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PREFACE

The principal concern of this book is the qualitative theory of the half-linear second
order differential equation

(HL) (r(i)$(z'))' + c(t)$(x) = 0, $(x) := la;^"1 sgnx, p>\.

The investigation of (HL) has attracted considerable attention in the last two
decades. Among others, it was shown that solutions of this equation behave in
many aspects like those of the Sturm-Liouville differential equation

(SL) (r(t)i') ' + c(t)x = 0,

which is the special case of (HL) when p = 2. The aim of this book is to present
the substantial results of this investigation. The main attention is focused to the
oscillation theory and asymptotic theory of (HL), and to boundary value problem
associated with this equation. Note that the term half-linear equations is motivated
by the fact that the solution space of (HL) has just one half of the properties which
characterize linearity, namely homogeneity (but not additivity).

The investigation of qualitative properties of nonlinear second order differential
equations has a long history. Recall here only the papers of Emden [151], Fowler
[166], Thomas [349], and the book of Sansone [336] containing the survey of the
results achieved in the first half of the last century. In the fifties and the later
decades, the number of papers devoted to nonlinear second order differential equ-
ations increased rapidly, so we mention here only treatments directly associated
with (HL). Even if some ideas concerning the properties of solutions of (HL) can
already be found in the papers of Bihari [36, 38], Elbert and Mirzov with their
papers [139, 290] are the ones usually regarded as pioneers of the qualitative theory
of (HL).

In later years, in particular in the nineties, the striking similarity between
properties of solutions of (HL) and of (SL) was revealed. On the other hand,
various problems associated with (HL) have been indicated, where the situation
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vi Preface

is completely different comparing the linear and half-linear case, and where the
absence of the additivity of the solution space of (HL) brings completely new
phenomena.

One of the reasons for the research in the field of half-linear equations is that
variety of physical, biological, and chemical phenomena (let us mention at least
non-Newtonian fluid theory or some models in glaceology) are described by the
partial differential equations with the so-called p-Laplacian, and this PDE's can be
reduced under some assumptions to the ODE's of the form (HL). Another reason
can be "purely mathematical", it is natural to ask what results of the deeply
developed qualitative theory of (SL) can be extended to (HL).

The book is divided into 9 chapters. The first one deals with classical topics
like the existence, uniqueness, and the Sturmian theory for (HL). In particular, it
is shown that the linear Sturmian theory extends verbatim to (HL). An attention
is also focused to some elementary half-linear differential equations. The next two
chapters are devoted to the oscillation theory of (HL). Chapter 2 presents basic
methods of the half-linear oscillation theory which are essentially the same as in
the linear case (variational principle, Riccati technique and comparison theorems).
Chapter 3 then delas with the particular oscillation and nonoscillation criteria.
These criteria are sorted according to the method used in their proofs and accord-
ing to the types of conditions that are involved.

Chapter 4 presents a very recent material concerning nonoscillatory solutions
of (HL). In particular, this chapter deals with the asymptotic analysis of nonoscil-
latory solutions of (HL) and with properties of the so-called principal solution of
(HL). The largest chapter of this book is Chapter 5, where we collected various
statements related to half-linear oscillation theory. Among them, let us mention
at least the half-linear Sturm-Liouville problem and the theory of half-linear equa-
tions with almost periodic coefficients. Chapters 6 and Chapter 7 contain mostly
the results concerning boundary value problems associated with (HL) and with
the partial differential equations with p-Laplacian. The main attention is focused
to the Fredholm alternative for the the so-called resonant BVP's. Note that this is
an example of the problem where linear and half-linear cases are completely differ-
ent. Chapter 8 presents basic facts of the recently established discrete half-linear
oscillation theory and the results presented there can be understood as discrete
counterparts of some statements presented in previous chapters. The last chapter
collects miscellaneous material related to half-linear equations, like more gener-
al differential equations, functional differential equations and various inequalities
related to (HL).

The origin of this book lies in Chapter 3 of the Handbook of Differential Equ-
ations [56] written by the first author. Here, comparing with that chapter in the
Handbook, all material is elaborated in more details and the whole treatment is
approximately three times larger. Also, comparing our book with Chapter 3 of
the recent monograph [6] (this book is devoted to the oscillation theory of various
differential equations), there are some common points, but the most part of our
presentation differs from that of [6]. We present here a systematic approach to the
qualitative theory of half-linear differential equations, while [6] is directed only to
oscillation problems.
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CHAPTER 1

BASIC THEORY

In this first chapter we present basic properties of solutions of the half-linear second
order differential equation

(1.1.1) (r(t)${x'))' + c(t)$(x) = 0, $(x) := l ^ " 1 sgnx, p > 1,

which is the main concern of this book. Recall that the terminology half-linear
differential equation (systematically used by Bihari and Elbert for the first time)
reflects the fact that the solution space of (1.1.1) is homogeneous, but not additive.

We suppose that the functions r, c are continuous and r(t) > 0 in the interval
under consideration. Note that the most of our results can be formulated under
weaker assumptions that the functions 1/r, c are locally integrable. However, since
we are interested in solutions of (1.1.1) in the classical sense (i.e., a solution x of
(1.1.1) is a C1 function such that r$(x') G C1 and satisfies (1.1.1) in an interval
under consideration), the continuity assumption is appropriate for this setting.

As we have already mentioned in the Preface, half-linear equations are closely
related to the partial differential equations with p-Laplacian. In fact, (1.1.1) is
sometimes called the differential equation with the one-dimensional p-Laplacian.
Recall that the p-Laplacian is a partial differential operator of the form

Apu :=  div (| |VM||P-2VM ) ,

where (for u = u(x) = u(x\,...,XJV)) VM = ( gf î  > gj~ ) is the Hamilton

nabla operator and (for v(x) = (v\(x),... ,VN(X)) divu(x) = X^=i -§^r(x) is the
usual divergence operator. If it is a radially symmetric function, i.e., u(x) = y(t),
t — \\x\\, ||  || being the Euclidean norm in Rw, the (partial) differential operator
Ap can be reduced to the ordinary differential operator

Apu(x) = t1-N(tN-^(y'(t)))', ' = jt.

1



Chapter 1. Basic Theory

In the first section of this chapter we deal with the existence and the unique
solvability of (1.1.1). The principal tool is the half-linear Prlifer transformation,
we also offer an alternative approach to the existence and uniqueness problem.
In Section 1.2 we present the basic oscillatory properties of (1.1.1), in particular,
we show that the linear Sturmian oscillation theory extends almost verbatim to
half-linear equations, and that basic concepts of the linear oscillation theory as
Picone's identity, Riccati equation and other concepts have a natural half-linear
extension. In Section 1.3 we show basic differences between second order linear and
half-linear equations. The last section of this chapter deals with some special half-
linear equations. In particular, we present basic properties of solution of half-linear
equations with constant coefficients and of Euler-type half-linear equation.

1.1 Existence and uniqueness

The first section of this chapter is devoted to the existence and uniqueness theory
for (1.1.1). We introduce the half-linear trigonometric functions and the half-linear
Priifer transformation which are the basic tools used in the proof of the existence
and uniqueness statement for (1.1.1). We also deal with the relationship of half-
linear equation (1.1.1) to various similar equations and systems. An alternative
approach to the uniqueness theory (based on a Gronwall type lemma) is discussed
as well.

1.1.1 First order half-linear system and other forms of half-
linear equations

Consider the Sturm-Liouville linear differential equation

(1.1.2) (r(t)x')' + c(t)x = 0,

which is a special case p = 2 in (1.1.1). Then, given to, xo, x\ £ R, there exists the
unique solution of (1.1.2) satisfying the initial conditions x(to) = Xo, x'(to) = xi,
which is extensible over the whole interval where the functions r, c are continuous
and r(t) > 0. This follows e.g. from the fact that (1.1.2) can be written as the
2-dimensional first order linear system

x' = ^ u , u' = -c{t)x,

and the linearity (hence the Lipschitz property) of this system implies the unique
solvability of (1.1.2). On the other hand, if we rewrite (1.1.1) into the first order
system (substituting u = r$?(x')), we get the system

(1.1.3) x' = rl-q{t)$-l{u), u' = -c(t)<S>(x),

where q is the conjugate number of p, i.e., \jp + 1/q = 1, and $ - 1 is the inverse
function of $. The right hand-side of (1.1.3) is no longer Lipschitzian in x,u,

2



1.1. Existence and uniqueness 3

hence the standard existence and uniqueness theorems do not apply directly to this
system. Moreover, it is known that the Emden-Fowler type differential equation

(1.1.4) (r(t)\x'\a~1sgnx'Y+p(t)\x\l3~1sgnx = 0, a,(3>l,

(which looks similarly to (1.1.1), in a certain sense) may admit the so-called sin-
gular solutions (see Section 9.1 and e.g. the books [202, 292]) i.e., solutions which
violate uniqueness and continuability of solutions of (1.1.4).

Half-linear differential equations occur in various forms in the literature. Elbert
(and some of his collaborators) mostly considered equations of the form

(1.1.5) (r(t)(x')n*y + c(t)xn*  = 0,

where un*  := |w,|"sgnw, with n > 0. The alternative notation for n* is n* or
n. Clearly, (1.1.5) is equivalent to (1.1.1) when n = p — 1, and so there is, in
fact, no difference between (1.1.1) and (1.1.5). Note that the equations of these
forms appear in the absolute majority of the quoted papers dealing with half-linear
differential equations. Another form (considered in particular in [70, 197, 262], but
also elsewhere) is

(1.1.6) u" + a^M" !? / !1- " sgnu = 0,

where a G (0,1] and a(t) is a real function. When taking so-called proper solu-
tions, see the beginning of Section 3.3, this equation is equivalent to (1.1.1) (i.e.,
their solution spaces are the same) provided p = a + 1, p £ (1,2], r(t) = 1 and
(p- 1 )c(i) = a(t), in view of the identity ($(z'))' = (p- l)x"\x'\p~2. Observe also
that the form (1.1.1) enables to consider the case a = p — 1 > 1, and many of the
results for (1.1.6) can be extended in this direction without difficulties. Sometimes,
slightly more general forms than (1.1.1) are considered, e.g.,

(1.1.7) (R(t)xry + Q(t)f(x, R(t)x') = 0,

where R} Q are continuous real functions and R(t) > 0. At least two sets of re-
strictions, which are imposed on f(x,y), appear in the literature:

(i) Bihari [36] required f(x,y) such that it is defined on M2 and is Lipschitzian
on every bounded domain in R2, xf(x,y) > 0 if x ^ 0 (consequently, f(0,y) = 0
for all y G R), f{Xx, Ay) = Xf(x, y) for all AeR, (x, y) G R2.

(ii) In [143, 145] it is assumed that f(x, y) is denned and continuous on K x Eo,
Mo = [0, oo), xf(x, y)>0iixy  ̂ 0, /(Ax, Ay) = Xf(x, y) for A G R+, (x, y) G M x
Ko, the functions F+(t),F_(t) denned by F+(t) = tf(t,l), F_(t) = -tf(-t,-l)
satisfy the relations

/ r T < oo. / — < oo, lim  = oo.

the functions log(l + F+(t)) and log(l + F-(t)) are uniformly Lipschitzian on R.
Some strange effects may occur for (1.1.7) satisfying the latter conditions: For
example, it may have an eventually positive solution, but it has no eventual-
ly negative solution, or the zeros of two (linearly independent) solutions do not



Chapter 1. Basic Theory

necessarily separate each other (observe that the latter effect may occur also for
equation (1.1.6), see the beginning of Section 3.3). However, all this "deviati-
ons" disappear if f(—x,—y) = —f(x,y), which is sometimes assumed there, see
also Remark 1.3.1 below. A nontrivial example when the last relation holds is
f(x,y) = $(x)\y\'2-p. Then (1.1.7) reads as {R{t)xJ + Q(t)${x)\R{t)x'\2-p = 0
or, equivalents, \R(t)x'\p-2(R(t)x')' + Q(t)$(x) = 0 or (T^" 1^)*^ ')) ' + (p -
l)Q(t)$(x) = 0, which is an equation of the form (1.1.1). Another approach to
examining second order half-linear equations is to consider a (more general) first
order system (studied by Mirzov, see [290, 291, 292] and also Subsection 1.2.9) of
the form

(1.1.8) u[ =ai(i)|u2|
Al sgnii2, u'2 = -a2( i)K| A 2 sgnui,

where A; > 0 (i = 1,2) with A1A2 = 1 are constants and ai,a2 are real functions.
Its relation to equation (1.1.1) becomes apparent looking at system (1.1.3). Finally
note that the half-linear system

y' = h(t)y + b2(t)z
(1^*, z' = -b3(t)y

n*  + b4(t)z

appeared in [141, 142], and it is closely related to the equation with a damping
term

(A(t)$(x'))' + B(t)$(x') + C(t)$(x) = 0,

which is also considered sometimes.

1.1.2 Half-linear trigonometric functions

In proving the existence and uniqueness result for (1.1.1), the fundamental role is
played by the generalized Priifer transformation introduced in [139]. Consider a
special half-linear equation of the form (1.1.1)

(1.1.9) ($(x'))' + (p-l)$(x)=0

and denote by S = S(t) its solution given by the initial conditions 5(0) = 0,
5"(0) = 1. We will show that the behavior of this solution is very similar to
that of the classical sine function. Multiplying (1.1.9) (with x replaced by S)
by 5" and using the fact that ($(S"))' = (p - l)|5"|p" 25"', we get the identity
[|S''|P + \S\P]  = 0. Substituting t = 0 and using the initial condition for S, we
have the generalized Pythagorian identity

(1.1.10) |5(t)|P + |5'(t)|p = l.

The function S is positive in some right neighborhood of t = 0 and using (1.1.10),
S' = \ /l — Sp, i.e., P/

ds„  = dt in this neighborhood, hence

fS(t)

(1.1.11) t= / (l-spypds.
Jo

4
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Figure 1.1.1: Generalized sine functions for p = 3/2, p = 2, and p = 3

Following the analogy with the case p = 2, we denote

^ = / (l-sp)-ids=- (l-u)-vu-*du
2 Jo P Jo

where

Jo

is the Euler beta function. Using the formulas

B(^) = M F(x)r(l - x) = ^L-v y> T(x + y) W V y sinvra;

with the Euler gamma function T(x) = Jo tx~x e~l dt, we have

(1.1.12) 7TP =
 2?F .

The formula (1.1.11) defines uniquely the function S = S(t) on [0, TTP/2] with
S(TTP/2) = 1 and hence by (1.1.10) S'(TTP/2) = 0. Now we define the generalized
sine function sinp on the whole real line as the odd 2TTP periodic continuation of
the function

(S(t), 0 < t < f ,
\S(TTp-t), %<t<np.

The generalized cosine function cosp is defined as cospt = (sinp£)'. The functions
sinp and cosp reduce to the classical functions sin and cos, respectively, in case
p = 2. The generalized Pythagorian identity

(1.1.13) | s i np t |p+ |cosp i | p = l

holds.
It is not difficult to see that sinp is a bijective mapping of [—7rp/2,7rp/2] onto

[—1,1]. Hence there exists its inverse function; we denote it by arcsinp. Similarly,

5
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via cosp, we introduce the half-linear extension of arccosine function, denoted by
arccoSp.

In addition, we introduce the half-linear tangent and cotangent functions tanp

and cotp by
smpt cosptta,nvt———, cotr,t — ——.
COSp t Slllp t

The function tanp is periodic with the period np and has discontinuities at TTP/2 +
knp, k £ Z. The function cotp is also TTP periodic, with discontinuities at t = knp,
k e Z. By (1.1.9) and (1.1.13) we have

(tanp t)' = = 1 + 1 tanp t\p,
(1.1.14) P |cospi|P

 p '
(cotpi)' = - |cotpt |2" p( l + |cotpt|

p).

Hence (tanp t)' > 0, (cotp t)' < 0 on their definition domains, and there exist the
functions arctanp, arccotp that are defined as inverse functions of tanp and cotp in
the domains (—irp/2,np/2) and (0,TTP), respectively. From (1.1.14) we have

(arctanpi) = j ^ p -

Remark 1.1.1. (i) The definition of the "half-linear" TTP just introduced comes from
the original paper of Elbert [139]. One can find a slightly different definition in the
literature, namely,

(1.1.15) „  ! = ,(,_!, ^ . - J * -

see e.g. [89]. This difference is caused by the fact that instead of (1.1.9), the initial
value problem

($(z'))' + $(z) =0, x(0) =0, x'(0) = 1

is taken as defining for the half-linear sine and cosine functions. Note also that if x
solves the last initial value problem, then we have the identity \x' \p+\x\p/(p— 1) = 1
instead of (1.1.13) in this modified setting. However, the definition of np by (1.1.12)
is now more common, even if sometimes the definition (1.1.15) is still used in some
works, see e.g. [331, 332].

(ii) Interesting results concerning an extension of the sine and cosine functions
can be found in [259] (see also [260]). For m,k > 0, the functions S = S*m/fc(£)
and C = Cm/k(0 are defined (implicitly) as the inverses of the Abelian integrals

fs dx fc dx
e = y0 (i-xkr /k a nd c = ~./i (i-xfc)™/fc-

Among others, the following two identities are proved

(1.1.16) Sk
m/k(0 + Cl

n/l(V) = 1 provided ^ + 1 = 1 , ^ + 1 = 1 , ^ = ^ ,
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Remark 1.1.2. Similarly to the definition of TTP, also the half-linear Priifer transfor-
mation appears in the literature in various modifications. The definition presented
here has been established by Elbert [139]. Some of these modifications will appear
later in this book, see e.g. Subsection 5.6.1 and the section devoted to half-linear
Sturm-Liouville problems. For some other modifications we refer to [54, 268, 331]
and the references given therein.
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and

(l + Syttt)) (l + C%i(v)) = 2 provided \ + \ = \ I**  = k*.

Clearly, a special choice of k,l,m,n in (1.1.16) yields the generalized Pythagorian
identity (1.1.13).

1.1.3 Half-linear  Priifer  transformation

Using the above defined generalized trigonometric functions and their inverse func-
tions, we can introduce the generalized Priifer transformation as follows. First note
that this transformation will be very useful in proving many qualitative results for
(1.1.1), including the existence and uniqueness of the initial value problem. Let x
be a nontrivial solution of (1.1.1). Put

p(t) = V\x(t)\P+r*{t)\x'(t)\P

and let <p be a continuous function defined at all points where x(i) ^ 0 by the
formula

(p(t) = arccotp — ,
x(t)

where q is the conjugate number of p, i.e., 1/p + 1/q = 1. Hence

(1.1.17) x{t) = p(t) sinp ¥>(*), ri- l{i)x'{t)  = p(t) cosp <p{t).

Differentiating the first equality in (1.1.17) and comparing it with the second one
we get

(1.1.18) rl-q{t)p(t) cosp (p(t) = p\i) ship ip(t) + p(t) cosp(if(t))if'(t).

Similarly, applying the function $ to both sides of the second equation in (1.1.17),
differentiating the obtained identity and substituting from (1.1.1) we get

(1.1.19) - c W1 (tWsin,, <p(t))

= (p- 1) [pp-2(t)//(i)$(cosp(^)) - pP-^tWamptpitytp'tt)] .

Now, multiplying (1.1.18) by <fc(cospip)/p, (1.1.19) by siiipip/pP^1 and combining
the obtained equations we get the first order system for <p and p

<p' = ^ - \Smpv\P + rl-«(t) |cosp^|p,

(1-L20) P r c(t)^
p' = $(SmpV(t))cosPv(t) ^-"(t)  - ^ J p.
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1.1.4 Half-linear Riccati transformation

In the alternative proof of the uniqueness result the following transformation will
find the application. Later we will see its extreme usefulness in the oscillation
theory of (1.1.1). Let i be a solution of (1-1.1) such that x(t)  ̂ 0 in an interval
/ . Then w(t) = r(t)$(x'(t))/$(x(t)) is a solution of the Riccati type differential
equation (or the generalized Riccati differential equation)

Multiplying this equation by | sinp (fi(t)\
p and using (1.1.13) we get really the first

equation in (1.1.20).

1.1.5 Existence and uniqueness theorem

Since the right-hand side of system (1.1.20) is Lipschitzian in both p and ip, the
initial value problem for this system is uniquely solvable and its solution exists on
the whole interval where r, c are continuous and r(t) > 0. Hence, the same holds
for (1.1.1). This statement is summarized in the next theorem.

(1.1.21) w' + c(t) + (p- l)r l-q{t)\w\q = 0,

where q is the conjugate number of p, i.e., q = -Jzi- Indeed, in view of (1.1.1) we
have

, _ (r$(x>)y$(x) - (p - l)r^{x')\x\P-2x' _ _ r x'\*
W &{x) ° [P ' X\P

= - c - (p-l)rl-q\w\q.

Remark 1.1.3. Using the above Riccati equation (1.1.21) one can derive the first
equation in (1.1.20) as follows. Prom (1.1.17) we have

r(tMx/(t)) $(cospy>(<))

The function v(t) = $(cosp i)/$(sinp t) satisfies the Riccati equation corresponding
to (1.1.9). This implies

[v(<p(t))]'  = v'MtW(t) = [-(p - 1) - (p - 1) | I j ^ ^ j [] <p'(t)

L smp ip(t) J

Substituting from (1.1.21)

w'(t) = -C(t) - (p- iy-*(t)\w(t)\« = -C(t) - (p - iy-q(t) ^ ^ P ,
Slllp (f

and hence

at) + (p - i y - ( * ) ^ § P = (p -1) [i + ^ | H ,/(*).
Slllp <p{t) I Slllp (/?(l) J

8



1.1. Existence and uniqueness 9

Theorem 1.1.1. Suppose that the functions r,c are continuous in an interval
/ C M and r(t) > 0 for t £ I. Given to £ I and A,B £ ~R, there exists a unique
solution of (1.1.1) satisfying x(to) = A, x'{to) = B which is extensible over the
whole interval I. This solution depends continuously on the initial values A7B.

Remark 1.1.4. Note that the uniqueness of the IVP for half-linear equation (1.1.1)
is a subtle problem as pointed out in [331]. In that paper, it is shown that the
uniqueness is not generally preserved if we add the forcing term in (1.1.1), i.e., we
consider the equation

(r(t)<S>(x'))' + c(t)<S>(x)=f(t),

where / is a continuous function. More precisely, in [331] it is shown using the
concept of the subsolution of the initial value problem

(ta<S>(x')Y + g(t, x) = 0, x(a) = x0, x'(a) = xu x0, xi £ M, a > 0,

that the initial value problem

(1.1.22) ($(a / ) ) '- $(z) = - 1 , x(0) = 1, x'(0) = 0

with p > 2 has in addition to the "obvious" solution x(t) = 1 also a solution for
which x(t) > 1 in a right neighborhood of t = 0. More precisely, the function
x{t) = 1 + t1+E, e > 2/(p — 2), is a subsolution of (1.1.22), i.e., it satisfies the
inequality ($(x'))' — $(x) < —1, and the general theory developed in [331, 356]
states that there is a solution of (1.1.4) which is greater than this subsolution for
small t > 0, i.e., it is a solution different from x(t) = 1. We refer to the above
mentioned paper [331] for details.

1.1.6 An alternative approach to the existence theory

In this subsection we offer an alternative approach (comparing with the Priifer
transformation) to the global existence and uniqueness theorem for the IVP

(1.1.23) (1.1.1), x(to)=A, x'(to)=B.

This statement can be inferred from the following five lemmas and Remark 1.1.5.
The classical results, like the Peano theorem and the Gronwall inequality, play
important roles.

Throughout this subsection, similarly as before, we suppose that r, c are con-
tinuous functions in / = [a, oo) and r{t) > 0 in this interval.

Lemma 1.1.1 (Global Existence). The initial value problem (1.1.23) with to =
a has at least one solution defined on the whole interval [a, oo).

Proof. The local existence follows from the Peano theorem. We will show that this
solution can be extended over the entire interval [a, oo). Integrating system (1.1.3)
over the interval [a, b], b £ [a, oo), we obtain

x{t) = x(a) + jy-^^ds,

u(t) = u{a)- / c{s)®(x(s)) ds
Ja
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Using the Gronwall inequality, we have from the above estimate

\x(t)\p + \u{t)\q < Kexp[H(b)(t - a)}

for t £ [a,b], and thus the solution can be extended over the whole interval [a,b].
Since b € [a, oo) is arbitrary, the assertion of the lemma follows.

Lemma 1.1.2. The initial value problem (1.1.23) with A = B = 0, to 6 [a, oo),
possesses only the trivial solution on [a, oo).

Proof. The statement follows from the proof of the previous lemma since the zero
initial conditions imply K = 0 in (1.1.24), and so \x(t)\p + \u(t)\q < 0 for all
t £ [a, oo).

Lemma 1.1.3. Suppose that either (i) A =/=  0, B =/=  0, or (ii) A = 0,B ^= 0 and
p > 2, or (iii ) A ^ 0, B = 0 and p < 2. Then the IVP (1.1.23) with t0 = a has a
unique solution in a right neighborhood of the point a.

for t £ [a, b]. Using Holder's inequality, we have

\x(t) - x(a)\p < ( j T (l/r{s)Yl{p-l) ds) j f '  \u(s)\q ds

and

u{t)-u(a)\q< / \c{s)\pds\ / \x(s)\pds.
\Ja / Ja

Taking into account that

\\ + IS\P < 2P-1 {\\\P + \is\P)

for A, v € K, we get

x{t)\p + \u(t)\q < 2p-1\x{a)\p + 2q-1\u(a)\g

+2P-1 ( (l/r(s))q/p~1) ds) / |u(s)|«ds

+2"-1 ( / |c(s)|pdsj / \x{s)\p ds

< K + H{b) f {\x{s)\p + \u(s)\q) ds

J a

for t s [a, 6], where

(1.1.24) K = 2p-1\x{a)\p + 2q-l\u(a)\q

and

{ / rt \Q/P / rt \p/q]
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Proof. It is easy to see that the right-hand side of system (1.1.3) satisfies locally a
Lipschitz condition on the set V defined in one of the following ways (with respect
to the cases (i) - (iii)) :

V = [a, oo) x (K \ {0} ) x (R \ {0} ) for p > 1 arbitrary,
V = [ a , o o ) x t x ( I \ { 0 } ) f o r p > 2,
V = [a, oo) x (M \ {0} ) x i for p < 2.

Hence, the right-hand side of (1.1.3) is Lipschitz in some right neighborhood of a
and the statement follows.

Lemma 1.1.4. Suppose that A = 0, B ^ 0 and p < 2. Then the IVP (1.1.23)
with to = a has a unique solution in a right neighborhood of the point a.

Proof. Let iji  and y2 be two (local) solutions of (1.1.23) with with to — a, A — 0
and B / 0 . Integrating (1.1.1) with y = y% twice from a to t G dom(j/i)ndom(y2)n
[a, 00) we get

Vi(t) = J r^is)®-1 \B - I c(T)$(yi(r)) dr\ ds, i e {1, 2},

where B = r(a)$(B). Hence

Vi(t)-y2(t)= ftr1-"(S)h-1(B-I1(S))-^-1(B-I2(S))\ ds7

where

h{t)= I c{S)^{yi{S))ds, i e { l , 2 } ,

and, by the Mean Value Theorem,

yi(t) - y2(t) = (q - 1) ( r1-"(s)\V(s)\"-2(I2(s)-I1(3))ds,
J a

where rj{t)  lies between B — Ii(t) and B — I-2{t). Since B — I{(t)  —> B as t —> a,
i e {1,2} , one can find S > 0 such that \r)(t)\ < 2\B\ for t 6 [a, a+ 6]. Noting that
q — 2 > 0 and using integration by parts, we obtain

' ^ - ^  < /V«(S)|/l(s)-/2(S)|dS
(g-l)(2|B|)«-2 - Ja

 W l U ^ 2K >l

< I rl-i{s) r\c(T)\Myi(T))-$(y2(T))\dTdS
 a J a

= \[a\c(T)\\$(yi(T))-$(y2(T))\dT f r^^dr]
\-J a J a \ a

'  fa i.[rlq{T)dT) lC(S)H$(^( S))-$(^( S))ldS

= J (Jr1-q(T)dTyc(S)\my1(S))-^(y2(s))\ds



for t G [a, a + ui}. Applying the Gronwall inequality we conclude that jji(t)  = y2{i)
on [a,a + to], which implies that the solution of the IVP is unique in a right
neighborhood of the point a.

Lemma 1.1.5. Suppose that A ^ 0, B = 0 and p > 2. Then the IVP (1.1.23)
with to = a has a unique solution in a right neighborhood of the point a.

Proof. If c(a)  ̂ 0, the statement can be proved in a similar way as the previous
lemma. Another possibility in this case is to use the method based on the reciprocal
equation (1.2.11) (see the below Subsection 1.2.8). Indeed, if y is a solution of
(1.1.1) satisfying y(a)  ̂ 0, y'{a) = 0, then u = r$(y') solves (1.2.11) with u{a) = 0
and u'(a)  ̂ 0. Moreover, q < 2 (since p > 2) and so the previous lemma can be
applied.

We have to show that the statement is valid also for the case where c(a) = 0
(in fact, the following approach applies for any value of c(a)). Let y\ and t/2 be two
(local) solutions of (1.1.23) with with to = a, A  ̂ 0 and B = 0. Then there exists
S > 0 such that y^t) ^ 0 on [a, a+ 6], i G {1,2} . Then wt = r(t)^>{y' l{t)/yt{t)),
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for i s [a,a + 5]. Define the continuous function

- n _ f 2 / . ( * ) ( / / H ( # ) l iorte(a,a + S},
yt \|y/ \

[ Bri-1(a) for i = a,

i G {1,2} . Then, using the above estimates,

\yi(t)-Ut)\ < (q-l)(2\B\y-2 J* ^J\ l-^T)dTj  {|c| !<&(£!)-$(y2) | }(S)ds

for t £ [a, a + 5]. By the Mean Value Theorem,

|$(j/!(t)) - $(j/2(t))| < (p - l)k(t)|p-2|yi(t) - Ut)\

for i s [a, a + 5], where £(i) lies between yi(i ) and ^(O- Since yi(i) —> Brq~1(a)
a s i^ a, i G {1,2} , ^(i) can be made to satisfy |JBr«-1(a)|/2 < |^(i)|, if i s [a, oo)
is taken sufficiently close to a. Hence there exists 0 < u> < S such that

|*(j/i(t) ) - *(j/ 2(*)) | < (P - i) ( i s r ' -1 ^ ) ! ^ ) " - 2 \m(t) - h(t)\

for i G [a,a + to}. Now, using the above inequality and the fact that

(q -l)(p- 1)(2|B|)9-2 (\Brq-1{a)\/2)P~2 = 2q-"p(r{a)) {q-1){p+q-A),

we find that

\yi(t) - m(t)\ < 2«-p(r(a))(»-1)("+»-4)
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i E {1,2} , solve the generalized Riccati equation (1.1.21) on [a,a + 5}. Further,
w\{a) = 0 = w-2{a). The initial value problem (1.1.21), w(a) = WQ with WQ E K,
which corresponds to a nonzero solution y of (1.1.23) on [a, a + S], has exactly one
solution on [a, a + 5} as the function —c{t) — (p — I)r1~q(t)\w\q is Lipschitzian in
w. Hence w\(t) = w-2{i) and thus y'\{t)/yi{t) = y'2(i)/y2{t), which implies y\(t) =
Ky2(t) for t E [a, a + S], where K is a real constant. Since y\{a) = A = 2/2(1), we
get K = 1, and the statement follows.

Remark 1.1.5. It is not difficult to see that similar statements as above can be
proved also in the case, where we examine the problem of the existence and u-
niqueness of IVP (1.1.23) with to E (a, 00) in a left neighborhood of to-

1.2 Sturmian theory

In this section we establish the basic oscillatory properties of half-linear equation
(1.1.1). In particular, we show that the fundamental methods of the half-linear
oscillation theory are similar to those of the oscillation theory of Sturm-Liouville
linear equations (1.1.2), and that the Sturmian theory extends verbatim to (1.1.1).

1.2.1 Picone's identity

The original Picone's identity [315] for the linear second order differential equation
(1.1.2) was established in 1910. Since that time, this identity has been extended
in various directions and the half-linear version of this identity reads as follows.

Theorem 1.2.1. Consider a pair of half-linear differential operators

C[x]  = CrM = (r(tMx'))' + c(t)$(x), CR,c[y]  = (R(tMy')Y + C(t)$(y)

and let x,y be continuously differentiable functions such that r$>(x'),R<fr(y') are
also continuously differ entiable and y(t) 7̂  0 in an interval I C M. Then in this
interval

(1.2.1) ^^-)My)r<i>(x')-^(x)m(y')] ] i = (r - R)\x'\" + (C - c)\x\*

+ pRl-iP (R^x^R^xy'/y)) + ̂ - [$(y)£riC[x]  - $(x)£H,clv]] .

where

v\p v q

(1.2.2) P(u, v):=-^--uv + —>0
p q

with equality if and only if v = $(u).

Proof. The identity (1.2.1) can be verified by a direct computation, inequality
(1.2.2) is the classical Young inequality, see e.g. [173].
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In the particular case when r = R, C = c, y is a nonzero solution of the
equation Cr_c\y] = 0 and w = r$(y ' ) /$(y), identity (1-2.1) reduces to

(1.2.3) r{t)\x'\p - c{t)\x\p = {w{t)\x\p)' +pr1-\t)P(rq-\t)x\${x)w{t)).

This reduced Picone's identity will  be used frequently in the sequel.

1.2.2 Energy functional

The p-degree functional

(1.2.4) F(y;a,b)= I [r(t)\y'\p - c{t)\v\P\ dt
Ja

considered over the Sobolev space W0'
p(a, b) is usually called the energy func-

tional of (1.1.1). Recall that the Sobolev space W0'
p(a, b) consists of absolutely

continuous functions x whose first derivative is in Lp(a,b) and x(a) = 0 = x(b),

[\x'\p + \x\p]  dt) or with the equivalent norm ||x|| =

a, \ ^-Iv

\x'\p dt J . This set is sometimes (in the variational context) called the class
of admissible functions. Equation (1.1.1) is the Euler-Lagrange equation of the
functional T. Moreover, if a; is a solution of (1.1.1) satisfying xia) = 0 = x(b),
then using integration by parts we have

(1.2.5) T(x;a,b) = [r(t)x(tMx/(t))] b
a- / a;(i)[(r(i)$(a:'))' + c{t)$(x)\ dt = 0.

J a

1.2.3 Roundabout theorem

This theorem relates Riccati equation (1.1.21), the energy functional (1-2.4) and
the basic oscillatory properties of solutions of (1.1.1). The terminology Round-
about theorem (or Reid type Roundabout Theorem) is due to Reid [320] (it con-
cerns the linear case), and it is motivated by the fact that the proof of this theorem
consists of the "roundabout" proof of several equivalent statements.

Definitio n 1.2.1. Equation (1.1.1) is said to be disconjugate on the closed interval
[a, b] if the solution x given by the initial condition x(a) = 0, r(a)<&(x'(a)) = 1 has
no zero in (a, b] (by a zero of a solution x we mean such a to that x(to) = 0). In
the opposite case (1.1.1) is said to be conjugate on [a,b].

Theorem 1.2.2. The following statements are equivalent,

(i) Equation (1.1.1) is disconjugate on the interval I = [a,b].

(ii)  There exists a solution of (1.1.1) having no zero in [a,b].

(Hi) There exists a solution w of the generalized Riccati equation (1.1.21) which
is defined on the whole interval [a,b\.
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(iv) The energy f u n c t i o n al -F ( j / ; a, b) is p o s i t i ve for every 0 ^ j / £ W0'
p(a, b).

Proof, (i) => (ii): Consider the solution x of (1.1.1) given by the initial condition
x(a) — e, r(a)$(x'(a)) — 1, where e > 0. Then, according to the continuous
dependence of solutions of (1.1.1) on the initial conditions, disconjugacy of (1.1.1)
on [a, b] implies that this solution is positive on this interval if e is sufficiently
small.

(ii) => (iii) : This implication is the immediate consequence of the Riccati sub-
stitution from Subsection 1.1.4.

(iii ) =>  (iv): If there exists a solution w of (1.1.21) defined in the whole interval
[a,b], then by integrating the reduced Picone identity (1.2.3) with x € W0'

p(a,b)
we get

,b

f{x;a,b)=p / r1-q(t)P{rq-1(t)x',${x)w(t))dt>0
J a

with equality if and only ii  <^(rq^1(t)x') = $(x)w(t), i.e., x' = <&~ 1(w{t)/r(t))x in
[a, b], thus

x{t}=x(a)e^yy-^^dŜ o
since x(a) = 0. This means that F(x\a,b) > 0 over W0'

p(a, b) with equality only
if x(t) = 0.

(iv) => (i): Suppose that T > 0 for nontrivial y € W0'
p(a, b) and (1.1.1) is not

disconjugate in [a,b], i.e., the solution x of (1.1.1) given by the initial condition
x(a) = 0, r(a)$(x'(a)) = 1 has a zero d G [a,b]. Define the function y 6 W0'

p(a,b)
as follows

,,(f\-j
 x{t) te I a' d] '

yw-\ o te[d,b].
Then by (1.2.5)

T{y; a, b) = T{y; a, d) = T(x; a,d)=0

which contradicts the positivity of T. D

Remark 1.2.1. (i) It is not difficult to see that the Picone identity could be also
used to show that the existence of a nonzero solution of (1.1.1) implies positive
definiteness of T (the implication (ii)=>(iv)). But we include the generalized Riccati
equation into the Roundabout theorem since such an equivalence is important for
applications of our theory.

(ii) The following statement was proved in [245]: If there exists a solution y
of (1.1.1) such that y(t)  ̂ 0 on (a, 6), then for every u G W0'

p(a, b) one has
J-{u; a, b) > 0, with equality if y and u are proportional. This is essentially the
same statement as the implication (i) => (iv) of Theorem 1.2.2, its proof is based
on the Hardy type inequalities (see formula (9.5.4) given in the last chapter).

(iii ) Later, in Section 5.8, we give a variant of the Roundabout theorem where
an argument of -F(-;a, b) satisfies a different type of boundary conditions; recall
that here we assume the zero boundary conditions.

The following lemma shows that disconjugacy allows an alternative definition
in terms of zeros of solutions.



16 Chapter 1. Basic Theory

Lemma 1.2.1. Equation (1.1.1) is disconjugate on [a,b] if and only if every its
nontrivial solution has at most one zero in [a, b].

Proof. The proof of the "if" part is trivial. The "only if" part will be proved by
a contradiction. Thus suppose that (1.1.1) is disconjugate on [a,b] and that there
is a solution y of (1.1.1) such that y{c\) — 0 — yfa), a, < ci < C2 < b. Since
the solution space is homogeneous, there is A 6 B such that z = Xy satisfies
(1.1.1) with z(ci) = 0 = z(c2) and z'(a) = $-1(l/r(ci)) . Then there is no
solution of (1.1.1) without zeros on [ci,C2] by Theorem 1.2.2 (the implication
(ii)=>(i)) and hence there is no solution of (1.1.1) without zeros on [a,b]. The
implication (i)=>(ii) of Theorem 1.2.2 then says that the solution x satisfying
x(a) = 0, x'(a) = $~1(l/r(a)) has a zero in (a, b], and so (1.1.1) is not disconjugate
on [a, b], a contradiction.

Remark 1.2.2. Similarly to the linear case, two points ti,t-2 £ M. are said to be
conjugate relative to (1.1.1) if there exists a nontrivial solution x of this equation
such that x(t\) — 0 — xfo)- Due to Lemma 1.2.1, disconjugacy and conjugacy
of (1.1.1) on a compact interval I C M. can be equivalently defined as follows.
Equation (1.1.1) is said to be disconjugate on an interval / if this interval contains
no pair of points conjugate relative to (1.1.1) (i.e., every nontrivial solution has at
most one zero in / ). In the opposite case (1.1.1) is said to be conjugate on / (i.e.,
there exists a nontrivial solution with at least two zeros in I). In Subsection 1.2.6
we will discus the disconjugacy on various types of intervals. In Section 4.2 we will
show that using the concept of the principal solution of (1.1.1), this equivalent
definition applies also to unbounded intervals or to intervals whose end points are
singular points of (1.1.1).

1.2.4 Sturmian separation and comparison theorems

The interlacing property of zeros of linearly independent solutions of linear equa-
tions is one of the most characteristic properties, which among others justifies
the definition of oscillation/nonoscillation of equation. The next Sturm type sep-
aration theorem claims that this property extends to (1.1.1). The proof is based
on the Riccati transformation. In the subsequent subsection we offer also some
alternative methods.

Theorem 1.2.3. Let t\ < £2 be two consecutive zeros of a nontrivial solution x
of (1.1.1). Then any other solution of this equation which is not proportional to x
has exactly one zero on (t i ,^)-

Proof. Let w = r<&(x')/$(x), then w is a solution of (1.1.21) which is defined
on (£1,£2) and satisfies w(ti+) = 00, wfe — ) = —00. Suppose that there exists a
solution x of (1.1.1), linearly independent of x, which has no zero in (£1, £2) and
let w = r$(x'jx). See also Figure 1.2.1. Since x{t\) 7̂  0, x{t?) 7̂  0 (otherwise x
would be a multiple of x), we have w(ti) < 00, wfo) > —00. Hence the graph of
w has to intersect the graph of w at some point in (t i ,^), but this contradicts
the unique solvability of (1.1.21) (which follows from the fact that the function
c + (p — I)r1~g\w\q is Lipschitzian with respect to w).
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Figure 1.2.1: Proof of the separation theorem based on the Riccati technique

Now we introduce the definition of oscillation and nonoscillation of (1.1.1),
which can be the same as in the linear case.

Definitio n 1.2.2. Equation (1.1.1) is said to be nonosdilatory (more precisely,
nonoscillatory at oo), if there exists To 6 K such that (1.1.1) is disconjugate on
[To,Ti] for every T\ > To. In the opposite case, (1.1.1) is said to be oscillatory.

According to Theorem 1.2.3, the above definition is correct, in the sense that
one solution of (1.1.1) is oscillatory if and only if any other solution of (1.1.1) is
oscillatory. Oscillation of a (nontrivial) solution of (1.1.1) means the existence of
a sequence of zeros of this solution tending to oo. That is why we can speak about
(non)oscillation of equation (1.1.1). Note also that similarly to the linear case, if
the functions r, c are continuous and r(t) > 0 in an interval [T, oo), then according
to the unique solvability of the initial value problem associated with (1.1.1), the
sequence of zeros of any nontrivial solution of (1.1.1) cannot a have a finite cluster
point.

Along with (1.1.1) consider another equation of the same form

(1.2.6) (R(t)$(y'))' + C(t)${y) = 0,

where the functions R, C satisfy the same assumptions as r, c, respectively, in
(1.1.1).

The next statement is an extension of well-known Sturm comparison theorem
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(sometimes called Sturm-Picone comparison theorem, when r and R are different)
to (1.1.1).

Theorem 1.2.4. Let t\ < £2 be consecutive zeros of a nontrivial solution x of
(1.1.1) and suppose that

(1.2.7) C(t) > c(t), r(t) > R(t) > 0

for t G [£i, t?\. Then any solution of (1.2.6) has a zero in (£i, £2) or it is a multiple
of the solution x. The last possibility is excluded if one of the inequalities in (1-2.7)
is strict on a set of positive measure.

Proof. Let a; be a solution of (1.1.1) having zeros at t = t\ and £ = £2. Then by
(1.2.5) we have T(x; £1, £2) = 0 and according to (1-2.7)

(1.2.8) TRC{x-tx,t2) ~ f2[R(t)\x'\P-C(t)\x\P}dt<0.

This implies, by Theorem 1.2.2, that the solution y of (1.2.6) given by the initial
condition y{t\) = 0, y'(t{) > 0 has a zero in (ii , £2] and by Theorem 1.2.3 any
linearly independent solution of (1.2.6) has a zero in (£1, £-2)- Finally, suppose
that the first zero of y on the right of t\ is just £2, i.e., yit\) = 0 = y(t-i). Let
v = R$(y')/$(y) be the solution of the Riccati equation associated with (1.2.6).
Since limt^t, + [x(t)/y(t)] = l im t^ t l + [a;'(t)/y'(£)] = x'(h) / y'(h) exists finite, we
have

t]im+t,(£) \x(t)\p = t^+R(t)x(tMy'(t))^  ̂ = 0.

Similarly Iimt_>t2_ v(t) \x(t)\p = 0. This implies JrB.c(%',ti,t2) > 0 (in view of
(1.2.3) with R, C, v instead of r, c, w respectively), and hence TRC[X\ t\, £2) = 0 by
(1.2.8). This implies, by the same argument as in the part (iii ) => (iv) of the proof
of Theorem 1.2.2, that v = R$(x'/x), i.e., x and y are proportional. However,
this is impossible if one of inequalities in (1.2.7) is strict on an interval of positive
length.

We will employ the same terminology as in the linear case. If (1-2.7) are satisfied
in a given interval /, then (1.2.6) is said to be the majorant equation of (1.1.1)
(or Sturmian majorant) on / and (1-1-1) is said to be the minorant equation of
(1.2.6) (or Sturmian minorant) on /.

1.2.5 More on the proof of the separation theorem

We have already seen that Theorem 1.2.3 can be proved by means of the Riccati
technique (i.e., the equivalence (i)^(iii ) of Theorem 1.2.2). Here we offer another
four ways of its proof in order to show a wide variety of different approaches which
are possible in spite of the fact that the additivity of the solution space of (1.1.1)
is lost.

Before we present the proofs, let us give some auxiliary results. First note that
in Subsection 1.3.1 below it is proved that the Wronskian identity applies only
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when p = 2. This means, among others, that there is no extension of the reduction
of order formula (see also Subsection 1.3.1), which is a basis for one of the proofs
of the separation theorem in the linear case. On the other hand, the concept of
Wronskian can be utilized in characterization of linear (in)dependence of solutions
(Lemma 1.3.1), which will be helpful here. The following statement clearly follows
from Lemma 1.3.1. Nevertheless, we offer also an alternative proof.

Lemma 1.2.2. Two nontrivial solutions x and y of (1.1.1) which are not propor-
tional cannot have a common zero.

Proof. Suppose, by contradiction, that x and y are linearly independent solutions
with x(t0) = 0 = y(t0). Then x'(t0) = A ^ 0 and y'(t0) = B ^ 0. Consider the
solution z of (1.1.1) satisfying z(to) = 0, z(to) = 1- Then Az and Bz are the
solutions of (1.1.1) satisfying Az(t0) = 0 = Bz(t0), Az'(t0) = A, Bz'(t0) = B, in
view of the homogeneity property. Owing to the uniqueness we have x — Az and
y = Bz, which implies x = (A/B)y. Consequently, x and y are proportional, a
contradiction.

Now we are ready to give several alternative proofs of the separation theorem
(Theorem 1.2.3).

1. Proof based on the Riccati technique: See Subsection 1.2.4.
2. Variational proof: This proof is based on the combination of the implication

(i)=>(ii) of Theorem 1.2.2 with Lemma 1.2.1. In fact, there is nothing to prove, in
view of Lemma 1.2.1, since the Roundabout theorem then says that the coexistence
of two solutions of (1.1.1), where one solution has at least two zeros in a given
interval while another one has no zero, is impossible. This can be seen also from
Sturmian comparison theorem where c(t) = C(i) and r(£) = R(t). We call this
proof variational since an important role is played by Picone's identity involving
the p-degree functional T.

3. Proof based on Prufer's transformation: Without loss of generality we as-
sume x(t) > 0, t G (ti,t2). Hence, by (1.1.17), <p(t) G (O,TTP) (mod irp) for
t G (t1,t2). See also Figure 1.2.2. By (1.1.20), <p'(U) = r 1 " 9 ^ ) , i = 1,2, thus
<p is increasing in some neighborhood of ij , and so without loss of generality we
may suppose that <p{t\) = 0, (ffe) = ftp- Let us consider any other solution y
different from Ax, A 6 K. Then y{t\) ^ 0 by Lemma 1.2.2. We may suppose
y{t\) > 0 and by (1.1.17), 0 = ip(t\) < <p(ti) < irp, where (p corresponds to y like
(p corresponds to x. Since by (1.1.20) ip' depends only on ip and not on g, there
is also uniqueness for the variable ip alone. This uniqueness implies that from
(p{t\) > (f(ty) it follows ip(i) > ip(t) for all t from the interval under consideration.
Hence (pfa) > ^(£2) = ^p: and the continuous function <p(i) — np changes its sign
in [ti,t2\- So there is a point i G (£1,^2) such that <p~(t) = TTP. By (1.1.17) with y
and (p instead of x and ip, respectively, y(t) = 0.

4. Proof based on the Wronskian: Let y be a solution of (1.1.1) independent
on x. Then

-y(U)x'(U) = (xy'-yx')(U) =: W(x,y)(tt)  0,

since x,y are linearly independent. Hence x'(ti) / 0 / y{U) (actually, this fol-
lows also from the uniqueness and Lemma 1.2.2). Clearly, x'(ti)x'(t2) < 0 and
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Figure 1.2.2: Proof of the separation theorem based on Priifer's transformation

W(x,y)(t) > 0 [or < 0] for all t by below given Lemma 1.3.1. Consequently,
y(ti)y(t2) < 0 and therefore y has to vanish somewhere between t\ and t-2-

5. Proof based on the uniqueness of the IVP: Without loss of generality we
assume x(t) > 0, t 6 (ii,^2), and we prove that another solution, linearly in-
dependent of x, has at least one zero in (ti,^)- Thus assume, by a contradic-
tion, that there is a solution y such that y(t) > 0 for t £ [ti , £2]  Define the set
0 = {A > 0 : Xx(t) < y(t) for t € (^1,^2)}. Clearly, Q is nonempty and bounded.
Therefore there exists A = sup £7. Now it is not difficult to see that there exists
1 £ (£1, £2) such that Xx(t) = y(t). Indeed, if not, then we come to a contradiction
with the definition of A. By a contradiction with this definition it can be also
shown that Xx'(i) = y'(t). The uniqueness now yields Xx(t) = y(i). Consequently,
x and y are linearly dependent, a contradiction.

1.2.6 Disconjugacy on various types of intervals
Following Lemma 1.2.1, we now extend the concept of disconjugacy to the general
interval /, where it does not matter whether / is closed or open or half-open.

Definition 1.2.3. Equation (1.1.1) is disconjugate on an interval I if every its
nontrivial solution has at most one zero in /.

However, hereafter we show that the change of the form of / may affect some
of the properties; in particular, the existence of a solution of (1.1.1) without zeros
is no more necessary for disconjugacy in case of general /.
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Theorem 1.2.5. Equation (1.1.1) is disconjugate on I if it has a solution without
zeros on I. For a compact or an open interval this condition is also necessary.

Proof. The sufficiency follows from the Sturmian separation theorem (see Theo-
rem 1.2.3). The necessity for a compact interval is in fact the implication (i) => (ii)
of Theorem 1.2.2, in view of Lemma 1.2.1. Suppose next that / = (a, b) is open. Let
d be any point in / and choose {an}, {bn} so that an < d < bn, an \ a and bn /' b
as n —> oo. Then there exists a solution yn{t) which is positive for an < t < bn.
Letting n — oo through a suitable subsequence we obtain yn(d) —> A, y'n(d) —> B,
where A2 + B2 > 0. Then yn(t) -> y{t), y'n(t) -> y'(t) for all t in /, where y(t) is
the solution which satisfies the initial conditions y(d) = A, y'(d) = B. Therefore
y(t) > 0 for all t in /. If y(to) = 0 for some to S /, then also y'(to) = 0, and hence
y(t) = 0, a contradiction.

The existence of a solution without zeros is not necessary for disconjugacy on
a half-open interval. For example, every nontrivial solution y(t) = Asinp(t — S),
A > 0, 0 < 6 <  2TT, of equation (1.1.1), with r(t) = 1 and c{t) = (p - 1) (see
Theorem 1.4.1), vanishes exactly once on the interval / = [0, irp).

Theorem 1.2.6. Equation (1.1.1) is disconjugate on the half-open interval I —
[a,b) if it is disconjugate on its interior (a,b).

Proof. We only need to show that if y(t) is the solution satisfying the initial
conditions y(a) = 0, y'(a) = 1, then y(t)  ̂ 0 for a < t < b. Suppose on the
contrary that y(d) = 0, where a < d < b. Since y'{d) ̂  0, y{t) assumes negative
values in a neighborhood of d. Therefore, if e > 0 is sufficiently small, the solution
y(t) satisfying the initial conditions y(a + e) = 0, y'(a + e) = 1 has a zero near d.
But this contradicts the hypothesis that (1.1.1) is disconjugate on (a,b).

An easy modification of the proof of Theorem 1.2.2, with using the results of
this subsection, yields the variant of the Roundabout theorem, which involves the
disconjugacy on an open interval. Observe how the positive definiteness of the
energy functional is changed to the positive semidefiniteness.

Theorem 1.2.7. The following statements are equivalent,

(i) Equation (1.1.1) is disconjugate on the interval (a,b).

(ii)  There exists a solution of (1.1.1) having no zero in (a,b).

(Hi) There exists a solution w of the generalized Riccati equation (1.1.21) which
is defined on the whole interval (a,b).

(iv) The energy functional T{y\ a, b) is nonnegative for every y £ W0'
p(a, b).

1.2.7 Transformation of independent variable

Let us introduce new independent variable s = <p(t) and new function y(s) = x(t),
where tp is a differentiable function such that <p'(t) ^ 0 in some interval / where
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we consider equation (1.1.1). Then j | = ¥>'(£) ̂  and hence this transformation
transforms (1.1.1) into the equation of the same form

(1.2.9) ^  ^.(tM<p'(t))$ (Jty^ + ̂ ) $ ( y ) =0, t = V-\s),

where ip~x is the inverse function of tp. In particular, if

ft
(1.2.10) <p(t)= / rl-q{T)dT, Tel,

.IT

then the resulting equation (1.2.9) is the equation of the form (1.1.1) with r(t) = 1.
Observe that if  fo°r1~q(t)dt — oo, then (1.2.10) transforms an unbounded

interval [T, oo) into the interval [0, oo) which is of the same form as [T, oo). If
J°° r1~q(t)dt < oo then the interval \T, oo) is transformed into the bounded in-
terval [0,6), b = J  ̂ r1~q(t) dt. This fact, coupled with the remark about cluster
points of an oscillatory solution of (1.1.1) given below Definition 1.2.2, shows why
some (non)oscillation criteria and asymptotic formulas for solutions of (1.1.1) sub-
stantially depend on the divergence (convergence) of J°° r1~q(t) dt.

1.2.8 Reciprocity principle

Suppose that the function c in (1.1.1) does not change its sign in an interval / and
let u — r^(x'). By a simple computation one can verify that u is a solution of the
so-called reciprocal equation

(1.2.11) (_L_$-V)) + r1-^)*-1^) = 0,

where <I)~1(s) = \s q~1 sgns, q = p/(p — 1), is the inverse function of $. The ter-
minology reciprocal equation is motivated by the linear case p = 2. The reciprocal
equation to (1.2.11) is again the original equation (1.1.1)

If t\ < t2 are consecutive zeros of a solution x of (1.1.1), then by the Rolle
Mean Value Theorem u has at least one zero in (£i, £2)- Conversely, if i\ < I2 are
consecutive zeros of u, then u' = —c(t)x and hence also x has a zero in (£1,^2)-
This means that (1.1.1) is oscillatory if and only if the reciprocal equation (1.2.11)
is oscillatory. This fact will be referred to as the reciprocity principle.

1.2.9 Sturmian theory for Mirzov's system

As we have mentioned in Subsection 1.1.1, half-linear equation (1.1.1) is a special
case of the first order system

(1.2.12) u[ =ai(£)|M2|
Al sgnM2, u'2 = -a2(t)\Ul\

X2 sgnU l ,

where it is assumed that Ai, A2 > 0 and

(1.2.13) AiA 2 = 1.
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A detailed treatment of (1.2.12) (in most of the parts of that book even without
assuming (1.2.13)) can be found in [292], see also extended english translation of
Mirzov's book [293].

Mirzov considers a different definition of (non)oscillation where both compo-
nents u\,U2 have "the same significance", in contrast to our approach, where the
oscillatory properties of (1.1.1) (and hence of system (1.1.3)) are defined via zero
point of a solution x, i.e., as zeros of the component U\ in (1.2.12). By Mirzov's
definition, a solution (it 1,112) of (1.2.12) oscillates if both components it 1,112 os-
cillate (i.e., have a sequence of zero points tending to 00). We will return to the
problem of oscillation of (1.2.12) later.

In this subsection we briefly recall the main result of [292, Chap. 10], a Sturm
type theorem for (1.2.12). In fact, as we will see, its proof is based on the Riccati
type substitution.

Theorem 1.2.8. Let for some k G {1,2} , the inequalities

(1.2.14) 0 < ak(t) < a*k(t), a3-k(t) < a*3_k(t) for h < t < t2

hold and let system (1.2.12) have a solution u\, u2 such that

(1.2.15) uk{ti)  = uk{t2) = 0 and uk{t)  ̂ 0 for h < t < t2,

where 0 < t\ < t2 < 00. Then, for any solution v\, v2 of the system

(1.2.16) v[ = aUt)\v2\
Xl sgnv2, v'2 =-a* 2{t)\Vl\  ̂ sgnVl

the component vk has at least one zero on the interval \bi,t2]-

Proof. In view of (1.2.15), without loss of generality we can assume that

(1.2.17) uk(U) = 0, i = 1,2, uk{t) > 0 for tY < t < t2.

According to the unique solvability of (1.2.12) (compare the proof of Lemma 1.1.1
and Lemma 1.1.2), u3-k{ti)  ^ 0. Let us show that

(1.2.18) (- l )*- 1u3_f c( t1)>0.

Assume the contrary. Then there exists e > 0 such that

(- l )*- 1^-*:^ ) < 0 for h < t < h + e.

Thus, by the first inequality in (1.2.14), we have

u'fc(t) = afc(t)|w3-fcW|Afc(-l) fe"1sgnu3-fc(t) = -afc(i)|W3-fc(t)|Afc<0

for t\ < t < i i + e, which contradicts conditions (1.2.17). Thus the validity of
inequality (1.2.18) is proved. Analogously we can prove that

(1.2.19) (- l) f c-1u3_f c( i 2)<0.
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The last inequality contradicts (1.2.22). Therefore, our assumption that «&(£) 7̂  0
on [£i,£2] is not true.

Remark 1.2.3. One can find in [292, Chap. 10] also several other statements related
to Sturmian theory for (1.2.12). These statements are mostly based on the Priifer
transformation applied to (1.2.12), but in contrast to the Subsection 1.1.3, Mirzov
uses the classical sine and cosine functions, i.e., his Priifer transformation is of the
form

Mi(£) = £>(£) sin </?(£), u2(£) = g(£) cos </?(£).

The obtained differential equations for g, (p are then, of course, different from
(1.1.20), but their solutions have essentially the same properties as those of equa-
tion (1.1.20). So also this kind of the Priifer transformation can be used to derive
the results which will  be obtained later on in this book using the Priifer transfor-
mation in form (1.1.17) or in its modifications as mentioned in Remark 1.1.2.

From (1.2.13), (1.2.17)-(1.2.19) it is obvious that the function

z(t)=u3-k(t)/[uk(t)]
x^

is a solution of the generalized Riccati equation

(1.2.20) z' + ( - l^Aa-fcafc^lz l1-^ + (-l)fc-1o3_fc(<) = 0,

satisfying the conditions

(1.2.21) lim (-l)k-lz{t) = oo, lim {-l)k-lz{t) = -oo.
t — > t i + t—>*2 —

Now we suppose that there exists a solution {v\,V2) of system (1.2.16) such
that i>k(i)  7̂  0 for t\ < £ < £2- Then, as for the function z which solves (1.2.20),
the function p(t) = V3-k{t)sgnvk(t)/\vk{t)\X3^k is a solution of the equation

p' + (-l) fc-1A3-fca^(t)|/9|
1-|-Af c + ( - l ) * - 1 ^ , ^ * ) = 0,

defined on the interval [ t i ,^] - In view of condition (1.2.21) and the continuity of
the function p on [t\, £2], there exists a point t* s (£1,^2) such that

(1.2.22) z(t*) = pit*), {-l)k-lz{t) < {-l)k-lp{t)

for t* < t < £2. On the other hand, by conditions (1.2.14),

(-1)*-V = -X3_kak(t)\z
1+Xk-a3.k(t)

> -\3-kaUt)\z1+x*-(4_k(t)

for £1 < £ < £2. According to the standard theorem on differential inequalities (see
[174]), (1.2.22) and (1.2.23) result in

( - l ) * - 1^* ) > (-1)*-V(*) , for £*  < £ < £2.



1.2. Sturmian theory 25

1.2.10 Leighton-Wintner oscillation criterion

In this subsection we formulate a simple oscillation criterion for (1.1.1). Even if
we will devote a special chapter to oscillation criteria for (1.1.1), we prefer to
formulate this criterion already here, to show an example of the application of the
two basic methods of the oscillation theory of (1.1.1). In the linear case p = 2,
this criterion was proved first by Leighton [233] under the additional assumption
c(t) > 0. This restriction was later removed by Wintner, see e.g. [341].

Theorem 1.2.9. Equation (1.1.1) is oscillatory provided

/

oo />oc pb

r1-q(t)dt = 00 and / c(i) dt = lira / c(t) dt = 00.
Proof. According to the definition of oscillation of (1.1.1), we need to show that
this equation is not disconjugate on any interval of the form [T, 00). To illustrate
typical methods of the half-linear oscillation theory, we present here two different
proofs.

(i) Variational proof. We will find for every T G K a nontrivial function y 6
W0

llP(T,oo) such that

(1.2.24) T{y;T,oo) = /""\r(t)\y'\p - c(t)\y\p]dt < 0.
JT

The function which satisfies (1.2.24) can be constructed as follows

 0 T <t<t 0,

Jlr1-%S)dŜ r^(s)dsy
1 to<t<h,

y[t) = < 1 h<t<t2,

J/3 r 1 " ^ ) ds(j  ̂ rl-i{s) dsy1 h<t< t3,
. 0 t3 < t < 00,

where T < to < ty < *2 < £3 w m be specified later. Denote

K := T(y;to,h) = ( ' W)\y'\v ~ c(t)\y\p]dt.
Jto

Then by a direct computation we have

, 00) = K - J ' c(t)dt+(J ' r^^dt) - j \{t)\y\p dt.

Since the function g(t) = Jt'
f r1~q(s) d s ( /t

J r1~q(s) ds) is monotonically de-
creasing on [t-2, ts] with g{t2) = 1 and #(£3) = 0, by the second mean value theorem
of integral calculus there exists £ £ (£2,^3) such that

f\(t)gP(t)dt= f c(t)dt.
Jt2 Jt2



By integrating this inequality from 7\ to t we get

-^—G^iT,) > - J- [G^iT,) - Gl-q{t)]  > (p - 1)" f rl~q{s) ds.

Letting t —> oo we have a contradiction with the first condition in (1.2.23).

1.3 Differences between linear and half-linear
equations

The basic difference between linear and half-linear equations has already been
mentioned at the beginning of this chapter. In this section we point out some
other differences (in fact, they are more or less consequences of the lack of the
additivity of the solution space).
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Using this equality, we have

F(y;to,t3) = K - c(t)dt+l r^^dt) .

Let e > 0 and t\ > to be arbitrary. The second condition in (1.2.23) implies that
t2 can be chosen in such a way that Jt c(t) dt > K + e and the first condition

in (1.2.23) implies that i3 > t2 can be taken such that (Jt^r1^q(t)dt) < e.

Summarizing these estimates, we have

HvMM) < K - (K + e) + e < 0,

hence (1.1.1) is oscillatory by Theorem 1.2.2.

(ii) Proof by the Riccati technique. Suppose, by contradiction, that (1.2.23)
holds and (1.1.1) is nonoscillatory. Then there exists T € K and a solution w
of Riccati equation (1.1.21) which is denned in the whole interval [T, oo). By
integrating (1.1.21) from T to t we get

rt ,-t

w{t)=w(T)- / c(s)ds-(p-l) r1~q(s)\w(s)\qds.

The second condition in (1.2.23) implies the existence of Ti > T such that we have
w(T) - fT c(s) ds<0ioit> TX and hence

w(t) < -(p - 1) / r1-«(s)|w(s)|'? ds for t > Tx.
JT

Denote G(t) = j/rr
1-q(s)\w(s)\q ds, then \w\ = [G'rq~l] 1/q and the last inequality

reads

§|><P-1)V-«W.
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1.3.1 Wronskian identity

If yi, y-2 are two solutions of the linear Sturm-Liouville differential equation (1.1.2),
then by a direct differentiation one can verify the so-called Wronskian identity

(1.3.1) r(t)[ yi(t)y'2(t) - y[(t)y2(t)} = u,

where a; is a real constant. In [140], Elbert showed that there is no half-linear
version of this identity. In fact, he considered equation (1.1.1) with r(t) = 1, i.e.,

(1.3.2) (*(* ' ) ) ' + c( i)$(a:)=0,

which however is not a serious restriction. More precisely, we assume a generalized
Wronskian as a function of four variables W = W(yi,y'1,y2,y2)- This function is
subject to the following "reasonable" restrictions (typical for Wronskian), and the
subsequent theorem says that the only possibility is then, in fact, the linear case.
The restrictions are:

(i) W is continuously differentiable with respect to each variable,

(ii ) W is not identically constant on K4,

(iii ) for every pair of the solutions 2/1,2/2 of (1.3.2) the Wronskian W is constant,
i.e., independent of t and of the coefficient c,

(iv) W has antisymmetry property W(x3,X4,Xi,X2) — —W(xi,X2,X3,X4).

Theorem 1.3.1. Let 2/1 and 2/2 be two arbitrary solutions of (1.3.2) and let the
function W(yi,y'l72/2,2/2) be the generalized Wronskian for (1.3.2) satisfying the
conditions (i)-(iii) . Then the only possibility is p = 2 and W = (̂2/12/2 ~~ 2/12/2),
where the function \P = ty(u) is continuously differentiable. If, in addition, the
condition (iv) is satisfied, then the function ty(u) is odd.

Proof. By the polar transformation (1.1.17) (with r(t) = 1) we can look for the
Wronskian also in the form W =  v&°(pi , p2, <fii,  (£2), where the functions pi, <pi are
the polar coordinates of the points (y[, yi), the function ty°(ui, U2, W3, M4) is defined
o nD = R + x R + x l x l and the partial derivatives * ° = 9* 0/9ul (i = 1,2,3,4)
are continuous functions in V. Let us compute the derivative d^f°jdt. By (1.1.20)
we have d^°/dt = Tj + cT2, where

[ ' r 2 = - t f?P lS{$(Si) - *0p252$(52) + *g|Si|" + * 0 | 52 | P,

and Si = sinp ipi, S  ̂= cosp (fi, i = 1,2. The condition (iii ) implies that

(1.3.4) r! = r2 = o.

Hence T1 +T2 = 0 and taking into account (1.1.13) we get by (1.3.3) * § + *! ] = 0.
Let pi, p'i be fixed and </?2 = <Pi + k, k being a constant. Then

dy°(p1,p2,<pi,<pi+k)  = ^ 0 ^ 0 = Q

dt 3 4 .
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i.e., along the line (pi, p2, >pi,(pi + k), —oo < p>i < oo, the function \P° is constant.
Hence it depends on p\,p2 and <p\ — <p2 = <p, i.e., ^° = ^1(pi, p2,¥i ~ ¥2)-
Substituting this function in (1.3.3) we have for F2 by (1.3.4)

(1.3.5) *ip1S
ri$(Sr

1) + ^\p2S'^{S2) = ttJflS'ir " \S7.\a).

Let us choose specially <pi = <p, ip2 = —<£, y G M. Since the function sinp p is
odd and cosp ip is even, we have {^\pi — ̂ \p2) cosp(^$(sinp ip) = 0. Thus for
ip 7̂  mnp/2, m = 0, , . it follows that

(1.3.6) ®{pi - ^\p2 = 0.

Now we fix the value of ip. Since pi > 0,p2 > 0, we can define the function 0 by
6(logpi,logp2) = *1(pi,P2,2</?). Then for the function 0 we obtain dQ/dpi —
@i/pi and the relation (1.3.6) becomes ©i — 02 = 0. By a similar argumenta-
tion as above it follows that 0(wi,W2) = 01(«i + M2) and so ]$>1(pi,p2, 2y>) =
01(log/Oi + log/92) for almost every (p G M with the exceptions ip = mirp/2
(m = 0, , . But the continuity of "I"1 with respect to its third variable
implies that this relation holds for these exceptional values of <p as well, hence
^1(pi,P2,'Pi - f'l) = * 2(piP2, î - f2)- By virtue of (1.3.5), the function * 2

satisfies the relation

(1.3.7) *? /Jlp2(5i$(51) + S'2$(S2)) = ^l(\S1\
p - |52|

p).

Putting ipi = <p1 (p2 = 0 in (1.3.7) we have

(1.3.8) ^2
1pip2cosp(p$(smp(p) = ^2

2\smpip\p.

Let siiip ip > 0, or say, let 0 < ip < TTP and let 0(iti , U2) be defined by

(1.3.9) * 2(M,</?) = 0(logM,logsinp(p).

Then from (1.3.8) it follows that (©1 - 02) cosp^$(sinp (p) = 0, hence 0 =
0(logw + logsinp ip) = 0(log(wsinp <p)) = ty(usinp ip), and by (1.3.9)

(1.3.10) &2(pip2, <p) = ^(pip2 sinp ip).

A similar argumentation provides the extension of (1.3.10) from 0 < (p < TTP to all
ip e R. Hence we get

(1.3.11) W{yi,y'lV2,y'2) = *(piP2sinp(<pi - <p2)),

where the function $ = ty(u) is continuously differentiate.
In order to prove our theorem, we must show that relation (1.3.11) can be

satisfied only in the case p = 2. Let us substitute this final form into (1.3.7). Then
we have '9'piP2^(lPi,lP2) = 0, where

(1.3.12) T(yi,ip2) =sinp(<£i - ^2)[coSp </?i$(</?i) + cosp ^2$((/?2)]

-cosp(<pi  — (^2)[| sinp t^!|p - I sirip ^ 2 | p ] -
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Since by (ii) the function W is not identically constant, there is a value UQ for
which ty'(uo) 7̂  0. By the continuity of  ̂ '(u) we may suppose that UQ  ̂0.
Hence for the values pi, P2, fi, <f2 subject to p\p% sinp(</?i — ip-z) = UQ the equality
T((pi,if2) = 0 holds. Owing to the freedom of choosing the values pip2 > 0 the
equality T(ipi,ip2) = 0 is valid for all <fi,<fi2  subject to uosmp(ipi — ^2) > 0. Let
us choose the value of e small and let «o sinp e > 0. Then F(2e, e) = 0, hence

(1.3.13) lim \ ' ' =0.
y ' e^o  \£\P

On the other hand, L'Hospital's rule yields from (1.3.12)

lim ^ ( 2 E ' £ ) = 2P-1 + 1 - (2P - 1) = 2 - 2P~\
e ^ O \e\P

Combining this with (1.3.13) we obtain the only possible value p = 2 in accordance
with the first part of the theorem, since Si(tp) = sin ip.

Applying the restriction (iv) on the Wronskian given by (1.3.11) we have

^(piP2smp((p2 -y> i ) ) = -*(pi/02siiip(</5i -</?2))-

Since the function smp(f is odd, we find 4r(—u) = —^>(u), i.e., the function ^(u)
is odd, which completes the proof.

The absence of a Wronskian type identity implies that we have also no analogue
of the linear reduction of order formula: given a solution x of (1.1.2) with x{t) ^ 0
in an interval /, then

, . /"*  ds
x{t) = x(t) /y'J  r(s)x 2(s)

is another solution of (1.1.2).
On the other hand, the concept of Wronskian can be utilized in the characteri-

zation of linear (in)dependence of solutions of (1.1.1). If x, y are two continuously
differentiable functions, then the Wronskian is denned as the function

W(x,y)(t)=x{t)y\t)-x'(t)y(t).

The next statement shows that similarly to the linear case, the Wronskian of two
solutions of (1.1.1) is either identically zero or always nonzero.

Lemma 1.3.1. Let x and y be two nontrivial solutions of (1.1.1) defined on
I. Then either W(x,y) = 0, in this case x and y are linearly dependent (i.e.,
proportional) on I, or W(x, y)  ̂ 0 on I and then x and y are linearly independent
on I

Proof. We offer two different approaches. Let us suppose that there is to G / such
that W(x,y)(to) — 0. Then the system of linear equations

Xix{t0) - A2y(i0) = 0, Aix'(to) - X2y'(t0) = 0
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for the unknowns A1.A2 has a nontrivial solution (Ai,A2). Now we have Ai 7̂  0,
A2 7̂  0 because otherwise it would be either re (to) = x'(to) = 0 or y(to) = y'(to) =
0, which is impossible. Let A = A1/A2. Then we have y(to) = Ax(to), y'(to) =
Xx'(t0), A 7̂  0. First we suppose A > 0. Let (px, gx be the polar coordinates of the
point (r9" 1 (to)x'(to); x(to))- Then ipx, Xgx are the corresponding polar coordinates
of the point (rq~1(to)y'(to);y(to))- Now let <px,Qx and fy^Qy be defined as in
(1.1.17) and correspond to x and y, respectively. Then these functions are solutions
of (1.1.20) satisfying the initial conditions <px{to) = vS = {Py{^o)i Qx{to) = Qx and
Qy(to) — Xgx. Owing to the uniqueness we have ipx(t) = <fi y{t), Qy(t) = Xgx(t) on
/, consequently y = Xx on /, i.e., the solutions x, y are linearly dependent and the
Wronskian is identically zero. In the case A < 0 we consider the function z = —y.
Then z is also a solution of (1.1.1) and z(to) = Xx(to), z'(to) = Xx'(to) where
A = —A. Since A > 0, we find again z(t) = Xx(t) on /, hence y(i) = Xx(t), i.e.,
the solutions x, y are linearly dependent. If the Wronskian is never vanishing on
/ , then there is no A such that y(t) = Xx(t) on /, consequently the solutions x,y
are linearly independent, which completes the proof.

It is worthy to mention that the proof can be also done via the Riccati equation.
Actually, only the middle part of the proof is changed as follows. We have y(to) =
Xx(to), y'(yo) = Ax'(to), A 7̂  0. Here we assume that x(£o) ¥" 0- If not, then such
a situation can be solved very easily, see Lemma 1.2.2. Put wx = (r$(x'/x))(to)
and Wy = (r$(y'/y))(io)- The functions wx,wy defined by wx = r$(x'/x) and
wy = r$(y' jy) satisfy the same Riccati equation (1.1.21) (as long as they exist)
and since wx = 10°, they coincide on the interval of the existence, which implies
that x and y are linearly dependent.

Remark 1.3.1. (i) It is very easy to see that, in fact, we have two equivalences:
nontrivial solutions x and y of (1.1.1) are linearly dependent [resp. independent]
on / if and only if W(x, y)(t) = 0 on / [resp. W(x, y)(t) 7̂  0 for all t € I}.

(ii ) If we consider a slightly more general equation, like (1.1.7), where the set (ii)
of restrictions (presented after (1.1.7)) is imposed on / , then there is an example
showing that the Wronskian of two solutions of (1.1.7) may be identically zero
on some interval although the solutions are linearly independent, see [143]. This
unpleasant phenomenon however disappears if we add the assumption f(—x, —y) =

1.3.2 Transformation formula

Let h(t) 7̂  0 be a differentiable function such that rh! is also differentiable and let
us introduce a new dependent variable y which is related to the original variable
x by the formula x = h(i)y. Then we have the following (linear) identity which is
the basis of the linear transformation theory (see [10, 52, 305])

(1.3.14) h(t)[(r(t)x')' + c{t)x) = (r(t)h2(t)y')' + h(t)[(r(t)h'(t))' + c(t)h(t)]y.

In particular, if x a solution of (1.1.2) then y is a solution of

(R(t)y'Y + C(t)y = 0
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with R — rh2 and C — h[(rh')' + ch]. Since the function $ is not additive, we
have no half-linear analogue of this transformation identity. This has the following
important consequence. Many oscillation results for linear equation (1.1.2) are
based on the so-called trigonometric transformation which reads as follows. Let
Xi, X2 be two (linearly independent) solutions of (1.1.2) such that r(xix'2—x'lX2) =
1 and let h — \Jx\ + x\. Then we have the identity (which can be verified by a
direct computation)

h[(rh'y + ch} = ^-2.

This means that the transformation x — h(t)y transforms (1.1.2) into the equation

(L3-15) ( ^ ' ) ' + ( / ( % = 0' q{t) = wkfr
Equation (1.3.15) can be solved explicitly and

ff*  \ f *  \
yi = sin ( / q(s) ds I , y2 = cos ( / q(s) ds I

are its linearly independent solutions, in particular, (1.3.15) and hence also (1.1.2)
is oscillatory if and only if

f°° dt _
J r{t)[x\{t)  + xl{t)}  -°°

for any pair of linearly independent solutions Xi,x? of (1.1.2). This fact is used
in proofs of many oscillation results for (1.1.2), see [318, 341] and references given
therein. Since half-linear version of the transformation formula (1.3.14) is missing,
analogous results for half-linear equation (1.1.1) are not known.

1.3.3 Fredholm alternative
Consider the linear Dirichlet boundary value problem associated with (1.1.2)

(r(t)x')' + c(t)x = f(t), te[a,b],
( O - 1 6 ) x{a) = 0 = x<b).

It is well known that if the homogeneous problem with /(£) = 0 has only the trivial
solution, then (1.3.16) has a solution for any (sufficiently smooth) right-hand side
/ (the so-called nonresonant case). If the homogeneous problem has a solution ipo,
problem (1.3.16) has a solution if and only if

, 6

/ f(t)Mt)dt = 0.
J a

In particular, the problem

(1.3.17) x" + x = f(t), x(0) = 0 = x(ir),
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has a solution if and only if JQ f(t) s'mtdt = 0.
Now consider the half-linear version of the boundary value problem (1.3.17)

( 1 3 1 8) (<S>(x')y + ( p - l M x ) = f(t), t s [ a , b ] ,
x(0) = O = x(irp)1

where the generalized TTP is given by (1.1.12). A natural question is whether

(1.3.19) / f(t)smptdt = 0
Jo

is a necessary and sufficient condition for solvability of (1.3.18). This problem
has attracted considerable attention in the last years, see [118] and the references
given therein. It was shown that (1.3.19) is sufficient but no longer necessary for
solvability of (1.3.18). We will deal with this problem in details in Chapter 6.

1.4 Some elementary half-linear equations

In this section we focus our attention to half-linear equations with constant coef-
ficients and to Euler-type half-linear equation.

1.4.1 Equations with constant coefficients
Before passing to half-linear equations with constant coefficients, consider the equ-
ation

(1.4.1) (r(t)$(x'))' = 0.

Here the situation is the same as in case of linear equations. The solution space
of this equation is a two-dimensional linear space and the basis of this space is
formed by the functions x\(t) = 1, X2(t) = J r1^q(s) ds, where q = -^y is the
conjugate number of p.

Now, consider equation (1.1.1) with r(t) = r > 0 and c(i) = c. This equation
can be written in the form

(1.4.2) (*(z'))' + -$(£) =0

( Id \llp

and the transformation of independent variable t i—> At with A = ( r/ \ \ )

transforms (1.4.2) into the equation
($(x'))' + (p - l)sgnc$(x) = 0

If c > 0, this equation already appeared in Subsection 1.1.3 as equation (1.1.9). Its
solution given (uniquely) by the initial conditions x(0) = 0, x'(0) = 1 was denoted
by sinp t. Consequently, taking into account homogeneity of the solution space of
(1.1.1), we have the following statement concerning solvability of (1.1.9).
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Theorem 1.4.1. For any to G R, XQ,X\ G R, the unique solution of (1.1.9)
satisfying x(to) = XQ, x'(to) = x\ is of the form x(t) = asmp(t — t{), where a,t\
are real constants depending on to,XQ,x\.

Now let c < 0, i.e., we consider the equation

(1.4.3) ($(x'))'- (p - l)${x) = 0.

Multiplying this equation by x' and integrating the obtained equation over [0, t]

we have the identity

where C is a real constant. If C = 0 then x' =  x thus X\ = e*  and x2 = e~l are
solutions of (1.4.3).

In the remaining part of this subsection we focus our attention to the general-
ized half-linear hyperbolic sine and cosine functions. In the linear case p = 2, these
functions are linear combinations of e*  and e~*. However, in the half-linear case
the additivity of the solution space of (1.1.1) is lost and one has to use a more
complicated method. Let E = Ep(t) be the solution of (1.4.3) with the initial

Figure 1.4.1: Generalized hyperbolic sine functions for p = 3/2, p = 2, and p = 3

conditions E(0) = 0,E'(0) = 1, and similarly let F = Fp(t) be the solution given
by the initial conditions -F(O) = 1, ̂ '(0) = 0. Let us also observe that the function
E corresponds to C = 1 and F to C = — 1 in (1.4.4), respectively. Moreover, for
p = 2, i.e., if differential equation (1.4.3) is linear, we have E2(t) = sinhf and
F2(t) =cosh£.

Due to (1.4.4), the function E satisfies also the relation

E'= X/1 + |£ |P,



34 Chapter 1. Basic Theory

hence E' > 1 for t > 0. Consequently

(i.4.5) t = r  E>{s)ds = r ^ = .
Jo V 1 + EP(S) Jo VTT^

In order to compare (asymptotically) the function E(i) with e*, let the function
f(s) be defined by

f l for 0 < s < l ,
[S> \l/s for s > l .

Then by (1.4.5) we obtain

fE(t) J rE(t)

t-logE(t) = l+  - \ f(s)ds for E(t)>l.
Jo V1 + SP Jo

Hence

(1.4.6) log Sp :=  lim [t - log E{t)\ = 1 - f°° \f(s) - PJ—\ ds.

The integral in the right-hand side of (1.4.6) can be interpreted as the area of
the domain in the (,s, y)-plane given by the inequalities

< y < f(s) for 0 < s < oo.
V 1 + sp

Taking y as an independent variable, we find for the integral in (1.4.6)

f1 I - F/l - yP 1 f1 1 - y}/P
(1.4.7) \og5p = l - V 1 V dy = l - - l—^^du.

Jo V V Jo 1 ~u

Since 0 < 1-^/1 - yP < y for 0 < y < 1 we have 0 < log 5P < 1, i.e., 1 < 5P < e. On
the other hand, the integral in (1.4.7) can be expressed by means of the function
#(z) =dlogr(z)/dzas

q(z) = -C+ dt for Re z > 0,
Jo 1 — £

where C is the Euler constant and r(z) = Jo°° i ^ 1 ^ *  d£ denotes the usual Euler
gamma function. Making use of this relation we obtain

(1.4.8) log5p = 1 _ I [ c + .
Finally, the relation (1.4.6) can be rewritten as

el

(1.4.9) lim = Sp where 1 < 5P < e.

A similar relation is expected also for the function Fp(t). We will use the
following auxiliary statement which we present without the proof, this proof can
be found in [139].
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Lemma 1.4.1. Let I{(R),l2(R) be integrals defined by

h(R) = f Vl
d  ̂ , R > 0, I2{R) = f Vl

 d£> , R > 1 .

Then
lim \h(R) - I2(R)} = - c o t -.

R^oo p p

Now we return to the asymptotic formula for Fp. We want to obtain a relation
similar to (1.4.9). Since F fulfill s the differential equation

\F'\P - \F\P = - 1 ,

we have
F'

,,; = 1 for t > 0.
{/FP - 1

Integrating the last equality yields

/ v,  ̂ =t for t > 0.

This relation implies that limt_>00 F(i) = oo. On the other hand

lim |(-log F(t)] = ^ [ " " y ^ - f ^

(L"0) = f [w=T4]«
because the integral on the right-hand side is convergent. Let Ap be introduced by

(L4.ll) logA,:./"^-!]*

It is clear that Ap > 1. The relation (1.4.10) can be rewritten as
e*

(1.4.12) l i m ^ — - = A p with Ap > 1.
t̂ OO Fp(t)

Now we want to establish a connection between Ap and <JP. By (1.4.6), (1.4.10),
and taking into account the definition of the function /(£), we have

l 0^ = ^m\fH(-^=^-j)^- 1+fH(^-^n) d^
= lim [I 2(R) - h(R)},

R^co

where the functions Ii(R),I2{R) were introduced in Lemma 1.4.1. Then by this
lemma we get the wanted relation as

(1.4.13) l o g^ = - c o t -.
Ap p p
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We may observe here that this relation implies b~2 = A2 in the linear case
(p = 2). In fact, we have 5-2 = 2 = A2.

By (1.4.8) the value of 5P can be considered to be known, consequently by the
relation (1.4.13) the value of Ap is known as well.

Finally, there are interesting functional relations between the half-linear hy-
perbolic sine and cosine functions Ep(t),Fp(t) as follows
(1.4.14)

KM = W ( P - I)*)} 9" 1 = ^-(F.dp- l)t)), F;(t) = $ " 1 (Eq((p-l)t)).

To prove these relations it is sufficient to show that the functions on both sides
of the equalities satisfy the same differential equation and fulfil l the same initial
conditions, this is a matter of a direct computation (use e.g. the result of Subsec-
tion 1.2.8).

The relations (1.4.14) provide another connections between the values of Sp

and Ap. Indeed, by (1-4.4) and (1.4.9) we have

(1.4.15) toSjfl^Ml 1

On the other hand, this, (1.4.12) and (1.4.14) imply (taking into account that
(p — l)(q — 1) = 1 for conjugate pair p, q)

J- - lim ^ ^ - lim M^M - J_
SP-1 t™i  e(P-i)t t™i  e(p-i)t Aq

hence

(1.4.16) A q = SP-1,

and similarly

(1.4.17) <5, = A*" 1.

We remark that the last two relations are equivalent since replacing p by q we
get each from the other. By relations (1.4.13), (1.4.16) (or (1.4.17)) it is sufficient
to know one of the values of Ap,Sp,Aq,Sq, and then all the other values can be
obtained easily.

As in the linear case where the function sinh t is odd and the function cosh t is
even, the functions Ep(t), Fp(t) behave in a similar way:

(1.4.18) Ep(-t) = -Ep(t), Fp(-t) = Fp(t).

To prove this statement it is sufficient to show that the functions on the both
side of the equality are solutions of differential equation (1.4.3) and satisfy the
same initial conditions at t = 0. Then the uniqueness of the initial value problem
(see Subsection 1.1.5) proves (1.4.18).

Now we know all the solutions of differential equations (1.4.3). We display them
in the next theorem.
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Theorem 1.4.2. The solutions of (1.4.3) are:

(1.4.19) Ke\ Ke~\ KEp(t + t0), KFp(t + t0),

where K and to are real parameters. More precisely, there are two one-parameter
families of solutions x(t) = Kef, x(t) = Ke~t and two two-parameter families
satisfying the following asymptotic formula

lim ^ = L,

where L = Keta/5P or L = Keto/Ap with K from (1.4.19).

Proof. Since equation (1.4.3) is autonomous, it is sufficient to consider solutions
whose initial values are prescribed at t = 0, i.e. x(0) = xo, x'(0) = x\. If XQ =
0 = xi, then according to the unique solvability, x(t) = 0. If at least one of the
constants XQ, X\ is nonzero, distinguish the cases according to the value of the
constant C in (1.4.4). In case C = 0, the only possibilities are x{t) = Kel or
x(t) — Ker1\ More precisely, if xoxi > 0, then x(t) — xoe1, if xoxi < 0, then
x(t) = xoe~f. Now, if C > 0, then by the definition of the function Ep we have
x(t) = KEp(t + to). Let K = sgnaio y/C. Since the function Ep is strictly increasing
(observe that E'(0) = 1, E' is continuous and \E'\P = 1 + \E\P) there exists t0 e K
such that CEp(to) — X\. Concerning the initial condition for the derivative x', we
have

\x!\p = C + \xo\
p = C + C\E\P = C(l + \E\P) = C\E'\P,

hence x\ =  But E'(to) > 0 and sgnK = sgnxi, the sign + is the
correct one. If C < 0, let K = sgn:ro \J—C and to be the solution of CF'(to) = x\.
Then the function KFp{t + to) is the solution we looked for.

Finally, concerning the asymptotic formula, any solution which is not propor-
tional to eL or e"*  satisfies by (1.4.9) or (1.4.12),

.. x(t) .. KE(t + t0) t0 Ke** .. x(t) Kel°
lim —  ̂= lim —- -e" = —— or lim -1-1- = ——,
t—»oo e t^oo g + o dp t^oo e Ap

hence L = Keto/5p or L = Keto/Ap. D

1.4.2 Euler type half-linear differential equation

In this subsection we deal with the Euler type (or generalized Euler) differential
equation

(1.4.20) ($(*'))' + l${x) = 0,

where 7 is a real constant. By the analogue with the linear Euler equation we
look first for solutions in the form x(i) = tx. Substituting into (1.4.20) we get the
algebraic equation for A

G(X) :=  (p - 1)|A|*  - (p - 1)$(A) +7 = 0.
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The function G is convex, hence the equation G(X) = 0 has two, one or no (real)
root according to the value of 7. However, even if the first possibility happens,
since the additivity of the solution space of is lost in the half-linear case, we are
not able to compute other solutions explicitly. To get a more detailed information
about their asymptotic behavior, we use the procedure which is also typical in the
linear case, namely the transformation of (1.4.20) into an equation with constant
coefficients.

The change of independent variable s = logi converts (1.4.20) into the equation
(where the dependent variable will be denoted again by x and ' = Jj)

(1.4.21) (*(>')) ' " (P ~ l)*(z' ) + 7$(z) = 0.

The Riccati equations corresponding to (1.4.20) and (1.4.21) are

(1.4.22) w'= --ft~p - {p - l)\w\p

and

(1.4.23) v' = - 7 + (p - l)v -{p- l)\v\q =:  F(v),

respectively. The solutions w and v are related by the formula w(t) = tl~vv(logt)
and, moreover, we have G(&~1(v)) = —F(v).

Iv-i\ p~l

The function F is concave on K with the global maximum at v — ( -— )

and the value of this maximum is 7 — 7, where 7 = ( ̂ —) . We distinguish the

following three cases with respect to the value of the constant 7.

I) 7 < 7. Then the equation F(v) = 0 has two real roots V\ < v < vi\

II ) 7 = 7. Then the equation F(v) = 0 has the double root v = v\

III ) 7 > 7. Then F(v) < 0 for every ! ) 6 l

Case I) The constant functions v(s) =  v(s) = Vi are solutions of (1.4.23).
Clearly, if v is a solution of (1.4.23) such that v(s) < Vi, for some s G K, then
v'(s) < 0, if v(s) 6 {v\,V2), then v'(s) > 0, and v'(s) < 0 for v(s) > V2, a picture
of the direction field of (1.4.23) helps to visualize the situation. Any solution of
(1.4.23) different from v(s) = v\t2 can be expressed (implicitly) in the form (5 6R
being fixed)

(1.4.24) / J?L=S-S.
Jv(S) F(v)

Observe that the integral J  ̂ wjy is convergent whenever the integration interval
does not contain zeros V\  ̂ of F, in particular, for any e > 0

fVl-£ dv f°° dv

J-00 F{v) Jv2+e F(v)
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Case la) v(S) < v\. Then v(s) < v(S) for s > S and v is decreasing. If v
were extensible up to oo, we would have a contradiction with (1.4.24) since the
right-hand side tends to oo while the left-hand one is bounded. Later we will show
that v(s) — v\ is the so-called eventually minimal solution of (1.4.23).

Case Ib) v{S) G (vi, v2). The solution v is increasing, and as s —> oo, we have
v(s) —> v-2, otherwise we have the same contradiction as in the previous case.

Next we compute the asymptotic formula for the difference v2 —v(s). We have

F(v) = F'(v2)(v - v2) + O((v - v2f), as v —> v2,

hence

F M = F'(v2)(v - v2)[l  + O(v - v2)}
 = F'(v2)(v - v2)

[1 + °  ̂ ~ V'2^

F'(v2)(v-v2)
+O{1)

and therefore (since \v(s) — v(S)\ < v2 — v\ = O(l)), substituting into (1.4.24)

fv{s) dv l i ^ i ! W , n m c

i.e.,
v2 - v(s) =Kexp{F'(v2)s},

where if is a positive constant (depending on v(Sj), and substituting w(t) =
t1~pv(logt) we have

(1.4.25) v2 - tp~lw{t) = KtF'{v2) ->Q as i ^ oo

since F'(v2) < 0. Substituting w = $(x'/x) in (1.4.25) we have

and using the formula (1 + a)p^1 = 1 + (p — l)a + o(a) as a —> 0, we obtain (with
q = p/(p-l))

m = ̂ ^  (i - ktF'^) q"  ~ *^M  (i - ktF'^) ,

as t —> oo, here f ~ g for a pair of functions f,g means Hindoo "%y = 1, and K
is a real constant. Thus

x(t) = tX2exp{ktF'{v2)} ~ iA 2 as t -> oo,

since F'{y2) < 0, where K is another real constant and A2 = &~1(v2) is the larger
of the roots of the equation G(X) = 0.
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Case Ic) v(S) > v2. Then v'(s) < 0 and v(s) 6 (v2, v(S)) for s > S. Using the
same argument as in Ib) we have

tp-1w{t)-v2 = KtF'M ->0 as t->oo,

K being a positive constant, and this implies the same asymptotic formula for the
solution x of (1.4.20) which determines the solution w of (1.4.22).

Case II) 7 = 7 = ( 2=--) . Then the function F has the double root v =

(^Y  Equation (1.4.20) has a solution x(t) = i*" 1^) = t ^ . This means
that (1.4.20) with 7 = 7 is still nonoscillatory. In the linear case p = 2, hence
7 = 1/4. Thus we are able to compute a linearly independent solution using the
reduction of order formula. This solution is x(i) = \/t\ogt. The reduction of order
formula is missing in the half-linear case, but using essentially the same method
as in Case I, we are able to show that all solutions which are not proportional to
t~ir behave asymptotically as t~>r logp t.

To this end, we proceed as follows. Since F(v) = 0 = F'(v),

F(v) = l-F"(v)(v-v)2+ O((v-v)3) as v -> v,

hence, taking into account that F"(v) = — |,

1 _ 1
~F(v) ~ lF"(v){v-vy2\l + O(v-v)}

2v
= —-, -r^ + O((v — u)"1) as v^v.

(v — v)z

On the other hand, using the same argument as in the previous part, we see from
(1.4.24) that any solution v which starts with the initial value v(S) < v fails to be
extensible up to 00 and solutions with v(S) > v tend to v as t —> 00. Substituting
for F(v) in (1.4.24) we have

2v
1- O (log \v — v\) = s — S,

v — v

hence
2v + (v - v)O(\og \v - v\) = (v - v)(s - S).

Since lim,,^^(w — v)O(log \v — v\) = 0, we have

lim (s — S) (v(s) — v) = lim s(v(s) — v) = 2v.
s—*oo s—^00

Consequently,

O (log \v(s) — v\) = O (logs"1) = O(logs) as s —> 00,
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and thus (v(s) — v)~1 = -^~ + O(logs), which means

V(s)-V = -r - = — 1 + 0
s l + 0 n^s\ s V \ s JJ

= f+K 1^) -
Now, taking into account that solutions of (1.4.22) and (1.4.23) are related by
w(t) = t1^pf (logi), we have

log* V log2*  )

which means that the solution x of (1.4.20) which determines the solution w of
(1.4.22) satisfies

x{t) ~ t \ logtj ~ pt ptlogt

and thus
a;(t) ~ t~^~ log'1 i.

Case III)  The equation F(w) = 0 has no real root and F(v) < 0 for every
« e l . Again

) fly
I = s — S, and v(s) < v(S) for s > S.

Jv(S') ^\v)

Since the left-hand side of the last equality is bounded for any value v(s), while
the right-hand one tends to oo as s —> oo, no solution of (1.4.23) and hence also
of (1.4.22) is extensible up to oo, which means that (1.4.20) is oscillatory. We will
show that oscillatory solutions of (1.4.21) are periodic and we will determine the
value of their period.

To this end, we use the Priifer transformation mentioned in Section 1.1 applied
in a slightly modified form to (1.4.21). Any nontrivial solution of this equation can
be expressed in the form

x(s) = p(s) ship ip(s), x'(s) = p(s) cos,p <p(s),

where sinp and cosp are the generalized half-linear sine and cosine functions, re-
spectively. The angular and radial variables if, p satisfy the first order differential
system

(1.4.26) if' = cosp v?|p - snip v?$(cosp v?) + ^- j - |smp<^f ,

(1.4.27) p' = cosp<j$(cosp<p)+ (l - - ^ W s i n p p) L .
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Oscillation of (1.4.21) implies that lim.s_iOC <p(s) = oo. Denote

(1.4.28) ty(ip) := \cospip\p - smpip$(cospip) H ^—\smpip\p.

Then equation (1.4.26) can be written in the form

/ " ^ dv
(1.4.29) / ^L = s-S.

Here we have used the fact that *(</?) > 0 for ip 6 R since if i/3 = 0 (mod7rp), then
^>(<p) = 1 (observe that | sinp tp\p + | cosp </?|p = 1), and if sinp <p  ̂ 0, then

*(</?) = I sinp ip\p \\a\p - $(a) + —^—1 > 0, a := 5^V^.
L P~ 1J sinp<^

Further, let

d.4.30) T=r-j?L 2r*E-

By (1.4.28) we have *((/? + TTP) = *(<^), hence <̂>(s + T) = </?(s) + 27rp and the
substitution i := sinp ip/cosp tp = tanp ip gives

(1.4.31) T = 2 [°° — ,

which is the quantity depending only on 7.
Finally, we will estimate the radial variable p. Denote

r / 7 \ 1
R(ip) :=cospip $(cosp<^)+ 11 —j $(sinp<p) .

By (1.4.27) and the identity (p(s + r) = (p(s) + 2np we have

log , . = / R(ip(s))ds= / ———a<p= / ———dip.

Now, using the identity $' + pi? = p — 1, we get

(1.4.32) l c g ^ = 2"(P-D/P-(l/P)^)dy = £^ lT = l .
V ' p{s) Jo *(V ) P 5

A consequence of (1.4.32) is that the function p(s)exp{  —-}  is periodic with the
period r because of

p{s + T)exp{-(s + T)/q} _ p(s + r) _
p(S)exp{-SM - p{s) e X Pl r M " L

The previous computations in Case III are summarized in the next theorem.
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2—M then equation (1.4.21) is oscillatory and

x(s) = p(s)exp{—s/q} is a periodic solution of (1.4.21) with the period T given
by (1.4.31).

Remark 1.4.1. Consider the half-linear differential equation

(1.4.33) ( i Q*(^)) ' + ^ * W = 0 .

If a y  ̂p — 1 and we look for a solution of this equation in the form x(i) = tx, then
substituting into (1.4.33) we get the algebraic equation for the exponent A

(1.4.34) (p - l)\\\p - {p - 1 - a)$(A) + 7 = 0.

This equation has a real root if and only if 7 < 7a := l'p a' ) and hence
(1.4.33) with a 7  ̂p — 1 is nonoscillatory if 7 < "/a. If 7 > 7Q, using the same ideas
as in case a = 0 treated in main part of this section one can see that (1.4.33) is
oscillatory.

If a = p — 1 and 7 > 0, equation (1.4.34) has no real root and in this case we
consider the modified Euler-type equation

(1.4.35) ( t P - i $ (a ; ' ) ) ' + _ ^ _ $ (a ; ) = o.

The change of independent variable t H^ logi transforms (1.4.35) into equation
(1.4.20) and the interval [l,oo) is transformed into the interval [e,oo). The situa-
tion is summarized in the next theorem.

Theorem 1.4.4. If a^p — 1, equation (1.4.33) is nonoscillatory if and only if

Equation (1.4.35) is nonoscillatory if and only if

1.4.3 Kneser type oscillation and nonoscillation criteria

As an immediate consequence of the Sturmian comparison theorem and the above
result concerning oscillation of Euler equation (1.4.20), we have the following half-
linear version of the classical Kneser oscillation and nonoscillation criterion.

Theorem 1.4.5. Suppose that

(1.4.36) liminf^c(i ) > ( ̂ — ) =: 7.
t-'OO \ P J
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Then the equation

(1.4.37) ($(a:'))'+ c(i)$(a:) = 0

is oscillatory. If

(1.4.38) lira sup tpc(t) < 7,

then (1.4.37) is nonosdilatory.

Proof. If (1.4.36) holds, then c(t) > 7 + e/tp for some e > 0 and since the Euler
equation (1.4.20) with 7 = 7 + e is oscillatory, (1.4.37) is also oscillatory by the
Sturm comparison theorem (Theorem 1.2.4). The nonoscillatory part of theorem
can be proved using the same argument.

Remark 1.4.2. Using the results of Theorem 1.4.4 and the Sturm comparison
theorem, one can prove various extensions of the previous theorem. For example,
if a ^p- 1,

liminf t~ar(t) > 1, lira sup tp~ac(t) < %,,

then (1.1.1) is nonoscillatory. An oscillation counterpart of this result, as well as
the criteria in the case a = p — 1 can be formulated in a similar way.

1.5 Notes and references

Some special results on qualitative theory of differential equations with a homoge-
neous (but not generally additive) solution space first appeared in Bihari's papers
in 1957-58, see [36, 37]. Equation of the form (1.1.1) was perhaps for the first
time considered by Beesack in 1961 (see [30]) in connection with an extension of
Hardy inequality. He understood half-linear equations as Euler-Lagrange equations
there. In the same paper, Riccati type transformation was introduced. The term
half-linear equation was first used by Bihari in [38] in 1964, see also [39]. As pio-
neering works in the field of qualitative theory of half-linear differential equations
are usually regarded the paper of Mirzov [290] (1976) and of Elbert [139] (1979).
In Mirzov's work, the first order half-linear system was considered and a Riccati
type transformation was introduced, which then serves to prove Sturm type the-
orem, see Subsection 1.2.9. A survey of Mirzov's results is presented in his book
[292], see also its extended English translation [293]. Elbert introduced the half-
linear Priifer transformation, which was used to show the existence and uniqueness
of the IVP involving half-linear differential equations (see Subsection 1.1.3) and
Sturmian type theorems (in particular, see the third alternative proof of the sepa-
ration theorem on p. 19). Half-linear Picone's identity is due to Jaros and Kusano
[185], which then plays an important role in the Roundabout theorem (see Sub-
section 1.2.1 and Subsection 1.2.3). An alternative approach was used in the work
[245] of Li and Yeh . The discussion on disconjugacy on various intervals is mostly
based on an extension of "linear" results of Coppel [80]. Concerning the treatment
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of various aspects of the Sturmian theory for half-linear equations we also refer to
the papers of Binding and Drabek [42] and of Yang [374].

The absolute majority of the observations concerning Wronskian in Subsec-
tion 1.3.1 is taken from Elbert's papers [140, 143]. A note on the Fredholm alter-
native is based on the paper of Drabek [118], a comprehensive treatment of this
problem is given in Del Pino, Drabek and Manasevich [88], see also Chapter 6. Fi-
nally, the results presented in Section 1.4 are essentially contained in Elbert's work
[142]. This Elbert's paper deals with system (1.1.3) (with constant coefficients or
coefficients corresponding to the generalized Euler equation), but the results can
be easily reformulated to equations of the form (1.1.1).

Various phenomena in physics, chemistry etc. modeled by half-linear differential
equations and equations with p-Laplacian can be found in the book of Diaz [93].
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CHAPTER

METHODS OF OSCILLATION THEORY

In this chapter we describe main methods for the investigation of oscillatory prop-
erties of (1.1.1). As we will see, a crucial role is played by the Roundabout theorem
(Theorem 1.2.2) which provides two important methods: variational principle and
Riccati technique. In the first section of this chapter we formulate the variational
principle, which involves p-degree functional, along with a Wirtinger type inequal-
ity and some applications. In the second section we will see that there exist more
general Riccati transformations than that from the first chapter, and that for
nonoscillation of (1.1.1) merely solvability of Riccati inequality is sufficient. Un-
der additional assumptions, we will be able to consider Riccati integral equation
(inequality) involving improper integrals. Some of the asymptotic properties of
solutions of this equation will be then described. The applications of the results
will be illustrated by various criteria. Already from Sturmian comparison theorem
we have seen that knowing some oscillatory properties of a given equation, we can
obtain some information about the equation whose coefficients are in certain rela-
tion with those of the original one. This idea will be extended in various directions
in the last section of this chapter.

2.1 Variational principle

The variational principle is the classical method of the linear oscillation theory. In
this section we show that the energy functional T given by (1.2.4) plays a similar
role in the half-linear oscillation theory.

47
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2.1.1 Formulation of variational principle

As an immediate consequence of the equivalence of (i) and (iv) of Theorem 1.2.2 we
have the following statement which may be widely used in the proofs of oscillation
and nonoscillation criteria, as will be seen later. When using such a method, we
speak about using a variational principle.

Theorem 2.1.1. Equation (1.1.1) is nonosdilatory if and only if there exists
T G M such that

C

T{y;T,oo):= / [r(t)\y'\p - c(t)\y\p]  dt > 0
JT

for every nontrivial y 6 W^'P(T, oo).

Note that the class W^'P(T, oo) is called the class of admissible functions.

Corollar y 2.1.1. Equation (1.1.1) is oscillatory if and only if for any T £ M
there exists a nontrivial admissible function y such that JF(j/;T, oo) < 0.

2.1.2 Wirtinger inequality

A useful tool in the variational technique is the following half-linear version of the
Wirtinger inequality. See also Section 9.5 how the well-known Hardy inequality is
related to this technique.

Lemma 2.1.1. Let M be a positive continuously differentiable function for which
M'{i)  ^0 in [a,b] and let y e W^p(a,b). Then

hence (2.1.1) holds.

Proof. Suppose that M'(t) > 0 in [a,b], in the opposite case the proof is similar.
Using integration by parts, the fact that y(a) = 0 = y(b), and the Holder inequality,
we have

f \M'(t)\\y\Pdt < p f M\y\v-l\y'\dt
J a J a

/ pb \i / ,-b Mp \ v

<  PU\M'\\y\<*-i)*dt\  U-^-ily'lPdtj

( pb \ 1 / nb Mp \P
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2.1.3 Applications

As an example of application of the above described principle (involving Wirtinger
inequality) we give the next nonoscillation criterion of Hille-Nehari type.

Further applications will be given in Chapters 3 and 5.

Theorem 2.1.2. Denote c+(t) = max{0,c(t)}. //

/

OO /*OO

r l~q(t)dt = oo, / c+(t)dt < oo,
and at \ P - l / / . oo \ 1 / „ _ 1 X P - 1

r 1 " " ^ ^ / c+(s)ds)<-[-

/ \Jt ) v V v )
or J°cr1-q(t)dt < oo andaoc \ P - 1 / /.t \ i / W _ T \ P - 1

^-'(s) )̂ / c+(s)ds < -

/ V^ / P \ P )
then (1.1.1) is nonosdilatory.
Proof. We will prove the statement in case J°° r1~q(t) dt = oo. If this integral
converges, the proof is analogous. Denote

i / „ _ i \ p - } /ft \J~P

v :=-{?—.} , M(t):=(j  r^(s)ds)
and let T £ K be such that the expression in (2.1.2) is less than v for t > T.
Using (2.1.2), the Holder inequality and the Wirtinger inequality, we have for any
nontrivial y £ WQ'P(T, OO)

O /-OC /.QO / r-t \

JT c(t)\y\pdt < j  ̂ c+(t)\y\Pdt=pJ  ̂ c+(t)^j y'^(y)dsjdt

/

oo foccj-(s)ds f°°

, \y'\\y\p~lM® M(t) dt<pvjT
 M$)\v'\\v\p~ldt

 \M(t}\p f00

< *>*J T jlS^^'^ir(t)lvT<"
since one may directly verify that

IM(*)IP - (p-p i -Mf )
\M>(t)\p-i ~ [P ' [ ) -

Hence we have
C

f(y;T,oo)= / [r(t)\y'\p - c(t)\y\p]  dt > 0
JT

for any nontrivial y G Wo '
P(T, oo). D
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Remark 2.1.1. (i) Later we will show that the constant - ( £—- j in the previous
nonoscillation criterion is sharp in the sense that if the limsup in (2.1.2) (or in
(2.1.3)) is greater than this constant, then (1.1.1) is oscillatory. Also, when the
previous criterion is applied to Euler type differential equation (1.4.20) in the
previous chapter, we reveal the constant (the so-called critical constant) 7 =

(ii) In (2.1.2) and (2.1.3), the nonnegative part of the function c appeared.
In the next subsection we present an improvement of the previous nonoscillation
criterion, where instead of c+ the function c directly appears. Many other related
information can be found in Section 3.1. See also Subsection 9.4.2 for an extension
to equations of a higher order.

2.2 Riccati technique

The technique based on the connection between the nonexistence of zeros of a
solution to (1.1.1) and the solvability of generalized Riccati equation (1.1.21) has
already been proved to be a very useful tool of oscillation theory. In this section
we further elaborate this important technique. Introduce the generalized Riccati
operator

(2.2.1) n[w] =w' + c{t) + (p- iy-q(t)\w\q.

2.2.1 Preliminaries

Consider the function

(2.2.2) S(x,y,p):={p-l)y1-(1\x\<1

on Ds = {(x,y,p) : i G l , ! / £ (0,oo),p E (l,oo)}, which appears in the general-
ized Riccati equation. Recall that \jp + 1/q = 1. Often we use just the notation
S(x,y) :=  S(x,y,p) when p is fixed. The following lemma describes important
properties of the function S. Later, it will find many applications when dealing
with the equation 1Z[w] = 0. Among others, our aim is to show that S behaves
essentially like its special case x2/y, which appears in the Riccati equation corre-
sponding to linear Sturm-Liouville equation (1.1.2).

Lemma 2.2.1. For S the following statements hold:

(i) The function S is nondecreasing with respect to \x\ on Ds-

(ii)  The function S is nonincreasing with respect to y > 0 on Ds-

(in) The function S is nonnegative on Ds, and S(x,y) = 0 if and only if x = 0.

(iv) If (\x\/y)q~1 < e, where e is the basis of natural logarithm, then the function
S is nondecreasing with respect to p.
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Figure 2.2.1: The function S with fixed y = 1; S is nondecreasing with respect to
p when x is small

Proof. The proof of the parts (i)-(iii ) is trivial. To prove (iv) note that S can be
rewritten as S(w,r,p) = (p — l)\x\(\x\/y)q~l, from which it is easy to compute
that

ds (\x\y-1 T . (\x\y-l~
— = \x\[—\ 1 - log —
dp \y ) \ y )

U

The next technical result wil l find the application in proving the existence of
positive solutions of the generalized Riccati equation.

Lemma 2.2.2. //

(2.2.3) F(a) :=liminf / f(s)ds>0 andF(a)^O

for all large a, then there is T is such that JT f(s) ds > 0, t G [T, oo).

Proof. If no such T exists, then for T 6 [a, oo) fixed but arbitrary we define

Tx = Ti{T) := sup It > T : / f(s) ds<0}.
I  JT J

If T\ = oo, then choosing tn —> oo such that jT"'  f(s) ds < 0 for all n, we get
F(T) < 0. Since T was arbitrary, by the first condition in (2.2.3), it yields F(T) = 0
for large T, a contradiction to the second condition in (2.2.3). Hence, we must have
T\ < oo which implies / ^ f(s) ds>0,te [Tlt oo).
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2.2.2 More general Riccati transformation

Sometimes it is convenient to use a more general Riccati substitution

/(t)r(t)$(x'(f))

where / is a differentiable function. By a direct computation one can verify that
v satisfies the first order Riccati-type equation

(2.2.4) v' -  + f(t)c(t) + (p - iy-i(t)f-'i(t;)\v\q = 0.

For an application see e.g. Remark 5.1.2 and Subsection 9.2.1.

Another generalization may be grounded in considering a slightly more general
half-linear equation

(2.2.5) (r(i)$(z'))' + b{t)${x') + c{t)${x) = 0.

The Riceati substitution w = r$(x')/&(x) leads to the equation

(2.2.6) w' + c{t) +  ̂ w + (p - iy-q(t)\w\q = 0.

Multiplying this equation by exp{  J b(s)/r(s) ds} =:  g(t) and denoting v = gw,
equation (2.2.6) can be written in the same form as (1.1.21), i.e.,

v' + c(t)g{t) + (p - i)r l-«{t)gl-\t)\v\t = 0.

The same effect is achieved if we multiply the original equation (2.2.5) by g since
then this equation can be again written in the form (1.1.1).

2.2.3 Riceati inequality

From the Roundabout theorem (Theorem 1.2.2) it follows that nonoscillation of
(1.1.1) is equivalent to solvability of the associated Riceati equation (1.1.21) (in a
neighborhood of infinity). Due to the Sturm comparison theorem, nonoscillation
of (1.1.1) is actually equivalent to solvability of the generalized Riceati inequality.
This is formulated, among others, in the next statement. In its proof we also show
that yC[y] = \y\p7Z{r&(y'/y)]  provided y ^ 0. Recall that the operator C is defined
in Theorem 1.2.1 and the operator TZ by (2.2.1).

Theorem 2.2.1. The following statements are equivalent:

(i) Equation (1.1.1) is nonosdilatory.

(ii)  There is a G K and a (continuously differentiable) function w : [a, oo) —> K
such that

H[w}(t)  = 0 for t e [a, oo).
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(2.2.7) ^ M ( t ) < 0 /or i e [a,oo).

fuj There is a G K and a positive function y : [a, oo) —> R fwii/ i r$(y') continu-
ously differentiable) such that

(2.2.8) £[y](i ) < ° /or i € [a, oo).

Proof. (i)=>(ii) : This implication follows from the Roundabout theorem (Theo-
rem 1.2.2) since nonoscillation of (1.1.1) implies the existence of o£ I such that
(1.1.1) is disconjugate on [a, oo).

(ii)=^(iii) : Trivial.
(iii)=>(iv) : Trivial.
(iv)=>(v): Let w satisfy H[w]  < 0 on [a, oo). The function

(in) There is a g i , a constant A s M and a (continuous) function w : [a, oo) —>
K such that

/"*
w(£) = , 4- / {c + S[w,r]}(s)ds for t e [a, oo).

fii/ J There is a 6 M and a (continuously differentiable) function w : [a, oo) —> M

V I ( $ W
is a positive solution of the initial value problem y' — §~x I ̂ rjl  J y, y(a) — 1. We

have

j/£[y] = yCr^Cy'))' + J/c*(y) - (p - l)r|y'|P + (p - l)r|y' |P

I ,p (^ (^0)^(1 /) - (p - ^^ (yQl j / lP -2^
| y | *(y)^(j/ )

+|y|pc+|y|p(p-iy-'(^^ y

= \y\pTZ[w}<0,

hence (v) holds.
(v)=>(i): Suppose that a function y satisfies (2.2.8) on [a, oo). Then

<p(t) :=  - {y£[y]}  (t)

is a nonnegative function on this interval. Set c(t) = c(t) — ip(t)/\y\p. Then c > c
and

(r(t)*(y')) ' + c(t)Hv) = (r(tMy')Y + (c(t) - ^ j $(y) = 0.

Thus the equation (r(i)$(y'))' + c(i)$(y) = 0 is disconjugate on [a, oo). Therefore,
(1.1.1) is disconjugate on [a, oo) as well by the Sturmian comparison theorem
(Theorem 1.2.4) and hence nonoscillatory.
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Remark 2.2.1. It is not difficult to see that (iv)=>(i) can be proved directly. Indeed,
let w be a solution of H[w]  < 0. Denote C{t) :=  -w' - (p - I)r1~q(t)\w\q. Then
w is a solution of w' + C(t) + (p — I)r1~q(t)\w\q = 0 which is the Riccati equation
associated with a Sturmian majorant of (1.1.1) (since C(t) > c(t)). This majorant
equation is nonoscillatory and hence (1.1.1) is nonoscillatory as well.

Now we give a variant of the above theorem where certain Riccati integral
inequality appears. In the next subsections we will present another ones where
improper integrals occur in Riccati type equations or inequalities.

Theorem 2.2.2. Suppose that there is a e l , a constant A £ R and a (continu-
ous) function w : [a, oo) —> K such that either

w{t) >A- I {c + S[w, r]}{s)  ds>0
Ja

or

w(t) <A- I {c + S[w, r]}{s)  ds<0
Ja

for t £ [a, oo), where S is defined by (2.2.2). Then (i)-(v) from the previous the-
orem hold. If, in addition, J^° c(i) dt = oo, then the above condition is necessary
for (i)-(v).

Proof. For sufficiency we show that the assumptions imply (iv) of Theorem 2.2.1.
Let

v(t)=A- / {c + S[w,r]}(s)ds.
J a

Then v' + c(t) + S[w,r}(t) = 0. We have t o > t i > 0 o i M ) < ) ) < 0 and hence
SY[w,r] > S[v,r] by Lemma 2.2.1. Therefore we get lZ[v](t)  < 0 for t G [a, oo) and
so (iv) holds. The part concerning necessity is obvious.

2.2.4 Half-linear Hartman-Wintner theorem

The next theorem is a half-linear extension of the classical Hartman-Wintner the-
orem [174] which relates the square integrability of the solutions of the Riccati
equation

w' + c(t) + w2 = 0

corresponding to (1.1.2) with r(t) = 1 to the fmiteness of a certain limit involving
the function c. Later we will show another variants of this important statement.

Theorem 2.2.3. Suppose that

/>CC

(2.2.9) / r1"'?(t)di = oo

and (1.1.1) is nonoscillatory. Then the following statements are equivalent.
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(i) It holds

(2.2.10) / r1-"(i)|w(i)|9(ii < oo

for every solution w of Riccati equation (1.1.21).

(ii)  There exists a finite limit

(2.2.11 lim J- \—  ̂ — '-—.
t^oc Jtr1-i(s)ds

(Hi) For the lower limit we have

(2.2.12 liminH ) - -  ̂— '-— >-oo.
t^oo Jtr1-i(s)ds

Proof, (i) => (ii): Nonoscillation of (1.1.1) implies that Riccati equation (1.1.21)
has a solution which is defined on an interval [T, oo). Integrating this equation
from T to t and using (2.2.10) we have

ft  ft
(2.2.13) w(t) = w(T)- C{T) dr - (p - 1) r 1 " 9 ^ ) ! ^ ) ! 9 dr

JT JT
ft fOC

= w(T)- C(T) dr - (p - 1) rl-q(T)\w{T)\q dr
JT JT

C

+ (p-1) / r}-q(T)\w(T)\qdT
Jt

= C- f c(T)dT+(P-l) f ^-"(T^wWdT,
JT Jt

where C = w(T) - (p- 1) / ^ r 1 " 9 ^ ) ^ ^ ) ! 9 dr. Multiplying (2.2.13) by r 1 ^ and
integrating the resulting equation from T to t, and then dividing by JT r1~q(s) ds,
we get

ti^-QWwWds  ̂ c f^-Hs) (f*c(r)dT)ds
JTr

1-i(s)ds fTr
l-i(T)dT

fTr
l-q(s)(\"xr l-q{T)\w{T)\('dT)ds

(2.2.14) + ^ V ' yJs, W l W l >-—.
fTri-i(s)ds

By the Holder inequality, we have

\ r1-q(s)w(s)ds = r1^1 (s)r^r (s)w(s) ds
\JT JT

(2.2.15) < ( f r1-q(s)dsy' ( I rl-q(s)\w{s)\qd.^\" ,
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and hence, taking into account (2.2.10)

r-t i_a, s ,  , ( f*  r H f , U < ; V ' ( f*  r1-i(<i\\w(<i')\ ci\q

JTr
 q(s)w(s)ds yjT1 \,i>)ubj yjTi {b)\w\b)\ j
J r̂r

1-i(s)ds ~ fTr
1-i{s)ds

Since also the last term in (2.2.14) tends to zero as t —> oo (again in view of
(2.2.10)), we have that

r />1- g(g) / ;c( r ) r fr
hm — ; — = 6 exists finite.
*-°° jTr

l-i{s)ds
in) => (iii) : This implication is trivial.
(iii ) => (i): Let w be any solution of (1.1.21) which exists on [T, oo). Then by

(2.2.13) and using computation from the first part of this proof

fTr^{s)w{s)ds _  ̂ fTr^{s){^c{T)dr)d8

j/rr
1-i(s)ds yTr

l-i{T)dTds

~ ~ £^-1(3)ds '

Taking into account (2.2.12) and applying the Holder inequality again, there exists
a real constant K such that

(lTrl~9(s)\w(s)\qdSy Jr' ll ''(s)(/T' ll"'WI«'W|»dr)d «
/ f t , . M , \ i ~ flr1-'i(s)ds
\JTT (S) «s)

Suppose that (2.2.10) fails to holds. Then by L'Hospital's rule the last term in the
previous inequality tends to oo and hence

V !t
Tr

l-i{s)ds ) ~ qjtTr
l-i{s)ds

for large t. Denote M(t) = fTr
1-q(s) (J^r1-q(T)\w(T)\<1 dr) ds. Then the last

inequality reads

'M'{t)r (i-1{t)'\  Lq M(t)

fr1-<i{s)ds\ ~ qfTr
1-i{s)ds'

hence

( 2 2 1 6) MW>(lY r_^t)



Based on the Hartman-Wintner theorem, the following statement says that
nonoscillation of (1.1.1) can be expressed in terms of solvability of Riccati integral
equation involving improper integrals.

Theorem 2.2.4. Suppose that (2.2.9) holds and the integral J°° c(t) dt is con-
vergent. Equation (1.1.1) is nonoscillatory if and only if there is a € R and a
(continuous) function w : [a, oo) —> R satisfying the Riccati integral equation

/

OO /-OC

c(s)ds + (p-l) r1-q(s)\w{s)\qds

for t > a.

Proof. Suppose that (1.1.1) is nonoscillatory and let w be a solution of the as-
sociated Riccati equation (1.1.21) which is defined on some interval [Tb,oo). The
convergence of the integral J°° c(t)dt and (2.2.9) imply that (2.2.10) holds by
Theorem 2.2.3. Integrating (1.1.21) from t to T, t > To and letting T -> oo we
see that lim-r^oc w(T) exists and since (2.2.9) holds, this limit equals zero, i.e., w
satisfies also (2.2.17). Conversely, if w is a solution of (2.2.17), then it is also a
solution of (1.1.21) and hence (1.1.1) is nonoscillatory.

A simple argument will show that for nonoscillation of (1.1.1) it is sufficient to
assume a solvability of Riccati integral inequality provided an additional require-
ment is satisfied.
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If q < 2, we integrate (2.2.16) from 7\ to t, 7\ > T, and we get

—— Ml-q{Tx) > —^—\M1-q(Ti)-M1-g(t)]
q — 1 q — I L J

/iyflog^r'-'fs)^ if q = 2,

^ 1 2 ^ ( / T ^ " 9 ( S ) ^ ) 2 " 9 if<?<2.

Letting t ^ c o we have a contradiction with the assumption that J°° rl~q(t) dt =
oo. If q > 2, we integrate (2.2.16) from £ to oo and we obtain

{q-l)M^(t)-{ q) {q_2)̂ -q{s)dsy

hence

9 -1 - V/^^-«(s)d Sy/ V./T /

/ j N - 1

which is again a contradiction since M(t) [JTr
1~q(s) ds) -  ̂oo as t -  ̂ oo. D
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Theorem 2.2.5. Suppose that the integral J°° c(t) dt is convergent and (2.2.9)
holds. Then there is a 6 K and a (continuous) function w : [a, oo) —> K satisfying
either

/

OO />OC

c(s)ds + (p-l) / r1-"(s)|w(s)|9ds>0
or

/

OO />OC

c(s) ds + (p - 1) r1" 9(s)|w(s)|'zds<0
if and only if equation (1.1.1) is nonoscillatory.

Proof. The proof is similar to that of Theorem 2.2.2. Indeed, let

r°°
v(t)= / {c + S[w,r}}(s)ds,

Jt

where S is defined by (2.2.2). Then v'+ c(t) + S[w,r](t) = 0. We have w > v > 0 or
w < v < 0 and hence 5[w, r] > 5[u, r] by Lemma 2.2.1. Therefore we get TZ[v](t) <
0 for t £ [a, oo), where 7?. is defined by (2.2.1), and so (iv) from Theorem 2.2.1
holds. The necessity follows clearly from Theorem 2.2.4.

Remark 2.2.2. Observe that if (2.2.18) and (2.2.19) are replaced by the only con-
dition

I /-co />oo

(2.2.20) \w{t)\>\ c{s)ds + (p-l) r1-<z(s)|w(s)|'3rfs ,
\Jt Jt

then Theorem 2.2.5 works as well. Indeed, if v(t) = Jt {c + S[w,r]}(s)ds, then
\v\ < \w\ and v' + c(t) + S[w,r](t) = 0, and so we get TZ[v](i) < 0 by Lemma 2.2.1.
Taking into account Theorem 2.2.4, altogether we get that the following statements
are equivalent:

(i) Equation (1.1.1) is nonoscillatory.

(ii ) Equation (2.2.17) is solvable in a neighborhood of infinity,

(iii ) Inequality (2.2.20) is solvable in a neighborhood of infinity.

For related discussion see Lemma 2.2.4, the comment before it, Remark 2.2.3,
Remark 2.3.1 and Section 5.5.

Compare the following result with the previous one and with Theorem 2.2.2.
We omit the proof since it is similar to those of the above mentioned statements.
Note only that the necessity is shown by means of Theorem 2.2.3 (see also (2.2.13)).

Theorem 2.2.6. Suppose that there is a G R, a constant A e R and a function
w : \a, oo) —> R such that either

w{t)>A- I c(s)ds+ / S[w,r](s)ds>0
J a Jt
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or

w(i)<A- c(s)ds+ S[w,r](s)ds <0
Ja Jt

fort £ [a, oo). Then (1.1.1) is nonos dilatory. If, in addition, (2.2.9) and (2.2.12)
hold, then the above condition is necessary for nonos dilation of (1.1.1).

2.2.5 Positive solution of generalized Riccati equation

In this subsection we give conditions guaranteeing the existence of positive solu-
tion w of the generalized Riccati equation. This positivity then enables to prove
alternatively the results similar to those given at the end of the previous sub-
section, as well as to find an effective estimation for w, which will appear very
handy. In spite of the fact that some of the results will require slightly stronger
assumptions comparing with those in the previous subsection, we present them
here in order to show a variety of different approaches. Moreover, the subsequent
approach will be proved to be very useful in extending our theory to the cases
where the Hartman-Wintner theorem is not applicable (see Chapter 8).

First note that if

/
OC

r1-q(s)ds = oo

and c(t) > 0 for large t, then it is very easy to show that there exists an even-
tually positive solution of generalized Riccati equation (1.1.21) provided (1.1.1) is
nonoscillatory. In this case, in fact, any solution of (1.1.21) is eventually positive
provided c{t) ^ 0 for large t. Indeed, below given Lemma 4.1.3 says that the only
possibility for a nonoscillatory solution x of (1.1.1) is x(t)x'(t) > 0 for large t.

Next we show that the assumption of the nonnegativity of c may be somewhat
relaxed. Also observe how the positivity of a solution w of (1.1.21) follows from
Theorem 2.2.4, under the condition Jf c(s) ds > 0. For the discussion on positivity
of w under some different special conditions see the text after Corollary 3.3.5 in
the next chapter.

Lemma 2.2.3. Assume

(2.2.21) *(T ) :=liminf / c(s) ds > 0 and *(T ) ^ 0

for all large T, and (2.2.9) holds. If y is a solution of (1.1.1) such that y(t) > 0
for t £ [T, oo), then there exists S G [T, oo) such that y'(t) > 0 for t £ [S, oo).

Proof. The proof is by contradiction. We consider two cases:
Case I. Suppose that y'(t) < 0 for t G [T,oo). Then also [$(y)]'(i) < 0 for

t e [T, oo) since
My)]'(t) = (p-l)\y{t)r2y'(t)<0.

Another argument for [$(y)]'(i) < 0 is that if y is decreasing, then $(y) is decreas-
ing as well because of the properties of the function $. Without loss of generality
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we may assume that T is such that JTc(s)ds > 0, t G [T, oo), by Lemma 2.2.2.
Define Q(t, T) = JT c(s) ds. Integration by parts gives

/ c(S)t>(y(s))ds = f Q'(s,T)<S>(y(S))ds
JT JT

= Q(t,T)<$>(y(t))- f Q(S,T)[$(y(s))]'ds>0.
JT

Integrating (1.1.1) we have, using the last estimate,

r(tMy'(t)) - r(T)<$>(y'(T)) = / [r(s)$(y'(s))]'ds < 0.
JT

Hence

(—) y'^^^W 1

for t e [T, oo). Integrating (2.2.22) for t > T we see that y(t) -  ̂ -oo by (2.2.9), a
contradiction. Therefore, y'{i) < 0 cannot hold for all large t.

Case II. Next, if y'(t) ^ 0 eventually, then for every (large) T (2.2.21) holds
and there exists To £ [T, oo) such that y'(T0) < 0. Since y(t) > 0 for t G [T, oo),
the function w(t) = r{i)$>  [y'{t)/y(t)\ satisfies generalized Riccati equation (1.1.21)
for t e [T,oo). Integrating (1.1.21) from To to t, t > To, gives

,t , t

w(i) = w(T0)- c(s)ds- S{w,r)(s)ds,
JTa JT0

where S is defined by (2.2.2). Therefore, it follows that l imsupj^^ w{t) < 0, using
the facts w(To) < 0, w(t) is eventually nontrivial, and (2.2.21) holds. Indeed, there
is M > 0 such that / ^ S(w, r)(s) ds > M and / ^ c(s) ds > -M/2 for all large t.
Hence there exists T\ 6 [T, oo) such that w(t) < 0 for t G [I\ , oo) and so y'(t) < 0
for t £ [Ti, oo), a contradiction to the first part.

Example 2.2.1. Now we give an example of the function c(i), which is not eventu-
ally of one sign, but (2.2.21) holds. Let A > 0, A  ̂ 0 and B > 1 be real numbers.
Put

\B A sin At A cos At
c(t) = jx+i  + - ^ i jx

Then we can easily see that

f00 sin At + B
I c(s) ds = ^ > 0

Jt, t
for all t > 0. Observe that in addition to (2.2.21), condition (2.2.23) is satisfied.
Using Example 3.3.1 given in Subsection 3.3.1, one can easily discover a function
c(t), which is not eventually of one sign, and (2.2.21) holds but (2.2.23) fails to
hold.
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In the next lemma, a necessary condition for nonoscillation of (1.1.1) is given in
terms of solvability of a generalized Riccati integral inequality involving improper
integrals. Note that in Theorem 2.2.4 we obtained the integral equation, even
under weaker (sign) condition on c, but for completeness we present here also an
alternative (simpler) approach based on the positivity of w. As already said above,
this approach will be shown to be very useful e.g. in the discrete case treated in
Chapter 8.

Lemma 2.2.4. Let the assumptions of Lemma 2.2.3 hold and assume further that

/

OO ft

c(s) ds = lim / c(s) ds is convergent.
*^° ° Ja

Let y be a solution of (1.1.1) such that y(t) > 0 for t G [T, oo). Then there exists
Ti e [T, oo) such that

/

OO /*OO

c(s)ds+ / S(w,r)(s)ds

for t G [Ti, oo), where w{t) = r( i )$ [y'{t)/y(t)]  > 0.

Proof. By Lemma 2.2.3 there exists Tx G [T, oo) such that w(t) > 0 for t e [2\, oo)
and w satisfies (1.1.21) for t e [T, oo). Integrating (1.1.21) from t to s, s > t > T\,
gives

fs fs

(2.2.25) w(s)-w(t)+ c(£)d£+ / S(w,r)(£)d£ =0.

 Jt

Therefore,

0 < w(s) = w(t) - j '  c(O d£ - j '  S(w, r) (0 d£,
and hence

w(t)> J'c(S)dt + JS S(w,r)(Z)dt

for s >t>  T\. Letting s —> oo we obtain (2.2.24). D

Remark 2.2.3. Clearly, condition (2.2.24) is also sufficient for nonoscillation of
(1.1.1), as shown in Theorem 2.2.5.

If we strengthen the assumptions of the previous lemma somewhat, then we
may prove (differently from Theorem 2.2.4) that there exists a solution of (2.2.17).

Lemma 2.2.5. Suppose that (2.2.9) and (2.2.23) hold with c(t) > 0 (which is
eventually nontrivial). Let y be a solution of (1.1.1) such that y(t) > 0 for t G
[T, oo). Then there exists T\ 6 [T, oo) such that w(t) = r ( i ) $ [y'(t)/y(t)]  is positive,
nonincr'easing, tends to zero and satisfies (2.2.17) for t G [Ti, oo).
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Proof. From Lemma 2.2.3 there exists T\ G [T, oo) such that w{i) > 0 for t G
[T] , oo). Note that this can actually be proved even much easier since c(£) is non-
negative here (see the beginning of this subsection). Further, w satisfies (1.1.21) on
[T, oo). The fact that w'(t) < 0 for t G [2\, oo) follows from (1.1.21). Next we show
that w{t) —> 0 as £ — oo. Since j / is positive and increasing, it either converges to
a positive constant L or diverges to oo. First suppose that y(t) —> oo as £ —> oo.
Then, since r(i)$[y'(i) ] is nonincreasing, we have

[) *[y{t)]  ~ *[y(t)]

as t —> oo. Now, if y(t) —» L as i —» oo, then r(i)$[j/'(t) ] -> 0 as t ^ oo and,
consequently, w(t) tends to zero as £ —> oo. To see that r(t)$[y' (t)]  converges to
zero, note first that it converges since it is positive and nonincreasing. If, however,
r(i)<&[y'  (i)]  converges to a positive constant K, then we get

ft
y(t) > y{Ti) + Kq~l / rl-q(s) ds -  oo

as t —> oo, which contradicts the boundedness of y. Finally, the fact that y satisfies
(2.2.17) on [T], oo) follows from (2.2.25).

Remark 2.2.4. Clearly, solvability of (2.2.17) is also a sufficient condition for
nonoscillation of (1.1.1), like in Theorem 2.2.4.

Finally we show how a (positive) solution of the Riccati equation can be es-
timated from above in terms of r. This will be very useful in some subsequent
(non)oscillatory criteria and comparison theorems.

Lemma 2.2.6. Let the assumptions of Lemma 2.2.5 be fulfilled. Then the function
w from that lemma satisfies the inequality

(2.2.26) w(t) < / r1-q{s)ds)
\Jto J

fort > to-

Proof. Since c is nonnegative, we have w'(t) < —(p — \)r1~q(t)wq{t). Hence,

/rt \'
I / r 1 " 9 ^ ) ds - w^it) = r-l-q{t) + (q- l)W-q{t)w'(t) < 0.
\Ja J

Integration from to to t, a < to < t, yields

I  r1-q(s)ds-w1-q(t)< ["  r1-q{s)ds-w1-q(t0)< f"r 1-q(s)ds

and so
(ft \~x

wq-l{t) < / r1-q(s)ds)

from which (2.2.26) follows. D
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2.2.6 Modified Riccati inequality
In the most of the above results we have assumed J°° r1^q(s) ds = oo. Now we
wil l discuss the complementary case, i.e., the convergence of this integral. It is
supposed that c(t) > 0 for large t and that

The first auxiliary statement concerns boundedness of solutions of (1.1.1) and
of the associated Riccati equation.

Lemma 2.2.7. Let x be a nonoseillatory solution of (1.1.1) and let w = r<&{x'/x)
be the associated solution of (1.1.21). Then x and the function

(2.2.29) z(t) :=  pp-lw{t)

are bounded. Moreover,

(2.2.30) pp~l(t)w{t) > - 1 for large t

and

(2.2.31) lira sup ^ ( f ^ t ) < 0.

Proof. Without loss of generality we can suppose that x(t) > 0 for t £ [to, oo). The
function r(t)<fc(x') is nonincreasing (since its derivative equals — c(t)$>(x) < 0), the
derivative x' is eventually of constant sign. That is, x'(t) > 0 for t > to or there is
tj > to such that x'(t) < 0 for t > tj, and that

rq-1(s)x'(s)<rq-1(t)x'(t) for s>t>t0.

Dividing this inequality by rq~1(s) and integrating it over [t,r]  we obtain

O

(2.2.27) / r1~q(t)dt < oo.
J

We denote

O

(2.2.28) p(i) = / ^ " " ( s ) ^ .
Jt

(2.2.32) Z(T) <a;(0+r' '-1(t)x'(t) / r 1 " " ^ ) ^ .
it

If x'(t) > 0 for t > t0, then we have from (2.2.32)

X{T) <a;(£)+r(?-1(t)2;'(£)/o(£)

which shows that x is bounded on [to, oo). If x'(t) < 0 for t > t\, then x is clearly
bounded and, letting r —> oo in (2.2.32), we have

0 < x(t) + rq~l(t)x'(t)p(t), t>t0.



which immediately implies (2.2.30).
The limi t inequality (2.2.31) trivially holds if x'(t) < 0 for t > t\, since in this

case the function z defined by (2.2.29) is negative for t > t\. If x'(t) > 0 for t > to,
then there exist positive constants c\, ci such that

x(t)>ci and r(t)${x'(t)) < c2 for t>t0,

which implies

w(t) < - ^ r , t > t0.

Since p(t) —* 0 as t —> oo, we then conclude that

lim pp-1(t)w(t) = 0.
t—>oo

This completes the proof.

Based on the previous lemma we show that nonoscillation of (1.1.1) is equiva-
lent to solvability of a certain modified Riccati integral inequality.

Theorem 2.2.7. Equation (1.1.1) is nonoscillatory if and only if

/>OC

(2.2.33) / pp(t)c(t) dt < oo

and there exists a continuous function v such that

(2.2.34) Pv~lv{t) is bounded, / ^ ( i ) ^ ) > - 1,

and

/

OO /"OO

pp(s)c{s)ds+p / r1-q{s)pp-1{s)v{s)ds
Jt

+ (p-l ) rr1-"(s)pp(S)\v(s)\"ds
Jt

for large t.

Proof. "=>": Let i be a solution of (1.1.1) such that x(t)  ̂ 0 for t > t0 and
let w = r$(x')/$(a;) be the corresponding solution of Riccati equation (1.1.21).
Multiplying this equation by pp{t) and integrating over [t,r],  r > t > to, we get

P
P(T)W(T) - pp(t)w(t) = -p I r1-g(s)pp-1(s)w(s)ds- f pp(s)c(s)ds

Jt Jt

(2.2.36) -(p-1) f r1-q(s)pp{s)\w(s)\qds.
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In either case we obtain

p{t)r9~i(t)XiM - ~ij
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In view of boundedness of the function pp~iw(t) (compare with the previous lem-
ma), we see that PP(T)W(T) =  P(T)PP~1(T)W(T) —> 0 as T —> oo, and

I /*OG /*OO

/ r1-q(s)pp-1(s)w(s)ds < r1-q(s)\pp-1(s)w(s)\ ds < oo,
\Jt Jt

/ r1~q(s)pp(s)\w(s)\q ds < oo

for £ > to. Therefore, letting T —> oo in (2.2.36), we find that Jt°° p
p(s)c(s) ds is

convergent, i.e., (2.2.33) holds, and

/

CO />OC

pp(s)c(s)ds+p / r 1 - 9^ ) / - 1^ ) ^ ) ^
Jt

/>oo

+ ( p - l ) / r1-9(s)pp(s)|w;(s)|9ds
Jt

hence (2.2.35) holds as equality. The inequality pp(t)w(t) >  —1 follows from the
previous lemma.

"<$=": Suppose that (2.2.33) holds and let w be a continuous function satisfying
conditions of theorem. Further, let us denote by C[io,oo) the Frechet space of
continuous functions with the topology of uniform convergence on compact subin-
tervals of  [to, oo). Consider the space

(2.2.37) V:={ve C[t0, oo) : - 1 < v(t) < pp-l{t)w{t), t > t0},

which is a closed convex subset of C[to, oo). Define the mapping F : V —> C[to, oo)

by

pp(s)c{s)ds+p r1-q(s)v(s)ds

Jt

+ (p- l) / r1-9(s)|w(s)|9ds.
Jt

If v G V, then from (2.2.37), (2.2.38) and the inequality stated in theorem

(Fv)(t) < F(pP-lw)(t) < pp-l{t)w{t), t > t0,

and

p(t)[(Fv){t) + 1} > I r}-q(s)[(p-l)[v(s)\('+pv{s) + l}ds>0,

where we have used also the property that the function (p — 1)|£|9 +p£, is strictly
increasing for £ > — 1, i.e.,

(2.2.39) b - l ) | £ l 9 + K + l > 0 f o r £ > - l .

This shows that F maps V into itself. It can be shown in a routine manner that F is
continuous and F(V) is relatively compact in the topology of C[to, oo). Therefore,
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by the Schauder-Tychonov fixed point theorem, there exists an element v E V such
that v(i) = (Fv)(t). Define w by w(i) = v(t)/pp~l(t). Then, in view of (2.2.38),
w satisfies the integral equation

/

OO />OC

pp(t)c(s)ds + p r1-q(s)pp-1w(s)ds
Jt

+(p - 1) p r1-q(s)pp(s)\w(s)\q ds.
Differentiating this equality and then dividing by pp{t) shows that w solves Riccati
equation (1.1.21) and hence (1.1.1) is nonoscillatory.

2.2.7 Applications

Here we give some examples of (non)oscillation criteria whose proofs are based
on the above described technique. Many other applications can be found in the
subsequent chapters.

We start with a simple consequence of Theorem 2.2.1.

Theorem 2.2.8. //

O

(2.2.40) / sp~1c(s)ds is convergent,

then

(2.2.41) ($(2/'))' + c(t)$(y) = 0

is nonoscillatory.

Proof. Let

w(t) = - i 1 - p | l + 2 f sP^c^dsl.

Then

(2.2.42) w'{t) = -V-^t~p j l + 2 r sP-^is) ds\ - c(t).

In view of (2.2.40), there exists T > 0 such that

O

0< 1 + 2 / sp-1c(s)ds< 2
Jt

for t > T, so that

\w{t)\q = 2~H-pll  + 2 j SP-ic{s)ds\ <^t-pll  + 2 f SP-1c(s)ds\.

Consequently, (2.2.42) implies w'(t) + c(t) + (p- l)\w(t)\q < 0 for t > T. It follows
from Theorem 2.2.1 that (2.2.41) is nonoscillatory.
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Now we give more refined criteria. The technique involving the Riccati inequal-
ity was used to prove the classical Hille-Nehari criterion in the linear case. This
criterion claims that if J°° r~1(t)d,t — oo and f°° c(t)dt converges, then linear
Sturm-Liouville equation (1.1.2) is nonoscillatory provided

( fl \ ( f°° \ 1
lim sup I / r~1(s)ds) I / c(s)ds) < —
t^co \J J \Jt J 4and

l i m m f ( / t r - H a) d a ) ( /O Oc ( a ) d a ) > - |.

The next statement is a half-linear extension of this linear criterion. Compare this
result with the criterion given in Subsection 2.1.3.

Theorem 2.2.9. Suppose that J rl~q(t) dt = oo and J°° c(t) dtconverges. If

(2.2.43) limsup ( f r1-q{s)ds) ( f°° c(s) ds) < - ( ^—^

(2.2.44) Mrninif f ri-q(s)d,s) (f c(s) ds\ > -2  (iZL:V-\

then (1.1.1) is nonosdilatory.

Proof. We will find a solution of the Riccati type inequality (2.2.7), i.e., of the
inequality

(2.2.45) v' < -c(t) - (p - iy-q(t)\v\q

which is extensible up to oo, i.e., it exists on some interval [T, oo). To find this
solution v of (2.2.45), we show that there exists an extensible up to oo solution of
the differential inequality

O

(2.2.46) p ' < ( l - p ) r1 - ' ' ( t ) | p + C(t)|< ', < ? ( * ) : =/ c(s) ds
Jt

related to (2.2.45) by the substitution p — v — C. This solution p has the form

j r1-q(s)ds) , f3:=(P—J .

r1^q(s)ds) and the right-hand side of inequality

(2.2.46) is
(t \1-P "

(l-py-i^ip + cit)  ̂ = (i-Py-q(t) i3Uri-q\ +c(t)

ft \p-} q ft \-p
= (l-Py-q(t) /3+^/r1-"J C(t) (fr1-") .
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Consequently, (2.2.46) is equivalent to the inequality

ft \ P -I
 9

(2.2.47) /?> 0+ Ur1-"1) C(t) .

However, since (2.2.43) and (2.2.44) hold, there exists e > 0 such that

for large t and by a direct computation it is not difficult to verify that (2.2.47)
really holds.

As a direct consequence of the Hartman-Wintner theorem (Theorem 2.2.3) we
have the following generalized Hartman-Wintner oscillation criterion.

Theorem 2.2.10. Suppose that J r1~q(t)dt = oo. Then each of the following
two conditions is sufficient for oscillation of (1.1.1):

(2.2.48) lim - Y~  ̂ — '- = oo,
t^oo frl-i(s)ds

(2.2.49)
. fJ

tr^(s)(Jsc(T)dr)dS Jtr^(s)(Jsc(T)dr)ds
- o o < hminf T—— < hmsup -.—— .

*^° ° J r1-i(s)ds t-»oc yr1-ci(s)ds

Proof. We will prove only sufficiency of (2.2.48); the proof of sufficiency of (2.2.49)
is similar. Suppose that (1.1.1) is nonoscillatory and (2.2.48) holds. Then (2.2.12)
holds and by Theorem 2.2.3 the integral in (2.2.10) converges for every solution w
of (1.1.21) and hence limit (2.2.11) exists as a finite number which contradicts to
(2.2.48).

We conclude this section by the application of Theorem 2.2.7. The following
criterion is its immediate consequence.

Theorem 2.2.11. Suppose that (2.2.27) holds. Equation (1.1.1) is oscillatory if

(2.2.50) I c{s)pp{t)dt = oo,

where p is given by (2.2.28).

This oscillation criterion opens a natural question about the oscillatory nature
of (1.1.1) when the integral in (2.2.50) is convergent. This will be discussed later
(see Theorem 2.3.4 and Section 3.1).
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2.3 Comparison theorems

In this section we present various types of statements where oscillatory properties
of two equations are compared. We usually suppose that oscillatory behavior of one
equation is known and using various inequalities we deduce oscillatory nature of the
second equation. In the first three subsections we give conditions on coefficients,
under which new equation is (non)oscillatory provided the original one is so. Then
we present the so-called telescoping principle, and finally we offer the statement
where two equations with different nonlinearities are compared.

2.3.1 Hille-Wintrier comparison theorems

While in the Sturm comparison theorem the coefficients are compared pointwise,
the classical Hille-Wintner theorem (for the linear version see [341, Theorem 2.14])
compares the coefficients on average. Its half-linear version appeared in many works
(e.g., [180, 182, 227, 247, 253, 242]), under different assumptions. Here we offer
the version where the sign condition on the second coefficients is slightly relaxed
comparing to the usual assumptions. Moreover, we will discuss the complementary
case and various methods of the proof.

Along with equation (1.1.1) consider the equation

(2.3.1) (r(i)$(y'))' + c(i)<%) = 0.

Theorem 2.3.1. Assume that (2.2.9) holds, J c(t)dt and J c(t)dt converge.
If

/

OO /-CO

c(s) ds < c(s) ds for large t,
Jt

and (2.3.1) is nonosdilatory, then so is equation (1.1.1), or equivalently, the os-
cillation of (1.1.1) implies that of equation (2.3.1).
Proof. If (2.3.1) is nonoscillatory, then there is a function w satisfying

/

OO />OO

c(s)ds+ S(w,r)(s)ds (> 0),
Jt

for large t, by Theorem 2.2.4. Hence

/

OO /"OO

c(s)ds + / S(w,r){s)ds
Jt

/

OO />OG

c(s)ds+ / S(w,r)(s)ds ,
Jt

so (1.1.1) is nonoscillatory by Remark 2.2.2.
Remark 2.3.1. (i) Note that without the use of Theorem 2.2.5, under the addi-
tional assumptions c(t) > 0, c(t) > 0 (but, in fact, J*t°° c(s)ds > 0 suffices), some
authors (e.g., [227]) use the Schauder-Tychonov fixed point theorem to prove the
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Hille-Wintrier theorem. A closer examination of that proof then reveals that the
statement of Theorem 2.2.5 (with the additional assumptions) is actually hidden
in it.

(ii) Later, in Section 5.5, we will see that there exists another possibility how
to prove the Hille-Wintrier theorem, namely the sequence approach. Note that in
the classical work of Nehari [304], the proof of this theorem in the linear case is
based on the variational technique.

In Subsection 1.4.3 we have presented the criteria of Kneser type, which are
established using the Sturmian comparison theorem and the generalized Euler
equation. Now we use the same idea, but with the Hille-Wintner theorem instead of
the Sturm one, to obtain an improvement, namely the criteria of Hille-Nehari type.
In Subsection 1.4.2 we have shown that Euler equation (1.4.20) is nonoscillatory

if and only if 7 < 7 = ( ^-p j . Consider now the equation

(2.3.3) (r(tMx'))'  + —^  U . $ ( a ; ) = o
(/ V-9(s)dsJ

with r satisfying (2.2.9). The transformation t 1—> J r1~g(s) ds of independent vari-
able transforms this equation into the Euler equation (1.4.20). Hence also (2.3.3) is
nonoscillatory if and only if 7 < 7. This fact, combined with Theorem 2.3.1, lead-
s to the following nonoscillation and oscillation criteria which are the half-linear
extension of the Hille-Nehari (non)oscillation criteria, see [341, Chap. II] and also
Section 3.1.

Theorem 2.3.2. Suppose that J°°r1~q(t)dt = 00 and the integral J°° c(t) dt is
convergent.

(i) If

0 *(/,-.(.)*)"'(f*>*)<i(^) ~
for large t, then (1.1.1) is nonoscillatory.

(H) V

(2.3.4) hminf(yV-s(S)dsy (j T c(s) ds^J > l- (^J  ' ,

then (1.1.1) is oscillatory.

Proof. First of all observe that (2.3.4) implies that Jt°° c(s) ds > 0 for large t. Now,
since

Jt (Jsri-i(T)dT)P P\ P J \J  ̂' )

the statement follows from Theorem 2.3.1 with c{t) =  xir 1^q{t) (f r1^q(s) ds) .
n
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Next we give a complement of Theorem 2.3.1 in the sense of the convergence
of J°°r1-q(s)ds.

Theorem 2.3.3. Let c(t) > 0, c(t) > 0 for large t and p(t) := /t°° r ^ ^ s) ds < oo.
Assume that

/

oc /-oc

c(t)pp(t) dt < oo, / c(t)pp(t) dt < oo.

/

OO /»OO

c(t)pP(t)dt< / c(t)f?(t)dt,
Jt

(2.3.1) is nonoscillatory, then so is equation (1.1.1), or equivalently, the oscillation
of (1.1.1) implies that of equation (2.3.1).
Proof. Assume that (2.3.1) is nonoscillatory. Then, by the "only if" part of The-
orem 2.2.7 there exists a continuous function w satisfying (2.2.34) and

/

OO /"OO

pp(s)c(s)ds+p r1-q(s)pp(s)w(s)ds
Jt

O

+ ( p - l ) / r1-q(s)pp{s)\w(s)\gds.
Jt

Using (2.3.5) and (2.3.6) we see that w satisfies integral inequality (2.2.35) and
hence (1.1.1) is nonoscillatory by the "if" part of Theorem 2.2.7.

Now we can apply the last theorem to obtain modified Hille-Nehari criteria.
This will answer the question posed at the very end of Section 2.2. For related
results see Subsection 2.2.6 and Theorem 2.2.11. For another information about
these types of criteria see Section 3.1.

Theorem 2.3.4. Suppose that (2.2.27) holds, p is given by (2.2.28) and the inte-
gral J°° pp{t)c{t) dt is convergent.

(i) Equation (1.1.1) is oscillatory if

C00 / r> — l\p

(2.3.7) liminfp-1^) / c(s)pp(s) ds > .
t^oo Jt \ P J

(ii)  Equation (1.1.1) is nonoscillatory if

(2.3.8) ^ 1 ( f ) i < s ^ P ^ d s ^ [ p )

for large t.



72 Chapter 2. Methods of Oscillation Theory

Proof. First we show that the equation

(2-3.9) (ta$(y')y + g(t)<5>(y)=O,

where g is a continuous function and a is a constant such that a > p — 1, is
oscillatory if

(2.3.10) l im in f i ^ f ° a " 1 * ^ ^ ) ds >  {P " 1 ) ( " ~P +  ̂ \

and it is nonoscillatory if

(2.3.11) ^ f S-M^1
5(S) ds < (P-Pfr-P+P*-1

for all large t. Suppose that (2.3.10) holds. Then there exist 7*  and T such that
7* > [(a - p + l)/p]p and

»-P+I /"°° P(^-P+D p - 1
t p-1 / s j ' - 1 g(s)ds>—L 7

for i > T. Since

p —1 * , "-P+i Z"00 P (C-P+I)

— l - 7*=*  p-i / s p-i 7*sa"pds,

a-p + l 7t

we have

/ s'1^^1 g(s)ds> / s~" "'-"1+1 7*sa" pds,
./t Jt

t > T. Noting that the generalized Euler equation (1.4.33) with 7 = 7* is oscil-
latory by Theorem 1.4.4 and applying Theorem 2.3.3, we conclude that (2.3.9)
is oscillatory. Let 70 = [(a — p + l)/p]p. Then equation (1.4.33) with 7 = 70 is
nonoscillatory by Theorem 1.4.4. Since (2.3.11) can be written as

f°° v(»-v + l) , N p - l c-p+1 f°° p(a-,, + l)
/ s "-1 g(s)ds< 70i P-I = / s p-1 7Os" p ds,

Jt a-p + l J,

it follows from Theorem 2.3.3 that (2.3.9) is nonoscillatory provided (2.3.11) is
satisfied.

The next step of the proof is the transformation of independent variable u{s) =

x(i), s = s(t) = (p(t)) p-!-«. This transformation transforms (1.1.1) into the
equation

(2.3.12) (sa$(«'))' + Q(s)$(M)=0,

where

«(*) = (a~ ! |1) ^ 1" ?( ^ ) ) ipm)}  ̂ c(t(8)),
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t = t(s) being the inverse function of s = s(t). Since a > p — 1. Then we have
j° ° sa(i-q) ds <  ̂ so (2.3.12) satisfies assumption (2.2.27). The results of the
first part of the proof applied to (2.3.12) show that (2.3.12) is oscillatory if

(2.3.13) hminf^ f r * ^ Q ( Q g > ^ ~ ^ ~ P + ^

and that (2.3.12) is nonoscillatory if

,2.3,4) . ^ jT r ^ f l i a ^ " - " ' " ; ' 1" "
for all large s. It is a matter of easy computation to verify that inequalities (2.3.13)
and (2.3.14) transform back to (2.3.7) and (2.3.8), respectively, which are directly
applicable to original equation (1.1.1).

2.3.2 Leighton comparison theorems

First recall that (1.1.1) is said to be disconjugate in a given interval / if every
nontrivial solution of this equation has at most one zero in I, in the opposite case,
i.e., if there exists a nontrivial solution of (1.1.1) having at least two zeros in /,
equation (1.1.1) is said to be conjugate in /. Further, two points ti,t-2 6 K are
said to be conjugate relative to (1.1.1) if there exists a nontrivial solution x of this
equation such that x(ti) = 0 = x(^).

Consider a pair of half-linear differential equations (1.2.6) and (1.1.1). If (1.1.1)
is a Sturmian minorant of (1.2.6) on / = [a,b] and (1.1.1) is conjugate on this
interval, then majorant equation (1.2.6) is conjugate on [a, b] as well. In the next
theorem we replace the pointwise comparison of coefficients by the integral one (in
a different sense than in the previous subsection). In the linear case p = 2, this
statement was proved by Leighton [234]. Here we offer its half-linear extension.

Theorem 2.3.5. Letx be a solution of (1.1.1) satisfying x(a) = 0 = x(b), x(t)  ̂0
for t £ (a, b), and

(2.3.15) J(x; a, b) := f [(r(t)  - R(t))\x'\p ~ (CW " C(t))|a:|p] dt > 0.
Ja

Then every solution y of (1.2.6) has a zero in (a,b), or equations (1.2.6) and
(1.1.1) are identical, and y is a constant multiple of x. If, in addition, the strict
inequality is satisfied, then y has a zero in (a, b).

Proof. We have (with the notation introduced in the proof of Theorem 1.2.4)

TR,c(x;a,b) = f [R(t)\x'\p-C(t)\x\p]dt
J a

= / [r(t)\x'\p-c{t)\x\p]dt-J(x;a,b)
, 6

= [r(t)x$(x')]b
a- x[(r(t)$(x'))' - c(t)${x)}dt - J(x;a,b)

J a

= -J(x;a,b)<0.
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Recalling that J{x; a,b) = 0 corresponds to the case where r = R, c = C and
x' = xy'/y, the conclusion follows from Theorem 1.2.2.

Remark 2.3.2. In terms of conjugacy, the last statement can be reformulated as
follows: Suppose that the points a, b are conjugate relative to (1.1.1) and let x be
a nontrivial solution of this equation for which x(a) — 0 — x(b). If J{x; a, b) > 0,
then (1.2.6) is also conjugate in [a, b]. Clearly, the Sturm-Picone type comparison
theorem is a consequence of this statement.

Now we give a variant of the Leighton type theorem, along with its dual. Their
statements in terms of conjugacy are obvious.

Theorem 2.3.6. Let R/r be continuously differentiable on (a, b) and x be a so-
lution of (1.1.1) satisfying x(a) = 0 = x(b), x(t)  ̂ 0 for t 6 (a, b), and

(2.3.16) f J (c - -c\ \x\p + r (^\ x$(x') I (*) dt > 0.

Then every solution of (1.2.6) has a zero in (a7b).

Proof. Putting r = R on the left-hand side of (1.2.1) and rewriting (1.1.1) as

{~R%Rm{xl)) +CW $(X )=°
or, equivalently,

(R(tMx')Y - r(t) (^j $(x') + ̂ c(tMx) = 0,

identity (1.2.1) becomes

(2.3.17) | ^ [$(y)R$(xf) - $(x)R$(y')] |

= (c~ ^c\ \x\p + r f^) x<$>{x') + pRl~qP (i?«-V, R$(xy'/y)) .

It is not difficult to see that the function on the left-hand side inside {}  tends to
zero as t —> a+ oit^b— (see the proof of Theorem 1.2.4), so that after integrating
(2.3.17) from a + e to b — e, letting e —> 0+ we are led to the contradiction with
(2.3.16), in view of the Young inequality (1.2.2).

Similarly, assuming that c / 0, C / 0 and C/c G C1(a,b) we can rewrite
(r$(x')Y as

h (?«*>)' +
so that (1-1.1) becomes
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or, equivalently,

(2.3.18) ( — <S>(x')) - ( - } r$(x') + C$(x) = 0,

so that the coefficients by &(x) and $(y) in (2.3.18) and (1.2.6), respectively, are
the same. From (1.2.1) with r replaced by rC/c we then have

= (— - R) \X'\P + r (-} x$(x') + pR}-qP {Rq-lx', R$(xy'/y)) .

Now we easily see the following dual comparison result to the previous theorem.

Theorem 2.3.7. Let c ^ 0, C ^ 0 and C/c € C1(a,b) and x be a solution of
(1.1.1) satisfying x(a) = 0 = x(b), x(t)  ̂ 0 for t s (a, b), and

I  I  ( T ~ R) |iE'|P + r ( 7 ) X*(a;/) I W dt > °"
Then every solution of (1.2.6) has a zero in (a, b).

Remark 2.3.3. In Subsection 5.8.3 we give variants of the above theorems in
a Leighton-Levin sense, which are based on the variational technique involving
nonzero boundary conditions.

2.3.3 Multiplied coefficient comparison

First we mention a few background details which serve to motivate the main results
of this subsection. Along with equation (1.1.1) consider the equation

(2.3.19) [r(i)$(y')] ' + Ac(£)$(y)=O,

where A is a real constant. We claim that if (1.1.1) is nonoscillatory and 0 <
A < 1, then (2.3.19) is also nonoscillatory. If c(t) > 0, then this statement follows
immediately from the Sturm comparison theorem (Theorem 1.2.4). If c(t) may
change sign, then dividing (2.3.19) by A we obtain an equivalent equation which
is nonoscillatory again by the Sturm theorem. This can be analogously done for
oscillatory counterparts. If the constant A is replaced by a function a(t), then
the situation is not so easy (when c(t) may change sign; otherwise the Sturm
theorem can be applied immediately). The following statements give an answer
to the question: "What are the conditions which guarantee that (non)oscillation
of (1.1.1) is preserved when multiplying the coefficient c(t) by a function a{t)T\
Along with equation (1.1.1) consider the equation

(2.3.20) [R{t)$(x')]'  + a{t)C{t)<$>(x) = 0,

where R and C satisfy the same assumptions as r and c, respectively. Related
results in the linear case can be found in [152].
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Theorem 2.3.8. Assume that a(t) is continuously differentiable, r(t) < R{i),
C{t) < c(i), 0 < a(t) < I, a'{t) < 0. Further, let

*(T ) := liminf / c(s) ds > 0 and *(T ) =£ 0

/or all large T and J°°r1~q(s)ds = oo. TTien nonoscillation of (1.1.1) implies
nonoscillation of (2.3.20).

Proof. The assumptions of the theorem imply that there exists a solution y of
(1.1.1) and T 6 K such that y(f) > 0 and y\t) > 0 on [T, oo) by Lemma 2.2.3.
Therefore, the function w(t) :=  r(t)$(y'(t)/y(t)) > 0 satisfies (1.1.21) on [T,oo).
We have ar1~qwq = (ra)1~q(wa)q. Now, multiplying (1.1.21) by a, we get

0 = w'a + ca+{p-l)(ra)l~q{wa)q > w'a + Ca + (p - l)(ra)1~q(wa)q

> w'a + wa' + Ca+(p-l)(ra)1-q(wa)q

= (iva)' + Ca + (p-l)(ra)1-q(wa)q

for t S [T, oo). Hence the function v = wa satisfies the generalized Riccati in-
equality v' + C(t)a(t) + (p- l)(r(t)a(t)y-qvq < 0 for t G [T,oo). Therefore, the
equation

(2.3.21) [a{t)r(t)${x')]'  + a{t)C{t)<S>(x) = 0

is nonoscillatory by Theorem 2.2.1, and so equation (2.3.20) is nonoscillatory by
Theorem 1.2.4 since a(t)r(t) < r(t) < R(t). D

Theorem 2.3.9. Assume that a(t) is continuously differentiate, R(t) < r(i),
c(t) < C(t), a(t) > 1, a'(t) > 0. Further, let

(2.3.22) * a(T) := liminf / a(s)C(s)ds>0 and * a(T) ^ 0
t^oo JT

for all large T and

I Rl-q{s)ds = oo.

Then oscillation of (1.1.1) implies oscillation of (2.3.20).

Proof. Suppose, by a contradiction, that (2.3.20) is nonoscillatory. Then there
exists a solution x of (2.3.20) and T G K such that x(t) > 0 and x'(t) > 0 on
[T, oo) by Lemma 2.2.3. Therefore, the function v(t) := R(t)$(x'(t)/x(t)) > 0
satisfies

(2.3.23) v' + a{t)C{t) + [p - l)Rl-q{t)vq = 0

on [T, oo). We have
v' v'a va! fv\'
a ~ a2 a2 \aJ



for t G [a',b'), where WQ = w(a'). Clearly, the solution y has a zero at b' if and
only w(i) —> oo as t —> b' — . Equation (1.1.1) is oscillatory if for any numbers
a' > 0 and WQ, the unique solution w of (2.3.26) satisfies w(t) —> oo as t — b' — for
some b' < a. In employing the latter equivalent condition in the proof of certain
oscillation criterion we can often assume, without loss of generality, that a' = 0.
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Dividing (2.3.23) by a and using the the last estimate, we get

- O H) +< t) + iP-l)[R{t)/a{t)] 1^[v(i)/a(i)r

for t 6 [T, oo). Hence the function w(t) = v(t)/a(t) satisfies the inequality w'(t) +
c(t) + (p- l)[R(t)/a(t)]1-qwq(t) < 0 for t G [T, oo). Therefore the equation

(2.3.24) [^* ( j / / ) ]  +c(*)*(y) =0

is nonoscillatory by Theorem 2.2.1. Now, since R(t)/a(t) < R(t) < r(t), equation
(1.1.1) is nonoscillatory by Theorem 1.2.4, a contradiction.

Remark 2.3.4. A closer examination of the proofs shows that the last two theorems
can be improved in the following way (assuming the same conditions): (a) The-
orem 2.3.8: (1.1.1) is nonoscillatory implies (2.3.21) is nonoscillatory; (b) The-
orem 2.3.9: (2.3.24) is oscillatory implies (2.3.20) is oscillatory. Our theorems
then follow from the above by virtue of the Sturmian comparison theorem (Theo-
rem 1.2.4).

2.3.4 Telescoping principle

Now we want to present an oscillation preserving construction - the so-called
telescoping principle, which was first proved for linear differential equation (1.1.2)
in [230] or in [231], and now it is extended for (1.1.1). The crucial role is played
by the Riccati technique and a standard result concerning differential inequalities.
Suppose that the coefficients of equation (1.1.1) are in Ca, where Ca denotes the
set of continuous functions on [0, a), a £ M+ U {oo} , and assume that (1.1.1) has
a solution y which is of one sign in an interval [a',b') C [0,a). Then, similarly as
in Section 1.1.4, the substitution w = —r<fr(y'/y) yields the following equivalent
equations

(2.3.25) w'(t) = c(t) + (p- I)r1-q(t)\w(t)\q

and

ft ft

(2.3.26) w(t)=wo+  / c(s)ds+ / (p - I)r1-?(s)|w(s)|('ds
Ja' Ja'



78 Chapter 2. Methods of Oscillation Theory

Let fi = U"=i(a«' hi) be a finite (n < oo) or infinite (n = oo) union of disjoint
open intervals. We assume that

0 < cii < bi < aj+i, the set {cii}  has no finite accumulation points.

Let

(2.3.27) T = r(t) =mes([0,i]\fi),

where mes denotes the usual Lebesgue measure, and let

(2.3.28) A = r(a), A l = T(ai), i = l,2,...,n.

The interval [0,A) is obtained from [0,a) by shrinking each interval (cii,bi) to its
left endpoint. We construct a class of transformations Tn : Ca —*  CA as follows:
Let / e Ca. Then F = Tn(f) is denned by F(T) = f(t) if T = r(t), T  ̂ Au

and F{Ai) = /(a,). The function F is obtained from / by collapsing each interval
(a,, bi) to a point.

The next result is a kind of comparison theorem. We use the above notation.

Theorem 2.3.10. Assume

(2.3.29) / c(t)dt>0, ieE.
JCli

Let R = Tn(r), C =  TQ(C). Suppose that z is a solution of

(2.3.30) (i?(i)$(z'))' + C(£)$O) = 0

on [0, A) such that z(t) ^ 0 for t e [0, D) and z{B) = 0 for some B < A. If y is
a solution of (1.1.1) such that y{0) ^ 0, r(0)$(y'(0)/y(0)) < R(0)®(z'(0)/z(0)),
then y(b) = 0 for some b < a. More precisely, if B < Ai, then there exists a point
b < ai such that y(b) = 0, i G N.

Proof. The proof is by induction on n. Let v = —R<fr(z'/z) and w = —r<fr(y'/y).
Then

(2.3.31) v'it) = C(t) + (p- l ^ - ' ^ K t ) ! '

on [0, B). If B < A\ = ai, then on [0,B), w satisfies the same equation (2.3.31),
since c = C and r = R on [0,ai) = [0,Ai) . By hypothesis, u>(0) > u(0). Hence
by [174, Theorem 4.1], w(t) > v(t) for t G [0,B). Since z{B) = 0, v(t)  oo as
t —> B—. Therefore w(t) —> oo as £ —> 6— for some b < B, implying that y has a
zero at b.If Ai < B < A-2, then arguing as above we obtain w{a{) > v{a{) = v(A\).
Integrating (2.3.25) and using (2.3.29) we get

w(6i)-w(ai) = I ' [c + (p - iy-q\w\q]{t)  dt > 0.

Hence

(2.3.32) w{bi)>w{ai)>v{Ai).
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Since C, R are simply the functions c and r translated to the left by t i—> £ —
(61 — <2i), w and v satisfy the same generalized Riccati equation on the intervals
[bx,D + (hi - ax)), [Ai,£) , respectively. By [174, Theorem 4.1] and (2.3.32) we
conclude that whenever w and v are defined, w(t + (61 — ai)) > v(t), A\ < t < B.
As above, we see that w(t) —> 00 as t —> 6— for some fe < B + (61 — ai) implying
that y has a zero at 6. This completes the proof of the case n = 1. The proof of
the inductive step from n to n + 1 is similar and hence omitted.

Remark 2.3.5. In fact, the last theorem says that if the solution of the Riccati
equation

V{T)=V(O)+ [TTnc{t)dt+ [(p-l^Tnrf-^tMt^dt
Jo Jo

tends to oo at a point D < Ai, then the solution of the Riccati equation

w(t)=w(0)+ / c(s)ds+ / {p-iy-q{s)\w{s)\qds
Jo Jo

tends to oo at a point b < ai, as long as w(0) > v(0).

The previous theorem plays a crucial role in the following telescoping principle.

Theorem 2.3.11 (Telescoping principle) . Assume that the conditions of The-
orem 2.3.10 hold. If (2.3.30) is oscillatory, then so is (1.1.1).

Proof. Let z be a solution of (2.3.30) with 2(0) ^ 0. Let y be a solution of
(1.1.1) satisfying y(0) ̂  0 and r(0)$(y'(0)/y(0)) < R{0)®{z'(0)/z(0)). By Theo-
rem 2.3.10, y(b) = 0 for some b < 00 (here we set a = 00). Now working with the
half-line [b, 00) instead of [0, 00) and proceeding as before one shows that y must
have a zero to the right of b. Continuing this process leads to the conclusion that
y is oscillatory and hence all solutions of (1.1.1) oscillate.

Remark 2.3.6. It is not difficult to derive this result also by means of the variational
principle. For this approach in the linear case see [231].

This principle can be applied to get many new examples of oscillatory half-
linear differential equations. We use a process that is the reverse of the construction
(2.3.27)-(2.3.30) in Theorem 2.3.10. Start with any known oscillatory equation
(2.3.30) and assume that A = 00. Choose a sequence of Ai —> 00. Cut the plane
at each vertical line t = Ai and pull the two half-planes apart forming a gap of
arbitrary length. Now fil l the gap with an arbitrary positive continuous function
r and any continuous c whose integral over the length of the gap is nonnegative.
Do this at each point Ai and denote the new coefficient sequences by r, c. Then
equation (1.1.1) is oscillatory.

The telescoping principle is also useful in extending various known oscillation
criteria. It implies that any sufficient oscillation condition need only be verified on
"intervals", namely, on Ui^i(^> ai+i)  (only the case n = 00 is of interest here),
while on the complementary intervals the coefficients r and c can be arbitrary as
long as r > 0 and c has a nonnegative integral over each such interval.
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2.3.5 Comparison theorem with respect to p
The main statement of this subsection gives a kind of comparison theorem with
respect to the power of $.

Along with (1.1.1) we consider another half-linear equation with a different
power function <&Q(a;) = |a?|" x sgnx, a > 1,

(2.3.33) (r(t)$a(x
f))' + c{t)<S>a{x) = 0,

we denote by (3 the conjugate number of a, i.e., (3 = a/(a — 1) (recall also that q
is the conjugate number of p, i.e., q = p/(p — 1)).

Theorem 2.3.12. Let f°° r^Pfydt = oo and J°° c{t)dt converge, *(t ) :=
J^° c(s) ds > 0 with ^(t) ^ 0 for all large t, say t >T, and

and so (1.1.1) is nonoscillatory by Theorem 2.2.5. If c(i) > 0 fails to hold, but
Jt c(s) ds > 0 for all large t, then again we have {v(t)/r{t))q~l < e, since v(t) —> 0
as t —> oo and (2.3.34) holds. The rest of the proof is the same as above.

(2.3.34) liminfr(i ) > 0.

IfoL > P and equation (2.3.33) is nonoscillatory, then (1.1.1) is also nonoscillatory.
If, in addition, c(t) > 0 for large t, c being eventually nontrivial, then (2.3.34) may
be replaced by the weaker condition

ri-q(t)
(2.3.35) —7 —— < e for all large t,

where e is the basis of natural logarithm.

Proof. If (2.3.33) is nonoscillatory, then by Theorem 2.2.4 there is a function v
and T e l such that

f°° f°°
VW = / c(s)ds+ / S(v,r,a)(s)ds

for t >T, where the function S is defined in Subsection 2.2.1. First assume c(i) > 0.

By Lemma 2.2.6 we have 0 < v(t) < (j^r1-q(s)ds) ". Take t0 > T so large

that (2.3.35) holds for t > to, and hence

(mq-\ j1-*®  <e,
\r(t)J jtTr

l-i{s)ds

t > to. Consequently, S(v,r,a)(i) > S(v,r,p)(t), t > to, which yields

/

oo />oo

c(s)ds+ / S{v,r,p)(s)ds,
Jt
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2.4 Notes and references

General statements on the variational principle and the Riccati technique appeared
in various works, and are usually modeled on the classical linear results. Here we
have tried to treat all known approaches in as general as possible settings. An
extension of the Wirtinger inequality along with the application (Theorem 2.1.2)
is taken from Dosly [100]. The proof of Theorem 2.2.3 presented here is a direct
extension of the proof given in Li and Yeh [244], which involves half-linear equation
(1.1.1) with r(t) = 1. The Hartman-Wintner type theorem has already appeared
in earlier Mirzov's papers (for system (1.1.8)) and it is presented e.g. in the book
[292]. The results of the subsection concerning modified Riccati inequality as well
as Theorem 2.2.11 are taken from Kusano and Naito [218]. Theorem 2.2.8 is due
to Lie and Yeh [245], while Theorem 2.2.9 is proved in Dosly [102] . The latter
one appeared also e.g. in Yang [376], but it is not quite correct. An extension of
Hille-Wintner comparison theorem can be found e.g. in Lie and Yeh [242] but also
in many other papers, as mentioned in the text. Modified Hille-Wintner theorem
and its applications are proved in Kusano and Naito [218]. The half-linear version
of Leighton type comparison theorem can be found in Jaros and Kusano [185],
related statements can also be found in the paper of Rostas [335]. The multiplied
coefficient comparison result and the telescoping principle are extensions of the lin-
ear results mentioned in the text. The last comparison theorem is an improvement
(in differential equations setting) of the result originally stated for (more general)
half-linear dynamic equations on time scales in Rehak [328]. Finally note that a
brief survey of the methods of the half-linear oscillation theory can be found in
Dosly [103, 105].
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CHAPTER

OSCILLATION AND NONOSCILLATION CRITERIA

In the previous chapters as well in some of the subsequent ones, we present oscil-
lation and nonoscillation criteria, which immediately manifest applicability of our
methods, or the criteria, which are of rather special types. The aim of this chapter
is to give criteria of a "standard" type, which are mostly generalizations of classi-
cal linear criteria. As a by-product, some interesting relationships will come out.
Again we will see the power of the methods, which are extensions of the "linear"
ones, in particular, the variational principle and the Riccati technique; the latter
one is used more frequently. We will see that if one may use both methods in
proving (non)oscillation criteria, then the Riccati technique usually requires weak-
er assumptions (e.g. on the sign of the coefficient c, or on the constant that is
involved in a criterion).

First we will discuss an extension of Hille-Nehari type criteria. In Section 3.2,
we use the averaging technique to obtain generalized criteria of Coles, Kamenev
and Philos type. The end of this chapter is devoted to the theory, which mainly
discusses the situations where classical criteria fail.

Before we start, let us give some general observations:
(i) If J rl~q(t) dt = oo in (1.1.1), then this equation can be transformed into

the equation (<&(x'))' + c(t)Q(x) = 0, where c = crq~1, and this transformation
transforms the interval [T, oo) into an interval of the same form. For this reason,
we will formulate sometimes our results for the equation

(3.1.1) ($(x'))'+ c(t)$(x) = 0

(mainly in the situations when these results were first established for (1.1.2) with
r(t) = 1 in linear case), the extension to the equation of the form (1.1.1) with
J°° r1-q(t) dt = oo is then straightforward. Recall that the generalized Riccati
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equation associated to (3.1.1) is

(3.1.2) w'+ c(t) + {p - l)\w\q = 0.

(ii) If we suppose that c(t) > 0 for large t in (3.1.1), then the situation is
considerably simpler than that in the general case when c is allowed to change
its sign. Indeed, from (3.1.1) it follows that $(x') is nonincreasing whenever x is
a positive solution. Hence x' is nonincreasing as well, and so x is concave, i.e.,
its graph lies below the tangent line at any point of this graph. This means that
for a positive solution x, one has x(i) < x(T) + x'(T)(t — T) for any t and T
with t > T. In particular, if x'(T) < 0, then x(i) cannot be positive eventually.
Consequently, in oscillation criteria for (3.1.1) with c(t) > 0, it is sufficient to
impose such conditions on the function c that for any T e l the solution given by
x(T) — 0, x'(T) > 0 has an eventually negative derivative x'(t).

3.1 Criteria of classical type

In this section we give a generalization of Hille-Nehari type criteria along with
their natural complements. In fact, some of the criteria which we want to present
here occur also in some other parts of this book, either as consequences of more
general criteria or as typical examples of applications of our methods. However, the
principal aim of this section is to gather all information concerning these "classical"
criteria (including their complements), so interesting relationships among all of
them become apparent. Moreover, we will see a wide variety of different approaches
to the proofs.

We introduce the notation

/ ft \p~1 foo
A(t) := / r1-q{s)ds) / c{s)ds,

\Ja / Jt
/ ,00 \P -1 ft

A(t) :=  I / r1-q(s)ds) / c(s)ds,

B{t) := (f r1-q(s)ds) f (f r1-q(T)dr] c(s)ds,

B(t) :=  (j c(s)ds\ j (j c(r)dr) r1-q(s)ds,
C(t) :=  I / r1-q{s)ds\ / I / rl-q{T)dT\ c{s)ds,

C(t) :=  (f c(s)ds) j (j C(T)(1T\ r1-q(s)ds.

As it can be easily seen, the discussion in this section cannot be restricted to
the case r(t) = 1, since sometimes we assume J°° rx~q(t) dt < oo, and one of the
objectives of this section is to show the differences between the cases where this
integral diverges or converges.
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3.1.1 Hille-Nehari type criteria

In Subsection 1.2.10 we have proved (by means of two different methods) an exten-
sion of the classical Leighton-Wintner criterion: J°° rl~q{t) dt = oo = J°° c(t) dt
implies oscillation of (1.1.1). One of the reasoned questions which arises now is:
What about the case when J°° c(t) dt converges? Note that the divergence of this
integral in the sense that lim inf t^oo J c(s) ds < lim s u p ^̂  J c(s) ds is discussed
elsewhere (e.g., in Section 3.3). Thus we assume that

*
(3.1.3) / c(s)ds:= lim / c(s)ds exists as a finite number.

Ja ^ ^ Ja

We start with the following criterion.

Theorem 3.1.1. Let (3.1.3) hold and
pec

(3.1.4) / r1-q{t)dt = oo.
J a

if

(3.1.5) liminf^(t ) > - ( V-^— )

then equation (1.1.1) is oscillatory.
Proof. As said in the next remark, this statement can be viewed as a corollary of
the below given more general theorem, but for convenience we give here the direct
proof, which is based on the Riccati technique. Suppose, by a contradiction, that
(1.1.1) is nonoscillatory. Then, by Theorem 2.2.4. there is a function w satisfying
the equation w(i) = J^° c(s) ds + (p — 1) J4°° r

1~q(s)\w(s)\q ds in a neighborhood

a t \p-i

% r1~q(s) ds\ , using the assumptions of
the theorem, and supposing that limsup,^̂  (fa r

1~q(s) ds) w(t) =:  M < oo
(in the case M = oo, to get a contradiction is even easier than for M < oo) we
find an e > 0 such that M satisfies the inequality

M>-(V-^\ +e+\M\q.

Since

i«i._(+if£^r 1
>0

p V P J
for all t £ R, we have the required contradiction.

Remark 3.1.1. We have seen how the Riccati technique was directly used in the
proof, but there are also another possibilities:
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(i) The criterion can be seen as a consequence of the more general one (after
the transformation of the independent variable, see Subsection 1.2.7): see Corol-
lary 3.3.4. This comes from [197] and the Riccati technique is used there.

(ii) In [180], it was used the technique involving Riccati integral equation with
certain weight. There is an assumption c(t) > 0 which however is not needed.

(iii ) In Theorem 2.3.2, we obtained this criterion by means of the Hille-Wintner
comparison theorem where general equation is compared with the generalized Eu-
ler equation (1.4.20). This approach appeared in [219]. The additional assumption
c(t) > 0 from [219] may be replaced by the weaker one, Jt c(s) ds > 0, which
means no restriction in view of condition (3.1.5).

(iv) In Section 5.5, we use the sequence approach to prove this criterion.
(v) In [100], the variational principle was used. However, the constant on the

right-hand side of (3.1.5) has to be replaced by (bigger) 1. If, in addition, c(t) > 0,
then liminf can be replaced by limsup, as a closer examination of that proof shows.
See also the next criterion.

The next theorem shows that liminf in (3.1.5) can be replaced by limsup
provided additional conditions are satisfied.

Theorem 3.1.2. Let (3.1.3), (3.1.4) hold and C(t) > 0 for large t. If

limsup*4(£) > 1,

then equation (1.1.1) is oscillatory.

Proof. The statement is a consequence of a stronger statement, namely below
given Theorem 3.3.3, using the transformation of the independent variable. The
Riccati technique plays a key role there.

Remark 3.1.2. It is easy to see that C(t) > 0 is satisfied provided e.g. c(t) > 0.
Just the condition c(t) > 0 is needed in all other approaches:

(i) The proof by variational principle was mentioned in the previous remark.
(ii) In [180] and [219], the Riccati technique is used.
(iii ) In Section 5.5 we will see that this criterion is a consequence of two more

general ones, which are based on the sequence approach.

Now we give a nonoscillatory complement to Theorem 3.1.1.

Theorem 3.1.3. Let (3.1.3) and (3.1.4) hold. If

(3.1.6) - ^ ^ 1 (V-^-V\ < liminf A(t) < limsup.A(i) < - ( ^ — ^

then equation (1.1.1) is nonoscillatory.

Proof. This is Theorem 2.2.9, proved by the Riccati technique.

Remark 3.1.3. Similarly as the previous criteria, also this one has frequently ap-
peared in the literature:
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(i) The same approach as in the above proof (only with r(t) = 1, which how-
ever does not matter, in view of the transformation) was used in [197], see Theo-
rem 3.3.6.

(ii ) In [180], the sequence approach was used under the assumption c(t) > 0.
However, an alternative sequence can be also used and in both cases, c{t) > 0
is relaxed to J^cc(s)ds > 0, see Section 5.5. Note that (3.1.6) reads there as

( \ P— -
—- j for large t, the same holds in the next described approach.

(iii ) In [227] and [219], the Hille-Wintner theorem is applied to compare a
general equation with Euler type equation, under the assumption c(t) > 0. This is
done in the proof of Theorem 2.3.2, where we see that c(i) > 0 may be relaxed to
/ ~ c(s) ds > 0.

(iv) The use of variational priciple is possible as well, see Theorem 2.1.2. How-
ever c(t) in A(t) has to be replaced by c+(t) — max{0, c(t)}.

Remark that the cases where (3.1.5), (3.1.6) fail to hold are discussed in Sec-
tion 3.3

3.1.2 Other criteria

In this subsection we discuss the criteria which are complementary from various
points of view. We start with the question: What about the case where (3.1.4) fails
to hold? Thus let us investigate the complementary case

(3.1.7) I rl-q(t)dt <oo.
J a

First we show how the reciprocity principle simply enables to use the previous
criteria under the assumption c(i) > 0.

Theorem 3.1.4. Let (3.1.7) hold and c(t) > 0 for large t. If

i / i \ p—i

liminf Ait) > - \ | or l imsup^(i) > 1,
'->«= P V P J t^oc

then (1.1.1) is oscillatory. If

1 / 1 \ P~^

lim sup Ait) < - [ ] ,

then (1.1.1) is nonosdilatory.

Proof. From the oscillatory criteria contained in this theorem we show only the
sufficiency of the first condition, since the latter one is very similar. Let us apply
Theorem 3.1.1 to the reciprocal equation

(3.1.8) (c1" ' ^ ) * - 1^ ' ) ) ' + r 1" ' ^ ) * - 1^ ) = 0,

where $^: (M ) = | tx | ̂  1 sgnw is the inverse to $, q being the conjugate number of p.
/ _.\p-i

Denote 7P = - ( -— j , 79 is introduced correspondingly. First observe that the
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condition lim inf j ^ ^ A(t) > ~fp implies that J c(t) dt = oo. Taking into account
that (p - l)(q - 1) = 1, we have J°° c ^ - ^ 1 - ^ ) dt = J°° c{t) dt = oo. Hence,
equation (3.1.8) is oscillatory if

(3.1.9) liminf ([  c(s) ds] ([  r1-q(s)ds] > j q .

t^oc \Ja J \Jt J

Now, taking the (p — l)-th power of both sides, we see that (3.1.9) is equivalent to

lim inf A{t) >l v
q-

1 =1P,
what we needed to prove.

Concerning the proof of the "nonoscillatory" part of the theorem, first consi-
der the case J°° c(t) dt < oo. If this happens, then we use the transformation of
independent variable

ft
(3.1.10) s= rl-q{T)dr, x(s)=y(t),

which transforms (1-1.1) into the equation

(3.1.11)  U (^A) + r^MsMtWWx) = 0,

where t = t(s) is the inverse function of s = s(t) given by (3.1.10). The convergence
of J00 r1~q(t) dt implies that the new variable s runs through a bounded interval
where (3.1.11) has no singularity, hence any solution of this equation has only a
finite number of zeros in this interval, which means that (1.1.1) is nonoscillatory.
If /°° c(t) dt = oo, we proceed in the same way as in the first part of the proof and
use Theorem 3.1.3 instead of Theorem 3.1.1.

Theorem 3.1.5. Let (3.1.7) hold. If

_2p-̂ L_  < l i m i n f ^ < ijmsup m̂ < I (E^LL\
P \ P J t^oo j ^ P \ p J

then equation (1.1.1) is nonoscillatory.

Proof. One can show in the same way as in the proof Theorem 2.2.9 that the
function

fn- i \ p / r°° \1~p

) (I  r'~*H
satisfies the inequality

v'<(l-  Py-"{t)\v - C{t)\", C(t) = J c(s) ds,

which implies that w = v — C satisfies the Riccati inequality (2.2.7).

88
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Remark 3.1.4. The variational approach in this nonoscillation criterion is shown
in Theorem 2.1.2. The function c in A has to be replaced by c+. The variational
principle can be also used to show that \immit^oo A(t) > 1 implies oscillation
of (1.1.1). If c(t) > 0, then limsup may be replaced by liminf. The proof is very
similar to that of the corresponding case involving A(t).

The next criteria with the function £>(£), where (3.1.7) is supposed, can also be
understood as certain complementary cases to the criteria involving A{t).

Theorem 3.1.6. Let (3.1.7) hold, J^° (j^ rl~q{s)ds)P c{t)dt be convergent and
c(t) > 0 for large t. If

( 1 \ p
^ ^ ) =q-p or limsupB(t) > 1,

V J t^oc

then (1-1.1) is oscillatory. If

Iimsup6(£) < ( ^ — ^ =q~p,
t^oo V P )

then (1.1.1) is nonosdilatory.

Proof. The criteria involving the constant q~p have already been proved above,
see Theorem 2.3.4. The modified Hille-Wintner comparison theorem plays an im-
portant role there. Concerning the remaining criterion, assume, by a contradiction,
that limsupj^oo B(i) > 1 and (1.1.1) is nonoscillatory. Let y be a solution of (1.1.1)
such that y(t) > 0 for t > to. Consider the function v = r$(y'/y). According to
Lemma 2.2.7 and Theorem 2.2.7, v satisfies (2.2.34), (2.2.35) and (2.2.31). From
(2.2.35) and (2.2.39) we see that (with p given by (2.2.28))

pp(t)v(t)+p(t) > [  r1-'1(s)[(p-l)pp(S)\v(s)\'1+ppp-1(S)v(S) + l]dS
Jt

+ / pp(s)c(s)ds
Jt

> / pp(s)c{s)ds,
Jt

t > to, which implies

/"OO

p-\t) pV(S)c(S)ds<pp-Ht) + l,
Jt

t > to. Taking the upper limit as t —> oo, in view of (2.2.31), we find

O

limsupp"1^) / pp{s)c(s) < 1,
t^oo Jt

which is a contradiction.
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Remark 3.1.5. (i) In [102], the variational principle was used to show that if the
condition liminf^oo B(t) > 1 is satisfied, then equation (1.1.1) is oscillatory (with
no sign assumption on c). If in addition c(t) > 0, then a closer examination of that
proof shows that liminf can be replaced by limsup.

(ii) Similarly as in the previous case, we may consider "reciprocal complements"
of the criteria in Theorem 3.1.6. If c(t) > 0 for large t, then it is easy to see that

( -. \ q

1^—) =p~q or limsupB(£)>l
q J t^oo

imply oscillation of (1.1.1), while

limsupfi(t) < ( ^— ) =p~q

t^oo \ Q /

implies nonoscillation of (1.1.1). In Section 5.5 (Theorems 5.5.6, 5.5.7 and 5.5.11)
we will obtain these criteria (more precisely, the ones involving the constant p~q) by
means of the sequence approach, even under the weaker assumption Jt c(s) ds >
0. It is assumed there that (3.1.3) and (3.1.4) hold. Note that in [89] these two
criteria were proved by means of the Riccati technique combined with the Banach
fixed point theorem, under the assumptions c(i) > 0 and r(t) = 1. See the text
before Theorem 5.5.11 why we call these criteria of Willet type.

We finish this section with the criteria which are counterparts to the latter
ones, namely the criteria involving the functions C(t) and C(t). Let

2p-i /p-iy1

p \ p J

where rco is the least root of the equation

(p_1)W+PI+2ti(* 7iy'- I
=o.

It is not difficult to show that rj  < 0 since —— ( -— J < 1 for p > 1.

Theorem 3.1.7. Let (3.1.4) hold. If

/ 1 \ p

liminfC(i ) > ( ^— ) = q~p

t-oo \ P J
or

 > 0 for large t and limsupC(i) > 1,
t-»oo

then (1-1.1) is oscillatory. If

^—— ) = q~p,

P )

then (1-1.1) is nonosdilatory.
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Proof. The criteria follow from below Corollary 3.3.4, Theorem 3.3.3 and Theo-
rem 3.3.9, respectively, making use the transformation of the independent variable,
see Subsection 1.2.7.

Remark 3.1.6. It is easy to see how the corresponding criteria involving the func-
tion C(i) can be obtained from the previous theorem by means of the reciprocity
principle, under the condition c(t) > 0, and so we omit this.

Table 3.1.1: Critical constants for p = 3/2, p = 2, and p = 3

general case

2p-i (p-iy-1

p V P J
i /p.iy-1

P{ P )
fp-iy
\ p ) ~q

(q~l\
\ Q ) ~ P

3

4

3V^

2

3\/3

1

3V^

8
27

3
4

1
4

1
4

1
4

20
27

4
27

8
27

1

3 ^

3.2 Criteria by averaging technique

In the (non)oscillation criteria for (1.1.1) that have been presented so far, the
integrals / ' c(s) ds or J c(s) ds appeared, sometimes the function c is multiplied
by a quantity related to the function r (see the beginning of Section 3.1). In this
section we present oscillation criteria involving various integral averages of the
function c.

3.2.1 Coles type criteria

The results of this subsection concern the half-linear extension of the averaging
technique introduced in the linear case by Coles in [79]. The statements are for-
mulated for (3.1.1).

Let J be the class of nonnegative locally integrable functions / defined on
[0, oo) and satisfying the condition

/ rt X 9-1-M

(3.2.1) limsup / f(s) ds [FM(oo) - FM(t)] > 0



Observe that if (3.2.1) or (3.2.2) holds, then

(3.2.3) / f(t)dt = oo.

On the other hand, every bounded nonnegative locally integrable function satis-
fying (3.2.3) belongs to Jo and Jo C J". Since all nonnegative polynomials are in
Jo, this class of functions contains also unbounded functions. Elements of J and
Jo will be called weight functions.

For / G J", we define
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for some \i G [0, q — 1), where

If i<}j(oo) = oo, then / G  Let Jo be the subclass of J consisting of nonnegative
locally integrable functions / satisfying

(3.2.2, tajto)*  „.
)

L f(r)dr

The following statement reduces to the Hartman-Wintner theorem (Theo-
rem 2.2.3) when the weight function / is f(t) = 1.

Theorem 3.2.1. Suppose that (3.1.1) is nonoscillatory.

(i) If there exists f G J such that for some T G ffi

(3.2.4) lim inf Af(T,t) > -oo
L—>oc

(3.2.5) / |w(i)|«di<oo

/or every solution w of the associated Riccati equation (3.1.2).

(it) Assume that (3.2.5) holds for some solution w of (3.1.2). Then for every
f € Jo and T e l sufficiently large limt->cx> Af(T,t) exists finite.

Proof. The proof of this statement copies essentially the proof of Theorem 2.2.3.
(i) Assume, by contradiction, that

(3.2.6) / \w(t)\q dt = oo
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for some solution w of (3.1.2). Integrating from £ to t, multiplying the obtained
integral equation by /(£) and then integrating again from £ to t, we obtain

ft pt ft fS

/ f(s)w(s)ds = w{£) / f{s)ds- / f(s) / c(r)dTds

- ( p - l ) / f(s) [S\w(T)\«dTd8

= w(0 I f(s)ds-Af(i,t) f f(s)ds

- (P- l) f f(s) r\w(T)\"drda

= [W(O - Af(Z,t)] [ tf(s)dS-{p-l)f tf(s)[S\w(T)\UTdS,

where t > £, > T. From (3.1.2) we have

ft ?
w(£) = w(T)- c(s)ds-(p-l) \w{s)\qds.

JT JT

Since f £j, (3.2.3) holds. This implies

flf(s)ds « df(s) f'cMdrds

J^f{s)ds JT J^f{s)ds

= I . / ^ / ( ^ ^ )~ / c(a)da + Q(l) a s t ^ .̂
Jif{s)ds JT

Thus

(3.2.7) W(O -^/(^,t) = w(T) - hf(f)d° Af(T,t) -(p-l) f\w(s)\ids + o(l)
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I t follows from (3.2.7) and (3.2.9) that

(3.2.10)

z(i)<-\ I f(s)ds-(p-l) f f(s)\z(s)\i ( f r(r)dr\ ds=:-G(t).

Thus

(3.2.11) G\i) = Xf(t) + (p- l)f(t)\z(t)\« (^J fp(s) ds^

and

(3.2.12) 0 < A / f(s) ds < G(t) < \z(t)\.
J a

Tt follows from (3.2.10), (3.2.11) and (3.2.12) that

G'(t)G"-'(f) > G'{t)G»(t)\z{t)\-q

> {p-i)yf{t)^Jj(s)ds  ̂ Qjp(s)dŝ  .

Integrating this inequality from t (t > b) to oo, we get

_ ! _ G»-i-l{t) > ( p - l )A" [^(oo ) -FM ( t ) ] .

Inequality (3.2.12) then implies

— r > (<? - 1 - M) / M ds [^(oo) - FM(t)]
P J- Ua J

which contradicts (3.2.8).
(ii ) As in the previous part of the proof, (3.2.7) holds. This implies that

/*  f(s)w(s) ds f*  f(s) // \W{T)\I dr ds
(3.2.13) Af(Z,t)=v,(t)- k[ t' ; ; ~(p-l)k '.! \

Since f e Jo, (3.2.3) holds. Thus,

/ * / ( S ) / sK r ) | ^ r d S r

hm ^ ^ = / w(s)\q ds < oo.
/€' /(s)ds i?

By Holder's inequality

/*  f(s)w(s) ds ( / ' F(S) ds) V P (/*  |W(S)I? ds)1/Q

0 < lim - ^ < lim ^ t = 0.
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Hence, by (3.2.13), lim^oo Af(£, t) exists and

/

oo

\w(S)\*ds.

This completes the proof. D

As a consequence of the previous statement we have the following oscillation
criterion which is the half-linear extension of the criterion of Coles [79], this state-
ment can be also viewed as an extension of Theorem 2.2.10.

Theorem 3.2.2. The following statements hold:

(i) If there exists f £ J such that (3.2.4) holds, then either (3.1.1) is oscillatory,
or lim^oc Ag(-,i) exists as a finite number for every g £ JQ.

(it) If there exist two nonnegative bounded functions f, g on an interval [T, oo)
satisfying J°° f(t) dt — oo — J°° g(t) dt such that

lim Af(T,t) < lim AJT,t),

then equation (3.1.1) is oscillatory.

Proof, (i) Suppose that (3.1.1) is nonoscillatory. Then by Theorem 3.2.1 every
solution of the associated Riccati equation (3.1.2) satisfies J°° \w(t)\q dt < oo and
hence limt_>oo Ag(-,i) exists finite for every g € JQ.

(ii) Let a, /3 € R be such that

lim Af(T,i) < a < [3 < lim AJT,t).

Let h(t) = g(t) for T < t < tx, where tx is determined such that Ag(T,t{) > j3
and frp1 g(s)ds > 1. Let h{t) = f(t) for t\ < ti where t-2 is determined such that
Ah{T,t-2) < a and J^! h(s) ds > 2. This is possible because

A frp , s IT h{s) JT C(T) dr ds
Ah{T,t2) =  t

JT h(s)ds

JT
l[g(S)-f(s)]JTc(r)dTds

tig(s)dS + fif(s)ds
tff(S)S°c(T)dTd8 JT

2f(s)d8
JT

2f(s)ds ' £g(S)ds + fif(s)ds
= Af(T,t2)[l  + o(l)}+o(l),

as £2 —> 00. Continuing in this manner, we obtain a nonnegative and bounded
function h denned on [T, 00) such that

lim sup Ah (T, t) > P > a > lim inf Ah (T, t).

Hence, by the part (i), equation (3.1.1) is oscillatory.
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3.2.2 Generalized Kamenev criterio n

The classical Kamenev criterion (see [196]) concerns the linear equation x" +
c(t)x = 0 and claims that this equation is oscillatory provided there exists A > 1
such that

1 /"*
(3.2.14) limsup -̂ / (t - s)xc(s) ds = oo.

In what follows we offer a half-linear extension of this criterion.

Theorem 3.2.3. Suppose that there exists A > p — 1 such that

(3.2.15) limsup \ [ (t - s)x~p \(t - s)pc(s) - (-] r(s) ds = oo.
t^oo t Jo L \P /

Then (1.1.1) is oscillatory.

Proof. Suppose that (1.1.1) is nonoscillatory, i.e., there exists a solution of the
associated Riccati equation (1.1.21). Multiplying this equation by (t — s)x and
integrating it from T to t, T sufficiently large, we get

ft
(3.2.16) -(t-T)xw(T) + X (t-s)x~1w(s)ds

JT

+ (p-l ) / (t-s)xr1-q(s)\w(s)\q ds + / (t-s)xc(s)ds = 0.
JT JT

Using the Young inequality (1.2.2) with

u = —(t — s)~irrv, v = (t — s)~ir^i~ \w{s)\,

we obtain

(t - S)V-«(s)Ks)|« >(q- l)X(t - s )A - > ( s )| - (<? - 1) Q V (t - s)x-pr(s)

for T < s < t. This inequality and (3.2.16) imply

j (t - s)x~p \(t - s)pc(s) - (-Yr(s) ds<(t- T)xw(T).

Thus

lim sup 1 / (t - S)X-P \(t - s)pc(s) - (-Y r(s)l ds < w(T).
t^oo tX JT I \pj J

which contradicts to (3.2.15).

Remark 3.2.1. Clearly, if r(t) = 1, then lim^oo ^ fT(t - s)x~p (jXr(s) ds = 0

and hence equation (3.1.1) is oscillatory if

1 /"*
lim sup — / (t — s)xc(s) ds = oo for some A > p — 1.
t^oo t Jo

which is the half-linear extension of the classical Kamenev linear oscillation crite-
rion.



3.2. Criteria by averaging technique 97

3.2.3 Generalized ii-functio n averaging technique Philos
type criterio n

In the linear case, the method used in this subsection was introduced by Philos
[314].

Theorem 3.2.4. Let Do = {(t,s) : t > s > t0} and D = {(t,s) : t > s > t0}.
Assume that the function H 6 C(D; R) satisfies the following conditions:

(i) H(t, t) = 0 fort> t0 and H(t, s)>0fort>s>t0;

(ii)  H has a continuous nonpositive partial derivative on Do with respect to the
second variable.

Suppose that h : Do —> K is a continuous function such that

~(t,s) = h(t,s)[H(t,s)]1  ̂ forall(t,S)eD0, q=J^r,
OS jj  J-

and

ft
(3.2.17) / hp{t,s)ds < co for allt>t 0.

Jta

If

(3.2.18) limsup } f \H(t,s)c(s)-(-h(t,s)) } ds = oo,
t̂ oo H(t,t0) Jta L \P J 1

then (3.1.1) is oscillatory.

Proof. Suppose that (3.1.1) is nonoscillatory and v is a solution of the associated
Riccati equation (3.1.2) which exists on the interval [To, oo), To > to- Since (3.2.17)
holds, we have for t > T > To

[  H(t,s)c(s)ds
JT

i {-^(t,s)\v(s)ds-(p-l)J H(t,s)\v(s)\«ds

ft
= H(t,T)v(T)- / {h(t,s)[H{t,s)}1/qv(s) + (p-l)H(t,s)\v(s)\q}ds

JT

= H(t,T)v(T)- J {h(t,s)[H(t,s)}i/qv(s) + (p-i)H(t,s)\v(s)\q
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Hence, for t > T > To, we have

£{mt,s)c(s)-(h(t,s)y}ds

= H(t,T)v(T) - J [h(t,8)[H(t,8)]^"v(3) + (p-l)H(t,s)\v(s)\«

+ [h(t,s)J}ds.

Since q > 1, by Young's inequality (1.2.2)

h(t,s)[H(t,s)]^"v(s) + (p- l)H(t,s)\v(s)\9 + (-h(t,s)Y > 0

for t > s > To. This implies that for every t > To

J lH(t,s)c(s)- (^Ht,s)\ \ds

< H(t,T0)v(T0) < H(t,T0)\v(T0)\ < H(t,to)\v(To)\.

Therefore,

J U(t, s)c(s) - (h(t, s)Y\ds = J "  Iff(t , s)c(s) -  a))"} ds

+ j lH(t,s)c(S)-(h(t,s)] I  ds

< H(t,t0) f °\c(s)\ds + H(t,to)\v(To)\

Jto

= H(t,to)\J ° \c(s)\ds+\v(T0)\\.

This gives

l i m s u p — ^ — f lH(t,s)c(s)-(-h(t,S)) )ds< f °\c(3)\ds + \v(T0)\,
t^oo H(t,t0) Jto { \P / ) Jto

which contradicts (3.2.18). D

Taking H(t, s) = (t — s)x, A > p — 1, the last statement reduces to the half-linear
version of Kamenev's oscillation criterion presented in Subsection 3.2.2.

The next statement is presented without proof (which can be found in [243]).
Similarly to the proof of the previous theorem, it follows more or less the original
idea of Philos [314]. For comparison with the linear case we also refer to the papers
ofYan [367, 368].
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Theorem 3.2.5. Let H and h be as in the previous theorem, and let

(3.2.19) inf (liminf H ^ s \ \ > o.v ' s>to\ t-oo H(t,to))

Suppose that
1 /"*

lim sup / h(t, s) ds < oo
t^oo ii{t,t 0) Jtu

and there exists a function A £ C[to, oo) SKC/I that

(3.2.20) / A^(s)ds = oo,

where A+{t) — max{A(i),0} . / /

1 /"*  f /I \pl
lim sup ———-=r / < Hit, s)c(s) — I -/ i( i , s) ) > ds > A(T)

t^oo H(t,T) JT { y \P J )

for T > to, then equation (3.1.1) is oscillatory.

3.3 Further extensions of Hille-Nehari type
criteria

The aim of this section is to extend some of the criteria presented in Section 3.1
(in particular, those involving the expressions A(t) and C(i)), and also to discuss
the cases when the assumptions from those criteria fail to hold.

In [70, 197, 262], the equation

(3.3.1) x" + c(<)|a;|p-1|a;'|2-p sgna; = 0

withp G (1, 2] is considered. The papers [197, 262] present oscillation and nonoscil-
lation criteria for equation (3.3.1), while the paper [70] deals with conjugacy of a
singular equation of this form. Equation (3.3.1) can be obtained from equation of
the form (3.1.1) by using the identity

war'))'= (p-iyvr2-
More precisely, every solution of the equation

(*(*')) ' +(P - l)c(t)*(a;) = 0

is also a proper solution of (3.3.1) and vice versa, where a solution x of (3.3.1) is
said to be proper if

mcs {{t  £ K+ : x'(t) = 0 } \ { t e l + : c{t) = 0}}  = 0.

Observe how some of the basic results known for (3.1.1) may fail to hold for
equation (3.3.1) when non-proper solutions are not excluded. For instance, let x
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be a proper solution of (3.3.1) with p G (1,2) and c(t)  ̂ 0, satisfying x(to) = 1,
x'(to) = 0. Then this solution is not constant in a neighborhood of to, say (a, b),
since it is proper, and we may construct another solution x of (3.3.1) such that
x(t) — x(t) for t G (a, to] and x(t) — 1 for t G {to,b). Then the different solutions
x and x satisfy the same initial conditions at to, and so the uniqueness is violated.
Also the Sturmian separation theorem may be problematic. On the one hand,
it clearly applies to proper solutions of (3.3.1), on the other hand the following
situation may happen: Let us consider the equation x" + \x\p~1\x'\2~p sgnx = 0
for p G (1, 2). The function sinp x is proper solution while the constant function 1
is non-proper solution of this equation. Both are linearly independent, but their
zeros do not separate each other.

Thus, in general case the analogy of Sturm's separation theorem is not true
for all solutions, and hence the concept of strong nonoscillation (different from
that in Section 5.4) has to be introduced: strong nonoscillation of (3.3.1) means
nonoscillation of all solutions of (3.3.1). Nonoscillatory equation (3.3.1) is defined
there as the equation having at least one proper nonoscillatory solution. Otherwise
it is oscillatory.

First we reformulate here the results from [197] for equation (3.1.1), where c is
a continuous function on [1, oo), and we will see that they apply also to the case
p > 2, and not only to p G (1,2]. Further extension to equation (1.1.1) with r
satisfying J rl~q = oo is obvious, in view of Subsection 1.2.7. The same will be
done for the results of [262]; this is the content of Subsection 3.3.2.

3.3.1 Q, H type criteria

In this subsection we give the criteria in terms of the below defined functions Qp

and H.p, which can be viewed as an extension of some of the Hille-Nehari type
criteria given in Section 3.1. Denote

Using essentially the same idea as in the proof of Theorem 2.2.3, the following
Hartman-Wintner type lemma can be proved.

Lemma 3.3.1. Let (3.1.1) be nonoscillatory andy(t)  ̂ 0 fort >T be its solution.
Then J°° \y'(s)/y(s)\pds < oo if and only if the finite limit lim^oo cp(i) exists.

As Theorem 2.2.10 follows from Theorem 2.2.3, the following statement follows
from Lemma 3.3.1.

Theorem 3.3.1. Let either lim^oo cp(t) = oo or

—oo < liminf cp(t) < limsupcp(£).

Then equation (3.1.1) is oscillatory.

Now let us examine how stands the condition from the linear case in our situ-
ation.

CPW = %  ̂ f SP~2 f '<T)dTd8.
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Corollar y 3.3.1. Let p £ (1,2] and either limt->oo C2(t) — oo or

—oo < liminf C2(£) < Iimsupc2(t).

Then equation (3.1.1) is oscillatory.

Proof. Using the integration by parts, it is easy to verify that

for £ > 1. Since liminfj^oo C2(f) > —oo, it follows from formula (3.3.2) that
liminf^oo cp{t) > — oo. Thus if the conditions of Theorem 3.3.1 are not satisfied,
then the finite limit in the below formula (3.3.4) exists. In that case, the finite
limit limt-KX) C2(t) also exists by virtue of (3.3.3), which contradicts the conditions
of the corollary.

In view of Theorem 3.3.1, in the next investigation we suppose that the follow-
ing limit exists as a finite number:

(3.3.4) tliincp(i)=:cp(oo).

The next theorem shows that (3.1.1) is oscillatory if cp(t) does not tend to its limit
too rapidly.

Theorem 3.3.2. Suppose that (3.3.4) holds and

(3.3.5) Urn sup f ^ (cp(oo) - cp(t)) > ( — ) "
t^oo logt \ P J

Then equation (3.1.1) is oscillatory.

Proof. Suppose, by contradiction, that (3.1.1) is nonoscillatory and w = <&{y'/y),
y(t) ^ 0 being a solution of (3.1.1), is a solution of the associated Riccati equation
(3.1.2) for large t. Integrating this equation from a to t and using Lemma 3.3.1 we
find that

, t ,00

(3.3.6) w(t)=c- c(s) ds + (p - I) \w(s)\qds,
Ji Jt

where

/

a r-oo

c(s)ds- (p-l) / \w(s)\qds.
Ja

(3.3.2) cp(t) = (p - I)c2(t) +
 ( 2 ^ 1}  | ^ -2c2( s) ds

and

(3.3.3) (p _ i ) c 2( f ) = C p ( t )__^y Cp(s)ds
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Note that from the proof of Lemma 3.3.1 it follows that lim^oo cp(t) = c, and so
equation (3.3.6) takes the form

*  r00

(3.3.7) w(t)=cp(oo)- c(s)ds + (p-l) \w(s)\q ds.
J\ Jt

Multiplying both sides of this equation by tp~'2 and integrating from T to t, T
sufficiently large, we obtain (integrating one of the terms by parts)

(3.3.8) [ sp~2 Cp(oo)- / c(T)dT\ ds
JT I Ji J

— I —^-— W ds - ip~l / \w(s)\q ds + TP~1 / \w(s)\q ds.
JT S Jt JT

I \P^1

Since we have the inequality |A|9 — A + - ( 2—- j > 0 for every A G R, (3.3.8)

implies

tP-1 (cp(oo) - cp(t)) < (P—lYlog^+TP-^oo)

rOO

+ (p-l)Tp-1 \w(s)\qds-Tp-1cp(T).
JT

Therefore

l imsup w (Cp(°°) "  Cp^ - ~TT~ '
which contradicts (3.3.5).

In many oscillation criteria in this book it is assumed that there exists a finite
limit

,oc ,t
(3.3.9) / c{s)ds= lim / c(s)ds.

J J

As it can be easily seen, in that case cp(oo) = Jx c(t)dt. As we will see in the
next example, Theorem 3.3.2 also covers the case where (3.3.9) fails to hold, see
the next example; in particular the case where

(3.3.10) c*:=limmf / c(s) ds < cp(oo) < limsup / c(s) ds =:  c*.

Example 3.3.1. Let A  ̂ 0 and 7 be real numbers,

5(*) = - 7 ^ + I T ^ ( - l o g ° * - l )

and
<t) = g'(t) + ̂ (tg'(t)y = ̂ 9 \ t ) + ^g"{t)
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for t > 1. One can easily obtain

f c(s) ds = g(t) + -^—tg'(t)  + 7, cp(t) = g(t) - ^-^  + 7,
Ji P ~ l l

/
t 2IAI /"*  2IAI
c(s) ds = 7 —-, lira sup / c(s) ds = 7 -\ —-,

P - 1 t^oo Ji P - 1

cP(oc)=7, ^ M ~ ) - « P ( * ) ) = - ^ S ( * ) + ^

fort > 1. Further,

liminf -—-(cp(oo) - cp(i)) = -00, limsup -—-(cp(oo) - cp(i)) = 7
i^oo logt t^oo lOgl

when A < 0, while for A > 0 we have

liminf (cp(oo) — cp(i)) = 7, limsup (cp(oo) — cp(t)) = 00.
t^oo logi t^oo

Therefore (3.3.10) is satisfied. On the other hand, if A < 0 or A > 0 and 7 >

( -— j , then equation (3.1.1) is oscillatory by Theorem 3.3.2.

To formulate the next statements, we introduce the following notation:

Qp(t) := t?-1 L(oc) - J c(s) ds) , Hp(t) :=  J spc(s) ds,

(3.3.11) Q» := liminf Qp(t), Q* := limsupQp(f) ,

(3.3.12) H* :=  liminf HJt), H* :=  limsupHJt).

Observe that if lim^oo j c(s) ds exists, then Qp(i) is the same as A(t) denned in
Section 3.1, provided r(t) = 1. Also, Hp(t) = C(t) for r(t) = 1.

Corollar y 3.3.2. Suppose that (3.3.4) holds and Q* > —00. //

(3.3.13) limsup- / s^cis) ds > { ̂ ^ ) ,

t^oc logi Jx \ P J

then equation (3.1.1) is oscillatory.

Proof. It is easy to verify that
fp-i o (f) i ft
^ - ( cp ( o o) - cp{t)) =  ̂  + - ! - / SP-lc(s) ds
l og tv py py log*  l o g ^A

for i > 1. Therefore the conditions of the previous theorem are satisfied.
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Corollar y 3.3.3. Suppose that (3.3.4) holds. If

(3.3.14) l\m inf \Q p(t) + Hp{t)]  > ( ^ ^ j ,

then equation (3.1.1) is oscillatory.

Proof. It is not difficult to verify that
(3.3.15)

g(cf(oo)-ctW, = 4g>+^[ i /Q p( s) *  + /'l(/'<3p(T)^,s]

and

(3.3.16) Qp(t) + Hp{t) = ^ ^ + V- [ Qp(s) ds
t t Ji

for t > 1. Then we have

liminf y / Qp(s)ds > - ( ^ — ^ .
t-oc t J1 P\PJ

Hence (3.3.5) holds by (3.3.15) since

limmffi i f i rQp(T)dTds>E^f£^y"1.
t^c» logi 7] s2 Jj P \ P J

D

Corollar y 3.3.4. Suppose that (3.3.4) ftoWs. //

eitfcer Q. > 1 ^ V " 1 or H. > ^ V ,
P\PJ \ P J

then equation (3.1.1) is oscillatory.

Proof. Let Q* > £ ( ^ ) P \ Since

-—T(CP(OO) - cp( = -~—r + ~,—r / —R1-L ds
logr pv pv logi logi A s

for t > 1, we easily find that (3.3.5) is satisfied and therefore (3.1.1) is oscillatory
by Theorem 3.3.2.

Assume now that H* > I —̂̂  J . Using the fact that

Jp(t) = (p - l)t~p f sv-'c^ds,
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we have

(3.3.17) Cp(T) = cp(t) + (p - 1) J' ^ £ ( ^ ^ ^ - ^ ( r ) dr) ds

for T > £ > 1. Further we have

(3.3.18) J- r ^c(fl) d 8 =M) +J_/t^(£)d8

for £ > 1. In view of (3.3.18) there exists s e (o, F* - ( ^ r ) ) such that

liminf-1- / sp-1c(s)ds> (^^) +e.

Hence, by (3.3.17) it holds

cp(T) > cp(t) + (p - i) ^ E Z _J + £

/log* _ logT 1 1 \
X ViP-1 T P -1 (p- l ) ^ " 1 (p - 1)TP-! j

for T > £ > 1. If we let T —> oo, then the last estimate yields

f ^ M o o ) - cp(£)) > \ ( ^ Y + e ] ( l + ^T—:)

for £ > 1. Therefore (3.3.5) is satisfied.

Theorem 3.3.3. Suppose that (3.3.4) holds. If

(3.3.19) limsup[Qp(£) + Hp{t)\ > 1,

£/ien equation (3.1.1) is oscillatory.

Proof. Assume, by a contradiction, that there is a solution y of (3.1.1) such that
y(t) ^ 0 for t > T. If w — ${y'/y), then iy solves the Riccati equation (3.1.2) for
t >T. Multiplying its both sides by tp and integrating from T to £, we obtain
(3.3.20)

1 ft  T'P T1

tP- ŵ(t) = -Hp(t) + - / \psP-1w(S)-(P-i)\Sv-1w(S)\i}ds+—w(T) + -Hp(T)
t JT i t

for £ > T. Using now (3.3.7) we readily find that

Qp(t)+Hp(t) = - f[pS
p-1

W{s)-(p-l)\S
p-lw(SW\ds

-{p - l)tp-} f \w(s)\"ds + -(Tpw{T) + THP{T))



106 Chapter 3. Oscillation and Nonoscillation Criteria

for t > T. Hence by the inequality px — (p— l)\x\q < 1, which holds for i 6 I , we
have

Qp(t) + Hp(t) <l  + j(Tpw(T) + THP(T))

for t > T. This contradicts (3.3.19). D

To prove the next criterion we need the following two auxiliary statements.

First we introduce the notation. Let 0 < A < ( 2—)̂ . Denote by CJI(A) and ^(A)

the least and the largest root, respectively, of the equation

(p-l)\x\q-{p-i)x + \ = 0.

Lemma 3.3.2. Let (3.1.1) be nonosdilatory and suppose that (3.3.4) holds. If

0 < Qt < - I ̂ — I , then for each solution y of (3.1.1) the estimate

(3.3.21) liminf tp-^(y'(t)/y(t)) >  ̂ ((p - 1)Q.)

holds.

Proof. Let y(t)  ̂ 0 for t > T be some solution of (3.1.1). Then (3.3.7) holds where
w = $(y'/y). Set m = liminfj^oo tp~lw{t). If m = oo, then there is nothing to
prove. Therefore assume that m < oo. If Q* = 0, then equality (3.3.21) is trivial
by virtue of (3.3.7). So we will assume that Q* > 0. For an arbitrary e S (0, Q*)
choose t\> T such that

(3.3.22) Qp(t)>Q*-e

for t > i i . Taking (3.3.22) into account, from (3.3.7) we have tp~1w{t) >Q*-e
for t > ti. Hence we easily conclude that m > Q*. Now choose ti > t\ such that

(3.3.23) tp~lw{t)>m-e{>Q)

for t > t2. By (3.3.22) and (3.3.23), from (3.3.7) we find tp-lw{t) > Q* - e + (m -
e)q. Since e G (0, Q*) is arbitrary, we conclude that mq — m + Q* < 0. Therefore
m> wi((p-l)g»).

Lemma 3.3.3. Let (3.1.1) be nonos dilatory. If 0 < H* < i —-J , then for each

solution y of (3.1.1) the estimate

(3.3.24) limsupip-1$(j/'(*)M*) ) <^{H,)

holds.

Proof. Let y(t) ^= 0 for t > T be some solution of (3.1.1). Then w = ${y'/y) solves
Riccati equation (3.1.2). From this we get (3.3.20). Set M = l imsup^̂  tp~1w(t).
If M < 0, then (3.3.24) holds trivially. Therefore we will assume that M > 0.
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Using the inequality px - (p - l)\x\q < 1, which holds for x G R, from (3.3.20) we
have

(3.3.25) M<l-H*.

Hence, if H* = 0, then (3.3.24) holds. Assume that H* > 0. For arbitrary e G
(0, H*) choose tx > T such that

(3.3.26) Hp(t) > H* - e, tp~lw{t) < M + e <1

for t > t\. Since the function px — (p — l)\x\g increases for x G (—oo, 1), from
(3.3.20), taking into account (3.3.25) and (3.3.26), we have

t^wit) <-HSf+e +  f-—^[p(M + e) - (p - 1)(M + e)9] + ^w(h) + ^f lp(t i )

for t>ti,  and therefore M < -H* + e + p(M + e) - (p - \){M + e)q. Now, since
e G (0,ff* ) is arbitrary, we obtain (p - l)Mq - (p - l)M + H* < 0. Therefore
M<LJ2(H*).  a

Now we are ready to give two theorems which complement Corollary 3.3.4.

Theorem 3.3.4. Let (3.3.4) hold. If either

1 / 1 \ P~^~

(3.3.27) 0 < Q * < - ( ^ ^ | and H* > 1-^((p - 1)Q»),
P \ P j

or

/ i \ P

(3.3.28) 0 < i?* < ( ̂ ^ ] and Q* > UJ2(H*),

\ P J
then equation (3.1.1) is oscillatory.
Proof. Suppose by a contradiction that y(t)  ̂ 0 for t > T is some solution of
equation (3.1.1). Let (3.3.27) be fulfilled. Define the function w = ®(y'/y). Then,
for such w, equation (3.3.20) is satisfied. By virtue of Lemma 3.3.2, for any e > 0
there exists t\ > T such that

t p" 1u ; ( t )>w1( (p - l )Q») -£

for t>tx. Hence (3.3.20) implies

Hp(t) < -uJi{{p - 1)Q») + e + 1 + - (t?u;(ti) + UHpiti))

for t>t}. Therefore H* < 1 - LO]{(p - 1)Q»), which contradicts (3.3.27).
To prove the sufficiency of (3.3.28), we proceed in the same way as above.

Only instead of (3.3.20) we have (3.3.7) and instead of Lemma 3.3.2 we apply
Lemma 3.3.3. Then we come to

/"OC

Qp{t)=t p-1w{t)-{p-l)tp-1 / \w(s)\qds<<j2(H.)+e,
Jt

which implies Q* < ui2{H*), a contradiction.
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Theorem 3.3.5. Let (3.3.4) hold and

p \ p j V P J

U

(3.3.29) Q* > Q*  + LJ2(H.) - wi((p - 1)Q*)

or

(3.3.30) JH
r*>fl r»+o;2(fl-»)-a;1((p-l)Q*) )

tften equation (3.1.1) is oscillatory.

Proof. The proof is by contradiction. Let (3.3.30), resp. (3.3.29) hold and y(t) ̂  0
for t > T is some solution of equation (3.1.1). Then we have (3.3.20), resp. (3.3.7),
where w is the function denned by w = $(j/'/y). We will assume that if*  > 0
resp. Q* > 0 since for H* — 0, resp. Q*  — 0 condition (3.3.30), resp. (3.3.29) is
equivalent to condition (3.3.27), resp. (3.3.28). By virtue of Lemma 3.3.3, resp.
3.3.2, for arbitrary e G (0,1 - LO2(H*)), resp. e G (0,wi((p - l)Q*)) there exists
t\> T such that

(3.3.31) tp~lw{t) < w2(iJ.) + e, resp. ^ " ^ ( t ) > wi((p - 1)0*) - e

for i > i i . Since the function px — (p — l)\x\q increases in (—oo, 1) and u>2(H*)+£ <
1, we obtain

(3.3.32) psP-'wis) - (p - l ) ! ^ - 1 ^ ) ! 9 < P(LU2{H*)  + e) - (p - 1){CU2{H,) + ef

for s>h. Taking into account (3.3.31) and (3.3.32), we find from (3.3.20), resp.
(3.3.7) that

HP{t) < -wi((p- l )Q.)+e+p(w2(iJ.)+e)

-(p - 1)(UJ2(H*) + ef + -t(t\w(h) + hHpih)),

resp.

QP{t) < w2(ff* ) +£- (wi((p - 1)Q.) - e)9

for t > ti. Hence we easily conclude that

H* <  -LUIKP - l)Q«)+pu2{H«) - (p - I)(w2(ff,))* ,

resp.

Q*<w2(ir*)-(a;i((p-l)g*))* ,

which contradicts (3.3.30), resp. (3.3.29).
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In the second part of this subsection we give nonoscillatory criteria in terms
of Qp(t) and Hp{t). As it is already pointed out above, in [197] it is distinguished
between nonoscillation and strong nonoscillation (in the sense of the definition
given at the beginning of this section) of equation (3.3.1). It is known (see [70])
that nonoscillation of (3.3.1) is guaranteed by the existence of a solution of the
associated Riccati type inequality in a neighborhood of infinity, while for strong
nonoscillation we need a positivity of such a solution. However, when considering
equation of the form (3.1.1), both concepts coincide. We will see that the theorems
which originally deal with strong nonoscillation, usually involve somehow stronger
assumptions in comparison with the criteria of the same type, in order to guarantee
the positivity of the solution of the Riccati inequality. But we present them here
since they, in addition to nonoscillation, discuss the existence of a solution of
(3.1.1) which is eventually positive and strictly increasing. See also the text before
Theorem 3.3.8.

Let A < 0. Denote by /i(A) the greatest root of the equation \x\l/q + x + A = 0.

Theorem 3.3.6. Let (3.3.4) hold. If either

— < Q* and Q* < - (
p \ p J V \ p )

or

-oo < Q* < - ^ ^ - ( — ) and Q* < (j*(Q*)) 1/q - MQ*)>
p \ p J

then equation (3.1.1) is nonoscillatory.

Proof. Choose e > 0 and T > 0 such that

(3.3.33)

resp. Q* + e < (^(Q* + e))l/q - n(Q* + e)

and

(3.3.34) Q*-e<QP(t) <Q*  + e

£y- j , resp. A = /i(<2*  + e) and

(3.3.35) w ( t ) = _ i_(A  + Qp(t))

for t > T. Then (3.3.33) and (3.3.34) readily imply -A - \l/q < Qp(t) < X1/q - A
for t > T, so that \w(t)\q < X/tp for t > T. From the last inequality we readily
conclude that the function w satisfies Riccati inequality (2.2.7) with r = 1. Thus
equation (3.1.1) is nonoscillatory by Theorem 2.2.1.



Put A = G*  -e + ui2(c) and w{t) = (A-G( t ) ) /^ " 1 for t > T. By (3.3.39) we have
cji(c) < A-G(i) < w2(c) for t > T. Hence (p-l) |A-G(t) |"-(p- l)(A-G(i))+c < 0
for t >T. By the latter inequality it is easy to conclude that the function w satisfies
the inequality (2.2.7) with r = 1. Therefore equation (3.1.1) is nonoscillatory by
Theorem 2.2.1.

Corollar y 3.3.5. / /

1 ft 1 ft
—oo < lim sup / sp~1c(s) ds < lim inf / sp~1c(s) ds + I < oo,

t^co P - 1 Ji t^oo p - 1 J1

then equation (3.1.1) is nonoscillatory.

The remaining theorems in this subsection were originally dealing with strong
nonoscillation of (3.3.1) in the sense of [197]. But now, rewritten for (3.1.1), they
give the conditions for the existence of an eventually positive strictly increasing
solution of (3.1.1), which implies nonoscillation of (3.1.1). Recall that we have no
sign condition on c. There is a comment before Lemma 2.2.3 on positivity of a
solution of the Riccati equation (implied by the existence of a solution y of (1.1.1)
with y(t)y'(i) > 0). Here we work under different assumptions. In [70, Lemma 2.5],
it was proved the following statement (for general coefficient c); we adjust it for
our needs.

Lemma 3.3.4. Let y be a nontrivial solution of (3.1.1) satisfying y(a) = 0 and
let a function (sufficiently smooth) v be such that v(a) > 0, v'(t) > 0 for t s [a, b]
and d[v](t) := ($(«'))' + c(t)$(v) < 0 for t 6 [a, b].Then y'(t) ^ 0 forte [a,b\.
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The next theorem can be viewed as a nonoscillatory counterpart to Corol-
lary 3.3.2.

Theorem 3.3.7. Let there exist a finite limit

(3.3.36) c:= lim -^— f s^c^ds < ('^^]
t^oo\ogtj1 V P )

and

(3.3.37) G* < G*+OJ2{C)-OJI{C),

where

G W = i o g K ^ / s P" l c ( s ) d s" 5 ) '
(3.3.38) G* :=liminf G(t) and G* :=  limsupG(t).

Then equation (3.1.1) is nonoscillatory.

Proof. Choose e > 0 and T > 0 such that

(3.3.39) G* -e<G( t) <G*  + e, G* + 2e < G*  + w2(c) - ^ (c).
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Now, in view of the identity vd[v] = \v\pHi[w],  where TZi[u](t) := w' +c(i) +
(p — l)\w\q and w = $(v'/v) (see Theorem 2.2.1), we see that the positivity of
w satisfying 72.i[W] < 0 guarantees the existence of a solution of (3.1.1) which is
positive and strictly increasing. Obviously, (3.1.1) is nonoscillatory.

Theorem 3.3.8. Let (3.3.4) hold. If either

(3.3.40) - (—-]  < Q*  and Q* < - (^—^
V V ) V V P J

or

(3.3.41) - o o < Q * < - f ^ ^ J and Q* < Q* + \Q*\1/q,

then equation (3.1.1) is nonoscillatory. Moreover, there exists an eventually posi-
tive strictly increasing solution of (3.1.1).

Proof. The theorem can be proved similarly to Theorem 3.3.6 with the only dif-
ference that when (3.3.41) is fulfilled we should put A = Q* — e and keep in mind
that under conditions (3.3.40) and (3.3.41) the function w is positive.

For the next statement we need to introduce some notation. Let

2P-i (p-iy~l

rj  = Xo + JL y-
V \ V )

where xo is the least root of the equation

(3.3.42) (p-l)\x\(l+px+^^- (^^] =0.
p \ P J

2—1 / —1\p~^

I t is not difficul t to show that r\ < 0 since -E— ( £—1 j < 1 for p > 1. Further,

let A < 1. Denote by ipW the greatest root of the equation (p— l)\x\q + px + A = 0.

Theorem 3.3.9. Let either

/ 1 \ ^

(3.3.43) rj < H« and H* < ( ̂ — j ,

or
(3.3.44) - o o< H* < T) and H* < H* + w2(ff* ) + ip(H* + w2(^*)) ,

where u)2 is defined before Lemma 3.3.2. Then equation (3.1.1) is nonoscillatory.
Moreover, there exists an eventually positive strictly increasing solution of (3.1.1).

Proof. Let (3.3.43) be satisfied. Choose e > 0 and T > 0 such that

(3.3.45) r]<H*  -e<Hp(t) < H* + s < (^^j



( —1 \-— j is the greatest root of the equation (3.3.42), in

view of (3.3.46) we find that

(3.3.47) (p-l)\Hp{t)-K\i+p{H p(t)-K) + K <0, Hp(t) - K < 0

for t > T. Let

(3.3.48) w(t) = ̂ ( K - Hp(t))

for t > T. According to (3.3.47), the (positive) function w satisfies inequality
(2.2.7) (with r = 1) for t > T. Therefore (3.1.1) is nonoscillatory by Theorem 2.2.1.

Now consider the case where (3.3.44) is satisfied. Choose e > 0 and T > 1 such
that

(3.3.49) H* + e < H« + LU2{H*  - e) - e + ^{H* + w2(H* - e)),

(3.3.50) H*-e<Hp{t)<H*+e.

Let M = H* — e + ^(H* — e). Clearly, —LO2(H* — e) satisfies the equation

(3.3.51) {p-l)\x\q +px + M = 0.

On the other hand, since H* —e < 0, we obtain —^{H^—e) < — 1. Thus —uj2{H* —
e) is the least root of equation (3.3.51). Moreover, since (p — l)\x\q + px > —1 for
x e M, we have M < - 1 and therefore ip(M) < 0. Now (3.3.49) and (3.3.50) imply
that -LO2(H* - e) < Hp(t) - M < ip(M) < 0 for t > T. Therefore (3.3.47) is
satisfied. Using (3.3.47), we readily find that the function w defined by (3.3.48) is
positive and satisfies inequality (2.2.7) (with r =  1).

In view of Theorem 3.3.7, the proof of the next statement may be omitted.

Theorem 3.3.10. Let the finite limit (3.3.36) exist and either c > 0 and (3.3.37)
be fulfilled or c < 0 and G* <  G* + ^ ( c ), where G* and G*  are the numbers
defined by (3.3.38) and ui2 is defined before Lemma 3.3.2. Then equation (3.1.1)
is nonoscillatory. Moreover, there exists an eventually positive strictly increasing
solution of (3.1.1).

Corollar y 3.3.6. Under the conditions of Corollary 3.3.5, there exists an even-
tually positive strictly increasing solution of (3.1.1).

Remark 3.3.1. It is easy to see that if the finite limi t (3.3.4) exists, then for the
function Qp to be bounded from below it is necessary that cp(oo) = c*, c* being
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for t > T. Now put K = ^ zl f 2 ^ )  BV (3.3.45) and the definition of the
number r\ we have

(3.3.46) x0 < Hp{t) - K < - l^^j
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defined in (3.3.10), while for the function Qp to be bounded (from both sides) it
is necessary that (3.3.9) holds. Since

cp(t) = [ c(s) ds - -Hp{t) - - L ( -Hp(s) ds, t > 1,

for the function Hp to be bounded from below it is necessary that cp(oo) = c*,
while for Hp to be bounded (from both sides) it is necessary in order that (3.3.9)
is fulfilled.

In view of the above observation, condition (3.3.9) is the necessary one for
Theorems 3.3.5, 3.3.6, 3.3.8 and 3.3.9, while for conditions (3.3.27) and (3.3.28) of
Theorem 3.3.4 to hold it is necessary that cp(oo) = c*  and cp(oo) — c», respectively.

According to (3.3.17), if the finite limit (3.3.36) (not necessarily less than

(^""^) ) exists, then (3.3.4) holds. Therefore condition (3.3.4) is necessary for

Theorems 3.3.7 and 3.3.10.

Condition (3.3.4) is not generally used in proving the oscillation criterion in-

volving H* > (-^-Y (see Corollary 3.3.4). However by (3.3.17) and (3.3.18), the
boundedness of the function Hp from below implies that liminft^oo cp(t) > — oo.
Therefore, if (3.3.4) is not satisfied, then by virtue of Theorem 3.3.1 equation
(3.1.1) is oscillatory. Hence for this criterion condition (3.3.4) is the necessary one,
in a certain sense.

3.3.2 Hille-Nehari type weighted criteria and extensions

Now we present the results originally stated for (3.3.1) with p 6 (1,2] and c > 0
in [262]. We adjust them for equation (3.1.1), and we will see that they apply for
p > 2 as well. Thus let us consider (3.1.1) where the function c is nonnegative,
as this condition was assumed in [262]. However, one could easily observed that
the below results can be obtained without any further difficulties also under the
relaxed condition, namely that either Jt sxc(s) ds > 0 or Jt°° s

xc(s) ds > 0 for all
large t and certain A. Which of the two integrals is chosen depends on the value of
A; see the below given definition of c*(A) and c*(A). As we show in the next lemma
(for a linear equation this assertion goes back to Fite and Hille), it is reasonable
to assume that J°° sxc(s) ds converges for A < p — 1.

Lemma 3.3.5. Let for some A < p — 1 the integral J°° sxc(s) ds diverges. Then
equation (3.1.1) is oscillatory.

Proof. Assume for a contradiction that (3.1.1) is nonoscillatory. Then there is a
positive increasing solution y(t) of (3.1.1) for t >T, and w — $(y'/y) > 0 satisfies
(3.1.2). Moreover,

(3.3.52) WmsuptP-^it) < 1

(see the proof of Lemma 3.3.3). Multiplying (3.1.2) by tx and integrating from T
to t we obtain

/ sxc{s)ds = -txw(t)+Txw(T) + X sx-1w(s)ds-(p-l) sxwq(s)ds
JT JT JT



for some A > p — 1, then equation (3.1.1) is oscillatory.

Proof. Assume for a contradiction that (3.1.1) has a nonoscillatory solution. Then
there exists T > 0 such that Riccati equation (3.1.2) has a positive solution
w satisfying \immit^c>ot

p~1w(t) > A and l imsupj^^ tp~1w(t) < B (see Lem-
ma 3.3.2 and Lemma 3.3.3). Clearly, for any e > 0 there exists ti > T such that
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for t >T. By (3.3.52) the right-hand side of the last equality has a finite limit as
t — oo. Hence the integral J°° sxc(s) ds converges, a contradiction.

Introduce the notation

O

c*(A ) = l i m i n f i p - 1 - A / sxc{s)ds for A < p - 1 ,
t ^oo Jt

fOO

c*(A) = l imsupip" 1" A / sAc(s)ds for X < p - 1,
t—>oo Jt

ft
c*(A) = l iminf i p-1-A / sAc(s) ds for A > p - 1,

ft
c*(A) = l imsuptp-1-A / sAc(s)ds for A > p - 1.

We give criteria in terms of the numbers c*(A) and c*(A). Note that c*(0) = Q*,
c*(0) = Q*, c»(p) = H*  and C*(p) = H*, where Q*,Q*,H*,H*  are defined
in (3.3.11) and (3.3.12). Then the conditions of Corollary 3.3.4 read as c*(0) >

I ( 2^1 ) a n (j c (p) > ( Eẑ L) Hence we assume
p \ p J yyj \ P J

(3.3.53) c,(0) < - f1^-) and c»(p) < f ^ ^ ) .
P \ P J \ P J

Also note that Theorem 3.3.5 reads as follows: If (3.3.53) holds and either c*(0) >
B - A + c*(0) or c*(p) > B - A + c*(p), then (3.1.1) is oscillatory. Here A and
B stand for the least nonnegative root of xq — x + c* (0) = 0 and for the greatest
root of (p — l)xq — (p — l)x + c*(p) = 0, respectively, i.e., A =  wi((p — 1)Q*),
B = ^2(i?*), where LOI,LO2 are defined before Lemma 3.3.2. The above algebraic
equations are solvable provided (3.3.53) holds.

Now we are ready to give the main statement of this subsection.

Theorem 3.3.11. Let (3.3.53) be satisfied. If either

(3.3.54) C*M>^b;(£f + ^
for some 0 < A < p — 1 or

(3.3.55) ^>^JTi{^)P-A
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tp-lw{t) <B + e, tp-1w(t) > A - e for t > h. From (3.1.2) we easily find that

tp~1~x f sxc(s)ds = tp-1w(t)

+ tp-1~x / sx-p{swq-1(s))p-1{\-(p-l)swq-1(s))ds

for t > t\ and A < p — 1, while

tp~1~x f sxc{s) ds = -tp-lw(t) + ^ ^

+ tp~1~x [ sx-p(swq-1(s))p-1{X-{p-l)swq-1(s))ds

for t > i i and A > p - 1. Since max j ^ - ^A - (p - l)x) : 0 < x < cx>}  = (A/p)p,
from the last two inequalities we have

/

oo 1 / A\P

sAc(s) ds < B + e + -
p - l - A \ p )

for t > t\ and 0 < A < p — 1, and

for t>t\ and A > p — 1. Consequently,

c*(A)< \ r f A V + S for A < p - 1 ,

c*(A)< x-iTTgy-AforA>p-l ,

but this contradicts (3.3.54) and (3.3.55).

Before we give consequences of the last theorem, let us prove two technical
statements.

Lemma 3.3.6. Let c*(A) < oo for A ^ p - 1 . Then the mapping A H-> (p - 1 —
A)c*(A) , resp. A i—> (p — 1 — A)c*(A) , does noi increase, resp. does not decrease, for
A < p — 1 and does no£ decrease, resp. does not increase, for A > p — 1.

Proof. We prove this lemma only in the case when A < p — 1. The case A > p — 1
can be handled in a similar way. Let e > 0. Choose £i > 0 so that

c*(A)-e<* p-1-A f sxc{s)ds<c*{X)+e
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for t > t\. It is easy to see that whatever JJ, < p — 1 is, we have

/

OO /'DC

s"c(s)ds = tp-1-x sxc{s)ds

/

OO / />0O \

sM-A-p+l / T \ c  ̂dj. dg

\Js J
Hence if A < /x, then
( c ( A ) - e ) f 1 + M ~A ) < t ^ 1 - ^ r s»c(S) ds < ( c * ( A ) + e ) ( 1 + M ~A )
for i > ii . This implies that (p-l-/i)c*(/z) < (p-l-A)c*(A ) and (p-l-//)c*(/z) >
(p-l-A)c,(A). D

Lemma 3.3.7. Let c*(\) < oo for X ̂  p - I. Then

lim (p - l -A)c* (A) = lim (A -p + l)c*(A) ,
(3.3.56) ^ ( P " ] ) - A ^ ( P- 1 ) +

lim (p - l -A)c* (A) = lim (A- p +l)c*(A) .
A->(p-l)- A->(p-l) +

Proof. L et A < p — l , / x > p — 1 a nd e > 0. C h o o se t\ > 1 so t h at

c4X)-e<tp-1-x f sxc(s)ds<c*+e
it

and

c-t()jL)-e<tp-1-i1 s'lc{s)ds<c*+e

for t > t\. It can be easily verified that

tp-1" A / sAc(s)ds

it

= -tP-1-^ I s»c{s) ds+(fji- X)tp-1-X I s^"-1 ( I T"C{T) dr) ds

and

/

t />oo

s^c(s)ds = -tp-1-x sxc(s)ds

/

oo e-t / /.oo \

sxc(s)ds + {n-X)tp-1-^ / s ^ -1 / TAc(r)dr ds.
From these equalities we have

- ^ - -(c,(/ i)-e)-*p" 1"' 1 sfic(s)ds < tp-L-x sxc(s)ds
p — I - X J1 Jt
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for t > t\ and

SA C ( S) ds + ^ (c.(A) - e)(l - i"" 1"* )

/

*  f' 00 II  — A
s^cis) ds< sxc(s) ds + - ^ -(c'(A) + e)

for £ > t\. Hence

(M - A)c»(M) - (P - 1 - A)c*(/x) < (p - 1 - A)c»(A),

( p _ l _ A ) c * ( A ) < ( M - A ) c » ,

-(/x - p + l)c*(A) + (/i - A)c*(A) < {p - p + l)c*(/i) ,

and

(M - p + 1)C*(M) < (M - A)c*(A) + (n-p + l)J sxc(s)ds.

Finally by Lemma 3.3.6, we obtain

limA_>(p_1)_(j3- 1 - A)c*(A) > ( / i - p + l)c*(|z),

l i m ^ ^ ! ) . ^ - 1 - A)c'(A) <{n-p + l)c*(/x),

lim A^(p_i)+(/i-p+l)c*( jLi ) > ( p- 1 - A)c*(A),

l im A ^ ( p_1 ) +( / i - p + l)c*(/i ) < (p- l -A)c* (A) .

From the last four inequalities we conclude that (3.3.56) holds.

Corollary 3.3.7. Let

(3.3.57) lim |p - 1 - A|c*(A) > ( ^— ) .

Then equation (3.1.1) is oscillatory.

Proof. We may assume that c*(A) < oo, otherwise (3.1.1) is oscillatory by Theo-
rem 3.3.11. Then by Lemma 3.3.7, the limit in (3.3.57) exists. Obviously,

lim f |p - 1 - A|c*(A) - ( - ) -(P-1-\)B) >0.
A^(p-l) - \ \pj )

This implies that (3.3.54) is satisfied for some A < p — 1. Therefore (3.1.1) is
oscillatory by Theorem 3.3.11.

Corollary 3.3.8. Let for some A  ̂ p — 1

^~) '

XTien equation (3.1.1) is oscillatory.
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Proof. If for some A ^ p — 1, c*(A) = oo, then (3.1.1) is oscillatory by Theo-
rem 3.3.11. Thus we assume that c*(A) < oo for A  ̂ p - 1. Now, if (3.3.58) holds
for some A ^ p — 1, then (3.3.57) is satisfied by Lemma 3.3.6. Hence according to
Corollary 3.3.7, equation (3.1.1) is oscillatory.

To show another consequence, we need the following lemma.

Lemma 3.3.8. Let c*(A) < oo for some A < p — 1 and c*{ji)  < oo for some
ji  > p — 1. Then

(3.3.59) limsup- / s^c^ds < (p - 1 - A)c*(A)
logiJ

and

(3.3.60) limsup (p - 1 - A) / sxc(s)ds < (p -p + l)c*(p).
A—(p-1)- Jl

Proof. Let e > 0. Choose t\ > 1 so that

sAc(s)(is<c*(A)+e, t1'-1'1" \ s^c(s)ds < c*(n)+e

Ji

for t>t\. We can easily see that

i /-t ,p—i — x /-oo

and

ssc{s)ds = (n-5) s6-'1-1 ( / T"c(r)dr) rfs

for 5 < p — 1. From these inequalities we have

^ ^ ^ -1c(S)dS<(p- l -A ) ( C* (A)+e )

for t>t\ and

(p-l-S)J°° ssc(s)ds<(p- 5)(c*(/x) + e).

Hence inequalities (3.3.59) and (3.3.60) hold.

To show the next two statements, note that according to Lemma 3.3.8, (3.3.57)
follows from (3.3.61) [or (3.3.62)]. Equation (3.1.1) is then oscillatory by Corol-
lary 3.3.7. Also compare Corollary 3.3.9 with Corollary 3.3.2.
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Corollar y 3.3.9. //

1 /"*  (X) — 1 \ v

(3.3.61) limsup / sp-1c(s)ds > [ ,

then equation (3.1.1) is oscillatory.

Corollar y 3.3.10. / /

f°° /» - l \ p

(3.3.62) limsup (p - 1 - A) / sxc{s) ds > ,
A-v(p-l)- Jl V P J

then equation (3.1.1) is oscillatory.

Remark 3.3.2. Inequalities (3.3.57), (3.3.58), (3.3.61) and (3.3.62) cannot be weak-

ened. Indeed, let c(t) = (^j-Y t~p for t > 1. Then

|p-l-A|c,(A) = \p-l-\\c*(X)^^- f sp-1c(s)ds
log t Jl

 f n — i \p

= (p- i -A) y ^c(S)ds = f̂ — j ,

and equation (3.1.1) has the nonoscillatory solution y(t) =  JSP~1^/P for t > 1.

We conclude this section with a nonoscillatory complement to Corollary 3.3.8.
In [262], the following criterion (for equation (3.3.1) with p G (1,2] and c > 0)
is proved by means of this statement: If there exists a positive function v which
is locally absolutely continuous together with its first derivative and satisfies the
inequalities v'(t) > 0, v" + c{t)vp-l(v')2~p < 0 for t > T almost everywhere, then
equation (3.1.1) is nonoscillatory; see also the text after Corollary 3.3.5. However,
we do not need such a kind of statement since we can simply use Theorem 2.2.1
(equivalence (i)<=>(v)).

Again, as in oscillation theorems, the condition c(t) > 0 may be relaxed to
either Jt sxc(s) ds > 0 or J^° sxc(s) ds > 0 for all large t and certain A, and the
results work as well. Compare the subsequent theorem with Theorem 3.3.9.

Theorem 3.3.12. Let either for some

( p - 1 )2 (p-l)p

A < — or for some A > p - 1 H—-r p—;—-—r——

the inequality

(3.3.63) \P-1-\\C*(\)<{ILL}L\

be satified. Then equation (3.1.1) is nonoscillatory.



satisfies inequality C[y] < 0 (with r(t) = 1) for t > T, C being denned in Theo-
rem 1.2.1. Hence (3.1.1) is nonoscillatory by Theorem 2.2.1.

3.4 Notes and references

The results of Subsection 3.1.1 are mostly extensions of classical linear criteria
(see e.g. Swanson's book [341]). Since the detailed quotations are given within the

120 Chapter 3. Oscillation and Nonoscillation Criteria

Proof. Introduce the notation

sxc(s)ds for t>l,  A < — - ,

V

/(,) = - [ M» *> &r  t > 1, A > p - 1 + plpJ"_-^ l)v_,r

K=(>^r  !—r^y .
V P ) p - i - n p /

From (3.3.63) for some T > 1 we have

(3.3.64) 0<K + tp-1-xf(t) <  fort>l, A<  ̂~ ^
\ P / P

and
(3.3.65)

f̂ —^ <X + ip-1-A /(t) <K for t > 1, A > p -1 + -^ (P -1) "
V P / pbp- x - (P -1)"-1]

It can be easily seen that if A < and 0 < x < ( £—- j or

A > p - 1 + -, 1 . ',—- and — <x<K,
plpP-1 - (p - l)p-i] p

then (p - l)xq - Xx + K(X - p + 1) < 0. Thus, according to (3.3.64) and (3.3.65)
we have

(p - 1){K + tp-1-\f(t))q - \{K + tp-1-xf{t)) +K(\-p + l)<0

for t > T. The last inequality is equivalent to

<"'(*) < 7^ W + /(*)) - ^ ( » ( i ) + /(*))'

for t > T, where w(t) = Ktx-p+1. Then the function
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text, here we only note that these problems have been studied, using various meth-
ods, under different conditions, in many works, see e.g. [102, 180, 197, 219, 227]
by Dosly, Hoshino, Imabayashi, Kandelaki, Kusano, Lomtatidze, Naito, Ogata,
Tanigawa, Ugulava and Yoshida. Concerning Subsection 3.1.2, Theorems 3.1.4
and 3.1.5 are due to Dosly [102], while Theorem 3.1.6 was proved by Kusano
and Naito [218]. Theorem 3.1.7 is extracted from Kandelaki, Lomtatidze, Ugulava
[197]. Besides this, Section 3.1 is supplemented by several new observations.

Coles type criteria (Subsection 3.2.1) are taken from Li and Yeh [244]. Gener-
alized Kamenev criterion, Theorem 3.2.3, was proved also by Li and Yeh in [239].
The results concerning the generalized H-function averaging technique were estab-
lished in Li and Yeh [243]. Related results are given in the papers of Manojlovic,
[265] Li, Zhong, Fan [254] and Yang, Cheng [370].

The results of Section 3.3 are adopted for the equation of the form (3.1.1),
originally for (3.3.1), and come from Kandelaki, Lomtatidze, Ugulava [197] and
Lomtatidze [262]. Only Corollary 3.3.1 is originally due to Mirzov [292].

Finally note that various oscillation and nonoscillation criteria for (1.1.1) can
also be found in the papers of Kusano, Li, and Wang [228, 237].
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CHAPTER 4

NONOSCILLATORY SOLUTIONS

This chapter is devoted to nonoscillatory equations of the form (1.1.1). In the
first section we focus our attention to the asymptotic analysis of nonoscillatory
solutions of (1.1.1). We show that these solutions can be classified into various
classes according to their asymptotic behavior at oo, and integral conditions on
the functions r7c are given which guarantee that (1.1.1) does/does not have a
solution in a given class. The next section contains a comprehensive treatment of
the concept of the principal solution of (1.1.1). The principal solution of (1.1.2)
plays the fundamental role in the oscillation theory of linear equations and we
show that the half-linear extension of this concept is of the same importance. The
last section is devoted to nonoscillatory equations whose solutions have a regular
growth at oo.

4.1 Asymptotic of nonoscillatory solutions

This section is devoted to the investigation of asymptotic properties of nonoscil-
latory solutions of equation (1.1.1) when the function c does not change its sign.
In this case, it is possible to associate with (1.1.1) its reciprocal equation

(4.1.1) ^ _ _ $ - > ' ) j  + r 1-^)*" 1^ ) = 0.

Recall that the so-called reciprocity principle says that (4.1.1) is nonoscillatory if
and only if (1.1.1) is nonoscillatory, see Subsection 1.2.8. Note also that if c(t) < 0
for large t then (1.1.1) is nonoscillatory since the equation (r(t)$>(x'))' = 0 is its
nonoscillatory majorant.
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4.1.1 Integral conditions and classification of solutions

If c is different from zero for large t, then all solutions of nonoscillatory equation
(1.1.1) are eventually monotone, this result is formulated in the next statement.

Lemma 4.1.1. Let c(t) 7̂  0 for large t and x be a solution of nonoscillatory
equation (1.1.1). Then either x(t)x'(t) > 0 or x(t)x'(i) < 0 for large t.

Proof. The monotonicity of x follows from the reciprocity principle which ensures
that the so-called quasiderivative x  ̂ := r$(x') does not change its sign for large
t.

Then it is possible, a-priori, to divide the set of solutions x of (1.1.1) into the
following two classes :

M+ = {x : 3tx>0: x{t)x'(t) > 0 for t > tx],

MT = {x : 3tx>0: x(t)x'(t) < 0 for t > tx}.

Clearly, solutions in M + are eventually either positive increasing or negative de-
creasing and solutions in M~ are either positive decreasing or negative increasing.
The existence of solutions in these classes depends on the sign of the function c,
as the following results show.

Lemma 4.1.2. Assume cit) < 0 for large t.

(i) Equation (1.1.1) has solutions in the class M~. More precisely, for every
pair (to, a) G [0, oo) x R\ {0}  there exists a solution x of (1.1.1) in the class
M~ such that x(to) = a.

(ii)  Equation (1.1.1) has solutions in the class M + . More precisely, for every
pair (ao,ai) G M2, cio a\ > 0 and for any to sufficiently large, there exists a
solution x of (1.1.1) in the class M + such that x(to) = a-o, x'(to) =  ai-

Proof. Claim (i) follows, for instance, from [72, Theorem 1] and [292, Theorems 9.1,
9.2]. Concerning the claim (ii) , let £ be a solution of (1.1.1) such that x(0)x'(0) > 0.
Since the auxiliary function

(4.1.2) Fx{t) = r{t)<S>{x'{t))x{t)

is nondecreasing, we obtain x(t)x'(t) > 0 for t > 0. The assertion follows taking
into account that every solution is continuable up to oo, see Section 1.1.

In the opposite case, i.e., when c(i) > 0 for large t, the existence in the classes
M + , M~ may be characterized by means of the convergence or divergence of the
following two integrals (the notation will  be used also in case c(t) < 0)

/>0O /*0O

Jr= r1-q(t)dt, Jc= \c(t)\dt.
Jo Jo

Lemma 4.1.3. Assume that (1.1.1) is nonoscillatory and c(t) > 0 for large t.
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(i) If Jc = oo, then M+ = 0.

(ii)  If Jr = oo, then M~ = 0.

Proof, (i) Let i be a solution of (1.1.1) in the class M + and, without loss of
generality, suppose x(t) > O,x'(t) > 0 for t > T > 0. From (1.1.1) we obtain for
t > T

r{t)<&(x'{t))<r{T)<&(x'{T))-<S>{x{T))  [  c(s)ds
JT

that gives a contradiction as t —> oo. Claim (ii) follows by applying (i) to (4.1.1)
and using the reciprocity principle.

Lemma 4.1.4. Assume c(t) > 0 for large t.

(i) If (1.1.1) is nonoscillatory and Jr — oo, Jc < oo, then M + ^ 0.

(ii)  If (1.1-1) is nonoscillatory and Jr < oo, Jc = oo, then M^ ^ 0.

(in) If Jr < oo, Jc < oo, then M+ ^ 0, M" ^ 0.

Proof. Claims (i), (ii) follow from Lemma 4.1.3. The assertion (iii ) follows, for
instance, as a particular case from [364, Theorem 3.1, Theorem 3.3] and their
proofs by observing that certain assumptions in the paper [364] (which deals with
a more general equation than (1.1.1)) are not necessary in the half-linear case.

In view of Lemma 4.1.3, if (1.1.1) is nonoscillatory, c is eventually positive and
Jr + Jc = oo, then all solutions of (1.1.1) belong to the same class (M+ or M~).
In addition, from the same Lemma 4.1.3, the well known Leighton-Wintner type
oscillation result can be obtained, see Theorem 1.2.9.

In both cases c > 0 and c < 0 eventually, the classes M+,M~ may be divided,
a-priori, into the following four subclasses, which are mutually disjoint:

M̂  = {i£i" : lim x(t) =l x  0},

M0" = {xGMT : l imz(£)=0},

M+ = {a; G M+ : lim x(t) = 4, |4| < oo},

M + = { x G M + : lim \x(t)\ = oo}.

In the following subsections, we consider both cases c(t) > 0, c(t) < 0 and we
describe the existence of solutions of (1.1.1) in the above classes in terms of certain
integral conditions. Similarly to the linear case, we are going to show that the
convergence or divergence of the integrals

(4.1.3) J}=  lim / r 1" 9^ - 1 ! / \c(s)\ds)dt,
T ^°° Jo vJo y

J2 = l i m / rl-q{t)<S>- l( [  \c{s)\ds)dt,
T^o° Jo VJt ^

fully characterize the above four classes.
The next lemma describes relations between J\, J2, Jr, Jc-
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Lemma 4.1.5. The following statements hold.

(a) If Jj < oo, then Jr < oo.

(b) If J2 < oo, then Jc < oo.

(c) If J2 — oo, then Jr — oo or Jc — oo.

(d) If J\ = oo, then Jr = oo or Jc = oo.

fej Ji < oo and J2 < oo if and only if Jr < 00 onrf Jc < 00.

Proof. Claim (a): Let ti G (0,T). Since

/ r ^ ^ s ) * " 1 ! / \c{t)\dt)ds
Jo Vo '

> I'r l-q{s)§-l( [  \c(t)\dt)ds + ^-1( r \c{s)\ds) f r1-q{s)ds,
Jo vo ' \Jo ' Jti

the assertion follows. Claim (b) follows in a similar way. Claims (c), (d) follow
from the inequalities

' I  1 / 1 r / 1 r / j  r

I r1'"^-1^! \c(s)\ds)dt< I rl-q(t)dt<$>- lU |c(s)|ds),

r i - ? ( t ) $ - i n \c(s)\ds)dt< rl-q{t)dt<&- l(\ \c{s)\ds) .

^Jo ' Jo vo ^

Finally, the claim (e) immediately follows from (a)-(d).

4.1.2 The case c negative
We start by noting that if c(t) < 0 in the whole interval [0, 00), then for any solution
x G M~ we have x(t)x'(t) < 0 on [0,oo). This property can be proved using the
auxiliary function Fx given in (4.1.2). Since, as claimed, F is a nondecreasing
function and x is not eventually constant, there are only two possibilities: (a) Fx

does not have zeros; (b) there exists tx > ax such that Fx(t) > 0 for all t > tx.
Thus the assertion follows.

The following hold.

Theorem 4.1.1. Let c(t) < 0 for large t.

(i) Equation (1.1.1) has solutions in the class Mg if and only if J2 < 00.

(it) Equation (1.1.1) has solutions in the class M j if and only if Ji < 00.

Proof. Claim (i) : Let x G M^. Without loss of generality we can assume
x(t) > O,x'(t) < 0 for t > T > 0. Integrating (1.1.1) in (i,oo), t>T,we obtain

(4.1.4) -A , - r(t)$(x'(t)) = J |c(r)|$(a;(r))dr ,
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where -A x = lim t^oc[r(t)$(x'(^))] . Since X(T) > x(oo) > 0 and Xx > 0, (4.1.4)
implies

/>oo

-r(i)$(z'(*)) > $(x(oo)) / |c(r)|rfr.

Hence

x(t) < x(T) - x(oo) $-l[— \c(r)\dr)ds.
JT \r(s) Js /

As t —> oo we obtain the assertion.

Claim (i) "<(=": Choose t0 > 0 such that

/

OO -, POO -,

., ^ U i  |C(T)I^) ̂  2-
Denote by C[to,oo) the Frechet space of all continuous functions on [io,oo) en-
dowed with the topology of the uniform convergence on compact subintervals of
[to, oo). Let Q be the nonempty subset of C[to, oo) given by
(4.1.6) n = lu G C[t0, oo) : - < u(t) < l | .

Clearly Q is bounded, closed and convex. Now consider the operator T : ft —>
C[io, oo) which assigns to any u G S7 the continuous function T(«) = yu given by

(4.1.7) yu(t)=T(u)(t) = -+J *~1{^J  \c(T)\$(u(T))dT ) ds.

We have
1 1 1"°° / 1 Z100 \
2<r(«)(t)<2+jf t - ' i ^ l \c(r)\dr)ds

which implies, by virtue of (4.1.5), T(O) C Q. In order to apply the Tychonov
fixed point theorem to the operator T, it is sufficient to prove that T is continuous
in 11 C C[to, oo) and that T(f2) is relatively compact in C[£o, oo). Let {itj }  , j G N,
be a sequence in 0 which is convergent to u in C[to,oo),u G 11 = fi . Since for
s>t0

/ 1 Z"00 \ / 1 f°° \

^ ( ^ l / MT)\*(MT))dT)<*- l\^Ja |c(r)|drj<oo,
the Lebesgue Dominated Convergence theorem gives the continuity of T in fL It
remains to prove that T(O) is relatively compact in C[to, oo), i.e., that functions in
T(fi ) are equibounded and equicontinuous on every compact subinterval of [to, oo).
The equiboundedness easily follows taking into account that ft is a bounded subset
of C[to, oo). In order to prove the equicontinuity, for any u G ft we have

(4.1.8) 0<-(T(«)(())' = *-'  (-  ̂ J*'\c(T)\-t(u(T»dT^

s *"(4f |c(T)i4
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which implies that functions in T(Q) are equicontinuous on every compact subin-
terval of [to, oo). From the Tychonov fixed point theorem, there exists x <E 0 such
that x = T(x) or, from (4.1.7),

x{t) = - + Jt Q-^—J  ̂ \c(T)Mx(r))drj ds.

It is easy to show that a; is a positive solution of (1.1.1) in [to, oo) and, from (4.1.8),
x'(t) < 0. Finally, clearly x satisfies the inequality x(t)x'(t) < 0 in its maximal
interval of existence and the proof of claim (i) is complete.

Claim (ii) "=>": Assume, by contradiction, Jj = oo. Without loss of generality
let a; be a solution of (1.1.1) in the class Mg such that x(t) > 0,x'(t) > 0 for
t > to > 0. Integrating (1.1.1) on (to, t) we obtain for t > to

x^(t)=x^(t o)+ [ \c(s)\$>(x(s))ds  > $(x(to))  f \c(s)\ds,
0 Jt0

where x^1' = r&{x').  Hence

x\t) > x{to)®-' (J  ̂ J\c{s)\ds ̂ .

Integrating again over (to,t) we obtain a contradiction.
Claim (ii) "<̂ =": The argument is similar to that given in Claim (i) "<̂ =". It is

sufficient to consider in the same set Q, defined in (4.1.6), the operator T : J7 —>
C[to,oo) given by

yu(t) = T(u)(t) = \ + f Q-1 (^- fS \c(T)Mu(T))dT) ds
z Jto \rKs) Jta /

and to apply the Tychonov fixed point theorem.

Theorem 4.1.2. Let c(t) < 0 for large t.

(i) If J\ = oo and J2 < 00, then M  ̂ = 0.

(ii)  If Ji < 00, then M+ = 0.

Proof. Claim (i). Let xbea solution of (1.1.1) in the class M~ such that x(t) > 0,
x'(t) < 0 for t > T and limi^oc x(t) = 0. By Lemma 4.1.5, Jr = 00 and thus,
by [57, Lemma 1], \imt^oor(t)^(x'(t)) = 0. Taking into account this fact and
integrating (1.1.1) over (t, 00), t > T, we obtain

2$>- . - ( J L r lcMl^.
x(t) \ rW Jt )

Integrating over (T, t) we have
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from which, as t —> oo, we obtain a contradiction.
Claim (ii). Let x e M+ and assume x(t) > 0,x'(t) > 0 for t > T > 0. From

(1.1.21) we have (with w = r$(x')/$(x))

(4.1.9) r (2f (f^ ) } = -(p-l) f rl-*{s)\w{s)\«ds + k- f c{s)ds

ft
< k + \c(s)\ds,

JT

where k = r(T)$(x'(r))/$(x(T)). If Jc < oo, then there exists a positive constant
fei such that

r(tMx'(t))

or

Integrating again over (T, t) we obtain

log-^-^*" 1^) frl-i{s)ds
x[i)  JT

which implies x £ M^, i.e., a contradiction. If Jc = oo, choose t\ > T such that
k < frj? c(s) ds. Then from (4.1.9) we obtain for t > t\

or

Integrating over {t\, t) we have

Iog4^r <$"] (2) / <$>- l{-^ I \c{T)\dT)ds,

which gives the assertion.

Theorem 4.1.3. Let c(t) < 0 for large t. If Ji < oo and J2 < 00, then equation
(1.1.1) has solutions in both classes M  ̂ and M.'g.

Proof. The statement Mg 7̂  0 follows from Theorem 4.1.1. The existence in the
class M "̂ can be proved by using a similar argument as that given in the proof of
Theorem 4.1.1. It is sufficient to consider the set

fl=  \ue C[t0, 00) : 0 < u(t) < / r^^s) ds \
[  Jt J



and the function x'rq~1 is negative increasing.

From Theorems 4.1.1, 4.1.2, 4.1.3, we can summarize the situation in the fol-
lowing way. Clearly, as regards the convergence or divergence of J\, J2, the possible
cases are the following:

(Ai ) J\ =00, J2 = 00,

(A2) J\ =00, J2 < 00,

(A3) Ji < 00, J2 = 00,

(A4) Ji < 00, J2 < 00.

Then the following result holds.

Theorem 4.1.4. Let c(t) < 0 for large t.

(i) Assume case (Ai) . Then any solution of (1.1.1) in the class M~ tends to
zero as t —> 00 and any solution of (1.1.1) in the class M + is unbounded.

(ii)  Assume case (A2). Then any solution of (1.1.1) in the class M~ tends to
a nonzero limit as t —> 00 and any solution of (1.1.1) in the class M + is
unbounded.

(Hi) Assume case (A3). Then any solution of (1.1.1) in the class M~ tends to
zero as t —> oc and any solution of (1.1.1) in the class M + is bounded.

(iv) Assume case (A4). Then both solutions of (1.1.1) converging to zero and
solutions of (1.1.1) tending to a nonzero limit (as t —> 00) exist in the class
M~. Solutions of (1.1.1) in the class M + are bounded.
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and the operator T : Q, —> C[to, oo) given by

yu{t) = T{u){t) = j°° r1"^*)*" 1 (l - J" \C(T)MU(T))CIT) ds

and to apply the Tychonov fixed point theorem. Details are omitted.

Remark 4.1.1. The behavior of quasiderivatives of solutions (i.e., of expressions
xW = r$(x')) plays an important role in the study of principal solutions, espe-
cially in their limit characterization, see the next section. Concerning the solu-
tion x G Mg, defined as a fixed point in the proof of Theorem 4.1.1, we have
limt-joc xM(£) = 0. Concerning the solution x G M "̂ , defined in the proof of
Theorem 4.1.3, it is easy to show that lim^oo xW(£) = cx < 0. Indeed, the limit

(4.1.10) lim x'(t)rq~l(t)
t—>oo

exists finite and it is different from zero, because

-x'(t) = r 1 - ^ * ) * - 1 ( l - j |c(r)|*(u(T))dT̂
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From Theorem 4.1.4 we obtain immediately the following statement which
generalizes a well-know result stated for the linear equation in [281, Theorems 3
and 4]; see also [174, Chapters VI, XI]) .

Corollar y 4.1.1. Let c(t) < 0 for large t.

(a) Any solution x of (1.1.1) in the class M~ tends to zero as t —> oo if and
only if J'i = oo.

(b) Any solution of (1.1.1) is bounded if and only if Ji < oo.

Following another classification used in [299, 347], we distinguish the next types
of eventually positive solutions x of (1.1.1) (clearly a similar classification holds
for eventually negative solutions):

Type (1) lim x(t) = 0, lim x[1] (t) = 0;
t—>oo t—*oo

Type (2) lim x(t) = 0, lim x[1]  (t) = cy < 0;
t—>oo t^oo

Type (3) lim x(t) = c0 > 0, lim x[1] (t) = c} < 0;

Type (4) lim x(t) = c0 > 0, lim x[1] (t) = Cj > 0;
t—>-oo t—»oc

Type (5) lim x(t) = c0 > 0, lim x[1] (t) = oo;
t—*oo /;^oc

Type (6) lim x(i) = oo, lim x[1] (t) = cl 5

Type (7) lim x(t) = oo. lim x[1] (t) = oo.
Eventually positive solutions in M~ are of Types (l)-(3), eventually positive

solutions in M + are of Types (4)-(7). From Theorem 4.1.4 and the reciprocity
principle (see Subsection 1.2.8), necessary and/or sufficient conditions for their
existence can be obtained. To this end observe that the integral Jr [resp. Jc] for
(1.1.1) plays the same role as Jc [resp. Jr]  for the reciprocal equation (4.1.1).
Similarly, for the reciprocal equation (4.1.1) the integrals J\, J2 become

respectively. Then the following holds.

Theorem 4.1.5. Let c(t) < 0 for large t. Then the following statements hold:

(a) Every eventually positive solution of (1.1.1) in M~ is of Type (1) if and only
if J2 — 00 and R2 — 00.

(b) Eq. (1.1.1) has solutions of Type (2) if and only if R2 < 00.

(c) Eq. (1.1.1) has solutions of Type (3) if and only if J2 < 00.

Ri = lim / |c(i)|$f / r1-q{s)ds)dt,T^°° Jo Vo '
rT / rT \

R2 = lim / |c( i ) |$(/ r1-q(s)ds)dt,
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(d) Eq. (1.1.1) has solutions of Type (4) if and only if Ji < oo and R\ < oo.

(e) Eq. (1.1.1) has solutions of Type (5) if and only if J\ < oo and R\ = oo.

(f) Eq. (1.1.1) has solutions of Type (6) if and only if J\ = oo and R\ < oo.

(g) Every eventually positive solution in M+ is of Type (7) if and only if J\ = oo
and Ri = oo.

4.1.3 Uniqueness in M .

The uniqueness in the class M~ plays a crucial role in the study of the limit
characterization of principal solutions (see Theorem 4.2.7 in the next section).

Lemma 4.1.2 states that, when c is eventually negative, the class M~ is nonemp-
ty. In the linear case, the assumption

(4.1.H) f  ̂ + \c(t)\)dt = oo

is necessary and sufficient for uniqueness in M~ of such a solution; given to suf-
ficiently large and XQ > 0, there exists the unique solution x £ M~ satisfying
x(to) = xo, see [281, Theorems 3,4]. We will show that also for (1.1.1) such a
property is assured by a natural extension of condition (4.1.11).

Theorem 4.1.6. Let c(t) < 0 for large t. For any (to,xo) G [0, oo) x R\ {0}  , there
exists a unique solution x of (1.1.1) in the class M~ such that a;(to) = XQ if and
only if

(4.1.12) I (r-1-q{t) + \c{t)\s)dt = oo.

The following result can be easily proved and will be useful in the proof of
Theorem 4.1.6.

Lemma 4.1.6. Let c(t) < 0 for large t. If Jr = oo, then for every solution x of
(1.1.1) in the class M~ we have lim^oo a;M(£) = 0.

Proof of Theorem 4.1.6. Necessity. Assume (4.1.12) does not hold, i.e.,

/ \c{r)\dT <oo, / r^itfdt <oo,
Jo Jo

and let to be so large that

(4,,3) . - ( !  MrW,r)l  _ , . - . ( , ) „ « _.

Consider the solutions xi,X2 of (1.1.1) with the initial values zi(to) = £2(̂ 0) = 1
and
(4.1.14)
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where Cj are positive constants such that c\  ̂ c-i and

(4.1.15) l<c l<2.

Let us show that Xi s M~, i = 1,2. It is easy to show that solutions Xj are positive
decreasing on [0, to]- In order to prove that x, s M~, it will be sufficient to show
that Xi($)x\{€) < 0 for any t > to- Clearly solutions x, are positive decreasing in
a right neighborhood of to- Assume there exists ti > to such that x^t^x'^U) —
0,Xi(t) > O,a^(t) < 0 for to < t < tj, i = 1,2. Integrating (1.1.1) on {to,ti) we
have

(4.1.16) riUMx^U)) - ritoMx^to)) = / ' K T ^ O ^ T ) ) ^ .

If ^(t i ) = 0, from (4.1.14) and (4.1.16) we obtain

/

'OO ft i fti ftj,

\C{T)\<1T= \c{T)\^{Xi{T))dT < $(xi{t0)) \C(T)\(IT =  \C{T)\<IT
-0 "to  "  to "to

which implies
/ |c(r)|dT<0,
Ju

that is a contradiction. Now suppose Xi(U) = 0. For t e (to,U) from

r(t)$(^(0) > r(to)$(^(to)) = -Ci f |c(r)|di,
o

we obtain

or

^(t.) - a;(to) = -1 > -Q-1^)®-1 ( I \C{T)\(IT\ f ' r1"^* ) dt.
\Jt0 J Jto

Thus, by virtue of (4.1.15),

1<$-1(2)$-1 (f \C(T)\<IT) f rl-q{t)dt,
\Jta ) Jto

which contradicts (4.1.13) and the necessity of (4.1.12) is proved.
Sufficiency. Let us show that for any (to,a;o) € [0, oo) x K\ {0}  , there exists

at most one solution x of (1.1.1) in the class M~ such that x(to) = XQ when
Jr = oo or Jc = oo. Let x, y be two solutions of (1.1.1) in the class M~ such that
x(t0) — y(to),x'(to) > y'(t0). Consider the function d given by d(t) — x(t) - y(t).
Then d(t0) = O,d'(to) > 0. We claim that d does not have positive points of
maximum greater than to, i.e.,

d(t) > 0, d'(t) > 0 for t > to-
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Assume there exists t\ > to such that d{t\) > 0, d'(t\) = 0 and d'(t) > 0 in a
suitable left neighborhood I oft]. Without loss of generality suppose that d{t) > 0
for t £ I. Now consider the function G given by

G(t)=r(t)[$(x'(t))-$(y'(t))].

Hence G(ti) = 0. Taking into account that <E> is increasing and d'(t) > 0, we have
G(t) > 0, t £ I. In addition, from

G'(t) = \c(t)\[<i>(x(t))-^y(t))],

we obtain G'(t) > 0, t £ I, which gives a contradiction, because G(t\) = 0. Hence
the function d is increasing.

If Jc = oo then, by Lemma 4.1.5 we have J2 = 00. Then, in view of Corollary
4.1.1-(a), we obtain d(oo) = 0, that is a contradiction. If Jr = 00, then taking
into account that d'(t) > 0 for t > t0, the function G satisfies G(t) > 0, G'(t) > 0
for t > to and, by Lemma 4.1.6, lim^oo G(t) = 0, that is a contradiction. Finally
the existence of at least one solution x G M~ such that x(to) = %o is assured by
Lemma 4.1.2-(i). D

4.1.4 The case c positive

As already stated before, when c is eventually positive, equation (1.1.1) may be
either oscillatory or nonoscillatory. In this subsection, similarly to Subsection 4.1.2,
we provide a complete description of the asymptotic behavior of nonoscillatory
solutions of (1.1.1) also when c is positive.

Lemma 4.1.7. Let c(t) > 0 for large t and Jr = 00.

(i) If J2 = 00, then M+ = 0.

(ii)  If J-2 < QOj then equation (1.1.1) is nonoscillatory and M^ 7̂  0.

Proof. In view of Lemma 4.1.3-(ii) any nonoscillatory solution of (1.1.1) is in the
class M+. Then claims (i) and (ii) follow from [180, Theorem 4.2].

The following "uniqueness" result will be useful in the proof of the existence
of unbounded solutions. It is, in some sense, an analogue to Theorem 4.1.6 and its
proof can be found in [180, Theorem 4.3].

Theorem 4.1.7. Let c(t) > 0 for large t. Let r\ 7̂  0 be a given constant and assume
Jr = 00, J2 < 00. Then there exists a unique solution x of (1.1.1), x £ M+, such
that lim^oo x(t) = r\.

By using the previous result we obtain the next statement.

Theorem 4.1.8. Let c(t) > 0 for large t and assume Jr = 00, J2 < 00. Then
(1.1.1) has unbounded solutions, i.e, M^ / 0.
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Proof. Assume, by contradiction, that M+, — 0. In view of Lemma 4.1.7, let u
be a solution of (1.1.1) in the class M^ and let x be another solution of (1.1.1)
such that x(0) = u(0),x'(0)  ̂ u'(0). Hence x  ̂ u and from Lemma 4.1.3-(ii) we
have x S Mg. In view of Theorem 4.1.7 we have u(oo)  ̂ x{oo). Now consider the
solution w of (1.1.1) given by

We have w G Mg. But w(oo) = w(oo), that gives a contradiction. D

Lemma 4.1.8. Let c(t) > 0 for large t. If Jr < oo, then (1.1.1) has no unbounded
nonosdilatory solution, i.e., M ^ = 0.

Proof. The assertion follows, with minor changes, from [159, Lemma 2].

Concerning the existence in the class M~, we have the following statement.

Theorem 4.1.9. Let c(t) > 0 for large t.

(i) If Jc = oo, J\ < oo, then (1.1.1) is nonoscillatory and M^  ̂ 0.

(ii)  If JL = oo, then M~ = 0.

Proof. Claim (i) follows from [159, Theorem 4]. As for the claim (ii), let x £ M^
and, without loss of generality, assume x(t) > 0, x'(t) < 0 for t > T and x(oo) =
cx > 0. From (1.1.1) we have

D

Lemma 4.1.9. Let c(t) > 0 for large t. If (1.1.1) is nonoscillatory and Jr < oo,
then Mg  ̂ 0.

Proof. If Jc < oo, the assertion follows, as a particular case, from [286, Theo-
rem 2.2]. When Jc = oo the assertion follows from [61, Lemma 2-(ii)]-

By considering the mutual behavior of integrals Jr, Jc, J\, J-i it is possible to
summarize the situation in a complete way. Indeed, as regards the convergence or

x[1] (t)=x[1] (T)- c(s)$(x(s))ds <-${cx) c(s)ds
JT JT

or

At) <-cx^ (^ J\(s)ds) .

Integrating over (T, t) we obtain

x{t) - x(T) < -cx f $"x f-^T / c(T)dT] ds
JT Vis) JT )

that gives a contradiction as t —> oo.
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divergence of the above integrals, in view of Lemma 4.1.5, we have the following
six possible cases:

(Cl) Jr = Jc = Jx = J2 = oo,

(C2) Jr = J] = J2 = oo, Jc<  oo,

(C3) Jr = J\ = oo, Jc < oo, Ji < oo,

(C4) Jc — Jl—J2 — oo, Jr < oo,

(C5) Jc = J-2 = oo, Jr < oo, Ji < oo,

(C6) Jr < oo, Jc < oo, J\ < oo, J-2 < oo.

If (Cl) holds, then, as already claimed in Subsection 4.1.1, equation (1.1.1) is
oscillatory. In the remaining cases, from the above results we obtain the following
theorem, which is a natural extension of the linear case [64, Theorem 1].

Theorem 4.1.10. Let c{t) > 0 for large t.
If (C2) holds and equation (1.1.1) is nonoscillatory, then M ^  ̂ 0, M j =

M ^ = MQ = 0.
/ / (C3) holds, then equation (1.1.1) is nonoscillatory and M ^  ̂ 0, Mg  ̂ 0,

M ^ = MQ = 0.
/ /(C4) holds and equation (1.1.1) is nonoscillatory, then Mj^ = M^ = M B =

0, Mo ^ 0.
/ / (C5) holds, then equation (1.1.1) is nonoscillatory and M+, = M^ = 0,

Mg ^ 0, MQ ^ 0.
/ / (C6) holds, then equation (1.1.1) is nonoscillatory and M+, = 0, Mg  ̂ 0,

M B / 0, MQ ^ 0.

Proof. The proof follows from the previous statements of this section.
(C2) From Lemma 4.1.3-(ii) and Lemma 4.1.7-(i) we have M+ = MB = Mo =

0. Since (1.1.1) is nonoscillatory, we obtain M + = M+,  ̂ 0.
(C3) The assertion follows from Lemma 4.1.3-(ii), Lemma 4.1.7-(ii), Lemma

4.1.8.
(C4) From Lemma 4.1.3-(i) and Theorem 4.1.9-(ii) we have M+ = M^ =

Mg = 0. Since (1.1.1) is nonoscillatory, we obtain M~ = M^  ̂ 0.
(C5) The assertion follows from Lemma 4.1.3-(i), Theorem 4.1.9-(i), Lemma

4.1.9.
(C6) From Lemma 4.1.4-(iii), Lemma 4.1.8, Lemma 4.1.9, we obtain M ^ = 0,

Mg 7̂  0, MQ"  ̂ 0. Finally the existence in M B can be proved using an argument
similar to that given in the proof of Theorem 4.1.1 (see also [364, Theorem 3.3]
and its proof).

Taking into account that the possible cases concerning the convergence or di-
vergence of Jr, Jc, Ji, J-2 are the cases (Cl) - (C6), from Theorem 4.1.10 we easily
obtain the following result, which gives a necessary and sufficient condition for the
existence of nonoscillatory solutions of (1.1.1) in the classes M ^ , Mg, M^, MQ\

Theorem 4.1.11. Let c(t) > 0 for large t.
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(i) Assume (1.1.1) nonoscillatory. The class M+, is nonempty if and only if
Jr = oo.

(ii)  The class M j is nonempty if and only if J2 < 00.

(Hi) Assume (1.1.1) nonoscillatory. The class MQ" is nonempty if and only if
Jr < 00.

(iv) The class M^ is nonempty if and only if J\ < 00.

4.1.5 Generalized Fubini's theorem and its applications

In this subsection, we will show that half-linear equation (1.1.1) exhibits a "surpris-
ing" difference in asymptotic behavior of nonoscillatory solutions comparing with
linear equation (1.1.2). In particular, differences between the three cases p = 2,
p < 2, and p > 2 will be shown, especially as regards a possible coexistence of
nonoscillatory solutions with various asymptotics.

We consider equation (1.1.1) under the assumptions c(t) > 0 and

/

oo />oo

r1-q(t)dt = 00, / c(t) dt < 00.
When (1.1.1) is nonoscillatory and (4.1.17) holds, then by Theorem 4.1.10 every
nontrivial solution x of (1.1.1) satisfies x(i)x'(t) > 0 for large t, i.e., it belongs to
the class M+. The more detailed description of asymptotic properties of solutions
is given by the limit behavior of the quasiderivative #M = r<&{x').  Hence, in
addition to the previous classification of nonoscillatory solutions, we introduce
two subclasses in M+,

M+>0 := {xeM + : Hm ^ ( t ) = 0},

M + B := {xeM + : flim iW({ ) = 4 e (0,co)}.

Then every solution of (1.1.1) belongs to one of the subclasses M^, M ^ B and

Following the terminology introduced in [180], solutions in the class Mg are
called subdominant solutions, in M ^ 0 intermediate solutions and in M ^ B are
called dominant solutions. It is not known (see [180] where this problem has been
formulated), whether intermediate solutions can coexist with dominant and/or
subdominant solutions, and it has been shown in this paper that the existence of
such solutions is determinated by the divergence of the integrals

/ = / c(t) / r1-q(s)ds) dt,
Jo \./o /

 / (-0O \ <?— 1

J= rl-q{i)  I / c(s)ds\ dt.
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Hence the principal role is played by an extension of the classical Fubini theorem on
the change of integration in a double integral. In particular, the question whether

(4.1.18) J = oo<j=^/ = oo

plays an important role. If p — 2, then J — I (Fubini theorem) and so (4.1.18)
holds. The answer whether (4.1.18) remains to hold whenp 7̂  2 (under assumption
(4.1.17)) has been given in [96] and the result reads as follows.

Theorem 4.1.12. Let A, b be continuous nonnegative functions such that the
integral /0°° b(t) dt < oo.

(a) If a > 1, then

(4 .1 .19) / &(£)( / A ( s ) d s) dt<2[ / A ( i ) ( / 6 ( s ) d s) di .
./o ^ Jo ' \Jo ^Jt ' )

(b) IfO<a< 1, then

f°° / r°° \1/a ( f°° / f*  \ a \1/a

(4.1.20) / A(t)U b{s)dsj dt<i b(t)U A(s)ds) dtj .

In particular,

(a) Ifa>l,  then the condition

 / /"* \Q

(4.1.21) / b(t)( A(s)ds) dt = oo
Jo ^ Jo '

implies

(4.1.22) / A(t) ( / b{s)ds) = oo.
Jo ^Jt '

(b) IfO<a<  1, then condition (4.1.22) implies (4.1.21).

The following examples show that the opposite statements to the second part
of the previous theorem does not hold for p  ̂ 2, i.e., in general, the following cases
are possible, see [96, 180]:

(Ki) J = oo, / = oo,

(K2) J = 00, I < 00, when p > 2,

(K3) J < 00, / = 00, when p < 2,

(-K4) J < 00, / < 00.

Example 4.1.1. (a) Let

a > l , A( f )=e\ 6(i) = .
1 + i"
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In this case I < oo and J — oo.
(b) Let

A(t) = l, b(t) = (t + I ) - " - 1 (log(t + 1)) >\ 0<a</i<l.

In this case I — oo and J < oo.

Now we can answer the question whether intermediate solutions may coexist
with dominant or subdominant solutions and whether

(4.1.23) M+ B ^ 0 < ^ M+ ^ 0.

We start with the following result.

Lemma 4.1.10. The following statements hold:

(i) If J < oo, then (1.1.1) is nonosdilatory and Mg  ̂ 0.

(ii)  //M+ ^ 0, then J < oo.

(Hi) If I < oo, then (1-1.1) is nonoscillatory and M^ B ^ f l .

(iv) J/M+ B ^ 0, then I < oo.

(v) If J — oo anrf / < oo, i/ien (1.1.1) is nonoscillatory and M^, 0 7̂  0.

(vi) If (1.1.1) is nonoscillatory, then M+ 0 U M+ B 7̂  0.

Proof. Claims (i), (ii), (iii) , (iv) can be found in [180, Theorems 4.1,4.2], see also
some results of [159] obtained for a more general equation.

Claim (v): By (ii) and (iii ) we have M+ = 0 and M+ B  ̂ 0. Assume M+ 0 = 0,
i.e., all nontrivial solutions belong to M^ B. Then for any pair of linearly inde-
pendent solutions x, x we have lim^oo x^(t)/x^(t) = L ^ 0 and by L'Hospital's
rule

t^oc x(t) t^oc x'(t)

which yields a contradiction with the later given Theorem 4.2.7. Hence M^ 0 7̂  0.
Claim (vi) also follows from Theorem 4.2.7.

Concerning the linear equation (1.1.2), i.e., the case p = 2, from the state-
ments (i)-(iv) of Lemma 4.1.10 and the equality / = J, we have that solutions in
M ^ 0 cannot coexist with other types of solutions and (4.1.23) holds, see also [63,
Theorems 1,2].

Using Theorem 4.1.12 and statements (i)-(iv) of Lemma 4.1.10 this result can
be extended to the half-linear equation (1.1.1) as follows.

Theorem 4.1.13. Assume (4.1.17). We have the following statements,

(i) Letp> 2. //M+ ^ 0, then M+ B  ̂ 0.

(ii)  Letpe (1,2]. IfM^B  ̂ 0, then M+  ̂ 0.
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The following result describes the coexistence of solutions in cases (K3) and
(K4) and shows the discrepancy between the linear and half-linear equations.

Theorem 4.1.14. Assume (4.1.17).

(a) A necessary and sufficient condition for (1.1.1) to have solutions satisfying

then all solutions of (1.1.1) are in the class M , as we have shown in Subsec-
tion 4.1.4. This case can be treated by applying the previous results to the recip-
rocal equation (4.1.1).

(ii) Finally observe that when both integrals /°° r:^?(i ) dt, J°° c(t) dt are con-
vergent, integrals /, J are convergent as well, and so Mg 7̂  0 and M^ B 7̂  0. It is
an open problem whether M^ 0 7̂  0.

4.2 Principal solution

The concept of the principal solution of the linear second order differential equa-
tion (1.1.2) was introduced in 1936 by Leighton and Morse [236], and plays an
important role in the oscillation and asymptotic theory of (1.1.2). In this section
we show that this concept can be introduced also for (nonoscillatory) half-linear
equation (1.1.1).

M^=0, M+jO^0, M+B^0

is p > 2, J = oo and I < oo.

(b) A necessary and sufficient condition for (1.1.1) to have solutions with

M + ^ 0, M + ^ 0 , M + B = 0

is p E (1, 2), J < oo and / = oo.

Proof. The proof of the statement (a) and (b) follows from Lemma 4.1.10, items
(i)-(v) and items (i)-(iv), (vi), respectively.

The following continuation of Example 4.1.1 illustrates the previous statements.

Example 4.1.2. Consider the half-linear differential equation

The coefficients of this equation satisfies (4.1.17) (observe that A(t) = r1~q(t) =
e-(p-i)(i-q)t _ et-j  anĉ  as j^. w as si l o w n m Example 4.1.1, J = oo and / < oo. By
Theorem 4.1.14-(a), equation (1.1.1) possesses nonoscillatory solutions satisfying
(4.1.23).

Remark 4.1.2. (i) Note also when

/

OC /-OO

r1-q{t)dt < oo, / c(t) dt = oo,
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4.2.1 Principal solution of linear equations

First we recall basic properties of the principal solution of linear equation (1.1.2).
Suppose that this equation is nonoscillatory, i.e., any solution of this equation is
eventually positive or negative. Then, using the below described method, one can
distinguish among all solutions of this equation a solution x, called the principal
solution (determined uniquely up to a multiplicative factor), which is near oo less
than any other solution of this equation in the sense that

t^<x> x(t)

for any solution x which is linearly independent of x.
Let x,y be eventually positive linearly independent solutions of (1.1.2), then

r(t)[x'(t)y(t)-x(t)y'(t)]=:u,

where w ^ 0 is a real constant. This means that the function x/y is mono-
tonic (since (x/y)' = oj/(ry2)) and hence there exists (finite or infinite) limit
limbec x(t)/y(t) = L. If L = 0, x is the principal solution of (1.1.2), if L = oo,
the solution y is principal. If 0 < L < oo, we set x — x — Ly. Then obviously
lim^oc x(i)/y(i) = 0 and x is the principal solution. Observe that this construc-
tion of the principal solution is based on the linearity of the solution space of
(1.1.2).

Using the Wronskian identity, the principal solution x of (1.1.2) can be equiv-
alently characterized as a solution satisfying

Indeed, let y be a solution linearly independent of x. Then by the previous argu-
ment y/x tends monotonically to oo as t —> oo, hence

(4.2.2) lim f . d" t . = hm A = oo.
t^ocj r(s)x2(s) t^oc x(t)

Another characterization of the principal solution of (1.1.2) is via the eventually
minimal solution of the associated Riccati equation

(4.2.3) w' + c(t) + ̂  = 0.

Let x, x be linearly independent solutions of (1.1.2), the solution x being principal,
and let w = rx'/x, w = rx'/x be the solutions of the associated Riccati equation.
Without loss of generality we may suppose that x and x are eventually positive.
We have

m _ ~m =  r{t)x'{t) - r{tYx'{i) = r(t)W(t)x(t)-x>(t)x(t)}
{) (> x{t) x(t) x(t)x(t)
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The numerator of the last fraction is a constant and this constant is positive since
we have

r(t)[x'(t)x(t)-x'(t)x(t)]  = /£(*) V . n

r(t)x2(t) \x(t)J '
This follows from the fact that x is the principal solution, i.e., x/x tends mono-
tonically to oo. Hence, the solution w of the Riccati equation (4.2.3) given by the
principal solution of (1.1.2) is less than any other solution of (4.2.3) near oo, i.e.,
a solution x of (1.1.2) is principal if and only if

<"-4> W<JM totiaige(

for any solution x linearly independent of x. Conversely, let w = rx' jx be the
minimal solution of (4.2.3), i.e., w(i) < w(i) for large t, for any solution w of
(4.2.3), and suppose that the solution x of (1.1.2) is not principal, i.e., the integral
in (4.2.1) is convergent. Let T e K be such that J^° r~} (t)x~2(t)dt < 1 and
consider the solution w of (4.2.3) given by the initial condition w(T) = w(T) —
\/(2x2{T)). Put v = xl(w - w). Then v(T) = 1/2 and by a direct computation
we have

, = v2

V r(t)x*(ty
Hence

V(t) = ; < F55 < 1.
2- fTr-

1{s)x-2{s)ds ~ 2-J™r-1(s)x-2(s)ds ~

This means that v is extensible up to oo and hence w has the same property and
w(i) < w(t). This contradiction shows that the eventual minimality of w implies
that (4.2.1) holds, i.e., the associated solution x of (1.1.1) is principal.

The last construction of the principal solution of (1.1.2) which we present here
requires (in addition to nonoscillation of (1.1.2)) the assumption that for any to,
the solution of (1.1.2) given by the initial condition x(to) = 0, x'(to)  ̂ 0 has a
zero point to the right of  tg. We denote this zero point by ri(to). The function rj is
nondecreasing according to the Sturmian theory, hence there exists lim^oo f](t) =:
T and T < oo since we suppose that (1.1.2) is nonoscillatory. Now, the solution
x given by the initial condition x(T) = 0, x'(T)  ̂ 0 is the principal solution
of (1.1.2). This construction is used in the original paper of Leighton and Morse
[236]. Concerning other papers dealing with the principal solution of (1.1.2) and
its properties we refer to [174] and the references given therein.

4.2.2 Mirzov's construction of principal solution

This construction defines the principal solution of half-linear equation (1.1.1) via
the minimal solution of the associated Riccati equation (1.1.21). Nonoscillation of
(1.1.1) implies that there exist T £ M. and a solution w of (1.1.21) which is defined
in the whole interval [T, oo), i.e., such that (1.1.1) is disconjugate on [T, oo). Let
d s (T, oo) and let Wd be the solution of (1.1.21) determined by the solution
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Figure 4.2.1: Mirzov's construction of principal solution

Xd of (1.1.1) satisfying the initial condition x(d) = 0, r(d)$(x'(d)) = —1. Then
Wd(d-) = —oo and Wd(t) < w(i) for t G (T,d). See also Figure 4.2.1. Moreover, if
T < di < d2, then

wdl(t) < wd2(t) < w(t) forte(T,di).

This implies that for t G (T, oo) there exists the limit Woo(t) := lim^oo Wd{t)
and monotonicity of this convergence (with respect to the "subscript" variable)
implies that this convergence is uniform on every compact subinterval of [T, oo).
Consequently, the limit function WQO solves (1.1.21) as well and any solution w of
this equation which is extensible up to oo satisfies the inequality w{t) > Woo(t)
near oo. Indeed, if a solution w satisfies the inequality w(t) < Woo(t) on some
interval (Ti,oo), then for i G (Ti,oo) and d sufficiently large we would have
w(i) < Wdit) < Wooit). But this contradicts the fact that Wd(d-) = —oo and
that graphs of solutions of (1.1.21) cannot intersect (because of unique solvability
of this equation). Summarizing, we have found a solution wx of (1.1.21) with the
property that

(4.2.5) Wooit) <w(t), for large t,

for any other solution w of (1.1.21).

Now, having defined the minimal solution w^ of (1.1.21), i.e., a solution w^
such that (4.2.5) holds for any other solution w of (1.1.21), we define a principal
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solution of (1.1.1) at oo as a (nontrivial) solution of the first order equation

,4,,, '--i^h
i.e., the principal solution of (1.1.1) at oo is determined uniquely up to a multi-
plicative factor by the formula

( f t -i
x(t) = x(T) exp \ / r1-«(s)<I»-1(w00(s))dsL

UT J

Consequently, a solution x of (1.1.1) is principal if and only if

which is equivalent to (4.2.4).

Remark 4.2.1. (i) Mirzov actually used a slightly different approach in his paper
[291] which can be briefly explained as follows. Suppose that (1.1.1) is nonoscil-
latory and let w be a solution of the associated Riccati equation which exists on
some interval [T, oo) and let W :=  w(T). Denote by

W — {v G (—oo, W) : the solution w of (1.1.21) given by the
initial condition w(T) = v is not extensible up to oo},

i.e., W are initial values of solutions of (1.1.21) at t = T which blow down to
—oo at some finite time t > T. Note that the set W is nonempty what can be
seen as follows. Let T\ > T be arbitrary and consider a solution x of (1.1.1)
given by x(T\) = 0, x'{T\)  ̂ 0. Disconjugacy of (1.1.1) on [T, oo) implies that
x(t) ^ 0 on [T, Ti) and the value of the associated solution of the Riccati equation
w = r&(x')/$(x) at t = T clearly belongs to W. Now, let v :=  supW and let
WQC be the solution of (1.1.21) given by the initial condition w(T) = v. Then
this solution is extensible up to oo (supposing that this is not the case, we get a
contradiction with the definition of the number v) and the principal solution of
(1.1.1) is defined again by (4.2.6).

(ii) Let b be a regular point of equation (1.1.1) in the sense that for any 4 , B 6l
the initial condition x(b) = A, r(b)Q(x'(b)) = B determines uniquely a solution
of (1.1.1). Let Xb be a solution given by x\,{b) = 0, x'b(b) ̂  0. Replacing in the
above construction the point t = oo by t = b, i.e., Wb(t) :=  l im^b- Wd{t), it is not
difficult to see that Wb = r<fc(x'b)/$(xb). Consequently, what we call the principal
solution Xb of (1.1.1) at a regular point b G M is a nontrivial solution satisfying
the condition Xb(b) = 0.

4.2.3 Construction of Elbert and Kusano

This construction was introduced (independently of Mirzov's approach) in the
paper [145] and it is based on the half-linear Prtifer transformation.
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Figure 4.2.2: Construction of principal solution by Elbert and Kusano

Let (1.1.1) be nonoscillatory and let T be such that this equation is disconjugate
on [T, oo). Take a solution x which is positive on [T, oo). By the generalized Priifer
transformation (see Subsection 1.1.3) this solution can be expressed in the form

(4.2.8) x{t) = p{t) sinp tp{t), rq-l{t)x'{t) = p(t) cosp tp{t),

where p is a positive function, the half-linear sine and cosine functions sinp, cosp
were defined in Subsection 1.1.3 and the function ip is a solution of the first order
equation

(4.2.9) ip' = rl-*{t)\  cosp ^(*)|p + ^ |smP ¥>(*)!"

The fact that x(i) > 0 for t G [T, oo) implies that y>(£) G (/CTTP, (A; + 1)TTP) for some
even fe G Z and without loss of generality we can suppose that k — 0. Now, let r G
(T, CXD) and let ipT be the solution of (4.2.9) given by the initial condition </?T(T) =
np. Since any solution of (4.2.9) satisfies <//(£) > 0 whenever ip(t) = 0 (mod7rp),
the unique solvability of (4.2.9) (compare again with Subsection 1.1.3) implies
that ip(t) < ipT2(t) < <pTl(t) for t > T whenever T < n < r2 (see Figure 4.2.2).
Consequently, the monotonicity of <pT with respect to r implies that there exists
a finite limit

lim ipT(T) =(p*.

Now, the principal solution is the solution of (1.1.1) given by the initial condition

x(T)=sinp<p*,  x\T) = rl-«(T)cosvv*-

This means that we take p(T) = 1 in the definition of x, this can be done according
to the homogeneity of the solution space of (1.1.1).
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Theorem 4.2.1. A solution x of a nonoscillatory equation (1.1.1) is principal
in the sense of Mirzov's construction if and only if it is principal in the sense of
Elbert and Kusano.

Proof. Let xT be a nontrivial solution of (1.1.1) satisfying XT(T) = 0. This solution
can be expressed in the form

xT(t)=p(t)smp<pT(t), r1-q(t)x'T{t)=p(t)cospVT(t)1

where ipT is the solution of (4.2.9) satisfying <PT(T) — 0. The corresponding solution
of the associated Riccati equation (1.1.21)

satisfies wT (r—) = —oo. The minimal solution of (1.1.21) (which defines the princi-
pal solution of (1.1.1) in Mirzov's definition) is given by w(t) = liniT-̂ oo wT(t), i.e.,
it is just the solution satisfying w(T) — $(cotp ip*) and this is the solution of Ric-
cati equation (1.1.21) given by the principal solution obtained by Elbert-Kusano's
construction.

We finish this subsection with some examples of equations whose principal
solution can be computed explicitly.

Example 4.2.1. (i) Consider the one-term half-linear equation

(4.2.10) (r(t)$(x'))' = 0.

As we have mentioned in Section 1.4, the solution space of this equation is a
two-dimensional linear space with the basis x\{t) = 1, X2(t) = J r1~q(s)ds. The
Riccati equation associated with (4.2.10) isw' + (p—l)r1~q\w\q = 0 and the general
solution of this equation is

(4.2.11) w(t) = — p v , w(t)=0.
$fC + fTr

1-q{s)ds\

If f°° rl~q(t) dt = oo, then by an easy computation one can verify that w(t) = 0 is
the eventually minimal solution of this equation and hence x(t) = 1 is the principal
solution of (1.1.1). If j°°r l-q{t) dt < oo, then w(t) = - (Jt°° r

1-q(s) ds)1'11 is the
eventually minimal solution of the Riccati equation (we take C = — J °̂ rx~q(s) ds
in formula (4.2.11)) and x(t) = Jt°° r

1~q(s) ds is the principal solution of (4.2.10).

(ii) The nonoscillatory equation ($(a;'))' — (p — l)$(a;) = 0 investigated in
Subsection 1.4.1 has solutions x(t) = e  and all other solutions are asymptotically
equivalent to e*. Consequently, the solution x(t) = e~* is the principal solution at
oo.

(iii ) The Euler type equation

(4.2.12) ($(*'))' + l$(x) = 0



(4.2.14) v' + C(t) + (p - l ^ - ' ^ l v l 9 = 0,

respectively. Then w(t) < v(t) for large t.

Proof. Nonoscillation of (4.2.13) implies the existence of T € K such that w and
v exist on [T, 00). Suppose that there exists t\ € [T, 00) such that w(ti) > v(ti).
Let w be the solution of (1.1.21) given by the initial condition w{t\) = v{ti).
Then according to the standard theorem on differential inequalities (see e.g. [232])
we have w(t) > v(i) for t > t\, i.e., w is extensible up to 00. At the same time
w(t) < w(i) for t>t\ since graphs of solutions of (1.1.21) cannot intersect (because
of the unique solvability). But this contradicts the eventual minimality of w.

In some oscillation criteria, we will need the following immediate consequence
of the previous theorem.

Corollar y 4.2.1. Let J r1~q(t)dt = 00, c(t) > 0 for large t and suppose that
(1.1.1) is nonoscillatory. Then the eventually minimal solution of the associated
Riccati equation (1.1.21) satisfies w(t) > 0 for large t.

Proof. Under the assumptions of corollary, (1.1.1) is the majorant of the one-
term equation (r(t)$(y'))' = 0. Since J°° r1^q{t)dt = 00, y = 1 is the principal
solution of this equation (compare Example 4.2.1). Hence v(t) — 0 is the eventually
minimal solution of the associated Riccati equation which implies the required
statement.
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is nonoscillatory if and only if 7 < 7P = [(p — l)/p]p, see Subsection 1.4.2. If 7 = 7P,

then (4.2.12) has a solution x(t) = t~p~ and all linearly independent solutions are

asymptotically equivalent to t~ir logp t. Consequently, x{i) = t~ir is the principal
solution of (4.2.12). If 7 < 7P, then xx(t) = eAl t , x2(t) = eX2t, where Aj < A2 are
the roots of the algebraic equation (p — 1)[|A|P — $(A)] + 7 = 0, are solutions of
(4.2.12), and all other linearly independent solutions are asymptotically equivalent
to X2(t). Consequently, x(t) = x\{t) = eAl t is the principal solution of (4.2.12) in
this case.

4.2.4 Comparison theorem for eventually minimal solutions
of Riccati equations

Similarly as in the linear case we have the following inequalities for solutions of a
pair of Riccati equations corresponding to nonoscillatory half-linear equations.

Theorem 4.2.2. Consider a pair of half-linear equations (1.1.1),

(4.2.13) (R(tMy')y + C(t)<S>(y)=O

and suppose that (4.2.13) is a Sturmian majorant of (1.1.1) for large t, i.e., there
exists T e l such that 0 < R(t) < r(t), c(t) < C(t) for t e [T, 00). Suppose that
the majorant equation (4.2.13) is nonoscillatory and denote by w, v eventually
minimal solutions of (1.1.21) and of
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4.2.5 Sturmian property of the principal solution

In this short subsection we briefly show that the principal solution of (1.1.1) has
a Sturmian type property and that the largest zero point of this solution (if any)
behaves like the left conjugate point of oo, in a certain sense.

Theorem 4.2.3. Suppose that equation (1.1.1) is nonoscillatory and its principal
solution x has a zero point and let T be the largest of them. Further suppose that
equation (4.2.13) is a Sturmian majorant of (1.1.1) on [T, oo), i.e., 0 < R(t) < r(i)
and C(t) > c(t) for t £ [T, oo). Then any solution y of (4.2.13) has a zero point
in (T, oo) or it is a constant multiple of x. The latter possibility is excluded if one
of the inequalities between r, R and c, C, respectively, is strict on a nondegenerate
subinterval of [T, oo).

Proof. If (4.2.13) is oscillatory, the statement of theorem trivially holds, so suppose
that (4.2.13) is nonoscillatory and let y be its principal solution. Denote by w and
v the minimal solutions of corresponding Riccati equations (1.1.21) and (4.2.14),
respectively. According to the comparison theorem for minimal solutions of Riccati
equations presented in the previous subsection, we have w(t) > v(t) on the interval
of existence of w. Since we suppose that x{T) = 0, this implies that w(T+) = oo,
so the interval of existence of v must be a subinterval of [T, oo), say [Ti,oo),
i.e., T\ is the largest zero of the principal solution y of (4.2.13). If one of the
inequalities between r,R and c,C is strict, it can be shown that the possibility
T = T\ is excluded. Now let y be any nontrivial solution of (4.2.13). If y(t) ^ 0 for
t £ [Ti, oo), then the solution v = R$(y')/$(y) of the associated Riccati equation
(4.2.14) exists on [Ti,oo) and satisfies there the inequality v(t) < v(t) on [Ti,oo)
(since v(Ti+) = oo and v{T—) < oo) and this is a contradiction with minimality
off).

Remark 4.2.2. (i) Let T be the largest zero of the principal solution x of (1.1.1),
i.e., the same as in the previous theorem, and suppose that R(t) = r(t) and
C(t) = c(i) for t £ [T, oo). Then Theorem 4.2.3 shows that T plays the role of the
left conjugate point of oo in the sense that any nonprincipal solution of (1.1.1),
i.e., a solution linearly independent of x, has exactly one zero in (T, oo). Note that
the fact that this zero is exactly one (and not more) follows from the classical
Sturm separation theorem (Theorem 1.2.3).

(ii) In Remark 1.2.2 we have pointed out that the disconjugacy of (1.1.1) on
a bounded interval / = [a, b] (which, by definition, means that the solution x
given by x(a) = 0, x'(a)  ̂ 0 has no zero in (a, b]) is actually equivalent to the
existence of a solution without any zero in [a, b]. Theorem 4.2.3 shows that we have
the same situation with unbounded intervals or an interval whose endpoints are
singular points of (1.1.1). For example, if / = K = (—00,00), then disconjugacy
of (1.1.1) on this interval (i.e., no nontrivial solution has two or more zeros on
K) is equivalent to the existence of a solution without any zero on R, the solution
having this property is e.g. the principal solution (at 00).
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4.2.6 Principal solution of reciprocal equation
In this subsection we suppose that c(t) > 0 for large t. We will show that under
certain additional conditions a solution x of (1.1.1) is principal if and only if its
quasiderivative x  ̂ = r$>(x') is the principal solution of the reciprocal equation

(42i5) f£^K)V  + £^M  = 0

Recall that $>~1(u) = \u\q~2u, q = p/(p — 1), is the inverse function of $. We will
need the following auxiliary statement which is already partially hidden in Lemma
4.1.3. Here we reformulate the statement into the form directly applicable in the
proof of the main result of this subsection (and also in the proof of the main result
of Subsection 4.2.8 given below).

Theorem 4.2.4. Let (1.1.1) be nonoscillatory and Jr + Jc = oo. Then a solution
x of (1.1.1) is principal solution if and only if its quasiderivative x  ̂ is principal
solution of (4.2.15).

Proof. Assume that x is the principal solution of (1.1.1). Then u = x^(t) is a
solution of (4.2.15); let u be another solution of (4.2.15) such that M / AM for
any A G K. Since reciprocity is a mutual property, the function x = Q~1(u'/c)
is a solution of (1.1.1) and clearly x  ̂ \ix for any / j £ l . Because x is principal
solution, taking into account that $ is increasing, from Riccati equation (1.1.21)
we obtain for large t

xW(t) x^(t)
(4'2-16) c(t)$(x(t)) < c(tMx(t))'

From the relationship between a^xW and between x, x^\ we have

t $ >
From Lemma 4.1.3, as claimed, all the solutions of (4.2.15) are in the same class
(M+ or MT). Then either u{t)/u'{i) > 0 or u(t)/u'(t) < 0 and from (4.2.17)
we obtain u'{t)/u(t) < u'(t)/u(t) which means that u is the principal solution of
(4.2.15). The converse can be proved by using a similar argument.

The following example shows that Theorem 4.2.4 does not hold if the assump-
tion Jr + Jc = oo is violated. This example is "linear", i.e., it concerns linear equa-
tion (1.1.2), but it can be modified to half-linear equations (1.1.1) and (4.2.15).
Example 4.2.2. Consider the linear equation

(4.2.18) ((*  + 1) Iog2(i + 2)x'{t))' + l°(tl+2y <t) = 0-

Clearly, in view of property (4.2.1), x(t) = (log(t + 2)) is a principal solution of
(4.2.18). It is easy to verify, again from (4.2.1), that the quasiderivative of x

*> = ) = - £
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is a nonprincipal solution of the reciprocal equation

G m H ' + ( « + i)kU + 2)ll(t ) = 0-
Observe that Theorem 4.2.4 cannot be applied since Jr < oo and Jc < oo.

4.2.7 Integrals associated with eventually minimal solution
of Riccati equation

In this subsection we present some necessary and/or sufficient integral conditions
for a solution w to be the minimal solution of (1.1.21). Similarly to some previous
parts of the book, we reformulate the Mirzov results originally stated for first order
system (1.1.8) (see [292, Sec. 15]) to (1.1.1). We will use the following notation:

I q® (a) for x = a,

a(v,z) := min{F(x, z) : v < x < z},

P{v,z) :— max {F(x,z) : v < x < z} ,

and

m* = min{F(x, 1) : 0 < x < l } , m* = max{F(x, 1) : 0 < x < l } .

An important role is played by the following statement.

Theorem 4.2.5. Let w be the minimal solution of Riccati equation (1.1.21)
defined on an interval [io,oo), v be a continuous function on [to,oo) such that
v(t) < w(i) for t >to, and suppose that the inequality

(4.2.19) liminf (w(t) - v(t))~iq~1) exp f - / r1-g(T)a(v(T), W(T)) dr j < oo

holds. Then

poo / ft \
(4.2.20) / r1-q(t)e^.p - / r 1 " 9 ^ ) ^ ^ ^ ) , W(T)) dr \ dt = oo.

Jt0 V Jto )

Proof. We assume the contrary. In view of (4.2.19), there exists a sequence {tk}
such that tk < tk+i, lim tk = oo and

(4.2.21) lim (w(tk) - v(tk))~
('9~1) exp ( - / rJ^q(r)a(v(T), w{T)) dr) < oo.

k^°°  V Jto J

Consider a sequence of solutions wn of equation (1.1.21), which are defined by
the initial conditions wn(to) = w(to) + (v(to) — w(to))/(n+ 1). Since the solution
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w is minimal, every solution wn of (1.1.21) blows down to —oo at some t = Tn,
i.e., \imt^Trl wn(t) = -oo and v(t) < wn(t) < w(t) for t0 < t < Tn. Obviously,
Tn < Tn+1 and limn^oo Tn — oo. Choose a subsequence of the intervals [Tni,Tni+i)
such that each interval contains at least one point of the sequence {£&} . Set tki =
max {ti,t<2, , tk,  } fl \Tni,Tni+]). By virtue of the continuous dependence of
a solution on the initial data, there exists a solution Wkt of (1.1.21) such that

, s Wki(tki) = V(tki), Wni(t0) < Wki(to) < Wn, + l{to),

v(t) < wki(t) < w(t) for t0 < t < tki.

From (1.1.21) it can be easily obtained that for to < t < tkt,

where dki = {w{t0) - wkr(t0))
q^1- Let us multiply (4.2.23) by

-r^i^expf- j rl-q{s)(w(s) - wki{s))q~l ds)

and integrate the obtained equality from to to t. Then we get

(4.2.24) e x p f - f ^(T)(W(T) - wkl{T))M dr\

= 1-4, I rl-i(T)exp(- f r1-\s)F(wki{s),w{s)) ds) dr,
Jto \ Jto /

Equalities (4.2.23) and (4.2.24) imply
(4.2.25)

(w(t)-w (i))"- 1 - ^ ^  (-krl~q{T)F{^ ^-™^  dT)
l-dfcJtV-'Mexp (-fty-i(s)F(wki(s),w(s))ds) dr '

For t = tki, from (4.2.25) in view of (4.2.22) and the definition of the function a
we obtain

,mt , . ))q-i  < dkiexP(-  ̂ r^"(T)a(v(r)Mr))dr)
[ ' ~ 1 - dki J  ̂ ri-itfexp ( - Jt

T
ar

1-i{s)a(v(s),w{s)) ds) dr '

If we pass to the limit in this inequality, in view of (4.2.21) and the equality
lim d  ̂= 0, we obtain the contradiction.

i—>oc

Using the previous statement, we can now prove the following necessary con-
dition for a solution w of Riccati equation (1.1.21) to be the minimal one.

Corollar y 4.2.2. Let

r1-q{t)dt = (x

0
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and let w(t) > 0 for t > to be the minimal solution of Riccati equation (1.1.21).
Then

(4.2.27) / r ^ ^ ^ e xp ( - m* / r1'"  {T)wq-1 {T) dr ) dt = oo.

/n particular, if x is the principal solution of (1.1.1), then

(4.2.28) / , . . f . .,— = oo.

Proof. We assume the contrary. Then in view of (4.2.26) we have

( r1-q(t)wq-1{t)dt = oo

Jto
and hence

( f t \
liminf u}" (9"1}(t)exp -m* / rl-q{s)wq-l(s) ds )= 0.
*^°° V Jto /

Indeed, if this is not the case, then there exists a number d > 0 such that

/ ft  \
dw9"1^) <exp -m* / r 1 - 9 ^ ) ^ " 1 ^ ) ^

V Jto /

for t > to- Consequently,

d I r1-q{T)wq-1{T)dT< I rx-q{T)exp ( - m* I r1-«(s)w^1(s) ds ) dr.
Jto Jta \ Jto /

Since we have assumed that (4.2.27) is violated, the right-hand side of the last
inequality tends to a finite number as t —> oo, while the left-hand side tends to
oo, i.e., we obtain a contradiction. Now, if we set v(t) = 0 in Theorem 4.2.5 and
note that a(0,z) = m*zq~1, then we conclude that (4.2.27) is valid by virtue of
Theorem 4.2.5. Divergence of the integral in (4.2.28) follows from the relationship
between solutions of (1.1.1) and (1.1.21).

Now we turn our attention to a sufficient integral condition for a solution of
(1.1.21) to be the minimal one.

Theorem 4.2.6. Let a continuous function v, defined on [to, oo), be such that for
any solution w of Riccati equation (1.1.21), the inequality v(t) < w(t) is valid for
t > to, and a solution w of (1.1.21), defined on [£o,oo), satisfies the condition

 ( /"' \
(4.2.29) / r1~q(t)e-xp - / r1^"(T)P(V(T), W{T)) dr) dt = oo.

Jt 0 V Jt 0 J
Then w is the minimal solution of Riccati equation (1.1.21).
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Proof. First we note that if w(t\) = v(t\) for some t\ s [io,oo), then w is the
minimal solution. Indeed, if not, then there exists a solution w of (1.1.21), defined
on [io,oo) and satisfying the inequality w(t) < w(t) for t > t0. But then w(t\) <
w(ti) = v(ti), which contradicts the fact how the function v is chosen.

Now we consider the case v(t) < w(t) for t > to and suppose that the conclusion
of the theorem is not true. Then there exists a solution w of (1.1.21) satisfying the
inequalities

(4.2.30) v(t) < w{t) < w(t) for t > t0-

Since for t > to,

(*„ ) - „(,))«- = * . « P ( - £ ' - W W . « M ) * ) |
1 - do J V - « ( T) cxp ( - /t^ r1-"(s)F(u.(s),w)(s)) ds) dr

to

where do = (w(to) ~ u>(to))q~1, by virtue of (4.2.30) we obtain the inequality

w o - ,„(,))« - > ^ ( - I : ' - I »H>») ) " )

The last inequality yields the contradiction in view of (4.2.29).

As a consequence of the previous theorem we have the following statement.

Corollar y 4.2.3. Let (4.2.26) hold, the integral J c(t) dt converge with
Z'OC

(4.2.31) C(t):= c(s)ds>0 for large t,
it

and let w be an eventually nonnegative solution of Riccati equation (1.1.21) satis-
fying

f°° ft'1 \
(4.2.32) / rl-q{t)eyLY>[ -m* I rl-q{T)wq-l{T)dT)dt = oo.

it0 \ it0 J
Then w is the minimal solution of (1.1.21). In particular, if

(4-2.33) / . . f . . . = oo,
v ' J rc>- l{t)xm (t)
then x is the principal solution of (1.1.1).

Proof. According to our assumptions, the function w solves the Riccati integral
equation

O

(4.2.34) w(t) = (p-l) ^-"(T^wWdT + Ctf),
it

which implies that w(t) > 0 for large t. Now, the statement follows from the
previous theorem with v(t) = 0 taking into account that [3(0, w) = m*wq~1.
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4.2.8 Limit characterization of the principal solution

The "most characteristic" property of the principal solution in the linear case
is the limit characterization (4.2.2). In this subsection we show that the limit
characterization holds provided c(i) / 0 for large t also for half-linear equation
(1.1.1), i.e., we prove that x is the principal solution of (1.1.1) if and only if

(4.2.35) lim 4 4 = 0
V ' t^oo X(t)

for any solution x of (1.1.1) linearly independent of x.
First we reformulate and complement some statements of the previous section

to be directly applicable in the proof of the limit characterization of the principal
solution.

When c(i) < 0 for large t, we denote conditions involving integrals J\, J2 as
follows:

(Ci) J2 = oo; (C2) J\ = oo, J2 < oo; (C3) J\ < oo, J2 < oo,

where the integrals J i, J2 are defined by (4.1.3)

Lemma 4.2.1. Suppose that c(t) < 0 for large t.

(i) If (Ci) holds, then M~ = Mo ^ 0.

(ii)  If (C2) holds, then M" = M^ ̂  0.

(in) If (C3) holds, then Mo  ̂ 0 and M B  ̂ 0.

In addition, when (Ci) or (C3) holds, there exists a unique solution x of (1.1.1)
in the class MQ~ such that x(to) = fj, for any (to,fi) € [0, 00) x K \ {0} . When
(C2) holds, there exists a unique solution x of (1.1.1) in the class Mg such that
x(to) = [i  for any (to, A4) e (0, 00) x R \ {0} .

Proof. Claims (i)-(iii ) follow from [59, Theorem 9], see also Theorem 4.1.4. The
existence of solutions in M~ has been shown in [71]. The uniqueness can be ob-
tained by using a similar argument as given in the final part of the proof of [57,
Theorem 4].

Lemma 4.2.2. Let c(t) < 0 for large t and assume the case (C3) of the previous
lemma. If x is a solution of (1.1.1) in the class MQ~, then

lim r{t)${x'{t))  + 0.

Proof. Assume lim^oo r(t)$(x'(t)) = 0 and, without loss of generality, suppose
0 < x(i) < 1, x'(t) < 0 for t > T > 0. Integrating (1.1.1) over (t, 00), t > T, we
obtain

/

OO /"OO

c(s)${x(s)) ds < $(.T(t)) / c(.s) ds.
Jt
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Since x(t) < 1, we have

$(x(t)) "  r(t) Jt
 K '

or

Integrating on (T, t), t > T we obtain

that gives a contradiction as t —> oo. D

Lemma 4.2.3. Lei c(f) > 0 /or Zarge t.

(i) Assume Jr = oo. Then any bounded nonoscillatory solution x of (1.1.1)
satisfies lim^oo x^(t) = 0.

(ii)  Assume that (1.1.1) is nonoscillatory and Jr < oo. Then (1.1.1) has a solu-
tion x such that lim^oc x{t) — 0.

(in) Assume Jr < oo, Jc < oo. Then any solution x of (1.1.1) in M~ satisfies

lim x[1] (t) = 4 ,
t^oc

where 0 < |4| < oo.

Proof. Claim (i): Let a; be a bounded nonoscillatory solution of (1.1.1). In view of
Lemma 4.2.3, x G M+ and, without loss of generality, suppose x(t) > 0,x'(t) > 0
for t > tx > 0. Because x  ̂ is (positive) decreasing on (£x,oo), if ^^'(oo) > 0, we
have

ft
x{t)>x(tx) + <S>-1(x[1] (ocj) / r1-q{s)ds

Jtx
that gives a contradiction as t —> oo.

Claim (ii): If Jc < oo, the assertion follows, as a particular case, from [286,
Theorem 2.2]. Assume now Jc = oo and consider the reciprocal equation (4.2.15)
(its solutions are of the form y = r$(x') = a;W). Taking into account the reciprocity
principle and the fact that yW = $^1(y'/c), it is sufficient to show that there exists
a solution y of (4.2.15) such that yW(oo) = 0. Assume that all (nonoscillatory)
solutions y of (4.2.15) satisfy j/M(oo)  ̂ 0. Let v be a principal solution of (4.2.15)
and, without loss of generality, suppose v(t) =£ 0, i>W(£)  ̂ 0 for t > tv > 0. Because
|t>M| is decreasing, we have

Av '- }^o Jti v2(S)vM(s) ~ |V[i](oo)| t^o {^j - ^T)J

Because v G M+, we have Av < oo, i.e., a contradiction with Theorem 4.2.8 given
in the next subsection.
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Claim (iii) : Without loss of generality assume x(t) > 0, x'(i) < 0 for t > tx > 0.
Integrating (1.1.1) on (tx,t) we obtain

ft ft
x[1] (t)-x[1] (tx) = - c(s)${x(s))ds >-$(x(tx)) c(s)ds.

Jtx Jtx

Taking into account that x  ̂ is negative decreasing, as t —> oo the assertion follows.
D

Now, we are ready to formulate the main result of this subsection.

Theorem 4.2.7. Suppose that (1.1.1) is nonoscillatory and c(t) 7̂  0 for large t.
Then a solution x is principal if and only if the limit characterization (4.2.35)
holds for every solution x linearly independent of x.

Proof. The proof follows different ideas in cases c(i) < 0 and c(t) > 0, so we divide
it into two parts.

(I) The case c(t) < 0 for large t.
"=>": Let i be a principal solution of (1.1.1). Since in case c(t) < 0 both

classes M + , M~ are nonempty, we have x £ M~ and there are two possibilities:
(i) x(oo) = 0, (ii) £(oo) 7̂  0. Suppose case (i); if x e M+, (4.2.35) is clearly
satisfied; if x G M~, in view of the homogeneity property, the function

> = t*>
is a solution of (1.1.1), such that w(0) = x(0)  ̂ 0. By uniqueness in M^~, it
holds x(oo) 7̂  0, that yields the assertion. Suppose case (ii) and, without loss of
generality, assume x(t) > 0, x'(t) < 0. Integrating (4.2.15) on (T,i),T large, we
obtain

0<*(oo)<*(T)i^.

Then no solution of (1.1.1) converges to zero as t —>  oo and, from Lemma 4.2.1,
the case (C2) holds. Using again homogeneity property, it is easy to show that
x € M + . In view of [59, Theorem 4] and also Theorem 4.1.4, x is unbounded and
(4.2.35) follows.

: Without loss of generality, assume there exists an eventually positive
solution x such that (4.2.35) holds for any solution x of (1.1.1) such that x 7̂  Ax,
A s M. Clearly x s M~, otherwise, if x S M + , by choosing x G M~, condition
(4.2.35) fails. When x e M+, condition (4.2.5) is satisfied. Now assume x G M~,
and, without loss of generality, suppose x(t) > 0, x'(t) < 0. Taking into account
the homogeneity property and the uniqueness in MQ~, we obtain x{oo) > 0 and so,
from Lemma 4.2.1. the case (C3) holds. Applying Lemma 4.2.2 and taking into
account that r(t)$(x' (t)) is negative increasing, there exists a positive constant m
such that
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Taking into account (4.2.35), we obtain for large t

x(t) x'(t)

W)<WY
i.e., (4.2.5) holds with w instead of wM.

(II) The case c(t) > 0 for large t.
"<=":  Assume that (4.2.35) holds for any solution x of (1.1.1) such that x ̂  Ax,

A £ K. Suppose that x is a nonprincipal solution of (1.1.1) and let z be a principal
solution of (1.1.1). Without loss of generality, assume x(t) > 0, z(i) > 0 for
t > t\ > 0. Then for t > t\ we obtain

(4.2.37) z'(t)/z(t) < x'(t)/x(t)

and, because x ^ \iz for any / i gE, from (4.2.35) we have

(4.2.38) lim x(t)/z(t) = 0.

In view of (4.2.37), the ratio x(t)/z(t) is positive increasing, that gives a contra-
diction with (4.2.38).

"=>": Assume now that x is the principal solution of (1.1.1) and let us show that
(4.2.35) holds for any solution x of (1.1.1) such that x  ̂Xx, A G K. Without loss
of generality, assume x(t) > 0, x(t) > 0 for t > t\ > 0. In view of (4.2.37), the ratio
x(t)/x(t) is (positive) decreasing. Three cases are possible: (A) Jr = oo, Jc < oo;
(B) Jr < oo, Jc = oo; (C) Jr < oo, Jc < oo.

Case (A): There are two possibilities: either (Ai) all solutions of (1.1.1) are
unbounded (as t —> oo), or (A2) (1-1.1) has a bounded solution.

Assume (Ai) : In view of Lemma 4.2.3, x, x G M+. From Theorem 4.2.4, x  ̂is a
principal solution of (4.2.15) and so the ratio x^(t)/x^(t) is (positive) decreasing.
Then there exists the limit

lim ^!r r = l i m * (^Q) =L, L>0.
t-»i[l](j ) t^oo \x'(t)J

By L'Hospital's rule we obtain

t^oo X{t) t^oo X'(t)

If L = 0, the assertion follows. If L > 0, we have

r x'{t) 1 r x'(t) i" 1 _ x'(t) x\t) x^jt) _ 1

Hence both integrals

Jtl x2(s)xM(S) ' Jtl x2(s)xW(s)
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have the same behavior as t —>  oo, that contradicts Theorem 4.2.8 given in the next
subsection, because x is the principal solution of (1.1.1) and a; is a nonprincipal
solution.

Assume (A2): From (4.2.15) we obtain, for t > tl, x{t) < [x(ti)/x(ii)]x(t) ,
that yields the boundedness of x. If x is unbounded, the assertion immediately
follows. Now assume x bounded and let \m\t^oo[x{t)/x{t)\ = d > 0. In view of
Lemma 4.2.3-(i), lim^oo x  ̂ (t) = lim^oo xW (t) = 0 and, by L'Hospital's rule, we
obtain

lim ^ = lim * m) = m .

Using again a similar argument to that given in the final part of the proof of claim
(Ai) , we obtain a contradiction and in case (A) the proof is complete.

Case (B): Taking into account Lemma 4.1.3 and Lemma 4.2.3-(ii), clearly
x(oo) — 0. If x(oo) > 0, the assertion follows. Now assume x(oo) — 0. In view
of Theorem 4.2.4, applying the same argument as in case (A) to the reciprocal
equation, we obtain

x^(t)
lim ^-jfl = 0,

that implies limt^oo[x'(t)/x'(i)] = 0. Hence the assertion follows by using the
L'Hospital's rule.

Case (C): In view of Lemma 4.2.3 (ii)-(iii) , we have x(oo) = 0, xW(oo) ^= 0.
If x £ M+, or x € M~ and x{pd) ^ 0, then the assertion follows. Now suppose
x s M~, x(oo) = 0. In view of Lemma 4.2.3-(iii), we have a;W(oo)  ̂ 0. Taking
into account the homogeneity property, we can suppose xW(oo) = x^^oo). Now
define v = x^(t), y = x^(t). Then v and y are solutions of the reciprocal equation
(4.1.1) and v,y € M+. Because t>(oo) = y(oo) ^ 0 and u^^oo) = y^(oo) = 0, we
obtain a contradiction with Theorem 4.1.7 and the proof is complete.

4.2.9 Integral characterization of the principal solution

Among all (equivalent) characterizations of the principal solution of linear equa-
tion (1.1.2), the most suitable seems be the integral one (4.2.1), since it needs to
know just one solution and according to the divergence/convergence of the charac-
terizing integral it is possible to decide whether or not it is the principal solution.
The remaining characterizations require to know other solutions since they are of
comparison type. In the linear case, this is not serious disadvantage because of
the reduction of order formula which enables to compute all solutions (at least
locally) of the linear second order equation when one solution is already known.
However, in the half-linear case we have no reduction of order formula as pointed
in Section 1.3, so some kind of the integral characterization would be very useful.
An attempt to find an integral characterization of the principal solution of (1.1.1)
has already been presented in Subsection 4.2.7, see (4.2.28), (4.2.33). However,
since TO* < TO* if p  ̂ 2, these formulas do not provide the equivalent integral
characterization of the principal solution. In the main result of this subsection we
present one candidate for the equivalent integral characterization of the principal
solution of (1.1.1).
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First we prove an auxiliary statement concerning the function P introduced in
Subsection 1.2.1.

Lemma 4.2.4. The function P(u,v) defined in (1.2.2) satisfies the following in-
equalities

(4.2.39) P(u,v) ^ hu\2-p {<$>{u)  - vf , p^2, $(«) ^ v, u ̂  0,

and

(4.2.40) P(M,W)^-—-—r \u \ 2- p($ (u) -v )2, p^2, |$(u)| > \v\, uv > 0.

More generally, for every T > 0 i/iere exisfe a constant K = K(T) such that

(4.2.41) P M ^ T ) ! ^ 2 - ^ ^ ) - ? ; ) 2 , p ^ 2, $(u) ^ v, -^- <T.

Proof. We present an outline of the proof only, for details we refer to [108, 117].
We have

[q $(u) <3>(M) p)

and

H2-'<»-*(«))J = i » r ( ^ - i ) 2 .

Denote F(t) = \t\i/q-t+l/p, G(t) = (t-1)2/2- The function H = F-G satisfies
H(-l) = 0 = F( l ), F(0) = 1/p - 1/2 ^ 0 for p ̂  2 and a closer investigation of
the graph of this function shows that (4.2.39) and (4.2.41) really hold.

We will also need the following partial result concerning asymptotics of the
nonprincipal solution of (1.1.1).

Lemma 4.2.5. Assume that (1-1.1) is nonosdilatory and Jr < oo, Jc = oo. Let
x be a nonprincipal solution of (1.1.1). Then lim^oo |xM(£)| = oo.

Proof. Let i be a principal solution of (1.1.1). From Lemma 4.1.3 and Lem-
ma 4.2.3-(ii) we have x,x S M~ and a;(oo) = 0. Assume |a;W(oo)| < oo. From
Theorem 4.2.7, limt^oo[x(t)/a;(t)] = 0. In view of Theorem 4.2.4, x  ̂ is principal
solution of (4.2.15)) and so Theorem 4.2.7 yields linit^oo^11 (t)/'x  ̂ (t)} = 0, that
implies ^^(oo) = 0. This is a contradiction because \x^\ is eventually positive
increasing.

Now we are ready to formulate and prove the main result of this subsection.

Theorem 4.2.8. Suppose that equation (1.1.1) is nonos dilatory and x is its so-
lution such that x'(t)  ̂ 0 for large t.
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(i) Letpe (1,2). / /

f°° dt

<4-2-42'  vwmw^=co-
then x is the principal solution,

(ii)  Let p > 2. If x is the principal solution, then (4.2.42) holds.

(in) Suppose that J°° r1~q(t) dt = oo, the function ^(t) := J4°° c(s) ds exists and
l{t)  > 0, but -~f(t) ^ 0 eventually. Then x(t) is the principal solution if and
only if (4.2.42) holds.

(iv) Let c(t) > 0 for large t, J°° r1^q(t) dt < oo and J°° c{t) dt = oo. Then x(t)
is the principal solution if and only if (4.2.42) holds.

Proof, (i) Suppose, by contradiction, that a (positive) solution x of (1.1.1) satis-
fying (4.2.42) is not principal. Then the corresponding solution wx = r<&(x'  jx) of
the associated Riccati equation (1.1.21) is not eventually minimal. Hence, there
exists another nonoscillatory solution y of (1.1.1) such that

(4.2.43) wy = r&(y'/y) < wx eventually.

Due to the Picone identity given in Subsection 1.2.1 we have

r(t)\x'\p -c(t)xp = [xpwy]'  +pr1-q(t)xpP(<S>-1(wx),wy)

and at the same time

r{t)\x'\p - c(t)xp = {xpwx)' - x [(r(t)$(a:'))' + c(t)$(x)] = {xpwx)'.

Subtracting the last two equalities, we get

[xp(wx-wy)]'=pr 1-q(t)xpP^-1(wx),wy).

Let f(t) = xp(wx — Wy). By (4.2.43) there exists T sufficiently large such that
f(t) > 0 for t > T. Then by Lemma 4.2.4 we have

J2 = -^rl-q{t)xpP{<$> q{wx),ivy)

p x^-ijt) rq-i(tW/x*-P(w _w)2
> 2 [xP(wx - wy)]*

 {) ' [Wx v)

=  p

2r(t)x2\x'\P-2'

Integrating the last inequality from T to T\ (T\ > T), we have
1 1 1 p rTi dt

W) > W) ~ 7m) - 2 JT r(t)x*(t)\x'(t)\r-*
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and letting T\ —> oo we are led to contradiction. Hence a solution satisfying (4.2.42)
is principal.

(ii) We proceed again by contradiction. Suppose that x is the principal solution
and I(x) < oo. Let T be chosen so large that x(t) > 0 for t > T and

r°° dt I

JT r{t)x*{t)\x'{t)\P-'>  < p-

Consider the solution w(t) of Riccati equation (1.1.21) given by the initial condition

where w = r$(.i'/.i), i.e., w(T) < w(T). We want to show that w(t) is extensible
up to oo. To this end, denote f(t) = xp(t)(w(t) - w(t)). Then f(T) = 1/2 and
using the Picone identity, we have

j 2 = P-j^P{r"- 1it)x',m(x)),

hence, integrating this identity from T to t

By (4.2.39) of Lemma 4.2.4 we have

(ri- lx' \ 1 rf-lx' 2~p . N2

which means, using (4.2.44) and taking into account that f(T) = 1/2,

f(t) <  [2-PJT y(s)
 WP(rH ( ^ ( S)M4»" i ^

"  [2~PJT 2r(t)x*(t)\x>(t)\P-*J " L

Consequently, 1/2 < f(t) < 1 and /(£) can be continued to oo, hence w(i) is a
continuable up to infinity solution of (1.1.21) and w(t) < w(t) for t > T, i.e., w(i)
is not minimal. Thus, the solution x(t) is not principal, which was to be proved.

(iii ) The principal solution x(i) of (1.1.1) is associated with the minimal solu-
tion w(t) of (1.1.21) and hence it is also the minimal solution of the Riccati integral
equation (the convergence of J r1~g(t)\w(i)\q dt follows from Theorem 2.2.3)

C

w(t) =  1(t) + (p - 1) / r1-"(s)|w(s)|«ds, t>Tu
Jt

and by the assumptions on 7(t), there exists T eR such that w(t) > 0 for t > T.
Since w is the minimal solution, for any other solution w of (1.1.21) we have
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w(t) > w(t) > 0 for t > T{ > T, and hence the associated solutions x(t) and x(i)
satisfy the inequalities x'(t) > 0, x'(t) > 0 for t >

Now the proof goes in different ways according t o l < p < 2 o r p > 2.
Case A (1 < p < 2): By the part (i) it is sufficient to show that the integral in

(4.2.42) is really divergent. Suppose the contrary, i.e.,

f°° dt
I <"  no

J r(t)x*(t)\x'(t)\r-2

Let X2 > Ti be chosen so large that

f°° dt < 2 ( p - l )
JT2 r(t)x2(t)\x'(t)\P-2 ~ p

Consider the solution w(t) of (1.1.21) with the initial condition

and accordingly, let the function /(£) be defined by

f(t)=xP(t){w(t)-w(t)}.

Clearly, /(T2) = 1/2. Following the computation in the proof of the claim (i), we
find

hence by (4.2.40)

m_  ̂ 1
P{t) ^2(p-l)r(i)£2(i)|5'(i)|P-2

and integrating this inequality over [T2,t] we find
1 1 1 p /"*  ds

JW)~W) < 2p~^lJT2r(s)x2(S)\x>(S)\P-z

< -Jr—T - <i
2(p-l)JT2 r(s)x2(s)\x'(s)\P-2 ~ '

consequently, 1/2 < f(t) < 1 for t > Ti- Thus, the function w(t) exists on [T2, 00)
and w(t) < w(t), i.e., w(t) is not minimal solution of (1.1.21), hence x(t) is not
the principal solution, and this contradiction proves the first case.

Case B (p > 2): By the claim (ii) , it is sufficient to show that if the solution
x is not principal then the corresponding integral in (4.2.42) is convergent. Let
w{t) = r(i)$(x'{t)/x(i)) be the associated solution of (1.1.21). Then w(t) is not
minimal solution of (1.1.21) and let w(i) be the minimal solution of this equation.
Then we have w(t) > w(t) for t > T2 with T2 sufficiently large. Consider the
function f(t) given again by

f(t) =xp(t)[w{t)  -w(t)] >0 for t>T2.
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By inequality (4.2.40) given in Lemma 4.2.4 we have again

P~P [  W ) ' 2(p-l)rx2\x'\r-2' " 2>

hence
i _j  L > P /"  dg

f(T2) /(T2) /(* ) "  2(p - 1) JT2 rx*\x'\P-*'

then letting i ^ o o we obtain the desired result
f°° dt

J r(t)x*(t)\x'(t)\r-*

(iv) In view of Lemma 4.1.3, let x be a principal solution of (1.1.1) such that
x(t) > 0,x[1](i) < 0 for t > T. Using Theorem 4.2.4 and applying the statement
of the part (iii ) to the reciprocal equation (4.2.15) we obtain

JT x{t)(xm{t)fat-°°-

We have

f X'(S) 1 f _
J W ,/T ?(S)xW(S) 5(i)sW(t) + + i T 5(S ) (XW(S ) )2 flS

* c(g)$(x(S))
>L + i^)P W '

where L = [x{T)u^(T)]-\ i.e., (4.2.42) holds.
Vice versa, let a; be a nonprincipal solution of (1.1.1) and let us show that

 x'(s)
(4.2.45) I(x) = / X{] ds < oo.

J x2(s)x^\(s)

Without loss of generality suppose x(t) > 0, x^(t) < 0 for t > tx > 0. By using
Theorem 4.2.4 and applying again the part (iii ) to (4.2.15) we obtain

Hence the function

x[)  Lx(s)( xm(sW as J t:cxHs) xm(s) as

admits limi t as t —> oo and lim t^oc Fx{t) — Lx, — oo < Lx < oo. Put dx —
[x{t x)x^\tx)]-

1. From the identity

,42.47) *(Q*I.1(«)= L + f i f * * - r ^ W J " 1

L J tx  x(s)(xw(s)) 2 J tx  x 2(s)xW(,s ) J
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also the function x(t)x^(t) has a limit as t —> oo and lim^oo x(t)x^(t) = £x.
—oo < £x < 0. We claim that

(4.2.48) lim x(t)x[1] (t) = -oo.

Otherwise there exists a positive constant K such that x(t)x^(t) > —K and

['  c(sMx(s)) 1 f#^)) _ 1 1̂ 1(01
Lx(s)(Xm(sWaS> Kjti \xW(s)\ KiOg\xW{tx)Y

that gives a contradiction with (4.2.46) as t —> oo, because, from Lemma 4.2.5
we have Hindoo rrW^)! = oo. Hence (4.2.48) holds and, from (4.2.47) we obtain
(4.2.45).

Remark 4.2.3. The equivalent integral characterization of the principal solution of
(1.1.1) is stated in the parts (iii ) and (iv) of the previous theorem is proved under
some restriction on the functions r, c in (1.1.1). In order to better understand these
restrictions, the concept of the regular half-linear equation has been introduced in
[117] as follows. A nonoscillatory equation (1.1.1) is said to be regular if there
exists a constant K > 0 such that

r W l W <- is
hmsup —— < K

t^oo W2(t)

for any pair of solutions w\,W2 of the associated Riccati equation (1.1.21) such
that W2(t) > Wi(t) eventually. It was shown that for regular half-linear equation,
(4.2.42) holds if and only if the solution x is principal and that under assumptions
of (iii ) and (iv) of the previous theorem equation (1.1.1) is regular.

4.2.10 Another integral characterization

The integral characterization (4.2.42) of the principal solution of (1.1.1) reduces
to the usual integral characterization of the principal solution of linear equation
(4.2.1) if p = 2. However, this characterization applies in case p > 2 only to solu-
tions x for which x'(t) / 0 eventually. Moreover, in [60, 61] examples of half-linear
equations are given which show that if the assumptions of the parts (iii ) and (iv)
of Theorem 4.2.8 are violated, (4.2.42) is no longer equivalent characterization of
the principal solution of (1.1.1). For this reason, another integral characterization
of the principal solution was suggested in [60].

Theorem 4.2.9. Suppose that either

(i) c(t) < 0 for large t, or

(ii)  c(t) > 0 for large t and both integrals J°° rl~q{t)dt, f°° c(t)dt are conver-
gent.

Then a solution x of (1.1.1) is principal if and only if

l'°° dt
(4.2.49) / w 9/ , = oo.



4.2. Principal solution 165

Proof, (i) Suppose that c(t) < 0 for large t.
"=>": Let x be a principal solution of (1.1.1). As already claimed, x E M~

and there are two possibilities: (a) £(oo) — 0, (b) x(oo) ^ 0. Suppose case (a); if
J^° r1~q(t) dt = oo, the assertion clearly follows. Assume J^° rl~q(i) dt < oo and,
without loss of generality, suppose x(t) > 0, x'(t) < 0. Since, for t > T, it holds

r(t)$(x'(t)) > r(T)$(x'(T)),

integrating on (t, oo) with t > T, we obtain

c

x(i) < X / r ^ ^ s ) ^,

where AT = ^ -^ r^ ) )^ ' ^ ) ! . Then

_ f°° r^Ht) L̂_ p r^gft)
5 "A . ~^W K^JT \St

o°ri-'(8)d8]* dt

1 oc
= / t ° ° r l " * ( s) d s T = o° '

i.e., condition (4.2.49) is verified. Now assume the case (b) when 5(oo)  ̂ 0. In-
tegrating (1.1.21) on (T,t), t > T > 0, and using the same argument as given
in Theorem 4.2.7 (the only if part), the case (C2) defined at the beginning of
Subsection 4.2.8 holds. From [59, Lemma 2], we have JT r1~q(t)dt = 00 and the
condition (4.2.49) follows.

" <̂ =": Let 1 be a nonprincipal solution of (1.1.1) and let us show that for T
large it holds

(4.2.50) / ,f\ ,. . < 00.

Suppose x G M+ and, without loss of generality, assume x(t) > 0,x'(t) > 0 for
t > T > 0. Then there exists K > 0 such that for t > T it holds r(t)$(x'(t)) >
K > 0, i.e., x'(t) > $"1(Jft')r

1"'?(t). Integrating over (T,t) with t > T we obtain

x(t) >x(T) + $-1(K) / r1-q(s)ds>^-1(K) r1-q(s)ds.
JT JT

Then for £2 > t\ > T it holds

2 r1-?^) 1 Z"*2 r1" 9^ )

Jtl l^W K^^L [tiri-*(s)ds]*
= 1 t2< K^-^-t < 00.

K2(q-1) firl-q(s)ds U fT
lr l-q{t)dt

As ti —> 00 we obtain the assertion.
It remains to consider the case x G M~. Let a; be a principal solution of

(1.1.1). Because a; is a nonprincipal solution, we obtain limt_>oo[s(i)/a;(t)] = 0
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in view of Theorem 4.2.7. Then x S M "̂ and, using the homogeneity property
and the uniqueness in M ~̂, we obtain x <E M^. In view of Lemma 4.2.1, the case
(C3) holds, that yields J°° r1~q(t) dt < 00. Hence (4.2.50) is verified because x2 is
asymptotic to a positive constant.

(ii) Suppose that c(t) > 0 for large t and Jr + Jc < 00.
"=>": Let x be a principal solution of (1.1.1). In view of Lemma 4.2.3 (ii)-(iii) ,

we have £(00) = 0, x  ̂ (00) = £ 7̂  0. Without loss of generality, suppose x(t) > 0,
x'(t) < 0 for t > T. Because

it r vs) "-s

there exists a positive constant k such that x(t) < k Jt°° $ ^: (r^1(s)) ds for t >T.

Then

 i i / -0 0 r rx i ~ 2

/ —mrT7-Tds>To rl~q(s)\ ^-'(rJdT ds

r  z00 r 1 °°
= / r 1(s) (is = oo,

L/i J  T

i.e., condition (4.2.49) is verified.
"<=": Let re be a nonprincipal solution of (1.1.1) and let us show that (4.2.50)

holds. If a; £ M +, then clearly the condition (4.2.49) follows. It remains to consider
the case x £ M~. In this case, by using the same argument as given in the proof of
Theorem 4.2.7 - Case C, we obtain z(oo)  ̂ 0 and so the assertion again follows.

4.2.11 Oscillation criteria and (non)principal solution

In this subsection we use the integral characterizations of principal and nonprinipal
solutions of (1-1.1) given at the end of Subsection 4.2.7 in order to establish suffi-
cient conditions for oscillation of (1.1.1). We also present one oscillation criterion
based on the integral characterization given in Subsection 4.2.9.

Theorem 4.2.10. Let (4.2.26) holds and suppose that

(4.2.51) C(t) := / c(s) ds is convergent
Jt

and C(i) > 0 for large t. Then (1.1.1) is oscillatory provided one of the following
conditions is fulfilled:

(i) p>2, jj°°r l-<i{t)[C(t)}idt<oo  and

/

O / pt \

r1-q{t)exp( -q r1-q{s)(a{s) + Cis))^1 ds) dt < oo,
o V Jt0 J
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where

a(i) = \2q-1(p-2) f r1-'3(s)[C(s)]3ds '"" ;

(ii)  pe (1,2), J°°r1^(t)[C(t)}% dt = 00 and

I r^^cxpf-q [  r1-«(s)(7(s) + C(s))^1 ds] dt = 00,
Jt0 V Jto J

where

7(*)= [2'-1(2-p)jT r 1 - ' ^ ^ ) ] ^ ! ".

Proof. Assume, by contradiction, that (1.1.1) has a nonoscillatory solution x and
let w be the associated solution of Riccati equation (1.1.21). Then w solves also the
Riccati integral equation (4.2.34). Set p(t) = (p - 1) Jt°° r

1-q(s)\w(s)\q ds. Then

(4.2.52) w(t)=p(t) + C(t).

Using the inequality p + C > 2y/pC, we find

(4.2.53) p\t) = -{p - iy-i(t)\p(t) + C(t)\q < -2«(p - iy-«(t)[C(t)]ipi(t)

for large t.
We will prove the statement (i) only, the proof of (ii) is similar (and it is also

based on Corollary 4.2.3). From (4.2.53) we have p(t) > a(t) for large t, say t > to.
Therefore, due to (4.2.52), w(t) > a(t) + C(i). Hence, we obtain

\x{t)\ > | x ( i o ) | ex p̂  I r1-q(s)(a(s) + C(s))q~l ds) for t>t0.

Thus we have the inequality

f°° r^itMtT" dt

<\x(to)\-
q / ^ - ' ( i j expf -q r1-<3(,s)(a(,s) + C(,s))^1dsWt<cx),

Jto V Jto /
which, by virtue of Corollary 4.2.2 and the condition m* = q for 1 < q < 2,
contradicts the behavior of principal solutions.

The sufficiency of the condition (ii) for the oscillation of (1.1.1) can be proved
by a similar way, using the fact that rn* = q for q > 2.

Now we give some integral conditions for the oscillation, in which no additional
restrictions are imposed on the value of p.

Theorem 4.2.11. Let (4.2.26), (4.2.51) hold, C(t) > 0 for t > t0 and

f r1-?(t)[C(i)]' zdt<oo.

Then (1.1.1) is oscillatory provided one of the following conditions holds.
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(i) Either

f r ^ ^ e x p f - m*  f r1-q(s)(5{s) + C{s))q~1 ds] dt < oo,

where

5{t) = (p-l)J°°r1-<>(s)[C(8)]<>d S;

(ii)  or

/

DO / rt \

^""(flexp l -m* / r1'* 1 {s)(u(s) + C(s))q~l ds) dt = oo,
-1 \ Jt! J

where t\ > to, and
/H \ i-p

w(f) = v i  r l " 9(s ) r f sj
Proof. We assume the contrary. Then we have (4.2.52), which yields the inequality
w(t) > C(t) for t > t0- This means that

O

(4.2.54) p(t)>(p-l) ^-"{s^CWds
Jt

for i > io- On the other hand, from (4.2.52) it follows

P'(t) = -{p-iy-"(t){P(t) + c(t))q < {p-iy-"{t)p"{t)

for t > to- Consequently,
/ rt \ i - p

(4.2.55) p{t) < ( / r1-q{s)ds\

for t > t0- Relations (4.2.52), (4.2.54), and (4.2.55) imply

M * i ) | e x p f j f r1-\s)(S(s) + C(s)){q-1)ds] < \Ul(t)\
and

M<i) | < |«i(ti)| exp ^ ^ " ' ( s ) ^ ^) + C(S))(9" 1}  (is")

for t > ti, where t\ > to- These inequalities contradict the behavior of principal
and nonprincipal solutions of (1.1.1).

We conclude this subsection by the oscillation criterion for (1.1.1) whose proof
is based on the integral characterization of the principal solution of (1.1.1) given in
Theorem 4.2.8. This criterion is a half-linear extension of the oscillation criterion
of Wintner (see [341, Theorem 2.17]) which claims that (1.1.2) with r(t) = 1 is
oscillatory provided

 { f l \  1 1
/ exp S -2 / / C(T) dr ds> dt < oo.

J I J L-J s J J
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Theorem 4.2.12. Suppose that p > 2, /°° rl-q{t) dt = oo, the integral j°° c(t) dt
is convergent and /t°° c(s) ds > 0 for large t. If
(4.2.56)

c / ,-oc \q-2 ( f t / f°° X ' " 1 "I

/ rx-q{t) I c(s) ds exp \ -p / r ^ ^ s) / C(T) dr) ds) dt < oo,

then (1.1.1) is oscillatory.

Proof. Suppose, by contradiction, that (1.1.1) is nonoscillatory and let x be its
principal solution at oo. Put w = r$(x')/$(ai). Then w is a solution of Riccati
integral equation (2.2.17). Then, since x' = $~x (w(t)/r(t)) x, we have

x ( t ) = e x pu ^HRsj)ds\>expy *-nr{s)) ds\

and

J(f] (9-l)(p-2)

\x\t)r2 = ^ \x{t)r2

~ r{t)
 XV)\

c 2-q

> rq-'2(t) / c(s)ds
Jt

x exp <(p-2) / r1-q{s)^-1 / C(T) dr \ ds.

I J \Js  J )

Consequently,

1 1
r(t)x2(t)\x'(t)\P-2 <

 r
q-i(t)\f t

QOc(s)ds\2-q

( f t / roo \ 9-1 ]
xexpl-p r]"9(s) f / c(r)drj ds \

= r'-'tt ) ( | c(S)d,SJ

( /"*  / Z"00 \9 -1 1
x exp <̂ -p / r1-9(s) I / C(T) dr) ds\ .

[ J \Js  / J
This implies that

f°° dt
I <  no

J r(t)x*(t)\x'(t)\r-2 '
and this contradiction with the part (ii) of Theorem 4.2.8 completes the proof.
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4.3 Half-linear differential equations and
Karamata functions

In this part we establish the criteria, which are natural generalizations of the
results for linear equations (see e.g. [181] and other works, in particular those of
Marie). Since the purpose is to develop nonoscillation theory of the equation

in the framework of regularly varying functions in the sense of Karamata, let us
recall briefly those basic definitions and properties of such functions which will be
indispensable later. Note that the detailed presentation of the theory of regularly
varying functions can be found in the books [44, 338]

Definition 4.3.1. A positive measurable function L(t) defined on (0,oo) is said
to be slowly varying function if it satisfies

lim —VV- = 1 for any A > 0.

The next result is a type of representation theorem.

Theorem 4.3.1. A positive measurable function L(t) defined on (0,oo) is slowly
varying if and only if it can be written in the form

(4.3.2) L(t) = <p{t)expf.["^ds\, t > t0,

for some to > 0, where ip(t) and %p(t) are measurable functions such that

lim (pit) = a e (0, oo) and lim tp(t) = 0.
I—*oo  t—»oc

Definition 4.3.2. If, in particular, (p(t) is identically a positive constant in (4.3.2),
then L(t) is called a normalized slowly varying function.

The totality of slowly varying functions (resp. normalized slowly varying func-
tions) is denoted by SV (resp. AfSV).

Definition 4.3.3. Let g be a fixed real number. A positive measurable function
/(£) is said to be a regularly varying function with index g if it satisfies

(4.3.1) ($(a;'))' + c(i)*(a:)=0,

where c : [0, oo) —> R is a continuous function for which

/ c(t) di = lim / c(s) ds is convergent,
Jo *^°° Jo

lim 4 T ^ = Ae for a ny A > °-

Just defined function can be represented as follows.
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Theorem 4.3.2. A positive measurable function f defined on (0, oo) is regularly
varying with index g if and only if it can be written in the form (4.3.2) where ip
and ip are measurable functions such that

(4.3.3) limw(t) = oe(0,oo) and lim tb(t) = g.

Definitio n 4.3.4. A positive measurable function / denned on (0, oo) satisfy-
ing (4.3.2) and (4.3.3) with <p(t) = const is called a normalized regularly varying
function with index g.

Theorem 4.3.3. A positive measurable function f defined on (0, oo) is a regularly
varying function (resp. a normalized regularly varying function) with index g if and
only if f(t) is expressed as f(i) = teL(t), where L(t) G SV (resp. L(t) e AfSV).

The totality of regularly varying functions (resp. normalized regularly varying
functions) with index g is denoted by TZV(g) (resp. AflZV(g)).

Definitio n 4.3.5. A positive measurable function / is said to be an O-regularly
varying function if it satisfies

0 < lim inf , < lim sup . . < oo for any A > 1.
t^oo f(t) t^oo f{t)

Theorem 4.3.4. A positive measurable function f is O-regularly varying if and
only if

(4.3.4) f{t) = exp U(t) + J ^ ds\ , t>t0,

for some to > 0, where £ and r\ are bounded measurable functions on [io,oo).

Definition 4.3.6. If, in particular, £(£) = const in (4.3.4), then f(t) is referred
to as a normalized O-regularly varying function.

The totality of O-regularly varying functions (resp. normalized O-regularly
varying functions) is denoted by O7Z (resp. AfOTZ).

We finish this part, which deals with the theory of Karamata functions, by the
following simple but important property.

Theorem 4.3.5. Let L be any slowly varying function. Then, for any 7 > 0,

lim fL(t) = 00 and lim t"1Lit) = 0.

4.3.1 Existence of regularly varying solutions

Now we prove nonoscillation theorems for (4.3.1) asserting the existence of so-
lutions in the classes of regularly varying functions. We start with an auxiliary
statement.
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Lemma 4.3.1. Put a(t) = /t°° c(s) ds and suppose that there exists a continuous
function P : [t0,oo) ->  (0,oo), t0 > 0, such that \imt^  ̂ P(t) = 0, \a(t)\ < P(t),
t > to, and

(4.3.5) / Pq(s)ds< —— a?-1 Pit). t>t0,
Jt P~l

for some positive constant

,4.3.6) <'<HP—T'-
P \ P j

Then equation (4.3.1) is nonoscillatory and has a solution of the form

(4.3.7) 3/(i)=expj J ^-1[v(s) + a{s)]ds\ , t > t0,

where v is a solution of the integral equation

/>OO

(4.3.8) v(t) = (p-l) \v(s)+a(s)\ids, t>t0,
Jt

satisfying

(4.3.9) v(t) = O{P{t)) as t -> oo.

Proof. Consider the function y denned by (4.3.7). Recall that if w is a solution of

generalized Riccati equation (3.1.2), then the function exp < Jtg $^1(w(s)) ds > is a

(nonoscillatory) solution of (4.3.1). Hence, y is a solution of (4.3.1) if f is chosen in
such a way that w = v + a satisfies (3.1.2) on [to, oo). The differential equation for
v then reads v' + {p— l)\v + a(t)\q = 0, which upon integration under the additional
requirement that limt_>oc v(t) = 0, yields (4.3.8). We denote by Cp[to, oo) the set
of all continuous functions v on [to, oo) such that

ii II I"WI
II^H^ = sup -—— < o o.

t>ta ^(t)
Clearly, Cp[to,oo) is a Banach space equipped with the norm ||w||p. Let il  be a
subset of CP[t 0,oo) defined by Q, = {v e CP[t 0,oo) : \v{t)\ < (p - l)P{t),t > t0}
and define the mapping T : f2 —> Cp[to, oo) by

/"OO

(4.3.10) Tv(t) = (p-1) \v(s) + a{s)\qds, t>t0.
Jt

ifveO,, then

\Tv(t)\ <{p- l)pq / Pq{s) ds < pqaq-1P(t),
Jt
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t > to, which implies that

(4.3.11) \\Tv\\p<p«a«-l<p«(^—l J =p-l.

Thus T maps 17 into itself. If v\, v2 G Q, then, using the Mean Value Theorem, we
see that

\Tv1(t)-Tv2(t)\ < {P-l)JOO\\v1{s)+a{s)\"-\v2{s)+a{s)\''\ds

< (p-l)qJCO(pP(s))''-1\vl(s)-v2(s)\dS

< pq{q-l)aq-1P(t)\\v1-v2\\P,

t > to, from which it follows that

\\TVl - T v 2 \ \ P < ( q - l ) p « a « -l \ \ V l - V2\\P.

In view of (4.3.6) (or (4.3.11)), this implies that T is a contraction mapping on
Q. Therefore, by the contraction mapping principle, there exists an element v G Q
such that v = Tv, that is, a solution of integral equation (4.3.8). Thus the function
y(t) defined by (4.3.7) with this v{t) gives a solution of (4.3.1) on [to, oo). The fact
that v satisfies (4.3.9) is a consequence of v G fl. This completes the proof. D

Theorem 4.3.6. //

1 / n — 1 \p~x r°°
- - ( - <l iminft p-1 / c(s)ds

p \ p J t-oc Jt
f°° 1 / n- 1 \p~1

<  limsupi^1 / c(s)ds < -
t^oo Jt P \ P j

holds, then equation (4.3.1) is nonosdilatory and has a normalized O-regularly
varying solution.

Proof. If the assumption holds, then there exist positive constants to and a sat-
isfying (4.3.6) such that \tp~1a(t)\ < a, t > t0. Put P(t) = atl~p. Then it can
be easily verified that P satisfies |cr(t)| < P{t) and (4.3.5). So, by Lemma 4.3.1,
(4.3.1) has a nonoscillatory solution of the form
(4.3.12)

y(t) = exp {J' $->(.) + a(S)) ds) = exp {[  ^l^Ms)+<,(s))] ^

t > to, with v satisfying (4.3.9). Since

\$-l[t p-l(y(t)+a(t))]\  <pq-\tp-lP{t))q-x = (ap)q-\

t > to, the solution y is a normalized O-regularly varying function by Theo-
rem 4.3.4.
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Now let us turn to the case where the coefficient c satisfies the condition

r°° 1 /» - l \ p - 1

(4.3.13) -oo < lim t^1 / c(s) ds =:  a < -
*^° ° Jt P\ P J

or

/

oo 1 / n — 1 \ p~1

c(s) d s = - [
P \ P j

and investigate how these conditions affect the regularity indices of nonoscillatory
solutions of (4.3.1) considered as Karamata functions. Suppose first that (4.3.13)
holds. Let A] and A2, Ai < A2, denote the two real roots of the equation

(4.3.15) |A|9-A + a = O.

It is easy to see that (4.3.15) has two distinct real roots if and only if a <

P ( ^ r )  c l e a r lY ' ^i < 0 < A2 if a < 0, and 0 < At < A2 if 0 < a <

i ( ^ r )  It should be noticed that p^-^Ai ) < p - 1 < p$"1(A 2).

Theorem 4.3.7. Equation (4.3.1) is nonoscillatory and has two solutions y\ and
y2 such that yi G A/'7^V($~1(Ai) ) andy2 e NTIV{^1{\2)) if and only if (4.3.13)
holds.

Proof. The "only if" part: Let yi be solutions belonging to A/'7?,V($^1(A i)), i =
1,2. From Theorem 4.3.2 it follows that

(4.3.16) lim t^j\ =<f>- 1(\t), so that lim ^ f v = °> * = 1,2.
t^oo Vi(t) t^oo yi(t)

Put Wi = $>(y'/y), i = 1,2. Then w, satisfies generalized Riccati equation (3.1.2),
from which, integrating on [t, 00) and noting that lim^oo Wi(t) = 0, we have

(4.3.17) tp-l
Wi{t) = (p-l)tp-1 / l- ^ILds + tP-1 c(s)ds, i = 1,2,

Jt sP Jt
for all sufficiently large t. Let t —> 00 in (4.3.17). Using (4.3.16), we then conclude
that

O

limtp-1 c(s)ds = \i-\\i\q = a, z = 1, 2.

The "if" part: Assume that (4.3.13) holds. Put w{t) = tp~x /f°° c(s) ds - a and
consider the functions

(4.3.18) y%(t)=eW{jy^^+^V^)ds], , = 1,2.

Then the function y, is a solution of (4.3.1) on [ti,  cx>) if Vj is chosen in such a way
that Wi = (Aj +u + vi)/t

p~1 satisfies (3.1.2) on [ii,oo), i = 1,2. The differential
equation for Vi then reads

(4.3.19) v't - ^ V l + ̂  (IK+u(t)+v^-1X  ̂ = 0, i = 1,2.
V V
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We rewrite (4.3.19) as

+ ^ [\Xi + w(i) + ^ |9 - q^-^Xi+u^vt - |Ai|«] = 0

and transform it into

(4.3.20) (ri{t)vi)'  + ̂ -^nWFifavi) = 0,

where

ri(t)=exp< — '-ds\
Ui  s J

and
Fi(t, v) = \\i + Lj(t) +v\g- qQ-^Xi + iu{t))v - IA,!9, i = 1,2.

It is convenient to express Fi(t,v) as Fl(t,v) — Gl(t,v) + hi(t), with Gi(t,v) and
hi(t) defined by

Gi(t, v) = \Xi + u(t) + v\q- g $ -] (Xt + tu{t))v - \Xi + io(t)\q

and hi(t) = \Xt + tu(t)\q - \Xi\q, i = 1,2. Now we suppose that a ̂  0 in (4.3.13),
which implies Xt ̂  0 for i — 1,2. Let i0 > 0 be such that \u>(t)\ < |Aj|/4 for i > t0,
i = 1,2. This is possible because w(i) —> 0 as i -^ oo by hypothesis. It follows that
f IAi| < \Xi+uj(t)\ < 11Ai| for t > to, i = 1,2. We observe that there exist positive
constants Ki(p), Li(p) and Mj(p) such that \Gi(t,v)\ < Ki(p)v2,

(4.3.21) ^?(* 'U ) ^L *(P)H

and |/ij(i)| < Mi(p)|w(t)| for i > i0 and \v\ < |Aj|/4, i = 1,2. In fact, the last two
estimations follow from the Mean Value Theorem, while the estimation for G{ is
a consequence of the L'Hospital rule applied to Gim.

GAt,v) 1 , d'2Gi(t,v) q lx

lim lK ' ; = - lim ^ ^ = - ^ - A j + w C
n^o w2 2 v^o dv2 2(p -1)

Let us examine equation (4.3.20) with i = 1. The following properties of T\ are
needed: n G A/"^V($" 1 (p) - (p - 1)), lim^oo n (t) = 0,

(4.3.22) lim P^l rr-Mds = {p-l) hm ^ # = P ~ 1
1 , ,,

(4.3.23) lim ^—^ / ^ l / i ( s ) ds = 0 if /ieC[0,oo), and lim h(t) = 0.
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Let £1 be a positive constant such that E\ < min{l , |Ai|/4}  and

(4-3.24) —lk_^_[Kl{p)  + Ll{p) + Ml(p)]£l < 1,

and choose t\ > to so that

(4.3.25) \u(t)\ <e\, t>tu

and

(4.3.26) ^ r s w 4 < ' f r y ' . <>«..
Note that (4.3.26) is an immediate consequence of (4.3.22).

Let Co[£i,oo) denote the set of all continuous functions on [ij,oo) that tend
to zero as t —> oo. Then Co[£i,oo) is a Banach space with the sup-norm \\v\\ =
sup{\v(t)\ : t > t\}. Consider the set f2i C Co[ii,oo) denned by Oi = {v G
Co[ii, oo) : \v(t)\ < £\, t > ti}  and define the integral operator 7[ by

(Tiv)(t) =  rr-^F1(s,v(s))ds,
ri(t)  Jt s

t > t\. It can be shown that T\ is a contraction mapping on Qi. In fact, if v £ fii,
then using the above inequalities we see that

\(TlV)(t)\ < ̂ ll rr-l^l(\Gl(s,v(s))\+ 1^(8)1)ds
rl\ l) Jt s

< P-  ̂ rr-^-{K1{p)v2{s) + M1{p)\u<<s)\)dSri\Tj) Jt s

^ p- 'V- ).(>1) 'J f lW + MlW""
£ > ii . Since Fi(t,v(t)) -> 0 as i -^ oo, we have lim t^oc(Tiw)(t) = 0 by (4.3.23).
It follows that 7it> s f2i, and so 71 maps f2i into itself. Furthermore, if u, v s f2i,
then using (4.3.21) and (4.3.24), we obtain

|(TlW)(i)-(T lU)(i)| <  ̂ / ""nM|^( S,W (S) ) -^(S ) M(S) ) |ds
n(i) ./t s

= ^ ^ ^ I G i ^ ^ W - G i ^ , ^ ) ) ! ^

^ p-l'-^-HA,)^6111^"" '

t >ti,  which implies that
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In view of (4.3.24), this shows that 7i is a contraction mapping on J7i. The con-
traction mapping principle then ensures the existence of a unique fixed element
v\ ef ii such that V\ = T\V\, which is equivalent to the integral equation

(4.3.27) Vl(t) =  P-^- ^ r-^Fl{s,vl{s))ds,

t > t\. Differentiation of (4.3.27) shows that v\ satisfies differential equation
(4.3.20) with i = 1 on [ti,  oo) and so substitution of this V\ into (4.3.18) gives rise to
a solution yi of half-linear equation (4.3.1) defined on [ij , oo). Since lim^oc v\{t) =
0, from the representation theorem we have y\ £ A/'7?.V($^1(Ai)) .

Our next task is to solve equation (4.3.20) for i = 2 in order to construct
a larger solution y2 of (4.3.1) via formula (4.3.18). It is easy to see that r2 6
NUV(p$>~l(\2) -p+1), limbec r2(t) = oo and that for any fixed t2 > 0,

p-1 *  r2(s) r2(t) p - 1
lim ——- / —— as = (p — 1) lira —r/r =  w , N ,

lim ^ \ [  r2^h  ̂ ds = 0 if he C[t2, oo) and lim h{t) = 0.

Let e2 > 0 be small enough so that

P ^ - P + l
[K2iP) + L2iP)+AMP)]£2-h

and choose t2 > 0 so large that u)(t) < e\, t > t2l and

P-1 / * ^ ( g ) 2 ( p - l)
r2(t) 4 2 - p * - i ( A 2 ) - p + l '

t > t2. Define the set fl2 C Co\t2, oo) and the integral operator T2 by f2-2 = {v G
C0[t2,oo) : |u(i)| < e2l i > ^2}, and

(T2v)(t) =-?—^ ftr-MF2{SjV{s))dSj
r2{l) Jt-2 s

t > t'2- It is a matter of easy calculation to verify that T2 is a contraction mapping
on O2  Therefore there exists a unique fixed element «2 G O2 of ?2, which satisfies
the integral equation

v2(t) =  £ r-^F(s,v2(s))ds,

t > t2, and hence differential equation (4.3.20) with i = 2. Then the function j/2
defined by (4.3.18) with this v2 is a nonoscillatory solution of (4.3.1) on [£2,00).
The fact that y2 e AT7ZV(&~1(\2)) follows from the representation theorem. This
finishes the proof of the "if" part of the theorem for the case a^O.
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It remains to consider the case a = 0 in (4.3.13). Then equation (4.3.15) has
the two real roots Ai = 0, A2 = 1. The solution yx e AfTZV(0) = AfSV of (4.3.1)
corresponding to Ai has already been constructed in Theorem 4.3.9. The existence
of the solution y2 £ J\f1ZV(l) corresponding to A2 can be proved in exactly the
same manner as developed for the case a / 0.

Let us consider equation (4.3.1) for which the condition

 1 /« - 1 \p~1

(4.3.28) lim tp~l / ds) ds = - V-—-

is satisfied. Such an equation can be regarded as a perturbation of generalized

Euler equation (1.4.20) with 7 = 7 = f2—M  Although (1.4.20) is nonoscillatory,

because it has a solution y(t) = t^p~l^p, its perturbation may be oscillatory or
nonoscillatory depending on the asymptotic behavior of the perturbed term as
t —> 00, see Section 5.2. Our purpose here is to show the existence of a class of
perturbations which preserve the nonoscillation character of (1.4.20).

Theorem 4.3.8. Suppose that (4.3.28) holds. Put

r{t)=t^  r c{S)dS-
i-(p-^xl

.it p \ p j

and suppose that

(4.3.29) [M d t < 0O

and

 \ii(t)  ITfsil
(4.3.30) / ——dt< 00, where *(i ) = / L J ^ i ds.

J t Jt s

Then equation (4.3.1) is nonoscillatory and has a normalized regularly varying
solution with index (p— l)/p of the form y(t) = tSp~l^pL(t) with L(t) s AfSV and
limt^oc L{t) = le (0,oo).

Proof. The solution is sought in the form

(4,,, ! , W _ p , ,.(£^1)',

for some T > 0 and v : [T, 00) —> R. The same argument as in the proof of the
"if" part of the previous theorem leads to the differential equation for v

(4.3.32) (r(t)v)' +  P-^r{t)F(t, v) = 0,

where
M ( /"*  p$-1(7 + T(g))-p+l \

r(t) = exp / ds
\Ji  s J
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and

(4.3.33) F{t,v) = \j + T(t)+v\q - q^1^+ T(tj)v - ^fq.

Choose to > 0 so that

(4.3.34) |T(*)| < \ ,

t > to- Since

|$-] (7 + T(i)) - p + i\=p\(j  + Tit))"-1 - 7"-1! < pm(p)\r(t)\,

t > t0, for some constant m(p) > 0, we see in view of (4.3.29) that r is a slowly
varying function and tends to a finite positive limit as t —> oo. It follows that there
exists t\ > to such that

(4.3.35) r(s)/r{t) < 2

for s > t > tx. We rewrite the function F{t,v) defined by (4.3.33) as F(t,v) =
G(t,v) + h(t), where

G(t, v) = |7 + T(t) + v\q - q®-1  ̂ + T(t))v - |7 + T(i)|«

and h{t) = 7 + T(t)\q — j q . As it is easily seen, there exist positive constants
K(p),L(p) and M(p) such that

(4.3.36) \G(t,v)\ <K(p)v2,

(4.3.37) I^I^WI^ I

and \h{t)\ < M(p)\T(t)\ for t >  and \v\ < -y/4. Let T > tx be large enough so
that

(4.3.38) 4(p- l )M(p) t t ( t )<J,

i> T,
° * ( s )

16(p - l)2K(p)M(p) / ^ ^ ds < 1,
JT S

and

(4.3.39) 16(p - l)2L(p)M(p) / ^ ^ (is < 1.

We want to solve the integral equation

v - 1 f00 r(V)
(4.3.40) v(t) =  P-— F(s,v{s))ds,

r(t) Jt s
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t >T, which follows from (4.3.32), subject to the condition lim^oo v(t) = 0. Let
Cx], [T, oo) denote the set of all continuous functions v on [T, oo) such that

K*)l
raU = sup T . . < oo.
"  "  t>T *(* )

Clearly, C^p1, oo) is a Banach space equipped with the norm ||w||*. Consider the
set O C C^[T, oo) and the mapping T : Q —> C<i/[T, oo) defined by

(4.3.41) ! ) = {« £ C^T, oo) : |v(i)| < 4(p - l)M(p)*(t) , t > T}

and

r{1) Jt s r\l) Jt s

t > T. Using (4.3.35),(4.3.36) and (4.3.37), we see that

E^ Jr^) w.) i ( (.<2(p_1)Jr«wiiwi ( I ,=2( I ,_1)M(p) ,(1 ),

t > T, and that

 rrM\G{sMs))\ds<2{p.1} rm^mMmids
r{t)  Jt s Ji s

— ^ ds < 32(p - l)3K{p)M2{p)^{t) / —'-t ds
s Jt s

<  32(p - l)3K(p)M2(p)^{t) / —-t ds < 2{p - l)M(p)*(i) ,
JT S

t >T. This shows that v G Q implies Tv £ 0, and hence T maps 0 into itself. If
u.v G il , then using (4.3.37) we have

\Tv(t)-Tu(t)\ < P-^l^ rM\Gis/v{s)).G{SjU{s))\ds

< 2 _ r°° 4(p-i)L(p)M(p)^(s)|«(8)-u(8)[ rfs

= 8( , - i )4)M(r i f »'W^--(.)!, .
< 8(p-l)2L(P)M(p)^(t)\\v-u\\  ̂ / ^ ^ d s,

t >T, from which, in view of (4.3.39), we conclude that T is a contraction map-
ping: \\Tv - Tu\\y < \\v - u||*/2. Let v e 0 be a unique fixed element of of
T. Then u satisfies (4.3.40), and hence (4.3.32), on [T, oo), and the function y
defined by (4.3.31) provides a nonoscillatory solution of (4.3.1) on [T, oo). Since
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$~1(py + T(t)+v (£)) —> (p — l)/pas t —> oo, y e J\fR,V{{p — l)/p), and y is expressed
asy(t) =t(p-l^PL(t), where

i ( i ) = exp <̂ / ds *>  ,

t > T. Noting that |T(i) + v(t)\ < 7/2, i > T, by (4.3.34) and (4.3.38), and
applying the Mean Value Theorem, we see with the use of (4.3.41) that |<&~1(7 +
T( i ) + v(t)) - 79 " 1 ! < N{p)(\T{t)\ + \V(t)\), t > T, for some constant N(p) > 0.
This, combined with the hypotheses (4.3.29) and (4.3.30), guarantees that L(t)
tends to a finite positive limi t as t —> 00. D

Now we give some examples illustrating the results developed in this section.
Consider the function c\(t) — kiPsin(t7), where k  ̂ 0, (3 > 0 and 7 > 0 are
constants. Note that liminfj^oo c\(t) = —00, l i m s u p ^^ c\(t) = 00 if (3 > 0, and
liminf^oo c\{t) > — 00, l imsupj^^ c\(t) < 00 if j3 = 0. If 7 > p + /3, we have by
integration by parts

/

OO 1

s/3sin(s7)ds = -^+ / 3" 7cos( i7)
- i+lflt**™  sin(F) - (1 + ^ -7X1+^ -27 )̂  r s,-27 sm(fi7) rfS)

7 7 Jt

i > 0, from which it follows that

ci(s) (is = -tp+p-  ̂ cos(F) + o ( r7 ) as t -> 00,

7

if 7 > p + /?, and

tP-1 / c i (a)da= ' V . ' +O{t-~<)  as t -> 00,
Jt P + P

if 7 = p + /?. The first example is a consequence of Theorem 4.3.6.

Example 4.3.1. If

ifei . l f p - i y 1

p + {3 p \ p j

then the equation ($(?/))' + A;i /3sin(ip+/3)$(y) = 0 is nonoscillatory and has an
O-regularly varying solution.

An example illustrating Theorem 4.3.7 is derived from the observation that

t^oo Jf \ SP )

for any constant a, if 7 > p + /?.
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Example 4.3.2. Let a E I —oo, - I £— )̂ ), a =/=  0, and suppose that 7 > p + f3.

Then the equation

W ) ) ' + ( ^ ^ + kt0 sin(F)) $(y) = 0

is nonoscillatory for any k and has two normalized regularly varying solutions with
nonzero indices $~1(Ai ) and tfr" 1^), where Ai,A2 denote the two real roots of
the equation |A|9 — A + a = 0.

To give an example to which Theorem 4.3.8 is applicable, consider the function

C(t)= c i(t)+(^y i  1>P+p.
Put

o 1 / _ -I  \ P -1 /.oo

T:(t)=tp-1 c{s)ds--{- =tp~1
 Cl(s)ds.

Jt P \ P j Jt
Using (4.3.42), we have

 = t̂P-i+i3-y  cos(f7) + 0(f-7-i ) as i ̂  oo,
t 7

which implies that

|o onf i d t <0o
and

$ ! ( * ) : = / ° ° ^ i M  d s = O ( fP+/3-7) a s ^ ^ ^

Since p + (3 — 7 < 0, we see that

f^fdt <oo.
Example 4.3.3. If 7 > p + /?, then the equation

W))' + ( ( ^ r ) P ^ + ̂ sin(r)) $(y) = 0

is nonoscillatory for any A; and has a normalized regularly varying solution y with
the index (p - l)/p of the form y(t) = f(p"1)/pL(t), L 6 AfSV, where L satisfies
limbec L{t) = I e (0,oo).

Let M : [0,oo) — [—1,1] be a continuous function which takes both positive
and negative values in any neighborhood of infinity. The functions sint, sin(logi),
sin(e*) are simple examples of such a function M. Consider the equation

(4.3.43) my'))' + ((P-tyMit) + ktd sin(t7)'\ $(y) = 0.

Noting that aM(t) < \a\, t > 0, for any a £ l , and applying the Sturm comparison
theorem for half-linear equations, we conclude from Examples 4.3.2 and 4.3.3 that

(4.3.43) is nonoscillatory if  \a\ < - 112—- j and 7 > p + /3.
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4.3.2 Existence of slowly varying solutions

In this subsection we present conditions guaranteeing the existence of solutions
belonging to the class of slowly varying functions.

Theorem 4.3.9. //

O

(4.3.44) lim tp-1 / c(s)ds = 0

holds, then equation (4.3.1) is nonosdilatory and has a normalized slowly varying
solution.

Proof. Suppose that the condition from the theorem holds. Put

/>oo

(4.3.45) tp(t)= sup s13-1 / c(r)dT .
s>t  J s

Then tp is nonincreasing and tends to zero as t —> oo. Let to > 0 be such that

for t > t0, where a(t) = Jt°° c(s) ds. Put P(t) = ip{t)tl~a. Then \a(t)\ < P(t) holds
and

t > to- Consequently, by Lemma 4.3.1, (4.3.1) has a nonoscillatory solution of the
form (4.3.12) on [£o,oo) with v satisfying (4.3.9). Since

iP-y*) = O(tp-1P(t)) = o(l) and tP^ait) = O(tp-1P(t)) = o(l)

as t —> oo, we conclude that y is a normalized slowly varying function. D

Remark 4.3.1. It can be shown that (4.3.44) is a necessary condition for (4.3.1) to
possess a normalized slowly varying solution

(4.3.46) j/(t)=exp|jT ^ d s } ,

with tp satisfying limt ôo'ip(t) — 0. In fact, (4.3.46) implies that ty'(t)/y(t) —

ip(t) —> 0 as t -  ̂ oo. From generalized Riccati equation (3.1.2), satisfied by w =

$(y'/y), we have
l- ^ ^ d s + t?-1 / c(s)ds,

sp Jt

t > to- Letting t —> oo and noting that tp~1w{t) —> 0 as t —> oo, we see that (4.3.44)
holds. Consequently, this condition is sufficient and necessary for the existence of
a normalized slowly varying solution.



Then, for the solution (4.3.7) of (4.3.1), the following asymptotic formula holds
for t —> oo

(4.3.49) y(t) -Aexp U d r1 [vn^(s) + a(s)} ds\ ,

where A is a positive constant. Here the sequence {vn(t)} of successive approxi-
mations is defined by

/

oo

K_i(s)+<T(s)|«ds, n = l , 2 , . . ..

Proof. Let y be the solution (4.3.7). Recall that the function v used in (4.3.7) has
been constructed as the fixed element in Cp[to,oo) of the contractive mapping
T defined by (4.3.10). The standard proof of the contraction mapping principle
shows that the sequence {vn(i)}  defined by (4.3.50) converges to v(t) uniformly
on [to, oo). To see how fast vn(t) approaches v(t) we proceed as follows. First, note
that |v«,(£)| < (p — l)P(t), t > to, n = 1, 2, . . .. By definition, we have

/

oo poo

|a(s)|9 ds < (p - 1) j Pq(s) ds < a*-\t)P{t),
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For the next result we will need the statement of Lemma 4.3.1, with a slight
modification, namely that condition (4.3.5) is replaced by the more general one:

/ Pq{s)ds< -aq-l{t)P{t), t>t0,
Jt pi.

where a(t) is a continuous nonincreasing function satisfying

0 < a(t) < a < - ( ̂ — )
P \ P j

for some constant a. The proof of such modified lemma is almost the same as that
of the original one, and so it is omitted.

Theorem 4.3.10. Suppose that the hypotheses of Lemma 4-3-1 with the above
modification are satisfied. Let there exist a positive integer n such that

/>OO

(4.3.47) / an[q-l){t)Pq-l{t)dt<oo if 1< p < 2,

C

(4.3.48) / an{q-1)2(t)Pq-1(t)dt<oo if p > 2.



4.3. Half-linear differential equations and Karamata functions 185

and
O

\v2(t) - vi{t)\ < ( P - I )y |Ms)+<7(s)|»-k(s) |9|ds

< (p-l)q |pP(S)]« 1^(3) |ds

/

OO />OO

a9-1(s)P9(s)rfs<p9a9-1(i ) / Pq{s)ds

( a(t\\2{q~l)

< (q-l)p<a2<'>- 1Ht)P(t)<'r«-1 ( A 1 ) P(t)
V 7p /

for t > to, where 7P = - ( E-~-)  Assuming that

(4.3.51) \vn(t) - vn^(t)\ <l qJA1) P{t),

t > to, for some n G N, we compute
O

\vn+1(t) - vn(t)\ <  ( p - 1 ) / | |CT(s)+wn(s)|9- |C T(s)+un_i(s)|9|( i s

< (P-I)qj frPW-^Vntf-Vn-^lds

/n(f)\ "(9- 1) »

/ n m \ " ( « - l )

V 7p /

- 7P i i ^ w ,

\ 7p /

£ > io, which establishes the truth of (4.3.51) for all integers n e N. Now we have
OO

v(t) = vn_i(t) + 5^[ufc(t) - Wfc-i(i)] ,

from which, due to (4.3.51), it follows that

fa(t)\k(q~1)

\v(t)-vn^(t)\ < Tp9"1 — P(t)
\ lp J

\ lp / k=0 ^7p/
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where K is a constant depending only on p and n. Using (4.3.7) and (4.3.52), we
obtain

(4.3.53) y(t) (exp Ij  $"V(s) + vn^(s)} ds\)

=  exp j I ($"x [a(s) + v(s)} - S"1 [a(s) + vn-x (a)]) ds\ .

Let 1 < p < 2. Then, by the Mean Value Theorem and (4.3.52),

fc-X*)+«(*)]-$~X*)+o»-i(*)]|  < {q-l)\pP(t)]q-2W)-vn-i{t)\

(4.3.54) < Lan{q-l){t)Pq-l{t),

t > to, where L is a constant depending on p and n. Let p > 2. Then, using (4.3.52)
and the inequality jo"*1 — b^\ < 2|o — 6|*  holding for A € (0,1) and a,b £ M, we see
that

$-] [ (7(t)+«(«)]-$-l [ f f (*)+u n- i ( t) ] | < 2|w(t)-i;n_1(t)|«-1

(4.3.55) < Man («" 1 ) 2( t )Pr l ( t ) ,

t > to, where M is a constant depending on p and n. Combining (4.3.53) with
(4.3.54) or (4.3.55) according as 1 < p < 2 or p > 2, and using (4.3.47) or (4.3.48),
we conclude that the right-hand side of (4.3.53) tends to a constant A > 0 as
t —> oo, which implies that y(t) has the desired asymptotic behavior (4.3.49).

Theorem 4.3.11. Suppose that (4.3.44) holds and that the function a(t) = <p(t),
where ip(t) defined by (4.3.45), satisfies

(4.3.56) / 5L1 dt <OO if Kp<2,

o (n+p-l)(q-l)2

(4.3.57) / dt < oo if p > 2.

Then the formula (4.3.49) holds for the slowly varying solution y(t) of (4.3.1).

Proof. The conclusion follows from the previous theorem combined with the ob-
servation that in this case

a"("-1)(t)P?-1(i ) = - ^ and a * 1 ' ( t jP'- ' f i ) = ^

according to whether l < p < 2 o r p > 2.

Example 4.3.4. Consider the equation

(4.3.58) iHy'))' + kt0 sin(r)$(y) = 0,

t > 1, where fc,/3 and 7 are positive constants satisfying

(4.3.59) 7 >p + /3.
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which, in view of (4.3.59), implies that

O

lim tp-x / ksp sin(sp-1) ds = 0.
*^° ° Jt

Therefore, equation (4.3.58) has a slowly varying solution by Theorem 4.3.9. In
this case, the function <p(t) defined by (4.3.45) can be taken to be ip{t) = _?rtp+/3~7.
Since ip(t) satisfies both (4.3.56) and (4.3.57) for any n G N, because of (4.3.59),
from Theorem 4.3.11 for n = 1 we conclude that the slowly varying solution y(t)
of (4.3.58) has the asymptotic behavior

U -t / poo \ 1

$ " 1 / hr? sin(r7) (IT \ ds \ as t -  ̂cx>,
o \Js / )which is equivalent to y(t) ~ AQ {AQ being a constant), since the integral in the

braces in (4.3.61) converges as t —> oo, because of (4.3.60).

4.4 Notes and references

The asymptotic behavior of nonoscillatory solutions of (1.1.1) (or of more gene-
ral equations) has been deeply studied by the Georgian and Russian mathema-
tical school, wee refer at last to the papers and book of Chanturia, Kiguradze,
Kvinikadze and Rabtsevich [71, 72, 200, 201, 202, 203, 229, 319]. A comprehensive
treatment of this topic can be found in Mirzov's book [292], see also updated
english translation of this book [293].

The classification of nonoscillatory solutions of linear equation (1.1.2) into the
classes M ^ , Mg3, M^, M^" treated in Section 4.1 was suggested in the paper of
Marini and Zezza [285], and later it was extended to various directions in the
papers of Cecchi, Marini and Villar i [63, 64, 65, 66], Chen, Huang and Erbe [74],
Nagabuchi and Yamamoto [300]. The results of Subsection 4.1.2 are taken from the
papers of Cecchi, Dosla and Marini [57, 59]. Asymptotic behavior of nonoscillatory
solutions of (1.1.1) (or of more general equations) when the function c is eventually
positive has been considered by several authors. Here we refer in particular to the
papers of Fan, Li and Zhong [159], J. Wang [359], Li and Cheng [251], Matucci
[286], Wong and Agarwal [364] and to the papers of the Japan mathematicians
Hoshino, Imabayashi, Kitano, Kusano, M. Naito, Ogata, Tanigawa and Usami
[180, 212, 224], see also references given therein. The main part of the results of
Subsections 4.1.3 and 4.1.4 can be found in the papers of Cecchi, Dosla and Marini

Since

s13 s in(s7) ds = -tl+P-~< cosif) + P ~ 7 / s13  ̂ cos(s7) ds,

7 7 Jt

there exists a positive constant K such that

poo

(4.3.60) / A;s'9sin(s7)ds < Ktl+P"1,
Jt
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[57, 61]. Subsection 4.1.5 is a part of the paper of Dosla and Vrkoc [96], this paper
contains also the application of Theorem 4.1.12 to oscillation of Emden-Fowler
equation (1.1.4).

Mirzov's construction of the principal solution of (1.1.1) is established in his
paper [291]. The construction described in Subsection 4.2.3 is taken from the pa-
per of Elbert and Kusano [145], this paper contains also the main statement of
Subsection 4.2.4. The main result of Subsection 4.2.5, in the form presented here,
is a new result, but implicitly it is hidden in both the papers of Mirzov [290] and of
Elbert and Kusano [145]. Theorem 4.2.4 is taken from the paper of Cecchi, Dosla
and Marini [61]. Subsection 4.2.7 is the substantial part of [293, Section 15], the re-
maining part of this section of Mirzov's book is also presented in Subsection 4.2.11.
The limit characterization of the principal solution of (1.1.1) is established in the
papers of Cecchi, Dosla and Marini [60] (the case c(t) < 0 eventually) and in
[61] (the case c(t) > 0 eventually). These two papers also contain the integral
characterization of the principal solution suggested in Subsection 4.2.10, while the
characterization suggested in Theorem 4.2.8 of Subsection 4.2.9 is taken from the
paper of Dosly and Elbert [108] (parts (i) - (iii) ) and from the paper of Cecchi,
Dosla and Marini [61] - part (iv). A related paper containing the relationship be-
tween the integral characterization of Subsection 4.2.9 and the concept of regular
half-linear equations is the paper of Dosly and Reznickova [117]. Finally, as men-
tioned above, the most of the results of Subsection 4.2.11 is taken from Mirzov's
book [293], the last statement of this subsection (Theorem 4.2.12) is taken from
Dosly [106].

A detailed tratment of regularly varying functions and their relationship to
differential equations can be found in the book of Marie [269]. The results of
Section 4.3 are taken form the papers of Jaros, Kusano and Tanigawa [190] and
of Kusano, Marie and Tanigawa [215]. A related paper on this subject is Kusano,
Marie [214].



CHAPTER 5

VARIOUS OSCILLATION PROBLEMS

In this rather long chapter we present various results concerning oscillation theory
of equation (1.1.1). Among others, we will see that the methods developed in the
first chapter play very important role in proving subsequent results. We start with
extensions of Lyapunov and Vallee-Poussin inequality. Then we present focal point
and conjugacy criteria. In the second section we describe the so-called perturba-
tion principle in which the main idea lies in comparison of (1.1.1) with two-term
equation. Disconjugacy/nonoscillation domains and equations with (almost) peri-
odic coefficients are studied in the third section. Section 5.4 deals with strongly
and conditionally oscillatory equations. In Section 5.5 we show that nonoscilla-
tion of (1-1-1) can be characterized by means of certain function sequences. Many
applications will be given as well. Asymptotic formula for distance of zeros and con-
ditions guaranteeing the existence of quick/slow oscillatory solutions are presented
in the sixth section of this chapter. Various aspects of half-linear Sturm-Liouville
problem are treated in Section 5.7. Energy functionals considered on classes of
functions satisfying general boundary conditions are studied in Section 5.8. The
last section is devoted to generalized Hartman-Wintner Theorem, Milloux Theo-
rem, Armellini-Tonelli-Sansone Theorem and interval oscillation criteria. Many of
the statements will be formulated, for simplicity, for (1.1.1) with r(t) = 1, i.e.,

c being a continuous function on an interval under consideration. An extension to a
general r satisfying J°° r1^9(t) dt = oo is straightforward; see also Subsection 1.2.7.
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(5.1.1) (*(j/')) '  + c(t)*(l/)=O ,
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5.1 Conjugacy and disconjugacy

The first section of this chapter presents (dis)conjugacy and focal point criteria
which are based on various half-linear extensions of the Lyapunov and Vallee-
Poussin type inequalities.

5.1.1 Lyapunov inequality

The classical Lyapunov inequality (see e.g. [174, Chap. XI] ) for the linear differen-
tial equation (1.1.2) states that if a7b, a < b, are consecutive zeros of a nontrivial
solution of this equation, then

f c+(t)dt > 4 , c+(t) = max{0,c(t)}.

This inequality has been extended in many directions and its half-linear extension
reads as follows.

Theorem 5.1.1. Let a,b, a < b, be consecutive zeros of a nontrivial solution of
(1.1.1). Then

(5.1.2) / c+(t)dt>— —i-
Ja (/oV-*(i)d* )

Proof. According to homogeneity of the solution space of (1.1.1), we can suppose
that x(t) > 0 on (a, b). Let c £ (a, 6) be the least point of the local maxima of x
in (a, b), i.e., x'(c) = 0 and x'(t) > 0 on [a, c). By the Holder inequality, we have

/ rc \ p ( rc i i \ p

xP(c) = / x'(t)dt\ = / r~p(t)rr(t)x'(t)dt\
\Ja / \Ja /

< (j\-$(t)dty (j\(t)(x>(t)Tdt\.

Multiplying (1.1.1) by x(t) and integrating from a to c by parts,we get

f r(t)(x'(t))pdt = f c(t)xp(t)dt< f c+{t)xp{t)dt
Ja Ja Ja

< xp(c) f c+(t)dt,
Ja

hence

xp{c) < (f ^-"(fidt) ( I c+(t)dt\xp(c),
which yields

^J\ l-i{t)dt^  P<J\+(t)dt.
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Similarly, if d is the greatest point of local maxima of x in (a,b), i.e., x'(d) = 0
and x'(i) < 0 on (d, b), we have

l y ^-9(4)^1 < y c+(t)dt .

Consequently,

.faC+{t)dt-Uarlq{t)dt) P +\.[rlq{t)dt) '
Finally, since the function f(u) = u1^ is convex for u > 0, the Jensen inequality
/ ((it + v)/2) < [/(it) + /(u)]/2 with it = /V-9(£) di, u = / J V - ^) dt implies

r / k \ i l ~ P

what completes the proof.

A closer examination of the proof shows that Theorem 5.1.1 can be modified
in the following way.

Theorem 5.1.2. // there exists 0 ^ £ 6 Wo
llP(a, b) such that J7^; a, b) < 0 (T is

defined in Subsection 1.2.2), then (5.1.2) holds.

Remark 5.1.1. Combining the last theorem with the variational principle (see
Section 2.1), we get the following disconjugacy criterion: If

U r'-o^dt) J c+(t)dt<2p,

then (1.1.1) is disconjugate on [a,b].

5.1.2 Vallee-Poussin type inequality
Another important inequality concerning disconjugacy of the linear differential
equation

(5.1.3) x" + a(t)x' + b(t)x = 0

was introduced by Vallee-Poussin [354] in 1929 and reads as follows. Suppose that
t\ < t2 are consecutive zeros of a nontrivial solution x of (5.1.3), then

Z" 00 dt
2/ -T; < t i - t x , A : =  m ax a ( t ) \, B :=  m ax \b(t)\.

Jo t2 + A t + B ~ 2 l j te[tl,t2]
 W h t e [ t i , t a ] l w l
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The half-linear version was originally proved in a somewhat different form, but here
we prefer to formulate this criterion in a simplified form, to underline similarity
with the original criterion of Vallee-Poussin. For the same reason we consider the
equation

(5.1.4) (*(V)) ' + a(t)$(x') + b(t)$(x) = 0

instead of (1.1.1) (if the function r in (1.1.1) is differentiable, then this equation
can be easily reduced to (5.1.4)).

Theorem 5.1.3. Suppose that t\ < t2 are consecutive zeros of a nontrivial solu-
tion x of (5.1.4). Then
(5.1.5)

f°° dt
2 / <t2-h, A= max a(t)\, B = max \b(t)\.

Jo (p - l)ti  + At + B ~A te[tut3]
 W l ) te[ti,t2]'

Proof. Suppose that x(t) > 0 in {t\,t2). In case x{t) < 0 in {ti,t2), the proof is
analogical. Let c,d 6 (£i, ^2), c < d, be the least and the greatest points of the
local maximum of x in (a,b), respectively, i.e., x'(i) > 0 for t £ (£i,c), x'(t) < 0
for t G (d, ^2) and x'{c) — 0 — x'(d). The Riccati variable v — <&(x'/x)  satisfies
v(ti+) = 00, v(c) = 0, v(t) > 0, t e (ti,c) and

(5.1.6) v' = -b(t) - a(t)v -(p- l)vq >-B-Av-(p- l)vq.

Hence,

(5-L7) I (p-l)JlAv + B ^ C - h

Concerning the interval (d, t2), we set v = — igfer > 0 for t 6 (d, t2), and similarly
as for t 6 (ii , c) we have

(5.1.8) /""% - ^ < i 2-d.

V ' Jo (p - 1)W + Av + B -

The summation of (5.1.7) and (5.1.8) gives

f°° dv
2 7 f T T T T T ^ <c-t1+t2-d<t2-h,

Jo (p - l)v<i  + Av + B
what we needed to prove.
Remark 5.1.2. (i) Since (5.1.5) is a necessary condition for conjugacy of (5.1.4) in
[̂ 1,̂ 2], the opposite inequality is a disconjugacy criterion: If

f°° dv
2J0 (p-l)rfl  + Av + B > t 2 - t u

then (5.1.4) is disconjugate in [ t i , ^ ] -
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(ii ) A more general Riccati substitution v = a(t)Q(x' /x), t G (ii,c] , v =
—/3(t)(fr(x'/x), t 6 [d,t-2), where a,j3 are suitable positive functions, enables to
formulate the Vallee-Poussin type criterion in a more general form than presented
in Theorem 5.1.3, we refer to [111] for details. Concerning the various extensions
of the linear Vallee-Poussin criterion we refer to the survey paper [22] and the
references given therein.

5.1.3 Focal point criteria

Recall that a point b is said to be the first right focal point of c < b with respect
to (1-1.1) if there exists a nontrivial solution x of this equation such that x'(c) =
0 = x(b) and x(t)  ̂ 0 for t s [c,b). See also below given Remark 5.8.1. The first
left focal point a of c is denned similarly by x(a) — 0 — x'(c), x(t) ^ 0 on (a,c\.
Equation (1.1.1) is said to be right disfocal on [c, b) if there exists no right focal
point of c relative to (1.1.1) in (c, 6), the left disfocality on (a,c] is defined in a
similar way. Consequently, (1.1-1) is conjugate on an interval (a, b) if there exists
c G (o, b) such that this equation is neither right disfocal on [c, b) nor left disfocal
on (a,c\. This idea is illustrated in the next statement for (5.1.1) considered on
(a, b) = (-co, co). The extension of this statement to general half-linear equation
(1.1.1) is immediate.

Theorem 5.1.4. Suppose that the function c(t) ^ 0 for t G (0, oo) and there exist
constants a £ (—l/p,p — 2] and T > 0 such that

(5.1.9) / s° ( c(T)dT)ds>0 fort>T.
Jo \Jo J

Then the solution x of (5.1.1) satisfying the initial conditions x(0) = 1, x'(0) < 0
has a zero in (0, oo).

Proof. Suppose, by contradiction, that the solution x has no zero on (0, oo), i.e.,
x(t) > 0. Let w = —<&(x'/x) be the solution of the Riccati equation

w' = c(t) + (p - l)\w\q.

Figure 5.1.1: First right focal point and first left focal point
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Since w(0) > 0, we have

(5.1.10) w(t) = w(0)+ c(s)ds + (p-l) \w(s)\qds
Jo Jo

ft  rt
> / c(s) ds + (p - 1) / \w(s)\qds

Jo Jo

and
ft ft / fS \
/ saw(s)ds> [sa c{T)dT) ds + G(t),

Jo Jo \ Jo /
where

G(t) = (p - 1) J sa ( T \W(T)\* dr\ ds.

Then

(5.1.11) G'(t) = (p-l)ta / \w{r)\qdT>0 fort>0,
Jo

and according to (5.1.9),

(5.1.12) G(t)< [ saw(s)ds fort>T.
Jo

By the Holder inequality we have

/

t r ft i ^ r * i ' r y-i+p™ i p r * i «

sQw(s)ds< / spads / |w(s)|?ds = / |w(s)|9ds ,
L/o J Uo J [l+pa\ IJO J

hence by (5.1.12)

(5.1.13) ^ / Ks)|«da>G«(t).
(1 + pa)p Jo

Here we need the relation G(i) > 0 for sufficiently large t. By (5.1.11) G(t) is
nondecreasing function of t and G(0) = 0. The equality G(t) = 0 for all t > 0
would imply that w(t) = 0, consequently by (5.1.11) x'(i) = 0 for t > 0. But this
may happen only if c{t) = 0, which case has been excluded. Hence we may suppose
that T is already chosen so large that the inequality G(t) > 0 holds for t >T.

Denote (3 = a - (1 + p a )| and K = (p - 1)(1 + pa) ?> > 0. Then by (5.1.11),

inequality (5.1.13) yields G'G~q > Kt13. Integrating this inequality from T to t,
we get

—— Gl~q{T) > —— [G1""^ ) - G1--^)] >K f s?ds,
q-1 q - 1 JT

where the integral on the right-hand side tends to oo as t —> oo because an easy
computation shows that a < p — 2 implies (i > — 1. This contradiction proves that
x must have a positive zero.



for any pair of solutions of (1.1.2) for which r(x'1X2 — xix'2) = . This state-
ment is based on the trigonometric transformation of (1.1.2), see [97, 98] and
also Section 1.3. However, since we have in disposal no half-linear analogue of the
trigonometric transformation, conjugacy criteria of this kind for (1.1.1) are (til l
now) missing.
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Remark 5.1.3. (i) Clearly, in Theorem 5.1.4 the starting point to = 0 can be shifted
to any other value to € R if the condition (5.1.9) is modified to

/ 0 - t o ) a / C(T) d T ) d s > 0 for t > T > to.
Jta \Jta J

A similar statement can be formulated on the interval (—oo,to), too.
(ii ) In the previous theorem we have used the weight function sa, a £ (—l/p,p—

2]. The results of Subsection 3.2.1 suggest to use a more general weight functions.
This research is a subject of the present investigation.

Using the just established focal point criterion we can prove the following
conjugacy criterion for (5.1.1).

Theorem 5.1.5. Suppose that c(t) ^ 0 both in (—oo, 0) and (0, oo) and there
exist constants ai,a-2 £ (—l/p,p — 2] and T\,T2 £ M, T\ < 0 < T2, such that
(5.1.14)

\ |s|ai / C(T) dr) ds>0, t< TU I  s°2 ( C(T) dr) ds>0, t> T2.
Jt \Js J J0 \Jo )

Then equation (5.1.1) is conjugate in ffi,  more precisely, there exists a solution of
(5.1.1) having at least one positive and one negative zero.

Proof. The statement follows immediately from Theorem 5.1.4 since by this the-
orem the solution x given by x(0) = 1, x'(0) = 0 has a positive zero. Using the
same argument as in Theorem 5.1.4 and the second condition in (5.1.14) we can
show the existence of a negative zero.

Remark 5.1.4. (i) Assumptions of the previous theorem are satisfied if

I-S2

(5.1.15) liminf / c(t) dt > 0.
sii-oo,s2tooJSl

This conjugacy criterion for the linear Sturm-Liouville equation (1.1.2) with r(i) =
1 is proved in [350] and the extension to (5.1.1) can be found in [310].

(ii ) Several conjugacy criteria for linear equation (1.1.2) (in terms of its coef-
ficients r, c) are proved using the fact that this equation is conjugate on (a, b) if
and only if

(5'L16) LwMWT4W]>7T
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5.1.4 Lyapunov-type focal points and conjugacy criteria

The next results concern again equation (5.1.1).

Theorem 5.1.6. Let x be a nontrivial solution of (5.1.1) satisfying x'(d) = 0 =
x(b) and x(t)  ̂ 0 for t E [d, b). Then

which implies that (6 — d)p~1C* < 1. We remark that the equality cannot hold, for
otherwise | Jd c(s) ds\ = C* on [d, b) which implies that c(t) = 0, a contradiction,
thus (5.1.17) holds.

If d is the largest extreme point of x in (a, b), then x'(t) < 0 and hence v(t) >
0 on [d,b). Set C* = swpd<t<bjdc(s)ds. Then we also have C* > 0 since the
assumption C* < 0 contradicts to V(d) = 0, limt^b_ V(t) = oo. Hence, by (5.1.19),
0 < v(t) < C* + V(t). The remaining part of the proof is similar to the first one.

The following theorem can be proved similarly as the previous one, and hence
we omit its proof.

I *
(5.1.17) (b-df-1 sup / c(s)ds > 1.

d<t<b\Jd

Moreover, if there is no extreme value of x in (d,b), then

(5.1.18) {b-df-1 sup / c(s)ds>l.
d<t<b.Jd

Proof. Suppose that x(t) > 0 on [d, b), if x(t) < 0 we proceed in the same way.
Let v = -$(x'/x) and V(t) = (p - 1) fd \v{s)\q ds. Then we have

(5.1.19) v(t) = / c(s)ds + V{t).
Jd

Thus, v(d) = 0 = V(d) and lim t^6_ v(t) = limt^fe_ V(t) = oo. Set

C* := sup / c(s) ds
d<t<b Jd

and observe that \v(t)\ < C* + V(t), so that

V'(t) = (p - l)|i;(t)|« < (p - 1)(C* + y(i))9,

and

m <!
(p-i)(c*  + v(t))i -

Integrating this inequality from d to b and using limt_>b_ V(£) = oo, we obtain

1 b

-(c* + v(t))*-i ,-b~d'
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Theorem 5.1.7. Let x be a nontrivial solution of (5.1.1) satisfying x(a) = 0 =
x'(c) and x(t)  ̂0 for t £ (a, c]. Then

Let I\ = [d7bi]  and I2 =  [ai,c]. Now, we divide the proof into the following two
cases.

fc

(c-a)^1 sup / c(s)ds > 1.
a<t<c Jt

Moreover, if there is no extreme value of x in (a,c), then

(c-a)p~l sup / c(s)ds>l.
a<t<cJt

Corollar y 5.1.1. //

{b-df-1 sup / c(s)ds < 1,
d<t<b Jd

then (5.1.1) is right disfocal on [d,b). If

{c-af-1 sup / c(s)ds < 1,
a<t<c Jt

then (5.1.1) is left disfocal on (a,c\.

Theorem 5.1.8. Let a < b be consecutive zeros of a nontrivial solution x of
(5.1.1). Then there exist two disjoint subintervals / i , J2 C [a,b] such that

(5.1.20) (b-af1 I c(s)ds >min{4,4p-1}
JI1UI2

and

(5.1.21) f c(s)ds<0.
J[a,b]\(hUl2)

Proof. Let c and d denote the smallest and largest extreme points of x on [a,b],
respectively. Without loss of generality, we may assume that c < d (if there is only
one zero of x' in (a,b), then c and d coincide). Thus, x'{d) = 0, x{b) = 0 and
x'(t)  ̂ 0 for t e (d,b\. By Theorem 5.1.6, inequality (5.1.18) holds. Then there
exists 61 € (d, b] such that

(5.1.22) {b-dy-1 I c(s)ds>l, and f c(s)ds> I c(s) ds.
Jd Jd Jd

Similarly, it follows from Theorem 5.1.7 that there exists a\ 6 [a, c) such that

(5.1.23) {c-ay-1 I c(s)ds>l, and / c(s) ds > c(s)ds.
J a\ Ja\ J a
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Case 1. Up > 2, then

(b - af-1 f c(s) ds = [(b -d) + {c- a ) ] " " 1 ( / ' c(s) ds + ( c(s) ds )

JhUl2 \Jd Jai J

> [ ( 6 -^ + ( c - a ) ^ ] ( ^r + ^ z r )

> (y/(b-d)P-i J(c-a)P-i\2 = d

- ^ ( 6-d ) P- i v/(c-a)P-i;

Case 2. If 1 < p < 2, then

(b-a)( [  c(s) ds] > (b - a) ( [ ' c(s) (is + / c(s) ds )

\JhUl2 J \Jd Jai J
> (6 -a) ( f ' c(s)ds) +([  c{s)ds]

\Jd J \Jai J

> [ (6 -d) + ( c _ o ) ] ( ^ + - l _ ) > 4 .

It follows from Cases 1 and 2 that (5.1.20) holds.
By (5.1.22) and (5.1.23), /£ c(s) ds < 0 and f*1 c(s) ds < 0. In order to verify

(5.1.21), it is sufficient to show that Jc c(s) ds < 0. Since y'{c) = y'{d) = 0, we
have v(c) = v(d) = 0, where v = —&(y'/y)- Hence

/

d r>d

c{s)ds + (p-l) / \v{s)\qds.
Jc

This means that Jc c(s) ds < 0, which implies that (5.1.21) holds.

Corollar y 5.1.2. Suppose that for every two disjoint subintervals I\,Ii  C [a,b],

{b-af1 f c(s)ds ^ m i n j ^ ^ - 1 }
Jhuh

Then (5.1.1) is disconjugate on [a,b].

Proof. Suppose by a contradiction that there exists a nontrivial solution x of
(5.1.1) with x(c) = x(d) = 0 for a < c < d < b. Without loss of generality, we
may assume that x(t) ̂  0 for t e (c, d). By Theorem 5.1.8, there exist two disjoint
subintervals / i , I2 C [c, d] C [a, b] such that

{d-cy-1 I c(s)ds >min{4,4p-1} .
2

Thus (b - a)p-x J7 (J/ c(s) ds > min{4, Ap^1},  a contradiction.
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Corollar y 5.1.3. Suppose that a nontrivial solution x of (5.1.1) has N zeros on
[a,b], where N > 2. Then there exist 2(iV — 1) disjoint subintervals Iij  C [a, b],
i = 1 , . . ., N - 1, j = 1,2, such that

(5.1.24) N < K
 r '—- c(s)ds) + 1.

and

(5.1.25) [  c(s)ds<0,
J[a,b]\I

where I = [j^  (In U Ii2).

Proof. Let ti, i = 1, . . ., N, be the zeros of x on [a, 6]. By Theorem 5.1.8, for each
i = 1,. .. ,7V — 1, there are two disjoint subintervals In and la of [ti,ti +i]  such
that

and

(5.1.27) / c(s)ds<0.
-'[t,,f,-n]\(/,lUJ, 2)

Summing (5.1.26) for i from 1 to N — 1,

/  W" 1 1
c{s)ds >  min{4,4p-1}  V ^—p

> min{4,4p-1}(A^- l ) N~}- ^ _— \ —

= min{4 ,4P-1} ( iV- l ) - X

( N - ^ / ( t 2 - f i ) - - - ( i i V - i A ' - i ) J

(IV  — 1 " \P- 1

> min{4,4p-1}(^-l) T; —i / - -—

= min{4.4p-1}(7V-l) p- — —̂-

>  m i n { 4 , ^ - 1 } ( J V - l ) " ^ - i 5 F r j

which implies

(N - I f < ( 6 ~ a ) P" ' / c(s) ds.v ; min{4,4P-1}7 /
 v ;

This implies that (5.1.24) holds. From (5.1.27), it is easy to deduce (5.1.25).
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5.1.5 Further related results
We start with the following Opial type inequality (proved in [32]), which will be
useful in proving the subsequent statement. Note that another Opial type inequal-
ity, which is directly related to equation (1.1.1), is presented in Section 9.5.

Lemma 5.1.1. Let a/3 > 0, a + f3 > 1, be constants and f(t) be a nonnegative,
measurable function on (a,b), and

(5.1.28) K(a,0) =Ki{d,a,(3) =K2(d,a,(3) < oo,

where

K2(d,a,P) = [^- p) \jd &+fi)/a{t){b-tr^- ldt\

and d is the (unique) solution of (5.1.28). If x is absolutely continuous function
on [a, b], with x(a) = x(b) = 0, then

(5.1.29) f f(t)\x(t)\a\x'(t)fdt<K(a,f3) f \x'(t)\a+  ̂dt.

Theorem 5.1.9. Let (5.1.1) have a solution x satisfying x(a) = x(b) = 0, x(t)  ̂ 0
for t G (a,b). Let Q(t) = Jac(s)ds or Q(t) = Jf c(s)ds. Then there exists a
(unique) d G (a, b) such that

(5.1.30) / \Q{t)\*{t-af-1dt= j IQitWib-ty-'dt^-,
Ja Jd P

where 1/p + 1/q = 1.

Proof. Multiplying (5.1.1) by x(t) and integrating by parts over [a,b] gives

/

b rb f'b

\x'(t)\pdt = / c(t)\x(t)\pdt =-p Q(t)p<S>(x(t))x'(t)ds
Ja Ja

< P I \Q(t)\\x(t)\p-l\x'(t)\dt
J a

fb

< pK(p-1,1) / \x'(t)\pdt,
J a

where we have used (5.1.29) of Lemma 5.1.1, since x(t) is a nontrivial solution of
(5.1.1), fa \x'(t)\dt > 0, (5.1.30) follows from (5.1.31).
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5.2 Perturbation principle

In this section we investigate oscillatory properties of (1.1.1) viewed as a per-
turbation of another half-linear equation of the same form. We present modified
versions of several previously formulated criteria like Leighton conjugacy criterion,
Leighton-Wintner and Nehari type (non)oscillation criteria. The last two subsec-
tions contain criteria where oscillatory properties of (1.1.1) and (5.1.1) are studied
via certain associated linear second order differential equations of the form (1.1.2).

5.2.1 General idea

In the previous sections devoted to oscillation and nonoscillation criteria for (1.1.1),
this equation was essentially viewed as a perturbation of the one-term equation

(5.2.1) (r( i)$(z')) '= 0.

As we have already mentioned, for oscillation (nonoscillation) of (1.1.1), the func-
tion c must be "sufficiently positive" ("not too positive") comparing with the
function r. In this section we use a more general approach: Equation (1.1.1) is in-
vestigated as a perturbation of another (nonoscillatory) two-term half-linear equa-
tion

(5.2.2) (r(i)$(z'))' + c(i)$(z) = 0

with a continuous function c, i.e., (1.1.1) is written in the form

(5.2.3) (r(t)&(x'))'  + c(t)$(x) + (c(t) - c(t)) $(x) = 0.

The main idea is essentially the same as before. If the difference (c—c) is sufficiently
positive (not too positive), then (5.2.3) becomes oscillatory (remains nonoscillato-
ry)-

Note that in the linear case p = 2, the idea to investigate the linear Sturm-
Liouvill e equation (1.1.2) as a perturbation of the nonoscillatory two-term equation

(5.2.4) (r(t)x')'+  c(t)x = 0

(and not only as a perturbation of the one-term equation (r(i)x')' = 0) brings
essentially no new idea. Indeed, let us write (1.1.2) in the "perturbed" form

(5.2.5) (r(t)x')' + c(t)x + (c(t) - c(t)) x = 0.

Further, let h be a solution of (5.2.4) and consider the transformation x = h(t)u.
This transformation transforms (5.2.5) into the equation

(5.2.6) (r(t)h2(t)u'Y + [c(t) - c{t)]h2{t)u = 0

(compare (1.3.14)) and this equation, whose oscillatory properties are the same as
those of (1.1.2), can be again investigated as a perturbation of the one-term equa-
tion (r(t)h2(t)u'y = 0. In the half-linear case we have in disposal no transformation
which reduces nonoscillatory two-terms equation into an one-term equation, so we
have to use different methods. This "perturbation principle" then becomes a very
useful tool which enables to prove new results in the half-linear case.
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5.2.2 Singular Leighton's theorem

In this subsection we show that if the points a, b are singular points of considered
equations, in particular, a = — oo, b = oo (or finite singularities, i.e., the points
where the unique solvability is violated), Leighton type comparison theorem (The-
orem 2.3.5) still holds if we replace the solution satisfying y[a) = 0 = y(b) by the
principal solution at a and b.

Theorem 5.2.1. Suppose that c is a continuous function such that the equation

(5.2.7) (r(tMyf))'+  c(tWy) = 0

has the property that the principal solutions at a and b coincide and denote by h
this simultaneous principal solution at these points. If

(5.2.8) liminf / (c(t) - c(t)) \h(t)\p dt > 0, c(t) ^ c(t) in (a,b),
siia,S2Tf>7Sl

then (1-1.1) is conjugate in I = (a,b), i.e., there exists a nontrivial solution of this
equation having at least two zeros in I.

Proof. Our proof is based on the relationship between nonpositivity of the energy
functional J- and conjugacy of (1.1-1) given in Theorem 1.2.2. We construct a
nontrivial function, piecewise of the class C1, with a compact support in /, such
that F(y; a, b) < 0.

Continuity of the functions c, c and (5.2.8) imply the existence of i S / and
d, Q > 0 such that (c(t) - c(t))\h(t)\p > d for (i- g,i + g). Let A be any positive
differentiable function with the compact support in (i — g,i + g). Further, let
a < t0 < ti <t-g<t + Q< t2 < t3 < b and let f,g be the solutions of (5.2.7)
satisfying the boundary conditions

/(to) = 0, /(£i) = h(h), g(t2) = h(t2), g(t3) = 0.

Note that such solutions exist if to,ti and £2,̂ 3 are sufficiently close to a and b,
respectively, due to nonoscillation of (5.2.7) near a and b (this is implied by the
existence of principal solutions at these points) and the fact that the solution space
of this equation is homogeneous. Define the function y as follows

'o te(a,t0],

/(* ) *G[to,t i ] ,

, i )=U(* ) telhMMt-oJ+Q],
' \h{t){l  + 5h{t)) te[t-Q,t + g],

git) te[t2,t3},

0 te[t3,b),
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where S is a real parameter. Then we have

HwM,h) = f*  [r(t)\yr  - c{t)\y\"} dt

= r{r{t)\y'\v-c{t)\y\p\dt- [°'  [c(t) - c(t)]\y\*'  dt
Jta Jt0

= P[r(t)\fr-c(t)\f\p]dt- p[c(t)-c(t)]\f\pdt
Jta Jta

+ C W)\y'\p - m\v\p]  dt - P [c(t) - c(t)} \y\pdt
Jtx Jti

+ [ 3 [ r ( t ) \ g ' \ P - c ( t ) \ g \ P } d t - [  * [c(t) - c(t)]\g\* dt.
Jt2 Jt2

Denote by Wf, wg, u>h the solutions of the Riccati equation associated with (5.2.7)

(5.2.9) w' + c{t) + (p- I)r1-q(t)\w\q = 0

generated by / , g and h, respectively, i.e.,

r$(/ ') r$(<?') r${h')

Then using Picone's identity (1.2.3),

P[r(t)\f'\"-c(t)\f\ p]dt = WflffWl+p P r^WPir^f'MfiwAdt
Jto Jt0

where P(u,v) — \u\p/p - uv + \v\q/q (see Subsection 1.2.1). Similarly,

P[r(t)\gr-c(t)\9\p}dt = wg\g\"\ttl.
Jt2

Concerning the interval [ii , ̂ 2], we have (again by identity (1.2.3))

f{y-MM)  f2[r(t)\y'\P-c(t)\y\P]dt
Jtt

= wh\h\p\^ +p f2 rl-q(t)P(r«-ly'My)wh)dt = wh\h\v\^
Jti

+ j_ ^(t)\h' + S(Ah)r-pr(t)-^y'hP-1(l + SA)p-1

fi+g
= Wh\h\p\tt\+ r(t){\h'\p+p8(Ahy$(h') + o{5)

Jt-Q
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- p(h' + 6(Ah)')$(h')(l + (p - 1)(5A + 0(6))
+ (p-l)\ti\p(l+ PSA + o(5))}dt

ft+e
= Wh\h\p\\l+  r(t){\h'\P+p6(Ah)'$(h')

Jt-Q

+P\ti\p - p6$(h')(Ah)' - p{p - l)5A\h'\p

+{p - l)\ti\p + (p - l)P5A\ti\p + o(5)} dt

= wh\h\r 1*1+0(6)

as (5 —> 0+ Consequently,

^(2/;t O)t3) = «'/l/r|i 1
)+^l'i| p|^+^l5l P |^+o(5)

= |M^i)|PK(ii ) " Wfc(<i)) + |M*2)|PK(*2 ) " ^9(*2)) + o(5)

as 5 -^ 0+. Further, observe that the function f/h is monotonically increasing in
(to.ti) since ///i(t0) = 0, // / i(^ ) = 1 and (///i) ' = (f'h-fh')/h? f 0 in (to,^).
Indeed, if /'/i - fh' = 0 at some point i G (to,ti) , i.e., (f'/f)(i) = (h'h)(i),
then Wf(i) = Wh(t) which contradicts the unique solvability of the generalized
Riccati equation. By the second mean value theorem of integral calculus there
exists £1 G (to,ti) such that

f\c(t)-c(t))\f\pdt = [tl(c(t)-c(t))\h\p^dt
Jto Jto \n\

= [l(c(t)-c(t))\h\*dt.

By the same argument the function g/h is monotonically decreasing in (t2, t3) and

/" J (c(t) - c(t)) \g\pdt = f 2 (c(t) - c(t)) \h\'dt
Jli Jt-2

for some £2 £ (t2,h).
Concerning the interval (ii , £2) we have

f2 (c(t)-c(t))\v\pdt

= f \c(t)-c(t))Wdt

rt+e ft-2
+ / (c(t) - c(t)) \h\p(l + 6A)P dt+ (c(t) - c(t)) \h\p dt

Jt-Q Ji+e

/

*2 fi+Q

(c(t) - c(t)) \h\p dt + S (c(t) - c(t)) \h\PA(t) dt + 0(6)
-1 Jt-Q
ft2

>  / (c(i)-c(t))\h\pdt + 5K + o(5)
Jt!
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as 6  0+, where K = d  ̂ A(i ) di > 0. Therefore,

( ' (c(i) - c{t)) \v\pdt> [ ' (c(t) - c(t)) \h\p dt + KS + o(6).

Summarizing our computations, we have

Hy;to,t3) < \h(h)\p{wf(h)-wh(h)) + \h(te)\p{wh(te)-wg(te))

- I'*  (c(t)-c(t))\h\pdt-(K6 + o(5))
%

with a positive constant K.
Now, let S > 0 (sufficiently small) be such that KS + o(S) =: e > 0. According

to (5.2.8) the points ti,t-2 can be chosen in such a way that

[2 (c(i)-c(t))Wdt>--
J si 4

whenever si £ (a,ti), s2 £ (hjb). Further, since Wh is generated by the solution
h of (5.2.7) which is principal both at t = a and t = b, according to the Mirzov
construction of the principal solution, we have (for t\, t<i  fixed for a moment)

lim [wf(ti)-wh(t1)]=0,  lim [wg(t2) - wh(t2)} = 0.
to—''(i-\ - ts—>-b—

Hence

IM*i)l p lu>f(h) - wh(h)] < | , \h(t2)\? \wh{h) - wg(t2)]  < \

if to < ti, t% > t2 are sufficiently close to a and b, respectively. Consequently, for
the above specified choice of to < t\ < t2 < ti we have

HvM,h) = [\r(t)\y'\P-c(t)\y\P]dt- ['  (c(t) - c(t)) \y\* dt

< \h(h)\P [Wf(h) ~ Wh(h)] + \h(t2)\
P [Wh(t2) ~ Wg(t2)]

- f2 (c(t) - c(t)) \h\p dt - (K5 + o(6)) <£-+6- +  £--s<0.

The proof is now complete.

5.2.3 Leighton-Wintner  type oscillation criterio n
Recall that if J r1~q(t)dt = oo and / c(t) dt = oo, then (1.1.1) is oscillatory.
This direct extension of the classical linear Leighton-Wintner criterion has been
proved in Section 1.2. This criterion characterizes exactly what means that for
oscillation of (1.1.1) the function c must be sufficiently positive comparing with
the function r in one-term equation (5.2.1). Here we extend this result to the
situation when (1.1.1) is investigated as a perturbation of (5.2.2).
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Theorem 5.2.2. Suppose that h is the principal solution of (nonoscillatory) equa-
tion (5.2.2) and

/

oo r-b

(c(t) - c(t)) hp'(t) dt := lim / (c(t) - c(t)) hp(t) dt = oo.
Then equation (1.1.1) is oscillatory.

Proof. According to the variational principle (see Section 2.1), it suffices to find
(for any T G K) a function y G W1'P(T,oo), with a compact support in (T, oo),
such that T{y\ T, oo) < 0. Hence, let T G R be arbitrary and T < t0 < h < t2 < h
(these points will be specified later). Define the test function y as follows:

0 T<t<t0,
f(t) to<t<t u

y(t) = I h{t) h<t< t2,
g(t) t2<t<  t3,
0 t3 < t < oo,

where /, g are solutions of (5.2.2) given by the boundary conditions f(to) = 0,
f{h) = /i(*i)> S(*2) = h(t2), g(t3) = 0. Denote

r$(/ ') r^(h') r$(g>)

i.e., Wf,ivg,Wh are solutions of the Riccati equation associated with (5.2.2) gener-
ated by f,g,h respectively. Using exactly the same computations as in the proof
of Theorem 5.2.1, one can show that

(5.2.11) T{y;T,oo) = K - f (c(t) - c(t)) hp{t) dt + hp(t2) [wh(t2) - wg{t2)],

where

K := hp(h) [wf(h) - wh(h)} - [ \c(t) - c(t))fP(t) dt

and £ £ (t2,t3). Now, if e > 0 is arbitrary and T < to < t\ are fixed, then, according
to (5.2.10), t2 can be chosen in such a way that Jf (c(s) — c(s))hp(s) ds > K + s
whenever t > t2. Finally, again using the same argument as in [100] we have
(observe that wg actually depends also on £3)

lim hp(t2)[wh(t2)-wg{t2)]  =0,

hence the last summand in (5.2.11) is less than e if £3 is sufficiently large. Conse-
quently, T(y\ to, £3) < 0 if to,ti,t2, t3 are chosen in the above specified way.

If r(t) = 1 in (1.1.1) and c(t) = i , 7 = (^Y, i-e., (5.2.2) is the generalized
Euler equation with the critical coefficient (1.4.20), then the previous theorem
reduces to the oscillation criterion given by Elbert [141].
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5.2.4 Hille-Nehari type oscillation criterion

The results of this subsection can be viewed as an extension of some criteria given
in Section 3.1.

Theorem 5.2.3. Let J°° rl~q{t) dt = oo and c(t) > 0 for large t. Further suppose
that equation (5.2.2) is nonoscillatory and possesses a positive solution h satisfying
the following conditions:

(i) h'(t) > 0 for large t;

(ii)  it holds
O

(5.2.12) / r(t)(h'(t))pdt = oo;

(in) there exists a finite limit

(5.2.13) lim r(t)h(t)$(ti(i)) =: L > 0.

Denote by

( 5 A 1 4 ) c|"-/' f(i)f(.)W,»-

and suppose that the integral

(c(t)-c{t))hp(t)dt= lim / (c(t)-c(t))hp(t)dt

b^oo J

is convergent. If

 1
(5.2.16) liminf G(t) / (c(s) - c(s)) hp(s) ds > —

t^oo Jt 2q
then equation (1.1.1) is oscillatory.
Proof. Suppose, by contradiction, that (1.1.1) is nonoscillatory, i.e., there ex-
ists an eventually positive principal solution x of this equation. Denote by p :=
r(i)<fr(x'/x).  Then p satisfies Riccati equation (1.1.21) and using the Picone iden-
tity for half-linear equations (1.2.1), we have

[ (r(s)\y'\P-c(s)\ynds = p{s)\y\» % +p f rl^{s)P (r^ly',p^{y)) ds
JT JT

for any differentiable function y, where P is given by (1.2.2), and integration by
parts yields

f[r(s)\y'\p-c{s)\y\v]ds = f [r(s)\y'\p - c(s)\y\p] ds - f \c{s) - c{s))\y\p ds
JT JT JT

= r(s)y$(y') \T - f j/[(r(s)*(y')) ' " c(s)$(j/)] ds
JT

- f (c(s) - c(s))\y\p ds.
JT
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Substituting y = h into the last two equalities (h being a solution of (5.2.2)
satisfying the assumptions (i) - (iii ) of the theorem), we get

, t ,t

(5.2.17) hp(p-p)\T = / (c{s) - c{s))hp ds + p rl-q(s)P(rq-} ti' ,p<f>(h))ds,
JT JT

where p = r$(h' jK). Since J00 r1~g(t) dt = oo, w = 0 is the distinguished solution
of the Riccati equation corresponding to the equation (r(t)Q(x')) = 0 and since
c(t) > 0, by Theorem 4.2.2 p(t) > 0 eventually. Hence, with L given by (5.2.13),
we have

L + hp(T)(p(T)-p{T)) > f (c(s)-c(s))hpds+p f r1-q(s)P(rq-1h',p^{h))ds,
JT JT

and since P(u7v) > 0, this means that
O

(5.2.18) / rl-q(t)P(rq-}(t)h'(t),p(t)<i>(h(t)))dt < oo.

Now, since (5.2.13), (5.2.15), (5.2.18) hold, from (5.2.17) it follows that there
exists a finite limit

]imhp(t)(p(t)-p(t))=--P

and also the limi t

, , 9 1 Q^ ,. Pit) v hp{t)p{t) L + (3
(5.2.19) hm —T4 = lim —H—r4 =
V ' t^oo p(t) t^oo hP(t)p(t) L
Therefore,

hp(t)(p(t) - p(t)) -0 = C(t) +p  ̂ rl-\s)P{rq-lti, p$(h)) ds,
Jt

where C(t) = Jt°°(c(s) - c(s))hp(s) ds.
Concerning the function P(u, v), we have for u, v > 0

(5.2.20) P(u, v)=—-uv+ — =up (— - vul~p + -\= upQ (vu1^) ,
p q \qv,P p) K '

where Q(X) = Xq jq — X + 1/p > 0 for A > 0 with equality if and only if A = 1 and

Hence for every e > 0 there exists S > 0 such that

(5.2.22) P(u,v) > ( ^ - e ) «P ( ^ 1 " l ) ' ,

whenever \vv}~p — 1 < S. This implies that /3 = 0 in (5.2.19) since the case (3^0
contradicts the divergence of J r(t)(h'(t))p~1 dt. If we denote

m:=h>itMt)- m), m:=r{t)h2{t)\m)p_2,
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then using

(5.2.23) = C(t)+(^-i)J0°H(s)f2(S)ds,

where e = pe. Multiplying (5.2.23) by G(t) we get

/*OO

(5.2.24) G(t)f(t) > G(t)C(t) + ( | - e) G(i) y H(s)f(s) ds.

Inequality (5.2.24) together with (5.2.16) imply that there exists a 5 > 0 such that

(5.2.25) G(t)f(t) >  ̂  + 6 + ( | - i) G(t) J~  ̂ [G(s)f(s)]2 ds

for large t.
Suppose first that liminfj^oo G(t)f(t) =: c < oo. Then for every e > 0, we

have [G(t)/(t)]2 > (1 - e)c2 for large t and (5.2.25) implies

« ^ + «+( i-^)a-^ .
Now, letting e , e ^ 0 we have

2q 2

but this is impossible since the discriminant 1 — 2q(l/(2q) + 5) < 0.

Finally, if

(5.2.26) liminfG(i)/(i ) = oo,
t—>oo

denote by m(t) = inf t<s{G(s)/(s)}. Then m is nondecreasing and (5.2.25) implies
that

G{t)f{t)>K+(^-s)m\t),

where K = l/(2g) + 5. Since m is nondecreasing, we have for s > t

G(s)f(s) >K+(^-i)  m2(s)  m2(t),

and hence
m{t) > K + ( | - e ) m2 ( i )

which contradicts (5.2.26). The proof is complete.
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Let r(t) = 1, c(t) > 0 and

w tp /p \ P J

Then (5.2.2) reduces to the generalized Euler equation with the critical coefficient

(5-2.27) ($(!,'))' + ^ * ( y ) = 0,

and the solution h(t) = t^i7" of this equation satisfies all assumptions of Theo-
rem 5.2.3 with

Thus we get the following corollary.

Corollar y 5.2.1. Equation (5.1.1) is oscillatory provided

liminf log*  f°° sP-1 \c(s) - ^ 1 ds > - (^^] .
t - ~ 5 Jt L w SPJ 2 V P J

5.2.5 Hille-Nehari type nonoscillation criterio n

Now we turn our attention to a nonoscillation criterion which is proved under
no sign restriction on the function c and also under no assumption concerning
divergence of the integral J°° rx~q{t) dt (compare with Theorem 5.2.3). The result
of this subsection can be viewed as an extension of Theorems 2.2.9 and 2.3.2 to
the situation when (1.1.1) (or (5.1.1)) is viewed as a perturbation of a two-term
equation.

Theorem 5.2.4. Suppose that equation (5.2.2) is nonosdilatory and possesses a
solution h satisfying (i), (Hi) of Theorem 5.2.3. Moreover, suppose that

f°° dt
(5-2-28) J # 1 P F = M'
If G{t) is the same as in Theorem 5.2.3, now satisfying

 1
(5.2.29) limsup G(t) / (c(s) - c(s)) hp(s) ds < —

t—oc Jt 2g

and

/

oo o
(c(s)-c(s))hp(s)ds> ,

2q

then (1.1.1) is nonos dilatory.
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Proof. Denote again
O

C(t) = I (c(s)-c{s))hp{s)ds.

To prove that (1.1.1) is nonoscillatory, according to Theorem 2.2.1 it suffices to
find a differentiable function p which verifies differential inequality (2.2.7) for large
t. This inequality can be written in the form (with w = h~p(p + C))

[q h \ h ) p J

[q h \ h J p J

= -prl~qP (rq-lti, ^ " ^ ) + r{h'f - chP.

We will show that the function

(5.2.31) p ( i) = r W / l ( i ) $ ( / l ' ( i ) ) + _ L _

satisfies the last inequality for large t. To this end, let v = (p + C)/h, u = rg~1h'.
The fact that the solution h of (5.2.2) is increasing together with (5.2.28), (5.2.29),
(5.2.30) and the assumption (iii ) of Theorem 5.2.3 imply that

v = P(t) + C(t) l + 2qC(t)G(t)
$(w) h(t)r(tMh'(t)) + 2qG(t)r(t)h(t)$(h'(t))) ~*

as t —» oo. Hence, using (5.2.20) and the same argument as in the proof of the
Theorem 5.2.3, for any e > 0, we have (with Q satisfying (5.2.21))

pr  ̂ [I ^ q -* w  + ?m
[q h \ h J p \

+£)r(hr  (1+2<lGC^
-P{ 2 +£)ryn> 4g2r2/l2(/,/)2P-2G2

\2 P ) rh2(h')P-2 4G2q2

for large t.

Now, since (5.2.29), (5.2.30) hold, there exists 6 > 0 such that

<G{t)C(t)<^-  ̂ \l + 2qG(t)C(t)\<2-6

for large t, hence e > 0 can be chosen in such a way that

(q \ (l + 2qG(t)C(t))'2 1
\2+ ) V 2q
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for large t. Consequently (using the fact that h solves (5.2.2)), we have

- pri-o I1- ^ q - r^h> (P  + 1 ^ 1 + rih'f ~ c(i)W[q h \ h ) p J

>-(l+e)  *  {1 + 2qGC)\r(hr-c(tW

> -2^rnh>)P-*  + lrh*W = [rh^  + 2^] = P'-
The proof is complete.

If (5.2.2) reduces to Euler type equation (5.2.27), then we obtain the following
corollary from the previous statement.

Corollar y 5.2.2. Equation (5.1.1) is nonoscillatory provided

limsuplogt f" Us) - ^ ) sP-1 ds<\ (—Y

and

liminf logi f°° (c(s) - -£) sP-1 ds > -- ( ^ Y .
t-oo B Jt \V > SPJ 2\ p J

5.2.6 Perturbed Euler  equation

If we distinguish the cases p £ (1,2] and p > 2, the following refinement of oscil-
lation and nonoscillation criteria from the previous subsection can be proved.

Theorem 5.2.5. Consider the half-linear equation

(5.2.32) (*(x'))' + ^(x)+2^-^J 5(tMx)=0, lp = (?—^\

where 5 is a continuous function, and the linear second order equation

(5.2.33) (ty'Y + S-^y = 0.

Suppose that the integral

/

oo r / \

s

for large t, (in particular, we suppose that J°° 5{t)/tdt is convergent).

(i) Let p > 2 and linear equation (5.2.33) be nonoscillatory. Then (5.2.32) is
also nonoscillatory.

(ii)  Letp G (1,2] and half-linear equation (5.2.32) be nonoscillatory. Then linear
equation (5.2.33) is also nonoscillatory.



After some computation, one can verify that (5.2.40) is the Riccati integral in-
equality associated with the half-differential equation

(5.2.41) ($(*'))' " *(*' ) + JPHZ) + 2Qo5(t)<S>(z) = 0

which is, in turn, nonoscillatory and this means that (5.2.32) is nonoscillatory
as well since the transformation x(t) — z(s), s — logt, transforms (5.2.41) into
(5.2.32).

The proofs of the next two theorems are based on the detailed investigation of
the function F from the previous proof. Since computations are rather complicated,
we skip the proof, we refer to the original paper [149].
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Proof. We only present the proof of the part (i), the proof of the claim (ii) is
analogical. Since (5.2.33) is nonoscillatory, the same is true for the differential
equation

(5.2.35) (Az'Y + AS(es)z = 0, A = 2 ( V-^— J

which results from (5.2.33) upon the transformation x{t) — z(s), s — \ogt. Since
the integral J°° 5(t)/tdt = J°° S(es) ds < oo, the function u(s) = Az'(s)/z(s) is a
solution of the Riccati integral equation

/

OO -I />OO

S(eT)dT+- / u2(T)dT,
 ̂ Js

and hence u(s) > 0 for large s according to the assumption on cr(t). Now we use
similar ideas as in Subsection 1.4.2. We denote

(5.2.37) F{Q):=\Q\«-Q + 7, 7 := - f ^ - J

Recall that this function is nonnegative, attains its minimum at Qo = ( — J

and this minimum is F(QO) = 0. By a direct computation we have

(5.2.38) F"{Qo)=  ( p_ 2
1 ) A , F ' " (g )=g (g - l ) (g -2 ) |e |9- 3sgne.

Hence, by the Taylor formula

(5.2.39) F(g) < —^—(g - go)2 for p > 2,

provided Q  ̂ Qo and g > 0, (for p G (1, 2) we have the opposite inequality). Hence
F(QO + u) < u2/[(p — 1)A] for u > 0. Applying the last inequality in (5.2.36), we
obtain

/

oo /-oo

A<5(er) dr + (p - 1) / F(U(T)) dr.
J s
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Theorem 5.2.6. Suppose that (5.2.34) holds and (5.2.33) is nonosdilatory. As-
sume that there exists a constant 6 £ (0,1) such that for a solution z of (5.2.33)
the functions ( = z' / z and fi defined by

fi{s)= [  C3(r)dr,
Js

satisfy the relations

/

OC /-OO n

II{T)  dr < oo, / C(T)M r) dr < ~MS) for lar9e s-
Js 2

Then (5.2.32) is nonos dilatory and it has a solution with the asymptotics

x(t) = t ^ z i (log t)[C + o(l)}, C^O,
(5.2.43) r'(f\ n _ i 9

« £ | = E _i + aCOo( ] ( )+0 (c (10 !,) )

as t —> oo. Moreover, if the assumptions of the previous part of theorem are satisfied
for the principal solution z of the equation

(5.2.44) z" + 5(s)z = 0

and the quantities (, ft, are defined accordingly via z, then the solution x given
by (5.2.43) with C, instead of C, is the principal solution of (5.2.44). Let x be any
nonprindpal solution of (5.2.32), then

f°° dt , x(t)

J ^wiP < 0 0 ' ^ ^ ) = 0 '
while for the principal solution x

r00 dt
J x*(t)\x'(t)\r-*  " °° -

Finally, if X\,X2 are two nonprindpal solutions of (5.2.32), then there exists the
limit

The previous statement, applied to the half-linear differential equation with
the iterated logarithms

(5.2.45) (*(^)) ' + (J + I ( l ^ - Y '1 J2 . 2f . V , 2) *(«) = 0,
\tP 2\ p J f^logU-log^t-logitJ

where log2 t = log(logt), logfc t = log(logfe_11), gives the following result.
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Corollar y 5.2.3. Each nontrivial solution x of (5.2.45) has the asymptotic form
either

x{t) = t  ̂ (log*  log21  lognt)> {C + Oilog-11)) ,

or _ 2

x(t) = t*? (log*  log21  logn t)*  ( logn +1 i ) - (C + OClog"1)*) ,

as t —> oo, where C  ̂ 0 is a real constant and n e N.

We finish this subsection with a statement where we apply linear Hille-Nehari
(non)oscillation criterion to linear equation (5.2.33).

Theorem 5.2.7. Suppose that (5.2.34) holds. Then (5.2.32) is oscillatory if

f°° 1
liminf s / 5(eT)dr > - ,
s^oo Js 4

and ii is nonosdilatory if

f°° 1
s / 5(eT) rfr < - , for large s.

J s 4
/n particular, the differential equation

($(x'))'  + f^  + — ^ - ) $(x) = 0

is oscillatory for A > ^ f ̂ =— \ and nonosdllatory in the opposite case.

5.2.7 Linearization method in half-linear oscillation theory

In this subsection we extend some results of the previous subsection to a general
situation. We show that oscillatory properties of (1.1.1) can be studied via prop-
erties of a certain associated linear equation of the form (1.1.2). In particular, we
show that this linear equation plays a role of the Sturmian majorant for p > 2 and
the role of the Sturmian minorant for p £ (1, 2].

Along with (1.1.1) we consider the equation (5.2.2), we consider both (1.1.1)
and (5.2.2) on an interval / C M , and we suppose that

there exists a solution h of (5.2.2) such that
[ ' ' ' h(t)>0 and r{t)${h'{t))   ̂ 0 on I.

We denote

(5.2.47) R(t) := r(t)h2(t)\ti(t)\*- 2, C(t) := (c(t) - c(t))hp(t).

and we compare oscillatory behavior of half-linear equation (1.1.1) with the be-
havior of the linear Sturm-Liouville equation

(5.2.48) (R(t)y')' +  P-C{t)y = 0.
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on /, where u = 2Ry'/(yp), y being a positive solution to (5.2.48) on /. Fix a
to E I and consider the solution of generalized Riccati equation (1.1.21) satisfying
the initial condition

w(t0) = h-p{t0)u(t0) + wh(t0),

where Wh = r<$>(h'  /h). We will show that this solution w exists on the whole
interval /. This then implies the required result - disconjugacy of (1.1.1) on /,

since x(t) = exp < Jt r1~q(s)$~l (w(s)) ds > is a solution of (1.1.1) which is positive

on /. Let v = hp{w — Wh)- Then v(to) = u(to) and by a direct computation, similar
to that in the proof of Theorem 5.2.3, one can verify that

v' + C(t) + pr1-q(t)hp(t)P(wh,w) = 0,

where P is denned by (1.2.2). Now we use the inequality from Lemma 4.2.4 to
obtain

(5.2.50) P(a, f3) < l-\a\2~p (a - f3)2 , p>2, a,f3eR, a  0.

For p 6 (1,2] we have the opposite inequality, which is then used in the proof of
the part (ii). By (5.2.50), after a short computation, we get

Now, the standard statement for differential inequalities (see, e.g. [174]) claims
that v(i) > u(t) for t > to and v(t) < u(t) for t < to, and this implies that v exists
on the whole interval / which means that w exists on / as well.

Remark 5.2.1. (i) If p = 2, i.e., (1.1.1) reduces to the linear equation (1.1.2), then
(5.2.48) reduces to the equation

[r(t)h 2(t)y']'  + h2(t)[c(t)-c(t)}y = 0

Theorem 5.2.8. Suppose that (5.2.46) holds.

(i) Suppose that p > 2 and that linear equation (5.2.48) is disconjugate in an
interval I. Then half-linear equation (1.1.1) is also disconjugate in this in-
terval.

(ii)  Suppose that 1 < p < 2 and that half-linear equation (1.1.1) is disconjugate
in an interval I. Then linear equation (5.2.48) is also disconjugate in I.

Proof. We will outline the proof of the part (i), the proof of the part (ii) is similar.
Disconjugacy of (5.2.48) implies the existence of a solution u of the associated
Riccati equation

(5-2.49) "'  + C{') + mT)=°

"'  + C<*> + f 4 - ° -



where u,j3 are real parameters and B(t) is a real almost periodic function (in a
Bohr sense); see below for the definition of disconjugacy domain and Bohr almost
periodic functions. This complemented the paper [294], where the same equation
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and this is just the equation which results from (1.1.2) upon the transformation
x = h(t)y, where his a, solution (5.2.2), compare (1.3.14). From this point of view,
the statement of Theorem 5.2.8 can be regarded as an extension of the linear
transformation method to half-linear equations.

(ii) If we substitute r = 1, c(t) =  r)pt^
p, h(t) = t~>r in Theorem 5.2.8, os-

cillatory properties of (5.1.1) are related to oscillatory properties of the linear
equation

(5.2.51) (ty')' + l^-E-J tp-1(c(t)-lpr
p)y = 0.

( \ p—2
-^j J in (5.2.51) is worse than the corresponding constant in

Theorem 5.2.5 (it is (p — l)-times bigger). The explanation of the fact that the
constant in Theorem 5.2.5 is better is the following. In the proof of Theorem 5.2.5,
a modified version of Lemma 4.2.4 has been used. In this modified version, the
variables u,v are restricted to the region 0 < v < $(«) and under this restric-
tion the constant 1/2 in (4.2.39), (4.2.40) can be replaced by a better constant
(q — l)/2. Note that this restriction on u,v is enabled by additional assumption
of the convergence and nonnegativity of the integral given by (5.2.34), see the
previous section and also [149] for details. However, if no additional restriction on
u,v is available, the constant 1/2 in Lemma 4.2.4 is exact since (4.2.39) reduces
to the equality if v = —<&(«).

5.3 Nonoscillation domains and (almost)
periodicity

The aim of this section is to study the properties (like closedness, convexity, but
also many others) of the nonoscillation and disconjugacy domains of the half-linear
equations with two parameters ($(?/))' + (—aA(t) + (3B{t))<fr{y) = 0. Various
eigenvalue problems may be cast in this form. For example, setting A(t) = 1,
fixing a and allowing [3 to be the parameter we obtain weighted Sturm-Liouville
equation with a possibly sign indefinite B. Since the results on equation (5.1.1) with
an (almost) periodic coefficient are closely related to these problems we present
them within this section as well. This is contained in the second and the third
subsection.

5.3.1 Disconjugacy domain and nonoscillation domain

In the paper [270], it was studied the disconjugacy domain for the linear Hill type
equation

y" + (-a + pB(t))y = 0,
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was studied under the condition of the periodicity of B with a period one and a
mean value equal to zero. The theory was further extended to the equation

(5.3.1) y" + (-aA(t)+(3B(t))y = 0,

where, in particular, A, B do not need to be (almost) periodic, see the monograph
[289]. What we offer here is a generalization of some aspects of the above mentioned
theory (in particular that in [289]) to the half-linear case. Consider the equation

(5.3.2) (d>(y'))' + (-aA(t) + 0B{t))${y) = 0

on an interval /. The interval / is mostly taken to be [0, oo), although many results
herein are valid also on (—00,00) (or on finite open or half-open intervals). We
assume that a, j3 are real parameters and A, B are continuous functions, but it
is not difficult to see that the results are still valid if A, B are merely Lebesgue
integrable on every compact subset of / (this may be important in the connection
with generalizations of the concept of almost periodicity - in contrast to the almost
periodic function in the sense of Bohr, almost periodic functions in a more general
sense, e.g. of Weyl, may not be continuous); sometimes, for comparison purposes,
we will present the results in this more general setting. Also, instead of (5.3.2) we
may consider the equation (r(t)$(y'))' + (—aA(t) + (3B(t))$(y) = 0, r being a
positive continuous function, and, with some littl e adjustments, the theory works
as well. The so-called parameter space, i.e., the a/3-plane (which is equal to M2)
plays an important role. Before we give the definition of its two significant subsets,
recall that equation (5.3.2) is said to be disconjugate on / if every its nontrivial
solution has at most one zero in /, while nonoscillation of equation (5.3.2) means
that every its nontrivial solution has at most a finite number of zeros in /. Also
recall that (5.3.2) is disconjugate on / if it has a solution without zeros on /. For a
compact or an open interval / this condition is also necessary, see Subsection 1.2.6.
Now we give two important definitions.

Definitio n 5.3.1. The collection of all (a, (3) e M2 for which (5.3.2) is disconjugate
(resp. nonoscillatory) on / is called the disconjugacy domain (resp. nonoscillation
domain) of (5.3.2), and denoted by T> (resp. AT). The set of points (a,/3) for which
(5.3.2) is oscillatory is the oscillation domain, denoted by O.

Definitio n 5.3.2. We say that a function / is Bohr almost periodic (or uniformly
almost periodic) if for any e > 0 there exists L = L(e) such that in each interval
of length L there exists at least one number T such that \f{t + T) — f(t)\ < e,
—00 < t < 00. In other words, if / is continuous and for any s > 0 there exists
a relatively dense set of e-almost periods of this function. Recall that a number
r = r/(e) is called an e-almost period of / if for all t, \f(t + r) — f(t)\ < e.

We emphasize that any Bohr almost periodic function is continuous. We are
interested in closedness, convexity and boundendess of T> (and/or TV). We start
with the simple statement which in fact says that nonoscillation and disconjugacy
coincides when c in (5.1.1) is a Bohr almost periodic function. In particular, T> =
J\f if c(t) = — aA(t) + (3B{t), where A,B are Bohr almost periodic. Later this
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statement will be extended to the Stepanoff-almost periodic case. For comparison
purposes, note that for more general equation (1.1.1), the statement works as well
provided r is assumed to be Bohr almost periodic.

Theorem 5.3.1. Let c be a Bohr almost periodic function. If (5.1.1) is not dis-
conjugate on (—00,00), then it is oscillatory at both .

Proof. Suppose that a nontrivial solution y of (5.1.1) vanishes at two distinct
points t = t\ and t = £2- For each e > 0 there are arbitrarily large e-almost periods,
say rn, of c(t). Consider the translated equations ($(y'))' + c(t + rn)$(y) = 0 with
solutions yn which attain the same initial values at t = t\ as does y. Also there
is a solution zn of (5.1.1) for which zn(t + Tn) = yn(t). For each £ > 0 there
exists an e > 0 such that yn vanishes on t-2 — £ < t < £2 + £  Then zn vanishes at
t = t\ + Tn and also near £2 + Tn. Hence every solution of (5.1.1) must vanish on
t\ + rn < t < £2 + Tn + £. Since the translation numbers Tn are arbitrarily large
(or small), (5.1.1) is oscillatory.

The lack of periodicity-type assumptions on A, B usually has the effect of
splitting T> and M. However, later we will see that T> = M may occur even in the
"non-periodic" case.

Next we present the results concerning the basic properties of the disconjugacy
domain. The central role in this subsection is played by the following lemma.

Lemma 5.3.1. Let c(i) be a continuous function on I. The equation

(5.3.3) (<%'))' + Ac(£)<D(y) = 0

is disconjugate on I for each X G M. if and only if c(t) = 0 on I.

Proof. The sufficiency is trivial since (3>(y'))' = 0 is certainly disconjugate on /.
In order to prove the necessity, let (5.3.3) be disconjugate on / for every A e l .
The variational principle now says that whenever r/ ^ 0 is in W0

1'p(a, 6), where
[a,b]d,

(5.3.4) f [\r 1
/\P-Xc\r]\P](t)dt>0

J a

for every A £ K. Now let [a, b] be a given subinterval of/ and fix q ^ 0 in W^p(a, b).
Since r/' G Lp(a,b) it follows from (5.3.4) that

(5.3.5) A /" (c|77|P)(£)dt< HVII?,

where ||  ||p is the usual norm in Lp(a,b). We emphasize that (5.3.5) is valid for
every A G M. Since |A| can be chosen arbitrarily large it follows from (5.3.5) that

, 6

(5.3.6) / (c\Vn(t)dt = 0.
J a
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We find that (5.3.6) holds for every r\ s W0'
p(a,b) and for every [a,b] C /. Define

the test function <f> E by

{ t — a for a < t < a + e,

s for a + E < t < b - s,

b-t for b - e < t < b.
Clearly, 4>E is in W0

1>p(a, b) for each e > 0. Inserting this into (5.3.6) and passing
to the limi t as e —> 0+, it is easily seen that

,&
(5.3.7) / c(t)dt = 0.

Ja

Thus (5.3.7) holds for every compact subinterval [a, b] C /. Hence c(t) — 0 on
i. n

An interesting formulation of Lemma 5.3.1 is its contrapositive.

Corollar y 5.3.1. Let c(t) be a continuous function on I with c(t) ^ 0 in I. Then
there exists at least one value of \ S M. such that (5.3.3) is not disconjugate on I.

Corollar y 5.3.2. Let Ci be continous functions on I for i = l,...,n. If the
equation

(5.3.8) (*(j/')) ' + (Aici(t) +  + AnCn(i))$(y) = 0

is disconjugate on I for every point (A i , . . ., Xn) in l n , then c,(i) = 0 on I for
i = 1 , . . ., n.

Note, once again, that the contrapositive of the last corollary is of interest. If
none of the functions Cj vanishes identically, then there exists at least one point
(Ai , . . . , \n) in R" for which (5.3.8) is not disconjugate on I.

From the last corollary we get the following theorem.

Theorem 5.3.2. The disconjugacy domain T> of equation (5.3.2) is the whole
space IR2 if and only if A(t) = B(t) = 0 on I.

Corollar y 5.3.3. / / at least one of the functions A, B is not identically equal to
zero, then V is a proper subset ofM2.

The question of the boundedness or non-boundedness is a more difficult one.
The next result gives a necessary and sufficient condition for T> to contain a full
ray through the origin of M2, and thus a sufficient condition for non-boundedness
of P.

Theorem 5.3.3. The set V contains a proper subspace of the vector space M.'2

(other than the subspaces formed by the coordinate axes) if and only if the function
A is a constant multiple of the function B over I.
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Proof. Let A be a constant multiple of B. Then there exists k 7̂  0 in R such
A(t) = kB(t) on I. Equation (5.3.2) then becomes ($(y'))' + (-ak + ft)B(t)$(y) =
0. Hence T> contains the subspace {(a, ft) : ft = ka).

Conversely, let V contain a proper subspace of M2 other than the coordinate
axes. Then S — {(a, (3) : ft — ka} for some k 7̂  0. Hence, on this subspace, we
must have (<E>(y'))' + (—A(t) + kB(t))a$(y) = 0 disconjugate on / for every a e R.
Applying Lemma 5.3.1 with c(t) = -A(t) + kB(t), we find that A(t) = kB(t) on
/, so that A is a constant multiple of B.

Note that the assumption of linear independence excludes the possibility that
either one of A, B vanishes on /. Hence, form the previous theorem, we have the
following statement.

Corollar y 5.3.4. Whenever A, B are linearly independent functions on I, T> can-
not contain any full ray through the origin of parameter space.

Remark 5.3.1. Note that if D contains two proper subspaces of R2, then T> = M2.
Thus whenever T> C R2 (which is generally the case), T> contains at most one full
ray through (0,0). It is important to point out that T> need not always contain
a full ray through (0,0). In fact, in some cases, T> may be even a bounded set
(see Example 1 on p. 5 of [289] concerning equation (5.3.1)). However note that,
for example, V is always unbounded whenever A, B are linearly dependent, or if
A{t) = 1 on / and B(t) is arbitrary, as, in this case, T> D {(a, 0) : a > 0} .

We have seen that V may contain various full rays through the origin of M2. It
should be interesting to determine whether or not T> may contain curves of higher
(lower) order than one.

For example, a glance at the geometry of the curve ft = a3 shows that, since
V is convex (this will be shown later), the line segment joining the points (ai, a\)
and (012,01%) on this curve must belong to T>. However as a varies over R, the
convex hull of the set {(a, ft) : (3 = a3} is in fact all of R2. Thus V = R2 and so
the coefficients must vanish on / (Theorem 5.3.2). From this simple argument it
follows that the equation ($(y'))' + (-aA(t) + a3B(t))$(y) =0,te [0, 00), must
be nondisconjugate on [0, 00) for at least one value of a £ R (if A and/or B are
not zero on / ) . A similar argument applies for the general cubic (3 = aj a3 + a-io? +
a^ct + ai where a\ 7̂  0, and for the general odd degree polynomial equation (with
nonzero leading coefficient).

The case when (3 = a2 (or any even degree polynomial equation) is very differ-
ent. This is because the convex hull of the set {(a,/3) : ft = a2}  as a varies over
R is not all of R2, in contrast with the cubic case mentioned above. The idea of
the proof of Theorem 5.3.2 may be used to derive necessary conditions for T> to
contain the full parabola ft = a2. For example, we have the following statement.

Theorem 5.3.4. Let A, B be such that A'2(t) + B2(t) > 0 on a set of positive mea-
sure on I. Then a necessary condition for the disconjugacy domain T> to contain
the full parabola ft = a2 is that B(t) < 0 on I.

Proof. We proceed as in the proof of Theorem 5.3.2. Since V contains the parabola
{(a, a2) : a £ R}  it follows that for each interval [a, b] C / and each r\ ^ 0 in
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Wo'p{a,b) fa[W\p ~ (~aA + a2 B)\r]\P](t)  dt > 0 for each a e R. From this it is
readily derived that, for a fixed interval [a, b] C I and a given r\ ̂  0 in W^p{a, b),

(5.3.9) a2 f {B\n\p)(t) dt-a f (A\V\")(t) dt < \\V'\\p
p

J a J a

for each a G l . Since 7/ G Lp(a, b) it follows that

(5.3.10) f (B\r,\P)(t)dt<0
Jo,

for our 7], otherwise the left-hand side of (5.3.9) will exceed the right-hand side
for all sufficiently large a > 0. Since n ^ 0 and [a, b] are arbitrary it follows that
(5.3.10) holds for each r\ ^ 0 in Wo '

p (and clearly for 77 = 0) and each [a, b] C /. Let
r\ = c/>e be the test function appearing in the proof of Theorem 5.3.2 (which is in

fact based on Lemma 5.3.1). Then, arguing as in that proof, we find fa B(t) dt < 0
for each [a, b] C /. The conclusion now follows.

Remark 5.3.2. Note that the above type of proof may be used to show that B(t) <
0 is a necessary condition for V to contain the graph of any even degree polynomial
equation with nonzero leading coefficient.

Other results in the same vein are the following two statements.

Theorem 5.3.5. Let A,B satisfy the hypotheses in Theorem 5.3.4- A necessary
condition for V to contain the parabolic segment {(a,/3) : (3 = k^fa,k > 0}  for
all sufficiently large a (depending on k) is that A(t) > 0 on I.

Proof. This is analogous to the proof of Theorem 5.3.4, and so will be omitted.

Now we give a special type of converse. As we have already said above, the co-
efficients do not need to be continuous in our theory but we make the assumption
of their continuity because of simpler formulation. In fact, there is almost no dif-
ference when we relax the assumption of continuity appropriately. For comparison
purposes, let A, B be locally Lebesgue integrable in / in the following theorem.

Theorem 5.3.6. Let A(t) > 0 almost everywhere on L and essinf A(t) > 0. In
addition, let B 6 L°°{T). If a > ao where

(5.3.11) a0 = fc2||JB||2oo/(essinfA(t))2,

then V contains the parabolic segment {(a,/3) : [3 = k^/a} for such a. The lower
bound ao in (5.3.11) is sharp when A, B are constant functions almost everywhere
on I.

Proof. Note that for a > oto we have y/a(essmiA(i)) — kWBWoo > 0, and so
Y /aA(t) - kB(t) > 0 almost everywhere on / for a > a0. Thus

(5.3.12) aA(t) - k-JaB{i) > 0
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almost everywhere on / for a > ao. Now for a given fixed [a, b] C I and r\ ̂  0 in
WQ'P(CL, b) we have

, 6

(5.3.13) / [\r)'\ p-(-aA + ky/aB)\ri\p}(t)dt>0

on account of (5.3.12), with equality holding in (5.3.13) if and only if  r\ = 0. Hence
this p-degree functional is positive definite on W0'

p(a, b) for each [a,b] C / and
consequently (4>(y'))' + (aA(t)Jrky/aB(t))&(y) = 0 must be disconjugate on [0, oo)
for a > ao by the variational principle. Therefore {(a, ky/a) : a > ao}  C V which
is what we needed to show.

Next, let A(t) = a, B(t) = b be constant functions almost everywhere on /.
Then it is trivial that V = {(a, (3) : —aa + (3b < 0} . Now the boundary of V is
the ray (3b — aa = 0, or a = (b/a) (3 (since a > 0). The point of intersection of
the parabolic segment (3 = k\Ja for a > ao = k2b2 /a2 with the boundary of  T> is
given by equating (b/a) (3 — (32/k2 which yields (3 — bk2/a, i.e., a = a0. Hence the
said parabolic segment originates at the boundary of  T> for each k > 0.

Remark 5.3.3. Similarly as in Theorem 5.3.5 it is possible to show that T> con-
tains the parabolic segment {(a, fca1//A), a > ao}  where A > 1, k > 0 if ao =
fcA||5||^/(essinfA(i))\

Next two lemmas will serve to prove very important general properties of  T>.

Lemma 5.3.2. Let Ci be continuous functions on I for i = 1,2. Assume that each
one of the equations ($(?/))' + c,(t)$(y) = 0, i = 1,2, is disconjugate on I. Then
the equation ($(?/))' + ((1 ~ A)ci(i ) + \c2(t))&(y) is disconjugate on I for each
Xe [0,1].

Proof. Let [a,b] C / be a compact subinterval. Then the functional /a[ |? / |p —
Ci\r]\ p](t)  dt, i = 1,2, is positive on WQ)P(a, b) by the variational principle. On
account of the same principle, it suffices to show that /a[ | '?

/ |p — ((1 — A)ci +
Xc2)\ri\

p](t)  dt is positive on Wl'p{a,b). Now if A € [0,1] and r\ ^ 0 is in Wl'p{a,b),
then

(5.3.14) ( 1 - A ) f [\V'\P - a l v m ) dt + X f [ \ r ] ' \ p - c2 \ V \ p } ( t ) d t > 0
J a Ja

However the left side of (5.3.14) is equal to f*[\r)'\ p ~ ((1 ~ A)ci + Ac2)|r/|
p](t) dt

as a simple calculation shows. Hence the latter is positive definite on W0'
p(a, b).

This is valid for every [a,b\, therefore the result follows.

Before presenting the following lemma, let us recall that throughout this sub-
section, the interval / is assumed to be equal to [0, oo) or (—oo, oo).

L e m m a 5.3.3. Let Ci, i = 1,2,..., be a sequence of continuous functions on I
such that

(5.3.15) ($(j/'))
/ + crl(t)$(y)=O
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is disconjugate on I for each i = 1,2,.... If cn(t) converge uniformly on each
compact subinterval of I to c{t), then the limit equation (5.1.1) is also disconjugate
on I.

Proof. Assume, on the contrary, that (5.1.1) has two distinct zeros t\, t2. Consider
the solutions yn of (5.3.15) with initial data yn(ti) = 0, y'n(ti) = y'(t\). Let J
be a compact interval containing t\ and t2 in its interior. For sufficiently large n,
\cn(t) — c(t)\ and \yn(t) — y(t)\ are smaller than any prescribed e > 0 for t £ J.
Therefore yn vanishes near t2- But this contradicts the hypothesis that (5.3.15) is
disconjugate. Thus (5.1.1) is necessarily disconjugate.

Theorem 5.3.7. In the usual topology of M2, the disconjugacy domain V of
(5.3.2) is a closed set.

Proof. Let (ao,Po) be a limit point of the sequence (an,/3n) & T>, n = 1,2,....
Then for each e > 0 there exists an n such that \an — «o| < £, \Pn — Po\ < £ and

(5.3.16) ($(?/))' + (~(*nA(t) + f3nB(t))$(y) = 0

is disconjugate. Now let y be any nontrivial solution of (5.3.2) for (a, fi) = (ao,Po)-
Either y never vanishes in which case (ao,(3o) £ V, or y(t0) — 0 for some to-
la the latter case let yn be the solution of (5.3.16) which satisfies yn(to) = 0,
y'n(to) = y'(to). Then, by assumption, yn(t) 7̂  0 for t 7̂  to- However {yn} uniformly
approximates y on each interval [to, to + £] (by Lemma 5.3.3) for £ > 0 if e is
sufficiently small. Hence y can only change sign at t = to, and so y(t) 7̂  0 for
t  ̂ to in /. Thus every solution y has at most one zero in /.

Theorem 5.3.8. When viewed as a subset of parameter space M2, the disconju-
gacy domain of (5.3.2) is a convex set.

Proof. We must show that if (a,,/3j) £ T>, i = 1,2, then the line segment joining
these two points is also in V, i.e., that (1 — A)(a?i,/3i) + A(a2,/32) £ 2? for each
A e [0,1]. This is equivalent to showing that ($(j/))' + [ ( - ( ! ~ ^ )ai ~ \a2)A(t) +
((1 - A)/3i + A/32)-B(t)]$(y) = 0 is disconjugate on / for each A e [0,1]. Simplifying
and rearranging terms in the potential of the last equation, we may rewrite it in the
equivalent form (<f>{y')y+[(l-\){-a 1A{t)+f31B(t)) + \(-a2A(t)+l32B(t))}$(y) =
0 for A G [0,1]. Since (an, fa) G T> for i = 1,2, Lemma 5.3.2 yields the conclusion.

Example 5.3.1. Let A(t) = B(t) = t~p on / = [l,oo). Since A,B are linearly
dependent, T> must contain full ray through (0,0). Moreover we know that T> is
closed and convex. Note that (5.3.2), with the above identification, becomes an
Euler type equation of the form

W)) '  + ̂ ^Hv)  = 0

for t G /. Thus if —a + /? < [(p — l)/p]p, the equation is disconjugate, see Sub-
section 1.4.2, and so {(a, (3) : (3 < [(p - l)/p]p + a} C V. On the other hand,
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if —a + j3 > [{p — l)/p]p, the equation is oscillatory. Hence T> = {(a, (3) : (3 <
[(p — l)/p]p + a}. Note that V contains precisely one subspace S of ffi 2, namely,
S = {{a, (3) : a = (3} (cf. Theorem 5.3.3).

Remark 5.3.4. If c(t) — —a,A(t)+f3B(t) satisfies the assumption of Theorem 5.3.1,
then the oscillation domain O is open, since V and O are complementary in the
a/3-plane.

Now we turn our attention to the nonoscillation domain M (of (5.3.2)). First
note that J\f  ̂ 0 since V C J\f and V  ̂ 0. The following examples show the
interplay between V and AT-

Example 5.3.2. In contrast with Theorem 5.3.2 one can have AT = M2 without
either of A, B being equal to zero on /. A simple way of seeing this is by choos-
ing A, B 6 {/ G C(I) : f(t) vanishes identically outside a closed and bounded
subinterval of /}  For such a choice of A, B it is readily seen that (5.3.2) reduces to
($(?/))' — 0 for all sufficiently large t, independently of a, (i. Hence every solution
must have finitely many zeros. So M = R2 for such potentials.

Example 5.3.3. We now give an example where {(0,0)}  C V C TV C M2. To this
end, let A(t) = 1 and B(t) = t~p on / = [l,oo). Then (5.3.2) takes the form
($(? / ) )' + ( - " + fit-p)$(y) =Ofovt£l. Now it is clear that {(a,/3) : a > 0, f3 <
[(p — l)/p]p} C T> by a simple application of Sturm's comparison theorem with a
generalized Euler equation. Moreover the region {(a,/3) : a < 0}  is certainly part
of oscillation domain (i.e., the complement in M2 of the nonoscillation domain) by
Leighton-Wintner type criterion (Theorem 1.2.9). Thus V ̂  {(0, 0)}  and W ^ M2.

Example 5.3.4. The phenomenon J\f = V = {(0,0)}  may also occur. Indeed, we
already know (see Theorem 5.3.1) that for the class of potentials which are uni-
formly (i.e., Bohr) almost periodic the notions of disconjugacy and nonoscillation
coincide. Moreover, below mentioned Corollary 5.3.6 says that (5.1.1) is oscillatory
provided M{c} = 0, where the mean value M{c} is defined by

1 fT
M{c} = lim — / c(s + a) ds,

T^oo T Jo

a e l . Now let A, B be Bohr almost periodic functions with M{A} = M{B} = 0.
Then — a A + j3B is also Bohr almost periodic with M{—aA + /3B} = 0 for each
{a,j3) G R\ {(0,0)} . Hence (5.3.2) is oscillatory for each (a,(3)  ̂ (0,0). Thus
V=Al={(0,0)}.

Example 5.3.5. In contrast with Theorem 5.3.7 we show that, in general, AT is not
a closed set. It suffices to find a sequence {cn(t)} such that cn(t) — c(t) uniformly
on compact subsets of / as n —> oo, and ($(y'))' + cn(i)$(y) = 0 is nonoscillatory
(for each n) with ($(y'))' + c(t)&(y) = 0 being oscillatory at oo. Let A(t) = tp,
B(t) = t~p on / = [1, oo), and consider the equation

(5.3.17) W ) ) ' + i~atP + Pt~P)Hv) = 0

on / . Let (an,/3n) = (1/n, 1 + 1/rc), n = 1, 2 , . . .. Then (5.3.17), with an, (3n as
parameters, is nonoscillatory at oo for each n = 1 ,2 , . . ., since —ant

p + (3nt~
p < 0
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for each t > Tn :=  y/n + 1. Hence for each n, (5.3.17) with (a,[3) = (an,f3n)
is disconjugate on [Tn,oo) and hence must be nonoscillatory on [l,oo). However
—ant

p + /3ntr
p — t~p (uniformly on compact subintervals of [0, oo)), and the

limit equation ($(?/))' + t~p<fr(y) — 0 is an oscillatory Euler type equation. Thus
(an,Pn) G M but lim(an,/3ra) g" A/. Hence A/" cannot be closed in this case. Note
that since V is closed, it follows that V  ̂ M for equation (5.3.17).

Remark 5.3.5. Let us summarize what we have seen so far. Recall that equation
(5.3.2) is considered on the interval /, where / equals (—00,00) or [0,oo). In
contrast with V, the set J\f is not always closed. Furthermore, there may occur
J\f = M2 without either one of A, B vanishing on /. In general T> C M for equation
(5.3.2), however there exists various classes of potentials A, B, for which V = A/*.
Further, the oscillation domain O may be an open set (e.g., when T> = M) and it
may be empty (e.g., when J\f = 1Z2). For comparison purposes, it is not difficult
to see that whenever A(t) = 1, B(t) is uniformly almost periodic, then O is open,
connected and nonempty. Indeed, if (ao,Po) G 0, then (ao — £,/?o) G O for each
£ > 0 by the Sturm type comparison theorem. Moreover, O contains the sector
a < —\(i\ sup_oo<t<oc c(t). The sets V,AT may be unbounded (e.g. when A, B are
linearly dependent) and T> may even be a bounded set (so that T> is nonempty,
convex and compact), V  ̂ {(0,0)} . However if A(t) = 1, then V is unbounded.
It is possible that Â  may be bounded (as Â  = {(0, 0)}  can occur). However it is
an open question whether or not A/" may be bounded if M 7̂  {(0,0)}  (even in the
linear case). We have also seen that O = M2 \ {(0,0)}  is a possibility so that O is
as large as possible in such a case. Moreover it is immediate that the boundary of
V and M is a continuous curve (since each of these sets is convex).

Already at the beginning of this section, the problem on the equivalence of V
and Af was mentioned. There is an interesting question: For which class of poten-
tials A, B does equation (5.3.2) have the property that V = Ml We already know
that this question is related to oscillatory potentials. Indeed, the desired property
is guaranteed by Bohr almost periodicity of the coefficients of the equation, see
Theorem 5.3.1. In Subsection 5.3.3 we extend this statement to the Stepanoff case.
However there are classes of nonoscillating potentials for which M = T> also. Re-
call Example 5.3.1, where V = M provided A(t) = B(t) = t~p on [1, 00). Here is
another example.

Example 5.3.6. Let A(t) > 0 on / = [0, 00) and A(t) = B{t). Assume further that

(5.3.18) lim / A(s)ds = 00.

Then the equation (<J>(y'))' + (—a + (3)A(t)<&(y) = 0 is oscillatory whenever /? > a,
on account of (5.3.18) and the Leighton-Wintner type criterion, see Theorem 1.2.9.
Moreover, if (i < a, we have (/3 — a)A{t) < on / and so (5.3.2) is disconjugate.
Hence O = {{a,j3) : (3 > a} and so V = N (= {(a,(3) : j3 < a}).

Now any one of a multitude of oscillation criteria for half-linear equations with
positive coefficients may be used instead of (5.3.18) to obtain still wider classes of
potentials for which V = J\f .
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We finish this subsection with applications to the (extended) weighted Sturm-
Liouvill e type equation

(5.3.19) my'))' + (XB(t) - A(t))<S>(y) = 0,

where t G / (= [0,oo)) and A G M is a parameter. We turn our attention to
the collection of those A 6 I for which (5.3.19) is nonoscillatory/oscillatory. The
collection of such A is a vertical line £ through a = 1 in parameter space M.'2.
Hence we will investigate the number of possible ways in which £ may intersect
TV (or V).

Using the technique developed in the proof of Lemma 5.3.1, we can show: If
equation (5.3.19) is disconjugate on [0, oo) for every real A, then B(t) = 0 on / (and
($(?/))' = A(t)$(y) is disconjugate on I). Therefore it follows that if B(t) ^ 0,
then there exists at least one value of A for which (5.3.19) is not disconjugate on
/ .

Furthermore we have: Let A, B be (nontrivial) Bohr almost periodic functions
with M{A] = M{B} = 0. Then (5.3.19) is oscillatory at infinity for every value
of A (provided the case when XB(t) — A{t) = 0 eventually is excluded).

Theorem 5.3.9. Precisely one of the following five cases occurs for each equation
of the form (5.3.19):

(i) It is oscillatory for every real A.

(it) It is oscillatory for every real value of A except at some unique point A = Ao

(in) There exists a finite interval (Ai,A2) in M such that (5.3.19) is oscillatory
for A G (—oo, Ai ) U (A2, 00) and nonoscillatory for A G (Ai , A2).

(iv) There exists a point A3 G ffi  such that (5.3.19) is oscillatory (resp. nonoscilla-
tory) for A G (—00, A3) and nonoscillatory (resp. oscillatory) for A G (A3,00).

(v) It is nonoscillatory for every real A.

Figure 5.3.1: Intersection of £ with AT: Cases (i) and (ii)
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Figure 5.3.3: Intersection of £ with TV: Case (v)

Proof. Let £ = {(1,A) : A s M}  be the ray mentioned above. Since £ is a ray
and TV is convex, the claims (i)-(v) are consequences of the geometrical nature of
the intersection of £ with TV. Recall that TV is a convex set in general position
in IR2 (but, as always, containing (0,0)). Enumerating the possibilities is now
an easy matter. There are only five distinct ways in which £ may intersect TV:
(i) £nTV = 0, (ii) £HTV = {a single point}, (iii ) £nTV = {a finite line segment},
(iv) £ nTV = {a "half-ray"}, (v) £nTV = {a full ray}  = £. See also Figures 5.3.1-
5.3.3. Each of the possibilities (i)-(v) listed here corresponds to the stated claims,
respectively, in the theorem, as it is not difficult to see.

Example 5.3.7. We show here that, in fact, each of the possibilities (i)-(v) stated
in Theorem 5.3.9 may occur.

On (i): See the note before Theorem 5.3.9.
On (ii): See the note before Theorem 5.3.9 but now set 4̂ = 0 there. Then

(*Q/)) ' + \B(t)$(y) = 0 is oscillatory for each A  ̂ 0, and so £flTV= {(1,0)}  in
this case.

On (iii) : It is known that at least in the special case p = 2, such an example
exists, see [289, p. 21], where the results on the structure of TV, given in [294], are
utilized.
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On (iv): Let B{t) = (t + l)-p on [0, oo) and set A{t) = 0 on [0,oo). Then for
A G (—oo, \(p — l)/p]p) (5.3.19) is nonoscillatory (in fact, disconjugate) while for
A G ([(p — l)/p]p, oo), (5.3.19) is oscillatory at oo as the equation is of generalized
Euler type. Replacing B by —B and [(p — l)/p]p by —[(p — l ) /p] p interchanges the
words "nonoscillatory" and "oscillatory".

On (v): See Example 5.3.2.

5.3.2 Equations with periodic coefficients

In this subsection we give an oscillation criterion for equation (5.1.1), where the
coefficient c is periodic.

Theorem 5.3.10. Suppose that the function c(t) in (5.1.1) is a periodic function
with the period u>, c(t) ̂  0, and

I c(t)dt > 0.
Jo

Then (5.1.1) is oscillatory both at t = oo and at t = —oo.

Proof. To prove oscillation of (5.1.1), it is sufficient to find a solution of this
equation with at least two zeros. Indeed, the periodicity of the function c implies
that if a; is a solution of (5.1.1) then x(t  ui) is a solution as well and hence any
solution with two zeros has actually infinitely many of them, tending both to oo
and —oo.

The statement of theorem is clearly true if c is a positive constant function since
then x(t) = snip /it is a solution of this equation, where /J, is a constant depending
on c and p. So we need to consider the cases when c(t) is not a constant only. Also,
it is sufficient to deal with the case when J  ̂ c(t)dt = 0 because otherwise we can
define Co = ^ Jo c(t)dt > 0 and c(t) = c(i) — CQ. Clearly, we have c(t) > c(t). If we
prove (5.1.1) with 5 instead of c to be oscillatory then by the Sturmian comparison
theorem equation (5.1.1) is also oscillatory.

Now let

C{t) = f c{s)ds.
Jo

This is a continuous periodic function with the period ui. Let 7 and 5 be defined
by

C{S) = max C{t), C(7) = min C(t).

Then 0 < 5 < 7 < S + u and

* rs

/ c(s)ds > 0, / c(s)ds > 0 for t G M.
J-t Jt

Now, by Theorem 5.1.4 and the remark given below this theorem, the solution of
(5.1.1) given by the initial condition x{8) = 1, x'{$) = 0 has a zero in (—00,6).
Indeed, C(t) =£ 0 and

/ \s-5\a ( f C(T) dr ) ds > 0 for t > 5,
Jt \Jt J



By Theorem 5.1.4 and by our indirect assumption on the solution x(t), this se-
quence consists of negative terms:

u>(7) < w(7 + u) < w(7 + 2LO) <  < 0.

Indeed, if w(7 + ku>) > 0 for some k G N, then by Theorem 5.1.4 the solution x(t)
would have a zero in (7 + kcu, 00). Hence Hindoo w(j + kui) < 0, consequently by
(5.3.21)

w{j) + (P-l) f \w(a)\"ds<0,
J-1

i.e., the integral J \w(s)\qds is convergent. This implies by (5.3.20) that

,t ,t

w(t)=w(j)+  c(s)ds + (p-l) \w(s)\qds

and the function w(t) is bounded. Again by (5.3.20) we find that w' is also bounded,
say, \w'(t)\ < L. Then

7 < t\ < ti, hence limi^oc |w(i)|9+1 exists. Clearly, we have lim^oo wit) = 0.
On the other hand, w(S) = 0, and by (5.3.21) we have limbec w(S + kui) > 0

and this contradicts the fact that lim^oo w(i) =0.

5.3.3 Equations with almost periodic coefficients

We start with recalling the concept of almost periodic function. Bohr almost pe-
riodic function has already been defined at the beginning of this section. We em-
phasize that any Bohr almost periodic function is continuous, but the following
generalized almost periodic functions are not necessarily so. In the sequel we as-
sume that / is locally Lebesgue integrable. One of the first generalizations of Bohr
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with any a E (—l/p,p — 2]. Now we need to show that this solution has a zero
on (5, oo) as well. We proceed by contradiction, suppose that x(t) > 0 for t > S.
Consider the function w = —$>(x'/x) on [8, oo). This function satisfies the Riccati
differential equation

(5.3.20) w'= c(t) + (p - l)\w\g

and by integration we have

/

t+Ul

\w(s)\qds,

hence w(t + UJ) > w(t). Consider now the sequence

w(j), w(7 + ui), to(7 + 2w), . . ..

^ ^ ^ ^ = / w'(s)\w(s)\qsgnw(s)ds <L / |«;(s)|»d5,
9 + 1 Jti 7ti
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almost periodicity was due to Stepanoff. We say that / is Stepanoff almost peri-
odic if there exists a real number L > 0 such that for each e > 0 there exists a
relatively dense set of Stepanoff translation numbers r/(e), i.e., numbers such that

s u pi 7 ft+L\f(8 + Tf(e))-f(s)\ds\<e.
teu yL Jt J

This definition is classical. It is to be noted however that the class of Stepanoff
almost periodic functions may be found by taking the closure of the class of all
finite trigonometric polynomials relative to the metric T>s denned by

Vs[f,g]  = sup \j f+L \f(s) - g(s)\ds\ ,
tern. [L Jt J

L being a positive real number. The notion of a Weyl almost periodic function is
defined analogously, the only difference being in the definition of the metric. Thus,
the Weyl metric is given by

Vw[f,g]=  lim s u p ]}  f t + L \ f ( s ) - g ( s ) \ d s \ ,

where the limit may be shown to exist. The completion of the class of all finite
trigonometric polynomials relative to this metric gives the space of the Weyl almost
periodic functions. The generalization of almost periodic functions undertaken by
Besicovitch is as follows. The Besicovitch metric is defined by

VB [f,g]=  lim sup - ^ f \f(s)-g(s)\ds
T^oo il J-T

and the space of all Besicovitch almost periodic functions is obtained by com-
pleting the space of all finite trigonometric polynomials relative to the Besicov-
itch metric. However, we will rather work with the Besicovitch seminorm ||/||_B =
limsupy^̂  ^ J_T |/(s)| ds. For each one of these notions of almost periodic func-
tions, the mean value M{f}  always exists, is finite, and is uniform with respect
to a, a G M, where

M{/}  = lim )- f f(s + a) ds.
T^oo 1 Jta

It is immediate from the translation properties of such functions that M{|/| }
always exists, since |/| enjoys the same almost periodic properties as does /, and
is finite. Finally note that if we consider almost periodic functions in the sense of
Bohr, Stepanoff, Weyl and Besicovitch, then each such class is included in the next
one. The monographs [35, 51] are very good sources for finding further information
on almost periodic functions.

Now we give an extension of Theorem 5.3.1 from the Bohr almost periodic
case to the Stepanoff almost-periodic case, as we promised in the previous subsec-
tion. Recall that the function c in (5.1.1) may be considered to be merely locally
Lebesgue integrable. This nicely matches the fact that generalized almost periodic
functions do not need to be continuous.
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provided \n\ > N. Now consider the equations ($(z'n))' + c(t + Tn)G>(zn) = 0, t G R,
and let zn be the solution corresponding to zn(a) = y(a) = 0, z'n(a) = y'(a)(  ̂ 0).
Then zn is defined and continuous on [a, b+rj]  and since c(t + Tn) approximates c(t)
in the L ]-sense over [a, b + r]]  (by (5.3.24)), it follows by the continuous dependence
of solutions (see [171]) that there holds supt£[ a b+?7] \zn{t) — y(t)\ < en, where
en —> 0 as \n\ —> 00. Since y(b) = 0, there exists n such that zn vanishes in
some neighborhood (b — 5, b + S) of b where S may be chosen less than or equal to
min{6—a, r/}. Hence zn vanishes at two points for all \n\ > N. But zn(t) = yn(t+Tn)
where yn ̂  0 satisfies (5.1.1) and yn(a + rn) = 0, y'n(a + rn) = y'(a). Hence yn

vanishes at t = a + rn and near t = b + rn for each n. The Sturm type separation
theorem now implies that every solution of (5.1.1) must vanish between a + rn and
b + Tn + S. Thus (5.1.1) is oscillatory at .

Thus we see that if c is Bohr almost periodic or, more generally, Stepanoff
almost periodic, then (5.1.1) is either oscillatory at 00 and —00 or else is discon-
jugate on M. We show now that this is, in general, false for Weyl almost periodic
functions.

Theorem 5.3.11. Let c be a Stepanoff almost periodic function. If equation
(5.1.1) is not disconjugate on (—00,00), then it is oscillatory at both .

Proof. Let y be a nontrivial solution of (5.1.1) such that for some a < b, y(a) =
y(b) — 0. Let e — |ri| x, n — , . Then there exists (by definition) arbitrar-
ily large positive and arbitrarily large negative { T 7 1} ^ _ O C (arranged in increasing
order) so that, for each n,

( 1 rt+L } 1

sup 7 / \c(s + Tn) -c(s)\ds> < —.

Hence

(5.3.22) - / \c(s + Tn)-c(s)\ds< —

for each i, i =  0 ,1 ,2 , . . .. Since L > 0 is fixed, let m G N be chosen so that
mL > b — a. Fix such an m. Then (5.3.22) holds for i =  0 , 1 , . . ., m — 1, and so

I f-a+mL m

- / \C(S + Tn)-C(s)\ds< —

holds for each n, n = . Now there exists some 77 > 0, which we now fix,
such that

1 fb+r> m
(5.3.23) - / \c{s + Tn)-c{s)\ds< —

L Ja \n

for each n. It follows from (5.3.23) that given v > 0 there exists N > 0 such that

/

b+T]

\c(s + Tn) -c(s)\ds < v
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Example 5.3.8. Let c be defined o nl as follows: On [0, oo), c(i) = 7i(£+l)~p, while
on (-oo,0], c(t) =  l2(t - 1)~P, where 7 l > [(p - l)/pf and 0 < 72 < [(p - l)/pp
are some constants. Recall that the function c in (5.1.1) may be considered to be
merely locally Lebesgue integrable. Since each of these c gives rise to a generalized
Euler equation on the respective half-axes, we see that the resulting equation is
oscillatory on [0, oo) and nonoscillatory on (—oo,0]. Finally note that c is Weyl
almost periodic as it is in L(M).

Corollar y 5.3.5. Let A, B be Stepanoff almost periodic functions. Then V = J\f
for equation (5.3.2).

Proof. If A, B are Stepanoff almost periodic functions, then j3B — aA is a Stepa-
noff almost periodic function, see [35], since a, (3 are real constants. Hence either
(a, j3) £ T> or (a, /3) £ O, by the previous theorem.

If, in addition to almost periodicity of the potential, suitable conditions on
the mean value are required, then the oscillatory properties are affected in an
interesting way. Before we give the main statement of this part, recall the history
of the problem. In [172], it was shown that under the assumption that c is Bohr
almost periodic, c is not identically zero, the linear equation y" + Xc(t)y = 0 is
oscillatory at both oo and — oo for every real nonzero A if and only if M{c} = 0.
Note that the proof of sufficiency actually follows also from [270, Theorems 2
and 6] or from [80]. This was extended slightly in [289] to include the case of
generalized almost periodic functions in the sense of Stepanoff, under the tacit
assumption that either c or its indefinite integral is uniformly bounded on R.
In each of the cited works use is made of the Bohr uniqueness theorem which
states that a nonnegative almost periodic function c with M{c} = 0 must vanish
identically, if it is Bohr almost periodic, or vanish almost everywhere with respect
to Lebesgue measure, if it is Stepanoff almost periodic. It is a classical result that
this uniqueness theorem fails in the Weyl or Besicovitch case. It turns out that a
natural condition, namely, that M{|c|}  > 0, is needed in addition to the original
one, that is, M{c} = 0, in order to extend the result of [172] to the Stepanoff,
Weyl and Besicovitch cases, and that the former condition is necessary. This is
seen by the example: Let c(i) = exp(—x2). Then c is Weyl almost periodic [35,
p. 77] and M{c} = 0 = M{|c|} . But y" + Xc(t)y = 0 is nonoscillatory on K if A > 0.
In [136], it was proved the following result: Let c be Besicovitch almost periodic
and assume that M{|c|}  > 0. Then the equation y" + Xc(t)y = 0 is oscillatory at
both oo and —oo for every real nonzero A if and only if M{c} = 0. What we offer
here is a half-linear extension of the "sufficient part". Note that in the linear case
the proof of necessity is valid for any class of almost periodic functions with no
change. However, it is based on the linear transformation which has no half-linear
analogue. Therefore, it is an open problem to prove an extension of the "necessary
part". We start with an auxiliary statement which can be viewed as a certain
variant of Hartman-Wintner type theorem.

Lemma 5.3.4. Suppose that c : [to,oo) —> M is a locally Lebesgue integrable
function with M{c} = 0 and (5.1.1) is nonoscillatory. If y(t)  ̂ 0 is a solution of
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(5.1.1) on [io)oo), then
1 *

lim - / \w(s)\qds = O,
t^oo t Jt0

where w is given by the Riccati substitution w = —<&(y'/y).

Proof. Let w be defined as in the lemma. Then it satisfies the generalized Riccati
equation

(5.3.25) w'- (p- l)\w\q-c{t) = 0

on [io,oo). Since \w\q > 0, it suffices to show that

1 *
lim sup- / \w{s)\qds = 0.

t^oc t JU)

Assume to the contrary that

1 /"*
(5.3.26) lim sup - / \w(s)\qds > 0.

t^oc t Jto

Integrating (5.3.25) from ô to t and dividing it by t, we have

(5.3.27) f = ̂ ) + | f da) ds + ̂ f \W(s)\qds
1 l l Jto l Jto

for all t > t0. It follows from (5.3.26), (5.3.27) and M{c} = 0 that there ex-
ist a positive constant m and an increasing sequence {tn}^Li of (to,oo) with
limn^oc tn = oo such that

(5.3.28) ^-^- > (p - l)mv for all n large enough.
tn

It follows from M{c} = 0 that there exists t* large enough such that

(5.3.29) \[  c(s)ds < (p - l)(m/2)pt
\Jto

for t>t*.  Using (5.3.29) we have

(5.3.30) [  c(s)ds= f c(s)ds- f c(s) ds < {p - l)(rn/2)p(t + tn)
Jtn Jto Jto

for all t>tn>t*.  It follows from (5.3.28) and (5.3.30) that

w(tn)- [  c(s)ds > {p-l)mptn-(p-l){m/2)p(t + tn)
Jtr,,

(5.3.31) > (p-l)mptn-(p-l)(m/2)p[(2p-l)tn + tn] =0
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for all i s [tn, (2
P — l)tn]  C [t*,  oo). From the existence of solutions to the initial

value problem, the differential equation

(5.3.32) ($(y'n)y - (p - l)(m/2)"$(yn) = 0

has a solution yn on [tn, (2P - l)tn]  satisfying yn(tn) — y(tn) and

for all t G [tn, (2
P - l)tn]  n [in, tn + sn) C [i* , 00). A simple comparison argument

shows that vn(t) < wn(t) on this interval. It follows from

wn{tn) = w(tn) - 2(p - l)(m/2)ptn > (p - 1)(1 - 21-P)mptn

-WML)=wM-2(p-i){'n/m-
It follows from (5.3.30) and (5.3.31) that

> w(tn)-(p-l){m/2)p{t + tn)
= w{tn) - 2(p - l){m/2)nn - (p - l)(m/2)P(t - *„ )

on \tn, (2
P — l)tn]  C \t*,oo). Using the Leighton-Levin type comparison theorem

(see Subsection 5.8.3 below), we have

, , ^ *(y'(tn)) $(y'n(t))
{ } *(!/(*„) ) *(y B(t))

on [tn, (2
P — l) i n] C [£*, oo). Now define wn = —<fr(y'n/yn). It is clear that ion is a

solution of the equation

(5.3.34) w'n - (p - l ) |wn|? + (p - l )(m/2)p = 0

on [tn, (2P - l)tn]  C [r,oo) with wn(tn) = w{tn) - 2{p - l)(m/2)nn. Let sn =
[wn(tn) - (m/2)P/"]1-" and vn(t) = (m/2)P/« + (tn-t + sny-r on [tn, tn + sn) C
[t*,oo), where n is large enough such that wn(tn) > (m/2)p/q. Then vn(tn) =
wn(tn). From the inequality (a + b)1 > a7 + b~l, which holds for every 7 > 1, a > 0,
6 > 0, we get

«n(*) = (P ~ l)(tn ~ t + Sn)-P

= (p- l)[(t n - t + sn)-
p + (m/2)p]  - (p - l ) (m/2f

< (p - l)[(m/2)"/9 + (tn-t + Sn)1-^ - (p - l)(m/2)P
= (p- l ) |7,n( t ) |*-(p- l )(m/2)P

on [injtn + Sn) C [i*,cx)). Thus

<(t)-(p-l)K(t)r + (p-l)(m/2F<0 = <(t)-(p-l)K(«)P + (p-l)(m/2F
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that tn + sn g [tn, (2
P — l)tn]  for n large enough. By the definition of vn we see

that lim t_>(tT]+Sn)_ vn(t) = oo for n large enough. Hence

(5.3.35) lim wn(t) — oo for n large enough.
t^(t,,,+srl )-

Now we take k large enough such that tk + Sfe G [£&, (2P — l)tk\- Clearly, there
exists a positive constant M such that

on [i fc, (2
P - l)i fc] C [i*,oo). It follows from (5.3.33) and (5.3.35) that

oo= lim wn(t)<  lim / _ i ^ M ] < M < o o,
t^(tk+Sk)- t^(tk+Sk)- { $(y(in)) J

which is a contradiction.

Theorem 5.3.12. Suppose that c is a Besicovitch almost periodic function with
the mean value M{c} = 0 and M{\c\} > 0. Then (5.3.3) is oscillatory at oo and
—oo for every A  ̂ 0.

Proof. Without loss of generality we only show that (5.3.3) is oscillatory oo. Sup-
pose, by a contradiction, that (5.3.3) is nonoscillatory (at oo) for some A with a
solution y(t) > 0 for large t, say t > to. Then w = —$(y'/y) is the corresponding
solution of the associated Riccati equation

(5.3.36) w'= Xc{t) + (p - l)\w{t)\q.

Integrating (5.3.36) (with any fixed S > 0 and t > to) we get

,5.3.37, | f «) * = !*+4 _ =ffl _ Ezi f !„(.„, .

Applying the Besicovitch seminorm ||  \\B> defined by

||/||B, =limsupi f\f(s)\ds
t^oc t Jto

(this is essentially restriction of the seminorm ||  \\g to the interval [io,oo)) to
(5.3.37), we find

A ft+5 . , , p - \ ft+s . ,l o , w{t + 5) w{t)\\
0 < - c{s)ds < *—=— \w(s)qds + —:——'- + —y-\\

6 Jt B> Jt B> B' 11 '̂

for all 5 > 0. From Lemma 5.3.4 it follows that M{|iw| 9}  = 0, thus ||iy||s' =
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This and (5.3.38) imply M{|c|}  = \\C\\B> = 0 which is a contradiction.

The following statement is an immediate consequence of the Stepanoff unique-
ness theorem, see e.g. [289], and the last theorem.

Corollar y 5.3.6. Let c be a Stepanoff almost periodic function, which is not
almost everywhere zero, with M{c} = 0. Then (5.3.3) is oscillatory at oo and —oo
for every A  ̂0.

Since every Bohr almost periodic function is Stepanoff almost periodic, this
corollary includes an extension of the above mentioned result from [172].

5.4 Strongly and conditionally oscillatory
equation

Let us now discuss the problem of strong (non)oscillation of the equation

(5.4.1) (r(tMy'))' + \c(t)$(y) = 0,

\\w(t -f  £ ) | |B' = 0 for all S > 0. Using the Fubini theorem we have for some to > 0

- / / \w{T)\qdTds = — \W(T + s)\q dr ds
°t Jto Js "*  Jto Jo

1 Z"5 /"*
= - / / |w(r + s) |9dsdr

i /»<5 pt-\-5

i rt+5

= - / Ks)|9ds
1 Jto

for any fixed <5 > 0. Using the last computation and Lemma 5.3.4 we have

V ~ 1 ft+5

^—— / \w(s)\qds = 0.
5 Jt

Applying the last equality coupled with the fact that ||w(t)||B' = 0 to the previous
computation, we see that

A ft+s

(5.3.38) - / c(s)ds =0
Sjt

for every S > 0. Since c is almost periodic, it follows from [35, p. 97] that

1 ft+5

lim c(t) - - / c(s) ds = 0.
^ o+ 6 Jt
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where r, c are subject to the usual conditions with c positive and A is a positive
parameter. This concept was introduced by Nehari in [304] for linear differential
equation and its extension is obvious. Also, it is natural to expect that the situation
for strong (non)oscillation can be completely characterized. Differential equation
(5.4.1) is said to be conditionally oscillatory if there exists a constant Ao > 0
such that (5.4.1) is oscillatory for A > Ao and nonoscillatory if A < Ao- The value
Ao is called the oscillation constant of (5.4.1). Since this constant depends on
the coefficients of the equation, sometimes we speak about oscillation constant of
the function c (with respect to r). If equation is oscillatory (resp. nonoscillatory)
for every A > 0, then equation is said to be strongly oscillatory (resp. strongly
nonoscillatory).

5.4.1 Strong (non)oscillation criteri a

We start with the assumption J°° r1~q(t) dt = oo. A complementary case will be
discussed later. Then we need only to consider the case where the function c(t)
is integrable on [£o,oo). Indeed, if J°° c{t) dt = oo, then (1.1.1) is oscillatory by
Leighton-Wintner type criterion, and hence (5.4.1) is strongly oscillatory.

Theorem 5.4.1. Suppose that J°° c(t) dt < oo and J°° rl~q{t) dt — oo. Equation
(5.4.1) is strongly oscillatory if and only if

/ ,t \ P -1 /-oo

(5.4.2) limsup / r1-q{s)ds) / c(s) ds = 00.

and it is strongly nonosdilatory if and only if

(5.4.3) lim / r1-q(s)ds) / c(s) ds = 0.
*^° ° \J J Jt

Proof. Suppose that (5.4.2) holds. Then

lim sup ( / r1-q(s)ds) / Xc(s) ds > 1
t—00 V J / Vt

for every A > 0, and so (5.4.1) oscillatory for every A > 0 by Theorem 3.1.2. This
implies strong oscillation of (5.4.1). Conversely, suppose that (1.1.1) is strongly
oscillatory and (5.4.2) fails to hold. Then, by Theorem 3.1.3 we get, for every
A > 0,

/ ft \p~1 f00 1 fn-WP^1
(5.4.4) limsup / r1-q{s)ds) / Xc{s) ds > - [

t^oo \J J Jt P \ P j

This implies (5.4.2), otherwise (5.4.4) would be violated for sufficiently small A.
Now suppose that (5.4.3) hold. Then

/ ,t N P - I ,00

lim / r1-g(s)ds) / Ac(s) ds = 0
*^° ° \J J Jt
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for every A > 0, and from Theorem 3.1.3, (5.4.1) is nonoscillatory for every A > 0,
which implies strong nonoscillation of (5.4.1). Conversely, let (5.4.1) be strongly
nonoscillatory. From Theorem 3.1.2, we have

limsup / r1~q(s)ds) / Ac(s) ds < 1
t^oo \J ) Jt

for every A > 0. The arbitrariness of A then implies

limsup / rl~q(s)ds) / c{s)ds = 0,
t^oc \J ) Jt

which is equivalent to (5.4.3).

Example 5.4.1. The examples illustrating these concepts we have already seen in
the previous sections. For instance, if J°° r1~q(t) dt = oo, the equation

(5.4.5) (r(tMx')Y + — L» $(a;)=o
(jV-«(a)ds)

is conditionally oscillatory if \x — p, strongly oscillatory if /i < p and strongly
nonoscillatory if \i > p. This follows from the fact that the transformation of
independent variable t *—> f r1~q(s) ds transforms (5.4.5) into the equation

(5.4.6) ($(*'))' + ^$(aO=0 ,

and (5.4.6) is compared with the Euler equation (1.4.20). It is then easy to see
that if n = p, then A = [(p — l)/p]p is the oscillation constant of t~p'.

Now we will discuss the complementary case to the previous one, i.e., the case
when J r1~q(t) dt < oo. We will present the theorem without proof, since the
idea is the same to that of the proof of Theorem 5.4.1, with the only difference that
instead of Theorem 3.1.2 and Theorem 3.1.3 we use Theorem 3.1.6. Also, similarly
to the previous case, we need only to consider the case where c satisfies

O / />OC \P

(5.4.7) / / r1-q(s)ds) c(t)dt <oo,

since otherwise (1.1.1) is oscillatory by Theorem 2.2.11, so that (5.4.1) is strongly
oscillatory.

Theorem 5.4.2. Suppose that (5.4.7) holds and J r1~q(t)dt < oo. Equation
(5.4.1) is strongly oscillatory if and only if

/

 \~l  /  \p

r1-q(s)ds) / / r1-q{T)dT) c(s) ds = oo,
/ Jt \Js )

and it is strongly nonoscillatory if and only if

/ roo \ —1 i-oo / i-oo \ P

lim / r1-q(s)ds) / / ^^Mdr) c(s)ds = 0.
^^  \Jt  } Jt  \Js  )
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Remark 5.4.1. In view of the criteria in Section 3.1, it is not difficult to see that
using similar ideas as in the above two theorems, we can obtain corresponding sta-
tements (under appropriate assumptions) involving the functions A(t),B(t),C(t)
and C(t), defined at the beginning of Section 3.1. The same holds for the results
of the next subsection.

5.4.2 Oscillation constant

The following theorems provide information about the oscillation constants of
conditionally oscillatory equations of the form (5.4.1). From Theorem 5.4.1 we
conclude that under the assumption J°° rl~q{t) dt — oo equation (5.4.1) is condi-
tionally oscillatory if and only if either

/ pt \p~l f00
0 < lim / r1^q(s)ds) / c(s) ds < oo

*^°° \J ) Jt

or

/ pt \p~1 r°°
0<liminf / r1-q(s)ds) / c(s) dsl^°° \J ) Jt

/ r-t \ P - l r-cc

< limsup I / rl~q{s)ds\ I c(s) ds < oo.

We introduce the notation

/ pt \p^1 r°°
M*=limin f / r1-q(s)ds) / c(s)ds,

*^°° \J ) Jt

/ pt N P - 1 poo

M* = limsup / r1-q(s)ds) / c(s)ds.
t^oo \J J Jt

Theorem 5.4.3. Suppose that J°°c(t)dt < oo and J°cr1-q(t)dt = oo. Let 0 <
M* < M* < oo. Then the oscillation constant Ao of (5.4.1) satisfies

/n particular, if M» = M* , iften

0 pM* V p J pM* \ p J

Proof. Let A 6 (0, Ao). Then (5.4.1) is nonoscillatory, and so by Theorem 3.1.1
and Theorem 3.1.2, we have

/ *  \ p - 1 r°° 1 fri-\\p~l

liminii  r1-q(s)ds) / \c(s) ds = \M* < - i1- J
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and
/ rt \ P -1 /-oo

limsup / r1-q(s) ds / \c(s) ds = AM* < 1
t^oo \J / Jt

whence, letting A —> Ao —, we obtain

i / i \ P~̂  i
Ao < —z~r [ ] and Ao < T I ~ -

" PM, V P / M*

Let A 6 (Ao, oo). Since (5.4.1) is oscillatory, from Theorem 3.1.3 we see that

/ ft \P~1 foe i / i \ P -l

limsup / ^ - ' ( s) ds / Ac(s) ds = AM* > - ^
t-oc V7 / A P\Pj

which, as A —» Ao+, yields

Now we will discuss the complementary case to the previous one, i.e., the case
when J°° r1^9(t) dt < oo (and (5.4.7) holds). Introduce the notation

Af,=limin f / r1-q(s)ds\ / ( rl-q{T)dr\ c{s)ds,

/  \ —1 />oo / />oo \ P

Ar=limsup(/ rl-q{s)ds) I / r1-9^)^) c{s)ds.
t^oo \Jt J Jt \Js J

From Theorem 5.4.2, it is clear that (5.4.1) is conditionally oscillatory (provided
(5.4.7) holds) if and only if either

/ /"OO \ —1 /"OO / /"OO \ V

0 < lim [ / r1-q(s)ds) / / rl-q{T)dT\ ds) ds < oo
*̂ °° \Jt J Jt \Js J

or 0 < N* < N* < oo.

Theorem 5.4.4. Suppose that (5.4.7) and J°°r1-q(t)dt < oo. Lei 0 < N* <
N* < oo. Then the oscillation constant Ao of (5.4.1) satisfies

i /p-iy r i i /p-iyi

//, m particular, N* = N*, then

We conclude this section with comparison type results involving oscillation
constants.
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Theorem 5.4.5. Let c(t) and d(t) be two nonnegative (and eventually nontrivial)
integrable functions, and let \d, 0 < \d < oo, be the oscillation constant of d (with
respect to r). Assume that J°° r1^q(s) ds = oo and the limit

/ ft \P -1 /-oo

Ld= lim / r1-q(s)ds) / d(s)ds
t^°° \J J Jt

exists. If

*:=liminf£^>A d,

then (1.1.1) is oscillatory.

Proof. The equation (r(t)$(y'))' + \d(t)$(y) = 0 is oscillatory if A > \d. Thus,

by Theorem 3.1.3, we have Ld > 7P/A, where 7P = - f 2 ^ ) > so that for any

0 < e < 7P/Ad there exists T such that

/ pt \p~1 f°° 1
f / r1-9(s)dsj / d(s)ds> ^ 7P - e

for t >T. As A —> Ad, we have

^  r1-q(s)ds  ̂ j™ d(s) ds > j - l p - e

for i > T, so that

(jV~*(s)<&) P~1j;OOc:(s)ds
* < lim inf -f

= — lim inf / r ^ ^ s )^ / c(s)ds.

7PAd-£ *^ ^ \ i / A

Since this implies

/ ft \ P -1 /-oo

lim inf / rx-9(s)ds / c(s)ds>7P,
*^°° \^ / Jt

equation (1.1.1) is oscillatory by Theorem 3.1.1.

Similarly we can prove the following theorem.

Theorem 5.4.6. Let c(t) and d(t) be two nonnegative (and eventually nontrivial)
functions, and let Xd, 0 < \d < oo, be the oscillation constant of d (with respect to
r). Assume that J°° r1^q(s) ds < oo. Further, suppose that (5.4.7) and the same
condition, with d instead of c, hold. Let the limit

/ /-oo \ - 1 /.oc / /.oc \P

tlimf / r1-q(s)ds) / ( / rl-q(T)dT\ d{s)ds
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exist. If

ii mi .,fCiC r '"' (T)dT ': c"" is>A J,
*-° ° /t

oo(/a
oor1-?(r)dr)J'd(s)ds

then (1.1.1) is oscillatory.

5.5 Function sequence technique

In this section, we will see how nonoscillation of (1.1.1) can be expressed in terms of
suitable function sequences, which will be proved to be strictly related to solvability
of the Riccati integral equation (inequality). Several new criteria will  be given and
some of the already presented ones will be proved alternatively. The Hille-Wintner
comparison theorem and its extension will be mentioned in this framework as well.

Let us consider equation (1.1.1), where r, c are continuous on [a, oo) with r(t) >
0. Throughout this section we assume that

/.oo

(5.5.1) / r1-q{s)ds ^oo
Ja

and

(5.5.2) / c(s) ds exists and is nonnegative
Jt

for large t, say t £ [a, oo), without loss of generality.

5.5.1 Function sequences and Riccati integral equation

First we give a characterization of nonoscillation in terms of the sequence {ipk{t)}
denned by

O /-OO

(5.5.3) (po(t) = c(s)ds, <fk(t)= S((pk-i,r)(s)ds + (po(t), fc=l,2,...,
Jt Jt

where the function S is denned by (2.2.2). By induction, it is not difficult to see
that

(5.5.4) ¥>*+!(<)>¥>*(*) , fc = 0,1 ,2 , . . .,

i.e., this function sequence is nondecreasing on [a, oo).

Theorem 5.5.1. Equation (1.1.1) is nonosdllatory if and only if there exists
to £ [a, oo) such that

(5.5.5) lim ipk{t) = ip(t)

for t > to, i.e., the sequence {<Pk(t)} is weH defined and pointwise convergent.
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Proof. Let (1.1.1) be nonoscillatory. Then there is w satisfying (2.2.17) for large

t, say t > to > a, by Theorem 2.2.4. Hence w(t) > (fo(t), and so

S{w,r)(s)ds>ipo{t)+  / S(<po,r)(s)ds = ip1(t).

Jt

By induction, w(t) > ipk(t) > 0, k = 0,1, 2 , . . ., t > t0. Recall that {(fk{t)}  is
nondecreasing. Now we can easily see that this sequence is bounded above on
[to,oo), and so (5.5.5) holds.

Conversely, if (5.5.5) holds, then it follows from (5.5.4) and (5.5.5) that <pk(t) <
<f(t), k = 0 ,1 ,2 , . . ., t £ [to,oo). Applying the Lebesgue Monotone Convergence
Theorem to the second equation in (5.5.3) we have

<p(t) = <po(t) + / S((p,r)(s)ds.
Jt

Now, (1.1.1) is nonoscillatory by Theorem 2.2.4.

Corollar y 5.5.1. Equation (1.1.1) is oscillatory if and only if either

(i) there is a positive integer m such that ipi- (t) is defined for k = 1,2,..., m — 1,
but <pm(t) does not exists, i.e., J*t°° S(ipm-i,r)(s) ds = oo,

or

(ii)  <pk(i) is defined for k = 1,2,..., but for arbitrarily large to > a, there is
t*  > to such that Hindoo <fk(t*)  = oo.

The (approximating) sequence {<fik(t)}  defined by (5.5.3) is not the only one
that is available. Let us define the sequence {ipk(t)} by

/

oc /.oo /.oc

c(s)ds, ipi{t)=  / S{ipo,r)(s)ds, Vfc+i(* ) = / S(i/>k+i/>o,r)(s)ds,
Jt Jt

k = 1,2,.... Now we proceed similarly as above. Indeed, nonoscillation of (1.1.1)
implies

Mt) < Mt) + / S(w,r)(s)ds = w(t).
Jt

Hence

M*) + Mt) = M*) + I S('i/Jo, r)(s) ds < w(t).

Similarly,

(5.5.6) Mt) + Mt)<™(t), k = l,2,...,

which implies 0 < V'o(̂ ) < "*pi(t)  <  < w(t). The converse is obvious. Hence we
have the following statement. Note that later we show another slightly modified
approaches.
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Theorem 5.5.2. Equation (1.1.1) is nonosdilatory if and only if there exists
to € [a, oo) such that

(5.5.7) lim Vfe(t)=V>(*)
k^oo

for t > t0, i.e., the sequence {4>k{t)}  is well defined and pointwise convergent.

Also in this case we have a corollary, which is literatim the same as Corol-
lary 5.5.1, except of ip is replaced by tp.

Remark 5.5.1. Observe that in the proof of Theorem 5.5.1 we use the fact that
nonoscillation of (1.1.1) implies solvability of the Riccati integral equation

O ,-CV

w(t) = / c(s)ds+ / S(w,r)(s)ds,
Jt Jt

and then we make estimations which are based on this equation. A closer exami-
nation shows that if this equation is replaced by the Riccati integral inequality

/

oc /-oo

c(s)ds+ / S{w,r)(s)ds,
Jt

then everything works as well. Recall that we have already shown that solvability
of this inequality is sufficient for nonoscillation of (1.1.1), see Theorem 2.2.5. What
we show here now is that this fact can be proved alternatively, by means of the
sequence approach (without using Theorem 2.2.1): simply combine the proof of
Theorem 5.5.1 with the observation at the beginning of this remark. Altogether,
we see that under conditions (5.5.1) and (5.5.2), in view of our observations, the
following statements are equivalent:

(i) Equation (1.1.1) is nonoscillatory.

(ii ) The equation w(t) = Jt°° c(s) ds + Jt°° S(w, r)(s) ds is solvable in a neighbor-
hood of oo.

(iii ) The inequality w(t) > Jt°° c(s) ds + /t°° S(w,r)(s) ds is solvable in a neigh-
borhood of oo.

(iv) The sequence {<fk(t)}  satisfies (5.5.5).

(v) The sequence {ipk(i)}  satisfies (5.5.7).

Recall that throughout this section we assume (5.5.1) and (5.5.2).

Theorem 5.5.3. Let c(t) > 0 for large t. If

( /"' \P~l

(5.5.8) limsup / r1^q(s)ds) ipk(t) > 1
t->oo \Ja )

for some k G N U {0} , then (1.1.1) is oscillatory.



246 Chapter 5. Various Oscillation Problems

/

oo / />oc x q i

^ " 9 ( * ) ( / c(T)dTJ d s \ > l
guarantees oscillation of (1.1.1). Its consequence is again Theorem 3.1.2.

Next we give an alternative proof of the already presented Hille-Nehari type
criterion (Theorem 3.1.1).

Theorem 5.5.5. / /

(5.5.10) / r1-q(s)ds) / c(s) ds > 70
\Ja J Jt

Proof. If the conclusion is not true, then as in the proof of Theorem 5.5.1 we
have ifk(t) < w(t), k = 0,1,2,..., t > to and hence, by Lemma 2.2.6, ipk{t) <

(/to rl~q(s)ds) P, k = 0,1,2,..., t> t0. But then

/ ,t XP" 1

limsup / r1~q(s)ds ipk(t) < 1,

t^oo \Jtn J

which contradicts (5.5.8).

Remark 5.5.2. In particular, the condition

limsup / r1^q(s)ds) / c(s) ds > 1
t^oo \Ja J Jt

guarantees oscillation of (1.1.1), which is in fact the statement of (Hille-Nehari
type) Theorem 3.1.2.

The "^-variant" of the last theorem is the following criterion.

Theorem 5.5.4. Let c{t) > 0 for large t. If

/ j-t \p~1 f f°° 1
(5.5.9) limsup / r1-q{s)ds) \ c(s)ds + ipk(t) \> 1

t^oo \Ja J Ut J

for some k G N, then (1.1.1) is oscillatory.

Proof. If not, then we have inequality (5.5.6). From Lemma 2.2.6 we get

rc(s)ds + tljk(t)<(fr 1-q(s)ds\ , k = l,2,...,

which contradicts (5.5.9).

Remark 5.5.3. In particular, the condition

/ /.t \p~1 r r°°
limsup / r1~q(s)ds) \ c(s) ds
t^oo \Ja J Ut
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for large t, where

p \ p J

then (1.1.1) is oscillatory.
/ , \ l—p

Proof. Condition (5.5.10) can be rewritten as (fo(t) > 70 (Ja r
1~q(s) ds) . Then

<pi(t)  = / S(ipo,r){s)ds + ipo(t)

= lo(Jr1~q(s)ds) +lo(jr l-<1(S)dS)

where 71 = 7g + 7o- By induction,

Mt)>7k^Jar
1-"(s)ds  ̂ ,

k = 1,2,..., where

(5.5.12) 7*  =72- i+70-

Clearly, 7̂  < 7fe+i, fc = 0,1, 2, . . .. Now we claim that linifc^oo 7fc = 00. If not, let
linife^oo 7̂  = L < 00. Then from (5.5.12) we have L = Lq + 7o- It is not difficult
to see that, in view of (5.5.11), the latter algebraic equation has no real solution.
Hence we must have 7̂  —> 00 as k —> 00, which implies </Jfc(£) —> ex) as fc —> 00, and
so (1.1.1) is oscillatory by Corollary 5.5.1.

Remark 5.5.4. Condition (5.5.10) can be rewritten as

liminf / r ^ s) ds / c{s) ds > -

' -°° Via / A P\ P J
which is exactly (3.1.5).

The following Willet type criterion is based on the idea similar to the last one,
but with the use of the sequence {iph(t)}. See Remark 3.1.5 for an alternative
approach. Another approach can be found in Theorem 5.5.11.

Theorem 5.5.6. / /

/ /«oc \ —1 poo / />oc \ q

(5.5.13) liminf I / c(s)ds) / r1-9(s) ( / c(T)dT) ds>p-q,
*^°° \Jt ) Jt \Js J

then (1.1.1) is oscillatory.
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Proof. Condition (5.5.13) can be rewritten as

/

oo / />cc \ q r />oc

r1-q(s)[ c(T)dT) ds>—?- c(s)ds
\Js J P—LJt

for large t, where <5o > (p—l)p~q. This is equivalent to tpi(t) = Jt°° S(ipo,r)(s) ds >
Soipoit). Hence, in view of the definition of {tjj k(t)}

 w e have

Mt) = / 5(Vi+Vo,r)(s)ds> / S(M  ̂ + So),r)(s)ds
Jt Jt

= {l  + 50)
q f S(ipo,r)(s)ds>6npo,
Jt

where Si = (l + S0)
q50- By induction, ipk+i{t)  > SktjJo(t), where 5k = {l  + 5k-i)

qS0,
k — 1, 2, . . .. Clearly, the sequence {Sk} is increasing. We claim that it is unbound-
ed. Otherwise, ^ - » M < o o a s S ; ^ oo would imply M = (1 + M)qSo- However,
as it is not difficult to show, this algebraic equation cannot have a real solution if
So > {p— l)p~?. Hence Sk —> oo as k —> oo, implying that {ipk(t)} is not convergent,
and so the assumptions of Corollary 5.5.1 are satisfied.

The sequence approach can be also used to show nonoscillatory counterparts
of the above oscillation criteria (see also Section 3.1 where a different technique
is used). First we give a counterpart to Theorem 5.5.6 (i.e., Willet type criterion,
see also Theorem 5.5.11 and the text right before it). Observe that this approach
enables to prove the nonoscillatory criteria where the inequality in the conditions
like (5.5.14) or (5.5.16) does not need to be strict, in the sense that the limsup of
the expressions depending on t (being of the left-hand side) can be equal to the
critical constant (compare with the results of Section 3.1). Recall that we assume
(5.5.1) and (5.5.2).

Theorem 5.5.7. //

/>oo / /-oo \ q  />oc

(5.5.14) / r1-13^) / c{T)dT) ds < —^— c(s)ds

Jt \Js / P ~ 1 Jt

for large t, where 5$ < (p — l)p~g, then (1-1.1) is nonoscillatory.

Proof. Consider the sequence {ipk(t)}. Recall that ipo{t) = Jt c(s) ds. We have

Vi(i ) = (p - 1) / r^OOVgts) ds < SoMt)
Jt

by (5.5.14). Further,

Mt) =  r1-«(s)( 1̂(S) + ^o(s))grfs
/>OO

< (p - 1)(1 + S0)
q J ^-"(5)^(3) ds<JiVo(*),
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where 5\ = (1 + 5o)qdo. Inductively, we see that

(5.5.15) ipk+i(t)<6Mt), whe re4 = (l + 4-i)"<5o, A: = 1,2,....

Clearly, {<5fc}  is nondecreasing. We claim that it converges. Indeed, consider the
fixed point problem x — g(x), where g(x) — 5o(l+x)q. In fact, it is more convenient
to consider g(x) = <5o11 + x\q, which is not a restriction in view of the form of the
function S. Moreover, we are particularly interested in the first quadrant. We find
fixed points by means of the iteration scheme Xk = <5o|l + Xk-i \q, k = 1, 2 , . . ..
Note that when 5o = (p — l)p~q, the graph of g is a parabola like curve which has
a unique minimum at x = — 1 and touches the line y = x at (x,y) = (p — l,p—l).
Therefore, if we choose x$ = do, then we see that the approximating sequence {xk}
is strictly increasing and converges to x = p — 1. If 5o < (p — l)p~q, then clearly
Sk < Xk < p — 1 for all k. This shows that {5k} is bounded and hence converges.
Thus {ipk} converges by (5.5.15), and so equation (1.1.1) is nonoscillatory in view
of Theorem 5.5.2.

The counterpart to Theorem 5.5.5 is already stated (Hille-Nehari type) Theo-
rem 2.3.2, but here (5.5.2) holds, and so we have:

Theorem 5.5.8. //

/ ft \P-X c 1 /« - 1 \ p ~ 1

(5.5.16) I r1-q(s)ds\ / c(s) ds < - I ]

for large t, then (1.1.1) is nonoscillatory.

Concerning the sequence approach (utilizing {ifk(t)}), the idea of the proof is
similar to that of the previous theorem and so it is omitted. Note only that the
assumptions of the criterion imply the inequality

Mt)<lk(^jar
l-q{s)d^j ,

where 7̂  = 7J?_1 + 70, k = 1,2,..., {7^}  being a nondecreasing and bounded

sequence, provided 70 is assumed to be less than or equal to - ( ̂ ^-) . Never-
V

theless, in the next subsection we show a modified approach.
We conclude this subsection by an alternative proof of Hille-Wintner type the-

orem (see Subsection 2.3.1). Along with (1.1.1) consider the equation

(5.5.17) (f(t)$(x'))' + c(t)$(x) = 0,

where f, c are subject to the same conditions as imposed on r, c, respectively. Let
the sequence {<f>k(t)}  be defined by means of f, c like {<Pk(t)} is defined by means
of r, c.

Theorem 5.5.9. Assume that

/

OC /'OO

c{s) ds < c(s) ds for large t.

If (5.5.17) is nonoscillatory, then (1.1.1) is nonoscillatory.
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Proof. Suppose that (5.5.17) is nonoscillatory. It follows from Theorem 5.5.1 that
there is to > a such that limt->oo ^fe(i) = < (̂i) < oo, t > to- By (5.5.18), 0 <
fo(t) < <A)(£)- This implies

/

OO />OO

5(^o,r-)(s)ds + ^o(*)< / 5>(^o,r)(s)ds + ^o(i ) = ̂ iW-
Jt

B y i n d u c t i o n, 0 < ipk(t) < (pk{t), k = 0,1,2,..., t > t0. T h e r e f o r e, ipk(i) < ip(i),
k = 0 ,1 ,2 , . . ., t > t0- This and (5.5.4) imply \imk^  ̂ ipk(t) = ip(t), t > t0. By
Theorem 5.5.1, (1.1.1) is nonoscillatory.
Remark 5.5.5. (i) It is easy to see that the approach based on Theorem 5.5.2 works
in the last proof as well. Also, the sequence {"& k(t)}, defined in the next subsection,
can be utilized to prove the Hille-Wintner theorem, even under the conditions of
Theorem 2.3.1, see [180].

(ii ) It is not difficult to see that higher order iterated comparison theorems
can be established by using the nonoscillatory characterizations via function se-
quences. For instance, instead of the second condition in (5.5.18), we may assume
the following one: There exists m £ N U {0}  such that (fk(t) — (pk(t) changes sign
on [T, oo) for arbitrarily large T and fc = 0 ,1 , . .. ,m — 1, but there is to such that
<Pm(t) < <Pm(t), t>t0.

5.5.2 Modified approaches

In this subsection we introduce another function sequences, which can be used in
our theory as well. We start with the alternative proof of Theorem 5.5.8.

Proof. (Proof of Theorem 5.5.8) Suppose that (5.5.16) holds for t > to- Introduce
the integral operator

/ ft \ P -l /-oo /ft \~P

(Hv)(t) = (p - I) / r1-q{s)ds) / r1-q(s)[ r 1 " 9 ^ ) ^ \v(s)\qds
\Ja ) Jt \Ja )

and define the sequence of functions {$&(£)} , t > to, by

Mt)= ( f r1-q(s)ds) f c(s)ds,
(5.5.19) V ° J . Jt

V > / ,t x P -l ,oc

th(t)=U r1-q(s)ds\ J c(s)ds + {Hdk-i)(t), k = l,2,....

From (5.5.16) we have

p \ p j V P )

and
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t > to- By induction,

0< #*_!(*) <1?fc(t)< f ^ ^ j .

n e N, i > to- Let $(£) denote the limit linifc^oo $(t), t > to. Applying the Lebesgue
Monotone Convergence Theorem to (5.5.19), we see that $(t) satisfies the integral
equation

/ ft \P~! foo

u(t) = / r1-q(s)ds / c(s)ds

+ (P-1) ( / r1-q(s)d.s) f r1-q{s)(frl-q{T)dT\ \u(s)\qds

for t > to- It then follows that the function w{t) = fl(t) (f^rl~q(s) ds) is a

solution of (2.2.17), so that Theorem 2.2.4 implies that (1.1.1) is nonoscillatory.

Next we describe another approach, where a slightly modified sequence appears,
which enables to state new criteria. Let (1.1.1) be nonoscillatory. Then there is w
such that

,oo
w{t) =ipo(t)+ / S(w,r)(s)ds

Jt
for large t, say t > to, by Theorem 2.2.4, where (po(t) = J^° c(s) ds. Let us define
the sequence {ojk(t)} as follows:

fOC

uo(t) = <po(t), ojk+l{t) =«^o(t) + ( p - l ) / r1-q(s)vq
o~

1{s)u>k(s)ds,
Jt

k = 0,1, 2 , . . ., t > to- Clearly, <fo(t) = uio(t) < w(t), and hence

wo(*) < wi(* ) < <Po{t) + (P~1) r1-q{s)<pq
o-

1(s)w(s) ds < w{t).

Similarly, by induction, it is easy to see that {u>k(t)} is a nondecreasing sequence
such that

(5.5.20) LOk{t)<w(t), k =  0 , 1 , 2 , . . .,

t > to- Prom

r 1 - 9 ^ ) ^ - 1 (s)wfc(s) ds < / ^ - ' ( a ) ^ " 1 (s)iu(s) ds < oo

we see that the family {wo,Wi,W2,  }  is equicontinuous, so (5.5.20) says that
there is a subsequence {cuk,, (t)} with a locally uniform limit on [£Q,OO) (i.e., the
convergence is uniform in each compact subinterval). In view of the monotonicity,
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{uik(t)} has a locally uniform limit , say uJ*(t), on [to, oo). Obviously, u>*(t)  < w(t),
so that

/
oc

r1-q(s)ipq
o~

1(s)uj*(s)ds< oo.

Now the Lebesgue Dominated Convergence Theorem yields

/

OC /"OC

r1-q(s)ipq
o-

1{s)LU*(s)ds= lim / ^^{s^V {s)iok{s) ds
k^oc Jt

for t > to. It therefore makes clear now that

(5.5.21) w*(t) =¥>,,(*) + (P - 1) / r1-q{s)<p9
o-

1(s)LJ*(3)ds,
Jt

t>t0.
The above observation serves to prove the following necessary condition for

nonoscillation of (1.1.1).

Theorem 5.5.10. If (1.1-1) is nonosdilatory, then

/

oo ( ps / poo \ 9—1 ^

c(s)expUp-l) r1-q{r)  I / c(0dn drVdsKoo
^ Ja \JT / J

and

(5.5.23) £ r^is) QH c(0 ̂ ' exp |(p - 1) ^ ' " ' ( T )

/ .oc x ? -l 1̂

x ( / c(C) d£ dr ds < oo.

Proof. In view of the above discussion, there is a number io > a and a function
w* satisfying (5.5.21). This implies that

(5.5.24) (LO*)'(t) = -c(t) - (p - l y - ' W v r t K W -

Equation (5.5.24) is the first order linear equation, and from the formula for its
solution we get

iu*(t 0)- f c(s)exp((p-l) / V - ^ T K - ^ T ) ^ }  ds

= cj*(t) exp | (p - 1) ̂  r 1 - " ^ ) ^ " 1 (r) dr  ̂ > 0.

Hence

w*(io)> I c(s)exp((p-l) rr1""^)^- 1^)^}  ds.



in view of (5.5.21), which implies (5.5.23), using a similar computation as for
to*.

Corol lary 5.5.2. If the integralin (5.5.22) or in (5.5.23) is divergent, then (1.1.1)
is oscillatory.

We conclude this section by showing another possibility, how to define a suit-
able sequence, which then finds an application. The difference, when comparing it
with the above approach, is that we do not work directly with the functions, which
are defined by means of (known) coefficients, but with suitable general functions.
Nevertheless, the conclusion then leads to (un)solvability of Riccati type integral
equation (inequality). This approach can be directly used to show the Willet type
criteria (already proved in the previous subsection, see Theorem 5.5.6 and Theo-
rem 5.5.7). The reason for this terminology is the original linear version, see the
paper of Willet [362], where the function sequence technique was used as well.

Theorem 5.5.11. Suppose that B(s) andQ(t, s) are nonnegative continuous func-
tions on [T, oo) and [T, oo) x [T, oo), respectively.

(i)V
C

(5.5.25) / Q(t,s)Bq{s)ds<p-qB(t), t>T,
Jt

then the equation

C

(5.5.26) v(t)=B{t) + (p-l) Q(t,s)\v(s)\"ds
Jt

has a solution on [T, oo).
(ii)  If there exists e > 0 such that

(5.5.27) / Q(s,t)Bq(s)ds>p-q(l + e)B(t)^O, t>T,
Jt

then the inequality

,oc
(5.5.28) v(t)>B(t) + (p-l) Q(t,s)\v(s)\qds

Jt

possesses no solution on [T, oo).
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This implies (5.5.22). Let z be a function given on [£Q,OO) by

/

oo

r1-q(s) 0̂-
1(s)u*(s)ds.

Then, in view of (5.5.21),

z'(t) = -r1-^)^-1^)^) = -r^it^lit)  - {p-iy-^t)Vr\t)z{t),
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Proof, (i) Let v\{t) = B(t) and define
/>OG

vk+1(t)=B(t) + (p-l) Q(t,s)\vk(s)\qds, keN.
Jt

Then by (5.5.25)

v2(t) = B(t) + (p - 1) I Q(t, s)B«(s) ds < B(t) + (p - l)p-qB{t) <  PB{t),
J

and Vi(t) < v-2(t). Suppose, by induction, that «i(t) <V2{t) <  < vn(t) < pB(t).
Then

vn+1(t) < B(t) + (p-l) r Q(t,s)\vn(s)\"ds
Jt

O

< B(t) + (p-l)pq Q(t,s)Bq{s)ds

< B{t) + {p-l)pq -p-qB{t)=pB{t).

Thus, the sequence {vn} is nondecreasing and bounded above. Hence, it converges
uniformly to a continuous function v, which is a solution of (5.5.26).

(ii ) Suppose, to the contrary, that v is a continuous function satisfying (5.5.28).
Then v(t)>B(t)>0, which implies vq(t) >Bq(t)>0. Thus

v{t) > B{t) + (p - 1) f Q(t, s)Bq(s) ds>[l + (p- 1)(1 + e)p~q]B(t).
Jt

Continuing in this way, we obtain v(t) > anB(t), where a,\ = 1, an < an+i  and

(5.5.29) an+1 = l + (p-l)aq
np-q(l + e).

We claim that linin^oo an = oo. Assume, to the contrary, that limn^oc an = a <
ex). Then a > 1 and from (5.5.29)

a= 1 + (p - 1)(1 + e)aqp-q

but this is the contradiction since the equation A = 1 + (p — 1)(1 + e)Xqp~q has
no solution for which A > 0. This contradiction proves that linin^oo an = oo and
hence B(t) = 0. This contradiction with (5.5.27) proves the lemma.

Finally note that a certain variant of the function sequence technique has been
used also in the part devoted to the existence of slowly varying solutions, see
Subsection 4.3.2.

5.6 Distance between zeros of oscillatory
solutions

In the first part of this section we present an asymptotic formula for number of
zeros. The second, respectively third subsection deal with conditions guaranteeing
the existence of quickly, respectively slowly oscillating solutions.
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5.6.1 Asymptotic formula for  distributio n of zeros
Here we present an asymptotic formula for number of zeros of oscillatory solutions
of the equation

(5.6.1) ($(%'))' + (P~ l)c(t)$(x) = 0.

It is supposed that c(t) > 0 for large t and the results are based on the general-
ized Priifer transformation from Section 1.2. In this transformation, a nontrivial
solution and its derivative are expressed via the generalized half-linear sine and
cosine functions. Recall that the half-linear sine function, denoted by sinp t, is the
solution of the equation

{$(x')y + (p - l)$(x) = 0

satisfying the initial condition x(0) — 0, x'(0) — 1 and the half-linear cosine
function is denned by cospt = sm'pt. Generalized vr, denoted by TTP, is introduced
in Subsection 1.1.2.

Theorem 5.6.1. Suppose that c is a differentiable function such that c(i) > 0 on
an interval [T, oo), and

(5.6.2) l imc' ( t ) [c( t ) ] "^= 0
t—>oo

holds. Then (5.6.1) is oscillatory. Moreover, if N[x;T] denotes the number of zeros
of a solution x of (5.6.1) in the interval [a,T\, then

(5.6.3) N[x;T}=P[x;T}+R[x;T],

where P[x; T] is the principal term given by

P[x\T\ = — ( [c(s)]Us
KV Ja

and R[x;T] is the remainder which is of smaller order than P[x;T] as T —> oo
and satisfies

Proof. Set C{t) :=  c'(t)[c(t)}~^ and define

(5.6.4) C*(t) =  s u p { | C ( s )| :s>t}, t > a.

Then C*(t) is nonincreasing and satisfies linit^oo C*(t) = 0 by (5.6.2). We have

[c(t + h)]-f>  -[c(t)]-T>  =- f C(s)ds <^C*(t),
V Jt V

which implies that
.. [c(t + h)}-$ C*(t)
limsup^̂  j2 < —.
ft^cc t + h p
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I t follows that linit^co ^1[c(t)]~p = 0, or equivalently, l imbec tpc{t) =  oo. This
implies, by Theorem 1.4.5, that (5.6.1) is oscillatory.

Now we turn our attention to the proof of the asymptotic formulas for numbers
of zeros. By the Sturmian comparison theorem (Theorem 1.2.4) we have that
iV[a:i; T] and N[x2', T] differ at most by one for any solutions x\ and X2 of (5.6.1),
so we may restrict our attention to the solution XQ of (5.6.1) determined by the
initial conditions Xo(a) = 0, x'0(a) =  1. This solution is oscillatory by the first part
of the our theorem.

We introduce the polar coordinates p(t), tp(t) for xo(t) by setting

(5.6.5) [c{t)]pxo(t) = p(t) sinp (p{t), x'0{t) = p{t)cospp(t).

I t can be shown without difficulty that p(t) and <p(t) are continuously differentiable
on [a, oo) and satisfy the differential equations

p- - ^ l i s i n^r
P pc{t)

(5.6.6) ip' =  [c(i)]*+-^sin p¥>$(cosP¥>).

We use the notation
g(ip) =sinp(p$(cospip),

in terms of which (5.6.6) is written as

(5.6.7) V' = [c(t)]T>+^g^).

From the first equation in (5.6.5) we see that xo(t) = 0 if and only if ip(t) = jir p,
j G Z. We may suppose that <p(a) = 0. In view of (5.6.2) there is no loss of
generality in assuming that

C*(t) <p for t > a,

where C*(t) is defined by (5.6.4). Since

(5.6.8) \g{ip)\ < 1 for all <p,

we have

W)}>' + ^ P ( V ( * ) ) > W)]* ( i - ̂ * w ) >o,

which implies that (fi'(t) > 0, so that ip(t) is increasing for t > a.
We now integrate (5.6.7) over [a, T], obtaining

(5.6.9) <p{T) = fT[c(s)]Us + - f C
v(s))ds = F(T) + G(T),

where

F(T) := fT[c(S)]US, G{T) := - f ^lg^(s))ds
Ja P J a C\S)
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From (5.6.8) it is clear that

(6*10) IG(T)l<ip^,

Noting that the number of zeros of xo(t) in [a, T] is given by

N[xo;T]=  [ ^ 1 + 1,
L np

where [u]  denotes the greatest integer not exceeding u, we see from (5.6.9) and
(5.6.10) that the conclusion of the theorem holds with the choice

P[xo;T\ = —F(T) = — f [c(s)}r.ds.
Kp 71> Ja

That the term R[xo;T] = N[xo;T]  - P[xo;T] is of smaller order than P[xo;T]
follows from the observation that

fT\^Ads= fT\C(s)\[c(S)]T,ds
Ja CKS) Ja

< / C*(s)[c(s)]vds = o[ / [c(s)]pds\ as T -> oo.
Ja \Ja J

This completes the proof.

Example 5.6.1. Consider the equation

(5.6.11) ($(aO)' + (p - I)t0$(x) =0, t > 1,

where j3 is a constant with p + [3 > 0. The function c(t) = f/ satisfies

p^ds=WogT.

and so we conclude from Theorem 5.6.1 that the quantity P[x; T] can be taken to
be

and (5.6.3) holds with this P[x; T] and R[x; T] satisfying

R[x;T] = M i o gT + o(i).
piTp
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Remark 5.6.1. (i) The results of this subsection cannot be applied to the general-
ized Euler equation 1.4.20, since the function c(t) = \(p — l)t~v does not satisfy
(5.6.2). A calculation of P[x;T] and R[x;T] for the generalized Euler equation

{<&{x'))'  + X(p - l)t-p<5>{x)  = 0

shows that both of them are of the same logarithmic order as T —> oo.
(ii ) In [317], M. Piros has investigated a similar problem under a more strin-

gent restriction on c(t), namely he supposed that cu{t) is a concave function of
t for some v > 0. Then he proved that the error term R[x;T] in (5.6.3) is 0(1).
Exactly, the differential equation (5.6.11) with (3 = 1/v plays the exceptional role
in determining the precise value of R[x; T].

(iii ) It is not difficult to see how the results can be extended to the case of a
general r in (1.1.1), which satisfies J°° r1^q(s) ds = oo, by using the transformation
of independent variable, see Subsection 1.2.7.

5.6.2 Quickly oscillating solution

We start with the definition of quick oscillation.

Definitio n 5.6.1. A function h : M. —> R is said to be quickly oscillating if
it is defined in a neighborhood of oo and if there exists a sequence {tn}^L1 with
l im^oo tn = oo such that h(tn) = 0, n = 1, 2 , 3 , . . ., i n +1 > tn and limn_>oo(i n+i -
tn) = 0.

The following theorem is based on the Lyapunov inequality (Theorem 5.1.1).

Theorem 5.6.2. If equation (5.1.1) has a quickly oscillating solution, then

/>OO

(5.6.12) / c+(t)ds = 00,

where c+(i) = max{0, c(i)} , and

limsupc(i) = 00.
t^oo

Proof. Let y be a quickly oscillating solution of (5.1.1) with zeros tn such that
tn —> 00 and tn + i — £„  —> 0 as n —> 00. Consider the consecutive zeros i n + i > i n > 0
and the interval [tn,tn+ij.  It follows from Theorem 5.1.1 that

/

oo rtrl+ i

c+(t)dt> / c+(t)dt > 2p(tn+1 -tn)
l~p ->  00 as i -^ 00.

Jt,n,
Hence (5.6.12) holds. Applying the Mean Value Theorem for integrals, we have

C+(£n)(tn+l ~tn)= [ " + 1 C+(t) dt > 2P(tn+1 - tny-p,

where tn < £n < tn+i. This implies c+( r̂a) > 2p( tn +i — tn)~
p, and it follows that

limsupj^oo c(t) = 00. D
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Remark 5.6.2. (i) It is not difficult to see how the statement can be extended to
equation (1.1.1).

(ii ) In Subsection 9.2.2 we show how quick oscillation of all solutions of (1.1.1)
and some additional conditions guarantee oscillation of a more general forced non-
linear equation.

5.6.3 Slowly oscillating solution

Also in the results of this subsection, a crucial role is played by the Lyapunov
inequality. We start with the definition.

Definitio n 5.6.2. A function h : M —> R is said to be slowly oscillating if it
is denned in a neighborhood of oo and if there exists a sequence {tn}^=i  with
linin^oc tn — oo such that h(tn) — 0, n — 1, 2 , 3 , . . ., tn+i  > tn and l im n^ o c( t n +i —
tn) = oo.

Theorem 5.6.3. Suppose that
pt + 5

(5.6.13) limsupF"1 / c+(s)ds<2p

t^oo Jt

for all 5 > 0, where c+(t) = max{0,c(£)}. // (5.1.1) is oscillatory, then any its
nontrivial solution y is slowly oscillating.

Proof. Suppose, by contradiction, that (5.1.1) has a solution y with its sequence
of zeros {tn}^=1, which has a subsequence {tnk}kLi such that 0 < tnk+\ — trik <
S < oo for some 5 and for all k. Then Theorem 5.1.1 implies that

/ C+(s)ds>- - > - r > 0

for any k. Thus we have that

5P-1 / c+(s) ds > 5P-1 / c+(s) ds > 2p

Jtnk Jtnk

for all k. Therefore,

/

t+s
c+(s)ds > 2P,

which contradicts (5.6.13).

We will need the following a lemma, which is proved in [369].

Lemma 5.6.1. Suppose that a nonnegative function f(t) is locally integrable on
[a, oo). // there is a So > 0 such that

pt+6o

lim / f(s)ds = 0,
t^oo Jt

then for any S > 0,
pt + 5

lim / f(s)ds = 0.
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Theorem 5.6.4. Suppose that 0 < A < oo, and for a constant So > 0,

/

t+S0

c*(s)ds = 0.

// (5.1.1) is oscillatory, then any its nontrivial solution y is slowly oscillating.

Proof. Suppose to the contrary that (5.1.1) has a solution y with its sequence of
zeros {tn}^L1, which has a subsequence {tnk } ^ = 1 such that 0 < tnk+i  — tnk < 5 <
oo for some 5 and for all k. Now, we distinguish two cases:
Case 1. [A > 1] By Theorem 5.1.1 and the Holder inequality,

2" < {tn^-tnj'-1 ftnk + L C+(S)dS

Jtnk

< (tnk+1-tn^-^-^  (ft
tnk + \l(S)dS)

( t \ 1 / A

r" k+icx
+(s)ds\ ,

which contradicts (5.6.14).
Case 2. [0 < A < 1] Let

E1(t) = {s : c+(s)<l,se(t,t + S0)},

E2(t) = {s : c+(s) > I , s 6 (t,t + 60)}.

Then

/

t+S0  /

c+{s)ds= I c+(s)ds+ I c+(s)ds.
JEtit) JE2{t)

Then (5.6.14) implies that lim^oo mesi M̂ = 0. Using this fact, we see that for
any e > 0, there exists Ti such that for all t> T\,

/ c+(s)ds<-.
2(t)

 Z

On the other hand, it follows from (5.6.14) that there exists Ti such that

/  rt+So p
/ c+(s)ds< / cl(s)ds< -

JEiit) Jt Z

for all t > T-2- Thus we obtain that
i-t+St,

0 < / c+(s)ds < e
Jt

for every t > max{T\,T2}. Then, by Lemma 5.6.1, we get
rt+5

lim 5P-1 / c+(s)ds = 0
t^oo Jt

for any 5 > 0. Using Theorem 5.6.3, we obtain the statement.
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Remark 5.6.3. If J r1~q(s) ds = oo, then the above two theorems can be easily
extended to (1-1.1) using the transformation of the independent independent vari-
able (Section 1.2.7). Condition (5.6.13) then remains the same, while (5.6.14) is
replaced by

l im r ' r r i <t (s ) lA^o .
t^oojt r9-i(s)

5.7 Half-linear Sturm-Liouville problem

In this section we show that the solutions of the Sturm-Liouville problem for half-
linear equation (1.1.1) have similar properties as in the linear case. Of course, we
cannot consider the problem of orthogonality of eigenfunctions since this concept
has no meaning in Lp, p 7̂  2.

5.7.1 Basic Sturm-Liouville problem

We start with the problem

(5.7.1) ($(z'))'+ Ac(£)$(z) = 0, x(a)=0 = x(b),

under the assumption that c(t) > 0 and c(t) ^ 0. The value A is called the
eigenvalue if there exists a nontrivial solution x of (5.7.1). The solution x is said
to the eigenfunction corresponding to the eigenvalue A. Clearly, according to the
assumption c(t) > 0 and the Sturm comparison theorem, only values A > 0 can
be eigenvalues.

Theorem 5.7.1. The eigenvalue problem (5.7.1) has infinitely many eigenvalues
0 < Ai < A2 <  < An < . . ., \ n —> 00 as n —> 00. The n-th eigenfunction has
exactly n — 1 zeros in (a, b). Moreover, if the function c. is supposed to be positive
in the whole interval (a, b), the eigenvalues satisfy the asymptotic relation

(5.7.2) lim ^ = - = - ^e .
— n Jb

a'{W)dt

Proof. The proof of the first part of the theorem is a special case of the problem
treated in the next subsection, so we present only its main idea. Let x(t; A) be the
solution of (5.7.1) given by the initial condition x(a; A) = 0, x'(a; A) = 1 and let
(fi(t;\)  be the continuous function given at all points where x'(t;X)  ̂0 by the
formula

x(t; A)
ip{t;  A) = arctanp ,

x (t; A)

i.e., tp(t; A) is the angular variable in the half-linear Priifer transformation for
x(t; A). This means that ip(t; A) satisfies the differential equation

(5.7.3) cp'=\cospip\p + ^^-\sinpip\p, cp(a;\)=0.
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The proof is based on the fact that <p(b; A) is a continuous function of A and
ip(b; A) —> oo as A —> oo. The continuity property follows from the general theory
of continuous dependence of solutions of first order differential equations on the
right-hand side. The limit property of (f(b; A) is proved via the comparison of
(5.7.1) with the "minorant" problem with a constant coefficient

(5.7.4) ($(</))' + A5$(y) = 0, y(a') = 0 = y(b'),

where [a1, b'] C [a,b] is such that c(t) > 0 on [a', b'} and c = mmte[ ai#]  c(t) > 0.
The eigenvalues and eigenfunctions of (5.7.4) can be computed explicitly and if
9(t; A) is defined for this problem in the same way as <p(t; A) for (5.7.1), we have

<f(b', A) > 6(b; A) — oo, as A —> oo.

Now, the eigenvalues are those A = Xn for which ip(b; Xn) = mrp and taking into
account that tp(t; A) is increasing in t (this follows from (5.7.3)), zero points of the
associated eigenfunction xn(t) = x(t; An) are those tk, k = 1 , . . ., n — 1, for which
<p(tk,K) = k-Kp, k = 1 , . . ., n - 1.

Concerning the proof of the asymptotic formula (5.7.2), first suppose that the
function c(t) = C\ > 0 is a constant function and consider the problem

(5.7.5) ($(z'))' + Aci$(z) = 0, z(a) = 0 = z(b).

A nontrivial solution of the half-linear equation in this problem satisfying z(a) = 0
is z = sinp(\f\c[{ t — a)) and hence the A:-th eigenvalue is given by \/Xkci(b — a) =
kiTp, thus

A/AT _ %

i.e., the asymptotic formula (5.7.2) is automatically satisfied in this case.
Now let us consider the original Sturm-Liouville problem (5.7.1) and its fc-th

eigenfunction x(t; A&). This function has zeros at to = a < t\ < ti <  < ife-i <
tk = b. Put A = Afc in (5.7.1) and in (5.7.5) and define

c\ i : = m i n c(t), c  ̂i : = m ax c ( t ), i = l,...,k.
ti-i<t<ti  ' ti-i<t<ti

Then the differential equation in (5.7.1) is a Sturmian majorant of the differential
equation in (5.7.5) with C\ = C\_i on the interval [tj_i,ij] . Hence the solution
sinp( \J\k£\,i{t — ti-ij)  of (5.7.5) has no zero on (ij_i,tj ) so that

(5.7.6) \/XkCi,i(U-U-i) <ir p.

By a similar argument we have TTP < {f\kC2,i{U — U-{). On the other hand,

I y/\kCi,i dt < I y/Xkc(t) dt < I y\kc2li dt,
Jti-i Jti-! Jti-L

and consequently

(5.7.7) TTP- y\kc(t) < / V^k (V^7i ~ V^U) dt.
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Let cu(f,6) be defined for any continuous function / on [a, b] by

w(/,<J)=max{|/(Ti)-/(T2)|: \n - T2\ < 6, TUT2 e [a, b}}.

Making use of this definition we deduce from (5.7.7) that

VAf c Jti-!

Let cj = niin^i^...^ cj.j. Then by (5.7.6)

A/Afc Ja \ \MfcCi/

By the first part of the proof Afe —> oo as k —> oo. Therefore the continuity of the
function c yields the formula which has to be proved.

5.7.2 Regular problem with indefinite weight

We consider the Sturm-Liouville problem

((r(t)$(x')y + \c(t)$(x) = 0,
( ' ' ' \Ax{a) - A'x'{a) = 0, Bx(b) + B'x'{b) = 0.

It is supposed that r, c are continuous in [a, b] and r(t) > 0 in this interval. No
sign restriction on the function c is supposed, A,A',B,B' are real numbers such
that A2 + A'2 > 0, B2 + B'2 > 0, A is a real-valued eigenvalue parameter.

Theorem 5.7.2. Suppose that AA' > 0, BB' > 0 and A2 + B2 > 0. Further sup-
pose that the function c takes both positive and negative values in [a, b]. Then the
totality of eigenvalues of (5.7.8) consists of two sequences {A+}^L 0 and {A^}^L 0

such that

 < \ n  < \ < Ao < 0 < \Q < A+ <  < A+ < . . .

and
li m A+ = oo, lim A^ = —oo.

n—>oo ' n—>oo

The eigenfunctions x = x(t; A+) and x = x(t; X~) associated with A = A+ and A^
have exactly n zeros in (a,b).

Proof. T he p r o of is a g a in b a s ed on t he ha l f - l i near P r i i f er t r a n s f o r m a t i o n. L et A G I
a nd let x(t; A) be t he s o l u t i on of

(5 .7 .9) (r(t)${x'))' + \c(t)$(x) = 0

satisfying the initial conditions x{a) = A',x'(a) = A. Note that this solution
satisfies the boundary condition Ax(a) — A'x'(a) = 0. According to the continuous
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dependence of solutions on a perturbation of the functions r,c in (1.1.1), the
function x(t; A) depends continuously on A. In particular, if Â  — A as i —> oo,
then x(t; Aj) — x(t; A) uniformly on [a, b] as i —> OD. If #(£; A) satisfies the second
part of the boundary conditions, i.e., Bx{b) + B'x'(b) — 0 for some A 6 t , then A
is an eigenvalue and x(t; A) is the corresponding eigenfunction.

For A = 0 we can compute x(t; A) explicitly as follows

(5.7.13) 0 < < / ? ( a ; A ) <̂  if A  ̂0,

(5.7.14) yj(a,A) = ^P if A = 0.

Observe that as soon as <p{t; A) is known, p = p(t; A) can be computed explicitly
and

p{t; A) = p(a, A) exp <̂ / -r^- - — ^r $(sinp(^(s; A))) cosp(</?(s; A)) ds \ .
[Ja \r\s) / P -L J

x(i ;0)=A ' + r9" 1(a)^ / ^ " ' ( s )^

and it is easy to see that this solution does not satisfy the condition at t = b, so
A = 0 is not an eigenvalue.

In what follows we suppose that A > 0. For the solution x(t; A) we perform
slightly modified Prtifer transformation, we express x(t; A) and its quasiderivative
in the form
(5.7.10)

x(t;\) =p(t;\)sinp(<p(t;\)), r^1 (t)x'(t; A) = Xq~lp{t\ A) cosp(<^; A)).

The function p(t; A) is given by

p(t;\)= ^\x(t;\)\P + (^f-J  \x'(t;\)\^ V .

The functions p and ip satisfy the first order system

(5.7.11) ip' = (-^J Icos r̂ + ^ l s in^ r,

\( A Y'1 CW 1 *,  ^

with the initial conditions

(5.7.12) p(a;X) = \A'\*>  + (j^-J \A\" " ,

<p{a;\)  = arctanp ( ( ^ y ) " \ J

Since AA' > 0, we may assume without loss of generality that
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Thus, it is important to discuss the initial value problem (5.7.11), (5.7.12). We
denote by /(£, tp, A) the right-hand side of (5.7.11). It is clear that, for each A >
0, the function f(t, ip, A) is bounded for t 6 [a, b] and ip £ BL In view of the
Pythagorean identity (1.1.13) the function /(£, ip, A) can be written in the form

Similarly as in the standard half-linear Priifer transformation, f(t,ip,X) is Lips-
chitzian in <p, hence unique solvability is guaranteed and the solution <p = <p(t; A)
depends continuously on (t, A) G [a, b] x (0,oo).

It is easy to see that A > 0 is an eigenvalue of (5.7.8) if and only if A satisfies

C ( A \q~1 B'\
V r(&) ) ~BJ+(-n + 1 ^ p

for some n G Z. Here, by virtue of BB' > 0, we assume without loss of generality
that the value of the function arctanp in (5.7.15) is in (—(TTP/2),0] if B  ̂ 0 and
equals - (TTP/ 2) if B = 0.

Observe that the function (p(b; A) is strictly increasing for A G (0, oo). Indeed,
denote as before /(£,</?, A) the right-hand side of (5.7.11). Clearly, /(£,</?, A) is
nondecreasing function of A G (0, oo), and, since AA' > 0, the initial value tp(a; A)
given by (5.7.12) is also nondecreasing for A G (0, oo). Then a standard comparison
theorem for the first order scalar differential equations implies that ip(t; A) is a
nondecreasing function of A £ (0, oo) for each fixed t G [a, b]. Now, let 0 < A < \x
be fixed. Since the function <p(t; A) is nondecreasing with respect to A, we have
<p(t;X) < ip(t;/j,). Assume that ip(t;X) = <p(t;/j,)  for all t G (a, b). Then ip'(t;X) =
<p'(t;  fi), and so we have f(t, ip(t; A), A) = f(t, tp(t; /x), ji)  from which it follows that
cosp(<p(t;  A)) = cosp(if(t;  /i)) = 0. This implies that <p(t;X) = (m + 1/2) TTP for
some integer m G Z, and hence, by equation (5.7.11), c(t) = 0 for t G (a,b). This
is a contradiction to the assumption that c(i) > 0 for some t G [a, b]. Therefore we
have <p(to; A) < <p(to\ A*) for some to £ (a, b). Then applying a standard comparison
theorem again, we conclude that (p(b; A) < ip(b;[i).

Now we claim that x(t; A) has no zeros in the interval (a, b] for all sufficiently
small A > 0. As stated before, x(t; A) — x(t; 0) as A -^ 0+ uniformly on [a, b]. We
note that x(t; A) satisfies

Then it is easy to find that if A = 0 or AA' > 0, then x(t; A) has no zero in the
closed interval [a, b] for all sufficiently small A > 0, and that if A  ̂ 0 and A' = 0,

for all a < t < b, where

fs
I(s;X)= c(r)$(x(r;A))dT, a < s < b.

Ja
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then x{t; A) has no zero in the interval (a, b] for all sufficiently small A > 0. Further,
since

ft
r{t)${x'{t;  A)) = r{a)${A) - A / c(s)<I>(x(s; A)) ds

J a
for a < t < b, we see that if A =/=  0, then x'(t;X) has no zeros in [a,b] for all
sufficiently small A > 0.

Next we claim that the number of zeros of x(t; A) in [a, b] can be made as
large as possible if A > 0 is chosen sufficiently large. To this end, we consider the
equation

{${x')y + (p-i)[xp$(x) = o,

where ji  > 0 is a constant. Clearly, sinp(/it ) is a solution of this equation, and has
zeros t — jnp/n, j G Z. Since c is supposed to be positive at some t G [a, b], there
exists [a', b'] C [a, b] such that c(t) > 0 on [a', b']. Let fcgNbe any given positive
integer and take ji  > 0 so that sinp(/j,t) has at least fc + 1 zeros in [a', b']. Let r*  > 0
and A* > 0 be numbers such that

r*  = max r(t), A*  min c(t) = (p — l)r*/x p.
te[a',b'] te[a',b']

Then, comparing the half-linear equation in (5.7.8) with A > A* and the equation

(r*$(a/))' + {p- l ) rV$ (a ;) = 0, a' <t<  b',

we conclude by the Sturm comparison theorem that all solution of the equation
in (5.7.8) with A > A* have at least k zeros in [a,b]. Since k was arbitrary, this
shows that the number of zeros of x(t; A) in [a, b] can be made as large as possible
if A > 0 is chosen sufficiently large.

Since the radial variable p(t; A) > 0, it follows from (5.7.10) that x(t; A) has a
zero at t = c if and only if there exists j E Z such that <p(c; A) = jir p. Moreover, if
<p(c;X) = J7TP, then by (5.7.11) we have <p'(c; A) = (A/r^c))9"1 > 0. Therefore we
easily see that if ip(c; A) = jnp, then ip(t; A) > jnp for c < t < b. Consequently, we
have: (i) For all A > 0 sufficiently small

0 < tp(b; A) < ^ i f A ^ O ,

0 < tp(b; A) < ITP if A = 0;

(ii ) liniA^oo <f{b;  A) = oo.
Now we seek A > 0 satisfying (5.7.15) for some « e Z, The left-hand side <p(b; A)

of (5.7.15) is a continuous function of A 6 (0, oo), and it is strictly increasing for
A G (0,oo), moreover, it has the following properties

0 < lim tp(b;X) < ^f, if A ^ 0 ,

0 < lim ip(b;\) <TTP, if A = 0,
A—^OH-

and l im^oo <p(b; A) = oo. On the other hand, by virtue of BB' > 0, the right-hand
side of (5.7.15) is a nonincreasing function of A G (0, oo) for each n G Z. More
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precisely, in case BB' > 0, it is strictly decreasing and varies from (n +  1)TTP to
(n + 1/2) -Kp as A varies from 0 to oo. In the case B' = 0, it is the constant function
(n + l/2)7rp.

From what was observed above we find that, for each n — 0 ,1 ,2 , . . ., there
exists a unique A+ > 0 such that

^(&;A+)=arctanJ-(^|) |- J + (n + 1)TTP.

Then, each A+ is an eigenvalue of (5.7.8), and the associated eigenfunction x(t; A+)
has exactly n zeros in the open interval (a, 6), where n = 0 ,1 ,2 , . . .. It is clear that

XQ < Xf <  < A+ < . . ., lim A+ = oo.

The proof concerning the sequence of negative eigenvalues A~ and the number of
zeros of associated eigenfunctions can be proved in the same way.

5.7.3 Singular Sturm-Liouville problem

We consider the equation

(5.7.16) (*(z')) ' + Ac(£)$(z) = 0, te[a,oo),

where A > 0 is a real-valued parameter and c is a nonnegative piecewise continuous
eventually nonvanishing function. A solution XQ = xo(t; A) of (5.7.16) is said to be
subdominant if

(5.7.17) lim xo(t;X) = k0,
I—>oo

for some constant ko j^ 0, and a solution x\ = x\{t;X) of (5.7.16) is said to be
dominant if

(5.7.18) lim [Xl(i; A) - h{t - a)} = 0

for some constant k\  ̂ 0. We will show that the subdominant and dominant
solutions are essentially unique in the sense that if xo(t; A) and ii(t;  A) denote the
solutions of (5.7.16) satisfying

(5.7.19) limxo(t;A) = l

and

(5.7.20) lim [xx (t; A) - (t - a)} = 0,
t—>-OO

then xo(t; X) = koXo(t; A) and Xi(t;X) = kiXi(t;X). According to the results pre-
sented in Section 4.1, any eventually positive solution (5.7.16) has one of the
following properties:
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(i) Hindoo $(x'(i; A)) = const > 0;

(ii) limbec $(x'(i; A)) = 0, lim^oo x(t; A) = 0;

(iii ) limt^oo $(x'(i; A)) = 0, lim^oo x(t; A) = const > 0.

In view of this result, the dominant and subdominant solutions investigated in this
subsection correspond to cases (i) and (iii) , respectively.

The proofs of three statements presented in this subsection are rather complex,
so we skip them and we refer to the paper [146]. We note only that these proofs
are again based on the half-linear Priifer transformation, this time combined with
a detailed asymptotic analysis of solutions of (5.7.16).

Theorem 5.7.3. Suppose that

/

oo / i-oa \ <J—1

( / c(s) ds\ dt < oo.
\Jt J

Then for every A equation (5.7.16) has a unique solution xo(t; A) satisfying (5.7.19)
and there exists a sequence {Xn }^L0 of positive parameters with the properties
that

(i) 0 = A ^ < xf] <  < A^0) < . . ., l im^oo Al0) = oo;

(ii)  for A 6 (^-n-it A« ), n = 1, 2 , . . ., xo(t; A) has exactly n — 1 zeros in (a, oo)
and xo(a; A)  ̂ 0;

(iii)  for A = \ n , n = 1,2,..., xo(t;X) has exactly n — 1 zeros in (a, oo) and
xo(a; A) = 0.

Theorem 5.7.4. Let the sequence {Xn }%L0 be defined as in the previous theorem.
Then the number of zeros of any nontrivial solution x(t; A) on [a, oo) can be

(i) exactly n if A = Xn , n = 1,2,...;

(ii)  either n—1 or n if Xn_} < X < Xn , and both cases occur.

Theorem 5.7.5. Suppose that
o

/ tvc(t) dt < oo.

Then for every A > 0 equation (5.7.16) has a unique solution x\{t\X) satisfying
(5.7.20) and there exists a sequence {Xn }̂ Lo of positive parameters with the
properties that

(i) 0 = A ^ < A ^  < X { n ] < . . . , l i m ^ o o A l 1 } = o o;

(ii)  for X G (A^ i j , Xn '), n = 1 ,2 , . . ., the solution x\{t; A) has exactly n zeros in
(a, oo) and x\ (t; A) ^ 0;
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(Hi) for A = Xn , n = 1,2,..., the solution Xi(t;X) has exactly n zeros and
Xi(a;X) = 0;

(iv) the parameters {Xn } and {Xn } have the interlacing property 0 = AQ =
A ^ < A W < A ^ < . . . A W < A ^ < . . . .

5.7.4 Singular eigenvalue problem associated with radial
p-Laplacian

As we have mentioned in Section 1.1, radially symmetric p-Laplacian can be ex-
pressed in the form

Apu(r)=r 1-N(rN-1<S>(u'))l = 07 ' = | - .

Motivated by this fact, in this short subsection we investigate the (singular) BVP

(5.7.21) Lau+[c(t) + \w(t)]$(u), u'(0) = 0, u{b) = 0,

where Lau :— t~a{ta<&(u'))' , a > 0, b > 0 and w is a continuous positive function.
Similarly as in the previous subsections, the proof of the main statement of

this subsection is based on the (modified) Prtifer transformation in the form

$(«) = p(t) snip ip{t), ta$(u') = p(t) cosp ip{t).

In this modification of the Priifer transformation, p, ip are solutions of the system

(5.7.22) <p' = {c{t) + Xw(t)}tasm2
p(p+(P-l)ta{1-q)\cospcp\q\smpp\2-q,

(5.7.23) p' = p{-[c(t) + Xw(t)]tasinpipcospip

+ {p - l^-^Q-'icoSp ip)\smp Lp\3-q sgn(sinp <p)}.

For the sake of later applications, we denote the right-hand side of (5.7.22) by
f(t,ip,\).

Concerning the existence and unique solvability, it can be shown that this
system, has the same properties as system (1.1.20). We present the majority of
the statements of this subsection without proofs, we refer to [356] for details. The
difference with respect to the case treated in Subsection 5.7.2 is that t = 0 is
generally a singular point of (5.7.21). However, the Sturmian theory (which is the
basic "ingredience" of the proof of the properties of the below defined argument
function </?(£, A)) extends also to the singular case treated in this subsection (the
argument is similar to that of Subsection 4.2.5), see also [331, 332].

First we present a statement which concerns the existence and unique solvabil-
ity of the singular initial value problem

(5.7.24) Lau + c(t)$(u) = 0, u(0) = u0, u'(0) = 0.

Theorem 5.7.6. Suppose that c is continuous in (0, oo). Then the initial value
problem (5.7.24) has a unique solution in [0, oo) which depends continuously on
UQ in the sense of C1 convergence on compact subintervals of [0, oo).
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Let us denote by u(t, A) the solution of

(5.7.25) Lau + [c{t) + Xw(t)]$(u) = 0, tt(O) = 1, u'(0) = 0,

and let <p(t,X) be a function satisfying differential equation (5.7.22). The next
lemma will be used in the proof of the last, statement of this subsection.

Lemma 5.7.1. The function >p(t,X) is continuous in [0,6] x R, it is strictly in-
creasing in A for t > 0, and it has the properties

tp(b, A) — 0 as A —> —oo, ip(b, A) — oo as A —> oo.

Theorem 5.7.7. Suppose that the functions c,w are continuous in J = [0,6] and
iu(£) > 0 for t £ J. T/ien i/ie eigenvalue problem (5.7.21) /ias a countable number
of simple eigenvalues A] < A2 <  < Xn —> 00, as n —> 00. TTie eigenfuction un

corresponding to Xn has exactly n — 1 zeros m ifte open interval (0,6). Between
t = 0 and i/ie /irsi zero of un, between two consecutive zeros of un and between
the last zero of un and t = b there is exactly one zero of un+\.

Proof. The solution u(t,X) of (5.7.25) vanishes at b if and only if (p(b,X) = kiTp,
where ip is a solution of (5.7.22) corresponding to u(t,X). Hence, all eigenvalues
Xn and eigenfunctions un are obtained from

ip(b, Xn) = nTTp, un(t) = u(t, An), n e N,

where Xn < Xn+\ and limA n = 00 by the similar argument as in Lemma 5.7.1.
The argument function ip(t, Xn) crosses each line <p = knp with k = 1 , . . ., n — 1,
only once, but never other values of k. Hence un has n — 1 interior zeros 0 < t\ <

 < tn-i < b. The Sturm comparison theorem shows that ttn+i has a zero in
each of the open intervals (tj, £,+i), i = 1 , . . ., n — 2. From the strict monotonicity
of (f(t,X) in A the inequality <p(ti,Xn+i)  > np follows; hence un+\ has a zero in
(0,i i) . Finally, if un+\  has no zero in (tn-i,b), then ip(tn-i,Xn+i)  > mrp. The
function (p(t) = <p(t,Xn+i)  — irp is also a solution of <p' = f(t,<p,Xn+i),  and it
has an initial value (p(tn-i) > ip(tn-i,Xn), which implies ip(b) > <p(b,Xn) = nnp,
which leads to ip(b, Xn+i) > (n + l)np, a contradiction. D

5.7.5 Rotation index and periodic potential

In this subsection we extend the so-called rotation index technique of the inves-
tigation of linear differential equations to half-linear equations. We consider the
equation

(5.7.26) ($(z'))' + (A + c(t))$(a:) = 0

together with the periodic boundary condition

(5.7.27) x(0) - a;(27rp) = x'{0) - x'{2np) = 0,

or with the anti-periodic boundary condition

(5.7.28) x(0) + X(2TTP) = x'(0) + x'(2np) = 0
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where c is a periodic function such that c G Lj^QR). We always assume that the
period of c is T =  2TTP.

Denote by V and A the sets of eigenvalues of the problem (5.7.26), (5.7.27)
and the problem (5.7.26), (5.7.28), respectively. Let V, — VUA. Before explaining
the difficulty in understanding the structure of V,, let us recall some classical
results for the linear counterpart of (5.7.26), that is, the periodic and anti-periodic
eigenvalues of the following linear Sturm-Liouville operator

(5.7.29) {Lx){t) :=  -x"(t) - c{t)x{t) = Xx{t),

where c(t) is 2?r-periodic and c G L 1(0,2TT). Then one has the following classical
result, which is a part of [264, Theorem 2.1].

Theorem 5.7.8. There exist two sequences {A n(c) : n G N}  and {A n(c) : n G Z+ }
of the reals with the following properties:

(i) They have the following order:

(5.7.30) A0(c) < \x{c) < Ai(c) < A2(c)

< A 2 ( c ) < - - -< An(c) < A n ( c ) < . . ..

(ii)  A is an eigenvalue of (5.7.29), (5.7.27) if only if A = Xn(c) or Xn(c) for
some even integer n; and A is an eigenvalue of (5.7.29), (5.7.28) if and only
if X = Xn{c) or Xn(c) for some odd integer n.

The proof of Theorem 5.7.8 is essentially based on the Floquet theory for linear
equations with periodic coefficients and on the classification of symplectic 2 x 2
matrices. Concerning the periodic and anti-periodic problem for (5.7.26), we know
that there is no hope of giving the complete structure of V,, because a Floquet-like
theory for periodic equations (5.7.26) is not available. On the other hand, unlike
the Dirichlet problem, there would be a coexistence problem for eigenvalues An(c)
and Xn(c): _

Xn(c) = An(c).

Such a coexistence problem is extraordinarily difficult for general potentials c(i).
This also adds to the difficulty in understanding the structure of V,.

In this subsection, we try to give a partial generalization of Theorem 5.7.8
to eigenvalues V, of (5.7.26) for using a more geometric approach, that is, the
rotation index approach, which has been well developed for linear periodic systems;
see [195] and [295]. This approach applies also to (5.7.29) with quasi-periodic or
almost periodic potentials and is very useful in understanding the spectrum and
the dynamics aspect of (5.7.29).

For linear case (5.7.29) with periodic potential c, the rotation index function
in [195] is an analytic function on the upper half-plane. When real parameters are
considered, the rotation index function p(X) is defined as follows. Let x = rcosO
and x' = —rsin9 in (5.7.29), i.e., we consider the classical Priifer transformation.
Then 6 satisfies

(5.7.31) 9' = (A + c{t)) cos2 9 + sin2 6 =:  $(i, 9; A).
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As $(£,#; A) is 27r-periodic in both t and 6, it is known that the rotation index of
(5.7.31)

p(X) = p(X;c) = hm -i -1

t^oo t

exists and is independent of 6Q, where 6(t; 6Q, A) is the solution of (5.7.31) satisfying
the initial condition 6(0; #o, A) = 6Q. Using the function p(X) all eigenvalues Xn(c)
and An(c) can be characterized in the following way [295, Theorem 4.3].

Theorem 5.7.9. Let c and p(X;c) be as above. Then

(5.7.32) Xn(c) = min{A : p(X;q) =n/2}, n G N,

(5.7.33) Jn(c) = max{A : p(X; q) = n/2} , n G N.

In fact, the graph of p(X) looks like a staircase which is continuous and is
strictly increasing except on the possible platforms p~1(n/2),n G N, while the
endpoints of the platforms p~1(n/2) are exactly the periodic and anti-periodic
eigenvalues of (5.7.29).

In this subsection, when c is a periodic potential, we follow the idea in [295]
of introducing a rotation index function p(X) for (5.7.26). Then, we use (5.7.32)
and (5.7.33) to define two sequences {Xn(c) : n G N} , {Xn(c) : n G N} . It wil l
be proved that {Xn(c), Xn(c) : n is even}  are the periodic eigenvalues of (5.7.26),
(5.7.27) and {Xn(c),Xn(c) : n is odd}  are the anti-periodic eigenvalues of (5.7.26),
(5.7.28). Namely, the "if" part of Theorem 5.7.8 (ii) holds for such a half-linear
problem (below presented Theorem 5.7.13).

Differently from the variational structure of (5.7.26) in defining the variational
eigenvalues of higher dimensional p-Laplacian, we extensively make use of the
Hamiltonian structure of (5.7.26) for the half-linear problems (5.7.26), (5.7.27)
and (5.7.26), (5.7.28). However, as in the higher dimensional Dirchlet problem for
p-Laplacian (see Chapter 7), it remain open as to whether the "only if" part of
Theorem 5.7.8 (ii) also holds for the one-dimensional p-Laplacian, namely, whether
those eigenvalues Xn(c), Xn(c) represent a complete list of eigenvalues of (5.7.26),
(5.7.27) and (5.7.26), (5.7.28). For this reason, we will  call these periodic and anti-
periodic eigenvalues Xn(c),Xn(c), constructed using the rotation index function,
the rotational periodic eigenvalues of (5.7.26).

In accordance with the original paper [382] (compare also Subsection 1.1.1) we
introduce the planar system

(5.7.34) x' = ^-1(y), y' = $(x),

which is an integrable Hamiltonian system with the Hamiltonian

H{x,y) = ^- + ^-.
P Q

Let (Cp(t), Sp(t)) be the unique solution of equation (5.7.34) with the initial value
(x(0),y(0)) = (1,0). Some properties of Cp(t) and Sp(t) are summarized in the
following lemma, its proof follows essentially ideas introduced in Section 1.1.
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Lemma 5.7.2. The functions Cp(i) and Sp(t) have the following properties:

(i) Both Cp{t) and Sp(t) are 2np-periodic.

(ii)  Cp(t) is even in t and Sp(t) is odd in t.

(in) Cp(t + 7TP) = -Cp{t), Sp{t + 7TP) = -Sp(t).

(iv) Cp(t) = 0 if and only if t = irp/2 + rrnrp, m 6 Z; Sp(t) = 0 if and only if
t = mnp, m 6 Z.

(v) C'p(t) = - $ " i (5p( t ) ) and S'p(t) = *(C p(t)).

(vi) \Cp(t)\P/p+\Sp(t)\"/q = l/p.

Let us define the polar coordinates in K2 by

(5.7.35) x = r2/pCp(d), y =  r
2/qSp{6).

Equation (5.7.26) is equivalent to the following Hamiltonian system

(5.7.36) X> = -*-Hy) = _ ^ M ) , y' = {X + q(tmx) =  dJ^yl,

where the Hamiltonian is

X\P \y\q

H(t, X, y; A) = (A + c(t))—l- + ^ - .

In the polar coordinates (5.7.35), it is not difficult to check that r and 0 satisfy
the following equations, see also Section 1.1,

(5.7.37) r' = | (A + c(t) - l ^ C p W ) ^ 1 (Sp(6))r =: *(t , 9, r; A),

(5.7.38) 0' = p((\ + c(t))\CPmP/P + \SPmq/<l)  H(t, 0; A).

For any (xo,j/o) S R2, let (x(t; xo,yo7 X)),y(t;xo,yo, A)) be the unique solu-
tion of (5.7.36) satisfying the initial condition (x(0),y(0j) = (xo,J/o)- Similarly,
for #o e M, let (r(t; 0O, A),0(t;0o, A)) be the unique solution of (5.7.37),(5.7.38)
satisfying the initial conditions r(0) = 1, 0(0) = 0Q. AS S(t,0;A) - the right-
hand side of (5.7.38) - is bounded in 0, we know that r(i;0o,A) and 0(f;0o,A)
are denned on the whole line M. Due to the oddness of (5.7.36) in (x, y) and the
homogeneity of (5.7.37) in r, we have the following relation between the solutions
(x(t; xo,yo, A), y(t; xo,yo, A)) and (r(t;  0O, X),6(t; 0O, A)):

(5.7.39) [x(t; <pp(r0)Cp(60), (pq(r0)Sp(90), X),y(t; <pp(r0)Cp(90), <pq(ro)Sp(0o),\)]

= l<PP(ro)r2/p(t; 0O, \)Cp(8(t; 0O, A)), ̂ q(r0)r
2/"(t;  0O, X)Sp(8(t; 80, A))]

for all ro, 0o 6 K, where

^P(ro) = |ro|2/psgn(ro), r0 G K.
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In particular, the Poincare map P\ of (5.7.36) is given by

(5.7.40)

P\(<Pp(ro)Cp(60),(pq(r0)Sp(00))

= {x(27rp;ipp(ro)Cp{0o),ipq(ro)Sp(eo),X),y(2iTp;<pp(ro)Cp{eo),ipq{r o)Sp(0o),X))

= (<PP(ro)Rl/p(eo)Cp(Qx(6o))1<fq(ro)R2
x
/q(0o)Sp(ex(9o)))

for r0, 90 e R, where R\{90) :=  r(2np; 60, A) and

(5.7.41) eA(0o):=0(27rp;0o,A).

Thus Q\(90) is the corresponding Poincare map of (5.7.38).
Equation (5.7.38) is a family of 27rp-periodic equations on the circle § : =

K/TT PZ. By the periodicity of S(i, 6;X), we have the following equalities on th(
solutions 9(t;90,X) of (5.7.38)

(5.7.42) 9(t + 2nnrp; 0O, A) = 0(t; 9(2mirp; 0O,X), A),

(5.7.43) 9{t; 90 + nnrP7 A) = 9(t; 0O, A) + rrnrp

for all 6Q £ K and all m € Z. In particular, the rotation index of (5.7.38)

p(X) = p(X; c):= h m -^ -^

|t|->oo t
(5.7.44) = lim 6^ ) - g°

exists and is independent of #o; see [171, Theorem 2.1, Chapter 2].
Next, we give without proof an auxiliary statement concerning the behavior o:

the function 0. In this statement, w G L 1(0,2TTP) is a 27r-periodic function, and t
is a solution of

(5.7.45) 9'=P[W(t)  ̂ + ^]=:E(t,9).

The solution of this equation satisfying 9(0) = 9$ we denote by 9(t; to)-

Lemma 5.7.3. The following statements hold.

(i) If 9Q > np/2 + mnp for some m e Z, then 9(t; 9Q) > irp/2 + mirp for all t > 0.

(ii)  Assume that w(t) < 0. If'9Q < rmrp for some m G Z, then 9(t; 9o) < mnp for
all t > 0.

Now we give some properties of the rotation index function p(X).

Theorem 5.7.10. The rotation index has the following properties:

(i) p(X) is continuous in X EM..

(ii)  p(X) is non-decreasing in A e K.
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(in) p(X) = 0 if A <C — 1 and l im^^+0O p(X) = +oo.

Proof, (i) Note that the vector field S(i, 0; A) depends on A continously. Then
so does the Poincare map ©A(0O)- NOW the continuity of p(X) follows from [171,
Corollary 2.1, Chapter 2].

(ii ) The monotonicity of p(X) follows simply from the monotonicity of the right-
hand side of (5.7.38).

(iii ) Let us first prove that liniA^+oo p{X) — +oo. To this end, assume that A >
0. Let us consider differential equation (5.7.26) again. Let x = x,y = —X~l/q<&{x').
Then (5.7.26) is equivalent to the following system:

As before, let 6(t;6o,X) denote the solution of (5.7.48) with the initial condition
0(0) = 0O. By (5.7.48), one has

rt ft
(5.7.49) X1/pt-X-1/q c-(s)ds<6(t;9(hX)-e0<X1/pt + X-1/q c+(s)ds

Jo Jo

for a l ii > 0 and all 60 G M, where

c+(t) = max{c(i),0}, C-(t) = max{-c(i),0} .

Comparing (5.7.46) with (5.7.36), we have the relation

(5.7.46) x' =  -\1/P$-} (y), y' = (A1/p + \-l/qc{t))<$>{x).

Let x = r'2/pCp(8), y = r2^Sp(6) in (5.7.46). Then f, 9 satisfy the equations

(5.7.47) r' = ^\-llqc{i)<$>{C p{e))<$>- l{Sp{e))f,

(5.7.48) ,9' = Ai/P + A - i /9c( f )M)J!.

(x,y) = (x,\1/qy)-

In the corresponding polar coordinates, we have

r2/pCp{8) = f2/pCp(9), r2/qSp{8) = X1/qf2/qSp(6).

As a result,

(5.7.50) Cp{6) = , ^ , ,
(|CP(0)|P + (P-1 )A |5P(0 ) |? ) I /P

(5.7.51) Sp{0) = , X1/"C>®  . ,
(\cp(0)\p + (p-i)\\sp(e)\q)1/p

Let us define a homeomorphism Ti\ : M —> M, where # = Ti\(8) is determined by
(5.7.50) and (5.7.51). Note that H\ fixes the points {mivp, np/2+mirp : m £ Z) C I
and

(5.7.52) lim ^ ^ = 1.
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Comparing (5.7.48) with (5.7.38), 7i\ preserves solutions

(5.7.53) 6(t; Hx(0o),X) = WA(<?(<; 00, A)).

By (5.7.52) and (5.7.53) we have
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Now we use the rotation index function p(\) to study the main problem in
this subsection, that is, the periodic eigenvalues V of (5.7.26), (5.7.27) and the
anti-periodic eigenvalues A of (5.7.26), (5.7.28).

Note that (x(t;xo,yo,X),y(t;xo,yo, X)) is a solution of (5.7.26), (5.7.27) or
(5.7.26), (5.7.28) if and only if (xo,yo) is a fixed point of the Poincare map P\,
i.e., it satisfies

P\{xo,yo) = (xo,yo),

or an anti-fixed point of P\:

P\{xo,yo) = -(xo,yo)-

Using expression (5.7.40) for P\ the following result is obvious.

Theorem 5.7.11. We have A G P , if and only if there exist some 8Q E K and
some n E Z+ such that

(5.7.56) 8(2Trp;9o,X) = 8o+rnrp and r(2irp; 90, A) = 1.

Moreover, the case n is even (n is odd, respectively) in (5.7.56) corresponds to the
periodic eigenvalues (the anti-periodic eigenvalues, respectively).

Note that the vector field S(i, 9; A) is differentiable in 6. Thus the Poincare
map OA(#O) of (5.7.38) (see (5.7.41)) is also differentiable in 0Q. The following
statement, which is a result of the area-preserving property of P\, is fundamental
in obtaining some eigenvalues in V,. Using (5.7.37) and (5.7.38) we obtain the
following result.

Lemma 5.7.4. It holds

(5-7-57) -dh~-nm' e°eR>
where R\ is defined right after (5.7.40).

Proof. Consider the space S = (0, oo) x (R/2TTPZ). Let ô be any fixed real number.
For any 9\ (> 9a) which is near #0: consider the following domain in S:

V= {(r,6») : 0 < r < 1,0O < 0 < 0i} .

The domain V has the area

\V\= I I  \drd0=ho1-6o).
Jo Je0

 l

Note that the Poincare map P\, in the (r, #)-coordinates, is

Px(r,6) = (rRx(e),Qx(0)).

The image T> of T> is the following domain in S:

V = {(f , 0) : 0 < f < RX(Q^(9)), Qx(90) <9<  eA ( 0 i ) } ,



Differentiating this equality with respect to 9\ at 0\ = 0Q, we get the desired
equality (5.7.57).

Remark 5.7.2. Equality (5.7.57) can be also proved using equations (5.7.37) and
(5.7.38).

By Lemma 5.7.4, we can state an equivalent form of Theorem 5.7.11.

Theorem 5.7.12. It holds that A G V, if and only if there exist some 6Q G K and
some n €N such that

Moreover, the case n is even (n is odd, respectively) in (5.7.58) corresponds to the
periodic eigenvalues (the anti-periodic eigenvalues, respectively).

We will establish some relation between condition (5.7.58) with the rotation
index function p(X). To this end, we need the following result.

Lemma 5.7.5. Let h be a homeomorphism o/M satisfying

(5.7.59) h(6 + mnp) = h(6) + miTp, 6 e M, m G Z.

Define the rotation index of h by

p(h) = hm .
|m|->oo 2mirp

Suppose that n is an integer. Then

(i) p(h) > ra/2 if and only if maxeoeR(/i(6>o) - (0O + nirp)) > 0;

(ii)  p{h) < n/2 if and only if maxeo£R(/i(#o) — (̂ o + nnp)) < 0.

Now we introduce for (5.7.26) two sequences {A n(c) : n G N}  and {A n(c) : n G
Z + }  using the rotation index function p(X).
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see (5.7.40). Here 0^"1(-) is the inverse of @\(-)- Thus T> has the area

2(0i) fRxte-1^)) i /.02(6ii)

\T>\= d6 fdf=- Rl{<dl l{6))de
JBX(60) JO 2 Jex(60)

As PA preserves the expression rdrd8, we have

(5.7.58) @\(Oo) =0o + nirp and "* j ^ = 1.
^ 0=00
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Let c(t) be a 27rp-periodic potential with c(t) G i1(0,27Tp). Define

(5.7.60) Xn(c) = min{A e K : p(A; c) = n/2}  for n € N,

(5.7.61) An(c) = max{A G M : p(A; c) = n/2} for n G N.

Note that these sequences are well-defined by Theorem 5.7.10. Now we prove
the main result in this subsection.

Theorem 5.7.13. If n & Z+ is even, then Xn(c) and \n(c)are eigenvalues of
(5.7.26), (5.7.27). Ifn G N is odd, then Xn(c) and An(c) are eigenvalues of (5.7.26),
(5.7.28).

Proof. Let us consider the family of Poincare maps 0A of (5.7.38). By (5.7.43)
0A satisfies (5.7.59) for each A. By Lemma 2.2, for any fixed #o, the function
©A(#O) — #o is strictly increasing in A. Thus the functions

max(eA (£0) - 0o), and min(eA (#0) - 60),

are strictly increasing in A. Now it follows from (5.7.60) and (5.7.61) and from
Lemma 5.7.5 that A = An(c) if and only if A satisfies

(5.7.62) max(eA(6>o) - 0O) = nnp,

and that A = An (c) if and only if A satisfies

(5.7.63) mm(eA(6>o)-6»o) = n7rp.

As a result, if A = An(c) or Xn(c), we know from (5.7.62) or (5.7.63) that there
must be some 9Q € M such that (5.7.58) is satisfied. Now the result follows from
Theorem 5.7.12.

Remark 5.7.3. (i) We do not know if the converse of Theorem 5.7.13 also holds, that
is, whether all eigenvalues of (5.7.26), (5.7.27) and (5.7.26), (5.7.28) are necessarily
given by tAn(c) and An(c).

(ii ) Since p(A) is nondecreasing, one can see that the ordering (5.7.30) holds also
for the p-Laplacian. As p(Xn(c)) = p(Xn(c)) = n/2, it follows from the estimates
(5.7.55) that one has the following asymptotic formula for the rotational periodic
eigenvalues Xn{c) and Xn(c):

-J asrw .̂

We will finish this subsection with another characterization of rotational peri-
odic eigenvalues using the eigenvalues of (5.7.26) with respect to certain two-point
boundary conditions.

The general two-point boundary conditions are of the form

(5.7.65) £z(0) + r/x'(0) = 0, ax(2Trp) + TX'(2TTP) = 0,
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where £, rj, a, r are constants such that £2 +r/ 2 > 0 and a1 +T2 > 0. The conditions
(5.7.65) can be rewritten as the following concise form:

7 $-1(5p(a))a;(0) + Cp(a)x'(0) = 0,

*- 1(5p( /3))a ;(2%) + Cp(/3)a;
/(27rp) = 0,

where a, ft € [O,TTP). In the following, we are only interested in the case (3 = a E
[0,7Tp) in (5.7.66), i.e.,

? 6 * - ] (Sp(a))a;(0) + Cp(a)x'(0) = 0,

<S>-1(Sp(a))x(2np)+Cp(a)x'(2np)=0.

Hence A is an eigenvalue of (5.7.26), (5.7.67) if and only if

(5.7.68) Q(2irp;a, A) = a + mrp, n e N.

Remark 5.7A. Let us denote by A" eigenvalues of (5.7.26), (5.7.67). It follows from
(5.7.68) that p(X"(cj) = n/2. Thus one has the following relation between A"(c)
and the rotational eigenvalues, which is well known for the linear case p = 2:

(5.7.69) Xn(c) < A£(c) < An(c), a e [0, TTP), n e N.

By the asymptotic formula (5.7.64) for Xn(c) and Ara(c), one has the following
asymptotic formula A"(c):

A°(c) - (n/2)p as n ^ oo.

Now we give a characterization of rotational periodic eigenvalues using the
eigenvalues of Sturm-Liouville problems.

Theorem 5.7.14. We have for any n E N

(5.7.70) A n(c)=minA«(Cs),

(5.7.71) A n(c)=maxA°(cs) .

The eigenvalue Ao(c) can &e characterized using the Neumann eigenvalues

(5.7.72) A0(c)=maxAg(cs).

ffere cs(t) are translations of c(t), that is, cs(t) = c(t + s).

Proof. For any fixed s E R, let 6(t; 6>o, A, cs) be the solution of the following equa-
tion

satisfying the initial condition 6(0) = 9Q. Then one has the equality

6(t; 6(-s; 0O, A, cs), A, c) = 0(t - s; 60, A, cs)
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for all t,s,6o and A. Hence p(X;c) = p(A;cs) for all A and all s. Consequently,
An(cs) = An(c) and ~\n(cs) = An(c) for all s. By (5.7.69), one has

An(c) < A£(cs) < An(c), for all s e t.

Moreover, the eigenvalues A"(cs), as functions of s, are continuous in s, see (5.7.68).
Now we are going to prove (5.7.71). Assume first that n G N is even. Then

A = \n{c) is an eigenvalue of the periodic problem (5.7.26), (5.7.27), that is,
equation (5.7.26) has a nonzero 2-/Tp-periodic function x{t). We claim that there
exists so G K such that

(5.7.73) $-\Sp(a))x(s0) + Cp{a)x'(s0) = 0.

Case 1: a — 0. As x(t) is 27rp-periodic, there exists so such that x'(so) — 0.
Thus (5.7.73) is satisfied.

Case 2: a =  TTP/2. If (5.7.73) does not hold, then either x{t) > 0 for all t or
x(t) < 0 for all t. Let r0 (^ 0) and 00 be such that

x(0) = <pp(r0)Cp(60), y(0) = -$(z ' (0)) = q̂(ro)Sp(0o),

where (pp is defined right after (5.7.39). Then 9(t;9o,X,c) is bounded because
x(t) 7̂  0 for all t. As a result, we have p(\) = 0. This is a contradiction because
p{\) = p(\n(c)) = n/2 > 0.

Case 3: a G (0,TTP/2) U (irp/2,TTp). If (5.7.73) does not hold, then the function

(5.7.74) Z(t)=x'{t)+>yx(t)

is a 27Tp-periodic function and satisfies £(£) 7̂  0 for all i, where

7 Cp(a) ^ U -

Without loss of generality, we assume that £(£) > 0 for all t. It is easy to prove
that for any given 27rp-periodic function £(t), linear equation (5.7.74) has a unique
27Tp-periodic solution x(t). In fact, such a 27rp-periodic solution is given by

,o
x(t) = / £(s + t) exp(~/s)ds,

o

where the sign — is for a < TTP/2 while the sign + is for a >  TTP/2. AS £(£) > 0 for
all t, we have x(i) > 0 for all t if a < np/2, or x(t) < 0 for all t if a > 7rp/2. NOW
we can use a similar argument as in Case 2 to prove that (5.7.73) holds for some
,s0 e K.

Let now z(t) = x(t + so), where so satisfies (5.7.73). Then z(i) satisfies the
differential equation

(5.7.75) (*(*'(<))) ' + (A + c80 (<))*(^(t)) = 0.

Moreover, by (5.7.73) and 27Tp-periodicity of x(t), z(t) satisfies the boundary con-
dition (5.7.67). This means that A = An(c) is an eigenvalue of (5.7.71), (5.7.67).
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As we have shown, n/2 = p(An(c);c) = p(Xn(c); cS|J), therefore \n(c) = X"(cSo).
This proves that the maximum in (5.7.71) can be attained when n > 0 is even.
The characterization (5.7.72) also holds because we have (5.7.73) in this case.

Now we consider (5.7.71) when n £ N is odd. In this case, for A = An(c),
(5.7.26) has a nonzero solution x{t) satisfying the anti-periodic boundary condition
(5.7.28). As (5.7.26) is odd in x, it is easy to check that x(t) satisfies x(t + 2Trp) =
—x(t) and x(t) is a 47rp-periodic solution of (5.7.26). Now a similar argument shows
that (5.7.71) holds also in this case.

Equality (5.7.70) can be proved similarly.

5.8 Energy functional and various boundary
conditions

The aim of this section is to establish necessary and sufficient conditions for non-
negativity and positivity of the energy functional associated to (1.1.1) over the
class of functions satisfying various boundary conditions. These conditions are
formulated in terms of the so-called coupled points and also in terms of solutions
of the generalized Riccati equation. As applications, the comparison theorems of
Leighton-Levin type will be given.

Along with (1.1.1) consider the p-degree functional

(5.8.1) J{m a, b) = a\V(aW + /3\V(b)\p + I \r(t)\r,'{t)\*>  - c(t)\r,(t)\p]  dt

over the class of functions 77 G W1'p(a, b) satisfying the boundary condition

(5.8.2) D / W = ,

\n(b)J \o)
where D is a diagonal 2 x2 matrix. This condition covers the cases, in which the
values at the endpoints of the interval  [a, b] are independent. Since the matrix D
is diagonal, it can be considered in one of the following forms

DlJ'  «V  D2J° °V D3J
i 0). D4J° °Y

v° v 1° v v° v \o v
The class of functions r\ wil l be said to be the class of admissible functions.

In [379, 380] the concept of coupled points and regularity condition has been
introduced for the study of quadratic functional with general boundary conditions.
This concept will  be used throughout this chapter. The following definitions are
motivated by the definition of the coupled point in the linear case.

Definitio n 5.8.1. A point d G (a, b] is said to be the semicoupled point with the
point a relative to the functional J{-\ a, b) if there exists a nontrivial solution y(t)



A point d £ (a, b) is said to be the coupled point with the point a relative to
the functional J{-\ a, b) if it is semicoupled with a and the solution y(-) from the
definition of semicoupled point satisfies

(5.8.5) y(-)^y(d) on [d,b].

A point a is said to be its own coupled point if y(-) = const 7̂  0 is admissible, is
not a solution of (1-1.1) on [a,b] and

fb

a + p- c(t) dt = 0.
Ja

If d is a coupled point with a and the interval [a, d) does not contain any other
point coupled with a, then d is said to be the first coupled point with a.

Definition 5.8.2. The functional J{rj]a,b) is said to satisfy the regularity con-
dition if it is nonnegative for any admissible constant function.

Recall that a point d is said to be the conjugate point to the point a if there
exists a nontrivial solution y of (1-1.1) satisfying y(a) = 0 = y(d). Let 1$ C /.
Recall that equation (1-1-1) is said to be disconjugate on Jo if there exists no pair
of conjugate points in the interval Io.

It is easy to see that if D = Di, then the definition of the point coupled
with the point a coincides with the definition of point conjugate to the point a.
Observe that a can be its own coupled point only in the case of free end points,
i.e., boundary condition D = D4.

The regularity condition is trivially satisfied in the cases of boundary conditions
Di, D2, -D3, since the only constant admissible function is the zero function. In
case of free endpoints the functional J'(-;a,b) satisfies the regularity condition if
and only if

,-b

(5.8.6) IC:=a + f3- c(t)dt>0.
J a

For comparison purposes, let us recall Roundabout theorems (Theorem 1.2.7
and Theorem 1.2.2, respectively), now slightly reformulated into the forms which
are more consistent with what we are going to study.

Theorem 5.8.1. The following statements are equivalent:

5.8. Energy functional and various boundary conditions 283

of (1.1-1) and i r e l 2 such that

(5-8.3) D (* {">)  = (°) .

(5.8.4, («*(*») t(-«WW))_( 0 \
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(i) The functional J(-;a,b) is nonnegative on W0'
p(a, b).

(ii)  Equation (1.1.1) is disconjugate on (a,b).

(in) The solution w of Riccati equation (1.1.21) which satisfies w(a+) =  oo is
defined on the entire interval (a,b).

(iv) The solution w of Riccati equation (1.1.21) which satisfies w(b—) =  —oo is
defined on the entire interval (a,b).

Theorem 5.8.2. The following statements are equivalent:

(i) The functional J(-; a, b) is positive on Wo '
p(a, b).

(ii)  Equation (1.1.1) is disconjugate on [a,b].

(Hi) The solution w of Riccati equation (1.1.21) which satisfies w(a+) =  oo is
defined on (a, b].

(iv) The solution w of Riccati equation (1.1.21) which satisfies w(b—) — — oo is
defined on [a, b).

We close this introductory part with the technical lemma, which actually was
already used in the proof of Theorem 1.2.4. We present it here for an easy reference.

Lemma 5.8.1. Let rj  G W1'p(a,b) and let w be a solution of (1.1.21) defined on
(a,b). Ifr/(a) = 0, r/(b) = 0, then

lim w(t)\r){t)\p = 0, lim w(t)\r](t)\p = 0,

respectively.

5.8.1 Disfocality

Let us study the functional J{-\ a, b) under the boundary condition r](b) = 0, i.e.,

J(r];a,b) = a\r1(a)\P+ f \r(t)\r,'(t)\"  - c(i)|77(t)H dt

over the set of admissible functions

UM = {i1eWl'p{a,b):r1{b) = 0}.

In this case, D = D-2 in (5.8.2) and the definition of coupled point corresponds to
the definition of a focal point, which is defined as follows.

Definitio n 5.8.3. A point d £ (a, b] is said to be focal point (or right focal point)
to a relative to the functional J{-;a,b) if the nontrivial solution y(t) of (1.1.1)
satisfying

(5.8.7) a$(y(a))-r(a)$(y'(a))=0

has a zero at t = d.
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Remark 5.8.1. In many works, especially when an equation under consideration is
not considered in the variational context (cf. Subsection 5.1.3), the focal point is
defined with a = 0 in Definition 5.8.3, i.e., a point t-j 6 (£oi b) is said to be a focal
point, to the point to if there exists a nontrivial solution of the equation such that
y ' ( t o ) = O = y ( t l ) .

Note that the solution of (1.1.1) is by the condition (5.8.7) given uniquely up
to a constant multiple.

First we give a condition for n on negativity of J{-\ a, b) in terms of solutions
of Riccati equation (1.1.21). Denote by Jfc(£) the solution of (1.1-1) which satisfies
the initial conditions yb(b) = 0, yl{b) = — 1, and let wi,{t) be the corresponding
solution of Riccati equation. The function wi, satisfies Wb(b—) = —oo.

Lemma 5.8.2. Functional J{j}\a,b) is nonnegative on the class of admissible
functions;/ € E/*o if and only if-ivi,{t)  is defined on \a, b) and satisfies a — wi,(a) > 0.

Proof. "^-' ;: Let J{;a.b) be nonnegative on the class of admissible functions.
Suppose that wi,(t) is not defined at a point d € [a,b) and it is defined on (d,b),
this means that yi,(d.) = 0 and iji,(t)   ̂ 0 for every t £ (d,b), Let A £ (rf, b) be a
real number and define the admissible function

U)=(yiW t€ [a,A],
' A U \yb{t) t.e[Kb],

see Figure 5.8.1. From the definition of the function l}\(t)  it follows

J{VX,aS = a|^(a)|"+ f [r{t)\rf x{t)\"  - c(t)\r,x(t)\"]  dt

+ [h[r(tM(t)\V-c(t)\yb(t)\r]dt
 A

= \vb(\)\pU - I c(t)dt) + Kt)*(si(t))»(*)l i

- jyb(t) [(r(t)#(»J(t)))' + c(t)$(yh(t))]  dt

Figure 5.8.1: Construction of the admissible function rj\{t)
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D

The next theorem gives the conditions that are equivalent to right disfocality
of (1.1.1) (i.e., the condition (ii)) .

Theorem 5.8.3. The following statements are equivalent:

(i) The functional J{-;a,b) is nonnegative on C/*o-

(ii)  There exists no focal point to a in (a,b).

(in) The solution w of Riccati equation (1.1.21) satisfying w(a) = a is defined
on [a, b).

(iv) The solution Wb(t) of Riccati equation (1.1.21) satisfying Wb(b—) = —oo is
defined on [a, b) and a — Wb(a) > 0 holds.

Proof. (i)=>(ii) : Suppose, by contradiction, that the functional is nonnegative on
the class of admissible functions and d G (a, b) is the first focal point to a. Then
there exists a nontrivial solution u(t) of (1.1.1) such that a$(u(a))— r(a)$(tt'(a)) =
0, u(d) = 0, and u{t)  ̂ 0 for t £ (a, d). Let A £ (a, d) be a real number and r)\(i)
be an admissible function defined by

= \yb(\)\r(a-r(\)$(y'b(\)/yb(\))- f c(t) dt),
J a

where the second integral was computed using integration by parts. If A —> d+,
then the expression in parenthesis tends to — oo and clearly there exists Ao € (d, b)
such that J(rj\0;a,b) < 0, a contradiction. This means that Wb(t) is defined on
[a, b). The function yi, is admissible and a similar computation as above gives

0 < J(yb;a,b) = \yb(a)\p(a - wb(a)y

I t holds y&(a) ^ 0, hence a — Wb(a) > 0.
"<=": Let Wb{i) be defined on [a, b), a — Wb(a) > 0 and rj be an admissible

function. Integrating Picone's identity (1.2.3) from a to b — e, letting e —> 0+ and
using Lemma 5.8.1 we get

/ \ rb

J(r];a,b) = \r)(a)\p(a-wb(a)) + / pP(r1/py', r"1/pw$(r/)) dt > 0.
^ ' J a

see Figure 5.8.2. Then

J(r /A ;a ,6) = a|r /A (a)r + f {r(t)\u'(t)\p - c(t)\u(t)\p) dt
J a

+ \ ^ ^ J\^t)-c{t)\b-t\^)dt

= \u(X)\p [r(A)$(u'(A)/«(A)) + ̂ ^  ̂ (r(t) - c(t)\b - t\?) dt].
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Figure 5.8.2: Construction of the admissible function r]\(t)

The first term in the parenthesis tends to — oo if A —> d— and the second one is
bounded. Hence there exists Ao such that J(rj\0;a,b) < 0, a contradiction.

(ii)=^(iii) : This follows immediately from the definition of focal point.
(iii)=>(i) : If a solution w of (1.1.21) satisfying w(a) = a is denned on [a, b), then

integrating Picone's identity from a to b — e, letting e —> 0 and using Lemma 5.8.1
we have

, 6

J(n\ a,b)= / P(r1/pr]',  r-1/pw$(r])) dt > 0,
Ja

and so the functional is nonnegative on Ut0.
(i)^(iv) : See Lemma 5.8.2.

An analogous method yields the following modification of Theorem 5.8.3.

Theorem 5.8.4. The following statements are equivalent:

(i) The functional J(-;a,b) is positive definite on U*o-

(ii)  There exists no focal point to a on (a, b\.

(in) The solution w of Riccati equation (1.1.21) satisfying w{a) = a is defined
on [a, b\.

(iv) The solution w\,(t) of Riccati equation (1.1.21) satisfying Wb(b—) = —oo is
defined on [a, b) and a — Wb(a) > 0 holds.

Proof. (i)=^(ii) : Let d e (a,b] be a focal point to a, and y(t) be the solution of
(1.1.1) which realizes this focal point. Let r\ be an admissible function, which is
equal to y{t) on [a,d] and to zero on [d,b]. Then integrating by parts we have
J{r\\ a, b) = 0, but rj  ̂  0, a contradiction.

(ii)=>(iii) : This follows immediately from the definition of focal point.
(iii)=>(i) : This follows from the Picone identity and from the properties of the

function P{-,
(i)-O-(iv): Analogously to Lemma 5.8.2.
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Definition 5.8.4. A point d £ [a, b) is said to be left focal point to the point b
relative to the functional J{-; a, b) if the nontrivial solution y of (1.1.1) satisfying

and Definition 5.8.1 yields: A point d is a coupled point to the point a relative to
the functional J{-;a,b) if there exists a nontrivial solution ya(t) of (1.1.1) such
that

(5.8.9) 2/a(a)=0,

(5.8.10) r(d)$(^(d)) + $(ya(d))(/3- j c(t)dt)=Q,

(5.8.11) ya{-)^ya(d) on [d,b].

Before presenting the next theorem note that the condition (iv) of that state-
ment is in fact left disfocality of (1.1.1).

Theorem 5.8.5. Let us consider the boundary condition D3. The following state-
ments are equivalent:

(i) The functional J'(-;a,b) is nonnegative on Uo*.

(ii)  There exists no coupled point with a in the interval \a,b).

(in) The solution wa(t) of Riccati equation (1.1.21) satisfying wa(a+) = +00 is
defined on (a, b] and (3 + wa(b) > 0 holds.

(iv) The solution w of Riccati equation (1.1.21) satisfying w(b)+/3 = 0 is defined
on (a, b], i.e., there exists no left focal point to the point b in (a, b).

Proof. (i)=^(ii) : Suppose that there exists a point d £ (a, b) coupled with a and
ya is a nontrivial solution of (1.1.1) satisfying (5.8.9). Then ya(d) 7̂  0. Indeed, if
Va{d) = 0, then from (5.8.10) it follows y'a(d) = 0 and ya = 0, a contradiction.
Then in view of (5.8.11) there exists a point e G (d,b] such that ya{t)  ̂ 0 for all
t S [d,e] and ya{-) ^ const on [d,e], hence wo(-) ^Oon [rf,e]. Define the function
rj(t)  by

r(&)$fo'(&))+/3$(i/(6))=O

has the zero at t = d.

In this case D — D3, the functional J{-\ a, b) takes the form

J{r,- a, b) = /3|r/(6)|P + J [r(t)\rf  (t)\P - c(t)\V(t)\p] dt

over the set of admissible functions

Uo*  = {r ]eW1>p{a,b):r1{a)=0}

(5.8.12) V(t) = \yf) ! < e '
[ya{e) t > e.



for t G (a, e). The function f(t) is continuous and satisfies f(a+) = oo and /(e—) =
—oo. Hence there exists a point d G [a, e) such that /(rf) = 0, i.e., d satisfies
(5.8.10). Moreover,

ya(e)=O^ya{d),

(5.8.11) is satisfied and d is a coupled point with a. Hence wa(t) is defined on (a, b}.
Suppose wa(b) + (3 < 0. Then the function fit) satisfies f(a+) = oo and f(b) < 0
and again there exists a point d such that f(d) = 0, i.e., (5.8.10) holds. We claim
that (5.8.11) holds, too. Indeed, if ya{-) =  const on [d,b], then c(t) = 0 = wa(t) on
[d, b] a nd

fb

Wa{d) +0- C{t) dt = Wa(b) +P = f{b) < 0,

which contradicts (5.8.10).
(iii)=>(iv) : Let w(t), wa(t) be the solutions of (1.1.21) given by the initial

conditions w(b) — -/3, wa(a+) — oo, respectively. In view of (iii ) it holds wa(b) >
-(3 = w(b). Due to the fact that the graphs of two distinct solutions of (1.1.21)
cannot intersect it holds w(t) < wa(t) for every t £ (a, b}. Clearly there cannot
exist a point e G (a, b) such that w(e+) = oo, hence w(t) is denned on (a, b}.
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Then

J(m a, b) = r(t)<f>(y' a(t))ya(t)\l + /%o(e)f - f c(i)|ya(e)|*  dt

= \ya(e)\>(r(e)*(^)+0- f\t)dt)

= \ya{e)\v(wa{e)+{3- I c(t)dt).

The function wa is defined on [d,e\. From (1.1.21) and (5.8.10) it follows

wa(e)-wa(d)+ f c(t)dt = -(p-l) f r^^Wait^dt
Jd Jd

,6

I3 = -Wa(d)+ / c(t)dt.
Jd

Combining these computations, we get

J(r] ;a,b) = -\ya(e)f(p-l) f'r l^{t)\wa(t)\<i  dt.
Jd

In view of the fact that wa ̂  0 on [d,e], this integral is negative, a contradiction.
(ii)=^(iii) : Assume that the solution wa{t) is not defined on (a, b]. Then there

exists a point e s (a,b]  such that wa(t) is defined on (a,e) and wa(e—) = —oo.
Define the function

, 6

/(i) = i«a(t)+/3- / c(t)dt
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(iv)=>(i): Let w(t) be the solution of Riccati equation (1.1.21) given by the
initial condition w(b) = —f3. Prom the Picone identity we have for every admissible
function r\

J(ri;a,b) = lirn \(a - w{a + e))\r](a + e)\p

+ (l3 + w{b))\rj{b)\p+  / P(r^prf,r-^pw^(Ti))dt\.
Ja+e J

The first term tends to zero by Lemma 5.8.1, the second one is vanishing and the
third one is nonnegative, hence the functional is nonnegative.

Theorem 5.8.6. Let us consider the boundary condition D3. The following state-
ments are equivalent:

(i) The functional J~(-;a,b) is positive definite on [To*-

(it) There exists no semicoupled point with a in the interval [a, b].

(in) The solution wa(t) of Riccati equation (1.1.21) satisfying wa(a+) = +00 is
defined on (a, b] and satisfies f3 + wa(b) > 0.

(iv) The solution w of Riccati equation (1.1.21) satisfying w(b)+/3 = 0 is defined
on [a, b], i.e., there exists no left focal point to the point b in [a, b).

Proof. (i)=>(ii) : If d 6 [a,b] is semicoupled with a, then the function 77 defined
by 77 = ya on [a,d], n = ya{d) on [d,b] satisfies J(rr,a,b) = 0 and ya ^ 0, a
contradiction.

(ii)=£-(iii) : The existence of wa follows from Theorem 5.8.3. If wa(b) + f3 < 0,
then there exists a point d € [a, b] such that f(d) = 0, where the function / is
defined in the proof of Theorem 5.8.5. The point d is semicoupled with a.

(iii)=>(iv) : This follows from the fact that two different solutions of generalized
Riccati equation cannot intersect.

(iv)=>(i): From Theorem 5.8.5, it follows nonnegativity of ^J(-;a,b) over the
class of admissible functions. The equality holds only if r]  is a constant multiple of
y, where y is the solution of (1.1.1) corresponding to the solution of generalized
Riccati equation given by the initial condition w(b) = —(3. Since 77(12) = 0 ^ y(a),
the only possible case is 77 = 0 and the functional is positive definite.

5.8.2 Nonexistence of coupled points

Let us discuss the case with both free endpoints. In this case, the coupled point is
defined in the following way: a point d G [a, b) is said to be coupled point with a
if there exists a nontrivial solution y(t) of (1.1.1) satisfying

(5.8.13) a$(y(a)) - r(a)<S>(y'(a)) = 0,
, 6

(5.8.14) r(d)*(j/'(d)) + *(y(<Q)(/3- / c(t)dt) = O,
Jd

(5.8.15) y(-) ^y(d) on [d,b].
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To simplify the proof of our theorem we first give an alternative representation of
the coupled points in Lemmas 5.8.3 and 5.8.4. In the following part we suppose that
the function y is a solution of (1.1.1) satisfying (5.8.13). This solution is defined up
to a constant multiple and the corresponding solution w(t) of generalized Riccati
equation satisfies the initial condition w(a) = a. Denote

6(t)= f (p-iy-^wWda,
J a

where w(s) is defined on [a,t). From Riccati equation (1.1.21) it follows that
6(t) = a- w(t) - J* c(s) ds.

Lemma 5.8.3. Let w(t) be defined on [a,e] C [a, b), d G [a, e) be such that
9(d) = K, and 9(e) > KL, where K. is defined in (5.8.6). Then d is a coupled point
with a.

Proof. It holds y(d) ̂  0. Because of

0 = K - 0(d) =a + f3- / c(t) dt - a + w(d) + / c(t) dt
J a J a

= ^Hwi)  £c{t)dt'
relation (5.8.14) holds. Since

0 < 0(e) -K, = 6(e) - 6{d) = [ (p - l)r l-q{s)\w(s)\q ds,
Jd

one has w(-) ̂  0 on [d,e], hence y(-) ̂  const on [d,e] and d is a coupled point
with a.

Lemma 5.8.4. Let J'(rj;a,b) satisfy the regularity condition. If d s [a, b) is the
first coupled point with the point a, then there exists a point e G (d, b) such that the
solution w(t) of Riccati equation (1.1.21) given by the initial condition w{a) = a
is defined on [a, e], 9{d) = K, and 6{e) > JC.

Proof. Suppose, that w(t) is not defined on [a, d], i.e., there exists a point T G [a, d]
such that w(i) is defined for t G [a7r) and l im t^ r_ w(t) = — oo. Then

0{T-)=[  {p-iy-q(t)\w(t)\qdt = oo
Ja

and clearly there exist points do G (a,r) and eo G (do,r) such that 9(do) = K, and
6(eo) > K,. By the previous lemma do < d is a focal point, a contradiction.

In the same way as in the proof of the previous lemma we can show that if d
is a coupled point, then (5.8.14) implies 9(d) — /C. The point d is a coupled point,
hence y(d) ^ 0. Indeed, if y(d) = 0, then it follows from (5.8.14) that y'(d) = 0 and
in view of the uniqueness of solution of (1.1.1) it holds y(-) = 0, a contradiction.
Because of y(-)  ̂ const on \d,b\ and y(d) ̂  0, there exists a point e G (d,b) such
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that y{t) ^ 0 for all t G [d, e] and y(-) ^ const on [d,e\. Hence w{t) is defined on
[a,e] and w(-) ^ 0 on [d,e\. From here

re
6»(e) = 6{d) + (p- iy-k(t)\w(t)\k dt > 6{d) = /C,

Jd

which completes the proof.

Theorem 5.8.7. Consider the boundary conditions D = D\, i.e., both endpoints
are free. The following statements are equivalent:

(i) The functional J(-; a, b) is nonnegative over W1'p(a,b).

(ii)  There exists no coupled point with a in the interval [a, b) and the regularity
condition is satisfied.

(Hi) The solution w(t) of Riccati equation (1.1.21) given by the initial condition
w(a) = a is defined on [a, b] and satisfies f3 + w(b) > 0.

(iv) The solution w(i) of Riccati equation (1.1.21) given by the initial condition
w(b) + j3 = 0 is defined on [a, b] and satisfies a — w(a) > 0.

Proof. (i)=s>(ii): The validity of the regularity condition follows immediately from
the nonnegativity of the functional J{j\\ a, b). Now let y(t) be a solution of (1.1.1)
satisfying (5.8.13) and d G [a, b) be the first coupled point with a. From Lemma
5.8.4 it follows that there exists e £ (d, b) such that the function y{i) has no zero
on [a, e] and 6{e) > K,. Define an admissible function

a contradiction.
(ii)=£-(iii) : Assume that (iii ) does not hold, there exists no coupled point on

[a, b) and the regularity condition is satisfied. If w(t) is not defined on [a, b], then
following the same way as in the first part of the proof of Lemma 5.8.4 we can
show that there exists a coupled point with a on [a, b), a contradiction. Hence w(t)
really exists on [a, b\. Assume that w(b) + j3 < 0. Then in view of the relations
w(b) + (3 = K, — 6(b) < 0, 0(a) = 0, K, > 0 and the fact that 6 is a continuous
function, there exist points d, e which satisfies the conditions from Lemma 5.8.3.
Then the point d is a coupled point, a contradiction.

(iii)=>(iv) : Denote by w and w the solutions of (1.1.21) given by the initial
conditions w(a) = a and w(b) = —f3, respectively. Then w(b) > —j3 = w(b) and

{t) = {v{t) t<=[a,e),
V[t) \y(e) te[e,b\.

Then it holds

J(v,a,b) = a\y{a)\v+f3\y{e)\v + r{t)<b(^)e -\y{e)\v f c{t)dt
v VK1) ' a Je

= \y(e)\p H- J c(t)dt + r(e)$(^) = \y(e)\p[lC - 0{e)) < 0,
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w(t) is defined on [a, b]. Due to the fact that two distinct solutions of (1.1.21)
cannot intersect it holds w(i) < w(t) on [a, b] and there cannot exist a point e G
[a, b] such that w(e+) = oo. Hence w(t) is defined on [a, b] and w(a) < w(a) = a.

(iv)=>(i): Since w(t) is defined on [a, b] then from the Picone identity it follows

J(j]-  a, b) = \7](a)\p{a - w(a)) + \v(b)\p{P + w{b)) + / P(r^pr/, r-^w^r])) dt.
Jn.

The second term equals zero, and the first and the third ones are nonnegative,
hence the functional is nonnegative.

We close this section with summarizing all cases.

Theorem 5.8.8. Let the matrix D in (5.8.2) be diagonal. The functional J'(rj;  a, b)
is nonnegative for every admissible function rj if and only if there exists no coupled

 with a in the interval [a, b) and the regularity condition is satisfied.

Remark 5.8.2. When p = 2, Theorem 5.8.8 coincides in the scalar case with The-
orem 3 from [95], where general boundary conditions and n-dimensional problem
are considered.

Since W^'p(a,b) c C/*o C W1'p(a,b), the nonnegativity of functional J(-;a,b)
as a functional with free endpoints (with one free endpoint) implies nonnegativity
of this functional as a functional with one free endpoint (with zero boundary
conditions). Hence we have the result for ordering of coupled points according to
different boundary conditions.

Theorem 5.8.9. Let df, di, do be the first coupled point with a relative to the
functional J{-\ a, b) with free endpoints, free left endpoint and zero boundary con-
ditions, respectively. Then

df < di < d0.

The same statement holds if "left endpoint" and "di"  are replaced by "right end-
point" and "dr", respectively.

5.8.3 Comparison theorems of Leighton-Levin type

The aim of this subsection is to establish comparison theorems for focal points
of half-linear ordinary differential equations. Our main tool is the relationship
between nonnegativity of an appropriate functional and the nonexistence of focal
points, established in the previous subsections. Thus, at the same time, we give
complementary results to those in Subsection 2.3.2 and an application of the above
theory. For historical reasons, we speak about comparison theorems of Leighton-
Levin type, see [235, 341, 378] for the linear case.

Let us consider two differential equations

(5.8.16) CTtC[x]  = (r(t)<S>(x')Y + c{t)<S?{x) = 0,

(5.8.17) CRtC[y]  = (R(tMy'))' + C(t)^(y) = 0,
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where r(t), R(t), c(t) and C(t) are continuous on [a,b], R(t) and r(t) are positive.
In the classical Sturmian comparison theorem we assume

(5.8.18) R(i) < r(t) for t e [a, b]

(5.8.19) c{t)<C{t){oite[a,b].

Recall that equation (5.8.17) is then called the Sturmian majorant of (5.8.16).
Here we relax these assumptions.

Recall that in Theorem 2.3.5 we have assumed the existence of a solution to
(5.8.16) satisfying x(a) = 0 = x(b). For the case x(a)  ̂ 0 = x(b) using Theorems
5.8.3 and 5.8.4 we obtain the comparison theorem for focal points.

T h e o r em 5.8.10. Let x be a solution of (5.8.16) such that x(b) = 0 ^ x(a), y be
a solution of (5.8.17) such that y(a)  ̂ 0. Denote

a = r{an(^M)  and A = R(a)$(yM).
V x(a) / V y(a) )

If

V[x]  = (a - A)\x(a)\p + j | ( r ( t) - R(t)) \x'{t)\v + ( c ( t) - c(t)) \x(t)\  ̂ dt > 0,

then y has a zero in (a, b]. If, in addition, the inequality is strict, then y has a zero
in (a,b).

Proof. Denote

Ja(ma,b)=a\r,(a)\p+ f (r\V'\p - c\V\p)dt,
J a
,6

JA(V;a,b) = A\r1(a)f+ / (R\V'\P - C\V\P) dt.
J a

To prove the theorem, it is sufficient to find a function 77 s C1 [a, b] such that
rj(b) = 0 and Xi(r/;a, 6) is nonpositive (negative) and then Theorems 5.8.3, 5.8.4
yield the conclusion. Integration by parts shows Ja[x\ a, b) = 0. Hence

JA(x;a,b) = JA(x;a,b)-Ja{x;a,b) = -V[x\ < 0.

Therefore the functional JA{rj;a,b) is not positive definite and by Theorem 5.8.4
there exists a focal point to a relative to the functional JA{-\a,,b) on (a, b], or
equivalently, y(t) has a zero in (a, b}. If the strict inequality holds, the functional
JA{-\<IJ)) is not positive semidefinite and by Theorem 5.8.3 there exists a focal
point to a in (a, b), i.e., y has a zero in (a, b). Theorem is proved.

Corollar y 5.8.1. Suppose (5.8.18) and (5.8.19). Let x and y be solutions of
(5.8.16) and (5.8.17), respectively. Let x{a) ̂  0 = x(b). If

( , , 2 0 ) fi(a),(^)<r(o),(^),
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then the function y has a zero in (a, b]. Moreover, y has a zero in (a, b) in the case
when any of the following conditions is satisfied:

(i) The sharp inequality in (5.8.20) is satisfied,

(ii)  c( - )^C(-) on(a7b).

(Hi) R(to) < r(to) and c(to) / 0 « ( some to G (a,b).

Proof. This follows immediately from Theorem 5.8.10.

Under additional condition on the nonnegativity of the function c the inequal-
ities (5.8.19) and (5.8.20) can be replaced by a more general integral inequality, as
the following theorem shows.

Corollar y 5.8.2. Suppose (5.8.18). Let x(t) andy(t) be solutions of (5.8.16) and
(5.8.17), respectively. Let c(t) > 0, x'(a) < 0 = x(b), x(t) > 0 for t G [a, b),
y(a)  ̂ 0. //

(5.8.21) r(a)$ ( ^ M ) - R(a)<S> ( ^ ) + J [c(s) - c(s)] ds > 0 forte [a, b],

then the function y has a zero in (a, b]. Moreover, y has a zero in (a, b) if the sharp
inequality in (5.8.21) is satisfied, or if the condition (iii ) of Corollary 5.8.1 holds.

Proof. Let a, A be the numbers from Theorem 5.8.10. It holds

fh\ i fb flx{t)["  r i
j [C{t)-c{t)\\x{t)\"dt  = j jo [C(t)-c(t)\dsdt.

From (5.8.16) it follows

r{t)$(x'(t)) = a$(x{a))- / c(s)${x(s)) ds
J a

and x is decreasing or it is constant in some interval [a, c] c [a, b) and decreasing
on [c, b]. The same is true also for \x\p. Then we can interchange the order of the
integration and we get

/

b
 r -, r\x(a)\" rv(s') r ,

\C(t) - c(t)\\x(t)\P dt = / / \c(t)-c(t)\dtds
_ L J Jo Jo L J

r\x(a)\"

>  / [A-a]ds= [A-a]\x(a)\p

Jo
by (5.8.21). Note that </?(s) is well-defined and continuous for 0 < s < |a;(a)|p. By
this computation we get

V[x}>  I \r{t)-R{t)~\\x'{t)\pdt>0,
J a ^  1

and by Theorem 5.8.10 y has a zero in (a, b]. If the strict inequality is satisfied,
then V[x] > 0 and y has a zero in (a, b).
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The next comparison theorem is an alternative to Theorem 5.8.10.

Theorem 5.8.11. Let r and R be positive functions which are continuously dif-
ferentiable on (a, b). Let x be a solution of (5.8.16) such that x(b) = 0 ̂  x(a) and
y be a solution of (5.8.17) such that y(a) ^ 0. Denote

a = r ( a ) * ( ^ ) and A = R(a)*(^).
\ x(a) ) V y(a) )

If

W[x] :=  ( ^ a - A) \x(a)\P + j " [(C(t) - ^ c ( t )) \x(t)\"

+ r{t)(^j'xm(x'(t))^dt>0,

then y has a zero in (a,b). If, in addition, the sharp inequality holds, then y has a
zero in (a, b).

Proof. Let re be a solution of (5.8.16) such that x(b) = 0. Then

(5.8.22) £R,c[x]  = (jrQix'j)'+  C$(x)

=  (-)V$(a;') + -(r$(2;'))' + C$(a;)

= [c-^c|$(x) + (^)/r$(a;'),

and since integration by parts shows that

= -R(a)$(x'(a))x(a)- f \R\X'\P --c\x\p]  dt,
Ja r i

it holds

I x£R,c[x]dt  = -^la\x(a)\p - f \R\X'\P - C\x\p]  dt.
Ja r[a) Ja

Hence

JA(x;a,b) = (A-R^a)\x(a)\P+ f \R\X'\* - C\x\A dt + ^a\x(a)\p

V TyClj / Ja L J TyClj

= (A- ^ a ) \x(a)\P - f xCRtC[x]  dt
V r(a) ' Ja
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and by (5.8.22),

JA{x;a,b) = [A-^a)\x(a)\P- J\(C-jc)$(x)+(j)'r$(x')\xdt

= -W[x\.

Now the statement follows from Theorems 5.8.3 and 5.8.4.

An immediate consequence of this theorem is the following corollary. It extends
the result of Reid, proved for the linear equation, see [341, p. 29].

Corollar y 5.8.3. Let r,R G C1^ , b] be positive and c E C[a,b] be nonnegative.
Let x and y be solutions of (5.8.16) and (5.8.17), respectively, such that x'(a) <
0 = x(b), x is positive on [a, b), y(a) ̂  0. //

x'(a) y'(a) (W)\' C(t) c(t)

then y has a zero in (a, b].

If we apply the method from the proof of Theorem 5.8.2, we get the following
corollary.

Corollar y 5.8.4. Let r,R& C1^ , b] be positive and c s C[a, b] be nonnegative.
Further let x, y be solutions of (5.8.16), (5.8.17) such that x'(a) < 0 — x(b), x is
positive on [a, b), y{a) ̂  0, respectively. If (R/r)' < 0 and

^4a - A + I \C(t) - ^rrc(t)l dt > 0 forte [a, b],
r(a) Ja I r(t) \

then y has a zero in (a, b].

Remark 5.8.3. As we have already pointed out, the focal point is sometimes defined
with a = 0 in Definition 5.8.3, i.e., a point t\ G (to,b) is said to be the focal
point to the point to if there exists a nontrivial solution of (5.8.16) such that
y'(to) = 0 = y{ti). If there exists in every neighborhood of oo such a point to
and its focal point t\, then equation (5.8.16) is called focal oscillatory. This is
motivated by the property following from the Sturmian type theorem of separation
of zeros which states, that (5.8.16) is oscillatory if and only if there exists a pair of
conjugate points in every neighborhood of oo. Due to the separation of zeros of two
solutions of (5.8.16), oscillation implies focal oscillation. The reverse statement
does not hold, which can be showed on the example of Euler equation, which
is nonoscillatory on [l,oo), but it is focal oscillatory on this interval. For more
details see [303], where the linear systems are studied. Corollary 5.8.1 states, that if
equation (5.8.16) is focal oscillatory, then its Sturmian majorant is focal oscillatory
as well.

The same method as in Theorem 5.8.10 can be applied to the case of the
functional with other boundary conditions. Then we obtain the following results.
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Theorem 5.8.12. Let x be solution of (5.8.16) such that x(a) = 0 ̂  x(b), y be
a solution of (5.8.17) such that y(b) ̂  0. Denote

/3=-r(6)*( )̂ and B = - W ^ ) .
V x(b) ) V y(b) >

If

Vh[x]  = ( p - B)\x(b)\*> + J Ur(t) - R(tj) \x'(t)\v + (C(t) - c(<)) \x(t)\A dt > 0,

then y has a zero in [a,b). If in addition, the sharp inequality is satisfied, then y
has a zero in (a,b).

Proof. The statement follows from the fact that

JB(x;a,b) = B\x(b)\p+ f \R(t)\x'(t)\p - C(t)\x(t)\p]  dt = -Vb[x]  < 0

and from Theorems 5.8.5 and 5.8.6.

Corollar y 5.8.5. Suppose (5.8.18) and c(t) > 0. Let x and y be solutions of
(5.8.16) and (5.8.17), respectively. Let x'(b) > 0 = x(a), x(t) > 0 for t £ \a,b),
y[b)  ̂0. Let (3, B be the numbers from the preceding theorem. If

(5.8.23) (3-B+ I \c(s) - c(s)| ds > 0 forte [a, b],

then the function y(t) has a zero in [a, b). Moreover, y(t) has a zero in (a, b) if the
sharp inequality in (5.8.23) is satisfied, or if the condition (iii ) of Theorem 5.8.1
holds.

Proof. The proof is an obvious modification of the proof of Corollary 5.8.2.

5.9 Miscellaneous

The topics treated in this section have no immediate unifying point. The results
presented here do not fit  into any of the previous sections of this chapter, but we
consider these results sufficiently important to present them in this book.

5.9.1 Extended Hartman-Wintrie r  criterio n
In Section 2.1 we have shown that (1.1.1) with J r1~q(t)dt = oo is oscillatory
provided

. J^-"(s)S;c(r)dTds ^ . fir l-*(s)tic(T)dTds
-oo < hmini — T < hmsup — -.

'^°° JTr
1-i(s)ds t^oo JTr

1-q(s) ds
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or

lim — 1 — = oo.

In this subsection we present one extension of this criterion. We formulate this
criterion for (5.1.1), its extension to the equation with a general r satisfying
J°° r1~q(t)dt = oo is immediate. For the sake of convenience, we introduce the
linear operator A : C[0, oo) —> C[0, oo) denned by

(5.9.1) (Af)(t) := I [  f(s)ds, t > 0, (Af)(0) := 0.
t Jo

By An we denote the n-th iteration of A.

T h e o r e m 5 . 9 . 1. L et C ( t ) :=  Jo c(s) d s. If there e x i s ts n £ N s u ch t h at

(5.9.2) -oo < limmf(AnC){t) < lim sup (AnC){t),

or

(5.9.3) lim {AnC)(t) = oo,

then (5.1.1) is oscillatory.

Proof. The proof is similar to that of Theorem 2.2.3 and of Theorem 2.2.10. Sup-
pose, by contradiction, that (5.1.1) is nonoscillatory and let w be a solution of the
associated Riccati equation (3.1.2). For convenience, we suppose that this solution
is denned on [0,oo), this is no loss of generality since the lower integration limit
0 in the next computation can be replaced by any T sufficiently large. Integrating
equation (3.1.2) from 0 to t we get

(5.9.4) w(t)-w(O) + C(t) + (p-l) \w(s)\q ds = 0.
Jo

The application of the operator An to the previous equation yields

(5.9.5) (Anw){t) + {AnC){t) + (p- l)An ( f \w(s)\q ds) - w{0) = 0.

Each of the conditions (i), (ii) implies the existence of K > 0 such that (AnC)(t) >
—K for large t. This implies that J°° \w(t)\q dt < oo. The proof of this claim
goes by contradiction in the same way as in the proof of Theorem 2.2.3. Having
proved the convergence of J°° \w(t)\q dt, again in the same way as in the proof of
Theorem 2.2.3, we prove that limt^oo{AnC)(i) exists finite, a contradiction with
(i) or (ii).

The following example presents a construction of the function c for which the
classical Hartman-Wintner criterion (i.e., the case n = 1 in the previous theorem)
does not apply, while the previous theorem with n = 2 does.
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Example 5.9.1. Let {an}^L}, {bn}^L} be two sequences of real numbers defined
by an = n — 2~n, bn = n + 2~n, n 6 N. Let {gn}^Li denote a sequence of functions
gn : [0, oo) —> R of the class C2 such that gn(t) > 0 if t 6 (an,bn) and gn(t) = 0
otherwise. We also ask that

O

(5.9.6) / gn(t)dt = n.
Jo

Next define g : [0, oo) -> K by

OO

(5.9.7) 5(<) = £ ( - l )n
5 n( i ) .

n=l

The function g is also of the class C2 and using this function we define

(5.9.8) c(t) = {tg(t))", C(t):= f c(s)ds.
Jo

The reason for defining c in this form is two-fold. From (5.9.8) we find that

(5.9.9) (AC){t)=l- f fc(T)dT = g(t),
1 Jo Jo

and from (5.9.6) and the Mean Value Theorem

(5.9.10) max gn{t) >n2n~1.
te[o,oo)

Thus, from (5.9.9) and (5.9.10) we obtain liminft_,oo(ylC)(i ) = —oo, so the
Hartman-Wintner theorem does not apply. Let us consider p = 2 for a moment (so
we actually consider the linear equation) in (5.1.1) and we note that the Lebesgue

measure of the set < t : Jo c(s) ds  ̂ 0 > is finite. This implies that

lim approx / c(s) ds = 0,

so the criterion of Olech, Opial and Wazewski [307] does not apply either. Recall
that

lim approx fit) = I

if and only if, by definition,

/ = sup{<?: mes{t : f(t) > £} = oo}  = inf{ ^ : mes{£ : /(£) < £}  = oo}.

Here mes{-}  denotes the Lebesgue measure of the set indicated. Recall also that
the oscillation criterion of [307] states that the equation x" + c{t)x = 0 is oscillatory
provided

/"*lim approx / c(s) ds = oo.
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Nevertheless, by Theorem 5.9.1, equation (5.1.1) with any p > 1 is oscillatory.
Indeed, from (5.9.10) we have limsupt^0O(/lC)(t) = oo. Also, for t s (bn,an+i)  =
(n + 2"" , n + 1 - 2-(™+1)), we have

I — (n + l) /2i n odd.

From the last equality it can be easily shown that (A2C)(t) is bounded for t £
(0,oo). Hence from (5.9.2) equation (5.1.1) is oscillatory.

Now we give another example, where the classical Hartman-Wintner criterion
fails, but its improvement applies.

Example 5.9.2. Consider the equation

(5.9.11) W ) ) ' + *Aff(*)$(j/ ) = 0,

where A > 1 is a constant and g : [0, 00) —> M is a T-periodic function with the
mean value zero. We claim that then (5.9.11) is oscillatory. This will be shown as
a consequence of the next lemma, which is stated without proof.

Lemma 5.9.1. Let [A] denote the greatest positive integer less than or equal to A.
Then C{t) = Jo sxg(s) ds can be written as

(5.9.12) C(t) = Y,tx-i
Pi(t) + G(t),

i=0

where each pi is a T-periodic continuous function defined on [0, 00) with the mean
value zero and Q : [0, 00) —> K is a bounded continuous function.

F r o m ( 5 . 9 . 1 2 ), w e c an find t h a t f o r j e N

(5.9.13) (AiCm = {^tX-i*W + ei® i f ^W'

where the functions pi, Q3 satisfy the same properties as ptl 6, respectively. Thus
from (5.9.13), limsupt_00(J4C)(i) = 00 and for j > [A],

-00 < kminf(Aj)(t) < M
t—>oo

for a certain constant M. Hence, from Theorem 5.9.1 the claim follows. Note that
in this example we have liminft^_oo(A

JC)(t) = — 00 if j <  [A], thus the oscillatory
nature of (5.9.11) does not follow from the classical Hartman-Wintner theorem.

5.9.2 Half-linear Milloux and Armellini-Tonelli-Sansone
theorems

Recall that the classical Armellini-Tonelli-Sansone theorem concerns the conver-
gence to zero of all solutions of the second order linear differential equation

(5.9.14) x" + c(t)x = 0.



302 Chapter 5. Various Oscillation Problems

In particular, by the theorem of Milloux [288], if the function c is continuously
differentiable, nondecreasing, and

(5.9.15) lim c(t) = oo
t—>oo

then (5.9.14) has at least one solution satisfying

(5.9.16) lim x{t) = 0.

Note that condition (5.9.15) guarantees oscillation of (5.9.14) by the Leighton-
Wintner criterion. The theorem of Armellini-Tonelli-Sansone deals with the situ-
ation when all solutions of (5.9.14) satisfy (5.9.16). This happens when c goes to
infinity "regularly" (the exact definition is given below). Regular growth mean-
s, roughly speaking, that a function does not increase fast on intervals of short
length.

Here we show that both theorems extend verbatim to (5.1.1). First we present
some definitions. Let S := {{ak,/3k)} be a sequence of intervals such that

(5.9.17) 0 < «! < Pi < a2 < P2 <  < Pk —> oo as k —> oo.

Then

(5.9.18) lim sup ^ = l ( f  Q i) =: S(S) = 5
k^oc Pk

is called the density of the sequence of intervals S. A nondecreasing positive func-
tion / tends to infinity intermittently (an alternative terminology is quasi-jumping)
as t —> oo, provided to every e > 0 there exists a sequence of intervals S satisfying
(5.9.17) such that 5(S) < e and the increase of / on R+ \ S is finite, i.e.,

oo

(5.9.19) S(f; S) := £ [ / («* ) - f(fh-i)] < oo.
fc=i

In the opposite case we say that /(£) —> oo regularly as £ — oo.
First we give an extension of Milloux theorem.

Theorem 5.9.2. Suppose that c is a nondecreasing continuously differentiate
function satisfying (5.9.15). Then (5.6.1) possesses at least one nontrivial solution
satisfying (5.9.16).

Proof. From the variety of proofs we present that one based on the modified Priifer
transformation (compare with Subsection 1.1.3). An alternative approach to the
problem is presented in [176, 177, 198].

For any nontrivial solution x of (5.6.1) there exist a positive function g given
by the formula

r i l *
0 = \ \ X \ P + \ X ' \ P \
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and a continuous function  such that x can be expressed in the form

x(t) = g(t) sinp(tf(t)), x'(t) = cT' (t)g(t) cosp(0(f)).

The functions $ and g satisfy the differential system

(5.9.20) 0> = c$(t) + ^ m , Q- = -C^g(;&{t)),

where

/(#) = i$(cosp 0) sinp T?, g(0) = -1 cosp 0\*>.

The right-hand side of (5.9.20) is Lipschitzian in  hence a solution of (5.9.20)
is uniquely determined by the initial conditions. We denote by $(£, tp), g(t, tp) the
solution given by the initial conditions $(0) = <p, g(0) — 1. Then

e(t, ^) = exp { - f ^f\g(fi{s, tp)) ds) ,
I Jo c{s) )

and since g($) > 0, the function g(t, $) is nonincreasing and tends to a nonnegative
limi t 0(00, tp) as t —> 00. Obviously, 0(00, <p) = 0 implies that x(t) —> 0 as i —> cx>.
The converse is also true because a; is oscillatory.

There are the following two possibilities: (i) We have 0(00, <p) — 0, the corre-
sponding solution x satisfies x(t) —> 0 as t —> 00, and

(ii ) ^(00, </?) > 0, the solution x oscillates, its amplitude tends to a positive limit ,

and

l'°° c'(t)
(5.9.21) / -y-g(ti(t,<p))dt<<x>.

Jo c(t)
Now, the proof is based on the behavior as t — 00 of the function tp(t, <pi, (̂ 2) =
fl(t, tp2) — $(t, tpi) which is described in the next two auxiliary statements. Here X
denotes the set of i '̂s such that (5.9.21) holds, this means that the corresponding
solution does not tend to zero as t — 00. The proof can be found in [26].

Lemma 5.9.2. Let tpi, tp2 € X and ip\ < <p-2 < <pi + irp. Then

tp (00 ,ip 1 ,tp2) := \\m[d{t,ip2) — i?(t, v?i)]

exists and equals 0 or np.

Lemma 5.9.3. Let tp0 G X. Then for any e > 0 there exists r\ 6 (O,TTP) such that
if \tp — <po\ < i],  then

(5.9.22) \0{t,<p)-0(t,<po)\<e fort>0.
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Now, returning to the proof of our theorem, suppose that X = R. Then the
function ip given by ^(oo,0, if) = 0 is nondecreasing as ip increases in [0, TTP]. It
must go from 0 to np, taking on only these two values, by Lemma 5.9.2. But this
is impossible since by Lemma 5.9.3 this function is continuous, so the assumption
X = M was false and the theorem is proved.

Now we turn our attention to the extension of the Armellini-Tonelli-Sansone
theorem.

Theorem 5.9.3. Let c be a continuously differentiable function for large t. If the
function logc(t) —> oo regularly, then every solution of (5.6.1) satisfies (5.9.16).

Proof. Consider the function

where a; is a nontrivial solution of (5.6.1). The function H is nonincreasing since

c'(t)
(5.9.23) H'(t) = -^\x'(t)\P<0.

Consequently, there exists a (finite or infinite) limi t H — l im^oc H(t) and H > 0.
Suppose, by contradiction, that there exists a solution x of (5.6.1) which does

not tend to zero. For this solution, obviously, H > 0. By (5.9.23)

H(t) = H(0)- f ^L\ x'{ s)\Pds
Jo c \s)

= H(0)-J*C^(A(s)-\x(S)nds

= H(0)~ f\A{8)-\x{8)n^-.
Jo c(s)

Let e > 0 be a number such that for every sequence S of intervals with S(S) < e
one has

k k , s

(5.9.24) S = J2 [logc(aj+i) - logc(A)] = ^ ^ oo

as k —> oo.
In the remaining part of the proof we use the following statement.

Lemma 5.9.4. For every EQ > 0 there exists r/ > 0 such that the density of the
sequence S of all intervals, where

(5.9.25) H{t)-\x{t)\p <r],

is less than EQ.
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Since the proof of this lemma is rather technical and follows essentially the
original linear idea, we skip it and return to the proof of theorem.

Denote by (a*,/?,) intervals, where (5.9.25) holds. On the intervals ([3i,ai+i),
we have

H(t)-\x(t)\P>r,,

therefore

H(ak) < H(0) - ]T r+l(H(t) - W)^-  ̂ < H(0) - ^ l o g ^ i l ,
i= l  ^ ' i=1 C\Pi)

which implies by (5.9.24) that H(ak) becomes negative for large k. This is a
contradiction with H — lim^oc H(t) > 0. D

5.9.3 Interval oscillation criteri a
The main idea used in this subsection is based on the fact that oscillation of (1.1.1)
is defined as conjugacy on any interval of the form [T, oo). More precisely, equation
(1.1.1) is oscillatory if and only if there exists a sequence of intervals [an,bn],
an —> oo, such that (1.1.1) is conjugate on [an, bn], no matter how "bad" functions
r, c are on complements of these intervals. The (dis)conjugacy and (dis)focality
criteria of this subsection are closely related, in a certain sense, to the results of
Subsection 3.2.3 which are based on the iJ-function averaging technique.

We introduce the following notation. We define D :=  {(t,s) : —oo < s < t <
oo}  and the class of functions Ti C C(D, [0, oo)) satisfying H(t, t) = 0, H(t, s) > 0
for t > s and having partial derivatives dH/dt, dH/ds on D such that

(5.9.26)  ̂ = h1(t,8)[H(t,8)]1'« and ^ = -h2(t, s)[H(t, a)] " \

where hi, hi are functions locally integrable on D.

Lemma 5.9.5. Assume that x is a solution of (1.1.1) such that x(t) > 0 on an
interval [d, b) and let w = —r$(x'/x). Then for any H £ TL,

(5.9.27) / H(b,s)c(s)ds<-H(b,d)w(d) + — [ r{s)hp
2(b,s)ds.

Jd Pp Jd

Proof. The function w is a solution of the Riccati equation

(5.9.28) w' = c{t) + {p- iy-q(t)\w\q.

Multiplying (5.9.28) by H(t,s), integrating it with respect to s from d to t and
using properties of the function H, we obtain

/ H(t,s)c{s)ds= [ H(t,s)w'(s)ds-(p-l) [  r1-q{s)H(t,s)\w(s)\q ds
Jd Jd Jd

ft
= -H(t, d)w(d) + / ((/i2(t, s)H1/9(£, s)w(s) - {p-l)r l-q(s)H{t, s)\w{s)\q) ds.

Jd
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Now, the inequality

i / i \ P~^-

Bw-A\w\q<-(?^) \B\PA-b-1)
P \ P j

(that can be written in the form

pA p\ p ) A q

and follows from (1.2.2) with u — B(p— l)/pA, v — to), which holds for fixed
A > 0, B £ M. and any t u g l , applied to the function

f(w) = h2(t, s)H1/q(t, s)w -{p- ly-^sjHit, s)\w\q

yields

/ H(t,s)c(s) < -H(t,d)w(d) + — I r{s)hp(t,s)ds.
Jd Pp Jd

Letting t —  b— we have the required inequality.

Corol lary 5.9.1. Assume that (1.1.1) is right disfocal on [d,b), i.e., there is no
solution of this equation satisfying x'(d) = 0 = x(b\) for any b\ € (d, b). Then for
any H e Ti,

[  H{b,s)c(s)ds<— [ r(s)hp
2(b,s)ds.

Jd PP Jd
Remark 5.9.1. (i) Similarly as in Lemma 5.9.5, if a; is a solution of (1.1.1) such
that x(t) > 0 on [a, d) and w is the same as in Lemma 5.9.5, then

rd i rd

(5.9.29) / H(s,a)c(s)ds<-H(d,a)w(d) + — r(s)hp(s,a) ds,
J a P J a

Corollary 5.9.1 can be reformulated in a similar way, in particular, if (1.1.1) is
left-difocal on (a,d], then for any H e Ti

rd i rd

(5.9.30) / H(s,a)c(s)ds< — r(s)hp(s,a)ds.
J a P J a

(ii ) Combining (5.9.29), (5.9.30) we have the following statement. If equation
(1.1.1) is disconjugate on an interval [a, b], then for any H £H there exists d G [a, b]
such that (5.9.29) and (5.9.30) hold.

Another corollaries of Lemma 5.9.5 can be formulated as follows.

Corol lary 5.9.2. Assume that for some d G (a, b) and some H G TL,

<5-9-31' mh> tu{"- 0)c(s)"' + WJ) £ fl("'  *(s) " s

Then every solution of (1.1.1) has at last one zero in (a, b).
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Corollar y 5.9.3. Assume that there exists H G TC such that for any d G [a, b] at
least one of the following inequalities holds:

(5.9.32) I H(s,a)c(s)ds> -^ f r{s)hp{s,a)ds
Ja P Ja

or

(5.9.33) / H(b,d)c(s)ds> — f r{s)hp
2{b,s) ds.

id PP id

Then every solution of (1.1.1) has at least one zero in (a,b).

As an immediate consequence of the previous remark we have the following
oscillation criterion.

Theorem 5.9.4. Equation (1.1.1) is oscillatory provided for each T G M there
exists H e 7Y and either

(i) there exists a,b G [T, oo), a < b, and d G [a, b] such that (5.9.31) holds, or

(it) there exist a, b £ [T, oo), a < b, and for any d G [a, b] at least one of condi-
tions (5.9.32) or (5.9.33) holds.

Corollar y 5.9.4. Assume that for some H ^TL and for each T sufficiently large,

/"* f 1 1
(5.9.34) l imsup / H(s,T)c(s) r(s)hp(s,T) ds Ids > 0

t^oo .IT L Pp \
and

/"* f 1 1
(5.9.35) l i m s u p/ \H{t,s)c{s) r(s)hP,(t, s) ds Ids > 0.

XTien (1.1.1) is oscillatory.

Proof. Let T G M be arbitrary (sufficiently large). By (5.9.34) there exists d > T
such that

(5.9.36)
rd \ i 1
/ H(s, T)c(s) Hs^is, T) ds\ ds> 0,

 I PP J

similarly, substituting T = d in (5.9.35), by this inequality there exists b > d such
that

fb f 1 1
(5.9.37) / \H(b,s)c{s)-—r{s)hp(b,s)ds\ ds>0.

Combining (5.9.36) and (5.9.37) we obtain (5.9.31).

Now, choose H(t,s) = (t — s)x for A > p — 1, then we can take hi(t,s) =
h(t — s) = X(t — s ) ^ / ^ "1 . Then we have the following Kamenev type oscillation
criterion for (5.1.1) (compare with Subsection 3.2.2). We skip the proof since it is
similar to those of previous statements of this subsection.
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Corollar y 5.9.5. Suppose that for each T 6 R sufficiently large the following
inequalities hold:

1 /"' \P
l imsup̂  — / (s -T)xc(s)ds >— -

and

limsup̂  — / (t — s)xc(s) ds > —; -,
t^Jt*~P+1 JT

y ' K ' PP(X-p+l)y

then (5.1.1) is oscillatory.

Remark 5.9.2. The method of this subsection has been extended in several di-
rections: To forced equations, damped equations, half-linear functional differential
equations and to various nonlinear differential equations (not only of the second
order), we refer to [249, 250] and the references given therein. As an example we
present one result of [250]. There is given an interval oscillation criterion for the
half-linear functional differential equation

(5.9.38) (r(tMx'(t)))' + c(i)$(x(r(i))) = 0,

where r'{t)  > 0 and lim^oo r(t) = oo. We present this statement without proof,
we refer to [250] for details. This proof is similar to that of Corollary 5.9.4. See also
Section 9.3 for other results concerning half-linear functional differential equations.

In the next theorem, H,hi,ti2 are the same as in the previous part of this
subsection, only (5.9.26) is replaced by

^ = /n(M)tf1/2ff(M) , ^ = -h2(t,S)H^2H(t,s).

Theorem 5.9.5. Suppose that for every T 6 M (sufficiently large) there exists a
nondecreasing function p 6 C1 [T, oo) such that

*  [ r(T(s))p(s)(h1(s,T) + ^^H{^T)y]
l imsuP| \H(S,T)c(S) pP{As))P-i [H(s,T)}(P-  ̂ J dS > °

and

r<  \ r(r(»))p(») (h2(t,s) + ^'/H(^Tjy~

Then (5.9.38) possesses no nonosdilatory solution which is extensible up to oo.

Taking H(t,s) = [R{t) - R{s)]x, A > p - 1, where R(t) = Jtr1-q{s)ds, and
p(t) = 1, then applying the previous theorem to the Euler type equation with
deviated argument

gives the following result showing that the constant argument deviation does not
affect oscillatory nature of Euler type equations.
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Corollar y 5.9.6. // 7 > f -—j , then (5.9.39) possesses no nonoscillatory solu-

tion which is extensible up to 00.

Remark 5.9.3. Finally note that one of the advantages of the interval oscillation
criteria is that they can apply in cases where some of the classical criteria fail.
This is, for instance, the case when J°° c(t)dt — —00. Consider equation (1.1.1)
with a continuous function 0 < r(t) < 1, t € [0, 00), and

{ (t-3k)r] 3k<t<3k + l7

{-t + 3k + 2)rj 3k + 1 < t < 3k + 2,

-k or - k\ sin7rf| 3k + 2 < t < 3k + 3,
where

(A + 2)\P
71 > (A- p + l)pP'

is a constant for fixed A > max{l,p — 1}, k e No It is not difficult to verify (see
[361]) that such an equation is oscillatory by Theorem 5.9.4, and J°° c(t) dt = —00.

5.10 Notes and references

Lyapunov type inequality was proved for the first time by Elbert [139] for (1.1.1)
with r(t) = 1, but the extension to general (1.1.1) in Theorem 5.1.1 is straight-
forward. Half-linear Lyapunov inequality has been rediscovered in several later
papers, e.g., in [245] by Li and Yeh and in [373] by X. Yang. Vallee-Poussin type
inequality is taken from Dosly and Lomtatidze [111], while focal point criteria were
proved by Elbert and Dosly [107]. Hong, Lian and Yeh [179] showed Lyapunov type
focal points and conjugacy criteria presented in Subsection 5.1.4. Similar results
can be found also in Pena's paper [310]. Conjugacy criterion based on Opial's
inequality (Theorem 5.1.9) is taken from X. Yang [373].

Subsection 5.2.3 is based on Dosly and Lomtatidze [112]. More precisely, The-
orem 5.2.3 from Subsection 5.2.4 is [112, Theorem 3.2] and Theorem 5.2.4 of Sub-
section 5.2.5 is [112, Theorem 3.3]. Singular Leighton's Theorem is formulated in
a simplified form, as can be found in Dosly [101], a more general formulation is
presented in Dosly and Jaros [110]. The results on perturbed Euler equation in
Subsection 5.2.6 are due to Elbert and Schneider [149]. A similar idea, applied
to the nonlinear equation of the form ($(x'))' + t~pg(x) = 0, with a nonlinearity
g satisfying certain additional conditions, can be found in the recent interesting
paper of Sugie and Yamaoka [340]. A related result can be found in the paper of
Reznickova [333]. Finally, the linearization method presented in Subsection 5.2.7
is the main result of the paper of Dosly and Peha [114].

The theory of disconjugacy and nonoscillation domain in Section 5.3.1 is an
original extension of linear results, as described at the beginning of that section.
The same holds for the results of Subsection 5.3.3 except of Lemma 5.3.4 and
Theorem 5.3.12 that were presented in H. J. Li and Yeh [240]. Half-linear equations
with periodic coefficients (see Subsection 5.3.2) were studied in Dosly and Elbert
[107].
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The results concerning strong and conditional oscillation (Section 5.4) are taken
from Kusano, Naito, Ogata [218, 219], and supplemented by some new ones (which
seem to be original even in the linear case).

The discussion on the function sequence technique in Section 5.5 is based on
the papers [180, 182, 244, 246, 247, 253] by Fan, Hoshino, Hsu, Imabayashi, Ku-
sano, H. J. Li, W. T. Li, Tanigawa and Yeh, and it is extended by numerous new
observations. Note that the function sequence was also used by Mirzov [293] for
the investigation of half-linear systems.

The results of Subsection 5.6.1 are taken from Elbert, Kusano, Tanigawa [148],
see also [147]. Theorem 5.6.2 dealing with quick oscillation was proved by H. J. Li
and Yeh [245], while Subsection 5.6.3 concerning slow oscillation is based on Lian,
Yeh and H. J. Li [255].

The main statement of Subsection 5.7.1 is taken from the classical paper of El-
bert [139]. Regular problem with indefinite weight (see Subsection 5.7.2) was stud-
ied in Kusano and Naito [216] and the results concerning singular Sturm-Liouville
problem (see Subsection 5.7.3) are due to Elbert, Kusano and Naito [146]. For re-
lated results we refer to Kusano, Naito and Tanigawa [217, 220]. Subsection 5.7.4
devoted to singular eigenvalue problem associated radial p-Laplacian is based on
[356]. The results of Subsection 5.7.5 are taken from the paper of Zhang [382].
Related results concerning half-linear Sturm-Liouville BVP's are presented in the
papers of Binding and Drabek [42], Eberhard, Elbert, [137] and Huang [183].

Energy functionals considered on classes of functions satisfying various bound-
ary conditions (see Section 5.8) were studied by Mafik [271, 274, 276], see also the
paper of Yeh [377] concerning Levin type comparison theorem. Note that singular
energy p-degree functionals were investigated in [272] also by Mafik.

Generalized Hartman-Wintner's criterion, as well as related examples (see Sub-
section 5.9.1) are due to Del Pino, Elgueta and Manasevich [90]. Results of Subsec-
tion 5.9.2 are taken from Atkinson, Elbert [26] and Bihari [40]. Interval oscillation
criteria (see Subsection 5.9.3) come from Kong [207], see also Wang, Yang [361] for
similar results and Jiang [194] for interval oscillation criteria of a different nature.



CHAPTER 6

BOUNDARY VALUE PROBLEMS FOR HALF-LINEAR
DIFFERENTIAL EQUATIONS

In this chapter we deal with boundary value problems associated with half-linear
differential equations. This problem has already been partially discussed in Sec-
tion 5.7, but here we focus our attention to different aspects of this problem.

The main part of this chapter deals with the BVP of the form

(6.1.1) ($(*'))'+ A$(a:)=/(t), x(0) = 0 =  X(TTP),

where A is a spectral parameter and the function / satisfies various smoothness
assumptions depending on the particular investigated problem. In the first sec-
tion we study the so-called nonresonant case, i.e., the situation when A is not
an eigenvalue of the unforced problem (/ = 0 in (6.1.1)). The second section is
devoted mainly to the half-linear version of the classical Fredholm alternative for
linear BVP's. This is perhaps the most interesting part of the qualitative theory
of half-linear differential equations since one meets there phenomena which are
completely different in comparison with the linear case. The last section contains
results concerning solvability of the resonant BVP's associated with the equation

Xn being an eigenvalue of the unforced BVP (6.1.1). In particular, the classical
(linear) Landesman-Lazer and Ambrosetti-Prodi type results are extended to half-
linear equations.

311

($(x'))'  + \n$(x)+g(x)=f{t),



312 Chapter 6. BVP's for Half-Linear Differential Equations

6.1 Eigenvalues, existence, and nonuniqueness
problems

This section is mainly devoted to nonresonant BVP's, i.e., to (6.1.1) where A is
not an eigenvalue of the below given BVP (6.1.2). First we present a variational
characterization of eigenvalues and then we deal with the existence and multiplicity
results for nonresonant problems.

6.1.1 Basic boundary value problem

Under the "basic" boundary value problem we understand the problem

(6.1.2) ($(x'))' + A$(x) =0, X ( 0 ) = 0 = X(TTP),

where A is the eigenvalue parameter. Here np is the same as in the Section 1.1 and
its value is defined by the formula

Eigenvalue problem (6.1.2) is a special case of the general Sturm-Liouville problem
for half-linear equations treated in Section 5.7, and its simple structure enables to
determine completely the eigenvalues and eigenfunctions. The situation is essen-
tially the same as in the linear case where the eigenvalues are Xn = n2 with the
associated eigenfunctions xn(t) = sinnt.

Theorem 6.1.1. The eigenvalues of (6.1.2) are Xn = (p — l)np, n £ N, and the
corresponding eigenfunctions are (up to a nonzero multiplicative factor) xn(t) =
svap(nt), where the half-linear sine function sinp is defined in Section 1.1.

Proof. The proof of this statement follows immediately from the homogeneity of
the solution space of half-linear equations and from the unique solvability the
initial value problem for these equations. The function X\(t) = smpt is a solution
of (6.1.2) with A = (p — 1) and satisfies x(0) = 0 = X(TTP) (by the definition of
this function in Section 1.1), and xn(t) = s'mp(nt) is a solution of (6.1.2) with
Xn = (p- IK -

6.1.2 Variational characterization of eigenvalues

In the linear case, the Courant-Fischer minimax principle provides a variational
characterization of eigenvalues of the classical Sturm-Liouville eigenvalue problem.
This characterization is based on the orthogonality of the eigenfunctions corre-
sponding to different eigenvalues. In the half-linear case, the meaning of orthogo-
nality is lost, but eigenvalues can be described using the Lusternik-Schnirelmann
procedure, for general facts concerning this approach we refer to [168].
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Let us introduce the functionals over W0'
P(0.TTP), endowed with the norm

||a;|| = ( / ^ \x'\pdt)\ as follows:
(6.1-4)

A(x) = -["  \x'\pdt, B(x) = -["  \x\pdt, C(x) = [  "(F(x) - f ( t ) x ) d t ,
P Jo P Jo Jo

where F(i) = Jo f(s) ds. Eigenfunctions and eigenvalues of (6.1.2) are equivalent
to critical points and critical values of the functional

The proof of the next statement (which concerns the differentials A' ,B', C of
the operators A,B,C) can be found in [118, Lemma 10.3], here ||  ||*  denotes the
norm in the dual space (WO'P(0,TTP))*.

Lemma 6.1.1. The operators A',B',C : W0
1>p(0,7rp) -> (W^P(0,TTP))*  have the

following properties:

(a) A' is (p — 1)-homogeneous, odd, continuously invertible, and \\A'(u)\\* =
\\U\\P-1 for any u e WQ'P(0,TTP).

(b) B' is (p - 1)-homogeneous, odd and compact.

(c) C is bounded and compact.

We also introduce the notation (with e e l)

S = {xeW^iO,^): B{x) = l},

Kc = {ue W0
hp(0, np) \ {0} , E{u) = c, E'{u) = 0}

(hence E(x) = A(x), E'{x) = A'(x) - A(x)B'(x) for x G S).
In our variation characterization of eigenvalues (or, more generally, in all "min-

max" procedures), an important role is played by the so-called Palais-Smale con-
dition.

Lemma 6.1.2. The functional E\$ satisfies the Palais-Smale condition, i.e.,
if {uk} C S is a sequence such that E(v,k) is bounded and E'(uk) —> 0 in
(W0'

p(0,7Tp))* , then {«&}  contains a convergent subsequence.

Proof. Since E(uk) = A(v,k) = -||wfc||p for tik £ S, it is clear that {uk} is bounded
in M/

0
llP(0,7Tp), so we may assume, without loss of generality, that Uk —* «o m

W0'
P(0,TTP), where —̂  denotes the weak convergence, and that A(uk) —> AQ G

K. By compactness, B'(uk) -> B'(u0) in (W0
llP(0, TTP))*. Since E'{uk) -  ̂ 0, we

have A'{uk) - A(uk)B'{uk) ^ 0 in {Wo
hp{0,Trp))*, and thus A'(uk) -> AoB'(uo).

Applying Lemma 6.1.1, uk -> u0 = {A')-1{A0B'{u0)) in WQ'P(0, TTP). D

™-m-
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Let us recall also the definition of the Krasnoselskii genus of a symmetric set
AcWo'p(0,np). Let

T :=  {A C W0
llP(0,7TP) : A is closed and A = -A}

and let

M = {m e N : 3h e C(A;M.m \ {0} ) such that h(-x) = -h(x)}.

Then the Krasnoselskii genus of A is defined by

f infM i f M ^ 0 ,
7(^ :"\oo ifM=0.

Intuitively, 7 provides a measure of the dimension of a symmetric set. For example,
if Q is a bounded symmetric neighborhood of the origin in Mm, then ^y(dfl) = m.

Using the above given concepts we can now present the formulas for the vari-
ational characterization of all eigenvalues of (6.1.2).

Theorem 6.1.2. Let

Tk := {A E T : 0 g A, ^{A) > k}, fk := {A £ Tk : A C S, A is compact},

and let

(6.1.5) (3k = min maxE(x).

Then fin = Xn = (p - l)n,P for n£N.

Proof. Let fc e N be fixed. Clearly, f3k = \ n for some n e N. Thus ICpk n S =
l/pLpTl}, where cpn is the normalized eigenfunction corresponding to Ara (i.e.,

\\<pn\\p = (JQ" \<Pn{t)\p dt) v = 1), and so i{K.pk (~)S) = 1. Moreover, it is known
that if f3j = Pj+i  =  = Pj+m, then j OS) > m + 1, see [339, Lemma 5.6].
Thus rn = 0 and {/3n}  must be an increasing sequence. It follows that /3k > Xk.

Now, consider the functions ipkj = X[(i-i)Tr,,/k,iTr,,/k]<Pk, for i = 1, . . ., fc, where
X[.j is a characteristic function of the interval indicated, and let

(6.1.6) A k = { a w k , ! +  + a k < P k , k, \ a i \ p B ( i p k A ) +  + \ a \ p B ( i p k j k ) =  1 } ,

where a.i are real constants. Each ipk,i is in WQ'P(0,TTP) and it is a principal eigen-
function, with the eigenvalue \ k , for the differential equation restricted to the
appropriate subinterval. Observe that A^ is symmetric and homeomorphic to the
unit sphere in Mn. Thus A^ is the compact with 7(A^) = k. Moreover, observe
that for w e Afc

B(u) = B(ai<pk,i-\ ha M̂)

= B(aiipkti) -\ h B(ak(pk,k)

= \a1\
pB{Vk,i) + --- + \ak\

pB(VKk)

= 1.
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Thus, Afc C <S and so A^ G Tk- A similar computation shows that E(u) = A{u) =
Afc for all w, £ Afe. This implies that

/3fc = inf sup E(u) < Afc,

so Afe = (3k- Moreover, the inf sup has been achieved on a set in T^- Using the
compactness of the sets in T  ̂we replace sup by max, and since the inf is achieved
we replace inf by min. This completes the proof.

6.1.3 Existence and (non)uniqueness below the first
eigenvalue

In this subsection we consider the problem (6.1.1), i.e., the nonhomogeneous prob-
lem

(6.1.7) ($(*'))'+ A$(z)=/(t), x(0)=0 = a;(^).

Consider the energy functional

(6.1.8) Jf{x) := 1 fV \x'(t)\Pdt-- r \x(t)\?dt+ P' f(t)x(t)dt
P Jo P Jo Jo

and suppose that A is not an eigenvalue, i.e., A ^ At. For simplicity we deal with
/ G C[0, lip]  and solution of (6.1.7) is understood in the classical sense, i.e., it
is a function x such that <&(x')  £ C1[0,TTP] and the equation with the boundary
conditions in (6.1.7) are satisfied. The critical points of J  ̂ are in one to one
correspondence with solutions of (6.1.7).

Due to the variational characterization of the least eigenvalue

Cp\x'(t)\pdt
(6.1.9 A i = m i n ^ — ,

JZ"\x(t)\Pdt'
where the minimum is taken over all nonzero elements of W0'

p(0,7rp), and due to

the monotonicity of the operators A', B' : WQ'P(0,TTP) —> ( W0
1'p(0, np) J defined

by

(A'u,v)= f " $(u'{t))v'(t)dt, (B'u,v)= [  "' $(u(t))v(t)dt
Jo Jo

(here ) is the duality pairing between (W0'
P(0,TTP)) and W0'

p(0,7rp)) it is

easy to prove that for A < 0 the energy functional J  ̂ has a unique minimizer in

W0'
P(0,TTP) for arbitrary / G (W0'

P(0,TTP)) . In particular, it follows from here

that given arbitrary / 6 C[0,TTP] , the problem (6.1.7) has a unique solution. So,
from this point of view, the situation is the same for p = 2 (linear case) and p ^ 2.

The case A > 0 is different. It is well known that for p = 2 and A / Aj ,
k — 1,2,..., for any / G C[0, TTP] the problem (6.1.7) has a unique solution,
which follows e.g. from the Fredholm alternative. Let us consider now p / 2 and
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0 < A < Ai. Due to the variational characterization of Ai given by (6.1.9), the
energy functional is still coercive but the monotone operators A', B' "compete"
because of the positivity of A. While in the linear case p = 2 this fact does not
affect the uniqueness, for p ^ 2 the following interesting phenomenon is observed.

Theorem 6.1.3. Let 0 < A < \i = p — 1 and p ^ 2. There exists a function
/ G C[0, np]  such that J  ̂ has at least two critical points. One of them corresponds

to the global minimizer of J  ̂ on WQ'P(0,TTP) {which does exist due to X < Ai) and
the other is a critical point of saddle type.

Proof. As we have mentioned before, for 0 < A < A] the functional J  ̂ is coercive
and hence (together with its weak lower semicontinuity) possesses a global mini-
mum. Hence it suffices to construct a critical point of this functional which is not
the global minimizer.

First consider the case p > 2, and let x be a C*2[0, TTP] function which is equal
to a nonzero constant for t G [e,TTp — e\ and x(0) = 0 = x(np), where e > 0 is
sufficiently small. Define the function / by

ttt) = ($(x'(t))y + \*(x(t)).

Then x is a solution of (6.1.7). We will show that this solution is not the above
mentioned global minimizer of J^, i.e., (6.1.7) has at least two solutions. To show
this, note that for p > 2 the functional J (we skip the sub/superscripts /, A if
these values are not important at the moment) is twice Frechet differentiable and
its second derivative at x is given by

(6.1.10) (J"{x)v, v) = (p - 1) ( f " \x\p-'2v12 dt-X f " \x\p-'2v2 dt)

for v G W0'
p. Next, let z G CQ° be such that suppz C (e,TTp — e). We find from

(6.1.10) and the definition of x that

{ J " { x ) z , z) = - ( p - 1)A / " \ x \ p ~ 2 z2 d t < 0
Jo

which together with the fact that J'(x) = 0 shows that x is not a local minimum.
Now we deal with the case p G (1, 2). We will follow the presentation of [164],

where the interval [—1,1] instead of [0, TTP] is considered, i.e., BVP (6.1.7) is con-
sidered with the boundary condition u(—1) = 0 = u{l). In this modification, the
construction of the forcing term / is more transparent.

Fix the numbers 0 < e < £i < £2 < 1/2 and let m > q = p/{p — 1) be a real
constant which will be specified later. Define a function u$ G C2[— 1,1] such that

[ uo(t) = \t\m for \t\ <  £ l ,

< tu'0{t) > 0 for £1 < |i| < £2,

[uo(t) = £-\$-\t\\m fore2<|t|<l.

Notice that the condition tu'0(t) > 0 for e\ < \t\ < £2 can be satisfied because
uo ) < uo 2) follows from e™ + | ( l / 2 ) - £2 |m < 2 "m . Clearly, we have
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 = 0 and (&(u'o))' £ C[—1,1]. Similarly as in the case p > 2, we define the
right-hand side / of (6.1.7) by

/(t) = ($K(t))' + A$(uo(t))

and we will show that the functional J does not attain its minimum at UQ (over
< > p ( - l , l ) ) .

To prove this claim, we note that J is Frechet differentiable and its derivative
is given by

(6.1.11) (J'(u),v)=[  <$>{v!)v'dt - \ j ®(u)vdt+ [  fvdt
J-i J—i 7-i

for all v e WQ'P(-1, 1). Next, let z e Cl[-1,1] be any function such that

( z(t) = 1 for \t\ < e,

0 < z(t) < 1 for e < \t\ < £],

z{t) = 0 for ei < |i| < 1.

We find from (6.1.11) and the definition of z that

(J'(u),z) = I * <f>(u')z'dt-X I *  <$>{u)zdt+ I ' fzdt.

Now we investigate the function

(6.1.12) ((a):=-{(J'(uo + az),z)-(J'{uo),z)) for a £ [-1,1].

Observe that ((a) = J(a) + Ji(a), where
J(a) = - - I ($(u0 + a) ~ *(«o)) dt

a J-£
and
J1(a) = - [  [$(u'0 + az')-$(u'0)]z'dt-- [  [$(uo + az)-$(uo)]dt.

a 7£<|t|<£, a 7e<|t|<£l

Since uo(t) = \t\m for |i| < ei, there exists (possibly infinite) nonpositive limit

(6.1.13) J(0)= lim J(a) = -(p-l)X f \uo\p~2 dt = - ( p - 1)A / \t\m{p~2) dt,
a—>0 J _ J _

and the finite limit

(6.1.14) Ji(0) = lim ,h(o) = ( p- 1) / (\uo\p-2\z'\2 - A|wo|
p"222) dt.

a^° 7E<|t|<£l

Combining (6.1.12) with (6.1.13) and (6.1.14), we arrive at

limC(a) = - ( p - l )A / £ | t r( p" 2 )d* + Ji(0)-
a Ô J_e

and we find that ("(0) = —oo provided m(p — 2) < — 1, which shows that at UQ the
functional J does not attain its minimum.
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The last result of this subsection presents a nonuniqueness result regardless of
the value of the eigenparameter A. We skip the proof, but its idea is similar as
above, only the construction of the forcing term / is technically more complicated
when A > Ai .

Theorem 6.1.4. Let p ^ 2 and A > 0. Then there exists f e C[0,T] such that
(6.1.7) has at least two distinct solutions.

6.1.4 Homotopic deformation along p and Leray-Schauder
degree

The Leray-Schauder degree of a mapping associated with the investigated BVP is
one of the most frequently used methods when dealing with this problem. First
consider the associated problem

(6.1.15) (Qpix1))'=  f(t), X(0)=0 = X(TTP), $p(S) = |Sr 1sgns

(note that <J>P = $), where / € L@(0, TTP) for some j3 > 1, and the energy functional
corresponding to this problem

(6.1.16) Vp(x) = - I ' \x'(t)\pdt+ I ' f(t)x(t)dt.
P Jo Jo

Here we use the index p by $ and ty to emphasize their dependence on the power
p. The functional typ is coercive, continuous and convex over W0'

P(0,TTP), and
hence it possesses the unique global minimum which is the critical point and
hence a solution of (6.1.15). This means that we have correctly defined mapping
Gp : 1/^(0,7Tp) — C1[0,7Tp] which assigns to the right-hand side / of (6.1.15) the
solution x of this problem. This mapping is completely continuous. Moreover, if
pn is a real sequence such that pn —> p and fn S L^(0, irp) is such that /„  —̂  / €
LP(0, TTP) (—*  denotes again the weak convergence), then limn^oo GVn (/„ ) = Gp(f)
as it is shown in [91].

Now, for fixed p > 1, we define Tp : C[Q,TTp\ —> C[0,7rp] by Tp(x) = x —
Gp(\<&p(x)) with A s R. Obviously, the equation Tp(x) = 0 has a nontrivial
solution if and only if A = Xn(p) = (p — l)np and this solution is xn{t) = asinp(nt),
a£l,tt/0.

The following statement concerns a homotopic deformation along the power
p of the Leray-Schauder degree of the mapping Tp with A / An. Note that the
classical result of the linear theory is that the Leray-Schauder degree of T-2 with
respect to the ball

B(0,r):= \ueC[0,irp]  : \\u\\c = max \u(t)\ < r\
I te[o,7rp] J

is

(6.1.17) d(T2,B(0,r),0) = ( - l ) n ,

where n is the number of the eigenvalues of problem (6.1.2) with p = 2 which are
less than A.
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Theorem 6.1.5. Let p > 1 be arbitrary, A ̂  An(p) = (p — l)ri p, n e N. Then for
every r > 0, the Leray-Schauder degree d(Tp, B(r, 0), 0) is well defined and satisfies

(6.1.18) d(Tp,B(r,0),0) = (-l)n,

where n is the number of eigenvalues of (6.1.2) which are less than A.

Proof. Suppose that p > 2 and A > Ai = (p — 1), i.e., A = (p - l)(n + s)p for some
s G (0,1) and n G N. In the remaining cases the idea of the proof is the same. We
wil l show that d(Tp, B(r, 0), 0) = (-1)™ for every r > 0.

Let A : [p, oo) —> M be defined by A(a) = \(n + s)Tra/Trp}
a, where TTO is given by

(6.1.3) with a instead of p. Obviously, na depends continuously on a and hence A
is continuous. Next, define the mapping

T(a,x)=x-Ga(A(a)$a(x)).

The mapping G(a, x) := Ga(A(a)$a(x)) is completely continuous and T(a, x)  ̂0
for all a G \p, oo) (for details see [91, Theorem 4.1]). Hence, from the invariance of
the degree under homotopies and from (6.1.17) we obtain the required statement.

Now we apply the previous statement to derive solvability conditions for the
BVP

(6.1.19) {$(x'))' + g(t,x) = 0, x(0) = 0 = x(np),

where g : [0, TTP] X R —> R is a continuous function.

Theorem 6.1.6. Suppose that there exists n £ N such that the nonlinearity g in
(6.1.19) satisfies

(6.1.20) An < a{t) :=  liminf 4 ^ r < limsup 4 ^ =: b(t) < Xn+i
|sHoo $(s) | s H o o $(S)

uniformly on [0,TTP], the first and the last inequalities being strict on a subset of
positive measure in [O,TTP]. Then the BVP (6.1.19) has a solution.

Proof. Let v 6 (An,An+i) . According to Theorem 6.1.5, it suffices to construct a
homotopic bridge connecting (6.1.19) with the problem

($(a/))' + v§{x) = 0, x(0) = 0 = X(TTP).

The degree of the mapping associated with this problem has been computed in
Theorem 6.1.5. This homotopy is defined as follows

H{T, X) = GP{TV*{X) + (1 - r)g(t, x{t)j).

Using the standard method it can be proved that there exists r > 0 such that
x — H(T, X) 7̂  0 for x G dB(r, 0) for every r G [0,1] if r > 0 is sufficiently large.
This proof goes by contradiction. Supposing that there exists xn G C[0, irp]  and
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with Hâ Hc —> oo and rn G [0,1] such that xn = H(Tn,xn), functions v and c are
constructed (using essentially the same construction as in the linear case) in such
a way that the half-linear equation

($(«'))' + c(t)$(v) = 0, v(0) = 0 = v(irp),

with An < a(t) < c(t) < b(i) < An+i has a nontrivial solution. Since the first and
the last of the previous inequalities is strict on the set of positive measure (since
inequalities in (6.1.20) are of the same character), we have a contradiction with
the Sturmian comparison theorem.

6.1.5 Multiplicit y nonresonance results

In order to illustrate one of the basic methods for the investigation of the generally
nonresonant case, we consider the following simple BVP in this subsection. We
investigate the number of solutions of the BVP

(6.1.21) ($(«'))' +A$(M) = 1, u(0) = 0 = u(irp).

We denote the number of solutions of (6.1.21) by Np(X). Note that in the linear
case p = 2 we have

{ 1 if A ̂  k2 for all keN,
0 if A = (2k - I)2 for all k G N,
oo if A = (2k)2 for all k G N.

In this section we show, among others, that

(6.1.22) lim NJX) = oo.

An important role in the proof of the main result of this subsection is played
by the quantity t\ (a), which is the first positive zero of the derivative u' of the
initial problem

(6.1.23) ($(«'))' + A$(w) = 1, w(0) = 0, «'(0) = a.

Multiplying both sides of (6.1.23) by u' and integrating the obtained equality from
0 to t, we get the identity

q p q p - 1

Thus, fort £ (0,tA(a))

Mi)  d

(6.1.24) t = / —
io (aP + qs-\(q-l)sP)/p

if a > 0, and

(6.1.25) £= / — -r
Jo (\a\P - qs - X(q - 1)SP)1/P
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It follows that

(6.1.27) tx(a) = F(h(a)),

where h(a) is the unique positive root of the equation

(6.1.28) \{q- l)xp -qsgn{a)x= \a\p.

Also, from (6.1.24)-(6.1.26), for t G (t,t\(a)}, we have

(6.1.29) u(t)={F-1® * ^ ° '
y ' W \ - - P~ (<) i f a < 0.

Conversely, if we have a function u of the form (6.1.29), it can be directly verified
that u is a solution of the differential equation in (6.1.23) and hence the (unique)
solution of this initial value problem on the interval [0,£A (<*)].

Next, we extend u to obtain a global solution u\(a, t) of (6.1.23). Define ux(a, t)
as the 2[t\(a) + t\(—a)] periodic extension of the function

(u(t) te[0,tx{a)},

ux{a, t) = I u(2tx(a) - t) te [tx(a),2tx(a)],

[ux(-a, 2(tx(a) + tx(-a) - t)) te [2tx(a),2(tx(a) + tx(-a))].

Note that the zeros of ux(a, t) are the numbers 2ktx(a) + 2(k — v)tx{—a), k £ N,
v £ {0,1} . The basic properties of the function tx(a), which we will need in proving
the main result of this subsection, are summarized in the next lemma.

Lemma 6.1.3. The function tx(a) has the following properties

(i) tx is strictly decreasing and continuous on (—oo, 0) and on [0, oo).

(it) tx has a jump discontinuity at a = 0; more precisely

[ 11^1^
P-jr]

(Hi) It holds

r +  f , **  \P-lV'P

if a < 0. Hence, we consider the function

— TT,

. {\a\P + qsgn{u)s-\{q-l)sP)1/p

here we adjust the usual sgn function as follows

, . Jl i f a > 0,
sgn(a) — <

1—1 if a < 0.
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Proof. From (6.1.26), (6.1.27) it follows

(6.1.30) tx{a) = / —.

Jo ( \ a \ P+ q s g n ( a ) s - X ( q - l ) s P )/ p

Substituting s —> sq(a) in (6.1.30) and calling on (6.1.28) with x = q(a), we obtain

C1 ds
(6.1.31) tx(a) = / -j-

Jo [X(q - 1)(1 - SP)1  ̂ - /i1-P(a)gsgn(a)(l - s)] /p

To examine the behavior of h(a) with respect to a we note that the Implicit
Function Theorem together with (6.1.28) imply the h(a) is of the class C1 on
R \ {0}  and

( ' da[a) ~ q[\h?-i(a) - sgn(a)]'

From the definition of h(a), we easily see that the denominator on the right-hand
side of (6.1.32) is positive, hence h(a) is strictly increasing and continuous for
a G [0, oo) and strictly decreasing and continuous on (—oo, 0). Thus, the statement
(i) immediately follows from (6.1.31).

To show (ii) , we first observe that h(0—) = 0 and hence from (6.1.30) we
conclude that l im a^o- t\(a) = 0. Next, setting a = 0 in (6.1.31) and using the
fact that h(0) = (p/\)l^p-  ̂ = (p/A)9" 1, from (6.1.31), we obtain

The substitution s = Tq in (6.1.33) yields

X[) V A ; Jo (1-rPy/p 2 [ A J

This shows the statement (ii) . Finally, to show (iii) , we note that h(a) —> oo as
|a| —> oo. Letting a —> o in (6.1.31), it follows from the Lebesgue Dominated
Convergence Theorem that

This concludes the proof of lemma.

Now we are ready to prove the main result of this subsection and some of its
consequences. Together with the sequence of Afc = (p — l)kp of (6.1.2) we will
consider also the sequence /ik = (p — l)(qk)p. We observe that jik < {=)(>)^2k
if p > (=)(<)2. The numbers fik w m play a n important role in our results, the
reason is their nonuniform distribution with respect to the A^'s for p ^ 0 which
gives rise to the existence of a large number of solutions of (6.1.21) for large A.

We say that a function u S C1[0,7rp] belongs to the classes E  ̂ (-E )̂ {E^) if u
possesses exactly k — 1 zeros on (O,TTP) and w'(0) > (= 0)(<)0.
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Theorem 6.1.7. The following statements hold:

(a) If A G (0, Ai) , then (6.1.21) has exactly one solution u, and u G E^~.

(b) If A = Aj , then (6.1.21) has no solution.

(c) If A is strictly between \2k-i and fJ>k> then (6.1.21) possesses at least one
solution in u G E k̂_1.

(d) If X is strictly between fit and X^k+i, then (6.1.21) possesses at least one
solution in E k̂+1.

(e) If X = iik, then (6.1.21) possesses a solution u G Ek.

(f) If X is strictly between \ik and X2k, then (6.1.21) possesses a solution in E k̂

and a solution in E k̂.

Proof, (a) Assume that 0 < A < A] = p — 1. From Lemma 6.1.3 we find that
2tx(a) > TTP for a > 0. Hence, there is no solution of (6.1.21) with nonnegative
derivative at t = 0. Again, from Lemma 6.1.3, but for a < 0, we see that there
exists a unique a* < 0 such that 2t\(a*) — TTP. It follows that u\(a*,i) is the
unique solution of (6.1.21) and belongs to  .

(b) Suppose that A = Ai = p — 1. The absence of solutions to (6.1.21) follows
in this case directly from the fact that 2t\(a) > np for a > 0 and 2t\(a) < TTP for
a < 0.

(c) We assume A strictly between X2k-i and /i^. Consider the function

(6.1.34) f(a) = 2(k - l)[t x(a) + tx{-a)} + 2tx(a).

From Lemma 6.1.3 we see that / is continuous on (0, oo), /(0+) = qk{irp/X)l/p

and we have hin^^oo f(a) = (2k — 1). This implies that there exists a > 0 such
that f(a) = np and hence u\(a,t) is a solution of (6.1.21) with exactly 2fc — 2
zeros in (0, TTP). Clearly u G E k̂_1.

(d) This proof is analogous to the previous one, only instead of / defined by
(6.1.34) we consider the function

(6.1.35) /(a) = 2k[tx(a) + tx(-a)} + 2tx(a)

on the interval (—oo,0).
(e) If A — /it, we have 2ktx(0) — TTP and, therefore, u(t) — u\(0, t) is a solution

of (6.1.21) with exactly k — 1 zeros in (0,TTP). Clearly, u G Ek. Note that all zeros
of u are double in this case.

(f) Finally, suppose that A is between X2k and \ik. In this case, we define the
function

f(a) = 2k[tx(a)+tx(-a)].

The function / is continuous on (—oo, 0) and (0, oo), /(0+) = qkirp/ ((p — 1)/A) 'p

and again we have lima c f(a) = 2kirp ((p — 1)/A) . Reasoning as in the pre-
vious parts of the proof, we obtain the existence of solutions u, v of (6.1.21) with
u G E+k, v G E~k.



324 Chapter 6. BVP's for Half-Linear Differential Equations

Corollar y 6.1.1. Let p  ̂ 2. Then (6.1.21) is solvable for all A > 0 except A = Ai
and, eventually, those numbers A of the form A = \-ik-i for k < l/\q — 2 |.

Prom the previous corollary we obtain, in particular, that (6.1.21) is solvable
for all large positive A. Furthermore, as A —> oo, the number of solutions Np(X)
tends oo, as the following statement shows.

Theorem 6.1.8. Let p / 2. Then the number of solutions Np(X) of (6.1.21)
satisfies

(6.1.36) i V p ( A ) > 3 ( — j - - - - 3

for all A > 0. In particular, l im^oo Np(\) = oo.

Proof. We will assume that p > 2, the case p 6 (1,2) can be treated in a similar
way. Let us fix A > 0 and denote by My the number of positive integers such that
(f) of Theorem 6.1.7 holds, i.e.,

Mf = card { f c e N : (/* fe)
1/p < X1/p <  (A2fc)

1/p}  .

Clearly,

r / A \ i / p i r / A \i/p i
Mf > max ) t e N : k - - m i n h e N: < fc ̂  + 1,

\ VMfc/ J \ V^fc/ J
and hence
(6.1.37)

[\i'*J  \ [\^tj  J V p - i y I ? 2j

Next, let us denote by Mc and M^ the number of positive integers such that (c)
and (d) of Theorem 6.1.7 holds, respectively. Estimates similar to those for Mf
yield

- ^ (c^ra-D-i -
From (6.1.37)-(6.1.39) we obtain

/ \ \ I/P /i 1 \

JVp(A) > Mc + Afc + M ^ 3 ̂ - ^ j ( - - 2 J - 3 '

what we needed to prove. D
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We finish this subsection with a statement which extends and complements the
previous results of this subsection. We prefer to present the result without proof
because of its technical complexity.

Theorem 6.1.9. Let p  ̂ 2 and set

k(v) = ((p~1)/{-2~p) tfp^1'2)'
\l/(p-2) i/p>2.

Let either A = A2& wii/i k > 1, or X = X2k+i with k > k(p), k £ N. Then there
exists a number 0 < S < 1 such that (6.1.7) has at least one solution for any
f = l + h with ||/i||/,«>(o,7rp) < 5.

6.2 Fredholm alternative for one-dimensional
p-Laplacian

As we have mentioned at the beginning of this chapter, the investigation of the
BVP (6.1.7) when A — Xk is an eigenvalue is perhaps the most interesting part
of the qualitative theory of half-linear differential equations, since in comparison
with the classical Fredholm alternative for the linear boundary value problem

u" + m2u = h(t), u(0) = 0 = U(TI-),

which has a solution if and only if

(6.2.1) / h{t)smmtdt = O,
Jo

in case of the half-linear BVP (6.1.7), the situation is very different.
In this section we discuss a possible extension of the Fredholm alternative to

(6.1.7). We suppose that A = Afc for some k G N, so the problem (6.1.2) possesses a
nontrivial solution x(t) = smp(kt). The half-linear version of (6.2.1) when A = Ai
and m = 1 is is the orthogonality condition

(6.2.2) [ ' h(t)smptdt = 0.
Jo

In the first subsection we describe the situation when A = A i = p — 1 , the
second subsection deals briefly with resonance at higher eigenvalues.

6.2.1 Resonance at the first eigenvalue

First we present (without proofs) some technical statements which concern certain
initial value problem, and present essentially asymptotic formulas for zero points
of the solution of this IVP (compare with Lemma 6.1.3 of the previous subsection).
These auxiliary statements are used in the proof of the three main results of this
subsection which concern the BVP

(6.2.3) ($(«'))' + (P - !)$(«) = -h(t), U(0)=0 = U{TTP).
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The factor 1/q = (p — l ) / p is inserted here for convenience, some computations
are then formally slightly easier.

Lemma 6.2.1. Let ua be a solution of

(6.2.4) ($(u'))' + (p- l )$(u) = -h(t), u(0) = 0, u'(0) = a, q = —^—,

Then ua(t)/a —> sinpt as \a\ —> oo in Ca[0, K] -sense, for every K > 0. In par-
ticular, for large \a\, ua has a first positive zero t" and so does u'a at a point
t(u) > 0. Moreover, for a > 0 (a < 0), ua is strictly incerasing (decreasing) for
t G (0, t(aj) and strictly decreasing (increasing) in (t(a),t"), and t(a) —> irp/2,
t" —» np as \a\ —» oo. For a fixed M > 0, all these convergences are uniform in h
with ||/I||L=O[0,K] < M-
Lemma 6.2.2. Assume that h s ^^, [0, 2TTP) and denote

Ih :— I h(t)smptdt.
Jo

Then

(6.2.5) i« = 7rp + ̂ — + 0( |a| i -P) a s| a | ^ o o,

where o(\a\1~p) is uniform with respect to all h such that ||/i||.r,=<>(o,27r,)) < H for a
fixed constant H > 0.

Lemma 6.2.3. Let h G Cl[Q, 2np}, and denote

I /-Tp/2 _ [ / /-Tp/2 \ 2

Jh-=7T  ̂ / (cOSpt)
 P / /l(s)cOSpsds

^P Jo \Jt )

f r,,/2 \2l
+ I / h{~Kv — s) cosp s ds I dt.

If Ih = 0, then

(6.2.6) i? =7ri; + (p-2)Jh|a |2 ( 1-p )+o(|a|2 ( 1-p )) , as \a\ -*  oo,

where o(|a|2(1^p-)) is uniform with respect to all h with \\h\\c>-[o,2irp]  < H for some
fixed positive constant H. Moreover, if \a\ is sufficiently large, t" < np for p G
(1, 2) and tf > irp for p > 2.

The next statement concerns the topological degree of the mapping associated
with BVP (6.2.3). For h G LOC(Q,TTP) and A G [0,oo) define an operator T\th by
T\,h(v) = u if and only if

(6.2.7) (*(«')) ' = A \-h(\h) - (p - l )$(u)| , u(0) = U(TTP) = 0.

Now we define T  ̂:= Ti^ .
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Lemma 6.2.4. Assume that for h G L°°(0, np) one has Ih  ̂ 0. Then solutions
to the boundary value problem (6.2.3) are a-priori bounded and there exists R > 0
such that

(6.2.8) deg[J-Th;Bf l(0),0]=0.

The first theorem of this subsection shows that (6.2.2) is sufficient but generally
not necessary for solvability of the BVP (6.2.4).

Theorem 6.2.1. Let us assume that h G C1 [0, TTP], h ^ 0, and (6.2.2) holds.
Then (6.2.3) has at least one solution. Moreover, if p  ̂ 2, then the set of possible
solutions is bounded in C1 [0, np]  .

Proof. Set X :=  C  ̂[0, np]  = {u G C1[0,TTP}\ U(0) = u(irp) = 0} , and let the
operator T\.h be defined by (6.2.7).

Standard arguments based on the Ascoli-Arzela Theorem imply that T\th is a
well denned operator which is compact from X into X*. Moreover, T\^, depends
continuously (in the operator norm) on the perturbations of h G L°°(0, np) and
A G K. A formula for the change of the index for T\.o, when the spectral parameter
A G M crosses the first eigenvalue Ai = 1 can be found in the proof of Theorem
6.f.5 or [118, Theorem 14.9]. Adapting that result to our case, we have that for
small e > 0, and any R > 0,

(6.2.9) deg[J - Ti-,,0; BR(0), 0] = 1, deg[J - T1+e,o; BR(0), 0] = - 1 ,

where BR(0) :— {u G X; \\u\\x < K} - Using the homogeneity in equation (6.2.7)
and the boundary conditions in this BVP we have that for fixed h G L°°(0, np) we
can take R > 0 so large that (6.2.9) extend to

(6.2.10) deg[J-T1_e>fc;BR(0),0] = l ) deg[J - T1+e,h; BR(0),0] = - 1 .

We distinguish between the two cases 1 < p < 2 and p > 2.
Case 1 < p < 2. Let h G C^fO,? ]̂ be such that orthogonality condition (6.2.2)

holds. For t > np, let us extend h to [0, oo) as a C'-function (e.g., as a linear
function h(t) = h'(irp)t + h(np)). We claim that there exists a constant R > 0 such
that for any A G [1, 2P~1]  the boundary value problem

(6.2.11) mu'))' + \(p-l)$(u) = -h(\h), u(0) = u(np) = 0,

has no solution with HHIIC^O.TTP] > R-
To prove this claim we argue by contradiction. Thus we suppose there exist

sequences {M n}£°=1 C C1[0,KP], {A n}£°=1 C [l,2?-\ such that An -> A G [ l ^ ^ " 1 ] ,
and lltinllcMo.TTp] —> OO; a nd un,Xn satisfy (6.2.11). By Lemma 6.2.1 it is not
difficul t to see that \an\ —> cx>, where as before an — u'n(0). So, assume that
an —> oo (the case an —> — oo is similar). Then un is the solution of the initial
value problem

($« ) )' + \n(p - l)$(un) = — h{\lJn), un(0) = 0, u'n(0) = an,
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on [0, ex)), and hence vn(t) := un(tXn ) solves the initial value problem

(*(O) ' + (P - 1)$M = fa), vn(0) = 0, v'n(0) = «n,

where an = anXn  oo. By Lemma 6.2.1 the first positive zero point £"" of
vn satisfies £"" —  np as n — oo and similarly the second positive zero point
approaches 2TTP. Then condition (6.2.2) and Lemma 6.2.3 imply that t""  < np

for n large enough. But this contradicts the fact that 0 = un(np) = vn(TTp\n )
because 1 < Xn < 2P~1 for any n G N. Thus the claim is proved.

From this claim we have that for e > 0 small the homotopy 7i : l , l | e ] x l —>
X defined by H(u,\) = u - Tx,hx(u), where h\(t) = h(\h), satisfies H(u,X) ^ 0
for all A s [1,1 + e] and IIMHC 1^,^] > R- Thus, from the homotopy invariance
property of the Leray-Schauder degree, we obtain that

deg[J - TlX, BR(0),0] = deg[/ - T1+sM+e; BR(0), 0] = - 1 ,

by (6.2.9). This proves that for given h S C°[0, TTP] satisfying 7 ^ =0 the boundary
value problem (6.2.3) has at least one solution. Moreover, it follows from our
considerations that all possible solutions of (6.2.3) are a-priori bounded in the
C1 [0,7Tp] norm.

Case p > 2. Let h be as in the previous ase. We claim now that there exists a
constant R > 0 such that for any A 6 [1/2,1] the boundary value problem (6.2.11)
has no solution with ||«||ci[o,7rp] > R-

The proof of this claim follows the same steps as in the previous case, we obtain
now

deg[7 - Thh; DR(0),0] = deg[7 - T ÊM_C; BR(0),0] = 1,

by (6.2.10). Thus the proof is completed.

The eigenvalue problem (6.1.7) with A = Ai and / = 0 is closely related to the
Lp-Poincare inequality

(6.2.12) f ' \x'{t)\pdt>C [ ' \x(t)\pdt, for all x e W^'p(0,7rp).
Jo Jo

The constant C = Ai is precisely the largest C > 0 for which (6.2.12) holds. Then
Jo \X'\P ~ ^1 fo'' \X\V — ̂  f° r a^ x e ^/o1'P(O>7rp) while it minimizes and equals 0
exactly on the ray generated by the first eigenfunction sinp t. Now we consider the
following question: What is the sensitivity of this optimal Poincare's inequality
under a linear perturbation? We consider then the energy functional

(6.2.13) E(u) = - [ " \u'\p - ^—^ / " \u\p + - f " hu,
p Jo P Jo qJo

and ask whether E is bounded from below. It is easy to see that a necessary condi-
tion for this is that h satisfies the orthogonality condition (6.2.2), for otherwise E
is unbounded below along the ray generated by the first eigenfunction. lip = 2, an
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L2-orthogonal expansion into the Fourier series yields that this condition is also
sufficient for the boundedness from below. However, this approach seems to be
of no use when p ^ 2. Under the additional assumption h G C1 [0, np], the result
answering the sufficiency is provided by the following statement. Note that some
of its conclusions are already implied by the previous theorem.

Theorem 6.2.2. Assume that h e C^O, np]  , h ̂  0, and (6.2.2) holds.

(i) For 1 < p < 2 the functional E is unbounded from below. The set of its
critical points is nonempty and bounded.

(ii)  For p > 2 the functional E is bounded from below and has a global minimizer.
The set of its critical points is bounded, however E does not satisfy the
Palais-Smale condition at the level 0.

Proof. Let us consider the energy functional E : Wo
 lP(0, TTP) —> IR given by (6.2.13)

whose critical points are solutions of boundary value problem (6.2.3). We will
distinguish between the case 1 < p < 2 and the case p > 2.

(i) Case 1 < p < 2. For a ̂ > 1, say an - > o o , n 6 N, consider the solutions to the
initial value problem (6.2.4) given by un(t) = uan(t) for t G [0, t"rl),un(t) = 0 for
t e [i"",7Tp] (recall that t"n < TTP by Lemma 6.2.3). Clearly un e W^p{Q,Kp),n e
N.

By Lemma 6.2.3, it follows that

(6.2.14) 6n := np - ff"  = (2
 2j}f }

h + o(a^1-P>) as n ̂  co.

We shall prove that the energy functional E denned in (6.2.13) satisfies

(6.2.15) lim E{un) = -oo.

n—*CKI

By definition,

1 rir p-5n _ -, r-Kv-Sn i rTrp-Sn

(6.2.16) E{un) = - l \u'n\
p-- / |wn|p + - / to™.

p Jo v Jo q Jo
Multiplying (<3>(M^))' + (p-l)<3>(wQn) = -hby ua,n and integrating over [0, np-5n

we find

(6.2.17) - / K | p + ( p - l ) / \un\
p = - hun.

Jo Jo  Q Jo

Then, from (6.2.16) and (6.2.17),

(6.2.18) % ) = - - rp n \u'n\
p - (P-1) r  n \ u n \ p .

Q \_Jo Jo

On the other hand from the Poincare inequality, we have that

 f \P fTrp-5n
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and then, from (6.2.18)

(6.2.19) E(un)<-P ( i - ^ j r ) P - i £' " k r

Now since by (6.2.14),

a s n -t oo, we have un{t) = ans\npt + o(an) for t G [O,TTP — Sn], and it follows
from (6.2.19) that

E(Un) < _ p2 ( 2 - p ) j f eQ 2 ( 1 - P) apn r~5n
sinptdt+o{apn)

nP [ JO

+o(a2(1-p)) ap
n f " T sin£tdt + o(ap

n)
Jo

(6.2.20) = - p 2 ( 2~ P ) A a ^ T ' sirf i dt + O(c£-P)

for n -  ̂ oo. Thus (6.2.15) follows from (6.2.20).
(ii ) Case p > 2. For a large positive number a, let us consider the solutions ua

and U-a of the initial value problem (6.2.4). Then from Lemma 6.2.3, U-a and ua

are respectively, lower and upper solutions (see later Subsection 6.3.1 for precise
definitions) of the boundary value problem (6.2.3). Now, from Lemma 6.3.2 given
in Subsection 6.3.1 we obtain that E attains its minimum on the set of functions
between w_Q and ua, at a (global) critical point of E. The set of such global
critical points is compact, from Theorem 6.2.1. Let — K be the minimum value
of E on this set. Since given any ip S C^°(0,7rp) and sufficiently large a,tp lies
between w_a and ua, so that we get E(tp) > —K. Finally, by density of CQ°(0, TTP)

in WQ'P(0, ITP) we get E(u) > -K for any u G WQ'P(O,TTP). Moreover, E minimizes
precisely on the (nonempty) set of its critical points.

Finally we will exhibit an example which shows that the Palais-Smale condition
fails for p > 2 at the level zero, recall that this condition is defined in Lemma 6.1.2.
Let h € Cll [0, TTp] be such that orthogonality condition (6.2.2) holds for p > 2.
Consider the solutions un = un(i), n 6 N, of the initial value problem (6.2.4) with
u'n(0) = an —> oo as n —> oo. Then, from the fact that (6.2.4) is equivalent to its
first integral

Jo

where rQ = u^1 is the inverse function of ua. Substituting t = t{a) in the last
identity we obtain
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and after a short computation we have a — (3 + O((32 p) and thus for t E [0, 2TTP],

we get

(6.2.21) un(t)=ansmpt + O(a2
n-

p) as n -> oo.

Since un solves the initial value problem (6.2.4), the function vn(t) := un(t"
n t/np)

solves the boundary value problem

(6.2.22) ($(„;))'+ ( p - i ) ^ j $(Vn) = i(jg.yh, vn(0) = vn(np) = 0,

where h(t) = h(t"n/npt). From (6.2.21) and H/IHCMO^,] < H, it follows that

(6.2.23) vn(t) =ansmpt + O{al-p) as n -> oo,

and

(6.2.24) ft(i) = /i(i) + o(a^1"P)) as n -^ oo.

Also, from Holder inequality and (6.2.22), we have that

(6.2.25) sup \{E'(vn),'t/j)\
\W\WI,P<I

= SUp I' WnW ~ {P ~ 1) / ' ^(Un)̂
ll^ll^i.P^ l -/0 JO

1 » / TT \'P f""

+ ~ H <{p-\) (-£ -1 sup / $(«n)V
9 Jo V î / \W\WI,P<I  Jo

By (6.2.6),

(6.2.26) |  - l| = fc^ 4af-) + 0 (a^1-)) ,

and by (6.2.24),

(6.2.27) \h(t)-h(t)\=o(o&1-ri),

as n -  ̂oo, then from (6.2.26) and (6.2.27), we find that

sup \{E'(vn),rl>)\  <  P ( P~ 1 ) ( P ~ 2 ) Jha\Tp + o{a)-?)
I I ^ I I W I , P <I %
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as n —> oo, i.e., limn^oo E'{yn) = 0.
From (6.2.2), (6.2.22), (6.2.23), (6.2.25), (6.2.26) and (6.2.27) we obtain that

1 rv n — 1 /"*"" 1 fWp

\E(vn)\ = - K | p - ^  / \vn\
p + - hvn

P Jo P Jo  Q Jo

+ - hvn +—[-£-) / hvn
Q Jo PQ Vi ) Jo

<  ( P~ 1 ) ( P~ 2 ) Jha
2
N

p + o(alrp)
TTp

i.e., linin^oc E(vn) — 0. Hence {vn}^L1 C W0'
P(0,TTP) is an unbounded Palais-

Smale sequence. D

Our next result shows, in particular, another interesting difference with the
linear case p = 2. If p  ̂ 2, then the set of functions / for which (6.1.7) with
A = Ai is solvable has nonempty interior in L°°(0,Trp).

Theorem 6.2.3. Let p ̂  2. Then there exists an open cone C C -L°°(0, np) such
that for any h G C problem (6.2.3) with A = Aj has at least two solutions. Moreover

(6.2.28) / h(t)smptdtj^0
Jo

for all h eC.

Proof. With the notation of the proof of Theorem 6.2.1 let us define Th : X —> X
by Th = Tlth. Thus for each v e X and h € L°°(0,irp),u = Th(v) satisfies

($(«'))' = lh-{p- 1)$(«), u(0) = u(irp) = 0.

As mentioned before, Th is a well defined compact operator and depends contin-
uously (in the operator norm) on the perturbations of the (parameter) function h
(with respect to the L°°(0,7rp)-norm).

Let us first construct an auxilliary function ho S C2[0, TTP] for which the bound-
ary value problem (6.2.3) (with h = ho) has a solution and, moreover,

/ ho{t)smptdt^0.
Jo

For 0 < e < 1, set

fe"^1^ for te[0,e),
Ue(* ) = j ^ £J for te{e,np/2],

{ue(TTp — t) for t e (TTP/2, TTP .
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Let us define h£ :— q[(^(u£))' + (p — l)$(u£)] . Straightforward calculation yields
h£ G C2[0,7Tp] and, by definition, ue G X is a positive solution of the boundary
value problem (6.2.3) with h = he. On the other hand, the following asymptotic
estimates for e —> 0+ hold

1 1 Cv

-I£ :=  - / h£(t) smB t dt
Q Q Jo

= 2 / {<$>{u' £))'smptdt + 2(p-l) I $ (M£) sinp tdt
Jo Jo

= - 2 / 2 |w^|p"2w^cosptdi + 2(j3-1) / ' |we|
p" 2uesinpi( i t

JO ^ 0
£ (£ _ f)2 re

= -2 / p +1 cospt^ + 2(p-l) / |ue|
p-2wesinp^t

t/ 0 ' 0

+2(p-l) \u£\
p~2u£smptdt.

J e

Using the facts that sinp e = e + o(e) and cosp e = 1 + o(l), we obtain

\h = -2^i-^-^(l+o(l))dt + 2O(e2)

+ ^TT (P-1) / smptdt + o(l)
\P+ l J Jo

Hence, for 1 < p < 2, we have /e > 0 while for p > 2, we have /e < 0, if 0 < e < £Q
with £o small enough. So we can take ho :=  h£o. We have to distinguish between
the cases 1 < p < 2 and p > 2.

Case 1 < p < 2. In this case we have

(6.2.29) / ho(t)smptdt>O,
Jo

and the boundary value problem (6.2.3) with h = ho has a positive solution UQ :=
u£o G X. By (6.2.29) there exists S > 0 so small that for u-g(t) :=  uo(t) — S and
for

h-s :=  q[(*(u'_s)y + (p - l)$(u-s)]

we also have

(6.2.30) / h-S(t)smptdt > 0.
Jo

Fix such a 5. Clearly we can choose a small number p > 0 such that for any h with
\\h — h-s\\oo < P o ne n as h < h_g/2 on (0, irp), and also J^'1 h(i)smptdt > 0. Let
us fix such an h and extend it e.g. by zero for t > np. Then, from Lemma 6.2.1,
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it follows that for a sufficiently large and positive, the solution ua of the initial
value problem

($«))'  + (P-iMu a) = -h1

ua(0)=0, u'a(0) = a

satisfies ua > u_g/2,ua{-Kp) > 0. Since h < h_$/2, it then follows that u_g/2
and ua are respectively lower and upper solutions of the boundary value problem
(6.2.3) with this h.

Hence setting u = u_s/2 and u = ua in Lemma 6.3.2 of later Subsection 6.3.1
we obtain the existence of at least one solution u, which lies between u and u. We
claim that there exists at least a second solution. Assume the opposite, namely
that only one solution exists. Then, from Lemma 6.3.2, it follows that for a certain
bounded open set fi  in C^O, ]̂ which contains u, we have

(6.2.31) deg[/-Th;n,0] = l.

On the other hand, Lemma 6.2.4 guarantees that for R > 0 so large that fl C
BR(0), we have

(6.2.32) deg[I-Th;BR(0),0]=0.

Now, (6.2.31), (6.2.32) and the additivity of the Leray-Schauder degree yield that
the boundary value problem (6.2.3) has a second solution in BR(0)\Q. Hence
the boundary value problem (6.2.3) has at least two distinct solutions for any
h € Bp(h-s). The existence of an open cone C with the desired property is now a
consequence of the homogeneity of the boundary value problem (6.2.3).

Case p > 2. Now we have

(6.2.33) / ho(t)smptdt<O,
Jo

and the boundary value problem (6.2.3) with h = ho has a positive solution u$.
By (6.2.33) there exists 5 > 0 so small that for u$(t) := uo(t) + S and hg :=
q[(&(u' s)y + (p - l)$(ug)] we also have

/

7Tp

h5(t) sinp tdt < 0.
_

It follows from (6.2.34) and Lemma 6.2.1 that for large and positive a, the solution
of the initial value problem

($(«'_«))' + (p - l )$(u-a) = -hs, w_a(0) = 0, U'_J0) = -a

satisfies u-a < us,U-a(np) < 0. Then we are in a position to proceed symmet-
rically to the previous case. In this form we have completed the proof of our
statement.
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A by-product of the proof of this theorem is the following general fact. For any
h G L°°(0, TTP) such that (6.2.2) holds, one has that the set of all possible solutions
of (6.1.7) is bounded and the degree of the associated fixed point operator equals
0. Combining this and Theorem 6.2.1 yields, in particular, that for any h ̂  0 of
the class C1 and p ^ 2, there are a-priori estimates for the solution set.

6.2.2 Resonance at higher  eigenvalues

In this subsection we briefly deal with the solvability of (6.1.7) when A — \k, k > 2,
i.e., we deal with the resonance problem at higher eigenvalues A = (p — l)kp.

Following [268], we introduce the following notation. In addition to the orthog-
onality condition (6.2.2) (with / instead of h), the following numbers (for a fixed
k G N) will appear

Am+\)irp/k

Am :— / f(t)smpktdt,
Jni-Kp/k

/

(m+l/2)7Tp/fc
f(t) COSp ktdt,

,m-l/2)TTp/k

and the "higher order" orthogonality condition

(6.2.35) Fk(f) := [  * f (t) sinp kt dt = 0
Jo

will also play an important role. Further, we denote

L k ( f ) : = I " f{t) cosp kt(f f{s)smpksds) dt

and its "approximation" by a Riemann-like sum

Sk(f) := Y. A«B™-
0<n<m<fc-l

Similarly as in the case of resonance at the first eigenvalue, we will need the
following statement concerning the asymptotics of the first zero of the solution for
the initial value problem

(6.2.36) ($(u'))' + Afc*(u) = /(t), u(0)=0, u'{0) = a,

this time with a higher eigenvalue A/t, k > 2 (compare the statement with Lem-
ma 6.2.1). We skip the proof. Note only that it is based on a modified Priifer
transformation.

Lemma 6.2.5. Assume that p =/=  2, k > 2, f 6 L1(0,TTP) and / ^ 0. Then, given
0 < e < TTp/k, there exists a constant a* > 0 such that for \a\ > a*  any solution of
(6.2.36) has precisely one zero t\ in the interval [TT(1 — 1/fc) + e,7rp(l + 1/fc) — e].
As \a\ —> co, the dependence of t\ on a is

(6.2.37) t i = f f p + _ _ l _ _ W ) + 0 (Wi -P).
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IfLk(f)^0, then

sgn(î  - 7TP) = sgn(p - 2) sgn(ife(/)).

In particular, if both Fk(f) — 0 and Sk(f) > 0, then sgn(î  — np) — sgn(p — 2).

Theorem 6.2.4. Assume that p  ̂ 2, k > 2, f ^ 0 in (0,TTP) and f G £*((), TTP)

satisfies (6.2.35) and Lk(f) ^ 0. Then BVP (6.1.7) with \ = Xk = {p - l)kp has
at least one solution. The set of all possible solutions is bounded in C1\0,TTP\. The
inequality Lk{f) > 0 is satisfied if f satisfies both (6.2.35) and Sk(f) > 0. The
equation Sk,(f) = 0 holds true if at least one of the following two sets of k — 1
orthogonality conditions is satisfied:

(a) Am = 0 for m = 0 , 1 , . . ., k - 2;

(b) Dm = 0 for m = 0 , 1 , . . ., k - 1.

Proof. The proof is in principle the same as the proof of Theorem 6.2.1 and it
is based on the topological degree argument. We define the operator TM./ in the
same way as in the proof of that theorem.

Case 1 ((p — 2)Lk{f) < 0). We claim that there exists a constant R > 0 such
that for any \i G [1, (1 + l/k)1^} the BVP

(6.2.39) ($(u'))' + Mfe*(w)=M/(M 1/pi) , u{0) = 0 =  U(TTP)

has no solution for which \\u\\x > R, where X = Co[O,7rp]. By contradiction,
suppose that there are sequences

{Mfc}~= i C [l , (1 + fc"1)1^] and { U n}~ =1 C X

such that each pair (/in, un) satisfies equation (6.2.39) and H^nllx —> oo as n —> oo.
In analogy with the proof of Theorem 6.2.1 (for p G (1,2)) we may assume also
that nn —  n* G [1, (1 + l/fc)1^] as n -  ̂oo, together with an := u'n(0) -  ̂ OD. Each
un can be extended to a solution of the initial value problem

( $« ) )' + MnAfe$K) = iinftfjn), un(0) = 0, U'JO) = an,

on K+ = [0, oo), and hence vn(t) = un(/j,n t) solves the initial value problem

($«) )' + \k$(vn) = /(*), vn(0) = 0, v'n(0) = an,

where an := \xn an —> oo. Let 0 < e < (Trp/k) be sufficiently small. By Lemma
6.2.5 there is precisely one zero point tla of vn in the interval [(1 — l/k)irp + e, (1 +
l/k)ir p — e] and txa —> TTP as n —> oo, according to (6.2.37). Similarly, the next

If Fk(f) = 0, we /ioue i/ie formula

(6.2.38) *i = ̂ p + ^ _ ^ z l _ _ L f e ( / ) + 0(|a|2(^-")).
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larger zero point t2a of vn approaches (1 + l/k)np as n —* oo. Moreover, equation
(6.2.38) yields tla < TTP. On the other hand, for every n £ N

vn(p
1/pirP) = un(ir p) = 0 with 1 < ̂  e [1, (1 + l/k)1^1^}

forces tla < [in < t2a which contradicts the definition of tla and t2a and proves
boundedness of solutions of (6.2.39).

Case 2 ({p — 2)Lk(f) > 0). Similarly as in the previous part of the proof
we reach contradiction assuming that there is a solution of (6.2.39) with ||M||X

arbitrarily large for any /x[(l — l/k)p~1,1], only the inequality tla > np is to be
reversed.

The remaining part of the proof of the statement up to "... bounded in
C1 [0,7TP]." is similar to that of Theorem 6.2.1. The proof of the statement starting
with "The inequality Lk(f) >  0..." is a matter of a direct computation, we refer
to [268] for details.

Now we will present a statement showing that the boundedness of solution
space of (6.1.7) at resonance is not "stable" in the sense that a small perturbation
of the right-hand side / by a term which is transversal to the hyperplane { / G
JL

1(0, TTp) : JQ" f (t) sin.pt dt =  0} . This statement is proved in [268] as a corollary
of a more general statement, but we prefer to formulate here only that corollary,
and we refer to [268] for more details.

Theorem 6.2.5. Suppose that p  ̂ 2, g : (O,TTP) —> R is a continuous bounded
function, g ̂  0 and J^'' g{i) sinp tdt = 0. Let a, e > 0 be arbitrary. Then there
exists a constant 7 G M, 0 < [7) < e, such that (6.1.7) with A = Ai = (p — 1)
and f(t) = g(t) + 7 has a solution satisfying \u'(0)\ > a. In particular, there
exist a sequence n̂  ̂ 0, "fn — 0, and a sequence of solutions un of (6.1.7) with
f(t) — 9{t) + In such that |u^(0)| ^ 0 0 as n —> 00, i.e., \\un\\c1 ~*  °°-

6.3 Boundary value problems at resonance

We start this section with a multiplicity result of Ambrosetti-Prodi type, i.e., a
statement concerning the BVP of the form (6.2.3), where the right hand-side h is
split as in the below formula (6.3.1). In the subsequent subsection we extend the
classical Landesman-Lazer linear solvability condition to half-linear BVP's, and
the last subsection is devoted to the Fucik spectrum and solvability of half-linear
BVP's with asymmetric nonlinearities.

6.3.1 Ambrosetti-Prodi type result

To simplify the presentation of the results of this subsection, we will use the
following notation. We set

L* = U>(0,np), W  ̂ = Wl>p{Q,vp), C^CMO.TTp],
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andand

Co = {ueC[0,7Tp], u(0)=0=u(7Tp)},

CQ1 = {u£C1[0,ir p},u{0)=0 = u(irp)}.

Let us split any h £ L°° as follows

(6.3.1) h{t) = h(t) + hsmpt,

where ft, G IR and

rp,
(6.3.2) / h(t)smptdt = O.

Jo

The aim of this subsection is to prove the so-called Ambrosetti-Prodi type
results for the BVP
(6.3.3)

($(u'))' + ( p- l)*(w ) = h(t), U{0)=0 = U(TTP), h(t) = h(i) + hsmpt.

We define the spaces L°°, WQ'P, LP, C1, CQ as those formed respectively by
elements of L°°, WQ'P, LP, C1, CQ, which satisfy (6.3.2). We also define the energy
functional associated with (6.3.3)

(6.3.4) Eh(u):=- \u'\pdt-- \u\p dt + hudt, q=—^—.
P Jo Q Jo Jo P — 1

The following two concepts concern the geometry of the functional Eh

Definitio n 6.3.1. We say that a functional E : WQ'P —> R has a local saddle point
geometry, if there exist u, v s Wo '

p which are separated by Wo '
p in the sense that

E{u) < inf £(w), E{v) < inf £;(w),
new,11' mevv{f'

p

and any continuous path from u to w has a nonempty intersection with WQ'P.
We say that E has a local minimizer geometry if there exists R > 0 so that

/ /-Tp \ V P

inf E(u) < inf _E(it), | | d |1 ) 9= / u'p }
||«||i,p<fl Il«l|i !p = -R \Jo )

The following statement can be regarded, in a certain sense, as a complement
of Theorem 6.2.2.

Theorem 6.3.1. Assume h £ C1, h  ̂ 0, then Eh has a local saddle point geom-
etry for 1 < p < 2 and a local minimizer geometry for p > 2.

Proof. For 1 < p < 2, let «(£) = u(t) + usinpt, u € W;
0
1'P- By the variational

character of the first eigenvalue Ai = p — 1 it follows that there exists r\ > 0 such
that

]_ p ]_ r71"! '  z" 71"! ' p p

E-Au) = - I u'p / up + hu>ri I u'p - hu
P Jo Q Jo Jo Jo Jo
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and E~h{u) is bounded from below on the subspace Wo
 >p. On the other hand, from

the proof of Theorem 6.2.2 we find that there exist sequences {«„} , {vn} C WQ'P

such that E~h{un) —> —oo, Eh(vn) —> -oo and un —> oo, vn —> —oo, respectively
(note that vn has the analogous meaning as u at the beginning of the proof). This
means that for n large enough, un, vn are separated by W0'

p in the sense of the
previous definition.

Next, for p > 2, from Theorem 6.2.2, there exists R > 0 such that

(6.3.5) / : = Jn{pE~h(v)<E~h(u)7

for any u G W0'p, | |U||I,P = -R and all global minimizers of E~h belong to the ball
of radius R in W0'

p. Assume now that there exists a sequence un G W0'
p with

|wn||i,p = R such that E^(un) —> /. Since we can assume that this sequence
is weakly convergent in W0'

p', say to «, then wn —> u in I p . The weak lower
semicontinuity of E  ̂and (6.3.5) imply

E~,(u) < liminf E-h(un) = I

and hence ||un||i] P —> ||M||I.P. Thus un strongly converges to u in WQ'P! which
implies that ||M||I)P = R and E^u) = I. But this is a contradiction, hence E~h has
a local minimizer geometry.

In the proof of the main result of this section we will need the following sta-
tements. The first one concerns the Palais-Smale condition and it is a variant of
Lemma 6.1.2.

Lemma 6.3.1. Let h be written in the form (6.3.1) and h ^ 0. Then Eh satisfies
a Palais-Smale condition, i.e., if Eh{un) - ^ c g l , E'h{un) —> 0, then un contains
a subsequence which converges strongly in WQ'P'.

We will also need the concepts of the upper and lower solutions and associated
statements.

We call a function u G C1 with absolutely continuous $(w/) a lower solution of
(6.3.3) if M(0) < 0, U{TTP) < 0 and

a.e. in (0, np). If all inequalities are reversed, we have the definition of an upper
solution u. We write u -< v if u(t) < v(t) on (0, TTP) and either u(0) < v(0) (u(np) <
V{TTP)) or u(0) = v(0) {U{TTP) = v(np)) and u'(0) < v'(0) {U'{IT P) > v'(np)). A lower
solution u is said to be strict if every solution u of (6.3.3) such that u < u on
[0, TTP]  satisfies u -< u. The strict upper solution is defined in an analogous way.

For h G L°° we define an operator Th : CQ —> CQ by T^(u) = u if and only if

($(«'))' = /i(i ) - (p - l)*(u) , t G (0,7TP), u(0) = 0 = u(irp).

($(u'))' + {p- 1)*(M ) > h
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Lemma 6.3.2. Assume that u and u are respectively lower and upper solutions
of (6.3.3) with u<u. Then this problem has at least one solution u satisfying

u(t) < u(t) < ll(t), te[0,1Tp\.

Moreover, if u and u are strict and satisfy u -< u, then there exists RQ > 0 such
that for R> Ro

deg[I-Th;Q,O] = l,

where O = {u G Cg : u ~< u -< u} n Bci (0, R).

The previous statement is used in the proof of the next results which play the
fundamental role in the proof of the main statement of this subsection.

Lemma 6.3.3. Let (6.3.3) be solvable for ht{t) = h(t) + hi sinp t, i = 1, 2, hx < h2.
Then it is solvable for any h(t) = h(t) + hsinpt with h G (hi, hi)-

Lemma 6.3.4. Let h G L°° \ L°°. Then either (6.3.3) has no solution or all
solutions of (6.3.3) are a-priori bounded in CQ by a constant depending on the
value of

i rp

/ h(t) sinp t dt ,
\Jo

and there exists Ro such that for all R> RQ,

deg[/-Th;Bci(0,i2),0]=0.

Lemma 6.3.5. Let the assumptions of Lemma 6.3.3 be fulfilled. Then (6.3.3) has
at least two solutions for any h(t) = h(t) + hsmpt with h G (h~i,h~2), h^O.

Now we are in a position to formulate and to prove the main statement of this
subsection which, in addition, summarizes previous partial results. This statement
can be regarded as a complement of Theorem 6.2.3.

Theorem 6.3.2. Let p ̂  2. Then there exists an open dense set (with respect to
L°° norm) S C L°° with Cl[Q, TTP] n L°° \ {0}  C S. For every heS there exists a
ball in L00^, TTP) centered at h such that (6.3.3) has solution for every h belonging
to this ball. Moreover, for any h G S there exist real numbers  =
H- < 0 < H+, such that (6.3.3) with h(t) = h(t) + hsinpt has

(i) no solution ifh(£ [H-,H+\;

(ii)  at least two solutions ifhE (H-, H+) \ {0} ;

(Hi) at least one solution ifh£ {H-,0,H+}.

Proof. Let S C L°° be defined as follows: h G S if and only if E~h has a local saddle
point geometry if p G (1,2) or has a local minimizer geometry if p > 2. From
Theorem 6.2.2 it follows that C1 \ {0}  C S, hence <S is dense in L°°. Since the local
geometry of the functional E  ̂is invariant with respect to small perturbations of
h G L°°, the set S is also open.
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Let us fix for a moment some ho G S and consider p > 0 so small that the local
geometry of Eh is the same as that of E  ̂ for any h G Z?L°° (ho; P) (the ball of radius
p around ho in L°°). According to Lemma 6.3.1, for h G B^  ̂(ho, p) \L°° the func-
tional Eh satisfies the Palais-Smale condition. Hence for any h G B^x (ho; p) \ L°°
the problem (6.3.3) has at least one solution by a standard variational argument
applied to Eh (Saddle Point Theorem for p G (1,2) and the minimization argument
when p > 2, see [339]) But from Corollary 6.3.3 it follows that problem (6.3.3) has
also a solution for any h G BL^(IIQ]P) PI L°°, and hence, in particular, problem
(6.3.3) has a solution for any h G S.

Let us fix now h <E S and consider h(t) = h(t) + hsmp t. Define

H-=H-(h):=mih, H+ = H+(h) := sup/i,

where the infimum and supremum are taken over all h such that (6.3.3) (with
above fixed h) has a solution. Then from the above formulated lemmata we have
H- < H+. Let us prove that  are finite. Suppose, by contradiction, that there
exist sequences hn G R, un G CQ such that hn —> oo and un is a solution of
(6.3.3) with h = hn. Dividing the differential equation in (6.3.3) by hn, and setting

vn = hn '~ ' t in, we find that vn G CQ satisfies

It also follows from Lemma 6.3.4 that vn is uniformly bounded in CQ. NOW, the
Ascoli-Arzela Theorem implies that for a subsequence of vn (denoted again vn) we
have vn —> VQ in Co- The Lebesgue Dominated Convergence Theorem and (6.3.6)
imply that

vo(t) = J $-i [$(^(0)) + j° (sinp r-(p- l)$(uo(r))) dr] (is,

i.e., vo is a solution of

( $ K ) ) ' + (p - l)*(«o) = sinp t, vo(O) = 0 = wo(7Tp),

which contradicts the later given Corollary 7.1.2 (see Subsection 7.1.3). This proves
that H+ < oo and similarly we prove that also H- > — oo.

Now, from the definition of the numbers  it follows that (6.3.3) has no
solution if h £ [H—,H+\. On the other hand, from Lemma 6.3.3, it follows that
(6.3.3) has a solution for any h G (H-,H+). Then Corollary 6.3.5 implies that
(6.3.3) has at least two solutions if h G (H-,H+) \ {0} .

It remains to prove that (6.3.3) has a solution if h =  To this end, let
us assume that hn —> H+ as n -  ̂ oo and let un be a solution of (6.3.3) with

($(O)' + (P-I)*(vn) = ^+S inp t ,
tin

or equivalently
(6.3.6)

Vn=f§-1 *«(0))+ T (^+sinpr-(p-l)$(v n(r)) ] dr  ds.
70 [ JO y iln j
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h{t) = h(t) + hnsinpt. According to Lemma 6.3.4 the sequence un is bounded in
CQ and the Ascoli-Arczela Theorem implies that for some subsequence (denoted
again un) un —  UQ in Co- The same argument as above yields that UQ is a solution
of

(*(«')) ' + (p - l)$(u) = h{t) + H+ sinp t, u(0) = 0 = u(7rp).

Similarly we can prove that (6.3.3) has a solution for h = H_. This completes the
proof. D

6.3.2 Landesman-Lazer  solvability condition

The paper of Landesman and Lazer [232] published in 1970 is the pioneering
work concerning solvability of the linear BVP at resonance. Since that time, the
conditions ensuring solvability of BVP's in this situation (the so-called Landesman-
Lazer conditions) have been extended in many directions. The main statement of
this subsection establishes the Landesman-Lazer solvability conditions for the the
half-linear BVP

(6.3.7) ($(x'))' + \nQ(x)+g(x) = h(t), x(0) = 0 = x(irp).

I t is supposed that h £ Lq(0,np), g is a bounded continuous function such that
there exist finite limits \imx oo g(x) =  By ipn we denote the normalized
eigenfunction corresponding to the n-th eigenvalue, i.e., An = (p — l)np, <pn(t) =
ansmp(nt), where an > 0 is such that ||<£>n||z,p = 1.

Let the functionals A, B be given by (6.1.4), G{t) = JQ g(s) ds,

C(x) :=  [  " [G(x(t)) - h(t)x(t)} dt

and

(6.3.8) J(u):=A(u)-XnB(u)-C(u), E(u) = ̂ \ .
B(u)

The main result of this subsection reads as follows.

Theorem 6.3.3. The boundary value problem (6.3.7) has a solution provided one
of the following two conditions is satisfied

g+ f ' ip+(t)dt + g- [ ' tp-(t)dt > [ ' <pn(t)h(t)dt
Jo Jo Jo

(6.3.9) > g+ [  "<p-(t)dt + g- [  "<p+(t)dt
Jo Jo

or

g+ f ' <p+(t)dt + g- [ ' <p-(t)dt < [ ' tpn(t)h(t)dt
Jo Jo Jo

(6.3.10) < g+ f " ip-(t)dtg- I " rf(t)dt,
Jo Jo

where ip+ =  max{0, </?„}, ip~ =  min{0, ipn).
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Before giving the proof which is based on the fact that critical points of the
functional J are weak solutions of (6.3.7), we introduce some concepts and aux-
iliary statements which we will need in this proof. The proof relies on a saddle
point-type theorem for linked sets, which in turn relies on a variational character-
ization of eigenvalues Xn.

Let £ be a closed subset of W0'
p(0, TTP) and Q be a submanifold of W0'

p(0, np)
with relative boundary dQ. Following [339, Definition 8.1] we say that £ and dQ
link if £ DdQ — 0, and for any continuous map h : W0

1:P(0, irp) —> W0
llP(0, np) such

that h\dQ = id, there holds h(Q) n £  ̂ 0. The following lemma is proved in [339,
Theorem 8.4].

Lemma 6.3.6. Let J G C1(W0
1'p(0,7rp)) satisfy the Palais-Smale condition. Con-

sider a closed subset £ C Wo'p(0,7rp) and a submanifold Q C WQ'P(0,TTP) with
relative boundary dQ, and let T := {h e C(WO:P(O,7TP),WQ'P{O,TTP)) : h\9Q = id}.

Suppose that £ and dQ link, and infg J(u) > sup ĝ J(u). Then

3 = inf sup J(h(u))
her Q

is a critical value of J.

Lemma 6.3.7. If either (6.3.9) or (6.3.10) is satisfied, then J satisfies the Palais-
Smale condition.

Proof. Let {uk} C WQ'P(0,ITP) be a sequence such that |J(ufc)| < c and J'(uk) —> 0
in (WQ'P(0,TTP))*. We must show that {uk} has a subsequence which converges
in WQ'P(0, Tip). First we show that {«&}  is bounded. By contradiction, suppose
that ||u/fc|| —> oo and consider the sequence Vk = Uk/\\uk\\- Then {vk} is bounded
and hence without lost of generality we can suppose that this sequence is weakly
convergent to some VQ. We assume that

J'(ufc) = A'(uk) - \nB'{uk) - C\uk) -+ 0,

hence, dividing this relation by ||Mfe||p^1, we have

By the boundedness of C we know that C'(uk)/\\uk\\p l —> 0 and by the compact-
ness of B' we know that B'(vk) -> B'(v0). Thus vk -> v0 = (A'y^XnB'ivo)) in
WQ'P(0, IIP). It follows that v0 = n- We assume that vo = tpn, the case v0 = -ipn

can be treated analogously.
Now we add the inequalities

-cp < pJ(uk) < cp

and (||  ||*  denotes the norm in (WO'P(0,TVP))*)

-||J'K)||*IKI I  < -(J'(uk),uk) < ||j'( Ufc)||.||Ufc||
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to get

-cp-||J'(ufc)ll*IKI I < -p I ' G(uk) + I ' g(uk)uk + (p - 1) / ' huk
Jo Jo Jo

< cp+\\J'(uk)\U\\uk\\.

Dividing by \\uk\\ and writing G(ufe)/||ufc|| = g(uk)vk, where

JG(s)/s for s jt 0,

10 for s = 0,

we get

/ "[g(uk) - pg(uk)]vk + (P - l) f " hvk < - ^ - + || j ' (Ufc)| | ,.
Jo ^0 \\Uk\\

The right-hand side of the last inequality approaches 0 and J^p hvk -  ̂J^1' htpn as
k —> oo, so

p /-ftp

lim / [g(uk) - pg(uk)]vk = (1 - p) / hipn.fe^°° Jo Jo

Recall that Wo '
p(0, TTP) embeds compactly into C[0, np], so without loss of of gen-

erality, vk = uk/\\uk\\ —> (pn uniformly, and hence uk{t)  —> oo for {t : <pn(t) > 0}

and uk(t) —> —oo for {t : ipn(t) <  0} . But uk(t) —> o implies g(uk(t)) —>  as

well as g(uk(t)) —> , by the application of L'Hospital's rule to G(s)/s. Thus, by

the Lebesgue Dominated Convergence Theorem,

[g(uk) -pg(uk)]vk = (l-p) \g+ / ip++g_ <p~ ,
L Vo Jo

and so
, /-TTp l-TTp

9+ fn+9- <Pn = / h<Pn,
Jo Jo Jo

which contradicts (6.3.9) or (6.3.10). Hence, the sequence {uk} is bounded. By
compactness there is a subsequence such that B'{uk) and C'{uk) converge in
(Wo'p(O,7rp))* . Since J'{uk) -> 0, A'(uk) converges in (Wo'p{O,np))*. Finally,
uk = (A')~l(A'(uk)) converges in WQ'P(0,TTP). This completes the proof.

Now we are ready to prove the Landesmann-Lazer solvability condition (The-
orem 6.3.3) for half-linear BVP at resonance.

Proof. We show, using below given auxiliary results (a) - (g), that the assumptions
of Lemma 6.3.6 are satisfied provided (6.3.9) and (6.3.10) hold. This implies then
the statement of theorem.

Let Qn j T :={tu  : 0<t<T,ue An}  for T >  0, where An is defined by (6.1.6),
and let £c := {u € WQ'P(0,TTP) : A(u) > cB(u)}. We will  divide our arguments
into several steps.
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(a) If h : Qn,T —*  WQ'P(0,ITP) is a continuous map such that h\gQn T is odd,
then we have h(Qn,T) H £\,l+1 7̂  0- Indeed, suppose not, so /i(Qn.T) C (£AT,+1)

CJ
where (-)c denotes the complement of the set indicated. Since 0 G £\n+1, we have
(£\n+1 )c C WQ'P(0,TTP)\{0}  and we can compose with the radial projection onto S
to get, without loss of generality, /i(Qn.r) C Sn(£\rl+L )c. Since E(h{u)) < An+j for
u G Qn,T, where E is given by (6.3.8), is a compact set, we may assume that there
exists an e > 0 such that E(h(u)) < An+i — e for every u G Qn;r-  Now, Theorem
6.1.2 implies that the genus 7({ M 6 <S : -E(u) < An+i — e}) < n, so there is a
continuous odd h : {u E S : E(u) < Xn+i  — e) —> M™ \ {0} . Hence, the composed
map h o h : Qn.T —* R" \ {0}  is continuous such that h o h(—x) = —h o /i(a;)
for x G dQn^r- But Qn,r is homeomorphic to the closed unit ball in R", so the
previous statement contradicts the classical Borsuk-Ulam theorem (see [86, p. 21]).

(b) The next statement we present without proof, we refer to [131] for the
details.
Given e < inin{|A n+i — An|, |An — A n_i|} , there exists an i G (0,e) and a one-
parameter family of homeomorphisms j]  : [—1,1] x S —> S such that (i) i](t,  u) = u
if E{u) G (-co, Ara — e] U [An + e, co) or if u G K.\n, where JC\n is defined in the
Subsection 6.1.2, (ii) E(r](t,u)) is strictly decreasing in t if E(u) G (An — i, Xn + e)
and u £ K,\rl, (iii ) rj{t,  —u) — —f}{t, u).

(c) In this part of the proof we define

EXn = {tu : t e M, u £ r? ( - l, £Xr:, n 5 } ,

Qn,T = {tu:0<t<T,ue ??(l, A n ) } ,

where Ara is defined by (6.1.6). By the part (b), A{u) — \nB{u) > 0 for u G ^A,, ,
with equality if and only if u = apn for some e e l . Similarly, A(u) — \nB(u) < 0
for Qn,T with equality if and only if u = apn for some c £ l . Using the part (a)
and the fact that r)(t, ) is an odd homeomorphism, we can prove the following
statement.

(d) If h : Qn,T —> W0'
p(0,TTp) is continuous such that h\dQ T is odd, then

h(Qn.T) n £\n+l 7̂  0- To show this, suppose, by contradiction, that h : Qn,T —>

Wo 'p(0, TTP) is continuous such that h\dQ T is odd with h{Qn^r) ^£\n+i = 0- Then

the function h : Qn,T -^ Wo'p(0,7rp) denned by h(tu) := h(tr)(l,u)) for u G An

and 0 < t < T does not satisfy the conlusion (a), a contradiction.
(e) Let h : Qn-i,T ~  ̂ WQ'P(0,TTP) be continuous such that h\Qn_lT is odd,

then we have
h(Qn-l,T)n£Xn =0.

To prove this claim, suppose that it does not hold. Then, as in the proof of the part
(a), we may assume that /i(<2n-i,T) C (£\n + )cr\S. Then h : Qn-i,T —*  WO'P(0,TVP)

given by h(u) = r](l,h(u)) is a continuous function which is odd on its boundary
and with the image in {£\,n)

c fl S, a contradiction with the part (a).
In the remaining part of the proof we suppose that (6.3.9) holds and we prove

the inf sup assumption of Lemma 6.3.6 with £ = £\n+1 and Q = Qn,T- It follows
that dQC\£ — 0. This fact and the statement of the part (c) imply that £ and dQ
link.
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(f) If condition (6.3.9) is satisfied, then there exists R > 0 and 5 > 0 such that
(J'(tu),u) < —5 for all t,u with t > R and u € r/(l, An). To prove this, suppose
t]~ —> oo and Ufc 6 r/(l, An) such that

limsup(J'(tkuk),uk) > 0.
k—>oc

Since rj(l,An) is compact, we may assume that uk — «o in ??(l,An). If uo 7̂
i p 1 ^ ^ , then

rV\u'0\P-Xn P'\uo\
p<-e

Jo Jo

for some e > 0 (note that this is the stage of the proof where it is technically
important to use rj(l,An) rather than An). Thus

/ \u'k\'-\n K r < - -
Jo Jo /

for k large enough. Hence

(J'(tkuk),uk) < -Ul'1 - f ' [g(tkuk) - h]uk1 Jo

for large k, which leads to a contradiction of the limsup assumption. Hence, sup-
pose that u0 = pllp(pn. We still have

rv fci
p-An r w < o ,

Jo Jo

so

{J'(tkuk),Uk) <- [g(tkUk) - h]uk
Jo

for all fceN, The fact that g is bounded and that uk — pl/p(pn allows to apply
the Lebesgue Dominated Convergence Theorem to get

lim (J\tkuk),uk) < - p1 / p (9+ f "<p++g-  [ " <p~ - I " h^n) < 0,
fc^°° V Jo Jo Jo J

by (6.3.9). Once again a contradiction is reached. The case «o = —pl^P{Pn is similar.
(g) The proof is finished by the following statement. If (6.3.9) is satisfied, then

there exists T > 0 such that

inf J(u) > sup J(u).
£ A T l + 1 dQn,T

To prove this, notice that for u £ £\n+1 we have

J(u) > - (An+1 - An) \\ufLP - f "[G(u) - hu],
V Jo
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which is clearly bounded below by some value a. By the previous part of the proof
we have

J(tu) = J{Ru) + J{tu) - J(Ru)
ft

= J(Ru)+ / (J'(su),u)ds
Jo

< c-S(t-R)

for all u € 77(1, An), all t > R, and some c £ l . Thus there exists a T > R such
that J(tu) <c-5(T-R) < a for alH > T and u G r/(l, An). U

6.3.3 Fucik spectrum

The concept of the Fucik spectrum has been introduced in connection with the
boundary value problems associated with the equation

(6.3.11) u" + f{u)=0

involving the so-called asymmetric nonlinearity f (another terminology is the
jumping nonlinearity), i.e., a function f such that there exist finite limits

f(u) ,. ,. f(u)
U  ̂ — OO U U^r + OC U

but /_ + f+.
If these limits are equal, solvability problem is closely connected with the re-

lationship of this limit to the classical spectrum of the linear part — u" (together
with considered boundary conditions, Dirichlet, periodic, Neuman,...). If /_ 7̂  /+,
the crucial role is played by the pairs \p, i>],  ji, u £ K, for which the equation

(6.3.12) -y" = w+ - vy_

has a nontrivial solution satisfying boundary conditions under consideration. Here
y+ = max{0,y}, y_ = max{— y, 0} . In case of the Dirichlet boundary condition
(other types of boundary conditions can be treated in a similar way), it is not
difficult to verify that (6.3.12) together with the boundary condition y(0) = 0 =
2/(TT) has a nontrivial solution if and only if /x = 1 (y £ R arbitrary), or v = 1
(fj, £ R arbitrary), or \i and v are related by one of the following identities with
ken

k fc_i fc+1 fc-i  k fe+1_i

In case of the scalar p-Laplacian — (\y'\p~2y') (instead of the operator —u") the
situation is very similar. Consider the BVP

(6.3.13) ($(.x'))' + M*(a; + ) -^ (a ; ") = 0, x(0) = 0 = x{np).

Using the generalized sine function sinp (which satisfies the boundary condition
in (6.3.13)), it easy to compute that the Fucik spectrum of (6.3.13) consists of the
trivial part

[H,v]  e £i := { [p- l ,A] , AeR}U{ [A ,p - l ] , A £ R}
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and the hyperbola like curves £2fc, £2/0+1,1, and S2fe+i,2, where

**  = {w-pj;+  !&  =

(. , k k + l \

A general treatment of the Fucik spectrum for the one-dimensional p-Laplacian
can be found e.g. in [118, 332], see also [55] for some computational aspects of the
problem. More precisely, the results of [332] concern the more general differential
equation

(6.3.14) ra(ta<S>(u'))' + c(t)$(u) + w{t){ji{u +)p-1 - v{u-)p-1} = 0,

where c,w are continuous functions on an interval / = [a, b], w(t) > 0 for t G /
and a > 0 is a real constant. Problem (6.3.14) is considered together with the
Sturm-Liouville boundary conditions

(6.3.15) 7 l$(u) (a)+72( tQ$(u ' ) ) (a) = 0,

(6.3.16) <y3$(u)(b)+<yi(t
a$(u'))(b) = 0,

where 72 + 7I > 0, 7I + 74 > 0. If a > 0 or a = 0 and 0 < a < p - 1, the BVP is
referred to as regular, denoted by (R), and is said to be singular, denoted by (S),
in the opposite case. In the latter case, the boundary condition (6.3.15) at t = 0
is always u'(0) = 0.

In the next theorem, a function u is said to be initially positive or initially
negative at a if u(a+) > 0 or u(a+) < 0, respectively. Also, we denote by A& the
fc-th eigenvalue of the "normal" BVP

(6.3.17) t-a(ta<f>{u'))'  + \c{t) + \w(t)]<f>(u)  = 0

with boundary conditions (6.3.15), (6.3.16). The proof of the next theorem is based
on a version of the Priifer transformation applied to (6.3.14), we skip this proof
because of its technical complexity.

Theorem 6.3.4. The Fucik spectrum a of (6.3.14), (6.3.15), (6.3.16) is closed in
the \xv-plane ffi 2. It takes the form a = a+ U a~, where {ji,  v) G a+, if and only if
{v,[i)  6 cr~. The sets a+, a~ are closed and the eigenfunctions corresponding to
points of these sets are initially positive and negative, respectively. Furthermore,

a n {(A , A) : A e l }  = {(A fe, Xk) : k e N}  C a+ n u~.

The eigenf unctions corresponding to the connected components 0^, a^, k £ N,
of a+, a~ have exactly k — 1 zeros on (a,b). The first (trivial) component of o\
consists of {Ai }  x M, while for k > 2, a~£ is a C1 curve (fj,,i/(fi)) with V'(IJL) < 0
and with the following asymptotics (the relations for a  ̂ follow by symmetry):
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(i) Singular case a = 0 and a > p — 1 :

k = 2i: i/(oo) = A;, ^(A4
b+) = oo,

k = 2i + l: i/(oo) = \\, u(\i+ i+)  = oo.

(ii ) Regular case a > 0 or 0 < a < p — 1 :

where A"b, A", \\ are eigenvalues of (6.3.16) with the boundary conditions

\ab : u{a) = 0, u(b) = 0,

Aa : u(a) = 0, -y3$(u)(b) + -y4(t
a$(u'))(b) = 0,

A6: 71$(u)(a)+72(t
a$(M'))(a) =0, u{b)=0,

respectively.

Using this description of the Fucik spectrum, one can prove the following state-
ment concerning solvability of the BVP's associated with the differential equation

(6.3.18) ra{ta<S>{u'))' + f(t, u) = 0.

Note that the uniqueness condition on the initial value problem associated with
(6.3.18) supposed in this theorem can be found e.g. in [332].

Theorem 6.3.5. Let f be continuous in [a,b] x 1R and the initial value problem
(6.3.18) with the initial values u(0) = UQ, U'(0) = 0 in case (S) (i.e., a = 0), and
u(a) = UQ, (ta$(u'))(a) = Mi in case (R), has a unique solution. Suppose that
there exists a function h £ L°°(a, b), 0 ^ h(t) > 0, such that

-oo < -K < liminf ^ % ^ < limsup ^ % ^ < (\lW + c - h)(t)

or

(li kw +  c + h)(t)< liminf 4 ^ r ^ l i m s uP ^TY  ̂ (Vk+iw + c - h)(t)
«-»oo 9{U) u^oc 9{U)

and

(vk+iw + c + h)(t) < l im in f^ . ' 7 < limsup {}. ' 7 < (vk+1w + c-h)(i),
u^-oo 9{U) «^-oo 'P(M)

where (Aj,O) G a+, {)ik;vk) G &t > (̂ fc+ij  vk+i)  £ ^A^+I a re elements of the Fucik
spectrum of (6.3.14), (6.3.15), (6.3.16) with no, k, k + 1 zeros in (a,b), respective-
ly. Then (6.3.18), (6.3.15), (6.3.16) has a solution. The same conclusion holds if
(0,Ai ) £ (jj~, (/Xfe, f̂c) e a  ̂ and (/xfc+1, ^fe+1) 6 o"^+r

fc = 2i: ^(oo)=Af, v(\\+) = oo,

k = 2i + l: v(oo) = \f, v(\i+ i+)  = oo,
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We finish this subsection with a statement concerning the unique solvability of
"Fucik type" initial value problem. The proof of this statement can be found in
[332].

Theorem 6.3.6. Let c,d G C(I). Then the initial value problem

t-a{ta$(u')y + c{t)(u+)p-1 - dityu-y-1 = o, tei,
u(0) = Mo, u'(0) = 0 in case (S),

u(0) = Mo, (ta§(u'))(a) = u\ in case (R)

has a unique solution.

6.4 Notes and references

The description of eigenvalues and eigenfunctions of the boundary value (6.1.2)
can already be found in the paper of Elbert [139]. Let us mention very recent paper
[41] by Binding, Boulton, Cepicka, Drabek and Girg, where it is shown that for
V > 12/11 (see also the detailed numerical analysis in that paper) the functions
fn{t) = sinp(mrpt) form a Riesz basis in L2(0,1) and a Schauder basis in La(0,1)
for any 1 < a < oo. The variational characterization of the eigenvalues of the
BVP (6.1.2) presented in Subsection 6.1.2 is taken from the paper of Drabek and
Robinson [131]. The results of Subsection 6.1.3, in particular, the construction
of the forcing term / in (6.1.7) for which this BVP with A < Ai has at least
two solutions are originally presented in the papers of Del Pino, Elgueta and
Manasevich [91] (case p > 2) and of Fleckinger, Hernandez, Takac and de Thelin
[164] (the case p s (1, 2)). The statement given in Theorem 6.1.4 which extends the
previous results to general A is taken from Drabek and Takac [134]. The results of
Subsection 6.1.4 are presented in the paper of Del Pino, Elgueta and Manasevich
[91]. Finally, statements given in Subsection 6.1.5 form the main part of the paper
Del Pino, and Manasevich [92]. The method used in that paper follows the idea
introduced in the paper of Guedda and Veron [170].

Concerning the statements presented in Section 6.2, the main results of this
section, i.e., those in Subsection 6.2.1, come from Del Pino, Drabek and Manase-
vich [88], an abbreviated version of this paper is [87]. Note that the proof of the
main auxiliary statement of this subsection, Lemma 6.2.1 follows essentially the
proof of Lemma 6.1.3 and requires the assumption that the forcing term is of the
class C1. The second part of this section (Subsection 6.2.2) is a very brief extract
of the paper of Manasevich and Takac [268], unfortunately, we found no space to
present other interesting results of that paper here. Note only that Lemma 6.2.5
extends the statement of the above mentioned Lemma 6.2.1, it requires the forcing
term to be only in L1 and its proof follows completely different idea than that of
Lemma 6.2.1. Related results concerning both resonant and nonresonant BVP's
can be found in the papers of Binding, Drabek, Huang [43], Drabek [118, 122],
Lindqvist [257], Manasevich, Mawhin [266], and Zhang [381].

The first subsection of Section 6.3 is a substantial part of the paper of Drabek,
Girg and Manasevich [124]. Note that the linear motivation of the results of
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that paper is the paper Ambrosetti and Prodi [18]. The extension of the linear
Landesman-Lazer solvability conditions (originally published in [232]) is taken
from the paper of Drabek and Robinson [131]. The concept of the Fucik spectrum
of the linear second order differential operator is introduced in the papers of Fucik
[167] and of Dancer [85]. The half-linear version of the basic results of that paper
can be found e.g. in the book of Drabek [119]. Theorems 6.3.4 and 6.3.4 are taken
from the paper of Reichel and Walter [332]. the related results can be found e.g.
in the paper Fabry, Manasevich [158]. Concerning an attempt to extend the re-
sults on the Fredholm alternative to the Fucik-type BVP we refer to the paper of
X. Yang [375].

Finally note that we have presented in this chapter only the results which are
relatively closely related to the equation (1.1.1). There are many papers devoted
to BVP's associated with the equation ($(y'))' = f(t,y,y'), these papers extend
corresponding results for the equation y" = f(t,y,y'). As an example let us men-
tion at least the papers of J. Wang [357] and of Averna and Bonanno [27], see
also the references given therein. Another possible line of the generalization of
linear results is suggested in the paper of Manasevich and Sedziwy [267], where
the Lienard type equation is investigated.
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CHAPTER 7

PARTIAL DIFFERENTIAL EQUATIONS WITH
p-LAPLACIAN

Similarly to the boundary value problems for half-linear ordinary differential e-
quations, also partial differential equations with p-Laplacian are treated in many
papers. Recall that the p-Laplacian is the partial differential operator

(7.1.1) Apu(x):=div(\\\7u(x)\\p-2Vu(x)), x = (xu ..., xN) G RN,

where p > 1, div :=  5Zfc=i af~ ^s tne u s u al divergence operator,

f du du \
Vtt(x) = ^ — , . . . , -—

is the Hamilton nabla operator and ||  || denotes the Euclidean norm in M.N.
In the first section we deal with Dirichlet BVP for partial differential equations

involving p-Laplacian (7.1.1). The second section is devoted to higher dimensional
BVP at resonance, in particular, to higher dimensional analogue of the results
given in Section 6.2. The last section of the chapter contains a brief treatment of
the oscillation theory of PDE's with p-Laplacian.

7.1 Eigenvalues and comparison principle

In this section we deal with the properties of the first two eigenvalues of the Dirich-
let BVP for p-Laplacian. Then we present maximum and comparison principles
for this operator and we conclude this section with a brief description of the Fucik
spectrum of the Dirichlet boundary value problem associated with p-Laplacian.

353
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7.1.1 Dirichlet BVP with p-Laplacian
In this subsection we deal with the properties of the first eigenvalue and the
associated eigenfunction of the Dirichlet boundary value problem

( '  ' \u{x) = 0, xedfi,

where O, is a bounded domain in Rw and A is an eigenvalue parameter.
The solution of problem (7.1.2) is understood in the weak sense; we say that

A is an eigenvalue if there exists a function u E Wo
 l P(^), u^O, such that

(7.1.3) / || Vu||p-2(Vu, VT?> dx = \ [  $(u)r? dx,
JQ JQ

for every r]  E WQ'P(Q,), where , ) denotes the scalar product in Rw . The function
u is called an eigenfunction.

The first eigenvalue Ai = Ai (Q) is obtained as the minimum of the Rayleigh
quotient

( 7 X4, h r f J | | V ,r , f c
v In\v\Pdx

where the infimum is taken over all v E W0'
p(fl), v ̂  0. If u realizes the infimum

in (7.1.4), so does also |w|, and this leads immediately to the following statement.

Theorem 7.1.1. The eigenfunction u associated with the first eigenvalue \\ does
not change its sign in 0. Moreover, if u > 0, then actually u > 0 in the interior
of a.

Proof. The statement concerning the positivity of u follows from the Harnack
inequality [352, p. 724].

In the proof of the main result of this subsection we will need the following
inequalities, for the proof see [258].

Lemma 7.1.1. Let wx, w2 E RN.

(i) Ifp>2, then

(7.1.5) ||«,2p > p\\w1r(w1,(w2 - Wl)) +
 I I^_7™1||P.

(ii)  Ifl<p<2,  then

(7.1.6) [M r > P\\WlnWl, (W2 - Wl))+g(p) ( i i J ^ + l ^ l l ) ^ '

where C(p) is a positive constant depending only on p.
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The main statement of this subsection reads as follows.

Theorem 7.1.2. The first eigenvalue of (7.1.2) is simple and isolated for any
bounded domain SI c M.N.

Proof. Here we follow Lindqvist's modification [258] of the original proof of Anane
[19] where it is supposed that the boundary 90 is of the Holder class C2'a. Recall
that the space Cn'a, a e (0,1), is a subspace of Cn formed by the functions /
such that

/ T — 1l\\a

x ^ y W-1 y \ \

for differentiation indices \f3\ < n, where |/3| = f3\ +  +  /3jv and

&  - dW

dxi1  dxp
N

N

This assumption on the boundary of 17 is removed in Lindqvist's proof by intro-
ducing the functions u + e, v + e instead of u, v, respectively (used by Anane).

Suppose that u,v are eigenfunctions of (7.1.2) with A = Ai. Let e > 0 and
denote ve — v + e, ue — u + e. Further, let r\ — uE — v"§u^p, fj — ve — %i?Ev1

E~v. Then
r],f)e Wo'p{Q) and

v"={ i+(p- i)(s)p} vu-^sr iv-
A similar formula holds for Vrj. Inserting the test functions rj  and fj into (7.1.3)
and adding both equations, we get

(7.1.7)

Ai / - ^ - - ^ \ K - v P ) dx

=/J{i + (P-i)(|)P}iiv« £r+{ i + (P-i)(|)P}iiv, er]^

- / p(-X \\VuE\r2(VuE,\7vE)

+p(yY \\Vv£\r
2(Vv£,Vu£) dx

= [ « - ^)(||Vlogue||
p - ||VlogU£||

p)^

- pvP\\V\ogueY-2(V\ogue,{V\ogve-V\ogue))dx
Jn

r
- / pup\\VIogv6\\

p~2{\7logv£, (S7\ogu£-V\ogv£))dx>0
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for every e > 0 (here we have used inequality (7.1.5) with w\ = Vlogwe, wi =
Vlogwe and vice versa). In view of (7.1.8), taking a sequence e  ̂ —> 0+ as k —> oo
and using Fatou's lemma in the previous computations we finally arrive at the
conclusion that vVu = u\7v a.e. in 0. Hence there is a constant n such that
u = KV a.e. in 0 and by continuity this equality holds everywhere in 0.

Now we turn the attention to the case 1 < p < 2 where the situation is similar
as in the previous case. Applying inequality (7.1.6) in (7.1.7) we obtain

which is a contradiction.
Now, suppose, by contradiction, that there exists a sequence of eigenvalues

An — Ai+ and let un be the sequence of associated eigenfunctions such that
||un|| = 1. This sequence contains a weakly convergent subsequence in WQ'P(VL)J
denoted again un, and hence strongly convergent in LP(Q). Since we have un =
— A nA~1($(un)) (this is a usual argument in the theory of partial equations with
p-Laplacian, we refer e.g. to the monograph [168]), the sequence un converges
strongly in W0'

p(Cl) to a function of the W0'
p norm equal to 1 associated with

A] . However, by the Jegorov theorem, the sequence un converges uniformly to a
function u except for a set of arbitrarily small Lebesgue measure. However, this
is a contradiction with the fact that the eigenfunction associated with the first
eigenvalue does not change its sign in Vt.

s - A i X [ ( t ) - f e ) *
for every e > 0. Using (7.1.8), we again arrive at the desired dependence u = KV
for some constant K.

As for the isolation of the first eigenvalue Ai, we proceed as follows. Since Ai
is defined as the minimum of the quotient (7.1.4), it is isolated from the left. If v
is an eigenfunction associated with an eigenvalue A > Ai then v changes its sign
in 0. Indeed, suppose that v does not change its sign in Q. Then using the same
method as in the previous part of the proof, we get (for details we refer to [19])

0 < J (Ai - A)K  - vp) dx = (A! - A) (J- - j)

by the inequality given in Lemma 7.1.1. It is obvious that

(7.1.8) lim / — - — \ {ul - v?) dx = 0.

Let us first consider the case p > 2. According to inequality (7.1.5) we have

0 s 5=WoG?+;?)hv*-- v* l ' l f c
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7.1.2 Second eigenvalue of p-Laplacian

In this subsection we briefly deal with the variational description of the second
eigenvalue of p-Laplacian and with a nodal domain property of the associated
eigenfunction. We again suppose that Q, is a bounded domain in Mn.

We consider the eigenvalue problem (7.1.2) and we introduce the functional

A(u) = - f \\Vu\\p dx, B{u) = - f \u\p dx, F{u) = A2(u) - B(u).
P Jn PJn

I t is clear that the critical point u of F associated to a critical value c (i.e., F{u) = c
and F'(u) = 0) is an eigenfunction associated to the eigenvalue

Conversely, if u ^ 0 is an eigenfunction associated to a positive eigenvalue A,
v = (2\A(U))~PU wil l be also an eigenfunction associated to A = l/[2J4(w)] and v
is a critical point of F associated to the critical value c = — 1/[4A2].

Let us consider the sequence {c n} neN defined by

(7.1.9) cn=  inf supF(w),
KeAn veK

where

An = {K C W0'
p(fl) : K is a symmetrical compact and ~f(K) > n}

and j(K) denotes the Krasnoselskii genus of K, i.e., the minimal integer n such
that there exists a continuous odd mapping of K —> 1" \ {0} . It can be proved
(using the Palais-Smale condition for F) that the sequence cn consists of the critical
values of F and cn —» 0—. The sequence of eigenvalues An defined by

(7.1-10) Xn = r - ^ =
^ V Cn

is positive, nondecreasing and tends to oo. Note that it is an open problem whether
(7.1.10) describes all eigenvalues of (7.1.2) (in contrast to the scalar case N — 1,
compare with Subsection 6.1.2).

We denote by Z(u) = {x G fl : u(x) = 0}  the so-called nodal contour of the
function u and let N(u) denote the number of components (the so-called nodal
domains) of 0 \ Z(u). For each eigenfunction u associated to A we define

N(\) = max{N(u) : u is a solution of (7.1.2)}.

At the end of this subsection, we present without proof the main result of [21].
The next statement shows, among others, that the second eigenvalue A2 can be
characterized by (7.1.10).

Theorem 7.1.3. For each eigenvalue A of (7.1.2) it holds XN(\) < A. Moreover,
the value A2 given by (7.1.10) satisfies

A2 = inf{ A : A is positive eigenvalue of (7.1.2), A > Ai} .
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7.1.3 Comparison and antimaximum principle for
p-Laplacian

The (strong) comparison principle and antimaximum principle are well known
statements for the classical linear Laplace operator (see e.g. [78] for the antimaxi-
mum principle). Here we present some of their extensions to the p-Laplacian. We
do not present details of all proofs, in some cases we give only a brief outline of
ideas used there.

We start with the so-called strong comparison principle and boundary point
principle. We will use the usual convention that for f,g £ L°°(f2) the relation
/ ^ g in a domain fl C M.N means that f(x)  ̂ g(x) for x G fl' C fl with fl' having
positive measure.

The strong comparison and boundary points principles concern a pair of nonau-
tonomous Dirichlet BVP's with the p-Laplacian

(7.1.11) -Apu = A$(M) + /, x G fl, u = 0, xedfl,

(7.1.12) -Apv = \$(v)+g, xefl, v = 0, x G dfl.

Theorem 7.1.4. Let fl C 1^ be a bounded domain whose boundary is a connected
C2'a manifold for some a G (0,1) and let 0 < A < Ai, where Ai is the first
eigenvalue of — Ap in fl. Further, let 0 < / < g with f ^ g in fl. Ifu,v G W0'

p(fl)
are solutions of (7.1.11) and (7.1.12), respectively, then the strong comparison
principle holds:

dv dv
(7.1.13) 0 < u < v in 0 and — < — < 0 on dCl,

dv dv

where J  ̂ denotes the derivative in the direction of the exterior normal.

For / = 0 and u = 0 the previous statement is known as the strong maximum
principle and can be found e.g. in [355, Theorem 5]. The proof of Theorem 7.1.4 is
based on the so-called weak comparison principle combined with certain regularity
results for weak solutions of (7.1.11), (7.1.12). Recall that the weak comparison
principle reads as follows.

Theorem 7.1.5. Let fl C 1 N be a bounded domain with C1>a boundary dfl for
some a e (0,1). Further let f,g G Lq(9,), q = p/(p- 1), f,g G Wx-{-l/ri> p{d£l)
with f < g in fl and f < g in dfl. Consider a pair of Dirichlet BVP

(7.1.14) -Apu = A$(w) + /, xefl, u = f on dfl,

(7.1.15) -Apv = A$(t>) + g, x G fl, v = g on dfl.

and letu,v be weak solutions of (7.1.14) and (7.1.15), respectively. Then

(i) if X < 0, then u < v almost everywhere in fl;

(ii)  if A < Ai, 0 < / < g in fl and f = g = 0 in dfl, then 0 < u < v almost
everywhere in fl with u,v G L°°(fl).
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As we have shown in Subsection 6.1.3, if 0 < A < Ai, the uniqueness of a
solution of Dirichlet BVP is generally violated. However, if the forcing term / in
(7.1.11) is nonnegative, the uniqueness is preserved as the next statement shows.

Corol lary 7.1.1. Suppose that the assumptions of Theorem 7.1.5 concerning
(7.1.14) are satisfied with / = 0 and f > 0, but f ^ 0 in O. Then (7.1.11)
has a unique solution.

Proof. Suppose that Mi,«2 G W0'
P(Q) are two solutions of (7.1.11). Then these

solutions satisfy

ut > 0 in n, -  ̂ < 0 on dtt, i = 1,2,
dv

and this enables to apply the inequality of Diaz and Saa [94, Lemma 2] which
reads

(7.1-16) /(^-^)(<-W^>0,
JO. \ Ul{ U2 J

with equality if and only if u\,U2 are proportional (see also the proof of Theo-
rem 7.1.1). Substituting from (7.1.11) we obtain

However, the integrand in the last integral is nonpositive, and hence it must vanish
a.e. in SI and (7.1.16) implies that «2 = \JM\ for some positive [i.  Inserting this
relation into (7.1.11) we conclude that (fj, — 1)/ = 0 in fi, so \x = 1 and hence
u\ — u-2- n

Another consequence of the maximum principle is the following nonexistence
result for the resonance problem at the first eigenvalue of — Ap.

Corollar y 7.1.2. Let f £ L°°{Q), f > 0, f ̂  0 and A = Ai in (7.1.11). Then
this BVP has no solution in WQ'P(Q,).

Proof. Let u S W0'
p(fl) be a solution of (7.1.11) with A = Ai. First, similarly as

in the proof of the maximum principle one can show that u > 0 in O and §^ < 0
on dfl. Let <p be the (positive) eigenfunction associated with Ai. Next, we apply
again (7.1.16) for u and tip, t > 0. We have

and letting t —> oo we arrive at the inequality Jn fip/$(u) dx < 0, but this is a
contradiction since / > 0 and / ̂  0.

Now pass to the antimaximum principle for p-Laplacian. This principle con-
cerns the situation when the spectral parameter A is such that A > Ai but it is
close enough to Ai.

ln(^---my--^ru^,

I f(r,.\  I I (q.P ».P\ A™ > n

Jn \ < «2 /
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Theorem 7.1.6. Let Q C 1 N be a bounded domain with a C1'"  boundary, for
some a £ (0,1). Assume that f £ L°°(il) f > 0, / ^ 0 in 0. Then there exists
a constant S = 5(f) with the following property: if A £ (Ai,A i + 8) and u £
WO'P(Q) is a weak solution of (7.1.11), then u £ C1>/3(f2) for some (3 > 0 and i/ie
antimaximum principle holds:

du
(7.1.17) u < 0 in Q, and — > 0 on dtt.

av

Proof. Suppose, by contradiction, that there is no constant S > 0 with the claimed
property. Then there exists a sequence {ak} C (Ai,oo) with ak —> Ai such that
(7.1.11) with A = ak has a (weak) solution uk £ W0

1>p(n) nL°°(O) which does not
satisfy inequalities (7.1.17). This means

(7.1.18) -Apuk = ak$(uk) + f(x), x G Q, uk = 0, x G an.

We claim that

(7.1.19) ||M/C||OC —> oo as k —> oo,

where ||  1̂  is L°° norm. Suppose not, then there is a subsequence of {uk},
denoted again {uk}, which is bounded in L°°(fi) . A regularity result of Lieberman
[256, Theorem 1] implies that {«&}  is bounded in Cx'P{£l) for some (3 £ (0,1).
Moreover, by the Ascoli-Arzela Theorem, {uk} is relatively compact in Cl l / 3 (Q)
for some /?*  G (0,0). Thus, we may extract a convergent subsequence unk —» w* in
Cl i / 3 (f2) as k —> oo. Letting fc —> oo in the weak formulation of (7.1.18), we arrive
at

/ \\Vu*\\p-2{Vu*,Vw)dx = Ai [ ${u*)wdx+ I fwdx
Jn JQ JQ

for all w e W^p(n). So u* G C]^*(O) is a weak solution of (7.1.11) with A = Ai,
a contradiction to Corollary 7.1.2, which proves (7.1.19).

Now set Vk = Mfc/||t<fc||cc, i-e., ||̂ fe||oo = 1- Thus, BVP (7.1.18) becomes

(7.1.20) -Apvk = ak<S>(vk) +
 / (

| f J_1 , x G O, vk = 0, x G 9 0.
||ufc||So

Since {wfc}  is relatively compact in C1>/3 (O), let us extract a convergent subse-
quence vnk — w* in C1'^ (Q,). Again, letting k —> oo in the weak formulation of
(7.1.20), we arrive at

/ \\Vv*\\p-2(Vv*,Vw)dx = Ai [ <5>(v*)wdx+ [fwdx
Jn Jn JQ

for all w G WQ'P(Q). We conclude that w*  G C l l / r (O) is an eigenfunction of (7.1.2)
with ||u*||oo = 1; hence v* = kip for some nonzero 7 G K. We distinguish the cases
7 > 0 and 7 < 0.

(I) Case 7 > 0. Then there exists an integer fco such that each vnir, for k > ko,
satisfies the strong maximum principle of Theorem 7.1.4, i.e.,

(7.1.21) vnk > 0, x G Cl and - ^ < 0, x G dd.
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We rewrite (7.1.20) as follows
(7.1.22)

-Apvnk = \i<S>{vnk) + (ank - Ai)$(wnJ + - — ^ 3 T, x e Q, vnk = 0, x e dQ,
W^Uk II CO

for k > fco- Since

fnk(x) := (ank - XiMvnJ + fe(^_1 > 0 in fi,
|| ^nfc || oo

the nonexistence result of Corollary 7.1.2 applies to (7.1.22) and gives the required
contradiction.

(II ) Case 7 < 0. For large k, the function — vnk satisfies (7.1.21), but this
contradicts our assumption that unk — \\unk\\ooVnk does not satisfy inequality
(7.1.17). . . . ^

Remark 7.1.1. A similar statement as presented in the previous section can be
formulated also for "Fucik type" equation

- A p = a$(u+) - p(u-) + f{x), xen, u = 0, x £ 90,

we refer to [162] for details.

7.1.4 Fucik spectrum for p-Laplacian

The situation with the Fucik spectrum of the p-Laplacian in higher dimension is
more complicated in comparison with the one-dimensional p-Laplacian. To show
this difference, we briefly present the main results of the paper [81]. Recall that
we look for pairs (a, 0) for which there exists a nontrivial solution of the BVP

(7.1.23) -Apu = a(u+)p-1-l3(u-)p-\ xen, u = 0,x&dfl.

Here, again, u+ = (\u\ + u)/2, u~ = (\u\ — u)/2.
Similarly as in the one-dimensional case, the Fucik spectrum T,p of the operator

—Ap in fi C M.N consists of the trivial part Ai x M. and i x A i , where Ai is the first
eigenvalue of —Ap in Q. In this subsection we show the variational description of
the first nontrivial curve of the Fucik spectrum and we also show the application
of this result in the investigation of solvability of the BVP

(7.1.24) -Apu = f(x, u), xeil, u = 0, x e dti.

We start with the variational construction of the first nontrivial curve of Ep.
Let s > 0 and consider the functional

(7.1.25) Js(u)= [  \\Vu\\pdx-s f {u+fdx
Jo. Jn

over W0'
p(O.) and its restriction Js over the manifold

S = lu e Wl'p{VL) : I \u\vdx=l\.
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Using the method of Lagrange multipliers, one can verify that the points of Sp on
the line parallel to the axis of the first quadrant passing through the point (0, s)
are exactly of the form (s + Js{u), Js(u)), where u is a critical point of J.

The first critical point of J is obtained by the minimization; this is the eigen-
function ipi corresponding to the first eigenvalue Ai of — Ap in Q and JS{<P\)  =
Ai — s. The corresponding point of Ep is (Ai, Ai — s) which is a point of the trivial
part Ai x M. One can also show that —ipi is a strict local minimum of Js with
Js(—<p\) = Ai. The corresponding point of Sp is (Ai + s, Ai) which is a point of
K x Ai.

To find a third critical point, we use the Mountain Pass Theorem combined
with the following result.

Theorem 7.1.7. Let

r : = { 7 G C ( [ - l , l ] , 5 ) : 7 ( - l ) = -¥>!, 7(1) = <Pi}

and let

(7.1.26) c(s) = inf max J(u).

Then c(s) is the critical value of J8 with c(s) > Ai .

The idea of the proof of the main results of this subsection is based on the
statements of the following two auxiliary results (which we present without proofs,
we refer to [81] for details).

Lemma 7.1.2. The straight lines of the trivial part o / Sp Ai xK and i x A i are
isolated in Sp.

Lemma 7.1.3. Let r G M and denote O := {u G S : Js(u) < r}. Then every
nonempty connected component of O contains a critical point of Js.

The point (s + c(s),c(s)) obviously does not belong to the trivial part of Sp.
Continuing in this way for every s > 0, and then taking the points symmetric with
respect to the diagonal of the first quadrant, we obtain the first nontrivial part C
of Up. This fact is summarized in the next theorem.

Theorem 7.1.8. Let s > 0. The point (s + c(s), c(s)) is the first nontrivial point
of T,p on the line parallel to the diagonal passing through the point (s,0). In par-
ticular, if s = 0, we have

(7.1.27) A2 = inf m ax [  \\Vu\\pdx.

Proof. Suppose, by contradiction, the existence of a point of the form (s + /x, /i) G
Yip such that \\ < ji  < c(s). By Lemma 7.1.2 one can suppose that Js has no
critical value in the interval [Ai , /i] . To reach a contradiction with the definition of
c(s), we construct a path 7 6 F on which Js attains values less than or equal to \i
what yields the required contradiction. This construction can be briefly described
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as follows. Let u S S be a solution of (7.1.23) corresponding to a = s + /i, (3 = fi.
Necessarily, u changes its sign in Q. Define the path

which starts at u and goes to u+/||w.+ ||p. Then, the construction consists of the
functions U2(t), u3(t) which are defined analogously; u2 starts at u+/\\u+\\p and
ends at w~/||w~||p, u3 goes from —u~/||u~||p to u. A simple calculation, using
(7.1.23), then shows that Js attains values less than or equal to JJ, on these curves.
We have Js(u~/||u~||p) = \i — s. Using the fact that u~/| |u~||p is not a critical
point and applying Lemma 7.1.3 with r = fj, — s, one can construct a path Ui{t)
going from M~/ | |W~| |P to ipi or —ipi and the value of Js on this curve is less than
or equal to /i — s. To explain the idea, suppose that the path goes to tpi. Since
| Js(v) — Js(—v) < s for every v £ S, the value of Js over the path —114 remains less
than or equal to (/i — s) + s = \i and allows to continue from —<fi to — u~/||u~||p.
Drawing a diagram of these curves, one can see that they can be glued in such a
way that the resulting path starts at —<pi, ends at <pi and the value of J along
this curve remains less than or equal to fi.

Note that the characterization of the second eigenvalue (7.1.27) is slightly d-
ifferent than that presented in Subsection 7.1.2 which is based on the Lusternik-
Schnirelmann procedure.

Now we present a statement showing that the first nontrivial curve C is de-
creasing and asymptotically approaches the trivial part of Sp.

Theorem 7.1.9. The curve C is decreasing in the sense that 0 < s < s' implies
s + c(s) < s' + c(s') and c(s) > c(s'). Moreover, ifp > N and there exists a point of
the boundary <9f2 in whose neighborhood dil, is regular, then c(s) — A] as s —> 00.

To apply the previous description of the curve C, consider BVP (7.1.24) and
denote

-,  := l i m i n f ^ , F  := liminf & £ > ,

 := hmmf , . . A  := liminf . . .
c $(S) o $(S)

where F(x,s) = f* f(x,t)dt and the limits are supposed to be uniform with
respect to x.

Theorem 7.1.10. Let (a,@) G C and suppose

(i) Ai < 7+ (a;) < T(x) < a, Xx < 7_(x) < r_(x) < /3 a.e. m fi;

fnj 5_(x) > Ai, 5+ > Ai on a subset of ft of positive measure;

(in) A+(x) < a or A_(x) < /3 a.e. in 0.

Tften BVP (7.1.24) has at least one (weak) solution in WO'P(Q).
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We skip the proof of the previous theorem, it follows a similar idea as that
of Theorem 6.1.6 in the previous chapter. The significant role is played by the
following Sturmian type statement.

Lemma 7.1.4. Let (a,/3) G C and let the functions a, b G L°°(n) satisfy

(i) Ai < a(x) < a, Ai < b(x) < ft a.e. in fi;

(ii)  a(x) > Ai and b(x) > Ai on a subset of O of positive measure;

(Hi) a(x) < a or f3(x) < (3 a.e. in Q.

Then the BVP

-Apu = a(x)(u+)p-} - b(x)(u-)p-\ 16 (1, « = 0, x e f f l

has a solution.

Remark 7.1.2. Combining the idea used in the above described variational con-
struction of the first nontrivial curve of the Fucik spectrum of — Ap with the
construction of higher variational eigenvalues given in Subsection 7.2.3, one can
construct "higher variational curves" of the Fucik spectrum, see [311], where also
the application of that variational result is used to study solvability of (7.1.24)
with nonlinearity g "near" the variational part of the Fucik spectrum.

7.2 Boundary value problems at resonance

This section is in a certain sense higher-dimensional analogue of some parts of
Subsections 6.2 and 6.3. In particular, we show how the Fredholm alternative and
Landesman-Lazer solvability conditions extend to partial differential equations
with p-Laplacian.

7.2.1 Resonance at the first eigenvalue in higher dimension

Consider the boundary value problem at resonance

(7.2.1) -Apu = Ai$(it ) + f(x), xefl, « = 0, l e f f l ,

where / £ L°°(Q), X\ is the first eigenvalue of — Ap in 17. We denote by <pi the
associated eigenfunction. Similarly as in the one-dimensional case, we will suppose
the orthogonality condition

(7.2.2) ( / ,¥>!>:= [  f(x)<p1(x)dx = O.
Jo,

In this subsection, we will not give proofs of the statements, we rather present
ideas used in these proofs. These ideas are in principle different in case p > 2 and
in the case p 6 (1, 2). The former case is usually referred to as the degenerate case,
while the case p s (1,2) is called singular case. However, unifying point in both



7.2. Boundary value problems at resonance 365

cases is the well-known fact that (weak) solutions of (7.2.2) are critical points of
the energy functional

(7.2.3) Jx{u):=- ( \\Vu\\vdx-- f \u\pdx - f f(x)udx.
P Jn P Jn Jn

If p > 2, it is verified that the set of global minimizers u\ of J\, parametrized
by A 6 [0, Ai), contains a sequence that converges to a solution of (7.2.1) in C1(f2)
as A —> Ai. On the other hand, if p G (1,2), the existence of a solution of (7.2.1)
is obtained from a minimax principle performed in the orthogonal decomposition

W^P(Q) = Lm{<^}  + [ L i n ^ } ^ , u =  m + u^,

relative to the scalar product (7.2.2). Note that the case p > 2 is more difficult;
the proof is based on the "quadratization" of the functional J\ (i.e., a second-
order Taylor formula) near the principal eigenfunction <f\. Note also that this
quadratization procedure, as pointed out in [342], can be regarded, in a certain
sense, as a higher dimensional counterpart of the Priifer transformation which
plays the crucial role in the proofs of many results for one-dimensional p-Laplacian.
Again, we refer to the above mentioned paper of Takac [342] for details.

Now we turn our attention to the formulation the main results of this subsec-
tion.

(I) Degenerate case p > 2. First we formulate technical assumptions on the
domain Q. In the degenerate case, we suppose the following two hypotheses.

Hypothesis (HI). If N > 2, then Q is a bounded domain whose boundary dQ
is a compact manifold of the class C1'" for some a G (0,1) and £7 also satisfies the
interior sphere condition at every point of dit. If N = 1, then Q is simply an open
interval in K.

Note that for N > 2 the hypothesis (HI) is satisfied provided f2 C M.N is a
bounded domain with C2 boundary. In addition to properties of the first eigen-
value Ai and the associated eigenfunction ipi established in Subsection 7.1.1, let
us mention that under the hypothesis (HI) there exists a constant (3 G (0, a) such
that if i G C1'P(CL), see [351] and [256]. Throughout this and the next subsections
the constants a,/3 have just this meaning.

To introduce the second (rather technical) hypothesis, we use the following
notation. By T>Vl we denote the completion of WQ'P(Q) with respect to the norm

/ f \ 1 / 2

N U - (JJlV^irlV^fofeJ
and by Qo we denote the quadratic form

2QoW>) := Ja | | V y i | r 2 j l l ^ l 2 + (p - 2) | ̂  ̂ f l  dx

-Ai(p-1) I tf-Vdar,
Jn
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and finally let

(7.2.4) C / : = { z e Q: V<^i(a:)#0}.

Hypothesis (H2). If N > 2 and dQ is not connected, there is no function
v G T>Vl, Qo(v) = 0, with the following four properties:

(i) v — ipixs a.e. in 0, where 5 C fi is a set with 0 < mjv"(5) < myv(Q), where
mjv(-) and x are the ./V-dimensional Lebesgue measure and the characteristic
function of the set indicated, respectively;

(ii ) S is connected and S fl dfl =/=  0;

(iii ) every connected component of the set U is entirely contained either in S or
else in 0 \ S;

(vi) (ds)nficn\u.

Note that it is conjectured in [342] that (H2) holds provided (HI) does.

The first result concerns a-priori uniform boundedness of solutions of (7.2.1)
for A G [0,Ai] .

Theorem 7.2.1. Let K, be a nonempty, *-weakly compact set in L°°(O) such that
0 7̂  K, and (7.2.2) holds for all f 6 K. Then there exists a constant C = C{K)
with the following property: If A 6 [0, Ai] , / € K, and if u £ WQ'P(CI) is a critical
point of J\, i.e., a weak solution of (7.2.1), then  < C.

The previous statement is used in the main result of this subsection concerning
the degenerate case.

Theorem 7.2.2. Let f G L°°(fi ) satisfies the orthogonality condition (7.2.2).
Then (7.2.1) possesses a weak solution u £ WO'P(Q). Moreover, if f ^ 0 in ft, the
set of weak solutions of (7.2.1) is bounded in Cl^{Q).

Note that the boundedness result of the previous theorem is uniform for / £ K
(compare with the analogical statement for the one-dimensional p-Laplacian). The
following result complements Theorem 7.2.1 for /C C\ [Linj^ilJ ^ = 0.

Theorem 7.2.3. Let K be a nonempty *-weakly compact set in L°°{Q.) that satis-
fies (/, ifii)  7̂  0 for every / G /C. Then there exists a constant C = C(/C) > 0 with
the following property: If f e K, and if u G W0'

p(iY) is a weak solution of (7.2.1),
then \\U\\C>-,P < C.

The next corollary to Theorem 7.2.3 shows that (7.2.1) may have no solution
if the orthogonality condition (7.2.2) is violated.

Corollar y 7.2.1. Given an arbitrary g G L°°(Q) with 0 < g ̂  0 in Q, there exists
a constant 7 = 7(3) > 0 with the following property: If f G L°°(Q), f  ̂ 0, is such
that

f = fig + / , with some / i £ l and f G L°°(fl),

and ||/||L=O < j\/J>\, then (7.2.1) has no weak solution u G W0'
p(il).
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(II ) Singular case 1 < p < 2. In the statements of this part of subsection we
suppose only the hypothesis (HI). We need to redefine the space T>Vl as follows.
We define v G VVl if and only if v G Wo

llP(fi) , VV(X) = 0 a.e. in Q \ U, where U
is defined in (7.2.4), and

IMU:=(/j|V^|r 2||V«|| 2^ ) <oo.

We refer to [342] for some comments concerning this definition of T>Vl.

Theorem 7.2.4. Let f G L°°(Q,) satisfy f <£ [V^]1- and (/, </>i) = 0. Then prob-
lem (7.2.1) possesses a weak solution u G WO'P(Q,). Moreover, if K, is a nonempty
*-weakly compact set in L°°(Q,) such that K. C\ \Ptp1]~

L = 0 and (f\fi) = 0 for all
f G K, then there exists a constant C = C(/C) > 0 with the property: If f G K and
u G WQ'P(CI) is a weak solution of (7.2.1), then \\U\\CI,P < C.

Theorem 7.2.5. Let f G L°°(n) satisfy f £ [D^] 1- and (f,ipi) = 0. Then there
exists a constant \Q = Ao(/C) G (0, Ai) such that for \Q < A < Ai and f G K, BVP
(7.2.1) with A instead of \\ has at least three (pairwise distinct) weak solutions
U},U2,U3 specified as follows:

(i) The energy functional (7.2.3) possesses a critical point u\ G WO'P(Q) (hence
a weak solution of the BVP under consideration) such that ui is not a strict local
minimizer and satisfies \\UI\\CI-II  < C, where C = C(/C) is a constant independent
of both A G [Ao, Ai ) and / G /C.

(ii ) The functional (7.2.3) possesses two (distinct) local minimizers u-2,us G
W0'

p(Cl), at least one of which is global.

In analogy with Theorem 7.2.3 for p > 2, if / stays away from the subspace
[Lin{^i}]""" , one can show the following uniform boundedness result and its corol-
lary.

Theorem 7.2.6. Let K, be a nonempty *-weakly compact set in L°°(O) that sat-
isfies (f,tpi) 7̂  0 for every f G K.. Then the conclusion of Theorem 7.2.3 is valid
also for p G (1,2).

Corollar y 7.2.2. Let g G L°°(Q) be an arbitrary function with 0 < g ^ 0 in fl.
Then the conclusion of Corollary 7.2.1 remains valid.

7.2.2 Resonance at the first eigenvalue — multiplicity results

The results of this subsection can be understood, in a certain sense, as a multidi-
mensional analogue of results given in Subsection 6.3.1. We adopt the same nota-
tion and hypotheses (HI), (H2) as in the previous subsection. Also, the principal
idea of the proof is similar and consists in quadratization of the energy functional
J given by (7.2.3). In contrast to the previous section, we formulate the results
simultaneously for the degenerate case p > 2 and the singular case p G (1,2).

Let / G WQ'P(Q,), we express / as the orthogonal sum

f = (Vi + fT, where C  j ^ K and (fT, ^ ) = 0.
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In the singular case, instead of (H2) (which holds in this case automatically),
we suppose the following restriction on the function / .

Hypothesis (H3): fT 6 L°°(fi ) satisfies fT g [DVl} .
For the formulation convenience, we will consider our BVP in the form

(7.2.5) -Apu = Ai$(w) + fT(x) + Cfi(x), x E O, u = 0, x G d£l.

Theorem 7.2.7. Let fT E L°°(Q) satisfy fT ^ 0 and (fT,tpi) = 0. Then there
exist two constants £» < 0 < t;*such that BVP (7.2.5) has at least one weak
solution u £ Wo '

p(f2) if and only z/C*  < C < C*  Moreover, there are two additional
constants Ctf;C" € ^ such that (7.2.5) possesses at least two distinct weak solutions
provided Q < ( < £".

Remark 7.2.1. In contrast to the one-dimensional case treated in Subsection 6.3.1,
it is an open problem whether Q = £*  and (* = C"

Theorem 7.2.8. Let fT be the same as in the previous theorem. If £ = 0 in
(7.2.5), then the set of all weak solutions to this BVP is bounded in Cli/3(f2). / /
5 > 0 is given, then the set of all weak solutions of (7.2.5) is bounded in C1>/3(r2)
uniformly for |£| > S.

7.2.3 Landesman-Lazer result in higher dimension

In this subsection we present the extension of the results given in Subsection 6.3.2.
We consider the boundary value problem

(7.2.6) -Apu - \<f>(u) + g(x, u) = f(x), x G Q, u = 0, x G dfl,

where O C RN is a bounded domain whose boundary dfl (in case N > 2) is a
compact connected manifold of the class C2.

As we have already mentioned before, in contrast to the one-dimensional case
N = 1, the structure of all eigenvalues of (7.1.2) is not known. On the other hand,
there are several possibilities how to find a sequence of the so-called variational
eigenvalues which tend to infinity. Here we present the method used in [133] which
enables to find one such sequence and also to give a variational proof of the exis-
tence of at least one solution of (7.2.6) if g satisfies some additional conditions (of
Landesman-Lazer type) and A is any (even non-variational) eigenvalue of (7.1.2).

Consider the functional

In  M P

for u e WQ'P{Q) \ {0} , and the manifold

S:={ueWt'p(n): W L , = 1}.

I t is a matter of straightforward computation to verify that the eigenvalues and
eigenfunctions of — A p correspond to the critical values and critical points of I\s,
respectively.
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For any k 6 N, denote

J~k  — {A C S: 3 a continuous odd surjection h: 5f c^1 —> -4} ,

where i S ^1 represents the unit sphere in M.k. Next define

Afc: = inf supJ(u).

It is proved in [133] that Afc, k = 1,2,..., are the critical values of I\s, and hence
the eigenvalues of — Ap.

Let {/ifc}  be the eigenvalues defined by the Lusternik-Schnirelmann character-
ization (see e.g. [168]) involving a minimax over sets of genus greater than k. Then
A] = H\,\2 = M2 a nd Afc > (j,k,k = 3 ,4 , . . .. In particular, Afc —> oo as k —> oo.
It is worth mentioning that whether equalities Afc = /ifc, k = 3 ,4 , . . ., hold true is
an open problem if TV > 2. Also, as already pointed out, it is not clear if {Afc} ^
form the complete set of eigenvalues of — Ap UN > 2. On the other hand both
problems are solved positively for N = 1 as we have shown in Subsection 6.1.2.

In our further considerations we will use the standard spaces WO'P(Q), LP(Q),
C(£l) and C1(fi ) (or CQ(£I), respectively), with the corresponding norms

IMI = (J\\Vu\\rdxy, \\u\\L, = (J \u\" cte) \
| |u | |c — max|u(a;) |, || tt|| c11 — ll ul l c + max | | V M ( X ) | |,

a;gfi x£f2

respectively. The subscript 0 indicates that the traces (or values) of functions
are equal zero on dfl. Moreover, for the element h € C(Cl) we use the following
(L2-non-orthogonal) decomposition

h(x) = h(x) + h,

where h € K and
f ~
I h(x)tpi(x)dx = 0.

Jn
The particular subspace formed by h(x) will  be denoted by C(Cl). By Bc(f,p) we
denote the open ball in the space C(fl) with the center / and radius p.

In this subsection we will assume that g = g(x, s) is a continuous function in
both variables, which is bounded and the limits

g (x): = lim g{x,s)
s

exist finite for all x G O. The reader can have in mind e.g. the function

g(x, s) = arctan s, x 6 ft, s € K,

for which g~(x) = — vr/2, g+(x) = vr/2.
Our main results concern the solvability of (7.2.6) and read as follows, the

proofs can be found in [133] and [121].
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Theorem 7.2.9. Assume that A is an eigenvalue of —Ap (variational or nonva-
riational) and either

/

r r

g+(x)v(x)dx + / g~(x)v(x)dx > I f(x)v(x)dx,
. (a:)>0 Jv(x)<0 Jn

or

/

r r

g+(x)v(x)dx+ / g~{x)v{x)dx < / f(x)v{x)dx
_(x)>o Jv{x)<o Jn

hold for any nonzero eigenfunction v associated with the eigenvalue A. Then (7.2.6)
has at least one solution.

Note that according to the previous theorem the boundary value problem

(7.2.9) -Apu - AI$(M) + e arctanu = /, x G tt, u = 0, x G Oil,

has at least one solution if
7T 1 f 7T
2 \m\\L1 Jn 2

The above inequalities do not make any sense if s = 0, i.e., Theorem 7.2.9 does
not cover the solvability of (7.2.6) with A = Ai and g = 0, i.e., of

(7.2.10) -Apu - Ai$(w) = /, x G fl, u = 0, x G dtt.

However, we can apply the following result, which is, in a certain sense, similar to
Theorem 7.2.7

Theorem 7.2.10. Let p ^ 2 and f G C(Q). Then the problem (7.2.10) has at
least one solution if f = f  For 0 ^ / £ C(Cl) there exists p = p(f) > 0 such that
(7.2.10) has at least one solution for any f G Bc{f,p)- Moreover, there exist real
numbers F_ < 0 < F+ such that the problem (7.2.10) with f = f + f has

(i) no solution for f ^ [F-, F+];

(ii)  at least two distinct solutions for / G (_F_,0) U (0,F+);

(Hi) at least one solution for f G {F-, 0, F+}.

Remark 7.2.2. (i) Let us emphasize that Theorem 7.2.9 generalizes the classical
result of Landesman and Lazer [232] and its proof can be found in [133]. However,
we have to admit that both (7.2.7), (7.2.8) are sufficient conditions only and their
necessity is an open problem even in the special case g(x, s) = arctan s. One might
get the impression that letting e —> 0 in (7.2.9) we obtain that

f f(x)iPl(x)dx = 0
Jn
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is sufficient condition for the solvability of (7.2.10). Even if this is the case, it
cannot be proved passing to the limit for e —> 0 in (7.2.9) because of the lack of
a-priori estimates of corresponding solutions.

(ii) Note that Theorem 7.2.9 provides necessary and sufficient condition for the
solvability of the problem (7.2.10). This condition is in fact also of Landesman-
Lazer type ([232], [133]). Indeed, given / e C(Q), / # 0, the problem (7.2.10) with
the right-hand side f(x) — f(x) + / has a solution if and only if

However, it should be pointed out that this condition differs from the original
condition of Landesman and Lazer due to the fact that F_ and F+ depend on
the component / of the right-hand side / (and not on the perturbation term
g = g(x, u)). By homogeneity we have that for any t > 0,

(j).

(iii ) The proof of Theorem 7.2.9 relies on the combination of the variation-
al approach and the method of lower and upper solutions. One of the principal
troubles is connected with the fact that usual apriori estimates and Palais-Smale
condition fail. Let us also point out that the proof of Theorem 7.2.10 essentially
uses the results obtained in [127], [342] and [165]. Finally note that the approach
used in this proof is very different from that used to prove Theorem 7.2.9.

7.3 Oscillation theory of PDE's with p-Laplacian

In this section we briefly present main ideas of the oscillation theory of the partial
differential equation

(7.3.1) Apu + c(x)$(u) = 0, Ap« = div(||V«||p~2Vw), x G RN, p > 1.

First, using the Picone identity, we show that Sturmian comparison theory ex-
tends to (7.3.1). Then we present criteria which guarantee nonexistence of positive
solutions of (7.3.1) in the whole M.N, we also give some oscillation criteria for this
equation. The last subsection deals with partial differential equations with the so-
called pseudolaplacian which is another partial differential operator which reduces
to the operator of the form (r(t)$(x'))' in the scalar case N = 1.

Throughout this section we use the following notation:

flr = {xeRN : \\x\\ > r},
Sr = dflr = {x G RN : \\x\\ = r},

LUN is the area of the unit sphere in M,N.

F-(f) < Y^T— I f{x)vi(x)dx < F+(f).
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7.3.1 Picone's identity for equations with p-Laplacian
Consider a pair of partial differential operators with p-Laplacian

/[it] := div(r(x)||VMf-2Vw) + c{x)$(u)

and
L[u]  := div(7?(x)||VM||p-2VM) + C(x)$(u).

It is assumed that r, c, R, C are defined in some bounded domain G C M.N with
piecewise smooth boundary dG and that r,R G C1(G) are positive functions in G,
and c,C £ C{G). The domain T>i(G) of / is defined to be the set of all functions
of the class Cl{G) with the property that r|[Vu||p-2Vw 6 C1(G) n C(G). The
domain T>L(G) of L is defined analogously.

The proof of the below given TV-dimensional extension of Picone's identity is
similar as in the scalar case, see [191].

Theorem 7.3.1. Let u G Vt(G), v G VL(G) and v{x) ̂  0 for x G G. Then

d i v ( $ r T [$(u)r (a;)ii Vu ii p" 2Vu-$(u) i?(x)ii Vv ii p" 2t '] )
= [r(x) - i?(a;)]||Vu||p + [C(x) - c{x)]\u\p

+ R(x)\\\Vu\\p + (p-l) -Vv P -p -Vu P 2(Vu)(-Vv\\

+ ^[$(v)l[u]-$(u)L[v}].

Taking r = R, c = C in the previous theorem, and using the fact that if
v is a solution of l[v]  = 0 for which v(x)  ̂ 0 in G, then the function w =
[r(x)\\  Vu||p~2/<I)(w)]Vf is a solution of the Riccati type partial differential equation

(7.3.2) divw + c(a;) + (|3-l)r1-9(a;)||u;||<'=0, q=-^—,
p-1

we have Picone's identity in the special form

r(x)\\Vu\\p - c(x)\u\p = dlv(w(x)\u\p) + pr1-q{x)P(rq-1(x)Vu,w(x)^>(u)),

where

As a consequence of Theorem 7.3.1 we have the following extension of the
Leighton comparison theorem.The proof of this statement is again similar to the
"ordinary" case, compare Subsection 2.3.2.

Theorem 7.3.2. Suppose that the boundary dG is of the class C1. If there exists
a nontrivial solution u £ T>i(G) of l[u]  = 0 such that u = 0 on dG and

f {[R(x) - r(x)]\\Vu\\p - [C(x) - c(x)]\u\p} dx < 0,
JG

then every solution v G T>L(G) of L[V]  = 0 must vanish at some point of G, unless
v is a constant multiple of u.
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Another consequence of Picone's identity is the following Sturmian separation
theorem.

Theorem 7.3.3. Suppose that G is the same as in the previous theorem and there
exists a nontrivial solution u s T^i{G) of l[u]  = 0 with u = 0 on dG. Then every
solution v of l[u]  = 0 must vanish at some point of G, unless v is a constant
multiple ofu.

Remark 7.3.1. Recall that if we study properties of solutions of PDE's with p-
Laplacian (7.3.1) in a radially symmetric domain G = Bn = {x G R^ : ||x|| < R}
with a radially symmetric potential c, i.e., c(x) = &(||a;||) for some b : [0,oo) —» M,
then one can look for solutions in the radial form u{x) = v(r) = t;(||x||) and v
solves the ODE of the form (1.1.1)

This method of the investigation of oscillatory properties of (7.3.1) has been used
e.g. in [113, 219], see also the references given therein.

7.3.2 Nonexistence of positive solutions in RN

Concerning the linear differential equation

(7.3.3) Au + c(x)u = 0,

there is a voluminous literature dealing with oscillatory properties of (7.3.3). As
for the classical results concerning oscillation of this equation, we refer to [341,
Chapter 4], the paper [337], and the references given therein. The oscillation theory
of (7.3.3) recognizes two types of oscillation. Equation (7.3.3) is said to be weakly
oscillatory, if every solution has a zero outside of every ball in RN and it is said to
be strongly or nodally oscillatory if every solution has a nodal domain outside of
any ball in K" . Recall that a bounded domain D C M.N is the nodal domain of a
function u, if u(x) = 0 for x € dD and u(x) ^ 0 in D. Moss and Piepenbrick [296]
showed that both definitions are equivalent in the linear case if the function c is
locally Holder continuous. Equivalence of these definitions for (7.3.1) is an open
problem.

We investigate here properties of (7.3.1) using essentially the following two
methods:

(i) Variational principle - consisting in the relationship between the existence
of a positive solution of (7.3.1) in a domain Q C M^ and positivity of the "p-
degree" functional

(7.3.4) Fp(u;n):= f {\\VU(X)\\P - c(x)\u(x)\"} dx
Jn

over the class of functions satisfying u\dn = 0, i.e., over WQ'P(O,).

I  [..»-*  (£,)] +.-.,„ , = 0.
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(ii) Riccati technique - this method is based on the fact that if u is a nonzero
solution to (7.3.1) then the vector function

satisfies the Riccati type equation

(7.3.6) divw + c(x) + (p-l)\\w\\q = 0,

where q is the conjugate number of p, i.e., l/p+ l/q = 1.

We start with two auxiliary statements based on the Riccati technique. Denote

(7.3.7) Q(r) = — f c(x)dx,
%  J\\x\\<r

and for some ro > 0 denote

(7.3.8) W(r)^^^- I \\w\\qdx,
UN Jro<\\x\\<r

where w is the solution of Riccati equation (7.3.6), defined on Qro.

Lemma 7.3.1. Suppose that u is a solution of equation (7.3.1) and there exists
a number ro such that u(x) > 0 on Qro. Let w be the corresponding solution of
Riccati equation defined by (7.3.5). Denote by

[O ifro=O,

where v in the surface integral is the unit outside normal vector to the sphere Sr(t.
The following inequality holds for every r > ro

Q(r) + W{r) < c0 + r V (^—W'(r)) ".
\p — 1 /

Proof. Let us compute Q(r) + W(r). By (7.3.7) and (7.3.8) we have

Q(r) + W(r) = Q(ro) + — [ (c(x) + (p-l)\\w\\q) dx.
UN Jr o<||x||<r  V '

Using this, Riccati equation (7.3.2) and the Gauss theorem, we get

Q(r) + W(r) = Q(ro) + — [ {w,v)dS - — I {w,v)dS
UN Js,.a ^N Jsr.

1 f
= c0 / {w, v)dS.

UN JSr
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The Schwarz and Holder inequalities imply

Q(r)+W(r) < CQ + — f \\w\\\\v\\dS

UN Jsr

UN l-JSr J lJSr
 J

\p-lj L LJN JSr J

= eo + ^ r w j v v
which completes the proof.

Lemma 7.3.2. Suppose that u is a solution of (7.3.1) which is positive in M,N and
Q(r) > 0 for all r > 0. Further, suppose that there exist continuous nonnegative
functions rn, rh, M, M such that the inequalities

m(r) < (p -1) fr[Q(t)+m{t)} qt{1-N)f>dt,
Jo

M(r) < I [Q{t)Mp-l{t) + A]qt{l-N)idt,

m(r) < W{r) and W{r)Mp-l{r)  < 1

hold for all r > 0. Then

(7.3.9) m(r) < W(r) and W{r)Mp-l{r)  < 1 for all r > 0.

Proof. From the assumptions and from Lemma 7.3.1 with ro = 0 it follows that

m{r) < (p-l) f [Q{t)+m{t)}n (1-N)idt
Jo

< (p-i) f\Q{t) + w{t)}n{1-N)idt
Jo

< / W\t)dt = W{r)
Jo

and the first inequality in (7.3.9) holds. Moreover, for every R> r

fR

/ [Qi^MP-^  ̂ + l^t^-^f'dt
J r

rR

= / [Q(i)M p-1(t)W(t) + W'(i)]<W-9(i)i (1-JV)?di

rR

< (P-i)(q-i) [Q(t) + W(t)]qW-'l(t)t^-N)pdt
Jr

< (q-1) W'(t)W-q{t)dt < [W-q+l] r
R < W-q+1{r)

Jr
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holds and the limit process R —> oo implies M(t)Wq~1(t) < 1 which is equivalent
to the second inequality in (7.3.9).

Now we use the previous statements to prove results concerning nonexistence
of positive solutions of (7.3.1) in the whole space WLN. In the linear case (p = 2)
statements of this kind are formulated either in terms of spectral properties of
the Schrodinger operator defined by the left-hand side of (7.3.3) (more precisely,
by the existence of negative eigenvalues of the associated differential operator, see
[337]) or in terms of the existence of a nodal domain of a solution of (7.3.3) (like
in [166, 297, 298]).

However, in the general case p > 1 we have no complete analogue of the spectral
theory of linear differential operators (since the additivity of the solution space
of (7.3.1) is lost and remains only homogeneity). Also, we miss a "systematic"
oscillation theory of (7.3.1) leaned on the (modified) Courant-Hilbert variational
principle consisting essentially in equivalence between oscillation of linear equations
and positivity of associated quadratic functionals.

Theorem 7.3.4. Let c{x) ^ 0 and p>N. If

(7.3.10) liminf / c{x) dx > 0,
r ^°° J\\x\\<r

then (7.3.1) possesses no positive solution in M.N.

Proof. Suppose, by contradiction, that u is a solution of (7.3.1) positive on l w .
We will use the functions Q(r) and W(r) defined by (7.3.7) and (7.3.8), where
ro = 0. Due to the fact that c ^ O we have u ^ const, hence w ^ 0 and there
exists a point r\ > 0 such that W(ri) > 0. Then, in view of (7.3.10), there exists
f'2-, f'2 > T\i such that

Q(r) >--W(n) for r>r2.

From here and from the fact that W(r) is a nondecreasing function we obtain

 < W(r) - ^W(n) < W(r) + Q(r)

for all r > r2- Then using Lemma 7.3.1 we get

[^(r)f<[Q(r)^(r)f<r(-)ff l
and equivalently

P - l q - ^, W'(r)
29 - Wi{r)

for r > T'i- Integrating this inequality we obtain

^ r^-^dK r^Wdt- [w{r)^L< r ^
2" l 2 - L W^t)dt Jw(r2) W* - Jw{r2) W*
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for every r > r2. If r tends to infinity, then the integral on the left-hand side
diverges, since p > N implies q(l — N)/p > —1 and the integral on the right-hand
side converges. This contradiction completes the proof.

In the next theorem we treat the case without the restriction p > N.

Theorem 7.3.5. Let Q(t) > 0, {mi}°Z1; {Mi}°Z x be the sequences of nonnegative
functions, continuous on (0, oo), satisfying

(7.3.11) mj = Mi=O,

(7.3.12) ml+1{r)  < (p - 1) [  [Q{t)+m l(t)]
qt{1-N)*dt,

Jo

(7.3.13) Ml+1(r) < [°°[Q(t)Mr\t)  + l]H( l-N^dt,
Jr

for every r > 0. //

(7.3.14) sup supmi(r)M?-l(r) > 1,
i,jeNr>0

then (7.3.1) possesses no positive solution in M.N.

Proof. Suppose, by contradiction, that u is a solution of (7.3.1) which is positive
in RN. By Lemma 7.3.2, it holds for every i e i

mi(r)<W(r), W{r)M?~l{r)  < 1.

Combining these results we have

rriii^M^ir)  < 1

for every i,j £ N and r > 0 which contradicts (7.3.14).

Corollar y 7.3.1. Let Q > 0 and p < N. If

r>0 Jo iP ~ !)P

then (7.3.1) possesses no positive solution on M.N.

Proof. Define the set of functions as follows:

mi = Mi = 0 forieN\{2},

m2{r)  = (p - 1) T Q"(t)t{1-N)'dt = (p - 1) T Qq(t)t^dt
Jo Jo

and
M2(r)= r^- Nndt=-V^rl^.

Jr P-N
From here it follows

m2{r)Mr\r)  = ̂ ly-i rP~N [  Q"(t)t^dt.

Now Theorem 7.3.5 implies the conclusion.



378 Chapter 7. Partial Differential Equations with p-Laplacian

7.3.3 Oscillation criteria

In this subsection we turn our attention to criteria for nonexistence of positive
solutions to (7.3.1) in the exterior domain flro for ro > 0 arbitrarily large. The
following theorem shows that the (deeply) developed oscillation theory of ordinary
differential equation (1.1.1) can be used to study oscillations of (7.3.1) in the sense
of weak oscillation.

Theorem 7.3.6. Suppose that the half-linear ODE

U>N dr

is oscillatory, where

C(r) :=  f c(x)dS.
Jsr

Then equation (7.3.1) has no positive solution in the exterior domain Qr for r > 0
arbitrarily  large.

Proof. Let z = z(r) be an oscillatory solution of (7.3.15) and rn — oo be its zeros.
Then integration by parts yields

(7.3.16) / " \rn-1\z'{r)\p -— C{r)\z{r)\A dr = O.

Now, for the function y : RN -> R defined by y{x) = z(\\x\\) and Dn = {x : rn <
\\x\\ < rn+i}, we have by a direct computation

FP(y,Dn) := / (\\Vy(xW - c(x)\y(x)n dx
JD,n,

= £'+1 [\z'{r)\ p (Js dS^j - (Js c(x)dSr^j |*(r)r] dr

= r+1 [wjvr^-VWI " " C(r)\z(r)\P] dr

= uN r+1 \rN-l\z'{r)\p - — C(r)\z{r)\A dr = 0.
Jrrl L UN \

Now, if a positive solution u = u{x) exists in an exterior domain QR for some
R, then integrating the Picone identity given in Theorem 7.3.1 over Dn with n
sufficiently large, and with w given by (7.3.5), we have

/ (\\Vy(xW - c(x)\y(x)\P) dx > 0.

Moreover, since u{x) > 0 in O and y \gn = 0, the functions u,y are not propor-
tional, which means that last inequality is strict, a contradiction.
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As a consequence of Theorems 2.3.5 and 2.2.3 applied to (7.3.15) and using the
fact that

r rr ( r \
/ c{x) dx= / c(x) dSr dr

J\\x\\<r JO \Jsr )

we have the following statement.

Corollar y 7.3.2. Equation (7.3.1) has no solution positive in the exterior domain
Qro for every ro > 0 provided one of the following conditions holds:

(i) Let p > N hold and

lim / c(x) dx — oo.
r^ooJ\\x\\<r

(ii)  Letp-l>N,ae(-j,p-N-l] and

lim —— ra / c(x) dx I dr = oo.
t^oc t°+l Jo \Jllxll <r

 { ' )

The disadvantage of Theorem 7.3.6 lies in the fact that integrating the function
over the sphere Sr, we loose the information about the distribution of the potential
c over this sphere, which may be important in some cases. This disadvantage is
improved in the next theorem which introduces the -ff-functions averaging tech-
nique (compare with Subsection 3.2.3) in the oscillation theory of PDE's with
p-Laplacian. We present the statement without proof, this proof can be found in
[275].

Theorem 7.3.7. Let r0 > 0 be fixed and denote D :=  {(r,x) e R x R " : r0 <
\\x\\ < r}, Do :=  {{r,x) e K x l " : r0 < ||z|| < r}. Let H(r,x) € C(D, [0,oo)),
a(x) is a nonnegative continuous function for \\x\\ > ro such that H has a contin-
uous partial derivative with respect to Xi, i = 1 , . .. ,N, on Do and the following
conditions hold:

(i) H(r7x) = 0 if and only if r = \\x\\.

(ii)  There exists a positive function k £ C[ro, oo) such that the function f(r, p) :=
k(p) Js H(r, x) dS is nonincreasing with respect to p for every r > p > ro-

(Hi) The vector-valued function h(r, x) defined on Do by

h(r,x) := VxH(r,x) + ^ V a ( ^ )

satisfies

I H1-p(r,x)\\h(r,x)\\pa(x)dx < oo.
o<||:c||<r
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If

(c Y1

limsup I / H(r, x) dS \

J k»)a(#) - " ^ y ?U = ex,,
Vr o< | | x | | < rL PPHP-l(r,x) J

iften (7.3.1) ftas no positive solution in the exterior domain fi r /or arbitrary
r > 0.

7.3.4 Equations involving pseudolaplacian
Another partial differential equation which reduces to half-linear equation (1.3.2)
in the "ordinary" case is the partial differential equation with the so-called pseu-
dolaplacian

We consider the partial differential equation

(7.3.17) Apw + c(x)$(u) =0

and the associated energy functional

r ( N ft P 1

: = JlT,  ̂ -c(x)\u\Adx

= [  {\\Vu\\P-c{x)\u\P}dx,
Jn

where ||a;||p = ( ̂ 2i=1 \xi\p)'' denotes the p-norm in Rw. This functional plays an
important role in variational principle for equations with pseudolaplacian. Another
important object associated with (7.3.17) is a Riccati type equation which we
obtain as follows. Let u be a solution of (7.3.17) which is nonzero in Q and denote

V-{9{dx1)'---'®{dxJ)'  W-$(u)-
Then, using the fact that (7.3.17) can be written in the form divu = —c(x)$(u),
we have

divw = „. . W(u)d\vv — $'(u)(Vu,v)\
$2(w)

i  ̂ t  ̂ I"I P"2 ^ du "
= -c ( x )- ( p -1 }H^§ ^
= -c(x) - (p -1) 2^  * ( ——

=  _c (a ;)_(p_i)||w |^
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where , ) denotes the usual scalar product in RN, q — p/(p — 1) is the conjugate

exponent of p and ||a;||q = (X^i=i l^il 9)17 denotes the q-norm in M.N. Consequently,
the vector variable w satisfies the Riccati type equation

(7.3.18) divw + c(x) + (p - l)\\w\\qq = 0.

For equation (7.3.17) we can establish oscillation theory and theory for eigen-
value problems similar to that for classical p-Laplacian. An important role is played
in this theory by the following Picone type identity.

Theorem 7.3.8. Let w be a solution of (7.3.18) which is defined in Cl and u e
Wl'v(Q). Then

Fpiu-Vl) = [  \u{x)\pw{x) dS
Jen

f f\\Vu(x)\\r \\w(x)\\l,Mu(x))\* \
+P / i - (Vu(x),${u(x))w(x)} H > dx.

Jn I P 1 )

Moreover, the last integral in this formula is always nonnegative, it equals zero
only i / t i / 0 in Cl and

Having at disposal the previous theorem, one can extend many results of previ-
ous subsections to equations with pseudolaplacian. We refer to [48, 104] for details.

7.4 Notes and references

The results concerning the properties of the first eigenvalue and of the associated
eigenfunction of (7.1.2), as presented here, are taken from the paper of Lindqvist
[258]. Under various restrictions on the domain 0, statements of this kind are
proved in several preceeding papers, let us mention at least the paper of Anane
[19]. The properties of the second eigenvalue of (7.1.2) are established in Anane,
Tsouli [21]. The main statements of Subsection 7.1.3 can be found e.g. in the paper
of Cuesta and Takac [83], see also the paper of the same authors [84]. The proof
of Theorem 7.1.6 as presented here can be found in the book of Drabek, Krejci
and Takac [128, Theorem 7.3, p. 156]. Recent papers dealing with (anti)maximum
principle for p-Laplacian are the papers of Godoy, Gossez and Paczka [169] and of
Fleckinger, Gossez, Hernandez, de Thelin and Takac [162, 163, 164], see also refer-
ences given in those papers. The presentation of Subsection 7.1.4 follows the paper
Cuesta, de Figueiredo and Gossez [82] which is essentially abbreviated version of
the paper [81] of the same authors. Related recent papers are Alif [12], Arias,[24],
Drabek, Robinson [132], Micheletti and Pistoia [287] and Perera [311, 312].

The results of first two subsections of Section 7.2 are taken from the papers of
Takac [342, 343]. Note that several additional results concerning the structure of

<s>(u)\pydx1)'---^\dxj)-
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the solutions of (7.2.5) are hidden in the proofs of statements of Subsection 7.2.1,
7.2.2. However, these proofs are technically rather complicated and long to be pre-
sented here (each of the above mentioned two Takac's papers has more than 30
pages), so we refer to [343, 342] for details. Related results can also be found in the
papers of Alziary, Drabek, Fleckinger, Girg, Takac and Ulm [17, 121, 126]. The
results of Subsection 7.2.3 can be found in the papers of Drabek and Robinson
[123, 133], for related results and references we also refer to the papers of Arcoya
and Orsina [23], Drabek [120] and Drabek and Holubova [127]. Let us also mention
the recent papers [68], [69], and [125] by Cepicka, Drabek, Girg, and Takac dealing
with various aspects of the boundary value problems associated with p-Laplacian,
where, in particular, topics like bifurcation from infinity near eigenvalues and solv-
ability of BVP's under Landesman-Lazer type conditions are discussed.

Picone's identity, as presented in Subsection 7.3.1, was proved by Jaros, Kusano
and Yoshida [191]. However, this identity can be found in various modifications
(sometimes implicitly) also in other papers, e.g. in the papers of Allegretto [13, 14]
and Allegretto, Huang [15, 16] and in the paper of Dunninger [135]. The criteria
for the nonexistence of positive solutions of (7.3.1) given in Subsection 7.3.2 are
presented in Dosly and Mafik [113], this paper also contains some criteria given in
Subsection 7.3.3. The linear version of these results can be found in the paper of
Schminke [337]. The concluding part of this subsection is taken from Marik's paper
[275], this statement is a direct extension of [360, Theorem 1] of Q. R. Wang to
(7.3.1). Related results and references can be found also in another Mafik's paper
[279].

There exist many papers dealing with various oscillation and spectral proper-
ties of PDE's with p-Laplacian, recall here at least the papers Anane, Charkone
and Gossez [20] Bennewitz and Saito [34], Fiedler [161], and the papers of Jaros,
Kusano, Mafik, M. Naito,, Y. Naito, Ogata, Usami and Yoshida [193, 218, 219,
224, 277, 278, 301], but this is really only a very limited sample of papers where
equations of the form (7.3.1) are treated.

The basic properties of solutions of PDE's with pseudolaplacian (7.3.17) can be
found in the papers of Bognar [45, 46, 47]. Oscillation and nonoscillation criteria
for this equation as well as the properties of the first eigenvalue of the Dirichlet
BVP associated with pseudolaplacian are presented in the papers of Bognar and
Dosly [48] and Dosly [104].

Finally note that throughout the whole book, the exponent p in the p-Laplacian
is a constant. Recently, several papers appeared (see, e.g. X. L. Fan, Q. Zhang, D.
Zhao [160] and the references given therein), where the exponent p may depend
on the independent variable x G M.N, i.e., the investigated operator is of the form
div(||Vit(2:)||p(x)~2Vu(a:)). However, this more general situation is not treated in
our book.



CHAPTER 8

HALF-LINEAR DIFFERENCE EQUATIONS

The aim of this chapter is to present discrete versions of some of the results for
(1.1.1) given in the previous parts of the book. First we recall some basic facts
on linear difference equations, then we mention difficulties related to the discrete
case. The largest part is devoted to the oscillation theory of half-linear difference
equations. For comparison purposes, some of the statements will be proved in
details. The chapter is concluded with the theory of half-linear dynamic equations
on time scales, which unifies and extends the continuous and the discrete theory.
We focus our attention to those types of results which explain the discrepancies
between the continuous and the discrete cases. We also show some phenomena
that are not usual in the differential/difference equations case.

If it will not be said otherwise, by an interval we mean the discrete interval
in this chapter, e.g., [0, N] = {0,1,2,..., N} C Z, etc. We also introduce a usual
convention, namely for any sequence {a^}  and any TO £ Z we put ~Y^k=m ak = 0

8.1 Basic information

We start with pointing out basic differences and similarities between discrete and
continuous oscillation theories, we also briefly discuss the discretization procedure
which leads from (half-linear) differential equations to difference equations.

8.1.1 Linear difference equations

In the last two decades, a considerable attention has been devoted to the oscillation
theory (as well as to some other aspects of the qualitative theory) of the Sturm-

383
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Liouvill e difference equation

(8.1.1) A(rkAxk)+ckxk+1 = 0,

where Axk = xk+\ — xk is the usual forward difference operator, r, c are real-
valued sequences and rk =/=  0. Oscillation theory parallel to that for the Sturm-
Liouvill e differential equation (1.1.2) has been established and many oscillation
and nonoscillation criteria have now their discrete counterparts for (8.1.1). We
refer to monographs [1, 11, 138, 175, 199] for general background. Basic tools of
the linear discrete oscillation theory are the discrete quadratic functional

N

Td(x;0,N) =  ]T[r fc(A.Tfc)
2 - ckx

2
k+1],

fc=0

the Riccati difference equation (related to (8.1.1) by the substitution w = rAx/x)

(8.1.2) Awk + cfc +
 Wk = 0
rk+wk

and the link between them, the (reduced) discrete Picone identity

N

(8.1.3) Fd{x;0,N) = wkyl\™ +J2—T (rk&xk - wkxk)
2,

k=o rk + Wk

w being a solution of the Riccati equation, which is denned for k = 0, . . ., N + 1.
A natural idea, suggested by similarity of oscillation theories for linear equation

(1.1.2) and half-linear equation (1.1.1), is to look for half-linear extension of these
results and to establish a discrete half-linear oscillation theory parallel to that
for (1.1.1). Therefore, the subject of this chapter is the theory of the half-linear
difference equation

(8.1.4) A(rk$(Axk)) + ck<I>{x k+1) = 0,

where r, c are real-valued sequences and rk 7̂  0. At a first glance we see the differ-
ence from the continuous case, namely the presence of the shift in the second term,
i.e., xk+i  instead of xk- This is due to the discretization, see the next subsection.
One can use a different discretization scheme, but what we have used here is the
most usual one. Moreover, any index different from the index k + 1 in the second
term in (8.1.4) would destroy the below discrete Sturmian theory.

8.1.2 Discretization, difficulties versus eases

As we have said above, (8.1.4) can be understood either as a generalization of
(8.1.1) or as a discrete counterpart of (1.1.1). Before starting qualitative inves-
tigation of (8.1.4), let us recall the process of discretization of (1.1.1). Thus
consider differential equation of the form (1.1.1) with the coefficients f, c, i.e.,
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(f(£)$(z'))' + c(i)$(z) — 0, where r(t) > 0 and c(t) are continuous functions on (a
real interval) [a, b]. For small h = (b — a)/N, TV G N, we have

^ z{t)-z(t-h)
z (t)

and

Let i = a + kh, where k is a discrete variable taking on the integer values 0 < k <
N. If z(i) is a solution of the above half-linear differential equation on [a, b], then
we have

r(a + (k+ l)h)$[z(a + {k + l)h) - z(a + kh)\-

- f(a + kh)$[z(a + kh) - z(a + (k - l)h)} + h2c{a + kh)$(z(a + kh)) « 0.

Now we set yk+i = z(a + kh), rk = f(a + kh) and Ck = h?c(a + kh). Hence we get

rk+i^{iik+2  - Vk+i) - rfe$(yfe+i - yk) + ck$(yk+i) K, 0

and thus
A(rk^(Ayk))+ck<S>(yk+i)  «0

for 0 < k < N-2. Note that yk is defined for 0 < k < N. Observe that the resulting
rk is positive. But since we want to establish the theory in a full generality, we
allow rk to attain also negative values. This enables to consider equations like the
Fibonacci recurrence relation Xk+2 = Xk+x +Xk for which, when rewritten into the
self-adjoint form (8.1.1), one gets rk = (—l)fc, see e.g. [11]. We will see that the
principal results of our theory apply also in such cases. Possible negativity of r is
the first interesting example of differences between the discrete and the continuous
cases.

In contrast to the continuous case, there is no problem with the existence
and uniqueness for solutions of (8.1.4). Expanding the forward differences, this
equation can be written as

r f e + 1$(xf e +2 - Xk+i) - rk<£>(xk+i  - xk) + ck<S>(xk+i) = 0

and hence

Xfc+2 = xk+1 + $ " 1 ( [r fc$(xfc+i - xk) - ck$(xk+1)}) .
\rk+l  )

This means that given the initial conditions XQ = A,X\ = B, we can compute
explicitly all other xk. Moreover, given any TV G N, the values X2, , ij v depend
continuously (in the norm of I " " 1 ) on Xo,Xj_.

Clearly, all of the problems, which are due to the lack of additivity of the
solution space (see Section 1.3 for the continuous case), are transferred into the
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discrete case. However, in the discrete case one has to overcome another difficulties.
Indeed, we will see that the results for (8.1.4) are similar to those for (1.1.1),
but the proofs are often more difficult. The reason is that the calculus of finite
differences and sums is sometimes more cumbersome than the differential and
integral calculus. For example, we have no discrete analogue of the chain rule for
the differentiation of the composite function, or no discrete analogue of the method
of substitution in integration. On the other hand, there are some points where the
discrete calculus is "easier", for example, if an infinite series ^°° at is convergent,
we have linin^oo an — 0, while the convergence of the integral J°° f(t)dt gives
generally no information about limj^oo f(t).

In the continuous case we have seen how the transformation of independent
variable enables to rewrite equation into the equation of the same form but with
r(t) = 1, see Section 1.2.7. Some of the results obtained for this easier equation then
can be easily rewritten for original equation. Since there is no discrete analogy of
this transformation, it is convenient to investigate half-linear difference equations
with general ?>, if possible.

8.2 Half-linear discrete oscillation theory

This is the main section of the chapter devoted to half-linear difference equati-
ons. First we establish the basic facts of the discrete half-linear oscillation theory.
In particular, we show that the variational principle and the Riccati technique,
properly modified, are the fundamental methods of this theory similarly as in the
continuous case. Then we use these methods to illustrate the main difficulties in
the "discretization" of (non)oscillation criteria and some other results presented
in the previous parts of this book.

8.2.1 Discrete roundabout theorem and Sturmian theory

Let us again emphasize that general discrete oscillation theory can be established
under the mere assumption r^ ̂  0, while we have to suppose that r(t) > 0 in the
continuous case. This fact affects the following definition of the basic concepts of
oscillation theory.

Definition 8.2.1. We say that an interval (m,m+ 1] contains a generalized zero
of a solution x of (8.1.4) if xm  ̂ 0 and xmxm+ir m < 0. Equation (8.1.4) is said
to be disconjugate on [0,7V] provided the solution x of (8.1.4) given by the initial
conditions XQ = 0, ro$?(xi) = 1 has no generalized zero in (0, N + 1].

If rm > 0, a generalized zero of x is just the zero of x at m + 1 or the sign
change xmxm+i  < 0.

In order to present the central statement of half-linear discrete oscillation the-
ory, namely the discrete Roundabout theorem, we have to introduce another im-
portant concepts. Along with (8.1.4) consider the generalized Riccati difference
equation

(8.2.1) A W f c +C f c + W f c f l - T'k ^ = 0 -
V *($-1(»"fe) + $"1(wfe))/
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Define the class T> — T>(0, N) of the so-called admissible sequences by

£>(0, N) = {x : [0, N + 1] -> K ; lo = 0 = 2:^+1}

and the discrete p-degree functional Td on 2?(0, AT) by

N

Td(y;0,N) = J2[rk\Ayk\
p - ck\yk+1\

p].
fc=0

Often we will write just Td(y)- Note that (8.1.4) can be viewed as the Euler-
Lagrange equation associated to certain discrete variational problem involving Td-
Very important role in the proof of the Roundabout theorem is played by Picone's
identity, that is the discrete counterpart to Theorem 1.2.1, which was proved in
[323].

Theorem 8.2.1. Consider a pair of the second order half-linear difference oper-
ators of the form

l[y k]  = A(rk1>(Ayk)) + ck$(yk+1)

and
L[zk]  = A(Rk4>(Azk)) + Ck$(zk+1)

on [0, N], with rk ̂  0 ̂  Rk. Let yk,zk be defined on [0, N + 2] and let zk ̂  0 for
k e [0, N + 1]. Then for k e [0, N],

(8.2.2) A \-^—[<S>(Zk)rk<$>(Ayk) - $(yk)Rk$(Azk)]\ =

= (Cfc - ck)\yk+1\
p + (rk - Rk)\Ayk\P

+ l^hi^M^+i) IN$fei)}  + —G(yk,zk),
wyzk+i) zk+i

where

(8.2.3) G(yk,zk) :=  Z-^\Ayk\*  - ^  ̂ \yk+1f + " ^ f \ykf > 0
zk zk9{zk+i) zk9(zk)

with equality if and only if Ayk = yk(Azk/zk).

Now we are ready to formulate the main statement of this chapter, a discrete
Roundabout theorem.

Theorem 8.2.2. The following statements are equivalent:

(i) Equation (8.1.4) is disconjugate on [0,iV] .

(ii)  There exists a solution of (8.1.4) having no generalized zero in [0,./V + 1].

(in) There exists a solution w of the generalized Riccati difference equation (8.2.1)
(related to (8.1.4) by the substitution wk = rk<&(Axk/xk)), which is defined
for every fe G [0, N + 1] and satisfies rk + wk > 0 for k G [0, N].
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(iv) The discrete p-degree functional Td{y\ 0, N) is positive for every nontrivial
y eV{0,N).

Proof, (i) =4> (ii): First note that for the solution x of (8.1.4) given by Xo — 0,
x\ = $~1(l/ro), we have rkxkxk+\ > 0 for k £ [1,-/V]. Now consider the solution
x  ̂ of (8.1.4) satisfying the initial conditions x$ — e > 0. x[£  ̂— ^1(l/r 0)-
Then, according to the above mentioned continuous dependence on initial values,
x  ̂ —> x on [0, N + 1] as e —> 0. Hence, if we choose e sufficiently small, then
x = xl£] satisfies r-^x^x^+x > 0 for k s [0, N].

(ii ) => (iii) : Let x be a solution of (8.1.4) having no generalized zeros in [0, N+l],
and let Wk — r ^ f A ^ / i f c ) . Then

A(rk<S>(Axk)Mxk) - rk$(Axk)($(xk+1) - $(xk))
Wk $(xk+1Mxk)

_ _ _ rk${Axk) _ rfc$(Axfc)
~ Ck Wk+ $(Xk + Axk)

 Ck Wk + $(xfe)<& (1 + Axk/xk)

= ~Ck~WkV~ ^(l + Q-Hwk/rk)))

~Ck -Wk[}- $(*-i(r fc) + $ - ] W ) ) '
Moreover, rkxkxk+i  > 0 if and only if rk$(xk)&(xk+i)  > 0 and

rk$(xk)$(xk+i) = rk<S>{xk)${xk + Axk)

\ xk J

=  $2(a;fc)*(*"
1(rfc) + *" 1(«'fc))

for k e [0,N]. Hence rkxkxk+1 > 0 if and only if ^>^1(rk) + ^~1(wk) > 0, i.e., if
and only if rk + wk > 0.

(iii ) =>  (iv): Assume that wk is a solution of (8.2.1) with rk+Wk > 0. Note that
then zk given by wk = rk$(Azk)/Q(zk), i.e., Azk = $~l(wk/rk)zk, is a solution
of (8.1.4). From the Picone identity (8.2.2) applied to the case ck = Ck, rk = Rk

and wk = rk<fr(Azk)/$>(zk) we obtain

A[ykrk$(Ayk)]  - A[\yk\
pwk]  = yk+1A(rk${Ayk)) + pk\yk+1 \p + G{yk,wk),

where

g(yf c ,^0 =^ |Ay f c |p - $ ( $ _ 1 ( r f c ^ _ 1 K ) ) | y f c + i | p + ^fc|yfc|
p.

Hence

rk\Aykf - pk\yk+1f = A[wk\yk\
p]  + G{yk}wk).

The summation of the above given equality from 0 to TV yields

N

My) = [wk\yk\X=o + E ^ >W * ) '
fe=0
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compare with the quadratic case (8.1.3). Then Fd{y) > 0 by inequality (8.2.3),
since rkZk+x/zk > 0. In addition, if !Fd{y) = 0, then, again by (8.2.3), Ayk =
ykAzk/zk- Further, we have yo = 0 and therefore y = 0. Consequently, J^div) > 0
for every nontrivial admissible sequence y.

(iv) => (i): Suppose that Td is positive for all nontrivial admissible sequences
and (8.1.4) is not disconjugate in [0, TV + 1], i.e., the solution x given by the initial
condition xo = 0, x\ = $~x( l /ro) has a generalized zero in the interval [0, TV + 1],
i.e., rmxmxm+i < 0 or xm+i = 0 for some m G { 1 , . . . , TV}. Define y = {yk}^=o
as follows

{ Xk k — 0 , . . ., m,
0 k = m+l,...,N+l.

Then we have (using summation by parts applied to Td,{x\ 0, m — 1))

Fd(v,0,N) = Fd(x;0,m - 1) + [r m\Aym\r]  = rk<$>{Axk)xk\™ +r m\xm\p

= \xm\p Irm^f*™?  + rm] = \xm\p [wm + rm] < 0

since wm +r m < 0 if and only if rmxmxm+i  < 0 as we have shown in the previous
part of this proof.

Remark 8.2.1. (i) Similarly as in the continuous case, it can be shown that the
disconjugacy of (8.1.4) on [O,TV] may be equivalently defined as the property of
(8.1.4) when any its nontrivial solution has at most one generalized zero in the
interval (0, TV + 1], and the solution y satisfying y0 — 0 has no generalized zero in
(O,TV + 1].

(ii ) Picone's identity could be used to prove (ii) => (iv) directly.

The Roundabout theorem may serve to provide very easy proofs of Sturm type
theorems. Indeed, the proof of the following comparison theorem is based on the
equivalence (i) <̂> (iv), while the proof of the subsequent separation theorem is
based on the implication (ii) => (i) and the homogeneity of the solution space of
(8.1.4).

Theorem 8.2.3. Let the operators I and L be as in Theorem 8.2.1. Suppose that
Rk > rk and ck > Ck for k e [0, TV]. Ifl[y k]  = 0 is disconjugate on [0, TV], then so
is the equation L\zk\ = 0.

Theorem 8.2.4. Two nontrivial solutions yW and y& of (8.1.4), which are not
proportional, cannot have a common zero. Let m < n. If t/M satisfying yln = 0
has a generalized zero in (n, n + 1], then y  ̂ has a generalized zero in (m. n + 1].
/ / j/M has generalized zeros in (m, m+1] and (n, n +1], then y  ̂ has a generalized
zero in (m, n + 1].

Remark that the last theorem does not exclude the situation where two linearly
independent solutions have common generalized zero. Taking e.g. the equation
Vk+2 + 2$/fc+i + 2yk = 0 (every three-term linear recurrence relation Akyk+2 +
Bkyk+i + Ckyk = 0 can be written in the form (8.1.1)), one gets the example,
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where such a case may really happen. Indeed, its two linearly independent solutions
are yk = 2k/2 sin(37r£;/4) and zk = 2k/2 cos(37rfc/4). Both these solutions have a
generalized zero in (1,2].

In the next sections, the following concepts will be widely used.

Definition 8.2.2. Equation (8.1.4) is said to be nonoscillatory if there exists
M G N such that this equation is disconjugate on [M, N] for every N > M. In
the opposite case, (8.1.4) is said to be oscillatory. Oscillation of (8.1.4) may be
equivalently defined as follows. A nontrivial solution of (8.1.4) is called oscillatory
if it has infinitely many generalized zeros. In view of the fact that the Sturm
type separation theorem extends to (8.1.4), we have the following equivalence:
One solution of (8.1.4) is oscillatory if and only if every solution of (8.1.4) is
oscillatory. Hence we can classify equation (8.1.4) as oscillatory or nonoscillatory.

8.2.2 Methods of half-linear discrete oscillation theory

We start with what is usually refereed to as the (discrete) Riccati technique. This
method is based on the equivalence (i) <=> (iii ) of Theorem 8.2.2. Note that this
technique can be refined in various ways, as shown in the next subsection. Observe
that in contrast to the continuous theory the condition r^ + wk > 0 is involved
here.

Theorem 8.2.5. Equation (8.1.4) is nonoscillatory if and only if there exists a
sequence u>k, with r^+Wk > 0 for large k, satisfying generalized Riccati equation
(8.2.1).

(Discrete) variational principle extends to (8.1.4) as follows, and it is based on
the equivalence (i) <̂> (iv) of Theorem 8.2.2.

Theorem 8.2.6. (i) Equation (8.1.4) is nonoscillatory if and only if there exists
N e N such that

oc

Fd(y;N, oo) = £ [rk\Ayk\
p - ck\yk+1\

p] > 0
k=N

for every nontrivial y s T>(N), where

V{N) :=  {x : N -> M; 3M > N with xk = 0 if k 0 (TV, M)} .

(ii)  Equation (8.1.4) is oscillatory if and only if for any N 6 N there exists a
(nontrivial) y S T>(N) such that Td{y,N, oo) < 0.

Another well-known method, which is available in the half-linear discrete os-
cillation theory is the (discrete) reciprocity principle. Here we suppose that rk > 0
and Cfc > 0 (even if for the transformation itself, it suffices to assume rk  ̂ 0 and
Cfc ^ 0). If we denote uk = rk<&(Ayk), where y is a solution of (8.1.4), then u
satisfies the reciprocal equation

(8.2.4) A(4-9$-i(A u f e)) + r ^ ^ K + i ) = 0,
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where $~1 is the inverse function of $, i.e., <fr~1(x) — |:r|9~1sgn£ and q is the
conjugate number of p, i.e., l/p+ 1/q = 1. Conversely, if yk = cJ,Z'$~1(AMfc_i),
where u is a solution of (8.2.4), then yk solves the original equation (8.1.4). Since
the discrete version of the Rolle mean value theorem holds, see e.g. [1], we have the
following equivalence: (8.1.4) is oscillatory [nonoscillatory] if and only if (8.2.4) is
oscillatory [nonoscillatory].

Finally note that til l now we have no reasonable discrete version of the gen-
eralized Priifer transformation. This is caused, in particular, by the absence of a
discrete chain rule.

8.2.3 Refinements of Riccati technique

Define the operator 1Z by

Before presenting variants and improvements of the Riccati technique, let us
give one technical result. One can see that the third term in the operator 72., i.e.,
the third term in the generalized Riccati difference equation, is of quite compli-
cated form in contrast to its continuous counterpart and this sometimes causes
difficulties when handling with it. Nevertheless, the next lemma shows what could
be expected, namely that the function

S(X,y) = S(X,y,P)=X(l-m_l{xV+iS._1{y)))

exhibits behavior similar to that of the function x2/{x + y), which appears in
Riccati difference equation (8.1.2) associated to linear difference equation (8.1.1).

Lemma 8.2.1. The function S(x,y,p) has the following properties:

(i) S(x,y,p) is continuously differentiable on

D :=  {(x7y,p) e R x I x ( l , oo ) , x^ -y}.

(ii)  Let y > 0. Then x^(x, y,p) > 0 for x + y > 0, where f f (a;, y,p) = 0 if and
only if x = 0.

(Hi) Let x + y > 0. Then jf-{x, y,p) > 0, where the equality holds if and only if
x = 0.

(iv) S(x,y,p) > 0 for x + y > 0, where the equality holds if and only if x = 0.

(v) Suppose that the sequence (xk,yk), k = 1,2,..., is such that Xk + yk > 0
and there exists a constant M > 0 such that yk < M for k — 1,2,.... Then
S(xk7yk,p) —* 0 implies Xk —> 0. Moreover, liminffc^oo J/fc > 0.

(vi) Let S(x,y,p) — x — S(x,y,p) hold. Then S(x,y,p) — S(y,x,p) on D and
§f (a;) y,p) > 0 for x + y > 0, where the equality holds if and only if y = 0.
If V < 1, then S(x, y,p) < 1 for all x + y > 0.
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where £ is between &~1(y) and $~1(x) + $~1(y).

The equivalence of disconjugacy of (8.1.4) and solvability of (8.2.1) (satisfying
fk + wk > 0), coupled with the Sturmian comparison theorem for (8.1.4) (The-
orem 8.2.3), lead to the following refinement of the Riccati equivalence from the
previous subsection.

Theorem 8.2.7. The following statements are equivalent:

(i) Equation (8.1.4) is nonoscillatory.

(ii)  There is N e N and a sequence w such that TZ[wk] — 0 and r^ + Wk > 0 for
ke [N,oo).

(in) There is N £ N; a constant A g R and a sequence w such that

fc-i

wk = A- Y.lcj + Siw^rj)}
j=N

and rk + Wk > 0 for k £ [N, oo).

(iv) There is N e N and a sequence w such that TZ[wk] < 0 and r^ + Wk > 0 for
ke [N,oo).

(v) There is N £ N and a sequence y such that

(8.2.5) rkykVk+i > 0 and yk+il[yk]  < 0

for k 6 [N, oo), where I is defined in Theorem 8.2.1.

Proof. We show the following implications:
(i) => (ii) : This implication is in fact a part of Theorem 8.2.5.
(ii ) => (iii) : Trivial.
(iii ) =̂  (iv): Trivial.
(iv) => (v): Let w satisfy lZ{wk] < 0 with r^ + Wk > 0 on [TV, oo) and let

(vii) Let x,y>0. Then f f (z,j/,p) > 0.

(viii)  Suppose that sgny — sgn(a; + y) and y  ̂ 0. Then

s(x v v) - (p-^nr2

fc-i

uk=Y[(l  + $-1{wj/r j)), k>N,
j=N

be a solution of the first order difference equation

Auk = $~1(wk/rk)uk, uN = l,
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Then uk ̂  0 since

i + r V ^ / n ) = *  [<$>-\r k) + $-l(wk)]   ̂o.

Recall that §~l(rk) + $~1(wk) > 0 if and only if wk +r k > 0. Further,

W M = ,.»,[A(r^(A,,))+^(^1)]-
i"* +'^::!^"" )

| |Mfc+1 |Pr fc$(Au fc)A$K )
$(ufe)$(wfe+i )

A(r fe$(Aufe))$(ufc) - rfe$(Awfc)A$(it fc)
= ^ 1 $^ + 1 ) $K)$K+1)

, I |p , | . rfc$(Aufc) / $(itfc) ^+ |Ufc+l|Cfc + | U f c + l | - i ^ r l 1 - i ^ o J
= \uk+1\

pR[wk]  < 0,

for /c e [AT, oo), since w^ = rfc$(Aufc/Mfc) and

^(ttfc) 1 _ r-k

$(ufc+1) ~ $(1 + A«fc/Wfc) "  ^(^-^r O + ^ ^ K ) ) '
Hence (v) holds.

(v) => (i): Suppose that a sequence uk satisfying (8.2.5) on [N, oo) exists. Then
<fk  —uk+\l[u k\ is a nonnegative sequence on this discrete interval. Further, set
fk = rk and ck = ck - (pk/\uk+1\

p. Hence ck > ck and

A(f fc$(Aufc)) + cfe*(M fe+i) = A(r fc$(Aufc)) + (ck - —^— J $(ufc+i ) = 0.

Thus equation A(rk(fr(Auk)) + ck<fc(uk+i)  = 0 is disconjugate on [N, oo) and there-
fore (8.1.4) is also disconjugate on [N, oo) by the Sturm comparison theorem (The-
orem 8.2.3) and hence nonoscillatory.

The following two statements can be understood as the discrete counterparts
of the Hartman-Wintner theorem. In fact, they describe the asymptotic behavior
of ^2 S(vjj, Tj) in the dependence on the behavior of ̂  Cj. We have already seen
that the results (the techniques of proofs) in the discrete case are mostly more
complicated than those in the corresponding continuous case. However, the next
result shows that this is not always true. Thanks to the necessary condition for
the convergence of infinite series and the special form of the third term of the
generalized Riccati difference equation together with the condition rk + wk > 0,
the next two statements and their proofs (and also some of their applications) are
simpler (and stronger) in a certain sense than those for differential equations. Note
that these statements have no continuous analogies. It is worthy to emphasize that
in the following theorems we do not require the sequence r to be positive. On the
other hand, it is still an open problem to prove them for a more general class
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of positive sequences r than those which are bounded above (the boundedness
substantially simplifies the problem). Note that even in the linear case we have no
"full discrete version" for (8.1.1) of the Hartman-Wintner theorem for equation
(1.1.2) with the condition J r~1(s)ds — oo. At present, the "corresponding"
discrete version is known only under the restriction rimsupfc_>oo fc~3//2 ^ r-j < oo.
In fact, this can be slightly extended using the "weighted averaging" technique,
see [73, 156]. Finally note that by the "full discrete version" we mean that there
is no additional restriction on c. Actually, subsequent theorems in the second part
of this subsection show that it is possible to obtain similar kind of results under
the condition ^ °° rJTq = oo, but with additional condition on c.

Theorem 8.2.8. Assume that

(8.2.6) there exists M > 0 such that rk < M for k G N.

Further suppose that (8.1.4) is nonoscillatory. Then the following statements are
equivalent:

(i) It holds

k

(8.2.7) liminf y^c7- > - o o.

(ii)  For any nonoscillatory solution y with rkVkVk+i > 0, k > N, for some
WeM, the sequence Wk = rfc$(Aj/fc)/$(j/fc), k > N, satisfies

oo

(8.2.8) ^2 S(wj,rj) <oo.
j = N

Moreover, this implies liminffc^oo r^ > 0.

(in) The limit

k

(8.2.9) lim /  ̂ Cj exists (as a finite number).
i=i

Proof, (i) => (ii) : In view of the nonnegativity of the function S, see Lemma 8.2.1
(iv), the sequence ~^2j=N S(wj,rj) is nondecreasing for k > N. Therefore there
exists the limit of this sequence equal either to a finite (positive) number or to oo.
Suppose, for the contrary, that there is a nonoscillatory solution y of (8.1.4) such
that

and
oc

(8.2.11) ^ 5 ( ^ , ^0 =oo.
j=N



8.2. Half-linear  discrete oscillation theory 395

From (8.2.1) we have

k k

(8.2.12) wk+1 =WN-J2CJ-Y1
 S(w3>ri)>  k^N-

j=N j-N

Now, from (8.2.7), (8.2.11) and the last equation we obtain limfc^oo wk = —oo.
But this contradicts (8.2.10) since (8.2.6) holds. Therefore we must have (8.2.8).
Moreover, S(wk,rk) —> 0 is a necessary condition for ^^L  ̂ S(wj,rj) < oo, and
this implies wk —> 0 by Lemma 8.2.1 [(v)]. The condition rk+Wk > 0 now implies
liminffe^ocrfc > 0.

(ii ) => (iii) : Let w be a sequence as in (ii) . According to the above observation,
we know that Wk —> 0. Now, by letting k —» oo in equation (8.2.12) we obtain the
statement (iii) .

(iii ) => (i): This implication is obvious.

The following result is a counterpart to the previous theorem.

Theorem 8.2.9. Assume that (8.2.6) holds and (8.1.4) is nonosdilatory. Then
the following statements are equivalent:

(i) It holds

k

(8.2.13) liminf V c , = -oo.
i=i

(ii)  There exists a nonos dilatory solution y of (8.1.4) with rtykHk+i > 0, k > N
for some J V e N, such that (8.2.11) holds, where Wk = rfe$(Ayfc)/$(yfe) >
—'<"k for k > N.

(iii)  It holds

k

(8.2.14) lim y^Cj = -oo.

Proof, (i) =>  (ii) : This follows from Theorem 8.2.8.
(ii ) =>  (iii) : From (8.2.1) using rk + wk > 0, k > N, and (8.2.6) we get

k k k

^2 °j = ~wk+i+w m-^2 s(whrj) <M+WN-^2
 s(whri) ->  -°°-

j=N j-N j-N

(iii ) >̂ (i): Trivial. D

The following theorem gives a necessary condition for nonoscillation of (8.1.4)
in terms of the existence of solution of generalized Riccati difference equation in
a summation form. Compare with Theorem 2.2.4.
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Theorem 8.2.10. Let (8.2.6) and (8.2.9) hold. If (8.1.4) is nonoscillatory, then
there exists a sequence Wk such that r^ + uik > 0, k > N for some N £ N, and

oo oo

(8.2.15) wk = Ylcj+Yl
S^'r^-

j=k j=k

Proof. In view of the assumptions, (8.2.9) holds. From (8.2.1) we get (8.2.12) and
letting k —> oo in this equation, we obtain

oc oo

0 = wN - J^ ci - J2 s(wj,rj)
j=N j=N

by Theorem 8.2.8. Replacing N by k we obtain (8.2.15).

It is clear that the necessary condition in the above theorem is also sufficient for
nonoscillation of (8.1.4). One can easily verify it by applying the difference operator
to the both sides of (8.2.15) and making use the fact that tk + Wk > 0, k > N.
Then the statement follows from Theorem 8.2.7. But the next theorem shows that
such a type of condition guaranteeing nonoscillation can be somewhat relaxed.

Theorem 8.2.11. Let (8.2.6) and (8.2.9) hold. Suppose that rk > 0 for large k. If
there exists a sequence Zk such that rk + Zk > 0, k > N for some N G N, satisfying

oo oo

(8.2.16) 2fc>^>-+^S(zi,ri)>0,
j=k j=k

or
oo oo

(8.2.17) zfc<^c,+^5(z,,r,)<0,
j=k ]=k

then (8.1.4) is nonoscillatory.

Proof. Suppose that (8.2.6) and (8.2.7) hold and either (8.2.16) or (8.2.17) is
fulfilled. Let

OO OO

wk=Ylcj + YiS(zj,rj).
j=k j=k

Then Awj. = — Ck — S(zk,rk). We have Zk > Wk > 0 or zk < Wk < 0 and
hence S(zk,rk) > S(wk,rk), k > N, according to Lemma 8.2.1 (ii) . Obviously,
f'k + Wk > 0 and Auik + Pk + S(wk,rk) < 0 for k > N. Now, equation (8.1.4) is
nonoscillatory by Theorem 8.2.7.

In what follows we will show that the conditions for nonoscillation similar to
those in the last two theorems can be obtained also in a different way, but with
different assumptions. We present the statements without proofs. In fact, they are
similar to the continuous case, see Subsection 2.2.5. We start with an auxiliary
statement showing that under certain assumptions one can find a positive solution
of (8.2.1). This fact plays an important role in the proof of the next two theorems.
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Lemma 8.2.2. Assume r^ > 0,

k

lim inf > c, > 0 and ^ 0
j=N

for all large N, and

oo

(8.2.18) Y,rk~9 = 0°-
k=l

If (8.1.4) is nonosdilatory, then (8.2.1) possesses an eventually positive solution.

Compare the next statement with Theorems 8.2.10 and 8.2.11. Note that if
Cfc > 0 in these statements, then it is easy to prove the existence of a (positive)
sequence satisfying (8.2.15). See also the continuous case (Theorem 2.2.4).

Theorem 8.2.12. Let the assumptions of the previous lemma hold and let Y^TLi cj
be convergent. Then (8.1.4) is nonoscillatory if and only if there exists a positive
sequence w satisfying

oo oo

(8.2.19) wk >J2ci+J2S(wi> r^
j=k j=k

for large k. In fact, w is given by Wk = rfc$(Aj/fc/j/fc) > 0, where y is an eventually
positive solution of (8.1.4).

We conclude this section with the statement which claims that under slightly
stronger assumptions than those of the previous theorem, a positive solution of the
generalized Riccati difference equation can be estimated from above by a known
sequence. This will be important in some of the subsequent applications of the
Riccati technique.

Theorem 8.2.13. Let the assumptions of the previous theorem hold. Assume
further that Ck > 0 (and eventually nontrivial) for all large k, say k > N. If (8.1.4)
is nonoscillatory with an eventually positive solution y, then Wk — rk&(Ayk/yk) >
0 for k > N and satisfies Wk —> 0 as k —> oo. Moreover, the inequality

Wk< $ >H
holds for k> N.

8.2.4 Discrete oscillation criteria

In a discrete Leighton-Wintner criterion, similarly as in the continuous case, equa-
tion (8.1.4) is viewed as a perturbation of the one-term equation

(8.2.20) A(rk$(Axk)) = 0.



398 Chapter 8. Half-Linear Difference Equations

In accordance with the continuous case, we need (8.2.20) to be nonoscillatory in
this approach, so we suppose that r^ > 0 for large k, otherwise this equation is
oscillatory - each sign change of r^ is a generalized zero of the constant solution
xk = 1.
Theorem 8.2.14. Suppose that r^ > 0 for large k,

oo oo

(8.2.21) ^2rl~9 = °° and EC f c = 0°'

Then (8.1.4) is oscillatory.

Proof. We will see that the idea of the proof is exactly the same as in the continu-
ous case. Let TV G N be arbitrary. For N < n < m < M (which will be determined
later) define a sequence y G V(N), T> being defined in Theorem 8.2.6, as follows

'0 k = N,

(l ' ' i(S r r ' ) ' w+i^^" '
Vk — I I n + 1 < k <m— 1,

(M-I  \ (M-\ \ " 1

l S ' n U . r r " ) m<-k^M-1'
0 k>M.

Then we have
oc M -1

Td(y;N,^) = Y, [r k\Ayk\
p - Ck\yk+i\p} = ^ [r k\Ayk\

p - ck\yk+1\
p]

k=N k=N

( n-1 m-] M-] \

E + E + E }ir k\Ayk\
p-Ck\yk+i\p]

k=N k=n k=mj

C n-1 \ 1 ^ p n-1 m-1

E-i" 9 - E C * I ^ I P - E C *
fc—Af / fc=W fc=n
M-1 /M- 1 \ 1~p

- Y, ck\yk+1\
p + E ^

k='m, \fc=?n /

Now, using the discrete version of the second mean value theorem of the summation
calculus (see e.g. [99]), there exists m £ [rn — 1, M — 1] such that

M- 1 m

Ecfck+iT> Ec* -
k=m k=m

Let n > Â  be fixed. Since (8.2.21) holds, for every e > 0 there exist M > rn > n
such that

m /M-1 \ X~p

2~] ck > ^d{v\ N,n — 1) + £ whenever m > m and I \ J rfc~
q < e.

k=n \k=m /
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Consequently, we have

fa / M - l \ 1~p

Fd(y, N, oo) < Td(y; N, n - 1) - ^  ck + (j2 A~q < °

what we needed to prove.

In Subsection 1.2.10 we have presented an alternative proof of the continuous
Leighton-Wintner criterion - based on the Riccati technique. Next we show the
difficulties in an attempt to follow this idea in the discrete case. The "Riccati proof"
goes by contradiction. Suppose that (8.2.21) holds and (8.1.4) is nonoscillatory, i.e.,
there exists a solution of (8.2.1) satisfying rk + Wfe > 0 for large k. The summation
of (8.2.1) from N to k — 1, where N, k are sufficiently large, yields

fe-i fc-i fc-i

wk = wN - ^2 Cj - ^2 S{wj,rj) <-^2 S(wJ'rj)  Gk-
j=N j=N j=N

In the continuous case we obtained the analogous inequality

ft
w(t)<-(p-l) / rl-q(s)\w{s)\qds=:G(t)

JT

which leads to the inequality

rs9 99i  G'{t) <  rl~q{t)

and integrating it we get J°° r1^(?(t) dt < oo, a contradiction.
The inequality Wk < Gk is the discrete analogue of (8.2.22), and to get a

contradiction from this inequality is a difficult problem even in the linear case
p = 2.

On the other hand, if the first condition in (8.2.21) is changed to (8.2.6),
then oscillation of (8.1.4) follows from a very simple argument, which is in fact
based on the Riccati technique. Indeed, if (8.1.4) is nonoscillatory, then there is w
satisfying rk + Wk > 0 and (8.2.12) for large k > N. Since S is nonnegative, we get
Wk < WN — J2j=N ch consequently wk —> — oo as k —» oo. From rk + Wk > 0 we
obtain u>k > —M, a contradiction. Note that in contrast to the above Leighton-
Wintner type criterion, r does not need to be positive. But if it is positive, then
the previous criterion is better. Also observe, that the statement which was just
proved can be easily obtained from Theorems 8.2.8 and 8.2.9 as well. Another
criterion which immediately follows from these two theorems is that a sufficient
condition for oscillation is

k k

(8.2.23) lim inf Y^ c, < lim sup V^ c7

3=1 J = l
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provided (8.2.6) holds. Notice that this criterion has no continuous analogue. Also
it is interesting to see what role is played by the condition r^ +Wk > 0. In a certain
sense, (8.2.23) can be understood as a discrete counterpart to Theorem 2.2.10.

Note that the Leighton-Wintner type criterion is completed by the Hille-Nehari
type criterion, when ^°° Cj converges, see Theorem 3.1.1 for the continuous ver-
sion. In [3], the Hille-Nehari type criterion was proved in a more general setting, for
half-linear dynamic equations. Its difference equations version is given in the next
statement. In the proof, the equivalence (i) <=> (iv) from Theorem 8.2.7 is used.
Additional assumptions are required in comparison with the continuous case. The
criterion was for the first time proved under condition (8.2.6), but later it was
shown that (8.2.6) can be replaced by a weaker condition, namely (8.2.24). A
nonoscillatory counterpart to the following theorem is the discrete Hille-Nehari
criterion presented in the next section.

Theorem 8.2.15. Let r̂  > 0 and c,k > 0 for large k with (8.2.9) and

1 -9

(8.2.24) lim , \ 1— = 0.

If

^  w? (x>r*) P 1 (j> ) > \ (p-^r .
then (8.1.4) is oscillatory.

In [323], the same technique as that in Theorem 8.2.14 was used to prove the
Hille-Nehari type criterion which differs from the last theorem as follows: ĉ  does
not need to be eventually positive, r̂  does not need to satisfy (8.2.24), but (8.2.18)
holds, the constant on the right-hand side of (8.2.25) being replaced by (the larger
one) 1. Similarly as in the continuous case, the complement to that criterion, in
the sense of the convergence of Y^°° r\~q  c an be proved easily by means of the
discrete reciprocity principle mentioned in Subsection 8.2.2.

From the above criteria it can be seen that if (8.2.6) holds, then the nonexis-
tence of the limit in (8.2.9) as a finite number (except in the case (8.2.14)) implies
oscillation. From this point of view, the cases when (8.2.9) or (8.2.14) holds seem
to be interesting for the examination. More precisely, we look for additional condi-
tions, which guarantee oscillation of (8.1.4) in these cases. In the case when (8.2.9)
holds, such conditions already exist. See e.g. the above Hille-Nehari type criterion.
Many other criteria in this case are presented in the following two papers: In [324],
oscillation criteria are proved making use Theorem 8.2.12 and Theorem 8.2.13. For
example, under the assumptions of Theorem 8.2.13, equation (8.1.4) is oscillatory
provided there is a v > 0 such that p — v > 1 and

3=1 \i=l J
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Note that the Hille-Nehari type criterion with ru = 1 is given there as a conse-
quence of a more general theorem, which is based on the discrete function sequence
technique. In [325], discrete counterparts to some of the criteria from Section 3.3
are proved. The main tool in that paper is Theorem 8.2.10. Also, the Hille-Nehari
type oscillation criterion with r^ = 1 can be found there, as a corollary of the
following theorem. The sequence Cfc does not need to be nonnegative.

Theorem 8.2.16. Suppose that (8.2.9) holds, r^ = 1, and

limsup — ; — > -

fe^oo EJ = 1V( i + i) P\ P J
Then (8.1.4) is oscillatory.

Concerning the case when (8.2.14) holds, the situation becomes more difficult
and we still have no reasonable conditions of such type. But it really makes a sense
to look for these conditions since both oscillation and nonoscillation are possible
in this case. Indeed, for example, if ck = a < 0 and rk = 1, then equation (8.1.4) is
nonoscillatory by comparison theorem (since A($(Ay /t)) = 0 is nonoscillatory) and
(8.2.14) holds. The next criterion, which is in fact corollary of [322, Theorem 5],
proved by the Riccati technique, enables to give an example of oscillatory equation
(8.1.4) with Cfc satisfying (8.2.14).

Theorem 8.2.17. If there exist two sequences of integers rrik andnk, nk > rrik + 1,
such that nik —> oo for k —> oo, and

n f c - l

J2 °]  ̂  Trak + rnk ,
j=in k

then equation (8.1.4) is oscillatory.

Example 8.2.1. Let rnt = 4k, k e N. Put r^ = 1 and cnik = 1, cmk+i = 1, cmfc+2 =
1, cmk+3 = - 4 for k e N. Then

mk+'2

Y  ̂ Cj=3> 2 = rmk +r mk+3
j=rn k

for all k G N. Equation (8.1.4) is oscillatory by Theorem 8.2.17. It is clear that
L j = l Cj = -OO.

8.2.5 Hille-Nehari discrete nonoscillation criteria

The following theorem is a discrete version of Theorem 2.2.9.

Theorem 8.2.18. Suppose that rk > 0 for large k, (8.2.9) and (8.2.24) hold. If

,,2,6) tar>(£,r.)~(£>)<i(^i)~
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and

Cfe-l X^" 1 / oc \ o . / -, \ P-1

i>.r) (x>)>-^(^ )
t/ien (8.1.4) is nonoscillatory.
Proof. It is sufficient to show that the generalized Riccati inequality TZ[wk] < 0
has a solution w with rk+wk > 0 in a neighborhood of infinity. We recommend the
reader to compare this proof with that of Theorem 2.2.9 to see difference between
the discrete and the continuous case.

Set
/ fc- i \i--P oo

(8.2.28) wk = C J>r? +J>,
V / j=k

where C is a suitable constant, which will be specified later. The following equal-
ities hold by the Lagrange Mean Value Theorem,

A ( I > H =(l-p)ri"V \

where J ] ^ 1 ̂ " 9 < Vk < Y,* ̂ fq- Similarly,

1 T

= ^ - H r f c ) U - H ^ ) ) {$($" (rfe) + ̂ 1{Wk)) ~ ^1{rk))}

- *(*=^W)) l£ra*" 1(t i ; * ) '
where £fc is between ^"^^(rfc) and (&~1(rfc) + $~1(u'fe). Hence

and
/ \ p~1

^ = ^ ^  E,1- E.

Therefore wfc/rfc ^ 0 for fe  ̂ oo according to (8.2.24), (8.2.26) and (8.2.27).
Further, we have

( rk \
AlUk + Cfc - Wk 1 - , , , r ^ — j - : TT
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- (1 ^ - V I (P-I)\rvk\"ek-
2

- (1 P)Crk Vk +$( $- i ( r f c ) + $-1(wfe))

[P ' k \$(p-i{rk) + $-i(wk)) rfk\

J--1

X < (̂rHr ^  + riK) ) ^  '

where

7fc $($-1(r fc) + $-1(^ fc))'

Concerning the asymptotic behavior of this sequence and of

(E^)(E^ 9) \
we have

k fc-i
V r 1" 9 r1" 9 -I- V rl~q

hm ——-— = hm J-— = 1
h.~-, K—l U >nr, k—l

E rj" « °° E rj" «
since (8.2.24) holds. Further,

as fc —> oo since |iyfc|/rfc -^ 0 as k —> oo. Consequently,

(8.2.29) lira sup 7fc < 1.

Now, inequalities (8.2.26) (8.2.27) imply the existence of e > 0 such that
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(8.2.30)

for k sufficiently large. Let jk — l£, £ — £ (~Jr[ ) a nd let C — f 2=— J in

(8.2.28). According to (8.2.29), j k < 1/(1 - i) for large fe. Further,

i \ ( v V1 '
% < ~ ; <=> 1 > 1 - e 7fel-e y \p-lj J

- (—r>(—rf— +i-Kr''i *
\ P J \ V ) [ P P VP-1/ J

\ p J [ \ p J p \ p j J

^ ci-C7fc . i ^ - 1 V ' 1

Ik P \ P j

Therefore, the second inequality in (8.2.30) implies

By a similar computation (using the first inequality in (8.2.30)) we get

r /fe-i y - 1 /oo \ "

Consequently,

for large fc and hence R\wk] < 0. Finally, since rk > 0 and Wk/rk —* 0 as fc -^ oo,
we have r̂  + lû  > 0 for large fe and the proof is complete. D

If we compare the previous statement with Theorem 2.2.9 (which is a contin-
uous counterpart of this theorem), we see that assumption (8.2.24) has no con-
tinuous analogue. This is a consequence of the fact that we have no "reasonable"
version of the differentiation chain rule in the discrete case, and its partial discrete
substitution - the Lagrange Mean Value Theorem - needs additional assumptions.
On the other hand, there is the discrete Hille-Nehari type nonoscillation criterion,
given also in [115], where (8.2.24) is not needed. However, another price has to be
paid: the constant is not as good as that at the right-hand side of (8.2.26), and
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only a positive part of c is involved. The proof is based on the variational method
(Theorem 8.2.6). The crucial role is played by the half-linear discrete version of
the Wirtinger type inequality. In the proof of this inequality we need the following
technical result.

Lemma 8.2.3. Let

( o . z . o l) 11 .= < r , . ..

Then for given /3 > a > 0 and for £ = A/3 + (1 — X)a given by the Lagrange mean
value theorem (3P — ap = p$(£)(/3 — a) we have max{A, (1 — A)}  < fi.

Proof. If p > 2, then A > 1/2, i.e., max{A, 1 — A}  = A and for p < 2 we have
A < 1/2. The conclusion now can be easily verified by a direct computation via
the Lagrange Mean Value Theorem applied to the function t —> tp, t > 0.

Lemma 8.2.4. Let Mk be a positive sequence such that AMk is of one sign for
k > N G N. Then for every y e V(N) we have

oo oo Mp

(8.2.32) £ |AMfc||yfc+1r <^[M(l + ̂ w ) r 1 £ ^ J A ^ ^ ,

(8.2.33) ^ = sup ^ ^

anrf /i is <?iwen m i/ie previous lemma.

Proof. Suppose that AM& > 0 for k > N; in case AMfc < 0 we would proceed
in the same way. Using summation by part, the Holder inequality, the Lagrange
Mean Value Theorem and the Jensen inequality for the convex function £ —> |£|p,
we have

oc

£|AM fc||j, fc+1|"
k=N

oc oo

= ^M fcA(|j/ fc|P)=p^Mfc|$(a)||Ayfc|

( °° Mv \1/P ( °° \ 1 / 9

\fe=iV ' k J \k=N J
/ oo p \ 1/P / oo \ 1/9

= P ( E |AM fc|p-i|Ayfc|P) ( E IAM^I [A^I^IP + (! - Afc)|yfc+i[
p] j
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\ 1 V«
+ 53|AMfc||yfc+1|" max{Afc,(l-A fc)}

fc=w /

where £fc = Afeyfe + (1 - Xk)iJk+i is a number between yk, yu+i, i.e., Afc G [0,1].
Now, by Lemma 8.2.3, max{Afc, 1 — A^}  < \i and since yk = 0 for k < N, we have

£ i^LlAM^.Hy.l " < (sup ̂ L )  \AMk\\yk+1r^N\^Mk-i\ \k>N\AMk^\J ^

Consequently, we have

f ; \AMk\\yk+1\"<pL (l + sup 'Affc| )1

( °° M*  \ 1/P ( °° \ 1/q

X ( S P ^ H (£ |4M'"H
and hence

oo oo Mp

Y, \AMk\\yk+x\"<p^[n{l+i, N)r l J2 |A *  JAy.r
k=N k=N ' fe'

what we needed to prove.

Theorem 8.2.19. Suppose that rk > 0 for large k, (8.2.18) holds, Yl°° ct < °°'
c+ := max{0,c},

r E v - " 1P (^1} r rfc I1" "
(8.2.34) ipN :=  sup —, J < oo, Vw := sup < oo.

k>N J2 r q lk>Nrk-i]

Further suppose that

(8.2.35) 0 < limsup(l + -0AT)P"V W =: * < OO.

N^oo

If

/fe-1 \ P - 1 °° 1 / _ , \ P -1 i

(8.2.36) limsupVr1-' E < < ^ T( — ) T'

f/ien (8.1.4) is nonoscillatory.

Proof. According to Theorem 8.2.6, it suffices to find TV S N such that we have

oc

J2 [r k\Ayk\
p - ck\yk+i\p]  > 0

k=N
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for any nontrivial y G V(N). To this end, let

/ fc- i \1~P

Then, using the Lagrange Mean Value Theorem,

I ^ I - ^E 'J - ) - ^ - .

where £fc G ( E ^ 1 r]~q, E*  r)~9)  Hence

(8-2.37) P l J _r i - * < |AMfc| <
 P - 1 r ^ ,

(E r1-") (Efc-V-* )

thus
|AMfc| / rfc y - g

|AMfc_!| " Vr f c -J
and

MI  < r / i V - ^ E V 1 - ! ^

Now, according to (8.2.36), there exists e > 0 such that

/fe-i \ p ~ 1 oo i / i \ p-i i

hmsup > r,, \ ) cj < r ,
fc^oo^^ 3 ) jri 1 P^-1 V V ) * + e

and (8.2.35) implies the existence of No G N such that (1 + ^PN)P~1(PN < *  + £
for N > No. Now, using the summation by parts and applying the same idea as
in the proof of Lemma 8.2.4, we have for any nontrivial y G V(N)

oo oc oc / oo \

^ck\yk+1\v < J24\Vk+i\P=Yl E S+ A(|y*n
k=N k=N k=N \j=N J

oc / oo \

h=N K \j = N )

(,p- 1)̂  / y ^ Mk \
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8.2.6 Some discrete comparison theorems

We start with a discrete version of Theorem 2.3.12, where at the same time we
make the comparison in a Hille-Wintner sense (for differential equations case see
Theorem 2.3.1). Observe that in contrast to the continuous counterpart, i.e., The-
orem 2.3.12, we do not need here a condition of type (2.3.34) or (2.3.35). This is
owing to the fact that for S to be nondecreasing with respect to p, the expression
w/r does not need to be small, as it is in the continuous case. On the other hand,
we have to use more complicated technique in the proof: the Riccati one combined
with the Schauder fixed point theorem. The reason is that the inequality (8.2.19)
is involved instead of the discrete counterpart of equation from Theorem 2.2.4.
However, if ck > 0 or rk is bounded, then we can simply use just the Riccati
technique in view of Theorem 8.2.10 and the note before Theorem 8.2.12. Along
with (8.1.4) consider the equation of the same form

(8.2.38) A(Rk<S>a(Axk)) + Ck$a(xk+1) = 0,

where $a(a;) = jo;)""1 sgnx, a > 1. Let (3 stand for the conjugate number of a.

Theorem 8.2.20. Suppose that 0 < Rk < rk and

oc oo

(8.2.39) ^C^^c^O (#0)
j=k j=k

for large k (in particular, we assume that these series are convergent). Further
assume that XlfcLi 1 ^ = °°- V a — P and equation (8.2.38) is nonosdilatory,
then (8.1.4) is also nonos dilatory.

"I V9

x /i( l + ^w)^|AM f e| |? / f c + 1|P

* ry ' ' [H e )W H M 1" v "

( oo . , \ P + «

fc=JV /
-. OO OO

< ( 1 + ^ r V w ^ j — ^rfe|Ayfer < ^rfc|Ayfc|P.

Hence

£[r fc|Ayfcr-c fc|yfe+1H>0
fc=Af

for every nontrivial y € T>{N), what we needed to prove.
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Proof. By Theorem 8.2.12, the nonoscillation of (8.2.38) implies the existence of
mi ^ N such that

CO OO

(8.2.40) zk > ]T Cj + Y Siz^R^a) =: Zk
j = k j=k

for k > mi (clearly, with zk + Rk > 0). Let m2 G N be such that (8.2.39) holds
and YlT=kc:) > 0 for /c > m-2- Set m = max{mi, 777,2}  and define the set Q and
the mapping T by

ft = {w e £°° : 0 < wk < Zk for k > m}

and
oo oc

(Tw)k = ̂ Cj + ̂ 2S(wj,Rj,p), k>m, we fi,
j=k 3=k

respectively. We show that T has a fixed point in £7. We must verify that

1) Q is bounded, closed and convex subset of £°°,
2) T maps 0 into itself,
3) TO, is relatively compact,
4) T is continuous.

ad 1) Clearly, Q, is bounded and convex. Let xn = {x^1}, n = 1, 2 , . . ., be any
sequence in fi  such that xn approaches x (in the sup norm) as n —> 00. From our
assumptions, for any e > 0 there exists JVsN such that supfc>TO |x£ — rcfe| < e for
all n > N. Thus, for any fixed k, we have l inin^^ x  ̂— xk- Since 0 < x7^ < zk for
all n, then 0 < xk < Zk- We have k > m arbitrary and hence x belongs to fi

ad 2) Suppose that w G fi  and define x^ = (Tw)k, k > m. Obviously, xk > 0
for k > m. We must show that Xk < Zk, k > m. We have

OO OO OC OO

Xk = Y; Cj + Y S(Wl > R3 > P) < Y C3 + Yl S(WJ ' Ri ' P">
j=k j=k j=k j=k

OO OO OO OO

^ ECi + ESiw^R^a) <YC3+Y,Siz^R^a)
j=k j=k j=k j=k

by the assumptions of theorem and by Lemma 8.2.1 [(i).(iv)] . Hence, TQ c £1.
ad 3) According to [77, Theorem 3.3], it suffices to show that TVL is uniformly

Cauchy. Let e > 0 be given. We show that there exists TV 6 N such that for any
k,l > N \(Tx)k — (T~x)i\ < e for any x G O. Without loss of generality, suppose
k < I. Then we have

i-i  i-i

(8.2.41) \(Tx)k - (TxM = YC^Y,S^X^R^P)
j=k j=k

l-l  l-l

i=k 3=k
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for large k. Taking into account the properties of ĉ  and S(xk, Rk,p), for any e > 0
one can find JVeN such that

i-i  i-i

j=k j=k

From here and (8.2.41), \(Tx)k — {Tx)i\ < s, hence TO, is relatively compact.
ad 4) Let xn = {x^}, k > TO, be a sequence in f2 converging to x. The fact that

Txn converges to Tx can be easily shown by means of the discrete version of the
Lebesgue Dominated Convergence Theorem.

Therefore, it follows from the Schauder fixed point theorem that there exists
an element » £ (! such that w = Tw. In view of the definition of T, this (positive)
sequence w satisfies the equation

oc oc

j=k j=k

and hence also the equation (8.2.1) with R instead of r. Consequently, the sequence
y given by

Vm =mo^O and yk+i = [1 + {tvk/Rk)
qj yk, k>m,

is a nonoscillatory solution of

A(fi fc$(Ayfe))+cfc$(yfc+1) = 0

and hence this equation is nonoscillatory. The statement now follows from Theo-
rem 8.2.3.

The next result is an extension of the so-called (discrete) telescoping principle,
which was introduced in [208] for the second order linear difference equation (8.1.1).
Note that in [208] the authors consider equation (8.1.1) only under the assumption
T'k > 0 and hereby the following result with r^ 7̂  0 is new even in the linear case (in
spite of the fact that the idea of the proof remains essentially the same). Compare
with the continuous case, see Subsection 2.3.4.

Before presenting the main result, let us introduce some concepts and assump-
tions. Denote by S the set of all real sequences y = {yt : k s N} . Assume

j

(8.2.42) / = L U ' Ii  = {muni], i = l,...,j, j < oo,
i=l

where m,, n, G N, i = 1, . . ., j , are such that rrii  < rii  < rrii+i  and card(N\/) = 00.
Based on the set /, we define an interval shrinking transformation r = 77 : N — N
as follows:

K = T{k) = card([l,A;]n/c),
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where Ic — N \ /. Let Mt — T{m,i). Then M{ — r(k) for k G [m;, ri;], i — 1, . . ., j .
This transformation T induces a transformation T = T[ : S —> <S defined as follows:
For j / G S

Ty = Y = {YK : K G N}  with YK = Vk when r(fc) = K.

Theorem 8.2.21. Let rk ̂  0, k G N, and assume that (8.2.42) /io/ds. Lei R = Tr
and C = Tc for T = Tj. Assume

Tii

(8.2.43) J2 cfe^0 ' * = 1.--.J-
fc=m.i+l

Suppose that X — {XK  K G N}  is a solution of the equation

(8.2.44) A(i?^$(AXK )) + CAT$(** :+I ) = 0,

such that RKXKXK+I > 0 for K < N and RNX^XN+I < 0. // the sequence
y is a solution of equation (8.1.4) such that iji  ̂  0 and r i$(Ayi)/$( j / i ) <
i?]$(AX]) /$(X]) , then there exists I < n such thatriyiyi+i  < 0, where N = r (n).
More precisely, if N < Mi, then there exists I < rrii  such that riyiyi+i  < 0,
i = l,2,...,j.

Proof. In this proof, by y  X we mean either y > X or y does not exist.
The proof is by induction. Assume that the conclusion is not true. Then Wk =
-rk$(Ayk)/$(yk) satisfies

(8.2.45) ^^^(-—J*——-^

or, equivalently,

(8.2.46) wk+l =ck+S(wk,rk), k = l,...,n,

and Wk < rk, k =  1 , . . ., n, where

Z( , _ wkrk
b{wk,rk)- ($-i( r fc )_$-i(u ; fc ))P-i -

Observe that the behavior of the function S is similar to the behavior of the func-
tion S from Lemma 8.2.1. In particular, S(wk,rk) is nondecreasing with respect
to the first variable for rk > wk. Let VK — -RK§{AXK)/$(XK). Then

(8.2.47) VK+1 = CK+S(VK,RK), K = l,...,N-l,

VK < RK, K = l,...,N-la,ndVNjt RN-
If N < Mj = mi, then for k =  1, . . ., N, K = k, and hence RK = rk,

PK = Vk and equation (8.2.47) is the same as (8.2.46). By the hypothesis w\ > V\,
comparing (8.2.46) and (8.2.47) step by step (using the above property of S), we
find that wk+i > Vk+i, k — I,... ,N - 1. In particular,

wn =  WN > VN -ft RN = rn.
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This implies that wn ft rn, contradicting the assumption.
If Mi < N < Mi, then arguing as above we find that wmi+i  =  WM^+I >

VMI+I - Adding (8.2.45) for k from m\ + 1 to n\ and using (8.2.43), we obtain

Wm+i - wmi+i = ^2 Ck+ 5Z S(wk,rk)>0,
fe=mi+l fc=mi + l

hence u>ni+i > wmi+i  > Vmi+i.  Noting that r (ni + 1) = N\, we see that Wk, VK
satisfy the same generalized Riccati equation f o r n i + l < / c < n and M\ + 1 <
K < N, respectively. As before, we see that wn > VN ft RN — rn and, again, this
implies that wn ft rn, contradicting the assumption. The proof of inductive step
from i to i + 1 is similar and hence is omitted.

Theorem 8.2.22 (Telescoping principle) . Under the conditions and with the
notation of Theorem 8.2.21, if (8.2.44) is oscillatory, then (8.1.4) is oscillatory.

Proof. Let Xk be a solution of (8.2.44) with Xi ^ 0. Let yk be a solution of (8.1.4)
satisfying yl ^ 0, r1$(Ay1)/$(y1) < Rl${&.Xl)/<&(X l). By Theorem 8.2.21, there
exists l\ > 0 such that r^y^y^+i < 0. Now, working on the solution for k > l\ + 1
instead of k > 1 and proceeding as before, we show that there exists I2 > h + 1
such that ri2yi2yi2+i < 0. Continuing this process leads to the conclusion that y
is oscillatory, hence (8.1.4) is oscillatory.

8.3 Half-linear dynamic equations on time scales

In this section we develop the theory of half-linear dynamic equations on time sca-
les, which unifies and extends the continuous and the discrete theory. In addition,
such a theory explains some discrepancies between them. The understanding of
these discrepancies is important, for example, for numerical approximations. The
statements are presented without proofs. Our attention is focused mainly to those
types of the results which explain the discrepancies, or show some phenomena that
are not usual in the differential/difference equations case.

8.3.1 Essentials on time scales, basic properties

In 1988, Stefan Hilger [178] introduced the calculus on time scales in order to unify
continuous and discrete analysis. By a time scale T (an alternative terminology is
measure chain) we understand any closed subset of the real numbers M with the
usual topology inherited from BL Typical examples of time scales are T = M and
T = Z - the set of integers (or KL defined as {hk : k G Z}  with a positive h). The
operators p, a : T —* T are defined by

a(t) = inf{ s e T : s>t}, p(t) = sup{s G T : s < i]

and are called the right jump operator and left jump operator, respectively. The
quantity /i(t) = a(t) — t is called the graininess of T. A point t s T is said to
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Figure 8.3.1: Examples of time scales

be right-dense, right-scattered, if a(i) — t, a(t) > t, respectively. Their "left-
counterparts" are defined similarly via p(t). If / : T —> K, the delta-derivative is
defined by

s-»t,e7(s)t̂ <j(s) - i

A function / : T —> M is called rd-continuous provided it is continuous at all right-
dense points in T and its left-sided limits exist (finite) at all left-dense points in T.
For a, b G T and a delta differentiable function / , the "Newton integral" is defined
by j a f

A(t) At = f(b) — f(a). For the concept of the Riemann delta integral and
the Lebesgue delta integral see [50, Chapter 5]. Note that we have

a(t) = t, (i(t) = 0, /A = /', I f(t) At = I f(t) dt, when T = R,
 a J a

while

rb b-l

a(t) =t + l, fi(t) = 1, / A = A/, / /(£) At = ̂ 2 /(*) . w h en T = Z.
a t=a

These are the most typical time scales, but there exist much more examples, which
may bring quite surprising unusual (and unpleasant, sometimes) phenomena in
some aspects of the theory. Let us mention at least T = gN° = {qk : A; £ No}  (or
T = gzU{0}) , where q > 1 is a real number. Then a(t) = qt and fi(t) = (q—l)t, and
a dynamic equation considered on such a time scale is called ^-difference equation.
The last example of the time scale which we present here is the set P defined as
the union of closed mutually disjoint intervals. The basic facts of the time scale
calculus can be found in [178] and the general theory of dynamic equations on
time scales along with an excellent introduction into the subject is presented in
[49, 50].

Now consider the linear dynamic equation on a time scale T

(8.3.1) (r(t)xA)A + c(t)xa =0,

where xa = x o a and r, c : T —s- M with r(t) ̂  0, and its half-linear extension

(8.3.2) (r(t)$(xA))A + c(t)$(xa) = 0.
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Obviously, (8.3.2) reduces to (1.1.1) if T = R and to (8.1.4) if T = Z, respectively.
By means of the approach, which is an extension of that in Subsection 1.1.6, it

can be shown that the initial value problem involving equation (8.3.2) is globally
uniquely solvable provided the coefficients r, c are rd-continuous. However, it has to
mentioned, that the part with a reciprocal equation cannot be extended reasonably
here, since it requires A and a to be commutative (i.e., fAa = f a A ) , which is not
true in general. Also the approach based on the Priifer transformation has not been
developed yet. The reason is that there is no "real" chain rule for differentiation
on time scales.

8.3.2 Oscillation theory of half-linear  dynamic equations

Concerning (8.3.1), the foundation of oscillation theory of this dynamic equation
was established in [154], and then elaborated in many works. Here we offer the
half-linear extension of this theory.

Similarly as in the above cases, the central role is played by the Roundabout
theorem. In that theorem, the Riccati dynamic equation

(8.3.3) wA + c(t) +S[w, r]  (t) = 0,

where
w(t) ( r(t) \

S[w,r](t) =  Alim } — (l - $ ( $- 1 ( r ( f ) ) + A $ - > ( t ) ) J ,
and the p-degree functional

T(y;a,b)= f [r(t)  \yA |" - c(t) |yT] At
Ja

play the same role as their continuous and discrete counterparts. Observe how the
function S looks like when p = 2 or T = R or T = Z. Here are another important
concepts: We say that a solution y of (8.3.2) has a generalized zero at t in case
y(t) = 0. We say y has a generalized zero in (t, cr(t)) in case r(t)y(t)y(a(i)) < 0. We
say that (8.3.2) is disconjugate on the interval /, if there is no nontrivial solution of
(8.3.2) with two (or more) generalized zeros in /. The definition of (non)oscillation
of (8.3.2) is obvious. Note that in the generalized Roundabout theorem, which
formally looks the same as its special cases T = R or T = Z. the solution w of
(8.3.3) has to satisfy the additional condition $"1(r(t)) + /j,(t)^~1(w(t)) > 0.

Thanks to this theorem, an extension of the Sturmian theory can be develop-
ed, and the generalized Riccati technique and variational principle are at disposal.
Consequently, many statements (in particular, (non)oscillation criteria and com-
parison theorems) for (8.3.2) can be stated. Our aim here is not to present all
those which have already been established. We just want to stress some interest-
ing points where, in particular, the role of graininess (i.e., the role of what time
scale is just chosen) can be seen.

For instance, the unification and extension of Theorems 3.1.1 and 8.2.15 is the
following Hille-Nehari type criterion.
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Theorem 8.3.1. Suppose that J°° rl-q{t) At = oo and J°° c(t) At, with c(t) > 0,
converges. Let

(8.3.4) lim fy-"® = 0.

If
/ ft \ p " 1 roo i / „ _ i XP-1

liminffjr^ H / cWA->p(V) '
i/ien (8.3.2) is oscillatory.

Observe that for T = R, condition (8.3.4) is trivially satisfied, while it reduces
to (8.2.24) when T = Z. It is easy to see that if r{t) = 1, then (8.3.4) holds when
T = Z. However, this fails to hold when T = qN°. In general, a "larger" graininess
is "worse" for this condition to be satisfied.

On the other hand, a "larger" graininess may make some conditions to be
satisfied "more easily". Indeed, a closer examination of the proof of the comparison
theorem with respect to p (Theorem 2.3.12) shows that a crucial role is played the
monotonicity of the function S = S(x,y,p) with respect to p. For that, in the
continuous case, we need z — zlogz > 0, where z = (x/y)q~1. As said above, in
the corresponding discrete case, there is no such a condition. In the general time
scale case, this condition reads as

l i m (1 + A^)log(l + A2)-Azlog^ > Q

x^n A ~

Observe that this condition really reduces to z — z log z > 0 if /i = 0 (T = K) and
it is trivially satisfied if \i = 1 (T = Z).

We conclude this section by showing another phenomenon, concerning half-
linear dynamic equations, where it can be seen how the graininess affects oscillatory
properties in such a manner, that is not known from the differential/difference
equations case. Consider the generalized Euler type dynamic equation

(8-3-5) [$(y
A )] A + ^ $ ( ^ ) = 0 .

By means of the Hardy inequality on time scales combined with the variational
principle and the Sturm type comparison theorem, it can be shown that this equa-
tion is nonoscillatory provided 7 < q~p. Now consider the generalized Euler type
dynamic equation in a slightly different form

(8.3.6) MyA)]A + ̂ Hya) = o.

Let 0 < 7 < q~p. Assume that T is such that fJ,(t)/t —> 0 as t —* 00. Then
(8.3.6) is nonoscillatory by the time scale extension of Theorem 3.1.3. Note that
this extension requires condition (8.3.4), which in our case reduces to n(t)/t —> 0.
Now pick a time scale such that f^t~pAt = 00, e.g., let T = {2^ : k £ No|.
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Let 7 be the same as before. Equation (8.3.6) is then oscillatory by the criterion
corresponding to the Hille-Wintner theorem. Thus we have an example showing
that oscillatory properties of equation (8.3.6) may be completely changed when one
replaces a time scale by a different one, leaving the form of the equation the same.
In particular, there is no "important" (time scale-invariant) critical constant q~p

in (8.3.6) as it seems to be in (8.3.5) (till now we know that (8.3.5) is oscillatory
provided 7 > q~v and fJ,(t)/t —> 0 as t —> 00 by the above Hille-Nehari type
criterion; unfortunately, for other time scales this question remains open). On the
other hand, interesting questions arise like what a "critical" graininess of the time
scale is, which is a "border" between oscillation and nonoscillation of (8.3.6). In
other words, whether there exists a time scale whose graininess is bounded by
certain critical function, and (8.3.6) is nonoscillatory on such a time scale, while
if we take a time scale which has the graininess greater than this critical function
at infinitely many points, then (8.3.6) becomes oscillatory.

8.4 Notes and references

The results concerning half-linear difference equation are taken from Rehak [322,
323, 321, 324, 325, 326] and Dosly, Rehak [115]. The paper [326] by Rehak deals
with strong (non)oscillation of (8.1.4) and also contains the examination of gen-
eralized discrete Euler equation, which cannot be solved explicitly. The concept
of recessive solution for (8.1.4) (i.e., the discrete counterpart of principal solution)
is introduced in Dosly, Rehak [116] via the minimal solution of generalized Ric-
cati difference equation. Some of its basic properties and applications are given
there as well. Another characterization of recessive solution can be found in Cec-
chi, Dosla, Marini [62]. The papers [273, 280] by Mafik deals with the discrete
p-degree functional considered for sequences satisfying another type of boundary
conditions than those mentioned above. Forced oscillation is investigated in Dosly,
Graef, Jaros [109], while oscillation and nonoscillation of half-linear difference equ-
ations generated by deviating arguments is studied in Wong, Agarwal [365]. Vari-
ous aspects of qualitative theory of (8.1.4), like existence/nonexistence of positive
nondecreasing solutions or comparison theorems can be found [75, 76, 77, 238, 261]
by Cheng, Li, Lu, Patula, Yeh. Very recent monograph [2] by Agarwal, Bohner,
Grace and O'Regan deals specially with the discrete oscillation theory. The liter-
ature concerning the results on qualitative theory of difference equations, which
are quasilinear or involving similar types of nonlinearities is very extensive. The
monograph [1] by Agarwal as well as above mentioned [2] can serve as a good
source for searching such references.

The part devoted to half-linear dynamic equations is based on the papers [3]
by Agarwal, Bohner, Rehak, and [327, 328, 330] by Rehak. Further related results
can be found in Rehak's paper [329].



CHAPTER 9

RELATED DIFFERENTIAL EQUATIONS AND
INEQUALITIES

The aim of this chapter is to study the equations which are in various relation-
ships to half-linear second order equations. We start with a natural generalization
of half-linear equations - the so-called quasilinear equations, i.e., the equations
where the exponents in nonlinearities of the first and second term are generally
different. In two subsequent sections we discuss how a forcing term and the presence
of deviating arguments, respectively, affect oscillatory properties. In the fourth
section we mention few words about half-linear equations of higher order. The
chapter is concluded by the section devoted to the classical inequalities that are
related to half-linear equations.

9.1 Quasilinear differential equations

In this section we change the notation which we have used throughout the whole
book. Till now, q was the conjugate number of p, i.e., q = p/(p — 1). In this section,
q is any real number satisfying q > 1 and the conjugate number of p will be denoted
by p*. We will mainly deal with the quasilinear equation

(9.1.1) (r(t)$p{x'))' + c(t)$q(x) = 0, %(s) = \s\p-2s, $,(s) := |s|«-2s;

we will briefly treat also some more general equations. Note that in some literature,
if p — 2 and q is general (with q > 1), then (9.1.1) is called semilinear equation,
while for p and q general (with p,q > 1), it is called to be quasilinear. The functions
r, c satisfy the same assumptions as in (1.1.1). Observe that in general, the solution
space to (9.1.1) is neither additive nor homogeneous, lip = q, then (9.1.1) reduces
to (1.1.1). This means that the investigation of (9.1.1) is more complicated than

417
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that of (1.1.1). We will see that the loss of homogeneity brings some phenomena
which are not usual in the (half-)linear case.

In the literature, under the quasilinear equations are often understood also
equations in slightly more general forms. In fact, many of the results, in particular,
asymptotic and oscillatory properties, can be easily extended to such equations.
For instance, the second term may read as  (with c(t) > 0) or
/ and F being continuous, where the sign condition

(9.1.2) sgn/(x) = sgnx, resp. sgnF(t,x) = sgnx (for each fixed t)

is satisfied, and some monotonicity assumption, as well as (strong) sub/super-
linearity, are usually required. Sometimes, the monotonicity assumption can be re-
laxed to the existence of suitable monotone functions which estimate the nonlinear-
ity. Another generalization lies in replacing the first term in (9.1.1) by (r(i)<p(x'))',
where </> : R —> R is continuous, strictly increasing and such that

(9.1.3) sgnip(u) = sgnu and ip(M) = R.

Recall that very important role is played by the fact whether the integral

is convergent or divergent - asymptotic behavior of solutions may be then sub-
stantially changed. Similarly as for half-linear equations, in some cases equation
(9.1.1) can be studied with r = 1, owing to the transformation of independent
variable. Since the structure of solution spaces of quasilinear equations is much
more complicated, in the most of cases we have to assume that the coefficient c
is eventually nonnegative or nonpositive - clearly, the character of results may be
then completely different.

Note that using the substitution r$p(x') =: u, equation (9.1.1) can be written
as the first order system of the form

(9.1.4) x' = ai(t)|w|Al sgnw, u' = a2(t)\x\X2 sgnx

with suitable functions ai,a,2 and real constants Ai, A2. The last system has been
investigated in several papers of Mirzov and the results are summarized in his
book [292]. In some works, more general systems appear, e.g. of the form x' =
a(t)fi(x)gi(y), y' = b(t)f2(x)g2(y), where the functions a, b, fx, f2, gi,g2 are sub-
ject to suitable conditions. There is very extensive literature on quasilinear equa-
tions. As a sample of papers dealing with (9.1.1) and related equations we refer to
[28, 58, 155, 212, 263, 334] and the references given therein. Let us mention also
the monographs [6, 202]. We do not want to repeat that "quasilinear" theory which
has already been processed in various works. The principal aim of this section is
to point at relationships with the "half-linear" theory.

9.1.1 Quasilinear equations with constant coefficients

First we focus our attention to the initial value problem

(9.1.5) (%(x'))' + \&q(x) = 0, x(0) = a, x'(0) = b.

/ r1/(1-p\s)ds
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We will modify the method used in the definition of the half-linear sine function
siiip and of other half-linear trigonometric functions.

Theorem 9.1.1. For any A > 0, the initial value problem (9.1.5) has a unique
solution defined on the whole real line K.

Proof. The crucial fact used in the proof is that

(9.1.6) J £ W + A M J ! = H! + AH! >
p* q p* q

as can be verified by differentiation. Clearly, if a = 0 = b, the last identity implies
that the trivial solution is the unique solution. If a = 0 or b = 0, supposing that
there are two different solutions x\,X2 satisfying the same initial conditions, we
find that the absolute value of their difference z — \x\ — a l̂ satisfies a Gronwall
type inequality and hence z = 0. This idea, slightly modified, applies also to the
case when both a ^ 0 and 6^0.

The remaining part of this subsection will be devoted to the initial value prob-
lem

(9.1.7) (^P(x'))'  + \$q(x) = 0, x(0) = 0, x'(0) = a > 0.

Denote by ta the first positive zero of the derivative x', i.e., x(t) > 0, x'(t) > 0 for
t € (0,iQ). Further denote by R :=  x{ta). Then using the same idea as above we
have the identity

(9.1.8) VWL+xm=X*l.
p* q q

Solving this equality for x' and integrating, we find

(9.1.9) f - M ' r  x'^ ds
 1=t,

which after a change of variables can be written as

(9.1.10) t=(^-)i4rr  ds *
V v ; R1  ̂ Jo (l-si)T'

For t e [0,q/2], let us set

,.21 ,

(9.1.11) arcsinpqt:=- / r ,
2 Jo (l-si)p

and note that this integral converges for t € [0, q/2]. Substituting t = T« in
(9.1.11), we obtain

1 / 1 1 / 2 A 9 \
(9.1.12) srcsinpgt=-B [-,—,[-) ,

2 \q p* V q I I
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where
fi(5-p»)-fTJ-1(1-r4*

denotes the incomplete beta function. Next, substituting t = q/2 in (9.1.12), we
define

npq := 2arcsinpg ( |) = B ^ -, — J ,

where B denoted the classical Euler beta function.
The function arcsinpg is a bijection of [0,^/2] onto \0,TTpq/2], so we can define

first sinpg : [0,TTOT/2] —> [0, q/2] as the inverse function of arcsinp(J and then to
define this function for t £ I in the obvious way: sinpg t = sinpg [i: pq — t) for
t £ [ir pq/21'Kpq]  and then extend this function over R as odd and 2TTP9 periodic
function. It is a simple matter to verify that sinpg is the unique (global) solution
of the initial value problem

2q

(9.1.13) ($p(x'))' + ^ - ^ 1 ^ ( ^ = 0, x(0) = 0, x'(0) = 1.

Similarly as in case p = q we denote cospqt = -^smpqt. Then from (9.1.6) and

(9.1.13) we have

(9.1.14) |cospgt|
p+ f-\ |siiipgt|' = l.

From (9.1.10) and (9.1.11) we find that
(9.1.15) t =  2

 t R2  ̂ arcsinP9 ( | |) ,

and hence

(9.1.16) X(t)=
2-^Sinpq(

iXp^qlkR-tY

for all t £ M. From (9.1.8) we can express R in terms of a to obtain

u^v ( q \ »" a
R p = - — a i .\\p*J

Substituting this expression into (9.1.16), and setting

Apq{a,X):= a - , q = — - ,

we find that the solution of (9.1.7) is

(9.1.17) x(t) = " Smpq(Apq(\a\yX)t),
Apq\\a t A)

and this solution is r(a)-periodic function with

Apg{a,X)



9.1. Quasilinear differential equations 421

Theorem 9.1.2. For any given a / 0, the set of eigenvalues of the problem

(9.1.18) (<S>p(x'))' + \$q(x)=0, x(0)=0 = x(T),

whose (nontrivial) solution x satisfies x'(0) = a, is given by

)  - «
with the corresponding eigenfunctions

V( f) = sinp(3 —22-t), n e N.

Proof. For a given a € R, by imposing that a; in (9.1.17) satisfies the boundary
conditions in (9.1.18), we obtain that A is an eigenvalue of this problem if and only
if

~(p*)' (Z* rA « \a\~^~T = riTTpq, n G N,

and hence (9.1.19) follows. The expression for eigenfunctions follows then directly
from (9.1.17).

9.1.2 Existence, uniqueness and singular solutions

Equation (9.1.1) and system (9.1.4) are sometimes called of Emden-Fowler type
(or generalized Emden-Fowler) since if p = 2 in (9.1.1), this equation reduces to
Emden-Fowler equation. It is known that this equation may possess the so-called
singular solution, i.e., the global existence or uniqueness may be violated.

Recall that a solution x of (9.1.1) is called the singular solution of the first
kind if x becomes eventually trivial, i.e., there exists T £ K such that x ^ 0
for t < T and x(t) = 0 for t > T, and a solution x is singular solution of the
second kind if there exists a finite time T such l im t^x- \x{t)\ = oo. The set of
singular solutions of the first and second kind will be denoted by §i and §2,
respectively. A solution which is not singular is called proper. There is also an
alternative terminology concerning singular solutions. A solution x of (9.1.1) is
called the extinct solution (of the first kind) if there exists T e R such that x ^ 0
for t < T and l\mt^T- y(t) = 0 = \mit^T- y'{t), i.e., it has the same meaning
as the singular solution of the first kind. For the meaning of the extinct solution
of the second kind see the end of Subsection 9.1.7. Finally note that the singular
solution of the second kind is sometimes called blowing-up solution.

Theorem 9.1.3. Suppose that r(t) > 0, c(t) < 0 for large t.

(i) Ifp = q, i.e., (9.1.1) reduces to (1.1.1), then Si = 0, S2 = 0.

(ii)  Ifp < q, then §! = 0 and §2 7̂  0-

(Hi) If p> q, then §1 ̂  0 and §2 = 9.
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Proof. Equation (9.1.1) can be written as a system of the Emden-Fowler type for
the vector (x,u) = (x,r<$>p(x'))

(9.1.20) x' = ai(f)|u|Alsgnu, u' = a2(t)\x\X2 sgnrc,

where Ai = l/(p — 1), A2 = q— 1, a\(t) = l/$p-(r(i)) , ct2(£) = —c(f). Using results
of Mirzov [292, Theorems 9.1, 9.2] on the nonexistence of singular solutions of
system (9.1.20), we obtain for (9.1.1) that §i = 0 when p < q and §2 = 0 when
p> q. The existence of singular solutions of (9.1.1) was proved by Chanturia [71,
Theorems 1, 3]. From there it follows for (9.1.1) that §2 ̂  0 if V < Q and Si ^ 0
if p>q. D

Observe that c(i) is assumed to be negative in the theorem. The different
situation happens when c(t) is positive and satisfies additional conditions, as the
following theorem shows.

Theorem 9.1.4. Suppose that r(t) = 1 and c(t) is continuously differentiable and
positive on [a, oo). Then for any A and B, the solution of the initial value problem
(9.1.1), x(to) = A, x'(to) = B, to 6 [a, oo), exists on [a, oo) and is unique.

Proof. We give only the sketch of the proof. Similarly as in Subsection 1.1.6 we
distinguish the cases where the right-hand side of system (9.1.20) satisfies or not
the Lipschitz condition with respect to the initial conditions and the values p
and q. Then we apply Peano theorem, Picard theorem and Gronwall inequality,
similarly as in Lemmas 1.1.3-1.1.5. A different approach needs to be used to prove
the uniqueness for the only remaining case where q < 2 and A = B = 0. This
approach requires the continuous differentiability of c, it is based on certain energy
functions related to (9.1.1), and serves to show the global existence in the general
case as well.

In fact, the last theorem can be established under less restrictive assumptions
on c(t), namely c(t) > 0 is locally of bounded variation on [a, oo).

9.1.3 Asymptotic of nonoscillatory solutions

The classification of nonoscillatory solutions of (1.1.1) can be extended under the
assumption that c(t) ̂  0 for large t also to (9.1.1):

M+ = {x : 3tx > 0 : x(t)x'{t) > 0 for t > tx},

M~ = {x : 3tx > 0 : x(t)x'(t) < 0 for t > tx}.

The following theorem deals with the existence of solutions in these classes. It
is closely related to Theorem 9.1.3.

Theorem 9.1.5. Suppose that r(t) > 0, c(t) < 0 for large t.

(i) Ifp = q: i.e., (9.1.1) reduces to (1.1.1), then M" ̂  0 and M+ ^ 0.

(ii)  Ifp<q, then M~ =£ 0.
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(in) Ifp>q, then M+  ̂ 0.

Proof. We will use Theorem 9.1.3. Assume p < q. Using a result of Chanturia [72,
Theorem 1], we get that there exists a solution x of (9.1.1) such that |a;(0)| > 0,
x{t)x'{t) < 0 for t > 0. Since Si = 0, we obtain x e M~. Now assume p > q.
I t remains to show that M + ^ 0. Let i be a solution of (9.1.1) satisfying the
initial condition x(0)x'(0) > 0. Then we can assume that x is defined on (0, oo)
since §2 = 0- Consider the function Fx given by Fx(t) = r(t)3>p(x'(t))x(t). Then
Fx(0) > 0 and

ftFx(t) = [r{t)%{x\t))\x{t)+r{t)%{x'{t))x'{t)

= -c(t)%(x(t))x(t) + r{t)%(x\t))x'{t) > 0.

Thus Fx is a nondecreasing function, which implies x(t)x'(t) > 0. Taking into
account that, in this case, §2 = 0, the assertion follows.

In Section 4.1 we have seen that certain integrals of functions r,c play an
important role in the asymptotic classification of nonoscillatory solutions of (1.1.1).
As an illustration of the extension of these results to (9.1.1) we give two statements.
The first one deals with the existence in M~ and the Schauder-Tychonov fixed
point theorem plays a crucial role in its proof.

Theorem 9.1.6. Suppose that r(t) > 0, c{t) < 0 for large t, J°° r 1^ *  (t) dt < 00
and

I  \c(t)\$q(f rl-p'  (s) ds\ dt < 00,

where &q(s) = \s\q~1 sgns. Then there exists at least one solution x of (9.1.1) in
the class M~ such that lim^oo x(i) = 0 and

x(t)
(9.1-21) lim r0O

 KJ, = 4, 0 < 4 < o o.

Proof. Let to be so large that

I HmAJ r1-P'(s)dS)dt<l-<!> p(l/2)

and denote with C[to, 00) the Frechet space of all continuous functions on [to, 00)
endowed with the topology of uniform convergence on compact subintervals of
[to, 00). Let fl be the nonempty subset of C[to, 00) given by

n=l [ue C[t0, ™)--\f *„ . ( ^ y ) ds < u{t) < j™ $p, (_£_) ds J .

Clearly Vi is bounded, closed and convex. Consider the operator T : fl —> C[to, 00)
defined by

T(u)(t) =  ̂ °° <V [^y (l + £ C(T)%(U(T)) dr^j ] ds.
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Now it is not difficult to verify that T is continuous in O and T(iY) is relatively
compact in C[to,oo). Therefore, by the Schauder-Tychonov fixed point theorem,
there exists a fixed element x G 0 which is a desired solution. The assertion on
the asymptotic estimation follows from the fact that the argument of the lim-
it in (9.1.21) is bounded and x'(t)/rl~p (t) is monotone. Indeed, we apply the
L'Hospital rule to the limit in (9.1.21).

It is known (see [200, Theorem 4] and [202, Corollary 17.4]) that if p = 2,
r(t) = 1, q > 2 and lim inft^oc tqc(t) > 0, then M+ = 0. Consequently, when
p < q the class M+ may be empty. The next theorem gives the conditions ensuring
that M+ is nonempty. Following [203], an eventually positive solution x G M+ is
said to be strongly increasing if lim^oo x(t) = oo, lim^oo r(t)$p(x'(t)) = oo, and
an eventually positive solution x G M+ is said to be weakly increasing if at least
one of the limits limbec x(t) and lim^oo r(t)<S?p(x'(i)) exists finitely.

Theorem 9.1.7. Suppose that r(t) > 0, c(t) < 0 for large t, p < q and

I r'-P'(*)$„.  ( I \c(s)| ds) dt <oo

or

f |c(i)|$, ( j rl~p*  (s) ds) dt < oo.

Then M+ contains a one parametric family of strongly increasing solutions and a
one parametric family of weakly increasing solutions.

Proof. This result was shown in [229, Theorem 1 and its corollary] for system
(9.1.20). Putting Ai = l/(p-l), A2 = q-l,ai{t) = l/$p.(r(t)) anda2(t) = -c(t),
the assertion follows.

9.1.4 Sufficient and necessary conditions for oscillation

Since the Sturmian theory does not extend to (9.1.1) in general, the concept of
oscillation of equation cannot be denned by means of the existence of one (arbi-
trary) oscillatory solution, and so we simply require oscillation of all nontrivial
(proper) solutions (recall that a solution is said to be oscillatory if it has arbi-
trarily large zeros). Nevertheless, there are quite many oscillation criteria in the
(half-)linear case which can be more or less extended to the quasilinear case. For
instance, if r(t) = 1 and J°° c(s) ds = lim^oo J c(s) ds = oo, then all proper solu-
tions of (9.1.1) are oscillatory, see e.g. [206]. Of course, some of the refined criteria
for (1.1.1), which need very sophisticated methods, are impossible to extend. On
the other hand, in the quasilinear case, one can find equations (in particular, the
so-called strongly sub/super-linear ones, which do not include (half-)linear ones),
for which some phenomena occur that are not known in the (half-)linear case. By
this we mean, for instance, the below mentioned effective conditions for oscillation
which are necessary and sufficient at the same time.

For illustration, we consider a more general equation of the form

(9.1.22) (r(t)<p(y')y + F(t,y) = O,
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where r, <p and F satisfy the conditions presented at the beginning of this section
(in particular, (9.1.2) and (9.1.3)). In the course of the progress, we will  show
how the situation looks like for the special case (9.1.1), i.e., <p(-) = $p(-) and
F(t, ) = c(i)$g(-) with c(t) > 0.

In the sequel, we will assume that

/

°° f C \

if-1 —- dt = oo for every constant C ^O
\r(t)J

and

(9.1.24) y-l{uv)>ip- l(u)ip~l{v) for all u, v with uv > 0.

Further, we will use the condition: for each fixed B > 0

(9.1.25) lim X*'1 {A/r(s)) = 0

uniformly on any interval of the form [£Q,OO), to > a. Clearly, in the case of
equation (9.1.1), condition (9.1.23) reduces to J°° r1~p (s) = oo and conditions
(9.1.24), (9.1.25) are trivially satisfied.

The crucial role is played by the following concepts. We say that equation
(9.1.22) is strongly superlinear if there exists a constant 7 > 0 such that the
function |w|~7|F(i, v)\ is nondecreasing in \v\ for each fixed t and

(9.1.26) / ——r < 00 and / —— < 00 for any M > 0;

equation (9.1.22) is strongly sublinear if there exists a constant S > 0 such that
\v\~5\F(t,v)\ is nonincreasing in \v\ for each fixed t,

fN dv A f° dv
 f AT n

/ 7 1, MX < o° and / -, -, , X, r < 00 for any J\l > 0.

Jo IV-'iv)}5 J-N k"1^)! 5

According to this definition, (9.1.1) is strongly superlinear if p < q and strongly
sublinear if p > q. Observe that the (half-)linear case is not included.

The proofs of the "only if" parts of the following theorems are based on the
Schauder-Tychonov fixed point theorem: we show that there exist certain nonoscil-
latory solutions provided that the integral in below given conditions (9.1.27) or
(9.1.28) is convergent. The idea is similar to that of the proof of Theorem 9.1.6;
strong super/sub-linearity is not needed there. The "if" parts are proved by con-
tradiction where a proper analysis of nonoscillatory solutions of (9.1.22) is made.
For illustration, in order to see the role of the strong superlinearity, let us mention
at least that the existence of an eventually positive solution y of (9.1.22) leads to
the inequality

/"' / 1 f°° \ fy  ̂ rlii
Ai / ^ ^ T / F(T7A2)CIT) ds< — — ,

where Ai,A2 are positive constants, provided the assumptions of the following
theorem hold. This however contradicts (9.1.27) because of (9.1.26).
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Theorem 9.1.8. Let (9.1.23) and (9.1.24) hold. Suppose that equation (9.1.22)
is strongly superiinear. Then all proper solutions of (9.1.22) are oscillatory if and
only if

(9.1.27) f V"1 (-7T / F(s,C)ds) dt = oo
Ja \rW Jt J

for every constant C^O.

Theorem 9.1.9. Let (9.1.23), (9.1.24) and (9.1.25) hold. Suppose that equation

(9.1.22) is strongly sublinear. Then all proper solutions of (9.1.22) are oscillatory

if and only if

F[t,C ip-1 [—-) ds) dt = oo

V Ja \r(S)J J
for all constants B  ̂ 0, C > 0.

It is easy to see that in the case of (9.1.1) (with c(t) > 0), conditions (9.1.27)
and (9.1.28) reduce to

/"* / 1 r°° \ P * - ] roo / f t \ 9-i
/ — - / c(s) ds) dt = oo and / c(t) / rl~p (,s) ds) dt = oo,
Ja \rW Jt J Ja \Ja J

respectively.
Similar kind of problems and further extensions are discussed e.g. in [67] for a

slightly more special equation of the form

(r(t)x'y + c(t)f(x)=0.

In particular, both cases when J°° ̂ y dt is either convergent or divergent are con-
sidered. A comparison technique is employed there. Recall also that when consid-
ering certain special case, namely the equation x" + c(t)$q(x) = 0, above theorems
go back to the classical results of Atkinson [25] and of Belohorec [33].

9.1.5 Generalized Riccati transformation and applications

In this subsection we show that the Riccati type substitution may be helpful in
the theory of quasilinear equations, even if the resulting first order generalized
Riccati equation is not "pure" in the sense that besides the independent variable
w it contains a solution x of the original second order equation. Here we prove
oscillation criteria for quasilinear equation. Other application will be shown in the
next subsection. Observe that in the two applications given below, the forms of
Riccati substitutions are different.

For illustration, we consider the more general equation

(9.1.29) ($(x'))' + F(t,x)=0

under the assumptions that the continuous function F satisfies sgn F{t, x) = sgna;
for i s [to, oo).
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Theorem 9.1.10. All proper solutions of (9.1.29) are oscillatory if one of the
following three conditions is satisfied:

(i) for all6>0

/ inf \F{t,y)\dt = oo,
J S<\y\

(ii)  for some 0 < A < p — 1 and all 5 > 0

fV inf ^4^oo ,
J s<\v\ \y\P~1

(in) for all 5,5' with 5' > 5 > 0

,oc
/ inf  \F(t,y)\dt = oo,

and there exists a positive continuous function if satisfying J <p{y) dy =  oo, such
that \F(t,y)\ > <f(\y\) for large t and large \y\.

Proof. To illustrate ideas used in the proof, we prove the part (ii) , the proof
of the remaining two statements is analogical. Suppose, by contradiction, that
(9.1.29) has a proper solution x which is positive for large t (if x is negative, we
proceed analogously). Then from (9.1.29) we have that also x'(t) > 0 and we put
w(i) = <&(x'  /x). Then w satisfies the Riccati type equation

(9.1.30) ^ + (p-l)HpVF^(
t
f))=0,

recall that p* denotes the conjugate number of p. Multiplying (9.1.30) by tx and
integrating over [to,t], to sufficiently large, we have
(9.1.31)

txw(t) -X [  s^wis) ds + {p-l) [  sx{w(s))p' ds+ [  sx^^^-ds < c,
Jtn Jtn Jtn %V \S)

where c > 0 is a real constant.
Suppose first that J sx~1w(s) ds < oo. Then it follows from (9.1.31) that

and taking the limi t as t —> oo, we get

/ s w i ds < oo.
Jto X \S)

However, this is impossible since assumptions of our theorem imply that for to
sufficiently large

(9.1.32) r s ^ ^ ds > f" sx inf ̂  ds = oo,
1 ' Jl0 XP-1(S) - Jt0 5<x XP-1
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where 5 = x(to) > 0.
Suppose next that

/>OC

(9.1.33) / sx~1w(s)ds = oo.

Then, by (9.1.31),

(9.1.34) [  gA F( s^ ( s) ) d g < c + A f s*-i w(s)ds-(p-l) f sx\w(s)\p' ds.

Note that the second integral in equation (9.1.34) is estimated by means of the
Holder inequality as follows

(9.1.35) [  sx-1w(s)ds = f s{x-p)lpsx{p-1)/pw{s)ds
Jto Jt0

/ j.A-p+1 \ P / ft \ W

< [^-^  u/<" H
(jls>wP'(S)ds)" Jta

Since (9.1.33) implies that

/ sxwp (s) ds —> oo as t —> oo,

we see from (9.1.35) that there exists t\ > to such that

f sx-1w{s)ds<^  ̂ f sxwp'(s)ds, t>h.
Jt0 * Jto

Using this inequality in (9.1.34) we conclude that

Jto X*-1{S)

This however contradicts (9.1.32) which holds also in this case.

9.1.6 (Half-)linearization technique

The linearization method is a typical method of the qualitative investigation of
various nonlinear differential equations. The reason is obvious: linear equations
are generally easier to investigate than the nonlinear ones. Naturally, a quasilinear
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equation can be compared also with the half-linear one. In Subsection 2.3.5 we
have presented comparison theorem, where two half-linear equations with the same
coefficients but different power functions were compared. Here we first compare
the linear equation

(9.1.36) (r(t)x')'+  c(t)x = 0

with the nonlinear one

(9.1.37) (r(t)x')' + c{t)f{x)=0,

where r(i)  > 0, c(t) > 0 and / is a continuous function satisfying uf(u) > 0 for u ^
0. Further, oscillatory properties of quasilinear equation (9.1.1) are investigated
using the half-linear oscillation theory.

Oscillation of nonlinear equation is defined as in Subsection 9.1.4. To recall
the concept of strong and conditional oscillation of (half-)linear equations, see
Section 5.4. The proof of the following theorem is omitted. Note only that several
cases are distinguished, according to whether J°° q(s) ds is convergent or divergent,
and the value of

/ ,-t \ / ,.00 \ / ,-t \ / /-co \

limsup I r~1(s)ds) I / q(s)ds) and limsup I q(s)ds) I / r~1(s)ds)
t̂ oo \J J \Jt ) t̂ oo V / \Jt )

is zero or a positive number or infinity. Further, among others, Sturmian compar-
ison theorem and strongly (non)oscillation criteria play important roles.

Theorem 9.1.11. (i) Assume

/
—— dt = oo and lim = co.
r(t) |«Hoo u

If (9.1.36) is either strongly oscillatory or conditionally oscillatory, then (9.1.37)
is oscillatory.

(ii ) Assume

/

OO -i f ( \

—— dt < oo and lim = co.
r{t)  M->o u

If (9.1.36) is either strongly oscillatory or conditionally oscillatory, then (9.1.37)
is oscillatory.

Next we present the half-linearization method, which is a partial generalization
of (i) of the previous theorem. A Riccati-type substitution is employed there.

Theorem 9.1.12. Let p > q. Denote r](t)  = J rL~q(s)ds and assume that

/>oo

(9.1.38) / r1-p" (t) dt = oo

and

ft
(9.1.39) liminf / c(s) ds > - co.

t—>oc J
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/ / the half-linear differential equation

(9.1.40) (r{t)rj p-l{t)^{y'))' + ac{t)^{y) = 0

is oscillatory for every positive constant a (i.e., it is strongly oscillatory), then
(9.1.1) is oscillatory, i.e., it has no nonoscillatory proper solution.

Proof. Let x be a nonoscillatory proper solution of (9.1.1), say x(i) > 0 for t > to-
Define

v ' xi-x{t)

Then we have

(9.1.41) w' = -c(t) -{q- l ) r ( t ) ^ f = -c(t) - (q - I)*-1""*  \wfx^(t\
xq(t)

and hence

(9.1.42) w(t) = w(t0) - f c(s) ds - (q - 1) f r ( s ) ^ f da.

Now, with respect to the integral

*  \x'(s)\pCM:=lor(S)^ds,
we need to consider the following cases.

I) £(to,oo) < oo. In this case, there exists a positive constant R such that
£(to,t) < R for t > to- Using the Holder inequality we obtain, with 7 = q/p > 1,

xl-\t)-xl-<{t Q) < (7 - 1) / '' ^ \ ds

f ' \1 /p*
< (7-l)(Aio,i))1/p(J rl-»'{s)ds]
<  (7-l)i?

1/pr/1/p*(t) .

By (9.1.38) there exists a constant M > 0 and T > t0 such that xl^'(t) <

Mrj^P"(t) for t > T, or x(t) > ( ( l /M)^"^^) 1/^-1) for t > T and

(9.1.43) x^(t)>  for t>T,

where d\ = (l/M)<-p-v<-i- 1'>.  Using (9.1.43) in equation (9.1.41) we obtain

« / W < - eW - ^ ( ^ ) P " W t ) r , t>T.

Hence, by Theorem 2.2.1 we find that equation (9.1.40) is nonoscillatory, a con-
tradiction.
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II ) £(to, oo) = oo. In view of condition (9.1.39), for some constant L, equation
(9.1.42) gives

(9.1.44) -w(t)>L+(q-l)£(to,t), i > to-

Let T > t0 be such that A = L + (q - l)£(i0, t) > 0 for t £ [T, oo). Then (9.1.44)
ensures that w is negative on [T, oo). Now, (9.1.44) gives

[L+(<Z-l)£(*o,*)M< ) " W J *(<) ' '

and consequently, for all t > T

log j(L + (q- l)£(i0> *))] > log ( ^ ) '

Hence, L + (g-l)£(io, i ) > A p ^ T ) / ^ ) ) ^ 1 . So, inequality (9.1.44) yields x'(t) <
-A^-P'it), for t > T, where A^Ax^-^T)) 1/^-1). Thus, we have

ft
x{t) < x(T) - Ai / r ^ ' ^ d s, i > T ,

JT

and this, taking into account (9.1.38), implies x(t) —> —oo as i —> oo, a contradic-
tion.

9.1.7 Singular solutions of black hole and white hole type

Looking at the form of equation (9.1.1), a natural question arises, namely what
we can say about equation of the type (9.1.1) (or of a similar type), where p
and/or q are less than 1. Such a question has already been extensively discussed
in the literature. The qualitative behavior of the singular Emden-Fowler equation
(r(t)y')' + c(i)y9"1 = 0 and its generalization (r(t)$(y'))' + c(t)yq~l = 0, where
p > 1, q < 1 and r,c are positive continuous functions, has been investigated in
details by many authors, see e.g [204, 225, 345, 353]. We emphasize that here by
singularity we mean the singularity of equations at dependent variables (some-
times called singularity at the phase variables) in contrast to the equations with
singular coefficients. Since the theory of the above mentioned singular Emden-
Fowler equations has been well processed in the literature we rather focus our
attention to other types of singular equations where some new phenomena may
occur. Equations of the form (ly'l^ 1)' + c(t)\y\q~l = 0, or of similar forms, where
p, q 6 M. with p ^ 1 and c is either always positive or always negative continuous
function, have appeared very recently, see e.g. [186, 187, 188, 225, 346]. Note that
such forms allow us to consider equations with singular nonlinearity in the differ-
ential operator (when p < 1) or even doubly singular equations (when p < 1 and
q < 1). Some new interesting phenomena may occur for the equations of the latter
forms. To be more more precise, first let us consider the equation

(9.1.45) (|y'|P-i)' + c( t ) ^ - i = 0 ,
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where p < 1, q G M and c is a positive continuous function defined on [a, oo). We
want to show that equation of the form (9.1.45) may have, along with proper and
"usual" blowing-up and extinct solutions, also singular solutions of a new type that
we call black hole solution. It is defined as a solution y of (9.1.45) which exists on
some interval [to,T), T < oo, and has the properties \\vnt^T-V{t) G (0,oo) and
lim t^T_ \y'{t)\ = oo. A simple example of a singular equation of the form (9.1.45)
(with q = 1) having this type of solution is

(9.1.46) ( | j / ' |P- iy+^_IL.y = 0 ,

where p < 1. For any given T > a and M > 0, the function y(t) = M+(T-t)P/^-^
defined and positive on [a, T) is a decreasing solution of (9.1.46) with a singularity
of black hole type at T. Similarly, for any M > 0 the function y(t) = M — (T —
£)P/(P-I) provides an example of a "local" increasing black hole solution of (9.1.46)
which is defined and positive in some sufficiently small left neighborhood of T.

Next we show that there does exist a wide class of equations of type (9.1.45)
which admit black hole solutions.

Theorem 9.1.13. For any T > a and any M > 0, equation (9.1.45) possesses an
increasing black hole solution defined on some interval [to,T), a < to < T, if and
only if p < 0.

Proof. "=>": Assuming that y is a positive increasing black hole solution of (9.1.45)
defined on [to,T), after some easy computation, we obtain

fT ( fT \*^
/ / C(T) dr ds < oo,

Jta \Js )
which is possible only if p < 0.

"<=": To prove this part we use a standard argument based on the Schauder
fixed point theorem. We show that the operator T : Q —> C[to, oo] given by

T(u){t)=M- [ ( f C(T)uq-1(T)dT) ds,

t G [to, T], with T > a and M > 0 being given arbitrarily, has a fixed point in the
set Q which is defined by

n=LeC\to,T] : ^-<u(t)<M,te[to,T}\.

Details are omitted.

A closer examination of the previous proof shows that if there is made a special
choice of M, then the desired black hole solution is guaranteed to exist on the
entire given interval [a, T) and the above theorem can be restated as the following
"global" existence result.
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Theorem 9.1.14. Suppose that p ̂  q. Then, for any T > a, equation (9.1.45)
possesses an increasing black hole solution defined on [a,T) if and only if p < 0.

Corresponding theorems dealing with decreasing black hole solutions can be
proved in a very similar way. We stress that black hole solutions exist regardless
q is greater than or less than 1.

Introducing certain energy functions, under the assumption c G C}[a, oo), it
can be shown that the only decreasing solutions of (9.1.45) [resp. all increasing
singular solutions of (9.1.45)] are black hole solutions provided p < 0 and q < 0
[resp. p < 0 < q\.

Similarly as for nonsingular quasilinear equations, it can be shown the exis-
tence of "classical" singular solutions and proper solutions with some prescribed
asymptotic behavior.

By analogy with the concept of black hole solutions we introduce the so-called
white hole solutions that appear to be singular solutions of a new type. Consider
the equation

(9.1.47) (\y/\p-1y + c(t)\y\"-1=0,

where p, q G R are constants with p > 1, and c is a positive continuous function
defined on [a, oo). A solution y of (9.1.47) is said to be white hole solution of
(9.1.47) if it is defined on some interval [to,T), T <  oo, l im t^T_ y(t) e R \ {0}
and l\m.t—,Ty'(t) = 0. An example of a nonlinear equation of the form (9.1.47)
(with q =  1) which possesses a singular solution of this new type is (9.1.46), where
p > 1. The desired solutions are defined exactly as those ones right after (9.1.46).
However, now we assume p > 1, and so they are of white hole type. Another simple
example is the "almost linear" equation (\y'\)' + \y\ = 0. As easily seen, for any
real T and any M > 0, the function y(t) = M cos(T — t) defined and positive on
[to,T), to > T — TT/2, is its increasing singular solution which is of the white hole
type. In a very similar way as in the above theorems on black hole solutions, it
can be shown that, regardless of q is greater or less than one, equation (9.1.47)
always has singular solutions of white hole type if and only if p >  1. It concerns
both solutions, decreasing and increasing, and the "global" existence result can
be stated as well provided p ̂  q. Note that in the results concerning both cases,
i.e., black hole and white solutions, the assumption on the positivity of c may be
somewhat relaxed, which however then has to be compensated by some additional
requirements.

We finish this section by examining the (singular) equation

(9.1.48) dy'r'y+Aij/r^o,

t e [a, oo), where A > 0, p G K \ {0,1} , q e R \ {0}  and p ̂  q. Equation (9.1.48)
has for any given T > a the solution y(t) = M(T - t)p^p-q\ t e [a,T), where

i/(p-i )

V (P~ 1)9

Now we distinguish three cases:



(i) If p/(p - q) > 1, then (9.1.48) has an extinct solution of the first kind, i.e.,
a solution y such that limt_>T- y(t) = 0 = lim^T_ y'(t).

(ii) If 0 < p/(p — q) < 1, then (9.1.48) has an extinct solution of the second
kind, i.e., a solution y such that l im^x - y(t) = 0 and Wmt^T- y'{i) = ~°°-
Sometimes we call it a solution with a "zero black hole" at T.

(iii ) If p/(p — q) < 0, then (9.1.48) has a blowing-up solution, i.e., a solution y
such that limt_,T_ y(t) = oo = lim t^T- y'{t).

9.1.8 Curious doubly singular equations

The so-called doubly singular equations are also of interest. Some of them have
already been discussed in the previous subsection. Besides this, note that, for
instance in [186], equations of the form (IJ/'I^"1)' — c(t)\y\q~1 = 0, where p < 1,
q < 1 are constants, and c is a positive continuous function, are studied. The results
presented there are more or less "standard" (i.e., conditions for the existence of
singular solutions or of solutions with prescribed asymptotic behavior). However, a
closer look at doubly singular equations reveals that they may offer very interesting
possibilities. A very natural question comes up: What about the doubly singular
case where the exponents are equal (i.e., the half-linear singular case)?

434 Chapter 9. Related Differential Equations and Inequalities
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Figure 9.1.1: Extinct solutions of the first kind and of the second kind, respectively

V l\ I

a T t

Figure 9.1.2: Blowing-up solution
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What we present next comes from Jaroslav Jaros who started the study which
could answer the above question. In 1999, in [184], he gave an interesting example
of doubly singular equation of the second order, namely,

(9.1.49) (r(t)^) +c{t)-=0,

where r > 0 and c are continuous functions. This equation may play a very signifi-
cant role in the theory of the class of quasilinear equations where the exponents in
nonlinearities are less than 0 (or, more generally, where the exponents may be arbi-
trary real numbers). Its importance is compared with the classical Sturm-Liouville
equation. Even, it seems to be more important from a certain point of view. In-
deed, as easily seen, equation (9.1.49) can be explicitly solved - the corresponding
Riccati equation is a linear equation of the first order.

In the particular case r(t) = 1 and c{t) = A, A £ (0, oo), we obtain the equation

/ 1 V 1
(9.1.50) - + A - = 0 .

The solution of (9.1.50) is

f ^ t + MlVd-A ) i f A ^ l ( i ^ O ) ,
V[ ' [KeMt if A= 1 (K,M^0).

Now, if A > 1, then y is blowing-up, if 0 < A < 1, then y is extinct of the first
kind, and if A < 0, then y is extinct of the second kind.

9.1.9 Coupled quasilinear systems

Quite recently, it has been started the investigation of the coupled quasilinear
systems, i.e., the systems of the form

( , (rma(x')Y = Mt)^(y),

where a G {  — 1,1}, r,q,ip,ip are positive continuous functions defined on [a, oo),
and a,/?,7,(5 are constants greater than 1. Various extensions can also be consid-
ered; for instance, the expression <^(t)$7(y) is replaced by F(t,y) (with F being
the same as at the beginning of this section) or some of the constants a, (i, 7, 5 are
allowed to be less than 1 which then covers a singular case. It is not difficult to see
that system (9.1.51) includes a wide class of fourth order nonlinear equations, for
instance those of the form y  ̂ +(p(t)^1(y) = 0. An advantage of the investigation
of system (9.1.51) is that its form may enable better understanding the structure
of solution space of (9.1.51) than in the case of fourth order equations (there in-
deed exist results that nicely illustrate this fact - the situations which seem to
be quite different for the fourth order equations are shown to be "symmetric"
when rewritten into the system). Moreover, since (9.1.51) consists of two second
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order equations in a formally "self-adjoint" form, theory of such systems can be
understood as an extension of the approach known from the extensive theory of
second order scalar nonlinear differential equations of the form (9.1.1). Motivated
ourselves in such a way, some kind of results can be expected, even though the
raise of the order makes usually problems much more difficult.

We choose here some of the typical results - problems of the (non)existence
of singular solutions, and some aspects of oscillation and asymptotic theory. We
present them without proofs. Note only that the analysis of nonoscillatory solutions
and the Schauder or Schauder-Tychonov fixed point theorem play an important
role there. Usually we look for fixed points of certain vector operators in the subsets
of Cartesian products of the Banach spaces C[a,6] or of the Frechet spaces C[a, oo).
Compare the next statement with Theorem 9.1.3.

Theorem 9.1.15. Let a = 1 and a,/3,7, 5 > 1.
(i) If (a - 1){J3 - 1) > (7 - l){5 - I), then, for any T > a, system (9.1.51)

possesses an extinct singular solution, i.e., the solution (x,y) such that x(t) > 0,
y{t) > 0 on [a, T) and x(t) = y{t) = 0 on [T, 00).

(ii)  If (a — l)(/3 — 1) < (7 — 1)(S — 1), then system (9.1.51) has no extinct
singular solution.

For comparison purposes, the next statement is presented for a more general
system of the form

(q^2] (r(t)**V)Y = -F{t,v),
1  j (q(t)<S>0(y>)y = G(t,x),

where F, G : [a, oo) x K ^ R are continuous functions, nondecreasing with respect
to the second variable, and such that uF{k,u) > 0, uG(k.u) > 0 for every M ^ O
and k € [a, oo). Further we assume here that a > 1, /3 > 1,

and

/

OO /"OC

|F(i,C)|di<oc, / \G(t,C)\dt < oo,
^ a

where a*  and /3* are the conjugate numbers of a and /?, respectively, and C is
any nonzero constant. We will  need the next definition: We call system (9.1.52)
strongly superlinear (resp. strongly sublinear) if A > 0 and /x > 0 exist such that
\F(t,«)|/|M|A and \G{t,u)\/\u\  ̂ are nondecreasing (resp. nonincreasing) in \u\ for
each fixed t e [a, oo), and A,u > (a - l)(/3 - 1) (resp. Xfi < (a - l)(/3 - 1)). The
following notation will be useful:

S?F(C) = J%a.(^Jt°°\F(s,C)\dsy)dt,
O / -i /.OO \



9.1. Quasilinear differential equations 437

*S,(O = f«(«f^(s)4)* '

where C is a nonzero real constant. The next result deals with oscillation of
(9.1.52), which means oscillation of all its solutions. An oscillatory solution of
(9.1.52) is defined as the solution whose both components oscillate. Note that in
view of the sign conditions, one component of solution of (9.1.52) is oscillatory if
and only if another component is so. This can be easily seen by using the Rolle
Theorem. Compare the following statement with the results of Subsection 9.1.4.

Theorem 9.1.16. (i) Assume S Ĝ{C) = Vgr(C) = V&
Fq{C) = oo, S%(M) < oo;

for all C / 0 and a constant M =£ 0. Let (9.1.52) be strongly superlinear. Then
(9.1.52) is oscillatory if and only if

[h-{^)F a[s-iy- (^} r  F("- c)d")  dT\ d'}\dt=™
for every C^O.

(ii)  Assume S%G(C) = Vgr(C) = 5r"F(C) = oo, Vfpq(M) < oo for all C
0 and a constant M  ̂ 0. Let (9.1.52) be strongly sublinear. Then (9.1.52) is
oscillatory if and only if

r \F ('  t  \[ ° (T- L  ( i ) ) * ) ds) i -"  - »
for every C^O.

The last result which we choose to present here deals with the so-called regu-
larly decaying solutions, and allows to consider singular systems.

Theorem 9.1.17. Let a = -I, a > 1, (3 > 1, 7 / -1 and 5 ^ - 1 . System
(9.1.51) has a regularly decaying solution, i.e., a solution (x,y) such that x(oo) =
0 = 2/(00), r(t)$a(x') is bounded and q(t)$(y') tends to a nonzero limit, if and
only if

/

cc />oo

r1/(1~a) (s) ds < 00, / gVd-zs) ̂  ds < 0Q)

/

OO / rOG \ 7—1

ip(t)( q1^1-f3\s)ds) dt< 00
and

/

oo / /-oo \ 5—1

i)(t)[  r1/(1-a\s)ds\ dt< 00.
Note that many other results concerning asymptotic and oscillatory behavior

of (9.1.51) have been established, even for the systems with "worse" nonlinearities,
with forcing terms, and singularities. On the other hand, the theory of half-linear
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coupled systems (i.e., when a = f3 = ̂  = S in (9.1.51)) has not been developed yet.
Of course, the results for the general system may be applicable here, but what we
have in mind is the theory which is more refined, and uses the homogeneity of the
solution space. In other words, an extension of the theory described in the first two
chapters of this book to the half-linear systems of the form (9.1.51) is still missing.
Finally observe that instead of two equations one can consider n second order
equations, e.g., of the form (r i(£)$Ql(zi)) ' = <pi(t)$^(x2), (r2(t)$a2(x2))' =
(p2{t)^j2(x3), . . ., (rn(t)$a,n{x'n))' = <Pn(t)®-y.rXxi), n e N. Such a system then
may be reduced to 2n-th order (scalar) quasi- or half-linear equation. There exist
some isolated results for scalar equations of this form, see Subsection 9.4.2.

9.2 Forced half-linear differential equations

The main concern of this section is to study the influence of the forcing term
on oscillatory properties of investigated equations. First we deal with forced half-
linear equations and then we turn our attention to forced quasilinear equation
(9.1.1).

9.2.1 Two oscillatory criteria

Consider the forced half-linear equation

(9.2.1) (r(t)<f>(x')y  + c(t)<S>(x)=f(t),

where r, c and / are continuous functions on [a, oo) with r(t) > 0. We start with a
weighted oscillatory criterion where an important role is played by the sign of the
forced term in subintervals. Throughout this subsection, q has its usual meaning,
i.e., it is a conjugate number to p.

Theorem 9.2.1. Suppose that for any T > 0 there exist T < Si < t\ < s2 < t2
such that f(i) < 0 for t e [si,ii ] and f{t) > 0 t G [s2,t2]. Denote

D{Si, U) = {ueC1 [Si,U] : u(t)  ̂ 0, u(Si) = 0 = u(U)}, i = 1, 2.

/ / there exists a function h £ D(si,ti) and a positive nondecreasing function ip 6
C1 [T, oo) such that

(9.2.2) J\*(t)<p(t)c(t)dt > 1 £ ^ g (2\h\t)\+h(t)^Jdt,

for i = 1,2, then every solution of (9.2.1) is oscillatory.

Proof. Suppose that a; is a nonoscillatory solution of (9.2.1) which is eventually of
one sign, say x(t) > 0 for t > To, and let the function w be defined by the modified
Riccati substitution
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Then w solves the generalized Riccati equation

By the assumptions of theorem, one can choose si,ti > TQ SO that /(£) < 0 on
/ = [si, ii ] with Si < h. From (9.2.3) we have for t e I

(9.2.4) rt)c(t) < -«,'(*) + ̂ W(t) - (p - D ^ l f L -

Multiplying (9.2.4) by h2 and integrating over I we obtain

fi2(t)ip(t)c{t)dt < - / K\t)w'{t)dt+ / h2{t)^—^-w{t)dt

i ^ i isi ¥>(*)

Integrating the last inequality by parts and using the fact that /i(si) = 0 = h(ti),
we get

/ ' h2(t)ip(t)c(t)dt < I'2\h(t)\\ti(t)\\w(t)\dt+ ['h2 (t)^lw{t) dt
JS1 JS1 JS1 <P(t)

< £ (2\h(t)\\h'(t)\ +  ̂ ^ W ) Mt)\dt

Now, the application of the Young inequality yields for t e [si, ii ]

(2|WIIA'WI  + ^ W ) K*)| - (P - i j ^ l ^ ^ w

- 1 r{tMt) (2\h'(i)\ I IfaWI^^V

thus

£ ^2(*)̂ )c(*)d*  < ̂ £ ^ ! l (21̂ 'wi + im^lJ dt,
which contradicts our assumption. When x is eventually negative, we may employ
the fact that /(£) > 0 on some interval in any neighborhood of 00 to reach a similar
contradiction.
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Remark 9.2.1. If p = 2 and ip(t) = 1, then the above theorem reduces to the
result of Wong [363]. In particular, condition (9.2.2) reads as Js'\c(t)h'2(t) —
r(t)(ti(t)) 2]dt>0.

Now we will see that a "large amplitude" of the forcing term may generate
oscillation of all solutions of (9.2.1).

Theorem 9.2.2. Let c{t) >0fort>a. If

(9.2.5) liminf / f(s)ds = —oo, limsup / f(s) ds = oo,
t->o° Ja t^oo Ja

and

limmi f rl-q(s)( f f(u)du] ds = -oo,
*^°° Ja \Ja )

r-t  / r-8 \ 9 - 1

limsup / r1^q(s) I / f\u)du\ ds = oo,
t^oc Ja \J a /

then every solution of (9.2.1) is oscillatory.

Proof. Assume the contrary. Then without loss of generality, we can assume that
there is a nonoscillatory solution x of (9.2.1), say, x(t) > 0 for t > T > a. From
(9.2.1), we have (r(f)$(x'))' < f(t) for t > T. Thus, it follows that

(9.2.6) r{t)<$>{x'{t))-r{T)§{x'{T))  < / f(s)ds.
JT

By (9.2.5) there exists t0 > T sufficiently large so that x'(t0) < 0 and x'(t) < 0
for t > to. Replacing T by to in (9.2.6), we get

x\t)<r l-<>{t)^J  f(s)ds)j

and

x{t) < x{t0) + I r1-q{s)( I f(u)duY ds.
Jto \Jto J

Therefore, liminft^ ooa;(i) = —oo, which contradicts the fact that x(t) > 0 even-
tually, n

9.2.2 Forced super-half-linear  oscillation
Along with (unforced) half-linear equation (1.1.1) consider the forced super-half-
linear equation

(9.2.7) M[y]  = {R(t)%(y'))' + C(t)$q(y) = f(t).

The functions &p,Qq have the same meaning as for quasilinear equation (9.1.1),
here with 1 < p < q. Further, R, C, f are continuous functions with R(t) > 0. Now
we give without proof a nonlinear variant of Picone's identity which will be needed
to prove the main results of this subsection.
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Theorem 9.2.3. Let x and y be continuously differentiable functions such that
R<&p(y') is also continuously differentiable and y(t)  ̂ 0 in an interval I C M.
Then in this interval

(9.2.8) {^RmM)}' = R(t)\xr- {cmr*- ^ }  w*

- R(t)Q(x', xy'/y) + ̂ fi{M[y]  - /(«)},

where Q denotes the form defined by Q{u, v) :— \u\p — pu<f>p(y) + (p — l ) |u |p which
satisfies Q(u, v) > 0 for all ! t , u £ l with the equality if and only if u = v.

To obtain the first result concerning equation (9.2.7), assume that C(t) > 0 on
some interval [a,b]. Further, consider the functional

g(y]a,b)= f {R(t)\y'f-(p-l)^(q-l)(q-p)^[C(t)}^\f(t)\^\y\p}dt,

over W0'
p(a, b), with the convention that 0° = 1.

Theorem 9.2.4. // there exists a nontrivial 7] G W0'
p(a, b) such that

(9.2.9) G(ri,a,b)<0,

then every solution y of (9.2.7) defined on [a, b] and satisfying y(t)f(t) < 0 in this
interval must have a zero in [a, b\.

Proof. Assume by a contradiction that (9.2.7) has a solution y satisfying y(t)f(t) <
0 and y(t) ̂  0 on [a, b\. Then identity (9.2.8) with x(t) replaced by i](t)  reduces
to
(9.2.10)

{$MRimp{y>)} = mWr ~ {C{t)lyrP~^M}  H"~ R®QW'rt/v)-
Denote by F(y) the expression in the brackets on the right-hand side of (9.2.10)
considered as the function of y and observe that
(9.2.11)

^nF(y)=mm|cWM«-p + | ^ }  = (p-l)-^(g-l)(g-p)^C^|/|̂

if p < q, and F(y) > C(t) if p = q. Thus, in both cases (9.2.10) reduces to

(9.2.12) | JM^ i? ( t )$p ( 2 /' ) | <R(t)W\P

- (p - l)-&(q -l)(q- p)F*C& \f\^\v\p ~ R{t)Q{r{, w'/y).

Integrating inequality (9.2.12) from a to b we obtain

0<g(v,a,b)- f R(t)Q (V, ̂ ) dt,
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which is a contradiction unless Q(rj; a, b) = 0 in [a, b]. The last relation implies that
y must be a constant multiple of rj, and so we get, in particular, y{a) = y(b) =
0.

Corollar y 9.2.1. Let there exist two sequences of disjoint intervals (a~,b~),
(a+,6+), t0 < o-n < b~ < a+ < 6+, a~ —> oo as n —> oo such that C(t) > 0
on[a-,b-]U[a+,b+],  /(* ) < 0 on [a", 6"], / ( i ) > 0 on \a+,b+], n = 1, 2 , . . ., and
two sequences of nontrivial continuously differentiable functions r/~(t) and i]^(t)
defined on [a~,b~] and [a+,6+], respectively, such that

Vn(an) = Vn On) = Vn On) = VniK) = °>

for n = 1,2,..., and GiVn'i a«i &n) — 0 for " £ "  Tften aZ/ solutions of (9.2.7)
are oscillatory.

The next result is a Leighton type comparison theorem where equation (9.2.7)
is compared with (1.1.1). Theorem 9.2.3 plays an important role there.

Theorem 9.2.5. If there exists a nontrivial solution x of (1.1.1) in [a,b] such
that x(a) = x{b) = 0 and

H(x;a,b)= f Ur(t) - R(t))\x'\p

+ [(p - 1)^? (q - l)(q - p)^[C(t)]^\f(t)\^ - c(i)] \X\P) dt > 0,

then every solution y of (9.2.7) satisfying y{t)f(t) < 0 in (a, b) has a zero in [a, b].

Proof. If x is a nontrivial solution of (1.1.1) satisfying x(a) = x(b) =  0, then
integration by parts yields

,&
(9.2.13) / {r(t)\x'\p-c(t)\x\p}dt = 0.

J a

Thus, combining (9.2.9) with (9.2.13) we obtain TL{x\a,b) = —G{x;a,b) > 0 and
the conclusion follows from Theorem 9.2.3.

Now we give a Sturm-Picone type comparison theorem involving equations
(9.2.7) and (1.1.1).

Corollar y 9.2.2. Let C(t) > 0 in [a,b\. If  r(t) > R(t),

in [a,b] and there exists a nontrivial solution x of (1.1.1) such that x(a) = x(b) =
0, then any solution of (9.2.7) satisfying y(t)f(t) < 0 in (a,b) has a zero in [a,b\.

As a consequence of Theorem 9.2.5, we have the following general comparison
result which relates oscillation of the forced super-half-linear equation (9.2.7) to
that of conjugacy of two sequences of associated "minorant" half-linear equations
(9.2.14) and (9.2.15) below considered on the sequences of corresponding disjoint
intervals [a-~}b~] and [a^",6^], respectively.

{p-l)^(q-l)(q-p)^[C{t)]^\f(t)\^>c(t)
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Corollar y 9.2.3. Let there exist two sequences of disjoint intervals (a~7b~) and
(a+,6+), to < a~ < b~ < a+ < 6+, a~ —> oo as n —> oo such that C(t) > 0 on
[a-,b-]u[a+,b+],  f(t) < 0 on[a-,b-}, f(t) > 0 on[a+,b+], n= 1,2,..., and
two sequences of half-linear equations

(9.2.14) (r-(t)$(x'))/ + c-( t )$(a: )=0,

(9.2.15) (r+(t)<&(x'))' + c+(t )$(x)=0,

where r~,c~ : [a~,6~] —> K and r^,c  ̂ : [a+,6+] —> M. are continuous functions
with r~(t) > 0 and r+(i) > 0, with respective nontrivial solutions x~ and x^
satisfying x~{a~) = x-{b~) = x+{a+) = x+(b+) = 0, n = 1, 2 , . . ., and

I {[rt(t)-R(t)]\(xt)7

+ [(P - l)^(q ~ 1)(9 -p)^[C{t)]^\f{t)\^ -  \xt\p}dt > 0

for every n s N. Then all solutions of (9.2.7) are oscillatory.

In the next result, by consecutive sign change points of the oscillatory forcing
function / we understand points t\, £2 £ [to, 00), t\ < £2, such that /(£) > 0 (resp.
f(t) < 0) on [tut2]  and f(t) < 0 (resp. f(t) > 0) on (t, - e,ti) U (t2,t2 + s) for
some e > 0.

Corollar y 9.2.4. Assume that C(t) > 0 on [tQ,oo)

(9.2.16) r(t) > R(t),

(9.2.17) (p-l)^(q-l)(q-p)^[C(t)]&\f(t)\^>c(t)

for t > to, and either (9.2.16) or (9.2.17) do not become an identity on any
open interval where f(t) = 0. Moreover, suppose that (1.1.1) is oscillatory and
the distance between consecutive zeros of any solution of (1.1.1) is less than the
distance between consecutive sign change points of the forcing function f. Then
every nontrivial solution of (9.2.7) is oscillatory, too.

Before presenting the last result of this section, recall that the concept of quick
oscillation has been introduced in Subsection 5.6.2.

Corollar y 9.2.5. Let C(t) > 0 for t > t0. If (9.2.16) and (9.2.17) hold and
every solution of (1.1.1) is quickly oscillatory, then every nontrivial solution of
the forced equation (9.2.7) is oscillatory, too, provided that the forcing function f
is moderately oscillatory, i.e., it changes sign on [T, 00) for each T > to and the
distance between consecutive sign change points of f is bounded from below.
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9.3 Half-linear differential equations with
deviating arguments

The aim of this section is to study half-linear equations where the argument (ar-
guments) in the non-differential term (terms) are deviating. The presence of such
deviation may cause phenomena which are not usual in the "ordinary case". For
instance, the equation ($(a;'))' = c(i)$(x) with c(t) > 0 is nonoscillatory by the
Sturmian comparison theorem since its Sturmian majorant ($>(x'))' = 0 is nonoscil-
latory. However, the presence of a deviating argument may generate oscillation of
some or all of its solutions. Indeed, for example the function sinp t is an oscillatory
solution of the functional differential equations ($(a;'(£)))' = (p—l)$(x(t—np)) and
($(x'(t)))' = (p—l)&(x(t + TTp)). This is obvious if one realizes that sinp(i — 7rp) =
sinp(t + TTp) = — sinp t. On the other hand, we will see that some of the aspects of
behavior of solutions of the functional differential equations are shared with the
corresponding ordinary differential equations, in particular, when a deviation is
small or when one deals with the existence of some nonoscillatory solutions.

Since the Sturmian theory in general does not extend to the deviating case
(in particular, oscillatory and nonoscillatory solutions may coexist), oscillation of
a given functional equation is defined here as the oscillation of all its nontrivial
solutions. Recall that a solution is said to be oscillatory if it has arbitrarily large
zeros. A solution which is of eventually one sign is said to be nonoscillatory.

Some of the parts of proofs, which are rather technical, are omitted; we refer
to the sources where they can be found.

9.3.1 Oscillation of equation with nonnegative second
coefficient

Let us consider the half-linear functional equation

(9.3.1) (r(i)$(z'(*)))' + c(t)<S>(x(r(t))) = 0

on the interval [a, oo). In addition to the usual assumptions on c(t) and r(i),
throughout this subsection we suppose that J°° r1^q(s) ds = oo, c(t) > 0 (and
eventually nontrivial), T(£) is a continuously differentiable function with r'(t) > 0
and limt^oo r(t) = oo.

In the first theorem we compare oscillation of (9.3.1) with oscillation of certain
first order equation.

T h e o r em 9 .3 .1. Let r(t) < t. If for all large T > b > a so that r(t) >b,t>T,
the first order delay equation

(9.3.2) v'(t) + c(t)U r1-"(s)ds\ y(r(tj) = 0

is oscillatory, then (9.3.1) is oscillatory.
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Proof. Let a; be a nonoscillatory solution of (9.3.1). Then there is t\ > a such that
x'(t) > 0 for t > t\. It can be shown, see [6, Lemma 3.13.1], that there is £2 > £j
such that r(t) > t\ and

frit)
(9.3.3) x{T(t)) >r q-l(T(t))x'(T{t)) / r1-q(s)ds

Jtt

for t > £2- Using (9.3.3) in equation (9.3.1), we obtain

/ rit) y - 1

(r{t){x'(t)y- l)' + c{t) {r«-l{T(t))x'(T{t)) j r1-"(s)ds\

<(r(t)(x'(t)y-1y + c(t)xP-1(T(t))=O

for t > t-2- Setting w(i) = r(t)(x'(t))p^1 in the above inequality, we get

/ rit) y-1

(9.3.4) w'{t) + c(t)[ r1~g(s)ds\ w(r(t))<0

for t > t2- Integrating (9.3.4) from t > t2 to £, and letting ^ —> 00, we find

/

oc / rris) \ P

c(s) / r1-71^/)^) w(T{s))ds.
yn JClearly, the function w(t) is strictly decreasing for t > t2- Hence, by [6, Lem-

ma 3.13.6], there exists a positive solution y of (9.3.2) with Hindoo y(t) = 0. But
this contradicts the assumption that (9.3.2) is oscillatory.

Remark 9.3.1. The statement of Theorem 9.3.1 can easily be extended to the
quasilinear equation

(9.3.5) ($«(*'(*))) ' + cmp(x(T(t))) = 0

with a > 1. Equation (9.3.2) then reads as

/ rm y-1

(9.3.6) y'(t)+c(t)U r1-"(s)ds\ l ^ ) ) ^ - 1 ^ " - 1 ) sgny(r(t)) = 0.

The next lemma is a classical result, see e.g. [6]. A similar result can be stated
also when c is nonpositive and r(t) > t. Such a modification will find an application
in the next subsection.

Lemma 9.3.1. Let r(t) <t fort>a. If

liminf / c(s) ds > - ,
t^oo JT{t) e

then
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(a) the inequality x'(t) + c{t)x{r{t))  < 0 has no eventually positive solution,

(b) the inequality x'(t) + c(t)x(r(t)) > 0 has no eventually negative solution,

(c) the equation x'(t) + c{t)x{r(t)) = 0 is oscillatory.

The above lemma when applied to (9.3.2) leads to the following statement.

Theorem 9.3.2. If for every T > b > a so that t > r(t) >b,t>T,

,-t ( Ms) y-1 1

(9.3.7) liminf / c(s) / r1^(rj) dr\ ds>-,
*^°° Jr(t) \Jb ) e

then equation (9.3.1) is oscillatory.

Remark 9.3.2. Utilizing (9.3.6), the above theorem can be extended to (9.3.5)
provided (9.3.7) is replaced by

/

Mv \

j b rl-%V)dn\ ds = oo
when a < p.

In the proof of the next theorem, a generalized Riccati type transformation
plays a crucial role.

Theorem 9.3.3. Let r(t) < t for t > a. If there exists a positive function p(t) G
C1 [a, oo) such that

(9.3.8) limsup J* (p(s)C(s) - p^r(r( S)) ( p f f ( ] j ) P- i ) ds = °°'

then equation (9.3.1) is oscillatory.

Proof. Let £ be a nonoscillatory solution of (9.3.1), say x(i) > 0 for t > a. As in
Theorem 9.3.1 there exists t\ > a such that for t>t\,

(9.3.9) x\t)>0 and r{t){x'{t))^ 1 < r(T(i))(a;'(r(t)))p-1.

Def ine w(i) = p(t)r(t)(x'\t)/'x^^t)))""-1 for t > U, T h en for t>h,w sat is f ies t he
Riccati type equation

(«.io) «-«) . -,,(,,c,t) + >Mw[t) _ (v _ 1 ) / M f " l " y ' » .

Using (9.3.9) in (9.3.10), we get
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or

(9.3.11) w'(t) < -p{t)c{t) + ^ | W ) - (P - l)T'(t){r{T{t))p{t)) l-iWi{t).

From the Young inequality we get

Thus, (9.3.11) gives

^ W<-p(t )cW+p-MrW)^|^=r .

Integrating the above inequality from t\ to t, we get

0 < wit) < w{U) - £ ( ^c t^ -p-Mr t^^ f f^ , ) da.

Taking limsup of both sides as t —> oo, we find a contradiction to (9.3.8).

The following corollary is immediate. Note that it can be proved also by a
slightly different approach based on the Riccati type transformation and Holder's
inequality, see [6, Corollary 3.13.3].

Corollar y 9.3.1. Let condition (9.3.8) of Theorem 9.3.3 be replaced by

/"*  fl (p'(s))p

limsup / p(s)c(s) ds — oo and lim / r(r(s)) ,? \\ _-[ ds < oo.
t^oo Ja

 t^°°Ja \P\S)T \tj)P

The the conclusion of Theorem 9.3.3 holds.

For simplicity, the next criterion is proved for equation (9.3.1) where r(t) = 1,
i.e., for

(9.3.12) ($(x')Y + c(t)$(a;(T(t))) = 0.

Its extension to the general case is not difficult; the formulation is given in the
subsequent remark. It is shown that if the delay r(t) is sufficiently close to t, in a
certain sense, then some oscillation criteria for (1.3.2) can be extended to (9.3.12).
Oscillation criteria presented here are half-linear extensions of some results for
the linear second order retarded equations (the case p = 2 in (9.3.12)) given in
[153, 306].

First we present without proof a technical auxiliary statement, the proof can
be found in [8].

Lemma 9.3.2. Suppose that the following conditions hold:

(i) x(t) e C2[T, oo) for some T > 0,
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(ii)  x(t) > 0, x'(t) > 0, and x"{t) < 0 fort>T.

Then for each k\ G (0,1) there exists a constant T ,̂ > T such that

 fort>Tkl,

and for every k2 G (0,1) there exists a constant Tk2 > T such that

x(t)>k2tx'(t), fort>Tk2.

Theorem 9.3.4. Let r(£) <t fort>a. Denote fort>a

7(£) := sup{s > t0 : T{S) < t}.

Equation (9.3.12) is oscillatory if either of the following holds:

r°° /r('ss)\p~1

(9.3.13) \imsuptp-} c(s) - ^ ds > 1,
t^oc Jt V s )

or

(9.3.14) limsup^"1 / c{s)ds>l.
t^oo J7(t)

Proof. Suppose to the contrary that (9.3.12) has a nonoscillatory solution x(t).
Without loss of generality we may suppose that x{t) > 0 for large t, say t > t\.
Then also x(r(t)) > 0 on [ti,  oo) for t\ large enough. Since c{t) > 0 on [t\, oo),

(9.3.15) mx'(t))Y = -c(t)($(x(r(t)))) < 0.

Hence, the function <3>(x') is decreasing. Since sup{c(t); t > T} > 0 for any T > 0,
we see that either

(a) x'(t) > 0 for all t > tu or

(b) there exists £2 > t\ such that x'(t) < 0 on [£2, 00).

If (b) holds, then it follows from (9.3.15) that

0 > [\x'(t)\p-2x'(t)}' = (p- l)\x'{t)\v-'2x"(t), for t > t2.

Thus, x"(t) < 0 for t G [i2,oo). This and x'{t) < 0 on [f2)oo) imply that there
exists £3 > t'i such that x{t) < 0 for t > £3. This contradicts x(t) > 0. Thus, (a)
holds.

Integrating (9.3.15) from t > t\ to 00, we obtain

/

OO I-QO

c{s)<f>(x(T(s)))ds = / <5>(x'(s))'ds
Jt

=  /°°([a;'(s)]P-1)'ds = lim [x'is)^1 - [x'^W1.
Jt s^oc
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Since x'(t) > 0 for t > h, we find
(9.3.16)

/

DO /"OC

c(s)$(x(T(s)))ds> / c(s)[x(T(s))}p-lds.
Jt

It follows from (ii) of Lemma 9.3.2 that, for each k,2 <E (0,1), there exists a Tfc2 > t\
such that

O

(9.3.17) [x{t)f-1 > k%-Hp-1[x'(t)] p-1 > kg-H"-1 / c(s)[x(T(s))}P-lds,
Jt

for t > Tk2. By (i) of Lemma 9.3.2, for each k\ G (0,1), there exists a TkL, such
that

(9.3.18) [xirisW-1 > fcf"1 {~J \x(t)r-\

for t > Tkl. Then, by (9.3.17) and (9.3.18), for t > t4 :=  max{Tfc] ,Tfc2} ,

C

W)]?-1 > kP
2-

ltV-1 / C{S)[X{T{S))Y-Ids

(9.3.19) >kp
1-

1kr1fp-1 r'c{s)(^X [xis^-'ds

> k^-vp-1 r'c(s) f ^ y ' [xis^-'ds,

where k := min{fci, ^2}- Since x'(t) > 0, it follows that

U2p-2fP-l roc / / \ \ P - 1

>l?'-*tr l r^)(~)" da, lort>U.

Hence,

limsup^^1 / c(s) —— ds := a < 00.

Suppose that (9.3.13) holds, then there exists a sequence {sn} with the properties
limn^oc sn = 00 and

lim s r1 / c(s) - ^ ds = a > 1.
" ^ ° ° 7sn V s J

For ei := (a — l)/2 > 0, there exists an integer TVi > 0 such that

(9.3.21) i = a - £l < ŝ "1 ̂ °° c(s) ( ^ ) ^ 1 ^,
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for n> N\. Choose k such that

/ 9 \ i/2(p-i)

By (9.3.20) and (9.3.21),

-
for sn large enough. This contradiction shows that (9.3.13) does not hold.

Now, by 7(i) > t and (9.3.17), we have

[x{t)f- 1 > fcf-1^1 r c^lxirisW-'ds,
hit)

for t > Tk2- Since x(t) is increasing and T(S) > t for s > 7(i), it follows that

W)]?-1 > kg-1?-1 / c(s)[x(T(s))]p-1ds>k%-1tp-1[x(t)] p-1 / C(s)ds.
J-t(t) J-t(t)

Dividing [x^) ]^ 1 in both sides of the above inequality, we get

(9.3.22) kp
2-

ltp-1 f c(s)ds < 1,
hit)

for t>Tk2. Thus,
o

limsupt7'^1 / c(s)ds := 6 < oo.

Suppose that (9.3.14) holds. Then there exists a sequence {£„ }  with linin^oo tn =
oo such that

lim t"^1 / c(s)ds = 6 > 1.
"^ ^ ha,,,)

Thus, for £2 := (b — l)/2 > 0, there exists an integer Â2 > 0 such that

(9.3.23) ^r~ =b-e2< tv~x I c{s)ds,

for n > N2. Choose k2 e (2(6 + I)1"?, l ) . By (9.3.22) and (9.3.23),

1 > fcTV r c(S)d. > -A- i = 1,

for £„  large enough. This contradiction proves that (9.3.14) does not hold.
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Remark 9.3.3. In an extension of the above theorem to equation (9.3.1), condition
(9.3.13) is split into the following two conditions provided r is differentiable: If
r'{t)  < 0, then for t > T > a,

limsup ( / r1^(s)ds) f ° ^ - (—X c(s)ds>l,
t^oc \JT J Jt r(T) V s J

if r'{t)  > 0, then for t > T > a,

/ ft \ P-l j-ao /T(c)\P-1

limsup / r1-q{s)ds) / - ^ c(s)ds>l.
t^oo \JT J Jt \ S J

Condition (9.3.14) takes the form

limsup / r1^q(s)ds) / c ( s )ds> l.

Example 9.3.1. Consider the functional differential equation

(9.3.24) [<i>(x')}'+ 2P{P
t~

l)<S>(x(t/2))=0.

Since

limsupt"-1 r ^  ̂ ~ 1}  f ^ ^ V rfs = 2(p- 1) limsupt^1 /"°° —ds
t^J Jt sP V s J U ' t^J Jt sP

= 2 ( p- 1) l imsup^"1 | ) =2 > 1,

it follows from (9.3.13) of Theorem 9.3.4 that (9.3.24) is oscillatory. In fact, if
the coefficient 2P(p - l)frp of (9.3.24) is replaced by kt~p with k > 2P~1(p - 1),
(9.3.24) will again be oscillatory.

In the next theorem we assume that r(t) < t and we denote

Theorem 9.3.5. Equation (9.3.12) is oscillatory if the differential equation

(9.3.25) (®(x'))' + A/z(i)c(t)$(z) = 0

is oscillatory for some A G (0,1).

Proof. By contradiction, suppose that there exists an eventually positive solution
x of (9.3.12) and we may also assume that x{r{t))  > 0 on \t-\_, oo) for some t\ > to.
Then x"(t) < 0, x'(t) > 0 on [t* 2,oo) for some t2 > t\. Since A G (0,1), it follows
from Lemma 9.3.2 that

X{T{t))>\ l/{P-^x(t)T-^,
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for t large enough. Thus,

(9.3.26) [*(T(*))] J)-1 > XHt)}"-1 (^f-J ,

for t large enough. Let
<f>(x>(t))w{t) = *m-

Then, by (9.3.26),

w'(t) +  X[T^ 1c(t) + (p-l)\w(t)\*

[(x'(t)¥-1]'[x(t)]'>- 1 - [a;/(t)]P-1[(a;(t))P-1]/

[(s'ffl)"- 1]'^*)]*'- 1 - (p- l )^( t) ]"- 1[ g( t ) ]^-V(t )
[(arW)P-1]2

A(r(t)f- ^ (p-l)[a;'(t)]»>
+ tP-1 [)+  [x(t)]P
[^(t)r- ly _ (P-i)[x'(t)]p  \(r(t)y-i {P-\)[x'{t)f

W)\p~l W)\p tp~l [x(t)] p

-c(t)\x(T(t))\P-2x(r(t)) XJTity^cjt)
[x(t)}P-1 tP-1

=  c(t) (X[T{t)rl  MtW-1 - HritW-1)
[xit)]?- 1 V tp-' 1XW))\ J

< o.
This and Theorem 2.2.1 imply that (9.3.25) is nonoscillatory, but this is a contra-
diction. Hence, (9.3.12) is oscillatory.

Remark 9.3.4. Theorem 9.3.5 is an extension of Theorem 2.2 of [153].

Theorem 9.3.6. Let r(t) <tfort>a. If

ft /'T(S)\P~1

(9.3.27) limsup / c(s) —— ds = oo,
t-»oc J \ S J

then equation (9.3.12) is oscillatory.

Proof. Suppose to the contrary that (9.3.12) has a nonoscillatory solution x(t)
which may be assumed to be eventually positive. As in the proof of the Theo-
rem 9.3.4, there exists ti > t0 such that x(r(t)) > 0, x'(t) > 0, and x"(t) < 0 for
t > t\. By (i) of Lemma 9.3.2, there exists t2 > ii such that

/x\ V(p-i) (ft
x(r(t)) > ( j j  ?f-x(t),
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or

(xiritW-1 > \ (^&y [x{t)f-1

for t > t2. Since x'{t) > 0 and x(r(t)) > 0 for t > tu

-{{x'(t)Y-1)' = c(i)[x(r{tW-1 >  l-c(t) (^pj} [x(i)r l

for t > ti- Integrating the above inequality from t2 to t and using the increasing
property of x(t), we get

[x\t)r i-\x'{t2)r
i < 4 fc ( s )(v ) P l [ " ( s r I ( f s

< —[XMF- 1 J\*) (^y1 ds,

or

[X'W-1 < [X'(t2)r
l - \[X(t2)Y-' J\(S) (j^J ds

for t > t2- This and (9.3.27) imply [x'{t)f- 1 < 0 for t large enough. This is a
contradiction. Thus, (9.3.12) is oscillatory.

9.3.2 Oscillation of equation with nonpositive second
coefficient

Let us consider half-linear functional equations in the form

(9.3.28) (r(i)*(ar'(t)))' - c(t)<!>(x(r(t)))  = 0

and

n

(9.3.29) (r(t)$(a;'(*)))' - ^ ( ^ ( . ^ ( t ) ) ) = 0,
i= l

on the interval [a, oo), where c; and Tj, i = 1,.. ., n, satisfy the same conditions
as c and T, respectively, and the conditions imposed on r, c and r are the same
as in the previous subsection. We will see that (9.3.28) has all bounded [resp.
unbounded] solutions oscillatory provided the deviation \r(t) — t\ is large enough
in some sense and r(i) is retarded [resp. advanced]. Even though from such results
oscillation of (9.3.28) does not follow, for equations of mixed type, i.e., involving
both retarded and advanced arguments, it is possible to establish oscillation of all
solutions. This may happen for equation (9.3.29).

For simplicity, similarly as in some of the above results, we will deal with
details only the case when r(t) = 1. The extension to the general case is not
difficult. Nevertheless, the main statement will be formulated for general r.
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We begin by considering the functional differential inequality

(9.3.30) {(*{x'(t)))'  - c(t)$(x(T(t)))}sgnx(T(t)) > 0.

Let re be a nonoscillatory solution of (9.3.30). It is easy to see that x' is eventually
of constant sign, so that either x(i)x'(i) < 0 or x(t)x'(i) > 0 for large t. Thus x
is bounded of unbounded according to whether the first or the second inequality
holds. Note that if x(t) > 0, say for t > b, then (9.3.30) implies that x'(t) is
increasing for t > T, where T > a is chosen so large that limt>T T(£) > b, and
hence a; is a convex function on [T, oo). Our first result shows that in the case
when T(£) is a retarded argument, it may happen that (9.3.28) admits no bounded
nonoscillatory solution.

Theorem 9.3.7. Suppose that r(t) < t for t > a and either

(9.3.31) limsup / c(s)(r(t) - T(s))p"1ds > 1
t^oo JT(t)

or

(9.3.32) limsup/ ( / c{ji)dj]\  ds > 1
t^oo JT(t) \Js )

or

(9.3.33) liminf / c(a) ( S ~T[S) ) ds>-.
t^oo J{t+T(t))/2 \ 2 ) e

Then every bounded solution of (9.3.30) is oscillatory.

Proof. Let x be a bounded nonoscillatory solution of (9.3.30). Without loss of
generality we may assume that x{t) > 0 and x'(t) < 0 for t > b > a.

Suppose first that (9.3.31) holds. Let T > b be such that inft>T T(t) > b. Since
x is convex on [T, oo), we have X(T(S)) > — x'(r(s))(r(i) — T(S)), t > S >T. Multi-
plying this inequality by c(t), substituting for the left-hand side by ($(x'(s)))' =
— ((—x'(s))p~1)' and integrating from r(t) to t, we have

(-x\r(i)))p-1 ~ {-x\t)Y~l > (-x'(T(tj)r-1 f c{S)(T{t)-T(S)y-lds,
Jr(t)

whence it follows that

{-x\r{t))Y-1 ( f c(s)(r(t) - r(s))P-1rfs - 1 ) < 0,
\Jr(t) J

t > T. But this is inconsistent with (9.3.31).
Suppose next that (9.3.32) holds. Integration of (9.3.30) over [a, t]  gives

(-x'(o-)r-1 = (-x'(t)r-1 + f cWixiT^W-hl'o > f c{ri)(x(r(ri))y-\
J a J (7
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which implies

(9.3.34) -*V)> (^(^(r^)))^1^ ,

t>a>T. Substituting (9.3.34) into

(9.3.35) x(s) = x(t) + f (-X'(TI)) dr],
Js

we have

x{s)> J^j* c{z)(x{r(zW-Yd^j dr,,

t > s >T. Putting s — r(t) in (9.3.35) and using the fact that x(r(i)) is decreasing,
we conclude that

x(r(t)) I J ( J c(z) dz) d r , - l ) < 0 ,

t > T, which contradicts (9.3.32).
Concerning the part with condition (9.3.33), we proceed similarly as in the

proof of Theorem 9.3.1 and application of Lemma 9.3.1, and so we omit details.
Note only that condition (9.3.33) ensures oscillation of the delayed equation

,(<) + cW(^)",(Ltie))_ a

This completes the proof. D

A dual statement to Theorem 9.3.7 holds in the case where r(t) is an advanced
argument.

Theorem 9.3.8. Suppose that r(t) > t for t> a and either

limsup / C(S)(T(S) - T(t))p~lds > 1
t^oo Jt

or
PT(t) / PS \ q l

limsup / I / c(rj) dr] ) ds > 1
t^oo Jt \Jt J

or
,(t+r(t))/2 /T(s)-s\P~1 1

liminf / c(s)(  ̂ - ) ds>-.

Then every unbounded solution of (9.3.30) is oscillatory.

Proof. The proof is similar to that of Theorem 9.3.7, and hence is omitted.

The following theorem follows from the above results, now extended to the case
of general r. Recall that throughout this section we assume /°° r:^?(i ) dt = oo.
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Theorem 9.3.9. (i) All bounded solutions of (9.3.29) are oscillatory if there exists
i 6 {1, 2, . . ., n} such that Ti(t) < t for t > a and either

rt f rr t(t) _ \p-J

limsup / Ci(s) I / r1 q(r])dri\  ds > 1
t^oo JTi{t) \J-riis) J

or

/"* ( f'  \ q l

l imsup/ r1^q(s)[ / Ci(r))dr])  ds > 1
t^oo 7Ti(t) \./s /

or

liminf / a(s) / rl~q{ri)dri  ds > -.
t^oo 7(t+n(t))/2 \yn(S) y e

fizj J4ZZ unbounded solutions of (9.3.29) are oscillatory if there is j G {1, 2, . . ., n}
such that Tj(t) > t for t> a and either

fT3(t) ( rri(s) _ y - 1

limsup / Cj(s) / r1 q(r])dr]\  ds > 1

or
,-T,,(t) _ / ,t x 9-1

l imsup / r1 q{s)[ I Cj(rj)drj)  ds > 1

or
f(t+T.j(t))/2 ( fTj(s) Y '1 1

liminf/ Ci{s)\ I r 1 " 9 ^ / ) ^ ds > - .
*^° ° A VJ(S+r,(.s))/2 y e

f i i i j ^4// solutions of (9 .3 .29) are oscillatory if there are i,j £ {1,2,... ,n} such
that Ti (t) and Tj (t) satisfy the conditions of (i) and (ii), respectively.

Proof. In view of the assumption J°° r1^q(s) ds = oo, we can prove the statement
only for the case where r(t) = 1, and an extension is immediate.

(i) Suppose to the contrary that (9.3.29) has a bounded nonoscillatory solution
x. Then, from (9.3.29) we see that x satisfies the differential inequality

(9.3.36) {($(rC
/(t)))'-Cl(t)$(rC(rl(t)))}sgna;(T l(t)) >0

for all sufficiently large t. This, however, is impossible since the possibility of the
existence of bounded nonoscillatory solutions to (9.3.36) is excluded by Theo-
rem 9.3.7.

(ii) Argumentation is similar to that of (i), with making use of Theorem 9.3.8.
(iii ) This is an immediate consequence of (i) and (ii).
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9.3.3 Existence and asymptotic behavior of nonoscillatory
solutions

We are now interested in the existence and asymptotic behavior of nonoscillatory
solutions of equation (9.3.29). If a; is a nonoscillatory solution of (9.3.29), then
there is to > a such that either

(9.3.37) x(t)x'(t) > 0 for t > t0,

or

(9.3.38) x(t)x'(t) < 0 for t > t0.

If (9.3.37) holds, then it is not difficult to show that x is unbounded, and the limit
Mx = lim^oo r(t)$>(x'(t)) exists, either infinite or finite. If (9.3.38) holds, then
x is bounded and the finite limit rz:(oo) = limt->oo x(t) exists. Compare with Sec-
tion 4.1 where asymptotic behavior of solutions to "ordinary" half-linear equations
is studied.

In what follows we only need to consider eventually positive solutions of equa-
tion (9.3.29), since if x satisfies (9.3.29), then so does —x. Let x be an eventually
positive solution of (9.3.29) satisfying (9.3.37) whose quasiderivative r$(rc') has a
finite limit Mx. The twice integration of (9.3.29) for t > T yields

ft ( roc n \?-l

(9.3.39) x{t)=x{T)+ rl-q(s)[Mx- ^ci{u)xp-1{Ti{u)) du\ ds,

where T > t\ is chosen so that inft>y Ti(t) > i i , i = 1, . . ., n.
Similarly, if x is an eventually positive solution of (9.3.29) satisfying (9.3.38),

then we obtain

roo / roc n \ 9 - i

(9.3.40) x{t)=x{oo)+ ^-"(sjl Y^ci(u)xP~1(Ti(u))du) ds>

t > T.
Based on these integral representations of (9.3.29), we can prove the following

existence theorems.

Theorem 9.3.10. Equation (9.3.29) has a nonoscillatory solution x such that

(9.3.41) lim , X  ̂ G R \ {0}

*-°° / oV-«(s)ds

if and only if

,=o / fTi(s) y - 1

(9.3.42) / Ci(s)l rl-q(u)du\ ds < oo,
J \J j

i = 1,2, ...,n.
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Proof. The necessity follows from (9.3.39). To prove the sufficiency, let k > 0 be
arbitrarily fixed, and let T > a be so large that

T* =mini inf rAt) \ > t0
{t>T  J

and
™ r°° / r i ( s ) V " 1 2P-1 -1

g./T
 C^{J T ^{u)du^  ds<^^,

which is possible thanks to (9.3.42). Consider the subset fl of the Frechet space
C\T*, oo) and the mapping T : fl -> C\T*, oo) defined by

O = Ix e C[T*7 oo) : J f r1-<l{s)ds < x(t)

< fc / ^ - ' ( s) ds, t > T, x{t) =0, T*  < t < T \

and

{ rt ( ,oo n \ " - i

/ r (sj u — / > Ctî Mja; ^ T ^ U ; ; au j as
JT \ Js i=}  J
0 T* <t<T.

Now, by means of the Schauder-Tychonov fixed point theorem, it is easy to show
that T has a fixed element in Q, which satisfies equation (9.3.29) and condition
(9.3.41).

The proof of the next theorem is similar to that of the previous one, and hence
it is omitted.
Theorem 9.3.11. Equation (9.3.29) has a nonoscillatory solution x such that

lim x(t) el\{0}

if and only if

/

oo / i />oc \ q— l

-— / c,(«)dw ds < oo,
\r{s) Js J

i = 1,2,..., n.
It remains to discuss the existence of an unbounded nonoscillatory solution

x of (9.3.29) which has the property that the limit in (9.3.41) tends to ,
and of bounded solution x of (9.3.29) having the property that lim^oo x(t) = 0.
However, this is a difficult problem and there are no general criteria available for
the existence of such solutions. Therefore, we confine ourselves to the case where
at least one of the T, (t) is retarded and show that some sufficient conditions can
be derived under which (9.3.29) has a nonoscillatory solution tending to zero as
t —* oo. Such a solution is often referred to as a decaying nonoscillatory solution.
Our derivation is based on the following theorem.
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Theorem 9.3.12. Suppose that there exists an IQ G {1 ,2 , . . ., n} such that

(9.3.44) Tio{t)<t,  cio(t)>0

for t > a. Further, assume that there exists a positive decreasing function <p(t) on
[T, oo) satisfying

(9.3.45) ip(t) > y V - ^ s) (J°° ci(u)(iP(Ti(u)))p-1duY ds,

t > T, where T is chosen so that mit>TTi(t) > a, i = l , . . . , n. Then equation
(9.3.29) has a decaying nonoscillatory solution.

Proof. Let A = {z G C[T, oo) : 0 < z(tp(t))}. With each z G A we associate the
function z G C[a, oo) defined by

= /*(* ) f o r *  ̂  T '
Z[ ' \z(T) + [ip(t) - ip(T)} iora<t<T.

Define the mapping H : A —> C[T, oo) as follows

C 'n  \ Q—1

/

/"OO n \

t > T. It now follows from the Schauder-Tychonov fixed point theorem that H has
a fixed element z(t) in A which is a solution to (9.3.29) tending to zero as t —> oo.
The fact that z(t) > 0 for t > T can be verified exactly as in [313, p. 170].

To apply the last theorem, it is convenient to distinguish the following three
cases:

/

OO n /"OO / /"OO n \

^2ci(s)ds < oo and / r1~q(s) [ ^2ci(u)du\ ds < oo,

/

OO n /'OO / /*0O ' l \

^2ci(s)ds < oo and / r}~q(s) { ^2ci(u)du\ ds = oo,
and

/

oo n

^ c4 ( , s ) r fs = oo.
i= l

Condition (9.3.46), which is nothing else but (9.3.43), always guarantees the
existence of a decaying nonoscillatory solution of (9.3.29).

Theorem 9.3.13. Suppose that (9.3.44) holds for some i0 G {1,2, . . . , n } . / /
(9.3.43) is satisfied, then (9.3.29) has a nonoscillatory decaying solution.
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Proof. Let T be large enough so that minj{inf t>TT,(t)}  > max{l,a}  and

/ Y.aMdu) ds<-.

We shall show that tp(i) = 1 + (1/i) satisfies (9.3.45). Indeed, we have

j  rl~"(sHJ Y.CiiuHipiTiiuW^du] ds
roc f poo n , -. sp-1 X ? " 1

( _. \ q— 1

/ V c i ( w ) d u ds<l<ip(t),
Js i=i  J

t >T. The conclusion now follows from Theorem 9.3.12.
We now state the existence theorems which are applicable to the cases (9.3.47)

and (9.3.48).

Theorem 9.3.14. Suppose that (9.3.44) holds for some IQ G {1, 2 , . . ., n}, and

( \ n— 1

roo " ^ \ ^
/ \  ̂ C{(u) du ds < - ,

where a(t) = minjT,;(£). Then equation (9.3.29) has a nonosdilatory decaying
solution.
Proof. Let

and choose T > a so that inft>T c(i) > a>  a nd

(9.3.49) QT = sup / Q(s) ds < -.
t>TJa{t) e

Define ip(t) = exp ( - (1/QT) fa Q(s) ds). Since for i = l ,2 , . . . ,n,

<p(n(t)) = e x p f - J - /" Q ( s ) d s ) e x p ( - -̂ /" Q(a)ds)
\QT JTi(t) J \ QT Ja J

( 1 /"*  \
< eexp - — - / Q(s)ds = e<^(i),

\ QT Ja J
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t > T, in view of (9.3.49), we have

,oc / ,00 « y - 1

< ef Q(sMs)ds<ef Q(s)exp f - - j - f Q(u)du^j ds

< eQTexV(--^- J Q{s)ds) = eQT<p(t) < <p(t),

t >T. The conclusion now follows from Theorem 9.3.12.

Theorem 9.3.15. Suppose that (9.3.44) holds for some %Q £ {1 ,2 , . . . , n }. Fur-
ther, assume that there exists T > a such that init>r  c(t) > a,

rt n n f O* \1/q

Q*T = inf Q(t) > 0 and sup / > a(u) du < - -^L-

where the functions Q(t) and a(t) are as in the previous theorem. Then equation
(9.3.29) has a nonosdilatory decaying solution.

Proof. Let

PT = sup / ^2d(s)ds

and

f(t) = exp - — / Y^ ci(s) ds

\ rT Ja i=l  J

Then we have tp(Ti(t)) < cxpqip(t), t > T, i = 1,2,..., n, and hence

/

oo n r-oc / n \

Y.CiWMnisW^ds < e' (J2ci(s) )(<P(s))p-1ds
= ePJt°° (£*(«)] exp (--^-jTciMdu ) ds

<-
t >T. Consequently, we obtain

I  rl~q(s)[J Y.CiiuXviTiiuW^duj ds

/ p \ 9 - l poo I ps n \£ (f) e'l  «p(-i/E^)*'j *
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£ i(y)"' e'f c-("" p(-ir|j c' (" )d") ds

< <p{t),

This establishes the existence of a strictly decreasing function ip(i) > 0 satisfying
(9.3.45). The conclusion now follows from Theorem 9.3.12.

9.4 Higher order half-linear differential equations

This section is devoted to a brief discussion of oscillatory properties and solvability
of boundary value problems associated with higher order half-linear differential e-
quations, i.e., with equations whose solution spaces are homogeneous but generally
not additive.

9.4.1 p-biharmonic operator

In this short subsection we consider the eigenvalue problem for the so-called p-
biharmonic operator

(9.4.1) A(|A«|P~2A«) = A$(M), xeCl, u(x) = 0 = Au(x), x e dQ,

where 0 C l w is a bounded domain with the smooth boundary dfl and A is the
classical Laplace operator. As a special case, we consider the one-dimensional case
N = 1

(9.4.2) ($(«"))" = A$(u), t e (0,1), u(0) = u"(0) = 0 = u(l) = u"(l),

where the general results for (9.4.1) can be considerably improved.
We start with (9.4.2) where we have a complete picture about eigenvalues and

eigenfunctions, as the next statement shows.

Theorem 9.4.1. The set of eigenvalues of (9.4.2) is formed by a sequence

0 < Ai(p) < X2(p)  < Xn{p) -> oo.

For any n G N, the function p t—> Xn(p) is continuous. Every eigenvalue Xn(p) =
n2pXi is simple and the corresponding one-dimensional space of solutions of prob-
lem (9.4.2) with X = Xn(p) is spanned by a function having exactly n bumps (i.e.,
the points at which u and u" equal zero) in (0,1). Each n-bump solution is con-
structed by the reflection and compression of the eigenfunction u\ associated with
the first eigenvalue X\.

More precisely, one can verify that u\(t) = u\(l — t) for t G [0,1], i.e., u\ is
symmetric with respect to t = 1/2. Now, the eigenfunction un corresponding to
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the eigenvalue Xn — n2pXi is of the form

'ui(nt) * G [ 0 , ^ ] ,
\-ul{nt-l) te[H],

Un(t) = < .

. ( - l ) " « i ( n t - n + l ) t e [ ^ , l ] .

Now we turn our attention to the general case (9.4.1). The solution of this
problem is defined as follows. Consider the Dirichlet problem for the Poisson equ-
ation

(9.4.3) -Aw = f, x e n, w = 0, x e dn.

This problem has a unique solution for every / G LP(Q), p > 1, so the linear
operator T : LP(Q) -> W2>p n WQ'P{Q) which assigns to the right-hand side /
of (9.4.3) its solution w, i.e., w = T(f), is well defined. Using this operator and
denoting v = —Au in (9.4.1), this differential equation can be rewritten as the
operator equation

(9.4.4) $(v) = XT($(T{v))), xefl.

Now, a function u G W2>p{Vi) n WQ'P(Q) is called a solution of (9.4.1) if v = -Au
solves (9.4.4) in L9(O), q = p/(p — 1) being the conjugate exponent. The parameter
A is called an eigenvalue if the solution u is nontrivial.

The next result can be seen as an extension of the results of Section 7.1 con-
cerning the first eigenvalue of the p-Laplacian.

Theorem 9.4.2. The problem (9.4.1) has the least positive egenvalue \i(p) which
is simple and isolated in the sense that the set of solutions of (9.4.1) with A = Xi(p)
forms an one-dimensional linear space spanned by a positive eigenfunction u\
such that Au] < 0 in f2 and ̂ - < 0 on dQ, where v is the exterior normal to
fl. Moreover, there exists S > 0 such that (9.4.1) possesses no eigenvalue on the
interval (Ai(p),Ai(p) + 5). Problem (9.4.1) has a positive solution if and only if
A = Ai. The function p i—  Xi(p) is continuous.

9.4.2 Higher order half-linear eigenvalue problem

We consider the eigenvalue problem
(9.4.5)

(r(£)$0(n ))) ™ + (-l)nAc(i)$(u) = 0, uw(a) = 0 = uw(6), i = 0,... ,n - 1,

where r £ Cn[a, b], c G C[a, 6] are positive functions and A is the eigenvalue param-
eter. There are only a few papers dealing with higher order half-linear differential
equations. The reason is that the lack of additivity of the solution space makes
here much more "damage" than in the second order case.
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Theorem 9.4.3. The eigenvalue problem (9.4.5) has an infinite sequence of real
eigenvalues

0 < Ai < A2 <  < Xk  oo.

To each \k there corresponds an essentially unique eigenfunction Uk that has ex-
actly k — 1 zeros in (a, b), all simple. The zeros of Uk interlace with those ofuk+i-

Remark 9.4.1. The problem (9.4.5) is a special case of the general n-th order BVP
which using the Elbert's notation (see Subsection 1.1.1) yp*  := \y\psgny can be
written as

(9.4.6) (an_i(t)(. . MtXMtK"*) ') 1*) ' . . . f"-1*)'  = \b{t)vP\

where a,, b are positive functions, pi > 0, i = 0 , . . ., n — 1 and

PoPi  =P-

The last condition assures that the solution space of (9.4.6) is homogeneous. We
have presented here the main result of [150] in a simplified form. The reason is
that the main general statement of [150] requires several technical restriction on
the boundary conditions associated with (9.4.6) which are automatically satisfied
in the simplified setting of Theorem 9.4.3.

Another problem associated with the equation

(9.4.7) (-l)"(r(i)$(u (n))) (n) + c(t)$(u) = 0,

or with the more general equation

(9.4.8) ]T(- l ) f c (afc(i)$(«W)) =0, an( t )>0,
fc=0

where a,(£), i = 0, ...,n, are continuous functions, is their oscillation theory,
analogous to the linear case (p = 2 in (9.4.8)). Following the linear case, two
point ti,t2 are said to be conjugate relative to (9.4.8) if there exists a nontrivial
solution of (9.4.8) satisfying uw (* i ) = 0 = u^(t2), i = 0, ...,n - 1. Equation
(9.4.8) is said to be nonosdilatory, if there exists T e l such that the interval
[T, oo) contains no pair of points conjugate relative to (9.4.8). In the opposite
case, this equation is said to be oscillatory. The main tool of the higher order
linear oscillation theory is the fact that (9.4.8) with p = 2 is nonoscillatory if and
only if there exists T £ K such that

(9.4.9) r Vafe(t)(y
(fc))2 dt>0

JT Lfc=o

for every nontrivial y € WQ'2(T, OO). The reason for the fact that half-linear high-
er order oscillation theory is almost "terra incognita" is that we have only the
following implication at disposal.
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Theorem 9.4.4. // there exists T £ R such that the (energy) functional

/

oo "

Y,ak(t)\y{k)\P dt>0
-"  U=o

/or every nontrivial y G W^'P(T, oo), then (9.4.8) is nonoscillatory.

Proof. Suppose that (9.4.8) is oscillatory, i.e., for any T £ R there exists a pair of
conjugate points ti,t-2 G [T, oo) relative to this equation and let u be the solution
having zero points of multiplicity n at t\ and t-2- Define the function

(O te[T,tx],

? / ( * ) : = < u ( * ) * G [ t i , « 2 ] ,

[ o «G [ t2 l oo ).

Then y G Wo
n'p(T, oo). Now, multiplying (9.4.8) by y, integrating the obtained

equation from T to oo, using by parts integration (similarly as in Subsection 1.2.2)
we find that J-p (y) — 0, a contradiction.

The previous statement, coupled with the Wirtinger inequality (Lemma 2.1.1),
gives the following result concerning the higher order Euler type differential equa-
tion. This result can be understood as a partial extension of the statement which
claims that the differential equation

(9.4.11) (_l)nj/(2n) + _7 .y = 0

is nonoscillatory if and only if 7 < \(2n — l)!!] 2/4™.

Theorem 9.4.5. The differential equation

(9.4.12) (-1)™ (^(u^)) " + — $(w) = 0
v 1 ^ V y tnP

is nonoscillatory provided

n

7<P-npl[(kp-ir.
fe=i

Proof. The Wirtinger inequality (2.1.1) with M(t) = (p - 1 - a)p" 1t "" : p + 1, a ^
p — 1, gives for any y G (T, 00)

J  ̂ ta\y'fdt>(lP a j J ta-P\yfdt.

Applying this inequality, respectively, with a = 0, —p,..., — (n — l)p, we find that
the functional

[[\y(n)\p-~MP\dt

is positive for every y G WQ'P(T, 00), which implies the required result.
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9.5 Inequalities related to half-linear differential
equations

Here we want to present integral inequalities involving a function and its deriva-
tive (or its integral) which are related to (1.1.1). There are two main connections:
we give inequalities which can be viewed as a necessary (and sometimes sufficient)
condition for the existence of certain solutions of (1.1.1). Further there are inequal-
ities which may serve as a tool for proving some qualitative results for (1.1.1). In
fact, there are inequalities like that of Lyapunov or of Vallee-Poussin (see Sec-
tion 5.1) which belong to the class satisfying these connections but we decided to
present them in the framework of a different topic since they do not belong to the
wide class of inequalities involving a function and its derivative, in contrast to the
inequalities of Wirtinger type, of Hardy type and of Opial type.

9.5.1 Inequalities of Wirtinger and Hardy type

We start with Wirtinger type inequalities. These are studied in the literature in
various modifications, let us mention at least [29]. We recall here the inequality,
proved in Section 2.1, which will be later shown to be related to other inequalities:
Let p > 1, M be a positive continuously differentiable function for which M'(t)  ̂0
in [a, b] and let u £ VFd'p(a,&). Then

(9.5.1) £ \M\t)\\u\p dt < pp £ , J S ^L W\P dt.

We call this inequality the "half-linear" version of the Wirtinger inequality because
it fits to the variational principle and it is used to prove nonoscillatory criteria for
(1.1.1), see Section 2.1.

Next we will discuss well-known Hardy inequality. First recall its classical ver-
sion from [173]: Let p > 1, a function / be nonnegative and such that Ja°° f

p(t) dt
exists. Denote F(t) := Ja f(s) ds. Then

unless / = 0. The constant [p/(p — l)] p is the best possible.
There exist several proofs of this statement. In one of them, (9.5.2) may be

viewed as a necessary condition for the existence of a positive increasing solution
of generalized Euler equation (1.4.20), where 7 = 7P = ((p — l)/p)p, which indeed
exists (see Section 1.4.2). In particular, this equation is nonoscillatory. On the
other hand, the following estimation shows that (9.5.2) is a sufficient condition
for nonoscillation of this equation. Indeed, let a function / be such that £ G
W^p(a, oo), where £(i) = J f(s) ds, a > 0. Then we have

^(6 a, oo) = J™{\tr-%\Z\p}(t)dt = J"l\f(t)\r-^J*f(S)d3
P\dt
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*  r{ | / i ' ) |p-(i^(/ | /wi<b)'}* -
Now the last expression is positive by (9.5.2) provided / is nontrivial, which is our
case, if we assume that £ ^ 0. Hence, (1.4.20) with 7 = 7P is nonoscillatory by
Theorem 2.1.1.

One of the possible connections between Hardy and Wirtinger inequality is the
following one. If b — 00 and M(t) — t in (9.5.1), we get the inequality

r°° r°° \v\p

/ \y'\pdt>lp
 l^dt,

Ja Ja b

which is the same type of inequality as (9.5.2), but with arguments satisfying
different boundary conditions.

There is a large amount of various extensions of the Hardy inequality. We
mention here those ones which are related to our topic. Beesack [30] (see also his
nice survey [31]) showed that if / > 0, r' and c are continuous functions in (a, 6),
r > 0, p > 1, f*r(t)f p(t)dt < 00, r(t) = O[(t - a)^1] or r^1^) $'ar

l-q{s) ds =
O(t — a)ast—> a+, q being the conjugate number of p, and (1.1.1) has a solution
y with y(t) > 0 and y'(t) > 0 in (a, b), then

(9.5.3) / c(t)Fp(t)dt< / r(t)fp(t)dt,
Ja Ja

w h e re F is d e n n ed as above. A s imi lar t h e o r em ho lds w h en p < 0 . I f O < p <
1, t h en inequa l i ty in (9.5.3) is reversed. A n a l o g o us t h e o r e ms a re o b t a i n ed w i t h
G(t) :=  Jf

b f(s) ds instead of F.
As a consequence of more general statements, Li and Yeh [241] obtained the

result similar to the one of Beesack: Let r' and c be continuous functions in (a, b)
with r(t) > 0. If (1.1.1) has a positive increasing [decreasing] solution y on (a,b)
and a nonnegative u € AC (a, b) satisfies

liminf up(t)r(t)^-YW- > Hmsupup(t)r( i)5^^

[in case of a decreasing y, limsup and liminf are interchanged], then

fB

(9.5.4) liminf / {r\u'\p - cup}(t) dt > 0,
A^a+,B—>b— J A

where equality holds if and only if u is a constant multiple of y. If 0 < p < 1,
then ">" should be replaced by "<" . Li and Yeh used these inequalities to prove
the variational principle differently from the proof of (i)=>(ii) of the Roundabout
theorem (Theorem 1.2.2).

Last but not least it should be mentioned the work of Kufner and his colleagues
[210, 211]. They substantially generalized the results of Beesack and others, e.g.,
in the following manner, which is interesting from our point of view. Let c and r
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be positive, measurable and finite almost everywhere on (a, 6), where —oo < a <
6 < o o. I f l < p < a < o o, r e AC {a, b) and r E i 1 - 9( a, t) with 1/p +l/q=l  for
every t E (a, 6), then

(9.5.5) ( I  c(t)\u(t)\adt J <K\ I  r(t)\u'(t)\pdt j
\i a y \7a y

holds for every M 6 .AC(a, 6) satisfying u(t) —> 0 as i — a+, where If is some
positive constant independent of u, if and only if there exists A > 0 such that the
differential equation

(9.5.6) X(ra/P(t)(y'r/qY + c(t)(v)a/q = 0

has a solution satisfying y' e AC(a, b), y(t) > 0, y'(t) > 0 for every t £ (a, b). These
extensions could be perhaps used to establish new sophisticated nonoscillation
criteria. Note that it is known several other sufficient and necessary conditions in
terms of r and c for the validity of (9.5.5).

9.5.2 Inequalities of Opial type

Opial inequality is another inequality involving a function and its derivative, which
has appeared in many various modifications. Here we present the version of Boyd
and Wong [53]. For this we consider half-linear equation of the form

(9.5.7) [r(t)^>( y')}'-\s'(t)<S>(y)=0,

where r is a positive continuous function on [0, a], s is a nonnegative continuously
differentiable function on [0, a] and A > 0 is a constant. Suppose that the boundary
value problem (9.5.7), j/(0) = 0, r(a)Q(y'(a)) = \s(a)$>(y(a)) has a nonnegative
solution y. Then for an absolutely continuous u with u(0) = 0,

-^ far(t)\u'(t)\Pdt>p [*  s{t)\u'{t)v?-l{t)\dt,
Ao Jo Jo

where Ao is the largest eigenvalue. Equality is attained if and only if u is a constant
multiple of y. Let us mention, for example, one special case. If r = 1, then (9.5.7)
reduces to the explicitly solvable equation [r(i) $ (y')\ = 0, and the eigenfunction
corresponding to the eigenvalue Ao = (J0°r1~9(s)ds) P is y(t) = JQ r1~q(s)ds.
Opial inequality then reads as

(f r1-q(s)ds] f r(t)\u'{t)\pdt>p f \u'(t)up-\t)\dt,
\Jo J Jo Jo

with equality if and only if u(t) = K JQ r1~q(s)ds, K E M.. From many other
works with variants of Opial inequality which hold for the functions with various
boundary conditions let us again mention the survey by Beesack [31] of integral
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inequalities modeled on the classical inequalities of Hardy, Opial and Wirtinger.
The inequalities therein are mainly of the "generalized Opial type", namely

/ {r\u'\p+a-c\u\p\u'\a}(t)dt>01

J a

where (a, b) is finite or infinite interval, r and c are positive functions. They hold
for all functions u in C1 (a, b) that satisfy certain boundary conditions and they
are again viewed as necessary conditions for the existence of certain solutions of
some differential equations. If a = 0, u(a) = 0 or u(b) = 0 or both, then we get an
inequality of Hardy type, while for a = 1, u(a) = 0 or u(b) = 0 or both, we have
an inequality of Opial type. Some authors call the case when a = 0 and p — 2 as
the inequality of Wirtinger type but it does not seem to match the terminology
in the most of other literature. Another variant of Opial inequality similar to that
of Boyd and Wong, which is related to half-linear equation, can be found in Li
and Yeh [241], and reads as follows. Let r > 0 and s be continuously differentiable
functions on (a, b). If the equation

$ (y1)]'  - -s'(t)$(y) = o

has a positive increasing solution y on (a, b) and a nonnegative absolutely contin-
uous function u satisfies

t^fe_ \ $(y(f)) p / " t ^ a / \ $(y(t)) p /

then

liminf / {r\u'\p -su?-lu'\(t)dt >0

with equality only if u is a constant multiple of y. A similar statement holds when
y is a positive decreasing solution.

Finally it should be mentioned that there exists a monograph devoted to Opial
inequalities and their applications, namely [9].

9.6 Notes and references

There is a huge amount of papers dealing with quasilinear equations; a sample of
them is mentioned at the beginning of this chapter. Quasilinear equations with
constant coefficients (see Subsection 9.1.1) were studied by Drabek and Manase-
vich [129] and Otani [308, 309], see also the paper of Talenti [344] which gives
another point of view on the problem. The results of Subsections 9.1.2 and 9.1.3
are modeled on Cecchi, Dosla, Marini [57], except of Theorem 9.1.4 proved in
Kitano, Kusano [206]. The statements of Subsection 9.1.4 are taken from Elbert,
Kusano [144]. Another results concerning asymptotic properties of nonoscillatory
solutions of (9.1.1) and of more general equations of this type can be found e.g.
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in [4, 58, 59, 157, 205, 222, 227, 248, 253, 299, 319, 334, 347, 364, 372] by Agar-
wal, Cecchi, Dosla, Evtuchov, Fan, Grace, Kiomura, Kusano, W. T. Li, Marini, M.
Naito, Ogata, Rabtsevich, Rogovchenko, Tanigawa, Yang and Yoshida. The results
of Subsection 9.1.5 are due to J. Wang [358]. Theorem 9.1.11 was proved by Cec-
chi, Marini, Villar i [67]. Theorem 9.1.12 is taken from Agarwal, Grace, O'Regan
[6]. Black resp. white hole solutions were studied by Jaros, Kusano in [187] resp.
[188]. Subsection 9.1.8 is based on the lecture by Jaros [184]. Theorem 9.1.15 was
proved by Tanigawa [348]. The statements of Theorem 9.1.16 are the continuous
versions of the results due to Marini, Matucci, Rehak [284]. The same authors
proved Theorem 9.1.17 in [282]. Further results on coupled nonlinear differential
systems (in particular, existence of singular solutions and asymptotic theory) can
be found in some papers of the four last quoted authors, as well as of Jaros and
Kusano, e.g. in [189, 226, 283]. First order systems of four nonlinear equations,
which cover coupled systems, were studied by Kusano, Naito and Wu [221].

The results of Subsection 9.2.1 are taken from Li and Cheng [252], related
results are given in the paper of Yang [371]. Oscillation of a more general half-linear
forced equation than (9.2.1) is investigated in Kusano, Ogata [223] and Wong,
Agarwal [366], but for simplicity we present here the results of [252]. Damped half-
linear equations were studied in Agarwal, Grace, O'Regan [6]. Subsection 9.2.2 is
based on Jaros, Kusano, Yoshida [192].

Subsection 9.3.1 contains the result taken from Agarwal, Grace, O'Regan [6].
The remaining subsections of Section 9.3 follow Agarwal, Grace, O'Regan [6] and
Kusano, Lalli [213], se also the papers of Agarwal, Grace and O'Regan [5, 7].

The results of Subsection 9.4.1 are taken from the paper of Drabek and Otani
[130] and the result of Subsection 9.4.2 is a simplified version of the main result
of the paper of Elias and Pinkus [150]. See also the paper of Pinkus [316]. Recent
results and references concerning higher order half-linear and quasilinear equations
can be found e.g. in the paper of Naito and Wu [302], we also refer to the older
paper of Kratochvil and Necas [209].

The last section, which is devoted to inequalities, presents classical results or
their extensions. A detailed discussion concerning a relevant literature is given
within the text.
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theorem, comparison, dis-
crete, Sturm

Sturm separation theorem, see
theorem, discrete, Sturm se-
paration

Sturmian theory, see theory, dis-
crete Sturmian

telescoping principle, see princi-
ple, telescoping, discrete

variational principle, see princi-
ple, variational for half-line-
ar difference equations

Wirtinger inequality, see inequ-
ality, Wirtinger, discrete

disfocality criterion, see criterion,
disfocality

distribution of zeros, 255
divergence operator, see operator, di-

vergence
domain

disconjugacy, 218
nodal, see nodal, domain
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nonoscillation, 218
oscillation, 218

dominant solution, see solution, do-
minant

doubly singular equation, see equa-
tion, doubly singular

duality pairing, 315
dynamic equation on time scales, 413

E
eigenfunction, 261, 354
eigenvalue, 261, 354, 463

anti-periodic, 271, 272
first, 325, 354
Neumann, 280
periodic, 271, 272
rotational periodic, 272
second, 357
variational, 368

eigenvalue parameter, see parameter,
eigenvalue

Emden-Fowler equation, see equati-
on, differential, Emden-
Fowler

energy functional, see functional, en-
ergy

Ep, see function, generalized, hyper-
bolic sine

e-almost period, 218
equation

conditionally oscillatory, 238
conjugate, 14, 16, 193
difference

generalized Riccati, 386
half-linear, 384
Riccati, 384
Sturm-Liouville, 384

differential
Emden-Fowler, 3, 421
Emden-Fowler, singular, 431
generalized 2n-th order Euler,

465
generalized Euler, 37, 146,

178, 466
generalized Euler with deviat-

ed argument, 308

generalized Riccati, 8, 24
half-linear Euler, see equati-

on, differential, generalized
Euler

half-linear singular, 435
quasilinear, 417
quasilinear, with constant co-

efficients, 418
Riccati, associated to equati-

on with deviating argu-
ments, 446

Riccati, associated to forced e-
quation, 439

Riccati, associated to quasilin-
ear equation, 427

semilinear, 417
Sturm-Liouville, 2

disconjugate, 14,16, 20, 148, 283
half-linear dynamic, 414

disconjugate, half-linear diffe-
rence, 386

doubly singular, 432, 435
dynamic

generalized Euler, 415
generalized Riccati, 414
half-linear, 413

Euler-Lagrange, 14
Fibonacci recurrence, 385
focal oscillatory, 297
forced, 9, 438
forced super-half-linear, 440
generalized integral Riccati, 57
generalized sum Riccati, 395
half-linear, of 2n-th order, 438,

463
half-linear, with deviating argu-

ment, 444, 453
Hill , 217
left disfocal, 193, 288, 306
majorant, 18
minor ant, 18
nodally oscillatory, 373
nonoscillatory, 17, 100
nonoscillatory, 2n-th order, 464
nonoscillatory, difference, 390
one-term, 201
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oscillatory, 17
oscillatory, 2n-th order, 464
oscillatory, difference, 390
oscillatory, quasilinear, 424
perturbed, 201

Euler, 212
g-difference, 413
reciprocal, 22, 123
regular, 164
right disfocal, 193, 286, 306
strongly nonoscillatory, 100, 238
strongly oscillatory, 238
strongly sublinear, 425
strongly superlinear, 425
two-term, 201
weakly oscillatory, 373, 378
weighted of Sturm-Liouville ty-

pe, 217, 227
with almost periodic coefficients,

218, 230
with periodic coefficients, 229,

271
Euler

beta function, see function, Eu-
ler beta

gamma function, see function,
Euler gamma

type differential equation, see
equation, differential, gene-
ralized Euler

type dynamic equation, see
equation, dynamic, general-
ized Euler

Euler-Lagrange equation, see equa-
tion, Euler-Lagrange

even order half-linear equation, see
equation, half-linear, of 2n-
th order

existence and uniqueness
for half-linear equations, 8
for quasilinear equations, 421

extinct solution, see solution, extinct

Fibonacci recurrence relation, see
equation, Fibonacci

recurrence
first

coupled point, see point, first
coupled

eigenvalue, see eigenvalue, first
left focal point, see point, first

left focal
right focal point, see point, first

right focal
focal

oscillatory equation, see equati-
on, focal oscillatory

point, see point, focal
point criterion, see criterion, fo-

cal point
forced

equation, see equation, forced
super-half-linear equation, see

equation, forced super-half-
linear

Fp, see function, generalized, hyper-
bolic cosine

Fredholm alternative, see alternative,
Fredholm

Fubini type theorem, see theorem,
generalized Fubini

Fucik spectrum, 347, 361
nontrivial part, 362
trivial part, 361

function
admissible, 14, 282
almost periodic

Besicovitch, 231
Bohr, 218
Stepanoff, 231
uniform, 218
Weyl, 231

Euler beta, 5
Euler gamma, 5
generalized

arccosine, 6
arcsine, 6
arctangent, 6
cosine, 5
cotangent, 6
hyperbolic cosine, 33

F
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hyperbolic sine, 33
sine, 5
tangent, 6
trigonometric, 4
trigonometric, modified, 419

half-linear
arccosine, see function, gener-

alized, arccosine
arccotangent, see function, ge-

neralized, arccotangent
arcsine, see function, general-

ized, arcsine
arctangent, see function, gen-

eralized, arctangent
cosine, see function, general-

ized, cosine
cotangent, see function, gen-

eralized, cotangent
hyperbolic cosine, see functi-

on, generalized, hyperbolic
cosine

hyperbolic sine, see function,
generalized, hyperbolic sine

sine, see function, generalized,
sine

tangent, see function, general-
ized, tangent

trigonometric, see function,
generalized, trigonometric

Karamata, see function, regular-
ly varying and function,
slowly varying

normalized regularly varying,
171

normalized slowly varying, 170
normalized O-regularly varying,

171
O-regularly varying, 171
quickly oscillating, 258
radially symmetric, 1, 269
rd-continuous, 413
regularly varying, 170
slowly oscillating, 259
slowly varying, 170
weight, 92

function sequence technique, see te-

chnique, function sequence
functional

discrete quadratic, 384
discrete p-degree, 387
energy, 14, 282, 315, 318, 328,

338, 365, 373, 380, 465
p-degree on time scales, 414
p-degree, see functional, energy

G
generalized

arccosine function, see function,
generalized, arccosine

arccotangent function, see func-
tion, generalized, arccotan-
gent

arcsine function, see function,
generalized, arcsine

arctangent function, see functi-
on, generalized, arctangent

Coles oscillation criterion, see
criterion, oscillation, gener-
alized Coles

cosine function, see function, ge-
neralized, cosine

cotangent function, see function,
generalized, cotangent

discrete Picone identity, see id-
entity, generalized, discrete
Picone

Euler
differential equation, see

equation, differential, gene-
ralized Euler

dynamic equation, see equa-
tion, dynamic, generalized
Euler

Fubini theorem, see theorem, ge-
neralized Fubini

Hartman-Wintner oscillation
criterion, see criterion, os-
cillation, generalized Hart-
man-Wintner

Hille-Nehari
nonoscillation criterion, see

criterion, nonoscillation, ge-
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neralized Hille-Nehari
oscillation criterion, see crite-

rion, oscillation, generalized
Hille-Nehari

hyperbolic cosine function, see
function, generalized, hy-
perbolic cosine

hyperbolic sine function, see
function, generalized, hy-
perbolic, sine

Kamenev oscillation criterion,
see criterion, oscillation, ge-
neralized Kamenev

Kneser nonoscillation criterion,
see criterion, nonoscillation,
generalized Kneser

Kneser oscillation criterion, see
criterion, oscillation, gener-
alized Kneser

Leighton-Wintner oscillation cri-
terion, see criterion, oscilla-
tion, generalized Leighton-
Wintner

Philos oscillation criterion, see
criterion, oscillation, gener-
alized Philos

7T, see TTP

Picone identity, see identity, ge-
neralized, Picone

Prtifer transformation, see tra-
nsformation, generalized,
Priifer

Pythagorian identity, see identi-
ty, generalized, Pythagorian

Riccati
difference equation, see equa-

tion, difference, generalized
Riccati

difference inequality, see ine-
quality, generalized Riccati
difference

differential equation, see equ-
ation, differential, generali-
zed Riccati

differential inequality, see in-
equality, generalized Riccati

differential
dynamic equation, see equa-

tion, dynamic, generalized
Riccati

integral equation, see equati-
on, generalized integral Ric-
cati

integral inequality, see inequ-
ality, generalized Riccati in-
tegral

operator, see operator, gener-
alized Riccati

sum equation, see equation,
generalized sum Riccati

sum inequality, see inequality,
generalized Riccati sum

transformation, see transfor-
mation, generalized, Riccati

sine function, see function, gen-
eralized, sine

tangent function, see function,
generalized, tangent

trigonometric function, see func-
tion, generalized, trigonom-
etric

Willet nonoscillation criterion,
see criterion, nonoscillation,
generalized Willet

Willet oscillation criterion, see
criterion, oscillation, gener-
alized Willet

Wronskian, see Wronskian, gen-
eralized

zero, see zero, generalized, of so-
lution

genus, see Krasnoselskii genus
graininess, 412

H
half-linear

arccosine function, see function,
generalized, arccosine

arccotangent function, see func-
tion, generalized, arccotan-
gent

arcsine function, see function,
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generalized, arcsine
arctangent function, see functi-

on, generalized, arctangent
Coles oscillation criterion, see

criterion, oscillation, gener-
alized Coles

cosine function, see function, ge-
neralized, cosine

cotangent function, see function,
generalized, cotangent

difference equation, see equati-
on, difference, half-linear

dynamic equation, see equation,
dynamic, half-linear

equation, with deviating argum-
ent, see equation, half-line-
ar, with deviating argument

Euler differential equation, see
equation, differential, gene-
ralized Euler

Hille-Nehari
nonoscillation criterion, see

criterion, nonoscillation, ge-
neralized Hille-Nehari

oscillation criterion, see crite-
rion, oscillation, generalized
Hille-Nehari

hyperbolic cosine function, see
function, generalized, hy-
perbolic cosine

hyperbolic sine function, see
function, generalized, hy-
perbolic, sine

Kamenev oscillation criterion,
see criterion, oscillation, ge-
neralized Kamenev

Kneser nonoscillation criterion,
see criterion, nonoscillation,
generalized Kneser

Kneser oscillation criterion, see
criterion, oscillation, gener-
alized Kneser

Leighton-Wintner oscillation cri-
terion, see criterion, oscilla-
tion, generalized Leighton-
Wintner

Philos oscillation criterion, see
criterion, oscillation, gener-
alized Philos

7T, see TTp

Picone identity, see identity, ge-
neralized, Picone

Priifer transformation, see tran-
sformation, generalized,
Priifer

Pythagorian identity, see identi-
ty, generalized, Pythagorian

sine function, see function, gen-
eralized, sine

singular differential equation,
see equation, differential,
half-linear singular

tangent function, see function,
generalized, tangent

trigonometric function, see func-
tion, generalized, trigonom-
etric

Willet nonoscillation criterion,
see criterion, nonoscillation,
generalized Willet

Willet oscillation criterion, see
criterion, oscillation, gener-
alized Willet

half-linearization technique, see tech-
nique, half-linearization

Hamilton nabla operator, see opera-
tor, nabla

Hamiltonian, 273
Hamiltonian system, see system, Ha-

miltonian
Hardy inequality, see inequality, Har-

dy
Hartman-Wintner extended oscillati-

on criterion, see criterion,
oscillation, Hartman-Wint-
ner extended

Hartman-Wintner theorem, see the-
orem, Hartman-Wintner

for half-linear difference equati-
ons, see theorem, discrete,
Hartman-Wintner

^-function averaging technique for
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equations with p-Laplacian,
see technique, //-function
averaging for equations
with p-Laplacian

iJ-function generalized averaging te-
chnique, see technique, H-
function generalized averag-
ing

Hill equation, see equation, Hill
Hille-Nehari extended

nonoscillation criterion, see cri-
terion, nonoscillation, Hille-
Nehari extended

oscillation criterion, see criteri-
on, oscillation, Hille-Nehari
extended

Hille-Nehari modified
nonoscillation criterion, see cri-

terion, nonoscillation, Hille-
Nehari modified

oscillation criterion, see criteri-
on, oscillation, Hille-Nehari
modified

Hille-Nehari type
discrete nonoscillation criterion,

see criterion, nonoscillation,
discrete generalized Hille-
Nehari

discrete oscillation criterion, see
criterion, oscillation, discre-
te generalized Hille-Nehari

nonoscillation criterion, see cri-
terion, nonoscillation, gen-
eralized Hille-Nehari

oscillation criterion, see criteri-
on, oscillation, generalized
Hille-Nehari

oscillation criterion on time sca-
les, see criterion, oscillation,
generalized Hille-Nehari on
time scales

Hille-Nehari weighted
nonoscillation criterion, see cri-

terion, nonoscillation, Hille-
Nehari weighted

oscillation criterion, see criteri-

on, oscillation, Hille-Nehari
weighted

Hille-Wintner
comparison theorem, see theor-

em, comparison, Hille-Wint-
ner

discrete comparison theorem,
see theorem, comparison,
discrete, Hille-Wintner

homotopic deformation along p, 318

identity
Picone, for equations with p-La,-

placian, 372
Picone, for forced quasilinear

equations, 441
discrete Picone, 384
generalized

discrete Picone, 387
Picone, 13
Pythagorian, 5

half-linear
Picone, see identity, general-

ized, Picone
Pythagorian, see identity, ge-

neralized, Pythagorian
Picone, for equations with pseu-

dolaplacian, 381
Wronskian, 27

inequality
modified Riccati integral, 64
Diaz-Saa, 359
generalized Riccati difference,

392
generalized Riccati differential,

52
generalized Riccati integral,

54, 57
generalized Riccati sum, 397
Hardy, 466
Lyapunov, 190
Opial, 200, 468
Poincare, 328
Vallee-Poussin, 191
Wirtinger, 48, 466

I
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Wirtinger, discrete, 405
Young, 13

initial value problem, see problem,
initial value

integral characterization of principal
solution, see solution, prin-
cipal, integral characteriza-
tion

intermediate solution, see solution,
intermediate

intermittent growth, 302
interval oscillation criterion, see cri-

terion, oscillation, interval
isolation of the first eigenvalue, 356

jump operator, see operator, jump
jumping nonlinearity, 347

K
Kamenev type oscillation criterion,

see criterion, oscillation, ge-
neralized Kamenev

Karamata function, see function, reg-
ularly varying and function,
slowly varying

Kneser type
nonoscillation criterion, see cri-

terion, nonoscillation, gen-
eralized Kneser

oscillation criterion, see criteri-
on, oscillation, generalized
Kneser

Krasnoselskii genus, 314, 357

Landesman-Lazer condition, see con-
dition, Landesman-Lazer

left disfocal equation, see equation,
left disfocal

Leighton comparison theorem, see
theorem, comparison,
Leighton

Leighton-Levin comparison theorem,
see theorem, comparison,
Leighton-Levin

Leighton-Wintner type

discrete oscillation criterion, see
criterion, oscillation, discre-
te generalized Leighton-
Wintner

oscillation criterion, see criteri-
on, oscillation, generalized
Leighton-Wintner

Leray-Schauder degree, 318, 319
limit characterization of principal so-

lution, see solution, princi-
pal, limit characterization

linear (in)dependence of solutions, 29
linearization method, see method, li-

nearization
linearization technique, see techni-

que, linearization
linked sets, 343
local minimizer geometry, 338
local saddle point geometry, 338
lower solution, see solution, lower
Lusternik-Schnirelmann characteri-

zation, 312, 369
Lyapunov inequality, see inequality,

Lyapunov

M
majorant equation, see equation, ma-

jorant
mean value, 225, 231
measure chain, 412
method

linearization, 215
variational, see principle, varia-

tional
Milloux theorem, see theorem, Mil -

loux
minimal solution, see solution, mini-

mal
minorant equation, see equation, mi-

norant
Mirzov system, see system, Mirzov
multiplied coefficient comparison the-

orem, see theorem, compar-
ison, multiplied coefficient

N
nabla operator, see nabla, operator

J

L
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Neumann eigenvalue, see eigenvalue,
Neumann

nodal
contour, 357
domain, 357, 373

nodally oscillatory equation, see equ-
ation, nodally oscillatory

nonexistence of positive solutions of
equation with p-Laplacian,
376

nonhomogeneous problem, see prob-
lem, nonhomogeneous

nonoscillation
criterion, see criterion, nonoscil-

lation
domain, see domain, nonoscilla-

tion
nonoscillatory equation, see equati-

on, nonoscillatory
nonprincipal solution, see solution,

nonprincipal
nonresonance problem, see problem,

nonresonance
nontrivial part of Fucik spectrum, see

Fucik spectrum, nontrivial
part

normalized
regularly varying function, see

function, normalized regul-
arly varying

slowly varying function, see fun-
ction, normalized slowly va-
rying

normalized
O-regularly varying function, see

function, normalized O-reg-
ularly varying

number conjugate, 2

O
one-term equation, see equation, one-

term
operator

divergence, 1, 353
generalized Riccati, 50
jump, 412

nabla, 1, 353
p-biharmonic, 462
Schrodinger, 376

Opial inequality, see inequality, Opial
O-regularly varying function, see fu-

nction, O-regularly varying
orthogonality condition, see conditi-

on, orthogonality
oscillation

constant, see constant, oscil-
lation

criterion, see criterion, oscil-
lation

domain, see domain, oscillation
oscillatory equation, see equation, os-

cillatory
own coupled point, see point, own

coupled

Palais-Smale condition, see conditi-
on, Palais-Smale

parameter
eigenvalue, 312, 463
spectral, 311, 327

p-degree functional, see functional,
energy

perturbation principle, see principle,
perturbation

perturbed
Euler equation, see equation,

perturbed, Euler
equation, see equation, pertur-

bed
Philos type oscillation criterion, see

criterion, oscillation, gener-
alized Philos

7Tp, 5, 6
Picone identity

for equations with p-Laplacian,
see identity, Picone, for equ-
ations with p-Laplacian

for equations with pseudolapla-
cian, see identity, Picone, for
equations with pseudolapla-
cian

p
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for forced quasilinear equations,
see identity, Picone, for for-
ced quasilinear equations

for half-linear difference equati-
ons, see identity, generaliz-
ed, discrete Picone

for half-linear equations, see id-
entity, generalized, Picone

for linear difference equations,
see identity, discrete Picone

p-Laplacian, 1, 353
degenerate, 364
singular, 364

Poincare inequality, see inequality,
Poincare

Poincare map, 274
point

conjugate, 16, 148, 283
conjugate, of 2n-th order equa-

tion, 464
coupled, 283, 288, 290
critical, 315
first coupled, 283
first left focal, 193
first right focal, 193
focal, 284, 285, 297
left focal, 288
own coupled, 283
regular, 144
right focal, 284
right-dense, 413
right-scattered, 413
semicoupled, 282
singular, 269

Priifer type transformation, see tran-
sformation, generalized,
Prufer

principal solution, see solution, prin-
cipal

principle
antimaximum, 359
boundary point, 358
Courant-Fischer minimax, 312
perturbation, 201
reciprocity, 22, 123
reciprocity for half-linear differ-

ence equations, 390
strong comparison, 358
telescoping, 77
telescoping, discrete, 410
variational, 48
variational for equations with p-

Laplacian, 373
variational for equations with

pseudolaplacian, 380
variational for half-linear differ-

ence equations, 390
problem

basic boundary value, 312
anti-periodic, 271
basic Sturm-Liouville, 261
Dirichlet boundary value with p-

Laplacian, 354
eigenvalue for 2n-th order half-

linear equation, 463
half-linear Sturm-Liouville, 261
initial value, 8
nonhomogeneous, 315
nonresonance, 31, 312, 320
periodic, 271
regular boundary value, 348
regular Sturm-Liouville with in-

definite weight, 263
resonance, 337
resonance at higher eigenvalues,

335
resonance at the first eigenvalue,

325, 364, 367
singular boundary value, 348
singular Sturm-Liouville, 267
singular Sturm-Liouville with p-

Laplacian, 269
proper solution, see solution, proper
pseudolaplacian, 380

Q
q-difference equation, see equation,

g-difference
Q,H type

nonoscillation criterion, see cri-
terion, nonoscillation, Hille-
Nehari extended
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Q, H type
oscillation criterion, see criteri-

on, oscillation, Hille-Nehari
extended

quadratization of energy functional,
367

quasi-jumping, 302
quasiderivative, 124
quasilinear differential equation, see

equation, differential, quasi-
linear

with constant coefficients, see
equation, differential, quasi-
linear, with constant coeffi-
cients

quickly oscillating
function, see function, quickly

oscillating
solution, see function, quickly

oscillating

R
radially symmetric function, see fun-

ction, radially symmetric
Rayleigh quotient, 354
rd-continuous function, see function,

rd-continuous
reciprocal equation, see equation, re-

ciprocal
reciprocity principle, see principle,

reciprocity
for half-linear difference equati-

ons, see principle, reciproci-
ty for half-linear difference
equations

reduction of order formula, 29
regular

boundary value problem, see
problem, regular boundary
value

equation, see equation, regular
growth, 302
point, see point, regular
Sturm-Liouville problem with

indefinite weight, see prob-
lem, regular Sturm-Liouvil-

le with indefinite weight
regularity condition, 283
regularly varying function, see func-

tion, regularly varying
resonance problem

at higher eigenvalues, see prob-
lem, resonance at higher ei-
genvalues

at the first eigenvalue, see prob-
lem, resonance at the first
eigenvalue

Riccati
difference equation, see equati-

on, difference, Riccati
differential equation, see equa-

tion, differential, Riccati
modified integral inequality, see

inequality, modified Riccati
integral

technique, see technique, Riccati
Riccati type

difference equation, see equati-
on, difference, generalized
Riccati

difference inequality, see inequ-
ality, generalized Riccati
difference

differential equation, see equa-
tion, differential, generali-
zed Riccati

differential inequality, see inequ-
ality, generalized
Riccati differential

dynamic equation, see equation,
dynamic, generalized Ricca-
ti

integral equation, see equation,
generalized integral Riccati

integral inequality, see inequali-
ty, generalized Riccati inte-
gral

sum equation, see equation, gen-
eralized sum Riccati

sum inequality, see inequality,
generalized Riccati sum

transformation, see transforma-
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tion, generalized, Riccati
right disfocal equation, see equation,

right disfocal
right focal point, see point, right fo-

cal
right-dense point, see point, right-

dense
right-scattered point, see point,

right-scattered
rotation index, 272, 274
roundabout theorem, see theorem,

roundabout

Schrodinger operator, see operator,
Schrodinger

second eigenvalue, see eigenvalue, se-
cond

semicoupled point, see point, semi-
coupled

semilinear differential equation, see
equation, differential, semi-
linear

sequence, admissible, 387
sinp, see function, generalized, sine
singular

boundary value problem, see
problem, singular boundary
value

Emden-Fowler differential equa-
tion, see equation, differen-
tial, Emden-Fowler,
singular

half-linear differential equation,
see equation, differential,
half-linear singular

Leighton comparison theorem,
see theorem, comparison,
singular Leighton

p-Laplacian, see p-Laplacian,
singular

point, see point, singular
solution, see solution, singular
Sturm-Liouville problem, see

problem, singular Sturm-Li-
ouville

Sturm-Liouville problem with p-
Laplacian, see problem, sin-
gular Sturm-Liouville with
p-Laplacian

slowly oscillating
function, see function, slowly os-

cillating
solution, see function, slowly os-

cillating
slowly varying function, see function,

slowly varying
Sobolev space, see space, Sobolev
solution

blowing-up, 421, 434
decaying, 437, 458
dominant, 137, 267
extinct

of the first kind, 421
of the second kind, 421

intermediate, 137
lower, 330, 339
minimal, of generalized Riccati

equation, 143
minimal, of Riccati equation,

142
nonprincipal, 148
of black hole type, 432
of white hole type, 433
principal, at a regular point, 144
principal, construction of Elbert

and Kusano, 144
principal, integral characteriza-

tion, 158, 164
principal, limit characterization,

154
principal, Mirzov's construction,

142
principal, of generalized Euler

equation, 147
principal, of linear equation, 141
principal, of one-term equation,

146
principal, of reciprocal equation,

149
principal, Sturmian property,

148

s
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proper, 99, 421
quickly oscillating, see function,

quickly oscillating
singular, 3, 421

of the first kind, 421, 434
of the second kind, 421, 434

slowly oscillating, see function,
slowly oscillating

strongly increasing, 424
subdominant, 137, 267
upper, 330, 339
weakly increasing, 424
with zero black hole, 434

space, Sobolev, 14
spectral parameter, see parameter,

spectral
Stepanoff almost periodic function,

see function, almost period-
ic, Stepanoff

strong
comparison principle, see princi-

ple, strong comparison
nonoscillation criterion, see cri-

terion, strong nonoscillation
oscillation criterion, see criteri-

on, strong oscillation
strongly

increasing solution, see solution,
strongly increasing

nonoscillatory equation, see equ-
ation, strongly nonoscillato-
ry

oscillatory equation, see equati-
on, strongly oscillatory

sublinear equation, see equation,
strongly sublinear

sublinear system, see system,
strongly sublinear

superlinear equation, see equa-
tion, strongly superlinear

superlinear system, see system,
strongly superlinear

Sturm
comparison theorem, see theo-

rem, comparison, Sturm
comparison theorem for forced

super-half-linear equation,
see theorem, comparison,
Sturm, for forced super-
half-linear equation

discrete comparison theorem,
see theorem, comparison,
discrete, Sturm

discrete separation theorem, see
theorem, discrete, Sturm se-
paration

separation theorem, see theo-
rem, Sturm separation

separation theorem for equation-
s with p-Laplacian, see the-
orem, Sturm separation for
equations with p-Laplacian

Sturm-Liouville
boundary condition, see condi-

tion, Sturm-Liouville
boundary

difference equation, see equati-
on, difference, Sturm-Liou-
vill e

differential equation, see equa-
tion, differential, Sturm-
Liouvill e

half-linear boundary value prob-
lem, see problem, half-line-
ar Sturm-Liouville

Sturmian
discrete theory, see theory, dis-

crete Sturmian
majorant equation, see equati-

on, majorant
minorant equation, see equation,

minorant
theorems, see theorem, compar-

ison, Sturm and theorem,
Sturm separation

theory, see theory, Sturmian
subdominant solution, see solution,

subdominant
subsolution, 9
system

coupled quasilinear, 435
Hamiltonian, 273
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Mirzov, 22
strongly sublinear, 436
strongly superlinear, 436

T
tanp, see function, generalized, tan-

gent
technique

averaging, 91
function sequence, 243
half-linearization, 430
if-function averaging for equa-

tions with p-Laplacian, 379
-ff-function generalized avera-

ging, 97, 305
linearization, 429
Riccati, 50
Riccati, for equations with p-La-

placian, 374
Riccati, for equations with pseu-

dolaplacian, 380
Riccati, for half-linear difference

equations, 390
Riccati, for quasilinear equati-

ons, 427
telescoping principle, see principle,

telescoping
theorem

Armellini-Tonelli-Sansone, 304
comparison

discrete, Hille-Wintner, 408
discrete, Sturm, 389
discrete, with respect to p, 408
for minimal solutions, 147
Hille-Wintner, 69, 249
Leighton, 73
Leighton, for equations with

p-Laplacian, 372
Leighton, for forced super-

half-linear equation, 442
Leighton-Levin, 293
multiplied coefficient, 75
singular Leighton, 202
Sturm, 17, 23, 294
Sturm, for forced super-half-

linear equation, 442

with respect to p, 80
with respect to p, on time

scales, 415
discrete

Hartman-Wintner, 393
roundabout, 387
Sturm separation, 389

generalized Fubini, 138
Hartman-Wintner, 54, 100, 233
Milloux, 302
roundabout, 14, 21, 283
roundabout, on time scales, 414
Sturm separation, 16, 18
Sturm separation for equations

with p-Laplacian, 373
theory

discrete Sturmian, 389
Sturmian, 13

time scale, 412
topological degree, 326
transformation

generalized
Prufer, 7, 24
Riccati, 8

half-linear
Prufer, see transformation,

generalized, Prufer
of dependent variable, 30

extended, 217
of independent variable, 21
trigonometric, 31

trigonometric transformation, see
transformation, trigono-
metric

trivial part of Fucik spectrum, see
Fucik spectrum, trivial part

two-term equation, see equation,
two-term

U
uniformly almost periodic function,

see function, almost period-
ic, uniform

upper solution, see solution, upper

V
Vallee-Poussin inequality, see inequ-
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ality, Vallee-Poussin
variational

characterization of eigenvalues,
314

characterization of the least ei-
genvalue, 315

eigenvalue, see eigenvalue, vari-
ational

principle, see principle, variati-
onal

principle for equations with p-
Laplacian, see principle, va-
riational for equations with
p-Laplacian

principle for equations with pse-
udolaplacian, see principle,
variational for equations
with pseudolaplacian

principle for half-linear differen-
ce equations, see principle,
variational for half-linear
difference equations

discrete inequality, see inequali-
ty, Wirtinger, discrete

inequality, see inequality, Wir-
tinger

Wronskian
generalized, 27
identity, see identity, Wronskian

Y
Young inequality, see inequality,

Young

Z

zero
generalized, of solution, 386, 414
of solution, 14

zero black hole solution, see solution,
with zero black hole

W
weakly

increasing solution, see solution,
weakly increasing

oscillatory equation, see equati-
on, weakly oscillatory

weight function, see function, weight
weighted Sturm-Liouville type equa-

tion, see equation, weighted
of Sturm-Liouville type

Weyl almost periodic function, see
function, almost periodic,
Weyl

white hole solution, see solution, of
white hole type

Willet type
nonoscillation criterion, see cri-

terion, nonoscillation, gen-
eralized Willet

oscillation criterion, see criteri-
on, oscillation, generalized
Willet

Wirtinger
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