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Preface

The book is based on the special courses “Introduction to the asymptotic methods”
and “Asymptotic method in mechanics” for postgraduate students at St. Petersburg
State University and first read by Prof. P.E. Tovstik more than 40 years ago. The
authors would like to underline the special role of Prof. P.E. Tovstik, who initiated
the study of asymptotic methods applied to problems of solid mechanics at Saint-
Petersburg (then Leningrad) State University and who is a teacher of the
contributors.

The present book is a result of the scientific cooperation of researchers from the
Departments of Theoretical and Applied Mechanics of the Faculty of Mathematics
and Mechanics of St. Petersburg State University and the Department of
Mathematics of the University of Ottawa.

Since in most of the papers in the collection on mechanics of solids published in
1993 [10] asymptotic ideas and methods were used the publisher proposed to
supply the volume with survey by S.M. Bauer, S.B. Filippov, A.L. Smirnov, and
P.E. Tovstik entitled “Asymptotic Methods in Mechanics with Applications to Thin
Shells and Plate.” Later this survey encouraged the authors to write a textbook on
the application of the asymptotic method in mechanics. The present book is the
elaborated version of the Russian edition published in 2007. The book is supplied
with the Introduction containing a brief discussion of publications on asymptotic
methods in mechanics of solids, especially those that are not referred to in the main
text. The reference section is significantly enlarged.

The authors believe that studying the basics of asymptotic methods may be useful
to advanced undergraduate, postgraduate, and Ph.D. students in Mathematics,
Physics, and Engineering, to researchers and engineers working in the analysis
and construction of thin-walled structures and continuous media, and to applied
mathematicians who are interested in asymptotic methods in problems of mechanics.

This work was supported in part by the Russian Foundation for Basic Research
through Grants #13-01-00523-a and #15-01-06311-a.



vi Preface

The authors are thankful to master’s and Ph.D. students of the Department of
Theoretical and Applied Mechanics of St. Petersburg State University for their
dedicated help in reducing the number of errors in the solutions of the exercises.

Svetlana M. Bauer
Sergei B. Filippov
Andrei L. Smirnov

Petr E. Tovstik
Rémi Vaillancourt
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Introduction

Asymptotic methods of various types have been successfully used since almost the
birth of science itself. Transformation of the ideas of asymptotic analysis to a
specific area in mathematics happened at the end of the nineteenth century when
Henri Poincare introduced the idea of the asymptotic series and gave a rigorous
definition of an asymptotic expansion. In the twentieth century asymptotic methods
were widely used in different areas of applied mathematics. Now asymptotic
methods based on the expansion of solutions in series in small or large parameters
or coordinates hold a central place among approximate methods. Asymptotic
methods give a qualitative characteristic of the behavior of solutions. Besides that,
in some cases, asymptotic expansions have small errors for a rather wide parameter
domain.

The number of textbooks, monographs, and journal papers devoted to the
asymptotic methods is rather large and it grows constantly. The asymptotic
expansions are also discussed in publications on general methods of solution of
applied problems. For example, the book by Bender and Orszag [11] contains many
interesting examples of application of the perturbation methods.

For introduction to the general principles of asymptotic analysis, the textbooks
by Nayfeh [49, 50] may be recommended. In these books the definitions of the
asymptotic series and simple operations with them are introduced together with
methods of solution of algebraic and transcendent equations, methods of integra-
tions (Laplace method, stationary phase method, and steepest descent method), and
classical methods of solution of linear and nonlinear ordinary differential equations
with a parameter, including the multiscale method. Some of these problems are
discussed in detail in books by de Bruijn [14], Erdélyi [20], Kevorkian and Cole
[37], and Holms [34]. In addition, monograph [34] includes chapters on homoge-
nization, discrete equations, wave propagation, and Lyapunov-Schmidt method.
Books by Maslov [43], Maslov, and Nazaikinskii [44] contain descriptions of the
most general methods of asymptotic integration of linear and nonlinear non-
stationary partial differential equations.

In 1963, Martin David Kruskal coined the term Asymptology to describe the “art
of dealing with applied mathematical systems in limiting cases.” He tried to show

Xiii
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that asymptology is a special branch of knowledge, intermediate, in some sense,
between science and art. Kruskal’s ideas were lately developed in works by
Andrianov and Manevitch [3] and Barantsev [8], which contained the heuristic
description of different asymptotic methods.

In the majority of cases in the listed books the authors limit themselves with
construction of a few first terms of the asymptotic series without rigorous estimating
the errors. These are so-called formal asymptotic expansions. The estimates for the
asymptotic expansions are given by Murdock [48], Froman and Fréman [27],
Fedoruk [23], Evgrafov [21].

One of the main areas of application of asymptotic methods is the analysis of
differential equations. In asymptotic integration of differential equations containing
small parameter the cases of regular and singular perturbations are considered
separately [33]. The perturbation is called regular if the orders of the differential
equation or the system of equations do not change when the small parameter
becomes equal to zero. For singular perturbation, when the small parameter is set
equal to zero the order of the equation or system decreases since the small
parameter is a multiplier at the higher derivatives. Asymptotic expansions of
solutions of singularly perturbed equations are usually divergent series [50].

In the presented book special attention is devoted to the analysis of singular
perturbed differential equations. The authors of this book use different asymptotic
methods to solve applied problems not pretending to develop the general theory of
singular perturbations. The systematic studies of asymptotic solutions of some
singular problems may be found in monographs by Eckhaus [19] and Lomov [42].

Consider singularly perturbed linear differential equation of the nth order

n dky
k
wrag(x)—= =0, (1)
; dxk

where © > 0 is a small parameter. Solution of (1) we seek in the form

X

00 . 1
yx,p) = kZ:; wiug(x) exp ;/A(x)dx . (2)

X0

Substituting (2) into (1) and equating the coefficients at u* to zero we get the
system of equations to find the unknown functions A(x) and u(x). For nontrivial
solutions A(x) is a root of the characteristic equation

n

Zak(x)kk =0 (3)

k=0

For a,(x) # 0 Eq. (3) has n roots. Let A(x) be a simple root of Eq. (3). Then
series (2) may be constructed with the coefficients u;(x), which makes Eq. (1) an
identity. Such series is called formal asymptotic solution. Further, we limit
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ourselves to construction of such solutions leaving aside the question of existence
of exact solutions, for which the obtained solutions are asymptotic expansions.
For the system of singularly perturbed linear differential equations

dy

po =AWy, >0, (4)

where y is the nth dimensional vector and A is the square matrix of the nth order, for
formal asymptotic solution we seek the form

X

Noo X kX l X)ax
CREDSCIE u/“ )d

Xo
The function A(x) satisfies the characteristic equation
det(A4y(x) — A(x)I,) =0,

where I, is the identity matrix of the order n.

If all n roots of the characteristic equation are simple, then we get n linearly
independent asymptotic solutions of Eq. 1 or system (4), which may be used to
solve the boundary value problems. Solutions, for which $(1) # 0, increase or
decrease exponentially are called the edge effect integrals in solid mechanics and
boundary layer integrals in hydromechanics. For (A1) = 0 the solution rapidly
oscillates and for A = 0 the solution changes slowly.

The difficulties arise when the characteristic equation has multiple roots. First
consider the case of the zero root of the multiplicity m that is often met in appli-
cations. The linear differential equation of the order n =1+ m

dk+my m—1 dky
My—z M ak+1n d k+m+zak(x)—:() (5)

for ;© = O transforms to the equation of the order m

m

L()y - Zak dxk ' (6)

If Eq. (5) is multiplied by u™, we get it in the form (1), for which the charac-
teristic equation

]
Z Qm (x))\k+m -0
k=0

has zero root of multiplicity m. Let a,(x) # 0, a,,(x) # 0 and all roots of equation
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!
Z em(X)AF =0
=0

are simple. Then Eq. (5) has [ solutions of form (2). The remaining m solutions are
slowly changing functions in x and have the expansions

y(x, p) = zx: 1 (x), (7)

If the multiplicity of the roots changes with the argument x, then the points at
which the changes happen are called the turning points. The first approximate
studies of the behavior of solutions at the neighborhoods of the turning points were
made by Wentzel et al. [11, 37], thus the methods of integration of equations with
the turning point are sometimes called WKB-methods. The constructions of
asymptotic solutions for system of differential equation of the second and higher
orders under different assumptions on the character of the turning point are made in
the fundamental monograph by Wasow [65]. Usually, for construction of the
asymptotic solutions for equations with turning point the method of comparison
equations is used [64]. These equations have the same singularities as the initial
equations, but they are simpler than the last ones.

The equation of the second order

with the small parameter at the derivative has the turning point x = x,, if g(x,) = 0.
For the simple turning point, for which ¢’ (x.) # 0, the asymptotic expansions of the
solutions may be expressed in the Airy functions Ai(n) and Bi(n). These functions
are the solutions of the comparison equation

2
Z—n‘; —nv=0.

In the general formulation the problem of asymptotic integration of equations
with the turning points has not been solved yet. Only some special cases for the
equations encountered in applications has been analyzed.

In the paper by Lin and Rabestein [41] the fourth order equation describing the
stability of the laminar viscous flow is considered. Its characteristic has the form
A* 4 xA2 = 0, and its roots are quadruple for x = 0. The analysis of axisymmetric
vibrations of noncylindrical shell of revolution may be reduced to study of the sixth
order equation with the characteristic equation A® +f(x)A> =0 and sextuple
turning point. The asymptotic solutions for that equation were constructed by
Goldenveizer et al. [30] with the help of the comparison equations method.
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The solution of many problems in mechanics of solids may be reduced to
solution of the boundary value problems for linear differential equations. The
approximate solution of the boundary value problem may be obtained by substi-
tuting the asymptotic expansions of solutions into the boundary conditions. For
singular perturbed ordinary differential equations such expansion may have the
form (2). In this case the method to obtain the approximate solution of the boundary
value problem depends on behavior of integrals (2), which is defined, in turn, by the
values of the roots of the characteristic equation.

Consider boundary value problem for Eq. (5). Assume that its solution satisfies n
homogeneous boundary conditions. When the small parameter u vanishes Eq. (5)
degenerates to Eq. (6) which has the order of m <n. Therefore, solution of (6)
cannot satisfy all n boundary conditions of the initial boundary value problem. The
questions are: (i) can the solution of unperturbed Eq. (6) be zero approximation to
solution of the initial problem and (ii) which m out of n given boundary conditions
should be selected for Eq. (6)? The answer to these questions is given in the
classical paper by Vishik and Lyusternik [62]. In that paper the concept of regular
degeneracy, for which the solution of the boundary value problem converges to
solution of the unperturbed problem as u — 0, is given.

For regular degeneracy it is necessary that all solutions of form (2) be the edge
effect integrals and the number of decreasing and increasing integrals corresponds
to the number of the boundary conditions on the left and right ends of the inte-
gration interval. In this case the solution of the initial boundary value problem is
represented as the sum of solutions (2) and (7). In problems of mechanics of solids
solution of form (7) is called the main state, the boundary conditions for the
unperturbed problem are the main boundary conditions, and the other conditions are
the auxiliary conditions.

The thin shell theory provides numerous problems to be solved by asymptotic
methods. Two-dimensional differential equations of the eighth order in the theory of
shells are singularly perturbed since they contain the natural small parameter %, the
dimensionless relative thickness of the shell, which is a factor at the higher
derivatives. Often the dimensionless parameter ., which is proportional to /A is
used instead of 4. For u = 0 we have the unperturbed system of equations of the
fourth order, which is called membrane (or momentless).

The foundations of asymptotic analysis of linear equations of the theory of shells
are formulated in the classical works by Gol’denveizer [28, 29]. In those works an
important concept of the index of variation of solution is introduced. The index of
variation for function F is a real number ¢, such that

oF _
—~u'F, as pu—0.
Ox

For ¢ > 0, the function F varies fast while for # <0 it varies slowly. Solutions (2)
have the index of variation ¢t = 1, at the same time the index of variation for
solutions (7) is zero.
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The analysis of possible solutions of shell equilibrium equations with different
indices of variations in two space variables given in [29] permits to classify the
main stress states: membrane (momentless) state, the edge effect, etc. Based on this
analysis the approximate methods of solution of the problems of shell statics have
been developed. For example, under some conditions the solution may be sought in
the form of a sum of the main membrane state and the edge effect integrals.

For the shells closed in the circumferential direction it is convenient to select as
space coordinates on the shell mid-surface (neutral surface) the length of the
meridian arc s and the angle in the circumferential direction ¢. After separating the
variables

¥(s,9) = y(s)e™, (8)

the equations of shell statics transform to ordinary differential equations, the
coefficients of which depend on the wavenumber in the circumferential direction m.
In equations describing vibrations or buckling of shells the additional dimensionless
parameter A, which is proportional to the square of the natural frequency or critical
loading, appears. The form of the asymptotic solutions depends on the relations
between parameters , m and A.

For m = 0 the shell deformation is axisymmetric and it is described by the
system of differential equations of the sixth order. For low frequency vibrations of
cylindrical and conical shells, which are of the great importance to the applications,
m~pu~ Y2 and A ~ p?. In this case the degeneration of the initial system of the
eighth order to the system of the fourth order is regular. The stress state described
by the unperturbed system is called semi-momentless. For the cylindrical shell the
unperturbed system has an explicit solution. The detailed asymptotic analysis of
free vibrations of shells is given by Goldenveizer et al. [30].

To solve the linear problems of buckling of momentless initial stress state, the
same methods of asymptotic integration as for the problems of free vibrations are
used. The only difference is that for buckling problems the lowest eigenvalue
corresponding to the critical load is sought as a rule. Numerous methods and results
on buckling of shells are included in the book by Tovstik and Smirnov [56]. In this
book the main attention is devoted to the methods of construction of asymptotic
expansions of localized buckling modes based on algorithm proposed by Maslov
[43]. In the classical problems of shell buckling the radii of the curvature of the
mid-surface, its thickness, and momentless initial stress resultants are usually
constant. In this case the pits cover the entire surface of a shell under buckling. On
the other hand, if the parameters of the shell and the initial stress state depend on the
space coordinates, then the localization of the buckling pits may happen at the
vicinities of some lines or points on the mid-surface, which are called the weakest
lines (points).

In the book by Tovstik and Smirnov [56] the buckling modes for the convex
shells of revolution localized at the neighborhood of the weakest parallel have been
constructed. Under nonhomogeneous axial compression of cylindrical shells the
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buckling modes are localized at the vicinity of the weakest generatrix. The convex
shell and cylindrical shell may buckle under nonhomogeneous compression with
the buckling mode localized at the weakest point. For these cases the asymptotic
expansions for the buckling modes are found. The method of asymptotic separation
of the variables is developed and applied to represent the total stress state of the
shell as a sum of the semi-momentless state and edge effect. Simultaneously, the
problem of separation of the boundary conditions at the shell edges for the main and
auxiliary conditions is solved. This method is applied for cylindrical and conic
shells, for which the problem may not be reduced to one dimensional by separating
the variables in form ().

In the book by Filippov [26] the method of asymptotic separation of the vari-
ables is applied for analysis of free vibrations and buckling under external pressure
of the joint shells and shells reinforced by rings. For cylindrical and conic shells the
boundary conditions on the shells joint lines and on the lines of the contact of the
shell and rings are split into the main and auxiliary boundary conditions.

The solutions of the problems of shell theory by means of the Lyapunov-
Schmidt procedure, multiscale method, homogenization, Padé approximants, and
other asymptotic methods are included in the monograph by Andrianov et al. [2],
which contains a vast bibliography.

The theoretical results in this book are supplemented with the analysis of
problems and exercises. In the solution of many problems, asymptotic and
numerical methods are used together. The combination of these two methods makes
the results more reliable, permits to estimate the applicability domain for asymptotic
formulas, and makes easier the numerical analysis of the problem. For example,
when evaluating a root of an equation one should know the interval boundary for
the root. This boundary may be found by means of asymptotic methods.

Asymptotic estimates of functions, solutions of algebraic and transcendental
equations, and also systems of linear algebraic equations are considered in the first
chapter. This part is traditional for many manuals on asymptotic methods. However,
some of the questions are rarely discussed in textbooks. For example, the Newton
polyhedron, which is a generalization of the Newton polygon for equations with
two or more parameters, is considered in Chap. 1. Then the important concept of the
index of variation for functions is introduced. Special attention is devoted to
eigenvalue problems containing a small parameter.

Chapter 2 is dedicated to asymptotic methods for calculating integrals (inte-
gration by parts, Laplace transform, stationary phase, saddle point) which are used
later in the book to construct asymptotic expansions for solutions of differential
equations containing small parameters.

In Chap. 3 the construction of solutions of regularly perturbed ordinary differ-
ential equations is discussed. The traditional methods include Poincaré’s averaging
and multiscale methods. In addition, linear boundary value problems for differential
equations with small parameters are considered. Problems for equations with fast
oscillating coefficients are also analyzed.

The main part of the book is Chaps. 4 and 5, which deal with methods of
asymptotic solutions of linear singularly perturbed boundary value and eigenvalue
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problems without or with turning points, respectively. In Chap. 4, the asymptotic
expansions of linearly independent solutions of systems of linear ordinary differ-
ential equations with small parameters at the derivatives are constructed. These
asymptotic expansions are later used in the book for approximating solution of
nonhomogeneous boundary value and eigenvalue problems. The cases where the
eigenfunctions are localized near the edge of the integration interval are also
studied. As examples, one-dimensional equilibrium, dynamics, and stability prob-
lems for rigid bodies and solids are examined.

In Chap. 5, the singular perturbed problems are analyzed in the case where there
exist turning points inside the interval of integration. At a turning point, the
asymptotic expansions obtained in Chap. 4 are not valid, since in the expressions
one of the functions in the denominator is zero. Approximate asymptotic solutions
in a neighborhood of a turning point for linear differential equations of the second
order with small parameters at the higher derivative are given in Chap. 5. Then the
eigenvalue problems describing the vibration of circular plates and shells of rev-
olution are examined. Asymptotic expansions for the eigenfunctions localized near
the internal point of the interval of integration are also found.

Finally, in Chap. 6 the asymptotic integration of nonlinear differential equations
is considered, where questions of singular perturbation and ramification of solutions
are discussed.

Many of the problems of asymptotic integration are not discussed in this book.
Among them there is the method of matching of asymptotic expansions, which is
widely used in hydromechanics. Its description may be found, for example, in
books by Van Dyke [59] and Hinch [33]. One of the versions of this method is the
application of Padé approximants, numerous examples of which are given in the
monograph by Baker and Graves-Morris [6].

In our book we analyze only stationary vibrations. We note that the considerable
progress has been also made in study of the process of wave propagations by
asymptotic methods. In the book by Mikhasev and Tovstik [47] the authors study
both localized buckling modes and the motion of the wave packages running on the
shell of revolution either in circumferential on axial directions. The book by Babich
and Buldyrev [5] concerns the analysis of short-wave asymptotics for solution of
Helmholtz equation for the wave propagation with constant or variable wave speed
in two-dimensional or three-dimensional spaces. In the book by Kaplunov et al.
[36] the asymptotic approach is used to describe the waves of different types in thin
elastic solids and in particularly in shells of revolution.

One of the important areas of application of asymptotic methods, which is not
included in this book due to its complexity, is the continuum mechanics in the
narrow domains. These are the problems of thin-walled beams, plates, and shells
theory and also the contact problems for solids on different dimensions. The
asymptotic methods are applicable here since these problems contain the geometric
small parameter, ratio of the minimum and maximal solid dimensions. In appli-
cations the equations are simplified as usual as a result of assumptions on distri-
bution of the unknown functions in the thickness direction. In this case one of the
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goals of the asymptotic analysis is the verification of the hypotheses and the esti-
mate of the errors happened under the assumptions.

The monograph by Nazarov [51] concerns these problems. It contains the
asymptotic expansions of solutions of static problems and problems of free vibra-
tions of beam, plates, and shells. The main attention is devoted to the error esti-
mates, when only the main terms of the asymptotic expansions are considered and
to the solvability of the boundary value problems, which appear in the process
of the asymptotic integration.

In the book by Gol’denveizer [28] the method to derive the equations of the
theory of shells from the three-dimensional equations of the theory of elasticity is
proposed. The asymptotic approach developed by Kaplunov et al. in [36] is a
dynamical generalization of Goldenveizer’s method of asymptotic integration of
partial differential equations in narrow domains. In the monograph by Ciarlet [16]
two-dimensional equations of the theory of shells describing the membrane stress
state are derived by means of the asymptotic method and strong error estimates are
obtained. An ingenious sequence of the shell theories refining one another is given
by Libai and Simmonds [40].

The authors do not claim the bibliography section to be complete. The references
include mostly textbooks and monographs concerning the methods and problems
considered in the book.



Chapter 1
Asymptotic Estimates

In this chapter, asymptotic estimates for functions, algebraic and transcendental equa-
tions are considered.

1.1 Estimates of Functions

1.1.1 Basic Definitions

Let the functions f(z) and g(z) be defined on a set S of complex or real numbers and
let a be a limit point in S. The point a is a limit point of the set S if any neighborhood
of a contains at least one point of § different from a. Consider z € S. We recall the
definitions of some symbols used to compare a function f(z) with a known and, as
a rule, simpler function g(z).

The big “O” notation, f(z) = O (¢g(z)) as z — a, means that there exists a
neighborhood U of the point a and a constant C (depending on U) such that

| f(@)| <Clg(z)], for zeUNS. (1.1.1)

The notation f(z) = O (g(z)) is also used if there exists a constant C such that
(1.1.1) is valid for all z. It is clear that if this inequality is satisfied for some C, it is
also satisfies for any larger C. The least upper bound of the ratio | f(z)|/|g(z)| for
z € U is called the exact upper bound or the boundary constant:

|f ()]
Cmin(U) = sup .
zeU 19(2)]
© Springer International Publishing Switzerland 2015 1
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2 1 Asymptotic Estimates
We list several examples where S = U = R is the set of real numbers:

sinx = O(x), x €R, Chin = 1,
sinx = 0(1), xeR, Chin = 1,
x+D>=0x?, xe[l,00), Cmin=4.

If the functions f (z) and g(z) also depend on other variables or parameters but the
neighborhood U and the constant C in (1.1.1) do not depend on them, then relation
(1.1.1) is said to be uniform in those parameters. For example, if u is a parameter in
the interval [0, a], where a is a positive constant, then

e(x_“)2 = O(exz)

as x — oo uniformly in u.
The small “0” notation, f(z) = 0 (g(z)) as z — a, means that

. f@
m —-

=0 for ze€S. (1.1.2)
z=a g(z)

For example, for § = R,

Inx =o0(x%), as x—o00, «>0,
xY=o0(e"), as x—>o00, a>0,

XM =0(x?), as x—0, o> a.

If f(z) and g(z) depend on parameters then relation (1.1.2) is called uniform in these
parameters if f(z)/g(z) converges to zero uniformly in these parameters, i.e. for any
€ > 0 one can find a neighborhood U, of the point a such that the inequality

/@

9(2) =

holds forany z € U, NS simultaneously for all values of the parameters. For example,
if u € [0, a], then e =4 = 0(|z|~?) as |z] — oo uniformly in u. Here a and b are
arbitrary real numbers.

Thus f = O(g) means that the order of f is not greater than the order of g, and
f = o(g) means that the order of f is less than the order of g as z — a.

For functions f and g whose orders are equal as z — a we use the notation
f ~gasz — a.Inthiscase f = O(g) and g = O(f) simultaneously as z — a.
In many publications the symbol “~” is only used when the functions f and g are
equivalent, i.e.

tim 1@ _
m —— =

=a g(z)

1.
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In the sequel, we do not assume that the last equality holds for f ~ g. For example,
for § = R,

sinx ~x, and sinx ~2x, x — 0,
In(14+x)~x, as x — 0,

sinx—x~x3, as x — 0.

The relation “~” similar to relations (1.1.1) and (1.1.2) may be uniform (or non-
uniform) in other variables or parameters. For example, for small €, the relation

1 1

~

1l—x—c¢ 1—x

is non-uniform in a neighborhood of the point x = 1 but uniform in any domain that
does not contain this neighborhood, since, as ¢ — 0 and x & 1, the second and the
following terms in the expansion have the same orders as the first term:

1 1 5

~

—x—c 1-x a-x2 ™7

1.1.2 Operations with Symbols

The notation o (g(z)) and O (g(z)) characterizes the classes of functions f, satisfying
relations (1.1.1) and (1.1.2). From this follow the rules for operating with these
symbols:

0(9(2)) +0(g9(2)) = 0(9(2)), 0(9(2)) + 0 (9(z)) = O (9(2)) ,
0(9(2)) xo(f(2)) =0(9(2) x f(2)), 0(g9(2)) x O(f(2)) =0(9(z) x f(2)),
0 (0(9(2)) =0(9(2)), 0(0(9(2))) = 0(9(2)),
0(0(9(2))) = 0(9(2)), 0(9(z)) = 0 (9(2)),

as z — a and z € S. We note that some of the relations of this type, for example,
the last two are irreversible. For example, the equality O (g(z)) = 0 (g(z)) does not
hold.

We prove the first formula in the list. The reader may prove the others in a simi-
lar way.

Let f1(z) = 0(9(2)) and f2(z) = 0 (9(z)) as z — a. Then

fim Q@+ L@ (@ RO

z>a 9(z) S ova g(z) e g(z)

’

ie. f1(2) + f2(z) = 0(g(2)), as was to be proved.
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Asymptotic relations and order relations may be integrated under some evident
conditions guaranteeing the convergence of the integrals.

Example
If S = R, the function | f(¢)| is integrable and f(x) = O(x®) as x — o0, then,
fora > —1,

/x f(dt = 0(x*TY, as x — oo.
0

Indeed, there exists X such that for x > X the relation | f(¢)|] < C|x®| is satisfied
and

X X X X
/ F(dr < / \fOldr = / \f@Oldr + / (@) di
0 0 0 X

xa—H Xa+1 a+1
<C +C -C =C+C < Dx*!
(1.1.3)
for
D> C Cy
=5 P xer

Similarly, it may be proved that under the same assumptions for o« < —1

/°° f@)dt =0 (xaH), as x — 00.

For o = —1, if the function | f ()] is locally integrable,

/x f()dt = O(Inx), as x — oo.
0

Operations with the symbols O, 0 and ~ and many examples can be found in
[14, 20, 21, 49, 50, 53].

1.1.3 Exercises

1.1.1. Arrange the following relations in decreasing order for small €.

In(l+e), ~—%¢  La—ga.

1 +cose’
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1.1.2. Determine the boundary constants in the interval [1, oo) for the relations
(@) v/ (x2 —1) = O(x) and (b) x" = O(e").

1.1.3. Let S be the sector |argz| < 5 — ¢ < 7 in the complex plane z € C. Show
that there exists a real number ¢; > 0 such that e~ = O (e “1l) as z — oo for
any ¢ > 0.

1.1.4. Show that if f is integrable and f(x) = o(g(x)) as x — oo, where g(x) is a
positive non-decreasing differentiable function x, then

/ f@)dr =o(xg(x)).

1.1.5. Show the following order relations:

1 — . /cosx N
1 — cos(y/x)

x, as x — 0,

(a)

1

(b) sin\/x—l—l—sin\/;:O(—), as x — 0o,
Jx
1

(c) sinln(x+1)—sinlnx=0(—), as x — o0,
X
nx ++/1 —n2x2

(d) Forn # 1,1In ~x, as x — 0.

x++/1—x2

1.2 Asymptotic Series

1.2.1 Definitions

Consider the sequence of functions
wn(2), n=0,1,2,..., (1.2.1)

defined on a set S that has a limit point a. The sequence (1.2.1) is called asymptotic
as z — a if, for any integer n > 0,

on+1(2) =0 (pn(2)), as z—a. (1.2.2)

We give some examples of asymptotic series under the assumption that S C R is
a set of real numbers:

x—-a)", x— a x" x — oo

AnX

et x —> 00, N\+1 — ) <0 (1.2.3)
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P(x)(x —a)™, x—a, api| >y,

where @ (x) is an arbitrary function defined on S. The first two sequences in (1.2.3)
are called power sequences .
Let the function f(z) be defined on the same set S. The series

f(@) ~ Zanwn(z), as z—a, (1.2.4)
n=0

is called Poincaré asymptotic expansion of f (z) in terms of the asymptotic sequence
(1.2.2) if a,, are constants and, for any integer N > 0,

N
RN@) = [(2) = D anpn() =0 (pn(), as z—a, (1.2.5)
n=0

or, what is same,
Ry(z) = O (pnN+1(2)), as z—> a. (1.2.6)

For asymptotic expansion here and later we use the approximation symbol =~
instead of the equality sign =.

Series (1.2.4) may diverge. Relation (1.2.5) produces a sequence of approximate
formulas,

N—1
f@O =D anpn@), N=1.2,...,
n=0

the errors of which, Ry (z), has the order of the first deleted term in series (1.2.4),
RN (2) ~ @n+1(z). The sum of the first N terms of series (1.2.4) is called the N-terms
approximation to the function f(z).

In the books [1, 21, 35, 49, 50, 53] one can find many asymptotic expansions for
special functions. For example, the integral exponential function has the asymptotic
expansion [1]

0]

. ., o~ (=Dl
Ei(z) = t~leldt ~e ZZnT as |z| — oo, (1.2.7)
4 n=0

and series (1.2.7) diverges for almost all z. At the same time, the error Ry (z) (see
formula (1.2.5)) is not larger than the first deleted term in expansion (1.2.7).
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1.2.2 Properties of Asymptotic Series

Properties of asymptotic series and operations on them are discussed in [14, 20,
21, 35]. Here we list only the main ones.

If the function f(z) is expanded in the asymptotic series (1.2.4) in terms of the
sequence (1.2.1), then this expansion is unique, i.e. the coefficients a,, in (1.2.4) are
defined in a unique way:

ap = lim f@) =30 arer (@)
a wn(2)

However f(z) is not defined in a unique way by the asymptotic series. Indeed, the
function f(z) + f1(z) has the same asymptotic expansion (1.2.4) if, for all n > 0,

f1(2) =0 (pn(z)), as z— a.

For example, the functions Ei(z) and Ei(z) 4+ ¢ ~% have the same expansion (1.2.7).

From the above remarks, it is clear that in the choice of sequence (1.2.1) for
the asymptotic expansion of f(z) one should take the behavior of f(z) as z — a
into account. For a bad choice of ¢, (z), expansion (1.2.4) either does not exist or
produces the trivial result f(z) ~ 0. For example, expanding ¢~* in the sequence
77", one gets e ¢ >~ 0 as 7 — 00, i.e. in (1.2.4) a,, = 0 for all n.

Asymptotic expansions may be summed, multiplied by functions, differentiated
and integrated under special assumptions. The power asymptotic expansions

o0

f@) = Zanz", 9(z) =~ anz”, as z—>0 (1.2.8)

n=0 n=0

may be multiplied: f(z)g(z), and, if by # 0, divided: f(z)/g(z). If by = 0 we
may substitute the function g(z) into f(z): f [g(z)]. In this case, the asymptotic
expansions for the resulting functions are obtained following the rules for convergent
Maclaurin series (1.2.8). If the series

o0
Z anz" (1.2.9)
n=0

converges in the open disk S = {z : |z| < R}, then it defines an analytic function
f(z) in this domain, the asymptotic expansion of which coincides with (1.2.9) as
z — 0. It is not difficult to give an example where series (1.2.9) diverges for all
z # 0 (for example, when a,, = n).

It should be noted that any coefficients a, of series (1.2.9) gives the asymptotic
expansion as z — 0 of some function f(z), analytic in the sector
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Fig. 1.1 Errors for |R(x)|
asymptotic expansions of 0.20 .
Bi(x) Rix) " Ri(x) Rix)
0.15 !
1
/

0.10

S={z:]z| <R, a;<argz<a}

for any o, a.

We underline the significant difference from the computational point of view
between convergent series and divergent asymptotic series. If series (1.2.4) converges
for some z, this means that for given z

1\,11_{10oo Ry (z) =0,

i.e. the value of the function f(z) may be (in principle) found to any accuracy. If
series (1.2.4) diverges, then the error Ry (z), keeping the (N + 1)th term of the series,
attains its maximum value for some N = Ny(z) and the accuracy of the computation
may not be higher than Ry, (z). In Fig. 1.1 the errors Ry(x), Ry(x) and Re(x) are
plotted for the Airy function Bi(x) for x > 0 (see Sect.5.1).

In the simplest cases, for example, special functions, one can construct the entire
asymptotic series. In other cases, in particular, for the integration of differential
equations, we must limit ourselves to first or the first two terms of the series because
of awkward calculations (see the following chapters).

If the function f(z) (and, perhaps, ¢, (z)) depends on the parameter u, and the
terms with symbols O and 0 in (1.2.2), (1.2.5) and (1.2.6) are uniform (non-uniform)
in u in some set U then the asymptotic expansions is called uniform (non-uniform)
inuin U.

For example, the expansion

1 o (—1)nen
x_1+€=2(x_1)n+1, x>1, as ¢—0,
n=0

is not uniform for (x — 1)/e = O(1). In that domain the error due to the deletion of
the terms beyond the Nth term does not have order O M.
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1.2.3 Exercises

1.2.1. Find the first three terms of the asymptotic expansions of the following func-
tions for small e:

(a) /1—§+252, (b) sin(1+6—€2), © (l—a€+a4€2)7],

2
) sin—l(ﬂg_ﬂ), @) ln%, ® In[l+In(l +9)].

1.2.2. Which of the following expansions are not uniform for all x as e — 07? In
which domains these expansions are not uniform?

@ f=>(=D"ex)". (b) g=> & 'cosnx, (c) q= Z(;)n
n=0

n=1 n=0

1.2.3. Show that the asymptotic expansion of the function f(x) = e sin e* in terms
of the sequence x~" as x — oo gives the trivial result f(z) >~ 0.

1.2.4. Find a series
o0
S e
n=0

that formally satisfies the differential equation

"

B+ 6+ ou —u=0.

Show that this series diverges.

1.3 Newton Polygons

1.3.1 Introduction

We consider the problem of finding a solution, x (x), of the implicit equation
F(u,x) =0,

where p and x are real variables and F' (10, x9) = 0.
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Expanding F (i, x) in a power series of (1 — ) and (x — xp), we seek a solution
of the form

x=x0+ (=) +7' (= po)” + -+,

where 3, ', ... is an increasing sequence of positive integers.

Presumably, Isaac Newton was the first who studied this problem without the
assumption that F/(uo, xo) # 0 and proposed a geometrical method for evaluating
v, 8,7, 0, ..., which was later called the Newton diagram (or Newton polygon),
the description of which may be found in [58].

1.3.2 Statement of the Problem

Consider the case where F (u, x) is a polynomial in x:
n
> ar(wx* =0. (1.3.1)
k=0

Let the coefficients a; have the form

my
a(p) = D arin™, (1.3.2)
j=0
where
a0 #0, ag jr1 > oaxj, 0<mp <oo, k=0,1,...,n.

Thus, ag (1) ~ p*0 as yu — 0. We assume thatm, = Oand o9 = cofora, (1) =0,

and let a, (1) # 0 and ap(p) # 0.
We seek asymptotic expansions for the roots x; of equation (1.3.1) in the form

oo
Xg 2 D xgipl . =0, Byt > B q=1.....n, (1.3.3)
j=0
or
Xg xqouﬁ‘i(’ +o0 (uﬁ‘lo) . (1.3.4)

To find the values of x,0 and 3,0 we substitute relation (1.3.4) in (1.3.1), collect
terms with the lowest power in p and set to zero the coefficient of that power. Until
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Fig. 1.2 Newton polygon

the value of (3, is determined, we do not know which terms have the lowest power
in p. It is only clear that these terms are among the followings:

a10+0540 a20+20340 auo+n340
9 9 .

2
apop™™,  aroxqop a20X g0 f C An0XgH

For cancelling the terms of lowest order in y (the main terms) two of the exponents

a0, @10 + B0, @0 + 2640, .., ano + 140,

must coincide and the rest should be not less than them. Equating the powers we find
all the values for /3,0, and then obtain x .

To find the values of the parameter 3,0 by means of the Newton polygon, draw
n—+ 1 points My = {k, axo} in the (k, o) plane with integer abscissas (Fig. 1.2). Then
draw the segment determined by the points My and M. The tangent of the angle
between the segment and the axis of abscissas, k, is equal to the value of (3,0, for
which the orders of the first and second terms coincide. It is not hard to check that
the points which lie above the line passing through My and M; correspond to the
terms with highest order in p (the smaller terms).

We are interested only in the main terms; this is why one should join the points
M. with segments in such a way that the points Mj not belonging to this segment
lie above the obtained broken line.

To construct the broken line we rotate anticlockwise the ray going vertically down
from the point M; = M. We denote by M the first of the points M that is touched
by the ray. Then we rotate anticlockwise the vertical ray going from the point M}
until it touches the next point M;. And so on until the final ray touches the point
M7 = M,. If the ray contains several points My then for M we take the rightmost
point (with maximal k).
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The broken line connecting the points M} is called the Newton polygon which
is the lower part of a convex hull for a point set. The slope ratio for the segment
determined by the points M;" and M/, gives the order ;¢ for the root x,;. The
length of the projection of the segment on the k axis is equal to the number of roots
x4 of such power and the number of points M} through which the segment passes is
equal to the number of terms in the equation for evaluating x,0.

We note that the Newton polygon usually permits to estimate the order of the
correction (the order of the next term) in the expression for the root,

X ~ ﬂﬁqo [1 +0 (/’Lé/%):l — Mﬂq() + 0 (M(S/Jfﬂ“ﬂqo) ,

where the value of § is defined as the minimal length of the segments going vertically
from points My (My # M} and My # M ) till the straight line containing the
segment determined by the points M;" and M |, and s is the multiplicity of the
root Xxg,.

The equations

34— k=0
and
—,ux3 +x2 = 2ux —|—,u2 =0
have similar Newton polygons (Fig. 1.3), and also, in both cases, § = 2 for the roots
x12 = O(w).
However, the multiplicity of the root (5 = 2) for the second equation increases

the error in the expansion for a root. So, for the first equation x1 2 = #p + O(u?)
and for the second x1 5 = p + O (p?).

Fig. 1.3 Effect of the root multiplicity on the error of the expansion
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Example 1
Consider the equation

Wl xt =23 X2 — =0 (1.3.5)

and find initially the first term in expansion (1.3.3), omitting the index g. Substituting
X = xouﬁ0 into (1.3.5) we get

3P0 x4 #Poxd — 2130053 4 202 — =0, (1.3.6)

Now we must find the main terms in (1.3.6) and the values of 3y for which at least
two main terms have equal orders. For 3y < 0, the main terms are the first two terms.
The value of gy = —3 is found from the condition for equal orders of the main terms
3458y = 4y, and x9 = —1 is obtained from the equation xg —f—xg = 0. The Newton
polygon for Eq. (1.3.5) is plotted in Fig. 1.4. It consists of three parts: descending,
constant and ascending. Moreover,

Bio=-3, x1=-p> [1+0(u3)], since |KiM3|=3;

Boo=P30=0, Pao=pP50=1/2, since |KM;3|=1/2.

Therefore x3 =14 O (ul/z) and x4 5 = :I:,ul/2 [1 + 0 (ul/z)].

To obtain the following terms of series (1.3.3) we substitute x;, = uﬁ‘io(l + Ry)
in (1.3.2). Then for R, we get an algebraic equation of type (1.3.2). However, now
we seek only the roots that satisfy the relation R; = o(1). The number of such roots
is equal to the multiplicity of the root x4o.

Fig. 1.4 Newton polygon
for (13.5) 0
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Fig. 1.5 Newton polygon
for (1.3.7)

The two-term approximations for the roots of equation (1.3.6) are the followings:

n=—p =240, xas= 140 (1), xes =2+ o),

Example 2
Consider the equation

X34 3ux? — (u + ;ﬁ/z) x+2u2=0. (13.7)

The Newton polygon for this equation is shown in Fig. 1.5.
It is clear that

Bro=fo=1/2 [KMal =172, xi0=2u"?[140 (u'?)].

For the third root, we get
Bo=1, |KiMs|=|KoM3| =1, x3= 2u(1 o (Ml/z)),

since |[M{My| = 1/2. Here M| = {k, aj1}. The second term in the coefficient
ai () = p + p3/? affects the order of the correction.
The approximate values for the roots of equation (1.3.7) are

X1 =—pl/2—3u+0 (,u3/2),
xz=u1/2—2u+0(u3/2),

X3 =2,u—2,u3/2+0(u2).
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Fig. 1.6 Newton polygon
for (1.3.8)

Example 3

We consider one more equation similar to that for the problem of the spectrum
of axisymmetric free vibrations of a circular cylindrical thin shell (see Sect.4.4 in
Chap.4),

it +( )A,ﬁx +a —/\)xz—i—/\[l - (1 —1/2) /\] —0.  (138)

Here ) is the frequency parameter, where \, v, (1 — %) ~ 1 and also (1 — \) ~ 1.
The Newton polygon for Eq. (1.3.8) is plotted in Fig. 1.6. Clearly,

A= (1=22)A]

Blo=Pu=0 and xip=+ib, b’ = a=»

For the other four roots,
Bo=—1, where k=3.4,56 x =, c*=O-D"
I

We note that considering a linear differential equation of order n with constant
coefficients depending in the parameter L,

Zak(u) & =0

after the substitution z = ¢*’ we obtain the algebraic equation (1.3.1).


http://dx.doi.org/10.1007/978-3-319-18311-4_4
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1.3.3 Newton Polyhedra

A more difficult problem is to find asymptotics for the roots of equations containing
two or more parameters. In this case, the shape of the Newton polygon depends on
the relation between the two parameters.

Consider an equation containing two parameters, the main small parameter x and
an arbitrary parameter \,

n
PO N =2 > aup™Nixk =0, ay >0, aw=0().
k=0 i

We draw points {k, ay;, Oki } in 3D space and construct the convex hull of such
point set. Since one of the parameters, y, is small, one should construct only the
“lower” facets of the hull, i.e. only the facets visible from the point (0, —o0, 0) in
the {k, a, B} space. The facets of the convex hull determine the relations for the
parameters for which the Newton polygon changes shape. To get these relations
(abridged equations) one should equate the orders of the terms corresponding to the
nodal points of such facets.

Remark The above method may be used also when the coefficients ay; have arbitrary
signs. But in this case, the order of the main term in the abridged equation, which
is the difference of two terms of the same order, may go down. This is a specific
situation that must be considered separately (see Example 4).

Example 4
Find the main terms of the equation

40 4 (1 —uz) Mt —)\)xz—i—)\[l - (1 —uz) )\] —0

for p < 1. As noted before, an equation of this type describes the spectrum of
free axisymmetric vibrations of a circular cylindrical thin shell. Now the order of
the frequency parameter A\ may be arbitrary (compare with Example 3 where A has
order 1).

The 3D convex hull for the above equation consists of the three facets:

1. (My, M2, M3, My),
2. (M3, My, M),
3. (MZ» M47 M57M6)’

where the points M; have the following coordinates:

M; ={0,0,1}, M>={0,0,2}, M3;={2,0,0},
My =1{2,0,1}, Ms={4,4,1}, Me=1{6,4,0},

(see Fig. 1.7).



1.3 Newton Polygons 17

Fig. 1.7 Newton polyhedron
Equating the orders of the terms which define the facets we get

A~ A2~ 2~ N2,

A2 ~ x2 ~ 6,

AN~ ~ Attt ~ u4x6.

Hence, for the first and second relations, A ~ 1, and for the third, A ~ u_4, and the
entire domain of the parameter A splits into three subdomains, where the Newton
polygon has a similar structure.

In the subdomain A <« 1, the Newton polygon has two segments determined
by the points M, M3, and M3, Mg, respectively, which correspond to the abridged
equations A\ + x2> = 0and 1 + p*x* = 0.

In the subdomain 1 <« A < p~*, the Newton polygon has two segments deter-
mined by the points M>, M4, and My, Mg, respectively, which correspond to the
abridged equations (1 — %)\ + x? and —\ + p*x* = 0.

In the subdomain X\ > p~*, the Newton polygon has two segments determined
by the points M, M5, and Ms, Mg, respectively, which correspond to the abridged
equations —\ + z*x* = 0and (1 — )\ 4+ x% = 0.

On the boundary of the subdomains for A ~ 1, the Newton polygon has two
segments determined by the points M1, M, M3, M4, and M3, M4, Mg, respectively,
which correspond to the abridged equations (1 — A)x? + A(1 — (1 — v%)X) = 0
and ,u4x4 4+ (I — A) = 0 (see Example 3). The situation becomes more difficult if
1—X ~ p*fora > 0. Here the order of the coefficient at the main term in the abridged
equation goes down and this requires a special consideration (see Sect.4.4.5).


http://dx.doi.org/10.1007/978-3-319-18311-4_4
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On the boundary of the domains for A\ ~ ;~*, the Newton polygon has one
segment determined by the points M», M4, M5 and Mg, which corresponds to the
abridged equation

,u4x6 + (1 - uz) )\u4x4 — - (1 - Vz) N =0.

1.3.4 Exercises

Use Newton polygons to find the first and second terms in the expansions for the
roots of the following equations for p < 1.

1.3.1.x3 = 3xp + 42 = 0.

132, p*x* — x> +x —p=0.

133, 0733 + 2 — x4+ 1=0.

1.34. 1Px° — p2x3> +x — 1 =0.

1.3.5. Find the main terms in the expansion for the roots of the following equation
for p < 1:

it + 222t 4 pax? + A = 0.

1.4 Variation Index of a Function

1.4.1 Definitions

When integrating ordinary differential equations with parameter A > 0, we obtain
functions F(x, \) of two variables. For the asymptotic integration and qualitative
study of solutions as A — 0o, one should have a way to describe the rate of change
of F(x, A\) as a function of x, i.e. the derivative of 0F /0x, as A\ — oo. Gol’denveizer
in [28] introduced the concept of the variation index of a function.

The variation index of a function F(x, \) as A\ — 00 is the value ¢ such that

OF .
— ~AXNF, as \— oo. (1.4.1)
Ox

For t > 0, the function F varies fast and for # < 0 it varies slowly.
As an example consider the function

F(x,)\) =gkx)é (1.4.2)
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where

z=XNfx) as A—>oo, t>0, f(x)#0 (1.4.3)
(f and g do not depend on \). Since

OF

Ox

g'(x)
>\[

:X&W”Puﬁmn+ }~XWQw,% A\ — 00,

then, the variation index of function (1.4.2) is equal to ¢. Similarly, the variation
index of the function

F(x,\) =g(x)sinz (1.4.4)
under condition (1.4.3) is also equal to ¢ since, for A\ — oo,

OF
Ox

i cos z
=X [g(x) f'(x) cos(\' f (%)) 4 ¢'(x) sin(\' f )] ~ N f'(x)F P

In fact, for function (1.4.4) the estimate (1.4.1) is not valid in neighborhoods of
the points where cos z or sin z are equal to zero, but these cases used to be ignored
when introducing the variation index.

Example
The variation index may be different in different domains of variation of x. As an
example consider the equation

F' —\g(x)F =0, () =03/ox, (1.4.5)

with holomorphic coefficient g (x). For g (x) # 0, the variation index of the solutions
F(x, \) for Eq.(1.4.5) is t = 1/2 since, in this case, for g > 0 (see Chap.4)

Crexp ([ VAg(x)dx) + Crexp (— [ /Aq(x) dx)

F(x,\) ~ Vit ,

and forg < 0

Ccos ([ V=Ag(x) dx) + Cysin ([ (V=Aq(x) dx)
V=q(x)

If g(xp) = 0 and ¢’ (xg) = a # 0, then, for x — xo ~ A~!/3, the variation index

F(x,\) ~

is equal to # = 1/3. To prove this we use the substitution x = xo + (Aa)~'/37. Then
Eq.(1.4.5) in the given domain may be represented in the form

O*F

— —nF =0, (1.4.6)

on?
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which does not contain the parameter A, and, therefore, we may consider O F /On ~ F
as A — oo; consequently OF /0x ~ A3 F.

Equation (1.4.6) is called Airy’s equation.

The characteristic length of the deformation profile, | ~ X', is connected with
the variation index ¢ (this concept is used to describe the field of deformation of
solids).

1.4.2 Auxiliary Definitions

The variation index may also be introduced for functions of a larger number of
variables. Consider the function F(x, y, \). The general variation index of F is the
number ¢, such that

max [

If arbitrary functions F have different orders in different variables or different direc-
tions in the (x, y) plane, then we introduce partial variation indexes, t; < t. For
example, the function F(x, y, \) = Asin(A1x)sin(\2y) has variation indexes t;
and 7, in x and y, respectively.

To compare the orders of several functions, we use the indexes of intensity. Con-
sider two functions Fi(x, A) and F,(x, \) which can be represented in the form

oF
ox

oF
,‘—]NA’F, as \ — oo.
dy

Fr = gr(x, VHr(x, N), k=1,2,
where
gk ~ AP k=1,2; Hy~ Hp, as A — o0.

Then the numbers py are called the indexes of intensity of the functions Fk.

For example, if the functions Fy have the form (1.4.4), Fy. = g sin(z + o), then
we may consider H; ~ H, ~ 1, and the variation indexes coincide with the orders
of the functions Fg, i.e.

Fi ~ \Px. (1.4.7)

For functions F; = gie® of type (1.4.3), the estimate (1.4.7) is not valid.
Let the function F have variation index ¢ and index of intensity p. Then by (1.4.3),
for t > 0 the index of intensity p; for its derivative OF /Ox is equal to p; = p + 1.
Clearly the variation index cannot be introduced for every function. Often solu-
tions of differential equations with a parameter may be represented as a sum of
several functions with different variation indexes.
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1.4.3 Exercises

1.4.1. Find the variation index of the function F(x,A\) = g(x)sinhz for z =
MNFx), A\—> o0, t >0, fl(x)#0.

1.4.2. For the following functions, find the general variation index. Show the direc-
tions in the (x, y) plane, in which the partial variation indexes attain their minima as
A — oo forn > 0.

(@ F(x,y, ) =sin (A" (x — ay)),
(b) F(x,y,\) = eN¥/y,

1.4.3. Find the indexes of variation of the solutions of the differential equations:

(a) y/// + 4)\2)}// _ )\y/ o )\Zy —0.
(b) y(S) _ y(4) _ )\2y/// 4 )\Zy// + )\y/ _ )\y —0.

1.5 Asymptotic Solution of Transcendental Equations

Asymptotic methods are also used to solve transcendental equations, though, natu-
rally, apart from algebraic equations there does not exist a unified approach.

Example 1
We want to solve the equation

X
tanx = —, (1.5.1)
a

for large positive values of x. Here a is a positive number. For example, such equations
occur in the solution of problems of high frequency transverse vibrations of a clamped
beam with variable cross-section area.

It is evident that for large values of x the solution of equation (1.5.1) has the form
x = (% + n) w4+ o(1), where n is a positive integer. Denote \ = (% + n) m and seek
the correction § for this root. Then, Eq.(1.5.1) may be represented as:

I A+6

tan(A + §) = ey

or

Thus, it follows that

§=—-a\"'+0 ()\_3) or x=A—a\"'+0 ()\_3) .
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Further, the main part of the correction ¢ is
x=A—aX"'+44d. 5 =0 (/\‘3).
Then, Eq.(1.5.1) becomes

1 A —al~l 44

tan(aA~! — &;) N a
or

a ()\ —a\'+ 61)_1 = tan(a)ﬁ1 —d1).

Expanding both sides of equality (1.5.2) in series, we obtain

> by a a* _3
S =5ty o (V)

which, in turn, gives

i.e.
oy -1 2(4 -3 -5
x=A—a)"'+a (3 1))\ + 007,

Similarly, one can find the next approximations. Hence,

where

2
- _ _ZE_) _ (% _“_)
co = —a, Cl_a(3 1), cz_a(3 2 5)

(1.5.2)

(1.5.3)

The asymptotic order of the error steadily goes down with the number of approxi-
mation. Note that, for a = 1, the first root of equation (1.5.1) with an accuracy of
five decimal places is equal to x; = 4.49341, and the asymptotic approximations for

the first three roots are
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k=i
Ci T
Xni =M+ Z NS where )\, = 5 + 7n.
k=0 "1

Results are in the next table.

il X1 X2,i X3,

0(4.71239|7.85398|10.99557
1{4.50018(7.72666{10.90463
214.49381|7.72528|10.90413
314.49344(7.72525(10.90412
00(4.49341(7.72525[10.90412

Example 2
Consider the similar equation

b o0
tan — = ZakakH (1.5.4)
X k=0

for small x. Here ay and b are real numbers. The problem of free transverse vibrations
of a string with variable density with fixed ends leads to such equation.
Clearly, the solution of equation (1.5.4) has the form

b 1 b 1
—=7Tn|:1+0(—):| or x=—+0(—2),
X n T n

where 7 is a positive integer and x — 0.
Similar to Example 1, the asymptotic expansion for the root is

9]
Ck
X = Z (ﬂ_n)TH, co) = b. (155)
k=0

Substituting this series into Eq.(1.5.4) and equating the coefficients of the same
power of the small parameter 1/(7n) to zero, we can find the coefficients cg, (k > 0)
for series (1.5.5):

3
a,
cl = —aobz’ ) = b3 (Zaé —a1b+ ?0),

Example 3
Consider the equation,

x“—Inx = u, (1.5.6)
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where w is a large positive parameter.

It is evident that x> — Inx ~ x? as x — oo. Then Eq.(1.5.6) may be written in
the form
u=1[1+ 0(1)]x2, as x — 00,
whence

x =u'?[1 + o(l)], as u— oo.

Substituting this approximation in equation x> = « + In x and taking In[1 4+ o(1)] =
o(1) into account, we find

2 1
X =u+§1nu+o(1),

i.e.

I |
x=u? |14+ =40 (=)]. (1.5.7)
4u, u

As in Example 1, one can iterate this substitution and find the asymptotic approxi-
mation to any order.

For v = 10, Eq.(1.5.6) has the solution x = 3.3478, while relation (1.5.7) gives
x & 3.3443.

For v = 100 the exact solution is x = 10.11504 and relation (1.5.7) gives
x =~ 10.11512.

Example 4
Construct the asymptotic solution of the equation

sinz+z=0 (1.5.8)

in the complex plane for large values of |z].

Note that on the real axis this equation has only the root z = 0. Substituting
z = x 4+ iy, where i is the imaginary unit, into Eq. (1.5.8) and setting the real and
imaginary parts equal to zero, we obtain the system:

e’ +e?
2
&) — eV

sinx +x =0,
(1.5.9)

cosx +y=0.

One can see from system (1.5.9) that |y| increases as |x| goes up. It is also clear that
if the pair of real numbers x, y is a solution of system (1.5.9) then the pair x, —y is
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also a solution. That is why one can consider y > 0 and for large values of y system
(1.5.9) can be approximately represented in the form

ey
- sinx +x =0,
(1.5.10)
eV
— =0.
2 cosx +y
From the second equation in (1.5.10) we get
x = Farccos (—2ye™) + 27n, (1.5.11)
and, therefore, x ~ n asn — oo. Since | —2ye™Y| — 0 as y — oo, then
s
X =27rn:i:§+o(1). (1.5.12)
Thus, Eq.(1.5.10) leads to
—2x _
y=In{ - :1n(47rn—7r):1n47m+0(n ) (1.5.13)
sin x

Note that the “+4” sign is not acceptable in equality (1.5.12), since the argument of
the logarithm must be positive. Substituting expression (1.5.13) into (1.5.11) one
gets the next approximation for x:

7w Indmn
x~2mn — — —

2 2mn

Therefore,
In4
Z:an—z— 7rn—l—i1n47rn+0(n_1) as n — oo.
2 2mn

Example 5

Many asymptotic solutions of transcendental equations can be obtained by the
direct use of the Lagrange—Biirmann inversion formula. This formula is defined for
functions of a complex variable, but it can also be used for functions of a real variable.

Let the function f(z) be analytic in a neighborhood of the point z = 0 and
f(0) # 0. Consider the equation

Z

E)

where z is unknown. Then, there exists @ > 0 such that, for |u| < a, Eq.(1.5.14)
has only one solution in a neighborhood of z = 0 and that solution is an analytic

[ (1.5.14)
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function of y:

o]

= e, o= %[(%)"71(.;‘(@)"]

n=1

1.5.1
o (1.5.15)

=

The generalized formula determines the value of g(z), if the function g(z) is
analytic in a neighborhood of z = 0:

§e) = 6O+ 3 doi, dy = () douer]

T nl\ygz

n=1 =
For example, solution (1.5.3) can be obtained by formula (1.5.14) since it is obvious
that each segment 7(n 4+ 1/2) < x < w(n + 3/2) contains only the root x, and the
difference x, — m(n + 1/2) — 0 asn — oo.
Assuming thatx = 7(n+1/2)4z = A+zand . = A~!, Eq.(1.5.1)is transformed
into an equation of type (1.5.14), where
-z

f@) =

(acosz+zsinz), f(0)=—a.
sin z

Note that Eq.(1.5.4) can be transformed into Lagrange—Biirmann equation in a
similar manner, but this method of solution is more cumbersome than the above
direct solution. To transform equation (1.5.6) into an equation of type (1.5.14) is
much more difficult than for Example 1.

1.5.1 Exercises

1.5.1. Find the first three terms of the asymptotic expansion for the roots of the
equation xe'/* = ¢, where u is a large positive number.

1.5.2. Find the first two terms of the asymptotic expansion of the equation
cosx coshx = —1 for large positive roots. The problem of buckling under a dis-
tributive loading of a beam with one clamped edge and one free edge is reduced to
this equation.

1.5.3. Find the first three terms of the asymptotic expansion for large positive roots
of the equation x sinx = 1.

1.5.4. Find first three terms of the asymptotic expansion for large positive roots of
the equation x tanx = 1.

1.5.5. Find the first three terms of the asymptotic expansion for large positive roots
of the equation tan x = x¥, where k is a positive integer.

1.5.6. Find the first two terms of the asymptotic expansion for a root of the equation
x Inx = u, where w is a large positive number.
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1.5.7. Find first three terms of the asymptotic expansion for a root of the equation
x + tanh x = u, where u is a large positive number.

1.5.8. Find the first three terms of the asymptotic expansion for a root in the interval
(0, w/2) for the equation x tan x = u, where w is a large positive number.

1.5.9. Find the asymptotic solution of the equation cosz + z = 0 in the complex
plane for large values of |z| (Nz > 0, Iz > 0).

1.6 Solution of Systems of Linear Algebraic Equations

1.6.1 Regular Unperturbed Systems

Consider the system of linear algebraic equations

A(wx =b(p), x=(x1,...xx)7, b= (b1,...by)7, (1.6.1)
where
A() =D Appt", b(p) =D bup". (1.6.2)
n=0 n=0

As . — 0, system (1.6.1) degenerates into the system
Aox = bo. (1.6.3)

If for small i the determinant det A (u) # 0, then Eq. (1.6.1) has a solution x ().
We shall discuss shortly the problem of expanding the solution x (x) in powers of
1 and the relation between that solution and the solution of the confluent equa-
tion (1.6.3).

In the simple case where det Ag # Oand A ! exists, the solution of system (1.6.1)
is obtained in the form of a power series in u:

X =x0+pxy +plxo oo (1.6.4)

Substituting the asymptotic expansion (1.6.4) into Eq. (1.6.1) and equating the terms
with the same power of © we get

10 Agxo = bo,

pl: Agxy =by — Arxo,
Mz i Agxy =by— Ajx; — Axxo, (1.6.5)

System (1.6.5) is an iterative process for defining the expansion coefficients of (1.6.4).
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1.6.2 Singular Unperturbed Systems in Special Cases

In the case det A9 = 0, problem (1.6.3) is, generally speaking, unsolvable and the
solution of problem (1.6.1), x (u), if it exists, is singular at the point p = 0. If we
assume that det(Ag + pA1) # 0 for small pu, then Eq.(1.6.1) has solution x (u). A
detailed discussion of this issue may be found in [63].

In the sequel, we only quote some results.

If det Ag = 0, then the confluent equation (1.6.3) is not solvable for all by and
the corresponding homogeneous equation

Agx =0 (1.6.6)
has alimited number, » < N, of linearly independent solutions, x;0 (i = 1,2, ...,r).
The nonhomogeneous equation (1.6.3) admits a solution if and only if its right side,
b, is orthogonal to all solutions y(k) (k=1,2,...,r) of the adjoint homogeneous
equation

Ady® =0 (k=1,2,...,r), (1.6.7)
i.e.
N
(0. 5%) = > b5, =0.
j=1

Here Aj denotes the adjoint transpose of matrix Ao (a;; = a;i, where the bar means
complex conjugation) and (-, -) is the vector scalar product.

For simplicity assume that » = 1. Then the homogeneous equation (1.6.6) has
only one solution, x1¢, up to a constant factor. In this case, the adjoint equation
(1.6.7) also has just one solution, y‘!. We expand the solution x (;1) of Eq. (1.6.1) in
terms of p:

Cox1o
X =
1%

+(xo+Crx10)+p(x1+Cox10)+- -+ 4" (x4 +Cpy1x10)+- - - (1.6.8)

Here the unknowns are the coefficients C; and the vectors x;. To evaluate these we
substitute expression (1.6.8) into Eq. (1.6.1) and equate coefficients of equal powers
of u:
pt: CoAoxio =0,
ul: Aoxo+ CoArxio = by,
pl: Aogxi 4+ Ajxg + C1A1x10 + CoAax o = by, (1.6.9)
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The first equality in (1.6.9) holds for any Cy. The second equation is solvable for x
if and only if

(bo — CoAix 10, y(l)) =0.
From this equation the constant Cp may be found:

bo. y(
cy= L0y
(A1x10, y)

Once Cy is calculated, one can obtain x¢ as a partial solution of the second equation
in (1.6.9). Hence, the first two equations in (1.6.9) provide Cp and x¢. We write the
third equation in the form

Aox1 =b; — A1xg — C1A1x10 — CpArx1p.
From the solvability conditions for that equation,

we find the next coefficient C; and then the next partial solution x 1. Continuing this
process, one can find C, and x>, etc.

1.6.3 Singular Unperturbed Systems in General Cases

To construct a solution in the general case where » > 1 we must recall some defini-
tions of linear algebra.

Let A be a matrix of order N. If the vector ug satisfies the equation Aug = 0,
and the nonzero vectors uy, ..., ui—; satisfy the equations Au; = u;_1 fori > 1
but the equation Ax = wuy_; is unsolvable, then the vectors uy, ..., ug_; form a
Jordan chain of length k, and the vector w; is called a generalized eigenvector of the
ith order.

Let Ao, ..., A; be matrices of order N from (1.6.2) and consider the generalized
characteristic equation

P()) = det (Ao FAA+ N As 4 AIAI) —0.
If A = 0 is a root of this equation (a generalized eigenvalue), then there exists

an eigenvector ug (Aup = 0). In this case the so-called generalized eigenvectors
ug, U, - .., ug—1 satisfy the equations
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Agu; = —Ajup = 71,
Aguz = —Aju) — Arug = 22,
(1.6.10)
Agup—1 = —Ajup 2 — Apup 3 — - — Ajuj | = Zk—1,
where z1, 22, ..., Zxk—1 are orthogonal to all eigenvectors of the adjoint matrix Ag

corresponding to the eigenvalue A = 0 and zj is not orthogonal to all eigenvectors.

Thus, suppose Eq.(1.6.6) has r > 1 linearly independent solutions x;o (i =
1,2,...,r). Letx;; (j =0,1,...,n; — 1) be a complete system of eigenvectors
and generalized eigenvectors with respect to the matrices Ag, A1, . ... Then we want
to expand the solution of equation (1.6.1) in the form

,
Ciox; Cioxi1 + Ci1x;
x(M)ZZ[ lon_lo+ i0 lln__lll 10+
ik MY I
n Cioxin—1+CitXip,—2+---+ Ci,ni—lxi0j|
I

.
+x0+ Z(Cilxi,n[—l + -+ CingXio) + -+

i=1

r
+ IJS |:xs + Z(Ci,ﬂ»lxi,n,-fl +---F Ci,s+n,~xi0):| + - (1611)

i=1

The coefficients C;,;, and the vectors x are the unknowns. As before, to obtain these
unknowns we substitute (1.6.11) into Eq.(1.6.1) and equate the coefficients with
equal powers of p. This case is considered in greater detail in [63].

1.6.4 Exercises

Find the first three terms of the asymptotic expansion for the solution of the following
systems of equations.

1.6.1.
A +mwx+py+z=a,
px +y + pz = az,
x+py+ (14 pz = as.

1.6.2.

6+ wx + py + (-2 + )z =164+ 264,
(=3+2wy+ 2+ wz =23,
I+ wx+4y+ (-3 -2wz=6+2pu.
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1.6.3.
A+ wx+y+z=0b,
x+ 1+ py—+z=Dby,
x+y+ A+ pz=bs.
1.6.4.

(=4 —pwx+y+2z=d,
—8x+ 2 —p)y+4z=d,
—Ax +y+ Q- p+apd)z = ds.

Note: In Exercise 1.6.4, the form of the expansion depends on the value of a.

1.7 Eigenvalue Problems

Now, we consider eigenvalue problems for systems of linear algebraic equations:
(A(pw) — ADx =0, (1.7.1)

where, as before,
o0
A(p) = Z Ay,
n=0

Here I is the identity matrix. Let Ao be a Hermitian matrix, that is Ag = Ag. If A
isan N x N Hermitian matrix, then for any N vectors x, y we have

(Ax,y) = (x,Ay).

We recall that Hermitian matrices have only real eigenvalues and a full set of eigen-
vectors which can be chosen to be orthonormal.

Given a solution of an eigenvalue problem, we expand the eigenvalue and the
eigenvector in power series in j:

)\=/\o+,LL/\1+,Lt2/\2+-~-, x=x0+,uX1+,LLZXQ+-~- (1.7.2)

Substituting the asymptotic expansions (1.7.2) into (1.7.1) and equating the terms of
equal power of i we get:



32 1 Asymptotic Estimates

12 (Ag — XoI) x0 =0,
pl i (Ag — Mol x1 = A\xg — Ayxo,

k—1 (1.7.3)
ik (Ag — Mol xy = zo\k—lxl — Ag_ixy),
=0

The first equation in (1.7.3) has N eigenvalues \g; and N eigenvectors x ;. First,
consider the case where all eigenvalues are simple. We seek the corrections to the
eigenvalues \o;. Normalize the eigenvectors xq;: (xo;, Xo;) = 1. Since det(Ao —
Aoi I ) = 0, for the second equation in (1.7.3) to have a solution it is necessary that
its right side be orthogonal to the eigenvectors of the matrix on the left side:

((Ag — MoiDx 17, x07) = Aiilx0i|* — (A1x0i, x0) -
Since the matrix (A9 — A\g; I) is Hermitian, then
((Aog — AoiD)x1i, x0i) = (x1i, (Ao — Aoi I)x0;) =0,
and the correction to the eigenvalue is

(A1x0i, X0)
Ali = ———=— = (A1X0i, X0i) -
[x0; |
After obtaining the value of \j;, we can find the correction x{; to the eigenvector
x¢; from the second equation in (1.7.3). Continuing this process one can get the next
terms in the expansions (1.7.2).

1.7.1 Multiple Eigenvalues

Now consider the more complex case of multiple eigenvalues. Let the unperturbed
problem (the first equation in (1.7.3)) have an eigenvalue )y of multiplicity » with
associated pairwise orthonormal eigenvectors e1, €2, . . ., e,. For the perturbed prob-
lem, a bifurcation of the r-fold eigenvalue occurs.

As before, represent the perturbed eigenvalues and eigenvectors in power series
(G=12,...,r)

Aj = Aot pAL P Ao e X = X))
As opposed to the case of simple eigenvalues, it is not clear now how to find the

vectors x; . Itis only known that these vectors are linear combinations of the vectors
e, e, ...,e.. Write
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Xo; = a?lm + a?zez +- 4 a?re,. (1.7.4)

Comparing the coefficients of equal powers of u we get:

,ul : Ajxgj + Aoxij = Aoxyj + A1jxo;. (1.7.5)

One should find the scalar coefficients aQI, e, aQr and the values of \;;. Taking
the scalar product of both sides of equality (1.7.5) with e, we get

(Arxoj. ep) + (Aoxij.ep) = Ao (¥1,5. €p) + A1 (x0). €p) .

or taking
(Aox1j,ep) = (x1, Aoep) = Xo (x1,7. €p)

into account, we have
(Alx()j, ep) = Ay (x0jv ep) .

Substituting (1.7.4) in the above equality, we find

r

Z (Alei, ep) Cl?i = /\1ja9p,

i=1

or
r

ca% = \y.q h i = (Are; 1.7.6

Cipdj; = Al1jdj,, Where Ccip —( 181,8[7), (1.7.6)
i=1

i.e. the quantities \;; are the eigenvalues of the matrix C = (c;jp),i, p =1,2,...,r,

and may be determined from the equation
det|C —X\jI|=0, j=12,...,r

The coefficients a?k are obtained from Eq. (1.7.6).

1.7.2 Generalized Eigenvalue Problems

A similar approach is used to solve the generalized eigenvalue problem

o0 o0
Ax = ABx, where A:ZA,,,u", B:ZB,,;/‘,

n=1 n=1

where the matrices Ag and B( are symmetric.
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One seeks the eigenvalues and eigenvectors as series in small parameters. The
eigenvectors for the unperturbed problem, e, possess the following properties

(A()ej,e,') = (5,’1‘)\0], (B()ej', e,‘) = (5,’j.

Applying the same algorithm and taking these properties into account, one gets
formulas for afi and the next approximations to A;.

1.7.3 Spectrum of a Bundle of Operators

Now we come to the problem of non-selfadjoint perturbation, i.e. of the spectrum of
a bundle of operators. Consider the problem

Ax = BO)x, (1.7.7)

where the matrices A and B are represented in the form

oo o8] ) 8]
A=> A", BN =D BN, Bi=) B
n=0 i=1 n=0

Asbefore, we seek a solution as a series in the small parameter p. Consider a particular
case of the problem where

A= Ao+ Ay, B = Byipu\+ 1) (1.7.8)

Such problems arise in the study of free vibrations of rotating solids. In this case the
term A is related to the elastic strain energy of the non-rotating solid, A is related to
the energy of initial stresses and centrifugal forces, and B ; is related to the energy
of the Coriolis force, x is the displacement vector, \ is the natural frequency, and
is the angular velocity. For convenience, we denote B1 1 = Aj. Now, representing
eigenvectors and eigenvalues for the matrix A in the form (1.7.2), substituting (1.7.2)
into (1.7.7) and equating the coefficients of equal powers of 1 we get

1% (Ag — A3I)xo =0,
/1,1 : (A() — )\%I)xl = MA1x0 + 2X A1 X0,

-1 k—1
T (Ao — NI )xy = Z (>\k—1—1A1x1 — Aoxp_o + Z >\p)\k—p—lxl)s
=1 p=0

(1.7.9)
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The spectrum of the unperturbed problem (the first equation in (1.7.9)) consists of
N pairs of frequencies +\g;, —Ao;, both of which corresponding to the eigenvector
x;. Consider the case where all eigenvalues )\ are simple and nonzero. Then the
eigenvectors form an orthogonal basis, the normalized elements of which we denote
as e;. Representing the vectors in a form similar to (1.7.2) we have

xyy=> dve. j=1...N, (1.7.10)
i=1

and substituting them into (1.7.9) we obtain

N
’u] : Z ()\%l - )\(2)]) ajl’iei = ()\OjAl +2)‘0j)‘1j1) ej,

i=1

N

2 k _
D3 ( —X;) e =
N k-1 k—1
k—2 l
Z ( Ajk—1-1A1€; — a;; Aze; + Z )\j,,,)\j’k_,,_laj’iei).
=0

i=1 p=0
(1.7.11)
Multiplying (1.7.11) by e, and assuming that p = j, we obtain an expression for
the correction to the frequency Aj, and for p # j we get the corrections to the
eigenvector xy;. Here we took a?j = §; j and afi = 0 into account. We list the first
corrections to the eigenvalue and eigenvector.

—

Ae;,e; )
A1;‘=—¥, j=1,....N,
p o (Arepe) (1.7.12)
N /\%i_)‘(z)j ’ ’ Y

One can see that the first corrections to the eigenvalues from the pair +) ; are equal
to each other and the corrections to the corresponding eigenvectors have opposite
signs. For the second correction the situation is reversed.

£ = X0+ pAij A, X =X0j £ pxy 4 ptxg ke

Perturbations in the problem under consideration lead to the bifurcation of eigen-
values and eigenvectors and their shift. In Fig. 1.8, three lower frequencies of free
vibrations of a rotating cylindrical shell versus the angular velocity . are plotted. Here
the solid line is an exact solution, and the dashed line is a two-term approximation.
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Fig. 1.8 Three lower
frequencies of free vibrations
versus the angular velocity p

1.7.4 Exercises

Find the eigenvalues and eigenvectors of the matrix A(u) to accuracy O (u).
1.7.1.

I I 1+p
I+p =1 pu
1.7.2.
14+2u 3p 0
A(p) = po 1+4p 0
0 0 1+2u
1.7.3. - _
I+p O I
Aw=| 0 T1+p p* |.
| —H 0 1+3u
1.7.4. ~ _
I+p O I
Aw=| 0 T+p p* |.
0 0 143
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1.7.5.
A(x = (/\uAl n /\21) X,
where
1 0 u? 10 0
Ay =|04+4>0 |, A;=|01-1
0 0 9 01 1
1.7.6.
A(u)x = ()\MAl + )\zl)x,
where
10 —u? 0-1 0
A= 04+p> 0 |, Aj=|1 0-1
W 0 9 0 1 0

1.8 Answers and Solutions

1.1.1. For small € we have

1—
In(l +¢) ~ e, o o8 ~er Je(l—e) ~ e

1+cose
Vx2—1
1.1.2a. x|—| < 1; therefore, Cppin = 1.
X

1.1.2b. [x"| < Cle¥|, C > |x" e™*|. The maximal value of x" e™* is attained at

x = n and is equal to Cpyj = n" e™".

1.1.3. Since iz > |z|/sinc as z € S, then [e™%| < e~ ¢ =¢/sine.

X
1.1.4. Show that ll)n;o (/ f(t)dt) /xg(x) = 0. Use I’Hopital’s rule:
X a

PRFACY
“lgtx)

i ff fde fx) ‘ f(x)
im ~“——— = lim ,
x—o0  xg(x) =00 g(x) +x-g'(x)  [gx)+x-g'(x)

’

since ¢’(x) > 0, and | f (x)|/|g(x)| = 0 as x — oo.
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Fig. 1.9 Graphs of the 0.2
function in Exer01se 1.1.5b
and the function

2f

\192( 200 300 400 580

1.1.5a. Asx — 0

1—Jeosx 1—/1—-x2/2 1-(1—x*/4) x
1 —cos(v/x) ~ 1—(1—-x/2) — x/2 2

~

1.1.5bh.
Vx + f «/x + 1+ %

sin v/x + 1— sin /x = 2sin
_2sm[“/2_ (m— 1)} cos|: (er 1)}

In the last expression, the second factor is bounded and the first one has order

(1) =m0l w

Figure 1.9 shows graphs of the given function and the function

1.1.5¢c.

v

. . (1. 14+x 1
sinln (x + 1) —sinlnx = 2sin 3 In cos 5 Inx(1+x)]),
X

1
oS (5 Inx(1 +x)) <1
i 11 1+1 in
sin{ =In — ~sin— as x — o0.
2 X 2x o

Hence sin (In(x + 1)) — sin (Inx) = O(1/x). Figure 1.10 shows the graphs of the
given function and the function 1/x.

and
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Fig. 1.10 Graphs of the
function in exercise 1.1.5¢ 0.1
and the function 1/x 0.07s
0.05
0.025

100 200 300 400 500

-0.025
-0.05

1.1.5d.

nx ++/1 —n2x2 | nx +1—n2x2/2
~In
x++/1—x2 x+1-x2/2

~In[l+n—Dx]~m—1x~x, as x — 0.

5 e 31e?
12da. [1—S4222=1-S42°5 0(3).
a 2—1—5 4+ 32+ €

1.2.1b. sin (1 +ec— 62) =sin(1) 4 cos(l)e — [cos(l) + #] 2+0 (63).

In

1.2.1c. (1 —ae +a*e?) "' = 1 4+ ae + a?2(1 — a®) + O(d).

1 1
1.2.1d. sin™! ( ° ) = + -+ £ + 0(e2).

J1+¢e 2 24
14+2e—¢2 5 17¢2 4183
12den 22 2 T L RS L o,

ST+ 3 6 9
12.1f In[1 +In(1 + )] = — > + 7—23 + 0.
1.2.2a. The expansion does not hold as x — oo.
1.2.2b. Uniformly.
1.2.2¢. The expansion does not hold for x = O(¢).
1.2.3.q, = xli)m x"e ¥ sine* = 0 for all n.

oo
o0

1.24.Letu = Z a,x". Substituting this series into the initial equation
n=0

> [an-100 = D%+ @ = D] " + @ +a2)x* —ag =0

n=3



40 1 Asymptotic Estimates
we get

ap=0, ay=—ai, ay=—m—Da,_1 or a,=(—1""1n~-Dla,

o
ie.u =a Z(n —D!I(— 1)”_1x". The series diverges by d’ Alembert criterion since

n=1

apx"

lim —2~—— = — lim (n — Dx.
n— 00 an_lxn—l n—o00

One should note that the given equation of the second order has two independent solu-
tions. The second solution, which is singular at the point x = 0, may be represented

in the form
00 bO
U= Z nlxn :
n=0

_ly, 1 8 _ 2 1o 72
1.3.1.x1—3u +81u +O(#), x23 =3 g M +0(u )

132.x; ~ p+p> 40 (u3),x2 ~1l—pu+0 (,uz),x3,4 ~4u"2—1/2+4+0 (uz).

133.x =225+ 0 (MS) , xos=Eu? 240 (;ﬂ/z).
1 1
L34.x) =12 +p' +o(u'h), x3==% (; + 5) +o(1),

X4,5 = + (%/2 - LI/Z) + 0(1//1,1/2).
% 2p

1.3.5. We find 3 boundary points corresponding to the lower (in ) facets of the
Newton polyhedron which, in this case, is a tetrahedron with vertices M| = {0, 0, 1},
My, = {4,4,0}, Mz = {4,2,2}, and My = {2, 1, 1} and, four intervals, or four
ranges, for A with a specific structure of the Newton polygon: (I) A\ < 2, (II)
pr < A< p, (I g <« A < 1, and (IV) A > 1 (see Fig. 1.11). For example, in
the closed domains I and IV the Newton polygon consists of one segment and in the
remaining domains it consists of two segments.

Fig. 1.11 Newton
polyhedron for equation in
Exercise 1.3.5
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oF

14.1. e g’ (x) sinh z 4+ g(x)\" f'(x) coshz ~ X' F(x, \). The variation index is
X

equal to .
1.4.2a. The general variation index is equal to n. On the line ay = x, the partial
variation index is equal to zero.
1.4.2b. The general variation index is equal to n. On the line y = x, the partial
variation index is equal to —oo.
1.4.3. We seek a solution of the differential equation in the form y = e®. The
characteristic equation is z3 4 4z2A\% — z\A — A% = 0. Upon substituting A\ = 1/,
we get ;i>z3 4+ 4z% — puz — 1 = 0. Using the Newton polygon, we can get the roots
of the characteristic equation:

il+“+0(2) e lio(d
~4— 4 = , or ~d— 4 — -,
2= T a 2= T \2

~_ Tk 0( ) ~ a4 -—vo(=).
a3 w2 4 T O or 4 + A2

Hence, the given differential equation has two roots with variation index equal to 0:
y(x, \) =~ e*7 and % ~ :t% y(x, A), and one solution with variation index equal to
2: y(x, N) = e Yand 2~ —4X2y(x, \).
1.4.4. After the substitution A = 1/, the characteristic equation z° — z* — A\2z3 +
A2z%2 4+ Az — XA = 0 becomes ;%20 — p?z* — 23 + 22 + pz — o = 0 with roots
2 =+u2 40w, or zip =N 400N, 3= 1,245 = £1/u+
o), or z45==xA+0(1).

Hence, the initial differential equation has two solutions with variation index equal
to —1/2:

dy 1

1/2
Y06 A) = T oS ey, ),

One solution with variation index equal to 0
0
YE N et 22y,
0x

and two solutions with variation index equal to 1:

y(x, \) ~ etV % ~ FAy(x, N).

1.5.1. Equation xe'/* = e* is equivalent to the equation

1
—+Inx =u. (1.8.1)
by
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For large u, this equation has two roots. One root corresponds to small values of x
and for this case the main term in the left side of the equation is equal to 1/x. The
other root corresponds to large values of x and then the main term in the left side
of equation is Inx. So, in the first case, to first approximation x = 1/u + o(1/u).
We seek a correction to this root. Substituting x = 1/u + § into Eq.(1.8.1) and,
expanding the left side of the equation, we obtain

1 1+6
——— +1n +ou ~u—utd 4 du—Inu = u,
l/ju+6

U
and 6 = — Inu/u?. In a similar way, one can get the next correction:
1 Inu In’u Inu
X=—=—F+—+ 0 — -
uoou U w

For the second root, in the first approximation, one has x = ¢“. In the next approxi-
mation,

00 ji )
x=e" — —
—~ (i + 1)!
i=1
1.5.2. The equation cos x coshx = —1 may be represented in the form cosx =
—1/ cosh x. For large x, cosx = —e%. The right side of this equation converges to

zero as x — 00; this allows us to write the roots of the equation as x = 7/2 4+ 7n +
o(1) = A\, + o(1). Taking cos(\, + ) = (—1)"*!sin § into account and expanding
sin d in a series, one gets § = 2(—1)" /e . Continuing this process, one can find the
Ck

o
next terms of the series x = A\, + Z o
e n

k=1
1.5.3. Equation x sin x = 1 may be written in the form sin x = 1/x. Then for large x
the roots of the equation are x = 7n + O (1/mwn). Taking sin(7wn 4 6§) = (—1)" sind
into account and expanding sin ¢ in a series, one can obtain the next terms of the
series

x = i ak(7rn)_2k_1 T x=mn+ D — ! |:1 — (_1)"] + O (n_S).

3,43
T m™n 6
k=—1

1.5.4. Equation x tan x = 1 may be written in the form tan x = 1/x. It follows that,
for large x, the roots of the equation may be written as x = mn + O (1/mn). Taking
into account that tan(7wn + §) = tand and expanding tan J in a series one can find
the next terms in the expansion:

1

o
4
—2k—1 -5
X = ay(mn , x=7rn+———+0(n )
k—Z:‘l k(mm) mm  373n3
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1.5.5. Similar to Example 1 of Sect. 1.5, for large x the solution of the equation
has the form x = (% + n)m + o(1), where n is a positive integer. We denote
A= (% + n)m and seek the correction § to this root. We obtain tan(\ + §) =
—1/tan 6 = (A +0)¥; whence § = —1/\* 4 o(A7%). Evaluating the next correction,
we get 61 ~ 1/(3N3*) — k/X%**1 1t is clear that for k = 1 both terms have equal
orders and 6; = —2/3\73. For k > 1, the correction is §; = —k/\**! or x =
A= \F— k//\2k+1.

1.5.6. We show that the first approximation to the root of the equation x = u/Inx
has the form x = wu/Inw. Substituting this expression into the initial equation we
obtain

U u u Inlnu
( ) =u+o(u).

— =— (Inu—Inlnu) =u—u
Inu

Inu Inu/  Inu

Further, we seek the correction . Substitute x = u/ Inu + ¢ into the given equation

Inln Inln
and keep only the main terms. Then § = u or x ~ - uz—u
In“u Inu In“u
1.5.7. We write the initial equation in the form x = w — tanhx. Then taking

tanhx = 1 4 o(1) for large x into account, we obtain x = v — 1 4+ o(1). For
the next approximation, expand tanh x in a series for large x:

o0
tanh x = Zake_2k" =1—2e 2 424
k=0

This givesus x = u—14+0(e~2%) andatthe nextstepx = u—14+2e 24240 (e =),
1.5.8. For large u, the root of the equation x tanx = wu in the interval (0, 7/2)

may be written as x = 5 — d, where § = o(1). Since tan (% — 6) = 1/tanod
then (3 —6)u~! = tan§ ~ & and § = 7/2u. For the next approximations x =

u

z (1 -1 #) +0@™3).
1.5.9. As in Example 3 in Sect. 1.5, the initial equation may be represented in the
form of the system

(e +eV)cosx +2x =0,
(e —e’)sinx +2y =0, z=ux+iy.
Arguing as in Sect. 1.5.3, one gets

In(47n)

™

+iIn(4mn) + O(n*]) as n — oo.

z>~@2n+ rm —
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1.6.1. We write the initial system of equations in the form

(Ao +pADX =a, where X =[x,y,zI", a=la1,a,as3]",
101 110
Ao=|010], A;=]101
101 011

We note that det(Ag + A1) = p(2+p—2p) > 0for0 < p < 1, butdet Ag = 0
andr = 1. The matrix A is symmetric. Homogeneous equation (1.6.6) has a solution
X10 = [1,0, —1]7. Expanding the solution of the initial system X (z) in yz we seek a
solution in the form (1.6.8). From the solvability condition with respect to x¢ for the
second equation in (1.6.9) we obtain Co = (a, X19) / (A1X10, X10) = (a1 —a3)/2.
One of the partial solutions of this equation is xo = [a1/2, a2, a3 /2]T.

Continuing this process, one finds

C1=-Co/2, x1=—[(a +a3)/4 (a1 +a3)/2.a]’, Cr= (a1 +az—4ar)/8,
or
1 1 p 2
X = 2= (@1 —ay) + 7 (@ +a3) — £ (@ +a+4a2) + 0 (12)
y=a—5@+a)+0(n?).

Z=L(a _al)‘i'l(a]"—a)_ﬁ(al‘i‘a +4a2)+0(M2)
=5, @ 1 3 =3 3 .

1.6.2. We write the initial system of equations in the form
(Ao + pANX = bo + b,

where
X =[x,y,z21", by=116,0,6]", by =1[26,8,2]".

6 0-2 6 0 1 11 1
Ap=|0-3 2|, Aj= 0-3 4|, A;=]02 1

1 4-3 -2 2-3 1 0-2
and det A = 0 and r = 1. The homogeneous equation (1.6.6) has the solution
X10 = [1,2,3]7. The adjoint homogeneous equation Ajy = 0 has the solution
y = [1, —8, —6]7. From the solvability condition with respect to x for the second
equation in (1.6.9) we get Co = 1, and one of the partial solutions of this equation
isxg=1[1,1,-2]".

Subsequently, one can find

x=i+2+14—1u+0(u2), y=%+3—%u+0(u2), z=%+l—%u+0(u2)~
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1.6.3. The initial system of equations may be written as

(Ag+pANX =b, where X =[x,y,z]7, b=[b1, by, b3]".
100

., Ai=|010
001

Ag =

[
[
—_—

The matrix Ag is symmetric and det A9 = 0. The solution of the homogeneous
equation (1.6.6) may be represented in the form Xo = a [1,0 — nr+»p0,1,-117,
i.e. r = 2. It may be shown that for any value of the constants a and b there exist no
solutions of system (1.6.10), i.e. there exist no generalized adjoint vectors. Hence,
one may seek a solution of the given system in the form (1.6.11) forn; = ny = 1,1.e.

Crox10 + C20%20
X =——""—"""+(x0+Cr1x10+ C21x20) + p(x1 + C12x10 + Co2x20) + - - - .

As vectors x 19 and x»0, one may chose any two linear independent vectors, for exam-
ple, x10 = [1,0, —117 and x20 = [1, =2, 177, Substituting asymptotic expansion
(1.6.11) into the initial equation and equating the terms of equal powers of ;1 we get

p~' s CioAoxio 4+ CaoAoxzo =0,

10 Agxo+ CriAoxio + C21A0x20 + CroA1x10 + Ca0A1x20 = b,
s Agxy 4+ Ayxo+ CriA1x 1o + C1A1xn =0,

The first of these equalities holds for any Cy¢ and Cy¢. For solvability of the second
equation with respect to x it is necessary and sufficient that
b— Ciox10 — Crx20,x;0=0, i=1,2.
From that we find the constants
Cio= (b1 —b3) /2,  Ca = (b1 —2by + b3) /6.
With these constants one can obtain the partial solution xo and from the solvability

condition for the next equation Agx; = —Axo — C11A1x10 — C21 A1x20 We find
the next constants C11 and C31. Continuing this process we get

2b1 — by — b3 1 1
1 by +by+b by +by+b
X=o| 22— b1 —b3 +% 1 —u% 1 +0(u2)-
B 2b3 — by — by 1 1
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1.6.4. The initial system of equations is written as

(Ao + pA) + ?A)X =d, where X =[x, y,z1", d=1[d, d»,d3]",

—412 -1 0 0 000
Ap=| 824 |, A= 0-1 0|, A,=1000
—412 0 0-1 00«

The matrix A is symmetric, det A9 = Oand r = 2. The solution of the homogeneous
equation (1.6.6) may be represented as Xo = a[l, 4,017 +b[0, =2, 117, ie.r =2.
The first equation in (1.6.10) has a solution if ug = Xo for a = b, i.e. if ug =
a[l,2, 1]7. Then the general solution depending on the two arbitrary constants a;
and b has the form w; = [a;, a +4a; —2by, b;]T. The second equation in (1.6.10),
Agur = —A1u; — Aruyp, has a solution only if &« = 1/2. Then, for by = a; +a/2,
this equation is transformed into Aguy = ap[l, 2, 117. Therefore, one should seek
the solution of the given system in the form (1.6.11), and if @ # 1/2, then n; = 2
andnp =1, 1.e.

Ciox10  Ciox11 + Crix1o 4+ Cox2o
x = 2 + . +(xo+Crix11+Crax10+Co1x20)+- - -

The vector x 1o must have the form x;9 = a[l,2, 1]7 for any a and the vector
x11 = [a1, a + 4a; — 2by, b1]7T for any a; and by. For example, we may assume

x10=104,84", x11=[-1,0,01", xp=I[1,-23]".

Ifa=1/2,thenn; =3 andny = 1, i.e.

_ Ciox1o  Crox11 + Ciixio n Ciox12 + Crix11 + Ciaxi0 + Co0x20
I 1 I
+ (x0 + Crixi2 + Crax11 + Ci3xi0 + Ca1x20) + -+
and
xlO:[4’ 814]T7 X11 =[_17010]Ts x12=[0’_170]T1 x20=[1’_2’3]r'
Substituting this asymptotic expansion into the initial equation and equating the terms
with equal powers of 1 one get the coefficients Cjg, Cop, etc. successively.

Fora =1/2,

d
d>
0

1 1 4dy, — d»
2|+ — 8d) —2dr | —
1 1%

. 4ds + 2dy — 8d; 1
2d3 H

X
PE
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For o # 1/2,
1
2d3 +dyr — 4d 1
x = 2itd A, +0(_)_
Ca—1Du 1 2
1.7.1. For this problem
01 1 101
Ap=|10 -1, A;=|010
1-10 101

The first equation in (1.7.3) (the unperturbed problem) has a double eigenvalue
Ao1,2) = 1 and a simple eigenvalue Aoy = —2. Orthonormal eigenvectors corre-
sponding to the first eigenvalue are

e = [1/«/5,1/«/5,0]T, ey = [1/%,—1/%,M]T.

By relations (1.7.6) one can obtain the corrections to the eigenvalue A\o(1,2) = 1 and
find the coefficients a; to determine the corresponding eigenvectors:

ci1 = (Ajer,e) =1, ci2 = (Arer, e2) = 1/V/3,
1 = (Arer, 1) = 1/V/3, 0 = (A1ez,e2) =5/3.
. . . %y 8c
The eigenvalues for the matrix ¢;; are found from the equation A~ — 5)\ + 3= 0,

i.e. 5\1 = 2 and 5\2 = 2/3. The coefficients ay, corresponding to S‘L = 2, can be
obtained from relations (1.7.5): a; = 1 and ap = V3. Similarly, for Ay = 2/3 one
can get a; = —+/3 and ap = 1. Therefore for the matrix A we have

)\1=1+2,u~|—0(u2), )\2=1+§,u+0(,uz).

T

The eigenvector is xo; = [\/5, 0, ﬁ] and, for convenience, we assume that xo; =
1

(1,0, 1] and x(p = %[—2, —4,21" or consider x¢» = [—1, =2, 117. By (1.7.4)

the correction to the third eigenvalue may be found as \3 = —2 + '% + 0 (uz)

and taking (1.7.3) into account we finally find x;3 = [1/3, 0, —1/3]7, ie. x3 =
[1+ /3, =1, =1 = /31" + O (11?).
1.7.2. For this problem
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100 230
Ap=[1010|, A1 =]1140
001 002

The unperturbed problem has a triple eigenvalue A\g(1,2,3) = 1 with corresponding
orthonormal eigenvectors e; = [1, 0, 017, e2 =10,1,0]", and e3 = [0, 0, 1]7.
Using relations (1.7.6) one can find the corrections to the eigenvalue Ao(1,2,3) = 1
and the coefficients a; to determine the corresponding eigenvectors which are the
columns of the matrix C,
230
C=|140
002

The eigenvalues of C are 5\1 =2, 5\2 =1, :\3 = 5.

The coefficients a; corresponding to \; = 2 are a; = a» = 0, and a3 = 1, for
5\2 = 1l theyarea; = —3,a> = 1,and a3z = 0, and for 5\2 =Stheyarea; =ar =1,
and a3 = 0. Therefore for the matrix A

N=1+42u40 (k). Do=1+p+0(k2), Na=1+50+0 (),
xo1 =10,0,117, xpo =1[-3,1,01", x03=1[1,1,0]".

1.7.3.
M=1+pu, Az=1+4+2u4,

x1=100,1,0", x253=1[1,pu, 1l

1.7.4.
AMa=1+p, A3=1+3pu,

x1=100,1,01", x2=1[1,0,01", x3=[1,p2]

1.7.5. The unperturbed problem (Ao — NI ) x = 0 has eigenvalues \g; = =1,
A2 = £2, M\p3 = £3 and the eigenvectors are the columns of the identity matrix.

The corrections to the eigenvalues A\j; and coefficients ailj can be obtained from
(1.7.12):

_ _ __1 l_izl_:t31_1_l_l_
A=A =A3 = 3@y = 5 An = o A =day =ap3 =43 =0.
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Then, from (1.7.10) one can get the eigenvectors

xor =[1,0,01" + 0 (),
xo2 = [0, 1, £2,1/5]" + O (;ﬂ) ,

x03 = [0, +341/5,117 + O (uz) .

1.7.6. The unperturbed problem has the same eigenvalues and eigenvectors as in
1.7.4. However, in this case A\;; = Aj2 = A3 = 0 and the eigenvectors are

xor = [1,%4/3,01" + 0 (42)
x02 = [£21/3, 1, £211/51" + 0 (uz) :

x03 = [0, £311/5, 117 + O (;ﬂ) .



Chapter 2
Asymptotic Estimates for Integrals

Mechanical problems can be described by differential equations, the solutions of
which often cannot be expressed by elementary functions, but have an integral rep-
resentation. In this chapter, we discuss asymptotic estimates of integrals of the form

b()
Fu) = / G @.1)
a(p

where 4 is a small parameter and z € C. Sometimes, it is more convenient to use a
large parameter A\ and consider the integral

b(N)
F\) = / f(z, N dz. (2.2)
a(\)

With obvious adjustments, all statements which are valid for integrals hold also
for (2.2). In the general case, asymptotic estimates are given as 4 — 0 and A — oo.

2.1 Series Expansion of Integrands

Suppose the integrand in (2.1) can be expanded in an asymptotic series of the form

N
fz,p) = Zan(z)u”" + O (uP"*'), po<pi<-r<pp<--- <400,

n=0

2.1.1)

uniformly in z over the interval [a (i), b(1)]. Then this series can be integrated term-
by-term and
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N b(w)

ﬂm=§ymwm+0@w—mmmm%lmm=/ an(2) dz.

n=0 (1)
(2.1.2)

The form of expansion (2.1.2) is simplest if the integrand can be expanded in Taylor
series.

Example 1
Find the asymptotic expansion of the function

1 .
F(uw) =/ b el dx, x € R.
0 X

The function sin px has the asymptotic expansion

& (=D 2n+1 2N+3
' - ! 0 ( ) ’
sin px n_EO an 1 " + w

which is uniform over the interval of integration [0, 1]. Therefore,
Fu) = z/ =1 2n+1+0( 2N+3) dx
(2n + D!

u (—1)"
_ - 2n+1 2N+3
_§(2n+1)!(2n+1)u +O(” )

When the limits of the interval of integration depend on a small parameter, the change
of variable

z—a(w)

== T 2.13
b(p) — a(u) @19

transforms integral (2.1) to an integral of the form
1
nmz/ﬁmmm.
0
A similar problem is solved for integrals with large parameters.

Example 2
Find an asymptotic expansion for the function

F(u) = /# x4 exp(—x) dx.
0
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Substitution (2.1.3) transforms the given integral into

1
F(p) = p'/* /O t73/* exp(—pt) dt.

The function exp(—ut) has the asymptotic representation

_ s (_l)n n,n N+1
CXP(—MI)—ZTut —i—O(u )

n=0

that is uniform for all 7 in the interval of integration [0, 1]. Therefore,

F(H)_MIMZ/ [ )" n=3/4 n+0( N+1)i| di

i (=" n+l/4+ 0 (xN+5/4)

n'(n +1/4)
4 2
— 4pl/4 5“5/4 + §M9/4 +0 (M13/4) )

In some cases, the integrand does not have a uniform asymptotic representation
on the entire interval of integration. In this case one should try to split the initial
interval into parts such that, in some of them, the function has a uniform asymptotic
expansion and in others the integral could be calculated by means of quadratures or
estimated.

Example 3
Find an asymptotic expansion for the function

F(w) =/ﬂ exp (—xz) dx.

The function exp(—x2) has the uniform asymptotic expansion

exp (_xz) = i(—l)" xn—z,n +0 (x2N+2)

n=0

in any segment [0, xo]. Therefore, we write the given integral as

/:o exp (—xz) dx = /OOO exp (—xz) dx — /OH exp (—xz) dx.
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The first integral in the right side can be easily calculated after a change of Cartesian
coordinates to polar coordinates [49] and it is equal to /7/2. For the second inte-

gral, the expansion of the integrand is uniform in the interval of integration [0, 1].
Therefore,

Fu) = < Dt ,, IN+2
(u)—ﬁ/Z—Zuo — T H —l—O(u ) dt
n=0 :

N n n
=ﬁ/2—z(_l) ! +0<M2N+2).
n=0

— n!'2n+1)

2.1.1 Exercises

2.1.1. Find an asymptotic expansion of the function

w/2
F(1) =/ V1 — psin’x dx.
0

2.1.2. The function F is defined by the integral

N.

® dx
Fp=| —————= me
0 /1 —msin®x
The Jacobi elliptic functions are defined as

sn(x) = sin(F~!(x)),
en(x) = cos(F ! (x)),
am(x) = F_l(x).

Find the first two terms of the asymptotic expansions for the Jacobian functions.

2.1.3. Find an asymptotic expansion for the function

w/2 dx
ro— [
0 1 — psin® x

2.1.4. Find the first two terms of the asymptotic expansions of the function

A
F(A):/ V1+x2dx
0
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and the order of the correction,

(a) by calculating the given integral by means of quadratures,
(b) by expanding the integrand in a series.

2.2 Integration by Parts

Integration by parts is the next method to find asymptotic estimates for integrals. Let
the integrand in (2.1) be a product of two functions:

fzp) =gz, wWh(z, p) (2.2.1)

under the assumption that 2 (z, ) is analytic in z in some domain containing the path
of integration and g(z, 1) is integrable in z.

Denote
hO(Z7 /*L) Eh(Z, ,LL), hn(Zv ,LL) = 8z” I’l(Z, /*L)»
0
go(z, 1) =9z, 1), G—nt1(z, p) = Ee g—n(z, ). (2.2.2)

Integrating (2.1) n times by parts with respect to z over [a, b], we get the following
expression

n—1

F(p) = (=D ga1(b, mhi(b, 1) — gi—1(a, hi(a. )]
k=0

b(p)
+ (D" /() 9—n(z, Whnp(z, p)dz (2.2.3)
a(p

If

(1) relation (2.2.3) holds for all n € N,

(2) the terms under the summation sign in (2.2.3) form an asymptotic sequence,

(3) forall n € N, the remainder of the series satisfies the condition in the definition
of asymptotic expansion,

then (2.2.3) is the required asymptotic expansion.
The main problem in the application of the method is a successful choice of the
functions g and h.

Example 1
Find an asymptotic expansion of the function

A e~
FO\) = —dx.
1 X
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We write the integrand as f(x) = g(x)h(x), where g(x) = ¢* and h(x) = 1/x.
Then, by formula (2.2.3)

- k! A
F(A):Z(e V—ek‘)—i—n!/l o dx.

k=1

The second term under the summation sign has order O(1) and for the integral the
following estimates are valid:

'/)\ er J '/)\/2 e e+ '/)\ e*
n. X =n! X nt
1 xn+1 1 xn+l A2 xn+1

22 A 2\t o
X X J—
<n!/] edx+n!/A/2e (X) dx =0 it )

A
F\) = Ze —+0()\n+1)

The numerical (solid line) and the asymptotic (dashed line) values of the integral
versus p are plotted in Fig. 2.1 forn = 8.

Hence,

Example 2
Find an asymptotic expansion of the function

00 ,—X
F(/\)z/ — dx.
by X

We assume that f(x) = g(x)h(x), where g(x) = e~ and h(x) = 1/x>. Then an
integration by parts gives

Fig. 2.1 Numerical values F(/l)
(solid line) and asymptotic 1000

values (dashed line) for

Example 1 800

| y
"I Y

200
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FO\) =—e "=
X

Integrating by parts again we obtain

“ —1)! 00 ¥
FO) = Z(_1)ke—A(k/\—k) +n!(—1)"—1/A .
k=2

For A < x < o0,

1 1
<
Wt = ntl

00 X 1 00 . ef)\
A defwA e dv =TT
Hence, we obtain the asymptotic expansion
n Y
FA) =e Z(_l) T 0 Pl A
k=2

This series diverges since the ratio of the mth and the (m — 1)th terms goes to —oco
asm — 00:

x> AL and

and, therefore,

i Ol m
mgnoo )\ln+l(_1)m—2(m - - _mLmOO X = —cc.

The numerical (solid line) and asymptotic (dashed line) values of the integral versus
L are plotted in Fig.2.2 for n = 8.

Fig. 2.2 Numerical values 0.002 Fi
(solid line) and asymptotic (;L)
values (dashed line) for

Example 1 0.0015

0.001 \
0.0005 \
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2.2.1 Exercises

Find the asymptotic expansions of the following functions as A — oo.

[e¢) e—X
221. F(\) = / dx.
0

A+ x
*© —Mxd
222. F(O\) = / cos(x — A)xdx
A

223.F(\) = /

A

X e xdx

2.3 Laplace Method

Consider the integral

b(X\)
F()\):/ fx,Ndx, xeR.
a(\)

If the function f(x, A\) has a sharp maximum at the point xg € I, I = [a, b], whichis
sharper when A\ is larger, then it is good to calculate the integral by means of Laplace
method. This method, which is most conveniently applied to integrals of the form

b(\)
F(/\)z/ o(x) e dx, x eR, (2.3.1)
a(\)

is called a Laplace integral [12].

We look for the asymptotic expansion of F'(\) as A — oo. A vast literature is
devoted to this question, for example the books [14, 20, 22, 23, 66] and handbooks
[1,35]. We mention, in particular, the three volumes of the monograph by Riekstynsh
[54], in which integrals of type (1.3.1) and integrals of more general types are studied.

We start with several particular cases to illustrate the application of the method.

Example 1
Let S(x) = —x in (2.3.1). In a neighborhood of the point x = 0, we expand the
function ((x) in a Taylor series

— ™ (0)
n!

plx) =
n=0

x b

and consider the integral

F(\) = / ” o(x)e M dx. (23.2)
0
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Integrating (2.3.2) n times by parts, one gets the asymptotic expansion

ARO))

Rl () 1

F(\) ~ i %—O(}\NJr2 , as A — oo.
n=0

Example 2
Let S(x) = —x in (2.3.1). If in a neighborhood of the point x = 0, the function
((x) admits the convergent asymptotic expansion

o0
px) = Zanx"“‘, a>—1,
n=0

then the integral
b
F()\)z/ o(x)e™dx, b>0, (2.3.3)
0

has the asymptotic expansion

o0

Fn+a+1)
F(\) ~ Z —rarr Gm 8 A — 00, (2.3.4)
n=0

where I'(z) is the Gamma-function.
Indeed, an integration by parts in (2.3.3) gives

- b
FO) = anFu(), F,,(A):/ LA g
n=0 0

Integrating by parts, one can show that

/bOO KM gy — 0 (/\N) ,

where N is any natural number. Therefore,
o0 o0
F,(\) :/ Kyt e—)\x dx _/ o e—/\x dx
0 b

:/Ooox”Jrae_)‘xdx—i—o(/\N).
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Taking

> 1 o0 'h+a+1)
n+ao ,—Ax _ n+a ,—z —
/0 X € dx = \nta+l /0 2 e tdz= Nitatl ’
into account, we obtain formula (2.3.4).
Note, that depending on a,,, the series (2.3.4) may diverge or converge. However,
in the last case, it may not converge to the function F (), but gives only its asymptotic
expansion. For example, applying formula (2.3.4) with o = 0 to the integral

w/2
F(\) = / e ™ sinx dx,
0

we get
0 k
(=D 1
FQy~> T S T (2.3.5)
k=0
The exact solution,
— _ —7A/2
FO) = 155 (1-2e7).

differs from the function to which series (2.3.5) converges. This is, as in similar
further cases, because the series (2.3.4), or (2.3.5), contributes to the integral only in
a neighborhood of the point of maximum of the function e*™) while exponentially
small terms are neglected.

Example 3
Let

o
px) = Zanx", Sx) = —xz, a<0, b>0. (2.3.6)
n=0

Then integral (2.3.1) has the expansion

b o0
T +1/2)
/ago(x)e xdx_z(:)—/\nﬂ/z Ay, as \ — 0o. (2.3.7)
n=|

Series (2.3.7) is a contribution to integral of the neighborhood of the point x = 0,
where the function e =" attains its maximum.
Now we go back to the general integral (2.3.1). For that integral one cannot assume
u = @(x) and dv = M dx to integrate by parts since the last expression cannot
be integrated in the general case. We suppose that S'(x) # 0 in the interval (a, b),
and let
_ )

u= @) dv = MW (x) dx.
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Then ,
AS(x) b ’
Fov= el L[ g [ 20T
AS’(x) AJa S’(x)
or, as A\ — 00,
e)\S(b) b e)\S(a) a 1
FO) ~ /tp( ) /so( ) (_2)
AS'(b) S (a) A

If S(a) # S(b), then the asymptotic behavior is determined by the end point
where S(x) is larger. Suppose, for definiteness, that S(a) > S(b). Continuing the
process one gets

N M*(P(a)erS@ AS(a)
Foy=-> ( ) +0(€ ) (2.3.8)

Nt AN+2
k=0

where 1 d )
k_ (-1 a _ P
M= (S’(x) dx) - PO=gny

Thus far, everything that was said allows us to conclude that the point x = ¢ € (a, b)
corresponding to the largest value of S(x) makes the main contribution in F (),
whether it is an end point or not.

Assume that ¢ = a and in the neighborhood on this point

o) ~ po(x —a)*, S'(@) =0, §") <0,

i.e.
S"(a)(x — a)*

S(x) >~ S(a) + o1

For the integral to exist, it is necessary that « > —1. Then
a+d . )
F()\) ~ ¢ e)\S(a)/ (x _ a)a e/\S (a)(x—a)~/2! dx.
a

Since §”(a) < 0, the error is exponentially small if a + ¢ is replaced by co. After
the change of variables

AS"(a)(x — a)?
e

s

one gets 7 = 0 for x = a and
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2 (a+1)/2 00
F(\) >~ LAY P S e’\S(“)/ 7@=D2e=7 g7
2 [ —=AS"(a) 0

or

(a+1)/2
40 2 AS(a) a+1
FOy~ 20| = r{&2).
W=7 |:—)\S”(a):| ¢ 2

Letnow a < ¢ < b and S”(c) < 0. As above, one obtains

2 bz a+1
ro=n| ) o ()

In a similar manner we consider cases where a larger number of derivatives are
equal to zero at x = ¢ (or x = a). Here we consider the case when o = 0.
Let

(1) p(x), S(x) € C(la, b)),
(2) max,er S(x) is attained only at the point x,
(3) p(x), S(x) € C* for x close to xo,

then the following statement is valid [54]:

(A) If the maximum is attained for x € (a, b) and
SPD(xp) =0, 1<j<2m—1, S (x0) #£0, m=>1,

then the main term of the asymptotic expansion has the form

I'(1/2m) S0 @m)! 1/ 1
FO)=——50 |:_S(2m)(xo)i| [cp(xo)+0(w—2m)] (2.3.9)

(B) If the maximum is attained at one end of the interval (xo = a) and
SP(xo) =0, 1<j<m—1, S™(x)#0, m=>2,

then the main term of the asymptotic expansion has the form

I'(1/m) St m)! Y™ 1
FO) = —— [_S(’”)(xo)} |:(p(xo)+0(m)j|. (2.3.10)

Example 4
Find an asymptotic expansion of the function

b
FO\) =/ e ax, a<0,b>0.
a
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Fig. 2.3 Exact values (solid F(A{ )
line) and asymptotic values Z

(dashed line) of the integral
F () of Example 4 1.8¢1

Fora < O0and b > 0 we should use the asymptotic formula (2.3.9), which defines
the main term of the asymptotic expansion

1 (1
—r- )l
o ()

For a = —o0 and b = oo, the main term of the integral coincides with the exact
value of the integral. In Fig.2.3, we compare the exact (solid line) and asymptotic
(dashed line) values of the integral fora = —1,b = 1.

For a = 0, b > 0 one should use formula (2.3.10), which defines the main term

of the asymptotic expansion
Te(E) e
4 \4
As expected, the value of the integral is twice smaller than in the first case.

2.3.1 Exercises

2.3.1. Find the first two terms of the asymptotic expansion of the function
/4

FO\) = / exp(\ cos 4/x ) dx.

0
Find the first term of the asymptotic expansion of the following functions.

1
23.2. F(\) = / exp(—1/x — \x) dx.
0
o0
233. F(\) = / exp(—ax™“ — Ax)dx, «a>0.

0
1
234.FON) = [ (1 —xH*x%dx.
—1
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1
235.F(\) = / (1 — x> dx.
-1
1
2.3.6. F(/\)=/ (1 — xH x dx.
0

2.3.7.F(/\)=/ xMsinxdx, AeN.
0

o0
238. F,(\) = / exp(—Acosh x) cosh(vx) dx.
0

2.4 Stationary Phase Method
Consider integrals of the form
b(N)
F(\) =/ px)exp(iAS(x))dx, x eR, (24.1)
a(\)

where ¢(x) is a complex valued function and S(x) a real valued function called
phase function, and, as before, A > 0 is a large parameters.

2.4.1 Integrals Without Stationary Points

Consider a finite interval I = [a, b], in which
p(x) e CNTHI), S(x) e CVTA(I), S'(x) #0, (2.4.2)

i.e. p(x) and S(x) have N 4+ 1 and N + 2 continuous derivatives. Then

Yoo b 1
FO\) = ;(:)\)—k“ [Mk(P(x))exp(i/\S(x))] 40 (W) . (243)
where 1 4 )
SSmdr T[990y

In this case, the main term of the asymptotic expansion is

b 1
+0(—).
a Az

_ 1 el .
F(\) = By [% exp(zAS(x))]
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Formula (2.4.3) can be proved by integration by parts and the Riemann—Lebesgue
lemma [14, 53]
/ @(x)ei)‘x dx =o0(1), as A — o0

a

for a piecewise continuous function ¢ (x).

Example 1
Find the first term of the asymptotic expansion and an estimate of the error for
the function

/4
F(\) = / sin(Asin x)x dx.
0
Write the given integral in the form
/4
F(\) = 3/ exp(iAsinx)x dx.
0

Applying formula (2.4.3) we get
T 2 V2 1
FQ) =3 -—— i\ — o|—
\) s(4iAﬁexp(l > )+ ()\2))

= —N_%cos()\ %E)+ o (%)

In Fig.2.4, the numerical (solid line) and asymptotic (dashed line) values for the
integral are compared.

From relation (2.4.3) and under assumption (2.4.2), it follows that the asymptotic
expansion F () depends only on the values of the functions ¢(x) and S(x) and their
derivatives at the end of the interval of integration. In neighborhoods of other points,
oscillation interference occurs. In Fig.2.5, the graph of the function R (exp(S(x)))
is plotted where S(x) = i(x — 6)% and S’(x) # 0 in the interval [—3, 5].

If o(x) and S(x) or their derivatives have a finite number of points of discontinuity,
the interval of integration [a, b] may be split in parts in such a way that the points of

Fig. 2.4 Numerical values F(&)
(solid line) and asymptotic 0.4
values (dashed line) of the i
function F(\) of Example 1 o f\l /\ /’\ /\ A NN
0\/ % 30/ oV 5o
-0.2
-0.4
-0.6
-0.8
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function N(exp(S(x))) of

Fig. 2.5 Graph of the " Fl
Example 1

discontinuity coincide with the ends of these parts and then apply formula (2.4.3) to
each of the parts.
If b = oo, conditions (2.4.2) are still satisfied and

ME(P(x)) = o(1) as x — oo, %M"(P(x)) e L]0, o],

then

N

1
FO) =3 e [ MA@ expirs )]

k=0

1
+ 0 (W) . (2.4.4)

Example 2
Find the first two terms of the expansion and the estimate of the error for the

integral
00 i/\xd
F(A):/ L a0
o (I+x)°

k

d
In this case, S(x) = x, §'(x) = 1, M*(x) = (=D} —,
dx

Px)=(1+x)"% M (Px)=(+x)"7
M*(P(x) = (a+k — DML (P +x)7 L.

Therefore formula (2.4.4) holds and
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Fs() c(A
) (a)\ Mﬁhi \

o A

10 1 20 5 i0 2 4 ] 8 10

Fig. 2.6 Numerical values (solid line) and asymptotic values (dashed line) of Fs()\) and F.(\) of
Example 2

Separating the real and imaginary parts, we obtain

R =30 = [TREEE - Sho ().
0

(I+x)2 A A2
© cos Ax dx « 1
Fc()\)=m(F(/\))=/0 m=ﬁ+0(ﬁ).

In Fig.2.6, the numerical (solid line) and asymptotic (dashed line) values of (a)
the function F.(\) = R(F(N\)) and (b) Fy(\) = J(F(N)) are compared for o = 3.

2.4.2 Erdélyi’s Lemma [20]
Consider the integral

FO\) = / ’ I o) exp(iAx®) dx. (2.4.5)
0

If
o(x) € C®((0,al), a>1, B>0, Vk o®() =0,

then the following expansion holds

o0 (k) .
F(A):lz ! r(kJrﬁ)‘p © exp(’”(kJrﬁ)). (2.4.6)

o= A+ o k! 20

Erdélyi’s lemma defines the contribution of the point xo = 0 in the asymptotic
expansion of the integral.
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Fig. 2.7 Graph of 1t
N(exp(S(x))) with
stationary point x = 1

2.4.3 Integrals with Stationary Points

The points x = ¢, where S'(x) = 0, are called stationary points. With stationary
points, expansion (2.4.3) does not hold. In Fig. 2.7 we plot the graph of the function
N(exp(S(x))), where S(x) =i(x — 1)2, which has the stationary point x = 1 in the
interval [—3, 5].

To illustrate the input of the stationary point in the value of the integral we start
with an example with only one stationary point, x = 0, where S”(0) # 0,

3
F(\) = / exp(i\x?) dx.
-1

The function S(x) = x2 attains its minimum at the point xo = 0 and xop € I.
Represent the initial integral in the form

3 +00
/ exp(i)\xz) dx = / exp(i)\xZ) dx — J1 — Ja,
—1 —00

where

-1 —+00
J1 :/ exp(i)\xz) dx, J :/ exp(i/\xz) dx.
PSS 3

It may be shown by integration by parts that that the integrals J; and J, have order
o), ie.

400 +o0
F(\) = / exp(idx?)dx + O\ = 2/ exp(iAx?) dx + O™ h).
0

—00

‘We evaluate this integral by Cauchy’s theorem, which says that the circulation integral
of an analytic function of a complex variable, in a domain limited by a closed contour,
is equal to zero. The main idea for calculating the integral F () is in selecting the
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Fig. 2.8 Integral along the
closed path C1C>2C3

contour in such a way as to transform the initial Fourier integral into a Laplace

integral. The integral along the closed path C;C>C3 (see Fig.2.8) is equal to 0.
Besides that it can be shown that for R — oo the integral over C, converges to

0. Therefore, assuming that x> = z2 exp(i7/2) and using Laplace’s method we get

+00 +00 ;
/ exp(i)\x2) dx = exp(i7r/4)/ exp(—)\z2) dz = M,/z
0 0 2 A

or

FO\) = exp(i7r/4)\/§ +00h.

In Fig.2.9a, b, the numerical (solid line) and asymptotic (dashed line) values of
functions F.(\) = R(F(N)) and Fy(\) = IJ(F(N)) are compared.

If the function S(x) has a finite number of isolated stationary points x; in the
interval [a, b], then the asymptotic expansion of integral (2.4.1) consists in a sum of
contributions of the stationary points of F (), x;).

As arule, using the stationary phase method, one limits oneself to the calculation
of the first term of an asymptotic expansion.

We define the contribution of a stationary point.

Let I = [a, b] be a finite segment where S(x) € C(I). Assume that S(x) attains
its maximum, max,<; S(x), at only the point xg and p(x) ~ C(x — x0)%, a > —1,
in a neighborhood of the point x¢. Then

(A) Ifa < xg <band SV (xg) =0,1 < j <2m —1, S%(xp) # 0, m > 1, then
the main term of the asymptotic expansion has the form

(I+a)/2
F(\, x0) =m™'T L+ (2m)! o A~ (Fa)/2m
2m | 527 (x0)

iT(1 + )

sen(s™" (xo») [¢0x0) + 00712m)].
(2.4.7)

X exp (i)\S(xo) +

B) If xo =aand SV (x0) = 0,1 < j <m—1, S™(x9) # 0, m > 2, then the
main term of the asymptotic expansion has the form
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@1\ Fe b2} \ Fs@d)
1.25 \ t
. 0.8
0.75 0.6
0.5 N 0.4 -
0.25 0.2
A A
2 4 6 8 10 2 4 6 8 10

Fig. 2.9 Numerical values (solid line) and asymptotic values (dashed line) of functions F, and Fj

B l+a (m), (14a)/m L
F(\ xo) =m ‘r( ) [ } A~UHa)/m
m [S™ (x0)|

ir(l + )
m

X exp [iAS(xo) + Sgn(Sm(xo)):| [<p(x0) + 0()\—1/’")] . (248)

Example 3
Find the first term of the asymptotic expansion of the integral
Uexp (i Ax?
exp (i) o
0 Vx
The integrand has only the critical point xg = 0, the contribution of which is evaluated
by Erdélyi’s lemma. For « = 3, 3 = 1/2, (x) = 1, one gets

FO\) =

F(\) = %A—l/ﬁr (é) exp(in/12).

In Fig.2.10 the numerical (solid line) and asymptotic (dashed line) values of the
functions (a) F.(\) = R(F(N)) and (b) Fy(\) = I(F(N)) are compared.

Example 4
Find the first term of the asymptotic expansion and estimate the error of Bessel’s
function of positive integer index n, defined by the integral

(a). Fe(h) (b) | Fs(A)

1:2 k . Rf
_— 0.4 —

0.25 ;L P /1

Fig.2.10 Numerical values (solid line) and asymptotic values (dashed line) of functions F, and Fj
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Fig. 2.11 Numerical values A

(solid line) and asymptotic 0 ( )

values (dashed line) of the

integral J,, (\) of Example 4 0. \ /\
/'\ A
5 \:u

-0.2

-0.4
-0.6

-0.8

-

ra

™
Ju(\) =71 / cos(Asinx — nx)dx.
0
Represent the given integral as
™
J,(N) = 7r71.‘){/ exp(iAsinx)exp(—inx)dx,
0

For this we have S(x) = sinx, xg = 7/2, S(x¢0) = 1, $"(x9) = -1, m = 1,
p(x0) = exp(—inm/2). As a result, we obtain

172 ;
) = 0 |:7r_1F (%) [ﬂ A2 exp (i/\ - %) [exp(—inﬂ'/Z) + O(A—l)ﬂ
- —[cos 4) o (A 1) . (2.49)

In Fig.2.11 the numerical values (solid line) and asymptotic values (dashed line)
of the integral are compared.

2.4.4 Complete Asymptotic Expansions

By van der Korput’s lemma [20], the interval of integration may be split into parts
to provide only one point in the interval to contribute to the value of the integral. To
calculate the contribution of a point, the following complete asymptotic expansions
are used:

For case (A), i.e. if the stationary point xo is within the interval of integration
and the first 2m — 1 derivatives of the function S(x) at xo are equal to zero and
S@™M (x0) # 0, then
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) im(l 4+ a) 1
FX x0) = 55577 &P (l/\S(XO) + —Sgn(szm(XO))) Zak Ne/m'®
where
A2 ok 41+« itk +1+ )
= r s
ar T ( > )exp [ T sgn( (xo))]
4\ 2
X |:(h_l(x,xo)d—) (@(x)h(x,xo)):| )
X X=x0
and

1—1/2m

h(x, x0) = [2sgn(S*" (x0)[S(x) — S(x0)1] /8 (x).

For case (B), if a stationary point x coincides with an end of the interval, the first

m — 1 derivatives of the function S(x) at the stationary point are equal to zero and
S (x0) # 0, then

1 o0
F(\, x0) = S exp(iAS(x0)) D axA ™/,

k=0
where
ax = L]“ (M) exp (Msgn(sm(xo)))
k!m m 2m
4 \*
|:(d_) [e(x)h(x, xo)]:| )
X X=X0
and k+1
B, x0) = [—sen(8" () (S() — SGeon] " (e — xg)

So, contributions to integral (2.4.1) come only from neighborhoods of

(i) the ends of the integration interval,
(i1) points of discontinuity for the functions ¢(x) and S(x) or their derivatives,
(iii) the stationary points.

For example, the integral

400 ei)\x
F()x):/ 2dx=7re_)‘
oo 1+x

admits the asymptotic expansion (2.4.3) with zero terms, since it has no points of
discontinuity nor stationary points and the contributions of the ends are equal to zero
since ¢ — 0 as x — =+oo.
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2.4.5 Exercises

2.4.1. Find the first term of the asymptotic expansion and estimate the error for
Bessel’s function of the large real index v for a fixed argument ¢ > 0,

™
J,(wt) = 7! / cos(v(x — tsinx)) dx
0
o
— 7 lsin 1/7r/ exp(—v(x + ¢ sinh x)) dx
0
2.4.2. Find the first term of the asymptotic expansion and estimate the error of the
integral
1
FO\) = / exp(iAx?) dx.
0
2.4.3. Find the first term of the asymptotic expansion and estimate the error of the

integral

1
F,(\) =/ exp(iAx") dx.
0

2.5 Saddle Point Method

2.5.1 Description of the Method

We seek an asymptotic expansion of the integral
F(\) = / p(2) e dz, as A — oo, (2.5.1)
g

where the curve « lies in the complex plane and the functions ¢(z) and h(z) are
analytic in a domain S which contains ~.
The saddle point method includes two stages [20, 24, 53]:

(1) deforming the contour + into the contour 7p is most convenient to find the
asymptotic estimates.
(2) calculating asymptotics for the integral over the contour .

As A — o0, the absolute value of the integrand attains its maximum at points z
where the function M (k(z)) is maximal. Assume that, among the contours with the
same ends as 7, there exists a contour 9 where

min max N(A(z)) = max R(h(z)).
v zEey €%
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We also assume that one can deform the contour ~y to contour ~y inside the domain
S. Then, according to Cauchy’s theorem,

FO\) = / 0(2)eMD dz. (2.5.2)
70

For simplicity, let the maximum,

max N (h(z))
Z€7%

be attained only at the point z = c. If z = c is an inner point of o, then, from
the minimax property of the contour vy, it follows that ¢ is a stationary point of the
function f(x,y) = N(h(z)), where z = x +1iy. Atc, fr = f, = 0, and from the
Cauchy-Riemann conditions it follows that 4’(c¢) = 0.

The point z = c is called a saddle point, and the value of N (A (c)) is the height
of the saddle point. A sable point is called simple if i’ (c) # 0. In this case, two
straight lines, I (h(z) — h(c)) = 0, intersect at right angle at point c. On these lines,
the function f(x, y) changes in the fastest way. One of the lines, on which f(x, y)
decreases away from point z = c, is called the line of fastest descent.

The contour 79 may be deformed such that in the neighborhood of the point
z = c it coincides with the line of fastest descent. Then, in this neighborhood,
J(h(z)) = const and to estimate integral (2.5.2) it is convenient to use the Laplace
method.

If the contour 7 lies entirely in the domain of regularity of the functions ¢(z)
and %(z) and the maximum value, R (%(z)), on o is attained at the saddle points (or
at the ends of the interval) where the contour passes through, then the asymptotic
behavior of integral (2.5.1) as A — oo is given as the sum of the contributions of the
saddle points (or the ends of the contour).

There exists no general algorithm to construct the contour vg. For the specific
integral (2.5.1) we firstly should find the saddle points and draw the lines of fastest
descent through them. After that, one should try to deform the contour « in such a
way that it consists of the parts of the lines of fastest descent and maybe some other
curves over which the integrals may be neglected for being asymptotically small.

2.5.2 Asymptotics of Airy’s Functions

Find the first terms of the expansions for Airy’s functions. Consider the integrals [17]
_ 23/3-nz
wr(n) = Ck/ e dz, (2.5.3)
Yk

where ~y; are the contours with ends going to infinity over rays O A, where argz =
%(—1 +2n),n =1, 2,3 (Fig.2.12). Suppose the integrand in (2.5.3) converges to
zero as |z| — oo along these rays.
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Fig. 2.12 Rays OA,, y Ay

n=1,2,3 2 ;
/

/

1 / f

/
G rcl

A;q ]

2 -1 o0 1 2 X
i
\
-1 \\‘
\\
l\\
2
\ A,

The standard Airy’s functions Ai(n) and Bi(n) are real for real n and are defined
by the formulas [1, 53]:

Ai(n) =wi(n), Cir=1i/2m, v =A10A;3,
Bi(n) = wa2(n), Co=1/27, 7 =A20A1+ A20As3. (2.5.4)

Airy’s functions find applications in the asymptotic integration of differential equa-
tions with parameter which contain turning points (see Chap. 5).

Consider the case ) > 0. After the change of variables z = /7 z1, formula (2.5.3)
becomes

3

z
wi (1) = Ck\/ﬁ/ M dzy, h(z) = E A =2 (2.5.5)
Yk

Evaluate the integral in (2.5.5) by the saddle point method. The roots of the equation
h'(¢) = 0 are the saddle points ¢;» = =£1. Since h”(cx) = 2¢x # 0, the saddle
points are the saddle foci for the function f(x, y) = N(h(z)), where z = x +iy. In
Fig.2.13a we plot the graph of the function % f (x, y) near the point ¢ = 0.
The lines of fastest descent passing through the saddle points cg, are defined by
the equation
Sh(z) = S h(ck). (2.5.6)

In the case under consideration, I h(ck) = 0 for k = 1, 2. Equation (2.5.6) are
equivalent to the equations y = 0 and x> — y?/3 = 1. The lines of fastest descent
through ¢ and ¢, are shown in Fig.2.13b with thick lines and the contour lines for
function N (A (z)) with thin lines.

The paths of integration ~y; and ~y; are deformed into the paths v19 = Ajc1 A3 and
Y20 = Azcac1 Al + Aacacy Az, consisting of the parts of the lines of fastest descent.

The paths o have the rays O A,, as their asymptotes on which the integrand in
(2.5.5) goes to zero as z — oo. Therefore the asymptotic expansions of integrals
(2.5.5) consist only of the contributions of the neighborhoods of the saddle points.
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41

A2 G Ci

= / As

-3 -2 -1 u] 1

Fig. 2.13 a Graph of the function )N f (x, y). b Thick lines of fastest descent and thin contour lines

For Ai(n), we get
Ai(n) = wi(n) = C1/7 / MO dz ~ 1,
Y10

where

le/ M@ g
Y

*
10

is the contribution of the saddle point ¢; and 'yi‘o is a small arc of the contour g,
containing the saddle point c1. On the arc v}, we have

2 = h(c1) — h(z) ~ —h"(c1)(z — ¢1)?/2. (2.5.7)

From (2.5.7) it follows that on 7}, the approximate equality dz =~ i d7 holds. Hence,

—00

-0 00
J1 >~ e)‘h(cl)/ e Midr = —i eAh(cl)/ e dr = —iJw/he P,
)

0172 1
i il 174 ,~C
A~ —J1 = —— e >,
=g =" ¢
In a similar manner, the main term of the asymptotic expansion can be found for the
function Bi(n) as n — oo,

2
3

2.

) 1
Bl(’f]) =~ ﬁ?’]l/4 ec.
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A calculation shows that the contribution of the point ¢; is doubled since the path v;q
goes through this point twice and the contribution of the point ¢; may be neglected
since the height of the saddle point c; is smaller than the height of the point c;.

To find asymptotics for Airy’s function as 7 — —oo we change the variable
7 = /—7z1 in (2.5.3). Then, formula (2.5.3) becomes

3

Z
we(=n) = Cey/n | MV dzy, h(z1)=?l+z1, A=n"2 (258)
Yk

The approximate expressions for integrals (2.5.8) may be obtained by means of the
saddle point method (see the solution for Exercise 2.5.1).

2.5.3 Exercises

2.5.1. Find the first terms of the asymptotic expansions for Airy’s functions as 1 —

—00.

Find the first term of the asymptotic expansions of the following integrals as A\ — oo.
o

252.F(\) = / exp(A\(x + ix — x7)) dx.
0

253.F(\) = / exp(iAx)(1 + x2) N dx.
oo
254. F(\) = / exp(iA(Bx — x%)) dx.

2.6 Answers and Solutions

4 64
2.1.2. After a change of variables, the given function is represented in the form

B 13, ;
2.1.1.F(u)_§77|:1——u——u +0(u )]

! dt
F(p) =p T
0 /1 —msin” ut

The integrand is expanded into the truncated series

m . 5 3m? 4 6
f(t)=1+Es1n ut+TS1n ut+0(u).
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In its turn

3 4
t t
sin ut = ut — % + 0 (us) , sin’ ut = (ut)2 — % + 0(,u6),

sin4ut=(ut)4+0(u6).
Hence, )
Mz (o, 3 4 6
@) =1+ 2 (un) +( = )(m +0 (n°)

and after an integration by parts we obtain

To find the inverse function F~! we use the method of undetermined coefficients
and represent p as a truncated series,

M=F+aF3+bF5+O(F7), as F — 0.

Equating the coefficients of F of equal powers, we get

m m 3m?
T30 6% a0
2

120

Whence b = n . Therefore

m m?+4
am(u)=u—gu3+wu5+0(u7),

sno) = sin (F~' ) = p— "= u 0
cn(p) = cos (F*](u)) =1- %uz + %u“ + 0 (ué) .

s 1 9

213. F(w)y =~ |1+~ pu+—p? |+ 0 (1)
2 2[ +4“+64“}Jr ()

2.1.4.

(a) Using the substitution # = sinh x one gets
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t inh 2¢
/\/1+x2dx=/sinh2tdt= S+ s

4
1 VxZ+1
=51n(x+\/x2+1)+%.

Then
AN/A 1 DL
FO = —ln(A+\/)\2 )) +1 =§ln(2/\)+7+1+0(>\_2).
(b) The integrand can be expanded in a series for x > 0
Vi4x2=x|14+— ] +0( ) =x+i+0(x*‘)
2x2 2x '
Write the given integral in the form

A 1 A
/ \/l—i—xzdx:/ \/l—l—xzdx—i—/ V14 x2dx.
0 0 1

For the first integral in the right side the estimate O (1) holds. Substitute in the second
integral the expansion for the integrand and integrate term by term,

A2
FQ\) = 5+ Eln(/\) +0(1).

N _1yn—1 _
221 F() = ZW +0 (M}H).

n=1

N n—1
—D12n — 1) 1
222.F(\) = Z( ) Agn” ) +0 ( )\2N+2)'

n=1

N o -1 _
223.F(\) = e [Z w +0 (%)}

n=1
2.3.1. In this case S(x) = cos(xv/x), S'(x) = —M, S (x) # 0 forx €
2/x
2
1
(0, %], S'(+0) = —5 Therefore we may use formula (2.3.6). Calculate

d 1 —Si':/‘;/; —cos/x
dx (S’(x)) TN
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Fig. 2.14 Numerical 50
solution (solid line) and | x (;L)
one-term asymptotic B
approximation (dashed line) \

30

10 \-—/
A

Hence,

1
oo (L.

23
x=0

Calculating % (ﬁ) . and substituting sin /x with \/x — (1/x, )3/6 and cos /x
with 1 — x/2, we obtaixn_

_ a2, 2 1
FO) =e [A+3A2+0(A3)].

In Fig. 2.14 the solid line corresponds to the numerical solution and the dashed line
to the one-term asymptotic approximation.

FO) = —— 04 ] i( ! )
AS'(0) 22570y dx \ S"(x)

2.3.2. The substitution x = zA~!/2 transforms the integral into

FO\) = % /Oﬁexp (—\/X (z + %)) dz.

FOO = A exp (—NX) [ﬁ+ 0 (xl)] .

So,

In Fig.2.15 the solid line corresponds to numerical solution and the dashed line to
the one-term asymptotic approximation.

2.3.3. Substituting x = z (a/\) /1% we get the integral

o0
FO) = (§)1/(1+a)/0 exp (_/\a/(aJrl)al/(aJrl) (z—l—z’“)) dz.
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Fig. 2.15 Numerical F
solution (solid line), (A’)
: 0.14
one-term asymptotic
approximation (dashed line) 0.12 \

0.1

0.08 \

0.06

0.04 \

Fig. 2.16 Numerical
solution (solid line), 5
one-term asymptotic
approximation (dashed line) a

Therefore

Sat2 —a a 2
F(\) ~ A" 20 g Ta exp (—(a+ l)a}m)\wa)( il )

14+«

In Fig.2.16 the solid line corresponds to the numerical solution and the dashed line
to the one-term asymptotic approximation for o = 0.3.

2.3.4. We write the given integral as F(\) = f_l 1 exp()\S(x)))c2 dx. In this case,
S(x) =In(1—x2),x0 =0, S(x0) =0, 8" (x0) = —2,m =1, p(x) = x%,i.e.a = 2.
Hence F(\) = A‘3/2(ﬁ/2 + O(A73/2)). In Fig. 2.17 the solid line corresponds to
the numerical solution and the dashed line to the one-term asymptotic approximation.

2.3.5. We write the initial integral in the form

1
F(\) =/ exp(AS(x)) dx.
~1
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Fig. 2.17 Numerical
solution (solid line) and
one-term asymptotic
approximation (dashed line)

Fig. 2.18 Numerical
solution (solid line) and 1.75 F(A’)
one-term asymptotic U
approximation (dashed line) :

1.25 \

1 \

0.75

0.5

0.25

2 % 6 8 10

In this case, S(x) = In(1 — xz), x0 =0, S(x9) =0, $"(xg) = -2, m = 1,

o(x) = 1,ie. o = 0. Thus, F(\) = A™/2( /7 + O(A\~1/?)). In Fig.2.18 the solid
line corresponds to numerical solution and the dashed line to one-term asymptotic
approximation.

2.3.6. Write the given integral as F'(\) = fol exp(AS(x))x dx. In this case, S(x) =
In (l — xz), xo0 =0, 8x0) =0, 8x0) = —-2,m =1, p(x) = x,ie a=1.
Note that now the point of maximum lies on the boundary (this point coincides with
the interval end point). So, we have F'(\) = A1 /24+400h). In Fig.2.19 the
solid line corresponds to the numerical solution and the dashed line to the one-term
asymptotic approximation.

2.3.7. We represent the initial integral in the form

F(\) = /7r exp(nS(x))sinx dx.
0

In this case, S(x) = Inx, xo = b = m (note that the function S(x) attains its
maximum at the upper limit), S(xo) = In7, S'(x¢o) = 1/7m, m = 1, h(x, x9) = x.
Hence, ¢(xp) = 0, i.e. the asymptotic expansion does not include the term for k = 0.
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Fig. 2.19 Numerical
solution (solid line) and
one-term asymptotic
approximation (dashed line)

Fig. 2.20 Numerical
solution (solid line),
one-term asymptotic
approximation (dashed line)

Calculate x%(x sin x)|*=" = —x2. Thus,
FO) = A 2exp(An ) [7# +o (A*l)] = M2\ 2 [1 +0 (A*l)] .
In Fig.2.20 the solid line corresponds to the numerical solution and the dashed line

to the one-term asymptotic approximation.

2.3.8. The function S(x) = cosh(x) has a critical point at xo = 0. S(x¢) = 1,

" (x0) # 0.
F,(\) = \E%\&A) [1 +0 (/\—1/2)] .

In Fig.2.21 the solid line corresponds to the numerical solution and the dashed line
to the one-term asymptotic approximation.

2 1 T
2-4-1- J/ 1) = _— R t2 _ 1 _ 0 —1 ) I
v(vt) | Y cos (1/ arccos - N 4) + (V ) n

Fig.2.22 the solid line corresponds to the numerical solution and the dashed line to
the one-term asymptotic approximation for r = 1.3.
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Fig. 2.21 Numerical F (A)
solution (solid line), q
one-term asymptotic §s
approximation (dashed line) : \
3
2.5
: \
1.5
1
0.5
- A
0.5 1 1.5 2 2.5 3
Fig. 2.22 Numerical F (V)
solution (solid line), ¥
one-term asymptotic 5.k
approximation (dashed line) &
0.4}
0.2
o
10 30 40

2.4.2. S(x) = x3, x0 = 0, §"(x0) = 0, " (x0) = 6, S(xp) = 0. Therefore

F(\) = %r (%) A~ exp (%T) [1 o (x‘)] .

The numerical (solid line) and asymptotic (dashed line) values of the functions
F.(A) = N(F(N) and Fg(\) = J(F (X)) are compared in Fig.2.23.

2.4.3.S(x) =x",x0 =0, S" D(x9) =0, S™(x0) = n!, S(x¢) = 0. Therefore,

FO\) = %F (%) A7 exp (%) [1 o ()\"/”)] .

2.5.1. Let h(z) = z + z°/3. The saddle points c12 = =i for integrals (2.5.8) are
obtained from the condition 4’(c¢) = 0. The lines of fastest descent passing through
the saddle points are found from Eq. (2.5.6), which, for this case, are x>y — y3 +3y =
42, where x = N(z) and y = J(z). In Fig.2.24a we plot the function N (A (z)) in a
neighborhood of z = 0, and in Fig. 2.24b the lines of fastest descent passing through
the saddle points ¢ and ¢, and the contour lines of the function R (A (z)).
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Fc(A) Fs@)
0.8 e
\ 0.4
0.6 "*u.‘__
N S
0.4 0.2 e —
0.2 0.1
2 4 & 8 10 H L 6 8 10

Fig. 2.23 Numerical (solid line) and asymptotic (dashed line) values of F, and Fj

(a) (b)zf

e =
A==

|
-2 ‘,.’::.: : . 2 As llllllll“'),m("""lllm

-1
= - E—":E
-2 | = {42:—%
2 -2 -2 -1 0 1 2

Fig. 2.24 For N (h(z)), a plot in a neighborhood of z = 0, b lines of fastest descent through ¢ and
¢> and contour lines

The integration paths v; and v, are deformed into the paths v = Ajc1A2 +
Ajpcr Az (consisting of two lines of fastest descent with the end points going to
infinity) and v20 = Azc1 A1 + Azcr Az, respectively.

Let J; = f%fo eM@dz k = 1,2, be the contributions of the saddle points ¢ and
c2, corresponding to integrations from A, to A and from Aj to Az, respectively.
Taking into account that for the inverse direction the sign of the contribution Jj is
reversed, one gets

Ai(—n) = C1/n(J2 = J1), Bi(=n) = Co/n(J2+J1), as n— oo.

To calculate the contribution J; of the integral over the arc 7}, we change the variable
(2.5.7). With dz >~ exp(imw/4)dT one finds

Jy = Mter+in/d /OO e Yy WIVES )

—00
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Fig. 2.25 For R(h(z)), a plot in a neighborhood of z = 0, and b lines of fastest descent through
c1 and ¢; and contour lines

Fig. 2.26 The path g ¥y

(=

-1 o 1 2 x

Similarly, we obtain
J2 ~ /7.(./)\ e*i(2/\/3+7T/4).

Hence,
Ai(—1) ~ —— =14 sin (g n E)  Bi(—i) ~ —— 1 cos (g n E) ,
NG Z NG 1

where ( = %(—7))3/2 and \ = (—77)3/2.

2.5.2. Let h(z) = z + iz — z°. The equation 4’(z) = 0 has two roots: 12 =
+21/43=1/2,i7/8 In Fig.2.25a we plot the graph of the function %(%(z)) in a neigh-
borhood of z = 0, and in Fig.2.25b the lines of fastest descent through the saddle
points ¢1 and ¢, and the contour lines of the function %1 (4 (z)). The equation for the line
of fastest descent through ¢ has the form y> —3x2y +x +y = 27/4373/25in(37/8).

For the path vy we chose the contour consisting of the segment O A| and a part
of the line of fastest descent Ajc1Aj (see Fig.2.26).

The main term of the asymptotics of F(\) as A — oo is equal to the contribution
Jp of the saddle point c1, since, compared to it, the contribution of the segment O A
is exponentially small.
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(b)4

-2

-4

-4 -2 u] 2 4

Fig. 2.27 For N(h(z)), a plot in a neighborhood of z = 0, b lines of fastest descent through ¢ and
¢ and contour lines

(a)

(b) ]J : wzﬁ ,

[

-1
- . A A e e T (1]

SRR

BRI,
L S, S S 3

“‘\‘ ‘: LS " ~"§
D XD
oo ‘\‘"

Fig. 2.28 For % (h(z)), a plot in a neighborhood of z = 0, b lines of fastest descent through ¢; and
¢> and contour lines

After the change of variable (2.5.7), in view of dz ~~ 27 1/83=1/4 4im/16 41 one
gets

FO) = Jy = Ja/a2~ 183 /4 exp (27/43—3/2 /By m/16) .

2.53.Leth(z) = iz—In (1 + z%). Then F () is of the form (2.5.1) and ¢(z) = 1.In
this case, there are two simple saddle points: ¢c| = i (W2—=1andc; = —i(v/2+1).
In Fig.2.27a we have the graph of the function % (%(z)) in a neighborhood of z = 0,
and in Fig.2.27b we have the lines of fastest descent passing through the saddle
points ¢1 and ¢, and the contour lines of the function N (4(z)). The equation for the
line of fastest descent through ¢y is sinx (1 4+ x% — y2) = 2xy cos x.

The main term of the asymptotic expansion of F () is equal to the contribution
Jp of the saddle point c¢. Changing the variable (2.5.7) we get
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FO) =~ Jp = A2 exp(=Ae)20) (1 — 0)]'2,

where ¢ = ﬁ— 1.

2.5.4. The saddle points for the function 4(z) = i(3z — z°) are obtained from the
equation 4’(z) = 0 with roots ¢ o = £1.

In Fig.2.28a, we plot the graph of the function %i(%(z)) in a neighborhood of
z = 0, and in Fig. 2.28b the lines of fastest descent through the saddle points ¢; and
¢> and the contour lines of the function R (A (z)).

The main term of the expansion of F () is equal to the sum of the contributions
of the saddle points ¢ and ¢,

FO\) ~ J + Jh =27 23BN 72 cos@N — 7/4).



Chapter 3
Regular Perturbation of Ordinary
Differential Equations

In this chapter we find asymptotic solutions of regularly perturbed equations and
systems of equations, to which problems in mechanics are reduced. We consider
Cauchy problems, problems for periodic solutions and boundary value problems.

3.1 Introduction

A system of differential equations of first order

dy

= = f(t,y,¢), 3.1.1

=Ty (3.1.1)
where y and f are vector functions, ¢ an independent scalar variable and € a small
parameter, is said to be regularly perturbed if

ft.y.e) =D filt, yet. (3.1.2)

k=0

In this case, the solution of the system can be found in the form of an asymptotic
series

y(t,¢) ~ Zyk(t)sk. (3.1.3)

k=0

Asymptotic expansions of type (3.1.3) are called direct expansions [50].
Substituting (3.1.2) and (3.1.3) in (3.1.1) and equating coefficients of equal powers
of € in the right and in the left sides of system (3.1.1), we get a sequence of equations
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to find the vector functions y, (¢). The differential system determining y((¢) has the

form: J
Yo
_— = l‘, s 0 3 1 4
i St y0,0) (3.1.4)
and it is called the generating system for system (3.1.1). The systems of equations for
y1(t), y,(t), ... is linear. If the generating system (3.1.4) is also linear, then (3.1.1)
is called a quasilinear system.

System (3.1.1) is said to be autonomous if the vector function f does not depend
explicitly on 7. For an autonomous quasilinear system, the generating system is a
linear system with constant coefficients.

A differential equation of the form

L(x,t,e) =0, (3.1.5)

where L is a differential operator and x(z, €) is a scalar function will be called
regularly perturbed if it is reducible to a regularly perturbed system of equations.
For example, the equation

d*x
g7 = [t x,e),

where the function f is expanded as

o0

flt,x,8) = D fult, 0k,

k=0

is regularly perturbed since after the change of variables x = y;, X = y; it reduces
to the system

an

dyz
=7y, —= = t,v1, ).
It »2 » St y1,8)

Solution of regularly perturbed differential equation may be represented in the form

x(t,e) ~ Z)ck(t)ek,

k=0

where
L(x,t,0)=0

is the generating equation for Eq. (3.1.5).
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3.2 Cauchy Problems

The Cauchy problem for system (3.1.1) consists in this system with the initial con-
dition y(t.) = y,. Initial conditions for the nth order equation (3.1.5) have the
form

dx 1 da"lx _1
X = Xy, szi), e szin ) fort = t,.

3.2.1 Motion of a Material Point in a Gravity Field

Assume that a material point of mass m with initial velocity vg at angle o with respect
to the horizon moves freely under the action of gravity P = mg and air resistance
R = —vv f(v) (Fig.3.1).

According to Newton’s second law of motion,

dv dr
_p—_ = —, 2.1
me vuf(v), v o (3.2.1)

Projecting the vector equalities (3.2.1) on the coordinate axes Ox and Oy, we obtain
the following system of differential equations

d ,
m = —vux f(v), m e A —mg — vy f (v),
di d (3.2.2)
dx dy
— =V, — =uvy.
e~ dr
The initial conditions for system (3.2.2) are:
vy =vgcosa, vy =vpsina, x=y=0 forr=0. (3.2.3)

We introduce the dimensionless variables by means of the formulas

2
Vo v,
t=—71, x=2¢ y="Lpy u=-"=, w=-2

Fig. 3.1 Motion of point
under gravity with initial
velocity vg at angle o
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In the non-dimensional variables, system (3.2.2) and boundary conditions (3.2.3)
become

du ¥ dw { y d§ dn (3.2.4)
— =—cuf, —=—-1—cwf, —=u, — =w, 2.
dr dr dr dr
u=cosa, w=sina, E=n=0 forT=0, (3.2.5)
where
_ v
= ng

is a non-dimensional parameter.
Assume, that ¢ < 1 and consider the case f(v) = 1 when the resistance force is
proportional to velocity. We seek a solution of system (3.2.4) in the form

u = ug + cuq +52u2+~~- . (3.2.6)

Formulas for w, £, and 7 are obtained when « in (3.2.6) is replaced with the corre-
sponding variables.
The generating system

dug dwy d&o dno
- = 07 - = _lv —— = uo, - =
dr dr

with initial conditions
ug =cosa, wo=sina, & =mn=0 for 7=0

describes the motion of the material point without resistance (f = 0) and it has
solution

up = cosa, wy= —T7 + sinq,
2 (3.2.7)
& =Tcosa, noz—? + 7sin a.

In the zeroth approximation the trajectory is a parabola.
Next approximations (k = 1, 2,...) are found after solving the systems

dug dwy dék dnk =12
—_— = U], —— = —Wk—1, —— = Uk, —— = Wk, =12,...
dr k=l dr =t o ar k
with zero initial conditions. The solution of the system of first approximation (k = 1)
is

2
U] = —T COS @, wlz?—rsina,
) 3 ) (3.2.8)
T T T

&1

-5 cos av, n = — sin .
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Fig. 3.2 Motion with
resistance (dashed line) and
motion without resistance
(solid line)

In Fig.3.2, we plot trajectories for the motion with resistance (dashed line) and
without resistance (solid line) for ¢ = 0.2, o = 7/6.

3.2.2 Duffing Equation

Consider the construction of the asymptotic expansion for the solution of the Cauchy
problem for Duffing equation [50]

el =0, po OF (3.2.9)
X4+wix+ebx’ =0, ¥=—, 2.
dt?

which, in particular, describes vibrations of a mass on a non-linear spring. Here x

and ¢ are dimensionless variables and ¢ is a small parameter.
Assume that for ¢ = 0 the initial conditions are

x(0)=a, x(0)=0. (3.2.10)
We seek the solution for problem (3.2.9)—(3.2.10) in the form of a series
x=xo+ex;+eix 4. (3.2.11)
Substitute (3.2.11) into (3.2.9) and (3.2.10) and equate the coefficients of equal
powers of € in the right and left sides. Equating the terms not containing ¢ (the zeroth
approximation), one gets the generating equation

X0+ w?xo =0 (3.2.12)

with initial conditions
x0(0) =a, x0(0)=0. (3.2.13)
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The equations of first and second approximations to determine x; and x; are

X1 4 wlxy + bxg =0, (3.2.14)
¥ + w?xy + 3bx1x} = 0. (3.2.15)

From formulas (3.2.10) and (3.2.13) it follows that
xk(0) = %, (0) =0 for k> 1. (3.2.16)
Substituting the general solution of the generating equation (3.2.12)
xo = Mycosz + Nosinz, z = wt,
into the initial conditions (3.2.13), we find My = a, No = 0 and, therefore,
X() = acosz. (3.2.17)

Substituting (3.2.17) into (3.2.14) and using the formula

1
cos’ 7 = 4_1 (cos3z 4+ 3cosz),

lead to the equation

3

5 a’b
X1 = - (cos3z +3cosz). (3.2.18)

X1 +w

Its general solution is the sum of a partial solution and a general solution of the
corresponding homogeneous equation. The partial solution for equation (3.2.18)
according to the principle of superposition for linear equations may be written as a
sum of solutions of the equations

3b 3a’b
5é+w2x=—aTcos3z and ¥+ w’x = — a

COS 7.

We seek the solution of the first equation in the form x = A cos 3z, and of the
second equation in the form x = Bt sin z. After evaluating of the constants A and B

we obtain 5

a
X1 = Mjcosz+ N; sinz—3 (12zsinz — cos 37).

2w?
The constants M| and N are found from the initial conditions (3.2.16):

=L N o
1= 32(4}2’ 1= .
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Fig. 3.3 Numerical solution X
(solid line) and asymptotic e

solution (dashed line) “\\ /’ \

(%]

~_ 7

4%}
—

Hence the two-term approximation for the solution of equation (3.2.9) has the form

absin z (sin 2z + 62)
16w?2

X~acoszg—¢ (3.2.19)

In a similar manner, after substituting the expressions for xo and x; in Eq.(3.2.15),
one gets xp.

In Fig. 3.3 the solid line is the solution of equation (3.2.9) obtained with a Runge—
Kutta method forw = b =1, ¢ = 0.1, and a = 2. The dashed line is the solution
obtained by formula (3.2.19). The error of the asymptotic formula increases with ¢
since the two-term approximation contains the term with the multiplier e and for
t ~ ¢~ ! the direct asymptotic expansion (3.2.19) becomes non-uniform.

Remark One may seek a solution for the Cauchy problem for Eq.(3.2.9) in the
form

x=M(e)cosz+ N(e)sinz +ex; +exp + -+ . (3.2.20)

where
M=My+ecMi+---, N=Ny+ecNi+---,

and the function xy is a particular solution of the equation of the kth approximation.
This construction method of asymptotic expansion appears to be more convenient in
some cases (see Sect.4.1).

3.2.3 Exercises

3.2.1. Consider the time and range (the length of segment OL) for the trajectory
of a material point with accuracy O (¢?) for a problem of Sect.3.2.1 (Fig.3.2) with
f(v) = 1. Find the angle o, for which the trajectory range in maximal.

3.2.2. Find an exact solution of system (3.2.4) for f(v) = 1 and compare it with the
asymptotic expansion (3.2.6).

3.2.3. Construct the first approximation for the solutions u and v of system (3.2.4)
when the resistance force is proportional to the velocity squared f(v) = v/u? + w2.
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Compare the numerical solution of system (3.2.4) with the zeroth and first approxi-
mations for different values of €.

3.2.4. Find a two-term asymptotic representation of the solutions of the system of
differential equations
tx=x4¢cy, ty=Q2—x)y

with initial conditions
x(H=1, y()=el.

Compare the obtained solution with the numerical solution for the system.

3.2.5. Find a two-term asymptotic representation of the solution of the differential
equation
¥4 wix = ex’x
with initial conditions
x(0) =0, x(0)=vyp.

Compare the obtained approximate solution with the numerical solution.

3.2.6. The system of non-dimensional equations
X =—ceysing, J =c(ising—zcosp), Z=24¢eycosy

with zero initial conditions describes the drop of a material point on the Earth surface
from height 4 taking into account Coriolis forces. Here x is the vertical deviation
southward, y is the vertical deviation westward, ¢ is the latitude (¢ < O in the
southern hemisphere). The motions ends when z = 1. It is assumed that

€ =2w+/2h/g

is a small parameter, where w is the Earth angular velocity, and g is the acceleration
due to gravity.

Find the main terms of the asymptotic expansions for the functions x (¢), y(¢), and
z(t). Construct the exact solution of the system and compare it to the approximate
solution.

3.3 Periodic Solutions

The asymptotic expansions (3.1.3) can be used for approximating the periodic solu-
tions of some non-autonomous systems of differential equations when their right
sides contain periodic functions of the independent variable. These problems are
considered in Sects.3.3.1 and 3.3.2.
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For autonomous systems, where the right sides do not contain explicit functions
of the independent variable, direct expansions (3.1.3) appear to be inconvenient for
evaluating periodic solutions because of the so-called secular terms in the expansions.
Secular terms lead to non-uniform asymptotic expansions for large values of the

independent variable [50]. In this case, asymptotic expansions of a more complex
form are used, as constructed in Sect. 3.3.3.

3.3.1 Solution of Non-autonomous Quasilinear Equations
Without Resonance

Consider the quasilinear equation
¥ +w’x = hsins + ep(x, X) (3.3.1)

The generating equation
X 4+ w?x = hsint

for w # 1 has the periodic solution

xp = Asint, A=

. 332
] (3.3.2)

We seek a periodic solution of equation (3.3.1) with a period 27 of the form
x=xo+exi+erxa A+, (3.3.3)
Substitute (3.3.3) into (3.3.1). Then, from

O(x, %) = p(xo +exi +--- Ko Fexy + ) =po+epr +eror -,

where
) o o .
w0 = p(x0,X0), Q1= F—X1+F—X1, ...,
Oxg Oxo
one finds
Xp 4 wixy = op_1(t), n=12,... (3.3.4)

Expand the function ¢ (¢) = (A sint, A cost) in a Fourier series

o0
©o(t) = Ago + Z(A()k cos kt + Boy sin kt). (3.3.5)
k=1
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Remark For the expansion of some functions into a Fourier series it is handier to
use the formulas:

_ oil _ it et + ot
sint= ———, cost=———
2i 2
For example,
) (eit _ e—it)?a e3it _ 3eit + 3e—it _ e—3it ) )
sin®t = )3 =— Y = 7 (3sin 3¢t — sin 3¢).
i i

(3.3.6)
For w # k, the equation of the first approximation (3.3.4) has the periodic solution

o0

Aoo Aok Box .
X1 = 7 —I—;(w2 —k2 cos kt + mSll’lkl‘ .
The functions x2, x3, ... are sequentially evaluated from equation (3.3.4):

_A”O . Ank k Bk ink —1.2
Xp+l = 2 +; uJz_kzcos t—}-wz_kzsmt , n=1,2,...,

where A, and B are the Fourier coefficients of ¢, (¢).

The asymptotic expansion (3.3.3) is not uniform in the parameter w. Uniformity
is violated due to the appearance of small denominators for |w? — k%| = O(e). The
case w? = k? — &6, with 6 = O(1), is called resonance and will be considered
further.

Find the first terms of the asymptotic expansion of the 27-periodic solution (3.3.3)
of Duffing equation

¥ 4+ wx +ebx® = hsint (3.3.7)

in the non-resonance case.
The zeroth approximation has the form (3.3.2). Substitute (3.3.2) in the equation
of the first approximation

F + Wi = —bxg

and use formula (3.3.6). Since w # k, the differential equation
. 2 b 3 . .
X1 +wx = ~1 A’(3sint — sin 3¢)

admits the periodic solution

B bA3 3sint sin 3¢
RS P R
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3.3.2 Solution of Non-autonomous Quasilinear Equations
with Resonance

Consider the case of the main resonance w? = 1 — &4 for Eq.(3.3.1)
X +x =hsint + edx + cp(x, x). (3.3.8)

The generating equation
X+x =hsint

has the general solution
. h
xXo = Mcost + Nsint — Etcost,

which is not periodic for any value of the constants M and N. However, one can
construct a 27-periodic solution of equation (3.3.8) if 7 = ca. Indeed, in this case,
the generating equation

X+x=0

has a two-parameter family of 27-periodic solutions of the form
x9 = M cost + Nsint. (3.3.9)

For some values of the constants M and N, which are found from the existence
conditions for periodic solutions of the equation of first approximation

X1 4+ x1 =asint 4+ dxg + ¢o(t), (3.3.10)

equation (3.3.8) may have periodic solutions of the form (3.3.3).

For Eq. (3.3.10) to have a 2m-periodic solution it is necessary and sufficient that
the expansion of its right side in Fourier series does not contain terms of the form
Acost and/or B sint. Equating to zero the coefficients of functions cos ¢ and sin ¢
in the expansion of the right side of (3.3.10) in a Fourier series, we get a system of
two equations for evaluating M and N:

P(M,N)=0, Q(M,N)=0, (3.3.11)

with
P=Mé+Ay(M,N), Q=a+ N+ Boi(M,N),
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where

2
A01=—/ @(Mcost 4+ Nsint, —M sint + N cost) cost dt,
™ Jo

1 2m
Bo1 :—/ @w(Mcost + Nsint, —M sint + N cost) sint dt,
m™Jo

are the Fourier coefficients of ¢ (f) in expansion (3.3.5).
Let the system of equations (3.3.11) have the solution M = My and N = Nj.
Then

xo = Mgcost + Nygsint,
and the equation for evaluating x1,
oo
X1 +x1 = A + Z(A()k cos kt + By sinkt),
k=2
has a periodic solution
x1 = Mjcost + Nysint + ®(t),

where

o0 .
Aok cos kt 4+ Bog sin kt
®; = Ago + E — 2
k=2

From the existence condition for periodic solution for the equation of second approx-
imation,
) o .

X2 4+ xp = 0x1 + — x1 + — X1,
2 2 1 8x0 1 axo 1

we obtain a system of two linear algebraic equations for the constants M and Ny:

P OP 00 00
—M — N1 =Dy, —M — Nj = D3, 3.3.12
B, 1+8N 1 1 Zy 1+8N 1 12 ( )
where 5
1 (0 0o -
Dy =——/ (ﬂq)l—i-ﬂ@l) costdt,
m™Jo 8xo 8xo

1 [ (0 0o
1)12=——/ 0%, + L%, )sint dr.
T Jo Oxo Oxo
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The partial derivatives of M and N in formulas (3.3.12) are calculated at M = M
and N = Njy. The system of equation (3.3.12) has a unique solution if its determinant,

,_ 9P 00 9P 9Q

T OM ON  ON oM’

is non-vanishing. In this case, the construction of asymptotic solutions may be con-
tinued. The functions x; are recursively calculated by the formulas

Xr = My cost + Nisint + & (t), k=1,2,...,

and the constants M} and Ny are found after solving the system of linear equations

oP oP 00 00
— M, — Ny =Dy, — M — Ny =Dya, k=1,2,...
oM k+aN k k1 oM k+aN k k2

The peculiarity of the resonance case compared to the non-resonance case is in the
excitation of the oscillations with amplitude of order 1 under the action of a periodic
force with small amplitude of order €.

Example 1
Consider the Duffing equation for the case w? = 1 — 6, h = ea, a # 0:

¥ +x=c(asint + 0x — bx>). (3.3.13)

The zeroth approximation for the solution of equation (3.3.13) has the form (3.3.9).
Substitute the expression for x( into the equation of first approximation

X1+ x1 :asint+5x0—bx8

and transform it into

b b
X1 +x1 = Pcost+ Qsint — 1 (M3 — 3MN2) cos3t+Z (N3 — 3M2N) sin 3¢,
(3.3.14)
where

P:M[é—%( 2+N2)], Q=a+N[6—%( 2+N2)]

Equation (3.3.14) has a periodic solution if P = Q = 0. Assume that M # 0. Then
from the equations P = 0 and Q = 0 it follows that

5—% (M2+N2)=o, a=0,
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which contradicts the condition a 7# 0. Therefore M = 0. To obtain N one gets a

cubic equation
3b

1 N3 —6N —a=0. (3.3.15)

Let Ng be a real root of equation (3.3.15). Then
xo = Npsint, (3.3.16)

and Eq. (3.3.14) becomes

b
X1 +x1 = Z Ng sin 3¢.
The constants M and N in the 27-periodic solution
. b 5 .
X1 = Mjcost + Nysint — ﬁNO sin 3¢ (3.3.17)

are found from the existence condition for periodic solutions of the second approxi-
mation equation
X2 +xp = 0x1 — 3bx§x1.

Substitute (3.3.16) and (3.3.17) in this equation, transform its right side to a linear
combination of the functions cos k¢ and sin k¢, and equate to zero the coefficients of
sin ¢ and cos ¢. Thus, we get

3b 9% 3
Mi(6—-=N2)=0, Ni(6— N2 ) =—5H>N?. 3.3.18
1( 4 0) 1( 4 0) 128~ 0 ( )

From first equation in (3.3.18) it follows that M| = 0. Indeed, if not, then from the
equality
§— N2 =0,
4 O
we get a = 0 by (3.3.15).
If § # 9bNZ /4, then
3PN
LT 30— 9D
and a periodic solution of equation (3.3.13) can be represented in the form (3.3.3).
Similarly, one constructs asymptotic expansions of 27-periodic solutions of the
type w? = k> — &0 for k # 1 in the resonance case (see Exercise 3.3.4).
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3.3.3 Poincaré’s Method

The quasilinear equation
¥+ wlx = ep(x, %) (3.3.19)

is said to be autonomous since its right side does not depend explicitly on time.

An application of the direct asymptotic expansion (3.3.3) for solving Eq. (3.3.19)
usually leads to the appearance in this expansion of secular terms of type Act sin ¢
and Aet cost (see formula (3.2.19) and the solution of Exercise 3.2.5). As a result
the direct asymptotic expansion is non-uniform for large values of  ~ ™%, a > 1.
The term “secular term” was introduced for the solution of celestial problems, where
the value of €7 often plays an important role only for values of ¢ equal to centuries.

The appearance of secular terms comes from the fact that, as a rule, the period of
the solution of equation (3.3.19) depends on the parameter €. For example, the direct
asymptotic expansion of the function

x = sin[(wg + cwi)t] = sinwgt + cwit cos wot + - - -
contains the secular term ew;t cos wyt.

To get a uniform asymptotic expansion one may use Poincaré’s method. Assume
that the desired solution of equation (3.3.19) has period

27 2
T =—90), ge)=l+eg+eg+--
where g; are unknown constants. Under the change of variable:
t=L g, (3.3.20)
w

Eq.(3.3.19) becomes

d’x w dx\ ¢*

2
— = ,— ) = 3.3.21
dr? +xg v (x g dT) w? ( )

Let x(¢) be the periodic solution of equation (3.3.19) with period 7. Then

x [T +2n g(s)] =+ 1) =0 =x[ 9],

and, therefore, the function x[7¢(¢)/w], which is a solution of equation (3.3.21), has
period 2.
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For the periodic solution of equation (3.3.21) there exists a value 7 = 7 such that

d
ﬁ =0, forT=my.

If we change the variable 7/ = 7 — 79 in Eq. (3.3.21), then the equality

dx

ﬁzo, fOI"T/ZO,

holds and the form of the equation does not change. Therefore, without loss of
generality, we may assume that 79 = 0.
We seek a solution of equation (3.3.21) in the form

x(7,8) = xo(7) + ex1(7) + e2x2(T) 4+ -+, (3.3.22)
where
dxi .
xi (7 4 2m) = x; (1), T =0, forr=0, i=0,1,2,... (3.3.23)
T

We substitute (3.3.22) in Eq.(3.3.21) and equate to zero the coefficients of equal
powers of €. Then, the generating equation
d*xo
dr?

+x0=0

has the family of solutions
xo = McosT, (3.3.24)

satisfying conditions (3.3.23).
The first approximation equation

d*x ®o
_d,r2 +_x1 = —wz — zglxo (3325)
includes the 27-periodic function

wo(T) = (M cos T, —wM sin 7).

We expand the function ¢g/w? in the Fourier series:

oo
29 — Ao+ D (Agcoskr + Bysinkr).

3 =
w
k=1
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Equation (3.3.25) has a periodic solution if
1 2w
Bi(M) = —2/ (M cosT, —wM sinT)sinTdr =0
W 0

and

105

(3.3.26)

1 2w
Ai(M) =291 M = —2/ (M cosT, —wM sinT)cosTdr —2g1M = 0.
W 0

Let M = My # 0 be a solution of equation (3.3.26). Then

_ A1(Mp)

g1 Mo

and the zeroth approximation periodic solution of equation (3.3.19) has the form

wt
14+eg1

xg = My cos

The equation of first approximation

oo
— = Ao+ Z(Ak cos kT + By sinkT)
=
k=2

admits the solution
X1 = MjcosT+ Nysint 4+ &,

where -
Ag coskT + By sinkTt
o= e 3 M
k=2
From the condition
i _ o 0
— =0, forT=
dr
we obtain -
kAy
Ny =— Z 2
k=2 1—k

To find M one should consider the equation of second approximation

d*x, 1 Jpo 1 Opg dxi
2 4 = 20 — 29101 + — o + — 2 S,
arz 90T LI 0 o T & Oy dr V2

(3.3.27)

(3.3.28)



106 3 Regular Perturbation of Ordinary Differential Equations

where
g1 Opo dxo dxo

2
—aix? — 1 29190, =
v2 gt =, Oxor dT Jreo. Hor =2y

Substitute (3.3.24) and (3.3.27) in (3.3.28), expand the right side in Fourier series
and equate to zero the coefficients of cos 7 and sin 7. After these transformations,
we find two equations for M and g>:

dB Y 1/2“ o dr — 0
—_— =—— sintdt =0,
am = Jo ©2

dg1 27
— 20 My +2— MM = —— pacosTdT, (3.3.29)
dmM ™ Jo

here 1 Op 1 Opy dd
0 ©0 1

= — P4+ — = —— —2g,D| + 5.

2Tz dxo 'y Oxor dt g1®1+ 2

The derivatives with respect to M in (3.3.29) are calculated at M = M. If

aBi L0 at M=m
— a — s
dM 0

then, from the first equation in (3.3.29), one gets M1, and, from the second, g>. In this
case, one can continue the construction of the periodic solution of equation (3.3.19)
and find x; recursively for k > 2.

Let ¢ be an analytic function. Then the obtained series is convergent for small
enough ¢. Hence, the quasilinear equation (3.3.19) has a periodic solution for suffi-
ciently small ¢ if Eq.(3.3.26) has a simple root M = M. It follows that the number
of roots of equation (3.3.26) depends on the properties of the function .

If the function ¢ does not depend on x, then Eq. (3.3.26) is satisfied identically for
any M, and, therefore, for sufficiently small €, Eq. (3.3.19) has an infinite number of
periodic solutions. Assume that Eq. (3.3.19) describes the motion of a material point
of unit mass. Then, in this case, the law of conservation of energy is valid, i.e. the
mechanical system is conservative.

If px < 0, then B; < 0, and Eq.(3.3.26) has no solution. The corresponding
mechanical system is dissipative, since its mechanical energy decreases.

If Eq. (3.3.26) has a finite number of solutions, the mechanical system if called a
self-oscillating system.

One of the simple equations describing the motion of a self-oscillating system is
the Van der Pol equation [50]:

F—e(l—x)%+x=0. (3.3.30)

Assume that ¢ < 1 and find an asymptotic expansion of the periodic solution for
equation (3.3.30) by the Poincaré method.



3.3 Periodic Solutions 107
After the substitution ¢t = 7g(¢), Eq.(3.3.30) becomes:

d*x dx
TS 4xgt=c (1 - xz) &, (3.3.31)

We seek a solution of (3.3.31) in the form (3.3.22). We substitute the solution of the
generating equation (3.3.24) in the equation of first approximation

d?x; 5\ dxo

a2 TH= (1 - XO) ar 2o

After these transformations one gets

d*x M? _ 1.
+x1=——1)Msint —2g;McosT+ — M~ sin3T. (3.3.32)
dr? 4 4

Equation (3.3.32) has a periodic solution if

M2

The value M = 0 corresponds to the trivial solution x = 0. Assuming that M # 0
one obtains

M=My==%2, g =0.

The values My = 2 and My = —2 correspond to the same periodic solution, so we
analyze only the case My = 2. In this case,

xp =2cosT, (3.3.33)
and Eq. (3.3.32) becomes
d2x1 .
oy + x; = 2sin37.
Its solution
Xy = MjcosT+ NysinT — % sin 37 (3.3.34)

contains the unknown constants M| and N;. From the condition

dx1

— =0, forTt=0
dr

we find Ny = 3/4.
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The constants M1 and g; are determined from the existence condition for a periodic
solution of the equation of second approximation

PO = 2o+ (1-x3) DXy 420 (33.35)
12 X2 = —2g2x0 X e X0 e X1. 3.
Substitute (3.3.33) and (3.3.34) in (3.3.35), represent the right side in the form of a
linear combination of the functions sin k7 and cos k7 and equate to zero the coeffi-
cients of sin 7 and cos 7. As a result we get

1
M, =0, =—.
1 92 16
Therefore the two-term asymptotic expansion of the periodic solution of the Van der
Pol equation (3.3.30) has the form

16¢

= (3.3.36)

by =ZCOST+§(SSinT—Sin3T), T

The construction of periodic solutions by means of numerical methods appears
to be essentially a more difficult problem than the solution of the Cauchy problem.
That is why we limit ourselves with finding the phase curves. The phase curve for
Eq.(3.3.1) is a trajectory of a representative point with coordinates x(#) and X (¢)
in the phase plane (x, x) when the variable ¢ changes. Plotting a sufficiently large
number of phase curves permits us to judge the qualitative behavior of the solutions
of the equation under consideration for different initial conditions. The closed phase
curves correspond to periodic solutions. The phase curves corresponding to periodic
solutions of self-oscillating systems are called limit cycles.

In Fig.3.4, we plot with dashed line the limit cycle for equation (3.3.30) found
by the asymptotic formula (3.3.36) for ¢ = 0.3. The solid line is a phase curve
obtained by means of the numerical integration of the Cauchy problem with the
initial conditions x = 3, X = 0. For sufficiently large values of ¢, the representative
point traces out a curve which, within the accuracy of the plot, seems closed. This

Fig. 3.4 Limit cycle (dashed T
line), phase curve (solid line)

tad

W,/




3.3 Periodic Solutions 109

closed line may be treated as a limit cycle obtained by means of the numerical method.

In practice, the limit cycles found by asymptotic and numerical methods coincide.
It is easy to verify that for other initial conditions the phase curves for Eq. (3.3.30)

approach the limit cycle; this implies its asymptotic stability (see Sect.3.4.2).

3.3.4 Exercises

3.3.1. Find the function x; in the expansion (3.3.3) for Eq. (3.3.7).

3.3.2. Find the asymptotic expansion of the 27-periodic solution of the equation
X +w?x = hsint + ex’x

in the non-resonance case.

3.3.3. Find the two-term asymptotic expansion of the 2m-periodic solution of the
equation
¥+ x=c(asint +0x +x%x), a #0.

3.3.4. Find the main term of the asymptotic expansion of the 27-periodic solution of
the equation
¥4 9x = e(6x — bx) + hsint, h # 0.

3.3.5. Use Poincaré’s method to find a uniform asymptotic expansion of the periodic
solutions of the equations

1) ¥4+x=c(1-xH%,
3

(2) i+x=c(1—x>)x%—ex>,

for ¢ « 1. For the first equation, find the limit cycle with the obtained asymptotic
formulas. Study the behavior of the phase curves near the limit cycle with a numerical
method.

3.4 Transient Regimes

Periodic solutions of systems of differential equations (3.1.1) and solutions of the
form y = y,, where y, is a constant vector, are called stationary. Solutions which
approache some stationary regime as t — oo are called transient regimes. Such
solutions cannot be found with Poincare’s method since they are not periodic. Due
to its non-uniformity, the method of direct asymptotic expansions can obtain the
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transient regimes only for a relatively small ¢ interval of length O (1), which, as a
rule, is not so interesting for the applications.

In this section, we consider the averaging method [13] and the multiscale method
[42] which can obtain uniform solutions for Cauchy problems with arbitrary initial
conditions in intervals of order O (¢~ 1).

3.4.1 Van der Pol Method

Approximate solutions of the equation
¥+ wlx = ep(x, %). (3.4.1)

can be obtained by a method proposed by the Dutch engineer Van der Pol. We seek
a solution of equation (3.4.1) in the form

x =a(t)cosz, z=wt+ [(t). 3.4.2)

Then
X = —awsinz +acosz —afsinz.

Solution (3.4.2) contains two unknown functions a(¢) and z(¢). One of the condi-
tions to determine them is that solution (3.4.2) must satisfy Eq. (3.4.1). The second
condition is our choice. We require that
acosz —afsinz = 0. (3.4.3)
In this case,
%= —awsinz, ¥ = —aw’cosz —awsinz — awB cos Z. (3.4.4)
Substituting (3.4.2) and (3.4.4) into (3.4.1) one gets

—awsinz — awB cosz = ep(acosz, —awsin z). 3.4.5)

Formulas (3.4.3) and (3.4.5) imply that

. € . .
a=——p(acosz, —awsinz)sin z,
_ “ (3.4.6)
[ = —— p(acosz, —aw sin z) cos Z.
wa

The change of variables (3.4.2) and (3.4.4) allows us to reduce Eq.(3.4.1) to the
equivalent system of two equation (3.4.6). The functions a(¢) and 3(t) are called
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the slow variables (a ~ ﬁ ~ ¢), the function z(¢) the fast variable (z ~ 1), and the
above transformation separation of slow and fast variables.

Replace the right sides of system (3.4.6) with their average values over the z
interval [0, 27]. We thus obtain the shortened system

i=-SBa), B=-—"~A@), (3.4.7)
w wa

where

27
Aa) = —/ p(acosz, —wasinz)coszdz,
27 0

1 2w
B(a) = _/ p(acosz, —wasinz)sinzdz,
21 Jo

for which the solution can be found by quadratures. The transition from (3.4.6) to
(3.4.7) is called the averaging.

The approximate solution (3.4.2), where a and 3 are determined from system
(3.4.7), is the main term of the asymptotic expansion of the solution of equation
(3.4.1) in the ¢ interval of length O(1/¢).

The Van der Pol method is also convenient for determining the zeroth approxi-
mation of the solution. However, it does not permit to find the next approximations.
To construct them one may use the multiscale method (see Sect. 3.4.3).

Apply the Van der Pol method to approximate the solution of the equation

¥+ A%x = elo(x, X) + hsinwr], (3.4.8)

where the right side contains a periodic function of ¢.
We seek a solution of the form (3.4.2). By (3.4.3) we get the system

acosz —aBsinz =0,
o . 5 5 ) 3.4.9)
—awsinz — awfcosz = a(w” — A°) cos z + p + ch sinwt

to find a(¢) and 3(z).

The transition to the shortened system is justified if w> — A% = O(e) which
corresponds to the case of the main resonance (see Sect. 3.3.2). Taking

sinwt = sin(z — ) = sinz cos B — sin Fcos z

into account, after averaging (3.4.9) with respect to the variable z, one finds
. h

aw = —¢ | B(a) + > cos 3|,

P (3.4.10)
awf = —¢ |:A(a) —3 sinﬂi| — ;—Z (w2 - A2) .
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In the case a = ﬂ = 0, the solution (3.4.2) is periodic
x(t) = ag cos(wt + Bo), (3.4.11)

where the constants ag and (g are evaluated from the system of equations

h
B(ag) + = cos By =0,
2 (3.4.12)

h . a
Alagy) — 3 sin Gy + 2—2 (wz — A2) =0.

Solution (3.4.11) with accuracy of order O (¢) coincides with the approximate solu-
tion (3.3.9).
If we exclude Jy from system (3.4.12) then we have the equation

2 K2
Flap, w) = B + [A n ;—0 (W? — AZ)] Ly, (3.4.13)
&

which connects the amplitude of the periodic solution, ag, with its frequency w. The
dependence of ag on w is called the amplitude frequency response.
Consider the equation

i x =z (hsinwr = ni = ba®), (34.14)
which, when compared to Eq. (3.3.13), contains in the right side the additional term

—enx emerging, in particular, in problems where the resistance forces are propor-
tional to velocity. The functions A and B for Eq. (3.4.14) are obtained by the formulas

1 3
A(a) = — / (naw sinz — ba’ cos’ z) coszdz = —— ba3,
2 0 8

1 2 . 3 3 . naw
B(a) = — (naw sinz — ba” cos z) sinzdz = ——.
27 0 2

The equation for the amplitude frequency response has the form
3 2
n*adw’* + |:a_0 (w2 — 1) - Zba8i| —h?>=0, ap>0.
€

In Fig.3.5, the amplitude frequency responses for Eq.(3.4.14) are plotted for
different values of b for h =n =1 and ¢ = 0.02.
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Fig. 3.5 Amplitude frequency responses for Eq. (3.4.14)

The case b = 0 corresponds to a linear equation. If b # 0 then, for some values
of w, Eq.(3.4.14) can have more than one periodic solutions.

3.4.2 Stability of Stationary Solutions

In real systems which are modeled with differential equations, there usually exist
small random perturbations. In many cases, these perturbations may be taken into
account when making small changes in the initial conditions. If small perturbations
in the initial conditions lead to significant perturbations of solutions in the considered
time interval, such unstable solutions are a bad description of the real process. In
this case, one should study the behavior of the solutions with initial conditions close
to the initial conditions of the solution under consideration, i.e. to study the solution
stability.

Letsystem (3.1.1) have a solution y () satisfying the initial conditions y(0) = y,.
Denote n = y —y, g = ¥o — Yo, Where y is any other solution satisfying the initial
conditions y(0) = y,. The solution y(¢) is said to be stable in the sense of Lyapunov,
if, for any § > 0, one can find dg > O such that, if |ny| < dp, then, for any values of
t, the inequality |7| < ¢ also holds. A stable solution is called asymptotically stable
if [n] - O0ast — oo.

The study of stability of solutions of equations (3.4.1) and (3.4.8) is a rather
difficult problem. In this section we limit ourselves to study the stability of solutions
of shortened systems (3.4.7) and (3.4.10). Generally, from the stability of a solution
for a shortened equation it does not follow that the corresponding solution of the
given equation is stable in the sense of Lyapunov. Nevertheless, information on the
stability of solutions of shortened systems can be useful when solving many applied
problems.

Consider the first of equations of system (3.4.7)

wa = —eB(a). (3.4.15)
To study the stability of the stationary solution a = ay satisfying equation

B(ap) =0, (3.4.16)
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one considers the solution of equation (3.4.15)
a=ap+¢&. (3.4.17)

Substitute (3.4.17) in (3.4.15) and expand the right side of the obtained identity in a
series of powers of £. Taking (3.4.16) into account, we find

. dB
wéE =—€eBpé+---, By=— .
da

a=a

(3.4.18)

By the theorem on the stability of a linear approximation, the trivial solution of
equation (3.4.18) is asymptotically stable if the trivial solution of the linear equation

wé = —eBoy¢ (3.4.19)

is asymptotically stable. The solution of equation (3.4.19) has the form
€
&= Cexp (—— Bot) .
w

Obviously, ¢ — 0ast — oo if By > 0. Therefore, the stationary solution a = ay is
asymptotically stable if
dB

— 0. 3.4.20
Ta > ( )

a=agp

a a2

The equation B(a) = 0 has the roots agp = 0 and ag = 2. From the inequalities

For Eq. (3.3.30),

dB
da

1 dB

—_ =1>0,
=0 2 da

a=2

it follows that the trivial solution @y = 0 is unstable and the limit cycle ap = 2 is
stable.
Consider now the stability of the stationary solutions of the shortened system
(3.4.10). Write this system in the form
wa = X(a, ), awB=Y(a,pB), (3.4.21)

where

X =—¢ [B(a) i % cosﬁ} Y =— |:A(a) _ g sinﬁ] _ %(wz —A?).
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The stationary solution a = ag, 3 = [y of system (3.4.21) is a solution of the system
of equations
X (ao, o) =0, Y(ao, Bo) = 0. (3.4.22)

Consider the solution of system (3.4.21)
a=ay+¢& [B=P+n (3.4.23)

Substitute (3.4.23) in (3.4.21) and expand the right sides of the obtained system in
series of powers of ¢ and 7. Taking (3.4.22) into account, one gets

. oY
WE= T E b T G = o E (3.4.24)
ap a

The partial derivatives in (3.4.24) are calculated ata = ag, 3 = (. From the theorem
on the stability of linear approximation, it follows that the trivial solution of system
(3.4.24) is asymptotically stable if the trivial solution of the linear system is also
stable, which is obtained from (3.4.24) when omitting the non-linear terms. Hence,

the trivial solution of the linear system is asymptotically stable if the roots A and
A, of the characteristic equation

1 0X 1 oY 1 0X 90Y
S A (—E Ay 42
(w da )( ) apw? 98 0Oa 0 (34.25)

have negative real parts. The last condition is satisfies if the coefficients of the
quadratic equation (3.4.25) are positive, i.e.

|/ ox oy | [(0X 9y OX Y
_ b (90X oYy o L1 (9XOY O9XOYN . 4,5
( + 8ﬁ) " (aa 23~ 3 aa) > 0. (3420

From the relations

a—x—— d—B a—Y %cosﬁ —eB(agp),

da 6da a:a07 op 2 0= TR0
BY_ d a , 5 2 BX_sh_ _ a 5 5
Pl %[EA(a)—l—E(w A)], %—jsmﬁo— EA(aO)—f—E(w A7)

it follows that inequalities (3.4.26) are equivalent to the inequalities

d(aB)
da

dF
da a=aq

>0, >0, (3.4.27)

a=agp

where the function F(w, a) is evaluated by formula (3.4.13).
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Fig. 3.6 Plot of the curve
F(w,a) = 0in the (w, a) M, M,
plane
. M,
*
Ms
M,
M, M
Oy ®q k)

If inequalities (3.4.27) are satisfied, then the stationary solution a = agp, 5 = o
of the shortened system (3.4.21) is asymptotically stable.

For Eq. (3.4.14) the function B(a) = naw/2, and the first inequality in (3.4.27)
imply that nagw > 0. This inequality is satisfied for all stationary solutions if n > 0.
To check the second inequality in (3.4.27) it is convenient to plot the curve F(w, a) =
0 in the (w, a) plane. Consider the case b > 0 (Fig.3.6).

The inequality F(w, a) < O is satisfied in the shaded area under the curve and
F(w, a) > 0 above the curve. Consider the point M, with coordinates (as, w) that
lies on the curve above the shaded area. Obviously, F < 0 for a, < 0 and F > 0 for

ay > 0. This is why
dF

— >0 fora=ay, w=uws,

da
and the solution corresponding to this point is asymptotically stable. The unstable
solutions correspond to the points of the curve F = 0 which lie under the shaded
area. Thus there is one stable periodic solution in both intervals (0, w1) and (w7, 00)
and, in the interval (wy, w»), there are three periodic solutions two of which are
stable.

The character of vibrations depends on the way w changes. If w increases, then the
amplitude changes according to the rule given by the broken line MM M Ms. For
w = w», the amplitude sharply goes down. This phenomenon is called the oscillation
drop. When the frequency decreases, the law of variation of amplitude is given by
the broken line M5M3 M4 M. In this case an oscillation jump occurs when w = wy.

3.4.3 Multiscale Method

Introduce the variables
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and seek a solution of equation (3.4.1) in the form of an asymptotic series
x =xo(7, 71,72, ...) +exi(t, 71,12, ...)+ - . (3.4.28)

Applying the chain rule one obtains

dx  Ox Ox 2 Ox

PTER T L

d*x  %x &*x &x 0?x (3.4.29)
— =5 +2e +e? 5 427

dt2  0r? oToT 87-] oTO™

After substituting (3.4.28) into (3.4.1), taking (3.4.29) into account, and equating the
coefficients of equal powers of € on the right and left sides of (3.4.1), we find the
equation for the k-approximation

The equation for the zeroth approximation

82
8T + w X0 = O
has the solution
X() = acosz, (3.4.30)

where
a=a(mn,m,...), z=wt+ B, m,...).

Substitution of (3.4.30) into the equation for the first approximation

Pxr d?xo dxo
- =2 a0
p) + wxq 9rom + ¢ (xo, or )

leads to the equality

0%x1 da op
4t X1 = 2w —sinz + 2aw — cos z + p(a cos z, —awsinz). (3.4.31)
or? oty oty

The periodic function ¢(a cos z, —aw sin z) is expanded in a Fourier series,
o0
o= Ao+ Z(Ak coskz + By sinkz).
k=1

For the asymptotic expansion (3.4.28) to have no secular terms it is necessary that
the coefficients of sin z and cos z in the right side of equation (3.4.31) be equal to
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zero. This gives
0 0
2w a + Bi(a) =0, 2aw —ﬂ + Ai(a) =0, (3.4.32)
37’1 87’1

where

27
Ai(a) = —/ w(acosz, —wasinz)coszdz,
T Jo

2T
Bi(a) = ;/ p(acosz, —wasinz)sinzdz.
0

In the zeroth approximation one should assume that ¢ = a(77) and 5 = ((11).
Indeed,

da da ,
a(ti,m,...)=a(m,0,..)+—m+---=a(r) + —¢et+---
o o

and for t ~ 1/¢ the error in replacing a(7y, 72, ...) with a(ry) is of order O (¢).
Hence, the system of zeroth approximation (3.4.32) coincides with the shortened

system (3.4.7) obtained by means of the averaging method. The approximate formula
for the solution of equation (3.4.1) has the form

x = a(et) cos[wt + B(et)] + O(e).

Now we come to the construction of the first approximation. To find solutions with
accuracy of order 0(£2) one should assume that a = a(7y, ™) and 8 = (71, 7).
Considering 7, as a parameter, rewrite (3.4.32) as

da  dB A

dr = 2w , = .
Bi(a) dm 2wa

After integration we get

da 1 Ay(a)
1 = —Zw/ — +c1(m), ﬂ = ——/ dr + c2(m). (3.4.33)
Bi(a) 2w a

Equating to zero the coefficients of sin z and cos z in the right side of the equation
of second approximation we find two equations for the evaluation of the functions
c1(m) and c2 (7). In more detail, we consider the problem of constructing the first
approximation for the Van der Pol equation

¥—e(l=—xHi+x=0.
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Substituting the zeroth approximation for the solution of this equation

xo = a(ry, ) cos[T + B(71, 12)] (3.4.34)
into the equation of the first approximation

ale 82x0 2 Oxo
Z — 2 270 (1 0
or? T oroT + ( )

we obtain, after transformations,

o2 T

) ) 2 3
x| = 28—;_1] sinz+2aa—f1 cosz+a (az — 1) sinz + %sin3z.

The equations for a and (5 are

da a a? op
—=_(1-=), X =o0. 3.4.35
on 2 ( 4 ) a1l ( )
The solutions of equations (3.4.35),
2
a= B = B(1),

V1+c(m)e ’

are represented in terms of the unknown functions c¢(m) and 3(7). To construct a
solution with accuracy of order O (¢) we assume that c¢(72) = cq, B(m2) = o,

2 cos(t + (o)

X = —

V14 cpe—¢t

For cp # 0, the solution (3.4.36) is a transient regime approaching a periodic solution

with amplitude a = 2 as t — oo.
From equalities (3.4.35) it follows that

+ O(e). (3.4.36)

82 3
aTx; = “I sin 3z. (3.4.37)

Assume that the arbitrary constants in solution (3.4.28) are functions of ¢ (see
Sect.3.3.2). Then x; is a particular solution of equation (3.4.37) and, therefore,

a3
x| = 0 sin 3z. (3.4.38)
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Substitute (3.4.34) and (3.4.38) in the equation of second approximation

0? 0? 0? 0? 7] 10) 0
—x22+x2 S, Sl N, Sl x20~|—(1 — xg) o + el —2x0 & X1,
or otomy 01T 07y ar  0mn or
represent the right side in the form of a linear combination of the functions sin kz
and cos kz and equate to zero the coefficients of sin z and cos z. Thus, we obtain

5 2 2
Ja a4 & _9a  Oa (1 32 ):0. (3.4.39)

— =0, -z
on a dm 128 87'12 + o
From the first equality in (3.4.39) it follows that c¢(m) = co, and from the second
equality in (3.4.39) with the help of formula (3.4.35) we get the following equation
for 5(m):

g1

Ta*
=_(-1+*-—=).
dr 8( ta 32)

The multiscale method is a generalization of Poincaré’s method. For periodic
solutions the methods give similar results. In the case ¢y = 0 the multiscale methods
gives the asymptotic expansion

2
€ et
~2 — — sin3z, =t— —
X cosz— - sin3z, z T + Bo
for a periodic solution, which for 5y = —3¢/8 coincides with expansion (3.3.36)

obtained with the Poincaré method with accuracy of order O (52).

3.4.4 Exercises
3.4.1. Find by the Van der Pol method the approximate solution of equation
X+x =5<1 —xz))'c—sbx3, ek 1.

3.4.2. Study the stability of the stationary solutions of the equation

X+x=c¢e(l —x4)x, e K 1.
3.4.3. Write the shortened system (3.4.10) for the equation

5é+x=5(hsinwt+)'c—fc3/3).
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3.4.4. Obtain the amplitude frequency response for the equation
X+x= s(hsinwt + 8xx2 —n)'c) .

3.4.5. Find the zeroth and first approximations for the solution of the equations of
Exercise 3.4.1 for b = 1 and Exercise 3.4.2 by means of the multiscale method.

3.5 Boundary Value Problems

We limit ourselves to boundary value problems for linear ordinary differential equa-
tions. Non-homogeneous regularly perturbed boundary value problems are consid-
ered in Sect.3.5.1. Solutions of boundary value problems are discussed in Sect. 3.5.2.
In both cases, we use direct asymptotic expansions. In Sect.3.5.3, boundary value
problems describing media with periodic structure are solved by the multiple scale
method.

3.5.1 Non-homogeneous Boundary Value Problems

Consider the linear differential equation of the nth order
Ly = f(x), (3.5.1)
with the boundary conditions
Giy|,_o=9i» i=12...n1, Hjy| _,=hj, j=12,...m, (352

where n| + no, = n and

n dk
L= %ak(ﬁhf) m, ap =1,

o o (3.5.3)
IR Y
Gi= ik = Hj=)D cjk—=-
= dx = dx
If .
a(x.e) ~ > agm(0)e", k=0,1.....n—1, (3.5.4)

m=0
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then
00 n dk
— m —
L= Lng", Ln=2 am -,
m=0 k=0

and the solution of the boundary value problem (3.5.1)—(3.5.2) can be searched in
the form of a direct asymptotic expansion

o
YO, E) = D ym (e, (35.5)
m=0
The function yp(x) is a solution of the generating equation
Loy = f(x) (3.5.6)

satisfying the boundary conditions (3.5.2). For m > 1, the function y,, satisfies the
mth approximation equation

m
LOYm = - Z kamfk
k=1

and the homogeneous boundary conditions (3.5.2)

=0.

x=l

Giy| _ =Hy
x=0

Example 1

Use the asymptotic expansions (3.5.5) to find the longitudinal displacements,
u(x), of a bar of length / under force P applied to the bar end (see Fig. 3.7). Assume
that the cross-sectional area of the bar is given by the formula

S=Sy(l—ex/l), 0<x<I, e<1. (3.5.7)

The function u(x) satisfies the equation

d d
L es™) =0 (3.5.8)
dx dx

Fig. 3.7 Bar u(x) of length /
under force P P
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and the boundary conditions are

d
wu=0 for x=0, ESd—uzP for x =1. (3.5.9)
X

where E is Young’s modulus.
From Eq. (3.5.8) and the second boundary condition in (3.5.9) it follows that

ES— =P, 0<x<I. (3.5.10)

We seek a solution of equation (3.5.10) in the form
U =uy+eu;+---

From (3.5.7) and (3.5.9) we get

ES duy p Px
— =P, uy=—.
0 dx "= ES

The function ug describes the longitudinal displacements of the bar with cross-section
of constant area S.
The equation of first approximation

duy X duy
dx 1 dx
with boundary condition u; = 0 at x = 0 has the solution

Px?
up = .
21E Sy

Therefore

u(x):%(l—}—%).

The same result can be obtained if we expand the exact solution for this problem in
a power series of the small parameter ¢,

u=—

In(1 — ex/1).
ESee M mex/D

Example 2
Consider the bending of a beam of length / under the action of a uniformly
distributed load ¢ (Fig.3.8).
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Fig. 3.8 Bending of beam of A b4
length / under a uniformly
distributed load ¢ q
YYYY VYY)
> X
[
The equation for the deflection of a beam, w(x), has the form
@ (g _ (3.5.11)
dx? a2 )= o

where E is Young’s modulus and J is the moment of inertia of the cross-section.
Assume that the left end of the beam, x = 0, is clamped and the right end, x =/,
is free. Then

dw d*w  d’w
w = =0 for x=0, — =0 for x=1I. (3.5.12)
dx dx? ~ dx?

Let the beam have a rectangular cross-section of constant height by but with variable
width a according to the linear law: a = ag(1 — ex/[). In this case, the moment of
inertia is

J % = J (1 — ?) L Jo= a(;zé_ (3.5.13)
We seek a solution of equation (3.5.11) in the form
w=wy+ew;+---. (3.5.14)
The function wq satisfies the equation
e~y
dx?
Its general solution,
g x* 3 x2
woz—E—Jom—l-Ay—l—BE—l-Cx—i—D (3.5.15)

contains four arbitrary constants A, B, C, and D. After evaluation of these constants
with the help of the boundary conditions (3.5.12), we find

gx?
24E T,

wy = — (x2 —4xl + 612) .
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The function
qx*

w =—-———
120E Jol

(3x2 —10x] + 1012)

is obtained from the solution of the equation of first approximation

d* d* (x d*
L e (3.5.16)
dx*  dx* \I dx?
with the boundary conditions (3.5.12).
3.5.2 Eigenvalue Problems
Consider the homogeneous linear differential equation
Ly = AMypy (3.5.17)

with the homogeneous boundary conditions
Giyl,_o=0, i=12...n, Hjy|_, =0 j=12,...np. (3518)

Here A is the required parameter, the operators L, G and H are defined by formulas
(3.5.3), and

My = %bk(x) e m < n.

Assume that expansions (3.5.4) hold. Then the solution of the eigenvalue problem
(3.5.17)—(3.5.18) can be represented in the form

(0.¢] oo
YO, = Dy, A= D A (3.5.19)
m=0 m=0
For some Ay, let the eigenvalue problem of the zeroth approximation,

Loy = AoMoy. Giy| _,=H;y| _, =0, (3.5.20)

have nontrivial solution yy.
In the first approximation we get

Loyr — AgMpy1 = —L1yo + A1 Mopyp. (3.5.21)
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Denote (y, z) the scalar product of the functions y and z and assume that for any
y and z satisfying the boundary conditions (3.5.18) the operators Ly and M are
self-adjoint, i.e.

(Loy.z) = (y. Loz), (Moy.z) = (y, Moz).

Scalar multiply Eq. (3.5.21) by yp. Due to the self-adjointness of Ly and M we get

(1, Loyo — AoMoyo) = —(L1yo, yo) + A1(Moyo, yo).
From (3.5.20) it follows that

= (L1yo, yo)
(Moo, y0)

This last equality is a solvability condition for the eigenvalue problem of first approx-

imation.
In a similar manner, A and y; may be found for k > 1.

Example 3

Use the asymptotic method to obtain the approximate values of the frequencies
and modes of the longitudinal vibrations of a bar of length / and cross-sectional area
which changes according to (3.5.7).

The equation of the longitudinal vibrations of a bar has the form

0 ou 8%y

where p is the material density. Assume that the left end of the bar is fixed and the
right end is free. Then

u=0 for x =0, @20 for x =1.
Ox

We seek a solution of equation (3.5.22) in the form
u(x, 1) = u(x) sin(wt + ).
We have the eigenvalue problem for u(x) and w:
(Su') + ASu=0, u©0)=1u'()=0,

where A = pw?/E. Here the prime denotes derivative with respect to x.
The equation of zeroth approximation

ug + Aoug =0 (3.5.23)
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has the solution
ug = A sinax + B cos ax, o = Ay.

Taking the boundary conditions into account, we obtain
ugp, = Asinagpx, o = (@/24+mn)/l, n=0,1,2,...

The found modes ug, and frequencies wo, = ay,+/E/p describe the vibrations of a
bar of constant cross-section of area S.
We multiply the equations of first approximation,

uf + Aoup = uy/l — Ajug,

by wuo and integrate by parts over the interval [0, /]. Taking (3.5.23) into account, we
find
I ! ’ : 2
AN=—, I} = ugupdx, I = ugdx.

Evaluating the integrals we obtain the correction of first approximation A = 1/12.
Note that, in this problem, A does not depend on n.

If the boundary conditions (3.5.18) contain a small parameter, an integration by
parts of the equation of first approximation may result in the appearance of nonzero
terms outside the integral.

Example 4

Consider the longitudinal vibrations of a bar with fixed left end and right end
tighten with a spring of stiffness c. Let the cross-sectional area of the bar, Sy, be
independent of the coordinate x. Then the eigenvalue problem for the bar has the
form

cu(l) cl

"+ Au=0, 0)=0, v =- , = —.
u 4+ Au u(0) u (1) ; € ESo

Assume that ¢ <« 1 and seek a solution of the eigenvalue problem in the form
(3.5.19). The solution of the first-approximation problem coinsides with the solution
of Example 3. In the first approximation we get

uf + Aoup = —Aqug, w1 (0) =0, uj(l) =—uo)/I.

Multiplying the first-approximation equation by ug and integrating by parts over the
interval [0, /], then, by equality (3.5.23) we obtain

l
2 ’ Al
A1/ uodxz—[uluo—uluo]o.
0
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From this formula and the boundary conditions for u and w; it follows that

2
ug() 2
M=20m =
Regularly perturbed eigenvalue problems arise, in particular, in the buckling analy-
sis.
Example 5
Find the effect of gravity on the critical axial load T for a stand-up free-supported

beam.
The buckling equation

£ d4w+ Sd dw +Td2w 0
X— —_—=
dxt TP e \Max dx?

and the boundary conditions

d2
w=2%20 for x=0 x=1, (3.5.24)
dx?

are rewritten in the non-dimensional form

d4w _d (5 _) PR
agr e \"a gz

d2
w:d—g’jzo for €=0, £=r.

Assume that € < 1 and seek a solution in the form (3.5.19). In the zeroth approxi-
mation we obtain the classical Euler problem

d*wy d*wy d*w
et + Ao a2 =0, w:d—gz:o for £€=0, &=

The first eigenvalue, Ao = 1, provides the critical load, T = EJ#?/I?, and the
buckling mode, wy = A sin €. From the first-approximation equation

d*w, d?w, _d [, dw d*wy
e Thogm = e ) M e
dg§ dg§ g \* d¢ dg§

we find A} = —7/2.
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3.5.3 Boundary Value Problems for Equations with Highly
Oscillating Coefficients

The multiple scale method described in Sect. 3.4.3 can be used for solving boundary
value problems for differential equations with highly-oscillating periodic coefficients
[4,7,55].

As an example, we consider the problem of the longitudinal deformation of a
bar with highly oscillating cross-sectional area. The equation for the longitudinal
displacement of a bar, u(x), under a uniformly distributed load ¢ has the form

d (,du ES>0 (3.5.25)
[— —_— = = > . D
dx a dx % 4

Let the bar ends be fixed. Then
u(0) =u() =0. (3.5.26)

Assume that a is a periodic function of the variable £ = x /¢ with period 1 ande < 1.
Replace Eq. (3.5.25) with the equivalent system of two equations of first order

du_w dw_
dx

— =, ) 3.5.27
- a q ( )

We seek the solution of the boundary value problem (3.5.26) and (3.5.27) in the form
u=uy+eur+---, w=wog+ew;+---, (3.5.28)
where
ui(x, &+ 1) =ui(x,8, wix,&+1)=w;x,£, i=0,1,2,...
Substituting expressions (3.5.28) in Eq. (3.5.27) and taking
du _ou Vow dw _ow 1 ow
dx ox e 0¢ dx ox & 0
into account, we get, in the zeroth approximation,

o _

oc

0, ——=0.
23

Therefore ug(x, &) = up(x) and wo(x, &) = wo(x).
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The system of equations of first approximation has the form

duy ouy wo dw owq
_ o dwy  Ow_ 3.5.29
dx Toe T a0 ax T 14 (3.5:29)

Introduce the following notation for the average value of the function f(x, &) for
the period

1
(Fx. ©) =/0 fx, 6 de

and apply the averaging operator (-) to the equations of system (3.5.29). By the

equalities
%> _[9wi) _ 0
oc | \og | T

following from the periodicity of ©; and w; we obtain the system

dug dwg
_— = 1 _— =
e (1/a) wo, ik
which can be reduced to the equation
d2
a0 _ o a= /a7, (3.5.30)
dx?

Thus, in the zeroth approximation, we come to the problem of evaluating the dis-
placements of a bar with some averaged cross-sectional area.
The solution of equation (3.5.30) with the boundary conditions (3.5.26) has the
form
uy = iA x(x —1).
2a

The construction of the next approximations is considered in [4].
The above described method can also be used for solving eigenvalue problems.
Consider the equation

d*u = i

i=1

with boundary conditions
u(0) = u(l) =0. (3.5.32)

Here 6(x) is the Dirac delta function, c¢ is a constant coefficient and A is the required
eigenvalue. The problem of evaluating the frequencies and modes of a vibrating string
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supported by n — 1 springs uniformly distributed along the string can be reduced to
the eigenvalue problem (3.5.31) and (3.5.32).

Assume that n > 1 and introduce the variable ¢ = nx. Noting that §(ax) =
d(x)/a, replace Eq. (3.5.31) with the equivalent equation

d*u

-3 + AU = Au, (3.5.33)

where

n—1
A =cn ) 5(E—i).

i=1

Solutions of (3.5.33) are searched as asymptotic expansions in negative powers of
the large parameter n:

w(x, &) = uo(x, ) +n2u(x, )+, A=Ag+n2A1+---, (3.534)

where u; (x, £ + 1) = u; (x, £). Further we assume that the coefficient ¢ is small and
cn ~ 1.
Substitute (3.5.34) in (3.5.33). In the zeroth approximation one gets

8%y Ouy

— =0, — = Cp(x).

982 7€ 0(x)
Apply the averaging operator (-) to the last equality. The periodicity of uy implies
that Co(x) = 0 and up(x, ) = vo(x). Taking the equality (A(£)) = cn into account,
we find that the averaged equation of first approximation

Pur _ dvy A©)vo = A (3.5.35)
- = - vo = Ao 5.
9e2 %) 0 0v0
results in the equation
d%v
— + (Aog —cn)vg = 0. (3.5.36)
dx?

From the physical point of view, the transition from Eq. (3.5.33) to equation (3.5.36)
means that the springs supporting the string are replaced with an elastic foundation.
The non-trivial solution of equation (3.5.36) satisfying the boundary conditions
v9(0) = vo(1) = 0 has the form vo; = sin k7x and the corresponding eigenvalue is
Ao = (k)% + en.
To construct the next approximation, represent u as the sum

up(x, §) = vi(x) +wix, §),
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where (w1 (x, £)) = 0. It follows from (3.5.35) that

aa—ugzcn(i—f)vo—i-C]i, i<E<itl (3.5.37)

Averaging (3.5.37) we get C1; = 1/2. Integrating (3.5.37) with respect to £ permits
to find
wy = cnvo(2i€ — €2 +€)/2+ Dy, i =Esi+ 1

Averaging the last equality gives the value

Dii — cnvg ,(,+1)+1
1i = ) AU 6 .
Therefore,
1
w1=_cn2vo [(f_i)(f_i_l)+g:|’ i<&E<i+1. (3.5.38)

After applying the operator (-) to the equation of second approximation

Pur 0wy + A@©)u; = Aovy + A
—_— = = u; = Agv V0,
oe o2 1 ov1 1V0
we obtain the equation for evaluating vy (x):

d*v; +( Ao) cZn? A
———F + (cn — V] = ——V V0.
2 0)V1 v 100
Multiply the last equation by vy and integrate by parts over the interval (0, 1). Taking
(3.5.36) and the boundary conditions v1(0) = v;(1) = 0 into account, we get the
correction of first approximation

3.5.4 Exercises

3.5.1. Find the two-term asymptotic approximation for the displacements of the
beam considered in Sect.3.5.1 in the case ¢ = 0 and the vertically directed force P
is applied on the beam right end x = /. Neglect the weight of the beam.

3.5.2. Consider the beam described in Sect.3.5.1 with freely supported ends. Find
the first two terms of the asymptotic expansion of the function w(x).
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Fig. 3.9 Two joint bars
made of the same material

3.5.3. For Example 4 of Sect.3.5.2 consider the case where the value of E Sy/(cl) is
a small parameter. Find A and A for the lowest eigenvalue for the corresponding
boundary value problem.

3.5.4. Consider the longitudinal vibrations of two joint bars made of the same material
(Fig.3.9).

The left end, x = 0, of the first bar is fixed and the right end of the second bar,
x = 21, is free. The areas of the cross-sections for the first and the second bar, S;
and S, respectively, are connected by the relation S, = (1 + €)S;, where ¢ <« 1.
For the eigenvalue problem describing the vibrations of the bars find the coefficients
Ag and A for the series expansion of the first eigenvalue.

3.5.5. The transverse vibrations of a beam (see Sect.3.5.1) are described by the

equation
P (55 Z8) 1 ps 20 o
ox2 axz ) TP e T

Representing its solution in the form
w(x, 1) = wx)sin(wt + «),

we get an ordinary differential equation for evaluating the frequencies and vibrations

modes 2 P
) (5 W) = Afw,
where . o
B=1-c7. A= pEOJ“; . So = aobo.

Assume that the ends of the beam are freely supported (3.5.24). Representing the
solution in the form (3.5.19), find the coefficients Ag and A of the series expansion
of the lowest eigenvalue.

3.5.6. The free vibrations of a rectangular membrane are given by the equation

(82w 8w

W—i_a_yz)—i_pwzw:o’ 0<x<a, 0<y<b,

where w(x, y) is the deflection of the membrane, a and b are the lengths of the
membrane edges, w is the vibrations frequency, T is the tensile stress, and p is the
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material density. The boundary conditions have the form

w=0 for x=0, x=a, y=0, y=5b.
Assuming that ¢ = p/T = co[l + €g(x)], where ¢ is a small parameter find the

first two terms of the asymptotic expansion for the vibrations frequencies of the
membrane.

3.5.7. The non-dimensional system of equations

(3.5.39)

u + U—— =
R> R:B R}

describes the axisymmetric membrane vibrations of a truncated conic shell. The
prime denotes derivatives with respect to the non-dimensional length of the cone,
u and w are the projections of the displacements of the points on the shell neutral
surface, B(s) = 1 — s sin 3 is the distance between the axis of symmetry of the shell
and its neutral surface, Ry(s) = B(s)cos™! ( is the radius of curvature, 23 is the
angle at the vertex of the cone, v is the Poisson ratio, and A is the required spectral
parameter proportional to the squared frequency.

The section of the shell with the plane passing through the axis of symmetry is
shown in Fig. 3.10.

For clamped shell edges, the boundary conditions for the membrane vibrations
system have the form %(0) = u(/) = 0. Consider the case 3 < 1 and find the first
two terms of the asymptotic expansion in powers of [ for the lowest eigenvalue A.

3.5.8. Find the two-term asymptotic expansion in powers of the parameter n > < 1
for the function u(x) satisfying the equation

d*u ! i
I +cu;6 (x — ;) =sin7x,
where ¢ ~ 1/n, and the boundary conditions are u(0) = u(1) = 0.

Fig. 3.10 Section of shell
with plane passing through
the axis of symmetry
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The function u(x) describes the deflection of a string supported by springs under
a distributed load.

3.5.9. Find the first two terms of the asymptotic expansion in powers of the parameter
n~* « 1 for the eigenvalue A of the eigenvalue problem

d*u i

W"‘cu;é(x—,—l):Au,
d*u

u=—=0 for x=0, x=1,
dx?

which describes the free vibrations of a freely supported beam stiffened with springs.
Assume cn ~ 1 in the construction of the asymptotic expansion.

3.6 Answers and Solutions

3.2.1. We seek the flight time in the form 7% ~ 77 + 7. Substitute the expression
for 7* in the equation
nx~mny+em =0,

where 19 and 11 are defined by formulas (3.2.7) and (3.2.8). Equating the coefficients
of equal powers of € we obtain

2 .
. ) ) esina
o =2sine, T =— 07 ~2sinafl - .

6 3

In dimensional variables we have

UOT* __ 2vpsina (l B Vvosina)

g g 3my

Substituting 7 = 7* in the formula for £ we find the flight distance
& =817 = &(r7) + &1 (T7) ~ cos Ty +eT] — 5(75)2/2).

Therefore

2et sin 2a(3 — 4e sin
5*:7'5‘cosa(l— 0): il )

3 3
The angle o is evaluated by means of the equation

dg* _2QBcos2a+e(sina —3sin3a)) 0
do 3 N

k]
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The approximate solution of this equation is

3.2.2.For f(v) = 1 the exact solution of system (3.2.4) with initial conditions (3.2.5)
is defined by the formulas

_ e |
u=e “"cosa, w=¢e “sina+ - (e —1),
€

COS & 1 +esina

(1—e), n=—""2 (e N+ 1
& e

3

€

3.2.3. The system of first approximation for evaluating u; and wy is

dug dw

/.2 2 /.2 2
— = —UQy/ Uy T Wy, —— = —Woy/ Uy + Wy,
dr 0 0 dr 0 0

where 1 and wq are determined by formulas (3.2.7).
Taking the initial conditions u1(0) = w;(0) = 0 into account, we get

w = —Icosa, wi=(s>—1)/3,
where

T 1 a1
I=/ s(r)dr:5|:(T—sina)s+sina+cos2alnwi|
0

1 —sin«

s(1) =V 712 =2sinar + 1.

InFig.3.11 the solid line is the graph of the numerical solution w of system (3.2.4) and
the dashed line is the graph of the corresponding approximate asymptotic solution
fore =0.05, a = /4.

3.2.4. The solution of the generating system
X0 =x0, 1yo=(2—x)y0
with the initial conditions
o) =1, y()=e

has the form

xXo=1%, Y= t2e .
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Fig. 3.11 Numerical 10
solution w (solid line) and
approximate asymptotic
solution (dashed line) 0.8
0.6
A,
04 \
0.2 N
0.0 T
0.0 0.5 1.0 15 2.0 25 3.0

The solution of the system of first approximation,

tx1 =x1+yo. ty1=(2—x0)y1 —x10,
is represented as the sum of the general solution of the homogeneous system coincid-
ing with the generating system and the particular solution of the non-homogeneous
system of first approximation that can be found by the variation of constants:

x1=Ct+Ci(t)t, y, = Dt’e”" + Di(t)t’e".

After substituting the expressions for x; and yj in the system of first approximation,
we obtain

From the initial conditions x1(1) = y;(1) = 0, we find
C = e_l, D =2e""'.
Therefore,

x~xg+ex; =t[l+ee ! —e),

yxyo+ey =12e {l4+e[@—1e ' —e ).

In Fig.3.12, the numerical solution y for e = 0.5 is plotted with the solid line and
the approximate asymptotic solution with the dashed line.

3.2.5. The solution of the Cauchy problem for the generating equation

Xo 4+ w?xg = 0,
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Fig. 3.12 Numerical
solution y (solid line) and

approximate asymptotic 0.5
solution (dashed line) ™~

with initial conditions x¢(0) = 0 and xo(0) = vy, is

. vo
xXp=asinz, a=—, z=uwt.
w

The general solution of the equation of first approximation,

3
. . a . .
¥+ w?x) = aw?cos? zsinz = sz (sin z 4 sin 37),

is
3
a
X1 =Mjcosz+ Nisinz — o (4z cosz + sin 3z).

From the initial conditions x;(0) = x1(0) = 0 we find

M, =0 N =1
l_a 1_32'

Therefore,
ea?
xX>~a [sinz + 3 (7sinz —sin3z — 410051)} .

To find the numerical solution, it is convenient to replace the initial equation with a
system of two first-order equations in normal form:

X=y, y=—-w’x+eyr.

In Fig.3.13, the numerical solution is plotted with a solid line and the two-term
asymptotic approximation with a dashed line forw =1, vp =2 and ¢ = 0.1.

3.2.6. We represent the approximate solution in the form

X =xotexi+eixa o, y=yoteyi+eatr . z=z0+en+ent .
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Fig. 3.13 Numerical X
solution (solid line) and -~

. 2 SN
two-term asymptotic
approximation (dashed line) / \
\

Neo—rer
0 2n t
After substituting this solution into the system and taking
Xx=w=z=xx=w=w=0, k=0,1,2,... for r=0,
into account, we find
4 3
xo=x1=0, x= I sinpcosp, yo=0, y = -3 cosp, 70 = 2.

To obtain the exact solution, we integrate the first and the third equations of the
system. Taking the initial conditions x(0) = z(0) = 0O into account, we get X =
—eysing and z = 2f + €y cos . Substitutig these expressions into the second
equation and transforming it, we obtain

¥+ %y = —2¢t cos p.

The function

2 (sinst ) 13
y = —Ccosyp —t) >~ —e— cosp
€ € 3

is a solution of this equation with zero initial conditions. From the first and the third
equations of the system we find

24 coset—1+t2 2t4 .
x = 2sin pcos ————— 4+ — ) @ e&” — sinycos p,
2 ® ) ) 12 P ®

coser —1 2
z=t2—20052<p — 4t )~
g2 2

3.3.1. The equation of second approximation

X2 + wzxz = —3bx8x1
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has the solution

3 9 1 sin ¢
— _b2A5
27 [(w2—1+w2—9) AW —1)
1 3 2 sin 3¢ sin 5¢
— + + :
4\w?2—-1 w?2-9)w?2—-9 4w?-9)(w?-25

3.3.2. We seek a solution of the equation in the form (3.3.3). The zeroth approxi-
mation xg for w # 1 is defined by formula (3.3.2). For w # 3 the equation of first
approximation

X1 +w2x1 = —bA3sintcos’

has the 27-periodic solution

b 43 sint . sin 3¢
X =—- ——+ .
! 4 wi—-1 w?2-9
3.3.3. After substituting the zeroth approximation (3.3.8) into the equation of first

approximation
X1 +x1 =asint + dxp +x0x§

we get
1 1
)'c'l—l—xl=Pcost+Qsint+Z(3MN2—M3)cos3t+Z(N3—3M2N)sin3t,
where
1 2 2 1 2 2
P=M §+Z(M +N) . Q=a+ N 5+Z(M +N) .

This equation has a periodic solution for x| if P = Q = 0. Assuming that M # 0
we arrive at a contradiction with the condition @ # 0. Therefore M = 0 and we get
the cubic equation

1
ZN3+5N+a=0

for N.
Let Ny be a real root of this equation. The equation of first order

1
X1 +x1 = ZNgsinSI

has the solution |
X1 = Mjcost + Nysint — o NS sin 3¢.
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From the existence condition for a periodic solution of the equation of second approx-
imation,
X2 +xp = 0x1 + )'ngl + 2x0X0X1,

we obtain the two equations

1 3 5N?
Mi(6+-N2)=0, N (6+>N)=-"0.
1(7L4 0) 1(+4 0) 128

From the first equation and the condition a # 0, it follows that M; = 0. For
0 # —3N§ /4, from the second equation we find

5Ny
N] = ——2 .
32 (40 +3Np)
3.3.4. The generating equation
X0+ 9xp = hsint
has a family of 27-periodic solutions

xo = M cos3t + Nsin3t + Hsint, H =h/8.

The constants M and N are found from the existence condition for the periodic
solution of the equation of first approximation

X1 +9x1 = dxo — bxg.

Substituting the expression for xq into this equation, we expand the right side in a
Fourier series and equate to zero the coefficients of cos 3¢ and sin 3¢. Thus, we find

3bM 3bN b
- (M? + N* +2H?)—6M =0, o (M2+N2+2H2)—6N—ZH3 =0.

Assuming that M # 0 we arrive at a contradiction with the condition 2 # 0.
Therefore, M = 0 and to find N we have the cubic equation

36N+ (6bH? — 48) N — bH> = 0.
Let Ny be a real root of this equation. Then

xo = Nosin3t + H sint.
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3.3.5.
(1) After the change of variables (3.3.20) the equation becomes

¥4+ ¢*x =cg(l —xHx, O =d0/dr.

We seek its solution in the form (3.3.22). Substituting the solution of the generating
equation (3.3.24) into the equation of first approximation

X1 4 x1 = (1 — x)x0 — 2g1%0

and taking the existence condition for 27-periodic solution x| (7) into account, we
get
M4

The periodic solution corresponds to M = My = /8, g; = 0. The solution of the
equation of first approximation,

.. My . . .
X1 +x = > (3sin 37 + sin 57),

is

3 1
x] = MjcosT+ NysinT — BMosin%— EM()SiHST.

From the condition x| = 0 for 7 = 0 we obtain Ny = 2M(/3. The constants M| and
g» are evaluated from the existence condition for a periodic solution of the equation
of second approximation

X2+ x3 = —2¢g2x0 + (1 — xg))'cl - 4)68)&0)61.

After transformations we arrive at M| = 0, go = 7/48.

In Fig. 3.14 the limit cycle obtained by means of the two-term asymptotic approx-
imation for € = 0.2 is plotted with dashed line. The solid line is a phase curve found
by a numerical integration of the Cauchy problem with initial conditions x = 2.5,
x=0.

(2) The change of variable (3.3.20) transforms the equation into

X —i—gzx =eg (1 — x2) X — Egzx3.

From the existence condition for a 27-periodic solution of the equation of first approx-
imation,
X1+ x1 = (1 —xp)xo — 2g91x0 — Xp,
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Fig. 3.14 Limit cycle X
(dashed line) and phase 3
curve (solid line)

\
4

where xo = M cos 7, we obtain M = 2 and g; = —3/2. We substitute the functions
xo and

3 1
Xy = MjcosT — 7 SiHT+Z(COS3T—Sin3T)

into the equation of second approximation

@y 2 +(1-3) il Bl
— =+ x0 =—2g1X1X —-x5) | — —_—
2 T g1X1X0 o)\ - T

—x0|292+ 97+ ZX()E x1 + 3xpx1 + 2g1x5 ) -

The existence conditions for a periodic solution provide the following system for
evaluating M| and ¢»:

6My +4g, =13, 2M; = —1,

which has the solution M; = —1/2 and g, = 4.
3.4.1. We seek a solution of equation (3.4.2) in the form

x=ua(t)cosz, z=t+ ().

The shortened system

has the solution
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where co and [y are arbitrary constants. Since a — 2 as t — 00, the stationary
solution a = 2 is stable.

3.4.2. In the case at hand, Eq. (3.4.15) has the form

4
i =—cB(a)., Ba) = %’ (% _ 1) .

The stationary solutions ¢ = 0 and @ = ag = ~/8 correspond to the state of
equilibrium and to a limit cycle. Using condition (3.4.20) we find that the state of
equilibrium is unstable and the limit cycle is stable since

dB
da

1 dB

, = =2.
a=0 2 da

a=ag

2,2 h
ézw:ea—w l_aw — —cosf|,
2 4 2

awﬁ:%sinﬁ—%(uz—l).

3.4.3.

3.4.4. For the equation under consideration
A(a) =a®, B(a) = naw/2.

Substituting these expressions into (3.4.13) we get the equation of the amplitude-
frequency response

2
n2a8w2 + [Zag + % (w2 — 1)] —h>=0.
€

To plot the amplitude-frequency response characteristic (AFRC) in the plane (w, a)
one should find all the real values of aq satisfying the equation of the amplitude-
frequency response for different values of w. As it was noted above (see Sect.3.4.1)
plotting the AFRC with this method is justified only in a small neighborhood of the
straight line w = 1. Calculating aq for a given w amounts to solve a cubic equation.
A more convenient way to construct the AFRC is to find w for the given value of ay,
since, in this case, one needs to solve a quadratic equation.

Introduce the new variables y = w?, £ = a?. Then the equation for the amplitude-
frequency response can be transformed into y> — py 4+ ¢ = 0, where

p=2y—n*?, g=+*—hE, y=1-2eL.
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Fig. 3.15 Amplitude-

frequency response 1
characteristic for h = 1, \
n=1ande =0.02

0
0.9 1.1

The roots of the last equation,

yig= (p + \/B) /2, where D = 2 (4h2/£ - 4WZ2 + 82n4) )

/ 8ch?
are positive real numbers for 0 < £ < £, where £ = £ 1—,/1— - isa
4e cen

root of the equation D(€) = 0 with ¢ = 1 — £2n?/4.

The curves y1(§) and y,(§) representing the amplitude-frequency response char-
acteristic in the plane (£, y) intersect at the point £ = &;. To plot the AFRC in the
plane (a, w) one should come back to the initial variables a and w.

The AFRC for i = 1,n = 1 and € = 0.02 is plotted in Fig.3.15.

34.5.
(1) We seek a solution of the equation

X+x =5(1 —xz)fc—ebx3
in the form (3.4.28), where

xo =a(r, m)cosz, z =T+ [B(r1, ™).

The equation of first approximation

g ) 1— &0 _
or? T oTon + ( xo) or 0

3
has a periodic solution x; = g—z (cos 3z —sin 3z) if

Oa _a l_ﬁ 98 _3 .
on 2 ) or T84
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146
2 3
= In[e™ + co(m)] + Bo(m2).

a=—,
V14 co(m)e T

From the existence condition for a periodic solution for the equation of second

approximation,
(92)62 32X1 6236() 82)(0 8x1 8x0
R v el e M xo)(a + an)
0x0

—2x0 — X1 — 3x0x1,

op 1 , lla
—(—1+a "6 )

we get
Oa al
=@ —6), —=
omn 8

87‘2 32
With the first equation one finds the function co(7) and with the second 5y(7)

(2) For the equation ¥ +x = ¢ (1 — x4) X in the first approximation we have

(92)61 82x0 4 Oxo
—_— =-2 1— —_—.
tH oT0m + ( xo) or

ot
The equations for a and (3 as function in 7y,
a a a*
have the solutions g
= [T cotra)e2m B = Bo(m2).

We substitute the periodic solutions of the zeroth and first approximations

5 ins
a (51113 Z—|—3sin3z)

0=acosz, Xx|=
128

into the right side of the equation of second approximation
%x 0%x 0%x 0%x Ox Ox
R T r e R UEETH] G
or oToT oTom) 871 on
3 8x0
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and equate to zero the coefficients of sin z and cos z. We then obtain

Oa _ 05 _ 1, 3ab 37 a*\’
o Om 8 48 48\ 8 ) °

From the first equation it follows that ¢y does not depend on 73, and from the second
equation we find [Fy(m).

3.5.1. The boundary value problem consists of a fourth order equation (EJw”)” = 0
and 4 boundary conditions:

w=w =0, for x=0, w’ =0, (EJw') =P for x =1,

where the moment of inertia J is given by formula (3.5.13).
An integration of the bending equations with the boundary conditions at x =/
gives
EJw' =Pkx -1, 0<x<I.

Represent w in the form (3.5.14). Then E Jow; = P(x — ), and therefore

Px?2

~ 6EJ,

wo (x —3D).

The equation of first approximation

d*w, B d* (x d*wy
dx* — dx2 \I dx?
has solution
Px?

T 12E )]

w) (x% — 4lx + 61%).

3.5.2. After evaluating the constants A, B, C, and D in (3.5.15) with the help of the
boundary conditions

wo=w, =0 for x=0, x=I,
one gets

qx
24E Jy

wo = 3 =22+ ).

In this case the solution of equation (3.5.16) is

qx

Y= T 20E 01

(3x4 53+ 214) .
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3.5.3.Lete = ESp/(cl) <« 1 and seek a solution of the eigenvalue problem

W+ Au=0, w0 =0, u(l)=—cl{)
in the form (3.5.19). The lowest eigenvalue, A, for the problem of first approxima-
tion,

uy+ Agu =0, up(0) =0, wu(l) =0,

is determined by the formula Ag = o2, where a = 7//, and the corresponding
vibrations mode has the form ugp = sin a.x.
Taking the boundary conditions for the first approximation

ur(0) =0, ui(l) = —lugy(l)
into account, we obtain

272

2
Ay =—=[wjuo — uluf)]i) =0

l

3.5.4. The equations describing the longitudinal vibrations of bars are

d?y®
dx?

+AuP =0, k=12,

where u® are the displacements of points of the kth bar. We seek the solution of
these equations satisfying the boundary conditions

du® du® du®
W) =0, vV =u?W), ——0=010+)——, @ =0
dx dx dx
in the form
u® =u(()k) +u§k)€+~~~ , Ao+ Aje+---
The eigenvalue problem of the zeroth approximation,
d?ug *)
72 +Auy’ =0, k=1,2,
dull dul? du®®

(1 ) ) 0 0 0
uy (0) =0, uy () =wuy (1), I ) = I (OF I 2h =0,

has the solution

Ay = az, uf)l) = u(()z) = sin ax.

The first eigenvalue is o = 7/ (41).
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Multiplying the equation of first approximation,

dzuik)

— + Ao = A, k=1,2,
X

by u(()k) and integrating by parts over the intervals [0, /] for k = 1 and [/, 2/] fork = 2
we obtain the equalities

l 21

du'V 1 du'V du(z) du(z)
Y ZR i W B NP D N A (s I B R =30 I
i |: dx ° dx ! 0 172 dx © dx ! .

where
I = sin“ —dx, L= sin® — dx.
0 4] / 4]

Adding the obtained equalities and taking the boundary conditions of the first approx-
imation

du(l) du(z) du(z) du(z)
(D (e8] 2) 1 1 0 1
0) =0, /) = D), /) = )+ 1), 20) =0
uy(0) uy () =uy” (1) dx() dx() dx() dx()

into account, we get the formula

duf’ o)
A1+ D) = _W(Z) Uy (),

from which we have r

Ap = ——.
L= g2

3.5.5. In the zeroth approximation we get a problem for the vibrations of a beam with
constant cross-section

wy” — Aowo =0, wo=wy=0 for x =0,1.

The vibrations mode wy = A sin apx corresponds to the first eigenvalue Ay = ag,
where og = 7/1. From the equation of first approximation,

2
wf” — Aow = 7 wg/ + Ajwg,
we find that A = 0.

3.5.6. After separating the variables

w(x, y) = w(x)sin By, B = 7;—” n=1.2 ...,
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we get the ordinary differential equation

d2
2t At +eg - lw=0, A=cou?
dx?

for the function w(x) and the boundary conditions
w(0) = w(a) = 0.

We seek a solution of the eigenvalue problem in the form (3.5.19). The zeroth approx-
imation problem,

d2w0

T T (Ao = Fuwo =0, wo(0) = wo(@) =0,

has the nontrivial solution

. m
wyg=Asinax, a=—, m=1,2,...,
a

for 5 s
m n
A0:a2+62:7r2(a—2+ﬁ).

From the solvability condition for the equation of first approximation,

3 +(A0—ﬂ )w1+A1wo+Aogwo:0,
dx
we obtain
2A0 (€ )
Al =—"—— gsin® ax dx.
a 0

3.5.7. We expand the coefficients of the system of equations in series in powers of §
and omit the terms containing 5™ for m > 1. We come to the system

u —Bu — vl +spw — Bw = —Au,
v(1+s/)u — Bu— (1 4+28s)w = —Aw.

We represent its solutions in the form
u=ug+ Pu;, w=wo+ Lw;, A=A+ LAl
In the zeroth approximation we have the system of equations

uy — vwy = —Aoug, vuy —wo = —Aowo,
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which describe the membrane vibrations of the cylindrical shell. This system is
equivalent to the equation

» (I —=AogAo
o2 =

1/ 2
Uy + a“ug =0, = .
0 1-12— A

Taking the boundary conditions ug(0) = wug(l) = 0 into account, we find ug, =
sinfag, (s — )], an =7n/l, n=1,2,... The lowest eigenvalue,

1
Ao=3 [1+a%—\/(1+a§)2—4(1 —u2)a2],
corresponds to the vibrations mode

wo = sinfa (s = )], wo =

v cos[ay(s — )]
I—AO ap(s .

Consider the system of equations of first approximation

uf —vw| + Aour = ugy + vswy — Ajug + wo,
vy — wi + Aowi = —vsugy + ug + 25w — Ajwo.

Multiply the first equation by ug, the second by wy, add together and integrate the
obtained equality by parts over the segment [0, /]. Taking the boundary conditions and
the system of equations of zeroth approximation into account, we find the equation

i
Ay = / <u6u0 + vswiuo + 2woup — vsugwo + 2sw8) ds,
0

! l 26" 2
2 2 1

After evaluating the integral, we find

where

A(z)yzl2

Al = 5 .
21p(1 — v= = Ag)(1 — Ao)

3.5.8. To construct the asymptotic expansion we apply the method that was used
in Sect.3.5.3 to solve Eq.(3.5.31). Representing the solution in the form (3.5.34)
instead of Eq.(3.5.36) we get an equation for vy,

—v( + cnyy = sin7x.
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Its solution, vg = sinmx /(7% + cn), satisfies the boundary conditions vy(0) =
vo(1) = 0. For the function w;(x, &) we again obtain expression (3.5.38). The
equation

—v} 4 cnvy = 2n’vg/12

admits the solution

Zn2vy
V= ——.
12(n2 + cn)
Therefore
PSR LL g PR PP PR I
ulx) > —— 11— — —D(E—-i— — e
w2 +cn 2n 6 12(72 + cn)

i<&<i+1, &=nx.
3.5.9. Represent the solution of the eigenvalue problem in the following form
w=vo(x) +n i) +wilr, Ol + -+, (wix,8) =0,
A=Ag+n A+, & =nx.
After averaging the equation of first approximation we obtain the equation

d4

o+ (en— Aoy =0,
which describes the vibrations of a beam on an elastic foundation. Taking the bound-
ary conditions

d 2 Vo

ZFZO for XZO, X=1,
X

Vo

into account, we find the eigenvalues Aoy = (7k)* + cn and the eigenfunctions
vox = sin kmrx for the eigenvalue problem of first approximation.
The equation for evaluating wy (x, £) is

9wy il
8_54 = cnvo[l — ;5(5 — l)].
Integrating this equation with respect to &, one gets

8311)1

8_53 = C}’l(l — §)v0 + C]i.
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After averaging the last equation we find Cy; = 1/2. Continuing integration with
respect to £ in combination with averaging we obtain

wa(x, € = envo [ (€ = DXE—i = DI = 1/720], i=E=i+1.

An application of the averaging operator to the equation of second approximations
produces the equation

d4v1 n 2n? A 4 A
cnvy — ——vg = Agv Vo,
e 1= g Yo 0v1 1V0

from which we can find A = —c2n?/720.



Chapter 4
Singularly Perturbed Linear Ordinary
Differential Equations

In this chapter, we study systems of linear differential equations with variable coef-
ficients containing a small parameter p in the derivative terms [10, 25, 49, 50, 57,
62, 63, 65]. Singular perturbation is characterized by the fact that for 4 = 0 the
initial system transforms to a system of differential equations of lower order or even
sometimes to a system of algebraic equations. In the absence of turning points, we
construct an asymptotic expansion of the fundamental system of solutions as . — O.

We discuss methods of asymptotic solutions of linear boundary value problems.
As examples, we analyze one-dimensional problems for equilibrium, dynamics and
stability of solids.

4.1 Solutions of Linear Ordinary Differential Equations
of the nth Order

Consider the linear differential equation of order n

n k
dty
_ E k _
M/Ly_k_ou ap(x, p) Ik =0, pu>0, “.1.1)

where

o0
ap(x, p) =~ Zujakj(x), w—0, xes,
j=0

in the real or complex domain S under the assumption that the coefficients ay;(x)
are real analytic or complex analytic (holomorphic) in §, respectively. Later in the
book, domains are assumed to be real unless specifically stated. However most of the
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results hold also for complex domains. After the introduction of additional unknown
functions

d]

5 i=01...n-1,
X

YJ_N

Equation (4.1.1) can be transformed into a system of equations. However for the sake
of illustration the equation is studied separately.

4.1.1 Simple Roots of the Characteristic Equation

We seek a solution of equation (4.1.1) in the form
ya ) = U, ) exp( / A(x)dx) Ux, ) = Zu ue(x).  (4.12)
k=0

After substitution in (4.1.1) and equating the coefficients of 1 to zero. we obtain
a system of equations in the unknowns A(x) and uy (x):

Pougy = 0, (4.1.3)
1 d
Pouy + P ufy + = PP Nug + Puug =0, () = — (4.1.4)
2 dx
M L @y [N | NEN A 1 3\
Pour + P u1+2P() /\u1—|—P1u1+2P 0+2P Nu 6P0 Nug
L @ ) [RNCIN
+8P ()\)zuo—i—P u0+2P1 Nug + Poug =0, ..., “4.1.5)

where the functions Pk(m) are polynomials in A with coefficients depending on x and
their derivatives in A of order m:

n
Pj=Pi(x.)) =D ajx)X\, j=0.1,...,

d™ P;
dxm’

pj('"> = P;’”)(x,,\) = m=1,2,... (4.1.6)
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To derive formulas (4.1.3)—(4.1.5) one should use the expansion

1 d* I k(k —1
o [U exp(;/ )\(x)dx)} = [UA" + 1 (k/\k‘U’ + %)\kzk’U)
X

0

uz(k—(k =D 27 k= 1y — 20 (A_U - U)
) 2 6
n k(k — 1))k8_ 2)(k—3) (V)2 U) 4 O(M3)] exp(% /x A(x) dx),
X0

which may be checked by means of mathematical induction. After that this expansion
and also expansions for coefficients ay (x, p) and function U (x, ) are substituted in
Eq.(4.1.1).

We are interested only in nontrivial solutions of equation (4.1.1). Thus, Eq. (4.1.3)
produces the characteristic equation in A,

Po(x, N) = D aro(x)\* = 0. 4.1.7)
k=0

For a,0(x) # 0, Eq.(4.1.7) has n roots
AL(x), A(x), ..., Ap(x). (4.1.8)

Let A(x) be a simple root of equation (4.1.7), i.e. P{" (x, A(x)) # 0 for x € .
Then Egs. (4.1.4), (4.1.5),...have solutions u¢(x), u(x), .. .analyticin S. Therefore,
series (4.1.2), with analytic coefficients uy(x), transform equation (4.1.1) into an
identity in S. Such series is called a formal asymptotic solution. Further, we limit
ourselves to the construction of such solutions leaving aside the question of existence
of exact solutions for which the obtained solutions are asymptotic expansions.

If all n roots (4.1.8) of Eq.(4.1.7) are simple, one can construct n linearly inde-
pendent solutions of equation (4.1.1) in the following way.

Find the asymptotic expansion (4.1.2) of a linearly independent solution of the
equation

2d 2y

o p +px)y =0, px) >0, “4.1.9)

where 1 > 0 is a small parameter and the function p(x) is analytic. The problem of

free vibrations of a string with variable linear density along the length of the string
is reduced to this equation (see Sect.4.4.3).

The characteristic equation (4.1.7) takes the form N+ p(x) = 0 and has solu-
tions A(x) = +ig(x), ¢(x) = (p(x))!/2. Construct a solution corresponding to the
root A\(x) = ig(x). The second solution is the complex conjugate of the first one.
Equations (4.1.4), (4.1.5), ... give:
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d
2qul, +upq' =iu,_y, n=0,1,..., u_;1 =0, (= e (4.1.10)
X
Solving these equations we obtain
—1/4 I * "
uo = [p()I™"",  upy1 = EMO(X) up(Qu,(§)d§, n=0,1,..., 4.1.11)
X0

where the lower limit of integration, xo, is arbitrary and may be chosen for conve-
nience. In the particular case p(x) = 1 + ax we get

iy = (—i)"by (p(x)) ™, (4.1.12)
where (6n — 5)(6n — 1) 1 3
n — n — n
b = 1’ b = —b —1, = — —_—.
0 n 481 n—1 ﬁn 4 + B

It is clear that series (4.1.2) converges since the ratio of two consequent terms
goes to infinity with n.

As a second example, we construct the asymptotic expansions (4.1.2) for the
solutions of the equation

4 4

d2
) (p(x) d—xi) —px)y =0, px),pkx) >0, (4.1.13)

where the functions p(x) and p(x) are analytic. The problem of transverse vibrations
of abeam with variable cross-section can be reduced to this equation (see Sect.4.4.4).
In this case

PoN) = pAt —p, PL) =2p'N, PV = p"A%
The characteristic equation (4.1.7) has four roots:

1/4
M =gqrr, k=1,2,34, q:(g) , =i, n=—i,r3=-—1, ry=1.
p

(4.1.14)
Equation (4.1.4) gives

Louo = 42> pufy + 6)2 XN pug + 233 p'ug = 0,

from which we find ug = p~1/3p=3/3 for all \;.
Equation (4.1.5) has the form

Lougk) + r]%Llu() =0,
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where

Liug = 6pq*ug + 12pqq'u +4paq”uo + 3p(g')*uo
+6p'q*uy + 6p'qq'uo + p”q*uo.

From the last relation, we obtain

uik)z—u—o M()Llu()dx, k= 17 21 374’
4rk

For the important case p = const, we get, after simplification,

W =2y, dx. (4.1.15)

_ Sug / 3(¢")* — 299"
e T8

613

For the general case, see Sect.4.4.4.
The integrals y! and y® oscillate and the integrals y® and y® are edge effect
integrals.

4.1.2 Multiple Roots of the Characteristic Equation

The case of multiple roots is a matter of significant difficulties. If the multiplicity of
the roots (4.1.8) changes at some points x = x,, such points are called turning points
or transition points. They are considered in Chap. 5. Besides that, the roots may be
multiple identically. In this case, fractional powers of p can appear in expansion
(4.1.2). Here we limit ourselves to study the case of the root zero of multiplicity m,
that is widely met in applications.

Consider the linear differential equation of order n = [ + m,

l . dk+my m—1 dky
Loy— ) a4 u) —= =0, 4.1.16
5y éu iy (6 1) s + 2 ai(x, 1)~ (4.1.16)

under the same assumptions on the coefficients ay (x, p) as for Eq. (4.1.1). For u = 0,
Eq. (4.1.16) degenerates into the following equation of order m:

m dky
Loy = ,00— =0. 4.1.17
0y g;ak(x ) (4.1.17)

Multiply equation (4.1.16) by u™ to get an equation of the form (4.1.1). The
corresponding characteristic equation
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l
>k (x, )N =0, (4.1.18)
k=0

has the root zero of multiplicity m. Let a, (x, 0) # 0 and a,, (x, 0) # 0, and suppose
that all roots of the equation

I
> dpim(x, 00X =0 (4.1.19)
k=0

are simple. Then Eq. (4.1.16) has [ solutions of the form (4.1.2), the other m solutions
are not fast oscillating functions in x and they admit the expansions

Y p) =D pue(), (4.1.20)
k=0

where vg(x) satisfies Eq.(4.1.17), and the functions v (x) satisfy non-homogeneous
equations, with left sides the same as in (4.1.17).
Find asymptotic expansions for the solutions of the second-order equation

d*y d

WS @@ T Fa@y =0, a@ £0, @) £0. @121

dx
where p is a small parameter, and the functions ag(x) and aj (x) are analytic.
The characteristic equation (4.1.18) has two roots: A (x) = —aj(x) and Ay (x) =

0. The root A{ (x) provides a solution of the form (4.1.2) and by (4.1.5) the functions
u, (x) satisfy the equations

()\Un)/‘i‘aobtn-i-bt;l/_l: , n=0,1,..., u_1=0.

When solving these equation we obtain

1 ao Uy
= exp /—dx , u,,:uo/ dx, n=1,2,...
a(x) ai aiuo

In the particular case aj(x) = 1 4+ aux, we get

uo

_BB-D,
2n+3

. 1
up = "by(l+ax)™, By=——2n—1, bp=1, byy = -
@
The series (4.1.2) diverges.
Now, find the slowly varying solution (4.1.20) of Eq.(4.1.21) corresponding to
the root A\x(x) = 0. So, we have
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’ ao
ayvy + apvg =0, vozexp(—/a—ldx),

v//

aiv, + apvy, + v, _; =0, vnz—vo/ —dx, n=1,2,...
aivo
In the particular case a;(x) = 1 + ax, we have
, 1 -1
vy =d"c,(1+ax)”™, ~vy=———=2n, co=1, cpt1 = M -
« 2n+3

The series (4.1.20) is also divergent.

4.1.3 Asymptotic Solutions of Parameter-Free Equations

The above algorithm for the construction of solutions may be applied to some linear
equations not containing the parameter p as & — o0o. Consider the equation

n dky
D di(©) == =0 (4.122)
k=0 d{k
in the domain § = [&p, 00) for
d (&) =D dii&. (4.1.23)
=0

After the change of variable x = p&, Eq.(4.1.22) takes the form (4.1.1) where
aij = dij_j.

As before, we seek a solution in the form (4.1.2). Since the coefficients ayq are
constant, the roots (4.1.8) of Eq.(4.1.7) are also constant. For the simple root A,
Egs.(4.1.4), (4.1.5), ... provide the system

n
P()(l)u6 + blx_luo =0, b = del)\ka
k=0

1
PVuy 4 bixuy + Epo‘%g + x4+ bax2ug = 0, (4.1.24)

n n
BV =" kda XV by = d)
k=0 k=0
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Solving system (4.1.24), we obtain

up = cx® %, k=0,1,..., (4.1.25)
where cq is an arbitrary constant and

by

o0=——-
(1’
Py

1 -1
c1 = ¢ |:§a (a—1) PSZ) + bﬁ“a + b2i| (Pél)) b

Returning to the original variable £ we find an asymptotic solution of equation
(4.1.22) in the form

o0
y ~ chgafkekg, as £ — oo. (4.1.26)
k=0

In this manner, if all n roots of equation (4.1.7) are simple we find all n solutions.
Naturally, it is more convenient to seek solutions of equation (4.1.22) in the form
(4.1.26) without introducing the auxiliary variable x. These manipulations were
made to show the relation between asymptotic expansions in the parameter 1 and
asymptotic expansions of solutions of linear differential equations in a neighborhood
of the singular point £ = oo.

Find the asymptotic expansion of the Bessel function J, (x) (see [1]) satisfying

Bessel’s equation
d’>y 1dy v?
— + - — 1-—=])y=0, 4.1.27

dx2+xdx+( xz)y ( )

as x — +o0.
This equation is a particular case of equation (4.1.22) and its solutions have the

form (4.1.26):
o0
y = e)\x chxafk'
k=0

Substituting this solution in Eq.(4.1.27) we have A 2 = &i. For A\ = i we obtain

1 (k+1/2)? =2
=, =1, =i— 1= " o, k=0,1,...
« 5 Co Ck+1 1 2k + 1) Ck

So, we have J,(x) >~ R(Cy), where C is a complex constant, which can be evaluated
by the integral representation of J,, (x),

J,(x) = *x/2)" /7r cos(x cos 0) sin?” 0 d6.
1/2) Jo

ST (v +
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Using the method of stationary phase (see Sect.2.4) we find the main term in the
asymptotic expansion

1

AR

2 mw T
J;,()C): E COS(X—T—Z)—FO

Comparing this formula with the first term of the series for y(x), we obtain

4.1.4 Asymptotic Solutions of Non-homogeneous Equations

Now, we construct particular solutions for non-homogeneous equations. Consider
the equation

1/ — &
Myy = f(x. 1) exp ;/ v(x)dx), fOom =D i fe@).  @4.1.28)
X k=0

0

where the functions y(x) and fi (x) are analytic in S and M,y is the operator in the
left side of (4.1.1). If

y(x) £ M(x), k=1,...,n, x€S8, (4.1.29)

where A (x) are roots of equation (4.1.7), then a particular solution y*(x, u) of
Eq. (4.1.28) has the form

o0
1 X
y(x, p) E ,ukvk(x)exp(—/ y(x)dx), as u— 0. (4.1.30)
_ M Jxo
k=0

The functions vg(x) are analytic in S and they are evaluated after substitution of
(4.1.30) in (4.1.28). In particular,

vo(x) = fo(x) (Po(y(x), x)~". (4.1.31)
If condition (4.1.29) fails at distinct points x, then the solution differs from (4.1.30).

This is the so-called resonance case, which is discussed, for example, in [25].
The non-homogeneous equation (4.1.16)

Ly = fG,m) =Y u*fi(x), as p—0, (4.1.32)
k=0
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where the operator L,y is as in (4.1.16) with a,, (x, 0) # 0, has particular solution

o0
YR, ) = D> pF i), as 0. (4.1.33)
k=0

Here y;(x) is one of the particular solutions of the equation

Loy = fo(x) (4.1.34)

and Loy is the operator in the left side of Eq. (4.1.17).

4.1.5 Exercises

4.1.1. Find the asymptotic expansion (4.1.2) for the solutions of the equation

W p(x) == —prx@y+px)y =0, px),pkx) >0,
x dx

where the functions p(x), r(x) and p(x) are analytic. This equations appears when
studying asymptotic solutions of Sturm-Liouville problems. Consider the particular
case p = p = 1 4+ ax and r = 0, corresponding to longitudinal vibrations of a bar
with a linearly varying cross-section.

4.1.2. Find the asymptotic expansion (4.1.2) for the solutions of the equation

2

d
,u2 ﬁ —c(x)y=0, c(x)>0,

where c(x) is analytic.

4.1.3. Find ug and u'\" for Eq. (4.1.13) for p(x) = p(x) = 1 + ax. In this case, the
equation describes the vibrations of a beam with a linearly varying width.

4.1.4. Under the conditions of Exercise 4.1.3 find ug and u(lk) for a beam with a
linearly varying thickness, i.e. p(x) = p(x)3, p(x) =1+ ax.

4.1.5. Find the first two terms of the asymptotic expansions (4.1.2) for the solutions
of the equation

, d? d?y
) p(x)m +c(x)y =0, p(x), cx) >0,

describing the deflection of a beam on an elastic foundation.

4.1.6. Find the first terms of the asymptotic expansions for the solutions of the
following equation with constant coefficients
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14)) i2y

2

— == 4+ 2 L Ay =0,
dx*  dx? Y

which describes the vibrations of a non-absolutely flexible string (see Sect.4.4.2).
4.1.7. The modified Bessel functions 7, (x) and K, (x) satisfy the equation

d*y 1dy V2
LY _(1+Z)y =0
dx2+xdx (+x2)y

Find the asymptotic expansions of the functions /,,(x) and K, (x) for fixed v as
x — 4-o00. To evaluate the constant multipliers use the integral representations:

sin(7v)

1 ™ o
I,(x) = —/ exp(x cos 0) cos(vl)db — / exp(—x cosht — vt) dt,
T Jo 0

7T
K,(x) = / exp(—x cosh t) cosh(vt) dt.
0
and apply the Laplace method (see Sect. 2.3).
4.2 Solutions of Systems of Linear Ordinary Differential
Equations

The results obtained in this section are largely similar to those found in Sect.4.1.
Consider the system of equations

d
" d—y = A(x. )y, p>0, @.2.1)
X

where y is an n-dimensional vector and A is a square matrix of order n with real or
complex analytic coefficients in the complex domain S, in the form

o0
A(x, p) ~ Z,ukAk(x), as p— 0, (4.2.2)
k=0

4.2.1 Simple Roots of the Characteristic Equation

We seek a formal asymptotic solution of system (4.2.1) in the form

o 1 X
yGo, ) = > U exp(—/ /\(x)dx). (4.2.3)
k=0 :U’ X0


http://dx.doi.org/10.1007/978-3-319-18311-4_2

166 4 Singularly Perturbed Linear Ordinary Differential Equations
The function A(x) satisfies the characteristic equation
det(Ag(x) — A(x)I,) =0, 4.2.4)

where I, is the identity matrix of order n. If A(x) is a simple root of equation
(4.2.4) for all x € S, then all vector-functions Uy (x) are recursively evaluated after
substitution of (4.2.3) into (4.2.1) and they are analytic in domain S.

We consider in detail the process of evaluating a vector-function Ug(x). After
substitution of (4.2.3) in system (4.2.1) and equating coefficients at ;° and ! we
obtain the equations

[Ao — A(x)1,]Uo = 0,
dUy

[Ao — A1, U + A Ug = v 4.2.5)
From the first of these equations it follows that
Uo(x) = po(x)V (x), (4.2.6)

where g (x) is a scalar function and V (x) is an eigenvector of the matrix Ag(x)
corresponding to the simple root A(x) of Eq.(4.2.4).

The function ¢g(x) is evaluated only at the next approximation. The second
equation in (4.2.5) is considered as a system of linear non-homogeneous equations
in the components of the vector U |. The determinant of this system is equal to zero
and the compatibility condition for the system is

wr 400

wliA Uy =
1Y 0 dx

(4.2.7)

where W (x) is an eigenvector of matrix Ag (x) and the symbol T means matrix
transpose,

[Ag (x) — )\(x)I,,] W =0. (4.2.8)
From (4.2.7) we obtain a differential equation of first order for the function ¢q(x):

d whaa, v -v’
%(x) = bo(x)po(x), where by = %

, 4.2.9)
which can be integrated by quadratures.

For a simple root A(x) all functions A(x) and U (x) are analytic in S. If for
all x € § all roots of equation (4.2.4) are simple, then formula (4.2.6) defines the
fundamental matrix of formal asymptotic solutions.
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Find the asymptotic expansion of the solutions of the system of equations

dy i dz .
—— =ycosx +zsinx, p— = ysinx+ 3zcosx (4.2.10)
dx dx

as i — 0. We seek a solution in the form (4.2.3):

d 1
{yCe, ), 2(x, )} =Zuk{yk(X),Zk(x)}GXP( //\(x)dX). (4.2.11)

k=0 H
The characteristic equation (4.2.4)
[Ax)]* — 4\(x) cos x + 3cos2x —sinx =0

has the roots A\; 2(x) = 2cosx % 1. These roots are simple for all x and thus the
required solution exists.

We now consider only A\{(x) = 2cosx + 1. Substituting (4.2.11) in system
(4.2.10) and equating the coefficients of ;% we get the equations

—yi(1 + cosx) + zxsinx = y,_,
vl )+ 2 Ykl (4.2.12)
yesinx +zg(cosx — 1) =z, _;, k=0,1,...,

andy_; =z_1=0.
For k = 0, we obtain

. X X
Yo = @o(x) sin 5 Z0 = @o(x) cos 5

where the function (g (x) is evaluated at the next approximation.
Fork > 1, system (4.2.12) in y; and z; has zero determinant and the compatibility
conditions for the system are

X

’ .
s
Yk—1 2

+z,’c_lcos)§c =0, k=1,2,...
For k = 1, the compatibility condition implies ¢{ = 0.

Assume that ¢o(x) = 1. Then the solution of system (4.2.12) for k > 1 has the
form

.x 1, x 1,
yk=<pk(x)sm5—§yk_1, Zk=<pk(x)cos§—5zk_l, (4.2.13)

Substituting this solution into the compatibility condition we get

, 1P, . x 1, X
Q'Okziyk*lsmi—kzzk ICOSE’ k=1,2,..., (4.2.14)
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from which, for k = 1, we obtain

, 1 ( L2 X n 2x) 1 x

= ——(sin“ = +cos*=) = ——, = ——,

TR 2 2 g 1T7%
X 1 X X n 1 . x
= ] 8in — — — COS —, = ]coS — + — sin —.
Y1 =1 571 3 1 = @1 > T3 )

Thus, the first two terms of series (4.2.11) are obtained. Using the recursive formulas
(4.2.13) and (4.2.14) one can find any number of terms; however one could hardly
expect to find a general formula.

4.2.2 Multiple Roots of the Characteristic Equation

As in the case of one equation of order n, we should separately consider the cases
where the roots Ai(x) of Eq.(4.2.4) change multiplicity at some points (turning
points) and when the roots are identically equal to each other. The first of these cases
is discussed in Chap. 5.

Here, we consider the system of equations

d dz
D Ay +Anz, p 22 = Ay + Anz, 4.2.15)
dx dx

where y and z are vectors of dimensions m and /, respectively, and A;; are matrices
of the corresponding sizes regularly depending on

0
Aij = Aij(x.p) = D pFAD (). (4.2.16)
k=0

Multiplying the first equation in (4.2.15) by u we get a system of characteristic
equations of the form (4.2.1) which has m roots identically equal to zero. The other
[ roots satisfy the equation

det (45 () = A1) = 0. 4.2.17)

A root A(x) of Eq.(4.2.17), which is simple and vanishes nowhere, provides a
solution of the form (4.2.3). If all / roots of equation (4.2.17) are of this type then
we get [ solutions of the form (4.2.3).

For u = 0, det(Ag;) (x)) # 0 and system (4.2.15) degenerates into a system of
equations in y of order m:

dy 0 0) 4 (0)—=1 4(0 0)—1 4 (0
d_xo = (Agl) - Agz)Agz) A(21)) Yo, 20 = _A(zz) Agl)yo’ (4.2.18)
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which has m linearly independent solutions.
For 11 # 0, the original system (4.2.15) has m solutions of the form

o0 o
ya. ) 2> iy ), 2w 2> i), as p—> oo, (4.2.19)
k=0 k=0

where yq(x) and zo(x) are the same as in (4.2.18).
We examine the behavior of solutions of the gyroscopic system

i (A(x)d—y) + HG(x) d_y + B(x)y=0 4.2.20)
dx dx dx

under the assumption that y is an n-dimensional vector, A (x) is a positive definite
symmetric matrix, G (x) is a skew-symmetric matrix with det G(x) # 0, the elements
of the matrices A, G, and B are analytic, and H is a large parameter. System (4.2.20)
is analyzed in [46]. Note that n is even since, for odd n, det G(x) = 0.

System (4.2.20) is reduced to a system of the form (4.2.15) by introducing the
auxiliary variables z = Ady/dx:

d d
a7z, = —GA 7+ By, (4.2.21)
dx dx

where ;1 = H ™! is a small parameter. This system has 7 rapidly oscillating solutions
of the form (4.2.3) and Eq. (4.2.17) for \(x) is

FOMx)) = det(G + A(x)A) = 0. (4.2.22)

We prove that all roots of this equation are pure imaginary by considering the
auxiliary system of equations

d
Ax) d—': +G()u =0,

where x is a parameter. By virtue of Lyapunov‘s Theorem [45] a trivial solution
of this system is stable since the quadratic form V = u” Au is positive defi-
nite and its derivative dV/dt = —2u” Gu = 0 because the matrix G is skew-
symmetric. Therefore, Eq. (4.2.22) does not have any roots A(x) with it A(x) > 0.
But f(—=A(x)) = f(A\(x)), and also roots with it A(x) < 0 do not exist. There are
no trivial roots because det G # 0.

Thus, the system has n rapidly oscillating integrals. The behavior of the other n
integrals differs from those of type (4.2.19) since they are very slow varying integrals
(dy/dx ~ py). To find the integrals we replace system (4.2.20) with the following
equivalent system of Volterra integral equation of the first kind
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d

* d
y=Yyo— u/ G™! [By + — (A —y)i| dx = L(y), (4.2.23)
0 dx dx

where y is an arbitrary vector. The solution of this system obtained by the iterative
scheme y, . = L(y,) results in the asymptotic expansion (4.2.19), in which

X
Yo = const, ylz—/ G_lByde,
0

X X d
yzz/ [G—ls/ G_lByde—i—G_l—(AG_]B)yo] dx.
0 0 dx

4.2.3 Asymptotic Solutions of Parameter-Free Systems

Similar to Sect. 4.1, we consider asymptotic equations for solutions of the system of
equations

dy
d_§ =A)y (4.2.24)
as & — 0o. Assume that
A© =D A as £ oo, (4.2.25)
k=0

where Ay are constant matrices.
The change of variable x = p€ transforms system (4.2.24) into one of the form
(4.2.1). A simple root A(€) of the characteristic equation (4.2.4) defines the solution

o0
YO =D U N, as {— oo, (4.2.26)
k=0
where Uy are constant and the factor « is equal to

_ VgAlU()

4227
VU, (42.27)

Here Uy is the eigenvector of the matrix Ag corresponding to the eigenvalue \(§)
and V) is the eigenvector of the transposed matrix Ag .
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4.2.4 Asymptotic Solutions of Non-homogeneous Systems

Consider the non-homogeneous system of equations

ud—y =A(x, )y + F(x, p) eXp(l/ W(x)dx), (4.2.28)
dx M Jxg

where

o0
F(x, )~ Y prFr(x), as p—0,
k=0

the matrix A (x, ) is the same as in (4.2.1), and the vector-functions F(x) and the
function y(x) are analytic in S.

If condition (4.1.29) holds, where now A\ (x) are the roots of equation (4.2.4),
then the solution of equation (4.2.28) has the asymptotic expansion

o0 1 x
YL ) = D yiouk exp(; / ’y(x)dx), (4.2.29)

k=0 0

The analytic coefficients, y(x), are found recursively by substituting (4.2.29) into
(4.2.28). In particular,

Yo (x) = [Ao(x) = I,y(0)] ™ Fo(x). (4.2.30)

The case y(x) = 0 is not excluded from our consideration. However condition
(4.1.29) requires that none of the roots of equation (4.2.4) vanishes at some points.

4.2.5 Equations of the Theory of Shells

The system of Donnell’s equations [18]

Eh3 1 A1 151 2
— 0 AAw - A - pho?w =0,
121 —v9) (4.2.31)
1 1Al x1 1
EA A D +Akw=0,

describes the free vibrations of a shallow shell, where w is deflection, ®! is the stress
function, E is Young’s modulus, v is Poisson’s ratio, p is the density, £ is the shell
thickness, w is the vibrations frequency, A and A ,1 are linear differential operators of
the second order. We apply system (4.2.31) to describe non-axisymmetric vibrations
of a shell of revolution with m waves in the circumferential direction. On the surface
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Fig. 4.1 A shell of
revolution with curvilinear
coordinates s' and ¢

of the shell we introduce the curvilinear coordinates s, , where s!is the arc length
of the meridian and ¢ is the angle in the circumferential direction (see Fig.4.1).
After separation of variables,

w(s', ) = w(s") cosme, P(s!, ) = d(s!) cosmep, (4.2.32)

and the operators A' and A ,1( take the form

1 m? 1 (Bw'\  m? d()

Al Z_B//__ , Al — _ _ , /=—,

w=g Bw) — e Aw B(Rz) rRiB2" ds!
(4.2.33)

where B(s!) is the distance from the axis of revolution, and R;(s!) and R (s!) are
the main radii of curvature (see Fig.4.1).

Let R be the characteristic size of the neutral surface. We turn to non-dimensional
variables:

5! B R R
TR TR TR TR
. ) 21 2 , (4.2.34)
D pw”R 4 h
(b = -, A = . ’LL = 5>
EhRp? E 12(1 — v2)R?

where A is the frequency parameter and i > 0 is a small parameter.

System (4.2.31) contains three main parameters, p, m, and A, and the asymptotic
expansions of the solutions of the system depend on the relations between the orders
of the parameters [30].
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4.2.6 The Casem ~ p~1, A ~ 1

Consider non-axisymmetric vibrations with m waves in the circumferential direction,
where m is large. Assume that A = O (u°),m ~ p~!. Letr = um ~ 1. Then system
(4.2.31) can be rewritten in the form

AAW — A — Aw =0, AAD+ Ayw =0, (4.2.35)
where
r2 1 kir? d()
Aw = —b — Arw = 12 — (bkow') — —— , = —2,
w = p? — (bw') Sw, Aw ub( 2W W @) s

System (4.2.35) contains a small parameter p in the derivative terms. This system
can be reduced to the standard form (4.2.1) by introducing the auxiliary functions

dk 1 dkflq)
k—1 _ k=1
ds k=1 Yik+4 = 1 dsk_l ’

Vi = k=1,2,3,4, (4.2.36)

Hence, one should seek a solution of system (4.2.35) in the form

w(s, p) ~ Zukwk(s) exp(/% /s A(s) ds),
— S0

B (s, 1) = Zu d>k<s)exp( / A(s)ds),
50

k=0

(4.2.37)

Substituting series (4.2.37) in system (4.2.35) and equating the coefficients of
equal powers of 1 we find that the function A(s) satisfies the characteristic equation,
which is an algebraic equation of the degree eight:

2\* 2\’ kyr? :
F\ ) = ()\2 - 17) —A (/\2 - ﬁ) + (sz2 - b_2) =0, (4.2.38)
and the leading coefficients of series (4.2.37) are equal to
r af\ 2
=(\-=) (= ,
T ( ) ( aA)
-1 -1/2
kir r? af
Do = — (kA — - b—— .
’ (2 bZ)( b2) (m)

See Example 4.2.3.

(4.2.39)
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Each simple root A(s) of Eq.(4.2.38) provides solution (4.2.37) with analytic
coefficients wy (s) and @i (s). The exceptions are shells in the shape of a cupola. At
the apex of the cupola b = 0 and therefore expansions (4.2.37) are not applicable in
a neighborhood of the apex.

With this method we get a general solution of system (4.2.35) if all eight roots of
equation (4.2.38) are simple.

At the turning points s = s, the roots \(s) become multiple, d f/O\ = 0 and
expansions (4.2.37) are inapplicable. This case is considered in Sect.5.3.

4.2.7 The Case m ~ =12, A ~ 1
We obtain asymptotic expansions for solutions of system (4.2.31) under the assump-
tion thatm ~ =12 and A ~ 1. We now take system (4.2.35) as the original system:
2 2
A —(b Y — Agw = 21(bk y — kirg (4.2.40)
w = p? w ubzw kw = p” o (bkow por W 2.

where rg = p1'/?m ~ 1.Inthis case, one cannot assume that all solutions have asymp-

totic expansions of type (4.2.37). To clarify the structure of asymptotic expansions
we start by seeking solutions in the form

S A
w(s,u):woexp(/ pds), CD(s,u):CDoexp(/ pds), [p| > 1.
S0 50

For the function p(s), we get an algebraic equation similar to (4.2.38)

2\* 2\2 k2 2
uz(/tpz—ﬁ) —A(upz—b—z) +(uk2p2—b—20) =0. (4241

This equation has four roots p; ~ =1
pi=p""N+0M), Nj+k—-A=0 j=1234, (4.2.42)

and four roots p; ~ pu 2

2\? k172 2
_ T 17 .
pi =25+ 01, A(q?—b—%) =(’<2‘1?—b—z°) . J=5.678

g ro |vVA+k q ro VA — ki (4.2.43)
76_ —_— - —— ks
: N atk "0V Va—k
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Thus, the four solutions of system (4.2.35), (4.2.40) have expansions (4.2.37), where

Sh(A —2)Y) 4" k
wols) = b~ 1/2)\"3/2 exp(_rg/ bA =220 + & ds), By = — 220
S

0 2b3)\5

(4.2.44)

The variation index (see Sect. 1.4) of these solutions is equal to 1. Four other solutions
have variation index 1/2 and may be represented as

wis, o) = Zu"”wk(s)exp(u“/2 | q(s)ds),

k=0 ’ (4.2.45)
o0 s
(s, ) = p' D PkD(s) exp(u‘”2 / q(s) ds),
k=0 50
and
1 k1 — k2 172 AU)()
wo = 3 b CDO = _ﬁv
VAL£k \ gb kaq? — kyrgb—

where we take the plus sign for ¢ = g5 6, and the minus sign for g = g7 g.

As it follows from the above formulas for wg and ®¢, the obtained solutions are
inapplicable in neighborhoods of the cupola apex (b = 0) and of the turning points
§ = §y, Where

A=K () or A= ().
M

For s = 5., two of the roots g; vanish as hey become equal to each other and

for s = s four roots A ;j vanish and two of the roots g; become infinite.

4.2.8 Low Frequency Vibrations of Shells of Revolution
of Zero Gaussian Curvature

Now consider non-axisymmetric low frequency vibrations of shells of revolution of
zero Gaussian curvature for the following values of the parameters: ky =0, m ~
w12, A ~ u?. Asin Sect.4.2.7, we proceed from system (4.2.35) and (4.2.40),
in which we assume that k; =0, A = uon, and Ag ~ 1.

Under the above assumptions, the characteristic equation (4.2.41) is

2\* 2\?
2 Iy 2 N 4
pr? =5} —no(wr? =B} +rapt =0 (4.2.46)
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This equation has four roots p; ~ w1, j = 1,2, 3,4, which correspond to solutions
(4.2.37), (4.2.42) and (4.2.44) for A = 0.

Four other roots p; ~ 1, j = 5, 6, 7, 8, have small absolute values; thus, the
solutions corresponding to them are

wis, 1) = > phw(s), D(s,p) = D pFdp(s). (4.2.47)
k=0 k=0

Asymptotic expansions (4.2.47) are used to find approximately the lower part of
the frequency spectrum for free vibrations of shells of revolution of zero Gaussian
curvature [30].

4.2.9 Low Frequency Vibrations of Shells of Revolution
of Negative Gaussian Curvature

Consider non-axisymmetric vibrations of a shell of revolution under the assumptions
that k1ky < 0, m ~ p=2/3, A ~ p*/3. Introduce the small parameter ;; = ;>3 and
setry =mpp ~ 1, A = ,u%Al, and A ~ 1. Then system (4.2.35) may be written as

HMATA W — A ® — piAw =0, i AAP 4+ Ayqw =0, (4.2.48)
where
1 r? 1 kir?
_ 2 N 1 _ 2 IN 1
Alw—,ulg(bw)—b—zw, Aklw—,ulg(bkzw —b—zw

The characteristic equation for system (4.2.48),

r? ¢ r2 g kyr? ?
2f 2.2 1 2 2.2 1 2 2 17
I (Hl _b_z) _HlAl(#l —ﬁ) +(#1k2 —7) =0,

has the roots

pi=u P 0 (1P) N =00 j=1.234 @249

2
1 2 kl”]2 .
pi=ngg+om, (ka-S7h) =0, j=5675 @250
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The roots (4.2.49) define the solutions

0 s K
w(s,/m:Zu’f/zwk<s>exp(u‘3/2 / A(s)ds +p~ 12 / A(”(s)ds),
S0 S0

k=0

A i (1+ b’) p=1/2\=3/2
= — — ), Wo= .
202\ 7 bky

and the roots (4.2.50) provide the solutions

o 1 s
w(s, uy) =~ Z//fwk(s) exp(z/ q(s) ds),

k=0 0

oo 1 s
(s, ) Zﬂlfq)k(s)e"p(z/ q(s)ds).

k=0 0

(4.2.51)

Solutions (4.2.51) are used to find approximately the lower part of the frequency
spectrum for free vibrations of shells of revolution of negative Gaussian curvature
[30].

4.2.10 Exercises

4.2.1. Find the first two terms of the asymptotic expansions of the solutions of system
(4.2.10) for A\;(x) = 2cosx — 1.

4.2.2. Small vibrations of a dynamically symmetric top are described by the system
of equations

2
%—H‘%—kzyl:o, £ p g2y, =0, (4.2.52)
where y; and y; are small deviations of the top axis from the vertical, ¢ is time,
H = Cw/A and k* = Wz./A. Here C is the moment of inertia of the top about the
axis of symmetry, A is the moment of inertia of the top about the orthogonal axis
passing through the point of support, W is the top weight, z. is the distance between
the center of gravity and the point of support, w is the angular velocity of the top.
Under the assumption H — oo, find the asymptotic expansion of the solutions
of system (4.2.52) and compare it with the exact solution.

4.2.3. Determine formulas (4.2.39) for wg, ®.

4.2.4. The stability of a membrane axisymmetric stress state in a shell of revolution
is described by the following system of equations [10, 31, 56]:
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AAw + AAw — Ay® =0, AAD+ Agw =0, (4.2.53)
where 5 0
1 thr T,
Aw =%~ bhw') — = w, fH=——Fr— k=1,2.
W= p gy By = s =

Here Tk0 (s) are the membrane initial stress-resultants and A > 0 is the loading
parameter. The other notations are the same as for system (4.2.35).
Find the asymptotic expansions of the solutions of system (4.2.53).

4.2.5. Establish the equation for evaluating the functions wg and ®¢ in the asymptotic
expansions (4.2.47).

4.2.6. Derive the system of equations for evaluating the main terms of series (4.2.51).

4.3 Non-homogeneous Boundary Value Problems

4.3.1 Statement of Boundary Value Problems

Let the domain § contain a segment x; < x < x; of the real axis. Here we consider
both the differential equation (4.1.28) and the system of first order equations (4.2.28).
We suppose that the conditions of Sects.4.1 and 4.2 on the solutions hold, the main
condition being the absence of turning points. Then, the general solution may be
written in the form

Yo ) =D Cey® e, ) + ¥ (x, ), 3.
k=1

where Cy are arbitrary constants, y® (x, 11) are particular solutions of the homo-
geneous equations (4.1.1) or (4.2.1), y*(x, p) is a particular solution of the non-
homogeneous equation (4.1.28) or (4.2.28).

For brevity’s sake, we write formula (4.3.1) as

Yy, ) =Y, )€ +y*(x, ), €= (Cr,....Co), (43.2)
where Y (x, 1) is a fundamental system, i.e. nonsingular matrix of order n consisting
of particular solutions y® (x, 1) of the homogeneous equation.

For system (4.2.28) the boundary conditions are introduced in the form

Bi(wy=5b;j(u forx=x;, j=1,2 (4.3.3)

where y is an n-dimensional vector, B is a matrix of size n; x n, b; is a vector of
dimension n, and n1 + ny = n. The vector y and the matrix B are represented in
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powers of u as

(@] o
Bi(w) =~ > By, bj(w)~D buut, as p—0. (4.3.4)
k=0 k=0

We assume that the boundary conditions are linearly independent in the zeroth
approximation, i.e.
rank{Bo;} =n;, j=1,2. 4.3.5)

The general form of the boundary conditions of Eq. (4.1.28) is also of the form
(4.3.3), if for y we use the n-dimensional vector

d dn—l T
4 -1 } . (4.3.6)

y:[y,ua,..., d_xl’l—l

Here the condition on the matrices B j is the same as above.

Substituting the general solution (4.3.1) in the boundary conditions (4.3.3) results
in a system of n linear non-homogeneous equations in the constants Cy:

D(u)C = d(), 4.3.7)

_ | Dy | d
o-[2]. +-[s])

Di(w) = Bj(wyGxj. . dj() =b;j)—Bj(wy*(xj. 0, j=12 (438)

where

If
det D(p) # 0, 4.3.9)

then system (4.3.7) with the boundary value problem at hand has a unique solution. If

det D(p) =0, (4.3.10)
the boundary value problem does not have a solution for all right sides f (x, u) and
b(). In this case we deal with the spectrum problem.

The difficulty with the roots of equation (4.3.10) is that the limit

Do = lim D(p). 4.3.11)
n—0

does not always exists
We now study some particular cases (see also Sects. 4.4 and 4.5).
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4.3.2 Classification of Solution Types

Firstly, consider all possible variants of the behavior of integrals (4.1.2) and (4.2.3)
depending on the roots A (x). For R(\¢(x)) > 0O the integral grows exponentially,
for R(A\x(x)) < Oitdecreases, and for (Mg (x)) = 0 and I (Mg (x)) # O it oscillates.
If M\ (x) = 0, then integrals (4.1.20) and (4.2.19) vary slowly.

If the conditions

Rk (x1)) <O, Si/ M(X))dx <0, x1 <x < xp, 4.3.12)
X

hold, then the integrals (4.1.2) or (4.2.3) are called edge effect integral or boundary
layer integral at the leftedge x = x1. Inthis, case we assume that xo = x1in (4.1.2) or
(4.2.3). Then the given integral decreases exponentially away form the edge x = x
and remains exponentially small for all x > x;. In computing the corresponding
entries of the matrix ¥ (x3, ¢) in (4.3.8) with an error of order e/t ¢ > 0we may
assume them to be zero.

To describe an edge effect integral, besides (4.1.2) or (4.2.3) one may use the
representation

o
0 X — X
pw = P ©N €= = (43.13)

m=0

where )\2 = X(x1) <O, Pn(f) (&) are polynomials in & of degree smaller than 2m.

Edge effect integrals at the right edge x = x» are introduced the same way.

If for all x, R(Ax(x)) = 0and I(A¢(x)) # 0O, then the integral is called oscillating.
There may exist integrals belonging to none of the mentioned types. We note among
them the integrals oscillating in So C [x1, x2] (see Chap.5). If the coefficients of
equations (4.1.1) or (4.2.1) are real, then only the turning points or terminal points,
X1 or xp, can be the ends of Sp.

4.3.3 The Simplest Case

Now consider the system of equations (4.3.7). We start with the simplest case when
the characteristic equation (4.2.4) or (4.1.7) does not have zero or pure imaginary
roots for all x. Let

RM(x) <0, k=1,2,...,1,

(4.3.14)
R) >0, k=L +1,142,....1 +a,

where l{ + 1) =1 =n,l; = ny, > = ny and ny and n; are the same as in (4.3.3),
i.e. they are equal to the numbers of boundary conditions at x = xj and at x = x».
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Then with an error of order e~¢/#, ¢ > 0, the matrix (4.3.8) is block-diagonal

D, 0 -
! - k 1y (k)
D_[ o Dz] D(u)_kz_ou p®, (4.3.15)

where D and D» are square matrices of dimensions n and ny, respectively.
For sufficiently small s, condition (4.3.9) holds if

Aj(0) =det D;j(0) £0, j=1,2. (4.3.16)

The solution of the boundary value problem (4.2.1) and (4.3.3) consists of a
particular solution y*(x, 1) corrected in the neighborhoods of the edges x = x; and
x = xo with edge effect integrals.

Example 1
Consider the deflection, y(x1), of a string on an elastic foundation. The function
y(x1) satisfies the equation

d2
Td—xz —aG)y+qi@x) =0, y0)=y(0) =0, (4.3.17)
1

where T is the tension, c1(x1) > 0 is the foundation stiffness, g (x1) is the intensity
of external load. Under the assumption that the tension T is relatively small, find an
approximate value of the deflection. The functions ¢ (x1) and g1 (x1) are considered
to be analytic.

In Eq. (4.3.17) we introduce the non-dimensional variables

x1=1Ix,0=<x =<1, ci(x1) =coclx), c(x)~ 1.

Then, Eq. (4.3.17) is transformed into

2

2d7y _ B B
poog — @y +q@) =0, y(0) =y(1) =0, (4.3.18)

where uz = T/(colz) and g (x) = q1(x1)/co. Assume the parameter p to be small.
This is a formalization of the original assumption on the relative smallness of the
tension.

Here and below, when introducing a small parameter we are guided by a matter
of convenience. We also wish that the obtained asymptotic series will contain only
integer powers of p. For that, the variation index (see Sect. 1.4) of fast oscillating
solutions is equal to 1 as for formulas (4.1.2).

The general solution of equation (4.3.18) has the form (4.3.1):

y(x, ) = Cry WV x, ) + Coy@ (x, ) + y* (x, ), (4.3.19)
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where C and C, are arbitrary constants, and y and y® are particular solu-
tions of the corresponding homogeneous equation obtained in Exercise 4.1.1, which

has characters of edge effect integrals. The particular solution y*(x, ) of the non-
homogeneous equation (4.3.18) is of the form (4.1.33):

o
Y ) = D0 iy,
k=0

where

dZ *
AN L4y o1,
c(x

yZ)"(X) = — Y§k+1(x) =0, y§k+2(x) = @ dx2

)

The constants Cy and C; in (4.3.19) are obtained from the boundary conditions
v(0) = y(1) = 0. The boundary conditions

y(0) = CryP(0, ) + y*0, 1) =0, y(1) = Coy@ (1, ) + y*(1, p) =0,

can be satisfied separately within an error or order
1 1
€= exp(——/ Ve(lx) dx).
HJo

Now choose the lower limit of integration x() = 0, x® = 1 in the formulas for
evaluating y,ij )(x), k > 0 (see the answer to Exercise 4.1.1) is such a way that

u’(0) = 0, u? (1) = 0 for k > 0. Then

Cp = —c(0)/*y*(0, ), Cy = —c(M)Y4y*(1, ).

4.3.4 Deflection of a Beam on an Elastic Foundation

The deflection of a beam on an elastic foundation is described by the equation

d2
5.2
dxj

d’y
Eld—2 +eatx)y=g1(x1), 0=x1 =1,

X

where E [ is the beam bending stiffness, ¢ (x1) is the foundation stiffness and g1 (x1)
is the load intensity.
In terms of the non-dimensional variables

El = Eolpp(x),  c1(x1) =coc(x),  g1(x1) = Eolog(x),
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X1 = lx, 0 S x =< 17
the above equation becomes
d? d?y Eol,
4 _ 4 _ £0%0
) (p(X) W) +ec@y=9x), p = e (4.3.20)

where p is a small parameter and the functions p(x), c(x) and g(x) are assumed to
be analytic. Moreover p(x) ~ 1, c(x) ~ 1, p(x) > 0, c(x) > 0.

The small parameter p allows us to find approximate asymptotic solutions and
satisfy separately boundary conditions at x = 0 and x = 1. We seek an approximate
solution of equation (4.3.20) which satisfies the boundary conditions of free support

type
d? y

:d—2=0 for x=0, x=1.
X

y

The general solution of equation (4.3.20) is a linear combination of the edge effect
integrals and a particular solution (see Exercise 4.1.5):

v = X Celuol) + @) + 0G| exp(%‘ /0 q(x)dx)

k=1,2
+ X Cefuo + @ + 0 ()] exp(%‘ / xq(x)dx)
k=34 1
+y5@) + 0 (u“) :
where

1/4
up(x) = (pg*) =172, q(x)=(5) o=,
p c

i

1 i 1
Map=——7=+—, ns=—=—,

and the functions uik) (x) are the same as in Exercise 4.1.5. We find the constants Cy
from the boundary conditions.

We take u;k) (x), j > 01in such a way that the equalities

uP0) =0 k=12 u’1)=0 k=34,

are satisfied. Then with an error of order

1

1
= - d
15 exp( uﬁ A q(x) x)
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the boundary conditions at x = 0 and x = 1 can be satisfied separately. At x = 0,
the boundary conditions provide the equations

> Crup(0) + y5(0) =0,
k=1,2

0 0
S [’kq (M)”O( ) 4 % 124050+ Ouo(0)) + 0(1)} +33"(0) = 0.
k=1,2

Similar equations for C3 and C4 are obtained from the boundary conditions at x = 1.
Solving these equations, we get

Ciome— Y (0) [1 y [pa(0) 1o (Mz)} ’

2up(0) V2
MW [, iuadl) ,
C34 = 2u0(1) |:1:|: NG —i—O(u )],

a(x) = — ! dln(u)
4(x) dx qug

where the plus sign goes with C; and C3 and the negative sign goes with C» and Cj.
Thus, the constants Cy are found within an error of order O (,uz). We try to
simplify the solution y(x, x) in such a way that its error is not larger than O (uz).
Taking
xe M =0@w), 0<x<l.

for b ~ 1 into account, we get
ri [*
y(x, ) = 2ug(x)N| Cqr exp —/ q(x)dx
K Jo
r X
+C3 exp(ﬁ/1 q(x)dx)] +y5(x)+ O (uz) . (4.3.21)

If we accept a larger error of order O(u), then the solution can be simplified
further,

—1
Y0, @) = Y5 () — N [ya‘m) exp(”ffx) + Y1) exp (%)] o
4.3.22)

where go = ¢(0) and g1 = q(1).
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Example 2

Study the deflection of a beam on an elastic foundation in a neighborhood of the
point of discontinuity of the load. As an example, we consider the equation with
constant coefficients

4

Ty x)
_— = X .
axd YT

4 gx)=0, x <0,

H gx)=1, x>0.

In a neighborhood of the point of discontinuity, x = 0, of the load, the solution has
the form:

1 i
=C3er3x//"+C4€r4x//", ns4=—=+—, x<0,
y > \/E \/5
y=C gr1X/#+Czer2)C/u+1’ rl,zz—L:I:L, x> 0.
V22

The constants Cy are found from the continuity conditions on the function y and its
first three derivatives at x = 0,

Cyry' + Cary' = 0o + Cir{" + Cory', m=0,1,2,3,
ooo=1, dpo=1 m>0.
The solution of this system is
Ci=Cr=—-1/4, C3=Cyq4=1/4.

Now, we find

I . X
y(xl)zze‘cosxh Xxp=——, x<0

N2

1
y(x)=1-— Ee*x' cosxy, x>0.

The deflection, y;(x), of a clamped beam (y(0) = y’(0) = 0) and the deflection,
y2(x), of a freely supported beam (y(0) = y”(0) = 0) are given by the expressions

yi(x;) =1—e*(cosx; +sinx;), x>0.
yao(x1) =1—e " cosx;, x>0.

In Fig.4.2, the functions y(x), yj(x) and y;(x) are plotted as curves 0, 1 and 2,
respectively.
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Fig. 4.2 Plot of y(x), y; (x)

and y,(x) as curves 0, I and
2, respectively

The maximal deflection values are

y"™ = y(37/4) = 1.0335,

N1

= y(m

= 1.0432,

v = y(3w/4) = 1.0670.

Away from the point x = 0, y =~ 1. Therefore, in a neighborhood of the point of

discontinuity of the load or the point of support of the beam, the deflection slightly
increases. A similar effect also exists for a beam with variable parameters since, in

this case, the main terms of the asymptotic expansions are the same as for a beam

with constant parameters.

4.3.5 Regular Degeneracy

We consider now the case of a regular degeneracy firstly studied by Vishik and
Lyusternik [62]. Let the characteristic equation (4.2.4) or (4.1.7) have [ roots of the

form (4.3.14) with [ < n. The other m = n — [ roots are identically equal to zero. In
other words, we consider Eq. (4.1.16) or system (4.2.15). We assume that

my=n1—102>0, my=ny—10>0,

m=mi+my, (4.3.23)

where n| and n; are the same as in (4.3.3).

As before, with an error of order O (e_c/ “), where ¢ > 0, matrix (4.3.8) is

D, Dy,

0 } , D(p) ~ Z/LkD(k), (4.3.24)

D= [
0 Dy D; =

where the rectangular matrices D1, Do, Doy, and D, are of dimensions ny x [,

ny x m,ny X m, and ny x I, respectively.
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We assume that
rank D;(0) =1;, j=1,2. (4.3.25)

If
det D(0) # 0, (4.3.26)

then, for a sufficiently small u, conditions (4.3.9) holds. Then, the required solution
exists and has the asymptotic expansion

y ZM @+ > Zu"z“)(sj) + oy ), 43.27)

j=1,2k=0

where the first term is a solution of type (4.1.20) with (4.2.19) corresponding to the
zero roots of the characteristic equations (4.1.7) or (4.2.4). The second term consists
of the edge effect integrals at the edges x = x1 and x = x; and

X —X
fl_T]’ z2NE) =0 as & — oo,

- ) (4.3.28)
f=— 27(6) > 0 as & — —oo.

The last term in (4.3.27) is the particular solution (4.1.30) or (4.2.29). If v(x) = 0,
then the particular solution y*(x, 1) is also slowly varying and can be included in
the first sum in (4.3.27).

We consider Eq. (4.1.32) with boundary conditions of the special type

dk
ﬁ =b for x=x;, k=0,1,....mj+1; -1, j=1,2, (4329
where by; do not depend on p. If conditions (4.3.14) hold, then, as © — 0, the

boundary value problem (4.1.32), (4.3.29) degenerates to problem (4.1.34) with the
boundary conditions

dky

T =by for x=x k=0lL...omj—1 j=12 (4330
X

If the solution yo(x) of the degenerate problem exists and is unique, then, for suffi-
ciently small p, the solution yo(x, p) of the original problem exists and is unique.
The solution has the form (4.3.27) where some of the first terms in the second sum
are equal to zero,

NEHDE Zu e+ > Z Wz €. 4.3.31)

j=12k=m;
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The passage to the limit

lim y(x, 1) = yo(x) (4.3.32)
n—>0

in the segment x; + ¢ < x < xp — ¢, € > 0, is uniform in x together with all
derivatives. In the segment x; < x < xp — ¢ it is uniform in x together with m; — 1
derivatives, and in the segment x; + ¢ < x < xp it is uniform in x together with
mo — 1 derivatives.

The appearance of pure imaginary roots, A\¢(x), of the characteristic equation
(4.1.19) or (4.2.4) makes the construction of the solution significantly more difficult
since, in this case, condition (4.3.11) does not usually hold and the set of zeros of the
function D (1) has the accumulation point ;¢ = 0. Under such conditions, we consider
the homogeneous problem of Sect.4.4 and do not consider the non-homogeneous
problem in this book. We find approximate asymptotic solutions of some boundary
value problems of mechanics of solids for which regular degeneracy takes place.

4.3.6 Non-absolutely Flexible String

The deflection of a non-absolutely flexible string is described by the equation

d? d?y d*y
El —=)1-T—==g(x1), 0<x =1,
dx1 a’x1

where E1 is the string bending stiffness, T is the tension and g (x1) is the intensity
of the external load.
The introduction of the non-dimensional variables

=lx, 0=x=<1, EI=Eopx)>0, gi(x1)= Eolog(x)

transforms the equation into

d2 d? Eol,
? (p( ) dx2) - ﬁ =g(). 1= (4.3.33)

where ¢ > 0 is a small parameter.
We consider the boundary conditions

y(x) = =0 for x=0, x =1, (4.3.34)
dx

corresponding to fixing the string edges.
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Find the first terms of the asymptotic expansions of the solution of the boundary
value problem (4.3.33) and (4.3.34) assuming for simplicity that p(x) = 1.

The characteristic equation (4.1.19), \> — 1 = 0, has one positive and one negative
root. Therefore, as t — 0, problem (4.3.33) and (4.3.34) degenerates into the regular
boundary value problem

d2
— 5 =9, 30(0) = yo(1) = 0. (4.3.35)

The solution of this problem can be represented by three sums (4.3.27):

v > i@+ D> ikl €)).
k=0

j=12k=1
where
X 1)
512;, Zk (51)—)0 as E]-)OO,
x—1
Q== 7€) >0 as & — —oo.

The first sum provides the slow varying part of the solution and the other two sums
(for j = 1, 2) provide the edge effect integrals. It is convenient to evaluate the terms
in these sums step by step. We show how this can be done.

Let solution (4.3.35) be found

X t
yo(x) = xg2(1) — g2 (x), g2(x) =/0 (/0 g(tl)dtl) dt.

In general, this solution does not satisfies the boundary conditions y'(x) = Oatx = 0
and x = 1, which were omitted in the transition from the original problem (4.3.33)
and (4.3.34) to the degenerate problem (4.3.35). We consider the edge x = 0 and
add to the solution yq the edge effect integral

y(x, 1) = yo(x) + Cpe ™/~

For C = y,(0), the condition y'(x) = 0 at x = 0 holds. If this condition is also
satisfied at x = 1, we get an approximate solution of the form

Y(x, 1) = Yo (x) 4 pyp(0) e/ — pyf (1) ¥/,

As before, we neglect the mutual influence of the edge effects. This allows an error
of order ¢ = e~'/#, i.e. we approximately consider e = e~ !/#* = 0.
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Now the obtained solution does not satisfies the conditions y(0) = y(1) = 0. The
residual has order p. We assume that

YV, 1) = yo() + py1 (0) + py(0) e — pyg(1) e DR,
The function y; (x) can be found from the solution of the boundary value problem

dzyl / /
—5 =0, y1(0) = =y(0), y1(1) = yp(D).
dx
Therefore y; (x) = —y((0) + x(y5(0) + y,(1)).
So far, the function y" (x, 11) does not satisfy the conditions y} (0) = y|(1) = 0.
The residual has order . The next step should be refining the edge effect integrals.
In such a manner, one can find any number of terms of series (4.3.27).

4.3.7 Axisymmetric Deformation of a Shell of Revolution

The thin shell theory provides numerous problems to be solved by asymptotic meth-
ods [10, 28,29, 30, 56]. We consider a system of equations describing the axisymmet-
ric deformation of a thin shell of revolution. We write three equations of equilibrium
of a shell in the form [31, 56]:

dT, B’ 0
S m-n) - =L +gr=0,
ds+B(1 2) R1+ql
i0, B 1 1
— 4+ —, T | — T — * =0, 4.3.36
R +B 01+ 1(R1+/€1)+ 2(R2+K2)+qn ( )
A B Myt =0, (=2
rp = (M1 2 1 =0, ==

where s in the length of the meridian arc. The shape of the neutral surface is char-
acterized by the functions B(s), Ri(s), Ra(s), 6(s) (see Fig.4.3), where B(s) is the
distance between a point on the neutral surface and the axis of revolution, R (s) and
R>(s) are the main radii of curvature and

do B

Ri=——, Ry= B’ = —cosé.
S

sinf’
Here, T1 and T, are the stress-resultants in the neutral surface, Q1 is the transverse
shear force, M and M, are the bending moments, q?‘ and g7 are the intensity of the
external distributed loads in the projections on the tangent and on the normal to the
shell.

The stress-resultants and the moments are related to the deformations of the neutral
surface by the formulas:
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Fig. 4.3 Functions
characterizing the shape of
the neutral surface

Eh
T) = K(e1 + vep), T = K(e2 + vey), K=1_—y2’
ERh3
My = D(k1 +vKy),  My=D(ky+vK)), D=——+, (4337
12(1 — 12)

where E, v, h are Young’s modulus, Poisson’s ratio and the shell thickness, respec-
tively. The tensile deformations of the neutral surface €; and ¢, and its bending
deformations ;| and k; are related to the displacements u(s), w(s) (see Fig.4.3) as

du w B’ w
€1 =— — —, 2= —u——,

ds R B Ry

d*w N 1 du B (dw N u 4338)
Rl = - T, K2 = — T Ry N =
YT a5 TR ds =B \as TR

Equations (4.3.36)—(4.3.38) is a closed system of order six. The system becomes
linear if we neglect the nonlinear terms 711 + 7>k in the second equation in
(4.3.36). The role of these terms is clarified below.

Ateach edge of the shell, one should introduce three boundary conditions denoted
by C;, Si,i=1,2,3,4,

u=w=0, {w' =0 or M| =0} Cy; or S
Ti=w=0, {w =0 or M| =0} Cy or S
u= Q1 =0, {w' =0 or M| =0} Cz or 83
T, =0, =0, {w' =0 or M| =0} Cyq or Sy (4.3.39)

In particular, the conditions of clamped type are denoted by C1, freely support by S»,
and free edge by Sy4. If nonzero displacements or forces are introduced at the edges
then the boundary conditions are non-homogeneous.
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One often uses a simplified approach for the analysis of shells, the so-called
membrane theory, when a shell is assumed to be absolutely flexible, i.e. M; =
M, = Q1 = 0. As a result one gets only the first two equations from the three
equations in (4.3.36)

d1 B’
Ly = (17 -10) +4i =0,

+T20+ =0 (4.3.40)
ds B T =" -

0
L
R Ry
Together with relations (4.3.37) and (4.3.38), system (4.3.40) has second order.
Therefore, from the three boundary conditions (4.3.39) one should keep only one,
namely, the first condition u = 0 or 71 = 0.

A sufficiently accurate approximate solution of the original system (4.3.36) can
be obtained as a sum of the membrane solution and the edge effect integrals in
neighborhoods of the shell edges s = s; and s = s7.

Introduce the characteristic size, R, of the neutral surface and refer to it all linear
sizes. Introduce a small parameter x by the formula

2
4 h

b= Tnra =0y

Then, system (4.3.36)—(4.3.38) transforms into two equations in the displacements
u(s) and w(s):

Liu + p*Nyjju 4 Lizw 4 p*Nizw + ¢1 = 0,

\ ) (4.3.41)
L3ju + p"N3ju + L3zw + p" N3zw + g, =0,

where

. 1 d’u N B'du (B'\? N vB"
u = —_— —_— = — u s
=122\ 42 " B ds B B

1 B'cow  (Baw)
Lizw = - ,
1 -2 B B
L 1 du + B'cou
U=———\cy — ,
31 1—22 \“ s B

I3 1 w+21/w+w
w = — _ _— — 1,
33 1-12\R? " RiR, ' R?
d*w 2B d*w
Ns=-0d = an T
1 v v 1 qf q3
Cl = &~ -, Q== —) = — = —.
R TR TR TR T Er T En
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We keep only the main terms of the operator N33 and do not show the other operators

Nj; since they are not used in the construction of the main terms of the solution.
We seek edge effect integrals in the form (4.2.3):

wk(s, p) = Zu”wﬁ(s) exp(l / A(s) ds),
n=0 K

o (4.3.42)
1
uk (s, p) = uZu”uﬁ(s)exp(—/)\(s)ds), k=1,23,4,
n=0 K
After substitution in system (4.3.41) we find
N (s) + —0. wh(s)= B-12RY uk(s) = & (L n i) wk (s).
R¥s) 0 20 70 MR TR
(4.3.43)

For the particular case of a circular cylindrical shell, Ry = 0, R, = B = 1 and
system (4.3.41) transforms into

1 (d2u dw) N 0
—— |\ -v—)+ta =0,
1 —v2 \ds? d
v y (4.3.44)
1 du 2 dtw N 0
—s v — - — W = =0.
=2 \Uas ") T g T
Eliminating the function u, we get a fourth order equation for w(s),
4 dtw(s)
o () = 4u(s) — vI(s),
§ (4.3.45)

u(s) =/S [Vw(s) — (1 — Vz) I(s)] ds, I(s)= /SO q1(&) dE.

0

The homogeneous equation (4.3.45) describes the edge effect. Note that this equation
is identical to the equation for the deflection of a beam on an elastic foundation
(4.3.20).

Neglecting terms with multiplier z* in (4.3.44), we come to the membrane system

of equations:
d*u d du
S=a-v dqs", w:ya—i—(l—yz)qn. (4.3.46)

4.3.8 Shell Deformation Under External Pressure

We find approximate expressions for the displacements # and w of a cylindrical shell
under an external uniform normal pressure, g,,. We introduce the boundary conditions
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of free support type S in (4.3.39) at the edges x = 0 and x = [ in the form

du d*w

$=w=F=O fOr S=O,S=l.

The membrane part of the solution is
ug = C +vqus, wo = gn,

where the constant C is unknown so far since the given boundary conditions do not
resist axial displacement of the shell. When constructing a membrane solution, we
satisfy the condition

T\ = — —vw=0.
s
We add edge effect integrals to the obtained membrane solution in order to satisfy

the boundary conditions w = d*w/ds> = 0, the first of which does not hold for the
membrane solution. Hence

/’I’Vqﬂ

V2

u=C+vgys + [¢7*! (coss1 —sins|) — " (cos sy + sinsy) ],

s s —1
p2’ (2

This solution satisfies equations (4.3.44) exactly. At the same time, the boundary
conditions S, in (4.3.39) hold with an error of order exp(—/(1+/2)). Therefore, for
short shells, for which/ = L/R < 1, one should take the mutual influence of the
edge effects into account. Here we assume that [ ~ 1.

In Fig.4.4 we plot the functions u(s) and w(s) for/ = 2, p = 0.1, v = 0.3,
gn=1,C = —vl.

w=¢qn(l —e " coss; — e’ cossy), s1= §) =

Fig. 4.4 Plot of the
functions u(s) and w(s)

u(s)
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4.3.9 Shell Deformations Under Axial Force

Here we examine the displacements in a cylindrical shell under axial tension or
compression under the assumption that the following boundary conditions are given
at the shell edges:

d“w

T =T, w=—5=0 for s=0,s=1

Due to the first equation in (4.3.36), T1(s) = T, 1(0). Taking

Eh du
Ih=——7—\——-vw
(1—-v)R (ds )

into account, we obtain the membrane solution

TR

—_, 4.3.47
Zh ( )

u® =c + as, w® = va, a=

where C is an arbitrary constant.

Find the edge effect integrals that should be added to the obtained membrane solu-
tion to satisfy the boundary conditions for the deflection w. Consider a neighborhood
of the edge s = 0. Here, as in Sect.4.3.8, the solution has the form

,uyza —s1 .
e ’l(coss; — sinsy),

V2 S (4.3.48)
w=va(l—e cossy), s1= .
( ) W

Find the validity limits for the obtained solution resulting from an increase in
the axial force |T10| (under compression T]0 < 0). For that purpose, we consider the
second equation in (4.3.36) and keep in it the nonlinear term, 71, that was omitted
when we passed to system (4.3.44). As a result, instead of (4.3.45) for the edge effect
integrals, we get the equation

u=C+as—+

sdw 0 Pv g i (4.3.49)
— T w , T = . .
) 2Eh2
We consider its characteristic equation
M2 +1=0. (4.3.50)

For 7 > —1, i.e. under the tension T10 > 0 and for a not too heavy compression,
Tlo < O and |7| < 1, Eq.(4.3.7) has two roots with positive real parts and two
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roots with negative real parts. In other words, one can find edge effect integrals. We
construct the integral so that their sum and solution (4.3.47) satisfy the boundary

conditions w = d?w/ds* = 0 at s = 0. Thus, for |7| < 1, we get

u=C-+as+0(), w=uwg[l—e *(cosf +bsinp)+ 0],

1 1 -
Au=—/_ﬁﬁﬂ/ T - —axif, b=, ;=2 5=
’ 2 2 T W W

and for 7 > 1 we get

1 ) 3
u=C+as+ 0, w=uwp [1 -5 ()\5 e sl _ )2 e—m/n) + 0(#)] ’
1

vhr

N=Viom A= TETL wo=va= e
V31 —v?)
where 71 = /|1 — 72|.

We should note that w — oo as 7 — —1 4 0. For 7 = —1 or under the
compressive force TIO = —2Ehy?, the shell buckles under axial compression. Note
that for 7 = +1 the function w(s) is nonsingular since the uncertainty of type 0/0 is
expanded as

w=wp[l—e (A +&2D+0w], E=s/m T=1.

4.3.10 Exercises

4.3.1. Solve the boundary value problem (4.3.18) for the particular case c(x) = 1 +x
and ¢ (x) = 1 keeping in the solutions only the terms of orders up to 12 inclusively.
Plot the function y(x, u) for 4 = 0.1.

4.3.2. Find the asymptotic expansion of the solution of the equation p>y” — y +
qg(x) =0,y > 0as x — o0, where g(x) = x for0 < x < 1 and g(x) = 0 for
x < 0 orx > 1. This equation describes the deflection of a sufficiently long string
on an elastic foundation under a variable load. Plot the function y(x, p) for p = 0.2.

4.3.3. In the conditions of Exercise 4.3.2 consider g(x) = 1 and 0 < x < 1. Find
the exact and approximate solutions of the equation y?y” —y +¢(x) = 0,asy — 0
and x — +o0.

4.3.4. Plot the approximate solutions (4.3.21) and (4.3.22) for a beam of variable
thickness when p(x) = (1 + ax)3, c(x) =1 and g(x) = 1. Consider o = 0.2 and
w=0.2.
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4.3.5. Find approximate solutions of equation (4.3.20) similar to solutions (4.3.21)
and (4.3.22) for a beam with two clamped ends y(x) = y'(x) = 0 at x = 0 and
x = 1.

4.3.6. Find the terms of order ;% of the asymptotic solution of the boundary value
problem (4.3.33) and (4.3.34).

4.3.7. Substituting (4.3.42) in system (4.3.41) derive formulas (4.3.43).

4.3.8. In the conditions of Sect. 4.3.8, consider the boundary conditions C3 in (4.3.39).
4.3.9. In the conditions of Sect.4.3.8, consider the boundary conditions of a clamped
edge type C; in (4.3.39).

4.3.10. Find the deflection, w, of a cylindrical shell under axial tension, or compres-
sion under the assumption that the following boundary conditions are introduced at
the shell edges: T = Tlo, w=w =0ats=0ands =1.

4.4 Eigenvalue Problems

In this section, we consider the same problems as in Sect.4.3; however, the equa-
tions and the boundary conditions are assumed to be homogeneous, i.e. we study
Egs.(4.1.1), (4.1.16), (4.2.1) and (4.2.15) with boundary conditions of type (4.3.3)
for bj(u) = 0. Let the coefficients of the equations and perhaps also of the boundary
conditions depend on a spectral parameter, A. We seek the eigenvalues A = A® (p)
for which there exist nontrivial solutions of given eigenvalue problems. We limit
ourselves to real A.

4.4.1 Asymptotics Solutions of Eigenvalue Problems

To evaluate A we use Eq. (4.3.10) written in the form
A(A, p)y =det D(A, p) =0. 4.4.1)
Here two cases are possible. In the first case, the limit

lim A(A. ) = A(A,0) 4.4.2)
>

exist, but not in the second case.
In the first case, under natural auxiliary conditions, the expansion in integer powers
of u,
A= Ao+ puhy 4+ pPhy+ -, (4.4.3)

exists. Here, A is a root of the equation A(A, 0) = 0. This case occurs for some
eigenvalue problems (see Sect.4.3) for which the characteristic equation does not
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have pure imaginary roots. In particular, if the characteristic equation does not have
pure imaginary and zero roots and conditions (4.3.14) hold, then

A(A, ) = A(A,0)Ax(A, 0) + O(k) (4.4.4)

and for each simple root, A, of the equations A;(A,0) =0, j = 1, 2, expansion
(4.4.3) takes place. The eigenfunctions have the character of edge effect integrals
and they are localized in a neighborhood of the corresponding edge of the segment
[x1, x2].

If the boundary conditions (4.3.29) for b;; = 0 are introduced for Eq. (4.1.16) and
the nontrivial roots of equation (4.1.18) satisfy conditions (4.3.14), then, as u — O,
the original eigenvalue problem degenerates to a problem for equation (4.1.17) with
boundary conditions (4.3.30) for by; = 0.

Now we write (4.1.17) and (4.3.30) in the form

Lo(A)y = JA) — =0,
o(A)y E ako(x, A) =
k=0 (4.4.5)

dk
Yl =0, k=0.1,...m;j—1, j=102.

dxk

X=Xj

For each simple eigenvalue, A, of the degenerate problem (4.4.5), expansion (4.4.3)
exists and the eigenfunction has expansion (4.3.31).

For the last problem, we describe the algorithm for the construction of the eigen-
value and the eigenfunction, limiting ourselves to the evaluation of A in (4.4.3). Let
A and yg(x) be obtained for the degenerate problem and suppose that A is simple,
i.e. the function yg(x) is unique up to a multiple constant. We find functions zﬁ,{j) &)
satisfying the equation

n de(]) X — x;
> akim(xj,0) — L =0, & = Lo j=12, (4.4.6)
pr a¢; a

the damping conditions (4.3.28) and the boundary conditions at §; = 0:

dmjzl(‘r{]? __d™yolx)) 192
a0
/ (4.4.7)
dkz,(nj?
k’:O, k:m,~+l,m,+2,...,m,~+l,~—l.
dfj ' '

The function z,(,{]) (&) exists and is unique.

For the function yj (x) we obtain the eigenvalue problem
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Lo(Ao)y1 = p1(x),
m

m k k
d"yo dago(x, Ao) d"yo
p1(x) = an(x, Ao) —p tahn o= > =0,

k

= P JdAo dx
dk
d—ykl =0, k=0.1,....m; —2, (4.4.8)
X )C=Xj
dmi—ly dmi*lz,(,{} 1n
i =di=——— | o J=L2
dxj dﬁl 5./=0

Since the homogeneous problem corresponding to (4.4.8) has a nontrivial solution,
yo(x), the non-homogeneous problem (4.4.8) does not have a solution for all right
sides. The compatibility condition for ¢; # 0, which is used for evaluating Ay, is
written in the form

X2 m
/ P1(x)z(x) dx — (=1)" amo(x2, Ao)da d™z(x2)

1 dxg“
am
D o, Aoy 5 =0, (449
1

where z(x) is a nontrivial solution of the eigenvalue problem conjugated to (4.4.5)

2D laotx, Ao)z] =0,
k=0 (4.4.10)
d*z .
% =0, k=0,1,....m—m;—1, j=1,2.
XZXj

If problem (4.4.5) is self-adjoint, then z(x) = yo(x) in (4.4.9).

If the characteristic equation has one or several pairs of pure imaginary roots,
then limit (4.4.2) may not exist. For example, if Eq.(4.1.7) has only one pair of pure
imaginary roots, A\j» = Fiqg(x, A), and have no zero roots, then the determinant
(4.4.1) is given in the form

X2
A(A, 1) = a(A, ) sin(u™ ' p(A) + W (A, 1) =0, @(A) =/ q(x, A)dx.
) @411

If r = 0p/0A # 0, then Eq.(4.4.11) has dense roots because its small multiplier p
makes it fast oscillating. The distance between neighboring roots has order y and is
equivalent to

AED _A© ~ =t (4.4.12)

Later, we shall find asymptotic solutions for some vibrations problems.
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4.4.2 Vibrations of Non-absolutely Flexible Strings

The free vibrations of a non-absolutely flexible string are described by the equation

d4y dzy 2
—EJ—S+T—S+pwy=0 0=<x <1,
dx? dx12 Py !

where EJ is the bending stiffness, 7' is the tension, p is the linear density, w is
the vibrations frequency, and / is the string length. We write this equation in non-
dimensional variables as

d*y d?
_“2d_y+d_y+Ay:0’ 0<x<I, (4.4.13)
where
, EJ pw?1?
u = ﬁ’ = T , X1 = Ix.

As p — 40, we obtain asymptotic expansions of the eigenvalues A of (4.4.13)
with the boundary conditions

dy

y=—=0 at x=0, x=1. (4.4.14)
dx

The asymptotic expansions of the integrals of equation (4.4.13) are found in Exercise
4.1.5 and they can be used to satisfy the boundary conditions (4.4.14). However, now
we face difficulties since A = Ag + puA + ---. With this in mind, we apply an
iteration method (see Sect.4.3.6).

For the zeroth approximation we use the degenerate problem,

d2
d—+/\oyo—0 y0(0) = yo(1) =0, (4.4.15)

which describes an absolutely flexible string. Here, regular degeneracy, due to
Vishik—Lyusternik, takes place. The solution of the problem is

Ao =n"nm", yo=sinnmx, n=1,2,...,

and the solution of the original problem has the form

V) = Zu @+ Y Zukz,ﬁ”(gj (4.4.16)

j=12k=1

where the notation of Sect.4.3.6 is used.
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To satisfy the boundary conditions y’(0) = y’(1) = 0, we find the edge effect
integrals

x—1

M
Z
! 1

— nwefg', 51 = i, ZEZ) = (—1)n+]l’l7l'€£2, 62 =
1

Therefore,

y(x, p) >~ sinnmx + pnmw [e_x/“ + (=" t! e(x_l)/“] .

Then we evaluate A and y(x) by means of the eigenproblem
d*y,

oz T A+ Ay =0, y1(0) = —nm, yi(1) = (=1)"nm.

We obtain
A = 4n27r2, yi(x) =nm(2x — 1) cosnmx.

Thus, the approximate solution of the problem is
A = n?r? —i—4/u1271'2 + O(MZ), n=1,2,...,

y(x, p) = sinnwx + punm [e_x/“ + (=1 e0=9/1 4 (2% — 1) cos nﬂx] +0 (u2) .

In Fig. 4.5, the first vibrations mode of an absolutely flexible (curve 1) and non-
absolutely flexible strings (curve 2) with clamped ends are plotted. As it may be
expected, the string frequencies increase when the string bending stiffness is taken
into account (u # 0).

Fig. 4.5 Absolutely flexible
string (curve I) and
non-absolutely flexible string
(curve 2) with clamped ends
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4.4.3 Vibrations of Strings with Variable Density

The free vibrations of a string with variable thickness are described by the equation

&y

Tty =0, y(0) =y =0,
1

T

where T is the tension, pj(xy) is the linear density, w is the vibrations frequency, and
[ is the string length.
We write this equation in non-dimensional form

dzy
Tz TAP®y =0, y(0)=y(1) =0,
X
where
pow?
x1=1x, pi1(x1) =popx), po~1, A= T

To find asymptotics for the eigenvalues A, as n — oo we introduce the small
parameter ;« = A~ !/2. Then, the equation takes the form
2 d%y
woat px)y =0, y0) =y =0, (4.4.17)

similar to the equation in Exercise 4.1.1 and we use the solution obtained in that
exercise:

YO ) = D iy () €O () = / " JpG dx. (4.4.18)
n=0 0

As it was shown in that exercise, the functions u, (x) with even n are real and with
odd n are pure imaginary. Assume that

U=uo+ptur+--, V=pvi+pdvs+ -, vagr = —it1. (4.4.19)

Then, separating the real and imaginary parts of solution (4.4.18), we find the general
solution

y(x, u) = Cp |:U cos (f) — V sin (f)i| + C [U sin (f) + V cos (f)i| ,
H H K K
(4.4.20)
where C1 and C; are arbitrary constants. After substituting this solution in the bound-

ary conditions (4.4.17) and equating to zero the determinant of second order we get
the following equations for p:
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o1 _VOUD-UOVI) o ey _/1 v
T TOUO+ VOV —EO‘W L= Vrod

(4.4.21)
The asymptotic expansion of the nth solution of this equation has the form

o0

Ck
Hn = Z(nﬂ-)—2k+1’ as n — oQ,
k=0

where

2 vi(l)  v1(0)
o =¥1, €1 =apyy, ap= (D) - uo(O)'

Evaluating the coefficients ¢, for large k is troublesome since one needs to divide
series by series and substitute one series into another. For an approximate evaluation
of the roots 1, it is more convenient to solve Eq. (4.4.21) directly with an iterative
method while keeping a particular number of terms in expansions (4.4.19).

4.4.4 Vibrations of Beams with Variable Cross-Section

Free vibrations of a beam with variable cross-section are described by the equation

d? d%y 5
— | EJxD) ——= J—wpoSix)y =0, 0=<x =1,
dxj dxj

where EJ in the bending stiffness, pg is the density, S7(x1) in the cross-sectional
area, [ is the beam length, and w is the vibrations frequency.
In the non-dimensional variables

EJy
poSowl*’

EJy 1
w= Q, Q=—. (4.4.22)
poSol* p?

the equation of vibrations of a beam is

xi=Ix, EJ(x1)=EJop(x), Si(x1)=Sopkx), u*=

a’ d’y
4_ — P
2 (p(x) dxz) —p(x)y=0, 0<x<I.

We find the first terms of the asymptotic expansions of the frequencies and vibra-
tions modes for a beam with clamped ends
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d
y:—y=0 at x=0, x =1.
dx

The general solution of equation (4.4.22) is obtained in Sect.4.1.1. Here we write
the first two terms of its asymptotic expansion:

y(x, ) = C1(ug cos z — pvy sin z) + Co(ug sin z + pvg cos 7)
+ C3e” “(ug + p1) + Cae' (ug — pvy),

where Cy are arbitrary constants,

L[ L[ p\"*
z= —/ gx)dx, z1= —/ gx)dx, qx)= (—) ,
HJo BJ1 14

*Tr15 /2_10 " 3 /2_4 "
@/ [ (q") a9” | 3D pp}dx.
0

—1/2,4-3/2
8 q° p*q

uo=p v =

After substitution into the boundary conditions and setting the determinant of fourth
order to zero we get, to an accuracy of order y2,

v (1)
uo(1)’

cos z(1) — by sinz(1) + O (;ﬁ) —0, b =
whence we find (see Example 1 in Sect. 1.5)

Sfica

,u’} = )
"2 fi/by

1
m
=30, fi= [ gwax,
2 0
The value of €2,,, which is proportional to the vibrations frequency wy,, is defined by

the formula
Cn 1\ _1
Q=1—- +0<n ), as n — oo.
fl bicy

4.4.5 Axisymmetric Vibrations of Cylindrical Shells

Now, we study the spectrum of free axisymmetric vibrations of a circular cylindrical
thin shell with freely supported edges.
Add to Eq. (4.3.44) the inertial terms:

1 d’u dw
m v— )+ Au =0,

ds?  d
5 ) (4.4.23)
1 du sdw LA 0
V_ — —_— — =
1—2\Vas Y Mg W ’
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where

_ pw? R? 4 h?
~ e P T naZ oy

A

Here, u and w are the projections of the displacement in the directions of the genera-
trix and normal, w is the vibrations frequency, p is the density, E is Young’s modulus,
v is Poisson’s ratio, y is a small parameter, and A is the frequency parameter. The
boundary conditions of free support type have the form

du d*w
— =w=—= at s=0,s=[=—, (4.4.24)
ds ds?

where L is the shell length and R is the shell radius.

For 1 = 0, we get the equations for the membrane vibrations of a shell. Since the
order of the system of equations reduces from 6 to 2 we should keep only one of the
three boundary conditions in (4.3.39), namely S,

du
' =0 or — —vw=0 for s=0, s=1.
ds

The solution of both the original and the membrane problems have the same form:

u:uocosnlﬂ, w:wosin”lﬂ, n=01,..., (4.4.25)

Substituting this in system (4.4.23) leads to an equation for evaluating the frequency
parameter A:

k2 1 4.4 v2k> nmw

For each n this equation has two roots: A, and A,. For fixed @ and n — oo,

2
Ay ~ ki A ~ utk?
nl 1 —1/2’ n2 N’ ne

i.e. both frequency series have accumulation point A = oo.
For ;1 = 0 we denote the roots of equation (4.4.26) as Agl and Agz:

2 2

A% = K +01), AV =1—-———+0(n*), n— oo, 4427)
T2 roTn2 (1 — v2)k2 ’ T

i.e. the membrane shell vibrations have two frequency series. The series with AS]

has accumulation point A = oo, and the other with A912 has accumulation point
A=1.
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Comparing the roots A,; and Agj of Eq.(4.4.26) for 4 # 0 and 1 = 0 we get

Aoy =AY +0 (1), j=12
The residual term in the last formula for j = 2 is non-uniformin # since, forn ~ p~ 1
it has the order of the main term.
We now consider the spectrum of free axisymmetric vibrations of a thin circular
cylindrical shell with clamped edges. The complete eigenproblem consists in the
system of equation (4.4.23) and the boundary conditions C7 in (4.3.39),

dw
u=w=—=0 for s=0,s=1. (4.4.28)
ds
We compare the solution of the complete eigenproblem with the solution of the
degenerate problem

d*u®
—a T’ =0, u’=0 for s=0s=1, (4.4.29)
N
0 2\ A0
a(AO):A [1—(1—V)A]’ W0 v duo’
1— A0 1—(1=v2)A0 ds

which is obtained for 4 = 0 after eliminating w from system (4.4.23). This gives
the frequencies and modes for the membrane vibrations of a shell. The frequencies
of the free membrane vibrations are evaluated by the equation

n’n?

a(A))="5 n=12... j=12

and coincide with the frequencies of a freely supported shell forn > 0 [see (4.4.26)].
The vibrations mode is the following:
0 nms 0 VRT nms

u =sin—, w = cos ——
[ I — (1 —v2)A9 /

(4.4.30)

In the present case, the complete eigenproblem does not have a simple solution of
type (4.4.25) satisfying all the boundary conditions (4.4.28). So, firstly we find the
general solution of system (4.4.23),

6

6
U= chbtk ePrs .y = chwk ePrs (4.4.31)
k=1 k=1

where Cy, are arbitrary constants and u; and wy satisfy the equation
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[p;% + (1 - Vz) A] up —vprwg =0,
where py are obtained from the polynomial equation of degree 6:
putpd + (1 - yz) At pt (= Mp2+ A [1 - (1 - uz) A] —0. (4432)

Let, firstly, A # 1. Then (see Sect. 1.3) this equation has two roots py ~ 1 (k = 1, 2).
For the other four roots pj ~ p_l, k=3,4,5,6,and if A < 1, then all roots have
nontrivial real parts. The edge effect integrals correspond to these roots. If A > 1,
then two of the roots, pi, k = 3, 4, are pure imaginary and they provide oscillating
integrals. In the discussion below, the specific features of the spectrum are explained
with the different behavior of the integrals for A < 1 and for A > 1.

For A < 1, the problem A, degenerates regularly into the problem A and its
solution can be obtained by an iterative method (see Exercise 4.4.8).

For A > 1, we represent the approximate expression for the roots (4.4.32):

. ic c
pro==%ib+0 (k). pra= £ 0, pis=E o+ 0, (4433

where 5
bzzA[l_(l_V)A]’ Ao A1
1—A

and substitute the general solution (4.4.31) into the boundary conditions (4.4.28).
Equating to zero the obtained sixth-order determinant and after transformations, we
find the relation

I
sin bl cos = + O (1) = 0. (4.4.34)
1

With the error of O (u), the left part of this equation is transformed into the product
of two multipliers. Therefore, for A > 1 the spectrum consists of two parts. The
equation sin bl = 0 provides b = n /I and due to (4.4.33) has roots coinciding with
the eigenvalues of the membrane vibrations problem Ag [see (4.4.29)].

From the equation cos(c//u) = 0 we calculate

2n+ 1 4
M} =12 . (4.435)

r=14 | L
These are additional eigenvalues which do not have analogs in the membrane vibra-
tions problem.

It should be underlined that the above consideration have a sense only if the value
of 1 — A is not close to zero. Indeed, in a neighborhood of A = 1 the estimates
(4.4.33) become non-uniform. An analysis of the residual terms in (4.4.33) shows
that
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2 2
. 1% ric )
pl’zzi’b[HO[(A—l)W“’ p"ZTHHO[(A—l)W“’

where k = 3,4,5,6 and r,f = 1. Therefore for A — 1 ~ u4/ 3 the above formulas
are not valid any more.

Find the spectrum of the eigenvalues A for the eigenproblem A, [see (4.4.23) and
(4.4.28)] in a neighborhood of the point A = 1 for the free axisymmetric vibrations
of a circular cylindrical thin shell with clamped edges. The point A = 1 is an
accumulation point for the frequencies of the membrane vibrations of the shell.

Assume that A = 1 + z*/3z and represent Eq. (4.4.32) in the form

¢® —z14> +1 =0, (4.4.36)

where
p= u_2/3a1/6q [1 + 0 (u4/3)] , a=1v% z=za*".

For any z; (—00 < z1 < 00), Eq.(4.4.36) has a pair of pure imaginary roots
gqi12 = *ixand z; = (x® — 1)/x%. We find the other roots with nonzero real parts

from the equation

1
q4—x2q2+—2=0.
X

Substituting the general solution (4.4.31) into the boundary conditions (4.4.28)
and after cumbersome transformations we obtain the equation for evaluating the

unknown x: 3
2 (x3 — 1) V/x0 + 2x3
tan (p=23a"/1x) = ( ) . (4.4.37)
4x3 —1
The parameter A is related to x by the formula
6
-1
A=14p* B (4.4.38)
X

4.4.6 Exercises

4.4.1. Find the terms of order 4 in the expansions for A and y(x) from Sect.4.4.2.
4.4.2. Find the asymptotic expansions of the eigenvalue A(u) and eigenfunction
y(x, p), as p — 0, for the free vibrations of a non-absolutely flexible string [see
Eq. (4.4.13)] with freely supported edges y = y” =0 forx =0, x = 1.

4.4.3. Find the asymptotic expansions of the eigenvalues p,, as n — oo, of the
eigenproblem 12y” + p(x)y =0, y(0) = y'(1) = 0.

4.4.4. In the conditions of Sect.4.4.3, consider the particular case p(x) = 1 + x
corresponding to a string with a linearly varying density being twice larger at one
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end than at the other. Compare the exact and approximate values of y, obtained
from Eq.(4.4.21) with U and V of different accuracy. Plot the graphs of the exact
and approximate eigenfunctions forn = 1, 2, 3.

4.4.5. The vibrations of a bar with a weight attached at one end are described by the
eigenproblem £ (S(x)y") 4+ S(x)y = 0, y(0) = 0, 2 S(x)y’ = my for x = 1. Find
the asymptotic approximations for the first eight values of u, fora = 1,m = 1 if
Sx) =14 ax.

4.4.6. Find the asymptotic expansions of the frequencies and modes of the free
vibrations of a clamped beam with constant thickness and linearly varying width.

4.4.7. Compare the frequencies of a complete and a membrane eigenproblems for
the axisymmetric vibrations of a freely supported circular cylindrical thin shell for
R/h =100, =3 and v = 0.3.

4.4.8. Find a two-term asymptotic expansion for the eigenvalues A < 1 of eigen-
problems (4.4.23) and (4.4.28).

4.4.9. For a clamped cylindrical shell with R/h = 100,/ = 3 and v = 0.3, com-
pare the exact values of the frequency parameter A with the values obtained by the
asymptotic formulas (4.4.8), (4.4.26), (4.4.35) and (4.4.38).

4.5 Eigenfunctions Localized in a Neighborhood
of One End of the Interval

In Sect.4.4, the spectrum points are associated with oscillating integrals of the sys-
tem for which edge effects integrals are auxiliary. In this section, we consider some
examples where the eigenfunctions are linear combinations of edge effect integrals
exponentially decreasing away from the edge. The study of such examples is impor-
tant since for such eigenfunctions we obtain the lower eigenvalues.

4.5.1 Vibrations of Rectangular Plates

The free vibrations of a rectangular plate are described by the equation
DA2w—pw2w=O, 0<x<a, 0<y<hb,

A= 0? n 0? D— Eh3
Cox2 9y’ CO12(1 — vy’

where w(x, y) is the plate deflection, a and b are the lengths of the plate sides, w
is the vibrations frequency, E, v, h, p are Young’s modulus, Poisson’s ratio, plate
thickness and material density, respectively.
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Let the edges y = 0 and y = b be freely supported

82
w=a—yf=o for y=0, y=bh,

and the edge x = 0 be free

*w *w PPw Pw
i — =0, —+2-v)=—— =0 for x=0.
Ox2 v dy? Ox3 t@=v) Ox0y? x
So far, we did not define concretely the boundary conditions at the end x = a since,
for sufficiently large a, they do not affect the result. We now find the lowest frequency
for plate vibrations as a — oo [56].

After separating variables and using the new variable x1,

w(x, y) = w(xy)sin Z—y, X = % (4.5.1)

we obtain the following ordinary differential equation for the function w(xy):

dw _&w oo, p = PR (45.2)
— —2—tw-—Aw= =— 3.
a’xi1 dx12 ’ D4

with the boundary conditions at the free edge

dw o, 4w 2-n®™® _o 0 (4.5.3)
——rvw =0 —-Q2-v)— = or x; =0. 5.
a’xl2 dx% dx; !

If we consider the cylindrical bending of a plate which is infinite in the direction

X1, then A = 1 and the function w does not depend on x.
If the edges x = 0 and x = a are freely supported, then

by b2\’
w(xy) =sin—, A= 1—+——2 > 1
a a

and the parameter A — 1 as b/a — 0.
Let A < 1. We seek a nontrivial solution of equation (4.5.2) in the form

wx) =Cre™ +Cre™™, 5§>0,r>0,

which satisfies conditions (4.5.3) and w(x;) — 0as x; — 00, where s and r are the
roots of the equation
2
(12 - 1) _A=0,
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and C1 and C; are arbitrary constants. So, we have

=J1-VA, r=+v2-s

Substituting s and r into the boundary conditions (4.5.3), we obtain the following
equation for A:
2 2
s (r2 — 1/) =r (V — sz) , “4.5.4)

which has only one root A < 1.
Taking v < 1/2 into account, we approximately obtain

44 V212

A:l—m, S:m.

In particular, for v = 0.3 we get A = 0.9962, s = 0.0436, r = 1.4135.
The existence of the free edge x = 0 leads to an insignificant decrease of the
parameter A compared to A = 1, and the vibrations mode (assuming w(0) = 1)

w(x1) = 0.8507 ¢ 4+ 0.1493 7™

slowly goes down as x| increases. For v = 0.5 (rubber), we have A = 0.9571,
s = 0.1472, r = 1.4065, and

w(xy) = 0.7555e¢ " +0.2445¢7 1,
and for v = 0.1 (foam), we have A = 0.99997, s = 0.0039, r = 1.4142, and

w(x1) =095 +0.05¢7"1,

4.5.2 Vibrations and Buckling of Shells

In Sect.4.5.1, a decrease of the eigenvalue due to a free edge was insignificant and
less than 1 %. Now, in the problems of free vibrations and buckling considered below
the existence of a free or weakly supported edge can reduce the eigenvalue several
times.

We write the linear system of equation for shallow shells [31, 56] in a non-
dimensional form [see also (4.2.53)]

PPAwW — A @+ Z =0, p?A’®+ Agw =0, (4.5.5)
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where

Fw 0w *w w

Mo=gpatgn Muskggthgg 0srse 0sysh

Here w(x, y) and ®(x, y) are unknown deflection and stress functions, k; and k; are
non-dimensional variables, p > 0 is a small parameter and

o RO R h?
TR TR M TRASAHRY

where R| and R; are the radii of curvature, E, v and h are Young’s modulus, Poisson’s
ratio and shell thickness, respectively. We let R denote the characteristic linear size
of the coordinates x and y, and Z be the loading term. Further, we consider free
vibrations and buckling of shells. For the free vibrations with frequency w we have

pw?R? cA pw?R?
Z =— 2 w = - w, A=
Eu W Ec

, (4.5.6)

and, for the stability of the membrane, the stress state is given with the initial stress-
resultants 7)) and 7} (under tension 7° < 0),

w *w )
Z =2A (n S tn a_y2) , TY = —2AEhp’t, i =1,2. (4.5.7)

Here A, which is either a frequency parameter or a loading parameter depending on
the problem under consideration, is the required parameter. We normalize A and also
the parameter ¢ in such a manner to make the characteristic value of A equal to 1.

Assume that, at the edges y = 0 and y = b, the following boundary conditions
of free support type are:

0w 0P
u):a—yzzcbza—yzzo for y=0,y=b, (458)

allowing separation of variables (for k;, t; = const):

. nmy . nmy
w(x, y) = w(x)sin . D (x,y) = &(x)sin 5 n=1,2,... (4.5.9)

At the edge x = 0, we consider 16 standard variants of the boundary conditions
denoted by C;, S;,i =1,2,...,8.
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u=v=w=0, {fw'=0o0orM =0} C; orS
Ti=v=w=0, {fw'=0o0orM =0 CrorS
u=S=w=0, {w' =0 or M] =0} Cz or S3
T1=8S=w=0, {w =0 or M; =0} C4 or Sy

* , 4.5.10)
u=v=07=0, {fw" =0 or M; =0} Cs or Ss

T\ =v=0}=0, {w'=0orM; =0} Cg orSs
u=S=07=0, {w=0o0rM =0 C;or$
T'=S=0]=0, {w =0 or M; =0} Cg or Sg

where u and v are the projections of displacements on the x and y axes, 71 and S are
stress-resultants, QT is the generalized transverse force, M is the bending moment.
In particular, the conditions of clamped type are denoted by C|, free support (4.5.8)
by S,, and free edge by Sg. Compare with the boundary conditions (4.3.39).

We seek eigenfunctions, localized at the edge x = 0 and exponentially decreasing
away from it, in the form

4
wix,y) =D Cwge?sin L2 g = %, (4.5.11)
I

k=1

where Cy. are arbitrary constants, py are the roots of the eighth order equation satis-
fying condition i p; < O that guarantees decay of solution (4.5.11). For the case of
vibrations, this equation has the form

(p2 - q2)4 n (k2p2 — k1q2)2 —cA (p2 - q2)2 ~0 (4.5.12)

and for buckling,

(p2 - 42)4 + (k2P2 - qu2)2 +2A (t1p2 - tzqz) (p2 - q2)2 —0. (45.13)

The functions u, 77, ’]", M have the form (4.5.11) and for the functions v, S one
should take cos(gy/u) instead of sin(qy/w). Here, we represent expressions for uy,
Uk, - . . in wy (with the index k omitted):

u=pp ! (klw — (q2 + sz) QJ) , T\ =—EhR™'q%®,

v=yq~" (kew+ (p? +vg?) @), $=EnR"pqo,

o EnR- (o - (4.5.14)
= p\p” — Q2—v)pg” +2A1p)w,

-2
M, = Ehu2 (p2 — l/qz) w, ®=-— (kzp2 - quz) (P2 - 512) w.
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We denote the generalized transverse force Q7 as

where H is the torsion.
A substitution of solutions (4.5.11) into the boundary conditions at x = 0 yields
a system of four equations in Cy. If its determinant vanishes one gets an equation for
evaluating A,
A(A,q)=0. (4.5.15)

We analyze solution (4.5.11) and Eq. (4.5.15) in the domain of the parameters A, ¢,
ki, t;, where Eqs. (4.5.12) or (4.5.13) do not have pure imaginary roots since, in this
case, only four of its roots satisfy condition i p; < 0.

Depending on the boundary conditions at x = 0 and also on the parameters ¢, k;
and ¢;, Eq. (4.5.15) may have or not roots we are interested in. If the root A exists,
the corresponding boundary condition at the edge x = 0 is called weak support.

Following the above scheme, we shall consider a series of particular problems of
free vibrations and buckling of thin shells.

4.5.3 Vibrations of Cylindrical Panels

Consider the free vibrations of a cylindrical panel (curved plate) with free rectangular
edge x = 0 and free supported curvilinear edges y = 0 and y = b. Find the vibrarion
frequencies of a panel for which the vibrations modes are localized in a neighborhood
of the edge x = 0 under the assumption that b ~ 1.

In this case, we should take k1 = 1 and k» = O in the formulas of Sect.4.5.2.
Equation (4.5.12) has the form

4 2 nm
(PP -) +a' —208* (P -¢?) =0, ¢=""" (4.5.16)

Consider, firstly, a shell closed in the circumferential direction. The periodicity
condition in the direction x provides p = imu, wherem = 1, 2, ... is the wavenum-
ber in the circumferential direction. Representing Eq. (4.5.16) in the form

B (mzﬂz_}_qz)“_'_qzx
¢ (m22 +¢2)°
we find

min A =1
m



4.5 Eigenfunctions Localized in a Neighborhood of One End of the Interval 215

for ¢ = 2¢?. Because of that, we compare the value of the required parameter A with
the value A = 1 corresponding to the lowest vibrations frequency for a cylindrical
shell closed in the circumferential direction. For A < 1, Eq.(4.5.16) does not have
pure imaginary roots.

Coming back to a panel with free edge x = 0 [see boundary conditions Sg,
(4.5.10)], we find the roots of equation (4.5.16) for A < 1. By (4.5.16),q = nmu/b.
We assume that n = 1 or n ~ 1. Then g and p are small parameters and the roots of
equation (4.5.16) can be represented in the form

pi2=—yget’+0 (,/q3) . p3a=—yJqet 2010 (,/q3) , (4.5.17)

where A = cos 46 and -
0<6< r (4.5.18)

In (4.5.17), we write only the roots py with R py < 0.
For the boundary conditions Sg, due to (4.5.14) and (4.5.17) with accuracy of
order g, Eq.(4.5.15) is transformed into

P p3 pi Pl
pi p3 i P}
pitpyt it ot
PPy pytpy?

=0.

After transformations and neglecting the values of order ¢ compared to 1 we get
sin 20 — sin® 66 = 0. (4.5.19)

This equation has two roots, 6 = 0.36448 and #® = 0.05770, which satisfy

conditions (4.5.18) and, correspondingly, A" = 0.113 and A® = 0.973.

In Fig. 4.6 we plot the corresponding eigenfunctions w'" (x) and w® (x) given
by the formulas

w® (x) = DR [Cl(k) exp (—E eiﬁ(")) n Cgk) exp (l-ge—ia(k))] k=12,
ka) = iezm(k) +1 e*Zie(k) [cos 60% — sin 69(k)] ,
Cgk) — _je 20" +i 20 [cos 60 + sin 69(]‘)] ,

where § = x.,/q.
Here, D® are the normalization factors evaluated from the condition
max, w®) = 1. The damping rate of w® (x) as x — oo decreases with ¢. The
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Fig. 4.6 Eigenfunctions
w®D (x) and w® (x)

20 x

@

relatively slow damping of the function w®(x) (see Fig.4.6) is explained by the
closeness of A® = 0.973 to A = 1 for which system (4.5.5) has oscillating inte-
grals.

Thus, we obtain the values of the roots A® for A(g) as ¢ — 0 for Eq.(4.5.15).
Roots A(g) for g > 0 are found in Exercise 4.5.4.

4.5.4 Buckling of Cylindrical Panels

Consider the buckling of a circular cylindrical panel (curved plate) with a weakly
supported curvilinear edge x = 0 under axial compression (see Fig. 4.7). The straight
edges y = 0 and y = b are freely supported.

Now we obtain the type of week support of the edge x = 0. Using the notation
accepted in this subsection we have

Fig. 4.7 Buckling of a
circular cylindrical panel 0
under axial compression

Vo) Y
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7O = 2EhiPA, k=0 k=1, 1=1, 1=
1 = WA, k=0 k=1 1n=1 =0,

and Eq. (4.5.13) becomes

N
—,n=12,... (4520)

4 2
(pz—qz) +p4+2AP2(P2—112) =0, ¢g= b

For b ~ 1 and n = 1, the parameter ¢ is small. For A < 1, Eq.(4.5.20) has two
roots, pr ~ 1 and (N px < 0), and two roots py ~ q2 and (N pr < 0):

1%2=iwﬂw+0(f),;gp:im%ﬂ”+0(f), 4.5.21)

where A = cos 2.

Consider, for example, the boundary conditions of clamped type u = v = w =
w’ = 0, i.e. conditions C; [see (4.5.10)]. Substituting the values of the roots (4.5.21)
into (4.5.14) we obtain Eq. (4.5.15) in the form

vp! vpy! P m

—Q2+0ept —Q+wetp” 11 |, (4.5.22)
1 1 1
P P2 a*p1 4*p2

In the determinant (4.5.22) we cancel common multipliers in the rows and neglect
terms of order g2 compared to 1. With an accuracy of order g2, Eq. (4.5.22) can be
represented as

—(p2— p1)* = 4cos” ¢ =0.
It does not have any roots satisfying the condition

0<¢<g, (4.5.23)

i.e. clamped edge is not a weak support.

4.5.5 Exercises

4.5.1. Under the conditions of Sect.4.5.1, study the effect of the ratio a/b on the
lowest vibrations frequency assuming that the edge x = 0 is free and the edge x = a
is clamped. Assume that v = 0.3.

4.5.2. The buckling of a rectangular plate 0 < x < a,0 < y < b, compressed with
force T in the direction y is described by the equation [56]:
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Fig. 4.8 Buckling of

cylindrical panel with w -b
weakly supported r=
rectangular edge x = 0
under axial compression v

\y

COETTR A

y=0

0w
DA*w+T — =0,
+ 22
where the notation of Sect.4.5.1 is used. Find the critical force T as a/b — oo if
the edges y = 0 and y = b are freely supported and the edge x = O is free.

4.5.3. For all 16 types of boundary conditions (4.5.10) develop equations similar to
(4.5.19) and find their roots satisfying condition (4.5.18) [56].

4.5.4. In Sect.4.5.3 and Exercise 4.5.3, the roots of equation (4.5.15) are found as
q — 0. Werecall that g = nmu/b,n = 1,2, ... . For large n and/or for small b, the
assumption ¢ < 1 does not hold any more. Find the roots A(q) of Eq.(4.5.15) for
g ~ 1. Assume that v = 0.3.

4.5.5. Consider the buckling of a cylindrical panel with weakly supported rectangular
edge x = 0 under axial compression (see Fig.4.8). The curvilinear edges y = 0 and
y = b are freely supported.

For different types of boundary conditions at x = 0, analyze the existence of
buckling modes localized near the edge x = 0 and find the critical values of the
force TZ(O).

4.5.6. Under the conditions of Sect.4.5.4, study the dependence of the loading para-
meter A(q) on the value of ¢ assuming thatg ~ 1 and v = 0.3.

4.6 Answers and Solutions

4.1.1 In the accepted notation for formula (4.1.2), we have

p 1/2
A =ig(x), q(x)z(;) , ug = (pp)~ V4,
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iug
wrr = 50 oo = rup)
In the particular case p = p =1 4+ ax, r = 0 we get
uo=p~ % up = (=ia)' p~ P by,

where bg = 1, b, = 2n — 1)%b,_1/(8n), By =n+1/2,n=1,2, ...
Series (4.1.2) diverges.

4.1.2 In formula (4.1.2), u(] 2)(x) = (c(x))~ /4,

2,,(1)

x d
M) = —vew), w0 = /(l uo(€)

Je e

2(2)
X)) = e, ul) ) =-=" / uo(&) d§2 de,

and, as with (4.1.11), the lower limit of integration x (1) or x® is arbitrary.
413.9(x) =1, ug = p~ /2,

u(lk)(x) _ 30¢M0(}C) ( 1 1

- ) k=1,2,3,4.
8ry px)  p(0)

4.1.4.q(x) = (p(x)"V2, uy = (p(x)) =34,

u?’”(x)-Soi”O“) @0 —q(x), k=1,2,34.

4.1.5. We have

1
O, ) = [u0(0) + puny (1) + 0 (uz)]exp(—/kadx), k=1,234,
I

1/4 , .
c 1 i 1 i
Ne=qrk, q= (—) . rgHl=0, rp=-——f2t—, na=-—=t—,
p ¢ NG NG
and the expressions for ©¢ and u(lk) coincide with those obtained for Eq. (4.1.13). All
integrals y® (x, p1) are edge effect integrals.

4.1.6. Two solutions, y; and y,, of the given equation are slowly oscillating. The
expansion of y; is of the form

: N3 7(i 5 2 6.2
i, 1) = [1—u2$+u4 [ (’“;) . (“";x }+0(u6)] expliwx),
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where w = v/A. The second solution, y» (x, 1), is the complex conjugate of y; (x, 1)
The edge effect integrals have the form

8

4.1.7. K, (x) ~ /— e Z( D'y, I(x) =~
(=D = @n— 1)2>
= , V= 42,
n!(8x)"
4.2.1. We seek an asymptotic expansion in the form (4.2.3):

A A2 2
y3.4(x, p) = [liu%ﬂtz a +0(u3)] e,

\/_ Zan,where ay = 1,

n

y(x, p) = icosz —u[apl(x)cosz — ism 51| + 0( )] e/t

(x, 1) = —sinx—i- (x)sinx 1cos +0( ) e/
= 2 THA 27393 o ’

where g(x) = 2sinx — x, 1 is the same as in Sect.4.2.1.
4.2.2. The asymptotic expansions are

yi=D [cosz + pk’tsinz + O (/ﬁ)] + y? + ukzygt + 0 (uz) ,

yo=D [— sin z 4 pik’t cosz + O (u4)] + yg - ukzy?t + 0 (uz) ,
where z = 't + a, and D, o, y? and yg are arbitrary constants.
The exact solution of system (4.2.52) has the form

y1 = Djcos(vit + ag) + Ds cos(vat + an),
v1H D

v, HD; :
V)= ——— Sln(Vlt + ay) + —2 D; sin(1pt + ap),
N k2 +v3
where D1, a1, D3, ap are arbitrary constants, and
H H? 1
V%J:?_kzi T—sz, l/]’\‘H, vy ~ —.

For H > 4k?, the values of v and v, are real and the vertical position of a top is

stable. A comparison shows that the estimates of the residual terms in the asymptotic
expansion are non-uniform as t — 0.
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4.2.3. Substituting (4.2.37) in system (4.2.35), at 1.0 we get

(F —MNwg—GP9=0, Gwg+ Fdg =0,

2\2 s .6.1)
F()\v s) = (Az - b_z) s G()\v s) = kz)\z - ;2 )

from where follow Eq. (4.2.38) and the relation between wg and ®g.
For ;! we obtain

(F—Mw; —Go1 + Liwg — Ly $g =0,

(4.6.2)
Gwi+ F®1 4+ Lowo+ L1Pp =0,

where

b r? 27
Liwg = |:4)\w6 +2 (/\’ + 7) wo] [AZ — ﬁ} + 2 [)\2 — ﬁ} wo

Akob) e /
L2w0=2/\k2w6+/\/k2w0+ (; ) wy = T)\(w() bG)\) ,

F_a_F G_a_G ()’_@
Yo T an T s

From the first equation in (4.6.2) multiplied by bwg we subtract the second equation
multiplied by b®(. This eliminates the variables wi and 1 and we obtain

wo/bF), (w() bF)\)/ — wo/bG )y (@0@)/
@0vbG (w0v/bG ) — @ov/bFy (PovbFy ) =0 (463)

The second equation in (4.6.1) is satisfied if we assume

G
wo =~+Fz, ®¢= Vs (4.6.4)

Then taking (4.2.38) into account, Eq. (4.6.3) is transformed into the equation

2 a_f /_ _ _ 2
(zba)\) =0, f=F(F—A)+G
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of

-1/2
b a) , formulas (4.6.4) and

where the function f is as in (4.2.38). For z = (

(4.2.39) are equivalent.

4.2.4. The asymptotic expansions of the integrals of the system of equation (4.2.53)
have the form (4.2.37), where the function \(s) satisfies the equation

4

r2 t2r2 r2 2 k1r2 2
fAs) = (A2 - b_2) +A (n/\2 - b_2) ()\2 - ﬁ) + (kz/\2 - 7) -0,

and the first coefficients wgy and ®( are the same as in (4.2.39).

4.2.5. Substituting (4.2.47) into system (4.2.35) we find that the functions wg and
d( satisfy the system of equations:

d*wyg ré ® d?®, _ ré Ab

0=20, wo + wo = 0,
ds? b3 cos o ds? b3 cos cos «

or the fourth order equation

d? b3 dzwo N rg Abr(‘)1 0 4.6.6)
ds? ds? B3cossa  costa ) ?

For a cylindrical shell of radius R one may assume that > = 1 and a = 0, and for a
conic shell « is the vertex angle and b = b(s) is a linear function of s.

4.2.6. Substituting (4.2.51) into system (4.2.48) and equating the coefficients of 1|
we obtain the following system of two differential equations for wg and ®g:

kog roopd
2/ =2 (,/kqu wo) + 520 =0,
kzq / r?
2\/ e (x/kqu @0) + (Al ] wo =

Note that in the case of a simple root of the characteristic equation, the coefficients
of the asymptotic series can be obtained by quadratures since, in contrast to the case
under consideration, they are evaluated from first order differential equations [see
(4.1.4), (4.2.9), (4.2.43)].

4.3.1.

1424 Sp -3/2 2 (3
y(x,,u)z—Tl:l—i—E(l—c ) exp —@(c —1)

4+ 2 Si( 30 3 2 (32 _ 3
Tl [1_5(2 - ) CXPp @(C —2 )
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Fig. 4.9 Asymptotic
solution (solid line) and less
accurate solution obtained
when keeping only the main
terms in p (dashed line)

1 242 3
+—+—4+0(u), c =c(x).
c c

In Fig.4.9, we plotted the obtained asymptotic solution (solid line) and the less
accurate solution obtained when keeping only the main terms in y (dashed line). The
asymptotic solution differs from the exact one by less than 0.001.

4.3.2.
Y(x, ) = gew, x <0,

Ui
2 9

1_
Y ) =~ Hoa=o/n >,

y(x,u)=x+ge"‘/“— 0<x<lI,

The error of the obtained solution is not larger than e = 1/2¢~1/#,

In Fig. 4.10 the graphs of the function g (x) (curve 1) and of the function y(x, 1)
for 4 = 0.2 (curve 2) and for ;1 = 0.05 (curve 3) are plotted. As p decreases the
curves ¢ (x) and y(x, ) approach each other.

4.3.3. The approximate solution

1
y(x, p) = zew, x <0,

Y, ) =1- %e—”ﬂ - %eof-”/“, 0<x<l,

1
y(x, p) = 56“‘”/“, x> 1

has a discontinuity of order ¢ = 1/2¢~!/# at the points x = 0 and x = 1.
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Fig. 4.10 Function g (x)
(curve 1), function y(x, 1) = y(x)
for p1 = 0.2 (curve 2) and
1 =0.05 (curve 3)

Fig. 4.11 Exact solution
(curve 1) and asymptotic .

; y(x)
expansion (curve 2) for
y(x, ) with o = 0.5 1

The exact solution has the form

1
yx,p)=Ce’", C= > (1 —eil/“), x <0,

Yo, p) =1- %e_x/” - %e(x_”/“, 0<x<1,
y(x, p) = Cel=/1 x> 1.
In Fig.4.11 the graphs of the exact solution (curve 1) and of the asymptotic

expansion (curve 2) for the function y(x, ) for u = 0.5 are plotted. For 0 < x <1
the discontinuous asymptotic solution coincides with the exact solution.
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Fig. 4.12 Exact solution
(solid line) and asymptotic y(x)
solution (4.3.22) (dashed
line)

4.3.4. In the problem under consideration

—3/4 —15/8 a —7/4 *
qg(x) =1+ ax) , ug =1+ ax) , a:—7(1+ax) , Yo =1
InFig.4.12 the exact solution (solid line) and the asymptotic solution (4.3.22) (dashed

line) are plotted.

4.3.5. The solution with an error of order pz has the form (4.3.21), where

_ "1%© i [ ) ya‘(0>u()(0>] 0 (2
= 03 om0 w0 T (“ )

r3yg (D) i |: o ya‘(l)ué)(l)} 2
Cy=— 1= 02%00 o (,2).
Y= T s Y T T T (“ )

The solution with an error of order p has the form
Y@, ) = y5(x) = ROFOY — i) MO yE (1)1 4 i) €351y + 0 (p),

where go = ¢(0) and ¢q1 = q(1).
4.3.6.

YO =y 00 ) + i [32(6) + Cr e 4 Cp D],

where the function y(! (x, p) is found in Sect.4.3.6.
Firstly, we find C; = —C = y| = y,(0) + y;(1). Then from the boundary value
problem

d2y2 d4y0 7"
—_— = = — . 0 == 5 1 =
2 3 g (x), »0)=-=Ci, »nl=-C
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we get y2(x) = —g(x) + (9(0) — C1) (1 — x) + (g(1) — C2) x.
4.3.7. The main terms of (4.3.42) in p after substituting in system (4.3.41) yields
(the superscript k is omitted)

1 2v 1
et — [ M1 =)+ — + —— + — | wg =0.
10|:( )Rf RiR R%O
Setting the determinant of the system to zero, we obtain equation (4.3.43) for the
evaluation of A. The first equation of the system permits to express ug through wy.
To determine wg we consider the next approximation in powers of y:

d B’ — (Bcy) d
/\2u1 — Aciwi +2)\£+)\’u0+ cawo — (Ber) wo —C1 ﬂ =0,
ds B ds
dug B'caug dw 23/)\3111()
Aeruy — ¢ — = 4N — — 6N Nwp - —— =0.
clu] — cjwy + ¢ s B s wo B

Multiply the first equation by ¢ and the second by A and subtract the second from
the first. Then after cancellation of the terms with w; and u; we get an equation

for wy:
dwyg 6\ 2B’
Ma=—=4 (= =0,
[ ds +(A " B)w‘)}

whence taking the equation for A into account we obtain the required expression
(4.3.43) for wy.

4.3.8.

u=C+uvgs+ ,uuqnx/z(e*s' cos s] — €52 cos ),

S s —1
- = §2 = —
N2 2

w=q, [1 — e *1(cos s1 + sins1) — e*2(cos s, — sinsz)] .

51 =

As in Sect.4.3.8, the constant C remains undetermined and the conditions C; in
(4.3.39) are satisfied with an error of order exp (—l / (,u«/z )).

4.3.9. The membrane solution is
wo=0, wo=4Gn Gn="=~0—1")qn.

After adding the edge effect integrals similar to Exercise 4.3.8 we get
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s s —1
= SZ =
u2 p2

w =g, [1 — e 1 (cos s1 + sins1) — e*2(cos s, — sin sz)] .

uMd = uyc}nx/z(e*“ coss; — €2 cossy), s =

However this solution does not satisfy conditions #(0) = 0 and u(l) = 0. To remove
this residual we add the first approximation of the membrane solution evaluated from
the boundary value problem

42utD 3 5

—20 =0, ul’(0) = V2, ul’ () = prga2,
ds?

from where we get

NG Vi3
u) = EAnYE ql” @s—1), w! =12 ql" .

Then we add again the edge effect integral to the obtained solution to meet the
conditions w(0) = w(l) = 0 and with an error of order ;> we obtain

(2s — 1) + prg,"2 (e_s‘ cos 51 — e’ cos sz) + 0 (u2) ,

"= Man‘/E
T

8 i . . .
w =gy, |:1 + /W;[i| [1 — e’ (cos s1 + sinsy) — e*2(cos sp — sin sz)] + 0 (,u2) .

4.3.10. In a neighborhood of the edge s = 0 we have

1
w=mwo[l —e “(cos B +bsinf)], b= lJ_r—: 7| < 1,

(/\2 e M/ ) e_/\zs/“)i| , T>1,

w=w0|:1—)\2_)\1

where the notation of Sect.4.3.9 is used.

4.4.1. Using the notation of Sect.4.4.2 for the next iteration we obtain zg)

2nme81, 2% = (1) onme b,
For A, and y,(x) we get the eigenvalue problem

d*y; d*yo n
o Aoy2 + A1y + Azyo — ek 0, »(0)==2nm, y(1) = (=1)"2nm,

from which we obtain

4

Ay = 120272 + n*n , k)= 2n2772(—1 +x — x2) sinnmx + 2nw(2x — 1) cosnmx.
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4.4.2. The degenerate boundary value problem has the same form as (4.4.15) and the
same solution Ag = n?7?2, yo(x) = sinnmx as in Sect.4.4.2. However, the solution
yo(x) satisﬁes the boundary conditions y = y” = 0 at x = 0, 1. If we assume that
A =n?n? + u n*7m* and y(x) = yo(x) = sinnnx, we obtain the exact solution of
the problem. Here in contrast to the problem considered in Sect.4.4.2 no edge effect
integrals appear.

4.4.3. Differentiate the general solution (4.4.20) with respect to x and substitute into
the boundary conditions. Then for evaluating j,, we get the equation

[e.¢]

o1 U0)G = V(0)Gy Zb 2k+1
U0)G2 + V()G ’

(4.6.7)
k=0

where G = @\ V(1) — pU'(1), Gy = QLU + pV'(D), ¢ = /p(1), and
the other notation is as in Sect.4.4.3. Expanding the solution of equation (4.6.7) in

series,
*

n— 0o,

" Z TEDPESE

we find the first terms

v1(1) v (1) v1(0)
* = 5 ¥ = b 2’ b = - . a )
Co =1, C 0%1 0 ug(1 (p’luo(l) ug(0)

4.4.4. For p(x) = 1 4 ax, the solution is found in Sect.4.1.1. Assuming that o = 1
with the notation (4.4.19) from Sect.4.4.3, we obtain

K k, 2k k+1 2k
(K) _ —1/4 (=1)* by K ,7 4 (=D bkt
) = g SRy /z—,
k=0 P
6n—1)6n -5
bo=1, by = On= OS5, o
48n
Assuming that K =0, 1, 2, ..., we get different asymptotic approximations for the

functions U and V in Eq. (4.4.21) and, accordingly, different approximations for .
Table4.1 lists the values of the non-dimensional frequencies €2, for the first five
free vibrations frequencies w,, of the vibrating string:

wp=[—, QL=vVA®W=— n=12,...,5.

The first column contains the values calculated by a Runge—Kutta method, the next
columns contain the values found by asymptotic formulas with different accuracy.
Firstly, the less accurate approximation
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Table 4.1 Exact and asymptotic non-dimensional frequencies €2,
n ngacl Q, = %r 9510) lel) Q’(l2) 91(13) Q,(14)
2.559 2.577 2.556 2.561 2.555 2.572 2.466
5.144 5.155 5.144 5.145 5.144 5.144 5.144
7.725 7.732 7.725 7.725 7.725 7.725 7.725

10.304 10.309 10.304 10.304 10.304 10.304 10.304

12.882 12.886 12.882 12.882 12.882 12.882 12.882

N W=

Fig. 4.13 Exact
eigenfunction and y2 (x)
asymptotic approximation

Qn=—l, 901—/ Vp(x)dx == (8—1)

then Q(K) 1/ u(K) where ,u( ) are the roots of equation (4.4.20) obtained when
keeping the K 4 1 first terms in series (4.4.19).

As it must be for asymptotic divergent series, the error firstly decreases with the
number of terms and then starts to increase (see n = 1).

In Fig. 4.13 the exact eigenfunction y, (x) for n = 2 and the less accurate asymp-
totic approximation

¥u(@) = C(1 +x)" 4 sin (i [+ - 1])
3un

are plotted. For comparison, both eigenfunctions are normalized by the condition
max y, = 1. In the graph, these functions are indiscernible since the maximal dif-
ference has order 1073.
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4.4.5. The equation for the eigenvalue problem is a particular case of the equation
from Exercise 4.1.1 for p(x) = p(x) = S(x), r(x) = 0. Its general solution is

y(x, pu) = Cq |:U cos (f) — Vsin (f)i| + Ca [U sin ( ) + V cos (@):| ,
1Y 1Y Y Y

where Ci and C, are arbitrary constants, U = uo + ,u2u2 + -,V = ppv +
u3 v3 + .-+, Vau41 = iUzu41 and the functions uy (x) are obtained in Exercise 4.1.1.
The equation for p is

1 _UOF +VOF
T U0 —-VO)F,®

where

Fi =S [pU() +p2V' ()] = av (D),

P, = S(1) [MV(I) - ;ﬂu/(l)] +aU().

If a ~ 1, the solution has the same structure as in Sect.4.4.3,

o0

Ck
Nn—ZW, as n — o0,
k=0

where
v vi0 S

T up()  wup0) @

co =1,

For S(x) = 1 4+ ax, the approximate expressions for U and V are

K K
p© _ 5 ED @by o DT ) by
- Z §2k+1/2 ’ Z S§2k+3/2 >
k=0 k=

where by = 1, b, = Z=D2p, | n=1,2,....

The exact values of Qn = 1/u, and the successive asymptotic approximations
in the sense of Table4.1 are given in Table4.2 for the first eight roots of yu, for
a=a=1.

The difference between this problem and Exercise 4.4.4 is that the root 29 cannot
be found by asymptotic formulas.

4.4.6. For the problem at hand with the notation of Sect.4.4.4 and by Exercise 4.1.3

305 1 71/2
P(X):P(X):l‘*'axv blzi l——, quv flzl’ up=p s
8 1+«



4.6 Answers and Solutions 231

Table 4.2 Exact 2, = 1/u, and successive asymptotic approximations

n Qract Q =nr | Q0 o o® Q® oW

0 0917 |- - - - - -

1 3.616 3.142 3.618 3.619 3.619 3.619 3.619
2 6.567 6.283 6.568 6.568 6.568 6.568 6.568
3 9.622 9.425 9.623 9.623 9.623 9.623 9.623
4 12717 12566 | 12718 | 12718  |12718  |12718 | 12718
5 15829 15708 15830 | 15.830 |15.830 |15.830 | 15.830
6 18.951 | 18.850 |18.952 |18.952 [18.952 |18.952 |18.952
7 22079 21991  [22.079 22079 [22079 [22079 |22.079
8 25209 |25.133 25210 |25210 |25210 |25210 |25.210

Table 4.3 First six values of €,

" Qe o o?
1 22.182 22.207 21.833
2 61.407 61.685 61.311
3 120.607 120.903 120.528
4 199.548 199.859 199.485
5 298.233 298.556 298.181
6 416.660 416.991 416.616

and the free vibrations frequencies, we have

EJy 2 -1 ”
Wwnp = Wgn, Qy=c, +0n" ), Cn25(2n+1)'

The approximate expression for the vibrations mode is

_sin(cpx —7/4) L —eax (=D" cn(x—1) -1
yn(x) = (1 +ax)1/2 +ﬁe /2(1+a)e —i—O(Cn )

Assume that o = 1. Table4.3 includes the first six values of €2,: firstly, the exact
value, then the first and the second asymptotic approximations Qfll) = cﬁ and Qflz) =
b\
Cp — c_ .
In Fig. 4.14 the vibrations mode for n = 3 is plotted. The difference between the
exact mode and its asymptotic approximation is less than 0.01.

4.4.7. The comparison result for the vibrations frequencies of a non-membrane and
a membrane type for n < 15 are given in Table4.4.
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Fig. 4.14 Exact mode and
its asymptotic approximation

Table 4.4 Comparison of vibrations frequencies of non-membrane and membrane types

4 Singularly Perturbed Linear Ordinary Differential Equations

n Ay A21 A Agz

0 1.0989 1.0989 0.0000 0.0000
1 1.5013 1.5013 0.8027 0.8027
2 4.9443 4.9443 0.9751 0.9749
3 10.9546 10.9546 0.9910 0.9901
4 19.3856 19.3856 0.9974 0.9946
5 30.2293 30.2293 1.0035 0.9966
6 43.4841 43.4841 1.0119 0.9977
7 59.1496 59.1495 1.0247 0.9983
8 77.2254 77.2253 1.0438 0.9987
9 97.7115 97.7114 1.0712 0.9999
10 120.6078 120.6077 1.1092 0.9992
11 145.9144 145.9143 1.1604 0.9993
12 173.6311 173.6310 1.2277 0.9994
13 203.7581 203.7579 1.3139 0.9995
14 236.2952 236.2950 1.4225 0.9996
15 271.2425 271.2423 1.5569 0.9996

4.4.8. For the zeroth approximation we consider the solution (4.4.30) for the degen-
erate problem (4.4.29). Since the solution does not satisfy the conditions

w=—=0 for s=0, s=1,

. dw
ds

(4.6.8)
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we add to it edge effect integrals of accuracy of order p,

ut = Z upk_ICk ePks Z z/pk_le ePre=h,
k=3,4 k=5,6

wé = Z Cy ePes + Z Ckepk(s_l),

k=3.4 k=5.6

_M(_LiL) _ﬂ(LiL)
Pa=y o) T Ty 2oA)

The constants C3 and C4 are found from conditions (4.6.8) for s = 0:

nmw C3 Cy
Ci+Ci+— T __o D%y
S X 7 s

By now, the sum 1% + u® does not satisfy condition u#(0) = 0. Assume

A=A +puA', u=ul+u'. (4.6.9)

1

Then the function " is a solution of the eigenvalue problem

du' da
AO 1 Al .0 — 0’ / — ,
— +a(AHu + A apu ap A0

e (4.6.10)

with solution

1/2n7r«/§

11— (1= ) A1 — AO)I/4 ul () = (1" (0),

u'(0) = —

where a(A) is given by (4.4.29) and u' (1) is found as for u!(0).

The value of A! is found from the compatibility conditions for the
non-homogeneous problem (4.6.10) for the spectrum. To obtain A! we multiply
equation (4.6.10) by u° and integrate with respect to s from 0 to /. Thus, we get

- 4V2n27r2\/§
B =1 =vHA%d, (1 — A0/4

Only the first few roots A can be evaluated by the approximate formula (4.6.9)
since by the estimate (4.4.27) A22 approaches 1 rapidly when n increases and A| ~
(1—A)"%*as A — 1. Therefore the correction term is small only if 1 — A > p*/°.
4.4.9. The 26 lower eigenvalues (A < 5) are listed in Table4.5. The table includes

the exact values A, ! and the asymptotic approximations applicable in different
variation ranges of A. Values out of the applicability domain for the corresponding
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Table 4.5 The asymptotic and exact lower eigenvalues

" A et AG® AG) Amembrane NG
1 0.82157 (0.93403) (1.00043) 0.80270 0.82039
2 0.98213 0.98593 (1.00165) 0.97493 0.98126
3 0.99603 0.99681 (1.00452) 0.99006 0.99329
4 1.00418 1.00467 (1.01008) (0.99462) (0.99667)
5 1.01465 1.01524 1.01966 (0.99662) (0.99807)
6 1.02986 1.03096 1.03484 (0.99767) (0.99877)
7 1.05275 1.05394 1.05749

8 1.07678 1.08638 1.08970

9 1.1028 1.0989

10 1.12840 1.13071 1.13386

11 1.19342 1.18958 1.19261

12 1.26062 1.26592 1.26886

13 1.36556 1.36291 1.36579

14 1.44440 1.48399 1.48681

15 1.52334 1.50128

16 1.63506 1.63287 1.63565

17 1.82056 1.81351 1.81626

18 2.03198 2.03015 2.03287

19 2.29137 2.28727 2.28997

20 2.59107 2.58964 2.59232

21 2.94535 2.94228 2.94494

22 3.35119 3.35048 3.35313

23 3.82226 3.81978 3.82242

24 4.35368 4.35600 4.35864

25 4.93833 4.94430

26 4.96726 4.96523 4.96786

formula are bracketed in parentheses, and the blank spaces indicate that the applica-
tion of the formula is senseless.

The values ASL“S) are obtained from relation (4.4.38) derived under the assump-
tion that A ~ 1. It occurs that relation (4.4.38) approximate well most values A > 1
except forn =9,n = 15 and n = 25.

The values Af,4'35) are found by formula (4.4.35), which is applicable only for
A > 1. Values of A > 1 close to 1 are badly approximated and this formula is not
applicable forn =9, n = 15 and n = 25.

The values AMC™MPrane 4re membrane eigenvalues for 1 = 0. For A < 1 similar
to Exercise 4.4.9 there is an infinite number of such values with accumulation point
A = 1. However, only the first three membrane values are close to the exact values.
For A > 1 the membrane values are widely spaced (see n = 9, n = 15 and n = 25).
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To refine the membrane values, A£l6'9) are obtained by formula (4.6.9) for A < 1,
i.e. in the domain of regular degeneracy.

From Table 4.5 it follows that in a neighborhood of the point A = 1 the eigenvalues
are the most dense.

4.5.1. Write the general solution of equation (4.5.1),
wx) =Cre ™ +Ch, e ™ + C3e™ + Cye™, (4.6.11)

where Cy are arbitrary constants obtained as a result of the substitution (4.5.3) in the
boundary conditions and w = w’ = 0 for x; = wa/b. Then instead of evaluating A
by (4.5.4), we use the equation

r+s

2
s —v)? —r(—s)r4+ — [s(r2 — ) 4 — sz)z] exp (_ mas\ _,
r—=s b

(4.6.12)

We solve this equation for a > b. Thus, in its derivation the terms of order
exp(—2ma/b) are neglected. Expressing r as a function of s by the formula r =
+/2 — 52 we find that, for sufficiently large a/b, this equation has only a root s > 0
through which A = (1 — s%)? may be expressed.

For v = 0.3, Eq.(4.6.12) has a real root if wa/b > 23.42. For different a/b the
values of s and A are the following:

ma/b| 25 30 35 40 00
s 0.0186| 0.0324| 0.0375| 0.0400| 0.0436
A 0.9993| 0.9979| 0.9972| 0.9968| 0.9962

For ma /b < 23.42, the solution should be searched in a form different from (4.6.11).
This case is not considered here.

4.5.2. After separation of variables (4.5.1) we come to the same Eq.(4.5.2), for
which A = Th?/(D=?). Since the boundary conditions also coincides with those
considered in Sect.4.5.1 for v = 0.3, the critical value is T = 0.9962772D/b2. This
decrease of the critical load was first established by Yu. Ishlinsky [16].

4.5.3. The results are given in Table. 4.6. The dash line means the absence of roots.
From Table 4.6, it follows that six types of boundary conditions are weak: Sy, Cg,
Se, 57, Cg, Sg and the equation has two roots only for the last type (Sg).
Since the listed equations have the root § = 0, one cannot conclude that the other
10 types of boundary conditions are not weak. This question is discussed in Exercise
4.5.4, where it is shown that the type Ss is also weak.

4.5.4. The roots A(g) of Eq.(4.5.15) for seven types of boundary conditions are
plotted in Fig.4.15. The curves are numbered in the order of increasing A(g): 1 for
the boundary conditions Sg, 2 for Cg, 3 for Sg, 4 for Cg, 5 for S4, 6 for S7, and 7
for Ss.

For the types S4, Cs, S6, 57, Cg, Sg, the roots A (q) converge to the values obtained
in Exercise 4.5.3 as ¢ — 0, and for the boundary conditions S5 A(0) = 1.
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Table 4.6 Eigenvalue equations for different types of boundary conditions

Type of boundary conditions

Equation

Roots of equation

Cy

sin 26 (cos  — sin )2 = 0

S1 cosf (cos@ —sinf) =0 -

Cy sin46 (cos 30 + sin360) =0 -

S sin?40 = 0 _

C3 sin46 (cos§ — sinf) =0 -

S3 sin? 20 + sin66 = 0 -

Cy sin?40 = 0 -

Sy sin 46 (cos 50 — sin560) = 0 A =cosm/5 = 0.809
Cs sin46 (cos 30 4 sin360) =0 -

Ss sin?40 =0 -

Co sin 100 — sin 20 = 0 A =0.419

Se sin46 (cos 70 + sin76) = 0 A =cos37/7=0.223
Cy sin240 =0 -

S7 sin46 (cos 50 — sin560) = 0 A =cos7/5=0.809
Cs sin 46 (cos 70 + sin70) = 0 A =cos37m/7=0.223
Sg sin20 — sin? 60 = 0 A =0.113, A® =0.973

Fig. 4.15 Roots A(g) for
seven types of boundary
conditions

]/}( q)

Forgq > 1, for weak support the inequality A (g) < (¢%+¢~%)/2 must be satisfied
since only under this condition equation (4.5.16) has four roots with negative real
parts. Those are required for construction of localized solution (4.5.11).

4.5.5. In the problem at hand with the notation introduced in Sect.4.5.2 we have

T = 2EmPA, ki=1,k=01=0 =1
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Fig. 4.16 A(g) for eight
types of boundary conditions

and Eq. (4.5.13) coincides with (4.5.16). Thus all results obtained for vibrations can
be used for buckling analysis. The difference is that, in studying buckling, only the
lowest eigenvalue is of interest. Thus in (4.5.16) one should assume n = 1.

4.5.6. In Fig.4.16 A(q) is plotted for eight types of boundary conditions (4.5.10) for
which A(g) < 1.

The curves are numbered in the order of increasing A(q): 1 for boundary condi-
tions Sg, 2 for S7, 3 for Sg, 4 for S5, 5 for S4, S3, Cg (the values of A(g) coincide
for three types of boundary conditions), 6 for Cg. The functions A(g) are obtained
numerically by Eq.(4.5.15) and the use of the exact solutions of the roots (4.5.20).
Here to the seven types of boundary conditions (S3, S, S5, Sg, 7, Cg, Sg) producing
A(0) = 1/2 (see Sect.4.5.4) one more type, Ce, is added for which A(0) = 1 and
which gives Ay, = 0.97. The curves 1, 2, 6 in Fig.4.16 attain their minima at
qg = 0.31, g = 0.20, g = 0.36 respectively. The other curves attain their minima at
g = 0. This fact is important in the evaluation of n in (4.5.20), which is taken from
the condition that A (g) is minimum.



Chapter 5
Singularly Perturbed Linear Ordinary
Differential Equations with Turning Points

In this chapter, we consider systems of linear ordinary differential equations with
variable coefficients and a small parameter y in the derivative terms. Asymptotic
expansions for solutions as ;4 — 0 are obtained under the assumption that there
exists a turning point (or points) in the integration interval. These expansions are
used in solving boundary value problems.

5.1 Airy Functions

Airy’s functions play a significant role in the construction of asymptotic expansions.
For the reader’s convenience, we briefly discuss the properties of the Airy functions
that will be used in this book (see also Sect.2.5.2).
Airy’s functions are entire functions of a complex variable, 1. They satisfy the
differential equation
d’v
ﬁ —nv=0. (5.1.1)

Two standard Airy functions, Ai(7) and Bi(7), which are real for real 1) are introduced.
These functions have the following Maclaurin series expansion:

Ai(n) = a1 fi(n) — az o), Bi(n) = v3la1 fi() + a2 fa)]. (5.1.2)

where
0 —-2/3
br—1 3
=> ek, by=1, bp=— =—,
h ; K 0 K= Gk—n3k T TEeR)
0 —-1/3
dy_1 3
=S di*t, dy=1, dp=——, ==,
£ ; K 0 KT Gk+ ) T TApR)
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and I'(z) is the gamma function.
Note the relation

Bi(0) = Ai(0)V/3. (5.1.3)
The asymptotic expansions of the Airy functions as 7 — oo are

. —1/4 - (= 1) Ck
A1(n):7 l/4e <Z , largn| < m;

1 i Ck s
Bi(n) >~ —=n~ "% D" =, argn| < 7
JT k:OC 3

Ai(—n) =~ % a4 [ sin (¢ + ) = Da¢yeos (¢ + %)] ,
|arg 7| < 2?77; (5.1.4)

Bi(—1) =~ %n”“ [Di©ycos (¢+5) + Da©sin (¢ + 7).
2w
largnl < ==

— (—DF — (—D)¥
Do =Y SR piO =Y S

2k
k=0 ¢ k=0
2 r'Gk+1/2)
3 S4KET (k +1/2)

Series (5.1.4) are applicable not only for real n but also for complex 7. We show sec-
tors in a neighborhood of the point 7 = oo where expansions (5.1.4) are asymptotic.
Series (5.1.4) are divergent.

In Fig.5.1, the graphs of the functions Ai(n) and Bi(n) are plotted for real 7.

5.1.1 Exercises

5.1.1. Compare the values of Ai(7) and Bi(n) for real n obtained with the convergent
series (5.1.2) and the asymptotic series (5.1.4). Explore the possibility of using these
series to get the values of the above functions accurate to five decimal places with
computation to twelve decimal places.
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Fig. 5.1 Ai(n) and Bi(n) for
real 7

Bi(x)

‘6/7<\ Q
NG

5.1.2.Find the first six zeros 1, and 17, of the functions Ai(n) and vo(n) = V3 Ai(n) —
Bi(7) and obtain the asymptotic formulas for 7, and 7, as n — oco. Compare the
exact and the asymptotic values of the zeros of these functions.

5.2 Solutions of Second-Order Ordinary Differential
Equations with Turning Points

Consider the linear second-order differential equation

d’y o
MZW —q. )y =0, q(x.pm) = gk, (5.2.1)
k=0

where 1 > 0 is a small parameter and the functions gi(x) are real analytic for
x € § = [x1, x2] C R. Many studies are devoted to analysis of Eq. (5.2.1) (see, for
example, [14, 20, 27, 32, 53, 65]).

The more general equation

d2y1 dy, - k
5 +uar —— +axy =0, an(x,u)=Zank(x)u ,n=0,1,2,
dx =

2
a
K-ao dx

can be transformed into Eq. (5.2.1) by the substitution

1 aydx
yi(x, p) = y(x, p) exp 55 ,
14 ao
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provided ago(x) # 0. Then in (5.2.1)

(a1 @  pfa) ., d
g=-\—) ——+=[— 0=—.
4 \ ag apg 2 \ag dx
If go(x) # O for x € S, then the asymptotic expansion of the solutions of Eq. (5.2.1)
has the form (4.1.2) for A(x) = £+/qo(x).
Now let go(x4) = 0, x1 < x4 < x2. Then solution (4.1.2) becomes inapplicable
since ui(x) — 00 as x — Xx4. In particular, ug(x) = qo(x)’]/4 [see (4.1.11))] and

uop(x4) = oo. The points x = x,, where go(x,) = 0 are called turning points. If
g (xx) # 0, the turning point x = x, is called a simple turning point.

5.2.1 Asymptotic Expansion of Solutions

The asymptotic expansions of solutions of Eq. (5.2.1) in neighborhoods of a simple
turning point x = x, for q(’) (x4) > 0 have the form [39]:

d
v, i) = a® (e, v [nGe, w1 + p e (x, 1) ﬁ (52.2)

where v(n) is one of Airy’s functions (see Sect.5.1):

3 2/3
nx, @) = p2 (), 5(x>=[5 / \/QO(x)dx} ,

o0
a9V, = > al 0k, j=0.1. (5.2.3)
k=0

The function &£(x) and the coefficients a ,EJ )(x) are evaluated as a result of the sub-
stitution of solution (5.2.2) into (5.2.1) and equating the coefficients of p*v and
,uk (dv/dn). If there are no other turning points in S, the functions &(x) and a,ﬁ" ) (x)
will be analytic in S, including the point x = x,.

Calculating the first coefficients in (5.2.3) and assuming that solution y(x, ) is
analytic at the turning point, where £ = 0, we get

o _ 1 M . ¥ qidx
a, :ﬁcoshl/, a, :@smhu, v = e (5.2.4)

In particular, for g; = 0 we have v = 0 and

a) = —, o’ =0. (5.2.5)
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All the coefficients a ,EJ )(x) are expressed in terms of g; (x) by quadratures (see also
Exercise 5.2.1).

Expansion (5.2.2) is uniformly applicable in the entire interval S including a
neighborhood of the point x = x,. If || > 1, we may use asymptotic expansions
for Airy’s functions (5.1.4) and express (5.2.2) in the form of a linear combination
of functions (5.1.2). Let the function g (x, u) be real for real x and the conditions

qo(x:) =0, qo(xs) >0, ¢qi1(x) =0,
qo(x) <0 for x < x4, qo(x) >0 for x > x4, (5.2.6)

be satisfied. Then, for two solutions, y (x, ©) and y2(x, u), the following asymptotic
expansions hold:

Y1) = = A [+ 0GD] + AT, € = 0 (i*1).
VE

2

yilx,pu) =a [sin(%/ ’ vV —qox)dx + g) + O(M)] , X < Xy 5.2.7)

1 X
yi(x, p) = 2 eXp(—;/ x/cm(X)dx) 1+ 0], x> x4,

1

2 ) = B [+ 01+ B, € =0 (1),

1 X
y2(x, p) = aexp(;/ \/qo(X)dX) [I+O0wl, X > Xy,

yo(x, p) = a[cos(i/ ’ v —qo(x)dx + %) + O(M):|, X < xyg, (5.2.8)

where a = MI/G/ (Igol"* /7).

The first formulas of (5.2.7) and (5.2.8) are uniformly applicable for x; < x <
X7, but the next two are uniformly applicable only for x > x, and for x < x,,
respectively. For x > x, the function y; decreases exponentially and the function y;
increases. For x < x, both functions oscillate.

5.2.2 Turning Points at the Ends of Integration Intervals

Find the asymptotic expansions for the eigenvalues €2,, and the eigenfunctions y, (x)
of the Sturm-Liouville problem as n — oo:
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Y+ QP f(x)y =0, y0) =yl =0 (5.2.9)
under the assumption that f(0) = 0, f/(0) > 0, and f(x) > Ofor0 < x < L.
The problem of the free vibrations of a string with variable density is reduced to this
problem (see Sect.4.4.3).

Assume that Q = p~!. Then Eq. (5.2.9) is transformed into (5.2.1) with solution
(5.2.2). Limiting ourselves to the main terms of the asymptotic expansions we find

_L 2 / 4/3 =273
y(x,u)—ﬁvo(n)[l+0(u )]+vo(n)0(u ) n=—p 7%,
3 2/3 x
vo(n) = V3 Ai(n) — Bi(n), £ = [5 sa(x)} , p(x) =/O vV f(x)dx.

(5.2.10)

Note that vo(0) = 0. The required value y = p,, is calculated from the condition
vo[n(l)] = 0. We get

3 9320 -3 2|, 1?2 1
o= 0 ). =B o)

!
¢’ = () =/0 VFx)dx, (5.2.11)

where 7)), is the nth zero of the function vy (1) (see Exercise 5.1.2 and Table5.5).
Replacing 77, with their asymptotic representations by formula (5.5.1) (see the solu-
tion of Exercise 5.1.2) we obtain

(n —1/12)
el

Q, = +0@m™"), as n— oo. (5.2.12)

Now find the asymptotic expansions of the eigenvalues €2,, under the assumption
that £(0) =0, f/(0) >0, f() =0, f'(I) <0,and f(x) >0for0 <x <.

There are two turning points in this problem, namely x = 0 and x = [. Thus, one
cannot construct the asymptotic expansions of the solutions uniformly applicable to
the entire interval 0 < x < [ with the help of the standard Airy functions. We find
two different solutions, y"(x) and y® (x). The solution y" (x) is applicable for
0 < x <1 —¢ (e > 0) and satisfies the condition y(l)(O) = 0 and the solution
y@ (x) is applicable for € < x < [ and satisfies the condition y@ (1) = 0. We find
the eigenvalues €2, from the condition

yD ) =CcyP(x), C=const, e <x <I—ce. (5.2.13)
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Taking (5.2.8) and (5.2.10) into account and omitting the residual terms fore < x <
[ — ¢, we have

YD) =~ 1l or(x) +7T/12),

\/lgvo (nl) o~ ﬁsin(

) 3/2 x
n'=—pBe, &= I:g@l(x)j| s p1(x) :/o V f(x)dx;

1 1
y(z)(x) ~ —— (1) = ———sin (/flwz(x) + 7r/12) ,

\/g V)

- ) 3/2 I
m=-—puG, &= [ng(x)} . eax) = / Vf(x)dx.
X
Identity (5.2.13) holds only for
plo1(x) + /12 + o (x) + w/12 = i,

whence we get the required asymptotic formula

—1/6
Q=p ' = ”(”—0/) +0 (n”), as n — oo, (5.2.14)
v

where

!
¢0=<P1 +<,02=/0 Vv fx)dx.

5.2.3 Interior Turning Points

Find asymptotic expansions of eigenvalues €2, and eigenfunctions of the Sturm—
Liouville problem

Y+ Q2 f(x)y =0, yx1)=yx) =0, as n— oo, (5.2.15)
under assumption that

Ffxe) =0, f(xe) >0, x| <x4 <x2,
f(x) <0 forx < x4, f(x)>0 forx > x,. (5.2.16)
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We seek only eigenvalues €2,, such that Q,Zl > (. Problem (5.2.15) also has a countable
set of eigenvalues such that Q% < 0. Those may be obtained in a similar manner by
the substitution x’ = —x, Q' = iQ,i = +/—1.

As in Sect.5.2.2, we assume that @ = p~! and transform the problem into
Eq. (5.2.1). We represent solution (5.2.2) in the form

ym=;%mwm+ochMMLC=OW®, (5.2.17)

where

3 2/3 x
n=—u 3%, 5=(5wuﬂ : w@)=/1¢f@ﬂh.

The function y(x) approximately satisfies the condition y(x;) = 0 since Ai(n) — 0
as 7 — oo. Satisfying condition y(x;) = 0, we get

13/2

2[1 - T
Qn — |,’37§a0 + 0 (n 1) s 900 = SD(XZ) = / f()C) dx, (5218)

where 1), is the nth zero of the function Ai(n) (see Exercise 5.1.2 and Table5.5).
Replacing 7, with the asymptotic expansions by formula (5.5.1) (see solution of
Exercise 5.1.2) we obtain

w(n—1/4) 1
Qn:—0+0(n ) as n— oo. (5.2.19)
¥
It should be noted that formulas (5.2.18) and (5.2.19) do not depend on the boundary
condition at x = x; and also on the behavior of the function f(x) for x < x,, if
only f(x) < 0. The eigenfunctions exponentially decreases with x for x < x, (see
Fig.5.7).

5.2.4 Vibrations of Strings on Elastic Foundations

The free vibrations of a string on an elastic foundation are described by the equation
(see Sect.4.3.3)

2

d
r ﬁ — i)y + W pi(x1)y =0, y(0) = y() =0, (5.2.20)
1

where [ is the string length, T is the tension, w is the frequency. The linear density of
the string, p1(x1), and the foundation stiffness, c1 (x1), are assumed to be variable.
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The non-dimensional variables x = x1/I, ¢ci = coc(x), p1 = pop(x), and
c(x), p(x) ~ 1 transform problem (5.2.20) into the standard form (5.2.1)

py" = q()y =0, y(0) =y(1) =0, (5.2.21)

where ¢(x) = g(x, A) = c(x) — Ap(x), ,u2 = T/(colz) and A = wzp()/co.

Under the assumption that ;z > 0 is a small parameter, we study the frequency
spectrum of the free vibrations of the string. We assume also that c¢(x) > 0 and
p(x) >0for0 <x <1.

We introduce the auxiliary function z(x) and the variables A~ and A" by the
formulas:

zZ(x) = ==, A~ =minz(x), AT = maxz(x). (5.2.22)

For A < A, the function g (x) is positive for all x and problem (5.2.21) does not
have nontrivial solutions.

For A > A™, the function ¢ (x) is negative for all x and for A > A" +¢,¢ > 0,
one may use solution (4.4.21) obtained in Sect. 4.4.3. Limiting ourselves to the zeroth
approximation, we write the equation for A in the form

1
<pO(A) = unm+ O (uz) , gao = /0 v—qx)dx. (5.2.23)

For A= < A < A™, the interval of integration [0, 1] contains the turning points
which, in contrast to 5.2.2-5.2.8, move along the x-axis when A € [A™, AT]
changes.

Here we consider only the case z'(x) > 0, x € [0, 1]. Then the interval of
integration for all A € [A~, A™] has one turning point, x,(A), and A = z(x,) and
q' (x4) > 0.

In the construction of the asymptotic expansions of Eq. (5.2.21) we find only the
main term in (5.2.2). Then

1 X
yx) = NG [C1Ai(n) + C2Bi()], ¢ =/ V—q(x)dx, (5.2.24)

where C; and C; are arbitrary constants, n = p?/3¢, & = (3p/2)*/3. Moreover,
n < 0forx < xy andn > 0 for x > x,.

Substituting (5.2.24) into the boundary conditions (5.2.21), we obtain an approx-
imate equation for A in the form

Ai (no) — +Bi (770) =0, v= ‘}: 223 (5.2.25)
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where

0 30 23 0 i
n =— (—) <0, ¢ = / v—qx)dx,
0

2p
3! 2/3 1
771 = (E) > 0, <p1 :/ Vgx)dx.
Xy

We consider two particular cases.
(1) If the turning point x, is situated far from the edge x = 1,thenn' > landy < 1,
and Eq. (5.2.25) reduces to the form Ai(no) = 0 (see Sect.5.2.3 and Exercise 5.2.5) or

5 3/2 1
wOZ%:MW(n—Z)’ n=1,2,.... (5.2.26)

where 7, is the nth zero of the function Ai(n). The eigenfunction oscillates to the
left of the turning point x, and decreases exponentially to the right of x.
(2) If the turning point x, is situated close to the edge x = 1, then Eq. (5.2.26)
becomes inapplicable since we cannot approximately assume v = 0. In particular,
if x, = 1, i.e. the turning point coincides with the edge, then v = 1/+/3 and Eq.
(5.2.26) is replaced with Eq. (5.2.12) cpo ~ um(n — 1/12).

If we assume that tan(am) = v, then it follows from Eq. (5.2.25) that

O~ pr(n +a — 1/4). (5.2.27)
For A > AT, the formula for calculating ! becomes inapplicable. If we assume

that the functions c(x) and p(x) can be analytically extended to the right of the point
x = 1, then x, > 1 and we use the formula

1 3! 23 1 X*
U] =—(—) s P =/ V—qx)dx,
1

2p

to evaluate n' in (5.2.25)
The function a/(®),

1! [
® = ——/ Vgx)dx, x, <1; @ = —/ V—qx)dx, x> 1,
wJx, ®J1

is plotted in Fig.5.2.
By formulas (5.1.4),

|
a(®) = ?+Z+O(¢_l)’ as ® — oo,

and formula (5.2.27) transforms into (5.2.23).
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Fig. 5.2 The function a/(®)

0.8

0.4

_ o

5.2.5 Asymptotic Expansions of Bessel Functions

Find the main terms of the asymptotic expansions of the Bessel functions 1,,(z),
K, (2), J,(2) and N, (z) under the assumption that the order v and the argument z of
these functions are simultaneously large positive numbers.

Assume that z = vx and consider v — oo for fixed x. As z — 0 (see [1])

(@, 1)~ o, Ky = 2D g = 2T
v(Z), Jv(Z _ZVF(I/—F])’ v(Z) = " , VplZ) = 7
(5.2.28)
On substituting z = vx and applying Stirling’s approximation [1],

Fw) ~V2m’ te™, as v— oo,

we write relations (5.2.28) in the form

(@), J() = J;r_y(%) Kv(zm\/g (5) "

Ny(z) ~ —\/g (%)_ (5.2.29)

as x — 0 and v — oo. The functions I,,(rx) and K, (vx) satisfy Bessel’s equation

2y 4 xy =P+ )y =0, () =-—.

1

If we assume that y = y;x~!/? and x = v, then this equation becomes
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1y] —qx, my1 =0, as p—0, (5.2.30)

where

1 1
q(x, 1) = qo(x) + P qa(x), qo(X)—l—lr , qz(x)=—m-

For x > 0, Eq. (5.2.30) does not contain turning points. The main terms of the
asymptotic expansions of its two solutions are

1
y1(x) = (go(x))~* exp [i; / Vqo(x) dx} ) (5.2.31)

Evaluating the integral and returning to the variable y we get

v
II/(VX) ~ Cl (xz + 1)—1/4 [;] el/«/xz-‘rl’

14+ vVx2+1
-V
K, (vx) ~ Ca(x® + 1)~ /4 [ﬁ} VIR o (5232)
X

The constants C and C; are evaluated by formula (5.2.32), as x — 0, and (5.2.29):

1 T

) C2 = P
2y 2v

The construction of the asymptotic expansions for the functions J,(vx) and
N, (vx) is reduced to the same Eq. (5.2.30), in which, now, go(x) = x 2 -1.
Equation (5.2.30) has the turning point x, = 1 and, by (5.2.2) and (5.2.5), the
asymptotic expansions of its solution are expressed in terms of Airy’s functions.

Returning to the function y, we find as v — oo

C =

1/4

e\ £
Ju(wx) =~ C3 (—2) Ai(n), Ny,(vx) >~ Cy (—2) Bi(m), (5.2.33)
I —x I—x

where

2/3
n=v*3¢x), £x)=— (% @(x)) sgn(x — 1),

and

v

q>(x):/xmdxzx/xz—l—arctanm, x

0] Vg(x)dx = =1 —x2+1
(x) = / qg(x)dx x+n+m X

IA
—
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If |x — 1] > v~2/3, then || > 1 and one can use formulas (5.2.7) and (5.2.8)
from which it follows that

v16(1 — x%)~1/4 X YT

Jy(vx) ~ Cj e [1+m] e , x<l1,
—1/6(] _ x2y~1/4 —v
NV(Vx):C4V (ﬁx ) |:1+\/xl_2] e_l”l_xz, x <1,
—X

V—1/6(x2 _ 1)—1/4
Ju(vx) ~ C3 NG sin(v® +7/4), x> 1,

Ufl/G(XZ _ 1)71/4
Ny(vx) >~ Cy NG cos(v® +7w/4), x> 1. (5.2.34)

Comparing formulas (5.2.34), as x — 0, and (5.2.29) we obtain
Cy=v2u713, Ccy =201

Obviously, ®(x) >~ x — m/2 as x > 1. Substituting this approximate expression
into formula for J,, (x) we obtain the asymptotic formula (2.4.9).

5.2.6 Exercises

5.2.1. Develop recurrent formulas for the coefficients a ,ij ) (x), j =0, 1, of the expan-
sion (5.2.3) if g(x, i) = qo(x).

5.2.2. Under the conditions of Sect.5.2.2, find the asymptotic expansions of the
eigenvalues 2, for p(x) = x for0 < x <.

5.2.3. Under the conditions of Sect. 5.2.2 find the asymptotic expansions of the eigen-
values 2, for p(x) = x + x2 over the interval 0 < x < 1. Compare the exact and
asymptotic results.

5.2.4. Under the conditions of Sect. 5.2.2 compare the exact eigenvalues €2,, and their
asymptotic expansions (5.2.14) for p(x) = x(1 — x),l = 1.

5.2.5. Under the conditions of Sect. 5.2.3 find the asymptotic expansions of the eigen-
values €2, for p(x) = x +x? over the interval —1 < x < 1. Compare the exact eigen-
values €2,, and their asymptotic approximations. Plot the eigenfunction for n = 3.
Study the effect of the boundary condition at x = —1 assuming that y'(—1) = 0
instead of y(—1) = 0.

5.2.6. Find the asymptotic expansions of the eigenvalues 2y and eigenfunctions
Yy (x) for problem (5.2.15) as N — oo if
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pxy =0, P x®)£0, k=1,2, x <x <x® <x;

p(x) > 0forx < xil) and for x > xf);

p(x) <0 for xfkl) <x< xiz).

5.2.7. The function p(x) = x2 — a2 satisfies the conditions of Exercise 5.2.6 if
X1 < —a and xp > a. Study the spectrum of the eigenvalues for a = 0.5, x| = —1,
x3 = 1 and compare the exact and approximate eigenvalues.

5.2.8. The function p(x) = x2 — 42 satisfies the conditions of Exercise 5.2.6 if
a =05 x1 = —-09,x, =1, x1 < —a and x» > a. Find the exact first ten
eigenvalues and compare them with those defined by formula (5.5.4). Plot some of
the eigenfunctions.

5.2.9. For problem (5.2.21) compare the first ten exact eigenvalues A, with the values
obtained by the asymptotic formulas (5.2.23), (5.2.26) and (5.2.27) if c(x) = 1 + x,
p(x) = 1and p = 0.03.

5.2.10. The free vibrations of a circular membrane are described by the equation

10 [ ow 1 0w 2
T[;E (V§)+ﬁa—()02i|+pw w=0, wR, ) =0,

where w(r, ) is the membrane deflection, T is the tension, p is the area density, w
is the vibrations frequency and R is the membrane radius. Separating the variables
w(r, ) = y(r)cosmep and scaling r = ax, a = +/T/(pw?) we come to Bessel’s
equation for the function y(x), x2y” + xy’ + (x> — m?) = 0, with the boundary
conditions y(R/a) =0, y(0) < oo.

Develop the approximate asymptotic formulas for the free vibrations frequencies
of a circular membrane with a large number of waves in the circumferential direction
m.

5.2.11. For m = 8, compare the exact values of a,,, which are the roots of the
Bessel functions J,, (x) with their asymptotic approximations (5.5.10)—(5.5.15) (see
the solution of Exercise 5.2.10).

5.3 Solutions of Systems of Linear Ordinary Differential
Equations with Turning Points
Consider the system of Eq. (4.2.1),
dy
w—=AMx, )y, >0, x;1<x=<x. (5.3.1)

dx

under the same assumptions on the matrix A (x, p) as in Sect. 4.2.
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We consider cases where the multiplicity of the roots of the characteristic equation
(4.2.4),
det (Ag(x) — AE,) =0, (5.3.2)

changes at some points x = x, (x] < x4 < x2), called turning points.

5.3.1 Splitting Theorem

In the general case, the problem of the construction of asymptotic expansions of
solutions of system (5.3.1) as ¢ — Ohas not been solved yet. Here, we limit ourselves
to the simple case, where the multiplicity of the roots of equation (5.3.2) at x = x, is
not larger than 2. Additionally, we assume that these roots, denoted A1 (x) and A (x),
coincide at x = x, and can be written in the form

M2 =p@) £vq(), qx) =0, ¢'(x) #0, (5.3.3)

where the functions p(x) and ¢ (x) are real analytic in a neighborhood of the point
X = Xy.

Under the above assumptions, A1 (x) and A, (x) provide integrals of system (5.3.1)
and their asymptotic expansions as ¢ — 0 (similar to Sect.5.2) are expressed by
means of Airy’s functions:

1
Y, p) = [a(o)(x,u)v(n)+u1/3a(”(x,u)v’(77)] eXp(;/p(x)dx), (5.3.4)

where

3 px 2/3
nix, p) = p 2P, §<x)=[5 / \/q(x>dx] ,

o0
aDx, )= > a @pk, j=0.1,
k=0

and v(n) is one of the s_olutions of Airy’s equation (5.1.1). Here, in contrast to solution
(5.2.3), y, a) and a,((]) are vector-functions. As in (5.2.3), the function £(x) and the

coefficients a,((j ) (x) are real analytic at x = x,. Series (5.3.4) diverge.

Further, we mostly pay attention to the evaluation of the functions a,((j ), in partic-
ular, a(()j ). The following splitting theorem may be useful for this purpose [25, 65].
The theorem states
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Splitting theorem Suppose the roots of Eq. (5.3.2) can be split into two groups,
A, .o, Ap(x) and Ap i1 (x), ..., Ay (X), such that

Aj) #XMexe), j=1,...,p, k=p+1,...,n (5.3.5)
Then there exist a formal transformation
o
y=Pz, P=P.p) =D Pru’, detPolx,) #0. (5.3.6)
k=0

with real analytic coefficients Py (x) at x = x, which transform system (5.3.1) into
the form

d
Mﬁ — B(x, )z, B=P (AP — uP"), (5.3.7)

where the blockdiagonal matrix B has real analytic entries at x = x

_ By O
B = |: 0 322:| (5.3.8)
with square matrices B11 and By of sizes p and n — p, respectively, and the eigen-
values of the matrices B11(x,0) and B (x, 0) are equal to \i(x), ..., A\p(x) and
Apr1(X), ..., A (x), respectively.

As a result of repeated applications of the splitting theorem under the above
assumptions on the roots of Eq. (5.3.2), system (5.3.1) can be split into the separated
first-order equations

dz; . ) . )
K d_xj = bW (x, Wz, b9 (x, ) szgj)(x)uk, b(()])(x) = \;(x), (5.3.9)
k=0

for the simple roots A; (x4), or into systems of two equations

dz; - i j+1
u—dx :b(J’])Zj —I—b(]’] )Zj+17
dz; i+1,j j+1,j
dj;—l _ b(jJrl’])Zj n b(]H’]H)Zj-Hv (5.3.10)

if )\j (x4) = )\j+1(x*)-
Let A\{ (xx) = M\2(x4) at x = x, and relations (5.3.3) be satisfied. Find expressions
for the vectors a(()o) (x) and a(()l) (x) in (5.3.4). For x # x4, to construct the integrals

y&) (x, pu) corresponding to the roots Aj(x), j =1, 2, one may use formulas (4.2.3)-
(4.2.9). Then, for j =1, 2,
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X

) : 1
Y@, =05 @) exp(— /
M Jx

)\j(X)dx)[l +0wl,
0
U(()]) — (pé)])v(})’ (AO _ )\]E)V(j) — 0’ 4/7(()])/ — b%])w(()])’
; ; j (x) i c2(x)
VO = Vi) — (DI g Vo), b = 2 -y 2
\/_ 1 q \/ﬁ
(5.3.11)

where the vector-functions V1 (x) and V(x) and the functions ¢ (x) and c2(x) are
real analytic at x = x,.. However, cp(()] )(x) — 00 AS X —> X4.

In aneighborhood of the point x = x,, the main term of the asymptotic expansions
(5.3.4) as u — oo have the form

\ %4 h
Y, 1) = do(x) [(% + Vo /8 sinv + 0(u>) v () +
'3 (%‘?” + Vo /€ cosv + 0(u>) v’(n)] exp (i / p(x)dx) :

(5.3.12)

where n = pu~2/3¢,
X 4 / X 3 x 2/3
do(x)zexp(/ Cl—_i_qu), z/:/ C—2dx, E= (— ﬁdx) .
X 4q X ﬂ 2 X

5.3.2 Vibrations of Circular Plates

The equation of free vibrations of a circular plate with m waves in the circumferential
direction has the form

D AAw — phw?*w =0, 0<r <R, (5.3.13)
where
1d ( dw m? ERh3
Aw=-—(rE) =S, D=
rdr dr r2 12(1 — v?)

w(r, ¢) = w(r)cos my is the plate deflection, R is the plate radius, E, v, p, h are
Young’s modulus, Poisson’s ratio, plate density and plate thickness, respectively.

The general solution of equation (5.3.13) bounded at » = 0 is expressed by means
of the Bessel functions J,,, (x) and I, (x):

h 2
w(r) = C1Jy(ar) + Cal,, (aur), M:pg. (5.3.14)
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For a clamped edge r = R, the boundary conditions have the form

dw

=0, —
W dr

=0 for r=R.

Denote 5 = aR. Then the frequency equation reduces to

HB) = I (B, (B) = In(B)J,,(B) =0, (' = a7 (5.3.151)

For a freely supported edge r = R, the boundary conditions and the equation are

2
LB) = In (B 1, (B) = Ln(B)J,,(B) — % I (DI (B) = 0. (5.3.152)

Finally for a free edge r = R, the boundary conditions and the equation are
d*w n ldw m? 0
—_— vy — - - wj) =Y,
dr? rdr 12

d [d*w . 1 dw m?
— =+ -— - —w
dr | dr? r dr r2

1d*w 2m?+1dw 3m?

+(l_y)(;ﬁ_—r2 d—r+r—2w)=0, for r =R,

I, m? ,
f3(8) = (al-]m(/B) T3 I (ﬂ)) (F In(B) —ail, (,6’))
m2 / 1 /
- (E In(B) — asz(ﬁ)) (azlm B — 3 Im(ﬁ)) =0, (5.3.153)
where

m? 1 m? 1
a) =

71—y 2T gET

1—v

In developing Eqs. (5.3.2) and (5.3.2) we used equations satisfied by the functions
Jn(B) and I,,,(B) (see Sect.5.2.5).
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The frequencies wy,, are expressed by means of the roots [3,,, of Egs. (5.3.15)

and the formula
D 2
Winn = ,/p—h R (5.3.16)

Asin Sect.5.2.5, for the asymptotic analysis as m — 0o, we make the substitution
r = mx /« and assume that ;o = 1/m. Then, Eq. (5.3.13) takes the shape of (4.1.1):

(5.3.17)

d? 1d
A%w—w:O, A1w=,u2( w w)_w

w2t rax) T

Equation (5.3.17) has a turning point at x,, = 1. The above splitting theorem permits
to consider two second order equations instead of the single fourth-order equation
(5.3.17)

(@ Aw+w=0, w = Jp, (mx),
b)) Ajw—-—w=0, w = I,,(mx), (5.3.18)

The first of equations contains the turning point x, = 1.
‘We use the asymptotic formulas obtained in Sect. 5.2.5 to write formula (5.2.31) as

2 2
In(B) = (m? +ﬂ2>1/“exp( ym e ” ) . B) — 0. (53.19)

from where we have

JEF R
5

For the roots of equation (5.3.15), 5 — oo as m — oo. Thus, the applicability
conditions for formula (5.3.20) hold and with an accuracy of order 1/m, Eq. (5.3.15)
transform to

1, (3) ~ I,(8), (m,B) — oo. (5.3.20)

(1) Vm*+ 52 0u(B) = B, (B) =0,

2)  Ju(B) =0,
B3)  aVm?+ B2 In(B) — a3 BL,(B) =0, (53.21)

where a1 and ap are as in (5.3.15).
For a further simplification, replace J,, (3) with its asymptotic expansion (5.2.33).
Then Eq. (5.3.21) become

Ai(n) + brAi'(n) =0, k=1,2,3, (5.3.22)
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2/3
n=—Fﬁ¢(éﬂ sgn(B — m),
m

2 _ @2 ql/2 2 2 _ g2 ql/2
bl:[u} b =0, b3=a_§[m2_52] ,
) aj 77(’" +ﬁ)

where

and the function ® (x) is the same as in (5.2.33).

5.3.3 Vibrations of Shells of Revolution

Find the main terms of the asymptotic expansions of the integrals of system (4.2.35)
which describes the free vibrations of a shell of revolution with large wave number,
m, in the circumferential direction if the characteristic equation (4.2.38) has two
roots with changing multiplicity

M2 =EVq(s), qls) =0, ¢'(sx) <0, (5.3.23)

and the other roots of the equation are simple. The integrals corresponding to the
simple roots are found in Sect.4.2.6. Consider the integrals, corresponding to the
roots (5.3.23).

To reduce system (4.2.35) to the standard form (5.3.1) we introduce the vector-
function y(s, u) by means of formulas (4.2.36). Then, for s # s, by formulas
(4.2.3)—(4.2.9) and (4.2.39) we have

1
(s, p) = Uo(S)GXP(; / A(s)ds), Uo = ¢o(s)V (s), (5.3.24)
where of
po=0MNT? h=21 V=1, v,
o\
2 2 2 /12
w2 T _ ko\* — kir/b _ _
U]—/\ _l?’ U5——>\2_—r2/b2, Uk+1—AUk,k—2,3,...,8.

Here the function f = f (), s) is given by formula (4.2.38) and the symbol 7 denotes
transposition.

The multiple roots (5.3.23) are of the form (5.3.3) for p(x) = 0. From formulas
(5.3.9), (4.2.9) and (5.3.11),

/

) Yo C1 ) .

') =" =——(-1))—=, j=1,2. (5.3.25)
! w0 q Vi
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Since f (A, s) is a polynomial in even powers of A, we get c2(s) = 0 and, therefore,
v(s) =0in (5.3.12).

The components vg, k = 1, ..., 8, of the vector V are either even or odd functions
of \. Therefore, in representating the vector (5.3.11), each component v; of V)
contains only one of the two summands. Accordingly, formulas (5.3.12) can be
simplified to

s )NdOUk
Yie(s, ) = \/?

1/3 d()\/?vk v/( ) — 1/6 d()vk v/( )
b\ n A2 )

doven'/*
v(n) = p'/° TZ v, k=1,3,57,

Vs, 1) =~ p k=2,4,6,8, (53.26)

where v; come from formulas (5.3.24), v(n) is Airy’s function,

do =

A =P g= (§ /S\/q(s)ds)Z/3

VBN ’ 2 Js. ’

and ¢ > Oforg > 0and ¢ < O forg < 0. The right sides in (5.3.26) are real analytic
for s = s,.

We develop an approximate equation for evaluating the free vibrations frequencies
of a shell of revolution with a large wave number, m, in the circumferential direction
if in the interval of integration there exists one simple turning point of type (5.3.23).

Under the above assumptions, the turning point s = s, divides the interval of
integration into two parts. For 51 < s < s,, the characteristic equation (4.2.38) of
degree eight has four roots with positive real parts and four with negative real parts.
For s1 < s < s4, the equation has three roots with positive real parts, three with
negative parts and two pure imaginary roots.

We seek the vibrations mode which decays to the left of the turning point in
the form

w0 CiVs, ., (5.3.27)
j=1,3,4,5

where C; are arbitrary constants, (D (s, p) are solutions of the form (5.5.22) or
(5.5.23), in which v(n) = Ai(n) is the Airy function which decays for > 0, and
z(j)(s, W), j = 3,4,5, are solutions of the form (5.5.20) for which 9i(\;) > 0. A
substitution of (5.3.27) into the boundary conditions at s = s> leads to the frequency
equation

1/2 3 5 2/3
Ai(—mp) +d [—%} Ai'(=mp) =0, m= (Z/ Vv =q(s) ds) > 0,
" (5.3.28)

where g (s) is as in (5.3.23) and the coefficient d depends on the boundary conditions
at hand and it is a zero of a fourth-order determinant.


http://dx.doi.org/10.1007/978-3-319-18311-4_4

260 5 Singularly Perturbed Linear Ordinary Differential ...

For example, for the clamped boundary conditions C; (see formulas (4.5.9))
u=v=w =y =0, and equation for d is

-1 () () 4) ©)
Al g ug Uy g

(1) 3) 4) 5)
dv, vy vy g

=0, (5.3.29)
dw(()l) w(()3) u)(()4) w(()s)

-1 . 3 @ _©O
Al Mo Mo Mo Mo

where the functions u(()f ), v(()" ). w(()J ) and vf{)) are calculated by formulas (5.5.21) for
A = Aj(s). In the first column of the determinant (5.3.29) the functions (5.5.22) have
multiplier d, and the functions (5.5.23) have multiplier AL

In particular, for boundary conditions of free support type S (1 = v = w =
(1
0

~1 = 0) in the first column of determinant (5.3.29), all functions z ) have multiplier

d. Thus, d = 0in (5.3.28).
For m, > 1, if one uses formulas (5.1.4), then Eq. (5.3.28) simplifies to

1 52
tan(—/ vV—q(s)ds + %) =d~/—q(s2), (5.3.30)
wJs,
from where

/S2 J=4(s) = pu(r(n — 1/4) + arctan (d,/—q(sz)) L on=1,2,... (5331)

The free vibrations mode is localized near the edge s = s, (see Fig.5.9). If the
other edge, s = s1, is weakly supported or free (see Sect.4.5.2), then free vibrations
modes localized near this edge may also appear.

5.3.4 Exercises

5.3.1. Develop formulas (5.3.12).

5.3.2. For the three types of boundary conditions considered in Sect.5.3.2, compare
the first six values of 3,,,, obtained from the exact Eq. (5.3.15) and the approximate
Egs. (5.3.21)—(5.3.22), form = 8 and v = 0.3.

5.3.3. Using the expansions (4.2.5), (5.3.26) and formulas (4.5.12), obtain the main
terms of the asymptotic expansions of the functions u, v, w, y1 = w’, T1, S, Q7
and M, which describe the stress-strain state for the free vibrations of a shell of
revolution and which enter into the boundary conditions (4.5.12).
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5.3.4. Find the integrals of system (4.2.53) which describe the stability of an axisym-
metric stress-strain state of a momentless shell in the presence of a turning point of
type (5.3.23).

5.3.5. Using Eq. (5.3.28) find the free vibrations frequencies for a paraboloidal shell
of revolution in a neighborhood of the lowest frequency. The parameters of the
paraboloidal shell entering formulas (4.2.38) and (5.5.21) are

1 d:
k= —— k=K., = =1+, (5.3.32)
1+ b2 db

where b(s) is the dimensionless distance from the axis of revolution.

Consider the four types of boundary conditions, Cy, S1, Ca, S> [see formulas
(4.5.9)]. Assume the following values of the parameters R/h = 250, v = 0.3,
s> = 2. As a characteristic size for R, take the radius of curvature at the top of the
cupola.

5.3.6. Find the critical load for the paraboloidal shell of revolution considered in
Exercise 5.3.5 under external normal pressure p. The initial axisymmetric stress
state is determined by the non-dimensional stresses

1 1 — 1k
nhn=—, h= k—2

5.3.33
%N ( )

where ki and ky are the same as in (5.3.32). The loading parameter A entering
(4.2.53) is related to the pressure p by the formula

R
A_P

= —TEh (5.3.34)

5.4 Localized Eigenfunctions

In Sects.5.2 and 5.3, we considered eigenfunctions which were exponentially
decreasing when approaching one of the edges of the interval [x1, x2] and equa-
tions for evaluating the corresponding eigenvalues A within an accuracy of order
e~“/M independent of the boundary conditions on that edge (see Exercises 5.2.5—
5.2.9, 5.3.5-5.3.6). Here we study cases where system (5.3.1) or Eq. (4.1.1) has an
oscillating solution on the interval xil) <x < xiz) (x1 < xil) < xiz) < xp) and
an exponentially decreasing solution when approaching the edges x; and x,. With
an error of order e~¢/* one may assume that the solution satisfies any homogeneous
boundary conditions at x = x; and x = x3. Below we call this solution localized.
We assume that the coefficients of Eq. (4.1.1) depend linearly on the parameter A
and seek eigenvalues A for which the localized solution exists.
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5.4.1 Existence Conditions for Localized Solutions

Firstly, consider the second-order equation

2

d
“2ﬁ_q(x’1\)y=0’ q(x, A) = q1(x) + Ag2(x). (5.4.1)

Letg(x, A) = 0,4, A) £0,k =1,2,and g < 0 forx{" < x < x{*. Then
an existence condition for localized solution is [22, 30]:

<

1
;/m g(x,A)dx:%(Zn—}—l)—i—O(u), n=0,1,2,..., g=+/=q. (542)
X

Now, we assume that the order of system (5.3.1) or Eq. (4.1.1) is larger than two
and for xil) <x < xiz) the characteristic equation (5.3.2) or (4.1.7) has two pure

imaginary roots

* 0

12 12
A2 = £ig(x), g(x) ~ (xff) — x) (x — x,ﬁ“) Cas x— 2B, (543)

which, for x € [xil), xiz) ], go over into real roots of opposite signs. The other roots

of the characteristic equation have nonzero real parts. Then, if condition (5.4.2) is
satisfied, system (5.3.1) has a formal localized solution.

We note one more case where localized solutions appear for a system of at least
fourth order. For xil) <x < xiz), let the characteristic equation (5.3.2) have four
pure imaginary roots,

. . 172 1/2
Ni2aa = +ig) £igw), g~ (x@ —x) " (x=x") T, x>,
(5.4.4)

where the function ¢ (x) is real analytic. For x € [xil) , xf)] the roots of equation

(5.3.2) have nontrivial real part. Under the same assumptions on the other roots
of equation (5.3.2) the existence condition for localized solution is again relation
5.4.2).

5.4.2 Construction of Localized Solutions

In vibrational and buckling analysis, the evaluation of the lower eigenvalues A and the

construction of the corresponding eigenfunctions is of special interest. It often occurs

that an eigenfunction for such eigenvalue is localized and the turning points xil) and

x,(kz) are close apart (x,(ﬁz) — xil) ~ ul/ 2). In this case, the algorithm described below

can be applied to the example of the following self-adjoint equation of order 2m:
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m dk dky
> (—im*—— (ax) ) =0, x1 <x<x. (5.4.5)
= dxk dxk

The coefficients a; are assumed to be real analytic and depending linearly on the
parameter A:
ar = aix + Aaxye, A > 0. (5.4.6)

We seek the eigenvalues A for which localized solutions of equation (5.4.5) exist in
a neighborhood of some point xg (x; < xo < x2). The point x is called the weakest
point. We construct a solution in the form of an asymptotic series

o = 3@ exp [ (5 2ot +1/2487)]

k=0
E=p " (x —x0), A=Ao+phi+--, (54.7)
where yi(§) are polynomial in £, pg, xo and Ay are real, and J(a) > 0. The last

condition guarantees that solution (5.4.7) decreases as |x — xq| increases.
Substituting A = ip into Eq. (4.1.7) and solving it, we find A:

A= (Z alk(X)sz) (Z ax (X)PZk)
=0 k=0

Assume that there exists a unique point (pg, xo) such that

1
= f(p, x). (5.4.8)

+)
Ay = I}}}){l{f} = f(po, x0) (5.4.9)

and

9 f (po. x0)

2, _ 0 2 0 0 2 0 _
df_fppdp +2fpx’dpd‘x+fxxdx >O’ fpx_ apoaxo

(5.4.10)

The minimum (5.4.9) is searched for all x € [x1, x2], p > 0, for which f > 0. Then
a solution of the form (5.4.7) exists and

3O = Hy@), 2= A" = Ao+ pal” + 0 (412),

A =r(n+1/2), n=0,12,..., (5.4.11)

where 0
ir — fpx r

a=—07p—, = —5,
fPP fI’P

1/2
=[S s - ] 0,
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and H,(z) is the Hermite polynomial of degree n. In particular, Hy = 1, H; = z,
Hy = 7% — 1/2. Formulas (5.4.7) and (5.4.11) determine the series of eigenvalues
A the lowest of which is obtained for n = 0.

Concerning the eigenfunctions, we should distinguish two cases:

(A) po=0 and (B) po> 0. (5.4.12)

In the case pg = 0, the eigenfunctions have the form

o) _ 12] =222 _(< i _
y (x,p)_[Hn(z)—}-O(u) ]e ce=(y) @ow G4

and the corresponding eigenvalues A" are simple.

In the case pg > O, the function (5.4.7) is complex. Since the coefficients ay
in (5.4.5) are real, the real and imaginary parts of function (5.4.7) are solutions of
equation (5.4.5). But it would be a mistake to consider eigenvalues A to be double
and assume that any arbitrary combination of the real and imaginary parts of (5.4.7)
provides an eigenfunction. The point is that (5.4.7) is not convergent but asymptotic
and two fixed real functions correspond to the parameter A":

~ _ 2
y(n,j)(x’ p) = [Hn(z) cos W, + 0(#1/2)] exp (_ J(Cl)(; X0) ) ’
m

x  Ra)(x — xp)? c\/?
v = Po + (a)( 0) +0;, j=12, z= (—) (x — xp),

p 2p %
(5.4.14)

where the phases ® ; are fixed (0 < ©1, ®2 < 2m). The corresponding exact eigen-
values A™1D and A™2) are different, but

AA =AY _ A(D — g (uN) (5.4.15)

for any N. Such eigenvalues are called asymptotically doubled. When the charac-
teristic equation (5.3.2) has two pairs of pure imaginary roots (5.4.3) between the
turning points, the eigenvalues are also asymptotically double.

In Fig.5.3a: the eigenfunction for pgp = 0, and Fig.5.3b, c: two eigenfunctions
for pp > 0 are plotted for n = 0.

5.4.3 Vibrations of Prolate Ellipsoidal Shells of Revolution

We use formulas (5.4.7)—(5.4.11) to find approximate vibrations frequencies of a thin
shell in the shape of a prolate ellipsoidal shell of revolution (ag < bg, see Fig.5.4).
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(a) y

(b) Y (0 Y

Fig. 5.3 a Eigenfunction for pg = 0, and b and ¢ two eigenfunctions for pg > 0 forn =0

Fig. 5.4 A prolate
ellipsoidal shell of revolution

The vibrations of an ellipsoidal shell with m waves in the circumferential direction
are given by the system of Eq. (4.2.35):

AAw — A ® —Aw =0, AAD+ Ayw =0, (5.4.16)
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where

2 2
r 1 kyr d()
A bw') — Avw = 12 — (bkow') — = w, () = —=.
w = (w) S W, Agw ub( 2W 2 W O s
Here we use the notation of Sect.4.2.5.
The numbers ag and by are the ellipse semi-axes (ag < bg) and R = ag is the
characteristic size in formulas (4.2.34). Then

3 .
0
= /sin? 0 + 62 cos? 6, —% b:ﬂ,

b do
s=2-0, g, (5.4.17)
ag ds

where 6 is the angle between the axis of rotation and the normal to the shell.
The function (5.4.8),

P\ (kap? + kir2/b))>
f(P’S):(PZ-f-b—z) + R r=pum, (5.4.18)

attains its minimal value (5.4.9)
}’4 2
Ay = o + ki =r"+ 5 (5.4.19)
0=0y

at po =0, 0y = /2.
The derivatives

4r2  4ky(ka — ky)r? 452 — 1)
0
==+ —" 472 = 7
/ [b2 i b ]9 6o JEr

d2 AT 66> —1) 4t
fi= » Tk == Ty fps=0 (5420
=09

we substitute in (5.4.11) and for n = 0, we get

1
Axrtg Fts L S T — D@6+ 62— 1)), r=pm. (5421)
The minimum wavenumber, m, in the circumferential direction is attained forr < 1.
Neglecting terms with the factor * under the radical sign in (5.4.21) we approxi-
mately find
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Anin = 1+§(¢E(52_ l)u)4/5 —— L(ﬁ@z—l)u "
min — (54 6 4 ’ min — ‘[,46 4 .

(5.4.22)
Now the lowest frequency may be found by formula (4.2.34).

5.4.4 Buckling of Cylindrical Shells Under Non-uniform
Compression

The buckling of a circular cylindrical thin shell of radius R with freely supported
edges under non-uniform compression is described by the system of equations of
type (4.2.53):

AAw —2AP% 1 (Q)w +r*® =0, AAD —r’w =0, (5.4.23)
where
2 70
Aw:uza—w—rzw, r:w,m—l,l , l=—, t(p)=— l(ga).
2 1 2AERu?

Here T10(<p) is the membrane initial stress-resultant, L is the shell length, m is the
number of semi-waves in the longitudinal direction when the variables are separated
as . mTs
w(s, ¢) = w(p) sin T 0<ep<2m, (5.4.24)

where s and ¢ are the longitudinal and circumferential coordinates of the shell
surface.

System (5.4.23) has variable coefficient 7 (). The loading parameter A > 0 is
introduced in such a way that

mélxt((p) =t(pp) = 1. (5.4.25)

Without loss of generality, we assume that ¢y = 0.

For fixed value of r we seek a loading parameter A for which system (5.4.24) has
a nontrivial solution satisfying the periodicity conditions of . We also assume that
t’(0) < 0.

When using the algorithm given by formulas (5.4.5)—(5.4.15), the periodicity
condition is replaced by a damping condition for the solution away from the weakest
generatrix g = 0.

The function (5.4.8) can be written in the form

2 232
( +1), Lo (5.4.26)

z
z r2

fp,p,r) = )
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As in the general case (see (5.4.12)) when one seeks the minimum (5.4.9),

Ao = r;liél fp, . 1) = f(po,0,r), (5.4.27)

two cases are possible depending on the value of r:

1 1

(A) po=0, Ag= 3 (r2 —+ —2) for r > 1, (5.4.28)
r

B) po=vr—r? Ag=1 for r <1. (5.4.29)

In case (A), the inequality r > 1 holds. Therefore, this case can happen only for
buckling of rather short shells (m = 1,/ < mu) and we obtain the loading parameter
by the formulas (5.4.7) and (5.4.11),

1 1 1 2(r8 — Dt”(0
r

2 r
(5.4.30)
In case (B), from the same formulas (5.4.7) and (5.4.11) we find

1 16(r — D1"(0
A(n)=1+u(n+5)‘/—u+0(u2), n=0,1,... (5431
r

In contrast to case (A), the eigenvalues (5.4.31) are asymptotically double (see also
Exercise 5.4.10).

Let! ~ 1. Then for y <« 1, we have r = umm/l < 1 for several values of m for
which formula (5.4.31) gives approximately equal values for the load A ~ 1. The
difference is only in the term of order y. Thus, it follows that the lowest value of A
corresponds to r = 1.

Both formulas (5.4.30) and (5.4.31) give the same value of A = 1 for r = 1.
However, for r = 1 the expansion (5.4.7) together with formulas (5.4.31) is not
applicable since f,, = 0 violates assumption (5.5.29). For » =~ 1 the asymptotic
expansion for the solution is obtained in Exercise 5.4.11.

Remark The problem considered here is a good illustration of asymptotic analy-
sis. However, for estimate of a real critical loading under compression for real shells,
formula (5.4.31) is not applicable because of the significant influence of the initial
imperfections of the shape of the neutral surface which can reduce the critical load
by a factor of two of three (see [31, 56]). Moreover, buckling of long cylindrical
shells (/ > 1) is different from the above scheme. Indeed, long shells behave like a
beam that is compressed with an axial force.
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5.4.5 Exercises

5.4.1. Find the coefficients pg, Ao, A1 in formulas (5.4.7) for Eq. (5.4.1).

5.4.2. The free vibrations of a string on an elastic foundation are described by Eq.
(5.4.1), in which (see also Sects.4.3.3 and 5.2.4)

S
C()l2 ’ co ’
and q1(x) = c(x) and g2(x) = p(x) are the non-dimensional foundation stiffness
and the string density, respectively (see notation in Sect.5.2.4).
Find the solution of equation (5.4.1) satisfying the damping conditions:

y(—00) = y(c0) =0, (5.4.32)

for g1 (x) = x2 and g2 (x) = 1.
5.4.3. Consider the eigenvalue problem

d2
2 ﬁ _ (xz _ A) y=0, y(=1)=y()=0. (5.4.33)

Compare the exact eigenvalues A" and their asymptotic approximations found with
formulas (5.4.2) and (5.5.28) with 4 = 0.1 and A < 1.
5.4.4. Consider the eigenvalue problem

2 &%y

Haxe

Compare the exact eigenvalues A and their asymptotic approximations found
by formulas (5.4.2) and (5.5.30) with 4 = 0.1 and A < 1.

Consider also the boundary conditions y(—2) = y’(1) = 0 instead of (5.4.34).
5.4.5. Compute the values of the parameter A by formulas (5.4.2) and (5.4.21) for
an ellipsoidal shell of revolution with R/h = 500, » = 0.3 and § = V2.

5.4.6. Find the critical value of the external pressure ¢ for the buckling of a thin shell
of the shape of a prolate ellipsoidal shell of revolution (ag > by, see Fig.5.5).
5.4.7. Compare the numerical results obtained by formulas (5.4.2) and (5.5.34)
applied to an ellipsoidal shell of revolution with R/h = 500, v = 0.3 and § = /2.
5.4.8. Analyze the buckling of a thin ellipsoidal shell of revolution under the internal
pressure ¢ > 0 for different ratios of the semi-axes § (see formula (5.4.17)).

5.4.9. Find a formula similar to (5.5.41) for an oblate ellipsoidal shell of revolution
(6 < 1/2) under an internal pressure g > 0.

5.4.10. Consider the buckling of a circular cylindrical shell with freely supported
edges under axial force P and bending moment M applied to the shell edges (see

Fig.5.6). Then the initial stress-resultant Tl(o) and the function ¢ (¢) are [see (5.4.23)]
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Fig. 5.5 Thin shell in the v
shape of a prolate ellipsoidal
shell of revolution

K

o

S A
W

Fig. 5.6 Buckling of a /\
circular cylindrical shell M
P

with freely supported edges

S
~ \ -~
P I’:\‘
¢
NG M
P M cos o + cos
) P ¥
T = —7 t = —7
! 2R + TR? ) a+1
2TRZAEhu? PR
=" """ a=—>-1. (5.4.35)
a+1 2M

The generatrix ¢y = 0 is the weakest one.

For R/h = 100, v = 0.3, a = 1 (see notation in Sect.5.4.4) and different ¢,

compare the exact values of A obtained by means of the numerical integration of
system (5.4.23) and their asymptotic approximations obtained by formulas (5.4.30)
and (5.4.31).
5.4.11. By formulas (5.4.30) and (5.4.31), the lowest value of A(r) is attained at
r = 1, where these formulas are not applicable. Under the same assumption as in
Sect.5.4.4, study the asymptotics of the first two eigenvalues of A(r) for problem
5423)asp — Oandr >~ 1.
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5.4.12. Consider the free vibrations of a thin non-circular cylindrical shell with freely
supported edges. A part of the frequency spectrum close to the lowest frequency can
be found by the following system of equations:

4 d*w g d'e
I e Aw+k(y)®=0, pu i k(y)w =0, (5.4.36)
h2rA R W22
I k() =7

= =——, A= ,

127(1 — v)rd R (y) Eu*
where y is the non-dimensional coordinate in the transverse direction, L is the shell
length, k(y) is the non-dimensional curvature of a directrix, the other notation being
the same as in Sect.4.2.5.

Obtain the asymptotic formula for the lowest vibrations frequency, i.e. the minimal
value of A as u — 0.

Consider the particular case of an elliptic cylindrical shell with ellipse semi-axes
ag and b, for which

3/2 b
o= 21. (5437

do
R=ay, — =k(y)=62 (sin2 0 + 62 cos® 9) ”

dy

Here 6 is the angle between the major axis of the ellipse and the normal to the shell.
Compare the asymptotic and the numerical results for § = +/2 and two values of
p(uw=0.1and p = 0.2).

5.5 Answers and Solutions

5.1.1. Results on the evaluation of the function Ai(n) for n > 0 and n < 0 are
listed in Tables 5.1 and 5.3, respectively. Similar results are presented in Tables 5.2
and 5.4 for the function Bi(n). The values of Ai"? and Bi(!?) were obtained by
the convergent series (5.1.2). The values of Ai) and Bi®Y) were obtained by the
first terms of the divergent series (5.1.4) with N = 1,4, 7, 10. The decimal order is
shown inside parentheses.

Generally the convergent series (5.1.2) can be used for small |77| and the asymptotic
series (5.1.4) for large |n|. For the intermediate values of |7/, the results, according
to (5.1.2) and (5.1.4), are expected to coincide. From the above tables, it follows
that, for n > 0, the domain where these results coincide (the domain of overlap) is
narrower (4 < i < 5) for the function Ai(n) and wider (n > 4) for the function
Bi(n). For n < 0, the domain of overlap is 4 < |n| < 10 for both functions.

The observed difference in the domains of overlap is explained by the fact that a
loss of accuracy occurs for calculation by series (5.1.2) for large || because small
differences of large values are computed. The highest loss of accuracy occurs with
Ai(n) when n > 0. Actually, for n > 7 even the decimal order of Ai(n) calculated
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Table 5.1 Value of Ai(n) forn > 0

n Ail-2) AiD Ai® AiD Ail0)

1 0.1353(—-0) 0.1448(—-0) 0.1233(—0) 0.5189(—0) —0.5894(+2)
2 0.3492(—1) 0.3599(—1) 0.3484(—1) 0.3506(—1) 0.3390(—1)
3 0.6591(-2) 0.6709(—2) 0.6589(—2) 0.6592(—2) 0.6590(—2)
4 0.9516(—3) 0.9630(—3) 0.9515(-3) 0.9516(—3) 0.9516(—3)
5 0.1084(—3) 0.1093(-3) 0.1083(—3) 0.1083(—3) 0.1083(-3)
6 0.9979(-5) 0.1002(—4) 0.9948(-5) 0.9948(-5) 0.9948(-5)
7 0.1134(=5) 0.7533(—6) 0.7492(—6) 0.7492(—6) 0.7492(—6)
8 0.5797(-5) 0.4713(-7) 0.4692(—7) 0.4692(—17) 0.4692(—17)
9 0.1029(-3) 0.2481(—8) 0.2471(-8) 0.2471(—8) 0.2471(—8)
10 0.2184(—-2) 0.1108(—-9) 0.1105(-9) 0.1105(-9) 0.1105(-9)

Table 5.2 Value of Bi(n) forn > 0

n Bi(1:2 Bi®» Bi® Bi™ Bi(1®

1 0.1208(1) 0.1099(1) 0.1446(1) 0.6386(1) 0.6310(3)

2 0.3298(1) 0.3127(1) 0.3292(1) 0.3342(1) 0.3563(1)

3 0.1404(2) 0.1370(2) 0.1403(2) 0.1404(2) 0.1404(2)

4 0.8385(2) 0.8263(2) 0.8384(2) 0.8385(2) 0.8385(2)

5 0.6578(3) 0.6512(3) 0.6578(3) 0.6578(3) 0.6578(3)

6 0.6536(4) 0.6488(4) 0.6536(4) 0.6536(4) 0.6536(4)

7 0.8033(5) 0.7986(5) 0.8033(5) 0.8033(5) 0.8033(5)

8 0.1200(7) 0.1194(7) 0.1200(7) 0.1200(7) 0.1200(7)

9 0.2147(8) 0.2139(8) 0.2147(8) 0.2147(8) 0.2147(8)

10 0.4556(9) 0.4541(9) 0.4556(9) 0.4556(9) 0.4556(9)

by series (5.1.2) appears to be incorrect. For Bi(n) no loss of accuracy occurs for
7 > 0 since all terms in (5.1.2) are positive.

It should be noted that, for small |7|, increasing the number of terms in the asymp-
totic series (5.1.4) makes the result worse (as it must be for divergent series).
5.1.2. Using the asymptotic formulas (5.1.4) as n — oo we find

T = Nna [1 +0 (n‘z)] :

o=t [1+0()].

Tha = — [1.57(n — 1/4)]*/3

n, = —[1.57(n —1/12)]*/3.

(5.5.1)

The values of 1, na, M)y, Myq» forn =1,2, ..., 6, are given in Table5.5.
5.2.1. Substituting (5.2.2) into (5.2.1) and equating the coefficients of v and dv/dn,
and taking (5.2.3) into account, we obtain the system of equations
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Table 5.3 Value of Ai(n) forn <0
n A2 AiD Ai® AiD A1)
-1 0.5356(+40) 0.5602(40) 0.5150(4+0) | —0.1241(+1) | 0.1227(+2)
-2 0.2274(40) 0.2151(40) 0.2260(4-0) 0.2277(40) 0.2448(4-0)
-3 —0.3788(4+0) | —0.3836(4+0) | —0.3787(4+0) | —0.3788(4+0) | —0.3788(+0)
—4 —0.7027(—1) | —0.6531(—1) | —0.7025(—1) |—0.7027(—1) | —0.7027(—1)
-5 0.3508(+0) 0.3497(40) 0.3508(40) 0.3508(+0) 0.3507(4-0)
—6 —0.3292(40) | —0.3303(4+0) | —0.3291(4+0) |—0.3292(4+0) | —0.3292(40)
=7 0.1843(4-0) 0.1860(4-0) 0.1843(4-0) 0.1843(4-0) 0.1843(4-0)
-8 —0.5271(—1) | —0.5423(—1) | —0.5271(—1) |—0.5271(—1) | —0.5271(—1)
-9 —0.2213(—1) | —0.2088(—1) | —0.2214(—1) |—0.2213(—1) | —0.2213(—1)
-10 0.4024(—1) 0.3921(—1) 0.4024(—1) 0.4024(—1) 0.4024(—1)
Table 5.4 Value of Bi(n) forn <0
n Bi(1-2 Bi(D Bi® Bi" Bi(1®)
-1 0.1040(4-0) 0.6683(—1) 0.4777(—1) 0.3392(4-0) 0.2630(+3)
-2 —0.4123(40) | —0.4229(4+0) | —0.4117(4+0) |—0.4099(4+0) | —0.4114(+0)
-3 —0.1983(4+0) | —0.1914(4+0) | —0.1982(40) |—0.1983(4+0) | —0.1983(+0)
—4 0.3922(4-0) 0.3936(+4-0) 0.3922(+0) 0.3922(+40) 0.3922(4-0)
-5 —0.1384(40) | —0.1417(+0) | —0.1384(+0) | —0.1384(+0) | —0.1384(+0)
—6 —0.1467(4+0) | —0.1444(4+0) | —0.1467(4+0) |—0.1467(4+0) | —0.1467(+0)
=7 0.2938(4-0) 0.2928(4-0) 0.2938(4-0) 0.2938(40) 0.2938(4-0)
-8 —0.3313(4+0) | —0.3311(4+0) | —0.3313(4+0) |—0.3313(4+0) | —0.3313(+0)
-9 0.3250(+0) 0.3251(40) 0.3250(+0) 0.3250(4-0) 0.3250(+0)
-10 —0.3147(40) | —0.3148(4+0) | —0.3147(4+0) |—0.3147(4+0) | —0.3147(+0)
Table 5.5 Values of 1, Nna, 1)) Mha
n n Tha Ty Tha
1 —2.3381 —2.3203 —2.6664 —2.6524
2 —4.0880 —4.0818 —4.3425 —4.3370
3 —5.5206 —5.5172 —5.7410 —5.7379
4 —6.7867 —6.7845 —6.9861 —6.9840
5 —7.9441 —7.9425 —8.1288 —8.1272
6 -9.0227 -9.0214 —9.1961 —9.1949

/
(a(O)gl) +a(0)/€/ +Ma(1)” =0,

!
(aVg¢’) +ae€ +pa®" =0,

where £(x) is defined by (5.2.3). This system admits the asymptotic solution
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o oo

0 1

aOCe, )~ > ay) o, a e =D ) ot (5.5.2)
n=0 n=0

where a” (x) = 1/,

(€874

1 *a

(0) 2n—1

QZ"(X)Z_Z\/?/X j?dx, n=1,2,...,

W 1 xa§0)//

a2n+1(x)=—2@/x J%dx, n=0,1,..., (5.5.3)

and all functions a,ij ) (x) are real analytic.
5.2.2. The exact solution is

™ (x) = vy (-2 Q — 71372
y = V0 n s n = —13/2 s

where the function vy(n) is the same as in (5.2.10).
5.2.3. We have ¥ = 0.75+/2—0.125log (3 +4/8 ) The exact values Q5**“! and the

asymptotic approximations Qﬁ'“ and Q%'lz found by formulas (5.2.11) and (5.2.12)
are compared in Table5.6.

5.2.4. Since gao = 7/8, from formula (5.2.14) we get ,, = 8(n — 1/6). The exact,
fo‘aet, and approximate, Q,ippmx = 8(n — 1/6), values of 2, are compared in
Table5.7. As expected, the accuracy of the asymptotic formula increases with 7.

5.2.5. In this problem, ¥ = [ vx+x2dx = 0.75v2 — 0.125log (3 +8 )

x, = 0. Values of Q, are compared in Table 5.8: (1) £*2! for problem (5.2.15), (2)
Q/exact for the problem when the boundary condition at the left end is replaced with
y' = 0, (3) asymptotic values Qﬁ'lg, and (4) 95'19 obtained by formulas (5.2.18)
and (5.2.19) and independent of the boundary condition at the left end. It should be
noted that QE¥°! and /°**°! get closer as n increases.

The eigenfunction y3(x) is plotted in Fig.5.7.

Table 5.6 Exact and asymptotic values

n Qexact Q21 Q212
1 3.4368 3.4270 3.4270
2 7.1679 7.1656 7.1656
3 10.9047 10.9042 10.9041
4 14.6427 14.6428 14.6428
5 18.3810 18.3814 18.3814
6 22.1195 22.1200 22.1199
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Table 5.7 Exact and asymptotic values

n Qixact Q?IPPTOX
1 6.7264 6.6667
2 14.6892 14.6667
3 22.6794 22.6667
4 30.6752 30.6667
5 38.6730 38.6667
6 46.6716 46.6667

Table 5.8 Exact and asymptotic values

n szact Q;lexact Q%.IS Q%.IQ
1 2.8183 2.6891 2.8364 2.8039
2 6.5296 6.52310 6.5573 6.5425
3 10.2726 10.2723 10.2906 10.2811
4 14.0137 14.0137 14.0266 14.0197
5 17.7537 17.7537 17.7638 17.7583
6 21.4931 21.4931 21.5014 21.4968
Fig. 5.7 Eigenfunction y
y3(x), 1 F
y(x)
3
| X
-1 o 1
05 |—

5.2.6. The interval of integration contains two turning points, xil) and xiz), and

two domains where the eigenfunctions oscillate, x; < x < xil) and xiz) <x <

x3. Each of these domains provides a specific set of eigenvalues Qfll) and 525,2).
For 95,2), the eigenfunctions oscillate for xiz) < x < xp and are exponentially
small in the remaining part of the interval [x1, x2] (see Fig.5.8a). The eigenfunction
corresponding to Q,(,l) oscillates for x; < x < xil) and decreases exponentially in

the remaining part of the interval (Fig. 5.8b). If, for some m and n, Q,(nl ) ~ Qf), then
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(a) U (b)

0.5 X

Fig. 5.8 Eigenfunctions of Qflz) left and of Q,ﬁl) right

the two eigenfunctions oscillate for both x; < x < xi]) and x,” < x < xp (see

Exercise 5.2.7).
The asymptotic formulas for the evaluation of Qﬁ,k) are similar to formulas (5.2.18)
and (5.2.19):

()

20,1372 —1/4
Q;m:MJrO(n—l):m—o/)JrO(n‘l), n — oo,

3¢} by

oy = L k=1,2. (554

Xk
/(k) Vv px)dx

5.2.7. The interval of integration contains the two turning points xil’z) = +0.5.

Because the function p(x) is even and the problem is symmetric with respect to the
point x = 0, the problem splits into two problems:

y(l)// + Q(l)2y(1) =0, y(l)(—l) =0, y(l)/(o) =0;
Y7 4 QP22 — o, y@ (1) =0, y@(0) = 0. (5.5.5)
For x < 0, the functions y(l)(x) should be continued as even and the functions

y@(x) as odd.
From formula (5.5.4),

0 e Ta—1A 1 1
of = e = = _Zﬁ—glog(2+ﬁ (5.5.6)

asn — oQ.
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Table 5.9 Exact and approximate values

n Q) o Qe

1 8.7614 8.8779 8.7789
2 20.5058 20.5070 20.4841
3 322039 322039 32.1893
4 43.9053 43.9053 43.8945
5 55.6082 55.6082 55.5997
6 67.3120 673120 673049

Table 5.10 Exact and asymptotic values

N QN n o n Q@

1 8.8200 1 8.7789
2 12.6489 1 12.5573

3 20.5064 2 20.4841
4 29.3440 2 29.3004

5 32.2039 3 32.1893
6 43.9053 4 43.8945
7 46.0717 3 46.0435

8 55.6082 5 55.5997
9 62.8074 4 62.7865

10 67.3200 6 67.3049

A pair of close exact eigenvalues, and one odd and one even eigenfunctions
correspond to each value of Qﬁ,k) obtained by formula (5.5.6). Such eigenvalues will
be called asymptotically double (see also Sect.5.4).

Table 5.9 lists the exact values of Q,(f), Qf,z) and the values obtained by formula
(5.5.6). We see that, within the accepted accuracy, the values of Qﬁ,l) and Q,(f) coincide
forn > 4.

5.2.8. From formula (5.5.4) we get

—1/4 x|
oW =IO 0 [ T, k=12 (5.5.7)
Pk a

Table 5.10 lists the first ten exact eigenvalues Q2 and their asymptotic approx-
imations, Qf,l) and Qf,z), obtained from formula (5.5.7). It occurs that four actual
eigenvalues are from the first series, Qﬁ,l), and six are from the second series, Qf,z).

The eigenfunctions y7(x) = y{* (x) and ys(x) = yi" (x) are plotted in Fig.5.8
(left) and (right), respectively. As expected, the function ys(x) differs significantly
from zero and oscillates near the left edge of the interval. On the other hand, the
function y7(x) oscillates near the right edge. Since €27 is close to g, the function
y7(x) slightly oscillates near the left edge.
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Table 5.11 Exact and approximate values

N At AD AD NS AD
1 1.2257 1.2257 1.2240 1.2240
2 1.3947 1.3947 1.3941 1.3941
3 1.5330 1.5330 1.5327 1.5327
4 1.6553 1.6553 1.6550 1.6550
5 1.7671 1.7670 1.7668 1.7670
6 1.8730 1.8711 1.8710 1.8729
7 1.9819 1.9694 1.9693 1.9818
8 2.1055 2.1054 2.1082
9 2.2487 2.2486 2.2498
10 24119 24118 24124

5.2.9. In this problem, g (x) = 1 + x — A. The turning point x, = A — 1 belongs to
the interval [0, 1] for A € [1, 2].

The calculated results are listed in Table5.11. The exact values, AS*, are
obtained from Eq. (5.2.25), where ° = —(A — Dp~?3 and n' = —(A —2)pu~2/3.
In contrast to the general case, here Eq. (5.2.25) is exact since the function g (x)
depends linearly on x. The next two columns contain the approximate values of A f,l)
and A,(f):

AP =1+ B, (55.8)
2 2/3
AP =1+ |:§/ur(n — 1/4)} , (5.5.9)

obtained by formula (5.2.26) which holds for A < 2 only. The solutions AS of Eq.
(5.2.27) and the solution A§,4) of Eq. (5.2.23), which is valid for A > 2 only, are
listed in the last two columns of the Table 5.11.

5.2.10. The exact solution is expressed through the zeros, a,,,, of the Bessel function

Jn(x):
1 |T
Wnn = = — %uns  Im(Qmn) =0, n=1,2,....
RY p

Find the asymptotics for o, as m — oco. From formulas (5.2.33) and (5.2.34) it
follows that ayy,;, > m for all n. Formulas (5.2.33) give

oy = 1 (1 + ﬂﬁm)m +0 (m*1/3) , (5.5.10)
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where (3, is a positive root of the equation
[ —arctan 8 =~y (5.5.11)

for 5
Y = Ymn = 3m |77n|3/2' (5.5.12)

For fixed n and m — oo, we have

2/3 1/2
Yn L1, Ban = Gymn) 3, amn:m[1+(n—1) |nn|] . (55.13)

where 7, it the nth root of the function Ai(n).
For n > 1, instead of (5.5.12) we may assume that

Yom (0 — 1/4). (5.5.14)
m

For ~,,, > 1, Eq. (5.5.11) can also be solved approximately:

Boun 2= Ymn + /2 = (Ymn +7/2) 7. (5.5.15)
5.2.11. The exact values aS* and the approximate values a,(,]f,),, k=1,2,3,4,

obtained form (5.5.10) are given in Table 5.12 forn < 10. To compute a,(,: ,)1, osz ,),, and

af,f,),, the values (3, in (5.5.10) are obtained from Eq. (5.5.11), in which vy = ~,,,, are
found from (5.5.12)—(5.5.14) respectively. In the evaluation of a,(,f,),, formula (5.5.15)
is used to get Gy -

Table 5.12 Exact and approximate values

n agact abo al al) abm

1 12.2251 12.2234 11.1079 12.1873

2 16.0378 16.0362 12.9548 16.0219

3 19.5545 19.5531 19.5443

4 22.9452 22.9438 22.9376

5 26.2668 26.2656 26.2607 26.4019
6 29.5457 29.5445 29.5405 29.6411
7 32.7958 32.7947 32.7913 32.8656
8 36.0256 36.0246 36.0217 36.0781
9 39.2405 39.2395 39.2369 39.2808
10 42.4439 42.4430 42.4407 42.4755
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The breaks in Table 5.12 come from the inapplicability of the relevant approximate
formula. Formula (5.5.13) provides acceptable accuracy only for m >> 8.
5.3.1. Solutions (5.3.1) can be represented in the form y/) ~ vz j» where the
scalar functions z; satisfy Egs. (5.3.9):

dz;j () :
nd = [/\j(x) + bl (x)] 2, j=1.2, (5.5.16)

and bgl ) (x) are the same as bg in formulas (4.2.9) and (5.3.11). Here and further we
write only those terms which affect the main terms in (5.3.12).

The functions A (x) and bij ) (x) have a singular point at x = x,. In accordance
with the splitting theorem there exists a linear transformation,

z,-:[u;.?)(x)+uu§1])(x)] 91+[u;2)(x)+uy§‘2)(x)] 0, =12 (5517

which reduces Eq. (5.5.16) to a system of two equations without a turning point. The
coefficients of this transform are I/ﬁ) = I/é(l)) =1/2, 1/;(2)) = —1/5(2)) =1/2/q),

I/Ell) = —b§2)/(2ﬁ), I/S) = I/éi) =0, I/g) = bil)/(Z\/&). Now, the obtained
system of equations

4ci +q’

% )92 (5.5.18)

poy = pOi + 02, pbs = (g +2pc2)0 + (p +u

has no singular point x = x.
The main terms of the asymptotic expansions for the solutions of system (5.5.18)
are expressed by means of Airy’s functions:

. cos v p3siny 1 [
01 = do(x) —v(n) + 0 ——=v (1) | exp L p(x)dx ),

JE JEE .
02 = do(x) [&8 sinuv(n)+u‘/3@cosvv’(n>] exp(; / p(x)dx),
(5.5.19)

where the notation in formulas (5.3.11) and (5.3.12) is used. To get formulas (5.3.12)
one must substitute (5.5.19) into (5.5.17) and then into the formulas y/) = V(j)zj.
5.3.2. For the three types of boundary conditions the results are compared in
Table 5.13, where the first three columns are for clamped edges, the next three for
freely supported edges and last three for free edges. The table includes the solutions
Bexact of the exact equations (5.3.157), (5.3.15;), and (5.3.153), the solutions ﬂ,(nl,,
of the approximate equations (5.3.217), (5.3.21»), and (5.3.213), and the solution
5,212,2 of the approximate equation (5.3.22). Note that for clamped edges, [3,,, do not
depend on Poisson’s ratio v. For freely supported edges, the roots B,(nl,, and ﬁ,(,,z,), of
the approximate equations (5.3.215) and (5.3.22) for k = 2 do not depend on v.
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Table 5.13 Results for clamped, freely supported and free edges, respectively

exact (1) (2) exact (1) (2) exact () 2)
mn mn mn mn mn mn mn mn mn

12971 | 12.957 | 12.964 | 12.195 | 12.225 | 12.223 9.039 9.214 9.277
16.799 | 16.787 | 16.792 | 16.015 | 16.038 | 16.036 | 13.483 | 13.535 | 13.552
20.323 | 20312 | 20.312 | 19.536 | 19.554 | 19.553 | 17.086 | 17.121 | 17.131
23718 | 23.709 | 23.713 | 22.930 | 22.945 | 22.944 | 20.510 | 20.537 | 20.545
27.043 | 27.034 | 27.038 | 26.253 | 26.267 | 26.265 | 23.850 | 23.871 | 23.878
30.323 | 30.316 | 30.319 | 29.534 | 29.546 | 29.544 | 27.140 | 27.159 | 27.164

n

||| W | =

Therefore the roots of the exact equation (3.15) depend weakly on v. For a free
edge, one root of the equations under consideration is less than m. This root is not
included in Table5.13.

5.3.3. For the simple roots A(s) of the characteristics equation (4.2.38) we have

z(s, p) =~ zo(s) exp(i / A(s) ds), (5.5.20)

where z replaces any of the listed functions (, v, ...) and

2 2
r Ehr
uy = - [klwo - (ﬁ + V)\z) Cbo} , Tio=-— Dy,

A Rb?
ub ) vr? Ehr)
v0=7[kzwo+()\ +b—2)¢o] SO:R_b?(DO’
2
,
wo = (v - b—z) b2,

2\ —2

k 2
Dy = — (kz)\2 _ ;—2) (,\2 — %) wo,

Ehp (s (22— V)2
ko - N T
Q1o = R (A % wo,

A 2 2 vr?
12

and the notation in Sect.4.2.5 is used.

For multiple roots, s = sy, of Eq. (4.2.38) of type (5.3.28), the main terms of the
asymptotic expansions for these functions are expressed either by means of Airy’s
functions v(n) or their derivatives:

V6pl/az
2o = v, 2= (v, w, T M), (5.5.22)
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o= 220 i =, S, 0] (5.5.23)
(s, 1 _>\1/2771/4 m, z= » Vs 9, 11 e

where z replaces one of the functions inside braces. The expressions for zg in (5.5.22)
and (5.5.23) given by formulas (5.5.21) are the same as in (5.5.20). The functions
70 — o0 as s — §,. However, the right sides in (5.5.22) and (5.5.23) are regular at
5 = Sx.

The obtained integrals may be used for approximating the free vibrations
frequencies.
5.3.4. We replace the function (4.2.38) with (4.6.5) and use the following formula
for Q7:

*
Qo =

Ehp [ 5 Q—v)\r?
— 2\ —
R b?

+ 2At1>\} wo, (5.5.24)

The other formulas are the same as in Sect.5.3.3 and Exercise 5.3.3.
5.3.5. The eigenvalues A related to the free vibrations frequencies w obtained by
means of formula (4.2.34),

=~ (5.5.25)

are listed in Table 5.14.
The Table contains the lowest roots A,,;1 of Eq. (5.3.28) for the following boundary
conditions at s = s:

Sz: T1=v=w=M1=O,

Cr: u=v=w=M; =0,

S1: T=v=w=v =0,

Ci: u=v=w=7v =0. (5.5.26)
For the boundary conditions S, we assume that d = 0 in (5.3.28), for conditions

C we find the value of d from Eq. (5.3.29), and for conditions C; and S} from the
equations

Table 5.14 Eigenvalues A for listed boundary conditions

m S2 Cy S1 Cq

9 0.09844 0.09845 0.10001 0.10002
10 0.09495 0.09495 0.09675 0.09677
11 0.09311 0.09311 0.09516 0.09521
12 0.09277 0.09278 0.09511 0.09519
13 0.09387 0.09389 0.09654 0.09664
14 0.09641 0.09643 0.09945 0.09956
15 0.10041 0.10043 0.10387 0.10399
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Fig. 5.9 Eigenfunction w(s) 1 E
for m = 12 and boundary
conditions S
w,(s)
N
[ * 2
-1 (M 3 @ (5 (D 3 @ 7 (5)
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dvol vo3 U04 vo5 —o. dvol vo3 v04 vo5 —0.
g M e Y T P W
dM,; My M,y My Al Y0 Yo Mo Mo

respectively.

For the considered parameters and boundary conditions the lowest frequency
is attained for m = 12. The vibrations frequencies depend rather slightly on the
boundary conditions.

The eigenfunction w(s) for m = 12 for the boundary conditions S is plotted in
Fig.5.9. The turning point s, = 1.3914 is marked with an asterisk.

5.3.6. The lowest eigenvalues A obtained for different m from Eq. (5.3.28) are given
in Table5.15. The boundary conditions (5.5.26) are introduced at the shell edge
s =5y =2.

Buckling occurs for m = 20. As in Exercise 5.3.5, the values of A depend
slightly on the boundary conditions (5.5.26). Nevertheless, the higher critical load
corresponds to the stiffer edge support.

5.4.1. Formula (5.4.8) takes the form

2
A=fpn =L aw, yw =19 (5.5.27)
g2(x) q2(x)

Table 5.15 Lowest eigenvalues A

m S Cr S1 Ci

17 0.36137 0.36160 0.37114 0.37172
18 0.35016 0.35037 0.36024 0.36077
19 0.34412 0.34431 0.35453 0.35501
20 0.34227 0.34248 0.35307 0.35350
21 0.34392 0.34407 0.35507 0.35547
22 0.34848 0.34863 0.36000 0.36035
23 0.35554 0.35568 0.36745 0.36777
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Let the function ~y(x) attains its minimum at x = xo and 7" (x¢) > 0, in the interval
X1 < xp < x2. Then, by (5.4.9)—(5.4.11) we obtain

po=0, AW =Ag+uA +0@?, n=0,1,...,

1 2 1
Ay = ’y(xo), A(l”) = (n + —) 2l (XO). (5528)
2 q2(x0)
The eigenfunction for n = 0 is shown in Fig. 5.3a.
5.4.2. From formulas (5.4.13) and (5.5.28) we have
A® = y@2n+ 1), YO ) = Ha(z) e 52, n=0,1,..., (5.5.29)

where z = x/. /it and H,(z) is the Hermite polynomial of degree n. In contrast to
(5.4.13) the obtained solution is exact.
5.4.3. Formulas (5.4.2) and (5.5.28) provide the same result:

A = un+1), n=0,1,... (5.5.30)

The approximate values of Af,gf,mx obtained from formula (5.5.30) and the exact
values found by numerical integration are given in Table 5.16. As the turning points

sil’z) = 4+/A approach the ends of the segment [—1, 1], the error of the approximate
formula (5.5.30) increases.

5.4.4. Table 5.17 contains two approximate values, A g’;{,mx, which are independent
()

refine
by the refined formula (5.4.2) and also two exact values: A(ﬁﬁ;ct and Aé()?a)ct for the
boundary conditions at the right end y(1) = 0 and y’(1) = 0, respectively. The last
two columns contain the coordinates of the turning points.

Formula (5.5.30) takes into account only the local properties of the function
q(x, A) near the point x = 0 and neglects the term x3/3. Formula (5.4.2) takes into
account the behavior of the function g (x, A) between the turning points and provides

abetter approximation to the exact values than formula (5.5.30). As the turning points

of the boundary conditions and are obtained by formula (5.5.30) and A 4,4 found

approach the ends of the segment [—2, 1] the error of the approximate values Ag;i,rox

(C) : (n) /(n)
and A .44 increases and the difference between the values A, and A also
increases.

Table 5.16 Approximate and exact eigenvalues
n 0 1 2 3 4
Approx 0.10000 0.30000 0.50000 0.70000 0.90000
Al 0.10003 0.30054 0.50413 0.71864 0.95714

exact
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Table 5.17 Approximate values and coordinates of turning points

n Ai(‘%mx Aggf}med Aggcl A:e(;la)c[ S. il) §. »(;2)
0 0.100 0.100 0.099 0.099 —0.335 0.301
1 0.300 0.295 0.295 0.295 —0.608 0.503
2 0.500 0.486 0.486 0.485 -0.817 0.633
3 0.700 0.671 0.672 0.668 —1.004 0.734
4 0.900 0.850 0.853 0.842 —1.185 0.817

10 0.2851 0.2975

11 0.2841 0.2954

12 0.2842 0.2946

13 0.2853 0.2949

5.4.5. The computed values of A™ for (10 < m < 13) are given in Table5.18,
which contains the values of Aﬁ;"ﬁ)ned and A%ﬁrox obtained from the refined formula
(5.4.2) and the approximate formula (5.4.21), respectively. The lowest value of A"
we get for m = 11 [for m = 12 from formula (5.4.21)]. The approximate formulas
(5.4.22) provide mpyin = 12.4, Apin = 0.2936.

5.4.6. The buckling of an ellipsoidal shell of revolution is described by the system

of Eq. (4.2.53), for which function (4.2.8) has the form

(p? + r2/b)* + (kap? + kir? /b)?

A= ,8, 1) = , 5.5.31
o) = G 2 ) (7 + P25 o230
where, by (5.3.33) and (5.3.34),
1 1—1t1k qR
= z—kz, h = T, A= W’ r = pum, (5532)

and the functions ki(s), k2(s) and b(s) are defined by formulas (5.4.17). The
minimum

. 4
Ao = min f(p,s,r) = f(po, so, r0) = (5.5.33)
D,S.r 2

52 -1
is attained at p = po = 0,0 = 0y = w/2,r = ro = 1/J. After calculating the

derivatives (5.4.20), we use formula (5.4.11) for n = 0 to get

A= (5.5.34)

4 4% — 1)V/862 =2 Lo ( 2)
22 —1 THT e 12 oA
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Table 5.19 Computed A" by formulas (5.4.2)
m 26 27 28 29 30 31 32
A 1.40523 | 1.38697 |1.37691 1.37415 | 1.37793 | 1.38762 | 1.40268

In terms of physical (dimensional) variables, the critical values of the pressure g and
the wave numbers m in the circumferential direction can be obtained by the formulas:

_ 2Eh? - h482—1) (2 =1 +0(£)
1= V31— vH)a3 (262 — 1) V apy/3(1 — 12) (262 —1)2 ap) |’

ap/12(1 — v2) bo
mo~, ———=, d=— >0,
hd? ap

(5.5.35)

where ag and by are the ellipse semi-axes, E, v, and & are Young’s modulus, Poisson’s
ratio and the shell thickness, respectively.

5.4.7. From formulas (5.5.34) we get A = 1.37424 and m = 28.7. The computed
values of A by formulas (5.4.2) for m close to m = 29 are listed in Table 5.19.
5.4.8. Introduce the loading parameter A by formula (5.5.32):

qgR
A= . (5.5.36)
Ehp?

Then, the non-dimensional stress-resultants #; and #, differ by their sign from those
introduced by formulas (5.5.32),

" 1 "o 1+ t1kq
1= 2k2’ 2= k2 ’

(5.5.37)
where the functions k1 (s) and k3 (s) are defined by formulas (5.4.17). From relations
(5.5.37),t1 < O for all 0,

sin? 0 + 42 (0082 0 — 2) by
th = , 0= —. 5.5.38
2 2k252 ap ( )

Thus, r, < 0 for 262 > 1 and for all 6. By (4.2.53), the shell is only under tensile
stresses and, for the semi-axes ratio ﬁbo < ay, the ellipsoidal shell of revolution
under internal pressure does not buckle.

Let 262 < 1. To find the minimum (5.5.33) we consider only such values of p, s,
and r, for which f(p, s, r) > 0. Firstly, we find

. 2
2k, 4(sin? 0 + 6% cos? 0)
¢) = min V8, F) = — = , =0. 5.5.39
7@ por Fp.s.r) f sin? 0 4 62 (cos2 6 — 2) po ( )
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Depending on 6, the function y(6) attains its minimum,

Ao = miny(6) = 7(00). (5.5.40)

for different values of 6.

For 1/2 < § < 1/+/2, the weakest parallel is the equator # = /2. For that, the
loading parameter, A, and the wavenumber, m, in the circumferential direction are
found by formulas similar to (5.5.34):

4 4(1 — 6%)V/862 -2 1
A= p 2 =0) +o0 (;ﬂ) L om=—. (5541
1 — 262 (262 — 1)2 1%
For 6 < 1/2, the function () has a local maximum at the equator § = 7 /2. The
global minimum, which is equal to Ay = 3262, is attained at

302
6" = arcsin 5 0 =7 — 6. (5.5.42)

5.4.9. Applying formulas (5.4.7)—(5.4.11) and (5.5.31) we find

193(1 — 442) 1 66
A=328%1 — " t0(u)|. m=—-,/—.
T T T (“) mEINTo R

5.4.10. In formulas (5.4.30) and (5.4.31) for « = 1 we have t’(0) = —0.5. We
separately seek the even and odd buckling modes w(p) by numerical integration.
The boundary conditions,

w=w"=0=0"=0 for p=0, p=m, (5.5.43)

and
w=w'=0=0"=0 for p=0, p=m, (5.5.44)

correspond to the even and odd buckling modes, respectively.
The first and second eigenvalues, AWM and A@ | are listed in Table 5.20 for dif-
ferent values of . The even and odd eigenfunctions w(¢) correspond to A1) and

A?), respectively. The table includes the exact values Aé)l(zm and A gi;ct

obtained by
numerical integration, and the approximate values Az(,ll)i,rox and A%}mx obtained by
the asymptotic formulas (5.4.30) and (5.4.31) and the rounded values Afcl)fmde
Afn)mded calculated by formulas (5.5.50).

For r < 1, the asymptotic values are asymptotically double. This is why the

values of Aégct and Aggm converge as the parameter r < 1 decreases and the same

4 and

asymptotic value, Afl%))pmx = Aflf,i)mx, for r < 1 corresponds to both of them.
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Table 5.20 Exact, approximate and rounded values of A

r Aé)l(?dcl AZ(IIIJLFOX Agzmded Agé\a A‘(i%))PTOX Agl)mded
0.50 1.0792 1.0778 1.0792 1.0778

0.55 1.0713 1.0704 1.0713 1.0704

0.60 1.0639 1.0635 1.0640 1.0635

0.65 1.0571 1.0571 1.0571 1.0571

0.70 1.0505 1.0509 1.0505 1.0509

0.75 1.0438 1.0449 1.0440 1.0449

0.80 1.0366 1.0389 1.0321 1.0376 1.0389 1.0330
0.85 1.0275 1.0327 1.0249 1.0321 1.0327 1.0291
0.90 1.0169 1.0259 1.0159 1.0292 1.0259 1.0275
0.95 1.0101 1.0178 1.0100 1.0310 1.0178 1.0304
1.00 1.0108 1.0000 1.0111 1.0388 1.0000 1.0398
1.05 1.0194 1.0212 1.0208 1.0531 1.0540 1.0568
1.10 1.0356 1.0403 1.0396 1.0740 1.0845 1.0822
1.15 1.0589 1.0653 1.0679 1.1011 1.1172 1.1164

Forr > 1,the asymptotic approximations A g},}m and A gﬁ{m for the even and odd
modes w(y) are obtained form formula (5.4.30) for n = 0 and n = 1, respectively.

In a neighborhood of the point » = 1, formulas (5.4.30) and (5.4.31) are unreli-
D

able (see Exercise 5.4.11, where the method for calculating the values A 4.4 and
2 . .
Aﬁm)mded is given).
5.4.11. To study the neighborhood of the point » = 1, we assume that
r=1+4er;, A=1+e*Ay, o=gpo+en, e=p*? (5.5.45)
and seek a solution of system (5.4.23) in the form
o0 o0
w > fug (), x> o). (5.5.46)
k=0 k=0

Substituting formulas (5.5.46) in system (5.4.23) in the zeroth approximation we get
the fourth-order equation

e :
4 (W — r1) wo + (@n® —2ADwo =0, a= —1](0) > 0, (5.5.47)

and the boundary conditions wy — 0 as n — =Fo0.

Equation (5.5.47) cannot be integrated in terms of known functions. To reduce
the number of parameters in the numerical integration, we substitute

n 4\ 1/6
x=—, b= (—) . k=rb% X=2Ab (5.5.48)
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Fig. 5.10 Curves A\o(k) and
A1 (k)

and transform equation (5.5.47) to

4 g
(d—2 - k) wo + (x2 —Mwy =0, w(xoo)=0. (5.5.49)
X
For each k there exists a countable set of values A; (k) for the parameter A\ for which
the eigenvalue problem (5.5.49) has a nontrivial solution. The curves Ao (k) and A\ (k)

are plotted in Fig.5.10.
From formulas (5.5.45) and (5.5.48) we have

_r=Db?
=—

; 2¢?
AO =14+ N0+ 0 (2). K (5.5.50)

The function A\g(k) attains its minimum, Ao = 0.905, for k = —0.44. Therefore, as
r changes, the parameter ) is minimum for » = 1 — 0.44eb” and it is equal to

Amin = 1 +0.1812674 + 0 (;ﬂ) :

Table 5.20 contains the values Aiél)mded(r) and Aggmded(r) obtained by formula
(5.5.50) for r ~ 1 for the parameters from Exercise 5.4.10.

5.4.12. The function (5.4.8) has the form

K2 (y)

fp.y)=p*+ o (5.5.51)
After minimizing f(p, y), we obtain
Ao =2k, ko =k(yo) =min k(). po=ky"". (5.5.52)

where yj is the weakest generatrix.
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Table 5.21 Results for the first four eigenvales
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H AasympL Aoo Aoce Aco Aee
0.1 1.205976 1.210790 1.212372 1.212372 1.210790
0.2 1.411953 1.450047 1.387287 1.387290 1.450068

If k" (yo) = ki > 0, then, by formula (5.4.11), we have

) 1 32k, 2
AD = 2%+ (= +n ; +0(u), n=0,1,..., (5.5.53)
2 I
where the eigenvalues A" are asymptotically double.
For an elliptic cylindrical shell, we have
Lo, 3= T e 37
k()=5—2, kO=T, 00 = -, 90 =7
Since the shell has two weakest generatrices, the eigenvalues
2 1 [24(62 — 1)
n) — = _ 2 —
An_(s2 1+,u(2+n) 5 —|—0(,u) , n=0,1,...,
(5.5.54)

are asymptotically quadruple.

For the numerical evaluation of the parameters A, which are close to each other,
we integrate system (5.4.23) making use of the evenness (5.5.43) or oddness (5.5.44)
conditions for # = 0 or 0 = /2.

The numerical results for § = +/2 and p = 0.1, x = 0.2 are given in Table5.21
for the first four eigenvalues.

The table contains the approximate asymptotic values A asympt., obtained from the
asymptotic formula (5.5.54) for n = 0, which are equal for all four vibrations modes,
and also four close to each other exact eigenvalues Aog, Age, Aeo, and Aee Obtained
by numerical integration. These eigenvalues correspond to four types of vibrations
modes: odd in 6 and 6 — 7/2, odd in € and even in  — 7/2, even in € and odd in
0 — m/2,evenin 0 and € — /2, respectively.

The values of Ago and Aee, and also Age and Ao, for up = 0.1, within the accepted
accuracy, coincide with each other and for x = 0.2 are close to each other.



Chapter 6
Asymptotic Integration of Nonlinear
Differential Equations

There are several types of asymptotic expansions for the solutions of nonlinear differ-
ential equations. Regularly perturbed nonlinear equations were considered in Chap. 3.

Some types of singular perturbed nonlinear equations are considered in mono-
graphs [9, 38, 57, 58, 60, 61].

Generally for solution of singular perturbed equations the methods of matched
asymptotic expansions and multiscale methods are used. However, for example, in
[15] nonlinear boundary value problems, for which these methods are inapplica-
ble, are analyzed. In [52] one of the chapters deals with nonlinear boundary value
problems. The author consider some of the second order equations those have exact
solutions to illustrate various phenomena occur as a small parameter at the higher
derivative converges to zero.

In this chapter we also consider a limited number of problems connected with
singular perturbation and ramification of solutions of nonlinear equations.

6.1 Cauchy Problems for Ordinary Differential Equations
with a Small Parameter

6.1.1 Problem Statement

Consider the Cauchy problem for the following system of 2 +n nonlinear differential
equations:

dy
2 =Sz, Y=y
t
dz
Md_=F(y,Z,f), ZT=(Z1’~~~vZn)7
t
y(0)=y°, z(0)=z% 0<¢<T. (6.1.1)
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Here y and f are m-vectors, and z and F are n-vectors. As a rule one cannot obtain
an exact solution (y(¢, i), z(¢, p)) and the problem is to find an asymptotic solution
taking the smallness of parameter w into account.

As o — 0, system (6.1.1) degenerates into a system of m differential and n
algebraic equations:

d
=0 = F30.20.0: F(¥o.20.1) = 0. 6.1.2)

The order of this system is lower than the order of the given system since the second
equation is not differential but algebraic. One should not introduce for this system
an initial condition for the function z, but only an initial condition for y,

¥o(0) = y°.
Suppose that the second system of equations in (6.1.2),

has an isolated solution
z0 = z0(yg, 1), (6.1.4)

i.e. there exists n > 0 such that F(yg,z,t) # 0 for 0 < |z — 20(yg. )| < 7.
Substituting this solution into system (6.1.2) we obtain the degenerate (unperturbed)
problem

o

7 = f(3o: 200, ). 1), ¥o(0) = y°. (6.1.5)

Two questions arise as problem (6.1.1) degenerates into (6.1.5): firstly, how the
solutions for (6.1.1) and (6.1.5) relate as ;4 — 0, and, secondly, what is the analytic
structure of the solution of problem (6.1.1) for ;¢ > 0. The Tikhonov theorem answers
the first question [60]:

Let

(1) the right sides F(y, z,t) and f(y, z,t) be real analytic functions of their
arguments;

(2) the function (6.1.4) be an isolated solution of system (6.1.3);

(3) the solution (6.1.4) be an asymptotically stable equilibrium point for the adjoint
system,

dz

— =F(y0.2, 1), (6.1.6)
dr
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where y( and ¢ are considered as parameters, and all the roots of the complementary
characteristic equation

F
det(A—-—XE)=0, A= 8_ (6.1.7)

92 |z=z0(yo.0)

have negative real parts;

(4) the initial point z° belongs to the domain of attraction of the stability condition
(6.1.4).

If conditions (1)—(4) are satisfied, then, for sufficiently small x, problem (6.1.1)
has a unique solution y(t, u), z(¢, ;) for which the following limit equalities are
valid:

yt, p) = yot) as p—0, 0<t<T,
z(t, 1) = zo(t) = z0(yo(1), 1) as p—0, e<t=<T. (6.1.8)

It is natural that the function zo(#) does not satisfy the boundary condition (6.1.1) in
the general case.

We discuss conditions (3) and (4) of the Tikhonov theorem.

In Eq.(6.1.6) y and ¢ are considered as parameters and by condition (2) 7 =
z20(yg, t) is a solution of equation (6.1.6). Since this solution does not depend on
7, then dzo(yg, t)/dT = 0, i.e. solution (6.1.4) is an equilibrium point for system
(6.1.6).

Condition (4) means that the solution Z(7) for the problem

dz _ _ 0
— =F(y,.2,0), z(0)=z
dr
converges to the equilibrium point zo(yg, 0) as 7 — oo.
We note that system (6.1.3) may have a non-unique solution and conditions (3)
and (4) help us select the required root (6.1.4). If one wishes to obtain only relations
(6.1.8), then conditions (1)—(4) may be relaxed.

6.1.2 Construction of a Formal Asymptotic Solution

The solution of problem (6.1.1) in the form of an asymptotic series of powers of 1
is obtained in [60] and is shortly discussed below.

Let x denote any of the symbols y and/or z. We seek a solution x (¢, 1) of problem
(6.1.1) in the form

x(t, 1) = D xe(Op + D X, (6.1.9)

k=0 k=0
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where 7 = ¢/ is the fast variable, and we apply the restriction
Xx(t) > 0 as 7 — oo, (6.1.10)

to the functions X (7), i.e. Xx(7) are the boundary layers functions.

The construction of successive terms in series (6.1.9) is notably similar to the
Vishik-Lyusternik algorithm (see Chap.4). The zeroth approximation for y(¢) is
evaluated from (6.1.5), and Yo(7) = 0. The function zy(¢) is determined from
formula (6.1.4). To obtain Zo(7), one should solve the problem

Az
d—TO —F (yo, 20(0) + Zo(7), 0) - F (yo, 20(0), 0) ,
Z0(0) = z° — z0(0), 6.1.11)

which, by conditions (3) and (4), has a solution that satisfies the relation (6.1.10).
The next terms of series (6.1.9) are obtained from linear equations in the following
order: Y1, y1,21, Z1, Y2, ... . The functions Y| are found by quadratures:

V10 = [ [£ (520 + 20.0) - £ (3" 200.0) ] ar. 6112

To obtain y;, and z1, we solve the linear Cauchy problem:

dy, af) of
dn _ (91 Y 21 310 = —Y,(0). 6.1.13
o (8y i+ (5r) 2 mo=10 (6.1.13)
dzo OF OoF
AU B P 1.14
dt (3Y)oyl+(5z)011’ © :

where the subscript “0” means that the corresponding derivatives are evaluate at the
solution zg defined in (6.1.4). By condition (4), the matrix A = (9F/0z)¢ has a
nontrivial determinant and from (6.1.14) we find the vectors z;, which we substitute
into (6.1.13).

By successive approximations, the right sides of Eq. (6.1.1) are represented in the
form

F(x,t)=F(&, 1)+ F*(X, 1), (6.1.15)
where ¥ and X denote the first and the second sums in the right side of (6.1.9),
respectively. Relation (6.1.15), which we used to derive (6.1.11) and (6.1.12), defines

the function F*:

F*(X,7)=F (X(ut) + X (1), ut) — F (X(u7), pu7) . (6.1.16)
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The equation for Z(7) appears to be rather cumbersome:

dzZ, oF

i (5) [¥1(7) + 310) + 7 (0)]

(
(

/ oF
(— 21(0) + 724(0)] _T(E)(f (6.1.17)

[Zl(T) +2z1(0) + TZE)(O)] + 7 (8—F)
ot J oo

00
n a—‘”)
az 00
OF ,
- a—y)o[y1(0)+7’.)’0(0)]
OF
B 8z) [
0
Z,(0) = —z1(0).

Here the subscript “00” means that the corresponding derivatives are evaluated at
y =% z=20(0) + Zo(r),and t = 0.

The monograph [60] contains a proof that formal series (6.1.9) are asymptotic
expansions of exact solutions as ;. — 0 (p > 0).

Problem (6.1.1) permits a generalization to the case where the right sides of system
(6.1.1) depend regularly on .

Example 1
Consider the following example:
dy dZ 2 2
— =z, — =y -z, 0) =1, 0)=0.
oo BTy R y(0) z(0)

The roots of the equation F(yy, z9,?) = 0 are z = y and z = —y. Since 0F/0z =
—2z, then the root z = y is stable for y > 0, and the root z = —y is stable for y < 0.
The initial point y = 1, z = 0 belongs to the domain of the stable root z = y. Thus,
the unperturbed problem has the form

dyo

= N O:l
=0 y0(0)

The solution of the equation is yy(r) = &', and, therefore, zo(t) = €. To find Zy(7)
we use Eq.(6.1.11):

dZy

= —2Z0(1) — Zo*(1), Zo(0) = —1,
dr

which has solution Zy(7) = tanh 7 — 1. Hence the functions
y(@) =¢', z(t)=e' +tanh7 —1

approximate the solution with an accuracy of order O (u) in any finite interval 0 <
t <Tp < 0.
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The function Y (7) can be found from relation (6.1.12)
Yi(7r) =In2 +1In(cosh7) — 7.
So, to obtain y; and z; in series (6.1.9) we have

@—z @—2 — 2202
T 1 i Yoyi 021,

or
=2y —2z1, y1(0)=—Y;(0) = —In2,

This implies that

(t) = L m2)e 42 t) = L om2)e
={—=—In = =|—=—-2In .
Y1 5 e 2, 21 ) e

To find Z(7) from (6.1.17) we write the equation

dzZ, 1
d—:Zln(cosh7)—2tanhT Zl(T)—E—an—G—T -1,
-

1
Z1(0) = = +1n2,
2
with solution
1 2 T 2
Zi(t)==+In2 -7+ —— cosh” x In (cosh x) dx.
2 cosh” 7 Jo
Therefore, combining these results we get
t 1 1 t 2
y(it,p)=ée —t+p 5~ §+ln2 ¢ +In2+1In(cosh7) |+ O (u )

1
z(t,u)=g1+tanhr—1—t+u(§ +ln2) (1_91)

t/p
o 5 / cosh? x In (cosh x) dx + O (uz) .
cosh” 7 Jo

The numerical (solid lines) and the asymptotic (dashed lines) values of the func-
tions y(z) (bold lines) and z(¢) (thin lines) are plotted for ;x = 0.6 in Fig.6.1a and
for 1 = 0.2 in Fig. 6.1b.
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5 {a) 5

(b)

0.25 0.5 0.75 1 1.25 1.5 1.75 2 0.25 0.5 0.75 1 1.25 1.5 1.75 2

Fig. 6.1 Numerical values (solid lines) and asymptotic values (dashed lines) of y(t) (bold lines)
and z(t) (thin lines) for ;1w = 0.6 (left) and for pn = 0.2 (right)

Example 2
We consider one more example, the reduced Van der Pol equation for a pendulum
with a small mass:

d? d dx(0
() P ir—0 x@=a 2P g

avx , 1. (6.1.18
Hae dt dt a # ( )

As before, we seek a solution of equation (6.1.18) in the form of series (6.1.9):

Xt 1) = x0(0) + p1X1(D) + x1 (O] + 0 (42)

For ;1 = 0 we get a separable equation

d
(1 _xg) % Fx0=0, x0) =a. (6.1.19)
To find xo () one gets
2 .2
p= X0y ol (6.1.20)
2 |al

Write the equation for the boundary layer function X (7) as

d*x dx
Ly (1 — az) - 0,

dr? dr

with solution

Xi(r) = C + Cy e (170,
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Since the function X (7) should satisfy condition (6.1.10), then C = 0. The constant
C| is evaluated from the second initial condition (6.1.18):

X0 _ dw® @ . a
dr dt 1 —a% 1_(1—612)2'

To obtain x1, we solve the equation

dx 2 dxp d2x() _ .
E (1 —xo) +x1<1 — 2X0 W) + F =0, x1(0)=-X(0).

By relations (6.1.19) and (6.1.20) this equation reduces to

dx L+x3  xo(l+x3)
— +x = 0, x1(0) = ———.
di =2 A= 0=y

(6.1.21)

We note that for this example it is hard to construct the analytic solution, i.e. to find
an explicit function x¢(¢) from relation (6.1.20), but separating the boundary layer
functions makes it easier to solve the problem numerically. The “slow” part of the
solution can be found numerically from relations (6.1.20) and (6.1.21) while “the
boundary effect” is obtained analytically.

6.1.3 Exercises

Find the exact and asymptotic solutions for the equations

6.1.1.
d’x  dx\2 dx(0)
- —) —1=0, 0) = 0’ — =0. 6.1.22
Han + (dt) *(0) = dt ( )
6.1.2.
d’x dx o dx©0) 0
Mﬁ—i—xzzo, x(o):_x N dt =X, X >0 (6123)

Find the main terms of the asymptotic solution of the equations
6.1.3.

d*x  dx 5 o dx(©0)
uﬁ—i—z—i—cx+kx =0, x(0)=x", o =x,

(6.1.24)

x0>0, c>0, k>0.
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6.14.
d’>x dx 3 o dx0) .
uﬁ—l—z—i—cx—l—kx =0, x(0)=x", ar =X,
x0>0, c>0, k>0.
6.1.5.
d’x d dx(0
“d_t)zc + d_):x —Ax =0, x(0)=x", );(t ) _ 0, x%>0.  (6.125)
6.1.6.
d’x dx o dx©0) ., o
MW+XE—A:0’ x(o):x’ 7:)(, X >0 (6126)

6.2 Perturbation of Nonlinear Boundary Value Problems
with a Small Parameter

6.2.1 Introduction

We consider boundary value problems the solutions of which are representable as
sums of slowly varying functions and functions of boundary layer type. Besides
boundary layers in neighborhoods of the ends of the intervals of integration, internal
boundary layers may also exist.

Consider the boundary value problem:

d
£ =fy.z1), p

d
== E _FOy.z0. 1el01], 6.2.1)

dr
where y and z are m- and n-vectors, respectively. Let m + n boundary conditions of
the general type be introduced in the form

I (y(0), y(1),2(0),z(1)) =0, i=1,...,m+n. (6.2.2)

Again, the unperturbed system of equations has the form (6.1.2). However, the prob-
lem of introducing proper boundary conditions is nontrivial.

Let zo(yy, t) be an isolated solution of equation (6.1.3). In a neighborhood of this
solution we consider the adjoint system (6.1.6), where y and ¢ are considered as
parameters.

When solving a boundary value problem it is convenient to define stability in a
more general way than stability used in the third condition of the Tikhonov theorem:
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if all roots of the auxiliary characteristic equation (6.1.7) have negative real parts,
then the root z(y, t) is stable to the right. If all roots of Eq. (6.1.7) have positive real
parts then the root z(y, f) is said to be stable to the left.

Let Eq.(6.1.7) have n; roots with negative real parts and n, with positive real
parts (n1 + n2 = n) for all ¢ and y, from some domain containing a solution of
equation (6.1.3). In this case, we seek a solution of the problem in a form similar to
(6.1.9), but with two boundary layers:

oo oo oo
x(t, ) = D x Ot + DX o + D0 X o, (6:23)
k=0 k=0 k=0

X,EO)(TO) — 0 as 79 —> o0,
xP(r) =0 as 71— —o0, (6.2.4)
where 7o = t/pand 71 = (t — 1)/

Here we discuss only the question of boundary conditions for the unperturbed
problem (6.1.2). In the zeroth approximation, conditions, (6.2.2) may be written as

1 [ 3000, 3o, 200) + 2§ (0), 20D + 2§ (D] =0. (625)

By (6.2.4), the family of functions Z8 and Z(()l) contain n| and n, constants, respec-
tively. Eliminating these functions from conditions (6.2.5) leads to m relations which
do not contain boundary layer functions and are used as boundary conditions for the
unperturbed problem (6.1.2).

Example 1
Consider boundary value problem:
dy
- =% 1) =0,
= YD
dz .
po=—G-y=-De=-»Ne-y+Dh, 20 =z, (6.2.6)

where y and z are scalar functions. In this case, equation F(y, z,t) = 0 has three
distinct solutions: (1) z = y + 1, (2) z = y, and (3) z = y — 1, each of which
may solve the boundary value problem (6.2.6). These solutions correspond to slowly
varying functions of the zeroth approximation and the adjoint equation (6.1.6):

dz
M) w=e =1 n=dl E=-z@+nzZ+2)
dz
(2) yo=0, 20 =0, E=—(Z—1)Z(z+1),
dz
B) yo=1-€"1, z=—¢"', = =—(Z-2(Z-1Z. (627

dr
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(1) The root z = y + 1 of the equation F' = 0 is stable to the right. The domain
of attraction of the root Z = 0 of system (6.2.7) is —1 < Z(0) < oo or, by virtue
of (6.1.11), problem (6.2.6) has a solution which converges to yg, zg as ¢ — 0 and
t > ¢ > 0 for z¥ satisfying the inequality

—1+e !t <7 <00 (6.2.8)

(2) The root z = y is stable to the left. Therefore, the boundary value problem
(6.2.6) does not have solutions of the form (6.2.3) converging to yg = zo = 0 as
w—0,if 20 £ 0.

(3) The root z = y — 1 is stable to the right and its attraction domain is

—o<®<1-e¢l. (6.2.9)

0 1

Summing up the considered cases, we see that if condition z° > 1 —e™ " is
satisfied, then problem (6.2.6) has a unique solution converging to the functions
Yo, 20 (see (6.2.7) case 1) as ; — 0, as plotted in Fig. 6.2a.

For —1+e ' <70 <1—¢71, problem (6.2.6) has two solutions, one corre-
sponding to case (1) and the other to case (3) (see Fig.6.2b).

For 70 < —1 +¢~!, we again get a unique solution corresponding to case (3) (see
Fig.6.2c).

Example 2
Sometimes, in constructing a solution of a boundary value problem one should
use not one, but several roots of the unperturbed equation F(y,z,#) = 0 and in

the transition from a left-stable root to a right-stable root, an internal boundary layer
may appear. Consider the model example

dy dZ 2
D B2 y0=a, y)=b, la—bl <1, (62.10
i RPT 2%, yO0)=a, y la —b| < ( )

which is discussed in detail in [60].

Fig. 6.2 Solution of problem (6.2.6)
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It is easy, to find an exact solution for the problem

| e(l+b+1)/u _ e(l+a)/u _ e(b+l—t)/u + e(2+a—t)/u

e(2t+b—a+l)/u _ eZt/,u _ 62/# + e(b—a+t)//L
- eQitb—a+1)/pn _ p2t/p + e2/n — elb—a+t)/p”

z 6.2.11)

We seek an asymptotic solution. Equation F = 0 has two solutions: (1) z = —1 and
(2) z = 1. The first solution is stable to the left and the second solution is stable to
the right. Since both boundary conditions in (6.2.10) are imposed on the function y,
both solutions,

1) z=-1, y=—t+C, C=a, t<@—-b+1)/2,
@) z=1, y=t+C, C=b—1, t>(@—b+1)2, (6.2.12)

are used in the construction of a solution for problem (6.2.10). The lines y = —t +a
and y = ¢ + b — 1 intersect at the internal point t = (a — b + 1)/2 and, in its
neighborhood, an internal boundary layer appears as a smoothing jump of functions
(6.2.12) at t = (a — b + 1)/2 (compare with the exact solution (6.2.11) and see
Fig.6.3 fora = b = 0).

Remark We note that the internal boundary layer may have a more complex form.
The quasilinear problem

wy" =gy, 0y + g, 0, yt)=a, yn)=>b. (6.2.13)

was studied in [60]. It is shown that this problem can have a solution close to a
discontinuous solution if the points (¢y, @) and (¢1, b) in the (¢, y) plane are separated
by a curve, on which the function g; (y, ¢) alternates.

A solution close to a discontinuous solution can be constructed as a solution with
the following initial condition at the point z, € (to, 1):

Fig. 6.3 Boundary layers as z
smoothing jumps




6.2 Perturbation of Nonlinear Boundary Value Problems with a Small Parameter 303
Yt ) = yo+pyr +---

Z-1
z(t*,u)=7+zo+MZ1+--~,

Initially, the coefficients z;, y; and the value of #, are unknown.
The solution of the problem has the form:
for0 <t <t,,

1
0 0 0 0
2, 1) = 200 + p2\ V@) + -+ ;Z(_}(T) +z0m) + -,

0

0 0 0
vy, ) =y + w0+ + Y@+ O+

and fort, <t <1,

1
2t ) =200+ pP @)+ ;z(_l])(v) +z" @)+
v, ) =y O+ o+ + YO + P + -

In the zeroth approximation,
0 1
w0 =a, ¥ @) =b.

These conditions provide the solutions (z(()o) (1), yéo) (t)) and (y(()l)(t), z(()l) (t)). For
each of these solutions, the following condition must by satisfied:

Yoi (1)
Z71+/ gl(y,l*)dy=0, i=1,2.
y

Yo

Subtracting one equation (i = 1) from the other (i = 2) we come to an equation
for evaluating the point of a jump discontinuity (¢ = ¢,) for the solution of problem
(6.2.13):

Yoz (£+)
/ g1y, tx)dy =0, (6.2.14)
Rl

01 (7+)

where yo1(¢) and and yg; () are solutions of the unperturbed equation stable to the
left and stable to the right, respectively.

Example 3
Consider the problem:

"o

py" =—yy' +ay, y0) =a, y()=b, a<0, ab>0.

The unperturbed equation y(y’ — «) = 0 has solution y’ = «. Therefore the solution
satisfying the left boundary condition has the form yy; = a + at and the solution
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satisfying the right boundary condition has the form yp, = b 4+ a(t — 1). For that,
the following conditions must be satisfied

(1) g1(vo1,1) = —yo1 = —a — at > 0, 0<t<t,
) 91002, ) =—yp=-b—alt—-1)<0, t,<t=<1L

As seen from (6.2.14), the dependence of the point of jump at @ and b has the

form
1 b+a

* — 5

2 200

It is assumed that |a + b| < a < |b — a].

6.2.2 Exercises

Find the main terms in the asymptotic solution of the boundary value problem

6.2.1.
22;2 +‘C’l_+y+k 2o, %:yo, y() =y, (6.2.15)
6.2.2. Py dy HO) 1
dt2+z+y+ky =0, o = v yh=y.
6.2.3.
d*x dx dx
MW+(E) —E—Z—O x(0)=0, x(1)=0. (6.2.16)
6.2.4.
d’x  dx 0 1 0 1
HW+EXZO’ x(0)=x", x()=x", x,x >0. (6.2.17)

6.3 Bifurcation of Solutions of Nonlinear Equations

The basis of the bifurcation theory for solutions of nonlinear equations was laid in
works by H. Poincaré, A.M. Lyapunov and E. Schmidt. In those papers it was shown
that the problem on the number and behavior of solutions of integral or differential
equations can be reduced to studying systems of implicit analytical functions called
ramification equation.
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The idea of the Lyapunov—Schmidt method is the decomposition of the equation
under consideration into two equations: one in a finite dimensional subspace of
dimension n and the other in its infinite dimensional orthogonal complement. This
method, its different versions and developments are considered in [57].

Below, we briefly discuss one of the ways to solve the bifurcation problem on the
example of the bending of a clamped uniform beam caused by an axial compressive
load.

6.3.1 Statement of the Problem

The angle of rotation, (x), of the tangent to a beam satisfies the following equilibrium
equation and boundary conditions:

Ocx + Asinf =0, 0<x<1, 6,0)=06,(1)=0. (6.3.1)
The value of A in Eq. (6.3.1) is proportional to the axial load. The function 8y(x) = 0

is the solution of equation (6.3.1) for all values of A. This requires

(1) to find the values of the parameter A (for example, \g), for which the number
of solutions of the equation changes;

(2) to find the number of solutions in a neighborhood of A = \g;

(3) to study the behavior of these solutions in a neighborhood of A = Ag.

We linearize the problem 6y(x) = 0:
Oy + A0 =0, 0,0 =0,(1)=0. (6.3.2)

The eigenvalues A; = (mi )2 and corresponding eigenfunctions 6; (x) = cos(mwix) of
this problem provide a family of functions orthogonal over the interval [0, 1]:

1 1
1
/ 0:(x)0;(x)dx =0, for i # j, and/ 0;>(x)dx = >
0 0

If the function €(x) is continuously differentiable over [0, 1] and satisfies the bound-
ary conditions 6, (0) = 6, (1) = 0, then it can be expanded in a uniformly convergent
series of eigenfunctions of the linear problem (6.3.2) over [0, 1]:

o 1
0(x) =D cubn(x), cn= 2/ 0(t)0, (t)dt.
0

n=1
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6.3.2 Solution of Nonlinear Problems

Consider the solution of the problem in a neighborhood of the first eigenvalue A1 =
72 Let A = m% + \. We represent Eq. (6.3.1) in the form

021'—1 (_1)i+1

- (6.3.3)

o0
BO = 0, + 720 = —0)\ — (7r2+)\)2
i=2

It is known that the solution of the non-homogeneous equation Bf = h(x) exists if
the necessary and sufficient condition

1
/ h(x)0p(x)dx =0, (6.3.4)
0

holds. Here 6y is the solution of the homogeneous equation B = 0.
We seek a solution 6 of Eq.(6.3.3) in the form of a series in powers of the small
parameter &:

o0
0 =Ecos(mx) + > Moy, E< L (6.3.5)
i=1

This solution is expanded in odd powers of ¢ since the operator B is an odd func-
tion. Substituting solution (6.3.5) in Eq. (6.3.3) we write only the main terms of the
equation, taking the smallness of £ and A into account. Thus, we get a sequence of
boundary value problems for the evaluation of 6;:

2
& BO; = % &3 cos® (mx) — AEcos(mx), (03)x(0) = (03),(1) =0.  (6.3.6)

The existence condition (6.3.4) for problem (6.3.6) provides the ramification equation

2
% 8\ =0, 6.3.7)

which has three solutions for A > 0: one trivial (£ = 0) and two nontrivial solutions
£ =42327-1Y/\.
A particular solution of problem (6.3.6) is

cos(3mx)

03 = .
3 24 % 8

(6.3.8)

The general solution of problem (6.3.6) is a sum of the particular solution (6.3.8)
and the solution of the homogeneous problem:

cos(3mx)

0, =
3 24 % 8

+ C cos(mx),



6.3 Bifurcation of Solutions of Nonlinear Equations 307

Fig. 6.4 Value of £ versus A £
in a neighborhood of the
critical value

A

where C is a constant that can be found from the solvability condition for the fol-
lowing problem:

2 A3 2¢5
55895 = —% 55 cos’ (mx) + % cos> (mx) — )\5393 + % cos?(mx),

(05):(0) = (05)(1) = 0.

Hence, the angle of rotation of the tangent to the beam under loads close to the critical
load is defined as

3 3

cos(3mx) —

0~ —
§eos(m) — 2773 16 x 8

cos(mx) +---.

The graph for the value of £ versus the parameter A in a neighborhood of the
critical value A = 72 is plotted in Fig. 6.4.

As it follows from the ramification equation (6.3.7) for small values of A (in a
neighborhood of the critical value of the axial load) there exist three solutions of
equation (6.3.1), i.e. three equilibrium states.

We note that the bifurcation of solutions in neighborhoods of the other eigenvalues
can be studied in a similar manner.

6.3.3 Exercises

To find the ramification equation and the solution of the boundary value problems in
a neighborhood of the first eigenvalue.

63.1. yox + Ay = —y3, y(0) = y(1) =0.
6.3.2. y.x + Ay =2, y(0) = y(1) = 0.
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6.3.3. Find the ramification equation and the solution of Exercise 6.3.2in a neigh-
borhood of the second and third eigenvalues.

6.3.4. Find the ramification equation for the problem of axisymmetric buckling of
a clamped circular plate under a uniform compressive load applied on the edge of
the plate. The angle of rotation of the normal to the neutral plate surface, § = —w/.,
where w is the plate deflection and r is the plate radius, and the membrane radial
force, T, — 1, satisfy the nonlinear Karman equations:

d29+1d9 0+A(1 T)0 =0, 0<r<l
G - T Ty - =V, =r=1
dr?  rdr r? "

I d [ ,dT,\ 6

- L =0, 6(1)=T,(1) =0,
r3dr(r dr)+2 (1) r(1)

and 0'(0) = T/(0) = 0 from the symmetry conditions. The value of A is proportional
to the applied load.
6.4 Answers and Solutions

6.1.1. The exact solution of equation (6.1.22)isx = —f + In((e®/" +1)/2) + x°.
To construct the asymptotic solution, we write Eq. (6.1.22) as a system:

_ = — 1’ — =2, 0 = ) 0 :0 641
n ol s o= x(0) =x", z(0) 6.4.1)
For . = 0, the roots of the equation F(xg, zg,?) = —z(z) +1=0arez = 1and

z = —1.Since OF /0z = —2z, then the root zg = 1 is stable. Hence, the unperturbed
problem has solution xo = ¢ + x°, zo(r) = 1. To find Zy(7) we use Eq.(6.1.11):

dz
d_’TO = —2Z0(1) — Zo*(7), Zp(0) = —1,

which has solution Zo(7) = —2/ (¢*” + 1).
From relation (6.1.12) one can obtain the function

X\ (r) = =27 +1n (eZT + 1) .
Hence, the functions

—1
x) ~ 1410 z()~1-2 (ezf/ﬂ + 1)
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approximate the solution of system (6.4.1) to an accuracy of order O (1) in any finite
interval 0 <t < Ty < o0. In other words, the difference between the exact solution
and the zeroth approximation has order p. With the same accuracy, the solution of
equation (6.1.22) can be represented in the form

xt) =t 4+2°+p [—2z/u +1n (eZ’/H + 1)] + 0

= —t+pln (e2’/ﬂ + 1) +x° + o).

Therefore, to satisfy both the equation and the boundary conditions to an accuracy
of order O (u), the smooth part of the solution should be obtained to an accuracy
of order O () and the boundary layer to an accuracy of order O (/L2)Z x(t) =
xo0(t) + puX1(t) + O(w). For evaluating x; we have

d
% =2=0, x(0)=-X;(0)=—1In2,

whence x1(f) = —1In2.
Therefore the solution fond to an accuracy of order O(u?) coincides with the
exact solution.

6.1.2. The exact solution of equation (6.1.23) is

0y at/p 0 _
x = (atx)e™V +x a’ where a=\/x02+2,u)'co.

a
(a + x9)eat/n — x0 4 q

To obtain the asymptotic solution we represent Eq. (6.1.23) in the form of the system
pdx/dt = —zx, dx/dt =z, x©0)=x",  z(0) =",
For n = 0, Eq.(6.2.1), F = 0, has root zgp = 0, which is stable for x9 > 0 since
OF |0z = —x. The unperturbed problem has solution xg = x°, zo(r) = 0. To find
Zy(7) we find the solution of equation (6.1.11)
dzy/dr = —x"Zo(7),  Zo(0) = i,
that is, Zo(7) = %= From equality (6.1.12) one can find the function X (1) =

—)'coe”‘OT/xO.
The solution of equation (6.1.23) can be written as

x(t)=x"—p ()'co/xo) e—t/n + O ().
The function x is evaluated from the equation

dxi/dit =71 =0, x1(0) = —X;(0) = i°/x".
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. . 0

Therefore, x1 (1) = °/x% or x (1) = x° + p(x°/x°) (1 —et ’/“) + 0 (1?).

6.1.3. To construct the asymptotic solution we write Eq. (6.1.24) as a system:

dz
"

d .
=y — kY2, d—f=z, y(0) =x°, z(0) = i°.

For ;1 = 0, we have zg = —cyo — kyo?. Therefore, the unperturbed problem
dyo/dt = —cyo —kyo®,  y(0) = x"
has solution yp = (cx9)[(c + kx9)e’ — kx°1~1. To obtain Zo(7) we write
dZo/dT = —Zo(1),  Zo0) = x° + cex¥ + kxo?,

whence it follows that Zo(7) = ()'co +cx0 + kxoz) e~ 7. From equality (6.1.12)

one can find the function Y; (1) = — ()&0 +cex0+ kxoz) e~ 7. Thus, the solution of
equation (6.1.24) has the form

0
_ cx -0 0 02\ -t/
0= (¢ + kx9)ect — kx0 H (x tox +kx ) et 0.
6.14.
x(t) = \/ ex”” — i ()'co +ex? + kx03) e 4 o).
(c + kx0%)e2et — x0?

6.1.5. To construct the asymptotic solution we write Eq. (6.1.25) as the system:

dz dy 0 -0
—_— = A— s — =12, 0 = s O = .
po=A-y, =z yO)=x", 20)=x

For 1 = 0, we have zgp = A, and the unperturbed system

dyo _

A, 0) = x°
r y(0) =x

has solution yg = Az + x°. To obtain Zo(7) we write
dZo/dr = —x°Zo(1), Zo0)=3"— A

or Zo(1) = ()'co — A) e,
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- A

0
e 7. Thesolu-
)CO

From equality (6.1.12) we obtain the function Y (1) = —

tion of equation (6.1.25) is represented in the form

—A
0

x()=Ar+x"—p e~xt/n + O(p).

To find x; we solve the equations

d 0 _ A
ﬂ=Zl, OZ—(At-l-xO)Zl, xl(O)z—Xl(O)zxxO ,

from where x;(¢t) = ()'co — A) /xo. Thus the solution of equation (6.1.25) is

—4 (1 - efxot/“) +0 (,uz) .
x

6.1.6. Equation (6.1.26) is equivalent to the system:

0
x(t):At—i—xO—i—,ux

dz dy 0 .0
=A—-zy, — =z, 0) =x", 0)=x".
ro 2y, =2 YO =x7 () =x
For 1 = 0, we have A — zgyo = 0. The unperturbed problem
dyo/dt = Aly, y(©0)=x",

has solution yg = v 2At + xoz, 70 = A/V2At + x92. To find Zo (1), we solve the

problem
dZojdT = —x"Zo(1), Zo(0) = x° — A/xo,
or Zo(1) = ()éo — A/xo) ¢ From equality (6.1.12) we get
2
Yi(r) = ( _ xoxo) =07 (xo) .

The solution of equation (6.1.26) can be represented in the form
0,0 0
x(t) = 2At + (x0)2 + H 0)2 e 4L 0 ().
6.2.1. To construct the asymptotic solution we write Eq. (6.2.15) as a system:

dy
_— = —Z — _k 25 =<, 1 - 17 0 == ‘O'
I p z—Yy y ar z, y)=y z(0) =y
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For 1 = 0, we find the root zg = —yo — kyo>. The unperturbed problem
2 1
dyo/dt = —yo —kyo", y(1)=y",

has solution yo = y'/[(1 + ky")e’~! — ky!']. To obtain Zy(r), where 7 = /11, we
get the equation

dZo/dT = =Zo(1), Zo(0) = 3" + yo(0) + k)5 (0),
or Zo(1) = [+ yle(l + ky)(1 + ky! —kyle)™2] 7.
The root z = —y — ky? of the equation F = 0 is stable to the right and the

attraction domain of the root Z = 0 of Eq.(6.2.17) is the entire real axis. From
equality (6.1.12) one finds the function

Yi(r) = — [y'o Fyle(l + kY +ky' — ky‘e)*z] e

Thus, the solution of problem (6.2.15) to an accuracy of order o(u) is

1 1 1
1+k
y . [y.o yie(1+ky') }e_z/u.

YT Uty e T —ky! (1 +ky —kyle)?

6.2.2.

o = (yh)?
TV A RODY) 2T k()

2
N U £ 5 / (ey!)?
14 ky'? —k(eyH2V 1+k(yH? — k(ey')?

6.2.3. To construct the asymptotic solution we write Eq.(6.2.16) as the system:

dz 21,40 & 0 =0, x(1)=0
— = , —=12z, x(00=0, x(1)=0.
. dt . ‘ dt .

For ;v = 0, we have two roots, z = —1 and z = 2. The first root is stable to the
left and the second root is stable to the right. Since both boundary conditions are
introduced for the function x we have two solutions,

z=-—1, x=—1t+C, x(0)=0 C =0, X = —t,
z=2, x =2t +Cy, x(1) =0, Ci=-2, x =2t —2,
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Fig. 6.5 Internal boundary X
layer at o = 2/3

0 2/3 1 t
Y%
which are parts of the solution of the problem. The straight lines x = —t and

x = 2t — 2 intersect at the interior point 5 = 2/3 and in a neighborhood of that
point an internal boundary layer appears (Fig. 6.5).

6.2.4. To construct the asymptotic solution we write Eq.(6.2.17) as the system

dz dx

NE_ X, dt:z, x(O):xO, x(l):xl.

For ;1 = 0, the root of the system is zg = 0. Since 9F /0z = —x, then for x>0
that root is stable to the right. Thus, the unperturbed problem has the solution xo = x!,
zo(t) = 0, in a neighborhood of the edge x = 0 and the solution has the boundary
layer x(t) = XX, T = t/p.

To evaluate the function X (7) we solve the equation

dX/dT = —x'X (1), X(0) = (xo —x1> ,

as X(1) — 0and 7 — oo, which has the solution X (1) = (x° — x!) ¢='T. The
solution of the initial value problem has the form

x(t) ~x' + (xo —xl) e~x't/n + O(p).

In Fig. 6.6, the exact and asymptotic solutions of equation (6.2.17) are plotted for
xX0=3x'=1,0=0.1(@),andforx"=1,x' =5, 4= 0.1 (b).

6.3.1. The linearized problem y,, + Ay = 0, y(0) = y(1) = 0, has the eigenvalues
A; = (wi )2 and the corresponding eigenfunctions y(x) = sin(mix), which form a
set of orthogonal functions over the interval [0, 1].

Consider the solution of the problem in a neighborhood of the first eigenvalue,
A = 2. Let A = 7> + \. We represent the given equation in the form By =
yex + 72y = —Ay — y>. We seek the solution of the problem, y, in a series in odd
powers of the small parameter £: y = Esin(mx) + > o0, 2 lyy 1y, for € < 1.
Substituting this solution into the given equation and taking the smallness of ¢ and
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(b)

(a) . T
X 5-

a

3
T
I i
) 1
| |
0 1 1 0 1 '

Fig. 6.6 Exact and asymptotic solutions: a for =3 x=1, 1 =0.1, and b for X0 =1x!=5,
n=0.1

A into account, we get a sequence of boundary value problems for evaluating the
functions y;. In particular, for the evaluation of y3 we come to the problem

EBy; = =& sin’(mx) — A¢sin(mx),  y3(0) = y3(1) = 0. (6.4.2)

Condition (6.3.4) for the boundary problem By = h(x) provides the ramification
equation

33
_Z =
7€ -x=0

which, for A < 0, has three solutions: the trivial solution (§ = 0) and two other
solutions & = =£+/—\/3. The particular solution of the homogeneous problem:
y3 = —(1/3272) sin(37x) + C sin(mx), where the constant C can be obtained from
the solvability condition for the following problem:

£ Bys = =3¢ sin?(mx)ys — A3, y5(0) = ys(1) = 0.

Thus,

3 3

3272 sin(3mx) — W sin(mmx) + - - - .

y >~ Esin(mx) —

In Fig.6.7, the graph for the value of ¢ versus the parameter A is plotted in a

neighborhood of the critical value A = 7.

6.3.2. The linearized problem has the same form as in Exercise 6.3.1. One seeks the
solution of the problem

By = yux + 70y = —\y +)? (6.4.3)
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Fig. 6.7 £ versus A in a 13
neighborhood of the critical
value A = 72

in the form y = £sin(mx) + >0, €'y;, € < 1. Substituting this expression for y in
Eq.(6.4.3) and keeping only the main terms, one gets:

£2By, = €2 sin’(mx) — A sin(mx),  y2(0) = y2(1) = 0.

The existence conditions for the solution of this problem yields the ramification
equation —\&/2 + 4¢2/(3w) = 0, which has the nontrivial solution, & = 37)\/8,
for both A < 0 and A > 0. So, we obtain

=2 os(x) + — + — cos(2mx) + C sin(rx)
= COoS(7mXx —_— —F COS(LTTX SIN(7mx),
2 372 272 672

where the constant C is evaluated from the solvability condition for the problem:

Bys = [2sin(mx) —8/(3m)]y2,  y3(0) = y3(1) =0.

Therefore,
262 5¢27
y ~ |:§ =+ F — E Sln(ﬂ'x)
dx — 2 1 cos(2mx)
2 3
+¢ [ o Cos(mx) + oo+ 5 ]+0(§ ).

InFig. 6.8 the dependence of £ versus the parameter A is plotted in a neighborhood

of the critical value A = 72.

6.3.3. In a neighborhood of the second eigenvalue, the problem can be represented
in the form Bjy = yy, + 472y = —\y + y2. We seek a solution of the problem as
y =&sinQmx) + >0, £'y;, € < 1. Substituting this solution into the equation and
keeping only the main terms, we get

EBy, = £2sin*(2mx) — A¢sin2mx),  y2(0) = y»(1) = 0.
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Fig. 6.8 ¢ versus A in neighborhoods of three critical values

The solvability condition for this equation, fol h(x)sin(2mx) dx = 0, provides \ =
0. This means that, in this case, A <« £ and

cos(4mx) cos(2mx) 1

y2 = Csin(2mx) + Y P PR

For the next approximation we have the equation
& Biys = 2;0€” sin2mx) — Asin(2mx), y3(0) = y3(1) = 0.
The solvability condition for this equation provides the ramification equation A =

5¢2/(247%), where the constant C in the expression for y; is found from the solv-
ability condition for the following problem:

4 Brys = €493 +26%sin®(mx)ys — A2y2, ya(0) = ya(1) = 0.

The ramification equation has a nontrivial solution for A > 0.
In a neighborhood of the third eigenvalue, we have

Biy = yux +97°y = =Xy + 57,
The solution is similar to the solution of the problem in a neighborhood of the first

eigenvalue. In this case the ramification equation is \é —8£2/(97) = 0. The nontrivial
solution in a neighborhood of the third eigenvalue has the form:

y ~ £sin(3mx) + &2 [4)6 -2 1 cos(67rx)]

3
27 COSGTI ¥ e T e

+Ci€5inGn) + 0 (£),

where the constant C; is evaluated from the solvability condition for the problem
for y3.
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The dependence of the variable £ on the parameter A in a neighborhood of the
critical values A = 47> and A = 97 is plotted in Fig. 6.8.

6.3.4. Consider the linearized problem

d*0 1db 9+A0 0 0<r<1
S t- - =0, 0=r=1,
dr?  rdr r?

T, =0, 6(1)=060)=0.
For A = A, (n = 1,2, ...), the problem has nontrivial solutions 6,, = CJ;{ (/A r)

and J1 (A, ) = 0, i.e. the eigenvalue A, is such that \/A, is the nth root of the
Bessel function Jj. The eigenfunctions form a set of orthogonal functions

1
/ Ji (,/Al- r) B(JA ) rdr =0, i#j
0
We find the solution of this problem in neighborhoods of the eigenvalues A = A, +9:

d*0 1d0 0
— 4 Anf = (A, + ) T,0 — 56.

Bo=2", 2% _
dr?  rdr r

1 1 T
Since, from the second equation of the problem, 7, = / 33 / 0%s ds dr, then
7 Jo

-
the equation can be represented in terms of the angle 0 as

1 1 T
BO = (A, +5)9/ —3/ 6%s ds dt — 59.
r 27 0
We seek the solution of this problem in the form of a series:

0 =i (V Anr) +M39n3(r)+ﬂsen5(r)+"'

Substituting this solution into the given equation and keeping only the main terms,
since p and § are small, we get a sequence of eigenvalue problems for 6,;. For 6,3,
we have

.U3Bon3 =—0uJy (\/ Ay r)
1 1 T 2
+ MSA,,.h (\/An r)/ F/ Ji (\/An r) sdsdr.
r 7 Jo
The existence condition for the solution of the problem

BO=f, 6(0)=0, 6(1)=0,
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is fol fJ («/An r) rdr = 0. It provides the ramification equation § = A,,A;ﬂ,
where

fol rJ12 («/Xn r) Fi(r)dr
A=
fol .112 («/Kn r) rdr

| T
, Fl(r)=§/r ﬁ/o st(x/an)dsdT.

For A1 = 14.682 (/A1 = 3.832), for example, A = 0.0369, and the ramification
equation has the form § = 0.537u%. For Ay = 49.219 (/A; = 7.016) we obtain
§ = 1.6064%. For Az = 103.500 (/A3 = 10.174) we get § = 2.911p>.
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