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Preface

A thing of beauty is a joy for ever:

Its loveliness increases;

It will never pass into nothingness.
— John Keats (1777-1855)

Two New Bright Stars

Like the well-known Fibonacci and Lucas numbers, Pell and Pell-Lucas numbers are two
spectacularly bright stars on the mathematical firmament. They too continue to amaze the
mathematical community with their splendid beauty, ubiquity, and applicability, providing
delightful opportunities to experiment, explore, conjecture, and problem-solve. Pell and Pell-
Lucas numbers form a unifying thread intertwining analysis, geometry, trigonometry, and
various areas of discrete mathematics, such as number theory, graph theory, linear algebra,
and combinatorics. They belong to an extended Fibonacci family, and are a powerful tool for
extracting numerous interesting properties of a vast array of number sequences. Both families
share numerous fascinating properties.

A First in the Field

Pell and Pell-Lucas numbers and their delightful applications appear widely in the literature, but
unfortunately they are scattered throughout a multitude of periodicals. As a result, they remain
out of reach of many mathematicians and amateurs. This vacuum inspired me to create this
book, the first attempt to collect, organize, and present information about these integer families
in a systematic and enjoyable fashion. It is my hope that this unique undertaking will offer a
thorough introduction to one of the most delightful topics in discrete mathematics.

Audience

The book is intended for undergraduate/graduate students depending on the college or university
and the instructors in those institutions. It will also engage the intellectually curious high
schoolers and teachers at all levels. The exposition proceeds from the basics to more advanced
topics, motivating with examples and exercises in a rigorous, systematic fashion. Like the
Catalan and Fibonacci books, this will be an important resource for seminars, independent study,
and workshops.

vii
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The professional mathematician and computer scientist will certainly profit from the
exposure to a variety of mathematical skills, such as pattern recognition, conjecturing, and
problem-solving techniques.

Through my Fibonacci and Catalan books, I continue to hear from a number of enthusiasts
coming from a wide variety of backgrounds and interests, who express their rewarding experi-
ences with these books. I now encourage all Pell and Pell-Lucas readers to also communicate
with me about their experiences with the Pell family.

Prerequisites

This book requires a strong foundation in precalculus mathematics; users will also need a good
background in matrices, determinants, congruences, combinatorics, and calculus to enjoy most
of the material.

It is my hope that the material included here will challenge both the mathematically
sophisticated and the less advanced. I have included fundamental topics such as the floor and
ceiling functions, summation and product notations, congruences, recursion, pattern recognition,
generating functions, binomial coefficients, Pascal’s triangle, binomial theorem, and Fibonacci
and Lucas numbers. They are briefly summarized in Chapter 1. For an extensive discussion
of these topics, refer to my Elementary Number Theory with Applications and Discrete
Mathematics with Applications.

Historical Background

The personalities and history behind the mathematics make up an important part of this book.
The study of Pell’s equation, continued fractions, and square-triangular numbers lead into the
study of the Pell family in a logical and natural fashion. The book also contains an intriguing
array of applications to combinatorics, graph theory, geometry, and mathematical puzzles.

It is important to note that Pell and Pell-Lucas numbers serve as a bridge linking number
theory, combinatorics, graph theory, geometry, trigonometry, and analysis. These numbers occur,
for example, in the study of lattice walks, and the tilings of linear and circular boards using unit
square tiles and dominoes.

Pascal’s Triangle and the Pell Family

It is well known that Fibonacci and Lucas numbers can be read directly from Pascal’s triangle.
Likewise, we can extract Pell and Pell-Lucas numbers also from Pascal’s triangle, showing the
close relationship between the triangular array and the Pell family.
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A New Hybrid Family

The closely-related Pell and Fibonacci families are employed to construct a new hybrid Pell—
Fibonacci family. That too is presented with historical background.

Opportunities for Exploration

Pell and Pell-Lucas numbers, like their closely related cousins, offer wonderful opportunities for
high-school, undergraduate and graduate students to enjoy the beauty and power of mathematics,
especially number theory. These families can extend a student’s mathematical horizons, and
offer new, intriguing, and challenging problems. To faculty and researchers, they offer the
chance to explore new applications and properties, and to advance the frontiers of mathematical
knowledge.

Most of the chapters end in a carefully prepared set of exercises. They provide opportunities
for establishing number-theoretic properties and enhancement of problem-solving skills. Starred
exercises indicate a certain degree of difficulty. Answers to all exercises can be obtained
electronically from the publisher.

Symbols and Abbreviations

For quick reference, a list of symbols and a glossary of abbreviations is included. The symbols
index lists symbols used, and their meanings. Likewise, the abbreviations list provides a gloss
for the abbreviations used for brevity, and their meanings.

Salient Features

The salient features of the book include extensive and in-depth coverage; user-friendly approach;
informal and non-intimidating style; plethora of interesting applications and properties; his-
torical context, including the name and affiliation of every discoverer, and year of discovery;
harmonious linkage with Pascal’s triangle, Fibonacci and Lucas numbers, Pell’s equation,
continued fractions, square-triangular, pentagonal, and hexagonal numbers; trigonometry and
complex numbers; Chebyshev polynomials and tilings; and the introduction of the brand-new
Pell-Fibonacci hybrid family.

Acknowledgments

In undertaking this extensive project, I have immensely benefited from over 250 sources, a list
of which can be found in the References. Although the information compiled here does not, of
course, exhaust all applications and occurrences of the Pell family, these sources provide, to the
best of my ability, a reasonable sampling of important contributions to the field.
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cooperation from a number of well-wishers. To begin with, I am greatly indebted to the reviewers
for their great enthusiasm and suggestions for improving drafts of the original version. I am also
grateful to Steven M. Bairos of Data Translation, Inc. for his valuable comments on some early
chapters of the book; to Margarite Landry for her superb editorial assistance and patience; to
Jeft Gao for creating the Pascal’s binary triangle in Figure 5.6, preparing the Pell, Pell-Lucas,
Fibonacci, and Lucas tables in the Appendix, and for co-authoring with me several articles on the
topic; to Ann Kostant, Consultant and Senior Advisor at Springer for her boundless enthusiasm
and support for the project; and to Elizabeth Loew, Senior Editor at Springer along with her
Springer staff for their dedication, cooperation, and interaction with production to publish the
book in a timely fashion.

Framingham, Massachusetts Thomas Koshy
August, 2014 tkoshy @emeriti.framingham.edu
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Fundamentals

1.1 Introduction

There is a vast array of integer sequences, many of which display interesting patterns and a
number of fascinating properties. Quite a few of them are within reach of high school students
and certainly number-theoretic enthusiasts. The Fibonacci and Lucas sequences, for example, are
two of the most popular and delightful number sequences. Their beauty and ubiquity continue to
amaze the mathematics community.

Our main focus here is on two such families of sequences: Pell and Pell-Lucas numbers.
Before we turn to them, we will briefly introduce some fundamental concepts, techniques, and
notations.

We begin with the floor and ceiling functions, which appear frequently in discrete mathemat-
ics, and consequently in computer science [127].

1.2 Floor and Ceiling Functions

The floor of a real number x, denoted by | x|, is the greatest integer < x; and the ceiling of x,
denoted by [x], is the least integer > x. The functions f and g, defined by f(x) = |[x] and
g(x) = [x], are the floor and ceiling functions, respectively. They are also called the greatest
integer function and least integer function, respectively.

For example, |—3.45| = —4, |3.45] = 3, [-3.45] = =3, and [3.45] = 4.

The notations | x| and [x], and the names floor and ceiling were introduced in the early
1960s by the Canadian mathematician Kenneth Eugene Iverson (1920-2004). Both notations
are slight variations of the original greatest integer notation [x].

Both functions satisfy a number of properties. A few of them are listed in the following
theorem. Their proofs are basic, so we omit them in the interest of brevity.

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9__1, 1
© Springer Science+Business Media New York 2014
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Theorem 1.1 Let x be any real number and n any integer. Then

(1) [n] =n=[n] (2) [x] = |x] + 1, where x is not an integer.
Q) |x+n]=[x]+n @) [x+n]l=[x]+n
e [5]+[5]=n (6) [x] = —-x]|

Next we turn to the popular summation and product notations used throughout this book.

1.3 Summation Notation

Sums, such as ay + ax+1 + -+ + a,, occur very often in mathematics. They can be rewritten in
a concise form using the summation symbol ¥ (uppercase Greek letter sigma):

i=m
Zai =ax +ak+1+ -+ anm.
i=k

The summation notation was introduced in 1772 by the French mathematician Joseph Louis
Lagrange (1736-1813).
The variable i is the summation index; and the values k and m are the lower and upper limits,
i=m m
respectively, of the index i. The i =" above the ) is often omitted. Thus ) a; = >_ a;.
i=k i=k
The index i is a dummy variable; its choice has absolutely no bearing on the sum. For
m m m
example, Y a; = Y a, = Y_ a;.
i=k r=k s=k
The following theorem lists some results useful in evaluating finite sums. They can be

established using the principle of mathematical induction (PMI).

Theorem 1.2 Let n be any positive integer, ¢ any real number; and a,a,,...,a, and
b1, by, ..., b, any two number sequences. Then

(1) ic:nc 2 i(cai) ZC(i a,-)
=1

i i=l1 i=l1

n n n n k n
(3) Z(a,-+b,-)=2a,~—|—2b,- (4) Zai:Zai—l— Z a;
i=1 i

=1 i=1 i=1 i=l1 i=k+1

n n+k—1 n i n
5) Y ai= Zk aj_j+1 (6) Zl (Z aij) =) (
j= =

i=1 i J=1 j=1

n
.Cl,'j) = Z a,‘j.
=J

1

These results remain true for any integral lower limit. u
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The following summation formulas will come in handy in our later discussions. They too
can be confirmed using PMI.

n(n + 1) + 1) ., nn+1)@2n+1)
(1 Z <2>;z = -
3) Z ["(” i 1)} ) éari—l D,

Next we turn to product notation.

1.4 Product Notation

Using the product symbol [ | (uppercase Greek letter pi), the product agak+1 - - - a,, is written as

]_[ a;. Thus H a; = apag+1 - ay. As before, the ”i =" above the [] is often omitted. Thus
k i=k
m

a; = [] a;. Again, i is a dummy variable.
k i=k

Next we present one of the most powerful and useful relations in mathematics: the
congruence relation. The theory of congruences [130] was introduced in 1801 by the outstanding
German mathematician Karl Friedrich Gauss (1777-1855), popularly known as the “prince
of mathematics.” It has marvelous applications to discrete mathematics and consequently to

computer science [129].

i

Il
3

1

1.5 Congruences

Let m be an integer > 2. Then an integer a is congruent to an integer b modulo m it m | (a —b).
Symbolically, we then write @ = b (mod m); m is the modulus of the congruence relation. If a
is not congruent to b modulo m, then we write a # b (mod m).

For example, 6 | (17 —5), so 17 = 5 (mod 6); since 8 | [12 — (—4)], 12 = —4 (mod 8).
Notice that 84 = 0 (mod 12), but 35 # 5 (mod 12).

We often use the moduli (plural of modulus) 7, 12, and 24 in our daily life. For example, they
count the days of the week, hours on a 12-hour clock, and hours on a 24-hour clock.

The congruence relation satisfies a number of properties. Some of them are quite similar to
those of the equality relation; so the use of the congruence symbol =, introduced by Gauss, is
quite suggestive. Some fundamental properties are summarized in the following theorem. We
omit their proofs in the interest of brevity. But for the sake of clarity, we add:

e If r is the remainder when an integer a is divided by an integer m > 2, then, by the division
algorithm, 0 < r < m.

(a, b) denotes the greatest common divisor (gcd) of positive integers a and b.
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Theorem 1.3 Let a, b, c, and d be arbitrary integers, n any positive integer, and m any integer
> 2. Let a mod m denote the remainder when a is divided by m. Then

(1) a =a (mod m). (Reflexive property)
(2) Ifa = b (mod m), then b = a (mod m). (Symmetric property)
(3) Ifa=b(modm)andb = c (mod m), then a = c (mod m). (Transitive property)
(4) a = b (mod m)ifandonly ifa = b 4+ km for some integer k.
(5) a = b (mod m) if and only if a mod m = b mod m.
(6) Ifa=r (mod m)and O <r < m, thenr = a mod m.
(7) Ifa=b (mod m)andc = d (mod m), thena + c =b + d (mod m).
8) Ifa=b (mod m)andc =d (mod m), then ac = bd (mod m)
) Ifa4+c=b+c (mod m), thena =b (mod m).
(10) Ifa = b (mod m), then a" = b" (mod m).
(11) Ifac = bc (mod m) and (c,m) = 1, thena = b (mod m). n

A few words about some of the properties may be useful. By property (5),ifa = b (mod m)
they leave the same remainder when divided by m; its converse is also true. By properties (7)
and (8), two congruences can be added and multiplied, as in the case of equality. By property
(9), the same number can be added to and subtracted from both sides of a congruence. Property
(10) follows from (8) by PMI. Finally, by property (11), if ac = bc (mod m), we can cancel ¢
from both sides only if (¢, m) = 1.

Next we present recursion, one of the most elegant problem-solving techniques used in both
discrete mathematics and computer science [127]. It may take a while to get used to recursion
and to think recursively; but once you have mastered the art of thinking and solving problems
recursively, you will appreciate its power and beauty.

1.6 Recursion

Suppose there are n guests at a party, where n > 1. Each person shakes hands with everybody
else exactly once. We would like to define recursively the total number of handshakes /() made
by the guests. (This is the well-known handshake problem.)

To this end, we consider two cases:

Case 1 Supposen = 1. Then h(1) = 0.

Case 2 Suppose n > 2; that is, there are at least two guests at the party. Let X be one of them,
so there are n — 1 guests left at the party; see Figure 1.1. By definition, they can make A(n — 1)
handshakes among themselves. Now X can shake hands with each of the n — 1 guests; this way
an additional n — 1 handshakes can be made.

Thus the total number of handshakes made by the n guests equals 4(n — 1) + (n — 1); that
is, h(n) = h(n —1) 4+ (n — 1), where n > 2.
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Figure 1.1.

This formula enables us to compute /(n), provided we know the value of A(n — 1). For
example, suppose 7(10) = 45. Then A(11) = h(10) + 10 = 45 + 10 = 55.

The formula h(n) = h(n — 1) + (n — 1) is called a recurrence (or recursive formula). This,
coupled with the initial condition h(1) = 0, yields a recursive definition of i (n):

h(l) = 0 <« initial condition
h(n) = h(n—1)+m—1), n>2. <« recurrence

Let’s now explore the skeleton of the handshake problem. We are given a problem of size n
(n guests at the party). In Case 2, we expressed it in terms of a smaller version (size n — 1) of
itself. So the original problem can be solved if the simpler version can be solved.

Thus h(n) can be computed if we know its predecessor value h(n — 1). But A(n — 1) can
be computed if we know /(n — 2). Continuing like this, we can compute /(n) if (1) is known.
But we do know the value of 4(1). Thus, by working backwards, we can compute /(). Such a
definition is an inductive definition. It consists of three parts:

(1) The basis clause specifies some initial values f (a), f(a+1),..., f(a+k—1). Equations
which define them are initial conditions.

(2) The recursive clause provides a formula for computing f (n) using the k predecessor values
fm=1), f(n=2),..., f(n—k).

(3) The terminal clause ensures that the only valid values of f are obtained by steps 1 and 2.
(The terminal clause is often omitted, for convenience.)

In general, in a recursive definition, the values used in the recursive clause do not need to be
predecessor values; so a recursive definition does not need to be inductive.
The next three examples illustrate the recursive definition.

Example 1.1 Consider the familiar factorial function f(n) = n!, where f(0) = 1 andn > 1.
Whenn > 1,n! =n-(m—1)!;s0 f(n) =n- f(n—1). Thus the factorial function f can be
defined recursively as follows:

fO) =1 < initial condition

f(m) = n-f(n—1),n>1. <« recurrence -
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Example 1.2 ([262]) Let f : W — W such that

n

f(n) = {5

f (”2;1) otherwise,

if n is even

where W denotes the set of of whole numbers 0, 1, 2, 3, .... Compute f(23) and f (22" + 1).

Solution.

(1 f@23) =711 = fn(5) =72 =1
© 1 s () o oy .

Numbers of the form 22" + 1 are Fermat numbers, named after the French mathematician
and lawyer Pierre de Fermat (1601-1665).

Example 1.3 Suppose we would like to compute the gcd (ay,as, ..., a,) of n positive integers
ai,as,...,a,, where n > 3. Since gcd is a binary operator, we need to apply recursion to
compute their ged: (ay,as,...,a,) = ((ai,as,...,a,-1),a,). This can be confirmed using
divisibility properties [130]. Now that we know how to compute the gcd of two positive integers,
we can compute the gcd of n positive integers using recursion.

For example, we have

(36, 60, 78, 165) = ((36, 60, 78), 165)
= (((36, 60),78),165)
= ((12, 78),165)
= (6, 165) = 3.

The next three examples illustrate how recursion is useful in the study of number patterns.
To define a number sequence {a,} recursively, you must be good at discovering patterns. This
may require a lot of patience, perseverance, and practice, depending on the complexity of the
pattern. L]

Example 1.4 Define recursively the number sequence 1, 3,7, 15,31,63,....

Solution. Let M, denote the nth term of the sequence. Clearly, M; = 1. So let n > 2. Each
term M,, is one more than twice its predecessor M, _i; thatis, M,, = 2M,_; + 1. Thus M,, can
be defined recursively as follows:

M, = 1

M, = 2M,_1+1, n=>2.

To explore this example a bit further, we apply iteration to conjecture an explicit formula
for M,,:
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M, =2M,_;+1 =2'M,_, +1
=20Q2M,_, +1)+1 =22M,_,+2+1
=222M, 3+ 1) +2+1=2M, 3 +2°+2+1

=2 IM 4+ 22 24+ ]
:211—l+2n—2+.“+2+1
=2"—1.

We can confirm the formula M,, = 2" — 1 using PML

In general, the same number sequence can exhibit more than one recursive pattern. For
example, M, can also be defined by M,, = M,_; + 2"! where M; = 1 and n > 2.
Since 2" = 1 + 2 + 2% + ... + 2"~ it follows that the binary expansion of M, = 2" — 1

n ones

f——
consists of n ones: 2" — 1 = 11--- 11y,. For example, 7 = 111y, and 31 = 11111,.

The numbers M, = 2" — 1 are Mersenne numbers, after the French mathematician and
Franciscan monk Marin Mersenne (1588—-1648), who investigated them extensively. The name
“Mersenne numbers”’was given to them by W.W. Rouse Ball of Trinity College, Cambridge,
England. They play a pivotal role in cryptography and in the study of even perfect numbers
277'M, = 2P71(2? — 1), where p and M, are primes [130].

The next two examples deal with defining a number sequence recursively. Although not
obvious, both examples are closely related. We will encounter them in Chapters 6 and 7.

Example 1.5 Define recursively the number sequence 1, 6, 35,204, 1189, . ...

Solution. This time the pattern is not that obvious. When that is the case, try to rewrite the terms
in such a way that a pattern can be created:

I =1
6 = 6
35 6-6-—1
204 6-35—-6
6-204 —35

1189 =

Clearly, a pattern emerges; so we can now define the nth term b, of the sequence recursively:
by =1, by=6
bn = 6bn—1 - bn—2, n > 3.

(There are two initial conditions here. We will find an explicit formula for b, shortly.) u

Example 1.6 Define recursively the number sequence 1, 8, 49, 288, 1681, ... .
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Solution. This time, the pattern is a little more complicated, so we follow the technique in the
previous example and rewrite the terms in such a way that a pattern will emerge:

1 =1
8§ = 8
49 = 6-8—1+4+2
288 = 6-49-8+2
6-288—4942

1681 =

Using this pattern, we can define the nth term a,, recursively:

ay = 1, a, = 8
a, = 6a,-1—a,—»+2, n=>3.
(We will find an explicit formula for a,, in Example 1.9.) n

The next example is a simple application of recursion. It appeared in the 1990 American
High School Mathematics Examination (AHSME).

Example 1.7 Let R, = % (" + b"), where a = 3 +2+/2 and b = 3 —2+/2. Prove that R, is a
positive integer and the units digit of Rjp345 i 9.

Proof. Since a + b = 6 and ab = 1, we have
2(a+b)R, = (a+b)a"+b")
— @ DY 4 ab@ ! + b
6R, = Ry+1+ Ry—1.

Thus R, satisfies the recurrence R,+; = 6R, — R,—|, where Ry = 1,R; = 3,andn > 2.

Since Ry and R, are positive integers, it follows by PMI that every R, is a positive integer. (The
sequence {R,} is 1,3,17,99,577,...; we will revisit it in detail in Chapter 7.)

The units digits of the sequence {R,},>o display an interesting pattern: 1,3,7,9,7,3,

- N—

1,3,7,9,7,3,.... It again follows by PMI that R, = R,t¢ (mod 10); so R, and R,¢ end
~———
in the same digit. Since 12345 = 6 - 2057 + 3, it follows that R;5345 ends in 9. "

Next we pursue briefly the solving of recurrences.

1.7 Solving Recurrences

The recursive definition of a function f does not give an explicit formula for f (n). Solving a
recurrence for f (n) means finding such a formula.
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In Example 1.4, we employed iteration to predict an explicit formula for M,. But this
technique has only limited scope. So we will now briefly develop a method ([127] for a detailed
discussion) for solving two large and important classes of recurrences.

LHRWCCs

A kth-order linear homogeneous recurrence with constant coefficients (LHRWCCs) is a
recurrence of the form

an = Clap—1 + C2ap—2 + -+ + Ckap—k, (1.1)

where each ¢; is a real number and ¢, # 0.

A few words of explanation may be helpful. The term linear means the power of every
predecessor of a,, on the RHS! of equation (1.1) is at most one. A recurrence is homogeneous if
every a; has the same exponent. Since a, depends on its k immediate predecessors, the order of
the recurrence is k; consequently, we will need k initial conditions to solve the LHRWCCs.

For example, the recurrence M,, = 2M,,_;+1 in Example 1.4 is linear, but not homogeneous.
The one in Example 1.6 is both linear and homogeneous; its order is 2.

In the interest of brevity and convenience, we will confine our discussion to the second-order
LHRWCCs

a, = ada,—1 + ba,—», (1.2)

where a and b are nonzero real numbers. Suppose this recurrence has a nonzero solution of the
form cr”. Then ¢r” = acr™™' 4 bcr" 2. Since cr # 0, this implies that » must be a solution
of the characteristic equation

x*—ax—b=0 (1.3)

of recurrence (1.2). The solutions of this quadratic equation are the characteristic roots of the
recurrence.

The next theorem provides a road map for solving recurrence (1.2). We will omit its proof
for convenience.

Theorem 1.4 Let r and s be the distinct (real or complex) characteristic roots of recurrence
(1.2). Then the general solution of the recurrence is of the form a,, = Ar" + bs", where A and
B are constants. n

The general solution is a linear combination of the basic solutions r" and s" of recurrence
(1.2), which are linearly independent. The constants A and B can be determined using the two
initial conditions.

Theorem 1.4 can be extended in an obvious way to any LHRWCCs with distinct character-
istic roots. It has to be modified if the recurrence has repeated roots [127].

The next example illustrates the various steps involved in the theorem.

' RHS and LHS are abbreviations of right-hand side and left-hand side, respectively.
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Example 1.8 Solve the recurrence in Example 1.5.

Solution. The recurrence b, = 6b,_; — b,_, is a second-order LHRWCCs. Its characteristic
equation x> — 6x + 1 = 0 has two distinct solutions: » = 3 + 2+/2 and s = 3 — 24/2. By
Theorem 1.4, the general solution of the recurrence is b, = Ar”" + bs", where A and B are
constants to be determined.

Using the initial conditions »; = 1 and b, = 6, we get the following 2 x 2 linear system:

Ar+ Bs = 1

Ar* + Bs*> = 6.
Solving this, we get A = ﬁ = —B. Thus the general solution of the recurrence is b,, = ’ng ,
where n > 1. (We will revisit this example in Chapter 6.) u

The next example illustrates how to solve a linear nonhomogenous recurrence with constant
coefficients (LNHRWCCs).

Example 1.9 Solve the LNHRWCCs in Example 1.6.

Solution. Solving this LNHRWCC s is slightly more complicated. Fortunately, we did most of
the work in Example 1.8. The general solution of the linear homogeneous part of the recurrence
a, = 6a,_1 —dy—s is a, = Ar" + Bs", where r = 3 4+ 2+/2, 5 = 3 —24/2, and A4 and B are
constants to be determined using the initial conditions.

To solve the nonhomogeneous part, we look for a particular solution of the form a, = C,
where C is a constant. Substituting for a, in the recurrence, we get C = 6C — C + 2, so
C =-1.

Combining the general solution of the homogeneous part with this particular solution yields
the general solution of the given recurrence: a, = Ar" + Bs" — %

Now we must determine the unknowns A and B. The initial conditions yield a 2 x 2 linear

system in A and B:
Ar + Bs =

Ar? + Bs? =

SELTE

Solving this linear system, we get A = }1 = B.
Thus the desired solution is a,, = %(r” +s") — % = %, where n > 1. (We will revisit

this example also in Chapter 6.) u

More generally, we can employ the following strategy to transform a LNHRRWCCs to a
LHRRWCCs. To see this, consider the second-order recurrence x,4+; = ax, + bx,—; + c. We
can rewrite this as follows:

Xpt1 = (a+ Dx, +bx,—1 +c—x,
= (a+ Dx, +bx,—1 +c—(ax,—1 + bx,— + )
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= (a + l)xn + (b - a)xn—l - bxn—27

which is a LHRRWCCs. Example 1.11 illustrates this technique.

1.8 Generating Functions

Generating functions are a powerful tool for solving recurrences and combinatorial problems.
They were invented by the French mathematician Abraham De Moivre (1667-1754). Generating
functions are basically formal power series that keep track of the various coefficients. In other
words, they are “clotheslines on which we hang up sequences of numbers for display” [259].

More formally, let ag, a;, as, - -+ be any real numbers. Then the function
o0
gX) =ao+ax +ax*+ -+ ax" +--- = Zanx”
n=0

is called the generating function of the sequence {a,};> . In the study of generating functions,
we are not interested in the convergence of the series; x” is simply a place-holder for the
coefficient a,,.
o0 o0
Generating functions f(x) = a,x" and g(x) = b,x" can be added, subtracted, and

o n=0 n=0
multiplied, as can be expected:

f) £gx) = )Y (@£ b)x"
n=0

f@)-gx) = ) enx”,
n=0

n
where ¢, = ) a;b,—;. The sequence {c,} is the convolution of the sequences {a,} and {b, }; its
i=0
generating function is f (x)g(x).

o0
In particular, let f(x) = Y x" = - = g(x);soa, = 1 = b, for every n. Then
n=0

1—x
n
cn = Y. 1-1 = n+ 1; so every positive integer can be generated by the convolution of the

i=0
sequence of 1s with itself:

- A R N LS
’;(n—l—l)x _<,;x)(2x)_1—x.1—x_(1—x)2'

n=0

Suppose we leta, = n + 1 and b, = 1. Then

n n
Cp = Zaibn—i = Z(Z + 1)
i=0 i=0
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(n+ 1(n+2)
> .

_ (n+DH(n+2)
- 2

o0
Thus the numbers? 7,4 can be generated by the functions ﬁ = > (n+ Hx"
n=0

o0
and ﬁ = > x";[130] that is,

n=0

if . 1 1 1
n+1X = : = .
i 1-x)2 1—x (1—x)3

1

oo
This can also be achieved by differentiating Y (n + 1)x" = =2

n=0
The next two examples illustrate how a recursive definition of a sequence {a,} can be used

to develop a generating function of the sequence.

with respect to x.

Example 1.10 Find a generating function of the sequence {b, } in Example 1.5.

Solution. Let g(x) be the generating function: g(x) = x+6x2+35x3+204x*+- - -+b,x"+- - -.
Then

6xg(x) = 6x2436x>4+210x* +--- + 6b,_1x" + ---

x’g(x) = X4 x4 byox" -
(1—6x+xHg(x) = «x
X
g0 = 1 —6x + x2

This is the desired generating function:

= 14 6x +35x% 4 204x% + 1189x* + -+ .
1 —6x + x2
(We will revisit this generating function in Chapter 6.) n

Example 1.11 Find a generating function of the sequence {a, } in Example 1.6.

Solution. We have a,, = 6a,,_; — a,—» + 2, where a; = 1,a, = 8, and n > 3. Since the
recurrence is nonhomogeneous, we rewrite it to get a homogeneous one:

a, = 6a,—1—ap—2+2

= (7an—1 - an—l) —dp— +2

2 = w is the nth triangular number.
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= Tap—1 — (6nn—2 —danp—3 + 2) —dap—2+2

= Tay— —Tay— — ap—3.
This is a third-order LHRWCCs. Thus {a,} can be redefined as follows:

agp = 0, 61121, 02:8

ap, = Tay—y—Tay——ap—3, n= 3.
Let g(x) = a;x + a>x? + azx> + a4x* + --- be the generating function of {a,}. Then

Txg(x) = Taix?®+ Tarx® + Tasx* + -
Ix*g(x) = Ta\x> + Tax* + -
Xgx) = + axt

So

(1—=Tx +7x*> —xHgx) = aix + (ar — Ta))x?

= x+x7
x + x2
gl = 1 —7x + 7Tx% — x3
x(1+ x)

(I—x)1 —6x +x2)
This gives the generating function of the sequence {a, }:

x(1 4+ x)

= 8x2 + 49x> + 288x* + --- .
(=0 —6x +22) X + 8x” + 49x° + X"+

(We will revisit this generating function also in Chapter 6.) n

Next we present an abbreviated introduction to binomial coefficients. These are the coef-
ficients that occur in the binomial expansion of (x + y)". Their earliest known occurrence is
in a tenth-century commentary by the Indian mathematician Halayudha, on Pingla’s Chandas
Shastra. Bhaskara II (1114-11857?) gives a full discussion of binomial coefficients in his famous
work Leelavati, written in 1150. However, the term “binomial coefficient”was coined by the
German algebraist Michel Stifel (1486-1567).
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1.9 Binomial Coefficients

Let n and r be nonnegative integers. The binomial coefficient’ is defined as

r] rln—r)! r! (14)

(n)_ n! _nn—=1)--(n—r+1)
where 0 < r < n. Whenr > norr < 0, (") is defined as 0. Read (") as “n choose r” to be
consistent with the typesetting language Latex.

For example, (Z) = 35, (g) =1= (;), and (;) =0= (_73)

Combinatorially, (’:) counts the number of r-member subcommittees that can be formed from
an n-member committee. In particular, exactly (;) line segments can be drawn using n points on
a plane such that no three of them are collinear.

Interestingly, this special case with r = 2 is a geometric representation of the handshake
problem we studied earlier. Geometrically, each point represents a guest at the party and each
line segment a handshake. Thus i (n) = (3) = 22,

2
Since an n-member committee has (’r’) r-member subcommittees, it follows that the

n n
committee has a total of Y () subcommittees; Y () of them consist of k or more members.
r=0 r=k

n
We will shortly find a formula for the sum Y (7).
r=0

It follows from the definition that () = 1 = (1), () =1 = (,",).and (!) =1 = (,",)
These can be confirmed both algebraically and combinatorially.

1.9.1 Pascal’s Identity

Binomial coefficients satisfy a multitude of properties. They include an extremely useful
recurrence, called Pascal’s identity after the French mathematician and philosopher Blaise Pascal
(1623-1662): (") = ("Z;) + ("7"). Although this can be verified algebraically, we will now give
a simple combinatorial argument.

Consider an n-member committee S. It has (’r’) r-member subcommittees. We will now count
these subcommittees in a different way, by partitioning them into two disjoint families. To this

end, suppose Bob is a member of S.

Case 1 Suppose Bob belongs to a subcommittee. The remaining r — 1 members of the
subcommittee must be selected from the remaining » — 1 members of S. This can be done
in (’::11) ways; that is, there are (’::]1) r-member subcommittees that include Bob.

Case 2 Suppose Bob does not belong to any r-member subcommittee. So the r members of the
subcommittee must be selected from the remaining n» — 1 members of the committee. Exactly

(":1) such subcommittees can be formed.

3 The parenthesized bi-level notation was introduced by the German mathematician and physicist Andreas von Ettinghausen

(1796-1878) in his book Die Combinatorische Analysis, published in 1826. It is also denoted by C (n,r) and nCr.
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Thus, by Cases 1 and 2, there is a total of (f:}) + (":1) r-member subcommittees. But the

total number of such subcommittees is (). Thus (7) = ('r’:}) + (”:l), as desired. -

For example, (161) + (171) =4624330 =792 = (172).
Next we visit the well-known binomial theorem.

Binomial Theorem

Binomial coefficients play a central role in the development of the binomial expansion of
(x + y)". Euclid knew the expansion for n = 2, and it appears in his classic work, Elements,
written around 300 B.C. The Indian mathematician and astronomer Aryabhata (ca.476—ca.550)
knew it for n = 2 and n = 3, while Brahmagupta (5987-670?) knew the expansion for
n = 3. The binomial theorem for positive integral exponents was known to the Persian poet
and mathematician Omar Khayyam (1048-1131). But the English mathematician and physicist
Isaac Newton (1642—-1727) is credited with the discovery of the theorem in its current form.

We can prove the binomial theorem using Pascal’s identity and PMI. However, we will give
a short and elegant combinatorial proof, employing the fundamental addition and multiplication
principles from combinatorics. To this end, we let | X | denote the number of ways task X can be
done. Then

e If A and B are mutually exclusive events, then task A or B can take place in | 4|+ | B| different
ways (addition principle).
e Twotasks A and B can occur in that order in | A|-| B| different ways (multiplication principle).

Theorem 1.5 (The Binomial Theorem) Let x and y be any real numbers, and n any nonnega-
n

tive integer. Then (x + y)" = Zo ()x""y"
r=

Proof. Notice that (x+y)" = (x + y)(x + y)--- (x 4+ y). Every term in the expansion is of the

n factors
form Cx"~"y", where the constant C counts the number of times x"~" y” occurs in the expansion

and 0 <r <n.An x in x"7" can be selected from any of the n — r factors on the RHS, and a y
in y” from any of the remaining r factors. So the n — r x’s can be selected in (nfr) ways and the
r y’sin (7) ways. So, by the multiplication principle, C = (," )() = (). Since this is true for

n—r r
n
n

every r, it follows by the addition principle that (x + y)" = > (7)x" " y". .

r=0

4
For example, (x + y)* = > (j)x“_’ F=x*44x3y +6x%2y? +4xy P+ y*and (x — y)® =
r=0

Mo

A C)x>(=y)" = x° = 5x*y + 10x3y? — 10x2y3 + 5xy* — )°.
Several interesting results follow from the binomial theorem. To begin with, (1 + x)" =

r

> (’f)x’ Letting x = 1, this yields 2" = )_ (';), that is, the sum of the binomial coefficients
r=0 r=0
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n
(") equals 2". In other words, an n-member committee has a total of ) () = 2" subcommittees;
r=0

5
they include the null subcommittee. For example, ) (f ) = ((5)) + (f) + (g) + (g) + (i) + (g) =2
r=0

n
Suppose we let x = 1 and y = —1 in the binomial theorem. Then we get »_ ('r') (-1 =0;
r=0
that is, »_ (’;) = > (’r') In words, the sum of the binomial coefficients in “even” positions
r even r odd
equals that in “odd” positions.

6
For example, consider the sum Y (°): Then

(- (-0
)9+ -5

The two sums are equal, as expected.
n
Since Y () = 2", it follows that > (%) + > (/) = 2". But we just found that the two
r=0 r even r odd

6 6
0 2
6 6
1 3

sums are equal; so each sum equals 2"~!. For example, > (Z) = > (Z) = 64 = 2°.

r even r odd

We highlight these properties in the following corollary.

Corollary 1.1 Let x be any real number. Then

v = £ ()

() ==

=() - x0) -

In passing, we note that an abundant number of binomial identities can be developed from
the binomial theorem using algebra and calculus.

We also note that by extending the definition of the binomial coefficient in (1.4) to negative
integers and rational numbers, we can generalize the binomial theorem to include negative and
rational exponents [137], as Newton did.
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1.9.3 Pascal’s Triangle

The binomial coefficients ('r’ ) can be arranged as a triangular array, as in Figure 1.2. It is called
Pascal’s triangle after Pascal, who wrote about the array in his Treatise on the Arithmetic
Triangle in 1653, but published posthumously in 1665. However, the array was known earlier in
Germany, Italy, The Netherlands, and England.

1 <« row 0
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 ) 10 10 ) 1 (n—l ) (n—l)
1 6 15 20 15 6 1 r—1 Vv
T n
CBCs (r)
Figure 1.2. Pascal’s Triangle Figure 1.3.

It appeared four centuries earlier in the Chinese mathematician Shi-Kié’s The Precious
Mirror of the Four Elements. According to Shi-Kié, the triangle appeared even earlier, in a 1275
book by Yang Hui Yang. The Chinese and Japanese versions are quite similar. Omar Khayyam
knew of the array around 1100, most probably from Indian sources.

Pascal’s triangle possesses many interesting properties. For instance, each internal entry is
the sum of the entries to its left and right in the previous row. This follows by virtue of Pascal’s
identity; see Figure 1 3

By Corollary 1.1, Z ( ) = 2K, Consequently, the sum of the numbers in row k equals 2,
where the top row is labeled row 0. So the cumulative sum of the numbers in rows O through

n—1

n—lequals Y 2% =2" — 1 = M, the nth Mersenne number.
k=0
The binomial coefficients (znn), which appear in the middle of the triangle, are the central

oo
. . . . 1 2n\ .n
binomial coefficients (CBCs). They are generated by the function Wl ngo (°")x". They

pop up in numerous places.

For example, they occur in the study of Catalan numbers [131] C, = njr : (2”) which are
generated by the function 1= Vl — Z C,x"

We will encounter Pascal’s trlangle several times in the following chapters.

Next we present the celebrated Fibonacci and Lucas sequences [126]. These two bright
shining stars on the mathematical horizon continue to charm professionals and amateurs alike.
They are a delightful playground for exploring, conjecturing, and establishing fascinating
properties, intriguing the mathematical community with their beauty and ubiquity. Like human
twins, they enjoy strikingly similar properties.
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1.10 Fibonacci and Lucas Numbers

Although Fibonacci numbers and their recursive formulation are named after the Italian
mathematician Leonardo of Pisa (ca. 1170—ca.1250), they were known in India several centuries
prior to Fibonacci. They were discovered by Virahanka between 600 and 800 A.D.; by Gopala
before 1135 A.D.; and by Acharya Hemachandra around 1150 A.D. They also appear as a special
case of a formula discovered by Narayana Pandit (1340-1400).

1.10.1 Fibonacci’s Rabbits

There is an interesting puzzle illustrating Fibonacci numbers, which appears as a problem in
Fibonacci’s Liber Abaci, published in 1202. The puzzle runs like this:

Suppose we have a mixed pair (one male and the other female) of newborn rabbits. Each pair takes a month

to become mature. Starting at the beginning of the following month, each adult pair produces a mixed pair

every month. Assuming that the rabbits are immortal, find the number of pairs of rabbits we will have at the
end of the year.

For convenience, assume that the rabbits were born on January 1. They become mature on
February 1, so we still have one pair in February. This pair is two months old on March 1, so it
produces a mixed pair on March 1; thus there are 2 pairs of rabbits in March. On April 1, the
adult-pair produces a new baby pair; the baby pair from March becomes an adult pair; so there
are 3 pairs in April. Continuing like this, there will be 5 pairs in May, 8 pairs in June, 13 pairs in
July, and so on. In December, there will be a total of 144 mixed pairs of rabbits.

1.10.2 Fibonacci Numbers

The numbers 1, 1,2, 3,5,8, ... are the Fibonacci numbers, so called by the French mathemati-
cian Francgois Edouard Anatole Lucas (pronounced ‘Lucah’) (1842-1891) in the 19th century.
They manifest an intriguing pattern: Every Fibonacci number F),, except the first two, is the sum
of its two immediate predecessors, F,,—; and F,—,. Consequently, Fibonacci numbers can be
defined recursively:

F, = 1=F
F, = F,.1+F,», n=>=3.

The first six Fibonacci numbers are 1, 1, 2, 3, 5, and 8.

1.10.3 Lucas Numbers

Closely related to Fibonacci numbers are the Lucas numbers L, , named after Lucas. They follow
exactly the same pattern, except that L, = 3. So they have a nearly identical recursive definition:

Ly, =1, L,=3
L, = L,1+L,», n=>3.
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The first six Lucas numbers are 1, 3, 4, 7, 11, and 18. Table T.1 in the Appendix lists the first
100 Fibonacci and Lucas numbers.

Using these recursive definitions, we can extend both sequences to zero and negative
subscripts: Fp = 0,Lg=2,F_, = (=1)"'F,,and L_, = (—1)"L

1.10.4 Binet’s Formulas

Although Fibonacci and Lucas numbers are often defined recursively for the sake of simplicity,
they can be defined explicitly as well:
F, = o« =P and L, =o" + B",
a—p

where o = HT“E and 8 = f are the solutions* of the quadratic equation x> = x + 1. These
two formulas are called Binet’s formulas, after the French mathematician Jacques Philippe Marie
Binet (1788-1865). Both can be confirmed using PMI.

Binet found the formula for F), in 1843. However, it was discovered in 1718 by De Moivre,
who employed generating functions to develop it. It was also discovered independently in 1844
by another French mathematician, Gabriel Lamé (1795-1870).

1.10.5 Fibonacci and Lucas Identities

Fibonacci and Lucas numbers satisfy a vast array of identities. Some of them are listed in

Table 1.1.
Table 1.1. Fibonacci and Lucas Identities
(D Fn-H + Fi1 =1L, (2) Ln—H + L1 =5F,
(3) Fn+2 + Fn—2 = 3Fn (4) F2n = FnLn
@) Fn+2 —Fyo=1L, (6) Ln+2 — L, =5F,
@) Fn2+1 + F? = Foyti (8) L,%H + L2 = 5Fy41
&) Fn2+1 —F?=F1Fipo (10) L,%H L2=1L, Lys>
(1) F2,—F2,=Fy, (12) L2, —L2, =5F,
(13)  Fyp1Fymi — F2 = (—1)" (14)  Lyg1Ly—y — L2 =5(—1)"
n n
(15) Y Fi=Fia—1 (16) > Li=1L,4r—3
i= 1 i=l1
17 Z B =Fy, (18) Y Ly =Ls —2
i=1 i=1
19 > Fy=Fyp—1 (20) Y Ly = Lyg1—1
i=1 i=1
n n
2D Z Fiz = FnFn+1 (22) le L Ln+1 2
i=1 i=1
n n
23) Y ()Fit+j = Fousj (24) (DLiv; = Lantj
i=0 i=0

4 The number « is the well-known golden ratio,« + = 1, and aff = —1.
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Identities (7), (11), and (15) were developed by Lucas in 1876. Identity (13), called Cassini’s

formula, was discovered in 1680 by the Italian mathematician, Giovanni Domenico Cassini
(1625-1712).

ey

2

3)

“)

Next we highlight a few interesting byproducts that follow from some of the identities:

It follows from Cassini’s formula that every two consecutive Fibonacci numbers are
relatively prime; that is, (F,, F,—;1) = 1. On the other hand, identity (14) implies
that (L,,L,—1) = 1 or 5. Suppose (L,,L,—;) = 5. Then L, = L,y = 0
(mod 5). But this is impossible, since the Lucas numbers modulo 5 form a cyclic pattern:
1342 1342 1342 .... Thus every two consecutive Lucas numbers are also relatively
—_— = =

prime.

In 1964, J.H.E. Cohn established that F; = 1 and Fj, = 144 are the only two distinct
square Fibonacci numbers. Consequently, by identity (7), no two consecutive Fibonacci
numbers can be the lengths of the legs of a right triangle with integral sides. Likewise, the
same holds for any two consecutive Lucas numbers.

Since F,, = F,L,, it follows that every even-numbered Fibonacci number F5, has a
nontrivial factorization, where n > 3. For example, Fijg3 = 2584 = 34 -76 = FyL,.

Identity (21) has an interesting geometric interpretation: Every F,+; x F, rectangle can
be filled with F; x F; squares, where 1 < i < n. For example, the 21 x 13 rectangle in
Figure 1.4 can be filled with one 13 x 13 square, one 8 x 8 square, one 5 x 5 square, one
3 x 3 square, one 2 x 2 square, and two 1 x 1 squares.

On the other hand, suppose we try to cover an L, 4+ X L, rectangle with distinct L; X L;
squares, where 1 <i < n. Then, by identity (22), we will have two unit squares uncovered.

For example, consider the 18 x 11 rectangle in Figure 1.5. It can be covered with one
11 x 11 square, one 7 x 7 square, one 4 X 4 square, one 3 X 3 square, and one 1 x 1 square.
Unfortunately, this leaves a 2 x 1 rectangle uncovered.

8 x8 7 %7

13 x 13 11 11 x 11

3 x3
5x%x5 4 x4

1x1
1x1 1x1 |

3 x3

&)

21 18
Figure 1.4. Figure 1.5.

Identity (9) implies that if we remove an F,, x F,, square from an F, ;| x F, 4+ square, the
remaining area equals F,_; F;1,; see Figure 1.6. By identity (10), a similar result holds for
an L, 4+ X L,4+ square; see Figure 1.7.
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7TxT 7 x4
8| 5 x5 5x%x3 11
8 x 3 11 x4
8 11
Figure 1.6. Shaded area = 13-3 Figure 1.7. Shaded area = 18-4

(6) By Cassini’s formula, we can form an area Fj, F,—; by adding a unit area to an F, X F}
area if n is even, and by deleting a unit area from it if n is odd; see Figures 1.8 and 1.9. There
is a fascinating paradox based on Cassini’s formula [126]. Identity (14) can be interpreted
in a similar fashion.

8 13
(a) (b)
Figure 1.8. (a) Add One Unit Area

5 8
(@) (b)
Figure 1.9. (a) Delete One Unit Area

1.10.6 Lucas’ Formula for F,

In 1876, Lucas developed an explicit formula for F},:

F, = . 1.5
> ( . ) (1.5)

k=0
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This can be confirmed using Pascal’s identity and PMI [11] for a combinatorial argument.
The beauty of this formula lies in the fact that Fibonacci numbers can be computed by adding
up the binomial coefficients along the northeast diagonals in Pascal’s triangle. For example,

2
Fo= 3 (Szk) = (f)) + (‘11) + (g) =14443= ; see Figure 1.10.

1 6 15 20 15 6 1
Figure 1.10.

By virtue of identity (1), Lucas numbers also can be computed from Pascal’s triangle: Add
pairs of alternate northeast diagonals; see Figure 1.11.

1 6 15 20 15 6 1
Figure 1.11.
Lucas’ formula, coupled with the fact that L, = F,,—; 4+ F,+1, can be used to develop an

explicit formula for Lucas numbers:

I _an n (n—k
" n—k\ k |

k=0

(]

2

For example, L, = Z ik(5 k) =14+545=11=({14+2)+ (1 +4+ 3); see Figure 1.11.
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For the sake of clarity and expediency, we next present a partial preview of Pell and Pell—-
Lucas numbers, the central figures in the development of this huge undertaking. This will help
us see a number of their occurrences in different contexts in Chapters 2—-6. We will study them
in detail in Chapter 7.

1.11 Pell and Pell-Lucas Numbers: A Preview

Pell numbers are named after the English mathematician John Pell (1611-1685), since they
occur in the study of Pell’s equation x* — dy* = (—1)", where d is a positive nonsquare integer.
Unfortunately, this attribution to Pell is an error; see Chapter 2. Pell-Lucas numbers, on the
other hand, are named after him and Lucas, although neither had anything to do with them. Like
Fibonacci and Lucas numbers, Pell and Pell-Lucas numbers are mathematical twins; they too
are ubiquitous and share a number of similar properties. This is perhaps the only justification for
the hyphenated name for the latter family.
Pell numbers P, and Pell-Lucas numbers (), are also often defined recursively:

P=1 P,=2 0,=1, 0,=3
Pn:2Pn—1+Pn—2’ I’ZZ3, Qn:2Qn—l+Qn—2a 7123

They both satisfy the same Pell recurrence x, = 2x,—1 + x,—». The only difference between the
two recursive definitions is in the second initial conditions: P, = 2, whereas Q, = 3.

The first six Pell numbers are 1, 2, 5, 12, 29, and 70; and the first six Pell-Lucas numbers are
1,3,7,17,41, and 99. Tables T.2 and T.3 in the Appendix list the first 100 Pell and Pell-Lucas
numbers, respectively.

We will learn in Chapter 2 that the solutions of Pell’s equation x> — 2y% = (—1)" are
(Qn. P,). For example, 412 —2-29> = —1 and 99> —2-70*> = 1.

Recall that Fibonacci and Lucas numbers can be defined by Binet’s formulas. Likewise, Pell
and Pell-Lucas numbers can be defined explicitly by similar-looking formulas.

1.11.1 Binet-like Formulas

The characteristic equation of the Pell recurrence is t2=2t—1=0; solving it, we get two distinct
characteristic roots: y = 1 4+ +/2and § = 1 — /2. Notice that y +§ = 2,y — 8§ = 2+/2, and
y6 = —1; we will be using these facts frequently. By Theorem 1.4, the general solution of the
Pell recurrence is P, = Ay"+ B4§". The initial conditions P; = 1 and P, = 2 yield the equations

Ay + BS = 1 and Ay? 4+ B§?> = 2. Solving these equations, we get A = —B = #5 = ﬁ

So P, = L= Similarly, 0, = Z5>-. Thus we have the following Binet-like formulas for P,
and Q,:

no_gn n gn
p, =7 and Q,1=VJ2F ,

n>1.
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For example,

yr=8t (-8 + 48

P — —
! y—20 y—29

= (Y+)[(y+8)>—2y8] =222 4+2) =12
0, = V8 _ G+ +8—yh)

2 2
= (y+8>-3y5=1.

It follows from the Binet-like formulas that O, + 2P, = y" and Q,, — V2P, = §".

Since 0 — V2P, = 8", |0y — V2P| = |8]" < 3.50 V2P, — 5 < 0y < V2P, + 3.
Since Q, is an integer, it follows that O, = | /2P, + %J This gives an explicit formula for Q,
in terms of P,. Likewise, P, = %LﬁQn + 1].

For example, Qs = [v2Ps+ 1| = [29v/2+0.5] = |41.512193---] = 41 and Ps =
%L99«/§ +1] = %|_141.007142---J = 70, as expected.

1.11.2 Example 1.7 Revisited

Recall from Example 1.7 that R, = % (a" + b") is a positive integer and R, = 1,3,7,9,7,
or 3 (mod 10), where ¢ = 3 + 2+/2 = y?and b = 3 — 242 = §2 Consequently, R, =
32+ 8) = 0o,

Notice that the sequence {Q, (mod 10)} is periodic with period 12: 1,3,7,7,1,9,9,7,3,3,9,1,
1,3,7,7,....... So Qnm+12k = O, (mod 10). Since 24,690 = 12 - 2057 + 6, it follows that
—————

Ri2z45 = Q¢ = 9 (mod 10), as found earlier. (Notice that {Q,, (mod 10)} is periodic with
period 6: 3,7,9,7,3,1,3,7,9,7,3,1...)

You will encounter numerous occurrences of Pell and Pell-Lucas numbers in a variety of
unrelated contexts in Chapter 2—6. Enjoy them, and look for more in the literature.

Matrices and determinants play an important role in the study of the Pell family. We will
take advantage of their considerable power and beauty. First, we briefly introduce these related
mathematical structures. (See [6] for a detailed discussion.)

1.12 Matrices and Determinants

The foundation for the theory of matrices was laid by the English mathematicians Arthur Cayley
(1821-1895) and James Joseph Sylvester (1814—1897). Matrices are a clean, compact way to
store and study groups of data.

For example, suppose you bought 15 coconut donuts, 3 chocolate donuts, and 8 vanilla
donuts from Shop I; and 6 coconut donuts, 12 chocolate donuts, and no vanilla donuts from
Shop II. These data can be arranged in a compact form:
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coconut chocolate vanilla
ShopI |15 3 8
ShopIl | 6 12 0l
Suppose you remember that the first row refers to Shop I, second row to Shop II, first column

to coconut donuts, and so on. Then we can delete the row and column headings. Let M denote
the resulting array:

Such a rectangular arrangement is a matrix.

More generally, a matrix A is a rectangular array of numbers, called elements. It is often
enclosed by brackets or parentheses to indicate its collective nature. A matrix with m rows and
n columns is an m X n (read m by n) matrix. If m = n, then A is a square matrix of order n. If
m =1, A is a row vector;, and if n = 1, it is a column vector.

2 1
For example, M is a 2 X 3 matrix; L o is a square matrix of order 2; (1,2,5) is a row

1.
vector; and 3 1s a column vector.

Let a;; denote the element in row i and column j of an m x n matrix A, where 1 <i <m
and 1 < j < n. For convenience, we then write A = (aij)an. If a;; = O for every i and j, then

. ) 0 )
A is a zero matrix. For example, (0,0,0) and 0 are zero matrices.

Two matrices (a@;j)mxn and (b;;),xs are equal if and only if m = r,n = s, and a;; = b;;
12 x

y 29

for every i and j. For example, let |:l;) 2i| = |:
z

i|. Then w = 12,x = 2,y = 5, and
z=129
Just as we can add like things in ordinary algebra, we can add two matrices of the same size.

1.12.1 Matrix Addition

Let A = (a;j)mxn and (b;j)mxn. Then A + B = (a;; + bij)mxn; thatis, A + B is obtained by
adding the corresponding elements in A and B. For example,

35+58_813
8 13 13 21| |21 34|
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1.12.2 Scalar Multiplication

Suppose each donut you bought cost 75 cents. Then the costs of each type of donuts at Shops I
and II are given by the matrix

75-15 75-3 75-8|  [1125 225 600
75-6 75-12 75-0| | 450 900 0O

This matrix is denoted by 75M .
More generally, let k be any scalar (real number) and A = (a;;)mxn. Then the product kA
is defined by kA = (ka;j)mxn. In particular, —A = (=1)A = (—a;j)mxn is the negative of A.
Using the negative of a matrix, we can now define matrix subtraction: A — B = A + (—B).
Next we turn to matrix multiplication.

1.12.3 Matrix Multiplication

Let A = (aij)mxs and (b;j)sxn. Their product AB is the matrix C = (¢;j)mxn, Where ¢;; =
aj1byj + ajsbrj + - -+ + a;sbyj. The product AB is defined if and only if the number of columns
of A equals the number of rows of B.

For example,
2 —
12 |t 2]]1 2
1A O A 6 TS B L
o frerg2a0 24200 [3 4]
ot 124141 |2 3|0

0 - o[

A square matrix A = (a;j)nxn 1S the identity matrix of order n if a;; = 1 wheni = j, and

zero otherwise. It is denoted by 7,,. For example, I, = |:(1) ?i|
1.12.4 Invertible Matrix

A square matrix A of order n is invertible if there is a matrix B (of the same size) such that
AB = I, = BA. Then B = A™', the multiplicative inverse of A.

For example, let A = |:a Zi| and B = 1 |:d _bi|, where k = ad — bc # 0. Then
c

b

—c a
AB =1, = BA,so B = A7\

. . . 1 .
Unfortunately, not every square matrix is invertible. For instance, 0 0 is not.

Next we turn to determinants, which are closely related to square matrices.
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1.12.5 Determinants

Determinants were first discovered by the Japanese mathematician Seki Kowa (1642—1708).
However, the German mathematician Baron Gottfried Wilhelm Leibniz (1646-1716) is widely
credited with the discovery, although it came ten years after Kowa’s. Interestingly, they both
discovered determinants while solving linear systems of equations.

A determinant is a function from the set of square matrices A = (a;;)nxx» to the set of real
numbers. The determinant of A is denoted by det A or |A|. The latter notation should not be
confused with the absolute value of a real number, since the argument A4 in | A| is a matrix, not a
number.

The determinant of the 2 x 2 matrix A = |:a

b:| is defined by
c d

a b
Al = =ad — bc.
| Al . 4= ¢
In particular, > 12 =5.-29—-12-12 =1, and 21 = —1.
12 29 1 0

We can evaluate the determinant of a square matrix using Laplace’s expansion, named after
the French mathematician Pierre-Simon Laplace (1749-1827).

1.12.6 Laplace’s Expansion

Let A = (a;j)axn and A;; denote the submatrix obtained by deleting row i and column j of A.
Then

n
|A| = (_1)i+jaij|Aij|
j=1
is the Laplace expansion on |A| by row i, where 1 < i < n. (In fact, | A| can be expanded with

respect to any column also.)
For example, let

1 2 5
M=1]12 29 70
169 408 985

Expanding |M | with respect to row 1, we get

29 70
408 985

= 5-2(—10) + 5(=5) = 0.

1270
169 985

29 29

Ml = (=1 1+1
M| =D 169 408

+ (_1)1+2 2 + (_1)1+3 3
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The det function satisfies a number of interesting properties, which can cleverly be used to
simplify the task of evaluation.
Finally, we add that a square matrix A is invertible if and only if |A| # 0. For example, the

2], . ) . .
matrix |:1 1i| is invertible, whereas the above matrix M is not.

Exercises 1

Evaluate each, where Ig x = log, x.

M=

1. Y (k—2)(k — Dk.

)
Il

3

M=

Lk/2].

>
Il

1

M=

ik /2].

a-
Il
-

lg(1 + 1/k).

>
M=

)
|

1

5.3 g1+ 1/k)).

-]
B

k=1
2"
6. X Mlg(1 +1/K)].
=1
7. > k-k! (M.S. Klamkin, 1963). Hint: k - k! = (k + 1)! — k!.
k=1
8. T[] (1 . k3—2+]) (M.S. Klamkin, 1963).

~
II
N

9. ] (aZ" n 1),wherea £ 1. (C.W. Trigg, 1965).
k=0
n

10. J](k+r)=0 (mod n).

r=1
11. n°> =n (mod 30).
Define each sequence {a,} recursively.
12. 1,2,5,26,677,458330,....
13. 2,12,70,408,2378,....
14. 3,5,17,257,65537,....
15. 1,1,2,4,7,13,....



16.

17.

18.
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The 91-function f on W, invented by John McCarthy> (1927-2011), is defined recursively:

n—10 ifn > 100

T =0t rm+11) 0 <n < 100.

Compute f(99) and f(f(99)).

Let u,, be an integer sequence such that uy = 4 and u, = f(u,—1), where f is a function
defined by the following table and n > 1. Compute ugg9999. (Mathematics Teacher 98
(2004))

Hint: First show that 4,4+, = u,, where 0 < r < 3.
Let {a, } be a sequence defined by a, = —a,—; — 2a,—,, where a; = 1 = —a, and n > 3.
Prove that 2"+ — 7a2_, is a square. (E. Just, 1972)

Prove each, where a|b means a is a factor of b and n > 1.

19. n+1)[ ().
20. i (’:)2 = (Zn”) (Lagrange’s identity)
r=0
2 3 () =6,
22. Fypy1+ Fi—1 =L,
23. Lyy1+ L, =5F,.
24. F?+ FHZJrl = Ft.
25. L2+ LﬁH = 5F41.
26. P, + P, = O,.
27. On+ Qut1 = 2P+
28. Pyy1— P, = 0,
29. Ont1— Qn =2P,.
30. Pyy1+ Py =20,.
31, Quy1+ Qn1 = 4P,.
Solve each recurrence using the corresponding initial conditions, where b is an integer and
n > 3.
32. a,=a,—1+a,—>,a1 =1,a, =b.
33. a, =2a,-1+ a,—;ay =1,a, = b.
34. a,=a,-1+a,—»—b;ay =b+1=a,. Hint:Leth, = a, —b.

5 McCarthy coined the term artificial intelligence while at Dartmouth College, New Hampshire.
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35. a, =2a,.1+a,—»—2b;a; = b+ 1,a, = 2b. Hint: Letb, = a, — b.
Find a generating function for each sequence {a, }, which is defined recursively.
36. a, =a,— +n;ay=0.

37. a, = 6a,-1 —a,—;ayp=0,a; = 6.

38. a, =6a,——a,—4;a1 =1,a, =5,a3 =11,a4 = 31.

39. ay =34ap—1 —an— +2;a1 = 1,a, = 36.

11
Let Q = .
0 1 0
40. Prove that Q" = Fav1 B , where n > 1.
Fn Fn—l
41. Deduce Cassini’s formula for Fibonacci numbers. Hint: |[AB| = |A| - | B|, where A and B

are square matrices of the same size.
42. Establish the addition formula F,+, = F,, F,+1 + Fu—1 F,.
43. Is Q invertible? If yes, find Q.
44. Find (Q — I)7!, if possible.
45. Provethat F\+ F,+ F3+--+F, = F,yo— 1. Hint: [+ Q + Q*>+---+ Q" = Q"2 —Q.

Let P = 21.
10

46. Prove that P" = Py By
Pn Pn—l

47. Deduce that P, P,—y — P? = (—1)".
48. Prove the addition formula P,,+, = P, P,+1 + Pp—1 P,.
49. Is P invertible? If yes, find P!,

:|, where n > 1.
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Pell’s Equation

2.1 Introduction

In February, 1657, Fermat challenged the English mathematicians John Wallis (1616-1703) and
Lord William V. Brouncker (1620—1684) to solve the non-linear diophantine equation x>—dy? =
1, where d is nonsquare and positive. The amateur French mathematician Bernard de Bessey (ca.
1605-1675) solved it for d < 150. This equation is now called Pell’s equation, since the great
Swiss mathematician Leonhard Euler (1707-1783) erroneously attributed Brouncker’s work to
John Pell (1611-1685) of England. In fact, Pell’s contribution to the analysis of the equation
is negligible, since he was “revising someone’s translation [Wallis’] to someone else’s algebra
[10]”

Historically, Indian mathematicians knew how to solve the equation as early as 800 A.D.
Around 650 A.D., Brahmagupta (ca. 598—ca. 670) wrote that “a person who can solve the
equation to x> — 92y% = 1 within a year is a mathematician.” Its least positive solution is
x = 1151,y = 120 : 1151> — 92 - 120> = 1. Acharya Jaydeva (ca. 1000) and Bhaskara II
described a method for solving Pell’s equation.

Unfortunately, the equation has been given multiple names. Some authors called it Pellian
equation, some the Pell equation, and some the Fermat equation. In 1963, Clas-Olaf Selenius
of the University of Uppsala called it the Bhaskara—Pell equation; four years later, the Indian
mathematician C.N. Srinivasa lyengar called it the Brahmagupta—Bhaskara equation. In 1975,
Salenius changed his mind and wrote that “perhaps the Jayadeva—Bhaskara equation would be
the best.” The Museum of Science in Boston, Massachusetts, calls it the Pell equation in its
display of the contributions of Bhaskara II.

The famous cattle problem [10] by the Greek mathematician Archimedes (287-212 B.C.)
involves solving Pell’s equation x> —4729494y2 = 1. Predictably, its solutions are so enormous,
they are too large for all scientific calculators. In fact, many doubt whether the cattle problem
was indeed proposed by Archimedes; even if he did propose it, he could not possibly have solved
it. In 1768, Lagrange provided a proof of a method for solving Pell’s equation using Euler’s work
on the topic and continued fractions.

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9_ 2, 31
© Springer Science+Business Media New York 2014
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Although studied by mathematicians for over 1300 years, Pell’s equation continues to be an
area of mathematical interest. H.C. Williams of the University of Calgary, Alberta, Canada, said
at the 2000 Millennial Conference on Number Theory, held at the University of Illinois, Urbana,
that over 100 articles had been published on Pell’s equation in the 1990s. As part of algebraic
number theory, Pell’s equation has applications to computer science, factoring of large integers,
and cryptography [153] and [260]. In 2003, E.J. Barbeau of the University of Toronto, Canada,
wrote a book devoted to Pell’s equation [9].

In 1991, James P. Jones of the University of Calgary and Y.V. Matijasevi¢ of the Steklov
Mathematical Institute, Leningrad, Russia (both logic number-theorists), employed Pell’s equa-
tion x> — dy? = 1 to establish the recursive unsolvability of the Tenth Problem of the
great German mathematician David Hilbert (1862-1943): Find an algorithm to determine the
solvability of the diophantine polynomial equation P (xy, X3, ..., x,) = 0. Hilbert proposed this
problem in 1900. Although Matijasevi¢ had proved its unsolvability in 1970, the 1991 proof is
much shorter.

It may not seem obvious at first that there is an extremely close relationship between Pell’s
equation x2> — dy? = 1 and continued fractions. But Chapter 3 will show that there is.

How do we solve Pell’s equation? When d = 0, it has infinitely many solutions: (%1, y),
where y is arbitrary. Suppose d < 2. Then x> — dy? > 1, except when x = y = 0. So the

only two solutions are (£1,0). If d = —1, then x> + y?> = 1; it has exactly four solutions:
(£1,0), (0, £1). These are trivial solutions.
Suppose d is a square D2. Then Pell’s equation becomes x> — D?y?> = 1; that is,

(x + Dy)(x — Dy) = 1.Sox + Dy = x — Dy = =£1. Solving these two linear systems,
we will get a solution in each case.

Thus we know how to solve Pell equation when d < 0 or d is a square. So we turn to the
case when d is nonsquare and positive; we will assume this throughout our discourse. Suppose
(x, y) is a solution. Then (x,—y) and (—x, ) are also solutions. Consequently, knowing all
positive solutions will enable us to find all solutions. So we confine our pursuit to positive integral
solutions.

The simplest Pell equation is x> — 2y? = 1; that is, 1 4+ 2y? = x2. By inspection, («, 8) =
(3, 2) is the solution with the least positive value of x: 32 — 2 - 22 = 1; it is the fundamental
solution. The next one is (17, 12) : 172 —2-122 = 1.

The following theorem shows how we can compute all solutions from the fundamental
solution. We omit its proof [130] for the sake of brevity.

Theorem 2.1 Let (o, B) be the fundamental solution of Pell’s equation x> — dy* = 1. It has
infinitely many solutions (x,, y,):

X = %[(a+ﬂ«/2)”+(a—ﬁﬁ"]

1 n_ _ n
v R AU Rt MO |

where (x1, y1) = (o, ) and n > 2. u

The next two examples illustrate the theorem.
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Example 2.1 Find six solutions of Pell’s equation x> — 2y? = 1.

Solution. Since the fundamental solution is (&, 8) = (3,2), by Theorem 2.1, the general
solution (x,, y,) is given by

_ 1 " " _V2n+82}’l_
Xy = §k3+2J®-+@—2V®]—=—77—=—Qh
B 1 ) ; _y2n_82n_
Y = —2ﬁ[(3+2«/§) —(3—2\/5)]_—%(S = Py

Then (x3, y2) = (Q4, P4) = (17, 12) is a solution. Likewise, (99, 70) is a solution. The first six
solutions are listed in Table 2.1.

Table 2.1.

n] x |

1 3 2

2 17 12

3 99 70

4 577 408

51 3363 2378

6 || 19601 13860 .

The next example presents a geometric application of the square triangular problem, studied
by M.E. Larsen of Denmark in 1987 [149]. We will study it in detail in Chapter 6.

Example 2.2 Identify the triangular arrays that contain a square number of bricks, as in
Figure 2.1.

Figure 2.1.

Solution. Let x denote the number of rows of bricks in the triangular array. The number of
bricks in the array equals , = w We want t, = y? for some positive integer y. So x(x +
1) = 2y%. Letting u = 2x + 1 and v = 2y, this yields Pell’s equation u?> — 2v? = 1:
u?> =207 = (2x 4+ 1)* =2(2y)*
= 4(x*+x—-2yH)+1
= 1.
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By Example 2.1, the solutions of this equation are given by (u,,v,) = (Q2,, P), Where

(u1,v1) = (Q3, P») = (3,2) and n > 1. Correspondingly, x,, = ””T_l and y, = 3.
Table 2.2 shows the first five possible solutions (x;,, y,) of the brick problem.

Table 2.2.
’ H Un Un ‘ Xn Yn ‘
3 2 1 1
17 12 8 6

99 70 49 35
577 408 | 288 204
3363 2378 | 1681 1189

DN AW =S

The next example will reappear in Chapter 6.
Example 2.3 Solve Pell’s equation x> — 8y? = 1.

Solution. This equation can be rewritten as x> — 2z2 = 1, where z = 2y is even. By Example
2.1, its general solution is (x,, z,) = (Q2,, P2,). Consequently, the general solution of the given
equation is (x,, v,) = (Qa, %Pzn). (This implies that Py, is an even integer; see Chapter 7.)

In particular, (x;,y;) = (3,1) and (x2,y,) = (17,6) are two solutions of the given
equation. u

Example 2.4 Find three solutions of Pell’s equation x> — 7y% = 1.

Solution. Solving the given equation amounts to solving 1 + 7y = x2. By trial and error, we
find that (c, B) = (8, 3) is the fundamental solution. The remaining solutions are given by:

1
W o= 3 [(8 37 + (8 — 3ﬁ)”]
1
= —— |8 4+3V)' =@8=3VD)"|, n=2.
VAL ECEENGY
Whenn = 2:
1
v = 2[E+3VD+E-3vD| =127
1
= ——|(843vV7)?*—(8-3V7)?| = 48.

n =z [« ) —( 7]

So (x2, y2) = (127, 48) is a solution. Likewise, (x3, y3) = (2024, 765) is also a solution. u

As d gets larger, it is not easy for us to find the fundamental solution by inspection. We can
resort to continued fractions, as we will see in Chapter 3.



2.1 Introduction 35

The next example, the problem of the square pyramid, is also a geometric application of
Pell’s equation, again studied by Larsen [149]. It was originally studied by Lucas in 1875: “The
number of cannon balls piled in a pyramid on a square base is a perfect square. Show that the
number of balls on a side of the base is 24.” The same problem is discussed by the well-known
English puzzlist Henry E. Dudeney (1857—1930) in his 1917 book, Amusements in Mathematics.
It was also investigated by the English mathematician George N. Watson (1886—1965) in 1919
[254].

Example 2.5 Consider the brick pyramid in Figure 2.2. Identify such pyramids that have the
property that the total number of bricks in each pyramid is a square.

Figure 2.2.

Solution. Let x denote the number of layers of bricks in the pyramid. Since the number of bricks

X
in each layer is a square, the total number of bricks in the pyramid equals )_ i = w.

i=l1
We want this to be a square y?:

x(x+1DH2x +1) _ )2

- 2.1)

Clearly, (x, y) = (1, 1) is a solution.

The product of two consecutive positive integers is never a square. One way of solving it
is by letting 2x + 1 = u? and x + 1 = v?. Then the equation becomes x = 6 (uy—v)z; that is,
“ZT_I = 612, where t = uy—v So u? —3(2t)> = 1; thatis, u> — 3w? = 1, where w = 2t = %

By Theorem 2.1, the solutions of this Pell’s equation are given by

u, = % [(2 + V32— \/5)"] 2.2)

w, = %[(z+«/§)n—(z—\/§)"].
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Knowing u,, we can compute the corresponding x,, from the substitution u?> = 2x + 1; so we
will focus on u,,. Once we know Xx,,, we can return to equation (2.1) to compute the corresponding
v,. Notice that, since u,% = 2x, + 1, every u, is odd.

From equation (2.2), u; = %[(2 + +/3) + (2 — v/3)] = 2, which is not odd; so it is not an
acceptable solution of u? = 2x + 1.

When n = 2,u, = 3[(2 + +/3)? + (2 — +/3)%] = 7. This is clearly valid. Correspondingly,
2x +1 = 49; so x = 24. Then y2 = %‘5'49 = 4,900; so y = 70. Thus (24, 70) is a nontrivial
solution of equation (2.1): w = 702,

Are there other nontrivial solutions? In 1919, Watson proved that this is the only nontrivial
solution to the problem. We now add that since u,, is an integer and 0 < 2 — v/3 < 1, it follows

that u, = [(2 4+ v/3)"/2]. .

The following example is an interesting application to statistics; it shows the occurrence of
Pell’s equation in strange and unrelated places. It was proposed as a problem in the American
Mathematical Monthly in 1989 by Jim Delany of California Polytechnic State University, San
Luis Obispo [60].

Example 2.6 The mean and standard deviation of any seven consecutive positive integers are
both integers. Find integers n(> 2) that share this property with 7.

Solution. The mean u (Greek letter mu) of n numbers x1, x», . .., X, and their standard deviation
n n
o (Greek letter sigma) are given by u = + " x; ando = [+ Y (x; — u)?, respectively.
i=1 i=1
We will investigate the general case by considering the arithmetic sequence a,a+d,...,a+

(n — 1)d, where a is an arbitrary integer and d the common integral difference. Their mean is
given by u = % [na + @d ] =a+ w; and their standard deviation by

n—1
no? = dzz:(i—l)2
i=0

n—1
= d*) (> =2it+17)
i=0

nn?—1)

= d*——~
12

d [n?—1

o = — :
2 3

after some basic algebra, where ¢t = %
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Case I Letnbe odd. Thenn? = 1 (mod 8) and (n—1)d is even; so j is integral. Consequently,

o is integral if and only if 4/ ”ZT_l is a positive even integer u; that is, if and only if (n,u) is a

solution of Pell’s equation n? — 3u? = 1, where u is even.

Case 2 Let n be even. Then p is integral if and only if d is even. So o is integral if and only if
n2—1
3
even.

is a square u?; this yields Pell’s equation n>—3u? = 1, where u is an integer, not necessarily

From the previous example, the solutions (ny, uy) of Pell’s equation are given by

ny = % [(2 +VA) - «/5)"] (2.3)
up = 2—\1/5[(2+\/§)"—(2—f3)"].

Since ny is an integer and 0 < 2 — /3 < 1, it follows that n; = [(2 + +/3)%/2], where k > 1.
It follows from (2.3) by the binomial theorem that

k
2ny = (’;)2“" (/3 + (V3]
i=0
k—1 k 1
ne = (l_)z"—"—l (V3 + (V3 |+ S [1+ (1)]3
i=0

L(k—1)/2]

— Z (;)zk—%?)i —I—%[l + (_1)k] 3k/2

i=0

= A+ % [1+ (—1)F] 3", (2.4)

where A is even since k — 2i > 1.

It follows from (2.4) that n is odd if and only if k£ is even. When ny is even, k is odd and
d even. Letk = 2j + 1, where j > 0. The smallest five such values of n,; 1 are 2, 26, 362,
5042, and 70226.

Suppose d is odd. (In particular, d can be one, as in the given problem.) Then 7y is odd. So
k is even, say k = 2j, where j > 1. Correspondingly, n,; = [(7 + 4+/3)7 /2]. The smallest
five values of ny; are 7, 97, 1351, 18817, and 262087. "
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2.2 Pell’s Equation x2 — dy? = (—1)"

Closely related to x> — dy? = 1 is Pell’s equation x> — dy? = —1. Not every such equation is
solvable. For example, suppose the equation x> — 3y = —1 is solvable. Then x> = —1 = 2
(mod 3). But this congruence is not solvable, so Pell’s equation x> — 3y? = —1 is not solvable.

But when x? — dy? = —1 is solvable, its infinitely many solutions can be generated from its
fundamental solution, as the next theorem shows [130].

Theorem 2.2 Let («, B) be the fundamental solution of Pell’s equation x> — dy* = —1. It has
infinitely many solutions (x,, y,), given by

X, =

% [(oz +BVd)Y" !+ (@ - pVd 2"—1]

— L 2n—1 __ _ 2n—1
wo= s VD - = gV,

where (x1, y1) = (o, ) and n > 2. u

The formulas for the solution (x,, y,) in Theorems 2.1 and 2.2, although they look simple
and elegant, are not practical. As n gets larger and larger, expanding (¢ + 8 V) gets more and
more complicated, and simplifications become more and more tedious.

We will make this task far less cumbersome by developing a simple recursive formula for
constructing all solutions of the equation x> — dy? = (—1)" from its fundamental solution. Its
beauty lies in the fact that we do not have to deal with the binomial theorem or radicals. In
addition, the recursive approach can easily be implemented with a computer. But first some new
vocabulary.

2.3 Norm of a Quadratic Surd

Let x and y be rational numbers. Then the number u = x + y\/g is a quadratic surd. Its
conjugate u is x — y~/d. Its norm N (u) is given by N (1) = uti = (x + y~/d)(x — y/d) =
x% — dy?. Clearly, N (u) is the LHS of the equation x> — dy? = (—1)".

For example, N3 +2+2) =32—2-22=1land N(17 —6+/8) =172 —8-6> = 1

The conjugate and norm functions satisfy several interesting properties; some are listed
below, where u and v are quadratic surds:

(1) u=u 2) uto

—U+7T
(3) uv=uv 4) (%) =% wherev #0

(5) N(@)=N(u) 6) N@) =N

(7) N@v)=NuN@) @) N(Y)= §§§ where v # 0.

We omit their proofs in the interest of brevity. [It follows from property (5) that N (u) is a rational
number.]
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2.4 Recursive Solutions

The following theorem gives the desired recursive formula.

Theorem 2.3 Let (x,, y,) be an arbitrary solution of x> — dy> = (—1)", where x and y are

positive integers. Then
Xp| o dB||xp
Yn B« Y-t |

where (x1, y1) = («, B) denotes its fundamental solution and n > 2.
Proof. Assume that (x,_1, y,—1) is a solution. Then

Xo +yavVd = (@xe—1 + Bdya—1) + (Bxn—i + ayu—)Vd
= (a+ BVd) (et + a1 Vd)
Ny + yaVd) = N(a+BvVd)- N1+ yo1Vd)
xp—dy = (@ —d’B)(x)_, —dy;_))
= (=) (-D""!
= (="

Since (x1, y1) is a solution, the result follows by PMI. u

For example, («, 8) = (73, 12) is the fundamental solution of x> — 37y? = 1 : 732 — 37 -

122 = 1. By Theorem 2.3,
x| 73 71312]]73
v |12 73 12

10567
1752

is also a solution: 10567% — 37 - 1752 = 1.
Theorem 2.3 yields two interesting byproducts:

(1) Since x, = ax,—1 +dBy,—1 > 1-xp,—1+d-0-y,—1 = x,—1and y, = Bx,—1 + ay,—1 >
0-x,—1 4+ 1-y,—1 = yn—1, it follows that x,, y, > 0, and that both {x,} and {y,} are
increasing sequences. Consequently, when Pell’s equation is solvable, it has infinitely many
solutions.

(2) When 7 is even, (x,,y,) is a solution of x> — dy> = 1; otherwise, it is a solution of
x2 — dy? = —1. That is, (x2,, y2,) is a solution of x> — dy? = 1 and (x2,—1, y2,—1) a
solution of x> — dy? = —1.
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2.4.1 A Second-Order Recurrence for (x,, yn)

Theorem 2.3, coupled with recursion and matrices, can be used to develop a second-order
recurrence for the solution (x,, y,). To this end, first notice that

o df]”  [e?+dp  2dap
B« B 208 o +dp?

22— (=) 2dap
B | 20p 20% — (—1)"

_ o dp| . .1 0
2o

Consequently, by Theorem 2.3, we have

Xn | _ _oz d,B_ Xn—1
Yn _IB @ || V-1

(o ap 21 0]\ | X
o R T
- 2a [)y‘”:j—(—l)" [i:j (2.5)

This is the desired second-order recurrence for (x,, y,).

2.5 Solutions of x2 —2y? = (—1)"

Consider Pell’s equation x> —2y? = —1. Its fundamental solution is (x;, y;) = (&, B) = (1, 1).
By Theorem 2.3, its remaining solutions are given by the recurrence

eI

where n is odd. This implies that x, = x,—; + 2y,—; and y,, = x,—1 + y,—1, where n > 2. It
follows from these two recurrences that both x,, and y, satisfy the Pell recurrence; so (x,, y,) =
(Qu, Py,), where n is odd.

This follows from the second-order recurrence (2.5) also when # is odd:

Xn -2 Xn—1 + Xn—2 .
Yn Yn—1 Yn—2
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Clearly, both x,, and y, satisfy the Pell recurrence. Since x; = 1 = Q,x, =7 = 03,y =
1 = Pi,and y, = 5 = P,, it follows that (x,, y,) = (Qn, P,), where n > 1. Thus (x2,, y2,) =
(Qan, P2y gives solutions of x> — 2y? = 1 and (x2,—1, Yon—1) = (Q24—1, P2s_1) solutions of
x2—2y?=—1.

Since (Qau, Pay) is a solution of x2 — 2y? = 1, it follows by Theorem 2.3 that

Q2n — 3 4 Q2n—2
Py, 2 3| Py |
Thus an = 3Q2n—2 + 4P, and P,, = 2Q2n—2 + 3Py,_», where n > 2.

2.5.1 An Interesting Byproduct

Since (Q,, P,) is a solution of x> — 2y? = (—1)", it follows that Q2 — 2P2? = (—1)". (We
will revisit this identity in Chapter 7.) For example, 02 — 2PZ = 41> —2-29* = (—1)° and
QF—2P2 =99 —2-70* = (-1)°.

To digress a bit, consider the Pell equation x?> — 8y? = (—1)"; that is, x> — 2u? = (—1)",
where u = 2y [7]. Every solution of x? — 8y = (—1)" is of the form (x,, yx) = (Qy. 3P,
where n > 1. Suppose n is even, say, n = 2m. Then (x,, y,) = (Qam, %sz) = (Qam, PnOm),
since Py, = 2P, Q,, (see Chapter 7).

On the other hand, let n = 2m + 1. Then (x,, y,) = (Q2n+1, %PZm—H)- Since P41 has
odd parity (see Chapter 7), the equation x> — 8y = (—1)" has no integer solutions. The first
three such solutions are (1, %) (7, %) and (41, %).

2.6 Euler and Pell’s Equation x? — dy2 = (—1H"

Euler found that if (u, v) is a solution of x> — dy? = —1, then (2u® + 1, 2uv) is a solution of
x2—dy?>=1:

Qur + 1) —dQuv)? = 4w+ 1)+ 1—4du*v?
= 4u*(dy?) + 1 — 4du*v?
= 1.

Likewise, if (4, v) is a solution of x> — dy? = 1, then so is (2u? — 1, 2uv).

In particular, let d = 2. Since (Q,—1, P»,—1) is a solution of x> — 2y? = —1, it
follows that (2Q3, _, + 1,2Py,—1Q2,—1) is a solution of x> —2y? = 1. So (203, _, + 1)* —
2(2P3,-102,-1)> = 1. On the other hand, (Q»,, P»,) is a solution of x> — 2y? = 1; so is
(2Q§n - 1’ 2P2n Q2n)- Thus (2Q§n - 1)2 - 2(2P2n Q2n)2 =L

The next example illustrates the relevance of Pell’s equation in geometry. It is well known
that the Pythagorean triangle with sides 3, 4, and 5 has two interesting properties: The sides are

T This is a special case of the Pell equation x2 — (k2 + 4)y% = (—1)".
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consecutive integers and the area is an integer, namely, 6 (a perfect number); see [130] for a
discussion of perfect numbers. A triangle with sides 13, 14, and 15 also has both properties. Are
there other such triangles? We will now show that there is an infinitude of such triangles.

Example 2.7 Prove that there are infinitely many triangles whose sides are consecutive integers,
and whose area is an integer.

Proof. Let a, b, and ¢ denote the lengths of the sides of the triangle, and s its semi-perimeter.
Then, by Heron’s formula, its area A is given by A = \/s(s — a)(s — b)(s — ¢).
In particular, leta =t —1,b =t,and ¢ =t + 1, where t > 4. Then

4 = 3t t+2 t t—2
N 2 2 2 2

_ L AEew,

4

Since A is an integer, ¢ must be even, say ¢ = 2x. Then A = x/3(x? — 1). Furthermore,
3(x? — 1) must be a square, say, u>. Then 3(x> — 1) = u? implies that 3|u. Letting u = 3y, this
yields Pell’s equation x? — 3y? = 1.

Since (2, 1) is its fundamental solution, by Theorem 2.2, this Pell’s equation has infinitely
many solutions, given by x, = 2x,-1 + 3V,—1,Vn = Xp—1 + 2y,—1, Where n > 2.
Consequently, there are infinitely many triangles with sides 2x, — 1, 2x,, and 2x, + 1, and

area A = x,/3(x2 — 1) = x,/3(3y2) = 3x, V0. .

The next two triangles with the desired properties have sides 51, 52, and 53; and 193, 194,
and 195. Their areas are 1170 and 16296, respectively.

To pursue this example a bit further, it follows from the recurrences that x,, = y,—; (mod 2)
and y, = x,—; (mod 2). So x,42 = x,, (mod 2) for every n > 1. But x; is even. Therefore,
Xou—1 is even. Likewise, xj, is odd. Thus x, = n + 1 (mod 2). Similarly, y, = n (mod 2).
Consequently, x, and y, have opposite parity. Thus the area of every triangle in this example is
an even integer.

Another application of Theorem 2.3 is the root-mean-square problem, which appeared in the
1986 USA Mathematical Olympiad.

Example 2.8 The root-mean-square (rms) of n positive integers ai, d», .. ., a, is given by
2 2 2
ayt+a;+---+a
rms(al’az’...’an): \/ 1 2 n
n
Clearly, rms(1) is the integer 1. Find, if possible, an integer n > 2 such that rms(1,2,...,n) is
an integer.

Solution. Notice that rms(1, 2)~ 1.58, rms(1,2,3)~ 2.16, and rms(1,2,3,4)~ 2.74; they are not
integers. Clearly, this approach is not practical.
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So we will let the power of solving Pell’s equation x> — dy? = 1 do the job for us. To this
end, suppose rms(1,2,...,n) = m? for some positive integer m; that is,

12+22_|_32_+_.__+n2_m2

n

Using summation formula (2), this yields 2n2 + 3n + 1 — 6m?> = 0. Completing the square,
the equation becomes (4n + 3)> — 48m? = 1; that is, x> — 3y? = 1, where x = 4n + 3 and
y = 4m. Thus we are looking for a solution (x, y) of Pell’s equation x> — 3y = 1, where
x=-—1 (mod 4),y =0 (mod 4), and x > 13.

Since (a0, B) = (2, 1) is the fundamental solution of x> — 3y2 = 1, by Theorem 2.3, the
remaining solutions are given by the recursive formula

Xp | 12 3| |xu—1
Yn I 2 Yn—1 ’
where n > 2. We will now use this formula to find a solution (x,, y,) such that x, = —1

(mod 4), y, =0 (mod 4), and x,, > 13.
Using iteration, this matrix formula yields

3|[2] [7 (x| 2 3][7] 26
2111 |4 ys| |1 2|[4] |15

(x| 2 3][26] |97 (x| [2 3][o7]  [362
yol |1 2][15] |56 ys| |1 2][56] |209

x| [2 3|[362] [1351

ye| |1 2][209| | 780 |

Finally, a solution is at hand: x¢ = 1351 = —1 (mod 4) and ys = 780 = 0 (mod 4). Thus
(1351, 780) is a solution of x> — 3y? = 1, satisfying the three conditions.

Consequently, 4n + 3 = 1350 and n = 337. (We will revisit this problem in
Example 3.10.) u

X2 _2
1

The following theorem also can be used to solve the equation x> — dy? = 1. Again, we omit
its proof for the sake of brevity.

Theorem 2.4 Let («, B) be the fundamental solution of Pell’s equation x> — dy* = 1. Then all
its solutions (x,, yn) are given by x, + yuv/d = (a + BN/d)", where (x1,y)) = (a, B) and
n>1. n

The next example also employs the equation u> — 3v? = 1 from Example 2.6 and invokes
Theorem 2.4. It was proposed as a problem in 1992 by D.M. Bloom of Brooklyn College, New



44

2. Pell’s Equation

York City [21]. Three years later, R. DrnoSek, then a student at the Institute of Mathematics,
Physics, and Mechanics, Ljubljana, Slovenia, gave a simple solution to it [77].

Example 2.9 Prove that there are infinitely many positive integers a such that both @ + 1 and
3a + 1 are squares. In addition, if {a,} denotes the increasing sequence of such integers, then
a,a,+ + 11s also a square. See [63] for a related problem.

Proof. Leta + 1 = x? and 3a + 1 = y2. Then 3x% — y? = 2; so x and y have the same parity.
Suppose x = 2a and y = 2b. Then 2(3a? — b?) = 1, which is a contradiction. So both x and y
are odd.

The equation 3x? — y? = 2 can be rewritten as

6x>—2y* = 4
Bx—y)?=3(y—x)° = 4
3x—y\° — x\2
xX—y _3(y x) _ 1
2 2

u> -3 = 1,

where u = (3x — y)/2 and v = (y — x)/2. Since we are interested only in positive solutions,
x <y < 3x.

Since (2, 1) is the fundamental solution of Pell’s equation u?> — 3v? = 1, by Theorem 2.4,
all its solutions (i, v,) are given by u, + v,v/3 = (24 +/3)", wheren > 1. Letr = 2 + /3
and s = 2 — \/5, the solutions of the equation t>?—4t + 1 = 0. Since u, + vn\/g = r" and
Uy, — vn«/g = s", it follows that u,, = ’nzi and v, = ’;7;. So u, + v, = x, and hence
an=x2—1=(u, +v,)*—1= é (r#*! 4 s2*1 — 4). Since x, is an integer, 0 is a,.
Then

apap+1 +1 = (Xﬁ - 1)(x;3+1 - 1) + 1
— é (r2n+1 + s2n+1 —4). é (r2n+3 + S2n+3 4) 41

_ [(r2n+2 4 g2 t2 _ 8) /6]2
is also a square integer, as desired. u

In particular, a; +1 = 32, a0 +1 = 1123a; +1 =3-8+1 =5 andaja, + 1 =
8-120 + 1 = 312

Next we present a geometric application of Pell’s equation x>—2y? = —1, studied by Larsen
[149].

Example 2.10 Figure 2.3 shows two triangular arrays of bricks. They have the property that the
number of bricks in one array equals twice that in the other. Identify such triangular arrays.
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e Sl

Figure 2.3.

Solution. Let x denote the number of rows of bricks in one triangular array and y that in the
other array. Then array 1 contains 7, = w bricks and array 2 contains 7, = w bricks.

Suppose 2t, = t,. Then 2 - x(x,jl) = y(y;'l); that is, 2x(x + 1) = y(y + 1). We now make
a convenient substitution: ¥ = 2y 4+ 1 and v = 2x + 1. Then

w? =202 = Qy+1)*—202x +1)>?
= [4y(y + D] —2[4x(x + 1) + 1]
= —1.

Clearly, its solutions are given by (u,, v,) = (Q2,—1, P2y—1), where n > 1.

Correspondingly, the given brick problem has infinitely many solutions, given by (x,, y,) =

(””T_l, "”T_l), where n > 1. Table 2.3 shows five such solutions.

Table 2.3.

ol w o] w2, =1,
1 1 1 0 0 0
2 7 5 2 3 6
3 41 29 14 20 210
4 239 169 | 84 119 7,140
5| 1393 985 | 492 696 242,556

We now stretch this example a bit further. The sequences {u,} and {v,} satisfy the same
recursive pattern, so they can be defined recursively:

M1:1, M2:7 1)1:1, 1)225
Up = 6Up_1 —Uy—, n=3; Vp = 6V, —V,—2, n >3

For example, uy = 6us —uy; = 6-41 -7 =23%9and vy = 6v3 — v, = 6-29 -5 = 169; see
Table 2.3.

The next example shows an interesting algebraic identity satisfied by every solution (x, y)
of Pell’s equation x> —2y? = —1. It was originally proposed as a problem by Lt. Col. Allan J.C.
Cunningham (1842-1928) of the British Army, in the Educational Times in 1900 [56].

Example 2.11 Let (x, y) be a solution of Pell’s equation x> — 2y? = —1. Prove that

P+3 45+ 4+Q2y—1)7°=x%2%
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Proof LetS =13 +334+ 5 4+... 4 (2y — 1)°. Then

2y—1

S = Y P-[2+#+-+02y-27]
k=1
2y—1 y—1

= Y k-8
k=1 k
_ [(Zy —~ 1)(2y)]2 e [(y - 1)y]2

k3
1

2 2
= Yy -1)’-2y°(y -1
= Y@’ -1)
= X .

The next example, geometric in nature, appeared in the 1985 American Invitational
Mathematics Examinations (AIME). Although it is not directly related to Pell’s equation
x? —2y? = —1, it will lead us to the equation, as we will see shortly.

Example 2.12 A small square is constructed inside a unit square A BCD by dividing each side
into n equal parts and then connecting its vertices to the division points closest to the opposite

vertices; see Figure 2.4. Find the value of n such that the area of the small square (see the shaded
area) is exactly 19%.

1 1
D n D nC
1 ¢ i
n n
F
G
H E
1 1
n
A 1 B A1 B
n n
Figure 2.4. Figure 2.5.

Solution. Label the points as in Figure 2.5 such that FH is parallel to EB. Clearly, ADCE and

AFGH are similar, so the lengths of their corresponding sides are proportional. Consequently,

2o = DL 5o FG? = g—g; - FH?. By the Pythagorean theorem, this implies that
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1 12 1
1985_1+(1_1)2 n?’
n

That is, n> —n — 992 = 0; that is, (n — 32)(n + 31) = 0. Thus n = —31 or 32. Since n > 0, it
follows that n = 32. n

The following example, based on this AIME problem, was proposed as a problem indepen-
dently in 1987 by R.C. Gebhardt of the County College of Norris, Randolph, New Jersey, and
C.H. Singer of Great Neck, New York [92]. The solution given here is based on the one by W.H.
Pierce of Stonington, Connecticut, and is a fine application of Pell’s equation x? — 2y? = —1
[174].

Example 2.13 Let s denote the length of a side of the small square in Figure 2.6. Find all
positive integers n such that s is the reciprocal of an integer.

3=

D C
1
n
E
S S
F
1
G 4 n
AT B
n
Figure 2.6.

Solution. Draw F G perpendicular to BE; see Figure 2.6. Let ZBFG = 6. Then ZABE = 6.

FG
Notice that ABFG and AABE are right triangles. From ABF G, cos 6 = BF - % =ns
n
AB 1
and from AABE, cosf = = = " = " . So
BE /1+(1—%)2 Vn24+m—-10% 2n?2-2n+1
n . 1 1 1
ns = : that is, s = .So +/2n% —2n + 1 = ;. But we want - to

V2n? —=2n +1 2n?2 —2n +1

be an integer, say, y. Then 2n? —2n 4+ 1 = y2. Multiplying both sides by 2 and then completing
the square, this yields Pell’s equation x> — 2y?> = —1, where x =2n — l and y = 1

The solutions (x, yi) of this Pell’s equation are (xg, vx) = (Qak—1, Par—1), Where k > 1.

The corresponding values n; of n and s of s are given by ny = (x; + 1)/2 = (Qox—1 + 1)/2

and s, = # respectively, as desired.

Table 2.4 gives the first ten values of xi, yx, and ny.
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Table 2.4.
| k]t 2 3 4 s 6 7 8 9 10
xe |17 41 239 1393 8119 47321 275807 1607521 9369319
ye |1 5 29 169 985 5741 33461 195025 1136689 6625109
ne |14 21 120 697 4060 23661 137904 803761 4684660 "

Additionally, we note that both x; and y; satisfy the same recurrence: zy = 6zy—; — zZx—2,
where z; = 1 and

7 if Zy = X»p
Zy) =
5 otherwise,

and k£ > 3. On the other hand, n; satisfies the recurrence n, = 6ny_; — nx_» — 2, where
ny = l,n; = 4 and k > 3. For example, ns = 6ny —n3 —2 = 6-120 — 21 — 2 = 697, as
expected. You will see similar recurrences in Chapter 6.

We will encounter the sequences {x;} and {y;} a number of times in this chapter and the
chapters that follow.

Next we investigate a close relationship between any two solutions of Pell’s equation.

2.7 A Link Between Any Two Solutions of x2 — dy? = (—1)"

Suppose (x, y) and (X,Y) are any two solutions of the equation x> — dy? = 1. How are they

related? This problem was studied by R.W.D. Christie in 1907 [44].

2 X2_1
* — =

32 7 So

To see this relationship, since x> — dy? = 1 = X? —dY?,

(x> = 1)Y? = (X% - 1)y% thatis, (xY)> + y? = (Xy)* + Y2

On the other hand, suppose (x, y) and (X, Y) are any two solutions of x> —dy? = —1. Then
x2+1 X241

— = 5 .So (xY)?—y2=(Xy)?-Y2

y Y

We can combine these two properties into one: (xY)? + (—=1)"y? = (Xy)?> + (=1)"Y 2.

For example, (x,y) = (17, 12) and (X, Y) = (99, 70) are two solutions of the equation
x? —2y? = —1; see Example 2.1. Then (xY)?> 4+ y? = (17-70)% + 122 = 1,416,244 =
(99-12)? + 70> = (Xy)> + Y2

Likewise, (x,y) = (18, 5) and (X, Y) = (23382, 6485) are two solutions of the equation
x2 —13y% = —1. Then (xY)? — y? = (18 - 6485)> — 5% = 13,625, 892,875 = (23382 -5)? —
64852 = (Xy)> - Y2

We now take a different approach to arrive at the sequences {Q,} and {P,} from Pell’s
equation x?> — 2y? = (—1)", similar to what Larsen did in 1987 [149]. It yields some interesting
dividends. To this end, first we factor the LHS:

(x + yvV2)(x — yv2) = (-1)". (2.6)
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Now raise both sides to the nth power:
(x + yvV2)"(x — yv2)" = (=1)".

Using the binomial theorem, we can rewrite this as
(Xn + Yn \/E)(xn — n \/5) = (_1)’1, (2.7)

where

[n/2] N
_ r..n—2r _2r.
X, = Z (Zr)z X v

r=0

L(n+1)/2] N
_ r—1_n—2r+1_2r—1.
e S B e

r=0

2 2 _

and n > 1. Since (x1, y;) = (1, 1) is the fundamental solution of Pell’s equation x* — 2y~ =

(—1)", these give us explicit formulas for Q, and P,:

[n/2] n
0 = Y. (2r)2 (2.8)

r=0

2l oo
P, = 2t 2.9
2 (Zr - 1) (2.9)

r=0

1 2
For example, Q3 = )_ (23r)2’ = ((3))20 + (3)21 =T7and Py = ) (2r4_1)2’_1 = (?)20 +

r=0 r=1
(3)2' = 12. (We will revisit these two formulas in Chapter 9.)

It follows from formulas (2.8) and (2.9) that the values of Q, and P, can be read from
Pascal’s triangle with proper weights 2X, where k > 0. For Q,,, we use alternate entries on row
n beginning at (’8) and increasing weights 2°, 2!, 22, ... ; and for P,, we use alternate entries on
row n + 1 beginning at ("Tl) and increasing weights 20,21, 22, ..

For example, Q4 = (3)20 + (‘2‘)21 + (3)22 = 17 (see the circled numbers in Figure 2.7) and

Ps = (3)2° + (9)2! + (3)22 = 29 (see the boxed numbers).

Figure 2.7.
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Next we will show that the above recurrences for x,, and y, can be recovered from formulas
(2.6) and (2.7). To see this, notice that

(xn + ynﬁ)(l + ‘/E) = (xn + 2yn) + (xn + yn)\/z-
The RHS of this equation has exactly the same form as x, + y, /2; furthermore, we have

(xn+ZYn)+(xn+yn)(xn+2yn)“/§_(xn+yn)\/§ = (x, + 2yn)2 —2(x, + yn)2

= (x24-4y244x,y,)—2(X2+y2 42X, )

2
n

= (—1)”+1, by equation (2.7).

= 2y, —x

So, if (x,, y,) is a solution of equation (2.7), then so is (X;+1, Vut1) = (Xn + 2Vn, X0 + Yn).
Thus x,+1 = X, + 2y, and y,+1 = Xy + Yu.

For example, (x4, y4) = (17, 12) is a solution. Therefore, (x5, y5) = (1742-12,17+12) =
(41, 29) is also a solution.

Notice that

Xp+1 = Xp+ 2yn
= Xn +2(xXp—1 + Yn—1)
= Xu + Xp—1 + (Xu—1 + 2yu-1)
= X5+ Xp—1 + X,
= 2Xx, + Xp—1.
Similarly, y,+1 = 2y, + yu—1. Thus, if (x,, y,) is a solution of x> — 2y? = (—1)", then so is
(Xn+15 Ynt+1) = (2Xn + Xp—1,2Yn + Yu—1), Where n > 2.

On the other hand, we can show that solutions obtained recursively this way exhaust all
solutions of the equation x?—2y? = (—1)". Consequently, its solutions (x,, y,) can be computed

recursively:
)C1=1, X2=3 y1=1, y2=2
Xp = 2Xp—1 + Xp—2, N =35 Yn =2Yn—1+ Yu—, n=3.

We will revisit these recursive definitions in Chapter 7; they define the central figures in the
development of this book.
We found a bit earlier that x, = x,—; + 2y,—; and y, = X,—1 + y,—1, Where x; = 1 = y,
and n > 2. Since
X,% - 2)’2 = (xn—l + 2yn—1)2 - 2(xn—l + yn—l)2
= (o A1Vt + 4Y520) = 206 + 21 Va1 + Vo))

= _(x;%—l - 2)’3—1),
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and x7 — 2y? = —1, it follows by PMI that x> — 2y2 = (—1)" for every n > 1. Thus, if x,, y,
satisfy the above recursive definitions, then (x,, y,) is a solution of Pell’s equation x? — 2y2 =
(_ l)ﬂ X

These two sequences {x,} and {y,} provide a multitude of opportunities for exploration and
fun, as you will see in Chapters 7—13.

Since every solution of x? —2y? = (=1)"is (Q,, P,) and (1, 1) is its fundamental solution,
it follows by Theorem 2.3 that

21=[1 2]

Then, by iteration, we have,

— _2_ —
On| _ |1 2] |Ono
Pn I 1 Pn—2
— _3_ —
_ I 2 Qn—3
o1 P,_;
— _n_] — —
12 0
11 P,
— _n_l_
12 1
R 1

This can be confirmed using PMI.
For example,

7
12

It also follows from the above discussion that

2]-12 9]
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Notice that the matrix M = |} ﬂ is invertible and M~ = |:_1 2 i| So

BRI

This matrix equation can be used to compute any predecessor solution (Qy, Px) from the
solution (Q,, P,). So the process is completely reversible.
For example, (Qg, Pg) = (577, 408). Consequently,

- -3
os|  [-1 2] [57
Ps| 1 —1] |408
=7 10577
- 5 —7]|1408
_[a
29|

2.8 A Preview of Chebyshev Polynomials

We can use the second-order recurrence (2.5) to introduce the family of Chebyshev polynomials,
which we will explore in detail in Chapter 19. Let (x,, y,) be the nth solution of the equation
x%2 —dy? = 1, where n > 0. Clearly, (xo, yo) = (1, 0) is a solution and (x;, y;) = («, B) is its
fundamental solution. It follows from equation (2.5) that

Xn Xn—1 Xn—2
= 2o — .
|:yn:| |:yn—1:| |:yn—2:|

So x;, = 2ax,—1 — xp— and y, = 20 y,—1 — Yn—2.

Then xo = 1,x; = o, x = 2> — 1, and x3 = 4> —3a;and yo = 0, y; = B, y» = 2ap,
and y3 = B(4a®—1). More generally, the polynomials x, and %’ are the Chebyshev polynomials
in o5 again see Chapter 19.

Finally, we study briefly Pell’s equation x> — dy? = k, where k # 0.

2.9 Pell’s Equation x2 — dy? = k

There is a close link between the solutions of the equations x> — dy? = k and x> — dy? = 1,
when they are solvable . To see this, let (o, ) be the fundamental solution of x> — dy? = 1 and
(u, v) a solution of x2 — dy? = k. Then N [(ou + d fv) + (Bu + av)v/d ] = k; so
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o6 L

is a solution of x2 — dy? = k. This recursive formula can be used to generate infinitely many
solutions of x> — dy? = k associated with (u, v); they belong to the same class of solutions.
The next example illustrates this technique.

Example 2.14 Consider the equations x> —2y? = 1 and x> —2y? = 9. We have («, 8) = (3, 2)

and (u,v) = (9, 6). Then
x| (3 419 |5l
vyl (2 3[|6] |36

is a solution of x? — 2y? = 9, associated with (9, 6): 512 —2- 36> = 9. So is (297, 210).
On the other hand, consider the equation x> — 2y? = —7. Here (4, v) = (5, 4). Then

B NEgE

is also a solution of x> — 2y? = -7, associated with (5, 4): 312 — 2 .222 = -7.
Sois (181, 128). n

In reality, there can be more than one fundamental solution of x? — dy? = k. Two solutions,
(u,v) and (u’, v’), belong to the same class if and only if uu’ = dvv’ (mod |k|) and uv’ = vu’
(mod |k|).

For example, consider the solutions (1, v) = (5, 4) and (u’,v’) = (31, 22) of x> —2y? =
—7.Thenuu’ =5-31=2-4-22=dvv’ (mod 7) anduv’ =5-22=4-31 = vu’ (mod 7).
So (5, 4) and (31, 22) belong to same class, as we already knew.

The next theorem provides bounds for the fundamental solution (u,v) of x> — dy? = k.
Once again, we omit its proof [169] in the interest of brevity.

Theorem 2.5 Let («, B) be the fundamental solution of x> — dy? = 1 and (u, v) that of x*> —
dy? =k, where k # 0. Then

(1) 0<ul < ¥ and 0 <v < B,/5, ifk > 0;

2) 0<|u|l< |k|(°2‘_1) and0 <v < B % otherwise. "

The next two examples illustrate this powerful theorem. We will revisit both in Chapter 5.

Example 2.15 Let (u,v) be the fundamental solution of x> — 2y? = 9. Recall that the

fundamental solution of x> — 2y% = 1is («, 8) = (3, 2). By Part 1 of Theorem 2.5, u and

v must satisfy the inequalities 0 < |u| < 3+/2and 0 < v < 3-.So —4 < u < 4 and

V2
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0 < v < 2, except that u # 0. Exactly two of the possible 24 possible pairs (u, v) are solutions
of x> —2y% = 9 : (£3,0). Since (—3,0) and (3, 0) belong to the same class, we choose
(u,v) = (3, 0).

Its successor solution (x,, y,) is given by

xof |3 4|3 _ |9
yo| (2 3]|o] |6
as found in Example 2.14. The next three solutions are (51, 36), (297, 210), and (1731, 1224). =

Example 2.16 Let (u, v) be the fundamental solution of the equation x>—2y? = —7 in Example
2.14. Again (o, 8) = (3, 2). By Part 2 of Theorem 2.5, we must have 0 < |u| < +/7 and
0<v< «/7; so—2 <u <2and 0 < v < 2, where u # 0. Two of the 12 possible pairs (u, v)
yield solutions of x> —2y? = —7 : (%1, 2). They do not belong to the same class. Consequently,
they generate distinct classes. Their immediate successors are:

x| 3 4l[-1] _[5
y| (2 3| 2] |4
x| [3 4l[1] [u
vyl {2 3|2 |8}

They belong to the classes associated with (—1, 2) and (1, 2), respectively.
Merging the two classes, we get the first six positive solutions: (1, 2), (5, 4), (11, 8), (31, 22),
(65, 46), and (181, 128); they alternate between the two classes. n

Exercises 2
Let (x,, y,) be an arbitrary positive solution of the Pell’s equation x> — 48y% = 1.

1. Find the fundamental solution (&, ) of the equation.

2. Using recursion and the solution (x3, y3) = (1351, 195), find the next two solutions of the
Pell’s equation.

3. Using the solutions (x3, y3) and (x4, y4), and the second-order recurrence (2.5), compute
(x5, y5) and (xg, ye)-

4. Define x, and y, recursively.

5. Find a generating function for {x,}.

6. Find a generating function for {y,}.
Let (x,, y,) be an arbitrary positive solution of the Pell’s equation x> — 13y? = —1.

7. Find the fundamental solution («, ) of the equation.
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Using recursion, find the next two solutions (x5, y») and (x3, y3). Hint: Use Theorem 2.3.
Using the second-order recurrence (2.5), define (x,, y,) recursively.

Let (x,, y,) be an arbitrary solution of the Pell’s equation x> — 3y? = 6, and («, ) the funda-
mental solution of x> — 3y? = 1.

10.
11.
12.

Find (o, B).
Find the fundamental solution (u, v) of x> — 3 y2 = 6, if it exists. Hint: Use Theorem 2.5.
Find an explicit formula for (x,, y,), if possible.

Use the Pell’s equation x> — 3y? = —11 for Exercises 13-15.

13.
14.
15.
16.

17.

Find the number of distinct classes of solutions. Hint: Use Theorem 2.5.

Find two new solutions belonging to each class.

Find an explicit formula for the arbitrary solution (x,, y,) in each class.

Find a generating function for the sequence {x, }, where x, = 6x,,—; — Xx,—>, where x; = 1
and x, = 7.

Find a generating function for the sequence {ny}, where ny = 6n;_; — ny_, — 2, where
ny = landn, = 4.
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Continued Fractions

3.1 Introduction

This chapter explores fractional expressions which most people do not use or see in their
everyday life. Two such fractions are the multi-decked expressions

1

1
2+
1

3+ ——
1

44—
5

I+

and

1+

I+
1+
1+

1
14--

Such a multi-layered fraction is a continued fraction, a term coined by Wallis. The Indian
mathematician-astronomer Aryabhata (ca. 476—ca. 550) used continued fractions to solve the
linear diophantine equation (LDE) ax + by = ¢, where a,b,c,x, and y are integers and
(a,b) = 1. The Italian mathematician Rafael Bombelli (1526—1573) used continued fractions to
approximate /13 in his L’Algebra Opera (1572). In 1613, Pietro Antonio Cataldi (1548-1626),
another Italian mathematician, employed them for approximating square roots of numbers. The
Dutch physicist and mathematician Christiaan Huygens (1629—-1695) used them in the design of
a mathematical model for planets (1703).

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9_ 3, 57
© Springer Science+Business Media New York 2014
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The German mathematician Johann Heinrich Lambert (1728—1777), Euler, and Lagrange led
the development of the modern theory of continued fractions. Most of Euler’s work on continued
fractions appears in his De Fractionlous Continious (1737). In 1759, Euler used them to solve
the Pell’s equation x> — dy? = 1. Lagrange’s Resolution des équations numériques (1798) gives
a method for approximating the real roots of equations using continued fractions and properties
of periodic continued fractions. The Indian mathematical genius Srinivasa Aiyangar Ramanujan
(1887-1920) also made significant contributions to continued fractions.

In 1931, Derrick H. Lehmer (1905-1991) of Stanford University and R.E. Powers of
the Denver and Rio Grande Western Railroad developed an integer-factoring algorithm using
continued fractions. Forty-three years later, Michael A. Morrison, a graduate student at Rice
University, Houston, Texas, and John D. Brillhart of the University of Arizona exemplified its
power by factoring the Fermat number f; = 2% + 1.

Continued fractions can be used to solve the LDE ax + by = c¢ and the Pell equation
x2—dy? = (—1)", and to factor large integers. Continued fractions also play a significant role in
approximating the square roots of positive integers. This chapter will focus on solving the Pell
equation. But first, we will briefly introduce continued fractions.

3.2 Finite Continued Fractions

A finite continued fraction is an expression of the form

1
X =ag+ " , 3.1
ap +
1
a +
) 1

.+ T

ap—1 + —

n
where ag,ap,...,a, are real numbers, and ai,a,,...,a, are positive. The numbers
ai,a,...,a, are the partial quotients of the continued fraction. It is a simple continued fraction

if every a; is an integer.

Because of the cumbersome notation for a continued fraction, it is often rewritten using the
compact notation [ag; ay,ds, . .., a,|, where the semicolon separates the integral part ap = | x|
from the fractional part.

For example,

[1:2,3,4,5] = 1+
2+

34 ——

4+ -

225
157
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Although it is fairly obvious from equation (3.1) that every finite simple continued fraction
(FSCF) represents a rational number, this can be established using PMI. Is the converse true?
That is, can every rational number be represented by a finite simple continued fraction? This was
affirmed by Euler in 1737. The proof is an application of the well-known euclidean algorithm,
which is often used to compute the gcd of two positive integers. In lieu of giving a proof, we will
illustrate it using two simple examples.

225
Example 3.1 Represent 157 as an FSCF.

Solution. Using the euclidean algorithm, we have

225 = 1-1574 68
157 = 2-68 421
68 = 3-21 +5
21 = 4.5 41
-1 +0.

92 B O VS N O]

Then

225 ! 68
157

= [1:2,3,4,5],

as expected. n

Fn—H

The next example involves the ratio of two consecutive Fibonacci numbers. [Recall

from Chapter 1 that (F, 41, F,) = 1.]
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Fy
Example 3.2 Express F+1 as an FSCF.

n

Solution. By the Fibonacci recurrence and the euclidean algorithm, we have

Fn+1 = 1-F, +F
F, = 1-F-1+ Fy—

Foor = 1-Fo+ F—3

F, = 1-Fx +F
K = 1-F +F
P = 1-F +0.

F
As in Example 3.1, we now continually substitute for the ratios Kt
k
= 1 =14+ =———
Fn * Fn * Fn/Fn—l
1 1
|+ F,— |+ 1
Fn—l Fn—l/Fn—Z
1 1
= 1+ =1+
1 1
I+ ——-— I+
1+ F,_3 |+ 1
F,» Fn—Z/Fn—3
1 1
= 1+ =1+
1 1
1+ I+
1 1
I+ 1+
. 1 1
1+ T
F B/ F



3.2 Finite Continued Fractions 61

= [1:1,1,1,...,1].
N—

n ONES

F,
The continued fraction representation of "1 consists of n ones and hence n — 1 partial
n
quotients.

F
In particular, F9 = o1 =[1;1,1,1,1,1, 1, 1]. You may confirm this by direct computation.

8

8 ones

Next we introduce the concept of a convergent of the continued fraction x =
[ag;ai,as, . ..,a,]. Convergents can be used to approximate continued fractions. They are
obtained by chopping the continued fraction immediately after each partial quotient.

3.2.1 Convergents of a Continued Fraction

The kth convergent C; of the continued fraction x = [ag;a,az,...,a,] is given by
Cy = lao;ayr,ay, ... ar], where 0 < k < n.Thus Cy = ap and C, = [ap;a;,as, ..., a,].

2
For example, the continued fraction 157 = [1;2, 3, 4, 5] has five convergents:

Co=1 C=[1;2]=3=15
Cy = [1;2,3] = 1 ~ 1.42857142857 C; =[1:2,3.4] = £ ~ 1.43333333333

Cy = [1:2,3,4,5] = 2 ~ 1.43312101911.

An interesting observation: Cp < C, < C4 < C; < Cj. This is not just an observation, but
the pattern holds for all even-numbered convergents C,; and odd-numbered convergents Cox 41,
where k > 0: Co<Cr<...<Cy<... <C2k+] <...<(Cy< (.

13
As another example, the continued fraction ? = [1;1,1,1, 1, 1] has six convergents:
Co=1=1 Ci=[1;1]=2
C=[1:1.1] =3 CG=[L111]=3
Co=[1:1,1,1,1] =% Cs=[L11,1,1,1] =%

Here also Co < C2 < C4 < C5 < C3 < C].
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3.2.2 Recursive Definitions of p, and q,

As k becomes larger and larger, the obvious and direct way of computing the convergent C, =

‘;’—: can become tedious and time-consuming. Fortunately, we can employ recursion to facilitate
its computation. To see this, consider the continued fraction [a; a1, as, . .., a,]. Then

COZQOZ%;SOp():aoaHdQQZ 1.

I aiao+1  pi

Ci=aqy+—=——"—="—;s0p; =ajap+ 1and q; = a;.
aj aj q1
1 a(aiao+1)+ao  apr+po _ p2
C,=ap+ = = = —;
1 araj + 1 aqi +4qo  q2
aq +a—
2

S0 pp = axp1 + po and ¢ = axq1 + 4o.
More generally, it follows by PMI that p, = ay pr—1 + pr—2 and qx = arqr—1 + qx—2, where
2 < k < n. Consequently, the sequences { px} and {g; } can be defined recursively:

Po = ag qo =1
p1=aiap+1 q1 = a
Pk = g Pk—1 + Pk—2 dk = arqgk—1 + qk—2,

where 2 < k <n.
These recurrences can be combined into a matrix equation in two different ways:

Pk—1 qk—1
= J|a 1]
[Pk Qk:| [k |:Pk—2 qk_z}

Pe qr | _ | || Pe-1 i (3.2)
Pk—1  qk—1 1 Of|pr—2 qk—2
The recursive definitions will enable us to compute the convergents more rapidly, as the
following example illustrates.

Example 3.3 Compute the convergents of the continued fraction [3;1,5,2,7].

Solution. We have ap = 3,a; = 1,a, = 5,a3 = 2, and a4 = 7. First, we compute p; and g
recursively, where 0 < k < 4:

pPo=ag =3 qo =1
pr=aa+1=1-3+1=4 g =a; =1
pr=arp1+po=5-4+3=23 g =aq1 +qo=5-14+1=6
ps=aspr+p1 =2-234+4=50 gs=aszqy+q1 =2-64+1=13

p4=a4p3+p2=750—|—23=373 q4=a4q3+q2:713—|—6=97
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Accordingly, the convergents are

qo q1
23 50
C2:&:— C3:&:_
q> 6 g 13
373
co=2 =2 _ 131,527
q4 97 n

To pursue this example a bit further, we can compute the values of p; and g fairly easily

using a table, such as Table 3.1. For example, p3 = 2-23 +4 = andg; =2-6+1= ;
see Table 3.1.

Table 3.1.
[ kJJo 1 2 3 4]

a [3 1 5 2 7
|| 3 4 23 @ 373
a|l1 1 6 97

Let C, = 2’—]’: be the kth convergent of the FSCF [aq; a1, as, ..., a,]. Then it follows by PMI
that

Pkqk—1 — Qi pr—1 = (—=1)F 7!, (3.3)

where 1 <k <n.
For example, consider the convergents 5—’; in Example 3.3. Notice that p3g, — g3 pr = .

6 — - 23 = (=1)*"'and psg3 — qap3 = 37313 —50-97 = (—1)*"!; see Table 3.1.

The Cassini-like formula (3.3) follows from equation (3.2) also, using the fact that |AB| =
|A|-|B|, where | M | denotes the determinant of the square matrix M . It implies that (p, gx) = 1
for every k, and has an interesting byproduct: It can be used to solve the LDE ax + by = c.

3.3 LDEs and Continued Fractions

It is well known that the LDE ax+by = c is solvable if and only if d |c, where d = (a, b) [130].
If (xo, yo) is a particular solution of the LDE, then it has infinitely many solutions, given by
x =x9+ (b/d)t,y = yo— (a/d)t, where ¢ is an arbitrary integer.

Suppose (a,b) = 1. Then the LDE ax + by = 1 is clearly solvable. Suppose (x¢, yo) is
a particular solution of the LDE. Then a(cxy) + b(cyg) = c; so (cxg, cyo) is a solution of the
LDE ax + by = c. Conversely, if (xg, yo) is a solution of the LDE ax + by = c, then it can
be shown that (32, %) is a solution of ax + by = 1. Consequently, we will focus on solving the
LDE ax + by = 1 using the FSCF of the rational number 7, where (a,b) = 1.

The technique behind this method hinges on the Cassini-like formula (3.3). In particular, the

formula implies that p,g,—1 — gnpu—1 = (—=1)"~', where (p,,q,) = 1. Since 5—: = ¢ and
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(pn.qn) = 1 = (a,b), it follows that p, = a and g, = b. Thus aq,_1 — bp,_1 = (—=1)"};
thatis, ag,—1 + b(—p,—1) = (=1)"'. If n is odd, then (xo, yo) = (¢u—1, —Pn—1) is a particular
solution of the LDE ax + by = 1; otherwise, (xo, yo) = (—¢n—1, pn—1) is a particular solution.
In either case, the general solution of the LDE ax+by = 1is givenby x = xo+bt,y = yo—at,
where 7 is an arbitrary integer.

The next two examples illustrate this method.

Example 3.4 Find the general solution of the LDE 182x + 65y = 299.

Solution. Notice that (182, 65) = 13 and 13]299. So the LDE 182x + 65y = 299 is solvable.
Dividing both sides of the LDE by 13 yields 14x + 5y = 23.

First, we will find a particular solution of the LDE 14x + 5y = 1. To this end, notice that
B =12:1,4.S0Cy =32,C; = 2,and G, = L. Since prg1 —qop1 = 14-1-5-3 = —1,
(x0, y0) = (—1,3) is a particular solution of the LDE 14x + 5y = 1. So a particular solution
of the LDE 14x 4+ 5y = 23 is (23x0,23y¢) = (—23, 69). Thus the general solution of the LDE
14x + 5y = 23is given by x = —23 4 5¢, y = 69 — 14¢, where ¢ is an arbitrary integer. u

Example 3.5 Solve the LDE F, 4 x 4+ F,y = ¢, where c is a positive integer.

Solution. Since (F, 41, F,;) = 1, the LDE is solvable. By Cassini’s formula, F,, 4 F,,—; — Fn2 =
(—1)". When n is even, (xo, yo) = (F,—1,—F,) is a particular solution of the LDE F, {x +
F,y = 1; otherwise, (x¢, yo) = (—F,—1, F;;) is a particular solution. So a particular solution of
the LDE F,,+1x + F,y = c is (cXxo, cyo). The general solution is given by x = xo + F,t,y =
xo — F,+1t, where ¢ is an arbitrary integer. n

Next we turn to infinite simple continued fractions (ISCFs).

3.4 Infinite Simple Continued Fractions (ISCF)

Earlier, we found that a rational number represents a FSCF and vice versa. So how about
irrational numbers? To answer this, we introduce the concept of an infinite continued fraction.
An infinite continued fraction is an expression of the form

b
ap + b , (3.4)
a, + 2

bs
a +
Cl3+...

where ag, ai, ... and by, by, . . . are real numbers.
The first recorded infinite continued fraction is the one for %, discovered by Brouncker in
1655. He discovered it by converting the famous Wallis’ infinite product

3-3.5.5.7-7...
2.4-4.6-6-8...

4
T
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into a spectacular infinite continued fraction:

4 12
— =1+
T

32
52
72
2+...

2+

2+
2+

Although Brouncker did not provide a proof, Euler gave one in 1775.
There is an equally spectacular infinite continued fraction for its reciprocal as well:

12
22
32
42
9+ ...

T

Z =

7 +
3+

5+
7+

Ramanujan discovered 200 infinite continued fractions. Two of the most astounding ones are

1
(\/ \/goz—a) e¥S = >
e_ v

1+
€—47'[
I+ | e—67r
* I+...
and its reciprocal
e—27r/5 1
—— =1+ —2n ’
V50 —a €
1 + —4r
e
I+ | e—67r
+ I+..
1+4/5

discovered in 1908, where « denotes the golden ratio .

Returning to the infinite continued fraction in (3.4), suppose aq is a nonnegative integer,
ai,a,, ... are positive integers, and every b; = 1. The corresponding infinite simple continued
fraction (ISCF) has the form
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ap + . 3.5)
a +
a +

1
as + ...

Using the compact notation, we denote it by [ag; a1, az, .. .].

Let C; = [ao;ai,az,...,ai] denote the kth convergent of this continued fraction. The
sequence {Cy} is a strictly increasing sequence, bounded above by Cy; and {Cyi 4} is strictly
decreasing, bounded below by Cj. So both converge, and converge to the same limit £ [130].
Thus {Cy } converges to £, and £ is the value of the ISCF [ay; ay, az, .. .]:

[ao;al,az,...] = lim Ck.
k—00

For example, let Cj denote the kth convergent of the ISCF [1; 1, 1, 1, .. .]. Earlier, we found
that C, = F’;—:‘ Let x = lim fktt Then, using the Fibonacci recurrence, we have

k—oo Tk
. Frq
x = lim
k—oo F
. Fi+ Fr—
= lim ——
k—o00 F
= 1+ . F
lim
k—oo Fj_1
1
= 14+ —.
x
So x2 —x — 1 = 0. Solving this equation, we get x = lizﬁ. Since x > 0, it follows that
X = HT‘@, the golden ratio. Thus
1 5
[1;1,1,1,...] = + f
2
As another example, consider the ISCF [1;2, 2, 2,...]. Its convergents converge to the limit
£, where { =1+ llﬂ Solving this equation, we get £ = /2.
Earlier, we found that every FSCF represents a rational number. Is there a corresponding
result for an ISCF? In fact, there is one: Every ISCF [ag;a;,a,,...] represents an irrational

number; this can be confirmed using contradiction. Is its converse also true? That is, does every
irrational number have an ISCF expansion? Fortunately, the answer is yes, as the following
theorem shows. Its proof follows by PMI.
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Theorem 3.1 Let x = Xx¢ be an irrational number. Define a sequence {ay} of integers
recursively as follows:

1

xk—ak’

ak = |xk), Xk =

where k > 0. Then x = [ag;a;,a,...]. "

The beauty of this theorem lies in the fact that it provides a constructive recursive algorithm
for computing the ISCF that represents the irrational number x. The next example illustrates this
algorithm. Have a good calculator handy to facilitate the computation.

Example 3.6 Express +/19 as an ISCF.

Solution. By Theorem 3.4, we have x = xo = v/19;s0ap = |+/19] = 4. Then

1 V1944 ~ =2
X1 = \/— 4 3 5 = [X1] =
3 v -|—2 ~ ) =1
N 5 V19 +3 ) =3
3 \/— 3 ’ - 3] —
N 2 V19 +3 e =1
4 = ,\/_ 3 ’ - 4] —
5 V1 -|—2 s =2
X5 = \/— 2 a5 = [ X5] =
3 V1 -|—4 Ly =8
Xe = \/— 4 , Qe = [Xe| =
R 1Y = L) =2
X7 = \/_ 4 3 , a7 = | X7 = 4.

Since x7 = x1, clearly this pattern continues. Thus

V19 =[4;2,1,3,1,2,8,2,1,3,1,2,8,...].

The sequence of partial quotients in this ISCF shows an interesting pattern: It is periodic with
period 6. Accordingly, we rewrite it as /19 = [4;2, 1,3, 1,2, 8], using a bar over the smallest
repeating block to indicate its periodicity. n

To pursue this example a bit further, we can compute the convergents of this ISCF using

a table, such as Table 3.2. The first seven convergents Cy = Z—]’{‘ are %, g, 13—3 %, %, 13%?, 1342260,
and 22 Notice that 330 ~ 4.35600578871,+/19 ~ 4.35889894354, and /19 — 3L ~

0.002893154829.
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Table 3.2.
| kJJlo 1 2 3 4 5 6 7
a4 2 1 3 1 2 8 2
pe |4 9 13 48 61 170 1420 3010
g |1 2 3 11 14 39 326 691

Table 3.3 gives the ISCF of Vd, where d is a positive nonsquare integer and 2 < d < 20.

Table 3.3.
V2 =[1;2] V3=[1:1,2]
V5 =[2:4] V6 =[2:2,4]
V7=[211,1,4] V8 =[2:1,4]
V10 = [3:6] V11 =[3;3,6]
V12 = [3;2,6] V13 =[3:1.1.1,1,6]
V14 =[3;1,2,1.6] V15 =1[3;1,6]
V17 = [4;8] V18 = [4;4,8]
V19 =[4:2,1,3,1,2,8] V20 = [4;2.8]

It appears from the table that the ISCFs of Vd are always periodic; this is certainly true:
Vd = lag;ay,az, ..., a, ], where d is a positive nonsquare integer. In addition, a, = 2ay. Since
the period is n, it follows that a,,, = 2a for every integer m > 1.

For example, consider J19 = [4:2,1,3,1,2,8]. Notice that ags = 8 = 2a,. Likewise,

V13 = [3,m],here as = 6 = 2a0‘

3.5 Pell’s Equation x2 — dy? = (—1)" and ISCFs

We are now ready to reveal an open “secret:” We can successfully employ ISCFs to solve
the Pell’s equation x> — dy? = (—1)". This can be accomplished by invoking the next three
results [37].

Theorem 3.2 Let (x, y) be a solution of the Pell equation x> — dy* = 1, where d is a positive
nonsquare integer. Then ’y—“ is a convergent of the ISCF of V. u

The following example illustrates this theorem.

Example 3.7 Consider the Pell’s equation x> — 23y? = 1. Notice that 242 — 23 . 5% = 1, so
(24, 5) is a solution of the equation.

To see that % is a convergent of \/ﬁ we have +/23 = [4:1,3,1,8]. We now compute
its convergents Cy, using Table 3.4. It follows from the table that % is indeed a convergent, as

desired: % =B = (C;.
a3
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Table 3.4. Table 3.5.
| kJJo 1 2a 3 | | kJJlo 1 2 3 4 |
(473 4 1 aj 5 2 1 1

301 2
pe |4 5 19 pe || 5 11 16 27 ‘
e |1 1 4 @ a ||1 2 3 5 @

Likewise, (70, 13) is a solution of x> — 29y% = —1 : 70> — 29 - 13> = —1. Notice that % is

the fourth convergent of /29 = [5;2,1, 1,2, 10]; see Table 3.5. "
Theorem 3.3 Let S—Z be a convergent of the ISCF of Vd, where d is a positive non-
square integer. Then (p,,q,) is a solution of one of the equations x> — dy?> = k, where
k<142Vd. "

Example 3.8 Letd = 2. Then |k| < 14+2+/2,s0k canbe 1, 2, +3. The first six convergents
of the ISCF of /2 = [1;5] are 1,3 1 17 4 ond %. Then

1°2°5°12° 29°
Py —2q5 = -1 pi—2q; =1
P —2q5 = -1 pi—2q3=1
pi—2q7 =-1 p:—2¢=1.

So (3, 2) is the fundamental solution of x> — 2y? = 1 (see Example 2.1) and (1, 1) is the
fundamental solution of x?> — 2y? = —1 (see Example 2.10), as expected. u

Recall from Chapter 2 that the general solution of the Pell’s equation x> — 2y? = (—1)" is
(Qu, Py). Since %’1’—: is the nth convergent of the ISCF of +/2, it follows that lim Oni =2,

n—>od0 Pl’l+l

where n > 0. This also follows from the property Q2 —2P2? = (—1)".

We encountered the sequences { p, } and {g, } in Chapters 1 and 2. Following the lead of M.N.
Khatri of the University of Baroda, India, in 1959, we can use them to construct two intriguing
sequences {y,} and {m,}, where y, = p,q, [122] and

2g> ifniseven
My =9 .
p, otherwise.

Table 3.6 shows the resulting sequences. Do you see anything special about them? Can you
define them recursively? Can you develop explicit formulas for them? In any case, we will revisit
them in Chapter 6.
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Table 3.6.
n H Yn my
1 1-1=1 12=1
2 2-3=6 2.22=38
3 5.-7=35 72 =49
4 12-17 = 204 2.122 =288
5 29-41 = 1189 412 = 1681
6 70-99 = 6930 2-70% = 9800
7 169 - 239 = 40391 2392 = 57121
8 408 - 577 = 235416 2 - 4082 = 332928
9 9851393 = 1372105 13932 = 1940449
10 || 2378 -3363 = 7997214 | 2-2378% = 11309768

Example 3.9 Let d = 7. Recall from Table 3.3 that ~/7 = [2;1, 1, 1,4]. The period of the
continued fraction is 4. To compute the convergents 5—”1’, we construct Table 3.7. The first twelve

convergents are %, %, %, %, %, %, %, %, %, %, %, and %
Table 3.7.
[ k]Jo 1 2 3 4 5 6 7 8 9 10 11 12|
a2 11 1 4 1 1 1 4 1 1 1 4
|2 3 5 37 45 82 590 717 1307 9403
g |l 1 2 [3] 14 17 31 223 271 494 [765| 3554

Notice that

pPE—T7¢2 =22—7-12 = =3
PR-Tgd=5-7-22=-3
pr—Tq; =37*—7-14* = -3
pE—T7q2 =82>—7-31> = -3
pE—7g2 = 5907 —7.2232 = —3
Pl —Tq3 = 13072 — 74942 = 3

p12—7q12=32—7-12=2

p§—7q§=82—7-32=
pi—T1q2 =452 -7-17> =2

Pl —q3 = 127> —7-48% =[1]
ps—Tqs =717 =7-271> =2
P2 —T7q3 =2024> —7-765> = 1]

Clearly, (p3,g3) = (8, 3), (p7,q97) = (127, 48), and (p11,q11) = (2024, 765) are solutions
of Pell’s equation x> — 7y? = 1.

An interesting observation: (ps,q3) = (8, 3) is the fundamental solution of the equation
x2 —7y% = 1. Every solution seems to be of the form (p,_1,gan—1), Where n > 1. (Corollary
3.2 will indeed confirm this; also see Example 3.11.) "

The next powerful result paves the way for finding solutions of the Pell equation x> — dy? =

(—1)" using the continued fraction of v/d.
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Theorem 3.4 Let n denote the period of the ISCF of Vd. Then the convergent % satisfies
the equation p*, | —dq* _ = (=K, where k > 1. .

Consequently, (pnk—1, gnk—1) is a solution of the equation x> — dy? = (—1)".
Case 1 Suppose n is even. Then (—1)*" = 1 for every k. So (Pui—1.qnk—1) is a solution of the
Pell’s equation x> — dy? = 1 for every k > 1.

It now follows that if 7 is even, the equation x> — dy?> = —1 has no solutions.

Case 2 Suppose 7 is odd. If k is even, then also (—1)*" = 1; 50 (Pank—1.Gamk—1) is a solution
of the equation x> — dy? = 1 for every k > 1.

On the other hand, suppose k is odd. Then (—1)%" = —1. So every solution of x>—dy? = —1
is of the form (p,x—1, guk—1), where both n and k are odd.

Thus we have the following result.

Corollary 3.1 Let n be the period of the ISCF of ~/d. Then

e Ifn is even, then every solution of x> — dy? = 1 is of the form (Puk—1. qni—1)-

e Ifn is even, then x*> — dy?> = —1 has no solutions.

e Ifnisodd and k is even, then every solution of x> — dy? = 1 is of the form (Pank—1, Gank—1)-

e If both n and k are odd, then every solution of x> — dy> = —1 is of the form
(Pnk—1 qnk—1)- .

The next result is an immediate consequence of this corollary.
Corollary 3.2 Let n be the period of the ISCF of /d. Then

e Ifn is even, then the fundamental solution of x> — dy? = 1 is (Pu—1, qu—1).

If n is even, then x> — dy? = —1 has no solutions.

o Ifnisodd and k is even, then the fundamental solution of x*> — dy?> = 1 is (pau—1, Gan—1)-
If both n and k are odd, then the fundamental solution of x> — dy* = —1is (pp—1,qn—1). =

In particular, let d = 2. Since /2 = [1;2], the period of the continued fraction of /2 is
n = 1. So, by Corollary 3.2, the fundamental solution of the equation x> — 2y? = 1 is given by
(p1,q1) = (3, 2), as expected.

The next three examples also illustrate these two corollaries. First, we will revisit
Example 2.8.

Example 3.10 (Example 2.8 Revisited) We will use the ISCF of +/3 to find a solution of Pell’s
equation x> — 3y% = 1, where x = —1 (mod 4), y = 0 (mod 4), and x > 13. To this end,

notice that the continued fraction of +/3 is periodic with period 2: /3 = [1;1,2]. Table 3.8

shows the first eleven convergents of the continued fractions. The convergent % = % satisfies

both conditions: p;; = 1351 = —1 (mod 4) and ¢;; = 780 = 0 (mod 4). So (x11, y11) =
(1351, 780) is a solution of Pell’s equation satisfying all three conditions. As in Example 2.7,

x11 = 1351 yields n = 337.
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Table 3.8.
| kJJo 1 23 4 5 6 7 8 9 10 11 |
ay 121 2 1 2 1 2 1 2 1
pe |1 25 7 19 26 71 97 265 362 989
g |1 1 3 4 11 15 41 56 153 209 571 [780

Example 3.11 Find the first four solutions of Pell’s equation x> — 7y2 = 1. (This example is
basically the same as Example 3.9.)

Solution. Recall from Example 3.9 that the continued fraction of +/7 is periodic with period 4:
V7 =[2;1,1,1,4]. Since the period is even, by Corollary 3.2, the fundamental solution of the
equation is (p3,q3) = (8, 3); see Table 3.7.

By Corollary 3.1, the remaining solutions are given by (pax—1, gak—1), Where k > 2. When
k = 2, the solution is (p7,q7) = (127, 48); when k = 3, the solution is (p11,q11) =
(2024, 765); and when k = 3, the solution is (p5, q15) = (33257, 12192). u

Example 3.12 Find the first two solutions of each of the Pell equations x> — 13y? = +1.

Solution. Recall from Table 3.3 that the continued fraction of /13 is periodic with period 5:
/13 =[3;1,1,1, 1, 3]. Table 3.9 shows the first 15 convergents of the continued fraction.

Table 3.9.
| k[Jo 12 3 4 5 6 7 8 9 10 Il 12 13 14 15
afl31 1 1 1 6 1 1 1 1 6 I 1 1 1 6
|3 47 11 119 137 256 393 [649] 4287 4936 9223 14159 154451
g ll1 1 2 3 33 38 71 109 [180] 1189 1369 2558 3927 |6485| 42837

Since the period is odd, every solution of x>—13y? = 1 is of the form (piox—1, ¢10x—1), Where
k > 1.Whenk = 1, (po.qo) = (649, 180) gives the fundamental solution: 649> —13-180% = 1.
The second solution is (X3, y2) = (p19,q19) = (842401, 233640), corresponding to k = 19:
842401% — 13 -233640% = 1.

Since pj and g are getting larger and larger, we can also invoke Theorem 2.4 to find the
solution (x3, y,). It is given by

X2 4+ V13 = (649 + 180/13)?
= 842401 + 233640~/13.

This yields (x3, y2) = (842401, 233640). (Can you find the next solution?)



3.5 Pell’s Equation x> — dy? = (—1)" and ISCFs 73

On the other hand, the solutions of x> — 13y? = —1 can be obtained when k is odd. Every
one of the solutions is of the form (psi—1,¢sk—1), where k is odd. When k = 1, we get the
fundamental solution (p4,q4) = (18, 5): 182 — 13- 52 = —1. The next solution (pi4,q14) =
(23382, 6485) corresponds to k = 3: 23382% — 13 - 64852 = —1. (Can you find the next
solution?) "

Table 3.10 gives the fundamental solution (py, gx) of the Pell equation x> — dy? = 1 for
2 <d < 24, where ‘Z—: is some convergent of the ISCF of Jd. It follows by Corollary 3.1 and
Table 3.3 that the equation x2— a’y2 = —1 is solvable for only five values of d < 25: 2,5, 10,
13, and 17. The corresponding fundamental solutions are given in Table 3.11.

Table 3.10. Table 3.11.
Lklld m e [[k]d pe a] k[l d p a]
1 2 3 2 3 14 15 4 0 2 1 1
1 3 2 1 1 15 4 1 0 5 2 1
1 5 9 4 1 17 33 8 0 10 3 1
1 6 5 2 1 18 17 4 4 13 18 5
3 7 8 3 5 19 170 39 0 17 4 1
1 8 3 1 1 20 9 2
1 10 19 6 5 21 55 12
1 11 10 3 5 22 197 42
1 12 7 2 3 23 24 5
9 13 649 180 1 24 5 1

You may recall that not every Pell’s equation is solvable. For instance, consider x> — 3y? =
—1. Since /3 = [1;1,_2], its period is even. So, by Corollary 3.1, it is not solvable.

Finally, we add that not every irrational number has a periodic expansion. For example, the
two Ramanujan’s continued fractions given earlier are not periodic. Neither are the following
continued fractions:

T o= [3;7,15,1,292,1,1,2,1,3,1,.. ] e = [21,2,1,1,4,1,1,6,1,1,8,..]
e— 62— .
= [0:2,6,10,14,18, .. ] S = 0:1,3,57,9,..]
1 12
log2 = B T = 3+ Y ;
1+ 7 6 + =
1+—32 6+—72
1 6
L T r

where e ~ 2.71828182846 and denotes the base of the natural logarithm. The expansions of

e, %, and 52;11 were discovered by Euler in 1737. The last expansion of = was discovered by

L.J. Lange of the University of Missouri in 1999.
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We close this chapter with a combinatorial interpretation of the nth convergent ¢, = % of
the ISCF [ag; ay, a, .. .]. It was studied by A.T. Benjamin and F.E. Su of Harvey Mudd College,
Claremont, California, and J.J. Quinn of Occidental College, Los Angeles, California [14].

3.6 A Simple Continued Fraction Tiling Model

Let A, denote the number of ways of tiling a 1 x (n + 1) linear board with 1 x 2 dominoes and
unit square tiles, such that there are no gaps or overlappings. The square tiles can be stacked up;
but no tiles, dominoes or squares, can be placed on top of a domino. No domino can be stacked
on anything. Suppose the n + 1 cells (square tiles) of the board are labeled O through n. Then
cell i can be covered by a maximum of a; square tiles, where 0 <i < n.

Figure 3.1.

Figure 3.1 shows an empty board with the maximum possible stack sizes ag, a1, ds, ..., a,.
Figure 3.2 shows a valid tiling of a 1 x 10 board with stack sizes 5, 10, 4, 2, 5, 3, 8, 10, 2, and 4.

0 1 2 3 4 ) 6 7 8 9
Figure 3.2. A Valid Tiling of a 1 x 10 Board

Next we will define A, recursively. First, when n = 0, the board consists of a single cell,
namely, cell 0. So we can stack up as many as a( square tiles at cell 0; see Figure 3.3. Hence
A() = dy.

Suppose n = 1. Then the board consists of two cells, cells O and 1. There are two cases to
consider, as Figure 3.4 shows. If a tiling ends in a square tile, then square tiles must occupy both
cells; see Figure 3.4a. There are a;a such tilings. On the other hand, if a square tile does not
occupy cell 1, then a domino must occupy both cells 0 and 1; see Figure 3.4b. There is exactly
one such tiling. So by the addition principle, A; = aa¢ + 1.
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aj
a Lo s
% —
0 (a)
Figure 3.3. Figure 3.4.

Suppose n > 2. Suppose a tiling ends in a square tile. Since the stack size at cell n is a,,
there are a, A,—; such tilings. On the other hand, suppose a domino occupies cell n (and hence
cell n — 1); so there is exactly one way of tiling cells n and n — 1. By definition, there are 4,
ways of tiling cells O through n — 2. So there are 1 - A,_, = A, tilings ending in a domino.
Consequently, A, = a,A,—1 + An—.

Thus A,, can be defined recursively:

A() = AQy, A1 = aiagp + 1

Ay = apAp1+Apa, n>2.

This is exactly the recursive definition of the numerator p, of the nth convergent of the ISCF
[ap;ay,as,...].So A, = p,.

To interpret g, combinatorially, we consider the 1 x n board in Figure 3.1, with cell 0
removed. Let B, denote the number of ways of tiling this board with dominoes and stackable
square tiles as before. Defining By = 1 to denote the empty tiling, it follows by a similar
argument that

By = ao, By =a

B, = a,B,—1+ A,-5, n=>=2.

Clearly, b, = q,.

For example, consider the ISCF &= = [3;7,15,1,292,1,1,2,...]; there are py = a9 = 3
ways of tiling cell 0; see Figure 3.5. There are p; = ajap+1 = 3-7+1 = 22 ways of tiling cells
0and 1; and g; = a, = 7 ways of tiling cell 1. This yields the first convergent ¢; = £ = 2,

q1 7
There are p, = 15-22+3 = 333 ways of tiling cells 0, 1 and 2; and ¢, = 15-74+1 = 106 ways of
tiling cells 1 and 2. This yields the second convergent ¢, = % = %. Similarly, ¢3 = % = ?%

Clearly, these computations can be continued indefinitely.
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The m-Board

Figure 3.5.

Next we investigate two special cases of the tiling problem.

3.6.1 A Fibonacci Tiling Model

Suppose a; = 1 for every i > 0; see Figure 3.6. Then py = 1, p; = 2; and p, = p,—1 + pn—2,
where n > 2. So p, = F,4,. Likewise, g, = F,. So F}, counts the number of tilingsof a1 x n
board with dominoes and stackable square tiles. Every convergent F”T;” is an approximation of
the golden ratio «.

The Fibonacci Board
Figure 3.6.

3.6.2 A Pell Tiling Model

Suppose ap = 1 and q; = 2 for every i > 1; see Figure 3.7. Then py = 1, p; = 3; and
Pn = 2Ppn—1 + pu—2z, where n > 2. Likewise, go = 1,q; = 2; and ¢, = 2¢9,,—1 + qn—2, Where
n > 2. Clearly, p, = Q, and g, = P,. Consequently, Q, counts the number of tilings of a
1 x (n 4+ 1) board with dominoes and stackable square tiles, and P, the number of such tilings
of a 1 x n board, where every stack size is 2.

Next we generalize the simple continued fraction tiling problem.
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Figure 3.7. The Pell Board

3.7 A Generalized Continued Fraction Tiling Model

Suppose we allow both dominoes and square tiles to be stacked up, dominoes over dominoes
and squares over squares. As before, suppose as many as a; square tiles can be stacked up at cell
i, where i > 0; and as many as b; dominoes can be stacked up at cellsi — 1 and i, where i > 1.
Let p, denote the number of such tilings of a 1 x (n + 1) board and g, the number of such tilings
of a 1 x n board, with cell O removed. Then, as above, it follows that

ﬁn - anﬁn—l+bnﬁn—2
én = anén—l"'bnén—b

where n > 2, and py = ag, p1 = aiao + b1,4o = 1,41 = a;. Then is precisely the nth
convergent of the continued fraction (3.4).

For example, consider the infinite continued fraction expansion for 7 we encountered earlier.
For the corresponding tiling problem, ag = 1,a; = 2i + 1, and b; = i2, where i > 1. Then

po = 1L pr=4 do = 1, ¢ =3
ﬁn - (2n+1)pAn—l+n2p’\n—2 én = (2n+1)én—l+n26n—2,

where n > 2. So 2 q is the nth convergent of the continued fraction expansion of 7.
We will investigate additional tiling models in Chapters 16 and 20.

Exercises 3

Represent each rational number as a FSCF.

{ 239
©169°
169
2. —.
70
577
3. —.
239
P,
4, L
P,
5 Qn—i—l

On
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Compute the convergents of each continued fraction.
6. [2;2,2,2,2].
7. 12;2,2,2,3].
Solve each LDE, if possible, where k is a positive integer. Hint: Use convergents.
8. 70x 4+ 29y = 169.
9. 99x +41y = 181.
10.  Py41X + Pyx = k. Hint: P,y P,my — P2 = (—1)".
11. Pyi1x + Qs1x = k. Hint: P,Q,—1 — 0, Py = (=1)""L.
Using convergents, find three positive solutions of each Pell’s equation.
12. x2—-6y?=1.
13. x2—11y%2=1.
14. x? —6y? = —2. Hint: Use Exercise 12 and Theorem 2.5.
15. x? —11y? = —2. Hint: Use Exercise 13 and Theorem 2.5.
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Pythagorean Triples

4.1 Introduction

The Pythagorean Theorem is one the most elegant results in euclidean geometry: The sum of
the squares of the lengths of the legs of a right triangle equals the square of the length of its
hypotenuse. Using Figure 4.1, it can be restated as follows: Let AABC be a right triangle,
right-angled at C; then AC? + BC? = AB?. The converse of the Pythagorean theorem is also
true: If AC? + BC? = AB?in a triangle ABC, then it is a right triangle, right-angled at C.
A right triangle whose sides have integral lengths is a Pythagorean triangle.

Numerous proofs of the Pythagorean theorem using various techniques can be found in the
mathematical literature. For instance, E.S. Loomis’ 1968 book, The Pythagorean Proposition
[159], gives 230 different proofs.

A
B
C B
Figure 4.1. Figure 4.2. A Greek Stamp illustrating the
Pythagorean Theorem
T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9_ 4, 79
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4.2 Pythagorean Triples

4.2.1

The Pythagorean Theorem has ramifications beyond geometry. To see this, let x and y denote
the lengths of the legs of the right triangle, and z the length of its hypotenuse. Then x, y and z
satisfy the nonlinear diophantine equation x> + y? = z2. Such a triple x-y-z is a Pythagorean
triple. Every Pythagorean triple corresponds to a Pythagorean triangle, and vice versa.

The simplest Pythagorean triple is 3-4-5, depicted by the Greek stamp in Figure 4.2: 3> +
4?> = 52, This yields infinitely many Pythagorean triples 3n-4n-5n: (3n)?> + (4n)?> = (5n),
where 7 is an arbitrary positive integer.

There are Pythagorean triples involving of four consecutive Fibonacci numbers. To see this,
welet x = F, Fyy3,y = 2F,41Fyqo,and z = F2 | + FZ, ;. Then

X2+ 32 = (FF43)* + QFu1 Fuo)?
= [(Fut2— Fos1) (Fnga + Fui D)) + QFyq1 Frg)?
(Fnz—i-Z - Fn2+1)2 + 4Fn2+1Fn2~|—2

= (Fn2+2 + Fnz—}-l)2
= 2

For example, letn = 7. Then x = F;Fjg = 13-55 =715,y = 2FgF9 = 2-21-34 = 1428,
and z = F§ + F§ = 217 + 34? = 1597. Notice that x> + y? = 715% + 1428% = 2,550, 409 =
1597% = 22,

Likewise, L, Ly43-2Ly41Lny2- (L, + L3, ,) is a Pythagorean triple. For example, again
weletn = 7. Then x = L;7Ljg = 29123 = 3567,y = 2Lglg = 2-47-76 = 7144, and
z =L+ Lj =477+ 76° = 7985. Again, notice that x> + y? = 63,760,225 = z°.

More generally, let {G,,} be any integer sequence such that G, = G,—; + G,—,, where n > 3.
Letx = G,Gpy3,y = 2Gy41Gpy2,and z = G, | + G, ,. Then x-y-z is a Pythagorean triple.

Primitive Pythagorean Triples

The Pythagorean triple 3-4-5 has the property that (3,4,5) = 1; that is, 3, 4, and 5 are pairwise
relatively prime. Such a triple x-y-z is said to be primitive. For example, 5-12-13 and 119-120-
169 are primitive Pythagorean triples.

Let x-y-z be an arbitrary Pythagorean triple and (x, y,z) = d. Then x = du,y = dv,
and z = dw for some positive integers u, v, and w, and (1, v, w) = 1. Since x2 4+ y? =22t
follows that u?+v? = w?, where (1, v, w) = 1; so u-v-w is a primitive Pythagorean triple. Thus
every Pythagorean triple is a positive multiple of a primitive Pythagorean triple. Consequently,
we confine our discussion to primitive Pythagorean triples.

Primitive Pythagorean triples can be characterized by the following elegant result. Again, we

omit its proof [130] in the interest of brevity.



4.2 Pythagorean Triples 81

Theorem 4.1 Let x,y and z be arbitrary positive integers, where y is even. Then x-y-z is
a primitive Pythagorean triple if and only if there are positive integers m and n with m >
n,(m,n) =1, and m # n (mod 2) such that x = m*> —n?,y = 2mn, and z = m? + n>. "

The integers m and n are the generators of the primitive Pythagorean triple x-y-z.

Table 4.1 shows the the primitive Pythagorean triples with m < 10. It follows from the table
that the lengths of the sides of a Pythagorean triangle can be squares; see the circled numbers.
But no two sides of a Pythagorean triangle can be squares.

Table 4.1.
Generators Primitive Pythagorean Triples
m ni||x=m?>=n* y=2mn z=m?>+n?
2 1 3 @) 5
3 2 5 12 13
4 1 15 8 17
4 3 7 24 @
502 29
5 4 O 40 41
6 1 35 12 37
6 5 11 60 61
7 2 45 28 53
7 4 33 56 65
7 6 13 84 85
8 1 63 65
8 3 55 48 73
8 5 39 80 89
8 7 15 112 113
9 2 77 85
9 4 65 72 97
9 8 17 145
10 1 99 20 101
10 3 91 60 109
10 7 51 140 149
10 9 19 180 181

Can the lengths of the legs of a primitive Pythagorean triangle be consecutive integers?
Clearly, yes; 3-4-5 is the most obvious example. (It is the only Pythagorean triangle such that
the lengths of all sides are consecutive integers; this can be confirmed using basic algebra.) Are
there other primitive Pythagorean triangles such that the lengths of their legs are consecutive
integers? Table 4.1 shows one more such triangle: ——29.

Are there any other such primitive Pythagorean triangles? If yes, how do we find them? To
investigate such primitive Pythagorean triangles, we musthave y = x + 1 or x = y + 1. So, by
Theorem 4.1, we must have 2mn = m?>—n?+1orm?>—n? = 2mn+1;s0 (m—n)*—2n? = —1
or (m—n)?>—2n? = 1. These two equations can be combined into the Pell’s equation u? —2v? =
(=K, whereu =m —n,v =n,andm > n.
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By Examples 2.1 and 2.10, the elements of the sequence {u} are 1,3,7,17,41,99,.... The
corresponding values of the sequence {v;} are 2,5,12,29,70,169.... Table 4.2 lists the first
twelve pairs of generators (m,n) and the lengths x = m? —n?,y = 2mn, and z = m? 4+ n? of
the sides of the corresponding primitive Pythagorean triangles. The lengths of the legs of these

triangles are consecutive integers. Clearly, there are infinitely many such primitive Pythagorean
triangles. In other words, the diophantine equation x? + (x £ 1)?
solutions.

= 7?2 has infinitely many

Table 4.2.
Primitive Pythagorean Triangles
Index Generators With Consecutive Legs
k m n x=m?>-n?> y=2mn z=m?>+n?
1 2 1 3 4 5
2 5 2 21 20 29
3 12 5 119 120 169
4 29 12 697 696 985
5 70 29 4059 4060 5741
6 169 70 23661 23660 33461
7 408 169 137903 137904 195025
8 985 408 803761 803760 1136689
9 2378 985 4684659 4684660 6625109
10 5741 2378 27304197 27304196 38613965
11 13860 5741 159140519 159140520 225058681
12 33461 13860 | 927538921 927538920 1311738121

4.2.2 Some Quick Observations

We can now make some interesting and useful observations about the sequences {uy}, {vi} and
{my}, and Table 4.2.

(1) The sequences {u;} and {v;} follow exactly the same recursive Pell pattern.

(2) The sequences {vy} and {m, } are the same except that the initial seed v; is missing in the
latter sequence.

(3) The legs alternate between larger and smaller lengths; that is, if x; < yi, then xz4 >

Yik+1; and if xx > yi, then xx4+; < yi+1. These can be established using the recursive
definition of the sequence {vx} and the fact that it is an increasing sequence. For example,
if vf —vp_; < 2upvk—1, then v | — V7 > 20410k,

(4) The lengths z; of the hypotenuses are the even-numbered values of my; that is, z = mk.
This follows from the facts that my = vg41,nr = vg, and U]%_H + v,% = V2k+1-

(5) The lengths z; of the hypotenuses also satisfy a recursive pattern:

zZ1 = 5, 22:29

Zk = 6zx—1 —Zk—2, k =3.

(We encountered this recurrence in Example 1.5.)
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(6) Consider the smaller of the lengths of the legs for each k. Let a; denote the resulting
sequence: 3,20, 119, 696, 4059, 23660, . .. . It also satisfies a recursive pattern:

ay = 3, 6l2:20

ap = 6ax—;—ar—+2, k=>3.

(We saw a similar pattern in Example 1.6.)

(7) Suppose the pair (my,ny) generates the kth primitive Pythagorean triple. Then 2m; +
Myg—1 = Mi41 and nxyy = 2ng + ng—; = 2my_; + my—, = my. Consequently, the
pair (2my, 4+ my—1, my) generates the (k + 1)st primitive Pythagorean triple whose legs are
consecutive integers, where k > 2.

This gives a quick algorithm to compute each generator from its predecessor and thus to
compute the corresponding primitive Pythagorean triple.

For example, (29, 12) generates the fourth such primitive Pythagorean triple 697-696-
985. So the fifth such triple is generated by (2 - 29 + 12, 29) = (70, 29); see Table 4.2.

4.3 A Recursive Algorithm

Next we develop a recursive algorithm for generating all primitive Pythagorean triples such that
the lengths of the legs are consecutive integers. To this end, suppose x-y-z is such a primitive
Pythagorean triple. Then x —y = +1,s0 x> + (x + 1)> = z%. Letu = 3x + 2z + 1,v =
3x +2z +2,and w = 4x + 3z + 2. Then

w4+ 12 = 18x> +24xz + 822+ 18x + 12245
= (16x> 4+ 822 4+ 24xz + 16x + 12z + 4) + x> +2x + 1)
= (16x* 4+ 82> 4+ 24xz + 16x + 122 + 4) + 22
= 16x> 4 9z° +24xz + 16x + 12z + 4

= w2.

Consequently, u-v-w is a Pythagorean triple. It is easy to see that it is primitive also; thus it
is a primitive Pythagorean triple. Knowing primitive Pythagorean triple x,-y,-z,, this gives a
recursive algorithm to construct a primitive Pythagorean triple X, +1-y,+1-Z,+1 With the same
property.
Since the simplest such triple is 3-4-5, this algorithm can be defined recursively:
X1 = 3, y1=4, Zl=5

Xn+1 = 3xp + 2z, + 1, Yn+1 = Xp41 + L Zn+1 = dx, +3z, +2, n>1. 4.1)

For example, x, = 3x; +2z2;,+1 =3-3+2-54+1=20,y, = x, +1 = 21, and
Zp =4x1+321+2=4-3+3-5+2 = 29; likewise, x3-y3-z3 = 119-120-169; see Table 4.3.
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Table 4.3. Primitive Pythagorean Triples Generated by Recursion

EXIE Y Zn
3 4 5
20 21 29
119 120 169

696 697 985
4059 4060 5741
23660 23661 33461
137904 137903 195025

NN kR WD =S

Notice that in Table 4.2, the leg x, is always odd and y, is always even; but in Table 4.3,
their parities alternate.
Notice also that the sequence {x,} can be defined recursively:

X1 = 3, x=20

X, = 6x,—1—X,—2+2, n=>3.

For example, x4 = 6x3 —x, +2=6-119—-20 + 2 = 696.

It follows from the recursive definition (4.1) that there are infinitely many primitive
Pythagorean triples x,-y,-z, with consecutive integral legs. Conversely, we can prove that every
primitive Pythagorean triple with consecutive integral legs can be generated using the recursive
definition (4.1) [233].

Finally, we note that the three recursive formulas in definition (4.1) can be combined into a
single matrix equation:

Xn+1 321 Xn
Von+1 | = 32 2 Ynl, NI >1
Znt1 4 3 2|1

Exercises 4
Verity that each is a Pythagorean triple.

(17-41,2-12-29,985).

(13860, 70% + 1,3 -70% + 1).

Prove that 3-4-5 is the only primitive Pythagorean triple consisting of consecutive integers.
Prove that there are infinitely many Pythagorean triples.

Suppose x-y-z is a primitive Pythagorean triple with x even. Prove that both yz is odd.

Prove that the length of one leg of a Pythagorean triangle is a multiple of 3 (C.W. Trigg,
1970). Hint: Use Fermat’s little theorem [130].
Prove that each is a Pythagorean triple.

7. Cn+1,2n(n+1),2n(n+1) +1).

A e
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8. (4n,4n’ —1,4n%>+1).
9. (3(2n +3),2n(n + 3),2n> + 6n +9).
10. (QnQn+1,2Py Put1, Pant1).
11. (P, P22n + 1, 3P22n + 1). Hint: Use the Pythagorean triple (2ab,a®> — b?,a* + b?) with
a = Qy, and b = P,,, and the identities P,, = 2P, 0, and Qﬁ — 2Pn2 = (—1)".
12. The lengths of the legs of a Pythagorean triangle are Q, Q,,+, and 2 P, P,,+;. Compute the
area of the triangle. Hint: Py, = 2P Q.
Develop a generating function for the sequence {a,} satisfying the given recurrence with the
corresponding initial conditions.
13. a, =6a,_1 —a,—>;a; = 5,a, = 29.
14. a, =6a,_1 —a,— +2;a; = 3,a, = 20.
*15 The ratio of the area of a Pythagorean triangle to its semi-perimeter is p”, where p is a
prime and m a positive integer. Prove that there are m + 1 such triangles if p = 2, and
2m + 1 such triangles otherwise. (H. Klostergaard, 1979)
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Triangular Numbers

5.1

Introduction

The old Chinese proverb, “A picture is worth a thousand words,” is true in mathematics. We
frequently use geometric illustrations to clarify concepts and illustrate relationships in every
branch of mathematics. Figurate Numbers provide such a link between number theory and
geometry; they are positive integers that can be represented by geometric patterns. Although
the Pythagoreans are usually given credit for their discovery, the ancient Chinese seem to have
originated such representations about 500 years before Pythagoras. Many centuries later, in 1665,
Pascal wrote a book on them, Treatise on Figurate Numbers.

Polygonal numbers are a special class of figurate numbers; they are positive integers that
can be represented by regular n-gons, where n > 3. When n = 3,4, and 5, they are called
triangular, square, and pentagonal numbers, respectively. In this chapter, we will focus on
triangular numbers.

5.2 Triangular Numbers

We often see triangular arrangements of objects in the real world. A set of the ten bowling pins
are initially set up in a triangular shape. In the game of pool, the 15 balls are also initially set up
as a triangular array. The white floral design in the tablecloth in Figure 5.1 represents the number
15; the gray spaces in between the designs represent the number 10. Grocery stores often stack
fruits, such as apples and oranges, in triangular arrangements; see Figure 5.2. The numbers 3,
10, and 15 are triangular numbers.

More generally, a triangular number t, is a positive integer that can be represented by an
equilateral triangular array. The first four triangular numbers are t{ = 1, 1, = 3, 13 = 6, and
t4 = 10. They are represented pictorially in Figure 5.3.

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9_5, 87
© Springer Science+Business Media New York 2014
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Figure 5.1. A Thai tablecloth

Figure 5.2. Oranges in Grocery Store

Figure 5.3. The First Four Triangular Numbers

n
Since row i in such an array contains i dots, it follows that 7, = Y i = w
i=1

For example, #35 = 2% = 666 (the beastly number®), and ;g1 = 185182 =1 413,721 =
11897, a square.

Since 1, = @ = (";Ll), triangular numbers can be read directly from Pascal’s triangle;
see the rising diagonal in Figure 5.4.

Since row n in the array contains n dots, f, can be defined recursively:

See the Book of Revelation in the Bible.
For Fibonacci enthusiasts, we note that 11 is a Lucas number and 89 a Fibonacci number; there are 1189 chapters in the
Bible, of which 89 are in the New Testament.

7
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1 triangular numbers
1 1 /
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1

Figure 5.4. Pascal’s Triangle

Hh =1

t, = th—1+n, n=>2.

Triangular numbers appear in a variety of situations. For example, we can find them in the
famous carol “Twelve Days of Christmas” [130]: Suppose you send i gifts to your true love on
n
the i th day of Christmas; how many gifts s, would be sent on the nth day? Clearly, s, = > i =
i=1
1213

= t,. In particular, s;, = 5= = 78 = fy,, as in the carol.

n(n+1)
2 2

5.3 Pascal’s Triangle Revisited

There is an interesting relationship between triangular numbers and Pascal’s triangle. To see
this, replace each even number by 0 and each odd number by 1. Figure 5.5 shows the resulting
Pascal’s binary triangle.

Figure 5.5. Pascal’s Binary Triangle
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Notice that some rows consist of 1s only; they are row 0 and rows labeled M,,, whenn > 1.
This fact was established in 1981 by R.M. Dacic of Belgrade, Serbia [130].

Pascal’s binary triangle contains another treasure. To see this, consider the centrally located
triangles V, consisting of Os; they point downward and have their bases on row 2", where n > 1.
Since row n contains (2" 4+ 1) — 2 = M,, zeros, V, consists of %”H) = 2"~ M, zeros. But
2"IM, = tu,. So triangle V,, represents the triangular number ¢y, for every n > 1.

Since every even perfect number is of the form 27~ M p and 27 M » = tu,, it follows that
every even perfect number is represented by the triangle Vys,, where M, is a prime.

7-8

For example, M3 = 23— 1=7and Iy =17 =5 = 28, the second perfect number. It is

represented by Vjy,, the third centrally located triangle pointing downward.

5.4 Triangular Mersenne Numbers

Although every even perfect number is triangular, what is the case with Mersenne numbers M,,?
Notice that M| = t;, M, = 3 = t,, My = 15 = t5, and M, = 4095 = t9y are all triangular
numbers. But there are no additional triangular Mersenne numbers < M3,. So they appear to be
sparsely populated.

In 1958, U.V. Satyanarayana of Andhra University, India, proved that there are infinitely
many Mersenne numbers which are not triangular. This can be established fairly easily using
congruence modulo 10. First, notice that every triangular number 7, is congruent to 1, 3, 5, 6, or
8 modulo 10. Secondly, let n be any positive integer. Then, by the division algorithm,n = 0, 1, 2,
or3 (mod 4).

Case 1 Suppose n = 0 (mod 4), so n = 4k for some integer k > 0. Then
M,=2%_1=02%—-1=6"-1=6—-1=5 (mod 10).
Case 2 Suppose n = 1 (mod 4), son = 4k + 1 for some integer k > 0. Then
M, =2%"_1=2.0%-1=2.66-1=2-6-1=1 (mod 10).
Likewise, it can be shown that

Wy §3 mod 10) ifn =2 (mod 4)
" |7 (mod 10) ifn =3 (mod 4).
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Thus

5 (mod 10) ifn =0 (mod 4)
1 (mod 10) ifn =1 (mod 4)
3 (mod 10) ifn =2 (mod 4)
7 (mod 10) otherwise.

Since t, = 1, 3,5, 6, or 8 (mod 10), it follows that M,, cannot be triangular if n = 3 (mod 4).
But there are infinitely many Mersenne numbers of the form My 3. Consequently, there are
infinitely many non-triangular Mersenne numbers.

5.5 Properties of Triangular Numbers

Triangular numbers satisfy a vast array of interesting properties. The simplest and most obvious
is the fact that the sum of any two consecutive triangular numbers is a square: t, + t,_; = n.
The proof follows algebraically.

Figure 5.6 provides a geometric illustration of this fact whenn = 4 and n = 5.

o 0 00
® 0 & O
® 6 O O
® O O O

ty+ ty = 42 ts + ty = 52

Figure 5.6.

Next we establish a criterion for two consecutive triangular numbers to have the same parity
(oddness or evenness).

Theorem 5.1 The triangular numbers t, and t, | have the same parity if and only if n is odd.

Proof. Suppose t, = t,41 (mod 2). Thent, +t,41 = (n + 1)?is even; so n + 1 is even. Hence

n is odd.
Conversely, let n be odd. Then n + 1 and hence (n + 1)? are even. So t, + 1,4 is even.
Consequently, t, = t,4+1 (mod 2). 0

The next result, discovered by Diophantus (ca. 250), can also be established algebraically:
One more than eight times a triangular number is a square.

Theorem 5.2 (Diophantus) 8z, + 1 = (2n + 1)°. -

Figure 5.7 shows a pictorial illustration of Diophantus’ result, developed in 1985 by E.G.
Landauer of the General Physics Corporation [148].
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Figure 5.7. A Visual Proof of Diophantus’ Result

The Diophantus Theorem yields an interesting byproduct. The square of every odd integer
is congruent to 1 modulo 8; that is, (2n 4+ 1)> = 1 (mod 8). This theorem also implies that if
8N +1=(2n+1)% then N = @ = t,. See the geometric illustration in Figure 5.7.

As another byproduct, it can be used to determine whether or not a positive integer N is
a triangular number #,; if it is, then we can identify the value of n, as the next two examples
illustrate.

Example 5.1 Determine whether or not N = 1,983,036 is a triangular number ¢,,. If it is,
find n.

Solution. Assume N is a triangular number £,. Then, by Theorem 5.2, 8N + 1 = (2n + 1)?;
son — YBNFI-1 _ /819830361 V819830361 _ 199] is
2 2

2
indeed an integer. So N is a triangular number and N = t199; =

must be a positive integer. Notice that

1991-1992 -
T

Example 5.2 Determine whether or not N = 1,967,139 is a triangular number ¢,,. If it is,
find n.

Solution. Again, assume N is a triangular number #,,. Then, as in Example 5.1, n = —VSN;FI_I =

—"8'19627139_1 must be an integer. But —”“9627139_1 ~ 1983.0015, a contradiction. So N is not a
triangular number. n

Table 5.1 shows a list of properties of triangular numbers; they all can be confirmed
algebraically.

Table 5.1. Properties of Triangular Numbers

() ty+tioy=n? (2) by, +t,o1 =17

(3) t2+1t>, =1, @) 8t,+1=02n+1)>2
(5) 8ty—1 +4n = (2n)? 6) 1t =3ty + 1t

(7)) topt+1 = 3ty + by ®) 27—t =n

) tay — 2ty = n? (10)  toy—y — 2ty = n?

(1T) t,% =1y + th—1ln+1 (12)  2tyty— = [ I
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Identity (8) has an interesting byproduct. It can be employed to establish the summation

n
formula for 3" i3; see Exercise 19.
i=1
The properties in Table 5.1 can be illustrated pictorially, providing an enjoyable exercise.

This art has been popularized over the years by R.B. Nelsen of Lewis and Clark College,
Portland, Oregon [170, 171]. For example, Figures 5.8, 5.9, 5.10, and 5.11 provide visual
illustrations of properties (3), (5), (6), and (7), respectively.

(b)

(c)

(d)

Figure 5.8. ()17 +1 =14 (b) 17 + 13 = 1o () 1} + 17 = t16 (d) 1 + 12 = Ip5

o
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® OO O e ® OO OO0 O0OO0O0OOo
® € OO ® OO O ® O OO O OO0
® @ ® OO OO O ® ® OO OOO0OO
® @0 OO0 00 ® ® ® OO0 OOO0OO
O O0OOCeOO0Cee ® @ ®d® OO0 OO0OOCO
OOCee®OO0O0e ® ® ®0® ® OO OOCOO
O e®@e ® ® OO O O ® @ &0 86 OOOCOOO

Figure 5.9. 81,_; + 4n = (2n)? Figure 5.10. 31, + 1,1 = 1,
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Figure 5.11. 3;, 4+ t,4+1 = ta+1

5.6 Triangular Fermat Numbers

Since
ty, = w =23n)3n+ 1) =0 (mod 3)
fy = Ot 1)2(3" T2 o 2Gn 4 1)Gn+2) =1 (mod 3)
foay = OMF 2)2(3" T3 o 2Gn+2)Gn +3) =0 (mod 3).

it follows that

)1 (mod 3) ifm=1 (mod 3)

0 (mod 3) otherwise.

This congruence has an interesting consequence. To see this, consider the nth Fermat number
f = 2% + 1, where n > 0. Notice that f; = 3 is a triangular number. Suppose n > 1. Then
fi=(=D"4+1=14+1=2 (mod 3);so f, cannot be a triangular number when n > 1. In
other words, 3 is the only triangular Fermat number.

In 1987, S. Asadulla [5] established the same fact using PMI and the following facts, where
n>1:1) f, =7 (mod 10);and 2) t, = 1,5,6,0r 8 (mod 10).

5.7 The Equation x? + (x + 1)?2 = z2? Revisited

In Chapter 4 we found that the diophantine equation x> + (x + 1)> = z2 has infinitely many
solutions. This fact has an interesting byproduct. To see this, let (x, z) be such a solution. Then

2 2
Iy + Iy > >

= x4+ D?[x* + (x + 1)?]
= [(2x + 1)z]*.

[2x(2x + 1)]2 N |:(2x + 1)(2x + 2)]2
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Since the equation x> 4+ (x + 1)> = z2 has infinitely many solutions, it follows that there are
infinitely many primitive Pythagorean triangles whose legs are consecutive triangular numbers.
For example, 17 + 12 = (7-5)%, 13, + 13, = (41-29)%, and 1355 + 1355 = (239 169)? yield three
such Pythagorean triangles.

Next we develop a generating function for triangular numbers using differentiation. This
technique works since we are not interested in the convergence of the corresponding power
series.

5.8 A Generating function For Triangular Numbers

We have
1 o0
1—x - an
n=0
1 o0
s = ) Dy
(1—x) s
1 2 n(n+1) "
_—x = — X .
T T 2o

This is the desired generating function.

5.9 Triangular Numbers and Pell’s Equation

There is a close link between triangular numbers and Pell’s equation. The following example
illustrates such a relationship. We will explore this further in the next chapter.

Example 5.3 There are triangular numbers #, that differ from a square by 1; that is, |t, —m?| =
1, where m is a positive integer and | x| denotes the absolute value of the number x. For example,
|t —2%| = |3—2%| = 1 and |t4 —3%| = |10—23?| = 1. Find the next six such triangular numbers.

Solution. The condition |t, — m?| = 1 implies that n(n + 1) — 2m? = £2; thatis, n> + n —
2m? = £2. Multiplying by 4 and then completing the square, we get two Pell’s equations:
x?—2y2=—-Tor9,wherex =2n+land y =2m;sox =1 (mod 2) and y = 0 (mod 2).

Case 1 Let x> —2y? = —7. We solved this equation in Example 2.16. Table 5.2 gives the first
four solutions (x, y), and the corresponding values of n, m, t,, and m?. In each case, |t,—m?| = 1.
(Note that 7y also works, although it is not considered a triangular number.
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Table 5.2. Table 5.3.
’ X ‘ y H n m 1, m?2 ’ X ‘ y H n m 1, m?
1 2 0 1 0 1 3 0 1 0 1 0
5 4 2 2 3 4 9 6 4 3 10 9
11 | 8 5 4 15 16 51 36 25 18 325 324
31 |22 || 15 11 120 121 297 | 210 || 148 105 11026 11025 -

Case 2 Let x> —2y? = 9. Using Example 2.15, we can construct a similar table; see Table 5.3.
Again, |t, — m?| = 1 in each case. (Notice that ¢; is a possibility if we allow m to be zero.)

5.9.1 Two Interesting Dividends

The y-values found in Case 2 above follow an interesting pattern: 0, 6, 36,210, 1224, .... This
sequence {y,} can be defined recursively:

Yo = 0, y1=6
Yn = 6yn—1_yn—2, n>?2.

This is a homogeneous recurrence with constant coefficients. (We will encounter it in the

next chapter also.) Using the standard technique, we can solve it to find an explicit formula for
2n__g2n
y"—8

WG ) = 3 P,,, where n > 0. For example, y, = 3P4 =

vu. The general solution is y,, = 3 (
3-12 = 36.

A generating function for the sequence {y,} is

6x

(st 6x + 36x% + 210x> + 1224x* + ... .

Next we investigate the {xy }-values found in Case 1: 1,5, 11,31, 65, .. .. They too follow an
interesting pattern. Can you find it without reading any further?
The sequence {x;} can be defined recursively:

X1 = 1, xz:5, X3=11, )C4=31

Xy = O6Xp—2— Xi—a, k > 5. (5.1)

For example, x¢ = 6x4—x, = 6-31—5 = 181. Likewise, x; = 379. Table 5.4 gives the first
eleven values of x; and yi, and the corresponding values ny and my of n and m, respectively.
Using the recursive definition (5.1), we can extend it to include the case n = 0: x4 = 6x, — X0;
that is, 31 = 6 -5 — Xxp; so xo must be —1.

Accordingly, we can modify the recursive definition:

X0 = —1, .X1:1, XQZS, X3:11

X = O6Xj_o— Xi—4, k>4, (5.2)
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Table 5.4.
| k]t 2 3 4 5 6 71 8 9 10 11
xe |15 11 31 65 181 379 1055 2209 6149 12875
yi |2 4 8 22 46 128 268 746 1562 4348 9104
ne [0 2 5 15 32 90 189 527 1104 3074 6437
me |1 2 4 11 23 64 134 373 781 2174 4552

This will make it easier to find an explicit formula for x;. To this end, we will solve the
recurrence (5.2).

The recurrence (5.2) is a linear homogeneous one with constant coefficients. Its characteristic
equation is z* —6z2 4+ 1 = 0. Solving it, we get z2 = 3+ 22 = (1 £ v/2)% 50z = £1 £ /2.
Thus there are four characteristic roots: r = y,s = §,t = —y, and u = —§. So the general
solution is of form x; = Ar* + Bs* + Ct* + Du*, where the constants A, B, C, and D are to
be determined.

The four initial conditions yield the following 4 x 4 linear system in 4, B, C, and D:

A+B+C+D = -1 (5.3)
Ar + Bs+Ct+ Du = 1
Ar* 4+ Bs* + Ct*> + Du> = 5
Ar’+ Bs*+Ct’ + Du’ = 11
Solving this is lengthy, tedious, and time-consuming. For the sake of brevity, we will omit the
complicated computations and give only the key steps. The following values will come in handy
in the process: r —s = 24/2,r —t =24+ 2/2,r —u =212 =1 =34+ 22,5 = u? =

322,13 =53 =102, =13 =144+ 10v/2, 7 —u? = 14, and 3 + 11 = 18 + 5V2.
These facts can be used to obtain a 3 x 3 linear system in B, C, and D:

2442

V2B+(1++2)C+D = — 2f

4+ 2

B+D = - 5.4)
2V2 (
10v2B 4+ (14 + 10v/2)C + 14D = —18—54/2.
This leads to the following linear system in B and C:

2—4/2
(V2—=1D)B+ (1+~2)C = 2‘/_

18— 1142

(5v2—=7)B + (1+5vV2)C = 75
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Solving this linear system yields

2—242 ) 6 —44/2 82
B =— \/_:— and C = f:

42 22 42 22

Using equation (5.4), we get D = —6;’:‘5@ = —% Using equation (5.3), we now can
4 24242 vy
compute A: A = W RN
Substituting for A, B, C, and D, we get the desired general solution satisfying the initial
conditions:
"
Y k 8 k k
Xk — ( —=(-9)
22! 2f f 7 ﬁ

_ ]/k+1—5k+1 (_1) b ok . .
- 5 +2ﬁ[3(y ) 2\/§(y+5)}

= Piy 4+ (=D)*BPy —20;), where k > 0.

For example x, = P; + 3P, —20Q0;) = 5+ (3-2—2-3) = 5, as expected. Similarly,
X3 = 11.

Computing these values by hand or even with the aid of a scientific calculator is extremely
time-consuming, and a test of accuracy and patience. A computer algebra system such as
Mathematica® can be extremely useful for such complex computations.

Using the power of matrices and Mathematica® to solve the above 4 x 4 linear system in
A, B,C, and D, we can save hours of frustration.

5.9.2 The Matrix Method Using Mathematica®

The linear system can be written as a matrix equation:

1 1 1 1 A —1
r s t u B |1
r2 s2 2 u? cl |5
rP s 2w | D 11
The coefficient matrix
1 1 1 1
r s t u
M =
72§22 2
33 38

8 Mathematica® is a registered trademark of Wolfram Research, Inc.
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is the 4 x 4 Vandermonde matrix, named after the French mathematician Charles Auguste
Vandermonde (1735-1796). Since |M | = (r —s)(r —t)(r —u)(t —s)(t —u)(s — u) and no two
characteristic roots are equal, it follows that |M | # 0, where | M | denotes the determinant of the
matrix M. Consequently, M is invertible. Using Mathematica®,

32 —2442 —80+56/2 82 16—84/2
1 |32424/2 —80—56+2 —8v2 16482

M™'=— :
128 | 32 —2442 80—5642 82 —16+ 82
3242442 80+ 562 —842 —16—842
Therefore
A 32242 —80+562 842 16—842 ||-1
B| _ 1 [32+24V2 —80—-56v2 —8v2 16+ 82 1
C| = 128|32-24v2 80-5642 82 —16+82]1| 5
D 324242 804562 —8v2 —16—8v2 || 11
2422
1 [ 2422
42 6— 42
—6— 42

These are exactly the same values we got earlier for A, B, C, and D by the traditional method.

We can develop a generating function g(¢) for the sequence {x;} using the recursive
definition (5.2):

53+ 112 +1 -1

— 2 3 4 k
62 11 =14+t +5>+ 112+ 31+ xpth +-

Example 5.3 Revisited

The Pell equation x> — 2y? = 9 has an added byproduct. To see this, suppose we would like
to find three consecutive triangular numbers whose product is a square; that is, find a positive
integer n such that t,_12,t,+, is a square. Since %(n —n - %n(n +1)- %(n + 1 +2) =

nz(n:1)2 . (”_1)2("+2), this implies that LZ('“LZ) = m? for some positive integer m. This yields
the equation x> —2y% = 9, where x = 2n + 1 and y = 2m.

Since y # 0, the least positive solution is (x, y1) = (9, 6); then n = 4. Correspondingly,
t3t4ts = 6-10-15 = 30%. With (X2, yz) = (51, 36), we get n = 25; then ty4t5t56 = 300 - 325 -
351 = 58502. Since the Pell’s equation has infinitely many solutions, it follows that there is an
infinitude of triples of consecutive triangular numbers such that their product is a square.

We close this chapter with an unsolved problem involving triangular numbers.
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5.10 An Unsolved Problem

In 1949, the Polish mathematician K. Zarankiewicz (1902-1959) asked whether or not there are
Pythagorean triangles whose sides are triangular numbers. Interestingly, there is at least one:
t1232 + 11243 = 87782 + 102962 = 183,060,900 = 13,530% = t1264. It is not known if there are
any other such Pythagorean triangles.

Exercises 5

1. Prove Diophantus’ theorem.
Determine if each integer is a triangular number #,? When it is, find n.

2. 2,025,078.
3. 1,983,037.
Evaluate each.
4. ¥ L
k=1 %
o0
5. % &
k=1 %

This problem was proposed by Huygens to the German mathematician Gottfried Wilhelm
Leibniz (1646—1716) during the former’s stay in Paris at the invitation of Louis XIV. This
problem led to the development of Leibniz’s harmonic triangle [137].
6. Prove that {t, (mod 10)} is periodic with period 20.
7-18. Prove identities 1-12 in Table 5.1.
19. Using identity (8) in Table 5.1, develop a summation formula for i i3
20. Solve the recurrence y, = 6y,—1 — V,—2, Where yo = 0, y; = 6, ;mcll n>2.
21. Using the recursive definition of y, in Exercise 19, find a generating function for {y, }.
22. Develop a generating function for the sequence {x, }, where x,, = 6x,_, —x,—4,x] = 1,
X, =5,x3=11,x4 =31,and n > 5.
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Square-Triangular Numbers

6.1

Introduction

In the preceding chapter we introduced triangular numbers and some of their properties,
including some visual representations. This chapter focuses on a special class of triangular
numbers, which has major ramifications.

To begin with, we ask if there are triangular numbers that are also squares. Certainly. We saw
two such triangular numbers in the previous chapter: #; = 1 = 1% and #1637 = 1,413,721 =
11892. So there are at least two square-triangular numbers. Are there any others? If yes, how
many are there? How do we find them? We will answer these questions now.

Finding square-triangular numbers by trial and error is not practical, so we will take
advantage of Diophantus’ theorem: 8¢, +1 = (2n + 1)%. Thus every triangular number ¢, has the
property that 8¢, + 1 is a square. In addition, we want #, to be a square m?; then 8m?+ 1 also must
be a square. So we must select integers n and m such that Pell’s equation (2n + 1)? — 8m? = 1
is satisfied.

6.2 Infinitude of Square-Triangular Numbers

2 2

Recall from Example 2.3 that Pell’s equation x~ — 8y = 1 has infinitely many solutions
(X, yn) = (Q2n, %Pzn), where n > 1. Consequently, there are infinitely many square-triangular
numbers y,f, as Euler discovered in 1730.

Table 6.1 gives fifteen solutions (xi, yx) of the equation, the first fifteen square-triangular
numbers y,f, and their corresponding subscripts ny.

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9_6, 101
© Springer Science+Business Media New York 2014
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Table 6.1.
Square-Triangular Corresponding Subscript
k Xk Vi Number y]f Ny int,,
1 3 1 1 1
2 17 6 36 8
3 99 35 1225 49
4 577 204 41616 288
5 3363 1189 1413721 1681
6 19601 6930 48024900 9800
7 114243 40391 1631432881 57121
8 665857 235416 55420693056 332928
9 3880899 1372105 1882672131025 1940449
10 22619537 7997214 63955431761796 11309768
11 131836323 46611179 2172602007770041 65918161
12 768398401 271669860 73804512832419600 384199200
13 4478554083 1583407981 2507180834294496361 2239277041
14 26102926097 9228778026 85170343853180456676 13051463048
15 || 152139002499 53789260175 2893284510173841030625 76069501249

The formula for the square-triangular number y,f can be written in different ways:

o= pPh= 55 [0 VDR - Ve ]

1 1
= o [(3 +2v2)% 4+ (3—2v2)%* — 2] = (Qu—1)
— 312 [(17 + 12v2)F + (17 — 12/2)F — 2} :

Knowing a square-triangular number y,f, how do we know which triangular number 7, it is?
To answer this, again we return to Diophantus’ theorem. If y,f is the triangular number ¢, , then

2 _ 2 _ Vst 2 _

we must have 8y, + 1 = (2ny + 1)%; song = ~———.Thus y; = t\/sy,gﬁ—l'
For example, consider the square-triangular number y3 = 1225. Then n3 =
49. So 1225 = t49, the 49th triangular number; see Table 6.1.

We now make some interesting observations about Table 6.1:

JBI122541—1 _
2

(1) The sequence {y;} = 1,6,35,204,1189,... contains two hidden treasures. To see this,
we can factor each y; as yy = Py Qk:

1 = -1
6 = 2-3
35 = 5-7
204 = 12-17
1189 = 29-41
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We encountered the sequences { P, } and {Q,} in a variety of contexts in Chapter 2-5 and
will explore them at length in Chapters 7—15, where we will show that (P,, Q,) = 1.

(2) Recall from Example 1.5 that the sequence {y } is defined recursively as follows:

yi =1, »=06
Yk = 6yk—1— yk—2, k =3.
pk gk
It follows by Example 1.8 that y;, = Wik where r = 3 +2+/2and s = 3 —2/2.
But 7 = y?and s = §%; so
B y2k 52k B lp
Yk = —4«/5 =5 2k - (6.1)

For example, y; = %P6 = %(70) = 35, as expected; see Table 6.1.
(3) The ratios YI;_Z-I follow an interesting pattern; see Table 6.2. It appears that the ratios

approach a finite limit as k approaches oco. In fact, klim % = y?; see Exercise 3.
—> 00
Table 6.2.
LAl » 5
1 1 6.00000000000
2 6 5.83333333333
3 35 5.82857142857
4 204 5.82843137255
5 1189  5.82842724979
6 6930  5.82842712843
7 40391  5.82842712485
8 235416  5.82842712475
9 || 1372105 5.82842712475
10 || 7997214  5.82842712475

(4) The sequence {x;} in Column 1 follows exactly the same recursive pattern, but with
different initial conditions:

X1 = 3, Xy = 17
Xy = O6Xp_1 —Xp—2, k>3.
Solving this LHRWCCs, we get

Xp = % [(3 +2V2)F + (3 - 2ﬁ)k] = Q. (6.2)

For example, x3 = Q¢ = 99, as expected.
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(5) Consider the sequence of subscripts of the square-triangular numbers in Column 5:

(6)

1,8,49,288,1681,.... This is the same sequence {n;} we studied in Example 1.6. It is
defined by

ny = 1, I”l2=8

ng = O6ngp_y—ng—+2, k>3.

rk 4 sk -2
It follows by Example 1.9 that n; = — where r = 3 + 242 and s =
3—24/2.Since r = y2and s = §2,
1 1
nig = 1 ()/Zk + 8%k — 2) = E(QZk —1). (6.3)

For example, ny = %(Qg —1) = %(577 — 1) = 288, as expected. That is, t35 =
1,413,712; see Table 6.1.

In 1972, D.C.D. Potter of Hillcroft School, London, England, found an interesting
relationship between two successive members of the sequence {n;}: (ny + nx—; — 1)> =
8nyni—1, where k > 2 [177]. This can be confirmed using PMI.

For example, (ns + n4 — 1)> = (1681 + 288 — 1)?> = 3,873,024 = 8- 1681 - 288 =
8nsny. Using this property and PMI, Potter also showed that n,% + ny = 2y,f from the
recursive definitions of the sequences {n;} and {y,}, a fact we already knew.

The ratios % also exhibit an interesting pattern: They too seem to approach a finite limit

as k approaches oo; see Table 6.3. As before, lim 2+l = y2; see Exercise 4.
k—oo "k

Table 6.3.

[ =

ng

1 8.00000000000

8 6.12500000000

49 5.87755102041

288 5.83680555556
1681  5.82986317668
9800  5.82867346939
57121  5.82846938954
332928  5.82843437620
1940449  5.82842836890
11309768  5.82842733821

[=EEN-RNCLIEN e NV, BN NERUS I S I | IR

—

(7) The ratios ’;—i also display an interesting pattern: They approach v/2 ~ 1.4142135623 - --;

see Table 6.4 and Exercise 5.
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Table 6.4.
k] i i n
1 1 1 | 1.0000000000
2 8 6 | 1.3333333333
3 49 35 | 1.4000000000
4 288 204 | 1.4117647058
5 1681 1189 | 1.4137931035
6 9800 6930 | 1.4142011834
7 57121 40391 | 1.4142011834
8 332928 235416 | 1.4142114385
9 1940449 1372105 | 1.4142131980
10 11309768 7997214 | 1.4142134999

6.2.1 An Alternate Method

Since 1 + 8ylf = (2ny + 1)2, it follows that

2np+1 = /14 8y,§

) ng 1 . 1
Iim (2-— 4+ — = lim -+ 8

k—00 Yk Vi k—o00 Vi

21m %40 = JO+8
k—o0 Yk

lim £ = V2.

k—>00 Vi

(8) Now consider the square-triangular numbers ¢, = y,f: 1,36, 1225,41616, 1413721, .. ..

They too can be defined recursively:

1y = 1, Cy = 36
¢k = 34cp_1—cr—+2, k=3. (6.4)

For example, c5 = 34 -41616 — 1225 + 2 = 1,413,721, as expected.
We can solve this nonhomogeneous recurrence using the same technique as in (5), by
splitting it into homogeneous and nonhomogeneous parts. It can be shown that

L 4k 1 1,
% =35 (Y™ + ) 16(Q4k ) L (6.5)
(We omit the details in the interest of brevity.)
As an example, ¢3 = %P()z = %(70) = 1225, as expected.
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Since k is arbitrary, formula (6.5) also implies that there are infinitely many square-
triangular numbers.

C’;—:‘ also manifest an interesting

pattern: They approach y* = 17 4+ 124/2 ~ 33.9705627485; see Table 6.5 and Exercise
6. The fact that C’;—:‘ ~ 34 follows easily from the recurrence (6.4).

(9) The ratios of consecutive square-triangular numbers

Table 6.5.

. Ck+1
L« m

1 36.0000000000

8 34.0277777778

49  33.9722448980
288  33.9706122645
1681 33.9705642061
9800 33.9705627914
57121  33.9705627497

B e N, TN SO UU I NG IS |

(10) Finally, notice that the sequence {x;} is a subsequence of the sequence we encountered in
Example 2.1, while solving Pell’s equation x> — 2y? = 1.

Next we extract the ends of the numbers xy, yi, y,f, and ny.
6.2.2 The Ends of xx, y,, y2, and ny
Returning to Table 6.1, we find that it contains four additional treasures:

(1) The sequence {x; (mod 10)} shows an interesting periodic pattern with period 6:
379731 379731---

That is,
3 (mod 10) ifk =1 (mod 6)
7 (mod 10) ifk =2 (mod 6)
~ |9 (mod 10) ifk =3 (mod 6)
=17 (mod 10) ifk = 4 (mod 6)
3 (mod 10) ifk =5 (mod 6)
1 (mod 10) otherwise.

1 (mod 10) ifk =1 (mod 6)

6 (mod 10) ifk =2 (mod 6)

5 (mod 10) ifk =3 (mod 6)

() yr =P Qi =

4 (mod 10) ifk =4 (mod 6)
9 (mod 10) ifk =5 (mod 6)
0 (mod 10) otherwise.




6.2.3

(3) yi=P}O}=

(4) ny =

1 (mod 10)
6 (mod 10)
5 (mod 10)
6 (mod 10)
1 (mod 10)
0 (mod 10)

6.2 Infinitude of Square-Triangular Numbers

ifk =1 (mod 6)
if k =2 (mod 6)
if k =3 (mod 6)
if k =4 (mod 6)
ifk =5 (mod 6)

otherwise.

1 (mod 10)
8 (mod 10)
9 (mod 10)
8 (mod 10)
1 (mod 10)
0 (mod 10)

ifk =1 (mod 6)
if Kk =2 (mod 6)
if Kk =3 (mod 6)
if Kk =4 (mod 6)
ifk =5 (mod 6)

otherwise.
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These properties can be confirmed using induction and the corresponding recursive definitions.

In 1999, D. Sengupta of Elizabeth City State University of New Jersey computed the first
forty-nine square-triangular numbers [229]. One of them is the 26-digit number #,584123765441,
which does not contain a single zero: tysg4123765441 = 3,338, 847,817,559, 778, 254, 844, 961.
On the other hand, the 33-digit square-triangular number #17330816062160328 = 151, 046, 383, 493,

325,234,090, 009,219, 613, 956 contains five Os, but no 7s.

Next we pursue another recurrence for yi, developed by T. Cross of Wolverley High School,

Wolverley, England, in 1991 [55]. It yields two interesting dividends.

Cross’ Recurrence for yj

Let dy = nx — yi. Table 6.6 shows the first ten values of the sequences {n}, {vi}, and {dy }.

Table 6.6.
k] m Vi dy
1 1 1 0
2 8 6 2
3 49 35 14
4 288 204 84
5 1681 1189 492
6 9800 6930 2870
7 57121 40391 16730
8 332928 235416 97512
9 1940449 1372105 568344
10 || 11309768 7997214 3312554
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It follows from observations (1) and (4) above that

2np41 —nk) = (1+ V2% 4 (1 - V2)%H!
= 2(Vk+1 + i)

Song41 —ng = Yit1 + yi. Thus ngy — yey1 = ng + yg; thatis, diyy = ng + yy.
For example, n4 + y; = 288 4+ 204 = 492 = ds.

Since t,, = y2, 1+8y2 = @nx+1)*s0n, = 1 (,/1 + 8yf — 1). Consequently, we have

1 /
dk+1 = 5( 1—|—8y]z—1)+yk
1 2
= 5[(2yk—1)+,/1+8yk]. (6.6)

For example,
1 2 1 2
Sl@s=D+ 1482 | = 5(2-1189—14—\/14—8-1189)
— 2870 = ds.

Since #,, = y?, we have %nk+1(nk+1 + 1) = (ngy1 — diy1)?. This yields the quadratic
equation n7 ; — (1 + 4diy1)ne41 + 2d},, = 0. Solving this, we get

1
My = 5 {1 + 4diy £ \/(1 + 4di11)? — 8d} }

1

Since ny4+; > 0, we choose the positive root:

1
Ny = 5 |:l + 4dy 4 + \/l + 8dj 41 + 8dk2+1 j| . (6.7)

Substituting for dj 4 and ny 41 from equations (6.6) and (6.7) in the equation yx4| = ng41—
dy+1, and after a lot of algebra, we get a recurrence relation for yjy1:

1 1
Vi+1 :yk+E\/l+8y,§+§\/1+24y%+8)’k\/1+8y]§. (6.8)
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For example,

1 1
Y4 = 35+§ 1—|—8~352—|—E\/l—|—24~352—I—8-35\/1+8-352

1 1
= 35+ 3 99 + > 239 = 204, as expected.

Formula (6.7) yields an interesting dividend. To see this, notice that klim L =0.%0
—00

. Vi+1 ) 1 1 1 1 1
lim = lm |1+ = 8+—2+— —2+24—|-8 —2—I-8
k=00 Vg k—o00 2 Vi 24 Vi Yk

1 1
= 1+§v8+0+5¢0+m+%¢0+8

= 14+ V24 V2(1 +2)
= 3+2/2 =92

We also note the remarkable fact that the sequence {%} converges to the limit 3 4+ 2+/2

very fast. For example, % ~ 5.82842712485, and ﬁ ~ 5.82842712475.
Consequently, yi 4+ can also be defined by a much simpler recurrence:

n =1
e = [3+42vV2y3], k>2.

For example, ys = [3 + 2+/2-204] = 1189.
Since 1 + 8 y,f = (2n; + 1)2, formula (6.8) can be rewritten as follows:

1 1
Vi+1 = Yk + 5(2nk +1) + 5\/1 + 24y} + 8yr(2ni + 1). (6.9)

For example,

1 1
v = m+§@m+D+EJL+%ﬁ+8QO+D

1 1
= 6+§@.&+n+zvﬁ+2¢3ﬁ+&$8+1y6

17 41
— 4 — =35

= 6
+2 2
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6.3 The Infinitude of Square-Triangular Numbers Revisited

We can establish the infinitude of square-triangular numbers without resorting to Pell’s equation.
First, let 7, be a square-triangular number. Then 47, is a square, and so is 87, 4+ 1 by Diophantus’
theorem. Consequently, 4, (8¢, + 1) is also a square. But 4¢, (8¢, + 1) = w = g, 1s also
a triangular number. Thus, if 7, is a square, then so is #g;, . Since f; is a square-triangular number, it
follows that there are infinitely many square-triangular numbers. (Notice that tg,, = 41,(2n+1)?,
by Diophantus’ theorem.)

This short and elegant proof [245] was given in 1962 by A.V. Sylvester of the U.S. Naval
Ordinance Laboratory, Corona, California, as a proof for a problem proposed in 1961 by J.L.
Pietenpol of Columbia University [175].

In 1961, the Polish mathematician W. Sierpifiski (1882—-1969) proved that if 1, = y?is a
square-triangular number, then 3, 4,41 = 2x +3y + 1)2 is the next square-triangular number.
Again, since f; is a square-triangular number, this formula also establishes the infinitude of
square-triangular numbers. For example, t3 = 67 is a square-triangular number; the next one is
3844641 = lag = 35%

In 1962, E. Just of Bronx Community College, Bronx, New York, also gave a short and neat
proof [119]: Recall that Pell’s equation x> — 2y? = 1 has infinitely many solutions; that is,

. x2—1
the equation *—5—

squares of the form %(x2 — 1). So there exist infinitely many squares of the form @; that
is, there are infinitely many square-triangular numbers 7 2_.
For example, recall again that (17, 12) is a solution of the Pell equation x> — 2y? = 1. So

Hppoy = lgg = w = 41616 = 2042 is a square-triangular number, as we already know.

= y? has infinitely many solutions. In other words, there are infinitely many

6.4 A Recursive Definition of Square-Triangular Numbers

Sylvester’s proof provides an elegant algorithm for computing square-triangular numbers z,ﬁs)

recursively:
P 1(x) - 1

(= 4 (s 4 1), nz2.

The first four such triangular numbers are

1Y =1 = 12 =72

£ =4.18-1+1) =36 = 62 =12

1 = 4.36(8-36+ 1) = 41,616 = 2042 = 12,
£ = 4-41,616(8 41,616 + 1) = 55,420,693,056 = 235,416 = 12, ¢

In 1942, W. Ljunggren established that there are exactly two triangular numbers whose
squares are also triangular numbers. They are #; and #c: 17 = 1 = t; and 1} = 36 = f5. He
also showed that no triangular number is the fourth power of an integer [233].
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6.5 Warten’s Characterization of Square-Triangular Numbers

Next we present a different characterization of square-triangular numbers, developed by R.M.
Warten in 1958, when he was an undergraduate at Brooklyn College, New York. The gist of his
technique lies in the algorithm developed by the Pythagoreans for solving the Pell equations
2u? —v? = £1.

Before we can present it, we need two simple lemmas.

Lemma 6.1 A positive integer d is square-triangular if and only if there are positive integers u
and v such that d = u*v? and 2u* — v? = *1.

Proof. Suppose d = u’v>.

Case I Let2u? —v?> = 1.Thend = @ is clearly square-triangular.

Case 2 Let2u?> —v?> = —1.Thend = @ is also square-triangular.

Thus, in both cases, d is square-triangular.

Conversely, suppose d = w = y? is square-triangular.
Case 1 Suppose n is even. Then 7 and n + 1 are relatively prime; (% n + 1) = 1. Since d is a
square, suppose d = (q192 - - - qx)*, where each g; is a distinct prime-power p;’. Without loss of
generality, we can assume that 5 = (q19 - ceg)?andn + 1 = (¢r41qri2---qr)?. Letu? = 2

2
and v2 =n + 1. Thend = u?v? and 2u> —v?> =n — (n + 1) = —1, as desired.

Case 2 Suppose n is odd. A similar argument will show that d = u?v? and 2u? — v? = 1.
Thus, d is square-triangular if and only if d = u?v? and 2u? — v? = +1. .

For example, recall that d = 36 = fg is square-triangular: d = 2232, where 2-22 —3? = —1.
Likewise, d = 1225 = t49 is square-triangular: d = 5272, where 2- 5> — 7> = 1.

Lemma 6.2 Let u and v be integers > 1 such that 2u?> — v?> = +1. Then 2u > v > u.
Proof (by contradiction). Assume 2u’> — v?> = +1.

(1) Suppose u > v. Then u? > uv > v? > 1. Therefore, 2u? > u? + v2 > v2 + 1, so
2u? — v? > 1. This is a contradiction; so v > u.

(2) Suppose v > 2u. Since v > u, v > u + 1. Thus v > 2u and v > u + 1. Consequently, we
have

v > 2uu+1)
= 2u’+2u
> 2u?+1, sinceu > 1.

So 2u? —v? < —1, again a contradiction. So 2u > v.
Thus 2u > v > u. n
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We are now ready to present Warten’s characterization of square-triangular numbers [253].

Theorem 6.1 Let {N;} be a sequence of positive integers, defined recursively as follows:

(1) Ny = u%v% where u; = 1 = vy.

(2)  Np = ulvi, where up = up—1 + vk—1, 0k = 2ujp— + Vk—1, and k > 2.
Then the sequence { Ny} consists of all square-triangular numbers.

Proof. The proof consists of two parts. First, we will show that every Ny is a square-triangular
number. We will then show that every square-triangular number belongs to the sequence { N }.
(The proof of the second half is a bit long, and requires some patience to follow the logic.)

(1) We will establish this part using PMI. To this end, first notice that N; is square-triangular.
Now assume that Nj is a square-triangular number for an arbitrary integer k > 1.
Then, by Lemma 6.1, there exist positive integers uy and v such that Ny = uiv,f, where
2ui — v,% = =£1. Then

2 2
N1 = Upq Vg
= (uj + vp) Qug + vy)?

and

20ur + o) — Quk +vr)> = 2Qup + v + dugv) — (dui + vp + dugvg)
= —(2u,% — v,f)

= ¥l

Consequently, by Lemma 6.1, Ny 4 is also a square-triangular number. Thus, by PMI,
Ny is a square-triangular for every integer k > 1.

(2) We will now prove the second-half using contradiction. To this end, suppose there is a
square-triangular number S that is not in the sequence { Ny }. Then, by Lemma 6.1, there are
integers ay, by > 1 suchthat S| = a}bh? and 2a?—b? = +1.By Lemma 6.2,2a, > b; > aj.

Let S, = a%b%, where a, = by —a; and by = 2a; — by. Then 2a§ —b% =2(b;—a;)*—
(2a; — b1)* = —(2a7 — b?) = F1. Since by > ay,a > 1; since 2a; > by, it follows that
by > 1. Thus, by Lemma 6.1, S, is a square-triangular number. In addition, since 2a; > by,
a; > by —ay;soa; > a,. Since 2b; > 2ay, by > 2a; — by; thatis, by > by. Thus a; > a»
and b; > b,. Consequently, S, = a%b% is square-triangular and S; > S, > 0.

Continuing like this, we can generate a sequence of square-triangular numbers {S;}
such that S; > S, > --- > 0.

Earlier we assumed that S} does not belong to the sequence { Ny }. Suppose S, belongs
to the sequence { Ny }. We have a, = by —a; and by = 2a; — by.Soar + by = (by —ay) +
2a; — by = ay and 2a; + by = 2(b; — ay) + (2a; — by) = b,. Consequently, S; exists in
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the sequence { Ny}, which is a contradiction. So S, does not belong to the sequence { Ny }.
It now follows that no S; belongs to the sequence { N }.

Let S¢ be the least positive term in the sequence {S; }. Suppose S¢ # 1. Then, by Lemma
6.1, there are positive integers a, and b, such that S, = afbf, where Za% — bg = +1. We
now claim that both a, and by must be greater than 1.

To see this, suppose a¢ = 1. Then 2 — b? = £1, s0 b} = 2 F 1. Then either by = V3
or by = 1. Both cases are clearly unacceptable.

On the other hand, suppose by = 1. Then 2a§ =1+1,s0a; = 1ora;, = 0. Again,
both these cases are unacceptable.

Thus ay, by > 1. So they can be used to construct a new square-triangular number Sy
such that Sy > Sy4+; > 0. But this violates the hypothesis that Sy is the least term of the
sequence {S;}. So Sy = 1 and S; belongs to the sequence { Ny }.

Thus the sequence { Ny } consists of all square-triangular numbers, as desired. =

Although there are infinitely many square-triangular numbers, there is only one triangular
number that is also a cube, namely, 1. Euler proved this in 1738 [70].

We close this chapter with a short discussion of the generating functions for square-
triangular numbers y,f and their subscripts 7y, and {y;}.

6.6 A Generating Function For Square-Triangular Numbers

The recursive definition (6.4) can be used to develop a generating function for square-triangular
numbers ¢ = y,f. Notice that recurrence (6.4) is a NHRWCCs. But we can modify it slightly to
make it homogeneous:

¢ = 35¢c;-1 — 35¢k—p + Ci—3. (6.10)
Thus the recursive definition (6.4) can be rewritten with a LHRWCCs:

co = 0, c1=1, ¢, =236

¢k = 35cr—1 —35Ck— + Ci—3. (6.11)

For example, ¢c3 = 35¢,—35¢1+co = 35:36—35-140 = 1,225 and ¢4 = 35¢3—35¢,+¢; =
35-1225-35-36 + 1 = 41, 616.
With these tools, we can develop a generating function for square-triangular numbers:

x(1+ x)

= 36x2 + 1225x3 + 41616x* + -+ .
(=) (1 —3ax £ x2) 200 lesx o

This was originally developed in 1992 by S. Plouffe of the University of Quebec, Canada. n

Next we find a generating function for the subscripts n; of square-triangular numbers y,%.
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6.6.1 A Generating Function For {n,}
It follows by Example 1.11 that the generating function of the sequence {ny} is

x(1+x)

= 8x2 + 49x> + 288x* + --- .
=0 —6x + 22 X+ 8x" +49x° + x4+

Next we develop a generating function for the sequence {yx} : 1,6, 35,204, 1189,....

6.6.2 A Generating Function For {y,}

Recall that y, = 6y, — y,—2, where y; = 1 and y, = 6. Notice that yo = 0. It follows by
Example 1.10 that the desired generating function is

X

m :1+6x+35x2—|—204x3_|_ 1189x4—|—-.. ‘

Exercises 6

Confirm that each is a square-triangular number.

1. 1,413,721
2. 48,024,900
Confirm each.
3. lim 2L =2,
k—oo Yk
4. lim £ — 2,
k—oo "k
5. lim % = /2.
k—>o0 Yk
6. lim Lt = 4
" k—>oo ’
7. Rewrite the NHRWCCs ¢, = 34¢r—1 — ck— + 2 as a LHRWCCs.
8. Solve the recurrence x, = 35x,—1 — 35x,_» + x,—3, where xo = 0, x; = 1, and x, = 36.
9. Develop a generating function for the sequence {x,} in Exercise 8.

10. Define the sequence {d,} recursively. Hint: Use Table 6.6.
11. Re-define the sequence {d,} using a LHRWCCs.
12. Develop a generating function for the sequence {d, }. Hint: Use Exercise 11.
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Pell and Pell-Lucas Numbers

7.1

Introduction

Like Fibonacci and Lucas numbers, the Pell family is ubiquitous. Pell and Pell-Lucas numbers
also provide boundless opportunities to experiment, explore, and conjecture; they are a lot of fun
for inquisitive amateurs and professionals alike. In this chapter, we formally introduce the family,
and cite their occurrences in earlier chapters, as well as some of their fundamental properties. In
Chapter 12, we will find geometric interpretations of both Pell and Pell-Lucas numbers, and in
Chapter 16 some combinatorial interpretations.

7.2 Earlier Occurrences

Recall that in Chapters 2—6, we found several coincidences. In our study of the Pell equation
x? —2y? = 1, we encountered two prominent number sequences: {Q,,} and {P,,}. While
solving the equation x> — 2y = —1, we came across two related number sequences: {Q,,_;}
and { P»,_1}. Then we found that the solutions of the equation x> — 2y? = (—=1)" are (Q,,, P,).

Recall from Example 3.8 that the convergents ¢, = ‘;’—: of the ISCF for /2 are

13 7 17 4l The numerators and denominators of the convergents are Q, 41, and P, 41,

respectively, where n > 0.

When we investigated primitive Pythagorean triangles with consecutive legs, we encoun-
tered the sequence 5, 29,169, 985,5741,...; see Table 4.2. This is the same as the sequence
{Pant1}.

In our study of square-triangular numbers, we came across the sequence {y;} =
1,6,35,204,1189, 6930, .... From Chapter 3, yy = P Qy, the product of the numerator
and denominator of the kth convergent c; of the continued fraction of /2 (see Table 3.6):

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9_7, 115
© Springer Science+Business Media New York 2014
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Table 7.1.
1 = 1-1
6 = 2.3
35 = 5.7
204 = 12-17
1189 = 29-41
6930 = 70-99
T 1
Pr QO

The subscripts ny of square-triangular numbers y,f in Table 3.6 reveal another spectacular
coincidence; see Table 7.2. Suppose k is odd. Then the numbers ,/n; generate the sequence
1,7,41,239,1393,.... They are the numerators of the even-numbered convergents c,; of the
continued fraction expansion of ﬁ where i > 0.

Table 7.2.
L& i x| i
1 12 = 1 2 2.2 = 8
3 72 = 49 4 2.-122 = 288
5 412 = 1681 6 2.70> = 9800
7| 2392 = 57121 8 24082 = 332928
9 || 13932 = 1940449 ||| 10 || 2-2378% = 11309768

On the other hand, suppose k is even. Then the numbers \/% also generate an interesting
sequence: 2, 12,70, 408, 2378, . ... They are the denominators of the odd-numbered convergents
¢2i—1 of continued fraction expansion of \/5, wherei > 1.

Interestingly, each of these number sequences is either {P,},{Q,} or their subsequences.
Because of the close-knit relationship between the sequence {P,} and the Pell equation x> —
2y? = —1, the numbers P, are called Pell numbers; they correspond to Fibonacci numbers. On
the other hand, the sequence {Q,,} is closely related to the equation x> — 2y? = 1; the numbers
Q, are called Pell-Lucas numbers. Like Fibonacci and Lucas numbers, Pell and Pell-Lucas
numbers are also very closely related, just like twins; so always look for similarities.

We now define Pell and Pell-Lucas numbers recursively.

7.3 Recursive Definitions

Recall from Chapters 1 and 2 that both P, and Q, satisfy the same Pell recurrence: x, =
2X,—1 + Xu—2, where n > 3; they satisfy the same first initial condition also. The only distinction
between the two definitions is in the second initial condition: P, = 2, but O, = 3.

The Pell recurrence can be translated into a matrix equation:

B i

where n > 3. We will take advantage of this matrix equation in the next chapter.
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Table 7.3 gives the first twelve Pell and Pell-Lucas numbers.

Table 7.3.
| n]]1 2 3 4 5 6 7 8 9 10 11 12
P,[1 2 5 12 29 70 169 408 985 2378 5741 13860
O, 1|1 3 7 17 41 99 239 577 1393 3363 8119 19601

As in the case of Fibonacci and Lucas numbers, the Pell families also can be extended to zero
and negative subscripts: Py = 0 and P_, = (—1)""'P,;and Qp = 1l and Q_,, = (=1)"Q,..
Next we make some simple observations from Table 7.3:

(1) Every even-numbered Pell number has even parity.
(2) Every Pell-Lucas number has odd parity.

(3) QO can end in any odd digit, except 5. This can indeed be confirmed. Notice that the
sequence {Q, (mod 5)} shows an interesting pattern:

132214423341132214423341---

It is periodic, with period 12. Furthermore, no zero occurs in the first block and hence none
in succeeding blocks; so Q, # 0 (mod 5) for every n. Thus no Q, endsina 5.

(4) The siblings P, and Q,, are relatively prime: (P,, Q,) = 1. This follows from the fact that
Q”“ is the nth convergent of the ISCF of +/2, and (Q,,, P,) = 1 by formula (3.3). (We
w1ll reprove this also later.)

(5) P3, =0 (mod 5). We will give a simple and short proof later.

7.4 Alternate Forms for y and §

We now digress slightly to show how the numbers y = 1 4+ +/2 and § = 1 — +/2 are related to
continued fractions. To see this relationship, we let b = [2; 5]. Then b = 2+%; sob?—2b—1 =0
and hence b = 1+ /2. Since b > 0,b = 1 + /2 = y. Thus y = [2;2].

Since 1 — /2 =68 = —%, it follows that § = 1 — 4/2 = —[O;Q].

The powers of y reveal an interesting pattern:

y = 0+1y
y2 = 1+2y

y? = 245y

More generally, it follows by PMI that y" = P, + P,y;s0y = &/ Py—1 + Pyy.
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Repeated substitution for y yields a complex radical expression for y:

Yy = {/Pn—l —I_Pn(/Pn—] _|_Pn "/Pn_l+..._

In particular, when n = 2, this gives

y = \/1+2\/1+2\/1+---.

Similarly, since y = 2 + % again it follows by PMI that y" = P,y + %, where n > 1.
This gives rise to another cumbersome radical expression for y:

n Pn
y = P+ —
Y

Py

= nPn+1+

> .
n P N S—
}’l+1 + n P11+1+"'

In particular,

More generally, let ¢ be a positive real number. It follows from y? = 2y + 1 that (1y)? =

2 2. _ _ 2 . . .
gt ‘y + 4 so.ty = Vi +2t(ty) .and ty‘ =2t —|—‘l’—y. Contm}led substitution of the latter for ty
inside the radical yields the following radical continued fraction for zy:

213

ty = |5t2+

5 25
S0+ ——
V52 +---

Next, we give a geometric interpretation of the characteristic equation of the Pell recurrence.

7.5 A Geometric Confluence

Recall that the Pell recurrence yields the characteristic equation t2 = 2¢ + 1; that s, 7 (t —2) = 1.
So % = % This equation has an interesting geometric interpretation.
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To see this, consider a ¢ x 1 rectangle; see Figure 7.1. Now remove two unit squares from

it. By virtue of the equality % = ﬁ, the remaining rectangle has the same ratio of length to its

width as the original rectangle.

1 1 t—2

Figure 7.1.

7.6 Pell’s equation x2 — 2y? = —1 Revisited

In 1993, Z. Zaiming of Yuxi Teachers’ College, Yuxi, Yunnan, China, proposed the next example
as a problem [264]. It shows that Pell numbers can appear in unexpected places.

Example 7.1 Find all pairs (m, n) of positive integers such that 1 +2 4 ---+m = (m + 1) +
m+2)+---n.

Solution. Using the summation formula (1), the given equation yields

m(m2—|— 1) — (i —mym + (n —m)(nz—m +1)

mm4+1) = m—m)(n—m+1)
2m(m +1) = nn+1)

u> =20 = -1,

whereu =2n + 1and v = 2m + 1.
Recall from Example 2.11 that the solutions of this Pell equation are given by (ug, vy) =
(Q2k—1, Pak—1). Consequently, ny = % (Qo%—1—1)and my = % (Ppy—1 — 1), where k > 2.
For instance, ns = %(Qg —1) = 696 and m5 = %(Pg — 1) = 492. Notice that 1 + 2 +
2o +492 =(492+ 1) 4+ (492 4+ 2) +--- + 696 = 121,278. .

The next example is an application of the Binet-like formulas; P. Mana of the University of
New Mexico, Albuquerque, New Mexico proposed it as a problem in 1970 [162]. The solution
presented here is based on the one given in the following year by L. Carlitz of Duke University,
Durham, North Carolina [40].

Example 7.2 Show that there is a sequence { Ay} such that P42k = P,y Ax — (—D*P,, and
define Ay recursively.
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Solution. We have

(y = O[Purak + (=D P = (" =" + (D" = 8"
— (yn+2k _ 5n+2k) + (y8)k(yn _ 5}1)
— (yn+2k _ 5n+2k) + )/n+k5k _ )/k8n+k
— (yn-l-k —8n+k)()/k + 8k)
Potor + (=P, = 2P, 4O,
as desired. So Ay = 20k.
Since O} = 1and Q, = 3, A; = 2 and A, = 6. Furthermore,
24k + A2 = 4051 +20k—
= 2(20k-1 + Ok—2)
= 20 = Ag.

Thus Ay satisfies the Pell recurrence. So Ay can be defined recursively:

Ay = 2, A, =6
Ar = 2Ap—1 + Ax—, k >3. n

The next example is an interesting confluence of geometry and the Pell family. It appeared
in the International Mathematical Olympiad in 1979.

Example 7.3 Suppose there is a frog at vertex A of the octagon ABCDEFGH in Figure 7.2.
From any vertex, except E, it can jump to either of the two adjacent vertices. When the frog
reaches FE, it stops and stays there. Find the number a, of distinct paths with exactly n jumps

ending at E.

Figure 7.2.
Solution. The number of jumps needed from A to E is always even. So a,,—; = 0 for every
n>1.

The frog cannot reach E from A in two steps; so a, = 0. From A, it can reach E in four
steps in two different ways: ABCDE and AHGFE; so as = 2.
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Next we will find a recurrence for a,,, where n > 3. To this end, let b, denote the number
of distinct paths from C (or G) to E. There are four different moves the frog can make with two
jumps: A—B—-A,A—H—-AA—B—-C,andA— H —G.

Suppose the frog returns to A after two jumps. Since there are 2n — 2 jumps left, it follows by
definition and symmetry that there are 2a,,—, such moves to reach E. Suppose it reaches C (or
G) in two steps. Then it takes 2b,,—, jumps to reach E. Consequently, by the addition principle,

Az, = 2a,—3 + 2byy—». (7.1)

We will now find another recurrence satisfied by both a,, and b,,. Suppose the frog is at C.
There are three possible moves it can make, assuming it does notland at E: A—-B—C,C—-D—-C,
and C — B — A. This implies that

byy = 2b2y—2 + a2p—s. (7.2)
Since by, = %(ah — 2a5,—,) from (7.1), this yields a second-order recurrence for a,,:
aop+2 = 4az, — 2as,—. (7.3)

This implies that ay = 4a, — 2ag; so ap = —1.

The characteristic equation of recurrence (7.3) is x% — 4x + 2 = 0, with characteristic roots
2y and v/26. So the general solution of (7.3) is az, = A(~/2y)" + B(—+/28)", where A and
B are constants and n > 0.

Using the initial conditions ap = —1 and a, = 0, we get A = —% and A = —%. Thus we
have

an = 53y - Ly
— 2(n—2)/2 [yn—l _ (_S)n—l]

204D2p \ ifnis odd

2"20, otherwise.
For example, ag = 2°P, = 8, and ag = 2203 = 28. n

Next, we present some fundamental identities satisfied by Pell and Pell-Lucas numbers.
Most of them can be established using Binet-like formulas. We will prove a few of them and
leave the others as straightforward exercises for Pell enthusiasts. You will find the following facts
useful in the proofs: y +8 =2,y = —1,y =8 =22, (y —86) =8,y + 1 = V/2y,6 + 1 =
V28,2482 =(y+8)2 =2y =6,y =yQRy+1) =292 +y =2Qy + 1) +y =5y +2,
and similarly, §* = 58 + 2.
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7.7 Fundamental Pell Identities

Y]
2)

3)
“4)
&)
(6)
(7
®)
€))
(10)
(1)
(12)
(13)
(14)
15)
(16)
7)
(18)

19)

(20)

21
(22)
(23)
(24)
(25)

P, + P,_; = Q,. Since P, > 0, it follows by PMI that P, < Q,, for every n > 2.
0, + Q,—1 = 2P,. Consequently, O, = Q,—; (mod 2). But Q; is odd. So every Q, is
odd.
P, + Qn = Ip+41-
2P, + On = Ont1-
2Qn + 3P, = Pyyo.
3Qn +4P, = Qn+2-
Ons1— Qn =2P,.
Pyy1+ Pyt =20y,
On+1 + Qn—1 = 4P,.
Py + Pyy1 + Prys = 3P0
On+ Ont1+ Otz = 30042
Pyy1 — Py =2P,.
Ont1— On—1=20,.
Pyir+ Py =6P,.
Qn+2 + Qn—2 = 6Qn
Piyr— Pyp = 40,.
Qnt2— Qn—2 =8P,
P |+ P2 = P41
More generally, we have the following identity, discovered in 1992 by H.T. Freitag of
Roanoke, Virginia [88].
P,721+n — (=1)"P? = Pypsn Py
Thus Pa, s, P, = Pn21+n + P,fl if n 1s odd

. . m
Pn21+n — P2 ifniseven.

Consequently, Pn21 i T P2 is always

m
factorable.

For example, P52Jr7 + P52 = 192,100,441 = Pys547P7 and P52Jr6 — P52 =
32,958,240 = Pr.546Ps.

Identity (19) has a counterpart for Pell-Lucas numbers, also discovered by Freitag in
1992. Its proof follows similarly.

Z o —(=1)"02 = 2Psy1y P,. Forexample, Q2 ,+ Q% = 384,200,882 = 2P,547P;
and Q2 — Q2 = 65,916,480 = 2Py.54Ps.
It follows from identities (18) and (19) that 2Pn%+n — r2n+n = (1) (2Pn21 . Q%a)-
i1 T OF = 2Py,
PI12+1 - Pnz = Qn+10n-
ni1— Qn = 4Py Pysthatis, Q7 | — OF = Qa1 — (—1)".
4P+ 07) =302 + (=1)".
2P, + O, = Q,+1. This also implies that every Q, is odd.



(26)
(27)
(28)

(29)

(30)
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2P, + Qn+2 = 3Qn+l-

Pyt1+ Qp—1 =3P,

Py, = 2P,Q,. This corresponds to the identity F, = F,L,.
It implies:

e P, has even parity; that is, P, = 0 (mod 2).
e P», is factorable, where n > 2.
o Py, =2P, 0,05, Qx-1,, where n,k > 1.
Since P,, is even and Q, is odd, it follows by the identity P, + P,—1 = Qo
that Py,—; is odd. Thus P, = n (mod 2). Consequently, Q7 + Q3 + --- + Q2 = P?
(mod 2). More generally, Q% + Q% + ... 4+ Q% = PF (mod 2), where k is a positive
integer.

P;3, =0 (mod 5). Since P, =0 (mod 2) and P3, = 0 (mod 5), it follows that Pg, = 0
(mod 10).

Q2 +2P?% = Qy,.

Q2 —2P2? = (—1)"; that is, 2QP" gn = (—1)", where |M | denotes the determinant of
the square matrix M. This result reconfirms a fact we already learned in Chapter 3: %’:—L‘

is the nth convergent of the ISCF of +/2; that is, (Q,41, Pot1) is a solution of the Pell
equation x?> — 2y% = (—1)", where n > 0.
This result has several additional interesting byproducts:

e The triangular numbers #,> and 7, share an interesting property: t» = 12 and
1,2 = 11892, In fact, there are infinitely many square-triangular numbers with square
subscripts n. To see this, let , = m? and n = x? for some positive integers m
and x. Then x?> — 2> = —1, where t = m/x. Its solutions are given by (x,?) =
(Q2k—1, Pok—1).Som = Py 1Qop—1 = %sz—z- Thus [ng—l = iPZZk_z. For example,
tg, = e = 1,631,432,881 = 40,391 = ; P{,.

e Since2P;, ., = 03, + 1, we have

100u1—2 T 100u1—1 T 100,11 T 100,11 +1

_ Qa1 = 2)(Qa41 — 1) n (Q2n+1 — 1) Q2p41

2 2
n Q2n+1(Q22n+1 +1) n (O2n+1 + 1)2(Q2n+l +2)

= % [(Qan+1 = DQ2O2u+1 —2) + (Q2n41 + D2 02m+1 + 2)]

= (Qat1— 1>+ (Qapt1 + 1)
= 2Q§n+l +2

2
= 4P2n+1'
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Thus (2P2,,+1)2 can be expressed as the sum of four consecutive triangular numbers,
as K.S. Bhanu and M.N. Deshpande found in 2008 [18].
In particular, let n = 5. Then

4P% = 4-57417 = 131,836,324
= 32,946,903 + 32,955,021 + 32,963, 140 + 32,971,260

= 3117 + 3118 + fg119 + 8120 = L0, —2 + Loy —1 + Loy + Loy +1-

More generally, let x be an arbitrary integer > 2. Then

22+ 1+t +H i) = (x=2)(x =D+ x—-Dx+x(x+1)
+(x 4+ )(x +2)
= 2[x =1’ + (x+ 1) =4x"+1)
teea F bt + 1+ L1 = 2(x7 + 1),

Since (x,, v4) = (Qau+1, Pan+1) 1s a solution of the equation x? — 2y2 = —1,
it follows that y, = P, has the property that 4y2 = 4P} 41 18 the sum of four
consecutive triangular numbers.

e Consider the diophantine equation
x2(Bx —1)> = 8y? + 4. (7.4)

Letting X = x(3x — 1)/2, it can be rewritten as X> — 2y? = 1. Since its solutions
(x, y) are given by (Q2,, P,,), it follows that (x, y) is a solution of (7.4) if and only if
x(3x —1)/2 = Q,, and y = P,, for some integer n > 0.

Solving the equation 3x> — x — 20,, = 0, we get x = 1142400 1+24Q2“

the negative root is not acceptable, so x = 1t /142909, l+24Q2“ . We will estabhsh later that
1 + 24Qy is a square if and only if £ = 0 or 1. Whenn =0,X=00=1y =
Py = 0;so (1, 0) is a nonnegative solution of the diophantine equation. Whenn = 1,
(X,y) = (Q3, P,) = (3, 2); but (3, 2) is not a solution. Thus (1, 0) is the only
nonnegative solution of (7.4).

It follows similarly that (1, 1) is the only nonnegative solution of the diophantine
equation x>(3x — 1)2 = 8y? — 4.

. Clearly,

e Consider the diophantine equation
2x%* = y?(3y — 1)> - 2. (7.5)

It can be rewritten as x> — 2Y2 = —1, where Y = y(3y — 1)/2. The solutions of
x2—2Y? = —1 are given by (Q2,+1, Pont1); 50 (x, y) is a solution of (7.5) if and only
if x = Qs,41and y(3y — 1)/2 = Py, for some integer n > 0.
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(33)

(34)

(35)
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Solving the equation 3y% — y — 2P, 41 = 0 yields y = H—VI?‘PZ”“ as before.
Again, we will establish later that 1 4+ 24 P, is a square if and only if k = 0, 1,2, 3, 4,
or 6; so 1 + 24 P,y is a square if and only if n = O or 1. Whenn = 0, (x,y) =
(01, (14+ /1 +24P))/6) = (1, 1). Likewise, whenn = 1, (x, y) = (7, 2). Thus the
diophantine equation 2x? = y2(3y — 1)> — 2 has exactly two positive solutions: (1, 1)
and (7, 2).

A similar argument will confirm that the diophantine equation 2x? = y2(3y—1)>+
2 has exactly two nonnegative solutions: (1, 0) and (17, 3).

e Since Q3, = 1 + 2Pj, the subscript n; of the square-triangular number 7,, = y;

(see Chapter 6) is given by n; = 1 (,/Sy,f +1— 1) = 3 (,/2P22k +1-— 1) =

%(sz — 1). Consequently, 1,, =g, —1.
2

e Recall from Chapter 2 that if (x, y) and (X, Y) are two solutions of the Pell equation
x2 =2y = (=1)", then (xY)? + (=1)"y? = (Xy)? + (—1)"Y 2. Consequently, since
(O, Py) and (Q,,, P,,) are solutions of x2 —2y? = (—1)", it follows that (Qy P,,)> +
(=)' P} = (QnP)* + (=1)"P,.

For example, (Q4, Py) = (17, 12) and (Qg, Ps) = (577, 408) are solutions of
x2—2y% = 1. Then (Q4Ps)* + P} = (17-408)* + 122 = 48,108,240 = (577-12)* +
4082 = (QgPy)* + P¢. Likewise, (Q5P9)> — PZ = 1,630, 947,384 = (Q¢Ps)* — Pg.

e Since Q2 =1 (mod 2), the identity reconfirms the odd parity of every Q,.

e Wehave Q2 =2P? + (—1)". So 2P? + (—1)" is always a square.

Q2 = 202 — (—1)". We will use this identity in our study of pentagonal Pell-Lucas
numbers later. It follows from this identity that Q5, = (—1)""! (mod Q,,).

Q2, = 4P? + (—1)". This identity implies that Q,, = (—1)" (mod 4). It follows by PMI
that 0, = (—1)"/2 (mod 4).

For example, Q7 = 239 = —1 = (—1)1"/2] (mod 4) and Qg = 577 = 1 = (—1) 13/
(mod 4).

This identity has an interesting byproduct. To see this, note that 4P3, = Qu, — 1; so
Q4, — 1 is a square. On the other hand, 4P22n_1 = Qu— + 1;50 Q4y—» + 1l is also a
square. Thus, if 4|n, O, — 1 is a square; and if 2|n and 4 /n, then Q,, + 1 is a square. For
example, s —1 =577 —1=(2-12)>and Qg +1 =99+ 1 = (2-5)°.

P, 1Py — Pn2 = (—1)". This is the Cassini-like formula for Pell numbers. It has
an interesting byproduct. To see this, let d = (P,+1, P,). Then d|P,+; and d|P,. So
d|(Py+1Py—1—P?); thatis, d|(—1)". Sod = 1. Thus, as in the case of Fibonacci numbers,
every two consecutive Pell numbers are relatively prime. For example, (Ps, P7) =
(70, 169) = 1 = (985, 2378) = (P10, P11).

Qn+10Qn—1 — 02 = 2(=1)""1. This is the Cassini-like formula for Pell-Lucas numbers.
It follows from the formula that d|2, where d = (Q,+1, On); so d = 1 or 2. But every
0, is odd; so d = 1. Thus every two consecutive Pell-Lucas numbers are also relatively
prime. For example, (Qg, Q7) = (99, 239) = 1 = (3363, 8119) = (Q10, O11).
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36) P,Q0,-1 — Q,P—1 = (—1)”_1. This formula has two immediate consequences:
(P, Py—1) =1 = (Qy, Qu—1), as we already knew. Since P, + P,—; = Q,, it also
follows that (P,, Q,) = 1.

This formula looks strikingly similar to the one satisfied by the convergents Z—’; of the
ISCF of /N: ppgu—1 — qupn_1 = (—1)"1.

(37) Pn Qn—l + Qn Pn—l = P2n—1-

(38) 2(Pnz+l + P2) = 0y, + Q2+1. Using identity (18), this implies that Q2, + Q2,41 =
2Py 41.

39) Z(Q,%_H + Qrzz) = an + Q2n+2- Since an + Q2n+2 = 4P2n+1, by identity (9), this
implies that Q7 + Q; .| = 2Ps 1.

40) 0,0n+1—=2P, Py = (—=1)".

(41) PyPyys— Py Pryr =2(-1)"""

(42) Qn Qn+3 - Qn—H Qn+2 = 4(_1)n-

(43) Pl i+ P} =5Py 3.

(44) O0n 5+ 07 =10Py43.

(45) In Chapter 6, we learned that %Pzn = P, Q, satisfies the recurrence y, = 6y,—1 — y,—2,
n > 3.

(46) We also learned that % (Q2, — 1) satisfies the recurrence x,, = 6x,-; — x,—, + 2, where
n > 3. Consequently, O, satisfies the recurrence Q, = 6Q2,—2 — Q2,—4, Where n > 2;
see Example 2.13.

(47) Since 0z, =202 — (—1)" (identity 32), this yields a recurrence for Q2 : 02 = 6Q2_, —

2, 4 4(—1)"; again, see Chapter 8.
Identities (31) and (33) provide a delightful application’. To see this, let 4 = |:2QPZ 1Q32j|
2 2

Then it follows by PMI that A" = Qo Pou | g every n > 1. (Since |A|" = 1, this
2P2n Q2n

implies that |A"| = |A|" = 1; that is, Q3 — 2Pj, = 1, a fact that we already knew.) So
2P2n QZn —1
Letd, = (Q2,— 1, P2,,2 P, O2, — 1), the ged of all the entries in the matrix A” — . Then
dn = (QZn -1, P2n)-
Since 03, — 1 =2P2, (Q2 —1) (%) = P}, Butevery Qy is odd; so this implies that
(Qan — 1) | P3,. Consequently, d, > /O, — 1. Thus, d, — 0o as n — oo; that is, the ged of
all entries in A" — I approaches oo as n — oo.

The next example also illustrates the fact that Pell numbers can pop up in quite unexpected
places. It employs identities (28), (31), and (33).

9 Based on the 1994 William L. Putnam Mathematical Competition, Mathematical Association of America [4].
T | M| denotes the determinant of the square matrix M.
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n
Example 7.4 Find the positive integers n such that 2(41' — 3) is a square.
i=1

n
1
Solution. Since 2(41' —3)=4. nin+1)

i=1
positive integer m. This yields the familiar Pell’s equation x> —2y? = 1, where x = 4n — 1 and
y = 2m.

Recall that this Pell’s equation has infinitely many solutions (xx, yr) = (Qu, Pax).
Correspondingly, 4ny — 1 = Qu, and hence n; = %, where k > 1. But ny is an integer
if and only if Q> = 3 (mod 4). By identity (32), Q2 = 3 (mod 4) if and only if k is odd.
So ny is an integer if and only if k is odd. Consequently, if k is odd and n; = Q2k+1 , then the
corresponding sum Sy is a square. n

—3n = 2n% — n, we want 2n2 — n = m? for some

For example, we have

n = F=1=1% S, = 12=(1-1)?

ny = 2t =25=75% Sy = 352=(5-7)7?

ns = %:841:292; Ss = 1189 = (29-41)*
n; = 2841 9g561 — 169%; S; = 403917 = (169-239)*

7.7.1 Two Interesting Byproducts
These two patterns hold for any odd positive integer k:

e By identity (33), Oy + 1 = 4P2 Son; = P2
e By identity (31), we have

Ox +1 Oxn—1
4 2
Q-1 _ Py
8 4

Sy = nQnr—1) =

= (PyQi)% as observed above.

The next example was proposed by B.A. Reznick of the University of Illinois at Urbana-
Champagne in 1987 [182]. It provides a delightful bridge linking analytic geometry, calculus,
combinatorics, and the Pell family. The featured proof is based on the one by the students of the
1987 Mathematical Olympiad team at United States Military Academy, West Point, New York
[241].
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Example 7.5 Let {C,},>( be a sequence of circles on the cartesian plane such that:

(i) Cy is the unit circle x> + y? = 1; and
(i1) the circle C, 4 lies in the upper half-plane, and is tangent to both C, and the two branches
of the hyperbola x> — y? = 1, where n > 0.

Let r, denote the length of the radius of C,,. Show that r, is an integer, and r, = Q9.

Proof. Let n > 1. Symmetry guarantees that the center of C, must lie on the y-axis. Let it be
(0, a,); so the equation of C,, is x* + (y —a,)? = r?2.
Since C, is tangent to C,_1, it follows that

an —Ap—1 =Ty + Ip—1. (7.6)

The y-coordinates y, of the points of tangency between C, and the hyperbola are given by
y2 + 1 + (y _an)2 = }’3; thatis,

2y* —2a,y +a:—r>+1=0. (1.7)

By symmetry, the two y-coordinates must be equal; that is, this equation has a double root.
Consequently, its derivative with respect to y must be zero; so y, = %.
Substituting this value of y in (7.7) yields the recurrence

ar=2r>-2. (7.8)

This implies that a2 — a?_, = 2(r? — r?_,). This, coupled with (7.6), yields a, + a,—; =

2(ry, — ry—1). Adding this to (7.6) gives 2a, = 3r, — r,—;. Substituting for a, in (7.6) yields the
recurrence

Fn = 6ry—1 — In—2, (7.9

where n > 2. (We encountered this recurrence in Chapters 1, 2, 4, 5, and 6.) Since ag = 0,79 =
I, and r; > O, it follows by (7.6) and (7.8) that r; = 3. Since both ry and r; are integers, it
follows by (7.9) that r, is an integer for every n > 0.

Using the initial conditions 7y = 1, and r; = 3, it follows from (7.9) thatr,, = %(yz” +82") =
Q»,, as desired. n

As a byproduct, it follows by (7.8) and identity (31) that a2 = 2(Q3 — 1) = 2(2P}) =
4P} ;50 a, = 2Py, and hence y, = Py, forn > 0.
Table 7.4 shows the values of a,,, y,, and r, for 0 < n < 10.
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Table 7.4.
nfJo 1 2 3 4 5 6 7 8 9 10
a, |0 4 48 280 1632 9512 55440 323128 1883328 10976840 63977712
yo |0 1 12 70 408 2378 13860 80782 470832 2744210 15994428
re || 1 3 17 99 577 3363 19601 114243 665857 3880899 22619537

7.8 Pell Numbers and Primitive Pythagorean Triples

We can use identities (28), (30), and (36) to generate a family of primitive Pythagorean triples.
Recall from Chapter 4 that primitive Pythagorean triples are generated by (2ab, a*—b?, a>+b?),
where (a,b) = 1. By properties (28) and (30), we have 2Q5, Py, = Py, and Q3 — P} =
Pzzn + l;soweleta = Qj, and b = P,,. By identity (36), (Q2,, P2,) = 1. Then 2ab =
Py.a* —b* = P} + 1,and a®> + b*> = 03, + P, = 2P3, + 1) + P3, = 3P3 + 1. Thus,
(Pyy, Pzzn + 1, 3P22n + 1) is a primitive Pythagorean triple, as found by M. Wachtel of Zurich,
Switzerland in 1989 [251].

For example, let n = 2. Then (Ps, P? + 1,3P2 + 1) = (408, 145,433) is a primitive
Pythagorean triple: 433? = 4082 + 1452, where the generatorsa = Q4 = 17and b = P, = 12
are relatively prime.

7.9 A Harmonic Bridge

Next we will study an interesting link between the two Pell families. To this end, first we need
the identity P>, = 2P, +10,—1 + 2(—1)" (see Exercise 48).
This identity can be used to derive a simple formula for the harmonic mean of P, and Q,,.

The harmonic mean h of two positive numbers x and y is given by % = % (% + %), that is,
— 2xy
h=: ared

Consequently, the harmonic mean of P, and Q,, is given by

2PnQn _ P2n
Pn + Qn B Pn—H
_ 2Pn+1 Qn—l + 2(_1))1
Pn+1
2(=1)"
= 20Q,- .
Qn H Pn+1
For example, the harmonic mean of Ps and Qs is 2Q4 — %6 =2-17 - 7—20 = %29 ~

33.9714286.

Next, we return to square-triangular numbers, and establish some interesting relationships
within the Pell family.
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7.10 Square-Triangular Numbers with Pell Generators

First, we will show that (P,Q,)? = ;P3, is a triangular number. By identity (30), we have
0:[07 - =1)"]

2P}12 = Qrzz — (=D)". So (PnQn)2 = 2

for n > 1. (It is true even whenn = 0.)

For example, (PyQ9)? = (408 - 1393)? = w is a triangular number.

Since Q2 = 2P?2 + (—1)", this formula can be rewritten as (P, Q,)> = P? [2P2 (—1)”];
that is, Pj, l = 4pP? [2Pn2 + (=" ] It now follows that the area of the right triangle with legs
Q2 and 2P2 Q2 (=D)"is (P, 0,)>.

We will now develop another explicit formula for the triangular number (P, Q,)?. Notice

Thus (P, Q,)? is a triangular number

that
4P) = Qo — (—1)". (7.10)
This is true since 4 P2 = % [)/2’" + 82 — 2()/8)'”] Qo — (—1)", where m > 0.
In particular, 4P22;1 = Q4 — 1,50 (P,0,)* Q4;6_ a second explicit formula for the
1
triangular number (P, 0,)* = ZP22n'
For example,
—1 4950
Qu=l_ 554950 _ (5-7)>
16 2
and
—1 288 - 289
Q1f6 = 41616 = == = (12- 17)2.

It follows from formula (7.10) that Q4, = 1 (mod 16). For example, Qs = 665,857 = 1
(mod 16).

Although Q,, = 1 (mod 16) if n is even, it can be shown by induction that Q,, = 3 (mod
16) if n is odd. Thus

0y = 1 (mod 16) if n is even
= 3 (mod 16) otherwise.

For example, Qg = 577 = 1 (mod 16) and Qo = 3363 = 3 (mod 16).
Next, we express (o, in terms of a triangular number, as the next theorem shows. To this
end, we let

1 ifniseven
A, = )
3 otherwise.

Using the Binet-like formulas, we can show that R, = Z P, = Qk+1 ; see Chapter 10.
i=l1
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Theorem 7.1 Q,, = 16tg,_, + A,.

Proof. We have

P _ Rn—l (Rn—l + 1)
Rn—l 2
01 (Qn+1)
B 2 2
B 2
o1
— e
Therefore,
2
—1
16tg, , +A, = 16- Q”S + A,
= 20, - D+A,
= 20;— (-1
- QZI’H
as desired. .
For example,
16tg, +3 = 16f14245+12429+70 = 16t119 + 3
119-120
= 16-T +3=114,243
= Q.
The next two corollaries follow from this theorem.
n - An n - 1
Corollary 7.1 QZT is a triangular number. More specifically, Q416 =1tR,,_, and
Q4n—2 -3 — ™
16 Rop—2-
Corollary 7.2
Oy = 1 (mod 16) if n is even
=) 3(mod 16)  otherwise. .

k
Next, we pursue a similar formula for 75, _,, where Sy = Z Q;. Again, using the Binet-like

i=0
formulas, we can show that Sy = Pk 4. (This also follows from the fact that P, + Q,, = P, +1.)
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Since S,_1 = P, it follows that

Py (P +1)
tSl‘l—l = tPn = #'

But

8Py(Pr+1) = (" =8)I[(" ="+ (y -l
— (J/Zn 4 8211) 4 (yn+1 + 8n+1) + (yn—l + 8n—1) + 2(_1)n—1

= 202 +20n+1 +20Q0u-1— 2(_1)n
Q2n + Qn—H + Qn—l - (_l)n

8
Qon + 4P, — (=1)"

tp, = < : (7.11)

since Q,+1 + Q,—1 = 4P,.
For example, tS6 = l1+1+3+7+17+41 = 1t7;0 =
It follows from formula (7.11) that Q», + Qp41 + Q-1 = Q2 + 4P, = (—1)" (mod 8).
Since P, + Q, = P,41, it follows from (7.11) that

Q12+4Ps—1 _ 196014+4-70—1 __ _
< = 3 =2 485 = Ipg.

4Py + (=1)"
tr + Oy = Oon+2 gZH =1

and hence Q5,42 + 4P,+1 = (1)"~! (mod 8).
As above, it can be shown that 20,(Q, + 1) = 02, + 20, + (—1)", so

_ Q2n + 2Qn + (_l)n.

lg, 1

(7.12)

For example,

O¢+203—1 99+2-7—1
4 N 4

=28 =1, = tg,.

It follows from (7.12) that Q,, + 20, = (—1)"~! (mod 4).

Finally, it is well known that 167, + 1 can be a square. For example, 16-3 4+ 1 is a square, but
16 -6 + 1is not. Since 16(P, Q,)> + 1 = Qy,, it would be interesting to find those n for which
Q4 1s a square. For example, Qy is a square, but Q4, Og, O 12, O16, Q20, and Qo4 are not.

In fact, since Q,, = 4P2 + (—1)", it follows that Qy, is not a square, when n > 0.
Consequently, 16(P,0,)> + 1 = Qu, is not a square, when n > 1.

Next, we return to primitive Pythagorean triples with consecutive legs, and investigate their
relationship with Pell numbers.



7.11 Primitive Pythagorean Triples, Consecutive Legs Revisited 133

7.11 Primitive Pythagorean Triples With Consecutive Legs
Revisited

Recall from Chapter 3 that there are infinitely many primitive Pythagorean triples such that the
lengths of their legs are consecutive integers. In other words, the diophantine equation x? + (x £
1)? = 22 has infinitely many solutions. We found that the generators m and n of the first ten such
triangles are the Pell numbers 2,5,12,...,5741 and 1, 2,5, ...,2378, respectively; the lengths
of their hypotenuses are the Pell numbers 5, 29, 169, ..., 38613965; see Table 4.2. We also found
that the generators must satisfy Pell’s equation (m — n)? — 2n? = £1; that is, u> — 2v?> = £1.

This makes us curious. Are these just accidental coincidences? Or are they always the case?
Fortunately, we have done all the necessary groundwork in Chapters 2 and 3 to answer this. All
we have to do is pick up the right pieces and assemble them.

To this end, recall that the solutions of the equation u?> — 2v? = %1 are given by (uy, vy) =
(Qk, Pr), where k > 1. The corresponding generators my, ny are given by my —ny = uy = Qy
and ny = vy = Py.Somy = nip+ Qr = Pr+ Qr = Px4,. Thus the generators of the primitive
Pythagorean triples with consecutive legs are given by the consecutive Pell numbers Py, and
Py, where k > 1, as we saw in Table 4.2.

The lengths x; and yj of the corresponding legs are given by x; = m,zC —ni = sz = sz =
(Pr+1 + Pr)(Prg+1 — Pr) = Qr410k and yr = 2myng = 2P+ Py; see columns 4 and 5 of
Table 4.2. The length of the corresponding hypotenuse is given by zx = m+nj = P2 |+ P? =
P»j41; see Column 6 of Table 4.2. Consequently, we have the identity

(QkQk+1)* + QP Pry1)* = Py

Thus, if x; = Qk+10Qk and yr = 2Py Py are consecutive integer lengths of the primitive
Pythagorean triple, then (uy, vx) is a solution of the Pell equation u?> — 2v? = %1, where u; =
mj —ni = Qk andvk =ni = Pk.

Conversely, suppose (i, vir) = (Qk, Py) is a solution the Pell equation u?> — 2v? = +1 :
Q]% —2sz = *1. Then my —ny = Qk,nx = Pr,myp = ny + O = Pr + Qr = Pi+1, and
mi +ng = Pry1 + Pr = Qk+1. So

Xy = m,%—ni

(my — ng)(mg + ny)

= Ok OQk+1,

and yr = 2myny = 2P Pryy. Then xy — yr = Qx Qk+1 — 2Pk Pr4+1 = (=1, by identity (40);
that is, |xx — yx| = 1. In other words, x; and y; are consecutive integral lengths, as we observed
earlier.

The next example shows a totally unexpected occurrence of Pell-Lucas numbers. It was
proposed as a problem in 1963 by Leo Moser of the University of Alberta, Alberta, Canada
[168]. The proof given here is based on one given in the following year by Henry W. Gould of
West Virginia University, Morgantown, West Virginia [95]. It employs the binomial expansion
in Corollary 1.1.
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2n—1
n—2
Example 7.6 P thtE: 27— )
X p Trove a ( 21” ) 1sasquare

r=1

Proof. Since (1 +x)" = Y~ (7)x”, we have
r=0

2n—1
dn —2
4n—2 4n—2 2r
(14 x) + (1 —x) —22 < o )x .

Letting x = /2, this sum yields

2n 1
( ) = Q4n—2

2n—1 4n —
Z( ) = Q4n—2_1

2n—1
2r 1 — Q4n—2 -1
r=1 2

_ 2
- QZn—l’

where we have used identity (32). Thus, not only that the given sum is a square, it is the square
of the Pell-Lucas number Q,,—;. (We will revisit this result in Chapter 11.) n

For example, let n = 4. Then

2n—1 14
> ( )2r—1 = 57,121 = 239* = Q2.
2r

r=1

Next we investigate the square of a Pell Sum, studied by Diaz-Barerro of Barcelona, Spain,
in 2007 [67].

7.12 Square of a Pell Sum

Let a and b be any real numbers. Then a* + b* + (a + b)* = 2(a® + ab + b?)?; this can be
confirmed algebraically.

This algebraic identity has an interesting application to the Pell family. To see this, let {x,}
be an integer sequence satisfying the Pell recurrence. Suppose we let a = x, and b = 2x,,4;.
Then

Xy + 160y 41+ Xy 4y = 2067 + 20X g1 + 4x, 41)7.
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In particular, this gives the following Pell identities:
P} +16P)  + P!, =2(P}+2P,Pyy1 + 4P )

Q;‘ + 16Qi+1 + Qi—i—Z = Z(Q,% + 2Qn Qn—i—l + 4Qi+1)2'

For example, let n = 5. Then

P{+16P; + P} = 29* +16-70* 4 169*
= 1,200, 598,002
= 2(29° +2-29-70 + 4-70%)?
= 2(P2 +2PsPs + 4P}

Likewise, Q441604+ 0% = 4,802, 588,018 = 2(49003)% = 2(412+2-41-99+4.239%)2 =
2(0% + 20506 + 407)%.

To digress a bit, suppose we let a = F,, and b = F,4+;. Since Fn2 + FnzJrl = Fy,+1 and
L% + Li 41 = 5Lou+1, the identity yields the following Fibonacci and Lucas identities:

Fn4 + Fn4+1 + Fn4+2 = 2(F,Fut1 + Fapt1)?
Ly+ Ly +Lh, = 2(LyLyst + 5Los1)™

The next example presents a congruence, developed by R. Fecke of North Texas State
University, Denton, Texas, in 1973 [83]. It shows that the sum of every three consecutive Pell
numbers P; with weights 2 is always divisible by 5. We will establish it using the strong version
of PML

n+2

Example 7.7 Prove that }_ 2P, = 0 (mod 5), where 7 is any positive integer.
k=1

Proof (by PMI). Since 2P, + 4P, +8P3; = 1-144-2+8-5 = 50 = 0 (mod 5) and
4P, +8P; +16P;, =4-24+8-5+16-12 =240 = 0 (mod 5), the congruence is true when
n=1andn = 2.

Assume it is true for all positive integers < n. Then

n+2
D 2P = 2P+ 2T P + 2P
k=1

= 4(2"?P,+2"""'Pip1 + 2" Pyp)

= 4[2"?QPu1 + Pui2) + 2" QPy + Puy1) + 2" QPuy + Py)]

= 402" ' P +2"P, + 2" Pu) + 4 (2" PP + 2" P + 2 P)
= 4-0+4+4-0 (mod 5), by the inductive hypothesis

= 0 (mod 5).
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Consequently, it follows by PMI that the congruence is true for every integer n > 1. u

In particular, let n = 5. Then

Ps + 2P +27P;, = 2°.29420.70+27-169
= 2-(=1)+(=1)-0+3-(—1) (mod 5)
= 0 (mod 5).

7.13 The Recurrence x,,» = 6x,,.1 — X, + 2 Revisited

Next we pursue a close relationship between the recurrence x,+, = 6x,+; — x, + 2 that we
studied in Chapter 6, and the Pell family. It was discovered by M.N. Deshpande of Nagpur, India,
in 2007 [64]. The proof presented is based on the one by H.-E. Seiffert of Berlin, Germany, a
prolific problem proposer and solver [221].

Example 7.8 Consider the integer sequence {x,}, defined by x,,4» = 6x,+1 — x, + 2, where
8xn(xp + 1) +20

x; = 1,x, = 10, and n > 1. Prove that
(PZn - P2n—2)2

Proof. It follows by the Pell recurrence that Py, 4 = 6 Pp,42— Py, and Q244 = 602, 42— 025
see Exercise 49.
Leta, = 3Py — 30 — 3. Thena; =3P, — 30, -3 =3.2-1.3-1 =1=x,and

a, = 3Py — %Q4 — % =3-12— % <17 — % = 10 = x,. Furthermore, we have

3 1 3 1
6a,+1—a, +2 = 6 (3P2n+2 — §Q2n+2 — —) — (3P2n — EQZ ) +2

2 "2
3 1
= 3(6Py+2— Pou) — 5(6Q2n+2 — Qo) — 5
3 1
= 3Py44— §Q2n+4 —3
= dnp+2.
Consequently, a, satisfies the same recursive definition as x,; so a, = x,. Thus, x, = 3P,, —

%QZn - %
Then, by identities (2) and (31), we have

8
8xn(xn + 1) = Z(6P2n - 3Q2n - 1)(6P2n - 3Q2n + 1)
= 2[92Py— 02— 1]
8,060+ 1) +20 = 2[9Q2Py, — 02)* +9)]

= 18[@Py - 02)* +1]
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= 18-2P} ..
Consequently,
8xu(xy +1)+20 18- 2P},
(P2n - P2n—2)2 4P22n_1

= 9, asdesired.

For a specific case, let n = 5. Since x5 = 2089, we have

8xs(xs+1)+20 _ 8-2089-2090 + 20
(Pio— Pg)> (2378 — 408)2
99207716
3880900

As a byproduct of this example, it follows that 2x,(x, + 1) + 5 is a square for every n > 1.
For instance, 2xg(xs + 1) + 5 =2-12178 - 12179 4+ 5 = 296, 631,729 = 17,2332,

In this example, we found that x,, = 3P, — %an — % satisfies the recurrence x,4, =
6Xx,+1 — X, + 2. Interestingly enough, y, = 30, — %Pz,, satisfies the homogeneous portion of
this recurrence: y,4+> = 6y,+1 — ¥,. We encountered this recurrence also in Chapter 6.

As before, this can be established as follows:

3 3
6Yn+t1—Yn = 6 (3Q2n+2 — §P2n+2) — (3Q2n — EPZn)

3
= 3(6024+2— Q) — 3 (6Prpt2 — Pay)

3
= 3Q0um+4— §P2n+4

= JYn+2-

To digress a bit, note that the first five elements of the sequence {y,} are 6, 33, 192, 1119,
and 6522. Using the recurrence, we could define yy = 3.

Clearly, 3|y, for every n > 0. It follows from the recurrence that y,+, = —y, (mod 6). So
6|y, +- if and only if 6|y,. Since 6|y, it follows by PMI that 6|y, +; for every n > 0.

Recall from Chapter 6 that y, = Ar" + Bs”, wherer = 3 +22 = )/2 ands = 3—2+42 =

3(11—8+/2) _ 3(5—44/2)
a3 and B = RN Thus

§2. Using the initial conditions, we get A =

— 3 _ 2n _ 2n
= g7 8V V2],

where n > 0.
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It 1s well known that the ratios of consecutive Fibonacci and Lucas numbers approach

. .. F . L
the golden ratio: lim &t = lim =2
n—>o0 Fy n—o0 Ly

consecutive Pell and Pell-Lucas numbers.

=a = HT‘E We will now explore the ratios of

7.14 Ratios of Consecutive Pell and Pell-Lucas Numbers

P, ) )
Let lim —*L — 1. Since P,+1 =2P, + P,_, it follows that
n—o0 n
P 1
n—+1 - 2 +—
Pn Pn/Pn—l
P, 1
lim 2L — 24 —
n—oo P, lim (P,/P,—1)
n—>o0
1
A= 24—
+ A

So A2 — 21 — 1 = 0. Solving this, we get A = 1 & +/2. Since A > 0, it follows that 1 = y.
. Pn-H Qn-H
Thus lim

n—oo

= y. Similarly, lim = y. Thus the ratios of consecutive Pell and Pell—-
n—o0

n n

Lucas numbers approach the irrational number y &~ 2.4142135624. Consequently, % — 1 and

Qn+1

o 1 are good approximations of /2, as n gets larger and larger.

For example, 52 — 1 = 280 — | ~ 14142135517 ~ v2and 92 — 1 = B0 — 1 ~

1.4142135731 =~ /2.
Next we investigate a close relationship between polygonal numbers and the Pell family.
First, we look for Pell numbers that are also triangular numbers.

7.15 Triangular Pell Numbers

Clearly, P; = 1 = ¢, is a triangular number. Are there others? If there are, how many are there?
How do we find them? We will answer these questions shortly.

Recall from Chapter 5 that a positive integer N is a triangular number if and only if 8N + 1
is a square. So P, is a triangular number if and only if 8 P, 4 1 is a square > 1. Consequently,
it suffices to find those positive integers n such that 8 P, + 1 is a square.

In 1996, W.L. McDaniel of the University of Missouri at St. Louis proved that P, = 1 is
the only triangular Pell number [167]. His proof is based on the following identities and four
lemmas:

P, = (-1)'"'P,, 0, =(=1D"0,
Puin = PuPuy1+ Pp—1 Py (7.13)
= 2P,0,—(—-1D)"P,—, (7.14)
Pyy = Ppy(204)(202)2Q4n) -+ (2Q2-1,)



7.15 Triangular Pell Numbers 139

0} = 2P2+ (=1)

Qo = 2Q5 - (_1)n
= 4P2 + (—1)" (7.15)
Oy if 2= iseven

(Pma Qn) = (m.n)
1 otherwise.

Suppose t > 2. Then, by identity (7.15), Q» = 4P22,_1
implies that Q> = 1 (mod 8), when ¢t > 2.
Using identity (7.14), we will now prove the following results.

+ 1. Since P,, = 0 (mod 2), this

Lemma 7.1 Let n,k, and t be any nonnegative integers, and g any odd positive integer. Then
(1) Pyyore = (1)'® VP, (mod Qx) and (2) Pug = (—1)E"D/2Py (mod Q).

Proof. (1) We will prove this by induction on ¢. The congruence is clearly true when t = 0.
Since P,yox = Puti)y+k = 2Pk Qk — (-D*P, = (=D)**'P, (mod Qk), it is also true
whent = 1.

Now assume it is true for all nonnegative integers < 7. Then

Putoke+1y = Putokn+2k

= 2Puiou Qo — (—1)* Poior—i)
2(=1)"“TVP, [20F = (=] = (=D VTV P, (mod Q)
[2(_1)(l+l)(k+l) _ (_1)(t+1)(k+l)] Pn (mod Qk)
(=1)TVEED P (mod Q).

So the congruence is also true for £ 4- 1. Thus, the result follows by the strong version of PMI.

(2) By identity (7.14), we have

Py = Porg—1)+2k

= 2Py(g—1) Q2% — (—1)* Py(g)
(—1)! Par(g—2-1) (mod Q)
(—1)* Pag(g—22) (mod Q)
(—1)? Py (g—2.3) (mod Qa),

and so on. More generally, Py, = (—1)" Pak(g—2-) (mod Qo). This process can be continued
until g — 2r = 1. This yields Py, = (—1)€"D/2Py (mod Qy), as desired. .
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For example, let n = 3 = ¢ and k = 2. Then

(1) Puiow = P15 =195,025=1 = (—1)>35 (mod 3).
(2) In addition, let g = 7. Then Py, = P4 = 12, Qo = Q4 = 17, and Py, = Py =
18,457,556,052 = 5 = (—=1)7=Y/212 (mod 17).

The proofs of the next two lemmas involve the Jacobi symbol (%) [130]; so we omit their
proofs in the interest of brevity.

Lemma 7.2 Letk = 2!, where t > 1. Then (M) = (M). .
Qak Q2%
Lemma 7.3 Let k = 2!, where t > 2. Then (%) = —1; that is, *2-2% s not a square. w

For example, 8 Pg + Qg = 8 - 408 + 577 = 3841 is not a square.
Lemma 7.4 [fn = m (mod 24), then P, = P,, (mod 9).

Proof. Since P,y = 543,339,720 = 0 (mod 9) and P5 = 1,311,738,121 = 1 (mod 9), by
identity (7.13), P, 424 = Py, Pys+ Py,—1 P2y = P,+0 = P, (mod 9). By PMI, the desired result
now follows. .

For example, let n = 23 and m = 3. Then P,; = 7,645,370,045 = 5 = P; (mod 9).
Using these lemmas and the Jacobi symbol, McDaniel proved that 8 P, 4- 1 is not a square if
n > 1. Since 8 P; + 1 = 9 is a square, it follows that P; = 1 is the only triangular Pell number.
Next we investigate Pell and Pell-Lucas numbers that are also pentagonal numbers. But
before we do, we will give a very brief introduction to pentagonal numbers.

7.16 Pentagonal Numbers

Just like triangular numbers, pentagonal numbers p, are polygonal numbers. They are positive
integers that can be represented geometrically by regular pentagons. The first ten pentagonal
numbers are 1, 5, 12, 22, 35, 51, 70, 92, 117, and 145. Figure 7.3 shows the geometric
representations of the first four pentagonal numbers.

RS,

Figure 7.3.
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Pentagonal numbers can also be defined recursively:

pro= 1
DPn = P +3n—-1)+1, n>2.

See Figure 7.4. Clearly, this recurrence can be rewritten as p, = p,—1 + 3n — 2. Explicitly,
pn = n(3n —1)/2, where n > 1; this can be confirmed easily using PMI.

S

For example, p; = ps + 19 = 51 + 19 = 70. Likewise, pg = 92.
We are now ready to search for Pell numbers that are also pentagonal.

Figure 7.4.

7.17 Pentagonal Pell Numbers

Four of the first ten pentagonal numbers are also Pell numbers: @, @ @, and . Are
there others? If there are, how many are there? How do we find them? We will answer these
questions shortly.

In 2002, V.S.R. Prasad and B.S. Rao of Osmania University, Hyderbad, India, established
that 1, 5, 12, and 70 are the only pentagonal Pell numbers. The proof is fairly long and involves
the Jacobi symbol, so in the interest of brevity, we will highlight just the key steps [178].

To begin with, we need a few additional properties. First, notice that identity (32) can be
generalized:

Qm+n = 2Qm Qn - (_1)n Qm—n- (7.16)

This identity, discovered by Prasad and Rao, follows by the Binet-like formula for Qy.
It follows by this identity, and identities (31) and (32) that

Oz = 200,,0,—(=1D)"0,
= 20,20, — (=)' = (=1)"Q,
= 0, +30.[0; - (-]
= 0.(0,+6P)). (7.17)
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The sequence {Qyx+1 (mod 8)} is periodic: 17 17 ...; {Qex+3 (mod 8)} is also
periodic: 71 71 ....Itnow follows by equation (7.17) that
—_———

0, + 6P, =7 (mod 8), (7.18)
where m is odd. When m is odd, we also have

| (mod 4) ifm=1 (mod 4
P,=1 (modd) and @, =) | (medd ifm=1(mod4) (7.19)
—1 (mod 4) ifm =3 (mod 4).

The identity P, = 2P, Q,, also can be generalized:
Pm+n = 2P, Qn - (_l)an—n- (7.20)

This also follows by the Binet-like formula for Pj.
This identity has an interesting consequence, as the following lemma shows.

Lemma 7.5 Let n,k, and m be nonnegative integers. Then P,iom = (—=1)&+tbmp,

(mod Q).

Proof (by PMI on m). Clearly, the congruence holds when m = 0. By identity (7.20), P,y =
Potiy+k = 2Pk Ok — (=D Ppygiy—k = (=D*TIP, (mod Q). so it also true when m = 1.

Now assume that the congruence holds for all nonnegative integers < m, where m > 1.
Then, by identity (7.20) and the inductive hypothesis, we have

Putokm+1y = Putokm)y+2k

= 2Puiom Qo — (=D Pyiokm—1)
2= TP, 0o — (=)*FDO=D P (mod Qy)
2(=)EFDm p (kL (—)*EFDE=D p - (mod Qy), by identity (32)
= [2(=n)*FDeED _ () EEDeED] B (mod Q)
(=DEFDITV P, (mod Q).

So the result holds for m + 1 also.
Thus, by the strong version of PMI, the congruence holds for every m > 0. "

For example, letn = 3,k = 4,and m = 3. Then P; = 5,0x = Q4 = 17, Pyyogpm = Pry7 =
7,645,370,045 = 12 = (—1)>35 (mod 17).

It follows from the explicit formula for pentagonal numbers that P, is a pentagonal number
m(3m — 1)/2 if and only if 24P, + 1 = (6m — 1). Consequently, we need to identify those
positive integers n such that 24 P, + 1 is a square.

The following eight lemmas will pave the way for identifying such integers. The Jacobi
symbol plays a pivotal role in their proofs.
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Lemma 7.6 Letn = +1 (mod 22 -5). Then 24P, + 1 is a square if and only ifn = +1. u

Lemma 7.7 Letn = +3 (mod 2%). Then 24P, + 1 is a square if and only if n = +£3. n
Lemma 7.8 Letn = 4 (mod 22 - 5). Then 24P, + 1 is a square if and only if n = 4. u
Lemma 7.9 Letn =2 (mod 2%-5-7). Then 24P, + 1 is a square if and only if n = 2. u

Lemma 7.10 Letn = 6 (mod 2>-3-5-7). Then 24P, + 1 is a square if and only ifn = 6. =
Lemma 7.11 Letn =0 (mod 2-3-7%-13). Then 24P, + 1 is a square if and only ifn = 0. =

Lemma 7.12 Letn = 0,+£1,2,£3,4,0r 6 (mod 24.3.5.7%. 13). Then 24P, + 1 is a square
ifand only ifn = 0,%+1,2,43,4,0r,6. "

Lemma 7.13 Supposen # 0,+1,2,+3,4,0r 6 (mod 2*-3-5-72-13). Then 24P, + 1 is not
a square. .

Tying all the pieces together, we get the following delightful result.
Theorem 7.2 (Prasad and Rao, 2002) P, is a pentagonal number if and only ifn = 1, 3,4, or 6.

Proof. This follows by Lemmas 7.12 and 7.13. n

7.18 Zeitlin’s Identity

Recall that identity (7.20), and hence Lemma 7.5, played an important role in identifying
pentagonal Pell numbers. As an added bonus, the identity can be used to develop another Pell
identity, discovered by D. Zeitlin of Minneapolis, Minnesota, in 1996 [269]. The following
example features it. The proof is based on the one given by Seiffert [209] in the following year.

Example 7.9 Find integers a, b, c, and d such that P, = P,_, + 444P,_, + P, + P,—g4,
where l <a <b <c <d.

Proof. By identity (7.20), we have P,y = 2P, Q; — (—1)* P,_;, where r and s are arbitrary
integers. Using r +s = m, this can be rewritten as P,, = 2P,,,—;Q;—(—1)* P,,—»,. Consequently,
we have

Py = Pu—pyrs =2P50p — (—1)" Pyry,
Piptk = Pu—pysk = 2PipQr — (=D  Pypy.
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Subtracting, we get
Py — Pyopik = 2Py p(Qp — Q) — (=1)" Pyspy + (= 1) Py
Choosing b to be odd and k even, this yields
Py = Popyic +2Pu—p(OQp — Q) + Po—p—r + Pu—2p.

Now we need to make a clever choice for b and k. Since we want Q,— Q) = 222 = 239—17,
we choose b = 7and k = 4. Wethenleta =b—k =3,¢c =b+k =11, and 2b = 14. Thus

P, = P,—3+444P, 7+ P11 + Py—14. (7.21)

u
For example, let n = 17. Then

Pia+444Pyg + Ps+ Py = 80782+ 4442378 + 70 + 5
= 1,136,689
= P

Next we investigate Pell-Lucas numbers that are also pentagonal.

7.19 Pentagonal Pell-Lucas Numbers

Returning to identity (7.16), it also has an interesting consequence, as the following lemma
shows [179].

Lemma 7.14 (Prasad and Rao, 2001). Let n and k be nonnegative integers, and m an even
integer. Then Q,1om = (—1)¥Q,, (mod 0,,).

Proof (by PMI on k). Clearly, the congruence holds when k = 0. By identity (7.16), Q,4om =
O tmy4+m = 2004+mOm — (=1)" Q,; so the congruence is true when k = 1 also, since m is
even.

Assume the result holds for all nonnegative integers < k, where k > 1. Then, by identity
(7.16), we have

Qn+2(k+l)m = 2Qn+2km QZm - Qn+2(k—l)m
= 2(_1)k 01 Qom — (_l)k_lQn (mod Q)
= (=1"Q2Qun + 1)Qs (mod Q)
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(-=D*(=1) 0, (mod OQ,,), by identity (32)
(_1)k+lQn (mOd Qm)

So the result also holds for k + 1.
Thus, by the strong version of PMI, the congruence holds for every k > 0. "

For example, letn = 2,k = 3, and m = 4. Then Q, = Q5 = 41,0,, = Q4 = 17, and
Qniskim = Oz = 4,478,554,083 = 14 = -3 = (—1)>Q, (mod Qy,), as expected.

As before, Q, is a pentagonal number m(3m — 1)/2 if and only if 24Q,, 4+ 1 is a square,
where n > 1. We will show that 24Q,, + 1 is a square only when n = 1 or 3. Its proof hinges on
the next four lemmas; again, we omit their proofs in the interest of brevity [179].

Lemma 7.15 Supposen = 0or1 (mod 2%-32). Then 24Q,, + 1 is a square if and only ifn = 0
orl. n

Lemma 7.16 Supposen = 3 (mod 22-3%-7). Then 24Q,, + 1 is a square if and only if n = 3.

Lemma 7.17 Suppose n = 0, 1 or 3 (mod 23 -32.5.7). Then 24Q,, + 1 is a square only if
n=20,1, or3. n

Lemma 7.18 24Q, + 1 isnot a square ifn # 0,1, or 3 (mod 2°-3%-.5.7), -
With these tools, we can now establish the desired result.
Theorem 7.3 Q) is the only pentagonal Pell-Lucas number.

Proof. It follows by Lemmas 7.17 and 7.18 that 24Q,, + 1 is a square only whenn = 1 or 3. But
Q3 = 7 is not pentagonal. But Q| = 1 is pentagonal. Thus, Q) is the only pentagonal number.

7.20 Heptagonal Pell Numbers

Next we investigate Pell numbers that are also heptagonal. A heptagonal number is a positive
integer of the form W, where m is a positive integer. The first six heptagonal numbers are
1,7, 18, 34, 55, and 81. Like triangular and pentagonal numbers, they also can be represented

geometrically; see Figure 7.5.

Figure 7.5.
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A positive integer N is heptagonal if and only if N = w Then 2N = 5m? — 3m; so
40N + 9 = 100m? — 60m + 9 = (10m — 3)%. Thus N is heptagonal if and only if 40N + 9
is a positive square. Consequently, P, is heptagonal if and only if 40P, + 9 is a square > 1.
Clearly, P; = 1 is heptagonal. Are there others? In 2005 Rao established that P; is the only
such number. His proof employs three lemmas and the following fundamental properties, some
of which we have already seen [181]:

Q, =2P7 + (-1
Qs = 04(0; + 6P)
Potn = 2Py Qy — (1) Pry
Py = (=1)'**V P, (mod Qr)
2| P, if and only if 2|n, and 2 f Q,, for any n.
3| P, if and only if 4|n, and 3|Q,, if and only if n = 2 (mod 4).
5| P, if and only if 3|n, and 5 fQ,, for any n.
9| P, if and only if 12|n, and 9|Q,, if and only if n = 6 (mod 12).

Let n be odd. Then

e O, ==x1 (mod 4)according as m = +1 (mod 4);
e P, =1 (mod 4);and
e 02 +6P2=7 (mod ).

The proofs of the following lemmas require the Jacobi symbol, so we will omit them for the
sake of brevity.

Lemma 7.19 Suppose n = £1 (mod 2% -5). Then 40P, + 9 is a square if and only ifn = +1.

Lemma 7.20 Supposen = 6 (mod 2%-5°-7%). Then 40P, + 9 is a square if and only ifn = 6.

|
When n = 6, notice that 40P, + 9 = 40Ps + 9 = 40-70 + 9 = 532, a square.
Lemma 7.21 Supposen =0 (mod 2 -7 -5%). Then 40P, + 9 is a square if and only ifn = O.m

When n = 0, notice that 40P, + 9 = 40Py + 9 = 40 -0 + 9 = 32, again a square.
The following result follows from these three lemmas.

Corollary 7.3 Suppose n = 0, %1, or 6 (mod 2% - 53 - 7%). Then 40P, + 9 is a square if and
onlyifn =0,+£1, or6. "

‘We will need one more lemma.
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Lemma 7.22 Ifn # 0, %1, or 6 (mod 22 - 53 -7%). Then 40P, + 9 is not a square. u

For example, let n = 17. Then 40P, + 9 = 40P;7 + 9 = 40 - 1136689 + 9 = 45,467,569
1S not a square.

With these tools, we can now prove that P; is the only heptagonal Pell number.

It follows by Corollary 7.3 and Lemma 7.22 that 40 P, 4+91is asquare if and only if n = 0, &1,
or 6; but —1 and 0 are not acceptable, since n > 1. Whenn = 6,40P, + 9 = 40P + 9 =
40-70 4+ 9 = 532; this must equal to (10m — 3)? for some m > 1; but (10m — 3)> = 532 implies
that m = —5, which is not admissible. This leaves n = 1; so P; is the only heptagonal Pell
number; see Table 7.5.

Table 7.5.
n o 1 6 |
P, 0 1 70

40P, +9 || 32 7> 532

m O@—S

This discourse has an interesting consequence for the theory of diophantine equations. To
this end, consider the diophantine equation 2x? = y?(5y — 3)? — 2, which can be rewritten as

2
x2 =2 [W} — 1. Its solutions are given by (Qy, Pi), where k is odd. From Table 7.1,

the only admissible value of y is 1. Correspondingly, x = =£1. Thus, (£1, 1) are the only two
solutions of the diophantine equation 2x? = y?(5y — 3)? — 2.
Likewise, the diophantine equation 2x?> = y%(5y — 3)? 4 2 can be rewritten as x> =

2
2 [@] + 1; its solutions are given by (Qk, Py ), where k is even. From Table 7.1, n = 0 or
6. The corresponding solutions are (£1, 0) and (£99, —5).

Exercises 7
Prove the following identities.

P,+ P, = 0Q,.
On+ Qn—1 =2P,.
P, + Qn = LIn+1-
2P, + On = Ont1-
20, +3P, = Pyqo.
30, +4P, = Quyo.
Qn—i—l - Qn =2P,.
Ppy1+ Pr1 =20Q,.
Ont1 + Qn—1 = 4P,

A o R
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10. P, + P,+1 + P,4+3 = 3P,4,. Hint: Use the Pell recurrence.

1. O+ Qnt1+ Qnt3 =30u+2.

12. P4y — P, =2P,.

13. Qi1 — Quet =20,

14, Pyyr+ P,y =6P,.

15. Ont2+ Qu—2 =60,

16. P,4, — P,—» = 40Q,,. Hint: Use Exercise 8.

17. Qu+2— Qu—2 =8P,.

18. P,3+1 + P2 = P2n+1.

19. P, +n — (=D"P; = Pyy+n Py. Hint: Use the Binet-like formula.

20. Qny,— (= 1)"Q2 = 2Psy4n Pa.

21. QnJrl + Q2 = 2Py, +1. Hint: Use identity (20).

22. PnzJrl nz = Q,+10,. Hint: Use identity (3).

23. ,ZZH — Q2 =4P,1 P,

24. 4(P? + Q2) = 3Q2, + (—1)". Hint: Use the Binet-like formulas.

25. 2P+ Qn = Qu+1-

26. 2P, + Qu+2 = 30Q,+1. Hint: Use identity (25) and Pell recurrence.

27. Py41+ Q-1 =3P,.

28. Py, =2P,0,.

29. Q2 +2P? = Q,,. Hint: Use the Binet-like formulas.

30. Q2—-2P%=(-1)".

31 Q5 =202 — (-1,

32. Qo = 4P+ (—1)".

33. P+ 1P— — Pn2 = (—1)". Hint: Use matrices, PMI, or the Binet-like formula.

34. Qu41Qn—1— Q5 =2(-1)""1.

35, PyQuot — QuPuct = (=17,

36. PyQu—1+ QnPr1 = Pap—1.

37. 2(Pr, + PD) = Qo + Qo

38. 2(Q +1 + QZ) - Q2n + Q2n+2

39. 040n+1 = 2Py Pry1 = (="

40. P,P,i3 — P,y P,yn = 2(—=1)""'. Hint: Use the Binet-like formula for P, and the fact
that y* + §° = 14.

41. 0, 0n43 — Qn+10n+2 = 4(=1)".

42. P? +3 + P? = 5Py,+3. Hint: Use the Pell recurrence and identity (19).

43. Q2.+ 02 =10Py,43.



44.
45.
46.
47.
48.
49.
50.
51.
52.
53.

Exercises 7

PyQy =6P,—10p—1— Py—20n—.

O = 602—2 — Q4.

07 =60, — 0p_, +4(=1".

P;3, =0 (mod 5).

2P410Qn—1 +2(=1)" = Py,.

P4 = 6Py 10 — Py,

Prtn = 2Py Qp — (=1)" Py,

Omin = 20m 00 — (—1)" Q.

The number of digits in P, equals [nlogy — 1.51log2].
The number of digits in Q,, equals [nlogy —log2].
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3
Additional Pell Identities

8.1 Introduction

In the preceding chapter, we studied some fundamental identities of the Pell family. We now
present some additional ones. Again, for the sake of brevity, we will prove only some of them,
but will add some comments on others when needed. We will revisit some of these results in
Chapter 11, when we study generating functions for the Pell family.

We begin our pursuit with a common recurrence for even-numbered Pell and Pell-Lucas
numbers. To this end, suppose x, satisfies the Pell recurrence. Then

6x2p—2 — Xou—4 = S5x2p—2 + (X202 — X24—4)
= 5x2n—2 + 2x2n—3
= 5x2;—2 + 2(X2p—1 — 2X24—-2)
= Xp—2 + 2x2n—1

= X2.

In particular, we have

(1) Py, = 6Py — Ppyy.

(2) Qo =602 — Qs
For example, Pjg = 2378 = 6-408 —70 = 6P3 — Pgand Q19 =239 =6-41 -7 =
605 — Q.
Both identities will enable us to develop their generating functions in Chapter 11.

The recurrence for Q,, has an interesting consequence. To see this, recall from Chapter

6 that the subscript 1y of the square-triangular number y,% is given by n; = %(sz —1).
Consequently, we have

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9_8, 151
© Springer Science+Business Media New York 2014
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8.2

8. Additional Pell Identities

6

1
Ong_1 —ng— +2 = E(QZk_z —1) - 5(Q2k—4 —+2

1

= 5(6Q2k—2 — Q%—4—1)

1

= 5 (Qu -1 =mn

as found in Chapter 6.
(3) P2=6P>  — P> ,—2(—1)".

This can be established using the recurrence and the Cassini-like formula for P,:

7 = (2Pu—1 + Pu2)’
=4P2 4+ P2, + 4P, P,y
=4P2  + P2, +2P,»(P, — Pyr—2)
=4P2  — P2, +2P, P, (8.1)
=6P2, — P2, +2(P,Piy— P~))
= 6P = P, +2(=1)""
= 6Pn2—l - Pn2—2 —2(=1D".
For example, 6 PZ — P —2(—1)® = 629> — 122 — 2 = 4900 = 70*> = PZ.
Formula (8.1) shows that the squares of Pell numbers can be defined recursively:
P} =1, P}=4
P} = 6P>,—P>,-2(-1)", n>3.

An Interesting Byproduct

This recurrence has a delightful byproduct: It can be used to confirm the recurrence for the
square-triangular numbers ¢, = y]% we studied in Chapter 6. By identity (8.1), we have
PZ‘zk = 6P22k1_P22k 2= 2
= 6(6P5_,— Py_3+2)— Py _,—2
= 35P5 _,—6P5_;+10
= 34P;_,+ (P, —6P5_;+2) +8
= 34P5_,— Pj_4+8.

Since ¢, = %sz, this implies that ¢,y = 34cx—; — cx—2 + 2, as desired.
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The next result shows that Q,, enjoys a similar property. It can be established using a similar
argument.

“4)

&)
(6)
(7

Q% = 6Q;%—1 - 3—2 +4(=D".
Consequently, Q2 also can be defined recursively:

P =1, 03=9
0, = 60;_ -0, ,+4(-1)" n=3.
These two identities can be deduced from the formula
X2, —(a*=2b)Xp + b X7 = 20" (XT —aX 1 Xo + bX}),

where {X,} satisfies the recurrence X,+» = aX,+1 — bX,. This was established by
D. Zeitlin of Minneapolis, Minnesota in 1965 [265]. Witha = 2,b = —1,and X,, = P,,
identity (3) follows. Likewise, With a = 2,b = —1, and X,, = Q,, identity (4) also
follows.

The above recurrences for P? and Q2 are not homogeneous. We will now take a
different approach to derive a common homogeneous recurrence. To this end, suppose x;,

satisfies the Pell recurrence. Then

Xpyz = (g2 + Xnp1)’
= 4x) . + AN Xnt + X
= Ax;y 5 4 Xy + 2X041 (201 4 Xn) + Xng2 (Xng2 — Xn)
= 5xp40+ 5% — Xa(Xng2 — 2%, 41)

= 5xpi,+ 5%, — X2, (8.2)
where n > 0. Thus x,% satisfies the third-order recurrence s, +3 = 58,42 + 58,41 — Sy, with
characteristic roots —1, y? and §2.

For example, let x, = P,. Then sy = PO2 =0,5 = P12 =1, and s, = P22 = 4.
Consequently, s3 = P = 5-4+5-1—0 = 5% On the other hand, let x, = Q,. Then
sa=07=5-7"+5-33-162=17%

We will invoke recurrence (8.2) for developing generating functions for the sequences
{P?} and {Q2} in Chapter 11.
4(Qn Qn—H - PnPn—H) = Q2n+1 + 3(_1)n
2Qn Qn-H = Q2n+1 + (_l)n'

P, = P,Qni + QxPr—i,where 1 <k <n.
In particular, this identity gives two dividends we already know: P,, = 2P, Q, and P, =
Pn—l + Qn—l-
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®)

€))

(10)
(1)
(12)

8. Additional Pell Identities

We can use the recurrence for P, to generate an interesting pattern:

P, = 1P,
= 2P, 1+ P, =2Q2P, 2+ P, 3)+ P,
= 5P +2P,—3=52P,—3+ Py—4) +2P,—3
= 12P,—3+ 5P~

More generally, we can conjecture that P, = Py P,—; + Py Py,—r—1. This can be
confirmed using induction on k or using the Binet-like formula for P,.

Using a similar argument, we can show that Q, = Pr4+1Q,—k + Pt Qn—k—1.
For example, P4P; + P3P = 12-169+5-70 = 2,378 = Pjpand Q407 + 0306 =
12-239+5-99 = 3,363 = Q.
4(P7+ Q1) =300 + (-1)".
The next two identities follow from this one.
4BPF + Q) =502 — (=1)".
Potn Pmtr — Prtntr P = (_1)mPnPr-
This was proposed as a problem in 1969 by M.N.S. Swamy of Nova Scotia Technical
College, Halifax, Canada, and C.A. Vespe of the University of New Mexico, Albuquerque,
New Mexico [244]. The proof follows algebraically in a straightforward fashion.

For example, we have

Pisi7Pyys — Piysy7 Py = Py Py— PigPy = 5741 - 985 — 470832 - 12
= 4901 = (—=1)*-29-169 = (—1)*Ps P;.

This formula has two interesting byproducts:

e Changing n to n — m and letting r = 1, it yields P, P41 — Py+1Pn = (—1)" Py_p.
Switching the variables m and n, we get

PuPyy1 — Ppy Py = (_1)an—n- (8.3)

When m = n — 1, this yields the Cassini-like formula for Pell numbers.

Identity (8.3) has a Fibonacci counterpart: F,, F,4+1 — Fp41 Fy = (—=1)" Fp—,. Itis
called d’Ocagne’s identity, after the French mathematician Philbert Maurice d’Ocagne
(1862—-1938); when m = n — 1, it yields Cassini’s formula.

e When r = —n, the formula yields a generalization of the Cassini-like formula:
Pygn Py — Py = (=1)" "1 P, (8.4)

where we have used the fact that P_;y = (—1)*"!P,. In particular, this yields the
Cassini-like formula P,, 1 P,,—1 — Pn% = (—1)".
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It has two other interesting special cases:

P} — Py, Pn, = (=1)"P2 (8.5)
Pm—HPn—H _PmPn = Pm+n+1- (86)
We will revisit the latter identity later.

The next result is the counterpart of identity (12) for Pell-Lucas numbers. Its proof
follows along the same lines.

O msn Om+r — Omantr Om = 2(=1)""' P, P,. For example, Q5470543 — Q5474305 =
01,05 — 01505 = 19601 - 577 — 275807 - 41 = 1690 = 2- 169+ 5 = 2(—1)>"' P, Ps.
In particular, we have

OnOntr— OmtrQn = 2(=1)"""Py_, P,

0nQnt1 — Omt10n = 2(=1)"""P,_,
OmanQm-n — QL = 2(=1)"*"P?
Omt1Qm—1— 05, = 2(=1)""

Om+10n+1—2PuPy = Ominti.

PI12 + P,12+3 = 5P2n+3-
This result has a counterpart for Pell-Lucas numbers.

Q;% + Q;%+3 = 10P2n+3-
For example, Q% + Q% = 412 + 577> = 334,610 = 10- 33461 = 10P;s.

4P + P} 4+ 2P, Puy) = 20241 + Qona — (=1)".

Proof.

LHS = 4[4P} + P,_1(2P, + Py—))] = 4(4P7 + Pyy1 Puy)
= 4(Put1— Pict)* + Pup1 Pimi) = 4(PL + Py — Pup1 Pucy)
= 4[Pyt1(Pys1 — Poy) + P21 = 4(Poy1 - 2P, + P-)
= 4Py Pur1 + Py

ALHS) = 2(y" — 8" ("1 — 8"y 4 (p! — 57 1)

= o[yt g2 (1)1 4 [y 4 522 4 2(— 1))
= 402+1 + 2022 —2(=1)"

LHS = 2041+ Q- —(=1)" =RHS.

For example, 4(4PZ + P2 + 2PsPy) = 4(4-29* + 122 +2-29-12) = 16,816 =
2-8119+577+1 =20, + 0z — (—1)°.
The next identity can be proved similarly.
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(A7) 20402+ 02, +20,0,—-1) = 20241 + Q24— + (—1)". For example, 2(402 + 0F +
20504) = 2(4-4124 17242-41-17) = 16,814 = 2-81194577—1 = 201, + Qs+ (—1)°.

8. Additional Pell Identities

8.3 A Pell and Pell-Lucas Hybridity

In the book, Pell’s Equation [9], the author gives an interesting number pattern and asks the

reader to predict the underlying formula for the pattern and then establish it:

Factoring the numbers 5, 24, 145, 840, .
column 3 reveals the formula behind this fascmatlng pattern: Q4
We could establish this property using the Binet-like formulas; but this approach will involve
a lot of messy algebra. Instead, we will let identity (31) in Chapter 7 and determinants do the job

33— 5.4 =1
74— 24.10° = 1

174 —145.24*2 = 1
414 —840-58% = 1

for us; the resulting proof is both short and elegant.

Proof. We have

Oy — PuPyi2(2Pi1)?

as desired.

,%_H 4PnPn+2
PZ

2
n+1 n+1

+1 +0 4[P; -1 +( 1]

2
Pn—H n—H
2 2 n+1
n+1 4'Pn-l-l 0 4(_1)
2 2 2 2
Pn+1 n+1 Pn+l n+1

(41 —4P,:*+1)—4( n"*pl

(1 = 2P Q0 + 2P ) — 41" P,
(—1)"“(Q,1+1 +2P7 ) — 41" P
(—=D)" N (Qns1 —2P1)

(=) (=)

L,

. in column 2 and the numbers 4, 10, 24, 58, ... i
n+1 P Pn+2(2Pn+1) — 1
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8.4 Matrices and Pell Numbers

As is the case with Fibonacci numbers, we can also use matrices to generate Pell numbers.
Consequently, matrices are helpful in extracting properties of Pell numbers. To this end, consider

the matrix
P = 2 1 )
1 0

P2:|:5 2}=2P+1,

Then

2 1

where I denotes the 2 x 2 identity matrix. So P satisfies the matrix equation M? = 2M + I.

Notice also that
P = Py Py and P? = Py P .
P, P P, P

More generally, we have the following result. We will prove it by PMI.
Theorem 8.1 Let n be any positive integer. Then
P no_ P n+1 P n
P n P n—I1

Proof. The result is clearly true when n = 1. Now assume that it is true for an arbitrary integer

k> 1:
pk — Pryy Py
Py Pr—

Then, using the Pell recurrence, we have

Pk-H — Pk . P

_ | Pt Pr P, P
_Pk P || P1 Py

_ | 2Pkr1 + P Pry
2P+ Py Py

_ Pryr Pryy
_Pk+1 Py

So the result is true when n = k + 1. Thus, by PMI, the result is true for every integern > 1. =



158

8. Additional Pell Identities

It follows by the theorem that the powers of the matrix P can be used to generate all Pell
numbers.

An immediate consequence of Theorem 8.1 is the Cassini-like formula for P,, which we
derived earlier. We now rederive it by invoking the fact that |4 - B| = |A| - |B|, where |M |
denotes the determinant of the square matrix M. Then

Pn+1 Pn

|[P|" =|P"| =
Pn Pn—l

= Pn-HPn—l - Pnz-

But |P| = —1;s0 |P|" = (—1)". Thus P41 P,—1 — P? = (—1)", as desired.
Theorem 8.1 has additional byproducts.
(1) First, we will prove the addition formula
Pm+n = PmPn—H + Pn—1Py. (8.7)
Proof. Since P""*t" = pP™pP", by Theorem 8.1, we have

Pm+n+1 Pm+n — Pm—H Pm Pn—i—l Pn
Pm+n Pm—i—n—l Pm Pm—l Pn Pn—l

— Pm~|—1Pn—H + PmPn Pm~|—1Pn + PmPn—l
_PmPn—H + Pm—an PmPn +Pm—1Pn—1

The addition formula follows by equating the lower left-hand elements from both sides. =

Forexample, P10 = P4_|_6 = P4P7+P3P6 =12-1694+5-70 :2,378

Notice that Pell’s recurrence follows from the addition formula; so the addition formula is a
generalization of the Pell recurrence.

Formula (8.7) yields three interesting dividends:

(a) Suppose we let m = n. Then formula (8.7) yields

PZn - PnPn+1+Pn—1Pn:Pn(Pn+l+Pn—1)

a fact we already knew.
(b) Next we claim that 13| Py, for every integer n > 1.

We will prove this using PMI. First, notice that P; = 169 and 13| P;. Assume the claim
holds for an arbitrary positive integer n. Then, by formula (8.7), P7,41) = P47 =
P73, P3 + P;,_1 P;. Since 13| P, by the inductive hypothesis, it follows that 13| Py, 1).
Thus, by PMI, the result is true for every n > 1.

More generally, suppose ¢q|P,,, where ¢ is a prime. Then it follows by a similar
argument that g| P,,, for every integer n. For example, 17| Pg and 17| Py¢.
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(¢) Suppose we let m = 2n in formula (8.7). Then
Py, = PyPuyr+ Py Py
= 2PnQnPn+l+P2n—an
= (anPn—l-l + P2n—1)Pn-

So P,| Ps, for every positive integer 7.
For example, Ps|P;5, where Ps = 29 and P;5 = 195, 025.

(2) More generally, we have the following theorem, which we will establish using PMI.
Theorem 8.2 Let n be any positive integer. Then P,,|P,,,.

Proof. Since the statement is clearly true when n = 1, assume it is true for an arbitrary integer
n > 1. Then, by formula (8.7), we have

Pm(n+1) - Pmn+m
= Pman+1+Pmn—1Pm~

Since P, | P, by the inductive hypothesis, it follows that P,,| P +1). Thus, by PMI, P,,| Py,
for every integer n > 1. "

Fortunately, the converse is also true, as the next theorem shows.
Theorem 8.3 If P,,| P, then m|n.

Proof. By the division algorithm, let n = mk + r, where 0 < r < m. Then, by formula (8.7),
we have

Py = Puk+r
= PmkPr—H‘l’Pmk—lPr-

Since P,,| P, and P,,| Py, it follows that P,,| P,x—1 P,. Since ( Pk, Puix—1) = 1, it follows that
P,, f Pyi—1. Consequently, P, | P,. But this is impossible, unless r = 0. Thus » = mk and hence
m|n, as desired. .

Combining Theorems 8.3 and 8.4, we have the following result.

Theorem 8.4 P,,| P, if and only if m|n. u

(3) Next we will show how Theorem 8.1 and the convergents of the ISCF of +/2 are closely
related.
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8.5 Convergents of the ISCF of /2 Revisited

It is well known that every square matrix M satisfies its characteristic equation |M — Al | = 0,
where A denotes the eigenvalue of M and [ the identity matrix of the same size as
M. This is the celebrated Cayley—Hamilton theorem, named after the English mathemati-
cian Arthur Cayley (1821-1895) and the Irish mathematician William Rowan Hamilton
(1805-1865).

The characteristic equation |P" — AI| = 0 of P" gives us a surprising dividend. Substitute
for P" from Theorem 8.1:

Pn-l-l_)L Pn
P, P, —A

(Pn—f-l_/x)(Pn+1_A)_Pn2 =0
A* = (Pu1 + Po—DA + (Pyp1 Pimy — P} = 0
A2 =201+ (=" = 0.

Solving this quadratic equation, we get

20, + /402 41y’

A =
2
= Qn + V Q;% - (_1)11
= 0, +,/2P?
= 0,+ P,V2.
But 0, +P,v/2 = # + # = 9", and similarly, O, — P,~/2 = §". Thus the characteristic

roots of the equation |P" — AI| = 0 are y" and §".
Recall from Example 3.8 that %’1’—:1‘ is the nth convergent of the ISCF of +/2. Consequently,

the nth convergent of the ISCF of +/2 can be used to compute the characteristic roots of the
equation |P" — AI| = 0.
The addition formula (8.7) can be used to derive a formula for P,,_,. Changing n to —n, it
yields
Py = PmP—(n—l) + Py Py
= (=1)"?Pu Py + (=)' Py P,
= (=D"(PnPu—t — Pu_1 Py). (8.8)

For example, P4 = P7_3 = (—1)3(P7P2 — P6P3) = —(162 -2-70- 5) =12.
Formula (8.8) can be confirmed using the Binet-like formula for Pell numbers.
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8.5.1 An Alternate Method

Interestingly, Theorem 8.1 can also be used to derive formula (8.8). As is well known, the 2 x 2

matrix M = | ¢ Z is invertible if and only if |M| = ad — bc # 0. When it is invertible, the
c

inverse is given by

M—l_i d —b
M| | = a |’

Since | P| = —1 # 0, the matrix P is invertible; so is P". The inverse P " is given by

P—n:L Pyy —Py
Al | =Py Pug1 |’

where A = P41 P— — Pn2 = (—1)". So

) e
_Pn Pn+1
Thus,
Pm—n — Pm . P—I’l

— (_1);1 Pm—H Pm Pn—l _Pn
Pm Pn_l _Pn Pn—H

Pm—n+1 Pm—n — (_l)n Pm+an—1_PmPn PmPn+l_Pm+1Pn
Pm—n Pm—n—l _PmPn—l_Pm—IPn Pm—IPn+1_PmPn

This matrix equation yields two formulas for P,,_,:

Pm—n == (_l)n(PmPn+1 _Pm—HPn)
= (_l)n(PmPn—l_Pm—IPn)-
Notice that these formulas result in the Cassini-like formula for Pell numbers when m =

n+1.
Next we investigate the powers of the matrix

[3 1] _[e. o
=[-8 &)
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Although the powers of Q also follow an interesting pattern, the pattern is slightly more

complicated:
_ 3 1__ Q> 0O B 52
o' = [1 1__|:Q1 QO} 0* = 2[2 1
s o R

More generally, we claim that

P, P
21/2 ntl " if n is even
Qn _ Pn Pn—l
2ln/2] |:Q5+1 QQ" :| otherwise.
n n—1

This can be confirmed using PMI as follows.

12 5|

(8.9)

Proof (by PMI). Clearly, the formula works when n = 1 and n = 2. Assume it works for all

positive integers < n, where n is an arbitrary integer > 2.

Case 1 Let n be even. Then
0" = 0"'.Q
— 2(n—2)/2 Qn Qn—l 31
_Qn—l Qn—2 I 1
_ 2(;1—2)/2 3Qn + Qn—l Qn + Qn—l

2(1=2)/2 Ont1+0Qn  Qun+ Qni
_Qn + Qn—l Qn—l + Qn—Z

_ H(-2)/2 2P, 41 2P,
2P, 2P,

— 2n/2 Pn—H Pn
Pn Pn—l .

The case for odd n follows similarly; see Exercise 16. So the formula works for n also.

Thus, by PMI, the result is true for all positive integers n.

_3Qn—l + Qn—2 Qn—l + Qn—2

Formula (8.9) has two delightful consequences. To see them, first we invoke a useful fact
from the theory of matrices: Let A = (@ij)mxm and B = k(aij)mxm = (Kaij)mxm. Then

|B| = k™| A|, where | M | denotes the determinant of the matrix M .
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Case 1 Suppose n is even. By formula (8.9), we have

2|p P
ny 2|_n/2j) n+1 no|
0" = ( AR
But |Q"| = |Q|" =2". So
2n Pll+l Pn — 2n

Pn Pn—l

PuyiPrmi — PF = 1= (=1)"

Case 2 On the other hand, suppose 7 is odd. Then, as in Case 1, we have

Qﬂ+1 Qn
Qn Qn—l

0n+10n—1— 02 = 2=2(-)"".

2/1—1 —

8.6 Additional Addition Formulas

Formula (8.9) can be used to develop addition formulas for P,,+, and Q,,+, in special cases. To
this end, we have Q""" = Q™ . Q™.

Case 1 Suppose both m and n are odd. Then, by formula (8.9), we have

2(m-|—n)/2 Pm+n+1 Pm+n — 2(m—1)/22(n—l)/2 Qm+1 Qm Qn+1 Qn
Pm+n Pm+n—1 Qm Qm—l Qn Qn—l

— 2(m+n—2)/2 Qm+1Qn+1 + Qm Qn Qm-HQn + Qm Qn—l .
Qm Qn+1 + Qm—l Qn Qm Qn + Qm—lQn—l

This yields the formula

2Pm+n - Qm Qn+1 + Qm—lQns (810)

where both m and n are odd.
For example, Q3Q6 + Q2Q5 =7-9943-41 =816 =2-408 = 2Pg = 2P3+5.
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2(m+n—1)/2

8.6.1

8. Additional Pell Identities

Case 2 Suppose m is odd and 7 is even. Then formula (8.9) yields

Omtn+1 OQmtn 2 m=1)/29n/2 Om+1 Om Py Py,
| Qm+n Qm+n—1_ Qm Qm—l Pn Pn—l

Omtnt1 Om+n — lmtn=1)/2 Onm+1Put1 + OnPn Omt1 Py + OmPray
i Qm—i—n Qm+n—l_ QmPn+l + Qm—an QmPn + Qm—an—l

This implies that

Qm+n = Qm+1Pn+QmPn—1
= QmPn+1+Qm—1Pn7

where m is odd and n is even.
For example, let m = 3 andn = 6. Then Q4Ps + Q3P; = 17-70 +7-29 = 1393 = Q.
Likewise, Q3P7 + Q2P6 = 1393 = Q9.

Case 3 Suppose m is even and 7 is odd. Then formula (8.9) yields

Qm+n+1 Qm+n — Pm—H Pm Qn—H Qn
Qm+n Qm+n—1 | Pm Pm—l Qn Qn—l
— Pm—HQn—H + Pan Pm—HQn + Pan—l
_Pan—l—l + Pm—l Qn Pan + Pm—l Qn—l
This yields

Qm+n = Pm+1Qn + Pm Qn—l
= Pan+l + Pm—lQn»

where m 1s even and » is odd.
For example, let m = 4 and n = 7. Then PsQ7 + P4Q¢ = 29239+ 12-99 = 8119 =
O = P40g + P307.

Case 4 Suppose m and n are both even. This case yields to formula (8.7), found earlier.

Formula (8.10) Revisited

Although formula (8.10) is restricted to odd integers m and n, it is true for all nonnegative
integers m and n. This follows by the Binet-like formulas:

4 O0mOnr1 4+ On—1Qn) = "+ +8TH+ 0" +8"H" +68")

1 1 1
= yrt (y+—)+8’"+” (5+—)+y’"8” (8+—)
Y 8 Y
1y (y+ X
Yy + 5
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= YY"y =8 =" (y =)
= (=8O —8"") = 8Puin
Qm Qn-l—l + Qm—lQn = 2Pm+n- (811)

For example, Q4Qs + Q307 = 17-5774+7-239 = 11,482 = 25741 = 2Py} = 2P447.
Suppose we let m = n + 1 in identity (8.11). Then it yields 5+1 + Q2 = 2Py,+1, which
is identity (21) in Chapter 7.
Changing n to —n, identity (8.11) yields
2Ppn = (=1)""H(QnQu—1 = Qm-1Q0). (8.12)

For example, Q9Q4 — Q305 =1393-17—-577-41 =24 =2-12 =2 Py_s.

Notice that the Cassini-like formula for Pell-Lucas numbers follows from formula (8.12) by
lettingm =n + 1.

The formula Q4+, = Om+1Pn + O Py—1 can be used to extract an interesting fact. To this
end, we have

OQw = Ont1Py+ OQnPu
= 0n+ Qn-1)Pn+ QnPyy
= 0,Q2Py+ Py—1) + PO
= OnPrt1+ PiOn-1.

Suppose Q,|Q2,. Then Q,|P,Q,—;. But (P,,Q,) = 1. So Q,|0Q,—1, which is impossible.

Consequently, Q,, f O2,.
The identity

2P, Qn—t = Pou—— Qr + Qon—i—r Pr + (_l)n_kPk (8.13)

can be established fairly easily using the Binet-like formulas
Identity (8.13) has a number of special cases. When k = —1, 0, and 1, it yields

2P, Qnt1 = Pu—r10r + Qn—ar+1 P — (=1)" (8.14)
Py = Py O+ QP (8.15)
2P, 0n—1 = Pyu—r—10r + Qnar—1 P, — (=" (8.16)
Suppose we let r = 3 in (8.14) and (8.16). Then we get
2P, Qut1 = TPy + 50— —(=1)" (8.17)

2Pn Qn—l = 7P2n—4 + 5Q2n—4 - (_l)n (818)
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In particular, these yield the following identities, discovered by K.S. Bhanu and M.N.
Deshpande in 2008 [18, 19]:

2Py 120m43 = TPapt2+ 50442 —1
2P 1200m+1 = TPy + 504, — 1.

For example, let n = 6 in (8.17). Then 7Pyp + 5Q10— 1 = 72378 +5-3363 — 1 =
33,460 = 2-70-239 = 2PsQ7. Likewise, 7P, + 5PQ12 + 1 = 195,026 = 2P;Qs.

It is well known that Fibonacci numbers satisfy the property that (F,, F,) = Fnn).
Interestingly, the same property holds for Pell numbers as well; we will establish it shortly.

8.7 Pell Divisibility Properties Revisited

In Chapter 7, we found that (P,,, P,,—;) = 1. Using Theorem 8.2, we can generalize it, as the
following lemma shows.

Lemma 8.1 (P,,—1, P,) = 1, where q is a positive integer.

Proof. Letd = (Py,—1, P,). Then d|P,,— and d|P,. But, by Theorem 8.2, P,|P;,; so d|Py,.
Thus d|P;, and d|Py,—. But (Py,, Pyu—1) = 1. Sod|1 and hence d = 1. Thus (Py,—1, P,) =
1, as desired. n

We need one more lemma before we can prove the desired property.
Lemma 8.2 Letm = gn + r, where 0 < r < n. Then (P, P,) = (P,, P,).

Proof. Using identity (8.7) and Lemma 8.1, we have
(Pm’ Pn) = (Pqn+rv Pn)
= (PanI‘+l+Pqn—1Pr»Pn)
= (Pqn—lPr,Pn):(PraPn)
= (P, P).

For example, let m = 15 and n = 6. Clearly, ¢ = 2 and r = 3. Then (P;5, Ps) =
(195025,70) = 5 = (70,5) = (Ps, P3).

We are now ready to establish the property mentioned earlier. The essence of the proof lies
in the well-known euclidean algorithm [130].

Theorem 8.5 (P, P,) = Py ).

Proof. Without loss of generality, we can assume that m > n. Then, by the euclidean algorithm,
we get the following sequence of equations:
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m = gqon+ri, O0<r<n

n = qir1+r, 0<r<n

r = (¢ary+r3, 0<rs<n
'n—2 = {4p—1Tn—1 + 1y, 0 =1y <y
'n—1 = Qnrn+0-

It follows from a repeated application of Lemma 8.2 that (P,,, P,) = (Py, P)) = (P, Py,) =

= (Prnf2’Prn71) = (Pl‘nﬂvPrn)- Since Tp—1 = ann’(Prnfl’Prn) = (Pqn’n’Prn)' By
Theorem 8.2, P.,|P,,r,. So (Py,r,, Pr,) = Pp,. But r, = (m,n). So (Py,r,, Pr,) = Ponn).
Thus (P, Pn) = Py, as desired. n

This theorem gives a quick and efficient algorithm for computing the gcd of any two Pell
numbers. A scientific calculator such as TI-86 or higher will come in handy, because it has a
built-in gcd function.

For example, (le, P14) = (38613965, 80782) =169 = P7 = P(21714).

It follows by Theorem 8.5 that the least common denominator (Icm) [P,,, P,] of P,, and P,
also can be computed quickly:

Py, P, _ Py, P,
(va Pn) P(m,n) .

[Pm’Pn]:

For example, [Pys, Pio] = [195025,2378] = PXEEE = DXBER = 15,992, 050.

When P, and P, are fairly small, we could invoke the built-in function lcm to compute their
lem.

We would like to emphasize that Theorem 8.5 does not hold for Pell-Lucas numbers:
(Om, 0n) # Q(un in general. For example, (Q12, Q¢) = (19601,99) = 1, whereas
Q26 = Q6 =99.

Theorem 8.5 has an immediate byproduct. To see this, suppose m and n are relatively prime;
that is, (m,n) = 1. Then (Py, P,) = Pwmn = Pi; so P, and P, are relatively prime.
Conversely, if P, and P, are relatively prime, then so are m and n. Thus we have the following
result.

Corollary 8.1 (P, P,) = 1 ifand only if (m,n) = 1. ]

This corollary can be used to reconfirm the infinitude of primes, first established by the
Greek mathematician Euclid (ca. 330-275 B.C.), the father of number theory and geometry. The
proof given next is adapted from the one given in 1965 by M. Wunderlich of the University of
Colorado for Fibonacci numbers [263].

Corollary 8.2 There are infinitely many primes.
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Proof. Suppose there are exactly k primes, ¢i,¢2,...,qr. Consider the Pell numbers
Py, Py, ..., Py Since (q;,q;) = 1, (P, Py;) = 1 by Corollary 8.1, where i # ;. Since there
are only k primes by our assumption, this implies that each P, has exactly one prime factor.
But this is a contradiction, since P17 = 1136689 = 137 - 8297, where 137 and 8297 are primes.
So P;7 has two distinct prime factors. (Notice that Pr3 = 225058681 = 229 - 982789 also has
two distinct prime factors.) Since this is a contradiction, it follows that there are infinitely many
primes. "

8.8 Additional Identities

Algebraic identities can be used to develop new Pell and Pell-Lucas identities. For example,
consider the identity (x + y)? — x3 — y3 = 3xy(x + y). Letting x = 2P, and y = P,_, it
yields the identity

Pl —8P)— P} | =6P, 1P, Pyy.

Similarly, we have

a1 — 805 — 00y = 60,110, Q1.

For example, P; —8P3 — P = 70° —8-29° —12% = 146,160 = 6-70-29-12 = 6 Ps Ps P4
and 0} —802 — 03 =99°—8-41°—17° = 414,018 = 6-99-41 - 17 = 6060504.

The identities (x + y)° —x°> —y°> = 5xy(x + ) (x> + xy +y?) and (x + ) —x" —y’ =
7xy(x 4+ y)(x> + xy + »?) can be employed to derive the following identities:

5
Pl —32P - P, = 5 w1 Py Pr_1[502, — (—1)"]
041 =320, -0 = 100,410,0,-1[202 + (=1)"]
5
Pn7+1 - 128Pn7 - Pn7_1 = an+1PnPn—1[5Q2n - (_l)n]2

Z_H — 128QZ — Z—l == 10Qn+lQn Qn—l[SQZn + (_1)11]2.

Using the identities (x + y)> + x? + y2 = 2(x?> + y2 + xy) and (x + y)* + x* + y* =
2(x% + y% + xy)?, it can be shown that

1
Pl +4P7+ P} = 5[2Q2n+1 + 02— — (—1)"]
Q2 +402+ 07, = 20u+1 + Qs + (=1)"]
1
Pl +16P)+ P} = §[2Q2n+1 + Qan—z — (=1)"J?

1
Opi1 +16P7+ 00 = 5[2Q2n+1 + Qana + (=1)"]%
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8.9 Candido’s Identity and the Pell Family

Let x and y be any two real numbers. Then
2
[x*+ 3+ (x+ )] =2[x" +y*+ (x + »)*].
This is Candido’s identity, named after the Italian mathematician Giacomo Candido (1871—

1941).

As can be predicted, Candido’s identity has an interesting geometric interpretation. To see
this, consider three line segments AB, BC, and CD such that AB = x%,BC = y2 and CD =
(x + ). Now form the square ADEF; see Figure 8.1. Then

Area ADEF = [xX*+y*+ (x + y)z]2
= 2[x" + "+ (x + )]

= 2(sum of three shades areas).

A2 B ¥ ¢ (=+y* D
25 D76 841
4
625
y4
331,776
(z+y)*
707,282
F E
Figure 8.1. Pascal’s Triangle Figure 8.2.

Letx = P,—, and y = 2P,_;. Then Candido’s identity yields the Pell identity
(PLy+4PL, + P} =2(Pl, + 16P), + P}). (8.19)
For example, let n = 5. Then
LHS = (P74 4P} + PH)* = (5> +4-12>+29%)?
= 2,079,364 = 2(5* + 16 - 12* 4+ 29%
= 2(P{ +16P; + PJ) = RHS.

See Figure 8.2.
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Letting x = Q,— and y = 2Q,_;. Then Candido’s identity yields the Pell-Lucas identity

(02, +402_ + 03 =2(0}_, +160!_, + 0}). (8.20)

For example, let n = 5. Then LHS = (Q3 4+ 402 + 02)*> = (7> + 417> + 41%)? =
8,328,996 = 2(7* + 16 - 17* + 41*) = 2(Q3 + 1605 + 0%) = RHS, as expected.

8.10 Pell Determinants

We can evaluate special determinants containing Pell and Pell-Lucas numbers by using basic
algebra, and the Pell recurrence and identities. For example, suppose we would like to evaluate
the determinant

Piys Puyr Py Py

Pn+2 Pn—i—3 Pn Pn—H

Piy1 Py Puyz Py
P, Puy1 Piyo Ppys

D =

This looks like the determinant

QL o 9
o S &
S Q L0
Q 0 X

This determinant was first evaluated in 1866 [173]:
A=@+b+c+d)a+b—-c—d)a—b+c—d)a—b—c+d).
Using this formula,

D = (Pyy3+ Poyo+ Pog1 + P)(Puys + Pogo— Pyt — Py)(Pyy3s — Pogo + Popr — Py)
X (Ppy3 — Pyyr — Pyy1 + Pp).

For convenience, we will now simplify each factor separately:

Pivs+ Poyo+ Poy1 + Py = Py +3P12 =4P 40

Pos+Popo—Pop1 — P, = 2P0+ 2P, 11 =20,12

Piys—Popo+ Pop1 — Py = 20442 = 20041 = 2(Qn42 — Ont1)
= 2Q2Py+1) = 4Py

Piys—Pyyr— Pop1 — Py = 2P0 — Puyo— Py = Pyga + Py
= 20+
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D = 4Py12-20u+24Pu41-200+1
= 4Q2Py+20n+2) - 42Py+10n+1)

= 4Py44-4Py12 = 16Py 45 Pyyiy.

Similarly we have

Ont+s Ont2 Ou+1 On

Qn+2 Qn+3 Qn Qn+1

Ont1 On Onts Oni2
Qn Qn—H Qn+2 Qn+3

= 40,42 4P12- 4P, 11 -40,41

= 8Q2P+204+2) - 82P,+101+1)
= 64Py,12Py44.

Exercises 8

Establish the following identities, where {x,} satisfies the Pell recurrence.

—

A S AN LB e

e O T
AR I e

Q2 =602 | —02_,+4(—1)". Hint: Use the Pell recurrence and Cassini’s formula for Q,,.
404 Qn+1— Py Put1) = Qopg1 +3(=1D)".
204 O0n+1 = Qo1 + (=D
Py = Py Qu—k + Qi Py, where 1 <k <n.
P, = Py41Py,—; + Py P,—;—. Hint: Use PMI or the Binet-like formula for P,.
On = Pry10n—k + P Qni—1.
4P+ 07) =305 + (=)
4(BP2+ 02) = 505 — (~1)".
302 +2P2 =20, + (—1)".
Pptn Pontr — Potntr P = (=1)" Py Py.
Ppgn Py — P2 = (—=1)"tn=1p2,
OmtnOmtr — OmintrOm = 2(=1)""' P, P,.
P2+ P, =5Py43.
2+ 02 =10Py43.

204024 Q2 +20,04-1) =202m+41 + Qo2 + (—1)". Hint: Use the Pell recurrence
and the Binet-like formula for P,,.
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16. Q” = 2|J1/2J |:QQ71:1 QQnilj|, where Q = |::15 ij| and 7 1s odd.

3 3 3
17. X, —8x;, —x;,_; = OXp41 X0 X0—1.

18, (x2_, +4x2_ +x2)? =2(x}_, + 16x}_ + x}).
19. Candido’s identity.

20. Evaluate the determinant

QU o 9
o _L Y >
ST Lo
Q o
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Pascal’s Triangle and the Pell Family

9.1 Introduction

Recall from Chapter 1 that Fibonacci and Lucas numbers are given by the explicit formulas

L(n—1)/2] n—j—1 [n/2] n n—j
By ( | )andLn:Z ( )

= J P AN

where n > 1. Furthermore, both families can be extracted from Pascal’s triangle.
Correspondingly, there are explicit formulas for Pell and Pell-Lucas numbers as well. They
too can be extracted from Pascal’s triangle.
The following theorem gives an explicit formula for P,, which resembles closely the Lucas
formula for F,. We will establish the formula using strong induction.

Theorem 9.1

P, = Z ( ; )2”—2/—1. 9.1)

Jj=0

Proof. Since

the formula works whenn = 1 and n = 2.

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9_9, 173
© Springer Science+Business Media New York 2014
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Suppose the formula works for all positive integers n < k, where k is an arbitrary integer
> 2. We will now show that it works whenn = k + 1.

By the Pell recurrence, we have

Pey1r = 2P+ Py

L[(k—1)/2]
-2 3 (7]

[(k—2)/2]
)2k 2j— 1+ Z <

9.2)

)2k—2j—2.

Case 1 Letk = 2m + 1 be odd. Then, by (9.2) and Pascal’s identity, we have

m . m—1 .
Peyi = Z <2m — J p2m=2j+1 4 Z <2m —.J - 1)22m—2j—1
=\ / =0 J
_ Xm: 2m - J P2m=2j+1 | i 2’?7 —J 2m=2j+1
j=0 J j=1\/ —1
_ Xm: 2m.—j\ Y2m=2j+1 +i 2’?7—]' 2m=2j+1
j=0 J j=o \ / —1
_ ¥ sz_j) . <2m—j)} ym2j+i
= J J—1
-y <2m I 1)22'"—2”1.
=0 J
Case 2 Letk = 2m be even. Then (9.2) yields
m—1 o — i m—1 o — )
Pyl = Z ( J )22m 2j 4 ( J )22m—2]—2
j=0 / j=0

m—1 .
_ <2m —j— 1)22m_2j
j=0 /
m .
_ Z <2m -] — 1)22m—2j
j=0 /
m .
2m—j —1
j=0 /
m .
= 2 <2m_])22’" 2
j=o\ 7/

m .
2m —j —
+ ( . Jl
j=o\ /7

2m _J - 1)j| 22m—2j
j—1

] J—

" 2m—j—122m_2j
+> 0

Jj=1

2

1) 22m—2j
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It follows by Cases 1 and 2 that the formula also works when n = k + 1. Thus, by the strong
version of PMI, the formula is true for every positive integer 7. "

It follows by the theorem that P,, can be computed by multiplying the binomial coefficients
(”_j: _1) along the northeast diagonal beginning at ("81) in row n — 1 with weights 2"~2/~! and
then adding up the products.

For example,

= S O

= D2+ 2+0(6) 2+()-2

= 64 +80+4 244 1=169, as expected.

See the circled numbers in Figure 9.1.

1 [4]
/ ~10 10 5 1
~®— 6 15 20 15 6 1

Figure 9.1.

Likewise, Ps = (0)2° + (1)2° + ()2' =[1]-32 +[4]- 8 +[3]-2 = 70:
Northeast diagonal elements:

Weights: 2> 23 2!
Multiply: 32 32 6
Sum: 70

See the boxed numbers in Figure 9.1.
Notice that formula (9.1) can be rewritten as

Z _ = FPn. (9.3)

=0 J

(We will use this result in Chapter 14 to develop yet another formula for P,.)

Theorem 9.1 implies that Pell numbers can be extracted from the rising diagonals of a
modified Pascal triangle. To this end, consider the triangular array in Figure 9.2; the elements
on its ith descending diagonal are obtained by multiplying the elements of the corresponding
diagonal in Pascal’s triangle by 2/, where i > 0.
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16 392 24 8 \1
32 80 80 40 10 N1
64 192 240 160 60 12 1

AN

descending diagonal 0

Figure 9.2.

Now, add the elements along the rising northeast diagonals; interestingly, each sum is a Pell
number P,. See Figure 9.3.

5
/2/ N
/// 10
1
24 w 8
80 80 10

64 192 240 160 60 12 1

Figure 9.3.

For example, Ps = 16 + 12 + 1 =and Pg=324+324+6="70.
Notice, for instance, that

P; = 169=64+80+24+1
= 1.2°45.2*1+6.224+1.2°

6 5 4 3
= 26 2 2? 20,
The array A in Figure 9.3 has two interesting properties:

1) Each element A(n, r) can be defined recursively:

2" if r=0
A(m,r) = 24An—1,r)+ An—1,r—=1) if 0<r <n

1 if r=n.

For example, 24(4,3) + A(4,2) =2-8 + 24 = = A(5, 3); see Figure 9.3.
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2) The nth row sum is 3", where n > 0.
3) The elements in row n of array A are the coefficients in the binomial expansion of (2 + x)":

@+xy =3 (2.
r=0

9.2 An Alternate Approach

The odd-numbered binomial coefficients in row n with proper weights also can be used to
compute Pell numbers, as D. Lind of Cambridge, England, did in 1970:

(=8P, = y"=8"=(01+vV2)"—(1-2)"

n L(”_l)/2J
_ "N hil2 _ (_1Vinil?2] — n r
_ Z(j)[zf (—1)/2//?] = 242 ;) (2r+1)2

J=0

L(n—1)/2] n
P, = 2", 94
Z (2r + 1) ©H

r=0

2
Forexample, s = 3 (,3)2" = )2+ ()2'+ ()22 = ®2+(10)2' +([D 2> = .
0

r=
See the circled numbers in row 5 in Figure 9.4.

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1B 10 5 @
1 6 15 20 15 6 1
Figure 9.4.

Using Pascal’s identity, we can rewrite formula (9.4) in a different way:

L(n—1)/2] ( n
P, = 2r
Z 2r + 1)

r=0

- L(”‘X”:m_n—l (1]
I 2r 2r +1

Loi—1)/2] L(n—1)/2]
n—1 n—1
= E 2" E 2"
( 2r ) " r=0 (27‘ + 1)

r=0
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_ Z (” ; 1)2s/2 n Z (” ; 1)2(s—1)/2

s even s odd
3 n=1\, 1 3 n=1\, 152
= 2 + 2
S S
s even s odd
n—I1 n—1
= E ( )2W2J. 9.5)
r
r=0

The beauty of this formula lies in the fact that we can compute P, using the binomial

coefficients (") in row n — 1 of Pascal’s triangle with weights 217/2/.

For example,

S -G
= D 1+@-1+©®)2+@)-1+(1)-4=[29]

See Figure 9.5.

Row 4: @ © @
20 22
4 4

Weights: 20 2l 2l
Multiply: 1 12 8
Sum:
Figure 9.5.

Next we develop an explicit formula for Q, using its Binet-like version. We will then use
the formula to compute Q,, from Pascal’s triangle.

9.3 Another Explicit Formula for Q,
Using the Binet-like formula for Q,, and Corollary 1.1, we can show that
ln/2)
n = 2/, 9.6
-5 () o5

Thus Q, can be computed using the even-numbered binomial coefficients (2”1) with weights 2/,
where 0 < j < |n/2].
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For example,
3
6 .
= > 2

S8\ o (6 L (6) . (6) o
_ (O 2 +<2) ) +(4) ) +(6) 2
= [1]-1+4[15]-2+[15]-4+[1]-8 = 9.

See the boxed numbers in row 6 in Figure 9.6.

1

1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1

6 20 6

Figure 9.6.

ln/2] 4
It follows from formula (9.6) that 0, = 1 + >_ (2'3.)2] =1 (mod 2). So every O, is odd,
j=1
a fact we already knew.
It also follows from formula (9.6) that

Ou = (2”.)? 9.7)
=0\
n—I1

Oy = (Z”fl)zf. 9.8)
=\ 2

Next we employ the Binet-like formula for P, to find a recurrence for P,,, as Lind did in 1970
[157].

9.4 A Recurrence for Even-numbered Pell Numbers

Using Corollary 1.1, we can establish that

Pu=Y (”_)21 P;. 9.9)

j=o \J
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Consequently, P, can be computed using the binomial coefficients (;’) in row n with weights
2/ P;, where 0 < j <n.
For example,

' n 4 4 4 4 4
Py = 2P, = 2P, 2lp 22p 2’p 24P

= 04+4-2-146-4-2+4-8-54+1-16-12 =408,

See Figure 9.7.

Row 4: 1 4 6 4 1
Weights: 1-0 2-1 4-2 8-516-12
Multiply: 0 8 48 160 192

Sum: |408

Figure 9.7.

We now develop an explicit formula for even-numbered Pell numbers.

9.5 Another Explicit Formula for P,

Using the Binet-like formula for P, and Corollary 1.1, it follows that

" 2n .
P,, = Z <2J_ - 1)21 L (9.10)
J

This gives an explicit formula for P,, in terms of the odd-numbered binomial coefficients (2,2:)
with weights 2/,
For example,

3
6 : 6 6 6
Py = 2771 = 20 2! 2?2
‘ =1 (2] o 1) (1) ! (3> " S

j:
= 6:-1+60-24+6-4=70.

9.6 An Explicit Formula for P5,_4

We can use formulas (9.10) and (9.6), coupled with identity (3) in Chapter 7, to extract a formula
for odd-numbered Pell numbers:
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Py = Py o+ Qo

n—1 / n—1
2n—21\ _. 2n—2\ .
= 21_1 2/
. 2j—1) +Z( 2] )

j=1 j=0
=[[2n-2 m—2\1].. (2n-2\._,
= S I e B 2"
, 2] +1 2] 2n —2
j=0L
= \2j +1 m—1
n—l(
m—1Y\_,
= 2’7 1)2]. ©.11)
j=o\+ T

It follows from formula (9.11) that we can compute the odd-numbered Pell numbers P,
using the odd-numbered binomial coefficients (Z’ J_rll) in row 2n — 1 with weights 2/.
For example:

n—1
2n—11\ .. 7 7 7 7
p; = 2 =1 )2 2! 2 2’
S oy E O B R W ER
= 7+35-2421-448 =169, as expected.

Next we develop formulas for P2 and Q?2, again using binomial coefficients.

9.7 Explicit Formulas for P2 and @

By identity (32) in Chapter 7 and formula (9.7), we have
2Q5 == Q2n + (_l)n

= (Z)ZJ D!

Jj=0

n 2 }
= Z "2/ 114y
o \2

3 (%)21_1 +1 ifniseven
02 = /;1 4 (9.12)
Z: @j)2f -1 otherwise.
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5

For example, Q2 = ) (21?)21'—1 —=454210-24+210-44+45-8+1-16 = 1681 = 412.
j=1

Likewise, using identity (31) in Chapter 7, we have

n
3 @r}_)y—l if n is even
2p2 =771 | (9.13)
3 (;’;)2] “I+1 otherwise.
j=1

5 -
For example, 2P52 = > (;2)21_1 +1=1681+1;so P52 = 841 = 29%.
j=1

As byproducts of formulas (9.12) and (9.13), it follows that > (53')21 141 and (;;’)21
j=1 j=1

are squares if n is even; and so are ) (Zf)Zj_l and% |:Z (g;)2j_1 + 1i| if n 1s odd.
j=1 j=1
T 14y, T 14y,
For example, 5 | 3 (,;)2/ 7' + 1| = 3(57,122) = 28,561 = 169” and 3 (,;)2/~' =
j=1 j=1

57,121 = 2392,
2n—1 )
It now follows that '21 (4’;;.2)2/ ~1is always a square, as we saw in Example 7.6.
J =
We will now develop another method for computing Pell-Lucas numbers and odd-numbered
Pell numbers from Pascal’s triangle. In the process, we will show how Lucas numbers and odd-
numbered Fibonacci numbers can be extracted from the array. To this end, we need an identity
that can be obtained from the binomial theorem.

9.8 Lockwood’s Identity

Let x and y be arbitrary real numbers. Then, by the binomial theorem, we have

x+y = (x+y)
X4+y? = (x+y)°*—2xy
Py = (x4 ) =30 (x + )
oyt = ()t =4 (x + )7+ 2(xy)°
X4y = (x4 )’ =500 (x + )’ +5(xy)7(x + ).

In each case, the expression x” + y” is expressed as a sum of [n/2]| 4+ 1 terms in xy and x + y.
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More generally, we have the following identity, developed by E.H. Lockwood in 1967 [15]:
Ln/2]
n n n n—k n—k—1 n—
Myt = () + Y (=) [( . )+( 1 )}(xy)"(xw) %,
k=1

where n > 1. This identity can be confirmed using strong induction, Pascal’s identity, and a lot
of algebra:

Proof. Whenn = 1:

: 1—k 0—k
RHS = (x+y)! +k§(—1)k [( . ) + (k - 1)} ) (x + y)' =

= (x+y)+0=LHS.

Whenn = 2:
! 2—k 1—k
RHS = (x+y)>+ l;(_l)k [( . ) + (k - 1)} (xy)F(x + y) 7
2 1 0 0 2
= (x+y) - [(1) + (0)} (xy)(x +y)" = (x+y)”—2xy
= x>+ y?> =LHS.

So the identity is true whenn = 1 and n = 2.
Now assume that it is true for all positive integers < n, where n is an arbitrary integer > 2;
that is, assume that

WA n—k n—k—1
(x+y)"=x"+y"—2(—1)k[( N )+( ny )}(xy)kocw)"—z".

k=1

Then
[n/2]
n41 n+1 n41 n n k| [(n—k n—k—1
= — -1
(x + ) XA YT+ X"y + xy l;( )|:(k)+<k—l

% (xy)k(x + y)n~|—1—2k.
Case 1 Letn be even; say, n = 2m. Then,
(x+y)2m+l — x2m+1 _I_y2m+l _I_x2my+xy2m

. k| [2m—k 2m —1—k k 2m+1—2k
_;(_1) [( ) )+( o )}(xy)(ery)
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_ x2m+1 +y2m+1 +x2my+xy2m

_Z( D" [(m k) (2mk__11_k)}(xy)k(X+y)2m+1‘2k

—(xy)(x + )"+ o)+ y) !

— Il gy ml

—Z( Df [(zm k) * (2mk__l L k)} (o) (x 4+ y) =

Z< Df [( 1_k> * <2mk_—21_ k)} () H (x4 y)2n= ik

+(xy)(x + y)* !

2m —1 2m —2
— x2m+1 + y2m+1 + |:( ml ) i < mo ) n 1:| (xy)(x + y)Zm—l

: ) " <2mk k)} () (x 4 y)y? i
k=2
+2 =1 [(221__1 ) * (ka kﬂ (xp) (x4 p)m i
k=2

2 2 1
— mt +y2m+l n |:( ;") 4 ( mo () (x +y)2m—1

]
e[ ()
s e
N

S [y B o e
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. . = 2m+1—k 2m —k —
— y2mtl +y2 +1 +Z(_1)k |:( >+< j|(xy)k(x+y)2 +1-2k

Py k k—1
L(n+1)/2] 7]
+1—-k n—k
_ ol ontl RN AN k n+1-2k
ARSI DI e ) ko) |

So the formula works for n + 1, when » is even.
Similarly, we can show that the formula works when 7 is odd. Thus, by PMI, the identity
works for all positive integers n. n

Lockwood’s identity can be rewritten as follows:

"y Ln§m< il I e e e 9.14)
X = - xy) (x . .

y Z k k—1 y Y

where (_rl) = 0. It follows from equation (9.14), for example, that

Xy =+ y) =Ty (x +y) + 14(xp) (x + y)’ = T(xy)’ (x + y).

9.9 Lucas Numbers and Pascal’s Triangle

Lockwood’s identity yields several interesting dividends. First, we can extract Lucas numbers
from Pascal’s triangle. To see this, we let x = « and y = B in (9.14). Then it yields

ln/2]
L, = Z(—l)"[(”;k)+(”;fjl)}(—1)k
k=0
ln/2]
- 21005
k=0

Consequently, L, can be computed by adding up the elements along two alternate rising
3
diagonals. For example, L7 = ) [(7;/{) + (2:’;)] = [(g) + (_61)]4—[(?) + (g)}#[(;) + (?)]-I—
k=0

[(;‘) + (g)] = (14+0)+ 6+ +(10+4)+(4+3) = 0+1+44+3)+(1+6+10+4) = .
See the bold-faced numbers Figure 9.8.
Notice that formula (9.14) can also be written as follows:

ln/2] n (l’l —k

xn+yn:Z(_l)kn—k k

)(xy)k(x + y) 2, (9.16)
k=0
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35
Figure 9.8.

Consequently,

Ln/2] n n—=k
L, = . 17
Zn—k( k ) ©.17)

Thus L, can be computed using the elements on the rising diagonal beginning at (8) with weights

3
2 Forexample, Ly = 3 (7 = 10) + 20 + 10 +1() =147+ 1447 =29

as expected.
Formula (9.15), coupled with Lucas’ formula, yields a well-known formula connecting
Fibonacci and Lucas numbers:

[n/2] [n/2]
n—k—1 n—=k

k=0 k=0
_ L("_Zz):/” (n i —2) .\ L%Z:J (n—k)
i=0 i k=0 k
= Fui-1+ Fut1.

This can also be established using Binet’s formulas; this approach is a lot simpler [126].
Next we turn to Pell and Pell-Lucas numbers.

9.10 Pell-Lucas Numbers and Pascal’s Triangle

We can extract Pell-Lucas numbers also from Pascal’s triangle with proper weights. To see this,
we let x = y and y = § in (9.14). Then:

1n/2)
—k n—k—1
0, = [(" ) + ( )} pn—2k=1 (9.18)

Ln/2] n n—=k
— Zn_k< . )2"—2k—1. (9.19)

k=0
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For example, 07 = 3 [(7) + ()] 2% = [+ (]2 + [0+ (]2 +

(O +D]2+[() +O)]2° = 1 +0)-2°+ 64+ 12+ (10+4)-22 4+ (4+3) -2 = 239,

Consequently, we can compute (7 by multiplying the sums of the entries inside the loops
beginning at ((7)) in Figure 9.9 by the weights 2°,2%, 22 and 2°, respectively, and then adding

up the products.

\\1)
% 7 21 35 35 21 7 1

Figure 9.9.

Likewise, Q¢ = (1 +0)-2° 4+ (54+1)-2 + (6 +3)-2" 4+ (1 4+1)-27" = 99; see the dotted
loops in Figure 9.9.

9.11 Odd-Numbered Fibonacci Numbers and Pascal’s Triangle

Next we will show that odd-numbered Fibonacci numbers can be computed from Pascal’s
triangle in a different way. To this end, we let n be odd and change y to —y in (9.14). Then

(=172 n—=k n—k—1
X —yt= ) (=D [( L ) + ( e 1 )} (—xp)f(x =y (9.20)
k=0

Letting x = « and y = f, this yields

(b2 i n—=~k n—k—1 ]
@-pF = Y D ( ; )+( o ) (@B
k=0 B i

(=72 i n—=~k n—k—1 ]
F, = Z (=K ( ) )+( o ) 5(1=2k=D/2 (9.21)
k=0 L .

(n—1)/2 n n—k
— -1 k 5(}1—2k—1)/2’
z et ('7)

where n is odd.
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For example, F; = kg—nk [+ (] =[O+ ()]s - [+ )]s+

O+ 0] =[O+ )] =0 +0)-5 =6+ 15+ (10+4)-5' - 4+3)-5" =13
See the solid loops in Figure 9.9.

9.12 Odd-Numbered Pell Numbers and Pascal’s Triangle

Using formula (9.20), we can compute odd-numbered Pell numbers from Pascal’s triangle. To
see this, letting x = y and y = §, formula (9.20) yields

(n—1)/2 B 0k k1 -
k=0 L

(n—1)/2 B 7]
P = Z (— 1)t (n—k _I_(n—k—l (2ﬁ)n—2k—l

i k k—1
(n=1)/2 B .
n—k n—k—1 op
= > ( ¢ +( P I s (9.22)
k=0 L _
(n—1)/2 n n—k
_ _1) gU—2k=1)/2,
z i (1)

where n is odd. Thus, P, can be computed using the same loops for F), but with different
weights, where n is odd.

3
For example, P; = 3 (—1)* [(7;’<) + (,i:’;)] 8K =(140)-8—(6+1)-824+(10+4)-
k=0
8! — (4 + 3) - 8° = 169. See the loops in Figure 9.9.

9.13 Pell Summation Formulas

Just as we developed Fibonacci and Lucas summation formulas using Corollary 1.1, we can
develop similar Pell summation formulas.

20

Theorem 9.2

2"2p, if niseven

9.23
20=D/29, otherwise. ( )
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Proof. By Corollary 1.1, we have

(y—8-LHS = Y (’;)(y" )

i=0

n n i n n\.;
- 20 x0)
= (14+p)'=1+8)"

= (V2y)" — (=V28)"
= 2"2[y" — (=6)"]

m2p, if n is even
LHS = "
2n/2 % otherwise
2"2p, if n is even
a 20=D/29, otherwise
= RHS. .
4
Forexample, > ()P, = (DPo+ (NP1 + )P+ ()P + (DPs=1-0+4-14+6-2+
i=0
3
4.5+ 1-12 = 48 = 4P,; and similarly, ) (?)Pi =14 =20Q;.
i=0
n
As in Theorem 9.2, a quite similar formula for ) () Q; can be developed:
i=0
" 2"20, if n is even
(7)o = (9.24)
—\! 20 +D/2p, otherwise.
4
For example, 3° ()0 = ()00 -+ ()01 + (902 + ()01 + ()Qs = 1-1+4- 1+
5
6-34+4-7+1-17 =68 =22Qy; and similarly, > (f)Q,- =232 = 23Ps.
i=0

n
Corollary 1.1 can also be employed to develop formulas for Z(—l)i(’;)P,- and
i=0

1

(1) () 0
=0

" [n 0 if n 1s even
—1) P, = 9.25
;( ) (z) { —2n=1)/2 otherwise (.25)



190 9. Pascal’s Triangle and the Pell Family

n
n 2n/2 if n is even
Y=o = . (9.26)
P i 0 otherwise.
4 ) 5 )
For example, 3" (—1)' ()P, =1-0—4-14+6-2—4-5+1-12=0,and > (-1)'())Q; =
i=0 =0

1-1-5-1410-3-10-74+5-17—-1-41 =0.
The following theorem gives a summation formula for the numbers P? with the binomial
coefficients (’:) as the corresponding weights.
Theorem 9.3
Xn: n p2_ 20n=9/20 " ifn is even
=0 i) 230=D/2p  otherwise.

Proof. Again, by Corollary 1.1, we have

(- 0o

i=0
_ Z(’:) [y2i_|_82i_2(_1)i]
i=0
_ — (1) » — (n 2% 4.
5 £l

= (1+7)" +(1+8)
= (2V2y)" + (=24/28)"

2v2)"-20, if n is even
(2+/2)" -24/2P,  otherwise

l

. (n) 5 { 26n=4/20, ifnis even
0

] 23=D/2p  otherwise. n

1=

Similarly, it can be shown that

Xn: n 0 = 20n=2/20  if n is even
I P 2(3n—1)/2pn

=0 otherwise.

4 4
For example, " (})P2 =272 =16-17 = 204920, and 3_ (})0? =544 =32-17 =
i=0 i=0
2(3.4_2)/2Q4-
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n . n .
Finally, using Corollary 1.1, we can develop formulas for Y (—1)'(?) P? and }_ (=1)'(}) Q%
i=0 i=0

> (’f ) PP = 27 [=1)Qu— 1]
i=0

21 (’l’) 07 = 27 =D"Qu+1].
i=0

5
For example, > (=1)'())P? = -336 = 8(—41 — 1) = 25 2[(-1)°Qs—1] and
i=0

i(—l)i(?)Qiz =144 =8(17+ 1) =2*"[(-1)*Q4 + 1].
i=0

Exercises 9

1. Establish the recurrence A(n,r) = 2A(n — 1,r) + A(n — 1,r — 1) for the array A in
Figure 9.3.
2. Define A(n, r) recursively.
3. Find an explicit formula for A(n, r).
Prove each.

n
4. Y A(n,r)=3".
r=0

A(n,0) = 2", wheren > 0.
A(n,n) = A(n—1,n—1), wheren > 1.
A(n,n) =1, where n > 1.
A(n,n —1) = 2n, where n > 1.
9. Let D, denote the nth rising diagonal sum of array A. Then D, = P, 4, where n > 0.
Prove the following Pell summation formulas.

L2l
10. Q, = Zo ()2

© N oW

1. Py =Y (2P

Jj=0
! 2n j—
12. Py=3 ()2
j=1
> (572 if n is even
13. 2p2 =17~

=
—_
)

~
Il
-

2;)2f ~1 41 otherwise.
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14.

15.

16.

17.

18.

19.

9. Pascal’s Triangle and the Pell Family

LI 2n/2 0, if n is even
,-;0 ()i = 20+D/2p otherwise.
L . 0 if n is even
)" P =
,-;)( ) (l) —(=1)/2 otherwise.
” : 2n/2 if n is even
- (") O0; =
ig)( ) (’)Q { 0 otherwise.

26n=2/20  if nis even

20n=D/2p  otherwise.

; ()o? =
S (VB =221 1l
S ()0 =2 (-1 0+ 1l
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Pell Sums and Products

10.1 Introduction

In this chapter we investigate some finite and infinite Pell and Pell-Lucas sums; some infinite
sums involving the Fibonacci and Pell families; a Pell inequality; and then an infinite product
involving Pell numbers. In Chapter 14, we will study additional Pell and Pell-Lucas sums.

10.2 Pell and Pell-Lucas Sums

Telescoping sums, the fundamental identities, Corollary 1.1, and PMI can be used to derive a

number of Pell and Pell-Lucas summation formulas. Some of them are

>r

i=l1

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9__10,
© Springer Science+Business Media New York 2014

Qn+1 -1
2

Pn—H -1

P2n
2

Py —1
2

QZn_l
2

Qg1 —1
2

(10.1)

(10.2)

(10.3)

(10.4)

(10.5)

(10.6)

193
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2P — 1 . .
2Pnt1=Qm+l  ir 0 i odd

n
2 8
Z P = 2P
4 2n+1—=Qom—1
i=1 8

otherwise

2Py t1—OQon— e
2Pnt1=0:m=3  if 4 is odd

n

§:Q2 — 4

— ! 2P2n41—Q2n—1
1=

4
2 Pk = 2

2_

" 9= ifnis odd
2 QiQit1 = 0?1
1= —a

4

otherwise.

otherwise

In the interest of brevity, we will not prove them; see Exercises 1-10.
Since 0y, = 4P? + (—1)" and Q2 = 2P? + (—1)", formula (10.5) can be rewritten as

follows:
i Oxt1 = 4Pnz+l — 1=
k=0 2
_ 2Pnz+1 if n 1s odd
2Pn2 L 1 otherwise

2P”2+1 if n is odd

2 .
e otherwise.

This formula reveals the interesting pattern we observed in Table 3.6:

1 =

1+7 =

1+7+41 =

1+7+414239 =
1+7+41+2394 1393 =
1+7+41+239+ 1393 + 8119 =
1+7+41+239+ 1393 + 8119 + 47321 =

It follows by the Binet-like formula for Pj and (10.11) that

4 PPyt = Y Quri— Y (—DF
k=0 k=0

k=0

12
2.22
72
2.122
412
2.70%
2392,

(10.7)

(10.8)

(10.9)

(10.10)

(10.11)
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2P?

i if n is odd

2 .
ae1— 1 otherwise;

P2, ifnisodd

n
Z Py Pryy =
k=0

2
Qn—i—l_l

. otherwise.

5 4 2_

For example, Y Py Pry; = 2450 = %P62 and Y Py Pry; =420 = %.
k=0 k=0

Since 20 Q41 = Qaus1 + (=1, it follows by (10.11) that

n PnzJrl if n is odd
D 0Okt = 0. 41
k=0 =tHl—  otherwise.
3 4 Q2+1
For example, Y QxQry1 = 144 = Pjand ) Q;Qiq1 = 841 = =—.
k=0 k=0

The following interesting problem was proposed in 2009 by Brian Bradie of Christopher
Newport University, Newport News, Virginia [24].

n 2 n o
Example 10.1 Leta, = (2 > Qi) —2 ) Qsi+1, wherei > 0. Evaluate ) .
i=0 i=0 i=0

Solution. Using formula (10.1), Y Q; = P,41. By formula (10.5),2 >~ Qi+1 = Qa2 — L.

i=0 i=0
n

Using identity (33) in Chapter 7, we can rewrite thisas 2 Y~ Q41 = 4P,12Jrl —1—(—1)". Thus,
i=0

an = 4Pnz+l - [4PnZ+1 —1- (_l)n]

= 1+ (=1)"
NPT N Iy O DL
PRI D D D
i=0 i=0 i=0
1
= e+ —
e

3.08616126963.

&

10.3 Infinite Pell and Pell-Lucas Sums

Using the identities we have developed thus far, we can evaluate infinite sums involving members
of the Pell family. The next two examples illustrate this.
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Example 10.2 Evaluate the infinite sum Z On
n-H Pn
Solution. Since Q,, = P,+; — P,, we have
Qn — Pn+1 - Pn
Pn—HPn Pn+1Pn
1 1
Pn Pn—H

n=1 n=1
1
- 1-
Py
o0
1
> O gim (1-
= Prt1 Py k—00 e+ 1
= 1-0
= 1,

n
where we have used the relescoping sum Y _ (ay — ax—1) = a, — ao.
k=1

Similarly, we can show that

P,
Example 10.3 Evaluate the infinite sum Z _
= Pyt Pot’
. - 2Py .
Solution. Let S, = Z —— . Using the Pell recurrence, we have
= Pr+1Pr—i

s, — Z Pry1 — Pr—y

B Z( 1 1 )
— \ Pr—1 Prq
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B é[(Plcl—l _%k)—i_(%k_Pkl—H)]
B ZZ(P:l_%k)—I—X::(%k_Ple)

" (2) Goan)

o 1
Z = — lim S,
n=2 n—HPn 1 2n—>oo

Likewise using the identities Pn2 1 = 0,+10, and Qn T ,21 =4P,4+ 1 P,, we can

Put1P
show that Z Qu19n _  gpd Z o = %.
n= IPn-‘rlP Qn—HQ”

The next infinite sum was studled by Br. J. Mahon of Australia in 2010 [160]. The solution
presented is based on the one by Bruckman [36].

DFLP
Example 10.4 Evaluate the infinite sum E M
P P;
k=1 3k+3

Solution. It follows by identity (43) in Chapter 7 that P32k + P32k +3 = 5Pek+3. Consequently,
we have

Z (—D)* ! Poys _ Z( Pj + Py 5
PZ P32k+3 5P2 « Pai 3

k—1 k
- Z[( D ;21)} (10.12)

3k+3
1t =y
a 5 P32 P32n+3

_ =y
T 125 5P

where we have used the fact that the sum in equation (10.12) is a telescoping sum. Thus
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Z(—l) Ports _ 1 _Ozi
pot P3, P32kJr3 125 125
(The limiting process is justified since the limit exists.) u

Similarly, it follows that

i(_l)k_lQ6k+3 _ 1
=1 0% P+ s 490

Next we pursue an example proposed as a problem in 1994 by R. Euler of Northwest
Missouri State University, Maryville, Missouri [80].
> n2"Q,
5

Example 10.5 Evaluate the infinite sum
n=0
o0

Solution. The sum implicitly hints that we investigate the infinite series f(x) = > nQ,x".

n=0
o)

Recall from Chapter 1 that the power series »  nx" is generated by the function
n=0

X .9
a2 1

o0
ﬁ for |[x| < 1. So the series ngon(yx)” converges to ﬁ if

o0

|x| < 1/y; that is, if |x| < +/2 — 1. Similarly, the series Y n(§x)" converges to (1_3#)2 if
n=0

|x| < /2 + 1. Consequently, both series converge when |x| < +/2 — 1.

converges to the sum

Since the sum of two convergent series is convergent, it follows that

(e.¢]

n 81’!
flx) = Z—n(V; )x”
n=0

oo

Z n(yx)" + Z n(8x)”i|

| n=0 n=0

X dx

[Ty T —ax)z]

yx(1 —68x)> + 8x(1 — yx)?
2[(1 —yx)(1 = 6x)]?

x(1 4+ 2x — x?)

(1 —2x —x2)2°

| =

N | —

where |x| < v/2 — 1.

”zan” — £(2/5) = 410. =

o0
In particular, let x = %, which is less than /2 — 1. Then Z z

n=0
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10.4 A Pell Inequality

The next example features a Pell inequality, studied by J. Diaz-Barrero and J. Egozcue of
Barcelona, Spain in 2003 [68]. Although the inequality looks a bit overwhelming, the proof

is a straightforward application of the binomial theorem, and the power series T+ =

o0
> ("F")x", which converges when |x| < 1.
n=0

Example 10.6 Let m and n be positive integers. Prove that

n k+1
Z 1 1
(m Z_fi{_ ) z :( 1)k+1 J<k+ )Pj —k—1 < P,;n_H_l- (1013)
J

k=0

Proof. By the binomial theorem, we have

k+1 k 1 1 k41 k+1 k 1
(2 e Sy

Jj=0 j=0 J
k
— ( 1) +l(1 _ )k+1
pk—H
= (1—1/P)**"
Therefore, since PL” < 1, we have
n k+1 n
m+k+1 k+1—7 k+l i—k—1 m+k+1 k+1
(== | P = 1-1/P)

-y (’" N r)(l —1/P)

r=1

n+1
—Z<m+r)(l—l/P)r

1
T = —1/P)F
— Pm+1

— 1, as claimed.

Notice that equality holds in (10.13) whenn = 1. u
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In particular, let m = 5 and n = 2. Then

2 6-|—k) k+1 .(k—i—l) .
LHS = (—DFHI=ip ™ 2
kg;}(k-l—l ; Jj
6\ < (1) .. 7\ < (2, 8\ & (3 .
— -1 1—j 2/—1 -1 2—j 2]—2 -1 3—j 2]—3
(e (e (o () men()
1

< 261, as expected.

Returning to inequality (10.13), we note that there is nothing sacred about the choice of P,.

n+r

)x" converges for every real number x where |x| < 1, the

o0
Since the power series Y (

n=0
inequality holds for every such x, as K.B. Davenport of Frackville, Pennsylvania, observed in

2004 [58]. For example,

"fmtk 1\ [ (k1)
-1 +1—j j—k—1 < m+1 1.
Z( ket ) ,-Zzo( : j)en T

k=0

10.5 An Infinite Pell Product

The next example features an infinite Pell product, studied by M. Catalani of the University of
Turin, Italy, in 2004 [42]. The solution employs the Binet-like formula for Q,,, and identity (31)
from Chapter 7: Q2 = 2P? + (—1)"; so Qik = 2P22k + 1, where k > 1.

o)
Example 10.7 Evaluate []

re=1 [2P} +1

, if it exists.

Solution. We have

1 1

V2P +1 NI
12
= sz _y2k+82k

2
y2 1 + §2°(—8)*"
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(=9
1482
1 262"
14— = 1+ W
1/2P22k +1 +
(1+5%)
T
! 48 (48 (1487
i T
- 2
B 1 + 82 1 _ 82n+l
= 1 + 8211-1-1 1 _ 82
B 1 + 82 1 i 82?1-’1-1
= 1 _ 52 1 + 52n+1
s - 1 1+ 82 ; -8
- @@ = - Jim ——.
k=1 2P} +1 1 =82 n—oo ] 452"

+1
. 182" 1-0
Since |§] < l,nh_glo T = 150

converges. Consequently,

1°_°[ . 1 148
L | =
k= 2P +1 =9

F@E—-y) _y—94

1+0

o0
As a bonus, it follows from the solution that || ( o
k=1 2

§(—y—8) y+§

) exists and equals /2.

201

= 1; so the limit exists and hence the given infinite product
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I’l

Next we investigate the convergence of the power series Z P,x" and Z Q,x", and then

n=0 n=
evaluate each sum at two distinct positive rational numbers x. This will yield some surprising

Pell dividends. In the process, we will encounter primitive Pythagorean triples and the Pell’s
equation u? — 2n? = 1 as well.
To this end, first we will identify the radii of convergence of both power series.

10.6 Radii of Convergence of the Series

To minimize our exposition, let {S,} denote an integer sequence satisfying the Pell recurrence.
Then S, = Ay" + B§", where A and B are constants. So

o0 [o,] 0
Z S, x"=A Z y'x" + B ZS”x”.
n=0 n=0 n=0

We need to know exactly when the series on the LHS can be evaluated. The two series on
the RHS converge if and only if |x| < |—1| and |x| < |(13—| that is, if and only if |x| <

min (hl/' | 5|) Since min (Iyl | 5|> —4, it follows that the series Z S,x" converges if and
n=0

o0 oo
only if § < x < —§. Consequently, the series Y  P,x" and ) Q,x" converge if and only if

n=0 n=0
§<x < -46.
10.6.1 Sum of the Series Z Py,
n=0
oo
We now look for positive rational numbers x such that f(x) = > P,x" is a rational number r,
n=0
where § < x < —§. We then have
X
_ — r
1 —2x —x2

X2+ Q2r+Dx—r = 0

—@2r +1) £ /@r + 1)2+ (2r)?
2r ’

X =

Since x has to be rational, we will employ primitive Pythagorean triples to simplify the
radicand. To this end, we choose 2r + 1 = m? — n? and 2r = 2mn, where m > n > 1 and
(m,n) = 1. Then 2r + 1) + (2r)> = (m? + n?)%. So

—(m? —n?) £ (m?> + n?)
2mn

Since we want x > 0, we will choose x = %
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The equation m?> — n?> = 2mn + 1 implies that (m — n)?> = 2n? + 1. This yields the Pell

equation u?> — 2n? =

1, where u = m — n. Recall that its solutions are given by (uy,ng) =

(Qak, Pyi), where k > 0. Then my = ny + Qo = P + Ok = Por41.

Since
L
mp Pt
B )/Zk _ 32k - y2k _ 52k
= 21 _ g2k+1 2%+1
y2k+T _ §2k+ y2k+
- y2k _ 1
2k+1 T
y#rt oy
= -4,
&= P
the series Y  P,x" converges when x = ﬁ.

n=0

Using the Cassini-like formula for P,,, we then have

P,
o0 n 2k
Z ( Py ) _ Por+1
= 2
= Poi+q | — Lok Dok
Putr Py,
Py Poj+1

o0
For example, > Pn(%)” =

n=0
6445

86 )
20 Pn(§

— Qi1
Suppose we let x = O

2.5 =
~9.5and Y Py(5)"
n=0

.Then also § < x < —§.So )_ P,x" converges when

Pok11(Pogy1 —2Py) — P

Poi Pojyq

Pois1 Por—y — P35
Pk P41
(—1)%*

= Py P41, an even integer.

10 and Z P,(33)" = 12-29 = 348. Notice that

~ 347.5, so the convergence is very slow.

o0
x_QZkl
Ok

n=0

also. Consequently, it follows by the Cassini-like formula for Q,, that

n=0

- Ou-1\" _ Ou-
an( (0373 ) B 2

Q2k—1 Q2

where k > 1. (Since every Q, is odd, this sum is not an integer.)
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o0 o0
For example, }_ P, (})" = 2 = 15and Y P, (%)" = ZZ = 59.5. Notice that
n=0 n=0
1195

23
> Pn(%)” l.5and ) P, ( 5)" & 59.5; again the convergence is extremely slow.
=0

n=0
00

Next we evaluate the sum Y Q,x" at two special values of x.
n=0

o0
10.6.2 Sum of the Series ) Q7
n=0

Suppose we choose x = % Since § < x < —4, it follows again by the Cassini-like formula
for Q,, that

Z On (QQZI;kl) = Por—1 0%,

where k > 1.
Likewise, we also have

ZQn( P ) = Qo Po+1,

where k > 1.

o0 o0
For example, > Q,(%)" = 5-17 = 85 and Z On g—;)” = 29-99 = 2871; and
n=0 =

ZQn( ' =3 S—ISaHdZQn( )”=17 29 = 493.

Exercises 10

Prove the following summation formulas.

o

. = % Hint: Use the identity Q;+; — Q; = 2P;.

~

Q; = P,41 — 1. Hinr: Use the identity P11 — P; = Q;.

~

F 2" . Hint: Use the recurrence Py; — Pyj_y = 2P ;.

~

>

n 2n n
= —Pz”gl_l.Hint: Use the factthat D Py = Y P, — > Pyi—.
i=1 = ’

~

— Q2n_1
2

N
3

. Hint: Use the recurrence Qs — Q2i—2 = 2Q7i—1.

~

v
1= 1= 1= 1= 1=
>
!
||



10.

11.

12.

13.

14.

Oon41—1

Z PPy =2

8 IIM8

=
8 1
"U

i
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n n 2n n
3 0, = %.Hint: Use the fact that ) Qo = > Qi — Y Osi—1.

i=1 i=1 i=l1

Qui¥l £ is odd

8 Hint: Use the identity 4P? = 0y — (—1)'.

< otherwise.

Qw173 if y is odd

4 Hint: Use the identity Q? = 2P? + (—1)'.
% otherwise. l l
4P Piy1 = Q7 — 07

24
Qn_l
4

Hint: Use the identity QiQi-H =2P; Pl'_|_1 + (—l)i.

{ Qi=3  ifpis odd

otherwise.
1
5

l.

1
1

k—
Z = 1) IP g JGkd3 — 490 Hint: Use identity 44 in Chapter 7.
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Generating Functions for the Pell Family

11.1 Introduction

In this chapter we will develop generating functions for Pell and Pell-Lucas numbers; their
squares; and odd- and even-numbered Pell and Pell-Lucas numbers. Along the way, we will
study some interesting applications. We begin with the generating functions for Pell and Pell-
Lucas numbers.

11.2 Generating Functions for the Pell and Pell-Lucas
Sequences

To streamline the process, we introduce a larger integer family {A4,}, which satisfies the Pell
recurrence, where Ay = a, an arbitrary integer, and A; = 1.
Let A(x) denote the generating function for sequence {A,}. Then

A(x) = a+x+ Ax*+ Asx® +-- 4+ Ax" +---

2xA(x) =  2ax+ 2x* 4+ 24xx3 + -+ 24, X" + -
XZA(X) = ax2+ x3 + 4 An—2xn + ...
(1-2x—x)A(x) = a+ (1—-2a)x
a+ (1—-2a)x
A(x _ 11.1
(x) [ r — 12 (1L.1)
Case 1 Leta = 0,s0 A, = P,. Correspondingly, we have
X 2 3 4 n
———— =1+2x+5x"+12x" + 29" + -+ P x" 4+ --- .
I —2x —x2
T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9_ 11, 207

© Springer Science+Business Media New York 2014
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Case 2 Leta = 1. Then A, = Q,. Then, by equation (11.1), we have

1—x

m=1+3x+7x2+17x3+41x4+—|—an”+ .

The next example combines the generating function for Pell numbers and identity (18) in
Chapter 7 without acknowledging the presence of Pell numbers. This example appeared in the
1999 William Lowell Putnam Mathematical Competition [106].

Example 11.1 Prove that the series
1
1 —2x —x?2
has the property that the sum of the squares of the coefficients of every two consecutive terms
occurs later as the coefficient of a term in the series.

=ay+aix +ax’> +azx®+ -4 a,x" +---

Proof. (Since the problem does not say anything about Pell numbers, we will ignore them and
proceed accordingly. The proof simply reverses the process we developed to establish the desired
identity.)

Let 1 —2x—x2 = (1—yx)(1—8x),wherey = 14+ /2,8 = 1 -2,y +8 =2,y—8 = 2/2
and y§ = —1. (We are using the same Greek symbols to avoid any possible confusion.) Since

1 B 1 y )
1-2x—x2  y—=8\l—ypx 1—96x

X n+1 _ §ntl

== —y xn
i=0 y =3 ,
it follows that
il gntl
a, = y— R

Then
8(61,% + ai+1) — (yn-i-l _ 8n+l)2 4 (Vn+2 _ 8n+2)2
— [V2n+2 + 82n+2 _ 2(_1)n+1] + [y2n+4 + 82n+4 _ 2(_1)n+2]

1 1
— y2n+3 (y + _) + 82/1-{-3 (8 4+ _)
% )
= Yy =8 -8y = 8) = (v — 8 ’am2
a31+a31+] = dw+2,
where n > 0; see identity (18) in Chapter 7. Thus the sum of the squares of every two
consecutive coefficients in the given power series is also a coefficient of a subsequent term

of the series and the generating function for the Pell numbers, where ap = 1 = P; and
ap = 2=P 2. |
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Clearly, we can adapt this example to use the power series expansion of

1 —
byt bix 4+ bax? 4+ baxd e Byx” e

1 —2x —x?
to establish that b2 + b2 41 = 2ay+2, as the following example shows.

Example 11.2 Using the power series expansion
I —x
1 —2x —x?
show that the sum of the squares of the coefficients of every two consecutive terms in the series
equals twice a coefficient in the expansion of 1_2;—_)62 in the previous example.

= by + bix + bax? 4+ b3x® -+ byx" 4 -

Proof. As before, welet 1 —2x — x? = (1 — yx)(1 — 8x). So

D bux" = (I+x)(1—yx)"'(1-8x)7"
n=0

o o0
= (1+x) (Zy’x’) ZSfxf
i=0 j=0
Equating the coefficients of x” from both sides, we get

n n—1
bn — Z yi8j+ Z yi8j+1 :Zyi(gn—i_’_zyign—i—l
i=0 i=0

i+j=n i+j+1=n
n n—1
L e : 1= (y/8)""! [ I=@/9)"
= §" 8! 5111 S =& | — 5”1—
S0+ S/ [ e |
B Vn+1 _8;1—{—1 yn _n B yn+1 (1 + %) — 8”-{-1 (1 + %)
B y—20 y—20 B y—20
B )/n+1(1 _ 5) _ 8n+1(1 _ J/) B ﬁ(yn+1 4 8n+1)
- y—38 B y =38
B ynHl 4 gt
= 3 )
Consequently, we have
4(b,f + b,fﬂ) _ (yn+1 + 8n+1)2 + (yn+2 + 5n+2)2 — 22 g g2 g ond g2t
1 1
— J/211—1-3 ()/ 4 ;) 4+ 82n+2 (8 4 g) — V2n+3()/ . 8) o 82n+3()/ . 5)

— (y . 8) (y2n+3 . 82n+3)

p2i+3 g+
bi+br,, = 2- = 2ay,42, as desired.

y—96
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It follows from the given generating function that b, = Q4 and Q2 ot Q? 1o = 2Py 43; see
identity (21) in Chapter 7. n

Returning to the generating function (11.1), we can rewrite it as

1 C
A(x):y—S(l—yx 1—8x) ZAx (11.2)

where C =1—2a +ayand D =1—2a + aé. Whena =0,A4,, = P,,andC =1 = D; and
whena = 1,4, = Q,,CD = —2,and C> = 2 = D2,

n

Using the power of generating functions, we will now develop formulas for > Ay,
k=0

n n n n n
> Agkr, Y AkAn—is Y, Aok Aoan—zk, Y Aok+1Aom—2k+1, and Y Aop Asy—sk+1-

n n
11.3 Formulas for > Ax and ) Axk.q
k=0 k=0

Consider the even function

Ae(x) — A(X) i A( X) ZAZn

By equation (11.1), we have
a+(1—-2a)x a—(1-2a)x
1 —2x —x2 1+ 2x — x?

A(x) + A(—x)

iA o a(l —x?) +2(1 — 2a)x?
nX = .
2 1 —6x2%+ x4

This yields the following generating functions:

2x2 )
I—6x2+x* ZPan”
n=0

1 —3x2 > .
I—6x2+x* Z Qanx™-
n=0
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k=0

Similarly, using the odd function

Ao(x)

’

_ Ax) — A(=x) iAZonZ"“ _ 2ax + (1 -2a)(x — x?)

2 - 1 —6x2 4 x*
n=0

we can find the generating functions for { P, 41} and {Q,+1}:

X X3 e
_ _ 2n+1
n=0
3 00
X+x _ Z 0 2t
1 —6x2+ x* nt '
n=0

n
11.4 A Formula for ) A A, «
k=0

From (11.2), we have

Ax)=>)" (Z AkA,,_k) X" (11.3)

n=0 \k=0

But we also have

R = ME D 26D
T8 (1—yx)?  (1-6x) (1—yx)(1—6x)
_iroc N D? 2CD 1 1
T8l —yx)2 T (1-6x)% 22x \I—yx 1-éx
- _ l’l+1 C2 n_|_D28n xn_ Xn
8_;( )(C?y ) v Lo }
1[& oo
= 3 Y (n+ D(C*" + D*")x" —2CD Y Pn+1x”:|
| n=0 n=0
1 o0
= 52 [+ D(C?" + D8")x" ~2CDP,41x"]. (11.4)
n=0

Equating the coefficients of x” from (11.3) and (11.4), we get

n
8) AcAy = (n+1)(C*y" + D?6") —2CDP, 4. (11.5)
k=0
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In particular, this implies that

n
4) PePik = (n+1D)Qu— Pipy

2) 00k = (M4 1DQu+ Putr.

k=0

4 5
For example, 4 Y Py Ps_y = 176 = 6Qs5— Pgand 4 Y QxQs—x = 316 = 605+ Ps; see
k=0 k=0
Figure 11.1.

/=) ) =S

A\ 1 5 1229 A\ 17 41

;/J ;//

2-40-29+4+1-12+2-5) =176 4(1-41+1-17+3-7) = 316
Figure 11.1.

Next we will develop a formula for Y Ay Aoy—ok-
k=0

n
11.5 A Formula for Y  AxxAon 2k
k=0

Consider the even function

A(x +A X
Ae(x) - ( ) ( ) ZAZn
Then
o0 n
Ax) =) (Z AZkAzn—Zk) X, (11.6)
n=0 \k=0
Since

ey ] C D C D
) = 4ﬁ|:(1—yx_1—8x)+(1+yx_1+5x)]

o C D
o222\ —y2x2 1 —82x2)°
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k=0
we have
200 i 2CD
xX) = = —
¢ 8L (1—y2x2)2  (1—-46x2)?%  (1—yp2x?)(1 —6%x?)
1T C? n D? CD 1 1
8| 1—y2x2 1 -82x2 22 \1—y2x2  1-—§2x2
1 [ oo
= 3 Z(n + 1) (C*y*" + D?*§*") x ZPZn }
Ln=0
1 o0
— gz (n + 1) (C?y*" + D?*§™) — CDPyyyn| x*. (11.7)
n=0

Equating the coefficients of x%" from (11.6) and (11.7), we get
n
8> " Ay Ay = (n + 1) (C?y*" + D?*6?") — CDPyy 4. (11.8)

k=0

In particular, this yields

8)  PuPyk = 201+ 1)Q2 — Pris

n
4) 0% Qu-an = 201+ 1)Qa + Pusa.
k=0

4
For example, 8 > Py Ps_p = 3,392 = 10-577 — 2378 = 2 -5Q3 — Pjp and
k=0

4
43 O Qs— = 8,148 = 10-577 + 2378 = 2- 505 + Py; see Figure 11.2.

k=0
/ r 3 3

0 1 2 5 12 29 70 169 408
‘\ L J /
8(0 - 408 +2 - 70 + 12 - 12 + 70 - 2 + 408 - 0) = 3, 302

S

1 1 3 7 17 41 99 239 77
‘\ N Y /
4(1-577+3-99+ 17 -17+99 -3+577-1) = 8, 148
Figure 11.2.

We will now develop the corresponding formula for odd-numbered products Ao 41 Azn—2k+1-
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n
11.6 A Formula for > Ak 1A2n 2k+1
k=0

Consider the odd function

AO(X) — A(X) A( X) ZAZH 2n+1.

n=0

Then

o0 n
A (x) = Z (Z A2k+1A2n—2k+1) x2t2, (11.9)

n=0 \k=0

Ax) = — : & - g
o(x) = 4ﬁ|:(1—yx_1—5x)_(1+)/x_1+5x):|

1 Cyx Déx
22\ —y2x2 1 —62x2)°

Since

we also have

1 C?y2x? D?52x? 2CDx?
) = ¢ + +
‘ 8L(1—y2x2)2 * (1-62x2)2 (1 —y2x)(1 —82x2)
[ CPy2x? N D?258%x? CD 1 1
81— y2x2 1822 zf p2x2 1 — §2x2
1[& 00
= 3 Z(n +1) (C2y2n+2 4 D282n+2) ¥ +2 4 cp sznxzn}
L n=0 n=0
1 o0
= 3 Z [(n +1) (C2y2n+2 + D282n+2) + CDP2n+2] K2 +2 (11.10)
n=0

From (11.9) and (11.10), we have

n
8> Aniy1 Aokt = (n + D(C?y?"+2 + D*6"2) + CDP, 4. (11.11)
k=0
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k=0

This implies that

n
8 Z Poryr1Poyp—si+1 = 2(n+1)02y2 + Pryyo
k=0

n
4 Qo1 Qi1 = 2(n+1)Qas2 — Pryia.
k=0

4
For example, 8 > P41 Po—ox = 36,008 = 10 - 3363 + 2378 = 2-5Q19 + Pjo; and
k=0

4
43 Qo100 = 31,252 =10-3363 — 2378 = 2-50,9 — Py (see Figure 11.3).
k=0

o,

A R
1 1 3 ( 17 41 99 239 5771393

Figure 11.3.

Using the generating functions A.(x) and A4,(x), we can develop a formula for the hybrid
n

sum Y Aog Aop—sk+1-
k=0

n
11.7 A Formula for the Hybrid Sum ) AxxAon o1
k=0

Using the generating functions A.(x) and 4,(x), we have

A () A,(x) =) (Z AzkA2n—2k+1) X2 (11.12)

n=0 \k=0

We also have

1 C D 1 Cyx Ddx
A.(x)A, = — . _
) 4:() 22 (1 —y2x? 11— 82x2) 22 (1 —y2x? 11— 82x2)

C%yx N D?§x 2CDx
(I—y2x2)2  (1-8x2)  (1—y>x?)(1 —5x?)

1 C?yx n D?8x CcD 1 1
81 —y2x2)2 T (1 —682x2)2 2 /2x \1—p2x?2  1—§2x2

o | —
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| —

— |:Z(n+1) (CZ 2n+1+D252n+1) 2n+1 CD ZPan j|

n=0

—

= 3 Z [(n + 1) (C?y>+! 4+ D) —CD Y sz} XL (11.13)
n=0

n=0

(o2¢]

It now follows from (11.12) and (11.13) that

8D AuAya1 = (n+ D(C?y* ™! + D?§F!) — CDP, 1. (11.14)
k=0

This yields the following results:

n
8 Z Py Pypsir1 = 2(n+ 1)Q2y1 — Poyyo
k=0

4 0% Qu-zt+1 = 2+ 1)Q242+ Prrso.
k=0

4
For example, 8 Y Py Po_px = 11,552 = 10 - 1393 — 2378 = 2-5Q9 — Pjp; and
k=0

4
43 Qs Qoni = 16,308 = 101393 + 2378 = 2-5Q0 + Pyo; see Figure 11.4.

k=0
. —
0 1 2 5 12 29 70 169 408 985

o
Y

1 3 7 17 41 99 239 577 1393
N S S
Figure 11.4.

Next we pursue generating functions for the squares of Pell and Pell-Lucas numbers.

11.8 Generating Functions for {P2! and {Q?}

Since both {P?} and {Q2} satisfy the same recurrence (8.2), in the interest of brevity, we will
first find a generating function s(x) for the sequence {s,}, where {s,} satisfies the recurrence
Sp = 5Su—1 + 5Su—2 — Su—3, and s, equals {P?} or {Q2}, depending on the context. To this
end, let
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s(x) = So+sx 4+ soxP 4 sxd 4+ spx" 4+ -+ . Then

S5xs(x) = 550x + 551x2 + 555X 4+ 4 55,1 x" 4 -
szs(x) = 5S())C2 455 x> 4+ 58p_ox" + -
xs(x) = SoX° 4o 4 Suax" 4 eee

(1-5x—5x>+xY)s(x) = 50+ (51— 550)x + (52 — 581 — 550)x>
5o + (51— 550)x + (52 — 551 — 550)x2
1 —5x —5x2+ x3 '

s(x) =

Case 1 Suppose s, = P?. Then the generating function g(x) for the sequence { P2} is given by

P§ + (P2 —5Py)x + (P§ —5PF — 5P3)x?

) = 1 —5x —5x2 + 3
_ x —x?2
(1 +x)(1 —6x + x2)
Thus
x —x?2

— 12 22,2 4 52,3 4 10254 L P2 4L
I+x)(1—6x+12) X+2°x"+5x" + 12°%%" 4+ -+ £)x" +

Case 2 Suppose s, = Q2. Then the generating function g(x) for the sequence {02} is given by

Q5 + (91 —509)x + (3 — 507 — 507)x”

) = (1+x)(1 —6x + x2)
_ 1 —4x —x?
A+ x)(1—6x + x2)
Thus
1 —4x —x?

=P+ P+ 32+ P 1P 02

(1 4+ x)(1 —6x + x2)

11.9 Generating Functions for {Ps,. 1}, {Qan}, {Q2ni1}, and {Pap}
Revisited

It is worth noting that the generating functions for { P, 41}, {Qan}, {Q2n+1}, and { Py, } can be
found in other ways; see Exercises 5-8.

With the resources we already have, we can develop the generating functions for products of
pairs of consecutive Pell and Pell-Lucas numbers.
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11.10 Generating Functions for {P,P,.1} and {Q,Q,1}

Using the identity 4 P, P, = Qﬁﬂ—

a generating function for { P, P, 4 }:

2 and the generating function for {Q ,%}, we can develop

AP,y Py = 0rp— O,
o0
Y 4P P = ZQn+1x —ZQ
n=0 n=0
1 1—4x—x2 1 —4x —x?
B _|:(1+x)(1—6x—|—x2)_ ]_(1+x)(1—6x+x2)
8x

(1+x)(1—6x +x2)

So

2x
P,P,
(1+x)(1 —6x + x2) Z 1

Likewise, we can show that

(1—x)? i 0.0 )
nYn X
(1 4+ x)(1 —6x + x2) Z +1
1—5x o0
= Pn Pn_ n
(1 4+ x)(1 —6x + x2) 2_: +1Pp—1x
1+ 8x —3x2 s )
(1 +x)(1 —6x + x2) - ,; On+10n—1x";

see Exercises 9-11.
Next we develop yet another explicit formula for P,.

11.11 Another Explicit Formula for P,

In 1993, Seiffert developed yet another explicit formula P,[200]:

—on n+k
Z (_1)L(3k+3 2n)/4]H13k/2] <2k . 1) (11.15)

0<k<n—1
4f 2n+k)
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The proof featured below is based on the one given by Bruckman in the following year and is
a bit long [31]. It uses a lot of algebra, complex numbers, and the generating function for Pell
numbers.

Proof. Recall that the function ffx) = 1.— generates the Pell numbers P,.
o0
Let S, denote the expression on the RHS of (11.15) and g(x) = Y_ S,x". So S, = P, if
n=0

X

and only if g(x) = ﬁ Consequently, it suffices to show that g(x) = o
We have

o0
—zn n _I_k n
gx) =Y | Y (=plekmmipl (2k+ 1) X"

n=1 0<k<n-—l1
4f 2n+k)

Letting n = m + k + 1, this becomes

+ 2k +1

= _ ) Lkr1=2m)/a) 5 L3k/20 (T metk+1

g(x) k§m>0 (=1 N
4f @m+3k+2)

Considering the cases that m can be even (say, m = 2u) or odd (say, m = 2u + 1), this yields

gr) = 3 (cnylraulik 2u 2k + 1) okt
ku>0 2M
4] (3k+2)

Z (—1) L= D/4lFup3k/2] 2u + 2k +2 2utk+2.
2u +1

k.u>0

43k

Letting j = k + 1, this can be rewritten as

g(x) = Z (_1)Lj/4J2L3(j—l)/2ij Z(_l)u <_22uj)x2u_

j=1 u>0
4G+
, , . —2j
Z (—1)LU=2/41213G=D/2] ) Z(_l)u<2u+fl)x2"+1, (11.16)
4/(41'2—11) "=0

where we have used the fact that (") = (—1)" (" +:_1).

r
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18

e

Now lete, = 3 [1 + (—=1)"]and z = 1 +ix, where i = +/—1. Since (1+1)™" =

r=0
we have
=2 —2j,.
u 2u v
> =D ( . )x = Zev( ) )(zx)
u>0 v>0
1 vi  —
= — —4J _2])
2 (Z tz
= Re(z7%), (11.17)
where w denotes the conjugate of the complex number w and Re(w) its real part.
Letting 0, = % [1 — (—=1)"], we have
2]\ 2u+i , —2j ..
Z(—l)”( )x utl = Zov( (ix)’
=0 2u + 1 =0 v
_ ' (Z—Zj _ Z—2j>
2i
= Im(z7%), (11.18)
where Im(w) denotes the imaginary part of w.
Now let
Ux) = Z (_1)Lj/4J2L3(j—1)/2ijZ—2j (11.19)
4/({/'2i1)
Vix) = Z (=D)L= BG=D72] ) 2] (11.20)
-
4G-1

It then follows by equation (11.16) that
g(x) =Re[U (x) +iV(x)].

We now let j = 4r 4+, wherer > O0ands = 1,2, or4 in (11.19). (Notice that s # 3.) Then
U (x) can be rewritten as

X 2x%  16x*
U(X):(—2+—4— S)h(.X),
z z z

. 6r y4r —8 6axt\ ™" 2%
where h(x) = rzo(_l)rz Fx¥z7°% = (1 + 3 ) = Broadc
So

x(z8 + 2xz* — 16x3)
z8 4+ 64x*

U(x)
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x(z* 4 4xz? + 8x?)(z? — 2x)
(z* + 4xz%2 4+ 8x2)(z* — 4xz% 4 8x2)
x(z? —2x)
z4 —4xz2 + 8x2

Similarly, letting s = 2, 3, or 4 in (11.20) yields

2 3 4
V) = (2x +8x N 16x )h(x)

A z6 z8
2x2(z* + 4xz? + 8x?)
z8 + 64x4
2x%(z* 4 4xz° + 8x?)
(z* + 4xz% + 8x2)(z* — 4xz% + 8x2)
2x?

74 —4xz2 4+ 8x2°

Butz? =142ix—x>=1-2x—x>+2(1+i)x = f +2(1 +i)x, where f = f(x).So
2t = 24404 i)xf + 8ix?
= fIf +40 +i)x] + 8ix?
2?2 —dxz? +8x* = fIf +4( +i)x] +8ix? —dx[f + 2(1 +i)x] + 8x?
= f(f +4ix).

Therefore, we have

x(z% —2x + 2ix)

Ux)+iV(x) =

f(f +4ix)
o x(f +4ix)
 f(f +4ix)
.
= 5
Thus, U(x) + iV (x) is real; so g(x) = Re[U(x) +iV(x)] = U(x) +iV(x) = ﬁ, as
desired. n

For example, we have

54+ k
P = —1)LBk=7)/4]513k/2]
: 2. =D 2%k + 1

0<k<4
4/ (10+k)
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S R ENCAR I PIEeR 5+k
2%k + 1

0<k<4
4f (k¥2)

()2 () e () )

= 5—40+ 128 — 64 = 29, as expected.

11.12 Hoggatt’s Array
The next example is interesting in its own right. Hoggatt proposed it as a problem in 1977 [103].

Example 11.3 Row 0 in the array in Figure 11.5 consists of the Pell numbers P, and each
succeeding row is obtained by taking the absolute differences of adjacent elements in the
previous row. Let {d,}°2 , denote the leftmost diagonal sequence, where dy = 1 = di,dr =
2=ds,dy =4=ds5,d¢ =8 = d,---.Prove each:

(1) dy, = dypy1 = 2", wheren > 0.
2) dx) = % g (HLX) , where d (x) denotes the generating function of the sequence {d,}, and
g(x) that of the Pell sequence.

1 2 5 12 29 70
1 3 7 17 41
2 4 10 24
2 6 14
4 8
4
Figure 11.5.

Proof. Notice that Row 1 of the array consists of the Pell-Lucas numbers Q,,. This should not
be a surprise, since P,+; — P, = Q.

We will now confirm a key observation: Every row of the array satisfies the same Pell
recurrence. To see this, consider the sequence {x,} defined by the recurrence x,+, = ax,4+; +
bx,, and {y,} a sequence defined by y, = x,4+1 — x,,. Then

aynt1 + by, = a(xXp42 — Xpn+1) + b1 — Xxp)

= (axp42 + bxyt1) — (@xp41 + bxy)
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= Xp43 — Xp42
= Vn+2-

Consequently, the sequence {y,} satisfies the same recurrence as {x,}.
In particular, let @ = 2 and » = 1. Thus d,, satisfies the Pell recurrence.
We will now prove parts (1) and (2):

(1) Let {e,};2, denote the second southeast diagonal from the left: 2,3,4,6,8,.... We will
prove by PMI that dy, = dy,+1 = 2", €2, = 2d>,, and ey,4+1 = 3dy, 4+ for every integer
n > 0.

Clearly, e = 2 = 2dpand e; = 3 = 3d;; e = 4 = 2d, and e3 = 6 = 3d3, the
formulas work whenn = O and n = 1.

Now assume that they are true for all nonnegative integers < n, where n > 2. Since
dop—r = day—y = 2", and eyy—1 = 3don—1, doy = €xy—1 — dan—1 = 3day—1 — doy—1 =
2dy,—1 = 2" and dy, 41 = €3y — doy, = 2 - 2" — 2" = 2", Thus, by PMI, the formulas hold
for all integers n > 0.

To digress a bit, note that the elements of the (2k)th and (2k + 1)st rows of the array
reveal an interesting pattern:

1.2k 2.0k 5.0k 12-2k 29 .2k
1.2k 3.0k 7.2k 17 -2k

Row 2k is made up of the sequence {2¥ P,} and row 2k + 1 is made up of the sequence
{2K0,,}. These can be confirmed using the properties P, — P, = O, and O, — O, =
2P,.

(2) To prove part (2), recall that g(x) = 1—216——)(2 is the generating function of Pell numbers.
Then

x ) x+4x?
S\i+x) T 1-2a2
We will now show that the function % g (H_Lx) generates the sequence {d,,}.
o0

To this end, let d (x) = d,x". Since dy, = 2" = dy,+1, we have
n=0

d(X) — Zzn(x2n+x2n+l)

n=0

o0
= 1+x+ ZZ”(XZ" + x2th

n=1

o0
2X2d()€) — Zzn+l(x2n+2+x2n+3)

n=0
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00
— Zzn(x2n+x2n+l)

n=1
(1-2x)d(x) = 1+x
1 +x
d = —
0 = 1550
1 x .
= —g , as desired.
X I +x
Thus the sequence {d, } is generated by the function d (x) = % g (H_Lx) = 11:;;2:
1
; +2x2=1+x—|—2x2—|—2x3—|—22x4—|—22x5—|—23x6—|—~~. .
—2x

Suppose row 1 in Figure 11.5 begins with the number 0 = Py. The resulting array, studied
by Piero Filipponi in 1993, shows an additional pattern; see Figure 11.6.

0 1 2 ) 12 29 70
1 1 3 7 17 41
0 2 4 10 24

0 4 8
4 4
0
Figure 11.6.

Let {a,};2, denote the left most diagonal sequence of this array. Since a; = ex — 2dj, it
follows that Ay = €y — 2d2n = 2d2n — 2d2n = 0 and Aop+1 = €p+1 — 2d2n+1 = 3d2n+1 —
2dr, 41 = 2".

X

The sequence {a,} is generated by the function TRk

X
W=x+2x3+22x5+23x7+--- .
— X

Exercises 11

Develop a generating function for each sequence {a, }, where:

1. a, = Py,+1. Hint: Use the odd function A,(x).
2. a, = Q2n+1-
3. a, = P,,. Hint: Use the even function A4,(x).

4. a, = Q n-
Find a generating function for:
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{ P2y+1}, using the the identity P? ot P? = Py,4; and the generating function for { P?}.
on s, USINg the 1dentity (J,, = —(— and the generating function for .
ing the identi 202 1)" and th ing function f 2

{Q21+1}, using the identity Q,,+1 = 2P, 41 — Q,.
{ P>, }, using the generating functions for {Q,,} and { P,,+1}, and the identity P, + Q, =

O N W

P n+1-
Develop a generating function for each sequence:

9. {Qn-H Qn} Hint: Pnz-H — P”2 = Qn-H Qn
10. {P,+1P,—1}. Hint: Use Cassini-like formula for P,,.

11. {Q,+10,-1}. Hint: Use Cassini-like formula for Q,.
Using Seiffert’s formula (11.15), compute each Pell number.

12.  Pe.
13. Py.
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Pell Walks

12.1 Introduction

Like the Fibonacci family [126], the Pell family has delightful applications to combinatorics.
This chapter presents several such applications. In the process, we will revisit Fibonacci
numbers, and encounter a new family that arises in combinatorics.

To begin with, we introduce some basic vocabulary for clarity. A lattice point on the cartesian
plane is a point (x, y) with integral coordinates x and y. For example, (3, 5) and (8, —13) are
lattice points, whereas (0, V2) and (7, —7) are not. A lattice path is a sequence of connected
horizontal, vertical, or diagonal unit steps P; P; 4+, where both P; and P; 4 are lattice points; it
often emanates from the origin. The number of unit steps in the path is its length.

.......

<t : > T
o
Lattice paths
Figure 12.1.

For example, Figure 12.1 shows two lattice paths, one a solid path and the other a dotted
path. The solid path, originating at O and ending at A, consists of one unit step in the easterly

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9__12, 227
© Springer Science+Business Media New York 2014
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direction (E), followed by two in the northerly direction (/N ), two in the easterly direction (E),
one in the northerly direction (/V), and one in the easterly direction (E). Its length is seven and
is denoted by the “word” EN NEENE. Likewise, the dotted path NNNEEN from O to B is
of length six.

The height of a lattice path is the height of its final step above the x-axis. For example, the
height of the solid path in Figure 12.1 is three and that of the dotted path is four. Let n denote
the length of a lattice path and /4 its height. Then 0 < & < n.

The examples we will study shortly deal with applications of Pell and Pell-Lucas numbers to
the study of lattice paths. The first example was studied by Richard P. Stanley of Massachusetts
Institute of Technology, Cambridge, Massachusetts [238], and Asamoah Nkwanta and Louis W.
Shapiro of Howard University, Washington, D.C. The next two were studied by Nkwanta and
Shapiro, who called the paths Pell walks [172].

Example 12.1 Starting at the origin on the cartesian plane, suppose we walk 7 unit steps east
(E), north (N), or west (W), such that no E-step follows immediately a W-step or vice versa;
that is, no word can contain £EW or WE as a subword. Find the number a,, of such lattice paths
possible.

Let g, , denote the number of such paths with height 4. Clearly, oo = 1 = ap = Q;; see
Figure 12.2. There are exactly two such paths of length » > 1 and height zero: EE --- E and

n Es
WW...W; see Figure 12.3. So g, 0 = 2 for every n > 1. Consequently, a; = 14+2 =3 =

n Ws
02 = qoo + q1,. Furthermore, there is a unique path of height n: NN ---N;so g,, = 1 for
n Ns

every n > 0; see Figure 12.4.

[ ]
FE---FE Ww..-WWwW ~ ~~ -
N—— ——
. n Es n Ws n Ns

Figure 12.2. Figure 12.3. Figure 12.4.



12.1 Introduction 229

] *——- —e l
h=20 h=20 h=1
n=~0 n=1
. . N [
h=0 h=1 h=2
n=2

H_MT*JH_J:]FI_‘J

. L.t 15k

h=0 h=1 h=2 h=23
n=3
Figure 12.5.
Table 12.1.
h
Trow sums
n\J|0 1 2 3 4 5 )
0 |1
3
1|2 Q
7
2 |2 1 .
3 |2 6 1
(&) i
4 |2 12 8 1
5 |2 16 38 @ 10 1 %9
T
ArrayQ Qn1

Figure 12.5 shows the possible paths of length n and height &, where a thick dot indicates
the origin and 0 < n < 3. The corresponding values of g, can be summarized in a table
Q = (gn.n)n.n>0, as in Table 12.1, where 0 < h < n < 5. Nkwanta and Shapiro developed this
array in 2005.

The row sums of this array exhibit an interesting pattern: The nth row sum is Q,4, where

n
n > 0; that is, Z qnn = Qn+1. We will now establish this using strong induction.
h=0



230

12. Pell Walks

Proof. Notice that a path of length n + 1 and height / can be obtained in two different ways:

(1) Appending an N to a path of length n and height 7 — 1.

(2) Appending an N to paths of length < n and height & — 1, followed by an appropriate
sequence of E's or W's.

Consequently, the array elements g, , can be defined recursively:

doo = 1

Gntth = Gt +2Y  Gnojh1. (12.1)
jz=1

where it is understood that g, , = 0if 4 > n,andn > 0.

Forexample, qu» = q31 +2 ) qs—j1 =q31 +2(q21 +q11) =8+ 24+ 1) = ; see
Jj=1

Table 12.1. Likewise, ¢s3 = q42 + 2(q32 + ¢22) = 18 +2(6 + 1) = @

We are now ready to present the proof. Clearly, ap = 1 = > gop = Qi anda; = 3 =
h=0

1
> q1.n = Q3. So the formula works whenn = 0 andn = 1.
h=0

Now assume that it works for all nonnegative integers < n, where n is an arbitrary integer
> 1. Using the recurrence (12.1), we then have

n+1
an+l,h = C]n+1,o+ZQn+1,h+Qn+1,n+1
h=0 h=1
= QnO+Zth 1+2zzqn —jh—1 1t qnn
h=1j>1
= (Zth‘i‘QHn)"'zZZQn J.h— 1+ 4no
h=1j>1
= anh+2zzqn —Jj.h— 1+an
j=>1h=1
= Qn+l+ZZQn 1h+2ZZQn —jh=1 7+ 4no

Jj=2 h=1

= Qn—l—l‘l'ZC]n 1h+an Lh— 1+2ZZCI" —jh—1 +dno

j>2h=1
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n
= Qn+l + Qn + Z qn—1,h—1 + 2ZQn—j.h—1 + qn,0
h=1

j=2

= QOut1+0,+ Z qn—1h—1 + 2ZQn—1—k.h—1 + dno
h=1 k>1

n n
= Opt1+0u+ an,h +qno= OQnt1+ 0y + quh
h=1 h=0
= Qn-H + Qn + Qn—H = 2Qn+1 + Qn
= Qn+2-
So the formula also works for n + 1.

Thus, by the strong version of PMI, it works for n > 0; that is, a, = Q,+; forn > 0. "

This fact can be expressed as a matrix equation, where the blanks indicate zeros:

1 1 1
2 1 1 3
2 4 1 1| |7
2 8 6 1 1| |17
2 12 18 8 1|1 41

12.2 Interesting Byproducts
The fact that a, = Q,+; has several interesting byproducts:

(1) Suppose we would like to find the number of paths b,, of length n ending in N. Figure 12.6
shows the possible paths for 1 < n < 4. Notice that by = 1 = Q1,b, =3 = Q,,b3 =
7 = Q3,and by = 17 = Q4. So we conjecture that b, = Q,, for every n > 1.

To confirm this notice that every path of length n ending in N must be of the form
wiws -+ - wy—1 N, where w,— canbe E, N, or W. Consequently, the number of such paths
equals the number of paths of length n — 1. By part (1), there are Q,, paths of length n —1;
so b, = Q). (Consequently, there are Q, such paths beginning with N.) u
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h=1 h=1 h=2 h=1 B h=2 h=3
BTSN LIV SPE NI E
1Ly |

For example, there are 0, = 3 such walks of length2: EN, NN,and WN; and Q3 =
7 such walks of length 3: EEN, ENN,NEN,NNN,NWN,WNN, and WWN; see
Figure 12.5.

(2) Since every path of length n ending in NN is of the form wjw; - w,—o NN, it now
follows that there are Q,_; such Pell walks, where n > 2; see Figure 12.6.

(3) Suppose we would like to find the number of lattice paths ¢, of length n ending in E.
Figure 12.7 shows the possible paths, where 1 < n < 4. It follows from the figure that
cp=1=P,c; =2 = Py,c3 =5= Ps,and ¢4, = 12 = P,. So we conjecture that
¢y = P, foreveryn > 1.

Since there are a, = Q,+; Pell paths of length n and b, = Q, of them end in N, it
follows that 2¢, = a, — b, = Q,+1 — Q, = 2P,; so ¢, = P,, as desired. (This can also

be confirmed using PMI.) u

Therefore, there are P, paths beginning with E. For instance, there are P; = 5

paths of length three that begin with £: EEE, EEN, ENE, ENN, and ENW; see
Figure 12.5.

(4) It follows by property (3) that there are P,_; paths wjw;---w,—, EE, ending in EFE,

where n > 2; see Figure 12.8. n

(5) Since there are P,_; paths of length n ending in EE, P,_; paths ending in WW, and
Q,—1 paths ending in NE, the total number of walks of length n ending in EE, WW , or
NE is given by P,_; + (P,—1 + Qu—1) = P,—1 + P, = Q,; see Figure 12.9, where
n=3.

(6) Suppose we would like to find the number of walks beginning with N and ending in W'.
Such a path is of the form Nw; --- w,—,w,—1 W, where w,_; # E. Since there are P, 4
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h=0 h=1 h=0 h=1 h=2
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paths not ending in W, it follows that there are Q,+; — P,+1 = P, paths ending in W.
They are of the form w; ---w,_ W, where w; canbe N, E, or W, and w,_; # E.
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Suppose w; = N = w,_;. By property (2) above, there are Q,_, such paths. On the
other hand, let w,—; = W. Such a path is of the form Nw; --- w,—,W W . Since w;, can
be N, E, or W, there are P,_, such paths. Thus there are Q,,—, + P,—, = P,_; paths that
begin with N and end in W, where n > 2.

For example, there are exactly P, = 2 paths of length three that begin with N and
endin W: NNW and N W W see Figure 12.5. Likewise, there are P; = 5 such paths of
length five: NENW NNNW NNWW NWNW,and NWWW.

There are Q,, paths beginning with N, and P,_; paths that begin with N and end in W.
So there are Q, — P,—; = P, paths that begin with N and do not end in W'.
For instance, there are P; = 5 such paths of length three: NEE, NEN,NNE,NNN,

and N W N; see Figure 12.5.
Recall that there are Q, paths beginning with N, and Q,_; paths beginning with and
ending in N. Thus we have
Number of walks beginning|

with and not ending in N = OO

= 2P,_,.

For example, there are 2P;_; = 2P, = 4 such walks of length three: NEE, NNE,
NNW,and NWW.

We have
Number of walks __ [ total number _ number of walks
not ending in W B of walks ending in W
= Qn+1 - P, n
= Put1.

Consequently, the number of paths that do not end in W, but begin with W, equals P, —
P,y = Q,-1, wheren > 2.

For instance, there are P34, = P4, = 12 paths of length three that do not end in
W:EEE,EEN,ENE, ENN,NEE,NEN,NNE,NNN,NWN,WNE,WNN, and
W W N ; exactly, O, = 3 of them begin with W: WWN,WNE,and WNN.

The number of paths of length n not ending in N is given by

Total number number of paths
- . . = Qn+1 - Qn
of paths ending in N

— 2P,
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As an example, there are 2P; = 10 Pell walks of length three that do not end in
N:EEE,NEE,ENE,ENW NNE,NNW NWW WNE, WNW,and WW W, see
Figure 12.5.

(11) The number of Pell walks ending in W is given by

Total number number of paths
- . = On+1— Pun
of paths not ending in W

= P,

For instance, there are exactly P; = 5 paths of length three that end in
W:ENW , NNW NWW,WNW,and WW W, see Figure 12.5.

(12) Every walk that begins with and end in NN is of the form NNws---w,—,NN. Since
both w3 and w,—, canbe E, N, or W, there are exactly Q,_3 such paths, where n > 4.
For example, there are Q¢s—3 = Q3 = 7 such paths of length six: NNNNNN,
NNNENN,NNNWNN,NNEENN,NNENNN,NNNENN,and NNNWNN.
Next we develop a recurrence for the number of Pell walks that begin with and end
in E.

12.3 Walks Beginning with and Ending in E

Let f, denote the number Pell walks Ew; ---w,— E, where wy, w,—; # W.Clearly, fi =1 =

Sa-

Case 1 Let w,—; = E. Such a path is of the form Ew,--- E E. By definition, there are f,_;
~——

l=n—1

such Pell walks.
Case 2 Let w,—1 = N. Such a Pell word is of the form Ew,---w,—» NE, where w,,_, is
—_————
I =n-2
arbitrary. There are P,_, such paths that begin with E.
Combining the two cases yields a recurrence for f,:
o= fo1 + Puoa, (12.2)

where f{ = 1andn > 2.

For example, there are fs = f, + P3 = 4 4+ 5 = 9 Pell walks of length 5
that begin with and end in E: EEEEE, EEENE, EENEE, EENNE, ENEEE, ENENE, ENNEE,
ENNNE, and ENWNE. Likewise, there are f; = 21 such walks of length 6.
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Interestingly, the first-order recurrence (12.2) can be rewritten as a second-order recurrence:

fn = (fn—2 + Pn—3) + Pn—2
= fn—2 + (Pn—3 + Pn—2)
= fu—2+ Ou, (12.3)

where fi =1 = f,andn > 3.

For example, f5 = f3+ Q3 =2+ 7 = 9, as expected.

Recurrence (12.2), coupled with the summation formula for Pell numbers, can be used to
develop an explicit formula for f,. Since Py = 0, it follows by iteration from (12.2) that

n—2
fo = 14> P
k=1

Qn—l_l

1+ ==
2
Qn—1+1

: (12.4)

For example, fz = % = 21.

As a byproduct, it follows from (12.4) also that every Pell-Lucas number has odd parity.

Using the summation formulas for Pell-Lucas numbers, the explicit formula (12.4) can be
obtained from (12.3) as well.

Recurrence (12.3) has an interesting consequence: it can be used to find a recurrence for the
number of walks g, of length n that begin with and end in £EE : EEws---w,—, EE. It follows
from the recurrence that g, = g,—> + Q,—4, Where g4 = 1, g5 = 2, and n > 4.

For example, there are g¢ = g4 + O = 1 + 3 = 4 such walks of length 6:
EFEEEEEE, EEENEE, EENEEE, and EENNEE. Likewise, there are g7 = 9 walks of
length7: EEEEEEE, EEEENEE, EEENEEE, EEENNEE, EENEEEE, EENENEE,
EENNEEE,EENNNEE,and EENWNEE.

Next we find the number of paths beginning with £ and ending in W.

12.4 Paths Beginning with E and Ending in W

Let x, denote the number of paths E w; ---w,_; W, where w, # W and w,—; # E. Clearly,
| —

l=n-2
X, =0,x3 =1,and x4 = 3.
There are four cases that we need to investigate. In the interest of brevity, we will omit all
details.
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Suppose w, = E and w,—; = N. There are P,_3 paths E Ews---w,—» N W; on the other
~————
l=n-3
hand, let w, = E and w,—; = W. By definition, there are x,—, paths E Ews---w,_,W W;

l=n-2
Suppose wy = N = w,—;. There are Q,_3 paths EN w3 ---w,—, NW; and if w, = N and
| —

l=n—4
w,—1 = W, there are P,_3 paths EN w3 ---w,—, WW, where w,_, # E.

l=n—4
Thus we have
Xpn = Xp—2+ (2Pn—3 + Qn—3)
= Xp—2+ Qn—Z» (12.5)
where n > 2.

It follows from (12.5) by iteration, and the summation formulas for Pell-Lucas numbers, that
X, = %, where n > 2.

For example, there are x; = % = & Pell walks beginning with E and end-
ingin W: EEENW ,EENNW , EENWW ENENW ,ENNNW ,ENNWW ,ENWNW,
and ENWWW.

Next we find the number of Pell walks that begin with £, but do not end in W

12.5 Paths Beginning with E, but not Ending in W

Let y, denote the number of Pell paths Ew; - - - w,—jw,, where w, = E or N.
Suppose w,, = E. There are % paths Ew; -+ w,—1 E. On the other hand, let w, = N.
Such a path is of the form Ew,---w,—; N, where w,_, is arbitrary. By part (3), there are P,
[ —
l=n—1
such walks.

Thus, we have

Qn—l + 1

Yn = ) + Py
QP+ Qw1
2
On+1
= . 12.6
7 (12.6)
For example, there are y, = % = 9 Pell walks of length 4 that begin with E, but

donotendin W: EEEE, EEEN, EENE,EENN,ENEE, ENEN,ENNE, ENNN, and
ENWN. Similarly, there are ys = 21 such walks of length five.
Finally, we find the number of Pell walks that do not begin with or end in E.
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12.6 Paths not Beginning with or Ending in E

Let z, denote the number of Pell walks wyw; - - - w,—jw,, where wy, w, # E.
Briefly, there are Q,—; paths N w,---w,—; N, where w, and w,_; are arbitrary; by part
~————
l=n-2
(4), there are P,—; paths Nw, --- w,—1 W, beginning with N and ending in W; there are %

I=n
paths Ww; ---w,—; W that begin with and end in W; and by part (3), there are P,_; paths

l=n

sz---wn_l N.
N——

l=n—1
Combining the four cases, we get

o +1
Zp = Qn—l+Pn—l+Qn++Pn—l
o +1
= (ZPn—1+Qn—1)+Qn+

Qn—l +1
= Qn + T
(2Qn + Qn—l) +1
2
Qn—H + 1
2

(12.7)

For example, there are z3 = % = 9 walks of length three that do not begin with or end
in E: NEN,NNN, NNW , NWN, NWW WNN, WNW , WWN, and WW W. Similarly,
there are z4 = 21 such walks of length four.

The next example, studied by Nkwanta and Shapiro, also deals with Pell walks, but with an

added condition.

Example 12.2 Suppose we add the restriction that no paths can end in a W. Figure 12.10 shows
the possible paths, where 0 <n < 3.

Summarizing the data for 0 < n < 4 yields another Pascal-like triangle; see Table 12.2.

Let d,, , denote the number of Pell walks of length n and height / that do not end in W. For
example, d3, = 5; see Figure 12.10. Since every path with height zero goes east, d,, o = 1. As
before, there is a unique path of height 7 = n;sod,, = 1.

The array D = (dy1), 5o in Table 12.2 also can be defined recursively:

dn,O = 1, dn,n = 1, n = 0
dn+1,h = dn,h + dn,h—l + dn—l,h—h (128)

where 1 < h <n.
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S

h=0 h=1
[ I J 1 L [ )
h=2 h=3
n=3
Figure 12.10.
Table 12.2.
h
n 0 1 2 3 4 row sums
0 |1 1
11 1 2
2 |13 5
3 1 5—5 1 12
4 |1 7 @ 71 29
Array D T
Ira
Y Pn+1

For example, dyp, = ds, +ds1+dry1 =5+5+3 = @; see Table 12.2.

The row sums of array D also exhibit an interesting pattern: The nth row sum r, equals
P,+1, where n > 0. We can prove this by strong induction and recurrence (12.8). But we will
take a much shorter route:

Number of Pell walks| number of Pell walks ending in £
not ending in W ~ \+ number of Pell walks ending in N
= P, + Qn
= Py

[This also follows by the fact that a, = Q,+; and property (11) above.]
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For example, let n = 3. Then there are P, = 12 Pell walks that do not end in W; they end
in E or N; see Figure 12.5.
The fact that r, = P, also can be expressed as a matrix equation:

@ 1] 1]
1 1 1 2
NOl
1 5 5 1 1| |12
17@71 1 29

We note, as an aesthetic curiosity, that array D in Table 12.2 can be rewritten as a symmetric
triangle, as Figure 12.11 shows. By virtue of the recurrence (12.8) (see the diamond in the figure)
and the initial conditions, it is relatively easy to construct this modified form. For example,

3+5+5=@.

—_

1 1
1

3

1 5 € 5 1

17 (13) 71
25

1 9 25 9 1
1 11 41 41 11 1

Figure 12.11.

12.7 A Hidden Treasure

We return to array D, which contains a delightful treasure. The entries d, ; are the Delannoy
numbers, named after the French mathematician Henri Auguste Delannoy (1833-1915). The

central elements d», , are the central Delannoy numbers 1,3, @ 163],321, 1683, 8989, 48639,
265729, - - - . Combinatorially, they count the number of lattice paths from the origin to the lattice

point (n, n) on the cartesian plane, using only the single steps N, NE, or E. Figure 12.12 shows
all possible such paths, where 0 < n < 3.
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n=3
Figure 12.12.

The central Delannoy numbers d, = d»,, can also be computed as a sum of products of

binomial coefficients [47]:
“(n\[(n+k
d, = . 12.9
200 2
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For example,

o= 20
o)+ 00+ C)E)- G

143-443-1041-20 =[63], as expected.

The sum (12.9) counts the number of lattice points from the origin to the point (2r, 0) using
the single steps NE, EE = D and SE (southeast). Figure 12.13 shows the d, = 13 possible
paths from the origin to the point (4, 0).

/\/\/\/\/\/\\/\/\//\7

D D D \/ 7 NS D

D

Figure 12.13.

The central Delannoy numbers can also be defined recursively [239]:

d = 1, d=3
d, = 32n—-1)d,—1—(m—1)d,—p, n>3.

For example, dy = 3-7d3; —3d, = 21-63 —3-13 = 321.
. 1 .
The Delannoy numbers d,, can be generated by the function m[%%.

1
V1 —6x 4+ x2

More generally, the Delannoy number d,, , counts the number of lattice paths from the origin
to the lattice point (m, n) on the cartesian plane, using the single steps N, NE, or E. Table 12.3
shows the Delanny numbers d,, ,, where 0 < m < n < 5; it is called the Delannoy array.
Notice that the northeast diagonals of the Delannoy array are the same as the rows of array D in
Table 12.3.

=1+43x + 13x2+63x> + 321x* +--- .
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Table 12.3.

) 7 9 11
13 25 41 61
25 63 129 231
41 129 321 377
11 61 231 681 1683

T = W N = O 3
e e e o
© = ot W = =

Delannoy Array D

Delannoy numbers also can be defined recursively [47]:

d()_() = 1
dm,n = dm—l,n + dm,n—l + dm—l,n—l’ m,n = 1.

For example, ds3 = d33 + d4r + d3p = 63 4+ 41 + 25 = 129; see Table 12.3.
The numbers d,, , can be computed using the following summation formulas [47] as well:

e = B00)

For example,

v - 200
- (6)-06)-()0)-()0

.3543.204+3-10+1-4=129
and
4
3\ (4 3\ (4 3\ (4 3\ (4 3\ (4 3\ (4
2k = 20 2! 22 23 24
22 (1)) = 26 == C)C)+=C) ) = C)E) =)
= 14244+724+324+0=129
= d43.
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Finally, the Delannoy numbers can be generated by a function in two variables x and y [47]:

1
= dpnx"y".
l—x—y—xy Z k)

m,n>0

12.8 Example 12.2 Revisited

Using Example 12.2, we can now determine the number of Pell walks u,, that do not begin with

E orendin W:
Number of paths notendingin W = P,4;
Number of walks beginning | ~ O» +1
with E and not endingin W | 2
O, +1
U, = Pn—H - n2
_ CPi1 =001
2
_ Q2= Ont1) = O —1
2
_ (Qn—H + Qn) - Qn -1
2
_ Q-1
s
For example, there are us = % = 8 walks that do not begin with £ or end in W:

NEE,NEN,NNE,NNN, NWN,WNE,WNN,and WWN.
Next we pursue a different family of Pell walks.

Example 12.3 Let a, denote the number of lattice paths of length 7, using unit steps N, E,
or double E-steps (of length 2) which are denoted by D. Figure 12.14 shows such paths for
0<n<3.

Summarizing the data for 0 < 7 < n < 4 yields the triangular array S in Table 12.4.
The elements s, ; of array S can be defined recursively:

50,0 = 1
s10 = L=us1;
Snh = Sn—1,h + Sn—1,h—1 + Sn—2.h>» (1210)

where 0 < h < n and n > 2. Once again, it is understood that s, , = 0if h < O orh > n.
For example, s42 = s32 + 8531+ 522 =3+5+1= @; see Table 12.4.
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h= h=0 h=1 h—o P h= h=2
n = n=1 n=2
[ 4 ® ® l lD O—J.—‘ 0—-—‘] O—J
D D D
h=0 h=1
h=2 h=3
n =

Figure 12.14.

Table 12.4.
h
n 0 1 2 3 4 Trow sums
0 |1 !
1|1 1 2
5
2 2 2 1
3 3 54@ 1 12
4|5 10 (9) 4 1 29
1 )
Pn+1
Fn+1

Array S shows two delightful patterns:

(1) Column O consists of Fibonacci numbers: s, 0 = Fj,+1.

n
(2) The nth row sum is P, 4+1: an,h = P,+1.
h=0

We will now establish that both patterns do hold.

(1) Consider a lattice path of length n and height 0. The problem of using E-steps and EE-
steps corresponds to climbing a ladder of n rungs, taking one rung or two rungs at each step,
where n > 0. There are F, 4+ such ways we can climb up the ladder [126]. Consequently,
Sno = Fu41, wheren > 0. "
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0
(2) We will establish this pattern using strong induction. Since Zsoyh =1= P and
h=0

1
Zsl_h = 2 = P,, the formula works forn = Oandn = 1.

h=0
Now assume that it is true for all nonnegative integers < n, where n is an arbitrary

integer > 2. Then, by the recurrence (12.10), we have

n n n n
an.h = an—l,h + an—l,h—l + an—2,h
h=0 h=0 h=0 h=0

n—1 n—1 n—2
= an—l,h + an—l,h + an—Z.h

= P+ P+ Py =2P, + Py

= Pyt

So the formula works for n also.
Thus, by the strong version of PMI, s, = P,y for every integer n > 0. n
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Pell Triangles

13.1 Introduction

Pell and Pell-Lucas numbers can be used to construct a Pascal-like Pell triangle, developed in
2005. The top northeast and southeast diagonals consist of Pell numbers, and the next northeast
and southeast diagonals Pell-Lucas numbers. Each remaining element is obtained by adding
twice its immediate predecessor in the same diagonal to the one immediately before that in the

very same diagonal; see Figure 13.1. For example, =2-19+8=2-17+12.

[0] <~row 0
1 1
9 2
5 3 3 5
12 7 7 /12
29 \17\ >19< >19\/ P 29
70 41 a1 70
/ AN
Q’fL PTL
Figure 13.1.

Accordingly, the Pell triangle can be defined recursively:
g0,00 = 0, g(LLO)=¢g(. =g =1

gn,0) = 2g(n—1,00+g(n—2,0), ifn>2
gn,n) = 2gm—1,n—1)+gmn—-2,n-2), ifn>2

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9__ 13, 247
© Springer Science+Business Media New York 2014
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gn,j) = 2gn—1,j)+gn—-2,j), ifl<j<n-2 (13.1)
= 2gn—-1,j—-1)+gn—-2,j-2), if2<j <n-—-1. (13.2)
Notice that the Pell array is symmetric about the vertical line through the apex; that is,

gn,j)=gn,n—j). Also, g(n,0) = P, = g(n,n) forevery n > 0.
Applying the recurrence (13.1) successively, we have

= 5g(n—=2,j)+28(n—=3,j)

= 12g(n—=3,j)+5¢(n—4.j)

= 29g(n—4,j)+ 12g(n—5,j).
More generally,

gn.j) = Peyi-gn—k.j)+ P-gln —k =1, j), (13.3)

where 1 <k <n — j — 1. This can be confirmed by induction.
In particular, let j = 1 and kK = n — 2. Then

g(n,l) = Pn—lg(2’1)+Pn—2g(1’l)
= P14+ P2 = 0Qn
and g(n,n — 1) = g(n,1) = Q,—; by symmetry. Accordingly, the second northeast and

southeast diagonals consist of Pell-Lucas numbers; see Figure 13.1.
When k =n — j — 1, we have

g(n’j) = Pn—j'g(j+1’j)+Pn—j—l'g(j’j)
= Pj-Qj+ Prjr P

Pn_ij + Pn—j—IPj- (13.4)

Using this property, we can compute any element in the array directly from Pell and Pell-Lucas
numbers.
Next we investigate the central elements of the array.

13.2 Central Elements in the Pell Triangle

Let K,, denote the central element in row 2n in the Pell triangle; it is the nth central element,
counting from the apex. Using formula (13.4),

Kn = Pn'Qn+Pn—1°Pn
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= Pn(Pn+Pn—l)+Pn—1Pn

P2+ 2P, P,_;. (13.5)

This formula enables us to compute the central elements in the Pell triangle directly from Pell
numbers; see the boxed numbers in Figure 13.1.

For example, K4 = P42 +2P,P; =144 +2-12-5 = 264.

Using Pell recurrence, we can rewrite formula (13.5) in an alternate way:

K, = P2+ Pyioi(Puy1— Puoy)
= P} =Pl + Pt Pt
= PP+ 000Qn—1.
Using identities (22), (31), and (34) in Chapter 7, we can develop a shorter formula for K,,:
K = [P+ 1]+ (P =PL)
2P} +(=1)"]- P,
= 0,- Pl

For example, K3 = 45 = 7> — 2> = Q3 — P;.
We can use formula (13.4) to compute the two middle elements in row n, where n is odd.
Letting j = |n/2], it yields

gn, [n/2]) = Pun21Qns2) + Puzinj2i=1Plnj2)
= g(n,n—|n/2))

= Plu2)On—tns2] + Pluj2)—1 Po—inj2)-

13.3 An Alternate Formula for g(n, j)

We can use formula (13.4) to derive an alternate formula for g(n, j):

gn,j) = Po—;0;+ PP
yn_j —_ 8’1_] ' y] + 8] + 'J/n_]_l — 8’1_j_1 ' '}// — 8]
242 2 242 232

(y" —8") + (y8)! (y"% —8"%)
42
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()/n_l + 5n—1) _ (VS)j (yn—Zj—l + 8n_2j_1)
8

Pn + (_1)j Pn—2j Qn—l - (_l)j Qn—2j—1
2 + 4 '

_I_

(13.6)

For example,

P5+P1_|_Q4—Q0

5,2) =
g(5,2) > 2
29+ 1 17—-1
2 + 4

It follows from formula (13.6) that

(—1)j Qn—2; (mod 8)

(D20, 51,0 (mod 8).

On

So 0y, = (—1)"Qp = 2(—1)" (mod 8) and Q5,+1 = (—=1)"Q1 = 2(—1)" (mod 8). Thus
0, = £2 (mod 8) for every n.
Formula (13.6) can be used to develop an alternate formula for the central element:

Py + (=1)"Py + Q-1 —(=1)"Q—y

K, =

2 4
1 Q-1+ (=1)"
= =P, ) 13.7
> P2 + " (13.7)
For example,
1 05+ (-1)°
Ki = P4+~ ~°
3 e + 1
70 n 41-1 45
2 4 T

It follows from formulas (13.5) and (13.7) that

1 — + _ln
51—_,2”_|_Q2 14( ) — P;12+2PnPn—l

2P, + Q2n—1 = 4(Pn2 + 2P, Pn—l) - (_l)n'

Using the identities P,—1 + Pu+1 = 20Q,, and Q,,—1 + Qp+1 = 4P,,, we can rewrite this in
two other ways:

5Py, + Py—y = 8(P}+2P,P,y) —2(=1)"
Q2n+1 + 3Q2n—1 = 8(})’12 + 2PnPn—1) - 2(_1)11
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13.4 A Recurrence for K,
We can use formula (13.1) to find a recurrence for K,:
K, = gQ@2n,n)
= 2¢2n—1,n—1)4+g2n—-2,n—-2)
= 2g2n—1,n—1)4+2¢g2n—-3,n—-2)+g2n —4,n —2)
= 2[gn—-1,n—1)4+g2n—-3,n-2)] + K, . (13.8)

Thus K, can be computed by adding twice the sum of the southwest and northwest neighbors of
K, —ito compute K, _,; see Figure 13.2.

Ky o
g(2n —3,n—2) g(2n—-3,n—-1)
g2n—-1,n-1) g9(2n -1, n)
Ky
Figure 13.2.

Using (13.4), formula (13.8) yields

K, = 2(PQu1+ Pimi Qo+ P2+ P,) + Kus
= 2 (Pn Qn—l + Pn—lQn—2 + P2n—3) + Kn—2- (139)

For example,

Ky = 2(P4Q3+ P3Q02+ Ps5) + K>
= 2(12-7+5-3+4+29) + 8 = 264.
It follows from formula (13.9) that twice the sum of the southwest and northwest neighbors
of K,—1is 2(P, Qn—1 + Py—1Qn—2 + P,—3), where n > 2. For example, 2(19+3) = 2(5-3 +

2-1+5).
Finally, it follows from (13.5) and (13.9) that

Z(Pn Qn—l + Pn—lQn—Z + P2n—3) + Kn—2 = P,12 + 2PnPn—l-
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Thus

Ky =P, +2Pi2Pir1 — 2(Pat20ns1 + Pus1On + Pruy).

For instance,

K3y = PJ+2PsPy—2(PsQs+ PyQs + Pr)
= 29°42.29-12— 2(29-17 4+ 12-7 + 169) = 45, as desired.

13.5 DiDomenico’s Triangles

In the early 1990s, Angelo S. DiDomenico of Milford, Massachusetts, developed the triangular
array A in Figure 13.3 [72].

e,
/// Y(AA
%
18 7 1
48 56 32 9 1
Figure 13.3.

The rising diagonal sums in Figure 13.3 yield the Pell numbers Q,, where n > 0; see
Exercise 2.

In 2005, DiDomenico developed two additional triangular arrays; see Figures 13.4 and 13.5.
Clearly, both arrays can be defined recursively. They manifest several interesting properties. For
example, the nth row sum in Figure 13.4 is P,, and that in Figure 13.5is Q,,.

row Sums
1 1

1 1 2

5

12
1 7 13 7 1 29

1 9 25 25 9 1 70

T
Py

—_
w
—_

—_
ot
ot
—

Figure 13.4.
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TOW Sums
1 1
1 0 1
P 0 3
1 4 + 2 0 7
8 2 0 17
1 8 18 12 2 0 41

T
@n

Figure 13.5.

Exercises 13

Define recursively the array A in Figure 13.3.

Let D, denote the nth rising diagonal sum of array A. Prove that D,, = Q,, where n > 0.
Let A, denote the nth row sum of array A. Prove that A, = 2. 3"~1 where n > 1.

Define recursively the array B in Figure 13.4.

Let B, denote the nth row sum of array B. Prove that B, = P,, where n > 1.

Define recursively the array C in Figure 13.4.

NV R » D=

Let C,, denote the nth row sum of array C. Prove that C, = Q,,, where n > 0.
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Pell and Pell-Lucas Polynomials

14.1 Introduction

Pell numbers and Pell-Lucas numbers are specific values of Pell polynomials p,(x) and Pell-
Lucas polynomials g, (x), respectively. Both families were studied extensively in 1985 by A.F.
Horadam of the University of New England, Armidale, Australia, and Bro. J.M. Mahon of
the Catholic College of Education, Sydney, Australia [108]. Both families are often defined

recursively:
po(x) = 0, pi(x)=1 go(x) = 2, qi(x) =2x
pn(x) = 2xpn—l(x) + pn—Z(x); Qn(x) = 2XQn—l(x) + Qn—2(x)’

where n > 3. The first ten Pell and Pell-Lucas polynomials are given in Table 14.1.

Table 14.1. Pell and Pell-Lucas Polynomials

N Pa(x) | Gn (X)

11 2x

2 || 2x 4x2 +2

3 || 4x2+1 8x3 + 6x

4 || 8x3 + 4x 16x* + 16x2 + 2

5 16x* 4+ 12x> 4+ 1 32x° + 40x3 + 10x

6 || 32x° +32x3 + 6x 64x® + 96x* + 36x2 + 2

7 || 64x5 + 80x* + 24x2 + 1 128x7 + 224x° + 112x3 + 14x

8 128x7 + 192x° + 80x3 + 8x 256x% + 512x% 4+ 320x* + 64x2 + 2

9 || 256x3 + 448x° + 240x* + 40x2 + 1 512x° + 1152x7 + 864x° 4 240x3 + 18x

10 || 512x° + 1024x7 4+ 672x° + 160x> + 10x | 1024x'° 4 2560x% + 2240x° + 800x* + 100x2 + 2
T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9__14, 255

© Springer Science+Business Media New York 2014
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14.2 Special Cases

Fibonacci and Pell numbers are special values of Pell polynomials, and Lucas and Pell-Lucas
numbers are special cases of Pell-Lucas polynomials: p,(1/2) = F,, p,(1) = P,,q,(1/2) =
L,,and g,(1) =20,.

More generally, the Fibonacci polynomials f,(x) and Lucas polynomials [126] [,(x) are
special cases of p,(x) and g, (x), respectively. They were studied by the Belgian mathematician
Eugene Charles Catalan (1814—1894) in 1883, and the German mathematician Ernst Jacobsthal
(1882-1965). They were also studied extensively by M.N.S. Swamy of the University of
Saskatchwan in Canada: f,(x) = p,(x/2) and [,(x) = q,(x/2). So F, = f,(1) = p,(1/2)
and L, = I,(1) = ¢,(1/2). Since f,(=x) = (=1)"7" fu(x) and [,(=x) = (=1)"l,(x), it
follows that p,(—x) = (—=1)""!p,(x) and g,(—x) = (—=1)"g,(x). The Fibonacci and Lucas
polynomials are often defined recursively:

Nix) = 1, folx) =x;
Sn(x) = xfam1(x) + fa—a(x),
They have their own Binet-like versions:
a"(x) — B"(x)
ax) — B(x)
where o(x) = Xtvx+d VZ)‘ZH and B(x) = == V2x2+4 are the solutions of the equation 1> — xt — 1 = 0.

Clearly, ¢(1) = @ and (1) = B,a(2) = y, and B(2) = 4.
They can be defined explicitly as well:

L(n—1)/2] n—j—1 [n/2] n n—j
. _ n—2j—1 d I, — n—2j ,
A=Y ( | ) and 1, (x) zn_.( . )

x, L(x)=x*+2
xzn—l(x) + Zn—Z(X),

l1(x)
In(x)

n>3; n > 3.

fa(x) = and [,(x) = an(x) + IBH(X)’

where n > 1. These can be confirmed using strong induction.
The first ten Fibonacci and Lucas polynomials are listed in Table 14.2.

Table 14.2. Fibonacci and Lucas Polynomials

L n ] Sn(x) \ In(x)
1 1 b
2 || x x2+2
3 x2+1 x3 + 3x
4 || x>+ 2x x* 4+ 4x? 42
5 | x*+3x2+1 x> 4+ 5x3 4+ 5x
6 || x>+ 4x3 +3x X6+ 6x* +9x% + 2
7 1l x6+5x*+6x2 41 x4+ 7x° + 14x3 4+ Ix
8 || x7 4 6x° 4+ 10x3 + 4x x® 4+ 8x% 4 20x* 4 16x% 42
9 || x®+7x0+15x* +10x2+1 | x7 + 9x7 + 27x° + 30x> + 9x
10 || x4+ 8x7 4 21x° 4+ 20x3 4+ 5x | x'0 4 10x3 + 35x6 + 50x* + 25x2 + 2
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14.3 Gauthier’s Formula

In 2012, Napoleon Gauthier of the Royal Military College, Kingston, Ontario, Canada,
developed an interesting formula for P, using the Fibonacci polynomial f,(z) of a complex
variable z [91]. To see this, we let A = A(z) = +/z2 + 4. Clearly, A(2i) = 0,2a(z) = z + A,
and 28(z) = z — A, where i = +/—1.

We will now evaluate f,(2i) using Binet’s formula:

fn(2) = an Al +2)" = (E=2)]
1 n
— Zn—rAr—l
=% ()
f,,(2i) = 2111—1 -n(2i)”—1 . 1 + 0
= ni"

Using the explicit formula for f,(z), we then have

' L(n—1)/2] n_j_l \n—2j—1
o = 3 ( ,- )(zl)

j=0
L(n—1)/2] . ;
o o n—j—1y(=1)
ni" ' = (2i)"! i -_—
L(n—1)/2] . ;
n n—j—1\(-=1)/
o = Z ( j ) 7 (14.1)
j=0

L—1)/2] .
1 n—j—1\1
b= ) ( . )E' (14.2)

j=0 J
Adding formulas (14.1) and (14.2), we get

| Ln—v/2 n—j—1 .
—_— = — —1)/
S (ot 1) > 4J.( ]. )[1+( 1]

Jj=0

S ("‘jﬁ‘l)%.

J even
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This yields Gauthier’s formula:

[(n—1)/4]
1 n—2k—1\ 1
—(P, = —_ 14.3
o (P 1) ]; ( o )16k (14.3)

Similarly, it follows from (14.1) and (14.2) that

L(n—3)/4]

1 n—2k—2\ 1

T (P, —n) = Z ( ok )_16k' (14.4)
k=0

For example,

Po+9 497_22: 8 —2k\ 1
512 256 2k ] 16k
Pg—8 25 6-—2k\ 1
64 4 _k=0 2k +1]16¢°

Using similar steps with Binet’s formula and the explicit formula for /,(x), and formula
(9.18) for Q,,, we can derive the corresponding formulas for Q,:

[n/4]
1 n n—2k\ 1
—(0,+1) = S — 14.
2”(Q +1) kgon—yc( 2k )16" (14.5)
[(n—2)/4]
1 n n—2k—1\ 1
a—1) = _ — 14.6
2”—2(Q ) kgo n—2k—1( 2k +1 )16k ( )

Qo+ 1 697_22: 9 (9-2k\ 1
512 256 9-—2k\ 2k ]16F

Os—1 49 6 (S—Zk)l

16 8 52k \2k+ 1) 16+

14.4 Binet-like Formulas

Using standard tools such as generating functions and solving recurrences, we can derive the
Binet-like formulas for p,(x) and ¢, (x):

n n

pulx) =L and g, (x) = y" + 8",
y—396
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where y = y(x) = x + V/x2+1and § = 6(x) = x — +/x2 + 1 are the solutions of the
quadratic equation A> = 2xA + 1. They can be confirmed using induction also. Notice that
y+8§=2x,y—8 =2+/x2+1,and y§ = —1.

The next example features an interesting Pell polynomial identity, discovered by Seiffert in
2000 [213].

Example 14.1 Let x be any nonzero real number # 1 and n any positive integer. Then

n

> (Z)U = )" pi(x) = X" pu(1/x). (14.7)

k=1

Proof. Notice that (1—x)+y = 1++/x2+ land (1—x)+38 = 1 —+/x2 + 1, where y = y(x)
and § = &(x). By the Binet-like formula for pj(x) and the the binomial theorem, we have

n

2vx2 4+ 1 |:i: (Z) (1— x)n—kpk(x)j| = Z (Z)(l — x)”—k(yk _ 8]()

k=1 k=1
= Z (Z)(l _ X)n_k)/k _ Z (Z)(l _ x)n—k(gk
k=1 k=1

= [A=x)+y]"=1]-[(1 —x) + )" —1]
= (I+V2+1)—1=Vx2+1)

= 2vVx24+1-x""1p,(1/x).
This yields the desired identity. u

In particular, when x = 2, identity (14.7) yields an interesting Pell-Fibonacci identity:

n

> (Z) (—1)"*pe(2) = 2"71F,. (14.8)

k=1

5
For example, Y (})(—1)° ¥ px(2) = 5:1-10-4410-17-5-72+1-305 = 80 = 2*.5 = 2*F5,
k=1
as expected.

A similar argument can be used to develop the following Pell-Lucas identity, where
qo(x) = 2:

n

> (Z) (1 =) qre(x) = x"ga(1/x). (14.9)

k=0



260

14. Pell and Pell-Lucas Polynomials

In particular, this yields the following Pell-Lucas identity:

n

> (Z)(—l)""‘qk@) =2"L,. (14.10)

k=0

5
For instance, (2)(—1)5_’%1/((2) =—1-245-4—-10-18+10-76 —5-322+1-1364 =
k=0
352 = 2°.11 = 2°Ls, as expected.

14.5 A Pell Divisibility Test

Next we study an interesting divisibility test for a small class of Pell numbers, developed by
Seiffert in 2000 [211,212]. To this end, we need the next two results.

Lemma 14.1 Let g be a prime. Then (qjl) = (—1)" (mod q), where 1 <r < q.

Proof. 1tis well known that ¢| (Z), where 1 < k < g—1. So, by Pascal’s identity, (qjl) = —(q_l)

r—1

(mod ¢q). Since (qu) =qg—-l=-1= —(qgl) (mod q), the desired result follows by PMI. =
The following lemma gives an interesting formula for Q,,.

Lemma 14.2

0, =27 3 (—1)“”—2“”/“(22). (14.11)

0<k<n
4f (n+2k+2)

. A 1+
Proof. Let z # 1 be any complex number, i = +/—1, and x = 2i - 1—§ . Then

1 2
da(x) = 2~ 4 = JA—zP—(t2)
1—z 1—z
1 2 2i(1 2
= 2. +Z_|_ a/_4Z:l(+—\/E)
1—2z 1—2z 11—z
i(1+ 4/z)?
a(x) = ——,
—z

Changing /% to —/Z, it follows that f(x) = “U=¥Z°,

1—z
By the Binet-like formula for /,,(x) and the binomial theorem, we have

. 1+ " n n
ln(zz-l_j) - (1l_z)n[(1+ﬁ) +(1+v2)]

2in 2
- (1—z)nz(2k)z'

k=0
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. Qs 1—i .1 i . 1 .
Now let z = —i. Since ﬁ = -0 = 51 =7 and [,(2) = 20, this formula

implies that
n 2
Qy=2"Y" (ZZ)i”_k(l — )"
k=0
But, by Euler’s formula, i = ¢'™/2; and by De Moivre’s theorem'?, 1 —i = +/2e™"/*. So this

yields

n
Qn — on (2n>ei(n—k)n/2 . 2n/2e—inn/4

— /2 Z (;’Z) ol (n=2k)m/4

k=0

Equating the real parts of both sides, we get

n
n 2n
Qn = 2 /2 E (2k) An—2ka

where

A; = cos(jm/4)

B {(_1)L(j+1)/4J2L(j/2J—j/2 if j # 2 (mod 4)

0 otherwise,

and j is an integer.
So

(_1)|_(n—2k+l)/4j2|_(n—2k)/2]—(n—2k)/2 ifn + 2k ?_é 2 (mod 4)
Ap—ax =
! 0 otherwise

B {(—1)L<"—2k+1>/4J2L"/2J—"/2 ifn + 2k # 2 (mod 4)

0 otherwise.

10 (cos @ +isinf)" = cosnf + i sinnd, where i = +/—1 and 6 is any angle.
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Thus
2n
. = 2—n/2 1 [(n—2k+1)/4] 2|_n/2]—n/2
Q 0<kZ<n ( ) 2k
4f (n42k+2)
2n
— 2|_—11/2J _1 |_(n—2k+l)/4j ,
O;n ( ) 2k
4f (n+2k+2)
as desired.

For example, we have

6
— ol=3/2] —1)L@=2k)/4]
05 > D o

0<k<3
4/ (5+2k)

e (g () o e ()]

1
= 4_1(_1 + 15+ 15—1) =7, as expected.
We are now ready to present the divisibility test.

Theorem 14.1 (Seiffert, 2000) Let q be a prime such thatq = 1 (mod 8). Then q | Py—1y/4 if
and only if 24=D/4 = (=1)4=D/8 (mod q).

Proof. Since g =1 (mod 8), g = 8 + 1 for some positive integer j. Lettingn = (¢ —1)/2 in
Lemma 14.2, we have

ey -k (41
Q(q—l)/2 = 274 Z ( 1)] <2k)

0<k<4j
4f(4)+2k+2)

20740 = Y (DT (mod g).
0<k<4j
4/ (4j+2k+2)

by Lemma 14.1. But 4 f(4j + 2k + 2) if and only if 4 f2(k + 1); that is, if and ony if k is
even. So this congruence can be rewritten as

20790 nyp = Y, (=DHTHETA (mod g).

0<k<4j
k even
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Let k = 2r. Then this becomes

2j

- i—rtl
20940y = Y (DY (mod g)
r=0

2j
D (=17 = (=1)/ (mod g).

r=0

That is,
2=V40 . _1yp = (=D (mod q). (14.12)

But 4P2 = 0,, — (—1)™, by identity (33) in Chapter 7. Using m = (g — 1)/4, this yields
Qu-12 = 4P(2q_1)/4 + (=1)44=D/4_ Consequently, congruence (14.12) can be rewritten as

2@+D/APE_ = (—1)@D/E 26"V (mod g).

Thus, g|P—1)4 if and only if g|[(—=1)@~1/8 —2@=1/4]; that is, if and only if 2¢~D/* =
(—=1)¥=D/8 (mod q), as desired. .

For example, let ¢ = 17;s0 g = 1 (mod 8). Then Py,_1)/4 = P4 = 12, and 17 f/P4. Notice
that 2¢=D/* =24 =16 £ 1 = (—=1)> = (=1)¥D/8 (mod 17).

On the other hand, let ¢ = 41 = 1 (mod 8). Then 2¢=D/4 = 210 = _| = (—1)° =
(—=1)@=D/8 (mod 41). Notice that 41| Py, where Pyy = 2378, as expected. The next such prime
that worksis ¢ = 113 =8-14 4 1.

14.6 Generating Functions for p,(x) and g,(x)

Using the standard techniques, we can find generating functions for the sequences {p, (x)} and

{4 (x)}:

o0
Y _ n
Ty ’;pn(X)y

2(1 —xy) > "
oy ;qn(X)y.
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14.7 Elementary Properties of p,(x) and q,(x)

Next we list a few elementary properties of p,(x) and g, (x). They can be established using the

Binet-like formulas:

Pnr1(X) + pu—1(x) = qu(x)
2xpn(X) + 2pu-1(x) = ¢u(x)
Gnt1(X) + guo1(x) = 4(x* + 1) pu(x)
Pn(X)gn(x) = pan(x)
gr(X) + 47+ Dpr(x) = 2¢o(x)
Put1(X)pui(X) — pr(x) = (=1)"
Gnt1(X)gn—1(x) — g (x) = 4(=1)"""(x>+1)
Pr1(X) = Py (x) = 2xpyy(x)
4+ Dpy(x) =gz (x) = 41"

(14.13)
(14.14)

(14.15)
(14.16)

Formulas (14.15) and (14.16) are the Cassini-like formulas for Pell and Pell-Lucas polynomials,

respectively.

14.8 Summation Formulas

We can use these fundamental properties to derive the following summation formulas:

u n -1 1 n

DM % 3 i) - pz2 )(CX)

< n+1(x) + pa(x) — 1 ! Goan+1(x) — 2x

> pi(x) = Dl Z ¢z (x) = 7
i=1 2x i=1 2)6

: _ qm(x) =2 L a1 () + ga(x) —2x =2
l_; Gri—1(x) = oy i; gi (x) = o ,

For example, we have

Y pau(x) = pa(x) + pa(x) + pe(x)

= 2x 4 (8x> 4+ 4x) + (32x° + 32x> + 6x) = 32x° + 40x> + 12x

(64x° + 80x* +24x + 1) —1 _ -1
2x 2x

D qi(x) = qi(x) + q2(x) + g3(x) + qa(x)
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= 2x 4 (4x% +2) + (8x® + 6x) + (16x* + 16x* + 2)
= 16x* 4 8x> 4 20x? + 8x + 4
(32x° 4 40x> + 10x) + (16x* + 16x2 +2) —2x — 2
2x

gs(x) + qa(x) —2x —2
2x )

14.9 Matrix Generators for p,(x) and g,(x)

P:2x1
1 0

can be used to generate Pell and Pell-Lucas polynomials, and we can use it to establish a number
of properties of both families, just as Horadam and Mahon did [108].
Using induction, we can show that

pr = Pn+1(X)  pu(x)
pn(x) pn—l(x) ’

The matrix

where n > 1. Consequently,

pn+1(X) pn(X) — ny __ no__ (_1\n
DPn(X) Pn—1(x) ‘_ |P"| = |P|" = (=1)".

This yields the Cassini-like formula for p,(x):

Pu1(X) paei (x) — p2(x) = (=1)".

Pnr(x) | _ pal| 1
Bt

Since

it follows that

Since
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gn(x) = 2xpu(x) +2pp—1(x)

Pn(x) 2x
pn—l(x) 2 ’
Qn—i—l(x) — pn+1(x) pn(x) 2x
qn(x) pn(x) pn—l(x) 2
_ pn |: 2x i| .
2

ga(x) = [1 o]P”—l[zzx]

14.10 Addition Formulas

it follows that

Consequently,

The matrix approach can be used effectively to derive an addition formula for p,,,(x):

Pmn(X) = pu—1(X) pr(X) + pu(X) pp+1(x). (14.17)

This can be achieved as follows:

RHS = | pu(x) pm_mx)][:?;gif)}

= _ Pm(X)  pm—1(x) ]Pn |: (1) :|

_ B T pm(X) pm—l(x) . pn 1
-10-[mﬂu>pwxm} [0}
J— [ | m_l' n 1
o]

. [ 1 pm+n—1 1
i

= Pm+n(x) = LHS.

Similarly, it can be shown that
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Gm+n(X) = pm—1(X)gn(x) + P (X)gn+1(x). (14.18)

It follows from identity (14.17) with m = n 4 1 that

Pr (%) + pH(x) = pant1(x). (14.19)

This can also be established using matrices:

Pra @+ i) = | peni®) (o) | [ i:g)(x)}

= _pn+1(x) pn(x):IPn|:(l)i|
[ n n 1
= |1 O]P P [0}

= [ 0]P2”|:(1):|

= pa+1(x), asclaimed.

Similarly,

Gri1(X) + g (x) = 4(x* + 1) pang1 (). (14.20)

It follows from (14.19) and (14.20) that Pn2 + Pnz+1 = Py,4+; and QZ + Qﬁﬂ = 2Py,41,as
we learned in Chapter 7. [Recall that g; (1) = 2Q0k.]

Table 14.3 lists some additional polynomial extensions of the identities we encountered in
Chapter 7 and 8. They can be confirmed using the Binet-like formulas or matrices.

Next, we study a delightful Pell-Lucas congruence, developed by A. Dorp of Brooklyn, New
York, in 2000 [73]. The featured solution is based on the one by Seiffert [214] and the identity

Pov2ya+sr = 2Qa Putvyats + Prato- (14.21)
This follows from the polynomial identity
Pi+2)a+6(X) = Pt 1ya+b(X) + (=D prags(x),
discovered by Horadam and Mahon in 1985, when a is odd [108].

Example 14.2 Find integers a,b, and m such that L, = P,,4+, (mod m), where n is an
arbitrary integer.

Solution. Let a be an odd integer, and m = 2Q, — 1, P, — 2, P,4+, — 1), where (x, y) denotes
the greatest common divisor of x and y. (The reason for this choice of m would become clear
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Table 14.3.

m (X)qn (X if n is even
Porin () + pn(x) = 1P (x)gn (x) :
gm(x)pn(x)  otherwise
qm(X)qn(x) if n is even
Gm+n(X) + gm-n(x) = " R " .
4(x? + 1) pm(x) pa(x)  otherwise

qm(X)pn(x) ifniseven

Pm+n (x) — Pm—n (x) = { P (x)qn (x) otherwise

dm+n (X) —4m—n (X) {4(362 * l)pm (X)pn (X) s even

Gm(x)qn (x) otherwise
Poin®) = PR (X) = pam(x) pan(x)
q31+n(x) _qrzn—n(x) = 4(X2 + 1)P2m(x)P2n(x)

Pn(X)Gum—1yn+r(x) + (=1)" Pan—2yn+r (x)

P - if n is even
Pion—1n4r () (X) + (=1)" " pn—2yn+r(x)
otherwise
Gun+r(X) = Gan—tyn+r ()G (x) + (=17 gu—2yn-+r (x)
Ptn(X) P (X) = P (x) = (=1)"7"7 pr(x)
G () gm—n (X) = g (x) = 4=1)"7"(x* + 1) p(x)
Pimetn(X) Ptk (X) = pin(X) prnnx(X) = (=1)" pu(x) prc(x)
G0 (VG (X) = @ () Gmn+k(x) = A=D"""(x? + 1) p (x) pie(x)
PtnX)Gqm41(X) = P () gmtn+i(x) = (=1)" pp(x)qi (x).

shortly.) Then m|(2Q, — 1);s0 2Q, = 1 (mod m). Consequently, by identity (14.21),
Pu+2)a+b = Putya+s + Prats (mod m). (14.22)
Now let A, = L, — P,,+»- Then, by the Lucas recurrence and identity (14.22), we have

Anv2 = Luyvo— Putoyats
= (Lyt1+ Ly) = [Puttyatb + Puats] (mod m)
= [Lut+1 — Putnya+s] + (Ln — Puats) (mod m)
Ap+1 + A, (mod m). (14.23)

But Ay = Lyg— P, =2— P, =0 (mod m), since m|(P, — a). Likewise, A; =1 — P4, =0
(mod m).
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Consequently, it follows by PMI and congruence (14.23) that A, = 0 (mod m) for every

integer n. Thus, L, = P,,4+, (mod m) for every integer n, as desired. u
For example, let ¢ = 5 and b = 10. Then m = (2Qs5 — 1,Pyp — 2, P15 —
1) = (81,2376,195024) = 3; so L, = Psyq10 (mod 3) and {L, (mod 3)},-,

{Psp+10 (mod 3)},50=21011202 21011202210 ....
Corresponding to the well-known De Moivre theorem in trigonometry, we have two
Fibonacci—Lucas identities [102, 126]:

L 5F,\ L 5Fpn

i — mn + /5 (14.24)
2 2

Ly —3E,\ Lo — v/3F,,

<—2*/_ ) _ L zf n (14.25)

Interestingly, these two identities are special cases of the following Pell polynomial
identities, respectively:

[qm(x) +2vVx2 + lpm(x)]n = ! [qmn(x) +2vVx2 + lpmn(x)] (14.26)
[qm(x) -2 x2 + lpm(x)]n = 2n—1 [qmiz(x) —2 \% x2 + lpmn(x)i| . (1427)

When x = 1/2, these two identities yield the Fibonacci—Lucas formulas (14.24) and (14.25),
respectively.
Suppose we let x = 1 in identity (14.26). Then

[4n () +2v2pn (0] = 277 [gua (1) + 282 (D) ]
20, +2Vx2+1P,)" = 2"'20, + 2v2P,,)"
(O +V2Pn)" = Quu+ V2P (14.28)
Likewise, identity (14.27) yields [or simply change +/2 to —+/2 in (14.28).]
(Qm — ~V2Pu)" = Qun — 2Py (14.29)

For example, let m = 5 and n = 3. We have Q5 = 41, Ps = 29, Q5 = 275,807, and
Pi5 = 195,025. Then
(05 + V2P = (41 4+29v2)°
= 41°4+3.412.v2-29+3-41-2-29> +2+/2.29°
= (417 +3-41-2-29%) 4 (3-412-2942-29%)/2
= 275807 + 195025v/2 = Q5 + 2+/2Pys, as expected.
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Consequently, (Qs — v/2Ps)® = 275807 — 195025+/2 = Q15 — ~/2P1s. (You may verify this
independently.)

14.11 Explicit Formulas for p,(x) and g,(x)

Using strong induction, we can establish the following explicit formulas for p,(x) and g, (x):

lo=npl o

px) = ) ( . )(296)”‘2"1 (14.30)
r=0
W n n—r n—2r

gu(x) = Zn_r e (14.31)
r=0

For example, formula (14.30) is trivially true when n = 1 and when n = 2. Assume it is true
for all positive integers < k, where k > 3. Then

Pr+1(x) = 2xpip(x) + pr—1(x)

Lk—1)/2] L(k—2)/2]
_ k—r— k—2r k—r—2 k—2r—2
= Y ( j )(2 Y2y Z ( )(2x) .

r=0

Suppose k is even, say, k = 2¢. Then, using Pascal’s identity, we have

d —1
pk—f—l(x) = Z (2[ _rr )(2X)2t —2r + Z ( 2) (2x)21—2r—2

r=0 r=0

_ Z <2l —: - 1)(2x)2t_2r + Z ( )(2x)2l —2r

r=0 r=1

_ (2Z )(2)6)2[ + Z |:(2f —r — 1) " (21 r—_’” 1— 1):| (2x)2t—2r

0
- 20’ ) (2x)" + ; <2tr_ r)(zx)”—”

~
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Thus formula (14.30) holds by strong induction when k is even. Similarly, it is also true when k
is odd. Thus, it is true for every integer n > 1.

We omit the proof of (14.31) in the interest of brevity; see Exercise 32.

For example, we have

2
5_
pe(x) = E ( . r) (2x)°7% = 32x° + 32x° + 6x
r=0

2

5 (5-

gs(r) = ) = r( ) r) (2x)52 = 32x5 + 40x° + 10x.
r=0

As an application of formula (14.31), we now express Ly 2,41y as a polynomial in Ly, 41,
where k > 0. The key in this endeavor is to show that gx(L2,+1/2) = Li(2n + 1). We will
establish this using PMI.

Since go(Lon+1/2) =2 = Lo(2n + 1) and q1(L2,+1/2) = 2(L2y+1/2) = Lay+1, the result
is true when k = O and k = 1.

Now assume that it works for all nonnegative integers < k. Then

qk+1(Lont1/2) = 2(Lon+1/2)qk(Lon+1/2) + qe—1(Lant1/2)
= Lop+1Lken+1) + L—n@n+1)-

Using the fact [126] that L,4+p, — L,—p = L,Lp when b is odd, this implies that
Grk+1(L21+1/2) = L +1)@2n+1)- Thus the formula works for every k > 0.
By (14.31), we now have

2k (k-
_ k—2r
gk (Lon41/2) = ; - r( . )L2n+1‘

That is,

T S
Li@n+1)2 = Z o\ L5, 1, (14.32)
r=0

as discovered by Piero Filipponi in 1989.
In particular, we have

Lognt+ny = L3, +2 Lion+1y = L3, +3Lous

Lygnt1y = L34 +4L3,,, +2 Ls@nt1y = L34 +5L3, ) + 5L+
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14.12 Pell Polynomials from Rising Diagonals

Interestingly, Pell polynomials can be generated from the rising diagonals of a triangular array.
To see this, consider the array in Table 14.4, where row n represents the various terms in the
expansion of (2x + 1)":

Q41 =3 (’:) (2x)"".

r=0

Table 14.4.

r
n 0 1 2 3 4 5

0 1

1 2z 1

2 472 4x 1

3 83 1222 62 1

4 1624 3223 2422 Sz 1

5 || 3225 802* 80z 4022 10z 1

We will now show that the rising diagonal sum d,,(x) on the northeast diagonal 7 is the Pell
polynomial p,(x).

n n
To this end, we have 2x + 1)" = Y (1)2x)"" = Y a(n,r)x"", where a(n,r) =
r=0 r=0
ln/2] [n/2]
(M2 Sody(x) = Y a(n—r,r)x"7 = Y ("7)(2x)"" = p,(x), as desired.
r=0 r=0

For example, ds(x) = i () @x) = () 2x)° + (1) 2x) + () (2x) = 32x° +32x3 +

r=0

6x = ps(x).

14.13 Pell-Lucas Polynomials from Rising Diagonals

Next, we will show that Pell-Lucas polynomials also can be generated from the rising diagonals
of another triangular array. To this end, consider the array in Table 14.5, where row n represents
the various terms in the expansion of (2x + 1)"(2x + 2), where n > 0.
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Table 14.5.

422 6z 2

823 1622 10z 2

1624 4027 3622 14z 2

3225 9624 11223 6422 18z 2
6420 22425 32024 24023 10022 22z 2

T == W N = O

Notice that

Cx+1D)"Cx+2) = Cx+ D"+ 2x+1)"

n+1 n+l n n
— Z( ) )(2x)n+l—r+z<r)(2x)n—r
r=0 r=0
n+1 n+1
n+1 _ n _
— Z( )(2x)n r+1 +Z< )(2x)n r+1
r r—1
r=0 r=1
n+1
= Zb(n,r)x”_r+1,
r=0
where
1
r r—1
Ll)! 1 + L 211—r+1
rin+1-—r)! n+1
1 1
_ %(ﬂ N )2”"“- (14.33)
n r
Thus
n n+r+1f(n+1
X+ D)'2x+2)=Y ——— 2x)" L
(2x +1)'(2x +2) 2:; . ( ) )(x)

4
For instance, (2x + 1)3(2x + 2) = Z:o Aj#(f)@x)“_’ = 16x* + 40x> + 36x% + 14x + 2.
Let S,, denote the nth northeast diagonal sum of the array in Table 14.5. Then, using formula

(14.33), we have
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L(n+1)/2]
Sax) = Y bm—r.r)x"T!

r=0
Ln+1)/2]

= Z L(I’l —r+ 1)(2x)11—2r+1
n—r—+1 r

r=0
= Qn(x),

by formula (14.31). Thus every diagonal sum is a Pell-Lucas polynomial.
Next, we arrange the coefficients in the Pell polynomials p,(x) in increasing order of powers
j of x, wheren > 1 and 0 < j < n — 1. This results in the array in Table 14.6. Notice that

LoDl L
pa(x) = > ( . )(2x) . (14.34)

r=0

The change in the formula was necessitated by the relabeling of the rows in Table 14.4.

Table 14.6.
J
n 0 1 2 3 4 5 6 7 8 9
1 1
2 0 2
3 1 0 4
4 0 4 0
5 1 0 12 0 16
6 0 6 0 32 0 32
7 1 0 24 0 80 0 64
8 0 8 0 &0 0 192 0 128
9 1 0 40 0 240 0 448 0 256
10 |0 10 O 160 0 672 0 1024 0 512

Let p(n, j) denote the entry in row n and column j . It satisfies several interesting properties:

p(2n—1,0) =

p(2n,2j) =
p@2n—1,2j—-1) =

(14.35)
(14.36)
(14.37)

1
0
0
L
pQn,2j —1) = (’“LJ- )221—1, 1<j<n—1 (14.38)

a )22f, 0<j<n-—1 (14.39)
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These properties can easily be established using formula (14.34).

It follows from properties (14.38) and (14.39) that p(2n,2n—1) = 2?1 and p(2n—1,2n—
2) = 22"72; thus p(n,n—1) = 2"~! where n > 1. Consequently, the farthest southeast diagonal
in Table 14.6 consists of the various powers of 2.

14.14 Summation Formulas

Using properties (14.35) through (14.39), we can derive the following summation formulas:

n—1
dpen—j-1.j) = 3" (14.40)
j=0
2n 1
> op.2j -1 = Sp@n+1,2)) (14.41)
i=1
2n 1
> pi.2j) = SP@n.2j +1) (14.42)
i=l1
2n—1 1
Y op.2j-1) = Sp(2n—1.2)) (14.43)
i=l1
2n—1 1
Y pi.2j) = P12 + 1), (14.44)
i=1
Table 14.7.

S
<.

S O O N

16 0 16

40 0 32

36 0 96 0 64

112 0 224 0 128

18 0 320 0 512 0 256

148 0 864 0 1152 0 512

54 0 616 0 2240 0 2560 0 1024

— —
co O = O
o o

© 00 1 O Ut = W N =
N O N O N O N O N OO
—
ja]
ja]

—
o
s}

The coefficients of the Pell-Lucas polynomials ¢, (x) can also be arranged in a triangular
array, as in Table 14.7, where the coefficients g(n, j) of x/ are arranged in increasing powers j .
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The array can be defined by the recurrence

q(n,j)=2qn—-1,j—1) +q0n—2,j). (14.45)

It follows from the property ¢, (x) = pn+1(x) + pu—1(x) = 2xp,(x) + 2p,—1(x) that
qn.j)=pn+1,j)+pr—1j)=2pn,j-1)+2pn—17). (14.46)
For example, p(7,4) + p(5,4) = 80 + 16 = 96 = ¢(6,4) and 2p(7,2) + 2p(6,3) =

2.24+2-32=112 = ¢q(7,3).
It follows from the property ¢, +1(x) + g,—1(x) = 4(x? + 1) p,(x) that

gqn+1,j)+qn—1,j)=4pn,j)+4pn,j—2). (14.47)
For example, ¢(5,3) +¢(3,3) =40 4+8 =48 =4-8+4-4 =4p(4,3) +4p(4,1).
Since ¢g(1,1) = 2, it follows by induction and the recurrence (14.45) that g(n,n) = 2" for
every n > 1. It also follows from property (14.46), since p(n,n) = 2""' and p(n — 1,n) = 0.
Using Pascal’s identity, and properties (14.38), (14.39), and (14.46), we have

q(2n,2j) = 2p(2n,2j —1)+2p(2n—1,2j)

_ (n+jf1)22j+2'<n+1:—1)22j
n—j n—j—1
_ n+jfl n n+]:—1 N n—l—]:—l 22
n—j n—j—1 n—j—1
. 1 .
n—j n—j—1
For example,

_ 443 4+3-1 6
oo = () (25
= 64 ! 6 =64(7+1) =512
= (o) | =647+ =512
See Table 14.7.

Notice that g(2n,2j) =b(n+ j — 1,n — j).
Using Pascal’s identity, and formulas (14.38), (14.39), and (14.46), we also have

q2n—1,2j +1) = 2p2n—1,2j)+2p(2n—2,2j +1)
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_ 2n—i—j—l '22j+2n+j—1 2+
n—j—1 n—j—2
. . .
_ [(n’ijil>+<';fj_2)}221+l. (14.49)
[ 442 4+42-1 S
7,5) = )
9(7.5) (4—2—1)+<4—2—1)}
= (6 + > 2> =7.32=224
- 1 0 - S
See Table 14.7.

Notice that g(2n — 1,2 + 1) =b(n+ j — 1,n — j — 1).
Next we investigate Pythagorean triples with Pell generators.

For example,

14.15 Pell Polynomials and Pythagorean Triples

Recall that p,(x) satisfies the Cassini-like formula p,4+1(x)p,—1(x) — p2(x) = (=1)"; so
(Pn(x), pas1(x)) = 1. Inaddition, p; ., (x) + p3(x) = paa+1(x). We will need both properties
shortly.

Let g,(x) be p,(x) or g,(x). It follows by basic algebra that

[g2,1(x) — g2 + [28nr18: (0] = €211 (x) + g2(0)]* (14.50)

This implies that [p;,(x) — pr(x)]* + [2pus1P2(x)]* = p3,,(x). Consequently a-b-c is
a generalized Pythagorean triple, generated by p,+1(x) and p,(x), where a = p?2 ) =

Pa(x).b =2p,1pu(x), and ¢ = pyyq1.
Since qﬁH (x) +g2(x) = (x> + 1)[p:%+1 (x) + p2(x)] = (x? + 1) pay+1(x), if follows from
(14.50) that the Pell-Lucas polynomial family {g, (x)} satisfies the Pythagorean identity

[9n11(0) = a (O + 240+1(x)ga ()]* = (% + 1)?p3, 41 (). (14.51)
This generates another family of Pythagorean triples, generated by ¢,+1(x) and ¢, (x), where
(Qn+1(x)’ qn(x)) =L
14.16 Pythagorean Triples with Pell Generators

Since P2 | — P> = (Pys1 + Po)(Poy1 — Py) = Quy1Qp and P + P = P4y, it follows
from identity (14.51) that
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(Qn Qn+1)2 + (2PnPn+1)2 = P22n+1. (1452)

For example, (239 -577)% 4+ (2- 169 - 408)? = 195, 025°.

Obviously, P,+; > P, and they have different parity. Furthermore, it follows by the Cassini-
like formula P,_; P,+; — P? = (—1)" that (P,, P,+1) = 1. Consequently, a-b-c = Q,,Q,+1-
2P, P,y1-Py,+ is a primitive Pythagorean triple, generated by P, and P,.

Table 14.8 lists the first ten such triplets.

Table 14.8.

n]l1 2 3 4 5 6 7 8 9 10

a |3 21 119 697 4059 23661 137903 803761 4684659 27304197

4 20 120 696 4060 23660 137904 803760 4684660 27304196

5 29 169 985 5741 33461 195025 1136689 6625109 38613965

Since every Q; is odd, and P; and P; 4 have opposite parity, it follows that Q, Q,,+; is odd
and P, P, 4 is even. Thus the triplet a-b-c has the property that a is odd and 4|b. Consequently,
¢ is odd.

The legs of these Pythagorean triangles manifest an interesting pattern: a = Q, Q0,4+ and
b = 2P, P, are consecutive integers. This can be confirmed as follows:

4(Qn Qn—H — 2PnPn+1) — (Vn + 5}1) (yn+l 4 8n+l) . (yn . 811) (yn—i-l . 8n+l)

= 2y + (1) =41y’

Qn Qn—i—l - 2PnPn+1 = (_l)n- (14.53)

Thus, Q,, Q.+ and 2P, P, are consecutive integers; thus (Q, Q,+1,2P, Py+1) = 1,
Consequently, the area of the Pythagorean triangle, given by %ab = %(Qn 0,+1)2P,Pyy1)
= P,P,+10,0,+1, 1s a triangular number. Since area = (P, Q,)(Py+10n+1) = %Pzn P40,
2| Py, and 4 [P, implies 4| Py 42; so the area has even parity.
The Pythagorean triangle satisfy several other intriguing properties:

&)

2)

3)

“)
(&)

Since the product of the lengths of the legs of a Pythagorean triangle is divisible by 12, it
follows that P, Q, P,+1Q,+1 = 0 (mod 6).

For example, PsPsQ50¢ = 29-41-70-99 = 0 (mod 6).
The product of the lengths of the sides of a Pythagorean triangle is divisible by 60; so
(Qn Qn+l)(2Pn Pn-‘r-l) (2P2n+1) = P2nP2n+1P2n+2 =0 (l’IlOd 60)

For example, Py Py P, = 2378 - 5741 - 13860 = 0 (mod 60).
The area of a Pythagorean triangle cannot be an integral square. So the triangular number
number (P, 0,)(Py+101+1) = iPZn Py, 47 is not a square. Consequently, Py, Py, is
not a square.

For example, PsQ5PsQ¢ = 29-41-70-99 = 8,239, 770 is not a square.
The difference ¢ — a is twice the square of a Pell number: Py,+1 — 0, 0,41 = 2Pn2.
The difference ¢ — b is the square of a Pell-Lucas number: Py, — 2P, P, = Qﬁ.
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(6) The difference a —bis £1: 0, Qpy1 — 2P, Poy1 = Q2 —2P2 = (—=1)".
(7) The sum a + b is a Pell-Lucas number: 2P, P,+1 + 0, 0,41 = OQ2n+1.
(8) The sum b + c is the square of a Pell-Lucas number: 2P, P, + Py,+1 = Qﬁ e
(9) The sum ¢ + a is twice the square of a Pell number: Q,Q,+1 + P41 = 2Pn2 e
(10) Perimeter =2P2, | + 2P,41 Py = 2Py 1(Pus1 + Py) = 2Py 1 Qny1 = Pouso.
(11) Let r denote the inradius of the triangle. Since area = %(a + b + c)r, it follows that
r = 2(area) — %PZn-

a+b+c
(12) The circumradius R of the triangle is given by R = § = %P2n+ 1.
. _ p2 2 _ 21— 2 2 _ . .
Since 0, O0n+1 = P,y — P, 2P, Py = =5—,and P, + P, | = Py, identity
(14.52) can be rewritten as
2 2 2
4(Ply—P)) + (0 = 00) =4(Pl + P (14.54)

For example, 4 (292 — 122)% + (412 = 172)* = 4 (29% 4 122)*; that is, [2 (29> — 122)]” +
(412-172)" = [2 (29 + 129)]".

Suppose we choose u = Q. — Q7. v = 20,410y, and w = Q7| + Q;. Since u =
2b,v = 2a, and w = 2c, it follows that (u,v,w) = (2b,2a,2c) = 2(b,a,c) = 2-1 =
2. Consequently, each triple u-v-w equals twice the corresponding triple b-a-c. For example,
8120-8118-11482 =2(4060-4059-5741). Thus, although u-v-w is a Pythagorean triple, it is not
primitive.

Since Q,ZZH — 02 = Q41— (—1)" and Q,%H + Q2 = 2Py, 41, the identity

(0241 — 02 + (20,44104)° = (024, + 02)° (14.55)
can be rewritten as
(Ot = (1" + (2041104)" = 4P, . (14.56)

For example, (8119 4+ 1)2 4+ (2-99-41)% = 4 - 57412

Exercises 14

Establish each formula.

1. Formula (14.5).
2. Formula (14.8).

3. Formula (14.10).
Verify each forn = 10 and 11.
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4. Formula (14.5).

5. Formula (14.8).

6. Formula (14.10).

7. Derive a generating function for { p, (x)}.

8. Derive a generating function for {g,(x)}.
Establish the following properties of p,(x) and g, (x). Hint: Use the Binet-like formulas.

9. Put1(x) + pu—1(x) = ga(x).
10. 2xpu(x) + 2pp—1(x) = gn(x).
11 guy1(X) + g1 (x) = 4(x* + 1) pu(x).
12 pu(x)gn(x) = pan(x).
13, q2(x) + 4(x* + 1) p2(x) = 2¢2.(x).
14, puy1(X) pu—i(x) = pr(x) = (=1)".
15, qui1(0)gn-1(x) — g (x) = 4(=1)""1(x* + D).
16. pry (x) — pp_ (x) = 2xp2 (x).

17 4(x% + Dpp(x) — g3 (x) = 4(=1)""".
Derive the following summation formulas.

L Pan+1(x) — 1
18. i(x) = ——F7—7"—.
i; P2i(x) x
u Pan(x)
19. j— = .
i; Pai—1(x) x
i n n -1
20. P +1(x) + pa(x) .
i=1 2x
L Gon+1(x) — 2x
21. (X)) = ——7——.
l_; q2i (x) Tx
u Gon(x) — 2
22. i— =
l_; qai—1(x) T
4 Qn+1(x)+%(x)_2x_2
23. Zl qi(x) = o :
Deduce a formula for each sum using the formulas in Exercises 18-23.
24. Y Py
i=1
n
25. > Py—y.
i=1

26. Y P
i=1



27.

28.

29.

Exercises 14

iZl Qoi.

n
Y Oaii.
=1

> 0.

1=
Prove the following polynomial identities.

30.
31.

32.

33-37.
38—42.

Gm-+n(X) = Pu—1(X)qn(X) + P (X)qn+1(x).
Gry () + g (x) = 4(x* 4+ 1) pant1 (x).

[n/2]
qn(x) = > =("7")(2x)"~*. Hint: Use Exercise 10.

n—r
r=0

Identities (14.35) through (14.39).

Establish the summation formulas (14.40) through (14.44).

281
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Pellonometry

15.1 Introduction

A number of properties bridge the Pell family with trigonometry. To study them, we will
frequently need to rely on an important formula in trigonometry, Euler’s formula: e’ =
cos x + i sin x, where x is any real number and i = v—1.

To establish the first link, we will need the following result.

Example 15.1 Prove that 2P, P11 [Q2+1 + (—=1)"] = 0, Qn+1[Q24+1 — (=1)"].
Proof. Using the Binet-like formulas, we have
8(LHS) — (yn _ 8”)(j/n+1 _ 8n+l) [(y2n+1 + 82n+1 + 2(_1)n]
— [y2n+l 4+ 8211-1—1 _ 2(_1)n] [(VZn—H 4 82n+l + 2(_1)11]
_ (VZn-H + 52n+1)2 _4
8(RHS) — (yn + 8”)(]/n+1 + 81’1-}-1) [(y2n+l + 82n+1 _2(_1)n]
— [y2n+1 + 8211+1 + 2(_1)11] [(y2n+1 + 8211+1 _ 2(_1)n]
— (V2n+l + 82n+l)2 . 4 — 8(LHS)
So LHS = RHS, as claimed. "
For example, let n = 6. Then
LHS = 2PsP7(Q13+1)=2-70-169-47322
= 1,119,638,520 = 99-239 - 47320
= 0607(Q13—1) = RHS.

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9__15, 283
© Springer Science+Business Media New York 2014
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Likewise, when n = 5, LHS = 2P5P6(Q11 — 1) = 32, 959, 080 = Q5Q6(Q11 + 1) = RHS.
We are now ready to present two relationships connecting the Pell family and the inverse

tangent function. They were developed by Robert W.D. Christie in 1906 [44].

Example 15.2 Prove the following identities:

P, 1
2tan~! —— 4 (—1)" tan™! -z
1 Ow+1 4
" 1
2tan”! On _ (—1)" tan™! -
Onti Oon+1 4

(15.1)

(15.2)

Proof. In the interest of brevity, we will prove identity (15.1), and leave the other for Pell

enthusiasts to pursue.

To Prove Ildentity (15.1):

1 _Py

Case I Letn be even. Let u, = 2tan™" 3 e

and identity (22) in Chapter 7, we have

tanu, = tan|2tan
Pn+1

_ Papr 2Py Pyp
1-— PP;—”Z Pn2+1 - Pn2
n+1
. 2Pn Pn—H
Qn Qn—H .
Let 6, = 2tan™! % + tan™! ﬁ Then, by the sum formula tan(A + B) =
and Example 15.1, we have
2PnPn—i-l 1
_ 01 On+1 O2m+1
tanen - 1_2PnPn+1 ) 1
0n0n+1 Oon+1
2PnPn+1 Q2n+1 + Qn Qn—H
00 On+1Qm+1 — 2P, Py
=1
V4 .
6, = —, asdesired.
4
Case 2 Let n be odd. Letting 6, = 2tan™! PnP - tan™! ﬁ, as above we get
2PnPn+l Q2n+l - Qn Qn+1
tan6, =

0,0n4102m41 + 2P, P,y

Using the double-angle formula tan 260 =

2tan 6
1—tan2 9

tanA+tan B

1—tan Atan B
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=1
0, = z, as desired.
4
Identity (15.2) follows by a similar argument. u

15.2 Euler’s and Machin’s Formulas

Identities (15.1) and (15.2) have interesting consequences. For example, when n = 1, identity
1 | 4
(15.1) yields Euler’s formula: 2 tan™" 7 tan~! = = =

When n = 1, identity (15.2) yields Machin’s formula discovered by the English mathemati-

1 1
cian John Machin (1680-1751): 2 tan™! 3 + tan™! 7 = %
1
It follows from these two formulas that tan™! 3 + tan™! 5 = %
5 1
When n =3, identity (15.1) yields 2tan™!— — tan”! — = z; that s,
) 1 12 239 4
4tan"! = — tan”' —— = =, Machin discovered this formula in 1706.
5 239 4

15.3 Identities (15.1) and (15.2) Revisited

Recall from Chapter 7 that Q2 —2P? = (—1)", and that %;_Ll is the nth convergent of the ISCF

of +/2. Consequently, identities (15.1) and (15.2) can be stated in terms of the solutions of Pell’s
equation x2 — 2y2 = (—1)", or the convergents of ISCF of /2.

15.4 An Additional Byproduct of Example 15.2

Taking limits of both sides of identity (15.1) as n — oo, we get
R
2tan lim +0 =
n—oo P, n+1

1
tan—! (—) =
Y

tan~'(=§) =

| o |9

where we have used the fact that tan~! is a continuous function in the interval (—7m/2,7/2).

Formula (15.2) also yields the same result.
Next we develop a host of interesting relationships linking the Pell polynomial family and
the inverse tangent function.
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. _ -1_1
FlrSt, let 9}1 = tan P2an(x) tan P2n+2(x)

]tintxﬂ and the Cassini-like formula (14.9), we have
an x tan y

L1

tanf, = Pzn(x) P2n+2§x)
1 + P2n(x) m
P2n+2(x) — pzn(x)

1 + p2a(X) pan+2(x)

_ 2xpant1(x)
p %n—i—l ()C)
. 2x
Pan+1(x)
2x
6, = tan' —— .
Pan+1(x)
Thus, we have the following result.
Theorem 15.1 tan™' — — —tan™! — L — = tan™! —2
Pan(X) P2n+2(x) P2n+1(x)
In particular, this implies that
1 2
tan~! tan~! = tan™!
P2n P2n+2 P2n+1
and
—1 1 —1 —1 1
tan — tan = tan .
an F2n+2 F. 2n+1

Theorem 15.1 has another interesting byproduct:

‘ 1 1
tan —— = tan™! —tan~! —)
Z P2k+1 (x) Z ( P2k (x) Dok +2(x)

k=1
- 1 _1 1
= tan —tan= ———.
P2(x) Pan+2(X)
Consequently,
1
Ztan —— = tan — -0
P2k+1(x) 2x
1
= tan ! —.
2x

This gives us the next result.

Then, by the sum formula, tan(x — y) =
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o0
1 2x  _ eo—1 1
Theorem 15.2 kgl tan ) = tan”" 5-. -

This yields the following two results:

2 1
Ztan_l = tan~! = ~ 26.5650511771
= Pty 2
ad - 2 Vi s
Ztan = =,
= Fruti 4

The American mathematician Derrick H. Lehmer (1905-1991) discovered this Fibonacci result
[126] in 1936 when he was at Lehigh University, Pennsylvania.
We will now prove a formula for Pell-Lucas polynomials, similar to Theorem 15.1.

—1 g2n+1(x) =1 gn+1(x) _ o —1
Theorem 15.3 tan Ty T tanT e = tan Dan+2(x).

_ —1 g2n+1(x) —1 g2n+1(x) _
Proof. Let 6, = tan iy T tanT et Then, by the sum formula, tan(x + y) =

t 4t . ..
T ﬂgnx?:nyy, and identities (14.7) and (14.8), we have

Gon+1(x) q2n+1(x)
qon (x) qon+2(x)

1 — q%n-l—l(x)
q2n (X)q2n+2(x)

[920(X) + Gq2n+2(X)] g2n+1(x)
Gon (X)Gan+2(x) — g3, 41 (x)

4(x* 4+ 1) pans1(xX)g2n+1(x)
4(x2+1)

= pa+1(X)g2+1(x)

tan6, =

= Pant+2(X)

6, = tan"! Pan+2(x), as claimed. -

This theorem has two interesting byproducts, as the following corollary shows. They follow
by letting x = 1 and x = 1/2 in the theorem.

Corollary 15.1
—_1 O+ —_1 Q2n+1 _
tan lQi-l—tan lQi = tan"! Puio
Oon Qo+
L L
tan_l 2n+1 n_1 2n+1 _ tan_l F4n+2- [ ]

2n L2n +2
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The next theorem and two corollaries follow by similar arguments. We omit their proofs for
the sake of brevity.
Theorem 15.4
b X —-1)"
tan_l pn+1( ) —tan_l pn( ) tan_l ( )
Pn+2(X) Pn+1(x) Pan+2(x)
tan~"! gn(x) -1 Gn+1(x) -1 (=1)"
an — tan tan @ ———.
qn+1(X) Gn+2(x) Pan+2(x) .
Corollary 15.2
P P -1)"
tan~! 2 tan~! —2 tan~! Q
Pn+2 Pn+] P2n+2
F, F, -1)"
tan~! 2L _gant 2 tan™! D
Frin Fut1 Frto
1)
tan™! O —tan” ! —Qn+l tan™! =D
On+1 On+2 P2
L L -1)"
tan~! — — tan~! =2HL tan™! =D .
Ly Lyt F -
Corollary 15.3
k k
i tan_l & = tan_l ]);«,+—1()C) i tan_l (_l = tan_l @
k=0 Pak+2(x) Pr+2() k=0 Poj 12 Puta
0 _1)k n —1)*
Z tan_l u = tan_l L Z tan_l u = tan_l %
k=0 P2 v k=0 Foitr s
s —1)k n —1)k
> tan™! ¢ = tan”'l > tan™! A tan~! 5 —tan™' —q”“g;
k=0 Fo42 k=0 P2k+2(xX) * nt2
00 -1 k 00 -1 k
3" tan™! =D = tan”'3 > tan™! (el = tan”' 2 —tan"' 1. -
k=0 Paj+2 k=0 Fo
15.5 Shapiro’s Formula
Next we study an interesting trigonometric formula for P,:
L(n—1)/2]
2k
P, = 2|_n/2J 1_[ (3 <+ cos T) , (15.3)

k=1
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where n > 1. It was discovered by Shapiro in 1994 while he was finding one for the special case
P35 [231]. This special case was proposed as a problem in the previous year by C. Cooper and
R.E. Kennedy of Central Missouri State University, Warrensburg, Missouri [53].

The proof of (15.3) uses the notion of a primitive nth root of unity, so we will first define
it. A complex number w is an nth root of unity if w” = 1; w is a primitive nth root of unity
isw" = 1, and w™ # 1 for 0 < m < n. For example, the complex number i is a fourth root
of unity, since i* = 1. It is also a primitive fourth root of unity since i”” # 1 for 0 < m < 4.
Clearly, e>™'/" is an nth root of unity.

We are now ready to present a proof of (15.3).

Proof. The proof employs the fact that the polynomial x” — y" can be factored using primitive
nth roots of unity:

n—1

X" — yn — H(x . wky)’
k=0

where x and y are real numbers, and w is a primitive nth root of unity. In particular, let n be
odd. Then

n—I1
"=yt = (k= [Jx—wty)
k=1

(n—1)/2
= -y J] c=wyE-wty)
k=1

(n—1)/2 27t
= (x—Y) 1_[ (x2—2xycos— —I—y2) .
n
k=1

Choosing x = y and y = &, this yields

(n=1)/2 2k
P, = 6+2 —_—
' 1_[ ( + 2cos . )

k=1

(n=1)/2 2k
2(1—=1)/2 34+ cos— ).
I1 .

k=1

It follows similarly that

(n—2)/2 Py
P, = on/2 1_[ (3 + cos —) ,
n
k=1

when 7 is even. Combining the two cases, we get formula (15.3). u
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For example, P, = 4(3 + cos %) =12, and

2
2k 2 4
Ps = 4kl:[1 (3+COSTT[) :4(34—005%) (3+COS?7T)

— 4<3+#) 3+ 2<_1+‘/§) —1

= 29, as expected.

Shapiro’s formula also follows from the following result, [266] discovered by D. Zeitlin in
1967:

n—1

Z, = l_[ (d—Z\/Ecosk%),

k=1

where Z,, satisfies the recurrence Z,1 = dZ,+1 —cZ,,and Zyo = 0and Z; = 1.

15.6 Seiffert’s Formulas

Next we will study two other spectacular formulas, one for odd-numbered Pell numbers, and one
for even-numbered Pell-Lucas numbers; both were discovered by Seiffert in 2008 [224]:

L34l 1 4
Py = 2"2(47 N4 1) =22 Z ( ) (15.4)
Pt 2n — 8k —5
L(n—2)/4] in
0y = 21" 1 4 1) =22 Z ( ) (15.5)
= \2n—8k—4

The proof that follows is a bit long; it is based on the one given by G.C. Greubel of Newport
News, Virginia in 2010 [96]. In addition to Euler’s formula, the proof employs the binomial
theorem.

Proof. Consider the sums

L(m—4)/8] m
Sm =
Z (m — 8k — 4)

and
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where m is an arbitrary positive integer. Then

Vm(x) + Vm(x_l) - Z <2m Xm_k + Z (Zl’:l)xk_m

k=0 k ) k=0
m 2m
2m m—k 2m m—k
= Z ( k X + (k )x
k=0 k=m

_ ﬁ+L2'n+ my (15.6)
(e )+ ()

By Euler’s formula,

7 .
Zenni/4 _ {0 if4fn

—o 8 otherwise.

Consequently, we have

8S, =

= Y (=) Vi (™74, (15.7)

r=0

A similar argument shows that

,
8Sm =Y (=) Vyu (e ™). (15.8)
r=0
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Adding equations (15.7) and (15.8), we get

7
168, = Z(_l)r [Vm (erﬂi/4) +V, (e—rﬂi/4)]
; 2m
= Y (-1 [(e””'/8 4B (m )} , by equation (15.6)
r=0
7 , om\
= 4 Z(—l) cos™(rm/8) + (m ) ;(—1)

r=0
l ) (2m)
= 4m Z(—l)’ cos™(rm/8) + N -0
r=0
;
Sp = 4" Z(—l)’ cos>(rm/8).
r=0

From basic trigonometry, we have

\/2+f \/[y , COS 27t/8 =

cosm/8 =

cos3m/8 = \/2 V2 _ \/_2“/58,005471/8 =

f’
0,cos57/8 = —~ v cos6rr/8——— and cos 7/8 = "2;ﬁ=— ";/Ey-
So
1 1 2
_ m_2 maom
Sn = 4 §1+2(2—m+2—m) S V" (= 1)5]}

_ am=2 1 1 m mgm

= 4 I+ om—1 " 93m/2—1 " + (=1 I -
Therefore,

Y (—=1)"8" = y %1 +27 235 (15.9)

Case 1 Let m be an odd integer, say, m = 2n — 1. Then equation (15.9) gives

1 _ _
P2n—] — 2\/_ (23(2]’1 1)/2— 1+2n 1/2)_22 nSZn—]

— 23n —4 + 2n—2 . 22—n S2n—1

. n—=2 (an—1 __A~2—n 4n —2
= 224 1) -2 Z(zn—sk—s)'

k>0
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Since 8k <2n —5,k < |(n —3)/4]. Thus

L=/ 0, s
P, = 2n—2 4n—1 1 _22—)1
2n—1 ( +1) Z o — 8k — 5

) , as claimed.
k=0

Case 2 Let m = 2n be an even integer. Then equation (15.9) gives

Q2n — 23n—2 4 2n—1 _ 22—nS2n

_ n—1 2n— 1
=270 Z(Zn—8k 4)

k

Since 8k <2n —4,k < |(n —2)/4]. Thus

L(n—2)/4] An
y = 2}1—1 2211—1 1) — 22—11 ,
Q2 @+ 2 2n — 8k —4

k=0

as desired. n

For example, let n = 5. Then Py = 23(4* + 1) — (18) =985,and Q19 =2*2° + 1) —
2_3(6) = 3363, as expected.

15.6.1 Additional Seiffert Formulas
In 2008, Seiffert discovered additional formulas for the Pell family [225,226]:

2n—1
4n — 1
Py = 27" Z(_I)L(Zn—Sk—S)MJ(Hk ) (15.10)
k=0
_ 5k 4n — 1
D DR G W‘”( . ) (15.11)
2n— k0<2kS<én7(nllod 8)
4 1
P, = 27" Z (_1)L(2n—5k+4)/4J( n]:— ) (15.12)
0<k<2n

2n—k=1,2,5,6 (mod 8)

2n
—n n— dn + 1
0, = 27"y (-Dle 5k>/4J< ) (15.13)

k=0 k
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Their proofs employ Fibonacci polynomials f,(x), Euler’s formula, and the identity

Z (27’1 + 1)f2k+1(z) — (22 + 4)11’ (1514)

n—=k
k=0

also discovered by Seiffert in 2003, where z is a complex variable [215].
We are now ready for the proof.

Proof. Let z = iv/—+/28. Since sing = 22_“/5 = ”_2“@3,2 = 2i sin . Then 2244 =
4 —4sin®> % = 4 4+ /28 = /2y. We also have

20(z) = 2i sin% + ,/4—4sin2%

b1 b1 .
a(z) = cos— +isin— = e"/8,
(2) A A

Similarly, 8(z) = —e™/8. Thus, by Binet’s formula, we have

a"(z) — p"(2)
a(z) — p(2)
enni/S + e—nni/S _ COS%

e
2 cos < cos g

Jn(2)

Thus, by identity (15.14),

3 (2" + l)ak = (V2y)", (15.15)
n—=k

k=0

cos(2k+1)7/8

where a;, = cos /8

The sequence {ay 72, satisfies the recurrence ay+4 = —ay, whereap = 1 = 14+4/2:0,a; =
V2—1=—=14+V2-1l,a=1—-V2=1++2-(-1),andas = —1 = =1+ +/2-0. So
ar = (=B 4 /2b;, where

, (=)LEK+D/4 if ke = 1,2,5,6(mod 8)
k =
0 otherwise.

Case 1 Replacing n with 2n — 1 in (15.15), we get

27—
B = (V2y) 1, 15.1
<2n_1_k)ak (V2y) (15.16)
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From the Binet-like formulas for P; and Qy, y*"~! = %(an—l + 2+4/2P5,_1). Therefore,

2n—1
4n — 1 _
E ar = 27I2(Qou_y +2V2Py))
Pt 2n—1—k

= 2"Py + 2" 22001

Equating the rational and irrational parts from both sides, we get

2n—1 4l’l 1
Py = 27" —1)Lok/4 - 15.17
2n—1 Z( ) o —1—k ( )
k=0
4dn — 1
noy = 2™ bop—1— . 15.18
Q-1 M;;H n—1 k(zn - k) ( )

21—k=2.3,6,7 (mod 8)

Replacing 2n — 1 — k with k, (15.17) yields

2n—1 4n 1
_ — _ L(10n—5k—5)/4] -
Py = 27" kz=(:)( D ha ( K )

k=0

a7l 4n — 1
— -1 L(2n—5k—5)/4] - .
2D .

Similarly, (15.18) yields

4n — 1
Oy = yl=n Z (_1)L(2n—5k—1)/4J( nk ) (15.19)

0<k<2n—1
2n—k=2,3,6,7 (mod 8)

Case 2 Similarly, replacing n with 2n in (15.15), we get formulas (15.12) and (15.13). "

For example, let n = 3. Then

5
11
—_ »3 _ 1)\ L(—3k)/4] —
pPs = 2 E(l) (k)—29

k=0

13
_ »3 _1)\L@—5k)/4] _
Ps = 2 > (=D (k)_m

0<k<6
k=0,1,4,5 (mod 8)
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0s =22 (—1)L(5‘5"’/4J(1kl):41

0<k=<5
k=0,3,4 (mod 8)

6
13
— 2—3 -1 L(6—5k)/4] — 99,
Qs kE=0( ) X

Next we will find four infinite series involving Fibonacci, Lucas, Pell, and Pell-Lucas
numbers.

15.7 Roelants’ Expansions of 7

In 2008, H. Roelants of Leuven, Belgium, developed a delightful infinite series expansion of 7
in terms of the elements of the sequence {u, }, defined recursively:

Uy = 0, u1=ﬁl
Uy - pun—] + qun—Z’
where p,g > 0andn > 2:
o0
4 (=D)"u2,+1 ]
— = t , 15.20
D D TR (1:20)
where t = 22 .
Po+8q
p2+4q

We will establish this result using the technique employed by Greubel in 2010 [97];

Sy n
Gregory’s series'! tan™'(x) = Y. &2 which converges when |x| < 1; and the fact that

2n+1°
n=0
o0
tan~! x—tan™!' y = tan™! (%) We will also employ the fact that if the series Y a, converges
=0
o0 o0 "
to Aand ) b, to B, then ) _ (a, + b,) converges to A + B.
n=0 n=0
Proof. Solving the recurrence for u,, we get the Binet-like formula u, = =% where 2r =

r—s

p+HA2s=p—AA=p*+4q=r—sandrs = —q.
Next we will show that the series in (15.20) converges. Let u = +/p? + 8¢; so u > p and
_ 2 _ 2
= = e Let
_ (=1)"u2p 41 1
(2n + 1)(p? + 4q)"

an

1" The Scottish mathematician James Gregory (1638—1675) discovered this series in 1671.
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Then
Ap+1| t2 2n+1 Uop+3
a A% 2n+3 Uy
. |an+ 2 2n+1 . uygs
li = —- lim - lim
n—oo | a, A2 n—>o02n 4+ 3 n—00 Uy,

t? 1r2—t2 210 \?
A2 S22\ A+

() =)
Ad+u)  \A4u

< 1, since p < u.

Therefore, by the ratio test, the series converges to a limit S.
We will now show that S = %. Using the Binet-like formula for u,, above, we have

0 (_l)n (r2n+1 _ S2n+1) t2n+1

(211 + I)AZn-H

n=0
B i (_1)}’1 rt 2n+l i (_l)n Sl 2n+1
2w+ —om+ 1\ 2

rt st 2
T A%t
= tan_l S S - =tan_1 — = ].
(l—i-’k—t-%) A2 —qr?

Next we will evaluate the argument of tan™':

2o 20+
g 220+ p)? - g2
2A(A 4+ )
A2+ 20+ (02— 4q)
20 A +wp)
M2+ 2Ap+ A2

Consequently, S = tan~' 1 = Z, as desired. .

Next we investigate four interesting special cases of formula (15.20).
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15.7.1 Special Cases

(1) Letp=1=g¢q.Thent = ;/—25 When u,, = F),, formula (15.20) yields

(=1)" Fop41
\/_Z G+ D (15.21)
(2) Letp=2andg = 1. Thent = éf/g Suppose u,, = P,. Then formula (15.20) gives
o0
—1)" Py,
—=2v2)" CD" Port . (15.22)

s (2n + 1)(ﬁ + ﬁ)Zn-H

Similar series exist for Lucas and Pell-Lucas numbers. But we need to be a bit careful, since
L,=a"+p"and Q, = %(y” +68™). Then, using the formula tan™! x +tan™! y = tan™! (M)

1—xy )
we have

1 2 (—1)"Lapg
tan”! = = _ 15.23
"3 ;0 @n + Datt? (1529

o0

—1)

i — Z ( ) QZI’["F] ) (15-24)
12 —(2n + 1)(ﬁ + ﬁ)z;z+1

15.8 Another Explicit Formula for P,

In 1996, Seiffert discovered yet another explicit formula for P,. To this end, he first developed
the following formula for f,4+(x):

" (n+k+1)
Fup1(x) = kg( ok 1 )A cos o, (15.25)

where A = /x2+ 4and o = (n —k)m/2 — k arccos(x/A). Its proof requires a knowledge of
Jacobi polynomials, differentiation, Taylor’s theorem, and Euler’s formula; so we omit it in the
interest of brevity [207,208].
When x =2, £ = % = % rccos(%) =7T.Soy =mn—-k)5z—k-7=02n-3k)7.
Thus, when x = 2, formula (15.25) yields
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" (n+k+1

Pn+1 = kX:(:) 2% + 1

n
n+k+1 T
= 2 Z ( )2(3"_2”)/2 cos(3k —2n)—

—\ 2k+1 4

n
n+k+1
= o .
z(zﬂl)m

k=0

)23k/2 cos (2n — 3k)%

where A; = 2/ /2 cos an and j is an integer.
It follows by the addition formula for the cosine function that Ay, = (—1)"2%, Ay =
(—1)’22’, A4r+2 =0, and A4r+3 = (_1)r+122r+1; that is,

(—DLU+D/412Li2) if j £ 2 (mod 4)

Aj =
0 otherwise.

Since [(3k —2n)/2] = [3k/2| —n, we have
V' Ajp—ny = 2" (—1)LGk204D/4l)13k/2)—n

(—1) [Gk=2n+1)/4]1913k/2]

where 3k — 2n % 2 (mod 4). So

" n+k+1 _
Pn+1 — Z < o g )(_1)|_(3k 2n+1)/4J2|_3k/2J‘
k=0

Replacing n with n — 1, we get another summation formula for P,:

n+k
Pn — -1 |_(3k—2n+3)/4]2|_3k/2j‘ 15.26
£ () s

0<k<n—1
3k#2n (mod 4)

For example, we have

4+k
P, = —1)LBk=5)/4]513k/2]
! 2 <2k + 1)( )

0<k<3
k#0 (mod 4)

5 _ 6 7
= (3) (-2t + (5) (—1)%23 — (7) (—1)'2*

= —-20448—-16=12.
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15.9 pn(x), gn(x), and Hyperbolic Functions

Both Pell polynomials and Pell-Lucas polynomials are related to the hyperbolic functions sinh
and cosh. In 1963, P.F. Byrd showed [38] that p,,(x) = % and pr,+1(x) = W,
where x = sinhz.

Consequently, ¢2,(x) = pat+1(x) + pa—1(x) =
Likewise, ¢2,+1(x) = 2sinh(2n + 1)t.

Finally, we will see more close links between the Pell family and trigonometry in Chapter 18.

cosh 2n+1)t + cosh 2n—1)t
cosht cosht

= 2cosh2nt.

Exercises 15

Prove the following identities.

1
1. 2tan”! On _ (=1)"tan™! -
nt1 m+1 4
1)
2. tan™! Prt1(X) — tan™! Pn(x) = tan~! —( ) .
DPnt2(X) Pnt1(x) DP2n+2(x)
—1)"
3. tan_l Qn(x) —tan_l Qn—l—l(x) — tan_l ( ) .
Gnt1(x) Gn+2(X) Pan+2(x)
P, P —1)"
4. tan”! ntl tan~! —2 = tan~! u
P.is Pyt Pryyn
F, F, —1)"
5. tan~' 2 _tan~! " — tan~! u
F,H_z Fn—|—1 F2n+2
—1)"
6. tan”! Qn _ tan~! Q1 = tan~! u
Qn—H Qn+2 P2n+2
L L —1)"
7. tan! " _tan”! Zntl tan~! (—)
Lyt Lyt F,
n _1 k
8. > tan”! G tan~! pn+1(x).
k=0 Dok +2(x) Pnt2(X)
n (=1k P
9. > tan”! = tan~! 2L
k=0 Poiyo Py
e —1)* 1
10. Y tan™! (e = tan”! —.
k=0 Py 14



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Exercises 15

n —1)k F,

3 tan™! (=1 — tan~! !
k=0 Fa42 Fut2

00 —1Nk

3" tan™! U _ tan™!
k=0 Fap42 o

k

i tan~! GV tan~! ——— —tan™! q"+1(x).
k=0 Pak+2(x) 2x% +1 Gn+2(x)
x —F -3

3 tan™! ) — tan~! 2
k=0 2h+2 3y +1

0 —1)¥ 2 1

3 tan™! ) =tan"! = —tan"! —
k=0 Foyr 3 a

Using Shapiro’s formula (15.3), compute Pg and Psg.
Using Seiffert’s formula (15.4), compute P5 and P;.

Using Seiffert’s formula (15.5), compute Q¢ and Qg.
Using formula (15.17), compute Ps and P;.

Using formula (15.19), compute Q3 and Q.

Using formula (15.26), compute Ps and Ps.
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16
Pell Tilings

16.1 Introduction

In Chapter 12 we studied some interesting applications of the Pell family to combinatorics,
in particular, to the theory of lattice-walking. This chapter presents additional applications to
combinatorics, including the theory of partitioning.

To begin with, we present a simple combinatorial interpretation of Fibonacci numbers. This
will provide a smooth transition to the Pell applications.

16.2 A Combinatorial Model for Fibonacci Numbers

In 1974, Krishnaswami Alladi'? (1955 —) of Vivekananda College, Madras (now Chennai), Tamil
Nadu, India, and Vernon Emil Hoggatt, Jr. (1921-1980) of then San Jose State College, San Jose,
California, studied ordered sums of 1s and 2s that yield the positive integer n [2]. Such sums are
called compositions. For example, 1 4+2 and 2+ 1 are two different compositions of the integer 3.

Table 16.1 shows the compositions of the integers 1 through 6. It appears from the table
that the number of compositions C,, of n is the Fibonacci number F;, . The following theorem,
established by Alladi and Hoggatt in 1974, confirms this observation.

12 Currently at the University of Florida at Gainesville.

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9__16, 303
© Springer Science+Business Media New York 2014
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Table 16.1.

‘ n H Compositions of n ‘ C, ‘
11

2| 1+1,2

3| 14+1+1,142,24+1
4

5

1+14+1+1, 14142 14+2+1,2+1+1,242

T4141+141, 1414142, 14+1+2+1, 1+2+1+1,241+1+1,
142+42,2+41+2,242+1

T4l 41414141, 14+14+14+1+214+1+1+2+1, 1+1+4+2+1+1,
6| 14+24+14+1 41,241 4+1+14+1,1+1+24+2 1424142, 1+2+2+1, 13
241+2+1,242+41+1,241+142,2+2+2

co ot W N =

Theorem 16.1 The number of compositions C,, of the positive integer n is F,+1, where n > 1.
Proof. 1t follows from Table 16.1 that C; = 1 = F, and C; = 2 = F3. Sowe letn > 3.

Case 1 Suppose the composition of n ends in 1. Deleting this 1 yields a composition of n — 1:

——
A composition of n—1

By definition, there are C,,—; such compositions. Consequently, there are C,_; compositions of
n that end in 1. (Notice that there are C4 = 5 = F5 compositions of 5 ending in 1.)

Case 2 Suppose the composition of n ends in 2. Deleting this 2 yields a composition of n — 2:

+2

A composition of n—2

Again, by definition, there are C,,—, such compositions. So there are C,,_, compositions of n
that end in 2. (Notice that there are C3; = 3 = F,; compositions of 5 ending in 2.)

Since every composition ends in 1 or 2, it follows by the addition principle that C, = C,,—; +
C,—», where n > 3. Since C; = F, and C, = F3,and C,, = C,_; + C,—_,, it follows that
C, = F,41, as desired. n

We can extend the definition of C,, to include the case n = 0. Since C, denotes the number
of empty compositions of 0 and there is exactly one such composition, we define Cp = 1 = Fj.
So the theorem holds for every integer n > 0.
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16.3 A Fibonacci Tiling Model

Interestingly, this theorem has a delightful geometric interpretation [11]. To this end, consider a
1 x n board (an array of n unit squares). Suppose we would like to cover it with 1 x 1 tiles (unit

squares) and 1 x 2 tiles (dominoes); such a process is called a tilings of the board.

Figure 16.1 shows the tilings of a 1 x n board with square tiles and dominoes, where 1 <
n < 5. Clearly, they are geometric representations of the compositions in Table 16.1. Since this
process 1s completely reversible, it follows by the theorem that there are F,4; ways of tiling a

1 x n board.

Number
of tilings

[ ] 1

n=>5

Figure 16.1.

We now turn to interpreting the Pell numbers P, combinatorially.

16.4 A Combinatorial Model For Pell Numbers

Suppose, for argument’s sake, a square tile costs twice as much as a domino. So we assign a
weight of 2 to each square (tile) and a weight of 1 to each domino. The weight of a tiling is the
product of the weights of its tiles. The weight of the empty tiling is defined as 1. Figure 16.2
shows the weights of the tiles, weights of the tilings, and the sums of the weights of all tilings of

length n, where 0 < n < 5.
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Sum of
the Weights

L] 1

2
[2]2] [ 1]
4 1 5
[2]2f2] [2] 1 | [ 1 ]2
8 2 2 12
[2]2[2]2] [2f2] v | [2] v Jof [x Joof [ 2 |1 |
16 4 4 4 1 29
[2]2[2]2[2] [2]2f2] 1 | [2]o] 1 [2f [2] 1 [2]2]
32 8 8 8 70
Lo feofefof [2f o [ o | [ o o] o | 2] |2
8 2 2 2

Figure 16.2.

We observe the Pell pattern in this model: The sums of weights of tilings of length n is P, 41,
where n > 0.

The following theorem confirms this interesting observation. Its proof follows basically the
same argument as that of Theorem 16.1.

Theorem 16.2 The sum of the weights of the tilings of a 1 x n board with square tiles and
dominoes is P,+,, where n > Q.

Proof. Let S, denote the sum of the weights of the tilings of the board. Clearly, So = 1 = P,
and §; =2 = P,.
Consider an arbitrary tiling of length n, where n > 2.

Case 1 Suppose the tiling ends in a square. Such a tilings is composed of a tiling of length n — 1,
followed by a square of weight 2:

A tiling of length n—1

The sum of the weights of such tilings is 2.5,,—;.
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Case 2 Suppose the tiling ends in a domino. It consists of a tiling of length » — 2 and a domino:

[ 1]

A tiling of length n—2

Since the weight of the domino is 1, such tilings have a total weight of S, _,.
So, by the addition principle, S, = 2S5,—; + S,—>. Thus S, satisfies the Pell recurrence, with
the initial conditions Sy = P; and S| = P,. So S, = P, 41, as desired. n

This proof provides a constructive algorithm for finding all tilings of length n from those of
lengths n — 1 and n — 2: to the tilings of length n — 2, append a domino of weight 1; to those of
length n — 1, append a square of weight 2. (Unfortunately, this will produce duplicate tilings.)

The next theorem gives a combinatorial proof of the explicit formula for P, in Theorem

lnj2)
9.1: Py = Y ("5)2m %,
k=0
lnj2l
Theorem 16.3 Establish the formula P,y = . (" X )2”_2k, using a combinatorial argu-
k=0

ment.

Proof. We will establish this formula using weighted tilings of a 1 x n board with square tiles
and dominoes.

Suppose a tiling has exactly k dominoes. Then it has n — 2k squares, where 0 < k < |n/2].
So it has a weight of (1¥)(2"~%) = 272k,

Since there are exactly k dominoes in a tiling, it uses a total of (n —2k) + k = n—k tiles. So
the k dominoes can be placed in any k of the n — k positions; that is, they can be placed in (”;k )
different ways. In other words, there are (";k ) tilings, each containing exactly k dominoes. The
weight of such a tiling is (**)2"~%, where 0 < k < [n/2]. So the sum of the weights of all

[n/2]
tilings of length n is ) (”;k)2”_2k . By Theorem 16.2, the sum of the weights is P, . Thus,
k=0

n/2
P,y = LX/:J (”;k)Z”_Zk, as desired. .
k=0

In Chapter 8, we established the addition formula P+, = P, Py+1 + Pu—1 Py; see identity
(8.7). We now have the tools to confirm it combinatorially, as the next theorem shows.

To this end, first we introduce the concept of breakability. A tiling is breakable at cell k if a
domino does not occupy cells k and k + 1; otherwise, it is unbreakable at cell k. Thus a tiling
is breakable at cell k if and only if it can be split up into two sub-tilings, one covering cells 1
through k and the other covering cells k + 1 through n.

For example, the tiling in Figure 16.3 is not breakable at cell 4, whereas that in Figure 16.4
is breakable at cell 4.
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RN L]

Figure 16.3. Figure 16.4.

Theorem 16.4 Letm,n > 0. Then P, 1, = P, P,+1 + P,_1P,.

Proof. Consider a board of length m + n. By Theorem 16.2, the sum of the weights of its tilings
equals Py 4p+1-
Consider an arbitrary tiling T of length m + n.

Case 1 Suppose it is breakable at cell m. This yields a sub-tiling of length m and a sub-tiling of
length n:

——— ~———
A tiling of length m A tiling of length n

By Theorem 16.2, the sum of their weights are P,4+; and P,4;, respectively. So, by the
multiplication principle, the sum of the weights of such tilings T equals P,,;,4+1 P,+1.

Case 2 Suppose the tiling 7" is not breakable at cell m. So a domino occupies cells m and m + 1.
This results in two tilings, one of length m — 1 and the other of length n — 1:

A tiling of length m—1 A tiling of length n—1

By the multiplication principle, the sum of the weights of such tilings 7" equals + P, P,.
Combining the two cases, we have Py4+,+1 = Pp+1Py+1 + Py P,. Changing m tom — 1,
the desired result follows. n

Next we investigate Pell tilings, where square tiles are available in two different colors.

16.5 Colored Tilings

Suppose square tiles come in two colors, black and white. Earlier we assigned a weight of 2 to
a square and a weight of 1 to a domino; but this time we assign the same weight 1 to each tile,
square or domino. (So we can safely ignore their weights.) The weight of a colored tiling, as
before, is the product of the weights of the tiles. Since each tile has weight 1, it follows that the
weight of each colored tiling is also 1.

Figure 16.5 shows the resulting colored tilings of length 7, and the number of such tilings,
where 0 < n < 4. The black square tiles are lightly shaded in the figure.

Based on the experimental data from Figure 16.5, we conjecture that the number of colored
tilings of length n is P,4+;, where n > 0. The following theorem confirms this observation.
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Number of
colored tilings

1

L] [ )
N I o I B R g

29

Figure 16.5.

Although it follows from Theorem 16.4, we will give an independent proof, using the same
argument as in the proof of Theorem 16.4; but it is slightly longer because of colored tiles.

Theorem 16.5 The number of colored tilings of length n is P,4,, where n > Q.

Proof. Let C,, denote the number of colored tilings of length n. It follows from Figure 16.5 that
C0=1=P1andC1 :2:P2

Consider an arbitrary colored tiling of length n > 3.

Case 1 Suppose the tiling ends in a square tile.
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Subcase 1 Suppose the square is black. Deleting this black tile results in a colored tiling of
lengthn — 1:

A colored tiling of length n—1
By definition, there are C,,_; such tilings. So there are C,,_; tilings ending in a black square tile.
Subcase 2 Suppose the square is white:

A colored tiling of length n—1

As in Subcase 1, there are C,,_; tilings ending in a white square tile.

So, by the addition principle, there are C,—; + C,—; = 2C,—; colored tilings of length n
ending in a square tile, black or white. (Notice that in Figure 16.5, there are 12 = (j tilings of
length 4 ending in a black square and 12 = C;j tilings ending in a white square.)

Case 2 Suppose the colored tiling ends in a domino. Deleting this domino yields a colored tiling
of length n — 2:

A colored tiling of length n—2

There are C,,—, colored tilings of length n — 2; so there are C,—, colored tilings of length n — 2
ending in a domino.

Thus, by the addition principle, there are C, = 2C,—; + C,—; colored tilings of length n.
Since C, satisfies the Pell recurrence with Cy = P; and C; = P, it follows that C;, = P,,+1. =

Next we give three combinatorial interpretations of the Pell-Lucas number Q,,.

16.6 Combinatorial Models for Pell-Lucas Numbers

Recall that the recursive definitions of Pell and Pell-Lucas numbers differ only in the second
initial condition: P, = 2, but 0, = 3. So in the uncolored tilings we investigated in Theorem
16.2, we keep the weight 2 for unit squares and 1 for dominoes, with one major exception: If a
tiling begins with a square tile, it is assigned a weight of 1.

What can we say about the sum of the weights of such tilings of length n? Before we answer
this, we will do some experiments, collect data, look for a pattern, and then make a conjecture.

Figure 16.6 shows such tilings of length n and their weights, where 0 < n < 5. Notice that
the tilings in Figure 16.2 and 16.6 are closely related. There is just one difference between the
two: If the tiling begins with a square, then its weight in Figure 16.2 is 2 and that in Figure 16.6
is 1.
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Sums of
the weights

. 1
1 1
[f2] [1 ]

2 1 3
Lefef2] [o] 1 | [ 1 ]2

4 1 2 7
Lifef2fo] [afe] o | [af o Jof [0 fofo] [1 |1 |

8 2 2 4 1 17
[1]22]2]2] [af2f2] 1 | [af2] 1 J2f [1] 1 J2]2]

16 4 4 4 41
Lo fofefe) [l o [0 ] Lo fof o [ Lo [ ]2

8 1 2 2

Figure 16.6.

Using the data from the figure, we conjecture that the sum of the weights of the tilings of
length n is Q,,. The following theorem confirms this observation.

Theorem 16.6 Suppose the uncolored tilings of a 1 x n board are made up of squares and
dominoes. Suppose the weight of a square is 2 and that of a domino is 1, except that if the tiling
begins with a square, its weight is 1. The sum of the weights of the tilings of length n is Q,,
where n > 0.

Proof. Let S, denote the sum of the weights of the tilings of length n. Then, by Figure 16.6,
S(): 1= Q()El[ldSl =1= Ql-
Now consider an arbitrary tiling of length n > 2.

Case 1 Suppose the tiling ends in a square; the weight of this square is 2. Deleting this square
yields a tiling of length n — 1:

A tiling of length n—1

It follows by definition that the sum of the weights of such tilings equals 2.5,,_;.
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Case 2 Suppose the tiling ends in a domino; its weight is 1:

1]

A tiling of length n—2

Deleting this domino results in a tiling of length n — 2. Again, it follows by definition that the
sum of the weights of such tilings equals 1 - S,,—, = S,—».

Thus, by the addition principle, S, = 2S,-1 + S,—2, where n > 2.
Since S, satisfies exactly the same recursive definition as Q,,, it follows that S,, = Q,,, where
n > 0. n

It follows from the proof of this theorem that there are exactly F,; such tilings of length n;
this follows by changing the weight of a square from 2 to 1. See Figure 16.1 also.

The concept of breakability, introduced earlier, can be employed to reconfirm the addition
formula Q4+, = Qu+1 P, + O, P,—1 that we developed in Chapter 8, as the following theorem
shows.

Theorem 16.7 Let m,n > 0. Then Qp+yn = Om+1 Py + Om Pr—1.

Proof. Consider an uncolored tiling of length m + n, which is composed of squares and
dominoes. By Theorem 16.6, there are Q,,+, such tilings.
Consider an arbitrary tiling of length m + n.

Case 1 Suppose it is breakable at cell m. This yields two sub-tilings, one of length m and the
other of length n:

A tiling of length m A tiling of length n

By Theorem 16.6, the sum of the weights of tilings of length m is Q,,; and by Theorem 16.2,
the sum of the weights of tilings of length n is P,4;. So the sum of the weights of such tilings
of lengthm + n is Q,, Py+1.

Case 2 Suppose the tiling is not breakable at cell m. So a domino occupies cells m and m + 1.
This creates a sub-tiling A of length m — 1, followed by the domino and a subtiling B of length
n—1:

1]

A tiling of length m—1 A tiling of length n—1

By Theorem 16.6, the sum of the weights of tilings of type A4 is Q,,—1; and by Theorem 16.2, the
sum of the weights of tilings of type B is P,. So the sum of the weight of such tilings of length
m+nequals Q,—1-1-P, = Q,—1 Py.

Combining the two cases, we get Q 4y = Qm—1P, + O Py+1. Changing m tom + 1 and
n ton — 1, the desired result follows. n
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We now present a second combinatorial interpretation of Pell-Lucas numbers, using colored
tiles.

16.7 Colored Tilings Revisited

In this model, there are black and white square tiles, and dominoes. Each has weight 1, with one
exception: If a tiling begins with a white square, then the tile has weight 2.

Sum of the
weights of tilings

. 1
2 1 3
L2l [ [fe) [fe] [1 ]

2 2 1 1 1 7
[2[1[0] [2fafaf [ofafa] [afafy]

2 2 2 1
ola]a] [a]:fa]| [afa]s] [2]12]1] 17

2 1 1 1
EI I P

2 1 1 1
L2lofafa] [2[afafu] [2fufafa] [2fafsfs] [afa]fa]4]

2 2 2 2 1
2o [afa] [2fafafs] [afolofa] [ofafals] [afsfa]y]

2 2 1 2 1
Lfalafa) [2fafafa] [afofafa) [afaffo) [afafaf:]

1 2 1 1 1 11
Lelafafa] [2faf o | [2fa] o | [faf o | [afa] 1 |

1 1 1 1 1
2] 1 (1] 2] 1 [a] [2] 1 [1] [2] 1 |1 EE

2 2 1 1 1
Lo [afaf Lo falo] [o Jafaf [0 [0 ]

1 1 1 1

Figure 16.7.

Figure 16.7 shows such tilings and the sum of the weights for 0 < n < 4, where black squares
are shaded in light gray. Based on the experimental data we have collected, we conjecture that



314

16. Pell Tilings

the sum of the weights of colored tilings of length n in this model is Q,,+1, where 0 < n < 4.
The following theorem establishes this observation.

Theorem 16.8 Suppose the colored tiling of a 1 x n board is made up of square tiles (black
or white) and dominoes, where n > 0. Every square tile and domino has weight 1, with one
exception: If a tiling begins with a white square tile, then the tile has weight 2. Then the sum of
the weights of the tilings of length n is Q4.

Proof. Let S, denote the sum of the weights of the tilings of length n. It follows from Figure
16.7that So =1 = Qand S| =3 = Q.
Consider an arbitrary colored tiling of length n > 2.
Case 1 Suppose the tiling begins with a square tile.
Subcase 1 Suppose the tile is white. Then its weight is 2. Deleting this white square results in a

sub-tiling of length n — 1:

A colored tiling of length n—1

By Theorem 16.5, there are P, such sub-tilings; so the sum of the weights of tilings beginning
with a white square tile is 2 P,,.

Subcase 2 Suppose the tile is black. Its weight is 1. Deleting this square yields a colored sub-
tiling of length n — 1:

A colored tiling of length n—1

The weight of this sub-tiling is 1. Again by Theorem 16.5, since there are P,, such sub-tilings,
the sum of the weights of such tilings is P,.

Case 2 Suppose the tiling begins with a domino. Deleting this domino yields a colored sub-tiling
of length n — 2 to its right:

(1]

A colored tiling of length n—2

It follows by Theorem 16.5, there are P,_; such sub-tilings, each with weight 1. So the sum
of the weights of tilings beginning a domino is P,_;.
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Thus, by Cases 1 and 2, and the addition principle, we have

Sy = 2Pn+Pn+Pn—1:Pn+(2Pn+Pn—l)
= Pn‘l’Pn—I—l:Qn—H’

as desired. "

Theorem 16.8 has an interesting byproduct. Before we discuss it, let’s return to Figure 16.7
to see a fascinating fact: let f'(n) denote the number of colored tilings of length n. Notice that
fO)=1=P,f(1)=2=P,, f2)=5=P;, f(3) =12 = Py, and f(4) =29 = Ps.So
we conjecture that f(n) = P,4;. This can be confirmed fairly easily, as the following corollary
shows.

Corollary 16.1 The number of colored tilings of length n in Theorem 16.8 is P, 4.

Proof. Suppose we assign the weight 1 to every square and domino. Then the weight of every
colored tiling is 1. So the sum of the weights of all colored tilings of length n equals the number
of tilings of length n. So, by Cases 1, 2, and 3 in Theorem 16.8, we have:

Number of colored tilings of length n beginning with a white square = P,
Number of colored tilings of length n beginning with a black square = P,
Number of colored tilings of length n beginning with a domino = P,
Therefore, the total number of colored tilings of length n equals 2P, + P,—; = P,41. n

For example, there are 5 = P; colored tilings of length 2, and 12 = P, colored tilings of
length 3; see Figure 16.7.
Finally, we present a circular tiling model for the Pell-Lucas numbers Q,,.

16.8 Circular Tilings and Pell-Lucas Numbers

Consider a circular board of n cells (in lieu of a linear board of length n), often called a bracelet.
Suppose the cells are ordered 1 through n in the counterclockwise direction. We would like to
tile it. (Although squares and dominoes are not circular in reality, we will be using the same
terminology for lack of a better one.) Every square has weight 2, and every domino 1. But the
weight of the initial domino is 2.

Figure 16.8 shows the circular tilings of length n and the sum of their weights, where 1 <
n <4,

It appears from the figure that the sum of the weights of the circular tilings of length n is
2Q,. The following theorem confirms this observation.

Theorem 16.9 The sum of the weights of the circular tilings of length n is 2Q,,, where the weight
of a square is 2 and that of a domino is 1, except that the weight of the initial domino is 2.
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Figure 16.8.

Proof. Let S,, denote the sum of the weights of the circular tilings of length n. Then S} = 2 =
2Q1 and Sz =6= 2Q2.

Consider an arbitrary circular tiling of length n > 3.

Case 1 Suppose the tiling begins with a square. It has weight 2. Deleting this square yields a
circular tiling of length n — 1. Since the sum of the weights of tilings of length n — 1 is S, 1, it
follows that the sum of the weights of tilings of length n that begins with a square is 2.5,,—;.

Case 2 Suppose the tiling begins with a domino. Since its weight is 1, it follows as in Case 1
that the sum of the weights of such tilings of lengthnis 1-S,_, = S,—».

So, by the addition principle, S, = 25,—1 + S,—», where n > 3. Since §,, satisfies the Pell
recurrence with S =2 =2Q; and S, = 6 = 2Q,, if follows that S, = 20,,. n
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This theorem has an interesting consequence. It can be used to develop the explicit formula
(9.18) for Q,, as the next theorem shows. The gist of its proof lies in counting the number of
circular tilings with exactly k dominoes for every possible value of k > 0.

Theorem 16.10

W2 =k
N = 211—2/(—1.
Q Z n—=k ( k )

k=0
Proof. Consider a circular tiling of length n. By Theorem 16.9, the sum of the weights of circular
tilings of length n is 2Q,,.
Suppose the tiling contains exactly £ dominoes. So it contains n — 2k square tiles.

Case 1 Suppose a domino occupies cells n and 1:

@

There are (n —2k) +k —1 = n—k — 1 tiles covering cells 2 through n — 1. So the remaining
k — 1 dominoes can be placed in (";f;l) different ways; that is, there are (";f Tl) bracelets with
a domino occupying cells n and 1.

Case 2 Suppose a domino does not occupy cells n and 1. Then the circular board can be
considered a linear board of length n, containing exactly k& dominoes:

’ L1 | ‘

1 n

Since it contains n — 2k squares and k dominoes, it takes a total of (n —2k) +k =n —k
tiles. So the k dominoes can be placed in (";k ) different ways; that is, there are exactly (”;k)
bracelets without a domino in cells n and 1.

By Cases 1 and 2, there are (";f 1_1) + (";k) = 2 (";k ) bracelets, each containing exactly
k dominoes. Each such tiling contains n — 2k squares. Since each square has weight 2 and
each domino 1, the weight of such a tiling is 2" 72 . 1¥ = 272k S0 the sum of the weights of

circular tilings with exactly k£ domonies is —- (";k )2”_2k . Consequently, the sum of the weights
of circular tilings of length n is L:Xfoj 1 (” ;k)2”_2k.

n—k
But the cumulative sum of the weights is 2Q,,; so

_ A n n—k n—2k
20, = Zn—k k 2

k=0

R -k
. = 211—2k—1
0 Z n—=k ( k )

k=0

as desired. "
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For example, consider the tilings of length n = 4 in Figure 16.8. There is ;%5(*;°) = 1 tiling

70
with 0 dominoes; its weight is 2* = 16. There are ;%;(*7') = 4 tilings, each with exactly 1

domino; each tiling has weight 2%; so the sum of the weights of the tilings with exactly 1 domino

is 4 - 22 = 16. Finally, there are ;%5(*,?) = 2 tilings, with exactly 2 dominoes each; each tiling

has weight 1; so the sum of the weights of the tilings with exactly 2 dominoes is 2 - 1 = 2.

2
Thus the cumulative sum of the weights is 16 + 16 +2 =34 =20, = ) ﬁ(ik)f’_z", as

expected.
Theorem 16.10 can be used to compute the number of circular tilings of length 7, as the
following corollary shows.

Corollary 16.2 The number of circular tilings of length n is L,,.

Proof. Assign a weight 1 to every square in Theorem 16.10. Then the sum of the weights of the

circular tilings of length n equals the number of circular tilings. From the proof of the theorem,
[n/2]

it follows that the number of circular tilings of length n is ) a2 (";k )
k=0

Recall from Chapter 10 that this sum is L,. Thus the number of circular tilings of length n
isL,. "

For example, consider Figure 16.8. There are 4 = L3 circular tilings of three cells, and
7 = Ly tilings of 4 cells.

Next we will construct combinatorial models for the Pell polynomial family, by extending
the ones we developed thus far for Pell and Pell-Lucas numbers. This is achieved by assigning
suitable weights for the tiles.

16.9 Combinatorial Models for the Pell Polynomial p,(x)

Suppose we would like to tile a 1 x n linear board of n cells with square tiles and dominoes. We
assign a weight of 2x to each square and 1 to each domino. As before, the weight of a tiling is
the product of the weights of the tiles. The weight of the empty tiling is again defined as 1.

Figure 16.9 shows the resulting tilings of a 1 x n board, the corresponding weights, and the
sum of the weights of tilings of length n, where 0 < n < 5.

The sum of the weights of the tilings of length n seems to be the Pell polynomial p,4+;(x).
The next theorem confirms this observation. Since its proof is nearly identical to that of Theorem
16.2, we omit it.
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Figure 16.9.

Theorem 16.11 The sum of the weights of the tilings of a 1 x n board with square tiles and
dominoes is the Pell polynomial p,+1(x), where the weight of a square is 2x and that of a
domino is 1, where n > 0. "

Suppose a tiling has exactly k& dominoes, where k > 0. Then it has n — 2k squares and a
weight of (2x)"% . 1¥ = (2x)"%. Since there are exactly (” k) such tilings, it follows that

the sum of the weights of tilings of length 7 is Z (" ok ) (2x)"~2k_ This, coupled with Theorem

16.11, yields the explicit formula (14.24) for pn+1 (x)
Theorem 16.12 Letn > 0. Then

2l g
Pnt1(x) = Z < X )(Zx)”_”‘.

k=0 [ |

As in the case of Theorem 16.14, the concept of breakability can be invoked to derive the
addition formula for Pell polynomials. Since the reasoning is quite similar, again we omit its
proof.

Theorem 16.13 Let m,n > 0. Then py4,(x) = pum(X) prs1(x) + pr—1(x) pa(x). .

For the next combinatorial model for the Pell polynomial family, we turn to colored tilings.
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16.10 Colored Tilings and Pell Polynomials

Suppose square tiles are available in two colors, black and white. We assign every square a
weight x and every domino 1. Figure 16.10 shows such colored tilings of length n, where 0 <
n <4

Sum of the
weights tilings

. 1
2x

(zl=] [=]=] [=]=] [=]=] [ 1 ] 122 +1

(zlel=]| [o]ofe] [o]@]o] [&]=]s]

Fl] EEE

el 1 | [=]1 [ 1 =] [ 1 [a]

(e|z]e]z] [z]e|z]e] [«|z]a|z] [z]a]z]z] [z]o]z]x]

(e|z]elz] |z]e|z]e]| [a|z]e|z] [z]a]z|z] [z]c]z]]|

(elz]e]z] [z]e]z]e] [a]az]=]a] [z]a]z]z] [z]c]z]z]

1624 + 1222 +1

lelz]efz] [z]e] 1 | [=]z] 1 | [2]z] 1 | [z]e] 1 |

o] 1 J=f [=[ 1 [ef [&] 1 Jzf [&] 1 J2] | 1 [z][«]

|1 fefz] | 1 Jzfe] [ 1 Jefe] [ 1 ][ 1 |

Figure 16.10.

Reasoning as in Theorem 16.5, we now establish that the sum of the weights of such colored
tilings of length n is p,4;(x). Because of the close similarity of the proofs, we will give only
the essence of its proof.

Theorem 16.14 The sum of the weights of colored tilings of length n is p,+1(x), where the
weight of a square tile is x and that of a domino is 1, and n > 0.

Proof. Let S, (x) denote the sum of the weights of colored tilings of length n. Then, from
Figure 16.10, So(x) = 1 = pi(x) and S1(x) = 2x = py(x).

Consider an arbitrary colored tiling of length n > 3.
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Case 1 Suppose it ends in a square tile. Since it can be black or white, the sum of the weights
of such tilings is 2x S, (x).

Case 2 Suppose it ends in a domino. The sum of such tilings is S, > (x).
Thus, by Cases 1 and 2, S,(x) = 2xS,—1(x) + S,—2(x), where Sp(x) = 1 = p;(x),
S1(x) =2x = py(x),andn > 3. So S,,(x) = pu+1(x), as desired. u

Next we pursue combinatorial interpretations of Pell-Lucas polynomial g, (x).

16.11 Combinatorial Models for Pell-Lucas Polynomials

For the first such model, we return to the tilings in Theorem 16.11, where the weight of every
square was 2x. We now make one exception: If a tiling begins with a square tile, it is assigned a
weight of x. The weight of a domino remains 1.

Figure 16.11 shows such tilings of length n, where 0 <n < 5.

Sums of
the weights

. 1
T T
Lel2e] [ 1]
222 1 222 +1
Lo l2ef2e] [o] 1 | [ 1 [2d]
4z3 z 2z 423 + 3z
| z|2c]2e|20] [2]2z] 1 | 2] 1 J2s] | 1 J2sf2e] | 1 [ 1 ]
8z* 222 222 4z? 1 8zt + 822 + 1
| 2|20 20|20|20] | @ ]20]22] 1 | [wf2s] 1 [24] [2] 1 [20]24]
1627 da? da? da? 1625 + 2023 + 5z
el L[] [l ] (1
8z3 x 2z 2z

Figure 16.11.
Using the reasoning in the proof of Theorem 16.6, we can establish the following result.
Theorem 16.15 Suppose the weight of a square is 2x and that of a domino is 1, except that if

the tiling begins with a square tile, its weight is x. Then the sum of the weights of the tilings of a
1 X n board is %qn (x), where n > 0. n
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In particular, let x = 1. Then the sum of the weights is %qn(l) = (Q,, as we found in
Theorem 16.6.

Using the concept of breakability and the reasoning in the proof of Theorem 16.7, we can
prove the addition formula (14.18) for Pell-Lucas polynomials.

Theorem 16.16 Let m,n > 0. Then ¢4, (X) = G Pu—1(X) + gm+t1(x) pu(x). u

The next model consists of circular tilings with proper weights for the tiles.

16.12 Bracelets and Pell-Lucas Polynomials

In the circular tilings of bracelets, every square has weight 2x and every domino has weight 1.
But the initial domino has weight 2. So does the empty tiling. Figure 16.12 shows such circular
tilings of a circular board with n cells and the sum of their weights, where 0 < n < 4.

The following theorem shows that the sum of the weights of the circular tilings of n cells
with the assigned weights is g, (x). Its proof employs the same reasoning as in Theorem 16.9;
so we again omit the proof in the interest of brevity.

Sum of
the weights

B 2

OO -

Figure 16.12. (continued)
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162% + 1622 + 2

DD
O1@)

DG

Figure 16.12.

Theorem 16.17 The sum of the weights of the circular tilings of n cells is q,(x), where the
weight of every square is 2x and that of a domino is 1, except that the initial domino has weight 2.

Finally, this theorem can be employed to develop the explicit formula for ¢,(x) in
Chapter 14. Its proof follows exactly the same argument as in Theorem 16.10. Although it would
be a good exercise to derive it, we omit its proof also for the sake of brevity.

Ln/2)
Theorem 16.18 Letn > 0. Then g,(x) = Y. (" *)(2x)" 2. .
k=0

Clearly, the explicit formula for Q, in Theorem 16.10 follows from this result.
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Pell-Fibonacci Hybridities

17.1 Introduction

The Pell and Fibonacci families coexist in perfect harmony, and share a number of charming
properties. In this chapter we will study a number of their bridging relationships.

17.2 A Fibonacci Upper bound

First, we present an upper bound for P, in terms of a suitable Fibonacci number. It was
discovered by Seiffert in 1995 [205]. The proof, an interesting application of PMI, is based
on the one given by P.S. Bruckman of Highwood, Illinois, in the following year [32].

Example 17.1 Prove that P, < F|(1,+2)/6)» Where n > 4.

Proof. (Notice that the inequality does not hold if n < 4. For example, P3 = 5 = F; =
F|_(11.3_|_2)/6J. But P, =12< 13 = F|_(11.4+2)/6J.)

Since y = 1 + /2, y® = 70y + 29; so y'? = 13860y + 5741 = 198 - 70y + 5741 =
198(y% —29) + 5741 = 198y% — 1. Consequently, we have

,yn+12 — 198)/n+6 _ yn (171)
§"H12 = 1988710 — g, (17.2)

It follows by equations (17.1) and (17.2) that P,y = 198P,+¢ — P, for every n > 1.
Likewise, it can be shown that Fj, 1, = 199F, | + F,.

Next we make a very useful observation: L% = L%J + 11.

Let S denote the set of integers > 4 for which the inequality holds. It follows from Table 17.1
that it is true for 4 < n < 15.

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9__17, 325
© Springer Science+Business Media New York 2014
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Table 17.1.
] n [4 5 6 7 8 9 10 1l 12 13 14 15

P, 7 9 11 13 15 16 18 20 22 24 26 27

|Het0+2 | 1l 1p 29 70 169 408 985 2378 5741 13860 33461 80782 195025

Fluotor) || 1334 89 233 610 987 2584 6765 17711 46368 121393 196418
6

Suppose the inequality holds for an arbitrary integer n > 4 and n + 6; that is, P, <
Flain+2)6) and Py < Fl11(n+6)+2)/6]] = Fl(11n+2)/6)+11- Then

Poyio = 198P16— Py,

198 P, 16

198 F|(11n+2)/6]+11
199F | (11n+2)/6]+11 + Fl(11n+2)/6]

AN AN A

Fl(1in+2)/6)+22
= Fluim+12)+2)/6-
Thus, if n,n + 6 € S, thenn 4+ 12 € S. So, by PMI, the inequality holds for n > 4. u
The next example also deals with an inequality linking Fibonacci and Pell numbers. It was

proposed as a problem by M.J. DeLeon of Florida Atlantic University, Boca Raton, Florida [61].
The proof presented here is based on the one by David Zeitlin of Minneapolis, Minnesota [268].

Example 17.2 Prove that Pg, < Fjj,, where n > 1.
Proof. We will now establish the inequality in six steps:

(a) Letr be a solution of the equation x> = x + 1. Then it follows by PMI that 7" = rF,, +
F,,—, for every integer m > 1 [126].
(b) Consequently, we have

r2—199r''—1 = (rFn + Fo1) — 199(rFi + Fio) — 1
= (Fpn—199F)r + (F>1 —199F10— 1)
= (17711 —199-89)r + (10946 — 199-55 —1)
= 0-r+0=0.

(c) Let s be a solution of the equation x> = 2x + 1. Then, it can be confirmed by PMI that
s" = sP, + Py,—1, where m > 1. Consequently,

s2-198s°+1 = (sPyp+ P11) — 198(sPg + Ps) + 1

= (P, —198P¢)s + (P11 —198Ps + 1)
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= (13860 — 198 - 70)s + (5741 — 198 -29 + 1)
= 0-540=0.

alln_ﬂlln

(d) Lety, = Fi1,. By Binet’s formula for Fy, y, = a=p S0,

(@ — B)(Ynts — 199yut1 — yn) = [a11(11+2) _ ﬁll(n—i-Z)] — 199 [all(n-i-l) _ ﬂ11(n+1)]
. [alln _ﬂlln)]
_ (alln+22 —199g!In+11 _ alln)
. (ﬂlln+22 _ 199,311n+11 _ /311;1)
_ alln(aZZ 199! — 1) — ﬁlln(ﬁzz _ 199,3“ —1)
= o'".0-p'".0=0.

Since o # B, this implies that y, 4> — 199y,,4+1 — y, = 0.
Then

y6n_86n
(e) Next,weletz, = Py, =

y—§ -

(y —8)(Zngr — 1982,41 +2,) = [y6(n+2) _ 56(n+2)] _ 198 [y6(n+1) + 56(11-}—1)]
+ [y6n . 86n)]

= y(y'12 —198y% 4+ 1) — 6% (6'> — 1988° + 1)

= y"-.0-8"-0=0.

This implies that z,4» — 198z, 41 + z, = 0.
(f) Finally, we let w, = z, — y, = P, — F11,- Then

Wp42 = Zp+2 — Yn+2
- 198(211+1 _yn—l—l) — Yn4+1 — Yn — Zn
Wp+2 — 198wn+l = —VYn+1—Vn—2n

< 0.

That is, w,, < 198w,,—, where n > 2. This implies, by PMI, that w, < 198" 1w, for every
n=>2.

But w, = Pg— Fi;; = 70 — 89 < 0. Consequently, w, < O for every n > 1. That is,
P, < Fyy1, for every integer n > 1, as desired. "

The next example is a somewhat related problem, also proposed by DeLeon in the same year
[62]. The featured argument is based on the one by P. Mana and W. Vucenic of the University of
New Mexico, Albuquerque, New Mexico [164].

Example 17.3 Prove or disprove that Fyy, < Pg,+1, where n > 1.
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Solution. We will disprove this inequality. To this end, notice that || > || and |y| > |5]. So

i Flln — bm Ollln _ IBlln y — by
n—o00 P, n—oo o —f8 y6n+1 — gon+l

1-8/y . ah\"
= - lim { — ) ,
O(—IB n—00 y6
1

where —fg” is a positive constant. But al' = Flia + Fip =

Fui(l++5)42F10 _ Li+Fus3 _
2 - 2 -

=

=

1994895 . 199.0050 and y¢ = Pey + Ps = 70y + 29 = 70(1 + +/2) + 29 = 99 4+ 70+/2 ~

197.9949. So o' > y°. Consequently, lim (";—161) is infinite. Thus, when 7 is sufficiently large,
n—oQ

Fii, > Pept.
As a concrete counterexample, it has been found, with the aid of a computer, that when
n = 128, F]]n > 8 X 10293 > P6n+1- [ ]

17.3 Cook’s Inequality

The next bridge is a cubic inequality linking Fibonacci, Lucas, and Pell numbers, studied by
C.K. Cook of Sumter, South Carolina, in 2009, [51,52]

F)+ L)+ P} +3F,L,P, >2(F, + L,)*Py, (17.3)

where n > 3. The inequality fails when n = 1, 2, or 3; however, it is true when n = 0. But it
works whenn = 4:33 4+ 73+ 123 +3-.3.7.12 =2854 > 2400 = 2- (3 + 7)*- 12.

Proof. First, we will prove by PMI that P, > 2L, + F,, where n > 5. Clearly, this is the case
when n = 5 and n = 6. Assume that is true for all integers < n, where n > 6. Then
Piy1 = 2P, + Py

> 2(2Ln + Fn) + (2Ln—1 + Fn—l)

= 2(2Ln + Ln—l) + (2E1 + El—l)

= 2(Lp+ Ly+1) + (Fy + Fut1)

> 2Ln-{-l + Fn-H-
Thus, by the strong version of PMI, P, > 2L, + F,,, for every n > 5.

Assume n > 5 for the rest of the proof. Since P, +2L, > L, and P,—2L, > F,, it follows
that P? —4L2 > F,L,;so P> — F,L, > 4L2 and hence

P,(P}—F,L,) > 4L*P,. (17.4)

Since L, P, >0,L,P, + L,F, > L,F,,.But P, > F,,and P, > L,. So
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L,2P, — Ly) + F,(2P, — Fy) > L,F,
2Ly + F)P, > Ly+ F;+L,F,
2Ly + F)(Ly — F)Py > (Ly+ F; 4+ LyF)(Ly, — F)
2(L2—FHP, > L)—F)
P, —L,)L> > (2P, — F,)F?
2P, — L,)L; > (P,—F)F}+ (2P, - L,)L;
4P,L> > (2P, — F,)F?+ (P, —L,)L>.

Using (17.4), this implies that

P,(P}— F,L,) >2P,(F}+ L) —F’—L;.
This yields the desired inequality. n
Interestingly, Cook’s inequality also works for Pell-Lucas numbers:
F)+ L)+ Q) +3F,L,0, > 2(F, + L,)*Q,, (17.5)
where n > 3. Its proof follows the above argument, with P, replaced with Q,,.
For example, F43 + Lz + Qi + 3F,L4Q4 = 6,354 > 3,400 = 2(F; + L4)*Q4 and
F53 + Lg + Qg +3F5L5Q5 = 77,142 > 20,992 = 2(Fs + L5)*Qs.

The next two congruences were also discovered by Seiffert in 1994 [201].

Example 17.4 Prove that P3,—; = F,,4, (mod 13) and P3,4 = (—I)L(”H)/ 2 ey (mod 7),
where n > 1.

Proof. (1) First, notice that the sequence { P, (mod 13)} is periodic with period 28:

12512350510128212012118110808315111012512---10 ---

The sequence { P3,—; (mod 13)} is also periodic with period 28:

235808831111201212111085055102121011235---11---

On the other hand, { F},,+, (mod 13)} is exactly the same periodic sequence with period 28:

235808831111201212111085055102121011235---11 ---

Since both sequences have exactly the same repeating cycle, it follows that Ps,— = Fj, 42
(mod 13).
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(2) The sequence {Ps,+; (mod 7)} is periodic with period 2: 51 51 ..., whereas
the sequence {Fy,—; (mod 7)} is periodic with period 4: 26512651.... So

{(—=D)Le+D2IE, | (mod 7)} is periodic with the repeating cycle —2 — 6 5 1; but this
—————
isthe same as 51 51 modulo 7. So the sequence {Fy,—; (mod 7)} is also periodic
—— ——

with the same repeating cycle as {Ps,4+1 (mod 7)}. Thus Ps3,4; = (—D)le+tb2E,
(mod 7), as desired. .

Seiffert also found that Pg,_4 = (—l)L(”_l)/2J Fs,421 (mod 11), where n > 1.

The next congruence, also studied by Seiffert, appeared in 1995 [204]. The proof here is
based on the one given by L. Somer of the Catholic University of America, Washington, D.C.,
in 1996 [235]. We omit a few details for the sake of brevity.

Fen  Prn
Example 17.5 Prove that ; = []: (mod Qy — Ly), wheren > 0 and k > 1.
k k

Proof. Since Fy|F}, and Py| Py, (see Theorem 8.2), both fﬁk” and I;i‘k” are integers.
We will prove a more general result and then deduce the desired result from it. To this end,

consider the sequences {4, }°2, and { B, } 2, defined recursively as follows:

Aptr = aApy1—bA,, A9=0, A4 =1,
Bn+2 = CBn+1 _ana By=0, By =1,

where a, b, and ¢ are nonzero integers. Assume that A, B, # 0 for every n > 0.

Let {C,} be a sequence satisfying the same recurrence as A4,, but with the initial conditions
Cyo = 2and C; = a. Let {D,} be a sequence satisfying the same recurrence as B,,, but with
the initial conditions Dy = 2 and D; = c¢. Then both %{” and %: are integers. We will now
establish by PMI that

Akn . Bin

A By,

(mod Ck — Dk) (17.6)

forn > 0.

The sequences {%} and {%} satisfy the recurrences
k k

Xpt2 = CrXpp1 — b¥xp (17.7)

and

Y42 = Dpynt1 — b* yi (17.8)

respectively [151].
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To establish congruence (17.6):
Clearly, Akko =0= Bk 0 (mod Cy — Dy) and Akl =1= ngl (mod Ci — Dy). So (17.6) holds
whenn = 0andn = 1

Now assume it is true for every nonnegative integer < n. Then, by (17.7), (17.8), and the
inductive hypothesis, we have

Akt CrAgn — b* Ak n—1)
Ag Ag
B+ _ Dy By — b* By (-1
By By
A Ak n— Cr An — b* Ajn—
= D- Ak” bk . szl D _ Zk7k v KD (mod Cy — Dy)
k k k

Akn
Lkt (mod Cy — Dy),
Ax

where we have used the fact that Cy = Dy (mod Cy — Dy).

Thus, by the strong version of PMI, congruence (17.6) holds for every n > 0.

In particular, let ¢ = 2 and b = —1 = —c. Then 4,4, = 24,41 + A4, and B4, =
2B,+1 + By,;so A, = P, and B, = F,,. Thus, the desired result follows. "

17.4 Pell-Fibonacci Congruences

The next example presents a congruence linking Pell and Fibonacci families. It was found by
Seiffert in 2007 [222]. The solution is based on the one by P.S. Bruckman [35].

Example 17.6 Let r, s, and n be arbitrary positive integers, and m = (P,, Fy, P,_; — Fs_),
where (a, b, ¢) denotes the gcd of the integers a, b, and c.

(1) Prove that F,, P,+, = P, F,+; (mod m).
(2) Show that F,, P13 = P, F,+13 (mod 68).
(3) Find integers r and s such that F,, P,4+, = P, F,+; (mod 13).

Solution.

(1) To establish the congruence, we will need the following addition formulas:

Puyr = PP+ PPy
Fn+s = Fn+1Fs+FnFs—1-

We then have

FnP11+r_PnFn~|—s = Fn(Pn—HPr+PnPr—l)_Pn(Fn+1Fs+FnFs—1)
= Ean-f-lPr_PnFn-f-lFs'i‘FnPn(Pr—l_Fs—l)-
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Since m| P,, m| Fy, and m|(P,—; — Fs_1), it follows that m|RHS. So m|LHS. This yields the
desired congruence.

(2) Chooser = 8,ands = 18. Thenm = (Pg, Fig, P7—F17) = (408,2584,169—1597) = 68.
So F,,P,4+3 = P, F,+13 (mod 68), by part (1).

(3) Clearly,m = 13 = (P,, F, P,—1 — F;_) for some positive integers r and s. Now 13| P, if
and only if 7|r; this follows by the addition formula and PMI. We have 13 = F7, and F;| F;
if and only if 7|s. So 13| F; if and only if 7|s.

Let r = 7. Suppose we choose s = 7. Then Pg — Fg = 70 —6 = 62; but 13 / 62. So s # 7.
Likewise, s # 14. Now try s = 21. Then Ps — F5y = 70 — 6765 = —6695 = 13(=515); so
13|(Ps — F»p). Thus, r = 7 and s = 21 works by part (1). u

The next congruence also links Pell and Fibonacci numbers.

Example 17.7 Prove that

F4n+mP4n+m = Fum + 3I’lFum+2 + 6nFm+2Pm (IIlOd 9)1 (179)

where m is an arbitrary integer.

Proof. Since a* = 3a? — 1 and B* = 382 — 1, it follows by Binet’s formula and the binomial
theorem that

‘/§F4n+m — gintm _ IB4n+m
= "G’ = 1)" = B3~ 1)

m . n—rnr n r m . n—rAr n r
= « g(—u 3 (r)oﬂ ~B ;(—1) 3 (r)ﬂz
— - _1\n—rar n 2r+m __ p2r+m
_;(1) 3<r)(oz+ g+
Finim = Z(—l)""sr(’z)FZrm

r=0

= (—1)'(F, —3nF,;4;) (mod9).

Similarly, since y* = 6y? — 1 and §* = 652 — 1, we have

2\/§P4n+m = Z(_l)n—r6r (’:) ()/Zr-‘rm _ 82r+m)
r=0

- —rer [T
Pypym = Z(_l)n 6 (r)P2r+m
r=0

(_l)n (Py —6nPypi2) (mod9).



17.4 Pell-Fibonacci Congruences 333

So

FugmPantm = (Fp —3nFput2) (Py — 6nPy42) (mod 9)
F,P,+3nF,Pyir»+ 6nF, P, (mod?9),

as claimed. "

For example, let n = 2 and m = 3. Then

F3P; +6F;3Ps+ 12FsP3; = 2-546-2-29412-5-5
= 1=289:5741 (mod 9)
= F“Pll (mod 9)

Congruence (17.9) has four interesting byproducts. When m = 0, 1,2, and 3, it yields the
following congruences, where W, = F, P,:

Wy, = 0 (mod 9) Win+1 = 0 (mod 9)
Wint+2 =2 (mod 9) Win+3 =1 (mod 9).

Corresponding to (17.9), we have a Pell-Lucas congruence:
LaptmPantm = Ly Py +30Ly Ppyr +6nLy 5P, (mod 9). (17.10)

This was found by C. Georghiou of the University of Patras, Greece, in 1991 [93]. Its proof
follows the same argument as before, so we omit it.
For example, let n = 2 and m = 3. Then

L3Py 4+ 6L3Ps 4+ 12LsP3; = 4-54+6-4-29412-11-5
= 8=199-5741 (mod 9)
= L11P11 (mod 9)
Congruence (17.9) also has four interesting byproducts; they correspond to m = 0, 1, 2, and
3, where X,, = L, P,:

X4y = 3n (mod 9) Xgpn+1 =3n+1 (mod 9)
X4pny2 = 3n + 6 (mod 9) Xapnt3 = 3n + 2 (mod 9).

These were found by Seiffert in 1990 [196].
Congruences (17.9) and (17.10) have their counterparts for Pell-Lucas numbers. Since

Quntm = (—=1)" (QOm + 3nQm+2) (mod 9), we have

FantmQantm = (Fp—3nFu42) (Qm +3nQp42) (mod 9)
FQO +3nFQO+2+6nFm+2Qm (mOd 9) (17~11)
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LipimQantm = (Lm - 3an+2) (Qm + 3”Qm+2) (mOd 9)

= Lm Qm + 3an Qm+2 + 6an+2Qm (mOd 9) (1712)
Congruences (17.11) and (17.12) yield the following special cases, where ¥, = F,,Q, and
Z,=L,0,:
Y4, = 6n (mod 9) Yyp1 =6n+1 (mod 9)
Y442 = 6n + 3 (mod 9) Yin+3 =6n + 5 (mod 9)
Z4n =2 (mod 9) Z4n+1 =1 (mod 9)
Zn+2 =0 (mod 9) Zi+3z =1 (mod 9).

17.4.1 A Generalization

Let {4,} and {B,} be two integer sequences satisfying the Fibonacci and Pell recurrences,
respectively. Then, it follows by congruences (17.9)—(17.12) that

A4n+mB4n+m = AmBm + 3nAmBm+2 + 6nAm+ZBm (mOd 9) (1713)

17.5 Israel’s Congruence

The Pell-Fibonacci congruence

P, = (—1)" [(18n* 4+ 21n + 2)F, 4+ 12F,41] (mod 27) (17.14)

was discovered by R.B. Israel of the University of British Columbia, Canada, in 1991, where
n > 0 [207]. We will now prove this by showing that R, = (—1)" [(18n? + 21n + 2) F,+
12 F, 4] satisfies the Pell recursive definition modulo 27. The proof is a bit tedious, and depends
on the Fibonacci recurrence and modular arithmetic.

Proof. Since Py = 0 = Fj, the congruence is clearly true when n = 0. Since —(18 + 21 + 2) -
1+12-1=-26=1 (mod 27), it also true when n = 1.
We will now show that R, satisfies the Pell recurrence. Since
2Rn-l-l + Rn = 2(_1)’1+1 {[18(1’1 + 1)2 + 21(” + 1) + 2] Fn+1 + 12(” + 1)Fn+2} +
(—1)" [(18n* + 21n + 2)F, + 12F,41].

Then

(=D)"2Ru4+1+ R,] = —[36(n* +2n + 1) +42(n 4+ 1) + 4| Fyy1 —24(n + 1) Fpn +
(18n° + 21n + 2)F, + 12nF, 4,
= (=36F, 4 + 18F,)n* — (12 + 42)nF,| — 24nF,, + 21nF, +
12nF,qy 4 26F, 1| —24F, 1> + 2F,
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18n(Fy1 + Fy) + 21n(Fyq1 + Fy) —24nF,q0 + 12nF, 1 +
26F, 41+ 3F,12 + 2F, (mod 27)

1812 Fyqn + 21nFy 4o — 24nF,ys 4+ 12nF, ey + 26F, 11 +
30F, 42 + 2F, (mod 27)

18n°Fyq0 + 24nFyqr + 12nF, 41 + 24(Fyq1 + Fugo) +
6F, 12 + 2(Fyy1 + F,) (mod 27)

18n° Fyyn + 120 Fyqn + 120(Fyi2 + Fut1) + 24F,43

+8F, 4, (mod 27)

1812 Fyyn 4+ 120 F, 4o + 12nF, 43 + 24F, 43 + 8F, 1, (mod 27)
= (18n% + 12n + 8)F,4» + 12(n 4 2) F, 43 (mod 27)

[18(n +2)> 4+ 21(n + 2) 4+ 2) F,42 + 12(n + 2) F,43] (mod 27)
(—=1)""2R, 1> (mod 27).

Thus R, satisfies the same recursive definition as P,, modulo 27. This establishes congruence
(17.14). "

For example, let n = 5. Then

RHS

(—1)°[(18 - 5% +21-5+2) -5+ 12-5-8] (mod 27)
2 =29 (mod 27)
P29 (mod 27)

17.6 Seiffert’s Congruence

Using congruence (17.14), we will prove the following congruence, discovered by Seiffert in
1989 [195]:

6(n + 1)Po_i + Poyp1 = (=)' (9n* = 7)F,41 (mod 27). (17.15)

Proof. By congruence (17.14), we have

(—D"LHS) = 6(n+ 1) {[18(n —1)> +21(n — 1) + 2] F,—y + 12(n — D) F,} +
[18(n + 1)? +21(n + 1) + 2] Fyt1 + 12(n + 1) F2 (mod 27)
[0+ 18(n> — 1) + 12(n + 1)]F,—; + 18(n* — 1)F, +

[18(n + 1)* + 21(n + 1) + 2] Fyy1 + 12(n + 1) F, 42 (mod 27)
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18n*(Fy—1 + Fy + Fuq1) + (12F—1 4+ 3F, 41 4 12F,40)n —
6F,—1 — 18F, + 14F, 4| + 12F, 4, (mod 27)

36n° Fyt1 + [12F,—1 + 3Fu41 + 12(Fyq1 + F)ln —

6(F,—1 + F,) + 14F, 41 + 12(F,42 — F,) (mod 27)

9n*Fyq1 + [12F,—1 + 15(F, + Fy1) 4+ 12F,]n —

6F,41 + 14F, | + 12F, 4, (mod 27)

M?Fyyy + 04 20F, 1 (mod 27)

(9n* — 7)F, 41 (mod 27)

(—1)"t1(9n? — 7)F,41 (mod 27), as desired.

LHS

For example, let n = 10. Then

LHS =6-11-Py+ P;; = 66-985+ 5741 = 11 = (—1)''(9- 10> — 7) F;; (mod 27).

17.6.1 Israel’s and Seiffert’s Congruences Revisited

Since Lucas and Fibonacci numbers satisfy the same recurrence, it follows from the proof of
congruence (17.14) that (—1)" [(18n? 4+ 21n + 2)L, + 12nL,41] (mod 27) also satisfies the
Pell recurrence. When n = 0, this yields 4 = 4Q, (mod 27). So the corresponding congruence
for Pell-Lucas numbers is

40, = (=1)"[(18n* +21n + 2)L, + 12nL,41] (mod 27).
For example, (—1)° [(18 - 5% + 21 -5+ 2)Ls + 12-5L¢| = 4Q5 (mod 27).
This implies that Seiffert’s congruence (17.15) also has a counterpart for Pell-Lucas
numbers. It is obtained by replacing Fy with Ly, and P with 4Qy:

24(n + 1) Quet + 4041 = (=1)"1(9n° = T) L, 41 (mod 27).

That is,
40,41 =3 + 1) Qi = (=11 (90% = T) L4y (mod 27),

For example, 406 —3-604 = 9 = (=1)%(9-5> — 7)Ls (mod 27).

17.7 Pell-Lucas Congruences

The next example presents a Pell-Lucas congruence, found by Seiffert [188]. The solution
presented here is based on the one by L.A.G. Dresel of the University of Reading, England
[75].
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Example 17.8 Prove that P,4+3 + P,+1 + P, = 3(—1)"L, (mod 9).
Proof. First, notice that

Pips+ P +P, = QPyyr+ Piy)) + Poyi + Py
= 2Pyy2+ QPuy1 + Po)

= 3P 42
Next we will show that K, = (—1)"L, satisfies the same recurrence as P,4+, modulo 3. To
this end, recall that L, = L,—; + L,—; so (=1)"L, = (=1)"L,—1 + (=1)"L,—,; that is,
K,=-K,1+ K,—, =2K,—1 + K,,—, (mod 3). Since P, = 2P,—; + P,—, (mod 3), both
P, and K, satisfy the same recurrence modulo 3. But K; = —L; = —1 = 2 = P3 (mod 3)
and K, = L, = 3 = 12 = P, (mod 3). So P,> = K, (mod 3) for every integer n > 1.
Consequently, 3P,, = 3K,, (mod 9); this yields the desired congruence. u

For example, we have

Pio+ P+ P; = 2378 + 408 + 169
= 2995 =3 (mod 9)

—87 = —3-29 (mod 9)

3(=1)"L; (mod 9).

Our next example investigates five congruences linking Lucas and Pell-Lucas numbers. They
were originally studied by S. Rabinowitz of Westford, Massachusetts, in 1998 [180]. Their proofs
are based on the ones given by D.M. Bloom of Brooklyn College, New York, in 1999 [22].

Example 17.9 Let n be any nonnegative integer.

(1) Provethat2Q7, = L, (mod 159).

(2) Find an integer m > 2 such that 2Q;, = L,, (mod m).

(3) Find an integer a such that 2Q,, = L, (mod 31).

(4) Find an integer m > 2 such that 2Q 9, = L,, (mod m).

(5) Show that there is no integer a such that 2Q,, = L, (mod 7).

Proof. The proofs and solutions hinge on the identity

Onk + (=1*Qui = 20, 0. (17.16)

where k > 0. It can be established by PMI.
Using this identity, we will now prove the following result by PMI:

Ifa is odd and 2Q, = 1(mod m), then 2Q,, = L,(mod m) for every n. (17.17)
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Clearly, the congruence is true when n = 0 and n = 1. Assume it is true for nonnegative
integers n < j, where j > 1. Then, by identity (17.16) and the inductive hypothesis, we have

20441 = 2Qa(-1) + (204;)(20Q,)
= Lj—l +LJ 1= Lj+1 (mod m)

So the congruence holds when n = j + 1. Thus, by the strong version of PMI, it holds for every
n>0.

We can now deduce all results from property (17.17):

(1) Leta = 7and m = 159. Then 2Q7; = 2-239 = 478;s02Q7;—1 = 477 = 3-159.
Consequently, 207, = L, (mod 159).

(2) We need to choose an integer m such that 2Q; = 1 (mod m). Since 20, = 2-8119 =
2 - 23 - 353, the smallest integer m > 2 that works is m = 13: 20, = L, (mod 13).

(3) First, we will choose an odd integer a such that 2Q, = 1(mod 31). By trial and error,
a = 17 works: 2017 = 2-1607521 = 1 (mod 31). So, by congruence (17.17),2Q 17, = L,
(mod 31).

(4) Whenn = 1, we must have 2Q 9 = 1 (mod m). Since 2Q 9 = 2-9369319 = 18, 738, 638,
we can choose m = 2Q 9 — 1 = 18,738, 637.

(5) Suppose there is an integer a such that 2Q,, = L, (mod 7) for every n. In particular,
20, = L; = 1(mod 7). But this is impossible, since the sequence {20, (mod 7)}°°

n=0

follows the pattern 226065 22606 5--- and the repeating cycle does not contain the

residue 1. u

17.8 Seiffert’s Pell-Lucas Congruences

The next two congruences link Pell and Lucas numbers modulo 5. It follows from Table 17.2
that the sequence { P, (mod 5)} is periodic with period 12, whereas {L, (mod 5)} is periodic
with period 4. Since [12,4] = 12, it suffices to consider the first 12 terms in each sequence, where
[a, b] denotes the least common multiple (Icm) of a and b. Since Py = Ly (mod 5), Py = L4
(mod 5), P; = L7 (mod 5), and Pjg = Lo (mod 5) (see Table 17.2), it follows that P3,+; =
L3,+1 (mod 5). Likewise, P3,+7 = 4L3,4, (mod 5). These two congruences were found by
Seiffert in 1992 [198].

Table 17.2.

] n o 1 2
P, mod5) |0 (1) 2
2 (1) 3

L, (mod 5)

10 11]12 13
0 1

G 1
G) 4|2 1

A~ O ||Ww

4 5 6 7 8 9
@ 40 @ 3 0
2 13 (@ 21
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Table 17.3.

n 0 I 2 3 4 5 6 7 8 9 10 11 12 13 14
P,mod5 |0 1 2 0 2 4 0 4 3 0 3 1 0 1 2
F,bmod5 |l0 1 1 2 3 0 3 3 1 4 0 4 4 3 2

n 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
P,(mod5 || 0 2 4 0 4 3 0 3 1 0 1 2 0 2 4
Fobmod5 ||l0 2 2 4 1 0 1 1 2 3 0 3 3 1 4

n 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44
P,(mod5 |0 4 3 0 3 1 0 I 2 0 2 4 0 4 3
F,(mod5 || 0 4 4 3 2 0 2 2 4 1 0 1 1 2 3

n 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59

P, (mod5) || O 3 1 0 1 2 o0 2 4 0 4 3 0 3 1
F, (mod 5) o 3 3 1 4 0 4 4 3 2 0 2 2 4 1

We can use a similar technique to extract congruences linking Pell and Fibonacci numbers
modulo 5. It follows from Table 17.3 that { F;, (mod 5)} is periodic with period 20. So it suffices
to study only the first 60 = [12, 20] terms of the sequences { P, (mod 5)} and {F,, (mod 5)} to
extract such relationships. It follows from the table that

P15n+r = F15n+r (mOd 5) P15n+4r = 4F15n+4r (mOd 5)
2Pisu+or = 4F 15542 (mod 5) 2Pisut7r = 4F 15047, (mod 5).
where r = —1, 0 or 1. These congruences repeat every 15 entries since P,415 = 2P, (mod 5)

and F, 415 = 2F, (mod 5); see Table 17.3.

17.9 Hybrid Sums

n

The next bridge deals with the sum ) Ay Py, where {A} is an integer sequence satisfying the

Fibonacci recurrence. We will prove by PMI that

n
3> AkPi = AvPoyi + Ausr Po— 11, (17.18)
k=0
0 if Ay = F;
where u =
2 if Ay = Ly.

Proof. Suppose n = 0.
Case I. Let Ay = Fy. ThenLHS=0=1-1+ A;-0—0=RHS.

Case 2. Let Ay, = L. ThenLHS=0=2-1+ A4;-0—2=RHS.
Thus, the formula works when n = 0.
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Suppose it is true for an arbitrary nonnegative integer n. Then

n+1

3ZAkPk = 3ZAkPk+3An+1Pn—H
k=0 k=0

= (AyPry1 + Aps1 Pr— ) + 34,41 Pryy
= An—i—l(zpn—l-l + Pn) + (An—H + An) — MU
= Apt1Put2 + Ant2Puy1 — 1.

So it also works forn + 1.
Thus, by PMI, it is true for every n > 0. "

For example, let n = 4. Then

4
3 FiPe=30-0+1-1+1:2+42-5+3-12)=147=3-29+5-12 = FyPs+ FsP, —0.
k=0

4
Likewise, 3 Y Ly Py =333 = L4P5+ LsPy—2.
k=0
It follows from formula (17.18) that
Ay Pyy1 4+ Ay P, = o (mod 3). (17.19)
Thus F, P41 + F,4+1P, =0 (mod 3) and L, P,+; + L,+1 P, = 2 (mod 3). We will employ

these two congruences a bit later.
Interestingly, (17.18) has a companion formula for Pell-Lucas numbers:

n
3 AcQi = Ay Qui1 + A1 On — v, (17.20)
k=0
1 if Ay = Fy
where v = Its proof also follows by PMI.
=3 if Ay = L.

For example, let n = 5. Then

5
3) FiQr =3(0-1+1-1+1-3+2.7+3-17+5-41) = 822 = 5:99+8-41—1 = F; Q¢+ FsQ5—1.
k=0

5
Similarly, 3 Y Ly Q = 1830 = LsQ¢ + LcQOs + 3.
k=0
It follows from formula (17.20) that F,,Q,+1 + F,+10, = 1 (mod 3) and L, Q0,4+ +

L,+10, =0 (mod 3). These two congruences also will come in handy shortly.
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17.9.1 Weighted Hybrid Sums

n
Next we derive a summation formula for the weighted sum »_ k Ay Py, where { A} is again an
k=0
integer sequence satisfying Fibonacci recurrence. To this end, first notice that

Ant3Puvs = (Apya + Ant 1) 2Posa + Potr)

= 2Ap+2Put2 + An2Pur + 24041 Pua + Ant1 Pap

= Apt2Poyo + Ant2(Poya + Poy1) + 24541 Por + Ant1 Pog

= App2Puio+ Ap2(3Put1 + Py) + 24541 Potr + Apt1 Puta

= App2Prp2 + 34512 Po1 + An2 Py + 24541 Pugr + Api P

= Ap+2Put2 + 3(Ant2Pos1 + App1 Put2) — A1 Prto +
An+2Pn + Ant1 Pry

= Ap+2Put2 +3(Ant2Por + An1 Pug2) — Ap 1 QPyr + Po) +
(An + Ant1) Pn + Apg1 Poy

= Apt2Poyo + 3(Ap2Prv1 + Ant1 Pota) — A1 Pogr + A Pa.

Thus

Apt2Put2 + 3(Ant2Pot1 + Ani1 Pug2) + An Py = Apg3 Prys + An1 Poyr (17.21)

Using this identity and PMI, we will now prove that

9ZkAkPk =3(n+ 1)(Ay Poy1 + Api1 Py) — Api2 Prynr — Ay Py + A, (17.22)
k=0
2 fA=Fe . e
where A = This formula was developed by Seiffert in 1988 [193].
0 if Ay = L.

Proof. Suppose n = 0. When A, = Fj, RHS = 0 = LHS. On the other hand, when Ay = Ly,
RHS =0 =LHS. So the formula works when n = 0.
Now assume it is true for an arbitrary nonnegative integer n. Since

Ap Py + Ay Py + 34,11 Py = (Ay P + Ap1 Pu) + A1 QP + Py)
= Ay Prp1 + Ay Poyo,

we have

ApPoyr + Ap1 Pu = Api2 Pur + Ap1 Puyo — 34541 Putr.
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Then, by the inductive hypothesis and formula (17.21), we have

n+1

9> kAxPe = 9) kAcPi+9(n + 1) Ayt Py
k=0 k=0

= [B(n+ DAy Pot1 + Aps1 Py) — A2 Puo — A Py + Al +
On + DA, +1 Pyt

= 3+ D(Au+1Put2 + Ap2 Poyr — 3An41 Poy1) — Apya Pryo —
Ap Py +9(n + DAyt 1 Pogr + A

= 3(n+ D(An+1Put2 + Ant2Put1) — Ant2Prya — An Py + A

= 3(n+2)(An+1Poy2 + App2 Puy1) —
[B(An+1Prt2 + Apt2 Pot1) + Ap2 Pryo + Ay Po] + A

= 3(n + 2)(An+1Puta + Ant2Pov1) — Ant3 Poys — Ap1 Puar] + A

So the formula also works forn + 1.
Thus, by PMI, it works for every n > 0. "

For example, let n = 5 and Ay = Fj. Then

5
LHS = 9 Z kA Py
k=0

= 91-1-14+2-1-2+3-2-5+4-3-12+5-5-29) = 8,136
= (3-6)(5-70+8-29)—13-169—5-29+ 2
= RHS.

5
Likewise, 9 Z kLkPk = 18,036 = (3 . 6)(L5P6 + L6P5) — L7P7 — L5P5.
k=0

17.10 Congruence Byproducts

Formula (17.22) has interesting byproducts. Since A, P,+1 + A,+1 P, = p (mod 3) by formula
(17.19), it follows by (17.22) that

Fui2Poir + F,P, = 2 (mod 9) (17.23)
LpisPyssr+ L,Py = 6(n+1) (mod 9). (17.24)

Now multiply (17.23) by L,, and (17.24) by F,,, and add the resulting congruences, where
m 1is any integer. Then

(FnLyyr+ LyFuy2)Poyor + (FLly + Ly Fy) Py = 2L, + 6(n + 1)F,, (mod 9).
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Using the addition formula [126] F},, Ly + L, Fx = 2F,,+, this becomes
2Fn4n+2Pus2 + 2Fqn Py = 2L, + 6(n + 1)F,, (mod 9).
Since 2 and 9 are relatively prime, this implies that
Foini2Pugor + Fygn Py =3(n + 1)F,, L, (mod 9). (17.25)
For example, let m = 3 and n = 5. Then

LHS = 55-169+21-29=4 (mod 9)
= 3-6-2+4 (mod 9)
RHS.

On the other hand, multiplying (17.23) by 5F,, and (17.24) by L,,, and then adding the
resulting congruences, we get

(SFan-i-Z + Lan—l-Z)Pn—l-Z + (SFan + Lan)Pn = 10F, + 6(” + 1)Lm (mOd 9)
Using the addition formula [126] 5F,,, Fx + L, Ly = 2L+, this yields

2Lm+n+2Pn+2 + 2Lm+nPn = 1OFm + 6(” + I)Lm (mOd 9)

Lm+n+2Pn+2 + Lm+nPn = 5Fm + 3(” + 1)Lm (mOd 9) (1726)
For example, when m = 3 andn = 5,

LiygP; + LgPs =123-169447-29=1=5-243-6=5F;+3-6L3 (mod 9).

17.10.1 Special Cases

Congruences (17.25) and (17.26) have intriguing special cases:

(1) Letm = —n in (17.25). Since F_, = (=1)"*'F, and L_, = (=1)"L,, it implies that
Pois = (=1)""'[3(n + 1)F, — L,] (mod 9).

(2) Letting m = —(n + 1) in (17.25), we get P,ip + P, = 3(n + )(=1)" ' F, | +
(=D)" ™ L,+; (mod 9). Thatis, Q, = (=1)"t'(3nF, — L,) (mod 9).

(3) Lettingm = —(n + 1) in (17.26), it yields 2P, = (—1)"T'[3(n + 1)L,4+1 — 5F, 41
(mod 9). Thatis, 2P, = (—1)"(3nL, — 5F,) (mod 9).

(4) Letm = —n in (17.26). Then it yields 3P,4, +2P, = (—1)"[3(n + 1)L, —5F,] (mod 9).
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17.11 A Counterpart for Pell-Lucas Numbers

Formula (17.22) has a similar-looking counterpart for Pell-Lucas numbers:

9 kAkQr = 3(n + D)(A4y Qus1 + A1 0n) = Ans2Qur2 — 42 O + B, (17.27)
k=0
0 ifAy=F
where © = Ak * s proof follows similarly.
2 if Ay = Ly.

For example,

5
9ZkaQk =11,502 = (3-6)(FsQ¢+ FsQs5) — F707—FsQ5+0
k=0

5
9% kLiQi =25,506 = (3-6)(LsQs+ LsQs) — L7107 — LsQs +2.
k=0

As can be expected, formula (17.27) also has interesting congruence consequences. First,
recall from formula (17.20) that F,, Q41+ Fy41Q, =1 (mod 3)and L, Q41+ Ly+10, =0
(mod 3). So, it follows from (17.27) that

Fy420n42 + F, 0, = 0 (mod 3) (17.28)
Ln+2Qn+2 + Ln Qn 2 (mOd 3) (17~29)

As before, using the addition formula for Fibonacci numbers, these two yield:

2Fm-}—n+2Qn—|—2 + 2Fm+n Qn = 0-Ly+2F, (mOd 3)
Futn+20n+2 + 2F040OQn = Fy (mod 3). (17.30)

For example, letm = 3 and n = 5. Then LHS ==55-239421-41 =2 = F; (mod 3).
It follows from (17.28) and (17.29) that

OFnFuy2+ LnLyt2)Qnio + (SFyFy + LyyLy) 0, =0-5F, + 2L, (mod 3).
Using the addition formula for Lucas numbers, this implies that

2Lmtn+29n+2 + 2Lp4nQn = 2L, (mod 3)
Lytn+20n+2 + Lin4nQn = Ly (mod 3). (17.31)

For example, whenm = 3 andn = 5, LHS =123-239+4+47-41 =1 = L3 (mod 3).
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17.11.1 Special Cases
As before, congruences (17.30) and (17.31) also have interesting special cases:
(1) Letting m = —n in (17.30) yields Q,4» = (—1)""'F, (mod 3).
(2) Suppose we letm = —(n+1) in (17.30). Then we get Q4>+ Q, = (—1)"F, 41 (mod 3).
That is,
4P, = (—1)"'F, (mod 3)
P, = (=1)"'F, (mod 3).

(3) Letm = —(n + 1) in (17.31). Then Q,1» — O, = (—=1)"'L,4; (mod 3). This implies

that 0, = (=1)""'L, (mod 3).
(4) Lettingm = —n in (17.31), we get 30,42 + 20, = (—=1)""'L,, (mod 3).

The next bridge is a generalization of a Pell-Fibonacci sum, studied by Seiffert in 1986, when
he was a student [188, 189]. The proof, based on the one by Bruckman, illustrates a delightful
technique in the theory of finite differences [26,27].

Example 17.10 Let {A,} be an integer sequence satisfying Pell recurrence. Prove that

9 AFi = AupaFy + Aurr By + Ay Fact — Aui Fugy — A, (17.32)
k=1
0 ifd; =P
where A = !
4 ifA4; = 0.

Proof. Let R, = A2 F, + Ays1Fy0 + AnFy—1 — Ay—1 Fy41. Using Pell and Fibonacci
recurrences, we can simplify this sum:

R, = QAwt1+A)E, + Apr1(Fur + Fy) + Ay(Fyg1 — Fy) — (A1 — 24,) Fap
= 3(Apt1Fy + AnFupr).
Let AR, = R,+1 — R,. Then
AR, = 3(Apt2Fu1 + App1 Fug) = 3(Apt1 By + Ay o)
= 3[QAn+1 + A Fut1 + Ant1(Fopr + F)] = 3(Ant1 Fy + An Fat1)
= 9411 Fit1.
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Now let S, denote the sum on the LHS of equation (17.32): S, = 9 ) Ay Fy.. Then
k=1

AS, = Sn+1_Sn

n+1 n
= 9 (Z A Fy — ZAka)
k=1 k=1

= 94,41 Fu11.

Since AR, = AS,, it follows that R, = S, + C, where C is a constant independent of n.
In particular, R} = S| + C.

Case 1. LetA,- = Pi.SiIlCGPo =0= FoﬁﬂdPl =1= Fl,Sl = 9P1F1 = 9andR1 = 9.
Consequently, C = 0.

Case 2. Let Ai = Qi- Since Q() = 1,F() = 0, Ql =1= Fl, S1 = 9Q1F1 = 9and Rl = 13.
So R; = S; + C implies that C = 4.
Combining these two cases, we get the desired formula. u

The corresponding formula involving Lucas numbers is given by

92 AkLk = An+2Ln + An+1Ln+2 + AnLn—l - An—an+1 — M, (1733)
k=1
6 ifA, =P~
where © = o 4 0
1 i = i

This can be established using an argument similar to the one in Example 17.1. Using the
same notations as before, we have AR, = 94,4 1L,+1 = AS, and R, = S,, + C’, where C’ is
a constant independent of n. In particular, Ry = S; + C’.

Case 1. Let Al' = P,'. Then S] = 9P1F1 = 9 and R] = P3L1 -+ P2L3 + P1L0 — P()L2 =
5-142-44+1-2—-0=15;s0C’ =6.

Case 2. Let Ai = Qi- Then S1 = 9Q1F1 = 9 and Rl = Q3L1 + Q2L3 + QlLO — QOL2 =
7-1+3-44+1-2—1-3=18.SoC’' =09.

These two cases together give us formula (17.33).

As a byproduct, it follows from formula (17.33) that A,4>L, + Ay+1Ly+2 + Ay Ly—1 —
Ap—1Ly+1 =0 (mod 3), where A; = P; or Q;. Inparticular, Q,12L,+Qn+1Ly+2+0nLy—1—
Qn—an+1 =0 (mOd 9)

For example, let A; = P; and n = 5. Then

LHS = P;Ls+ PslL7;+ PsLy— P4l
= 169-11+70-29429-7—12-18
= 3876 = 0 (mod 3).
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Likewise, Q7Ls + Q¢L7 + QsL4s — Q4L =239-11 +99-29+41-7—17-18 = 5481
(mod 9).

Next we investigate two infinite sums studied by Seiffert in 1994 [202]. They involve
Fibonacci, Lucas, Pell, and Pell-Lucas numbers. Their proofs are a bit long, and are based on
the ones given by N. Jensen of Kiel, Germany, in the following year [116].

Example 17.11 Prove that

an Q2” —
(1 Z (Lo Py — 5(F O)?

Z Lon Pon B —342
2(L2nP2n —5(FpnQ»)? 12

o O\ =

Proof. We will establish both results in small steps. First, recall from Chapter 1 that F,, = a:;:gn

and L, = " + ", where « = #,,3 = I_Tﬁ,aﬂ = —1,and n > 1; and from Chapter 7 that
Vn = Py +Pny
Next we will show that

H 2

oo
X
Zl T (17.34)
n=1

o0
where |x| < 1. To this end, we will need the fact that the series Y x2* is absolutely convergent
k=1

2
with limit 5 7=52> When |x| < 1. Consequently, we can add up the terms of this series in an
arbitrary order without affecting the convergence or the limit. So

o0 o0

n
szk _ Z 2" (2m+1)
k=1

o0
on Z x2n+lm

Mg i[]2

= X
n=1 m=0
00 xzn
= 2
n=1 1 o
2” 2

Therefore, the series E W also converges and converges to the sum 5 as claimed.
X — X
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We will find the following product also useful for the brevity of the proofs:

=)y =B = v =@+ By + (@B)
— (54 12y)—3(1 +2y) + 1

— 346y
= 9+6v2. (17.35)
Next we will prove that
V2L Py = N5F O = (v/)”'[1 = (@/y "] (17.36)
We have
8Ly Py = (a2” 4 ﬁZ") (VZ" B 52")
= (@) — (@8 + (By)*" — (88)”
and
2V5Fm Q= (az" _ ﬂzn) (yz" N 52”)
= (@)’ + @9)” = (Br)” — (88"
So
VBLonPy = 2V5Fn 0 = 2[(B)" — @)
V2L Py — 5Fn Q= (y/a)” [1 (@ /y)2"+1] ,
as desired.

Changing +/5 to —+/5, (17.36) yields the following result:

V2Lyi Py + V5F0 O = (/B 11— (B/1)* 1. (17.37)

With these tools at hand, we are now ready to confirm both results.
Replacing x with «/y in formula (17.34) and using formula (17.36), we get

o0

1 B (o/y)”
nz::l V2Lon Py — /5 Fyn Qo - Z 1—(a/y)”

n=1

(a/y)?

1—(a/y)?

0{2
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Changing v/5 to —+/5, this yields

'32

. 17.39
Z\/_LGPzn-l-\/_anan y:—pB? ( )

(1) Since the difference of two convergent series is also convergent, it follows from (17.38) and

(17.39) that
> 2\/§F2n Q2n _ O{2 B ﬁZ
; 2(L2" PZ")2 - S(an Q2”)2 o y2 — a2 )/2 . ﬂz
(> — B2)y?
(y* —a?)(y? = p?)
_ V50 +2y) V56 +2v2)
94642 94642
> 0 BT - R
; 2(L2nP2n)2_5(F2n Q2,1)2 - 2(9—'—6\/5) ~ 6 as desired.

(2) Adding the series (17.38) and (17.39), we get

oo

Z 2\/§L2n Py O(2 N 132
=1 2(L2" PZ")Z - 5(F2n Q2n)2 )/2 — a2 ,}/2 _ ﬁz

(@ + B2)y> —2(ap)?)
(y* —a?)(y? = p?)
314+2y) -2 146y
9+6v2 94612
7+ 642
9+ 6+/2
i Lon Py I 7+6v2
— 2(Lor Pyr)* = 5(Fn Qn)? 242 9+ 642

8 — 32

= 5 again as desired. .

17.12 Catalani’s Identities

Next we study two identities linking Fibonacci and Lucas numbers with Pell numbers; they were
discovered in 2004 by Mario S. Catalani of the University of Torino, Italy [43].
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Let U, = Fp,and V, = Lp,, where n > 0. Then Uy = Fp, = Oand U; = Fp, = 1.
Likewise, Vo =2 and V| = 1.
We will now establish the following identities:

Witr = UalVip = 20"+ Upg1 Vi1 /U2 + 4(=1)" (17.40)

Wirr = ValVy = 201" 4 Upgi Vi /5V2 = 20(= 1y, (17.41)

Their proofs employ the following facts: the addition formulas 2F,+, = F,L, + F,L,
and 2L,4+p = L,Ly + 5F,Fy; P, = n (mod 2);L,21 — SFn2 = 4(-1)"; F,L, = F5,; and
L2 —2(=1)" = Ly, [126], as Bruckman did in 2005 [34]. Consequently, 5U? + 4(—1)" =
Vnz, SVnz - 20(—1)" = 25Unz, Un+1 Vn+1 = F2Pn+1 and Vr12+1 - 2(_1)n+1 = L2P,,+1- Then

UnlViiey = 2(=D)" + Uy 1 Vi1 /5SU2 + 4(=1)" = Fp,Lap,,, + Fap,, Ly,

= 2Fp,+p, =2Fp,,

= 2Up+2;

Vn[Vn2+l - 2(_1)I1+1] + Un+lI/;1+1 \/SVHZ - 20(_1))1 = LPnLZPn—H + 5F2Pn+lFPn
= 2Lsp,y+p, =2Lp,,

= 2V, 42, as desired. -

For example, letn = 3. Then U3 = Fp, = Fs =5 Uy = Fp, = Fip =144, V3 = Lp, =
Ls=11,and V4 = Lp, = L, = 322. Then, by identities (17.40) and (17.41), we have

s = Us[V7 —2(=1)"] + UsVa[5UF + 4(=1)3

= 5(3222—2) 4 144-322+/5.52 -4
= 518,410 4 510,048 = 1,028, 458

Us = 514,229 = Fp;

2Ws = WV — 2=+ UsViy/5VZ - 20(~1)}

= 11(3222—2) + 144-322+/5- 112 + 20
= 1,140,502 + 1, 159,200 = 2,299, 702

Vs = 1,149,851 = L p, as expected.
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Clearly, identities (17.40) and (17.41) can be extended to the sequences { Fg(n)} and { L¢(m)},
where the sequence {g(m)} satisfies the Pell recurrence. For example, let A, = Fp, and B, =

Lo,. Then
24042 = Ap[Bry = 21"+ Ayy1Bug14/542 + 4(=1)" (17.42)
2Bz = By[Blyy —2(=1Y"*'] 4 Aupi By (/5B —20(~1)", (17.43)

For example, let n = 3. Then A3 = Fo, = F; = 13,44 = Fo, = Fi7; = 1597, B3 =
Lo, =L;=29,By= Ly, =Lj; =3571.50
24s = 13(35712 —=2) + 1597-3571v/5-132 — 4
= 331,160,230
As = 165,580, 115;
2Bs = 29(3571% —2) + 1597 - 3571y/5 - 292 + 20
= 740,496, 786
Bs = 370,248,393

17.13 A Fibonacci-Lucas—Pell Bridge

In 2001, J.L. Diaz-Barrero of Barcelona, Spain, developed an intriguing formula linking the
Fibonacci, Lucas, and Pell families [65]:
FH+L}’1PH + Ln+F;1Pn + PI‘I+F1’1LH _1

where n > 2. Its proof requires a knowledge of operator theory, so we omit it [33]. But we will
illustrate it with a simple numeric example.

Letn = 5. Then
F. LsP L FsP P FsL
LHS — 5+ Lsls n 5+ 505 n 5 + I'5L5
(F5— Ls)(Fs—Ps)  (Ls— Fs5)(Ls—Ps) (Ps— Fs5)(Ps— Ls)
54+11-29 11+5-29 29+ 5-11

G_1)(-29 T (11-501-29  29-5@9—11)
324 156 84

144 108 Tz T v asexpecte
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17.14 Recurrences for {F,P,}, {L,Pn}, {FaQ,}, and {L,Q,}

Using the sequences {F,}>2, and {P,} 2, we can form a hybrid sequence {A,} = {F, P,} :
0,1,2,10,36, 145, .... Likewise, using Lucas and Pell numbers, we can form the hybrid
sequence {B,} = {L,P,} : 0,1,6, 20,84,319,.... Similarly, we can form two additional
sequences {C,} and {D, }:

{(C,} = {F,0,} = 0,1,3,14,51,205,...
{D,} = {L,0,} = 2,1,9,28,119,451,... .

We will now develop recurrences for the sequences {A,}, {B,},{C,}, and {D,} as special
cases of a recurrence for {z, }, where z, = x,y,, and x,, and y, satisfy the recurrences x,4, =
axXy+1 4+ bxy, Ynt2 = ¢Vu41 + dyn,ac # 0,and n > 0. Then

Zn+4 = Xn+4Vn+4
= (aXp+3 + bxp12)(CYn43 + dynt2)
= aczp43 +bdzytr + adxyi3ynt2 + bCXnt2Ynts
= aczy43+bdz,po + ady,o(ax, o + bxyq1) + bexpp2(cynyr + dyut)

= aczy43+ (azd + be? + bd)zpya2 + abdx,+1(cyn+1 + dyn)

n —d n
C

= aczyys + (@*d + be? 4 2bd) 2,40 + abedz, 1 + abd*x, 410
_bdzyn(axn—i-l + bx,)
= aczyss + (@*d + bc? + 2bd)z,4n + abedz, 4y — b*d?z,,. (17.44)

Thus z,, satisfies a recurrence of order four.
Now choose a, b, c, and d cleverly: a = b = d = 1 and ¢ = 2. Then {x,} satisfies the
Fibonacci recurrence and {y,} the Pell recurrence. Thus we have

Zntd = 2Zp43 + TZpt2 + 22441 — Zn, (17.45)

as Seiffert discovered in 1988 [191]. This recurrence reappeared in a slightly different fashion
in a problem proposed by J.L. Diaz-Barrero and J.L.. Egozcue of Spain in 2003 [69]. We will
revisit it later.

Since Fibonacci and Lucas numbers satisfy the same recurrence, it follows that the sequences
{A,}, {By}, {Cy}, and {D,} satisfy the same recurrence (17.45). The corresponding initial
conditions are Ag = 0,41 = 1,4, = 2, and A3 = 10;and B) = 0,B; = 1, B, = 6, and
B3 :20, Co :O,Cl = 1,C2 = 3,andC3 = 14;andD0 :2,D1 = 1,D2 = 9,andD3 :28,
respectively.
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. . F : . P
Letz, = A,, B,,C,, or D,. Since lim "t _ o = lim +1, and lim —1 — y =
n—>0oQ n n—o0 n n—0oQ n
. . .z
lim 27 it follows that lim *! — ay ~ 3.9062796000.
n—00 Qn n—>o0o z,
For example, j—?g = % ~ 3.9062795383. So the convergence of the sequence
Ant1 .
{ yn }n=1 is extremely fast.
. . Iy 1 : : .2
Since lim = — = f4, it follows by the ratio test that the series ) —- converges,
n—>00 Zp+1 oy n=1""

and converges to the limit 86 ~ 0.2589980601.

The recurrence (17.45), coupled with the four sets of initial conditions, can be used to
develop generating functions a(x),b(x),c(x), and d(x), for the sequences {4,},{B,},{C,},
and {D, }, respectively. The first two were also discovered by Seiffert in 1988.

17.15 Generating Functions for {A,}, {B,},{Cn}, and {D,}

o0

Let f(z) = )_ z,z" be a generating function of {z, }, where z, satisfies the recurrence (17.45).
n=0

Then, by virtue of the recurrence (17.45), we have

(1-2z2-722=-22242Yf(@) = zo+ (z1 —2z20)z + (20 — 221 — T20)2°

+(z3 — 22p — Tz — 220)2°

20+ (21 —220)z + (20 — 221 — T20) 2% + (23 — 220 — 721 — 22¢) 2>

S = 1—2z—-72z2-2z34z*

Using the initial values of the sequences {A4,},{B,},{C,}, and {D,}, this yields the desired
generating functions:

z—2z3 z+4z2 423
a(x) = b(x) =
1 -2z —7z2—-2z3 4 z¢4 1 -2z —7z2—-2z3 4 z4
z4z2 4523 2—3z—-7z2-73
c(x) = d(x) =

1—2z—7z2—-2z3 4 z4 1 -2z —722—2z3 4 z4

The next example is a generalization of a Pell-Fibonacci identity discovered by Diaz-Barrero
in 2005 [66]. It builds another bridge between Pell and Fibonacci families. The featured proof is
based on the one given for the special case by H. Kwong of the State University of New York at
Fredonia, New York, in 2006 [146].

Example 17.12 Let {4, } be an integer sequence satisfying Pell recurrence, where A} = 1, A, >
3, and n be a positive integer. Prove that

| Fp—Ln| 2F41 2 [Fn—Ly| 2Fn41 2
Fo + Fon Ap + Fop + Py + An

— 4.
1 1 1
maX{Fn’ L. An}
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Proof. It follows by the strong version of PMI that F,, < L, < A, for every n > 1.

11 1| _ 1
Consequently, maX{Tn, " A_n} =7

Let R, denote the fractional expression on the LHS. Then

Fi—L 2F 2
| Fi 1|+ 2,2 _

R — |Fi — Ly|
F, F A

F, A

Similarly, R, = 4.
Now let n > 3. Then, using the fact [126] that Fy_; + Fy4+; = Ly, we have

|Fn_Ln|+2Fn+l _ Ln_Fn+2Fn+1
an an N F2n
_ Ln+(Fn+1_Fn)+Fn+l
F2n
_ Ln + (El—l + Fn—H)
F2n
2L, 2
~ F,L, F,
2
> —.
ol An
C tl |Fn_Ln|+2Fn+1 2 >0
onsequently, - =
au Y F2n F2n An
Thus
L,—F, 2F 2 L,—F, 2F. 2
LHS = F, + -+ - + -
F2n F2n An F2n F2n An
2F, 2F,
= -(L, — F, + 2F, = -2L
F2n ( " * n+1) FZn "
= 4, as desired. -

In particular, the result holds when A, = P,, as Diaz-Barrero found, and when 4, = Q,,.

The following two results are quite similar. Their proofs use the facts that P,, =
2P,0,,.0,— P, = P,_y,and P, + P,—; = 2Q,. Since they follow a parallel argument, we
omit them for convenience:

‘|Pn Qn|+Pn+1_ ‘+|Pn Qn|+Pn+l +
2;
max {4, 44
| Pp— Qn| Poyr 1 [ Pn— Qn| Pni1 1
) T Q‘+ TP Ton )

1 1
max 4, o
a {Pn’Qn}
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The next example evaluates a complicated-looking Pell-Fibonacci determinant. It was
studied by Cook in 2006 [49, 50].

Example 17.13 Evaluate the determinant | M |, where M denotes the matrix

F}+ Ly =P} =05 2LaPy—F,Qn)  2(FuPu+ LyQn)
2(F,Q0,+ L, P,) Fn2 — L,zl + Pn2 — Q,% 2(P,0,— F,L,)
2(LnQn_FnPn) 2(FnLn+PnQn) Fnz_Li_Pnz_'_QI%

Solution. Let A and B be two square matrices of the same order. Then it is well known [6] that
|AB| = |A| - |B|. Also, |[AT| = |A|, where AT denotes the transpose of A.
Let K = F? + L2 + P? + Q2. Using these two properties, we have

IM|> = |M|-MT|
= |M-MT|
K2 0 0
= |10 K2 0
0 0 K?
= K°.

So |M|=+K>.
To determine the correct sign, notice that when n = 0,

0O 0 2
IM|=|0 —2 0| =38
2 0 0
is positive. So |[M| = K* = (F? + L2+ P? + Q2)*, where n > 0. "

The above determinant | M | is a special case of the determinant

a4+ b —c?2 - 4> 2bc —2ad 2bd + 2ac
A= 2bc + 2ad a* —b? 4 c* — d? 2¢d —2ab
2bd —2ac 2¢d + 2ab a?—b?—c? 4 d>

studied by C.W. Trigg of San Diego, California, in 1970 [247]. Using the same argument as in
the example, A = (a® + b> + ¢? + d?)3. Consequently, whena = F,,b = L,,c = P,, and
d =0, |M|=(F+L;+ P+ 0>

Next we investigate an ISCF which contains Fibonacci, Lucas, Pell, and Pell-Lucas numbers
as special cases.
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17.16 ISCF Revisited

Recall from Chapter 3 that the nth convergent ‘;’—: of the ISCF [ay; a1, as, as, . . .] can be computed
using the following recursive definitions, where n > 2:

Po = do g = 1
p1 = apag+1 Q1 = a
Pn = QuppPu—1 + Pn—2; qn = apqn—1 + gn—2.

In particular, let apr = a and ay,+; = b. (This special case was studied by Seiffert in 1992.)

Then
Po = aqa q = 1
14 = ab+1 q = b
DPon = apm-1+ pwm—2 9on = Auqom—1 + qon—2
Don+1 = bpa + pon—1; Gon+1 = bnqon + qan—1,

where n > 2.
Then the sequences { p,,} and {g,,} can be defined recursively, where n > 2:

Po = a q = 1
D2 = a(ab +2) q> = ab + 1
P = (ab +2)pu—2 — pon—s; Gom = (ab + 2)q—2 — Gop—a.

So both p,, and g», satisfy the same recurrence. Its characteristic equation is x>—(ab+2)x+1 =
0, with characteristic roots r = %(ab+2+ A)ands = %(ab+2—A), where A = \/ab(ab + 4).

The general solution of the recurrence is Ar" + bs”. Using the two sets of initial conditions,
the solutions are given by

1
(r"t' —s"*1) and ¢y, = X [(r — Dr" — (s — 1)s"].

a
Do = K

Since r > s, this implies that

_ . . a (pnt1 _ gntl
nlggo sz - nlggo (r —(l)r” —(s— I))S”
. all—(s/r)"']
n—oo (r—1)/r —[(s = 1)/r](s/r)"
ar
- r—1

Since Apyuq1 = (ab + 1 —s)r"t' + (r —ab — 1)s"t! and Agapq = b (r" T — 5", it
follows that

. P+l ab+1—s a ar
lim = .
n—00 (o1 b l—s r—1
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Consequently, lim % = % irrespective of the parity of n. Thus the ISCF [a;b,a]
n—o00 4n
converges to ;5.
Since we have established the convergence of the ISCF, we can compute the limit in a

different way. To this end, let £ = [a; b,_a]. Then b{2 — abl —a = 0, so { = EVa tb +dab Va?+b2+dab

2b
Butﬁ>0;so€=%|:1+,/l+%].

We will now study seven special cases.

17.16.1 Special Cases
(1) Leta= P, =b.Then[P,:P,] = [1 ¥ \/@] =1 [Pn + \/m].
() Leta = Q, =b.Then[Q,:0,] =1 [Qn + /02 +4].
(3) Leta = P,and b = Q,. Then we get [P,; Q,, P, | = 2 [1 + /1 + P%n]
() Leta= Q0 andb = P,. Then[0,; Py, 0,1 = % [14+ 1+ 2]
(5) Leta=F,=b,weget[F,;F,]= % [Fn + \/W]

(6) Leta = F,and b = L,. Then [F,;L,. F,] = £ [1 + /1 + Fizn} (This continued
fraction was studied by L. Kupiers of Sierre, Switzerland, in 1991 [143].)
(7) Finally,leta = 1 = b. Then we get [1; 1] = «, the golden ratio, as we learned in Chapter 3.

Finally, we turn to a truly delightful application of Fibonacci and Pell numbers to the study
of domino tilings of a graph. But before we begin, we present a brief introduction to basic
terminology in graph theory.

17.17 Basic Graph-theoretic Terminology

Let V' be a finite nonempty set, and E a set of unordered pairs {v, w} of elements v and w from
V. Then the ordered pair (V, E) is a graph G: G = (V, E). The elements in V are the vertices
(or nodes) of the graph, and the unordered pairs {v, w} are its edges. The edge {v, w} is also
denoted by v — w. Since {v, w} = {w, v}, every edge is undirected. Vertices v and w are the
endpoints of the edge {v, w}. A vertex v is adjacent to vertex w if there is an edge v — w.

Geometrically, G is a nonempty set of points (vertices), together with arcs or line segments
joining them.

For example, the graph in Figure 17.1 has four vertices — 4, B, C, and D — and seven edges.
It has edges with the same endpoints; such edges are parallel edges. For instance, edges x and y
are parallel edges. On the other hand, the graph in Figure 17.2 has no parallel edges. But it has
an edge z with the same endpoint; such an edge is a loop.
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C
Figure 17.1. Figure 17.2. Figure 17.3.

A loop-free graph that contains no parallel edges is a simple graph. The graph in Figure 17.3
is a simple graph.

A path graph consists of n vertices v;, and edges v; — v;4+1, where 1 < i < n — 1;itis
denoted by P,. Figure 17.4 shows the path graphs Py, P, P3, and Pj.

T x Y a b c a b c d
P, Py Ps Py
Figure 17.4.

A cycle graph C,, consists of n vertices v; and edges v; — v; 4 such that v,+; = v, where
1 <i <n —1. So the vertices of a cycle graph can be placed on a circle. Figure 17.5 shows the
cycle graphs C; and Cy.

0O ¢ P

Figure 17.5. Figure 17.6.

A wheel graph W, consists of n vertices v;, a special vertex w, and edges v; — v;4+; and
v; — w for every i. So W), is the cycle graph C, such that every vertex v; is adjacent to the hub
w. Figure 17.6 shows the wheel graphs W3 and W,.

Next we present the concept of the product of two graphs.
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17.18 Cartesian Product of Two Graphs

The cartesian product G| x G, of two graphs G; = (V1, Ey) and G, = (V>, E;) has vertex set
V1 x V3 such that the vertex (v, v2) € Vi x V5 is adjacent to the vertex (wy, wy) € Vi x V; if and
only if:

(1) vy = w; and v, is adjacent to w; in Gy; or
(2) vy, = wy and v is adjacent to w; in Gy.

It follows from the definition that G| x G, contains exact copies of G, at each vertex of G| and
those of G at each vertex of G,.

For example, consider the path graphs P, and P; in Figure 17.4. Figure 17.7 shows the
cartesian products P, x P, and P, x P3, where we have denoted the vertex (v, w) by vw for
notational brevity; they are 2 x 2 and 2 x 3 grids, respectively. More generally, the cartesian
product P, x P, is the m x n grid on the cartesian plane. Such graphs play an important role in
the theory of communications.

TT Ty Ta zb e

yx yy ya yb yc

P2 X P2 P2 X P3
Figure 17.7.

Figure 17.8 shows the cartesian products W, x P; and W4 x P,. You may confirm both using
the definition.

ax bx axr ay bz by
cr cT cy
dx ex dx dy ex ey
Wy X Py
Wy X Py

Figure 17.8.
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17.19 Domino Tilings of W, x P,_4

In 1988, F.J. Faase [82] of the University of Twente, Netherlands, investigated the domino tilings
of the product Wy x P,_;, where n > 2. He found that the number of tilings C, can be defined
recursively:

C2 = 2, C3 = 10, C4 = 36, C5 = 145;
Cirs = 2C43+7Ch42 +2C41 — Gy, (17.46)

where n > 2.
Although the numbers 2, 10, 36, 145, 560, --- do not appear to reveal any obvious pattern,
they do contain a hidden gem. To see this treasure, notice that

2 = 1-2

10 25
36 = 3-12
145 = 5.29
560 = 8-70
T

Fn Pn

In each case, the first factor on the RHS is a Fibonacci number, and the second factor a Pell
number.

More specifically, we have the following result, established in 2002 by James A. Sellers of
Pennsylvania State University, University Park, Pennsylvania [228].

Theorem 17.1 Let C,, denote the number of domino tilings of the cartesian product Wy x P,_1,
wheren > 2. Then C,, = F, P,.

Proof. Clearly, F, P, satisfies the four initial conditions. So it suffices to verify that F, P,
satisfies recurrence (17.46). To this end, first notice that.
Foyo=F,+ Fyy1, Fyp3 = F, +2F,41, and Fy14 = 2F, + 3F,4; and
Pyyr» =P, +2Py+1, Pyy3 =2P,+5P,4+1, and Pyys = 5P, + 12P,4,. Then
2Ci43 + 7Ch42 +2C41 — Cy = 2Fy43Puy3 + TE2Poyr + 2F, 41 Po1 — F Py
= 2(Fy +2F4 ) Q2P + 5Pu11) + 7(Fy + Fug 1) (Py + 2Py41) +
2F+1Pu1 — Fu Py
— 4T = DFE,Py+ B+ T)Fps1 P+ (10 + 14)F, Popt +
(20 + 14 + 2) F 1 Pyt
= 10F, Py, +15F, 41 Py + 24F, Py + 36 F, 41 Pyyy
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= 5P,Q2F, +3F41) + 12P,41(2F, + 3F,41)
= QF, +3F+1)(5P, + 12P,41)

- Fn+4Pn+4

= Cj44, as desired. -

Exercises 17

Yo Nk WD =

»—
e

Let x be a real number such that x> = x + 1. Prove that x”* = xF, + F,_;, where n > 1.
Let x be a real number such that x> = 2x + 1. Prove that x* = xP,, + P,—, where n > 1.
Verify Cook’s inequality (17.3) forn = 5 and 6.

Verity inequality (17.5) forn = 5 and 6.

Confirm inequality (17.5) for n > 3.

Establish congruence (17.10).

Verity congruence (17.10) form = 3 = n.

Establish congruence (17.11).

Establish congruence (17.12).

Prove identity (17.16). Hint: Use PMI or the Binet-like formula for Q,,.

Prove the following Fibonacci-Lucas identities.

11.
12.
13.
14.

FuLy + FyLy = 2Fppn.
LyLy + SFpFy = 2L
L2 —5F2 = 4(=1)".
L? —2(=1)" = Lo,

Define each integer sequence {z, } recursively.

15.
16.

0,1,3,14,51,205,792,....
2,1,9,28,119,451,1782,.. ..

Deduce from formula (17.44) a recurrence satisfied by

17.
18.
19.
20.
21.
22.

F2.
L2
P2,
0L
Pl’l Qn-
Py,



18
An Extended Pell Family

18.1 Introduction

This chapter presents an extended Pell family of polynomial functions g,(x), which includes
the Fibonacci, Lucas, Pell, and Pell-Lucas polynomials. Using the power of matrices and
determinants, we will develop a Cassini-like formula for this extended family, from which the
corresponding formulas for the four sub-families will follow fairly quickly.

We begin with the definition of g, (x).

18.2 An Extended Pell Family

The extended Pell polynomial functions g,(x) are defined recursively as follows:

go(x) = a, g(x)=0>b
gn(x) = 2Xgn—1(x)+gn—2(x),
where @ = a(x) and b = b(x),andn > 2.
When a(x) = 0and b(x) = 1, g,(x) = p,(x);so g,(1) = p,(1) = P,. When a(x) = 2
and b(x) = 2x, g,(x) = ¢,(x); then g,(1) = ¢,(1) = 20,. Recall from Chapter 14 that

pn(x/z) = fn(x) and Qn(x/z) = ln(x)
Notice that

Sx)=2xb+a = a-14+b2x)=api(x)+ bpr(x)
g3(x) =2x(2bx +a) +b = a@x) + b(@x>+ 1) = ap,(x) + bps(x)
g4(x) = 2x(4bx? + 2ax +b) = a(4x®> + 1) + b(8x> + 4x) = aps(x) + bps(x).

More generally, we conjecture that g,(x) = ap,—1(x) + bp,(x), where n > 0. We will now
establish this using strong induction. To this end, notice that p_;(x) = 1.

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9__18, 363
© Springer Science+Business Media New York 2014
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18. An Extended Pell Family

Lemma 18.1 g,(x) = ap,—1(x) + bp,(x) for everyn > 0.

Proof (by PMI). Whenn = 0, RHS = ap_(x) + bpo(x) =a-1+b-0 =a = go(x) = LHS.
Likewise, when n = 1, RHS = apy(x) + bp1(x) =a-0+b-1 = b = g1(x) = LHS. So the
formula works whenn = O and n = 1.
Now assume that it works for all nonnegative integers < n, where n is an arbitrary integer
> 2. Then
gn(x) = 2xgu-1(x) + gu—2(x)

= 2x[apy—2(x) + bpy—1(X)] + [apn—3(x) + bpy—2(x)]

= a[2xpy—2(x) + pu—3(x)] + b[2xpy—1(x) + pp—2(x)]

= apn—1(x) + bpa(x).

So the formula also works for .
Thus, by the strong version of PMI, the result is true for all integers n > 0. "

Interestingly, g, (x) satisfies a Binet-like formula. To establish this, we need the following result
also.

Lemma 18.2

pn—i—l(x)pn—Z(x) - pn(x)pn—l(x) = 2(_1)n—1x.
Proof. Using the Binet-like formula for pj(x), we have

(y —8)2-LHS = (y"F' —§m+) ("2 =672 — (p" —5") (y"~' —§"7Y)
= [V =8Ws" ] = [y =8 ']
= (DO +E+y+9)
= )"+ +8) —ys+1]
= ("' [(y +8)* + 4]
= 2(=1)""'x(4x* + 4)
= 8(—1)"'x(x*+1)
LHS = 2(—1)""'x, as desired. .

It follows from this lemma that P,+P,—» — P, P,—1 = 2(—1)”_1. For example, P; P4 —
PsPs =169-12—70-29 = —2 = 2(—1)*"1,
We will now use these two lemmas to establish a Cassini-like formula for g, (x).

Theorem 18.1

g1 (X)gum1(x) — g7 (x) = (—1)""'(a® — b* + 2abx). (18.1)
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Proof. Using Lemmas 18.1 and Lemmas 18.2, we have

LHS = [ap,(x) + bpat1()][apn—2(x) + bpu—1(x)] = [apa—1(x) + bp,(x)]
= @’ [pa(X) Pa—a(x) = Py ()] 4 D?[Pr41(X) pui (x) = pr(x)] +
ab[pu+1(x) pr—2(x) = pp—1(x) pu(x)]
= a*(=1)""" + b (=1)" +ab [2(=1)""x]
= (=1D)""Ya?®— b + 2abx)
= RHS, as desired. -

In particular, the following Cassini-like identities follow from formula (18.1):

Prr1(X) pai(x) — pr(x) = (=1)"

Gn1 (D) gn—1(x) —ga(x) = 4(-D)""'(x*+1)

Jor1 () fum1(x) = fH(x) = (=)
L1 () l—1(x) = 2(x) = 5(=1)""'(x> +4).

For example, we have

q5(x)q3(x) — qf(x) = (32x° + 40x> 4+ 10x)(8x> + 6x) — (16x* + 16x> + 2)?
= —4(x*+1) =4-D"'x2+ D).

These formulas yield the familiar Cassini-like identities for Pell, Pell-Lucas, Fibonacci, and
Lucas numbers, respectively.

18.3 A Generalized Cassini-like Formula

Next, we pursue a generalized Cassini-like formula for g, (x). To this end, we need the next two
results from the theory of matrices [125].

Theorem 18.2

(1) Let A, B, and C be n x n identical matrices, except that their ith rows (or columns) are
different, and that the ith row (or column) of C is the sum of the ith rows (or columns) of
A and B. Then |C| = |A| + | B|, where |M | denotes the determinant of the square matrix

M.
(2) Let A and C be n x n identical matrices, except that the i th row (or column) of C is k times
the ith row (or column) of A. Then |C| = k|A|. u

Combining these two properties, we have the following result.
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Theorem 18.3 Let A, B, and C be n X n identical matrices, except that their ith rows (or
columns) are different, and that the ith row (or column) of C is the sum of k times the ith row
(or column) of A and the ith row (or column) of B. Then |C| = k|A| + |B|. .

Next we introduce two families of matrices. First, let

I I ACO R e
A(x) = |: gn+1(x)  gu(x) i|

and

_ | &) galx)
AO(X) B |: gn+1(x) gn+1(x) i| .

Notice that |4¢(x)| = 0.

We now construct the matrix A;(x) recursively from A;_;(x) and A;,_,(x) as follows:
multiply column 2 of A;_;(x) by 2x and add column 2 of A;_,(x) to the resulting matrix.
For example,

PR T AR STCON I I AAC B RSO
Znt+1(X) 2xgp+1(x) + gu(x) 2ut1(X)  guaa(x)

and
Ay(x) = gnx)  2xgn1(x) + g () _ | &) gnta(x)
Zn+1(x)  2x8n42(X) + gnt1(x) 2ui1(X) guas(x) |

where |A1(x)| = (—1)"(a? — b* 4 2abx) by Theorem 18.1.
More generally, it follows by induction that

A0 = [ @®)  Gur(v) } |

Snr1(X)  gnyry1(x)

By virtue of Theorem 18.3, |A,(x)| = 2x|A4,—-1(x)| + |A,—2(x)|, where |Ao(x)| = 0 and
|A1(x)] = (=1)"(a*—b*+2abx). In other words, | 4, (x)| satisfies the same recurrence as g, (x)
does, with a(x) = 0 and b(x) = (—=1)"(a® — b> + 2abx). Therefore, by Lemma 18.1, we have

A, (x)] = 0-p—1(x) + [(=1)"(@® = b* + 2abx)] p,(x)
= (=1)"(a*> — b* + 2abx) p.(x).
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We now introduce the second family of matrices By (x). To this end, we let

_ | &(x)  galx)
Bol) = [ G (X) &1r () }

and
B gn-H(x) gn(x)
Bi(x) = [ Grrt1(¥) Gar () }

Notice that |By(x)] = 0. The array B;(x) is obtained by changing n to n — r in AT (x),
and switching the rows and then the columns of the resulting matrix, where M T denotes the
transpose of the matrix M. So | By (x)| = (=1)"""(a*> — b*> + 2abx) p,(x).

Now construct B;(x) recursively from B;_;(x) and B;_,(x) as follows: multiply column 1
of B;—1(x) by 2x and add column 1 of B;_,(x) to the resulting matrix. For example,

— gn+2(x) gn(x)
Ba(x) = |: gn—r+2(X)  gn—r(x) i|

and

_ gn+3(x) gn(x)
B3(x) B |: gn—r+3(x) gn—r(x) :| '

More generally, it follows by induction that

_ gn+s(x) gn(x)
BS(X) o |: gn—r+s(x) g”_r(x) i| |

Again, by Theorem 18.3, | By(x)| = 2x|Bs—1(x)| + |Bs—2(x)|, where |By(x)| = 0 and
|B1(x)| = (=1)"""(a? — b? + 2abx) p,(x). In other words, | B,(x)| satisfies the same recursive
definition as g,(x) with a(x) = 0 and b(x) = (=1)"""(a* — b*> + 2abx) p,(x). Consequently,
by Lemma 18.1,

[Bs(x)] = 0-ps1(x) + [(=1)"7"(a® = b* 4 2abx) p;(x)] ps(x)
= (=1)'"7"(a®> = b* + 2abx) p,(x) ps(x).

That is,

gn+s(x)gn—r(x) - gn—r—l—s(x)gn(x) = (_l)n—r(a2 - b2 + 2abx)pr(x)ps(x)~
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Letm = n — r + s. Then this becomes
gm+r(x)gn—r(x) - gm(x)gn(x) = (_l)n—r(aZ - b2 + 2abx)pr(x)pm—n+r(x)~ (182)

18.3.1 Two Interesting Special Cases
(1) Suppose a(x) = 0 and b(x) = 1. Then g,(x) = p,(x) and formula (18.2) becomes
Pntr(X) Pu—r (X) = P (X) pp(x) = (_1)n_"_1pr(x)pm—n+r(X)-

Since p,(x/2) = f,(x), this implies that

Jontr () frmr (X) = fon () S (%) = (=1)" "7 £ () fonmntr (%)
In particular, these two formulas yield the following Pell and Fibonacci identities:
PuirPoey — PuPy = (=1)"77'P, Py,
FuirFyoey —FuF, = (=) 'F.Fp_pir. (18.3)
Suppose we let r = 1 and replace n with n + 1 in identity (18.3). We then get
Fnt1Fy — FpFop1 = (=1)" Fyep.

This is called d’Ocagne’s identity, after the French mathematician Philbert Maurice d’Ocagne
(1862-1938).

(2) On the other hand, suppose a(x) = 2 and b(x) = 2x. Then g,(x) = ¢,(x) and formula
(18.2) yields the following identities:
Gm+r(X)Gn—r (X) = g (X)qn(x) = 4(_1)n—r(x2 + D) pr(X) pr—n+r(x)
lm+r(x)ln—r(x) - lm(x)ln(x) = (_l)n—r(xZ + 4)ﬁ(x)fm—n+r(x)
dm+r9n—r —4m4n = 2(_1)n_rPr Pq—n+r
LytrLy— — LypL, = 5(_1)n_"Fr Fo—ntr.

When m = n, the generalized Cassini-like formula (18.2) yields the following identity for
the extended Pell family:

Entr(X)gn—r(x) — g,%(X) = (-1)""(a* = b+ Zabx)pf(x).
This yields the following special cases:
Putr () pa—r(X) = pp(x) = (=1)"""'pl(x)

Gntr (X)Gn—r(x) —qp(x) = 4(=1)"7"(x* + 1)p}(x) (18.4)
fn-l—r(x)fn—r(x)_fnz(x) = (_1)n—r—1fr2(x)
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Litr (= (X) = 17(x) = 4(=1)""(x*+4) £ (x)
Pn—i—rPn—r - Pnz = (_1)n—r—1Pr2

QuarQuer — Q2 = 2(=1)"7" P}
FoyrFy—y — Fnz = (_1)n—r—1Fr2 (18.5)
LytrLy—y — L2 = 5(=1)""F2

For example,

pr(xX)p3(x) — p2(x) = (64x° + 80x* 4 24x? + 1)(4x? + 1) — (16x* + 12x? + 1)?
= 4x* = (=177 pi(x);

and Py Py — P = 80,782 -12 — 985% = —841 = —29% = (1)~ p2;
9

q6(X)qa(x) — gi(x) = (64x° + 96x* + 36x? + 2)(4x? + 2) — (16x* + 16x* + 2)*
= 16x2(x* + 1) = 4(x* + 1)(2x)?
= 4D+ Dpy(a):
and 01004 — 02 = 3363 - 17— 239> = 50 = 2. 5% = 2(—1)73 P2,
() fr(x) — f2(x) = (x4 6x° + 10x° + 4x)x — (x* 4+ 3x? + 1)?
= —(2+ 1) =D )
and F Fs — F§ =89-5—-212 =4 = (—1)3 371 F}; and
ls(x)r(x) — 2(x) = (x® + 8x® + 20x* + 16x% +2)(x2 4+ 2) — (x° + 5x% + 5x)?
= xP46xt +9xT + 4= (=1 (x? + 4) £ (x);

and L, L5 — Lé =199-11 —47> = 20 = 5(—1)8_3F32.

Identity (18.5) is Catalan’s identity, named after the Belgian mathematician Eugene Charles
Catalan (1814—1894). The ubiquitous Catalan numbers are named after him [131].

Letting r = n in (18.4), we get the identity

2q20(x) = q(x) +4(x* + D) p; (x). (18.6)
For example,

q32(x) + 4(x2 + l)pg(x) = (8x3 + 6x)2 + 4(x2 + 1)(4)62 + 1)2
= 128x° + 192x* + 72x% + 4 = 2¢4(x).

In particular, it follows from (18.6) that Q,, = Q ,% + 2Pnz, as we saw in Chapter 7.
For example, Q7 + 2P? = 99> +2-70%> = 19,601 = Q1.
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Chebyshev Polynomials

19.1 Introduction

Pell and Pell-Lucas polynomials are related to the well-known Chebyshev polynomials, named
after the eminent Russian mathematician Pafnuty Lvovich Chebyshev (1821-1894). Just as the
Pell polynomial family consists of two closely related sub-families {p,(x)} and {g,(x)}, the
Chebyshev family is made up of two closely related sub-families {7, (x)} and {U,(x)}. (The
letter 7 comes from the French transliteration, Tchebycheff or the German one, Tschebyscheff.)
Chebyshev polynomials have applications to approximation theory, combinatorics, Fourier
series, numerical analysis, geometry, graph theory, number theory, and statistics [184].

This chapter presents a brief introduction to Chebyshev polynomials of both kinds. They are
closely related to the Pell equation u?> — dv? = 1, trigonometry, and the tilings of 1 x n linear
and circular boards.

We begin our discussion with the Chebyshev polynomials {7, (x)}.

19.2 Chebyshev Polynomials of the First Kind

Chebyshev polynomials of the first kind T, (x) are often defined recursively:

To(x) = 1, Ti(x) =x
Tn(x) = 2XTn—1(x)_Tn—2(x)v (19.1)

where n > 2.

For example, T>(x) = 2xTi(x) — To(x) = 2x - x — 1 = 2x? — 1 and T3(x) = 2x
(2x?—1) —x = 4x> - 3x.

Table 19.1 shows the first ten Chebyshev polynomials of the first kind.

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9__19, 371
© Springer Science+Business Media New York 2014
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To(x) = 1

Ti(x) = x

Th(x) = 2x*-1

T3(x) = 4x°—3x
Ta(x) = 8x*—8x2+1

Table 19.1.
Ts(x) = 16x°—20x3 + 5x
To(x) = 32x°—48x* +18x%2—1
T7(x) = 64x7 —112x° + 56x° —7x
Tg(x) = 128x% —256x% + 160x* — 32x2 + 1
To(x) = 256x°—576x7 + 432x° — 120x3 + 9x

We will now show how the polynomials 7,(x) and ¢, (x) are closely related. To this end,
first notice that ¢;(x) = 2x = 2i*x = 2(—i)(ix) = 2(—i)T1(x); and ¢»(x) = 4x> + 2 =
22x% + 1) = 2i*x%2 + 1) = 2(=i)*[2(ix)*> — 1] = 2(—i)?*T»(ix), where i denotes the

imaginary number +/—1.

More generally, suppose ¢, (x) = 2(—i)"T,(ix) for all nonnegative integer < n, where n is
an arbitrary integer > 2. Then, by Chebyshev recurrence (19.1), we have

T, (ix)

= 2(ix)T,—1(ix) — T,—2(ix)
— iy |: Qn—l(x) :| _ Qn—Z(x)
2(_i)n—1 2(—i)”_2
2XQn—l(x) Qn—Z(x)
2(=i)" 2(=i)"
2an—1(x) + Qn—Z(X)

2(=i)"
_ qn(x)
2(=i)"
2(_i)nTn(ix) = gn(x).
Thus, by the strong version of PMI, ¢, (x) = 2(—i)"T,(ix) forn > 0. n

For example,

2(—i)°Ts(ix)

—2i[16(ix)’ —20(ix)* + 5(ix)]
—2i (16ix° 4 20ix> + 5ix)
32x° 4 40x> + 10x

gs(x), as expected.

19.3 Pell-Lucas Numbers Revisited

Since ¢,(1) = 20, it now follows that 2Q, = 2(—i)"T,({); so O, = |T,(i)|, where |z|
denotes the absolute value of the complex number z.
For example, Qs = (—i)°Ts5(i) = —i (16i°> —20i* + 5i) = 16 + 20 + 5 = 41. Similarly,

(=i)°Ts(i) = 99 = Qs.
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Next we develop an explicit formula for 7,,(x) from its recurrence.

19.4 An Explicit Formula for T,(x)

The characteristic equation of recurrence (19.1) is > — 2xt + 1 = 0. Its solutions are
%@27—4 = x = +v/x2—1. So the general solution of the recurrence is given by 7,(x) =
A(x + Vx2—1)"+ B(x — v/x2—1)", where A = A(x) and B = B(x) are to be determined.
Using the two initial conditions, we get A = B = % Thus the desired explicit formula is

(X + VX2 1) + (x — VX2 1)"

Tn(x) = )

(19.2)

where n > 0.
For example,

2T5(x) = (x+Va2—1P° + (x —Vx2-1)
= 2[x* 4+ 3x(x? = 1)] = 2(4x> — 3x)
T3(x) = 4x° —3x.

Formula (19.2) can also be used to prove that |7,,(i)| = Q,:

2T,(0) = (G +~Vi2=1D)"+ (G —-~iz2=-1)
= (4ivV2)"+ (i —iv2)"

= "¢+ 8"
n 81’1
|T,(0)| = V‘2|‘ , since |i| =1

= (Q,, asdesired.
The next example shows an interesting property of the Chebyshev polynomials 7;,(x).
Example 19.1 Prove that 27,,(x) T, (x) = Tpqn(x) + Tjp—p|(x).
Proof. Suppose m > n > 0. For convenience, we let vx2 — 1 = r;so x> —r? = 1.
ATn()T(x) = [(x+r)" + & =r)"(x+r)"+ (x—r)]
= [+)""+ ="+ @+ ="+ (=) (x 1)
= 2Tnn(X) + (x +7)"(x =) [(x + )" + (x —1r)"™"]
= 2Tm+n(x) + (x2 - r2)n *2Tim—n (X)

= 2T4n(x) + 27—y (x)
2T ()T (x) = Tpgn(x) + Tp—n(x).
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Similarly, it can be shown that 27,,(x) 7, (x) = Tyy+4n(x) + T,—p(x) when n > m. Thus the
desired result follows by combining the two cases. n

For example, let m = 5 and n = 3. Then

RHS = Ti(x) + Th(x)
= (128x% —256x°% + 160x* —32x2 + 1) + (2x> — 1)
= 128x% —256x° 4 160x* — 30x>
= 2(16x° —20x> + 5x)(4x> — 3x)
= 2T5(x)T5(x).

Suppose we let n = 1 and assume that m > 1. Then the formula yields

Tng1(x) + Tn—1(x) = 2T, (x)Ti(x)
= 2xT,(x).
This is the Chebyshev recurrence (19.1). So the formula in Example 19.1 is a generalization of
this recurrence.

Next we develop another explicit formula for 7, (x) using formula (19.2) and the binomial
theorem.

19.5 Another Explicit Formula for T,(x)
Again, we let +/x2 — 1 = r for brevity and clarity. By the binomial theorem, we have

2T (x) = (x+r)"+(x—r)"
= Y+ (—l)k]<n>x”_krk
k=0 k
A n 2% 2k
= ZZ (2k)x”_ r
k=0

/2]
T,(x) = Z(znk)(xz—l)kx”_Zk. (19.3)

k=0

For example,

1
T3()C) — Z (2?;{) (X2 . 1)kx3—2k
k=0
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= (3)x3 + (;) (x? = 1)x

= x*4+3x(x?-1)

= 4x° —3x.

We can derive an explicit formula for Q,, from (19.3):

e
On=)_ (2k)2k. (19.4)

k=0

This is the same as formula (9.6) in Chapter 9.

Formula (19.4) shows that the sum of the absolute values of the coefficients in 7,,(x) is Q,.
For example, consider T4(x) = 8x* —8x2 4 1. The sum of the absolute values of its coefficients
equals 8+ 8+ 1 =17 = Q4.

19.5.1 Two Interesting Byproducts

We can extract two interesting properties of 7;,(x) from formula (19.3):

(1) The highest term in x from the factor (x> — 1)¥ is x2*. So the highest power of x in
(x? — 1)kx"~2k equals x2#T"=2k = x" Consequently, T}, (x) is a polynomial of degree 7.

r
r even

> (") = 2", So the coefficient of x" is 2"~!; that is, the leading coefficient in T, (x) is

r
r odd

2n=1,

ln/2]
(2) The coefficient of x" in T, (x) is given by > (,;). But by Corollary 1.1, Y~ () =
k=0

For example, the leading coefficient of T5(x) equals 16 = 2* and that of T¢(x) is 32 = 2°.
Next we exhibit a close relationship between 7),(x) and the Pell’s equation u? — (x2 — 1)
v? = 1.

19.6 T,(x) and the Pell Equation u?> — (x> —1)v? =1

Clearly, (41, v;) = (x, 1) is the fundamental solution of the Pell equation u? — (x> — 1)v? = 1,
where x2 — 1 > 0 and is nonsquare. Its solutions (u,, v,) are given by

us | | x xP=1 [ up

Uy B X Vn—1
- 2x |:un—l:| _ |:un—2:| ’

Up—1 Up—2
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where n > 2. [Notice that (ug, vg) = (1,0) is also a solution.] It follows by formula (19.2) that
u, = T,(x). (We will revisit this Pell equation a bit later.)

Next we display an interestingly close relationship between the polynomials 7),(x) and
trigonometry.

19.7 Chebyshev Polynomials T,(x) and Trigonometry

Let u,v, and 6 be any three angles, where 0 < 6 < m. Using the Euler’s formula, el? =

COS

cos(

6 + i sin 6, we have
ei(u—i—v)

u~+v)+isin(u + v)

= (cosu 4+ isinu)(cosv 4+ i sinv)

= (cosucosv —sinusinv) + i(sinu cos v + cos u sin v).

Equating the real and imaginary parts, we get the addition formulas for the cosine and sine
functions:

cos(u +v) = COSUCOSV — Sinu Sinv (19.5)

sin(u +v) = sinucosv + cosu sinv. (19.6)

Since sin? 0 + cos?f =

1, formula (19.5) yields the double-angle formula cos26 = cos

(0 +6) = cos?> 0 —sin’ § = cos? § — (1 —cos? ) = 2cos? § — 1. It follows from formula (19.6)
that sin 260 = 2 sin 6 cos 6. Consequently,

cos 06
cos 16
cos 26
cos 36

cos30 =

cos(260 + 60)

cos 26 cos 6 — sin 26 sin 0

(2cos? 0 — 1) cos @ — (2sin O cos B) sin 6
2c0s* 0 —cos —2cos B(1 — cos® )

4cos®0 —3cosh.

Similarly, cos 40 = 8cos* 8 — 8cos? 6 + 1.

Table 19.2 shows the first eight multiple-angle formulas for the cosine function. They
manifest an interesting pattern: The RHS of cosn6 is a polynomial in cos 6 with exactly the
same coefficients as in 7,,(x), where 0 < n < 7; that is, cosnf = T, (cos 0), where 0 <n < 7.

= 1
= cosb
= 2cos?fh—1

= 4cos’f —3cosh

Table 19.2.
cos40 = 8cos*O —8cos?6 + 1
cos50 = 16c¢cos’ O —20cos’ @ + cosb

cos60 = 32cos®0 —48cos*H + 18cos? 6 — 1
cos70 = 64cos’0 —112cos’ O + 56cos’ 0 — Tcos b
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Is this true in general? That is, is cosnf = T,(cos8) for every n > 0? Fortunately, the
answer is yes. We will confirm this using induction and the well-known De Moivre theorem:
First, notice that

cos20 = 2cos’6—1

= 2cosf(cos16) — cos 06
= 2cosOTi(cos ) — Ty(cosh).

Likewise,

cos30 = 4cos’6 —3cosh
= 2cosf(2cos’H — 1) —cos b
= 2cosfcos20 —cosB

= 2cos0T,(cosf) — Ti(cosB).

We are now ready to confirm the observation. Since Ty(cosf) =1 = cos06 and
Ti(cosf) = cosB, the statement is true when n = 0 and n = 1. It remains to show that
cos n# satisfies the same recurrence as 7, (cos ).

Assume that it is true for all integers < n, where n is an arbitrary positive integer. Leta = e
and b = e Thena + b = 2cosd and ab = 1. By De Moivre’s theorem, a* = ek and
bk = e7%%; 50 a¥ 4+ b* = 2 cos k. Substituting for a and b in the algebraic identity

i

a" + " = (a +b)(an—l + bn—l) _ab(an—z +bn—2),
we get

2cosnf = 2cosf-2cos(n—1)0 —1-2cos(n—2)0
cosnff = 2cosb[cos(n —1)0] —cos(n —2)6
= 2cosf-T,—1(cosB) — T,—»(cos )
= T,(cos ).
Thus, by the strong version of PMI, T,,(cos8) = cosn@ for every n > 0. Thus cosnf is a
Chebyshev polynomial function of cos 6.

Since 0 < 6 < m, —1 < cosf < 1;thatis, —1 < x < 1. So T,,(x) = cosnf =
cos(n arccos x), where 0 < arccos x < 7.

19.8 Chebyshev Recurrence Revisited

Interestingly, the Chebyshev recurrence (19.1) can be obtained using the sum identity

u-—+v u—v
COSU + cosv = 2 oS > cos >
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To see this, let u = nf and v = (n — 2)6. Then

cosnf +cos(n—2)0 = 2cos(n—1)0cosb
Tn(x) + Tn—Z(X) = 2XTn—l(x)-
This is the desired recurrence.
Let x = cos 6. Then the fact that cosnf = T,(x) can be used to derive several properties

of the Chebyshev polynomial 7}, (x), as the following three examples illustrate. We leave their
proofs as exercises.

Example 19.2 Prove that 7,,,(T,,(x)) = T,,,(x), where m and n are nonnegative integers. u
For example, let m = 3 and n = 2. Then T>(x) = 2x% — 1 and T3(x) = 4x> — 3x. So

T3(Th(x)) = 402x*>—1) =302x*-1)
= 408x%—12x* +6x>—1) —6x% + 3
= 32x% —48x* +18x2 -1
= T6(x).
Similarly, T5(T3(x)) = 32x° — 48x* 4+ 18x% — 1 = Ty(x).

The next example reconfirms the identity in Example 19.1 in a much quicker way, using a
trigonometric identity.

Example 19.3 Reconfirm the identity 27,,(x)7,(x) = T4, (x) + Tjp—n|(x), where m and n
are nonnegative integers. n

The next example also shows the power and beauty of the trigonometric relationship in
establishing properties of the Chebyshev polynomials.

Example 19.4 Prove that [T}, (x) — 1][Tn_pn(x) — 1] = [T,n(x) — T, (x)]?. u

19.9 A Summation Formula For T,(x)

Using the binomial theorem and De Moivre’s theorem, we can now derive a summation formula
for T,,(x):

(cos@ +isinf)" = Z i’ (n) cos" " fsin” O
r
r=0

cosnf +isinnf = cos" O +1i (Y) cos" 1 Osinf — (’;) cos" 20 sin?f + ---
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Equating the real parts from both sides, we get

cosn = cos" 0 — (Z) cos" 2 0 sin’ 0 + (Z) cos" *@sin0 + ---

2[n/2]

(—I)L”/2J ( " ) cos"211/21 g gin2ln/2l g

ln/2]

= Z (=1)* (2nk) cos" % 9 sin?* 9
k=0

Ln/2]

= Z (=¥ " cos" 2% 9(1 — cos? B)F
= 2k

ln/2]

k
= Z (=¥ ( " ) cos" 2k 9 Z(—l)j (k) cos? @
k=0 2k j=0 J

[n/2] [n/2] N j
— -1 k n—2k

k=0 j=k
after a lot of algebra [184]. This implies that
[n/2] [n/2]
T,(x)= Y (-DF >

k=0 j=k

For example,

1 1
Ty(x) = Z(—l)kz(

-2 () ()2 )

= (1+3)x°—3x

= 4x% —3x.

()
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(19.7)

Formula (19.7) also implies that 7,,(x) is a polynomial of degree n. Its leading coefficient,

by Corollary 1.1, equals

n/2] n j n/2]
> (5)(0)- %

(I’l ) n—1
| =2t
2j
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19.9.1 A Summation Formula For Q,

Formula (19.7) gives an interesting byproduct:
22l g j
n = . 19.8
- 2 2 (3)() e
k=0 j=k

Consequently, we can compute Q,, using the even-numbered binomial coefficients in row n of
Pascal’s triangle.
For example,

o200
CEGEC 600
- 106000061100 00100

= (I1+10+5+(104+10)+5= , as expected.

See Table 19.3 as well.

Table 19.3.
Even-numbered entries in row 5: 1 10 5 1 10 5 1 10 5

o) o) (2

Multiply: 1 10 5 . 10 10 . . 5
Add: 16 20 5
Cumulative sum:

Likewise,

Q4=22:22:<2t)<£):8+8+1:17.

k=0 j=k

Next we present the closely-related Chebyshev polynomials of the second kind; they satisfy
the same recurrence as 7,(x).
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19.10 Chebyshev Polynomials of the Second Kind
Chebyshev polynomials of the second kind U, (x) are also often defined recursively:

Uy(x) = 1, U(x)=2x
Un(x) = 2XUn—1(x)_Un—2(x), (199)

where n > 2.
Table 19.4 shows the first ten Chebyshev polynomials of the second kind.

Table 19.4.
Up(x) = 1 Us(x) = 32x°—32x°+ 6x
Ui(x) = 2x Us(x) = 64x°—80x*+24x% -1
Uy(x) = 4x?—1 Us(x) = 128x7 —192x° + 80x> — 8x
Us(x) = 8x3—4x Us(x) = 256x% —448x5 + 240x* — 40x> + 1
Us(x) = l6x*—12x>+1 Ug(x) = 512x° —1024x7 + 672x° — 160x> + 10x

Just as Chebyshev polynomials of the first kind 7, (x) and Pell-Lucas polynomials ¢, (x)
are closely related, so are the Chebyshev polynomials of the second kind U,(x) and the Pell
polynomials p, (x). To see this relationship, first notice that

pi(x) = 1=(=i)"-1= (=)’ Up(ix)
pa(x) = 2x = (=1)Q2ix) = (=)' U1 (ix)
pa(x) = 4x* 4+ 1= (=i)’[4(ix)* — 1] = (=)’ Us(ix).
More generally, we claim that p,(x) = (—i)"~'U,_,(ix), where n > 1. To this end, suppose

that it is true for all positive integers < n, where n is an arbitrary integer > 2. Then, by the
recurrence (19.9), we have

U,(ix) = 2ixU,—i(ix) —U,—»(ix)
5 [ Pn(x) } Pn—1(x)
ix ( —

_l')n—l (_l')n—2
zxpn(x) pn—l(x)
iy

(=)"Un(ix) = 2xpu(x) + pa—1(x)
= pn+1(x)-

Thus, by the strong version of PMI, it follows that p,(x) = (—i)"~'U,_(ix) for every n > 1.
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For example,
(—i)°Us(ix) = —i[32(ix)° —32(ix)’ + 6(ix)]
= 32x° 4+ 32x° 4 6x
= pe(x).

19.11 Pell Numbers Revisited

Since P, = p,(1), it follows from the formula p,(x) = (—i)"'U,_i(ix) that P, =
(=i)"'U,—1(i); so P, = |U,—(i)| = sum of the absolute values of the coefficients in U,_(x).
For example, Ps = (—i)*Us(i) = 16i* — 12i2+ 1 = 16 + 12 + 1 = 29. Similarly,
P; = (—i)%Us(i) = 1609.
Next we find an explicit formula for U, (x) from the recurrence (19.9).

19.12 An Explicit Formula for U,(x)

Since both T, (x) and U,(x) satisfy the same recurrence, it follows from our earlier discussion
that

U,(x) = A(x + vVx2—=1)"+ B(x — vx2—-1)",

where A = A(x) and B = B(x) are to be determined. Using the initial conditions Uy(x) = 1
and U;(x) = 2x, we get

(X+ /xz_l)n+1_(x_ /x2 — 1)*t!

U,(x) = e (19.10)
where n > 0.
For example,
Uiy = Ot V2D = (x = VX2 =1
24/x2—1
(Zx)ZM{[xz +(x2=1)+ 2X\/ﬁ] + [xz +(x2=1)— 2x«/xzi—l]}
2/x2 -1
= 2x(4x*>—2)
= 8x% —4x,

where we have used the fact that a* — b* = (a + b)(a — b)(a* + b?).
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Interestingly, formula (19.10) can also be used to establish that P, = |U,_1(i)|:
22U, (i) = (+Vi2—1)" =@ —ViZ=1y
= (+iV2)" = (i —iV2)
yn "
242

= P,, asexpected.

|Un—1(1)| =

19.13 Another Explicit Formula for U,(x)

Formula (19.10), coupled with the binomial theorem, can be used to develop a second explicit
formula for U, (x). For convenience, we let r = v/ x2 — 1. Then

2rUy(x) = (x+r)"—(x—r)t!
n+1
1
— Z (l’l Z_ )[1 _ (_l)k]xn—k-i-lrk
k=0
=2y (” ;{" l)xn—k-l-lrk
k odd

[n/2]
n+1
- 2 2 : n—2k 2k+1
k=0 (2k + l)x '

"
U,(x) = Z(znk—:—ll) 2 qykpn2k, (19.11)

For example,
1
U3(X) = Z(2k+ 1) l)kx3_2k

()<

= —4x.



384 19. Chebyshev Polynomials

19.13.1 An Explicit Formula for P,

It follows from formula (19.11) that

[(n—1)/2] n
P, = 2k, 19.12
> (4] (1912

k=0

This is the same as formula (9.4) in Chapter 9.
Returning to formula (19.11), we note that it implies that U, (x) is a polynomial of degree .
Its leading coefficient is given by

L§J<n+1) _ Z(n+1) o

k=0 2k +1 r odd r

For example, U;(x) is a polynomial of degree 7, with leading coefficient 128 = 27.
When x = 1, formula (19.11) yields

Un(1) = (n Jlr 1) +> (;ktll) 0=n+1.

k>2

For example, Uy(1) = 16 — 12+ 1 = 5.
On the other hand, suppose we let x = —1. Then the formula yields

n—+1 " n—+1 _ o
Un(—1)=( | )(—1) +1§(2k_1)-o_(n+1)( 1"

For example, Uy(—1) = 16(—=1)* —12(=1)> + 1 = 5 = (4 + 1)(—1)*; similarly, Us(—1) =
—6=(5+1)(=1)°.
Suppose we let n = 2m in formula (19.11). Then

= (2m+1 o
Uam(x) = Z (Zk 4 1)(X2 — 1fxm2k,
k=0

So we can obtain the constant term in U, (x) when k = m, namely, (;nmiii)(—l)’" = (—-1)".
Thus the constant term in U, (x) is (—1)"/2, when n is even.
For example, the constant term in Ug(x) is —1 = (—1)? and that in Ug(x) is 1 = (—1)*.

On the other hand, suppose we let n = 2m + 1 in formula (19.11). Then

S (2m A2\ s ek
Us = — D x™" .
2m+1(xX) Z(2k+1)(x )" x
k=0
So we can obtain the coefficient of x in U,,41(x) when k = m, namely, (g:’qﬁ) (=" =

(2m + 2)(=1)™. Thus, when 7 is odd, the coefficient of x in U, (x) is (n + 1)(—=1)"*=1/2,
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For example, the coefficient of x in Us(x) is 6 = (5 4+ 1)(—=1)©~1Y/2 and that in U;(x) is
—8 = (7 + 1)(—=1)T=D/2,
The next four examples establish some properties satisfied by the two Chebyshev families.

Example 19.5 Prove that U,(x) — U,—»(x) = 2T, (x), where n > 2. u
For example,
Us(x) —Us(x) = (128x7 —192x° + 80x> — 8x) — (32x° — 32x> + 6x)
= 2(64x” — 112x° + 56x> — 7x)

= 2T7(X)

The following example will need the value of U_;(x); so we will find it now. It follows
from the recurrence (19.9) that U;(x) = 2xUy(x) — U_{(x); thatis, 2x = 2x - 1 — U_;(x). So
U_l(x) =0.

Example 19.6 Prove that U,(x) — xU,—(x) = T, (x), where n > 0. u
For example,
Ur(x) —xUs(x) = (128x7 —192x° + 80x> — 8x) — x(64x° — 80x* + 24x% — 1)

= 64x’ —112x° + 56x° — 7x
= T7(X).

19.14 Pell’'s Equation Revisited

Next we show that (7},(x), U,_;(x)) is a solution of the Pell equation u? — (x> — 1)v? = 1,
where x2 — 1 > 0 and is nonsquare.

Example 19.7 Show that 77(x) — (x> — 1)U2_,(x) = 1, where n > 1.

Proof. We will let the explicit formulas for 7,(x) and U,—;(x) do the job for us. For
convenience, once again we let v x2 —1 = r; so x2—r2=1.Then
AT (x) = [(x+7r)"+(x—=r)"]
= x+rN"+x-r?*"+2
AP -DU, = [(x+r)"—@x-n"7T
= (x—l—r)z" + (x—r)z"—2
4[THx)— (x> — DU, ] = 4
T (x) — (x*—=DHU~, = 1.



386 19. Chebyshev Polynomials

Consequently, (7,,(x), U,_i(x)) is a solution of the Pell equation u? — (x> — 1)v? = 1. u
For example, consider the polynomials T3(x) = 8x*—8x2 4+ 1 and Us(x) = 8x> —4x. Then

THx) — (= DUF(x) = Bx*=8x% +1)> — (x* = 1)(8x” — 4x)
= (64x® —128x% + 80x* — 16x2 + 1) — (64x3 — 128x° + 80x* — 16x?)

= 1, as expected.

Conversely, is every solution of the equation u?> — (x> — 1)v> = 1 of the form
(T,(x),U,—1(x))? To answer this, recall that every solution (u,,, v,) is given by

Uy Up—1 Un—2

where n > 2. Clearly, u, = T,(x). Is v, = U,(x)? Not quite! Although we might be tempted
to think so, notice that v, = U,—_(x), where n > 1.
Thus every solution of the Pell’s equation u?—(x?—1)v? = 1 s of the form (7}, (x), U,—1(x)).
Next we study the relationship between the polynomials U, (x) and trigonometry.

19.15 U,(x) and Trigonometry

Earlier, we studied the relationship between Chebyshev polynomial 7, (x) and trigonometry
by exploring the multiple-angle formulas for the cosine function. To see a similar relationship
between the polynomial U,(x) and trigonometry, we can follow a hunch and explore the
multiple-angle formulas for the sine function:

sinlé = 1-sinf

sin260 = (2cosf)sin6

sin30 = (4cos’f —1)sinf

sin 460 (8cos* 8 —4cosH)sinf

sin 560 (16cos* 0 —12cos?> 0 + 1) sind
sin60 = (32cos’ O —32cos* 0 + 6cosB)sinb.

Substituting x for cos 0, these formulas yield the following equations

sin 16 _

sinf

sin 20 5
= 2x

sin 6

sin 36 )

- = 4x°—1

sin 0

sin 46 3
= 8x° —4x

sin 6
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sin 560 s )
- = l6x"—12x“+1
sin 0
sin 66
: = 32x° —32x3 + 6x.
sin 0
Our intuition seems to work: W = U,(x), where x = cosf and 0 < n < 5. We will now

confirm this observation.
Using the addition formula for the sine function and Example 19.6, we have

sin(n + 1) = sinn6cos6 + cosnb sin b
= xU,_1(x)sin@ + T,(x)sin@
sin(n + 1)60

. = xUp—1(x) + Tu(x)
sin 6

= U,(x).

Since this result works when n = 0 and n = 1, by PMI it works for all integers n > 0.

19.16 Chebyshev Recurrence for U,(x) Revisited

We can now obtain the recurrence for U,(x) using the sum identity sinu + sinv =

ZSin#cos “5+. To this end, letu = (n + 1)0 and v = (n — 1)6. Then

sin(n 4+ 1)0 + sin(n — 1)6 = 2sinn6 cos 6.
Dividing both sides by sin 8, this yields the desired recurrence:
Un(x) + Un—Z(x) = 2XU,1_1(X).

Using the trigonometric relationship, we can develop a number of identities satisfied by
the Chebyshev families, as the following examples illustrate. Again, we leave their proofs as
exercises.

Example 19.8 Prove that T}, 1 ,(x) — Tpp_n(x) = 2(x*> = DU,—1(x)U,_1(x), where m > n. =

19.16.1 An Interesting Special Case

We will now explore this identity a bit further. Since ¢,(x) = 2(—i)"T,(ix), it yields an
interesting Pell-Lucas polynomial identity:

qm+n (x) 4m—n (x)

_ Pm(X) ) Pn(x)
2iy 2

=iy =i

2[(ix)* — 1]
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1 n _2(x2 ‘I’ 1)pm(x)pn(x)
W[qm-}—n (x) - (_1) Qm—n(x)] = (_l-)m+n_2
Gmtn(X) = (=1)"gm-n(x) = 4> + 1) pu(x) pu(x). (19.13)

For example, let m = 5 and n = 3. Then

LHS = gs(x) + ¢qa2(x)
= (256x% + 512x% + 320x* + 64x2 4+ 2) + (4x> +2)
= 256x% + 512x® + 320x* + 68x2 + 4
= 4(x*+ DA6x* +12x* + 1)(4x> + 1)
= 4(x*+ 1)ps(x) p3(x) = RHS.

Identity (19.13) has two interesting byproducts:

Suppose we let x = 1. Since gx(1) = 20 and pi(1) = Py, it yields the hybrid Pell
identity

Omin—(=1)"0pp = 4P, P,. (19.14)

For example, when m = 8 andn = 5, LHS = Q3 + Q3 = 47321 + 7 = 47328 =
4-408 - 29 = 4 Pg P; = RHS; and similarly, whenm = 10 andn = 4, LHS = Q14 — Q¢ =
114114 = 4P,y P; = RHS.

Notice that identity (19.14) yields the identity Q,,+1 + Qu—1 = 4P, as we saw in
Chapter 7.
Suppose we let x = 1/2 in identity (19.13). Since g;(1/2) = Lj and px(1/2) = Fg, it
yields the Fibonacci—Lucas identity

Lm+n - (_1)an—n =S5F,F,. (1915)

For example, whenm = 8andn =5, LHS=L;3+ L3 =521 +4=525=5-21-5=
5Fg F5 = RHS; and similarly, whenm = 10andn = 4, LHS = L4 — L = 825 = 5F o F}y
= RHS.

Example 19.9 Prove that U,,,+,(x) + U,,—,(x) = 2U,,(x)T,,(x), where m > n. .

Similarly, it can be shown that

Un+n(X) = Up—n(x) = 2T 41(x)Up—1(x). (19.16)
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For example, let m = 6 and n = 3. Then

Us(x) — Us(x) = (512x° —1024x7 + 672x° — 160x> + 10x) — (8x> — 4x)
= 512x° — 1024x" + 672x° — 168x> + 14x
= 2(64x” — 112x° 4 56x° — 7x)(4x* — 1)
= 2T7(x)Ux(x).

19.16.2 An Interesting Byproduct

Since pi(x) = (—i)*'U;_i(ix) and gx(x) = (—i)*Ty(ix), identity (19.16) can be used to
derive an identity for Pell polynomials:

Pm+n+1(X)_Pm—n+1(X) — 5 Gm+1(X) pu(x)

(_l')m+n (_l')m—n - 2(_l')m+l(_l')n—l
1 m n
(_l.)—mﬂ[PernH(X) — (=" pp—nr1(x)] = %

Pmn+1(X) — (_l)npm—n+l(x) = gm+1(X) pn(x).
Changing m to m — 1, this yields

Pmn(X) = (=1)" p—n(x) = G (x) pn(x). (19.17)
For example, let m = 5 and n = 3. Then

ps(x) + po(x) = (128x7 + 192x° + 80x> + 8x) + 2x
= 128x7 + 192x° + 80x> + 10x
= (32x° 4+ 40x° + 10x)(4x%> + 1)
= ¢s5(x)p3(x).

Identity (19.17) has two interesting special cases:

(1) Suppose we let x = 1. Since pr(1) = P and gx(1) = 20y, it yields the hybrid Pell
identity

Poin = (=1)" Py =20 Py. (19.18)

For example, when m = 8 and n = 5, LHS = P53 + P; = 33,466 = 203 P5; = RHS;
and when m = 10 and n = 4, LHS = P4 — P¢ = 80,712 = 2Q o P4 = RHS.
(2) Let x = 1/2. Since px(1/2) = Fy and gx(1/2) = Lk, it yields the Fibonacci—Lucas
identity

Fm—i—n_(_l)nFm—n = LinFy. (19.19)
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For example, when m = 7and n = 4, LHS = F|, + F3; = 87 = L;F,; = RHS; and
whenm = 12andn = 7, LHS = Fi9 + F5 = 4186 = L, F; = RHS.

The following example is somewhat a counterpart of Example 19.2 for U, (x).
Example 19.10 Prove that U,,,—(T,,(x))U,—1(x) = Uyp—1(x), where m,n > 1. "
For example, let m = 5 and n = 2. Then

To(x) = 2x*—1
Us(x) = 16x*—12x>+1
Ui(Tr(x)) = 1602x>—1D*—122x* = 1)* + 1
= 256x% —512x% + 336x* — 80x2 + 5
Ui(To(x)Ui(x) = (256x® —512x% + 336x* — 80x% + 5)(2x)
= 512x° — 1024x" + 672x° — 160x* + 10x
= Usa—1(x).
X SupposeA we let 01‘ (x) = Uk(x). Then the identity in Example 19.10 can be rewritten as
Un(T,(x))U,(x) = Upyyu(x), which looks better stylistically.

Next we establish the addition formulas for both Chebyshev polynomials. Again, we will let
the sine and cosine functions do the job for us.

Example 19.11 Prove that 7,4, (x) = T,,(x)U,(x) — T;,—1(x)U,—1(x), where m,n > 1.

Proof. Using the addition formulas (19.5) and (19.6), we have

sinf -RHS = cosm#@sin(n + 1)0 — cos(m — 1)0 sinnf

= cosm6(sinnf cos O + cosnb sin @) — sinn6(cos mb cos 6 + sinmb sin 6)
= (cosm6 cosnf —sinm6 sinnf) sin 0
= cos(m + n)6 sin6
RHS = cos(m + n)f
= Tntn(x)
= LHS. .

For example, let m = 3 and n = 5. Then

T3(x)Us(x) — To(x)Us(x) = (4x> —3x)(32x° —32x° + 6x) — x> — 1)(16x* — 12x% + 1)

= 128x% —256x°% + 160x* — 32x% + 1
= Ts345(x).
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Since g (x) = 2(—i)*Ti(ix) and pr(x) = (—i)*"'Us_i(ix), it follows from Example
19.11 that

Gim+n(X) _ qm(x) ) Pnt1(X) _ gm—1(x) ) Pn(x)
2(=iymtn =iy (=D 2= (=i
Qm+n(x) = Qm(x)pn+l(x) + Qm—l(x)pn(x)~ (19.20)

This is the addition formula for Pell-Lucas polynomials, found in Chapter 14.
For example, when m = 3 and n = 5, we have

g3(X) pe(x) + @2(x) ps(x) = (8x> + 6x)(32x° + 32x> + 6x) + (4x% + 2)(16x* + 12x% + 1)
= 256x® + 512x° + 320x* + 64x° + 1
= qs(x).

In particular, formula (19.20) yields the addition formula Q,,+, = Q. Py+1 + Qm—1 P, for
Pell-Lucas numbers, as we learned in Chapter 8.
The following example gives the addition formula for Uy (x).

Example 19.12 Prove that U,,+,(x) = U, (x)U,(x) — Uyy—1(x)U,—1(x), where m,n > 1.
Proof. Using the product formula 2sinu sinv = cos(u — v) — cos(u + v), we have
sin®f -RHS = sin(m + 1)@ sin(n + 1)8 — sinm#@ sinné

= %[cos(m —n)0 —cos(m +n + 2)0] — %[cos(m —n)6 — cos(m + n)0]

1
= E[cos(m + n)0 —cos(m + n + 2)0]

= sin(m +n + 1)fsinf
sin(m +n + 1)60
sin 6
= Un+a(x)
= LHS. .

RHS =

For example, let m = 3 and n = 5. Then
Us(x)Us(x) — Up(x)Us(x) = (8x% —4x)(32x° —32x> + 6x) — (4x? — 1)(16x* — 12x% + 1)
= 256x% — 448x% 4 240x* — 40x% + 1
= Us4s(x).
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Since pi(x) = (—=i)*"'U,_ (i x), it follows from this example that

Pm+n+1(X) _ Pm+1(x) ) Pn+1(x) _ Pm(X) ) Pn(x)
e ) [ & R TSN e T
Pmtn+1(X) = Pm1(X) Pput1(x) + pim(x) pu ().

That is,

Pim+n(X) = Pu(X) Put1(X) + pm—1(x) pu(x), (19.21)

which is the addition formula for Pell polynomials, as we found in Chapter 14.
In particular, this implies that P+, = P, P,+1 + P,—1 P,; see formula (8.7).
Interestingly, both Chebyshev polynomials also satisfy Cassini-like formulas. In the interest
of brevity, we will leave their proofs as routine exercises.

19.17 Cassini-like Formulas for Chebyshev Polynomials

T ()T (0) = TH(x) = x*—1 (19.22)
Upi1(x)Up—1(x) = U2(x) = —1. (19.23)

For example,

Ts(x)T3(x) — TF(x) = (16x° —20x* + 5x)(4x> — 3x) — (8x* — 8x? + 1)?
= (64x3 —128x° + 80x* — 15x?) — (64x3 — 128x% + 80x* — 16x% + 1)
= x’— 1;
Us(x)Us(x) —UZ(x) = (16x* —12x% + 1)(4x? — 1) — (8x° — 4x)?
= (64x° — 64x* + 16x> — 1) — (64x°® — 64x* + 16x?)
= -1

19.18 Generating Functions for Chebyshev Polynomials

Finally, using standard techniques, it is relatively easy to develop generating functions for
Chebyshev polynomials; see Exercises 20 and 21:

I —xy >
A T, n
Ty = L

1 oo
—_— = U, "
1 —2xy + y2 };0 ()
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Exercises 19

Prove each, where T, (x) and U, (x) denote Chebyshev polynomials of the first and second kinds,
respectively.

1. 2T, (x)T,(x) = Typtn(x) + T—n(x), where m < n. Hint: Let r = ~/x2 — 1; use formula

(19.2).
ln/2]
2. 0,= ) (2"k)2k. Hint: Use formula (19.3).
k=0
3. T,(T,(x)) = Tun(x), where m and n are nonnegative integers. Hint: Ty (x) = cos k8.
4. Confirm the identity in Example 19.1 using the fact that 7,,(x) = cosn6. Hint: Use the
identity cosu + cosv = 2cos % cos “5+.

5. [Tm+n (X) - 1][Tm—n(x) - 1] = [Tm(x) - Tn(x)]z-

[n/2] [n/2] .
6. 0= > Y (;’j)(i) Hint: Let x = i in formula (19.7).
k=0 j=k

7. Derive the explicit formula (19.10) for U, (x). Hint: Using the initial conditions, find A
and B.

8. Deduce the explicit formula (19.12) for P, from (19.11).

9. U,(x) —U,—(x) = 2T,(x), where n > 2. Hint: Show that %[Un (x) — U,—2(x)] satisfies
the recursive definition of 7},(x).

10. U,(x) —xU,—1(x) = T,(x), where n > 0.

11. Tpan(x) = Tpop(x) = 2(x? = 1)Uy—1(x)U,—1(x), where m > n. Hint: Use the identity

cos v — cosu = 2sin “F sin
12. Upgn(x)+Up—n(x) = 2U,,(x)T,(x), where m > n. Hint: Use the identity sinu+sinv =

s utv U—v
2 sin =5~ Cos .

U—v
N

13, Untn(x) = Up—n(x) = 2T 41(x)Up—1(x), where m > n.

14. Up—1(T,(x))U,—1(x) = Upy—1(x), where m,n > 1. Hint: Let T,(x) = cosnf and
t = cos . Then U,_(t) = (1 —t?) ™2 sin(m arccos t).

15. T,(x) = nU,—(x), where the prime indicates differentiation with respect to x.
Let y = T, (x) = cosnf. Then:

16. (1 —x%)y” —xy’ +n?y = 0. Hint: Differentiate y’ = 128 with respect to x.

— Tsinf
17. (1 =x3)U/(x) —3xU/(x) + n(n + 2)U,(x) = 0.

18. Establish the Cassini-like formula T,4(x)T,—1(x) — T?(x) = x? — 1. Hint: Use the
explicit formula for 7}, (x).
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19. Establish the Cassini-like formula U, 11(x)U,—1(x) — U?(x) = —1.
Develop a generating function for:

20. T,(x). Hint: Let {S,(x)} be a sequence of polynomial functions satisfying the Chebyshev
recurrence.

21. U,(x).
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Chebyshev Tilings

20.1 Introduction

In Chapter 16, we studied different combinatorial models for Pell and Pell-Lucas polynomials
by constructing linear and circular tilings of boards with n cells. In each case, our success hinged
on a clever assignment of weights to square tiles and dominoes. Since the Pell family is a sub-
family of the Chebyshev family, we are tempted to ask whether the Pell tiling models can be
extended to the larger family. Fortunately, the answer is yes. We will begin our investigation
with the Chebyshev tiling models for the polynomials U, (x) of the second kind.

20.2 Combinatorial Models for U,(x)

Recall from Chapter 19 that the nonzero constant term in a Chebyshev polynomial of each type
can be 1 or —1. This implies that some tiles in the Chebyshev tilings must be assigned a weight
of —1. More specifically, we assign to each square a weight of 2x and to each domino —1.

Figure 20.1 shows the resultant tilings of a linear board with n cells and the sum of their
weights, where 0 < n < 5. In each case, the sum of the weights of the tilings is the polynomial
Un(x).

More generally, we have the following result, discovered by Shapiro in 1981 [230]. Since
its proof follows the same reasoning as that of Theorem 16.2, we omit it for the sake of brevity.
(In fact, most of the results in this chapter can be proved by following the argument of the
corresponding result in Chapter 16. So we will omit many of the proofs, although proving each
would be a good exercise in its own right.)

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9_ 20, 395
© Springer Science+Business Media New York 2014
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Sum of
the weights

1
2x 2x
20|22 | -1 |
472 -1 422 -1
‘21:‘2$|2:r| ‘QIE‘ -1 | ‘ -1 ‘21:‘
]z3 -2z -2z 83 — 4x
20 22|22|22] [22]2¢] -1 | [2¢] -1 20| | -1 [2#]24] | -1 | -1 |
1624 42 —4g2 42 1 1624 — 1222 + 1
[20]2a]20]20]20] [20]22]20] 1 | [2a]20] 1 Jou] [20] -1 [20]24]
325 83 —8z3 —8z3 3225 — 3243 + 6z
| 1 J2afoaf2e] [2e] -t ] v ] [ 1 2] 1 | [ 1 | 1 |24
—8z3 2x 2z 2z

Figure 20.1.

Theorem 20.1 The sum of the weights of the tilings of a 1 X n board with square tiles and
dominoes is U,(x), where the weight of a square tile is 2x and that of a domino is —1, and

n=>0.

Suppose a tiling has & dominoes. Then it has n — 2k squares and takes a total of n — k tiles.
So there are (" ;k ) tilings of a 1 x n board, each containing exactly k dominoes. The weight
of each such tiling is (—1)¥(2x)"~2*. So the sum of the weights of tilings of a 1 x n board is

[n/2]
> (") (=1)*(2x)"*. This fact, coupled with Theorem 20.1, yields an explicit formula for

U;(x), as the following theorem shows.

1n/2)
Theorem 20.2 Letn > 0. Then U, (x) = 3. ("7¥)(=1)k(2x)" 2.
k=0

For example,

_ : 3-k _1\k 32k
Usx) = > |7, J=Drey

k=0
= (2x)° —2(2x)

= 8x°—4x.
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Theorem 20.2 has interesting byproducts, as the next five corollaries show. We will leave
their proofs as routine exercises.

Corollary 20.1 U, (ix) = i" py+1(x), where py(x) denotes the kth Pell polynomial, i = «~/—1,
andn > 0. "

In particular, we have the following result.
Corollary 20.2 U,(i) = i" Py+1 and |U,(i)| = P41, wheren > 0. u
The following result also follows from Theorem 20.2.

Corollary 20.3 U,(ix/2) = i" fu1(x), |Un(ix/2)| = fu41(x), and |Uy(i/2)| = F, 41, where
n=>0. [

For example, we have

Us(x) = 32x°—32x> + 6x
Us(ix/2) = 32(ix/2)° —32(ix/2)> + 6(ix/2)
= i°x° —4i°x 4+ 3ix =i (x° + 4x° + 3x)
= i’ fo(x).
So |Us(ix/2)| = x> + 4x> 4+ 3x = fe(x) and |Us(i /2)| = 8 = F.

Corollary 20.4 The sum of the weights of tilings of a 1 X n board with an even number of
dominoes minus that with an odd number of dominoes is U, (x); that is,

Up(x) = Y (” ;k) xy - ¥ (” ;k> (2x)"2*. ]

k even k odd

For example, consider the tilings of a 1 x 5 board in Figure 20.1. There is exactly one tiling
with 0 dominoes; its weight is 32x°. There are three tilings with 2 dominoes each; the sum of
their weights is 2x + 2x + 2x = 6x. So the sum of the weights of tilings with an even number
of dominoes is 32x> + 6x.

On the other hand, there are four tilings with exactly one domino each; the sum of their
weights is 8x3 + 8x3 + 8x3 + 8x3 = 32x3.

The difference of the two sums is (32x° + 6x) — 32x® = 32x° — 32x® + 6x = Us(x), as
expected.

The next result follows from Corollary 20.4.
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Corollary 20.5 The sum of the weights of tilings of a 1 x n board with an even number of
dominoes minus that with an odd number of dominoes is U, (x), where the weight of a square is
2 and that of a domino is —1; that is,

Gn= Y (";k)zn—Zk— 5 (”;k)z”—z". :

k even k odd
For example, consider the tilings of the 1 x 5 board in Figure 20.1. From the previous

paragraph, we have

Us(l) = 32-324+6=6

5—k 5 3
2% = 2° 2=38
k%n( k ) (O) ' (2)
-~ 4
k odd k I

S5—k\ s o S—k\ 5ok _ _
Z(k)z —Z(k)z = 38-32=6
k even k odd

= Us(1).

Likewise, Y ()20 — Y~ (5.%)267% =88 — 81 = 7 = Us(1).
k even k odd
We can use the concept of breakability to develop the addition formula for Ui (x), as in

Theorem 16.4.
Theorem 20.3 Let m,n > 1. Then Uy 4, (x) = Uy (X)Uy(x) — Upy—1 (X)) Uy—1 (x). "
For example, let m = 5 and n = 2. Then

Ur(x) = Us(x)Usx(x) — Us(x)Ui(x)
= (32x° —32x° + 6x)(4x? — 1) — (16x* — 12x% + 1)(2x)
= 128x" —192x° 4 80x> — 8x.

Suppose we change x to ix in the addition formula. Then, by Corollary 20.1, we get

Um—l—n(ix) = Um(ix)Un(ix)_Um—l(ix)Un—l(ix)
im+npm+n+l(x) = im+npm+l(x)pn+l(x)_im+n_2pm(x)pn(x)

pm+n+1(x) = pm+l(x)pn+1(x)+pm(x)pn(x)-
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Changing m to m — 1, this yields the addition formula (14.17) for Pell polynomials:

pm+n(x) = pm(x)pn+1(x) + pm—l(x)pn(x)~

In particular, P, 4+, = Py, Py+1 + Pn—1P,, as we found in Chapter 8; see formula (8.7).

20.3 A Colored Combinatorial Model for U,(x)

In the second model for U, (x), we assume that square tiles come in two colors, black and white.
Each is assigned a weight of x, while the weight of a domino remains the same, namely —1, as
in the previous model.

Figure 20.2 shows the resulting tilings of a 1 x n board, where 0 < n < 4.

Sum of
the weights

. 1
2z
Lol [ ]a] [2]«] [e]e] [ 1] 127 - 1
] FEE R BT
[z [e]a] [a]e]a] [e]a]s] [o]a]e] 82% ~ 4o
BENREN RN EET
Lelofa]a] [z]a]a]a] [o]a]ala] [s]v]a]a] [a]e]s]s]
[z |ofala] [=]a]z]a] [a]o]z]a] [s]a]a]s] [a]o]a]x]
= - -] (- [ = - B EEE | - =

1624 — 1222 + 1
lelefale] [e]o] 1 | [ofa] 1 | [2]e] 1 | [a]a] 1 |
[zt Jef [o] <o Ja] [o] 2 [of [o] 2 o] [ [o]c]
| Jefa] [ 2 Jafa] [t [afa] | 1 ] 1]

Figure 20.2.
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Recall from Theorem 16.5 that there are P, such colored tilings of a 1 x n board. The next
theorem shows that the sum of their weights is U, (x).

Theorem 20.4 The sum of the weights of colored tilings of a 1 x n board is U,(x), where the
weight of a square (black or white) is x and that of a domino is —1, and n > 0. n

This theorem has an interesting corollary, quite similar to Corollary 20.5. To this end, we let
x = 1 in this model; that is, each square gets weight 1. So a colored tiling with exactly k
dominoes has weight (—1)*. Consequently, U, (1) counts the difference of the number of tilings
with an even number of dominoes and that with an odd number of dominoes. Since U,(1) =
n + 1, this difference is n 4+ 1. Thus we have the following result.

Corollary 20.6 The difference of the number of tilings of a 1 X n board with an even number of
dominoes and that with an odd number of dominoes is U, (1) = n + 1, where the weight of a
square (black or white) is x and that of a domino is —1, and n > 0. n

For example, consider the colored tilings of the 1 x 4 board in Figure 20.2. There are 17
tilings with an even number of dominoes, and 12 tilings with an odd number of dominoes. So
the difference is 17 — 12 = 5 = Uy(1).

Next we present four combinatorial models for Chebyshev polynomials of the first kind.

20.4 Combinatorial Models for T,(x)

In the first model for 7,(x), we use uncolored tiles — squares and dominoes — to tile a linear
board of n cells. As in Figure 20.1, we assign a weight of 2x to each square and —1 to each
domino, but with one exception: if a tiling begins with a square, then the tile gets a weight of x.
Figure 20.3 shows the possible tilings of a 1 x n board, the corresponding sum of their
weights, and 0 < n < 5. In each case, the sum is 7;(x). The next theorem confirms this.

Theorem 20.5 The sum of the weights of all uncolored tilings of a 1 x n board is T, (x), where
if the initial title is a square, its weight is x, and all other squares have weight 2x; and every
domino has weight —1. n

As in Theorem 16.7, we can establish the addition formula for 7;,(x) (see Example 19.11) using
the concept of breakability.

Theorem 20.6 Let m,n > 1. Then T4, (x) = T, (x)U,(x) — T—1 (x)Uy—1 (X). 0

Recall from Chapter 19 that 7, (cos8) = cosnf. In light of Theorem 20.5, we can now
interpret this result combinatorially. By Theorem 20.5, T, (cos @) is the sum of the weights of
all tilings of a 1 x n board, where every domino has weight —1 and every square has weight
2x = 2cos #; but if a tiling begins with a square, then its weight is x = cos 6. So cosn#@ is the
sum of the weights of all tilings of a 1 x n board.
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Sums of
the weights

1

401

T X
Lo f20] [ -1 ]
222 -1 222 — 1
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Figure 20.3.

In the second model for 7},(x), we introduce colored square tiles. Every square has weight x
and every domino —1. But no tiling can begin with a black square.

Figure 20.4 shows the possible colored tilings of a 1 x n board and the sum of their weights,
where 0 < n < 4. Again, in each case, the sum of the weights is 7},(x).

The next theorem generalizes this observation. We will give only a skeleton proof.

Theorem 20.7 The sum of the weights of all colored tilings of a 1 x n board is T, (x), where the
weight of a square (black or white) is x and that of a domino is —1, and no tiling begins with a
black square tile.

Proof. Let S, (x) denote the sum of the weights of a 1 x n board. Then Sy(x) = 1 = Ty(x) and
S1(x) = x = Ti(x).

Consider an arbitrary colored tiling of a 1 x n board, where n > 2. Suppose it ends in a
square. Since it can be black or white, the sum of the weights of such tiles is 2x S, ;.

On the other hand, suppose the tiling ends in a domino. The sum of the weights of such
tilings is —S,—.

Thus, S, = 2xS,—-1 — S,—>. This, along with the initial conditions, implies that S, (x) =
T, (x), as claimed. "
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Sum of
the weights
. 1
.
=]7) =[] [ 20?1
L) ERE EEE EEE
| -1 ] | -1 |=z] | -1 |z] 423 — 3z
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Figure 20.4.

The next theorem shows that the number of colored tilings of a 1 x n board in this model

is Q.

Theorem 20.8 The number of colored tilings of a 1 x n board is Q,, where the weight of a
square (black or white) is x and that of a domino is —1, no tiling begins with a black square tile,
andn > 0.

Proof. Let S, denote the number of colored tilings of a 1 x n board. Then Sy = 1 = Q@ and
S1=1=0;.

Let the weight of a square tile be 1 and that of a domino be 1. Then each tiling has weight 1;
so S, is the number of tilings of length 7.

Using the reasoning in Theorem 20.7, it follows that S,, = 25,,—; + S,—2, where n > 3. This,
coupled with the two initial conditions, implies that S,, = Q,,. u

For example, consider the tilings in Figure 20.4. There are 7 = Q3 tilings of length 3 and
17 = Qg tilings of length 4.

In the third model, we allow the initial square to be white or black. As before, the weight
of each square is x, except that the initial square has weight 3. The weight of a domino is —1.
Figure 20.5 shows such tilings of 1 x n board and the sum of their weights, where 0 < n < 3.In
each case, the sum is the Chebyshev polynomial 7}, (x).

More generally, we have the following result. Its proof follows as in Theorem 20.7.
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Sum of
the weights

. 1
Z £
2 2 T
le] [El=] Bl=] [Bl=] [-1] 22 -1
Glele]) [Blefa] [Ble]«] [Blele] [E]-1] [B]le]<]

4z3 - 3z
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Figure 20.5.

Theorem 20.9 The sum of the weights of colored tilings of a 1 x n board is T,(x), where the
weight of a domino is —1 and that of a square is x, except that the weight of the initial square

is £

7" u

Next we establish combinatorially that 7},(cos 8) = cosnf. It follows by Theorem 20.5 that
T, (cos 0) is the sum of the weights of all uncolored tilings of length n, where a domino has
weight —1; and a square has weight 2 cos 6, but with one exception: an initial square has weight
cos 6.

By Euler’s formula, 2 cos 8 = ¢’ +e~%. Consequently, we can assign the weight e'? 4-¢
t ei9+e—i9
2

—if

to every square, except the initial one, which has weigh

20.5 A Combinatorial Proof!? that T,(cos 6) = cos né

We now introduce colored squares into the tiling scheme, with different weights for squares
of opposite color. White squares have weight e’ and black squares have welght e 10 If the
initial square is white, its weight is 5-; otherwise, its weight 1
remains —1.

For example, the tiling in Figure 20.6 has weight %eie

16

o6 -1 0| g0 | -1 0

Figure 20.6.

13 A.T. Benjamin and D. Walton developed this proof in 2007, the 300th anniversary of Euler’s birth [13].
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Figure 20.7 shows the colored tilings of length n and the corresponding weights, where 0 <
n <3.
Sum of the weights
o 1
210 o0
2 2 cos0
%9 e® %:0 &9 6;9 e® e_;e 10 -1 cos 20
Pl ol ol | €@ ol —ia| | €9 | -ig| io| | €9 | o] 0| |ef| _1 e 0| e
B e e 2 e @ 2 @ e 2 @ @ 2 2 (& e
cos 30
e 0| ~io| |e®| —io| 6| || —io| 6| | e® _ 1 i0 -1 —i0
51 ¢ |¢€ 5 ¢ e 5|¢ e 5 1 e e
Figure 20.7.

More generally, by Theorem 20.9, T, (cos ) is the sum of the weights of all such colored
tilings of length n.

Next we introduce the concept of an impure tiling. A colored tiling is impure if it contains
two adjacent squares of different colors or a domino; otherwise, it is pure. For example, the tiling
in Figure 20.6 has impurities at cells 3 and 4; 5 and 6; 7 and 8; and 9 and 10.

We will now show that the sum of the weights of all impure tilings is zero. To this end, let X
be an arbitrary impure tiling with its first impurity at cells k and k + 1.

Case ] Letk > 2.

Subcase 1 Suppose cells k and k + 1 are occupied by squares of opposite color. Let X’ be the
tiling obtained by replacing these two squares with a domino, leaving the other tiles untouched.
Since e’ - e7% = | and the weight of a domino is —1, it follows that weight(X) + weight(X")
=0.

Subcase 2 Suppose cells k and k + 1 are covered by a domino. Let X’ be the tiling obtained
by replacing the domino with two squares of opposite color such that cells k and k — 1 have the
same color. Again, weight(X) + weight(X’) = 0.

Thus, corresponding to every impure tiling X, there is a tiling X’ such that the sum of their
weights is zero, where k > 2.

Case 2 Let k = 1. So the first impurity in X occurs at cells 1 and 2; this involves three
possibilities:
160 —i60 160
L_ |0 ... € _1¢c |... —
2 |© 2 | 2 !
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Consequently, given such a tiling X, we can create two tilings X; and X, such that X =
X1 = X», except for the first two cells. The sum of their weights is 1¢'% - 7% - w + 177 . % .
w + (—1) - w = 0, where w denotes the weight of the subtiling in cells 3 through 7.

Thus, by Cases 1 and 2, the sum of the weights of all impure tilings is zero.

Consequently, T, (cos ) equals the sum of the weights of the two remaining pure tilings, one
consisting of n white squares and the other consisting of n black squares:

€ 0 | i i0 i0 e —i0 | ~if -i0 | ~i0

Their weights are 1e'"? and Je "%, respectively. Thus, T, (cos §) = 1 (¢!"? + ¢7"%) = cosn#,

as desired. "

For example, let n = 3. From Figure 20.7, there are six tilings with the first impurity at cells
1 and 2; the sum of their weights is %e”’ + %e‘ie + %eie + %e‘m —e'? — ¢~ = (. There are four
tilings with the first impurity at cells 2 and 3; the sum of their weights is 3¢’ + 17 — 1e —
1e71% = 0. The sum of the weights of the two pure tilings is J¢'? e’ - e + 1e710.¢710. 710 =

cos 36, as expected.
ei@ —e_i9
2

sin(n41)0
sin 6

Finally, using the formula sin 6§ = , it can be shown that U, (cos 0) =

20.6 Two Hybrid Chebyshev Identities

Before we present the fourth model for 7),(x), we will present two Chebyshev identities
involving both polynomials. To this end, first notice that

xUs(x) + Ty(x) = x(8x>—4x) + 8x* —8x2+1)
= l6x*—12x* + 1
= U4(X).

This result can be interpreted combinatorially. To see this, consider the colored tilings of the
1 x 4 board in Figure 20.2. There are exactly 12(= P,) tilings that begin with a black square; the
sum of their weights is 8x*—4x? = x(8x> —4x) = xU;(x). There are exactly 17(= Q,) tilings
that do not begin with a black square; the sum of their weights is 8x* —8x% + 1 = T4(x). So the
sum of the weights of all tilings of length 4 is xUs(x) + T4(x) = 16x* — 12x? + 1 = U, (x).

More generally, we claim that xU,_(x) + T,(x) = U,(x), where n > 1. This can be
confirmed using PMI, and the explicit formulas for 7, (x) and U, (x). But we will now give a
combinatorial proof, taking advantage of Theorems 20.4 and 20.7.

Theorem 20.9 xU,_(x) + T,(x) = U,(x), wheren > 1.

Proof. Recall from Theorem 20.4 that the sum of all colored tilings of a 1 x n board is U, (x).
We will now compute this sum in a different way, by considering two disjoint cases.
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Case 1 Suppose the tiling begins with a black square. Dropping this yields a sub-tiling of a
1 x (n — 1) board, which may not begin with a black square:

A colored tiling of a 1 x (n—1) board

By Theorem 20.4, the sum of the weights of such sub-tilings is U,—;(x); so the sum of the
weights of all tilings of a 1 x n board that begin with a black square is xU,—1(x).

Case 2 Suppose the tiling does not begin with a black square. By Theorem 20.7, the sum of the
weights of such tilings of 1 x n board is T;,(x).
Thus, by the addition principle, xU,—(x) + T,,(x) = U,(x), as desired. "

Next notice that

xUs(x) — Upr(x) = x(8x>—4x)—(4x>—1)
= 8x*—8x*+1
= T4(X).

This result also can be interpreted combinatorially. Again, consider the colored tilings of 1x4
board in Figure 20.4. The sum of their weights is 8x* — 8x2 4+ 1 = Ty(x); see also Theorem
20.7.

We will now count this sum in a different way. There are exactly 10(= 2 P3) tilings that
begin with a square; the sum of their weights is 8x* — 4x2. There are 5(= P3) tilings that begin
with a domino; the sum of their weights is —4x2 + 1. So the sum of the weights of all tilings of
a1l x 4board is (8x* — 4x?) + (—4x? + 1) = 8x* — 8x% 4+ 1 = Ty(x), as expected.

This observation leads us to the next Chebyshev polynomial identity.

Theorem 20.10 7,,(x) = xU,—1(x) — U,—»(x), where n > 1.

Proof. By Theorem 20.7, the sum of the weights of colored tilings of 1 x n board is 7},(x). Now
consider an arbitrary tiling of a 1 x n board, where n > 2.

Case 1 Suppose the tiling begins with a (black) square. Then it is followed by a sub-tiling of a
1 x (n — 1) board:

A tiling of a 1 x (n—1) board

Since this sub-tiling can begin with a square (black or white) or a domino, it follows by Theorem
20.4 that the sum of the weights of such tilings is xU,—(x).
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Case 2 Suppose the tiling begins with a domino:

N——
A tiling of a 1 x (n—2) board
As in Case 1, the sum of the weights of such tilings is —U,—(x).

The desired result now follows by the addition principle. u

Notice that this result follows quickly from Theorem 20.9:

T, (X) = Un(x) - XUn—l(x)
= [2xUy—1(x) — Up—2(x)] = xUy—1(x)
= XUn—l(x) - Un—2(x)-

Next we turn to the fourth model for 7},(x), where we count the circular tilings of bracelets
of n cells. Every square has weight 2x and every domino —1, with one exception: The weight of
the domino is —2 when n = 2.

Figure 20.8 shows all circular tilings of # cells and the sum of their weights, where 1 <n <

4. Unlike the earlier models, the sum of the weights appears to be 27, (x). The next theorem
confirms that this is indeed the case. The proof follows the same reasoning as in Theorem 16.9.

Sum of

the weights

2z

422 -2

D Q@O
@ ©

Figure 20.8. (continued)
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1624 — 1622 + 2

o1e;
Ok

Figure 20.8.

Theorem 20.11 The sum of the weights of tilings of a 1 x n bracelet is 2T, (x), where the weight
of a square is 2x and that of a domino is —1, except that the weight of the domino is —2 when
n=2. "

The next result (see Example 19.5) is an interesting consequence of this theorem. Its proof
follows by considering the cases where a domino may or may not occupy cells # and 1, and by
invoking Theorem 20.1.

Theorem 20.12 Letn > 2. Then 2T,/ (x) = U, (x) — U,—2(x). n
For example,

Us(x) — Us(x) = (32x° —32x> + 6x) — (8x° — 4x)
= 2(16x° —20x> + 5x)
= 2T5 (X)
Theorem 20.11 has another interesting byproduct. Counting the number of circular tilings

with exactly k dominoes each for k > 0, we can develop an explicit formula for 7,(x); use the
same reasoning as in Theorem 16.10.

Theorem 20.13 Letn > 1. Then

_ & (n—k 1Yk () yr—2k
2T, (x) Z — (=D (2x)" . .

k=0

For example,

2

2Ti(x) = Z%(S ;")(—Uk(zx)s—zk

k=0
= (2x)° —5(2x)> + 5(2x)
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= 32x° —40x> + 10x
Ts(x) = 16x° —20x> + 5x.

As in the case of Theorem 20.1, this result also has several interesting byproducts, as the
next four corollaries show.

Corollary 20.7 27, (ix) = i"q,(x), where n > Q. u
In particular, this implies the next result, as we found in Chapter 19.

Corollary 20.8 7,,(i) =i"Q, and |T,(i)| = Q,, where n > Q. n
The next result follows from this corollary.

Corollary 209 27,(ix/2) = i"l,(x),2|T,(ix/2)| = l,(x), and 2|T,(i/2)| = L,, where
n=>0. n

For example,

Ts(ix/2) = 16(ix/2)° —20(ix/2)* + 5(ix/2)

. 5 5 :
= %x5+%x3+51x = %(x5+x3+x)

21T, (ix/2)] = x°+5x° +5x = Is(x)

2|T5(i/2)] = 11 = Ls.

Finally, notice that the formula in Theorem 20.13 can be rewritten as follows:

2Ty (x) = Z " i k (n i k) (2x)" % — Z - i T (n i k) (2x)" 2%,

k even k odd

This can be re-stated in words, as the following corollary shows.

Corollary 20.10 27,,(x) counts the sum of the weights of circular tilings of a 1 x n bracelet with
an even number of dominoes and with an odd number of dominoes. u

For example, consider the tilings of the 1 x 4 bracelet in Figure 20.8. The sum of the weights
of the tilings with an even number of dominoes equals 16x* + 2, and that with an odd number
of dominoes equals —16x2. Their sum is (16x* + 2) + (—16x?) = 16x* — 16x2 + 2 = 2T4(x),
as expected.



410

20. Chebyshev Tilings

Exercises 20

Prove each.

I e T S SO S O e
AREE I

o © Nk w =

Corollary 20.1. Hint: Use Theorem 20.2.
Corollary 20.2. Hint: Use Theorem 20.2.
Corollary 20.3. Hint: Use Theorem 20.2.
Corollary 20.4. Hint: Use Theorem 20.2.
Corollary 20.5. Hint: Use Corollary 20.4.
Theorem 20.3.

Theorem 20.4.

Theorem 20.5.

Theorem 20.6.

Theorem 20.9.

Theorem 20.12.

Theorem 20.13.

Corollary 20.7. Hint: Use Theorem 20.13.
Corollary 20.8. Hint: Use Corollary 20.7.
Corollary 20.9. Hint: Use Theorem 20.13.
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Appendix A.1.

The First 100 Pell and Pell-Lucas Numbers

‘ n H Py o

1 1 1

2 2 3

3 5 7

4 12 17

5 29 41

6 70 99

7 169 239

8 408 577

9 985 1,393
10 2,378 3,363
11 5,741 8,119
12 13,860 19,601
13 33,461 47,321
14 80,782 114,243
15 195,025 275,807
16 470,832 665,857
17 1,136,689 1,607,521
18 2,744,210 3,880,899
19 6,625,109 9,369,319
20 15994,428 22,619,537
21 38,613,965 54,608,393
22 93,222,358 131,836,323
23 225,058,681 318,281,039
24 543,339,720 768,398,401
25 1,311,738,121 1,855,077,841
26 3,166,815,962 4,478,554,083
27 7,645,370,045 10,812,186,007
28 18,457,556,052 26,102,926,097
29 44,560,482,149 63,018,038,201
30 107,578,520,350 152,139,002,499

T. Koshy, Pell and Pell-Lucas Numbers with Applications, DOI 10.1007/978-1-4614-8489-9,
© Springer Science+Business Media New York 2014
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Appendix

Appendix A.1. The First 100 Pell and Pell-Lucas Numbers (Continued)

L] P, 0,
31 259,717,522,849 367,296,043,199
32 627,013,566,048 886,731,088,897
33 1,513,744,654,945 2,140,758,220,993
34 3,654,502,875,938 5,168,247,530,883
35 8,822,750,406,821 12,477,253,282,759
36 21,300,003,689,580 30,122,754,096,401
37 51,422,757,785,981 72,722,761,475,561
38 124,145,519,261,542 175,568,277,047,523
39 299,713,796,309,065 423,859,315,570,607
40 723,573,111,879,672 1,023,286,908,188,737
41 1,746,860,020,068,409 2,470,433,131,948,081
42 4,217,293,152,016,490 5,964,153,172,084,899
43 10,181,446,324,101,389 14,398,739,476,117,879
44 24,580,185,800,219,268 34,761,632,124,320,657
45 59,341,817,924,539,925 83,922,003,724,759,193
46 143 263 821 649 299 118 202,605,639,573,839,043
47 345,869,461,223,138,161 489,133,282,872,437,279
48 835,002,744,095,575,440 1,180,872,205,318,713,601
49 2,015,874,949,414,289,041 2,850,877,693,509,864,481
50 4,866,752,642,924,153,522 6,882,627,592,338,442,563
51 11,749,380,235,262,596,085 16,616,132,878,186,749,607
52 28,365,513,113,449,345,692 40,114,893,348,711,941,777
53 68,480,406,462,161,287,469 96,845,919,575,610,633,161
54 165,326,326,037,771,920,630 233,806,732,499,933,208,099
55 399,133,058,537,705,128,729 564,459,384,575,477,049,359
56 963,592,443,113,182,178,088 1,362,725,501,650,887,306,817
57 2,326,317,944,764,069,48,4905 3,289,910,387,877,251,662,993
58 5,616,228,332,641,321,147,898 7,942,546,277,405,390,632,803
59 13,558,774,610,046,711,780,701 19,175,002,942,688,032,928,599
60 32,733,777,552,734,744,709,300 46,292,552,162,781,456,490,001
61 79,026,329,715,516,201,199,301 111,760,107,268,250,945,908,601
62 190,786,436,983,767,147,107,902 269,812,766,699,283,348,307,203
63 460,599,203,683,050,495,415,105 651,385,640,666,817,642,523,007
64 1,111,984,844,349,868,137,938,112 1,572,584,048,032,918,633,353,217
65 2,684,568,892,382,786,771,291,329 3,796,553,736,732,654,909,229,441
66 6,481,122,629,115,441,680,520,770 9,165,691,521,498,228,451,812,099
67 15,646,814,150,613,670,132,332,869 | 22,127,936,779,729,111,812,853,639
68 37,774,750,930,342,781,945,186,508 | 53,421,565,080,956,452,077,519,377
69 91,196,316,011,299,234,022,705,885 | 128,971,066,941,642,015,967,892,393
70 || 220,167,382,952,941,249,990,598,278 | 311,363,698,964,240,484,013,304,163
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Appendix A.1.

The First 100 Pell and Pell-Lucas Numbers (Continued)

Py

|

On

81
82
83
84
85
86
87
88
89
90

91
92
93
94
95
96
97
98
99
100

531,531,081,917,181,734,0039,02,441
1,283,229,546,787,304,717,998,403,160
3,097,990,175,491,791,170,000,708,761
7,479,209,897,770,887,057,999,820,682
18,056,409,971,033,565,286,000,350,125
43,592,029,839,838,017,630,000,520,932
105,240,469,650,709,600,546,001,391,989
254,072,969,141,257,218,722,003,304,910
613,386,407,933,224,037,990,008,001,809
1,480,845,785,007,705,294,702,019,308,528

3,575,077,977,948,634,627,394,046,618,865
8,631,001,740,904,974,549,490,112,546,258
20,837,081,459,758,583,726,374,271,711,381
50,305,164,660,422,142,002,238,655,969,020
121,447,410,780,602,867,730,851,583,649,421
293,199,986,221,627,877,463,941,823,267,862
707,847,383,223,858,622,658,735,230,185,145
1,708,894,752,669,345,122,781,412,283,638,152
4,125,636,888,562,548,868,221,559,797,461,449
9,960,168,529,794,442,859,224,531,878,561,050

24,045,973,948,151,434,586,670,623,554,583,549
58,052,116,426,097,312,032,565,778,987,728,148
140,150,206,800,346,058,651,802,181,530,039,845
338,352,530,026,789,429,336,170,142,047,807,838
816,855,266,853,924,917,324,142,465,625,655,521
1,972,063,063,734,639,263,984,455,073,299,118,880
4,760,981,394,323,203,445,293,052,612,223,893,281
11,494,025,852,381,046,154,570,560,297,746,905,442
27,749,033,099,085,295,754,434,173,207,717,704,165
66,992,092,050,551,637,663,438,906,713,182,313,772

751,698,464,870,122,983,994,500,719
1,814,760,628,704,486,452,002,305,601
4,381,219,722,279,095,887,999,111,921
10,577,200,073,262,678,228,000,529,443
25,535,619,868,804,452,344,000,170,807
61,648,439,810,871,582,916,000,871,057
148,832,499,490,547,618,176,001,912,921
359,313,438,791,966,819,268,004,696,899
867,459,377,074,481,256,712,011,306,719
2,094,232,192,940,929,332,692,027,310,337

5,055,923,762,956,339,922,096,065,927,393
12,206,079,718,853,609,176,884,159,165,123
29,468,083,200,663,558,275,864,384,257,639
71,142,246,120,180,725,728,612,927,680,401
171,752,575,441,025,009,733,090,239,618,441
414,647,397,002,230,745,194,793,406,917,283
1,001,047,369,445,486,500,122,677,053,453,007
2,416,742,135,893,203,745,440,147,513,823,297
5,834,531,641,231,893,991,002,972,081,099,601
14,085,805,418,356,991,727,446,091,676,022,499

34,006,142,477,945,877,445,895,155,433,144,599
82,098,090,374,248,746,619,236,402,542,311,697
198,202,323,226,443,370,684,367,960,517,767,993
478,502,736,827,135,487,987,972,323,577,847,683
1,155,207,796,880,714,346,660,312,607,673,463,359
2,788,918,330,588,564,181,308,597,538,924,774,401
6,733,044,458,057,842,709,277,507,685,523,012,161
16,255,007,246,704,249,599,863,612,909,970,798,723
39,243,058,951,466,341,909,004,733,505,464,609,607
94,741,125,149,636,933,417,873,079,920,900,017,937
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Appendix A.2. The First 100 Fibonacci and Lucas Numbers

L] E, L,
1 1 1
2 1 3
3 2 4
4 3 7
5 5 11
6 8 18
7 13 29
8 21 47
9 34 76
10 55 123
11 89 199
12 144 322
13 233 521
14 377 843
15 610 1,364
16 987 2,207
17 1,597 3,571
18 2,584 5,778
19 4,181 9,349
20 6,765 15,127
21 10,946 24,476
22 17,711 39,603
23 28,657 64,079
24 46,368 103,682
25 75,025 167,761
26 121,393 271,443
27 196,418 439,204
28 317,811 710,647
29 514,229 1,149,851
30 832,040 1,860,498
31 1,346,269 3,010,349
32 2,178,309 4,870,847
33 3,524,578 7,881,196
34 5,702,887 12,752,043
35 9,227,465 20,633,239
36 14,930,352 33,385,282
37 24,157,817 54,018,521
38 39,088,169 87,403,803
39 63,245,986 141,422,324
40 102,334,155 228,826,127




Appendix A.2. The First 100 Fibonacci and Lucas Numbers (Continued)

Appendix

L] E, L,
41 165,580,141 370,248,451
42 267,914,296 599,074,578
43 433,494,437 969,323,029
44 701,408,733 1,568,397,607
45 1,134,903,170 2,537,720,636
46 1,836,311,903 4,106,118,243
47 2,971,215,073 6,643,838,879
48 4,807,526,976 10,749,957,122
49 7,778,742,049 17,393,796,001
50 12,586,269,025 28,143,753,123
51 20,365,011,074 45,537,549,124
52 32,951,280,099 73,681,302,247
53 53,316,291,173 119,218,851,371
54 86,267,571,272 192,900,153,618
55 139,583,862,445 312,119,004,989
56 225,851,433,717 505,019,158,607
57 365,435,296,162 817,138,163,596
58 591,286,729,879 1,322,157,322,203
59 956,722,026,041 2,139,295,485,799
60 1,548,008,755,920 3,461,452,808,002
61 2,504,730,781,961 5,600,748,293,801
62 4,052,739,537,881 9,062,201,101,803
63 6,557,470,319,842 14,662,949,395,604
64 10,610,209,857,723 23,725,150,497,407
65 17,167,680,177,565 38,388,099,893,011
66 27,777,890,035,288 62,113,250,390,418
67 44,945,570,212,853 100,501,350,283,429
68 72,723,460,248,141 162,614,600,673,847
69 117,669,030,460,994 263,115,950,957,276
70 190,392,490,709,135 425,730,551,631,123
71 308,061,521,170,129 688,846,502,588,399
72 498,454,011,879,264 1,114,577,054,219,522
73 806,515,533,049,393 1,803,423,556,807,921
74 1,304,969,544,928,657 | 2,918,000,611,027,443
75 2,111,485,077,978,050 | 4,721,424,167,835,364
76 3,416,454,622,906,707 | 7,639,424,778,862,807
77 5,527,939,700,884,757 | 12,360,848,946,698,171
78 8,944,394,323,791,464 | 20,000,273,725,560,978
79 || 14,472,334,024,676,221 | 32,361,122,672,259,149
80 || 23,416,728,348,467,685 | 52,361,396,397,820,127
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Appendix A.2. The First 100 Fibonacci and Lucas Numbers (Continued)

Appendix

L] E, L, |
81 37,889,062,373,143,906 84,722,519,070,079,276
82 61,305,790,721,611,591 137,083,915,467,899,403
83 99,194,853,094,755,497 221,806,434,537,978,679
84 160,500,643,816,367,088 358,890,350,005,878,082
85 259,695,496,911,122,585 580,696,784,543,856,761
86 420,196,140,727,489,673 939,587,134,549,734,843
87 679,891,637,638,612,258 1,520,283,919,093,591,604
88 1,100,087,778,366,101,931 2,459,871,053,643,326,447
89 1,779,979,416,004,714,189 3,980,154,972,736,918,051
90 2,880,067,194,370,816,120 6,440,026,026,380,244,498
91 4,660,046,610,375,530,309 10,420,180,999,117,162,549
92 7,540,113,804,746,346,429 16,860,207,025,497,407,047
93 12,200,160,415,121,876,738 | 27,280,388,024,614,569,596
94 19,740,274,219,868,223,167 | 44,140,595,050,111,976,643
95 31,940,434,634,990,099,905 | 71,420,983,074,726,546,239
96 51,680,708,854,858,323,072 | 115,561,578,124,838,522,882
97 83,621,143,489,848,422,977 | 186,982,561,199,565,069,121
98 || 135,301,852,344,706,746,049 | 302,544,139,324,403,592,003
99 || 218,922,995,834,555,169,026 | 489,526,700,523,968,661,124

100 || 354,224,848,179,261,915,075 | 792,070,839,848,372,253,127
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