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Preface

This book is designed as a broad introduction to the mathematics of Un-
certainty Quantification (UQ) at the fourth year (senior) undergraduate or
beginning postgraduate level. It is aimed primarily at readers from a math-
ematical or statistical (rather than, say, engineering) background. The main
mathematical prerequisite is familiarity with the language of linear functional
analysis and measure / probability theory, and some familiarity with basic
optimization theory. Chapters 2-5 of the text provide a review of this mate-
rial, generally without detailed proof.

The aim of this book has been to give a survey of the main objectives in
the field of UQ and a few of the mathematical methods by which they can
be achieved. However, this book is no exception to the old saying that books
are never completed, only abandoned. There are many more UQ problems
and solution methods in the world than those covered here. For any grievous
omissions, I ask for your indulgence, and would be happy to receive sugges-
tions for improvements. With the exception of the preliminary material on
measure theory and functional analysis, this book should serve as a basis
for a course comprising 3045 hours’ worth of lectures, depending upon the
instructor’s choices in terms of selection of topics and depth of treatment.

The examples and exercises in this book aim to be simple but informative
about individual components of UQ studies: practical applications almost
always require some ad hoc combination of multiple techniques (e.g., Gaus-
sian process regression plus quadrature plus reduced-order modelling). Such
compound examples have been omitted in the interests of keeping the pre-
sentation of the mathematical ideas clean, and in order to focus on examples
and exercises that will be more useful to instructors and students.

Each chapter concludes with a bibliography, the aim of which is threefold:
to give sources for results discussed but not proved in the text; to give some
historical overview and context; and, most importantly, to give students a
jumping-off point for further reading and research. This has led to a large
bibliography, but hopefully a more useful text for budding researchers.

vii
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Chapter 1
Introduction

We must think differently about our ideas —
and how we test them. We must become more
comfortable with probability and uncertainty.
We must think more carefully about the as-
sumptions and beliefs that we bring to a
problem.

The Signal and the Noise: The Art of
Science and Prediction
NATE SILVER

1.1 What is Uncertainty Quantification?

This book is an introduction to the mathematics of Uncertainty Quantifi-
cation (UQ), but what is UQ? It is, roughly put, the coming together of
probability theory and statistical practice with ‘the real world’. These two
anecdotes illustrate something of what is meant by this statement:

e Until the early-to-mid 1990s, risk modelling for catastrophe insurance
and re-insurance (i.e. insurance for property owners against risks aris-
ing from earthquakes, hurricanes, terrorism, etc., and then insurance for
the providers of such insurance) was done on a purely statistical basis.
Since that time, catastrophe modellers have tried to incorporate models
for the underlying physics or human behaviour, hoping to gain a more
accurate predictive understanding of risks by blending the statistics and
the physics, e.g. by focussing on what is both statistically and physically
reasonable. This approach also allows risk modellers to study interesting
hypothetical scenarios in a meaningful way, e.g. using a physics-based
model of water drainage to assess potential damage from rainfall 10% in
excess of the historical maximum.

(© Springer International Publishing Switzerland 2015 1
T.J. Sullivan, Introduction to Uncertainty Quantification, Texts
in Applied Mathematics 63, DOI 10.1007/978-3-319-23395-6_1
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e Over roughly the same period of time, deterministic engineering mod-
els of complex physical processes began to incorporate some element of
uncertainty to account for lack of knowledge about important physical
parameters, random variability in operating circumstances, or outright
ignorance about what the form of a ‘correct’ model would be. Again the
aim is to provide more accurate predictions about systems’ behaviour.

Thus, a ‘typical’ UQ problem involves one or more mathematical models for
a process of interest, subject to some uncertainty about the correct form
of, or parameter values for, those models. Often, though not always, these
uncertainties are treated probabilistically.

Perhaps as a result of its history, there are many perspectives on what
UQ is, including at the extremes assertions like “UQ is just a buzzword for
statistics” or “UQ is just error analysis”. These points of view are somewhat
extremist, but they do contain a kernel of truth: very often, the probabilistic
theory underlying UQ methods is actually quite simple, but is obscured by
the details of the application. However, the complications that practical app-
lications present are also part of the essence of UQ: it is all very well giving
an accurate prediction for some insurance risk in terms of an elementary
mathematical object such as an expected value, but how will you actually go
about evaluating that expected value when it is an integral over a million-
dimensional parameter space? Thus, it is important to appreciate both the
underlying mathematics and the practicalities of implementation, and the
presentation here leans towards the former while keeping the latter in mind.

Typical UQ problems of interest include certification, prediction, model
and software verification and validation, parameter estimation, data assimi-
lation, and inverse problems. At its very broadest,

“UQ studies all sources of error and uncertainty, including the following: system-
atic and stochastic measurement error; ignorance; limitations of theoretical models;
limitations of numerical representations of those models; limitations of the accuracy
and reliability of computations, approximations, and algorithms; and human error.
A more precise definition is UQ is the end-to-end study of the reliability of scientific
inferences.” (U.S. Department of Energy, 2009, p. 135)

It is especially important to appreciate the “end-to-end” nature of UQ
studies: one is interested in relationships between pieces of information, not
the ‘truth’ of those pieces of information/assumptions, bearing in mind that
they are only approximations of reality. There is always going to be a risk of
‘Garbage In, Garbage Out’. UQ cannot tell you that your model is ‘right’ or
‘true’; but only that, if you accept the validity of the model (to some quanti-
fied degree), then you must logically accept the validity of certain conclusions
(to some quantified degree). In the author’s view, this is the proper interpre-
tation of philosophically sound but somewhat unhelpful assertions like “Veri-
fication and validation of numerical models of natural systems is impossible”
and “The primary value of models is heuristic” (Oreskes et al., 1994). UQ
can, however, tell you that two or more of your modelling assumptions are
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mutually contradictory, and hence that your model is wrong, and a complete
UQ analysis will include a meta-analysis examining the sensitivity of the
original analysis to perturbations of the governing assumptions.

A prototypical, if rather over-used, example for UQ is an elliptic PDE with
uncertainty coefficients:

Example 1.1. Consider the following elliptic boundary value problem on a
connected Lipschitz domain X C R™ (typically n = 2 or 3):

-V - (kVu) = f in X, (1.1)
u=~= on OX.

Problem (1.1) is a simple but not overly naive model for the pressure field u
of some fluid occupying a domain X. The domain X consists of a material,
and the tensor field k: X — R™*"™ describes the permeability of this material
to the fluid. There is a source term f: X — R, and the boundary condition
specifies the values b: 90X — R that the pressure takes on the boundary of X.
This model is of interest in the earth sciences because Darcy’s law asserts that
the velocity field v of the fluid flow in this medium is related to the gradient
of the pressure field by
v = kVu.

If the fluid contains some kind of contaminant, then it may be important to
understand where fluid following the velocity field v will end up, and when.

In a course on PDE theory, you will learn that, for each given positive-
definite and essentially bounded permeability field x, problem (1.1) has a
unique weak solution u in the Sobolev space H}(X) for each forcing term f
in the dual Sobolev space H~!(X). This is known as the forward problem.
One objective of this book is to tell you that this is far from the end of
the story! As far as practical applications go, existence and uniqueness of
solutions to the forward problem is only the beginning. For one thing, this
PDE model is only an approximation of reality. Secondly, even if the PDE
were a perfectly accurate model, the ‘true’ k, f and b are not known precisely,
so our knowledge about u = u(k, f,b) is also uncertain in some way. If k, f
and b are treated as random variables, then u is also a random variable,
and one is naturally interested in properties of that random variable such
as mean, variance, deviation probabilities, etc. This is known as the forward
propagation of uncertainty, and to perform it we must build some theory for
probability on function spaces.

Another issue is that often we want to solve an inverse problem: perhaps
we know something about f, b and v and want to infer x via the relationship
(1.1). For example, we may observe the pressure u(z;) at finitely many points
x; € &; This problem is hugely underdetermined, and hence ill-posed; ill-
posedness is characteristic of many inverse problems, and is only worsened
by the fact that the observations may be corrupted by observational noise.
Even a prototypical inverse problem such as this one is of enormous practical
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interest: it is by solving such inverse problems that oil companies attempt to
infer the location of oil deposits in order to make a profit, and seismologists
the structure of the planet in order to make earthquake predictions. Both
of these problems, the forward and inverse propagation of uncertainty, fall
under the very general remit of UQ. Furthermore, in practice, the domain
X and the fields f, b, x and u are all discretized and solved for numerically
(i.e. approximately and finite-dimensionally), so it is of interest to understand
the impact of these discretization errors.

Epistemic and Aleatoric Uncertainty. It is common to divide uncer-
tainty into two types, aleatoric and epistemic uncertainty. Aleatoric uncer-
tainty — from the Latin alea, meaning a die — refers to uncertainty about
an inherently variable phenomenon. Epistemic uncertainty — from the Greek
emioTnun, meaning knowledge — refers to uncertainty arising from lack of
knowledge. If one has at hand a model for some system of interest, then epis-
temic uncertainty is often further subdivided into model form uncertainty, in
which one has significant doubts that the model is even ‘structurally correct’,
and parametric uncertainty, in which one believes that the form of the model
reflects reality well, but one is uncertain about the correct values to use for
particular parameters in the model.

To a certain extent, the distinction between epistemic and aleatoric un-
certainty is an imprecise one, and repeats the old debate between frequentist
and subjectivist (e.g. Bayesian) statisticians. Someone who was simultane-
ously a devout Newtonian physicist and a devout Bayesian might argue that
the results of dice rolls are not aleatoric uncertainties — one simply doesn’t
have complete enough information about the initial conditions of die, the
material and geometry of the die, any gusts of wind that might affect the
flight of the die, and so forth. On the other hand, it is usually clear that
some forms of uncertainty are epistemic rather than aleatoric: for example,
when physicists say that they have yet to come up with a Theory of Every-
thing, they are expressing a lack of knowledge about the laws of physics in
our universe, and the correct mathematical description of those laws. In any
case, regardless of one’s favoured interpretation of probability, the language
of probability theory is a powerful tool in describing uncertainty.

Some Typical UQ Objectives. Many common UQ objectives can be illus-
trated in the context of a system, F', that maps inputs X in some space X to
outputs Y = F(X) in some space ). Some common UQ objectives include:
e The forward propagation or push-forward problem. Suppose that the un-
certainty about the inputs of F' can be summarized in a probability distri-
bution p on X'. Given this, determine the induced probability distribution
F. 1 on the output space ), as defined by

(Fup)(E) =P,{z € X | F(z) € E}) =P,[F(X) € E].
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This task is typically complicated by p being a complicated distribution,
or F' being non-linear. Because (Fyu) is a very high-dimensional object,
it is often more practical to identify some specific outcomes of interest
and settle for a solution of the following problem:

e The reliability or certification problem. Suppose that some set Vg C Y
is identified as a ‘failure set’, i.e. the outcome F(X) € Vr is undesirable
in some way. Given appropriate information about the inputs X and
forward process F', determine the failure probability,

PLIF(X) € Vrail]-

Furthermore, in the case of a failure, how large will the deviation from
acceptable performance be, and what are the consequences?

e The prediction problem. Dually to the reliability problem, given a maxi-
mum acceptable probability of error € > 0, find a set ). C ) such that

P.[F(X) eV >1—e.

i.e. the prediction F'(X) € ). is wrong with probability at most €.

e An inverse problem, such as state estimation (often for a quantity that
is changing in time) or parameter identification (usually for a quantity
that is not changing, or is non-physical model parameter). Given some
observations of the output, Y, which may be corrupted or unreliable in
some way, attempt to determine the corresponding inputs X such that
F(X) =Y. In what sense are some estimates for X more or less reliable
than others?

e The model reduction or model calibration problem. Construct another
function F, (perhaps a numerical model with certain numerical parame-
ters to be calibrated, or one involving far fewer input or output variables)
such that Fj, =~ F in an appropriate sense. Quantifying the accuracy of
the approximation may itself be a certification or prediction problem.

Sometimes a UQ problem consists of several of these problems coupled
together: for example, one might have to solve an inverse problem to produce
or improve some model parameters, and then use those parameters to propa-
gate some other uncertainties forwards, and hence produce a prediction that
can be used for decision support in some certification problem.

Typical issues to be confronted in addressing these problems include the
high dimension of the parameter spaces associated with practical problems;
the approximation of integrals (expected values) by numerical quadrature;
the cost of evaluating functions that often correspond to expensive computer
simulations or physical experiments; and non-negligible epistemic uncertainty
about the correct form of vital ingredients in the analysis, such as the func-
tions and probability measures in key integrals.

The aim of this book is to provide an introduction to the fundamen-
tal mathematical ideas underlying the basic approaches to these types of
problems. Practical UQ applications almost always require some ad hoc



6 1 Introduction

combination of multiple techniques, adapted and specialized to suit the cir-
cumstances, but the emphasis here is on basic ideas, with simple illustrative
examples. The hope is that interested students or practitioners will be able
to generalize from the topics covered here to their particular problems of int-
erest, with the help of additional resources cited in the bibliographic discus-
sions at the end of each chapter. So, for example, while Chapter 12 discusses
intrusive (Galerkin) methods for UQ with an implicit assumption that the
basis is a polynomial chaos basis, one should be able to adapt these ideas to
non-polynomial bases.

A Word of Warning. UQ is not a mature field like linear algebra or single-
variable complex analysis, with stately textbooks containing well-polished
presentations of classical theorems bearing August names like Cauchy, Gauss
and Hamilton. Both because of its youth as a field and its very close eng-
agement with applications, UQ is much more about problems, methods and
‘good enough for the job’. There are some very elegant approaches within
UQ, but as yet no single, general, over-arching theory of UQ.

1.2 Mathematical Prerequisites

Like any course or text, this book has some prerequisites. The perspective on
UQ that runs through this book is strongly (but not exclusively) grounded
in probability theory and Hilbert spaces, so the main prerequisite is familiar-
ity with the language of linear functional analysis and measure/probability
theory. As a crude diagnostic test, read the following sentence:

Given any o-finite measure space (X, .%, u), the set of all .#-measurable functions
f: X — C for which fX | £|? du is finite, modulo equality p-almost everywhere, is a
Hilbert space with respect to the inner product (f, g) := fX fadu.

None of the symbols, concepts or terms used or implicit in that sentence
should give prospective students or readers any serious problems. Chapters 2
and 3 give a recap, without proof, of the necessary concepts and results, and
most of the material therein should be familiar territory. In addition, Chap-
ters 4 and 5 provide additional mathematical background on optimization
and information theory respectively. It is assumed that readers have greater
prior familiarity with the material in Chapters 2 and 3 than the material in
Chapters 4 and 5; this is reflected in the way that results are presented mostly
without proof in Chapters 2 and 3, but with proof in Chapters 4 and 5.

If, in addition, students or readers have some familiarity with topics such as
numerical analysis, ordinary and partial differential equations, and stochas-
tic analysis, then certain techniques, examples and remarks will make more
sense. None of these are essential prerequisites, but, some ability and willing-
ness to implement UQ methods — even in simple settings — in, e.g., C/C++,
Mathematica, Matlab, or Python is highly desirable. (Some of the concepts
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Fig. 1.1: Outline of the book (Leitfaden). An arrow from m to n indicates
that Chapter n substantially depends upon material in Chapter m.

covered in the book will be given example numerical implementations in
Python.) Although the aim of this book is to give an overview of the mathe-
matical elements of UQ), this is a topic best learned in the doing, not through
pure theory. However, in the interests of accessibility and pedagogy, none
of the examples or exercises in this book will involve serious programming
legerdemain.

1.3 Outline of the Book

The first part of this book lays out basic and general mathematical tools
for the later discussion of UQ. Chapter 2 covers measure and probability
theory, which are essential tools given the probabilistic description of many
UQ problems. Chapter 3 covers some elements of linear functional analysis
on Banach and Hilbert spaces, and constructions such as tensor products, all
of which are natural spaces for the representation of random quantities and
fields. Many UQ problems involve a notion of ‘best fit’, and so Chapter 4 pro-
vides a brief introduction to optimization theory in general, with particular
attention to linear programming and least squares. Finally, although much of
the UQ theory in this book is probabilistic, and is furthermore an L? theory,
Chapter 5 covers more general notions of information and uncertainty.
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The second part of the book is concerned with mathematical tools that
are much closer to the practice of UQ. We begin in Chapter 6 with a mathe-
matical treatment of inverse problems, and specifically their Bayesian inter-
pretation; we take advantage of the tools developed in Chapters 2 and 3 to
discuss Bayesian inverse problems on function spaces, which are especially
important in PDE applications. In Chapter 7, this leads to a specific class of
inverse problems, filtering and data assimilation problems, in which data and
unknowns are decomposed in a sequential manner. Chapter 8 introduces or-
thogonal polynomial theory, a classical area of mathematics that has a double
application in UQ: orthogonal polynomials are useful basis functions for the
representation of random processes, and form the basis of powerful numer-
ical integration (quadrature) algorithms. Chapter 9 discusses these quadra-
ture methods in more detail, along with other methods such as Monte Carlo.
Chapter 10 covers one aspect of forward uncertainty propagation, namely
sensitivity analysis and model reduction, i.e. finding out which input par-
ameters are influential in determining the values of some output process.
Chapter 11 introduces spectral decompositions of random variables and other
random quantities, including but not limited to polynomial chaos methods.
Chapter 12 covers the intrusive (or Galerkin) approach to the determination
of coefficients in spectral expansions; Chapter 13 covers the alternative non-
intrusive (sample-based) paradigm. Finally, Chapter 14 discusses approaches
to probability-based UQ that apply when even the probability distributions
of interest are uncertain in some way.

The conceptual relationships among the chapters are summarized in Figure
1.1.

1.4 The Road Not Taken

There are many topics relevant to UQ that are either not covered or discussed
only briefly here, including: detailed treatment of data assimilation beyond
the confines of the Kalman filter and its variations; accuracy, stability and
computational cost of numerical methods; details of numerical implementa-
tion of optimization methods; stochastic homogenization and other multiscale
methods; optimal control and robust optimization; machine learning; issues
related to ‘big data’; and the visualization of uncertainty.



Chapter 2
Measure and Probability Theory

To be conscious that you are ignorant is a
great step to knowledge.

Sybil
BENJAMIN DISRAELI

Probability theory, grounded in Kolmogorov’s axioms and the general
foundations of measure theory, is an essential tool in the quantitative mathe-
matical treatment of uncertainty. Of course, probability is not the only frame-
work for the discussion of uncertainty: there is also the paradigm of interval
analysis, and intermediate paradigms such as Dempster—Shafer theory, as
discussed in Section 2.8 and Chapter 5.

This chapter serves as a review, without detailed proof, of concepts from
measure and probability theory that will be used in the rest of the text.
Like Chapter 3, this chapter is intended as a review of material that should
be understood as a prerequisite before proceeding; to an extent, Chapters 2
and 3 are interdependent and so can (and should) be read in parallel with
one another.

2.1 Measure and Probability Spaces

The basic objects of measure and probability theory are sample spaces, which
are abstract sets; we distinguish certain subsets of these sample spaces as
being ‘measurable’, and assign to each of them a numerical notion of ‘size’.
In probability theory, this size will always be a real number between 0 and 1,
but more general values are possible, and indeed useful.

(© Springer International Publishing Switzerland 2015 9
T.J. Sullivan, Introduction to Uncertainty Quantification, Texts
in Applied Mathematics 63, DOI 10.1007/978-3-319-23395-6_2
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Definition 2.1. A measurable space is a pair (X, %), where

(a) X is a set, called the sample space; and

(b) F is a o-algebra on X, i.e. a collection of subsets of X' containing @
and closed under countable applications of the operations of union, in-
tersection and complementation relative to X'; elements of % are called
measurable sets or events.

Example 2.2. (a) On any set X, there is a trivial o-algebra in which the
only measurable sets are the empty set @ and the whole space X'.

(b) On any set X, there is also the power set o-algebra in which every subset
of X is measurable. It is a fact of life that this o-algebra contains too
many measurable sets to be useful for most applications in analysis and
probability.

(¢) When X is a topological — or, better yet, metric or normed — space,
it is common to take % to be the Borel o-algebra HB(X), the smallest
o-algebra on X so that every open set (and hence also every closed set)
is measurable.

Definition 2.3. (a) A signed measure (or charge) on a measurable space
(X,.7) is a function pu: F — RU{+o00} that takes at most one of the two
infinite values, has (&) = 0, and, whenever Ey, Es, ... € % are pairwise
disjoint with union £ € %, then u(E) = 3 pu(Ey). In the case that
p(E) is finite, we require that the series ) p(E,) converges absolutely
to u(E).

(b) A measure is a signed measure that does not take negative values.

(c) A probability measure is a measure such that pu(X) = 1.

The triple (X, .%#, ) is called a signed measure space, measure space, or
probability space as appropriate. The sets of all signed measures, measures,
and probability measures on (X, %) are denoted My (X, F), M, (X, F),
and My (X,.F) respectively.

Example 2.4. (a) The trivial measure can be defined on any set X and
o-algebra: 7(E) := 0 for every E € .Z.

(b) The unit Dirac measure at a € X can also be defined on any set X and
o-algebra:

6.(5) = {1, faeb Fe,
0, ifa¢ E, F e Z.

(¢c) Similarly, we can define counting measure:

(B) {n, if £ € .% is a finite set with exactly n elements,
K =

+o00, if E € .% is an infinite set.

(d) Lebesgue measure on R™ is the unique measure on R™ (equipped with
its Borel o-algebra Z(R™), generated by the Euclidean open balls) that
assigns to every rectangle its n-dimensional volume in the ordinary sense.



2.1 Measure and Probability Spaces 11

To be more precise, Lebesgue measure is actually defined on the com-
pletion %By(R™) of Z(R™), which is a larger o-algebra than Z(R™). The
rigorous construction of Lebesgue measure is a non-trivial undertaking.
(e) Signed measures/charges arise naturally in the modelling of distributions
with positive and negative values, e.g. u(E) = the net electrical charge
within some measurable region E C R3. They also arise naturally as
differences of non-negative measures: see Theorem 2.24 later on.

Remark 2.5. Probability theorists usually denote the sample space of a
probability space by 2; PDE theorists often use the same letter to denote a
domain in R™ on which a partial differential equation is to be solved. In UQ),
where the worlds of probability and PDE theory often collide, the possibility
of confusion is clear. Therefore, this book will tend to use @ for a probability
space and X for a more general measurable space, which may happen to be
the spatial domain for some PDE.

Definition 2.6. Let (X,.%, 1) be a measure space.

(a) If N C X is a subset of a measurable set E € .# such that u(E) = 0,
then N is called a p-null set.

(b) If the set of z € X for which some property P(z) does not hold is p-null,
then P is said to hold u-almost everywhere (or, when u is a probability
measure, p-almost surely).

(¢) If every p-null set is in fact an .#-measurable set, then the measure space
(X, F, ) is said to be complete.

Example 2.7. Let (X, %, 1) be a measure space, and let f: X — R be some
function. If f(z) > ¢ for p-almost every x € X, then ¢ is an essential lower
bound for f; the greatest such ¢ is called the essential infimum of f:

essinf f :=sup{t € R| f >t p-almost everywhere} .

Similarly, if f(x) <t for p-almost every x € X, then ¢ is an essential upper
bound for f; the least such t is called the essential supremum of f:

esssup f:=inf {t € R| f <t p-almost everywhere} .

It is so common in measure and probability theory to need to refer to
the set of all points x € X such that some property P(z) holds true that
an abbreviated notation has been adopted: simply [P]. Thus, for example, if
f: X — R is some function, then

[f <t]:={zeX| f(x) <t}.

As noted above, when the sample space is a topological space, it is usual
to use the Borel o-algebra (i.e. the smallest o-algebra that contains all the
open sets); measures on the Borel o-algebra are called Borel measures. Unless
noted otherwise, this is the convention followed here.
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Mi({1,2,3})

C M+({1,2,3}) ¥ R?

Fig. 2.1: The probability simplex M ({1, 2,3}), drawn as the triangle spanned
by the unit Dirac masses d;, i € {1,2,3}, in the vector space of signed mea-
sures on {1,2,3}.

Definition 2.8. The support of a measure p defined on a topological space
X is
supp(u) = ﬂ{F C X | F is closed and pu(X \ F) = 0}.

That is, supp(p) is the smallest closed subset of X' that has full y-measure.
Equivalently, supp(u) is the complement of the union of all open sets of u-
measure zero, or the set of all points © € X for which every neighbourhood
of x has strictly positive p-measure.

Especially in Chapter 14, we shall need to consider the set of all probability
measures defined on a measurable space. Mj (X) is often called the probability
simplex on X. The motivation for this terminology comes from the case in
which X = {1,...,n} is a finite set equipped with the power set o-algebra,
which is the same as the Borel o-algebra for the discrete topology on X.! In
this case, functions f: X — R are in bijection with column vectors

and probability measures p on the power set of X' are in bijection with the
(n — 1)-dimensional set of row vectors

(1)) - u{nd)

1 Tt is an entertaining exercise to see what pathological properties can hold for a probability
measures on a o-algebra other than the power set of a finite set X.
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such that p({i}) > Oforalli € {1,...,n} and >\, u({i}) = 1. As illustrated
in Figure 2.1, the set of such yu is the (n — 1)-dimensional simplex in R™ that
is the convex hull of the n points 61, ..., 0,

=10 -0 10 - 0|,

with 1 in the i column. Looking ahead, the expected value of f under
(to be defined properly in Section 2.3) is exactly the matrix product:
f(1)

Eulf] = Zu({i})f(i) =(ulf) = [u({l}) ool
- f(n)
It is useful to keep in mind this geometric picture of M; (X) in addition to the

algebraic and analytical properties of any given p € M;(X). As poetically
highlighted by Sir Michael Atiyah (2004, Paper 160, p. 7):

“Algebra is the offer made by the devil to the mathematician. The devil says: ‘I
will give you this powerful machine, it will answer any question you like. All you
need to do is give me your soul: give up geometry and you will have this marvellous
machine.’”

Or, as is traditionally but perhaps apocryphally said to have been inscribed
over the entrance to Plato’s Academy:

ATEQMETPHTOY MHAEIY EIXITQ

In a sense that will be made precise in Chapter 14, for any ‘nice’ space
X, M1(X) is the simplex spanned by the collection of unit Dirac measures
{6z | = € X}. Given a bounded, measurable function f: X — R and ¢ € R,

{n e M(X) | Eulf] < ¢}
is a half-space of M(X), and so a set of the form

{/1' € Ml(X) |Eu[f1] < Cla'-'aEu[fm] < Cm}

can be thought of as a polytope of probability measures.

One operation on probability measures that must frequently be performed
in UQ applications is conditioning, i.e. forming a new probability measure
w(-|B) out of an old one p by restricting attention to subsets of a measurable
set B. Conditioning is the operation of supposing that B has happened,
and examining the consequently updated probabilities for other measurable
events.

Definition 2.9. If (0, .%, ) is a probability space and B € .# has u(B) > 0,
then the conditional probability measure p(-|B) on (O, .F) is defined by
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n(E N B)

for £ € Z.
1(B)

p(E|B) =
The following theorem on conditional probabilities is fundamental to sub-
jective (Bayesian) probability and statistics (q.v. Section 2.8:

Theorem 2.10 (Bayes’ rule). If (0,.%,u) is a probability space and A,
B € F have u(A), u(B) > 0, then

1(BJA)pu(A)
wB)

Both the definition of conditional probability and Bayes’ rule can be ext-
ended to much more general contexts (including cases in which p(B) = 0)
using advanced tools such as regular conditional probabilities and the disinte-
gration theorem. In Bayesian settings, p(A) represents the ‘prior’ probability
of some event A, and p(A|B) its ‘posterior’ probability, having observed some
additional data B.

n(AlB) =

2.2 Random Variables and Stochastic Processes

Definition 2.11. Let (X,.7) and (),¥) be measurable spaces. A function
f: X — Y generates a g-algebra on X by

o(f)=c({lf €E|| E€9}),

and f is called a measurable function if o(f) C .%. That is, f is measur-
able if the pre-image f~!(E) of every %-measurable subset E of ) is an
Z-measurable subset of X. A measurable function whose domain is a prob-
ability space is usually called a random variable.

Remark 2.12. Note that if .# is the power set of ), or if ¢ is the trivial
o-algebra {@, Y}, then every function f: X — ) is measurable. At the oppo-
site extreme, if Z is the trivial o-algebra {&, X'}, then the only measurable
functions f: X — ) are the constant functions. Thus, in some sense, the
sizes of the o-algebras used to define measurability provide a notion of how
well- or ill-behaved the measurable functions are.

Definition 2.13. A measurable function f: X — ) from a measure space
(X,.Z,u) to a measurable space (),¥) defines a measure f.u on (),9),
called the push-forward of p by f, by

(fer)(E) :=pu([f € E]), for E€9.

When g is a probability measure, f.u is called the distribution or law of the
random variable f.
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Definition 2.14. Let S be any set and let (©,.%, 1) be a probability space.
A function U: S x @ — X such that each U(s, -) is a random variable is
called an X -valued stochastic process on S.

Whereas measurability questions for a single random variable are discussed
in terms of a single o-algebra, measurability questions for stochastic processes
are discussed in terms of families of o-algebras; when the indexing set .S is
linearly ordered, e.g. by the natural numbers, or by a continuous parameter
such as time, these families of o-algebras are increasing in the following sense:

Definition 2.15. (a) A filtration of a o-algebra .7 is a family %, = {.%; |
i € I} of sub-o-algebras of %, indexed by an ordered set I, such that

(b) The natural filtration associated with a stochastic process U: I x © — X
is the filtration .# defined by
FY = o({U(j, -) " (E) CO | E C X is measurable and j < i}).

(c) A stochastic process U is adapted to a filtration 7, if FY C Z; for
each i € I.

Measurability and adaptedness are important properties of stochastic pro-
cesses, and loosely correspond to certain questions being ‘answerable’ or ‘dec-
idable’ with respect to the information contained in a given o-algebra. For
instance, if the event [X € EJ] is not .#-measurable, then it does not even
make sense to ask about the probability P,[X € E]. For another example,
suppose that some stream of observed data is modelled as a stochastic pro-
cess Y, and it is necessary to make some decision U(t) at each time ¢. It is
common sense to require that the decision stochastic process be .#) -adapted,
since the decision U(t) must be made on the basis of the observations Y (s),
s < t, not on observations from any future time.

2.3 Lebesgue Integration

Integration of a measurable function with respect to a (signed or non-
negative) measure is referred to as Lebesgue integration. Despite the many
technical details that must be checked in the construction of the Lebesgue int-
egral, it remains the integral of choice for most mathematical and probabilis-
tic applications because it extends the simple Riemann integral of functions
of a single real variable, can handle worse singularities than the Riemann
integral, has better convergence properties, and also naturally captures the
notion of an expected value in probability theory. The issue of numerical
evaluation of integrals — a vital one in UQ applications — will be addressed
separately in Chapter 9.
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The construction of the Lebesgue integral is accomplished in three steps:
first, the integral is defined for simple functions, which are analogous to step
functions from elementary calculus, except that their plateaus are not inter-
vals in R but measurable events in the sample space.

Definition 2.16. Let (X, %, u) be a measure space. The indicator function
Ig of a set E € % is the measurable function defined by

I (x) 1, ifxeFr
xXr) =
g 0, ifa¢E.

A function f: X — K is called simple if

f= Z a;ilg,
i=1

for some scalars a7, ..., a, € K and some pairwise disjoint measurable sets
Ey,...,E, € & with u(E;) finite for i = 1, ..., n. The Lebesgue integral of a
simple function f:= Y7 | o;lg, is defined to be

/ Jdp = Z%‘M(Ei)-
x i=1

In the second step, the integral of a non-negative measurable function is
defined through approximation from below by the integrals of simple func-
tions:

Definition 2.17. Let (X,.%, 1) be a measure space and let f: X — [0, +00]
be a measurable function. The Lebesgue integral of f is defined to be

. ¢: X — R is a simple function, and
/X Jdpi=sup {/X(bdu} 0 < ¢(x) < f(z) for p-almost all z € X [~
Finally, the integral of a real- or complex-valued function is defined through

integration of positive and negative real and imaginary parts, with care being
taken to avoid the undefined expression ‘co — 00’

Definition 2.18. Let (X, %, u) be a measure space and let f: X — R be a
measurable function. The Lebesgue integral of f is defined to be

/deu::/xhdu—/xffdu

provided that at least one of the integrals on the right-hand side is finite. The
integral of a complex-valued measurable function f: X — C is defined to be

/deﬂZZ/X(Ref)du—i-i/X(Imf)du.



2.3 Lebesgue Integration 17

The Lebesgue integral satisfies all the natural requirements for a useful
notion of integration: integration is a linear function of the integrand, inte-
grals are additive over disjoint domains of integration, and in the case X = R
every Riemann-integrable function is Lebesgue integrable. However, one of
the chief attractions of the Lebesgue integral over other notions of integration
is that, subject to a simple domination condition, pointwise convergence of
integrands is enough to ensure convergence of integral values:

Theorem 2.19 (Dominated convergence theorem). Let (X,.%,u) be a mea-
sure space and let f,: X — K be a measurable function for each n € N. If
f: X = Kis such that lim, o fn(x) = f(x) for every x € X and there
is a measurable function g: X — [0,00] such that [ |g|dp is finite and
[fn(@)] < g(z) for all x € X and all large enough n € N, then

/fdu: lim/fndu.
X n—oo X

Furthermore, if the measure space is complete, then the conditions on point-
wise convergence and pointwise domination of fn(x) can be relazed to hold
w-almost everywhere.

As alluded to earlier, the Lebesgue integral is the standard one in proba-
bility theory, and is used to define the mean or expected value of a random
variable:

Definition 2.20. When (6,.%, ) is a probability space and X: © — K is
a random variable, it is conventional to write E,[X] for [, X (0)du(6) and
to call E,[X] the expected value or expectation of X. Also,
2
Vu[X] = EuHX _E,u[X” } = EuHXF] - |E,u[X]|2

is called the variance of X. If X is a K%valued random variable, then E, [X],
if it exists, is an element of K¢, and

C = E,[(X - Bu[X])(X — Bu[X])"] € K
ie. Cij :=E, [(Xl- - Eu[Xi)(X; — E,u[Xj])} SIS

is the covariance matriz of X.

Spaces of Lebesgue-integrable functions are ubiquitous in analysis and
probability theory:

Definition 2.21. Let (X,.%, 1) be a measure space. For 1 < p < oo, the LP
space (or Lebesgue space) is defined by

LP(X, 1;K) == {f: X — K| f is measurable and || f||zr(, is finite}.
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For 1 < p < oo, the norm is defined by the integral expression

1/p
Il = ([ 0P anta)) (2.1)
for p = 0o, the norm is defined by the essential supremum (cf. Example 2.7)

[ £l ooy := esssup [ f(z)] (2:2)
reX

=inf {||g|lec | f = g: X = K p-almost everywhere}
=inf {t > 0]|f] <t p-almost everywhere} .

To be more precise, LP(X, u; K) is the set of equivalence classes of such func-
tions, where functions that differ only on a set of y-measure zero are identified.

When (6, %, 1) is a probability space, we have the containments
1<p<g<oo = LP(O,;R) 2 LYO, 1;R).

Thus, random variables in higher-order Lebesgue spaces are ‘better behaved’
than those in lower-order ones. As a simple example of this slogan, the fol-
lowing inequality shows that the LP-norm of a random variable X provides
control on the probability X deviates strongly from its mean value:

Theorem 2.22 (Chebyshev’s inequality). Let X € LP(O, 1;K), 1 < p < oo,
be a random variable. Then, for all t > 0,

P.[|X —E,[X]| >t] <t PE,[|XP]. (2.3)

(The case p = 1 is also known as Markov’s inequality.) It is natural to ask
if (2.3) is the best inequality of this type given the stated assumptions on X,
and this is a question that will be addressed in Chapter 14, and specifically
Example 14.18.

Integration of Vector-Valued Functions. Lebesgue integration of func-
tions that take values in R™ can be handled componentwise, as indeed was
done above for complex-valued integrands. However, many UQ problems con-
cern random fields, i.e. random variables with values in infinite-dimensional
spaces of functions. For definiteness, consider a function f defined on a mea-
sure space (X,.%, ) taking values in a Banach space V. There are two ways
to proceed, and they are in general inequivalent:
(a) The strong integral or Bochner integral of f is defined by integrating
simple V-valued functions as in the construction of the Lebesgue integral,

and then defining
/ fdup = lim / Gn dp
X n—oo X

whenever (¢, )nen is a sequence of simple functions such that the (scalar-
valued) Lebesgue integral [, | f — ¢n|/dp converges to 0 as n — oo.
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It transpires that f is Bochner integrable if and only if || f|| is Lebesgue
integrable. The Bochner integral satisfies a version of the Dominated Con-
vergence Theorem, but there are some subtleties concerning the Radon—
Nikodym theorem.

(b) The weak integral or Pettis integral of f is defined using duality: [, fdu
is defined to be an element v € V such that

(C|v) = /X<€|f(x)> du(z) forall £ e V.

Since this is a weaker integrability criterion, there are naturally more
Pettis-integrable functions than Bochner-integrable ones, but the Pettis
integral has deficiencies such as the space of Pettis-integrable functions
being incomplete, the existence of a Pettis-integrable function f: [0,1] —
V such that F(t) := f[O,t] f(7) dr is not differentiable (Kadets, 1994), and

SO Onm.

2.4 Decomposition and Total Variation of Signed
Measures

If a good mental model for a non-negative measure is a distribution of mass,
then a good mental model for a signed measure is a distribution of electrical
charge. A natural question to ask is whether every distribution of charge can
be decomposed into regions of purely positive and purely negative charge, and
hence whether it can be written as the difference of two non-negative distri-
butions, with one supported entirely on the positive set and the other on the
negative set. The answer is provided by the Hahn and Jordan decomposition
theorems.

Definition 2.23. Two non-negative measures ; and v on a measurable space
(X,.7) are said to be mutually singular, denoted p L v, if there exists F € #
such that u(E) =v(X \ E) = 0.

Theorem 2.24 (Hahn-Jordan decomposition). Let p be a signed measure

on a measurable space (X, F).

(a) Hahn decomposition: there exist sets P,N € % such that PUN = X,
PNN =g, and

for all measurable E C P, p(FE)

0,
for all measurable E C N, p(E) <0.

IN IV

This decomposition is essentially unique in the sense that if P’ and N’
also satisfy these conditions, then every measurable subset of the sym-
metric differences P A P' and N A N’ is of pu-measure zero.
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(b) Jordan decomposition: there are unique mutually singular non-negative
measures py and p— on (X,.F), at least one of which is a finite measure,
such that p = py — p—; indeed, for all E € F,

4 (E) = —p(ENN).

From a probabilistic perspective, the main importance of signed measures
and their Hahn and Jordan decompositions is that they provide a useful
notion of distance between probability measures:

Definition 2.25. Let u be a signed measure on a measurable space (X, .%),
with Jordan decomposition p = puy — p—. The associated total variation

measure is the non-negative measure |u| := p4 + p—. The total variation of
pis |pllry == [ul(X).
Remark 2.26. (a) As the notation ||u|rv suggests, || - | Tv is a norm on the

space M (X,.7) of signed measures on (X,.7).
(b) The total variation measure can be equivalently defined using measurable
partitions:

)= s {3t | el P 5

neNo,El,...,Enef,}

(¢) The total variation distance between two probability measures p and v
(i.e. the total variation norm of their difference) can thus be character-
ized as

drv(i,v) = p—vlrv = 2sup{|u(B) —v(B)| | E€ #},  (24)

i.e. twice the greatest absolute difference in the two probability values
that p and v assign to any measurable event E.

2.5 The Radon—Nikodym Theorem and Densities

Let (X,.%#, 1) be a measure space and let p: X — [0,400] be a measurable
function. The operation

vi E— /Ep(x) dp(z) (2.5)

defines a measure v on (X, .%). It is natural to ask whether every measure
von (X, %) can be expressed in this way. A moment’s thought reveals that
the answer, in general, is no: there is no such function p that will make (2.5)
hold when p and v are Lebesgue measure and a unit Dirac measure (or vice
versa) on R.
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Definition 2.27. Let x4 and v be measures on a measurable space (X,.%).
If, for E € .Z, v(E) = 0 whenever u(E) = 0, then v is said to be absolutely
continuous with respect to p, denoted v < p. If v < p < v, then p and v
are said to be equivalent, and this is denoted p ~ v.

Definition 2.28. A measure space (X, %, u) is said to be o-finite if X
can be expressed as a countable union of .#-measurable sets, each of finite
[-measure.

Theorem 2.29 (Radon—Nikodym). Suppose that 1 and v are o-finite mea-
sures on a measurable space (X,.F) and that v < p. Then there exists a
measurable function p: X — [0,00] such that, for all measurable functions

f: X —>Randdl E € 7,
[ rav=[ foau
E E

whenever either integral exists. Furthermore, any two functions p with this
property are equal p-almost everywhere.

The function p in the Radon-Nikodym theorem is called the Radon-—

Nikodym derivative of v with respect to u, and the suggestive notation p = g—l”t

is often used. In probability theory, when v is a probability measure, ‘di—z is

called the probability density function (PDF) of v (or any v-distributed ran-
dom variable) with respect to p. Radon—Nikodym derivatives behave very
much like the derivatives of elementary calculus:

Theorem 2.30 (Chain rule). Suppose that u, v and m are o-finite measures
on a measurable space (X, F) and that m < v < p. Then m < p and

dor drdv ] 5

@ = 5@ pu-almost everywhere.
Remark 2.31. The Radon-Nikodym theorem also holds for a signed mea-
sure v and a non-negative measure p, but in this case the absolute continuity
condition is that the total variation measure |v| satisfies |v| < p, and of
course the density p is no longer required to be a non-negative function.

2.6 Product Measures and Independence

The previous section considered one way of making new measures from old
ones, namely by re-weighting them using a locally integrable density func-
tion. By way of contrast, this section considers another way of making new
measures from old, namely forming a product measure. Geometrically speak-
ing, the product of two measures is analogous to ‘area’ as the product of
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two ‘length’ measures. Products of measures also arise naturally in probabil-
ity theory, since they are the distributions of mutually independent random
variables.

Definition 2.32. Let (©,.%, 1) be a probability space.

(a) Two measurable sets (events) Eq, Ea € .Z are said to be independent if
p(Ey N Ez) = p(Er)u(Es).

(b) Two sub-o-algebras 4 and % of .Z are said to be independent if Ey and
E5 are independent events whenever E, € 4 and Fs € %.

(¢) Two measurable functions (random variables) X: © - X andY: © — Y
are said to be independent if the o-algebras generated by X and Y are
independent.

Definition 2.33. Let (X,.%#,u) and (Y,¥,v) be o-finite measure spaces.
The product o-algebra F ® ¢ is the o-algebra on X x Y that is generated
by the measurable rectangles, i.e. the smallest o-algebra for which all the
products

FxG, FeZ,GeY,

are measurable sets. The product measure p @ v: F @ 4 — [0, +0o0] is the
measure such that

(L@ V)(F x Q) =u(F)v(G), forall Fe F Ge9.

In the other direction, given a measure on a product space, we can consider
the measures induced on the factor spaces:

Definition 2.34. Let (X x Y,.%, ) be a measure space and suppose that
the factor space X is equipped with a o-algebra such that the projections
IIy: (z,y) — x is a measurable function. Then the marginal measure py is
the measure on X defined by

px(B) = ((ITx)«p) (E) = p(E x Y).
The marginal measure py on Y is defined similarly.

Theorem 2.35. Let X = (X1, X3) be a random variable taking values in a
product space X = Xy X X. Let u be the (joint) distribution of X, and p; the
(marginal) distribution of X; for i = 1,2. Then X1 and X5 are independent
random variables if and only if = p1 @ po.

The important property of integration with respect to a product measure,
and hence taking expected values of independent random variables, is that it
can be performed by iterated integration:

Theorem 2.36 (Fubini-Tonelli). Let (X,.%,u) and (¥,9,v) be o-finite
measure spaces, and let f: X x Y — [0,400] be measurable. Then, of the
following three integrals, if one exists in [0,00], then all three exist and are
equal:
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//fxydv ) du(e //fxydu ) dv(y),

and /X @ ey

Infinite product measures (or, put another way, infinite sequences of inde-
pendent random variables) have some interesting extreme properties. Infor-
mally, the following result says that any property of a sequence of independent
random variables that is independent of any finite subcollection (i.e. depends
only on the ‘infinite tail’ of the sequence) must be almost surely true or
almost surely false:

Theorem 2.37 (Kolmogorov zero-one law). Let (X,)nen be a sequence of
independent random variables defined over a probability space (0, %, 1), and
let #, :=o0(X,,). For eachn € N, let 4, := J(Ukz” 3‘7@), and let

T =% =) o(Xn, Xnt1,...) CF

neN neN

be the so-called tail o-algebra. Then, for every E € 7, u(E) € {0,1}.

Thus, for example, it is impossible to have a sequence of real-valued ran-
dom variables (X, )nen such that lim,, . X, exists with probability %; either
the sequence converges with probability one, or else with probability one it
has no limit at all. There are many other zero-one laws in probability and
statistics: one that will come up later in the study of Monte Carlo averages
is Kesten’s theorem (Theorem 9.17).

2.7 Gaussian Measures

An important class of probability measures and random variables is the class
of Gaussians, also known as normal distributions. For many practical prob-
lems, especially those that are linear or nearly so, Gaussian measures can
serve as appropriate descriptions of uncertainty; even in the nonlinear sit-
uation, the Gaussian picture can be an appropriate approximation, though
not always. In either case, a significant attraction of Gaussian measures is
that many operations on them (e.g. conditioning) can be performed using
elementary linear algebra.

On a theoretical level, Gaussian measures are particularly important bec-
ause, unlike Lebesgue measure, they are well defined on infinite-dimensional
spaces, such as function spaces. In R%, Lebesgue measure is characterized up
to normalization as the unique Borel measure that is simultaneously

e locally finite, i.e. every point of R? has an open neighbourhood of finite
Lebesgue measure;
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e strictly positive, i.e. every open subset of R? has strictly positive Lebesgue
measure; and
e translation invariant, i.e. A(z + E) = A(E) for all z € R? and measurable
E C R4
In addition, Lebesgue measure is o-finite. However, the following theorem
shows that there can be nothing like an infinite-dimensional Lebesgue
measure:

Theorem 2.38. Let i be a Borel measure on an infinite-dimensional Banach

space V, and, forv €V, let T,,: V — V be the translation map T,(z) := v+x.

(a) If w is locally finite and invariant under all translations, then p is the
trivial (zero) measure.

(b) If u is o-finite and quasi-invariant under all translations (i.e. (Ty)«p is
equivalent to ), then p is the trivial (zero) measure.

Gaussian measures on R? are defined using a Radon-Nikodym derivative
with respect to Lebesgue measure. To save space, when P is a self-adjoint
and positive-definite matrix or operator on a Hilbert space (see Section 3.3),
write

(z,y)p = (z, Py) = (PY/?z, P'/?y),
lz)lp = /{2, z)p = || P 2|

for the new inner product and norm induced by P.

Definition 2.39. Let m € R? and let C' € R?*¢ be symmetric and positive

definite. The Gaussian measure with mean m and covariance C is denoted
N (m,C) and defined by

1 1 ,
= m exXp —§||$ — m||c,1 dx
etCV2m JE

for each measurable set E C R%. The Gaussian measure v := N(0, I) is called
the standard Gaussian measure. A Dirac measure ¢, can be considered as a
degenerate Gaussian measure on R, one with variance equal to zero.

A non-degenerate Gaussian measure is a strictly positive probability mea-
sure on RY, i.e. it assigns strictly positive mass to every open subset of R?;
however, unlike Lebesgue measure, it is not translation invariant:

Lemma 2.40 (Cameron—Martin formula). Let u = N'(m,C) be a Gaussian
measure on R?. Then the push-forward (T,).«i of u by translation by any
v e R, qe. N(m+wv,0C), is equivalent to N'(m,C) and

A(T)«pe

1
s (r) = exp ((v,x —myg-1 — §||v||%1> ,
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i.e., for every integrable function f,

ot o)anto) = [ 7@ esp {0z = o = glol ) duta).

Rd

It is easily verified that the push-forward of A'(m,C) by any linear func-
tional £: R — R is a Gaussian measure on R, and this is taken as the defining
property of a general Gaussian measure for settings in which, by Theorem
2.38, there may not be a Lebesgue measure with respect to which densities
can be taken:

Definition 2.41. A Borel measure g on a normed vector space V is said
to be a (non-degenerate) Gaussian measure if, for every continuous linear
functional ¢: V — R, the push-forward measure £,x is a (non-degenerate)
Gaussian measure on R. Equivalently, u is Gaussian if, for every linear map
T:V = R Top = N(myp,Cr) for some mr € R?% and some symmetric
positive-definite Cp € R¥*,

Definition 2.42. Let p be a probability measure on a Banach space V. An
element m, € V is called the mean of p if

/<€|x—m#>du(:1:) =0 for all £ €V,
v

so that [,z du(z) = my, in the sense of a Pettis integral. If m,, = 0, then y is
said to be centred. The covariance operator is the self-adjoint (i.e. conjugate-
symmetric) operator C),: V' x V' — K defined by

C'#(k,é):/<k|x—m#><€|x—m#>du(x) for all k, £ € V.
v

We often abuse notation and write C,: V' — V" for the operator defined by
(Cuk | €) == Cu(k, )

In the case that V = H is a Hilbert space, it is usual to employ the Riesz
representation theorem to identify H with ' and H"” and hence treat C), as
a linear operator from H into itself. The inverse of C,,, if it exists, is called
the precision operator of .

The covariance operator of a Gaussian measure is closely connected to its
non-degeneracy:

Theorem 2.43 (Vakhania, 1975). Let u be a Gaussian measure on a
separable, reflexive Banach space V with mean m, € V and covariance
operator Cy,: V' — V. Then the support of i is the affine subspace of V that
is the translation by the mean of the closure of the range of the covariance
operator, i.e.

supp(u) = my, + C,V'.
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Corollary 2.44. For a Gaussian measure |1 on a separable, reflerive Banach
space V, the following are equivalent:

(a) w is non-degenerate;

(b) C,: V' =V is one-to-one;

(c) CLV =V.

Example 2.45. Consider a Gaussian random variable X = (X1, X2) ~ p
taking values in R2. Suppose that the mean and covariance of X (or, equiv-
alently, ;1) are, in the usual basis of R?,

-f] <

Then X = (Z,1), where Z ~ N(0,1) is a standard Gaussian random variable
on R; the values of X all lie on the affine line L := {(z1,22) € R? | 25 = 1}.
Indeed, Vakhania’s theorem says that
T1
_l’_

Gaussian measures can also be identified by reference to their Fourier
transforms:

0
1

supp(p) =m + C(R?) =

T ER}:L.

Theorem 2.46. A probability measure i on V is a Gaussian measure if and
only if its Fourier transform f: V' — C satisfies

al) == Aei<l|z> du(z) = exp <z<€ |m) — @) forall L eV'.

for some m €V and some positive-definite quadratic form Q onV'. Indeed, m
is the mean of p and Q(¢) = C,,(¢,0). Furthermore, if two Gaussian measures
w and v have the same mean and covariance operator, then u = v.

Not only does a Gaussian measure have a well-defined mean and variance,
it in fact has moments of all orders:

Theorem 2.47 (Fernique, 1970). Let p be a centred Gaussian measure on
a separable Banach space V. Then there exists a > 0 such that

L/emp«Mww>du@><-Hm.
%

A fortiori, u has moments of all orders: for all k > 0,
[ el dnte) < +oc.
%

The covariance operator of a Gaussian measure on a Hilbert space H is
a self-adjoint operator from H into itself. A classification of exactly which
self-adjoint operators on H can be Gaussian covariance operators is provided
by the next result, Sazonov’s theorem:
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Definition 2.48. Let K: H — H be a linear operator on a separable Hilbert

space H.

(a) K is said to be compact if it has a singular value decomposition, i.e. if
there exist finite or countably infinite orthonormal sequences (u,) and
(vp) in H and a sequence of non-negative reals (o) such that

K= Zan@n, LTI

with lim,,_,~, 0, = 0 if the sequences are infinite.

(b) K is said to be trace class or nuclear if ) o, is finite, and Hilbert-
Schmidt or nuclear of order 2 if Y o2 is finite.

(c) If K is trace class, then its trace is defined to be

tr(K) := Z(en, Ke,,)

n

for any orthonormal basis (e,) of H, and (by Lidskii’s theorem) this
equals the sum of the eigenvalues of K, counted with multiplicity.

Theorem 2.49 (Sazonov, 1958). Let p be a centred Gaussian measure on a
separable Hilbert space H. Then C\,: H — H is trace class and

tr(Cp) = /H 2|2 dpa(a).

Conversely, if K: H — H is positive, self-adjoint and of trace class, then
there is a Gaussian measure v on H such that C, = K.

Sazonov’s theorem is often stated in terms of the square root Cﬁ/2 of Cy:

C’ll/ % s Hilbert—Schmidt, i.e. has square-summable singular values (o, )nen-

As noted above, even finite-dimensional Gaussian measures are not invari-
ant under translations, and the change-of-measure formula is given by Lemma
2.40. In the infinite-dimensional setting, it is not even true that translation
produces a new measure that has a density with respect to the old one. This
phenomenon leads to an important object associated with any Gaussian mea-
sure, its Cameron—Martin space:

Definition 2.50. Let p = AN(m,C) be a Gaussian measure on a Banach
space V. The Cameron—Martin space is the Hilbert space H,, defined equiv-
alently by:

e 1, is the completion of

{h e V|for some h* € V', C(h", ) = (- | h}}

with respect to the inner product (h, k), := C(h*, k*).
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e #, is the completion of the range of the covariance operator C: V' — V
with respect to this inner product (cf. the closure with respect to the
norm in V in Theorem 2.43).

o If V is Hilbert, then H, is the completion of ran C'/? with the inner
product (h,k)e—1 := (C~Y2h, C~/2k)y,.

o H, is the set of all v € V such that (T,).p ~ p, with

vl|2_,
%(aﬂ = exp ((v,x>01 _ %)

as in Lemma 2.40.
e H, is the intersection of all linear subspaces of V that have full y-measure.

By Theorem 2.38, if p is any probability measure (Gaussian or otherwise)
on an infinite-dimensional space V, then we certainly cannot have H, = V.
In fact, one should think of H,, as being a very small subspace of V: if H,
is infinite dimensional, then p(#,) = 0. Also, infinite-dimensional spaces
have the extreme property that Gaussian measures on such spaces are either
equivalent or mutually singular — there is no middle ground in the way that
Lebesgue measure on [0, 1] has a density with respect to Lebesgue measure
on R but is not equivalent to it.

Theorem 2.51 (Feldman—Héjek). Let p, v be Gaussian probability measures
on a normed vector space V. Then either
e 1 and v are equivalent, i.e. p(E) = 0 <= v(F) = 0, and hence each
has a strictly positive density with respect to the other; or
e 1 and v are mutually singular, i.e. there exists E such that u(E) = 0 and
v(E) =1, and so neither pn nor v can have a density with respect to the
other.
Furthermore, equivalence holds if and only if
(a) ranC’ll/2 = ran Cy/?;
/2 1/2
(b) my, —m, €ranC,/’” =ranC,’”; and
(¢c) T := (0;1/201%/2)(0;1/201%/2)* — I is Hilbert-Schmidt in ran Cll/2.

The Cameron-Martin and Feldman—-Héjek theorems show that translation
by any vector not in the Cameron-Martin space H, C V produces a new
measure that is mutually singular with respect to the old one. It turns out
that dilation by a non-unitary constant also destroys equivalence:

Proposition 2.52. Let p be a centred Gaussian measure on a separable real
Banach space V such that dimH, = oco. For c € R, let D.: V — V be the
dilation map D.(x) := cx. Then (D.)«p is equivalent to p if and only if
c € {£1}, and (D.)«p and p are mutually singular otherwise.

Remark 2.53. There is another attractive viewpoint on Gaussian measures
on Hilbert spaces, namely that draws from a Gaussian measure A (m,C) on
a Hilbert space are the same as draws from random series of the form
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m + Z VAR

keN

where {¢y}ren are orthonormal eigenvectors for the covariance operator C,
{Ak}tren are the corresponding eigenvalues, and {&}ren are independent
draws from the standard normal distribution N'(0, 1) on R. This point of view
will be revisited in more detail in Section 11.1 in the context of Karhunen—
Loeve expansions of Gaussian and Besov measures.

The conditioning properties of Gaussian measures can easily be expressed
using an elementary construction from linear algebra, the Schur complement.
This result will be very useful in Chapters 6, 7, and 13.

Theorem 2.54 (Conditioning of Gaussian measures). Let H = Hi®Ha be a
direct sum of separable Hilbert spaces. Let X = (X1, Xa) ~ u be an H-valued
Gaussian random variable with mean m = (my,m2) and positive-definite
covariance operator C. For i,j =1,2, let

Cig (ki k) 1= By [ {hi, & — ma) s, — )| (2.6)
for all k; € Hi, kj € Hj, so that C is decomposed® in block form as

Ci1 Cr2
Co1 O

C= ; (2.7)

in particular, the marginal distribution of X; is N'(m;, Cy;), and Cay = C,.
Then Css is invertible and, for each xo € Ho, the conditional distribution of
X, given Xo = x9 is Gaussian:

(X1|X2 = 1'2) ~ N(ml + 01202_21($2 — mg), Cll — 01202_21021). (28)

2.8 Interpretations of Probability

It is worth noting that the above discussions are purely mathematical: a
probability measure is an abstract algebraic-analytic object with no neces-
sary connection to everyday notions of chance or probability. The question
of what interpretation of probability to adopt, i.e. what practical meaning
to ascribe to probability measures, is a question of philosophy and math-
ematical modelling. The two main points of view are the frequentist and
Bayesian perspectives. To a frequentist, the probability u(F) of an event E
is the relative frequency of occurrence of the event E in the limit of infinitely
many independent but identical trials; to a Bayesian, u(E) is a numerical

2 Here we are again abusing notation to conflate C;;: H; ® H; — K defined in (2.6) with
Cij: Hy — H; given by (Cij(kj), ki), = Cij(ki, kj).
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representation of one’s degree of belief in the truth of a proposition E. The
frequentist’s point of view is objective; the Bayesian’s is subjective; both use
the same mathematical machinery of probability measures to describe the
properties of the function pu.

Frequentists are careful to distinguish between parts of their analyses that
are fixed and deterministic versus those that have a probabilistic character.
However, for a Bayesian, any uncertainty can be described in terms of a
suitable probability measure. In particular, one’s beliefs about some unknown
0 (taking values in a space @) in advance of observing data are summarized
by a prior probability measure m on @. The other ingredient of a Bayesian
analysis is a likelihood function, which is up to normalization a conditional
probability: given any observed datum y, L(y|6) is the likelihood of observing
y if the parameter value 6 were the truth. A Bayesian’s belief about 6 given
the prior 7 and the observed datum vy is the posterior probability measure
7(-|y) on @, which is just the conditional probability

(y|9) ) _ _ L(yl0)7(9)
E-[L(yl0)] [ L(y|0) dm(0)

or, written in a way that generalizes better to infinite-dimensional @, we have
a density /Radon—Nikodym derivative

dr(-|y)
dm

m(0ly) =

() o< L(yl6)-

Both the previous two equations are referred to as Bayes’ rule, and are at
this stage informal applications of the standard Bayes’ rule (Theorem 2.10)
for events A and B of non-zero probability.

Example 2.55. Parameter estimation provides a good example of the philo-
sophical difference between frequentist and subjectivist uses of probability.
Suppose that X1,...,X,, are n independent and identically distributed ob-
servations of some random variable X, which is distributed according to the
normal distribution N'(6,1) of mean 6 and variance 1. We set our frequen-
tist and Bayesian statisticians the challenge of estimating 6 from the data
d:= (Xl,. .. ,Xn)

(a) To the frequentist, 6 is a well-defined real number that happens to be

unknown. This number can be estimated using the estimator

g

which is a random variable. It makes sense to say that @1 is close to 6
with high probability, and hence to give a confidence interval for 6, but
0 itself does not have a distribution.

3I>—‘
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(b) To the Bayesian, 6 is a random variable, and its distribution in advance
of seeing the data is encoded in a prior 7. Upon seeing the data and
conditioning upon it using Bayes’ rule, the distribution of the parameter
is the posterior distribution 7(6|d). The posterior encodes everything that
is known about 8 in view of 7, L(y|f) o e~1¥=f1"/2 and d, although this
information may be summarized by a single number such as the mazimum
a posteriori estimator

OMAP = argmax w(0|d)

0cR

or the mazimum likelihood estimator

OMLE .= argmax L(d|6).
0ER

The Bayesian perspective can be seen as the natural extension of classical
Aristotelian bivalent (i.e. true-or-false) logic to propositions of uncertain
truth value. This point of view is underwritten by Cox’s theorem (Cox,
1946, 1961), which asserts that any ‘natural’ extension of Aristotelian logic to
R-valued truth values is probabilistic, and specifically Bayesian, although the
‘naturality’ of the hypotheses has been challenged by, e.g., Halpern (1999a,b).

It is also worth noting that there is a significant community that, in
addition to being frequentist or Bayesian, asserts that selecting a single
probability measure is too precise a description of uncertainty. These ‘imp-
recise probabilists’ count such distinguished figures as George Boole and
John Maynard Keynes among their ranks, and would prefer to say that
2 — 27199 < Plheads] < 1 +27'% than commit themselves to the assertion
that P[heads] = %; imprecise probabilists would argue that the former asser-
tion can be verified, to a prescribed level of confidence, in finite time, whereas
the latter cannot. Techniques like the use of lower and upper probabilities (or
interval probabilities) are popular in this community, including sophisticated
generalizations like Dempster—Shafer theory; one can also consider feasible
sets of probability measures, which is the approach taken in Chapter 14.
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2.10 Exercises

Exercise 2.1. Let X be any C"-valued random variable with mean m € C"
and covariance matrix

C:=E[(X —m)(X —m)*] e C"™".

(a) Show that C'is conjugate-symmetric and positive semi-definite. For what
collection of vectors in C" is C' the Gram matrix?

(b) Show that if the support of X is all of C", then C' is positive definite.
Hint: suppose that C' has non-trivial kernel, construct an open half-space
H of C" such that X ¢ H almost surely.
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Exercise 2.2. Let X be any random variable taking values in a Hilbert space
H, with mean m € H and covariance operator C': H x H — C defined by

C(h, k) == E[<h, X - mm}

for h, k € H. Show that C is conjugate-symmetric and positive semi-definite.
Show also that if there is no subspace S C H with dim.S > 1 such that
X 1 S with probability one), then C' is positive definite.

Exercise 2.3. Prove the finite-dimensional Cameron-Martin formula of
Lemma 2.40. That is, let 4 = N'(m,C) be a Gaussian measure on R? and
let v € R?, and show that the push-forward of x4 by translation by v, namely
N(m +v,C), is equivalent to p and

d(T,) .t

1
T ) = exp ({02 = mhos = gl ).

i.e., for every integrable function f,

flato)dnte) = [ 7o (e = mes = gl ) duta).

Rd Rd

Exercise 2.4. Let T: H — K be a bounded linear map between Hilbert
spaces H and K, with adjoint T*: K — H, and let u = N(m, C) be a Gaus-
sian measure on H. Show that the push-forward measure T, is a Gaussian
measure on K and that Ty = N (Tm, TCT*).

Exercise 2.5. For i = 1, 2, let X; ~ N(m;,C;) independent Gaussian
random variables taking values in Hilbert spaces H;, and let T;: H; — K be
a bounded linear map taking values in another Hilbert space I, with adjoint
Tr: K — H;. Show that Th1 X1 + T» X5 is a Gaussian random variable in K
with

T1X1 + TQXQ ~ J\/(Tlml + TQmQ, TlClTl* + TQOQTQ*)

Give an example to show that the independence assumption is necessary.

Exercise 2.6. Let H and K be Hilbert spaces. Suppose that A: H — H and
C: K — K are self-adjoint and positive definite, that B: H — K, and that
D: K — K is self-adjoint and positive semi-definite. Show that the operator
from H & K to itself given in block form by

A+ B*CB —-B*C
-CB C+D

is self-adjoint and positive-definite.

Exercise 2.7 (Inversion lemma). Let H and K be Hilbert spaces, and let
A:H—-H,B:K—>H,C:H — K, and D: K — K be linear maps. Define
M:He®&K — H®K in block form by
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A B
¢ D

M =

Show that if A, D, A— BD~'C and D — CA~'B are all non-singular, then

1o [ATTHATIB(D - CATIB)TI0AT —ATB(D ~ CA-'B)~!]
B —(D—-CA-'B)"'CA™? (D—-CA'B)!
and
[y (A—BD1C)! —(A-BD™'C)"'BD!
~ |-D'C(A-BD'C)"' D'+ D 'C(A-BD'C)"'BD |’

Hence derive the Woodbury formula
(A+BD 'Oy t=A"'-A'B(D+CA'B)"tcA™. (2.9)

Exercise 2.8. Exercise 2.7 has a natural interpretation in terms of the con-
ditioning of Gaussian random variables. Let (X,Y) ~ N(m,C) be jointly
Gaussian, where, in block form,

ma

and C' is self-adjoint and positive definite.

(a) Show that Cy; and Cay are self-adjoint and positive-definite.

(b) Show that the Schur complement S defined by S := C; — C12C5 C, is
self-adjoint and positive definite, and

Oll C112
Ciy O

)

St —S~1C1 0o

c =
—CRtCi S~ Ot + Ot Cry 8101505

(¢) Hence prove Theorem 2.54, that the conditional distribution of X given
that Y =y is Gaussian:

(X|Y =y) ~ N (m1 + C12C35' (y — m2), ).



Chapter 3
Banach and Hilbert Spaces

Dr. von Neumann, ich mochte gern wissen,
was ist dann eigentlich ein Hilbertscher
Raum?

DaAviD HILBERT

This chapter covers the necessary concepts from linear functional analysis
on Hilbert and Banach spaces: in particular, we review here basic construc-
tions such as orthogonality, direct sums and tensor products. Like Chapter 2,
this chapter is intended as a review of material that should be understood as
a prerequisite before proceeding; to an extent, Chapters 2 and 3 are interde-
pendent and so can (and should) be read in parallel with one another.

3.1 Basic Definitions and Properties

In what follows, K will denote either the real numbers R or the complex
numbers C, and |- | denotes the absolute value function on K. All the vector
spaces considered in this book will be vector spaces over one of these two
fields. In K, notions of ‘size’ and ‘closeness’ are provided by the absolute
value function |-|. In a normed vector space, similar notions of ‘size’ and
‘closeness’ are provided by a function called a norm, from which we can build
up notions of convergence, continuity, limits and so on.

Definition 3.1. A norm on a vector space V over K is a function || - ||: V — R
that is

(a) positive semi-definite: for all x € V, ||z| > 0;

(b) positive definite: for all z € V, ||z|| = 0 if and only if = 0;

(© Springer International Publishing Switzerland 2015 35
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(¢c) positively homogeneous: for all x € V and « € K, |laz|| = |a||z|; and
(d) sublinear: for all z,y € V, ||z +y|| < |l=]| + ||y]-
If the positive definiteness requirement is omitted, then |- is said to be a

seminorm. A vector space equipped with a norm (resp. seminorm) is called
a normed space (resp. seminormed space).

In a normed vector space, we can sensibly talk about the ‘size’ or ‘length’
of a single vector, but there is no sensible notion of ‘angle’ between two
vectors, and in particular there is no notion of orthogonality. Such notions
are provided by an inner product:

Definition 3.2. An inner product on a vector space V over K is a function
(-, )V xV — K that is
a) positive semi-definite: for all x € V, (z,x) > 0;
b) positive definite: for all x € V, (z,z) = 0 if and only if = = 0;
)
)

conjugate symmetric: for all x,y € V, (z,y) = (y,z); and

sesquilinear: for all z,y,z € V and all a, 8 € K, (z,ay + 52) = a{x,y) +
Bl, ).

A vector space equipped with an inner product is called an inner product
space. In the case K = R, conjugate symmetry becomes symmetry, and
sesquilinearity becomes bilinearity.

(
(
(c
(d

Many texts have sesquilinear forms be linear in the first argument, rather
than the second as is done here; this is an entirely cosmetic difference that
has no serious consequences, provided that one makes a consistent choice and
sticks with it.

It is easily verified that every inner product space is a normed space under
the induced norm

] == v/ (2, 2).

The inner product and norm satisfy the Cauchy—Schwarz inequality
[z, v)| < ||lz||||lyll for all z,y € V, (3.1)

where equality holds in (3.1) if and only if z and y are scalar multiples of one
another. Every norm on V that is induced by an inner product satisfies the
parallelogram identity

o+ ylI* + [l = yl* = 2[|=[* + 2]|y|* for all 2,y € V. (3.2)

In the opposite direction, if || - || is a norm on V that satisfies the parallelogram
identity (3.2), then the unique inner product (-, -) that induces this norm is
found by the polarization identity

z+yll* = llz —yl?
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in the real case, and

et ul? =Nz =yl iz =yl = iz + yl
2

() = . - . (3.4)

in the complex case.
The simplest examples of normed and inner product spaces are the familiar
finite-dimensional Euclidean spaces:

Example 3.3. Here are some finite-dimensional examples of norms on K":

(a) The absolute value function |- | is a norm on K.
(b) The most familiar example of a norm is probably the Fuclidean norm or

2-norm on K". The Euclidean norm of v = (v1,...,v,) € K" is given by
lollo == | D loaf2 = | D Jo- el (3.5)
i=1 i=1

The Euclidean norm is the induced norm for the inner product
(u,v) := Zu_zvl (3.6)
i=1

In the case K = R this inner product is commonly called the dot product
and denoted u - v.

(¢) The analogous inner product and norm on K™*™ of m x n matrices is
the Frobenius inner product

(A,By=A:B:= Y a;bi.

1=1,....m

j=1,...n

(d) The 1-norm, also known as the Manhattan norm or taxicab norm, on K"
is defined by

lolly = fil. (3.7)
i=1

(e) More generally, for 1 < p < oo, the p-norm on K" is defined by

n 1/p
Jolly = (_Z |vz-|P> . (38)

(f) Note, however, that the formula in (3.8) does not define a norm on K"
if p<1.
(g) The analogous norm for p = oo is the co-norm or mazimum norm on K™:

[vlloo := max_[vi]. (3.9)

EERER)
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There are also many straightforward examples of infinite-dimensional
normed spaces. In UQ applications, these spaces often arise as the solution
spaces for ordinary or partial differential equations, spaces of random vari-
ables, or spaces for sequences of coefficients of expansions of random fields
and stochastic processes.

Example 3.4. (a) An obvious norm to define for a sequence v = (Vp)nen
is the analogue of the maximum norm. That is, define the supremum
norm by

lv]|oo := sup |vp]- (3.10)
neN

Clearly, if v is not a bounded sequence, then ||v| = oo. Since norms
are not allowed to take the value oo, the supremum norm is only a norm
on the space of bounded sequences; this space is often denoted ¢°°, or
sometimes ¢°(K) if we wish to emphasize the field of scalars, or B(N;K)
if we want to emphasize that it is a space of bounded functions on some
set, in this case N.

(b) Similarly, for 1 < p < oo, the p-norm of a sequence is defined by

1/p
[vllp == <Z Ivn|p> : (3.11)

neN

The space of sequences for which this norm is finite is the space of p-
summable sequences, which is often denoted ¢P(K) or just ¢7. The state-
ment from elementary analysis courses that >~ | + (the harmonic series)
diverges but that y 7, # converges is the statement that
(LIL. )e but (L1..)¢c
(c) If S is any set, and B(S;K) denotes the vector space of all bounded K-
valued functions on S, then a norm on B(S;K) is the supremum norm
(or uniform norm) defined by

[[flloo := sup [ f(x)].
€S

(d) Since every continuous function on a closed and bounded interval is
bounded, the supremum norm is also a norm on the space C°([0, 1]; R) of
continuous real-valued functions on the unit interval.

There is a natural norm to use for linear functions between two normed
spaces:

Definition 3.5. Given normed spaces V and W, the operator norm of a
linear map A: V — W is

Alv
1A= sup KA Ay = sup 1A@) .

0AvEY lvlly vEY veEY
[[lvllv=1 lollvy<1
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If || A is finite, then A is called a bounded linear operator. The operator norm
of A will also be denoted ||Allop or ||A|v—w. There are many equivalent
expressions for this norm: see Exercise 3.1.

Definition 3.6. Two inner product spaces (V, (-, -)y) and (W, (-, - )w)
are said to be isometrically isomorphic if there is an invertible linear map

T:V — W such that
(Tu, Tv)w = (u,v)y for all u, v e V.

The two inner product spaces are then ‘the same up to relabelling’. Similarly,
two normed spaces are isometrically isomorphic if there is an invertible linear
map that preserves the norm.

Finally, normed spaces are examples of topological spaces, in that the norm
structure induces a collection of open sets and (as will be revisited in the next
section) a notion of convergence:

Definition 3.7. Let V be a normed space:
(a) For z € V and r > 0, the open ball of radius r centred on x is

B, (x) :={yeV|lz—yll <r} (3.12)
and the closed ball of radius r centred on x is
B (z) :={yeV||z-y| <r} (3.13)

(b) A subset U C V is called an open set if, for all z € A, there exists
r =r(z) > 0 such that B, (z) C U.
(¢) A subset FF CV is called a closed set if V \ F is an open set.

3.2 Banach and Hilbert Spaces

For the purposes of analysis, rather than pure algebra, it is convenient if
normed spaces are complete in the same way that R is complete and Q is
not:

Definition 3.8. Let (V,||-||) be a normed space.

(a) A sequence (x,)nen in V converges to x € V if, for every € > 0, there
exists N € N such that, whenever n > N, ||z, — z| < e.

(b) A sequence (2, )nen in V is called Cauchy if, for every € > 0, there exists
N € N such that, whenever m,n > N, ||z, — z,|| <e.

(¢) A complete space is one in which each Cauchy sequence in V converges
to some element of V. Complete normed spaces are called Banach spaces,
and complete inner product spaces are called Hilbert spaces.
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It is easily verified that a subset F' of a normed space is closed (in the
topological sense of being the complement of an open set) if and only if it is
closed under the operation of taking limits of sequences (i.e. every convergent
sequence in F' has its limit also in F'), and that closed linear subspaces of
Banach (resp. Hilbert) spaces are again Banach (resp. Hilbert) spaces.

Example 3.9. (a) K" and K™*" are finite-dimensional Hilbert spaces with
respect to their usual inner products.

(b) The standard example of an infinite-dimensional Hilbert space is the
space (?(K) of square-summable K-valued sequences, which is a Hilbert
space with respect to the inner product

<£C, y>52 = Z TnYn.-

neN

This space is the prototypical example of a separable Hilbert space, i.e.
it has a countably infinite dense subset, and hence countably infinite
dimension.

(c) On the other hand, the subspace of £? consisting of all sequences with
only finitely many non-zero terms is a non-closed subspace of ¢2, and not
a Hilbert space. Of course, if the non-zero terms are restricted to lie in a
predetermined finite range of indices, say {1,...,n}, then the subspace
is an isomorphic copy of the Hilbert space K™.

(d) Given a measure space (X,.Z,u), the space L?(X, u; K) of (equivalence
classes modulo equality p-almost everywhere of) square-integrable func-
tions from A to K is a Hilbert space with respect to the inner product

(.91 = /X F@)o(x) du(x). (3.14)

Note that it is necessary to take the quotient by the equivalence relation
of equality p-almost everywhere since a function f that vanishes on a set
of full measure but is non-zero on a set of zero measure is not the zero
function but nonetheless has || f||z2(,) = 0. When (X,.%, i) is a proba-
bility space, elements of L?(X, u;K) are thought of as random variables
of finite variance, and the L? inner product is the covariance:

<X, Y>L2(u) = E# WY] = COV(AX7 Y)

When L2(X, u;K) is a separable space, it is isometrically isomorphic to
?*(K) (see Theorem 3.24).

(e) Indeed, Hilbert spaces over a fixed field K are classified by their dim-
ension: whenever H and K are Hilbert spaces of the same dimension over
K, there is an invertible K-linear map T': H — K such that (T'z, Ty)x =
(x,y)n for all z,y € H.
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Example 3.10. (a) For a compact topological space X, the space C°(X; K)
of continuous functions f: X — K is a Banach space with respect to the
supremum norm

[flloc = sup [f(z)]. (3.15)
reX

For non-compact X, the supremum norm is only a bona fide norm if
we restrict attention to bounded continuous functions, since otherwise it
would take the inadmissible value +oo.

(b) More generally, if X is the compact closure of an open subset of a Banach
space V, and r € Ny, then the space C"(X; K) of all r-times continuously
differentiable functions from X to K is a Banach space with respect to
the norm

£ ller == ID*f| .
k=0

Here, Df(z): V — K denotes the first-order Fréchet derivative of f at z,
the unique bounded linear map such that

i 1) = £(@) = DI @)(y = )

=g ly — |

:O,

D?f(x) = D(Df)(z): VxV — K denotes the second-order Fréchet deriva-
tive, etc.

(¢) For 1 < p < oo, the spaces LP(X, ;K) from Definition 2.21 are Banach
spaces, but only the L? spaces are Hilbert spaces. As special cases (X =
N, and p = counting measure), the sequence spaces ¢? are also Banach
spaces, and are Hilbert if and only if p = 2.

Another family of Banach spaces that arises very often in PDE appli-
cations is the family of Sobolev spaces. For the sake of brevity, we limit
the discussion to those Sobolev spaces that are also Hilbert spaces. To
save space, we use multi-index notation for derivatives: for a multi-index
a:=(a1,...,an) € Ny, with o] := a1 + -+ + an,

x).

o
0%u(z) : 0u

Co0Mgy .. 0%y,

Sobolev spaces consist of functions® that have appropriately integrable weak
derivatives, as defined by integrating by parts against smooth test functions:

1 To be more precise, as with the Lebesgue LP spaces, Sobolev spaces consist of equivalence
classes of such functions, with equivalence being equality almost everywhere.
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Definition 3.11. Let X C R”, let a € Nj, and consider u: X — R. A weak
derivative of order « for u is a function v: X — R such that

/ u(x)8% () dz = (—1)l° / v(z)p(z) da (3.16)
x X

for every smooth function ¢: X — R that vanishes outside a compact subset
supp(¢) € X. Such a weak derivative is usually denoted 0%u as if it were a
strong derivative, and indeed coincides with the classical (strong) derivative
if the latter exists. For s € Ny, the Sobolev space H*(X) is

for all @ € N{ with |a| <'s,

s . 2
H*(X) := {u € LX) u has a weak derivative 0%u € L?(X) } (3.17)

with the inner product

(U, 0) e =Y (0%, 07v) 2. (3.18)

lal<s

The following result shows that smoothness in the Sobolev sense implies
either a greater degree of integrability or even Holder continuity. In partic-
ular, possibly after modification on sets of Lebesgue measure zero, Sobolev
functions in H® are continuous when s > n/2. Thus, such functions can be
considered to have well-defined pointwise values.

Theorem 3.12 (Sobolev embedding theorem). Let X C R™ be a Lips-
chitz domain (i.e. a connected set with non-empty interior, such that OX
can always be locally written as the graph of a Lipschitz function of n — 1
variables).

(a) If s < n/2, then H*(X) C LX), where % =1-

= and there is a
constant C' = C(s,n, X) such that

=
n’

lullpacxy < Cllullgs(xy  for all u € H*(X).
(b) If s >n/2, then H*(X) C C*~"/21=17(X), where
) n/2] +1-=n/2, if n is odd,
= {any element of (0,1), if n is even,
and there is a constant C = C(s,n,v, X) such that
HUHCHn/zj—M(X) < COllullgsxy  for allu € H¥(X),
where the Holder norm is defined (up to equivalence) by

D* Dk
ullern ey = luller + sup |D*u(x) u(y)’.

z,y€eX |z — vl
T#y
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3.3 Dual Spaces and Adjoints

Dual Spaces. Many interesting properties of a vector space are encoded
in a second vector space whose elements are the linear functions from the
first space to its field. When the vector space is a normed space,? so that
concepts like continuity are defined, it makes sense to study continuous linear
functions:

Definition 3.13. The continuous dual space of a normed space V over K is
the vector space V' of all bounded (equivalently, continuous) linear functionals
£:V — K. The dual pairing between an element ¢ € V' and an element v € V
is denoted (¢|v) or simply £(v). For a linear functional ¢ on a seminormed
space V, being continuous is equivalent to being bounded in the sense that
its operator norm (or dual norm)

ARy
€] :== sup [l sup [(¢|v)| = sup [(£]v)|
0#veY "U” veY vey

is finite.

Proposition 3.14. For every normed space V, the dual space V' is a Banach
space with respect to |- ||’.

An important property of Hilbert spaces is that they are naturally self-
dual: every continuous linear functional on a Hilbert space can be naturally
identified with the action of taking the inner product with some element of
the space:

Theorem 3.15 (Riesz representation theorem). Let H be a Hilbert space.
For every continuous linear functional f € H', there exists f* € H such that
(f|z) = (f*,2) for all x € H. Furthermore, the map f ~ f* is an isometric
isomorphism between H and its dual.

The simplicity of the Riesz representation theorem for duals of Hilbert
spaces stands in stark contrast to the duals of even elementary Banach spaces,
which are identified on a more case-by-case basis:

e For 1 < p < oo, LP(X, ) is isometrically isomorphic to the dual of
L(X, u), where % + % = 1. This result applies to the sequence space ¢7,
and indeed to the finite-dimensional Banach spaces R™ and C™ with the
norm [zl := (X0, [a:7) /7.

e By the Riesz—Markov—Kakutani representation theorem, the dual of the
Banach space C.(X) of compactly supported continuous functions on a
locally compact Hausdorff space X’ is isomorphic to the space of regular
signed measures on X.

2 Or even just a topological vector space.
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The second example stands as another piece of motivation for measure theory
in general and signed measures in particular. Readers interested in the details
of these constructions should refer to a specialist text on functional analysis.

Adjoint Maps. Given a linear map A: V — W between normed spaces V
and W, the adjoint of A is the linear map A*: W — V' defined by

(A0|v) = ({|Av) forallveVand L eW'.

The following properties of adjoint maps are fundamental:

Proposition 3.16. Let U, V and VW be normed spaces, let A,B: YV — W
and C: U — V be bounded linear maps, and let o and B be scalars. Then
(a) A*: W' — V' is bounded, with operator norm | A*|| = ||All;

(b) (aA+ BB)* =aA* + BB*;

(c) (AC)* = C* A*;

(d) the kernel and range of A and A* satisfy

ker A* = (ran A)* = {{ € W' | ({| Av) =0 for all v € V}
(ker A*)* =ran A.

When considering a linear map A: H — K between Hilbert spaces H and
K, we can appeal to the Riesz representation theorem to identify H' with H,
K’ with K, and hence define the adjoint in terms of inner products:

(A*k,h)y = (k, Ah)c  for all h € H and k € K.

With this simplification, we can add to Proposition 3.16 the additional prop-
erties that A** = A and ||A*A|| = ||AA*|| = ||A]|?>. Also, in the Hilbert
space setting, a linear map A: H — H is said to be self-adjoint if A = A*.
A self-adjoint map A is said to be positive semi-definite if

and positive definite if this inequality is strict.

Given a basis {e;}ier of H, the corresponding dual basis {e;}icr of H
is defined by the relation (e’,e;)3; = &;;. The matrix of A with respect to
bases {e;}icr of H and {f;};cs of K and the matrix of A* with respect to
the corresponding dual bases are very simply related: the one is the conju-
gate transpose of the other, and so by abuse of terminology the conjugate
transpose of a matrix is often referred to as the adjoint.

Thus, self-adjoint bounded linear maps are the appropriate generalization
to Hilbert spaces of symmetric matrices over R or Hermitian matrices over
C. They are also particularly useful in probability because the covariance
operator of an H-valued random variable is a self-adjoint (and indeed positive
semi-definite) bounded linear operator on H.
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3.4 Orthogonality and Direct Sums

Orthogonal decompositions of Hilbert spaces will be fundamental tools in
many of the methods considered later on.

Definition 3.17. A subset E of an inner product space )V is said to be
orthogonal if (x,y) = 0 for all distinct elements x,y € Ej; it is said to be
orthonormal if
1, ife=yekF,
(z,y) = .
0, ifz,y€ Eand z #y.
Lemma 3.18 (Gram-Schmidt). Let (x,)nen be any sequence in an inner

product space V, with the first d € No U {oc} terms linearly independent.
Inductively define (up)nen and (€n)nen by

n—1
L <.’L'n,Uk>
Up 1= Ty — Uk,
k=1 ”uk”
Unp
ey, 1=
[l |

Then (un)nen (resp. (en)nen) is a sequence of d orthogonal (resp. orthonor-
mal) elements of V, followed by zeros if d < oo.

Definition 3.19. The orthogonal complement E+ of a subset E of an inner
product space V is

Et:={yeV|forallzcFE, (y,x) = 0}.

The orthogonal complement of £ C V is always a closed linear subspace
of V, and hence if V = H is a Hilbert space, then E+ is also a Hilbert space
in its own right.

Theorem 3.20. Let K be a closed subspace of a Hilbert space H. Then, for
any x € H, there is a unique Ixx € K that is closest to x in the sense that

Iz — x| = inf |y — .
e — al| = inf [ly — |

Furthermore, x can be written uniquely as © = Ixx + z, where z € K*.
Hence, H decomposes as the orthogonal direct sum

1L
H=Kea&K".
Theorem 3.20 can be seen as a special case of closest-point approxima-

tion among convex sets: see Lemma 4.25 and Exercise 4.2. The operator
I : H — K is called the orthogonal projection onto K.
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Theorem 3.21. Let K be a closed subspace of a Hilbert space H. The cor-
responding orthogonal projection operator Il is

(a) a continuous linear operator of norm at most 1;

(b) with I — I = i1 ;

and satisfies, for every x € H,

(¢) ll2ll? = [ Tl + (I - M )e?;

(d) Ixx =2 < z€K;

(e) lIxx =0 < z €K .

Example 3.22 (Conditional expectation). An important probabilistic app-
lication of orthogonal projection is the operation of conditioning a random
variable. Let (©,.%, 1) be a probability space and let X € L*(0,.%, u;K)
be a square-integrable random variable. If 4 C .Z is a o-algebra, then the
conditional expectation of X with respect to ¢, usually denoted E[X |¥], is the
orthogonal projection of X onto the subspace L?(0,%, 1u;K). In elementary
contexts, ¢ is usually taken to be the o-algebra generated by a single event
FE of positive u-probability, i.e.

4 ={2,[X € E],|X ¢ E],0);

or even the trivial o-algebra {@, ©}, for which the only measurable functions

are the constant functions, and hence the conditional expectation coincides

with the usual expectation. The orthogonal projection point of view makes

two important properties of conditional expectation intuitively obvious:

(a) Whenever 4 C % C .7, L?(0,%, u;K) is a subspace of L?*(0, %, u; K)
and composition of the orthogonal projections onto these subspace yields
the tower rule for conditional expectations:

E[X|%] = E[E[X|%]|%],
and, in particular, taking ¢ to be the trivial o-algebra {&, O},
E[X] = E[E[X|%]].
(b) Whenever X,Y € L?(0,.%,1;K) and X is, in fact, 4-measurable,
E[XY|¥9] = XE[Y|9].

Direct Sums. Suppose that V and W are vector spaces over a common field
K. The Cartesian product ¥V x W can be given the structure of a vector space
over K by defining the operations componentwise:

(v,w) + (v, w') == (v + v, w+w'),

a(v,w) = (aw, aw),
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for all v,v" € V, w,w’ € W, and « € K. The resulting vector space is called
the (algebraic) direct sum of V and W and is usually denoted by V & W,
while elements of V @ W are usually denoted by v & w instead of (v, w).

If {e;|i € I} is a basis of V and {e;|j € J} is a basis of W, then {ej | k €
K := Iy J} is basis of V @ W. Hence, the dimension of V & W over K is
equal to the sum of the dimensions of V and W.

When H and K are Hilbert spaces, their (algebraic) direct sum H @ K can
be given a Hilbert space structure by defining

<h’ S k? h' S5 kl>7‘l®/€ = <h7 h/>'H + <ka k/>IC

for all h,h' € H and k, k' € K. The original spaces H and K embed into
H ¢ K as the subspaces H & {0} and {0} & K respectively, and these two
subspaces are mutually orthogonal. For this reason, the orthogonality of the
two summands in a Hilbert direct sum is sometimes emphasized by the not-

1
ation # @ K. The Hilbert space projection theorem (Theorem 3.20) was
the statement that whenever K is a closed subspace of a Hilbert space H,
1
H=Ka&K
It is necessary to be a bit more careful in defining the direct sum of count-

ably many Hilbert spaces. Let H,, be a Hilbert space over K for each n € N.

Then the Hilbert space direct sum H := P, .y H» is defined to be

z, = 0 for all but finitely many n

H = {l’ = (Tn)neN

T, € H, for eachn € N, and }

where the completion® is taken with respect to the inner product

<Ia y>H = Z <$n7 yn>Hn’

neN

which is always a finite sum when applied to elements of the generating
set. This construction ensures that every element x of H has finite norm
lzl3, = > nen [lnll3, - As before, each of the summands H,, is a subspace
of H that is orthogonal to all the others.

Orthogonal direct sums and orthogonal bases are among the most impor-
tant constructions in Hilbert space theory, and will be very useful in what
follows. Prototypical examples include the standard ‘Euclidean’ basis of 2
and the Fourier basis {e, | n € Z} of L*(S';C), where

en(x) := %exp(inx).

3 Completions of normed spaces are formed in the same way as the completion of Q to form
R: the completion is the space of equivalence classes of Cauchy sequences, with sequences
whose difference tends to zero in norm being regarded as equivalent.
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Indeed, Fourier’s claim® that any periodic function f could be written as

@)= Fuenla),
ne

o~ _

fr = . f(y)en(y) dy,

can be seen as one of the historical drivers behind the development of much
of analysis. For the purposes of this book’s treatment of UQ, key examples
of an orthogonal bases are given by orthogonal polynomials, which will be
considered at length in Chapter 8.

Some important results about orthogonal systems are summarized below;
classically, many of these results arose in the study of Fourier series, but hold
for any orthonormal basis of a general Hilbert space.

Lemma 3.23 (Bessel’s inequality). Let V be an inner product space and
(en)nen an orthonormal sequence in V. Then, for any x € V, the series
> nen [{en, )| converges and satisfies

> len ) < )l (3.19)

neN

Theorem 3.24 (Parseval identity). Let (en)nen be an orthonormal sequence
in a Hilbert space H, and let (ap)nen be a sequence in K. Then the series
> nen Qnen converges in H if and only if the series Y., o |lom|? converges in
R, in which case
2

= owl*. (3.20)

neN

E Ap€n

neN

Hence, for any x € H, the series ), n(en,T)e, converges.

Theorem 3.25. Let (e,)nen be an orthonormal sequence in a Hilbert space
H. Then the following are equivalent:

(a) {en | n € N} = {0};

(b) H = span{e,, | n € N};

(c) H=ED,cnKen as a direct sum of Hilbert spaces;

(@) for all 3 € H, |2]2 = 3 [ew, 2)2;

(e) forallx € H, x =3, n(en,T)en.

If one (and hence all) of these conditions holds true, then (en)nen is called a
complete orthonormal basis for H

4 Of course, Fourier did not use the modern notation of Hilbert spaces! Furthermore, if he
had, then it would have been ‘obvious’ that his claim could only hold true for L? functions
and in the L2 sense, not pointwise for arbitrary functions.
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Corollary 3.26. Let (e,)nen be a complete orthonormal basis for a Hilbert
space H. For every x € H, the truncation error x — 22;1(6”, x)e, is orthog-
onal to spanfes,...,en}.

Proof. Let v := ZZZI Umem € span{ey, ..., ey} be arbitrary. By complete-
ness,
x = Z(en, x)en.
neN
Hence,

<x — Z(en,x)en,v> = < Z (en, z)en, Z vmem>

n=1 n>N =1

= Z ({en, T)€n, Vmem )

n>N
me{0,...,N}

- Z (@, €n)Um(en, €m)

n>N
me{0,...,N}

=0
since (e, €m) = dpm, and m # n in the double sum. m|

Remark 3.27. The results cited above (in particular, Theorems 3.20, 3.21,
and 3.25, and Corollary 3.26) imply that if we wish to find the closest point of

span{ei,...,en} to some x = Y (en,x)e,, then this is a simple matter of

. . . T N
series truncation: the optimal approximation is z ~ z(N) := Yoneilen, Then.

Furthermore, this operation is a continuous linear operation as a function of
x, and if it is desired to improve the quality of an approximation z ~ z(N) in
span{ey,...,ex} to an approximation in, say, span{ey,...,en41}, then the
improvement is a simple matter of calculating (en41, ) and adjoining the
new term {en41,2)en+1 to form a new norm-optimal approximation

N+1
z o~ gD = Z (en,xVen = ™) + (enj1, T)ent1.

n=1

However, in Banach spaces (even finite-dimensional ones), closest-point app-
roximation is not as simple as series truncation, and the improvement of
approximations is not as simple as adjoining new terms: see FExercise 3.4.
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3.5 Tensor Products

The heuristic definition of the tensor product V ® W of two vector spaces V
and W over a common field K is that it is the vector space over K with basis
given by the formal symbols {e; ® f; | i € I,j € J}, where {e;|i € I} is a
basis of V and {f;|j € J} is a basis of W. Alternatively, we might say that
elements of V ® W are elements of W with V-valued rather than K-valued
coefficients (or elements of V with W-valued coefficients). However, it is not
immediately clear that this definition is independent of the bases chosen for
VY and W. A more thorough definition is as follows.

Definition 3.28. The free vector space Fyyxyy on the Cartesian product
VY x W is defined by taking the vector space in which the elements of V x W
are a basis:

Fyuw = {Z i€y, w;)

— o; € K, (vi,wi) cV xW

n € N and, fori—l,...,n,}

The ‘freeness’ of Fyyyy is that the elements e(, ) are, by definition, lin-
early independent for distinct pairs (v,w) € VxW; even e, gy and e(_, o) are
linearly independent. Now define an equivalence relation ~ on Fy )y such
that

E(vtvw) ~ Cvw) T E(ww))
Clv,wtw) ~ Eww) T Eww);
QE(y,w) ™~ €(av,w) ™~ €(v,aw)
for arbitrary v,v’ € V, w,w’ € W, and a € K. Let R be the subspace of
Fy«y generated by these equivalence relations, i.e. the equivalence class of
6(010).

Definition 3.29. The (algebraic) tensor product V@W is the quotient space

One can easily check that V ® W, as defined in this way, is indeed a
vector space over K. The subspace R of Fy «yy is mapped to the zero element
of V ® W under the quotient map, and so the above equivalences become
equalities in the tensor product space:

(w+r)Qw=v0w+v @w,
v (w+w)=vuwtvew,
alv@w) = (aw) @w = v ® (aw)

for all v,v" € V, w,w’ € W, and o € K.
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One can also check that the heuristic definition in terms of bases holds
true under the formal definition: if {e;|¢ € I'} is a basis of V and {f;|j € J}
is a basis of W, then {e; ® f; | i € I,j € J} is basis of V ® W. Hence, the
dimension of the tensor product is the product of dimensions of the original
spaces.

Definition 3.30. The Hilbert space tensor product of two Hilbert spaces H
and K over the same field K is given by defining an inner product on the
algebraic tensor product H ® K by

(h@ kK @K )ysx = (h, W)k, k') for all h,h' € H and k, k' € K,

extending this definition to all of the algebraic tensor product by sesquilinear-
ity, and defining the Hilbert space tensor product H® K to be the completion
of the algebraic tensor product with respect to this inner product and its as-
sociated norm.

Tensor products of Hilbert spaces arise very naturally when considering
spaces of functions of more than one variable, or spaces of functions that
take values in other function spaces. A prime example of the second type is
a space of stochastic processes.

Example 3.31. (a) Given two measure spaces (X,.%, u) and (Y, ¥, v), con-
sider L?(X x Y, p®v;K), the space of functions on X x ) that are square
integrable with respect to the product measure p®v. If f € L?(X, u; K)
and g € L*(Y,v;K), then we can define a function h: X x ) — K by
h(z,y) = f(z)g(y). The definition of the product measure ensures that
h € L?*(X x Y, ® v;K), so this procedure defines a bilinear mapping
L2(X, 11;K) x L2(Y,v;K) — L*(X x Y, u @ v;K). It turns out that the
span of the range of this bilinear map is dense in L?(X x )V, u @ v; K) if
L?(X, 1;K) and L?(),v;K) are separable. This shows that

L*(X, 1K) @ L*(V,v;K) 2 LA(X x Y, p @ v;K),

and it also explains why it is necessary to take the completion in the
construction of the Hilbert space tensor product.

(b) Similarly, L?(X, u; H), the space of functions f: X — H that are square
integrable in the sense that

/ 1£(@) 13, dpu(z) < +oo,
X

is isomorphic to L?(X, u; K) ® H if this space is separable. The isomor-
phism maps f®p € L*(X, u; K)@H to the H-valued function z — f(z)¢
in L2(X, pu; H).

(¢) Combining the previous two examples reveals that

L*(X, i K)@ L*(V,;K) 2 L2(X x Y, p@v; K) = L2 (X, 1 L (Y, v, K)).
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Similarly, one can consider a Bochner space LP(X,u;V) of functions
(random variables) taking values in a Banach space V that are p‘"-power-
integrable in the sense that [, || f(z)]]}, du(z) is finite, and identify this space
with a suitable tensor product L?(X, u;R) ® V. However, several subtleties
arise in doing this, as there is no single ‘natural’ Banach tensor product of
Banach spaces as there is for Hilbert spaces.

3.6 Bibliography

Reference texts on elementary functional analysis, including Banach and
Hilbert space theory, include the books of Reed and Simon (1972), Rudin
(1991), and Rynne and Youngson (2008). The article of Deutsch (1982) gives
a good overview of closest-point approximation properties for subspaces of
Banach spaces. Further discussion of the relationship between tensor products
and spaces of vector-valued integrable functions can be found in the books of
Ryan (2002) and Hackbusch (2012); the former is essentially a pure mathe-
matic text, whereas the latter also includes significant treatment of numerical
and computational matters. The Sobolev embedding theorem (Theorem 3.12)
and its proof can be found in Evans (2010, Section 5.6, Theorem 6).

Intrepid students may wish to consult Bourbaki (1987), but the standard
warnings about Bourbaki texts apply: the presentation is comprehensive but
often forbiddingly austere, and so it is perhaps better as a reference text than
a learning tool. On the other hand, the Hitchhiker’s Guide of Aliprantis and
Border (2006) is a surprisingly readable encyclopaedic text.

3.7 Exercises

Exercise 3.1 (Formulae for the operator norm). Let A: V — W be a linear
map between normed vector spaces (V, |- ||y) and W, || - ||[w). Show that the
operator norm ||A]ly_w of A is equivalently defined by any of the following
expressions:

A
||A||V~>W = sup || UHW
o£vev [[lv

Avllw
= sup 12U v
lofv=1 lIvllv llvllv=1
Avllw
sup [ Av] = sup |[[Avllw
o<llollv<t llollv llvllv<t
[Avllw _

= sup [Av|lw.
o<llvliver Nollv jojv<t
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Exercise 3.2 (Properties of the operator norm). Suppose that ¢, V, and W
are normed vector spaces, and let A: U/ — V and B: V — W be bounded
linear maps. Prove that the operator norm is

(a) compatible (or consistent) with || ||z and || -||y: for all z € U,

[Aully < [[Alle—vluller-

(b) sub-multiplicative: || B o Ally—w < ||Bllv=wllAllu—v-

Exercise 3.3 (Definiteness of the Gram matrix). Let V be a vector space
over K, equipped with a semi-definite inner product (-, -) (i.e. one satisfying
all the requirements of Definition 3.2 except possibly positive definiteness).

Given vectors vy, ...,v, € V, the associated Gram matriz is
<U17U1> e <U17U77,>
G(Ulu 7Un) =
<Un,'()1> e <'Unavn>

(a) Show that, in the case that ¥V = K" with its usual inner product,

G(v1,...,v,) = V*V, where V is the matrix with the vectors v; as its
columns, and V* denotes the conjugate transpose of V.
(b) Show that G(v1,...,v,) is a conjugate-symmetric (a.k.a. Hermitian) ma-

trix, and hence is symmetric in the case K = R.

(¢) Show that det G(v1,...,v,) > 0. Show also that det G(vy,...,v,) =0 if
V1,...,V, are linearly dependent, and that this is an ‘if and only if’ if
(-, -) is positive definite.

(d) Using the case n = 2, prove the Cauchy—Schwarz inequality (3.1).

Exercise 3.4 (Closest-point approximation in Banach spaces). Let Ry: R? —
R? denote the linear map that is rotation of the Euclidean plane about the
origin through a fixed angle —% < < Z. Define a Banach norm | - ||y on R?
in terms of Ry and the usual 1-norm by

1Gz, y)llo == [[Ro(z, y)]1-

Find the closest point of the z-axis to the point (1,1), i.e. find 2’ € R to
minimize ||(z/,0) — (1,1)]|; in particular, show that the closest point is not
(1,0). Hint: sketch some norm balls centred on (1,1).

Exercise 3.5 (Series in normed spaces). Many UQ methods involve series
expansions in spaces of deterministic functions and/or random variables, so it
is useful to understand when such series converge. Let (v, )nen be a sequence
in a normed space V. As in R, we say that the series ) _yvn converges to
v € V if the sequence of partial sums converges to v, i.e. if, for all € > 0, there
exists N, € N such that
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N
v—g Un,

n=1

N>N, = <e.

vy, converges absolutely to v € V), i.e. the series con-
|vn || is finite. Prove the infinite triangle inequality

loll < D lloall.

neN

(a) Suppose that )

verges and also >, |

(b) Suppose that )\ v, converges absolutely tov € V. Show that ) vn
converges unconditionally to v € V, i.e. Y Vr(n) converges to x € V
for every bijection 7: N — N. Thus, the order of summation ‘does not
matter’. (Note that the converse of this result is false: Dvoretzky and
Rogers (1950) showed that every infinite-dimensional Banach space con-
tains series that converge unconditionally but not absolutely.)

(c) Suppose that V is a Banach space and that )\ |lv,|| is finite. Show
that > _yvn converges to some v € V.

Exercise 3.6 (Weierstrass M-test). Let S be any set, let V be a Banach
space, and, for each n € N, let f,,: S — V. Suppose that M,, is such that

neN

Ifn(@)]| < M, forallze S andne N,

and that ) M, is finite. Show that the series ) _y fn converges uni-
formly on S, i.e. there exists f: S — V such that, for all € > 0, there exists
N, € N so that

N > N, = sup
z€S

<eE.

N




Chapter 4
Optimization Theory

We demand rigidly defined areas of doubt and
uncertainty!

The Hitchhiker’s Guide to the Galaxy
Doucras Apawms

This chapter reviews the basic elements of optimization theory and practice,
without going into the fine details of numerical implementation. Many UQ
problems involve a notion of ‘best fit’, in the sense of minimizing some error
function, and so it is helpful to establish some terminology for optimiza-
tion problems. In particular, many of the optimization problems in this book
will fall into the simple settings of linear programming and least squares
(quadratic programming), with and without constraints.

4.1 Optimization Problems and Terminology

In an optimization problem, the objective is to find the extreme values (either
the minimal value, the maximal value, or both) f(z) of a given function f
among all = in a given subset of the domain of f, along with the point or
points = that realize those extreme values. The general form of a constrained
optimization problem is

extremize: f(x)
with respect to: z € X
subject to: g;(z) € E; fori=1,2,...,

where X is some set; f: X — RU {£oo} is a function called the objective
function; and, for each i, g;: X — )); is a function and E; C ); some subset.

(© Springer International Publishing Switzerland 2015 55
T.J. Sullivan, Introduction to Uncertainty Quantification, Texts
in Applied Mathematics 63, DOI 10.1007/978-3-319-23395-6_4
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The conditions {g;(z) € E; | i =1,2,...} are called constraints, and a point
x € X for which all the constraints are satisfied is called feasible; the set of
feasible points,

{reX|gi(x)e E;fori=1,2,...},

is called the feasible set. If there are no constraints, so that the problem is
a search over all of X, then the problem is said to be unconstrained. In the
case of a minimization problem, the objective function f is also called the
cost function or energy; for maximization problems, the objective function is
also called the wutility function.

From a purely mathematical point of view, the distinction between con-
strained and unconstrained optimization is artificial: constrained minimiza-
tion over X is the same as unconstrained minimization over the feasible set.
However, from a practical standpoint, the difference is huge. Typically, X is
R™ for some n, or perhaps a simple subset specified using inequalities on one
coordinate at a time, such as [a1,b1] X -+ X [an, by]; @ bona fide non-trivial
constraint is one that involves a more complicated function of one coordinate,
or two or more coordinates, such as

g1(x) := cos(x) — sin(x) > 0

or
g2(z1, 22, 23) = x129 — 23 = 0.

Definition 4.1. Given f: X — R U {too}, the arg min or set of global
manimizers of f is defined to be

x€eEX r'eX

argmin f(z) := {x € X‘f(:z:) = inf f(x’)},
and the arg mazx or set of global maximizers of f is defined to be

g (0) = { € ¥ 0) = sup 1) |

reX z'eX

Definition 4.2. For a given constrained or unconstrained optimization prob-

lem, a constraint is said to be

(a) redundant if it does not change the feasible set, and non-redundant or
relevant otherwise;

(b) non-binding if it does not change the extreme value, and binding other-
wise;

(¢c) active if it is an inequality constraint that holds as an equality at the
extremizer, and inactive otherwise.

Example 4.3. Consider f: R? — R, f(z,y) := y. Suppose that we wish to
minimize f over the unbounded w-shaped region

W={(z,y) eR* |y > («* —1)*}.
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Over W, f takes the minimum value 0 at (z,y) = (£1,0). Note that the
inequality constraint y > (22 — 1)? is an active constraint. The additional
constraint y > 0 would be redundant with respect to this feasible set W,
and hence also non-binding. The additional constraint > 0 would be non-
redundant, but also non-binding, since it excludes the previous minimizer at
(z,y) = (—1,0) but not the one at (z,y) = (1,0). Similarly, the additional
equality constraint y = (22 — 1)? would be non-redundant and non-binding.

The importance of these concepts for UQ lies in the fact that many UQ
problems are, in part or in whole, optimization problems: a good example
is the calibration of parameters in a model in order to best explain some
observed data. Each piece of information about the problem (e.g. a hypoth-
esis about the form of the model, such as a physical law) can be seen as
a constraint on that optimization problem. It is easy to imagine that each
additional constraint may introduce additional difficulties in computing the
parameters of best fit. Therefore, it is natural to want to exclude from consid-
eration those constraints (pieces of information) that are merely complicating
the solution process, and not actually determining the optimal parameters,
and to have some terminology for describing the various ways in which this
can occur.

4.2 Unconstrained Global Optimization

In general, finding a global minimizer of an arbitrary function is very hard,
especially in high-dimensional settings and without nice features like convex-
ity. Except in very simple settings like linear least squares (Section 4.6), it is
necessary to construct an approximate solution, and to do so iteratively; that
is, one computes a sequence (z,)nen in X such that x,, converges as n — oo
to an extremizer of the objective function within the feasible set. A simple
example of a deterministic iterative method for finding the critical points,
and hence extrema, of a smooth function is Newton’s method:

Definition 4.4. Let X be a normed vector space. Given a differentiable
function g: X — X and an initial state xo, Newton’s method for finding a
zero of g is the sequence generated by the iteration

Ts1 = — (Dg(n)) " g(wn), (4.1)

where Dg(x,): X — X is the Fréchet derivative of g at x,,. Newton’s method
is often applied to find critical points of f: X — R, i.e. points where Df
vanishes, in which case the iteration is.

Tnt1 i= Tn — (D2 f(2n)) " Df (). (4.2)

(In (4.2), the second derivative (Hessian) D?f(z,,) is interpreted as a linear
map X — X rather than a bilinear map X x X — R.)



58 4 Optimization Theory

Remark 4.5. (a) Newton’s method for the determination of critical points
of f amounts to local quadratic approximation: we model f about z,
using its Taylor expansion up to second order, and then take as x4
a critical point of this quadratic approximation. In particular, as shown
in Exercise 4.3, Newton’s method yields the exact minimizer of f in one
iteration when f is in fact a quadratic function.

(b) We will not dwell at this point on the important practical issue of num-
erical (and hence approximate) evaluation of derivatives for methods such
as Newton iteration. However, this issue will be revisited in Section 10.2
in the context of sensitivity analysis.

For objective functions f: X — R U {£o0} that have little to no smooth-
ness, or that have many local extremizers, it is often necessary to resort
to random searches of the space X. For such algorithms, there can only be
a probabilistic guarantee of convergence. The rate of convergence and the
degree of approximate optimality naturally depend upon features like ran-
domness of the generation of new elements of X and whether the extremizers
of f are difficult to reach, e.g. because they are located in narrow ‘valleys’. We
now describe three very simple random iterative algorithms for minimization
of a prescribed objective function f, in order to illustrate some of the relevant
issues. For simplicity, suppose that £ has a unique global minimizer x_min
and write £ _min for f(x_min).

Algorithm 4.6 (Random sampling). For simplicity, the following algorithm
runs for n_max steps with no convergence checks. The algorithm returns
an approximate minimizer x_best along with the corresponding value of f.
Suppose that random() generates independent samples of X’ from a proba-
bility measure p with support X.

f_best = +inf

n=2~0

while n < n_max:
x_new = random()
f_new = f(x_new)

if f_new < f_best:
x_best = x_new
f_best f_new
n=n+1
return [x_best, f_best]

A weakness of Algorithm 4.6 is that it completely neglects local informa-
tion about f. Even if the current state x_best is very close to the global
minimizer x_min, the algorithm may continue to sample points x_new that
are very far away and have f (x_new) > f (x_best). It would be preferable to
explore a neighbourhood of x_best more thoroughly and hence find a better
approximation of [x_min, f_min]. The next algorithm attempts to rectify
this deficiency.
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Algorithm 4.7 (Random walk). As before, this algorithm runs for n_max
steps. The algorithm returns an approximate minimizer x_best along with
the corresponding value of £. Suppose that an initial state x0 is given, and
that jump () generates independent samples of X' from a probability measure
1 with support equal to the unit ball of X.

x_best = x0
f_best = f(x_best)
n=2~0
while n < n_max:
x_new = x_best + jump()
f_new = f(x_new)
if f_new < f_best:
x_best = x_new
f_best
n=n+1
return [x_best, f_best]

f_new

Algorithm 4.7 also has a weakness: since the state is only ever updated to
states with a strictly lower value of £, and only looks for new states within
unit distance of the current one, the algorithm is prone to becoming stuck in
local minima if they are surrounded by wells that are sufficiently wide, even
if they are very shallow. The next algorithm, the simulated annealing method
of Kirkpatrick et al. (1983), attempts to rectify this problem by allowing the
optimizer to make some ‘uphill’ moves, which can be accepted or rejected
according to comparison of a uniformly distributed random variable with a
user-prescribed acceptance probability function. Therefore, in the simulated
annealing algorithm, a distinction is made between the current state x of
the algorithm and the best state so far, x_best; unlike in the previous two
algorithms, proposed states x_new may be accepted and become x even if
f (x_new) > f (x_best). The idea is to introduce a parameter T, to be thought
of as ‘temperature’: the optimizer starts off ‘hot’, and ‘uphill’ moves are likely
to be accepted; by the end of the calculation, the optimizer is relatively ‘cold’,
and ‘uphill’ moves are unlikely to accepted.

Algorithm 4.8 (Simulated annealing). Suppose that an initial state x0
is given. Suppose also that functions temperature(), neighbour() and
acceptance_prob() have been specified. Suppose that uniform() generates
independent samples from the uniform distribution on [0, 1]. Then the simu-
lated annealing algorithm is

x = x0
fx = £(x)
x_best =
f_best =
n=20
while n < n_max:

X
X
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T = temperature(n / n_max)
x_new = neighbour(x)
f_new = f(x_new)
if acceptance_prob(fx, f_new, T) > uniform():
X = X_new
fx = f_new
if f_new < f_best:
x_best = x_new
f_best f_new
n=n+1
return [x_best, f_best]

Like Algorithm 4.6, the simulated annealing method can guarantee to
find the global minimizer of f provided that the neighbour() function
allows full exploration of the state space and the maximum run time n_max
is large enough. However, the difficulty lies in coming up with functions
temperature () and acceptance_prob() such that the algorithm finds the
global minimizer in reasonable time: simulated annealing calculations can
be extremely computationally costly. A commonly used acceptance probabil-
ity function P is the one from the Metropolis—Hastings algorithm (see also
Section 9.5):

1, if e <e,
exp(—(e' —e)/T), ife >e.

Ple, e, T) = {

There are, however, many other choices; in particular, it is not neces-
sary to automatically accept downhill moves, and it is permissible to have
P(e,e/,T) < 1fore <e.

4.3 Constrained Optimization

It is well known that the unconstrained extremizers of smooth enough func-
tions must be critical points, i.e. points where the derivative vanishes. The fol-
lowing theorem, the Lagrange multiplier theorem, states that the constrained
minimizers of a smooth enough function, subject to smooth enough equality
constraints, are critical points of an appropriately generalized function:

Theorem 4.9 (Lagrange multipliers). Let X and ) be real Banach spaces.
Let U C X be open and let f € CH(U;R). Let g € C1(U;Y), and suppose that
x € U is a constrained extremizer of f subject to the constraint that g(x) = 0.
Suppose also that the Fréchet derivative Dg(z): X — Y is surjective. Then
there exists a Lagrange multiplier A € )’ such that (x, \) is an unconstrained
critical point of the Lagrangian £ defined by

UxY 3 (z,A\) = Lz, \) = f(z) + (N g(z)) €R.
i.e. Df(x) = =X oDg(z) as linear maps from X to R.
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The corresponding result for inequality constraints is the Karush-Kuhn—
Tucker theorem, which we state here for a finite system of inequality
constraints:

Theorem 4.10 (Karush-Kuhn-Tucker). Let U be an open subselt of a
Banach space X, and let f € CY({U;R) and h € C*(U;R™). Suppose that
x € U is a local minimizer of f subject to the inequality constraints h;(x) <0
fori=1,...,m, and suppose that Dh(z): X — R™ is surjective. Then there
exists p = (p1, ..., pm) € (R™) such that

—Df(x) = j1o Dh(x),

where p satisfies the dual feasibility criteria p; > 0 and the complementary
slackness criteria phi(x) =0 fori=1,...,m.

The Lagrange and Karush—-Kuhn—Tucker theorems can be combined to inc-
orporate equality constraints g; and inequality constraints h;. Strictly speak-
ing, the validity of the Karush—Kuhn—Tucker theorem also depends upon
some regularity conditions on the constraints called constraint qualification
conditions, of which there are many variations that can easily be found in the
literature. A very simple one is that if g; and h; are affine functions, then no
further regularity is needed; another is that the gradients of the active ine-
quality constraints and the gradients of the equality constraints be linearly
independent at the optimal point .

Numerical Implementation of Constraints. In the numerical treatment
of constrained optimization problems, there are many ways to implement
constraints, not all of which actually enforce the constraints in the sense of
ensuring that trial states x_new, accepted states x, or even the final solution
x_best are actually members of the feasible set. For definiteness, consider
the constrained minimization problem

minimize: f(z)
with respect to: x € X
subject to: ¢(x) <0

for some functions f,c: X — RU {£oo}. One way of seeing the constraint
‘c(x) < 0’ is as a Boolean true/false condition: either the inequality is sat-
isfied, or it is not. Supposing that neighbour (x) generates new (possibly
infeasible) elements of X" given a current state x, one approach to generating
feasible trial states x_new is the following:

x’ = neighbour (x)
while c(x’) > 0O:
x’ = neighbour (x)

Xx_new = x’
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However, this accept/reject approach is extremely wasteful: if the feasible
set is very small, then x’ will ‘usually’ be rejected, thereby wasting a lot
of computational time, and this approach takes no account of how ‘nearly
feasible’ an infeasible x’> might be.

One alternative approach is to use penalty functions: instead of considering
the constrained problem of minimizing f(x) subject to c¢(z) < 0, one can
consider the unconstrained problem of minimizing = — f(z) + p(x), where
p: X = [0,00) is some function that equals zero on the feasible set and takes
larger values the ‘more’ the constraint inequality c(xz) < 0 is violated, e.g.,

for p > 0.
o) = 0, if ¢(z) <0,
Pul®) {exp(c(:z:)/,u) -1, ife(z) > 0.

The hope is that (a) the minimization of f + p, over all of X is easy, and (b)
as p — 0, minimizers of f 4 p, converge to minimizers of f on the original
feasible set. The penalty function approach is attractive, but the choice of
penalty function is rather ad hoc, and issues can easily arise of competition
between the penalties corresponding to multiple constraints.

An alternative to the use of penalty functions is to construct constraining
functions that enforce the constraints exactly. That is, we seek a function C()
that takes as input a possibly infeasible x’ and returns some x_new = C(x’)
that is guaranteed to satisfy the constraint c(x_new) <= 0. For example,
suppose that X = R™ and the feasible set is the Euclidean unit ball, so the
constraint is

e(x) = 2]} - 1< 0.

Then a suitable constraining function could be

i <
Cla) = {x if 2]z < 1,

oflzll2, if (]2 > 1.

Constraining functions are very attractive because the constraints are treated
exactly. However, they must often be designed on a case-by-case basis for each
constraint function ¢, and care must be taken to ensure that multiple con-
straining functions interact well and do not unduly favour parts of the feasible
set over others; for example, the above constraining function C' maps the en-
tire infeasible set to the unit sphere, which might be considered undesirable
in certain settings, and so a function such as

~ x, lf T2 S 17
S {o il
z/l|lz)13, if [|=]l2 > 1.

might be more appropriate. Finally, note that the original accept/reject
method of finding feasible states is a constraining function in this sense,
albeit a very inefficient one.
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4.4 Convex Optimization

The topic of this section is convez optimization. As will be seen, convexity is
a powerful property that makes optimization problems tractable to a much
greater extent than any amount of smoothness (which still permits local
minima) or low-dimensionality can do.

In this section, X will be a normed vector space. (More generally, the
properties that are of importance to the discussion hold for any Hausdorff,
locally convex topological vector space.) Given two points zp and z7 of X
and t € [0, 1], x; will denote the conver combination

xp = (1 — t)xo + ta1.
More generally, given points xg, ..., x, of a vector space, a sum of the form
QpTo + -+ anTn

is called a linear combination if the a; are any field elements, an affine com-
bination if their sum is 1, and a convex combination if they are non-negative
and sum to 1.

Definition 4.11. (a) A subset K C X is a convex set if, for all xg,z1 € K
and t € [0,1], 2; € K; it is said to be strictly convez if z; € K whenever
xo and z; are distinct points of K and t € (0, 1).

(b) An extreme point of a convex set K is a point of K that cannot be written
as a non-trivial convex combination of distinct elements of K; the set of
all extreme points of K is denoted ext(K).

(¢) The convex hull co(S) (resp. closed convex hull €6(S)) of S C X is defined
to be the intersection of all convex (resp. closed and convex) subsets of
X that contain S.

Example 4.12. (a) The square [—1,1]? is a convex subset of R?, but is not
strictly convex, and its extreme points are the four vertices (1, +1).

(b) The closed unit disc {(z,y) € R? | 2% + y? < 1} is a strictly convex
subset of R?, and its extreme points are the points of the unit circle
{(z,y) e R? |2 +¢* = 1}.

(¢) If po,...,pa € X are distinct points such that p; — po,...,pqa — Po
are linearly independent, then their (closed) convex hull is called a
d-dimensional simplex. The points pg,...,pq are the extreme points of
the simplex.

(d) See Figure 4.1 for further examples.

Example 4.13. M;(X) is a convex subset of the space of all (signed) Borel
measures on X. The extremal probability measures are the zero-one mea-
sures, i.e. those for which, for every measurable set E C X, u(E) € {0,1}.
Furthermore, as will be discussed in Chapter 14, if X is, say, a Polish space,
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(]
L]
[ [ ]
A convex set (grey) and its set of A non-convex set (black) and its
extreme points (black). convex hull (grey).

Fig. 4.1: Convex sets, extreme points and convex hulls of some subsets of the
plane R?.

then the zero-one measures (and hence the extremal probability measures)
on X are the Dirac point masses. Indeed, in this situation,

Mi(X) = a6({6, | 7 € X}) € ML(X).

The principal reason to confine attention to normed spaces' X is that it
is highly inconvenient to have to work with spaces for which the following
‘common sense’ results do not hold:

Theorem 4.14 (Krein—-Milman). Let K C X be compact and convex. Then
K is the closed convex hull of its extreme points.

Theorem 4.15 (Choquet-Bishop—de Leeuw). Let K C X be compact and
convez, and let ¢ € K. Then there exists a probability measure p supported
on ext(K) such that, for all affine functions f on K,

f(e) = /cxmf(e) dp(e).

The point ¢ in Theorem 4.15 is called a barycentre of the set K, and the
probability measure p is said to represent the point c. Informally speaking, the
Krein—Milman and Choquet—Bishop—de Leeuw theorems together ensure that
a compact, convex subset K of a topologically respectable space is entirely
characterized by its set of extreme points in the following sense: every point
of K can be obtained as an average of extremal points of K, and, indeed, the
value of any affine function at any point of K can be obtained as an average
of its values at the extremal points in the same way.

L Or, more generally, Hausdorff, locally convex, topological vector spaces.
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Definition 4.16. Let K C X be convex. A function f: K — RU {£oo} is
a convex function if, for all xg, 21 € K and t € [0, 1],

fla) < (L =t)f(zo) +f(21), (4.3)

and is called a strictly convez function if, for all distinct z¢,21 € K and
t€(0,1),

flae) < (X =1)f(zo) +tf(21).

The inequality (4.3) defining convexity can be seen as a special case —
with X ~ p supported on two points z¢ and xy — of the following result:

Theorem 4.17 (Jensen). Let (©,.%,u) be a probability space, let K C X
and f: K — R U {+oo} be convex, and let X € L'(O,u; X) take values in
K. Then

F(ELX]) S EL[£(X)], (4.4)

where E,[X] € X is defined by the relation (¢|E,[X]) =E,[(¢| X)] for every
¢ € X'. Furthermore, if [ is strictly convex, then equality holds in (4.4) if
and only if X is p-almost surely constant.

It is straightforward to see that f: K — RU{£o0} is convex (resp. strictly
convex) if and only if its epigraph

epi(f) = {(z,v) € K xR v > f(z)}

is a convex (resp. strictly convex) subset of K x R. Furthermore, twice-
differentiable convex functions are easily characterized in terms of their sec-
ond derivative (Hessian):

Theorem 4.18. Let f: K — R be twice continuously differentiable on an
open, convex set K. Then f is convez if and only if D*f(z) is positive semi-
definite for all x € K. If D2f(:1c) is positive definite for all x € K, then f is
strictly convex, though the converse is false.

Convex functions have many convenient properties with respect to mini-
mization and maximization:

Theorem 4.19. Let f: K — R be a convez function on a convex set K C X.
Then

(a) any local minimizer of f in K is also a global minimizer;

(b) the set argming f of global minimizers of f in K is convex;

(c¢) if f is strictly convex, then it has at most one global minimizer in K ;
(d) f has the same mazimum values on K and ext(K).

Proof. (a) Suppose that zp is a local minimizer of f in K that is not a
global minimizer: that is, suppose that xy is a minimizer of f in some
open neighbourhood N of zp, and also that there exists 1 € K \ N
such that f(z1) < f(xo). Then, for sufficiently small ¢ > 0, z; € N, but
convexity implies that
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fae) < (L =8)f(wo) +tf(21) < (1 =) f(x0) + 1f(20) = f(20),

which contradicts the assumption that z¢ is a minimizer of f in N.
(b) Suppose that zp,21 € K are global minimizers of f. Then, for all ¢ €
[0,1], ¢ € K and

fwo) < flar) < (1 =) f(xo) +tf(21) = f(xo)-

Hence, x; € argming f, and so argming f is convex.
(¢) Suppose that zg,21 € K are distinct global minimizers of f, and let
t € (0,1). Then z; € K and

f(xo) < f(x) < (1 —1)f(20) +tf (1) = f(w0),

which is a contradiction. Hence, f has at most one minimizer in K.

(d) Suppose that ¢ € K \ ext(K) has f(c) > supey k) f- By Theorem 4.15,
there exists a probability measure p on ext(K') such that, for all affine
functions ¢ on K,

l(c) = / £(x) dp(z).
ext(K)
i.e. ¢ = Ex~p[X]. Then Jensen’s inequality implies that

Ex~p[f(X)] > f(¢e) > sup f,
ext(K)

which is a contradiction. Hence, since supy f > Supey(x f f must have
the same maximum value on ext(K) as it does on K. O

Remark 4.20. Note well that Theorem 4.19 does not assert the existence of
minimizers, which requires non-emptiness and compactness of K, and lower
semicontinuity of f. For example:
e the exponential function on R is strictly convex, continuous and bounded
below by 0 yet has no minimizer;
e the interval [—1, 1] is compact, and the function f: [-1,1] - RU {£o0}

defined by
z, if |z < 3,
z) =
f(z) {4_00, if |z| > %,
is convex, yet f has no minimizer — although inf,c[_1 1) f(z) = —%,

there is no z for which f(x) attains this infimal value.

Definition 4.21. A convex optimization problem (or convex program) is a
minimization problem in which the objective function and all constraints are
equalities or inequalities with respect to convex functions.

Remark 4.22. (a) Beware of the common pitfall of saying that a convex
program is simply the minimization of a convex function over a convex



4.4 Convex Optimization 67

set. Of course, by Theorem 4.19, such minimization problems are nicer
than general minimization problems, but bona fide convex programs are
an even nicer special case.

(b) In practice, many problems are not obviously convex programs, but can
be transformed into convex programs by, e.g., a cunning change of vari-
ables. Being able to spot the right equivalent problem is a major part of
the art of optimization.

It is difficult to overstate the importance of convexity in making optimiza-
tion problems tractable. Indeed, it has been remarked that lack of convexity
is a much greater obstacle to tractability than high dimension. There are
many powerful methods for the solution of convex programs, with corre-
sponding standard software libraries such as cvxopt. For example, interior
point methods explore the interior of the feasible set in search of the solution
to the convex program, while being kept away from the boundary of the fea-
sible set by a barrier function. The discussion that follows is only intended
as an outline; for details, see Boyd and Vandenberghe (2004, Chapter 11).

Consider the convex program

minimize: f(z)
with respect to: z € R"

subject to: ¢;(x) <0 fori=1,...,m,

where the functions f,c1,...,cn: R™ — R are all convex and differentiable.
Let F' denote the feasible set for this program. Let 0 < p < 1 be a small
scalar, called the barrier parameter, and define the barrier function associated
to the program by

B(w; ) = f(x) —p»_logei(x).
=1

Note that B(-; u) is strictly convex for 1 > 0, that B(z; u) — +ooasz — OF,
and that B(-;0) = f; therefore, the unique minimizer x, of B(-; ) lies in F
and (hopefully) converges to the minimizer of the original problem as p — 0.
Indeed, using arguments based on convex duality, one can show that

fla3) = it f(z) < mp
The strictly convex problem of minimizing B(-;u) can be solved approxi-
mately using Newton’s method. In fact, however, one settles for a partial
minimization of B(-;u) using only one or two steps of Newton’s method,
then decreases p to p/, performs another partial minimization of B(-;u’)
using Newton’s method, and so on in this alternating fashion.
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4.5 Linear Programming

Theorem 4.19 has the following immediate corollary for the minimization and
maximization of affine functions on convex sets:

Corollary 4.23. Let {: K — R be a continuous affine function on a non-
empty, compact, conver set K C X. Then

ext{l(z) |z € K} = ext{l(z) | x € ext(K)}.

That is, { has the same minimum and mazimum values over both K and the
set of extreme points of K.

Definition 4.24. A linear program is an optimization problem of the form

extremize: f(x)
with respect to: x € RP
subject to: g;(z) <0 fori=1,...,q,

where the functions f,g1,...,94: R? — R are all affine functions. Linear
programs are often written in the canonical form

maximize: ¢ - x
with respect to: x € R"
subject to: Az <b
x>0,

where ¢ € R, A € R™*™ and b € R™ are given, and the two inequalities are
interpreted componentwise. (Conversion to canonical form, and in particular
the introduction of the non-negativity constraint « > 0, is accomplished
by augmenting the original x € RP with additional variables called slack
variables to form the extended variable 2 € R™.)

Note that the feasible set for a linear program is an intersection of finitely
many half-spaces of R, i.e. a polytope. This polytope may be empty, in which
case the constraints are mutually contradictory and the program is said to
be infeasible. Also, the polytope may be unbounded in the direction of ¢, in
which case the extreme value of the problem is infinite.

Since linear programs are special cases of convex programs, methods such
as interior point methods are applicable to linear programs as well. Such
methods approach the optimum point *, which is necessarily an extremal
element of the feasible polytope, from the interior of the feasible poly-
tope. Historically, however, such methods were preceded by methods such
as Dantzig’s simplex algorithm, which sets out to directly explore the set of
extreme points in a (hopefully) efficient way. Although the theoretical worst-
case complexity of simplex method as formulated by Dantzig is exponential
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in n and m, in practice the simplex method is remarkably efficient (typically
having polynomial running time) provided that certain precautions are taken
to avoid pathologies such as ‘stalling’.

4.6 Least Squares

An elementary example of convex programming is unconstrained quadratic
minimization, otherwise known as least squares. Least squares minimization
plays a central role in elementary statistical estimation, as will be demon-
strated by the Gauss—Markov theorem (Theorem 6.2). The next three results
show that least squares problems have unique solutions, which are given in
terms of an orthogonality criterion, which in turn reduces to a system of
linear equations, the normal equations.

Lemma 4.25. Let K be a non-empty, closed, convex subset of a Hilbert space
H. Then, for each y € H, there is a unique element & = gy € K such that

Z € argmin |y — z|.
reK
Proof. By Exercise 4.1, the function J: X — [0,00) defined by J(z) :=
ly — «||? is strictly convex, and hence it has at most one minimizer in K.
Therefore, it only remains to show that J has at least one minimizer in

K. Since J is bounded below (on X, not just on K), J has a sequence of
approximate minimizers: let

— 2 2 ly—a I2<24 1
I'=inf [ly -z, IF<ly—zal"<IP+5
By the parallelogram identity for the Hilbert norm || - ||,
1y = 2m) + (= 2a)1* + 1y = 2m) = (y = 2a) | = 2l|y — zmll* + 2lly — za %,
and hence

2y — (zm + xn)”2 + llzn — meQ <AP® + % + %

Since K is convex, 3(zm + @,) € K, so the first term on the left-hand side
above is bounded below as follows:

T + T

2
> 472,
5 >

129 — (m + 2)]? =4Hy

Hence,
[Tn — | <4+ 242 —4]*=2 4 2

n m’
and so the sequence (z,,)nen is Cauchy; since H is complete and K is closed,
this sequence converges to some & € K. Since the norm || -| is continuous,

ly — 2| = 1. O
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Lemma 4.26 (Orthogonality of the residual). Let V' be a closed subspace of
a Hilbert space H and let b € H. Then & € V. minimizes the distance to b if
and only if the residual & — b is orthogonal to V', i.e.

Z=argmin|z —b|| < (& —-5b) LV.
zeV
Proof. Let J(z) := %H:z: — b||?, which has the same minimizers as x
|l —b]|; by Lemma 4.25, such a minimizer exists and is unique. Suppose that

(x—=b) LV andlet y € V. Theny — 2z € V and so (y — z) L (z —b). Hence,
by Pythagoras’ theorem,

ly = blI* = [ly — 2* + ll= = b]* > [|l= — b]]%,

and so z minimizes J.
Conversely, suppose that z minimizes J. Then, for every y € V,

0 1
0= —J(z+X\y) =—({y,z = by + (x —b,y)) = Re(x — b,y)
12D oo 2
and, in the complex case,
0 , 1, .
0= yJ(@+riy)| =5 (=ily,z—b) +i{z—d,y)) = —Im(z —b,y).
o\ oo 2
Hence, (x — b,y) = 0, and since y was arbitrary, (x —b) L V. O

Lemma 4.27 (Normal equations). Let A: H — K be a linear operator
between Hilbert spaces such that ran A C K is closed. Then, given b € K,

& € argmin || Az — b||x <= A*Az = A*b, (4.5)
z€EH

the equations on the right-hand side being known as the normal equations.
If, in addition, A is injective, then A*A is invertible and the least squares
problem / normal equations have a unique solution.

Proof. Asa consequence of completeness, the only element of a Hilbert space
that is orthogonal to every other element of the space is the zero element.
Hence,

|Az — b]|x is minimal
< (Az —b) L Avforallve H by Lemma 4.26
<« (Ax —b,Av)c =0 for allv e H
— (A*Ax — A*b,v)yy =0forallve H
< A*Ax = A"b by completeness of H,

and this shows the equivalence (4.5).
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By Proposition 3.16(d), ker A* = (ran A)*. Therefore, the restriction of A*
to the range of A is injective. Hence, if A itself is injective, then it follows that
A* A is injective. Again by Proposition 3.16(d), (ran A*)* = ker A = {0}, and
since H is complete, this implies that A* is surjective. Since A is surjective
onto its range, it follows that A*A is surjective, and hence bijective and
invertible. a

Weighting and Regularization. It is common in practice that one does
not want to minimize the C-norm directly, but perhaps some re-weighted
version of the KC-norm. This re-weighting is accomplished by a self-adjoint
and positive definite? operator Q: K — K: we define a new inner product
and norm on K by

<k7 kI>Q = <k7 Qk/>K7
1/2
Ikl = (k. k)G
It is a standard fact that the self-adjoint operator () possesses an operator
square root, i.e. a self-adjoint Q'/2: K — K such that Q'/2Q'/? = Q; for

reasons of symmetry, it is common to express the inner product and norm
induced by @ using this square root:

<k,]€I>Q _ <Q1/2k7Q1/2k1>’C,
Iklle = [|Q" k| -

We then consider the problem, given b € IC, of finding x € H to minimize
1 1 2
§HA$ -blp = EHQVQ(A:E - b)H/C.

Another situation that arises frequently in practice is that the normal
equations do not have a unique solution (e.g. because A*A is not invertible)
and so it is necessary to select one by some means, or that one has some
prior belief that ‘the right solution’ should be close to some initial guess xg.
A technique that accomplishes both of these aims is Tikhonov reqularization
(known in the statistics literature as ridge regression). In this situation, we
minimize the following sum of two quadratic functionals:

1 1
SAz = bl + Sz - zollh,

where R: H — H is self-adjoint and positive definite, and x¢ € H.

2 If @Q is not positive definite, but merely positive semi-definite and self-adjoint, then
existence of solutions to the associated least squares problems still holds, but uniqueness
can fail.
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These two modifications to ordinary least squares, weighting and regular-
ization, can be combined. The normal equations for weighted and regularized
least squares are easily derived from Lemma 4.27:

Theorem 4.28 (Normal equations for weighted and Tikhonov-regularized
least squares). Let H and KC be Hilbert spaces, let A: H — K have closed
range, let Q and R be self-adjoint and positive definite on KC and H respec-
tively, and let b € IC, xg € H. Let

1 1
(@) = 1Az = blIg + 5 llv = woll%-

2
Then
& €argminJ(z) < (A"QA+ R)i = A*Qb+ Ruy.
rEH
Proof. Exercise 4.4. O

It is also interesting to consider regularizations that do not come from a
Hilbert norm, but instead from some other function. As will be elaborated
upon in Chapter 6, there is a strong connection between regularized opti-
mization problems and inverse problems, and the choice of regularization in
some sense describes the practitioner’s ‘prior beliefs’ about the structure of
the solution.

Nonlinear Least Squares and Gauss—Newton Iteration. It often occurs
in practice that one wishes to find a vector of parameters 8 € RP such that a
function R¥ > z +— f(z;6) € R best fits a collection of data points {(z;,v;) €
RF x Rf | i = 1,...,m}. For each candidate parameter vector @, define the
residual vector

r1(0) v — f(21;0)
r(0) = = e R™.
T'm (9) Ym — f(xm; 9)

The aim is to find 6 to minimize the objective function J(0) := ||7(6)||3. Let
87‘1 (9) . 67‘1 (0)
00! oor
A= g : e Rm*P
orm(0) . Or.m (0)
001 oor 0=0,,

be the Jacobian matrix of the residual vector, and note that A = —DF(6,,),
where

f(x150)
F(0) := e R™.

f(zm; 0)
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Consider the first-order Taylor approximation
r(0) = r(0,) + A(r(0) —r(0n)).

Thus, to approximately minimize |[r()|2, we find § := r(f) — r(6,) that
makes the right-hand side of the approximation equal to zero. This is an
ordinary linear least squares problem, the solution of which is given by the
normal equations as

§ = (A*A)"1A*r(6,).

Thus, we obtain the Gauss—Newton iteration for a sequence (6,,)nen of app-
roximate minimizers of .J:

Ot = 0, — (ATA)"L A1 (6,,)
— 6, + ((DF(6,))"(DF(6,))) " (DF(6,))"r(6)-

In general, the Gauss—Newton iteration is not guaranteed to converge to
the exact solution, particularly if ¢ is ‘too large’, in which case it may be
appropriate to use a judiciously chosen small positive multiple of §. The
use of Tikhonov regularization in this context is known as the Levenberg—
Marquardt algorithm or trust region method, and the small multiplier applied
to d is essentially the reciprocal of the Tikhonov regularization parameter.
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The book of Boyd and Vandenberghe (2004) is an excellent reference on
the theory and practice of convex optimization, as is the associated software
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(1939) and Kuhn and Tucker (1951); see, e.g., Gould and Tolle (1975) for
discussion of the infinite-dimensional version.

For constrained global optimization in the absence of ‘nice’ features, par-
ticularly for the UQ methods in Chapter 14, variations upon the genetic
evolution approach, e.g. the differential evolution algorithm (Price et al.,
2005; Storn and Price, 1997), have proved up to the task of producing robust
results, if not always quick ones. There is no ‘one size fits all’ approach to
constrained global optimization: it is basically impossible to be quick, robust,
and general all at the same time.
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In practice, it is very useful to work using an optimization framework that
provides easy interfaces to many optimization methods, with easy interchange
among strategies for population generation, enforcement of constraints, ter-
mination criteria, and so on: see, for example, the DAKOTA (Adams et al.,
2014) and Mystic (McKerns et al., 2009, 2011) projects.

4.8 Exercises

Exercise 4.1. Let || -|| be a norm on a vector space V, and fix T € V. Show
that the function J:V — [0,00) defined by J(x) := || — Z|| is convex, and
that J(z) := 1|lz — Z||? is strictly convex if the norm is induced by an inner
product. Give an example of a norm for which J(z) := %[z — Z||? is not

2
strictly convex.

Exercise 4.2. Let K be a non-empty, closed, convex subset of a Hilbert space
H. Lemma 4.25 shows that there is a well-defined function Il : H — K that
assigns to each y € H the unique IIxy € K that is closest to y with respect
to the norm on H.

(a) Prove the variational inequality that « = ITky if and only if z € K and

(v,z—x) > (y,z—x) forall ze K.
(b) Prove that ITx is non-expansive, i.e.

Ty — iy < |lyr — 2| for all y1,y2 € H,

and hence a continuous function.

Exercise 4.3. Let A: H — K be a linear operator between Hilbert spaces
such that ran A is a closed subspace of IC, let Q: I — I be self-adjoint and
positive-definite, and let b € K. Let

1
J(@) = 5l Az = bl

Calculate the gradient and Hessian (second derivative) of J. Hence show
that, regardless of the initial condition zg € H, Newton’s method finds the
minimum of J in one step.

Exercise 4.4. Prove Theorem 4.28. Hint: Consider the operator from H into
I ® L given by
Ql/QA:Z?

T — R1/2x




Chapter 5

Measures of Information
and Uncertainty

As we know, there are known knowns. There
are things we know we know. We also know
there are known unknowns. That is to say we
know there are some things we do not know.
But there are also unknown unknowns, the
ones we don’t know we don’t know.

DoNALD RUMSFELD

This chapter briefly summarizes some basic numerical measures of unce-
rtainty, from interval bounds to information-theoretic quantities such as
(Shannon) information and entropy. This discussion then naturally leads to
consideration of distances (and distance-like functions) between probability
measures.

5.1 The Existence of Uncertainty

At a very fundamental level, the first level in understanding the uncertainties
affecting some system is to identify the sources of uncertainty. Sometimes,
this can be a challenging task because there may be so much lack of knowledge
about, e.g. the relevant physical mechanisms, that one does not even know
what a list of the important parameters would be, let alone what uncertainty
one has about their values. The presence of such so-called unknown unknowns
is of major concern in high-impact settings like risk assessment.

One way of assessing the presence of unknown unknowns is that if one
subscribes to a deterministic view of the universe in which reality maps inputs
x € X to outputs y = f(x) € Y by a well-defined single-valued function
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f+ X — Y, then unknown unknowns are additional variables z € Z whose
existence one infers from contradictory observations like

fx) =y and f(z)=y2 # 1.

Unknown unknowns explain away this contradiction by asserting the exis-
tence of a space Z containing distinct elements z; and zo, that in fact f is a
function f: & x Z — Y, and that the observations were actually

f(w,21) =31 and  f(z,22) = yo.

Of course, this viewpoint does nothing to actually identify the relevant space
Z nor the values z; and zs.

A related issue is that of model form uncertainty, i.e. an epistemic lack
of knowledge about which of a number of competing models for some sys-
tem of interest is ‘correct’. Usually, the choice to be made is a qualitative
one. For example, should one model some observed data using a linear or
a non-linear statistical regression model? Or, should one model a fluid flow
through a pipe using a high-fidelity computational fluid dynamics model in
three spatial dimensions, or using a coarse model that treats the pipe as
one-dimensional? This apparently qualitative choice can be rendered into a
quantitative form by placing a Bayesian prior on the discrete index set of
the models, conditioning upon observed data, and examining the resulting
posterior. However, it is important to not misinterpret the resulting posterior
probabilities of the models: we do not claim that the more probable model
is ‘correct’, only that it has relatively better explanatory power compared to
the other models in the model class.

5.2 Interval Estimates

Sometimes, nothing more can be said about some unknown quantity than
a range of possible values, with none more or less probable than any other.
In the case of an unknown real number z, such information may boil down
to an interval such as [a,b] in which z is known to lie. This is, of course, a
very basic form of uncertainty, and one may simply summarize the degree of
uncertainty by the length of the interval.

Interval Arithmetic. As well as summarizing the degree of uncertainty
by the length of the interval estimate, it is often of interest to manipulate
the interval estimates themselves as if they were numbers. One method of
manipulating interval estimates of real quantities is interval arithmetic. Each
of the basic arithmetic operations x € {4, —,-,/} is extended to intervals
A, BCR by

AxB:={x €R|z=axbfor somea € A, be B}.
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Hence,
[avb]+[cvd] —[CL—FC,b—Fd],
[a,b] — [¢,d] = [a—d,b—¢],
[a,b] - [e,d] = [min{a-c,a-d7b-c,b-d}7max{a-c,a-d,b-c,b-d}],
[

[a,b]/[c,d] = [min{a/c,a/d,b/c,b/d}, max{a/c,a/d,b/c,b/d}],

where the expression for [a,b]/[c,d] is defined only when 0 ¢ [c,d]. The
addition and multiplication operations are commutative, associative and sub-
distributive:

A(B+C)C AB + AC.

These ideas can be extended to elementary functions without too much dif-
ficulty: monotone functions are straightforward, and the Intermediate Value
Theorem ensures that the continuous image of an interval is again an interval.
However, for general functions f, it is not straightforward to compute (the
convex hull of) the image of f.

Interval analysis corresponds to a worst-case propagation of uncertainty:
the interval estimate on the output f is the greatest lower bound and least
upper bound compatible with the interval estimates on the input of f. How-
ever, in practical settings, one shortcoming of interval analysis is that it
can yield interval bounds on output quantities of interest that are too pes-
simistic (i.e. too wide) to be useful: there is no scope in the interval arithmetic
paradigm to consider how likely or unlikely it would be for the various inputs
to ‘conspire’ in a highly correlated way to produce the most extreme output
values. (The heuristic idea that a function of many independent or weakly
correlated random variables is unlikely to stray far from its mean or median
value is known as the concentration of measure phenomenon, and will be dis-
cussed in Chapter 10.) In order to produce more refined interval estimates,
one will need further information, usually probabilistic in nature, on possible
correlations among inputs.

‘Intervals’ of Probability Measures. The distributional robustness appr-
oaches covered in Chapter 14 — as well as other theories of imprecise
probability, e.g. Dempster—Shafer theory — can be seen as an extension
of the interval arithmetic approach from partially known real numbers to
partially known probability measures. As hybrid interval-probabilistic app-
roaches, they are one way to resolve the ‘overly pessimistic’ shortcomings of
classical interval arithmetic as discussed in the previous paragraph. These
ideas will be revisited in Chapter 14.
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5.3 Variance, Information and Entropy

Suppose that one adopts a subjectivist (e.g. Bayesian) interpretation of
probability, so that one’s knowledge about some system of interest with pos-
sible values in X is summarized by a probability measure p € M;(X). The
probability measure p is a very rich and high-dimensional object; often it is
necessary to summarize the degree of uncertainty implicit in p with a few
numbers — perhaps even just one number.

Variance. One obvious summary statistic, when X is (a subset of) a normed
vector space and p has mean m, is the variance of p, i.e.

Vmw:[Qm—demmEE»wmx—mW]

If V() is small (resp. large), then we are relatively certain (resp. uncertain)
that X ~ p is in fact quite close to m. A more refined variance-based measure
of informativeness is the covariance operator

() = Ex oy [(X —m) ® (X —m)].

A distribution p for which the operator norm of C(u) is large may be said to
be a relatively uninformative distribution. Note that when X = R™, C'(p) is
an n X n symmetric positive-semi-definite matrix. Hence, such a C'(u) has n
positive real eigenvalues (counted with multiplicity)

)\12)\222)\11207

with corresponding normalized eigenvectors vy, ...,v, € R™. The direction
v corresponding to the largest eigenvalue \; is the direction in which the
uncertainty about the random vector X is greatest; correspondingly, the dir-
ection v, is the direction in which the uncertainty about the random vector
X is least.

A beautiful and classical result concerning the variance of two quantities of
interest is the uncertainty principle from quantum mechanics. In this setting,
the probability distribution is written as p = [1|?, where v is a unit-norm
element of a suitable Hilbert space, usually one such as L?(R"; C). Physical
observables like position, momentum, etc. act as self-adjoint operators on this
Hilbert space; e.g. the position operator @ is

(Qv)(x) := z¢(),

so that the expected position is

(6, Q) = | D@ap(x)de = / ol (@)? da.
R Rn
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In general, for a fixed unit-norm element ¢ € H, the expected value (A) and
variance V(A) = 0% of a self-adjoint operator A: H — H are defined by

(A) := (4, A),
oh = (A= (4)?).

The following inequality provides a fundamental lower bound on the product
of the variances of any two observables A and B in terms of their commutator
[A, B] := AB — BA and their anti-commutator {4, B} := AB + BA. When
this lower bound is positive, the two variances cannot both be close to zero,
so simultaneous high-precision measurements of A and B are impossible.

Theorem 5.1 (Uncertainty principle: Schrodinger’s inequality). Let A, B be
self-adjoint operators on a Hilbert space H, and let v € H have unit norm.

Then
2

{4, B}) — 2(A)(B)
= 2

2 2
0A0B

(5.1)

2%Mﬁ>

and, a fortiori, coop > %‘([A,B])‘

Proof. Let f:= (A — (A))y and g := (B — (B))v, so that

o ={f.f) = [l
o =(9,9) = lgll*.

Therefore, by the Cauchy—Schwarz inequality (3.1),

oaon = [ 1Pgll* = [f, ).

Now write the right-hand side of this inequality as

1(F, ) = (Re((f,9)))° + (Im((f, 9)))

_ (<f,g>42r<g,f>)zJr (<f,g>2—l_<g,f>>2_

Using the self-adjointness of A and B,

(f,9) = (A= (A)¢, (B = (B))¢)
= (AB) — (A)(B) — (A)(B) + (A)(B)
= (AB) — (A)(B);

similarly, (g, f) = (BA) — (4)(B). Hence,

{f,9) = (9, f) = ([A, B]),
(f:9) + (9, f) = ({A, B}) = 2(A)(B),

which yields (5.1). O

)

— =

g
g

3
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An alternative measure of information content, not based on variances, is
the information-theoretic notion of entropy:

Information and Entropy. In information theory as pioneered by Claude
Shannon, the information (or surprisal) associated with a possible outcome
x of a random variable X ~ p taking values in a finite set X" is defined to be

I(z) := —logPx~p[X = 2] = —log pu(z). (5.2)
Information has units according to the base of the logarithm used:
base 2 «» bits; base e +» nats/nits, base 10 +> bans/dits/hartleys.

The negative sign in (5.2) makes I(z) non-negative, and logarithms are used
because one seeks a quantity I(-) that represents in an additive way the
‘surprise value’ of observing x. For example, if x has half the probability of y,
then one is ‘twice as surprised’ to see the outcome X = z instead of X =y,
and so I(x) = I(y) + log2. The entropy of the measure p is the expected
information:

H(p) = Exu[1(X)] = = 3 () log (). (5.3)
TEX

(We follow the convention that 0log0 := lim,_,oplogp = 0.) These defini-
tions are readily extended to a random variable X taking values in R™ and
distributed according to a probability measure p that has Lebesgue density p:

I(z) := —log p(z),

H) =~ [ pla)log p(o) o

Since entropy measures the average information content of the possible val-
ues of X ~ pu, entropy is often interpreted as a measure of the uncertainty
implicit in . (Remember that if u is very ‘spread out’ and describes a lot of
uncertainty about X, then observing a particular value of X carries a lot of
‘surprise value’ and hence a lot of information.)

Example 5.2. Consider a Bernoulli random variable X taking values in
x1,T9 € X with probabilities p,1 — p € [0, 1] respectively. This random vari-
able has entropy

—plogp — (1 —p)log(1 - p).

If X is certain to equal x1, then p = 1, and the entropy is 0; similarly, if X is
certain to equal xs, then p = 0, and the entropy is again 0; these two distribu-
tions carry zero information and have minimal entropy. On the other hand,
ifp= %, in which case X is uniformly distributed on X, then the entropy is
log 2; indeed, this is the maximum possible entropy for a Bernoulli random
variable. This example is often interpreted as saying that when interrogat-
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ing someone with questions that demand “yes” or “no” answers, one gains
maximum information by asking questions that have an equal probability of
being answered “yes” versus “no”.

Proposition 5.3. Let p and v be probability measures on discrete sets or
R™. Then the product measure p @ v satisfies

Hpov)=H(u + Hv).

That is, the entropy of a random vector with independent components is the
sum of the entropies of the component random variables.

Proof. Exercise 5.1. O

5.4 Information Gain, Distances and Divergences

The definition of entropy in (5.3) implicitly uses a uniform measure (counting
measure on a finite set, or Lebesgue measure on R™) as a reference measure.
Upon reflection, there is no need to privilege uniform measure with being
the unique reference measure; indeed, in some settings, such as infinite-
dimensional Banach spaces, there is no such thing as a uniform measure
(cf. Theorem 2.38). In general, if p is a probability measure on a measur-
able space (X, .%) with reference measure 7, then we would like to define the
entropy of p with respect to m by an expression like

du du

Hiplr) =~ [ (o) 1og P () dn(a)
rdm dm

whenever p has a Radon—Nikodym derivative with respect to 7. The negative

of this functional is a distance-like function on the set of probability measures

on (X, %):

Definition 5.4. Let u, v be o-finite measures on (X,.%#). The Kullback-
Leibler divergence from p to v is defined to be

du du / du
D = [ LlogLdv= [ log=tad
kL (plv) /X Q08 g, V=) loe g, du

if p < v and this integral is finite, and +oo otherwise.

While Dkr,(-||-) is non-negative, and vanishes if and only if its arguments
are identical (see Exercise 5.3), it is neither symmetric nor does it satisfy
the triangle inequality. Nevertheless, it can be used to define a topology on
M4 (X) or M1(X) by taking as a basis of open sets for the topology the
‘balls’

Ulpse) == {v | Dr(pllv) < e}
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for arbitrary p and € > 0. The following result and Exercise 5.6 show that
Dk, (-] -) generates a topology on Mj (X) that is strictly finer/stronger than
that generated by the total variation distance (2.4):

Theorem 5.5 (Pinsker, 1964). For any u,v € My (X, %),

drv(p,v) < v/2Dkw(pl|v).

Proof. Consider a Hahn decomposition (Theorem 2.24) of (X,.%#) with
respect to the signed measure y — v: let Ag and A; be disjoint measurable
sets with union X such that every measurable subset of Ay (resp. A;) has
non-negative (resp. non-positive) measure under p — v. Let A := {4, A1}.
Then the induced measures 4 and v4 on {0,1} satisfy

drv(p,v) = llp—v|Tv
= (n=v)(A1) = (p—v)(As)
= (114(0) = v4(0)) = (ra(1) = va(1))
= drv(pa,va).
By the partition inequality (Exercise 5.5), Dkr(u||v) > Dki(pallva), so it
suffices to prove Pinsker’s inequality in the case that X has only two elements
and .7 is the power set of X.
To that end, let X' :={0,1}, and let
= pdo + (1 —p)éu,
v =gdo + (1 —q)d1.

Consider, for fixed ¢ € R and p € [0, 1],

p —Pp
g(q)::ploga+(1—p)10g1_q—46(p—Q)2-
Note that g(p) = 0 and that, for ¢ € (0,1),
9 p,1-p
—g(g)=—=+—"4+8c(p—q
g =-2+ 1L sep—a)

) (s %)

Since, for all ¢ € [0,1], 0 < g(1 — ¢) < 1, it follows that for any ¢ < 1, g(q)

attains its minimum at ¢ = p. Thus, for ¢ < %,

9(g) = Dicr.(ullv) — e(lp — q| + (1 = p) — (1 — @)|)*

— Dyer(ulv) — e(drv (1,v))
> 0.

Setting ¢ = % yields Pinsker’s inequality. a
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One practical use of information-theoretic quantities such as the Kullback—
Leibler divergence is to design experiments that will, if run, yield a maximal
gain in the Shannon information about the system of interest:

Example 5.6 (Bayesian experimental design). Suppose that a Bayesian
point of view is adopted, and for simplicity that all the random variables
of interest are finite-dimensional with Lebesgue densities p(-). Consider the
problem of selecting an optimal experimental design A for the inference of
some parameters/unknowns 6 from the observed data y that will result from
the experiment A. If, for each A and 6, we know the conditional distribution
y|\, 0 of the observed data y given A and 6, then the conditional distribution
y|\ is obtained by integration with respect to the prior distribution of 6:

p(y|A) = /p(yIA,H)pW) de.
Let U(y, \) be a real-valued measure of the utility of the posterior distribution

_ pylo, A)p(0)
PO =y

For example, one could take the utility function U(y, \) to be the Kullback—
Leibler divergence Dkr(p(- [y, A)|[p(-|A)) between the prior and posterior
distributions on 6. An experimental design A that maximizes

wn:/vm»mMMy

is one that is optimal in the sense of maximizing the expected gain in Shannon
information.

In general, the optimization problem of finding a maximally informative
experimental design is highly non-trivial, especially in the case of compu-
tationally intensive likelihood functions. See, e.g., Chaloner and Verdinelli
(1995) for a survey of this large field of study.

Divergences and Other Distances. The total variation distance and
Kullback—Leibler divergence are special cases of a more general class of
distance-like functions between pairs of probability measures:

Definition 5.7. Let p and v be o-finite measures on a common measurable
space (X,.%), and let f: [0,00] — RU {400} be any convex function such
that f(1) = 0. The f-divergence from pu to v is defined to be

d_,u> dv, if v
I%WW%—.Lf<@ BRI (5.4)

400, otherwise.
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Equivalently, in terms of any reference measure p with respect to which both
p and v are absolutely continuous (such as pu + v),

Dyl = [ 1 (5 /5) T (5.5)

It is good practice to check that the alternative definition (5.5) is, in fact,
independent of the reference measure used:

Lemma 5.8. Suppose that i and v are absolutely continuous with respect to
both p1 and ps. Then py and po are equivalent measures except for sets of
(u+v)-measure zero, and (5.5) defines the same value with p = py as it does
with p = pa.

Proof. Suppose that p; and py are inequivalent. Then, without loss of gen-
erality, there exists a measurable set E such that pi(E) = 0 but pa(E) > 0.
Therefore, since p < p; and v < py, it follows that p(E) = v(FE) = 0. Thus,
although p; and ps may be inequivalent for arbitrary measurable sets, they
are equivalent for sets of positive (u + v)-measure.

Now let E be a set of full measure under v, so that %;Lf exists and is nowhere

zero in E. Then the chain rule for Radon—Nikodym derivatives (Theorem
2.30) yields

d d d
e
/Ef((;i—[/fl/;—:l> dv since v(X \ E) =0
/Ef (<§_523_Z)/<§_:23_Zj>) dv by Theorem 2.30
d d
-7 (/)
-4 (/) o :

Jensen’s inequality and the conditions on f immediately imply that
f-divergences of probability measures are non-negative:

Df»<u||u>—Lf<j—5) def(/X j—“d) — () =o.

For strictly convex f, equality holds if and only if i = v, and for the Kullback—
Leibler distance this is known as Gibbs’ inequality (Exercise 5.3).

Example 5.9. (a) The total variation distance defined in (2.4) is the f-
divergence with f(t) := |t — 1]; this can be seen most directly from for-
mulation (5.5). As already discussed, drv is a metric on the space of
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probability measures on (X, %), and indeed it is a norm on the space of
signed measures on (X, .%). Under the total variation distance, M (X)
has diameter at most 2.

(b) The Kullback—Leibler divergence is the f-divergence with f(t) := tlogt.
This does not define a metric, since in general it is neither symmetric nor
does it satisfy the triangle inequality.

(¢) The Hellinger distance is the square root of the f-divergence with f(t) :=

IVt — 1, ie.
2
dH(/J,,I/)2=/ Ud—'u—l
x| Vd
_/ d dv
X dp

v
/L j—
dp
for any reference measure p, and is a bona fide metric.

dv

2
dp

The total variation and Kullback-Leibler distances and their associated
topologies are related by Pinsker’s inequality (Theorem 5.5); the correspond-
ing result for the total variation and Hellinger distances and their topologies
is Kraft’s inequality (see Steerneman (1983) for generalizations to signed and
product measures):

Theorem 5.10 (Kraft, 1955). Let u, v be probability measures on (0, .%).
Then

du (1, v)? < drv(p,v) < 2du(p, v). (5.6)

Hence, the total variation metric and Hellinger metric induce the same topol-
ogy on M7(O).

Remark 5.11. It also is common in the literature to see the total variation
distance defined as the f-divergence with f(t) := %[t — 1| and the Hellinger
distance defined as the square root of the f-divergence with f(t) := $|v/t—1.
In this case, Kraft’s inequality (5.6) becomes

du(p,v)? < dov (1, v) < V2du(p,v). (5.7)

A useful property of the Hellinger distance is that it provides a Lipschitz-
continuous bound on how the expectation of a random variable changes when
changing measure from one measure to another. This property will be useful
in the results of Chapter 6 on the well-posedness of Bayesian inverse problems.

Proposition 5.12. Let (V, || -||) be a Banach space, and suppose that f: X —
V has finite second moment with respect to u, v € M1(X). Then

[ELLf] - B S]] <2 \/Eu[l\fl\r"] + E[[[f117] da (s, v)-
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Proof. Exercise 5.7. O

There are also useful measures of distance between probability measures
that make use of the metric space structure of the sample space, if it has
one. The following metric, the Lévy—Prokhorov distance, is particularly imp-
ortant in analysis because it corresponds to the often-used topology of weak
convergence of probability measures:

Definition 5.13. The Lévy—Prokhorov distance between probability mea-
sures p and v on a metric space (X, d) is defined by

. H(A) <v(A®) + ¢ and
dup(p, v) := inf {E 2 O' v(A) < p(A®) + ¢ for all measurable A C X

where A® denotes the open e-neighbourhood of A in the metric d, i.e.

= U B.(a) = {z € X | d(a,x) < € for some a € A}.
acA

It can be shown that this defines a metric on the space of probability
measures on X. The Lévy—Prokhorov metric dip on M;(X) inherits many
of the properties of the original metric d on X: if (X, d) is separable, then so
too is (M1 (X),drp); and if (X, d) is complete, then so too is (M1 (X),dLp).
By (h) below, the Lévy—Prokhorov metric metrizes the topology of weak
convergence of probability measures, which by (d) below is essentially the
topology of convergence of bounded and continuous statistics:

Theorem 5.14 (Portmanteau theorem for weak convergence). Let (fin)nen

be a sequence of probability measures on a topological space X, and let

w € My(X). Then the following are equivalent, and determine the weak

convergence of fip, to p:

(a) imsup,,_, . pn(F) < p(F) for all closed F C X;

(b) liminf, o un(U) > p(U) for all open U C X;

(c) limy, o0 pin(A) = u(A) for all A C X with ,LL((?A) =0;

(d) limy, oo By, [f] = EL[f] for every bounded and continuous f: X — R;

(e) lim,, o E, [f] = E#[f] for every bounded and Lipschitz f: X — R;

(f) limsup,, o B, [f] < EL[f] for every f: X — R that is upper semi-
continuous and bounded above;

(g) iminf, .o E,, [f] > E.[f] for every f: X — R that is lower semi-
continuous and bounded below;

(h) when X is metrized by a metric d, lim, oo dip (tin, 1) = 0.

Some further examples of distances between probability measures are in-
cluded in the exercises at the end of the chapter, and the bibliography gives
references for more comprehensive surveys.
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5.5 Bibliography

The book of Ayyub and Klir (2006) provides a wide-ranging discussion of
many notions of uncertainty and their description, elicitation, propagation
and visualization, all with a practical eye on applications to engineering and
the sciences.

Wasserman (2000) gives a survey of Bayesian model selection and model
averaging. Comprehensive treatments of interval analysis include the classic
monograph of Moore (1966) and the more recent text of Jaulin et al. (2001).
Hansen and Walster (2004) also provide a modern introduction to interval
analysis, with an eye on applications to optimization.

The books of Cover and Thomas (2006) and MacKay (2003) provide a
thorough introduction to information theory, which was pioneered by Shan-
non in his seminal 1948 paper (Shannon, 1948). See also Jaynes (2003) for a
unified perspective on information theory, inference, and logic in the sciences.
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Billingsley (1995, Section 2).

The Wasserstein metric (also known as the Kantorovich or Rubinstein
metric, or earth-mover’s distance) of Exercise 5.11 plays a central role in
the theory of optimal transportation; for comprehensive treatments of this
topic, see the books of Villani (2003, 2009), and also Ambrosio et al. (2008,
Chapter 6). Gibbs and Su (2002) give a short self-contained survey of many
distances between probability measures, and the relationships among them.
Deza and Deza (2014, Chapter 14) give a more extensive treatment of
distances between probability measures, in the context of a wide-ranging
discussion of distances of all kinds.

5.6 Exercises

Exercise 5.1. Prove Proposition 5.3. That is, suppose that ; and v are prob-
ability measures on discrete sets or R™, and show that the product measure
1 ® v satisfies

H(p®v)=H(u) + H(v).
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That is, the entropy of a random vector with independent components is the
sum of the entropies of the component random variables.

Exercise 5.2. Let g = N (mg, Co) and p1 = N (mq,C1) be non-degenerate
Gaussian measures on R”. Show that

1 det C _
DKL(HO”,Ul) = 5 <10g det C; — 7’L+tI‘(Cl 100) + Hmo — m1H2011> .

Hint: use the fact that, when X ~ A (m, C) is an R"-valued Gaussian random
vector and A € R"*" is symmetric,

E[X - AX] =tr(AC) + m - Am.

Exercise 5.3. Let p and v be probability measures on a measurable space
(X,.7). Prove Gibbs’ inequality that Dky,(u||v) > 0, with equality if and only
if u=v.

Exercise 5.4. Let f satisfy the requirements for D¢(- || -) to be a divergence.

(a) Show that the function (x,y) — yf(z/y) is a convex function from
(0,00) x (0,00) to RU {+00}.

(b) Hence show that Dy(-| ) is jointly convex in its two arguments, i.e. for
all probability measures pg, i1, v, and vy and t € [0, 1],

Df((l — t)uo + f/u”(l — t)Vo + tVl) <(1- t)Df(;J,QHVo) + th(/LlHl/l).

Exercise 5.5. The following result is a useful one that frequently allows
statements about f-divergences to be reduced to the case of a finite or count-
able sample space. Let (X, %, 1) be a probability space, and let f: [0, c0] —
[0, 00] be convex. Given a partition A = {A,, | n € N} of X into countably
many pairwise disjoint measurable sets, define a probability measure p4 on
N by pa(n) == p(An).

(a) Suppose that p(A4,) > 0 and that u < v. Show that, for each n € N,

i 2 (&)= (i)

(b) Hence prove the following result, known as the partition inequality: for
any two probability measures p and v on X with 4 < v,

Dy(plv) = Dy (pallva).

Show also that, for strictly convex f, equality holds if and only if u(A4,,) =
v(A,) for each n.

Exercise 5.6. Show that Pinsker’s inequality (Theorem 5.5) cannot be
reversed. In particular, give an example of a measurable space (X, #) such
that, for any £ > 0, there exist probability measures p and v on (X,.%) with
drv(u,v) < e but Dkr,(p]|v) = +o0o. Hint: consider a ‘small’ perturbation to
the CDF of a probability measure on R.
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Exercise 5.7. Prove Proposition 5.12. That is, let (V,| -||) be a Banach
space, and suppose that f: X — V has finite second moment with respect to
W, v € Mi1(X). Then

[ELLf] - Eu S]] <2 \/Eu[l\fl\r"] + E[[[f117] da (s, v)-

Exercise 5.8. Suppose that 1 and v are equivalent probability measures on
(X,.7) and define

du
log ——(z)]| .
og ()

d(u,v) := esssup
reX

(See Example 2.7 for the definition of the essential supremum.) Show that this
defines a well-defined metric on the measure equivalence class £ containing
@ and v. In particular, show that neither the choice of function used as the
Radon—Nikodym derivative %%, nor the choice of measure in £ with respect
to which the essential supremum is taken, affects the value of d(u,v).
Exercise 5.9. For a probability measure p on R, let F),: R — [0, 1] be the
cumulative distribution function (CDF) defined by

B, () = p((—oc, ).

Show that the Lévy-Prokhorov distance between probability measures p,
v € M;(R) reduces to the Lévy distance, defined in terms of their CDFs F),,
F, by

du(p,v) :=inf {e > 0|F,(zx —e) —e < F,(x) < Fu(z +¢)+¢e}.

Convince yourself that this distance can be visualized as the side length of the
largest square with sides parallel to the coordinate axes that can be placed
between the graphs of F}, and F),.

Exercise 5.10. Let (X,d) be a metric space, equipped with its Borel
o-algebra. The Lukaszyk—-Karmowski distance between probability measures
1 and v is defined by

dyx(p,v) ::/X//Yd(a:,x/)du(:zr)du(x/).

Show that this satisfies all the requirements to be a metric on the space of
probability measures on X except for the requirement that dyk(w, ) = 0.
Hint: suppose that u = N(m,o?) on R, and show that dyx (i, 1) = 2?‘7

Exercise 5.11. Let (X,d) be a metric space, equipped with its Borel
o-algebra. The Wasserstein distance between probability measures g and
v is defined by

dw(ur)i= it [ dws) dyes),
vyel' (1) Jxxx
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where the infimum is taken over the set I'(u,v) of all measures v on X x X
such that the push-forward of v onto the first (resp. second) copy of X is u
(resp. v). Show that this defines a metric on the space of probability measures
on X', bounded above by the Lukaszyk—Karmowski distance, i.e.

dW(Ma V) S dLK(N’? 1/)'

Verify also that the p- Wasserstein distance

1/p
dw p(p,v) == ( inf / d(z,z")? dv(x,x')) :
A XX

YE (p,v)

where p > 1, is a metric. Metrics of this type, and in particular the case p = 1,
are sometimes known as the earth-mover’s distance or optimal transportation
distance, since the minimization over v € I'(u, ) can be seen as finding the
optimal way of moving/rearranging the pile of earth u into the pile v.



Chapter 6
Bayesian Inverse Problems

It ain’t what you don’t know that gets you
into trouble. It’s what you know for sure that
just ain’t so.

MARK TWAIN

This chapter provides a general introduction, at the high level, to the back-
ward propagation of uncertainty/information in the solution of inverse prob-
lems, and specifically a Bayesian probabilistic perspective on such inverse
problems. Under the umbrella of inverse problems, we consider parameter
estimation and regression. One specific aim is to make clear the connection
between regularization and the application of a Bayesian prior. The filtering
methods of Chapter 7 fall under the general umbrella of Bayesian approaches
to inverse problems, but have an additional emphasis on real-time computa-
tional expediency.

Many modern UQ applications involve inverse problems where the unknown
to be inferred is an element of some infinite-dimensional function space, e.g.
inference problems involving PDEs with uncertain coefficients. Naturally,
such problems can be discretized, and the inference problem solved on the
finite-dimensional space, but this is not always a well-behaved procedure:
similar issues arise in Bayesian inversion on function spaces as arise in the
numerical analysis of PDEs. For example, there are ‘stable’ and ‘unstable’
ways to discretize a PDE (e.g. the Courant—Friedrichs-Lewy condition), and
analogously there are ‘stable’ and ‘unstable’ ways to discretize a Bayesian inv-
erse problem. Sometimes, a discretized PDE problem has a solution, but the
original continuum problem does not (e.g. the backward heat equation, or the
control problem for the wave equation), and this phenomenon can be seen in
the ill-conditioning of the discretized problem as the discretization dimension
tends to infinity; similar problems can afflict a discretized Bayesian inverse
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problem. Therefore, one aim of this chapter is to present an elementary well-
posedness theory for Bayesian inversion on the function space, so that this
well-posedness will automatically be inherited by any finite-dimensional dis-
cretization. For a thorough treatment of all these questions, see the sources
cited in the bibliography.

6.1 Inverse Problems and Regularization

Many mathematical models, and UQ problems, are forward problems, i.e. we
are given some input u for a mathematical model H, and are required to
determine the corresponding output y given by

y = H(u), (6.1)

where U, ) are, say, Banach spaces, u € U, y € Y, and H: U — ) is the
observation operator. However, many applications require the solution of the
inverse problem: we are given y and H and must determine u such that (6.1)
holds. Inverse problems are typically ill-posed: there may be no solution, the
solution may not be unique, or there may be a unique solution that depends
sensitively on y. Indeed, very often we do not actually observe H(u), but
some noisily corrupted version of it, such as

y=H(u)+n. (6.2)

The inverse problem framework encompasses that problem of model cal-
ibration (or parameter estimation), where a model Hy relating inputs to
outputs depends upon some parameters § € O, e.g., when U = Y = O,
Hy(u) = u. The problem is, given some observations of inputs u; and corre-
sponding outputs y;, to find the parameter value 6 such that

y; = Hy(u;) for each i.
Again, this problem is typically ill-posed.

One approach to the problem of ill-posedness is to seek a least-squares
solution: find, for the norm |||y on Y,

. 2
argrmn”y — H(U)Hy
ucl
However, this problem, too, can be difficult to solve as it may possess min-

imizing sequences that do not have a limit in ¢/,! or may possess multiple
minima, or may depend sensitively on the observed data y. Especially in this

1 Take a moment to reconcile the statement “there may exist minimizing sequences that
do not have a limit in &” with U being a Banach space.
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last case, it may be advantageous to not try to fit the observed data too
closely, and instead regularize the problem by seeking

argmin{Hy—H(u)H;—l- Hu—ﬂ”i‘u eV QZ/{}

for some Banach space V embedded in U/ and a chosen @ € V. The standard
example of this regularization setup is Tikhonov regularization, as in Theorem
4.28: when U and Y are Hilbert spaces, given a compact, positive, self-adjoint
operator R on U, we seek

argmin{”y — H(U)H; + HR_1/2(u - Q)HZ } u € Z/l} .

The operator R describes the structure of the regularization, which in some
sense is the practitioner’s ‘prior belief about what the solution should look
like’. More generally, since it might be desired to weight the various compo-
nents of y differently from the given Hilbert norm on ), we might seek

arg min {HQil/Q(y - H(u))H; + ||R71/2(u - ﬁ)HZ ‘ u € L{}

for a given positive self-adjoint operator (Q on ). However, this approach all
appears to be somewhat ad hoc, especially where the choice of regularization
is concerned.

Taking a probabilistic — specifically, Bayesian — viewpoint alleviates
these difficulties. If we think of w and y as random variables, then (6.2)
defines the conditioned random variable y|u, and we define the ‘solution’ of
the inverse problem to be the conditioned random variable u|y. This allows
us to model the noise, 7, via its statistical properties, even if we do not know
the exact instance of n that corrupted the given data, and it also allows us
to specify a priori the form of solutions that we believe to be more likely,
thereby enabling us to attach weights to multiple solutions which explain the
data. This is the essence of the Bayesian approach to inverse problems.

Remark 6.1. In practice the true observation operator is often approxi-
mated by some numerical model H(-;h), where h denotes a mesh parameter,
or parameter controlling missing physics. In this case (6.2) becomes

y=H(u;h)+e+mn,

where € := H(u) — H(u;h). In principle, the observational noise 7 and the
computational error € could be combined into a single term, but keeping them
separate is usually more appropriate: unlike 7, € is typically not of mean zero,
and is dependent upon wu.

To illustrate the central role that least squares minimization plays in ele-
mentary statistical estimation, and hence motivate the more general consid-
erations of the rest of the chapter, consider the following finite-dimensional
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linear problem. Suppose that we are interested in learning some vector of
parameters v € R™, which gives rise to a vector y € R™ of observations via

y=Au+mn,

where A € R™*" is a known linear operator (matrix) and 7 is a (not nec-
essarily Gaussian) noise vector known to have mean zero and symmetric,
positive-definite covariance matrix @ := E[n ® n] = E[nn*] € R™*™  with 5
independent of u. A common approach is to seek an estimate 4 of u that is
a linear function Ky of the data y is unbiased in the sense that E[d] = u,
and is the best estimate in that it minimizes an appropriate cost function.
The following theorem, the Gauss—Markov theorem, states that there is pre-
cisely one such estimator, and it is the solution to the weighted least squares
problem with weight Q1 i.e.

1
@ =argmin J(u), J(u):= —||Au—y|\é,1.
u€H 2

In fact, this result holds true even in the setting of Hilbert spaces:

Theorem 6.2 (Gauss—Markov). Let H and K be separable Hilbert spaces, and
let A: H — K. Let u € H and let y = Au +n, where n is a centred K-valued
random variable with self-adjoint and positive definite covariance operator Q.
Suppose that QV/?A has closed range and that A*Q~'A is invertible. Then,
among all unbiased linear estimators K: K — H, producing an estimate
u = Ky of u given y, the one that minimizes both the mean-squared error
E[||& — u||?] and the covariance operator* E[(it — u) @ (@t — u)] is

K = (A" Q7' Ay A QY (6.3)
and the resulting estimate G has E[4] = u and covariance operator

E[(4—u) ® (@ —u)] = (A*Q™1A)~ .

Remark 6.3. Indeed, by Theorem 4.28, 4 = (A*Q 1A)"1A*Q 1y is also
the solution to the weighted least squares problem with weight Q1 i.e.

1
@ =argmin J(u), J(u):= <|Au— yH?Q,l.
u€H 2
Note that the first and second derivatives (gradient and Hessian) of J are
VJ(u) = A*Q 'Au — A*Q 'y, and V2 J(u) = A*Q 'A,

so the covariance of 4 is the inverse of the Hessian of J. These observations
will be useful in the construction of the Kalman filter in Chapter 7.

2 Here, the minimization is meant in the sense of positive semi-definite operators: for two
operators A and B, we say that A < B if B — A is a positive semi-definite operator.
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Proof of Theorem 6.2. It is easily verified that K as given by (6.3) is an
unbiased estimator:

i= (A" QT A)TAQT (Aut ) = ut (A°QTA)TAQTN

and so, taking expectations of both sides and using the assumption that 7 is
centred, E[&#] = u. Moreover, the covariance of this estimator satisfies

E[(i —u) ® (@ —u)] = KE[p @ n] K = (A*Q™'A)™",

as claimed.
Now suppose that L = K 4 D is any linear unbiased estimator; note that
DA = 0. Then the covariance of the estimate Ly satisfies

E[(Ly —u) ® (Ly —u)] = E[(K + D)n @ n(K* + D")]
= (K + D)Q(K* + D*)
= KQK* + DQD* + KQD* + (KQD*)*.

Since DA =0,
KQD' = (4'Q "1 A) 1 A"Q QD" = (4°Q 1 4) {(DA)" =0,
and so
E[(Ly —u)® (Ly —u)] = KQK*+ DQD* > KQK*.
Since DQD* is self-adjoint and positive semi-definite, this shows that
E[(Ly —u) ® (Ly —u)] > KQK™. 0

Remark 6.4. In the finite-dimensional case, if A*Q~'A is not invertible,
then it is common to use the estimator

K = (4" Q' A)iArQ,

where BT denotes the Moore-Penrose pseudo-inverse of B, defined equiva-
lently by

BY := lim(B*B + 61)B*,
6—0

BT := lim B*(BB* + 6I)B*, or
6—0

Bl .=vxiU*,

where B = UXV* is the singular value decomposition of B, and X1 is
the transpose of the matrix obtained from X by replacing all the strictly
positive singular values by their reciprocals. In infinite-dimensional settings,
the use of regularization and pseudo-inverses is a more subtle topic, especially
when the noise n has degenerate covariance operator Q).
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Bayesian Interpretation of Regularization. The Gauss—Markov estimator
is not ideal: for example, because of its characterization as the minimizer of
a quadratic cost function, it is sensitive to large outliers in the data, i.e. com-
ponents of y that differ greatly from the corresponding component of Aw. In
such a situation, it may be desirable to not try to fit the observed data y too
closely, and instead regularize the problem by seeking 1, the minimizer of

1 1 _
T(w) = 5lAu—yllEs + 5w —ale, (6.4

for some chosen 4 € K™ and positive-definite Tikhonov matriz R € K"*™,
Depending upon the relative sizes of Q and R, @ will be influenced more
by the data y and hence lie close to the Gauss—Markov estimator, or be
influenced more by the regularization term and hence lie close to @. At first
sight this procedure may seem somewhat ad hoc, but it has a natural Bayesian
interpretation.

Let us make the additional assumption that, not only is n centred with
covariance operator @, but it is in fact Gaussian. Then, to a Bayesian prac-
titioner, the observation equation

y=Au+1n

defines the conditional distribution ylu as (y — Au)|u = n ~ N(0, Q). Finding
the minimizer of u — 1||Au — y||é,1, ie. &« = Ky, amounts to finding the
mazximum likelihood estimator of u given y. The Bayesian interpretation of
the regularization term is that N(@, R) is a prior distribution for w. The
resulting posterior distribution for u|y has Lebesgue density p(uly) with

1 1 _
pluly) x xp (3wl ) exp (gl — - )
1 1
—exp (—3llAu =l — gl ali- )
1 1 _
—exp (=gl = KulPogoua - ghu-alf)
1
= exp <—§||u — P HA*Q'AKy + Rlﬂ)||2P)
where, by Exercise 6.1, P is the precision matrix

P=AQ 'A+R .

The solution of the regularized least squares problem of minimizing the func-
tional J in (6.4) — i.e. minimizing the exponent in the above posterior distri-
bution — is the maximum a posteriori estimator of u given y. However, the
full posterior contains more information than the MAP estimator alone. In
particular, the posterior covariance matrix P! = (A*Q~tA+R™1)~! reveals
those components of u about which we are relatively more or less certain.
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Non-Quadratic Regularization and Recovery of Sparse Signals. This
chapter mostly deals with the case in which both the noise model (i.e. the
likelihood) and the prior are Gaussian measures, which is the same as saying
that the maximum a posteriori estimator is obtained by minimizing the sum
of the squares of two Hilbert norms, just as in (6.4). However, there is no
fundamental reason not to consider other regularizations — or, in Bayesian
terms, other priors. Indeed, in many cases an appropriate choice of prior is a
probability distribution with both a heavy centre and a heavy tail, such as

q n 1/p
Ho
E(U) X exp | — (Z |Uz‘|p>

i=1

on R”, for 0 < p < 1. Such regularizations correspond to a prior belief that
the u to be recovered from noisy observations y is sparse, in the sense that it
has a simple low-dimensional structure, e.g. that most of its components in
some coordinate system are zero.

For definiteness, consider a finite-dimensional example in which it is
desired to recover u € K" from noisy observations y € K™ of Au, where
A € K™*" is known. Let

ullo == #{i € {1,...,n}|u; # 0}.

(Note well that, despite the suggestive notation, ||-||o is not a norm, since
in general ||Aullg # |Al||ullo.) If the corruption of Au into y occurs through
additive Gaussian noise distributed according to N (0, @), then the ordinary
least squares estimate of u is found by minimizing || Au — yHQQ,l. However,
a prior belief that u is sparse, i.e. that ||ullo is small, is reflected in the
regularized least squares problem

1
find u € K" to minimize Jo(u) := §||Au —yll5-1 + Allullo, (6.5)

where A > 0 is a regularization parameter. Unfortunately, problem (6.5) is
very difficult to solve numerically, since the objective function is not convex.
Instead, we consider

1
find u € K" to minimize J; (u) := §||Au —yllgy -1 + Aulls. (6.6)

Remarkably, the two optimization problems (6.5) and (6.6) are ‘often’ equiv-
alent in the sense of having the same minimizers; this near-equivalence can
be made precise by a detailed probabilistic analysis using the so-called res-
tricted isometry property, which will not be covered here, and is foundational
in the field of compressed sensing. Regularization using the 1-norm amounts
to putting a Laplace distribution Bayesian prior on u, and is known in the
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statistical regression literature as the LASSO (least absolute shrinkage and
selection operator); in the signal processing literature, it is known as basis
pursuit denoising.

For a heuristic understanding of why regularizing using the norm || - ||; pro-
motes sparsity, let us consider an even more general problem: let R: K" — R
be any convex function, and consider the problem

find u € K" to minimize Jp(u) := |[Au = Y|} + R(u), (6.7)

which clearly includes (6.4) and (6.6) as special cases. Observe that, by writ-
ing r = R(x) for the value of the regularization term, we have

inf Jgr(u) = inf (r—i— inf ||Au— b|?Ql) . (6.8)

uekKn r>0 w:R(u)=r

The equality constraint in (6.8) can in fact be relaxed to an inequality:

. . : _ 2
ulen]g” JR(U) o 71‘2% (T + u:Rl(I'}J,f;gr HAU b”Ql> ’ (69)

Note that convexity of R implies that {u € K" | R(u) < r} is a convex subset
of K. The reason for the equivalence of (6.8) and (6.9) is quite simple: if
(r,u) = (r*,u*) were minimal for the right-hand side and also R(u*) < r*,
then the right-hand side could be reduced by considering instead (r,u) =
(R(u*),u*), which preserves the value of the quadratic term but decreases
the regularization term. This contradicts the optimality of (r*,u*). Hence,
in (6.9), we may assume that the optimizer has R(u*) = r*, which is exactly
the earlier problem (6.8).

In the case that R(u) is a multiple of the 1- or 2-norm of u, the region
R(u) < r is a norm ball centred on the origin, and the above arguments
show that the minimizer u* of J; or J; will be a boundary point of that
ball. However, as indicated in Figure 6.1, in the 1-norm case, this u* will
‘typically’ lie on one of the low-dimensional faces of the 1-norm ball, and so
llu*|lo will be small and u* will be sparse. There are, of course, y for which
u* is non-sparse, but this is the exception for 1-norm regularization, whereas
it is the rule for ordinary 2-norm (Tikhonov) regularization.

6.2 Bayesian Inversion in Banach Spaces

This section concerns Bayesian inversion in Banach spaces, and, in particular,
establishing the appropriate rigorous statement of Bayes’ rule in settings
where — by Theorem 2.38 — there is no Lebesgue measure with respect
to which we can take densities. Therefore, in such settings, it is necessary
to use as the prior a measure such as a Gaussian or Besov measure, often
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Quadratic (¢2) regularization. Sparse (¢1) regularization.

Fig. 6.1: Comparison of (2 versus ¢! regularization of a least squares
minimization problem. The shaded region indicates a norm ball centred
on the origin for the appropriate regularizing norm. The black ellipses,
centred on the unregularized least squares (Gauss—Markov) solution Ky =
(A*Q71A)~1A*Q 'y, are contours of the original objective function, u +
| Au — yH?Q,l. By (6.9), the regularized solution u* lies on the intersection of
an objective function contour and the boundary of the regularization norm
ball; for the 1-norm, u* is sparse for ‘most’ y.

accessed through a sampling scheme such as a Karhunen—Loeéve expansion, as
in Section 11.1. Note, however, then when the observation operator H is non-
linear, although the prior may be a ‘simple’ Gaussian measure, the posterior
will in general be a non-Gaussian measure with features such as multiple
modes of different widths. Thus, the posterior is an object much richer in
information than a simple maximum likelihood or maximum a posteriori
estimator obtained from the optimization-theoretic point of view.

Example 6.5. There are many applications in which it is of interest to det-
ermine the permeability of subsurface rock, e.g. the prediction of transport of
radioactive waste from an underground waste repository, or the optimization
of oil recovery from underground fields. The flow velocity v of a fluid under
pressure p in a medium or permeability x is given by Darcy’s law

v =—kVp.

The pressure field p within a bounded, open domain X C R? is governed by
the elliptic PDE
-V (kVp)=0 in X,

together with some boundary conditions, e.g. the Neumann (zero flux) bound-
ary condition Vp - gy = 0 on 0X; one can also consider a non-zero source
term f on the right-hand side. For simplicity, take the permeability tensor
field k to be a scalar field k times the identity tensor; for mathematical and
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physical reasons, it is important that k be positive, so write k = e". The obj-
ective is to recover u from, say, observations of the pressure field at known
points z1,..., T, € X:

yi = p(xi) + 15

Note that this fits the general ‘y = H(u) + 1’ setup, with H being defined
implicitly by the solution operator to the elliptic boundary value problem.

In general, let u be a random variable with (prior) distribution po — which
we do not at this stage assume to be Gaussian — on a separable Banach space
U. Suppose that we observe data y € R™ according to (6.2), where 7 is an
R™-valued random variable independent of u with probability density p with
respect to Lebesgue measure. Let @(u;y) be any function that differs from
—logp(y — H(u)) by an additive function of y alone, so that

o exp(—P(u; y))

with a constant of proportionality independent of u. An informal application
of Bayes’ rule suggests that the posterior probability distribution of u given
y, ¥ = po(-|y), has Radon—Nikodym derivative with respect to the prior,
1o, given by
dpY
dpo
The next theorem makes this argument rigorous:

(u) o exp(=P(u; y))-

Theorem 6.6 (Generalized Bayes’ rule). Suppose that H: U — R™ is con-
tinuous, and that n is absolutely continuous with support R™. If u ~ g, then
uly ~ p¥, where pu¥ < uo and

dpY

i (u) o< exp(—=P(u; y)). (6.10)

The proof of Theorem 6.6 uses the following technical lemma:

Lemma 6.7 (Dudley, 2002, Section 10.2). Let u, v be probability measures
on U x Y, where (U,27) and (¥, %) are measurable spaces. Assume that
uw << v and that i—‘lf = @, and that the conditional distribution of uly under
v, denoted by v¥(du), exists. Then the distribution of u|y under u, denoted
w?(du), exists and p¥ < v¥, with Radon—Nikodgm derivative given by

dpYy
dvy

(u) = {wg;;;x i Z(v) >0,

1, otherwise,

where Z(y) := [, o(u,y) dv¥ (u).
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Proof of Theorem 6.6. Let Qo(dy) := p(y)dy on R™ and Q(duly) :=
p(y — H(u))dy, so that, by construction

(?T(i( |u) = C(y) exp(—P(u; y)).

Define measures vy and v on R™ x U by

vo(dy, du) = Qo(dy) ® po(du),
v(dy, du) := Qo(dy|u)po(du).

Note that 1 is a product measure under which v and y are independent,
whereas v is not. Since H is continuous, so is @; since uo(U) = 1, it follows
that @ is pg-measurable. Therefore, v is well defined, v < vy, and

dv

(g u) = Cly) exp(~B(u; ).
0

Note that

/ exp(—(u; ) dpo(u) = C(y) / ply — H(w)) dpo(u) > 0,
u u

since p is strictly positive on R™ and H is continuous. Since vg(duly) =
o (du), the result follows from Lemma 6.7. O

Exercise 6.2 shows that, if the prior pg is a Gaussian measure and the
potential @ is quadratic in w, then, for all y, the posterior p¥ is Gaussian.
In particular, if the observation operator is a continuous linear map and the
observations are corrupted by additive Gaussian noise, then the posterior is
Gaussian — see Exercise 2.8 for the relationships between the means and
covariances of the prior, noise and posterior. On the other hand, if either the
observation operator is non-linear or the observational noise is non-Gaussian,
then a Gaussian prior is generally transformed into a non-Gaussian posterior.

6.3 Well-Posedness and Approximation

This section concerns the well-posedness of the Bayesian inference problem for
Gaussian priors on Banach spaces. To save space later on, the following will be
taken as our standard assumptions on the negative log-likelihood/potential @.
In essence, we wish to restrict attention to potentials @ that are Lipschitz in
both arguments, bounded on bounded sets, and that do not decay to —oco at
infinity ‘too quickly’.
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Assumptions on @. Assume that @: U x Y — R satisfies:
(A1) For every e > 0 and r > 0, there exists M = M (e,r) € R such that, for
all w € Y and all y € Y with |ly|ly < r,

D(u;y) > M — elfullz

(A2) For every r > 0, there exists K = K(r) > 0 such that, for all u € U
and all y € Y with |Jully, [|yl]ly <,

P(uyy) < K.

(A3) For every r > 0, there exists L = L(r) > 0 such that, for all uy,us € U
and all y € Y with [lua e, [lualle ylly <7,

[B(uss9) — Duziy)| < Llfus = sl

(A4) For every € > 0 and r > 0, there exists C' = C(e,r) > 0 such that, for
allu € U and all yy,y, € Y with [[y1]ly, ly2lly <7,

|D(u; y1) — P(u;y2)| < exp(ellullf + C)|lyr — y2Hy'

We first show that, for Gaussian priors, these assumptions yield a well-
defined posterior measure for each possible instance of the observed data:

Theorem 6.8. Let ¢ satisfy standard assumptions (A1), (A2), and (A3)
and assume that py is a Gaussian probability measure on U. Then, for each
y €Y, p¥ given by
dw? | exp(=P(usy))
dpo Z(y)
2(0) = | exp(= () duofu),

is a well-defined probability measure on U.

Proof. Assumption (A2) implies that Z(y) is bounded below:
Z(y) Z/{ ol }GXP(—K(T))d#o(U) = exp(—K (r)po[[[ullw <] >0
ul||u||lu <r

for r > 0, since po is a strictly positive measure on U. By (A3), & is
po-measurable, and so p¥ is a well-defined measure. By (A1), for ||y|ly < r
and ¢ sufficiently small,

2(y) = /M exp(~B(us y)) dyio u)

< /M exp(ellully, — M(e, ) duo(u)

< Cexp(—M(e,r)) < o0,
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since po is Gaussian and we may choose € small enough that the Fernique
theorem (Theorem 2.47) applies. Thus, u¥ can indeed be normalized to be a
probability measure on U. o

Recall from Chapter 5 that the Hellinger distance between two probability
measures g and v on U is defined in terms of any reference measure p with
respect to which both p and v are absolutely continuous by

dis(p1,v) = /u Vj—’;w) - \/j—;w)

A particularly useful property of the Hellinger metric is that closeness in the
Hellinger metric implies closeness of expected values of polynomially bounded
functions: if f: U — V), for some Banach space V, then Proposition 5.12 gives
that

2

dp(u).

|E.[f] - Eu[f]]| <2 \/Eu[llfllﬂ +Ey [[IF117] di (s, v).

Therefore, Hellinger-close prior and posterior measures give similar expected
values to quantities of interest; indeed, for fixed f, the perturbation in the
expected value is Lipschitz with respect to the Hellinger size of the pertur-
bation in the measure.

The following theorem shows that Bayesian inference with respect to a
Gaussian prior measure is well-posed with respect to perturbations of the
observed data y, in the sense that the Hellinger distance between the corre-
sponding posteriors is Lipschitz in the size of the perturbation in the data:

Theorem 6.9. Let @ satisfy the standard assumptions (A1), (A2), and (A4),
suppose that g is a Gaussian probability measure on U, and that p¥ < g
with density given by the generalized Bayes’ rule for each y € Y. Then there
exists a constant C > 0 such that, for all y,y' € Y,

du(p?, p) < Clly = /||y

Proof. As in the proof of Theorem 6.8, (A2) gives a lower bound on Z(y).
We also have the following Lipschitz continuity estimate for the difference
between the normalizing constants for y and 7/':

1Z(y) = Z(y")]
< / ‘e—ﬁb(u;y) — e—é(u;y/)‘ dpo(u)
u

< [ maxfe#m, e 0) @(usy) ~ Busy)| do(w)
u

by the mean value theorem (MVT). Hence,
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1Z(y) = Z ()]
< [ A Ay do(u) by (A1) and (A1)
u
<Clly—-9lly by Fernique.

By the definition of the Hellinger distance, using the prior g as the reference
measure,

2

’ 1 1 ’
du(p?, ¥ )? = / e~ Pusy)/2 _ e P21 qpug(u)
CRRVEAC) VZ(Y')
2
1 / —d(usy)/2 Z(Y) a2
= — e ; — | =—=~e ; dpo(u
Z0) Z(y) ot

< I+ I,
where
I := ;/ ’efqﬁ(";y)m — eié(u;y,)ﬂr dpo(u),
Z(y) Ju

2

I = / e~ P@y)/2 qpg (u).
u

1 1
V2 Z)

For Iy, a similar application of the MVT, (Al) and (A4), and the Fernique
theorem to the one above yields that

1 | y
L< —/ max{ je~ /2, Lem P22 (usy) — d(usy)|” dpao(w)
Z(y) Ju

1 / 2 2
< ecllulli+M 625||“Hu+20||y — y/||2 d/},o(’u)
1209) Ju g
<Cly—y'l5-

A similar application of (Al) and the Fernique theorem shows that the inte-
gral in I5 is finite. Also, the lower bound on Z(-) implies that

2
1 1 1 1
- < Cmax{ i s |20 - 26
’x/Z(y) VZ(Y') Z(y)* Z(y')?
<Cly-y'I3.
Thus, I < Clly — ¢/'||3,, which completes the proof. O

Similarly, the next theorem shows that Bayesian inference with respect to
a Gaussian prior measure is well-posed with respect to approximation of mea-
sures and log-likelihoods. The approximation of @ by some &V typically arises
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through the approximation of H by some discretized numerical model HY.
The importance of Theorem 6.10 is that it allows error estimates for the
forward models H and H", which typically arise through non-probabilistic
numerical analysis, to be translated into error estimates for the Bayesian
inverse problem.

Theorem 6.10. Suppose that the probability measures p and p™ are the
posteriors arising from potentials @ and ®V and are all absolutely continuous
with respect to uo, and that &, & satisfy the standard assumptions (A1) and
(A2) with constants uniform in N . Assume also that, for alle > 0, there exists
K = K(g) >0 such that

|P(usy) — PV (usy)| < K exp(ellullf)v(N), (6.11)

where imy 00 W(N) = 0. Then there is a constant C, independent of N,
such that

du(p, ™) < Cip(N).
Proof. Exercise 6.4. O

Remark 6.11. Note well that, regardless of the value of the observed data
y, the Bayesian posterior p¥ is absolutely continuous with respect to the
prior pg and, in particular, cannot associate positive posterior probabil-
ity with any event of prior probability zero. However, the Feldman—Héjek
theorem (Theorem 2.51) says that it is very difficult for probability measures
on infinite-dimensional spaces to be absolutely continuous with respect to
one another. Therefore, the choice of infinite-dimensional prior pg is a very
strong modelling assumption that, if it is ‘wrong’, cannot be ‘corrected’ even
by large amounts of data y. In this sense, it is not reasonable to expect that
Bayesian inference on function spaces should be well-posed with respect to
apparently small perturbations of the prior ug, e.g. by a shift of mean that
lies outside the Cameron—-Martin space, or a change of covariance arising from
a non-unit dilation of the space. Nevertheless, the infinite-dimensional per-
spective is not without genuine fruits: in particular, the well-posedness results
(Theorems 6.9 and 6.10) are very important for the design of finite-dimensional
(discretized) Bayesian problems that have good stability properties with
respect to discretization dimension N.

6.4 Accessing the Bayesian Posterior Measure

For given data y € ), the Bayesian posterior pg(-|y) on U is determined as a
measure that has a density with respect to the prior po given by Bayes’ rule,
e.g. in the form (6.10),
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dpo (- |y)

G ) x exp(~(u: ).

The results outlined above have shown some of the analytical properties

of this construction. However, in practice, this well-posedness theory is not

the end of the story, principally because we need to be able to access this
posterior measure: in particular, it is necessary to be able to (numerically)
integrate with respect to the posterior, in order to form the posterior expected
value of quantities of interest. (Note, for example, that (6.10) gives a non-
normalized density for the posterior with respect to the prior, and this lack
of normalization is sometimes an additional practical obstacle.)

The general problem of how to access the Bayesian posterior measure is

a complicated and interesting one. Roughly speaking, there are three classes

of methods for exploration of the posterior, some of which will be discussed

in depth at appropriate points later in the book:

(a) Methods such as Markov chain Monte Carlo, to be discussed in Chapter
9, attempt to sample from the posterior directly, using the formula for
its density with respect to the prior.

In principle, one could also integrate with respect to the posterior by
drawing samples from some other measure (e.g. the prior, or some other
reference measure) and then re-weighting according to the appropriate
probability density. However, some realizations of the data may cause the
density duo(-|y)/duo to be significantly different from 1 for most draws
from the prior, leading to severe ill-conditioning. For this reason, ‘direct’
draws from the posterior are highly preferable.

An alternative to re-weighting of prior samples is to transform prior sam-
ples into posterior samples while preserving their probability weights.
That is, one seeks a function TY: U — U from the parameter space U
to itself that pushes forward any prior to its corresponding posterior,
ie. T¢po = po(-ly), and hence turns an ensemble {u(, ... uN)} of
independent samples distributed according to the prior into an ensemble
{Ty (u(l)), Lo TY (u(N))} of independent samples distributed according
to the posterior. Map-based approaches to Bayesian inference include
the approach of El Moselhy and Marzouk (2012), grounded in optimal
transportation theory, and will not be discussed further here.

(b) A second class of methods attempts to approximate the posterior, often
through approximating the forward and observation models, and hence
the likelihood. Many of the modelling methods discussed in Chapters
10-13 are examples of such approaches. For example, the Gauss—Markov
theorem (Theorem 6.2) and Linear Kalman Filter (see Section 7.2) pro-
vide optimal approximations of the posterior within the class of Gaussian
measures, with linear forward and observation operators.

(c) Finally, as a catch-all term, there are the ‘ad hoc’ methods. In this cat-
egory, we include the Ensemble Kalman Filter of Evensen (2009), which
will be discussed in Section 7.4.
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6.5 Frequentist Consistency of Bayesian Methods

A surprisingly subtle question about Bayesian inference is whether it yields
the ‘correct’ result, regardless of the prior used, when exposed to enough
sample data. Clearly, when very few data points have been observed, the
prior controls the posterior much more strongly than the observed data do,
so it is necessary to answer such questions in an asymptotic limit. It is also
necessary to clarify what is meant by ‘correctness’. One such notion is that
of frequentist consistency:

“While for a Bayesian statistician the analysis ends in a certain sense with the
posterior, one can ask interesting questions about the properties of posterior-based
inference from a frequentist point of view.” (Nickl, 2013)

To describe frequentist consistency, consider the standard setup of a
Bayesian prior 1o on some space U, together with a Bayesian likelihood model
for observed data with values in another space ), i.e. a family of probability
measures p(-|u) € M1(Y) indexed by u € U. Now introduce a new ingredi-
ent, which is a probability measure ' € M;()) that is treated as the ‘truth’
in the sense that the observed data are in fact a sequence of independent and
identically distributed draws from .

Definition 6.12. The likelihood model {u(-|u) | © € U} is said to be well-
specified if there exists some u' € U such that ' = u(-|ul), ie. if there
is some member of the model family that exactly coincides with the data-
generating distribution. If the model is not well-specified, then it is said to
be misspecified.

In the well-specified case, the model and the parameter space U admit
some u! that explains the frequentist ‘truth’ puf. The natural question to
ask is whether exposure to enough independent draws Yi,...,Y,, from puf
will permit the model to identify u' out of all the other possible u € Y. If
some sequence of estimators or other objects (such as Bayesian posteriors)
converges as n — 00 to ul with respect to some notion of convergence,
then the estimator is said to be consistent. For example, Theorem 6.13 gives
conditions for the maximum likelihood estimator (MLE) to be consistent,
with the mode of convergence being convergence in probability; Theorem
6.17 (the Bernstein—von Mises theorem) gives conditions for the Bayesian
posterior to be consistent, with the mode of convergence being convergence
in probability, and with respect to the total variation distance on probability
measures.

In order to state some concrete results on consistency, suppose now that
U CRP and Y C RY, and that the likelihood model {u(-|u) | u € U} can be
written in the form of a parametric family of probability density functions
with respect to Lebesgue measure on R?, which will be denoted by a function
FC1): Y xU — [0,00), ie.
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w(Eu) = / f(ylu)dy for each measurable F C ) and each u € U.
E

Before giving results about the convergence of the Bayesian posterior, we
first state a result about the convergence of the maximum likelihood estimator
(MLE) 1, for u' given the data Yi,...,Y, ~ uf, which, as the name suggests,
is defined by

Un € argmax f(Yi|u) - f(Yn|u).
ucl
Note that, being a function of the random variables Y7, ...,Y,, 4, is itself a
random variable.

Theorem 6.13 (Consistency of the MLE). Suppose that f(y|u) > 0 for all
(u,y) €U X Y, that U is compact, and that parameters uw € U are identifiable
in the sense that

f(lug) = f(-|u1) Lebesgue a.e. <= ug = uy
and that

/ sup | log f (y|w)| f (ylu") dy < oo.
Y uel

Then the mazimum likelihood estimator 4, converges to u' in probability,
i.e. for all e >0,
T
Pyt [[n —ul[ > €] ——0. (6.12)
The proof of Theorem 6.13 is omitted, and can be found in Nickl (2013).
The next two results quantify the convergence of the MLE and Bayesian
posterior in terms of the following matrix:

Definition 6.14. The Fisher information matriz ip(u’) € RP*P of f at
ul € U is defined by

. Olog f(Y|u) dlog f(Yu)
ir(u)iy = By s | g0 du,;

. f] . (6.13)

Remark 6.15. Under the regularity conditions that will be used later,
ir(u') is a symmetric and positive-definite matrix, and so can be viewed
as a Riemannian metric tensor on U, varying from one point u' € U to
another. In that context, it is known as the Fisher—Rao metric tensor, and
plays an important role the field of information geometry in general, and
geodesic Monte Carlo methods in particular.

The next two results, the lengthy proofs of which are also omitted, are
both asymptotic normality results. The first shows that the error in the
MLE is asymptotically a normal distribution with covariance operator given
by the Fisher information; informally, for large n, u,, is normally distributed
with mean uf and precision nip(u'). The second result — the celebrated
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Bernstein—von Mises theorem or Bayesian CLT (central limit theorem) —
shows that the entire Bayesian posterior distribution is asymptotically a nor-
mal distribution centred on the MLE, which, under the conditions of Theorem
6.13, converges to the frequentist ‘truth’. These results hold under suitable
regularity conditions on the likelihood model, which are summarized here for
later reference:

Regularity Assumptions. The parametric family f: Y x U — [0, 00) will

be said to satisfy the reqularity assumptions with respect to a data-generating

distribution uf € My (Y) if

(a) forallu e U and y € Y, f(y|u) > 0;

(b) the model is well-specified, with uf = u(-|u'), where u' is an interior
point of U;

(c) there exists an open set U with ut € U C U such that, for each y € Y,
J(yl-) € CX(U;R);

(d) Byt [Vilog f(Y|w)|y—yt] € RP*P is non-singular and

2
By [[¥alog 70710 7] < oo
(e) there exists r > 0 such that B = B,.(u') C U and
Ey ot {sup Vz log f(Y|u)] < 00,
ueB
/ supHVu 1ogf(Y|u)H dy < oo,
Y ucB
/ sup | V2 log f(Y|u)|| dy < oc.
Y ueB

Theorem 6.16 (Local asymptotic normality of the MLE). Suppose that
f satisfies the reqularity assumptions. Then the Fisher information matriz

(6.13) satisfies
u—uT:|

Vi, —ut) —2— X ~ N(0,ip(u)™h), (6.14)

n—r00

0% log f(Y|u)
8ui8uj

ir(uh)ij = —Eyos(- juty {

and the mazimum likelihood estimator satisfies

where % denotes convergence in distribution (also known as weak conver-
gence, q.uv. Theorem 5.11), i.e. X, L X if Elo(X,)] — E[p(X)] for all
bounded continuous functions p: RP — R.

Theorem 6.17 (Bernstein—von Mises). Suppose that f satisfies the reqularity
assumptions. Suppose that the prior ug € My(U) is absolutely continuous
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with respect to Lebesgue measure and has u' € supp(uo). Suppose also that
the model admits a uniformly consistent estimator, i.e. a Ty : Y™ — RP such
that, for all € > 0,

sup Py, f( - ju) [HTn(Yl, oY) —ul > 5} — 0. (6.15)
uel n—00
Let pip, := po(-|Y1,...,Y,) denote the (random) posterior measure obtained
by conditioning po on n independent ' -distributed samples Y;. Then, for all
e >0,
. T 71
Pyt H [in —/\/<an, M) > 5} N} (6.16)
n v n—00

The Bernstein—von Mises theorem is often interpreted as saying that so
long as the prior pg is strictly positive — i.e. puts positive probability mass
on every open set in U/ — the Bayesian posterior will asymptotically put all
its mass on the frequentist ‘truth’ u' (assuming, of course, that uf € U).
Naturally, if u! ¢ supp(uo), then there is no hope of learning u' in this
way, since the posterior is always absolutely continuous with respect to the
prior, and so cannot put mass where the prior does not. Therefore, it seems
sensible to use ‘open-minded’ priors that are everywhere strictly positive;
Lindley (1985) calls this requirement “Cromwell’s Rule” in reference to Oliver
Cromwell’s famous injunction to the Synod of the Church of Scotland in 1650:

“I beseech you, in the bowels of Christ, think it possible that you may be mistaken.”

Unfortunately, the Bernstein—von Mises theorem is no longer true when
the space U is infinite-dimensional, and Cromwell’s Rule is not a sufficient
condition for consistency. In infinite-dimensional spaces, there are counterex-
amples in which the posterior either fails to converge or converges to some-
thing other than the ‘true’ parameter value — the latter being a particularly
worrisome situation, since then a Bayesian practitioner will become more and
more convinced of a wrong answer as more data come in. There are, however,
some infinite-dimensional situations in which consistency properties do hold.
In general, the presence or absence of consistency depends in subtle ways
upon choices such as the topology of convergence of measures, and the types
of sets for which one requires posterior consistency. See the bibliography at
the end of the chapter for further details.
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(2015) and others. There are also positive results for infinite-dimensional set-
tings, such as those of Castillo and Nickl (2013, 2014) and Szabd et al. (2014,
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6.7 Exercises

Exercise 6.1. Let u; = N(my,C1) and ps = N (mg, C2) be non-degenerate
Gaussian measures on R"™ with Lebesgue densities p; and ps respectively.
Show that the probability measure with Lebesgue density proportional to
p1p2 is a Gaussian measure p3 = N (ms, C3), where

oyt=07t oyt
m3 = Cg(Cflml + C';lmg).

Note well the property that the precision matrices sum, whereas the covari-
ance matrices undergo a kind of harmonic average. (This result is sometimes
known as completing the square.)

Exercise 6.2. Let i be a Gaussian probability measure on R™ and sup-
pose that the potential @(u;y) is quadratic in u. Show that the posterior
dp? oc e=®WY) dyy is also a Gaussian measure on R”. Using whatever char-
acterization of Gaussian measures you feel most comfortable with, extend this
result to a Gaussian probability measure ;o on a separable Banach space U.

Exercise 6.3. Let I' € R?7*Y be symmetric and positive definite. Suppose
that H: U — RY satisfies
(a) For every € > 0, there exists M € R such that, for all u € U,

1H (u) ]| -1 < exp(elullf + M).

(b) For every r > 0, there exists K > 0 such that, for all uj,us € U with
llullee, [luzflee <,

||H(U1) — H(UQ)HF—l S K||u1 — UQHM.
Show that @: U x R? — R defined by

1

=5y —H(u), I (y = H(u))

D(u;y)

satisfies the standard assumptions.

Exercise 6.4. Prove Theorem 6.10. Hint: follow the model of Theorem 6.9,
with (u, u?V) in place of (u¥, ¥ ), and using (6.11) instead of (A4).



Chapter 7
Filtering and Data Assimilation

It is not bigotry to be certain we are right;
but it is bigotry to be unable to imagine how
we might possibly have gone wrong.

The Catholic Church and Conversion
G. K. CHESTERTON

Data assimilation is the integration of two information sources:
e a mathematical model of a time-dependent physical system, or a numer-
ical implementation of such a model; and
e a sequence of observations of that system, usually corrupted by some
noise.
The objective is to combine these two ingredients to produce a more accurate
estimate of the system’s true state, and hence more accurate predictions of the
system’s future state. Very often, data assimilation is synonymous with fil-
tering, which incorporates many of the same ideas but arose in the context of
signal processing. An additional component of the data assimilation/filtering
problem is that one typically wants to achieve it in real time: if today is
Monday, then a data assimilation scheme that takes until Friday to produce
an accurate prediction of Tuesday’s weather using Monday’s observations is
basically useless.

Data assimilation methods are typically Bayesian, in the sense that the
current knowledge of the system state can be thought of as a prior, and the
incorporation of the dynamics and observations as an update/conditioning
step that produces a posterior. Bearing in mind considerations of computa-
tional cost and the imperative for real time data assimilation, there are two
key ideas underlying filtering: the first is to build up knowledge about the
posterior sequentially, and hence perhaps more efficiently; the second is to
break up the unknown state and build up knowledge about its constituent
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parts sequentially, hence reducing the computational dimension of each sam-
pling problem. Thus, the first idea means decomposing the data sequentially,
while the second means decomposing the unknown state sequentially.

A general mathematical formulation can be given in terms of stochastic
processes. Suppose that 7 is an ordered index set, to be thought of as ‘time’;
typically either T = Ny or 7 = [0,00) C R. Tt is desired to gain information
about a stochastic process X: 7 x @ — X, defined over a probability space
(0, %, 1) and taking values in some space X, from a second stochastic process
Y: T x @ — Y. The first process, X, represents the state of the system,
which we do not know but wish to learn; the second process, Y, represents
the observations or data; typically, Y is a lower-dimensional and/or corrupted
version of X.

Definition 7.1. Given stochastic processes X and Y as above, the fillering
problem is to construct a stochastic process X: T x © — & such that
e the estimate X; is a ‘good’ approximation to the true state Xy, in a sense
to be made precise, for each t € T and R
e X is a.#) -adapted process, i.e. the estimate X; of X; depends only upon
the observed data Y for s < ¢, and not on as-yet-unobserved future data
Y, with s > t.

To make this problem tractable requires some a priori information about
the state process X, and how it relates to the observation process Y, as well as
a notion of optimality. This chapter makes these ideas more concrete with an
L? notion of optimality, and beginning with a discrete time filter with linear
dynamics for X and a linear map from the state X; to the observations Y;:
the Kalman filter.

7.1 State Estimation in Discrete Time

In the Kalman filter, the probability distributions representing the system
state and various noise terms are described purely in terms of their mean
and covariance, so they are effectively being approximated as Gaussian dis-
tributions.

For simplicity, the first description of the Kélman filter will be of a con-
trolled linear dynamical system that evolves in discrete time steps

to <t <---<tp<....

The state of the system at time ¢, is a vector xj in a Hilbert space X, and it
evolves from the state zp_1 € X at time t;_1 according to the linear model

zr = Frrp—1 + Gruk + &k (7.1)

where, for each time ty,
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o Fi: X — X is the state transition model, which is a linear map applied
to the previous state xp_1 € X;
e G : U — X is the control-to-input model, which is applied to the control
vector uy in a Hilbert space U; and
e ¢ is the process noise, an X-valued random variable with mean 0 and
(self-adjoint, positive-definite, trace class) covariance operator
Qk X = A
Naturally, the terms Fpxr_1 and Giui can be combined into a single term,
but since many applications involve both uncontrolled dynamics and a control
ug, which may in turn have been derived from estimates of =, for ¢ < k, the
presentation here will keep the two terms separate.
At time t; an observation yi in a Hilbert space ) of the true state xj is
made according to

Yy = Hipxp + ng, (7.2)

where
e Hj: X — ) is the linear observation operator; and
e 1 ~ N(0, Ry) is the observation noise, a Y-valued random variable with
mean 0 and (self-adjoint, positive-definite, trace class) covariance opera-
tor Qr: Y — V.
As an initial condition, the state of the system at time ¢y is taken to be
xg ~ mo + &, where mg € & is known and & is an X-valued random
variable with (self-adjoint, positive-definite, trace class) covariance operator
Qo: X — X. All the noise vectors are assumed to be mutually and pairwise
independent.

As a preliminary to constructing the actual Kélman filter, we consider
the problem of estimating states x1, ..., x; given the corresponding controls
ui,...,u, and £ known observations y1,...,ys, where k > £. In particular,
we seek the best linear unbiased estimate of x1,..., x.

Remark 7.2. If all the noise vectors & are Gaussian, then since the forward
dynamics (7.1) are linear, Exercise 2.5 then implies that the joint distribu-
tion of all the xj is Gaussian. Similarly, if the 7, are Gaussian, then since
the observation relation (7.2) is linear, the gy, are also Gaussian. Since, by
Theorem 2.54, the conditional distribution of a Gaussian measure is again
a Gaussian measure, we can achieve our objective of estimating x1,...,xk
given yi, ...,y using a Gaussian description alone.

In general, without making Gaussian assumptions, note that (7.1)—(7.2) is
equivalent to the single equation

brje = Awjezk + Crjes (7.3)

where, in block form,
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Mo —& |
Gru -&
Y1 +m
: Zo
bk\l = Gouy s 2= <k|£ = —&
Ye Tk +ne
Geriue+t —&o11
Grue | L —&k
and Ay, is
1 0 0 0 0]
—F 1 0 0
0 Hy 0 0
0 —F I 0
0 0 Hy O
Apgje :=
-F, I
0 H, 0
0 —Fq I
_() 0 —Fk I_

Note that the noise vector (y is XF+1 % Ylvalued and has mean zero and
block-diagonal positive-definite precision operator (inverse covariance) Wi,
given in block form by

Wk\l = diag(QalanlaRila B '7Q217R517Q2ﬁ17 R lel)

By the Gauss-Markov theorem (Theorem 6.2), the best linear unbiased
estimate 2y = [Tojg, ..., Tg)]* of 2y satisfies

1 2
Z in J, J| == ||A —b 7.4
2kl € al;%énxm kle(2k), kle(2k) B || |2k k\eHWW ) (7.4)
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and by Lemma 4.27 is the solution of the normal equations
AL Wiie Ak eZkje = Al Wi ebipe-

By Exercise 7.1, it follows from the assumptions made above that these
normal equations have a unique solution

A * -1 44
Zrje = (AR WieArie)  AfjeWiebrye- (7.5)

By Theorem 6.2 and Remark 6.3, E[2;,] = z; and the covariance operator
of the estimate 2, is (AZMW;MAW)’l; note that this covariance operator is
exactly the inverse of the Hessian of the quadratic form Jy,.

Since a Gaussian measure is characterized by its mean and variance, a
Bayesian statistician forming a Gaussian model for the process (7.1)—(7.2)
would say that the state history zr = (xq,...,2), conditioned upon the
control and observation data by, is the Gaussian random variable with dis-
tribution N(ék‘g, (AZMWk‘ZAkw)il)'

Note that, since Wy, is block diagonal, J, can be written as

1 1¢
Jre(z) = 5”950 - mOH?QSI + by ZH% - Hixi”f%;l
i=1

1 2
+ 5 ;sz — FiCL'i_l — GiUiHQi—l. (7.6)

An expansion of this type will prove very useful in derivation of the linear
Kalman filter in the next section.

7.2 Linear Kalman Filter

We now consider the state estimation problem in the common practical sit-
uation that & = m. Why is the state estimate (7.5) not the end of the story?
For one thing, there is an issue of immediacy: one does not want to have to
wait for observation y1909 to come in before estimating states x1, ..., Zggg as
well as x1900, in particular because the choice of the control ug4; typically
depends upon the estimate of xj; what one wants is to estimate x; upon obs-
erving yi. However, there is also an issue of computational cost, and hence
computation time: the solution of the least squares problem

find & = argmin || Az — b||%.
zeK™



118 7 Filtering and Data Assimilation

where A € K™*™ at least by direct methods such as solving the normal
equations or QR factorization, requires of the order of mn? floating-point
operations. Hence, calculation of the state estimate Z; by direct solution of
(7.5) takes of the order of

((k +1)(dim X) + m(dim Y)) ((k + 1) dim X)?

operations. It is clearly impractical to work with a state estimation scheme
with a computational cost that increases cubically with the number of time
steps to be considered. The idea of filtering is to break the state estimation
problem down into a sequence of estimation problems that can be solved with
constant computational cost per time step, as each observation comes in.

The two-step linear Kdlmdn filter (LKF) is an iterative! method for con-
structing the best linear unbiased estimate 2y, (with covariance operator
Ch|i) of zy in terms of the previous state estimate £_q),—1 and the data wu
and yy. It is called the two-step filter because the process of updating the state
estimate (Z_1|g—1,Cr—1jk—1) for time ¢;_; into the estimate (&, Cy) for
ty. is split into two steps (which can, of course, be algebraically unified into a
single step):

e the prediction step uses the dynamics but not the observation y; to
update (Zp_1j4—1,Cr—1jk—1) into an estimate (Lpx—1,Crr—1) for the
state at time ty;

e the correction step uses the observation y; but not the dynamics to
update (Zyx—1, Crp—1) into a new estimate (Zyx, Cr)-

It is possible to show, though we will not do so here, that the computational
cost of each iteration of the LKF is at most a constant times the computa-
tional cost of matrix-matrix multiplication.

The literature contains many derivations of the Kalman filter, but there
are two especially attractive viewpoints. One is to view the LKF purely as
a statement about the linear push-forward and subsequent conditioning of
Gaussian measures; in this paradigm, from a Bayesian point of view, the
LKF is an exact description of the evolving system and its associated unc-
ertainties, under the prior assumption that everything is Gaussian. Another
point of view is to derive the LKF in a variational fashion, forming a sequence
of Gauss—Markov-like estimation problems, and exploiting the additive de-
composition (7.6) of the quadratic form that must be minimized to obtain
the best linear unbiased estimator. One advantage of the variational point
of view is that it forms the basis of iterative methods for non-linear filtering
problems, in which Gaussian descriptions are only approximate.

Initialization. We begin by initializing the state estimate as

(11:’0\0700|0) := (mo, Qo)-

I That is, the LKF is iterative in the sense that it performs the state estimation sequentially
with respect to the time steps; each individual update, however, is an elementary linear
algebra problem, which could itself be solved either directly or iteratively.
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In practice, one does not usually know the initial state of the system, or
the concept of an ‘initial state’ is somewhat arbitrary (e.g. when tracking an
astronomical body such as an asteroid). In such cases, it is common to use a
placeholder value for the mean %y and an extremely large covariance Cyq
that reflects great ignorance/open-mindedness about the system’s state at
the start of the filtering process.

Prediction: Push-Forward Method. The prediction step of the LKF is
simply a linear push-forward of the Gaussian measure N (& _15—1, Cr—1]k—1)
through the linear dynamical model (7.1). By Exercise 2.5, this push-forward
measure is N'(Zy|p—1, Ckjk—1), where

Tppp—1 = Frgp_1p—1 + Grug, (7.7)
Crik—1 = FrCr_1jp—1 Fy + Qk- (7.8)
These two updates comprise the prediction step of the Kélman filter, the

result of which can be seen as a Bayesian prior for the next step of the
Kélman filter.

Prediction: Variational Method. The prediction step can also be char-
acterized in a variational fashion: &,,;—; should be the best linear unbiased
estimate of xy given yo,...,yr—1, i.e. it should minimize Jy;_,. Recall the
notation from Section 7.1: a state history 2z, € X*t1 is a k-tuple of states
(zo,...,2k). Let

ﬁk::[o - 0 Fk},

vaith Fi, in the k' block, i.e. the block corresponding to zj_1, so that
szk—l = Fkxk—l' By (7.6),

1 ~ 2
Jrpk—1(z1) = Je—1jp—1(2—-1) + 5”“ = Flezr—1 — G’“u’“HQEI'

The gradient and Hessian of Jy,_; are given (in block form, splitting 2 into
zx—1 and xy components) by

Vyp—1(2x) =

Vo1 (zre1) + FEQ; (ﬁkzkﬂ + Gruk — k)
Q1 (Fuozi—1 + Gruy, — ) 7

V2 -1kt (2k-1) + ﬁ;:Q;;lﬁk —E:Q;;l]

V2 ko1 (z) = 15 -
| 1 _Qk 1Fk le

It is readily verified that
Vdik-1(2k) =0 <= 2x = Zi—1 = (2005 - - - » Th—1]k—1> Th|k—1);

with Z,_q asin (7.7). We can use this Zj;,_; as the initial condition for (and,
indeed, fixed point of) a single iteration of the Newton algorithm, which
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by Exercise 4.3 finds the minimum of Ji,_; in one step; if the dynamics
were nonlinear, 2;,_; would still be a sensible initial condition for Newton
iteration to find the minimum of Jy;_;, but might not be the minimizer.
The covariance of this Gauss—Markov estimator for xj is the bottom-right
block of (V2Jk‘k,1(zk))_1: by the inversion lemma (Exercise 2.7) and the
inductive assumption that the bottom-right (zx—1) block of (VQJk_l‘k_l)fl
is the covariance of the previous state estimate Zj_q,_1,

- X iy .
Cipi—1 = Qi + Fu (V2 Ji—1jom1 Br—1ji—1)) Fy by Exercise 2.7
= Qr + Fr.Cr_1jp—1 I, by induction,

just as in (7.8).

Correction: Conditioning Method. The next step is a correction step
(also known as the analysis or update step) that corrects the prior dis-
tribution NV(Zy,—1, Crje—1) to a posterior distribution N (Zy, Cyr) using
the observation yx. The key insight here is to observe that zy;_; and y;, are
jointly normally distributed, and the observation equation (7.2) defines the
conditional distribution of y; given xy ;1 =z as N (Hgz, Ri), and hence

(Wrlzrp—1 ~ N (Zgjp—1, Crjp—1)) ~ N (HpZ -1, HeCrjp—1 Hj, + Ry).
The joint distribution of @y x_1 and yg is, in block form,

Trlk=1| A Tpip—1 '
Yk HyZgi—1

Theorem 2.54 on the conditioning of Gaussian measures now gives the con-
ditional distribution of xj given y; as N(ik‘k, Cr)i) with

Cirlk—1 Crir—1Hy,
HyCrr—1 HpCrj—1 Hy; + Ry,

3

Tk = Bupi—1 + Crpp—1 Hi Sy (ye — Higj-1) (7.9)

and
Ciie = Cijp—1 — Crjp—1H;: S, " HiClyo—1. (7.10)
where the self-adjoint and positive-definite operator Si: Y — ) defined by

Sk = chk\k—lH; + Ry, (7.11)

is known as the innovation covariance.
Another expression for the posterior covariance Cyy, or rather the poste-

rior precision C,;li, can be easily obtained by applying the Woodbury formula

(2.9) from Exercise 2.7 to (7.10):



7.2 Linear Kalman Filter 121

Ck_ulc = (Crjh—1 — Ok|k—1H;Sk_1HkOk|k—1)71
= Crpy + Hi (S — chk\k—lcai,10k|k—le)71Hk
= Cyp_y + Hi (HiChpp— 1 Hj; + Ry, — chk|klel:)_1Hk
= Cypoy + H{ R Hy (7.12)

Application of this formula gives another useful expression for the posterior
mean Ty
Erik = Bppp—1 + CroppHi Ry, (yk — Hidigjp—1)- (7.13)

To prove the equivalence of (7.9) and (7.13), it is enough to show that
C’k“cH,:R,;l = C’k|k_1H;§S,;1, and this follows easily after multiplying on the

left by C'k_lli, on the right by Sk, inserting (7.12) and (7.11), and simplifying

the resulting expressions.

Correction: Variational Method. As with the prediction step, the correc-
tion step can be characterized in a variational fashion: iy, should be the best

linear unbiased estimate Zy; of xy given yo,...,yk, i.e. it should minimize
Jk\k Let

ﬁk::[o - 0 Hk},
with Hj, in the (k + 1)t block, i.e. the block corresponding to z, so that
szk = Hka:k. By (76),

1, ~ 2
Tk (26) = Jipp—1(2x) + §HHM - kaR;L
The gradient and Hessian of Jy, are given by
Vi (zk) = Ve (k) + HE R (Hizn — yk)
= Ve (z) + Hi By (Hien — i),
V2Jk|k(zk) = V2Jk|k,1(2’]g) + ﬁlezlﬁk

Note that, in block form, the Hessian of Jj; is that of Ji,_; plus a ‘rank

one update’:

V2T (2k) = Vg1 (zk) +

0 0
0 HiR 'Hy|’
By Exercise 4.3, a single Newton iteration with any initial condition will

find the minimizer #j;, of the quadratic form Jy;. A good choice of initial
condition is

2k = Rk|k—1 = ($0|0= s 7xk71|k717xk\k71)7

so that VJy,_1(2x) vanishes and the bottom-right block of V2Jy,_1(z) !
is Ck\k—l-
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The bottom-right (zx) block of (V2Jy(2k)) 71, i.e. the covariance operator
Chk, can now be found by blockwise inversion. Observe that, when A, B, C
and D + D’ satisfy the conditions of the inversion lemma (Exercise 2.7), we
have

A B
C D+D

)

B L (D' +(D+CA'B)) ™"

where * denotes entries that are irrelevant for this discussion of bottom-right
blocks. Now apply this observation with

A B

P =V2Jyk-1(zx) and D'= H;R;'Hy,

sothat D+CA~'B = Ck_|1£—1' Therefore, with this choice of initial condition
for the Newton iteration, we see that Cj i, which is the bottom-right block

of (VQJHk(zk))_l, is (Ck_|1£—1 + H;R,ZIH;C)_I, in accordance with (7.13).

The Kalman Gain. The correction step of the Kalman filter is often phrased
in terms of the Kalmdan gain Kj: )Y — X defined by
Ky i= Crp 1 HE Sy = Chpy Hi (HiCrp 1 Hi + Ry) ™' (7.14)
With this definition of Kj,
Ty = Trjp—1 + Kr(yx — HiZpjp—1) (7.15)
Cip = (I = KxHy)Cljp—1 = Crjp—1 — KrSL K. (7.16)
It is also common to refer to
Uk =Yk — HpZgp—1
as the innovation residual, so that
Tgjk = Tjk—1 + KrYk.

Thus, the role of the Kalmén gain is to quantify how much of the innovation
residual should be used in correcting the predictive estimate ZTy,_1. It is an
exercise in algebra to show that the first presentation of the correction step
(7.9)—(7.10) and the Kdlman gain formulation (7.14)—(7.16) are the same.

Example 7.3 (LKF for a simple harmonic oscillator). Consider the simple
harmonic oscillator equation #(t) = —w?x(t), with w > 0. Given a time step
At > 0, this system can be discretized in an energy-conserving way by the

semi-implicit Euler scheme

T = Tp—1 + vat,

Vp = Vp_1 — Wxp_1 At
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Note that position, x, is updated using the already-updated value of
velocity, v. The energy conservation property is very useful in practice, and
has the added advantage that we can use a relatively large time step in Figure
7.1 and thereby avoid cluttering the illustration. We initialize this oscillator
with the initial conditions (g, vo) = (1,0).

Suppose that noisy measurements of the x-component of this oscillator are
made at each time step:

Yk =Tk + e, mr ~N(0,1/2).

For illustrative purposes, we give the oscillator the initial position and velocity
(2(0),v(0)) = (1,0); note that this makes the observational errors almost of
the same order of magnitude as the amplitude of the oscillator. The LKF is
initialized with the erroneous estimate (Z¢|o,90j0) = (0,0) and an extremely
conservative covariance of Cyg = 10'°7. In this case, there is no need for
control terms, and we have Q = 0,

1—w?A2 At

F =
b —w2At 1

, Hk:[l 0}, Rk:H.

The results, for w = 1 and At = 1—10, are illustrated in Figure 7.1. The initially
huge covariance disappears within the first iteration of the algorithm, rapidly
producing effective estimates for the evolving position of the oscillator that

are significantly more accurate than the observed data alone.

Continuous Time Linear Kalman Filters. The LKF can also be formu-
lated in continuous time, or in a hybrid form with continuous evolution but
discrete observations. For example, the hybrid LKF has the evolution and
observation equations

() = F(t)a(t) + G(u(t) +w(t),
Yr = Hpzp + g,

where x, := x(tx). The prediction equations are that Zj,_; is the solution
at time ¢ of the initial value problem

di(t)
dt
(th—1) = Th_1jk—1,

= F(t)i(t) + G(t)u(t),

and that Cy),_; is the solution at time ¢ of the initial value problem

C(t) = F(t)P(t)F(t)* + Q(t),
C(tk—1) = Cr_1jp—1-
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Y%begincenter

o L
The dashed curve shows the true evolution of position. The solid black curve
shows the filtered mean estimate of the position; the grey envelope shows the mean
+ one standard deviation. The black crosses show the observed data.

b

error
5 —

0.5

The filtered prediction errors |2y, — | (solid curve) are consistently smaller
than the observation errors |y — x| (dashed curve).

Fig. 7.1: The LKF applied to a simple harmonic oscillator, as in Example
7.3. Despite the comparatively large scatter in the observed data, as shown
in (a), and the large time step (At = {5), the LKF consistently provides
better estimates of the system’s state than the data alone, as shown in (b).

The correction equations (in Kadlman gain form) are as before:

* * -1
Ki = Cyji—1 Hy (HiCrj—1 Hi + Ry)
Tpje = Trjp—1 + Ki(yx — HeZpjr—1)
Crjw = (I — K Hy)Cjjo—1-

The LKF with continuous time evolution and observation is known as the
Kdlmdn—Bucy filter. The evolution and observation equations are

#(t) = F(t)a(t) + G(Hu(t) + w(t),
y(t) = H(t)a(t) +v(t).
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Notably, in the Kalman—Bucy filter, the distinction between prediction and
correction does not exist.

dffi(tt) = F(0)2(t) + G(t)u(t) + K (1) (y(t) — H(1)a(1)),

Ct) = F)C{t) + CHF@#)" + Q) — KOR@)K(?)",

where

7.3 Extended Kalman Filter

The extended Kdlmdn filter (ExKF or EKF) is an extension of the Kdlmén
filter to nonlinear dynamical systems. In discrete time, the evolution and
observation equations are

xp = fr(@p—1,ur) + &,
Y = hi(z) + Mg,

where, as before, zp € X are the states, ux € U are the controls, y, € Y
are the observations, fi: X x U — X are the vector fields for the dynamics,
hiy: X — Y are the observation maps, and the noise processes & and 7
are uncorrelated with zero mean and positive-definite covariances Qi and Ry
respectively.

The classical derivation of the ExKF is to approximate the nonlinear
evolution—observation equations with a linear system and then use the LKF
on that linear system. In contrast to the LKF, the ExKF is neither the
unbiased minimum mean-squared error estimator nor the minimum vari-
ance unbiased estimator of the state; in fact, the ExKF is generally biased.
However, the ExKF is the best linear unbiased estimator of the linearized
dynamical system, which can often be a good approximation of the nonlinear
system. As a result, how well the local linear dynamics match the nonlinear
dynamics determines in large part how well the ExKF will perform. Indeed,
when the dynamics are strongly nonlinear, all approximate Gaussian filters
(including KF-like methods) perform badly, since the push-forward of the
previous state estimate (a Gaussian measure) by a strongly nonlinear map is
poorly approximated by a Gaussian.

The approximate linearized system is obtained by first-order Taylor
expansion of fi about the previous estimated state Z3_1;—1 and hy about

Tpip—1

Tp = fe(Tp—1)p—1,wk) + Dfe(@p_1jp—1, wr) (Th—1 — Tp—1jp—1) + &k,
Yk = he(Tgpk—1) + Dhp(Tpjp—1) @k — Trjp—1) + k-
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Taking

Fy =D fe(@p—1jp—1, k),
Hy, := Dhy(Zjp—1),
g = fe(Tr—1jp—1, Uk) — FrZp_1jk—1,

Uk = he(Tpe—1) — HieZppp—1,
the linearized system is

g = Frprp—1 + g + &k,

e = Hypzp + i + 0.

The terms 4y and g can be seen as spurious control forces and observations
respectively, induced by the errors involved in approximating fr and hy by
their derivatives. The ExKF is now obtained by applying the standard LKF
to this system, treating 4y as the controls for the linear system and yi — yx
as the observations, to obtain

-1 = fe(@r—1jp—1, uk), (7.17)
Crjk—1 = FrCr1—1 Fy + Qr, (7.18)
Cuge = (Crphy + Hi Ry HE) (7.19)
Euk = Buph-1 — CopHERy, (hi(Brpp—1) — yr)- (7.20)

7.4 Ensemble Kalman Filter

The EnKF is a Monte Carlo approximation of the Kalman filter that avoids
evolving the covariance operator of the state vector x € X', and thus elim-
inates the computational costs associated with storing, multiplying and
inverting the matrix representation of this operator. These computational
costs can be huge: in applications such as weather forecasting, dim X' can
easily be of order 10° to 10°. Instead, the EnKF uses an ensemble of E € N
state estimates #(¢) € X, e =1,..., F, arranged into a matrix

~

X =[zW,..., 25

The columns of the matrix X are the ensemble members.

Initialization. The ensemble is initialized by choosing the columns of )A(0|0
to be E independent draws from, say, N (mq, Qo). However, the ensemble
members are not generally independent except in the initial ensemble, since
every EnKF step ties them together, but all the calculations proceed as if
they actually were independent.
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Prediction. The prediction step of the EnKF is straightforward: each column

:%,(:_)l‘k_l is evolved to :ﬁ,(:;c_l using the LKF prediction step (7.7)

jjl(:i;cfl = Fkil(cef)l\kfl + Gruy,

or the ExKF prediction step (7.17)

s(e) ~.(e)
Tpphor = Se(@ 2y g un)-

The matrix )A(Hk_l has as its columns the ensemble members ‘i"l(j?cq for
e=1,...,FE.

Correction. The correction step for the EnKF uses a trick called data repli-
cation: the observation y, = Hixy + n is replicated into an m x E matrix

D=1[dM, ... dP)], d° .=y, +0°, 5~ N(0,R).

so that each column d® consists of the actual observed data vector Y €Y
plus a perturbation that is an independent random draw from N(0, Ry). If
the columns of )A(k“c,l are a sample from the prior distribution, then the
columns of

Xippo1 + K (D — Hp Xp—1)
form a sample from the posterior probability distribution, in the sense of a

Bayesian prior (before data) and posterior (conditioned upon the data). The
EnKF approximates this sample by replacing the exact Kadlman gain (7.14)

* * —1
Ki = Crpo—1 Hi (HiCrpp—1 Hj; + Ri)

which involves the covariance Cy—1, which is not tracked in the EnKF, by
an approximate covariance. The empirical mean and empirical covariance of
Xk|k—1 are

3 Lo o)
<Xk\k71> ~F Zjljk—v
e=1
(Xipp—1 = (Kip-1)) (Kip—1 = (Kp-1))”

E -
Ck\k—l T E—1
where, by abuse of notation, <)A(k|k_1> stands both for the vector in X' that

is the arithmetic mean of the E columns of the matrix X k|k—1 and also for
the matrix in AP that has that vector in every one of its E columns. The
Kalman gain for the EnKF uses C,ﬁk_l in place of Cp_1:

* * -1
K = Cffy_Hy (HyCfj,_ Hi + Ry) (7.21)
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so that the correction step becomes

~ ~ B ~

Xk\k = X]CVC—1+K]{; (D—Hka|k_1). (722)

One can also use sampling to dispense with Ry, and instead use the empirical
covariance of the replicated data,
(D —(D))(D — (D))"
E-1 '

Note, however, that the empirical covariance matrix is typically rank-deficient
(in practical applications, there are usually many more state variables than
ensemble members), in which case the inverse in (7.21) may fail to exist; in
such situations, a pseudo-inverse may be used.

Remark 7.4. Even when the matrices involved are positive-definite, instead
of computing the inverse of a matrix and multiplying by it, it is much better
(several times cheaper and also more accurate) to compute the Cholesky
decomposition of the matrix and treat the multiplication by the inverse as
solution of a system of linear equations. This is a general point relevant to
the implementation of all KF-like methods.

Remark 7.5. Filtering methods, and in particular the EnKF, can be used
to provide approximate solutions to static inverse problems. The idea is that,
for a static problem, the filtering distribution will converge as the number of
iterations (‘algorithmic time’) tends to infinity, and that the limiting filtering
distribution is the posterior for the original inverse problem. Of course, such
arguments depend crucially upon the asymptotic properties of the filtering
scheme; under suitable assumptions, the forward operator for the error can
be shown to be a contraction, which yields the desired convergence. See, e.g.,
Iglesias et al. (2013) for further details and discussion.

7.5 Bibliography

The original presentation of the Kélman (Kalman, 1960) and Kalman-Bucy
(Kalman and Bucy, 1961) filters was in the context of signal processing, and
encountered some initial resistance from the engineering community, as rel-
ated in the article of Humpherys et al. (2012). Filtering is now fully accepted
in applications communities and has a sound algorithmic and theoretical
base; for a stochastic processes point of view on filtering, see, e.g., the books
of Jazwinski (1970) and @ksendal (2003, Chapter 6). Boutayeb et al. (1997)
and Ljung (1979) discuss the asymptotic properties of Kdlméan filters.

The EnKF was introduced by Evensen (2009). See Kelly et al. (2014) for
discussion of the well-posedness and accuracy of the EnKF, and Iglesias et al.
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(2013) for applications of the EnKF to static inverse problems. The varia-
tional derivation of the Kalman filter given here is based on the one given by
Humpherys et al. (2012), which is also the source for Exercise 7.7.

A thorough treatment of probabilistic forecasting using data assimila-
tion and filtering is given by Reich and Cotter (2015). The article of Apte
et al. (2008) provides a mathematical overview of data assimilation, with an
emphasis on connecting the optimization approaches common in the data
assimilation community (e.g. 3D-Var, 4D-Var, and weak constraint 4D-Var)
to their Bayesian statistical analogues; this paper also illustrates some of the
shortcomings of the EnKF. In another paper, Apte et al. (2007) also provide
a treatment of non-Gaussian data assimilation.

7.6 Exercises

Exercise 7.1. Verify that the normal equations for the state estimation
problem (7.4) have a unique solution.

Exercise 7.2 (Fading memory). In the LKF, the current state variable is
updated as the latest inputs and measurements become known, but the esti-
mation is based on the least squares solution of all the previous states where
all measurements are weighted according to their covariance. One can also
use an estimator that discounts the error in older measurements leading to
a greater emphasis on recent observations, which is particularly useful in
situations where there is some modelling error in the system.
To do this, consider the objective function

k k
A A 1 i
i ) = T lleo = mollgys + 5 D0 N flgs — Hiil[3
i=1

k
1 —i
+§Zx\k lw; — Fixi—q _GiuiHQQ;n

i=1

where the parameter A € [0, 1] is called the forgetting factor; note that the
standard LKF is the case A = 1, and the objective function increasingly
relies upon recent measurements as A — 0. Find a recursive expression for
the objective function J éfk) and follow the steps in the variational derivation

of the usual LKF to derive the LKF with fading memory A.

Exercise 7.3. Write the prediction and correction equations (7.17)—(7.20)
for the ExKF in terms of the Kalman gain.

Exercise 7.4. Use the ExKF to perform position and velocity estimation
for the Van der Pol oscillator

#(t) — p(l — 2(t)®)a(t) + w?ax(t) =0,
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with natural frequency w > 0 and damping p > 0, given noisy observations
of the position of the oscillator. (Note that p = 0 is the simple harmonic
oscillator of Example 7.3.)

Exercise 7.5. Building on Example 7.3 and Exercise 7.4, investigate the
robustness of the Kalman filter to the forward model being ‘wrong’. Generate
synthetic data using the Van der Pol oscillator, but assimilate these data using
the LKF for the simple harmonic oscillator with a different value of w.

Exercise 7.6. Filtering can also be used to estimate model parameters,
not just states. Consider the oscillator example from Example 7.3, but with
an augmented state (z,v,w). Write down the forward model, which is no
longer linear. Generate synthetic position data using your choice of w, then
assimilate these data using the ExKF with an initial estimate for (zq, vo,w)
of large covariance. Perform the same exercise for the Van der Pol oscillator
from Exercise 7.4.

Exercise 7.7. This exercise considers the ExKF with noisy linear dynamics

and noisy non-linear observations with the aim of trajectory estimation for a

projectile. For simplicity, we will work in a two-dimensional setting, so that

ground level is the line x5 = 0, the Earth is the half-space xo2 < 0, and
gravity acts in the (0,—1) direction, the acceleration due to gravity being

g = 9.807N/kg. Suppose that the projectile is launched at time ¢y from

2o := £ = (0,0) m with initial velocity vy := (300, 600) m/s.

(a) Suppose that at time t; = kAt, At = 10~ !s, the projectile has position
x, € R? and velocity v;, € R?; let X = (xp,vE) € R*. Write down
a? discrete-time forward dynamical model Fj, € R**4 that maps X to
X1 in terms of the time step At, and g. Suppose that the projectile
has drag coefficient b = 10~ (i.e. the effect of drag is ¥ = —bv). Suppose
also that the wind velocity at every time and place is horizontal, and
is given by mutually independent Gaussian random variables with mean
10 m/s and standard deviation 5 m/s. Evolve the system forward through
1200 time steps, and save this synthetic data.

(b) Suppose that a radar site, located at a ground-level observation post
o = (30,0) km, makes measurements of the projectile’s position & (but
not the velocity v) in polar coordinates centred on o, i.e. an angle of
elevation ¢ € [0°,90°] from the ground level, and a radial straight-line
distance r > 0 from o to . Write down the observation function A: X —
y := (¢, r), and calculate the derivative matrix H = Dh of h.

(¢) Assume that observation errors in (¢,r) coordinates are normally dis-
tributed with mean zero, independent errors in the ¢ and r directions,
and standard deviations 5° and 500 m respectively. Using the synthetic
trajectory calculated above, calculate synthetic observational data for
times ¢t with 400 < k& < 600

2 There are many choices for this discrete-time model: each corresponds to a choice of
numerical integration scheme for the underlying continuous-time ODE.
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(d) Use the ExKF to assimilate these data and produce filtered estimates
jX\kUc of X = (xk,vy). Use the observation (¢400,7400) to initialize the
position estimate with a very large covariance matrix of your choice;
make and justify a similar choice for the initialization of the velocity est-
imate. Compare and contrast the true trajectory, the observations, and
the filtered position estimates. On appropriately scaled axes, plot norms
of your position covariance matrices Cy;, and the errors (i.e. the differ-
ences between the synthetic ‘true’ trajectory and the filtered estimate).
Produce similar plots for the true velocity and filtered velocity estimates,
and comment on both sets of plots.

(e) Extend your predictions both forward and backward in time to produce
filtered estimates of the time and point of impact, and also the time
and point of launch. To give an idea of how quickly the filter acquires
confidence about these events, produce plots of the estimated launch and
impact points with the mean + standard deviation on the vertical axis
and time (i.e. observation number) on the horizontal axis.

Exercise 7.8. Consider, as a paradigmatic example of a nonlinear — and,
indeed, chaotic — dynamical system, the Lorenz 63 ODE system (Lorenz,
1963; Sparrow, 1982):

(y(t) — (1)),
() (p = 2(t)) —y(1),
(O)y(t) — Bz(t),

with the usual parameter values o = 10, = 8/3, and p = 28.

(a) Choose an initial condition for this system, then initialize an ensemble
of F = 1000 Gaussian perturbations of this initial condition. Evolve this
ensemble forward in time using a numerical ODE solver. Plot histograms
of the projections of the ensemble at time ¢ > 0 onto the z-, y-, and z-axes
to gain an impression of when the ensemble ceases to be Gaussian.

(b) Apply the EnKF to estimate the evolution of the Lorenz 63 system, given
noisy observations of the state. Comment on the accuracy of the EnKF
predictions, particularly during the early phase when the dynamics are
almost linear and preserve the Gaussian nature of the ensemble, and over
longer times when the Gaussian nature breaks down.

o
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Chapter 8

Orthogonal Polynomials and
Applications

Although our intellect always longs for clarity
and certainty, our nature often finds uncer-
tainty fascinating.

On War
KARL vON CLAUSEWITZ

Orthogonal polynomials are an important example of orthogonal decom-
positions of Hilbert spaces. They are also of great practical importance:
they play a central role in numerical integration using quadrature rules
(Chapter 9) and approximation theory; in the context of UQ, they are also
a foundational tool in polynomial chaos expansions (Chapter 11).

There are multiple equivalent characterizations of orthogonal polynomials
via their three-term recurrence relations, via differential operators, and other
properties; however, since the primary use of orthogonal polynomials in UQ
applications is to provide an orthogonal basis of a probability space, here
L?-orthogonality is taken and as the primary definition, and the spectral
properties then follow as consequences.

As well as introducing the theory of orthogonal polynomials, this chapter
also discusses their applications to polynomial interpolation and approxima-
tion. There are many other interpolation and approximation schemes beyond
those based on polynomials — notable examples being splines, radial basis
functions, and the Gaussian processes of Chapter 13 — but this chapter
focusses on the polynomial case as a prototypical one.

In this chapter, N := Ny or {0,1,..., N} for some N € Ny. For simplicity,
we work over R instead of C, and so the L? inner product is a symmetric
bilinear form rather than a conjugate-symmetric sesquilinear form.

(© Springer International Publishing Switzerland 2015 133
T.J. Sullivan, Introduction to Uncertainty Quantification, Texts
in Applied Mathematics 63, DOI 10.1007/978-3-319-23395-6_8
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8.1 Basic Definitions and Properties

Recall that a real polynomial is a function p: R — R of the form
p(x) =cotaz+ - +cn 12"+ e,

where the coefficients cg,...,c, € R are scalars. The greatest n € Ny for
which ¢, # 0 is called the degree of p, deg(p); sometimes it is convenient to
regard the zero polynomial as having degree —1. If deg(p) = n and ¢,, = 1,
then p is said to be monic. The space of all (real) polynomials in x is denoted
B, and the space of polynomials of degree at most n is denoted B<,.

Definition 8.1. Let x be a non-negative measure on R. A family of polyno-
mials @ = {g, | n € N} C B is called an orthogonal system of polynomials
if, for each n € N, deg(gn) = n, qn € L*(R, i), and

(@ Gn) L2 () = / qm (T)qn(z) dp(z) =0 < m,n € N are distinct.
R

That is, (¢m, Gn)12(p) = YnOmn for some constants

= lgnlZag) = / ¢ dp,

called the normalization constants of the system Q. To avoid complications
later on, we require that the normalization constants are all strictly positive.
If v, = 1 for all n € A/, then Q is an orthonormal system.

In other words, a system of orthogonal polynomials is nothing but a col-
lection of non-trivial orthogonal elements of the Hilbert space L?(R, ) that
happen to be polynomials, with some natural conditions on the degrees of the
polynomials. Note that, given p, orthogonal (resp. orthonormal) polynomials
for p can be found inductively by using the Gram—Schmidt orthogonalization
(resp. orthonormalization) procedure on the monomials 1, z,z2,.... In prac-
tice, however, the Gram—Schmidt procedure is numerically unstable, so it is
more common to generate orthogonal polynomials by other means, e.g. the
three-term recurrence relation (Theorem 8.9).

Example 8.2. (a) The Legendre polynomials Le,, (also commonly denoted
by P, in the literature), indexed by n € Ny, are orthogonal polynomials
for uniform measure on [—1, 1]:

1
2
Len (z)Lep () de = ———dmn.-
/1 em (x)Ley () da 2n+15

(b) The Legendre polynomials arise as the special case « = 8 = 0 of the
Jacobi polynomials Pﬁa’ﬁ), defined for o, 5 > —1 and indexed by n € Ny.
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The Jacobi polynomials are orthogonal polynomials for the beta distri-
bution (1 — 2)*(1 — 2)? dz on [~1,1]:

PB) () PlB) () dy —
4" (@) Py (w) da nl2n+a+ s+ 1) I'n+a+8+1

/1 2000 P(n+a+ 1) (n+ B +1) 5
) mns

where I" denotes the gamma function

I'(t) ::/ st™lem* ds
0
=(t—1)! ifteN.

(¢) Other notable special cases of the Jacobi polynomials include the Cheby-
shev polynomials of the first kind T,, which are the special case
a=p= —%, and the Chebyshev polynomials of the second kind U,,, which
are the special case « = = % The Chebyshev polynomials are inti-
mately connected with trigonometric functions: for example,

T, (x) = cos(narccos(z)) for |z] <1,

w2j—1
2 n

(d) The (associated) Laguerre polynomials Lal® | defined for o > —1 and ind-
exed by n € Ny, are orthogonal polynomials for the gamma distribution
x“e~ % dx on the positive real half-line:

and the n roots of T;, are z; := cos( ) forj=1,...,n.

I'l+a+n)

G
n.

/ La(® (z)Lal® (z)z%e ™" dz =
0

The polynomials La,, := Laglo) are known simply as the Laguerre polyno-
mials.

(e) The Hermite polynomials He,, indexed by n € Ny, are orthogonal poly-
nomials for standard Gaussian measure v := (2r)~/2¢=*"/2 dz on R:

o exp(—a3/2) |
/700 Hem(:z)Hen(x)T dz = nlom,,.

Together, the Jacobi, Laguerre and Hermite polynomials are known as
the classical orthogonal polynomials. They encompass the essential features
of orthogonal polynomials on the real line, according to whether the (abso-
lutely continuous) measure u that generates them is supported on a bounded
interval, a semi-infinite interval, or the whole real line. (The theory of ort-
hogonal polynomials generated by discrete measures is similar, but has some
additional complications.) The first few Legendre, Hermite and Chebyshev
polynomials are given in Table 8.1 and illustrated in Figure 8.1. See Tables 8.2
and 8.3 at the end of the chapter for a summary of some other classi-
cal systems of orthogonal polynomials corresponding to various probability
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n Len () Hen (z) Tn(z)

0 1 1 1

1 x T x

2 %(3932 —1) z2 -1 222 — 1

3 5 L (523 — 3z) x% — 3z 43 — 3z

4| (3521 — 3022 4+3) | a?—62243 | 8zt —8z2+1
5| (6325 — 702% 4 15z) |2® — 1023 4 152(162° — 2023 + 5z

Table 8.1: The first few Legendre polynomials Le,,, which are orthogonal poly-
nomials for uniform measure dz on [—1, 1]; Hermite polynomials He,,, which
are orthogonal polynomials for standard Gaussian measure (27)~/2e~%"/2 dz
on R; and Chebyshev polynomials of the first kind 7,, which are orthogonal
polynomials for the measure (1 — z2)~/2dz on [~1,1].

measures on subsets of the real line. See also Figure 8.4 for an illustration of
the Askey scheme, which classifies the various limit relations among families
of orthogonal polynomials.

Remark 8.3. Many sources, typically physicists’ texts, use the weight func-
tion e~*” dx instead of probabilists’ preferred (27r)_1/2e_5”2/2 dz or e=*"/2 da
for the Hermite polynomials. Changing from one normalization to the other
is not difficult, but special care must be exercised in practice to see which
normalization a source is using, especially when relying on third-party soft-
ware packages.! To convert integrals with respect to one Gaussian measure
to integrals with respect to another (and hence get the right answers for
Gauss—Hermite quadrature), use the following change-of-variables formula:

7o S e = [ v

It follows from this that conversion between the physicists’ and probabilists’
Gauss-Hermite quadrature formulae (see Chapter 9) is achieved by

phys

b W b h
wpro . 7 pro \/_Ip ys

) - ﬁ ’

Existence of Orthogonal Polynomials. One thing that should be imme-
diately obvious is that if the measure p is supported on only N € N points,
then dim L?(R, ) = N, and so u admits only N orthogonal polynomials.

I For example, the GAUSSQ Gaussian quadrature package from http://netlib.org/ uses
the physicists’ e~ dz normalization. The numpy . polynomial package for Python provides
separate interfaces to the physicists’ and probabilists’ Hermite polynomials, quadrature
rules, etc. as numpy.polynomial.hermite and numpy.polynomial.hermite_e respectively.


http://netlib.org
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—-1.0 +

Legendre polynomials, Le,, on [—1,1].

Hermite polynomials, He,, on R.

Chebyshev polynomials of the first kind, T},, on [—1,1].

Fig. 8.1: The Legendre, Hermite and Chebyshev polynomials of degrees 0
(black, dotted), 1 (black, dashed), 2 (black, solid), 3 (grey, dotted), 4 (grey,
dashed) and 5 (grey, solid).
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This observation invites the question: what conditions on p are necessary in
order to ensure the existence of a desired number of orthogonal polynomials
for 1?7 Recall that a matrix A is called a Hankel matriz if it has constant anti-
diagonals, i.e. if a;; depends only upon i + j. The definiteness of L*(u1) inner
products, and hence the existence of orthogonal polynomials, is intimately
connected to determinants of Hankel matrices of moments of the measure p:

Lemma 8.4. The L*(u1) inner product is positive definite onP<, if and only
if the Hankel determinant det(H,) is strictly positive for n = 1,...,d + 1,
where

mo myp - Mp-—1
H, = , My = / ™ dp(x) (8.1)
R
Mp—1 My o M2p-2

Hence, the L*(p) inner product is positive definite on B if and only if, for
alln €N, 0 < det(H,) < 0.

Proof. Let p(z) := cqz? + -+ + c12 + ¢y € P4 be arbitrary. Note that

HPH%? / Z ke dp(z Z ClLCOM 10,

k,£=0 k=0

and s0 ||p||z2(u) € (0,00) if and only if Hgy 1 is a positive-definite matrix. By
Sylvester’s criterion, this is Hyy1 is positive definite if and ouly if det(H,,) €
(0,00) for n =1,2,...,d+ 1, which completes the proof. O

Theorem 8.5. If the L?(u) inner product is positive definite on B, then
there exists an infinite sequence of orthogonal polynomials for .

Proof. Apply the Gram—Schmidt procedure to the monomials ™, n € Np.
That is, take go(z) = 1, and for n € N recursively define

In — Z aqk

fJ/m Qk

Since the inner product is positive definite, {qx,qr) > 0, and so each g, is
uniquely defined. By construction, each ¢, is orthogonal to g for k <n. O

By Exercise 8.1, the hypothesis of Theorem 8.5 is satisfied if the measure y
has infinite support and all polynomials are u-integrable. For example, there
are infinitely many Legendre polynomials because polynomials are bounded

n [—1,1], and hence integrable with respect to uniform (Lebesgue) measure;
polynomials are unbounded on R, but are integrable with respect to Gaussian
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measure by Fernique’s theorem (Theorem 2.47), so there are infinitely many
Hermite polynomials. In the other direction, there is the following converse
result:

Theorem 8.6. If the L*(u) inner product is positive definite on P<q, but
not on P<y,, for any n > d, then p admits only d+ 1 orthogonal polynomials.

Proof. The Gram—Schmidt procedure can be applied so long as the denom-
inators (g, qx) are strictly positive and finite, i.e. for kK < d + 1. The poly-
nomial ggy1 is orthogonal to ¢, for n < d; we now show that g4+1 = 0. By
assumption, there exists a polynomial p of degree d + 1, having the same
leading coefficient as gq41, such that ||p||L2(#) is 0, oo, or even undefined;
for simplicity, consider the case ||p||z2¢,) = 0, as the other cases are similar.
Hence, p — gq+1 has degree d, so it can be written in the orthogonal basis
{0, .-, 94} as
d
P—=4qd+1 = Z Ckqk
k=0
for some coefficients cg, . .., cq. Hence,
d

0= HPH%?(#) = qu+1||%2(#) + ZCiH%”%?(mv
k=0

which implies, in particular, that ||qs1 1/ z2(,) = 0. Hence, the normalization
constant 441 = 0, which is not permitted, and so gg+1 is not a member of a
sequence of orthogonal polynomials for u. a

Theorem 8.7. If u has finite moments only of degrees 0,1,...,r, then
admits only a finite system of orthogonal polynomials qq, ..., qq, where d is
the minimum of |r/2| and # supp(p) — 1.

Proof. Exercise 8.2. O

Completeness of Orthogonal Polynomial Bases. A subtle point in the
theory of orthogonal polynomials is that although an infinite family Q of
orthogonal polynomials for x forms an orthogonal set in L3(R, i), it is not
always true that Q forms a complete orthogonal basis for L?(R, i), i.e. it is
possible that

spanQ ¢ L2(R, ).

Examples of sufficient conditions for Q to form a complete orthogonal basis
for L?(R, p) include finite exponential moments (i.e. Ex~,[exp(a|X|)] is finite
for some a > 0), or the even stronger condition that the support of p is a
bounded set. See Ernst et al. (2012) for a more detailed discussion, and see
Exercise 8.7 for the construction of an explicit example of an incomplete but
infinite set of orthogonal polynomials, namely those corresponding to the
probability distribution of a log-normal random variable.
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8.2 Recurrence Relations

An aesthetically pleasing fact about orthogonal polynomials, and one that is
of vital importance in numerical methods, is that every system of orthogonal
polynomials satisfies a three-term recurrence relation of the form

Qn+1($) = (Anx + Bn)‘]n(x) - qun,1($) (82)

for some sequences (A,), (By), (Cy), with the initial terms ¢o(z) = 1 and
g—1(x) = 0. There are many variations in the way that this three-term rec-
urrence is presented: another one, which is particularly commonly used for
orthogonal polynomials arising from discrete measures, is

—2qn(7) = Angnt1(x) — (An + Cr)gn () + Crgn-1(7) (8.3)

and in Theorem 8.9 we give the three-term recurrence for the monic orthog-
onal polynomials associated with a measure p.

Example 8.8. The Legendre, Hermite and Chebyshev polynomials satisfy
the recurrence relations

2n+1 n
Leny1(x) = | aLey(z) — ?Len_l(:t),
He,,+1(x) = zHe,, (z) — nHe,,—1 (),
Thi1(x) = 22T, (x) — The1 ().

These relations can all be verified by direct substitution and an integration
by parts with respect to the appropriate generating measure p on R. The
Jacobi polynomials also satisfy the three-term recurrence (8.2) with

@2n+1l4+a+pB)2n+2+a+p)
2n+1)(n+14+a+p5)
(@®>=B%)2n+1+a+p)

2(n+1)2n+a+B)(n+ 1+ a+ )

n+a)(n+B8)2n+2+a+pB)

(n+)(n+1+a+B)2n+a+p)

A, =

B, =

n =

The coefficients for the three-term recurrence relation are determined
(up to multiplication by a constant for each degree) by the following theorem,
which gives the coeflicients for the monic orthogonal polynomials associated
with a measure p:

Theorem 8.9. Let Q = {q, | n € N'} be the monic orthogonal polynomials
for a measure p. Then
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Int1(z) = (2 = on)qn(x) — Brgn-1(2), (8.5)
qO(‘r) = 15
g-1(x) =0,

where

<$Qn7 QR>L2(;L)
<QnaQn>L2(u) ’
<Qn7 QR>L2(;L)
<Qn717 Qn71>L2(u) ’
Bo = (qo,q0) L2(n) = / dp.

R

Q= forn >0,

Bn =

forn >1,

Hence, the orthonormal polynomials {p, | n € N} for u satisfy

Brt1Pn+1(z) = (2 — an)pn(®) — \/ Bapn—1(x), (8.6)
po(@) = 85 7%,
p—1(x) = 0.

Proof. First, note that the L? inner product? satisfies the shift property

(@f,9) L2y = (fr29) L2 () (8.7)

for all f,g: R — R for which either side exists.
Since deg(gn+1 — 2¢n) < n, it follows that

n—2

Gn01(2) = 24 (®) = —angn(2) — Butn1(2) + 3 g (@) (88)
j=0

for suitable scalars a,,, 3, and c,;. Taking the inner product of both sides of
(8.8) with ¢, yields, by orthogonality,

_<xQn7 Qn>L2(;L) = _an<Qn7 Qn>L2(;L)7

so that o, = (2qn, @) £2(u)/ (G Gn) L2(p) @s claimed. The expression for 3, is
obtained similarly, by taking the inner product of (8.8) with ¢,,—; instead of
with g,:

<Qn+l — Zqn, Qn—l>L2(;L) = _<xQn(x)7 Qn—1>L2(,u) = _ﬁn<Qn—lu Qn—l>L2(,u)u

2 The Sobolev inner product, for example, does not satisfy the shift property (8.7). Hence,
the recurrence theory for Sobolev orthogonal polynomials is more complicated than the
L? case considered here.



142 8 Orthogonal Polynomials and Applications
and so

<Qn7xQn—l>L2(u)
(qn—1, qn—1>L2(u)
_ {9y Gn 1) 12
- <Qn—1,qn—1>L2(u)
(Gns @n) L2 (u)

= since ¢, L P<p_1.
<Qn717 Qn71>L2(u)

Bn:

with deg(r) <n

Finally, taking the inner product of (8.8) with ¢; for j <n — 1 yields

—(Tn, @) L2 () = Cnj{js @) L2 () (8.9)

It follows from the shift property (8.7) that (xqn,q;)r2(u) = (@n,2q5) L2 ()-
Since deg(zq;) < n—1, it follows that the left-hand side of (8.9) vanishes, so
¢nj = 0, and the recurrence relation (8.5) is proved. O

Furthermore, there is a converse theorem, which provides a characteriza-
tion of precisely which three-term recurrences of the form (8.5) arise from
systems of orthogonal polynomials:

Theorem 8.10 (Favard, 1935). Let (&p)nen and (Bn)nej\[ be real sequences
and let Q@ = {q, | n € N'} be defined by the recurrence

Qn-l-l(x) = (LL' + dn)Qn(x) - BnQn—l(:E)u

L
q-1(z) = 0.

Then Q is a system of monic orthogonal polynomials for some non-negative
measure p if and only if, for alln € N, &, # 0 and 3, > 0.

The proof of Favard’s theorem will be omitted here, but can be found in,
e.g., Chihara (1978, Theorem 4.4).

A useful consequence of the three-term recurrence is the following formula
for sums of products of orthogonal polynomial values at any two points:

Theorem 8.11 (Christoffel-Darboux formula). The orthonormal polynomi-
als {pn | n € N} for a measure u satisfy

n

S pu)pe(@) = v/Br g 2t "(I; — n(WPnr @) (8.10)
k=0

and

Z |pk(I)|2 =/ Bny1 (p%+1(l’)pn(95) - p;z(‘r)pnqu(I))- (8.11)
k=0
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Proof. Multiply the recurrence relation (8.6), i.e.
Br1prr1(2) = (2 — ar)pr(z) — / Brpr—1(

by pr(y) on both sides and subtract the corresponding expression with = and
y interchanged to obtain

(y — 2)px(W)r(x) = /Brsa (pk+1(y)pk( ) — pie(y)prr1(2))
- \/_(pk Y)Pk—1(x) — pr—1(y)pr(2)).

Sum both sides from k = 0 to k = n and use the telescoping nature of the sum
on the right to obtain (8.10). Take the limit as y — = to obtain (8.11). O

Corollary 8.12. The orthonormal polynomials {p, | n € N'} for a measure
1 satisfy

Pri1(@)pn (@) — P (@)Pnsa (@) > 0.
Proof. Since §,, > 0 for all n, (8.11) implies that
Prs1(@)Pn (@) = pp (2)pnsa (z) > 0,

with equality if and only if the sum on the left-hand side of (8.11) vanishes.
However, since

> k@) > [po(@)* = Byt
k=0

the claim follows. O

8.3 Differential Equations

In addition to their orthogonality and recurrence properties, the classical
orthogonal polynomials are eigenfunctions for second-order differential oper-
ators. In particular, these operators take the form

d? d
L= Q(I)@ + L(x)a,

where @) € P« is quadratic, L € P«; is linear, and the degree-n orthogonal
polynomial g, satisfies

(Lgn)(x) = Q2)q; () + L(2)q;, () = Anga(2), (8.12)

where the eigenvalue is

M= (Lo 1), (8.13)

Note that it makes sense for @) to be quadratic and L to be linear, since then
(8.12) is an equality of two degree-n polynomials.
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Example 8.13. (a) The Jacobi polynomials satisfy ﬁP,ga’ﬁ) = )\nP,ga’ﬁ),
where

2

L:= (1—x2)%+(6—a—(a+6+2)x)d%,

Ani=—n(n+a+5+1).

(b) The Hermite polynomials satisfy LHe,, = A, He,,, where

& d
T da? da’
Ap = —1n

¢) The Laguerre polynomials satisfy £Lal® = \,La{®, where
(c) g poly y LLa, s

2

d
I@—(l—FOZ—I)a,

Ap 1= —n.

L:

It is not difficult to verify that if @ = {g, | n € N'} is a system of monic
orthogonal polynomials, which therefore satisfy the three-term recurrence

Gn+1(7) = (T — @n)qn(®) — Bngn-1(z)

from Theorem 8.9, then ¢, is an eigenfunction for £ with eigenvalue A, as
(8.12)—(8.13): simply apply the three-term recurrence to the claimed equation
Lgn+1 = AM+1qn+1 and examine the highest-degree terms. What is more dif-
ficult to show is the converse result (which uses results from Sturm-Liouville
theory and is beyond the scope of this text) that, subject to suitable con-
ditions on @ and L, the only eigenfunctions of £ are polynomials of the
correct degrees, with the claimed eigenvalues, orthogonal under the measure
dp = w(x) dz, where

w(x)ocﬁexp(/%dx).

Furthermore, the degree-n orthogonal polynomial ¢, is given by Rodrigues’
formula

1 an .
S o (MR,

() < Ty

(Naturally, w and the resulting polynomials are only unique up to choices
of normalization.) For our purposes, the main importance of the differential
properties of orthogonal polynomials is that, as a consequence, the conver-
gence rate of orthogonal polynomial approximations to a given function f
is improved when f has a high degree of differentiability; see Theorem 8.23
later in this chapter.



8.4 Roots of Orthogonal Polynomials 145

8.4 Roots of Orthogonal Polynomials

The points  at which an orthogonal polynomial ¢, (z) = 0 are its roots, or
zeros, and enjoy a number of useful properties. They play a fundamental role
in the method of approximate integration known as Gaussian quadrature,
which will be treated in Section 9.2.

The roots of an orthogonal polynomial can be found as the eigenvalues of
a suitable matrix:

Definition 8.14. The Jacobi matriz of a measure p is the infinite, symmet-
ric, tridiagonal matrix

a VP 0
\/[3_1 aq \/E
0 VB

where ay, and Sy are as in Theorem 8.9. The upper-left n x n minor of Jo (1)
is denoted J, (1).

Theorem 8.15. Let po,p1,... be the orthonormal polynomials for p. The
zeros of p, are all real, are the eigenvalues of J, (), and the eigenvector of
Jn (1) corresponding to the zero of py, at z is

po(z)
p(z) ==
pn71(2)

Proof. Let p(z) := [po(x),...,pn_1(x)]" as above. Then the first n recur-
rence relations for the orthonormal polynomials, as given in Theorem 8.9,
can be summarized as

ap(x) = Ju(W)p(@) + V/Bapn(@)[0, ..., 0,1]T. (8.14)

Now let = = z be any zero of p,,. Note that p(z) # [0,...,0]T, since p(z) has
1/y/Bo as its first component po(z). Hence, (8.14) immediately implies that
p(z) is an eigenvector of J,(u) with eigenvalue z. Finally, since J,(u) is a
symmetric matrix, its eigenvalues (the zeros of p,,) are all real. a

All that can be said about the roots of an arbitrarily polynomial p of
degree n is that, by the Fundamental Theorem of Algebra, p has n roots in C
when counted with multiplicity. Since the zeros of orthogonal polynomials are
eigenvalues of a symmetric matrix (the Jacobi matrix), these zeros must be



146 8 Orthogonal Polynomials and Applications

real. In fact, though, orthogonal polynomials are guaranteed to have simple
real roots, and the roots of successive orthogonal polynomials alternate with
one another:

Theorem 8.16 (Zeros of orthogonal polynomials). Let y be supported in a
non-degenerate interval I C R, and let Q = {g, | n € N} be a system of
orthogonal polynomials for p

(a) For eachn € N, q,, has exactly n distinct real roots z%n), . ,z,(l") el.

(b) If (a,b) is an open interval of pi-measure zero, then (a,b) contains at most
one root of any orthogonal polynomial g, for p.

(c) The zeros zi(") of qgn and P of qn41 alternate:

%

n+1) < Zin) (n+1) << 27(1n+1) < 27(1”) < Z(n—i—l)'

(
21 <z ntl

hence, whenever m > n, between any two zeros of q,, there is a zero of ¢y,

Proof. (a) First observe that (g,,1)72(,) = 0, and so ¢, changes sign in I.
Since ¢, is continuous, the intermediate value theorem implies that g,
has at least one real root z%n) € I. For n > 1, there must be another root
zén) € I of g, distinct from z%n), since if g, were to vanish only at zin),

then (:1: — z%n))qn would not change sign in I, which would contradict the

orthogonality relation (x — z£n), qn)12(w) = 0. Similarly, if n > 2, consider

(z— zin)) (z— zén))qn to deduce the existence of yet a third distinct root

z3") € I. This procedure terminates when all the n complex roots of gy,
are shown to lie in [.

(b) Suppose that (a,b) contains two distinct zeros z™ and zj(") of g,. Let

an # 0 denote the coefficient of =™ in ¢, (x). Then

<qn7 II - Z£"))>
e L2(w)
/an(x) H (x — z,g")) dp(x)

k#i,j

=a, /R(:v — zz(n)) (z — zj(n)) H (z — z,(cn))2 dp(x)

k#i,j

>0,

since the integrand is positive outside of (a,b). However, this contradicts
the orthogonality of g, to all polynomials of degree less than n.

(¢) As usual, let p,, be the normalized version of ¢,. Let o, 7 be consecutive
zeros of py, so that p,(o)p,,(7) < 0. Then Corollary 8.12 implies that
DPn+1 has opposite signs at o and 7, and so the IVT implies that p,41
has at least one zero between ¢ and 7. This observation accounts for
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n — 1 of the n + 1 zeros of p,41, namely zénﬂ) < oo < 2D There

are two further zeros of p,, 11, one to the left of zin) and one to the right

of 2. This follows because v, (zfl")) > 0, so Corollary 8.12 implies that

DPrt1 (zfln)) < 0. Since pp41(x) = +00 as © — 400, the IVT implies the

existence of 27(11411) > 2

of z§n+1) < z%n). O

. A similar argument establishes the existence

8.5 Polynomial Interpolation

The existence of a unique polynomial p(z) = Y i, ¢;z* of degree at most n
that interpolates the values yo,...,y, € R at n + 1 distinct points zo, ...,
x5, € R follows from the invertibility of the Vandermonde matrix

1 =z a:g R 1
1 xy 2% - b

Va(@o,.oovmn) = |, . . C| e RvHDx(n4) (8.15)
1 =z, x% Ty

and hence the unique solvability of the system of simultaneous linear equations

€o Yo
Valxo,..ozn) | 1| =11 |- (8.16)

Cn Yn

In practice, a polynomial interpolant would never be constructed in this way
since, for nearly coincident nodes, the Vandermonde matrix is notoriously
ill-conditioned: the determinant is given by

det(Vo) = [ (2 —y)

0<i<j<n

and, while the condition number of the Vandermonde matrix is hard to cal-
culate exactly, there are dishearteningly large lower bounds such as

Kn,oo = HVn”oo—mOHVnil”oo—mo 2 on/2 (8.17)

for sets of nodes that are symmetric about the origin, where
||Vn||oo—>oo = SUP{HanHOO ’x € Rn+1= ”xHoo = 1}

denotes the matrix (operator) norm on R+ x("+1) induced by the co-norm
on R™"*! (Gautschi and Inglese, 1988).
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However, there is another — and better-conditioned — way to express
the polynomial interpolation problem, the so-called Lagrange form, which
amounts to a clever choice of basis for P<,, (instead of the usual monomial
basis {1,2,2%,...,2"}) so that the matrix in (8.16) in the new basis is the
identity matrix.

Definition 8.17. Let xg,...,x, € R be distinct. The associated nodal poly-
nomial is defined to be

n
H I_'rj 6§B<n+1

For 0 < j < n, the associated Lagrange basis polynomial ; € B<, is
defined by

Xr — Tk
0<k<n 9 T Tk
k#j
Given also arbitrary values yo,...,y, € R, the associated Lagrange interpo-

lation polynomial is
n
= yiti(x)
j=0

Theorem 8.18. Given distinct g, ...,x, € R and any yo,...,yn € R, the
associated Lagrange interpolation polynomial L is the unique polynomial of
degree at most n such that L(xy) =y for k=0,...,n

Proof. Observe that each Lagrange basis polynomial ¢; € P<,, and so
L € PB<,,. Observe also that £;(xy) = d;. Hence,

wr) =Y yili(ak) =Y Y0k = Yk
=0 =0

For uniqueness, consider the basis {{, ..., ¢, } of P<,, and suppose that p =
E?:o ¢;¢; is any polynomial that interpolates the values {y; }_ at the points
{zr}}_,- But then, for each £k =0,...,n

n n

ye = cili(zi) = Y bk = c,

j=0 Jj=0
and so p = L, as claimed. a
Runge’s Phenomenon. Given the task of choosing nodes x, € [a,D]

between which to interpolate functions f: [a,b] — R, it might seem natural
to choose the nodes zj, to be equally spaced in [a, b]. Runge (1901) famously
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showed that this is not always a good choice of interpolation scheme. Consider
the function f: [—1,1] — R defined by

f2) = —

- 8.18
1+ 2522’ ( )

and let L, be the degree-n (Lagrange) interpolation polynomial for f on
the equally spaced nodes xj := % — 1. As illustrated in Figure 8.2(a), L,
oscillates wildly near the endpoints of the interval [—1,1]. Even worse, as n
increases, these oscillations do not die down but increase without bound: it
can be shown that

lim  sup |f(z)— Ln(z)| = occ.

N0 pe[—1,1]

As a consequence, polynomial interpolation and numerical integration using
uniformly spaced nodes — as in the Newton—Cotes formula (Definition 9.5) —
can in general be very inaccurate. The oscillations near +1 can be controlled
by using a non-uniform set of nodes, in particular one that is denser near +1
than near 0; the standard example is the set of Chebyshev nodes defined by

2k —1
:ck:—cos< 7r>, fork=1,...,n,
2n

i.e. the roots of the Chebyshev polynomials of the first kind T,,, which are
orthogonal polynomials for the measure (1 — 22)~*/2dz on [~1,1]. As ill-
ustrated in Figure 8.2(b), the Chebyshev interpolant of f shows no Runge
oscillations. In fact, for every absolutely continuous function f: [-1,1] —
R, the sequence of interpolating polynomials through the Chebyshev nodes
converges uniformly to f.

However, Chebyshev nodes are not a panacea. Indeed, Faber (1914) showed
that, for every predefined sequence of sets of interpolation nodes, there is a
continuous function for which the interpolation process on those nodal sets
diverges. For every continuous function there is a set of nodes on which the
interpolation process converges. In practice, in the absence of guarantees of
convergence, one should always perform ‘sanity checks’ to see if an interpo-
lation scheme has given rise to potentially spurious Runge-type oscillations.
One should also check whether or not the interpolant depends sensitively
upon the nodal set and data.

Norms of Interpolation Operators. The convergence and optimality of
interpolation schemes can be quantified using the norm of the corresponding
interpolation operator. From an abstract functional-analytic point of view,
interpolation is the result of applying a suitable projection operator IT to a
function f in some space V to yield an interpolating function II f in some
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b

—1.0

—-1.0 —0.5 0 0.5 1.0

Uniformly spaced nodes. Chebyshev nodes.

Fig. 8.2: Runge’s phenomenon: the function f(z) := (1 + 252%)~! is the
heavy grey curve, and also shown are the degree-n polynomial interpolants
of f through n nodes, for n = 6 (dotted), 10 (dashed), and 14 (solid).

prescribed subspace U of V. For example, in the above discussion, given n + 1
distinct nodes xy, ..., x,, the interpolation subspace i/ is P<,, and the oper-
ator I is

n

i=0
or, in terms of pointwise evaluation functionals (Dirac measures) 0., II =
E?Zl 0z, ¢;. Note, in particular, that II is a projection operator that acts as
the identity function on the interpolation subspace, i.e. the degree-n poly-
nomial interpolation of a polynomial p € PB<,, is just p itself. The following
general lemma gives an upper bound on the error incurred by any interpola-
tion scheme that can be written as a projection operator:

Lemma 8.19 (Lebesgue’s approximation lemma). Let (V, ] -||) be a normed
space, U CV, and II: V — U a linear projection onto U (i.e. for all u € U,
ITu = u) with finite operator norm || II||op. Then, for allv €V,

o= 70| < (1+ |1 TT]op) inf [l — . (5.19)

Proof. Let ¢ > 0 be arbitrary, and let u* € U be e-suboptimal for the
infimum on the right-hand side of (8.19), i.e.

—u¥ < inf — ul|. 8.20
o —ul < =+ inf [l —u (5.20)
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Now
o — Mo
<o —w*[| + [lu* — Iv||
= |lv —u*|| + |[HTu* — IITv|| since IT|y = idy
< o — ]| + | Tllopllus® — o] by definition of [[17].p
= 1+ [ lop)[lv — u™||
= (14 ([T op) i0f o =l +=(L+ | Top) Dy (5.20).
Since € > 0 was arbitrary, (8.19) follows. O
Thus, with respect to a given norm || - ||, polynomial interpolation is quasi-

optimal up to a constant factor given by the operator norm of the interpola-
tion operator in that norm; in this context, ||I1||op is often called the Lebesgue
constant of the interpolation scheme. For the maximum norm, the Lebesgue
constant has a convenient expression in terms of the Lagrange basis polyno-
mials; see Exercise 8.10. The next section considers optimal approximation
with respect to L2 norms, which amounts to orthogonal projection.

8.6 Polynomial Approximation

The following theorem on the uniform approximation (on compact sets) of
continuous functions by polynomials should hopefully be familiar:

Theorem 8.20 (Weierstrass, 1885). Let [a,b] C R be a bounded interval, let
f:a,b] = R be continuous, and let € > 0. Then there exists a polynomial p
such that
sup |f(z) —p(a)] <e.
a<x<b

Remark 8.21. Note well that Theorem 8.20 only ensures uniform approxi-
mation of continuous functions on compact sets. The reason is simple: since
any polynomial of finite degree tends to 0o at the extremes of the real line
R, no polynomial can be uniformly close, over all of R, to any non-constant
bounded function.

Theorem 8.20 concerns uniform approximation; for approximation in mean
square, as a consequence of standard results on orthogonal projection in
Hilbert spaces, we have the following:

Theorem 8.22. Let Q = {q, | n € N'} be a system of orthogonal polynomials
for a measure i on a subinterval I C R. For any f € L*(I, ) and any d € Ny,
the orthogonal projection I af of f onto P<y is the best degree-d polynomial
approzimation of f in mean square, i.e.
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Iif = argmin|[p — fl|L2(u),
PEP<a

where, denoting the orthogonal polynomials for p by {qr | k > 0},

(fa) (frar) 2y
Z dk,

=0 ”%”p(u)

and the residual is orthogonal to the projection subspace:

(f =Iaf,p)r2(u) =0 for all p € P<a.

An important property of polynomial expansions of functions is that the
quality of the approximation (i.e. the rate of convergence) improves as the
regularity of the function to be approximated increases. This property is
referred to as spectral convergence and is easily quantified by using the ma-
chinery of Sobolev spaces. Recall that, given k£ € Ny and a measure p on a
subinterval I C R, the Sobolev inner product and norm are defined by

k k
d™u d™wv d"u d™v
= - - 28 Y9
(u, U>H"(H) ZO < dzem’ dem >L2(u) Z ; dzm dz™m

m= m=0

1/2
HU‘HH’C(#) = <uuu>H/k(H)'

The Sobolev space H¥(X,u) consists of all L? functions that have weak
derivatives of all orders up to k in L?, and is equipped with the above inner
product and norm. (As usual, we abuse terminology and confuse functions
with their equivalence classes modulo equality p-almost everywhere.)

Legendre expansions of Sobolev functions on [—1, 1] satisfy the following
spectral convergence theorem; the analogous result for Hermite expansions
of Sobolev functions on R is Exercise 8.13, and the general result is Exercise
8.14.

Theorem 8.23 (Spectral convergence of Legendre expansions). There is a
constant Cy > 0 that may depend upon k but is independent of d and f such
that, for all f € H*([-1,1],dx),

If = Hafllr2(ae) < Crd™ | fll e aa- (8.21)

Proof. As a special case of the Jacobi polynomials (or by Exercise 8.11), the
Legendre polynomials satisfy LLe,, = A, Le,, where the differential operator
L and eigenvalues \,, are

_d 2 d\ . ,d -
c= g (a-ag ) = a-gs g, d= a1,
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If f € H*(|-1,1],dx), then, by the definition of the Sobolev norm and the
operator L, ||Lf]|rz < C||f| g2 and, indeed, for any m € N such that 2m < k,

1L fllLz < ClLf 2. (8.22)

The key ingredient of the proof is integration by parts:
1

(f, Len) e = A7 / (CLe,)(x)f (x) dz

-1

1
3 (= L) (@) - 206, () (@) do

-1

1
=-\1 /_1(((1 —2°)f) (z)Le}, (z) + 2zLe), (z) f(z)) dz by IBP
-1 ' 2\ g/ /
=t [ = @ @) s
=1 / (1- ;v2)f')/(x)Len(x) dz by IBP
-1
=\, Y Lf, Len) e

Hence, for all m € Ny for which f has 2m weak derivatives,

<£mf, Len>L2 '

(f,Len) 2 = S (8.23)
Hence,
= |<f7Leﬂ>L2|2
If — Haf|3> = Z TTenlEa
n=d+1 nilL2
— [(L"f,Len) 2|
= > R by (8.23)
2m 2
2 el
N (L™ f, Ley) 2 |?
< LS St L
<y 2 Tha
1 | ‘C f7 Len L2|
SN Leal2.
= /\Qm ||£mf||Lz by Parseval (Theorem 3.24)
< CPd e by (3:22)

since |\g| > d?. Setting k = 2m and taking square roots yields (8.21). O
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Gibbs’ Phenomenon. However, in the other direction, poor regularity can
completely ruin the nice convergence of spectral expansions. The classic
example of this is Gibbs’ phenomenon, in which one tries to approximate
the sign function

-1, ifz <0,
sgn(x) =40, ifzx=0,
1, ifx>0,

on [—1, 1] by its expansion with respect to a system of orthogonal polynomials
such as the Legendre polynomials Le,, () or the Fourier polynomials e*. The
degree-(2N + 1) Legendre expansion of the sign function is

al "(4n n)!
(IMan1sgn)(z) = (_2122”(14(71131))(!?1! )'Le2n+1($)- (8.24)

n=0

See Figure 8.3 for an illustration. Although IToni1sgn — sgn as N — oo
in the L? sense, there is no hope of uniform convergence: the oscillations
at the discontinuity at 0, and indeed at the endpoints £1, do not decay to
zero as N — oo. The inability of globally smooth basis functions such as
Legendre polynomials to accurately resolve discontinuities naturally leads to
the consideration of non-smooth basis functions such as wavelets.

Remark 8.21 Revisited. To repeat, even though smoothness of f improves
the rate of convergence of the orthogonal polynomial expansion Ilgf — f as
d — oo in the L? sense, the uniform convergence and pointwise predictive
value of an orthogonal polynomial expansion II;f are almost certain to be
poor on unbounded (non-compact) domains, and no amount of smoothness
of f can rectify this problem.

8.7 Multivariate Orthogonal Polynomials

For working with polynomials in d variables, we will use standard multi-index

notation. Multi-indices will be denoted by Greek letters o = (aq,...,aq) €

Ng. For x = (x1,...,74) € R? and o € N¢, the monomial 2 is defined by
= atxy? o xl?,

and |a| := a3 + -+ 4+ aq4 is called the total degree of x®. A polynomial is a

function p: R — R of the form

p(x) = Z Cax®

aeNd



8.7 Multivariate Orthogonal Polynomials 155

1.5 1

—1.00 —0.75 —0.50 —0.25 0.25 0.50 0.75 1.00

Fig. 8.3: Legendre expansions of the sign function on [—1, 1] exhibit Gibbsian
oscillations at 0 and at +1. The sign function is shown as the heavy black;
also shown are the Legendre expansions (8.24) to degree 2N — 1 for N =5
(dotted), 15 (dashed), and 25 (solid).

for some coefficients ¢, € R. The total degree of p is denoted deg(p) and is
the maximum of the total degrees of the non-trivial summands, i.e.

deg(p) := max {|a| | co # 0} .

The space of all polynomials in z1,...,z4 is denoted B¢, while the subset
consisting of those d-variate polynomials of total degree at most k is denoted
<, . These spaces of multivariate polynomials can be written as (direct sums

of) tensor products of spaces of univariate polynomials:

P =P - F
Pl = P Pow @+ @ Pay-
|| <k

A polynomial that contains only terms of fixed total degree k € Ny, i.e.

one of the form
p(x) = Z Cax®
|| =k
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for coefficients ¢, € R, is said to be homogenous of degree k: p satisfies
the homogeneity relation p(Ax) = A¥p(x) for every scalar A. Homogeneous
polynomials are useful in both theory and practice because every polynomial
can be written as a sum of homogeneous ones, and the total degree provides
a grading of the space of polynomials:

gpd = @ {p c &]3d ’p is homogeneous of degree k} .
keNg

Given a measure g on R? it is tempting to apply the Gram-Schmidt
process with respect to the inner product

bz = [ F@ala) duta)

to the monomials {2 | a € N¢} to obtain a system of orthogonal polyno-
mials for the measure pu. However, there is an immediate problem, in that
orthogonal polynomials of several variables are not unique. In order to apply
the Gram—Schmidt process, we need to give a linear order to multi-indices
a € N&. Common choices of ordering for multi-indices « (here illustrated for
d = 2) include the lexicographic ordering

a |(0,0)|(0,1)|(0,2)|(0,3)|.--|(1,1)|(1,2)|
ol | oo | v [ 2 [ s ] 2 | 3]

which has the disadvantage that it does not respect the total degree ||, and
the graded reverse-lexicographic ordering

a | (0,0) | (0,1) | (1,0) | (0,2) | (1,1) | (2,0) | (0,3) |
ol | oo [ 2 |2 |2 | s

which does respect total degree; the reversals of these orderings, in which
one orders first by a; instead of a,,, are also commonly used. In any case,
there is no natural ordering of N&, and different orders will give different
sequences of orthogonal polynomials. Instead of fixing such a total order, we
relax Definition 8.1 slightly:

Definition 8.24. Let i be a non-negative measure on R%. A family of polyno-
mials Q = {q, | @ € N&} is called a weakly orthogonal system of polynomials
if g, is such that

(GaP)r2(n =0 for all p € P with deg(p) < |al.
The system Q is called a strongly orthogonal system of polynomials if

(Gasqp)12(n) = 0 <= a # B.
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Hence, in the many-variables case, an orthogonal polynomial of total
degree n, while it is required to be orthogonal to all polynomials of strictly
lower total degree, may be non-orthogonal to other polynomials of the same
total degree n. However, the meaning of orthonormality is unchanged: a sys-
tem of polynomials {p, | « € Nd} is orthonormal if

<ponp,8>L2 - 5&,8

While the computation of orthogonal polynomials of many variables is, in
general, a difficult task, it is substantially simpler if the measure is a product
measure: multivariate orthogonal polynomials can be obtained as products
of univariate orthogonal polynomials.

Theorem 8.25. Suppose that p = ®?:1 i is a product measure on R and
that, for each i =1,...,d, QW) = {q((;i) ; € N} is a system of orthogonal
polynomials for the marginal measure p; on R. Then

d

d
Q-9 - {qa =[]
i=1

i=1

e}

is a strongly orthogonal system of polynomials for p in which deg(qs) = |al.

Proof. It is clear that ¢, as defined above, has total degree |«|. Let ¢, and
qs be distinct polynomials in the proposed orthogonal system Q. Since o # f3,
it follows that o and g differ in at least one component, so suppose without
loss of generality that oy # §1. By Fubini’s theorem,

<QO¢7QL‘3>L2(M)—/R daqpdp = / Hq(” ’ [/ q&?qél)dul} dpe®- - -@pa.

But, since Q) is a system of orthogonal univariate polynomials for iy, and
since a1 # f1,

[ @0d) @) dp(en) =0,

Hence, (qa,qs)12(u) = 0.
On the other hand, for each polynomial ¢, € Q,

laall2 = 19815 20 19252000y -+ 1952 1 22,y

which is strictly positive by the assumption that each Q) is a system of
orthogonal univariate polynomials for pu;.

Hence, (qa,qp)r2(n) = 0 if and only if o and 3 are distinct, so Q is a
system of strongly orthogonal polynomials for u. ad
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8.8 Bibliography

Many important properties of orthogonal polynomials, and standard examples,
are given in reference form by Abramowitz and Stegun (1992, Chapter 22)
and Olver et al. (2010, Chapter 18). Detailed mathematical texts on orthog-
onal polynomial theory include the books of Szegd (1975), Chihara (1978),
and Gautschi (2004). Gautschi’s book covers several topics not touched upon
here, including orthogonal polynomials on the semicircle, Sobolev orthogonal
polynomials, computational methods, and applications to spline approxima-
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8.9 Exercises

Exercise 8.1. Prove that the L?(R, u) inner product is positive definite on
the space B of all polynomials if all polynomials are p-integrable and the
measure p has infinite support.

Exercise 8.2. Prove Theorem 8.7. That is, show that if u has finite moments
only of degrees 0,1,...,r, then u admits only a finite system of orthogonal
polynomials qo, . . ., g4, where d = min{|r/2], # supp(u) — 1}.
Exercise 8.3. Define a Borel measure, the Cauchy-Lorentz distribution, p
on R by

du (2) 1 1

—(z) =— .

dx w1+ 22
Show that p is a probability measure, that dim L?(R, u;R) = oo, find all
orthogonal polynomials for p, and explain your results.

Exercise 8.4. Following the example of the Cauchy—Lorentz distribution,
given ¢ € [0,00), construct an explicit example of a probability measure
€ Mj(R) with moments of orders up to ¢ but no higher.
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Exercise 8.5. Calculate orthogonal polynomials for the generalized Mazwell
distribution du(z) = z*¢~* dz on the half-line [0,00), where o > —1 is a
constant. The case a = 2 is known as the Mazwell distribution and the case
«a = 0 as the half-range Hermite distribution.

Exercise 8.6. The coefficients of any system of orthogonal polynomials are
determined, up to multiplication by an arbitrary constant for each degree, by
the Hankel determinants of the polynomial moments. Show that, if m,, and
H,, are as in (8.1), then the degree-n orthogonal polynomial ¢, for u is

mpy
H, :
gn(z) = ¢, det
man—1
1 xn—l "
i.e.
mo my ma mp
my ma m3 e Mpy
n(z) = ¢y det )
Mp—1 Mp Mn42 e mMon—1
1 T x? e "

where, for each n, ¢, # 0 is an arbitrary choice of normalization (e.g. ¢, = 1
for monic orthogonal polynomials).

Exercise 8.7. Let u be the probability distribution of Y := eX, where
X ~ N(0,1) is a standard normal random variable, i.e. let ;1 be the standard
log-normal distribution. The following exercise shows that the system Q =
{qr | k € Np} of orthogonal polynomials for p is not a complete orthogonal
basis for L2((0, 00), u1; R).

(a) Show that p has the Lebesgue density function p: R — R given by

1 1
p(y) =1y > O]W exp (—§(logy)2> :

(b) Let f € L}(R, 4; R) be odd and 1-periodic, i.e. f(z) = —f(—z) = f(z+1)
for all x € R. Show that, for all £ € Ny,

/ y" f(logy) du(y) = 0.

0

(c) Let g := f olog and suppose that g € L?((0,00), u; R). Show that the
expansion of g in the orthogonal polynomials {q; | & € Np} has all
coeflicients equal to zero, and thus that this expansion does not converge
to g when g # 0.
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Exercise 8.8. Complete the proof of Theorem 8.9 by deriving the formula
for G,.

Exercise 8.9. Calculate the orthogonal polynomials of Table 8.2 by hand
for degree at most 5, and write a numerical program to compute them for
higher degree.

Exercise 8.10. Let xg,...,x, be distinct nodes in an interval I and let
{; € P<,, be the associated Lagrange basis polynomials. Define A\: I — R by

Show that, with respect to the supremum norm || f| o := sup,¢; |f(z)], the
polynomial interpolation operator IT from C°(I;R) to B<,, has operator norm
given by

[T lop = [[Alloc

i.e. the Lebesgue constant of the interpolation scheme is the supremum norm
of the sum of absolute values of the Lagrange basis polynomials.

Exercise 8.11. Using the three-term recurrence relation (n+ 1)Le,4+1(z) =
(2n + 1)zLe,,(z) — nLe,—1(x), prove by induction that, for all n € Ny,

d

ELen(:v) =

I2n_ 1 (xLep (z) — Lep—1(x)),

and

% <(1 - ;ﬁ%) Len(2) = —n(n + 1)Len (z).

Exercise 8.12. Let v = N(0,1) be standard Gaussian measure on R. Es-
tablish the integration-by-parts formula

[ 1@ @arw) = - [ (@)~ af@)gle) dr o)
R R
Using the three-term recurrence relation He,,11(z) = He, () — nHe,—1 (),

prove by induction that, for all n € Ny,

d
EHen (x) = nHe,,—1(2),

and

2
(% — x%) He, () = —nHe, (z).

Exercise 8.13 (Spectral convergence of Hermite expansions). Let v =
N(0,1) be standard Gaussian measure on R. Use Exercise 8.12 to mimic
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the proof of Theorem 8.23 to show that there is a constant Cj, > 0 that may
depend upon k but is independent of d and f such that, for all f € H*(R,~),
f and its degree d expansion in the Hermite orthogonal basis of L?(R,~)
satisfy

1f = Haflz2(y < Crd ™2 f

Exercise 8.14 (Spectral convergence for classical orthogonal polynomial
expansions). Let @ = {¢, | n € Ny} be orthogonal polynomials for an abso-
lutely continuous measure dp = w(z) dz on R, where the weight function w
is proportional to Q( ) exp( f 0@ Liz) d:v) with L linear and @ quadratic which
are eigenfunctions for the dlfferentlal operator £ = Q(z)-L,; iz + Lz )d— with
cigenvalues A, = n(252Q" + L').
(a) Show that p has an integration-by-parts formula of the following form:
for all smooth functions f and g with compact support in the interior of

supp(p),
[ 5@ @ ane) = = [ @N@9) (o)
R R
TN = 1w + g X0 IO,

Q(x)
(b) Hence show that, for smooth enough f, Lf =T*(Qf) — T(Lf).

(¢) Hence show that, whenever f has 2m derivatives,

(L™ f, qn) L2 ()
An

where

(fran) 2w =

Show also that £ is a symmetric and negative semi-definite operator
( <£f, >L2 (n) = <f £g>L2(M) and <£f, f>L2 W) < 0) so that (—E) has
a square root (—£)'/?, and £ has a square root £'/? = i(—L£)/2.

(d) Conclude that there is a constant C, > 0 that may depend upon k but is
independent of d and f such that f: R — R and its degree d expansion
II;f in the basis Q of L3(R, i) satisfy

1f = Hafllzu) < CrlAal 2L 2 F|] a0

8.10 Tables of Classical Orthogonal Polynomials

Tables 8.2 and 8.3 and Figure 8.4 on the next pages summarize the key
properties of the classical families of orthogonal polynomials associated with
continuous and discrete probability distributions on R. More extensive infor-
mation of this kind can be found in Chapter 22 of Abramowitz and Stegun
(1992) and in Chapter 18 of the NIST Handbook (Olver et al., 2010), and
these tables are based upon those sources.



8 Orthogonal Polynomials and Applications

162

10Quufis upuUDYYI0J 10 JD14030Df bursis oy sejousp ([ —u+ ) " (1 + x)r =: “(7) ‘@10 "seryredord Aey pue
‘suornquiistp - Ayrqeqord  peojeroosse  I07)  ‘S[RIUOUATOd [RUOSOYLIO POsSN-AUOWUIOD dWOS JO Alewung :z'Q o[qr],

ﬁ i/ 2%(¢) [erwioulq darjedau ON (1‘0)32‘0<4d IOUXTOIN
d ‘. ¢ 3
ANV\:A&‘\HV o(d— DH&AMV [erwourq {N 0} (1‘0)>4d SNUDARIY]
IN“(N—)“(1+0) (1+d+o+ug) i(@=N)i@ Cooe _ _ ‘
W (1+e) TN (T+g+0+u), (1—) | *~N(1+¢) *(1+0) oromooBiody - {n O}N=>101=<gw HEH
Uy _0 T/ 0 2 UuoSSI0q ON 0<® IDI[IRY))
9901081(]
Trmﬁm 1 wLIojTun [T1-] 9Ipua3or]
} 2 20T ewrures (o00] I—<o axronger|
+¢+0+ +g+otug); ‘ ‘
e T Bl | (@ + Do(@ — 1) e10q 11— 0<g 1qooep
ju N\Nalmm\HIAkNv ueISSNeRY) NI ("qoad) eyruuroy
U gL/ =2 ueISSNERY) NI ("sAyd) ooy
z z/1(g® — 1)  |Temororwes ousip| [T 7—] (puooas) asysAqay)
w0l — e/1-(g=1) [11-] (1s1y) aoysfqay)
snonuruoy)
?:mw |b]| o1 (z)m ‘Kytsua(g owre N
UOT)RZI[RULION 11 ‘woTImqLIysI([ jr0ddng sIojouIRIe rerwouA[o g




163

8.10 Tables of Classical Orthogonal Polynomials

'Z’8 OIqRL JO UOIRNUNUO)) 1¢'] O[qRL,

= % IQUXIOTA
u(d — 1) d(u — N) ynyoARIy]
e tore e G gD el
u 0 Ia1[IRY D
(¢°8) @ouaLIMOAY 999I9SI(]
== 0 e (1+u)u— rg— T —1 oIpuaSer]
% T@M|.W:m T+:I U— T—0+7 T olIonge]|
(7°8) 998 (T+g+0+uu—jz(g+g+0)—0—g|x—1 1qooer
U 0 1 U— T— 1 (rqoxd) egmurIoy
ug 0 4 ug— rg— I ("sdyd) ojrunof
I 0 Z (¢ +u)u— re— <L — T|(puooss) aoysAqey))
T 0 "o —¢ U= T— 2T — 1| (3s1g) AoysAqay)
(z'8) @ouarMOaY SnonuIuo))
D || "y B¢ ()1 | (@0

SHUSIDIJO0)) DIUDLINOY]

(21°8) woryenby] renyuoIogI(

[eTWIOUATO




8 Orthogonal Polynomials and Applications

164

Aa@m | VQ:QWN ooTnE:HA&V Adﬂw@ &mﬁmmmﬁwaoc\ﬁomﬁoomnwﬁwwiosw@Q@f
‘ordurexs 10J :mOLIR 91} JO [Ie} oY) ye sferwioudjod Jo jruwl] dujemreIed © se PoUTRIO oIR MOLIR 91} JO pray o1[) Je s[rruouijod
oY} UOTYM UI UOIYR[dI JIUWII[ B S9)RIIPUI MOIIe o ‘srerwouijod Uye]] SNONUIIUOD dY) JO ased o) ul A[ejeredas pajunod aIe
s1ojemurered o) Jo spred AreurSewt pue [eal 9y} Jey) UOIIUSAUOD 1) UM ‘s[erarouijod yeoey pue UOS[IA\ 91} I0] siojourered
[eaI 991} INOJ YIM SUIPRUTUI[ND ‘DUAYDS Y} Ul POPUIISE MOI 1[oRD I0] oUO A( SOSRIIIUI pue ‘S[eIIOUA]od 9)TULIOH 9} I0J 0I9Z
ST s1ojowrered (@I 991f JO IOQUINU O], "OWLYDS A0XSY oY) Ul s[ernoui[od [RU0Z01I0 O11}ow003I0dAY JO AYpIRIony oy [, :f'S ST

ONULIOH

@Nﬂ

072/t

m nyodAeId U m JOUXTOTN U m 1qooe &WNme:OQ hwgvn—mww)w EN

uygeH renp uyey uyeH "jpuod Qﬂdm Tenp HQOO NnNm

K %‘ MMIVW !




Chapter 9
Numerical Integration

A turkey is fed for 1000 days — every
day confirms to its statistical department
that the human race cares about its welfare
“with increased statistical significance”. On
the 10015 day, the turkey has a surprise.

The Fourth Quadrant: A Map of the Limits
of Statistics
NassiM TALEB

The topic of this chapter is the numerical evaluation of definite integrals.
Many UQ methods have at their core simple probabilistic constructions such
as expected values, and expectations are nothing more than Lebesgue inte-
grals. However, while it is mathematically enough to know that the Lebesgue
integral of some function exists, practical applications demand the evaluation
of such an integral — or, rather, its approximate evaluation. This usually
means evaluating the integrand at some finite collection of sample points. It
is important to bear in mind, though, that sampling is not free (each sam-
ple of the integration domain, or function evaluation, may correspond to a
multi-million-dollar experiment) and that practical applications often involve
many dependent and independent variables, i.e. high-dimensional domains
of integration. Hence, the accurate numerical integration of integrands over
high-dimensional spaces using few samples is something of a ‘Holy Grail’ in
this area.

The topic of integration has a long history, being along with differentia-
tion one of the twin pillars of calculus, and was historically also known as
quadrature. Nowadays, quadrature usually refers to a particular method of
numerical integration, namely a finite-sum approximation of the form

/ fla)dp(z) = > wif (x),
e i=1

(© Springer International Publishing Switzerland 2015 165
T.J. Sullivan, Introduction to Uncertainty Quantification, Texts
in Applied Mathematics 63, DOI 10.1007/978-3-319-23395-6_9
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where the nodes x1,...,x, € © and weights wi,...,w, € R are chosen
depending only upon the measure space (0,.%,u), independently of the
integrand f: @ — R. This chapter will cover three principal forms of quadra-
ture that are distinguished by the manner in which the nodes are gener-
ated: classical deterministic quadrature, in which the nodes are determined
in a deterministic fashion from the measure p; random sampling (Monte
Carlo) methods, in which the nodes are random samples from the measure
w; and pseudo-random (quasi-Monte Carlo) methods, in which the nodes
are in fact deterministic, but are in some sense ‘approximately random’ and
p-distributed. Along the way, there will be some remarks about how the
various methods scale to high-dimensional domains of integration.

9.1 Univariate Quadrature

This section concerns the numerical integration of a real-valued function f
with respect to a measure p on a sub-interval I C R, doing so by sampling
the function at pre-determined points of I and taking a suitable weighted
average. That is, the aim is to construct an approximation of the form

/1 F) dp(z) ~ QF) == 3 wif (ws),
=1

with prescribed nodes z1,...,z, € I and weights wy,...,w, € R. The app-
roximation Q(f) is called a quadrature formula. The aim is to choose nodes
and weights wisely, so that the quality of the approximation |’ ;fdu = Q(f)
is good for a large class of integrands f. One measure of the quality of the
approximation is the following:

Definition 9.1. A quadrature formula is said to have order of accuracy
n €Ny if [, pdp = Q(p) whenever p € Py, i.e. if it exactly integrates every
polynomial of degree at most n.

A quadrature formula Q(f) = Y1, w; f(x;) can be identified with the
discrete measure Z?:l w;dy,. If some of the weights w; are negative, then
this measure is a signed measure. This point of view will be particularly
useful when considering multi-dimensional quadrature formulae. Regardless
of the signature of the weights, the following limitation on the accuracy of
quadrature formulae is fundamental:

Lemma 9.2. Let p be a non-negative measure on an interval I C R. Then
no quadrature formula with n distinct nodes in the interior of supp(u) can
have order of accuracy 2n or greater.
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Proof. Let zy,...,x, be any n distinct points in the interior of the support of
1, and let wy, ..., w, € R be any weights. Let f be the degree-2n polynomial
fla) =1z~ x;)?, i.e. the square of the nodal polynomial. Then

[ @) dute) > 0= Y wys(a,)

since f vanishes at each node x;. Hence, the quadrature formula is not exact
for polynomials of degree 2n. ad

The first, simplest, quadrature formulae to consider are those in which
the nodes form an equally spaced discrete set of points in [a,b]. Many of
these quadrature formulae may be familiar from high-school mathematics.
Suppose in what follows that p is Lebesgue measure on the interval [a, b].
Definition 9.3 (Midpoint rule). The midpoint quadrature formula has the
single node z; := b_T“ and the single weight wy := |b — a|. That is, it is the
approximation

[ @ =s(450) p-a

Another viewpoint on the midpoint rule is that it is the approximation
of the integrand f by the constant function with value f(b_T“) The next
quadrature formula, on the other hand, amounts to the approximation of f
by the affine function

Tr—a

7 fla) + T (F(B) ~ £(@)

that equals f(a) at a and f(b) at b.

Definition 9.4 (Trapezoidal rule). The trapezoidal quadrature formula has

the nodes x1 := a and x5 := b and the weights w; := @ and wy 1= ‘b;”.
That is, it is the approximation
’ b —a
F@)de = Qa(f) = (f(a) + FB) 25

Recall the definitions of the Lagrange basis polynomials ¢; and the
Lagrange interpolation polynomial L for a set of nodes and values from
Definition 8.17. The midpoint and trapezoidal quadrature formulae amount
to approximating f by a Lagrange interpolation polynomial L of degree 0
or 1 and hence approximating f; f(z)dx by f;L(x) dz. The general such
construction for equidistant nodes is the following;:
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Definition 9.5 (Newton-Cotes formula). Consider n + 1 equally spaced
points
a=zxg<r1=T0+h<zyo=z0+2h<---<x, =0,

where h = % The closed Newton—Cotes quadrature formula is the quadrature
formula that arises from approximating f by the Lagrange interpolating poly-
nomial L that runs through the points (z;, f(x;))_o; the open Newton—Cotes
quadrature formula is the quadrature formula that arises from approximating
f by the Lagrange interpolating polynomial L that runs through the points

(), f ()0
In general, when a quadrature rule is formed based upon an polynomial

interpolation of the integrand, we have the following formula for the weights
in terms of the Lagrange basis polynomials:

Proposition 9.6. Given an integrand f: [a,b] = R and nodes xq, ..., T, in
[a,b], let Ly denote the (Lagrange form) degree-n polynomial interpolant of
f through xg,...,x,, and let Q@ denote the quadrature rule

[ s~ = [y

Then Q is the quadrature rule Q(f) = 3°7_w; f(x;) with weights

b
wjz/ li(x) de.

Proof. Simply observe that

The midpoint rule is the open Newton—Cotes quadrature formula on three
points; the trapezoidal rule is the closed Newton—Cotes quadrature formula
on two points. Milne’s rule is the open Newton—-Cotes formula on five points;
Simpson’s rule, Simpson’s % rule, and Boole’s rule are the closed Newton—
Cotes formulae on three, four, and five points respectively. The quality of
Newton—Cotes quadrature formulae can be very poor, essentially because
Runge’s phenomenon can make the quality of the approximation f ~ L very

poor.

Remark 9.7. In practice, quadrature over [a, b] is often performed by taking
a partition (which may or may not be uniform)

a=pg<p<---<pp=>
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of the interval [a, b], applying a primitive quadrature rule such as the ones
developed in this chapter to each subinterval [p;_1, p;], and taking a weighted
sum of the results. Such quadrature rules are called compound quadrature
rules. For example, the elementary n-point ‘Riemann sum’ quadrature rule

b iy b—a b—a
/Llf(x)d:rz;ﬁf<a+ 5 Ti— ) (9.1)

is a compound application of the mid-point quadrature formula from Defini-
tion 9.3. Note well that (9.1) is not the same as the n-point Newton—Cotes
rule.

9.2 Gaussian Quadrature

Gaussian quadrature is a powerful method for numerical integration in which
both the nodes and the weights are chosen so as to maximize the order of
accuracy of the quadrature formula. Remarkably, by the correct choice of
n nodes and weights, the quadrature formula can be made accurate for all
polynomials of degree at most 2n—1. Moreover, the weights in this quadrature
formula are all positive, and so the quadrature formula is stable even for high
n; see Exercise 9.1 for an illustration of the shortcomings of quadrature rules
with weights of both signs.

Recall that the objective of quadrature is to approximate a definite integral
f: f(z) dp(x), where p is a (non-negative) measure on [a,b] by a finite sum
Qn(f) = Z?:l w; f(z;), where the nodes z1,...,x, and weights w1, ..., w,
will be chosen appropriately. For the method of Gaussian quadrature, let
Q = {qn | n € N'} be a system of orthogonal polynomials for p. That is, g,
is a polynomial of degree exactly n such that

b
/ p(x)gn(x)dp(z) =0 for all p € P<,_1.

Recalling that, by Theorem 8.16, ¢, has n distinct roots in [a, b], let the nodes
Z1,...,Ty be the zeros of g,.

Definition 9.8. The n-point Gauss quadrature formula @, is the quadrature

formula with nodes (sometimes called Gauss points) x1,...,z, given by the
zeros of the orthogonal polynomial ¢, and weights given in terms of the
Lagrange basis polynomials ¢; for the nodes z1,...,x, by
b b s
w; = / bidp = / H L dpu(z). (9.2)
a a ; Ty — Tj
1<j<n

J#
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If p € P<p—1, then p obviously coincides with its Lagrange-form interpo-
lation on the nodal set {x1,...,2,}, i.e.

n

p(z) = Zp(xi)&(x) for all x € R.
i=1

Therefore,

n

b b n
[ p@)dute) = [ pwi)tsto) dnte) = Y- plasus = Qulr)

i=1

and so the n-point Gauss quadrature rule is exact for polynomial integrands
of degree at most n — 1. However, Gauss quadrature in fact has an optimal
degree of polynomial exactness:

Theorem 9.9. The n-point Gauss quadrature formula has order of accuracy
exactly 2n — 1, and no quadrature formula on n nodes has order of accuracy
higher than this.

Proof. Lemma 9.2 shows that no quadrature formula can have order of
accuracy greater than 2n — 1.
On the other hand, suppose that p € P<o,—1. Factor this polynomial as

p(x) = 9(x)qn () + (),

where deg(g) < n — 1, and the remainder r is also a polynomial of degree at
most n — 1. Since ¢, is orthogonal to all polynomials of degree at most n — 1,

f; 9qn dp = 0. However, since g(z;)gn(z;) = 0 for each node z;,
Qn(9an) = > w;g(w;)gn(x;) = 0.
j=1
Since f: -dp and Q,(-) are both linear operators,

b b
[ pdu= [ rduand Qu) = Qu(r).

Since deg(r) < n—1, f; rdu = Qu(r), and so f;pd,u = Qn(p), as claimed. O

Recall that the Gauss weights were defined in (9.2) by w; := f: £; dp. The
next theorem gives a neat expression for the Gauss weights in terms of the
orthogonal polynomials {g, | n € N'}.
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Theorem 9.10. The Gauss weights for a non-negative measure p satisfy

an f:anl(iEVdﬂ(x)
an—1 4, (@;)an-1(2;)

wj; = (93)

where ay, is the coefficient of x* in qp(x).
Proof. First note that

M e-ep=— [ ey = — 202

1<j<n 1<j<n
i#i

Furthermore, taking the limit  — x; using I’Hopital’s rule yields

I1 @i—=)= Tlo),

a
1<j<n "
J#i

Therefore,

wi = : /b i dp(z). (9.4)

an (i) Jo ©—w;

The remainder of the proof concerns this integral : ‘;"_—(;”? dp(x).
Observe that
S\
1 (2)

z\" 1
= + (—) : (9.5)

and that the first term on the right-hand side is a polynomial of degree at
most k— 1. Hence, upon multiplying both sides of (9.5) by ¢, and integrating,
it follows that, for & < n,

/b Mdﬂ(:p) = xf /b ;Inﬂd,u(iE)

r — X

Hence, for any polynomial p € PB<,,,

b b
/ p(@)gn (z) du(x):p(xi)/ ‘Jn_(x)du(z), (9.6)

r — I r — I

In particular, for p = ¢, _1, since deg( L ) <mn-—1, write

T—x;

an

=a,2" '+ s(x) for some s € Py
T —X; -

= a, (x"_l - q"‘l(w)> Jontnot@)

an—1 Gn—1
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Since the first and third terms on the right-hand side are orthogonal to ¢,_1,
(9.6) with p = g,—1 implies that

b b
[ iy = [t au

T — T Qn—l(!Ez‘) An—1
“ b
= PR L — n—1(T 2 d xZ).
o [ @R o)
Substituting this into (9.4) yields (9.3). O

Furthermore:

Theorem 9.11. For any non-negative measure i on R, the Gauss quadrature
weights are positive.

Proof. Fix 1 <i < n and consider the polynomial

p(x) = [ (x—a;)
1<j<n
J#
i.e. the square of the nodal polynomial, divided by (z — 2;)?. Since deg(p) <
2n — 1, the Gauss quadrature formula is exact, and since p vanishes at every
node other than x;, it follows that

b n
/ pdu=">_ w;ip(x;) = wip(z;).

j=1

Since p is a non-negative measure, p > 0 everywhere, and p(z;) > 0, it follows
that w; > 0. O

Finally, we already know that Gauss quadrature on n nodes has the opti-
mal degree of polynomial accuracy; for not necessarily polynomial integrands,
the following error estimate holds:

Theorem 9.12 (Stoer and Bulirsch, 2002, Theorem 3.6.24). Suppose that
f € C*([a,b];R). Then there erists £ € [a,b] such that

b (2n)
/a F(2) dule) — Qu(f) = *’3(2—71)(,5)

Hpn”%ﬁ(u)v

where p,, is the monic orthogonal polynomial of degree n for u. In particular,

/bf(:v)d @) = @u(h)| < 12N, 42
. H n = (2n)| PrllLz ()

and the error is zero if f is a polynomial of degree at most 2n — 1.
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In practice, the accuracy of a Gaussian quadrature for a given integrand f
can be estimated by computing @, (f) and Q.,,(f) for some m > n. However,
this can be an expensive proposition, since none of the evaluations of f for
Qn(f) will be re-used in the calculation of @, (f). This deficiency motivates
the development of nested quadrature rules in the next section.

9.3 Clenshaw—Curtis/Fejér Quadrature

Despite its optimal degree of polynomial exactness, Gaussian quadrature
has some major drawbacks in practice. One principal drawback is that, by
Theorem 8.16, the Gaussian quadrature nodes are never nested — that is,
if one wishes to increase the accuracy of the numerical integral by passing
from using, say, n nodes to 2n nodes, then none of the first n nodes will be
re-used. If evaluations of the integrand are computationally expensive, then
this lack of nesting is a major concern. Another drawback of Gaussian quadra-
ture on n nodes is the computational cost of computing the weights, which
is O(n?) by classical methods such as the Golub-Welsch algorithm, though
there also exist O(n) algorithms that are more expensive than the Golub—
Welsch method for small n, but vastly preferable for large n. By contrast, the
Clenshaw—Curtis quadrature rules (although in fact discovered thirty years
previously by Fejér) are nested quadrature rules, with accuracy comparable
to Gaussian quadrature in many circumstances, and with weights that can
be computed with cost O(nlogn).

The Clenshaw—Curtis quadrature formula for the integration of a function
f:[=1,1] = R with respect to uniform (Lebesgue) measure on [—1, 1] begins
with a change of variables:

1 ™
/ fz)dz = / f(cos@)sinfdé.
1 0

Now suppose that f has a cosine series

aon >
f(cost) = 5 + ; ay, cos(k0),

where the cosine series coefficients are given by

ap = 2 /F f(cos ) cos(kd) do.
T Jo

If so, then
2a2k

/0 f(cos@)sinfdd = ao—l—;m.



174 9 Numerical Integration

By the Nyquist-Shannon sampling theorem, for k < n, a; can be computed
exactly by evaluating f(cosf) at n + 1 equally spaced nodes {6; = <~ | j =

0,...,n}, where the interior nodes have weight % and the endpoints have
weight 5~
n—1
2 kf(_l) f(l) jr kjm
ar =~ (—1) T—i—T—f—j:Zlf(cos%)cosz . (9.7)

For k > n, formula (9.7) for aj is false, and falls prey to aliasing error:
sampling 6 — cos() and 6 — cos((n + 1)8) at n + 1 equally spaced nodes
produces identical sequences of sample values even though the functions being
sampled are distinct.! Clearly, this choice of nodes has the nesting property
that doubling n produces a new set of nodes containing all of the previous
ones.

Note that the cosine series expansion of f is also a Chebyshev polynomial
expansion of f, since by construction T (cos8) = cos(kf):

fz) = —T0 )+ Z arTi(z (9.8)

The nodes z; = cos 2~ J are the extrema of the Chebyshev polynomial T,.

In contrast to Gau331an quadrature, which evaluates the integrand at n+1
points and exactly integrates polynomials up to degree 2n + 1, Clenshaw—
Curtis quadrature evaluates the integrand at n 4+ 1 points and exactly inte-
grates polynomials only up to degree n. However, in practice, the fact that
Clenshaw—Curtis quadrature has lower polynomial accuracy is not of great
concern, and has accuracy comparable to Gaussian quadrature for ‘most’
integrands (which are ipso facto not polynomials). Heuristically, this may
be attributed to the rapid convergence of the Chebyshev expansion (9.8).
Trefethen (2008) presents numerical evidence that the ‘typical’ error for both
Gaussian and ClenshawCurtis quadrature of an integrand in C* is of the
order of )k - This comparable level of accuracy, the nesting property of
the Clenshawaurtls nodes, and the fact that the weights can be computed
in O(nlogn) time, make Clenshaw—Curtis quadrature an attractive option
for numerical integration.

1 This is exactly the phenomenon that makes car wheels appear to spin backwards instead
of forwards in movies. The frame rates in common use are f = 24, 25 and 30 frames per
second. A wheel spinning at f revolutions per second will appear to be stationary; one
spinning at f + 1 revolutions per second (i.e. 1+ 1 revolutions per frame) will appear to
be spinning at 1 revolution per second; and one spinning at f — 1 revolutions per second
will appear to be spinning in reverse at 1 revolution per second.
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9.4 Multivariate Quadrature

Having established quadrature rules for integrals with a one-dimensional
domain of integration, the next agendum is to produce quadrature formu-
lae for multi-dimensional (i.e. iterated) integrals of the form

by by
/ f(a:)d:z::/ flxy,...,zq)dxy ... dag.
IT5-[a;,b;] aq a1

This kind of multivariate quadrature is also known as cubature. At first sight,
multivariate quadrature does not seem to require mathematical ideas more
sophisticated than univariate quadrature. However, practical applications
often involve high-dimensional domains of integration, which leads to an exp-
onential growth in the computational cost of quadrature if it is performed
naively. Therefore, it becomes necessary to develop new techniques in order
to circumvent this curse of dimension.

Tensor Product Quadrature Formulae. The first, obvious, strategy to
try is to treat d-dimensional integration as a succession of d one-dimensional
integrals and apply our favourite one-dimensional quadrature formula d
times. This is the idea underlying tensor product quadrature formulae, and it
has one major flaw: if the one-dimensional quadrature formula uses n nodes,
then the tensor product rule uses N = n? nodes, which very rapidly leads to
an impractically large number of integrand evaluations for even moderately
large values of n and d. In general, when the one-dimensional quadrature
formula uses n nodes, the error for an integrand in C” using a tensor product
rule is O(n="/%).

Remark 9.13 (Sobolev spaces for quadrature). The Sobolev embedding
theorem (Morrey’s inequality) only gives continuity, and hence well-defined
pointwise values, of functions in H*(X) when 2s > dim X'. Therefore, since
pointwise evaluation of integrands is a necessary ingredient of quadrature, the
correct Sobolev spaces for the study of multidimensional quadrature rules are
the spaces H7, (X) of dominating mized smoothness. Whereas the norm in

H#(X) is, up to equivalence,

vl s 2y = Z

ol <s

llalliy,

)

L2(X)

the norm in H?

mix

(X) is, up to equivalence,

el 0= D2

llalloo<s

llalliy,

%)
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Fig. 9.1: Illustration of the nodes of the 2-dimensional Smolyak sparse quadra-
ture formulae QEQ) for levels £ = 1,...,6, in the case that the 1-dimensional

quadrature formula le) has 2¢ — 1 equally spaced nodes in the interior of
[0,1], i.e. is an open Newton—Cotes formula.

So, for example, in two or more variables, H!. (X) is a space intermediate
between H'(X) and H?(X), and is a space in which pointwise evaluation
always makes sense. In particular, functions in HS, (X) enjoy H?® regularity
in every direction individually, and ‘using’ derivative in one direction does

not ‘deplete’ the number of derivatives available in any other.

Sparse Quadrature Formulae. The curse of dimension, which quickly
renders tensor product quadrature formulae impractical in high dimension,
spurs the consideration of sparse quadrature formulae, in which far fewer than
n® nodes are used, at the cost of some accuracy in the quadrature formula: in
practice, we are willing to pay the price of loss of accuracy in order to get any
answer at alll One example of a popular family of sparse quadrature rules
is the recursive construction of Smolyak sparse grids, which is particularly
useful when combined with a nested one-dimensional quadrature rule such as
the Clenshaw—Curtis rule.

Definition 9.14. Suppose that, for each ¢ € N, a one-dimensional quadra-

ture formula le) is given. Suppose also that the quadrature rules are nested,
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i.e. the nodes for le) are a subset of those for Qg?l. The Smolyak quadra-
ture formula in dimension d € N at level £ € N is defined in terms of the
lower-dimensional quadrature formulae by

£
) = (Z (@ - @Q%ﬂ) (f) (9.9)

i=1

Formula (9.9) takes a little getting used to, and it helps to first consider
the case d = 2 and a few small values of ¢. First, for £ = 1, Smolyak’s rule
is the quadrature formula Qf) = le) ® le), i.e. the full tensor product of
the one-dimensional quadrature formula le) with itself. For the next level,
¢ =2, Smolyak’s rule is

2
é2) = Z (le) - Q’Elf)l) ® Qyjiﬂ

i=1
=V e + (0 - o) et
Voot +0 20 -0 e Q.

The “—le) ®Q§1)” term is included to avoid double counting. See Figure 9.1
for illustrations of Smolyak sparse grids in two dimensions, using the simple
(although practically undesirable, due to Runge’s phenomenon) Newton—
Cotes quadrature rules as the one-dimensional basis for the sparse product.

In general, when the one-dimensional quadrature formula at level ¢ uses ny
nodes, the quadrature error for an integrand in C” using Smolyak recursion is

/ f(fv)dw—Q(f)‘=0(n7(10gne)(d1)(’”“))- (9.10)
[0,1]¢

In practice, one needs a lot of smoothness for the integrand f, or many sample
points, to obtain a numerical integral for f that is accurate to within 0 < ¢ <
1: the necessary number of function evaluations grows like d=¢1°%¢ for ¢ > 0.
Note also that the Smolyak quadrature rule includes nodes with negative
weights, and so it can fall prey to the problems outlined in Exercise 9.1.

Remark 9.15 (Sparse quadratures as reduced bases). As indicated above in
the discussion preceding Definition 9.5, there is a deep connection between
quadrature and interpolation theory. The sparse quadrature rules of Smolyak
and others can be interpreted in the interpolation context as the deletion
of certain cross terms to form a reduced interpolation basis. For example,
consider the Smolyak-Newton—Cotes nodes in the square [—1,1] x [-1,1] as
illustrated in Figure 9.1.
(a) At level £ = 1, the only polynomial functions in the two variables 21 and
22 that can be reconstructed exactly by interpolation of their values at
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the unique node are the constant functions. Thus, the interpolation basis
at level £ =1 is just {1} and the interpolation space is PB2,.

(b) At level £ = 2, the three nodes in the first coordinate direction allow
perfect reconstruction of quadratic polynomials in x; alone; similarly,
quadratic polynomials in z2 alone can be reconstructed. However, it is not
true that every quadratic polynomial in z; and z2 can be reconstructed
from its values on the sparse nodes: p(x1,x2) = x1x2 is a non-trivial
quadratic that vanishes on the nodes. Thus, the interpolation basis at
level £ =2 is

{1,(E1,(E2,(E%,.’Eg},

and so the corresponding interpolation space is a proper subspace of %%2.
In contrast, the tensor product of two 1-dimensional 3-point quadrature
rules corresponds to the full interpolation space P2,.

9.5 Monte Carlo Methods

As seen above, tensor product quadrature formulae suffer from the curse of
dimensionality: they require exponentially many evaluations of the integrand
as a function of the dimension of the integration domain. Sparse grid con-
structions only partially alleviate this problem. Remarkably, however, the
curse of dimensionality can be entirely circumvented by resorting to random
sampling of the integration domain — provided, of course, that it is possi-
ble to draw samples from the measure against which the integrand is to be
integrated.

Monte Carlo methods are, in essence, an application of the Law of Large
Numbers (LLN). Recall that the LLN states that if Y1), Y are ind-
ependently and identically distributed according to the law of a random vari-
able Y with finite expectation E[Y], then the sample average

_Ivyo
Sn._ﬁgY

converges in some sense to E[Y] as n — oo. The weak LLN states that the
mode of convergence is convergence in probability:

n

% > v —E[y]

i=1

n—oo

foralle >0, lim P [

>5] = 0;

whereas the strong LLN states that the mode of convergence is actually
almost sure:
P

1 n )
1 —_— (7‘) P P
nhm E 1 YW =E[Y]| =1.
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The LLN is further generalized by the Birkhoff-Khinchin ergodic theorem,
and indeed ergodicity properties are fundamental to more advanced variants
of Monte Carlo methods such as Markov chain Monte Carlo.

Remark 9.16. The assumption that the expected value exists and is finite is
essential. If this assumption fails, then Monte Carlo estimates can give app-
arently plausible but ‘infinitely wrong’ results; in particular, a ‘lucky’ Monte
Carlo run may appear to converge to some value and mislead a practitioner
into believing that the expected value of Y has indeed been found.

For example, suppose that X ~ v = AN(0,1) is a standard normal random
variable, and let a € R. Now take

1
Ta-—-X'

Note that Y is y-almost surely finite. However, E,[Y] is undefined: if E,[Y]
did exist, then  + |a — 2|~! would have to be y-integrable, and indeed
it would have to be integrable with respect to Lebesgue measure on some
neighbourhood of a, which it is not.

It is interesting to observe, as illustrated in Figure 9.2, that for small values
of a, Monte Carlo estimates of E[Y] are obviously poorly behaved; seeing
these, one would not be surprised to learn that E,[Y] does not exist. However,
for |a] > 1, the Monte Carlo average appears (but only appears) to converge
to a™!, even though E, [Y] still does not exist. There is, in fact, no qualitative
difference between the two cases illustrated in Figure 9.2. That the Monte
Carlo average cannot, in fact, converge to a~' follows from the following
result, which should be seen as a result in the same vein as Kolmogorov’s
zero-one law (Theorem 2.37):

Theorem 9.17 (Kesten, 1970). Let Y ~ p be a real-valued random variable
for which E,[Y] is undefined, i.e. E,[max{0,Y}] = E,[max{0, -Y}] = 400
Let (Y);en be a sequence of i.i.d. draws from u, and let S, = DD Y,
Then exactly one of the following holds true:

(a) P, [limnﬂoo S, = +oo] =1;
(b) Py [limp o0 Sp = —00] = 1;
(¢) Pu[liminf, o Sp = —o0 and limsup,,_,, Sp = +oo] = 1.

‘Vanilla’ Monte Carlo. The simplest formulation of Monte Carlo integra-
tion applies the LLN to the random variable Y = f(X), where f is the
function to be integrated with respect to a probability measure p and X is
distributed according to u. Assuming that one can generate independent and
identically distributed samples X (1, X(2) . from the probability measure
u, the n*" Monte Carlo approximation is

B I00] = $u() = 3 31 ().

3
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Fig. 9.2: ‘Convergence’ of S, := 3" (a — X@)~! to a=! when X ~
N(0,1) are i.id. E[(a+X™)~1] is undefined for every a € R, which is easily
guessed from the plot for a = 2, but less easily guessed from the apparent
convergence of S, to a~! when a = 8. Each figure shows 10 independent
Monte Carlo runs.

To obtain an error estimate for such Monte Carlo integrals, we simply
apply Chebyshev’s inequality to S, (f), which has expected value E[S,,(f)] =
E[f(X)] and variance
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to obtain that, for any ¢t > 0,

VIF(0)]

P[ISu(f) —E[f (X)) = 1] < —-5

That is, for any € € (0,1], with probability at least 1 — ¢ with respect
to the n Monte Carlo samples, the Monte Carlo average S, (f) lies within
(V[£(X)]/ne)*/? of the true expected value E[f(X)]. Thus, for a fixed int-
egrand f, the error decays like n='/? regardless of the dimension of the
domain of integration, and this is a major advantage of Monte Carlo int-
egration: as a function of the number of samples, n, the Monte Carlo error
is not something dimension- or smoothness-dependent, like the tensor prod-
uct quadrature rule’s error of O(n~"/¢). However, the slowness of the n~'/2
decay rate is a major limitation of ‘vanilla’ Monte Carlo methods; it is unde-
sirable to have to quadruple the number of samples to double the accuracy
of the approximate integral. That said, part of the reason why the above
error bound is so ‘bad’ is that it only uses variance information; much better
bounds are available for bounded random variables, q.v. Hoeffding’s inequal-
ity (Corollary 10.13).

One obvious omission in the above presentation of Monte Carlo integration
is the accessibility of the measure of integration p. We now survey a few of
the many approaches to this problem.

Re-Weighting of Samples. In the case that we wish to evaluate an exp-
ected value E,[f] for some integrand f against x, but can only easily draw
samples from some other measure v, one approach is to re-weight the samples
of v: if the density i—‘lf exists and is computationally accessible, then we can
estimate E,[f] via

d - od _
=1

where XM ... X are independent and identically v-distributed. Some-
times, the density 3—5 is only known up to a normalization constant, i.e.

%’f o p, in which case we use the estimate

Bulfpl Sy F(X9)p(X0)
B~ S, p(X0)

A prime example of this situation is integration with respect to a Bayesian
posterior in the sense of Chapter 6, which is easily expressed in terms of its
non-normalized density with respect to the prior. Note, though, that while
this approach yields convergent estimates for expected values of integrals
against p, it does not yield p-distributed samples.

Eu[f] =
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CDF Inversion. If ;4 is a measure on R with cumulative distribution function

Fu(x) = /( ]du,

and, moreover, the inverse cumulative distribution function F,- 1is computa-
tionally accessible, then samples from p can be generated using the implica-
tion

U ~ Unif([0,1]) = F,;'(U) ~ p. (9.11)

Similar transformations can be used to convert samples from other ‘stan-
dard’ distributions (e.g. the Gaussian measure A(0,1) on R) into samples
from related distributions (e.g. the Gaussian measure A'(m, C) on R?). How-
ever, in general, such explicit transformations are not available; often, pu
is a complicated distribution on a high-dimensional space. One method for
(approximately) sampling from such distributions, when a density function
is known, is Markov chain Monte Carlo.

Markov Chain Monte Carlo. Markov chain Monte Carlo (MCMC) meth-
ods are a class of algorithms for sampling from a probability distribution p
based on constructing a Markov chain that has p as its equilibrium distribu-
tion. The state of the chain after a large number of steps is then used as a
sample of . The quality of the sample improves as a function of the number
of steps. Usually it is not hard to construct a Markov chain with the desired
properties; the more difficult problem is to determine how many steps are
needed to converge to u within an acceptable error.

More formally, suppose that j is a measure on R% that has Lebesgue den-
sity proportional to a known function p, and although p(z) can be evaluated
for any x € R?, drawing samples from p is difficult. Suppose that, for each
x € R%, g(-|r) is a probability density on R that can be both easily eval-
uated and sampled. The Metropolis—Hastings algorithm is to pick an initial
state zo € R? and then iteratively construct x,41 from z,, in the following
manner:

(a) draw a proposal state ' from q(-|zy);
(b) calculate the acceptance probability a := min{1,r}, where r is the accep-
tance ratio

_ ) q(@alz’)

- BRIl ). 9.12
oln) a(@'le) 12
(¢) let u be a sample from the uniform distribution on [0, 1];
(d) set
ey = x, (‘ac.cept’).if u < a, (9.13)
Tn, (‘reject’) if u > a.

In the simplest case that ¢ is symmetric, (9.12) reduces to p(a’)/p(z,), and
so, on a heuristic level, the accept-or-reject step (9.13) drives the Markov
chain (z,)nen towards regions of high u-probability.
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It can be shown, under suitable technical assumptions on p and ¢, that the
random sequence (r,)nen in R? has p as its stationary distribution, i.e. for
large enough n, x, is approximately u-distributed; furthermore, for suffi-
ciently large n and m, z,, Tn4m, Tntom -.. are approximately independent
p-distributed samples. There are, however, always some correlations between
successive samples.

Remark 9.18. Note that, when the proposal and target distributions coin-
cide, the acceptance ratio (9.12) equals one. Note also that, since only ratios
of the proposal and target densities appear in (9.12), it is sufficient to know
q and p up to an arbitrary multiplicative normalization factor.

Example 9.19. To illustrate the second observation of Remark 9.18, con-
sider the problem of sampling the uniform distribution Unif(£) on a subset
E C R%. The Lebesgue density of this measure is

d Unif(E) (2) = 1/vol(E), ifzekFE,
dz o, ifz ¢ FE,

which is difficult to access, since F may have a sufficiently complicated geo-
metry that its volume vol(E) is difficult to calculate. However, by Remark
9.18, we can use the MCMC approach with the non-normalized density

1, ifzek,
0, ifz¢EFE,

in order to sample Unif(F).

Figure 9.3 shows the results of applying this method to sample the uniform
distribution on the square S := [—1,1]?> — for which, of course, many simpler
sampling strategies exist — and to sample the uniform distribution on the
crescent-shaped region

E:={(r,y) eR*|1—-2? <y<2-22°}.

In each case, after an initial burn-in period of one million steps, every m'"
MCMC sample was taken as an approximate draw from Unif(S) or Unif(E),
with a stride of m = 200. The proposal distribution was 2’ ~ N (zy, ). The
approximate draws from Unif(S) and Unif(E) are shown in Figure 9.3(b) and
(¢) respectively. Direct draws from the standard uniform distribution on S,
using an off-the-shelf random number generator, are shown for comparison
in Figure 9.3(a). To give an idea of the approximate uniformity of the draws,
the absolute Pearson correlation coefficient of any two components of Figure
9.3(a) and (b) is at most 0.02, as is the correlation of successive draws.

Note that simply rescaling the y-coordinates of samples from Unif(.S)
would not yield samples from Unif(E), since samples transformed in this
way would cluster near the end-points of the crescent; the samples illustrated
in Figure 9.3(c) show no such clustering.
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Fig. 9.3: Samples of uniform distributions generated using Metropolis—
Hastings Markov chain Monte Carlo, as in Example 9.19. In (a), N = 1000
draws from the uniform distribution on the square [—~1,1]%. In (b), N draws
from the uniform distribution on [—1,1]? generated using MH MCMC. In
(¢), N draws from the uniform distribution on a crescent-shaped region. To
give an additional indication of the approximately uniform distribution of
the points in space and in ‘time’ n, in each figure they are shaded on a linear
greyscale from white (at n = 1) to black (at n = N), a colouring convention
that is compatible with the unsampled background also being white.

There are many variations on the basic Metropolis—Hastings scheme that
try to improve the rate of convergence, decrease correlations, or allow more
efficient exploration of distributions p with ‘nasty’ features, e.g. being multi-
modal, or concentrated on or near a low-dimensional submanifold of R?.

For example, the HMC approach (‘HMC’ originally stood for hybrid Monte
Carlo, but Hamiltonian Monte Carlo is also used, and is more descriptive)
uses gradient-based information and Hamiltonian dynamics to produce the
proposals for the Metropolis algorithm; this method allows the generation of
larger jumps z’ — x,, that still have large acceptance probability «, thereby
reducing the correlation between successive states, and also can also target
new states with a higher acceptance probability than the usual Metropolis—
Hastings algorithm. The reversible-jump MCMC method allows exploration
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of probability distributions on spaces whose dimension varies during the
course of the algorithm: this approach is appropriate when ‘the number
of things you don’t know is one of the things you don’t know’, and when
used judiciously it also promotes sparsity in the solution (i.e. parsimony of
explanation).

Multi-Level Monte Carlo. A situation that often arises in problems where
the integrand f is associated with the solution of some ODE or PDE is that
one has a choice about how accurately to numerically (i.e. approximately)
solve that differential equation, e.g. through a choice of time step or spa-
tial mesh size. Of course, a more accurate solution is more computationally
costly to obtain, especially for PDEs. However, for Monte Carlo methods,
this problem is actually an opportunity in disguise.

Suppose that we wish to calculate E,,[f], but have at our disposal hierarchy
fo, f1,.-., fr of approximations to f, indexed by a level parameter { — as
mentioned above, the level typically corresponds to a choice of time step or
mesh size in an ODE or PDE solver. Assume that f = fr; one should think
of fu as a coarse model for f, f1 as a better model, and so on. By the linearity
property of the expectation,

L

E, /] = E,lfz] = Eulfol + Y Eulfe — feoal.

=1

Each of the summands can be estimated independently using Monte Carlo:

no L ny
E.[f] = nio S H(XD)+> nie > (fg(X“)) —~ ff—l(X(i))) . (9.14)
=1 =1 =1

On the face of it, there appears to be no advantage to this decomposition
of the Monte Carlo estimator, but this misses two important factors: the
computational cost of evaluating f;(X ) is much lower for lower values of
¢, and the error of the Monte Carlo estimate for the /" summand scales like
\/Vu[fg — fe—1]/ne. Therefore, if the ‘correction terms’ between successive
fidelity levels are of low variance, then smaller sample sizes n, can be used
for lower values of £. The MLMC estimator (9.14) is prototypical of a family
of wvariance reduction methods for improving the performance of the naive
Monte Carlo estimator.

One practical complication that must be addressed is that the domains of
the functions f, and f, are usually distinct. Therefore, strictly speaking, the
MLMC estimator (9.14) does not make sense as written. A more accurate
version of (9.14) would be

L ny

Bulf] = 5 KO+ 305 () = ()

(=1 i=1
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where the X% are i.i.d. draws of the projection of the law of X onto the
domain of f;, and we further assume that X% can be ‘coarsened’ to be
a valid input for f,_q1 as well. (Equally well, we could take valid inputs for
fe—1 and assume that they can be ‘refined’ to become valid inputs for f.)
Naturally, these complications make necessary a careful convergence analysis
for the MLMC estimator.

9.6 Pseudo-Random Methods

This chapter concludes with a brief survey of numerical integration methods
that are in fact based upon deterministic sampling, but in such a way as the
sample points ‘might as well be’ random. To motivate this discussion, observe
that all the numerical integration schemes — over, say, [0, 1]¢ with respect
to uniform measure — that have been considered in this chapter are of the
form

z)dx ~ w; f(x;
/[Oﬁl]df() > vl

for some sequence of nodes z; € [0,1]% and weights w;; for example, Monte
Carlo integration takes the nodes to be independent uniformly distributed
samples, and w; = % By the Koksma-Hlawka inequality (Theorem 9.23
below), the difference between the exact value of the integral and the result
of the numerical quadrature is bounded above by the product of two terms:
one term is a measure of the smoothness of f, independent of the nodes; the
other term is the discrepancy of the nodal set, which can be thought of as
measuring how non-uniformly-distributed the nodes are.

As noted above in the comparison between Gaussian and Clenshaw—Curtis
quadrature, it is convenient for the nodal set {z1,...,2,} to have the prop-
erty that it can be extended to a larger nodal set (e.g. with n + 1 or 2n
points) without having to discard the original n nodes and their associated
evaluations of the integrand f. The Monte Carlo approach clearly has this
extensibility property, but has a slow rate of convergence that is independent
both of the spatial dimension and the smoothness of f. Deterministic quadra-
tures may or may not be extensible, and have a convergence rate better than
that of Monte Carlo, but fall prey to the curse of dimension. What is desired
is an integration scheme that somehow combines all the desirable features.
One attempt to do so is a quasi-Monte Carlo method in which the nodes are
drawn from a sequence with low discrepancy.

Definition 9.20. The discrepancy of a finite set of points P C [0,1]? is
defined by
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where A4 denotes d-dimensional Lebesgue measure, and J is the collection
of all products of the form Hle[ai,bi), with 0 < a; < b; < 1. The star
discrepancy of P is defined by

—) _ )\d( B)
where J* is the collection of all products of the form H?Zl[O,bl-), with

0<b;<1.

It can be shown that, for general d € N, D*(P) < D(P) < 2¢D*(P). In
dimension d = 1, the star discrepancy satisfies

#({x1,..., 2,1 N[0,0))

D*(x1,...,2,) = sup — A([0,0))
[0.)eT* n
e <
o [PLL<0
0<b<1 n
= [[Fx —idflec,

where Fx : [0,1] — [0, 1] is the (left-continuous) cumulative distribution func-
tion of the nodes x1,...,x, defined by

1 <x
Fx(z):= —#{ | }
n
Note that, when 1 < --- < x,,
i—1 .
Fx(x;) = fori=1,...,n. (9.15)
n
and so, for ordered nodes x;,
N 1—1 1
D*(x1,...,2,) = max max{ — x|, ——xi}. (9.16)
1<i<n n

See Figure 9.4 for an illustration.

Definition 9.21. Let f: [0,1]? — R. If J C [0,1]¢ is a sub-rectangle of
[0,1]%, i.e. a d-fold product of subintervals of [0,1], let A;(f) be the sum
of the values of f at the 2¢ vertices of J, with alternating signs at nearest-
neighbour vertices. The Vitali variation of f: [0,1]? — R is defined to be

Vit . I is a partition of [0, 1]? into finitely
VIR(S) 1= sup {J;Y’AJ(][)‘ ‘ many non-overlapping sub-rectangles
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Fig. 9.4: The star discrepancy of a finite set of nodes is the || - || distance

between the cumulative distribution function of the nodes (in black) and that
of the uniform measure on [0, 1] (in grey). The set of five nodes shown has
star discrepancy 1%, due to the placement of node z4.

For 1 < s < d, the Hardy—Krause variation of f is defined to be

VIK(F) =Y VYVE(flp),
F

where the sum runs over all faces F of [0,1]? having dimension at most s.

In dimension d = 1, the Vitali and Hardy—Krause variations are equal, and
coincide with the usual notion of total variation of a function f: [0,1] — R:

n
n € N and
V) i=sup Z;V(“’j) B f(xjfl)} O=2xp<z1 < - <zp =1
J:
For quasi-Monte Carlo integration over an interval, Koksma’s inequality
provides an upper bound on the error of the quadrature rule in terms of the
variation of the integrand and the discrepancy of the nodal set:

Theorem 9.22 (Koksma). If f:[0,1] — R has bounded variation, then,
whenever x1,...,x, € [0,1),

1 ¢ !
MR ICLE

This bound is sharp in the sense that, for every xi,...,z, € [0,1), there
exists f:[0,1] = R with V(f) = 1 such that

<V(f)D*(z1,...,xy).
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1O !
WS [ g

Proof. A short proof of Koksma’s inequality can be given using the Stieltjes
integral:

=D*(x1,...,%n).

1 n 1 1 )
S [ r@ar= [ i)

_— / (Fx(x) — 2) df (x)

by integration by parts, since the boundary terms Fy (0) —id(0) and Fx (1) —
id(1) both vanish. The triangle inequality for the Stieltjes integral then yields

1 !
MR ICLE

/O (Fx(2) - ) df(2)

< ||Fx —id||V (f)
= D*(,’El, A ,xn)V(f)

To see that Koksma’s inequality is indeed sharp, fix nodes x1,...,x, €
[0,1); for ease of notation, let x,+1 := 1. By (9.16), there is a node z; such
that either

|Fx(z;) — xj| = D*(x1,...,25) (9.17)

or
|FX(IJ+1) _IJ| = D*(Ila ,.In)

If |Fx(z;) — ;| = D*(z1,...,%y), then define f: [0,1] — R by

1, ifzx<ua
) =lzx<z]=<" 7
f(a) =T < ) {0, e
Note that f has a single jump discontinuity of height 1 at z;, and is constant
either side of the discontinuity, so f is of bounded variation with V' (f) = 1.
Then

1< ! j-
it ) — del = 11— 2 _ .
’n;f(w) [ s = [t
= [F(x;) = ] by (9.15)
=D"(z1,...,Zn) by (9.17
as claimed. The other case, in which |Fx (zj41) — x| = D*(z1,...,2,), is

similar, with integrand f(z) := I[z < z,41]. O
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The multidimensional version of Koksma’s inequality is the Koksma—
Hlawka inequality:

Theorem 9.23 (Koksma-Hlakwa). Let f: [0,1]¢ — R have bounded Hardy-

Krause variation. Then, for any x1,...,x, € [0,1)%,
I .
S )= [ S da] S VIRGD ().
n i=1 [0,1]4
This bound is sharp in the sense that, for every x1, ..., 1, € [0,1)% and every

e > 0, there exists f:[0,1]% — R with VIX(f) =1 such that

n

> S - [ fw)

— > D*(x1,...,TN) — €.
n = [0,1]¢

There are several well-known sequences, such as those of Van der Corput,
Halton, and Sobol’, with star discrepancy D*(z1,...,z,) < C(logn)?/n,
which is conjectured to be the best possible star discrepancy. Hence, for
quasi-Monte Carlo integration using such sequences,

n

S f) - [ f)de] <

=1 [0,1]¢

CVIK(f)(log )"

n

It is essentially the number-theoretic properties of these sequences that ensure
their quasi-randomness, equidistributedness and low discrepancy.

Definition 9.24. The Van der Corput sequence in (0,1) with base b € N,
b > 1, is defined by
K
z® = Z d(n)b=*=1,

k=0

where n = ZkK:O di(n)b* is the unique representation of n in base b with
0 < d,(n) < b. The Halton sequence in (0,1)? with bases b1, ..., by € N, each
greater than 1, is defined in terms of Van der Corput sequences by

Ty = (xslbl), e ,x;b@).

In practice, to assure that the discrepancy of a Halton sequence is low,
the generating bases are chosen to be pairwise coprime. See Figure 9.5
(a—c) for an illustration of the Halton sequence generated by the prime (and
hence coprime) bases 2 and 3, and Figure 9.5(d) for an illustration of why
the coprimality assumption is necessary if the Halton sequence is to be even
approximately uniformly distributed.

Quasi-Monte Carlo quadrature nodes for uniform measure on [0, 1] can
be transformed into quasi-Monte Carlo quadrature nodes for other measures
in much the same way as for Monte Carlo nodes, e.g. by re-weighting or
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Fig. 9.5: The first N points in the two-dimensional Halton sequence with base
b € N2, for various N, with shading as in Figure 9.3. Subfigure (d) illustrates
the strong correlation structure when b has non-coprime components.

by coordinate transformations, as in (9.11). Thus, for example, quasi-Monte
Carlo sampling of A/(m, C) on R? can be performed by taking (1, )nen to be
a low-discrepancy sequence in the d-dimensional unit cube

Tni=m+ CY2 (S (2n1), . ..

) Q_l (xn,d))

where @: R — [0, 1] denotes the cumulative distribution function of the stan-

dard normal distribution,

B(z) == \/% /_; exp(—t2/2) dt = % (1 +erf%) :
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Fig. 9.6: The Halton sequence from Figure 9.5(c), transformed to be a se-
quence of approximate draws from the Gaussian distribution V' (m, C') on R?

with m =0 and C = {5/4 1/4

41 w , with shading as in Figure 9.3.

and ¢! is its inverse (the probit function). This procedure is illustrated in
Figure 9.6 for the Gaussian measure

QR H)

on R2.
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9.8 Exercises

Exercise 9.1. A quadrature rule  with weights of both signs has the unde-
sirable property that an integrand f can take strictly positive values every-
where in the integration domain, yet have Q(f) = 0. Explicitly, suppose that

@ has nodes m + n nodes xf, cexh iy, @, € [a,b] with corresponding
weights w,...,w} > 0and wy,...,w, >0, so that

QU =Y wf fah) +> wj flay).
i=1 j=1

(a) Consider first the case m = n = 1. Construct a smooth, strictly positive
function f: [a,b] — R with f(z1) = —w; and f(z2) = wy. Show that this
f has Q(f) = 0.

(b) Generalize the previous part to general m,n > 1 to find a smooth, strictly
positive function f: [a,b] — R with Q(f) = 0.

(¢) Further generalize this result to multivariate quadrature for the approx-
imate integration of f: X — R with respect to u, where X C R? and p
is a non-negative measure on X.

Exercise 9.2 (Takahasi-Mori (tanh—sinh) Quadrature (Takahasi and Mori,
1973/74)). Consider a definite integral over [—1,1] of the form fil f(z)dx.
Employ a change of variables x = ¢(t) := tanh(ZF sinh(#)) to convert this to
an integral over the real line. Let A > 0 and K € N, and approximate this
integral over R using 2K +1 points equally spaced from —Kh to Kh to derive
a quadrature rule

1 k=K
[ r@dem Qui) = 3wt
-1 k=—K
where xj := tanh(F sinh(kh)),
5hcosh(kh)

and wy, : 5 - .
cosh” (% sinh(kh))

How are these nodes distributed in [—1,1]? Why is excluding the nodes z
with |k| > K a reasonable approximation?

Exercise 9.3. Following Remark 9.15, find the interpolation basis associated
with the Smolyak—Newton—Cotes quadrature rule in d € N variables at level
feN.

Exercise 9.4. Implement the Metropolis—Hastings Markov chain Monte
Carlo method and use it to sample the uniform measure on your favourite
open subset E C R?, ideally a non-convex one, as in Example 9.19. Do the
same for a density that is not an indicator function, but has non-convex
superlevel sets, e.g. a bimodal convex combination of two Gaussian measures
with distinct means.
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Exercise 9.5. Let u be a probability measure on R with known probability
density function p and cumulative distribution function F' with known inverse
F~'. Sample ;& using

(a) inversion of F, as in (9.11);

(b) the Metropolis—Hastings MCMC method, as in Exercise 9.4.

Use histograms/empirical cumulative distribution functions to compare the
closeness of the sample distributions to pu.

Exercise 9.6. Using (9.16), generate Van der Corput sequences and produce
numerical evidence for the assertion that they have star discrepancy at most
Olo n
ORI
Exercise 9.7. Consider, for k € N, the function f,,: [0,1]?> — R defined by
fk(xvy) = COS(2I€7T$) + (y - %)7

for which clearly fol fol fr(z,y)dzdy = 0. Integrate this function approxi-
mately using

(a) Gaussian quadrature;

(b) Clenshaw—Curtis quadrature;
(¢) Monte Carlo; and

(d) a Halton sequence.

Compare accuracy of the results that you obtain as a function of N, the
number of sample points used, and as a function of k.



Chapter 10

Sensitivity Analysis and Model
Reduction

Le doute n’est pas un état bien agréable, mais
I’assurance est un état ridicule.

VOLTAIRE

The topic of this chapter is sensitivity analysis, which may be broadly
understood as understanding how f(x1,...,x,) depends upon variations not
only in the z; individually, but also combined or correlated effects among
the x;. There are two broad classes of sensitivity analyses: local sensitivity
analyses study the sensitivity of f to variations in its inputs at or near a
particular base point, as exemplified by the calculation of derivatives; global
sensitivity analyses study the ‘average’ sensitivity of f to variations of its
inputs across the domain of definition of f, as exemplified by the McDiarmid
diameters and Sobol’ indices introduced in Sections 10.3 and 10.4 respectively.

A closely related topic is that of model order reduction, in which it is
desired to find a new function f, a function of many fewer inputs than f, that
can serve as a good approximation to f. Practical problems from engineering
and the sciences can easily have models with millions or billions of inputs
(degrees of freedom). Thorough exploration of such high-dimensional spaces,
e.g. for the purposes of parameter optimization or a Bayesian inversion, is all
but impossible; in such situations, it is essential to be able to resort to some
kind of proxy f for f in order to obtain results of any kind, even though their
accuracy will be controlled by the accuracy of the approximation f ~ f.

(© Springer International Publishing Switzerland 2015 197
T.J. Sullivan, Introduction to Uncertainty Quantification, Texts
in Applied Mathematics 63, DOI 10.1007/978-3-319-23395-6_10
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10.1 Model Reduction for Linear Models

Suppose that the model mapping inputs € C" to outputs y = f(x) € C™
is actually a linear map, and so can be represented by a matrix A € C™*™,
There is essentially only one method for the dimensional reduction of such
linear models, the singular value decomposition (SVD).

Theorem 10.1 (Singular value decomposition). Every matriz A € C™*"
can be factorized as A = UXV™, where U € C™*™ s unitary (i.e. U*U =
UU* =1),V e C"™ is unitary, and ¥ € RTS"™ is diagonal. Furthermore,
if A is real, then U and V are also real.

Remark 10.2. The existence of an SVD-like decomposition for an operator
A between Hilbert spaces is essentially the definition of A being a compact
operator (cf. Definition 2.48).

The columns of U are called the left singular vectors of A; the columns
of V are called the right singular vectors of A; and the diagonal entries of
X7 are called the singular values of A. While the singular values are unique,
the singular vectors may fail to be. By convention, the singular values and
corresponding singular vectors are ordered so that the singular values form a
decreasing sequence

012022 2> Omin{m,n} > 0.

Thus, the SVD is a decomposition of A into a sum of rank-1 operators:

min{m,n} min{m,n}
A=UZV = > ou0uv= Y oy, ).
Jj=1 j=1

The singular values and singular vectors are closely related to the eigen-
pairs of self-adjoint and positive semi-definite matrices A* A:

(a) If m < n, then the eigenvalues of A*A are 0%,...,02 and n — m zeros,
and the eigenvalues of AA* are 0%,...,02,.

(b) If m = n, then the eigenvalues of A*A and of AA* are 0?,...,02.

(c) If m > n, then the eigenvalues of A*A are 0%, ...,02 and the eigenvalues
of AA* are 0%,...,02% and m — n zeros.

In all cases, the eigenvectors of A*A are the columns of V, i.e. the right
singular vectors of A, and the eigenvectors of AA* are the columns of U, i.e.
the left singular vectors of A.

The appeal of the SVD is that it can be calculated in a numerically stable
fashion (e.g. by bidiagonalization via Householder reflections, followed by a
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variant of the QR algorithm for eigenvalues), and that it provides optimal
low-rank approximation of linear operators in a sense made precise by the
next two results:

Theorem 10.3 (Courant—Fischer minimax theorem). For A € C™*" and a
subspace EE C C™, let

A A* Ax)1/?
Jlel, = sup Aol —, fmATADTE
cepn{o}y I1Tlle  zemvor  llzll2

be the operator 2-norm of A restricted to E. Then the singular values of A
satisfy, for k=1,...,min{m,n},

o= SUbSPaiCrgE s.t HA|EH2 - subspaicI;EE s.t HA|EH2
codim E=k—1 codim E<k—1

Proof. Let A have SVD A = UXV*, and let vy,...,v, be the columns of
V', i.e. the eigenvectors of A*A. Then, for any z € C",

n n
z=Y (z,0;)v;, |2 =" [z, v) 2,
= =

A" A =" 0% (2, v5)v, (w, A" Ax) = o3|, v))[*.
j=1

j=1

Let E C C” have codim E' < k—1. Then the k-dimensional subspace spanned
by v1,...,vr has some z # 0 in common with E, and so

(x, A" Ax) ZU (m,v5) |2>0k2|xvj 1> = of||=||*.

Hence, o), < ||A|EH for any F with codim E < k — 1.
It remains only to find some E with codim E = k—1 for which o, > HA|E H
Take E := span{vg,...,v,}. Then, for any z € E,

n
(x, A" Ax) ZU (x,v5)] Z| (z,v))* = of||z||?,
=k

which completes the proof. a

Theorem 10.4 (Eckart—Young low-rank approximation theorem). Given
AeCm*m et A, € C™*™ be the matrixz formed from the first k singular
vectors and singular values of A, i.e.

k

Ay = Z ojUj ® vj. (10.1)
j=1
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Then
op+1 = ||A—Aglla= inf |JA—X|s.
XG(C’VTLX’VL
rank X <k
Hence, as measured by the operator 2-norm,
(a) Ay is the best approximation to A of rank at most k; and
(b) if A€ C" ", then A is invertible if and only if o, > 0, and o, is the
distance of A from the set of singular matrices.

Proof. Let M} denote the set of matrices in C™*"™ with rank < k, and let
X € M. Since rank X 4+ dim ker X = n, it follows that codimker X < k. By
Theorem 10.3,

§ Azl
Ok+1 < sup .
veE |zl

codim E<k
Hence,

A A-X

s s LTl A= Xals
z€ker X ||I||2 xEker X ||I||2

Hence Ok+1 S ianGMk ||A — X||2
Now consider Ay as given by (10.1), which certainly has rank A, < k.
Now,

T
A—Ak: E O'j’(,Lj ®’Uj,
Jj=k+1

where 7 := rank A. Write z € C" as z = )7, (2, v;)v;. Then

T

(A—Ap)z = Z oju; (vj, x),

j=k+1
and so
T
(A= AWzl3 = D oFl(v;,2)
j=k+1
r
< UI%+1 Z |<Uj7x>|2
j=k+1
< oIzl
Hence, ||A — Ag|l2 < ogt1- m|

See Chapter 11 for an application of the SVD to the analysis of sam-
ple data from random variables, a discrete variant of the Karhunen—Loeéve
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expansion, known as principal component analysis (PCA). Simply put, when
A is a matrix whose columns are independent samples from some stochastic
process (random vector), the SVD of A is the ideal way to fit a linear structure
to those data points. One may consider nonlinear fitting and dimensionality
reduction methods in the same way, and this is known as manifold learning.
There are many nonlinear generalizations of the SVD/PCA: see the bibliog-
raphy for some references.

10.2 Derivatives

One way to understand the dependence of f(x1,...,x,) upon x1,...,x, near
some nominal point & = (Z1,...,Zy,) is to estimate the partial derivatives of
f at T, i.e. to approximate
0 T1,-os T+ Ry Tn) — f(Z
f@ =limf(1 i n) f()
6:101 h—0 h

For example, for a function f of a single real variable x, and with a fixed step
size h > 0, the derivative of f at T may be approximated using the forward
difference

dz 7 h

or the backward difference
df . f@) - f@—h)
G h '

Similarly, the second derivative of f might be approximated using the second
order central difference

@ S@E ) =20+ fa -
da? h? '

Ultimately, approximating the derivatives of f in this way is implicitly a poly-
nomial approximation: polynomials coincide with their Taylor expansions,
their derivatives can be computed exactly, and we make the approximation
that f ~ p = [/ = p'. Alternatively, we can construct a randomized
estimate of the derivative of f at z by random sampling of = near z (i.e. =
not necessarily of the form x = = + he;), as in the simultaneous perturbation
stochastic approzimation (SPSA) method of Spall (1992).

An alternative paradigm for differentiation is based on the observation that
many numerical operations on a computer are in fact polynomial operations,
so they can be differentiated accurately using the algebraic properties of
differential calculus, rather than the analytical definitions of those objects.
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A simple algebraic structure that encodes first derivatives is the concept of
dual numbers, the abstract algebraic definition of which is as follows:

Definition 10.5. The dual numbers R, are defined to be the quotient of the
polynomial ring R[z] by the ideal generated by the monomial z?.

In plain terms, R, = {x¢+ z1€ | o, 21 € R}, where € # 0 has the property
that €2 = 0 (e is said to be nilpotent). Addition and subtraction of dual
numbers is handled componentwise; multiplication of dual numbers is han-
dled similarly to multiplication of complex numbers, except that the relation
€2 = 0 is used in place of the relation i? = —1; however, there are some addi-
tional subtleties in division, which is only well defined when the real part of
the denominator is non-zero, and is otherwise multivalued or even undefined.
In summary:

(w0 + w1€) + (Yo + y1€) = (w0 + yo) + (71 + y1)e,
(zo +z1€) — (Yo +y1€) = (¥0 — vo) + (z1 — Y1)e,
(o + x1€)(yo + y1€) = Toyo + (Toy1 + T1yo)e

Zo YoT1 — ToY1

— + —267 if Yo 7é 07

To +x1€ zo Yo

Yo+ 1€ —1+Z€, for any z € R if g = yo = 0,
Y1
undefined, if yo =0 and zo # 0.

A helpful representation of R, in terms of 2 x 2 real matrices is given by

o so that € +— 0 1.
0 o 0 0

One can easily check that the algebraic rules for addition, multiplication, etc.
in R, correspond exactly to the usual rules for addition, multiplication, etc.
of 2 X 2 matrices.

o+ T1€ <

Automatic Differentiation. A useful application of dual numbers is auto-
matic differentiation, which is a form of exact differentiation that arises as
a side-effect of the algebraic properties of the nilpotent element e, which
behaves rather like an infinitesimal in non-standard analysis. Given the al-
gebraic properties of the dual numbers, any polynomial p(z) := pg + p12 +
-+ ppx™ € Rlz]<y, thought of as a function p: R — R, can be extended to
a function p: R, — R.. Then, for any z¢g + z1€ € R,
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n

a:o—i-:z:le g xo—l—xle k
k=

< ’f%) (p1z1€+ 2pomozie+ -+ npnxg_lxle)

)+ ' (zo)z1€.

Thus the derivative of a real polynomial at x is exactly the coefficient of € in its
dual-number extension p(z+¢). Indeed, by considering Taylor series, it follows
that the same result holds true for any analytic function (see Exercise 10.1).
Since many numerical functions on a computer are evaluations of polynomials
or power series, the use of dual numbers offers accurate symbolic differenti-
ation of such functions, once those functions have been extended to accept
dual number arguments and return dual number values. Implementation of
dual number arithmetic is relatively straightforward for many common pro-
gramming languages such as C/C++, Python, and so on; however, technical
problems can arise when interfacing with legacy codes that cannot be modi-
fied to operate with dual numbers.

Remark 10.6. (a) An attractive feature of automatic differentiation is that
complicated compositions of functions can be differentiated exactly using
the chain rule

(f o9)' () = f'(9(x))g (x)
and automatic differentiation of the functions being composed.
(b) For higher-order derivatives, instead of working in a number system for
which €2 = 0, one works in a system in which € or some other higher

power of € is zero. For example, to obtain automatic second derivatives,
consider

Re ez = {x0 + 716+ To€” | xo, 21,22 € R}

with €3 = 0. The derivative at = of a polynomial p is again the coefficient
of € in p(x + €), and the second derivative is twice (i.e. 2! times) the
coefficient of €2 in p(x + €).

(¢) Analogous dual systems can be constructed for any commutative ring R,
by defining the dual ring to be the quotient ring R[z]/(2?) — a good
example being the ring of square matrices over some field. The image of
x under the quotient map then has square equal to zero and plays the
role of € in the above discussion.

(d) Automatic differentiation of vector-valued functions of vector arguments
can be accomplished using a nilpotent vector € = (e1,...,¢,) with the
property that e;e; = 0 for all 4,5 € {1,...,n}; see Exercise 10.3.

The Adjoint Method. A common technique for understanding the impact
of uncertain or otherwise variable parameters on a system is the so-called
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adjoint method, which is in fact a cunning application of the implicit function
theorem (IFT) from multivariate calculus:

Theorem 10.7 (Implicit function theorem). Let X, ) and Z be Banach
spaces, let W C X x Y be open, and let f € CK(W;Z) for some k > 1.
Suppose that, at (z,y) € W, the partial Fréchet derivative g—{j(f,g): Y= Z
s an invertible bounded linear map. Then there exist open sets U C X about
z, VCJY about y, with U xV C W, and a unique ¢ € Ck(U; V') such that

{(z,9) eUx V[ [(z,y) = [(2,9)} = {(z,y) €U x V |y = p(2)},

i.e. the contour of f through (Z,y) is locally the graph of ¢. Furthermore, U
can be chosen so that g—{}(x, o(x)) is boundedly invertible for all x € U, and

the Fréchet derivative %f(:z:): X =Y of ¢ at any x € U is the composition

fl_i(x) - (%Cﬁ Sp(x))) B (%(%w(w))) : (10.2)

We now apply the IFT to derive the adjoint method for sensitivity analysis.
Let U and © be (open subsets of) Banach spaces. Suppose that uncertain
parameters 8 € @ and a derived quantity u € U are related by an implicit
function of the form F(u, ) = 0; to take a very simple example, suppose that
u: [=1,1] — R solves the boundary value problem

d [ ,d

-4 <e au(x)) = (z—1)(z+1), —-l<z<l,

u(z) =0, x € {£1}.

Suppose also that we are interested in understanding the effect of changing
6 upon the value of a quantity of interest ¢: U x @ — R. To be more precise,
the aim is to understand the derivative of g(u, ) with respect to 6, with u
depending on 6 via F(u,f) = 0, at some nominal point (i, ).

Observe that, by the chain rule,

d _ _ Ou _ _
d—g(a, 6) = %(a, 9)%@, 8) + = (u,0). (10.3)
Note that (10.3) only makes sense if u can be locally expressed as a differen-
tiable function of § near (u,0): by the IFT, a sufficient condition for this is
that F is continuously Fréchet differentiable near (i, ) with ‘?9—5(11, 0) invert-
ible. Using this insight, the partial derivative of the solution v with respect
to the parameters 6 can be eliminated from (10.3) to yield an expression that
uses only the partial derivatives of the explicit functions F and gq.

To perform this elimination, observe that the total derivative of F' vanishes
everywhere on the set of (u, ) € U x O such that F(u,0) =0 (or, indeed, on
any level set of F'), and so the chain rule gives
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dF  OF Ou  OF

W " ouos ag "
Therefore, since ( ,0) is invertible,
ou, - oF N\ TTOF
@ - (Sewn) Swo. (10.9)

as in (10.2) in the conclusion of the IFT. Thus, (10.3) becomes

-1
%(a,é)z gZ( ,0) (‘Z—Z(u,e)) g—g(a,é)Jr%(a,é), (10.5)

which, as desired, avoids explicit reference to 2 56
Equation (10. 4) can be re-written as

dq oF ,_ -
2 (1,0) = A (,0)

where the linear functional A\ € U’ is the solution to

oF i 0 :—@(a,é), (10.6)

)\%(u, ) ou

or, equivalently, taking the adjoint (conjugate transpose) of (10.6),

OF .0 It A (a,d) *, (10.7)
du du

which is known as the adjoint equation. This is a powerful tool for investi-
gating the dependence of ¢ upon 6, because we can now compute % without
ever having to work out the relationship between 6 and w or its derivative
g—z explicitly — we only need partial derivatives of F' and ¢ with respect to
0 and u, which are usually much easier to calculate. We then need only solve
(10.6)/(10.7) for A, and then substitute that result into (10.5).

Naturally, the system (10.6)/(10.7) is almost never solved by explicitly
computing the inverse matrix; instead, the usual direct (e.g. Gaussian elimi-
nation with partial pivoting, the QR method) or iterative methods (e.g. the
Jacobi or Gauss—Seidel iterations) are used. See Exercise 10.4 for an example
of the adjoint method for an ODE.

Remark 10.8. Besides their local nature, the use of partial derivatives as
sensitivity indices suffers from another problem well known to students of
multivariate differential calculus: a function can have well-defined partial
derivatives that all vanish, yet not be continuous, let alone locally constant.
The standard example of such a function is f: R? — R defined by
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flz,y) = xzx—fgﬂ if (,y) # (0,0),

0, if (x,y) = (0,0).

This function f is discontinuous at (0,0), since approaching (0,0) along the
line x = 0 gives

lim f(z,y) = lim f(0,y) =lim 0 =0
=0 y—0 y—0
y—0

but approaching (0,0) along the line 2z = y gives

2
1
limof(:v,y)z limx—=§7$0.

y=x— x—0 2{E2

However, f has well-defined partial derivatives with respect to x and y at
every point in R?, and in particular at the origin:

B v oty 00

6—£(I,y): @1 | (z,y) # (0,0),
0, if (z,y) = (0,0),
3 — a2

of Y, it (2,y) # (0,0),

() = q (22 +y2)?
y 0, if (z,y) = (0,0).

Such pathologies do not arise if the partial derivatives are themselves contin-
uous functions. Therefore, before placing much trust in the partial derivatives
of f as local sensitivity indices, one should check that f is C!.

10.3 McDiarmid Diameters

Unlike the partial derivatives of the previous section, which are local measures
of parameter sensitivity, this section considers global ‘L*°-type’ sensitivity
indices that measure the sensitivity of a function of n variables or parameters
to variations in those variables/parameters individually.

Definition 10.9. The i*® McDiarmid subdiameter of f: X :=[[[_; X; = K
is defined by

D;[f] := sup{|f(z) — f(y)H:v,y € X such that z; = y; for j #i};
equivalently, D;[f] is

xz(xl,...,:vn)e)(}

sup{|f(17) — f(xlv" .,Ii,1,$;,$i+1,.. ,$n)| and x; c Xl
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The McDiarmid diameter of f is

Remark 10.10. Note that although the two definitions of D;[f] given above
are obviously mathematically equivalent, they are very different from a com-
putational point of view: the first formulation is ‘obviously’ a constrained
optimization problem in 2n variables with n — 1 constraints (i.e. ‘difficult’),
whereas the second formulation is ‘obviously’ an unconstrained optimization
problem in n + 1 variables (i.e. ‘easy’).

Lemma 10.11. For each j =1,...,n, D;[-] is a seminorm on the space of
bounded functions f: X — K, as is D[-].

Proof. Exercise 10.5. O

The McDiarmid subdiameters and diameter are useful not only as sensi-
tivity indices, but also for providing a rigorous upper bound on deviations of
a function of independent random variables from its mean value:

Theorem 10.12 (McDiarmid’s bounded differences inequality). Let X =
(X1,...,Xn) be any random wvariable with independent components taking
values in X = [[i_, Xi, and let f: X — R be absolutely integrable with
respect to the law of X and have finite McDiarmid diameter D[f]. Then, for
anyt >0,

PLCO 2 BLACO 4] < exp (~ 7 ). (108)
P[/(X) < E[f(X)] - 1] < exp (—%) | (10.9)
P[lf(X) = E[f(X)]] > t] <2exp <—7%;2>. (10.10)

Corollary 10.13 (Hoeffding’s inequality). Let X = (Xi,...,X,) be a
random variable with independent components, taking values in the cuboid
H?:l[ai, bi]. Let S, := %Z?Zl X;. Then, for anyt >0,

—on242
P[Sn —E[Sa] > 1] < exp (—%) ’

and similarly for deviations below, and either side, of the mean.

McDiarmid’s and Hoeffding’s inequalities are just two examples of a
broad family of inequalities known as concentration of measure inequalities.
Roughly put, the concentration of measure phenomenon, which was first
noticed by Lévy (1951), is the fact that a function of a high-dimensional
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random variable with many independent (or weakly correlated) components
has its values overwhelmingly concentrated about the mean (or median). An
inequality such as McDiarmid’s provides a rigorous certification criterion: to
be sure that f(X) will deviate above its mean by more than ¢ with probability
no greater than e € [0, 1], it suffices to show that

[ 2
D[f] <t log?'

Experimental effort then revolves around determining E[f(X)] and D[f];
given those ingredients, the certification criterion is mathematically rigor-
ous. That said, it is unlikely to be the optimal rigorous certification criterion,
because McDiarmid’s inequality is not guaranteed to be sharp. The calcula-
tion of optimal probability inequalities is considered in Chapter 14.

To prove McDiarmid’s inequality first requires a lemma bounding the
moment-generating function of a random variable:

i.e.

Lemma 10.14 (Hoeffding’s lemma). Let X be a random variable with mean
zero taking values in [a,b]. Then, fort >0,

E[e™X] < exp (M) .

Proof. By the convexity of the exponential function, for each x € [a, b],

b—=z T—a
etwg eta_|_ etb.
b—a b—a

Therefore, applying the expectation operator,

bt a b o(t)
b—ae +b—ae e .

E[etx] <

Observe that ¢(0) =0, ¢/(0) = 0, and ¢”(t) < (b — a)?. Hence, since exp is
an increasing and convex function,

N2 42 201 \2
E[etx] < exp <O+Ot—|——(b 4@) %) = exp <—t (b8 e) > O

We can now give the proof of McDiarmid’s inequality, which uses Ho-
effding’s lemma and the properties of conditional expectation outlined in
Example 3.22.
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Proof of McDiarmid’s inequality (Theorem 10.12). Let .%#; be the
o-algebra generated by Xi,...,X;, and define random variables Z, ..., Z,
by Z; := E[f(X)].%;]. Note that Zy = E[f(X)] and Z,, = f(X). Now consider
the conditional increment (Z; — Z;_1)|.%;_1. First observe that

E[Zi — Zi-1|Fi-1] = 0,
so that the sequence (Z;);>0 is a martingale. Secondly, observe that
Li < (Zi — Zim1|Fic1) S U,
where
= mfE[f(X)|Fi1, X = ] = E[f(X)| Fi1],

Li .
Us = supE[f(X)| Fio1, X; = u] — E[f(X)|Fi1].

Since U; — L; < D;[f], Hoeffding’s lemma implies that

Ee#2on) | 2, | < e P, (10.11)
Hence, for any s > 0,
Plf(X) - E[f(X)] = 1]
_ P[es(f(x)_]E[f(X)]) Z eSt:I
< efstE[es(f(X)f]E[f(X)])] by Markov’s ineq.
) {es s Zi—ZFl} as a telescoping sum
— SR {IE {es Yit1Zi—Zia 35”71” by the tower rule

-1
— efst]E |:es 21;1 Zifzi,lE |:eS(Zn7Zn,1)

5]

since Zy, ..., Z,_1 are %, _1-measurable, and

< o=t Dalf1? /8 [es st Zi—Zi,l}
by (10.11). Repeating this argument a further n — 1 times shows that
2
Plf(X) —E[f(X)] > t] < exp (—St + %D[f]2> . (10.12)

The right-hand side of (10.12) is minimized by s = 4t/D[f]?, which yields
McDiarmid’s inequality (10.8). The inequalities (10.9) and (10.10) follow
easily from (10.8). O
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10.4 ANOVA /HDMR Decompositions

The topic of this section is a variance-based decomposition of a function
of n variables that goes by various names such as the analysis of variance
(ANOVA), the functional ANOVA, the high-dimensional model representa-
tion (HDMR), or the integral representation. As before, let (X;, %;, u;) be a
probability space for i = 1,...,n, and let (X, %, u) be the product space.
Write N := {1,...,n}, and consider a (%-measurable) function of interest
f: X — R. Bearing in mind that in practical applications n may be large
(103 or more), it is of interest to efficiently identify

e which of the z; contribute in the most dominant ways to the variations

in f(z1,...,2,),
e how the effects of multiple z; are cooperative or competitive with one
another,

e and hence construct a surrogate model for f that uses a lower-dimensional
set of input variables, by using only those that give rise to dominant
effects.

The idea is to write f(x1,...,x,) as a sum of the form

f(:vl,...,wn)=fg+2f{i}(xi)+ Z frigy (@i, ) +... (10.13)

i=1 1<i<j<n

=Y filar).

ICN

Experience suggests that ‘typical real-world systems’ f exhibit only low-order
cooperativity in the effects of the input variables z1, .. ., z,. That is, the terms
fr with |I] > 1 are typically small, and a good approximation of f is given
by, say, a second-order expansion,

f@n, . a) ~ fo+ > fa@)+ Y Fagy (@),

i=1 1<i<j<n

Note, however, that low-order cooperativity does not necessarily imply that
there is a small set of significant variables (it is possible that fg; is large
for most i € {1,...,n}), nor does it say anything about the linearity or
non-linearity of the input-output relationship. Furthermore, there are many
HDMR-type expansions of the form given above; orthogonality criteria can
be used to select a particular HDMR representation.

Recall that, for I € N, the conditional expectation operator

F=EBulf(xy,. .. xn)|ai,i e ) :/ N flay,. ) d Q) pila:)

[Ticr Xi iel

is an orthogonal projection operator from L?(X,u;R) to the set of square-
integrable measurable functions that are independent of z; for ¢ € I, i.e. that
depend only on z; for i € N'\ I. Let
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Pyf:=E, [f]
and, for non-empty I C N,

P]f ZZEM[f(JJl,..., |$Z,Z¢ ijf

JCI

The functions fr := Prf provide a decomposition of f of the desired form
(10.13). By construction, we have the following:

Theorem 10.15 (ANOVA). For each i C N, the linear operator Pr is an
orthogonal projection of L?(X, u;R) onto

F[ = {f

Furthermore, the linear operators Pr are idempotent, commutative and
mutually orthogonal, i.e.

f s independent of xj forj &1
and, fori € I, fo z)dp;(z;) =0

} C L*(X,1;R).

Prf, ifl=1J

PiP;f =PsPrf = {O 14T

and form a resolution of the identity:

Y Pif=f.

ICN
Thus, L*(X, s R) = @ F1 is an orthogonal decomposition of L*(X, u; R),
so Parseval’s formula implies the following decomposition of the variance

2= |If = Pofllizq of f:
ot =" o}, (10.14)

ICD
where

02 =0,

oF = /X (Prf)(@)? du(z).

Two commonly used ANOVA/HDMR decompositions are random sam-
pling HDMR, in which pu; is uniform measure on [0, 1], and Cut-HDMR, in
which an expansion is performed with respect to a reference point z € X,
i.e. p is the unit Dirac measure dz:
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fo(x) = f(2),
f{z}(I) = f(.fl, . ,:fi,l,xi,izurl, e ,.fn) — fg(d?)
f{z,]}(‘r) = f(:'i.lu' . 7ji—l7xi7:’fi+l7" '7i.j—l7xj7jj+lu- 7*%77,)

- f{i}(x) - f{j}(gc) — fo(x)

Note that a component function f; of a Cut-HDMR expansion vanishes at
any x € X that has a component in common with z, i.e.

fr(x) =0 whenever x; = Z; for some i € 1.

Hence,
fr(x)fs(x) =0 whenever xy = Ty, for some k € I U J.
Indeed, this orthogonality relation defines the Cut-HDMR expansion.

Sobol’ Sensitivity Indices. The decomposition of the variance (10.14)
given by an HDMR/ANOVA decomposition naturally gives rise to a set of
sensitivity indices for ranking the most important input variables and their
cooperative effects. An obvious (and naive) assessment of the relative imp-
ortance of the variables z; is the variance component 0%, or the normalized
contribution o7 /o2. However, this measure neglects the contributions of those
xy with J C I, or those x; such that J has some indices in common with 1.
With this in mind, Sobol’ (1990) defined sensitivity indices as follows:

Definition 10.16. Given an HDMR decomposition of a function f of n
variables, the lower and upper Sobol sensitivity indices of I C N are,

respectively,
2. _ 2 =2 . 2
7= g o7, and 77 1= g o7
JCI JNI#D

[~

The normalized lower and upper Sobol sensitivity indices of I C N are,
respectively,

s7:=1%/0% and 57 := 77 /0”.
Since Y-, 07 =02 = ||f — fol32, it follows immediately that, for each
ICN,
0<s7<s7<1

Note, however, that while Theorem 10.15 guarantees that o = 3 ICN U%, in
general Sobol’ indices satisfy no such additivity relation:

L# ) si< ) si#l

ICN ICN
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The decomposition of variance (10.14), and sensitivity indices such as the
Sobol’ indices, can also be used to form approximations to f with lower-
dimensional input domain: see Exercise 10.8.

10.5 Active Subspaces

The global sensitivity measures discussed above, such as Sobol’ indices and
McDiarmid diameters, can be used to identify a collection of important input
parameters for a given response function. By way of contrast, the active
subspace method seeks to identify a collection of important directions that
are not necessarily aligned with the coordinate axes.

In this case, we take as the model input space X = [—1,1]" C R", and
f: X — R is a function of interest. Suppose that, for each x € X, both
f(z) € Rand Vf(z) € R" can be easily evaluated — note that evaluation of
V f(z) might be accomplished by many means, e.g. finite differences, auto-
matic differentiation, or use of the adjoint method. Also, let X be equipped
with a probability measure . Informally, an active subspace for f will be a
linear subspace of R™ for which f varies a lot more on average (with respect
to u) along directions in the active subspace than along those in the comple-
mentary inactive subspace.

Suppose that all pairwise products of the partial derivatives of f are inte-
grable with respect to p. Define C' = C(Vf, u) € R**™ by

C 1= Exen [(VF(X)(VF(X)T]. (10.15)
Note that C' is symmetric and positive semi-definite, so it diagonalizes as
C=WAWT,

where W € R™ "™ is an orthogonal matrix whose columns ws, ..., w, are
the eigenvectors of C, and A € R™*" is a diagonal matrix with diagonal
entries Ay > --- > A, > 0, which are the corresponding eigenvalues of C.
A quick calculation reveals that the eigenvalue \; is nothing other than the
mean-squared value of the directional derivative in the direction w;:

Ai = w] Cw; = w]E,[(VA(V) w; =EL[(Vf-wi)?]. (10.16)

In general, the eigenvalues of C' may be any non-negative reals. If, however,
some are clearly ‘large’ and some are ‘small’, then this partitioning of the
eigenvalues and observation (10.16) can be used to define a new coordinate
system on R" such that in some directions f values ‘a lot’ and on others it
varies ‘only a little’. More precisely, write A and W in block form as
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A0
A=
0 Ag
where A; € RF¥F and W, € R™F* with k < n; of course, the idea is that

k < n, and that A\ > Ap4+1. This partitioning of the eigenvalues and eigen-
vectors of C' defines new variables y € R* and z € R"* by

. and W:[W1 Wg], (10.17)

y:=W'z, and z:=WJz. (10.18)

so that © = Wyy + Waz. Note that the (y,z) coordinate system is simply
a rotation of the original = coordinate system. The k-dimensional subspace
spanned by w1, ..., wg is called the active subspace for f over X with respect
to u. The heuristic requirement that f should vary mostly in the directions
of the active subspace is quantified by the eigenvalues of C:

Proposition 10.17. The mean-squared gradients of f with respect to the
active coordinates y € RF and inactive coordinates z € R"™F satisfy

By [(Vyf)T(Vyf)} = A+ A
E“ [(vzf)T(vzf)} = )\kJrl 4+ A
Proof. By the chain rule, the gradient of f(z) = f(Wyiy+ Waz) with respect
to y is given by
Vyf(x) = Vyf(Wiy + Waz)
= Wl-rvwf(le + Waz)

Thus,

E, [(Vyf)T(vyfﬂ =E, [tr((Vyf)(Vyf)T)]
=trE, [(Vyf)(vyf)T]
= tr (W, (Vo /) (Ve f)T]W1)
= tr(W] CW1)
=tr A
=M+ + A

This proves the claim for the active coordinates y € R¥: the proof for the
inactive coordinates z € R"~* is similar. O

Proposition 10.17 implies that a function for which Agyq1 =--- =X, =0
has V. f = 0 p-almost everywhere in X. Unsurprisingly, for such functions,
the value of f depends only on the active variable y and not upon the inactive
variable z:
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Proposition 10.18. Suppose that p is absolutely continuous with respect to
Lebesgue measure on X, and suppose that f: X — R is such that \g11 =
-+ =\, = 0. Then, whenever xr1,xo € X have equal active component, i.e.
Wi w1 = Wil ay, it follows that f(x1) = f(x2) and V. f(x1) = Vaf(z2).

Proof. The gradient V. f being zero everywhere in X implies that f(x1) =
f(x2). To show that the gradients are equal, assume that 27 and x5 lie in the
interior of X. Then for any v € R", let

Ty =z1+hv, and x5 = x9 + hv,

where h € R is small enough that z{ and % lie in the interior of X. Note
that W'a) = W), and so f(z)) = f(x}). Then

c=v-(Vyf(z1) — Vuf(z2))
i U0 S@1) ~ (a3) ~ £)

h—0 h
=0.

Simple limiting arguments can be used to extend this result to x1 or zo € 0X.
Since v € R™ was arbitrary, it follows that V, f(z1) = V. f(x2). 0

Example 10.19. In some cases, the active subspace can be identified exactly

from the form of the function f:

(a) Suppose that f is a ridge function, i.e. a function of the form f(z) :=
h(a - x), where h: R — R and a € R™. In this case, C has rank one, and
the eigenvector defining the active subspace is w; = a/||al|, which can be
discovered by a single evaluation of the gradient anywhere in X.

(b) Counsider f(z) := h(z-Az), where h: R — R and A € R™*" is symmetric.
In this case,

C = 4AE[(W)?22T|AT,

where h' = h/(z- Az) is the derivative of h. Provided h’ is non-degenerate,
ker C' = ker A.

Numerical Approximation of Active Subspaces. When the expected
value used to define the matrix C' and hence the active subspace decom-
position is approximated using Monte Carlo sampling, the active subspace
method has a nice connection to the singular value decomposition (SVD).
That is, suppose that (1), ..., (™) are M independent draws from the prob-
ability measure p. The corresponding Monte Carlo approximation to C' is

M
~ 1
. L (m) (m)\T
C=C: Mg_IVf(:zr W)
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The eigendecomposition of Cas C = WAWT can be computed as before.
However, if

1
= L EO AT (M) nxM
Gi= == |V/@W) ViEOD)| e RN,

then C = GGT, and an SVD of G is given by G = WAl/QVT for some
orthogonal matrix V. In practice, the eigenpairs W and A from the finite-
sample approximation C are used as approximations of the true eigenpairs
W and A of C.

The SVD approach is more numerically stable than an eigendecomposition,
and is also used in the technique of principal component analysis (PCA).
However, PCA applies the SVD to the rectangular matrix whose columns
are samples of a vector-valued response function, and posits a linear model
for the data; the active subspace method applies the SVD to the rectangular
matrix whose columns are the gradient vectors of a scalar-valued response
function, and makes no linearity assumption about the model.

Example 10.20. Consider the Van der Pol oscillator
i(t) — p(1 —u(t)?)u(t) + w?u(t) =0,

with the initial conditions u(0) = 1, %(0) = 0. Suppose that we are interested
in the state of the oscillator at time T := 27; if w = 1 and p = 0, then
u(T) = u(0) = 1. Now suppose that w ~ Unif([0.8,1.2]) and p ~ Unif([0, 5]);
a contour plot of u(T) as a function of w and p is shown in Figure 10.1(a).
Sampling the gradient of u(7") with respect to the normalized coordinates

zy =28 —1e[-1,1]
5
gives an approximate covariance matrix

E [V, u(T)(V,u(T)T] =~ C = l 1.776 —1-389]

—1.389 1.672

which has the eigendecomposition C = WAWT with

= 3.115 0 and TV — 0.7202  0.6938 '
0 0.3339 —0.6938 0.7202

Thus — at least over this range of the w and p parameters — this system has
an active subspace in the direction w; = (0.7202, —0.6938) in the normalized
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Fig. 10.1: Mlustration of Example 10.20. Subfigure (a) shows contours of the
state at time T = 27 of a Van der Pol oscillator with initial state 1.0 and
velocity 0.0, as a function of natural frequency w and damping . This system
has an active subspace in the (0.144,—1.735) direction; roughly speaking,
‘most’ of the contours are perpendicular to this direction. Subfigure (b) shows
a projection onto this directions of 1000 samples of u(T'), with uniformly
distributed w and g, in the style of Exercise 10.9; this further illustrates the
almost one-dimensional nature of the system response.
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a-coordinate system. In the original (w, p)-coordinate system, this active sub-
space lies in the (0.144, —1.735) direction.

Applications of Active Subspaces. The main motivation for determining
an active subspace for f: X — R is to then approximate f by a function F'
of the active variables alone, i.e.

f(z) = f(Wiy + Waz) = F(Wiy).

Given such an approximation, F' o W; can be used as a proxy for f for the
purposes of optimization, optimal control, forward and inverse uncertainty
propagation, and so forth.
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10.7 Exercises

Exercise 10.1. Consider a power series f(z) := ), oy, anz", thought of as
a function f: R — R, with radius of convergence R. Show that the extension
f:Re = Re of f to the dual numbers satisfies

flx+e) = f(z)+ f(x)e

whenever || < R. Hence show that, if g: R — R is an analytic function, then
g'(x) is the coefficient of € in g(z + €).

Exercise 10.2. An example partial implementation of dual numbers in
Python is as follows:

class DualNumber (object):
def __init__(self, r, e):
# Initialization of real and infinitesimal parts.
self.r = r
self.e = e
def __repr__(self):
# How to print dual numbers
return str(self.r) + " + " + str(self.e) + " * e"
def __add__(self, other):
# Overload the addition operator to allow addition of
# dual numbers.
if not isinstance(other, DualNumber):
new_other = DualNumber (other, 0)
else:
new_other = other
r_part = self.r + new_other.r
e_part = self.e + new_other.e
return DualNumber(r_part, e_part)

Following the template of the overloaded addition operator, write anal-
ogous methods def __sub__(self, other), def __mul__(self, other),
and def __div__(self, other) for this DualNumber class to overload the
subtraction, multiplication and division operators. The result will be that any
numerical function you have written using the standard arithmetic operations
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+, =, *, and / will now accept DualNumber arguments and return DualNumber
values in accordance with the rules of dual number arithmetic.

Once you have done this, the following function will accept a function £
as its argument and return a new function f_prime that is the derivative of
f, calculated using automatic differentiation:

def AutomaticDerivative(f):
# Accepts a function f as an argument and returns a new
# function that is the derivative of f, calculated using
# automatic differentiation.
def f_prime(x):
_x_plus_eps = f(DualNumber(x, 1))

deriv = f_x_plus_eps.e

return deriv
return f_prime

Test this function using several functions of your choice, and verify that it
correctly calculates the derivative of a product (the Leibniz rule), a quotient
and a composition (the chain rule).

Exercise 10.3. Let f: R™ — R™ be a polynomial or convergent power series

x) = Z cax®
[e3%

inx = (x1,...,2,), where a = (a1, ..., a,) € N} are multi-indices, ¢, € R™,
and z® := 27" - - - z0~. Consider the dual vectors over R" obtained by adjoin-
ing a vector element € = (€1, ..., €,) such that ¢;e; = 0 foralli,j € {1,...,n}.
Show that

flxz+e) gcagalo‘el

and hence that %(m) is the coefficient of €; in f(x + €).

Exercise 10.4. Consider an ODE of the form «(t) = f(u(t);6) for an un-
known u(t) € R, where § € R is a vector of parameters, and f: R? — R is
a smooth vector field. Define the local sensitivity of the solution u about a

nominal parameter value §* € R to be the partial derivative s := %(9*).
Show that this sensitivity index s evolves according to the adjoint equation
of of

$(t) = 8u( u(t; 0);0%)s(t) + 69( u(t; 6%);6%).
Extend this result to a vector-valued unknown u(t), and vector of parameters
0= (61,...,0n).

Exercise 10.5. Show that, for each j = 1,...,n, the McDiarmid subdiam-
eter D;[-] is a seminorm on the space of bounded functions f: X — K, as is
the McDiarmid diameter D[-]. What are the null-spaces of these seminorms?
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Exercise 10.6. Define, for constants a,b,c,d € R, f: [0,1]> = R by
f(x1,22) := a + bxy + cxe + dxi2s.

Show that the ANOVA decomposition of f (with respect to uniform measure
on the square) is

fo=a+3+5+4,
Fay(en) = (b +4) (21— 3),
Fy(2) = (e +§) (22— 3),
faay (e, @) = d(a1 - 3) (22 — 3).

Exercise 10.7. Let f: [~1,1]> — R be a function of two variables. Sketch
the vanishing sets of the component functions of f in a Cut-HDMR expansion
through z = (0, 0). Do the same exercise for f: [-1,1]> = R and z = (0,0,0),
taking particular care with second-order terms like fr o).

Exercise 10.8. For a function f: [0,1]" — R with variance o2, suppose that
the input variables of f have been ordered according to their importance in
the sense that ‘7%1} > 0%2} > > a%n} > 0. The truncation dimension of f
with proportion « € [0,1] is defined to be the least dy = dy(a) € {1,...,n}

such that
Z U? > aoz,
GAIC{L,....d:}

i.e. the first d; inputs explain a proportion « of the variance of f. Show that

fa,(x) == Z fr(zr)

is an approximation to f with error || f — fdtHi2 < (1 — a)o?. Formulate
and prove a similar result for the superposition dimension ds, the least ds =
dg(ar) € {1,...,n} such that

GAIC{1,...,n}
#I<d.

Exercise 10.9. Building upon the notion of a sufficient summary plot
developed by Cook (1998), Constantine (2015, Section 1.3) offers the fol-
lowing “quick and dirty” check for a one-dimensional active subspace for
f:[=1,1]" — R that can be evaluated a limited number — say, M — times
with the available resources:

(a) Draw M samples z1,...,zp € [—1,1]" according to some probability

distribution on the cube, e.g. uniform measure.
(b) Evaluate f(z,,) form=1,..., M.



222 10 Sensitivity Analysis and Model Reduction

¢) Find (ag,ai,...,a,) € R to minimize
( ) 05 ) )
1zl | |a f(z1) ’
. 1 0 1
J == : —
@=1l|:
1wy [an fan) 9

is minimal. Note that this step can be interpreted as forming a linear
statistical regression model.
(d) Let @’ := (a1, ...,a,), and define a unit vector w € R™ by w := a’/||d'||2.
(e) Produce a scatter plot of the points (w - Zp,, f(zy)) for m =1,..., M.
If this scatter plot looks like the graph of a single-valued function, then
this is a good indication that f has a one-dimensional active subspace in
the w direction.
One interpretation of this procedure is that it looks for a rotation of the
domain [—1, 1]™ such that, in this rotated frame of reference, the graph of f
looks ‘almost’ like a curve — though it is not necessary that f be a linear
function of w-z. Examine your favourite model f for a one-dimensional active
subspace in this way.



Chapter 11
Spectral Expansions

The mark of a mature, psychologically
healthy mind is indeed the ability to live with
uncertainty and ambiguity, but only as much
as there really is.

JULIAN BAGGINI

This chapter and its sequels consider several spectral methods for uncer-
tainty quantification. At their core, these are orthogonal decomposition
methods in which a random variable stochastic process (usually the solution
of interest) over a probability space (0, %, ) is expanded with respect to an
appropriate orthogonal basis of L2(6, u; R). This chapter lays the foundations
by considering spectral expansions in general, starting with the Karhunen—
Loéve bi-orthogonal decomposition, and continuing with orthogonal polyno-
mial bases for L?(©, u; R) and the resulting polynomial chaos decompositions.
Chapters 12 and 13 will then treat two classes of methods for the determi-
nation of coefficients in spectral expansions, the intrusive and non-intrusive
approaches respectively.

11.1 Karhunen—Loéve Expansions

Fix a domain X C R? (which could be thought of as ‘space’, ‘time’ or a
general parameter space) and a probability space (0, %, u). The Karhunen—
Loeve expansion of a square-integrable stochastic process U: X x ©® — R
is a particularly nice spectral decomposition, in that it decomposes U in a
bi-orthogonal fashion, i.e. in terms of components that are both orthogonal
over the spatio-temporal domain X and the probability space ©.

(© Springer International Publishing Switzerland 2015 223
T.J. Sullivan, Introduction to Uncertainty Quantification, Texts
in Applied Mathematics 63, DOI 10.1007/978-3-319-23395-6_11
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To be more precise, consider a stochastic process U: A x © — R such that

o forall z € X, U(z) € L?(O, u; R);

o forallz € X, E,[U(x)] = 0;

e the covariance function Cy(z,y) = E,[U(z)U(y)] is a well-defined con-
tinuous function of z,y € X.

Remark 11.1. (a) The condition that U is a zero-mean process is not a
serious restriction; if U is not a zero-mean process, then simply consider
U defined by U(z,6) := U(z,0) — E,[U(x)].

(b) It is common in practice to see the covariance function interpreted as
providing some information on the correlation length of the process U.
That is, Cy(x,y) depends only upon ||z — y|| and, for some function
g: [0,00) = [0,00), Cu(z,y) = g(|]z — y||). A typical such g is g(r) =
exp(—r/rg), and the constant ry encodes how similar values of U at
nearby points of X are expected to be; when the correlation length rg
is small, the field U has dissimilar values near to one another, and so is
rough; when r¢ is large, the field U has only similar values near to one
another, and so is more smooth.

By abuse of notation, Cy will also denote the covariance operator of U,
which the linear operator Cyr: L?(X, dz; R) — L?(X,da; R) defined by

(Ofox)?:/aclﬂfdﬁfQUdy

Now let {1, | n € N} be an orthonormal basis of eigenvectors of L?(X, dz; R)
with corresponding eigenvalues {\,, | n € N}, i.e.

‘A@@wm@®=Mwwv

/ Y ()1 () d = G-
X

Definition 11.2. Let X be a first-countable topological space. A function
K: X x X — Ris called a Mercer kernel if

(a) K is continuous;
(b) K is symmetric, i.e. K(x,2') = K(2/,x) for all z,2’ € X'; and
(¢) K is positive semi-definite in the sense that, for all choices of finitely

many points z1,...,z, € X, the Gram matrix
K(zxy,21) -+ K(x1,20)
G := : ) :
K(xp,z1) -+ K(zp,zn)

is positive semi-definite, i.e. satisfies £ - G¢€ > 0 for all £ € R™.
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Theorem 11.3 (Mercer). Let X be a first-countable topological space equipped
with a complete Borel measure . Let K: X x X — R be a Mercer kernel. If
x> K(x,2) lies in LY (X, u; R), then there is an orthonormal basis {1y, }nen
of L*(X, 11;R) consisting of eigenfunctions of the operator

fe /X K(-,9)f () du(y)

with non-negative eigenvalues {\, }nen. Furthermore, the eigenfunctions cor-
responding to non-zero eigenvalues are continuous, and

K(z,y) = Z Ann (2)Pn (y),

neN
and this series converges absolutely, uniformly over compact subsets of X .

The proof of Mercer’s theorem will be omitted, since the main use of the
theorem is just to inform various statements about the eigendecomposition
of the covariance operator in the Karhunen—Loéve theorem. However, it is
worth comparing the conditions of Mercer’s theorem to those of Sazonov’s
theorem (Theorem 2.49): together, these two theorems show which integral
kernels can be associated with covariance operators of Gaussian measures.

Theorem 11.4 (Karhunen-Loeve). Let U: X x © — R be square-integrable
stochastic process, with mean zero and continuous and square-integrable' co-

variance function. Then

neN

in L2, where the {1y }nen are orthonormal eigenfunctions of the covariance
operator Cy, the corresponding eigenvalues {\, tnen are non-negative, the
convergence of the series is in L*(0, u; R) and uniform among compact fam-
ilies of x € X, with

Zn = /X U(z)thyn(z) de.

Furthermore, the random wvariables Z, are centred, uncorrelated, and have
variance Ay, :

Eu[Zn] = 0, and By [ZmZn] = Anbmn.

Proof. By Exercise 2.1, and since the covariance function Cy is continuous
and square-integrable on X x &'| it is integrable on the diagonal, and hence
is a Mercer kernel. So, by Mercer’s theorem, there is an orthonormal basis
{tn}nen of L2(X,dx;R) consisting of eigenfunctions of the covariance op-
erator with non-negative eigenvalues {\,, }nen. In this basis, the covariance
function has the representation

1 In the case that X is compact, it is enough to assume that the covariance function is
continuous, from which it follows that it is bounded and hence square-integrable on X’ x X.
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2y) =Y Anthn (@)t (y)

neN

Write the process U in terms of this basis as

= Z Zn(0)¢n ()

neN

where the coefficients Z,, = Z,,(0) are given by orthogonal projection:
2,(0) = [ UGa.0)bu(z)do
X
(Note that these coefficients Z,, are real-valued random variables.) Then
B2 =By | [ U0a(w)de] = [ B 0@ ) as =0,
X X
and
Byl2n 2] =, | [ U@im(o)as [ Ulainte)as]
X X
=E, [/ / Um (2)U (2)U (y)¢Pn () dydz]
= [ 0n@) [ EW@U@I) dye
= [ vw@ [ Cute.p)aty) dyda
X X
X

= AMOmn.

LetSN::Zn 1 Znthn: X x © — R. Then, for any z € X,

E, [|U(z) — Sy (x )I]
= Eu[U(2)°] + Eu[Sn (2)°] — 2E,[U(2) Sn ()]

B[S0 3 ZuZutn @ ]E

n=1m=1

23 26t
Z [ V@ @@ ]
)+ Mm@ =23 /X Cur(,y)ibn (y)ibn () dy
n;l n=1
=D Anta(@)?

—0as N — oo,

(2, ) +2An¢n 2 _9E,
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where the convergence with respect of x, uniformly over compact subsets of
X, follows from Mercer’s theorem. O

Among many possible decompositions of a random field, the Karhunen—
Loeve expansion is optimal in the sense that the mean-square error of any
truncation of the expansion after finitely many terms is minimal. However, its
utility is limited since the covariance function of the solution process is often
not known a priori. Nevertheless, the Karhunen-Loéeve expansion provides an
effective means of representing input random processes when their covariance
structure is known, and provides a simple method for sampling Gaussian
measures on Hilbert spaces, which is a necessary step in the implementation
of the methods outlined in Chapter 6.

Example 11.5. Suppose that C': H — H is a self-adjoint, positive-definite,
nuclear operator on a Hilbert space H and let m € H. Let (Mg, ¥x)ren be a
sequence of orthonormal eigenpairs for C, ordered by decreasing eigenvalue
Ak. Let =1, Z5,... be independently distributed according to the standard
Gaussian measure A(0,1) on R. Then, by the Karhunen-Lo¢ve theorem,

_m+ZA1/2”k¢k (11.1)

is an H-valued random variable with distribution A/(m, C). Therefore, a finite
sum of the form m + Zszl ,16/ ‘=z r U for large K is a reasonable approxima-
tion to a N(m, C')-distributed random variable; this is the procedure used to
generate the sample paths in Figure 11.1.

Note that the real-valued random variable )\,16/ 2, has Lebesgue density
proportional to exp(—|&k|?/2A\k). Therefore, although Theorem 2.38 shows
that the infinite product of Lebesgue measures on span{y | k& € N} cannot
define an infinite-dimensional Lebesgue measure on H, U — m defined by
(11.1) may be said to have a ‘formal Lebesgue density’ proportional to

Hexp( |§k|) ( Zw)

keN keN

:exp< Z|U— ,1/JkH|2>

kGN

= o (-l = m, )

by Parseval’s theorem and the eigenbasis representation of C'. This formal
derivation should make it intuitively reasonable that U is a Gaussian random
variable on H with mean m and covariance operator C. For more general
sampling schemes of this type, see the later remarks on the sampling of Besov
measures.
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Fig. 11.1: Approximate sample paths of the Gaussian distribution on
H}([0,1]) that has mean path m(z) = x(1 — x) and covariance operator
(—%)71. Along with the mean path (black), six sample paths (grey) are
shown for truncated Karhunen-Loeve expansions using K € N terms. Ex-
cept for the non-trivial mean, these are approximate draws from the unit
Brownian bridge on [0, 1].

Principal Component Analysis. As well as being useful for the analysis
of random paths, surfaces, and so on, Karhunen-Loeve expansions are also
useful in the analysis of finite-dimensional random vectors and sample data:

Definition 11.6. A principal component analysis of an RY-valued random
vector U is the Karhunen—Loéve expansion of U seen as a stochastic process
U:{1,...,N} x X = R. It is also known as the discrete Karhunen—Loéve
transform, the Hotelling transform and the proper orthogonal decomposition.

Principal component analysis is often applied to sample data, and is inti-
mately related to the singular value decomposition:

Example 11.7. Let X € RV*M he a matrix whose columns are M indepen-
dent and identically distributed samples from some probability measure on
RY, and assume without loss of generality that the samples have empirical
mean zero. The empirical covariance matrix of the samples is

A~ 1 T
C._HXX .
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(If the samples do not have empirical mean zero, then the empirical mean
should be subtracted first, and then % in the definition of C should be

replaced by ﬁ so that C will be an unbiased estimator of the true covari-
ance matrix C.) The eigenvalues \,, and eigenfunctions v, of the Karhunen—
Loeve expansion are just the eigenvalues and eigenvectors of this matrix C.
Let A € RV*Y be the diagonal matrix of the eigenvalues \,, (which are non-
negative, and are assumed to be in decreasing order) and ¥ € RN*N the
matrix of corresponding orthonormal eigenvectors, so that C diagonalizes as

C=vAuT.

The principal component transform of the data X is W := ¥TX: this is
an orthogonal transformation of RY that transforms X to a new coordinate
system in which the greatest component-wise variance comes to lie on the
first coordinate (called the first principal component), the second greatest
variance on the second coordinate, and so on.
On the other hand, taking the singular value decomposition of the data
(normalized by the number of samples) yields
\/LMX =UxvVT,
where U € RV*¥N and V' € RM*M are orthogonal and X € RV XM is diagonal
with decreasing non-negative diagonal entries (the singular values of \/LMX ).
Then

C=uxvTuzvHT=uzvTvyuT =Uux?UT.

from which we see that U = ¥ and X2 = A. This is just another instance
of the well-known relation that, for any matrix A, the eigenvalues of AA*
are the singular values of A and the right eigenvectors of AA* are the left
singular vectors of A; however, in this context, it also provides an alternative
way to compute the principal component transform.

In fact, performing principal component analysis via the singular value
decomposition is numerically preferable to forming and then diagonalizing
the covariance matrix, since the formation of X X can cause a disastrous
loss of precision; the classic example of this phenomenon is the Lauchli matrix

—_ = =
S O M
S o O

0
0] (0<ex ),
e

for which taking the singular value decomposition (e.g. by bidiagonalization
followed by QR iteration) is stable, but forming and diagonalizing X X T is
unstable.
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Karhunen—Loéve Sampling of Non-Gaussian Besov Measures. The
Karhunen—Loeéve approach to generating samples from Gaussian measures of
known covariance operator, as in Example 11.5, can be extended to more
general settings, in which a basis is prescribed a priori and (not necessarily
Gaussian) random coefficients with a suitable decay rate are used. The choice
of basis elements and the rate of decay of the coeflicients together control the
smoothness of the sample realizations; the mathematical hard work lies in
showing that such random series do indeed converge to a well-defined limit,
and thereby define a probability measure on the desired function space.

One method for the construction of function spaces — and hence ran-
dom functions — of desired smoothness is to use wavelets. Wavelet bases are
particularly attractive because they allow for the representation of sharply
localized features — e.g. the interface between two media with different mat-
erial properties — in a way that globally smooth basis functions such as
polynomials and the Fourier basis do not. Omitting several technicalities, a
wavelet basis of L?(R?) or L?(T¢) can be thought of as an orthonormal basis
consisting of appropriately scaled and shifted copies of a single basic element
that has some self-similarity. By controlling the rate of decay of the coeffi-
cients in a wavelet expansion, we obtain a family of function spaces — the
Besov spaces — with three scales of smoothness, here denoted p, ¢ and s. In
what follows, for any function f on R? or T?, define the scaled and shifted
version f; of f for j,k € Z by

fin(x) = [(2 = k). (11.2)

The starting point of a wavelet construction is a scaling function (also
known as the averaging function or father wavelet) 5; R — R and a family
of closed subspaces V; C L?(R), j € Z, called a multiresolution analysis of
L?(R), satisfying

(density and zero intersection) ¢, V; = L*(R) and (), V; = {0};
(scaling) for all j,k € Z, f € Vo <= fjr € Vj;

(translates of ¢ generate Vo) Vo = span{q~507k | k € Z};

(Riesz basis) there are finite positive constants A and B such that, for
all sequences (cx)kez € 2(Z),

Z Ck%o,k

keZ

All(er)llezzy < < Bl[(cr)lle2(z)-

L2(R)

Given such a scaling function (E : R — R, the associated mother wavelet
1¥: R — R is defined as follows:
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if 3(x) = 3 exd(2e — k),

keZ

then v (z) = Z(—l)kck_ﬂg@x + k).

kEZ

It is the scaled and shifted copies of the mother wavelet zz that will form the

desired orthonormal basis of L2.

Example 11.8. (a) The indicator function 5 = Ijp,1) satisfies the self-
similarity relation 5(90) = 5(296) + 5(2:10 — 1); the associated ¢ given by

1, ifo<z<y,
P(x) = p(2z) —¢(2x —1) = ¢ -1, if <z <1,
0, otherwise.

is called the Haar wavelet.
(b) The B-spline scaling functions o,., r € Ny, are piecewise polynomial of
degree r and globally C"~!, and are defined recursively by convolution:

I f =0
gy = { O orr=s (11.3)
o,_1 %09, forreN,

(f *9)a /f

Here, the presentation focusses on Besov spaces of 1-periodic functions,
i.e. functions on the unit circle T := R/Z, and on the d-dimensional unit
torus T? := R%/Z?. To this end, set

where

:Z(E(:zr—l—s) and (z Z1/)I—|—S

SEZL SEZL

Scaled and translated versions of these functions are defined as usual by
(11.2). Note that in the toroidal case the spaces V; for j < 0 consist of
constant functions, and that, for each scale j € Ny, ¢ € V, has only 2/
distinct scaled translates ¢; x € V;, i.e. those with £ =0,...,277!. Let

V; :=span{o; | k=0,...,27 — 1},
W; :=span{v; | k=0,...,29 —1},

so that W; is the orthogonal complement of V; in V;,, and

‘m=Uvi=pw

Jj€No J€No
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Indeed, if ¢ has unit norm, then 27/2¢); ;. also has unit norm, and
{29241 | k= 0,...,27 — 1}is an orthonormal basis of W;, and
{29241 | j € No,k =0,...,27 — 1} is an orthonormal basis of L*(T),

a so-called wavelet basis.

To construct an analogous wavelet basis of L?(T¢) for d > 1, proceed as
follows: for v € {0,1}4\ {(0,...,0)}, j € Ng, and k € {0,...,27 — 1}¢, define
the scaled and translated wavelet ¢ : T¢ - R by

L () = 240/ 20p 1 (2001 — k) - )" (212 — ka)
where ° = ¢ and 9! = 9. The system
{047 € Noyk € {0,...,27 — 134, v € {0,134\ {(0,...,0)}}

is an orthonormal wavelet basis of L?(T?).
The Besov space B, (T?) can be characterized in terms of the summability
of wavelet coefficients at the various scales:

Definition 11.9. Let 1 < p,¢ < oo and let s > 0. The Besov (p,q, s) norm
of a function u =3,  ul ¥, T? — R is defined by

S S, i= || = 22279 |y v) = ],

: £4(No)
JGNO l/,k s
qu(']l’d)

a/p\ /1

jsoqid(L—21 v
§ :qu 9jd(3=3) § :|uj,k|p 7
v,k

J€ENo

and the Besov space ng(']l‘d) is the completion of the space of functions for
which this norm is finite.

Note that at each scale j, there are (24 — 1)27¢ = 20+1d _ 274 wavelet
coefficients. The indices j, k and v can be combined into a single index ¢ € N.
First, £ = 1 corresponds to the scaling function ¢(x1) - - - ¢(x4). The remaining
numbering is done scale by scale; that is, we first number wavelets with j = 0,
then wavelets with j = 1, and so on. Within each scale j € Ny, the 2¢ — 1
indices v are ordered by thinking them as binary representation of integers,
and an ordering of the 27¢ translations k can be chosen arbitrarily. With this
renumbering,

o QU+ _q 1/p

S e € By, (1Y) = 20527960 | N jep | € 49(Ny)
=1 ¢=23d
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For p = ¢, since at scale j it holds that 27¢ < ¢ < 20+1d4 an equivalent norm
for B3, (T%) is

> uee

LeN

SH

LeN

o0 1/p
= (Z g(pS/d+p/2—1)|W|p> :
X

{=1

B3, (T4)

in particular if the original scaling function and mother wavelet are r times
differentiable with r > s, then B3, coincides with the Sobolev space H*.
This leads to a Karhunen—Loeve-type sampling procedure for Bf,p('ﬂ‘d), as in
Example 11.5: U defined by
U:=> @+ 5 S, (11.4)
LeN

where =, are sampled independently and identically from the generalized
Gaussian measure on R with Lebesgue density proportional to exp(—3|¢[F),
can be said to have ‘formal Lebesgue density’ proportional to exp(—% [|ul/’5. ),
and is therefore a natural candidate for a ‘typical’ element of the Besov space
Bs (T%). More generally, given any orthonormal basis {¢. | k € N} of some
Hilbert space, one can define a Banach subspace X*P with norm

(%) 1/p
Z ey — <Z ((ps/d+p/2-1) |w|p>
Xsop

£eN =1

and define a Besov-distributed random variable U by (11.4).

It remains, however, to check that (11.4) not only defines a measure, but
that it assigns unit probability mass to the Besov space from which it is
desired to draw samples. It turns out that the question of whether or not
U € X*P with probability one is closely related to having a Fernique theorem
(q.v. Theorem 2.47) for Besov measures:

Theorem 11.10. Let U be defined as in (11.4), with 1 < p < co and s > 0.
Then

Ul xtr < 00 almost surely <= Elexp(a||U|/%..,)] < oo for all a € (0, %)

— t<s—§

Furthermore, forp > 1, s > g, andt < s—g, there is a constant r* depending
only on p, d, s and t such that, for all a € (0, 5% ),

Elexp(a||U||ct)] < oo.
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11.2 Wiener—Hermite Polynomial Chaos

The next section will cover polynomial chaos (PC) expansions in greater gen-
erality, and this section serves as an introductory prelude. In this, the classical
and notationally simplest setting, we consider expansions of a real-valued ran-
dom variable U with respect to a single standard Gaussian random variable
Z', using appropriate orthogonal polynomials of =, i.e. the Hermite polyno-
mials. This setting was pioneered by Norbert Wiener, and so it is known
as the Wiener—Hermite polynomial chaos. The term ‘chaos’ is perhaps a bit
confusing, and is not related to the use of the term in the study of dynami-
cal systems; its original meaning, as used by Wiener (1938), was something
closer to what would nowadays be called a stochastic process:

“Of all the forms of chaos occurring in physics, there is only one class which has
been studied with anything approaching completeness. This is the class of types of
chaos connected with the theory of Brownian motion.”

Let & ~ v = N(0,1) be a standard Gaussian random variable, and let
He,, € B, for n € Ny, be the Hermite polynomials, the orthogonal polynomials
for the standard Gaussian measure v with the normalization

| Hew(©He,(€) d2(6) =l

By the Weierstrass approximation theorem (Theorem 8.20) and the approx-
imability of L? functions by continuous ones, the Hermite polynomials form
a complete orthogonal basis of the Hilbert space L?(R,~;R) with the inner
product

Wﬂhmw:HWEVEHEAU@W@NWQ

Definition 11.11. Let U € L?(R,~;R) be a square-integrable real-valued
random variable. The Wiener—Hermite polynomial chaos expansion of U with
respect to the standard Gaussian = is the expansion of U in the orthogonal
basis {Heyp, }neng, i-€.

U= u,He,(5)

neNp

with scalar Wiener—Hermite polynomial chaos coefficients {un}tnen, € R
given by

(U Hen)re2) 1 > o—62/2
thn = %E[MU@mma .

HHenH%Q(V) N n!

Note that, in particular, since Hey = 1,

]E[U] = <H€0, U>L2(’y) = Z Un<H€0,Hen>L2(,Y) = ug,

neNp
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so the expected value of U is simply its 0" PC coefficient. Similarly, its
variance is a weighted sum of the squares of its PC coefficients:

VU] =E[|U - E[U]]

2
Z unHe,,

neN

Y tten ey

m,neN

since E[U] = ug

Z u,21||Hen||%2(7) by Hermitian orthogonality
neN

_ 2
= E uy,nl.

neN

Example 11.12. Let X ~ AN(m,0?) be a real-valued Gaussian random
variable with mean m € R and variance o2 > 0. Let Y := e¥; since logY is
normally distributed, the non-negative-valued random variable Y is said to
be a log-normal random variable. As usual, let = ~ N(0,1) be the standard
Gaussian random variable; clearly X has the same distribution as m + 0=,
and Y has the same distribution as e™e”=. The Wiener-Hermite expansion

of Y as >y, yrHer(Z) has coefficients

(em*t=, Hey ()

Yk =
[[Hex(Z)]]?
mo1
= ek_l\/__ eggHek(g)(fng/z d§
m+02/2 (e /2
m+02/2

= H e /2 dw.

This Gaussian integral can be evaluated directly using the Cameron—Martin
formula (Lemma 2.40), or else using the formula

n

Hep(z+y) =Y (Z) " MHex(y),

k=0

which follows from the derivative property He!, = nHe,_1, with 2 = o and
y = w: this formula yields that

em+a'2/2 m+o’2/2ak

k
1 k k—j —w2/2 e
= ")o* T He; (w)e ™ /2 dw = ————
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since the orthogonality relation (He,,, He,,)2(y) = n!dy, with n = 0 implies
that every Hermite polynomial other than Hep has mean 0 under standard
Gaussian measure. That is,

Y = em+‘72/2 Z U—kHe =
- W(E). (11.5)

The Wiener—Hermite expansion (11.5) reveals that E[Y] = e™*+2°/2 and

k 2
V[Y] _ 62m+02 Z (%) ||HekH%2('y) — e2m+g2 (egz B 1) '

keN

Truncation of Wiener—Hermite Expansions. Of course, in practice, the
series expansion U = ), - uxHer(Z) must be truncated after finitely many
terms, and so it is natural to ask about the quality of the approximation

K
U~ UK = ZukHek(E).
k=0

Since the Hermite polynomials {Hey, }ren, form a complete orthogonal basis
for L2(R,~;R), the standard results about orthogonal approximations in
Hilbert spaces apply. In particular, by Corollary 3.26, the truncation error
U — U¥ is orthogonal to the space from which U¥ was chosen, i.e.

span{Heq, He1, ..., Hex},

and tends to zero in mean square; in the stochastic context, this observation
was first made by Cameron and Martin (1947, Section 2).

Lemma 11.13. The truncation error U — U is orthogonal to the subspace
span{Hep, Heq, ... ,Hex }
of L*(R,dv;R). Furthermore, limg o, UK = U in L*(R,v;R).

Proof. LetV := Zi:o vmHey, be any element of the subspace of L?(R, ; R)
spanned by the Hermite polynomials of degree at most K. Then

(o) (5]

= Z Un U (Hey,, Hep, )

n>K
me{0,.... K}

=0.

{U-U", V)2
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Hence, by Pythagoras’ theorem,
HUH%%Y) = HUK||2L2(7) + U - UK||2L2(7)7

and hence |U — UX||p2(,) = 0 as K — oo. O

11.3 Generalized Polynomial Chaos Expansions

The ideas of polynomial chaos can be generalized well beyond the setting
in which the elementary random variable = used to generate the orthogo-
nal decomposition is a standard Gaussian random variable, or even a vector

Z = (Z1,...,54) of mutually orthogonal Gaussian random variables. Such
expansions are referred to as generalized polynomial chaos (gPC) expansions.
Let = = (Z1,...,5,) be an R%valued random variable with independent

(and hence L?-orthogonal) components, called the stochastic germ. Let the
measurable rectangle © = @ x --- x Oy C R? be the support (i.e. range) of
=. Denote by . = 11 ®- - - ® p1q the distribution of = on 6. The objective is to
express any function (random variable, random vector, or even random field)
U € L?(O, i) in terms of elementary p-orthogonal functions of the stochastic
germ =

As usual, let B¢ denote the ring of all d-variate polynomials with real
coefficients, and let mip denote those polynomials of total degree at most
p € Ng. Let I}, C &B‘ip be a collection of polynomials that are mutually
orthogonal, orthogonal to mip_l, and span ‘pd:p. Assuming for convenience,
as usual, the completeness of the resulting system of orthogonal polynomials,
this yields the orthogonal decomposition

20,;R @ span I,.

peNy

It is important to note that there is a lack of uniqueness in these basis poly-
nomials whenever d > 2: each choice of ordering of multi-indices a € Nd
can yield a different orthogonal basis of L?(©, ) when the Gram-Schmidt
procedure is applied to the monomials £°.

Note that (as usual, assuming separability) the L? space over the product
probability space (0, %, ) is isomorphic to the Hilbert space tensor product
of the L? spaces over the marginal probability spaces:

d
L*(O x -+ x @daﬂl®"'®ﬂd§R):®L2(@iaﬂi§R)
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hence, as in Theorem 8.25, an orthogonal system of multivariate polynomials
for L2(O, u;R) can be found by taking products of univariate orthogonal
polynomials for the marginal spaces L?(0;, ui; R). A generalized polynomial
chaos (gPC) expansion of a random variable or stochastic process U is simply
the expansion of U with respect to such a complete orthogonal polynomial
basis of L?(O, ).

Example 11.14. Let = = (=7, 55) be such that =) and 5 are independent
(and hence orthogonal) and such that =; is a standard Gaussian random
variable and =5 is uniformly distributed on [—1,1]. Hence, the univariate
orthogonal polynomials for =; are the Hermite polynomials He, and the
univariate orthogonal polynomials for =5 are the Legendre polynomials Le,,.
Thus, by Theorem 8.25, a system of orthogonal polynomials for = up to total
degree 3 is

FO = {1}7
I = {Hel(€1)7L61(§2>}
={&1,82}),

I’y = {Hez(&1), Hey (&1)Les (&2), Lea(62) }
= {€ - 1,66, 336 - 1)},

I's = {He3(&1), Hea(&1)Ler (€2), Her (§1)Lez(&2), Les(§2)
={& — 36,68 — &, 5308 — &), 5(5E5 — 3%)}

Remark 11.15. To simplify the notation in what follows, the following con-
ventions will be observed:

(a) To simplify expectations, inner products and norms, (-), or simply (-)
will denote integration (i.e. expectation) with respect to the probability
measure j, so that the L?(u) inner product is simply (X,Y)r2¢,) =
(XY),.

(b) Rather than have the orthogonal basis polynomials be indexed by multi-
indices o € N, or have two scalar indices, one for the degree p and one
within each set I, it is convenient to order the basis polynomials using
a single scalar index k € Ny. It is common in practice to take ¥y = 1 and
to have the polynomial degree be (weakly) increasing with respect to the
new index k. So, to continue Example 11.14, one could use the graded
lexicographic ordering on « € N3 so that ¥p(¢) = 1 and

!pl(g)zgh WQ(&):§27 !p3(§):§%_17
Yy (§) = €16, U5 (€) = (365 — 1), Us(€) = & — 3¢,
Ur(€) = & — &, Ws(§) = (3685 — &), W(§) = 2(5&5 — 3%).

(¢) By abuse of notation, ¥, will stand for both a polynomial function (which
is a deterministic function from R? to R) and for the real-valued random
variable that is the composition of that polynomial with the stochastic
germ = (which is a function from an abstract probability space to R).
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Truncation of gPC Expansions. Suppose that a gPC expansion of the
form U = ZkeNg upW is truncated, i.e. we consider

K
UK = Z ukwk.
k=0

It is an easy exercise to show that the truncation error U — U¥ is orthogonal
to span{%y, ..., ¥k }. It is also worth considering how many terms there are
in such a truncated gPC expansion. Suppose that the stochastic germ = has
dimension d (i.e. has d independent components), and we work only with
polynomials of total degree at most p. The total number of coefficients in the
truncated expansion U* is
(d+p)!
K+1= Tl
That is, the total number of gPC coeflicients that must be calculated grows
combinatorially as a function of the number of input random variables and the
degree of polynomial approximation. Such rapid growth limits the usefulness
of gPC expansions for practical applications where d and p are much greater
than the order of 10 or so.

Expansions of Random Variables. Consider a real-valued random vari-
able U, which we expand in terms of a stochastic germ = as

UR(E) = ) wl(3),

keNy

where the basis functions ¥ are orthogonal with respect to the law of =
and with the usual convention that ¥y = 1. A first, easy, observation is that

E[U] = (%U) = Y ur(To) = uo,
keNy

so the expected value of U is simply its 0" gPC coefficient. Similarly, its
variance is a weighted sum of the squares of its gPC coefficients:

Z uk!l'/k

keNy

= Z upte (P ¥e)

k,eN

> Ui

keN

E (U - E[U)7] = E
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Similar remarks apply to any truncation U = Zszl ur¥ of the gPC exp-
ansion of U. In view of the expression for the variance, the gPC coeflicients
can be used as sensitivity indices. That is, a natural measure of how strongly
U depends upon ¥, (=) is
ui (7i)
2421 ug(¥7)

Expansions of Random Vectors. Similarly, if Uy, ..., U, are (not neces-
sarily independent) real-valued random variables, then the R™-valued ran-
dom variable U = [Uy,...,U,]" with the U; as its components can be given
a (possibly truncated) expansion

UE) = > wli($),

keNg

with vector-valued gPC coefficients wy = [u1,...,un k]’ € R™ for each
k € Ny. As before,

E[U] = (%U) = > up(@?,) = ug € R"
keNy

and the covariance matrix C' € R™*™ of U is given by

C =Y wul (%)

keN

i.e. its components are Cyj = Y, o ikt k(P2

Expansions of Stochastic Processes. Consider now a stochastic process
U, i.e. a function U: © x X — R. Suppose that U is square integrable in
the sense that, for each x € X, U(-,x) € L*(O,u) is a real-valued random
variable, and, for each § € ©, U(f, -) € L?(X,dxz) is a scalar field on the
domain &'. Recall that

L*(0, 13 R) ® L*(X,dz;R) 2 L2 (O x X, p® dz; R) = L?(0, p; L* (X, dx)),

so U can be equivalently viewed as a linear combination of products of
R-valued random variables with deterministic scalar fields, or as a function
on © x X, or as a field-valued random variable. As usual, take {¥;, | k € Np}
to be an orthogonal polynomial basis of L?(©,u;R), ordered (weakly) by
total degree, with ¥y = 1. A gPC expansion of the random field U is an
L?-convergent expansion of the form

Ulz,&) = D ur(2)P(6).

keNy
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The functions ug: X — R are called the stochastic modes of the process U.
The stochastic mode ug: X — R is the mean field of U:

E[U(2)] = uo(x).
The variance of the field at z € X is
VU ()] = un(z)*(77),
keN

whereas, for two points x,y € X,

HW@WM—<§)M@%@§:W@M@>

ke€Np £eNy

= > un(@)un(y) ()

keNy

and so the covariance function of U is given by

Culw,y) = > ur@)uk(y)(T3).

keN

The previous remarks about gPC expansions of vector-valued random vari-
ables are a special case of these remarks about stochastic processe, namely
X ={1,...,n}. At least when dim X is low, it is very common to see the
behaviour of a stochastic field U (or its truncation UX) summarized by plots
of the mean field and the variance field, as well as a few ‘typical’ sample re-
alizations. The visualization of high-dimensional data is a subject unto itself,
with many ingenious uses of shading, colour, transparency, videos and user
interaction tools.

Changes of gPC Basis. It is possible to change between representations
of a stochastic quantity U with respect to gPC bases {¥; | k € Ny} and
{Pr | k € Ny} generated by measures p and v respectively. Obviously, for
such changes of basis to work in both directions, x4 and v must at least have
the same support. Suppose that

U= Z uk!I/k = Z de)k.

keNg keNg

Then, taking the L?(v)-inner product of this equation with @,

(Udy), = Z wp (T Do)y = ve(P7),,
keNy

provided that W@, € L?(v) for all k € Ny, i.e.
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vy = Z Uk<!pk¢é>u'

2
keNg i)y

Similarly, taking the L?(u)-inner product of this equation with ¥, yields that,
provided that @, € L?(u) for all k € Ny,

u= Y T

2
keNg S

Remark 11.16. It is possible to adapt the notion of a gPC expansion to
the situation of a stochastic germ = with arbitrary dependencies among its
components, but there are some complications. In summary, suppose that
= =(51,...,5,), taking values in © = O X - - - x Oy, has joint law p, which
is not necessarily a product measure. Nevertheless, let u; denote the marginal
law of Zj, i.e.

/J,i(Ei) = M(@l X X Qi—l X El X Qi-i-l X oo X Qd)

To simplify matters further, assume that p (resp. p;) has Lebesgue density

p (resp. p;). Now let ¢1(f) € B, p € Np, be univariate orthogonal polynomials
for ;. The chaos function associated with a multi-index o € N is defined

to be
_ [p&)---paléa) ) ()
WO&(&) T p(é—) ¢a1 (51) e (bad (gd)

It can be shown that the family {¥, | € N¢} is a complete orthonormal
basis for L?(0, u;R), so we have the usual series expansion U = Y uq%q.
Note, however, that with the exception of ¥y = 1, the functions ¥, are not
polynomials. Nevertheless, we still have the usual properties that truncation
error is orthogonal to the approximation subspace, and

E U] =uo, VU] = ul(#2),.
a#0

Remark 11.17. Polynomial chaos expansions were originally introduced in
stochastic analysis, and in that setting the stochastic germ = typically has
countably infinite dimension, i.e. =& = (Z1,...,Zy,...). Again, for simplicity,
suppose that the components of = are independent, and hence orthogonal;
let © denote the range of =, which is an infinite product domain, and let
t = @ gen Ha denote the law of Z. For each d € N, let {1/)((;? | g 