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- B—-2-4. In the following -diagrams, {(a) denotes the xmit—sl;eg response and (b)
- corresponds to the unit-ramp response.
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B-2-5. When D(s) is zero, the closed-loop transfer function Cr(s)/R(s) is
Cels) _ 1 Ge€) GoE)
RE) T I1Gl) Gp6)
When R(s) = 0, the closed—loop transfer function Cp(s)/D(s) is
C6) _ /
P2d%)), ]+ 6.6 (?'/6)

When both the reference input and disturbance input are present, theontpul:C(s)
is the sum of Cg(s) andcn(s). Hence _

/
1tG()6,6)

CES)=Cebs) + Cpls) = [Gc(s) 6)46’) R[‘)’!' P@‘)]

B2-6, When only the reference input R(s) is present, the output Cg(s) is gﬁen

> CCel) . Gl 6.6
RE) 11 G,05) 620

For the reference input R(s), the desired output is R(s) forthemty—feedback
system such as thé present system. Thus, the error Ep(s) is the difference

i'bet"ween R(s) and the actual output Cp(s). The error Ep(s) is given by
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When only the disturbance input D(s) is present, the output Cp(s) is given by

%8) _ 6.6
o6) I+ G, ()G 5)

Since the desired output to the disturbance input D(s) is zero, the error Ep(s) -
can be given by

_‘ Ep6)=0—Cpp) =— G 6)
Hence
« Esl)=—Cp ) = =

(57 .
4& s ' D@
/ 1’413) 6:.("}
For the stable system, the steady-state .error eggp(t) is given by

Css =,£¢;m Colt) = . = —Sézm 28
s pﬂ‘) o) ‘é"“" =é&pb) A‘;’ A+ Gi5)Gal5)

Ihesteadyqstateermﬁmhoththerefeminpntms)anddiswrbmcenmut
D(s) are present is the sum Of eggp(t) and eggp(t) and is given by
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B—2-7 .. When D(s) = 0, the block diagram of the system can be .gimplified as

follows:
RE) s, | G s -y R -
/+é1621{/ - )
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The closed-loop transfer function Cp(s)/R(s) can be given by
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When R(s) = 0, the block diagram of the system shown in Figure 2-34 can be

modified as follow§: ‘ - l P6) | | :
: _ C"pﬁ;)
—> 6 —l 5, )— 6, |~ 5, <
- S
H Gz

D& : Co6) -
) 6.6, — 2

.
B : — G, 66//2“"21;;' «———

Hence
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B-2-8. There are infinitely many state-space representations for this system.
We shall give two of the possible state-space representations.

State-space representation 1: From Figure 2-35, we obtdin.

Stz { =
Y9 - Tsyp 5T  StE
UE) 32 I s psiyESHE
. /+ S+p s s

which is equivalent to . .
Frpyryty=dtzu
Comparing this equation with the standard equation .
. i.'i"qli‘i‘aa?. ‘f'qgg":&.;z'-l- b{g"‘ég‘z "'b"“
we obtain - 7
¢f=l’) ‘i=/, Az=Z, be =0, b=0, b=, =2
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=y-Au
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ls=by—a; fa— 42 fr— ?sf. =Z-p

Then, state-space equa'tims»cm be given by

Also, define

e s ol |4
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From this block disgram we get the following equations:
VaU—-Xt X

T=X, ~ s+p

A2 £-2

from which we obtain

%t pry = (2-plu- (3"/') x,
i=~m+n+«
5= 2

Rewriting, we have |

% ""xa

%‘-ZJ* Az tat | '

LA (E—-f)z, —pXs -l-(e-—f)a -
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The transfer function G{s) of the system is given by

# 1
G@r}:d(sI—A) B==[/ a]] _ o s.:; 17
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The transfer function G(s) of the system is given by

/71 T2
St/ S

. s+
G&)= CCsI-A)"B = [/ 2] [_-3 |

: / S+{ -/} ?_'-.
= [/ 2] ) : g st
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A MATIAB solution to this problem is given below.

B=[2;5]
C={1 2%

D=0;
" | fmam,den] = $82t{A B,C.D) |
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Tbetransferuatrixofthesystemcanhegimby :
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A MATIAB solution to this problem is given below. -
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B=f0 00 1;1 0}

C=[1 000 1 0}

D=0 0;0 0}
[num,den] = ss24{A B,C.D,1)
nm =

0 00000 00000 1.0000
0 00000 1.0000 0.0000

den=
1.0000 6.0000 4.0000
fawm,den] = 52484, B.C.D.2)
o
0 o.booo 1.0000 6.0000
0 1.0000 6.0000 0.0000

den=

2.0000
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B-2-13 . Dpefine
2=zt Pxg +35 = F(x:9)

22X 4, pLYyslz

let us choose X = 3 and ¥ = 11. Then

F=T "+ 8357 +37> = 94 26%+ 33 =636

We shall obtain a linearized equation for the nonlinear equation near the point
X =3, ¥=11. Expanding the nonlinear equation into a Taylor series about
point x = X, ¥ = ¥ and neglecting the higher-order terms, we obtain

- where ¢ ) :
£ = o =25 -—l =4+ 88 =7
4 X xgz, ,g? +8‘7 ir}, g»:[/ %
Kz:':-éﬁ ,_—_92‘-{-5’_ - = 2%+ 8 = ?é’
Hx=Z., 9=F 0T |zes e

Hence the linearized equation is
Z—436 = FF(x—3)+ Fo (zr /)

or

R=P¢X +705 — 634

B-2-14 . Define _
. Y=o2= (), X=2
Then .

¥= S0 =)+ x-2)+ -

Sincethehi.gher—ordertermsmthisequationaresuan. neglectingthosetemsf
we obtain.

1- F& 0~{ x‘(x-—x)

¥-o02x2%= 0.6 X2* (X-2)

Thus, linear approximation of the given nonlinear equation near the operating
point is
o ==2.$&x-—43.2
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CHAPTER 3

_B-3-1. - gince the same force transmits the shaft, we have
Feb(3-%) =b,(§-2)+bs(5~E) o (1)

where displacement z is defined in the figure below.
by
.
1

* ¥

Z .
In terms of the equivalent viscous friction coefficiemt, the force f is given by

f=bap (§-%) «2)
meuatim (1) we have : |
1?,2+528+¢632-“£,x+b;g+b32

” (barb)d ] @
- b+ + |
Z' Z, 1_52 [ Z 2 T bz |
By substituting Equation (3‘ into Equation (1), we have ’
+(b:tb .-:z}
feby(i=%) = bibop b % SY3)

bz‘i' b} P3 L4 B ) . )
= by ot (%) | @

Hence, by canpanng Equations (2) and (4), we obtain

b b ) é2 + b.i —_ / )
+b,tb / L
B-3-2, -
(a) L mX +EX=a

X ./
vE  mst+k

© 2010 Pearson Educatlon Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyrlght and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,
mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department,

Pearson Education, Inc., Upper Saddle River, NJ 07458. e W




(b) Define the displacement of a point between springs kj and k2 as y. Then
the equations of motion for this system become

WX+ Ry (X-y) =2
by =% (x—g)

From the second equation, we have

‘,"‘f‘ig’ =Jz X

or
%2
== —m——— X
Then " *l"' f!z

SN 1) &Iia. o =
or ‘ ”X‘i‘ X t+ha , "

X0 _ 1
Te® A %e

&
wsx 'ﬁJ"'*g
B-3-3 - _ . '
#ig th (H-h)+% 3, =&,
mi 'l'}l (ﬁ; - i,)"f‘f:.yz =4,
Define
Then '
. ”h% +b/(1’z"xs) "f‘t)x} -;-"‘(,
’”ziy.‘*' & (x#-zz)+fa L=
.m ) | A
2?1 = Xz
X% =~ ‘,,!;,'[5/(?{;2'1&)‘{'?1 %]+ 3‘,5;‘1, |
% =

Zpm— e [l (6~ X )+ 23] + 35 4
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Ay
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Jé =T
where
T —,-:zéaa"—-Mjl.a;'& :
J =ml*
For small 8, o .
wlz'j'_= - géa"ﬂ -m;l&
ry 2ka .L) -
+ A% +1 D [+
B-3-5.  Note that

% =x+ Lo,
For x direction:

#i-:-ma.f; =u

—
MX Am ,f‘(x*'[l‘nﬂ) @
Since

Zq =/(Cdt.3

X 4 L4
’ .
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we have .
(Mim) %~ md (a8 )8+ md (cn8)S =
For small O and small 62, we have

(Mrm)X-+md ¢ = (1
For rotational motion: .
Jé = wpd aen 8 ~mz L cnp

J'==I'+;Mlz, I... B

(I-l'm.(‘)é‘ =7;rf[4¢-'cd - wé’lm V.4
For small 8, we have

Thus,

(T+mf) & = mgdo - ml X (@)

e

&
I+w! 5

_?0...

. Substituting this last equation into Equation’ (1), we obtain-
& oo
(Mﬂx)(;ﬂ- I”""‘( - 8 )-lel’ = &«

Frd

& = L

(M-i-m) I-f-,&{m.{ x
ml

(Mim) 26 —

Thus,

o0

&= ond ( lﬁ-m)f

(Mm )z +md*
Also, from Equation (1) we have

Mgl s —mlx

_ wl
(Min ) I +Mm £*

(M-Hn)z':' -l'éth(

from which we get
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e WLy

T+ml? “©

MI+w (T+48Y) MI+m(I+ML2) @

Equa:j:.lg:: (3) and (4) describe the system dynamics in terms of differential
By taking the Laplace transform of Equation (3), we obtain

| 2 _ml( M*'ﬂ)j__ S 4
[s (M+m)I +ﬁnl=] R = (pttm) I+ Mm[‘ vs)

{[ MI+m (I-f-M()] S2 m/(ﬂqw);} A .-=-m,(z7&)
66 _ _ nd -
T [MI+m (T4 mL2)] s*—md Copem )3 . B
BY_taking the Laplace transform of Equation (4), we get 4

o 2f2g y |
SKE) =— ——= L+ 2
- MT +m (T+ML) @‘9"‘ Mr-r-m(zuue) 7

X6 __ _ mUlg @8 . I+ml*
Te) MI+1 (T3+M82) TEG)  MI +m(IT+ML2)

X _ il g |  wml
V6) ~ [MI+m(T+mf)]5* Dwrm (r+~193 S (Mgl
| - T+mlz o -
L'Mr-c-az(zﬁu/*)]s" ‘ » @

Bquations (5) and (6) define the inverted pendulum control systemintezmsof
transfer functions.

mw%gﬁloﬂnammimofﬂam Defi.ne
A=6
2% =6
% =X
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g,=—.&=z';,

Je=X=Xs

Then, from the definition of state variables and Equations (3) and (4).
state equation and output eguation can be written as

(e , irar ]
[ o /I 0 ¢ r:c, o
o | | _ml(Mim)g i mf
b4 e - |
N S R O R S RS |kl N -y
. f . u
% , o o /% 0
| | . 12 _ . .
L MI+1~(I+M.(‘) 9 g Il ’: | MI+m(THMLD |
o
¥ e o o e

-y& 4 o / 4 x’

B-3-6. The equations for the system are
7, Xy = —k, Z/"‘AZ", — k3 (f,"'Xz.) + U

s xz_ = ""ka Iz-bz?éz—'ks (xz X,)

- Rewriting, we have -
.7 X, + & 5[, + kAt h3 X, = s 1’:.'*' «

m,_‘x‘;‘f' b i +k2.2'z t+£s3 xz.=k37(/

Assuning the zero initial condition and taking the Laplace transform of m
two equations, we obtsin

(21 s>+ &5 +k11-k3)>(16f) s X ¥ v

| (wesirbas+ bt k3) XD = £5 K1 6) L@
By eliminating X2(s) from Equations (1) and (2), we get

2

- ks
(W;S&'f' bs+k f‘é})X}[S) = v Z X16)+TU6)
~' 23S s+ £2 1Rz
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Hence
Xl[’) P S by st ket hs

IG) (M:S + b5t él*ks)(mz s +bz$‘+kz‘fk5) ‘k3
From Equaticn (2), we obtain

X6 _ ks
Hence /thf) mz.s‘a"{' bzf'{' kz 'f"kJ
/Yz(f) - X'&[j Xl[) A.?

TC) ~ X® T~ (mysctbysth +ky)(mes -f—éz:rb"’k»*) X

B3-7. The equations for the given circuit are as followw:

R4 +1L [4:‘, _:’3_ zg.
Re€a+ —L-fa.a[f«f- ya ( des - ’“’) 0
‘é’flizdf =€p

Taking the Laplace transforms of these three equations, assuming zero initial
conditions; gives

R I )+ L [_-51}(?) - :2;(3):! = E;6) a (1)
R I.G)+ 'él?fz@ -rL[.r.Z;(S)—-:L(r)] =0 (2)
Le)=£0 @

From Equation (2) we obtain
(fetds+15) I6) = Ls L&)

or

2': = £Cs* 7 o " | \-
26/ LCsi+ RCs+/ &) @ A

Substituting Equation (4) into Equation (1), we get )

Lcs*
-(j?’ resoLs LC st R0 5+ ]/ )L{’)"f‘{“)

or

LC(RT2.)s*+(RRC+L)S ' .
L s*+ RCs+ |/ 11(5) E}(r) _(5)

From Equat:.ms (3) and (4), we have
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From Equations (5) and (6), we obtain

E,f) _ ' Ls
£:6) LC(Ri+22) s>+ (R1RCH+/)s + K,

B-3-8, Equations for the circuit are
____f:__ a » 1 -
< 5(;,—-;2) af + R, = ez
- -.\ L] } ;
—L_C;v (iz u) ﬂ'.‘f- fz{t?_‘f‘ E‘z—‘/(‘z‘z_aéf =g

"&.l:jt'z# = fo

The Laplace transforms of these three equations, with zero initial ccnditions,m

are
} ‘

——[Le-Le]+ 2 156) = £:¢) (1)

Z,L;' [26)- 709 ]+ 2 L&+ i e =0 2)

| L= 6E @
Equation (1) can be rewritten as

&s[ Bt~ R ] = LO~T1.6) (4)

Equation (4) gives the block diagram shown in Figure Za). Equation (2) can be
modified to
C,s

_ . , ’ Lo
L6) = — [726)- L.&] oM

Equation (5) yields the block diagram shown in Figure (b). Also, Equation (3) ‘
gives the block diagram shown in Figure (c). Cambining the block diagrams of
Figures (a), (b?,._and (c), we obtain Figure (d). This block diagram can be
succesively modified as shcmn in Figures (e) through (h). In this way, we can
obtain the transfer function Eo(s)/E;(s) of the given circuit.. A
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’ Ex3) Li5) - 1o(s)
() s —>
R, L6)
wy 160-Lo L&) P
(py 2721711 [ G- 2 2(5) 7 &6
s T ReGes " (e) 1éas .
é{ L6)-L69
E, )
@ 2 | N I =T o /
' G G5 | 1 KeCost] | ’Ic’;r >
{4 [-&-
(e) { | GCs g §;@O
s | y ReGost]]| |Cus o
gs
e
() ) Cs N Cz5 . 1 &)
! Gz | | ReCst/ Ces D
Gs
& —
R; - G5 jut—
E L
(@) o) p ey I &)
R C, s/ ReGs¥/
K G e———
&) El5)

© 2010 Pe&rson Educe}t’zc?n Inc., Upper Saddle ﬁlver ™. 3
obtained from the publisher prior to any prohibited reprod

mechanical, photocopying, recording, or likewise. For mformatlon regardlng permlssmn(s) wrlte to Rights and Permissions Department,
Pearson Education, Inc., Upper Saddle River, NJ 07458.

-20-

e B Copyright and written permission should be -
ksmission in any form or by any means, electronic,



B39.  mpedance 7, is

/ v = e
A Z} — k[ "- E’—s- o -i“- 4317
- Impedance Z, is L"i:""ln;
i Zz-kz+ ’ ) L -‘z_le‘
56 | Ret =
2 = Z_z — 2 czs
Et'é) ZI ‘I“Zz - R [
+C ‘\"Rz“f‘ Czs
Xz&: +/

f—

(&cz+&cz)s+/+ s |
If we change R; to by, Ry to by, C; to 1/k;, Cpz to 1/kp, then we obtain
R2Cz25 -+ | _ ' bz-ﬁ;.f. / |
(Rt+#) Cas 1‘/‘?‘% o (b,szjﬁs +/ + .ﬁ.

__X_g_(i)___ ] bz.f'f'*g = b2s ks -
Xe®  (bth)Stheth,  (hsth)+ (hsths)

ﬁxeanalogonsmechanicals’ystemisisl’bwnbelw.
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. 8-3-10.3? . r__-..__]
’ zZ
= g —t FAAAA A
Z, R, + 7S | 'ra k—-! LRZ |
: ——
o l [ N > .
YA =R, i M >—""""""’
Then | | N e, ———— e,
E,-@'j) = (k, -+ -&'—’-) I@-) . o— ‘ T . —o

Eofs) =— Ro I()

Hence - : .
: E,(S) —- _.f .- k‘g - R Cs
Eel(s) R+l Rest/

- . . G Sy o 4 B S — . S~

- e e -

B-8-11.  Define the voltage at point A as ep. Then
Exb) & _ _Rics
Ectr ~ &+ R~ Ros+

Define the voltage at point B as eg. Then

£ ()

EeC) = %

[&r@-es6)] K = £
and K 3»1, we must have
EA(S) = E&(S)

Noting that

RiCs : A
E S) = . == = E
| 2 5) Fce s Efs) E—gﬁ') i? -{-E 25
from which we obtain
Eoﬁ') _ Fz‘f‘?a ?ﬁ Cs - (i+ )S
é}&) ; Rg R;C.f‘f‘f - S'-l""L"
- KC
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B-3-12.  Far the op-amp circuit shown to . 7
the r1ghl:, we have 1 &
2 4

I R
Ep—E, =2, I, e >— o
i

Eg -0 = 'Zg I/ T I, ]
Ep = Eg 2 Z3 %
Hence '
Z;"Iz"f'ea = Z3 I/ s + 0
or ‘ H v
= —ZL“ (2z:I,- E,) (1)
Also, ’
E;~Eo =(Z2+Z )1, ‘ (2
c=(2,+23)I, o (3)

By substituting Equation (1) into Equation (2), we obtain
— _ ., |
E; ~E, = ,(22‘1’2'9;)“2; (Z I, —Eo)
By substituting Equation (3) into this last equaticn, we get

(Z*5)L -E, = ZE+/)nL- (5 t1)E

or
- (-5 ~1)E6=(ar2. -2 -%)L

~2: 6 =(2/% -2.23) 1, @

From Equations (3) and (4), we hawve

C mB-2,% -
g _ DEAER L nm-zz
& Z,+Z3 Z,Ze +2. 25

Forthecf:rrentop—-anpcircuit.wehave
21‘2"""/—- Za"—‘-’-fi., Zgzkz) Zﬁﬂsk/

és -
Hence
. {
pr’) AP;:?; T Cs RI kz""'L" sz’f"{
£:6) _e_';.k;J,&gz- R R2Cs+ ]
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- B3-13. pefine the current in the armature circuit to be iz.- - Then, we have . -

[+ R+ L = e,

or

(Ls+RD L) + Ks @uls)= E2 - @

vhere Ky, is the back emf constant of the motor. We also have

J;!é:" +T = 7;,:/{4."1 (2)
& '
7"'-'---';72 =»7 |
J; g = 72

where.Kisi:hemotortorquecEmstantanéia is the armature current. Equation
- {2) can be rewritten as ' ‘ .

(To +7°T.) 6 =nKia
or
(J,.,-!-::‘JZ) S2Of)=nk I,6) ' . (3).
By substituting Equation (3) into Equation (1),  we obtain . -

(é.ﬂ--k) (J;.fszL).sz o6 -i;K;S -_%@‘4_____534')

»nK

or

' [(LS +R)(J;,+Hz :T(.)Sz‘f".KKb 3]@(’) = ”th'{f)
Hence -

D . _ nk
E:6)  S[(Ls+R)(a+nTe)s+KK)
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CHAPTER 4

B-4-1, For this system
N theast, Her, cmrm =l

(D'ran = —~0.00 SH At

ﬁi‘///

Assume that the head moves down from H = thoxforthe&sec;:etiod.

5",, 2 =— o.00 ;%Lﬂdf
E3 ) .

A —o.aas-z-d‘f'

Then

8

Z (z’f.. 2‘5) =—o.0r%324(60-2)

whzch can be rewritten as
& —(er22/3)" =— 21486

XE = $.68688~2./%86 =3.5082%
Taking logarithm of both sides of this last equation, we obtain

'%&?ﬂ X = ‘é;/c ZSog24:

or
X =/.£52 1

B-4-2. Figure (2) shown is a block dzagrmz of the given system when changes in

Since the set point of the controller is fixed, r = 0.

thevanablesaresnall.
(Note that r is the change in the set point.) To investigate the response of the

1eveloftheseccndtanksubjectedtoamnt-stepdlsturbancemputqd,wefind it
convenient to modify the block diagram of Figure (a) to the ane shown in Figure (b).
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34 Re -

.&esz’ - ? h
: 4.1 Rz ’ z
4 P 4
e x N __@_fi__ gy !
- |Reeistl ] T | RelesH
KRz
(R &84 Y Re Cr 5H1)

Iz | *®
The transfer function between Ho{s) and Qé’s)' can be cobtained as
”2[5') ?z(fla S"f‘/)
WS (kG S+1)(ReCas+ /() +KR2
From this equation, the response H

2(s) to the disturbance
obtained. For the unit-step dlsturbance input Qg4(s), we mmpfﬁ Qg(s) can be

2(“) /&Vl« s ﬁz(s) = ......_Ri.._.._.
or /TKRz2
Rz

T HKRs
The system exhibits offset in the response to a unit-sf;ep disturbance mpm:

steady-state error =

_B-4-3. Note that

Cdf,-":iét'
ﬁxeteqistheflmvratethroughthevalvemdisgivenby
g= f Lzt
Hence
1&,.....___5‘-"’»
7 z
from which we obtain
e ____1 -

) Res+/{
For the bellows and spring, we have the following equation:
Ap, = kX
The transfer function X(s)/P;j(s) is then given by

X0 _X® 7 _ A __/
Be) Pl PO K RCst/
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B-4-4 : _
B, £6) ) Bo)
| HE A2

Y6 A
=2

In this block diagram, Z(s) is the Laplace transform of the small displacement
of the diaphragm of the pneumatic relay. The transfer function Pp(s)/E(s)

is given by

ZE) _ _ & Ki &2 -
5(3') -@_‘l’b-/_‘_lqkz ib% o

The c:antroi action of this contmuer is proportionai.. Thus, the ccntroner )
is a proporbional controner. )

_B-4-S, ,Definetheé:easureofairin-theheuowsas?c+po. ‘Then

!&_ &"'Po )
Cdi' - R
or _

Re %1—}’,-—-—-/’; : - (1)

DeﬂnetheareaofhellowsaskandthedisplamtofthebenmasY+y. <
'Ihen,notingthatpoa Ky, Bquation (1) becomes as

A
Re G THY =R

or
4 A
kc# +d =~£~fe.
Thus A
Yo _ &

=6 Res +/
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A block diagram for this system is shown below.

EG X&) A6 »' 26).
) - aib | K: L K -
ﬁa. &) Al k
at+b rRCs+/
el b . K&K

&s) - atb I £ q A/E
| K T Res v

Assume that K3k 3> 1. Then

RG) b___arb Rls+ bk
= = +
Ee) ~ atb a4 A (Za)Fes+0.
Thus, the control action is proportional-plus-derivative.  The controller is
a proportional-plus-derivative controlier. - . :

B4-6,
ES) [T o X 26)
Ja+h K} = K . .
A
yull s
a .|
a+d
A _ 7
k Res+!

BE) _ b
Es) ~ atb KKa (
a+b £

é m+1>
If KiK» 1, then

}:'(3') — b K K (/+
&)~ atb Kka A _RCs ( ) RCS

atb R R(s+t/

The controller is a proportional-plus-integral controller.
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E(s) L X6) RE) .

a-+ b | 2

a A1 76 {
a+ b % RCS + 1
_ﬂ, /
RalaS+/

RE) __ b Y 77 ¢
EB) at b Ik K A chz-f /
“-H’ R RBCost/ KCs +}

If KiK 1, then

RE) _ _» /
£6) a+b ] A Rz(> S /
a+b K R.Cas +1 X;C,S‘f‘[

_ [ ble \[ReCas+/\ /,

\ 4A /k R:C; s )(&C’,sf-/}
= L& /
Y _(/* ch,s)(klcfsf"")

= : A /
‘ ‘ - YRR,

Thus, the control action is proportianal-plus—mtegral—plus—denvative. The
controller is a PID controner. :

B4-8.. Referring to the figufe shown on the next page, we can obtain the
equations for the system. -
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'Jw—?ti_l =

il
T T

Qil snder
presswme

For the diaphragm and spring assembly,

Adx = RE

28 _ A¢
X5 |k

For the jet pipe,

) _ _&
z6) Aifis

- For the pilot valve, .
. ’4/.}’2‘{? =;,’£f ’ 7r=Keu ‘

dy = y _ K«
e ApPa Af Sz
Y6) Kk
V6>~ Apps
A simplified block diagram for the system is shown bélow.

Xe) [ar zw[ k| el ke | YO
. *® . ALs A LS |
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I

Y5) YO U8 z)_ % Ki A K
XD~ U820 X&) Aps ApS k =

where
_ kzk; /41

_B-4-9.  Define displacements e, x, and y as shown in the figure below.

From this figure we can construct a block diagram as shown below.

e6) 7159 _@ Xe) %c_ Ye)

a+b
1 _1.a 1, —

Lath

From the biock diagram we obtain the transfer function Y(s)/&(s) as follows:

& kK _
Yo _ L aF s . fe atb _ 4k }
- ~ a - T a .

@) /+_E_ a " a+b
< at+b

We see that the piston displacement 'y is proportional to the deflection angle 8
of the control lever. Also, from the system diagram we see that for each .

value of y, there is a corresponding value of angle g. Therefore, for each
angle @ of the control-lever, there is a corresponding steady-state elevator

angle #. -
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B-4-10 . _ Since the increase of water in the tank during dt seconds is equal to
the net inflow to the tank during the same dt seconds, we have

Ch=(g +34-3.) dt W

where
h

?a"“}"
For the feedback lever mechanism, we have ﬂ

A+ b
Equation (1) can now be written as follows:
elh
Cde =Fitga~3, =—Ky+g, -4 2
Note that
Ay - a
=k =Kk

By_suhstituting the given numerical values into Equations (2) and (3), we obtain
d
2% =4+ g~ 24

A
o =

Taking the Laplace transforms of the preceding two equations, assuming zero
initial conditions, we obtain

25 HE) =~ YY)+ Quls)— 2H()

SYE) = HE)
By eliminating Y(s) from the last two equations, we get
2S3p) = —-HE) + SRab) ~ 25 HE)

Hence

(2s*+t25s¢/)HE) = 5 Qa(5)
from vhich we get

HE) 5
Qub) T 252425+ /

B-4-11. For the system
bA=k(x-2)
where A is the area of the bellows and z is the displacement of the lower end

of the sprinq. Also _ _ _ o . . .
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y=k[xdt , y=-2

Thus
) =5 xm . Y6 =—26)
Hence |
)=k [X6)~26)] = #[X6) + Y] = k(1+Ex6)
Therefore,

Y _kKXB) _ KA  _ KA
TS Re) Sk(i+E)  k(stK)

B-4-12, Define
8g = ambient temperature
63 = temperature of thermocouple
82 = temperature ‘of thermal well
1 = thermal resistance of thermocouple
R2=them1resistanceofthernalwell
C; = thermal capacitance of thermocouple
Co = therﬁlal capacitance ‘of thermal well
hlsheatinputratetothermocouple
h2=heatinptnratetothemlwell
Then, the equations for the system can be written as

514(51 =ﬁ;dt

Codby = (ha— Al)dt
where hy = (82 - 61)/Ry and hy = (6g - 82)/Rp. Thus we have

44
V(178 2

dbéa ’ﬂo —ﬂg_ - &8
c'z dt = Rz » | 'R,
By eliminating 6 from the last two equations, we obtain
of) f _
)  RICRC S H(RGH+R CoHRC)S +/
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time constant of thermocouple = 2 sec
time constant of thermal well = 30 sec

R1Cy
RyCa

we have

Hence the denominator of 8; (s)/02(s) bwomes as
RCGRCe $* 4 (RC +ReCo+8 ) ) s+ /

= 605 *+ 385 +/ = (rés/5+ /) (36.355+/)
Thus, the time constants of the system are
T, = 1.651 sec, Ty = 36.35 sec
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CHAPTER 5

B-5-1. ‘Pime constant = 0.25 min. The steady-state error is 2.5 degrees.

B-5-2. Rise time = 2.42 sec
Peak time = 3.63 sec
Maximem overshoot = 0.163
Settling time = 8 sec (2% criterion)

B-53. The maximm overshoot of 5% corresponds to § = 0.69. Hence

@y = —-gz-"" "‘--.-2;— = 2,50 M/S‘ec

8-5-4; Wlmthemssmzssetintomtianbyamit—imlsefome.ﬂesystm

equatm becomes
MX+RH =)

Defineanotherimlseforce'tostopthemtimasAS(t T), vhere A is the
undetermined magnitude of ‘the impulse force and t = T is the undetermined ins-
tantthatthisimpulseistohegiventothesystan 'Bm.theeqmtionfor
the system when the two impulse forces are given is

withx= 8D + ASE-T) , K(e-)=0, Z@-) =0
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The ILaplace transform of this last equation gives

(ms*+8) Xep = 1+ f =T
- Solving for X(s). -

X = — Iz + A _
ms*+% m;‘-tf,é _
_ 1 JE ., JE e T
VEm 52 .;é. ) Vewm sz-:-%
The inverse Laplace tiansformofx(s) is |

xtt)= o a, [E i + A [ fE#-1)) 1¢e-1)

If the motion of the mass m is to be sto at t = ) :
tically zero for t 3 T. stopped T, then x(t) must be iden- -

Notice that x(t) can be made identically zero for t 2T if we choose .

A=1, M"l"..—-.-"....?.’.'...' L T 4 Tl
g / P =T, e ae
Vi VA VE ‘.
" Tmus, the motion of the mass m can be Stopped by ancther impulse force, o

Mf—-é—) ’ J(f—-’%) ) ;(é-%),

B-5-5. For a unit-impulse inputl
e =—-Fet+2e”t (¢ =a)
For a unit-step input

C)= I+te et (¢20)
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_8—5—6 . - . e - - -

~Fnt, » )
il € : = 4 e
X2 e"}'ﬁa(f;‘f")‘) eQ’% 2 €

4 - / = @ " OFenT
Xy e S (n-)T ~ »

X { xy
Iogal-‘iﬂmicdecre!mt=ﬂgz;= ?z-lj"'z,,

T

Define

/ -2? . ztg o
%~/ h Xn \/7:_7—3 =4
Then
475 = A%(/~52)
o | |
2__ a*
5= 445+ A%
Thus B

Vers1as

(z-—/)(l" )
/47(2*(»-—/)( )
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T . e e s o BT v
<6) _ /0
R -5“-}- ( /-l-/ak; )s+/0
Noting that 2 ¥@n = 1 + 10Ky, &2 = 10, § = 0.5, we obtain
I+10K, = 2X0.8 X NJo = I7o

Hence
K, = .\1.7%;-_{..= 0.216

Mamit-steprwpo;gsemrvesofbothsysbeus&eshqwnbelom

Unik-Step Responses

T oo
SWATIN

/ %f \//\'\/_,\
TV

Notevthat for the original system .
&ty _ RE)—Cil)
& R®

= st s
L Ny
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Ef) RO-Cw _ _ S+3.4s

RO~ RO S 4-3. 45410
For theAunit-ranp‘mpuh, we have

L&) = S2s [\t o 5+ /
S*+S5+/0 S§)S  s3.5 yjos ¢

; . £ib) = z’sz-:-a./;: AW S*+3./s
S 43 /65 +/0 S .5-34-3./(8 1-/o8 ¥

The error versus time curves [e;(t) versus t and ey(t) versus t] are shown below.

045 Envor Cisves for Renp Responses

— Originet
i I T
Va P
a4t d g e
/ N A
]
[ 1 -4 3 4 - [ ] 7 8 9 *©

BE5€.  For the given system we have
® K
RE) . s*yz2s5+ Khs+K
Note that : '
Since
we obtain 2}-001 = 2+k‘k
2X0.7X 4 = 2 +Kk = 24 [BR
Thus

k=0.225"
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B-5-9.

c8) _ /%
REe)  s*+ (o.P+/HR)S+/6
From the characteristic polynomial, we find

4%:::4,) 28w, = 2X0.8 X 4 = 0.8 +/6R
_ . R=o.2
The rise tine.tr is obtained from

CH=E£

|

Since
O =y 1-3* = [ 1-0.25 =326
G i g, T
ﬁ.‘-‘-‘-"M_ om = den 0.8 = 3=
we have

3.2 = g.604" Sec

‘Z:-‘=
The peak time t;, is obtained as

=G -—,;;f;— =097 sec

The meximm overshoot M, is S
_ —oT Y P ¢ ) - -

Mp=e ViR = & Vi = e =0./is

The settling time tg is ) |

' te = ol ¥

- SOn l-#Xf

1

2 Aec.

CB510. Amwograptdobtain the unit-step response, unit-ramp response,
andmit—inpnlsevrespms:eofthegimsystemisslnmmthenexbpage.
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% srene Unit-step r&spofse ceens

nim=[0 0 10}
den=[1 2 10];
t = 0:0.02:10;
step(num,den,t}

('Umt—Step Response’) .
xlabel{‘t Sec')
- ylabel{*c{t}') . _
. % TEREE Unit_ran‘p ‘aspom [ X X X 2 3

-numr-—{o 00 105
=[{1 2 10 O

c = step(numr,denr.-t}.

p!ot(t;c.' A AL |

f'UnIt-Ra Response’
xiabel('t Sec } r
- | vylabel{’c{t}")
% Gil’:l-.'l Unit: immt!se response c-q__'«l-l-&
: knpulse(num.den.ﬁ |

'title( Unit-impulse Response’)
xlabel{'t Sec*} .
yiabel{"c()’}

memiw;teprespmsemismmm 'meunit-ranpresponsectnveand
t—impnlseresponsecurveareshmonthenexbpage
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B-5-11. A MATLAB program to cbtain a unit-step response of the given system
‘is given below. The resulting unit-step response curve is shown on the next page.

* 'Qil. Un't‘step m EEEEE

A=F1 -0.5;1 O}
B {0.5;0);

=[1 O}
D = O]
fy.x,1]1 = step(A,B,C.D);
plotit.y}).
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A MATIAB program to cbtain a wit-ramp

respmseefﬂ:egivensystmis

presented below, together with the unit-ramp response curve.

B = [0.5;0L
C ={1 O

88 = [B;0L
CC={0 O
DD = {0);

g s Unlt-ramp tesponse **ses
A=[1 051 O

95 *#=++ Enter matrices AA, BB, CC,
%em.mionam!m:tputeqmﬁm“"

AA = [A zeros{2,1:C Of;
1

% ¢**** Enter step-response command {z.x;t! = step{AA,BB,CC,DD) *****

wwwmmmm -

[Z.x.t = Stq"‘ ccc .
x3=f0 O 1%. s AR |
Unit-Ramp *
e S e ot
text{11.3,'Output”} !
Unlk-Ramp Resporae
?
5
] {m
o ,5 © 15 20 25 P

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights rese

rved. This’t’iﬁ%lication is prdtected by Copyright and written permission should be

obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,
mechanical, photocopying, recording, or likewise. For information regarding permrideda(s), write to: Rights and Permissions Department,

Pearson Education, Inc., Upper Saddle River, NJ 07458.



. myeamprogmtoobtainamit-imulserespmseofthesystau
is given next, together with the unit-impulse response curve.

9 sRERE Unit-impulse response (-:nq&l-
= [-1 -0.5 1 05

= [0.5;0
=[1 o
= [0};
impmetA,BCD}
tni-imputse Responss
\ ——
a1 N L
% 1 2 s 4 5 6 7. 8 ® 1
tSec

- B512.  From the closed-loop transfer function

cs) 3 3£
R6) S+ 25 +3£ (S.f./)z_,_‘/——)z
we find that &p = 6, § =4, and &g =/35.

Rese time:

) & = £
vhere v A _
— ET
B = ot &l = 227 V7-32 —‘22.." 36
Saln. : r '}‘

=Ln!'SNP/E) = 1 #0334 2

b o DIELE~(HOSF
r VETS

= 0.2738 sec
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T 3 -

—~0.53/8

ft

ar
%=8 Vi~g= =€ Vi = £

_ ¢+ £ | R
%5 T T Ixz = 4 sec

A MATIAB program to obtain.the rise time, peak time, maximum overshoot, and

settling time is shown below. The uni: :

_ g t—ebeprespm_seaxrveofthis_syste_mis

mm=f0 0
et 2 36
t=0:0.0015;
rxtl= ‘

step(oum,den.f);
r= 1; while y(x) <1.0001; r=r+1; end
: nse-m = (¢-1)*0.001
Tise fime=
0.2940

| ymax,tp] = max(y);
| peak_time = p-1°0.001

- peak_time =
05310
max_overshioot = yuax-1
mex_overshoot =
05880

| = 5001; while y5)0.98 & y(5)<1.02; 5 = 5-1; end;
setfng fme=G-00M1

1 seftling time=
38210
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m, The closed-loop tiansfer function of System I is
Cr(5) ';___‘ /
Rz S*4o025 4]
The clwed—l.oop transfer function of System II is
CE(SD = /+ ﬂ:f.f
RE) . s*4 s+ _
‘meclosed-looptransferfmlctionofSystemmis
Cxl) /
Re) = st4+s+/

lhemit-sbepresponsemrvesforthethree . gure
_ : . : systems are shown in Fi .
shoot, or the best relative stability, of the threemf ' -

18 Unk-Stap Responses
s / L Systonk 1
; / \
A
- / - s //\

NI N

Figure 1

: . .°’.334.5.6..7a%1o . .
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mmumrmmformmmmmmmmz.

»mmt—ramrespmecurvesfotthethreesystmareshuminﬁgurearsfs-
tem IT has the advantage of quicker response and less steady error in foll
a ramp input. ; _
] mmhmmythe%smntmtutiﬁmsmu@-pw -
tive control action has superior response chracteristics is that derivative
-cmttol:&spmdstoﬂxemteofdmngeoftbemsignalandcanpmdweear-
&Wﬁ&mﬁmh&mﬂn@%&mmmm. Notice
of System III is the output of System II dela first-
order lag term 1/(1 + 0.8s). : yedbya :

0 . Uni-Remp Responses
9 (-]
o°°
°0
¥ °°
]
-
°°
< Spjem 1 — o°°
:‘}E P s '
- « 0 - Syttark 2
[3
°G
. o N
. o° 3}
*° (]
1 B A
X _£O
| %
Figure 3 o 1
o o 1 2 3 4 [ ] 7 8 s 10
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_mmprogramthatusedtoobtainFigurés 1, 2, and 3.is shown below.

% —— Obtaining unit-step, unit-impulse, and unit-ramp responses ——
% ***** Unit-step responses of three systems ****+

numl = [0 0 1};

dent = {1 0.2 11

num2 = [0 0.8 1I:

den2 =[1 1 1]

num3 =0 0 15

den3 =[1 1 1];

€1 = step{num1,dent,t):

€2 = step{num2,den2,1};

€3 = step{num3,den3.t}:

pl.ot(t'c1tt..‘tlc2l‘x" t,cs,fO') -

grid
title{"Unit-Step Responses"
xlabel{'t Sec'} !
- viabell'c1, c2, ¢3")
text{4.2,1.7,'System 1'}
text{4.2,1.3, System 2')
text(3,0.9,"'System 3"

% ***** Unit-impuise responses of three systems *****+

x1 = impuise(num1,den1,u; '
x2 = impuise( 1
x3 = impulse{num3,den3,ti;

plOtfto)d l..‘ltlxz'.x. ’ ttx3l 'ot)

_grid
title("Unit-Impulse Responses’)
xlabel{'t Sec")
yiabel{*x1, x2, x3"}
text{3,0.5,’System 1"}
text{0.8,-0.1, System 2°)
text{4.1,0.1,"System 3"}

% ***** Unit-ramp responses of three systems *****

-oumir={0 0 0 1}
denir=[1. 0.2 1 @}
num2r=[0 0 08 1j:.
den2r=1[1 1 1 O
num3r=(0 0 0 1}; _
dgnSr = [%n 1 . 1 0 ' N
Y1 = stepinumir,denir,t;
¥2 = stepinum2r,den2r,t};
y3 = st.ep(numst,»den&. :
plot(t.t. "Ly 1."- ty2, %", 1y3,'0")

title(*Unit-Ramp Responses’)
xlabel{'t Sec'} A
ylabel(’y1, y2, y3'}
text{2.5,5.5, "System 1°)
text({6.2,4.5, "Systemn 2')
text{4.8,2.5,'System 3°)
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The closed-loop. transfer function of the system is

X6 _ _ o
 RE) T OSP4 s+ fes+ @O
MATLAB program to. obtain the unit-step reésponse curve-i venbe:l.owtogeﬂ:er
viththennit—st@respmsecurve =gt ! :

8514,

N _ Unit-Slep Response
% tress Umt-mpmponse seese | | _
num 0 0 0O 40]; ) ! : \\ ~/"$*
=[0.1 1 10 405 - ~—
1 0:0.01!.2;
x1 = step{num,den,t};
p!ot(t.X‘l e~y ' : - # / -
ﬂﬂe('um-s:ep Response’ (wos
xlabel(’t Sec’} -, /
ylabel{"x1") 04
00 a2 0.4 a8 [:7.3 t - 1\2 14 18 18 2
!8.:

AmﬂABptogmboobhainthemit—ranp:espmsemisgivenbelw
resultingunit—:anprespmsemisalaom.,

% ***&+ Unit-ramp response **++++

numr=J0 0 0 O 40):
denr={0.1 1 10 40 Oi;
t1= 0:0.01:2; " :
y1 = stepinumr.denr.t);
plot{t,t,*-’, t.y‘l.'-'l : .
sﬂd )
x!abel('tSec /
ylabe!(‘ﬂamp lnputand Output x1') ) / j

X ' g5 .
RE) = 0./53 454 fos + %0
: The response x2(t) for the unit-step input and.that for. the unit-ramp input can
be obtained by using the MATIAB program given on the next page. The resulting
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9% *s€se MATILAB ram to obtain : =
%r(ﬁ=t.1(t)"*gog responses x2 to inputs r{t) = 1{t) and

nm2=[0 0 40 O}
den2 = [0.1 1 10 40}
;; 0:0.02:3; P

. o= step(mmz' enz ﬂ;
plot{t,x2)

title{"Res x2 to | = ¥
tabell's gg::‘.s)e 0 Input r{t} = Tt))
ylabel(*x2")

num2r = [0 0 O 40 O};

den2r = [0.1T 1 10 40 Ol

y2 = step{num2r,den2r,t);

gg‘t‘t' et .tryz. .o .) H

title{*"Response x2 to input = t.1{t)"
xlabel{'t Sec') e )
yiabel("input Unit-Ramp and Response x2'}

Responsa x2 1o loput 1) = 30}

-2
[} 1 k| 15 2 25 _
tSec
" Response 22 to put o) = 2. 1t}

mw%mm:pmxz

-]
$
o5F—e
o
o

© 2010 Pearson Education, Inc., Upper-Saddle Rive®¥, NJ. All@i§hts reserted. This pt#lication i protecte@®y Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrie stem, or transmission in any form or by any means, electronic,
mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department,

Pearson Education,.Inc., Upper Saddle River, NJ 07458. -50-



Ne:cb;wes!:auobbainxg(t}versustazrvesforﬂueunit—stepimutand
unit-ramp input. that

Xof5) _  s0

" X3s) T ous+/

and .
Xa(s) - s

o tave RG) 0.7/ 5%+ St + fos + %0

X5 2 A6) )@6) . ¥st4 fos

k6) Xz(") '?(’) SPHfo3t I005 + V0P
The following MATLAB progrw be nsed to obtain responses.
x3(t) to inputs .

r(t) pa;ét) and r(t) t-l(t:). The response curves are shouthelow and on the

% ***** MATLAB progrem 1o obtain response x3 to inputs
% rit)] = 1{t) and it} = t.1{t] veeee X3t0

EEE o

t -,0:0.01.3- . I

aﬂd

x3to = Hi)*

e Bespmsel,t&c :nputrm "'y

yiabel{*x3"}

num3r=[0 0 4 40 O}

dendr = (110 100 400 Of;

y3 = step{num3r,den3r.,1);

%(t.t.' ' L,¥3,'0°)

title(" x3to t 10" i
H,t;sosg:ge Input rfg = 160"} . ‘

ylabd('hputUnitRanmandxs‘] - |

Responss 13 1o bput e = K

s 1 13 z.zs':
t8ec
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Rasporrsa 33 to kpul ) = LI}

Fzmly,weshanobtaintheerrorversusbeurves Plots of e(t) versus-
tmrveswmnﬂ:einputr(t)isamitst@orunitrm@canheobtﬁmdbyuse
ofﬁxefollovingMABpm

'%—-—-MATLABptogramt«:ébtahe(ﬂ versus t curves —

9% #**++ Unit-step responss *****

don=0.1 1 10 40}:

t = 0: 0.01:3;
x1 = step{nmden.t).

wt. 1-x1);

txﬂe{Pl.(t)ts:ie,(t) versus ¢ when rit) = ﬂt)'l
yiabel{®eft) = 1({t) - x1{t}'}

% sEEE Umt-tamp response *****

numr=f0 0 0 O 40
g:m'={0.1 1 10 40 OF
plotlt.t, '~ L.t - y1,'0°]

grid
ﬁtle{‘Plotofgm versus t when rit] = t. 10"}
yiabel{"eft) = t.1(8) - x1()"}

The error e(t) versus t curves are shown on the next page.
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Pict of ofY) versue twhen 1f) = 10

1 15 4 "2s 3
“t8ec
Piot of oft) versus twhen ol = L1
. L.
} g

h
&

1 N

[ ] s 1 15 2 25 3

t8ec

B515. The closed-loop transfer function C(s)/R(s) of this system is
, .
e _ _ G6) s(:f-zgj(sﬂe-) g )
R&) l166) 22 ' |
6() 't SiFe et

/0 -
S3+L52 4+ 85+ /0

Amaapxograuboobtainthemit—steprespmsemasmlasﬂgﬁse
time, peak time, maximum overshoot, and settling time is shown on the next page.
The unit<step response curve is also shown: on the next page.
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t som=f0 0 0 10}
den=[1 6 8 10];
t=0:0.002:10;
yxt] =stepfoum,dent); .
lﬂd(t.s') ' )

xiabdft(sec)’) :
ylabel(Output)

r= i whﬂey(x)q 0001; r=r+1; end
ume=(r-l)"0 002
rise_time =
L7720

bmax,tp] = max(y);
" peak_time = ({p-1)%0.002

peak_time = :
2.6320 | | -

M__.m= ymax-}

_ - max_overshoot =

- © 02146

: s-=5001'whﬂe 98 & sl
m=(§?):g ¥S)<1.02; s=5-1; end;

_ | setiling time =
. 59960

F 3 Y e 7 g C
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AmTIABprogram.thatpmducesatwo—dimimaldiagramofunit-

B-5-16 . R
curves and a three-dimensional plot of the response curves is

impulse response.
given below.

% To plot 2 Two-Dimensional Diagram.

t=0:02:10;
zeta=[02 04 06 038 1}
forr=1:5;
mm=f0 2%ctam) 1L
den=[1 2*zstam) 1k
1508505 = mpisefm, den.;
=
title(Plot of Unit-Impulse Response Curves with \zeta =02,04,06,0381)
xlabel(t (sec)) -
wxt(2.5,04,9.2)
1ext(2.5,0.6,9.4)
tex#(2.5,0.8,0.6)

text(0.5,1.3,0.8)
- text{0.5,1.75,T)

% To plot & Three-Dimensional Diagram. |
xlabel('t (sec))
yiabel(\zets)

mmpgra.amshmnbelwandmthempage: respectively.

n Piot ot Unik-ingudes Respoans Ooves Wik Lo 828428805
2]
5
1
} el
7 ‘\-
o} —

45 . - - 7 8 M °
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_ %iﬁj__?__.' AmnABprogmitop:oduceathree-dimsimal-diagramofﬂxe :
t-step response curves is shown below. The resulting three-dimensional .

t=0:02:10;

=a={02 04 06 08 1;
forn=1:5;
mm=f0 1 1};

den=[1 2%zeta(n) i};
- g'(dlﬁl.n),x.t}=sﬁq:(m,dw.t);

. oA
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B-5-18 .- Ampmgram cbtain th : .
Zvetes is given bolow.o " O the unit-ramp response curve of the given

% MATLAB Program for Problem B-5-18

A=J0 11 -1};
B= [0'1];
C=[1 0L
D=0;
t=0:0.1:8;
u=t

g,?;( Ly, o)

Response”)

titleUnit-R
| xdabel(t (sec))
Input and System Output’)

ylabel(Unit-Ramp Taput
text(1.5,4.5, Unit-Ramp Input)
text{4.5,2.5 Output’)

The resulting respemse curve i& shown bel ;, Together with the unite . ‘

. Fa3F+2xy=0, y(0)=0.1, ¥(0)=0.05

5%¥(s) - sy(0) - ¥(0) + 3[s¥(s) — y(0)] + 2¥(s) = O
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By substituting the given initial condition, we get
(82 + 38 + 2)Y(s) = 0.18 + 0.35
Solving this last equation for Y(s), we obtain

&) = _O/5t0.3s _ _ o/stozs 2:128 o/
T s*+3s5+2 (s+/)(:¢z ) T st/ s+2

The inverseLap;acetranéfomon(s) gives
" y(t) = 0.25¢e~t - 0.15¢-2t
This is the solution of the given differential eguation.

MATLAB -solution:

Let.us obtain a state space equation for the system. Define

X1 =Y -
| o mey
Thm,ﬂnstatesPaeeéquatimandthéoutpubequatimbecmeasfoim:‘
X+ 0 1flx 21(0) 0.1

= ’
x| |2 -3{|[=x x(0)| = ]0.05
X
x2

Apossmmprogramtomaintherespmsey(t)zsgiminthefeuwing
meresultingrespcnseaxrveisshombelow

y=0 o]

t= 0‘0.01:5' - '
jy= mmal(A,B,C,D,[O 1'0051;);
PM(tJ)

Mmmwcm)
- xlabel('t (sec))
{ yiabel(‘Output y')
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B-5-20.
@ ______ Kk
- B)  S(G+)(s+2) + K
The characteristic on is ‘

s+ 2525+ K =0 -

853 / 2
st 3 K
’l. ‘-’K_ - . ) -
3 i '
sb = K .

?Orstability'verequi:e6>xandx>o,or

E>K >0

B-521. For the characteristic equation

St+ 25°+ (¢+K) s +9s+25 =0
the Routh array of coefficients is

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,

mechanical, photocopying, recording, or likewise. For information regarding %ei'frTis_sion(s), write to: Rights and Permissions Department,
Pearson Education, Inc., Upper Saddle River, NJ 07458. =59~ .



53 2 g o
2 2k~/

S > 25
Fk ~
2&~/( g

s° 25

For stability, we require
2k~ - [8K— /0F
PSR ———— o »
z 7 . 2k~/ >0
, K>o0s /EK >/07

K> M? - .56

For stability, K must be greater than 109/18.

B522.  The closed-loop tremsfer function C(s)/R(s) is

£6) _ _K(s-2)
(O (St (s*+ 45 +28) + K (s—=2)
_ K(s-2)

P+ 75t (34+K) st 25-2K

Eorstabiuty..thedminatorofthislasbequatimmheastablepolmu
| For the characteristic equation

S’ 75+ (3/+ K) s + 268~2K =0
the Routh array becomes as follows:
s> 7/ 3/+K
s 7 25-24
s! . _(72‘?2{ - P -
7
s° 28-2f

Since K is assumed to be positive, for stability, we require:

. - 12.5 ? K>0
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B-5-23. From Figure 5-80(b) we have
: X

RE) Js*+ Kk, s+K s+ ,%Q_ s+ £
By substituting K/J = 4 into this last equation, we obtain

ce) ¥
RG> S ¢ abas+ #

Sim a)n = 2' 5= 006; and 25dn=%; we have
230, :
¢

I~

Ky = =06

B-5-24 . prom the block diagram of Figure 5-81, we have
< B 20K |
R&) SEH &P (¢4 208K )5+ 20K

(characteristic polynomial). The Routh array of the characteristic equation .

S+ Sst+ (¢t20Kkk, )5 t26k =0

is ‘
s3 / «+20kk,
s* s 2¢ K
' gtzokk-¢ic. O
s° 20k
For stability, we require ‘ .
4+ 20K0G —¢Kk >0 , 2o K >0
or -

The stable region in the K-k, plane is the region that satisfies these two
inequalities. Figure 1 shows the stable region in the K-K, plane. If a _
point in the K-K;, plane (that is, a cawbination of K and Kj values) lies in the
shaded region, theén the system is stable. Conversely, if a point in the .
R-Fp plane lies in the nonshaded region, the system is unstable. The dividing
curve is defined by S5KKj, = K — 1. (2Any point above this dividing curve corres-
ponds to a stable cambination of K and K.} _
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'y

\\§
\
.

* o'ié

4
Notky o ket
i
Zi :
2 i
o1 & o 15 2 K
ﬁ'f««—ti .
 B-5-25. » _
— s =/ o
I-Ql = & s -/
0 ba' 5*51

= 50+ by 52+ (bt bs) s+ bibs
- The Routh array is _
| S 1 bty
st b g,
s' b 0

s° brby .

m,thefirstcolmofthemuehamgofthedaracbedsticeqmtimm-
_sisbsoflrbybzoandblbs _

B-5-26 ,

o G = Ks+b
RE ~ 1t st4as+b
Hence
(s*+as+L) G6) = (ks+ )1+ 66])
or
Ks-ﬁ-L'
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" The steady-state error in the unit-ramp response is

Oy =L =l L/, .s'(s}-4-k)__.4-k_
R TRy SGE) ;é': SCks+b) . b

B-6-27, | The. closed-loop transfer funcbﬁm is
= A
| JIs*+8s +K
-For a mie..zaq? input, R(s) = 1/s2. 'I!ms' )
£6) _RE)=C) _ Js'+Bs
k) RE) Js*+Bs+K

Js*+8s |
IS +Bst+K st

EQ) =
V‘Ihesteady—st:atee:mria
e, = e =L = 3
= = eR) -é;rsé‘é') .

or decreasing the viscous-friction coefficient B.eagi:eyreasing the gain or
decreasing the viscous-friction coefficient, however, causes the damping ratio
wm.ﬁthtmmztmmmmmammﬂu

K decreases to half of its original .

become wmore oscillatory. Doublimg
m,msmmwo.mﬁiumﬁmm;mmvemay
B to half

proportional to the square root of K. On the other hand,decreasing
of its original value decreases hoth and § to the halves of their original -
~ values, respectively. Therefore, it is advisabie to increase the value of K
. rather than to decrease the value of B. After the transient response has
died out and-a steady state is reached, the output wvelocity becomes the same as
tleimtvelndty.,m,ﬂaereisasteady-swtgposiﬁomlmm
the input and the output.  Examples of.

the unit-ramp response of the system for .

three different valuves of K are illust-
rated to the right. :
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B-5-28 . cConsider the system shown below.

&) : )

= 6>
F)me .6) [66) |——1——»

From the diagram we obtain
P B G

) " 6068
For a rawp disturbance d(t). = at, we have D(s) = a/s2. Hence,

C6) = Liom 5 CO) = o —>96) 4 :

swo [+G)G.(5) 5° = s
c(v®) becomes zero if G.(s) contains double integrators. . s»>o 6¢[S)
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CHAPTER 6

B-6-1. The open-loop transfer function for the system is

&) HE) = I:(:ﬂ)

Wefirstmtetheopen-looppolesandzeromthecmplaplane Arootiocﬁs

exists on the negative repl axis between -1 and -co. Since the open-1
tmnsferfunctimimlvestmpolesandmezexo,tlereisaposszbilﬁarthat

a circular root loci.exists.
ﬁ:eequatmnfortheroot—locusbrandwscanheobtaimdfmtheazgle
condition N K(s+/) :
/ ez = = L/80° (24 +1)
' which can be rewritten as '
[5+] -2/ =1/580" [24&1‘/)
By substituting s = 0-+ jw, we obtain
[otjet! ~2/otje =t /:a‘(zu—/)

) -2 Gim. ’--— =t /80°(2k+/)

or.

4
”‘f )

| #eamng't we obtain :
! (r«r/ ) ﬁ”., u = E" +m‘(2k+/)
Takingthetangaztsofbothsi&softhislastequatm.- .
o [ /(G ) -2 D)) = T [z 2 t/&’a’(zk-:—@] i

wvhich can be smplified to

& & L .
=T T Fo L
I @ oo
l+-;:;_7‘ o I+‘-§:’X0_
| “_ = /+
o~/ =-=( a~)

from which we oh&ain

2 -

0
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‘mislashequatimisequivalenttc
w=o o (thﬂ) +e =/

Metmeqmimsaretheeq‘ntimsforthemlmifort}asysbem The
first equation, o = 0, is the equation for the real axis. The real axis from
=-1tos—-oacarre@m¢bboarooi>locusfarx>0.‘ {(The remaining part
ofthereazaxi.smesponaseoaroobmforlt(a.) In the present system,
K is positive. The second eguation is an equation of a circle with the center
at@--—l,a=0andtbemdiuseqna1tol. The root-locus dizagram is shown

9y

B-6-2., The open-loop transfer fuiction
, . | X _
- .
_ WIHE) = (s+1)(s*4 4 5+5) |
‘has thepoles at 8 = 0, 8 = -1, 8 = -2 1+ j1 and no zeros. The asymptotes have
angles i 45° and + 135°. - The asymptotes meet on the negative real axis at
0°a = -1.25. Two hranches of the root loci cross the imaginary axis at s.=
_i-t;sjl.s mm&mmmmmmwm&WBm
+162°.

' Ammmpmﬁsmmmeis mhelwto—
gether with the resulting root-locus piot. ot !

% ha 2 2 2 2 M" w‘ wt SERES

-num=100 0 0 1}
den=[1 5§ 9 § 0%:

muma=(00 0 0 3
dena=[1 5 9.375 %:.8125.2.4'414!;

f = tig A
| e

plotlr,’0”)

rlocusinuma,dena) )

v=[4 2 -3 3J; axisiv); axis{'sqtare’);

title{"Plot of Root Locl and Asylm')

Iver, g pyright and written permission should be
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Pb(dﬁoot___ludmdm"

- B-6-3, AMABp:ograntoplottherootlocianﬂasymwtesforﬂBfmw- .
!ngwe- _ _
4 K )
GO #E) = S(s+a.8)(s*+0.65+/0)

isgimbelowandtbemsultingroot&mplobiaslwunmtlenexbpage
Mthattheeqnationfortheasymboeesis

Gu5) Hol3) = = : : :
a6 Hals) (s+e _z')r)" S+ 11521 0885205 st 4 0.083/87% 5 +0.0057/F/

% ***** Rootocus plot =****

num==!0 00 0O 1};
=t 1.1 103 § 0

mnna {0 00 O 1 R
dena =1 1.1 0.45375 0.0%1874 9.0057191].

rlocusﬁmm, H
plot(r ’

plot(r.* glot
riocus{numa,dena)

;,Z 15 5 -5 5 axis(v):ax&{‘sm‘
ﬁﬂe{PlotofRootLociaudAsynmtes Problem B-6-3)°) ; .
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Pbt_otﬂnottoe!and w {Problem-8.6-3)

/+ 6[5//&) = _(+K)s? +('z+£l<).: +/0t /0K
The characteristic eguation
S=— L2 4 . fk“-]—/¢{+?
S vk T Tk
If we write s = X £ jY, that is
_ A3k '__. YA+ 1049
K==+ T= 7%

P Y‘ /+3x KEr/sk 1P [0 LK)
IrE GO 2 ,
Bade intiostes that: the root loci are on a circle about the origin of radius
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B-6-5. The open-locp tramsfer function

&) J((s+o.z)
GEHE) = +3.8)

has the zero at s = —O.Zandthedoublepolesats ' 0 and a single pole.at

‘s = -=3.6. ‘The asymptotes have mngles of + 90° The asymptotes meet on the

real axis at @, = -1.7. Ihehreakawayorhrek-inpointsaremabs
, and 8= -1.6685. A MATIAE program to obtain the root locus

o;.8=-0.
plot is shown below. ‘The resulting root-locus plot is shown below.

% ***** Root-ocus plot *=*¥e -

num=[0 0 1 0.2
den=[1 3.6 O O

;{;:—s ‘2 -4 4j; axistv); axis("square’)
litle{"Root-Locus Plot  [Problem B-65)")

Root-Locus Plol  (Problem B-8-5)

™

N
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.,3”3‘6. The open-loop tiansfer function
K(S+7) :
) :
c}gs-”(s-)g s(st+¢s +//) T
hasthepolesatsso,sa~2¢jrandtmmats=-9. The asymptotes
have angles + 90° andneeethereata:dsato'-zz.s. The complex branches

cross the imaginary axis at s = + § 4.45.
conpla:poleintheupperlalfsplaneis-lﬁj'

‘lhedouinaneclosed-loappoleslaﬂngtheda@ingntio§=0.5 be
1ocatedasﬂninbemecbicnoﬁtherooblodandnmsfmutheoriginhaﬂng .

angles & 60°. The desired dominant closed-loop poles are found to be at-
S==/fSL; 2--1"?49 ‘

'mathirdpoleisatss*f-l. The gain valve corresponding to these dominant
A MATLAB program to plot the root-logl is shown

closed—looppomsisxe:l.
- bel mmtjngm.lmmisMOnﬂxemm

% ***** Root-locys plot *£4¢*

num={0 0 1 9
den=[1_4 11 0f;

hold
Current plot heid

x = {0,-3]; y = [0,5.196]; nelx,y);

ve [-16 5 -10 10F axisfv); axis(’sqtmet o

grid
title("Root-Locus Fiot of Gisiti(s) = !((8'1-91_1[3(_3‘24-4&-!-.1 Ll

Root-Locus Plot of Gle(e) = Ks/e)iefe"2eder11)

|
/

Imeg Axis
(-]
q
’“.
l "
-

b D
¢

5
8

s 10 T8 o 5

' Rasi Axis
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Amp:ogmtoobuinarm-lmplotofthegimsyam

B-6-7, .
‘ﬂxeresultingroot—locrmplctmslmnbelm.

is slmn below.

% l“llil ROO{"DGUS m 'll"l"-

=[0 00 2 2 -
den=1[1 7 10 0 O ‘

}
;ri: [-10 10 -10 10} axisM axis('sqm').
tite{"Plot of Root Loci snd Asymptotes  (Problem B-6-7 )')

Piot of Root Loci and Asympicies {Problem B-8-7)

- .10,
8
6
' #
4 yi
2
-5 o 5 10 -
Roal Ais

fammm'mmmmmmwmmm '
conputer. mmtmm-mm&wﬂa
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% l-!_!l.* mm m&iilﬁl
mm=§0 0 0 2 2k

deon=[1 7 10 ¢ O}

v=[3 3 -3 3 axislv); axis(’square’};

aeid - :
ﬁﬂe('ﬂoot-l.owsﬂotnearmaodﬁn {Problem B-6-7 1} |

Roll-l.éan!’hlmsla:w mw&-_s_-s-fr_)

L)

-‘§0‘T —
4
NE
3 2 ") 0 1 2 3
. Real Ads

ﬁemdxfxshbintymbem use of Routh
criterion. Simat!nclmed-xooptmsferfmeionb{s ababinty

G 2k (s+/)
Rf) S¥4 753 4 o5 + 2Ks+ 2K

the characteristic eguation for the system is
S*+ 7;’4-/4: +2Ks + 2k =0
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The Routh array of coefficients becomes as follows:

st 7 - r0 o2k
s? 7 2k
s 2K pp
. 7 . |
2K _ gk
/ Y A :
> Zo - 2K : e
? .
s 2k
70 > 2K
2~ £k >0
k>0
Thus, the range of K for stability is

_ses>K>0

_B-6-8 - mmsﬁceqmtimfwthemis
§+$ﬁ+?s+x=o | _
Ifxiseetemltoz, thmthe&amisﬁcemmm

'+ s 4 Ps 42.20
- The closed-loop poles are located as follows:

8 = ~1.8557 + j1.8669
- . . . = ‘1.857 jlo
8 = -0.2887

SeethefmowingmﬂABpmgtamforfindingwecloped-looppoms
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p=11 4 8 2

‘rootsip)

ansg = -
-1.8657 + 1.8669i |
~1.8557 - 1.8669i
-0.2887

Ammtoplotﬁatootloeiismm
mmotisalsoshumhelaw

G rESan mﬂl‘mm sasse

nm=[0 0 0 15
den=[1 4 8 o;f

rlocus(
garculs('squata’) _
title(*Root-Locus Plot of Gis) = K/is{s~2+4s+8][)

mm&mgw

i

41 ﬂ(‘\ |
T X\

_B-6-9.. | 'neepwloop transfer function is given by

LT 3?0/:’-!-7.0.?&:“:‘
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The equation for the asymptotes may be obtained as
K

6"@"{4’) = 53+ (.?.3440/4.—0.///7)- ;"-;- .e-
= K |
| (51- 23¢0/ + 06667V
3
= K

(s+43356)3
K .
S? 4+ $00 FEST+ £.357/5 S5 +2.282%

Hence, we enter the following mmeratois and denominators in program. .
mm={0 0 0 .1 -0.6667]

For the asymptotes,
m=[0 0 0 1]

= [1 4.0068 5.35i5 2.3825]

Amerogramtoplottherootlociandasymptatesisgimbelow.
resulting root-locus plot isshowncnthenexbpage. .

The

% ERESE mm p’ot (A4 X 2 ]

num ={0 0 O 1 -0.66671.
= [1 3.3401 7.0325 0].

numa =10 0 0O 1
denz = [1 4.0068 5.3515 2.3825]:
K1 = 0:1:50; -
K2 = 50:5:200;

K =Kt K2

r = riocusinum,den K);

a = riocus{numa,dena,Kl; -

plotir,"o"} ) 4
;0; -6 2 -4 4j; axislv); axis{"square’}

. Current plot held
title('Root-Locus Plot  {Problem B-6- 9 }')

xiabel{’Real Axis’)
viabel{"lmag Axis’)
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Root-Locus Plot.  {Problem 8-6-3)

o

B6710. By substituting s = O + j&’ into -

K= '(o+Ju)[o~+Ju/+l)l !(D+jw)‘+a+ wl
= |[0*t -t + w(/+20~)
J

Thus,
| K* -;- (rrs o ) + w"( I+y2-6‘)"
= Jo(o+/) -]+ &% (r+ 26 + £0)
| [o(ren) +ar) +w® = K

"n:ecmskanbgainloeifer!t=1. 2. 5, m.andzoanthesplanaareslm
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B-6-11, The temm (s + 1) in the feedforward transfer function and the term
Zs+1)1nttefeedbad:ttansferfmbimcancelead;ow. The reduced

characteristic eguation is

K(s+1) / K
/'t GO = 1+ — = = =
 Stsrasv6) s+ - St zere 0
The open-loop poles of G(s)H(s) isat s =0 and 8 = -1 % j /5. Tme following
mmmmm-WMMmﬂemtpage.

%T *ssse Rootlocus Pht sasaa .
nm=[0 0 0 1)

den=(1 2 6 O}
rlocus{num,den)

Warning: Divide by zero _
;ﬁ: 5 -3 4 4}; axisiv); axis{"square’)

title{'Root-Locus Plot  (Problem B-6-11)")
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Root-Locus Plot (Problem B-641)

4
N

‘I’ofindtheclosed—looppolesﬂ:enthegainxissetequaltoz eul:er
the following MATIAB program into the computer. .wemy

p=[1 2 6 2;-
-roots(p} L

-0.8147 + 2.1764i
-0.8147 - 2.1764i
-0.3706

Thus, the closed-loop poles are located at
8 = ~0.8147 + § 2.1754, s = ~0.3706

B-6-12.- zg system shown in Figure 6- 6—102(a)* |
amnABmmmobarm-lomsdiagmforthesysmminFigure -
6-102(a)is shown in MATLAB Program (a). 'Ihe remting root-locus plot is shown

in Figure (a) (see next page). -
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% MATLAB Program (a):

mml=[0 1 -1};
denl =[1 6 8];

K1 =0:0.01:50;

K2 = 50:0.5:1000;
K=[Kl K2}
rlocus(numl,denl K)

pars . )
tlﬂe(Root-I:ocus Plot of G(s) =K(s-1)/(s"2+6s+8))
ylabel('fmasAns‘) ’

Rnck-Locus Pt of Gie) = Kia-1)s 26800

[l

£ 8 ¢

g Y

bhﬂdl

L8

bl
-4 5 - -3 -2 -4

. For the system shown in Figure 6-102(b):

Ammprogrmtoprodmeamot-lmplntofthesystensmmﬁgnre
6-102(b) is given in MATLAB Program (b) The resulting root-locus plot is shown

onthenad:page

% MATLAB Program (b):

mm2={0 -1 1}
den2=1 6 8];
K1=0:0.01:50; )
K2=50:0.5:1000; .
K=[Kl K2

riocus(oum? den2 K)
VP8 88 81 axi(v); xis(square)

tile(Root-Locus Plot of G(s) = K(I-s)l(s“2+6si-s)')

adabel(Real Axis')
yhbd('ImagAm')
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| Mect-Loows Plet of Gis) = K(1-)s 00t

&

.TA
%

- . < 2 ) 2 4 'y .
Neal Avds :

. Note that the equations for the root loci for both systems are the same. .

w[(o—1)*+ wi—/5] =0

'misequatidn is equivalentto - .

w=0 ar  (6~/)*+ w?=/5
The first equation (4’ = 0) is the equation foithe real_.axis. The second
equation is_the equation for the circle with center at (1,0) and the radius
equal to.f15. : ' '
. -'naeequatimfcrthebreakaﬁayorh:eak~inpointsiéobtainedfm
_@R/ds = 0. For both systems, the solutions for dr/ds = 0 are :

S=4873 ,  S5=-2.873

For System (a):
. K= -15.746 . for s = 4.873

K = -0.25¢4 for s = -2.873

This means that there are no hreak away or break-in points for System (a). The
root loci exist only on the real axis. (The root loci exist between s = =2 .
and s = 1 and between 8 = ~4 and 8 = - o0. '

For System (b): o
~ K =15.746 for s = 4.873

K = 0.254 for 8 = -2.873

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protécted by Copyright and written permission should be

obtained from the publisher prior to any prohibited reproduction, storage in a refrieval system, or transmission in any form or by any means, electronic,
ymission(s), write to: Rights and Permissions Department, . E

mechanical, photocapying, recording, or likewise. For information regarding
Pearson Education, Inc., Upper.Saddle River, NJ 07458.



Hence,s=-2.873mds-4873areactua1breakawayandbreak—in ints,
respectively. 'Hlerootlocimvulvesthecircularlocusﬁ:ereﬂzepgenterof
the circle is at (1,0) and the radius equal to J15. - The root loci also .
exist on the real axis, from s = -2tos=-4dand frams=1tos =00.

8-6—13. The differential equation for this mechanical system is

bil(Tp -2, )+ # (2 ~X) = b3,

Taking the Laplace ‘transforms of both si -equal assﬁng zero
initial condjitions and then rewriting, weds;b::inws tion,

Xols) _ bas +4 __ ‘7?‘_-’*/’
Xets) - (bi+b)sth - b,;&£'$+'/

If we define

by T bith .
=T & =F>7
then the transfer function X,(s)/Xi(s) becomes

Xo5) - Ts+l

Xew)  ATs+/ .s+—’-—

This is a lag network, = - .
g D (sb:cfﬁ)thepom(s u;t)islocatedeznsertoﬁxe_

meplokobtaiw:lsslm"&fﬁ:enextpage

% L2 12 2] m‘m pm QQGQG

nume!ﬂ 0 0 11
den=[1 4 5 O

hold _
Currentplot held -
:xz‘;o -2},r==io 3.4645; tinefx,y)

grid
title{"Root-Locus Plot*)

B-6—14. nefmmmm%givesam-mpm&tthem
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-"-4'-3-2-1.0123.4

Imag Axia
-

Simethedmimnbdnsed-looppoleshavethedmingraﬁo;otc.s.
- may write them as

. S=xxjEx

The characteristic equation for the system is
S34-gst+ss+ K=0

_Bysubsbitutirgssx-&j,f?xiuhothiseqmtion veobhain

X*“Fx)’i—fé(z-r SUESR +$'[x+)ﬁx)+l< =4

‘-?:c"—- Fr*+sx +K+ 2f3‘j (#z"+2-$‘")=9
By equating the real pert and imaginary part to zero, wiw' oo
| X —PXPrSH K =0 | ()
G 2.5 =0 » o)

 Noting that x # 0, from Bquation (2), we citain
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X 4+2. 8 =0

X == 0625 |
| By substitubing x = -0.625 info Bquation (1), we get
| K=dx’+ px*~ 5x |
= 5’(~e.ké.s~)’+ &(Ae.tzs*)°¥-5'(—p.fzr) _

%2p6875

%wmmmm,mmmmfmmmm-
graminboﬂaecmeer

p=[1 4 5 4.208875%
rootsip)

-2.7500
-0.6250 + 1.0825%
-0.6250 -

Thus, the closed-loop.poles are located at s = ~0.625 + §1.0825 and 5 = -2.75.

The unit-step response curve can be obtained by entering the following

MATIAB program into the computer. Mresultingmit-st@rmemzs
shown on the next page.

% eeesse Unit-Step Response sssee
m =[0 0 0 4.2069

=[1 4 5 4.2969];
%(rmm.dmﬂ .
title('ﬂnit-sap Basptmse
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Tiows {30}
B-6-15, ‘mesoluticntosudzaptohlmismbmique shall present two
somc:.a:stothepromeaintmatfouows. Notetlatfrontherequirmb

_mmmmmmmammmmmgeo.smwn
 S=-L5 k] 2578/
Notice that the angle deficiency is - |
Angle deficiency = 180° - 120° - 100.894 = — 40.894"
. Method 1: If we choose the zero of the lead compeénsator at s = -1 g0 that it
-ﬂncangeltmmmats--l,mthemmmmmm
at 8 = -3, Or
i Tis+l _ KT:(:+—,‘-;— _ XK st/
Ts+/ Ta s+t Tz S+3
2

Ge6) =

The value of K can be determined by use of the megnitude condition.

S+/ 10 ‘
S+3 S(SHD (o, s
or | .. - S LS+ § zﬁ‘_?}
| s(s+32
K= |——"—" = 2.
=  J0 S=-~LSTt) 2-57?/ o
Hence

6:(’) =apf :I;

The open-loop transf.er .fmbionis.
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%8166 = 7S

The closed-loop transfer function C(s)/R(s) becames as follows:

c) _ ¢
R(3) s’--t-3:+ b4

Method 2: Referring to the figure shown below, if we bisect angle OPA and take
20.447° each side, then the locations of the zero and pole are found as follows:

zero at 8 = -1.9432
pole at s = -4.6458

_Thus, Gg(s) can be given as

s+l _, T1 S+l5832 S+/£5872
3 =& -l
961 = K?;s ! T T Staugest gy~
o ) ”
” A LA
(X -52

.
2
[l
G
"~

aétsy [ fma o /.

1t

ey
2 o

'J-;jz_

'mevalugofxcanbédebernianedbyuseofthenagnitudecmdiﬁm.

2391 K S+/9432 /0 : = o
Staéest SCH) |sepsejaem

k= l (s+24888)s(s+0) | ) R |
, 23.7/‘(‘3-1-/.;;‘32) rmrse; 13917 o.55/38

Hence, the compensator G.(s) is given by

S+4A9832 : 0.8/ 46S + 7]

‘ 5) = 228 = o :
Ge(3) =~ 3 St ¢ 658 s.5/3% o2/s2s8+/

maz,theopen-looptransferﬂmbimheemsas

_ 0.5/%6s + 1 | /0 | -
6‘6)46*‘) 0.5738 ( 02is25t7) S(F+D
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The closed-loop transfer function is

bt _ £/38 (0.5/%65+/) |
R(S)  S(s+)(0.2/525+ 1) +5:/38 (057 ¥f51/)

_ 2-6L% s 1 SN /38
T o252 8t +/.2/525 4 3684 +5./35

Itisinterestingtocunparethestaticvelocityermrconsﬁntsforthe
two systems designed above. .

Fortheszstandesignedbylbbhod 1:

K A«S-—L—-zs

520 S($+3)
For the designed by Method 2: )

Ky = Lo s (0i5738) DELBEERL Lo | _ o
v = Lo ('_3)0.215\254_/ T /38

The system designed by Method 2 gives a larger value of the static velocity
error constant. This means that the system designed by Method 2 will give
smaller steady-state errors in following ramp inputs than the system designed

by Method 1.
Invhatfollows,weocmparethemt—steprespmsesoftheth:eesystm

the original ted system, the system designed by Method 1, and the
The MATIAB program used to obtain the unit-step

system designed by Method 2.
respmsecurvesisgivenbelow Mrwultingmimre@mmema:e
shuwncnthenexbpage : A

9% ***+* Comparison of unit-step responses for three systems *****

num=[0 O 105
den=[1 1 10}
num1t = [0 30 9l;

denl = [1 95
num2 =[0 O 2.644 5.138];

t= 0:0.02.8* den.tt:
c == step‘mm,
c1 = stepinum1 dm‘l,t).
c2 = stepinum2,den2,t) -
p»lot(t.c.'-'.t.ci s '.t.cz. :

Companson of Um-StepRespomesforThme Sysmms)
xlabel('t Sec®)
ylabel( 'Outputs‘! .
text{1.5,1.5, 'Uncompensated system') -
text{1.1,0.5,'Compensated system with K = 0.5138, Tt = 0.5146, T2 = 0.2152’)
text{1.1,0.3,"Compensated system withK = 0.3, T1 = 1, T2 = 0.3333")
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Compuison of Unit-Siep Reaponses for Thiee Sysiens
§ | T Uncompensaied sysien
i
:/'\.:.

74&..‘
V
N .p.r-i.xuiumn-waru-uﬁz
o ; e
N cwandquLﬁKJuu- L?-alﬂ!
[+] 1 2 3 4 = s ] T 8
18Sec

B-6-16. The clqsed-—loop transfer function c(s)/r(s) is given by

<7 KCTs+1) .

RE) ~ S(s+2)+K(Tst/)
Since the closed-100p poles are specified to be

=-2+,2. | |
 S(StDHK(Ts+) = (5+2 +)2)(S+2-)2)
L S (24K T)st+ K= S+ ¥s4+ 5 -
Hence, we require
L 2+KT= ¢,

kK=&
T:.-.'&‘Z.S‘ »

K=&
B-6-17. mmedefmmatmdqsea-mbom}sm}z+jzﬁ”is
180°- 120" 90°= - 30°
" The ‘lead compensator mst contribute 30°.
Ietusd:ooéeﬂaaeroofﬁheleadmtoratssez. 4
pole of the compensator must be located at 8 = -4.

Then, the
T™hus, :
G=k-2-
- C St
o 201Thergain-Kods determinedi from Ahe magnitade
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I
-~

IK S+2 s~ :
: S+¢%  S(oss+/) S= =24 2NF

S+

_ Nm,wesha;uobeainunit-stepresponsesaftheorigimmandthe
compensated system. ’meoriginalsysbal}asthefoumingcloeed-looptram-:

Cs) /o

—

| R6) ~ s*¥zs+/0 |
The compensated system has the following closed-loop transfer function:
) _ /6

Rs) s+ eas+/8

'meunﬂ:-stepresponsemrvesofthe
i originalsystenandcaq:azsatedsysteuate

Unit-elep responses of aﬁﬂmaﬂwm

.B6-18. The angle deficiency is.
B . 1&)‘ - 135. .135.= - w.
A lead compensator can-contribute 90°. Ilet us choose the zero of the lead
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compensator at s = -0.5. Then, the pole of the compensator must be at 8 = ~3.
e | L _

‘megainxcanhedeterminedfmthenagnitudeconditim.

I S+o.8 [
1K z =/
I T P
or
s 2 _
G+3) s -e

k:,A

Stos =~/4j
Hence the lead canpensator hecunes as fouows
SO, 5~
: £
Gels) = 4 SEEZ
The feedforward transfer funetion is

G6) 60y = SeE2_

Aroot-:l.ocusplotofthesystenisslmbelow
mmsma(mmm_

Closéd-} vop )ples

1 Jr - \\

N

4 _
. -4 < . 2 -1 0 |

Real Axis

Note that the closed-loop transfer function is

_C6) $s+2
) RG) S3 4 352445 +2
nxeclom-looppolesamlocatedabs--lijlands--l.

mmtfmmvesmngivethemib-stepandmit—rawrespmaesdthe
unempensatedsystenandttecmpawatedsysta A MATLAB program to obtain _
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unit-step response curves is given below. The resulting curves are also shown
below. . .

%__!»G_ll"l' U’ﬁt'step responses of IlllCOﬂ'lpEﬂsated a"d compmsam s’m L2 22 24

rum=[0 "0 1
den=[1 O 1} -
nume={0 0 4 2]
denc=[1 3 4 2

t = 0:0.02:10;

¢l = step(nmn,den,t).
c2 = {numc,denc, t};
plotit.c1,%.',t,c2,%-")

title(’ [ f - ' ’
xlabel('s;'tlep 'esponses o uncompensated andeompensawdsystéms')

(3‘;?9 ‘*Compensated
. m, y
text(3,1.5, Unoo';e;pensala??n"tgn')

Ammmmmvmrmmisgimm The re-
sultingrespmsec\uvesareshamonthenextpage R

% eesee Um-ramp responses of uncompensated and mmpensetad svstems seess |

%

c2

mt.t.'- g X AR X

title("Unit of ed and ‘systems °)
't g‘?) responses‘, mmmensat eompensemd

text{4,1.5, Ctumensawd system’) _ » '

text( .G.'lkmmpensatedsvstam
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mmmdwmwm

ﬁ
E ‘
g‘ﬁ /1 oy

B-6-19 . n:eotigimlmcmpa;satedsystahasﬁxefonodngcmsed-looptrans-
ferfmcl:ion- :
cEH s '

Res) =  st+gs+7é L
'memclosed-looppolesareloczbedats--2+jzﬁ: Choose a lag compen—
satorofthefonowingfo:m. ’

s+ ‘.
— e
G ) =K, s__'_?li__ ke (’)1)
.Mthestaticvelocityenorcmstanbkvcanhegimw

Ko = Moun SG6)G6) = zm sk, e R B

e s20 T sy I(ste) -
Iet us choose Ko = 1. Then ' AT

= k=2

p=&

mmmmwmme@mmnmmwmm
Iet us choose T = 20. Then, the lag compensator becomes )

s+ 2= S+0.05
q‘,[;):': . =

: ' + 700 ’f-a‘.a/
Notice that = .
| s+o0.08 " e "
’ St0.0/ |s=z4j2i5 5o
/54-0.05’ L = fer 7;-;-_,2 /-—-/ff'i-,; zJ"
S40.0/ .
- - :g-giyl{:’-

= —~bosz2x/ "+ &0. /ZFz =—o0.%4979°
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The angle contribution of this network is very small (-0.4999°) and the
magnitude of Go(8) is apprmdmﬁy unity atsthe desired élosed—lo?:p pole
Hence, the designed lag compensator is satisfactory. Thus

,s‘+o.o.9'
s S S———————————e
: : G"()' S+t+eo0/
let us campare the unit-step response curves of the uncompensated and
compensated systems. ‘The closed-loop transfer fumtionofthemmensated:

system is
Cﬁ'} /g
A’&') :‘ + &5+ /6

Farthem@ensatedsystemtlaclmeddooptransferfmtimis

L& _ /(5 +0.05)
RE) — Csra0r) f(f-f-f-) +/£ {s-mé:j
= fs+0.8

S Rt/ M09S o8

'meclosed-looppolesmnbefomd the foll MATIAB '
Py by entering ollowing progrm

p=1[1 401 16.04 08k
roots(p)
ans =
-1.9797 + 3.4526i
-1.9797 - 3.4526i
-0.0505

mmm—mmmmaﬁs=-1.mtjs.4szs.. These
Mtimareveryclosetotheodgimlclosed-lmppoles

mfmmmmmamawmmmm.

..'

% eeaee Companson of Umt-Step Responses for Two s\rstems seuee

=[1 4 16]. - . -
numc ={0 0 16 0.8);
.denc = [1 4.01 16.04 O 8],
t = 0:0.02:5; )
c1-= step(num,den,t);
€2 = stcg(m.denc.ﬂ;
plotit,c1,".%,1,¢2,%-)

%('Unws Responses oﬂhcompemated and Compensated Systems '}

texm 5.1 .g. (:ompensated system’)
text{1.5,0.9,"Uncompensated system’}
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The unit-step response curves obtained are shown below.

2 Unii-Slep Rasponses of Uncompensaied and Compensated Sysiame
R i

SR .

/i

:::any.themit—steprespméemvesforthem'syshasmapptadmmy
same. ' - '

vhile the compensated system exhibits the steady-state error of 0.05. ~ The
following MATLAB program gives the unit-ramp response curves in the time range
€t €100 sec. The resulting unit-ramp response curves are shown on the-

next page.

% **¢&** Comparison.of Unit-Ramp Responses for Two SVstems seses

num=[{0 0 0 16

den={1 4 16 0} )
nume=f0 0 0O 16 0.8
denc = [1 4.01 16.04 0.8 O
t = 0:0.1:100;

c1 = step{(num,den,t};

¢2 = step{numc,denc,tl;
plot{t,t,’'~',1,61,"-.,t,c2,-")
v=[95 100 95 100} axisiv)

grid

ety es of ted and y

l:ﬁ'st;cﬂ;?r:dﬂesponsa: of Uncompensal Compensated Systems’}

¥exﬂ95.5.97.7,'0m1pmtad system’) |
system

text{97.5,96.7, 'Uncompensated y]
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iw

oasﬂsasw%:ausunsm

8620, Sinoethedxaracberisticequationofthewtedsystemis
s°+305%+ 2005 +§20 <o
. the uncompensated system has the closed-160p poles at
| S=— 3. b0 )& : se——zz“g

wherg'l'mybedmsentobe.&or? 4. 'ﬁmthelagca:pensatorhecmes

2.':-!-/ . Sta2s .
Fel) =0 T = “Sraser ‘ 1)
ﬁeanglecontributiouofthislagneﬁnﬂ:atss-s.eo+j4.aois-1.77‘.
whidzisaceeptab:.einthep:esmtptobleu.

n:eopenolooptransferfmcbionofthecmpa:satedsystanbecmes

- P20 (s+0.28)
- Gels) GE) = s(s+a028)(5+r0)(S5+20)

c1ear1y, thewlodtyermrcmstantﬁvfotthecaq:ensatedsysteais

Ky = oo = Go6) G6) = ¥/ sec™!

nbticetmthemoftheadditimofthehgmatorthec@mw
systeabecauesoffourtho:du' ‘medﬁracteriseicequationforthem-

" sated system is

S*+ 30,026 57 4 200. 95 s* + P25 s+ 205 =0
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The roots of this chéracberistic equation can be obtained -
LAB as shown below.- o : seslly By use of Mt

p=[1 30.025 200.75 825 205];
roots(p) :

ans =

-22.7866
-3.4868 + 4.6697i
-3.4868 - 4.6697i

| -0.2649 |

Thus, the dominant closed-loop poles are located at
S= 3. P68 L ) #6697

The other two closed-loop poles are located at
S==~0.2649, S=-22.787

The closed-loop pole at s = -0.2648 almost cancels the zero of the lag compen—

sator, 8 = -0.25. Also, since the closed-loop pole at s = —22.787 is located

vmfmwmmmwmmmmmmm
theeffecbat‘thispoleonthesystanrespameisvegyaau. 'nletefare,t{:e
closed—loopmlesats=-3.48§§:j4.6697mindeedthedmmclosed-m¢p

'namdanpedmtn:alfreqnmcywnofghewwloap_polesis

| Wy =\[3.¢848%+ % 25972 =-..$' 228 nnd fSec
srad/see.}theompensatedsystenhasanapprmdmtelyaxmnervamey which
::uldbeaccepeabl.e.‘ Hence, the lag compensator given by Equation (1) is

B-6-21 . let us choose a lag-lead compensator as given below.

‘ C+E) “
Gf5) = /Yc - >
NARY > B

'Ihedesiredclosed-looppolesmlocatedat

o s=-24;2VF
andthestaticvelocityermrcanseantxvisspeciﬁeﬁas
'meopaz-looptmxsferftmctionofﬂ:econpameedsystenis )

. © 2010 Pearson Education; Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
. obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,
mechanical, photocopying, recording, or likewise. For information regarding.;gsnission(s), write to: Rights and Permissions Department, )

Pearson Education, Inc., Upper Saddle River, NJ 07458.



CA)E)
C7'¢(s) 7(-"') K (S""A)(S“‘pr S‘(S-i—’z) (s+s)

ky=tom s = Ko =
V= SR GE) = Lk Ko — L= K =57
—— ,
Kc_"-'-"s.a
gttmmmhmmmwp"mmfmmw"
S+ s ¥ /0 l

2. S( o =/
5‘1..77 [S‘!‘Z](S’i‘.“),s__’__zsz‘r_

L
S+ 7

s = 98./066

se~2+ 273 -

ﬁaangaﬁ.l%'caasfmtbefacbtbtthelea&p&ﬁmmtmm te
the angle deficiency which is ' '

k;gledeﬁciaxcy=180' 120°- 90°~ 49.1( =-79.1066
See the diagram shown below.

JjaE

BYﬂSingtrigoncnetrymﬁndthelocationsofthemandpoleotthem
portion of the compensator as follows: .
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e .
S+ S+2.2/87

S+ '5' T stz
7 .

Tr=0.%507, /9--12.2)7;.

: Farthelagporbian,vemycmose'l‘z 10. ‘ﬂ:en,thelégporticnmyﬁe
given by -

S+ - S+o/
5‘+-L' T Sto.0o8/84
- iz ’
Notice that
""'7% _ ‘s+o./ l
VI St+eo08r¥
+prz‘ = 2 4y2NF reoo bt T ]s:-zsz&'
= 0.7885
S+ R
= =L /S%%
s+ &= e
T AT

$=~Z+j2ﬁ
mmmwm part:lmaresaanandamb}e Hence the.
189-1ead compensator can h?gim by
o {€) -  S+22087 S+0.)
Ge () =50 S+27./00) Sto.so8/FE
' The compensated systeu wiu have the open-~loop transfer fnnchion

Y o _ So(st2.2/27)(s+8/) /0
-6;“) 96) = (s tap.pr¢ I sto.0e r/rx) S(s+D(5+5)

$SvPe. 5% 4 //:7 3;*.: /10,7285~

STe3% W13 ST+ 20005705 +292. 0248 5%+ 2.2/ 26'S
The closed—loop transfer function becomes as follows:

-

C6) | _ Sve st + Y59 35S + [/0. Fo5
RG)  ST4+381/935% 4 200. 057053 + 772. 7862 S°4 175/ S 4685 +//I-f#’
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lhefonowingMAMBprogramvingivethemit»st@regpmseofthec@en-
sated systesm. :

g, #=*+* Unit-step response ****°

= ’ 1159.35 110.935L; ] )
den = & 3%.1%9:?0200.0570 772.7462 * 1161.5688 110.936%

step(num,den) »
%(‘Uﬂk—&ep Response of Compensated System’)

' The resulting unit-step response curve is shown below.

wwuwﬂm

Amplitade

choose the dasinant closed-loop poles at 8 A ' _
"ﬁwazﬁémﬁi:mr;tacw-mpomss-2+jzgwwm

) - g : ™)
augieaeficiency=1ao°;m°-9o‘-1ns.mz1f+m.u32

Seetbefonowing'diagramforﬁeca@ubatimo;tmgngle |
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J5 _
/ lek.r0z)°

v <) -

0 -

Pranthisdiagramvefindthemofthecompensatortobeats=—-102857. -
The compensator thus can be written as .

Gels) = K ( 5472, 2857)
The feedformu-d transfer function becomes

K(s+/0,2857) (25 +/)
Gl GE) = Ses+/)(s+2)

'megainltambedebeminedf'rbmﬂemgnﬁmdecmditime

K(st+wzes7)(es+0)|
SCs+/(5+2) Sm-24j2E /

k= |__sCs+1(s+2) |
, Ct+w28s7)(25+7)] 5. 24T

'meevalnatianofthisxcanbenadeeasnybyuseafm 'mefolloving
MATLAB program produces the value of K. .

1% seens Dew'mination of gain constant K **+**
a=[1 3 2 O}
b=[2 215714 10.2857}:
8 = -24}*2%sqrt{3);
format long
K= abs(polvva!(a.sﬂl_ahs(pdvval(b@”
K= "
0.73684318666243

Hence, the compensator becomes as follows:
| G-B)=o0.7268¢% ( .:-n-/a_.z:ff)
The closed-loop transfer function becomes as
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mechanical, photocopying, recording, or likewise. For information regarding
Pearson Education,.Inc., Upper Saddle River, NJ 07458.

E) ~ LYD3EE S A /S SFP HET S + é.svaf/.s-
R6)  S*v2¢7368s2+,7 00005+ 7 SV /5~

ﬁxefollowing!ﬁ'ﬂi&Bprogramwiuproducethe;mit—stepr_espcnsecurve.

g, #adss Unit-step response ***s+

numc = [0 1.47368 15.89467 7.578915};
denc = [1 4.47368 "17.8947 7. 5
denc =11 4 7 7.578915];
¢ = step{numc,denc,t);

plot{t.c}

grid o
title{"Unit- r 92q%
s sgtcgp Response pf Compensated System (I_’mblem B-6-221"
ylabel('Output®) ‘ -

WMGMW (ProblemB-5+22)

N _

‘ - \h-f’v

The response curve shows the maccimm overshoot of 13X and the time .of
approximately 3 sec. Thus, the designed system satisfies the requirements of

the problem.

B6-23. nefimtstepmﬁédaigndthe o
2 _ compensator is to choose the
desired closed-loop pole locations. Considering the open~loop poles of the

S=-#Lj¢

(Of course, other choices can be made.) Iﬁththema:tchoiceottbedcni-
nanbclosgd—]:ooppq;es.vemydnoeeﬂembortomamats=—4

ion(s), write to: Rights and Permissions Department,
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so that the plant pole at s = —4 can be canceled. We may also include a zero
at s = -l. Tlms,wemyclmsethetransferftmctimofthecmpensatortobe :

G(5) = K (s+e)(s5+D
‘ s+b

vheretleamensatorpoleats:—bneedbedeteminedbaseﬂmtheangledeﬁ-
cia:cy The angle deficiency is

Angle deficiency = 180° — 135°- 135° + 126.8690" 36.8699

'B:eempensaﬁorpolemstprovideanangleof-as.asgg’ . From the diagram
given below ve £ind b to be -9.3333. o

Jw §

—t 54 - .

~/0 t ' - -1
-93333 '

iim,thecmmamec(s)canhegivenby

(5+£)(s+/)
Ge6) = k St+83323

'meropen-looptzansferfmnbibnhemsas_fouovs:

VGh) = o KOS+ +r) . KCS+/)
Ge(6)66) = (S+23323)53(s+¢) s*(s+5.3333)

'mevalueof gainxcanbedebemﬂ.nedfrmthemgnitudeconditim.

' K(s+7)
js® (s+7.3333)

-

;---9:1;;9‘

I<=-’ '5-’.,'.33;33:’- ,
l s+/ Se—¢tjF

mevameofglainxcanhedetendneaeasuyhyuseofm ' Seethefol-,
mmm ,
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% **%** Determination of gain K *****
a ={1. 9.3333 0 O}
={1 1);
s = -4+ *4;
K= polyval(a,s))labs(polyval(b,sn
K= :

42.6665

- Hence, the compensator becomes as follows: ‘
Golo) = ¢2. 4555 2+

: S+ 77233 _
The closed-loop tramsfer function of the designed system becomes as

6 | 2. 6665 S 4 C2.4555~
. Res) :3 + 2 3333 st -}- $2.6645 S + 2.6645

mefonadngmMprogrampmduceathemit—steprespamem which is
shown below. ! |

% ***+= Unit-step response ***s*

numc = [0 O 42,6685 42.6665];
denc = [1 9.3333 42.6665 42.6665); -

%{nmm,dam:) ’
title(*Unit-Step Response of Compensated System  (Problem B-£-23)')
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Iheclosed-—looppolesarelocatedats~~4+ 4ands —.333 asseen
the following MATIAB output. j = 3 from

roots{denc)
ans =
-4.0000 + 4.0000i

~4.0000 - 4.0000i
-1.3333 -

“ﬁ:eun:lt—ste respmseuzzveshowsthatthemximave:sboabisapprminaﬁely‘
25% and the settling t ime is approximately 3 sec. Eence.thegivenspecifi-»
@tionsaremetandthedesxgnedsystaisacueptab]e

B6-24. The closed-loop transfer function for t:he system is

qg)___ K . "2&'

RE) 2545+ KKu = +K = sy It kK oL K
Franthisequaﬁax, we obtsin - Z =

Since the damping ratio ¥ is specified as 0.5, we get
] l-:-kk.. '

&y =
'mere'fore; we: have
| I-Htx. K

F—

2

The sel:tling time is specified as
& 2 W |
, 3= f“’: ('I-i-KK‘)/f- I'I‘KKJ. €2
.Si.me the feedforvard transfer function G(s) is

K __ . :
2s+/ _K l
67'("’: kb S T T 2547 ‘
=Tz s

tbes&ticvelncityenormtantxvis o B

' --lhus ’s) Ldow s =
T e 4{ = 25 1+ 1+ KK, s - Ve od 49
- This valne must be égqual to or greater than 50. Hence, ‘

KK, ?S°
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Thus, the conditions to be satisfied can be summarized as follows:

WA . - @
2 V=2 A
/€
-—--—-..__/*‘Kk‘ . £ 2 . (2)
K | N
tik, 2% @
o<k <1

- From Equations.(1) and (2), we get

FS /""Kkb = \)zK

22<K

- From Equation (3) we cbtain
&> 1+kK, = 3K
Kz.svoo
Ifwechooealt-- 5000, then we get

I+ KK =2 = sv0.

44
&gry&o = o.0/98
m.weaetemnedasecofvamofxmﬁxhasfoﬁm
K= Seoe Ak =c.0or75
Withthesevalnesctxandxh.mspeciﬁcatiaxsaresaﬁsﬁed.

B-6-25, The closed-loop transfer function is

t,(.s;v K : . K

R T :[(:w)(:-r-z)-;-o.zx}l- K= - S*4+35r25 +2.2KS+K

S"“x:t)rx
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mmtﬁg‘a=x+j&inmghedambetisbicemntimfﬂ‘eobtain :
(292 +2(+ NF)® + 2 (X H3/F2) + 2K (X+]VFD + K=0

°r .
~i‘.~x?-5‘x‘+ 2X +e.2kx+K + 24?.)‘(3-:(.'%2: torkx) =0
Byequatingthemlpartandimaginaxyparttom, respectively, we obtain:
~8XP =X roex o2+ K=o S ¢ 3|
FX* v+ 0y ka =2 : (2) °
Frchemticn(Z).mtingﬁatxfo,mget .
EX+/+e./k =0

| K==/s0(3x+7/)
o armawﬁmmmﬁmmm»m. we obtain
| ExX3+ 24> +3ex+/tp =0

| S=~0.27562j0,f508
mm@xme&»d&immmmu%was

K=—ro(3x+7) -

==/0(-3%0.37 54 +/) = [f.268
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% L 4 2 1 2 unit step 'esmnsa SERER

num=[0 0 O 1.268];
den =[1 3 2.2536 1.268I;
t = 0:0.05:20; .

¢ = step{num,den,t);
plotit,c}

title("Unit-S Wa v
Sabellt Se;?’l’ Response  (Problem B-4-28)")
yisbei{*Output c(t)”)

Unit-Step Response  (Problem B-5-25)

L/ IN
‘”"% / 11
iy

12

t
. B-6-26. The characteristic equation is
L= - |
(""A’ Ay S =0
" s s+2) /

Inthia-casethevadablexisnoq a multiplying factor.. ' Heme}'veneed.to '-
rewrite the charactristic equation such that & becomes 2 mltiplying factor.
Since the characteristic equation is ,
' ' Sl+25 4 254+ 200 =0,

ve rewrite it as follows: )

: ' 2o
7+ =0

- 834y2s524 25

‘_Deﬁ.nexca(.' -m;thecharacteriaucem:lonhem
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2K _
S(s*+25+2)

% *ELER m_m p’qt *HARE

num=[0 0 0 2

KT = 00.110°KS - 10:0.5:200
= UW. 1510 = 10:0.5: .

K = K1 ‘xzk - 5:200;

r = rocus{num,den,K);

M'."‘, 3

hold

Cme[tg plot held X
x = <2]; y = [0 3.464]; tinolx,
v=1{[3 1 -2 25 t_xxis(v!:jaxis('sqz-lref}

grid

title{"Root-Locus Plot
xlabel{ Axis®);
yiabel('imag Axis’} '

From the root-locus plot, the dominant closed-i: 4
to the damping ratio & of 0.5 are found to be oop poles that correspond

S S==0.5%jo.8t8
mmueotxcurrespendingtoéhedmimcloged-looppolesisobbainedés

C scs? ' o :
_ K= I (5+25+2) | - 0.5
2 S=—o.51 ) 0.566

T
TN

g

) .. ’ ' 4*/_\\

C -2
S 25 2 45 4 05 o oS5 1
Real Axis

+OOh uld be
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B-6-27.. ‘The closed-loop transfer function is

: (.sw-/x. /0 (St/0)
el _ S+S5 /) S(s+/)(5+70) +-/0ks
S+  s0(s+m)

S+s ) SES+/)St+r0)+ 10k S

'ﬂns, the characteristic equation is
./+ (-S‘-l-/- z sro(st+/0) - =0
st5 /) S(5+/1)(s+/0) + /oks

Sincethevaﬁablekismbamltiplying factor, verewritethecharacberistic
equation as

G183 (sH)( 509) + (S+$Dfoks + GHAR) 10 (5415 = ©

which may be rewritten as _ »
10(s+5) bs o
Gtr0)( s’ +452 + /55 +/D

+ 10(5+) ks | -0 :
/! v (str) (s +2 +J/732)(r+2—J /73?-)

Notice that the open-loop poles are at 8 = -2, 8 = -10, and 8 = -2 + j1.732.
A root locus plot for the system may be obtained by entering the following

mptog:mintothember Theresultingmcb—locusplobisslnm

% ***** Root-locus plot *sses

num=(0 0 10 50 Ol
den=1[1 16 75 164 140
nma =[0 0 105
“jdena=[1 11 20]
_docus(num.dm

Cmrentplothdd
asdoastnuma.dena!

plotia,’-’) - '
v=[15 5 -10 101; axislv); axis(’square®}
;; [0 55y = [0 9.5263]; linelx,y}
title{"Root-Locus Plot").
text(-12,3,"Asymptote’]
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. A

imag Axis
-

-15 ~10 5 0 . 5

| e & 0.5
lines from mﬁnmginlaﬂnganangleofso?ar-ﬁo‘ﬂth‘thenegaﬁveml"
axis. interswl:imsarelocatedats:-s.m;k.ja.go. The gain value

2 | G+2)(s+/0)(s+2+ jroze)(s+2-,4732)|

= 7.08

tuth k = 9.08, G(s)H(s) can be given as
) M) = (- SEAEY - /oCs+r0) -
4 : {.) (s-r_-r) S(s+1)(s+/0) + Po0.8S

The static velocity error constant K, is E .
Ky = f:: S GE)HE) |

= Lo s St A \ 1005+40)
e S+ / s[E+I)s+r2) + 5.8,

=-002228
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respective: 0-1; By = 0.3, ana O:i.
vely. | B = 0.5 are ehowy .

: - — . ~‘“.“.wg",
o1 1T ) —

—

(&)

- s Sy K=10

Fh=0.3; k = 10, Kh-—-o.’s
(EueMbY‘inFigures

3)e (B), (c), respectivery. -
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'mec.Losed-looptransferfunctionwhenK 10 and Ky = 0.1 becomes as

follows:
(6) _ /o0
o RE) —  Ste2s +/0
The two closed-loop poles are _
: - S=—£}3 |
The closed-loop transfer function K = 10 and Ky = 0.3 is
: cE) _ /0 )
- R6) S2+¢s 400
- The closed-loop poles are located at
~ - . S=-2+jJF
Similarly, the closed-loop transfer function iﬂaen K =10 and Ry, = 0.5 is
(<7 0 o
R6)  s*+Es+0
The clwed—loop poles are located at
| s=-3%j
ﬁ:emit—s&aprespmsecurvesfortheabovethreesysﬁausamswminthe
figure shown below.

Unit-Step Response Grirves for Three Systoms Considerad

14 .
K=10,Kh=0.1
12} .
K=10,Kh=03
1 i N
o8t i
£ S _
= K=10,Kh=05 -
C
08} i
o4} .
o2} .
0 1 3 . § 3 1 3 1
) 1 2 3 4 s e 7 s
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CHAPTER 7

'~ _B-7-1. ‘The closed-loop transfer function is
)
ke) — st/ o |
;ﬁ; steady-state outputs of the system when it is subjected to the given inputs

(a)
Cll) =0.905 i (¢+ 28, £°)

()

b)) =o. o5 i (4255 ) — 177 Coe (20-55.3°)

P

_B-7-2. The steady-state output Ceg(t) is

Cor(®) = R -;’;’%—-,—-m(wtu::m B 7':«:)

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be

obtained from the publisher prior to any prohibited reproduction, storage in a retr ii?o ystem, or transmission in any form or by any means, electronic,
mechanical, photocopying, recording, or likewise. For information regardlng per| n(s), write to: Rights and Permissions Department,
Pearson Education, Inc., Upper Saddle River, NJ 07458.



Bode Dingram of B1{6) = (1 + K1 +29)

™

‘P‘\\ ’ i ' f—f?
- ‘ /i j .
\ /
/
: NTT
\ =
T oWt " T »*
' Froquency Gediens)
Bode Diegram o G20 = (1 ~a)1 + 29
\\L
N
) t P
.

M r—— priar—
/

—
.

5
s..
8
8
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B-7-4, The following MATIAB program produces the Bode diagram shown below.

mm=f0 10 4 10};
den={l 08 9 O} _
tie(Bode Diagram of G(s) = 10(s"2+0 As+1Vfs(="2+0 8+ 9)]) -

Bode Diagram of Gfs) = 10(s2+0.4e+1)ies10.8+)]

s e
-
7

8

|
A
N
//

g 8

. Phaoe (deg); Magnitude (dB)
N a
YA

_B-7-5. Noting that
<

o w"
O.@)‘+2;% ()‘&J)-Pé)a | Q” ) .§.;¢3-() %)-9- ]

GGw) =

we have

- )| = N T I
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BT6. S+o.4
| )= Gt 47

- The fouowingmprogramproduces the Bode d:lagramofG(s) shown below. Notice
thatthephaseeurvestartsme‘andendsat 180°.

mm={f0 01 0
‘den=[1 1 0 “11;51’

tifle(Bode Diagram of G(s) = (s10.5)(s"3+s"2+1))

mmaea-pwm - .

2,
' | \.
. 20 ~
g Rl
-0 s
i .
g - )
i w il
. /
. N //
| —1
[ ]
T ot B | 10’
Fraquency (eadieac) -

es /6(j0) -ana Since -

 stos

9(3) =
e (summg)( S—s232p~7 o 7726)( s-o. 232’“".1" 772‘)

verifyvhythe angleshrtsftcnO‘andendsatlao‘,vemycmpute

/ GGe) = / 0.5 - Z /. S‘AS‘{ - 0,228 ~ jw;iz/ = fep. z}zi-g 0-7,’21

- Pt O — -t o, 7926 -1 _0. 7926 = pt
2 G o:.2328 +§“ a.zng g
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- ~ -
90°— 92 G -,.2328 &’ Ty

i

=nd & ;60

i

P0°—90° + 90°+ P07 =/80" .-

- B-7-T. mmmmmrtmc&ses(a)and(h)ammm,

) . T> R0, T?‘E>a

@ Ta>T>0, T>T>0

WMﬁMemwmmm(aLMw(b)mm
ow.

;

f/
i
/

|
/.

B

L

- -

g 8
a

- -
) q-m(?-a.
2

£ ] S ]

o
'S
'
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B-7-8.

~"'mmqmm&ﬂamityfmmmﬂth

=/<(l ~jew)
Gy Kl

istbae-xbe:greg:eexagn.i,w
" - K</
sincaveasanetlablt)o, themnditimforstabﬂityis

/1>K>0

B-7-8 . Ammmﬁmmmwmmm@

ismsbable ﬁ:ileaclosed—loop vithﬂ:efonowing 10bp:
is' system open-. ttansﬁer

GO HE) = -—————“?;:II) : ( 2>T, > 0)
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wgtplotsofthaemmmmm.'

: ) Tn
. GG HE) = ST(%;J) (”“5*45"!) ﬁ
_— ~—~. =1 70 Ke )
= K(Bst)) -
G6) HE) 7ot h) <3fn ble)
T (R>Tir>0)

The system is stable for both K = 1 and K = 10.

_B-7-11,

e kY
Ggorngey= £

/va)ﬂw = /éazzw';'.j‘,?,;,é” — 2

= - — 70°
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r

phase angle becomes egual to —l&O’atZal /2 . For stability,
. the lagnﬁi;:de ]e(jw)n(jw)lat w= % /4 mst be less ggn(s:ity. Hence, 7

[ g2 4902|=

we require that K < X /4 for stability.

‘,;B'—7-172_. The fcuowingmpmgmvin pmduue the - Ngquisbplot shmhe:ow
% Ql-‘llnl Nvmpbt L 2 X X 2 3
nnm =00 0 0 1J; -
= [1 0.8 1 0k
v = [-4-4 -4 45 axis(v); axis{"square’}
{'qutﬁsthtofG(s) = 1&5&'24—&83-1—1)1‘)
Nyt ot of G(s) = 1a{e"2+0.80+1)]
1
£1 —
%
e e
R‘om 1 2 s 4
_B7-13.  mote that G(s) has two open— I.oop. poles - : right-hais plane; a
seen from the following MATIAB cutput. - inthe .s ‘a8
p=11 02 1.1E
rootsip}
ans = ) ] _
0.2623 + 1.1454 | :
0.2623 - 1.14571
0.7246

'© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. ThIS publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in af vaI system, or transmission in'any form or by any means, electronic, _

mechanical, photocopying, recording, or likewise. For information regardmg ssmn(s) write to: Rights and Permissions Department,
_Pearson Educatlon Inc., Upper Saddle Rlver NJ 07458.



'mefoumﬂngMMIABprogramproducestheNmuistplotshambelw. _

‘ % SREESE Nqu pbt 45BN

num=[0 0 0O 1}

den={1 0.2 1 1} ’ '
nyquist{num,den) _ .
ve=[15 15 -1.5 1.5 axisv); axis{"square’})

. titie("Nyquist Piot of Gis) = 1/[s"3+0.2s"2+s+1)])

Nyquist Plot of G{s) = 1§s*3+0.28"2+5+1)]

1.5

osl 'A/i'\f
ERAR
\ /

~ "]

e T a— 25 0 085 1 is

Fxmtheplotmticethatthecriticalpomb (-i-f 0) ianob‘ench.:cied. Becmse E
therearemopemlooppolesinthedghb-lausjplaneandmanuemeof
the critical point, the closed-loop system is unstable.

- B-7-14, .’me fonowingmgmgranm the Nyquist plot shomon tbenexl;

% SHEEN qu‘m m "il..'
|oum=p0 1 2 13;
den=[1 0.2 1 1)
nyquist{num,den)

title("Nyquist Plot of Gls) =(s"2+2s+1)/(s"3+0.25"2+-8+1}")

Since .G(s) has two open-loop polesintae W s _ ehe .
to Problem B-7-13) and the Nyquist plot encircles the c:itica:?:ht (-1+30)
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twice counterclockwise, ‘the system is stable.
'  Nyquist Plot of G(s}={#"24 28+ )I(s"340.25245+1)

.
~

imag Ads
-]
—

-1

¥

- 3.5 -2 15 -1 05 ] ) o5 | 1 1.6

B-7-15, The open-loop tramsfer function is
/
o) = S(s-/)

'mepointscorrespmdingtos=jo+ands=j0—on*tbeloc§:sof(;(s)inthe

~ 6(s) plane are joo and -joo , respectivel the semi path with
Y. On the semicircular
. radius g (vhere g<«1), thecmplexvariahlescanhe.vrittenas ’
’ $=£ejo : - :

ﬁnreevar:l_esfm-'-sp"to+'9o°.' Then G(s) becomes
: soy 1 e | _~jtotrso*)
: 6(:8'))— cel® Ze .
: naevaluellgapptoachesinfinityassapp:ead:es vari
_—QO’m—ZW’asarepressnt&tiyemmtsmvesalmgthesemicim:?nfg
by

_saniciraﬂ.ardebouraronndﬂ:eoriginﬁntbesplane into )
a8 a semicircle of infinite radius. Figure (a) Shovs th mjmem
- G plane. {Figure (a) is shown on the next paé:i]  the 6(s) ‘-in the

Sincee(s)hasmepoleiiztheﬁghb-halfspnne P= -locus
the -1 + JO point once clockwise (N ='1), we !(nave .1.’ and,G(s} )

‘ - 2:—.”'}"?22_
There ai-: twozero?of 1+ 6(s) in the-right-half s plane. Therefore, -the
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ﬁ,wtt @) -

_B-7-16. Since 6(s) hasnopoles in theright—ha]f s plane, the stability

thesystancanhe'swdiedbydmeddngtheenclosumofthe~l+j0point'
Nyquistlocmfcrt)(u(oo.- o

If the Nyguist plot of G(s) is as shown in Figure 7—158(a),ﬂenthere

' no enclosure of the -1 + jO point. [See Figure (a) belov.} Bence, the -
,sysbemissbable.!-_. h
ForthecaseoftheNqustplatslminFigure?-lSS(b). ~1 + jo

point is enclosed by the Nyguist plot of G(j&/) for 0< a4/ < 0o . [See
Figure (b) below.] Hence, the system is umstable. . -

E‘ER‘

Inié L _ Iﬂ'A

(®)

(a)

B-7-17. Consider the case where G(s) has one po:le in the r:lghb—half 5.

From the Nyquist plot of G(j«’) shown on the next page, the -l-t»jOpo:lnt:ls
encircled by the 6(j&’) locus once clockwise and Unce counterclockwise. - Hence
" N=0. SinceG(s)hasonepoleintherighb—lalfsphm.mhaveP~1.

Since

Z=N+P= o+l —-!
the system is unstable. :
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Next, consider the case where G(s) has no pole in the right-half s :
but has one zero in the right-half s plane. 'mle--l-!-_':t')poi.n'l;i.senr:i.::«:].edplane
bythes(jw)locusaweclockwiseandmcamtemlmise. Hence, N = 0.
Smc:eG(s)hasnopolesinthenght-lalf-plane.welaveP = 0. Therefore,

Z2=NtP=0+0=0

The system is stable. (Notethatthepresenceofazeroofs(s)intherightﬁ.
_halfsp].anedoeswbaffecbﬂ:estabintyofthesystm) _ . '

: A’e‘

_B7-18, o
' _ K (s+2)
6 = SCs+/)(s +r0)

Amprogramtoplotmstdiagmofe(s)forﬁ 1,K==10,anﬂ!€=100
issbmmbelow The resulting Nyquist ag:ansareshmmcnthenexbpage

R i%o’cttcwmcttcab

. . jmom=[1 2}
- jden=[1 11 1o o};
w=0.1:0.1:100;

freliml,w] nma(mmw);
fre2,im2 v} = nyquisi(10*sum, den,w);
[re3,im3,w] = nyquist(100*mum, den,W);

v=[(2 2 2 2 sxis(v)
gxid

tﬂle('NqutDlm')
wm
ylsbel(Tmag Axis’)

text(0.1,-0.75,K = 1)

texi(0.1,-1.25, KX = 10)

text(-1.6,-1.25.X = 100"
This publication is protected by bopyr?ght and'wéltteh permission should be
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Nyquist Disgrams:

15

N .//-.‘.;.,

/
- :
K+ 100 / ' K=t
15 — ; / '
% 15 4 08 o s 1 15 2
B-7-19, ' ' -
: 2

@& = 5 s(s-l-/) C .f+ 2)

ﬁamistdiagmfws(s)md-s(s)amwcabmttheimgimzyms
Amspmgraforplottingthenmuistdiagrmfarthemmsesisshm
belov. meresultingquuistdiagmsareshommthenexbpage -

% *++++% Nyquist Disgramms of G(f) and -G(&) *+++*

il =0 0 0 2;
| denl=g1 3 2 o
mo2=f0 0 0 -2} '
den2=f1 3 2 O ‘ —

o2 )
| vak 4 4 41

u’z‘ﬁfu’qsn
wt22,156()
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Nyquist Diegrams

| |
Ty
IRENY

=T

4 n
.3 2 1 o 1 2 3 4.

B-7-20,
/0

() = —5 '
_ G S} 652+ (St JoR)S _
AmﬁABprogramforplbttingnyquistdi‘agransofG(s) far k= 0.3, k.= 0
and k = 0.7 is shown below. The resultingNyquistdiagram are sl;om m.fl;e '

% * * ¢ ¢ * Nyquist Diagrams * * * ¢+

mm=[0 0 0 10];
denl=[1 6 8 OF %k=03
jdn2=[1 6 10 O} %k=~=05
- jden3=[1 6 12 O} %k=07
;;;ﬁl:o.moo;
im1,w] = nyquist(nom denl,w);
fre2,im2,w] = nyquist(oum,den2,w);
ﬁmgﬂ=mmﬁa3,w):
e = -

1,iml re2 im? re3 im3)
;;[-1.5 05 4 st(v)
"-ﬂ'.ai ist Di !J
xlabel('Real Axis')

Axis)
text(-0.25,-1.5 % =0.3)

| texa02525%=05)
text(-1.25-1.5.%=0.7)
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-

:1, “"'—7/ e
=

Lt
8

qmmmmmwmmmmm w

%Q'.-QQ “mt m..l;.ll

9% *oroe Wirshall fst obtain Nyquist plots when the foputis. |
::;.“lmmddmmphsmhmk s '

‘%5 +++> Enter matices A, B, C, and D $+++

A=[1 165 o _
B[l 1;1 o] S
C={1 00 1} -
D=[0 00 0O : .
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% ***** To obtain Nyquist plots when the input is u, enter
% the command ‘nyquist{A,B,C,D, 1)’ s¢++ -

M&M.B.C.DJ)
title("Niquist Plots : input = ul (u2 =0)?)
text(0.1,0.7,'Y1Y) et

text(0.1,2.5,'Y2")

% ***** Next, we-shall obtain Nyquist plots when the i
WB.C.D.Z) ) :
title('Nyquist Plats : Input = u2 (ul = 0})

text(0.1,0.5,'Y1")
text{(0.1,2.2,'Y2"

mnyquistploes obtained by this MATLAB program are shown below.

i

‘34 a3 [ as 1 18-
Woal Anis
3 Nyquist Flots s npt a2 fut = 0
A =4
2 ra \\
(| z
' n
; L
2 ~= //
A3 4 <5 [ '3 1 1S 2
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B2, e following MATIAB program
U1(3®) for & >0. ‘e plot cbraiceg mw plot for y(jo)/

9 *Essas qulﬁst p!ot “eras

A=[1 165 o]
B=[1 151 o)

C=[1 0,0 1j;

D=[0.00 o

fre.jm ] = ryquistiA 8,C,0,1);
rel = re*{1;0];-

im1 = im*{1,0};

plotirel,im1)

- title('Nyquist Piot for Y1(w
xiabel(‘Real Axis?) WMM

Nyquist for - co < o replace plot .
plae(tel.iul) :in the above MATLAB progr.a; :; pl'.ot(rel th:el iml)
” F 4 [ £ > A d

B7-23,
T ——————

@w?

[660)|= LT [669) =B ew g

ved. This publication is protected by Copyright and written peri’nission should be

e,
ﬁé&'retrieval system, or transmission in any form or by any means, electronic,
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Thus, we have
4260[2“"‘/ =W1F 5 d‘d}"—"—/

Solving for a, we obtain

a =(-,f-f %a Ey,

B-7-24. A Pode diagram of the system is shown below.

ys
a\\\
- N A
. N
P
]
—tt\‘\ = e
s N
- o J Pl | N, ar
| TS |
) - B - - \\‘%

- N

61 02 o346 ;7 2 £ 4 X 2 wé m

FrcmthisBodediagram we find the phase margin margin ' ®a;

13 6B, respectively. ,' » and gain b0 be 27and
The phase margin, gain margin, phase crossover frequency, and gain crossover -

freqwncy,canbeobbainedeasilywithmm. Usethecmn:i

[Gm, pm, wcp, wog] = margin(sys)

See Problem B-7-25.

B-7-25_.

G6) = 20(s+/)
S(s*+2s+10)(5+5)

'mephasenatgin,'gainmrgin,pbaaecrossoverfrequency and in crossover
frequency are obtained by use of the command _ ’ =

[Gm, pm, wep, wog] = margin(sys) . . -
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-A!ﬁMprogramtosolvethisproblanisgivenbelow. The Bode diagram shown
below verifies the phase margin, gain margin phase crossover frequency, and gain
crossover frequency obtained with MATLIAR. ’ ’ ‘ ! ' .

gnﬂo 0020 20
=conw([l 2 10 OL[1
sys=tf{num den); - AL s

[Gn,pni weep, weg] = margings
GmdB = 20%0g10(Gm); i
ans=

99293 103.6573 4.0131 04426

mm«e@-w.wm
50
o ! (X377
} H E\\\N .
g€ = : 11
| s
100 : T
§F o :
A4 R . ' -
==
-100 —1 1 N
B e aric | A
il 4 N
200 4 :
- 250 _ : T
- T 1
10* o226 5 10713 w0 : 10’
K - 0.23“

S(s*+5+¢#)  S(e255 4 o.25S+/)

The quadratic temm in the denominator has the undamped natural frequéncy. of 2
rad/sec and the damping ratio of 0.25. - Define the freguency corresponding to

_ the angle of -130° to be &;. - _
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ZG(!“’, = "‘DW, -//-ﬂ.ZJ‘w,"‘l-Jﬁ.?.f(d,

= —90° ~ z:.-“’ XL = —/30°
/~ 0,25, ©

Solving this last equation for 43, we find @y = 1.491. Thus, the phase
angle becomes equal to -130° at @ = 1.491 sec. At this frequency, the
nagnitndemxstheunity,arle(jwl),-l. The required gain K can be deter-

G(; ‘/.fa?/), = 025k —J=u -

l 4 (G 2e81)(—o. 535+ -j e3725+/) | =250k
Setting |G(11.491) ] = 0.2890K = 1, we £ind

" Note that the phase crossover frequency is at & = 2 rad/sec, since

: (G062 =~ [)2 = [~tzsx to.28%j241 = =90~ 90"= /xo

* The magnitude lG(jZ)] with K = 3.46 becomes :

0.F65
‘@bz), IOZ)(_/*O."‘) +7) = 0.P4S = —/.26 dB

Thus, the gain margin is 1.26 gB. mmdediagt&qofe(jw)ﬂiﬂix=3‘.46

is shown below.
20 .
NG 1
\\ ’fm
® ' - -
20

kel o

& 22 st0é 7/ 2 + E 1 3 @b M
& sredfsen
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B-7-27. Note that
Jwtel o _ - 2k(lfosw +1)
JEHOS JuCwtlD) w250 +/)(jw+l)

:shallpmtlamaiagranvhmzx}'l. That is, we plot the Bode diagram

70j® + |/
JO (30 + N Gw+l)

The diagrem is shown below. The phase curve shows that the 1 -

- at - @ = 1.438 rad/sec. Sincewerequirethephaeenarmntopgsgoing:h;smgnino—
tude of G(1.438) must be equal to 1 aor 0. dB. SmcetheBodediagramindicahes
tha:bG(l438)isS.4868.wemdtod:|oose2K--5.4868,

5]0&)) =

K=0 264
L )
SN *
20 = ~}-
- e Pycleb

°
Z

k
2T

_-ﬁr‘ _ g ; -
: M
4

0ol WL S Al Bz i T H T
dM/ae )
i:lz:edghephsemnesabovathe-m‘nnefo:auw thegainmtgin:la

B-7-28. Note that e
K = 2K

6= S(st+s+os) S(2s+ 25 +/)

weshauﬂrseplobaaoaediagranats{jw)wmxao.s. That is, we plot
‘a Bode diagram for ) o '

- - / . :
GGe) = — , .
9«) IOl 2wy +2jw-+1]
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It is shown belov. By reading the magnitude and phase angle values at each
frequency point condidered, the log-magnitude versus phase curve can be plotted -

as shown below the Bude diagram. By moving the curve vertically, we can chift
the curve to be tangent to the M = 2 48 locus. The vertical shift needed is 9.3
dB. That is, ifvelmthemrvebyQ.B@.theuitistmgaztbotheu=ZGB

Jocus. Therefore, we set

Solvingthiseqnétionforxéeteminesu:edesixedvalmofnas
/(zﬂa./?/?‘

N

N
jr\ gy

GO/ box 828 a1 a3 &k J/ 2 £ 6 /e
& A /oo

L B - B B ©
< g-o.ﬂ X‘-

AN 5'® \ ;

] H :
- £ weao.4 K= O. 1714
g, :
o O .7
- W=0D.q

- /

o) m X
G

-180° . ~90° o°
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I;-zgig. ?«iaigrrih:g to Figure 7-9 and examining the Bode diagram of Figure
-164, we the damping ratio 5 and undamped natural frequen of the
guadratic term to be ¥ @n

$ = 0.1, &n = 2 rad/sec

Noting that there is another corner frequency at #/= 0.5 rad/sec and the slope
of the magnitude curve in the low-frequency range is -40 dB/decade, G(j&’)
can be tentatively determined as follews:

K (#00)

()" [ (L) + os ()'wr? > /]

g ,(j“’) =

Since, from Figure 7-164, we find {G(j0.1)] = 40 4B, the gain value K can be
determined to be unity. Also, the calculated phase curve, /G(j%) versus ¢,
agrees with the given phase curve. Hence, the transfer function G(s) can be
determined to be

#(2s5+1)
3*(s*+o.e5+ 4)

GG&) =

) \ -
B N
20} \ -
k4 ‘ —— : ' >..- ‘
. 1 .
8) = 5{1 + -
Cels) = ( 23) , %__,.
/,——",

Q07 ek a7 0 abes 7 2 £ 6 R
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|
; V%
a8 /,/
- = ==
) 2
Go(s) = 5(1 + 0.58)
= ] ‘tl.-_--ﬁ'
o
—-‘/’
- - "A

6l a3 8067 X F 61N 2 B 6 /n
«( Ao/ o

B-7-31. moasethe crossover freguency to be approximatel; 7 0.4 rad/sec
;andtheﬂ:ase}m:gintobe"apgmdmﬁe;yﬁﬁ!&axﬂehi@ﬁquenq pto

having the slope of -20 dB/Gec’ to cross the O dB line at about &= 0.35 rad/sec.
mmmfreqmtobecazsmd/sec.. nmthelu-&e@acyasm-

aa'_ X

mi
T |
i

: o | o e o7 42 &fF ¢ 2 £ &N
S @ rdfone

— . ) FN
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mmmmmm
E mm‘mhmy&o“m“m“~°~ﬂwmm :

mmmmmmﬁwwwo.zs:wm,m@
: ' Te= &
l’zmﬁaaadediagzan, xdmbbedxoatobe-a.«lda.ot

Kt =—27 2 JB

= o088y

Ke(1+Tas) = 0.0 85( (1+¢5)

Mwm—mmmm

_ a.ets-/ ( 7+ ¢s)
G6) = 222

L8 _ __eoess (1+25)

RE)  S*+0008/(r1e5)
MPS5) Stgs )
A Bode disgrmof o ”
_ CG“’ &jw+/
R 739_“7’7 //-75‘/00) *+# w.,./
is shown on the next page.
ximitety 0.5 rad/eec.
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_B-7-32. let us use the following lead compensator:
Ts+/ _ St

oeTs—-w - k“m s-+_zT_

GJr) &‘ of L.

- Since Ky is specified as 4.0 séc-l, we have
k" =‘_£f,’:‘ Shei otTr-f-I Slers +/)(5+1) k"“k 4

Ietusael K=1andde£inexeo( f. Then
A R

Next, Plot;aﬁpdediagz-anof
' & ' ¥
S(o./s+1) Cs+7). T oSO tAIE S
mrmmmmmmmasamﬂemm

mm=f0 0 0 4}
dm=[0.1 11 1 0}

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtainéd from the publisher prior to any prohibited reproduction, storage in a retrle\fgystem or transmission in any form or by any means, electronic,
mechanical, photocopylng recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department,

Pearson Education, Inc., Upper Saddle River, NJ 07458.



"~ Bode Digraen of G = (0 1e+)(s+1)

100

m \-.hn
1] 1'*\‘.,__ ! g Lo .ﬂ
o 1= '
| g? sl iR E
g o
2 50
4“ =% oy
450 Ex ~
<200 . :_%.
250 T~
B e
. ; T T 1w 0
. Fr ! |§-! .

From this plot, the phase and gain margins are 17° and 8.7 dB, respectively.
sgme-bhespedficaﬁonscanforaplaaem:ginofﬁ‘, let us c¢hoose -
O = 5 /74 /2" = gp* |

(mmmu‘mmmwwfx&em gain
crossover freguency.) Thewd'hp!aaeladisﬁ‘ minﬁ:e |

. - ol
| it = S22 (h=w). |
_ :13 determined as 0.2174.  Let us choose, instead of 0.2174, & to be 0.21,
' a(--a.z/

Ne:bseepisto@emineﬂacmfrequaﬁesw= anded =

lead compensator. mtmsthemﬂmptase-ladﬁe ou:lt(fza:)t::m
Wmd&mm%ro;WéU{ﬂ'T. The amount of
thetem(‘ns-l-l)/(om's-t-l)is . h.-( T} due to the 0:'1

| r#joT | L

’I'i-JﬁPKT ﬁ=# - \,;-c

Note that
J&‘. = =22 = £.02728 AR

Weneed!:ofﬁmdﬂ:efxeguencypointﬁhere,vhmthe -
‘lead compensatar is added,
themlmguuuabecmesom. ﬂxenagnitudee(jw)is—é.mdnconeé- '
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ponds to dw= 2.81 rad/sec. Héaelectthisfreqnencybohéthe gain cross-
over frequency &Je. Then we obtain e e -

" |
=T w, = (a2l x2.8( = 1.2897

4 _ _ @ = 28/

L _Sti2897
_9‘6') "‘kc S+a./3/7.

B K #
k"-= of — 0.2/

Gy = B _Sth2rry _ , 0-P0Es+ 7
O S+4.s3/9 O. /83085 -/

The gpen,znup transfer function becomes as
Ge6IGE) = g 22225/
A o./308st/ SC Q./: +/)(s+7)

R JOEES F &
90 0/F3 et +0.20985% + . 26 3/ 8* +S

——
™

This'open-loop transfer function yields phase margin of 45° and gain
margin of 13 d1.3. . So, the requirements on the phase margin and gain
margin are satisfied. The closed-loop transfer function of the designed

system is
£6). _ BSOS+ &
R6) 00163/ S¥ +0.2792 5% + (.26 3/ S + % SosES +# |

% #8422 Unit-step response =+

nimc=[0 0 O 3.1084 4
denc = [0.01631 0.2794 13331 4.1064 43;

iitle{"Unit-Step Response of Compensated System  (Problem 5-732) )
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1.5
i (voc)

sinilar:l:l"ibefon MATLAB Yamn
o 2 . owing M pmgramptoduwsthemit-ranprespmeecurva

numc=={0 0 O 0O 3.1064 4];
denc = [0.01631 0.2794 1.2637T 4.1064 4 O

t = 0:0.01:5:
S = step{numc, denc,);

wt.c.t.ﬂ | _
Nibei(t Socy” Responss of Cmensemdsvm ‘ (Problem B-7-32) 1)

Unit-Remp Response of Compensated Systen  {Problem B~ 7.2

, 4 | Z
7

WMmamom
\\
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| B7-33.  fhe plant transfer function is
o Gy =—22to/
- - S(s*+o./s+ %)

meplantimlvesaquadraﬁetemvithg 0.025 ‘Ihisi:em oeci
| Ue » 13 u -
llamww,mmpmgmmhelwpmdwthenodediagmatgg)as '

shownm belowr.

%"‘“'aoaaﬁa«m

; jrm=[0 0 2 0.1

Gl 01 4 OF

i w=i (32,100; ) |

o i %&6@»=WW
..‘.’él., 25+e./
RG) 3’1'0-/5"4-6:4.4 )

mwmmesofthewtedsyseQare

' 5 = -0.0417 + j2.4489

s = -0.01&7_ :
Buods Disgram of Gis) = (20+0.1Mjelss0.10+68
- > _ 1A NG
> .
100
-150
X
200 i
w? * 10" 10* 10' 0
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% ****% Unit-step response sasss

num=[0 0 2 0.1
den=1[1 01 6 0.1}
step{num,den)

] UnS-Siep Reapanee of Uncompenseied System
"
JL /.‘
2,
a1
) = 0 ) F >0 0
Time foac)

) 70 design a compensator for such a system itisdesirableﬁoéanelthe
moftheplmt._simevvttislocabedvetyclésewtmoﬁgin i

- - fs+2)*  s+q
qe(’)"—' kc [:m)z 23_“.’.'!

vhere we have chosen the double gzero at 8 = -2 and double pole eat 8= -10.
The value of a is determined-later. Since the static velocity error constant
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SDe

Ko =l s G5) G

N sk G+t siq  2stel
sPe (G ) 2ste.] s(s*to/sik) -

1

Hence, _ _'
Kea = goo

_By.eeveralm'trialsvefiﬁdaeéﬁu ve a satisfactory result. There-
gore,.uednosea.=4_andxc=loo. Then, %iﬁ:etransferfmeimof:mcm-

’ V -
:
_ o 5t2).  _s+z
Ge & ?/p (+r0)t 2540}

‘The open-loop transfer function becomes as follows:

loo (s+2)2(s+¢£) - "

(s+m)* s (S t+o/s+g)

= 20 5P+ P00 s*+ 20p0s +/boe
S 20.fsF+ SO S3t-Post+ Ro0 S

o o TR B e ategrm o lelote). e seeuie-

GelD Gs) =

mum=[D 0-160 800 2000 1600}
-den=[1 20.1 106 90 400 0}
w=logspace(-1,2,100);

bode(uum,den,w); S
tiie(Bode Diagram of 100(s+2)"2(s+4)/f(s+10)"2s(s"2+0.1s+4)])

: Eﬂﬂ!wmaediésr&;ﬁusaw ; = 4 sec~d, phase margin is appood '-Q‘
. mately 50° and gain mergin 1&-«-»&8. gg, all the requirements are met.
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Bode Disgrem of 100{e+2 o+ )4s+ 101 sis%0.19+4)]

0 -
T /4\
: N
o T
g = .
g o
g &H ‘_ // ey
.m‘
- | L
T @ W , «
-The closed-logp transfer function of the compensated gystem becomes as follows:
) 7003% 4 £oo s* + 2000 s + lbo0

. REY — 55420/t +20653+ 8905t 4 2400 5 1 /600
The closed-loop poles of thecompensated systemcan be found as follows.

denc = [1 20.1 206 890 2400 1600l

| -7.3481 + 7.2145i
" -7.3481 - 7.2146i

| -2.2424 + 3.3761i
-2.2424-- 3.3751i

-0.9189 '

lbefouwinqmpmgramprodwthemit-steprespmeofthedesignad

% ssene Unit-step m sesen

numc =[0 O 100 800 2000 1600;.
denc = [1 20.1 206 890 2400 1600); - =

m(m.denc) . _
ﬁtle('Unit-Step Response of Compensamd svstem ‘{Problem B—7-33) ) i
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The wnit-step response curve is shown below.

Unit-Step Response of Compensated Systess  (Problens B<7-3 2)

MfouowingmﬁABprogrmml the unit- of the
. pensated syst produce ramnesponse com-

% SESES Un‘t'fam p 'esponse *a8es

numc.=10 O 0 100 800 2000 1600]; -
- . jdenc = {1 20.1 206
| denc =11, 20. 890 2400 1600 O}
"¢ = step{numc den&t},
plotft.c. " t.t,"
titie("Unit Ramp Response of Compensated System  (Problem B-7-33) 1)

xiabellt (Secl)
text{5.3," comnsatn&?t , -

The wnit-ramp response curve is shown below..
»' Wmdwm ma«;‘ 233}

2 -
i+ -
i o 2 2 2 2 1 2 Y 2
0 1 2 3 4 - L] 7 8 - °
1¢5eq)
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It is noted that there are infinitel mnypossible,cmpmsa‘ : »torsf
system. A few possible compensators areyshmm below. _ or this

-64{5) = {po (S‘,‘/)z
S @E+asr(2s+e./)
G.() = 320 — (517
o Gtz0)(25t0./)
= b0 L& S+l
%2 ‘ St+3¢ S+4o0./223
Gels) = 1212, 12 ZL2:8L

st7/32

_B-7-34, Iebmasmthatﬂ:emisawcc(s)hasﬂnfmm

oy mi o DTse) (ot ENorf)
@) e )
Since Ky is specified as 20 secl, we have - )

P I & e
é": %6 S(s+)(s+8 k‘—.SL“" =20

| "G,6) = (00 G(s) = /00 »
4 SCs+1)(s+5)
e following MATLAB program produces the Bode diagram of G)(s) as shown on the

next page.

Jjomm=f0 0 0 100}
den=[1 6 5 OF-
w=logspaoe(-2,3,100);

bode(pum den;

W)
w Diagram of G1(s) = 100/[s(s+1)(3+5)])
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Bode Disgram of G1(g) = 100Ase+1)s¥5)]

100; . -
S0~ ﬁr — : ; ;
- 3 N :g i
50, T~ _a
g w0 | : ‘R
450 3 oK
R
i o
j - ' (i
. & 100}~ - ]
.‘m f“
200}— \\\ {Hi
I (D I
00 —i- : - : il
“10% w' 0 . 10 1° g

Fmthis diagmwefindthephasemfreqnencytobe w=2.25rad/‘.
zfzstad/secsottattheptasezleadmletequ:edatw= 2.25 rad/sec is 60°.

| /Ty !
_thenewgain.ct&soverfrequemy,orl/'rz=o.225. For the lead portion of
the compensator, we first determine the value of @ that provides g, = 65°, (5°

added to 60°.) N _
/e s ,
Ao =——L= el

o= g T e

vefimﬁ=mmw64.79 *.  Since we need °phase-
may choose = 20. Thus - 12 = s margin, we

=20
Thm.themrnerfmU(sz)cft&ptaselagportimhmufmmz
[ — /- _ o.z28
Hence, the phase lag portion of the -compensator becomes as
St+0.22 ‘ ‘
5 g9 _KEERES+/

- St+o.0//28 85 3EETs ¥/
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For the phase lead portion, we first note that
| G(j2.28) = /0,35 dB
If the lag-lead compensator contributes -10.35 dB at & = 2.25 rad/sec, then the
new gain crossover frequency will be as desired. The intersections of the ’
line with slope +20 dB/dec [passing through the point (2.25, -10.35 dB)] and the
- s ! N . .:

0 4B line and -26.0206 dB. - 1ine determine the corner frequencies.
intersections are found as cw = 0.3704 and & = 7.4077 rad/sec, respectively.

. Tius, the phase lead partion becomes - .
: . S4+0,37% % S ' 2.£998 s +7 \
Srp.%077 20 \ O/35vs5t) )

. = o0 ( LLEEES + / ( 269985+ /
{ | ARETET,

885832 S + ]
= /00 ( Stoi2es )/ S+o.370%)
s+o.0//26 S+ 7.2007
‘Then the open-1oop transfer function Go(s)G(s) becomes as follows:

G és) = I00 (ﬁcakxsw (zaﬂﬂ;u- /
- ?4 )_éé')_ »_/ J’&ifﬁ-"‘_"/) o/3505+1 ] SC3+4)(s+S)

1799. 90 SE+ V% &2s +/00
1257+ 16£.023F 5t + 955 1234 S+ 451, /195 S =+ S

| ‘The following MATLAB program produces the Bode diagram of the open-loop trans-
-fer function. . . S : . ; '

% *+*%¢ Bode diagram *++e+

sum=[0 0 0 119990 71442 100} -
den=[12 1610239 - 595.1434 4511195 S Of
w=logspace(-3,3,100); : -
bode(num,dea,w); _ -

'metesultingaodediagrn is shown on ‘the next page.
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100 ‘ T

]
]
i

o il I

Phase (deg); Magninsde (d8)

88 .8

eormitsserpertchetotsermoiiioiet

-200
-250
300

10° 0 10" 1° R 10’ 1w -
' Frequency (radiesc) '
Toreadtheplasem:ginaﬁgainnarginprecisely,weneedtoexpaudthedia-‘

grambebweenwslandw 10 rad/sec. This can be done easily by modifying
Yy change the command w = logspace (~3,3,

the preceding MATIAB program. [Simpl:
'100) to ws= logspacetoglfloo) ] The :esulting Bode diagram :ls shown below.

Phase (dag); Magnitude (d5)
g &
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From this diagram we find that the phasemargin is approximately 60° and gain
- margin is 14.35 dB. The static velocity error constant is 20 sgc‘l. :

The closed-loop transfer function of the designed system is
(€] - M9 9.90 8% 4+ pE. 42 S + /00
RE) /2854767 s*+ 395/ s>+ /657 52+ V9.5 + /0C

'Refollminglﬂ'ﬂ.&épmgmptoduces‘theimib-steprespmse. The result

o snuse Unitste p response craes

numc=[0 O O 1199.90 714.42 100}
denc = (12 161 585.1 1651 719.4 100}

m(mmn,de:nc). :
title("Unit-Step Response of Compensated System’)

Wmdwm

o - .
8 2 4 & €6 W 12 u 1’ ¥ 2
Tine (ec) . -

The closed-1oop poles can be cbtained by ente ' ATLAB
intotheccu;fe:. can | hyentering' thefmwingmptogran

roots{denc)

97022 .
-1.6110 + 3.0494i
-1.6110 - 3.0494i
-0.2463 + 0.1076i |
-0.2463 - 0.10761 |
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Noticethattherearemzeros (s--0.225ands=—0.4939)neartheclosed-
loop poles at s = -0.2463 4 j0.1076. Such a pole-zero combination generates

a long tail with small amplitude in the unit-step respounse.

m. maféuoﬂngmprogzamﬁnpmduce-theunu—rmxespmseasshown'
ow. | , | L

% L2212 Unit_mm fespOﬂSB HREEY

numc=[0 0 O O 1199.90 714.42 100}
denc = [12 161 595.1 1651 719.4 100 O};

t= o-o.c{:s-zo sanc:
€ = step{numc, 1M
g?:(t.c.' > & AN Y
title("Unit- of ted S
h gg;lp Response Compensa ystem)

ylabel{"Output and Ramp
text{11,7,"Output"); text(1, .‘Ramp Input’)

damaiqu-umm

Output and Ramp Input
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CHAPTER 8

%= Rie, + R0, = 3.'#97 ‘

T = R:Q"&Cg
/?lcf + sz:.

(% c,)+6e,_.c_,) = 3.097
(Ric))(Rec,) = 0.7682 % 3.007 = 2 2468

First, notice that '

Hence we obtain
KRG =r5385 Rl =/.5385

e@ntims.ﬁecmdnosethme
=10,v?andanereuainingvaria-._

f}i' &C’, ;3'1?;,(’. —
R’ ‘flcg "’3% ?—2

,e,,__ . |
y 382X 5 =/9.7/

We now choose arbitrarii = ' i
mllermismybgzammk& Then, Ry = 197-1k.0.. The PID cont-

197.1 k2
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For the reference input, the closed-loop transfer. function is-

E <6 2K (as+1)(bs+()(st2)
RE)  S(st+/)(s+00) + 2K (As+1)(bst/)(5+2)

Noticethatﬂemmratotisapolymialinsofdegreeaandthedenminator
is also a polynomial in s of degree 3. In such a case, it is advisable to

reduce the degree of numerator polynomial by one by chocsing a = 0. Then the
closed-loop transfer function becomes .

Ch) _ 2k (bs+1)(5+2)

R -~ S(5+/)(s+00) + 2K (bsH)( 5+2)

Let us choose the value of b to be 0.5 so that the zero of the controller is
located at 8 = ~2. Then, the controller transfer function Gu(s) becomes

oy Klesstl) _ e.Sk(s+z)
' 6:(") "' - < - s

© B-8-2.

c6) - - k(st+2)*
RE)  sCe+ls+re) + Kk ( H-ZJ"

The cldsed-mop trans_fer function for the disturbance 1npntbecon’es_as -

Gl 25 (s+2)

_ D> J‘(S-f-/)(rf-/o) + K(s +z)‘
ﬂerequimntmﬂlerespwsewthestepdismxbanoempntisthattherespmse
should attenuate rapidly. ILet us interpret this requirement to be the settling.
time of 2 sec. ByasimpleMA‘lIABtrial—and—errorapproad)mthevalwofK,
we find that K = 20 gives the settling time to be 2 sec. So we choose K = 20.
with K = 20, the closed-loop transfer function Cp(s)/D(s) for the disturbance inpnt:
becames . _

: Cp@) o 25%*4-¢s ’ ‘
' P T sP+3/s:+ Post S0
ﬂefonmingmnABprogmmprodwestMrespmsetothemit-sbepdiswmance
input. The resulting response curve is shown on the next page. »

% *%*** Unit-step response (Dlsturbance inpug} *o4%e

numd-[024 ]'
=[1 31 90 80

ﬂﬂe('Unlt-Step Response {Disturbance lnpu‘tl’)

" ©2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage-hﬂzﬁrBh-ieval system, or transmission in any form or by any means, electronic,
mechanical, photocopying,.recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department,

Pearson Education, Inc., Uppér Saddle River, NJ 07458.



WMM&M

0.07

Ampiituae
§ § § ¢

i

8

;
1.

:

:

‘lhisrespmsecurvecorrespmxdstqthesettlingtimeonGec. This may not
be obvious.  Therefore, we plot the response to the unit-ramp disturbance _
input. The following MATIAB is used to obtain the unit-ramp response.

% 44548 Uﬂft-l’alm) response (Dlsu “bance input) LA 3 2 1]

numdd = [0 0 2 4 OF
dendd = [1 31 80 80 Oj;
step(numdd,dendd)

title(*Unit-Ramp Response {Disturbance Input)*)

The resulting response curve is shown below.

0.04
002
a0l

0 5§ 0 15 20 25 2 B 440 45 5

ﬂxesetuh&tipEGanbes&ntoheapprmdmtely23ec.
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For the reference input, -the closed-loop transfer function with .K = 20 is

ct) _ 2052+ &os5 4+ So
R(s) S3 + 3/s2+ 905 + 50

The MATLAB program below produces the unit-step response curve for the refe-
rence input,, as shown below.

% ***%* Unit-step response (Reference input) *****

nuny = [0 20 80 80I;
denr = [T 31 80 80}
.stﬁeg(nunw,denr)

g T .
title('Unit-Step Response {Referernice Input)’)

12 mmmm

1 n.:f-q 2 25 3
From this plot, weseetlatthe settling time forthereferancemput is 2 sec.
The closed-loop poles for the system are shown in the MATIAB ocutput shown below.

.

roots{denr)
ansg =
-27.8742

-1.56628 + 0.6537i
~.-1.6629 - 0.65371’

s

The designed 'donttouet is

Gy = 20(0ss+))  [o(5+2)
G.(s) = = ==
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B-8-3, The closed-loop transfer function of the system shown in Figure g-

"/'HZ('a) is o
) & (1+ 75+ T5) 4.6

RG) "
o /+I<,,(/+5-_.‘% +7;s)q,(,).

(1)

The c;llosed-—l-oop transfer function of the system shown in Figuré 8-72(b) can
be obtained as follows: Define the input to the block Gp(s) as U(s). Then,
U6) = ko (14T75) RIS + -7-?; [ R&) -] = & C/+T25)CH)
k) = 6, &) UTs)
<6 | |
Rl - +Tis) RG) — K (1+554T25) C6)
from vhich we obtain
CE) _- I?(/f‘f-!}' "'775) 6/[")
RE) vk, (14 -7-.‘{; +723) 6

This last equation is the same as Equation (1). Thus, the two systems are
equivalent ‘ _

NB-8-4. We shall first obtain the closed-loop transfer function c(s)/R(s) of
the I-PD controlled system. Intheabsenceofthedistnrbamen(s).

minor loop has the following transfer function:
U6) — s(st1)(sts) + 39. %2 (/+0.76925)

vhereu(s) istheinwttotheminorlgop Theopen—loop transfer function
G(s)ofthesystenis . .
/ 1: - 39, ¢2

q[’) T 30775 | s(sti(sts) + 3082 U*“’”Z’)]

- 12.8/7/2
Sty 683+ 35, 32/9 s*+ 35 ¢2
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The éiosed--loop transfer function is

c6) /2. 8//2
Rls) = 5*+6S%+ 35.32/95%+37.425+/12.8//2

The followmg MM‘IAB program produces the unit-step response. The resulting
response curve is shown below. ) :

% ***** Unit-step response *****

=00 0 0 0 12.8112);
den =[1 6 35.3219 39. 42 12.8112};
t = 0:0.05:30;
step(num,den.t)

grid
title('Unit-Step Response of I-PD controlled System’)

12 e e S
1

Hf

. i

doddp

'Noticethattheresponseisslowmtshowsnoovershoot Theclom-loop
polesamsmmﬂmefonovingmmmm

roots{den)
ans =

-2.3514 + 4.8215i
-2.3514 - 4.8215i

© -0.6486 + 0.1568i
-0.6486 - 0.15681

Since the dominant closed—lbop poles are 1ocatéd'very close to the jW axis,
the response speed is very slow compared with that of the closed-loop system .
shown in Figure 8-73(a). ,
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B-8-5. For the PID controlled system shown in Figure $-73(a), the closed-

loop transfer function between the output and the disturbance input is
CG) s | ' )
DE)  sU(st/)(st5)+ 35 %2(s+ o250 +0. 2672 5%) -

St 6524353209 S+ 38 925 +/2.8/7 2

For the I-FD controlled system shown in Figure £- 73(b), the closed-loop .
transfer function between the output and the disturbance input can be obtained
as follows: ' o . ‘ i
cE) | s - |
D) SstI)(5+5) + 38. 42 ( s+0.3280 +0.769252)

: 5 .
St rosi+3532/9 5% + 28,025 +/2.8//2

Since the two closed-loop transfer functions are identical, we get the same
unit—stepresmecurvesforthetwnsystem. The following MATLAB program .
produces the response to the unit-step disturbance input. The resulting -
response curve is shown below. - ' S

—
o—

% ***++* Unit-step response eees

num=[0 0 0 10; -
den = [1 6 35.3218 39.42 12.8112);

;t&?(num,den)
1 ﬁth('ﬂesponse to Unit-Step Disturbance Input’)

N
|~

004 ) \

©_ Ampitude
5§66 ¢
1

o2
»
N
S
-
8
|
<)
2
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 The closed-loop transfer function C(s)/R(s) of the system of Figure 8—-73(a)
is obtained as follows: [We assume that D(s) = O.

- -/ ' : /
C6) - 3% 42 (/+ 3.097.5 - "'5'7/725) SCSH1)(s+S)
RG) (+37~¢z (/-f-—-L-—‘i"o.?b’?ZS) S 1) (D

30.32/55%+ 39. 425 + (2.8//2 -
S¥+ 453438, 32/88 S+ 39.925 1+ /2.8 2

The closed-loop transfer function C(s)/R(s) of the system of Figure 8—‘73(b) is
obtained as follows: [We assume that D(s) = 0.]

27.¢2 ]
Ce) SCs+7 X st+5) +29.42( /+0.76925) 3-0975
————— o
/ S( S+/) (s+s) t .-?7. £2 (/1o 7/72 =) Foo7s
12.8/72

i

s+ 5.9-‘-1-3: 32,84 s*+ 35 ¢2S +/z.3//2- -

Note that the characteristic eqvation (dezminator) for bot-h systaus are the
same, but the numerators are different. Coe . 7

Far the reference inpat, the closed-loop transfer function-is
6 _ @ns) G:06) e
RE) 1+ G5)G.60HE)
For ‘the disturbance input, : '
B _ %6
D) T 1+ GG, () HE)
6 ’__ _ __G6) ) HE)
M)~ 1t GE)G(E) HE)

Notice that the characteristic equaticns for the three closed-:l.oop transfer
functions are the same; .

I GA5) Gu(S)HE) = -0

_ That 1s,theclaracberist1cequaticnforthissystemisthesaneregard1eesof
whichinputsigmlisdnsenasinput i

B-8‘6 -

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,
mechanical, photocopying, recording, or likewise. For information regarding peff§E@ien(s), wrlte to: Rights and Permissions Department, - :

Pearson Education, Inc., Upper Saddle River, NJ 07458.



B-8-7.  The closed-loop transfer function C(s)/R(s) for the reference input

is .
‘ ql 63 (7.1 co-
) = /162 64 /2 - G G2 Gs
RE) o _Gi6Gsth g, H,
14626, /, G2 Hat+ GG Ga 1

The closed-loop transfer function C(s)/D(s) for the disturbance input is ob-
tained ag follows: _Noting that the feedforward transfer function is G3(s)
and the feedback transfer function is [-G;(s)H;(8) - Hp(s)1G2(s), and that
the closed-loop system is a positive-feedback system, we have

Ctx) - Gs i
D6) /=G [~ —#H:]6:

v 93
't GGGy + GGyt

B-8-8.  For the system shown in Figure % —76 (b), the closed-loop transfer
function for the disturbance input is .
aG) . ~KGRHKHE) -

D) 1+ KGs)HNE)

To minimize the effect of disturbances, the adju'stahie gain K should be chosen
as small as possible. ‘Thus, the answer to the question is *no“.

(B—8-9. o G -
a) = y
Rfs? { +Gct Gea @f

YUs) - Gp

D(’) 11 Ge, Gcs ?p

- Y6) - Get Gex G '

”(-’7 , :"/"'6;1 6::. 6,
Hence

Gyr = G, Gyd |

q,” = 424 "4£
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If Gyg is given, then Gy, isfMdbutGYrisno{:fimedbecau'schl is indepen-
-dent of . Thus, two closed-loop transfer functions among three closedrloop :
transfer unctiml:e%,syd.andcynarei_ndepmdent..mnce.thesystanma ‘
two-degrees-of -£ri system. ) ' i

() &) _ G Ger G

 R(5) _-. At Gee G
- Yb) Gp

be) 1+ G G,

Y6) __~Gea
N(s) I+ Gea Gp

:677 = 6&7 6¢16’4

) G,d "‘6)

Gy =
12 G

If Gyd is given, then Gyn‘ is fixed but Gyr is not fixed because Gn1Ge2 is in-
dependent of Gygq. Thus, two closed-locp transfer -functions among three closed-
loop transfer functions v , and independent. Hence, the system
is a two—degrees-of—frad% gen?n Oy are ‘
) Y6) _ _Gua Gp

R(s) /+ Gca 6,

Yi) - Gp .
D6) (+ Gy 6, ..

) __—%aG
NEs) ot F Gez Gp

_' Gf{ "’}4« Gyd

= GG
9=

Ifcyaisgiven, thenGYn:lsfixad. Gyrisnotfixedbecauseeclisindepen-‘
dent’ of Gyg- Thus, the system is a two-degrees-of-freedom system.
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B-8-10. Define the input signal to box Go3 as A(s). Then, for D(s) = 0 and

N(s) = 0, we have.

AC) = Gez R1) + Gy [ RIS~ Y(57] = G)Ges AGS)

Y6) = Ge3 G; G, AL)
Eliminating A(s) from the above two equations, we get
Y05) = Gy q, 6, (Ger +Ger) RG5) = Ges YE)
/t GC‘3 Q,

(1* 636, + 62, Ges G, G:)YE) = Ges 6,64 (G +(m)1’{3‘)

Y6O) _ _ (Geut Ges) Ges 6162 W
_R(’ ) 'tGe3s G + Gy Ges 6/_ G2 "

‘o £ind Y(s)/D(s). we may proceed as follows. For R(s) = O and N(s) = 0, we have
AB) = Ge ["‘l (G )] - G, [ D6 1‘ Ges A(’)]'
YO) = G, 6. [ D) + Gy AGD)

' Yo = ‘;"/ G, [ () + Ges = Ger Y6) -G, Dé‘)] |
. g . M1 6 G,
Simpllfm: we have ’
( /1 Ges G, 1 Gey Ges 6162) Y{:) 6, G2 DE)

Yf’j . G G ,_ ' (2)
p{’) 1+ Gy 6,1' C'ic/ (5 ci/"ia
Next, we shall find Y(s)/N(s) For -R(s) = O and D(s) = 0, we have

CAG) == Gey [ Y6 +N()) — Ges G, AG)
'Y(’)_ = Ge; G,G. Ab) |

Therefore, ' S
; ~&e) YC) — Gy NGB
Y(-") =G 6,6,
/F Gez / |
by Copyrlght and written permission should be
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| _ ({f(?t‘! 6/ T G e 6:3 Cilqz) Y{’) - C7‘g/ chlcfj Ga ”{-")
Hence, : : o . :

e _ —Ge) Ges G Ge . (3)
NG) ~ /+Ge3 & + Ge) Ges G, G, S

éfa = - G.cf Ges qy(

G == Gyu + Gea Ges Gyd

If Gyg is given, Gyn is ixidépendent.of because is"ndependen:t-' or
Gyds Gyr is independent of Gyg and Gynsydhecause _Gc:Gc::ci?s inéepeﬁem: otoélm
- and Gyg. Hence, all three closed-loop transfer functions Gyr+ Gygr and Gyy,
| are independent-'_ . Hence, the system is a three-degrees-of-freedom system.

B811. The open-locp transfer function of the system is

2 - :
G&) = K(;'—M) /.2 a
(0.35¢/)(s+/) (1.251()

/[2Ks*po gias+/r7.2ka>
O3E5 + /. 865+ 2.55% 4 S

———
L d

Hence, the closed-1oop ‘transfer function is- . ~ -
| c6) (2S84 2.0 kas + L2 Kat _ :
RE) . 0.36s%¢ 1865 + (2.5 1.2K)s*+ (/1 2.7KA)S+ /. 2kar
‘The requirement in this lem is that ' B
s problem is the naximum overshoot in the uni‘b-step

where M, is the maximm overshoot. Intemsoftheoutputytotheunit—step
inwbl . A 7
| m</r/s , m >/ 02

vhere ‘

‘ . mlzm(g)

A possible MATIAB program to obtain a set of the values of K and. a that satisfies
the requirement is given on the next page. The result unit-step response
curve is shown also on the next page. ing un '
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% ****+ Search of K and a Values for 0.02<Mp<0.10 +++++

t=0:0.01:8;
for K = 4:-0.05:1;
fora=4:-005:04;
nm={0 0 12°K 24*K*a 12*K*a"2};
den=[0.36 1.86 2.5+12*°K 1424*K*a 1.2*K*a"2);
- y=step(pum,den,);
m = max(y);
ifm<11&m>102
break;
end
end
ifm<Li1&m>102

. break;

end

- end

Plot(ty) _

gid .
-Step Response’)

KK =

83 = num2str(a); .

text(5.1,0.54,X =), text(5.6,0.54,KK)

text(5.1,0.46, ‘a =), text(5.6,0.46,a2)
‘ ol=[K a m]

o d:

_-4.0000 0.7000 1.0846 .

12

K= 4
a=s 07

ol L
[4] 1 2 3 . 4 5 ] 7 8
tSec
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The selected set of K and a is
The maximum overshoot is 8.46 %.

B-8-12. vThe féedforward transfer function is
. | [-2k (s+a)?
G(s) =

Gt S(o:3s+/) (s'+/) (/-25 1)
The closed-loop transfer function is

L) /-Zk:’--l-z.fﬁ/(a.-s‘ + /-2 ka?

R(s) 0-365¥+/.86s%+ (2,54 /.2K) 5%+ (/+z.;¢/<4).s'+ /-2ka*

The requirements in this problem are

: /03 <m < L.28 , Ix<25ec
where m = maximum output. The search region is

2SK<#, oS L£aLs

- The step size is 0.05 for both K and a. AmnABpmgramtoobtamtm first
setofKandathat satisfies the requirements is shown below.

% #4+%* Scarch of K and a Values for 0.03 <Mp <0.08 and ts <2 sec *eo+

t=0:0.01:8;
for K = 4:-0.05:2;
for a=3:-0.05:0.5;
mm=[0 0°12°K 24*K*a 1.2'K*a"2];
den=[036 1.86 2.5+1.2*K 142.4*°K*a 1.2"‘K‘a"2],
y = step(uum,den,£);
m = max(y);
. =801, whiley(s)>o.98&y(s)<102,
s=s-1; end;
te=(e-1)%0.01; -
. 1fm<1.08&m>103&ts<2.0
break;
end
ifm<l.08&m>103&ts<20
break - '
end

end
plot(t.y)
gnd ponse)
) MU“"’S@M Response
solution=[K a m ts]
sdll!itll_==
26000 08500 10774 18400
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The first set of K and a that satisfies the requirements is K = 2.6 and a = 0.85.
ThemaxinnmovershootMpand settling time tg are 7.74 % and 1. 848ec, respectively.

The response curve with K = 2.6 and a = 0.85 is shown below.

Unit-Step Responss _

14

12

iy
A

Next, we shall obtainallposs1b1esetsofKandathatsatisfytherequire-
ments. The following MATLAB program produces the desired result.

%‘”“chhofal!po@eSetsomedaVMfu003<Mp<008
% andts<2$ec“‘“ :

t=0:0.01:8;
k=0;
fori=141;
K(@)=4.05-i*005;
for j=1:51;
-a(j) = 3.05 - j*0.0S;
mm=[0 0 12°K@) 24*K@G)*a() .I.Z‘KO'GG)"(D
den=[0.36 1.86 2.5+12*K() l+24"KO"aG) 1.2*K@@)*a()*ad));
y=swp(n§n.d=n.t);
s=3801; whiley(s)>0§8&y(s)<102,
s=s-1; end;
ts= (s-l)*ool-
fm<108&m>103 &t5<20
k=kt1;
table(k,)) = K@) aG) m ts];
end ) _
end
- end

D =K@ af) m ts]
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22500 08500 1.0507 19200 -
23500 0.8500 1.0585 1.9000

2.6000 ) 7 i

2= sorttable(13,2) o |

a= “ o ‘
0.8500

mm=[0 0 12*1( 24%K*a ll‘K‘a"Q]
den=[0.36 1.86 25+12°K 1+2.4*K*a l.z‘K‘a"2],
y=step(mum,dent);

plott) S

hold
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0.8500
mm=[0 0 12°K 14'K% 12°K*¢2}; ~ - .
dea=[036 186 25+12%K 1424%K%s 12%K%2"2};
¥ = step(num,den,t); , -

0x#(2.2,1.1, K = 2.6, a = 0.85)
x1(2.2,09,K =2.05,a=0.85)

- There are 12 sets of the values of K and a that satisfy the requirements. All
sets produces similar response curves. The best choice of the set depends on -
the system objective. If a small maximm overshoot is desired, themn K = 2.05
and a = 0.85 will be the best choice. If the shorter settling time is more
important than a small meximum overshoot, then K = 2.6 and a = 0.85 will be the
best choice. - The unit-step response curves for the two cases are shown below.

- teee
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B-813. | 3C545) |
| 5,#) T s(s+1)(sEr4s1/3)

The. closed-loop transfer functions Y(s)/D(s) and Y(s)/R(s) are given by
YO . &) %
DE)  Itay() &) ItGa Gy
Y6)  [9a0) +Gerx)] 656) _ (Ger + Ge2)Gp
RO~ ItGel)Gpe)  11GaGp
Assume that Ggj(s) is a PID controller with a filter and has the following form:’
k(s+4)’~ SE+ ¢S+ /3 '
@c’ €)= (5505 27)

The characteristic equatlon for the system is
o K(s+a): S+eS+/3 . 3(s+5)
I+GaTy =1+ s (sts)(s+27) S(Sf/)(s’“+¢$,+/3)

and

_ e 3K (s+a)*
=/F TE s (ste)

mthatrial—and—ermrsearchofxandawzthmm,wefindapossiblesetof
K and a as follows: N

K=$g Vd a:/o¢ ]
With this chosen set of K and a, the controller Ggy(s) becomes as follows:

_ SB(sHLE)}R S es51/3
| 65'1 ) = s G+s)(s+27)

: _fg s'i+ JE2. 45 +1/3.68 sirgs 4+ /3
= — (Sﬂ-)(s +27)

"me closed-loop transfer function Y(s8)/D(s) is obtained as

: 3(s+5)
Y6) LTSSt (sEH 45+ /3D
2 T, __2XSE (stA#)*
s*(s+7)(5t=27)

353+ 95t + oSS _
(S2+4s+/3)(s%+ 285+ 20/s*+ 48725+ 3%/, o;‘)

ﬂlerespénsecurvewtnenn(s) 1samit—stepdistnrhanceisshowninthenexbpage.

Next, we consider the response to reference inputs The closed-loop transfer -
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S

Yﬁ) - (C%CI + 6:’:)6; —_ Ya)
R ~  1+644, ( Gt Ger)

Define Ggy(s) + Gep(s) = Go(s).  Then

. Yb) - 67. Y(s) Gp

R($7 € DG) /"'64'/ 6,

G 353+ 96s5* -f-f‘o_ﬁs'

¢ sE2rgs 413
s“-:-z&s’-t-zols + 4«-4*7 25+ 3¢/ 04

gc

-ibsatisfytherequiremntsmtlerespmwestothermrefererweinputand
"acceleration reference input, we use the zero-placement approach. That is, we
choomthemmeratoron(s)/R(s)tobethesmofﬂ:elastthreetemsofthe

~ denominator, or -

353+ P65*+ goss -
Ge T iy g5 73 = zo/s’t-r 4$7.25 -+3¢/-€%.

fram vhich we get

(20057 459.2 5 + 3¢/.0%D (St £S5 +/3)
6;5) = ‘ 3 2 v

: F(s*+325+/355)
8754 /62. %45 1+/r3.68 - S*+¢s+/3

’ v
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The closed-loop transfer function Y(s)/R(s) now becomes
NGB 2015+ $37.25 + 34/.0%
RE) St+2853+20/s*1 ¢487.2 s +3¢%/. 0%

The response curves to the unit-step reference input, unit-ramp reference input
and unit-acceleration reference input are shown below and on the next page. ’

“ Roapones o Unk Siep Fisference inpat

o WA\

o o .

»

Wwﬂ
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¥ 8

it and Oyatom Output .

No!:icethatthemximmovershootintheunit—steprespmeis y25%
andthesettlingtimisapproximwlyl.ﬁsec 'I‘hesbeady—-shateerrorsinthe
and acceleration respmse are zero. 'merefore, the designed controller

ramp response.
Go(s) :ls satisfactory.
Finally, ve detemine Gcz(s). ~ Noting that _

Gz 5) = Go(5) ~ @c[(:)

vhere o
G.5) = 75t /2.5 +//3.68 324 gs¥/3

| s - S5+ 27)
m - -
L EBSTH[62-¥5+//3.68 - SE+4S+/3"
Ges 6) = — _

o _ . . - (5t (s+27)
‘we have . . ' - o ' :

: S*+¢s+/3

écz(g) = 7.5' (S F53Cst27) |
meblod:diagramofthedesignedsystemisshwnmthenexhpm Note that
SE+ &3 +/3 o : - -
(5T5)(s5+27)
isafilﬁarandisapartofthecmtrouer.
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- 75

| —“‘“@" 6.8 + =5 t85 G+s)(5t27) .
B-8-14, ’ 2 (5-1,,/) )

GO = SCs+3)(s+5

The closed-loop tmﬁsfer functions Y(s)/D(s) and Y(s)/R(s) are given by -

Y6) = Gp6) - G, -
and D& /1 Gps) [Ge16)+ Gpr (D] I+ (g,c, + G ) 6,,
Yts) - Gy Cs) Gpl5) . L Gy Gp

RE) 1 1ap) (6067 + Geall]  14L 6,)4602) &,
Let us define Gey + G2 = GC' Then .

Yb . Sp
D) T 1HG-Gp

let us assume that Go(s) is a PID controller and has the following form:

) K(s 2
) qc(f) =:.. Sfa')

The dlaracwristic equation for the system is

K(f‘f‘d)z Z(S'f‘/)
/'/‘é’c 7p =/+ K TSCs 354D -

Inwhatfonows,weshauusethemot-lomsappmachtodetemiuethevalms
of K and a. Aftertrial—and-errormlysisvithmm,wechoosethedminant

closed-loop poles to be at s = 4 & jO.2.
The angle deficimcy at the desired clwed-loop pole at s = 4 + j0.2 is

obtined as follows:
2. 1378 /9. /3 26° — /13. /fa/‘ -t 3059 +/7/ 259 +/80°

=—f8.0893° :
~ (Note .that the poles are at s = 0, s 0,8--—3,s--5and'the_zero:lsat-s=-1.‘)
'medwblezeroats--amstccntrimna.m%‘ (Each zero must contribute -
89.04465°.) By a simple calculation, we find.

A= 40033
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The controller Go(s) is then determined as

K(st+4.0033)*
G6) = ' S 2

"meoonstantxmsthedeteminedbynseofthemgnimldecondltion. This condition

is .

: . [ Ge6)Gols) !5=~4+‘j.gz< =7

Since . v

’ K(s+40033)" 205+/) =/

4 - - S(st3)( 54‘42) S=—ptjoz

we obtain _ _ ‘ '

'k""j . 5%(s+3)(sts) - . £9.3333
(31—;&”33) 2(s+/) smtijaz
Hence g

4 _ &#.3233 (5+¢0033)*

ﬁ‘hen the closed-loop transfer function Y(s)/D(s) ‘can be ocbtained as

2(s+/)
Yoo G _ - TS(s13)(5t5)
D) It GGy ¢ £25333 Gt #0033 2C577)
5 S(s5+3) (515)
25 +2s '

) T SRt IHAEEE SO 11263 6.5+ 533257595 +2222.3219
Ihe:eemecnrvevhmb(s)isamit—stepdishmnceismm ’
- mb%mm o

R

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission shouild be
obtained from the publisher prior to any prohibited reproduction, storage in a relripyagsystem, or transmission in any form or by any means, electronic, .
mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department,

Pearson Education, Inc., Upper Saddle River, NJ 07458.



Next, we consider the responses to-referencé inputs. The closed-l
_transfer function Y(s)/R(s) is ‘ ‘ . OOP

Yoo Gy Gp Y&
= = Gey .
R6) 4 (8¢ *4:2) 6, . DE) L
_ - (25%+25) Gy
J*‘-f/ftﬁffo’o’s’-é-/zl& P/¥ES 4 3332, 5757:r -+ 2222.3277

—
—

lbsatisfythemquiranmtsmtherespmsestothermnpreferaweinwtand'
acceleration reference input, we use the zero-placement approach. That is, we
choosethemmeratoron(s)/‘R(s)tobethesmnofthelastthreetermofthe ‘

denaminator, or
(25 +Zs)f7¢, = (26 3- 9/#5 s*+3332.57 95 422272, 3279 .

fran which we get-
4'3/. PE23 s /féd.zié’a St (1//. /6%0

Gey = . SCEFS)
~ Hence,: the closed—loop transfer function: Y(s)/R(s) becomes as ) _
YO _ 12£63.9/%6 s* + 3332. 5757 s +2222, 3279

RE) — SHifth. 6sv6s3 + (263, 9,94 5>+ 233 2. $759 S+2222.327%

'Iberesponsecurvestotheunit—stepreferenceinpnt mit—ra@refereweinpm:
and unit-acceleration referaxceinputareshasnhdwand onthemextpage

Fisapiinss To Ukt iop Melererics bnpet

TN
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The maximm overshoot in the unit-step response ‘is approximately 19 ¥ and the
settling time is approximately 1.3 sec (2% criterion) or 1.0 sec (5% criterion).
ﬁasbeady—stateemmthexamrespcweandmlmtimmpmsemm
Therefore, the designed controller G.(s) is satisfacbory
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Assume that G; is a PID controller and has the following form:

K (st+a)>
G.6) = L)
'1‘hé dnﬁctéristic equatio_n for the system is
K(sta): /[

11G. G, = [+ 3 Py

In what follows, we shall use the root-locus approach to determine the values
of K and a. Iet us choose the dominant closed-loop poles at ‘

S=-74j1
Then, the angle deficiency at the desired closed—loop pole at 5= -7+ j1 is obtained
as follows:
—/7/. S’Jff x3 +/80° = —335‘.0’0 g7°

The double zero at-s = -a must contribute 235.6097°. (léach_»zero must contribute -
167.80485°.) By a simple calculation, we find a = 2.3729. The controller G.(s)

is then determined as -
K(s+ 2.372?)

Gc (5) = <

 vhere K is determined as _ ,

) ' , 3

K= |—— | = /87787
(5 +2.3727)* | s=-7+j1

Hence _
s 0267 (s+2.3729)°
Ge6)= —
S
Then the closed-loop transfer function Y(s)/D(s) can be obtained as
YE) _ _ Gr _ = '
= - F 3
p@). - 1t6Ge _C7f o+ /2767 (‘:f-z. ?727) 5,?- |
. S . . .o

_ - S+ pE7ST 7R 373/5 + 88.833/
‘The response curve when D(s) is a unit-step disturbarce is shown in the next page.

: Next,ﬁecansidertherespmsetoreferminputs "rheclosed-loopttansfer
function Y(s)/R(s) is .

O @ _ o YO
RE) ‘/+(4»'l'+-6¢‘2—)§f' ) _

) : S Gey
S’ + /s 976'73‘ + 7« 5‘73/.5‘ + &J’- ?33/

L}

it
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Response io Unit-Siep Disturbance lnput -

lbsatisfytherequirenentsmtheresmestotreranprefermeing:band
acceleration reference input, we use the zero-placement approach. That is, we:
choosetlamatorof?(s)/k(s)bohethemofthelastthreetemsofthe

denominator, or
SGey = /577675 + 74 87315 + EF. £33[
from which we get ' '

| /5 ¢ 74 £33/
G (5) = 5 TPET7 s + 7.{:. 873/ s + &% :3"3/ 4
Hence, the closed-loop transfer function Y(s)/R(s) becomes as

&) | IS 7767 S+ 748731 s + 888337

RG) ~ S /57967 S +74.893) S+ 85,8324

'merespasemrvestothemit—stepreferencemt unit-ranpreferenceinput
and unit-acceleration reference input are shown on the following two pages. -
Nobicethatﬂ:emximovershootinﬂxerespmsetothemit—shepmferminput
is 18 % and the settling time is approximately 0.7 sec. The steady-state.errors
intheranprespmseandacceleraticnzesponsearezem ‘Iherefote,thedesigmd
controller Gu(s) is satisfactory. ‘

Finally, we detemine Ge2- Noting that
éc(")'-" é_cl )+ Gea (37

150067 s>+ 7 873] 5 + 8. 833/
G:6) = — ' s
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and 1877675 2+ 74893/ S 1+ &5, 5’33’2_’ .. )
Gt = - s o

we obtain Gop(s) = 0. This means that we do not need Geo(s) toget the desired

Response to Unit-Step Reforence input

—
/

-
[—

U

glit-ﬂhp fnput and

g .

() Y3 T - 15 2 25 3 3s - 4.
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i

Input and
>

3f

2r 4
1}

0 i L

[ 3 -35 4

A block diagram of ‘the designed system is shown below.

%)

Rs) : K377675%+ 798237 s + EF, 1-7‘33[ "
— S -
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 GHAPT

ER9

B-9-1. . . .
(a) Controllable canonical form:

‘2.',‘ o v ’ X 0

0= . + “u
I:. "J ’q x; o ,

R A | -
? = [ e /]
ot
(b) " Observable canonical form:

3, o =1l é
A= : + U
X / ~& Xz} /]
y = [ o

X
7] _'

B-9-2.  fThe transfer function representation of this system is

0 _ é — - & ~
L O6)  SA+ a5 4 //S+E T (s+1)(s+2)(5+3D
The partial-fraction expansion of Y(s)/U(s) is '

Y

3 + - —4 + 2
‘ TE) - st/ 0 s+z2  Sst3
Then,.a diagonal canonical meoftheAsysbenis_
| 21 ' ,.v;"."’
X -/ o alln !
Li=| 0o -2 of||a|+|/|a
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——form of the given systém equation. R =

Referring to Equation (2-29), we have

~»m

e =cCsr-p g =[+ A°7 T*|
R | ¢ s+3| |2

/ _[,
S*4+25+85 *

S+3 2 /

~¢ s—/1] 2

35+7 . bhst+bi;sib,
s34 2s5+5 Stta;s+ae

Hence ) .

Then, referring to Equations (9-3) and (9-4), the controllable canonical
form of the state and output equations are cbtained as ' ‘

o 7|kl o}
= | L B R
X -5 =2 X2 l}] -

o No

: X
g = [/ 3]

Y

canon'il.‘}czgln?ghoa gresented beloy is a useful appfbéch to obtain the controilabié
oromical Crgla of state space representation not presented in Chapter 9, but
gis n pter 10. [Refer to Equations (10-4) through (10-9).] Transform

the original state vector x to a new r X
formation matrix T such that x = T%, 3%'?2 Vector by means of the trans-

3 | a 1
T=mw =[8 4Bl
- WAWA mw el 0
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Hence, - ' - _
' B ¥4 iz / 7 7
T= =
wm  Jlz =21t 0 -§ 2
po/ "‘0.’ -
T =1 - il
wa ”3 dt’&

The controllable canonical form of the state equat-:loﬁ and output equatlon

;-areglvenby 2
- T -
E=1"ATX+I"8u

",

g = sz:z?
0. -~

or
tA v.0% 7/ 5?, Lot maes)
% -3 2.35||-¢ -3 Qa. 2.3 o 2
o / ,
- -‘s- —2 X;
7 1 E E
y=[s /] Al=0[s 3.
-6 2|lx, A
-l

'B-9-4.  Referring to Equation (2-29), ve have

Gts) =C(sI-A)"'E L
) -f
st( o -t o
=I / 7/ ,DJ -/ S+2 o 0
e S+3 /]
[/ ; - fesrasesy o sz Yo
- (str)(se2Xs+3)| S+3  (se)(s+3) ¢+ ||
s .. o (st/Xse2)l’
S+3 - s+3
T SStestlst+€

= (s+1)(5+2)(s5+3)
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Although this is a third-order system, there is a cancellation of (s + 3) in
the numerator and denominator. Henc;. the reduced transfer fwxct:{on bez:cmes

ofsecmdorder

The transfer function expression can be eas:u obtained £
space expression if MATIAB command y rcmthestate-

| [num,8en] = ssztf(A,B,C;D)-
is used. See the following MATLAB output.
A=F1 0 1;1 -2 0,0 0 -3Ir
B = [0:;0;1]; T
C=({1 1 O i
D = [0];
[num,den] = ss2tf{A,B,C,D)
num = _
0 0 1.0000 3.0000
den =
1 6 11 6

This output corresponds to the transfer function
S+ 3
Sdt+gs* /st

Noticethatthemonbputdoesmbshwtmremmdmfer functionvhan
cancellation occurs. :

/\I'-"l; Aa==/, Az g)’ A""".J
The following ttansfonnation matrix P will give P‘llP d:lag(/\ 1:1\ 2:4\ 3 /\4)3
I A I AV AV -
p=|l M A A M| |, o S~
AN AN - =y
A ERAES B R A

This can be seen as follows. Since the inverse of matrix P is
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AN

| N Al A
R A T A

A ]

PRV,
t =) -1 j|lee oy /]~ <

Iy
TS
i~
I
e

I N - -. g 1] .
KA / J_J_/daa_!_/-—/-,}_
[/ o. 0 o-
e = o o
o o0 J o
0 2 0]
Method 1: .
et e ff T
e= = o 2 543
r.»z / 7 - / N
| st/ s+2 st/ stz
= Ib' '
| .2 2 el ., 2
‘St s+2 s+/ S+2
2€-£- e3¢ ‘ -e-‘- e'z"-
—2ef+2e™ _etirze-

- Method 2: Referring to E:mation_ig-cls), we have
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Sincet;heeigenvaluesare)\l=-1and)\2.=-2,weobtain
v et o2 o

=l -2llo e*|l-r -1

I

—2e¥+2e  _e¥tye"

l!étlpd 3: Referring to Eqnation (9-47), we have
| A, et
Az 'eA"t = 2

IH -~
I
0
»
Y

I~ N~
I>

0

s

vhidzcanberewrittenas

P S -2t
-’ +(A+2.t)e t_oetI=Ae
Thus
¢ - -2t — -2t
=(A+2I)e"-e" "I € A
p- : .
2. ) / 0 -2¢ o
-2 =/ _ o -7 -2 -3
[ 2e~T— &  etee-
_-42 et42e~ -e“ %+ 2 e-"t
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B-g-7. The given state matrix is in the Jordan canonical form. The eigenvalues

are |
M=E2, Ae=2, Az=2
Since _ -
e¥* ¢e¥  Ltle?
edf;—: 0 ezf ter
” 5 ezt
we have ‘. _
26 = % x(2)
or
, - -r .
X16e) r-tt'* ze® Frte™ (%)
%) 1= o e ze* || Xufe)
7‘3(9& 0 (4 kil LxJ(V)
e
B98 o
-3 -2|
s - 2 . ' .
ST—Al = =S +25+3 =(s+/+, S+ [~z
sz=al=|, .| =23 = GrinEEr 15)

S+2

: o . -
e erfeg-pd {7 2]

» .t"f . sv2 J

'S(SfZ)*s -3 s
- -
s+/+/ - A |
- ‘c-l (sr1)*+Jz* (st1)*+yz?
‘ : -3 L sx/~/ |
| (1) 420 (s+1)* +v2°
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™ S‘f'/ , Ji_ J- \/2_ -
~ " (HI)*E V2 (sH)*+E" VZ Cs+1)* V2>
e I SN 7 S st/ ) T
2 (s+1)t4 0zt (5+1)%+ {7 v:z‘_(sw*-,.fs]
e YTt +—{§-_~e“*44:.\{z; | ket anzr
—E ek T e e VT2 — P& i iTE
. I'
X@) = eﬁt‘{c[a) = 24t ;
_| €Nz
—eCenr Tt -J'z"_e""m' vz t
555, erine
) -6 [ o 2 e - _
d=~I/-0 / ’.B.="§=[/00]_‘
L= o o) 12

Define also the transformation matrix as P such that x = Pz.
Pir Pz Pall g
2‘. =ff. S1Pu P Psllta
Par Prr P3ll & |
Then with this transformation the state equation and ocutput equation:

X = A:H-Ba(
[T " A

can be written as
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In this problem it is specified that

0 0 -6

. /
PAP =11 o -w| .  PB=|0
wa WA
o6 / —£ 74
Thus ]
. - , __
o / Pru Pz Foll’ ’y 2
E*’.’:" =ﬁi Pz Lo =|Pul=]|é
| L1 [P P psllo| [P |2
[ 2 e P o
Z"'.’ £ P Azl
2 /n fes
Since -
. 0 o =4
A8 =P/ o -y
: e [ £
we have e

r | - - - - -
~12té -"”f th  —bputpy, [ 1 tn ~2-lipa~6pa
—-22t2 —//ﬁc.-l-ﬁ; -(//;3 +hl= T ,23 -3¢~ ///3': - ‘/‘3

—/2 ' '
i ~¢pn —6fi | P Py -r2=lip -]

lra=—6€ P =20 ’ Pz =—/2

"—.‘l"! + P =4,
~Epfis F+ faz = =12 W 1 —E Py
//ﬂa +f’¢ _./u
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.‘/(/” TP = —3/—///,,_ "//’z;
.-.‘fll 3"}’ .

6Py =12 ";///’3: ~&fs

Solving the last six equaticﬁs for p;3, P23, and p33 we find

. Hemce 3=, fs=se, py =35
2 <4 X7/3
I=lé -20 s¢
2 =/2 36
tlmsdeteminedthenecessarytransformatimmtrixp. The output equation
o %
‘g:-:CP?::L'Z -~ /£]) 22
23
Alternativeamoa_g-

: An alternative

blem is given below. Since the approach to the solution of this pro-

characteristic equation for the system is

l S+ £ -/ O

é o s|

=s*+q,5 " t+aas5+a,;

we find
Ay = 6, ax =/(/, a, "—'-‘
Define
: _ 2 -6 /6
oy 207 _
M=[8 48 £Bl=|é -20 s¢
' , _ . 2 /2. 36
. ‘ T _.;; - .
7 - -3 003‘
M =lss ~s s

¢ =45 o5
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M“’AH f o —a, 0 00 -6 - /
= - = - “B=]0
R f-:f a, / -lé AR P
2 6 /6 .
cM=[r © 0 6 -20 s¢|=[2 -¢ /5]
A S 2 =—/2 36

Hence, by use of the folloaing"‘transfom'atiom

2 -6 7€ Z,
X =&.§ =| é -2 s¥ll&
2 =12 36 |i5

3

[ag) A n n “A e
1= cux
or .
é, o 0‘ -6 2 /
L|=|t o0 ~t|{n|tT|le|u
7, o [/ -—é|lz o) -
: JL]
Fz‘l'
7-"'—[2 -é /J]g?;
LE

B-9-10. A MATIAB program to obtain a sbate-spaoe represaltatim- is given
mto . ) - )
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Tnum= [0 104 47 160
den=1[1 14 56 160];
[A,B,C,D] = tf2ss(num,den)

A=
-14 -56 -160
1 o O
o 1 0
B=
1
0
o
C=

10.4000 47.0000 160.0000

D=:
0

The state-space representation is

x, -/% -S6 =/sollx;|. |/
%= 7 o 0 |lAae}t p u
% o / o |6l |2
, : A
y=[ro.¢ «7 760 x| + O u
X3
B9-11. - A=[0 1 01 -1 0;1 O Of
‘B = [0;1:;0]; . -
C=(0 0 1J;
D = {O]; D
[num,den] = ss2tf(A,B,C,D)
num = '

o 0 0.0000 1.0000

den = ’ .
1.0000 1.0000 1.0000 O
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The transfer function representation of the system is

Ys) /
U672 . s+ s*+S

B-9-12,

A=[2 1 0;0 2 00 1 -3
B =[0 1:1 0:0 1)
=[1 0O 0}
D = [0 O
[NUM,den] = ssth(A.B Cc.D,1)

NUM =
o 0o 1 3
den =
1 -7 16 -12
[NUM,den] = ss2tf{A.B,C,D,2)
NUM =
0 1 5 6

den =
1 -7 16 -12

The transfer function representation of the system consists of two equations:

Y& __ s-3
Ut) s~ 7s: 165 ~12
Y6) _ s*—Ss +6& -

VDT S psrfos —/2

B'9"13 The controllability and ohservability of the system can be deter-~
minedhyexaminingtherankcouditionsof

[5 43 48]

'c.‘ . A’.c.‘ ( q‘)‘c*]

. . [M 4N, A T ey [y ‘
respectively. ‘
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A=[-1 -2 -2,0 -1 1;1 0 -1];
B = {2;0;1];

C=01 1 0}
D = [0}
rank(IB A®*B A~2*B]))
ans =

3
rank(fC' A'*C' A'“2*C'))
ans =

3.

Since the rank of [B AB A2B] is 3 and the rank of [¢' A'C' A'%']is.
also 3, the system is campletely state controllable and observable.™ ™

B-9-14.

A=[2 0 0;0 2 0,0 3 1;
B=[0 V1 0;0 1]
C=[1 0 0;0 1 Ok
D=[0 0;0 O
rank([B A*B A"2°B)).
ang =

.
rank{IC' A’*C' A'"2°C'))
ans =

2
rank({C*B C®A*B C®A°2°B))
ang == -
- 2

From the rank conditions obtained above, the system is completely state cont-
rollable but not completely observable. ! It is completely output controllable.
Notethattheconditionofthemtputcmtmllabﬁityisthattherankdf

- [eg cas cau]
be m (the dimension of the output vector, which is 2 in the present system).
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B-9-15. |

A=[0 1 0,0 0 16 -11 -6
B = [0;0;1];
C=[20 9 1}
D = [0}
renk(iB A*B A"2*B])
ans =
3
rank{[C' A'*C' A'~2*C'])
] ans =
3

Since the rank of [B AB A2B] is 3 and that of [C! A'C’ A'20'] is also
3, the system is completfly State controllable and completely obsérvable.

B-9-16.
- o / O 0
A=lo o {;,§=o ,g=[¢l Ce CJ.__\,
-6 1t/ -6 /
The observability matrix is ~ ;
. p- - -
C, —£6Cs ‘ ' “5{"3"“563)

x- A i a2k
[e* ac* aic]=]e. GG et oc,
€s Ci—gcy . Cr—6cs +285€]

‘meteareinﬁnitelynanysetsof and 7 that will make the system
observable. Ammnplgsofsx:chasetcl'o‘f:zél. c2?3and Cz-are -

=[7 ¢+ 0]
- / -;-]

\Withmyofﬂasemtriwsgtheram:oftmmbiﬂtyuﬁtdxbemhés .

than3andthesyste_mbecanesmwbservab1e.

I !d_i'\
]
M~~~
N NN
(N
~
Sed

s+
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B-9-17.
(a)

2 o 0
A=le 2 o, C=1/ s 7]
¢ 3 |/
The rank of .
- /! 2 ¢
[c* a*cr arctl=|1 = 13
' /7y
is two, because : v :
,- 2 ._ -
' # / 2
/! & 3 =0, |, =
/7 1 7 s
I-Ience,thesystenisnotconpletelyobservable
{b) If the output vector is given by
X,
) 17 77 A
. = ; 2 T=Ccx
. WA Wa,
_:* >
| - /I 1 2 2z ¢ gl
A _
[r wae aegdel ) 4 254 5
. . ¢t 3 1 3 ! 3

isthree,becausethedeeerminantofastmtrixconsistingoftheﬁm.
-fwreh,andsixbhcolmnis _

¢ 2 ¢
/! 13 3| =-¥2
/3 3

Since the rank of [C* Awew A*thliss,aamismetuyobservabu.'
Amn.aasomeiontothisprouenl’sgimonthempage
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A=12 0 0;0 2 0,0 3 1}
C=1[1 1 1}; '
rank(IC' A'*C' A'"2*C')

R ans =
1A=12 0 0;0 2 0;0 3 1
C=[1 1 1;1 2 3}
rank([C' A'*C" A'"2%*C'])
ans =
3
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~ CHAPTER 10
Eﬂ.ﬁ':_!‘s{»"_ Referring to #q;ntim- (2-29), we have

-
- | : St1 o =l]']|o
GB)=CCI-AB =[17 ]| -/

S+2 © 0
o o s+3| |/
| / Jest2)s+3) o srz |,
= v )(:-:-z)(sis) t'\ / 7. _o] CSt3 (st))(st3) ! 0

9 0 (st 7]

(H1)(s+2)(s+3) ~ SPvéstapstg @
Comparing this transfer function with o |

bo 53+ by St b5+ 4y
S K st 4eS + qy

we obtain
=6, a=/yx, s "'".‘_
éo‘-:DA,' b_,.-..-a‘, baz=/), by=3
@ Controlishle cancnical form: Referring to Bqua tions (5-3) and (6-4),
%] [ ¢+ o EARD]
Li=le o AHaulrlofa o (2)
el |-¢ =4 - o
- -xs-J b . ‘_ ‘-] -xad : -Iq
: - 1%
7=[3 7 o] O

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be '
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,

mechanical, photocopying, recording, or likewise. For information regardingmrssion(s), write to: Rights and Permissions Department,
Pearson Education, Inc., Upper Saddle River, NJ 07458.



Note that because of the cancellation of the terms (8 + 3) in the transf
function, the systemdefined by Equations (2) and (3) is state pont_rouagfe,

but not observable.
(b) Observable canonical form: Referring to Equations. (9:5)and ““(9-6)“, we

| 4] [0 o -d[«] [3]
wl=l1 o -yllnl+]|r]« | (a)
RIE (0 / -JJ X o| | |
| Y |
7=10° o /]x (5)
i | x. 'i ’
Because of the cancellation of the terms (s + 3) inthettansf functic :
by BEquation (1), the system defined by Equations (4) and (5)_£:robeerval;?e?%m»

- not state controllable. .

- It isinpottantto-notejtlntwhencamenationofthenmntaranddét;b-
minator of the transfer function occurs [see Bquation (1)], the system becomes

B-10-2. : o . -
— R s+/ o -1 7o
G600 =¢ CL-ar5=0r + A =1 =z o |1
; - e o s+z| |/

o / ‘ ] (3-&-2)(—5«:-3) -0 | s+2 llol
= VAN | PG : S
(st (s+2)(3+3) v Sts (1 )(s¢3) - 1 /
C _ o o (s+i)s42) /
) 2;‘*’548 2:‘.’..35.’.'? :

| (StDCs+2)(5+3) - s+ 45 1/ s+€
boS3+biS tbes 4y
83+ qS*+ a5 +4ay
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~ we obtain .
ql ) az:/// 43 =£
bo=0, b=2, b:'-:'-? s b3=8&

Referring to Equations (9—5) and ( 9—6), we have the state—space equatlon in
. the following observable canonical form:

"_ r-:'(,. "-o o .-éq rz,- s

X i=| 7/ 0 =/l |||+

o

:?_,J o 1 -éllx] |2

L SRR | S By N
%
y=[o o 1]

B-10-3.

Referring to Equatim (10-—18), the state-feedbackgainaatrix K can
begivenhy
K=lo o /llg g &EHW

$(A) = AP+ X A+t A +ols I

'l‘hevaluesofdlc 0(2. and°(3aredeteminedfrcmthedesiredcharacterisbic.

_equatign:
]S{j" (ﬂ" éﬁ)} = (5+2+j2)(5+2-j$)(5+/0)
o = 8§’ + /#5*+ bos5+ 200
o =-..'S’+.°(1$"‘-i"°(;-f+' o2
Thus, , T
| ¥, =/%, of=%7, o¢3 =200
0/034_'-010’ 01 0 -ls00
EA)=lo0 1| +1¢|o o 1]|téolo o (1295 /0
- -5 ¢ -] -5 -6 <l =5 -6 oo [

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be

obtained from the publisher prior to any prohibited reproduction, storage in a retrleval system, or transmission in any form or by any means, electronlc
mechanical, photocopying, recording, or likewise. For information regarding pe m(s), write to: Rights and Permissions Department
Pearson Education, Inc., Upper Saddle River, NJ 07458.



. c
. : ’ 0_ [ |
' it -7 g0

ve have the desired state-feedback gain matrix K as follows:
o B (o 1 ('[ree s 5
=10 . - - :
5 [ o 111 /. J A {I .9 459 7
i {. =11 60 =7 =3 /7
o I-9-739-9' 0.855¢.  o./%x&|
=[o o 1 Ho2see 0020 —0.2/20
| 0 I%%E  —0v.s720  o0.p/20 |

/97 s @
Xl -3 rs9 7
L=7 -#3 27

. [ s3s. 3.,7;- : 170-2(69 z§ 7?3;‘
=[e o 1) 1702063 ERYEIF  Ssr2)
~ 28.783/  sgyz, 2 “8/17

coo= [2&-?{3/" - Ssv8y 2-“&/"]

B-10-4. MATIAB programs to obtain the sﬁate-feedbadc gain matrix b '
thecnmand -“adner"grcamnd;'place'areslmmthena:bpage. by.use_of
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1% -‘*“‘Genaxﬁngmatﬂxl(byuseofommmd'acka"”‘"
A=[01 00 0 I-1 -5 -6}

B=[0L1};,

J=[2+j*4 -24*4 -10};

- | K=acker(A,B,))

K= ‘

t 27831 ssis1 24819

T 9 svees Generating matrix K by use of command "place” +++++

A=[0 1 00 0 I-1 5 -6};
B=[0;1;1}; C
J=[-24j*4 -2-*4 -10];

K =place(A,B,J)

place: ndigits= 15

K=

 28.7831 55181 24819

B-10-5,  substituting
- . C . ) - x‘ -
u=..££ .—..--.[_{, ‘;] _
. X2 :

into the state equation, we obtain

X, o /ilx [/
= + la
ig o 2 xﬂ. 10
1 [/ x
- -1 {4 4]

;"k, ) /“fz il

o 2z ||x
The d:aracb’eristic'—}equation becomes
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lsz-al=|E e

= (s+k, s-2)=0"

Because of'the-presenc‘eof one eigenvalue (8 = 2) in the right-half s plane, the
system is unstable whatever values kj; and k; may assume.

B-10-6. Since

Ye) . /0 o | /0

ve) ($+l)($'1'2.) (s+32) S+ gsta1//st&
we have .

.08

3+Kg+//g+[g=lou~

Usingthestatevariablesasdeﬁmdintheproblenstatement. thestateequ-
. ationheccmes :

Nk B IrTr
4, o [ ollx] |0
Ll=le 0 Ilixl+lela
X ~6 =it —éllx; 7
bx‘c b J.-’J -,d
- Thus
0 / o 0
A=lo0o o . !}, B=}o
-6 —/f 6] (0

‘Referring to Equation (10-18), the state-feedback gain matrix 5 can be given by

K=le 0 /QLE g2 AE] 4@

CPA) =A%, AT NaA-!- oy L

"mevaluesofulyo(z. and°(3aredeheminedfmthedesireddxaracterietic
equation:

[s;- (A-BK)| = (s+2 +J 2/ )(s+2~y zJ—)(s-l-/a >
| = s’-f-/?tr‘-rﬂ’:-l-/&a |
Pro | | __ =s".+a<;s‘+_a';s+a',

W,—-/"' oy = §E , &y =/60
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Hence,

~ Ts 1 o]° o 1 ol® o 1 of
dQ)=|0 o I|*#|o o 4| tF|le o
_ ] -// -é|  |~6 =~/ -6l -6 -'-//~-£
- / o o
+l0l o 1 .o L
o ¢ 7
5% ¢s &
=| -4 56 -3]|
rE /5 24
Since -
' , o o0 to] .
[B A8 ABl=| ¢ /o -éo
[ ) [ we o N .
o 10 =fo 2sv
e o ] [me e s
K=[o e 7)o 10 -bo| |-%8 46 -3
| 0 ~60 25p | 8 -rs B¢ |
r 5 . - o
. L0 0.6 ofllrse v B
=[o o s)|%é o1 0 ||-x¢ s -3
les o o || & -rs &%
(102 87246 Iy
==»[_a' ©t]l ené 336 . go
=[s¢ 45 28]
_B-10-7. “A'MATIAB solution of Problem B-10-6 is giveecn the next page.
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% ""‘“Gmemﬁngmaﬁibeynseofcommand“ackm" "‘"_"‘—
|a- 0160016 -11
J =[0;0;10], <k
= [-24j*2 2 -10%
Kgfz":) *Eart(3)) -2-*2%(sqrt(3)) -10];
K-
| 154000 4:5000 0.3000 -

‘ B-10-8. From Figurgialgg we obtain

K=[# #. &1

. Noting that the rank of . :
' o o ./

M=l 4 g2= o 1 ¢
- -6 31

is three, arbitraxy pole placement is ibl ' - .
for this system is p possible,: The characteristic equation

s =/ o0
'SI—&[: ¢ s -l |=s*+6s5*rss

-

o S S+6
=353 tq,5*+dLS5+a3 =0

sineethestateequaticnfortbesysbemisalreadyinthecontmnablecam-
._nicalfom.wel'ave‘rf--l., 'nxedesi,;eddsaract;eristicequationis

(:+z+_)¢)(s+z Jﬁ)(.swa)—s-‘-f-/f-.r’-(- /o.s--;-zaa .
| ""S""f‘“lS +ﬁ'a3'f~0(3
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=[200 s& 2]

The state -eduatim for the designed system is

4

£=Axsge = Ax+ BO-RErAY)
=@-EROZTERY |
- o | ol |o o / 0
- A-BK =l|o o ; |=1ol|l2e0 ss x:]-_-.o-.' o !
o o -s -6 |/ | -0 -0 -
ve have | R o
x.l ' / 0» b ¢} 0
i;, =| 0 0 ! Xel+l 0|7 (1:)
;’r,J ~200 ~f0 —{#||%s 200_
The output eguation is -
1%
y=[/ o 2lix

.

(1) and (2) by substituting r = 1(t) and finding'y(t). A MATLAB

-obtain the unit-step response curve Ey(t) versus t curve] is gimontheaexb
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% SENSE Uﬂit-step '-esponse I"_l.l'l

=00 1 0;0 0 1200 -60 -14J;
= [0;0;200};
=01 0 Ol

stepD oL Co)

gm (4 ‘

title("Unit-Step Response of Designed Svstem')

The resulting unit-step response i:urve is shown below.

Unit-Stap Rasponse of Designed Syslem

(INL [

B-10-9,

. DPerivation of i:he state~space equations for the system:. Referr:lng to Section
10-4, a mathematical model for the inverted pendulum system shown in Figure 10-

59 is given by
(M-l-m):t +M(a .
ml d +ml X -'"7[51
vhich can ‘be modified to
MLE = 6‘””’)9&“%
Mz = “""'5&
. Sincethe'state variables are defined as
| Hy=h, Hpmb, X=X, Xpe=2x
ve get the following state space equationg{ '
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- -
F;, 1 0 / o o
. M+
7, ML J 0 o o0
1%l 1 ¢ o o0 7
-2 65 o
X, -
-’J - M o J
| %]
W |1 o o oflx
b [ 2 2 7 ofx
| %

[ o ]
.
ML

e @
0.
_L,
haw M-

(2.

'Substituting the given numerical values into Equations (1) ‘and (2), we obl:ain

_-the fouow:lng st:ate-space equations for the system:

%] [ o / 0 o
.| | 122628 0 o0 o
| %, o o o /(
3| |~2#52 o0 0 o
| o [ %,

[l _| 1 o o o]y
72 o o | oflx

._xﬂ

‘Determination of the state-feedback ggin matrix

thissystemue
I
- /2. 26 25
A= ’
- o

" and the desired closed-loop poles are at _
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S-—-ZO, S:'-"'Zo

the following MATLAB program can be written for the detendnati.on of the state-

feedback gain matrix K.

B =[0;-0.5,0;0.5];
| I=[-44§%4 45%4 20 -20];
K = acker(A B.J)

K=
1.0e+003 *

% **+++* State foodback gain matrix K +++++
A-=[0100°12.2625000'0001-2.4525000],

; “=—Kx
into the 8ystem equation

Az+3u

M

and get the fouow:lng equation:
Z=(2—8K)%

4.1381--1.0094 -2.6096 -0.9134

- i _ S e to initial condition:
to the initial condition, we first substitute -

vhich, vhen the numerical values are substituted, can be given by

% | r' 0 -/

x| o = o
’,4 208, - SPET
Let us rewrite Equation (3) as
| s é
vhere
‘ I 0 R
A ~20568 5047
&= o
20466 s0¢.7

N| |-205%8  -so47 /3088  -#ET||%

/3048 567 X,

-/ 3048  ~Ps6T

/7 302§ “S6.7

7 >

W @
/ %

,0' ) 'é

o 2
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Define the initial condition vector as B, .or

P -
o

Iy
I

o
o
/.

Then, theresponseofthesystemtothe Mtialcaﬁitimcanbeobtainedby
solving the fol:l.owing equations:

. A A
¢=Ag+Bu
= w2

— “
x=02+2

The foll M'I!’.ABprogram. willgeneratetherespmweofthesystantétm
- initial condition. In the MATIAB program we used the fonoving nobations:

)

A=AA , DB=pBB

A

} % —— Response to initial condition —

" 9y s**#e Thig program obteins the response of the system
| % xdot = {Ahat)x to the given initial condition x(0} *****

9 HEEER EntermatricesA.B anthoproduoematrix

% AA = Ahat +3%8¢

A=[b 1 0 0:12.2626 0 0 0:0 O 0 1::2.4525 O O o%

= [0;-0.5;0;0.5);
= [-4138.1 -1009.4 -2609.6 -913.4);

AA = A-BK;
% ***** Enter the initial condition matrix BB = Bhat *****

BB = [0;0:0:1]);
ix,z,t] = step(AA BB.AA BB);
>x1 = [1. 0 OI*x';
: = [0 1 0  01*"x";
3 =10 0 1 O]*x";
=0 O 0 11*x’;

gy #sess piot response curves x1 versust. vaersust; x3 versust,
: % and-x4 versus t on ane dlagram sssne

subplot(2.2,2),
'x2 (Tma dot) versus t')
. xlahel('t Sec')
yiabel(’x2 = Theta dot’)
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[ subplot(2,2,3);
plot(t.x3).9ﬂd
title(*x3 (Displacement of Cart) versus t')
xlabel('t Sec’)

- ylabel{'x3 = Displacement of Cart")

. ‘subplot{2, 2,4-),

plot(t,x4) ‘? f Co .
xlabel('t Sec') of Gart versus “
ylabel('x4 = Velocity of Cart’)

“The resulting response curves éreslmn.bel'ow. ‘

xt (Theta) versust _ .+ x2(Thetadol) versist

xt = Theta
g o
—
X2 = Theta dot
©

o
Q‘W -l
s - —
o o5 1 15 2 . Y% o5 1 15 2
© tSec .. tsec :
23 (Dispiacement of Cart) versus t '“.’ %4 (Velocky of Cert) versus t
8 ool :

B-10-10. We shall preseit three methods for the design of the full-order state
Method 1:. We shall first transform the system equations into the cbservable
canonical form. Define a transformation latrixg by .

Q =(wN*)"

y=ler #el-

[‘,
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vwhere aj is a coefficient in the characberistic equation of the or:lg:lnal state

equation.
: ' S+ / -/
o1~ A! < stz
= st+q5+4;
"nms
| 4, =3, az=/
13 7
W=, o
e / /
- 3 / /]
-t_ * : =
8 "‘.‘.‘fﬁ{ “‘[/ o][~l 1] /. 0
and

Defineanewseatevecbotgby
xX=08%
" whs v

' Then, thestat'eandoutputequations:bedm\e

lheuevsbateandoutputeqmtionsareinthaohservablecanonimm. Re-
fe::ringtoﬁqtntion (10-61), thesbateobservergainmerixgecanbegimby

k Q x;"":
) e- o« ~Ay
where of 1 andxzamdeterninedfmthedesiredd:ambeﬂstic equation.
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( S~ )(S~pM2) = (s+8)(5+5) = S*4-/05 +2_s-

=S5+ s+, =0

Hence,-

o sl zs-7/ 7
ke =1 =
- { -2}l 10-3 170
[
& -~
- ea|
Then, the characteristic equation of the observer is

stl+ke, 1

= | A tke, ST2

=S (14 key+ 2)5 1+ 2be, + hey

= s*'-g. ps +25

ke, t 2=10, [+2ke the; =25
o | | » :
ic‘= 7, . kez =/a
] |
7
ke = 10

ﬁh_g_g__:_ Nm,veshauohbaintheobservergainmatdxxehynseofmr—'
mann's fomula givenby Equation (10—65) »

#’(ﬂ)

. where '3(8) is the des:lred characteristic polynomial, or

$6) =(s=pr:)(s~pta) = B +5H5+5) = 5S>+ 10 5 +2¢
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PA) = A +/oA+25T

-1 7}? -+ 71 _frs @

S I R P B
7 7| 1 év"i_ o] _ r s
Ke:b/o;—//'l"f/ol

ant
-~

/7 7
7 0

[+

0
,I

——
—

The equation for the full-order state observer is given by Eguation (10—60):— )

S Z=(f-k) X +Burkey
vher_e.g=&in-thisprobm.~ Hence

~r

"o o | .
Z, - 1] J21]. XNy 17
L = - +
or o ' e | PO
| o[ E] 7]
% (-7 -2l&] |#]

This is the equation for the fuu-order state owe_rver.

1

B-10-11. A full-order state observer forthe giv)en system is designed by use

of MATLAB
below.

. The MATLAB program used for the design of the state observer is given

% *#++%% Design of full-order state observer *++++
A=[0 100 0 1;5 6 0 '
C=01 00
L=F10 -10 -15};

Ke=adker(A'CILY o

Ke=
35

394
1285 -
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Referring to Equatim(lO—GO), the full-order state observer is given by
gc’::=(A KeC)Z +Butkey

FARE) 35

2 |-3 1 o
‘,‘Q=7-39f 0 /||%|+|o|U4t|39% Y
72 I oG |/ 1285

Weshaumttwomthodsforobtainingthefull-orderstateob-

B~10—12.
A MATLAB solution-is also given.

ae:vergaiamatrix Ee-
Referring to Equation (10-61), the statecmservergainmtrixxe E

Method 1:
canbegivenby _
» d""d, 7
[ g
: x ~ay
mt;r:lxg_is given by
A » ., s
&=(Wyr)

@2 4, 1
.‘.‘!""’ 41",-0
¢/ o o

'meva].uesofalandazaredeteminedfmmthecharacteristicemntionofthe

original systen .
| s -1 d
sI-Al=l o = = =l
‘ ~/2g% . —03958  SHI/EST
= 52 3 S S 0. 395F S—/ 28K
=85+ 9:S*+dq:5 +4d,
Hence

- : dr =3./55, a,-—o.:y:{ Az =~/ 255
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" - —03956 - 3 /%5 /

W =| 3./85 / o

e 4 0 J
org . [-03756: 3/%5 | o o / |
| Q=(WN*)-.'= 3 /55~ /7 ol=lo / ~3 /%5
- 4 0 0 1 =375 10,2866 |

g, ar ‘ istic .
mevalmsofdl.v(‘z,andd3aredemineﬁfmme®siredmaracber'__

| (s=p1) (s=p (S H3)
= (s+s-js0E)(S +5+jSN3 ) (s +100)
= (s2+ o5 + 100 ) (5 +/0)
= S2+20s™+ 200 s + /060
=8 +oySst+ ot Stoly =0
: oy —ds g9 0 / fo00 + /2L |
Ke=Q s —acl=l0 t = =3/ks || 200 +0.3956
R 7Y ;3045 (0:2866|| 20 —3./85
V/ 1% £
=\ 1¢7.387
svf-_ar/

Me “2:’_ Defmethestateohservergainmtﬂxas'

T ——

._/fe‘-'-' iea

kes

'mems:lreddxaracteristiceqmtionbecanes
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‘ o s o] o -/ o ‘q
IsI-A+kCl=||les el-|0 o / [/ad]
Sl cos] |rzex 03156 —3.0¢5] .k,_

s +&e; - -] .o
| s -
-/.2¢9z they —0:395-6 St 3./7S"
534 (he T3 /;s) s*+ (3./;-9(, +k¢. o-.m'é).r

b (4284 ey t 3105 ke, ~ 03956 Ke,)

]
5’

I

=83+208%+ 2005+ /d0¢ =0

© Ker + 3./9!3‘ = N |
3185 ke, +Kes — 0 3956 =200 |
—h2%¢ + fe, +-3./sc.s-»€¢-. -43?'5*5&,, -—-/aaa -
o fmvhichveohbain B '

;,, //.99: , Koo =/P7.387, Aoy =SPHK 3P/

or | _
. /6 ESS | _
" Spg.38/

Referring to BEquation( 10-60), the full-o;dér state observer is

§=(4-teg)E+Butley
€] [-mess  / o %l | o | [|smess| -
i = | —/47.337 o 3"3 +| o _4 U+ /97337 Y
1% —5‘9-3./37 23958 —3.0¢S B Jrevr] WJJI_'

.MBsel =7 Ammnprogratoobtainﬂesiabeohsetvargainmtdx.
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% *++% Design of full-order state observer *++++
A=[0 1 000 11244 03956 -3.145}
C=[1 0 0
L =[-5+*5%(sqre(3)) -5-1‘5'(sqﬁ(3)) -10};
Ke=acker(A'C /Ly
§K°-='
_ . 16,8550
) o 3473866 -
. 5443809
B-10-13.  [ed - -
o z, g /) X 0
.l = + u
X, 9 0]i% /
P
y=1[s o],
S R

The desired closed-loop poles for the pole-placement part are -

= —=0.907/ L 5 707/
,andthedesimdobserverpoleoftheminimm—orderohserverxsat
Mfmmwmimaommllaistemmfm
gainnatrixKandtheobservergainmatrixKe. By using the MATLAB program given
belowwecandeterminexandxe. o : ‘ S

% $#2¢¢ Determination of K and Ke #4944 :
A=[0 10 O} '
B=[0; 1};
J=[-0.7071+§°0.7071 -o.1o11.ro10111;
K=acker(ABJ)
K= »
10000 1.4142
Abb = [0];
Asb={1];
L=k
Ke = ackes(Abb', Asb'L)
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The feedback gain matrix K and the observer gain matrix K, are obtained as follows:

=[/ r¢s¢2] , Ke=¢

. Next, we obtain the transfer function of the observer controugg. . Noting
that the minimum-order cobserver equation is given by Equation (10-89), we have

T =l ke A )T + [(An= Kcﬂn)l’e+Au-—l<e/4“]g+[ﬁ'5—-ke8.,)a

.Forthepre%system

Aw =0, /b =/, A =0, \Aib""’o) Ba=2?, Bl"/:

k«‘-'—'/, ky=/4/%2 , Ke=&

By substituting these numericzl values into the minimum—order observer equation,
we get
7 :-.-(p-;x/) 7t [(o-sx7)5 t+0-5%x0]gy + (1-sx2) &0

H=—sf 25y +u
Taking the Laplace transform of the last equation, assuming the zero initial -

condition, we have
sHE) = -8 9s) —25 Y& ‘I‘_ZTZS')

- or

7€) = 5”_ [-—2.s~w:>+mv)] - w

Referring to Equation (10-104) we have
l{=-*kz -—-k., (kn -erKe)g

==/ /42 5 =807/ 4
Taking the Laplace transform of this 1ast equation, we obtain
| UG) =/ 422 5 6)—8.07/. () @
“ Eliminating‘z(s) from Equations (1) and (2), vehave N |
Ve = —4¢/£2 [-zr &) + ms-)] ~8.00/ YE)

s 4—:
‘simplifying .
(18I UVE) =~/ #/%2 [—-z; Yts) + zr()] —{ 3'{-5‘) 8.07/ Y6, )

from wvhich we geb
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TE)  &o7/st+ S __0007/' S+0.6/95
=Y T s+ E#/42 - S+ E«/¥2

which Q'iﬁest‘hetransfer function of the observer controller. The same observer
- controller equation can be obtained by use of MATLAB. - See the MATLAB. program

% **++* Desion of Observer Controfler #+%%¢

| A=[0 10 O;B=[0;1}; o
Aza=0; Asb=1; Aba=0; Abb=0; Ba=0;Bb=1;
Ka=[1]; Kb=[14142:Ke=5; -
Ahat = Abb - Ke*Asb; -

Bhat = Ahat*Ke + Aba - Ke*Ass;

Fhat = Bb - Ke*Ba;

Ailde = Ahat - Fhat*Kb;

Btilde = Bhat - Fhat*(Ka + Kb*Ke);
Cilde = Kb;

Dilde =-(Ka + Kb*Ke); |
fivumm, den] = ss2t{Atilde, Btlde, -Ctilde; -Dtilde)

80710 5.0000

.
1.0000 64142

A block diagram for the designed system is shown below.

r stas/fs |4 | 1 e
rryryrra el

‘Notice that the observer controller. is a lead network.

B-10-14. ' Weshalluse the MATLAB approach to solve this problem. The first
Mmogzmgimmtmmtpagedetemiwsﬂnstatefeedbadcgammtﬁx_

Kandtheohserve_rgainnatrix‘lse, 'meobserveri;obedesigned_is a full-order
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% **+%*+ Determination of K- and Ko *++++
A=[0 1 00 0 1;6 -11 -6];
B=I0;0.1]. :
_je=n o o

I=Fl4 -1 5]

| K=acker(AB,J)
X=

4 11

L=[6 -6 6}
Ke=acken(ALC.LY

Ke=

12
2 .
-2

;nestatefeedbadcgammtrixxandtheobsemrgaMmtrixgetMOhbamedam
- as follows: ' S
K=[+ 7 7]
. 12
Ke=] 2
=72

'me second MATLAB program givaz helowdetemims the transfer function of the
observer controller. :

xwmm«mm——ﬁn«d«m
A=[0 1 00 0 16 11" " '
- | B=[0:0;1}; o
JC={1 0 Of

K=f4 1 1}

Ke = [12,25;-72];

AA = AKe*C-BK;

BB =Ke;

CC=K:.

DD=0;

[um,dm]-aztﬂAA,BBOC,DDl

B =
0 1.0000 119.0000 618.0000

den=
10000 19.0000 121.0000 257.0000
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The transfer function of the observer controller is
U6) S + /P +E/8
—Yt) T s 4 /95 4 j2/ 5+ 2857

The transfer function of the giv,en system in state space form is

66 = :

_ St s+ //SHE
. A block diagram of the designed system is shown below.

SE+/FSt E/8 w I / o .
Py (954 12( 5 +257 S L2/l +E -

" Notice that the designed system is.of sixth order-.

- B-10-15, | 'me transfer function of the plant is
Y6 . _ s 2+ 25+ 82 '
U6)  s+/0s> t 2¢S
© The correspmding differential equation is
g +/éy+2$‘y 44 +2a+.5‘au—

‘Comparing this plant diffa:entia'l equation with the standard third—order differen-
tial equation .

ones

,‘,‘H'%g-rdag tasy =be u:-r-b,zz-tb,.u-f-é_,u_

we find : .
41=10, 4z = 2¢, a =2, é—a b,-/ bz-z bs =SS0

Define the state variab].es as follows

X, 27-,33 @$
T=g-fru

Xy =%,

.»_pv:éo:.ow
)"-bl;"d/ e =/

© 201(5 Pearson Education, Inc'., Upper Sadﬁe River, NJ. All rights reserved. This publication is protected by Copyright and writterr permission should be
obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic,
mechanical; photocopying, recording, or likewise. For information regarding perm2@@s), write to: Rights and Permissions Department .

Pearson Education, Inc., Upper Saddle River, NJ 07458.



)Bz =bz “4//5,-—4:_ by = 2"‘/0)‘/"0=A~3

- — 24X | — O =108
 Ba= by —tufr—daf —as fp = SOTIOXS 24X _

Refering to. Bquation (2-36), we have
| 4=zt
L = =T _ | |
, ‘_zr__f;xl e X2 — A1 X3 14 U= 2F%Le— W23 +ro8 &
* The output equation is .
. y=2 | |
Hence the state-space representation of the plant 18

~— - -~

2l [e ¢+ eofjx| |/
wl=lo o 7||xt|-8|¥
Ll o -2 .'-*-/o_ | %3] 1 é-
_ _%11
y=[/ o o ||%z
A3

A=[0 1 0;0 0 1,0 24 10}
B = [1;-8;106];

C={1 0 O

I=[14§2 1452 5%
‘formatlong -
K=acker(A,B.J)

K= |
0.50000000000000 -0.09040074557316 -,0.03_9'84155510363

L=[10 -10 -10}
Ke = ackee(A'C'LY

Ke=
: 20
_ ) ) | 76
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The transfer function of the cbserver controller can be obtained easily with MATLAB.
The MATLAB program given below produces the transfer function of the observer cont-
rollervlmtheobserverisoffullorder : _

% Obtaining transfer fiinction of observer controfier — full-order observer |-

A=[0 1 0;0 0 1;0 24 -10}; -
B =[1;-8;106];
C=[1 0 O}
K=[0.5000 -0.09040075 -0.039841566];
Ke = [20:76;-240]:
AA-A—KB"C-B‘K,
BB=Ke;
oC=K;
DD=0; _ :
format short . -
'[m,dm] WAA.BBOC,DD) '

0 12.6915 163.6626 500.0000

den=
© 1.0000 27.0000 218.3085 554.8695

The transfer function of the observer controller‘ obtained is -
TE) | (2835 5S>+ /636626 s + sv0. 0000
-Y& S3427, 0000 S*+ 2/8, 30855 + SSH PL IS

System with a minimm-order observer: We next consider the case where the state - .
‘cbserver is a minimm-order cobserver. (The state feedback gain matrix K is the -
same as the case of the full-order observer.) ‘mefollawingmmapmgramproduces
theobservergainmtrixxevhentheobserveristheminim-orderobserver

%‘““DmaﬂmofKefnrﬂnmmmmdﬁm“‘“

Abb=[0 124 -10}
Asb={1 O}
Le=f10 -10;

Xe = acker(Abb, Asb'.LY

g00°
24
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The MATLAB program shown below produces the transfer function of the observer
controller based on the minimm-—order observer.

% Obtaining transfer function of observer controller — minimum-order observer

A=[0 1 00 0 1;0 24 -10];
B=[1;-8;106), :

‘Asa=0; Asb=[1 0}; Aba=[0;0; Abb=[0 1;24 -10}; Ba=1; Bb=[-8,106],
Ka=0.5000; Kb = [-0.09040075 -0.039841566]; Ke =[10;-24]; -
Abat = Abb - Ke*Asb; '
‘Bhat = Abat*Ke + Aba - Ke*Aza;

Fhat =Bb - Ke*Ba;

Atilde = Ahat - Fhat*Kb; -

‘Btilde = Bhat - Fhat‘(Kn-i-Kb"Ke);

Dﬁldes-(Ka-i-Kb'Ke,);

fmum,den] = ss2tf{Atilde, Btilde, -Ctilde, -Dtildc)

aam =

05522 126915 50,0000

den=
1.0000 164478 52.7260

The transfer function of the observer controlla: obtained is
Us) _ _0.5522s*+ /2, E9/55 +50.0000 .
~Y&) S + /8- $278 5 + $2.7260

Unit-step response: -The closed-loop transfer function when the observer is of
full order is

Y©) 12.69/85 s . + /87, a;enr.: + 1447 90025 >+ 7/4’3-/3: + 25000

RE) . SIHBTSCA S25 S + F5NSSP4 /2250.5 2+ 225005 + 25900
The clwed-loop transfer function when the observer is the minimm-order -observer
is given by ’ |
‘ V12 0-£5%+ /3.4’53-1"/435"1‘ p24bs + 2800

L RE) T st + 27s5%+ 25553+ 1025+ 2000 5 + 2500

‘Ihetmit-steprespmsecurvesforbothcasesareshcwninthewcbpage Notice.
_ thatthemib—sbepresponsemrvesforbothsystensarealmstidentical .

scnofbandwidthsofboth s Bodediagramofbothsyshemsare

shown in the next page. The bandwidths are almost the same for both systems.
'mebandwidth for the system with the full-order cbserver is 2.4771 rad/sec. 'me
" bandwidth for the systenwithﬂ;eninimm—orderobservar is 2.4201 rad/sec
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%"‘“szpmmofbmdwﬂﬂns“‘“ '
1 mmml =[12.6915 189.0456 1461.9002 9183.13 25000],
[ denl=[1 37 525 3575 12250 22500 25000); -
| m2=[06 138 103 734 .2500);
“den2=[1 .27 255 1025 2000 2500);

[ﬂ&pbm,l w] = bode(ouml,deal,w);

n=

while 20*log(mag(n)) >=-3;

n=ntl;

end

‘b-ﬂfwid&-w(n)

'bmdwiddl=

2.4771

[ms.l:hase.l w}ﬂ‘bode(m?sdeﬁ,w);

ng

WWWB))*-é

a=ntl;

end

bmdwidﬁ==w(n)

bandwidh =

2.4201

B-10-16, The transfer function of the plant is
| ) _-__/
Ué) s(s+7).

| The corresponding differential equation is
o=

X =%
- A
'menthestatespacerepreeeubationoftheplanbbecmesasfonowsz.
71 [o 71[x] [0l |
1= ' 1+ 0 i

IEAN -/|le] |+

y=11 _o]

Nowveobtaintbetransferfmcbimoftheomervercontmnerﬁthmw The
. MATIAB program given on the next page produces the desired observer controller.
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[[ %6 #*+++ Obtaining the transtee fimction of observer comtroller **++
A=[0 L0 -1 ‘
B=[0;1}; -
J=[242 2425
L=[8 -8
K = acker(A,B,J)

K=
| & 3
Ke = acker(A',C,L)
h-

15
.
‘AA = AKeSCBK;
BB=Ke -
cC=K;
DD =0; —
| fn deny ~ st B8.0C.0m)
B0 =

0 267.0000 512.0000

den=
1 19 117

. The observer controller obtained with MATIAB is
' 26 7s5+37/2
) = S2+ /98 +/7/7

mod:diagramforSystas(a)and(b)cannwberedrawnasstminﬂenext
page.- InSysten(b),wedeteminestothatthesteady—sbateoutputtothe

‘ unit-step input is unity.
" The closed~loop transfer function Y(s)/R(s) for System (a) is -
Y6) - 2675+sv/z o
RO T st+ 20534726 S 43845 +S7/2
The closed-loop transfer function Y(s)/R(s) for System (b) is
Y) | %328/ 5%+ 82./9575 + S/2
Rs) ~ St+aos® +/36 5%+ 3845+ 572
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'2175-{-5‘/2 /
Lan > o o
S5 /st 117 S(s+/)
(a)
| 372 A ) ,
—_— —p] - S
”7 | sts+r)y —

2675 V¥ $/2
S2+/9s+1/7 .

| (b) , |
tlntproducedtheseunit«step‘responseamvesisgimmtﬁe‘mﬁpage. .

. 14 Unik-Step Response Cuives
’2 o “ -
e
08 _ . -
1 3 ot
asf -

o2} .
° es 1 15 2 25 3 s n s 5
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96 ***+** Unit-step response curves ¥+

puml~=[267 512];
dend =[1 20 136 384 512;
mm? = [4.3761 83.1459 512];
den2=[1 20 136 384 512];
t=0:0.01:5;

yl= sl:ep(nmnl deul,t),

¥2 = step(num?2,den2.£);
plof(ty],“452)
title(Unit-Step Response Curves)
xlabel('t sec’)

ylabel('Outputs’)
- gtext(System (a))
smt(‘symw)')

fIbdeteminetheparameterainmtrixé,,wefirstdeteminemtri;&

B~10-17.
gfrcm‘ .
ATP+PA =~T
wA WA WA L
or . o
o o0 -~/ |[Pv Pe P> Pe e s llo 1 0 /e o0
- o 1 - Wl Py P P13 Prs Pl -2 —4 oo/
The result is v o -
[ a*isa 1 2a*+3 A
2(za~1) 2(2a~/) 2 ,
p = | 22+3 a+al+a+y  at+at/
- 2(20~/) 2(2a~/) = 2(z2a-/)
e ar+a+| a+3z
2 2(28~]) 2(m~1) _

maiwec}mobtainﬂaoptimlvalmoftheparameberathatminmizesﬂe~
performance index J for any given initial condition 35‘(0). Since x(0) is given
S -y €7
5(0)-": o
_ . o
. the performance index J can be simplified to
T=z20)F xt) = . &*
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Therefore, we obtain

_.at*+sa—~/
J = ¢a -2 <

To ‘minimize J, ve determine a from di/da = 0, or

2

¢a*— ¢a ~4
(#4-2)"

=a:
from which we get ) )
az/‘gzg 2 - -.a'rzg

Since a is specified to be positive, ve discard the negative value of a. ‘ﬂms,

we choose a = 1.823. Noting that a = 1.823 satisfies the condition for the .
minimum (dzJ/da > 0), the optimal value of a is 1.823. '

B-10-18.

C‘(sg - 25K

RE) T Si+ipss o5 +2.5K

From this closed-loop transfer fu;nct:ion, we obtain -

28wn = /. § Wt =0:5 +2.5K
simegisgiveuasos,weobtam ' '

_4;,, =L 5 ::Jé..f—i'?-.‘“_/(
from which we get K = 0.7, @Wn = 1.5. Then we obtain

CE) _ /.75

Ris) st S5+ 2, 25
E(s)/R(s) can then be obtained as

EB) : RO)~C6) _ _S*+/.5Ss+o0.5
RG) R5) SEH+ASS +2.25

e +/.re + zzre =Y +/)ST+ 0S5V
Since r = Omaﬂsproblan.wehave
€ +/.5¢ +2.28€ =0

_Definee1=_e,e2=é. Then we have
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1é, 225 —/s||e,
. L . ) ‘re - i : .
Temar = [“emaewar
. 0 : _ o
e ' .0
e = 1) , Q.= /
w eaft) - le o

Ietussolyeé"lg-ﬁ&-—-'-oforp. Using this P we obtain

. J= j */t)dt-—efmrem
Notethatforageneralcaseof

A=l % 7]
e 25w,

P=| Fwn + @, 2o

wa / : Y

| ' RwiF o @y’
Thus, .w obtain i . .
| “ e RY

e dt-=[el) e.)] P =
50 F=le el =0 o1p

- S A 5
_ P” - et @n + @n ]
.'_Bysubstitnting}'=0.5and_cdn=1.5intothislastequation,weohtain

S“e?t)#a

" B-10-19." " The optimal control ‘signal u will have the form u = -Kx. 'mere—
fore, the petforuance index J becomes

(_jx +u)dt = S "(I-t-KTk)xdt-
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Since R = I in this problem, Equation (10-115)becomes
(A-BK)TP + PCA-8K) =—(I+ KTK)
and Equation (10—117) becames
=RVBTP=B"F
7 where P is determined fram the reduced matrix Riccati equation-
| ATP+PA - fggff +I=0 |
Solving for P. requiring that it be positive definite, we obtain
p=|% /
D P
'meoptinal feedbadcgainn\atrix&hecanes
o , 2 71
K=£Tf =[o I]", / =[r /]

Thus,  the optimal control signal u is given by

wWA gy - -

B—10~20_, We first .solve the reduced matrix Riccati equation:
A +PA P.Bk"B*P-r e@=0

Nobingthatmatrixaisrealandmtrixqisrealsymnetric matrixPisareél
symmetric matrix. ~Hence the reduced matrix Riccati equatién can be written as

o "4 FPu /’n_ + |2 Lo 7
/ 0 f'l P&Z_ ’ ﬁ& ,22; 0 o_ 7
Pr #2lio] 2 22l [0 0] [o o
-1 it} O. . : =
o [Flz Pzz].[l- [,J[ I] L[’:z Pu_ +[0 Ml o 0
_.This iast equation can be simplified-to - |

| Pu prz} |2 pr _}”l'fzz pz ] o um o o

from which we obtain the following three equations:
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M+ 24, -/ozzz‘-.-_-a

_Solving -these three simultaneous equatmns for py3,

'bo be positive definite, we get Fa2e " P22 e g .
~ P2 P ] 4 Stz

The optimal feedhadtgainmtrixx isobtainedaé

K-g7gr =11 [l P

1. Pze
2[,72 ‘,;zz]‘:' [/ J/H‘!'Z]

Thus, the optii:al control signal is.

uz—ﬁf\ = ;—-z’,-—,//u-f-z 7>

B-10-21. A MA'JIAB program to solve the ‘ven 7 dratic imal control'pto—l
blen is shown below. - g b opt : : .

% sesas dem om‘ m *tpsas

[010020601 000‘0001-0.4905000].
= [0; -1; 0; 0.6];

R %100000'0100'0010’0001].

= IgrlA.B,Q,R)
K==

-54.0554 ;11.8079 -1 0000 -2.7965
The state-feedbad: gain matrix is obtained as follows:

= [-skosse —11.5075 —t.0000 -2 Py f]

ﬁb.weshallobtaintherespansetothegiveninitialcmxditim. We sub-

" into the original state-s;:ace equation and ohtai.nthe following equation:

X=Az+Bu=Ax- Bkx =(p-8K)z
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The MATLAB program given below produces the response to the given initial condition.
& AA and the initial condition [0.1; O; 0; 0] is

Note that A - B*K is written a

represented
page. ~‘

by BB. The resulting response curves are shown below and on the next

plotit,x4)
rid

AA = A -B*K; :
BB = [0.1; 0;0;0L : .
ix.z,t] = step(AA,BB,AA, BB);

% *+*+* Response to initial condition ***** |

x1=[1 0 O OJ*x%;
xX2=0[0 1 O O)J*x";
x3={0 0 1 O]*x";
"x4={0 0 0O 1]*x%;
ploti{t,x1)
grid
title{"Response of x1, Theta")
xiabel('t Sec')
yiabel{’x1 = Theta') .-
plot{t,x2) o
title{’'Response of x2, Theta dot’)
xlabel(’t Sec’) -
viabel("x2 = Theta dot’)
- plot(t,x3)
i f x3, Displacement
esponse of x3, g
xlabel{'t gec') orx : of Cart’) I

yiabel('x3 = Displacement of Cart').

title{"Response of x4, Velocity of y
xlabeil't ect) - " elocity of Cart’)

ylabel(’x4 = Velocity of Cart’)

e Resporise of xt, Thels .
gm
e .
%

- . r —
| p
R

<

[ L 2

s s 7 -8 [ °
18ec .
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Resporws of 32, Thels dot

18ec
o e st
/1
N\
0.15}—f N
] o=
N
B T B R S S S 7 8 0w
Responee of 24, Velockty of Cart
[ > \ .
.'E
i‘
at —} :
3 \[ | T
/_
4\—!‘/ ¥
0"0 1 2 3 4 ':‘ [ ] 7 8 ] 10
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