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Preface

Many breakthroughs in research and, more generally, solutions to problems come as
the result of someone making connections. These connections are sometimes quite
subtle, and at first blush, they may not appear to be plausible candidates for part
of the solution to a difficult problem. In this book, we think of these connections
as bridges. A bridge enables the possibility of a solution to a problem that may
have a very elementary statement but whose solution may involve more complicated
realms that may not be directly indicated by the problem statement. Bridges extend
and build on existing ideas and provide new knowledge and strategies for the solver.
The ideal audience for this book consists of ambitious students who are seeking
useful tools and strategies for solving difficult problems (many of olympiad caliber),
primarily in the areas of real analysis and linear algebra.

The opening chapter (aptly called “Chapter 1) explores the metaphor of bridges
by presenting a myriad of problems that span a diverse set of mathematical
fields. In subsequent chapters, it is left to the reader to decide what constitutes
a bridge. Indeed, different people may well have different opinions of whether
something is a (useful) bridge or not. Each chapter is composed of three parts: the
theoretical discussion, proposed problems, and solutions to the proposed problems.
In each chapter, the theoretical discussion sets the stage for at least one bridge
by introducing and motivating the themes of that chapter—often with a review of
some definitions and proofs of classical results. The remainder of the theoretical
part of each chapter (and indeed the majority) is devoted to examining illustrative
examples—that is, several problems are presented, each followed by at least one
solution. It is assumed that the reader is intimately familiar with real analysis and
linear algebra, including their theoretical developments. There is also a chapter
that assumes a detailed knowledge of abstract algebra, specifically, group theory.
However, for the not so familiar with higher mathematics reader, we recommend a
few books in the bibliography that will surely help, like [5-9, 11, 12].

Bridges can be found everywhere—and not just in mathematics. One such final
bridge is from us to our friends who carefully read the manuscript and made
extremely valuable comments that helped us a lot throughout the making of the
book. It is, of course, a bridge of acknowledgments and thanks; so, last but not least,
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we must say that we are deeply grateful to Gabriel Dospinescu and Chris Jewell for
all their help along the way to the final form of our work.

In closing, as you read this book, we invite you to discover some of these bridges
and embrace their power in solving challenging problems.

Richardson, TX, USA Titu Andreescu
Targoviste, Romania Cristinel Mortici
Barlad, Romania Marian Tetiva
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Chapter 1
Mathematical (and Other) Bridges

Many people who read this book will probably be familiar with the following result
(very folkloric, if we may say so).

Problem 1. The midpoints of the bases of a trapezoid, the point at which its
lateral sides meet, and the point of intersection of its diagonals are four collinear
points.

E

A M'=M B

Solution. Indeed, let ABCD be a trapezoid with AB || CD; let M and N be the
midpoints of the line segments AB and CD, respectively; and let {E} = AD N BC
and {F} = AC N BD. We intend to prove that M, N, E, and F are four collinear
points.

Denote by M’ the intersection of EF with AB. By Ceva’s theorem, we have

AM' BC ED _
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2 1 Mathematical (and Other) Bridges

Also, Thales’ interception theorem says that

DE _CE _ CB DE _
DA CB ~CE DA

and by putting together the above two equations, we get M'A = M’B, that is, M’ is
actually the midpoint of AB; therefore, M = M’ belongs to EF, which is (part of)
what we intended to prove. [

The reader will definitely find a similar way (or will be able to use the already
proved fact about the collinearity of M, E, and F) to show that N, E, and F are also
collinear.

One can also prove that a converse of this theorem is valid, that is, for instance, if
M, E, and F are collinear, then AB and CD are parallel (just proceed analogously, but
going in the opposite direction). Or try to prove that if the midpoints of two opposite
sides of a trapezoid and the intersection point of its diagonals are three collinear
points, then the quadrilateral is actually a trapezoid (the sides whose midpoints we
are talking about are the parallel sides); this could be more challenging to prove.

As we said, this is a well-known theorem in elementary Euclidean geometry,
so why bother to mention it here? Well, this is because we find in it a very good
example of a problem that needs a (mathematical) bridge. Namely, you noticed that
the problem statement is very easy to understand even for a person who only has a
very humble background in geometry—but that person wouldn’t be able to solve the
problem. You could be familiar with basic notions as collinearity and parallelism,
you could know such things as properties of angles determined by two parallel lines
and a transversal, but any attempt to solve the problem with such tools will fail. One
needs much more in order to achieve such a goal, namely, one needs a new theory—
we are talking about the theory of similarity. In other words, if you want to solve
this problem, you have to raise your knowledge to new facts that are not mentioned
in its statement. You need to throw a bridge from the narrow realm where you are
stuck to a larger extent.

The following problem illustrates the same situation.

Problem 2. Determine all monotone functions f : N* — R such that

flxy) =f(x) + f(y) forall x,y € N*

(N* denotes the set of positive integers, while R denotes the reals).

Solution. All that one can get from the given relation satisfied by f is f(1) = 0
and the obvious generalization f(x; ---x;) = f(x1) + --+ + f(x) for all positive
integers xi, ..., X (an easy and canonical induction leads to this formula) with its
corollary f(x*) = kf(x) for all positive integers x and k. But nothing else can be
done if you don’t step into a higher domain (mathematical analysis, in this case)
and if you don’t come up with an idea. The idea is possible in that superior domain,
being somehow natural if you want to use limits.
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Let n be a positive integer (arbitrary, but fixed for the moment), and let us
consider, for any positive integer k, the unique nonnegative integer n; such that
2m < pk < 2mF1 Rewriting these inequalities in the form

Inn 1 - Inn

In2 &k k = In2

one sees immediately that klim ne/k =1nn/In2.
—00

Because if f is increasing, —f is decreasing and satisfies the same functional
equation (and conversely), we can assume, without loss of generality, that f is
increasing. Then from the inequalities satisfied by the numbers n; and by applying
the noticed property of f, we obtain

ny

£ =10 <7 & @) < < (Y + 1)@,

Now we can let k go to infinity, yielding

Inn

o) =F@)3

for any positive integer n. So, all solutions are given by a formula of type f(n) =
alnn, for a fixed real constant a. If f is strictly increasing (or strictly decreasing),
we get f(2) > f(1) = 0 (respectively, f(2) < f(1) = 0); thus f(2) # 0, and,
with b = 2!/ the formula becomes f(n) = log, n (with greater, respectively
lesser than 1 base b of the logarithm according to whether f is strictly increasing, or
strictly decreasing). The null function (f(n) = 0 for all n) can be considered among
the solutions, if we do not ask only for strictly monotonic functions. By the way, if
we drop the monotonicity condition, we can find numerous examples of functions
that only satisfy the first condition. For instance, define f(n) = a; +a, +- - -+ a; for
n = pi'---pi*, with py, ..., pg distinct primes and ay, . . ., a; positive integers and,
of course, f(1) = 0, and we have a function with property f(mn) = f(m) + f(n)
for all positive integers m and n. The interested reader can verify for himself this
condition and the fact that f is not of the form f(n) = log,n, for some positive
b # 1 (or, equivalently, that this function is not monotone). [

Again, one sees that in order to solve such a problem, one needs to build a bridge
between the very elementary statement of the problem and the much more involved
realm of mathematical analysis, where the problem can be solved.

However, there is more about this problem for the authors of this book. Namely,
it also demonstrates another kind of bridge—a bridge over the troubled water of
time, a bridge connecting moments of our lives. As youngsters are preoccupied
by mathematics, we had (behind the Iron Curtain, during the Cold War) very
few sources of information and very few periodicals to work with. There were,
say, in the 80s of the former century, Gazeta Matematicd and Revista matematicd
din Timisoara—only two mathematical magazines. The first one was a monthly
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magazine founded long ago, in 1895, by a few enthusiastic mathematicians and
engineers among which Gheorghe Titeica is most widely known. The second
magazine used to appear twice a year and was much younger than its sister, but also
had a national spreading due again to some enthusiastic editors. Anyway, this is all
we had, and with some effort, we could also get access to Russian magazines such
as Kvant or Matematika v Skole, or the Bulgarian Matematika. Two of the authors of
this book were at the time acquainted with problem 2 through Revista Matematicd
din Timigoara. They were high school students at that time and thoroughly followed
up the problem column of this magazine, especially a “selected problems” column
where they first met this problem (and couldn’t solve it). The third author was the
editor of that column—guess who is who! Anyway, for all three of us, a large
amount of the problems in this book represent as many (nostalgic) bridges between
past and present. Problem 2 is one of them, and we have many more, from which a
few examples are presented below.

Problem 3. Are there continuous functions f : R — R such that
f(f(x)) + f(x) + x = 0 for every real x?

Solution. No, there is no such function. The first observation is that if a function
with the stated properties existed, then it would be strictly monotone. This is because
such a function must be injective (the reader will immediately check that f(x;) =
f(x2) implies f(f(x1)) = f(f(x2)); therefore, by the given equation, x; = x;). Now,
injectivity and continuity together imply strict monotonicity; so if such a function
existed, it would be either strictly increasing or strictly decreasing.

However, if f is strictly increasing, then f o f and f o f + f + 1 are also strictly
increasing, which is impossible, because f o f + f + 1r must equal the identically 0
function (by 1z we mean the identity function of the reals defined by 1 (x) = x for
every real x). On the other hand, by replacing x with f(x) in the given equation, we
get f(f(f(x))) +f(f(x)) + f(x) = 0 for all x, and subtracting the original equation
from this one yields f(f(f(x))) = x for all x or f o f o f = 1g. This equality is a
contradiction when f (and f o f o f also) is strictly decreasing and the solution ends
here. O

By the way, note that if a,, a,—1, ..., ap are real numbers such that the equation
apX" + ay—1 X"~V +---4+ay = 0 has no real solutions, then there exists no continuous
function f : R — R such that a,f" + a,_f"1 + .. 4+ aof¥ = 0. Here f" is
the nth iterate of f (with ! = 1), and 0 represents the identically O function. This
was a (pretty challenging at the time) problem that we had on a test in the mentioned
above eighties, on a preparation camp. A bridge, isn’t it?

Problem 4. Prove that among any 79 consecutive positive integers, there exists
at least one such that the sum of its digits is divisible by 13. Find the smallest 78
consecutive positive integers such that none of them has its sum of digits divisible
by 13.
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Solution. By S(N) we will denote the sum of digits of the natural number N. We
can always find among 79 consecutive natural numbers 40 of the form 100k + a0,
100k + al, ..., 100k 4 (a + 3)9, with k a natural number and a < 6 a digit. Among
the sums of digits of these numbers, there are S(k)+a, S(k)+a+1,...,S(k)+a+12,
that is, there are 13 consecutive natural numbers, one of which has to be divisible
by 13.

Now, for the second part, we have to choose the desired numbers in such a
way that no forty of them starting with a multiple of 10 are in a segment of
natural numbers of the form {100k, 100k + 1,...,100k 4+ 99}. This can only
happen if the numbers are of the form 100a — 39,100a — 38,...,100a + 38,
for some natural number a. Actually we will consider numbers of the form
10> — 39,10” — 38,...,10° + 38, with b > 2, because it will be important how
many nines there are before the last two digits. The sums of digits of the numbers
10°,10° 4 1,...,10° + 38 will cover all possibilities from 1 to 12. The sums of
digits of the numbers 10” —39, 10 —38, ..., 10” — 1 will range from 9(b—2) + 7 to
9(b—2)+18, and it is necessary that they cover exactly the same remainders modulo
13 (from 1 to 12). For this to happen, we need to have 9(b —2) +7 = 1 (mod 13),
which gives b = 10 (mod 13). So, the smallest possible 78 such numbers are
those obtained for b = 10, thus the (78 consecutive) numbers from 9999999961
to 10000000038. O

This is a problem that we know from the good old RMT.

Problem 5 (Erdds-Ginzburg-Ziv theorem). Prove that among any 2n — 1
integers, one can find n with their sum divisible by #.

Solution. This is an important theorem, and it opened many new approaches in
combinatorics, number theory, and group theory (and other branches of mathemat-
ics) in the middle of the twentieth century (it has been proven in 1961). However,
we first met it in Kvant, with no name attached, and it was also Kvant that informed
us about the original proof. Seemingly the problem looks like that (very known)
one which states that from any 7 integers, one can choose a few with their sum
divisible by n. The solution goes like this. If the numbers are ay, ..., a,, consider
the n numbers ay, a; +ay,. .., a; +a+---+a,. If there is any of them divisible with
n, the solution ends; otherwise, they are n numbers leaving, when divided by 7, only
n—1 possible remainders (the nonzero ones); therefore, by the pigeonhole principle,
there are two of them, say a; + --- + a; and a; + --- + q;, with, say, i < j that are
congruent modulo 7. Then their difference a; 11 + - - - + g; is, of course, divisible by
n (and is a sum of a few of the initial numbers). We put here this solution (otherwise,
we are sure that it is well-known by our readers) only to see that there is no way to
use its idea for solving problem 5 (which is a much deeper theorem). Indeed, the
above solution allows no control on the number of elements in the sum that results
to be divisible by 7; hence, it is of no use for problem 5. The proof that we present
now (actually the original proof of the three mathematicians) is very ingenious and,
of course, builds a bridge.
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The first useful observation is that the property from the theorem is multiplica-
tive, that is, if we name it P(n), we can prove that P(a) and P(b) together imply
P(ab). This permits an important reduction of the problem to the case of prime n
(and it is used in all the proofs that we know). We leave this as an (easy and nice)
exercise for the reader. So, further, we only want to prove (and it suffices, too) that
from any 2p — 1 integers one can always choose p with their sum divisible by p,
where p is a positive prime.

The bridge we throw is towards the following:

Theorem. Let A and B be subsets of Z,, with p prime, and let
A+B={a+blacA, beB}.

Then we have |A + B| > min{p, |A| + |B| — 1}. (By |X|, we mean the number of
elements of the set X.)

We skip the proof of this (important) theorem named after Cauchy and Davenport
(the second rediscovered it a century after the first one; each of them needed it in
his research on other great mathematical results), but we insist on the following:

Corollary. Let Ay, ..., A, be 2-element subsets of Z,. Then
|Ay + -+ + Ag| = min{p,s + 1}.
In particular, if Ay, ..., A, are subsets with two elements of Z,, then
A4+ Ay =Ly

that is, every element from Z, can be realized as a sum of elements from
Ay, ..., A, (onein each set).

This corollary is all one needs to prove Erds-Ginzburg-Ziv’s theorem, and it can
be demonstrated by a simple induction over s. The base case s = 1 being evident,
let’s assume that the result holds for s two-element subsets of Z, and prove it for
s + 1 such subsets Aj,..., Ast1. If s + 1 > p, we have nothing to prove; hence,
we may assume that the opposite inequality holds. In this case, by the induction
hypothesis, there are at least s + 1 distinct elements xj,...,x,4; in A} + -+ + Aj.
LetAs+; = {y,7}; thenthe set A|+- - -+A;+A 4 surely contains x;+y, . .., Xy 414y
and x| +2,...,Xx.41+2z Butthe sets {x; +vy,...,x41+y}and {x; +2z, ..., X+1+2}
cannot be equal, because in that case, we would have

X+ +-F oY) =@ +2) 4+ + (41 +2),

which means (s + 1)y = (s + 1)z. As 1 < s+ 1 < p — 1, this implies y = z
in Z,, which is impossible (because y and z are the two distinct elements of Ay ().
Consequently, among the elements x| + y,..., x4 + yand x| + z,...,X41 + 2
of A| + -+ + As+1, there are at least s 4+ 2 mutually distinct elements, finishing the
proof.
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Now for the proof of Erd6s-Ginzburg-Ziv theorem, consider a; < a; < ... <
asp—1 to be the remainders of the given 2p — 1 integers when divided by p, in
increasing order. If, for example, a; = a,, then a; = a, = ... = a,, and the
sum of the p numbers that leave the remainders ay, ..., qa, is certainly divisible
by p; similarly, the problem is solved when any equality a¢; = a4, holds (for
any 1 < j < p). Thus we can assume further that (for every 1 < j < p) a; and
aj+p—1 are distinct. Now we can consider the two-element subsets of Z, defined by
Aj = {aj,aj4p—1}, 1 <j < p—1.(We do not use a special notation for the residue
class modulo p of the number x, which is also denoted by x.)

According to the above corollary of the Cauchy-Davenport theorem, A; + --- +
Ap—1 has at least p elements; therefore, it covers all Z,. Consequently, there exist
i1,...,ip—1 such that j; is either jor j + p — 1 forany j € {1,...,p — 1} and
aiy +--+ai,_, = —ay—1 in Z,. This means that the sum a;, +--- + i, + azp—1
(where, clearly, all indices are different) is divisible by p, that is, the sum of the
corresponding initial numbers is divisible by p, finishing the proof. O

One can observe that the same argument applies to prove the stronger assertion
that among any 2p — 1 given integers, there exist p with their sum giving any
remainder we want when divided by p. Also, note that the numbers 0, ...,0,1,...,1
(n — 1 zeros and n — 1 ones) are 2n — 2 integers among which one cannot find any
n with their sum divisible by 7 (this time n needs not be a prime). Thus, the number
2n — 1 from the statement of the theorem is minimal with respect to n and the stated
property.

There are now many proofs of this celebrated theorem, each and every one
bringing its amount of beauty and cleverness. For instance, one of them uses the
congruence

Y. G et x)”" =0 (mod p)

1<iy < <ip<2p—1

(the sum is over all possible choices of a subset of p elements of the set
{1,...,2p — 1}; in other words, it contains all sums of p numbers among the 2p — 1
given integers, which we denoted by x, ..., x,—1). Knowing this congruence and
Fermat’s Theorem, one gets N = 0 (mod p), where N means the number of those
sums of p of the given 2p — 1 integers that are not divisible by p. However, if all

. o 2p —1
the possible sums weren’t divisible by p, we would have N = P ] =1
p—
(mod p), a contradiction—hence there must exist at least one sum of p numbers that
is divisible by p.
This proof is somehow simpler than the previous one, but it relies on the above
congruence, which, in turn, can be obtained from the general identity

> }(—1)’”"3' (in)k =0,

SC{l,...m i€S
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valid for all elements xi, ..., x,, of a commutative ring and forany 1 <k <m — 1.
For k = m, we need to replace the 0 from the right hand side with m!x; ... x,,
and one can find results for the corresponding sum obtained by letting k = m + 1,
k = m + 2, and so on, but this is not interesting for us here. Let us only remark
how another bridge (a connection between this identity and the Erd6s-Ginzburg-Ziv
theorem) appeared, seemingly out of the blue. The reader can prove the identity for
himself (or herself) and use it then for every group of p of the given 2p — 1 integers,
with exponent p — 1, and then add all the yielded equalities; then try to figure out
(it is not hard at all) how these manipulations lead to the desired congruence and,
finally, to the second (very compact) proof of the Erd6s-Ginzburg-Ziv’s theorem.
However, we needed a bridge. What this book tries to say is that there are bridges
everywhere (in mathematics and in the real life). At least nostalgic bridges, if none
other are evident.

Let us see now a few more problems whose solutions we’ll provide after the
reader has already tried (a bit or more) to solve independently. As the whole book,
the collection is eclectic and very subjective—and it is based on the good old
sources from our youth, such as Gazeta Matematicd (GM), Revista matematicd din
Timisoara (RMT), Kvant, the Romanian olympiad or TSTs, and so on. Most of the
problems are folklore (and their solutions, too), but they first came to us from these
sources. When the problems have proposers we mention them; otherwise, as they
can be found in many books and magazines, we avoid any references—every reader,
we are sure, knows where to find them.

Proposed Problems

1. (Mihai Balund, RMT) Find all positive integers n such that any permutation of
the digits of n (in base ten) produces a perfect square.

2. Let ay,...,a, be real numbers situated on a circumference and having zero
sum. Prove that there exists an index i such that the n sums «;, a; + di+1, ...,
a; + aj+1 + -+ + a;+n—1 are all nonnegative. Here, all indices are considered
modulo 7.

3. Prove that there exist integers a, b, and c, not all zero and with absolute values
less than one million, such that |a + b+/2 4 ¢+/3] < 10711,

4. Prove that, for any positive integer k, there exist k consecutive natural numbers
such that each of them is not square-free.

5. Find the largest possible side of an equilateral triangle with vertices within a
unit square. (The vertices can be inside the square or on its boundary.)

6. Let A and B be square matrices of the same order such that AB—BA = A. Prove
that A"B — BA™ = mA™ for all m € N* and that A is nilpotent.

7. (Dorel Mihet, RMT) Prove that from the set {1", 2k, 3% ...} of the powers
with exponent k € N* of the positive integers, one cannot extract an infinite
arithmetic progression.
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8.

Let 1,4,8,9,16,27,32,... be the sequence of the powers of natural numbers
with exponent at least 2. Prove that there are arbitrarily long (nonconstant)
arithmetic progressions with terms from this sequence, but one cannot find such
a progression that is infinite.

(Vasile Postolicd, RMT) Let (a,),>1 be a convergent increasing sequence. Prove
that the sequence with general term

(@nt1 — ap)(@ny1 — an1) ... (@pp1 — a1)

is convergent, and find its limit.
What can we say if we only know that (a,),>1 is increasing?

10. Let f be a continuous real function defined on [0, co) such that lim f(nt) = 0
n—oo
for every ¢ in a given open interval (p, q) (0 < p < g). Prove that lim f(x) = 0.
xX—>00
11. (Mihai Onucu Drimbe, GM) Find all continuous functions f : R — R such that
Ja+y+2+f0)+f0) +/@) =fx+y) +fx+2) +f+2)
forall x,y,z € R.
12. (Dorel Mihet, RMT) Let f : [a, b] — [a, b] (where a < b are real numbers) be a
differentiable function for which f(a) = b and f(b) = a. Prove that there exist
c1, ¢y € (a, b) such that ' (c1)f'(cz) = 1.
13. Evaluate
/2 1
——dx.
/0 1 + (tan x)ﬁ
14. Show that
b N
lim (1 + —) edx=b—a
n—oo J, n
for all real numbers a and b.
Solutions
1. Only the one-digit squares (that is, 1, 4, and 9) have (evidently) this property.

Suppose a number with at least two digits has the property. It is well known
that a number with at least two digits and for which all digits are equal cannot
be a square; therefore, there must be at least two distinct digits, say a and b,
witha < b. Then if ...ab = k*> and ... ba = I, we clearly have k < [, hence
[>k+1,and

2k4+1=(k+1>-k<P—k=90b—a) <8l.
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So k < 40 and a direct (boring, but simple) inspection show that no perfect
square (with at least two digits) until 40> = 1600 has the required property.

. Solution I. Among all sums of the form a; + a;+1 + - - - + a4+~ (for different

integers j € {l,...,n} and k > 1), there must be a minimal one. Because
any cyclic permutation of the numbers affects neither the hypothesis nor the
conclusion of the problem, we can assume that this minimal sum is a; + - -+ +
a;—1. We claim that in this case, a@; + aj+1 + - -+ + aj+r—1 > 0 for all k. Indeed,
as long as i + k — 1 < n, this means that a; + -+ + gj44—1 > a; + -+ + a;—|.
When i + k — 1 exceeds n, we use the hypothesis a; + -+ + a, = 0 to see that
ai+ai+1+---+airr— > Oisequivalentto ap4 1+ -+aj4xk—1 > a;+---+a;—;.

Solution II. We proceed by contradiction and suppose that for every i €
{1,...,n}, there exists some j > 1 such that a; 4 --- 4 a;1j—1 < 0. So we find a
sequence 0 = ip < iy < --- < i, with property Ay = a; 41 +---+a;, <O0for
all s € {0, 1,...,n}. By the pigeonhole principle, there are j and k, with j < &,
such that i; = iy (mod n), and in that case, A; + --- + A, < O represents a
contradiction, because A; + - - - + Ag— is a multiple of a; + - - - + a,; therefore
it is, in fact, O.

. There exist 10'8 numbers of the form x 4+ y+/2 + z+/3, with x, y, and z integers

from the set {0, 1...., 10° — 1}. Any two such numbers are distinct (we discuss
this a little bit later), and any such number is at most equal to (106 —1)(1+/2+
V3) < 5-10°. Divide the interval [0, 5 - 10°) into 10'® — 1 disjoint subintervals
with equal lengths 5-10%/(10'8—1), and observe that there must be two numbers
in the same interval; thus, there exist two of these numbers having the absolute
value of their difference less than 5-10°/(10'8 —1) < 107!, If the numbers are
X1+ y1vV2 4+ z214/3 and x; 4+ y2v/2 4+ 224/3, we get |a 4+ b2 4+ ¢/3] < 1071
fora = x; —x, b = y; — y», and ¢ = 71 — 2», which are integers (at least one
of them being nonzero) with absolute values less than one million.

There are two more issues about this problem that we want (and have) to
discuss. One of them is necessary to complete the proof, namely, we still need to
show that two numbers of the form x + y~/2 4+ z+/3 can only be equal whenever
the corresponding coefficients x, y, and z are equal. More specifically, if x; +
Y1 V2 + Z1\/§ =x + yzﬁ + zz\/§, and x1, y1, 21, X2, V2, 2» are integers, then
X1 = X2, ¥1 = Yo, and 71 = zp. Equivalently, if x + y\/i + z4/3 = 0, with
integers x, y, and z, then x = y = z = 0. (We need this fact at the beginning
of the above proof, when we number the numbers of the form x + y~/2 + z+/3,
with 0 < x,y,z < 10'® — 1: they have to be mutually distinct when they differ
by at least a component. We also need it in the last step of the proof, in order to
show that at least one of the obtained a, b, and c is nonzero.)

Actually, one can prove a more general statement, namely, that if x,y, z, ¢,
are rational numbers and x + y~/2 +z+/3 +1v/6 = 0, thenx =y =z =1 = 0.
Indeed, we have z + t+/2 = 0 if and only if z = ¢t = 0 (this is well-known
and actually is another way to state the irrationality of +/2). So, if we have
Z 4 /2 = 0, the original equation yields x + y+/2 = 0, too, and the desired
conclusion easily follows. Otherwise, we can rearrange the equation as
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2
«/§=—%=u+vxf2,
Z

where u and v are rational numbers. But this implies 3 = u? + 2v% + 2uv «/5
hence, by invoking the irrationality of +/2 again, we get 2uv = 0 and u® +
2v% = 3, which, as the reader can check, immediately leads to contradiction.
Actually a much more general statement is valid, namely, that a;</b; +
oot @by, =0, withay,...,an by,...,b, €Q(bi,...,b, being nonzero)
implies a; = --- = a, = 0 whenever there do not exist i # j among the
numbers 1,...,m such that b;/b; is an nth power of a rational number. It is
the so-called linear independence of radicals, a rather folkloric result. When
m = 2, one can give a similar proof to the one above; the reader can try to see
that, after a few reductions, it is enough to prove the following: if py,...,py
are positive primes and a; are rational numbers indexed after the subsets I of

{1,..., N} such that
2
Z a sz € Q»
IS{1,...N} i€l

then (at least) 2V — 1 of the coefficients a; are null. (The product corresponding
to the empty set is 1.) We arrived pretty far away from the initial point, didn’t
we?

The second issue doesn’t belong to this proof—it is more like a reminder.
What we want to say is that this proof looks very similar to the proof of
Dirichlet’s approximation theorem. This theorem says that, given the real
numbers ay,...,a; and given € > 0, there exist integers n and my, ..., my
such that |na; —m;| < € for all 1 < i < k. Indeed, let us consider some positive
integer N satisfying N > 1/¢ and look at the intervals

o 1) L2 L N=1
I N) T INN) YT TN

that are partitioning [0, 1). Consider also the k-tuples (b?) e ,b,(j) ) defined by
bl@ = sifand only if {ja;} € [ for] <i<kand1 <j < Nk + 1. Eachb?) can
only take the N values from the set {1, ..., N}; hence, the NF+1 k-tuples can
have at most N* values. By the pigeonhole principle, there are two of them, say
(bY), ... ,b,({j) ) and (b(l) .. ,b,((l) ) that are identical. This means that {ja;} and
{la;} belong to the same interval I; (with s depending on i) for each and every i
from 1 to k, further yielding

i — el < <e
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foralll <i <k, or

|G — Da; — (jai] = [la;])| < €

for all i. It is thus enough to choose n = j—1 and m; = [ja;] —[la;] for 1 <i <k.

It is more likely that problem 3 (and many similar ones) was created

following the idea of Dirichlet’s approximation theorem, but for us, the order
was reversed: we first met the problem and only later found out about Dirichlet’s
theorem. A bridge can be crossed in both directions.
This is a very easy problem for someone who knows the Chinese remainder
theorem. Namely, one can pick some k distinct primes, say pi ,...,pr, then, by
the mentioned result, one can conclude that there exists a positive integer x that
solves the system of congruences x = —j (mod pjz), 1 <j < k; the numbers
x + 1,..., x + k are not square-free and the problem is solved. One can prove
in the same way that there exist k consecutive positive integers that are not mth
power-free (each of which is divisible by a power of a prime with exponent
at least m), or one can prove that there exist k consecutive positive integers
each of which is not representable as the sum of two squares (this one is a bit
more elaborate, but the reader will find her/his way in order to solve it; the only
necessary result is the one stating that a positive integer cannot be represented
as the sum of two squares whenever there is a prime congruent to 3 modulo 4
such that its exponent in the factorization of that integer is odd).

The original proof (from RMT, many years ago) makes no use of Chinese
remainder theorem, but rather of a rudiment of it. Namely, we will only use the
fact that if @ and b are relatively prime, then the congruence ax = ¢ (mod b)
has solutions (or, we can say, ax generates a complete system of residues
modulo b whenever x does the same). Although a bit more complicated, we
consider this proof to be instructive; hence, we present it here.

We proceed by induction. The base case is clear, so we assume that we
dispose of k consecutive natural numbers n + 1,...,n + k, each of which is
not square-free, and let pf be some prime square that divides the jth number,
for 1 < j < k. Let also py4 be a new prime, different from all p;, 1 < j < k.
Then all numbers xp? -+ p? +n +j, 1 < j < k, are not square-free, for every
integer x, and we can choose x in such a way that xp% e p,% +n=—-k-1
(mod p?, ). One sees that xp}---p? + n+j, 1 <j < k+ 1, are k + 1 non-
square-free numbers, as we intended to show.

Can this argument be adapted to obtain a proof of the Chinese remainder
theorem? You probably already noted that the answer is definitely yes. Do we
have another bridge? Yes, we do.

. The answer is v/6— /2. Let I be the length of the side of an arbitrary equilateral

triangle ABC whose vertices are within the closed surface bounded by a unit
square. There is always a vertex of the triangle such that the triangle is situated
in the right angle determined by the parallels through that vertex to a pair
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of perpendicular sides of the square. Say A is this vertex, and note that the
projections of the sides AB and AC of the triangle on two sides sharing a
common vertex of the square have lengths /cos« and /cos(w/6 — o), where
« is the angle that one of them forms with the side on which it is projected.
Also, 0 < a < 7/6. The projections being included in the corresponding unit
sides of the initial square, we obtain

lcosae <1 and Icos (% —a) <.

{coso

However, one of « and 7/6 — « is at most /12, thus either cosa >
cos(/12) = (v/6 + v/2)/4, or cos(7/6 — ) > cos(7/12) = (V6 + +/2)/4.

In both cases, by using one of the above inequalities, we conclude that

6+ 2
#151@15%—&.

The existence of an equilateral triangle inscribed in the unit square with
precisely this length of its side is easy to prove. The triangle has a vertex in
a vertex of the square, the other two vertices on two sides of the square, and its
sides emerging from that vertex form angles of measure /12 with the sides of
the square.
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T/N2

/12

A

By the way, one can state the similar problem in which only the word

“square” is replaced by “cube.”” If ABCDA’B'C'D’ is a unit cube (with two
opposite faces ABCD and A’B'C'D’ and AA’, BB, CC’, DD’ parallel edges),
one can immediately see that triangle ACD’ (for instance) is equilateral with
V2 as length of its side; also, one can readily conclude that there is no bigger
equilateral triangle inscribed in a unit cube. As intuitive as this result might be
(more intuitive than the planar case, isn’t it?), one needs a demonstration for it.
The reader is invited to see that if S is the area of a triangle and S, S, and S5 are
the areas of the projections of the triangle on the faces of a rectangular trihedron
(that is, on three planes perpendicular to each other), then $?> = §? + S3 + S3
(an extension of the Pythagorean theorem, yet some kind of a bridge). In our
case, if S is the area of an equilateral triangle situated within a unit a cube and
we project the triangle on the planes of three faces of the cube that share a
common vertex, we have §* = 57 + 53 4+ 83 (Sy, S», and S being the areas of
the projections), and, moreover, each Sy < 1/2 (as being the area of a triangle
within a unit square). Thus, we obtain 2 <3 /4, and, consequently, the length
of the side of the equilateral triangle is at most /2, finishing the proof. Isn’t
this a mathematical bridge (from plane to solid geometry)?
We prove the first part by induction on m. For m = 1, the equality is the given
one; thus, let us suppose that it is true for m and prove it for m + 1. To do this,
it suffices to multiply to the right with A™ the relation AB — BA = A and to
multiply to the left with A the induction hypothesis A”B — BA™ = mA™, and
then add side by side the two equalities thus obtained.

The second part relies on the first. From the well-known fact that XY — YX
always has zero trace (for X and Y square matrices of the same dimension) and
mA™ = A"B—BA™, we conclude that the trace of A™ is 0 for all positive integers
m.Ifay, ..., a, are the eigenvalues of A, this means that a' +- - - +a);} = 0 for all
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m, and a canonical application of Newton’s formulae shows that the symmetric
sums of ay, ..., a, are all O, therefore thata; = ... = a, = 0. Nowann xn
matrix with null eigenvalues has characteristic polynomial X"; therefore, by the
Hamilton-Cayley theorem, A" = O,, that is, A is nilpotent.

We can also give an alternative proof of the fact that A is nilpotent, using the
equality A”B — BA™ = mA™. Namely, if one defines the norm || X|| of a matrix
X = (xlj)lfiJSIl by

X[l = max |x;|
1<ij<n

(with |x| being the usual norm of the complex number x), then one immediately
sees that [|X + Y| < [[X]| + [IY]], laX] = |e[[|X], and [|XY]| < n|[X]|[|Y]| for
any n x n complex matrices X and Y and any complex number «. Thus we have

m||A"| = [[A"B — BA"|| < [A"B]|| + [BA™| < 2n|A™||B]l

for every positive integer m. By choosing a large enough m, we see that this
implies ||A™|| = O for that m, therefore A" = O,, finishing this variant of
the proof. (Of course, A" = O, can be also deduced if one only knows that
A™ = O, for some m, even though the original problem didn’t actually ask for
that.)
A third approach for solving this problem is presented in Chapter 3.

7. If a < b < c are positive and a* + c¥ = 2b*, then, by Jensen’s inequality for

the convex function x > x*, we have

k| ok k
ph= L >(a+c) =>b>a;_c,

2 2

hence b — a > ¢ — b. (Jensen’s inequality can be avoided; we can write
d—vh=vt—a*
in the form
(=) "+ 4+ Y =0 —a) VT + D Pa+ -+ &,

thenusea < b < ¢.)

Suppose now that nf < n% < --- is an infinite arithmetic progression with
terms from the sequence of powers with exponent k. According to the above
observation, we obtain n, — n; > n3 — ny > ---, which would be an infinite
strictly decreasing sequence of positive integers—an impossibility.

There is a second approach (that will be useful for the next problem—which
we cannot solve by other means). Namely, if n%, n%, ... is an infinite arithmetic
progression, then there are a and b such that n_;‘ = aj + bforallj > 1. Then
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because the k-series (with k > 1) converges. On the other hand, the generalized

21
harmonic series E -

P
one gets easily, by comparing with the harmonic series). Thus, we have a
contradiction and the problem is solved.
We can start with 12,52, 7% as such a three-term progression. Or, if we want
to avoid the term 1, we can choose 282, 422, 14*—a progression with common
difference 5- 14> = 980. If we have the arithmetic progression nll‘l s, nks with
common difference d, then, for k = [kq, ..., k] (the least common multiple of
ki,....ky)andn = n’f‘ + d, the numbers

diverges to oo, as it is again well-known (and

k
nkn,‘,...,nknls‘f,nk+1

are s + 1 powers with exponent at least 2 forming an arithmetic progression
with common difference n*d. Thus, inductively, we get such progressions with
as many terms as we want.

However, an infinite such progression does not exist, due to the same reason

that we used in the second solution of the previous problem. Indeed, if we had
kj

n = aj + b for all j > 1, then, on one hand, we would have
1 1
YT =l =
o S th

and, on the other hand,

1 1 1

=11y n>2 k>2 n>2

We have

n

al _|_ cee + an n
0 < (ang1 —an)(@ps1 — an—1) -+ (@ny1 —a1) < (an+1 - —)

and the conclusion
lim (a1 — an)(@py1 — an—1) -+ (@41 —a1) =0
n—oo

follows by the squeeze principle. In order to infer this, one has to know (apart
from the arithmetic mean-geometric mean inequality) that if lim a, = a, then
n—>oo
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10.

lim (a; +---+a,)/n = a, too (an immediate consequence of the Stolz-Cesaro
n—>o00
theorem) and, of course, to know that 0%° = 0 (that is, to know that if lim x, =
n—>o00
Oand lim y, = oo, then lim x* = 0).
n—>oo n—>o00

If (a,),>1 is only increasing it can also have limit infinity. For a, = n, we

obtain

by = (apy1 — ap)(Apy1 — ap—1) -+ (g1 — ar) = nl,
which has the limit co. For a, = n/2 for even n and a,, = (n + 1)/2 for odd n,
(bn)n>1 is divergent, having a subsequence with limit 0, and another with limit

1
oo. Finally, fora, = 1 + 3 + --- + — (the harmonic series), we have
n

0<b, = ! ! +1 ! + +1
" a4+l \n+1 n n+1 2

1 2 n 1
< - _’
n+1n 2 n+1

hence lim b, = 0. So, anything can happen if we drop the convergence
n—>oo

condition for the initial sequence. (This part was not in the original problem.
But, when you deal with mathematics for so long, you learn to ask—and this
is not bad at all. In this case, we found the last limit, which we did not meet
before.)

This statement is sometimes called Croft’s lemma. We prove it by contradiction,
namely, if we assume that f does not have limit O at infinity, there exist a positive
number € and a sequence (x,) of real numbers, with limit infinity such that
|f (x,,)| > € for all n. Because f is continuous, one can find intervals /,, such that
x, € I, and |[f(x)| > € for all x € I, and all n. Clearly, the intervals 7, can be
chosen as small as we want, and in particular, we can assume that their lengths
are all smaller than a fixed positive number «. Further, we use the following:

Lemma. Let 0 < ¢ < d and let « > 0 be given. Then, for every sufficiently
large a > 0, any interval (a,b) of length b — a < o can be covered by a
“multiple” of (c,d). (A “multiple” of (c,d) is n(c,d) = {nx | x € (c,d)}.)

Proof of the lemma. Indeed, let us choose @ > ¢(d+a)/(d—c) and b < a+«.
Then
a a

>1+a
c d d

is a rephrasing of the inequality satisfied by a; therefore, we have

a b a a+a

c d ¢ d

> 1,
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yielding the existence of an integer n between b/d and a/c; because b/d < n <
a/c, we have nc < a < b < nd; hence (a, b) C n(c,d).
Now back to our problem. Denote I,, = (ay,, b,,), where, of course, hm a, =

lim b, = oo. Start with an interval J; = [c1,d;] C (p,q) (with ¢; < dl) and

n—>o00
positive integers m; and n; (that exist according to the lemma) such that n;J;

includes 1,,,. Then find a closed interval J, = [c2, d>] (with ¢, < d») such that
nyJ, is a subset of 1,,,. This is possible: all we have to do is to choose ¢, and d,
in such a way that

a,, b,
—1<6‘2<d2<—<:>am1 <i’l]6‘2<nldz<bml
n n

Note that, since [,,, C n1J; means
nicy < apy < bml < l’lldl,

¢ < ¢y < dy < d; and, consequently, J, C J; follows. Then (again, by the
lemma) we can find m, and n, such that n,J, includes /,,,, and we can pick n,
and m, as large as we want; hence, we choose m, > m; and n, > n;. Then we
define a nondegenerate compact interval J3 = [c3, d3] such that npJ3 C I, C
nyJ>; we conclude that J3 C J,.

In general, we can define two increasing sequences of positive integers (1)
and (n;) and a sequence of compact nested intervals (J;) satisfying

N1 C Ly, C ey

for all k. Now, the nested intervals J; must have (at least) a common point fy
that belongs to (p, ¢), also, because J; was chosen inside (p, ¢). Since nity €
mJk+1 C I, , we conclude that |f(ngty)| > € for all k, which is a contradiction
to the hypothesis that nll)ngo f(nty) = 0—and finishes our proof.

Solution I. The solutions are second degree polynomial functions of the form
f(x) = Ax?> 4 Bx (taking O value for x = 0). For x = mt, y = t, 7 = t, with
m € Z and t € R, we get the recurrence relation

J((m +2)1) = 2f ((m + 1)1) +f(mt) = f(20) = 2f (1)

satisfied by the sequence (f (mr)), for every real ¢. Solving this linear recurrence,
we obtain

J(mi) =

Q) =2f@) , A4 () —f(21)
;. "t > "

for all reals ¢ and all integers m. In particular, f(m) = Am? + Bm holds for all
m € 7, with
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fQ=24M) D) Q)

2 2

A=

Next we have, for a nonzero integer n,

and

)= (2,1_ ! ) LI HUn) 5,7y A0 2 5,

some tedious algebra shows that solving for f(1/n) and f(2/n) yields

1 1\’ 1 2 2\’ 2
fl-1=A|-) +B(-) and f|-)=A|-]) +B|-],
n n n n n n
with, of course, the same A and B as before. Now replacing these in the above
relation for f(mt), with t = 1/n, gives

() =a() 5 ()

for all integers m and n # 0. Or we can say that f(r) = Ar? + Br for every
rational number r. For finalizing, there is now a standard procedure (based on
the continuity of f). For an arbitrary real x, there exists a sequence (r,),>1

of rational numbers such that lim r, = x. As we have f(r,) = Ar? + Br,
n—>od0

for all n and f is continuous, we can pass to the limit for n — oo and get
f(x) = lim f(r,) = lim (Ar? + Br,) = Ax*> + Bx.
n—>o0 n—>oo

Solution II. Let, for any real x and y, f,(y) = f(x +y) —f(x) —f(y); of course,
fc(y) = fy(x) for all x and y. We see that the functional equation can be written
in the form f,(x + z) = f,(x) +£,(2), for all x, y, z € R. Because f; is continuous
and satisfies Cauchy’s functional equation, it must be of the form f,(x) = kyx
for all x, with a fixed real constant k. Of course, the constant depends on y, and
we rather prefer to use the functional notation k, = g(y). Thus f,(x) = g(y)x
for all x, y € R. From the initial equation, we get (forx =y = z = 0) f(0) = 0,
therefore 0 = —f(0) = fy(x) = g(0)x for all x implies g(0) = 0, too. For
arbitrary nonzero x and y, the equality g(y)x = g(x)y can be also expressed
as g(y)/y = g(x)/x, which means that x — g(x)/x is a constant function;
thus, there exists k € R such that g(x) = kx for all x # 0. However, this
formula works for x = 0, too, as long as we know g(0) = 0. Thus, we obtained

fx+y)—f(x) —f() = g(y)x = g(x)y = kxy for all real numbers x and y.
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Now consider the (also continuous) function 4 defined by h(x) = f(x) —
kx?/2 for all x, and note that it also satisfies Cauchy’s functional equation: h(x+
y) = h(x) + h(y) for all x,y € R, therefore there exists B € R such that
h(x) = Bx for all x. With A = k/2, we thus conclude that f(x) = Ax*> + Bx for
all real x, as in the first solution.

Of course, any of the solutions must end with the verification of the
fact that the functions given by such a formula are, indeed, solutions of the
problem, which is not at all complicated. A moment of attention shows that the
verification relies on two identities, namely,

x+y+2)+x+y+z=+y)+0x+2)+O+2)
and
CH+y+ 2+ 2+ +2 =6+’ +@x+2°+ G +2)°

that hold for all x,y,z € R. Knowing these identities is, of course, helpful for
solving the problem (at least for guessing the solutions)—also, they could lead
us to some generalizations of it. We are sure that the reader already recognized
some particular (and simple) cases of the identity that appeared in the solution
of problem 5 from the text (the Erd6s-Ginzburg-Ziv theorem). Actually, we
are sure that the reader will be able to extend the above and solve the following
more general problem: prove that the only continuous real functions f satisfying

> }(—1)’”_|S|f (in) =0

Sc{l....m i€S

for all x;,...,x, € R are the polynomials of degree at most m — 1 taking
value 0 for x = 0. Of course, this generalizes (besides our problem) Cauchy’s
functional equation for continuous functions, but actually, everything is based
on it (so that, in the end, we don’t get much of a generalization)—the result
follows inductively, in the vein of the second solution. However, this statement
is a nice converse of the mentioned identity (that can be useful in one proof of
the Erd6és-Ginzburg-Ziv theorem).

As said before, in mathematics (and not only in mathematics) there are
bridges everywhere.
This is a clever application of the mean value theorem, combined with the
intermediate value theorem for continuous functions. The second allows us to
prove that f has a fixed point (just apply the theorem to the continuous function
g defined by g(x) = f(x) — x; since g(a) > 0 and g(b) < 0, there surely
exists ¢ € [a, b] with g(c) = 0)—this is actually a particular case of Brouwer’s
fixed point theorem. So, there is ¢ € [a, b] such that f(c) = c¢. The conditions
fa) = b # aand f(b) = a # b show that, in fact, c is (strictly) between a
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and b. Now apply the mean value theorem to f on the intervals [a, c] and [c, b];
accordingly, there exist ¢; € (a, ¢) and ¢; € (c, b) such that

fep Q=@ _c=b
c—a c—a

and
PO CRAT:

T b—c b—c

Of course, f'(c1)f’(c2) = 1 follows.
13. With the change of variable t = /2 — x, we obtain

/2 1 0 1
——dx = —/ dt
/0 1+ (tan)c)*/i 7/2 1 4 (tan(w/2 — t))ﬁ

/7‘[/2 1 /2 1
= ——dt = / ——dx
o 1+ 1/(tanr)v? o 1+ 1/(tanx)¥v2

/2 (tanx)ﬁ Fiq /2 1
= ——=dx = — — —=dx,
o 1+ (tanx)¥V2 2 Jo 1+ (tanx)V2

whence

/2 1 T
/ SN
o 1+ (tanx)¥v2 4

Of course, there is no special significance of the exponent +/2 in this
problem, and, of course, one has to note that the function under the integral is
always defined and continuous in the entire interval [0, 77 /2]—although it seems
not to be defined at 77/2 (or at 0, if the exponent in place of +/2 is negative).

The trick that we learned from it is that you can make the change of variable

b
t = a+ b — x in an integral / f(x)dx and thus infer the equality
a

/;bf(x)dx = /abf(a + b — x)dx,

which is often useful in the evaluation of definite integrals—when other
approaches fail. For example, one can calculate with this trick

/4
/ In(1 + tanx)dx (= (;r/8) In2),
0
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14.

1 Mathematical (and Other) Bridges

or

1
/ xIn(1 + €%)dx (= 1/3),
-1

or one can find the useful result that the integral of an odd integrable function
on an interval symmetric with respect to the origin is 0.
First one sees that the function f defined by

X\ "

fx) = (1 + ;) e

has derivative

on [0, 00). Thus, in the case 0 < a < b, we have, by the monotonicity of the
Riemann integral,

(b—a) (1 + g)ne_h < /a‘b (1 + z)n e Ydx < (b—a) (1 + %)ne_“.

The conclusion follows in this first case by using the squeeze theorem and the
well-known fact that lim (1 + ¢/n)" = €' for every real number ¢.
n—>oo

Consider now that ¢ < b < 0. We have (by changing the variable with
x=-1)

b —b —a
n t n n
/ (1 + f) e tdx = —/ (1 - —) edr = / (1 - f) e*dx
9 n —a n —b n
and one can see that the function g defined by
gx) = (1 — f) e
n

is again decreasing (although not on the whole interval [0, c0)) because it has
derivative

=3 (-3e

which is < 0 on [-b,—a] for n > —a. So, for such n, we have similar

inequalities to those above:
n b n
(1 + f) e~dx < (b—a) (1 - —) &
n n

n b
(b—a) (1 - f) e’ f/
n
yielding the conclusion in this case, too.

a
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Finally, when a < 0 < b, we can split the integral as follows:

[(2) eman= [+ 2) s [ (14 2) e

and we get the result by applying the previous, already proved, cases; accord-
ingly, the integral has limit 0 —a 4+ b—0 = b—a, finishing the proof. Of course,
the result remains true for a > b, too.

The last few problems are from the category of nostalgic bridges—they
could mean nothing to other people, although they are deeply deposited in
our minds and souls. However, the reader will recall his own problems of this
kind, and he or she will definitely agree with us when we say that nostalgic
bridges appear at every step we take in this world, during our (more or less
mathematical) lives.



Chapter 2
Cardinality

We say that two nonempty sets A, B are equivalent or of the same cardinality or of
the same power if there is a bijection from A to B. We write this as A ~ B.

If f : A — B is a bijection, then we also denote A L B. Note that “~” is an
equivalence relation. Indeed, we have

(reflexivity) A A,
. —1
(symmetry) if A L B, then B'~ A.
(transitivity) if A L B and BX C, then A & C.
The equivalence class A= {B | A ~ B} is called the cardinality of A, denoted by
|A| or card A.
A nonempty set A is called finite if A ~ {1,2, ..., n}, for some positive integer n.

In this case, A has n elements and we put |[A| = n.
For finite sets A, B with |A| = |B| and function f : A — B we have:

f injective < f bijective < f surjective.

As a nice application, we give the following:

Problem. Let p and g be primes, p # g. Then for all integers 0 < r; < p —1,
0 < rp, < g — 1, there exists an integer n which gives the remainders r;, r, when
divided by p and g, respectively.

Solution. Denote by
Zy={0.T.p=1) . 2= {0T....g=1} . Zpy = {0.T.....pg— 1]

the remainder (or residue) class sets relative to p, g,, respectively pq. Remember
that, for any positive integer m, we can define (on the set Z of the integers) the

© Springer Science+Business Media LLC 2017 25
T. Andreescu et al., Mathematical Bridges, DOI 10.1007/978-0-8176-4629-5_2



26 2 Cardinality

relation of congruence modulo m by a = b mod m if and only if a — b is divisible
by m (or, equivalently, if @ and b give equal remainders when divided by m). This
is an equivalence relation on Z, and the remainder (or residue, or congruence)
class modulo m of the integer x (that is, its equivalence class with respect to the
congruence relation) is readily seen to be the setx = {...,x—2n,x—n,x,x+n,x+
2n,...}. The set Z/mZ = 7Z,, of all the residue classes modulo m is then a ring with
respect to addition and multiplication defined by @ + b=a+banda-b=a-b.
The reader is invited to verify that these operations are well defined (they do not
depend on choosing the representatives of the remainder classes) and that they
indeed provide a ring structure for the set Z,,. Also note that Z,, = {6T cee m—1 }.

Now we go on further with the solution of the problem and define the function
@ : Lpg — Ly X Ly, by the law ¢(7) = (7, 7) , T € Z,,. We have

|qu| = \Z,, X Zq| =pq.
The surjectivity of ¢ follows if ¢ is injective. Thus, we have the implications

0@ = o) = 7P = (7.7

so 7 = . This means that ¢ is injective and consequently surjective. There is
ne{0,1,...,pqg — 1} such that

() = (A7) & A7) = (F.7) > =7 and 7 =T,

thus p | n — rp and ¢ | n — ry. Observe that this argument can be easily
extended in order to obtain a proof of the very useful Chinese remainder theo-
rem: if aj, as, ..., a, are pairwise relatively prime integers, then for any integers
by,by,...,b,, the system x = b mody),...,x = b,(mods,) has a unique
solution modulo aya; . ..a,. O

If A, B are finite and there is an injective map f : A — B, then we put |A| < |B|.
If moreover there is an injective map g : B — A, then |A| = |B|. This result, the
Cantor-Bernstein theorem, is difficult when A and B are infinite. Here is a proof.

Theorem (Cantor-Bernstein). If A, B are nonempty sets and there are injections
f:A— B, g:B— A, then |A| = |B|, i.e., there exists a bijection ¢ : A — B.

Proof. We say that b € B is an ancestor of a € A if

(gof0go...0f og)(b) = a,

2k+1 times
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for some k. Similarly, a € A is an ancestor of b € B if

(fogofo...ogof)(a)=b,

2k+1 times

for some k. Moreover, @’ € A is an ancestor of a € A if f(d’) € B is an ancestor of
aand b’ € B is an ancestor of b € B if g(b') € A is an ancestor of b.
Denote by M, M,, M the set of all elements of A which have an odd, even,
respectively an infinite number of ancestors. Define analogously N, N>, N, for B.
We prove that the function ¢ : A — B, given by

g (%), x € M{ UMy

P = %f(x), x €M,

is bijective. In this sense, we prove that its inverse is  : B — A,

Oy e
W‘{g@), VEN> UNw *

These functions ¢, Y are well defined because f, g are injective.
Letx e A. If x € M; U M, then

$(x) =g ' (x) € N2 U Neo,
50
Y(p() = g(d() = glg”' (V) = x.
If x € M», then ¢(x) = f(x) € N, and
Y(¢) = (¢@) =) = x.

Hence ¢ o ¢ = 1.
Lety € B.If y € Ny, then

() =f"'0) €M,
and

P M) =fWO) =) = .

Ify € Ny U N, then

V() = g(.))) € M UMy
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and

P =g ' (M) =5 (g0) = .

Hence ¢ o ¥ = 1,. In conclusion, ¢! = v and consequently, |A| = |B|. O

This theorem allows us to define an order relation by the law
|A| < |B| if and only if there is f : A — B injective.
As a direct consequence, we have
|A] < |B| if and only if there is g : B — A surjective.

Using Zorn’s lemma, one can prove that this order relation is actually total. A set A
is called countable if A is equivalent to the set N of nonnegative integers. A is called
at most countable if it is finite or countable.

A set is countable if and only if its elements can be written as a sequence. This
does not happen for the set of the reals or any of its (nondegenerate) intervals (see
problems 2 and 7 below).

Nevertheless, a countable union of countable sets is also a countable set. Indeed,
let A = |J,-, Ay, where each A, is countable. Let A, = {a,,amp....} be an
enumeration of A,, for every natural number n > 1, and note that

ap, apz,dazy,as, d, ds, . ..

is an enumeration of A (basically, the same argument shows that the set of positive
rational numbers is countable, as we will immediately see). Obviously, the result
remains true if every A, is at most countable.

For instance, the set Z of all integers is countable because

7Z=140,1,-1,2,-2,3,-3,4,—4,...}.
We can also note that

Z=\J{t-n-n+1.-n+2..},

neN

which is a countable union of countable sets.
For the set Q of rationals we have the decomposition

1 234
Q_ U%Z’;’;’;"“}’
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so Q is countable. In another way, the set of positive rationals can be ordered as
follows:

1/1 > 1/2  1/3 > 1/4

VA I
2/1 2/2  2/3  2/4 ...
Y R R
31 3/2 3/3 34 ...

A
41 4)2  4/3  4/4 ...
Y S

51 5/2 5/3 5/4

Each element appears many times in the table, but we consider each of them only
for the first time.
The set N x N of pairs of nonnegative integers is countable. Indeed,

f:N—>NxN, f(n)=®m0)
is injective and
g:NxN—>N, g(mn=2".3"

is injective. According to the Cantor-Bernstein theorem, N x N ~ N. In addition,
note that the map

¢ N*xN* > N* | gmn) =2""-2n-1)

is bijective. One can even find a polynomial bijection between N x N and N, which
we leave as an interesting exercise for the reader.

Proposed Problems

1. Let A be an infinite set. Prove that for every positive integer n, A has a finite
subset with n elements. Deduce that every infinite set has at least one countable
subset.

2. Prove that (0, 1) is not countable. Infer that R and R \ @Q are not countable.

3. Let X, A, B, be pairwise disjoint sets such that A, B are countable. Prove that

XUAUB~XUA.

Deduce that for every countable set B of real numbers, R \ B ~ R.
4. Prove that N x N x N is countable and sois N x N x ... x N.
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e

10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

2 Cardinality

Let a < b be real numbers. Prove that (0, 1) ~ (a, b) ~ R.

Let A be a countable set and a € A. Prove that A \ {a} ~ A. Is this result true
for every infinite set A?

Let a < b be real numbers. Prove that [a, b] ~ [a, b) ~ (a,b] ~ (a, D).

Prove that every e-discrete set of real numbers is at most countable. (A set
A C Riis called e-discrete if |a — b| > ¢, for any different elements a, b of A).

. Let S be a set of real numbers with the property that for all real numbers a < b,

the set S N [a, b] is finite, possibly empty. Prove that S is at most countable. Is
every set S with the above property an e-discrete set, for some positive real &?
Let S be an infinite and uncountable set of real numbers. For each real number
t, we put

S7() =SN(—o0,f], ST(@) =SnN]t, 00).

Prove that there exists a real number #, for which both sets S~ (#y) and ST (#))
are infinite and uncountable.

A set M of positive real numbers has the property that the sum of any finite
number of its elements is not greater than 7. Prove that the set M is at most
countable.

Prove that the set of polynomials with integer coefficients is countable.

Prove that the set of algebraic numbers is countable. Deduce that the set of
transcendental numbers is not countable. (A real number « is called an algebraic
number if there exists a polynomial P £ 0 with integer coefficients such that
P(a) = 0. Otherwise, « is called transcendental.)

Prove that for each set X, we have |X| < |P(X)|. We denote by P(X) the power
set of X (that is, the set of all subsets of X, including the empty set and X).
However, the set of all finite subsets of N is countable (thus |N| = |P(N)|).
Let py,pa, ..., px be distinct primes. Prove that for all integers ry, r, ..., 7%
there is an integer n such that n = r;(mod p;), forall 1 <i <k.

Prove that there are no functions f : R — R with the property

Ife) —fI = 1.

forallx,y € R, x # y.
Prove that there are no functions f : R — R with the property

=101 = 5
forallx,y € R, x # y.

Prove that the discontinuity set of a monotone function f : R — R is at most
countable.

Prove that the set of all permutations of the set of positive integers is
uncountable.
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20.

21.

22.

23.

Let f, g be two real functions such that f(x) < g(x) for all real numbers x. Prove
that there exists an uncountable set A such that f(x) < g(y) for all x,y € A.

Let R be the real line with the standard topology. Prove that every uncountable
subset of R has uncountably many limit points.

Find a function f : [0, 1] — [0, 1] such that for each nontrivial interval I C [0, 1]
we have f(I) = [0, 1].

Let a and k be positive integers. Prove that for every positive integer d, there
exists a positive integer n such that d divides ka" + n.

Solutions

1.

First we will prove by induction the following proposition:
P(n) : “The set A has a finite subset with n elements.”

The set A is nonempty, so we can find an element a; € A. Then A} = {a;}isa
finite subset of A with one element, thus P(1) is true.
Assume now that P(k) is true, so A has a finite subset with k elements,

Ay ={a1,a2,...,ak}CA.

The set A is infinite, while Ay is finite, so the set A \ Ay is nonempty. If we
choose an element a;4+; € A \ Ay, then the set

Ak = {alsaZa e sakaak+l}

is a finite subset of A, with k + 1 elements. Hence P(k + 1) is true.

Further, we prove that A has a countable subset. As we proved, for every
positive integer n, we can find a finite subset A, C A with n elements. Then the
set

S=UA,1§A

n>1

is an infinite subset of A. Moreover, S is countable, as a countable union of finite
sets.
Let us assume by contradiction that A = (0, 1) is countable, say

A={x,|neN, n>1}.

Let us consider the decimal representations of the elements of A,
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X1 = 0.611161126113 AT
Xy = 0.021022023 N )

For each integer k > 1, we choose a digit denoted by, so that
by #aw . bk #9 , b #0.
Now let us define the number
x=0.bbybs...b,... .

Obviously, x € (0, 1), so there is an integer m > 1 for which x = x,,. But the
equality x = x,, implies

0.b1b2b3 . bn Lee = O.amlamgam3 R

which is impossible, because the decimal of rank m are different, b,, # dyy.
Now, let us assume by way of contradiction that R = {x,, | n > 1} is countable.
Obviously, there exists a subsequence (xi,),>1 of (x,),; such that

0,1) ={xx, | n>1}.

This means that (0, 1) is countable, which we just showed to be false.

Finally, we use the fact that the union of two countable sets is also a
countable set. If R \ Q is countable, it should follow that R = Q U (R \ Q) is
countable, as union of two countable sets. This contradiction shows that R \ Q
is not countable.

. The sets A, B are countable so we can assume that

A= {al,az,...,an,...}, B = {bl,bz,...,bn,...}.
Let us define the map

f:XUAUB—XUA

given by the formula

X, ifxeX
f(x) =4qay, ifxeA x=a,.
ary—1,ifxe€B, x=0b,
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First, the map f is well defined: it takes (all) values in X U A. Hence it is
surjective. For injectivity, note that f is injective on each restriction to X, A,
and B. Then f is injective on X U A U B, if we take into account that any two of
the sets

f(X)ZX’ f(A)2{02,04,._.,02,1,,,,}’ f(B)={a1,a3,...,dzn_1,...}

are disjoint.

For the second part of the problem, let A be a countable subset of R \ B.
This choice is possible, because the set R \ B is nonempty and infinite. If X =
R\ (A U B), then

R\B=XUA, R=XUAUB,

with A, B countable, and the conclusion follows, according to the first part of
the problem.
4. We begin by proving the implication

A~B=AxC~BxC,
for all sets A, B, C. Indeed, if f : A — B is a bijection, then the map
¢p:AxC—-BxC
given by
¢(a,c) = (f(a),c) , acA, ceC,

is also a bijection, S0 A x C ~ B x C.
We have already proved that N ~ N x N. According to the above remark,

NxN~NxNxN.
Finally, by transitivity,
N~NxN~NxNxN,

soN~ Nx N x N.
In a similar way, the sets N x N x ... x N are countable, too. As well, note
that

fN>NxNxN , f@#) = #0,0)
is injective and
g:NxNxN—->N , glmnp)=2"-3".5

is injective. The conclusion follows by Cantor-Bernstein theorem. This method
can also be used to prove that N x N x ... x N is countable.
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5. One idea is to search a linear function f(x) = mx + n from (0, 1) onto
(a, b). In order to determine the values m, n, we impose the condition f(0) =
a and f(1) =b. It gives
n=a _ jn=a
m+n=>b m=b—a
Consequently, the function f : (0, 1) — (a, b), given by
fxX)=0b—-—ax+a
is bijective, so (0, 1) is equivalent to every interval (a, b).

For the other part, it is sufficient to prove that R is equivalent to some open
interval. Indeed, we can see that the function ¢ : R — (—% %) , given by
¢ (x) = arctan x is bijective.

6. Assume that A = {a, | n € N}, so that ap = a.
Then the bijection f : A \ {a} — A given by the formula f(a,) = a,-1,
n € N,n> 1, shows us that A \ {a} ~ A.
aj ap as ay as ..
v v v v S
ap ag ap as ay as .
The result remains true if A is an arbitrary infinite set.
Indeed, let B = {x,, | n € N} be a countable subset of A. We choose xy = a,
then define the function ¢ : A \ {a} — A by the formula
_{x, xeA\B
o) = %xn—l,xeB, x=x,n>1"
In a classical way, we can easily prove that ¢ is bijective. Moreover, we can
indicate its inverse ¢! : A — A \ {a} with
_ X, x€A\B
¢\ = \B- .
Xp+1, XEB, x=x,, n>1
7. We have already proved that A \ {x} ~ A, for every infinite set A and x € A. In

our case,
[a.b] ~ [a.b] \ {b} < [a.b] ~ [a.D).

[a.b] ~ [a.b] \ {a} < a.b] ~ (a,b]
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10.

and further
(a,b] ~ (a,b] \ {b} & (a,b] ~ (a, D).
Finally, from transitivity,
la,b] ~ [a,b) ~ (a,b] ~ (a,b).

For each element x € A, consider the interval

= (et )
c=lx—=,x+=).
2 2

Ifx,yeA, x#y, thenl. NI, = 9.
Indeed, if there is c in I, N I, then

- e ¢
e<|x—y| <l|x—c|+|y c|<2+2—8,

which is false. Now, for each x € A, we choose a rational number r, € I,.
As we have proved, x # y = r, # ry, which can be expressed that the map
¢ : A — Q given by the law ¢ (x) = r,, for all x € A, is injective. Finally, A is
at most countable because Q is countable.

For every integer n, we put S, = S N [n,n + 1]. According to the hypothesis,
all sets S,,, n € Z are finite. Thus the set

S:US,,

n€z

is at most countable, as a countable union of finite sets.
The answer to the question is negative. There exist sets S with the property
from the hypothesis, which are not e-discrete. An example is

S={Inn|neN*}.

First we prove that there exists r such that the set S™(r) is infinite and
uncountable. If we assume the contrary, then the decomposition

s=Js .

ne€z

is a countable union of at most countable sets. Hence S is countable, a
contradiction. Let

a = inf{r | S (r) infinite and uncountable}
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11.

12.

2 Cardinality

and similarly, we can define
B = sup {r | T (r) infinite and uncountable} ,

where cases @ = —oo or § = oo are accepted.

We prove that < B. If B < «, then let § < ¢ < «. According to the
definition of «, the set S™(¢) is countable, and from the definition of 8, the set
St (¢) is countable. Hence S is countable, as union of two countable sets,

S=S(1)UST().

Consequently, @ < B. Then for every a < t, < f, the sets S~ (to) and S (to)
are infinite and uncountable, because

§7(10) 25 (@), ST (o) 2 5T(B).

For each integer n > 1, define the set

1
A, = {xeM|x> —}.
n
Easily, M = UA,,. We will prove that every set A, is finite or empty, so M is
n>1
countable as a countable union of finite sets. Now we can prove that A, has at
most 7n elements. If for some #n, the set A, has at least 7n + 1 elements, say
X1,X2, ... X7p+1 € A, then

1 1 1
X1 > —,X2> =, ..., Xp4l > —.
n n n

By adding,
Tn+1

X1+ x4+ X > > 17,

which is a contradiction.
For each polynomial P € Z[X],

P=ay+a X+ -+ aX",
define and denote by
h(P) = n+ lao| + |ai| 4 -+ + |ax|
the height of P, h(0) = 0. Let us put for each nonnegative integer k,

Pe={P e Z[X] | h(P) = k}.
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13.

14.

Each set Py is finite, possibly empty, so

zlx] = | P

keN

is countable, as a countable union of finite sets. Indeed, there are only a finite
number of polynomials with 4(P) = k. First, note that if h(P) = k, then
degP < k and |ag|,|a1],...,|a,] < k. Consequently, P is defined by a finite
number of integer coefficients ay, ay, . . . , @, which are less than or equal to k in
absolute value.

The set A of algebraic numbers is the set of real roots of all nonconstant
polynomials with integer coefficients. Using this remark, we can write

A= U {xeR|[Px =0},

PeZ1[X]

where
Zq[X] = Z[X] \ {0}

Consequently, .4 is countable as a countable union of finite sets. Indeed, each
set from the union has at most k elements, where k = deg P.

The function ¢ : X — P(X) given by ¢(x) = {x}, for all x € X, is injective,
so |X| < |P(X)|. Thus we have to prove that there are no bijections from X
onto P(X). If we assume by contradiction that there is a bijection f : X —
P(X), then define the set A = {x € X | x ¢ f(x)}, A € P(X). Because of the
surjectivity of f, we have A = f(x), for some x, € X. Now the question is

Xg €A or xg¢A?

If xo € A, then xo ¢ f(xp), false because f(xg) = A. If xo ¢ A, then x € f(xp),
false, because f(xg) = A.

The last two implications follow from the definition of the set A. These
contradictions solve the problem.

One way to see that the second statement of the problem is true is to consider
the function that maps every finite subset {nj,...,n;} of N to the natural
number 2" 4. -- 4 2" (and maps the empty set to 0). This mapping is clearly a
bijection (since every positive integer has a unique binary representation), and
the conclusion follows.

Or, one can see that this is an enumeration of all finite sets of N:

@, {0}, {1}, {0,1}, {2}, {0,2}, {1,2}, {0,1,2}, {3},...

(we leave to the reader to decipher how the sets are enumerated; we think that
he/she will do).
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15.

16.

17.
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Finally, one can see that the set P¢(N) of finite parts of N is the union of the
sets P;, where P; means the set of finite subsets of N having the sum of their
elements precisely i; since every P; is finite, Pr(N) is countable (as a countable
union of finite sets). The reader will surely find a few more approaches.
Denote p = pp> . .. pi. Let us define the function

12y — Ly X Ly X ... X Lp,
by the formula
f(rmodp) = (rmodp,,rmodp,,...,rmodpy), re{0,1,...,p—1}.

The sets Z, and Z,, X Z,, X ... X Zp, have the same number of elements. In
fact, the problem asks to show that f is surjective. Under our hypothesis, it is

sufficient to prove that f is injective. In this sense, let r,s € {0, 1,...,p— 1} be
such that
(rmod py, rmod py,...,rmodp;) = (smodp;,smodps,...,smodpy).

It follows that
rmodp; = smodpy,...,rmodp; = smod py,

orpilr—s, palr—s, ..., pxlr —s. Hence p|r — s, which is equivalent to
rmodp = smod p. This proves the injectivity of f.

For each integer k, there exists at most one element f(x) € [k, k + 1). Therefore
to each real number x, we can assign a unique integer k = k(x) such that f(x) €
[k, k + 1). Thus, the function

Rox+—k(x) €Z

is injective. This is impossible, because R is not countable and Z is countable.

Another method uses the injectivity of f. Indeed, if x # 1y, then
If(x) —f(y)| = 1, so the equality f(x) = f(y) is not possible. The inequality
from the hypothesis says that the image of the function f is a 1-discrete set, so
it is at most countable. Now, the map f : R — Imf is injective, so

cardR < cardImf.
This is impossible, because R is not countable.

Let us assume, by way of contradiction, that such a function f does exist. Define
g:(—1,1) = R, given by g(x) = f(x), for all x € (—1, 1) . Then

1
lg(x) —g()| = 7
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18.

19.

20.

forall x,y € (—1,1), x # y. Indeed,

lg(x) —g()| =

1
> .
x24+y2 72

Now defineh: R — Rbyh=2-(go¢), where¢p : R — (—1,1) is

2
¢(x) = — arctan x.
T

Finally, the function 4 : R — R satisfies

|h(x) = h()] = 1.

for all x,y € R, x # y, which is impossible, as we have seen in the previous
problem.

Let D be the discontinuity set of f. It is well known that D contains only
discontinuities of the first kind if f is monotone. We mean that for each x € D,
there exist finite one-sided limits denoted

fio) = )h}r)l(f 0 . fald) = }h{r)l(f ).

If f is increasing, then f;(x) < f;(x), with strict inequality if x € D. Now, for
every x € D, we choose a rational number denoted

rr € (fs(x). fa(x))
and we define the function
D>x |L> e € Q.
It is injective because of the implication

x <y = falx) < fi(y).

Finally, D is countable, because Q is countable.
Take any semi-convergent series of real numbers with general term a, (for

instance, a, = %) and apply Riemann’s theorem: for any real number a
there exists a permutation m of the set of positive integers such that a,) +
az@) + ... = a. This gives an injection from the set of real numbers into the

set of permutations of the positive integers. Since the former is uncountable, so
is the desired set.

Let us consider a rational number r(x) between f(x) and g(x) and look at the sets
A, of those real numbers a such that 7(a) = x. The union of these sets (taken
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21.

22.

2 Cardinality

over all rational numbers x) is the set of real numbers, which is uncountable. So,
at least one of these sets is uncountable, and it clearly satisfies the conditions.
Suppose that A is a subset of R that has a countable set of limit points. The
points from A split into two classes: those that are limit points of A (denote by
B this set) and those that are not (let C be this second subset of A). But any
point ¢ from C must have a neighborhood that does not intersect A (with the
exception of ¢), and this neighborhood may be chosen to be an open interval
that contains ¢ and has rational points as extremities. Therefore C is countable
(possibly finite).

So, if we assume that the set of limit points of A is at most countable, B is
also at most countable; then, since A = B U C, the countability of A follows,
and this proves the problem’s claim by contraposition.

Let us consider on [0, 1] the relation “~” defined by

a~bsa—beQ.

Clearly, this is an equivalence relation; thus we can find a complete system of
representatives of the equivalence classes, that is, a set A C [0, 1] such that any
distinct a,b € A are not in the relation ~ and for each ¢t € [0, 1], there is a
(unique) a € A for which ¢ ~ a. We have

0.1] =X,

a€A

if we denote by X, the equivalence class of a. Since
X, ={yel0,1]ly—acQ}={a+1tte QN[—a,l—ad]},

we see that each class X, is dense in [0, 1] and is a countable set. If A was
countable, then [0, 1] would be countable, too, as a countable union of countable
sets. Since this is not the case, we infer that A is not countable, hence a bijection
¢ :[0,1] — A can be found.

Then we can define the desired function f : [0, 1] — [0, 1] by setting

fx) =1,

for all x € X,(;) and for suitably chosen ¢ € [0, 1]. Since each x € [0, 1] belongs
to exactly one set X, and for each a € A there is a unique ¢ € [0, 1] such that
a = ¢(t), the function f is well defined.

Now, let I C [0, 1] be an interval which is not reduced to one point. / contains
elements from any set X, a € A (since the classes of equivalence are dense in
[0,1]). An arbitrary ¢ € [0, 1] being given, the intersection of / with X, is
nonempty; so we can consider an x € I N X, for which we have f(x) = 1.
Thus, we see that f takes in / any value ¢ € [0, 1], that is, the desired result.
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This is problem 1795, proposed by Jeff Groah in Mathematics Magazine,
2/2008. Two more solutions can be found in the same Magazine, 2/2009.

23. We prove the slightly more general statement that, for positive integers a, k, d,
and N, there exist positive integers n;, 0 < i < d — 1 such that n; > N and
ka" 4+ n; =i (mod d) forall 0 < i < d — 1. Of course, n = ny is the solution
to our problem.

The proof of the general result is by induction on d. For d = 1, we have
nothing to prove (and even for d = 2, one can easily prove the statement). So,
let’s assume it is true for all positive integers d < D and deduce it for D. Also,
assume that some positive integer N has been fixed.

We can consider the (smallest) period p of @ modulo D; that is, p is the
smallest positive integer such that @"? = g™ for all m > M, M being a
certain nonnegative integer. We then also have a”™” = @" (mod D) for all
nonnegative integers m > M and [. Yet, note that p < D because the sequence
of powers of @ modulo D either contains 0 (and then p = 1), or it doesn’t (and
then, surely, p is at most D—1). Consequently, d = (D, p) is also less than D and
we can apply the induction hypothesis to infer that there exist positive integers
m; such that m; > max{M, N} and ka™ +m; = i (mod d) forall0 <i <d—1.

We claim that the numbers ka™ " + (m; + sp), with 0 < i < d — 1, and
0 <s < D/d— 1 are mutually distinct modulo D. Indeed, suppose that

ka™ P + (m; + sp) = ka™ P + (m; + tp) (mod D),

fori,j€{0,1,...,d—1},and s, € {0,1,...,D/d — 1}. Since p is a period of
a modulo D and m; are (by choice) greater than M, we get ka™ + (m; + sp) =
ka™ 4 (m; + tp) (mod D), and because d is a divisor of D, this congruence is
also true modulo d. Again by the choice of the m;, ka™ + (m; + sp) = ka™ +
(mj + tp) (mod d) becomes i + sp = j + tp (mod d), and then i = j (mod d)
(as d is also a divisor of p). But i, j are from the set {0, 1,...,d — 1}, thus i = j.
Going back to the initial congruence, we see that it becomes sp = tp (mod D),
yielding s(p/d) = t(p/d) (mod D/d). But p/d and D/d are relatively prime,
hence we get s = ¢ (mod D/d) which, together with s,t € {0,1,...,D/d—1},
implies s = ¢ and the fact that the two original numbers are equal.

Thus we have the d - (D/d) = D numbers ka™ " + (m; + sp), with
0<i<d-1,and 0 < s < D/d — 1 that are mutually distinct modulo D;
therefore they produce all possible remainders when divided by D (and here is
our cardinality argument; remember problem 15, that is, roughly, the Chinese
remainder theorem). This means that we can rename by n,, 0 < h < D — 1, the
numbers m; +sp,0 <i <d,0 <s < D/d—1insuch a way that ka™ +n, = h
(mod D) foreach 0 < h < D — 1, and this is exactly what we wanted to prove
for completing the induction.

This is Problem 11789, proposed by Gregory Galperin and Yury J. Ionin
in The American Mathematical Monthly. A different solution by Mark Wildon
appeared in the same Monthly from August to September 2016. Note, however,
that our proof is nothing but a rewording of the official solution of the seventh
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shortlisted number theory problem from the 47th IMO, Slovenia, 2006. (The
shortlisted problems can be found on the official site of the IMO.) That problem
asks to show that, given a positive integer d, there exists a positive integer n such
that 2" 4 n is divisible by d.



Chapter 3
Polynomial Functions Involving Determinants

Some interesting properties of determinants can be established by defining
polynomial functions of the type

f(X) = det(A + XB), (3.1)
where A, B are n X n matrices with complex entries. Under this hypothesis, f is a

polynomial of degree < n. The coefficient of X" is equal to det B and the constant
term of f is equal to det A. Indeed, the constant term of the polynomial f is equal to

f(0) = det(A 4 0- B) = detA.

The coefficient of X" can be calculated with the formula

E)
m

x—>oo x"

1 1
= lim — det(A 4+ xB) = lim det (—A + B) = detB.
x—00 x xX—>00 X

In the case n = 2, the polynomial f is of second (or first) degree, so we can use
the properties of quadratic functions, respectively linear functions.

A special case of such polynomials is the characteristic polynomial ys(X) =
det(XI,, — A). Its zeros are called the eigenvalues of A. Using the theory of linear
systems, one shows that if A € M,,(C), then A € C is an eigenvalue of A if and only
if there exists a nonzero vector v € C" such that Av = Av. One can give a more
abstract interpretation of the above objects, using vector spaces. Namely, if V is a
vector space over a field F, then any linear map f : V — V can be represented by a
matrix if the dimension of V is finite, say n. Indeed, once we fix abasis ey, e, ..., ¢,

of V, f is determined by its values on ey, . . ., e,, thus by a matrix A such that f(e;) =
n

E ajie; for all j. Because for any other basis €|, €5, . .., ¢/, in which one can find an
J=1
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invertible matrix P € M,,(F) such that ¢/ = Z Dpjiej, one can easily see that two
=1

matrices A, B represent the same linear map f ifl two different bases of V if and only
if there exists P € GL,(F), the set of invertible matrices in M,,(F), such that A =
PBP~!. In this case, we say that A and B are similar. If f is a linear map represented
by a matrix A, we then call the polynomial yy(X) = Xa(X) = det(Xl, — A) the
characteristic polynomial of f. It is easy to see that yr does not depend on A, because
two similar matrices have the same determinant.

Before passing to some problems, let us point out some other useful facts. First,
observe thatif A, B € M,,(C) and A is invertible, then AB and BA are similar. Indeed,
AB = A(BA)A™'. Thus y4p = ysa in this case. But this result holds without the
assumption A € GL,(C). Indeed, let z € C and observe that there are infinitely many
¢ € C such that A + eI, € GL,(C), because det(A + XI,,) is a nonzero polynomial.
Actually, for the same reason, there is such a sequence g; with kl_lglo & = 0. Let

Ay = A + &l,; then the previous argument shows that
det(zl,, — AxB) = det(zl, — BAy).
It is enough to make k — oo in the previous relation to deduce that
det(zl, — AB) = det(zl, — BA),
and so yag = yxpa. The reader should try to understand this technique very
well, since it can be used in many situations. Finally, take A € M,(C) and let
At, A2, ..., A, be its eigenvalues, counted with multiplicities. By definition,

det(Xl, —A) = (X — A1) (X — A2) ... (X — A).

On the other hand,

X—a11 —aiy ... —aix
—ay X—axy... —a
det(X]n _A) — 21 22 2n
—ay,1  —Ay ... X—am

and a direct expansion shows that the coefficient of X"~ is
_(all +ap+---+ ann) = _tr(A)'
Thus the trace of a matrix equals the sum of its eigenvalues, counted with

multiplicities. Similarly, the determinant is the product of eigenvalues. Also, if
€1, ..., & are the kth roots of unity, we have
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k
det(X*I, — A") = det | [ [(x1, — £;4)

(4 (%)

n k n
= l_[l—[(X — Aisj) = l_[H(X - Aiﬁj) = l_[(Xk - Af)
. i=1

j=1i=1 i=1j=1

=

k
= [ [ det(x1, — g4) =
j=1

j=1

Thus det(Yl, — A¥) = l_[(Y — )Lf), which means that the eigenvalues of A* are
i=1

the kth powers of the eigenvalues of A. Similarly, one can show that if g € C[X],

then the eigenvalues of g(A) are g(A;) forj = 1,2,...,n. The reader is encouraged

to prove this.

Problem. Let A, B € M;(R) such that AB = BA. Prove that
det(A* + B*) > 0.
Solution. Let us consider the quadratic function
f(x) =det(A+xB) , xeR.
with real coefficients. More precisely, let a, b, ¢ € R be such that
f(x) = ax> + bx +c.
Then

det(A% + B?) = det(A + iB) - det(A — iB) = f(i)f (—i)
= (—a + bi + ¢)(—a — bi + ¢) = (c — a)* — (bi)?
=(c—a)’+b*>0. 0O
Of course, the previous result holds for n x n matrices. Indeed, the fact that

f(@@)f(—i) is a nonnegative real number is not specific for polynomials of degree
at most 2, but for any polynomial with real coefficients: all we need is to note that

FOf (=) = [FO.

Recall the following basic property of the quadratic function f(x) = ax®+bx+c:

a

b
[y € R, £() =f()] = [xzy or x+y= _-].
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In particular, if for some x,y € R, x # y, we have f(x) = f(y), then the abscissa of
X+

the extremum point of the corresponding parabola is

Problem. Let A, B € M;(R). Prove that

2AB + 3BA 3AB + 2BA
1 LY g (1, 20204

Solution. Let us define the quadratic function (or linear, if det(BA — AB) = 0)
f(x) = det(I + AB + x(BA — AB)).
Because AB and BA have the same characteristic polynomial,
det(I, + AB) = det(l, + BA),
so f(0) = f(1). But f is a quadratic function, thus

fx)=f1-x) , VxeR

1(5)=(5)

and the conclusion is clear. Note that the same argument shows that

AB + yBA AB + xBA
det (12 + &) = det (12 n w) :
X+y X+y

In particular,

for all real numbers x, y with x + y # 0. O

The following problem is also based on properties of the polynomial det(A + xB).
However, the arguments are more involved.

Problem. Let n be an odd positive integer and let A,B € M, (R) such that
2AB = (BA)? + I,. Prove that det(I, — AB) = 0.

Solution. Consider the polynomial f(X) = det(XI, —AB). We know that AB and
BA have the same characteristic polynomial, therefore f(x) = det(x/,, — BA). Using
the given relation, we conclude that

24 241 2411
f(x;r ):det(x;_ In—AB)zdet(x;— In—§(1n+(BA)2))

@f ()
- on '
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Because deg(f) is odd, f has at least one real root x. The above relation shows

241

that all terms of the sequence x; = x, x,+1 = are roots of f. This sequence

is increasing and takes only a finite number of distinct values, because f is not 0.
Thus there exists n such that x, = x,,+;. This implies x,, = 1 and so 1 is a root of f,
which means that det(Z, — AB) = 0. This finishes the proof. [

The following problem was given in the Romanian Mathematical Olympiad
in 1999:

Problem. Let A be a 2 x 2 matrix with complex entries and let C(A) be the set
of matrices commuting with A. Prove that | det(A 4 B)| > | det(B)| for all B € C(A)
if and only if A> = 0,.

Solution. For one implication, let r, r, be the roots of the polynomial det(XI, —
A). By taking the matrices B = —r;l, we deduce that |r;|> < 0 and so r; = 0. Thus
det(XI, — A) = X? and from Hamilton-Cayley’s relation, it follows that A> = O,.
Conversely, suppose that A> = 0,. We will prove more, namely, that det(A + B) =
det(B) for all B € C(A). If det(B) # 0, we can write det(—B?) = det(xA + B) -
det(xA — B) for all complex numbers x. This shows that the polynomial det(XA + B)
divides a nonzero constant polynomial, so it is constant. Thus det(A + B) = det(B).
Now, suppose that det(B) = 0. There exists a sequence x,, that converges to 0 and
such that B + x, 1, is invertible for all n. These matrices also belong to C(A) and so
det(x,I, + A 4+ B) = det(x,l; + B). It is enough to make n — oo in order to deduce
that det(A 4+ B) = 0 = det(B). This finishes the proof. [J

The following problem, from Gazeta Matematica’s Contest is a nice blending of
linear algebra and analysis.

Problem. Let A, B € M,(R) be matrices with the property that
|det(A +zB)| < 1
for any complex number z such that |z| = 1. Prove that
(det(A))? + (det(B))> < 1.

Solution. Consider the polynomial f(z) = det(A 4 zB). As we have seen, f can
be written in the form det(A) + -- - + det(B)z". Now, we claim that if a polynomial

gX) = a, X" + -+ aiX + ao
has the property that |g(z)| < 1 for all |z| = 1, then

laol” + lar* + -+ + lan]* < 1.
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Indeed, a small computation, based on the fact that fOZ” eMdt = 0if n # 0, shows
that

1 2 .
laol* + a1 > + -+ + |an* = E/ lg(e™)|?dr < 1.
0

Using this, we can immediately conclude that (det(A))? + (det(B))> < 1. O

Here is an outstanding consequence of the fact that a nonzero polynomial has
only finitely many zeros:

Problem. Let A, B € M, (C) be matrices such that AB — BA = A. Prove that A
is nilpotent, that is, there exists kK > 1 such that Ak = 0,.

Solution. Let us prove by induction that
A*B — BA* = kA* fork > 1.

For k = 1, this is clear. Assuming that it is true for k, then A*T!B — ABA* = kA*T!,
But AB = BA + A, hence AKT'B — BA*™! = (k + 1)A*T!.

Now, consider the map ¢ : M,(C) - M,(C), $(X) = XB — BX. We obtain
¢ (A%) = kA for all k. Now, view ¢ as a linear map on a finite dimensional vector
space M,,(C). If A is not nilpotent, it follows that k is an eigenvalue for ¢ and
this is true for all k. This is impossible since it would follow that the characteristic
polynomial of ¢, which is nonzero, has infinitely many zeros, namely, all positive
integers k. O

Proposed Problems

1. Let A,B € M5(R) be such that AB = BA and det(A?> + B?) = 0. Prove that
detA = detB.

2. Let A,B € M;(R) be such that AB = BA,det(A> + B*) = 0, and
det(A — B) = 0. Prove that detA = detB.

3. Let U,V € M,(R). Prove that

det(U 4+ V) + det(U — V) = 2detU + 2det V.
4. Let A, B € M>,(R) be such that det(AB + BA) < 0. Prove that
det(A* + B*) > 0.
5. Let A, B € M5(Z) be two matrices, at least one of them being singular, i.e., of

zero determinant. Prove that if AB = BA, then det(A® 4+ B>) can be written as
the sum of two cubes of integers.
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6.

10.

11.

12.

13.

14.

Let A be a 2 x 2 matrix with rational entries with the property that
det(A®> —21,) = 0.

Prove that A2 = 21, and detA = —2.

. Let A, B € M;3(R) be such that det(AB — BA) = 0. Prove that

AB BA AB '‘BA
det (13 n )&) — det (13 + yL) ,
X+y X+y

for all real numbers x, y with x 4+ y # 0.
Let A, B € M;(R) be such that det(AB — BA) < 0. Prove that

AB + BA
det(lz + AB) < det (12 + T) .

Let A, B, C € M;(R) be pairwise commuting matrices so that
det(AB + BC + CA) < 0.

Prove that det(A% + B> + C?) > 0.
Let B be an n x n nilpotent matrix with real entries. Prove that

det(l, + B) = 1.

(An n x n matrix B is called nilpotent if B¢ = 0, for some positive integer k).
Let A be a n x n matrix with real entries so that A¥™! = 0, for a given positive
integer k. Prove that

det (1 1A 1A2 1A" =1
et n+ﬁ +§ +"'+H =1

Let A € M,(C) and k > 1 be such that A* = O,. Prove that there exists
B € M, (C) such that B> = I, — A.

Let A be a 3 x 3 matrix with integer entries such that the sum of the elements
from the main diagonal of the matrix A? is zero. Prove that we can find some
elements of the matrix A® whose arithmetic mean is the square of an integer.
Let A,B € M,(R) and suppose that there exists P € M,,(C) invertible such
that B = P~'AP. Prove that there exists Q € M, (R) invertible such that

B=(0"A0.
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Solutions

1. Let us consider the polynomial f(X) = det(A 4+ XB). We know that f can be
represented as

f(x) = detB- x> + mx + detA,
where m € R. But det(4% + Bz) =0, so
det(A + iB)det(A — iB) = 0 = f(i) = f(—i) = 0,

hence f(x) = a(x? + 1), implying detA = detB (= a).
2. The polynomial f(X) = det(A 4+ XB) has degree < 3. From

det(A% + B?) = det(A + iB) det(A — iB) = 0,
we deduce f(i) = f(—i) = 0, so f is divisible by x> + 1. Hence
f@) = (& + D)(mx + n),
for some real numbers m, n. Further, f(—1) = det(A — B) = 0, so m = n and
then f(x) = m(x* + 1)(x + 1). Now we can see that detA = det B (= m).
3. The quadratic function f(x) = det(U + xV) can be written as
f(x) = detV - x* 4+ mx + det U,
for some m. Further,
det(U 4+ V) +det(U—-V) =f(1) +f(-1)
= (detV +m+detU) + (detV —m + det U) = 2(det U + det V).
4. Let us define the quadratic function
f(x) = det(A? + B> + x(AB + BA)).
We have
f(1) = det(A> + B> + AB + BA) = det(A + B)> > 0
and

f(=1) = det(A’ + B> — AB — BA) = det(A — B)* > 0.
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Now, note that if det(AB 4+ BA) < 0, then f has a maximum. From f(—1) > 0
and f(1) > 0, it follows that f(x) > 0, for all real numbers x € [—1,1]. In
particular,

£(0) > 0 & det(A” + B?) > 0.
In case det(AB + BA) = 0, we also have f(0) > 0, because f is a linear function
(possibly constant).
We also can proceed using the identity
det(U + V) +det(U — V) = 2detU + 2det V.
By taking U = A? + B2, V = AB + BA, we obtain
det(A? 4+ B> + AB + BA) + det(A® + B> — AB — BA)

= 2det(A% + B*) + 2det(AB + BA)

or
det(A + B)? + det(A — B)? = 2det(A? + B%) + 2det(AB + BA).

It follows that

det(A> + B?) + det(AB + BA) > 0,
which finishes the alternative solution.

5. By symmetry, we may assume that det(B) = 0. Consider the linear function
f(x) = det(A + xB). It can be also written as a + bx for some integers a, b.
If z is a root of the equation 724+ 7+ 1 = 0, then the fact that AB = BA
implies the identity A3 4+ B> = (A + B)(A + zB)(A + z?B). Thus, det(A® +
B?) = f()f (2)f () = (a + b)(a + bz)(a + bz?) = a® + b>, which shows that
det(A® + B?) is indeed the sum of two cubes.

6. Let us define the quadratic function f(x) = det(A — xI,), for all real x. The
coefficient of x? is equal to det(—/,) = 1 and

0 = det(A? — 21) = det(A — v/2D) det(A + ~/2D),

30 f(—+/2)f(+/2) = 0. Now, because f has rational coefficients, we conclude
that f(+/2) = f(—+/2) = 0, so f(x) = x* — 2. Further,

det(A — xb,) = x*> —2, (3.2)

for all real numbers x. For x = 0, we obtain detA = —2. The relation (3.2) is
the characteristic equation of A, so A verifies it, A> — 2I, = 0 = A% = 21,.



52

3 Polynomial Functions Involving Determinants

7. Let us consider the polynomial

P(t) = det(I3 4+ tAB + (1 — 1) BA).
We have
P(t) = det(t(AB — BA) + I; + BA).

The coefficient of #* is det(AB — BA) = 0, so deg P < 2. From the equality
P(0) = P(1), it follows that

o(372) =)

for all real numbers A. The conclusion follows by taking

PR
2 x+y

The axis of symmetry of the parabola y = f(x), where

f(x) = det(x(AB — BA) + I, + BA).
1
isx = > because of £(0) = (1) and the coefficient of x? is det(AB—BA) < 0,

sof(x) <f (%) ,forall x e R\ {1/2}. In particular, f(1) < f (%) which is

AB + BA
det(l; + AB) < det (12 + L) .

2

In case det(AB — BA) = 0, f is linear and f(0) = f(1), so f is constant.
Consequently,

AB + BA
daUz+AB):da(h4———i——).

2

Consider the polynomial function
f(x) = det(A® + B> + C* 4+ x(AB + BC + CA)).
The coefficient of x? is equal to det(AB 4+ BC + CA) < 0, thus the parabola
y = f(x) is concave. We will prove that f(—1) > 0 and f(2) > 0, and then it
will follow that £(0) > 0. Indeed, we have:
f(2) = det(A% + B*> + C? + 2AB + 2BC + 2CA) = det(A + B + C)* > 0.

On the other side,
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f(=1) = det(A* + B* 4+ C* — AB — BC — CA)

1
Zdet[(A —B)’+ (B—C)* + (C—A)*].
Now,if X =A—BandY = B— C, then C — A = —X — Y and further,

1
f(=1) = 7 det [X* + Y* + (X + ¥)*] = det(X*> + XY + Y?)

2
1 \? 3
= det (X+§Y) +<“/7_Y> >0,

by the first problem of the theoretical part (note that X and ¥ commute).
10. Let us define the polynomial function

P(x) = det(l, —xB) , xe€C.

We will prove that P is constant and so P(—1) = P(0) = 1. If B* = O, then
for all complex numbers x, we have

L, =1,— @B’ = (I, —zB)I, + zB+ --- + (zB)* ™).

By passing to determinants, we deduce that P is a divisor of 1 in C[X], so it is
indeed constant.
11. Consider the polynomial function

xk
P(x)=det|I,+ —A —A2 s —AF) .
(%) e ( +1 —+—2' + +k! )

The degree of P is not greater than kn and P satisfies the relation:

P(x)P(y) = P(x +),

for all real numbers x, y. Indeed,

ko ko
P(x)P(y) = det (Z %Ai) - det Z %Af

J=0

k xi . k y] , k xy’
= det (Z 1_'Al> . Z _—Aj = Z Z AP

| | |
=0/ p=0 \iti=p "’

k
= det ZMA” = P(x +y).
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12.

13.

3 Polynomial Functions Involving Determinants

In particular, P(x)P(—x) = P(0) = 1, so P is a constant polynomial, because it
does not have complex roots. It follows that

P(1) = P(0) = 1.

We can also proceed in a different way. According to the hypotheses, A is
nilpotent. The sum of nilpotent matrices which commute with each other is
a nilpotent matrix. In particular, the matrix

B—lA 1A2 1A"
_1—! +2—! .|_..._|_H

is nilpotent. As we have proved in the previous problem,
det(l, + B) = det (I, + ~A + - A2 Lae) =1
et(l, + B) = det n+F +5 ++ﬁ = 1.

We search for B in the form B = P(A) for some P € C[X]. First, let us prove
by induction on k that we can find Py € C[X] such that X*|P?(X) + X — 1. Take
Py = 1 and assume that Py is found. Let P} (X) + X —1 = X*Q(X).If Q(0) = 0,
take Py+1 = Py, so assume that Q(0) # 0. Let us search for
Pep1(X) = Pe(X) + aX".
Then

Pl (X)+X—1=Pi(X) + X — 1 +2aX*P(X) + o’ X*
= X*(Q(X) + 2aPr(X) + o>X").
It is enough to choose « such that Q(0) 4+ 2aP(0) = 0, which is possible
because P7(0) = 1 # 0.
Now, let B = Py(A). We know that
PXX)+X—1=0() X

for some Q € C[X]. Thus B> + A — I, = A*Q(A) = O andso B> = I, — A.
Let f(X) = det(XI3 —A) = (X — A1)(X — A3)(X — A3) and observe that

det(XI; — A?) = (X — AD)(X — 1) (X — A3).
Thus the condition tr A2 = 0 becomes )&% + A% + )L% = 0, and this implies

A9 4+ A5 + A = 347323,
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14.

This can be translated as trA® = 3(detA)? and shows that the arithmetic
mean of the elements on the main diagonal of A° is a square, namely, (det A).
Observe that we can write P = X + iY with X, Y € M, (R). Because PB = AP
and A,B € M,(R), we deduce that AX = XB and AY = YB. We are not
done yet, because we cannot be sure that X or Y is invertible. Nevertheless, the
polynomial function f(x) = det(xY +X) is not identically zero because f (i) # 0
(P being invertible). Therefore, there exists x € R such that f(x) # 0. Clearly,
0 = X + xY answers the question.



Chapter 4
Some Applications of the Hamilton-Cayley
Theorem

We saw in a previous chapter that the characteristic polynomial of a matrix and its
zeros, the eigenvalues of the matrix, can give precious information. The purpose of
this chapter is to present a powerful theorem due to Hamilton and Cayley that gives
an even stronger relation between a matrix and its characteristic polynomial: in a
certain sense, the matrix is a “root” of its characteristic polynomial. After presenting
a proof of this theorem, we investigate some interesting applications.

Theorem (Hamilton-Cayley). Let K be any field and let A € M, (K) be a
matrix. Define

det(XI, —A) = X"+ a,_ X" '+ +a X + ay
the characteristic polynomial of A. Then
A" 4 @ AV e @A+ apl, = O,

The proof of this result is not easy and we will prove it here only for the field of
complex numbers (which is already nontrivial!). Basically, if A is diagonal, the proof
is immediate. So is the case when A is diagonalizable, because by a conjugation,
one easily reduces the study to diagonal matrices. In order to solve the general
case, we will use a density argument: first of all, we will prove that the set of
diagonalizable matrices over C is dense in M,,(C). This is not difficult: because the
characteristic polynomial of A has complex roots, there exists a complex invertible
matrix P such that P~'AP is triangular. But then, it is enough to slightly modify the
diagonal elements of this triangular matrix so that they become pairwise distinct.
The new matrix is diagonalizable (because it is triangular and has pairwise distinct
eigenvalues), and it is immediate that it can approximate the initial matrix arbitrarily
well. Thus, the claim is proved. Now, consider A a complex matrix and take A; a
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sequence of diagonalizable matrices that converge to A. Let X" —}—aflk_)lX =l -—i—a(()k)
be their characteristic polynomials. We know that

AZ + Clilk_)lAZ_l + ccc + a(()k)ln = 0)17 (*)

by the argument in the beginning of the solution. On the other hand, the coefficients
a® are polynomials in the coefficients of the matrix A; (simply because each
coefficient of the characteristic polynomial is a polynomial in the coefficients of
the matrix, as can be easily seen from the formula of the determinant). Because Ay
converges to A, it follows that each a](k) converges to ay, the coefficient of X* in the
characteristic polynomial of A. But then, by taking the limit in the relation (*), we
obtain exactly the desired equation satisfied by A. This finishes the proof. [J

Now, observe that one can easily compute a,,—; in the above formula: all we have
to do is to develop the determinant of X, —A and take the coefficient of X"~!. Since

det(XI, —A) = Z €(0) - (XS[U(]) — 015(1)) - (XSnU(n) — a,w(n))

ogES,

(here, 8; equals 1 if i = j and O otherwise, while (o) = 1 if o is even and —1
otherwise), the only term which has a nonzero coefficient of X"~ ! is (X — a;;)(X —
a) . . . (X —ay,y), which gives the coefficient —(aj; +axn + - - - + a,,). We recognize
in the last quantity the opposite of the trace of A. Thus, the Hamilton-Cayley relation
becomes

A" —tr(A) - A" 4 (=) det(A)], = O,.

In the very easy case n = 2 (for which the proof of the theorem itself is
immediate by direct computation), we obtain the useful formula

A? —tr(A)A + det(A), = 0.

Note already that the Hamilton-Cayley theorem comes handy when computing
the powers of a matrix. Indeed, we know that A satisfies an equation of the form

A"+ a, A" @A+ agl, = O,
By multiplying by A¥, we obtain

A g AT L g0Ak = 0,
which means that each entry of (Ak)kzl satisfies a linear recurrence with constant
coefficients; thus we can immediately obtain formulas for the coefficients of the

powers A¥. The computations are not obvious, but in practice, for 2 x 2 and 3 x 3
matrices, this gives a very quick way to compute the powers of a matrix. Let us see
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in more detail what happens for 2 x 2 matrices. By the previous observation, to each
matrix A € M;(C), we can inductively assign two sequences (d,),> » (bn),> Of
complex numbers for which A” = a,A + b,I,, for all positive integers n. Let us find
a recurrence satisfied by these sequences. If we assume that AF = a4 A + bid,, since
we also have A2 = 0A + BI,, where @ = trA and B = —detA, we can write

AL = AR A = (@A + bih)A = ;A% + DA
= ar(@A + Bh) + biA = (@ + b)A + axfla,

SO Ak+1 = ak_HA + bk+112 with

Q1 = axQ + by
b1 = ap

Here is an application of the above observation:

Problem. Let A, B € M;,(C) be two matrices such that A”B" = B"A” for some
positive integer n. Prove that either AB = BA or one of the matrices A", B" has the
form al, for some complex number a.

Solution. In the framework of the above results, this should be fairly easy. We
saw that we can write A" = aA + bl, and B" = c¢B + dI, for some complex
numbers a, b, ¢, d. The condition A”B" = B"A" becomes, after simple computations,
ac(AB — BA) = O;. It is clear that this implies AB = BAora = 0 or c = 0. But
this is precisely what the problem was asking for. O

The Hamilton-Cayley theorem is not only useful to compute powers of matrices
but also to solve equations. Here are some examples.

Problem. a) The solutions of the equation
X?=—-L, Xe M) 4.1)

are X = il,, X = —il, and any matrix of the form

X = (“ b), with a + be = —1.

c —a

b) The solutions of the equation X> = I,, X € M,(C)are X = I, X = —I, and
any matrix of the form

x:(“ b), with @ 4 be = 1.

Cc —a
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Solution. First of all, note that part b) follows immediately by using the next
equivalence:

X’ =—-L & (iX)’ = D.

By considering the determinant, detX? = 1, we deduce that detX = +1. We
therefore have two cases. In the first case, det X = 1, and with the notation ¢ = tr X,
we have

X?—aX+ DL = 0,.

Combining this with equation X> = —I, and taking into account that X is invertible,
we obtain « = 0. Now, with detX = 1 and tr X = 0, it follows that

x=(“ b), with @ + be = —1.

c —a

It is easy to check that all these matrices are solutions. In the second case,
detX = —1. With @ = tr X, we have

X —aX—1L = 0,.

2
Therefore, since X> = —I,, we have X = ——1I,. By considering the trace, it follows
o

4
thato = —— = o = £2i. Finally, X = il or X = —il,. O
o

With these preparations, we can solve the equation
AB 4+ BA = O;. 4.2)

when both matrices A and B are invertible.

Problem. The solutions of the equation AB + BA = O,, with A,B € M;(C)

invertible, are
( y) , B ( ) ,
—X Cc —a

where x, y, z, a, b, ¢ are any complex numbers with x>+ yz # 0, a® + be # 0, and
2ax + bz + cy = 0.

Solution. We can assume, without loss of generality, that det(AB) = 1, by
multiplying eventually by a scalar.
We have

tr(AB + BA) = 0 = tr (AB) + tr (BA) = 0,
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and from tr (AB) = tr (BA), we obtain tr(AB) = 0. We also have detAB = 1 and
from the Hamilton-Cayley relation, we obtain

(AB)? = —I, (4.3)
Now we can use the previous problem to solve the above equation. If X denotes any
solution of the equation (4.1), then AB = X = B = A7'X. With B = A7'X, the
equation (4.2) becomes

A-AT'X+A7'X-A = 0,.

By multiplying by A to the left, we derive

AX + XA = 0,. 4.4
The cases X = il, and X = —il, are not acceptable, because A is invertible.
Consequently, if
= () x=(02)
zt c—a
with x,y,z,t,a,b,c € C, a® + bc = —1, xt — yz = 1, then the condition (4.4)

becomes

(xy) (a b) (a b) (xy) ).
zt c —a c —a zt
In terms of linear systems, we obtain

2ax +bz+cy =0
b(t+x)=0
ct+x)=0
—2at + bz +cy = 0.

If 1+ x # 0, then b = ¢ = 0. From the first and the last equations of the system, we
deduce a = 0. This is impossible, because a? + be = —1.

Thus, t + x = 0. In this case, the first and the last equations of the system are
equivalent. It follows that

=) =)
Z—X Cc —da

for any x,y,z,a, b, c € C, satisfying
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@+ bc=—1, x2+yz=—1, 2ax 4+ bz 4+ cy = 0.

The general solution of the given equation is ({A, uB), where ¢, 4 € C*. This
includes also the case (iA, B), when det(iAB) = —detAB. O

The following problem has a very short solution using the Hamilton-Cayley
theorem, but it is far from obvious.

Problem. Let A, B, C,D € M,(C) such that AC is invertible and A*B = C*D
for all k > 1. Prove that B = D.

Solution. Let
fx) =det(xl, —A) = X"+ --- + (=1)" detA
and
glx) =det(xl, —C) =x"+---+ (=1)"detC
be the respective characteristic polynomials of A and C, and let

1
h=
det(AC)

18-

Then & has the form h(x) = b,x*" + --- 4+ byx + 1, and by the Hamilton-Cayley
theorem, we know that

b A + -+ DA+ 1, = 0,
and
b,C" + -+ b C+ 1, = 0,.

It is enough to multiply the first relation by B and the second one by D and to take
the difference. [J

Here is a beautiful problem proposed by Laurentiu Panaitopol for the Romanian
National Mathematical Olympiad in 1994.

Problem. For a given n > 2, find all 2 x 2 matrices with real entries such that

I -1
Xn Xn—2=
= (G)

Solution. By taking the determinant of both sides, we observe that we must have
detX = 0 or det(X +il) = 0. Assume for a moment that det(X + i) = 0. Thus the
characteristic polynomial of X, which has real coefficients, has —i as a root. Thus,
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it also has i as a root and these are its roots. That is, the characteristic polynomial
equals X? + 1, and by the Hamilton-Cayley theorem, we deduce that X> + I, = O,,
which is clearly impossible. Thus detX = 0 and if + = tr X, we can write (again
using Hamilton-Cayley)

X" + Xn—2 — (tn—l + l‘n_3)X.

Therefore, if f(x) = x* + x*2 — 2, we must have f(f) = 0. There are now two
cases: either n is even, and in this case, —1 and 1 are the only zeros of f (since f
is increasing on the set of positive numbers and decreasing on the set of negative
numbers), and those two values + = 1 and t+ = —1 give two solutions by the
above relation. The second case is when 7 is odd, and in this case, the function f
is increasing and has only one zero, at ¢t = 1. This gives the corresponding solution
X for odd n. O

We continue with a very useful criterion for nilpotent matrices and some
applications of it.

Problem. Let A € M, (C). Prove that A is nilpotent if and only if tr A¥ = 0 for
allk > 1.

Solution. If A is nilpotent, then any eigenvalue of A is zero. Indeed, if A is an
eigenvalue of A, we know that AFisan eigenvalue of A¥ and if A¥ = 0,, this implies
A¥ = 0 and so A = 0. On the other hand, we saw that tr A* is the sum of the kth
powers of the eigenvalues of A and so it is 0.

Now, suppose that trAF = O fork > 1 and let A, A, ..., A, be the eigenvalues

of A. Thus A¥ + A% +--- + Ak = 0 for all k > 1. Because =1+4+z+2+...

if |z] < 1, we deduce that if z is small enough,

n

e NI Z ZA’—n

i=1 i=1 j=0

1
1 —z\;

Thus the rational function Z — n is identically zero, because it has

infinitely many zeros. If all A; are nonzero, this rational fraction has limit —n when
|z] = oo, which is absurd. Thus, we may assume that A; = 0. But then )Lk

B )Lﬁ = 0 for k > 1, and the previous argument shows that one of A,, ..., /\n is
0. Continuing in this way, we deduce that all A; are 0. Hamilton-Cayley’s theorem
shows then that A" = O, and so A is nilpotent. [

We present now two beautiful applications of this criterion.

Problem. Let A € M, (C). Prove that A is nilpotent if and only if there is a
sequence A; of matrices similar to A and having limit O,,.
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Solution. Suppose that Ay, are similar to A and tend to O,,. Now take k > 1. Then
A]’? is similar to A%, thus

trA*¥ = lim trA;‘c =tr ( lim A;‘) =0.
. 00" -

j—oo j

By the previous problem, A is nilpotent.

Now, suppose that A is nilpotent. By performing a similarity transformation, we
may assume that A is upper triangular, with O on the main diagonal (because A is
nilpotent). It is easy to see that by performing conjugations with matrices of the
form

with ¢ — 00, we obtain a sequence of matrices that converges to O,,. [

Problem. Let S C M, (C) be a set of nilpotent matrices such that whenever
A,B € S, we also have AB € S. Prove that for all A}, A,,...,A; € S, we have

(A1 + A2+ +A)" = Op.

Solution. Fix a positive integer r and let X = A} + A, + - -+ + Ay. Observe that
X" is a sum of products of the matrices Aj, Ay, ..., A, thus a sum of elements of S,
which are nilpotent. By the criterion, it follows that tr X" = 0 and the same criterion
implies that X is nilpotent. It is enough to apply Hamilton-Cayley to deduce that
X'= 0,0

Proposed Problems

1. For a second order matrix A = (a;j)1<ij<2, one can prove the Hamilton-Cayley
theorem by computing directly

A? — (an + an)A + (anaxn — anan)h

and obtaining the result O,. Find a proof of the Hamilton-Cayley theorem by
direct computation in the case of third-order matrices.

2. Let A be a second-order complex matrix such that A> = A, A # O,,and A # L.
For positive integers n, solve in M;(C) the equation X" = A.

3. Let A € M>,(C) be such that A" = O, for some integer n > 2. Prove that
A2 = 0,.
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4.

5.

11.
12.
13.
14.

15.
16.

17.

Let A, B € M;(C) be two matrices, not of the form AL, with A € C. If AB =
BA, prove that B = aA + B1,, for some complex numbers «, .

Let A,B € M;(C) be two matrices. Assume that for some positive integers
m, n, we have A™B" = B"A™, and the matrices A™ and B" are not of the form
AL, A € C. Prove that AB = BA.

. Let M ={A € M,(C) | det(zl, —A) =0 = |z] < 1} and let A, B € M with

AB = BA. Prove that AB € M.

. Let n > 2 and let Ay, Ay,...,A, € M3(R) be nonzero matrices such that

Ay # al, for all a € R and ApA; = AzA for all k. Prove that

det (ZA,%) > 0.
k=1

. Let A, B € M;,(C) be non-invertible matrices and let n > 2 such that

(AB)" + (BA)" = O».
Prove that (AB)? = 0, and (BA)? = 0;.

. Let A € M3(C) be with trA = 0. Prove that tr(4%) = 3 detA.
. Prove that for all X, Y, Z € M,(R),

ZXYXY + ZYXYX + XYYXZ + YXXYZ
= XYXYZ + YXYXZ + ZXYYX + ZYXXY.

Is there a bijective function f : M;(C) — M;3(C) such that f(XY) = f(X)f(Y)
forall X, Y € M,(C)?

Let A, B € M,(C) be such that tr(AB) = 0. Prove that (AB)> = (BA)>.
Let A, B € M,(C) be such that (AB)? = A2B2. Prove that (AB — BA)* = 0.
LetA, B € M, (C), with A + B non-invertible, such that AB + BA = O,,. Prove
that det(A® — B?) = 0.

Let A, B € M, (R) such that 3AB = 2BA + I,,. Prove that I, — AB is nilpotent.
Let A, B, C € M,(R), where n is not divisible by 3, such that

A® + B* + C* = AB + BC + CA.
Prove that
det [(AB — BA) + (BC — CB) + (CA—AC)] = 0.
Let N be the n x n matrix with all its elements equal to 1/n, and let A =

(@j)1<ij<n € M,(R) be such that for some positive integer &, A¥ = N. Prove
that

Z aszl.

1<ij<n
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18. Let A € M,(C), and let adj(A) denote the adjugate (the transpose of the

cofactor matrix) of A. Show that if, for all k € N, k > 1, we have
det((adj(A))* +1,) = 1,

then (adj(A))? = O,.

Solutions

1. LetA = (a;)1<ij<3 be a 3 x 3 matrix; we intend to prove that

A3 — S1A2 + SzA — S3I3 = 03,
where 51 = a1 + ax» + ass,

azp anj ap ags ap ap

asp asjs

Sy = s

asy ass azy A

and s3 = detA. The obvious problem is the calculation of A3, which seems to
be (at least) very unpleasant.

However, we can avoid this laborious calculation! Namely, assume first that
A is nonsingular (hence invertible). In this case, the equality that we need to
prove is equivalent to

A? —51A + 551 — s3A7" = 0s.

Taking into account that

dyy —do1  d3
5347 = det(W)A™" = adj(A) = | —din dn —d3 |,
diz —dy  ds3

where dj; is the cofactor of gy, for all i,j € {1,2,3} (thus s, = dy; + d» +
ds3), checking the equation by direct computation becomes a reasonable (and
feasible) task. For instance, for the entry in the second row and first column, we
need to verify that

(aa1a11 + anax + axas) — (an + an + asz)az + dip = 0,

which is true (remember that di» = a»1a33 — az3azy). In a similar manner, we
verify that each entry of A2 — 514 + 5,13 — s34~ equals 0.
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In order to finish the proof (which is, for the moment, done only for
nonsingular matrices), we use a standard argument (that we have already seen
before). Namely, suppose that A is a singular matrix, and consider, for each
number x, the matrix A, = A — xI3; A, is nonsingular for every x in a (small
enough) neighborhood of the origin (because det(A —x/3) = 0 for at most three
distinct values of x). Thus the Hamilton-Cayley theorem works for every such
A, (with x in that neighborhood). Letting x tend to 0, we get the validity of the
theorem for matrix A as well.

A proof of the Hamilton-Cayley theorem that generalizes the proof for
second-order matrices to arbitrary n X n matrices can be found in the article “A
Computational Proof of the Cayley-Hamilton Theorem” by Constantin-Nicolae
Beli, in Gazeta Matematicd, seria A, 3-4/2014.

2. The case n = 1 being clear, assume that n > 2. Clearly, A is not invertible,
because otherwise, A = I,. Thus (detX)" = detA = 0 and so detX = 0.
Thus, if @ = tr X, by Hamilton-Cayley, we have X2 = aX and by induction,
X" = " 'X. Clearly, @ # 0 because otherwise, A = O,. Thus X = «'™A,
that is, there exists z € C* with X = zA. The condition becomes 7'A" = A.
ButA2 =4 implies A" = A and since A # 0, we must have z* = 1. Thus the
solutions are X; = e A with 0 <k<n-—1.

3. By considering the determinant, we obtain detA” = 0, so detA = 0. With
a = trA, the Hamilton-Cayley relation becomes A> = «aA, and inductively,
A" = o' - A, for all integers n > 2. Now, A" = 0, = "' -A = 05, s0
a = 0 or A = 0,. In both cases, using also A> = @A, we obtain A2 = O,.

4. If we denote A = (a Z), B = (x );) , then from AB = BA, we derive
c z

(with the convention that if a denominator is zero, then the corresponding

. . . 0
numerator is also zero). At least one of the fractions is not —, because b, ¢

cannot be both zero. Thus « is well defined. It follows that
y=ab, z=owac, t=ad+p, x=oaa+p,

with 8 = t — ad. Finally,

_(xy\ _ (aa+p ab _
B_(zt)_( ac ad—i—ﬂ)_aA—}_'BIz.

5. As we stated, we can define sequences (a,),>1 > (bn),>1 5 (Cn)ys1s (dn),>1 OF
complex numbers such that

Ak = akA + bklz, Bk = CkB + dklz,
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for all positive integers k. From the hypothesis, a,, # 0 and ¢, # 0. Then
A"B" = B"A™
= (anA + bula) (cnB + dul) = (cuB + dulz) (anA + buls)
= auc,(AB — BA) = O,.

Hence AB = BA, because a,,¢, # 0.

. First, assume that A = al, with || < 1. Let yj, y, be the roots of the equation

det(B — xI) = 0; then the roots of det(AB — xI;) = 0 are ay; and «y,. Clearly
layi| = || - [y1| < land |ay,| < 1.

Secondly, assume that A # «l, for all « € C. We saw in the previous
problem 4 that there are a, b € C with B = aA + bl,.

Let x1, x; be the roots of det(A —xI;) = 0; then the roots of det(B—xI;) = 0
are y; = ax; +b, y, = ax; +b and the roots of det(AB—xl,) = O are z; = x1y,
22 = xpyp. Thus again |z;| = |x;| - [yi| < 1.

By problem 4, there are oy, Br € R with Ay = a3 Ag + Bilz. If all o = 0, then

det (iA%) = Xn:ﬁg > 0.
k=1 k=1

n
Otherwise, let « = Z oe,f. Then
k=1

ZA,% =aAl+2 (Z Olkﬂk) Ao + (Z /3/%) I, = f(Ao)
k=1 k=1

k=1

where

f(x) = ax?> +2 (Z otk,Bk) x4+ Z,B,f
k=1 k=1

By the Cauchy-Schwarz inequality, the discriminant of f is negative or zero.
Thus we can write f(z) = a(z — 20)(z — Zo), and so

det (ZA%) = detf(Ag) = o?|det(Ag — zol2)|> > 0.

k=1

8. With detAB = detBA = 0, and setting « = trAB = tr BA, we have, by

Hamilton-Cayley,

(AB)? = aAB, (BA)*> = aBA. 4.1
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10.

11.

By induction,
(AB)" = o" 'AB, (BA)" = a" 'BA,
for all positive integers n. The given equation (AB)" 4 (BA)" = O, yields
o"'(AB + BA) = 0,.

If « = 0, then the conclusion follows directly from (4.1). So suppose that
AB + BA = O,. Then

2tr(AB) = tr(AB + BA) = 0,

and again, @ = 0. In any case, (AB)?> = 0, and similarly for BA.
By the Hamilton-Cayley relation, we obtain the existence of « € C with

A’ —trA-A’+a-A—detA-I; = 0s.
By considering the trace, we deduce that
tr(A%) —trA - tr(A%) + o - trA —detA-trl; = 0

and with trA = 0, tr/z = 3, the conclusion follows.

Alternatively, let a, b, ¢ be the eigenvalues of A. Then a + b+ ¢ = 0 is given
and we have to prove that @ + b + ¢ = 3abe, which is immediate.
Observe that the identity can be written in a more appropriate form

Z(XY — YX)* = (XY — YX)*Z.

This is clear by the Hamilton-Cayley theorem, because tr(XY — YX) = 0, so
(XY — YX)? = al, for some a.
The answer is negative. Suppose that f is such a function and consider

010
A=1001
000

One can easily check that A*> = O3 and A% # 0;.Let B € M»(C), B = f~'(A).
Then (f(B))® = O3, thus f(B?) = 03 and so B> = 0,, because f(0,) = 03
(indeed, let Xy = f~1(03); then f(Xy) = O3, and so f(2Xo) = f(2L)f(Xo) =
03 = f(Xp), thus 2X, = X, and Xy = O,). But previous exercise 3 implies that
B? = 0,, thus 03 = f(0,) = f(B?) = (f(B))? = A?, a contradiction.
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12. By the Hamilton-Cayley relation for the matrices AB and BA, we have

13.

14.

(AB)> —tr(AB) - AB + det(AB) - I, = 0,
and
(BA)* — tr(BA) - BA + det(BA) - I, = 0.
By a well-known property of the trace, we have tr(AB) = tr(BA) = 0, so
(AB)> = —det(AB) - I,, (BA)* = —det(BA) - I.

But det(AB) = det(BA), hence (AB)?> = (BA)>.
Using the Hamilton-Cayley relation for the matrix AB — BA, we have

(AB — BA)> — tr(AB — BA) - (AB — BA) + det(AB — BA) - I, = O,
or
(AB — BA)? = AL, 4.1)
with A = —det(AB — BA) because tr(AB — BA) = 0. From (4.1), it follows that
tr(AB — BA)? = 2. 4.2)
Now the conclusion of the problem follows from (4.1) if we can show that
A = 0 or equivalently, according to (4.2), tr(AB — BA)?> = 0. In this sense, note
that
(AB — BA)? = (AB)?> — ABBA — BAAB + (BA). (4.3)

By the hypothesis, tr (AB)* = tr(A2B2). Using tr(UV) = tr(VU), it follows that
tr(AB)? = tr(BA)? and

tr(ABB - A) = tr(B - AAB) = tr(A’B?).
Finally, from (4.3),

tr(AB — BA)? = tr (AB)?> — tr(A’B?) — tr(A’B?) + tr(AB)?
=2t [(AB)* —A’B*] = 0.

Let x € C", x # 0 be such that

(A+ B)x = 0,.
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15.

16.

It follows that Ax = —Bx, so, using yet the identity AB = —BA, we have
A’x = —A’Bx = ABAx = —BA%’x = B’x.

Hence (A* — B*)x = O, for some nonzero vector x € C", so det(A> — B*) = 0.
A direct proof is provided by the equality

A’ — B = (A + B)(A> — AB — B%).
(Prove it by using AB + BA = 0,!) From det(A + B) = 0, the conclusion
follows.

Let f(x) = det(xI, — AB) be the characteristic polynomial of AB (and BA, t00).
Then

2BA + 1, " 3x—1
f(x) = det (xln - T+) =3 det (XTI,, - BA)

2" 3x—1 2" (3x—1
3n 2 3n 2

Thus, if z is a root of f, so are the terms of the sequence

3x,—1
X1 = 2, Xp+1 = B .

Because f has a finite number of roots, the previous sequence has finitely many
terms, which easily implies x; = 1. Thus all roots of f are equal to 1 and so
f(x) = (x—1)". By Hamilton-Cayley, (AB — I,,)" = O,.

Let us consider the complex number

e =cosz—n +isin—n
3 3
and define the matrix
X =A+¢eB+£C.
We have
X=A+&B+8C=A+¢B+sC.
Then the number

det(X - X) = detX - detX = detX - detX = |detX|* > 0
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is real and nonnegative. On the other hand, by hypothesis and by s? 441 = 0,
we get

X-X=A+eB+2C)(A +&’B+¢0)
= (¢ + 1)(AB + BC + CA) + &(BA 4+ CB + AC)
— ¢[(AB— BA) + (BC — CB) + (CA — AC))].
Now, because det(X - X) € R, we infer that
¢" det [(AB — BA) + (BC — CB) + (CA —AC)] € R,

so det [(AB — BA) + (BC — CB) + (CA —AC)] = 0.
Solution I. First note that the equality A* = N implies AN = NA and this
shows that the sums of entries in each row and column of A are all equal. Then,
if a is the common value of these sums, an easy induction shows that A® (for
positive integer s) has the same property as A, that is, all sums of entries in each
row and column are equal to the same number, which is a’. In particular, since
AF = N, d* = 1 follows; thus, being real, a can be either 1 or —1.

Next, one immediately sees that Z a,-zj represents the sum of entries from

1<ij<n
the principal diagonal of AA’, A’ being the transpose of A; that is, Z aizj is the
1<ij<n

trace of AA’, which also equals the sum of the eigenvalues of AA’. But, clearly,
AA' is a symmetric real matrix, implying that all its eigenvalues are nonnegative
real numbers.

Finally, for the vector u with all entries 1, we have Au = u and A'u = u, or
Au = —u and A'u = —u (remember that the sums of entries in each row and in
each column of A are either all equal to 1 or are all equal to —1). In both cases,
AA'u = u follows, and this shows that 1 is one of the eigenvalues of AA’ (with
corresponding eigenvector u).

Let us summarize: AA' has all eigenvalues nonnegative, and one of them is
1. Of course, this being the case, their sum (i.e., the trace of AA) is at least 1,
and thus we can finish our proof:

> @} =1tr(Ad) = 1.

1<ij<n

This is problem 341 proposed by Lucian Turea in Gazeta Matematicd, seria
A, 3-4/2011, and here follows his solution.
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18.

Solution II. For any real n x n matrix X = (x;j)1<ij<n, define

m(X) = Z xizj;

1<ij<n

thus m(X) is the sum of the squares of all entries of X. One can prove that
m(XY) < m(X)m(Y) for all X,Y € M,(R), with the obvious consequence
m(X*) < (m(X))*® for every real matrix X and every positive integer s. In our
case,

1 = m(N) = m(A¥) < (m(A))*

follows, that is, m(A) > 1—which is precisely what we wanted to prove.

For the sake of completeness, let us prove that m(XY) < m(X)m(Y) for all
real n X n matrices X = (x)1<ij<n and Y = (yjj)1<ij<n- Let XY = () 1<ij<n-

Thus
n 2 n n
2 2 2
k=1 k=1 k=1

by the Cauchy-Schwarz inequality. Summing upon j, we have

$2 (2) Sy - (z) ),
j=1 k=1 k=1

j=1 k=1

and, if we sum up again, this time over i, we get exactly the desired result
m(XY) < m(X)m(Y).

Of course, this solution shows that in place of N, we can consider any
real matrix such that the sum of the squares of its entries is (at least) 1, and
the statement of the problem remains true. On the other hand, from the first
solution, we see that for any real matrix A such that AA” has an eigenvalue
equal to 1, the sum of the squares of the entries of A is at least 1. We used
the equality A¥ = N only to infer that AA’ has such an eigenvalue. Thus each
solution provides a kind of generalization of the original problem statement.
Let P(x) = det(xl, —A) = x" + c,1x"~' + --- 4+ ¢¢ be the characteristic
polynomial of the matrix A, and let A1, ..., A, be the eigenvalues of A (i.e., the
zeros of P). The following three facts are well-known and we will use them
soon (prove the first and the second!).

1) The eigenvalues of adj(A) are A ---A,, ..., A1 --- A, (that is, the products
of n — 1 of the eigenvalues of A).

2) adi(A) = (=)' (A" + A2 4 4 ey,

3) Hamilton-Cayley theorem: A" + 1AV o+ A+ o, = O,
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Now we proceed to solve the problem. Let 1y = Ay-+-A,, oon, Uy =
A1+ A,—1 be the eigenvalues of the adjugate of A. For any positive integer
k, the matrix (adj(A))* + I, has the eigenvalues puX + 1,...,u* + 1 (also
well-known), and the determinant of any such matrix is the product of its
eigenvalues. Thus the condition given in the hypothesis can be written in the
form

Wi+ (uy+1) =1

for all natural numbers k£ > 1. After expanding and using Newton’s formulas,
one sees that this happens if and only if u; = -+ = w, = 0. This means that

et = (D" g+ A+ ) =0,

and at least one of A1, ..., A, is zero, hence
co = (=1)"det(A) = (—=1)"A;---1, = 0.

Now, the Hamilton-Cayley theorem yields

A" e AV 4 A% = 0,
and from the second fact mentioned in the beginning, we get

(adj(A))* = (A" + A" 2+ + 0A) =
= A"+ AT o A AT AT 4 4 ely) = O,

because the first factor is O,,. The solution ends here.

Note that the core of the problem is the fact that if the adjugate of a matrix is
nilpotent (which we obtained when we found that all its eigenvalues are 0), then
actually the square of the adjugate is the zero matrix. This can be also proved as
follows. Because adj(A) is nilpotent, there exists a positive integer s such that
(adj(A))* = 0,, and the determinant of adj(A) is zero, which means that A is
singular too (because Aadj(A) = det(A)l,). If the rank of A is less than n — 1,
then adj(A) is the zero matrix and there is nothing else to prove. Otherwise,
Sylvester’s inequality shows that adj(A) has rank at most 1, and, in fact, the
rank is 1, because adj(A) is not the zero matrix—Ilook for problem 3 in the
Chapter 5. Thus (see problem 4 in the same chapter), there exist B € M,, 1(C)
and C € M ,(C) such that adj(A) = BC. In this case, we have CB =t € C.

The equality (adj(A))* = O, can now be written as (BC)* = O,, or
B(CB)*~'C = 0,, or *'adj(A) = O,, and it implies t = 0 (as the adjugate is
not the zero matrix, and only when s > 2—actually when s > 3—there is really
something to prove). Thus CB = 0, and (adj(A))? = (BC)> = B(CB)C = O,.

This is problem 360, proposed by Marius Cavachi and Cezar Lupu, in Gazeta
Matematicd, seria A, 1-2/2012 (and solved in 1-2/2013 by the second method).



Chapter 5
A Decomposition Theorem Related to the Rank
of a Matrix

Here, for sake of simplicity, we often assume that the matrices we are dealing with
are square matrices. Indeed, an arbitrary matrix can be transformed into a square
matrix by attaching zero rows (columns), without changing its rank. Let us consider
for the beginning the following operations on a square matrix, which does not
change its rank:

1. permutation of two rows (columns).
2. multiplication of a row (column) with a nonzero real number.
3. addition of a row (column) multiplied by a real number to another row (column).

We will call these operations elementary operations. We set the following
problem: are these elementary operations of algebraic type? For example, we ask
if the permutation of the rows (columns) i and j of an arbitrary matrix A is in
fact the result of multiplication to the left (right) of the matrix A with a special
matrix denoted Uj;. If such a matrix Uj; exists, then it should have the same effect
on the identity /,. Hence the matrix Uy, is obtained from the identity matrix by
permutating the rows i and j. But U;l, = Uj;, so
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Thus Uj; is the matrix obtained from the identity matrix by interchanging its ith and
Jjth rows (all the missing entries in the above expression of Uj; are equal to 0). Now
it can be easily seen that the matrix UjA, respectively AUj; is the matrix A with
the rows, respectively the columns i and j permuted. The matrix Uj; is invertible,
because U[Zj = I,. Moreover, det U; = —1, because the permutation of two rows
(columns) changes the sign of the determinant. In an analogous way, we now search
for a matrix V;(«) for which the multiplication with an arbitrary matrix A leads to
the multiplication of the ith row (column) of A by the nonzero real «. In particular,
Vi(a)I,, will be the identity matrix having the ith row multiplied by . But V;(x)I, =
Vi(a), so V;(a) must be the matrix obtained by performing one single change to the
identity matrix; namely, its element 1 from the ith row and ith column is replaced
by «a:

Vi(e) = [ AP c .

Now it can be easily seen that the matrix V;(«)A, respectively AV;(«) is the matrix
A having the ith row, respectively the ith column multiplied by «. Obviously,
det Vi(x) = a # 0, so the matrix V;(«) is invertible. Similarly, let us remark that if,
for i # j, we add the jth row of the identity matrix multiplied by A to the ith row, we
obtain the matrix (again, all missing entries are zeros):
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Wi(4) = 1

Now, we can easily see that the matrix W;;(1)A, respectively AW;;(1) is obtained
from the matrix A by adding the jth row multiplied by A to the ith row, respectively
by adding the ith column multiplied by A to the jth column.

All the matrices Uy, Vi(«), W;j(A), @ € R*, A € R are invertible, and we will
call them elementary matrices. Now we can give the following basic result:

Theorem 1. Each matrix A € M, (C) can be represented in the form
A = POR,

1,0

where P,R € M, (C) are invertible and Q = (0 0

) € M, (C), with r = rank(A).

To prove this, let us first note that every matrix A can be transformed into a
matrix Q by applying the elementary operations 1-3. If, for example, a;; # 0, then
multiply the first column by aj;! to obtain 1 on the position (1, 1). Then add the first
line multiplied by —a;; to the ith row, i > 2 to obtain zeros in the other places of
the first column. Similarly, we can obtain zeros in the other places of the first row.
Finally, a matrix Q is obtained, and in algebraic formulation, we can write

Si...SAT, ... T, = Q,
where §;,T;, 1 <i <p, 1 <j < g are elementary matrices. Hence
A=(S...8) o ... )™
and we can take
P=(5...5)"", R=(T,...T)"". O

The rank is invariant under elementary operations, so

rank(A) = rank(Q) = r.
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We can see that for every matrix X, the matrix QX, respectively XQ is the matrix X
having all elements of the last n — r rows, respectively the last n — r columns equal
to zero. Theorem 1 is equivalent to the following:

Proposition. Let A,B € M, (C). Then rank(A) = rank(B) if and only if there
exist invertible matrices X,Y € M,,(C) such that A = XBY.

If rank(A) = r, then rank(A) = rank(Q), and according to theorem 1, there exist
X, Y invertible such that A = XQY. By multiplication by an invertible matrix X,
the rank remains unchanged. Indeed, this follows from the proposition and from the
relations

XB = XBI,, BX =1,BX. O

As a direct consequence, we give a proof of the famous Sylvester’s inequality:

Proposition. IfA, B € M, (C), then
rank(AB) > rank(A) + rank(B) — n.
Let r; = rank(A), r, = rank(B) and consider the decompositions
A=PO\R;, B= PRy,
with P;, R; invertible, rank(Q;) = r;, i = 1,2. Then
AB = P (Q1R 1 P202) R,
)
rank(AB) = rank (Q R P,(>) .

The matrix QR P,(; is obtained from the (invertible) matrix R P, by replacing the
last n — r; rows and last n — r, columns with zeros. Consequently,

rank(AB) >n—(n—r))—(n—nrn)=r+nrn—n 0O
We continue with some applications of the above results. The first one was a

problem proposed in 2002 at the Romanian National Mathematical Olympiad:

Problem. Let A € M, (C) be a matrix such that rank(A) = rank(A?) = r for
some 1 < r <n— 1. Prove that rank(Ak) = r for all positive integers k.

Solution. Let us consider the decomposition A = PQR, as in theorem 1.
Then A2 = P(QRPQ)R, and we can easily see that QRPQ = (D 0) for some

00
D e M,(C). The hypothesis implies that D is invertible. Now, observe that
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A? = PXQR, where X is the invertible matrix with diagonal blocks D and I,,_,.
Thus

A® = PXQRPQOR = PXXQR = PX*QR.

An immediate induction shows that A” = PX"~!QR, and thus rank(Ak) =,
because X, P, and R are invertible. (]

The next example is a very classical result, due to Moore-Penrose about the
generalized inverse of a matrix. It appeared, however, as a problem in the Romanian
National Mathematical Olympiad in 2005:

Problem. Prove that for any matrix A € M,,(C), there exists a matrix B such
that ABA = A and BAB = B. Prove that if A is not invertible, then such a matrix is
not uniquely determined.

Solution. Let us again write A in the form A = PQR, as in theorem 1. Let us
search for B in the form B = R™!XP~!. This form is natural, since by writing the
conditions ABA = A and BAB = B, the matrix RBP, denoted by X, plays a central
role. With this substitution, the conditions that should be satisfied by B are simply
0X0 = Q and XQX = X. This shows that we can already assume that A = Q!
Now, let us search for X as a block matrix: (‘;j/ ;)

The above conditions on X become U = I, and T = WV. Thus, we have surely
at least one solution (just take X = (), and moreover, if r < n, there are infinitely
many choices for the matrices V, W, thus infinitely many such X. Therefore, if A is
not invertible, it has infinitely many generalized inverses. [

Problem. Let A € M, (C) be a matrix such that
det(A + X) = det(A) + det(X)

for all X € M,,(C). If n > 2, prove that A = O,.

Solution. Take X = A to deduce that (2" — 2)det(A) = 0; thus, det(4) = 0.
Therefore, if A # O,, we can write A = PQR, where P,R € GL,(C) and
0= (g 8), r = rank(A) € {1,2,...,n—1}. Let X = PSR where S = I, — Q.
Then det(X) = 0 because I, — Q is diagonal and has at least one zero on the main
diagonal. However, det(A +X) = det(P)-det(R) # 0, a contradiction. Thus A = O,,.
|

Problem. Let A,B € M,(C). Prove that the map f : M,(C) — M,(C),
f(X) = AX — XB is bijective if and only if A and B have no common eigenvalues.

Solution. Because M, (C) is a finite-dimensional C-vector space, f is bijective
if and only if it is injective.
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Suppose that A, B have no common eigenvalues and let X # O, be such that
f(X) = Oy, thatis, AX = XB. Let X = POR with P,R € GL,(C) and Q = (g g),
1<r<n.

Write now P~'AP and RBR™! as block matrices

piap = 4142 ., RBR™'= Bi By
A3A4 B3B4

The condition AX = XB becomes P"'APQ = QRBR™'. This in turn implies
A3 = O, Bz = 0,A1 = Bl. Thus

piap = 4142 ., RBR™' = AL 0
0 A4 B; B,

By the multiplicative property of determinants in block-triangular matrices and
the fact that similar matrices have the same characteristic polynomial, it follows that

XA = XA XAs»  XB = XA XBs»

where x is the characteristic polynomial of Z. But since A; € M, (C), ya, has at
least one zero, which will be a common eigenvalue of A and B, a contradiction. This
shows one implication.

Assume now that A and B have a common eigenvalue A and observe that one can
make A and B triangular with A on the first place of the main diagonal by suitable
similarities, That is, there are P, R € GL,(C) such that

)Lxlz...xln A. 0 0
1 OXQQ...in 1 Yo1 Y22 ... 0
P7AP=\| . . . |. RBR =| . . .
0...... Xnn Ynl Yn2 -« Ynn
But then we easily see that f(X) = 0, with
1
0 0
X=pr . R#0,
0 0

thus f is not injective in this case. [

We end this theoretical part with a classical result.



5 A Decomposition Theorem Related to the Rank of a Matrix 81

Problem. Let A € M, (C). Find, as a function of A, the smallest integer k such
that A can be written as a sum of k matrices of rank 1.

Solution. As you can easily guess, k = rank(A). Indeed, if A has rank equal to

r, then A = POR for some P,R € GL,(C) and Q = (]Or 8) Thus
A=A +A+--+A,

where

0 0
the only 1 being on position (i, ). Clearly, rank(A;) = 1 because

0 0

0 0
has rank 1 and P,R € GL,(C). Thus k < r.

On the other hand, rank(X + Y) < rank(X) + rank(Y) thusif A = A; + - + A
with rank(A4;) = 1, we have

k k
r = rank(A) = rank (Z Ai) < Z rank(4;) = k.
i=1

i=1

It follows that, actually, k = rank(A). O
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Proposed Problems

1. Consider the matrices

ax bx az bz
ab Xy ay by at bt
A= , B= , C=
(cd) (zt) cx dx cz dz
cy dy ct dt
with complex entries. Prove that if rank A = rank B = 2, then rank C = 4.
2. LetA = (a5), -, B = (by), <, be so that
a[j = 2i_j . b,j

for all integers 1 < i,j < n. Prove that rank A = rank B.

3. Let A € M,,(C) be singular. Prove that the rank of the adjugate matrix adj(A)
(the transpose of the cofactor matrix, sometimes called the adjoint) of A equals
Oorl.

4. Let A € M,(C) be with rank(A) = r, 1 < r < n — 1. Prove that there exist
B e M, .(C), CeM,,(C) with

rank(B) = rank(C) = r,

such that A = BC. Deduce that every matrix A of rank r satisfies a polynomial
equation of degree r + 1.

5. Let A € M,(C), A = (aj)i1<ij<n be with rankA = 1. Prove that there
exist complex numbers xi, X2, ..., X, Y1, Y2, ..., Y, such that a; = x;y; for all
integers 1 <i,j <n.

6. LetA, B € M,(C) be two matrices such that AB = A+ B. Prove that rank(A) =
rank(B).

7. Let A be a complex 7 x n matrix such that A> = A*, where A* is the conjugate
transpose of A. Prove that the matrices A and A + A* have equal ranks.

8. Let A € M,(C) be a matrix with rank(A) = 1. Prove that

det(l, + A) = 1 + tr(A).
Moreover,
det(Al, +A) = A" + A" - tr(4),
for all complex numbers A.
9. LetA € M,(Z), n > 3, with detA = 1 and let B € M,,(Z) have all its entries

equal to 1. If det(I + AB) = 1, prove that the sum of all entries of the matrix A
is equal to O.
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10. Let A € M, (R), A = (a;), and let X be the square matrix of order n with all

entries equal to a real number x. Prove that
det(A + X) - det(A — X) < (detA)>.

11. Let m < n be positive integers, and let A € M,,,(R) and B € M,,,,(R) be
matrices such that rank A = rank B = m. Show that there exists an invertible
matrix C € M, (R) such that ACB = I,,, where I,, denotes the m x m identity
matrix.

12. Let A and B be complex n x n matrices having the same rank and such that
BAB = A. Prove that ABA = B (i.e., B is a pseudoinverse of A).

13. Let A and B be complex n x n matrices of the same rank. Show that if A2B = A,
then B2A = B.

14. Prove that if A is an n x n complex matrix with zero trace, then there exist n x n
complex matrices X and Y such that A = XY — YX.

Solutions

1. We have to prove that if A, B are invertible, then C is invertible. If
(ad — be)(xt — yz) # 0,
then
ax bx az bz ax az bx bz
ay by at bt | _ |ay at by bt
exdx ez dz| cx cz dx dz
cy dy ct dt cy ct dy dt
a0bO0| |xz00 ab00| [xz00
_ _10a0b| |yt00|_|00ab| |y100
~ |c0dO| |[00xz| |cdOO| [00xz
0cO0d| |00yt 00cd| |00yt
ab00| [xz00
C d 00 y t00 2 2
- _ . = —(ad—b 1 — 0.
00ab| |00xz (ad = be) (xt = y2)" #
00cd| |00yt
2. We will show here only that detA = detB, because in the same way, it can

be proved that every minor of A is equal to the corresponding minor of B. We
have, using the definition of the determinant,
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detA = Z £(0)a15(1)A26(2) * * * Ano (n)

oES,

= Z £(0)2" Wb, 27" Pbag2) - (2" Dby ()

OES,

— Z 8(0’) X 21+2+'“+n—(o(1)+U(2)+~“+0(n)) . bla(l)b20(2) . bmr(n)

€S,

= Z £(0)b1o(1)b25(2) * * * bpoy = det B.

o0ES,

Alternatively, note that B = DAD™!, where

3. If rank(A) < n— 2, then adj(A) = O,, because all minors of order n — 1 of the
matrix A are equal to zero. Further, let us assume that rank(A) = n — 1. Then

rank(Aadj(A)) > rank(A) + rank(adj(A)) — n.
Using also Aadj(A) = O,,, we derive
0> (n—1) 4 rank(adj(A)) — n

so rank(adj(4)) < 1.
4. Let A = PQR, where P, R are invertible and

1,0
o= (o)
Because Q> = Q, we have A = (PQ)(QR). Observe that rank(PQ) =
rank(Q) = r and rank(QR) = rank(Q) = r because P, Q are invertible. Also,

we can write P = (B 0) and QR = (g) for B € M,,(C) and C € M, ,(C).

Clearly, BC = A and rank(B) = rank(C) = r.
_ For the second part, we use the Hamilton-Cayley theorem. For the matrix
A = CB € M,(C), we can find complex numbers ay, . . ., a, such that

A +aA  +qal=0.
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By multiplying by B to the left and by C to the right, we obtain
BA'C+aBA'C+---+aBC=0.
Now,
BA'C = (BOM! = A1 1 <k<r,
o)
A @A+ 4 a,A=0.
5. According to the previous problem, in case r = 1, there exist two matrices
Be M,;(C), CeM,;,C)

sothat A = BC. If

X1
B=|" 1. c=0iy...0m.
Xn
then
X1 X1Y1 X1Y2 - - X1Yn
P (y1 yz...yn)z X2¥1 X2Y2 ... XoYn
Xn XnY1 XnY2 -+ XnYn

6. The given equality can be written as
A-DHB-I) =1

so the matrices A — I and B — I are invertible. Now the conclusion follows from
the equality A = (A — I)B, taking into account that A — [ is invertible.

7. First we prove that I, + A is invertible. Let x be any (column) vector such that
(I, +A)x = 0 (the O from the right is the n x 1 zero matrix). Thus Ax = —x, and
A’x = —Ax = x and A*Ax = —A*x = —A%x = —x. Because all eigenvalues
of A*A are nonnegative (indeed, if A*Av = «v, with nonzero vector v, then
(Av)*(Av) = av*v, and v*v > 0, (Av)*(Av) > 0), it follows that x = 0,
meaning that I, + A is invertible.
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Next, A + A* = A + A% = (I, + A)A, with nonsingular I, + A, and the
conclusion follows. This is problem 1793 by Go6tz Trenkler in Mathematics
Magazine 2/2008 (solved in 2/2009 by Eugene A. Herman).

8. Let us consider the matrices B, C of rank 1,

xi
B=|" | eMu(©), C=(yy...yu) € Miu(C)
Xn
such that
X1 X1Y1 X1Y2 -« - X1Yn
A= BC — X2 (yl 2 ---yn)= X2Y1 X2Y2 - .. X2Yn
Xn XnY1 XnY2 -« XnYn

We also have A = B'C’, where

x1 0 ...0 yol"'yo”
B=|...........lem©., =" " |e M.
Y 0.0 0..0

Then

det(I, + A) = det(I, + B'C) = det(I, + C'B’)

I+ xy 0 ... 0
k=1 "

= 0 l1...0 =1+Zxkyk=1+tl’(A).
k=1

The other equality can be obtained by changing A with A~'A. Indeed,

det(I, + A7'A) = 1 + r(A7'A)
1 1
== det(Al, + A) = 1 + T tr(A)

= det(Al, + A) = A" + A" tr(A).
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9. The matrix A is invertible, so
rank(AB) = rank(B) = 1.

A surprising property is that the sum of all entries of the matrix A is equal to
tr(AB). Indeed, with the notation C = AB, we have

n n
cij = E aikbyy = E ik,
=1 =1

forall 1 <i,j < n. Thus

tr(AB) = tr(C) = zn:c,-i = Zn: (2”: a,-k> = Zn: Qi
i=1 1

i=1 \k= ik=1

which is the sum of all elements of the matrix A.
By a previous problem, we have tr(AB) + 1 = det(/ + AB) = 1, so
tr(AB) = 0.
10. First assume that A is invertible. In this case,

det(A + X) - det(A — X) = (detA)*det(l, + A'X) det(l, — A™'X),
with
rank(A™'X) = rank(X) = 1.
Consequently,

(detA)? det(l, + A~'X) det(I, — A™'X)
= (detA)[1 + tr(A™'X)][1 — tr(A~'X)]
= (detA)’[1 — (r(A7'X))’]
= (detA)? — (detA)*(tr(A'X))? < (detA)>.

Now we can see that the result remains true under the weaker condition
rank(X) = 1. In case detA = 0, replace A by A + &I, and let ¢ — 0.

11. If m = n, there is nothing to prove (just choose C = A~'B™!), so we consider
further that m < n.

Let P be an n x n permutation matrix such that the determinant of the
submatrix of AP with entries at the intersections of its m rows and first m
columns is nonzero. Let M be the (n — m) X n matrix consisting of two blocks
as follows:
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M = (On—m.m n—m)

AP
Ay = ( ) ;
M
using Binet’s rule for computing determinants, one sees that detA; # 0; hence
Ay is invertible in M,,(R).
Similarly, because B has rank m, there exists an n X n permutation matrix Q

such that OB has a nonsingular submatrix with entries at the intersections of its
first m rows and its m columns. Let

N = (Om n—m )
In—m

Bi=(0BN);

and let A, be the n x n matrix

and

one sees that B; is an invertible 7 X n matrix.
We consider C; = Al’lel; thus we have

AP APC,0B APC|N
e (M) 1(0BN) (MClQB MCIN)

whence (by reading the equality for the upper left m x m corner) I,, = APC,QB
follows. Now, for C = PCQ (which is an n x n matrix), we get ACB = I, and
the proof is complete.

This is problem 335 Proposed by Vasile Pop in Gazeta Matematicd, seria A,
1-2/2011.
We consider invertible n X n matrices M, N, P, Q such that A = MJN and B =
PJQ, where J is the n x n matrix having the identity matrix /, (of order r, the
rank of A and B) in the upper left corner and all the other entries equal to zero:

I, O, ,—
J — r r,n—r .
( 0}1*}", r Ol‘l*r )
From BAB = B, we conclude PJOMJNPJQ = PJQ; hence JOMJNPJ = J.
We write QM and NP in the form

RS
o=(70)
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13.

14.

and
NP = ( )
Y Z

where R and V are r X r matrices, S and X are r X (n — r) matrices, T and Y
are (n — r) x r matrices, and U and Z are (n — r) x (n — r) matrices. Then the
equality JOMJNPJ = J becomes

I, Or, n—r RS I, Or. n—r\
On—r, r On—r TU On—r, r On—r
) VX Ir Or, n—r | __ Ir Or. n—r
YZ On—r. r On—r B On—r, r On—r

and it yields RV = I,. Of course, this implies VR = I,, too, and this is
equivalent to JNPJOMJ = J, or MINPJOQMJN = MJN, that is, ABA = A.
Solution I. For X € M,,(C), we also denote by X the linear transform (from
C" to C") having matrix X; then ker(X) and im(X) represent the kernel (null
space) and the range of this linear transform, respectively. Since A’B = A,
ker(B) is contained in ker(A); having equal dimensions (because of the equality
of the ranks), these subspaces of C" (of which one is a subspace of the other)
must be equal. From the equality A(AB — I,) = O,, it follows that im(AB — I,,)
is included in ker(A); therefore it is also included in ker(B); this yields B(AB —
I,) = O,, which means that BAB = B. According to the result of the previous
problem, ABA = A follows.

We can rewrite this as A(BA — I,) = O,, and thus conclude that im(BA — I,,)
is included in ker(A) = ker(B); therefore B(BA —1,,) = O,,, which is equivalent
to BZA = B, and finishes the proof.

Solution II. We have rank(A) = rank(4%’B) < rank(A?) < rank(A); hence
rank(A?) = rank(A). Because the null space of A is contained in the null space
of A2, it follows that these spaces are equal. Also, ker(B) = ker(A), as we saw
in the first solution; hence ker(B) = ker(4) = ker(A?).

Now A?B = A implies A’BA = A2, or A2 (BA — I,) = O,, showing that
im(BA — 1,,) is contained in ker(A%) = ker(B). Consequently, B(BA—1,) = O,,
which is equivalent to B’A = B.

This is problem 11239 proposed by Michel Bataille in The American
Mathematical Monthly, 6/2006. The second solution (by John W. Hagood) was
published in the same magazine, number 9/2008.

Note first that if ay,...,a, are complex numbers that sum to 0, there exist
distinct complex numbers xp,...,x, and a permutation o of {1,...,n} such
that g = xx — x, ) for every 1 < k < n. Indeed, this is clearly true forn =1
(when there is nothing to prove) and for n = 2 (when we can write a; = x| —x;
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and a, = x; — x1, with x; # x; if a; # 0, while if a; = 0, then a; = 0, too,
and we can take a; = 0 = x; —x; and o = 0 = x, — xp, with x; and x,

chosen to be different). Further, we use induction on n (a quick look over the
case n = 2 shows what we need to do). Suppose that n > 2 and the assertion is
proved for any m numbers, where m < n. Let ay, ..., a, be complex numbers
such that a; 4 - -- + @, = 0. Suppose, in the first place, that {ay, ..., a,} has no
proper subset that sums to 0. We can find xi, ..., x, such that ¢y = x; — X341
for every 1 < k < n (with x,4+; = x;), and the supplementary assumption
assures that all x; are distinct. (Just put, in an arbitrary way, a; = x; — X2,
then ay = xp — x3,..., A1 = Xp—1 — X, foOr x3,...,x, that are precisely
defined; a, = x, — x; follows from a; + --- + a, = 0; if x; = x;, with
1 <k<l<n,thena, +---+ a1 = 0 follows, but this is not allowed
in this case.) So we are done by considering the cyclic permutation o defined
by o(k) = k + 1 forall k < nand o(n) = 1. Otherwise, there exists such a
proper subset of {ai, ..., a,} with sum of elements 0. We can assume, without
loss of generality, that a; + --- + a,, = 0, where 1 < m < n. But we also have
a+---+a, = 0; hence a,,4+1 + -+ + a, = 0, too. Now m and n — m are both
less than n; therefore, we can use the induction hypothesis to get ay = yx —yx ()
forall 1 < k < m (with yy,...,y, mutually distinct and 7 a permutation of
{1,....m}) and ap = zx — zrqy forallm + 1 < k < n (with Zp41,...,2s
mutually distinct and t a permutation of {m + 1, ..., n}). If we further choose
some ¢ different from all numbers y; — z; (1 <i < m,m + 1 <j < n), then we
have a; = x; — x5 forall 1 <k < n, and xy, ..., x, are all distinct, if we put
x; =y;and o(i) = w(i) forall 1 <i <mandx; =z + ¢t and o(j) = 7(j) for
everym+1<j=<n.

Now, in our problem, we are given a matrix A = (a;)1<ij<n With tr(A) = 0,
that is, a;; + --- + a,, = 0. By the above observation, there exist distinct
X1,...,X, and a permutation o of {1,...,n} such that a; = x; — x5(; for every
1 < i < n. Thus we can write the matrix A in the form A = B — C, with

X1 0o ...0 Xo(1) —A12 ... —Qin
B — ayy X ... 0 and C = 0 Xo@2) -+ —Q2n
Anl Ap2 - .. Xp 0 0 <o« Xo(n)

Because B and C are triangular, their eigenvalues are the elements on their main
diagonals; therefore both B and C have the distinct eigenvalues x, ..., x,. It is
well-known (and very easy to prove, if one uses, for instance, the canonical
Jordan form) that B and C are similar, that is, there exists an invertible matrix P
such that C = PBP~'. Then we have A = B — PBP~! = (BP~')P — P(BP™"),
which is exactly what we wanted to prove.

However we won’t stop here, because we intend to effectively prove the
similarity of B and C with the help of elementary operations (and elementary
matrices). We first show that B can be transformed by similarity into a diagonal
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matrix having on its main diagonal the same entries as B. To this end, the
important observation is that W;;(a)BW;(a)™! = W;j(a)BW;(—a) is a matrix
that, when compared to B, has only the entries on row i and column j changed;
moreover, for i > j, the entry in position (i, j) is replaced by a(x; — x;) + aj.
If we choose @ = —a;(x; — x;)~" (which is possible because x; # x;), the new
matrix Wj()BW;;(r)~" has the same elements as B except for those on row i
and column j, and it has 0 in position (i, j). Now we proceed as in the proof of
theorem 1, only we use similarities at each step. Namely, we first transform all
elements that are on the first column under x; into zeros, beginning with ay;
and finishing with a,;: we first consider Wy, (a)BW,; ()™ which is a matrix
with the same elements as B, except for the elements in the second row and first
column. Note, however, that the entries in the second row do not change, due to
the zeros from the first row, except for the entry in position (2, 1) that becomes
0 for an appropriate «; yet, the element in position (1, 1) remains unchanged,
because of the zeros from the first row. Then multiply this new matrix to the
left with W3 (o) and to the right with its inverse, in order to obtain a matrix
that differs from B only by the elements on the first column situated under the
second row and has one more zero in position (3, 1) for suitable «, and so on.
After we finish with the first column, we pass to the second, where we change
all entries under x; into zeros by using the same type of similarities (by using,
in order, W3,, ..., W,»), and we continue in this manner until we transform
ayn—1 into 0. (Every time we apply some W;; to the left and WUT' to the right
(i > J), only the elements in positions (i,j), ..., (n,j) change, and the entry in
position (i, j) becomes 0 if we choose well the value of «.) At this moment, we
transformed (by similarities) B into a diagonal matrix B’ that has on the main
diagonal precisely the same elements as B.

In an analogous manner, we can show that C is similar with a diagonal matrix
C’ having the same entries as C on its main diagonal. Because B’ and C’ have
the same elements on the main diagonal (possibly in a different order), and
they have all the other entries equal to O, they are similar—use matrices of
the form Uj; in order to see that (U;B'U; ! = U;B'U; only interchanges the
entries in position (i, {) and (j,j), and, since any permutation is a product of
transpositions, the conclusion follows). Finally, by the transitivity of similarity,
we conclude that B and C are similar, and thus we have a complete proof (that
needs no Jordan form or any other advanced tools) of this fact and consequently,
we have an elementary solution to our problem.

Remark. For the sake of (some kind of) completeness, here is the sketch
of a little more advanced proof of the similarity of two (not necessarily
triangular) matrices with the same distinct eigenvalues. Let x,...,x, be the
distinct eigenvalues and let Uy, ..., U, be eigenvectors of B corresponding to
X1, ..., X, respectively, and let Vi, .. ., V, be eigenvectors of C corresponding to
X1,...,X, respectively (column vectors, of course). Thus we have BU; = x;U;
and CV; = x;V; for every 1 < i < n. Because xi,...,x, are distinct, the
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eigenvectors Uj,...,U, are linearly independent and Vy,...,V, are also
linearly independent; hence, the matrices (U;...U,) and (V;...V,) are
invertible. Let P be the matrix that changes the basis from {Uy,...,U,} to

{V1,...,V,},namely, such that P(U; ... U,) = (Vi ...V,). Then P is invertible
too, and PB = CP, that is, C = PBP!.



Chapter 6
Equivalence Relations on Groups
and Factor Groups

Let (G,-) be a group with identity denoted by ¢ and let @ # H C G satisfy the
implications:

a) x,ye H= xye€H,;
b) xeH=x'eH.

Such a subset H is called a subgroup of G, which will be denoted by H < G. For
every x,y € G, we put

¥Rly(modH) < x"'ye H
and
xR'y(modH) < xy~! € H.

We will prove that the relations R’ and R’ are equivalence relations on G, also
called the left equivalence relation modulo H, and the right equivalence relation
modulo H, respectively. We will write simply xR'y and xR"y when no confusion is
possible.

Indeed, xR'x because x 'x = e € H. If ley, then

xeH = lex,

ylyeH= ') 'leH=y
so R! is reflexive and symmetric. For transitivity, let x, y, z € G be such that

xRy x'yeH
yR!z ylzeH "’

H is a subgroup, so

Yo 'eHS T ywhieH ¢ xTlze H ¢ xRz

© Springer Science+Business Media LLC 2017 93
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For x € G, we denote by X the equivalence class of the element x,
X ={yeH|yRx.

Analogously, we put X' = {y € H | yR"x}. When the difference between the two

relations is not important, we denote simply X one of the equivalence classes X' or

X". For every x € G, we have X = xH, X = Hx, where xH = {xh | h € H} and
Hx ={hx | h e H}.

Theorem. Let G be a group and let H be a subgroup of G. Then for every
x,y € G, the sets xH, yH, Hx, Hy have the same cardinality.

Proof. We prove that the sets xH and Hx are cardinal equivalent with H. Indeed,
the maps &« : H — xH, B : H — Hx given by the laws «(h) = xh, B(h) = hx, h € H
are bijective. A classical proof can be given or we can simply note that the inverses
a!':xH — H,and B~! : Hx — H are given by o~ !(xh) = h, and B~ (hx) = h,
respectively.

Denote by

G/R!={xH |xe G}, G/R" ={Hx|xe G}

the set of equivalence classes with respect to R/ and R”. The sets G/R' and G/R"
have the same cardinality; the map

¢:G/R' - G/R", ¢(xH) = Hx!

is bijective. First we prove that ¢ is well defined. More precisely, we have to prove
the implication

xH =xXH = Hx ' = HY ™!,
Indeed, we have
H=YH=>x'"YeH& "W ") 'eH & H' = H/".

By its definition law, ¢ is surjective. For injectivity, let x,x’ € G be such that
¢(xH) = ¢(X’'H). Then

H'=H"e (YW H'eHex'YeH o xH=xH.O
A subgroup N < G is called a normal subgroup of G, and we denote this by

N < G, if one of the following equivalent assertions is true:

(n') foreveryx € Gandn € N, xnx"' € N
(n") for every x € G, xN = Nx
(n"") for every x € G and n € N, there exists n’ € N such that xn = n'x.
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We prove now that the assertions (n') — (n’”’) are equivalent.
(n) = (n”). We prove that xN C Nx, because the reverse inclusion is similar.
Let xn € xN be an arbitrary element, with n € N. Then

xn = (xnx~")x € N,

taking into account that xnx~! € N.

(n") = (W").Forx € Gandn € N, xn € xN. But xN = Nx, so xn € Nx. There
exists an element n’ € N such that xn = n'x.

(") = (n'). Forx € Gandn € N, let n’ € N such that xn = n'x. It follows
xx'=neN.O

Example. If G is commutative, then any subgroup of G is normal.

Example. Let G, G’ be groups and let f : G — G’ be a morphism. The kernel

kerf = {x e G|f(x) =¢}

is a normal subgroup of G (¢’ is the identity of G).
First, if x, y € kerf, then f(x) = f(y) = ¢’ and

fo™) =ffF6™H =f@Fe) " =¢ - =¢.

Hence xy~! € kerf, which means that kerf is a subgroup of G. Further, for every

x € Gand n € kerf, we have xnx~! e ker f. Indeed,
fonx™) = fff (") =f) - - f(x7h)
=ffa) =flx"") =fle) =¢. 0

If N is a normal subgroup of G, N < G, then the left equivalence class and the
right equivalence class are identical. Consequently, the sets of equivalence classes
G/R! and G/R’ coincide. We denote by G/N the factor set G/R' = G/R’. Now
we also denote

X = xN = Nx.

For all classes x, y € G/N, we define the operation

5=

=)

First note that this operation is well defined. If X = ¥ and y = ;)7 we must have
Xy = x'y. Indeed,
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On the other hand,

Wy =y Oy Dy =y Ty e N,

) WY) =y"
where n = (x"'%')(y'y~') € N. Hence iy = )7;’.
The elemente = eN = Ne = N € G/N is the identity since

~

e-n=en=n, n-e=ne=n

Q

x=Ce.

The group (G/N, -) is called the factor group with respect to the normal subgroup N.

Theorem (Lagrange). Let G be a finite group. Then for every subgroup H of G,
we have ord H which divides ord G, where ord G is the cardinality of G.

Proof. Let us consider the left equivalence relation R with respect to H.

In general, any two different equivalence classes are disjoint. Because G is finite,
there are only a finite number of equivalence classes, which define a partition of G,
say

G=xHUxHU---Ux,H,
withx;, € G, 1 < k < n. As we proved,
|x1H| = |xH| =--- = |x,H| = ord H,
so by taking the cardinality, we derive
ordG = |x|H| + |xH| + -+ |x,H| =n-|H|.

Hence ordG =n-ord H. OJ
The number n of the equivalence classes is called the index of H in G, denoted
by n = [G : H]. Therefore the relation
|G| =[G : H] - |H|

will be called Lagrange’s relation.

The fundamental theorem of isomorphism. Let G and G’ be groups and f -
G — G’ be a morphism. Then the factor group G/ kerf is isomorphic to Imf.

Proof. The proof is constructive, in the sense that we will indicate the requested
isomorphism. We are talking about the map
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p: G/kerf — Imf

given by p(x) = f(x), where x € G.
First we prove that p is well defined. To do this, let us consider x,x’ € G with

X = x'. Thus
=Y exl¥e kerf & f(x X)) =¢
S fETE) =€ & (F) ) =¢.

By multiplying to the left with f(x), we deduce that f(x) = f(x).
Now we use the fact that f is a morphism to prove that the map p is a morphism,

p(X-3) = p(Xy) = f(xy) = ff () = p(X)p ().
If x,y € G are so that p(X) = p(9), then
f@) =f0) & fOFe) ™ =¢
ST = e flo)=¢ ex ckeroT=7,

so f is injective. By its definition, f is also surjective. [

We end this chapter with some important and nontrivial results that can be also
obtained using equivalence relations.

Theorem (Cauchy). Let G be a group of order n and let p be a prime divisor
of n. Then there exists an element of order p in G.

Proof. Consider S the set of p-tuples (xi,xs,...,x,) such that x;x;---x, = e.
Clearly, this set has nP~! elements, because for any choice of xi,x2,...,x,-1, the
element x, is uniquely determined. Moreover, we can define a function f from §
to S by f(x1,x2,....,%,) = (x2,x3,...,%,,x1), because if x;x,---x, = e, we also
have xpx3---x,x; = e (due to the fact that x; = (xp-- -x],)fl). This function f is
manifestly injective and thus it is a permutation of S. Also, we have f?(x) = x for all
x € S, (where f? denotes the composition taken p times). Now, define an equivalence
relation by xRy if and only if there exists an integer k such that x = f*(y). Because
fP(x) = x for all x, any equivalence class has either 1 or p elements. But the sum
of the cardinalities of the equivalence classes is the cardinality of S, which is a
multiple of p. Because the class of (e, e, .. ., ¢) has one element, it follows that there
is some (x1, X2, ..., x,) € S, different from (e, e, . . ., ¢) and whose equivalence class
also has one element. But this implies (xy,x2,...,x,) = f(x1,x2,...,%p), that is
X| = Xxp = --+ = x, = x and this element x satisfies ¥’ = e because (xi,...,x,) €S
and x # e. Thus, x has order p. [
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And here is an application:

Problem. Prove that any commutative group whose order is square-free is
cyclic.

Solution. Let G be such a group, whose order is pip; ...p, for some distinct
prime numbers py, pa, ..., p,. By Cauchy’s theorem, there are elements x; whose
order equals p; for all i. We claim that y = xx, ...Xx, has order pp; . kp Indeed,
if y* = ¢, then y?>+7» = ¢, and because G is abellan it follows thaxtx”2 P =
But the order of x; is py, Wthh is relatively prime to pops ... p,. Thus P1 d1v1des
k. Similarly, all numbers py, p»,...,p, are divisors of k and so k is a multiple of
P1P2 - . . - This shows that G has an element whose order is at least equal to the
order of the group, so G is indeed cyclic. O

It is very easy to prove, using Lagrange’s theorem, that any group whose order is
a prime number is cyclic. The following result is however much more difficult:

Problem. Prove that any group whose order is the square of a prime number is
abelian.

Solution. Let G be a group of order p?, where p is a prime number. Also,
consider the following equivalence relation on G: xRy if and only if there exists g €
G such that y = gxg~!. For any x, it is easy to check that the set C(x) = {g|gx = xg}
is a subgroup of G. We claim that the cardinality of the equivalence class of x equals

I C(i)| Indeed, it is not difficult to check that the function f : G/ C(x) [x] (here

[x] denotes the equivalence class of x) defined by f(gC(x)) = gxg™! is well defined
and bijective: if g;C(x) = g,C(x), then g; = g»c for some ¢ € C(x) and so

glxé’?l = gzcxcilgzil = gZngl

because cxc™! = x. Also, if gxg~! = hxh™!, we have h~'g € C(x) and so gC(x) =
hC(x). Thus f is injective. Obviously, f is surjective. This proves the claim that
»

|[x]] = m Now, G is the disjoint union of the equivalence classes, so p* equals

the sum of the cardinalities of all classes. By the above argument, any class has a
cardinality equal to 1, p or p? and a class has cardinality 1 if and only if C(x) =
that is, x commutes with all elements of the group. Let Z(G) the set of such x. The
previous remark implies that p | |Z(G)|. We need to show that Z(G) = G, so it
is enough to show that we cannot have |Z(G)| = p. Let us assume that this is the
case. Then G/Z(G) is a group (clearly, Z(G) is normal) with p elements, thus cyclic.
Let p(a) be a generator of this group, where p is the natural projection from G to
G/Z(G). Then we know that for any x,y € G, there are integers k, m such that
p(x) = p(d®) and p(y) = p(a™). It follows that a—*x and ¢~y are in Z(G) and this
easily implies that xy = yx. Thus, any two elements of G commute and Z(G) = G
contradicting the assumption that |[Z(G)| = p. This contradiction shows that we
must have Z(G) = G and G is therefore abelian. [J
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Proposed Problems

10.

11.

. Let G be a finite group, H a subgroup of G, and K a subgroup of

H, K < H < G. Prove that
[G:K]=[G:H]-[H:K]

Let G be a group and let H be a subgroup of index 2 in G, [G : H] = 2. Prove
that H is a normal subgroup of G.

. Let G be a group, H a subgroup of G, and let x, y € G. Find a bijective function

from xH onto yH.

. Let G be a finite group. Prove that for every x € G \ {e} with ordx = k, we

have k divides ord G.

. Let G be a group and N a normal subgroup of G. Assume that an element

a € G has finite order, orda = n. Prove that the least positive integer k for
which a* € N is a divisor of n. Prove that this remains true if N is any subgroup
of G (not necessarily a normal subgroup).

Let G be a cyclic group, G = {xk | ke Z} , for some element x € G. Prove that
G is isomorphic to the additive group of the integers (Z, +) or to an additive
group Z/nZ, for some integer n > 2.

. Let G be a group with identity e such that f : G — G, given by f(x) = x" is a

morphism for some positive integer n. Prove that
H={xeG|x"=¢}, K={"|xeG}

are normal subgroups of G. Moreover, prove that if G is finite, then ord K =
[G: H].

Consider the additive group (R, +) of real numbers with the (normal) subgroup
(Z,+) . Prove that the factor group R/Z is isomorphic to the multiplicative
group T of complex numbers of module 1.

Consider the additive group (C, +) of complex numbers with the (normal)
subgroup (R, +) . Prove that the factor group C/R is isomorphic to the additive
group (R, +) of real numbers.

Let G be a group with the property that x> = e, for all x € G. Prove that G is
abelian. Moreover, prove that if G is finite, then ord G is a power of 2.

Let G be a group. Denote by (Inn G, o) the group of inner automorphisms,

InnG={Ig|gEG},

where 7, : G — G is the automorphism

To(x) = gxg ',
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12.

13.

14.

15.
16.

17.

18.
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for all x € G. Prove that the group (Inn G, o) is isomorphic to G/Z(G), where
Z(G) < Gisthecenter of G :

Z(G)={xeG|lxy=yx, VyeG}.

Let G be a group and let N be a subgroup of Z(G). Prove that:

a) N is a normal subgroup of G;
b) if G/N is cyclic, then G is abelian.

Let p > 3 be prime. Prove that the set of integers 0 < a < p — 1 for which the
congruence

x* = a(mod p)

p+1

has solutions in the set of integers consists of elements.

Let us consider the group (Z, +) as a subgroup of the group (Q, +) of the
rational numbers. Prove that every finite subgroup of the factor group Q/Z is
cyclic.

How many morphisms f : (Z, X Z,, +) — (83, o) are there?

Let (G, -) be a finite group with n elements, and let S be a nonempty subset of
G. Prove that if we denote by Sk the set of all products sy - - - 5¢, with s; € S for
all 1 <i <k, then S" is a subgroup of G.

Let (G, -) be a finite group whose order is square-free, let x be an element of G,
and let m and n be relatively prime positive integers. Prove that if there exist y
and z in G such that x = y" = 7", then there also exists ¢ in G such that x = ™",
Let A be a nonsingular square matrix with integer entries. Suppose that for every
positive integer k, there is a matrix X with integer entries such that X} = A.
Prove that A must be the identity matrix.

Solutions

1.

2.

By Lagrange’s relation,

_ (Gl _ 16 _

[G:H]-[H:K]= KK

[G: K].

We have [G : H] = 2, so there are only two left (or right) equivalence classes
which define a partition of G. One of the sets of the partition is always H, so
the partition is G = H U (G \ H). Then H is a normal subgroup of G, because

G/R!'=G/R" ={H.G\ H}.
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3. We will prove that the application w : xH — yH given by the law w(xh) = yh,
h € H is bijective. By its definition, w is surjective. For injectivity, if w(xh) =
w(xh’), then

w(xh) = w(xh') = yh = yh'
=y 'oh) =y 'Oh) = h=H = xh = xI.
4. Let us consider the set
H= {e,x,xz, .. ,xk_l} .

Any two elements of H are different. Indeed, if there exist integers 0 < i <
j < k—1suchthat x¥' = x/, then ¥~ = e, with 0 < j — i < k. But the last
relation contradicts the fact that ordx = k. We also have the representation
H = {x'|i € Z} . Hence for any elements x', ¥ € H, it follows

XY =X x7 =x"7 eH,
which means that H is a subgroup of G. According to Lagrange’s theorem,
ordH | ordG < k| ord G.

5. Let us consider the factor group G/N. We have a" = e € N, soa" =¢in G/N.
We also have ¢ € N, soa@* =€in G/N, where k is the minimal value with this
property. In other words, k is the order of the element @ in G/N. We also have
a' ='e, so k divides n.
Let’s now assume that the subgroup N is not normal. For the sake of

contradiction, let us putn = kg + r, with 1 <r <k — 1. We have
a = an—kq =d"- (ak)—q — (ak)—q e N,
because a¥ € N. We obtained @’ € N, with r < k, which contradicts the
minimality of k. Hence k = 0, which means that k divides n.
6. The application f : (Z,+) — G given by f(k) = x*, k € Z is a surjective
morphism,

Flk+ k) = =X X = fiof ).

According to the fundamental theorem of isomorphism, Z/ kerf =~ G, where
Imf = G. If f is injective, then kerf = {0} ; thus

Z/kerf ~7/{0} ~ Z,

so Z ~ G.If f is not injective, then let k < k’ be integers with
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fl)y=fk) & F=x ¥ F=e
If n is the least positive integer with x” = e, then kerf = nZ. Hence
G~ 17Z/kerf ~ Z/nZ.

In general, the kernel of a morphism is a normal subgroup, and here, H =
kerf < G. For any elements x", y" € K, we have

xn(yn)—l — )Hl(y_l)n — (xy—l)n c K,

so K is a subgroup of G. It is also normal, because for every x* € K and y € G,
we have

'y~ =y Hoxy ™) - ) = oy € G

For the second part of the problem, we use the fundamental theorem of
isomorphism,

G/kerf >~ Imf
and taking into account that kerf = H, Imf = K, we obtain G/H ~ K. Hence
|G/H| = |K| & ordK = [G : H].
Let us consider the application f : (R,+) — (C*,-) given by f(x) = *™*.
Clearly, f is a morphism and x € ker(f) if and only if 2™ = 1, that is, x is
an integer. On the other hand, it is clear that Imf = T. By the fundamental

theorem of isomorphism, we deduce that

R/kerf ~ Imf & R/Z ~ T.

. Let us consider the application f : (C,+) — (R, +) given by f(z) = Imz,

where Im z denotes the imaginary part of the complex number z. Clearly, f is a
morphism and kerf = R. Obviously, Imf = R. By the fundamental theorem
of isomorphism, we deduce that

C/kerf ~Imf & C/R ~ R.
For every x,y € G, we have x> = ¢, y> = e, (xy)?> = e. Thus

(y)* = x*y* & xyxy = xxyy.

By multiplying with x~! to the left and with y~' to the right, we obtain
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11.

12.

P = ooyy)y T &y =y,

X! (eyxy)y”
so G is abelian.
For the second part, we will use Cauchy’s theorem: let G be a group of order
n in which any element has order at most 2. If p > 2 is a prime divisor of #,
by Cauchy’s theorem, G has an element of order p, which is a contradiction.
Therefore any prime divisor of # is 2 and 7 is thus a power of 2.
Let us consider the application ¢ : G — Inn G given by the law ¢(g) = 7,. For
every g,¢ € G, we have

#(2) o p(g) = d(gg).
Indeed, for all x € G, we have

1

To(1y (1) = T,(g'xg' ") = g(g'xg" g™ = (gg)x(gg)) ™" = 1o (),

thus

Tg0 Ty = Tgy © P(g) 0 P(g) = P(gg).

Hence ¢ is a (surjective) morphism. If g € ker ¢, then

¢(g) =1 & Tg = 16.

It follows that for every x € G,

1

To(X) = x & gxg~ =x & gx = xg,

which is equivalent to g € Z(G). Then with ker ¢ = Z(G),
G/ker¢ ~InnG & G/Z(G) ~ Inn G.

a) Every element of N is also an element of Z(G), so every element of N
commutes with all elements of the group G. Then for every x € G and
neN,

xx '=nax =ne N,

so N is a normal subgroup of G.
b) Let us assume that G/N =< @ >, for some a € G. Now let x € G be
arbitrary. We have X €< @ >, so there is an integer k such that

s=d"ex=d o xa*eN.
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Hence xa* = n < x = a*n, for some n € N. Finally, for every x,y € G,

letk,p € Z and n,q € N such that x = dn, y = a’q. It follows that

k

xy =d'n-a’q = d

a’ng = d"ng
and
yx =dlq-d'n = d’d*qn = " qgn,
SO Xy = yx.
13. Letus define the application f : Z; — Z, by the formula f(x) = x2. Easily, f is
a morphism from the group (Z;’ ) to itself with kerf = {T, p—1 } . Indeed, if

% € kerf, then® = 1, so p divides x> — 1. The number p is prime, so p divides
x — 1 or p divides x 4+ 1. Thus x = 1, respectively x = p — 1. Now, according
to the fundamental theorem of isomorphism,

Imf ~ 7/ kerf.
In particular,

cardZ* p—1
cardImf = card(Z, / kerf) = P =

cardkerf 2
If we add the solution a = 0, we obtain
-1 t1= p+1
2 2

elements.
14. Let H be a finite subgroup of the group Q/Z with ord H = n. We can assume
that

H={a\,a,....a,},
for some rational numbers a;, ay,...,a, € [0,1). Then for every % € H with

heQnNJo,1), we have
ordH-/i;:6<:>n /ﬁ:6<:> nh € 7.

It follows that & = % for some integer 1 < k < n — 1. We proved that

-1 n—1
Hc<{0,—,..., .
n

n

The other inclusion is true, because ord H = n. In conclusion, H = <

S| =)
~_
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15.

16.

The answer is 10. Each element of the group Z, x Z, is of order at most 2, so
(f(x))? = e, for all x € Z, x Z,. It follows that

Imf < {e, (12),(23),(31)}.

If for some x,y € Z, x Zy, f(x) = (12), f(y) = (23), then

fx+y) =f@f () = (12) (23) = (231) ¢ Imf,

a contradiction. Hence f(x) = eor Imf = {e, 7}, where T € Sj is transposition.
According to the fundamental theorem of isomorphism,

Imf ~ (Z, x Z,) / kerf.
In particular,

card (Z, x Z,)

2 = cardImf = card [(Z, x Z,) [ kerf] = dkerf
card ker

3

so kerf has 2 elements. One of them is (0, 0) and the other can be chosen in
three ways.

In conclusion, there are 3 x 3 = 9 such morphisms, and if we add the null
morphism, we obtain ten morphisms.
Fix some s € S. We have sS* C S**!; hence |S¥| = [sS¥| < |S¥t!| for all
k € N*, where |X| denotes the number of elements of the (finite) set X. Thus
we have the nondecreasing set of cardinalities

S| <18* < I8 =<~

Note that if, for some j, we have |§| = |§F!|, then |S¥| = |S*T!| for all k > ;.
Indeed, we have s§ € §+! and |s§| = |§| = |§!|; thus s§ = $F!, which
implies s§! = 595 = §1§ = §12, yielding |§T!| = [s§T!| = |$12|, and
the conclusion follows inductively.

Now, if in the sequence of inequalities |S| < |§?| < --- < |S"| we have
equality between two consecutive cardinalities, then |S¥| = |S¥*!| for all k > j,
with j < n— 1. Otherwise (when all inequalities are strict), we get |S"| > n; but
|S"| < |G| = n; thus |S"| = n, and this yields |S¥| = n for all k > n. Either
way, we have

|Sn| — |Sn+1| — |Sn+2| ——

As we have seen before, this also leads to sS¥ = S¥*! for all k > n, and,
by iterating, we obtain §"S" = $?*, that is, " = §* = §'§" (as 5" = e,
the unit element of G, as a consequence of Lagrange’s theorem). Thus S” is
closed under the multiplication of G, and the fact that it contains the identity is
obvious: e = s € §"; that is, S” is a subgroup of G.
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This appeared as (a folklore) problem B in Nieuw Archief voor Wiskunde,
issue 3/2007. The above solution is from the same magazine, 1/2008.
Let o(g) denote the order of an element ¢ € G. From x = y™, we infer that

o() = oy = 29,
W

where i = (o(y), m) is the greatest common divisor of the order of y and m.
We have that p divides the order of y, which in turn divides the order |G| of the
group; thus, u divides |G|. Also o(x) = o(y)/u and m/ u are relatively prime.

Similarly, for v = (0(z), n), we have that v divides |G| and that o(x) and n/v
are relatively prime.

Also, p and v are themselves relatively prime, since they are divisors of m
and n, respectively; therefore their product divides the order of the group. So,
we can write |G| = uvp, with integer p, and, because |G| is square-free, any
two of u, v, and p are relatively prime.

Now x"? = y" = e (the identity element of G), because mvp = (m/u)|G|
is a multiple of the order of the group, and similarly, x*# = 7"*? = e. It follows
that both numbers pp and vp are divisible by o(x), the order of x, and therefore,
their greatest common divisor p is also divisible by o(x). As p is prime to both
u and v, the same is true for the order of x. So, in the end we get that o(x)
is prime to any of the numbers m/u, n/v, i, and v, hence it is prime to their
product mn. Again, we can find integers p and g such that 1 = po(x) + gmn;
thus we have

x = xpo(x)xqmn — (xq)mn — pm

fort =x7 € G.

Remark. Let (M, ) be a monoid. We say that M has property (P) if, whenever
m and n are positive integers, and x € M has the property that there are y and z
in M such that x = y" = 7", there also exists € M for which x = ™"l (where
[m, n] is the least common multiple of m and n). The reader will easily prove that
commutative finite groups have property (P). Also, by using the result of this
problem, we can prove that finite groups with square-free order have property
(P). We say that a ring has property (P) if its multiplicative monoid has it. Then
factorial rings, like the ring of integers, have property (P), and with a more
elaborate argument, one can prove that any factor ring of a principal ring has
property (P). The proof is essentially the same as in the case of factor rings
Z/nZ., and this is the starting point for the problem above, too. Actually to say
that Z/nZ has property (P) represents a rewording of the fact that if an infinite
arithmetic progression of integers contains a power with exponent m, and a
power with exponent n, then it also has a term that is a power with exponent
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[m, n]. This is a known folklore problem that appeared a few times in various
mathematical contests. A particular case was the subject of problem 11182
from The American Mathematical Monthly from November 2005 (proposed
by Shahin Amrahov).

Let p be a prime number that does not divide the determinant of A (which is
nonzero). In the group G of invertible matrices with entries in the field Z/pZ,
the equation X¥ = A is also valid for every positive integer k (we don’t use
different notations for the respective reduced modulo p matrices). In particular,
we have Xllgll = A, but every matrix from G has the |G|th power the identity
matrix, according to Lagrange’s theorem. Thus A = I in this group, meaning
that all elements of A — I (this time regarded as an integer matrix) are divisible
by p. Since this happens for infinitely many primes p, it follows that A —I is the
zero matrix; thus A = I, the identity matrix, as claimed.

This is problem 11401, proposed by Marius Cavachi in The American
Mathematical Monthly 10/2008 and solved by Microsoft Research Problem
Group in the same Monthly, 10/2010.



Chapter 7
Density

We say that a set A € R is dense in R if any open interval of real numbers contains
elements from A. One of the practicalities of dense sets follows from the fact that
two continuous functions from R to R are equal if they are equal on a dense subset
of R. We have the following characterization of dense sets:

Theorem. Let A C R. The following assertions are equivalent:

a) A is dense in R.
b) for every real number x, there exists a sequence of elements of A, converging
to x.

Proof. If A is dense, then for every real number x and every positive integer n,
we have

1 1
(x——,x+—) NA # 0.
n n

Therefore, for each positive integer n, we can choose an element

1 1
a, €lx——-,x+ -] NA.
n n

We obtained a sequence (a,),> of elements of A, which clearly converges to x. For
the converse, let (a, b) C R and let x € (a, b) be fixed. Then there exists a sequence
(an)n>1 with elements in A, converging to x. But (a, b) is a neighborhood of the
limit x; thus we can find an element a,, € (a, ). Because a,, € A, it follows that
(a,b) NA # 0. In conclusion, A is dense in R. [J

The set Q of rational numbers is dense in R. We will prove that each nonempty
interval contains at least one rational number. Indeed, let (a, b) be an interval, with
a < b. Looking for two integers m,n, say n positive, so that a < * < b, we

observe that it is enough to prove the existence of a positive integer n such that

© Springer Science+Business Media LLC 2017 109
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nb — ba > 1. Indeed, if such an integer exists, the interval (na,nb) has length

greater than 1, so it contains an integer m. Then ** € (a,b). But it is clear that

n=1+ [ﬁ] is a solution. Moreover, one can easily prove that any nonempty

interval contains infinitely many rational numbers. The inequality x — ﬁ < [nx] <x

shows that lim % = x. In fact, this is another proof that QQ is dense in R. Indeed,
n—>oo

for every x € R, the sequence of rational numbers (@) converges to x. Now,
n>1

our assertion follows from the theorem. For instance, the sequence

v A B A ]

is a nice example of a sequence of rational numbers which converges to v/2.
Further, the set R \ Q of irrational numbers is dense in R. Indeed, let (a, b)

be a nonempty interval. As we have proved, the interval (i L) contains at

V2’ V2

least one rational number, say g. Then g+/2 € (a,b) and g+/2 is irrational. So
we proved that there are no intervals consisting only of rational numbers. Observe
that this is also immediate by a cardinality argument: we have seen that any interval
is uncountable, so it cannot be included in the set of rational numbers, which is
countable. Finally, here is one more possible argument: we assert that each interval
of the form (0, ¢), ¢ > 0, contains at least one irrational number. Indeed, we have
the implication:

ﬁe(o,z):ﬁe(o,%),
n n

for all positive integers n. If g is rational, in (a, b), then let @ be irrational in
(0, b — q). Now, the number w + ¢ is irrational and w + g € (¢, b) C (a, b).

Finally, note that the notion of density has nothing to do with the order structure
of R—it is a topological notion. It can easily be extended to other spaces, such
as R”. Indeed, if ||x| is the Euclidean norm of the vector x € R”, then we say that
a set A is dense if every open ball B(x, r) (defined as the set of points y € R”" such
that ||y — x|| < r) contains at least one element of A. All properties of continuous
functions related to dense sets that we discussed remain clearly true in such a larger
context.

A very useful and general result is the following:

Theorem (Stone-Weierstrass). Let K be a compact subset of the set of real
numbers and let A be an algebra of continuous functions defined on K and having
real values. Suppose that all constant functions belong to A and also that for any
distinct points x,y € K, there exists f € A such that f(x) # f(y). Then A is dense in
the set of continuous functions on K, with real values, for the uniform convergence
norm. That is, for any continuous function f defined on K, with real values and for
any € > 0, there exists g € A such that |f(x) — g(x)| < € for all x € K.
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The proof of this result is far from being easy and will require several steps.
First, observe that if we define A to be the closure of A in (C(K), || - [|eo) (i-e., the
set of continuous functions on K with ||f|lco = max |f(x)]), then A is also an algebra

X€

having the same properties as A. Hence we can directly assume that A is closed.
Now, let us show that with this assumption, if f € A, then |f| € A. By working with

L instead of f, we may assume that ||f||co < 1. Write
I1flloo
oo
1/2 "
Ifl = ./1+(fz—1)=z< " )(f2—1) :
n=0
where

(1/2);(%1)--(%”“)

n n!

This is just a consequence of the Taylor series of (1 + x)“. On the other hand, using
Stirling’s formula, we obtain that
1/2
n

and since [|f> — 1]lo < 1, it follows that |f| can be approximated with polynomials
in f to any degree of accuracy: simply take the partial sums of the above series.
Since these polynomials in f belong to A = A, so does |f|. This finishes the proof of
the first step.

This shows that min(f, g) € A and max(f, g) € Aif f, g € A. Indeed, it is enough

to note that min(f, g) = fdl—g_# and the hypothesis made on A shows that

< 00,

min(f, g) € A. The next step will be to prove that for all x # y € K and for all real
numbers a, b, there exists f € A such that f(x) = a and f(y) = b. This can be done
by taking

g(t) —g(x)
g(y) —gx)’

where ¢ € A is such that g(y) # g(x). Then f € A (because A is stable
under multiplication, addition, and contains the constant functions) and clearly
f(x)=a,f(y) = b.

Consider x,y € K and a continuous function f* defined on K. We know (by the
previous step) that there exists g., € A such that g, ,(x) = f(x) and g.,(y) = f(»).
Let € > 0 be fixed and also fix a point x € K. By continuity of f — g, at y, for

f@O=a+(b-a
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all y € K, there exists an open interval /, centered at y and such that g, ,(f) <
f(t) + € for all t € I,. Because the intervals I, are an open cover of the compact
set K, there exist yi,y2,...,y, € K such that K is covered by /,,,1,,,...,1, . The
function g, = min(gy,y,, &xy - - -, &xy,) belongs to A (recall the first step of the
proof), g.(x) = f(x), and also, g,(f) — f(¢) < € for all t € K. By continuity at x, for
all x € K, there exists an open interval J, centered at x such that f(¢) < g.(¢) + € for
all + € J,. Using again the compactness of K, we can extract from the open cover
(Jy)xex a finite cover Jy,,Jy,, ..., Jy,. Then the function g = max(gy,, &x,- - -»8&x,)
belongs to A and satisfies |g(x) — f(x)| < € for all x € K. This finishes the proof of
the theorem. [
Here is an application, which can hardly be proved by elementary arguments.

Problem. Let f : [0,1] — R be a continuous function such that for all
nonnegative integers n,

1
/ f)x"dx = 0.
0

Prove that f = 0.
1
Solution. We deduce that / f(x)P(x)dx = 0 for all polynomials P with real

coefficients. Now, let ¢ > 0 ang let P be a polynomial such that |P(x) — f(x)| < €
for all x € [0, 1]. Such a polynomial exists by the Stone-Weierstrass theorem applied
to the algebra of polynomial functions on [0, 1]. Let M be such that |[f(x)| < M for
all x € [0, 1] (it exists by the continuity of f). Then

1 1
[ f(x)zdx = / Fx)(f(x) — P(x))dx < Me.
0 0

1
Because this is true for all €, it follows that / f(x)?dx = 0; hence f = 0, due to
0
the continuity. [J
We present now a quite challenging problem, from Gazeta Matematica’s contest:

Problem. Find all continuous functions f : R — R such that

fRx—y)+fQ2y—x) +2f(x+y) = 9 (x) + 9f(y) for all x, y.

Solution. We clearly have f(0) = 0. By taking x = y, we deduce that
f(2x) = 8f(x). Also, with y = 0, we deduce that f(—x) = —f(x). Finally, by taking
y = 2x we deduce that f(3x) = 27f(x). Using these results, we can immediately
prove that f(x) = x*f(1) for all x € A, where A = {2"3"|m,n € Z}. We claim
that A is dense in [0, co). This follows if we prove that Z + Z(log, 3) is dense in R.
This is clearly a noncyclic additive subgroup of R. The conclusion follows from the
following general and useful result:
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Lemma. Any additive subgroup of the additive group of real numbers is either
cyclic or dense.

Indeed, let G be such a group and suppose it is not the trivial group. Let o be
the greatest lower bound of the set X = G N (0, co). Suppose that G is not cyclic.
We claim that ¢ € G. Otherwise, there exists a decreasing sequence x,, of positive
elements of G that converges to «. Then x,—; — x, is a positive element of G that
converges to 0; thus « = 0 € G, which is a contradiction. Therefore, @ € G. Now,
assume thato # 0. If x € Gandx > O, theny = x—a-[7] € Ganda > y > 0.
Thus y = 0 and so any element of G is an integer multiple of «, also a contradiction.
This shows that @ = 0 and there exists a sequence x,, € G that converges to 0, with
X, > 0. Therefore, if (a, b) is any interval and ¢ € (a, b), for sufficiently large n, we
have [xin]x,, € (a,b) N G and so G is dense. [J

Coming back to the problem, we deduce that f(x) = x’f(1) on a dense set;
therefore f(x) = x*f(1) everywhere. Thus, any such function is of the form f(x) =
ax® for some a. It is not difficult to check that any such function satisfies the given
relation, so these are all solutions of the problem. [

We said in the beginning of the chapter (and we saw in the previous problem) that
dense sets are practical when dealing with continuous functions. The next problem,
taken from the 2000 Putnam Competition highlights this assertion:

Problem. Let f be a continuous real function such that

2% =1) = 2f (x)

for all real numbers x. Prove that f(x) = 0 for all x € [—1, 1].

f(cosx)

Solution. Let F(x) =
sinx
relation implies that F(2x) = F(x). But F is clearly 27 periodic. Hence

, defined and continuous except on Z. The given

ni
F(1) = FQ*") = FQ**' + 2n7) = F (1 n 7)

. . nw i
for all integers n, k. It is however easy to see that the set {? | n,k € Z} is dense

o
[2” . —] b4
lim —Z%=

n—00 on

in R, since for instance

=q«, foralla € R.

This shows that F is constant on each interval of the form (kr, (k + 1)7). Change
x and —x in the given relation and conclude that f is odd; thus F(x) = F(x + ).
This, combined with the previous result shows that F is constant on R \ Zz and this
constant is 0, because F is odd. Thus f(x) = 0 for x € (—1, 1) and by continuity,
this also holds for x € {—1,1}. O
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The next problem, given on the Putnam Competition in 1989, uses the density of
the rational numbers in a very unexpected way:

Problem. Does there exist an uncountable set of subsets of N such that any two
distinct subsets have finite intersection?

Solution. Surprisingly, the answer is yes and the construction is not intricate.
Consider for each x € (0, 1) a sequence (x,,),>1 of rationals converging to x.

Let A, be the set consisting of the numbers x,,. Because the limit of a convergent
sequence is unique, A, N A, is finite if x # y. Also, we have uncountably many
sets A,, because (0, 1) is uncountable. Now, it is enough to consider a bijection
f 1 Q — N (an earlier chapter shows that f exists) and to consider the sets f(A,).
They satisfy the conditions of the problem. [

Proposed Problems

1. Prove that the set A = {% |meZ, ne N} is dense in R.

2. Let (a,).en be a sequence of nonzero real numbers, converging to zero. Prove
that the set A = {ma, | m € Z , n € N} is dense in R.
3. Prove that the following sets are dense in R:

a) A={p+qx/§|p,qu};
b) B={a€/1+b«3/§+c|a,b,ceZ}.

4. Prove that the set A = {% — zlm | m,n € N} is dense in R.

Prove that the set A = {msinn | m,n € Z} is dense in R.

6. Letx be areal number. Prove that the set of all numbers of the form {nx}, n € N,
is dense in [0, 1] if and only if x is irrational (here, {-} denotes the fractional part
function).

7. Prove that the following sets are dense in [1, co0):

a) A={¥n|mneN, m=2};

|9}

b) A= .

1 1 1
</1+_+_+---+—|m,neN,m22
2 3 n

8. Let (a,)qen be a sequence of real numbers with limit +oc0, such that

lim (a,,_H — Cln) =0.
n—oo
Prove that the set A = {a,, — a, | m,n € N} is dense in R.
9. Is +/2 the limit of a sequence of numbers of the form &/m — ¥/n, with positive
integers m,n?
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10. Is +/3 the limit of a sequence of numbers of the form

n n+1 B m

with positive integers m > n?
11. Letf, g : R — R, f continuous, g monotone. Prove that if

f(x) =g,

for all rational numbers x, then f = g.
12. Letf : R — R be a continuous function such that

Fo) =f (x + 1) ,
n

for all reals x and for all nonnegative integers n. Prove that f is constant.
13. Letf : R — R be a continuous function such that

f@) =fx+V2) = flx+V3),

for all real numbers x. Prove that f is constant.
14. Define a function f : N — [0, 2), by

f) = {V/n} +{Vn+1}.

Prove that Imf is dense in [0, 2].

m-+n
15. Let M be the set of real numbers of the form ——, with m, n positive
/m2 + n2

integers. Prove that if u,v € M, u < v, then there exists w € M so that u <
w < v.

16. Let (a,)qen be a sequence decreasing to zero, and let (b,),en be a sequence
increasing to infinity, such that the sequence (b, +1 — b,),en is bounded. Prove
that the set A = {a,,b, | m,n € N} is dense in [0, 00).

17. Let (b,),en be a sequence increasing to infinity, such that

bil
lim =+ — .

n—>od bn

Prove that the set

is dense in [0, c0).
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18. Let (ay),>; C (1, 00) be a sequence convergent to 1, such that
lim ((1102 .. -an) = Q.
n—>oo
Prove that the set A = {a,+1d,42 - ay | n,m € N, n < m} is dense in [1, 00).
19. Are there positive integers m > n such that
1 1 1
Jikil gz m 1 1
ntl o wndt 1 e(«/zoo —m,«/zoowrm)?
I+ —=+--+—=
V2 Vn
20. Is there a dense set of the space that does not contain four coplanar points?
Solutions

1.

For each real o, we have

. [2"]
lim =«

n—o0 N

Indeed, using the inequality x — 1 < [x] < x, we derive

2"a—1 [2"a] -
o

<
2}1 2}1 -
or
n n =

In conclusion, for every real number «, there exists the sequence ([22"”0‘ ]>
n>1
with elements from A, which converges to «. Hence A is dense in R.
Otherwise, let (a, b) be a nonempty interval of real numbers. The question
is whether there exists an element of A lying in (a, b) . In other words, can we

find integers m, n, n > 1 so that
m
a< — <b?
2}1
This inequality is equivalent to

2"a <m < 2"b,
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which we now prove. Indeed, first let us choose a positive integer n >
logz(ﬁ). Thus

1
2> —— = 2"p—2"a> 1.
b—a

Now the interval (2"a, 2"b) contains at least one integer, because its length is
greater than 1. Finally, if m is that integer, then

m m
2"a<m<2'b=>a<—<b= — €(ab).
2" 2"
2. Let us consider real numbers a¢ < b and prove that the interval (a, b) contains
. b—a
at least one element of A. Because lim = 00, we can find ng such that
n—>00 |a,|
b—a : a b . .
> 1. The length of the interval | ——, —— ] is greater than 1, so it
|al’l0|. . |an0| |an0|
contains an integer my :
a b
—<my < —.
|t | |t |

This means that

a < my|ay,| < b,

. . . 1
so A is dense in R. In particular, for a, = o we deduce that the set

{;|meZ,n€N}

is dense in R.
3. a) The sequence a, = ( V2 - 1) converges to zero; therefore the set

{m~(\/§—l)”|m€Z,neN}

is dense in R, by the previous exercise. Now, there are integers a,, b, such
that

(V2= 1)" = a,v/2 4 b,.

Indeed, using the binomial theorem, we have

n

(V2 1) = (D) ( k) (V"

k=0



118 7 Density

Hence
m(v/2 = 1)" = ma,/2 + mb,.
Because
{pfz+q|p,qez} 5 {m(ﬁ—l)n|mez, neN},
the conclusion follows. Note that we could also use the fact that A is
an additive subgroup of R, which is not cyclic because +/2 ¢ Q. The

conclusion follows from a result discussed in the theoretical part of the text.
b) The sequence a, = ( J2—1)" converges to zero. Therefore the set

{m-(%—l)”mez, neN}
is dense in R. Now there are integers a,, b,, ¢, such that
(V2 =1)" = a,v4 + b,V2 + c,.

Indeed, using the binomial theorem, we have
3 n_ k[T 35—k
Va1 = e () @
Hence
m(«3/5 -1 = ma, N4 + mby 2 + mey.
Because
{a%—l—bﬁ—i—cla,b,ceZ} D {m(%—l)" |meZ, neN},

the conclusion follows.
4. If x € A, then —x € A. For @ > 0, note that

i [2"a] n
lim — =«
n—00 omn 2[2"]

Thus for every real number o > 0, the sequence

[2"a] n
> e "=

Xp =

of elements from A converges to «. Since 0 € A, we are done.
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5. We prove that for each ¢ > 0, there is a positive integer ¢ such that
|t — 2km| < &,

for some integer k. Indeed, let us consider a positive integer N with 1/N < &.
Two of the N + 1 numbers {2s7} (where {x} denotes the fractional part of the
real number x), 1 <s < N + 1, must be in the same interval of the form

_
LIE) o<j=n-1.
N N

If these numbers are {2pz} and {2¢g7}, with 1 < p < g < N + 1, then the
absolute value of their difference is less than the length 1/N of each interval:

[{2pm} — {2q7}| < % <.

Thus we have |t — 2kx| < ¢ for either t = [2pn] — [2gn] and k = p — g, or
t = [2qm] — [2p7] and k = g — p (depending on which of these choices gives a
positive 7).

Note that actually there are infinitely many pairs (¢, k) with positive integer ¢
and integer k such that |t—2km| < e (because we can repeat the above reasoning
for N bigger and bigger) and that in these pairs ¢ cannot assume only finitely
many values (we encourage the reader to think of the complete proof of these
statements); hence we can find such pairs (¢, k) (having all the above properties)
with 7 as large as we want.

Now we can find such a pair (¢, k;) for ¢ = 1, that is, with the property that

|l| —2k17T| < 1.

We then consider ¢ = 1/2, and we pick a pair (z,, k»), with t, > ¢1, and such
that

1
|ty — 2kyr| < 5
In general, if (¢, k;) were found such that f; <, < --- < t, and
|t — 2kim| < !
R} A -
i i ]

for every 1 < j < n, we can pick a pair (f,41, k,+1) of integers (#,+; being
positive) such that

1
tha1 — 2k, < —
£n+1 +17T] nt 1
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and #,41 > t,. Thus there exists a sequence (t,),>1 of positive integers such that
1
|t, — 2k,7| < —,
n

with integers k,. Consequently,

lim sint, =0
n—>o00

and finally, the set
{msint, |me€Z , n € N*}

is dense in R, by exercise 2. The conclusion follows because this is a subset of
the set {msinn | m,n € Z}.

Let us suppose that x is rational, x = l—) where p, g are relatively prime integers.
q
In this case,

p—1
q

{{nx} |ne N} =10,

so this set cannot be dense in [0, 1] .

So assume that x is an irrational number. We need to prove that the set of
fractional parts of the numbers nx with positive integer n is dense in [0, 1]. We
first show that if u = inf{{nx} |n € N*}, then u = 0.

Assume, to get a contradiction, that u > 0; thus we can find some positive
integer N such that

1 1

< < —.
N+1-HFTN

We conclude that 4 < (u+1)/(N 4+ 1) < 1/N; hence there exists a positive
integer k such that

41 1
< u <{kx! < < —.
Nyl oM <TTT <y

It follows that 1 < (N + 1){kx} < 1 4+ 1/N; therefore the integral part of
(N 4+ 1){kx} is 1. Thus we have
{(N + Dkx} = {(N + Dkx — (N + 1)[kx]}
= {(N + Dikx}}
= (N + Dikx} — [(V + D{kx}]
=N+ Dikx}—1<p
= inf{{nx} |n € N*},
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which is clearly a contradiction. Note that this part of the proof does not require
the assumption that x is irrational (and, indeed, we have already seen that u = 0
in the case of rational x).

Now let 0 < a < b < 1 and consider a positive integer p such that p is small
enough in order that (b — a)/{px} > 1. (Here is where we use the irrationality
of x, which implies that {nx} is never O; hence we can find p with not only
{px} < b — a but also with {px} > 0.) Then, having length greater than 1, the
interval from a/{px} to b/{px} contains at least one integer m, for which we
have

0<a<mipx}<b<l.

Thus 0 < m{px} < 1; hence m is positive and {mpx} = m{px} is between a
and b, finishing our proof. (Alternatively, one can proceed as in problem 2, by
considering a sequence of positive fractional parts {rn;x} tending to 0, etc.)

This is actually a celebrated theorem of Kronecker (1884). Note that it also
implies the (already proved) result saying that if x is irrational, then Z 4 xZ is
dense in R. In fact, we can prove that, for a positive irrational number x, the set
{mx—n |m,n € N*}is dense in R. Indeed, let us consider arbitrary real numbers
a and b, with a < b. Assume first that 0 < a < b, and choose a positive integer
p > b; we thenhave 0 < a/p < b/p < 1, and Kronecker’s theorem implies the
existence of some positive integer g with the property that a/p < {gx} < b/p,
so that a < pgx — p[gx] < b, that is mx — n € (a, b) for the positive integers
m = pq, and n = p[qx] (n is positive because x > 0 and ¢ can be chosen as big
as we want, for instance ¢ > 1/x). Now if a and b are arbitrary real numbers
with a < b, there is a positive integer k such that 0 < a + k < b + k; thus
(according to what we just proved) there are positive integers m and n such that
a+k < mx—n < b+ k; thus mx — (n + k) is in (a, b), which we had to prove.

7. Let 1 < a < b. Because

lim (" —a™) = oo,
m—>0Q
we can find mg such that
b —ad" > 1.
Further, the interval (a”, b™0) contains at least one integer,
ny € (@™, ™) N 7Z;

thus

ad™ <ny<b™ & a< "nyg <b.
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Moreover, because a™ > 1, we can denote by k the smallest integer so that

1 I
L4 =+ —>a™.

2 k
But
o™ > a™ 41,
o)
am <1+l—|—-~+l<b’"°
2 k
or

a<TH+l+m+l<b
2 k

8. Leta,b € R, a < b. Let ngy be so that m > nj implies
am+1 — Ay < b —a.
We have
mli_)n;o(am — ay,) = 00,
so let my > ny + 1 be the smallest integer with the property that
Ay — Any > a.
Therefore a,,p—1 — an, < a and
Amy — Any = (Amy — Amg—1) + (Amg—1 — any) < (b—a) +a = b.

In conclusion, a < a,y, — a,, < b.
9. The answer is yes. The sequence

ay = /n, n>1
has limit co and
lim (ay4+1 —a,) = 0.
n—o0
Indeed,
lim (a,4+1 — a,) = lim (3/11 +1- f/ﬁ)
n—>oo n—>o00

1
lim =0
=00 3(n+ 1) 4 Jn(n + 1) + V/n?
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As we have proved, the set
A={am—an|m,n€N}={%—€/ﬁ|m,n€N}

is dense in R.
10. The answer is yes. The sequence

1 1
ap=14+=-+--4+-, n>1
2 n

is increasing, unbounded and
lim (a,+1 —a,) = 0.
n—>00

For all m > n, we have

1 1
ay — a, = + “en + J—
n+1 m
As we have proved, the set
1

A={ay,—a,|mneN}=

1
+--+—|mneN, m>n
n+1 m

is dense in R .
11. For each real number x, consider two sequences of rational numbers (a,),>1
and (b,),>1 converging to x such that

ap < app1 X < byyy < by,

for all positive integers n. The function g is monotone, say increasing; thus the
sequence (g(a,))>1 is increasing and bounded above:

g(a,) < g(x).
Letl = nll)lgo g(ay,). On the other hand,
glan) = flan) = f(x),
because of continuity of f at x; thus [ = f(x). Analogously, we deduce
lim g(a,) = lim g(by) = f(x).
n—>00 n—>00
By taking n — oo in the relations

gla) < g(x) < g(bn),
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we derive
fx) < gx) <f(),

sof =g.
We have

2 1
f(x+—) =f(x+—) = f(x)
n n

2
and by replacing x with x — —,
n

1 2

n n

f@ =f(x+=)

By induction,

for all integers m, n # 0. For x = 0,

(%) =ro,

n
for all m € Z, n € N*. The continuous function f is equal to the constant
function f(0) on Q, so

J(x) =£(0),

for all reals x.
There is also another argument: we proved that a continuous, periodic,
nonconstant function has a minimum period. It is not this case, when f has

. 1 e
periods of the form —, for every positive integer n.
n

First, with x — x + /2 and so on, we obtain
f@=fG+V) =fx+2vD) =....
and with x — x + /3 and so on, we obtain
f@) =fx+3) =fx+2vV3) =...
o)

) =f&x+mV2) = f(x +nvV3),
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for all integers m, n. Moreover,
f@&+mV2+nV3) = flx + mv2) = f(x)

and forx = 0,
f (mﬁ + nﬁ) = £(0),
for all m,n € Z. It follows that f is constant because the set

(mN2 +nV3 | mnel}

is dense in R (using the same argument as in exercise 3a).
14. Let 0 < a < b < 2. For each positive integer k, with

1 v —a?
k > 2— ,
b—a 4

the length of the interval

((k+ ;)2 (k+ g)z— 1)

is greater than 1, so at least one integer n lies in this interval. For such an n, we

have
a\?2 h\?
(k+§) <n<(k+§) —1
b
=>k+g<\/ﬁ<\/n+1<k+§.
Hence
a b
y <Wnh<3
and

NSRS

In conclusion,
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15. The function
fi[l,0)NQ — R,
given by the formula
x+1
fx) = ———
vVt 41
is decreasing. The set M is the image of the function f. Let u,v € M, u < v be
of the form
m; + ny my + np
B —— v =

9 —7
[ 2 2 [ 2 2
mi +ny m; +n;

with m; > ny and m, > n,. We can write

my ny
— 41 — +1
n n
= —~1_ yp= 2
2 2
1 nm,
— +1 — +1
n n
1 2
or
my ny
ny ny
Hence from
m ny
np ny ny m
ny - 2 - np
we deduce that
ny ny
n n
w = 1 3 2 lem

lies between u and v, because of the monotony of f.
16. Assume that b, | — b, < M.Let 0 < a < b. Choose an integer m such that

b—a

ay < i
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We can find an integer n such that

a b
— <b, < —,
am am

because the situation

a b
bk < — < — < bk-i-l
Am Am

is not possible. Indeed, this would imply

—da

bk+l_bk> >M,

Am

which is a contradiction. In conclusion, a < a,,b, < b.
17. With the notation a,, = In b,,, we have lima,, = oo and

by
lim (dpt1 — ay) = lim In =L = 0.
n—>o0 n—>o0 n
As we have proved, the set
{am —a, | m,n € N}
is dense in R, so the set
bl‘ﬂ | e N
— | m,n
by
is dense in [0, c0).
18. Let us define the sequence (b,),; by the formula
b, =ajay---a,.
We have
bn trrUnply
+1 _ didy---Apdp+ = appy > 1,

b, ayax -+ a

so the sequence (b,),~, is increasing. Then

. anrl .
lim —— = lim a,4+; = 1;
n—>o0o b, n—00
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hence we have the hypothesis of the previous problem. Thus the set

by
A= b—|m,n€N,nZl

is dense in [0, co) and the conclusion follows if we take into account that

by aiay---ay
— = ———————— = dup41dp42" Ay
b, aiay---ay,

19. The answer is yes. We will use problem 17 with the sequence

1 1
by=1+—=+-+—, n>1.
V2 N

As we know, the sequence (b,),-; is unbounded and is clearly increasing.
Moreover,

bny1 - 1
bn B b,,\/n—i-l,

SO

1
+ converges to 1. Hence the set
n

b
A=%b—|m,n€N, m,nzl}

n

is dense in [0, co). But for m > n, we have

1 1 1 1 1
1+ —=4+--+—|+ + +-+ —
by _( V2 ﬁ) (Vn+1 vn+2 Vm)
b, 1 1
n 1+ —=4+-+—=
V2 Jn
1 1 1
1+ vn+1 vn+2 Jm
B 1 1
1+ —=4+- 4+ —
V2 Vn

Finally, if m > n are so that

by 1 1
e (142007 — ——, 1+ 2007 + — |,
by ( + 2007+ + 2007)
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then by subtracting unity, we obtain

1 1 1

+ 4o —
Jitl  Jni2 1 1
el nt2 ﬁe V2007 — ——, /2007 + —— ] .

e b 2007 2007

V2 Vn

20. Surprisingly, the answer is yes. Indeed, take a, to be the sequence of points in
space with all coordinates rational numbers and consider the balls B,, centered
at a, and having radius % It is clear that any sequence (x,),>1 With x, € B,
for any n > 1 defines a dense subset of the space. But since a ball cannot be
covered by a finite number of planes, by induction, we can construct a sequence
X, € B, such that x, is not on any plane determined by three of the points
X1,X2,...,X,—1. This shows the existence of such a set.



Chapter 8
The Nested Intervals Theorem

It is well known that every monotone sequence of real numbers has a limit, finite or
infinite. If (x,),> is increasing, then

lim x, = supx,
n—>00 > 1

(where it is possible for the supremum to be oo) and if (x,),> is decreasing, then

lim x,, = inf x,
n—>o00 n>1

(where the infimum can be —o0). The monotone convergence theorem gives further
information, namely, that every bounded monotone sequence of real numbers is
convergent, i.e., it surely has a finite limit. The proof is based on the least upper
bound axiom, asserting that any nonempty bounded above set of real numbers has
a least upper bound. (Actually this statement is equivalent to the nested intervals
theorem that follows, and each of them expresses the completeness of the system of
real numbers.)

As a direct consequence of the monotone convergence theorem, we give the
following result. We note that if I = [a, b] is a closed interval, then I(I) = b —a
denotes the length of 1.

The Nested Intervals Theorem. Let
L2o2L2---21,2---

be a decreasing sequence of closed intervals. Then

(1. # 9.

n>1

© Springer Science+Business Media LLC 2017 131
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Moreover, ﬂ I, is a singleton in case lim I(I,)) = 0.
n—>o0

n>1

Proof. If I, = [a,, b,], n > 1, then from the inclusions
[a1.b1] 2 a2, 03] 2 - D [an, by] 2 -+
we deduce the inequalities

ag<a < <ay<--<b, <---<by <b.

Hence (a,),> is increasing and (b,),> is decreasing. Let us denote

a= lim a,, b= lim b,.
n—>oo n—>oo

From a, < b,, it follows a < b. Further, we will prove that ﬂln = [a,b]. If

n>1
Z € ﬂ]n, then z € I, = a, < z < b, for all integers n > 1. By taking n — oo in
n>1
the last inequality, we derive a < z < b, thus z € [a, b].
Conversely, if z € [a,b], thena, <a <z <b < b,soa, <z < b,, forall
integers n > 1 and then z € m I,.

n>1
For the second part, we have

lim (b, — a,) = 0,
n—>o00
SO

lim a, = lim b, = a.
n—>o0 n—oo

Finally, ﬂ 1, = {a}. Indeed, if x € ﬂ I,, then a, < x < b, for all n > 1, and for
n>1 n>1
n — 0o, we deduce a < x < a, whichis x = a. I

This theorem is an important tool to establish some basic results in mathematical
analysis, as we can see below.

Problem. Let f : [a,b] — R be a continuous function. If f(a)f(b) < 0, prove
that there exists ¢ € [a, b] such that f(c) = 0.

Solution. Let us consider the decomposition

[a,b] = |:a, #] U [#,b}
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+b
2

b
and denote by I = [ay, b;] one of the intervals [a, a—; j| or |:a

fla)f(by) <0.
If the

, b] such that

Ik=[ak,bk], 1<k<n-1

are already defined, then let I, = [a,, b,] be one of the intervals

ap—1 + bn—l ap—1 + bn—l
anp—1, or s bn—l
2 2

such that f(a,)f(b,) < 0. Inductively, we defined the decreasing sequence (/,,),>1

of closed intervals with [(1,,) = 2_na and
f(an)f(by) <0, 8.1
for all n > 1. Let {¢} = ﬂ]n. As we proved, a, — ¢ and b, — c. If we take

n>1
n — oo in (8.1), we get that (f(c))? < 0, because of the continuity of f.
In conclusion, f(c¢) = 0. O

In fact, this is basically a proof of the following:

Theorem (Cauchy-Bolzano). Let I C R be an interval. Then any continuous
function f : I — R has the intermediate value property.

Proof. We have to show that for any a,b € I and for each A between f(a) and
f(b), we can find ¢ between a and b such that f(c¢) = A.

We assume that a < b, without loss of generality. The function g(x) = f(x) — A
is continuous on [a, b], and, from the bounds on A, g(a)g(b) < 0. Consequently,
g(c) = 0 for some ¢ € [a,b]. O

Cauchy-Bolzano’s theorem has many other interesting proofs. We present here a
proof of this theorem using the compactness of [a, b].

Assume, by way of contradiction, that the continuous function g : [a,b] — R
takes the values g(a) and g(b) of opposite signs and g(x) # 0, for all x in [a, b]. For
each x € [a, b], we have g(x) # 0, so there is an open interval I, > x such that g has
the same sign as g(x) on I, N [a, b].

The family (;)re[q,4) is an open cover for the compact set [a, b]. Consequently,
there are

X1,X2,...,%, € [a,Db]

such that

L,NIL,N---NL, 2[a,b].
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Assume that
X <Xy < -0 < Xy,
so the intervals

L. Ly, ... 1

n

are denoted from left to right. In particular, a € I,, and b € I,,.

The function g keeps the same sign on I, N [a, b] and I, N [a, b].

Because I,, NI, # @, g will keep the same sign on (I, Ul,) N [a,b].
Inductively, g keeps the same sign on

Iy UL, U---Ul,)NJa,b],
for each 1 < k < n. In particular, g keeps the same sign on
(I, Ul,uU---Ul )N][a,b] =[a,b],

which contradicts the fact that g(a) and g(b) have opposite signs.

Moreover, we know that continuous functions transform connected sets into
connected sets. The interval [a, b] is connected, so g([a, b]) is connected. This
remark can be another proof of the Cauchy-Bolzano theorem. [

The next application is the following fixed point result:

Theorem (Knaster). Any increasing function f : [a, b] — [a, b] has at least one
fixed point.

Proof. We have f(a) > a and f(b) < b. If

f(a—i—b) Sa—f—b’

2 2

b
then puta; = a, b) = a—; . In case

a+b a+b
r(32) - 432

we puta; = %, by = b. Either way, for the interval I} = [ay, b;], we have

flay)) = ay, f(by) < by.
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By induction, we can define the decreasing sequence I, = [a,, b,], n > 1 of closed
intervals with

b—a

U1, =

211
and

flay) > an, f(b,) < by, (8.2)

foralln > 1. Let ¢ be the common limit of (a,),>1 and (b,),>;. If we take n — oo in

an =< f(an) < f(bn) < by,
we derive
lim f(a,) = lim f(b,) = c.
n—>0d n—>0d
Further, by the monotonicity of f and from the inequalities
ap < ¢ < by,
we deduce

f(aﬂ) Sf(c) ff(bn)

Finally, for n — oo, we have ¢ < f(c) < ¢, that s, f(c¢) = ¢. O

Let us try to extend the lemma of the nested intervals to higher dimensions. Let
us recall first some basic facts about the topology of R”. By definition, a set A C R”
is open if for all x € A, there exists r > 0 such that B(x, r) C A. Here, B(x, r) is the
open ball centered at x and having radius r, that is, the set

O eR [ lx—yll <ri,

where ||x| = /x} + -+ + x2 is the Euclidean norm. A is called closed if R" \ A

is open. The interior of a set A is the largest open set contained in A. If Int(A)
denotes the interior of A, then x € Int(A) if and only if there exists »r > 0 such that
B(x,r) C A. Finally, if A is bounded, the diameter of A is defined by

diam(A) = sup ||x —y].

Xx,yEA

A famous theorem asserts that for a subset A of R”, the following statements are
equivalent:
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1) A is compact, thatis if A C U O;, where O; are open sets and [ is an arbitrary
iel
set, then there exists a finite subset J of I such that A C U 0,.
ieJ
2) A s closed and bounded;
3) Any sequence whose terms are in A has a subsequence converging to an element
of A.

We will not prove this theorem here, but will use it to generalize the lemma of the
nested intervals:

Theorem. Let (K,),>1 be a decreasing sequence of nonempty compact sets.
Then ﬂKn is nonempty and moreover, if lim diam(K,) = 0, then ﬂKn is a
n—>oo

n>1 n>1
singleton.

Let us briefly present the proof. Choose a sequence x, € K, and observe that
all its terms lie in the compact set K;. Thus it has a subsequence (x,, )r>1 Which
converges to a certain x € Kj. Observe that x,, € K, for all kK > p (because n; >
k > p, thus x,, € K, C K)), thus x € K, too (because K, is closed). Because p

was arbitrary, x € m K, and the first part is proved. The second part is obvious: if
p=1

a#be ﬂKn,then

n>1
diam(K,) = |la—b||, Vn =1

thus passing to the limit, a = b, a contradiction. [
We end this theoretical part with a very useful result called Baire’s theorem. It has
a very easy statement, but the consequences are striking.

Theorem (Baire).

1) Let (F,)u>1 be a sequence of closed sets in RY, each of them having empty

interior. Then U F, also has empty interior.

n>1
2) Let (0,),>1 be a sequence of dense open sets in RY. Then m 0, is also dense.
n>1

Observe that it is enough to prove just the second assertion because the first one
is obtained by considering O, = R?\ F,. So, let us fix an open ball B(x, r) and let us
prove that ﬂ 0, intersects this ball. Because O, is dense in R, it intersects B(x,r)

n>1
and because it is open, there is a closed ball B(x;, r;) C B(x,r) N O;. Because O; is
r __

dense in R and open, there is r, < 51 and x, such that the closed ball B(x,, r;) C

. T —_———
B(x1, r1) N O;. Inductively, we construct x, and r,, 4 < 3" such that B(x,+1, ru+1) C
B(Xn, rn) n 0n+1~
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r .
Now, ||xp+1 — Xl < 1w < T thus Z(x,,+1 — x,,) is absolutely convergent,
n>1
thus convergent. This implies that x, converges to a certain p € RY. It is immediate

to see that p € ﬂ O,, | N B(x, r), which finishes the proof of the theorem. [
n>1
Actually, using exactly the same idea (except for the argument showing that x,
converges) one can show that we can replace R? by any complete metric space. Here
is a beautiful application, for which you can find another solution by studying the
proposed problems.

Problem. Prove that there is no function f : R — R which is continuous exactly
at the rational numbers.

Solution. We will prove first that the set of points where a function is continuous
is a countable intersection of open sets. Indeed, let us define

o(f.x) =inf  sup  [f(a) —f ()]

>0 4 pe(x—r.x+r)

1
and 0, = {x e R | o(f,x) < —}.
n
We claim that f is continuous precisely on ﬂ O,. Indeed, it is pretty clear that f
n>1
is continuous at x if and only if (f, x) = 0 (just use the definition of continuity and
the triangle inequality).
Now, we prove that each O,, is open. Let x € O,, and let r > 0 be such that

wp @) <

a,be(x—rx+r)

Clearly, there is § > 0 such that if |[x — y| < §, then

(y=Zy+2) +7)
y=3+ 3 X—r,x+7r),

thus

W F@-fO) s s @ f0) <

a,bE(y—%.y—i—%) a,b€(x—rx+r)

1
and so w(f,y) < —. This shows that (x — §,x + §) C O, and so O, is open.
n
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Finally, suppose that Q = ﬂ 0, where O, are open sets. Then

n>1

R\Q=[J®R\0,)=R=Jgu J®\0,).

n>1 x€Q n>1

Because {x} and R \ O, are closed sets, using Baire’s theorem, we deduce that
either some {x} or some R \ O, has nonempty interior. The first case is clearly
impossible. The second case would imply that R \ Q has nonempty interior, that is,
Q is not dense in R, which is again impossible. (]

Proposed Problems

1. Let (x4)s>1 be a sequence of real numbers such that x,, lies between x,, and
Xu+1, for each integer n > 1. If x,,41 —x, — 0, as n — oo, prove that (x,,),>1
is convergent.

2. Prove that the interval [0, 1] is not a countable set, using the lemma of the nested
intervals.

3. Consider a continuous function g : [a,b] — R, with g(a) < g(b) and f :
[a,b] — [g(a),g(b)] increasing. Prove that there exists ¢ € [a, b] such that
f(e) = g(o).

4. Ts there a function f : [0, 1] — R with the property that

lim [ ()| = oo,

for all rational numbers a from [0, 1]?
5. Letf :[0,1] — [0, c0) be an integrable function such that f > 0 and

/lf(x) dx = 0.
0

Prove that there is ¢ in [0, 1] with f(¢) = 0. Deduce that the set of zeroes of the
function f is dense in [0, 1] .

6. Letf, g : [a,b] — R be two functions whose continuity sets are dense in [0, 1].
Prove that there exists z in [a, b] such that f and g are both continuous at z.
(By the continuity set of a function f, denoted Cy we mean the set of all points
x such that f is continuous at x).

7. Ttis well known that the Riemann (or Thomae) function is continuous at every
irrational point and it is discontinuous at every rational point.

(a) Does there exist a function s : [0,1] — R which is continuous at every
rational point from [0, 1] and discontinuous at every irrational point from
[0,1]?

(b) Is there any continuous function f : R — R that maps the rational numbers
to irrationals and vice versa?
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8.

(a) Find a function f : R — R with the property:
any x € QQ is a point of strict local minimum of f. (*)

(b) Find a function f : Q — R with the property that every point is a point of
strict local minimum and f is unbounded on any set Q N7, with 7 an interval
(that is not reduced to one single point).

(¢) Letf : R — R4 be a function unbounded on any set Q N I (with I an
interval). Prove that f does not have the property (*).

Letf : R — R be a continuous function with the property that nllglo f(nx) =0

for all x € R. Prove that lim f(x) = 0.
X—>00

10. Letf : [0, 1] — [0, 1] be a continuous function with the property that
0 € {x.f).f(FX)).SEF®)). ..}
for all x € [0, 1]. Prove that /" is identically O for some 7.
11. Prove Lagrange’s mean value theorem by using the nested intervals theorem.
Solutions
1. Let I, be the closed interval with extremities at x,, and x,,4+;. The length of the
interval I, is equal to |x,+1 — x|, SO
lim I(I,) = lim |x,4+1 —x,| = 0.
n—>oo n—>oo
From the fact that x,,1, lies between x,, and x,,4+1, it follows that 7,4+, < I, so
the sequence (1), of closed intervals is decreasing. We can therefore find a
real o such that
(V1 = {e}.
n>1
Moreover, the sequence (x,),-; is convergent to «, as the sequence of the
extremities of intervals I,,, n > 1.
2. Let us assume, by way of contradiction, that

[0,1] ={x, |neN, n>1}.

Let I; be one of the intervals

b2 [ B
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for which x; ¢ I;. Further, we divide the interval I; into three equal closed
intervals and denote by I, one of them so that x, ¢ I,. In a similar way, we can
inductively define a decreasing sequence of closed intervals

LOLODOLD...21,D...

such that x,, ¢ I,,, for all integers n > 1. The length of the intervals tends to zero
as n — 0o,

1
I = =,
)=

so all intervals have a unique common point, say

(1 = {c}.

n>1

Because ¢ € [0, 1], we can find an integer k > 1 so that ¢ = x;. But x; ¢ I, so

Xk ¢ mlm

n>1

which is a contradiction. In conclusion, [0, 1] is not countable.
3. We have f(a) > g(a) and f(b) < g(b). If

b b
(3)=e(2)

then put
b
a) = a, b1=a+ .
2
In case
a+b a+b
> b
f( 2 ) g( 2 )
we put
b
a1=a+ s blzb
2

Either way, for the interval I; = [ay, b1] we have

fla)) = glar), f(b) < g(by).
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By induction, we can define the decreasing sequence I, = [a,, b,], n > 1 of
closed intervals with

b—
I, =
) ==
and
flan) = glan),  f(bn) < g(bn), (8.2)
for all n > 1. Let ¢ be the common limit of (a,),>1 and (b,).>1. If we take
n — oo in
glay) < f(ay) < f(by) < g(bn),
we derive

Further, by the monotonicity of f and from the inequalities a, < ¢ < b,, we
deduce

flan) = f(c) < f(by).

Finally, for n — oo, we have g (¢) < f(c) < g(c), which is f(c) = g(c).
4. The answer is no. Because

li =
Jim, [f(x)| = oo,

we can find a closed neighborhood 7; of 1/2 for which |[f(x)] > 1, for all
x € I; \ {1} . Now, if we take a rational number ry in the interior of 7; \ {1} .
then from

lim |[f(x)| = oo,
X—>r
we deduce the existence of a closed neighborhood I, of ry, say I C I} and

i) < 510

such that |f(x)| > 2, for all x € I, \ {r}. Inductively, we can construct a
decreasing sequence of closed intervals (I,),>1 with

1

l(I") < 2n—1

I(h)
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such that for each n > 1, |f(x)| > n, forall x € I, \ {r,}. If ¢ is the common
point of all intervals I,,, n > 1, then we must have

IF)f > n,

for all n > 1, which is impossible.

. For each ¢ > 0, there is a closed interval denoted I(g) for which f(x) < &, for

all x € I(g). Assuming the contrary, then there exists g9 > 0 with the following
property: for every interval I C [0, 1], we can find x € I such that f(x) > &.
Then for every partition (xx)y<;<, of [0, 1], we choose & € [x—1,xx] so that
f(&) = €. Now we can find a sequence of partitions with norm converging to
zero for which the Riemann sums

oalf. &) = D fE) o —xi1) = Y 8ot — xim1) = 0.
k=1 k=1
Therefore

1
/f(X)dx280>0,
0

which is a contradiction. Thus, the assertion we made is true. Now let I} C
[0,1], I} = [ay, by] be such that f(x) < 1, for all x € I;. Hence

by 1
0< [ f@)dr< f F) dx =0,
1 0

a
SO

by
f(x)dx=0.

ai

We can apply the assertion for the restriction f|;, . Indeed, there exists a closed
interval I, C I; so that f(x) < % for all x € I,. By induction, we can find
a decreasing sequence (/,),>; of closed intervals for which f(x) < % for all
x € I,,. Finally, if ¢ is a common point of all intervals ,,, n > 1, then

0<f(e) < 1,
n

foralln > 1,s0f(c) =0.
Next, let [a, b] C [0, 1] and define the restriction

f|[u.b] : [av b] - R
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of the function f. Because f|[,, > 0, it follows that

0< /bf(X) dr < [lf(X) dx =0,
a 0

SO

/abf(x) dx = 0.

According to the first part of the problem, there exists ¢ € [a,b] so that
f(c) = 0. In conclusion, f has a zero in every interval [a, b] < [0, 1].

6. We have to prove that Cy N C, # @. Let xo € Cy N (a, b). From the continuity of
f at xo, we can find a closed interval xo € Iy C (0, 1), with [(/y) > O for which

xy €l =[f(x) —f| <1

Indeed, I can be taken with the property that

el = W o) < 5.

In this way, for any x, y € Iy, we have

) —FOI = 7D — )] + /) ~F)] < 5 +5 = 1.

Further, let x; € C, N Iy. Similarly, we can find a closed interval x; € I} C
Iy, I(I}) > O for which

x,yehh = [glx) —g| < 1.
‘We also have

[f) =M <1, [gl) =g <1,

for all x,y € I;. By induction, we can define a decreasing sequence (/,,),>1 of
closed intervals, with /(1) — 0 as n — o0, such that

1 1

F@) —fO)] < 50 1860 = 80)| < 35

forall x,y € I,. If {c} = ﬂ I,,, then obviously ¢ € Cy N C,.

n>1



144

7.

8 The Nested Intervals Theorem

We denote by r both the Riemann (or Thomae) function, given by r(x) = 0 if x
is irrational, and r(x) = 1/q if x is rational, written x = p/q in its lowest terms
(that is, p and ¢ are relatively prime integers, and ¢ > 0), and its restriction
to the interval [0, 1]. The restriction is used in the first part and the function
defined on the entire set of the reals—in the second.

For (a) the answer is no. If such a function s exists, then the continuity set of
sisdensein [0,1], C; = Q N[0, 1]. Consider here also the Riemann function
r with the continuity set

Now we have the functions r,s : [0,1] — R with the continuity sets dense
in [0, 1],

C,=C,=10,1].

According to the previous problem, there exists a point z € C, N C. This is
impossible, because the following relations are contradictory:

z€C, & ze(R\Q)NJO,1]
and
zeCizeQnjo,1].

For (b) the answer is still no. Suppose, on the contrary, that f : R — R is
continuous and has the property that f(x) is an irrational (respectively rational)
number whenever x is rational (respectively irrational). Let r be Riemann’s
function defined on the entire set of reals. Thus r is continuous (and takes
value 0) exactly at the irrational points. Let g = r o f and note that g is also
continuous at every rational point g (as ¢ is transformed by f into an irrational
point, at which r is continuous). On the other hand, let i be any irrational
number, and assume that g is continuous at i. If (g,),>1 is a sequence of rational
numbers with limit i, we must have

8(0) = lim g(gn) & r(f() = lim r(f(g) =0

(because each f(g,) is irrational); hence f(i) has to be irrational—which is not
true. Thus, the function g is not continuous at i—consequently, g is continuous
precisely at the rational points. Now the existence of r and g (actually of their
restrictions to [0, 1]) is contradictory—the contradiction being the same as in
part (a) of the problem; therefore such a function f cannot exist.
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8. (Claudiu Raicu) For (a), we could define

0, x=0
fx) = 1——,x=§e@*,
1, xeR\Q

where we write p/q for a fraction in its lowest terms, as defined in the statement
of problem 7. Actually, one sees that this is 1 — r, for r defined in that
problem, too.

Similarly, for (b) it is enough to choose

f(2y=1er #0
q 0,p=0"
Let us now solve (c). Suppose, by way of contradiction, that such a function
exists. Let

LhoL2hL2...21,,

such that f(I;) C [k,o00) for k = 1,2,...,n — 1. Then there is some x, €
QnN1,— with f(x,) > n and consider a segment I, C I, such that f(x,) < f(x)

for all x € I,. Such I, exists because x, is a point of local minimum. Then,
f(I,) C [n,00). We can continue inductively to construct a sequence

Ih2hH2hL2o...

such that f (1) C [k, oo) for all k. If

)
X € m I,
k=0

then f(x) > k for all k, a contradiction.
9. Suppose, by way of contradiction, that the conclusion is false. Then there is a
sequence x,, — oo such that

lim f(x,) =17#0.

Suppose, without loss of generality, that [ > 0 and let 0 < € < [. Then there is
N € N such that f(x,) > € for all n > N. By continuity, it follows that for every
n > N, there is a closed interval I, = [&,, B,] 2 x, such that f(x) > ¢ for all
x €l,.
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We will prove that there is x € R such that {nx : x € R} N[, # @ for
infinitely many £ € N. Clearly we can assume, without loss of generality, that
Bn—a, — 0.

We will build inductively a sequence of closed intervals (I, ), as follows.
Choose k; arbitrarily. Consider k;, fixed. It is easily checked using_,B,, —o, >0
and «,, B, — oo that for large enough k,, there is M,, € N such that
(Mo, M Bi,] O [k, » Br,yy |- S0, let us choose &, with this property. By
the construction,

Uk, :Bkz Uis ﬁka
o, , Ol—,— | D — — | D
(ot Pa) |:M1 Ml] |:M1M2 M1M2:|

N ﬁ o, Bk, y
M T M

n=1

Then, for x from this set, we see that, in fact, {nx : x € R} NI # @ for infinitely
many k, which contradicts the fact that lim f(nx) = 0 since f(nx) > € for
n—>oo

infinitely many n € N. Hence, our supposition was false and the problem is
solved.

Note that this problem (called Croft’s lemma) was also discussed in
Chapter 1. The reader might be interested to compare two wordings of
(basically) the (same) solution.

It is clear that £(0) = 0 and f(x) < x for all x > 0. There are 2 possible cases.

First Case. There is some 1 > 0 such that f(x) = 0 for all x € [0, n]. Then,
for all x, there is some open interval V(x) > x and some n(x) such that

" V@) C (0.1
Let x1,x2, ..., x, such that
V) U V() U...UV(x,) D[0,1].
Then it is clear that for

n =14 max n(x;), f=0.

I<i<p
Second Case. We build inductively a sequence I,, = [a,, b,] with the properties:

f(x) >0,Vxel,and b, < mE}xf(x)
x€l,

The construction is clear due to the hypothesis of the second case. Let us define

K, = {x el :f(x) e Iz,...,f”_l(x) € I,l}.
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We obviously have K,, # @ and K,, D K,,+1. Since K, is compact, we have
X € m K,.
n

For such x,

0 ¢ {x.f).fF).LFF)). ..}

which is a contradiction, hence the second case is impossible.

Letf : [a,b] — R be a continuous function, differentiable on (a, b). We intend
to prove that there exists ¢ € (a, b) such that R(a, b) = f’(c), where we define,
forall x,y € [a, b], x # y,

@) —f0)
x—y

R(x,y)
We also let

R(x,x) = f'(x)

for every x € (a,b). To begin, we note the following properties of the
function R.

First, R is continuous at any point where it is defined, by the continuity of f
and by the definition of derivative at points (x, x), x € (a, b). It follows that, if
we fix some « € (a, b), the function x — R(«, x) is continuous at every point
of [a, b].

We also have that, for all x < y < zin [a, b], R(x, z) is between R(x, y) and
R(y, z). This is because

R(x,2) = i;iR(x, y) + i:—iR(y, 2) = (1= DR(x,y) + 1Ry, 2)

withz = (z—y)/(z—x) € (0, 1). This is an almost trivial identity (isn’t it?) but
it becomes critical in this proof of Lagrange’s theorem (due, as far as we know,
to the Romanian mathematician Dimitrie Pompeiu). Note that if two of R(x, y),
R(y,7), and R(x, z) are equal, then all three are equal. Of course, R(x,y) =
R(y, x) holds for every distinct x, y € [a, b].

And now for the proof. If we have R(a,x) = R(x,b) for all x € (a,b),
then R(a,x) = R(x,b) = R(a,b) and f(x) = R(a,b)(x — a) + f(a), hence
f'(x) = R(a,b) for all x € (a,b), and there is nothing left to prove. Thus
we can assume that there is such u € (a, b) with R(a,u) # R(u,b), say with
R(u,a) = R(a,u) < R(u, b). Because the function x + R(u, x) is continuous
and R(a,u) < R(a,b) < R(u,b), there exists v € (a,b) such that R(a,b) =
R(u,v). If v = u, this means R(a,b) = R(u,u) = f'(u) and the proof ends
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here. Otherwise, we have an interval I} = [ay, b1] (with {a;, b1} = {u, v}) such
that a < a; < b] < band R(a,b) = R(Cll,bl).

Now let a) = (a1 + b1)/2 and look at R(ai,a)) and R(d},by). If they
are equal, then (as we noticed above), we also have R(a;,by) = R(al,a’z) =
R(d}, by); in this case, we consider the interval I, = [ay, b>] to be one of the
intervals [a;, aj], [a5, bi] (it doesn’t matter which). Observe that [ is included
in I, has length half the length of I;, and has the property that R(a,b) =
R(ai,bi) = R(az,by). If not, then R(a,, b)) is strictly between R(a;, a,) and
R(d},by), and, since the function x — R(a),x) is continuous, there must be
some b, € (ai, by) such that R(ay, b;) = R(d}, b)). If a, = b/, the proof ends
here, because R(a,b) = R(a,b)) = R(d),d,) = f'(a}). Otherwise, we just
built an interval I, = [a,, by] which is included in 7}, has length at most half the
length of 11, and which is such that R(a, b) = R(a;, b1) = R(az, b,). Of course,
a, and b, are (in the second case) @ and b/, in increasing order.

Clearly, this process can be iterated in order to get a sequence of nested
compact intervals Iy 2 I, D --- such that each I, = [a,+1, bu+1] is included
in I, = [ay, b,], has length at most half the length of I,,, and also, we have
R(a,b) = R(ay,by) = --- = R(a,,b,) = ---. (If at some moment we get
a, = b,, the proof ends because this means R(a,b) = f’(a,). Otherwise the
process continues indefinitely.) Moreover, the first interval is included in (a, b)
(and, consequently, all of them are). This means that the common point ¢ of all
intervals I, is in (a, b), too. As I(I,+1) < (1/2)I(1,) for all n, the sequence of
lengths of intervals goes to zero; therefore we have

lim a, = lim b, = ¢
n—>oo n—oo

and, finally,
R(a,b) = lim R(a,,b,) = R(c,c) = f'(c).
n—oo

Note that this (rather complicated) proof shows that Lagrange’s theorem can be
obtained with very little knowledge on derivatives (basically, only the definition
of the derivative is needed). Thus we can obtain other theorems (such as Rolle’s
theorem) using a method different from the usual one, and we can obtain the
equivalence of the important theorems in the analysis on the real line.



Chapter 9
The Splitting Method and Double Sequences

We use here the splitting method to establish some useful convergence results. The
splitting method is a useful tool to compute the limits of certain sequences of real
numbers, whose general form is a sum s, of n terms, which do not behave in the
same way. In fact, this method consists of decomposing the sum s, into two sums,
which are analyzed separately, using different methods in general, adapted to the
behavior of the terms composing them. We give first some examples of problems
which use the splitting method and then some general results, with lots of practical
applications.

The next problem is typical for this type of argument and was discussed in the
Jury of the Romanian Mathematical Olympiad, 2002.

Problem. Letf : [0, 00) — [0, 1) be continuous, with l_i>m f(x) = 0. Prove that
X—>00

n—>oo

2 n
lim [/Olf”(x)dx + /;  x)dx 4+ /n_lf(x)dxi| =0.

(Here, f*(x) denotes (f(x))*.)

Solution. Let M € (0, 1) satisfy f(x) < M, for all real numbers x € [0, co). Let
us see why such an M exists: there exists some n such that if x > n, then f(x) < %
On the other hand, f has a maximum M; < 1 on [0, n] because it is continuous. Thus
M = max(M,0.5) is a possible choice. Let us take ¢ > 0, actually ¢ < 1/2, and

consider a rank & for which f(x) < € for all x € [k, c0). We have the decomposition

1 2 n
= n n—1 e
@—Af@ﬁ+[f ()dx + +Ajmm

1 2 k
=(/ﬂww+/fﬂww+m+ f““@w)
0 1 k—1
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k+1 k+2 n
+ (/ £k (0 dx + R wydx 4+ - + / f(x)dx) .
k k+1 n—1
First,

1 2 k
/ Fr@dx + / Pt [ R
0 1 k—1

Mn+1—k

<Mn Mn—l e Ml’l+1—k < .
<M"+ ot —

n+1—k

Further, lim = 0, so we can find a rank n; for which

n—»oo —

1 2 k
[ S (x)dx + / T x)dx 4+ - + % xydx <6, Yn>n.
0 1 k=1

On the other hand,

k+1 k+2 n
Frrdet [ et / F()dx
k+1 n—1

<8n_k+-~~+82+8<L<28
1 ,

SO

k+1 k+2 n
F R (x)dx + P dx + - + / f(x)dx < 2e.
k+1 n—1

Finally, by adding the previous inequalities, we obtain z, < 3e, V n > ny, so the
problem is solved. O

The reader will immediately be convinced that the following problem is not an
easy one. However, it becomes much more natural in the framework of the splitting
method.

Problem. Prove that

B L o L SRR e
lim =

n—>00 n" e—1"

Solution. If we write the sequence starting with the last term, we obtain

a, = (S>+ (ngl)"_’_ (n;z)”_’_m_'_ (%)+ (}l)
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1]’[ 2 n n_z n n—l n
ap=14(1—=) +(1-=) 4+ (1-—=) +(1- :
n n n n

Now we can see that the sequence (a,),,> is closely related to the limit

or

lim (14 e e 4 te)=——.
n—00 e—1
More precisely, using first the inequality
k n
(1 — —) < e_k,
n
we deduce that
1
ap<lt+el+e?+- e < o
1—e"

e
ora, < ——,Vn>1.

e—
On the other hand, for all integers n > k > 1, we have

1\" 2\" K"
a1+ (1==) +(1=2) -+ (1-=) .
n n n

If we consider now the inferior limit with respect to n, we obtain

1\" 2\" k\"
lim inf a, > lim inf [1—}—(1——) +(1——) +---+(1——)i|
n—>o0o n—00 n n n

=l+e'+e 4 feh
SO
lim inf a,,zl—l—e_l+e_2+---+e_k,
n—oo

for all positive integers k. Further, by taking the limit as k — oo in the last inequality,
we infer that

lim inf a, > .
n—00 e—1

Now the conclusion follows from the inequalities:

<lim inf a,, a,<
n—>00

e— e—1"
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Here is another typical application of the splitting method:

Problem. Let (a,),>, be a decreasing sequence of real numbers with

lim a, = 1.
n—>oo
. ai ar a,
Prove that the sequence with general term b, = (1 + —) (1 + —) e (1 + —)
n n n

converges to e.

Solution. Let us consider the term

ag ay (2773
biem =11 1 1
o+ ( +k+m)( +k~|—m) ( +k+m)
Af+1 Ale+m
el =) )
() ()

The product of the first k factors can be estimated as follows:

L Y . —
k+m k+m/) " k+m

( - )k i
<1+ ——) <ertn
k+m

Assume next that for a given ¢ > 0, k is chosen such that 1 < a4, < 1 + &, for all
positive integers m. Hence

1+ﬂ 1+M <<1+@)...<1+M)
k+m k+m) — m m

§(1+ 1+8) <e'te.
m

In conclusion,

kay
bgm < eFPn e < o2

for fixed (but arbitrary) ¢ > 0 and sufficiently large m, because for big enough m,

we have k’:‘f:ﬂ < ¢&. Since ¢ can be any positive number, this implies limsup b,, < e.
n—o0

On the other hand,

(1e3) =050 3) 0 5) =0

for all n > 1; this yields e < liminf,_, oo b, and finishes the proof. [
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Alternatively (but without using the method that we are discussing now), if one
considers the sequence with general term ¢, = b,/(1 + (1/n))", then one notes
(like above) that 1 < ¢, for all n > 1. Yet, by the inequality 1 + x < ¢*, x € R that
we already used, we see that

—1 —1 1
a=[(1+2 1+ 2 ) (148 < e,
n+1 n+1 n+1

_(la-D+@-D+--+(@—1)
N n+1 ’

where

dy

and 1_i)m d, = 0 follows from the hypothesis and the Cesaro-Stolz theorem. Thus
n—-oo

we have the inequalities

1 n l n
(1+—) §b,,§(1+—) eh
n n

for all n > 1. Now the squeeze theorem finishes the proof. [

Finally observe that the condition about the monotonicity of (a,),>1 is not
necessary; we can assume only that @, — 1 and a,, > 1 for all n, and both proofs
work.

It is not difficult to see that by changing the order of the terms of a convergent
series, usually we do not obtain the same sum (a famous theorem of Riemann asserts
much more: if (a,) is a sequence of real numbers and Zan is convergent, but

n>1
Z |a,] = oo, then for any @ € R, one can permute the terms of the series Z a
n>1 n>1
so that the sum of the resulting series is «). However, if the series is absolutely
convergent, we have the following beautiful application of the splitting method:

Problem. Let (a,), be a sequence of real numbers such that Z |a,| converges.
n>1
Let o be a permutation of the set of positive integers. Prove that

0o [e9)
D= ds-
n=1 n=1

o0
Solution. Because Z la,| < oo, Z a, converges. Let [ be its sum and let us

n>1 n=1

o0
prove that Z ag(ny converges to [. Let € > 0 and choose N such that Z la,| < e.

n=1 n>N
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Let M > N be such that {o(1),0(2),...,0(M)} contains {1,2,...,N} and let
m > M + N. Finally define A = {1,2,...,m} \ {1,2,...,N — 1} and B =
{o(1),...,o(m)}\ {1,2,...,N—1}. Then

iai —1
i=1

m
Z Ao (i) — I| <
i=1

+

m m
Z Ao (i) — Z ai;
i=1 i=1

m

Zai —1
i=1

m

Zai—l

i=1

< +

Yoai—Y al <y lal+ Y lal+

i€B i€A i€A i€B

<2¢+ iai—l
i=1

m

Za,‘—l

i=1

o0
Because | = Z a;, for sufficiently large m, we have < ¢ and thus

m
Z Ag(iy — l

i=1

i=1

o0
< 3¢ for sufficiently large m. This shows that Z as = 1.0

i=1

The following two problems have shorter solutions, but are far from being
obvious.

Problem. Let (a,),>1 be a sequence of positive real numbers such that Z a,
n>1

n

17
converges. Prove that E a, " also converges.

n>1

. . . . . N o .
Solution. The idea is that if @, is very small, so is a, ", while if a, is not very

1-1 a . .
small, say @, > M, thena, " < (7—;71 Therefore we split the sum into two parts:

one corresponding to those a, greater than or equal to 27", and the second one
. _ _ -1 .
corresponding to a, < 27". If @, > 27", then a, " < 2a,, so the first sum is

_1 1
bounded by 2 Z a,. If a, < 27", then 01,11 "< T so the second sum is bounded
n>1

1 . 1-1 .
by Z T Therefore the partial sums of Z a, " are bounded and so the series
n>1 n>1
converges. [J

3 e n—1 n
Problem. Find lim Y/ T VAT + "+ n

n—>00 n
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Solution. If a, =

it nA e+ Y+ Yn n—1
—

, then clearly a, >
n

n
On the other hand, let M > 0 and split Z\’/ﬁ inS = Z /nand S, =
i=2 2<i<M1nn
Z /n. The first sum is at most M Inn./n = o(n), while the second one is
n>i>MInn

1 . ‘ 1 1 1
at most n - eM, because for i > MInn, we have J/n = ni < nwws = e, Thus

S1+ S MIn
g < " + eﬁ. Now, if ¢ > 0, there is M with e < 1 + g and for such

n n

a fixed M, we have

Inn ¢
T < 3 for large n, thus a, < 1 + ¢ for large n. Therefore
n
lim a, =1.0
n—>oo
Let us give now some important theoretical results concerning double sequences
and their convergence. We discuss this in the same chapter because, as the reader
will immediately notice, all proofs are based on the splitting method. We will
discuss Toeplitz’s theorem, which is in fact a useful convergence criterion for a
class of sequences of real numbers. We will study some of its consequences and
applications, with a particular emphasis on a very useful result, the Cesaro-Stolz
theorem.

Theorem (Toeplitz). Let A = (au),>i>1 be an infinite triangular matrix with
nonnegative entries,

all 0O 0 0 O

an) dxp 0 0 O

a1 app axz 0 0
A= 3 3 33

Apl Ay Ap3 ... Ay, . ..

Assume that:

n
a) The sum of the elements in each row is equal to I, i.e., Za"k = 1, for all

k=1
positive integers n.

b) Each sequence determined by each column is convergent to zero, i.e.,
lim a,; = 0, for all positive integers k.
n—>oo

Then, for any sequence (t,),>1 which has a limit (finite or infinite),
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n
Proof. Letow = lim ¢, and let7, = Zanktk, n>1.
n—>o0 =1
First, we consider the case & € R. By changing (#,),>1 to (f, — &),>1, We can
assume that « = 0 (note that we used here the first hypothesis of the matrix A).
For any & > 0, we can find a positive integer N = N(¢) such that |¢,| < 3, for all
integers n > N. If n > N, then
Ty = (amty + -+ + awin) + @unpriver + o+ uily).
From b), we deduce that
lim (auit; + -+ + awty) = 0,
n—>o00
so there exists n, > N such that

£
lamty + -+ 4+ aunty| < > Vn>n,.

Finally, for all n > n,, we have

e " e e e
ol <5+ Za”k|tk|§_+_zank:—+ =&
2 2 24 2

k=N+1

| ™

To complete the proof, we assume now that #, — oo, as n — oco. Let M > 0 and
N > 1 be so that #, > 3M, for all integers n > N. We can find N; > N with

|anits + -+ + amntn| <M,

for all integers n > N; and let N, > N, be such that a,; + -+ + a,n < %, for all
integers n > N,. Now
Ty = (amty + -+ + awvin) + @un1ive1 + o+ uanln)

n N
> —M+3M Y aw=—M+3M1 - aw)
k=N+1 k=1

1
Z—M+3M(l—§)=M,

for all integers n > N, and consequently 7, — 0o, as n — oo. [J

A direct consequence that is very useful in practice is the not so well-known
Cesaro-Stolz theorem:
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Theorem (Cesaro-Stolz). Let (x,),~,; and (yn),>; be two sequences of real
numbers. Assume that (y,),», IS increasing, unbounded, and that there exists

. Xp — Xn—1
o= lim ———.
n—oo yn —_ yn—l

X
Then lim = = q.
n—>o0 yn

Proof. We have the following identity

xn Yk — Yk—1 Xk — Xg—1
E : = E Qpkli,

Yn Ye— V=1 T
where
K — Vk—1 Xk — Xg—1
ankzy—y, th=———, k=1
Yn Yk — Yik—1

and xo = yp = 0. For all n > 1, we have

n n
Z ZYk—yk—l 1

al‘[k: —:_'(yn_yO):l
k=1 k=1 In Y

n

and foreach k > 1,

. . Ve Yk—1
lim g = lim ——— =0,
n—>oo n—>oo yn
Xn — Xn—1

~ Xy
—o,80t, = — —o.
Yn — Yn—1 Yn

To see the strength of this criterion, consider the following B6 Putnam problem
from 2006:

because y,, — 00, asn — o0o. Now 1, =

Problem. Let k be an integer greater than 1. Suppose @y > 0 and define

1
an+1 = an + I
n

. k1
for n > 0. Evaluate lim %.
n—oo

Solution. It is clear that the sequence is increasing. We claim that it tends to co.
Indeed, otherwise it converges to a finite limit / and passing to the limit in the given
relation, we obtain a contradiction. Now, in order to get rid of n* and to apply the
Cesaro-Stolz theorem, it is better to take the kth root of the sequence whose limit

14+1/k

we are asked to compute. Thus, we will use Cesaro-Stolz for the sequence “——
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If we manage to compute the limit of a;i}/ k_ a,11+1/ ¥ then the previous sequence

will have the same limit. However, this boils down to finding the limit as x tends to

oo of
1\ Ik
(x+ %) —xH'l/k.

By changing the variable to x'/% = ¢, we need to compute the limit for  — oo of

|\ U
k+1
t ((1 + F) — 1) .

However, it is clear that this limit is 1 + 1/k, simply because another change of

(14u)' Tk
f u

variable (~! = u) shows that it is the same as the limit o as u tends

1+1/k
to 0. Thus the limit of “"T is 1 + 1/k, and now it is clear that the answer to the
problem is (1 + 1/k)*. O

Using the same splitting method, we will establish probably the most useful result
of this chapter, Lebesgue’s dominated convergence theorem for sequences. It gives
a very easy-to-verify condition for passing to the limit in an infinite sum.

Lebesgue’s theorem. Let (), >, be a double sequence of real numbers for

which there exists a sequence (a,l)nzl_ such that mli)n;o Apn = ay and |ay,| < o,
o

for all positive integers m,n and some sequence (1), . Then, if the series Zan

n=1

converges,
o0 o0
lim E A = E a,.
m—>00
n=1 n=1
o0 o0
Proof. First note that |a,| < «,, so the series E a,,, and E a, are absolutely
n=1 n=1
convergent. With the notations
o0 o0
0 = § ay, tm=§ Amn»
n=1 n=1
we have
P e’}
o —tn] < E lan — Q| + E |an — Gn
n=1 n=p+1

p 00
§Z|an_amn|+2 Z Q.
n=1

n=p+1
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o0
I3
For each real ¢ > 0, let ny be such that Z o, < T Then for sufficiently large m,

n=ng
no . .

|O’—tm| §Z|an—amn|+— <ng-— + - =c¢. 0
n=1 2 no

We end this theoretical part with an application of the previous result:

Problem. Let o > 1 be a real number. Prove that

v - (Oln)k o
nll>nolo ol Z - \/E(a _ 1) !

Solution. Let

_ . (om)k (om)" - 1
=) ! Z(n—k)' (an)*

n! 1
(n—k)! (an)*

1 . 1
because E —- converges and lim a,; = —-, we deduce that
T ak n—00 ak

1
Let a,; = ifkfnandOifk>n.Then0§ank5—kand
o

ool 1 21 o
li _ = — = .
n 00 ; (n—k)! (an)k Z ab a—1

k=0

Therefore

= 2": (an)k s (om)”.

! _ !
prrd k! a—1 n!

t is enough to use Stirling’s formula n! ~ n 27 n to deduce that
I gh Stirling’s f la n! A/
e

. o
lim

(Om)k
n—>00 (oce)” Z m(a — 1). H
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Proposed Problems

1. Let (@), 4> be a triangular matrix with the following properties:

a) lim a, =0, foreachk > 1;
n—>o0
b) there is K > 0 such that

n
> law] < K.
k=1

for all positive integers n. If the sequence (#,),>, converges to zero, prove
that the sequence @)nz] given by the formula

n
I, = E Ankl,
k=1

also converges to zero.

2. Assume that the hypothesis of Toeplitz’s theorem hold. Prove that if (z,),>; is
bounded, then (At;l)nZl is bounded and

sup [£,| < sup |t,] .

n>1 n>1

3. Let (x4),0- (¥a),>0 be sequences converging to zero and such that the series
o

Z ¥, is absolutely convergent. Prove that
n=0

lim (xoy, + X1Yu—1 + -+ + Xpm1y1 + Xayo) = 0.
n—>o00

4. Let (x1),>0, (Ya),>0 be sequences convergent to x, respectively y. Prove that

. X0Yn + X1Yn—1 + -+ Xn—1Y1 + XnYo
lim =x

n—>00 n

5. If x, > x as n — oo, prove that

(g)x0+ (1) - ()

lim =X
n—00 on

6. Let (x,),~; be a sequence such that lim (x,4+; — Ax,) = 0, for some |A| < 1.
- n—>oo

Prove that lim x, = 0.
n—>o00
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7. Let (x4),>; be a sequence such that lim (10x,42 + 7x,+1 + x,) = 18. Prove
n—o0

that l1m x, = 1.
n—

8. Let (xn)nZl be a bounded sequence such that

3Xp4+1 — X,
Xnt2 = %»
for all positive integers n. Prove that (x,), is convergent.

9. Let (an),>0 and (bn), >, be sequences of real numbers such that

b, = a, — aa,41
with « a fixed real number, || < 1. Assume that (b,), > is convergent and

lim a,a” = 0.
n—oo
Prove that (a,),( is convergent.

10. Let (amn) pp>1 be a double sequence of positive integers and assume that each
positive integer appears at most ten times in the sequence (d,) Prove
that there exist positive integers m, n such that a,,, > mn.

11. Let (a,),>, be a sequence of positive real numbers such that the series

mmn>1 -

>
n=1 Gn
converges. Prove that
2
o0 o0 o0
1 1
}’; ’; am(am + al‘l) 5 <¥ Z) ’
then find the sum of the series

m—1 n=1

oo

12. Let a, € C be a sequence such that lim na, = 0 and lim Zanx" = 0. Prove
n—>o0

x 1 =
o0
that Zan =0.
n=0
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13. Let f : [0,1] — R be a Lipschitz function and let the series Y o, ax be
convergent with sum a. Prove that

lim_ > af (S) = af (0).
k=0

14. Letf : [0,1] — R be a continuous function and let the series Y o, ax be
absolutely convergent (hence convergent) with sum a. Prove that

nlirgoZakf (5) = af (0).
k=0

Solutions

1. For ¢ > 0, we consider an integer n(e) for which |t,| < 5% for all integers
n > n(e). For every n > n(g), we have

n(e) n

]7:1| S Zanktk + Z |anktk|
k=1

k=n(e)+1
n(e) n e n(e) e
5 Zanktk + Z |ank| * ﬁ S Zank[k + 5
k=1 k=n(e)+1 k=1

Let k(¢) be such that

&
2(|[1| +e \tn(£)|),

|ctum| <

for all integers n > k(¢) and allm = 1,2,...,n(e).
Hence for every n > n(e) + k(g), we have

n(e) n(e)

Zam <Z|ank| I = 50

&
tl 4+ o) = <.
+\tn(s)|) A o) 2

Finally, [7,| < &, for all integers n > n(e) + k(e).
2. The proof is identical to the previous one.
3. We can use problem 1. Let us put a,; = y,—¢ forn,k > 1, n > k. We have

lim a, = hm D Yn—k = =0,
n—o0
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for each positive integer k and

n n
D laml =D vl <K,
k=1 k=1

o0
for some K > 0, because of the absolute convergence of the series Zyk. Now

k=0
let t, = x,— foralln > 1, hence (t,),> has limit 0. By the result of problem 1,

the sequence with general term

n n
I, = E Quily = E Yn—kXk—1
k=1 k=1

also converges to zero—which is the desired conclusion.
We can also give a direct proof. Let M > 0 be such that |x,| < M and
|y.| < M for all positive integers n. For ¢ > 0, let n(e) be such that

£
2M

for all integers n > n(¢), p > 1, and |x,| < 5% for all integers n > n(e), where

1] + g2l + -+ |yatp| <

o0
K= Z |yn| - Now, for all n > 2n(e), we have

n=1
|X1Yn—1 + X2Yn—2 + -+ 4+ Xp2¥2 + X1 1]
< (1l - [yn=1| + 12l - a2l + - 4 Prumner—1] - [¥neer+1])
+ (|xn—n(s)| : |yn(s)| + e+ |X,,_1| . |yl |)

& &
<M —+— -K=-¢
oM 2K

4. We can assume x = 0, by taking (x,, —x),>o instead of (x,),>0. Further, we can
assume that y = 0 by changing (y,)u>0 to (ya — ¥)n>0. If M > 0 is such that
|y.| < M, for all nonnegative integers n, then

Xoyn + -+ Xudo < X0l * [yn| + -+ + [xal - ol <M. IxXo| + -+« + |xnl
n - n - n ’

By the Cesaro-Stolz theorem,

i B0l
m — =

n—00 n

07

so the problem is solved.
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Observe also that if the two sequences converge to 0 (we saw that we can
always make this assumption), then the result is clear from Cauchy-Schwarz’s
inequality combined with the Cesaro-Stolz theorem:

XoYn + X1Yn—1 + -+ + Xudo
n+1

_ mtxtetn ityite4n
- n—+1 n+1 '

5. We can use Toeplitz’s theorem with

li —tim 2 (") =0
e e TR U A

Finally,

Fae (1))
nk= —n = .
k=0 k=02 k

We can also give a proof which uses the splitting method. We assume that
(xn)n>0 converges to zero. For arbitrary fixed ¢ > 0, let n(¢) be an integer for
which |x,| < 3, for all integers n > n(e). Let us put M = sup {|x,| | n € N}.
Then for all n > n(e), we have

n n
(n(s) + 1) e+ (n) !
+ .

2n
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First,

n n
(0) xo| + -+ + (n(g)) [xuo)|

2}1

(5) (i) -

<M- <M — =,
2 M2

for sufficiently large n, say n > n;(g). On the other hand,

(l’l(S)n+ 1) }xn(8)+l| N (Z) ]

2n
()L
e \n(e)+1 n e
<-- < -.
-2 n 2
Finally,
n X +...+ n X
0 0 n
<e,
2Vl

for all integers n > max {n(e), n1(g)}, which solves the problem.

It is interesting to note that in the case when the sequence converges to 0, a
simple argument based on Cauchy-Schwarz’s inequality and the Cesaro-Stolz
theorem does not work. Indeed, it boils down to the fact that the sequence whose
general term is 41” . (2:) is bounded, which is false (the reader can prove this, as
an exercise).

6. We know that the sequence

Vi = Xpg1 — AXp, n>1

converges to zero. From the equalities

Yn o Xntl _ Xn >
A+l T gt An’ =4
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we deduce that

n—1

Xy = A" + Z)&"fk*lyk.
k=1

Now it is sufficient to prove that the sequence
n
X, = an_kyk, n>1
k=1

is convergent to zero. This follows from a corollary of Toeplitz’s theorem, more
precisely, from problem 1. Indeed, with a,; = A" we have

lim ay = lim A" * =0,

n—>odo n—oo

for all positive integers k and

n n 1

| = )Ln—k< )
D el = DA™ =y
k=1 k=1

7. First we will prove a more general result. Let a, b, ¢ be real numbers, a # 0
such that the quadratic equation ax?> + bx + ¢ = 0 has two real solutions in
(—1, 1). Then each sequence (x,),>1 with the property

lim (ax,+2 4+ bxy+1 + cx,) =0
n—>o0

is convergent to zero. Indeed, if we denote by A, u € (—1, 1) the solutions of
the quadratic equation, then according to Viete’s formulas,

b c

Now,
lim (ax,+2 + bxy+1 + cx,) =0
n—oo
becomes
. b c
lim (x42 + —Xp41 +—x, ) =0
n—o0o a a
or

lim [xX42 — (A + p)xpt1 + Apxy] =0
n—>o0
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which can be also written as

[(xn+2 - Axn-i—l) - M(xn-l-l - Axn)] = 0.

lim
n—oo
In this way, with the notation u, = x,+1 — Ax,, n > 1, we have
lim (441 — pu,) =0
n—>00

and || < 1. We have seen that this implies lim u, = 0, that is,
n—>oo

lim (x,,_H - kx,,) =0.
n—o0

Using again the result of the previous problem, we conclude that (x,),>1
converges to zero. In our case, note that the quadratic equation

10x> +7x+1=0
has two real solutions in (—1, 1). Let us denote a, = x, — 1, n > 1. We have
lim (10a,+2 + 7ay+1 + ay) = lim [100x42 — 1) + 7(41 — 1) + (x, — 1]
n—>o0 n—>o00

= lim [(10a,,+2 + T7a,4+1 + ay) — 18] =0.
n—00

This implies a, — 0 and then x,, — 1, as n — oo.
8. Let us define the sequence

Yn = Xp41 — Exn» n= 1.

Clearly, if (x,),>1 is bounded, so is the sequence (y,),>; (just note that |y,| <

|xt1] + %). The given inequality allows us to prove the monotony of the
sequence (y,),> - Indeed,

1 1
Ynt+1 = Yn = (Xn+2 - Exn+1) - (xn+1 - E.Xn)

3 1
= X — —X, + =x, < 07
2 T Xkl 5 =
so the sequence (y,),>; is decreasing. Hence (y,),>; is convergent and let [
be its limit. Searching for a real number « so that the sequence z, = x, — «,
n > 1 satisfies lim (zn+1 — %zn) = 0, we immediately obtain ¢« = 2I. Thus
n—>o0

the sequence z,, = x, — 2/, n > 1 satisfies
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1
lim (znﬂ - —z,,) =0.
n—00 2

and, as we know, this is possible only if z, — 0, so x,, — 2l.
9. By induction, for n > 1, we have

n—1 1 n—k 1 n—1
_ 1 _ 1 k
a=-2n(y) =5 X na
k=—1
where b_; = —aypa. Since a,a” tends to zero, the partial sums on the right-hand
side in
n—1
—a,o" = Z bra*
k=—1

also approach zero. They may therefore be replaced by the negatives of their
corresponding remainders

o0 o0
—aat = — E bad® or a, = E by o,
k=n k=0

If b is the limit of the sequence (b,).>—1, then we can estimate the difference

ay — =

1
< - sup |by — b,
I —|a| i>n

b
l—«

00
Z(bn—l-k - b)ak
k=0

which becomes arbitrarily small for large values of n. Hence (a,),cy converges
tob/(1 — ).

10. Let us assume, by way of contradiction, that a,,, < mn, for all positive integers
m, n. For every positive integer k, the set

A ={G.)) | a; <k}

has at most 10k elements. On the other hand, A, contains all pairs (i,j) with

ij < k and there are
k + £ +- k
1 2 k|’

such pairs. Thus, for all positive integers &,

w1
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This inequality cannot be true for large k, because

BE [g]: S

11. By interchanging m and n, we have

1 (o<l o}

1
m(@m + ay) - Z Z an(am + an).

m=1 n=1

Thus

= Zz(am(amm) * )

o — an(anm + ay)

Y L-EHE-(EL)

m=1 n=1 =

For the second part, let us take a, = 3}1—" to obtain

2

(oSl o] (o <lNe o] min 1 oo .
Zzam(aﬁan) 223’"(71-3’"4—111.3") =5<Z§

m=1 n=1 m=1n=1 n=1

Indeed, if we differentiate

. X . n 3
for |x| < l,WC obtain m = an ,thus § = Z

169

o0
12. Letf(x) = Z a,x", which is defined for |x| < 1 because a, is bounded. Then

n=0
forall0 <x <1,

Zan =@+

n=0

Zanx" + Zan(x" -1

n>N

N
< U@+ Y lanl" + Y lanl(1—x")

n>N n=0
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N
1
< f@)| + N:g£|nan| DX+ (=0 an|(I4x+- 2"

n>N n=0

1 AN+ N
< W]+ 3 sup Inanl T + (1= Y nlas|
nz o n=0
1 1 <
< IF)| + N9 Sug|nan| + N =05 > nla|
- nz n=0

1
Choose x = 1 — —, then
N

N

D an

n=0

N
1 1
< P(l — IT/)' + sup |na,| + N Zn|an|.

n>N =0

By making N — oo in the previous inequality, we obtain

N
lim E a, =0,
N—>o0
n=0
because

1
lim f(l — ZV) =0, lim sup|na,| =0

N—o0 O >N
(because lim nla,| = 0) and
n—>o00

1 N
Jim, 57 2 lanl =0

n=0

by the Cesaro-Stolz theorem.

13. Solution I. The fact that f is Lipschitz means that there exists a constant L > 0
such that |f (x)—f(y)| < L|x—y| forall x,y € [0, 1]; consequently, |f((k—1)/n)—
f(k/n)| < L/n for all positive integers n and k < n. We have

>a (£) =0 = Yo+ a - +ac-ar () -1 (£))

k=0 k=1 n

+(a0+a1+---+an—a)f<g>;



Solutions 171

therefore, using the triangle inequality and the Lipschitz condition, we obtain

n

Sa () -aro)

k=0

1 n
SL‘;Z|QO+01 + o+ a1 —d
k=1

+ |lag +ay + -+ + a, — a||f(1)].

Now, the hypothesis tells us that lim,,—c |ag + a1 + -+ + a, — a| = 0, and the
Cesaro-Stolz theorem ensures that

n—oo n

R
lim —Z|a0+a1+---+ak_1—a| =0,
k=1

as well. Thus, the sequence on the right hand side of the above inequality has
limit 0, which proves that the left hand side also has limit O, finishing the proof.

Solution II. We need the following simple (and interesting by itself) lemma:

if (x,)n>0 is a convergent sequence of real numbers, then

lim |xn_-xn—l| 4+ |xn_x0| _

n—o00 n

0.

This can be proven by using the splitting method; we proceed further.

Because (x,).>0 is convergent, it is also bounded, hence there exists M > 0
such that |x,| < M for all n; it follows that |x,, — x,| < 2M for all m and n.
Further, since (x,),>0 is convergent, it is also a Cauchy sequence; consequently,
for a given ¢ > 0, there exists a positive integer N such that |x,, — x,| < &/2 for
all m,n > N. We then have, for n > max{N, 4NM/¢c},

1Xn — Xp—1| + -+ [ —x0| X0 — X1 | 400+ — ]
n - n
n— XN— n— —N)e 2NM & ¢
+|x il + -+ — x| _ (1= N) n AN,
n 2n n 2 2

and the lemma is established.
Now for the problem, we observe that

n n

S af (S) ~ 3 o)

k=0 k=0

= n—k n—k—1
=;(an+---+an_k)(f( - )—f(—n ))
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by an Abel summation formula again. The triangle inequality and the Lipschitz
condition yield

n—1

1
<L._ n+...+ —
= }’lk§=0|a a kl

n

S af (S) =Y 4 o)

k=0 k=0

n—1
1
ZLZ E |Sn_Sn—k—1|7
k=0

oo
where §, = ap + a; + --- + q, is the pth partial sum of the series Z a,. As
n=0
(Sn)n>0 is a convergent sequence, the lemma applies and shows that the right
hand side from the previous inequality has limit O; thus, the left hand side also
tends to O; that is,

nl_i)rglo <’Zl arf (S) — iakf(O)) = 0.

k=0 k=0

n
Now nll)lgo ; ayf (0) = af (0) completes the proof.

o0

14. SolutionI. LetA = Z |a,|; of course, |a| < A, and if A = 0, there is nothing
n=0

to prove, as a = 0 and all a, = 0 follow from such an assumption; thus, we

may assume that A > 0.

Let ¢ > 0 be given. It is not hard to prove (e.g., by using the Stone-
Weierstrass theorem—see the Chapter 7) that the set of Lipschitz functions is
dense in the set of continuous functions (all defined on [0, 1], say). Thus, for our
continuous function f (and the considered ¢) there exists a Lipschitz function
g :[0,1] — R such that |[f(x) — g(x)| < &/(3A) for all x € [0, 1]. Yet, according
to the previous problem, for the function g we have

. k
lim " ag (—) = ag(0);
n—o00 =0 n

consequently, there exists a positive integer N such that for all positive integers
n > N, we have

> e () - as0)
k=0

€
< -
3
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Now, by the triangle inequality and all of the above remarks, we have

<2 (3) ()

- k
+ Zakg (Z) —ag(0)
k=0

n

> af (’,—j) — af (0)

k=0

+ lallf (0) — (0]

n n
& k e
_E E Z) — 4e(0 il
3Ak=0|ak|+ zakg(n) ag()+3A|a|
<A+t
. =¢
3A 3 3A

for every positive integer n > N, and the proof is complete.

Solution II. The function f is continuous and therefore bounded on the
compact interval [0, 1]. Thus there exists M > 0 such that |f(x)| < M for
all x € [0, 1], implying that |[f(x) — f(y)| < 2M for all x,y € [0, 1]. Because
the sequence of partial sums of the series Y _po |ax| is convergent, it is also a
Cauchy sequence, hence, for any positive &, there exists a positive integer N
such that

)

e

m m e | < —
|+l 4+ + ] <
for all positive integers m and n with N < m < n. Yet, because f is continuous
on the compact interval [0, 1], it is also uniformly continuous; thus there exists
8 > 0 such that |[f(x) —f(y)| < &/(2A) whenever x,y € [0, 1] and |x — y| < §.

And here comes the splitting: namely, for n > max{N, N/§}, we have
k
> af| - Z af (0)

> > ar0) = lalf(5) o)
_ ém p(%) —f(O)‘ n kZNXn;I el }/(S) —f(O)‘

<—Z|ak|+2Mk;+l|ak|<— A +2M - m:e,

n

and we are done.

(Note that for 0 <k < N andn > N/§, we have [k/n—0| = k/n <N/n <34.)

This is problem 180, from Gazeta Matematicd—seria A, 3/2004, solved in
the same magazine, 3/2005. The problem, as well as the previous one, was
proposed by Dan Stefan Marinescu and Viorel Cornea.



Chapter 10
The Number e

The basic symbol of mathematical analysis is the well-known number e. It is
introduced as the limit of the sequence

1}1
en=(1+—),nzl.
n

We have the following result:

Theorem. The sequence (en)n>1 is monotonically increasing and bounded.
Moreover, the sequence (fy)q>1 defined by

1n+1
fn=(1+—) ,n> 1.
n

converges to e and is decreasing.

Proof. Indeed, in order to prove the boundedness, one can easily prove by
induction with respect to k the inequality

2

1\* kK k
(1+—) <l+-+5,1<k<n
n n n

Then, by taking k = n, we obtain e, < 3. On the other hand, Bernoulli’s inequality
gives

© Springer Science+Business Media LLC 2017 175
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so e, > 2. We proved that e, € [2,3] for all positive integers n. We use again
Bernoulli’s inequality to establish that (e,),> is monotone; we have:

entl _ (4 1 " n+2
en (n + 1)2 n+1

>n3+3n2+3n+2>
n4+3n24+3n+1

)

so (ep)n>1 1s (strictly) increasing. Clearly, lim f, = e. Finally, with Bernoulli’s
- n—>oQ

inequality,

A 1 n+1 1
) =(1+—) ol
frt1 n(n+ 2) n+2
(14 n+1 n+1

nn+2)) n+2

_n3+4n2+4n+1
w4 4n2 +4n

> 1,

s0 (fu)n>1 is decreasing. This finishes the proof of the theorem. [

More generally, we can consider the function ¢, : R — R, given by

en(x) = (1 + g) xeR.

As above, the sequence of real numbers (e, (x)),~—, is increasing, and for all real
numbers x,

tim (1+ g) s

n—>oo
The following result is particularly important, so we present it as a theorem:
Theorem. The sequence

L1 1
Xn = +1—!+2—!+"'+H

converges to e. Moreover, we have the inequality

1
O<e—x, < —
n-n!

and e is irrational.
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Proof. We have, by the binomial formula,

1\" 1 1 1 1 1 2 n—1
I+-) =1l+—+=(1-=)++=(1==)(1==)... (1=
n 12! n n! n n n

1 1 1
<1+ﬁ+5+"'+52xn-

On the other hand, we clearly have

1

Y U VNI R R Sk L
xn p— p— e = .
2 4 2n—1 1 1

2

Thus, (x,)n>1 is strictly increasing and bounded from above. From e, < x,, we
deduce that lim x, > e. On the other hand, for all p and all n > p,
n—>o0

SETLIE Y PN IR PR p_pl
e 12! n p! n n ’

and if we take the limit as n — 00, we obtain

11 1
ez ltqtg ot

for all positive integers p. For p — oo, e > 11)1101<> Xp. In conclusion,
p

. 1 1 1
Now, for any positive integers n and m > 2,

1 1 1
wr D T T rmy

1 1 1
Sar D) Tty T T it Dl 2
S R 1w
(n+1)! n+2 (n+2)ym! (n+ 1)! 1—$
Consequently,
1 =Gt

Xmn — Xp = :
m-—+n n (Vl+1)' 1—,1_}_2
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For m — o0, it follows that

1 n+2

0<e—x,< nre
TR atd

for all positive integers n. Thus

1
nl-n

O<e—ux, <

To prove that e is irrational, let us assume, by way of contradiction, that e = 1—7, with
q

positive integers p, g. Then

91}
q'-q

Doyl Ly
q 2 q!

By multiplying with ¢! - g, we conclude that
G 1 1 1 1 0
ql-p=4ql-q +1—!+2—!+"'+a + 04,
or
0 — | 1 1 1 1
s =4q'"p—ql-q +ﬂ+5+---+a .

This is a contradiction, because 6, € (0, 1) and the right-hand side of the last
equality is an integer. In conclusion, e is irrational and the proof is done. [J

Problem. a) Prove that ¢* > x + 1 for all real numbers x.
b) Leta > 0 be such that a* > x + 1, for all real numbers x. Prove that a = e.

Solution. a) Let us define the function f : R — R, given by

fx)=e€e" —x—1.
Note that f is differentiable, with f’(x) = ¢*—1, sof” is negative on (—o0, 0) and
positive on (0, o0). Therefore, f decreases on (—oo, 0) and increases on (0, 00).

It follows that 0 is a point of minimum for f, which finishes the proof.
Another solution is based on Bernoulli’s inequality:

(l—i-f)nzl—}—f-n:l—i—x.
n n

Now, by taking the limit as n — oo in the previous inequality, we obtain ¢* >
x+ 1.
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b) Let us define the functionf : R — R, by f(x) = a* —x— 1. The given inequality
can be written as f(x) > f(0), for all x. Hence x = 0 is a point of minimum for
f, and according to Fermat’s theorem, f'(0) = 0. But this is equivalent to a = e.
Note that we can use only sequences in order to solve this problem. Indeed, if we

1. o . .
take x = — in the given inequality, we obtain
n

i 1 1\"
a">-+1=a>(1+-] .,
n n

1
and for n — oo, we deduce that a > e. Similarly, by taking x = —?,
n
1 1 n+1
a /ot > Sa< (2
n+1 n
or
1 n+1
a< (1 + —)
n
For n — o0, it follows that a < e.
If we replace in (10.1) x by x — 1, we obtain the inequality
& > x, (10.1)

for all real numbers x. This inequality can be used to deduce the AM-GM inequality

ai+a+---+ay
n

> Yaiax ... a,, (10.2)

for all positive real numbers ay, as, . . ., a,. The inequality (10.2) is equivalent to

a+a+---+a, =n,

for all positive real numbers ay, ay, ..., a,, with aja---a, = 1. Assuming this,
note that
ealfl > a;
eaz—l 2 a,
el >q
_ n

and by multiplication,

P +ay+--+ap—n > 1
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or
at+a+--4+a,—n=>0&a +a+---+a, >n.

This proof is due to G. Pdlya and it is still considered to be the most beautiful proof
of this famous inequality.
In the framework of this new result, we can give another proof for the mono-
tonicity of the sequence (e,),>:. Indeed,
1 1 1 1

1
1+-= _
+n n—1+n—l+ +n—1+n

n—1 times

{/ 1 1 11
>n . .o P—
n—1 n—1 n—1 n

-G =0 5)

which implies e, > ¢,—1.
Further, we use in a different way the AM-GM inequality to obtain other
interesting results. Indeed,

1

m+"+§/(1 4 l)” (1 R )m—H 3 n(l+ %) +(m+1)(1- m+l) 1
n

m+ 1 m+n+1

thus

ln 1 m+1
(13) ()
n m

for all positive integers m, n. With the given notations, this means e, < f,, for all
positive integers m, n. In particular,

n(n+2) 1 n+2
n(n <fimi=14+4+ —— <|1
k) < ( +n(n+2)) ( +n+1)

(4 D™ (n+2)"*
nn(n + 2)/1 (I’l + 1)n+2

= (n+ l)n(n+ 1)n+1 <nn(n+2)n+1

(n+ 1)" (n+2)"+1
= < = e, < éepy.
n n+1

This is (yet) another proof of the monotonicity of the sequence (ey,),>1.
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Proposed Problems

1. Let F be the family of all functions f : R — R satisfying the relation

Jx+y) =ff (),

for all real numbers x.

a) Find all continuous functions from F;
b) Find all monotone functions from F.

2. Find all functions f : R — R which satisfy the following two conditions:

a) f(x+y) > f(x)f(y), for all real numbers x, y;
b) f(x) > x + 1, for all real numbers x.

3. Find all functions f : (0, 00) — R which satisfy the following two conditions:

a) f(xy) <f(x) +f(), for all positive real numbers x, y;
b) f(x) < x— 1, for all positive real numbers x.

4. For all positive integers n, prove that:
) e |+ 1\" ¢
a e— - ;
2n+2 n 2n + 1
e n+1 e
b <[14 - —e< —.
) 2n+1 ( * n) ¢ 2n

5. Prove that

. 1 n . 1 n+1 e
Iimnle—|(1+ — =lmn||1+ - —e| = —-.
n—00 n n—>00 n 2

6. Find the limit of the sequence (x,),> given by the implicit relation

1 n+x,
(1 + —) =e, n>1.
n

7. Find the limit of the sequence (x,),>1 given by the implicit relation

n+x, 1 1
14— =l4+—4-+—.n=L
n 1! n!

8. a) Prove that ¢* > ex for all real numbers x.
b) Prove that if a > 0 has the property a* > ax for all real numbers x, then
a=e.
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9. a) Prove that ¢* > x° for all positive numbers x.
b) Prove that if @ > 0 has the property a* > x“ for all positive numbers x, then
a=e.
10. Let a > 0 be such that x* > a“ for all positive numbers x. Prove that a = e L.
11. Letx < y be two positive real numbers such that x* = y”. Prove that there exists
a positive real r such that

1 r+1 1 r
x=11-— , y=11-— .
r+1 r+1

12. Letx < y be two positive real numbers such that x’ = y*. Prove that there exists
a positive real r such that

13. Prove that:

n

. n! 1

a) lim — = —;
n—oo n

e
1
: n+1 [T R—
b) nh—fgo( Vv(n+ 1! «/n.) =

Solutions

1. We have

f@=7(3) =0

If f(a) = O for some real , then

() =fl)f(x—a) =0,

for all real x. Otherwise, we can define the function g : (0, 00) — R, by g(x) =
Inf(x). We have

gx+y) =Inf(x+y) = In[f()f ()]
=Inf(x) + Inf(y) = g(x) + g(»),
s0 g(x +y) = g(x) + g(v). If f is continuous or monotone, then g has the same

properties. Hence g(x) = ax, for some real a, and, consequently, f(x) = e in
both cases f monotone and f continuous.
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2. From f(0) > f(0) and £(0) > 1, it follows that f(0) = 1. By induction and
using the observation that f > 0 (because f(2x) > (f(x))?> > 0), we deduce that

fOo + x4+ x,) = fx)f (x2) ... f(x).

X
Forx; = x, = --- = x, = —, we have
n

f@z ()= (1+ ;—C)
s0
f@ = (1+ %)
For n — oo, we deduce f(x) > ¢*. On the other hand,
1 =£(0) = f()f(—x) = e'e™ =1,

sof(x) = €.
3. Clearly, (1) = 0. By induction,

flaxa...x,) < f0e) +f(x2) + -+ f(x0).

Forx; = xp = --- = x,, = {/x, we have

f@) < nf (¥x) <n(¥x—1)

For n — oo, we deduce that f(x) < Inx. On the other hand,
1
X

0=7() =7 +£ (1) <mx-+n =0,

s0 f(x) = Inx.
4. a) The inequality is equivalent to

or

1 1
l+Inn—In (n—i— 5) <nln(n+1)—nlnn < 1+In (n+ E)—ln(n—i—l).



184 10 The Number ¢

This double inequality is true for n = 1, 2, 3. For the left inequality, let us
consider the function f : [4, 00) — R given by

f@)=xInx+1)—(x+1)Inx+1n (x+ %)

We have to prove that f(x) > 1, for all real numbers x > 1. We have

X x+1
"x) = —— +1 1)— ——1
£ x+1+n(x+ ) X nx+2x+1

with

P = 5x + 5x+ 1
X2(x 4+ 1)2(2x + 1)?

It follows that f” is increasing. Thus for x > 4,

5

f/(x)>f/(4):1nz—%>0

Then f is increasing, so for x > 4,

4 9
£ = () = ln(% - 5) - 0.

The right inequality can be proved in a similar way.
b) Let us multiply the inequality

2n 1\" 2n+1
e<|14+-) < e
2n+1 n 2n+ 2

1
by 1 + —, to obtain
n

2n n+1 ( 1)”‘ n+1 n+1
e< |1+ < e

2n—|—1. n n 2n+2' n
or
2n+2 N\ 2m+1
e<|1+ - < e.
2n+1 n 2n
Thus
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or

e 1 n+1 e
<|1+- —e< —.
2n+1 n 2n

5. By multiplying the inequalities from the previous problem by n, we obtain

ne 1\" ne
<nle—|(1+ - <
2n+2 |: ( n):| 2n+1

ne 1! e
<n||l1+ - —e| < —.
2n+1 n 2

The conclusion follows.

and

6. We have
)"+ 1
1+ - =e=>m+x)In|{l1+-]) =1
n n
= n+ 1
nTXp = —"7—""71v»
In(1+1)
SO
1
Xy = ———— —n
In(1+1)
Using 1’Hopital’s rule, we deduce that
) ) l—nln(l—i—l) ) —1n(1 +x)
lim x, = lim —1” = lim ————

n—00 n—>o00  In (1 + r_z) x>0 In(1 4+ x)

. x—1In(1 +x) 1

=lim ———— = ~.

x—>0 X 2

7. We clearly have
1 In(14+ 4 +--+1)—1
Xp = ———-—n+ . — .
In(1+ ) In(1+ ;)

Using the previous problem, it suffices to show that

1 1
n(ln(l+—+---+—)—1)
1! n!
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converges to 0. This is clear, because we know that

1 1 1
O>In(l+—4+--4+—]—1>In{1-— .
1! n! en-n!

a) This is clear, because we have seen that ¢*~! > x for all x, thus ¢* > ex.

b) The function g(x) = ¢ — ax has minimum at x = 1; thus, according to
Fermat’s theorem, g’(1) = 0. This implies a = e.

a) Let us consider the function

flx) = thX, x € (0, 00).

We have

1—Inx

)=

’

2
so f is increasing on (0, e] and decreasing on [e, c0). Therefore,

Inx

fx) <fle)=-= <

Q| =
Q|-

x
= elnx<x=Inx* <lne* = x°* <e".
b) If a* > x“, then

Inx Ina
Ina* > Inx* © xlna>alhx & — < —

= )

X a

hence a = e.
If we denote

f(x) =xInx, x € (0, 00),
then a is an absolute minimum point of f. We have

fla=0&1+ha=0&a=¢".

Indeed, x = e~ ! is an absolute minimum point because f is decreasing on
(0, ¢7'] and increasing on [e~!, 00).

1
Let r be positive so that y = (1 + —) x. Then
r

1 (14 )
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Solutions
N0+
S x = (1 + —) xitr
r
1-(1+1) ( 1)1+l
<:> X r — 1 + —
-
1 1 I+
&S x T = (1 + —)
-
1 r+1
S x = (l — ) .
r+1
Finally,

1+ ! 1 Ly
= —|lx = — .
Y r r+1

12. By taking the (1/xy)-th power, we obtain

()5 = ()P © xF =y,
Thus
1 1
(1)
x) \y)

From the previous problem, there exists a positive real number r such that

1 | 1 r_ r \
x r+1 T \r+1

and

<=

Hence
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13. a) As aconsequence of the Cesaro-Stolz theorem, we have the root formula,

. . an+1
lim /a, = lim ——,

n—00 n—>o0o
under the hypothesis that the limit on the right-hand side exists. Here,

(n+1)!

. Vn n! . n n! . (n+1)n+1 . 1 1
Iim — = lim / — = lim ——— = lim —— = —.
n—>o0o n n—o0 Y nt n—>00 Lz n—00 (1 + l) e
n n
b) We have

lim (”JR]/ (n+1!— \/_') = lim n! (”“—,(n—i—l)' - 1)

vn!

. SRV/CRa VI

N A G L
. - In

= ] [
P In "ﬂ/fjn! Y
Vn!
= 1 lim n+Vl (n+ l lim 1nn+— VI + DY
e n—oo Yn e n—oo n!

:l. lim In "% w:l lim In ”*Vle
e n—oo (nh)nt! e n—oo n! e



Chapter 11
The Intermediate Value Theorem

Let I € R be an interval. We say that a function f : I — R has the intermediate
value property (or IVP, for short) if it takes all intermediate values between any two
of its values. More precisely, for every a, b € I and for any A between f(a) and f(b),
we can find ¢ between a and b such that f(c) = A. A direct consequence of this
definition is that f has IVP if and only if it transforms any interval into an interval.
Equivalently, a function with IVP which takes values of opposite signs must vanish
at some point.

Theorem (Intermediate value theorem). The class of continuous functions is
strictly included in the class of functions with IVP.

Proof. Let f : [a,b] — R be a continuous function. If f(a)f(b) < 0, we will
prove that there exists ¢ € (a, b) such that f(c¢) = 0. We assume, without loss of
generality, that f(a) < 0 and f(b) > 0. From the continuity of f, we can find ¢ > 0
such that f remains negative on [a, a + ¢) C [a, b]. Let us define the set

A = {x € (a,b) | f is negative on [a, x) }.

The set is nonempty, because a+¢ € A. Let ¢ = supA. We will prove that f(c) = 0.
Let (¢y)u>1 C [a,c) be a sequence convergent to c¢. From f(c,) < 0, we deduce
f(c) <0 and consequently ¢ < b. If f(c) < 0, then from the continuity of f at ¢, we
can find § > 0 such that f remains negative on [c, ¢ 4 §). This means that ¢ + § is in
A, a contradiction. In conclusion, f(c) = 0.00

On the other hand, the first proposed problem gives an example of a function
with IVP which is not continuous.
Another important property of IVP-functions which we use here is the following:

Proposition. Each one-to-one IVP-functionf : I — R is strictly monotone.

Proof. Let us assume, by way of contradiction, that there are a < b < ¢ in [ for
which f(b) is not between f(a) and f(c) (as it would be if f was monotone). One
immediately sees that we can assume f(c) < f(a) < f(b), without loss of generality.

© Springer Science+Business Media LLC 2017 189
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Because f(a) is an intermediate value between f(c) and f(b), we can find d € (b, ¢)
so that f(d) = f(a). But this contradicts the injectivity of f, because d # a. O

Problem. Prove that there are no functions f : R — R with IVP, such that
f(fx) = —x, VxeR.

Solution. If x, y satisfy f(x) = f(y), then f(f(x)) = f(f(y)) and further, x = y.
Thus f is injective. But any injective function with IVP is strictly monotone.
Consequently, f o f is increasing. This is a contradiction, because f o f = —1p
is decreasing. [

Also, the above proposition implies that any increasing function having IVP is
continuous. Indeed, such a function has one-sided limits at any point because it is
increasing, and because it cannot “jump” values, these one-sided limits are identical.
This is the idea that underlies the following problem, proposed for the Romanian
National Olympiad in 1998:

Example. Letf : R — R be a differentiable function such that
! ! 1
rw=r(x+s)

for all x € R and all positive integers n. Prove that f” is continuous.

Solution. Consider the following function:

70 =n( (s 1) —r).

By the hypothesis, f,, has a nonnegative derivative; therefore it is increasing. Thus, if
x <y, we have f,(x) < f,(y) for all n. By making n — oo, we conclude that ' (x) <
f'(y). Thus, f is increasing. Using Darboux’s theorem, proved in Chapter 14, as
well as the observation preceding the solution, we conclude that f” is continuous. [J

We now present a quite challenging problem in which the IVP plays a crucial
role. Here is problem E3191 from the American Mathematical Monthly:

Problem. Find all functions f : R — R with IVP such that

fx+y) =fx+£()
forall x,y € R.

Solution. The constant functions are clearly solutions, so we suppose further
that f is nonconstant. Let a = inf Im f, b = sup Im f, where Im f denotes the range
of f. The assumption we made shows that a < b. We have f(y) = f(f(y)) for all
y € R (by setting x = 0 in the given relation); thus f(x) = x for x € (a, b).

Suppose that a € R. By IVP and f(x) = x for x € (a, b), we must have f(a) = a;
thus there is d > 0 such that f(x) = x on [a, a+ 2d]. But then any 0 < 7 < d satisfies
f(a—1t) = a+ s for some s > d, because if s < d then
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a=ft+a—-t)=ft+fla—t)=fla+s+1t)=a+s+1,

a contradiction. On the other hand, f(a — 1) > a4+ d for all t € (0,d) and f(a) = a
contradict IVP. Thus it is impossible for a to be finite, that is, a = —oo. Similarly,
b=oo0andf(x) =x, forallx e R. O

The following problem was the highlight of the Romanian National Olympiad
in 2000.

Problem. A function f : R> — R is called olympic if for any n > 3 and any
A, Az, ..., A, € R? distinct points such that f(A;) = --- = f(A,), the points
A, Ay, ..., A, are the vertices of a convex polygon.

Let P € C[X] be nonconstant. Prove that f : R*> — R, f(x,y) = |P(x + iy)| is
olympic if and only if all the roots of P are equal.

Solution. If P(z) = a(z — z9)" and f(A;) = --- = f(A,), then all A; are on a
circle of center zj, thus are the vertices of a convex polygon. Now, suppose that not
all the roots of P are equal and consider z;, z, two roots of P such that |z; — 25| # 0
is minimal.

. .. 21+ 2z
Let d be the line containing z; and z,, and let z3 = % Denote by sy, s, the

half lines determined by z3. By the minimality of |z; — 25|, we must have f(z3) > 0
and because

lim f(z) = lim f(z) = c©
|z]>00 |z]—>00
ZEs] ZESN

and f has IVP, there exist z4 € s and z5 € s, with f(z3) = f(za) = f(z5), a
contradiction. O

Example. The continuous function f : R — R has the property that for any
real number a, the equation f(x) = f(a) has only a finite number of solutions.
Prove that there exist real numbers a, b such that the set of real numbers x such that
f(a) < f(x) <f(b) is bounded.

Solution. First, we will prove that f has limit at co and at —oo. Indeed, if this is
not the case, there exist sequences a, and b,, which tend to co and such that f(a,),
f(b,) have limit points a < b. This implies the existence of a number ¢ such that
f(a,) < ¢ < f(by) for sufficiently large n. Using the intermediate value theorem, we
deduce the existence of ¢, between a, and b, such that f(c,) = c for all sufficiently
large n. Clearly, this contradicts the hypothesis. [

Now, let /; = lim f(x) and [, = lim f(x). We have two cases: the first one
X—>00 X—>—00

is when /; # I,. Let us suppose, without loss of generality, that /; < I, and let
us consider real numbers a, b such that [; < a < b < [,. There are numbers A, B
such that f(x) < a for x < A and f(x) > b for x > B. Using the intermediate
value theorem, it follows that a, b € Im (f) and clearly the set of those x for which
f(x) € [a,b] is a subset of [A, B], thus bounded. The second case is [; = I, = [.
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Clearly, f is not constant, so we can choose a¢ < b < [ in the range of f if Im (f) is
not a subset of (/, 00), and we can choose [ < a < b in the range of f if Im (f) is not
a subset of (—o0, [). Now, we can argue as in the first case to deduce that the set of
those x for which a < x < b is bounded. This finishes the solution. (I

Proposed Problems

1. Prove that the function f : R — R, given by

1
sin—, x € R\ {0}
X

fx) =
0, x=0
has IVP.
2. Letf : [0,1] — [0, 1] be such that f(0) = 0 and f(1) = 1. Does the surjectivity
of f imply that f has IVP?

3. Let f : [0,00) — R be a function continuous on (0, c0). Prove that the
following assertions are equivalent:

a) f has IVP;

b) there exists a sequence (a,),>1 C (0, co) for which

lim a, = 0and lim f(a,) = f(0).
n—>oo

n—>oo

4. Letf : [0, 00) — [a, b] be continuous on (0, co) such that

1 1
1. - = N 1 = b
nilgof (2}1) a nirgof (2n +1 )

Prove that f has IVP.

5. Letf : [a, b] — R be a continuous function such that f(a)f(b) < 0. Prove that
for all integers n > 3, there exists an arithmetic progression x; < x; < -+ < X,
such that

fl) +f0x2) + -+ f(x,) = 0.
6. Prove that there are no differentiable functions f : R — R, such that

sinx, x € (—00,0)
cosx, x € [0, 00)

fo)—f) =

7. Prove that there are no functions f : R — R with IVP such that
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10.

11.

12.

13.

14.

f(f(x)) =cos’x, VxeR.

. Prove that there are no functions f : R — [0, co) with IVP, such that

f(fx) =2, VxeR.

. Find all functions f : R — R with IVP, such that f(2) = 8, f(—2) = —8 and

ff@) = x), VxeR.

Letf : [0, 1] — R be integrable. Assume that 0 < a < ¢ < b < d < 1 such that

b d
/ f(x)dx < 0and / f(x) dx > 0. Prove that there exist 0 < a < 8 < 1 such

B
that/ f(x)dx = 0.
Find all functions f : R — R having the intermediate value property such
that £ + £l is increasing and there exists such positive integer m that
O 0 4o 4 £ s decreasing.

Note that f) = fofo---of is the nth iterate of f (with fI*! = 1, the identity
function on the reals) and that we call increasing (respectively decreasing) a
function A with property that 4(x) < h(y) (respectively h(x) > h(y)) whenever
x <y
Letf : R — R be a continuous function and let a, b € f(R) (i.e., in the range
of f) with a < b. Prove that there exists an interval I such that f(I) = [a, b].
Letf : [0, 1] — [0, c0) be a continuous function such that f(0) = f(1) = 0 and
f(x) > 0for 0 < x < 1. Show that there exists a square with two vertices in the
interval (0, 1) on the x-axis and the other two vertices on the graph of f.
Letay,...,a, be real numbers, each greater than 1. If n > 2, prove that there is
exactly one solution in the interval (0, 1) to

[Ja—x)=1-x
j=1

Solutions

1.

We prove that if I is an interval, then f(I) is an interval. If zero is not an
accumulating point of /, then f is continuous on / and consequently, () is
an interval.

Obviously, f(R) € [—1, 1], so it is sufficient to prove the equality

f((0. ) = [-1.1],

1

for all € > 0. Indeed, for positive integers n > ¢, we have
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1 1
9 € Os
% + 2nm —% + 2nm ©,¢)
and
(=) =1 f(———)=
4+ 2nm o —Z 4+ 2nm B
. .. . 1 1
Now, using the continuity of f on the interval — .= , we
-3 +2nw 5 +2nmw

deduce that f((0, ¢)) = [—1,1].
The answer is no. The function f : [0, 1] — [0, 1], given by

2x, x€[0,1/2)

f(x)Z%Zx—l,xe[l/Z,l]

is surjective but it does not have IVP because

((B3D-pi )

. First we prove that

1 1
VneN* dq, € (0, —), such that  |f(a,) —f(0)] < —,
n n

where ay = 1. Indeed, if there is ng € N* for which

F0)—fO) =~ Vxe (o, i),
ny

no

then

1
n

) € (—oo,f(m - —0] U O U [f(O) o oo) ,

1 1
forall x € [0, —) . This is a contradiction, because f ([0, —)) cannot be an
no no

interval.

Reciprocally, if a > 0 and A € (f(0),f(a)), then from lima, = 0, we

n—>oQo

conclude that there exists n; € N such that a, < a, ¥V n > n;. Because
lim f(a,) = f(0) < A, there is n, € N such that f(a,) < A, V n > n,. Now,
n—o0o
for ng = max{n,ny}, we have a,, < a, f(a,) < A.Further, f is continuous
on [ay,,al and f(a,,) < A, f(a) > A, so there exists ¢ € (an,,a) C [0, a] such
that f(c) = A.
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4. If I C [0, 00) is an interval having the origin as an accumulating point, then
(a.b) S f(I) < [a.b],

so f(I) is an interval. To this end, we will use the previous result. Let ny be a
positive integer such that

f(%) <f(0) 51”(2”14r 1), Y n > n.

1 1 1 1
Note that f is continuous on | ———, — |, sowe canfinda, € | ———, —
2n+1 2n 2n+1 2n
for which f(a,) = f(0). In conclusion, a,, — 0 and f(a,) — f(0), as n — oo.
5. Assume that f(a) < 0 and f(b) > 0, without loss of generality. Let & > 0 be

such that

fx) <0, Vxela,a+¢], f(x)>0,Vxelb—eb]
and let us consider the arithmetic progressions
ay<ay<---<a,€la,at+e], b <by<---<b,e€[b—e¢gb].
Define F : [0, 1] — R by the formula
F(t) =Y _f((1—a + thy), t € [0, 1].
k=1

The function F is continuous and
F(0) = fla) <0. F(1)=Y f(b) >0,
k=1 k=1
so we can find t € (0, 1) such that F(t) = 0, i.e.,
D A = D)a + thy) = 0.

k=1

Finally, we can take the arithmetic progression x; = (1 — t)a; + thy.
6. If we assume by contradiction that such a function exists, then define
g:R — R, by g(x) = e *f(x). Its derivative

e *sinx, x € (—o0,0)
e *cosx, x € [0,00)

gm:fwv%ﬂm={
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has IVP. This is impossible, because g’ has at zero a discontinuity of the first
kind,

lim o' (o) = lim e~ sinx = 0
Xgr(l)g (%) lim ™ sinx
and

limg’(x) = lime *cosx = 1.
x\og() x—)Oe .

. From f(cos’>x) = cos?(f(x)) € [0,1], x € R, we deduce that y € [0,1] =

f(y) € [0, 1]. This fact allows us to define the function g : [0, 1] — [0, 1], by
g(x) = f(x), x € [0, 1]. Obviously, g(g(x)) = cos?x.g is injective and g has
IVP, so it is strictly monotone. Therefore, g o g is increasing, a contradiction.

. The function f is injective and f has IVP, so f is continuous and strictly

monotone. If f(«) = «, for some real «, then
f(f(@) =fla) = 2" =a,
which is impossible. If f(x) < x, for all real numbers x, then
) <f(x) <x=>2"<x, VxeR,

a contradiction. Consequently, f(x) > x, for all real numbers x and further, f is
increasing. The limit/ = lim f(x) does exist.
X—>—00
Because f(x) > 0 for all x, we have [ € R and f(I) = 0.
Finally, from the monotonicity, we conclude that f(I — 1) < 0, a contradic-
tion.

. Im £ is an interval and f(y) = y?, for all real numbers y in Im f. Indeed, if

y = f(x), for some real x, then

fO)=f(@) =) =y

We prove that Im f = R and so f(x) = x>, for all real numbers x. To this end,
define u; = —2,v; = 2,

3 3
Upy| = U,, Upp1 =0V,, n=>1

It is easy to see that u, — —oo and v, — 0o as n — oo. Finally, note that
u,, v, € Imf for all positive integers n. Indeed, if u,, € Im f, u, = f(), then

U1 = uy = f2(@) = f(f(@)) € Imf.
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10. The function F : [0, 1] — R, given by

11.

(1=0)b+1td
F@) = /; fx)dx, t €]0,1]

1—t)a+tc

is continuous, and consequently it has IVP. According to the hypothesis,

b
F(0) = / f)dx <0

and

d
F(1) = / f(x)dx >0,

so F(t) = 0 for some 7 in (0, 1). More precisely,

(1=1)b+1d
fo) = /( | FO0dx =0,

—1)a+tc

so we can choose o« = (1 —1t)a+ 7¢c, B = (1 — v)b + 1d.
Letf, = fO 4 fll ... 4 £ for every n > 0. Thus, the problem gives us that,
for all x,y € R, with x <y, we have fi(x) < fi(y), and f,,,(x) > f,(y).

First, f is injective. Indeed, let x, y be real numbers such that f(x) = f(y), and
assume, without loss of generality, that x < y. Clearly we have f"l(x) = fI"l(y)
for all n > 1; thus f,,(x) > f,.(y) becomes fI%(x) > fl0(y), that is, x > y, and,
consequently, we have x = y. Being injective and with the intermediate value
property, f must be strictly monotone, which implies that f1?l = f o f is strictly
increasing; therefore, f (2] §g strictly increasing for all n > 0. Thus

P =it fioff 4ot fiofr 4 pl

is strictly increasing, while

Pt =fi +fiofB 4+ fropt

is increasing.

Because f" is decreasing, it follows that m is odd, and £ is constant (being
decreasing and increasing at the same time). But, clearly, this can happen only
if f; is in turn constant. This means that there exists some ¢ € R such that
fikx) = ¢ & f(x) = —x + c for all x € R, and, indeed, the reader can easily
check that these functions satisfy all conditions from the problem statement.

This was proposed by Dorel Mihet for the Romanian National Mathematics
Olympiad in 2014.
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There exist real numbers p and g such that f(p) = a and f(q) = b. Of course,
p # g, and we can assume, without loss of generality, that p < g. The set of
those x in [p, ¢] for which f(x) = a is bounded and nonempty (it contains p);
thus it has a supremum, and let it be . The set of those x € [, g] for which
f(x) = g is bounded and nonempty (it contains g); thus it has an infimum, and
let it be B. By passing to the limit, and using the continuity of f, we see that
f(a) = a, and f(B) = b. We claim that f ([, B]) = [a, b].

The inclusion [a, b] € f([a, B]) follows immediately from the fact that f has
the intermediate value property. Conversely, let us prove that f([o, B]) C [a, b].
Let x € [a, B], and suppose that f(x) < a, so that we have f(x) < a < b =
f(B). Again by the intermediate value property, we obtain the existence of some
y € (x, B), with f(y) = a, but this contradicts the supremum property of «.
Similarly, the assumption that f(x) > b (and thus f(x) > b > a = f(«)) leads
to a contradiction of the infimum property of 8. It remains the only possibility
that f(x) belongs to [a, b], finishing the proof.

This problem was also proposed for the 11th grade in the Romanian National
Mathematics Olympiad, in 2007.

The set

A={xel0,1]: x+f(x) > 1}

is nonempty (it contains 1) and, of course, bounded; hence it has an infimum,
and let it be c. Since 0+ (0) < 1 andf is continuous, the inequality x+f(x) < 1
holds for all x in a neighborhood of the origin (and in [0, 1], of course); therefore
¢ > 0. Yetwehave x+f(x) < 1 forall x € [0, 1], x < ¢, and x+f(x) > 1 for all
x € A (and A contains a sequence with limit ¢), and these relations immediately
yield ¢ + f(¢) = 1. To summarize: there is a ¢ € (0, 1] such that ¢ 4+ f(c) = 1
and x + f(x) < 1 forall x € [0, ¢).

Since f is continuous, it is bounded and attains its extrema on the interval
[0, 1]. Thus there is a d € [0, 1] such that f(x) < f(d) for all x € [0, 1]; actually
the conditions from the problem statement imply that d € (0, 1).

Now let the continuous function g : [0, 1] — [0, o) be defined by g(x) =
x+ f(x). Since g(0) =0 <d <1 = c+ f(c) = g(c), there exists a € (0, c)
such that g(a) = d & « + f(x) = d (because g has the intermediate value
property).

Now consider the function / : [0, ¢] — R defined by h(x) = f(x+f(x))—f(x)
for all x € [0, ¢] (for which 0 < x 4 f(x) < 1, thus & is well defined); certainly,
h is also a continuous function. We have

ha) = f(a +f(@) —f(@) =f(d) —f(a) = 0.
h(c) = flc +f(c)) =f(c) =f(1) =f(c) = =f(c) =0,
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14.

and also,

h(d) = f(d +f(d)) —f(d) =< 0.

The last relation holds (at least) if d < c.

Now, as & has the intermediate value property, there exists y € [«, ¢] such
that i(y) = 0 < f(y + f(y)) = f(y), and @ > 0 assures y > 0. However, we
cannot be sure of the fact that y < 1. If y is exactly 1, then ¢ = 1 follows as
well; therefore d < ¢, and we can find another y in the interval [«, d] with the
property that 2(y) = 0, and in this case, we have y < d < 1. Either way, there
exists y € (0, 1) such that h(y) = 0, that is, f(y + f(y)) = f().

Finally we see that the quadrilateral with vertices (y,0), (y + f(y),0), (y +
fW).f(y + f(y))), and (y,f(y)) is a square (the first two points are on the
x-axis; the others are on the graph of f).

This is problem 11402 proposed by Citdlin Barboianu in The American
Mathematical Monthly.

We first use (a form of) Bernoulli’s inequality, namely, 1 — x* < a(1 — x) for
a > 1 and x > 0. Thus, for x € (0, 1), we have

n

fx) = 1_[(1 —x¥) <ay--a,(1—x)" <1—ux,

j=1

the last inequality being satisfied if we choose x > 1 —1/V/a; - a,.

On the other hand, the inequality (1 —s;)---(1 —s,) > 1 — sy — -+ —
s, (somehow also related to Bernoulli’s inequality) can be proved by an easy
induction for sy, ...,s, € (0, 1). Thus, for x € (0, 1),

n

f(x)=n(1—x”f)>l—x“'_..._xan>1_x,

J=1

where the last inequality holds if we choose x < (1/n)"/@ D witha = min ;.
sjsn

The intermediate value theorem applied to the function x — f(x)—(1—x) shows
that there is at least one solution in (0, 1) to the equation f(x) = 1 — x.

Now suppose that the equation f(x) = 1 — x has two solutions x; and x,,
with 0 < x; < x, < 1, and let g(x) = logf(x) — log(l — x), and h(x) =
(1 — x)g’(x). Of course, 0, x; and x, would be solutions for g(x) = 0, as well,
therefore, by Rolle’s theorem, g’(x) = 0, and consequently, #(x) = 0 would
have at least two solutions in (0, 1) (one between O and x;, and one in the
interval (x1, x)). Finally, this would produce at least one solution in (0, 1) for
the equation /’(x) = 0 (again by Rolle’s theorem). But we have

h(x) = —Zaj(x”"_l —xY)(1 —x%) "' 41,
j=1
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and

W) = =) a2 (@ — 1= e — D)1 =) 7%

J=1

hence we see that /' is negative in (0, 1), according to the same inequality of
Bernoulli mentioned in the beginning. The contradiction thus obtained finishes
the proof.

This is problem 11226, proposed by Franck Beaucoup and Tam4s Erdélyi in
The American Mathematical Monthly 6/2006, with the solution of the Microsoft
Research Problem Group in the same Monthly, 1/2008. Yet another (a bit more
complicated) solution can be found in Chapter 14 about derivatives and their
applications.



Chapter 12
The Extreme Value Theorem

The extreme value theorem asserts that any continuous function defined on a
compact interval with real values is bounded and it attains its extrema. Indeed, let
us consider a continuous function f : [a,b] — R. If we assume by contradiction
that f is unbounded, then for each positive integer n, we can find an element x,, in
[a, D] such that |f(x,)| > n. In this way, we define a bounded sequence (x,);>.
The Bolzano-Weierstrass theorem implies (due to the compactness of [a, b]) the
existence of a convergent subsequence (xx,).>1. We have |f(xx,)| > k,, for all
positive integers n. In particular, the sequence (f(xx,))»>1 is unbounded. This is a
contradiction, because the sequence (f(xx,))n>1 is convergent to f(/), where [ is the

limit of the sequence (xx,).>1. Then suppose that M = sup f(x) is the least upper
x€la.b]
bound (or supremum) of f (which is finite, as shown above). There exists a sequence

(#n)n>1 C [a, b] such that lim f(u,) = M. By Bolzano-Weierstrass theorem again,
n—>oQ

(#n)n>1 has a convergent subsequence; let us call (i, ), this subsequence, and let
¢ € [a, b] be its limit. We then have M = lim f(u,) = lim f(u,) = f(c), and thus
n—>oo n—>oo

f attains its supremum M. In a similar manner, we show that f attains its infimum,
thus finishing the proof of the theorem. O

The fundamental reason for which the above proof works lies in the fact that a
continuous function carries compact sets into compact sets. Thus if we consider a
compact metric space (X, d) and a continuous function f defined on X and having
real values, f will also be bounded and will achieve its extrema, because its image
will be a compact connected set, thus a compact interval. For the special case
discussed in the beginning of this chapter, we present another interesting proof.
Using the continuity of f, for every x in [a, b], we can choose &, > 0 and an
open interval I, = (x — &, x + &,) containing x such that |[f(y) —f(x)| < 1, for
all real numbers y € I, N [a, b]. Further, with the notation M, = |f(x)| + 1, we have
lf(»)| < M, for all y € I,. The family (/;)re[q,5) is an open cover of the compact set
[a, b]. Consequently, we can find x1, x,, ..., x, € [a, b] such that

la.b] C Ly UL, U+ UL,

© Springer Science+Business Media LLC 2017 201
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Now, one can easily see that f is bounded in absolute value by
max{M,,,M,,, ..., M}

For the second part of the proof, we proceed as above. Alternatively, one can
consider the function x > g(x) = 1/(M —f(x)), with M = sup f(x). If we assume
x€la,b]
f(x) < M for all x € [a, b], then g is continuous, thus bounded on [a, b], according
to the first part of the theorem. However, this cannot happen, as there are values of
f as close to M as we want. [
Here is a spectacular application of this theorem in linear algebra:

Theorem. Any symmetric real matrix is conjugate to a real diagonal matrix.

Proof. Indeed, take A to be a symmetric matrix of order n and define the
quadratic form g(x) = (Ax, x), where (-) is the standard Euclidean scalar product
on IR”. This is clearly a continuous function in R" with real values. Consider $"~,
the unit sphere of R”. This is a compact set, because it is clearly bounded and
closed. Therefore, ¢ has a maximum A on $"~!, attained at a point v. We will
prove that A is an eigenvalue of A. Indeed, by the definition of A, the quadratic
form ¢;(x) = A|x||> — g(x) is positive and vanishes at v. The Cauchy-Schwarz
inequality implies b(u, v)> < g¢;(u)q;(v) for all u, where b is the bilinear form
associated to g;. Thus b(u,v) = 0 for all u and this implies Av = Av. Thus we
have found an eigenvalue of A. Because A is symmetric, the subspace orthogonal to
v is invariant by A, and thus applying the previous argument in this new space and
repeating this allow us to find a basis consisting of (orthogonal) eigenvectors. Thus
A is diagonalizable. [J

If you are still not convinced about the power of this result, consider its use
in the following proof of the celebrated fundamental theorem of algebra, due to
D’ Alembert and Gauss:

Theorem. Any nonconstant polynomial with complex coefficients has at least
one complex zero.

Proof. Consider
PX) = a, X" + ap X" '+ -+ a1 X + ag

a complex polynomial and suppose that n > 1 and a,, # 0. Let f(z) = |P(2)|.
Because

[@ = lagllzl" = lapi 121" = - = lai||z] = |aol,

it follows that ‘ ‘lim f(z) = oo. In particular, there exists M such that for all |z| > M,
Z|—=> 00

we have f(z) > f(0). Because f is continuous on the compact disc of radius M and
centered at the origin, its restriction to this compact set has a minimum at a point
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7o such that |zo| < M. Now, if |z| > M, we have f(z) > f(0) > f(zp). Otherwise,
we know that f(z) > f(z0). Thus f attains its minimum at zo. Suppose that P does
P(z + z0)

P(z0)

polynomial and g(z) = |Q(z)| attains its minimal value, equal to 1, at 0. Let

not vanish on the set of complex numbers. Consider Q(z) = Ctisstill a

Q@) =1+bd +-+b",

where b; # 0. Let b; = re® with r > 0 and € R. The triangle inequality shows
that

i(t—a) . n .
‘Q(ee ; >‘§|1—r€’|+ 3 Ielet,

k=j+1

for all € > 0 such that € < min (1, 1). Thus, for € > 0 sufficiently small, we have

‘Q (6ei(”1'_a))‘ <1,

which is a contradiction. This shows that necessarily P must vanish at some z € C.
O

Let us continue with some concrete examples of application of the extreme value
theorem:

Problem. Find all continuous functions f : [0, 1] — R such that

fx) = ZJ% v x € [0, 1].
n=1

Solution. Because Z o= 1, any constant function is solution of the equation.

n=1
Now let f be a solution, and consider 0 < a < 1 and x € [0, a] such that f(x) =

r[nax f. Because x" € [0, a] for all n, we have f(x") < f(x) for all n and because

f()—zf(;l,

we must have f(x") = f(x) for all n. Take n — oo to obtain f(x) = f(0). Therefore
f(0) > f(¢) for all t € [0, a] and all a < 1; thus f(0) = maxf. But if f is a solution,
—f is also a solution; thus —f(0) = r[r(;ax(—f) — r[nmf Thus r[Bnlr]lf r[r(;aﬁ(f and
f is constant. [ ’
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Here is a problem from the Putnam Competition:

Problem. Letf,g:[0,1] > Rand K : [0, 1]%x][0, 1] — R be positive continuous
functions and suppose that for all x € [0, 1],

1 1
) = /0 KGoy)gO)dy,  g(x) = fo K y)f 0)dy.

Prove that f = g.

Solution. We may assume that

a = min - szming
0.1 g .1 f
_ f(x0)
and let xy € [0, 1] be such that a = o) Thus g(x) > af (x) for all x. Also,
8Xo

1
/0 K(x0.9)(50) — af (5))dy = f(x0) — ag(xo) = 0

and because y — K(xo,y)(g(y) — af (y)) is a continuous nonnegative function with
average 0, it must be identically 0. Thus, since K(xg,y) > 0 for all y, we have
g = af. But then

1 1
FO) = /0 K(x.)g(0)dy = a /0 KGey)f )y = ag(x) = af (x):

thusa=1landf =g. O

We end this theoretical part with a nontrivial problem taken from the American
Mathematical Monthly:

Problem. Letf : R — R be a twice continuously differentiable function such
that

f(x+ 1) =f(x) +f(2x)
for all x. Prove that f is constant.

Solution. With x = 0 and x = 1, we obtain f(0) = f(1) = f(2). Let F = f”,
and differentiate the given equality twice to obtain

2F(x + 1) = F(x) + 4F(2x).

Thus

o =3r(5+)-326)
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Now take a > 2 and let I = [—a,a]. Let M = max [f(x)|. Clearly, if x € I, we
X€

havegelandl—i—gel.Thus

-
N=5 T3

M
forallx € I and so M < T; hence M = 0. Therefore F is identically O and f is

of the form ax + b. Because f(0) = f(1) = f(2), we deduce that a = 0, and so f is
constant. [

Proposed Problems

1. Letf, g : [a, b] = R be continuous such that

sup f(x) = sup g(x).

x€la,b] x€[a,b]

Prove that there exists ¢ € [a, b] such that f(c) = g(c).
2. Letf, g : [a,b] — R be continuous such that

inf /() < inf g(x) < sup g(x) < sup f(2).

x€la,b x€la,b] x€la,b]

Prove that there exists ¢ € [a, b] such that f(c) = g(c).
3. Letf : [0,00) — R be continuous such that the limit lim f(x) = [ exists and
X—>00
is finite. Prove that f is bounded.
4. Letf : [0,00) — [0, 00) be continuous such that lim f(f(x)) = oo. Prove that
X—>00
lim f(x) = oo.
X—>00
5. Letf : R — R be a continuous function which transforms every open interval
into an open interval. Prove that f is strictly monotone.
6. a) Prove that there are no continuous and surjective functionsf : [0, 1] — (0, 1) .
b) Prove that there are no continuous and bijective functions f : (0, 1) — [0, 1].
7. Letf : R — R be continuous such that

If) =fOI = lx—yl
for all real numbers x, y € R. Prove that f is surjective.
8. Letf : R — R be continuous and 1-periodic.

a) Prove that f is bounded above and below, and it attains its minimum and
maximum.
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b) Prove that there exists a real number x, such that f(xy) = f(xo + 7).

. Prove that there exists ¢ > 0 such that

[sinx| + |sin(x + 1)| > &,
for all real numbers x. Deduce that the sequence

[sinl]  |sin?2] |sin |
= — 4 — o _

Xn 1 ) . n n>1,

is unbounded.
Letf : [0, 1] — [0, co0) be a continuous function. Prove that the sequence

1Y 2\" NG
ap, = f - +f - ++f<_)9n22
n n n
is convergent.

Letf : R — R be a continuous function. Assume that for any real numbers a, b,
with a < b, there exist ¢y, ¢; € [a, b], with ¢; < ¢;, such that

fla) = xrer%{ilg]f(x), fle2) = xrg[%]f(x)-

Prove that f is nondecreasing.
Letf : R — R be a continuous function. Assume that for any real numbers a, b,
with a < b, there exist ¢y, ¢; € [a, b], with ¢; # c,, such that

flen) =fler) = xfél[%]f(x)

Prove that f is constant.

Letf : R — R be a continuous function. Assume that for any real numbers a, b,
with a < b, there exists ¢ € (a, b) such that f(c) > f(a) and f(c) > f(b). Prove
that f is constant.

Letf, g : [a, b] — [a, b] be continuous such that f o g = g o f. Prove that there
exists ¢ € [a, b] such that f(c) = g(c).

Let (X, d) be a metric space and let K € X be compact. Prove that every function
f 1 K — K with the property that

d(f(x).f () < d(x.y)

for all x,y € K, x # y has exactly one fixed point.
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Solutions

1. Let us define the function & : [a,b] — R by the formula h(x) = f(x) — g(x).
The function % is continuous as a difference of two continuous functions. By the
extreme value theorem, we can find «, B € [a, b] such that (@) = g(B8) = M,
where M denotes

M = sup f(x) = sup g(x).

x€la,b] x€la,b]

We have f(x) < M and g(x) < M for all real numbers x € [a, b] . Thus

h(@) = f(a) —gla) =M —g(a) > 0

and

h(B) =f(B) —g(B) =f(B) —M =0,

so there exists ¢ € [a, b] such that A(c) = 0 < f(c) = g(c).
2. Leta, B € [a, b] be such that

Sl = int f0. S(B) = sup )

x€la,b

By hypothesis, f(«) < g(x) < f(B) for every real number x € [a, b]. Define
the function 4 : [a, b] — R by h(x) = f(x) — g(x). The function £ is continuous
as a difference of two continuous functions. Then A(x) = f(a) — g(a) < 0
and h(B) = f(B) — g(B) = 0, so there exists ¢ € [a, b] such that h(c) = 0 &
f(©) = g(o).

3. For ¢ = 1 in the definition of the limit, there exists § > 0 for which |[f(x) — | <
1, for all real numbers x € [§, 0o0). It follows that |f(x)| < 1 + |/| for all x €
[6, 00). Also the restriction f|os) : [0, 6] — R is a continuous function defined
on a compact interval, so it is bounded, say |f(x)| < M, for all x € [0,d].
Consequently, |f(x)| < max{M, 1 + |I|} for all nonnegative real numbers x.

4. Let us assume, by way of contradiction, that there exists a strictly increasing,
unbounded sequence (a,),-; C [0, 00) such that f(a,) < M, for all positive
integers n and for some real number M. By the Bolzano-Weierstrass theorem,
we can assume that the sequence (f (a,)),-; is convergent (by working
eventually with a subsequence of it). If nlg(r)lo f(a,) = L, then by using the

continuity of f at L, we obtain lim f(f(a,)) = f(L), which contradicts the fact
n—>oo
that lim f(f(x)) = oo.
X—>00 . . . . . . . . . .
5. Because any injective continuous function is strictly monotone, it is sufficient

to prove that f is injective. Let us assume, by way of contradiction, that there
exist two real numbers ¢ < b such that f(a) = f(b). The function f cannot
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be constant on [a, b], because in this case, for every a < ¢ < d < b, the set

f((c.d)) = {f(a)} is not an open interval. Thus the restriction f|f, ;] attains its

minimum or maximum on (a, b) , say rr}in] f(x) = f(&), for some real number
x€la,b

& € (a,b). In particular, f(x) > f(§), for all reals x € (a,b), so f(a,b)
cannot be an open interval. This follows from the fact that the set f ((a, b))
has a minimum and open intervals do not have minima.

. a) If such a function exists, then f([0, 1]) = (0, 1). This contradicts the fact

that f ([0, 1]) = [m, M], where

m= inf f(x), M= sup f(x),
x€[0,1] x€0,1]

which is a consequence of the extreme value theorem.

b) Suppose that such a function exists. The function f is continuous and
injective, so it will be strictly monotone, say increasing. By surjectivity, there
exists ¢ € (0, 1) such that f(c) = 0. Then for every real number 0 < x < c,
by monotony, it follows that f(x) < f(c) = 0, which is impossible.

Alternatively, if a function f has the given properties, then its inverse
£~':[0,1] = (0, 1) is continuous and surjective, which contradicts a).

. If x1,x, € R are so that f(x;) = f(x;), then from the relation

[f(x1) =f(2)] = |x1 = x2|, & 0 > |x1 —x2],

it follows that x; = x,. Hence f is injective. But f is continuous, so it is strictly
monotone. For y = 0, we obtain [f(x)| > — |[f(0)| + |x|, so | }im lf(x)] = oo.
X|—>00

For example, if f is strictly increasing, then
lim f(x) = —oo0, lim f(x) =00
X—>—00 X—>00

and by continuity, f is surjective.

. a) Observe that because of the periodicity of f, we have f(x) = f(x—[x]) for all

real numbers x. This shows that the range of f is exactly f ([0, 1]). This is a
compact interval by the extreme value theorem, so f is bounded and attains
its extrema.

b) Let us define the function ¢ : R — R

() =fx+ ) —f(x),

for all real numbers x. The function f is continuous, so ¢ is continuous. If we
show that the function ¢ takes values of opposite signs, then the problem is
solved. Let « be such that f(«) < f(x) for all real numbers x. The existence
of such a number follows from a). Then

P() =fla+m)—fla) =0
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and
pla—m) =fla) —fl@ —m) <0.
9. Let us consider the continuous function f : [0, 27] — R, given by
f(x) = |sinx| + |sin(x + 1)|.

Let xo € [0, 2] be such that f(xy) = If(l)i;l | f(x). We prove that ¢ = f(xp) is
x€(0,2

positive. Indeed, € > 0, and if ¢ = 0, then
[sinxg| + |sin(xg + 1)] =0
= |sinxg] =0 and |sin(xo + 1)| = 0.

We can find integers m, n such that xo = mm, xo + 1 = nm, so

mr =nr—1=>mx= ,
n—m

which is impossible because the above fraction on the right is smaller than 1 in
absolute value. Now, for this ¢, we have

|sinx| + [sin(x + 1)| > &, ¥ x € [0, 27].

Moreover, this inequality holds for all real numbers x, because sin is 2w-
periodic. For the second part, note that

_ |sin1|+ |sin 2| N |sin3|+ |sin 4| N
=T 2 3 4

sin(2n — 1 sin 2n
i ((sn@n= v

2n—1 2n

[sin 1| + [sin2|  [sin3| + |sin 4] [sin(2n — 1)| + |sin 2n]
g 2 * 4 o 2n

ST 1+1+ +1
2 4 m 2 2 n)’

and the conclusion follows from the fact that

1 1
lim (1+—+---+—) = 0.
n—00 2 n
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10.

11.

12 The Extreme Value Theorem

One can prove (but the proof is much more involved) that if f is a continuous
1 2
v<1>| . v<2>| L

periodic function such that the series - converges, then

f(n) = 0 for all positive integers 7.
We will prove that l_i>m a, = M, where M = m[(e)ulg] f(x). Assume that f(xy) =
n—00 x€[0,

M. Let ¢ > 0. There exists § > 0 for which
fxX)>M—¢e, Yxe (xg—38,x +6)NJO0,1J.

For eachn > 1/6, we can find 1 < ky < n such that

@ € (xo —8,x0 + 9).
n
Then
an:%(z) o (2) eeer ()
n n n
T ()
n n
‘We derive

M_SEGHSWM

for all integers n > 1/§; thus (a,),>1 converges to M.
Let us assume that f(a) > f(b) for some a < b. Define

A=ixelabl|fx)=f(a).

A is nonempty, a € A, so let ¢ = supA. If (a,).>1 C A is a sequence that
converges to ¢, then f(a,) > f(a). By taking n — oo, we obtain f(c) > f(a);
thus ¢ < b.

If (ry)n>1 C (¢, b), then f(r,) < f(a), and moreover, if (r,),>1 converges to
¢, we deduce that f(c) < f(a). In conclusion, f(c) = f(a). Now, let ¢ < ¢; <
¢>» < b be such that

fle) = xgl[ig]f ), fl(c2) = xgl[%]f(x}

Because f(c) > f(x), for all x in (c,b], we must have ¢; = ¢, which is
impossible.
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12.

13.

14.

15.

Let M = max f(x) and define the set
x€la,b]

A={xela,b]|f(x) =M}.

Let ¢ = infA; then f(c) = M. We will prove that f(a) = M. Indeed, if f(a) <
M, then a < ¢, and the assumption of the problem fails on the interval [a, c].
We proved that for all a < b,f(a) = m[ax] f(x) and analogously, f(b) =
x€la,b

max f(x). In conclusion, f is constant.
x€la,b]

Leta < b and let ¢; € [a, b] be such that f(c;) = m[a);] f(x). According to the
X€la,

hypothesis, we can find ¢, € (c1, b) such that f(c;) > f(cy) and f(c2) > f(b).
Thus f(c1) = f(c) = m[a)Z] f(x). The conclusion follows from the previous
X€la,

problem.

We have to prove that the function 4 : [a,b] — R given by h(x) = f(x) —
g(x) has a zero in [a, b] . If we suppose that this is not the case, then, because
the function 4 is continuous, it keeps a constant sign on [a, b], say A > O.
According to the extreme value theorem, there exists xo € [a, b] for which
h(xg) = ei{lfh] h(x) > 0. It follows that f(x) — g(x) > h(xp) for all real numbers

xin [a, b] . Thus

fFW) = g(g®) = F(Fx) = g(Fe)] + [F(8(x)) — g(8(x))]
> h(XQ) + h(X(]).

By induction,

S0 = g () > nhixo),

for all real numbers x € [a, b] and all positive integers n. The last inequality
cannot be true, if we take into account that f and g are bounded (they are
continuous on a compact interval).

If ¢, € K,c # ¢ are so that f(c) = ¢, and f(¢') = ¢/, then for x = ¢ and
y = ¢/, we obtain

d(f(c),f(c)) < d(c,c) & d(c,c) < d(c,c),

a contradiction that proves the uniqueness of a fixed point of f (if any). Let us
define the application ¢ : K — R by the formula ¢(x) = d(x,f(x)) for all
x € K. The function ¢ is continuous, because f is continuous. According to the
extreme value theorem, there exists xo € K such that ¢ (xp) = {(réllrg ¢ (x). Hence

d(xo,f(x0)) < d(x,f(x)) for all x € K, and we will prove that f(xy) = xo. If
f(x0) # xo, then by hypothesis,

d(f (x0).f(f (x0))) < d(x0.f(x0)) < ¢ (f(x0)) < P(x0).

which contradicts the minimality of ¢ (xo).



Chapter 13
Uniform Continuity

We say that a function f : D € R — R is uniformly continuous if for all ¢ > 0,
there exists v(g) > 0 such that:

x,x €D,

x=d[=v(e) = |[f&x)—fE&)| <e

Note that this is equivalent to the fact that for all & > 0, there exists v(g) > 0 such
that:

x,x €D,

x=X|<v(e) = |[f)—f()| <e.
Also, it is easy to deduce that every uniformly continuous function is continuous,
but the converse is not always true, as we can see from the following example.

Example. The function f : R — R, f(x) = x? is continuous, but it is not
uniformly continuous.

Proof. If f is uniformly continuous, then |f(x) — f(y)| < ¢, for all real numbers
x,y, with |[x —y| < v(e). In particular, for ¢ = 1, we can find v > 0 such
that |[f(x) —f(y)| < 1, for all real numbers x, y, with |[x —y| < v. Consequently,
If&v +v) —f(y)| < 1, for all real numbers y. Therefore

(v +v)> =y <l&2uy+1? <1

for all y, which is clearly impossible. [
The following theoretical result is a criterion for uniformly continuous functions.
Proposition. Letf : D € R — R. The following assertions are equivalent:

a) fis uniformly continuous.
b) for all sequences (x,)n>1, Vn)n>1 C D with lim (x, — y,) = 0, we have
- - n—oo
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214 13 Uniform Continuity
lim (f(x,) —f(ya)) = 0.
n—>oo

Proof. a)=b). Let ¢ > 0. The uniform continuity of f implies the existence of
v(e) > 0 such that

If(x) —fI <e, (13.1)

for all real numbers x,y € D, with |[x — y| < v(¢g). Because lim (x, —y,) = 0, there
n—>oo

exists a positive integer n(g) such that |x, —y,| < v(g), for all integers n > n(e).
Using (13.1), we derive |f(x,) —f(yn)| < &, for all n > n(¢), so

l_i)m (f(xn) —f(yn)) = 0.

n—>oo

b)=>a). Assuming by contradiction that f is not uniformly continuous, we deduce
the existence of a real number &y > 0 so that

V>0, 3x,y, xn—wl<v, [f)—fOul = €.

Ifv =

S| =

,n > 1, then we can find sequences (x,),>1, (V»)»>1 for which

1
|xn _yrt| = - and lf(xn) _f(yn)| = &o,

S

for all positive integers n. This contradicts lim (f(x,) —f(y,)) = 0.00
n—o0

We recall that f is a Lipschitz function if

[f) —fOWI=Llx—yl,

for all x,y in D and some positive real L. It is immediate that every Lipschitz
function is uniformly continuous: for each & > 0, it is enough to take v(e) := 7.
One method to recognize a Lipschitz function is to verify that it has a bounded

derivative. In this case, if sup |f'(x)| = L < oo, then, using Lagrange’s mean value
X€D
theorem,

@) —fO)l = |f'©] =yl <L-px—yl.

As a direct consequence, a differentiable function with a bounded derivative is
uniformly continuous.

We have seen that uniform continuity implies continuity, but the converse is not
true. However, we have the following useful result.

Theorem. If f : D — R is continuous and D is compact, then f is uniformly
continuous.
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Proof. Assuming the falsity of the conclusion, we can find gy > 0 and sequences
(X)n>1> On)n>1 for which lim (x, — y,) = 0 and |f(x,) —f(y)| = &, for all
- - n—>oo
integers n > 1.
Because of compactness of D, the sequence (x,),>; has a convergent subse-
quence denoted (xx, ),>1. Because lim (x, — y,) = 0, the sequence (yx,)n>1 is also
- n—>oQo -

convergent to the same limit, say a. The inequality |f(xx,) —f(yx,)| > €o, therefore,
contradicts the continuity of f at a. O

This result is extremely useful in a variety of problems concerning continuous
functions defined on compact spaces. Here is a nontrivial application:

Problem. Let U be the set of complex numbers of absolute value 1 and let
f :[0,1] — U be a continuous function. Prove the existence of a real continuous
function g such that f(x) = 2™ for all x € [0, 1].

Solution. We will begin with a definition: we will say that f has a /ifting if there
exists such a function g. First of all, we will prove the following.

Lemma. Any continuous function f which is not onto has a lifting.

Indeed, we may assume that 1 is not in the range of f. Then, for all x, there
exists some g(x) € (0,2m) such that f(x) = €™, We claim that this function g
is a lifting of f; that is, g is continuous. Indeed, fix a number x, and suppose that
g is not continuous at xo. Thus, there exists a sequence a, converging to xo and an
€ > 0 such that |g(a,) — g(xo)| > €. Because the sequence (g(a,)) is bounded, it has
a convergent subsequence, and by replacing eventually a, with the corresponding
subsequence, we may assume that g(a,) converges to some [ € [0,2x]. But then
f(ay,) converges to ¢!, and by continuity of f, we must have ¢! = ¢ which
means that [ — g(xg) is a multiple of 2. But since g(xg) € (0,2m), this forces
[ = g(xp), and thus we contradict the inequality |g(a,) — g(xo)| > ¢ for sufficiently
large n. Thus g is continuous and f has a lifting. (I

Now, we will employ the uniform continuity of f. Take N sufficiently large
such that

(%)
(k—1)x
r(%5%)
for all x and all 1 < k < N. This is possible, since the maximal distance between

W and % (taken over all x) tends to 0 as N — oo and since f is uniformly

continuous. But then, if we define

-1 <1
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these functions take their values in U and are not onto, since —1 is not in their range.
Thus, by the lemma, they have liftings g1, g2, ..., gv. By taking some a such that
£(0) = €', we observe immediately that a + g + --- + gy is a lifting for . O

We continue with an easier problem. However, it requires some geometric
interpretation:

Problem. Letf : [0, 00) — [0, c0) be a continuous function such that

f(x+y) @ +10)
2 - 2

for all x, y. Prove that f is uniformly continuous.

Solution. First, we are going to prove that f is concave. Indeed, an immediate
induction shows that

(xl +x2+---+x2n) f) +f0) + -+ flxm)
f 2n z 27[

for all nonnegative numbers x, x5, . . ., xo» and all positive integers n. Thus, by fixing
some 0 < k < 2" and two nonnegative integers x, y, we deduce that

k k k k
(gt (1-5)) = g+ (1- 5 ) o0

But, as we have seen in the chapter concerning density, the set of numbers of the
form % with 0 < k < 2" — 1 is dense in [0, 1] and the continuity of f implies the
inequality

flax+ (1 —a)y) =z af (x) + (1 = a)f (y)

forall x,y > 0 and all a € [0, 1]. That is, f is concave.

Now, take some sequences a, and b,, such that a,, —b,, converges to 0 and a, < b,
for all n and suppose that f(a,) — f(b,) does not converge to 0. Thus, a, — oo
(otherwise, it would have a convergent subsequence, and the same subsequence of
b, would converge to the same limit, thus contradicting the continuity of f). Take
some ¢ > d > 1 and observe that the concavity of f implies the inequality

d) —
J(bn) = flan) < (bn — an) ]%

Now, let us prove that f is increasing. This is quite clear, because for any a > 0, the
function

oty = 10 /@

X—da
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is decreasing for x > a (since f is concave) and h,(x) > —%, the last quantity
converging to 0 as x — oo. Thus h, must be nonnegative on (a, c0), and so f is
increasing. Finally, this argument combined with the previous inequality gives the
estimation

d) —
0 < f(bn) — f(an) < (bn — ay) J%

which shows that f(b,) — f(a,) converges to 0. Using the theoretical results, we
finally deduce that f is uniformly continuous. [
The following problem is much more challenging:
Problem. Let/ C R be an interval and let f : / — R be uniformly continuous.
Define
§(e) =sup{d > 0| Vxi,x €1, |x1 —x2| =8 = [f(x1) —f(x2)| <&}

Prove that:

a) Foralle > 0andall x,y € 1,

F) —fO) < —|x—y| +&.

~ 8o
. 8(e) . e N
b) 11rr(1) ——= = 0if and only if f is not Lipschitz on /.
£—> &
. _[lx=yl o . ..
Solution. a) Let n = W . Everything is clear if n = 0, by definition of
€

8(e), so assume that n > 1. Also, suppose that x < y. Let
x1 =x+68(), xo =x+28(s),..., x, = x + nd(g).
Then
) —fG)l =& [fon) —f)l <e....[f(x) —fOW =&

thus

lx — |
8(g)

£+ €.

[f(x) =fO)| = (n+ De <

8
b) Let us suppose that f is not Lipschitz and assume that liné ﬁ is not O (it may
£—> E

. . & . . .
not exist); thus Im}) m is not 0o, so there is a decreasing sequence ¢, — 0 and
£—> £
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En
— y.Let C = sup

En
. Then by a),
5en) T < 00. Then by a), we

a real number y such that

have
&) —fOMI =Clx—yl+ & Vn, Vx,yel

For x,y € I fixed, let n — oo. We obtain |f(x) — f(y)| < C|x — y|; thus f is
C-Lipschitz, a contradiction.

8(e
Now, suppose that lim Q = 0, but f is Lipschitz. Let C > 0 be such that

e—>0 ¢
[F()—f ()| < Clx—y] forallx,y € I. Take & > 0. For x1, x> € I with |x; —xs| < %

5 1
we have |[f(x1) — f(x2)| < &, thus §(g) > % = ﬂ > roa This contradicts the fact
£

. 8(e)
that im —= = 0. O
e—>0 &

We continue with another quite difficult exercise:

Problem. Letf, g : R — R be continuous functions. Suppose that f is periodic
. X . .-
and nonconstant, and lim & = 00. Prove that f o g is not periodic.
X—>00 X

Solution. Suppose the contrary. Then by proposed problem 13, f o g is uniformly
continuous. Let T > 0 be a period for f and u, v € [0, T| be such that (1) = r[{)nTrll £

—m

flv) = r{{)lz;)](f. Let f(u) = m, f(v) = M, and ¢ = M

there is § such that

. By uniform continuity,

M—m
2

x—yl =8 = lf(gx) —f(e)| = (13.1)

We claim that there is an interval of length § such that the variation of g on this
interval is greater than 7'. Indeed, otherwise

‘g(m?) _ 18O +[g(8) —gO) +--- + [g(nd) — g((n = 1)é)| _ |g(0) . T
né |~ né ~ nd )

and this contradicts the hypothesis made on g.

Thus, there are x1, x, € R with |x; — xp| < § such that |g(x;) — g(x2)| > T. Thus
there are a, b between g(x;) and g(x,) such that f(a) = m, f(b) = M. By continuity
of g, there are x, y between x1, x, such thata = g(x), b = g(y). Thus |[x—y| < § and

—m

If(¢() =feW] = If(@) —f ) =M —m > M2 :

which contradicts (13.1). This finishes the solution. (1
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Proposed Problems

10.

11.

12.

13.
14.

15.

. Prove that the function f : (—1,1) — R, f(x) = x? is uniformly continuous.

1
. Prove that the function f : (0,00) — R,f(x) = sin— is not uniformly
X
continuous.
. Prove that the function f : (0,00) — R,f(x) = sin (xz) is not uniformly

continuous.

.Letf,g : R - R,f(x) = x,g(x) = sinx. Prove that f and g are uniformly

continuous, but their product fg is not uniformly continuous.

. Letf : D € R — R be a function with the property that

[f@) —fOI = Vix—yl.

forall x,y € D. Prove that f is uniformly continuous. Is this condition necessary
for uniform continuity?

. Letf : D € R — R be uniformly continuous and bounded. Prove that f? is

uniformly continuous.

. For what « is the function f : [0, 00) — R, f(x) = x* uniformly continuous?
. Prove that the function f : (a, 00) — R, f(x) = Inx is uniformly continuous if

and only if a > 0.

. Does there exist a uniformly continuous function that is not a Lipschitz

function?

Letf : [0,1) — R be uniformly continuous. Prove that the function f has finite
limit at 1.

Letf : R — R be continuous, having horizontal asymptotes at +co. Prove that
f is uniformly continuous.

Letf, g : [0,00) — R be continuous such that

Jim [f(x) —g(x)] = 0.

Prove that f is uniformly continuous if and only if g is uniformly continuous.
Letf : R — R be continuous and periodic. Prove that f is uniformly continuous.
Letf : R — R be uniformly continuous. Prove that

[f)] < alx| + b,

for all x and some a, b.
Let f : R — R be a uniformly continuous function. Prove that the function
g :R? — R, given by

() o

, x=0

glx,y) = %

is continuous.



220 13 Uniform Continuity
Solutions

1. Let (x4),>1 » (Va)n>1 be sequences with elements in (—1, 1) such that
lim (x, —y,) = 0.
n—>o0
Then

If (en) = f ()| = |)C121 _yﬁ| = X0 = Yul - Ccn + Y1) < 21%0 — Yl -

We used the inequality |x, + y,| < 2, which follows from x,,y, € (—1,1).
Now, from the inequalities

0< lf(xn) _f(yn)| <2 |xn _yn| >

we derive lim (f(x,) — f(y,)) = 0. Hence f is uniformly continuous.
n—>oo

In fact, the uniform continuity of f can be established by using the fact that
is differentiable with bounded derivative, |f'(x)| < 2 |x| < 2, forallxin (-1, 1).
On other hand, we can easily see that if a function is uniformly continuous
on D, then every restriction f|p,, with Dy C D remains uniformly continuous.
In our case, the given function f can be considered as a restriction of the
function F : [-2,2] — R, given by the law F(x) = x2. Finally, F is uniformly
continuous on the compact set [—2, 2].
2. We can take the sequences

Easily, lim (x, —y,) = 0 and
n—>oo

lim (f(x,) — f()) = lim (sin 2nw — sin (2n7‘r - Z)) —1,
n—>00 n—00 2
so f is not uniformly continuous.
This proof uses sequences in a neighborhood of the origin, so a natural
question is if the restriction g = f|[4,00), With @ > 0, is uniformly continuous or
not. In this case, we have

for all x in [a, 00). Hence f|[,.o0) is uniformly continuous, because it has
bounded derivative.
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3. First, note that the derivative f'(x) = 2xcosx? is bounded on intervals of the
form (0, a], a > 0, so f|(.q is uniformly continuous. Indeed,

[f’(x)| = 2x |cosx2| < 2x < 2a,
for all x in (0, a]. On (0, c0), we can consider the sequences

X, = N2nmw, y,=+2nm—mn/2, n>1.

We have
Jim (x0 =) = Jim (Vo = /on = ]2)
=2 lim ! =0
2 n>00 g + /2nm — /2
However,

nl_i)rgo(f(xn) —fln) = nll)lgo (sin 2nw — sin (Znn — %)) =1,

with lim (x, —y,) = 0. Thus, f is not uniformly continuous.
n—>oQo

4. The functions f and g are uniformly continuous, because they have bounded
derivatives on R,

'@ =1, |g®]=lcosx| <1, xeR.

The product function A(x) = xsinx, x € R, is not uniformly continuous.
Indeed, let us consider the sequences

1
X, =2nmw, Y, =2n7r—;, n>1.

We have lim (x, —y,) = 0 and
n—od

h(xﬂ) - h(yn) = (2nzr - l) . sin (l)
n n

converges to 2. Hence 4 is not uniformly continuous.
5. Let (x4),,>1 » n),>1 C D be sequences such that lim (x, —y,) = 0.
= = n—>oo

From the inequality

lf(xn) _f(yn)| = A% |xn _yn|»
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it follows that
lim [f(x,) —f(yn)| = O,
n—>oo
so f is uniformly continuous. Clearly, there are uniformly continuous functions
which do not satisfy this condition, for example, f(x) = x.

Let us assume that for some M > 0, we have |f(x)| < M, for all x € D. We
then deduce that

I =20 = [F®) + O] - [f () =)
50
@) —20)] <2M - |f(x) —f ()] .
Now let (¥,),51 » (7a)us1 C D be any sequences such that

lim |x, —y,| = 0.
n—o0

The function f is uniformly continuous, so lim |f(x,) —f(y,)| = 0. Hence
n—oo
lim Vz(xn) _fZ(Yn)| =0,
n—>oQ

and the function f2 is uniformly continuous.

. Firstof all, let o« > 1. If f is uniformly continuous, then there is v > 0 so that

x,y€[0,00), x—y| <v=]*—» <1
In particular,
|G+ v)* —x* < L,

for all nonnegative reals x. This contradicts the fact that

lim [(x + v)* —x%] = o0,

X—>00
as follows immediately from Lagrange’s mean value theorem.

For 0 < a < 1, we can see that f is uniformly continuous on [0, 1]

(continuous on a compact set) and f” is bounded on [1, 00). It follows that f
is uniformly continuous on [0, c0).
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8.

10.

11.

First assume that @ > 0. The function f is uniformly continuous because it has
bounded derivative,

fx) ==
for all x € (a, o0). In the case a = 0, consider the sequences
1 1
Xp=—, Ya= 5, n=L
n n
We have
1 1
lim (x, —y,) = lim (— — —2) =0
n—>oo n—oo n n
and

1 1
lim (f(x,) —f(y,)) = lim (ln— —In —2) = lim Inn = oo,
n—>oo

n—00 n n n—00

so f is not uniformly continuous.
Yes. An example is f(x) = 4/x, x € [0,00). As we have already proved, f is
uniformly continuous. We have

0o _
X—=Yy x;ér

sup
x#y

x;ﬁy \/_ + «/_'

so f is not Lipschitz.

First of all, it is clear that if (x,),>; converges to 1, then (f(x,)),>1 is a
Cauchy sequence. Indeed, for € > 0, take v such that |[x — y| < v implies
|f (x) —f(y)| < €. Then (because (x,),>; is a Cauchy sequence) for sufficiently
large m, n, we have |x,, — x,| < v, thus |f(x,) — f(x,;,)| < € for all sufficiently
large m, n. Thus (f(x,)).>1 is a Cauchy sequence, thus convergent. We claim
that all such sequences have the same limit. This is easily seen by considering
the sequence xi,y1,Xx2,y2,... . Call its terms zj, 22, . ... Then we know that
(f(zn))n>1 converges. Since (f(x,))n,>1 and (f(y,))n.>1 are subsequences of
(f(zn))n>1, they must have the same limit. This shows that (f(x,)),> converges
to a certain / for all (x,),>; convergent to 1. Thus f has a finite limit at 1.

Let us denote

a= lim f(x), b= lim f(x).

Suppose that f is not uniformly continuous. By the theoretical part of the text,
we know that there exist two sequences (a,),>1 and (b,),>1 such that lim (a,—
- - n—>oo

b,) = 0 and € > 0 such that |f(a,) — f(b,)| > € for all n. Next, (a,),>1 has
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a limit point in R U {£o00}; that is, for some increasing sequence (k,),>1, we
have lim ai, = [. Clearly, lim by, = I.
n—>oo n—>oo
Now, if [ is real, the inequality |f(ax,) — f(bx,)| > € cannot hold for all n
because f is continuous at /. Suppose for instance that / = co. Then

lim f(a,) = b= lim f(by,),
n—>o0 n—oo
and again we reach a contradiction.
As a consequence, a continuous function having oblique asymptotes at =00
is in fact uniformly continuous. Indeed, if

l_i)rgo(f(x)—mx—n) =0,

with m, n € R, then g(x) = f(x) — mx — n defined on a neighborhood of +o0 is
uniformly continuous, because it has horizontal asymptote y = 0. Finally,

J(x) = g(x) + (mx + n)

is uniformly continuous, as a sum of two uniformly continuous functions.
12. If we assume that f is uniformly continuous, then

V8>Q3vpﬂlu—ﬂ<vp$V@%f@ﬂ<2
Pick M > 0 with the following property:
e
x€[M,0) = |[f(x) —gx)| < 3

The function g is uniformly continuous on [0, M], so we can find v, > 0 for
which

g
x,y €[0,M], [x—yl <v2=[glx) —g)]| < 7"

Now, with v = min {v{, v,}, we can prove the implication
x,y €[0,00), [x—yl <v=|gx) —gO)| <e,

which solves the problem. The last implication is true in case x, y € [0, M].
If x,y € [M, 00), then

lg(x) =g = [g() —=fO[ + [f () =fO] + [f () — &)

<8+8+8_8
-6 6 6 2
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Ifx € [0,M],y € [M, c0), then

lg(x) — g < |g(x) —gM)| + |g(y) — g(M)]
& &
< 5 + 5 = ¢.

This result can be easily extended to continuous functions f,g : R — R for
which

tim [f() —g@)] = 0.

As a direct consequence, continuous functions with oblique asymptotes are
uniformly continuous. Indeed, if

lim [f(x) —mx—n] =0,
x—>+o00

then g(x) = mx + n is uniformly continuous, and so f is uniformly continuous.
More generally, the result remains true even if f has different asymptotes at —oo
and +o0.

13. Let T > 0 be a period of f. By the uniform continuity of f on the compact set
[0, T], we can state the following:

Ve>0,3v>0, x,y€[0,T], x—y| <v=|f(x) —f)| <

| ™

The value v can be chosen less than 7. We prove now the implication
xy€eR =y v = [f0) —fO)] < e
If0<y—x<v,thenx,ye [(k—1)T, kT] or
x€[(k— DT,kT], ye kT, (k+ DT].
In the first case,
F0) O] = (= (= D) =f(y = (k= DT)| = 5 <&,
because
x—(k—1DT, y— (k— 1T €[0,T].
Otherwise,
F() =FO)] < [F) = (RT)| + [F0) —f&T)]
= (= (k= DT) —fO)] + [f(y = kT) —f(O)]

_8L ¢
—+-=c
-2 2

In conclusion, f is uniformly continuous.
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14.

15.

13 Uniform Continuity

Let v > 0 for which we have the implication
%y €eR, x—y[<v=1[(x)-f <1

Letxe R,x# Oandletn = [M] + 1, which is a positive integer. Then

v

—1
Iz_(k )x<

n n

3

and it follows that

F@ < [F(O)] +§p(%") —f(k: lx)

<vol+n = o)+

This condition is not sufficient for uniform continuity. For example, the function
f(x) = xsinx, x € R, is not uniformly continuous, as we have proved, but
lf(x)] < |x|, for all x.

Let a, b be real numbers satisfying |f(x)| < a|x| + b, for all real numbers x.
Then

0= lg0e)l = - [f (2)] = 1xl- (- |2 +8) = a- sl + - 1nl.

Obviously, g is continuous at the origin, and consequently, it is continuous on
R x R.



Chapter 14
Derivatives and Functions’ Variation

The derivatives of a differentiable function f : [a, b] — R give us basic information
about the variation of the function. For instance, it is well-known that if /' > 0,
then the function f is increasing and if /* < 0, then f is decreasing. Also, a function
defined on an interval having the derivative equal to zero is in fact constant. All of
these are consequences of some very useful theorems due to Fermat, Cauchy, and
Lagrange. Fermat’s theorem states that the derivative of a function vanishes at each
interior extremum point of f. The proof is not difficult: suppose that x, is a local
extremum, let us say a local minimum. Then f(xy + &) — f(xp) > O for all 4 in an
open interval (—§, §). By dividing by 4 and passing to the limit when % approaches
0, we deduce that f”(xg) > 0 (for & > 0) and f”(x) < 0 (for & < 0); thus f’(xg) = 0.
Using this result, we can now easily prove the following useful theorem:

Theorem (Rolle). Let f : [a,b] — R be continuous on [a, b] and differentiable
on (a,b). If f(a) = f (), then there exists c in (a, b) satisfying f'(c) = 0.

As we said, the proof is not difficult. Because f is continuous on the compact
set [a, b], it is bounded and attains its extrema. We may of course assume that f is
not constant, so at least one extremum is not attained at a or b (here we use the
fact that f(a) = f(b)). Thus there exists ¢ € (a, b) a point of global maximum or
minimum for /. By Fermat’s theorem, f” vanishes at this point. (]

As a consequence, we obtain the following:

Theorem (Lagrange’s mean value theorem). Let f : [a, b] — Rbe continuous
on [a,b] and differentiable on (a,b). Then there exists c in (a,b) satisfying the
equality

f)—fla)=(b-a)f (o).

The proof is immediate using Rolle’s theorem: the function

h(x) = (b —a)(f(x) — f(@)) — (f(b) = f(@)(x —a)

© Springer Science+Business Media LLC 2017 227
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satisfies the conditions of Rolle’s theorem; thus its derivative vanishes at least at one
point, which is equivalent to the statement of the theorem. [J
In exactly the same way, by considering the auxiliary function

h(x) = (g(b) = g(@)(f(x) = f(@)) = (f(b) = f(@)(g(x) — g(a)),

one can prove Cauchy’s theorem as an immediate consequence of Rolle’s theorem.

Theorem (Cauchy’s mean value theorem). Let f,g : [a,b] — Rbe both
continuous on [a, b] and differentiable on (a,b). Assume also that the derivative
of g is never zero on (a,b). Then g(b) — g(a) # 0 and there exists c in (a, b) such
that

f0)—f@ _f'©
gb) —gla)  g'(c)
Note that Lagrange’s theorem appears now to be a particular case of this last

theorem, and also note that it proves the assertions from the beginning of the chapter.
Yet another important result is the following.

Theorem (Taylor’s formula). Let f : I — R be an n + 1 times differentiable
function on the interval 1. Then, for every xy and x in I, there exists ¢ € I (depending
on xy and x and between xy and x) such that

L) (n+1)
fx) = Zf k(,XO) (x—x0)* + JznTl(;?(x —xo)" .
K !

Proof. Let F and G be defined by

_ aVAED) x (= x)"!
F(t) =f(1) —g 2l (t—x0)" and G(1) = RCESIE

for all # € I. One immediately sees that F' and G are n 4 1 times differentiable
and that F® (xg) = G®(xg) = 0 for 0 < k < n, while F"*D(¢) = f*+D(¢) and
G"*D(t) = 1 for all + € I. Cauchy’s theorem applies to F and G on the interval
from xj to x and yields the existence of some ¢, € I with property

F(x) _ F(x) — F(xo) _ F'(c1)
Gx) G —Gx) G'(c1)

By Cauchy’s theorem again (for F’ and G’ on the interval from xo to ¢;), we obtain
some ¢, € I such that

Fl(c) _ Fle)—Fx) _ F'cd)

G'c1)  Gle)=Gx) G'(cd)
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We continue this procedure based on Cauchy’s theorem until we get

F(x) Fl(c) Fl'(c)  F"(c,y))
G(x) G(c) G'(c2) G D(cpy)
for some cy, ¢, ..., cht1 € I (actually between xy and x). Now, with ¢ = ¢4, the

equality

F(x)  F"D(o)
G(x) Gu+l(c)

— f(n+l)(c)

is precisely what we wanted to prove. [

So, we can deduce from Lagrange’s theorem the relationship between the
derivative’s sign and the monotonicity of f. Moreover, the second derivative f” is
closely related to the notion of convexity. Indeed, f is convex on intervals where f”
is nonnegative and is concave on the intervals where f” is negative. Recall that f is
called convex if for all t € [0, 1] and x, y € [a, b], the following inequality holds

FA=nDx+1y) = (I=0f(x) + ().
and it is concave if the reversed inequality holds for all ¢ € [0, 1] and x,y € [a, b].
Any convex function satisfies Jensen’s inequality: for each positive integer n, for all
ay,...,o, € [0, 1] with sum 1, and for every xp, ..., x, € [a, b],

floxy + -+ apxy) < af(x) + - + o f(x,).

In particular,

f(xl +---+xn) < f(x1)+---+f(xn),

n n

for every xi,...,x, € [a,b]. When the function is concave, each of the above
inequalities is reversed.
Let us see now how we can use the previous results in a few concrete problems.

Problem. Leta;,ay, ..., a, be positive real numbers. Prove that the inequality
a+a+---+a,>n,

holds for all real numbers x if and only if ajay ---a, = 1.

Solution. If the product of all the g; is 1, we have, using the AM-GM inequality,

X X X — n X __
a)+ay+ -+ a, > nyajay---al = n+/(a1az---a,)” = n.
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For the converse, we give two approaches.

Method I. Let us define the function f : R — R, given by
fX)=a +a3+-+a, —n

The given inequality can be written as f(x) > f(0), so 0 is a point of minimum.
According to Fermat’s theorem, f’(0) = 0. But

f'(x) =ajlna; + aylnay + --- + a Ina,,

thus Ina; + Ina, + -+ + Ina, = 0, which is exactly the desired condition.

Method II. One can easily establish that

lim (a’l‘+a’2‘+-~-+afl
n

1/x
) = JYaiay---ay.

x—>0

For x > 0, we have

X X x\ 1/x
(al tat +a") > 1 (14.1)
n
and for x < 0,
X X .. x\ 1/x
(al +a+--+ an) <1, (14.2)
n

Now, if x \( 0in (14.1) and x ' 0 in (14.1), then we deduce that /aja; ---a, > 1
and /aja;---a, < 1, respectively. In conclusion, aja;---a, = 1.0

Problem. Solve in R the equation 4* — 3* = x.

Solution. For each fixed real number x, define the function f : [3,4] — R, by
f(y) = y*, with f'(y) = xy*~!. According to Lagrange’s mean value theorem,

f@—fB)=(@=3)f(c) & 4 =3 =x"",

for some ¢ € (3,4). The given equation can be written as xc*~! = x. One solution
is x = 0. For x # 0, we derive 1 =1 & x = 1. In conclusion, there are two
solutions: x =0andx = 1.0

Lagrange’s theorem also has important applications in transcendental number
theory. We present here Liouville’s famous theorem, which shows that algebraic
irrational numbers are badly approximable with rational numbers. This is the very
first nontrivial result in this active field of research:
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Theorem (Liouville). Let P be a nonzero polynomial with integer coefficients
and degree n. Suppose that a is an irrational zero of P. Then there exists a constant
C > 0 such that for all rational numbers ’é with p,q € Z, and q # 0, we have

c
lqI"”

a—g’ >

q

Solution. It is clear that there exists § > 0 such that the only zero of f in I =
[a — 8,a + 8] is a. Because P’ is continuous on I, it is bounded, and we can pick
M such that M > |P’(x)| for all x € I. Using Lagrange’s mean value theorem,

we deduce that )a — § > % ‘P (’5’)) for all x = ’(—; € 1. Because P has integer

coefficients, the number |g|" ‘P (g)‘ is a nonzero integer; thus it is at least equal
1

to 1. Thus for all 5 € I, we have |a — x| > M If x does not belong to I, then

|x — a| > 8. Thus by taking C = min (8, 1;), we always have ‘a — ’—;‘ > Icﬁ"' O

The following result is often useful for studying the behavior of a function when
we know some of its zeros and the behavior of its derivatives. One can also see it as
a factorization result, similar to the well-known result for polynomials.

Problem. Let f be a n times continuously differentiable function defined on
[0, 1], with real values, and let a;,as,...,a, be n distinct real numbers in [0, 1]
such that f(a;) = f(ay) = --- = f(a,) = 0. Then for all x € (0, 1), there exists
¢ € (0, 1) such that

(x—a)x—ay)--(x—a,)

f = , ().
n!
Solution. The case when x is one of aj,as,...,a, being immediate, let us
assume that x, aj, ay, . . . , a, are pairwise distinct. Consider the function

g = (t—a)(t—a)--- (1 —a)f(x) = (x—a)(x —az) -+ (x = a,)f (1),

which is n times differentiable and satisfies g(x) = g(a;) = g(az) = --- = g(ay,)
= 0.Let by < by < -+ < b, be the numbers x,ay,...,a, when arranged in
increasing order. By Rolle’s theorem, g’ has at least n zeros, one in each (b;, b;j+1).
Applying again Rolle’s theorem and repeating the argument, we deduce that g
vanishes at a point ¢ € (0, 1). Thus

nlf () = (x —a)(x —a2) -+ (x — a,)f " (c),

which is exactly what we needed. O

We continue with a particularly nice and surprising property of derivatives.
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Theorem (Darboux). The derivative of a differentiable function has the inter-
mediate value property.

Proof I. The proof is not difficult at all. Take f a differentiable function and
suppose that a < b and f’(a) < f'(b), for instance. Consider y € (f'(a),f’(b)). We
need to prove that there exists x € (a, b) such that y = f'(x). Let g(r) = f(r) — yr.
Then g’(a) < 0; thus there exists @' > a such that g(a’) < g(a). Similarly, there
exists b’ < b such that g(b’) < g(b). Because g is continuous on [a, b], it attains its
minimum at a point x. The previous remarks show that x € (a, b). Thus by Fermat’s
theorem, we have g’(x) = 0, that is, y = f’(x). O

Proof II. (See the note A New Proof of Darboux’s Theorem by Lars Olsen in
The American Mathematical Monthly, 8/2004). Let (for ¢ € [a, b]) h. be the function
defined for all x € [a, b] by

[O© for x £ ¢
hC(x) = / N f
f'(c), for x=c.

Clearly, any k. is continuous on the interval [a, b], and we have h,(a) = f'(a),
hy(b) = f'(b), and h,(b) = hy(a). Thus, if y is between f/(a) and f' (D), it is also
either between h,(a) and h,(b) or between h;,(a) and hy,(b). Suppose we are in the
first case. By the continuity of %,, we can find ¢ between a and b such that y =
hq(c) = (f(c) — f(a))/(c — a). But Lagrange’s mean value theorem ensures the
existence of some x between a and ¢ such that (f(c) — f(a))/(c — a) = f'(x); thus
y = f’(x), and we are done.

When y is between &, (a) and h,(b), we proceed analogously, by using the fact
that /;, being continuous, has the intermediate value property. [

We now present a very useful criterion for proving that a function is continuously
differentiable k times. It is also a consequence of Lagrange’s theorem:

Proposition. Let I be a nontrivial interval of the set of real numbers, xy € I and
f I — R continuous on 1, differentiable at all points of I except xo and such that
f/(x) has a finite limit when x tends to xo. Then f'(xo) exists, and it is equal to this
limit.

Proof. Let§, e > 0be such that |f'(x)—I| < e forallx € V = (xo—38,x0+8) NI,
x # xo. From Lagrange’s theorem, for all x € V, x > x,, we have the existence of
some c¢(x) between x and x( such that j%gfo) = f’(c(x)). Therefore

< €.

'l _ fx) —f(x0)

X — X0

A similar argument shows that the last relation actually holds for all x € V, x # x,.
This shows that f/(xg) = L. O
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Problem. Let xy € R and € > 0. Prove that there exists an infinitely many times
differentiable function f : R — R, not identically zero and which vanishes outside
(xo — €,x0 + €).

Solution. First of all, consider the function g(x) = e~x for x > 0 and 0
otherwise. We claim that this function is infinitely many times differentiable on R.
This is clear at all points except 0. Using the above proposition, it is enough to prove
that g® has a limit equal to 0 at O for all k. An inductive argument combined with
the proposition would finish the proof. But it is very easy to prove by induction that
g®(x) equals 0 for x < 0 and Pk(%)e_i if x > 0, where Py is a polynomial with
real coefficients and degree 2k. This shows that g (x) tends to 0 as x tends to 0
(from the right), and so g is indeed infinitely many times differentiable at O and thus
everywhere differentiable. Now, consider the function

f@) = g(€® — (x—x0)°).

This is also an infinitely many times differentiable function and, clearly, it is not
identically zero. However, f(x) > 0implies €? > (x—x¢)?, thatis, x € (xo—e, xo+¢€).
This shows that this function is a solution of the problem. [

We continue with some problems taken from the Putnam Mathematical Compe-
tition.

Problem. Letf, g : R — R with f twice differentiable g(x) > 0 for all x and

@)+ f(x) = —xg(0)f (x).

Prove that f is bounded.
Solution. Observe that f/(x)f" (x) + f(x)f’(x) = —xg(x)(f'(x))? is negative for
1
positive x and positive for negative x. On the other hand, f'f" + ff' = E(f2 + 1Y,

50 f2 + f”2 has a maximum at 0. Thus |f(x)| < +/f2(0) + f”*(0) for all x and the
conclusion follows. [

Problem. Letf : R — [—1, 1] twice differentiable such that £(0)> + f/(0)?> = 4.
Prove that there exists xo such that f(x) + " (xo) = 0.

Solution. Let g(x) = f(x)? + f'(x)?. By Lagrange’s theorem there is a € (0, 2)
2)—f(0
with f'(a) = % Clearly, |f'(a)| < 1, thus g(a) < 2. Working in the same

way with (=2, 0), we find b € (=2, 0) with g(b) < 2. Since g(0) = 4, the maximum
of g on [—2, 2] appears at some ¢ € (—2,2). Because g(c) > g(0) = 4, f’(c) # 0.
But g'(c) = 0, thus f(c) +f"(c) = 0.0

Problem. How many real solutions does the equation 2° = 1 + x? have?

Solution. Any such root is nonnegative since 2° > 1. If f(x) = 2* — x*> — 1 then
f(0) =0,f(1) =0,f(4) < 0and f(5) > 0, so f has at least three zeros. If f has
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at least four zeros, by Rolle’s theorem f” would have at least two zeros, which is
clearly wrong because f”(x) = (In2)? - 2% — 2 is injective. Hence, the equation has
three real solutions. [J

Proposed Problems

1. Solve in [1, c0) the equation 9* — 8* = x.

24+ 2V =16
43 =54"
3. Find all positive real numbers a, such that the inequality

2. Solve in R the system

a +10° > 55 4 6°

holds for every real number x.

4. Letf : R — R be a twice differentiable function whose graph meets the line
y = x three times. Prove that f”(§) = 0, for at least one real value .

5. Leta, b, c,m, n, p be real numbers. Prove that

asinx + bsin2x 4+ csin3x + mcosx + ncos2x + pcos3x =0

for at least one real value x.

6. Prove that the function f : R — R, given by f(x) = sinx + sin(x?) is not
periodic.

7. Let f,g : [a,b] — R be differentiable, with continuous, positive, increasing
derivatives. Prove that there exists ¢ such that

f(b) —f(a) gb)—g(a)

e R A LX)

8. Letf : R — R be a differentiable, bounded function. Prove that f(c)f’(c) = c,
for some real number c.
9. Letf : R — R be a convex function so that

l_i)lgo(f(x)—x—l) =0.

Prove that f(x) > x + 1, for all real numbers x.

10. Let f : R — R be a concave, strictly monotone function. Prove that f is
unbounded from below.

11. Letf : R — R be a three times differentiable function. Prove that there exists a
real number c¢ such that

FOf @f ()" (e) = 0.
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12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

Let f : R — R be a function with fourth derivative such that f(x) > 0, f/®
(x) < 0, for all real numbers x. Prove that there exist real numbers a, b, ¢ such
that f(x) = ax?> + bx + c, for all real x.

Let f : R — R be a function with continuous third derivative such that
f).f @), f"(x),f” (x) are positive and f"'(x) < f(x), for all real numbers x.
Prove that (f”(0))* < 2f(0)f'(0).

Prove the following equality: 2 arctan 7 + arcsin —— =
i

Let f be a differentiable function defined on the set of real numbers, with values

in the same set. If f has infinitely many zeros, prove that its derivative also has

infinitely many zeros.

Determine all differentiable functions f : R — R with the following two

properties:

(i) f'(x) = 0 for every integer x.
(ii) If x € R and f/(x) = 0, then f(x) = 0.

Letay,...,a, be real numbers, each greater than 1. If n > 2, prove that there is
exactly one solution in the interval (0, 1) to

n

l_[(l —x)y=1-nx

Jj=1
Let a, b, c, d be positive real numbers. Prove that

a n b n c n >0
b+c c¢c+d d+a a+b

Prove that for all real ¢, and all @ > 2,
eott +e—(¥t_2 S (et +e—f)0[ _201.

Let a > 1 be a real number. Prove that

; +0" 7 ) (617t —pet)

for any positive integer n.
Prove that the inequality

a n b n c
ad+1 bPP+1 A4+1

3
< Z
-2

holds for all positive real numbers a, b, and ¢ for which abc = 1.
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Solutions
1. The solution is x = 1. Let us define the function f : [8,9] — R, by f(y) = y",
where x > 0 is arbitrary and fixed. There exists ¢ € (8, 9) such that
FO) —f®) =f(c)(9—8) & 9" —8 =xc" .

Now, the given equation can be written as xc*~! = x*>. We have x # 0; thus
¢! = x. For x > 1, we have

Al > s g,
2. The solution is x = y = 3. Let us define
fx)y =2, gx) =3, xeR.
If x < 3, then y > 3, and the system is equivalent to

fx) +10) =2(3) N fO) —=fB3) =f03) —f(x)
g(x) + g(y) = 2g(3) () —g(3) =gB3) —g)

SO

fO) =B _ fO)~f()
g) —gB3)  gB3)—gk)’

which is impossible. Indeed, by Cauchy’s theorem,

f6) =16 _fe) O ~f) _ fie)
g —gB) &)’ g(3) —g(»)  gl(c)

!

for some ¢; € (3,y) and ¢; € (x, 3). The function x — is injective, so the

. g'(x)
equality
fe) _ fie)
gc) gle)

cannot be true.
3. The answerisa = 3. Letf : R — R, given by

f(x) = " + 10° — 5" — 6"

According to the hypothesis, f is nonnegative, which is equivalent to f(x) >
f(0). Hence f'(0) = 0. We have

f/(x) =a‘lna+10"In10 — 5 In5 — 6" In 6,
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sof’(0) = ln — =0 = a = 3.Ifa = 3, the given inequality is

2"=D(E" -39 =0,

which is true.
4. Assume that the function g(x) = f(x) —x, x € R, vanishes ata, b,c,a < b < c.
According to Rolle’s theorem,

g@)=g) =0=¢'¢E)=0=f'(5) =1
gb) =g(0)=0=g&E)=0=f(&) =1,
with & € (a,b), & € (b, ¢). Further,
FE) =1 (&) =r"(¢) =0,

for some £ € (&1, &).
5. Let us define the function f : R — R, given by

b c . n . D .
f(x)=—acosx—Ecos2x—§cos3x+ms1nx+Esm2x+§sm3x.
Obviously,
b ¢
0) =f27) = —a— — — —,
f0) =f(2m) = —a— 3 3

so we can find £ € (0, 27) so that
f'(§) =0 < asiné + bsin 2§ + csin 3§ + mcos & + ncos 2§ + pcos 3§ = 0.

6. If we assume by contradiction that f(x) = sinx + sin(x?) is periodic, then its
derivative must be also periodic. But then

f/(x) = cosx + 2xcos(x?)

would be continuous and periodic; hence f' must be bounded. This is a
contradiction, because for all positive integers n, we have

f’(v2n7r>=cosv2nn+2 2nw — 00 as n — oo.

7. Letcy, ¢ € (a,b), ¢; < ¢, be such that

f(®) —f(a) f (a) 8(b) — g(a)

=), R e,
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Consider the function F : [0, 1] — R given by

F(1) =f(0g' (1) = f'(c1)g (c2).

Then F(c1) < 0, F(cz) > 0, so there exists ¢ € [0, 1] such that F(c) = 0.
That is,

f(b) —f@) ) —s@

b—a b—a

f(0g'(e) =f(en)g (c2) =

Define the function g(x) = f%(x) —x%, x € R. Because of boundedness of f, we
have

lim g(x) = lim g(x) = —o0. (14.1)
X—>—00 X—>00

If g’ (x) # 0, for all reals x, then g is strictly monotone, which contradicts (14.1).
Thus there is ¢ such that

§() =06 2f(0)f (©) —2c =0 & f(o)f (c) = c.
Let us suppose that f(a) < a + 1, for some a. Because
lim (f(x) —x—1) =0,
X—>00

we can find b > a such that

_ o —f@ _
b—a

From the convexity of f, we deduce that the function ¢ : [b, c0) — R,

ey = 10 =@
—d

is increasing, so

o) > ¢(b) = LD @D o
X—d

= f(x) = m(x—a) + f(a)
= fx)—x—1>m—Dx+f(a) —ma—1.

Now, if x — 00, we obtain 0 > oo, which is false.



Solutions 239

10.

11.

12.

Suppose, by way of contradiction, that f > 0 and that f is decreasing. If a, b €
R, a < b, let M(xy, 0) be the intersection point of the line joining (a, f(a)) and
(b,f (b)) with the x-axis. Then, from the concavity of f, it follows that f(x) < 0,
for all x > xp, a contradiction.

Let us suppose, by way of contradiction, that

FOf @f" ()" (x) <0, VxeR.

In particular, f,f’,f”,f” do not vanish on R, so they have constant sign.
Assume that f > 0, so

F@f"@f"(x) <0, VxeR.

If f/ < 0,f” < 0and f” < 0, then f is strictly decreasing, concave, and
bounded from below, which is a contradiction. If f/ < 0,f” > 0,f” > 0, then
g = —f’ is strictly decreasing, concave, and g > 0, which is impossible. The
case f' > 0 is proved analogously to be impossible.

Alternatively, one can use Taylor’s theorem (with the remainder in
Lagrange’s form); thus we have that, for all real x and ¢, there exist c,, such
that

'@ I (exa)

f) =f@ + T(X—f) + T(X—l)z,

therefore, f(x) > 0 and f”(x) < 0 together lead to the contradiction

f®
!

0<f®+ (x—1

for all x and ¢. Indeed, for fixed (but arbitrary) ¢, this is possible for all x only
if f/(r) = 0. (See also the following problem for such a reasoning.) But if f” is
identically zero, the same holds for f”, which is not the case. Similarly, f(x) < 0
and f”(x) > 0 for all x are incompatible. Thus, if f has the same sign on R, and
f” also has constant sign on R, then necessarily f(x)f” (x) > 0 for all x € R. Of
course, this also holds for /7, that is, our assumption leads to f (x)f”” (x) > 0 for
all x € R and the contradiction follows.

This is problem A3 from the 59th William Lowell Putnam Mathematical
Competition, 1998. A generalization (for a 4k + 3 times differentiable function)
appeared as problem 11472, proposed by Mahdi Makhul in The American
Mathematical Monthly.

By Taylor’s theorem, for all real numbers x and ¢, there exists c,; between x and
t such that

F9(crn)
41

() () 0!
TR 31

fx)=f@) + (x—1)2>+ (x—1)° + (x—0)*.
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Now, using the hypothesis, we have

/ /1 (3)
070 =0+ w0+ B e 4 0y

for all x and t. Considering ¢ fixed, the right-hand side is an at most third-
degree polynomial in x that must have only nonnegative values. Clearly, this can
happen only if the coefficient of x* is O (i.e., the polynomial’s degree must be
even). Thus we must have f® () = 0 for any real number 7—and this evidently
means that f is either a second-degree polynomial or a nonnegative constant
function.

Of course, a similar statement (with an identical proof) holds for a real
function that has a 2n-th order derivative (with n a positive integer), namely,
if f(x) > 0 and f®”(x) < 0 for all x € R, then f is a polynomial function of
even degree which is at most 2n — 2.

Let us define the function ¢ : (—oo, 0] — R by the formula

p09 =L0 24" 470/

for every real number x. We have

¢'(x) = xf(0) +1"(0) —f"(x)

and ¢ (x) = f(0) — "' (x). The function f is increasing, because f* > 0. Then
for every x < 0, using the hypothesis again, we obtain f”/(x) < f(x) < f(0) so
¢” > 0. Hence ¢’ is increasing and for x < 0, ¢’(x) < ¢’(0) = 0. Further, ¢ is
decreasing, so for all x < 0,

¢ (x) > ¢(0) = £(0) —f(0).
Thus

0
g0 =" 20 470 > W >0

for all x € (—o0, 0) . Because f(0),7(0),f”(0) are positive, it follows that for
all nonnegative x,

AV

5 x> 4+ xf"(0) + £/(0) > 0.

g) =
Hence this inequality holds for all real x, so the discriminant of g(x) is negative:

(f"(0))* = 2f(0)f'(0) < O,

which is what we wanted to prove.
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14.

15.

16.

17.

Define the function

= 2arct in ——, x> 1,
f(x) arctan x + arcsin e X
with
2 1 2x )
/ = . :O’
F ) 1~|—x2+ (1+x2)

2x 2
1- (1+x2>

hence f is constant on (1, co) (try showing this as an exercise!). Thus
f(r) = lim f(x) = m.
X—>00

Let (a,)n>1 be a sequence of distinct zeros of f. One may say that the problem
is obvious, because by Rolle’s theorem, f” vanishes in all intervals (a,, d,+1).
However, we must be careful, because there is no reason for these zeros to
be increasingly ordered. The idea is that any infinite sequence has a monotone
subsequence. So, by working with a subsequence of (a,),>1, we may assume
that the sequence is monotone, say increasing. Then Rolle’s theorem says that
f” has a zero inside each of the intervals (a,, a,+1); thus it has infinitely many
Zeros.

Clearly the identically O function satisfies both conditions from the problem
statement. We prove that this is the only solution of the problem.

First note that, by (i) and (ii), we need to have f(x) = f'(x) = 0 for all
x € Z. Suppose there is a € R with f(a) # 0. Of course, a is not an integer,
thus a € (n,n+ 1), where n = [a] (the integral part of a). Being continuous, f is
bounded and attains its extrema on [n, n+ 1]; hence we can find b, ¢ € [n,n+1]
with f(b) < f(x) < f(c) for all x € [n,n 4 1]. If we have f(a) > 0, this implies
f(c) > 0; thus ¢ can be neither n nor n + 1 (since f is O at these points), that is,
¢ € (n,n + 1). But in this case, Fermat’s theorem tells us that f'(c) = 0, while
property (ii) of f implies f(c) = 0, which contradicts f(c) > 0.

Similarly, f(a) < 0 leads to f(b) < 0,b € (n,n + 1), f'(b) = 0 and finally
to the contradiction f(b) = 0. Thus f(a) # 0 is impossible (for any «), and the
only function that satisfies both conditions (i) and (ii) remains f : R — R given
by f(x) = 0 for all x, as claimed.

This problem was proposed for the 11th grade in the Romanian National
Mathematics Olympiad in 2015.

First we solve the problem in the case when all the numbers a; are equal. We
begin by proving the following:

Lemma. Leta > 1 and 0 < b < 1 be given real numbers. The equation
X+ (1-xf=1

has exactly one solution in the interval (0, 1).
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An immediate consequence is that the equation
A-xY'=1-x

has exactly one solution in the interval (0, 1) for any real number a greater than
1 and any positive integer n > 2.

Proof. Consider the function f : [0, 1] — (0, co) defined by
f(x) =x"+ (1 —x)b, Vxe[0,1].
We have f(0) = f(1) = 1 and

b
f’(x) = ax“_l — m, Vx € [0, 1)

Now we see that the graphs of the functions
g(x) = ax*Vand h(x) = b/(1 —x)'™", x €0, 1)

either intersect at two points or they do not intersect at all, since g increases on
this interval from O to a (its limit in 1) and it is convex or concave (as a > 2
and a < 2, respectively), while % increases from b to oo and it is convex (the
convexity of the functions is easy to check by using their second derivatives).
But if g and & do not meet, /* has the same sign (it is negative) on [0, 1),
as one can easily see, which means that f decreases on [0, 1). Since f is
continuous on the entire interval [0, 1], this would lead to the conclusion that
f(0) > lim,— f(x) = f(1), which is false; it remains the only possibility that
the graphs of g and & intersect at two points 0 < o < § < 1 in the interval (0, 1)
and that f” is negative on (0, @) and (8, 1) and positive on («, 8); therefore, f
decreases from f(0) = 1 to f(«) < 1, then it increases from f(«) to f(8), and,
finally, it decreases again, from f(f) to f(1) = 1 (hence f(8) must be greater
than 1). Clearly, f takes the value 1 exactly once, in the interval (o, B) (apart
from the endpoints 0 and 1 of the interval), which proves our first claim.

As for the second claim, this is, as we said above, just a simple consequence
of the first (proved above) part of the lemma; indeed, the equation (1 — x*)" =
1 — x is equivalent to x* + (1 — x)'/* = 1, and 1/n is positive and less than 1.

Thus the lemma solves the case when the numbers ay,...,a, from the
problem statement are all equal; with its help, we can also prove the existence
of a solution of the equation

ﬁ(l —x%)=1—x

j=1

in the interval (0, 1). To do this, consider the function F : (0, 1) — R,
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F) = [[Ja -2 | +x—1.Vxe (0.1).
j=1

and suppose that ¢ = min a;, b = max a;. We may assume that a < b, since
1<j<n 1<j<n

the case a = b (that is when all the numbers are equal) has already been treated.
Of course, we have a > 1 and b > 1. Because the above product has at least
two factors (and all the factors are positive), we get the inequalities

A—x)" +x—1<|[Ja=x) | +x=1 <A =+")"+x—1,Vx e (0.1).
j=1

According to the lemma, each of the equations (1—x)" +x = 1 and (1 —x?)" +
x = 1 has precisely one solution in the interval (0, 1): there are ¢ and d in this
interval such that (1 — ¢®)"” 4+ ¢ = 1 and (1 — d*)" + d = 1. From the above
inequalities (replacing x with ¢ and d, respectively), it follows that F(c¢) > 0
and F(d) < 0; now a typical continuity argument allows the conclusion that F
takes the value 0 between ¢ and d, that is, in the interval (0, 1); in other words,
the equation from the problem statement has at least one solution in (0, 1).
In order to show the uniqueness of this solution, we rewrite the equation as

1 1

[Ta—x9
j=1

1—x

and observe that both functions u, v : [0, 1) — (0, 00), defined as

u() = ——

[Ja—x

J=1

and

v(x) =

1—x
for all x € [0, 1), are strictly increasing, are strictly convex, and have the line
x = 1 as a vertical asymptote. The graphs of both u and v start from the point
with coordinates (0, 1); therefore they must have at most one other common
point, and this is exactly what we intended to prove.

We still have to prove the claimed properties of the functions # and v. There
is no problem with their monotony, and, also, the convexity of v follows easily
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since its second derivative is

" _ 2
v (x) = —(1 _x)3,Vx € [0,1).

The convexity of u is more complicated to establish.
We may write u(x) = 1/w(x) for

n

w(x) = [ [ —x9):

J=1

hence

_ 20 (@) —w@w" ()

W) w(x))?

On the other hand, we have
logw(x) = Zlog(l — xY),
j=1

and, by differentiation, we get

w(x) i ajx~1

wx) = 1 —x%°

Differentiating one more time yields

W) — WE)E_ g aila = x4
w2 & T

and the inequality
ww” (x) — (W' (x))* < 0

follows for any x € (0, 1). From this inequality, the positivity of the numerator
of u”(x) is a direct consequence; hence (since the denominator is also positive)
u” (x) > O forall x € (0, 1)—and the convexity of u—is established, completing
the proof.

This is problem 11226, proposed by Franck Beaucoup and Tamds Erdélyi in
The American Mathematical Monthly 6/2006. A simpler solution can be found
in Chapter 11.
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1
18. The function f(x) = —, x > 0, is convex and we can use Jensen’s inequality.
X
Assume, without loss of generality, thata + b + ¢ +d = 1. Then

a n b L c n d
b+c c¢c+d d+a a+b

=af(b+c)+bf(c+d)+cf(d+a)+df(a+b)

> f(a(b + ¢) + b(c + d) + ¢(d + a) + d(a + b))

1
= >
ab + 2ac + ad + bc + 2bd + cd ~

because
2ab + 2ac + ad + be 4+ 2bd + cd) < (@ + b+ ¢ + d)> = 1
S @a—o*+b-d?*=>0,

which is true.
19. Claim 1. For all real numbers 8 > 1 and y > 1, the inequality

G-De+D =y +12>0

holds. For 0 < y < 1, the reverse inequality is true.

Proof. The function y — y# is strictly convex on the interval (0, o) for 8 > 1,
and if y > 1, the numbers 1/y and (y — 1) /y are both nonnegative and sum to 1.
Then Jensen’s inequality yields

1 —1 1 —1 B
--1ﬂ+y—(y+1)ﬂz(--1+y—(y+1)) =y,
y y y y

which can be rearranged to get the desired inequality. For 0 < y < 1, we obtain,
again with Jensen’s inequality,

y P+ A=+ D =@ y+(1-p0+ 1)) =1

In both cases, the inequality is strict except for y = 1.
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Claim 2. For « > 2, the function f : (0, c0) — R, defined by

fx) = (x+ )_IC)“ —x¥ - xl—a, Vx € (0, 00),

attains its minimum value at x = 1.

Proof. The function f is differentiable and has the derivative

o

ot [ = D+ D=2 4 1], Vx> 0.

)=

Fory = x> and 8 = @ — 1 > 1 in claim 1, one sees that the expression in the
square brackets is positive for x > 1 and negative for 0 < x < 1 (and 0 only
for x = 1), respectively. It follows that f decreases in the interval (0, 1] and
increases on [1, 00), having thus (as claimed) an absolute minimum at 1.

This implies, of course, the inequality f(x) > f(1) for all x > 0 or

1\* 1
x+—-] —x*=——>2-2, Vx> 0.
X x%

Just put here x = ¢' (for any real ¢) and rearrange a bit to get precisely the
inequality stated in the problem.

This is problem 11369 proposed by Donald Knuth in The American Math-
ematical Monthly, 6/2008. The interested reader will find another solution, a
generalization, and other related inequalities in Grahame Bennett’s paper p-
Free IP Inequalities, in The American Mathematical Monthly, 4/2010.

We want to prove that

1

n+1) ((n + 1! _na_l),Vn > 1,

¢(a) = &ula) >

where
"1
ngzﬁ
j=1

and ¢(a) = lim,— o {,(a) is the Riemann zeta function. We can rewrite the
desired inequality as

1

(n+1) ((n 41! _na1>,Vn > 1

§(a) > Gu(a) +
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and we can prove this if we show that the sequence on the right hand side tends
to ¢(a) and is increasing. So denote

1

n(a) = ula) +
xn (a a i ((n—}-l)a_l_”a_l)

,Vn>1,

and notice first that (x, (a)),>, has the limit {(a), since

x*
lim x, (@) = {(a) + lim
n—>00 =0 (e 4 1) ((x Lyt 1)

B X _
= @)+ fim e = @,

Next
N 1
(DT 42 (@+2 7 =+ D)

Xnt1 (@) —xy (@) =

I
S () )

for any n > 1; thus the inequality x, 1 (@) > x, (@) becomes

1 1 1
(1 2+ 2 =+ DT G D D =) Gk D

or

1 na—l

(n+2)((n+2)a7t = (n+ 1)a1) ~ (n4 Da((n + 1)et —pa=1y’ Vn=1.

After some small calculation, we find this is equivalent to
m+ D 4 4+ D) > e 4+ 2) Ve > 1
and (after multiplication by n + 1) to
m+D* 4+ "+ D) >0 (n42)" + 0" (n+2)°.
Finally, we need to prove that

(n2 +2n+ l)a — (n2 + 2n)a >N (n+2)"—(m+ 1), Vn> 1.
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Lagrange’s theorem for the function x — x“, on the intervals (n2 +2n,n%+
2n + 1) and (n 4 1,n + 2) yields the existence of some

c € (n2+2n,n2+2n+ 1), and de(n+1,n+2),
such that
(n2 +2n + 1)a — (n2 + 2n)a = ac* !,
and
n+2)"—mn+1)*=ad .
Since a — 1 > 0, we have
(n2 + 2n + l)a — (n2 + 2n)a >a (n2 + 2n)a_1 ,
and
n+2)°'—(m+ 1" <am+2)"".

Thus our inequality follows like this:
(n2 + 2n + 1)“ - (n2 + 2n)a >a (n2 + 2n)a_l
=an" ' (n 42" >N (142" — (n+ 1)),

and the proof is now complete.
Lemma 1. We have

X y 20
+ =
X4+1 y¥4+1 " ad+1

for any @ € [1/\3/5, 1] and any positive x, y such that xy = .
Proof. By replacing y with o?/x, we get the equivalent form

X o?x? 200
+ <
¥4+l Ptat T e+ 1

of the inequality that we have to prove. After clearing the denominators and
some more simple (but prosaic) calculations, this becomes:

20x° — (0 + a®)x® — (& + Dx* 4+ 2(a + a)x’
— (@ + x> — (@ +a®)x + 2" > 0.
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As expected, the sixth-degree polynomial on the left-hand side is divisible by
(x — 0)?; thus we can rewrite this as

(x—a)?QRax* + 3o —a”)x* — 2a® —30° + 1)x?> + Ba* —a”)x + 22°) > 0.
Now, the hypothesis « € [1/«3/5, 1] implies o® € [1/2, 1]; thus

—Qa® =30+ 1) =2 - 1)1 —a*) >0
and, also,
302 —a® =20 + o’(1 —a®) > 0 and 3a* —a’ = 20* + a*(1 —a®) > 0;
therefore
20x* + Ba? —a®)x® — 2a® — 30> + 1)x? + Ba* —a)x + 20°

is positive, as a sum of nonnegative terms (some of them being even strictly
positive), and the first lemma is proved.

Lemma 2. The inequality

2¢2 2

is true for any positive ¢.
Proof. After clearing the denominators and some further calculations, the
inequality is equivalent to
37 — 4 4365 -2 432 -~ 61 +3>0
S t—1D)CT+20047° +3t* + 38 + 32 + 61 +3) >0,

which is evident for ¢ > 0.

Now let us solve our problem. Because we have abc = 1 (and a, b, ¢ > 0),
one of the three numbers has to be greater than (or equal to) 1. Suppose (without
loss of generality, due to the symmetry) that this is ¢ and consider two cases.

(i) First, assume that ¢ € [1, 3/4_1], then
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2
and ab = % = (%) . According to the first lemma, we have

-

a b 2 2c
PR S T R
(%) +1

and this yields

a n b n c _ 2c n c
A+1 PP+l A4+1 7" cfe+1 A+17
But lemma 2 (for t = /c) tells us that
2¢ c 3
+ <_9
c/e+1  A+172
so we get the desired inequality:
a " b + c 2¢ + c <3
A+1 P41 A4+1 " cfe+1 A+172

Suppose now that ¢ is greater than ~/4. One can easily observe that the
function

£:(0,00) = (0,00),f(f) = ﬁ,v; >0

has the derivative

1-2¢
"(t) = — .Vt > 0;
AU #+1)?
therefore the function increases from 0 to —= and decreases from = to

V2 V2

00, having an absolute maximum at —=:

1

1 1,
f@) sf(%) = §\/?1, Vi > 0.

In particular, f(a) and f(b) are less than (or equal to) %ﬁ Regarding f(c),
we have

ez V3= f0) < f(Va) = V4,
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because of the monotony of the function f. Finally

a + b " c _
B+1 bP+1 3+1

f(@) +f(b) +f(c)

1 1), 13, 13 8 104 3
<(2 242 )Va="Va<=. 2=~ <=
_( 3+5) 15 15 5 75 2

(the inequality v/4 < 1.6 is equivalent to 4 < 1.6> = 4.096; thus it is true)
and the proof ends here.

This is problem 245 (rephrased) from Gazeta Matematicd, seria A,
3/2007. In the same magazine, number 3/2008, one can find two more
solutions (due to Marius Olteanu and Ilie Bulacu) and a generalization from
Ilie Bulacu.

Remarks. 1) One can also prove lemma 2 by using the derivative of ¢ >
212/(8 + 1) + £2/(¢° + 1). (It is just a matter of taste; the computations are
of the same difficulty.) Indeed, the derivative is

=2t (A= 1)+ 350 - 1) +3(° - 1))
(£ + 1)2(t° + 1)

and the function has a maximum at 1 (equal to 3/2).
2) The reader is invited to prove, in the same vein, that

a n b n c
at+1 br+1 A+1

3
<_7
-2

for all positive a, b, and ¢ with abc = 1.



Chapter 15
Riemann and Darboux Sums

Letf : [a,b] — R be continuous and positive. By the subgraph of f, we mean the
region from the xy-plane delimited by the x-axis, the lines x = a,x = b, and the
curve y = f(x). More precisely, the subgraph is the set

{(cy) eR* |a<x<b 0<y<f(n)}.

We study the problem of estimation of the area of the subgraph. A method is to
consider a division (or partition) of the interval [a, b], i.e.,

A=(a=xy<x1 <-+<Xy—1 <X, =b).
The real number denoted
[All = max (x¢ — xk—1)
1<k<n
is called the norm of A.Next, choose arbitrary points
& € -1, x], 1 =k <,

which we call a system of intermediate points. Then the area of the subgraph is
approximated by the following sum denoted

oalf ) = D fE) 0 —xe1)
k=1

and called a Riemann sum. Our intuition says that this estimation becomes better if
the norm of the division is smaller.
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This result remains true for a more general class of functions, namely, Riemann
integrable functions.

Definition. A function f : [a,b] — R is called Riemann integrable (or just
integrable) if there exists a real number / having the following property: for every
& > 0, there exists §(¢) > 0 such that for every division A of [a, b] with | A|| < é(e)
and for every system of intermediate points (1) <<, » we have |oa(f, &) — 1| < &.

If it exists, I with this property is unique. (We encourage the reader to prove this
uniqueness property.) Thus we may use a special notation for /, namely,

I=/abf(x)dx

and we call I the Riemann integral, or simply the (definite) integral of f on the
interval [a, b]—or from a to b. Continuous functions and, also, monotone functions
are Riemann integrable—the reader can find the proofs of these properties in any
calculus book.

Clearly, the definition tells us that

/ f ds = tim o, (£.67)

for every sequence of partitions (A,),>1, with lim ||A,|| = 0, and for any choice
- n—oo

of the intermediate points é-',i") in the intervals of A,, n > 1. For instance, consider

h—
the partitions A, determined by the points x,({") =a+ k—a, 0<k<n,
n

b—a b—a b—a
<a4+2—<-r<at+(mm—-1)—<a+n = b,
n n n

a<a+

n

and the system of intermediate points

. b— b—
,E):a—i—k—ae[a—i—(k—l) ,a-+k :|,1<k<n.
n n

Since x,({") — x,(:’_)l = (b — a)/n, this A, is called an equidistant partition (all its

intervals have the same length), and the corresponding Riemann sum is

Oa, (f,é,ﬁ”’) = l%;f (a—l—kb;a).
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Thus we have a method to compute the limit of a class of convergent sequences:

Proposition. For every Riemann integrable function f : [a, b] — R, we have
 b—a < b—a b
lim Y flatk—) = [ f@adx
n—oo n Pt n a
In particular, if f : [0, 1] = R is Riemann integrable, then
1, (K !
lim —Zf (—) = / f(x)dx.
n—o00o n P n 0

One of the most important results comes now. Because it connects the operations
of differentiation and integration, the theorem that follows is called the fundamental
theorem of calculus:

Theorem. a) Letf : [a, b] — R be any continuous function on [a, b], and let

X
Fw = [ roar
for all x € [a, b]. Then F is differentiable on [a, b], and

F'(x) = f(x)

for all x € [a, b].

b) Let f : [a,b] — R be an integrable function on [a, b]. Moreover, assume that
f has an antiderivative F : [a,b] — R. That is, F is differentiable on [a, b] and
F'(x) = f(x) for every x € [a, b]. Then

b
/ f(x)dx = F(b) — F(a).

Proof. a) We have, for (fixed, but arbitrary) xo € [a, b],

Fo) — Fxo) = / F0) dt = (= x0)f ()

for some ¢, between xy and x (the last equality follows from the mean value
theorem for the definite integral—see the first proposed problem). Thus

F(x) — F(xo)

X — X0

= f(cy)

has limit f(xo) for x tending to xo (which makes ¢, tend to x; as well; remember
the continuity of f). This means that F’(xo) exists and equals f(xy) at any xo €
[a, b], which we intended to prove.
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b) Let A, be a sequence of divisions with the sequence of their norms convergent
to 0 (e.g., we can take the equidistant divisions of [a, b]). If

a= xé") (1 Mo < xl(,’fl) =

are the points that define A, we can apply to F Lagrange’s mean value theorem,

thus getting some £ ,E") in each interval [x,({")1 , x,({”)] such that

F) = (a0) = (7 - 7 (87)

(do not forget that the derivative of F is f). Consequently,
Dn Pn )
Fo)~ Fl@) = Y (F (") = F (+,)) = Z( O )5 (87).

k=1

that is,

F(b) ~ Fla) = os, (1.60").

for all n > 1. Now we only have to take the limit as » — o0, in order to obtain
the desired result:

F(b) — F(a) = lim 0, <”’ / f(x)dx. O

The second part of the fundamental theorem of calculus is usually named the
Newton-Leibniz formula and serves to evaluate definite integrals with the help of
derivatives. The notation

is often used for F(b) — F(a). Thus

b b
/a Fx)dx = F(x))a — F(b) — F(a).

Also note that if f is a continuous function defined on any interval I, and a is any
point in 7, then F defined by

F(x) = / f(@) dt

for all x € I is the antiderivative of f on /.
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_ 1

_n+1+n+2+”'+n+n'

Example. Compute lim a,, where a,
n—oo

Solution. We have

"1 e 1 1 & k
“w=2 =‘§¥+§=;g¥(ﬂ’

, x € [0, 1]. According to the above theoretical results,

1
where f(x) = T
X

1
1 1
hm%:/ m:mumwzmzm
0 1+X 0

n—oo
Another method to introduce the notion of integrability is due to Darboux. Let

f : [a,b] — R be a bounded function. For a division

Aa=Xxg <X <+ <Xp1 <X, =Db

define
sup f(x), 1<k<n.

XE[xp—1.%%]

inf  f(x), M=

my =
XE[xk—1,%%]

The sums denoted by

sa(f) = ) meu —xim1)s Sa(f) = ) M — xim1)
k=1 k=1

are called the inferior Darboux sum, and the superior Darboux sum of f, respectively.
We have the following results (the interested reader can find their proofs in any

calculus book—see, for instance, [12]):
Theorem. Let f : [a,b] — R be bounded. The following assertions are
equivalent:
a) fis Riemann integrable.
b) forall e > 0, there exists §(g) > 0 such that for all divisions A with | Al < é(e),
we have

Sa(f) —salf) <e.

This also holds in the following slightly different form:
Theorem. The function f is Riemann integrable on [, 4] if and only if for every
€ > 0, there exists a partition A of [a, b] for which SA(f) — sa(f) < €.
We also mention a powerful result of Lebesgue.
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Theorem (Lebesgue). A bounded function f : [a,b] — R is integrable if and
only if it is continuous almost everywhere in [a, b], that is, for any &€ > 0, there is a
family of intervals with sum of lengths at most ¢ such that any point of discontinuity
of f lies in an interval of the family. (We also say that the set of discontinuities of f
has Lebesgue measure zero or that it is a null set.)

The proof of this result is highly nontrivial and will not be presented here. We
show however some consequences of this theorem: first of all, the product of two
Riemann integrable functions is Riemann integrable. Trying to prove this using the
definition is not an easy task, but noting that

_(f+e?-r-¢

/g >

reduces the problem to proving that the square of an integrable function is integrable.
This follows immediately from Lebesgue’s criterion, because the discontinuities of
f? are among those of f. A more general result (with essentially the same proof) is
the following:

Problem. Let f : [a,b] — [, B] be a Riemann integrable function, and let
g : [a, B] — R be continuous. Prove that g o f is Riemann integrable on [a, b].

Solution I. Let € be an arbitrary positive number. Because g is continuous on
the compact interval e, 8], it is also uniformly continuous; therefore we can find a
positive §” such that

lg(x) —g(y)| < € whenever x,y€[a,B] and |x—y| < §'.
2(b—a)

Yet, g is bounded, so there exists M > 0 such that |g(x)| < M for all x € [«, B].

Now let § be a positive number, less than both §’ and €/(4M). Because f is
Riemann integrable on [a, b], there exists > 0 such that whenever A is a partition
of [a, b] with ||A]| < 1, we have

Sa(f) —sa(f) < 8.

Let us consider such a partition A = (a = xp < x; < -+ < x, = b) of [a, b],
with ||A||] < n. We denote by m;(f) and M;(f) the lower and upper bound of f,
respectively, in the interval [x;_1, x;]; m;(gof) and M;(gof) have similar significance
for g o f. We have

Sa(gof) —sa(gof) =Y (xi—xi-1)(Mi(g o f) — mi(g o f))

i=1

=Y i —xim)(Mig o f) —mi(g 0 ) + Y (xi = xim1)(Mi(g o f) — milg o ).
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In the first sum (i.e., in >_ ), we collect the terms corresponding to indices 1 <i <n
for which M;(f) — m;(f) < & (and, therefore, M;(f) — m;(f) < &', too), while the
second sum is over those i for which M;(f) — m;(f) > §. Consequently,

€
M; —m < >0
(gof) —mi(gof) 20—a)
for every i in the first sum (as |x — y| < M;(f) — m;(f) < 8’ forall x,y € [x;i_1, xi]).
We further have

82> 3" = xi ) (M) — mi(f) = D" (5 — xi-1)8,
hence
Z//(xi —Xi—1) < 4.

Putting all these together, we finally get

Sa(gof) —sa(gof) =Y (xi—xi-1)(Mi(g of) — mi(g o f))

i=1

=) i —xie)(Mi(g o f) —mi(g o f) + )" (i — xim)(Mi(g o f) — mi(g o f))

< ﬁ Z/(Xi —Xi—1) + 2MZ”(xi — 1)

€

:6’
2

€ €
_ = (p_ M. =
<2(b a)(b a) + 5<2+

and this happens for every partition A of [a, b], with ||A|| < 7. Of course, this
means that g o f is integrable on [a, b], which we intended to prove. O

Solution II. Lebesgue’s integrability criterion allows an almost one-line proof
of this result. Indeed, we clearly have g o f bounded (for g is continuous on the
compact [a, B]). On the other hand, if Dy and D,or are the sets of discontinuities of
fand g of, respectively, on [a, b], we obviously have Dyor Dy (for continuous g).
(Equivalently we can say that if f is continuous at some point ¢ € [a, b], then g o f
is also continuous at t.) So, if f is Riemann integrable, then Dy has null Lebesgue
measure, implying that D,or has null Lebesgue measure as well. Thus, g o f is also
Riemann integrable, finishing the proof. [J

A slightly more involved result is the following:

Problem. Iff : [a, b] — R has the property that f 4-sin(f) is Riemann integrable,
then so is f.
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Solution. Using Lebesgue’s theorem, this is not difficult. Indeed, first of all note
that & = f + sin(f) is bounded, so f is also bounded, because |f(x)| < 1 + |a(x)].
Now, note that the function g(x) = x4+ sin x is continuous and bijective. Indeed, it is
increasing and has limits +o00 at f00. Suppose that x is a point of discontinuity of
£, without being a point of discontinuity of 4. Then there exists a sequence (¥,)n>1
that converges to xo and such that (f(y,)).>1 does not converge to f(xo). However,
we know that (g(f(yn)))n>1 converges to g(f(xo)). Let / be any limit point of the
sequence (f(yn))n>1 (.., [ is the limit of some subsequence of (f(y,)).>1). Then
g()) = g(f(xo)) and so I = f(xp). Thus the bounded sequence (f(y,)),>1 has the
property that all its convergent subsequences have the same limit, f(xp). It means
that it converges to f(xg), a contradiction. Thus the discontinuity points of f are
among the discontinuity points of /, and thus the conditions of Lebesgue’s criterion
are satisfied for f, which shows that f is Riemann integrable. (]

An important consequence of Lebesgue’s theorem is the following fact:

Problem. Any function f : [a,b] — R which has finite one-sided limits at any
point is Riemann integrable.

Solution. Indeed, let us prove first of all that f is bounded. Assuming the
contrary, we can find a sequence x, € [a,b] such that |[f(x,)| > n for all n. This
sequence has a convergent subsequence (xi,),>1, whose limit is [ € [a, b]. The
inequality |f(xk,)| > k, shows that one of the one-sided limits of f at / is infinite,
which is a contradiction. Thus f is bounded on [a, b].

Next, let us prove that f is continuous almost everywhere. It is enough to prove
that the set of discontinuities of f is at most countable. For any x, let

flx+) = }{lﬁf (1)
and
f—) = }g,rxlf ().

Clearly, it is enough to prove that the set of points x where f(x+) > f(x—) is at most
countable. But this set is the union of A, ,, where A, , is the set of real numbers
x € [a,b] such that f(x—) < p < g < f(x+) and the union is taken over all pairs
(p, g) of rational numbers such that p < g. Clearly, any point of A, , is isolated. So,
because the union is taken over a countable set of pairs (p, g), it is enough to prove
that each A, , is countable. This will follow if we manage to prove that a set X of real
numbers all of whose points are isolated is at most countable. Let 11, I, ... be all
open intervals whose extremities are rational numbers. For all x € X, we know that
there exists n(x) such that x is the only common point of X and /(. The function
n defined on X is clearly injective, and because its values are positive integers, X
is at most countable. Thus f is continuous almost everywhere (we leave as an easy
exercise for the reader to prove that a countable set can be covered with a family of
intervals whose sum of lengths is at most ¢, for any ¢ > 0), and so f is Riemann
integrable. [
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The following result is weaker than Lebesgue’s theorem, but still nontrivial:

Problem. A Riemann integrable function f : [0,1] — R is continuous on a
dense set of [0, 1].

Solution. Let 0 < a < b < 1. We will prove that f is continuous at a point
in [a, b]. Using Darboux’s criterion, we can construct by induction a sequence of
nested intervals I, = [ay, b,] such that I,y is a subset of (a,,b,), Iy = [a,b],
b, — a, converges to 0, and

supf(x) — inf f(x) < !
x€l, n

x€l,

for all n. Indeed, suppose we constructed 7. There exists § > 0 such that for any
division A with ||A|| < § we have

bn — ap
SA(f) — sa(f) < ——.
A(f) —sa(f) 20T 1)
Let r = min(—t7. 23 §). For any division A = (xo.x1....,x;) such that |A|| <

r,leta, | be the smallest x; among those which belong to (a,, b,) and let b/, , | be the

greatest such x;. Clearly, [a . b, ] is a subset of (a,. b,) and b/, | —a,, , > 5%,
Also, let

Xig = Gy y < Xigh1 <o+ < Xigap = by
be the points of A that belong to [a], ;. b, ,]. Finally, let

Si= sup f(x)— inf f(x).

XE[x;.xi41] XE[x; Xj41]
Then

b, — a, .
2t ) > j:ZOSio+j(xio+j+l — Xig+j)-

If S, is the smallest among the S;,+;, we deduce that

b, — a, - 1
200, —d ) +1) " n4+ 1

Si0+l <

Therefore we can choose a,+1 = xj,+; and b,+1 = Xj;+/+1. Now, using the lemma
of nested intervals, there exists xo belonging to the intersection of all /,,. Clearly, f
is continuous at xq. [
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Finally, a beautiful application of Riemann sums and subtle estimations appears
in the solution to the following problem, taken from a Romanian Olympiad.

Problem. Letf : [0,00) — R be a 1-periodic and Riemann integrable function
on [0, 1]. For a strictly increasing, unbounded sequence (), , With xo = 0 and
lim (x,4+1 — x,) = 0, denote
n—>oo

r(n) = max{k € N | x; <nj}.

a) Prove that

r(n)

Jim 53 G ) = [ r0as

b) Prove that

1 <N f(Ink)
Momnz [f()dx

Solution. a) Let us denote

Z (k1 —x0)f (), p= 1

p—l<x=<p
Then, if

r(n)

an = — D (1 —X0f (50,
k=1

n
we have a, = — E sp and according to the Cesaro-Stolz theorem, lim a, =
n 1 n—>o00
=
lim s,, if the limit on the right-hand side exists. However, note that
n—>oo

Do G —x @)= Y Gk —f W)

n—l<xx<n 0<xx—(n—1)<1

with y, = x; — (n — 1), represents the Riemann sum related to the function f and
the division (Yi),(;—1)<k<r(» Which tends to zero in norm, as n — 0o. Also note
that f(x;) = f(yx) because f is 1-periodic. Thus,
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1
lim s, :/ f(x) dx.
0

n—>oo

b) For x, = Inn, we have

o .
VVC alSO ha\/e

1
lim s{,,) = [ f(x) dx,
n—>0o0 0

SO

[elin]

Zl k+ £(In k)—>/f(x)dx as n— oo

[ln '
Now,
]

1 & +1 1 - k+1
mk=11n f(lnk) — Z X —fnk) + — > In——f(Ink).

k=[ellnnl]+1
Let us prove that

n

| k+ 1
lim — ) ln%f(lnk)zo.

n—oo Inn
k=[elnnl]+1

First, with M = sup,¢po 1 [f (x)] ,

n n

Z k+1 n—+1
< M - E In =MIn W,
fe=[ellnn]+1 ke=[elnnl] 1

which tends to zero, as n — oo. Finally,

1 (1 k+1
mZ(z—ln )f(lnk)

k=1

1 /1 k+1
<M—§ ——In +
Inn k k
k=1
l+3++i-In@+1)

=M- —0, as n—o0. O
Inn
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Proposed Problems

1. a) Prove the monotonicity property of the Riemann integral, namely, that if f, g :
[a,b] — R are two Riemann integrable functions such that f < g on [a, b],
then

A?mwsl%ww.

b) Prove the mean value property for the Riemann integral. Namely, show that if
f @ [a, b] is a continuous function, then there exists ¢ € [a, b] such that

b
/f@wzw—wm.

n
sin “&

Zw—

1
3. Find the limit of the sequence a, = Z = n>1
i k+vntt+kn+k

4. Does there exist a Riemann integrable function f : [0, 1] — R such that for
every p.q € (0,1),p < g there exist c,d € (p.q) for which f(c) = ¢ and
f(d) = d*?

5. Letf : [0, 1] — R be a Riemann integrable function such that

o<1 ()=t

1
for all positive integers m < n, gcd(m,n) = 1. Compute / f(x) dx.
0
6. Letf : [0, 1] — R be integrable such that

J@+/0)
2

2. Find the limit of the sequence a,, =

<f(Vxy),

for every x, y in [0, 1]. Prove that if f is continuous at ¢!, then

1
[ reas s
0
7. Letf : [a, b] — R be with the property that for all ¢ > 0, the set
{xela,b]| [f)| > e}

1
is finite or empty. Prove that f is integrable and / f(x)dx = 0.
0
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8. Let f : [0,1] — R be an integrable function such that for every
p.q € (0,1),p < g, there exists £ € (p,q) for which f(§) = 0. Prove that
1
fx)dx = 0.
0
9.Let f : [0,1] — R be an integrable function such that for every

p.q € (0,1),p < g, there exist ¢c,d € (p,q) for which f(c) + f(d) = 2.
Prove that

/lf(x) dx = 1.
0

10. Letf, g : [0,1] — R be increasing, with g(0) > 0 and let (a,,),>1 C (0, 00) be
such that (na,),>1 converges to 1 and is monotonically increasing. Compute

f(an) +f(2an) + - +f(nan)
n—o0 g(a,) + g(2ay) + -+ + g(nay) .

11. Prove that the function f : [0, 1] — R, given by

1

f =172
0, x#—-,neN*
n

1
x=—,neN*

1
is integrable and / fx)dx = 0.
0
12. Letf : [0, 1] — R be increasing. Prove that

/ Fdi- LYy (’—‘)
0 =

for all positive integers n.
13. Leta; = 0.5, and a,4+; = +/1 + na, for n > 1. Compute

ff(l) —f(O)’

n

1 2 n
lim e .
n—00 (n2 + a, + nz + zan + + n2 + na")

14. Letf, g : [a, b] — R be such that

) —fI = g — g

for all x, y in [a, b]. Prove that f is integrable if g is integrable.
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15. Letf : [0, 1] — R be integrable. Prove that

() O + (¢ G =F G -+ (= () _

lim
n—>o00

16. Letf : [0, 1] — R be integrable and let (a,),, be a sequence such that

517

D a
k=1
for all positive integers n. Prove that
L[k
Jn, 2 (5)a=0

17. Letf : [0, 1] — R be a continuously differentiable function. Prove that
1 1 n—1 k 1) — £(0
fim n /f(x)dx__zf(_) _fW)—fO)

18. Compute the limit lim n [ 2 n§_l "
. nl——>» ———1.
P n 4 n? + k2

—>00
k=0

19. Are there polynomials P, Q with real coefficients satisfying the equalities

Gl S S
Ix = — — . -,
o 0 23 n

for each integer n > 27
20. Letf : (0, 1] — R be a continuous function such that

1 1
lim / f(t)dt = /0 F(x)dx

exists and is finite. Does it follow that the sequence (S,).>1, Where
I, (K
Sn = - b
2 (i)

1
converges to / f(x)dx? What if f is decreasing and liné xf(x) =0?
0 xX—>
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21. Let f and g be two functions defined on a compact interval [a, b], such that f is
Riemann integrable on [a, b], g has an antiderivative G on [a, b], and f(x) < g(x)
for all x € [a, b].

b
a) Prove that / f(x)dx < G(b) — G(a).
‘b
b) Prove that if / f(x)dx = G(b) — G(a), then g is Riemann integrable on
[a, b]. ‘

22. Let g : [, B] — R be a Riemann integrable function, and let f : [a, b] — [, B]
be a continuous function having the property that for every ' € (a, b], there
exists an L > 0 (depending on «’) such that |f(x) — f(y)| > L|x — y| for all
x,y € [d, b]. Prove that g o f is Riemann integrable on [a, b].

/2 /2
23. LetA, = / cos” xdx and B, = / x% cos? x dx.
0 0
1
a) Prove thatA,_; —A, = 5 IA" and that A, = n(2n—1)B,_; — 2n>B,, for
alln > 1.
b) Conclude that
1 Bn—l Bn
— =92 _"
n2 An—l An
for all n > 1, and then deduce that
o0
1 =
2) = - =—.
t@) ; S ==
Solutions
1.

a) If f(x) < g(x) for all x € [a,D], it follows easily that oa, (f ) E;En)) =
oA, (g, ,E") ) for every n > 1, where A, is a sequence of partitions of [a, b]

with lim ||A,] = 0, and E,g") are some corresponding intermediate points.
n—>oo

Thus the result follows by passing to the limit for n — oo:
b b
/ f(x) dx = lim ox, (f, g,ﬁ”)) < lim oy, (g, g,ﬁ")) — / g(x) dx.
a n—>oo n—>oo a

Note that, in particular, the integral of a nonnegative function is also
nonnegative. Also, one can show that if continuity on [, b] is assumed for f
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and g, the equality in the inequality that we proved is achieved if and only if

f =gon]a,b].
b) Letm = i?fb] f(x),and M = sup f(x) be the extrema of f on [a, b]. The
x€la, x€la,b]
extreme value theorem tells us that m and M are actually values assumed by
f. The monotonicity of the Riemann integral applied to the functions f — m

and 0 to f — M and 0, respectively, yields

b
m(b—a)f/ f(x) dx <M(b—a).

Thus

1 b
m/ f(x) dx

is between m and M—two values of f; now the intermediate value property
of f ensures the existence of ¢ € [a, b] such that

1 b
o [ rwa=se.

We used this result in the proof of the fundamental theorem of calculus. So,
now we know that if f is continuous on [a, b], then the function

x = F(x) :/xf(t) dt

is an antiderivative of f. Thus the equality from the mean value theorem reads
F(b) — F(a) = (b — a)F'(c), that is, it can be inferred from Lagrange’s mean
value theorem applied to F. This shows that ¢ can be actually chosen in the
open interval (a, b).

2. For every integer 1 < k < n, we have the estimations

Vi + 1< V2 +k<vVn?+n,

SO

Now let us consider the function f : [0, 1] — R, f(x) = sin 7x. The function f
is continuous, so it is integrable. It follows that



Solutions 269

it ()< [

1

! 1
=/ sintxdx = —— -cosmx
0

Because
n .
E sm 5 < —- = sin —
n+1 ni n

it follows that lim a, = —.
n—o0 T

3. We have
" 1
w2 T
=i I+ E g &
SO
1 <& 1
- <a, <
T VA R ﬂk 1+§

The numbers

2 b
n n n n n n n

k k [k k+ 1} k |:k k+ 1]
- + — €| = ) - € |-,
can be viewed as systems of intermediate points associated to the division

1 2 n—1
A=|0<-<-<--+< <1
n n n

1
and the function f : [0, 1] — R, f(x) = ————. Thus
X

+ v14+x

i /1 dx
m a, = —_—
n—>o0o 0 X+ /1+x

4. The answer is no. Supposing the contrary, consider the division

1 2 n
Ay=0<-<-<:--<=-=1]),n>1
n n n
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of the interval [0, 1] with the norm ||A,|| = % — 0, as n — o0. According to
the hypothesis, we can find

€k Mk € [k_l,]—c] l<k=<n
non
such that
fE) =&, fm) =
Hence

.1 IS !
Jim 32060 = fim 13 ) = | reas

And yet, these limits are different, so the problem is solved. Indeed, consider
the sum

1 ¢ Il k—1 k
Z;f@k)—;;&vgke[T,;}

as a Riemann sum associated to the continuous function ¢ : [0, 1] — R, ¢(x) =
x2. Therefore

1 — ! ! 1
lim — 2:/ xdx:/xzdxz—.
rzﬁoon;gk 0 ¢() 0 3

Similarly, if we consider the continuous function ¥ : [0,1] — R, ¥ (x) = x°,
then

I ¢ ! ! 1
lim — 3:/ xdx=/x3dx=—.
Hmn;nk | v@dr= | 7

. First note that the sequence

is convergent and

1
lim a, =/ f(x) dx.
n—>oo 0
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If p is prime, then

1P—1 k p—1 1+ + . +_
Sap:_Zf(_) .

1
Pzt \P PSP p

Using the Cesaro-Stolz theorem, we have

1+l+...++ 1
lim 2 7l fim —2L .
p—00 p p—>0o p — (p—l)

In conclusion, the convergent sequence (a,),.; has a subsequence which

converges to zero. Hence a, — O and | f(x)dx = 0.

0
6. We can prove by induction (using the same trick as the one Cauchy used to
prove the AM-GM inequality) that

fx) +00) + -+ f(xn)

=f («/" X1Xp+ '-xn) )

n
for all positive integers n and all x1, x3, . .., x,,. Thus
1o, (k J1 2 n Vn!
= — — ] < R — 1.
an nk:Zlf(n)_f( n n n) f(n)

Vn!
n

Now, using the well known limit lim = ¢~ !, we obtain

n—>o00
1 n n!
/ f(x)dx = lim a, < lim f | — =f(e_l).
0 n—00 n—00 n
7. For ¢ > 0, denote by

={x€fa.b]| [f()] > &}

and assume that card A, = n,. Obviously, f is bounded so let

M = sup |[f(x)].

x€la,b]

Let

=a=xg<x1 < +<Xx,=D>b)
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be a division of the interval [a, b] and let & € [x;—1,x:], | < k < n be a system
of intermediate points. We have

Y fE G — x| < DI ED] ok —xe1)
k=1 k=1

= Y G G —xem) + D 1FED] (o —x1)

Ek€Ae E EAe

<A D @+ Y (—xi1) < Mng - ||Al| + &b — a).

Ex€Ae EcEAe

e
Now, if [|A|| < , then
Mn

&

0< Zf(gk)(xk —x—1)| <e(b—a+1)

k=1

1
and consequently, / f(x)dx = 0.

0
8. For each integer n > 2, let us consider the equidistant division

1 2 n—1
Ay=l0<-<-<---< <1

n n n

of the interval [0, 1]. Define the system of intermediate points
n k—1 k . .
" [— -} . with f(E") =0,
non

for all integers 1 < k < n. The norm ||A, || = }l tends to zero, as n — 00, SO

1
the corresponding Riemann sum tends to / f(x)dxasn — oo :
0

n—o0o n

. 1 - n !
lim — > fE") = / f(x) dx.
k=1 0
But the sums are identically zero, because all their terms are zero. Thus,

1
/ f(x)dx=0.
0
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9.

10.

Consider the division

1 2 n—1
A=l0<-<-<---< <1

of the interval [0, 1]. According to the hypothesis, we can find

o Tk—1k
ék,nke T,_ .1 <k=<n,

n

so that f(£]') + f(n}) = 2. From the fact that f is integrable, it follows that

: 1 . ny o 1: 1 . ny __ !
Jim 360 = lim 370D = | reas

Therefore

n—o00 n

! 1 1
2 / f@de = lim =Y f(E) + lim — > " f(n)
0 k=1 TS

tim 3" (& +0) = 2.
k=1

n—>oo

1
so/ f(x)dx = 1.

Let gs consider the divisions
A,=0<a,<2a,<--<na,<1),n>1
of the interval [0, 1]. Easily,
||A,]| = max {a,, | —na,} -0, as n— oo.

The functions f, g are increasing, so they are integrable on [0, 1]. If we choose
the points

& = ka, € [(k—Day, ka,], 1 <k <n,

then

n n 1
tim " (ke ha, — (k= Da) = fim @ Y f(ha) = [ f)ds
n—00 P n—00 =1 0
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and
n n 1
Tim k;g(kanxkan—(k— Day) = lim an;g(kao - /0 ¢(x) dx.

Finally,

Zf (kan) an k;f (kay) /0 1 f(x) dx
= T

Z g(kay) a Z g(kay) / g(x) dx
k=1 0

11. The function f is bounded and continuous almost everywhere (continuous on
[0,1]\ {1/n | n € N*}). In order to compute the integral, we will choose the
particular division

1 2 n—1
A=|0<-<-<-+< <1
n n n

and the system of intermediate points

m[% k]ﬂ(R\@),lfkfn.

,—
n

We have f (&) = 0 and

1 n
[ rwax= tim 23" =0
k=1

More generally, any integrable function that vanishes on a dense subset of [a, b]
has integral equal to 0 (as we have seen in a previous exercise).
12. We have

1 1 = k
M f)d —;;f(;)

n % 1 n k
J(x)dx — - f(—)
S ()
k=1""n
X[ 0(G) )
k=1"Y "n
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L0 ()

_ ) —f©O)

n

13. First we can prove by induction that n — 2 < a, < n. Under this assumption,
we have

api1 =1 +na,>/1+nn—-2)=n—1

and

an+1=\/l+nan<\/l+n2<n+l,

. . a
son—1 < ayy; < n+ 1. These inequalities show that — converges to 1. Let
n

us consider the function f : [0, 1] — R, given by the formula f(x) = %,
X
x € [0, 1] and the division

a 2a na
A= O<—§<—2"<---< 2"<1.
n n n

For the system of intermediate points

ka, (k—1a, ka,
fi=-7 ¢ [—2

91<k<7
n2i| =r=n

n n

we have

1 n
./0 f(x)dx = n]l)rgo Zf(];azn
k=1

ka, (k—1a,
) (-5

ay — ka, a2 & k
= lim — ———— = lim -2 _
n—00 n2 ; n? +ka, n—>oo n? k2=; n2 + ka,
In conclusion,
n k 1
lim —_ = dcx=1—-1n2.
naw; n2 + ka,, /(; f(x) X

14. Let ¢ > 0. For every division

A=@=xg<x <:<x,=D>)
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with norm ||A|] < 8(¢), we have Sa(g) — sa(g) < &. Let us denote

m{ = _inf g(x), M{= sup g(x)

€ k-1 XE[xk—1.,%%]
and

my= _inf f(x). M= sup f(x).

XE[xg—1.%k] X€E[xk—1,Xk]
From the given inequality, we deduce
M, —mf <M{—mf, 1 <k<n.

Therefore
SA(f) —salf) = Z(MJ/: - m};)(xk —Xp—1) < Z(Mf — m) (X — xi—1)
k=1 k=1

= Sa(g) —salg) <e.

In conclusion, f is integrable. Alternatively, observe that the hypothesis and the
fact that g is bounded easily imply that f is bounded: all we need is to note
that |[f(x)| < |f(a)| + |g(x)| + |g(a)|. Also, for an xy € (a, b), the inequality
If(x) —f(x0)] < |g(x) — g(xo)| implies that f is continuous at xy if g is. Thus,
the discontinuity points of f are included in the set of discontinuity points of g
and we can apply Lebesgue’s criterion in order to complete the solution.

The function f is integrable, so it is bounded. Assume that |[f(x)| < M for all
x € [0, 1] and for some M > 0. For every integer 1 < k < n, we have

() ()= b Gl ()
'(f(é).f(%l))iz&- ()= (5]

OO ) =) ()

<2M

and thus

S
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Next,

26 (5= ()~ (5 G-5)

< SA(f) —sa(f) =0,

where Sx (f) and sa (f) are the Darboux sums corresponding to the equidistant
division

1 2 n—1
A=|0<-<-<--+< <1).
n n n

Thus

L))

and the problem is solved.

16. Let us define the sequence (b,),, by the formula b, = Z a, with bg = 0.
k=1
By using the Abel-Dirichlet summation method, we have

XOREEOIES
=2l G Q)b G ()]

[ (57) s v
<ol b ()= Gk () -+ C)
Sl | () =]+ 16 v
GGG )
op(57) sl ]

1 1
n _I’l

+ ...
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which tends to zero, as n — 00, because, as we have seen in the previous
problem,

@ IR O+ 0 —r (5]

n—>00 n

! I, (k-1
xn—n(/o f(x)dx—Z;f(T))
oS foa iy ()
k=1 n k=1
2L [ k—1 k—1 (k=1
:n;/o (f(X-I—T)—f(T)—Xf( " ))dx

1 n—1 ) k

=0

=0.

17. We have

Pick € > 0. Because f” is continuous on [0, 1], it is uniformly continuous, and so
there exists ng such that for all n > ny and all x, y such that |[x—y| < %, we have

/ / : 1
[f"(x) — f'(»)| < €. From now on, we consider n > ng. For a fixed x € [0, 1],
Lagrange’s theorem asserts the existence of a point ¢, , € [k,;ll, x+ 1%1] such

that
f (x + u) ~f (@) = 3f'(@4n)-
n n

Because |cn,k.x — k;—l\ < rll, we deduce that

() () ()

for all k, x. By integrating this between 0 and %, we deduce that

[l 5 (50 = (5

<€-X

€
< 2n2’
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which shows (by summation) that the term

EL (b)) ()

n—1

1 k
converges to 0. Because the term — Z f'| = | converges to
2n = n

Lf@dx _ f(1) ~£(0)
=,

the conclusion follows.
18. Let us consider the function f : [0, 1] — R, given by f(x) =
According to the previous problem,

n—1
nll)rrolon(/ f(x)dx—_Zf(k)) _f ;f(o)’

which can be written as

n—1
T n 1
lim — — —_— | = —-.
n—>oon(4 ;nz—i-kz) 4
19. The answer is no. We have

/m PO Navmratplyplo
— Ix = — —_ . — —Inn,
0 0(x) 2 3 n

X e [01].

or

Inn R(X)
0o 0

where R(x) = P(x) — Q(x) and

dx = c,,

TR U
= — — — —Inn.
¢ 273 a0

It can be easily proved that

lim nz(cn+1 —Cp) =—7,
n—00 2
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using

1 1+1 ! ! + !
n — = - _— — 1.
n n  2n? ¢ n?

Further,

/ln(n+l) R()C)
dx = cpe1 — ¢y
w0 "

and, according to Leibniz-Newton’s theorem, there exists &, € (Inn, In(n + 1))
so that

(Inn+ 1) —Inn) - giﬁ; = Cpt1— Cn.

Equivalently,
% -ln(l + %) = catt —cn
or
nR(E) _ n*(Cat1 = Cn)
0E)  Im(1+14)""
50

nR(E,) 1

im .
n=>o0 Q(E,) 2
With &k = deg Q — deg R, we have k > 1, because

L RG) _
n=>o00 Q(&,)
Furthermore, the limit
ERE)
n—o0 Q(&,)
is finite and nonzero. It follows that
L lim nR(E) _ im ER(E) im
2 oo Q) oo Q) oo EX
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hence the limit lim Sn_k is finite and nonzero. But this is a contradiction, because
n—>00 Sn

n n
X T In*(n+ 1)

20. The answer to the first question is negative. Indeed, for positive integers n, the

21.

intervals

[ Lo
TTl2n 2.4n72n C 24n

are pairwise disjoint; thus one can define a continuous function which is
piecewise linear on these intervals, zero between them, and such that

1 _ o
f(ﬁ)—

and f vanishes at the endpoints of I,,. Then f is positive,

o= Lr(L) =
»=5 0\ )=t

and one can easily check that
1 n 1
/L_Lf(x)dXZZZiw
n 2.4 i=1

which converges to % As expected, the second question has a positive answer.
The fact that f is decreasing implies the inequality

k k1
n

ﬁ_lf(x)dx > %f (S) > /ka(x)dx.

n

This implies the inequality
1.1 ! 1 !
“fl= )+ | f@dx =8, = -f(1)+ | f(x)dx,
no\n L n 1

which combined with the hypothesis lim % f (%) = 0 gives the desired result.
n—>odo
(Sorin Radulescu, District Mathematical Olympiad, 1984)

a) Let

_ . .n n n n o __
Ap=(a=xy<xf<--<x_ <x =Db)
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be a sequence of divisions of the interval [a, b], with lim, o ||A,|| = O.
For every positive integer n and every 1 < i < k,, choose in the interval
[x!_,, x!] the point &' (Whose existence is ensured by Lagrange’s mean value
theorem) having the property that G(x!) — G(x!_,) = (] —x,)g(§"). We
then have, for each n > 1,

kn kn

on,(fE") =Y (4 — XL DFE) < Y (4 — X )gE =
i=1 i=1

=Y (GG = () = G(b) - G(a).

i=1

Therefore, by passing to the limit and using the definition of the Riemann
integral,

b
[ redr= fim 04,0 = G0 - Gl@.

as we intended to prove.
b) Clearly, one can prove, in the exact same way as above, that

b/
f)dx = GQ) — G(d)

foralla <d <b' <b.Thus,fora <o < <b,

/ " f() dx < Gl@) - Gla).
B
/ (0 dx < G(B) — Gl),

b
[ reoar = 6o - e,
But we also have, by hypothesis,
« B b
/a f(x)dx + /a fx)dx + /:f(x) dx = [a f(x)dx = G(b) — G(a)

= G(a) = G(a) + G(B) — G(a) + G(b) — G(B):
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22.

therefore all the above inequalities must be, in fact, equalities. This shows that,
actually, 7 f(x)dx = G(b') — G(d) foralla < a' < b/ <b.

Now, for such 4’ and ¥/, and any (arbitrarily chosen, but fixed for the
moment) xo € [@',b'] and any x € [@, b'], we have that

G@) = Gxo) _ Jo /Dt

X — X0 X — X

is between the bounds of f in the interval [¢’, b']. Thus, the limit of this ratio for
x — xo (which is g(xo); if xo is one end of the interval [¢/, b'], we only take a
one-sided limit) is also between these bounds; therefore

inf f(x) < g(x) < sup ]f(X)

x€la’ b] xeld b’
for every xy € [@, b']. We deduce that

inf f()< inf g() < sup gl < sup f(x)
]

x€ld’,b'] x€la’ b'] xe[d '] x€ld b

for any subinterval [d, b'] of [a, b]. (Of course, the first of these inequalities
also follows from the hypothesis f(x) < g(x) for all x € [a, b], but that is not the
case with the last inequality.) Now it’s an immediate consequence of the above
inequalities that

sa(f) = sa(g) = Sa(g) = Sa(f) = Salg) —sa(g) = Sa(f) —salf).

for any partition A of [a, b], and the Darboux criterion for Riemann integrability
shows that the Riemann integrability of f implies the Riemann integrability of
g, finishing the proof.

Solution I. First we see that f is injective on (a, b]. Indeed, for some x,y €
(a, b] choose an @’ > a such that x,y € [d/, b], and let L be the corresponding
constant for this interval. If we assume f(x) = f(y), the inequality |f(x) —
f()| = L|x — y| shows that we necessarily have x = y. Being continuous and
injective, f is strictly monotone on (a, b], and, by continuity, it is actually strictly
monotone on [a, b]. We can assume, without loss of generality, that f is strictly
increasing and that [«, 8] is actually the image of [a, b] under the continuously
increasing map f (so that f(a) = « and f(b) = f).

Consider an arbitrary € > 0, and let M > 0 be such that |g(x)| < M for all
x,y € o, B]. Let ' = min{a + €/(4M), b} and let &’ = f(a). Consider L > 0
with property that |f(x) — f(y)| = L|x — y| for all x,y € [d’, b].

Because g is integrable on [, 8], it is also integrable on [/, B], hence we
can find a division A’ = (¢/ = y; < --- < y, = B) of the interval [o’, ]
such that Sx/(g) — sar(g) < Le/2. Of course, for each y;, there exists a unique
x; € [, B] such that f(x;) = y; and, infact,d’ = x; <xp <---<x, =b.
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Now we consider the partition A = (a = xy < x; < --- < x, = b) of [a, D]
and compute

Sa(gof) —salgof)

= (@ —a)Mi(gof) —mi(gof)) + Y (& —xi—)(Mi(g o f) —mi(g o)),

i=2

where M;(g o f) and m;(g o f) are the respective upper and lower bounds of
g of in the interval [x,_, x;]. One sees immediately that M;(g o f) = M;(f) and
m;(g o f) = m;(f), where M;(f) and m;(f) are the corresponding bounds of f in
the interval [y;_1, y;], for i > 2. For such i we have x; — x;—; < (1/L)(f(x;) —
f(xi—1) = (1/L)(y; — yi—1); therefore the above expression of the difference
between the upper and lower Darboux sums of g of on the interval [a, b] can be
evaluated as follows:

1 n
Sa(gof) = sa(gof) = (@ —a2M + = 3 (i = yi1) (Mi(g) = mi(g))
i=2

1
= (d —a)2M + Z(SA’ () —sar(g)

€ 1 Le
<—2M+ - — =e.
aM L 2
Thus, for every € > 0, there exists a partition A of [a, b] such that SxA(g o f) —
sa(gof) < €, which means that g o f is Riemann integrable on [a, b], finishing
our (first) proof.

Solution II. We use the Lebesgue criterion for Riemann integrability. As in
the previous solution, we may assume that f is one to one from [a, b] onto [, ]
and strictly increasing. Of course, g o f is bounded, so all we need to prove is
that g o f is continuous almost everywhere. We observe that Dgor C f_l(Dg),
where by D), we denote the set of discontinuities of the function 4. (This is just
another way to put the fact that if g is continuous at some point of the form
f(x0), xo € [a, b], then g o f is continuous at xy.) Thus it suffices to show that
f71(D,) is a null set.

Let € > 0 be given, and let ¢ = min{a + €/2, b}. Consider y = f(c) &
¢ = f~'(y),and L > 0 such that |[f(x) —f(y)| > L|x — y| for all x,y € [c, b]. It
follows that [f~!(x) —f~'(y)| < (1/L)|x—y| forallx,y € [y, B]. The set D, can
be covered by the union of intervals [a;, b;] whose sum of lengths is less than
Le/2, and we can assume that each and every such interval is included in [¢, S]
(because D, is included in this interval; therefore it can also be covered by the
union of [a;, b;] N [o, B]—whose sum of lengths is at most equal to the sum of
lengths of [a;, b;]). We have



Solutions 285

23.

D, < U[aiabi] =1 (Dy) S U[f_l(ai)vf_l(bi)]

if_l(Dg) g [a,c] U (U([f_l(ai)vf_l(bi)] N [C, b])) .

Each intersection [f~!(a;).f '(b;)] N [c,b] is either empty, or reduced to
one single point, or [c,f~'(b;)] = [f~'(y).f '(b))], or the whole interval
[F~"(ai),f~"(b;)]. In the first two cases, the length of such an interval is zero, in
the third case, its length is

=1 —1 <l . <l .
f (bl) =f (V) = L(bz ]/) = L(bz al)»

and in the fourth case, its length is again at most (1/L)(b; — a;). Thus we
managed to cover f_l(Dg) with a set of intervals whose sum of lengths does
not exceed

1 Le

= €,
L 2

1 €
C—a+22i:(bi_ai)§§+

which is what we intended to do.

Remarks. 1) The result remains true if f satisfies the weaker condition: there
exists L > 0 such that |f(x) — f(y)| = L|x —y| for all x,y € [a, b]. Any of
the above proofs can be adapted to prove it in this form, with an obviously
simpler wording of the demonstration.

2) We have already seen that the composition g o f of a continuous g with
an integrable f is integrable. This result shows that we can ensure the
integrability of g o f when g is integrable, and f is continuous, if we add
some extra condition for f (some kind of a reverse Lipschitzian property).

3) When g : [0, 1] — R is an integrable function, the function 4 : [0, 1] - R
given by h(x) = g(x?), for all x € [0,1] is also integrable. We had
this problem, proposed by Sorin Rédulescu, in the National Mathematics
Olympiad, as 12th grade students in 1986.

(See, for example, Daniel Daners: A Short Elementary Proof of Y 1/k* =
72 /6, in Mathematics Magazine, 5/2012, pp 361-364, where many other good
references are given.) This is actually not about Riemann sums (or Darboux
sums)—but the Riemann integral appears so beautifully in the evaluation of the
celebrated sum of the inverses of the squares of positive integers that we can’t
miss 1t.
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a) The first part is well known. Integration by parts solves it immediately:

/2
A1 — A, = / cos? 2 xsin® x dx
0

1
2n—1

1 ) /2
— cos” ! xsinx ‘g/ — cos? ! x - cosxdx
271 — 1 0

1
A
2n—1

/2
/ (cos™ 1 x)’ sinx dx
0

Note that A, = ﬁA follows. Integrating by parts (twice), we can
get the second formula. Namely, we have,

/2
2 _ .
A, =xcos2”x)g/ —/ x-2ncos?" ! x - (—sinx)dx
0
/2
= n/ () cos* ! xsinxdx
0

/2
— . 2 — .
= nx? cos" ! xsinxdx ‘g/ —n / x*(cos¥ x—(2n—1) cos?" 2 x sin’ x) dx
0

= —nB, + n(2n — 1)(By—1 — By) = n(2n — 1)B,_, — 2n°B,.
b) By dividing the second equation from the first part by n%A,,, and by using

2n
2n—1

1 Bn—l Bn
— =2 —2).
n? An—l An

Summing up from n = 1 ton = N we get (by telescoping)

XN:I_ZBO By\ _, (™ By
2 \Ay Ay/) T\12 Ay’

A, = A,

we get exactly
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Now we use the well-known inequality x < 7 sinx, valid for x € (0, 7/2)
(it becomes an equality at the endpoints of the interval; the inequality actually
expresses the geometric fact that the graph of the concave function x > sinx
is situated above the chord that connects the points (0,0) and (7/2,1)).
Accordingly, we have

/2 2 /2
B, = / x2cos¥ xdx < T/ sin® x cos? x dx
0 0

]T2 /2
= T/ (1 — cos® x) cos*" x dx
0

2 2 1

=2 A, —A) = —-
7 +) =7 2n+2

A,.

Putting together the last two results, we get
2 Noq 2

b g g
o< -y T
=% ;nz AN+ 1)

and the desired conclusion follows by making N tend to infinity. This is one

classical approach to evaluate the value {(2) of the Riemann zeta function (the

celebrated Basel problem, solved by Euler in 1735, at the age of twenty-eight).
Note that if, instead of the integrals A,, and B,,, one would rather work with

/2 /2
C, = / cos”tlxdx and D, = / x2 cos? ! xdx,
0 0

then one would obtain
b 2 1 DN

N 1
Loy T8 2

The ratio Dy/Cy can be shown to approach zero, as N goes to infinity (in the
same manner, we proceeded with By /Ay), and hence

—(2n+ 1) 8

can be proved in this way. This is no surprise: the latter equation is well known
to be equivalent to £ (2) = 2 /6.



Chapter 16
Antiderivatives

An antiderivative of the function f : I € R — R is a differentiable function
F : I — R, such that F/ = f. If F is an antiderivative of f, then F + c is also an
antiderivative of the function f, for every real constant c. In fact, when / is an interval
(and in most cases it is) these functions F + ¢, ¢ € R, are all the antiderivatives of
f. (This is because if F and G are two antiderivatives for the same function f on
the interval I, then the derivative of G — F vanishes on [; therefore the difference
G — F must be a constant. Note the importance of the fact that / is an interval.) We
denote by

/f(x)dxz{F+c|ceR}
the set of all antiderivatives of the function f. Starting with the classical formula
(fe) =fg+r¢
one obtains the formula of integration by parts,
[ rwewas = g - [ g wax.

We recall the formula of change of the variable, which can be deduced from the
formula of derivation of composition of two functions,

[F(g]" = f'(g(x))g’ (%)

More precisely,

fﬂamgmM=va@+a
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The existence of antiderivatives of a given function cannot be taken for granted—in
general—and we will see below examples of functions that fail to have antideriva-
tives. However, as an immediate corollary of the fundamental theorem of calculus
(see the previous chapter), it follows that continuous functions have antiderivatives.
Namely, if f : I — R (where [ is an interval) is continuous, then any F defined on
I by

F(x) = / o) di+ o,

(with @ € I, and ¢ € R) is an antiderivative of f. Note that, although the above
expression of F may give the impression that we can evaluate the antiderivatives of
any continuous function, this is not at all the case. For example, the function

F(x) :/ e dr
0

is definitely an antiderivative of x ¢~ . However, there is no way to express
this (or any other antiderivative of x e_xz) by means of elementary functions.
Nevertheless, such expressions of the antiderivatives of continuous functions can be
useful in various problems.

Problem. Let f,g : I € R — R, f with antiderivatives and g € C!, that
is, g is differentiable with continuous derivative. Prove that the function fg has
antiderivatives.

Solution. Let F be an antiderivative of the function f. Then by the formula

(Fg)' =fg + Fg

we deduce that

fe = (Fg)' — Fg'.
The function Fg’ is continuous, so it has antiderivatives. Hence fg has antiderivatives
as a difference of two functions with antiderivatives. [
Problem. Letf, g : R — R be functions with the following properties:

i) f is continuous and bijective.
ii) g is nonnegative and has antiderivatives.

Prove that fg also has antiderivatives.
Solution. Let G be an antiderivative for g and let H be an antiderivative for

G(f~'(x)). We claim that the function

F(x) = f(0)G(x) — H(f(x))
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is an antiderivative for fg. Consider a real number x,. Let

S(X) — F()C) _F(XO) )
X — X0
Observe that we can also write
S() = £(x) - M 6 (x) ~fG) _ HEW) — H( (o)
—*o — Xo X — X

Using the mean value theorem, we can write

H(f(x)) — H(f(x0))

X — X0

_ ety L=

for some c(x) between xy and x. The choice of H gives H'(f(c(x))) = G(c(x)). In
order to prove that S(x) tends to f(xo)g(xo) when x tends to xo, it is enough to show
that

G(x) — G(c))
X — Xp

is bounded in a neighborhood of xy (we use here the continuity of f). However, this
is not difficult, since G is increasing (because G’ = g > 0) and

'G(xo) — G(c(x) - ‘ G(xo) — G(x)
- X — X ’

X — X0

The last quantity is bounded as x tends to x, by the differentiability of G at xy. This
finishes the proof. [

Problem. Letf : R — R be a continuous function such that the following limit
exists:

lim —/ f(Hdt = I(f).

Prove that the function g defined by g(0) = I(f) and g(x) = f ()—IC) if x # 0 has
antiderivatives.

Solution. Let F be an antiderivative for f. Then we clearly have for all x # 0

(r(2) =ao(C) s

Now, consider the function 4 defined by #(0) = 2I(f) and h(x) = 2xF (%) for
nonzero x. The hypothesis of the problem implies that % is continuous, so it has
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an antiderivative H. We can write g as the difference of two functions having
antiderivatives g = H' — U’, where U is defined by U(x) = x*F ()—16) ifx #20
and U(0) = 0.0

We have seen several conditions under which a function has antiderivatives. But
how can we prove that a function does not have antiderivatives? The easiest and
most practical way is the observation that any function which has antiderivatives
also has the intermediate value property. This follows from Darboux’s theorem,
stating that for any differentiable function F, its derivative has the intermediate
value property. The proof of this result has been presented in Chapter 14. There are
countless examples of situations in which this criterion works very well, but we will
limit ourselves to one problem. Before that, note however that there are functions
having the intermediate value property which do not have antiderivatives. We let
the reader check that such an example is given by the function f(x) = )1_( cos(i) for
x # 0and f(0) = 0.

Problem. Prove that any function f : I — R defined on a nontrivial interval /
and satisfying f(f(x)) = —x does not have antiderivatives.

Solution. Suppose that f has antiderivatives. Therefore, f has the intermediate
value property. Note however that f is injective, because if f(x) = f(y), then —x =
f(f(x)) = f(f(y)) = —y and so x = y. Therefore f is monotone. This implies that
f(f(x)) is increasing, which is impossible, because g(x) = —x is decreasing. This
contradiction shows that f cannot have antiderivatives. [J

Here is a more subtle problem, which needs several arguments.

Problem. Prove that there exists no function f : [0,1] — [0, 1] having an
antiderivative F : [0, 1] — [0, 1] such that F(f(x)) = x for all x.

Solution. Suppose, by way of contradiction, that f is such a function. Clearly,
f is injective because f(x) = f(y) = x = F(f(x)) = F(f(y)) = y. Because
f is injective and has the intermediate value property, f is strictly monotone and
continuous. Because F/ = f > 0, F is increasing. We also deduce that f is
increasing.

Suppose now that £(0) > 0, thus F(f(0)) > F(0), thus F(0) < 0, a contradiction.
Thus f(0) = 0, so 0 = F(f(0)) = F(0). Similarly, f(1) = F(1) = 1. Now take
x € (0, 1); then Lagrange’s theorem gives ¢y, ¢; € (0, 1) such that

F(x) = F(0) = xf(c1)
F(l) = F() = (1 =x)f(c2)

Thus F(x) < xand 1 — F(x) < 1 — x, which is impossible. Therefore such a
function cannot exist. [

We continue with a functional equation involving antiderivatives.
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Problem. Let a be a nonzero real number. Find all functions f : (0,00) — R
having an antiderivative F such that

FOF (1) =2
X X

1
Solution. Replacing x with —, we also obtain
X

f (l) F(x) = ax.
X

Thus
(5)
1 ) 1 J& 17 \x
()= (1) = 25 = “r(h)
X
This implies

(In|Fx)|) = — [lnF (j—c)]/,

. 1 L
so there exists a constant ¢ such that F(x)F (—) = c. Replace this in the statement
X

of the problem to obtain

F(x) a _ o
Fx) —a=>F(x)—bx

1 a
for some b. Because F (—) = bx~ ¢, we deduce that b = /c. Thus the solution of
x

the problem is f(x) = 7x%_1 for some constant ¢ > 0. O
c

Problem. Let f : R — R be a continuous differentiable function, strictly
monotone, such that f(0) = 0. Prove that the function g : R — R

f(x) sinj%, x#0
0, x=0

glx) =

has antiderivatives.
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Solution. Let us observe that

(f (x) cos m)/ = 2f (0)f (x) cosf(—) + 1 (x) smm

which can be also written as

(%) smm = (f (x) cosm)/ —2f()f (%) cosm
Consider
/ 1
h(x) = {Zf(x)f (x)cosf(x), x#0 ’
0, x=0

which is clearly continuous. Take H to be an antiderivative of & and consider

fx)

Glx) = {fz(x)cos——H(x) x € R* _
—H(0) x=0

Note that G is continuous because f is and f(0) = 0. Also,

f?(x) cos — — H(x) + H(0)
L GW-GO) _ 7
x—>0 X x—>0 X
f(x) 1 H(x)—H()
= Iy Weos 25 ) e
= f(0) hmf(x) Cosm — h(0) = 0.

Thus G is differentiable and G’ = g. O

Proposed Problems

1. Find the integrals

/m _[*/__—mdx, x € (1,00).

1+ /x 1+ Jx
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2
2. Let F : R — R be an antiderivative of the function f : [%, ?j| — R with

fl) ==

sinx’

Prove that

F(%)—f(%)=gm3

3. Letf : [0,27] — R be continuous and decreasing such that f(7) = 0. Prove
that for every antiderivative F of the function f, we have

2w
/ F(x)cosxdx < 0.
0

4. Show thatif f : R — R has antiderivatives, then the same is true for 2 : R — R
defined by h(x) = |x|f(x) for all x.
5. Prove that the function f : R — R given by the formula

1
_fsinc, x#0
o) = { e
has antiderivatives.
6. Letf : R — R be such that one of its antiderivatives F' has the property that
_lim F(x) = 0. Prove that the function g : [0, c0) — R given by the formula
X—>—00

_ {fnx), x>0
ﬂﬂ—%q =0
has antiderivatives.
7. Letf : R — R be such that the functions g,%: R — R,

g(x) =f(x)sinx, h(x) =f(x)cosx

have antiderivatives. Prove that f has antiderivatives.

8. For a function f : R — R and for every positive integer n, denote by f, the
restriction of the function f to the interval (—n, 0o). Decide if the following
assertions are true:

a) If the functions f, have the intermediate value property, for all positive
integers n, then the function f has the intermediate value property.

b) If the functions f;, have antiderivatives, for all positive integers n, then the
function f has antiderivatives.
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10.

11.

12.

13.

14.

15.

16 Antiderivatives

¢) Answer similar questions for a function f : [0, c0) — R with its restrictions
f on the interval [1/n, 00),n € N*,

2,1
. Find an antiderivative of the function g : (0,00) — R, g(x) = ¢ 2, if we

know an antiderivative F of the functionf : R — R, f(x) = ¢* .

Find an antiderivative of the function f : R — R, f(x) = %, if we know an
1

antiderivative G of the function g : (0, 00) — R, g(x) = P

Letf : (—m/2,7/2) — [0, 1] and let us define the function g : (-7 /2,7/2) —

R, by the formula
g(x) = f(x) tanx.

Prove that:

a) If f has antiderivatives, then g has antiderivatives.
b) If g has antiderivatives and f is continuous at zero, then f has antiderivatives.

Are there differentiable functions f : R — (0,00) such that Inf is an
antiderivative of In F, for some antiderivative F of f?
Letf : R — R be a function with antiderivatives such that

J) =f(f(x) —x),

for all real numbers x. Prove that the function f is continuous.

Let f : [0,00) — R, with f(0) = 0, continuous on (0, c0), satisfying the

following properties:

a) there exist positive real numbers r and M such that |f(x)| < M, for all real
numbers x € [0, r];

b) there exists a decreasing sequence (x,)n>0, converging to zero, with

. Xn+1
lim Z*L — 1, and such that
n—00 X,

Xn—41
f(x)dx =0,

Xn

for all positive integers n. Prove that the function f has antiderivatives.

Consider the function f : [0,00) — R, with f(0) = 0, continuous on (0, c©)

and linear on each interval of the form T —] ,n > 1 such that

n

f(l) = -1y,
n

for all positive integers n. Prove that the function f has antiderivatives.
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16. Let f be a real function with an antiderivative F' on R. Prove that if

||

f) =< T

for all x € R, then F has a unique fixed point (i.e., there exists precisely one
X0 € R such that F(xy) = xp).

17. Let f,g : R — R be two continuously differentiable functions such that f” is
bounded, lim, 1+ f(x)/x = 0, g(x) = 0if and only if x = 0, and g’(0) # 0.
Prove that & : R — R defined by

/ 1
h(x) = f (@)’ for x #0
0, for x =20
has antiderivatives on R.

18. (Jarnik’s theorem) Let f, g : R — R be real functions that have antiderivatives
and such that g is nonzero on R. Show that f/g has the intermediate value
property.

Solutions

1. First let us compute

JVEH V=T F—va—T
I+J=/ Y dx

With the notation

fx) = \/ﬁ+wﬁ+\/ﬁ—\/m,

we have

£ = (E+ Va1 + (Vi— Va— D) + 2 (Va4 V- D(a—Va—1)
=2Jx+2,
s0f(x) = /2(1 + /). It follows that
[ V204 V)
1= N

dxzﬁ/\/%.
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. . 1 .
By changing the variable ——— = ¢, we obtain
V1I+ Jx
442
I+J= T(*/__Z) 1+ Vx+C.
Next,
JVEH VT =y E— VA=
I1—-J= / dx.
1+ x
With the notation
gx) = \/ﬁ+ Va—1- \/f—\/x— 1,
we have
g0 =2/x-2= gx) = /2(Vx = D).
Therefore
V2 -1 Va/x—1
I—J=/de=\/§/\/—;dx
1+ Jx Jx+1
4 —4)/JSx—1 —1
= (V¥ =4V Vx —4x/§arctanL+c.
3 V2
By the Leibniz-Newton formula,

2 b1 /3y
1=r(ZZ —F(—): ok
3 3 x/3  Sinx

then with x = 7 — ¢, it follows that

/3 /3
I=[ - dt:/ —dx
/3 sin /3 sSix

(Note the general useful result that hides behind, namely, the formula

/abf(x)dx = [abf(a + b — x)dx.
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‘We mentioned this in Chapter 1, too.) Hence

27/3
21:/ ,szn'ln(tanf)
x/3  Sinx 2

3. Forx € [0, ] ,f(x) > 0 and for x € [r,27],f(x) <O0. Thus f(x) sinx > 0, for
all x € [0, 2]. By integrating by parts, we have

27/3
= In3.

/3

2 2
/ F(x) cos xdx = / F(x)(sinx) dx
0 0

2 2
= F(x)sin x‘ — f(x) sin xdx
0 0

2
=—] f(x)sinxdx <0.
0

4. Let F be an antiderivative of f; thus F/ = f on R. Because

/ xf (¥)dx = / XF' (¥)dx = xF(x) — / F(x)dx

the idea is to consider an antiderivative G of F (F is differentiable, thus
continuous, thus it has antiderivatives), then note that x — xF(x) — G(x) is
an antiderivative of x — xf(x). Finally glue together two such antiderivatives
of x = —xf(x) (for x < 0) and of x — xf(x) (for x > 0) in order to obtain a
continuous function. Namely, consider H : R — R defined by

| =xF(x) + G(x), for x <0
HOY =1 Py — G + 26(0). for x> 0.

We have H'(x) = |x|f(x) for all x # 0, and, by the corollary of Lagrange’s
theorem, the differentiability of H at the origin follows; moreover,

H'(0) = lim H'(x) = lim h(x) = h(0)

follows; therefore H is an antiderivative of 4 on R.
5. Let us define the function

2 1
h(x) = x°cos +, x;éO.
0, x=0

For every nonzero real x, we have

1
h'(x) = 2xcos — + sin —
x x
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and

. h(x) —h(0) . 1
lim —— = =lim(xcos— ) = 0.
x—0 x—0 x—=0 X

Hence the function 4 is differentiable with

2xcost +sinl, x#0
H(x) = x x’ .
(x) %o, x=0
Moreover, if we denote
2xcosl x#0
u(x) = % 0. =0

then u is continuous, and

W (x) = u(x) +£(x).

Hence f(x) = A’ (x) —u(x) has antiderivatives, as the difference of two functions
with antiderivatives. Observe that this is a special case of a problem discussed
in the theoretical part.

Let us define the function 4 : [0, c0) — R by the formula

xF(Inx), x>0

h(x) = 0. L0

For x > 0, we have
W (x) = F(Inx) + f(Inx).

Also

li

x—0 X —

h(x) — h(0
im "0 _ iy Fng = tim B =0,
0 =0 y—>—00

so & is differentiable with

/v | F(lnx) +f(Inx), x>0
W(x) = { 0. =0
Ifu:[0,00) - R,

F(lnx), x>0

Mﬂ:%o x=0
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then u is continuous, and /' (x) = u(x) + g(x). From here,
g() = 1'(x) — u(x),

so the function g has antiderivatives, as a difference of two functions that have
antiderivatives.

7. We will use the fact that the product of a C'-function and a function with
antiderivatives is also a function with antiderivatives. Here, g(x) has antideriva-
tives, and the functions sin and cos are C', so the functions g(x)sinx and
h(x) cos x have antiderivatives. We have

g(x)sinx = f(x)sin®x, h(x)cosx = f(x) cos’ x.
Their sum also has antiderivatives,
f(x) sin® x + f(x) cos® x = f(x).

8. a) True. For a < b, we prove that f(I) is an interval, where I = (a, b). For
¢ < a, c < 0, f has the intermediate value property on (c, 00), so f(I) is an
interval.

b) True. If F, is the antiderivative of f, with F,(1) = 0, then the function
F : R — R given by the formula

F(x) = F,(x), x€ (—n,0)

is well defined, and it is an antiderivative of the function f.
¢) False. One example is the function f : [0, c0) — R given by the formula

L
sin, x¢€ (0, 00) .

ﬂx)z%zom, x=0

9. We have

SO

|:F (x+1)] = ¢ (1 —12) s (16.1)
X X

Then
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[F( _ 1)] — (1 + 12) HE (16.2)
X X

From relations (16.1) and (16.2), we obtain
N7 1 24 1
A (-4
X X
!
& |:F( _ l)} - (1 4 iz) At
X X

and by adding, we deduce that

2074 =t (4 1)] e[ (r- 1)}

Hence an antiderivative of the function g is

G(x) = % |:e_2F (x+ i) + e’F (x— %)] .

and

10. We have

SO

By integration,

- 2)-for-e()]

1
With the notation x — — = y, we have
X

Lo VY A4ty
B 2
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and so

2

[T o 5]

11. a) The function f has antiderivatives, and the tangent function (defined
on (—m/2,7/2)) is differentiable, with continuous derivative, so g has
antiderivatives.

b) We have

f(x) = g(x) cotx,

for all x € (—x/2,0) U (0,7/2), so f has antiderivatives on the intervals
(—m/2,0) and (0, w/2), as the product between a function with antideriva-
tives and a C'-function. Let F,, F» be antiderivatives of the function f onthe
intervals (—m/2,0) and (0, w/2) , respectively. The functions F; and F, are
monotone, so there exist the limits

11rr(1)F1(x) = l], llIl’(l)Fz()C) = 12.

These limits are finite, because according to Lagrange’s theorem,

R B T e e

and similarly for F;,. Now let us define the function F : (—x/2,7/2) — R, by

F](x)—l], xe(—yr/2,0)
Fx) =10, x=0
Fy(x) =1L, x€(0,7/2)

Then F is continuous on (—7 /2, 7 /2) and differentiable on (—x/2, /2)\ {0},
with F'(x) = f(x). Thus, F is an antiderivative of the function f.
12. The answer is yes. One example is

f(x) — el+x+e‘.

We have

!

(Inf) = lnF:>J;—C =InF=f =flnF
or

f = (FInF—F).
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Therefore the functions f and F'In F' — F differ by a constant. We try to find a
function for whichf = FInF — F or

_S
FInF—F

’

if we are lucky to find a function for which the denominator is not zero. Then
[G(F(x))]" = 1, where G is an antiderivative of

1
xlnx—x’

Let us put y = Inx, then

/ dx [ dx / dy In(l N+ C
= = = In(nx — .
xlnx —x x(Inx—1) y—1

Thus
In(InF(x) — 1) =x = InF(x)— 1 = = F(x) = ',

sof(x) — pltxte"

Let us define the function g : R — R by the formula g(x) = f(x) — x. The
function g has antiderivatives, as the difference of two functions which have
antiderivatives. We have

g(g() = g(f(®) —x) =f(F(¥) —x) = (f(x) —x) = x,

so go g = 1. From this it follows that g is injective. But any injective function
with antiderivatives is continuous.

Finally, the function f(x) = x + g(x) is continuous, as the sum of two
continuous functions.
We will prove that the function F : [0, 00) — R given by the formula

/Xf(t)dt, x>0

0

0, x=0

Fx) =

for a fixed xo > 0 is an antiderivative of the function f, i.e., ' = f. Forx > 0,

F) = ( / Xf(t)dt) — (0.
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Let now (y,)»>0 be a sequence convergent to 0 and let &, be such that y, €
(%k,+1,xx,] for all n. Then the hypothesis implies

Xk

Yn X1 Yn Yn
/ F(dt = / fO)dt+ -+ F(o)dt + / fodi= | f(dt,

Xkp—1 Xkn

SO
Yn Xy +1

This last quantity being convergent to 0, it follows that F is differentiable at 0
and F'(0) = f(0) = 0. This finishes the proof.

1
15. The problem follows from the previous one, by taking x, = T n e N.
n
1
Being linear on each interval [ , —j| with
n+1 n

1 _ (_1\nt1 l__n
f(m)—( D", f(n)_( 1",

1/n
/ Flodi =0,
1

/(n+1)

it follows that

for all nonnegative integers n. Now we are under the hypothesis of the previous
problem.
16. The relation

X 1
< :1—
f(x)_1+x 1+x

for all x > 0 can also be expressed by saying that the derivative of the function
G(x) = F(x) — x + In(1 + x) is nonpositive on [0, c0). Thus G decreases on
[0, 00), consequently, G(x) < G(0) for all x > 0, that s,

F(x) —x < F(0) —In(1 4+ x)

for x > 0. Letting x go to infinity, we get lim (F(x) —x) = —oo0.
X—>00

Similarly, we have

1
1—x

f = =1-
1—x
for all x < 0, which yields the nonpositivity of the derivative of

H(x) = F(x) —x—1In(1 —x),
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then
F(x) —x>F(0) + In(1 —x)

for x < 0, and, further, X_limoo(F (x)—x) =
Now, x +— F(x) — x is a continuous function whose limits at +co have
opposite signs. By the intermediate value theorem, there must be a point at
which this function has zero value, that is, there exists a fixed point for F.
However, two such points cannot exist. For, if we assumed that a # b,
F(a) = a, and F(b) = b, then we would get the contradiction

FOZF@ _ oy < 1 e < el

1= <
b—a 1+ |c|

by using Lagrange’s mean value theorem (c is the intermediate point between a

and b whose existence is assured by the theorem). (Actually, the condition for f

shows that F is a contraction; hence it cannot have more than one fixed point.)
This is a problem proposed by Sorin Réadulescu for the Romanian Mathe-

matical Olympiad in the year 1986. (Yes, we were there.)

Let A, b, ¢ be defined by

g2 (f ($) , for x#0

0, for x=0

A(x) = {

bx) = { 2008 (f () for x#0

0, for x=0

and

o) = % (&) =g O)f (55) for x#£0
0, for x = 0.

One immediately sees that A’(x) = b(x) — ¢(x) — g'(0)A(x) for all x # 0.
Because

1y . f(1/g(x) . f@
hmg(x)f( ()) et z_lfinoo ; =0

and g(x)/x has a finite limit (¢’ (0)) at the origin, we also have

A g .
A(O)_}Lo X ILO x ()f(()) 0:
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hence the equality A’(x) = b(x) — c(x) — g'(0)h(x) actually holds for all x € R.
Because (as we have just seen) ling) g(x)f(1/g(x)) = 0 and because
X—>

liné g (x) = ¢’(0) is finite, the continuity of b at the origin follows. Similarly,
x—>
since lin(l)(g’ (x) — ¢’(0)) = 0 and /' is bounded, c is continuous at the origin.

Also, the fact that b and ¢ are continuous at nonzero points is a consequence
of the conditions from the hypothesis—thus » and c¢ are continuous functions
on R. Being continuous, they surely have antiderivatives, while A’ obviously
has antiderivative A. All the above facts yield the conclusion that

1 /
hzg’(O)(b_C_A)

has antiderivatives, too, which finishes the proof.

This is a problem proposed by Ion Chitescu for the Romanian Mathematical
Olympiad in the year 1990. (We were not there anymore.)
Let a < b be reals such that f(a)/g(a) and f(b)/g(b) are distinct and let y
be between f(a)/g(a) and f(b)/g(b). Note that g has the intermediate value
property, because it has antiderivatives. Since g is nonzero, it must have a
constant sign on R. It follows that g(a) and g(b) have the same sign; hence
f(a)—yg(a) and f (b)—yg(b) have opposite signs. Thus for the function % defined
by h(t) = f(t) — yg(t), for t € [a, b], we have h(a)h(b) < 0. On the other hand,
because f and g both have antiderivatives, /4 has also antiderivatives; therefore A
has the intermediate value property. Consequently, there exists x € (a, b) such
that 4(x) = 0, meaning that (f/g)(x) = y.
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