the actual cam shape. 

The specific procedures for different follower arrangements are illustrated in the fol- 
lowing sections. The general displacement diagram shown in Figure 10.18 illustrates all 
constructions. Notice that specific displacements have been identified from the rise and 
fall portions. These prescribed displacements are translated to the cam profile. 

Figure 10.18 General follower displacement diagram. 

10.6.1 Knife Edge Follower 

The most efficient manner in describmg the construction of a cam with a knife edge 
follower is through an actual construction. Using the displacement diagram from 
Figure 10.18, a cam profile to be used with a knife edge follower has been con- 
structed and shown in Figure 10.19. 

The following general procedure is used to graphically construct such a profile. 

1. Draw the base circle, where the size is a function of the spatial constraints of 
the application. 

2. Draw the follower in the home position. 
3. Draw radial lines from the center of the cam, corresponding to the cam angles 

of the reference displacements on the displacement diagram. Recall that the 
follower rotates in a direction opposite to the cam rotation. 
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90 

Figure 10.19 Cam pro& drsign-kmfe edge follower 

4. Transfer the displacements from the displacement diagram to the radial lines. 
Measure these displacements from the base circle. 

5. Draw a smooth curve through these prescribed displacements. 
6. To accurately construct a profile consistent with the displacement diagram, it 

may be necessary to transfer additional intermediate points from the rise and 
fall motions. 

10.6.2 In-line Roller Follower 

Again, the most efficient manner for describing the construction of a cam with an in- 
line roller follower is through an actual construction. Using the displacement dia- 
gram from Figure 10.18, a cam profile to be used with an in-line roller follower has 
been constructed and shown in Figure 10.20. The following general procedure is 

used to construct such a profile. 

1. Draw the base circle, where the size is a function of the spatial constraints of 
the application. 



27” 

Figure 10.20 Cam profile design-m-lme roller follower 

2. Draw the follower in the home position, tangent to the base circle. 
3. Draw radial lines from the center of the cam, corresponding to the cam angles 

of the reference displacements on the displacement diagram. Recall that the 
follower rotates in a direction opposite to the cam rotation. 

4. Identify the trace point at the home position. For a roller follower, this is the 
point at the center of the roller. 

5. Draw the reference circle through the trace point at its home position. 
6. Transfer the displacements from the displacement diagram to the radial lines. 

Measure these displacements from the reference circle. 
7. Draw the roller outline, centered at the prescribed displacements identified in 

the previous step. 
8. Draw a smooth curve tangent to the roller at these prescribed displacements. 
9. To accurately construct a profile consistent with the displacement diagram, it 

may be necessary to transfer additional intermediate points from the rise and 
fall motions. 
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10.6.3 Offset Roller Follower 

The most efficient manner for describing the construction of a cam with an offset 
roller follower is through an actual construction. Using the displacement diagram 
from Figure 10.18, a cam profile to be used with an offset roller follower has been 
constructed and shown in Figure 10.21. The following general procedure is used to 
construct such a profile. The procedure is identical whether using manual drawing 
techniques or a CAD system. 

1. Draw the basr circle, where the size is a function of the spatial constr~int~ of 
the application. 

2. Draw the follower in the home position, tangent to the base circle. 
3. Identify the trace point at the home position. For a roller follower, this is the 

point that is at the center of the roll&. 
4. Draw the reference circle through the trace point at its home position. 
5. Draw an offset circle tangent to the follower center line. 



b. Draw lines tangent to the ottsct circle, corrcspondmg to the reference cam an- 
gles on the displacement diagram. Recall that the follower rotates in a direc- 
tlon opposite to the cam rotation. 

7. Transfer the displacements from the displacement diagram to the offset lines. 
Measure these displacements from the reference circle. 

8. Draw the roller outline, centered at the prescribed displacements identified in 
the previous step. 

9. Draw a smooth curve tangent to the roller at these prescribed displacements. 
10. To accurately construct a profile consistent with the displacement diagram, it may be 

necessary to transfer additional intermediate points from the rise and fall motions. 

10.6.4 Pivoted Roller Follower 

The pivot follower exhibits rotational motion as the outpur of the cam and follower 
system. The prescribed motion is often the angular position of the follower versus 
time or cam angle. Again, the most efficient manner for describing the construction 
of a cam with a pivoted roller follower is through an actual construction. Using the 
displacement diagram from Figure 10.18, a cam profile to be used with a pivoted 
roller follower has been constructed and shown in Figure 10.22. 

Figure 10.22 Lam prahie design-pivoted rolkr follower 



10.6.5 TI ranslating Flat-Faced Follower 

‘I’hr tollowmg general procedure is used to graphically construct such a prolile. 
The procedure is identical whether using manual drawing techniques or a CAD sys- 

tem. 

1, Draw the base IX&, where the size 1s a function of the spatial consrramts of 

the application. 
2. Draw the follower in the home position, rangent to the base circle. 
3. Identify the trace point at the home position. For a roller follower, this is rhc 

point at the center of the roller. 

4. Draw the reference circle through the trace point at its home position. 

5. Draw radial lines from the center of the cam to the reference circle, corre- 
sponding to the reference cam angles on the displacement diagram. Recall 
that the follower rotates in a direction opposite to the cam rotation. 

6. Draw a pivot circle through the center of the follower pivot. 
7. Locate pivot points around the pivot circle corresponding to the reference 

cam angles. These points are a distance equal to the length of the follower 
arm from the reference circle at the reference cam angles. 

8. From each pivot point, draw an arc with a radius equal to the length of the 
follower arm outward from the reference circle. 

9. Transfer the displacements from the displacement diagram to rhe pivot arcs 
drawn in the previous step. Recall that these displacements are angular and 
must be measured from the follower home position. 

IO. Draw the roller outline centered at the prescribed displacements identified in 

the previous step. 
11. Draw a smooth curve tangent to the roller at these prescribed displacements. 
12. To accurately construct a profile consistent with the displacement diagram, it 

may be necessary to transfer additional intermediate points from the rise and 
fall motions. 

The most efficient manner for describing the construction of a cam uurh an flar- 

faced follower is through an actual construction. Using the displacement diagram 
from Figure 10.18, a cam profile to be used with a translating flat-faced follower has 

been constructed and shown in Figure 10.23. 
The following general procedure is used KI graphically construct such a profile. 

The procedure is identical whether using manual drawing techniques or a CAD sys- 

tem. 

1. Draw the base a&, where the size IS a tunctlon of the spatial constramrs of 
the application. Recall that for this type of follower, the base circle also serves 
as the reference circle. 

2. Draw the follower in the home position, tangent to the base circle. 
3. Draw radial lines from the center of the cam, corresponding to the reference 

cam angles on the displacement diagram. Recall that the follower rotates in a 

direction opposite to the cam rotation. 
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Figure 10.23 Cam profile design-flat-faced follower 

4. ‘ltansfer the displacements from the displacement diagram to the radial lines, 
measured from the base circle. 

5. Draw the flat-faced outline by constructing a line perpendicular to the radial 
lines at the prescribed displacements. 

6. Draw a smooth curve tangent to the flat-faced outlines. 
7. To accurately construct a profile consistent with the displacement diagram, it 

may be necessary to transfer additional intermediate points from the rise and 
fall motions. 

10.7 PRESSUREANGLE 
Because a force is always transmitted perpendicular to surfaces in contact, the cam 
does not always push the follower in the direction of its motion. As discussed in the 
previous section, the curvature of the cam affects the position between the follower 
centerline and the actual contact point. 

The force required to push the follower depends on the application of the cam 
system. However, the contact force between the cam and follower can be much 
greater, depending on the location of the contact point. Actually, only one compo- 
nent of the contact force generates the follower motion The other force component 
is undesirable as it generates a side thrust and must be absorbed by the follower 
bearings and other components. 
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The pressure angle, 6, is used to disrlnguish between the IWO componcnrs of 
the contact force. The pressure angle can be defined as the angle between the 
direction where the follower is traveling and the direction of the cam contact 
force. More precisely, it is the angle between the path of the follower motion 
and the line perpendicular to the cam profile at the point of follower contact. 
Each point on the cam surface has a pressure angle. The pressure angle is il- 
lustrated in Figure 10.24. 

Figure 10.24 Pressure angle 

After graphically consrructing a cam profile, the magnitude of the pressure angle 
can be visualized by observing the location of the contact point in relation to the fol- 
lower centerline. The regions where the cam profile exhibits the greatest curvature 
should be isolated, since these locations will have the largest pressure angles. Ap- 
proximate measurements of the pressure angles in this region should be obtained. In 
general the pressure angle should be kept as small as possible and should not exceed 
30”. The magnitude of the pressure angle can be decreased by: 

1. Increasing the size of the base circle. 
2. Decreasing the magnitude of follower displacement. 
3. Increasing the angle of cam rotation prescribed for the follower rise or fall 
4. Modifying the amount of follower offset. 
5. Modifying the follower motion scheme 
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10.8 ANALYTICAL CAM PROFILE DESIGN 

The previous section illustrated the method to design a cam profile graphically. De- 
pending on the precision required for the application, this method can produce suf- 
ficiently accurate profiles. Of course, the accuracy is increased when the construc- 
tion is accomplished on a CAD system, and small cam angle increments are used. 

However, in some situations, the need for highly accurate cams is required. It is 
desirable to be able to analytically determine the coordinates of points on the cam 
surface as well as coordinates of a milling cutter that will be used to manufacture the 
cam. Equations have been developed for the coordinates of the different types of fol- 
lowers. This section merely presents these equations, and the reader is referred to 
more derailed scurces for the derivationsi7’. Incorporating the equations into a 
spreadsheet or some other programmable device can quickly generate the coordi- 
nates. 

In general, a Cartesian coordinate sysrem is used so that the origin is at the cam 
center. The positive y axis is along a radial in the direction of the follower motion in 
its home position. The positive x axis is 90” cw from the y axis, consistent with a 
right-hand coordinate system. Figure 10.25 illustrates this coordinate system. 

Figure 10.25 Cam profile coordinate system 

10.8.1 Knife Edge Follower 

The x and y coordinates of the cam profile are given as: 

(10.3) R, = (Rb + &&sin $ 

(10.4) R, = (Rb + s,)cos 4 



where the followmg notation is used: 

R, = x coordinate of cam surface profile 

R, = y coordinate of cam surface profile 

R, = Base circle radius 

q$ = Cam romtion angle measured against the dirccnon of cam ro~a~~n from 
the home position 

(10.5) 

(10.6) 

b = Follower displacement at cam angle I$ 

The n and y  coordinates of the milling cutter arc given as: 

C, = (R, + Rb + s&n & 

C, = (R, + Rb + s,)cos 4 

where the following additional notation is used: 

C, = x coordinate of cutter center 

C, = y  coordinate of cutter center 

R, = Mill cutter radius 

TABLE 10.7 Cam Profile Coordinates for Example Problem 10.4 

Time Cam Ang. Follower Displ. Jc 
(se4 Meg) (mm) (nlm) 

0.00 0.0 0.00 0.00 
0.25 21.2 8.33 39.17 
0.50 42.4 16.67 78.67 
0.75 63.5 25.00 111.87 
1.00 84.7 33.33 132.76 
1.25 105.9 41.67 136.25 
1.50 127.1 50.00 119.64 
1.65 139.8 47.57 95.25 
1.80 152.5 34.68 62.19 
1.95 165.2 15.32 29.46 
2.10 177.9 2.43 3.75 
2.25 190.6 0.00 -18.40 
2.75 232.9 0.00 -79.76 
3.2s 278.3 0.00 -99.57 
3.75 317.6 0.00 -67.43 
4.25 360.0 0.00 0.00 

& 
(mm) 

100.00 
101.00 

86.16 
55.77 
12.32 

-38.81 
-90.4x 

-112.71 
-119.46 
-111.49 
-102.36 
-98.29 
-60.32 

9.24 
73.85 

100.00 
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PLE PROBLEM 10.4 . ..“. 
For the application stated in Example Problem 10.2, analytically determine the cam 
profile coordinates when a knife edge follower is incorporated. Because of size con- 
straints of the machine, a cam with a base circle diameter of 200 mm must be used. 
The cam is to rotate counterclockwise. 

Solution: 

The base circle radius is half ot the base arcle diameter; thus: 

R, = 100 mm 

Fitting Equations 10.3 and 10.4 into a spreadsheet yields the results in Table 
10.7. The coordinates are then plotted in Figure 10.26. 

Figure 10.26 Cam profile fur Example Problem 10.4. 

10.8.2 In-Line Roller Follower 

In general, a roller follower is complicated by the fact that rhe cam contact point is 
not in-line with the roller center. The angle between the follower centerline and the 
cam contact point varies with curvature of the cam profile. The instantaneous angle 
can be computed as: 

(10.7) 



kx an u-hne roller follower, thx angle is also tne pressure angle. In addinon to 
the notation used in Section 10.8.1, the following terms are defined as: 

Rf = the radius of the roller follower. 

ud = the instantaneous velocity of the cam follower 

o = the rotational speed of the cam in radians per time 

Then, the x and y coordinates of the cam profile can be given as: 

(10.8) R, = ~ LRf + RJ, + s,, ]sin 4 + Rfsin($ - a) 

(10.9) R, = [Rf + R,, + s4 ]cos I$ - R/cos($ ~ a) 

‘I’he x and y coordinates of the milling cutter are given as: 

(10.10) C, = ~ [Rf + Rb + s,]sin C$ + [R, ~ R,&in($ a) 

(10.11) C,, = [R,s + R,, + s,]cos 6 - [R, R&os($ ~ a) 

EXAMPLE PROBLEM 10.5 

Two cams are used to drive a gripper, of a mechanical part handler. The two cams 
can generate independent horizontal and vertical motions to the gripper. Such ma- 
chines can relocate parts in a similar fashion to a robot at a fraction of the cost. The 
part handler is shown in Figure 10.27. 

Figure 10.27 Parr handhng machine for kxample Problem 10.5 

The prescribed motion for one of the cam followers is as follows: 

1. Rise 1.5 in. in 1.5 xc using the harmonic motion scheme. 
2. Dwell for 2 sec. 
3. Return in 1.5 xc using the cycloidal motion scheme. 
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4. Dwell for 2 sec. 
5. Repeat the sequence. 

An in-line roller follower with a radius of 0.5 in, is used on a cam with a base cir- 
cle radius of 3.5 in. Tabulate the follower motion and specify the coordinates of the 
cam profile. 

Solution: 

The total time to complete the full cycle is needed to determine thr required speed of 
the cam: 

&or I cycle = (1.5 + 2.0 + 1.5 + 2.0)sec = 7.0 set 

Then from Equation 10.2: 

1 lx” 
~ = 0.1432 = 0.8992 = 8.57 rpm 
7.0 set 

The angular increment of the cam consumed by each follower motion sequence is 
determined by Equation 10.1: 

As, = (w ..,)(At) (1.5 SK) = 0.214 rev = 77.2” 

A01 = k.143 El(2.0 xc) = 0.286 rev = 102.8” 

(1.5 set) = 0.214 rev = 77.2” 

A& = 0.143 rey (2.0 set) = 0.286 rev = 102.8” 
i 4 

The equations for the harmonic rise and fall along with the profile generation 
were substituted into a spreadsheet. Substituting into the harmonic rise equations 
gives: 

s+ = OSH[l - +)] 

= O.j(l.5 in)[l - cos(~)] 

lJ+ = 



s+ = 0.5H[l + c++)] 

= O.j(l.5 i*)[ I + cm(&) / 

Thr profile wordmate equarion substitutions include: 

I: TABLE 10.8 Cam Profile Coordinates for Example Problem 10.5 

Follower Displ 

1% 

0 0.00 

18 0.19 
0.67 
1.19 
1.48 

90 1.50 
8 1.50 

1.50 
1 so 
1.50 
1.50 

198 1.31 
216 0.83 

0.00 
0.00 

0.00 
1.05 
1.56 
1.27 

0.33 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 

ml.05 
-1.56 
ml.27 
-0.33 

0.00 
0.00 
0.00 
0.00 
0.00 
0.00 

0.000 
-1.632 
-3.002 
-4.249 
-4.836 
-5.000 
-4.755 
-4.045 
-2.939 
ml.545 

0.000 
1.164 
2.349 
3.045 
3.330 
3.500 
3.329 
2.832 
2.057 
1.082 
0.000 

3.500 
3.618 
3.350 
2.554 
1.169 
0.000 

-1.545 
-2.939 
-4.045 
-4.755 
-5.000 
-4.895 
-4.012 
-2.769 
ml.342 

0.000 
1.082 
2.057 
2.832 
3.329 
3.500 



358 Chapter 10 CAMS: DESIGN AND ANALYSIS 

Rx = - [Rf Rb + s&m c$ + R, sin($ - a) 

= - LO.5 + 3.5 + s&in c$ + 0.5 sin($ ~ a) 

R, = [Rf + R/, + S&OS 4 Rfcos(+ - a) 

= [0.5 + 3.5 + sm]cos $5 - 0.5 cog+ ~ a) 

Thus, the spreadsheet gives the results listed in Table 10.8. 
A plot of the profile coordinates can be used to visualize the cam (Figure 10.281 

Figure 10.28 Can1 protile for Exankpk I’roblrm 10.5 

10.8.3 Offset Roller Follower 

An offset roller follower IS further complicated by the fact that the follower motion 
is not in-line with the cam contact point which, in turn, is not in-line with the roller 
center. Thus, the profile equations become a bit more complex. The angle between 
the follower centerline and the cam contact point again varies with curvature of the 
cam profile and can be computed as: 

(10.12) 



(10.13) 

(10.14) 

(10.15) 

(10.16) 

(10.17) 
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And the pressure angle, d, can be calculated as: 

where, m addmon to the notation used above, the following term is defined: 

e = the offset distance of the follower motion from the center of the cam 

Then, the x and y coordinates of the cam profile can be given as: 

R, = -(e)cos$ ~ [Rf t Rh t s+]sin $J t Rfsin($ - a) 

R, = -(c)sin f$ t [Rf + Rb + s,]cos $ - R/cos($ - a) 

The x and y coordinates of the milling cutter are given as: 

C, = -(e)cos I$ ~ [Ri t Rh + s&in # + [R, - R,&in($ ~ a) 

C, = -(c)sin I$ t [Rf t Rb t S&OS 4 ~ [R, - Ri]cos($ - a) 

10.8.4 Pivoted Roller Follower 

(10.18) 

(10.19) 

(10.20) 

(10.21) 

The analytical construction of an pivoted roller follower is similar to the offset 
translating follower. The main difference is that the motion of the follower is rota- 
tional and the prescribed motion is usually the angular position of the follower ver- 
sus time or cam angle. Of course, the angular motion of the follower can be used to 
determine the linear motion of the trace point: 

s+ = RI. <+ 

vm = RL wg 

a+’ = RL 01$ 

The following notation is used: 

RL = length of the follower pivot link 

j-, = angular position of the follower pivot lmk 

w+ = angular velocity of the follower pivot link 

a+ = angular acceleration of the follower pivot link 

Again, the angle between the follower centerline and the cam contact point varies 
with the curvature of the cam profile and can be computed as: 

a = tan-l 3 
1 

1 

w (Rf + Rh + sm) 3 cm y 1 

In addition to the notation used above, the following terms are defined as: 

y = c”s-1 
R, + Rh + s,$ + RLZ + m2 1 

2Wf + Rb + WW 1 
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(10.22) 

(10.23) 

(10.24) 

(10.25) 

The coordinate system that is used to generate the cam coordinates has the wlgin 
at the cam center. The positive x-axis is along the radius to the follower pivot center. 
The positive y-axis is in the general direction of the roller follower, 90” counter- 
clockwise from the x-axis. This is consistent with a right-hand coordinate system. 
Then the x and y coordinates of the cam profile can be given as: 

R, = [[Rf + Rb + sm] + Rfm a)cos c#x 

R, = [Rf + Rb + S&OS c$ - Rfcos(c$ - a) 

The x and y coordinates of the milling cutter are given as: 

C, = -(e)cos + ~ [Rf + Rb + s&in $ + [R, - R+in($ - a) 

C, = p(e)sin $ + [Rf + R, + s,]cos $ ~ [R, - R,Jcos(+b - a) 

10.8.5 Translating Flat-Faced Follower 

The analytical construction of an rranslating flat-raced follower can also exhibit a 
contact point that is not in-line with the cam centerline. The angle between the fol- 
lower centerline and the cam contact point again varies with the curvature of the 
cam profile and can be computed as: 

(10.26) 

(10.27) 

(10.28) 

(10.29) 

(10.30) 

(10.31) 

Then the x and y coordinates of the cam profile can be given as: 

R, = [(Rb + S&OS a]cos(c$ + a) 

R, = [(Rb + s&x ol]sin($ + a) 

The x and y coordinates of the milling cutter are given as: 

where: 

y = tan-l 
Rb + s4 tan (a) 
R, + Rb + s4 

.X0.9 CYLINDRICAL CAMS 

While disk cams are the most common type of cam, cylindrical cams are also widely 
used. As presented in Section 10.2 and illustrated in Figure 10.2B, a cylindrical cam 
consists of a groove, wrapped around a cylinder. A cylindrical cam is a positive mo- 
tion csm, in that the follower is constrained in a groove and an external member is 
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not needed to mamtam contact between the follower and rhe cam. There are many 
applications in which iris necessary for the cam to exert a positive control of the fo- 
lower during the rise or fall sequences. 

Often a tapered roller follower is used as shown in Figure 10.2B. It is used be- 
cause the top edge of the groove travels at a higher speed than the bottom portion. 
Thus, rhe taper can compensate for the difference and prevent any slipping and skid- 
ding action of the roller. When a cylindrical roller is used, it is advisable to use a nar- 
row width to minimize the velocity difference across the face of the roller. 

In general, calculation and layout procedures are similar fo those for the disk cam. 
The following sections discuss profile generation techniques for a cylindrical cam with 
a translating follower. The profile generation for other types of followers are similar. 

10.8.1 Graphical Cylindrical Cam Profile 

The most efficient manner for describing the construction of a cylindrical cam is 
through an actual construction. Using the displacement diagram from Figure 10.18, 
a cylindrical cam profile has been constructed and shown in Figure 10.29. The fol- 
lowing general procedure is used fo construct such a profile: 

Figure 10.29 Cylindrical cam profile design 

1. Draw a straight line equal to the circumference of the cylindrical cam. 
2. Divide this line inro sections corresponding to the reference cam angles on the 

displacement diagram. 
3. Transfer the displacements from the displacement diagram to the lines corre- 

sponding to rhe reference cam angles. 
4. Draw the roller follower at rhe prescribed displacements. 
5. Draw a smooth curve tangent to the roller outlines. 
6. To accurately construct a profile consistent with the displacement diagram, it may be 

necessary to transfer additional intermediate points from the rise and fall motiom 

10.8.2 Analytical Cylindrical Cam Profile 

Because a cylindrical cam is wrapped around a cylinder, a cylindrical coordinate sys- 
tem is used to define the groove profile. The angular coordinate, 8, is the angle 
around the cam and the z-axis is rhe axial position on the cam. The angle between 
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(10.32) 

(10.33) 

(10.34) 

(10.35) 

(10.36) 

(10.37) 

(10.38) 

+.9 

the follower centerline and the cam contact pomt varies wth curvature ot the 

groove profile and can be computed as: 

The notation used is the same as the preceding sections. For a translating fol- 
lower, this angle is also the pressure angle. Similar to disk cams, the pressure angle 
should be kept to a minimum and not exceed 30”. 

The z coordinate of the upper groove profile can be given as: 

R, = s+ + R, cm 01 

w = $5 - tan 
mlRf cm a 

Rb 

Here, Rb is the diameter of the cylindrical cam. 
The z coordinate of the lower groove profile can be given as: 

R, = s+ - Rims 01 

w = $5 + tan 
mlRf cos a 

Rh 

The coordinate of the milling cutter is given as: 

c, = Sd 

O=C#J 

GENEVA MECHANISM 

A geneva mechanism is a umque drsign that produces a repeated indexing motion from 
constant rotational motion. Because of this motion, the geneva mechanism is commonly 
classified with cams. A four-station, geneva mechanism is illustrated in Figure 10.30. 

The geneva mechanism consists of a driving roller and a geneva wheel. The 
geneva wheel consists of a disc with several radial slots and is fastened to an output 
shaft. The driving roller is fastened to an arm which, in turn, is fastened to the input 
shaft. The arm is usually attached to a locking disk that prevents the wheel from ro- 
tating when the driving roller is not engaged in a slot. The locking disk fits into a 
cut-out on the wheel. 

The motion of the geneva mechanism is characterized by the roller entering a slot 
in the wheel, indexing the wheel. When the roller exits the slot, the wheel locks into 
position until the roller enters the next slot. In Figure 10.30A, the roller rotates 
clockwise and is just about to enter the geneva wheel. In Figure 10.30B, the roller 
has entered the slot and has turned the wheel counterclockwise. Notice that the 
locking disk has moved away from the wheel, allowing it to rotate. 

When designing a wheel, it is important that the roller enters the slot tangentially. 
Otherwise, impact loads are created and the mechanism will perform poorly at high 
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Figure 10.30 Geneva mechanism. 

speeds or loads. Because of this constraint, the following geometric relationships are 
derived.[” Refer to Figure 10.30 for definitions of the geometric properties: 

(10.39) p, = ?$Y 

where: n = the number ot statmns in the geneva wheel 

(10.40) 
180” - P, 

Yo = 2 

(10.41) 
PO 

a = d sin y 
i ! 



364 Chapter 10 CAMS: DESIGN AND ANALYSIS 

(10.44) 

(10.45) 

(10.46) 

(10.47) 

(10.48) 

The kinematics of the geneva wheel can also be analytically determined. The angle 
of the roller, ?, measured from the start of engagement, the angle of the wheel, mea- 
sured from the start of engagement is defined as fi and is calculated as: 

6 = sink’ f sin(l80” - $) 

where: 

Ay = amount of rotation of driving from the position where the roller has just en- 
tered the slot 

The instantaneous velocity and acceleration of the geneva wheel has been found [3] by: 

Wwheel = 
ij 
a Winput shaft coo - $1 
I 

PLE PROBLEM 10.5 

A geneva mechanism has been desIgned wth six stations, as shown in ~lgure 10.31. 
The distance between the driving and driven shafts is 80 mm. The driving arm ro- 
tates at a constant rate of 80 rpm, clockwise. Determine the angular velocity and ac- 
celeration of the wheel when the driving arm has rotated 15” from the position 
where the roller has just entered the slot. 

Equations 10.39 through 10.43 can be used to calculate the geometric properties of 
this geneva mechanism: 

Yo = 
180” ~ 8, = 180” - 60” = 60” 

2 2 

= (80 mm) cos 

Sid-a=80-40=40mm 
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Figure 10.31 Geneva mechanism for Example Problem 10.5. 

Equations 10.44 through 10.48 can be used to determine the kinematic relation- 
ships when the driving arm has rotated 15” from the position where the roller has 
just entered the slot. 

Ay = 15” 

$ = 180” - + + Ay = 180” ~ y + 15” = 165” 

I= da2 + d2 -2 a d cos(l80 ~ $ 

(40 mm)’ + (80 nun)2 -2(40 mm)(80 mm)cos(lY) = 42.6 mm 

fi = sin-’ 5 sin $, = 
[ I I 

,“,“,“,“, sin 15” = 14” 

w,npurrhah = 80 rpm = 

= 65.9 rpm (ccw) 

aInPuf Shah = Oiconstant angular velocity of mput shaft) 
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a2 
+ 7 ~~~~~~ ,haft2 sWP - WI = 

iI 
[~6m~m~[L?.4!$)isin(14” ~ 165”) 

- 0 + (44rE~~m)2(8.4~~sin[2(14”) - 2(165”)] 

rad 
= 114.8- 

rad 
Sect - 114Jsec2 (cw) 

Manuel techniques can be instructive, but the 
use of a CAD system is highly reccomended. 

Displacement Diagram Problems 

10-l. A cam drive is used for a shaker platform. This 
platform is used to test the shipping worth& 
ness of packaged items. The cam follower mo- 
tion sequence must be: 

1. Rise outward 1 in. with consram accelera- 
tion in 0.7 xc 

2. Dwell for 0.2 xc 
3. Fall with constant acceleration in 0.8 see 

Determine the speed of the cam and graph- 
ically plot a displacement diagram. 

10-2. For the cam in Problem 10-1, analytically de- 
termine the maximum follower velocity and 
acceleration. 

10-3. For the cam in Problem 10-1, use a spread- 
sheet to plot the motion curves. 

104. A cam drive is used for a mechanism that feeds 
papers into a printing press. The cam follower 
motion sequence must be: 

1. Rise outward 1 in. with cunsram acctxra- 
tion in 1.7 sec. 

2. Dwell for 0.8 sec. 
3. Fall 0.5 in. with constant acceleration in 0.8 

sec. 
4. Dwell for 0.3 sec. 
5. Fall 0.5 in. with cnnstant acceleration in 0.8 

sec. 

Determine the speed of the cam and graph- 
ically plot a displacement diagram. 

10-5. For the cam in Problem 10-4, analytically de- 
termine the maximum follower velocity and 
acceleration. 

10-6. For the cam in Problem 104, use a spread- 
sheet to plot the motion curves. 

10-7. A cam drive is used for a mechanism that 
drives a automated assembly machine. The 
cam follower motion sequence must be: 

1. Rise outward 13 mm with constant velocity 
in 3 sec. 

2. Dwell for 3 sec. 
3. Fall 5 mm with constant acceleration in 2 

sec. 
4. Dwell for 3 xc. 
5. Fall with constant accelerar~on in 2 set 

Determine the speed of the cam and 
graphically plot a displacement diagram. 

10-8. For the cam in Problrm 10-7, analytically de- 
termine the maximum follower velocity and 
acceleration. 

10-9. For the cam in Problem 10-1, use a spread- 
sheet to plot the motion CUIVCS. 

10-10. A cam drive is used for a mechanism that 
rests the durability of oven doors. The cam 
follower motion sequence must be: 

1. Rise outward 2 in. with harmonic motion in 
1 sec. 

2. Dwell for 0.5 sec. 
3. Fall with harmonic motion in 1 sec. 
4. Dwell for 1 SK. 

Determine the speed of the cam and 
graphically plot a displacement diagram. 
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I&l 1. Fur rhr ~ani ,I, Problem IU-IU, analyrrcally 3. Fall 0.25 m with cycloIdal mouon m 0.5 
determine the maximum follower velocity sec. 
and acceleration. 4. Dwell for 0.2 sec. 

10-12. For the cam in Problem 10-10, use a spread- 5. Fall with cycloidal motion in 0.5 se< 
sheet to plot the motion curves. 

10-13. A cam drive is used for a mechanism that Determine the speed of the cam and he speed of the cam and 

moves a tool in an automated screw machin- 
graphically plot a displacement diagram. a displacement diagram. 

ing process. The cam follower motion se- 10-20. For the cam in Problem 10-19, analytically :am m Problem 10-19, analytically 

auence must be: determine the maximum follower velocity maximum follower velocity 

1. Rise outward 24 mm with harmonic mouon 
in 0.2 sec. 

2. Dwell for 0.3 sec. 
3. Fall 10 mm with harmonic motion in 0.3 

SK. 

and acceleration. 
10-21. For the cam in Problem 10-19, use a spread- 

sheet to plot the motion curves. 
10-22. A cam drive is used for a mechanism that 

feeds parts into a machining set-up. The cam 
follower motion sequence must be: 

4. Dwell for 0.2 sec. 
5. Fall 14 mm with harmonic motion in 0.2 

sec. 

Determine the speed of the cam and 
graphically plot a displacement diagram. 

10-14. For the cam in Problem 10-13, analytically 
determine the maximum follower velocity 
and acceleration. 

10-15. For the cam in Problem 10-13, use a spread- 
sheer to plot the motion curves. 

10-16. A cam drive is used for a mechanism that 
packs stuffing into shipping boxes The cam 
follower motion sequence must be: 

1. Rise outward 1 in. with cycloidal motiou 
in 1.5 set 

2. Fall with cycloidal motion in 1.0 sec. 
3. Dwell for 0.5 sec. 

1. Rise outward 0.5 in. with modified mana 
zoidal motion in 0.7 set 

2. Dwell for 0.2 sec. 
3. Fall with modified trapazoidal mouon m 

0.5 sec. 

Analytically determine the maximum fol 
lower velocity and acceleration. 

IU-23. For the cam in Problem 10-22, use a spread 
sheet to plot the motion CUIYCS. 

10-24. A cam drive is used for a mechanism that dis 
tributes ink in a printing press. The cam fol 
lower motion sequence must be: 

1. Rise outward 3 mm with modified tra~a 
zoidal motion in 0.5 sec. 

2. Dwell for 0.2 sec. 
3. Rise 2 mm with modified trapazoidal mo 

tion in 0.4 sec. 
Determine the speed of the cam and 

graphically plot a displacement diagram. 
10-17. For the cam in Problem 10-16, analytically 

determine the maximum follower velocity 
and acceleration. 

10-18. For the cam in Problem 10-16, use a spread- 
sheet to plot the motion cuwcs. 

4. Dwell for 0.2 sec. 
5. Fall with modified trapazoidal motion in 

0.6 sec. 

Analytically, determine the maximum fol 
lower velocity and acceleration. 

10-19. A cam drive is used for a mechanism incorpo- 
rated in a shoe sewing machine. The cam fol- 

Disk Cam Profile Design Problems 

lower motion sequence must be: 

1. Rise outward 0.5 in. with cycloidal motion 
in 0.7 xc 

2. Dwell for 0.2 sec. 

For problems requiring analytical solunon, 
the use of a spreadsheet is highly recom- 
mended. 

10-X. For the cam in Problem 10-24, use a spread 
sheet to plot the motion curves. 



1~26. A d,sk cani musf provide rhr d~splacemcnr 
shown in Figure P10.26 to a reciprocating 
knife edge follower. The cam must have a 
base circle of 3.0 in and rotate clockwise. 
Graphically construct the profile. 

Figure NO.26 Problems 26-40 

10-27. For the cam described in Problem 10-26, am 
alytically generate a chart of the profile COOI- 
dinares for every 30” of cam rotation angle. 

10-28. A disk cam musr provide the displacement 
shown in Figure NO.26 for a reciprocating 
knife edge follower. The cam must have a 
base circle of 2.0 in and rotate counterclock- 
wise. Graphically construct the profile. 

10-29. A disk cam must provide the dqlacement 
shown in Figure P10.26 for a reciprocating 
in-line roller follower. The roller diamerer IL 
1.0 in and the cam must have a base circle of 
3.0 in and rotate clockwise. Graphically con- 
stm~t the profile and estimate the largest 
pressure angle. 

IS30. For the cam described m Problem 10-29, an- 
alytically gencratc a chart of the profile coor. 
dinates for every 30” of cam rotation angle 
Also calculate the largest pressure angle. 

LO-~!. A disk cam must provide the displacement 
shown in Figure NO.26 for a recrprocat~ng 
m-line roller follower. The roller dlamcter is 
0.75 in and the cam must have a base circle oi 
2.0 in and rotate counterclockwise. Graphi- 
cally construer the profile and estimate thf 
largest pressure angle. 

IO-32. 

to-33 

lU-34 

IO-35 

her rhc cam d,,,,,bcd m I’roblrm lU-3 1, dn~ 
alyricallv generate a chart of the profile COOT- 
dinates ior every 30” of cam rofat~on angle. 
Also calculate the largest pressure angle. 
A disk cam must provide the displacement 
shown in Figure P10.26 for a reciprocating 
offset roller follower. The follower is POSI- 
Coned in the vertical plane, contacting the 
top of the cam. The offset distance is 0.75 in. 
co the left of the cam center. The roller diam- 
eter is 1.0 in and the cam must have a base 
circle of 3.0 in and rotate clockwise. Graphi- 
cally consrrucf the profile and estimate the 
largest pressure angle. 
For the cam described m Problem 10-33, an- 
dyrically generate a chart of the profile coor- 
dinates for every 30” of cam rotar~on angle. 
Also calculate the largest pressure angle. 
A disk cam must provide the displacemenr 
shown in Figure P10.26 for a recrpr0catin.g 
offset roller follower. The follower is poses 
tioned in the vertical plane, contacting the 
top of the cam. The offset distance is 0.5 i”. 
IO the right of the cam center. The roller dim 
ameter is 0.75 in and the cam must have a 
base circle of 2.0 in and rotate counterclock- 
wise. Graphxally construct the profile and 
estimate the largest pressure angle. 

10-36. For the cam described in Problem 10-35, an- 
alytically generate a chart of the pr$de coo~m 
dinates for every 30” of cam rofat~on angle. 
Also calculate the largest pressure angle. 

10-37. A disk cam musr provide the displacemenr 
shown in Figure P10.26 for a reciprocating 
flat-faced follower. The cam must have a base 
circle of 5.0 in and rotate clockwise. Graphi- 
cally construct the profile and estimate the 
largest pressure angle. 

10-38. FCX the cam described in Problem 10-37, an- 
alvticah generate a chart of the profile COOI- , 
dinates ‘io; every 30" of cam rotation angle. 
Also calculate the largest pressure angle. 

10-39. A disk cam must provide the displacement 
shown in Figure P10.26 for a reciprocating 
flat-faced follower. The cam must have a base 
circle of 6.0 in and rotate counterclockwise. 
Graphically construct the profile and estimate 
the largest pressure angle. 



IU-IU. krr rhc ia,,, d,,,,lbcd ,,I I’i<,hlm, I&39, <I,,~ 
alytically generarc a chart of the profile Coors 
dinates for every 30” of cam rotatmn angle. 
Also calculate the largest pressure angle. 

10-41. A disk cam must provide the displacement 
shown in Figure 1’10.41 for a pivoted roller 
follower. The length nf the foliower is 4 in 
and pivots 5 in from the cam rotation axis. 
The roller diameter is 1 in. The cam must 
have a base circle of 3.0 in and rotate clock- 
wise. Graphically construct the profile and 
estimate the largrst pressure angle. 

hgurr 1’10.41 I’roblcms 41-48 

10-42. For the cam described in Problem IU+iI, an 
alytically generate a chart of thr profile Coors 
dinates for every 30” of cam rotation angle. 
Also calculate the largest preswrc angle. 

lU-43. A disk cam mrat provide the displacement 
shown m Figure P10.42 for a pivoted roller 
follower. The length of the follower is 3 in 
and pivots 3.5 in from the cam rotation axis. 
The roller diameter is 0.75 in. The cam must 
have a base circle of 2.0 in and rotate coun- 
terclrrckwisc. Graphically construct rhc pro- 
file and estimate the largest pressure angle. 

IU-44. For the cam described in Prohlcm 1043, any 
alytically generate a chart of the profile COOT- 
dinates for every 30” of cam rotation angle. 
Also calculate the largest pressure angle. 

Cylindrical Cam Design Problems 

10-45. A cylindrical cam must provide the d~spla~r- 
menf shown in Figure HO.26 for a recipro~ 
wing roller follower. The roller diameter is 
1.0 in; the cylinder diameter is 5 in and IO- 
tates clackwisc. Graphically construct the 
profile and estimate the largest pressure an- 
gle. 

1046. For the cam described in Problem 10-46, an- 
alytically generate a chart of the profile coor- 
dinates for every 30” of cam rotation angle. 
Also calculate the largest pressurr angle. 

10-47. A cylindrical cam musk provide the displaces 
mcnf shown in Figurr NO.26 for a recipro- 
cating roller follower. The roller diameter m 
30 mm; the cylinder diameter is 150 mm and 
rotates clockwise. Graphically construct the 
profile and estimate the largest pressure a- 
gle. 

1%4X. For the cam described in Problem 10117, an- 
alytically generate a chart of the profile Coors 
dinates for every 30” of cam rotation angle. 
Also calculate the largcsr pressure angle. 

Geneva Mechanism Problems 

I O-49. A geneva mechanism has been dwgncd wnh 
four stations. The dxtance between the driv- 
ing and driven shafts is 3 in. The driving arm 
rotates at a constant rate of 60 rpm, CIIULIRI- 
clockwise. Determine the angular velocity 
and acceleration of the wheel when the dri& 
ving arm has rotarcd 25” from the position 
where the roller has just entcrcd the slot. 

lU-5U. A gencva mechanism has been designed with 
five stations. The distance between the driv- 
ing and driven shafts is 60 mm. The driving 
3Irn I”fateS at a constant rate of 70 rpm, 
clockwise. Determine the angular velocity 
and acceleration of the wheel when the driv 
ing arm has rotated 20” from the p&non 
where the roller has just entered the slot. 
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10-51. A geneva mechanism has been designed with 
six stations. The distance between the driving 
and driven shafts is 4 in. The driving arm IO- 
fates at a C”nSfanf rate of 90 rpm, counter- 

10-l. The cam shown in Figure C10.1 is used to feed 
papers to a printing press. Carefully examine 
the components of rhe mechanism, then an- 
SWC~ the following leading questions to gain 
insight into its operation. 

Figure C10.1 (Courtesy, industrial Press) 

1. As shaft G is forced to turn clockwise, de- 
termine the motion of item F. 

2. What is the name of the connection between 
items F and G? 

3. What causes the stack of papers, sitting on 
item J, to remain at a level where a mecha- 
nism at B can grab them? 

clockwise. Determme rhe angular velocity 
and accclerarion of the wheel when the driv- 
ing arm has rotated 25” from the position 
where the roller has just entered the slot. 

4. Why does the radius on item H change? 
5. What feature allows any rotation of item H 

to be transferred to item G? 
6. Describe the mechanism that performs the 

same function as this cam for smaller stacks 
of papers used in computer printers and 
copy machines. 

10-2. The cam shown in Figure C10.2 drives link J 
which, in turn, drives another mechanism not 
shown. Link A is pivoted at its bottom to a 
machine frame. A stud extends from link A 
and through a slot in link B. Carefully examine 
the components of the mechanism, then an- 
swer the followmg leading questions to gain 
insight into its operatron. 

Figure ~10.2 (courtesy, Industrral Press) 

I. As cam D rotates clockwise, describe the 
motion of link B. 

2. What type of cam is D? 
3. What type of follower is C? 
4. What type of component is item F? 
5. Describe the action of item F. 
6. What type of component is item E? 
7. Describe the function of item E. 
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8. Urscr,hc rhc cychcal mouon or ,rrm B. 
9. What changes would occur co the motion ut 

B if item E were moved? 
10. What changes would occur IO the motion of 

B if the stud at F were shortened? 

10-3. The machine shown in Figure C10.3 stamps 
and forms steel parts. Carefully examine the 
components of the mechanism, then answer 
the following leading questions to gain insight 
into its operation. 

.I 

Figure C10.3 (Courtesy, Industrial Press) 

1. As rod C starts to slide downward, what IS 
thr motion of cam E? 

2. What is the motion of plunger H? 
3. What happens to a strip of sheer metal 

clamped at W! 
4. As rod C continues to turn, what is the mo- 

tion of the plunger? 
5. What is the motion of the slidcs I? 
6. What happens to the steel strip at W? 
7. As rod C starts to slide upward, what is the 

motion of plunger H? 
8. What is the purpose of this mechanivn? 
9. Why are springs contacting slides I? 

10. Why is a spring supporting item K? 
11. What type of mechanism could drive rod C? 

104. A machine is shown m Figure C10.4. Carefully 
examine the components of the mechanism, 
then answer the following leading questions to 
gain insight into its operation. 

Figure C10.4 (Courtesy, Industrial Press) 

1. As gear K rotates clockwise, describe the 
motion of link F. 

2. Discuss the specifics of the cyclical motion 
of link F. 

3. As gear K ~ofafcs clockwise, describe the 
motion of slide D. 

4. As gear K rotates clockwise, describe the 
motion of gear N. 

5. As gear K rotates clockwise, describe the 
motion of link Q. 

6. What type of component is item P called? 
7. Describe the motion to which item V is con- 

strained. 
8. Discuss exactly the manner in which link Q 

is attached to item V. 
9. Discuss the cyclical motion of the entire ma- 

chine. 
10. State a need for such a machme. 
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OBJECTIVES Upon completmn of this chapter, the student will be able to: 

I. Identify the different types of gears. 

2. Identify and use standard gear geometric features. 

3. Calculate center distance, contact ratio, interfercncc linmations, and backlash 

4. Calculate and use the velocity ratio to determine the kinematic properties of mat- 
ing gears. 

5. Determine the kinematic properties of gear and planetary gear trains. 

11.1 INTRODUCTION 

Gears are an extremely common mechanism component used in many machinch. 
Figure 11.1 illustrates the drive mechanism for the paper feed rollers of a fax ma- 
chine. In this application, an electric motor drives a small gear which, drives larger 
gears that turn the feed rollers. The feed rollers then draw the document into the ma- 
chine’s scanning device. 

In general, the function of a gear is to transmit motion from one rotating shaft to 
another. In the case of the feed drive of Figure 11 .l, the motion of the motor must be 
transmitted to the shafts carrying the rollers. In addition to simply transmitting the 
motion, gears are often used to increase or reduce speed, or change the direction of 
motion from one shaft to the other. 

It is extremely common for the output of mechanical power sources, such as elec- 
tric motors and engines, to be rotating at much greater speeds than the application 
requires. The fax machine requires that the rollers feed the document through the 
machine at a rate compatible with the scanning device. However, typical electric mo- 
tors rotate at greater speeds than are needed at the rollers. Therefore, the speed of 
the motor must be reduced as it is transmitted to the feed roller shafts. Also the up- 
per rollers must rotate in the direction opposite to that of the lower rollers. Thus, 
gears are a natural choice for this application. 

Figure 11.2A illustrates two mating spur gears designed to transmit motion be- 
tween their respective shafts. Figure 11.2B shows two friction rollers or disks that 

I 



11.1 1NTRODUCTION 373 

Upper feed 
ruliers 

Figure 11.1 Feed rollers for a fax machine. 

are also designed to transmit motion between the shatts. Such disks at obvmuly 

less costly than complex gear configurations. However, the disks rely on friction to 
transmit forces that may accompany the motion. Because many applications require 
the transmission of power (both motion and forces), smooth disk surfaces may not 
be able to generate sufficient frictional forces and, thus, will slip under larger loads. 

To remedy the possibility of slipping, a gear is formed such that the smooth sur- 
faces of the disks are replaced by teeth. The teeth provide a positive engagement and 
eliminate slipping. From a kinematic viewpoint, the gear pair in Figure 11.2A would 
replace the disks of 11.2B because the effective diameters are identical. 

The principles of general gearing and the associated kinematic relations are pre 
sented in this chapter. The focus of this book is on the analysis and design of mecha- 
nisms that are necessary to provide the motion required of machinery. Consistent 
with this mission, the focus of this chapter is on the selection of standard gears used in 

Figure 11.2 Gears and rollers. 

(b) Friction gem 



machinery. Because they are rhe mosr wdely used and leax complicated gezar, spur garb 
are the emphasis of study. The reader is referred to other sources for further detail on gear 
tooth profiles, manufacture, quality, design for strength, and more complex gears. 151 

11.2 TYPES OF GEARS 

Spur gears are simplest and, hence, the most common type of gear. The teeth of a 
spur gear are parallel to the axis of rotation. Spur gears are used to transmit motion 
between parallel shafts, which encompasses the majority of applications. A pair of 
mating spur gears is illustrated in Figure 11.3A. 

A rack is a special case of spur gear where the teeth of the rack are not formed 
around a circle, but laid flat. The rack can be perceived as a spur gear with an infi- 
nitely large diameter. When the rack mates with a spur gear, translating motion is 
produced. A mating rack and gear are illustrated in Figure 11.3B. 

Internal OY annular gears have the teeth formed on the inner surface of a circle. 
When mating with a spur gear, the internal gear has the advantage of reducing the 
distance between the gear centers for a given speed variation. An internal gear mat- 
ing with a traditional spur gear is illustrated in Figure 11.3C. 

Helical gears are similar to, and can be used in the same applications as, spur 
gears. The difference is that the teeth of a helical gear are inclined to the axis of ro- 
tation. The angle of inclination is termed the helix angle, ‘p. This angle provides a 
more gradual engagement of the teeth during meshing, and produces less impact and 
noise. Because of this smoother action, helical gears are preferred in high-speed ap- 
plications. However, the helix angle produces thrust forces and bending couples, 
which are not generated in spur gears. A pair of mating helical gears is illustrated in 
Figure 11.3D. 

Herringbone gears arc used in the same applications as spur gears and helical 
gears. In fact, they are also referred to as double helical gears. The herringbone gear 
appears as two opposite hand helical gears butted against each other. This complex 
configuration counterbalances the thrust force of a helical gear. A herringbone gear 
is shown in Figure 11.3E. 

Revel gears have teeth formed on a conical surface and are used to transmit mo- 
tion between nonparallel shafts. Although most of their applications involve con- 
necting perpendicular shafts, bevel gears can also be used in applications that re- 
quire shaft angles that are both larger and smaller than 90”. As bevel gears mesh, 
their cones have a common apex. However, the actual cone angle of each gear de- 
pends on the gear ratio of the mating gears. Therefore, bevel gears are designed as a 
set and replacing one gear to alter the gear ratio is not possible. A pair of mating 
bevel gears is illustrated in Figure 11.3F. 

Miter gears are a special case of bevel gears where the gears are of equal size and 
the shaft angle is 90”. A pair of mating miter gears is illustrated in Figure 11.3G. 

A worm and LVOYVZ gear is used to transmit motion between nonparallel and non- 
interacting shafts. The worm has one tooth that is formed in a spiral around a pitch 
cylinder. This one tooth is also referred to as the thread because it resembles a screw 
thread. Similar to the helical gear, the spiral pitch of the worm generates an axial 



(9) Miter gears (hj Worm gear 

Figure 11.3 Gear types. 



force that must bc supported. In mwt applications the worm drwe~ the worm gear 
to produce great speed reductions. In most cases, the worm drives. The gear can not 
drive the worm. A mating worm and worm gear are shown in Figure 11.3H. 

11.3 SPUR GEAR TERMINOLOGY 

As stated, spur gears are the must common type of gear. In addition, the terminology 

used to describe spur gears also applies to the other type of gears. Therefore, a thor- 
ough discussion of spur gear features and terminology is necessary. 

The fundamental spur gear, tooth features are illustrated in Figure 11 4 and de- 
scribed below. 

‘The pitch circle of a gear is the circle that represents the size uf rhc wrrzqxmdmg 
traction roller that could replace the gear. These corresponding rollers were illus- 
trated in Figure 11.2A. As two gears mate, their pitch circles are tangent, with a 
point of contact on the line that connects the center of both circles. This is shown in 
Figure 11.4. 

The pitch point is the point of contact of the two pitch circles. 
The pitch diameter, d, of a gear is simply the diameter of the pitch circle. Because 

the kinematics of a spur gear are identical to an analogous friction roller, the pitch 
diameter is a widely referenced gear parameter. Howcvcr, hccause the pitch circle is 
located in the middle of the gear teeth, the pitch diameter cannot be measured di- 
rectly from a gear. 

The number of teeth, N, is simply the total number of teeth on the gear. Obvi- 
ously, this value must he an integer because fractional teeth cannot be used 
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(11.1) 

(11.2) 

The crrcular pitch, p, is the distance measured along the pitch circle from a point 
on one tooth to the corresponding point on the adjacent tooth of the gear. The cir- 
cular pitch can be calculated from the number of teeth and the pitch diameter of a 
gear. The governing equation is as follows: 

p=$ 

The base circle of a gear is the circle from which the curved shape of the gear 
tooth is constructed. Details on the generation of the curved tooth profile are pre- 
sented in the following section. 

The base diameter, db, is simply the diameter of the base circle. 
The face width, F, is the length of the gear tooth parallel with the shaft axis. 
The addendum, a, is the radial distance from the pitch circle to the top of a gear 

tooth. 
The dedendum, b, is the radial distance from the pitch circle to the bottom of a 

gear tooth. 
The whole depth, h, is the height of a gear tooth and is the sum of the addendum 

and dedendum. 
The clearance, c, is the amount that the dedendum exceeds the addendum. This is 

the room between the top of a gear tooth and the bottom of the mating gear tooth. 
The backlash, B, is the amount that the width of a tooth space exceeds the thick- 

ness of a gear tooth, measured on the pitch circle. 
The &m&al pitch, Pd, or simply pitch, actually refers to the tooth size and has 

become a standard for tooth size specifications. Formally, the diametral pitch is the 
number of teeth per inch of pitch diameter: 

The diametral pitch is a commonly referenced gear parameter in the United States 
Customary Units. Again, it is a relative measure of the size of gear tooth. The stan- 
dard tooth sizes and their diametral pitches are shown in Figure 11.5. Although 
mating gears can have different diameters and number of teeth, mating gears must 
have the same diametral pitch. This fact should be obvious when recalling that the 
diametral pitch is a measure of tooth size. 

The diametral pitch cannot be measured directly from a gear; yet, it is an ex- 
tremely common referenced value. Tooling for commercially available spur gears are 
stocked in standardized diametral pitches as shown in Table 11.1. Although no 
physical significance exists, preference for standard diametral pitches is given to 
even integers. Sheet metal gauges which allow measurement of the standard diame- 
tral pitches are available.The units of diametral pitch are the reciprocal of inches; 
yet, it is not customary to specify units when expressing numerical values. 

The module, m, is a commonly referenced gear parameter in the SI unit system: 

111.31 
d fp- 
N 



(11.4) 

Figure 11.5 Standard tooth 4~~s (shown one-half actual size) 

The module IS also a relatrve measure ot tooth sne and 1s theoretically the reap- 
rocal of the diametral pitch. However, because it is referenced in the SI system, the 
module has units of millimeters. Therefore, the module and diametral pitch are not 
numerically reciprocal. The relationship between diametral pitch and module ac- 
counting for units is as follows: 

25.4 
m=Pd 

As with the diametral pitch, tooling for commercially available metric spur gears 
ib stocked in standardized modules. Common values are shown in Table 11.2. 

Substituting Equation 11.2 and 11.3 into 11.1, the circular pitch can also be com- 
puted as: 

(11.5) nd T 

p=N=F=am d 

The pressure an&, 4, IS the angle between a line tangent to the base arcles, of 
mating gears, and a line perpendicular to the surfaces of the teeth at the contact 
point. The line tangent to the pitch circles is termed the pitch line. The line, perpen- 

..-I“ 

i TABLE 11.1 Standard Diametral Pitches 

:.a Pitch Fine Pitch 
. . . 
*a/ 6 20 

8 24 
10 32 
12 40 

80 
96 

120 
1 so 
200 



TABLE 11.2 Standard Metric Modules 

4 16 
5 20 
6 25 
8 32 

10 40 
12 50 

dicular to the surfaces of the teeth at the contact point, is termed the pressure line. 
Therefore, the pressure angle is measured between the pitch line and the pressure 
line. The pressure angle is illustrated in Figure 11.6. 

Figure 11.6 Pressure angle 

The pressure angle affects the relative shape of a gear tooth as shown in Figure 
11.7. Although gears can be manufactured in a wide range of pressure angles, most 
gears are standardized at 20” and 25”. Gears with 14-l/2” pressure angles were 
widely used, but are now considered obsolete. They are still manufactured as re- 
placements for older gear trains still in use. Because the pressure angle affects the 
shape of a tooth, two mating gears must also have the same pressure angle. 

Figure 11.7 Pressure angle influence on tooth shapes. 



Recall that forces are transmitted perpendicular to the surfaces in contact. There- 
fore, the force acting on a tooth is along the pressure line. As is discussed in the next 
section, gear teeth are shaped to maintain a constant pressure angle during engage- 
ment. Gears with smaller pressure angles efficiently transfer torque and apply less 
radial loads onto the shaft and supporting bearings. However, as the pressure angles 
are reduced, a greater tendency exists for gear teeth to interfere as they engage. 

11.4 INVOLUTE TOOTH PROFILES 

In order to achieve smooth motion, a gear tooth must have a shape that keeps the 
driven gear rotating at a constant velocity throughout the engagement and disen- 
gagement process. Stated more concisely, gears need to have a constant velocity ra- 
tio. Kinematically, this condition requires that the path of the gear tooth contact 
point is a straight line. That line must also intersect the point that is common to 
both pitch circles. Figure 11.8 illustrates two mating teeth at three intervals of the 
engagement process. Notice that the contact point traces a straight line, termed the 
contact line. This line also intersects the point that is tangent to both pitch circles, 
which is necessary for the gears to maintain a constant velocity ratio. 

Figure 11.8 Gear mating process. 

Discovering a tooth shape that fulfills the condition is not a trwial task; however, 
several forms have been identified as adequate candidates. Of the possible shapes, 
the involute of a circle has become standard for most gear applications. An involute 
shape is constructed by unwinding a taunt wire from a base circle with diameter db. 
The path traced by the end of the wire is termed the involute curve of a circle. An in- 
volute profile is illustrated in Figure 11.9A. A segment of this involute curve is then 
used to form a gear tooth profile. 

For an involute profile, the contact line is identical to the pressure line, as de- 
scribed in the previous section. The pressure angle, or inclination of the contact line, 
is determined by the segment of involute curve used for the gear tooth. The pressure 
angle increases as the distance between the base circle and the pitch circle increases. 
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(a) 

Figure 11.9 Involute gear tooth 

(b) 

This is shown in Figure 11.9B. The relationship between the pressure angle, pitch di- 
ameter, and base circle diameter is expressed by: 

(11.6) db = d cos r$ 

Because the definition of an involute only extends from a base circle, any portion 
of tooth profile inside the base circle is not an involute. It is common to machine this 
portion as a radial line and a fillet to the dedendum circle. The portion of the tooth 
inside the base circle is not designed to be contacted by a mating gear tooth. Such 
contact would result in interference. 

:;E&WLE PROBLEM 11.1 Ill.:*,.l 
A 20” full-depth, involute spur gear wrh 35 teeth has a diametral pitch of 10. De- 
termine the diameter of the pitch circle, the circular pitch, and the base circle. 

SChi0n: 

The pitch diameter can be computed by rearrangmg Equatmn 11.2: 

N 35 
d = - = lo = 3.5 in 

Pd 

The circular pitch can be computed from Equation 11.5: 

p = $ = (1o %mli = 0.314 in 

The base circle can be computed directly from Equation 11.6: 

dh = d cm # = 3.5cos(20°) = 3.289 in. 
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This 1s the diameter of the circle where the involute shape originates. It is not an ap- 
parent feature when inspecting an actual gear. 

$5 STANDARD GEARS 

Gears can be manufactured using a variety ot alternate processes. For meal gears, 
the most common processes are cutting on shapers or milling machines, casting, and 
forming through powder-metallurgy processes. Plastic gears are typically injection 
molded. The reader is referred to sources dedicated to gear manufacture for details 
on the individual processes. 

Because the majority of processes utilize dedicated tooling, which is unique to 
each gear size, it is economically desirable to standardize the gear sizes. Gears com- 
mercially available from catalogs are standard gears. These gears are sold mter- 
changeably and can mesh with other gears, having the same diametral pitch and 
pressure angle. Of course, for this to be accomplished, the manufacturers’ must fol- 
low a standard convention to form the details of the gear tooth profile. 

As stated, any two involute gears with the same diametral pitch and pressure an- 
gle will mate. Therefore, gear teeth have been standardized based on the diametral 
pitch and pressure angle. As mentioned in Section 11.2, standard pressure angles are 
14-l/2”, 20”, and 25”. The 14-l/2” pressure angle is becoming obsolete and used 
mainly as a replacement gear. 

The diametral pitch is a measure of tooth size. In applications where the trans- 
mitted forces are high, larger teeth, having smaller values of diametral pitch, are re- 
quired. Gears are used in a great range of applications from mechanical watches 
with low forces to large steel rolling mills with extremely large forces. Therefore, a 
wide range of diametral pitches must be available. The standardized values of di- 
ametral pitch were given in Table 11.1. 

Most gear tooth features, as identified in Section 11.3 and Figure 11.3, are standard- 
ized relative to the diametral pitch and pressure angle. The governing relationships are 
given in Table 11.3. The American Gear Manufacturers Association (AGMA) is the pri- 
mary technical organization that oversees this standardization scheme. 

$$+‘LE J?ROBLEM 11.2 

Consider the 20” full-depth, involute spur gear, with 35 teeth and a diametral pitch of 
10 from Example Problem 11.1. Determine the diameter of the addendum circle. de- 
dendum circle, and the clearance. 

Solution: 

The addendum cwcle is the outer diamerer of the gear. The addendum is the distance 
from the pitch circle on a gear tooth to the top of the tooth. The standard distance 
for this gear can be computed from the equations in Table 11.3: 

a = 1 = & = 0.100 in 
Pd 



*l/l‘,./, ,_ 

2.25 

Pd 

L 
2 Pd 
0.3 

0.25 

Pd 
0.35 
P, 

. I  , . , ,  

TABLE 11.3 Standard Spur Gear Tooth Proportions. 

Coarse Fine Pitch 
(P‘s > 20) 

P, 
1.25 

2 

fd 
2.25 

Pd 
a 

2 Pd 
0.3 

0.25 

Pd 
0.35 

1.25 

Pd 
2 

Pd 
2.25 

7r 

2 Pd 
0.3 

Pd 
0.25 

Pd 

0.002 + 2 
Pd 

2 

P, 

0.002 + g 

1.5708 

Pd 

- 

0.002 + 22 
I’d 
0.35 

0.002 + - 
Pd 

207.04 
12 

Pd 

Notice that this is the distance between the radii of the pitch circle and the ad- 
dendum circle. Therefore, the diameter of the addendum circle is offset a distance, a, 
on both sides of the pitch circle. In Example Problem 11.1, the pitch diameter is 3.50 
in. Therefore, the diameter of the addendum circle can be computed as: 

d, = d + 2a = 3.5 + Z(O.100) = 3.7 in 

In a similar fashion, the dedendum is the distance between the radii of the pitch 
crrcle and the dedendum circle. Therefore, the dedendum can be computed as: 

1.250 
b=-= 

1.250 

Pd 10 
- 0.125 in 

and the dedendum circle diameter is: 

dh = d 2b = 3.5 ~ 2(0.125) = 3.25 in 

Nonce that the base circle diameter from this Example Problem IS 3.289 III. COIP 
paring this to the dedendum circle reveals that a short portion of the gear tooth pro- 



tile IS Inside the base arcle. On a radial basks, the length of thx short pornon of 
tooth profile 1s determined by: 

(3.289) (3.250) o,019 ~~__= 
2 2 

Recall that the definition of an involute only extends from a base circle. This 
short portion of tooth profile is not an involute and should not be contacted by the 
mating gear tooth. 

Finally, the clearance is the amount that the dedendum exceeds the addendum. 
This is the room between the top of a gear tooth and the bottom of the mating gear 
tooth. The standard distance for this gear can be computed using the equations in 
Table 11.2: 

0.25 0.25 
c=-= 

Pd 10 
= 0.025 in 

Notice that the clearance is greater than the distance of the noninvolute porrlon 
of the gear tooth. Thus, contact between gear teeth on this portion is not expected. 

.11.6 RELATIONSHIPS OF GEARS IN MESH 

Two gears in contact were shown in Figure 11.3. As two gears mesh, the snlallcr 
gear is commonly termed the pinion and the larger is referred to as the bull gear or 
simply the gear. Recall that in order for two gears to mate, they must have the same 
diametral pitch and pressure angle. Relationships of two mating gears are discussed 
in the following sections. 

11.6.1 Center Distance 

The centm drstance, c, 1s defined as the center-to-center distance between two mar- 
ing gears. This is also the distance between the shafts that are carrying the gears. For 
the common configuratlon of external gears (Figure 11.3), the distance can be writ- 
ten as: 

Equatlon 11.7 can be rewritten as: 
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For internal gears (Figure 11.3C), the center distance is the difference in the pitch 
radii and can be written as: 

EXAMPLE PROBLEM 11.3 

Two 5 pitch, 20” full-depth gears UC used on a small construction site concrete 
mixer. The gears transmit power from a small engine to the mixing drum. This ma- 
chine is shown in Figure 11.10. The pinion has 15 teeth and the gear has 30 teeth. 
Determine the center distance. 

Figure 11.10 Concrete mixer for Example Problem Il..? 

Solution: 

The pitch dnrneters of both gears can be determined from Equation 11.2: 

iv1 15 
d, = ~ = 3 = 3.0 in 

Pd 

Nz 30 
dz = ~ = 3 = 6.0 in 

Pd 
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Because these gears are external, the center distance can be found from Equation 11.7: 

C= WI + &I = (3.0 in + 6.0 in) = 4,5 in 

2 2 

11.6.2 Contact Ratio 

The contact ratio is the average number ok teeth that are m contact an any mstant. Obw 
ously, the contact ratio must exceed 1 because contact between gears must not be lost. In 
practice, contact ratios should be greater than 1.2. Robust designs have contact ratios of 
1.4 or 1.5. To illustrate the principle, a contact ratio of 1.2 indicates that one pair of 
teeth is always in contact, and a second pair of teeth is in contact 20% of the time. 

Greater contact ratio values result in smoother action because another gear tooth 
shares the load for a longer duration during the engaging/disengaging process. In ad- 
dition, with more teeth sharing the load, greater power may be transmitted. How- 
ever, the most direct manner in which the contact ratio can be increased is to use 
larger gears. This is in direct contrast to most design goals of compactness. 

Numerically, contact ratio can be expressed as the length of the path of contact, 
divided by the base pitch, pb. The base pitch, in turn, is defined as the distance be- 
tween corresponding points of adjacent teeth, measured on the base circle. The base 
pitch can be computed with the following: 

(11.10) 

(11.11) 

(11.12) 

Of course, the path of the contact point is a straight line (Section 11.4). The 
length of this contact path can be derived from geometry [I] by: 

Thus, an expression for the contact ratio, in terms of the gear tooth geometry, can 
be given as: 

Contact ratio = k 

@AMPLE PROBLEM 11.4 

For the concrete mixer gears described in Example Problem 11.3. determine the contact ratio. 

SOlUtiOPC 

The pitch radii of both gears can be determined from the pitch diameters: 
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From Table 11.3, the addendum for 20” full-depth teeth is: 

1 
a = 1 = - = I),20 in 

Pd 5 

The base pitch is calculated from Equation 11.10: 

Pb = 
rdl cos 4 = ~(3.0 in)cos(20”) = o,6890 in 

N1 15 

The length of the contact line is calculated from Equation 11.11: 

L = ((l/(r2 + a)’ - yz2 co? 4) - r2 sin $J 
+ {(V(Q + ay ~ 112 cos2 $6) I, Sill $1 

= ((v(3.0 + 0.2)2 - (3.0)2cos2(20”)) ~ (3.0)sin(20°)j 
+ ((V(l.5 + 0.2)2 ~ (l.S)2cos2(20”)) - (1.5)sin(20°)] = 0.9255 in 

Then the contact ratio is determined from Equation 11.12: 

L 
Contact ratio = - = 0.9255 in = 1,3433 

Pb 0.6890 in 

4lthough this ratio is acceptable, larger values (1.4-1.5) are desirable 

11.6.3 Interference 

Gear teeth have involute profiles between the base circle and the addendum cir- 
cle. When a gear with few teeth and small pressure angles is constructed, the de- 
dendum circle is considerably smaller than the base circle of the involute. There- 
fore, the tooth between the base circle and the dedendum is not an involute. If 
the mating gear tooth were to contact this portion of the tooth, the fundamental 
condition for constant velocity ratio would be violated. This condition is termed 
interference and, as it occurs, the teeth can exhibit drastic noise, vibration, and 
wear. 

Interference is induced as designers attempt to make gear assemblies compact by 
using too few teeth on the gears. Interference commonly occurs when a small gear 
mates with a much larger one. A relationship that can be used to determine the nec- 
essary number of teeth in the gear to avoid interference has been derived “I. Equa- 
tion 11.12 determines the largest number of teeth in the gear to ensure no interfer- 
ence. The relationship is given as a function of the number of teeth in the mating 
pinion, along with the pressure angle and addendum size: 

N2 < ‘;[f;; ;“;;’ 111.13) 



388 Chapter iI GEARS: KINEMATIC ANAIYSIS AND SH.ECTI”N 

where k is defined from the addendum relatmn: 

Equation 11.10 can be used to tabulate suitable combinations of gears that avoid 
interference. These combinations are given in Table 11.4. 

ass: __I.I, 

; TABLE11.4 G ear Teeth Combinations to Ensure No Interference 

- 

Number of 

$ = 25” 
Maximum 
Number 

Pinion Teeth Gear Teeth 

9 
10 
11 
12 

13 
32 

249 

* = 20 
Maximum 

Number of 
Gear Teeth 

16 
26 
45 

101 

Note from Table 11.4 that 14-l/2” pinions with more than 32 teeth can 
mate with any size gear without interference; however, any 14-l/2” pinion with fewer 
than 23 teeth experiences interference, regardless of the size of the mating gear. Such 
limits can be gathered for other standard pressure angles. 

It is apparent from Table 11.4 that involute gear teeth with a 25” pressure angle 
permit usage gears with fewer teeth, without interference. As a result, more compact 
gear assemblies can be produced. This is the primary reason for the popularity of 
25” teeth and the obsolescence of 14-l/2” teeth. 

For the extreme case where a pinion can mate with any other gear, N2 = m, 
can he substituted into Equation 11.12. This provides the size of pinion that can 
mate with any gear. As already mentioned, a 14-l/2 pinion with 32 teeth ex- 
hibits such properties. Once Nz = 
derived: 

m is substituted, the following relationship is 

(11.14) 



It should be noted that a gear with Nz = m would also have an infinite pitch ra- 
dius. This is the concept behind a rack, as shown in Figure 11.3D. Thus, Equation 
11.11 must be met to ensure that a gear mates with a rack and avoids interference. 

EXAMPLE PROBLEM 11.5 

For the gears of the concrete mixer described in Example Problem 11.3, determine 
whether interference is a concern. 

From Table 11.4, it is demonstrated that a 20” full-depth tooth with 15 teeth cannot 
mate with a gear with more than 45 teeth without interference. 

The same result can be obtained from Equation 11.13. From Table 11.2, the ad- 
dendum needed is 

therefore: 

k=3 

Equation 11 .I2 can be used to check for interference problems: 

N2 < (15* sin’(20”) - 4(1)2j 

4(l) - 2(15)sin2(20”) 

Nz < 45.48 

‘The number of teeth on the driven gear IS 30, less than the lnnlrmg value of 45.48 
computed above. Therefore, interference is not a foreseeable problem. 

11.6.4 Undercutting 

Interference can also be avoided by removing the material on the gear tooth between 
the base circle and dedendum circle. This is the portion of the gear tooth that is not 
an involute and would interfere with the mating tooth. An undercut gear tooth is 
shown in Figure 11.11. 

Undercutting obviously reduces the strength of the gear, thus reducing the power 
that can be safely transmitted. In addition, it also reduces the length of contact, 
which reduces the contact ratio and results in rougher and noisier gear action. 
Therefore, undercutting should be avoided unless the application absolutely requires 
a compact gearset. In these cases, advanced kinematic and strength analyses and ex- 
periments are necessary to verify proper operation. 
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Figure 11.11 Undercut gear tooth. 

11.65 Backlash 

As stated in Section 11.3, backlash is the amount that the width of a tooth 
space exceeds the thickness of a gear tooth, measured on the pitch circle. 1n 
more practical terms, it is the amount that a gear can turn without its mat- 
ing gear turning. Although backlash may seem undesirable, some backlash is 
necessary to provide for lubrication on the gear teeth. Gears that run con- 
tinuously in one direction can actually have considerable backlash. Gears 
that frequently start/stop or reverse direction should have closely controlled 
backlash. 

A nominal value of backlash is designed into a gear tooth profile. The amount of 
backlash determines the thickness of a gear tooth because backlash is a measure of 
the tooth thickness to the tooth space. Recommended values of backlash are speci- 
fied by the American Gear Manufacturer’s Association. Although these values are 
somewhat conservative, general power transmitting gears have recommended back- 
lash values of: 

For commercially available stock gears, backlash values are considerably higher 
to allow for greater flexibility in applications. The backlash values of these gears are 
typically: 

Therefore, great care must be taken when specifying stock gears for application, 
with reversing directions or frequent start/stop sequences. 

Backlash values are strongly influenced by any variation in the center distance of 
the gears. Of course, in any production environment, the center distance of two 
gears varies. However, a deviation is the nominal center distance can be purposely 
specified by the designer to adjust the backlash to a desired range. The backlash 
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variation that will be encountered with a variation in the center distance can be ap- 
proximated by the following relationship: 

(11.15) AB = 2 (AC)tan $ 

Equation 11.14 can be used with Equation 11.7 or 11.8 to specify a center dis- 
tance that produces backlash values to be maintained in the range given above. Re- 
ducing the center distance reduces the backlash, and vice-versa. 

: I& PROBLEM 11.6 
.I. 

The gears for the concrete mixer described in Example Problem 11.3 are catalog 

items, with a designed backlash of =. Specify a center distance that reduces the 
Pd 

backlash to an AGMA recommended value of g 

SOlUtiOPC 

For 5-pitch gears, the designed backlash is 

0.4 0.4 -= &&Signed = 7 = 5 0.08 in 
Lj 

The AGMA recommendation is: 

B 
0.1 

recommended = - 
~ 0.1 

0.02 in 
Pd 

5 

Rearranging Equation 11.15 gives: 

AB 

Ac - (2 tan $) 

~ (0.02 ~ 0.08) = o,0824 in - 
2 tan(20") 

From Example Problem 11.3, the nominal center distance was determined as 4.5 in. 
Therefore, to adjust the backlash value, the center distance should be reduced to: 

Cadjusred = 4.5 ~ 0.0824 = 4.4176 in 

11.6.6 Operating Pressure Angle 

As mentioned in preceding sections, the pressure angle defines the line of action of 
the force onto the gear teeth. The designated pressure angle is cut or formed into the 
gear tooth and affects the actual shape of the tooth (Figure 11.7). 

It should be mentioned that as the center distance of the mating gears deviates 
from the nominal value, the actual pressure angle during operation differs from the 



designated value. In other words, two 20” gears may actually have a gr~rcr pressure 
angle during operation by increasing the center distance from the nominal value. 
The relationship that can be used to determine the amount of variance is derived [lj 
as: 

Applications that require precise calculation of the actual force being transmitted 
should USC this operating pressure angle. This reflects the actual performance of the 
gear forces. 

EXAMPLE PROBLEM 11.7 

For the gears of the concrete mixer described in Example Problem 11.3, determine 
the operating pressure angle when the center distance is measured at 4.4176 in as in 
Example Problem 1 1.6. 

From the numbers in Example Problem 11.6 and Equation 11.16, the following can 
be determined: 

11.7 SPUR GEAR KINEMATICS 

A basic function of gears is to provide a constant velocity ratio between their re- 
spective shafts. A pair of gears that have a constant velocity ratio means that the 
driven gear maintains a uniform speed as long as the driver gear rotates at a constant 
speed. This condition led to the development of the involute tooth profile. 

A pair of mating spur gears are shown in Figure 11.12. 
Formally, the velocity ratio, VR, is defined as the angular speed of the driver gear 

(gear 1) divided by the angular speed of the driven gear (gear 2): 

w = angular speed 
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Figure 11.12 Kinematics of meshing gears. 

Because a ratio is valid regardless of units, the velocity ratio can be defined in 
terms of revolutions per minute, radians per time, or any other convenient set of ro- 
tational velocity units. In practice, a velocity ratio of 3 would be indicated as 3:1, 
and pronounced “three to one.” Likewise, a velocity ratio of l/3 would be indicated 
as 1:3, and pronounced “one to three.” 

The pitch line velocity, uz, is defined as the velocity of the pitch point of the two 
mating gears. This velocity is also illustrated in Figure 11.12. It should be apparent 
that the pitch line velocity of both gears is identical because one gear tooth pushes 
the mating tooth. Therefore, the pitch line velocity is a linear one and can be related 
to the rotational velocities of the gears and their pitch radii using Equation 5.5: 

(11.18) Vt = l,Wl = Y,pz 

Note that, as m Chapter 5, the angular velocity in this Equation must be specified 
in radians per unit time. 

Rearranging this relationship gives the following equation: 

wI=!L=VR 
w2 Yl 

introducing the pitch diameters: 

and introducing the diametral pitch and number of teeth: 
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(11.19) 

Because the diametral pitch of the two gears must be identical for the teeth to mate, 
Pd can be eliminated from the previous equation, yielding: 

Collecting all the preceding relationships yields a comprehensive definition of a 
velocity ratio: 

“R=wI=‘2= dz= Nz 
wz YI dl N1 

An algebraic sign convention designates the relative direction of gear rotations. In 
the typical external gearset, the shaft centers are on opposite sides of the common 
tangent to the pitch circles which dictates that the gears rotate in opposite direc- 
tions. To signify this fact, the velocity ratio is given a negative value. 

For internal gears, as shown in Figure 11.3C, the shaft centers are on the same 
side of the common tangent to the pitch circles. This dictates that the gears rotate in 
the same direction. Thus, the velocity ratio is given a positive value. 

As discussed in the introduction, many gears are used in applications where the 
speed from a power source must be reduced. Therefore, it is typical to have velocity 
ratios greater than one. As can be seen from Equation 11.17, this indicates that the 
drive gear rotates faster than the driven gear, which is the case in speed reductions. 

EXAMPLE PROBLEM 11.8 

A set of gears is used to reduce the speed from an electric motor to a shaft driving a 
grocery checkout conveyor (Figure 11.13). The gear on the motor shaft is a lo-pitch 
pinion, has 15 teeth, and drives at 1800 rpm, clockwise, Determine the speed of the 
mating gear, which has 45 teeth. Also calculate the pitch line velocity. 

Figure 11.13 Checkout conveyor mr Example Problem 11.8 
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Solution: 

The velocity raw can be computed from Equation 11.18: 

In pract~e, this value would be commonly expressed as a 3:1 gear rarw. Nore 
that the negative value indicates that the gears rotate in opposite directions. This is 
consistent with external gears. 

The angular velocity of the driven gear can be computed by rearranging Equation 
11.17: 

WI 1800 rpm 

“‘=vR= 1-3) 

= 600 rpm, counterclockwise 

The pitch diameters are computed from Equation 11.2: 

NI 15 
d, =-=x= 1.5in 

Pd 

N2 45 
d2 = - = lo = 4.5 in 

Pd 

The pitch line velocity can be computed from Equation 11.18: 

Vt = YIWl 

rI = y  = 0.75 in 

ut = (0.75 in) 
i 
11309.7* = 8482.311 

nun mm 

converting units: 

vt = = 706.9k 
mm 

;,jF.S SPUR GEAR SELECTION 
In a design situation, gears must be selected to accomphsh a desired task. Often this 
task is to achieve a desired velocity ratio. Because the majority of gears in operation 
are AGMA standard, the designer only needs to determine the key parameters. 



These parameters are the dianlrtral pitch, pressurr angle, and number ut ccrth a~ 
each gear. Most other gear features can be determined using the AGMA standard re- 
lationships presented in previous sections. 

In the typical design situation, the first selecrion parameter is an appropriate di- 
ametral pitch. Because the diametral pitch is the relative size of a gear tooth, it 
stands to reason that the transmitted forces and the gear material properties influ- 
ence this decision. Precise selection criteria involve calculation of gear tooth stresses 
and contact pressures. The calculation procedures are outlined in the AGMA speci- 
fications. This level of detail is beyond the scope of this text. 

Conservative estimates of appropriate diametral pitches can be readily ob- 
tained from most commercial gear suppliers. The suppliers use the AGMA sran- 
dads to determine the power-carrying capabilities of their stock gears. From this 
data, an estimate of suitable diametral pitch can be made with knowledge of the 
nominal power that is transmitted by the gear pair, the rotational speed of the pin- 

ion, and the gear material. As an example, such data is presented in Table 11.5. 
This table gives suitable diametral pitches of 20” mild steel gears with standard 
face width, based on pinion speed and the power transmitted. Similar tables exist 

for alternate pressure angles and materials. The use of these tables can be illus- 
trated from an example. 

for LO”, Mild-Steel Gears with Standard Face Width 

Pinion rpm 

100 300 600 900 1200 

0 24 32 32 32 
.20 20 24 24 24 

20 20 24 24 
16 20 20 24 

12 16 20 20 20 
12 16 16 20 
12 16 16 16 
12 12 16 16 
10 12 12 12 

i 8 10 12 12 

32 
32 
24 
24 
20 
20 
20 
16 
16 
12 

3 5 6 8 10 10 12 % 5 6 8 8 8 10 
3. 4 6 6 6 8 8 
> 4 5 6 6 6 6 

3 4 5 6 6 6 
3 4 5 5 5 6 

2400 36”” 

32 32 
32 32 
24 24 
24 24 
24 24 
20 20 
20 20 
16 20 
16 16 
12 16 
12 12 
10 10 

8 10 
6 8 
6 
5 

- 
- - 
- - 
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EXAh4PLE PROBLEM 11.9 . 

A pair of mild steel gears is selected for the concrete mixer described in Example 
Problem 11.3. The mixer is driven by a IO-hp engine at a speed of 1200 rpm. Deter- 
mine an appropriate diametral pitch. 

Solution: 

Mild steel gears are specified, which are capable of handling 10 hp at a pinion speed 
of 1800 rpm. From interference criteria, Table 11.3 shows that an 18.tooth pinion 
with a pressure angle of 20” can mate with any other gear. Using an 18 toth pinion, 
Table 11.4 suggests that a diametral pitch of 8 is used to transfer the power. There- 
fore, an 18.tooth, mild steel pinion with a diametral pitch of 8 should be suitable. 
For a more reliable selection, thorough strength analysis should be performed. 

The second parameter that should be selected is a pressure angle. As men- 
tioned,the standard values of pressure angles is 14-l/2”, 20”, and 25”. Recall that 
14-l/2” is recommended for replacement on existing machinery. Gears with pressure 
angles of 20” are well suited for general applications. Gears with pressure angles of 
25” can be smaller without a concern for interference, but have less efficient force 
transmission. Therefore, they are best suited for high speed and lower power appli- 
cations. 

Finally, the number of gear teeth should be determined. This decision is typically 
influenced by the desired velocity ratio. In general, smaller gears are preferred be- 
cause they minimize size, weight, and cost. Of course, the minimum size is deter- 
mined by interference criteria. The number of teeth on a gear also must be an inte- 
ger. Although this statement seems obvious, it must be a constant consideration, as 
obtaining an integer solution can be difficult. In addition, gear manufacturers do not 
stock gears with tooth increments of one, and the catalog should be consulted when 
deciding on the number of teeth. 

. . . 
.gCAMPLE PROBLEM 11.10 

A gear reducer is used on a concept for a small trolling motor for fishing boats. The 
gears must transmit 5 hp from an electric motor at 900 rpm to the propeller at 320 
rpm. Select a set of ears to accomplish this task. 

Solution 

Because this application involves general gearing, a pressure angle of 20” is used. Re- 
ferring to Table 11.4, an estimate of a suitable diametral pitch is as follows: 

Pd = 10 

The required velocity ratio is: 

vR = ~dilvrr 900 pn 

320 rpm 
= 2.8125 

%riven 



Rearranging Equation 11.18 yields: 

N drmen = Ndrwei 

Because a smaller assembly is generally preferred, values of pinion (driver) teeth 
are substituted beginning with the smallest possible pinion. Note that an iterative 
procedure must be used because the number of teeth must be an integer (Table 
11.6): 

39.375 
42.14 
45 

The smallest integer combination is 16 and 45 teeth. Also, from the preceding 
discussion, a suitable diametral pitch is 9. Finally, the corresponding pitch diameters 
and center distance are as follows: 

N, 16 
dl = ~ = ~ = 1.6 in 

Pd 10 

N2 45 
d2 = ~ = 0 = 4.5 in 

Pd 

(6 + 6) 
Gmmal geais = 2 

= (1.6 + 4.5) _ 3.0s in 
2 

Often gears must be selected to alter the velocity ratio between shafts of an exist- 
ing machine. Another problem occurs when the shafts must be spaced at a specific 
distance due to other constraints. Both of these situations place a limit on the center 
distance of the gears. In these situations, the number of teeth selected for each gear 
may not be the smallest possible, but are needed to fill the distance between the 
shafts. Also, a larger tooth than necessary can be used to help fill the distance be- 
tween shafts. Finally, some deviation from the target ratio may be needed to specify 
standard gears. In general, the relationships explained throughout this chapter can 
be used to specify any gearset. The following examples illustrate some possible sce- 
narios. 
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EXAMPLE PROBLEM 11.11 

A pair of gears is powered by an electric moron and used to drive the spindle of a 
lathe at 200 rpm. This drive system is illustrated in Figure 11.14. The 1-hp motor 
will be replaced by a more efficient, but higher speed motor, rated at 600 rpm. To ac- 
complish this alteration, a new set of gears must be selected that will maintain the 
spindle speed at 200 rpm. However, the gears are mounted in an elaborate housing, 
which cannot be modified. Therefore, the center distance between the gears must re- 
main at 7.5 in. Specify a set of gears that can be used. 

Figure 11.14 Lathe drive for Example Problem 11.11 

The main parameters in this problem are the velocity ratio and the center distance. 
The required velocity ratio is: 

Therefore: 

vR = Wdnrcr 600 rpm 

200 rpm 
= 3.0 

wrwcn 

“K = iL = 3.0 
4 

which can br: rewritten as: 

d2 = 3 dl 

In addition, the center distance IX 

Using these relationships, appropriate pitch diameters can be algebraically determined by: 

(6 + 3&) = 7,5 

2 
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solving: 

and: 

dl = 3.75 in 

dz = 3(3.75) = 11.25 in 

The problem now reduces to finding a suitable diametral pitch and number of 
teeth that result in the required pitch diameters. Because this application involves 
general gearing, a pressure angle of 20” is used. Referring to Table 11.4, an estimate 
of a suirahlr diametral pitch is determined by: 

P‘f= 14 

To avoid failure, only values of Pd < 14 are considered. By relating the pitch di- 
ameter, diametral pitch, and number of teeth, the following can be calculated: 

N drwe = (Do) = 3.75 pci 

N drrven= (VRbLer = 3&w,, 

Several combinations of diametral pitch and number of teeth are considered 
(Table 11.7). 

., .) 

i TABLE 11.7 Iterations for Example Problem 11.11 

No. of Pinion Teeth No. of Gear Teeth 

Recall that only an integer number of teeth is feasible. It appears that three of the 
above combinations are possible: 

Pd = 12 N, = 45 Nz = 135 

Pd = 8 N1 = 30 N2 = 90 

Pd = 4 NI = 15 Nz = 45 

The best alternarwe would depend on availability of standard gears, cost, and 
weight of the gearset. Notice that the output speed will be exactly 320 rpm. In many 
situations, the driven speed can not be exactly obtained. The next problem illus- 
trates such a case. 



EXAMPLE PROBLEM 11.12 

A gear-driven exhaust fan and housing is shown in Figure 11.15. To improve the air 
flow, the speed of the fan needs to be increased to 620 rpm and must be as close to 
this speed as possible. The existing 3.hp motor will be used, which operates at 1750 
rpm. The housing should not be altered, which has a bearing system with a center 
distance of 5.5 in. Select a set a gears for this application. 

Figure 11.15 Exhaust fan for Example Problem 11.12. 

Solution. 

As in Exampk Problem 11 .ll, the main parameters in this problem are the velocity 
ratio and the center distance. The required velocity ratio is: 

“R = %rivrr _ 1750~ = 2,x23 

~drirrll 620 rpm 

which can be rewritten as: 

d, = 2.82311, 

This problem IS complicated by a nonfractional vrlwxy ratm. It wdl be be impossi- 
ble to obtain a driven speed at exactly 620 rpm. As before, the center d&lance is: 
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Using these relationships, appropriate pitch diameters can be algebraically deter- 
mined by: 

(4 + 2.823&i = 5,5 
2 

3.823d, 

2 
= 5.5 

solving: 

and: 

d, = 2.877 in 

dl = 2.82312.877) = 8.123 in 

As before, the problem now reduces to finding a suitable diametral pitch and 
number of teeth which result in the required pitch diameters. As mentioned, finding 
integer teeth is improbable because of the decimal velocity ratio. An interactive so- 
lution is required. 

Because this application involves general gearing, a pressure angle of 20” is used. 
Referring to Table 11.4, an estimate of a suitable diametral pitch is determined by: 

Pd = 12 

To avoid failure, only values of I’d 5 12 are considered. By relating the velocity, 
pitch diameter, diametral pitch, and number of teeth, the following can be calculated: 

N ‘hvrr = (Dl)(Fd) = 2.877 l’d 

y;;; : ;;;;;:;.J :8~;;;“j;750 rpm 

Several combinations of diamPrrzl pitch 2nd numhpr of teeth are considered 
(Table 11.8). 

’ TABLE 11.8 Iterations for Example Problem 11.12 

./.~ . / .  

_ _. 
28.77 = 29 

‘itch No. of Pinion Teeth No. of Gear Teeth Output Velocity (rpm) .,_,. 

14&t= 35 98.81 = 99 618.7 
82.15 = 82 618.9 

23.01 - 23 64.97 = 
j 

65 619.2 
:::g 17.26 - 17 47.99 5 48 619.8 _ _, 

- > ., ,s j/I 1.. 14.38 f  14 39.52 = 40 612,s 
11.51 = 11 31.05 = 31 620.9 
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Because only integer numbers of teeth are feasible, all solutions were rounded. 
Rounding produces deviations from the target output velocity; thus, the resulting 
output rotational velocities were tabulated. Note that the last option induces inter- 
ference when observing the limits in Table 11.4. Therefore, only the top 5 combina- 
tions are feasible candidates. 

Again, the best alternative depends on availability of standard gears, cost, and 
weight of the gearset. 

i il.9 RACK AND PINION KINEMATICS . 
A gear rack was briefly discused in Section 11.2 and is illustrated in Figure 
11.3B. It is used to convert rotational motion of a pinion to translating mo- 
tion of the rack. The most noteworthy application is the rack and pinion steer- 
ing in automobiles. In this application, the rotational motion from the steer- 
ing wheel pushes the rear of the front wheels, steering the car in a new 
direction; the motion, thus, transfers from rotational to linear. A rack and pin- 
ion can also be operated such that the linear motion of the rack rotates the 
pinion. 

As briefly mentioned in Section 11.5.3, a rack is a special case of a spur gear. As 
the diameter of a gear becomes very large, the local profile of the teeth resemble a 
rack. In fact, mathematically, a rack can be treated as a spur gear with an infinite 
pitch diameter. Therefore, all geometric properties that were introduced for spur 
gears also apply to a rack. The only difference is that instead of referring to a pitch 
diameter, a rack has a pitch line. 

From a kinematic standpoint, the rotational motion of the pinion and the linear 
motion of the rack can be related through concepts presented in Chapter 5, Equa- 
tion 5.5 The rack displacement equation can be given as: 

(11.20) 

where-A&,,,,- must be specified in radians. The linear velocity of the rack is 
given as: 

;@#MPLE PROBLEM 11.13 I..,. 
A rack and pinion is used on a drill press as shown in Figure 11.16. The 16.pitch 
pinion has 16 teeth. Determine the distance that the handle (and pinion) must be ro- 
tated in order to advance the drill 0.75 in. 
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Solution: 

From Equatwn 11.19, the rotation of the pinion is desired: 

,,j 2PgE+ 
p,m<m lsl in 

A&mm = 2 
(0.75 in) 

(1.0 in) 
= 1.5 radians 

converting to degrees: 

A@,,“,<,” 
180” 

= 1.5 radians ~ 
i ! T rad 

= 85.94” 

*. 
,:FMPLE PROBLEM 11.14 

For the drill press described in Example Problem 11.13, determine the speed that the 
pinion must be rotated in order to advance the drill at a rate of 12 in/min. 
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Solution: 

From Equation 11.20, the rotational speed of the pinion is determined by: 

_ 2V,,,k 2(12 in/min) 
+nmn - d = 24* 

plmn (10 in) mm 

converting to revolutions per minute: 

~pl”loIl =24$ 5 
i ! 

= 3.82 rpm 

.,ll.lO HELICAL GEAR KINEMATICS 

Helical gears were introduced in Section 11.2 and illustrated in Figure 11.3D. The de- 
velopment of helical gears actually resulted from machinists who discovered that 
stepped gears ran smoother and quieter than spur gears. A stepped gear consisted of a 
number of thin spur gears placed side by side, with each gear rotated a small angle rela- 
tive to the adjacent gear. The resulting stacked gear did not exhibit the same large im 
pact that two teeth usually have when they come into contact (e.g., ordinary spur gears). 

Helical gears are the extreme case of stepped gears, where the teeth are not 
stepped, but inclined to the axis of the gear. When used on parallel shafts, helical 
gears provide overlapping tooth contact. That is, when the front edge of a tooth 
comes into contact and begins to take the transmitted load, the back edge of the pre- 
vious tooth is also in contact. This results in the smoother and quieter operation, as 
a tooth loads gradually. For these reasons, helical gears are often preferred, even 
though they are more difficult to manufacture and, consequently, more expensive. 

Helical gears are designated as either right-hand or left-hand, depending on the 
slope of the inclined teeth. A helical gear with teeth that slope down toward the left 
is designated as a left-hand helix. Conversely, a helical gear with teeth that slope 
down toward the right is designated as a right-hand helix. The upper helical gear il- 
lustrated in Figure 11.3D is a left-hand gear. 

Helical gears can also be used on nonparallel shafts, without altering the inherent 
geometry. Such a configuration is termed crossed helical gears. However, with 
crossed configurations, the forces required to drive the gearset increase dramatically 
with the shaft angle. Therefore, such configurations are recommended for lower 
power transmitting applications. 

The geometric and kinematic relationships for helical gears are very similar to 
spur gears. The major difference is the definition of a helix angLe, ‘p, which is the an- 
gle of inclination of the teeth. This angle is illustrated with the right-hand helical 
gear shown in Figure 11.17. 

A cross section view through a helical gear, perpendicular to the gear axis, ap 
pears identical to a spur gear. This view is generated by section A-A in Figure 11.16, 
and termed the transverx section. The tooth geometric properties defined for spur 
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(11.22) 

(11.23) 

(11.24) 

(11.25) 

(11.26) 

L A 
Figure 11.17 Held gear geometry. 

gears can be used for helical gears. To avoid confusion, these properties are desig- 

nated as transverse properties. The transverse circular pitch, transverse pressure an- 
gle, and transverse diametral pitch are identical to the corresponding spur gear defi- 

nitions. The transverse circular pitch is shown in Figure 11.17. 
Some additional geometric properties are defined by viewing a cross section, nor- 

mal to the gear teeth. This view would be generated by section B-B in Figure 11.17, 
and termed the normal section. 

The normal circular pitch, p”, is defined as the distance between corresponding 
points on a gear, measured on the pitch circle and normal to the gear tooth. The nor- 
mal circular pitch is also shown in Figure 11.16. Th e normal circular pitch can be re- 

lated to the transverse circular pitch through trigonometry: 

p” = p cos fp 

The normal diametral pitch, P,,“, is defined using the normal circular pitch in a 
similar fashion a~ Equation 11 .F: 

p‘j” = 2L 
P” 

A normal module, m”, is similarly defined: 

WI” = Trp” 

also from trigonometry: 

Fd = r‘jn cos $0 

d2 
m- 

cos q 



A normal pwssure an&, $“, is also delined from the tooth form in this normal 
view. The normal pressure angle can also be related to the transverse pressure angle 
by the following: 

(11.27) tan f$” = tan $4 cos $0 

Helical gears are rarely used interchangeably and, thereforr, no standard 
tooth systems exist, as those described for spur gears. The preferred dimensions 
are usually dependent on the manner in which the helical gear is formed. When 
the gear is cut through a hobbing operation, the normal diametral pitch should 
conform to the standards listed in Table 11.1. Conversely, when a gear is cut 
on a shaper, the transverse diametral pitch should conform to values listed in 
Table 11.1. 

The helix angle for most gears varies between 15” and 45”. Because the 
teeth are at an angle to the shaft, a thrust load is produced with mating he 
lical gears. The thrust force varies directly with the tangent of the helix an 
gle and, therefore, larger helix angles require sufficient axial gear and shaft 
support. 

For parallel shaft applications, the velocity ratio presented in Equation 11.19 is 
also applicable to helical gears. Two additional requirements, beyond those for spur 
gears, for proper meshing of helical gears include: 

1. The gears must have equal helix angles. 
2. The helix on the two mating gears must be opposite hand. That is, one gear 

must have a M-hand helix and the other a right-hand one. 

The presence of the helix angle also aids in the avoidance uf interference. An 
equation similar to Equation 11.13 has b een derived for helical gears. Thus, the 

[ : TABLE 11.9 Minimum Helical Gear Teeth to Avoid Interference 

PresSIre Angle, q+” 

i4-l/Z” 20” 25” 
32 17 12 
32 17 12 

17 12 
29 16 11 
27 15 10 
2s 
24 
il 
18 
1s 
12 

14 
13 
12 
10 
8 
7 

10 
9 
8 
7 
6 
5 
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minimum number of pinion teeth that can be used, mating with any size gear, with- 
out interference concerns is written as follows: 

111.28) 

Values generated from this equation are condensed into Table 11.9 

I:EX&WLE PROBLEM 11.15 _.., 

In order to reduce the noise in a gear drive, two 12.pitch gears with 20 and 65 
teeth are to be replaced with helical gears. The new set of gears must have the 
same velocity ratio. Because the same housing will be used, the center distance 
must also remain the same. Assume that the helical gears will be formed with a 
hob. 

Solution 

The original velocity ratio and center distance must be computed as follows: 

(NI + Nd 
Cexrcmal p,ears = 2p 

~ (7-O + 65) = 3.4 - 

d 2(12) 

Because the gears will be cut with a hob, the normal diametral pitch should con- 
form to the standards listed in Table 11.1. The original gears had a diametral pitch 
of 12; thus, it is assumed that the teeth have sufficient strength. The helical gears 
then are selected with a normal diametral pitch of 12. 

By substituting Equation 11.22 into Equation 11.7, the following calculations 
can be made: 

therefore: 

N, = 3.25N, 

(N, + 3.2wi = 3,4 
24 cos ‘p 



which reduces to: 

This equation reveals that N, must be less than 19.2 for thx apphcation. By trial, 
the following combinations are considered in Table 11.10. 

H&X 
Angle 

P 

Diametral 
Pitch 
Pd 

8.27 11.88 
20.36 11.25 
27.70 9.62 
33.55 9.00 

The first solution to generate integer numbers for both teeth will be used. A 16 tooth 
pinion and a 52 tooth gear having a helical angle of 33.55” is selected. Notice that 
from the interference criteria in Table 11.9, a normal pressure angle of either 20” or 
25” can be used. 

BEVEL GEAR KINEMATICS 

Bevel gears were introduced in Section 11.2 and illustrated in Figure 11.3F. Bevel 
gears are used for transmitting motion between two shafts that intersect. One of the 
most important properties of a bevel gear arrangement is the shaft angle, Z. The 
shaft angle is defined as the angle between the centerlines of the supporting shafts. 
Common bevel gear applications consist of shafts that intersect at right angles or 
have a shaft angle of 90”. 

As discussed in Section 11.1 and illustrated in Figure 11.2, spur gears exhibit the 
same kinematics as two friction rollers. In a similar fashion, bevel gears can be re- 
placed by two friction cones. With this conical geometry, the depth of the gear teeth 
tapers from the outside toward the middle. Most geometric tooth features used with 
spur gears, such as the pitch diameter and addendum, apply to bevel gears. This can 
be seen from the axial section of two mating bevel gears shown in Figure 11.18. Be- 
cause the tooth tapers, tooth features are measured at the outside edge of the tooth. 

The angular velocity ratio, as presented for spur gears in Equation 11.19, is also 
applicable to bevel gears. The diametral pitch and pressure angle also have the same 
definition as spur gears, and must be identical for bevel gears to mate. The diametral 
pitch for bevel gears typically follows the standard values as presented in Table 11 .l. 
Most bevel gears are made with a pressure angle of 20”; however, the tooth form is 



(11.29) 

(11.30) 

usually not an involute due to the difficulty in manufacturing. Alrerr~arc pruiilcb 
have been developed, trademarked by vendors, and serve as competitive features. 

In addition to diametral pitch and pressure angle, bevel gears are classified by 
their pitch angle, y. The pitch angle is the generating angle of the cone upon which 
the gear is constructed. The pitch angles are labeled for the two mating gears shown 
in Figure 11.17. The pitch angle of each gear is a function of the velocity ratio and 
can be given as: 

Because the pitch cone is a function of the velocity ratio, a single bevel grar cafe- 
not be replaced to alter the ratio, as was the case for spur gears. Thus, bevel gears 
are sold as a set. 

In Figure 11.17, it is apparent that the sum of the pitch angles for the two mating 
gears must equal the shaft angle. Thus: 

(11.31) Z= Ypmm + Ygrr, 

A miter gear, as shown in Figure 11.3G, is a special case uf a bevel gear, with a 
shaft angle YO”, and a velocity ratio of one. Using Equation 11.21 and 11.22, the 
pitch angle for both miter gears equals 45”. 
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The mounrmg of bevel gears IS cntlcal. For Ideal mating, the apex of the cones for 
both gears must be at the same location. Any deviation could cause excessive back- 
lash or interference. Due to the inherent geometry of bevel gears, at least one gear 
must be attached to the end of a cantilevered shaft. This configuration lends itself to 
excessive deflections, which can also result in problems with backlash. 

Axial thrust loads developed by mating bevel gears always tend to separate the 
gears. This can contribute to shaft deflection and must also be considered. Of course 
the shaft support bearings must also be configured to withstand this thrust force. 

A pair of bevel gears have 18 and 27 teeth, and are used on shafts that intersect each 
other at an angle of 70”. Determine the velocity ratio and the pitch angles of both gears. 

S&ti0n 

The velocity ratio can he computed from Equation 11.16: 

The pitch angles can be computed from Equations 11.21 and 11.22: 

sin1 
tan YP1”‘O” = 

sin (70”) 

{(cos 70") + (1.5)) 
= 0.510 

= sin (70") 
= 0.932 

Ysear = 42.98" 

+ WORM GEAR KINEMATICS 

A worm and worm gear is described in Section 11.2 and illustrated in Figure 11.3H. 
A worm and worm gear is used to transfer motion between nonparallel and nonin- 
tersecting shafts. With a worm gearset, large velocity ratios can be obtained in a 
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rather limited space. The small gear is termed the wcvtn, and the larger is termed the 
WOY~ gear, worm wheel, or simply the gear. 

The worm resembles a screw and often the teeth on the wc~rm are referred to as 
threads (Figure 11.3H). Worms are commonly available with single, double, and 
quadruple threads. Thus, the number of worm teeth (threads), N,,,, is an important 
property. The concept of multiple threads superimposed on a single worm is illus- 
trated in Figure 11.19. 

Figure 11.19 Multiple thread concept. 

The tooth form of the worm g:rar 1b ryplcally an mvolute. It is also common w cur 
the teeth concave across the face, so they better conform to the cylindrical worm. 
This technique is termed enveloping wwm gear teeth. It is an attempt to provide a 
larger contact patch on which the forces are transferred. The worm may also be cut 
with a concave length, so it better conforms to the round worm gear. When both op- 
tions are incorporated, the worm gearset is known as double-enveloping, thus pro- 
viding a larger contact patch and greater power transmission. For such configura- 
tions, the worm and worm gear are not interchangeable and, thus, are sold as a set. 

The worm gear is actually an extreme case of a helical gear with a large helix an- 
gle, which wraps the tooth around the gear. Therefore, the worm is described by all 
the geometric properties of a helical gear given in Section 11.6. The values of di- 
ametral pitch typically conform to the standards in Table 11.1. The pressure angles 
also conform to the 14-l/2”, 20”, and 25” standards used with helical gears. In 
practice, the pressure angle is also selected based on the lead angle of the worm, as 
will be discussed later. 

The worm is described by the number of threads, as discussed above, the wwm 
pitch diameter, d,, the pitch, pw, and the lead angle, X. The worm pitch diameter is 
determined similar to that in spur gears, as the diameter of the circle that remains 
tangent to the pitch diameter of the worm gear. The worm pitch is also similar to the 
definition for spur gears, and is the distance between corresponding points on adja- 
cent teeth (threads). These worm geometric properties are illustrated in Figure 
11.20. 

Also shown in Figure 11.20 is the lead angle, which is the angle of inclination of 
the teeth (threads). It can be computed from a trigonometric relationship to the 
other worm features: 

tan x = F 
w  
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(11.33) 

111.341 

Figure 11.20 Worm geometry, 

For a mating worm gearset, the pitch of the worm must be the same as the pitch 
of the worm gear. Thus from Equation 11.1: 

Ear shafts that are at 90”, which is the usual case, the lead angle of the worm 
must equal the helix angle of the worm gear. 

The velocity ratio of a worm gearset is computed as the number of teeth on the 
worm gear divided by the number of threads of the worm: 

This is also identical to the spur gear application. 
In most gearsets, the worm is the driver, thereby making the set a speed reducer. 

Most sets are irreversible, in that the worm cannot turn the gear because a substan- 
tial friction force develops between the teeth. Irreversible drives are also referred to 
as self-locking. Worms must have a lead angle greater than approximately lo”, to be 
able to drive the mating worm gear. This would result in a reversible gearset, but is 
highly uncommon. 

Although irreversibility may sound like a pitfall, distinct advantages exist. 
For example, lifting equipment typically requires that the load be held in an 
upward position, even as the power source is removed, such as a motor being 
turned off. Because the worm cannot rotate the worm gear, the load is locked 
in an upright position. This braking action is used in several mechanical de- 
vices, such as hoists, jacks, and lifting platforms. For these cases, but the 
strength of the teeth, and the predictability of friction must be analyzed to en- 
sure safety. 
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EXAMPLE PROBLEM 11.17 

A worm gearset is needed to reduce the speed of an electric motor from 1800 rpm to 
50 rpm. Strength considerations require that 12.pitch gears be used, and it is desired 
that the set be self-locking. Select a set that accomplishes this task. 

Solution 

The velocity rarlo can be computed tram Equation 11.17: 

%wm VR=-= 
1800 l-pm 

Wgw 50 rpm 
= 36 

When a smgle thread worm is selected, the worm gear must have: 

N 
VR 

Ge,ar = 
(36) -= 

NW 
- = 36 teeth 
(1) 

From Equation 11.33, and using a diametral pitch of 12, the pitch of the worm is 
determmed by: 

?r lr 
Pw = - = 12 = 0.2618 in 

Pd 

Because self-locking is desired, a conservative lead angle ot 5” IS used. Equation 
Il.21 is used to determine the following: 

tan A = 9 
w 

tan 5” = (1)02618) 

4, 

solving: 

d, = 1.0499 in 

The pitch diameters of the worm gear are: 

d rear 
= L = 36 teeth 

Pd 12 
= 3.0 in 

Finally, the center distance is: 

c = (krm; &a,) = (1.049; + 3.0) = 2.0250 in 

11.13 GEAR TRAINS 

A gear train is a series of mating gearsets. Gear trains are commonly used to achieve 
large speed reductions. Many mechanical power sources, such as engines turbines 
and ekxtric motors, operate efficiently at high speeds (lSOO-10,000 rp6). Man; 
usa for this power, such as garage door openers, automotive drive wheels, and ceiling 
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tans, requre low speeds (lo-100 rpm) tar operation. Therefore, a desire to achieve 
large-velocity reductions is common, and the use of gear trains is very common. 

For example, it may be desired to reduce the speed of a shaft from 1800 rpm to 
10 rpm. Thus, a velocity reduction of 18O:l is required. If this reduction were at- 
tempted with one gearset, Equation 11.19 would reveal that the driven gear would 
be 180 times larger than the drive gear. Obviously, the driven gear would be tremen- 
dously large, heavy, and expensive. 

A second, more logical option is to reduce the speed in steps, through a series of 
gear pairs. This strategy cascades the rotational velocities towards the desired out- 
put velocity. This is exactly the logic behind gear trains. 

When multiple gear pairs are used in a series, the overall velocity ratio is termed 
a train value, TV The train value is defined as the input velocity to the gear train, di- 
vided by the output velocity from the train. This is consistent with the definition of 
a velocity ratio. A train value is the product of the velocity ratio of the individual 
mating gear pairs that comprise the train. In equation form, it is stated as follows: 

(11.35) T” = Win = (VR,)(VR,)(VR,) 
W”“f 

The algebraic sign resulting from the multiplication of individual velocity ratios 
determines the relative rotational direction of input and output shafts. Positive val- 
ues reveal that the input and output shafts rotate in the same direction, and negative 
values indicate opposite rotation. 

‘%XAMPLE PROBLEM 11.18 
: : 
A gear train is shown in Figure 11.21. The gears have the following properties: 

Figure 11.21 Gear train for Example Problem 11.13. 

Gear 2: N2 = 12 teeth and P,j = 12 
Gear 3: D3 = 2.5 in 
Gear 4: N4 = 15 teeth 
Gear 5: D5 = 3.0 in and J’d = 10 
Gear 6: D6 = 1.5 in and Pd = 8 
Gear 7: N, = 32 teeth 
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Determme the rotatmnal velocity of gear 7 as gear 2 drives at 1X00 rpm, coun- 
terclockwise. Also determine the distance between the shafts that carry gears 2 
and 7. 

Solution: 

In order to calculate the train value, consistent properties of the gears must 
be determined. For this problem, gear pitch diameters are used and must be 
computed: 

Gear 4 mates with gear 5 and must have an identical diametral pitch: 

Likewse, gear 7 mates with gear 6 and must have an idenncal dmmetral pitch: 

N6 32 D,=-=~=4in 
Pd 8 

The train value can then be computed as: 

2-v = wu (Vks) (V&7) 

The speed of gear 7 can be determined through this train value: 

1800 rpm 

(-13.33) 
- -135 rpm = 135 rpm (clockwise) 

The center distance between gears 2 and 7 can be determined by stacking the 
pitch radii from all gears between 2 and 7. This can be seen in Figure 11.21 

c = 72 f r3 + r4 + 15 + 16 + 1, 
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EXAMPLE PROBLEM 11.19 

Design a gear train that yields a train value of +300:1. From interference criteria, no 
gear should have fewer than 15 teeth and, due to size restrictions, no gear can have 
more than 75 teeth. 

Solution: 

With the resrrlctions placed on gear size used m this train, the maximum individual 
velocity ratio is determined by: 

VR,,,,, = !$ = g = 5 

As with all design problems, more than one possible solution exists. Because a 
train value is the product of individual velocity ratios, one solution can be obtained 
by factoring the train value into values no greater than the maximum individual ve- 
locity ratios. For this problem, no factor can be greater than 5: 

TV = 300 = (~5)(~60) 

= (~5)(~5)(12) 

=(p5)(-5)(-4)(-3) 

Therefore, a gear train with gear pairs that have individual velocity ratios of ~5, 
-5, -4, and ~3 nets a train value of 300. A negative value is used for the individ- 
ual velocity ratios because it is desirable to use the more common external gears: 

VI?, = ~5, use external gears with N1 = 15 and N2 = 75 

VR, = -5, use external gears with N3 = 15 and N4 = 75 

VR, = ~4, use external gears with N, = 15 and N6 = 60 

VRI = ~3, use external gears with N7 = 15 and N8 = 45 

In general, when using external gears that produce opposite rotations, an even 
number of gear pairs must be used to produce a positive train value. Because the so- 
lution for the above example has four gear pairs. the output rotation occurs in the 
same direction as the input. 

11.14 IDLER GEARS 

Consider the gear train shown in Figure 11.22. Notice that the middle gear mates 
with the small gear to form the first ratio. The middle gear also mates with the large 
gear to form a second ratio. As always, the train value can be computed as the prod- 
uct of the velocity ratios: 
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Figure 11.22 Gear train with an idler gear. 

Notice that d3 appears in both the numerator and the denommator. In this s~tua- 
tion, the influence of the middle gear is negated. This gear arrangement creates a 
train value of: 

Therefore, the train value is only dependent on the size of the first and last gears. 
The diameter, or the number of teeth, of the center gear does not influence the train 
value. The center gear is termed an idler gear. Its function is to alter the direction of 
the output motion, yet not affect the magnitude of that motion. To illustrate this 
function, consider an arrangement where gear 2 mates directly with gear 4. The re- 
sulting train value would be: 

TV = (-VR,) = 2 

Thus, the idler gear serves to rwerse the direction of the output. As mentioned, 
the size of the idler gear does not influence the kinematics of the train. In practice, 
this idler gear can be sized to conveniently locate the centers of the input and output 
gears. Of course, because all three gears mesh. thev must have identical diametral 
pitches and pressure angles. 

:11.15 PLANETARY GEAR TRAINS 

The gear trains presented in preceding sections all had gear centers attached to fixed 
bodies. With planetary gear trains this restriction is removed. In these trains, a link 
which holds the center of the gears is allowed to move. A planetary gear train, which 
is also called an epicyclic train, is shown in Figure 11.23. 



11.1~ PLANETARY GEAR TRAINS 419 

Figure 11.23 A planetary gear train 

Planerary trains can be used to achieve large-speed reducrnm m a more compact 
space than in a conventional gear train. However, a greater benefit is the ability to 
readily alter the train value. Because all links are capable of moving, one can alter 
the train value by holding different gears or carriers. In practice, switching the fixed 
link is accomplished with brake or clutch mechanisms, thus releasing one link and 
fixing another. For this reason, planetary gear trains are very common in automotive 
transmissions. 

Because the motion can resemble the planets rotating about the sun in our solar 
system, the term pLznetary gear train was founded. Expanding on this comparison, 
the center gear is called the sun. Gears that revolve around the sun are called plan- 
ets. Finally, the train is encased in the internal gear termed the ring gear These gears 

are labeled in Figure 11.23. 
The motion of a planetary gear train is not always as intuitive as fixed-center 

trains. As gears and carriers rotate, the motion can appear rather complex. To ana- 
lyze the motion of a planetary gear train, the method of superposition can be used to 
“step through” the gear movements. 
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The method of superposmon con~xts of the followmg: 

Step One 

The first step is to relax the constraint on the fixed link and temporarily assume that 
the carrier is fixed. Turn the previously fixed gear one revolution and calculate the 
effect on the entire train. 

Step Two 

The second swp is to fret all constraints and record the movement of rotating each 
link one revolution in the opposite direction of the original rotation in Step One. As 
this motion is combined with the motion in the first step, the superimposed motion 
of the fixed gear equals zero. 

Step Three 

The motion of all other links are also determined by combining the rotations 
from the first two steps. Finally, velocities are proportional to the rotational 
movements. 

Formally stated, this method seems complex. However, it is rather straightfor- 
ward. The method is best illustrated with an example problem. 

EXAMPLE PROBLEM 11.20 

A planetary gear train is illustrated in Figure 11.24. The carrier (link 2) serves as the 
input to the train. The sun (gear 1) is the fixed gear and has 30 teeth. The planet gear 
(gear 3) has 35 teeth. The ring gear serves as the output from the train and has 100 
teeth. Determine the rotational velocity of all members of this gear train when the 
input shaft rotates at 1200 rpm clockwise. 

Figure 11.24 Planetary train for Example Prublcm 11.20. 



Solution: 

The first step is to temporarily fix the carrier, then compute the motions of all gears 
as the previously fixed gear rotates one revolution. Thus, the following can be deter- 
mined: 

Gear 1 rotates one revolution: 

A& = +l revolution. 

Gear 3 rotates ( VR,~3) as much as gear 2: 

As3 = (VRZ~J) (As,) 

= p(30/45)(+1 rev) = -0.667 revolutions 

Gear 4 rotates (VR,~,) as much as gear 3: 

A04 = (VR,.,) (As,) 

= (VR,.,) iV~~vdcAfl,i 

= -0.3 revolutions 

The second step rorates all links - 1 revolution. This returns the sun gear to its 
original position, yielding a net movement of zero. 

The method of superposition involves combining these two motions, resulting in 
the actual planetary gear train motion. Thus, the rotations from both steps are alge- 
braically added together. The two steps SF wmmarized in Table 11.11. 

TABLE 11.11 Tabulating Planetary Gear Analysis for Example Problem 11.20 

Link Sun Planet Ring Carrier 

, I: 
‘ate with fixed carrier +1 -0.857 -0.3 0 

> 2: 
zatrall links -1 -1 -1 -1 
al rotations 0 -1.857 ml.3 -1 

The velocities can be determmed by using the ratios of rotations: 
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(-1.857)(1200 rpm) = +2228 rpm 

= 2228 rpm (clockwise) 

-1.3 
%,g = ~ ~~.,,i~~ = (+1.3)(1200 rpm) = +1560 rpm 

i ! -1 
= 1560 rpm (clockwise) 

%&MPLEPROBLEM 11.21 

A planetary gear train is illustrated in Figure 11.25. The carrier (link 2) serves as the 
input to the train. The ring gear (gear 2) is the fixed gear and has 120 teeth. The 
planet gear (gear 2) has 40 teeth. The sun gear serves as the output from the train 
and has 30 teeth. Determine the rotational velocity of all members of this gear train 
when the input shaft rotates at 1200 rpm clockwise. 

Figure 11.25 I’lanerary train fur Example Problem Il.21 

Solution: 

The first step IS tu tempotardy fix the carnu. Then compute the motmns of all gears 
as the previously fixed gear rotates one revolution. 

The second step rotates all links -1 revolution. This returns the ring gear to its 
original position, yielding a net movement of zero. 

The two steps are summarized in Table 11.12. 
The velocities can be determined by using the ratios of rotations: 

0 
%".z = ~1 

! 1 
- = 0 rpm 
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w~-.~,,~~ = (4.0)(1200 rpm) = t4800 rpm = 4800 rpm (clockwise) 

where wearn<r = 1200 rpm CW 

w,,,~ = (F) w<-.~~,~~ = (-3.0)(1200 rpmi = 1600 rpm = 3600 rpm (counter-clockwise) 

Spur Gear Geometry Problems 

For Problems 11-l through 11-3, determine 
the following: 

1. The pitch circle diameter. 
2. The diameter of the base circle. 
3. The diameter of the addendum circle. 
4. The diameter of the dcdcndum circle. 
5. The circular pitch. 

11-l. A ZO”, full-depth, mvolute spur gear wxh 18 
teeth has a diametral pitch of 12. 

I l-2. A 20”, full-depth, involute spur gear with 48 
teeth has a diametral pitch of 8. 

11-3. A 14-l/2”, full-depth, involute spur gear with 
40 teeth has a diametral pitch of 16. Deter- 
mine the following: 

11-4. A 25” spur gear with 21 teeth has a metric 
module of 4. Determine the pitch circle diam- 
eter. 

11-j. 

11-6 

11-7 

For Problems 11-S through 11-8, drtcr- 
mine the following: 

1. The cenfer distance. 
2. The contacf ratio. 
3. Whether interference is a problem. 
4. A cenrer distance that reduces backlash 

from a vendor value of 0.4/p,, fo an 
AGMA recommended value of 0.1/P,+ 

Two 12.pitch, 20”, full-depth, involute spur 
gears are used on a industrial circular saw for 
cutting timber. The pinion has 1X teeth and 
the gear has 42. 
Two 4.pitch, 20”, full-depth, involute spur 
gears are used on a tumbling machine for de- 
burring steel-stamped parts. The pinion has 
12 teeth and the gear has 28. 
Two plastic, 4%pitch, 25”, full-depth, invo- 
lute spur gears are used on an electric shaver. 
The pinion has 1X teeth and the gear has 42. 
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Two lh-pitch, 14-l/2”, full-depth, involute 
spur gears are used on a machine shop lathe. 
The pinion has 16 teeth and the gear has 72. 

Gear Selection Problems 

Problems 11-9 through 11-14, determine 
the following: 

1. Their pitch diameters. 
2. The center distance. 

11-21. Two 32.pitch gears are to be mounted 2.25 
inches apart and have a velocity ratio of 8: 1. 
Find the pitch diameters and the number of 
teeth on both gears. 

Two mating 12.pitch gears have 18 external 
and 48 internal teeth, respectively. 
Two mating 20-p&h gears have 15 external 
and 60 internal teeth, respectively. 
Two mating gears have 18 and 48 teeth, rc- 
spectively and a center distance of 4.125. 
Two mating gears have 20 and 45 teeth, rem 
spectively and a center distance of 3.25. 
An S-pitch, l&tooth pinion mates with an in- 
ternal gear of 64 teeth. 
A 12.pitch, 24.tooth pinion mates with an in- 
ternal gear of 108 teeth. 

11-22. Two gears are to be mounted 5 Inches apart 
and have a velocity ratio of 4:l. Find appro- 
priate pitch diameters, diametral pitches, and 
the number of teeth on both gears that will be 
suitable. 

11-23 Two gears are to be mounted 3.8 inches apart 
and have a velocity ratio of 6:l. Find appro- 
priate pitch diameters, diametral pitches, and 
the number of teeth on both gears that will be 
suitable. 

11-24 Two gears are to be mounted 10 inches apart 
and have a velocity ratio of 3:l. Find appro- 
priate pitch diameters, diametral pitches, and 
the number of teeth on both gears that will be 
suitable. 

Problems With Gear Kinematics 

For Problems 11-15 through 11-18, deter- 
mine the following: 

1. The speed of the gear. 
2. The pitch line velocity 

11-15. An S-pitch, l&tooth pinion rotates clockwrse 
at 1150 rpm and mates with a 64.tooth gear. 

1 l-16. A 20-D&h. 15.tooth oinion rotates clockwise 

11-17 

11-18 

11-19 

11-20 

at 1725 rpm and mates with a ho-tooth gear. 
A 6.pitch, 21.tooth pinion rotates clockwise 
at 850 rpm and mates with a 42.tooth gear. 
A 24.pitch, 24.tooth pinion rotates clockwise 
at 1725 rpm and mates with a 144.tooth 
gear. 
Two IO-pitch gears are to be mounted 12 
inches apart and have a velocity ratio of 5:l. 
Find the pitch diameters and the number of 
teeth on both gears. 
Two 16.pitch gears are to be mounted 3.75 
inches apart and have a velocity ratio of 4:l. 
Find the pitch diameters and the number of 
teeth on both gears. 

1 l-25 

11-26 

11-27 

11-28 

A pair of 20”, mild steel gears are to be se- 
lected for an application where they need to 
transfer 5 hp. The pinion drives at 1800 rpm. 
Determine an appropriate diametral pitch for 
the gears. 
A pair of ZO”, mild steel gears are to be se- 
lected for an application where they need to 
transfer 2.5 hp. The pinion drives at 1500 
rpm. Determine an appropriate diametral 
pitch for the gears. 
A pair of ZO”, mild steel gears are to be se- 
lected for an application where they need to 
transfer 8 hp. The pinion drives at 1500 rpm 
and the gear must rotate as close to 200 rpm 
as possible. Determine an appropriate set of 
gears for this application. 
A pair of ZO”, mild steel gears are to be SC- 
lected for an application where they need to 
transfer 10 hp. The pinion drives at 800 rpm 
and the gear must rotate as close to 180 rpm 
as possible. Determine an appropriate set of 

_ 
gears tar this apphcatmn. 

11-29. A pair of ZO”, mild steel gears are to be se- 
lected for an application where they need to 
transfer 1 hp. The pinion drives at 1725 rpm 



11-30. 

11-31. 

11-32. 

II-33 

and the gear “,U\E r”ILcc ‘is ilobe I” SbU rpm 

IS possible. Determine an appropriate set of 
gears for this application. 
A pair of 20”, mild steel gears are to be se- 
lected for an application where they need to 
transfer 10 hp. The pinion drives at 1175 
rpm and the gear must rotate as close to 230 
rpm as possible. Determine an appropriate 
set of gears for this application. 
A pair of 20”, mild steel gears arc to be se- 
lected for an application where they need to 
transfer 10 hp. The gears must fit into a hous- 
ing where the center distance is 8 in. The pin- 
ion drives at 1175 rpm and the gear must ro- 
tare as close to 170 rpm as possible. 
Determine an appropriate set of gears for this 
application. 
A nair of 20”. mild steel ears are to be se- 
lected for an application where they need to 
transfer 3 hp. The gears must fit into a hous- 
ing, where the cemer distance is 14 in. The 
pinion will be driven at 1750 rpm and the 
gear must rotate as close to 290 rpm as possi- 
ble. Determine an appropriate set of gears for 
this application. 
A pair of 20”, mild steel gears are to be se- 
lected for an application where they need to 
transfer 20 hp. The gears must fit into a hous- 
ing where the center distance is 20 in. The 
pinion drives at X25 rpm and the gear must 
rotate as close to 205 rpm as possible. Deter- 
mine an appropriate set of gears for this ap- 
plication. 

1 I-40 

1141 

11112 

I I-SC,. A” a-p~rcn, tn-toocn pm,on 1s used to ~lr,ve a 
rack. Dcrermine the distance that the rack 
travels when the pinion rotates 3 revolutions. 

11-37. A 12-pitch, 24.tooth pinion is used to drive a 
rack. Determine the distance that the rack 
travels when the pinion rotates 5 revolutions. 

11-38. A rack and pinion will be used for a steering 
mechanism. The 12-pitch pinion has 18 
teeth. Determine the required speed of the 
pinion if the rack must be driven at a raw of 
50 inimin. 

11-39. A rack and pinion will be used for a steering 
mechanism. The lo-pitch pinion has 20 
teeth. Determine the required speed of the 
rack if the pinion rotates at a rate of 80 rpm. 

Helical Gear Problems 

Rack and Pinion Problems 

11-34. A rack and pinion will be used for a heighr 
adjustment on a camera stand. The 24.pitch 
pinion has 18 teeth. Determine the angle that 
the handle (and pinion) must ~ofafe to raise 
the camera 5 in. 1143 

11-35. A rack and pinion will be used to lower a 
drill on a drill press. The 16.pitch pinion has 
20 teeth. Determine the angle that the handle 
(and pinion) must rotate to raise the camera 3 
I”. 

For Problems 11-40 and 11-41. determine 
the following: 

1. The pitch diameters. 
2. The normal diametral pitch. 
3. The normal circular pitch. 
4.Whether interference is a problem. 

A pair of helical gears has a 20” pressure am 
gle, a 45” helix angle, and an 8 diametral 
pitch, The pinion has 16 teeth and the gear 
has 32 teeth. 
A pair of helical gears has a 14-112” pressure 
angle, a 30” helix angle, and a 12 diametral 
pitch, The pinion has 16 teeth and the gear 
has 48 teeth. 
In order fo reduce the noise of a gear drive, 
two S-pitch spur gears with 20 and 40 teeth 
are to be replaced with helical gears. The new 
set mus have the same velocity ratio and ten- 
ter distance. Specify two helical gears, which 
will be formed on a hob, to accomplish the 
task. task. 
In order to reduce the nowe of a gear drive, In order to reduce the nowe of a gear drive, 
two 12-pitch spur gears with 18 and 54 teeth two 12-pitch spur gears with 18 and 54 teeth 
are to be reolaced with helical fears. The new are to be reolaced with helical fears. The new 
set mnst have the same velocity ratio and ten- 
rer distance. Specify tow helical gears, which 
will be formed on a hob, to accomplish rhr 
task. 
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Bevel Gear Problems Gear Tram Problems 

ll-l4 A pair of bevel gears have 20 and 75 teeth, 
and are used on shafts that intersect each 
other at an angle of 90”. Determine the veloc- 
ity ratio and the pitch angles of both gears. 

1 l-45 A pair of bevel gears have 20 and 75 teeth, 
and are used on shafts that intersect each 
other at an angle of 60”. Determine the veloc- 
ity ratio and the pitch angles of bath gears. 

1146 A pair of bevel gears have 18 and 90 teeth, 
and are used on shafts that intersect each 
other at an angle of 75”. Determine the veloc- 
ity ratio and the pitch angles of both gears. 

11-50. A gear train is shown m Flgurc 1’11.50. The 
gears have the following properties: N2 = 18 
teeth; N, = 72 teeth and Pd = 10; AC, = 16 
teeth and I’d = 8; and Nj = 48 teeth. Deter- 
mine the velocity of gear 5, as gear 2 drives at 
1200 rpm, clockwise. Also determine the cen- 
ter distance between gears 2 and 5. 

Worm Gear Problems 

11-47. A worm gearset is needed to reduce the speed 
of an electric motor from 3600 to 60 rpm. 
Strength considerations require that 16.pitch 
gears be used, and it is desired that the set be 
self-locking. Specify a set that accomplishes 
the task. 

Figure P11.50 Problems 50 and 51. 

11-U. A worm gearset is needed to reduce the speed 
of an electric motor from 1800 to 18 rpm. 
Strength considerations require that 12.pitch 
gears be used, and it is desired that the set be 
self-locking. Specify a set that accomplishes 
the task. 

11-51. A gear train is shown in Figure P11.50. ‘The 
gears have the following properties: N, = 20 
teeth and l’d = 10; NJ = 6 in; & = 2 in and 
l’d = 8; and Ni = 48 teeth. Determine the ve- 
locity of gear 5, as gear 2 drives at 1800 rpm, 
counterclockwise. Also determine the center 
distance between gears 2 and 5. 

1149. A worm gearset is needed to reduce the speed 
of an electric motor from 3600 to 40 rpm. 
Strength considerations require that 20.pitch 
gears be used, and it is desired that the set be 
self-locking. Specify a set that accomplishes 
the task. 

1 l-52. A gear train is shown in Figure P11.52. The 
gears have the following properties: Nz = 15 
teeth; N, = 90 teeth and Pd = 16; N, = 15 
teeth; h’s = 75 teeth; N, = 75 teeth and Pd = 
12; N, = 15 teeth; and N, = 60 teeth and Pd = 
8. Determine the velocity of gear 8, as gear 2 
drives at 3600 rpm, clockwise. Also deter- 
mine the center distance between gears 2 
and 8. 

Figure P11.52 Problems 52 and 57 
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1 l-53 

1 l-54. 

A gear train is shown in Figure I’ll .52. The 
gears have the following properties: N, = 16 
teeth and l’d = 16; d, = 8 in; d4 = 1.25 in; 
N, = 50 teeth and I’d = 10; dS = 5.5 in; 
NT = 1.5 in and I’d = 8; and N, = 56 teeth. 
Determine the velocity of gear 8, as gear 2 
drives at 1200 rpm, counterclockwise. Also 
determine the center distance between gears 2 
and 8. 
A gear train is shown in Figure P11.54. The 
gears have the following properties: N, = 20 
teeth and P, = 16; dz = 8 in; and d, = 1.5 in 
and I’, = 10. Determine the distance that the 
rack moves for each revolution of gear. Also 
determine the center distance between gears 1 
and 3. 

Figure Pll.54 Problems 54.56 

11-55 

11-56. 

A gear train is shown in Figure P11.54. The 
gears have the following properties: N, = I 8 
teeth and I’d = 10; d, = 5.5 in; and d3 = 1.25 
in and Pd = 4. Determine the required speed 
of gear 1 for the rack to move at a rate of 50 
inlmin. 
For the gear train is shown in Figure P11.54. 
The gears have the following properties: d, = 
2.5 in; N2 = 75 teeth and Pd = 10; and N, = 
24 teeth. Determine the required diamctral 
pitch of the rack for the rack to move 0.5 in 
for each revolution of gear 1. 

11-57. A grar train is shown in Figure P11.57. The 
gears have the following properties: N, = 16 
teeth and l’d = 16; d2 = 8 in; N, = 20 teeth; 
and N4 = 50 teeth. Determine the velocity of 
gear 4, as gear 1 drives at 1800 rpm. 

Figure I’ll.57 Problems 57 and 58 

I l-58. For the gear train shown in Figure I’ll .57, 
the gears have the following propertxs: N, = 
17 teeth and i’d = 20; dz = 4 in; N, = 18 
teeth; and N4 = 36 reeth.Determine the re- 
quired velocity of gear 1 for gear 4 to drive at 
380 rpm. 

11-59. A gear train is shown in Figure P11.59. The 
gears have the following properties: N,,,,, = 
1 threads; Nz = 45 teeth; N, = 18 teeth and 
I’d = 16; da= 6 in; and NT = 80 teeth. Deter- 
mine the velocity of gear 5, as gear 1 drives at 
1800 rpm. Also determine the center distance 
between gears 2 and 5. 

Figure P11.59 Problems 59 and 60. 
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11-60. For the gear train shown in Figure P11.59, 
the gears have the following properties: 
N wurn = 2 threads; N, = 60 teeth; N? = 18 
teeth and Pd = 12; dd= 6 in; and N, = 54 
teeth. Determine the required velocity of gear 
1 (the worm), to enable gear 5 to drive at 28 
rpm. Also determine the center distance be- 
tween gears 2 and 5. 

Gear Train Design Problems 

11-61. 

1 l-62. 

1 l-63. 

Devise a gear train with a train value of 
4OO:l. Specify the number of teeth in each 
gear. From interference criteria, no gear 
should have fewer than 17 teeth. Due to size 
restrictions, no gear should be larger than 75 
teeth. Also sketch the concept of the train. 
Devise a gear train with a train value of 
-2OO:l. Specify the number of teeth in each 
gear. From interference criteria, no gear 
should have fewer than 17 teeth. Due to size 
restrictions, no gear should bc larger than 75 
teeth. Also sketch the concept of the train. 
Devise a gear train with a train value of 
-9OO:l. Specify the number of teeth in each 
gear. From interference criteria, no gear 
should have fewer than 17 teeth. Due IO size 
restrictions, no gear should be larger than 75 
teeth. Also sketch the concept of the train. 

Gear Driven Mechanism Problems 

11-64. A casement window openmg mechamsm us 
shown in Figure P11.64. The gears have the 
following properties: d, = 1 in; Nz = 30 
teeth and l’d = 20; N, = 18 teeth and P, = 
18; and d.+= 4 in. Starting at the configura- 
tion shown, with /3 = 20”, graphically deter- 
mine (using either manual drawing tcch- 
niques or CAD) the angular rotation of the 
window when the crank rotates one rwolw 
t1on. 

Figure I’ll.64 Problems 64.67 

11-65. For the casement window shown m Flgurc 
11.64, analytically determine the angular ro- 
ration of the window when the crank rotates 
one revolution using the configuration shown 
(0 = 209. 

I l-66. For the casement wmdow mechanism shown 
in Figure P11.64, the gears have the follow- 
ing properties: d, = .7S in; Nz = 48 teeth 
and I’d = 32; Ni = 16 teeth and Pd = 32; 
&= 4 in. Starting at the configuration shown 
(B = 20”), graphically determine (using either 
manual drawing techniques or CAD) the ro- 
tarional speed with which the window opens 
when the crank rotates at a constant rate of 
20 rpm. 
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I l-67. For Problem 11-66, analyr~cally determine 
the rotational speed with which the window 
opens from the configuration shown (/3 = 
20% when the crank rotates at a constam 
KlfC of 20 rpm. 

Planetary Gear Train Problems 

11-68. A planetary gear train is shown m Figure 
P11.68. The carrier (link 2) serves as the in- 
put to the train. The sun (gear 1) is fixed and 
has 16 teeth with a diametral pitch of 16. The 
planet gear (gear 3) has a 2-in pitch diameter. 
The ring serves as the output from the train 
and has a S-in pitch diameter. Determine the 
rotational velocity of all members of this gear 
train when the input shaft rotates at 1800 
rpm, clockwise. 

Figure I’ll.68 Problems 68 and 69 

I I-69. For the planetary gear train is shown m Fig- 
ure P11.68. The carrier (link 2) serves as the 
input to the train. The sun (gear 1) serves as 
the output gear and has 18 teeth with a di- 
ametral pitch of 12. The planet gear (gear 3) 
has a 2&n pitch diameter. The ring gear is 
fixed and has a h&in pitch diameter. Deter- 
mine the rotational velocity of all members of 
this gear train when the input shaft rotates at 
800 rpm, counterclockwise. 

11-70. A planetary gear tram IS shown m Figure 
P11.70. The carrier (link 2) serves as the in- 
put to the train. The sun (gear 1) is fixed and 
has a 1.25-in pitch diameter with a diametral 
pitch of 16. Gear 3 has 42 teeth and gear 4 
has 21 teeth. Gear 5 has 32 teeth and is keyed 
to the same shaft as gear 4. Gear 5 mates with 
the ring gear (gear 6), which serves as the “ut- 
put from the train, and has 144 teeth. Deter- 
mine the rotational velocity of all members of 
this gear train when the input shaft r”tates at 
680 rpm, clockwise. 

Figure I’ll.70 Prublems 70 and 71 

11-71. A planetary gear train 1s shown in Flgurc 
P11.70. The carrier (link 2) serves as the in- 
putt” the train. The sun (gear 1) serves as the 
output from the train and has a 1.0.in pitch 
diameter with a diametral pitch of 20. Gear 3 
has 45 teeth and gear 4 has 20 teeth. Gear 5 
has 30 teeth and is keyed to the same shaft as 
gear 4. Gear 5 mates with the ring gear (gear 
6), which is fixed, and has 150 teeth. Detet- 
mine the rotational velocity of all members of 
this gear train when the input shaft r”tates at 
1125 rpm, counterclockwise. 



11-72. A planetary gear train is shown in Figure 2.5 in, and gear 4 has 35 teeth and a di- 
P11.72. The carrier (link 2) serves as the in- ametral pitch of 10. Determine the rota- 
put to the train. Gear 2 is fixed and has a 48 tional veloaty of all members of this gear 
teeth with a diametral pitch of 12. Gear 1 train when the input shaft rotafes at 900 
has 24 teeth, gear 7 hsq a pitch diameter of rpm, clockwise. 

1 l-73. 

Figure P11.72 Problems 72 and 73. 
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A planetary gear train LS shown in Figure 
Pl 1.72. The carrier (link 2) serves as the in- 
put to the train. Gear 2 is fixed and has a 4.0- 
in pitch diameter with a diamctral pitch of 
10. Gear 1 has 25 teeth, gear 3 has a pitch dim 
ameter of 2.5 in, and gear 4 has 32 teeth and 
a diametral pitch of 8. Determine the rota- 
tional velocity of all members of this gear 
train when the output shaft rofates at 210 
rpm, clockwise. 

es counterclockwise 
rack is shown in Figure Cl 1.1. Carefully cx- 
amine the componenrs of the mechanism, then 
anwcr the following leading questions to gain 
insight into its operation. 

from the position shown, what is the mom 
rion of rack C? 

2. As segment gear A rotares counterclockwise 
from the position shown, what is the mom 
tion of the gear B? 

3. As gear A ;otates until tooth E disengages 
with rack C, what motion is exhibited in 
gear B? 

Figure C11.1 (Courtesy, Industrial Press) 

4. What is the entire range of motion for aear 
R? 

5. What IS the entire range of motion for rack 
C? 

6. What is the purpose of this mechanism? 
7. What are possible operating problems with 

this mechanism? 
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11-2. A device from a wire-farming machine is 
shown in Figure Cl 1.2. Link B and spur gear 
Care keyed to the same shaft. Likewise, link E 
and spur gear D are keyed to the same shaft. 
Carefully examine the components of the 
mechanism, then answer the following leading 
questions to gain insight into its operation. 

A 

Figure C11.2 (Courtesy, Industrial Press) 

1. As link A moves 70 the Icft, whar is the mo- 
tion of link B? 

2. As link A moves to the left, what is the mo- 
tion of gear C? 

3. As link A mwe~ to the left, what is the mo- 
tion of gear D? 

4. As link A moves to the left, what is the mo 
tion of link E? 

5. As link A moves to the left, what is the mo- 
rion of link F? 

6. As link A moves to the left, what is the mo- 
tion of link G? 

7. Describe specifically the motion given to G 
as link A reciprocates back and forth. 

8. How would the motion of link G bc altered, 
if the mechanism wcrc assembled, such that 
everything appeared identical except link E 
rotated clockwise 90”? 

1 l-3. A device that controls the motion of a gear at- 
tached to gear D is shown in Figure C11.3 
Carefully examine the components of the 
mechanism, then answer the following lead& 
questions to gain insight into its operation. 

B 

D 

Figure C11.3 (Courtesy, Industrial Press) 

1. As gear A rotates clockwise, what is the mo- 
tion of gear B? 

2. As gear A rotates clockwise, what is the mo- 
tion of gear C? 

3. As gear A rotates clockwise, what is rhc mo- 
tion of gear D? 

4. As the handle F is forced upward, what hap- 
pens to the mating gears? 

5. As gear A rotates clockwise, what are the 
motions of gears B, C, and D? 

6. What is the purpose of this mechanism? 
7. What problems may occur when operating 

this mechanism? 
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1 l--1. A device that drives a piston (G) is shown in 
Figure C11.4. Carefully examine the compo- 
nents of the mechanism, then answer the fol- 
lowing leading questions to gain insight into 
KS operauon. 

exhibit and what would cause this motion? 
4. What is the motion of the center of gear C? 
5. What is the motion of piston G? 
6. What is the purpose of this mechanism? 

11-5. A device is shown in Figure Cl 1.5. Shaft C is a 
free running fir through gears H and J, hut 
item K is attached with a pin to the shaft. 
Carefully examine the components of the 
mechanism, then answer the following leading 
questions to gain insight into its operation. 

1. As shaft G rotates as shown, which direc- 
tion does gear J rotate? 

2. What type of gears are F, J, and H? 
3. As shaft C rotates as shown, which is the 

motion of item A? 
B 

Figure C11.4 (Courtesy, Industrial Press) 

1. As gear B rofafe~ clockwise, whar 1s the mo- 
tion of gear C? 

4. As item A contacts collar L, what changes 
occur to the motion of the mechanism? 

5. What is the purpose of item O? 
6. Why are there set screws on collars L and 

Q? 
7. What is the purpose of this mechanism! 

2. As gear B romres clockwise, what is the mo- 
non of gear D? 

3. If  link J were hinged at A, hut were not at- 
tachcd to gear B, what motion would link J 

Figure Cl15 lConrresy, Industrial Press1 



.d Chain Drives 

OBJECTIVES upon completion of this chapter, the student will be able to. 

1. Describe the advantages of a belt drive. 

2. Identify several different types of belt designs. 

3. Determine the geometric relationships of a belt drive. 

4. Analyze the kinematic relationships of two shafts coupled by a belt drlvc. 

5. Describe the advantages of a chain drive. 

6. Identify several different types of chain designs. 

7. Determine the geometric relationships of a chain drive. 

8. Analyze the kinematic relationships of two shafts coupled by a cham drwc. 

12.1 INTRODUCTION 

The primary function of a belt or chain drive is identical to a gear drive. All three ot 
these mechanisms are used to transfer power between rotating shafts. However, the 
use of gears becomes impractical when the distance between the shafts is large. Both 
belt and chain drives offer the flexibility of efficient operation at large and small cen- 
ter distances. 

Consider the chain on a bicycle. This mechanism is used to transfer the motion 
and forces of the rotating pedal assembly to the rear wheel. The distance between 
these two rotating components is considerable, and a gear drive would be un- 
reasonable. Additionally, the velocity ratio of the chain drive can be readily altered 
by relocating the chain to an alternate set of sprockets. Thus, a slower pedal rota- 
tion, but greater forces are needed to maintain the identical rotation of the rear 
wheel. The velocity ratio of a belt drive can be similarly altered. Changing a ve- 
locity ratio on a gear drive is a much more complex process, as in an automotive 
transmission. 

Belt and chain drives are commonly referred to as flexible connectors. These two 
types of mechanisms can be “lumped together” because the kinematics are identical. 
The determination of the kinematics and forces in belt and chain drives is the pur- 
pose of this chapter. Because the primary motion of the shafts is pure rotation, 
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graphical solurions do not provldc any Insight. Therefore, only analytical technlqucs 
are practical, and are introduced in this chapter. 

The function ot a belt drwe IS w transnut rotar~onal nwtwn and torque from onr 
shaft to another, smoothly, quietly, and inexpensively. Belt drives provide the best 
overall combination of design flexibility, low cast, low maintenance, ease of assem- 
bly, and space savings. 

Compared to other forms of power transmission, the advantages of belt drives 
include: 

l They are less expensive than gear or chain drives. 
l They have flexible shaft center distances, where gear drives are restricted. 
l They operate smoothly and with less noise at high speeds. 
l They can be designed to slip when an overload occurs in the machine. 
l They require no lubrication, as do chains and gears. 
l They can be used in more than one plane. 
l They are easy to assemble, install, and have flexible tolerances. 
l They require little maintenance. 
l They do well in absorbing shock loading. 

Belts are typically made of continuous construction of materials, such a> rubbcr- 
,ed fabric, rubberized cord, reinforced plastic, leather, and fabric (ix., cotton or 
synthetic fabric). Many belt shapes are commercially available and are listed below. 

1. A flat belt is shown in Figure 12.1A. This belt is the simplest type, but is typi- 
cally limited to low-torque applications because the driving force is restricted 
to pure friction between the belt and the pulley. 

2. A V-belt is shown in Figure 12.lB. This is the most widely used type of belt, 
particularly in automotive and industrial machines. The V shape causes the 
belt to wedge tightly into the pulley, increasing friction and allowing higher op- 
erating torque. 

3. A multi-V-belt is shown in Figure 12.1C. This belt design is identical to several 
V-belts placed side-by-side, but is integrally connected. It is used to increase the 
amount of power transferred. 

4. A cog belt is shown in Figure 12.1D. This belt design is similar to V-belts but 
has grooves formed on the inner surface. This feature increases belt flexibility, 
allowing the belt to turn smaller radii. Thus, they can be used on smaller pul- 
leys, reducing the size of the drive. 

5. A timing-belt is shown in Figure 12.1E. This belt design has gear-like teeth 
which engage with mating teeth on the pulleys. This arrangement combines 
the flexibility of a belt with the positive grip of a gear drive. This belt is 
widely used in applications where relative positioning of the respective shafts is 
desired. 



(d) cog belt 

Figure 12.1 Types of belta. 

(e) Timing belt 

Pulleys, also referred to as sheaves, arc the wheels that are connected to the shafts. 
The pulleys have a groove around the outside. with a shape to match that of the belt. 
A V-belt sheave is shown in Figure 12.2. 

1 

Pm-h - 
dia. 

Figure 12.2 Single groove V-belt sheave. 



11xlustr1a1 sheaves are machme* trum xd UT ca>r ,ron, *ep~nLlLng “11 *LamtaT. 
For lighter service, sheaves may be made from aluminum, plastic, or die-cast zinc. 
The construction is either solid or spoked, also depending on size. Large sheaves are 
typically spoked and constructed from cast iron. 

Sheaves are classified with a pitch diameter, which is the diameter across the middle 
of the groove, corresponding to the location of the center of the belt. Commercially 
stocked sheaves are commonly sold in common fractional-inch inside diameters. 
Table 12.1 illustrates the available sheave diameters for an average sized V-belt design 
(“SV”). 

When belts are in operation, they stretch over time. Machines that utilize a belt 
drive need some feature that can compensate for the belt stretch, such as an ad- 
justable motor base, or an idler pulley. An idler pulley is used to maintain constant 
tension on the belt. It is usually placed on the slack side of the belt and is preloaded, 
usually with springs, to keep the belt tight. 

TABLE 12.1 Commercially Available “5V” 
Sheave Pitch Diameters 

Inside 
Pitch Outside Groove 

’ ‘Diameter Diameter Diameter 
Iin) iin) Iin1 

7.00 7.10 5-318 
7.40 7.50 5.314 
7.90 8.00 6-114 
8.40 8.50 6-314 
8.90 9.00 7.114 
9.15 9.25 7-318 
9.65 9.75 7-718 

10.20 10.30 8.7116 
10.80 10.90 9 
11.70 11.80 10 
12.40 12.50 10-314 
13.10 13.20 11-7116 
13.90 14.00 12.114 
14.90 15.00 13-l/4 
15.90 16.00 14.114 
21.10 21.20 19.318 
27.90 28.00 26-114 
37.40 37.50 35.314 
49.90 50.00 48-l/4 

,iorc rhar other belt si,e h-arcs have dtfferenr commercially 
avadahlc 4waves. The 5” s&c\ in a mid~ranse hclr drive and IS 



A5 sratcci, V-belts are the most widely used type of belt. Commerually dvadabic, 
industrial V-belts are made to one of the standard sizes shown in Figure 12.3. Of 
course, the larger cross sections are able to transmit greater power. Often several 
belts are used on multiple groove pulleys to increase the amount of power transmit- 
ted by the belt drive. A rough guide to V-belt selection is given in Table 12.2. The 
power values are listed “per belt.” When the belt drive musttransfer 6 hp using a 
three-groove belt, each of the three belts must be capable of carrying 2 hp. 

Industrial V-b& Selection Chart 

Nominal Driver Speed (rpm) 
135 585 690 

3v iV 3v 
3v iV 3v 

870 

3v 
3v 

3v 
3v 
3v 
3v 
3v 
3v 
3v 
5V 
SV 
SV 
SV 
5V 
SV 
SV 
SV 
SV 
8V 

iV 3v 
1V iV 
iV 3v 
3v 3v 
3v 3v 
3V 3v 
1V 3v 
JV 3v 
3v 3v 
5V 3v 
P/ 5V 
iV 5V 
iV 5V 
iV SV 
TV 5V 
5V 5V 
SV 5V 

3v 
3v 
3v 
3v 
3v 
3v 
3v 
3v 
3v 
3v 
3v 
5V 
5V 
5V 
5V 
5V 
5V 

1160 1750 

3v 3v 
3v 3v 
3v 3v 
3v 3v 
3v 3v 
3v 3v 
3v 3v 
3v 3v 
3v 3v 
3v 3v 
3v iv 
3v 3v 
3v 3v 
3v 3v 
5V 3v 
5V 3v 
SV 5V 
5V 5V 
5V 5V 

:: 150 8V 8V 5V 5V 5V 5V 
;j: 200, 8V 8V 8V 5V 5V 5V 
:::zso 8V 8V 8V 8V SV 5v 1. 

3”” 

3v 
3v 
3v 
3v 
3v 
3v 
3v 
3V 
3v 
3v 
iV 
3v 
3v 
3v 
3v 
3v 
3v 
3v 
3v 
5V 
SV 
5V 
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It must be noted that Table 12.2 gives only a rough guide to selecting an appro- 
priate belt size. It is important to select the most suitable belt drive with a detailed 
study of the application and the power transmission requirements. These detailed 

selection procedures are given in the manufacturers’ catalogs. 

BELT DRIVE GEOMETRY 

A belt drive is intended to provide a constant velocity ratio between the respective 
shafts, A sketch of the basic geometry in a belt drive is shown in Figure 12.4. 

As stated above, the pitch diameteu, D, of the sheave is measured to the point in 
the groove where the center of the belt sits. This is slightly smaller than the outside 
diameter of the sheave. Note that the diameters shown for the sheaves in Ftgures 
12.2 and 12.4 are the pitch diameters. 

The center distance, C, is the distance between the center of the driver and driven 
sheaves. Of course, this is also the distance between the two shafts coupled by the 
belt drive. Small center distances can cause fatigue, with frequent maximum loading 
on the belt sections as it enters the small sheave. Large center distances, with the 
long unsupported span can cause belt whip and vibrations. Normal center distances 
for V-belts should be in the following range: 

D2 < C < 3(D1 + 02) 

The belt length, L, is the total length of the belt. Specifically, the outside length is 
usually specified. This is the dimension obtained by wrapping a tape measure 
around the outside of the belt in the installed position. Belts are commercially avail- 
able at specified lengths. Table 12.3 illustrates the available lengths for an average 
sized V-belt design (“SV”). 

The center distance and pitch length can be mathematically relatedi2’: 

(12.1) L = 2C + 1.57(D2 + DI) + 
Pz ~ Ddz 

4c 

(12.2) 
BZ - 32(D2 - DA2 c:g+q 16 

Figure 12.4 Belt drive gcomeiry. 



(12.3) 

(12.4) 

(12.5) 

// 
:: TABLE 12.3 Available “Sv” Belt Lengths 

90.0 160.0 280.0 
95.0 170.0 300.0 

100.0 180.0 315.0 
:a.xQ’.‘, 106.0 190.0 335.0 ,..,, ,.. 
;fij:o:: 112.0 200.0 355.0 
:*x7;0: l18.0 212.0 

;... ,“, 
::11,0’ 125.0 224.0 
:;35;EJ:: L32.0 236.0 
:::&& L40.0 250.0 
: ,.*,a , 

;:sm 150.0 265.0 
Ir:.,. 

where: 

B = 4L - 2a(Dz + Dl) 

The angle of contact, 0, of is a measure of the angular engagement of the belt on 
each sheave. It can be computed for each sheave as follows: 

~9~ = 180” ~ 2 sin-’ 
{D’2CD’J 

Bz = 180” + 2 sin-’ (Dz2(:D1) 

The power ratmgs for commercially available belts are for the same size drwe and 
driven sheaves. Thus, the “rated” angle of contact is 180”. For smaller angles, the 
amount of friction that can be developed around the sheave is reduced and, there- 
fore, the amount of power that a belt can transfer is reduced. Table 12.4 shows the 
percentage of actual rated power than can be transferred by a belt, riding over a 
sheave with a contact angle smaller than 180”. Belt manufacturers suggest keeping 
the contact angle greater than 120”, when possible. 

:*. i  * . , .  I , I I .  

100” 80” 



12.4 BELT DRIVE KINEMATICS 

In an identical manner as gear drives, the velocity mtu VK, 15 drfincd ar rhc angu- 
lar speed of the driver sheave (sheave 1) divided by the angular speed of the driven 
sheave (sheave 2): 

where: 

w  = angular speed 

Because a rano IS vahd regardless of units, the vrloc~y ratio an be &f&d III 
terms of revolutions per minute, radians per time, or any other convenient set of ro- 
tational velocity units. Using the same logic as the derivation of Equation 11.19 
yields the following equation: 

Introducing the pitch diameters gives: 

L!L - 2y2 12 = vf( 
D, 2r, ~1 

Thus, a comprehrn-iw definition of a velocity ratio IS given as: 

Notice that tar the typical arrangement, as shown in Figure 12.3, the shedvcb KU- 
rate in the same direction. Crossed drives or serpentine drives, as shown in Figure 
12.5, can be used to reverse the direction of sheave rotation. 

Many industrial applications require belts to reduce the speed of a power source. 
Therefore, it is typical to have velocity ratios greater than one. As can be seen from 
Equation 12.6, this indicates that the drive sheave rotates faster than the driven 
sheave, which is the case in speed reductions. 

The belt speed, vii, is defined as the linear velocity of the belt. The magnitude of 
this velocity corresponds to the magnitude of the linear velocity of a point on the 
pitch diameter of each sheave. Therefore, the belt speed can be related to the rota- 
tional velocities of the sheaves and their pitch radii using Equation 4.5: 

(12.8) D, D2 Vb = YIWL = 7”’ = rp = T”” 

Note that, as in Chapter 5, the angular velocity in this equation must be spcclfied 
m radians per unit time. 

A belt transfers maximum power at speeds of 4000 to 5000 fpm (it/mini. There- 
fore, it is best to design a belt drive to operate in this range. Large sheaves for in- 



(b) Serpentine drive 

Figure 12.5 Alternate forms of belt drives. 

dustrial use are cast iron and typically are limited to a maximum belt speed of 6500 
fpm. This is because the inertial forces created by the normal acceleration become 
excessive. Special balance may be needed for speeds exceeding 5000 fpm, as vibra- 
tion can be caused by the centrifugal acceleration. Finally, another type of drive. 
specifically chains, is typically more desirable for speeds under 1000 fpm. 

,., 
f+%fPLE PROBLEM 12.1 

A belt drive is used to transmit power from an electric motor to a compressor for a 
refrigerated truck. A design is required when the truck is parked and the engine is 
not running yet the compressor must still operate. The 10.hp electric motor is rated 
at 3550 rpm, and motor sheave diameter is 5 in. The compressor sheave is 7.5 in di- 
ameter. Determine the appropriate industrial belt size, operating speed of the com- 
pressor, and the belt speed. 

Solution: 

With a 10.hp motor drivmg at 3550 rpm, Table 12.2 suggests usmg a 3V belt. 
From equation 12.8, the velocity ratio is determined by: 
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The speed of the compressor can be determined tram rewr~tmg equation 12.8: 

DlWl (5 in)(3550 i-pm) 
wz = 

02 (7.5 in) 
= 2367 rpm 

Units of the motor shaft speed are converted to radians per unit time: 

rev 2?r tad 
w, = ?FFO- ~ 

min i ! 1 rev 
= 22,305 radhin 

The belt speed can be calculated from equation 12.7: 

vb = (+)q = ?(“2,305$ = 557622 = 4647 fpm 

II‘ 

:K&AMPI,EPRoBLEM~~.~ ..,/ ., 
A belt drive is required to reduce the speed of an electric motor for a grinding wheel, 
as shown in Figure 12.6. The electric motor is rated at 1725 rpm, and a grinding 
wheel speed of approximately 600 rpm is desired. Find suitable sheave diameters of 
“SV” stock pulleys listed in Table 12.1. Also, select a suitable belt length and center 
distance. 

The respective shaft speeds are as follows: 

A belt speed of 4000 to 5000 fpm is optimal. Rewriting equation 12.7 yields the fol- 
lowing: 

= 0.83 ft = 9.96 in 

Selecting a driver sheave of 12.20 in, from Table 12.1, yields a belt speed of: 

Dl 
Vb = T’ = 

Lp,,,,,,~ 
mm 

= 5419Oz = 4515 fpm 



Figure 12.6 Grinding wheel for Example Problem 12.2 

From equation 12.8, the desired velocity ratio is determined by: 

“R = s= 10>838& 
3770”6 

= 2.87 
w2 “vn 

And the resulting driven sheave diameter is calculated as follows: 

D2 = (VR)(D,) = 2.87110 in) = 28.7 in 

The closest stock sheave of 29 in is selected. Rewriting equation 12.8, the actual 
grinding wheel speed is: 

cd2 - ml D1 _ (1725 rpm)(lO in) = 595 rpm 

02 29 in 

The suggested center distance for belt drives is: 

D2 < C < 3(D1 + D2) 

Substituting values for this application yields: 

28.7 in < C < 116.0 in 

A mid value of 72 in is tentatively selected. Substituting into Equation 12.1 gives: 

L = 2C + 1.571D2 + D,1 + (Dz - DI)’ 
4c 

= 2(72 in) + 1.57(28.7 + 9.96) + (28.7 - 9.96? = 205,9 in 

W2) 



Since a standard length of belt is desired, a 212 in belt will be used. Tlus reqwres a 
true center distance of: 

c‘= B + ‘/\/B’- 32(D, ~ D1)’ 

16 

where 

605.1 + v(605.1)2 ~ 32(28.7 - 9.Y@ = 75,1 in 

16 

K = 4L 2a (D2 + D,) 

= 4(212) ~ 2~(28.7 + 9.96) = 605.1 

12.5 CHAINS 

As with belt>, chain drwes are used to transmit rotational motion and torque from 
one shaft to another, smoothly, quietly, and inexpensively. Chain drives provide the 
flexibility of a belt drive with the positive engagement feature of a gear drive. There- 
fore, chain drives are well suited for applications with large distances between the 
respective shafts: slow speed and high torque. 

Compared to other forms of power transmission, the advantages of chain drives 
include: 

l They are less expensive than gear drives. 
l They have no slippage, as with belts, and provide a more efficient power trans- 

mlssion. 
l They have flexible shaft center distances, where gear drives are restricted. 
l They are more effective at lower speeds than belts. 
l They have lower loads on the shaft bearings because initial tension is not re- 

quired as with belts. 
l They have a longer service life and do not deteriorate with factors such as heat, 

oil, or age, as do belts. 
l They require little adjustment, while belts require frequent adjustment. 

Chains are made from a series of interconnected links. Many types of chain de- 
signs are commercially available and are listed below. 

1. A roller chain is shown in Figure 12.7A. This is the most common type of chain 
used for power transmission. Large roller chains are rated to over 600 hp. The 
roller chain design provides quiet and efficient operation, but must be lubricated. 

2. A multiple-strand roNer chain is shown in Figure 12.7B. This design uses mul- 
tiple standard roller chains built into parallel strands. This increases the power 
capacity of the chain drive. 

3. An offset sidebar rolku chain is shown in Figure 12.7C. This is less expensive 
than a roller chain, but has slightly less power capability. It also has an open 



(d) Silent char 

Figure 12.7 ‘Types of chams 

construction chat allows it to withstand dirt and c~ntammants, which can 
wear-out other chains. These chains are often used on construction equipment. 

4. An inuevted tooth, silent chain is shown in Figure 12.7D. This is the most ex- 
pensive chain to manufacture. It is can he efficiently used in applications that 
require high-speed, smooth, and quiet power transmission. Lubrication is re- 
quired to keep these chains in reliable operation. They are common in machine 
tools, pumps, and power drive units. 

Chains are classified by a pitch, p, which is the distance between the link pins 
that connect the adjacent links. The pitch is illustrated in Figure 12.8. Roller chains 
have a size designation ranging from 25 to 240. This designation is the pitch of the 
chain in one-eightieth of an inch. Thus, a 120 chain has a pitch of 120180 or l-l/2 
inches. 



Figure 12.8 Chain pxch 

The larger pxch charns have greater power capacity. A rough gudc IU rullcr cham 
pxch selection is given in Table 12.5. These power values are listed as “horsepower 
per chain.” 

It must be noted that Table 12.5 gives only a rough guide to selecting an appro- 
priate chain pitch. It is important to select the nwst suitable chain drive with a de- 
tailed study of the application and the power transmission requirements. These de- 
tailed selection procedures are given in the manufacturers’ catalogs. 

In a similar fashion to belts, multiple-strand chains can be used to increase rhe 
anount of power transmitted by the chain drive. However, using a multiple-strand 
chain does not provide a direct multiple of the single-strand capacity. When the 

TABLE 12.5 Pitch Selection Chart for Roller Chains 

~112 ‘60 40 35 35 
314 80 40 35 35 

35 ~ - - 
35 35 - - 
40 35 - - 
40 35 35 - 
50 40 3.5 35 
50 40 35 40 
50 50 40 40 
60 50 50 50 
60 60 50 60 
80 60 60 80 
80 60 60 - 
80 80 8 - 

100 80 100 - 
100 100 - - 
100 100 - - 
100 120 - - 
140 - - - 
160 - - - 
160 - - - 

.I 80 40 40 35 
J-112 100 50 10 40 
2 100 60 50 40 

‘3 100 60 50 40 
,5 120 80 60 50 

7-l/2 140 80 80 60 
1fJ 

‘:‘: 
140 100 80 60 

15 160 100 100 80 
20 ~‘1, 180 120 100 80 
2s 200 140 100 80 
30 200 140 100 100 
4.0 240 160 120 100 

*so. 240 180 140 100 
6*1 180 160 120 
15 - 200 160 120 

- 200 180 140 
125 - 240 200 160 
1050’ -. - 200 160 
200: - 240 180 
250 - - 240 200 

. . 

35 
40 
50 

- 
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2 ‘3 4 5 6 8 10 
1 2.5 3.3 3.9 4.6 6.2 7.5 

chain drive requires multiple strands, equation 12.9 is used to calculate the power 
transmitted through each chain. A multi-strand factor has been experimentally de- 
tumined and is tabulated in Table 12.6: 

(12.9) Power per chain = 
total power transmitted 

multi-strand factor 

Spuockecs are the toothed wheels connected to the shafts. The sprocket teeth are 

designed with geometry that conforms to the chain link. This positive engagement 
prohibits slippage. Sprockets are classified with a pitch diameter, which is the diam- 
eter across the middle of the teeth that corresponds with the center of the chain. 
Stock sprockets are available with virtually any integer number of teeth. A sprocket, 
designed to mate with a roller chain, is shown in Figure 12.9. 

. . . 
i$&6 

Figure 12.9 Roller chain sprocket 

CHAIN DRTVE GEOMETRY 

The basic geometry in a chain drive is virtually identical to that of a belt drive, as 
shown in Figure 12.10. 

The number of teeth, N, in the sprocket is a commonly referenced property. 
Sprockets should have at least 17 teeth, unless they operate at very low speeds, un- 
der 100 rpm. The larger sprocket should normally have no more than 120 teeth. 

As before, the pitch diameter, D, of the sprocket is measured to the point on the 
teeth where the center of the chain rides. This is slightly smaller that the outside di- 
ameter of the sprocket. Note that the diameters shown for the sprockets in Figure 
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(lZ.llJ) 

(12.11) 

(12.12) 

(12.13) 

(12.14) 

L L- 4 

Figure 12.10 Chain drive geometry. 

12.10 are the pitch diameters. The pitch diameter of a sprocket with N teeth for a 
chain with a pitch of p is determined by: 

D= p 

The center distance, C, is the distance between the center of the driver and driven 
sprockets. Of course, this is also the distance between the two shafts coupled by the 
chain drive. In typical applications, the center distance should be in the following 
range: 

309 < c < 509 

The chain length, L, is thr rota1 length of the chain. Because the chain IS com- 
prised of interconnected links, the chain length must be an integral multiple of the 
pitch. The chain length, expressed in pitches, can be computed as: 

The center distance 

c = f 

The angle of contact, 8, is a measure of the angular engagement of the chain on 
each sprocket. It can be computed as: 

O1 = 180” ~ 2 sink’ 

O2 = 180” + 2 sin~l((Nz[cN’)] 

Again, C is the center distance, expressed in pitches. Chain manufacturers suggest 
keeping the angle of contact greater than 120”, when possible. 



Frnally, when m opcrauon, chamh have a ught side and a slack Gdc. In mar apt 
phcations, chain drives should be designed so that the slack side is on the bottom 01 
lower side. Due to the direction of shaft rotation and the relative positions of the 
drive and driven shafts, the arrangement shown in Figure 12.10 has the slack side on 
the bottom. 

12.7 CHAIN DRIVE KINEMATICS 

Once again, the velocity ratlo, VK, ib detincd a rhe angular bpced of the drlvcr 
sprocket (sprocket 1) divided by the angular speed of the driven sprocket (sprocket 2). 
Using the same derivations as for gear and belt drives, the velocity ratio consisrs of: 

(12.15) “R=Wd”“‘=W’z-=p D, NZ 

~c~river wz D, N, 

Because a ratio ib valid regardless of units, the velocity rarm can be dctinrd m 
wrms of revolutions per minute, radians per time, or any other convenient set of ro- 
rational velocity units. 

Many industrial applications require chains to reduce the speed of a power 
source. Therefore, it is typical to have velocity ratios greater than one. As can be 
seen from equation 12.16, this indicates that the drive sprocket rotates faster than 
the driven sprocket, which is the case in speed reductions. 

Similar to belts, the chain speed, v,, is defined as the linear velocity of rhe chain. 
The magnitude of this velocity corresponds to the magnitude of the linear velocity of 
a point on the pitch diameter of each sprocket. Consistent with the belt speed, the 
chain speed can be computrd as: 

In cqution 12.16, the rorarron velocities must be sratcd in radians per umr ume. 
Lubrication for the chain is important in maintaining long life for the drive. Rec- 

ommended lubrication methods are primarily dictated by the speed of the chain. 
The recommended lubrication is as follows: 

l Low speed (v, < 650 fpm): manual lubrication, where the oil is periodically ap- 
plied to the links of the chain. 

l Moderate speed (650 < u, < 1500 fpm): bath lubrication, where the lowest 
part of the chain dips into a bath of oil. 

l High speed (1.500 fpm < v,): oil stream lubrication, where a pump delivers a 
continuous stream onto the chain. 

EXAMPLE PROBLEM 12.3 

A single-strand roller chain &we cormecu a IO-hp engmc to .J lawn waste 
chipper/shredder. As the engine operates at 1200 rpm, the shreddrng teeth should rw 
tate at 240 rpm. The drive sprocket has 1X teeth. Determine an appropriate pitch for 
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Figure 12.11 Chipper/shredder for Example Problem 12.3 

the chain, the number of teeth and, on the driven sprocket, the pitch diameters of 
both sprockets and the chain speed. 

With a IO-hp engine driving a sprocket at 1200 rpm, Table 12.5 specifies that a 40. 
pitch chain is appropriate. 

By rewriting equation 12.14, the number of teeth needed on the driven sprocket 
can be determined: 

A No. 40 roller chain has a pitch of: 

40 1. 

p=80=-‘n 2 

From equation 12.9, the pitch diameters of the sprockets are: 

D1= p = 
0.5 in 

= 2.88 in 

sin(F) sin(l~~~~th) 

= 14.33 in 
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I he cham speed can be calculated from cquatwn 12.16: 

With a chain speed of 1300 fpm, a bath lubrication system for the chain 1s de 
slred. 

Belt Drive Problems 

Use the following information to solve Prob- 
lems 12-l through 12-4. A motor is used 
with a belt drive to rotate the crank of a 
mechanism for an industrial sewing machine. 
The l-hp motor runs at 1725 rpm. The di- 
ameter of the motor sheave is 3.5 in and the 
sheave on the sewing machine crank is 8 in. 

12-I. Determine an appropriate belt size and the 
speed of the sewing machine crank. 

12-2. Calculate the belt speed and compare this to 
the ideal range for V-belts. 

12-3. A center distance of 23 in is used. Compare 
this with the ideal range and calculate the as 
sociated belt length. 

12-4. The belt has a maximum ratmg of 3 hp. 
When a center distance of 23 in is used, calL 
date the contact angle of the belt around the 
smaller sheave and determine the power that 
can be transmitted in this drive. 

12-5. Two sheaves have diameters of 5 and 12 in, 
respectively. Drtermi~e the center distance of 
the drive utilizing a 72-m long belt. Compare 
this center distance to the ideal range. 

12-6. Two sheaves have diameters of 8 and 12 in, 
respectively. Determine the center distance 
of the drive utilizing an XX-in long belt. 
Compare this ccnrer distance with the ideal 
Gl”ge. 

12-7. Two sheaves have diameters of 8 and 24 m, 
respectively. Dercrmine the center distance of 
the drive utilizing a 104.in long brlt. Corn- 
pare this center distance with the ideal range 

12-8 

12-v 

12-10 

12-11 

12-12 

1 Z-13 

12-14 

Use the following information to solve 
Problems 12-X through 12-11. A belt drive 
transfers power from an 7.5.hp electric mo- 
tor to an exhaust fan. The diameters of the 
motor and fan sheaves are 5 in and 12 in, re- 
spectively. The motor is rated at 1150 rpm. 
Detcrminc an appropriate belt size and tht 
speed of the fan. 
Calculate the belt speed and compare th,s tc 
the ideal range for V-belts. 
The belt has a maximum rating of 10 hp. 
When a center distance of 39 in is used, calm 
date the contact angle of the belt around the 
smaller sheave and determine the power that 
can be transmitted in this drive. 
A cater distance of 39 in is used. Comparr 
this with the ideal range and calculate the asp 
sociated belt length. 

Use the following mformation for Prob- 
lems 12-12 through 12-1.5. A drill press 
drives with a Shp, 1725 rpm motor. The 
spindle of a drill press should operate at ap- 
proximately 1100 rpm. The spindle sheave 
diameter is 12 in. 
Determine the correct motor sheave diame- 
ter, which is available only in integer-inch 
sizes, and then calculate the resulting spindle 
speed. 
Calculate the belt speed and compare this to 
the ideal range for V-belts. 
The belt is rated at 5 hp. The center distance 
is 14 in; calculate the contact angle of the belt 
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12-15. 

around the smaller sheave and drtrrmmr the 
power that can he transmitted in this drwc. 
A center distance of 14 in is used. Comparr 
this with the ideal range for belts, and c&w 
late the associated belt length. 

12-16. 

Use the following information to solve 
Problems 12-16 through 12- 18. A l-112. 
hp, 1175.rpm motor operates a furnace 
blower at approximately 800 rpm. 
Find sultahle sheave diameters of stock 
shave, which are available in integer-inch 

12-17. The belt is rated at 2 hp. Sheave pitch diamc- 
fen of 8 and 11 in are used with a center dis- 
fance of 10 in. Calculate the contact angle of 
the belt around the smaller sheave and deter- 
mine the power that can he transmitted in 
this drive. 

12-18. 

12-19, 

12-20 

12-21 

Sheave pitch diameters of 8 and 11 in arc 
used qith a center distance of 10 in. Compare 
the center distance with the ideal range for 
belt drives. and calculate the associated belt 
length. 

Use the following information to solve 
Problems 12-19 through 12-21. A I-hp, 
1750.rpm motor operates a woodworking 
ban saw at approximately 600 rpm. 
Find an appropriate belt size and dctcrmine 
suitable stock sheave diameters, which arc 
available in integer-inch pitch diameters. 
The belt is rated at l-112 hp. Sheave diamc- 
tets of 5 and 13 in are used with an 85-m 
belt. Calculate the required center distance, 
the contact angle of the belt around the 
smaller sheave, and determine the power that 
can he transmitted in this drive. 
Sheave diameters of 5 and 11 in are used with 
a center distance of 20 in. Cnmparc this cen- 
ter distance with the ideal range and calculate 
the associated hclt length. 

Chain Drive Problems 

Use the following information to solve 
Problems 12-22 through 12-25. A 25.hp 
diesel engine drives a gear box which used a 
chain to drive to a concrete mixer. The gear 
box output shaft and, thus the driving 

sprocket, operates at 180 rpm. The pitch di- 
ametcr of the driving sprocket is approxi- 
mat+ 6 in, and the diameter of the sprocket 
on the concrete mixer is approximately 36 in. 

12-22. Determine the speed of the concrete mixer. 
12-23. Calculate the chain speed and detcrminc rhr 

type of luhricatlon recommended. 
12-24. An X0-pitch chain IS used with a 40-i” center 

distance. Calculate the number of teeth on 
the sprockets and the contact angle of chain 
around the smaller sheave. 

12-25. A No. 80 chain is used with sprockets of 20 
and 120 teeth. Specify a suitable center dis- 
tance and calculate the associated number of 
links required to fabricate the chain. 

12-26. Two sprockets have 20 and 4X teeth. Deter- 
mine the center distance of the drive utilizmg 
a No. 60 chain constructed with 90 links. 

12-27. Two sprockets have 20 and 64 teeth. Detcr- 
mine the center distance of the drive utilizing 
a No. 100 chain constructed with 130 links. 

12-28. Two sprockets have 18 and 52 teeth. Deter- 
mine the center distance of the drive utilizing 
a No. 80 chain constructed with X0 links. 

Use the following information to solve 
Problems 12-29 through 12-32. A 220.rpm 
shaft is used with a No. 40 chain to drive a 
liquid agitator. The agitator should operate 
at approximately 60 rpm. The agitator 
sprocket has 50 teeth. 

12-29. Determine an appropriate shaft sprocket, and 
then calculate the sprocket pitch diameters 
and the resultmg agitator speed. 

12-30. Sprockets of 18 and SO teeth have been se- 
lected. Calculate the chain speed and dctcr- 
mine the type of lubrication recommended. 

12-31. Sprockets of 18 and 50 teeth have been se- 
lected, along with a center distance of 18.3 
in. Calculate the pitch diameters of the 
sprockets and the contact angle of chain 
around the smaller sprocket. 

12-32. Sprockets of 18 and 50 teeth have been se- 
lected, along with a center distance of 1X.3 
in. Compare this center distance with the 
ideal range, and calculate the associated 
number of links required to fahxatr the 
chain. 

12-33. A shaft rotating ar 120 rpm transfers l-112 
hp to operate a pump ar 50 ? 1 rpm. Deter- 
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mme a suxable chain pitch and a pair of 
sprockets. Also determine an appropriate 
center distance and the number of links re- 
quired to construct the chain. 

12-34. A shaft rotating at 275 rpm transfers IO hp t” 
a mmmg canvcyor at 6.5 f  1 rpm. Determine 

.Z.’ : ,., 

12-l. The device shown in Figure C12.1 drives a 
chute that funnels mdividual beverage bottles 
into twelve-pack containers. Pin C is rigidly at- 
tached to one link of the chain, Yoke D is 
rigidly welded to rod E, which extends to the 
chute (not shown). Carefully examine the 
components of the mechamsm, then answer 
the following leading questions t” gain insight 
mto Ifs operation. 

c’ D Motion tn 
Ch”fC 

Figure C12.1 (Courtesy, Industrial Press) 

1. As sprocket A drives clockwise, determine 
the motion of sprocket B. 

2. As sprocket A drives clockwise, specify the 
instantaneous motion of pi” C. 

:. As sprocket A drives clockwise, specify the 
instantaneous motion of yoke D. 

4. How far must sprocket A rotate to move pin 
C “nt” a sprocket! 

5. What happens to the motion of rod E when 
the pin rides onto the sprocket? 

6. What happens to rod E when pin C is on the 
top potion of the chain drive? 

7. Discuss the overall motion characteristics of 
rod E. 

12-2 

a suitable chain pitch and a pair of sprockets. 
Also determine an appropriate centcr dis- 
fance and the number of links required to 
construct the chain. 

The sheave shown in Figure C12.2 drives shaft 
A, which drives a log splitter (not shown). No- 
tice that the sheave is split into two halves, la- 
beled B and C. These two halves are threaded 
together at D. Carefully examine the compo- 
nents of the mechanism, then answer the fol- 
lowing leading questions to gain insight into 
1% “peratlon. 

Figure C12.2 (Courtesy, Industrial Press) 

1. As handle H rotates, what is the motion of 
shaft I? 

2. As handle H rotates, what is the motion of 
the rirht half. C. of the shave? 

3. Whatys the r&uking effect “n the sheave by 
rotating handle H? 

4. What is item J and what is its function? 
5. What is the purpose of item F and must it 

stay in contact with item E? 
6. What is item G and what 1s its function? 
7. What would you call such a device! 
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12-3. 

Figure CU.3 

The shcavc shown in F~gurc C12.3 drwcs a 
mechanism (not shown) in a machine that 
shakes paint cans. These machines are used to 
thoroughly mix the paint at rhc time of pur- 

mase and arc common at most pamr retail lo- 
cations. Carefully cxaminc the components 
of the mechanism, then answer the follow- 
ing leading qurstions to gain insight into its 
operation. 

1. As tab B is forced upward mfo lever C, de- 
termine the motion of ifcm D. 

2. As tab B is forced upward into lever C, de- 
termine the resulting action of sheave G. 

!. As tab B is forced upward into lever C, de- 
termine the resulting action of the paint 
shaking mechanism. 

4. As tab B is forced upward into lever C, de- 
tcrminc the resulting action of belt I-. 

5. As tab B is forced upward into lever C, de- 
tcrmine the rcsulring action of the driving 
sheave. 

6. Item A is the door to the paint shaking 
compartment; discuss the purpose of the 
mechanism. 

7. Discuss the reason for so many notches E, 
in sheave G. 

X. Discuss the purpose of spring H. 
9. What is the purpose of item F and must it 

stay in contact with item E? 
10. What ii ncm C and what IS xs function? 
11. What would you call such a device? 
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&JECTIVES up on completion of this chapter, the student will be able to: 

1. Describe the operation of a screw mechanism. 

2. Become familiar with thread features and standard thread form> 

3. Understand the function of a ball screw. 

4. Determine whether a thread is self-locking. 

5. Compute the torque required to rotate a screw and the effiaency OI a screw ~omr 

6. Compute the kinematic relationships of a general screw mechanism. 

7. Understand the operation of a differential screw and compute the kinematic rela 
tionships. 

8. Understand the operation of an auger and compute the kinematic relationships. 

I93.1 INTRODUCTION 

In general, screw mechanisms are designed to convert rotary motion to linear mo 
tion. Consider a package for a stick deodorant. As the knob turns, the deodorant 
stick either extends or retracts into the package. Inside the package, a screw turns, 
which pushes a nut and the deodorant stick along the thread. Thus, a “disposable” 
screw mechanism is used in the deodorant package. This same concept is commonly 
used in automotive jacks, some garage door openers, automotive seat adjustment 
mechanisms, and milling machines tables. 

The determination of the kinematics and forces in a screw mechanism is the pur- 
pose of the chapter. Because the motion of a nut on a thread is strictly linear, graph- 
ical solutions do not provide any insight. Therefore, only analytical techniques are 
practical and are introduced in this chapter. 

‘$I.2 THREAD FEATURES 

For a screw to functmn, there must be two mung pars, one with an mrernal thrrad 
and the other with an external thread. The external threads are turned on the sur- 
face of a shaft ot stud, such as a bolt or screw. The internal threads can be tapped 
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(13.1) 

543.3 

anto a part, such as a eat housing ur, more commonly, inude a nut. Whcncvcr pas- 
sible, the selection of a thread should be standard to improve interchangeability for 
maintenance or replacement. Threads, whether internal or extcmal, are classified 
with the following features. 

Two most common features of a thread arc the pitch and pitch diameter. The pitch, p, 
is the distance measured parallel to the axis from a point on one thread to the corre- 
sponding point on the adjacent thread. The pitch diameter, D, is the diameter measured 
from a point halfway between the tip and root of the thread profile, through the axis and 
to the corresponding point on the opposite side. Figure 13.1 illustrates these properties. 

Figure 13.1 Thrzad prr,filr. 

Other pertlnenr features of a screw thread (Figure 13.1) include rhc VZJ,OI iizirm~ 
eter, the minor diameter, the lead angle, and the included angk. In the United States 
Customary Unit System, the number of threads per inch, n, along the length of the 
screw is more common than the pitch. The threads-per-inch value is related to the 
pitch through the following equation: 

.=1 
P 

THREAD FORMS 

Thread form defines the shape of the thread. The features illustrated m rhc prcvwus 
section, the thread features were illustrated on a unified thread form. Regardless, 
these definitions are applicable to all thread forms. The most popular thread forms 
include the following: 

1. Unified threads are the most common threads used on fasteners and small 
mechanisms. They are also commonly used for positioning mechanisms. Figure 
13.2A illustrates the profile of a unified thread. It is described as a sharp, tri- 
angular tooth. The dimensions of a unified thread have been standardized and 
are given in Table 13.1. Unified threads are designated as either coarse pitch 
(UNC) or fine pitch (UNF). 
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(a) Unified 

Figure 13.2 Thread forms 

-4 standard unified thread is specified by the size, threads per inch, and 
whether it a coarse or line pitch. Standard thread designations would ap- 
pear as: 

10.32UNF 
112 13 UNC 

2. MetTic thread forma are also described as a sharp, triangular shape, but with d 
flat root. However, the standard dimensions ar emetric measure and coordi- 
nated through the International Organization for Standardization (ISO) The 
tread shape is shown in Figure 13.2B. Standard metric thread dimensions are 
given in Table 13.2. 



TABLE 13.1 Standard Unified Thread Dimensions 

Coarse Threads 

Fitch 
(in) 
p=; 

- 
0.0156 

0.0179 

0.0208 

0.0250 

0.0250 

0.0313 

0.0313 

0.0417 

0.0417 

0.0500 

0.0556 

0.0625 

0.0714 

0.0769 

0.0833 

:;s/z3 0.6250 11 0.0909 

',3/4 0.7500 10 0.1000 
'* 7/s 0.8750 9 0.1111 

1 1.0000 8 0.1250 

;: l-114 1.2500 7 0.1429 

: l-112 1.5000 6 0.1667 

:' l-3/4 1.7500 5 0.2000 

2 2.0000 4-112 0.2222 

NOlllid 
Pitch 

Fine Threads 

Threads 
per inch 

n 

Pitch 
(in) 

Nominal 
Pitch 

Diameter 

Iin) 

0.0629 

0.0744 

0.0855 

0.0988 

0.1088 

0.1177 

0.1437 

0.1629 

0.1889 

0.2175 

0.2764 

0.3344 

0.3911 

0.4500 

0.5084 

0.5660 

0.6880 

0.8028 

0.9188 

1.1572 

1.3917 

1.6201 

1.8557 

80 
72 

64 

56 

48 

44 

40 

36 

32 

28 

28 

24 

24 

20 

20 

18 

18 

16 

14 

12 

12 

12 

0.0125 

0.0139 

0.0156 

0.0179 

0.0208 

0.0227 

0.0250 

00278 

0.0313 

0.0357 

0.0357 

0.0417 

0.0417 

0.0500 
0.0500 
0.0556 

0.0556 

0.0625 

0.0714 

0.0833 

0.0833 

0.0833 

0.0519 

0.0640 

0.0759 

0.0874 

0.0985 

0.1102 

(I.1218 

0.1460 

0.1697 

0.1928 

0.2268 

0.2854 

0.3479 

0.4050 

0.4675 

0.5264 

0.5889 

0.7094 

0.8286 

0.9459 

1.1959 

1.4459 

A standard metric thread is specified by an “M” metric designation, the nm~~ 
mal major diameter and pitch. A standard thread designation would appear as: 

Ml0 x 1.5 

3. Square threads, as the name implies, are a square, flat top thread. They arc 
strong and were originally designed to transfer power. A square thread form is 
shown in Figure 13.2C. Although they efficiently transfer large loads, these 
threads are difficult to machine with perpendicular sides. The square threads 
have been generally replaced by ACME threads. 

4. ACME threads are similar to square threads, but with sloped sides. They are 
commonly used when rapid movement is required or large forces are transmit- 
ted. An ACME thread form is sh own in Figure 13.2D. The standard ACME 
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Dl.A. Nominal 
L , I . . ”  

/  ,  Pitch 
,mmi 

p=; 
Diameter 

(mm) 

0.25 0.84 
:e 0.35 1.37 , 

::a : 0.40 1.74 
0.45 
0.50 

2.20 
2.67 

0.70 3.54 
:: ‘:.5 0.80 4.47 
” 6 1.00 5.34 ._/,... 

::::a.: 1.25 7.18 
9.01 

10.85 
:“““’ 
.%:. : 2.00 14.68 

2.50 18.35 
3.00 22.02 
3.50 27.69 
4.00 33.36 
4.50 39.03 

::F%‘:: 5.00 44.70 
._/ / 

Fine Threads 

Pitch 
(mm) 
Pitch 
(mm) 

Nominal Nominal 
Pitch Pitch 
Diamerrr Diamerrr 
(mm) p=; (mm) 

0.20 1.47 
0.25 1.84 
0.35 2.27 
0.35 2.77 
0.50 3.67 
0.50 4.67 
0.75 5.51 
1.00 7.34 
1.25 9.18 
1.25 11.18 
1.50 15.01 
1.50 19.01 
2.00 !2.6X 
2.00 LX.68 
3.00 ?4.02 

screw thread dimensions are given in Table 13.3. This thread is the most com- 
mon form used in screw mechanisms for industrial machines. Advantages are 
low cost and ease of manufacture. Disadvantages include low efficiencies, as 
will be discussed later, and difficulty in predicting service life. 

13.4 BALL SCREWS 

Ball screws have also been designed to convert rotary motion of either rhc ~rcvv or 
nut into relatively slow linear motion of the mating member, along the screw axis. 
However, a ball screw has drastically less friction than a traditional screw configu- 
ration. The sliding contact between the screw and nut have been replaced with 
rolling contact of balls in grooves along the screw. Thus, a ball screw requires less 
power to drive a load. A ball screw is shown in Figure 13.3. 

The operation of a ball screw is smooth because the rolling balls elimrnate the 
“slip-stick” motion caused by the friction of a traditional screw and nut. However, 

because of the low friction of a ball screw, a brake must usually be used to hold the 
load in place. 
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Figure 13.3 Ball screw 

The kmematics of a ball SCIZW are ~demrcal to those of a rradirwnal screw. There- 
fore, a distinction is not required when performing a kinematic analysis. The fol- 
lowing concepts apply to both traditional and ball screws. 

13.5 LEAD 

In determining the motion of a SCRW mecharusm, the lead of the screw IS a critical pa- 
rameter and must be understood. The lead, L, is the distance along the screw axis that 
a nut travels with one revolution of the screw. For most screws, the lead is identical to 
the pitch. However, screws are available with single 01 double threads. Thus, the 
number of threads, N, superimposed on a screw is an important property. The con- 
cept of multiple threads superimposed on a single screw is illustrated in Figure 13.4. 

Figure 13.4 Multiple thrrad concept. 

(13.2) 

The lead can be computed as: 

L = I\i,p 
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(13.3) 

Standard ACME Thread Dimenr 

Threads Per 
Pitch (in) Nominal Pa& 

Di#mw+xj . inch, n P=; Diameter (in) 
._.’ 

,i ,. 16 0.0625 0.2043 
14 0.0714 0.2614 $8,. ,. 12 0.0833 0.3161 :&~’ :,.7+ 12 0.0833 0.3783 
10 0.1000 0.4306 

"':5ys', 8 0.125 OS408 
:, 3% 6 0.1667 0.6424 

r/s 6 0.1667 0.7663 
1’ 5 0.2000 0.8726 

,: 1,118 ,‘1 5 0.2000 
;:-w4 ‘ I 5 0 700” 

.:,9-3/B. 
1. ‘~-m/2. 

,. I 4 

,144 
*~;2:. _‘ Bl 

~+1/4 3 0.3333 
:2:i/2.., 3 0.3333 
x=3/4 3 0.3333 

,,'iy : 2 0.5000 
2 0.5000 

0.9967 
1.1210 _.-_. 

0.2500 1.2188 
0.2500 1.3429 

I 0.2500 0.2500 1.5916 1.8402 
2.0450 
2.2939 
2.5427 
2.7044 
3.2026 
3.7008 
4.1991 
4.6973 

.*-ii**- I, L ‘: ..,5 ::4:- -J-I/~" 3-112 2 2 2 0.5000 0.5000 0.5000 

A lead angle, X, can be defined as the angle of inclination of the threads. It can be 
computed from a trigonometric relationship to the other screw features: 

When a screw thread is very steep and has large lead angles, the rorquc requred 
to push a load along a screw can become large. Typical screws have lead angles that 
range from approximately 2” to 6”. 

Additionally, small lead angles prohibit a load to “slide down a screw” due to 
gravity. The friction force and shallow thread slope combine to lock the load in 
place. This is known as self-locking and is desirable for lifting devices. For example, 
a car jack requires that the load be held in an upward position, even as the power 
source is removed. When the thread is self-locking, the load is locked in an upright 
position. This braking action is used in several mechanical devices, but the strength 
of the thread, and the predictability of friction must be analyzed to ensure safety. 
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1 

(13.4) 

Mathematically, the condition that must be met for self-locking is as follows: 

p > tan h 

In Equation 13.4, p is the coefficient of friction of the nut/thread interface. For 
traditional threads, common values for the coefficient of friction are: 

p = 0.10 for very smooth, well-lubricated surfaces 
p = 0.15 for general machined screws with well-lubricated surfaces 
p = 0.20 for general machined screws with ordinary surfaces 

Special surface treatments and coatings can reduce these values by at least half. 
Ball screws, with inherent low friction, are virtually never self-locking. 

.3.6 SCREW KINEMATICS 

From a kinematic viewpoint, the screw joint connects two bodies, and couples twu 
degrees of freedom. Typically the joint is configured such that one body will trans- 
late with a rotational input from the other body. Depending on the constraints of the 
two bodies, the following relative motions are possible: 

l Translation of the nut as the SCY~W rotates: Occurs when the screw is unable to 
translate and nut is unable to rotate. 

l Translation of the SCEW as the nut rotates: Occurs when the nut is unable to 
translate and screw is unable to rotate. 

l Translation of the screw as it rotates: Occurs when the nut is fully constrained 
against any motion. 

l Translation of the nut as it uotates: Occurs when the screw is fully constrained 
against any motion. 

Regardless of the actual system configuration, the relative motion is the same. A 
given rotation produces a resulting translation. Therefore, equations are developed 
to describe the relative motion, and the absolute motion can be determined when ex- 
amining the actual system configuration. A notation is made where: 

l A is the part which is allowed to rotate. 
l B is the other part joined by the screw joint. 

As previously defined, the lead of a screw is the distance along the screw axis that 
a nut travels with one revolution of the screw. Therefore, the relative displacement 
of B relative to A is calculated as follows: 

(13.5) 

(13.6) 

(13.71 

SSIA = LB* 

Differentiating yields equations for velocity and acceleration: 

%/A = Lw* 

aw.4 = L% 

Note that the lead, L, is specified as the relative displacement per revolwon. 
Therefore, in this instance, the angular motion must be specified in revolutions. 
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Thus, wA should be speafied in revolutions per mmute (or second) and an should be 
specified in revolutions per squared minute (or squared second). 

The direction of the relative motion depends on the hand designation of the 
thread. Screws and the mating nuts are classified as either right-hand or left-hand. A 
right-hand thread is most common. For this threaded joint, the screw advances into 
the nut when the screw rotates clockwise. A right-hand thread slopes downward to 
the left on an external thread when the axis is horizontal. The slope is opposite on 
an internal thread. The opposite, left-hand configuration produces the opposite mo- 
tion. 

The following examples illustrate the determination of screw kinematics. 

EXAMPLE PROBLEM 13.1 

An automated wine press is shown in Figure 13.5. A single thread, 314 X 6 ACME 
screw thread moves the ram. The screw is rotated at SO rpm. Determine the advan< 
ing speed of the ram. 

Figure 13.5 Wine press for Example Problem 13.1 

Solution: 

In this configuration, the nut is fixed. The screw is allowed to turn and translate 
Therefore, according to the developed notation: 

Part A is the screw. 
Part B is the nut. 

A single thread, 314 x 6 ACME screw has the following properties: 

Number of threads per inch: n = 6 

Pitch: p = 1 = i = 0.167 in 
n 

Number of threads: N, = 1 
in 

Lead: L = N,i, = 0.167z 
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As part A, the SC~WJ, rotates with a velocity of 80 rpm, the relative velocity of B 
(nut) with respect to A (screw) is as follows: 

UB/A = Lw* 

= b.167$) (802) = 13.36% 

B~GUW the nut is fixed. the computed velocity is the absolute velocity of the ad. 
vancing screw. 

$$$PLE PROBLEM 13.2 

A screw-operated press is shown m Figure 13.6. The screw has a single l/2 x 10 
ACME thread, both in a right-hand and left-hand orientation as shown. The handle 
rOtateS mmedockwise at 45 rpm to drive the pressure plate downward. 1” the po. 
Sltmn shown, wth P = 25”, determine the velocity of the pressure plate. 

Figure 13.6 Press for Example Problem 13.2. 

Solution: 

A single thread, l/2 x 10 ACME SCKW has the following properties: 

Number of teeth per inch: n = 10 

Pitch: JI = a = & = 0.10 in, 

Number of threads: N, = I 

Lead: L = ~,p = 0.105 
rev 

A kinematic diagram of this mechanism is shown in Figure 13.7. 
13. BY calculating the mobility of the mechanism, 5 links are identified. There are 

also 4 pin joints. Therefore: 

n = 5 i, = 5 (3 pins & 2 sliding joints) jh = 0 
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Figure 13.7 Kinematic diagram for Example Problem 13.2 

and 

F = 3(n ~ 1) ~ 2j,, - jh 

= 315 - 1) ~ 215) - 0 = 12 - 10 = 2 

With two degrees of freedom, both nuts must be driven. The screw conhgurat~on 
shown in Figure 13.6 does drive both nuts. 

From Figure 13.6, the screw is free to rotate, but fixed against axial displacement. 
With the opposite hand threads, the two nuts also move in opposite directions. 
Therefore, the relative velocity of the nut with respect to the screw (Equation 13.6) 
is the absolute velocity of each advancing nut. As the screw rotates with a velocity of 
45 rpm, the nut advances at a rate of: 

Thus: 

A velocity equation can be written as: 

A velowy diagram is formed from both velocity equations. Notice that because 
of symmetry, the displacement and velocity of B is vertical (Figure 13.8). 

Figure 13.8 Velocity diagram for Example Problem 13.2. 
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Using rngonomerry, the followmg relationship can be written: 

tan(90 - (3) = ff 

and: 

og ~ u,q ran(90 ~ 0) 

for the case shown: 

/3 = 25” 

in 
VB = 4.5- i :I min 

tan(90” ~ 20”) = 12.4+ 
mm 

153.7 SCREW FORCES AND TORQUES 

The torque and force acting on a screw and nut assembly are shown in Figure 13.9. 

Figure 13.9 Force and 
torque on a screw. 

The relationship between the force and torque have been derived”’ and are a 
strong function of the coefficient of friction, IL, between the thread and nut. Friction 
was discussed in Section 13.5. A substantial amount of energy can be lost to friction 
when using a threaded mechanism. 

The first case to study is one in which the motion of the nut occurs in the oppo- 
site direction from the applied force acting on a nut. This is commonly referred to a 
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(13.8) 

(13.9) 

(13.10) 

case of lifting or pushing a load. The requrcd torque LV aavmplish this motion is 
calculated as follows: 

T = (F) [;b=“;;;j 

where: 

F = applied force on nut 
D = pitch diameter of threads 
L = lead of threads 
p = coefficient of friction between nut and threads 

The second case to be studied is one in which the motion of the nut is in the same 
direction as the force acting on the nut. in essence the load assists the motion of the 
nut. This is commonly referred to a case of lowering a load. Thr required torque to 
accomplish this motion is as follows: 

An efficiency, e, can be defined as the percentage of power that is transferred 
through the threads to the nut. It is the ratio of torque required to raise the load in 
the absence of friction, to the torque required to raise a load with friction. Again, a 
closed form equation has been derived for efficiency ‘I’: 

(BD cos a - /ALI 

(xpD + L cos CY) I 

In addition to the previously defined quantities the included thead angle, a, is 
used. This angle was illustrated in Figurr 13.2. Standard values include: 

Unified thread: a = 30” 
Metric thread: a = 30” 
Square thread: a = 0” 
ACME thread: a = 14.5” 

rhreaded screws typically have efficiencies between 20 and 50%. Thus, a sub- 
stantial amount of energy is lost to friction. As opposed to threaded screws, ball 
screws have efficiencies in excess of 90%. For ball screws, the operational torque 
equations can be estimated as: 

13.11) To lift a load: T = 0.177 FL 

13.12) To lower a load: T = 0.143 FL 

,.. 
‘,,&XJM&E PROBLEM 13.3 

A screw jack mechanism is shown in Figure 13.10. A belt/sheave is used to rotate a 
nut, mating with a single thread, 1 X 5 ACME screw, to raise the jack. Notice that a 
pin is used in a groove on the screw to prevent the screw from rotating. The nut ro- 
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Figure 13.10 Jack for Example Problem 13.3 

tafes at 300 rpm. Determine the lifting speed of the jack, the torque required, and 
the efficiency of the jack. 

Solution: 

A single thread, 1 X 5 ACME screw has the followmg propernes: 

Number of teeth per inch: n = 5 

Pitch: p = 1 = 1 = 0.20 in. 
n 5 

Number of threads: AJ, = 1 

Lead: L = N,p = 0.20z 
rev 

In Figure 13.10, the nut is fixed from translation. Therefore, the velocity com- 
puted with Equation 13.6 is that of the advancing screw. As the nut rotates with a 
velocity of 300 rpm, the thread advances through the nut at a rate of: 

The torque required to raise the load is dependent on the estimated coefficient of 
friction between the threads and nut. Because this jack configuration is used in stan- 
dard industrial settings, a coefficient of friction of 0.2 is assumed. In Table 13.1, the 
nominal pitch diameter for 1 X 5 ACME threads is 0.8726 in. Also, for all ACME 
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threads, the mcluded angle is 29”. Therefore, the torque can be computed from 
Equation 13.8: 

I 

(500 lb)(0.8726 in) l(O.20 + ~(0.2110.872611 
2 [s(O.8726) - (0.2)(0.2)] 

Finally, efficiency can be computed from Equation 13.10: 

(TD cos 01 ~ PL) 

(xpD + L cm CY) I 
[?r(O.8726)cos(29) - (0.2)(0.2)] 

[~(0.2)(0.8726) + (O.~)(COS 29")] 

= 0.24 

An efficiency of 0.24 reveals that only 24% of the power transterred to the nut LE 

ddelivered into lifting the weight. The remaining 76% is lost in friction. If these val- 
ues were not acceptable, a ball screw could be substituted for the ACME thread. A 
ball screw has an efficiency of approximately 90%, but also a significantly higher 
cost. However, recall that a ball screw is not self locking, and does not maintain the 
load at an elevated level. 

‘13.8 DIFFERENTIAL SCREWS 

A differential screw is a mechanism designed to provide very fine motions. Although 
they can be made in several forms, one common form is shown in Figure 13.11. This 
particular differential screw configuration consists of two different threads on the 
same axis and one sliding joint. 

Figure 13.11 A differential screw 

In Figure 13.11, as the handle turns one revolution, thread A rotates one revolu 
tion and advances a distance equal to the lead of thread A. Of course, the motion of 
thread B is identical to thread A because it is machined onto the same shaft as A 
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(13.13) 

(13.14) 

(13.15) 

Thus, thread B also rotates one revolution and advances a distance equal to the lead 
of thread A. As thread B rotates one revolution, nut C is retracted because it is able 
to rotate. Specifically, as thread B rotates one revolution, nut C is retracted a dis- 
tance equal to the lead of thread B. However, because thread B already advances one 
revolution, the net motion of nut C is the difference between the lead of threads A 
and B. Thus, this screw arrangement with diff 

S‘lHO 
erent leads is called a the differenttal 

For differential screws, the kinematic relationship can be modified as follows: 

Snur = (LA - LB) &rcw 

unur = (LA ~ L,bscrew 

4,,n = (LA - L9)%r~w 

Again note that the lead, L, is specified as the nut displacement per revolution. There- 
fore, in this rare instance, the angular motion should be specified in revolutions. 

When the lead of the two threads are close, small motions of the nut can be pro- 
duced. This configuration is popular for fine adjustments of precision equipment at 
a relatively low cost. 

;EXAMPLE PROBLEM 13.4 

A device that is intended to gage the length of part> IA shown in Figure 13.12. The 
concept utilizes a differential screw, such that the rotation of knob A slides nut D 
until it is firmly pressed against part E. Nut D also has a pointer that can be used to 
determine the length of part E. Th e objective is to configure the system, such that 
one rotation of knob A causes a l-mm traverse of nut D. Select threads B and C to 
accomphsh this requirement. 

Figure 13.12 Measuring device for Example Problem 13.4 

Solution: 

Use the following differential screw kinematics equation: 

S”“f = (LB - WLew 

1 mm = (LB - L,) (I rev) 

(LB - L,) = lmm 
rev 
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Several arrangements are possible. The srandard threads listed in Table 13.2 are 
utilized. These have a single thread, so that the lead and pitch are identical. Then 
two threads need to be selected that have a difference in pitch of 1 .O mm. Arbitrar- 
ily select course pitch threads: 

For thread B: Ml6 x 2.0 
For thread C: M6 x 1.0 

‘13.9 AUGER SCREWS 

Many centuries ago, Archimedes ingeniously applied a screw mechanism to lifting 
water, which is now known as the “Archimedes Screw” (Figure 13.13). As the screw 
rotates, each thread of the screw transports a certain amount of water. 

(13.16) 

(13.17) 

(13.18) 

Figure 13.13 Archimedes screw. 

Wnh this screw mechanism, the mating nut is actually the fluld being transported. 
This form is still utilized today to transport many different types of material. Com- 
mon applications include transporting molten plastic into molds, moving salt from 
dump trucks through spreaders for icy winter roads, digging fence post holes in soil, 
and moving cattle feed through long troughs. This screw mechanism is more com- 
monly referred to as an auger. 

The kinematic equations presented in Equations 13.11, 13.12, and 13.13 can be 
used to determine the motion of the material being transported, given the motion of 
the auger. Consistent with standard screws, a pitch or lead of an auger blade is de- 
fined. The volumetric transport rate is then a function of the clearance between 
auger blades, which traps the material being transported. This can be mathemati- 
cally written as: 
Volume through auger: 

= (volume trapped between auger blades)(L,,,,,)B,,,,, 

Volumetric flow through auger: 

= (volume trapped between auger blades)(L,,,,,)w,,,,, 

Volumetric acceleration through auger: 

= (volume trapped between auger blades)(L,,,,,)ol,,,,, 



Screw Thread Geometry Problems 

For Problems 13-l through 13-4, compute 
the lead angle. Also, determine whether it is 
self-locking when the thread is general ma- 
chined quality. For a self-locking thread, 
what cocflicient of friction would prevent 
self-locking? 

13-I. 114 x 20 UNC thread. 
13-2. 114 X 2X UNF thrrad. 
13-3. Ml6 X 0.2 thread. 
13-4. ACME I-118 X 5 thread 
13-5. As described in the introducoon, a stick de- 

odorant package utilizes a screw mechanism 
to advance and retract the deodorant. The 
thumb wheel rotates a standard 114 x 20 
thread which, in turn, moves the nut and de- 
odorant stick. When the thumb wheel moves 
3 revolutions, determine the distance that the 

suck advances. 
A tension testing machine is shown in Figure 
1’13.6. A single thread, 2 X 4 ACME screw 
thread, moves the nut. When the screw ram 
tata at 40 rpm, determine the advancing 
sued of the ram. 

13-h 

Figure P13.6 Problems 6 and 7. 

13-7. When the sc~cw rotates 10 revoiur~oris i,i rhc 
tension machine described in Problem 1.3-6, 
determine the displacement of the ram. 

13-8. An automated garage door opener is shown 
in Figure P13.8. A single thread, 1 x 5 
ACME screw thread, moves the nut. The 
screw is rated at 1200 rpm; determine the 
speed of the door. 

13-9. Far the garage door qxncr dtarlhed 11, 
Problem 13-8, determine the .m~ount that the 
door lawers for each 10 revolutkms of thr 
ACME screw. 

13-10. Compute the lead angle of the ACME 1 x 5 
thread used on the garage door in Problem 
13-8. When the thread is well-lubricated, dr- 
term& whether it is self-locking. For a self- 
locking thread, what coefficient of friction 
would prevent self-locking? 

Screw Kinematics Problems 

13-11. An adjustable work table mcchamsm IS 
shown in Figure P13.1 1. The input shaft K- 
tares at 600 rpm. Revel gears, with a velocity 
ratio of S:l, couple the motion from the input 
shaft to the rotating nut. A stud from the 
table has a unified 112 -13 thread that mates 
with the rotating nut. Determine the speed of 
the rising table 



Figure P13.11 Problems 11 and 12 

13-12. 

13-13. 

13-14 

13-15 

13-16 

13-17 

13-18 

13-19 

13-m 

For the work table described in Problem 1.3-I I 
determine the amount that the table lowers for 
each 10 revolutions of the input shaft. 
The automated press described in Example 
Problem 13-2 is positioned such that 13 = 
25". Graphically determine the distance that 
the pressure plate lowers when the crank ram 
tam 25 revolutions. 
The automated press described in Example 
Problem 13-2 is positioned such that l3 = 
30”. Analytically determme the drstance that 
the pressure plate lowers when the crank ro 
fates 10 revolutions. 
For the automated press described in Exam 
pie Problem 13-2, determme the velocity of 
the pressure plate when 0 = 45”. 
The automated press described in Example 
Problem 13-2 is positioned such that t3 = 
48”. Graphically determine the distance that 
the pressure plate lowers when the crank ro- 
fafei 50 rev”l”tio”s. 
The automated press described in Exa~nplr 
Problem 13-2, is positioned such that 0 = 
45”. Analytically determine the distance that 
the pressurr plate lowers, when the crank is 
rotated 75 revolutions. 
For the automarcd pre~:s described in Exam- 
ple Problem 13-2, determine the velocity of 
the pressure plate when 0 = 65”. 
The automated press described in Example 
Problem 13-2 is positioned such that 0 = 
65”. Graphically determine the distance that 
the pressure plate lowers when the crank I<>- 
tam 35 revolutions. 
The automated press described in Example 
Problem 13-2, is posnioned such that P = 
65”. Analytically determine the distance thar 
the pressure plate lowers, when the crank is 
rotated 15 revolutions. 

13-21. A bcrew-“pcrarcd prr** li Sh”\W 111 hgurc 
P13.21. The screw has a single 112 X 10 
ACME thread, both in a right-hand and lrft~ 
hand orientation as shown. The handle roe 
tam counter-clockwise at 4.5 rpm to drive the 
pressure plate downward. In rhe position 
shown, with (3 = 25”, dererminr the velocity 
of the prewure plate. 

Figure P13.21 Problems 21-28. 

I 1-22. The automared press described in I’IuhluIt 
13-21 is positioned such that li = 25”. 
Graphically determine the distance that the 
pressure plarc lowers, when thr crank rotate 
20 revolutioni. 

13-23. The automated press described in Probirm 
13-21, is positioned such that D = 25”. Aaa~ 
lyrically determine the distance that the pres- 
sure plate raises, when thr crank is rotated 10 
revolutions. 

13-24. For the automated press dcscrlbed in Prob- 
Icm 11-21, determine the velocity of thr pres 
sure plate when 13 = 45”. 

13-25. ~hca”nrmatedpressdescribcdinProblcm 13-2ii 
positioned such that 0 = 45”. Graphically dcter- 
mint the distance that the pressure plate lowers 
when the crank rofat~s 15 revolutions. 

13-26. For the aaomated press described in Prob- 
lem 13-21, determine the velocity of rhc prer 
sure plate when /3 = 65”. 

13-27. The automated press described in Probicm 
11-21 is posnionrd wch that 8 = 6.5”. 



Craphlcally dcrcrmmr the durance rhar rhr 
pressure plate lowers when the crank rotates 
30 revolutions. 

13-28. The automated press described in 13.21 1s pw 
sirioned such that /3 = 65”. Analytically deters 
mine rhe distance that the pressure plate raisrs, 
when the crank is rotated 30 revolutions. 

13-29. The drawing table shown in Figure P1.1.29 
has an adjustable height/angle. The adlust- 
merit lever rotates a M24 X 3, right-hand 
thread. When the lever rtxatcs 3 revolutions 
clockwise, graphically reposition the mecha- 
nism into the new configuration. 

Figure P13.29 Problems 29.32. 

13-30. For the drawing table described in I’robicnr 
13-29 graphically reposition the mechanism 
into the new configuration when the lever ro- 
tata 5 revolutions clockwise. 

13-31. For the drawing table described in Problem 
13-29 graphically reposition the mechanism 
into the new configuration when the lever IO- 
tates 7 revolutions clockwise. 

13-32. For the drawing table described in Problem 
13-29 determine the velocity of the roller A 
and angular velocity of the table when the 
lever rottarts at 30 rpm, clockwise. 

Screw Force Problems 

13-33. A l/2” standard ACME thread is used <,I> ii c.~ 
clamp. lhis thread is of general machmr 
quality with minimal lubricant. For rhc 
clamp to exert aa 500.lb force on the marrri- 
als being clamped rogethcr, determine the 
torque required. 

13-34. Estimate the efficiency of the C-clamp dc- 
scribed in Problem 13-29. 

L-35. A jack uses a double-thread ACME thread 
with a major diameter of 25 mm and a pitch 
of 5 mm. The iack is intended to lift 4000 N. 
Determine: 

a. The lead angle. 
b. Whether the jack 1s self-locking. 
c. The torque to raise the load. 
d. The torque to lower the load. 
e. The efficiency of the jack. 

13-36. A jack uses a double-thread 1 x 5 ACMt 
thread. The jack is intended to lift 2000 lb. 
Determine: 

a. The lead angle. 
b. Whethcr the jack is self-lockmg. 
c. The torque to raise the load. 
d. ‘The torque to lower the load 
e. The efficiency of the iack. 

13-37. For the table in Problem 13-11, the thread ~b 
of general machine quality with minimal 1~~ 
bricanr. The table supports 75 lb; determine 
the torque that must be transferred to the nut. 

13-38. Estimate the effiaency of the screw used in 
the table, described in Problem 13-33. 

Differential Screw Problems 

13-39. A differential screw is to be used m a measure 
ing device similar to the one described in Ex- 
ample Problem 13-4. Select two standard 
threads such that one rotation of the knob 
creates a 0.5.mm traverse nf the nut. 

13-40. A differential screw is to be used in a mcasur- 
ing device similar to the one described in Ex- 
ample Problem 134. Select two standard 
threads such that one rotation of the knob 
creates a 0.25.inch frawrse of the nut. 
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1341, A differential screw is to be used in a measur- 
ing device similar to the one described in Ex- 
ample Problem 134. Select two standard 

threads such that one rotanon ot the knob 

creates a 0.05.inch fraverse of the nuf. 

:C+SE iTUDIES 

C13-1 The device shown in Figure C13.1 utilizes a 
SCICW mechanism. Carefully examine the 
components of the mechanism, then answer 
the following leading questions to gain in- 
sight into the operation. 

1. What is the hand designanon for thread B? 
2. What is the hand designation for thread E? 
3. When handle A rofaws counterclockwise, 

what is the motion of nut C? 
4. When handle A rotates counterclockwise, 

what is the motion of slide H? 

Figure C13.1 (Courtesy, Industrial Press) 

5. When handle A ~ofa~es counterclockwise, 
what is the motion of nut D? 

6. When handle A rotam counterclockwise, 
what is the motion of slide I? 

7. What is the function of both links labeled 
F? 

R. What is component G and what is its func- 
tion(s)? 

9. What is the function of this device, and 
what would you call it? 

C13-2 The device shown in Figure C13.2 utilizes a 
screw mechanism. Carefully examine the 
components of the mechanism, then answer 
the following leading questions to gain in- 
sight into the operation. 

Figure C13.2 (Courtesy, Industrial Pressi 

1. As hand wheel A rotates counterclock- 
wise, what is the motion of shaft I? 

2. What is the function of pin H? 
3. As hand wheel A rotafes counterclock- 

wise, what is the motion of threaded 
sleeve B? 

4. What actually couples the motion of shaft 
I and threaded sleeve B? 

8. Threaded sleeve B has right-hand threads; 
as hand wheel A nxa~cs counterclock- 
wise, what is the motion of nut C? 

6. What happens to this device when pads D 
and E contact? 

7. What component is F and what is its 
function? 

8. What is the function of this device? 
9. What would happen if nut G were tight- 

ened? 
10. What would happen to this device if the 

interface] were designed with a more ver- 
tical slope? 
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Machines and Mechanisms: Applied Kinematic Analysis 
applies kinematic theories, both graphical and analytical, to 
real-world machines. It is intended to bridge the gap between 
a theoretical study of kinematics and the application to 
practical mechanisms. This approach of applying theoretical 
developments to practical problems is consistent with the 
philosophy of engineering technology programs. 

Distinctive features of this book include: 

* Focus on the application of kinematic theories to practrcal 
mechanisms. Machinery that contains mechanisms is 
pictured throughout the text. 

* Use of both graphical techniques and analytical methods 
in the analysis of mechanisms 

* Case studies at the end of every chapter that illustrate a 
mechanism used on industrial equipment 

Suggestions for implementing the graphical techniques 
on computer-aided design (CAD) systems 

Introduction of mechanism force analysis 

Example problems that illustrate the applicatron of every 
major concept 

Real machines used in example problems 

Numerous end-of-chapter problems, most of which Include 
the machine that relies on the mechanism being analyzed 

Suggestions for using programmable devices (calculators, 
spreadsheets, math software, etc.) for analytical solution 
procedures 
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