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Preface

This monograph represents an expanded version of a series of lectures given
by V. Lakshmibai on Grassmannian varieties at the workshop on “Geometric
Representation Theory” held at the Institut Teknologi Bandung in August 2011.
While giving the lectures at the workshop, Lakshmibai realized the need for an
introductory book on Grassmannian varieties that would serve as a good resource
for learning about Grassmannian varieties, especially for graduate students as well
as researchers who want to work in this area of algebraic geometry. Hence, the
creation of this monograph.

This book provides an introduction to Grassmannian varieties and their Schubert
subvarieties, focusing on the treatment of geometric and representation theoretic
aspects. After a brief discussion on the basics of commutative algebra, algebraic
geometry, cohomology theory, and Grobner bases, the Grassmannian variety and its
Schubert subvarieties are introduced. Following introductory material, the standard
monomial theory for the Grassmannian variety and its Schubert subvarieties is
presented. In particular, the following topics are discussed in detail:

* the construction of explicit bases for the homogeneous coordinate ring of the
Grassmannian and its Schubert varieties (for the Pliicker embedding) in terms of
certain monomials in the Pliicker coordinates (called standard monomials);

¢ the use of the standard monomial basis,

* the presentation of a proof of the vanishing of the higher cohomology groups of
powers of the restriction of the tautological line bundle of the projective space
(giving the Pliicker embedding).

Further to using the standard monomial basis, the book discusses several geo-
metric consequences, such as Cohen—Macaulayness, normality, unique factoriality,
Gorenstein-ness, singular loci, etc., for Schubert varieties, and presents two kinds
of degenerations of Schubert varieties, namely, degeneration to a toric variety, and
degeneration to a monomial scheme. Additionally, the book presents the relationship
between the Grassmannian and classical invariant theory. Included is a discussion
on determinantal varieties—their relationship to Schubert varieties as well as to
classical invariant theory. The book is concluded with a brief account of some
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topics related to the flag and Grassmannian varieties: standard monomial theory
for a general G/Q, homology and cohomology of the flag variety, free resolutions
of Schubert singularities, Bott—Samelson varieties, Frobenius splitting, affine flag
varieties, and affine Grassmannian varieties.

This text can be used for an introductory course on Grassmannian varieties.
The reader should have some familiarity with commutative algebra and algebraic
geometry. A basic reference to commutative algebra is [21] and algebraic geometry
[28]. The basic results from commutative algebra and algebraic geometry are
summarized in Chapter 2. We have mostly used standard notation and terminology
and have tried to keep notation to a minimum. Throughout the book, we have
numbered theorems, lemmas, propositions, etc., in order according to their chapter
and section; for example, 5.1.3 refers to the third item of the first section in the fifth
chapter.

Acknowledgments: V. Lakshmibai thanks CIMPA, ICTP, UNESCO, MESR,
MICINN (Indonesia Research School), as well as the organizers, Intan Muchtadi,
Alexander Zimmermann of the workshop on “Geometric Representation Theory”
held at the Institut Teknologi Bandung, Bandung, Indonesia, August 2011, for
inviting her to give lectures on “Grassmannian Variety,” and also the Institute for
the hospitality extended to her during her stay there.

Both authors thank Reuven Hodges for his feedback on some of the chapters. We
thank the makers of ShareLaTeX for making this collaboration easier. We thank the
referee for some useful comments, especially, pertaining to Chapter 11.

Finally, J. Brown thanks Owen, Evan, and Callen, for constantly reminding him
just how fun life can be.

Boston, MA, USA V. Lakshmibai
Bourbonnais, IL, USA Justin Brown
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Chapter 1
Introduction

This book is an expanded version of a series of lectures given by V. Lakshmibai
on Grassmannian varieties at the workshop on “Geometric Representation Theory”
held at the Institut Teknologi Bandung, Bandung, Indonesia, in August 2011.
In this book, we have attempted to give a complete, comprehensive, and self-
contained account of Grassmannian varieties and the Schubert varieties (inside a
Grassmannian variety).

In algebraic geometry, Grassmannian varieties form an important fundamental
class of projective varieties. In terms of importance, they are second only to
projective spaces; in fact, a projective space itself is a certain Grassmannian. A
Grassmannian variety sits as a closed subvariety of a certain projective space, the
embedding being known as the celebrated Pliicker embedding (as described in the
next paragraph). Grassmannian varieties are important examples of homogeneous
spaces; they are of the form GL,(K)/P, P being a certain closed subgroup (for
the Zariski topology) of GL,(K) (here, GL,(K) is the group of n x n invertible
matrices with entries in the [base] field K which is supposed to be an algebraically
closed field of arbitrary characteristic). In particular, a Grassmannian variety comes
equipped with a GL,(K)-action; in turn, the (homogeneous) coordinate ring (for
the Pliicker embedding) of a Grassmannian variety acquires a GL,(K)-action,
thus admitting representation-theoretic techniques for the study of Grassmannian
varieties. Thus, Grassmannian varieties are at the crossroads of algebraic geometry,
commutative algebra, and representation theory; their study is further enriched by
their combinatorics. Schubert varieties in a Grassmannian variety form an important
class of subvarieties, and provide a powerful inductive machinery for the study of
Grassmannian varieties; in fact, a Grassmannian variety itself is a certain Schubert
variety.

A Grassmannian variety (as a set) is the set of all subspaces of a given dimension
d in K", for some n € N; it has a canonical projective embedding (the Pliicker
embedding) via the map which sends a d-dimensional subspace to the associated
point in the projective space P(AYK"). A Grassmannian variety may be thought of

© Springer Science+Business Media New York 2015 1
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2 1 Introduction

as a partial flag variety: given a bunch of r distinctintegersd := 1 <d|; <d) < ...
< d, < n— 1, the partial flag variety Fly, consists of partial flags of type d,
namely sequences Vy C Vg, C ... C Vg, Vg being a K-vector subspace of K"
of dimension d;. The extreme case with r = 1, corresponds to the Grassmannian
variety G, , consisting of d-dimensional subspaces of K". If d = 1, then G, is
just the (n — 1)-dimensional projective space P’,’(_l (consisting of one-dimensional
subspaces in K"). For r = n — 1, we get the celebrated flag variety F1,, consisting
of flags in K", where a (full) flag is a sequence (0) = Vo C V; C ... C V, = K",
dim V; = i. The flag variety F1, has a natural identification with the homogeneous
space GL,(K)/B, B being the (Borel) subgroup of GL,(K) consisting of upper
triangular matrices.

Throughout the 20" century, mathematicians were interested in the study of
the Grassmannian variety and its Schubert subvarieties (as well as the flag variety
and its Schubert subvarieties). We shall now mention some of the highlights of
the developments in the 20" century on the Grassmannian and the flag varieties,
pertaining to the subject matter of this book.

In 1934, Ehresmann (cf. [20]) showed that the classes of Schubert subvarieties
in the Grassmannian give a Z-basis for the cohomology ring of the Grassmannian,
and thus established a key relationship between the geometry of the Grassmannian
varieties and the theory of characteristic classes. This result of Ehresmann was
generalized by Chevalley (cf. [14]) in 1956. Chevalley showed that the classes of
the Schubert varieties (in the generalized flag variety G/B, G a semisimple algebraic
group and B a Borel subgroup) form a Z-basis for the Chow ring of the generalized
flag variety. The results of Ehresmann and Chevalley were complemented by the
work of Hodge (cf. [31, 32]). Hodge developed the Standard Monomial Theory for
Schubert varieties in the Grassmannian. This theory consists in constructing explicit
bases for the homogeneous coordinate ring of the Grassmannian and its Schubert
varieties (for the Pliicker embedding) in terms of certain monomials (called standard
monomials) in the Pliicker coordinates. Hodge’s theory was generalized to G/B, for
G classical by Lakshmibai, Musili, and Seshadri in the series Geometry of G/P I-V
(cf. [49, 50, 53, 56, 82]) during 1975-1986; conjectures were then formulated (cf.
[55]) by Lakshmibai and Seshadri in 1991 toward the generalization of Hodge’s
theory to exceptional groups. These conjectures were proved by Littelmann (cf.
[65, 67, 68]) in 1994-1998, thus completing the standard monomial theory for
semisimple algebraic groups. This theory has led to many interesting and important
geometric and representation-theoretic consequences (see [44, 46, 48,52, 54,57, 65,
67, 68]).

In this book, we confine ourselves to the Grassmannian varieties and their
Schubert subvarieties, since our goal is to introduce the readers to Grassmannian
varieties fairly quickly, minimizing the technicalities along the way. We have
attempted to give a complete and comprehensive introduction to the Grassmannian
variety — its geometric and representation-theoretic aspects.

This book is divided into three parts. Part I is a brief discussion on the basics of
commutative algebra, algebraic geometry, cohomology theory, and Grébner bases.
Part I is titled “Grassmann and Schubert Varieties.” We introduce the Grassmannian
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variety and its Schubert subvarieties in Chapter 5. In Chapter 5, we also present
the standard monomial theory for the Grassmannian variety and its Schubert
subvarieties, namely construction of explicit bases for the homogeneous coordinate
ring of the Grassmannian and its Schubert varieties (for the Pliicker embedding) in
terms of certain monomials in the Pliicker coordinates (called standard monomials);
we present a proof of the vanishing of the higher cohomology groups of powers
of the restriction of the tautological line bundle of the projective space (giving
the Pliicker embedding), using the standard monomial basis. In Chapter 6, we
deduce several geometric consequences—such as Cohen—Macaulayness, normality,
a characterization for unique factoriality for Schubert varieties—in fact, these
properties are established even for the cones over Schubert varieties (for the Pliicker
embedding). In addition, we describe the singular locus of a Schubert variety. In
Chapter 7, we show that the generators for the ideal of the Grassmannian variety (as
well as a Schubert variety) given by the Pliicker quadratic relations give a Grobner
basis. We have also presented two kinds of degenerations of Schubert varieties,
namely degeneration of a Schubert variety to a toric variety and degeneration
to a monomial scheme. We also give a characterization for Gorenstein Schubert
varieties.

Part I11 is titled “Flag Varieties and Related Varieties,” and begins with Chapter 8,
where we have included a brief introduction to flag varieties and statement of results
on the standard monomial theory for flag varieties, as well as degenerations of
flag varieties. In Chapter 9, we present the relationship between the Grassmannian
and classical invariant theory. In Chapter 10, we present determinantal varieties,
their relationship to Schubert varieties as well as to classical invariant theory.
In Chapter 11, we give a brief account of some topics related to the flag and
Grassmannian varieties: standard monomial theory for a general G/Q, homology
and cohomology of the flag variety, free resolutions of Schubert singularities,
Bott—Samelson varieties, Frobenius splitting, affine flag varieties, and affine Grass-
mannian varieties.
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Chapter 2
Preliminary Material

This chapter is a brief review of commutative algebra and algebraic geometry. We
have included basic definitions and results, but omitted many proofs. For details in
commutative algebra, we refer the reader to [21, 72] and in algebraic geometry to
[28, 75].

2.1 Commutative Algebra

In this section we list the necessary definitions and preliminary results from
commutative algebra.

Definition 2.1.1. A ring R is Noetherian if every ideal is finitely generated, or
equivalently, if every increasing chain of ideals terminates (this is called the
ascending chain condition).

Theorem 2.1.2 (Hilbert Basis Theorem, cf. Theorem 1.2 of [21]). Ifa ring R is
Noetherian, then the polynomial ring R[x1, . .., x,] is Noetherian.

Note that any field is Noetherian (since a field has no nontrivial, proper ideals).

An ideal P of a ring R is prime if P # R and xy € P impliesx € Pory € P.
Given an ideal I of R, the radical of I is the set {r € R | " € I, forsome n € N}
and is denoted /1. We have \/@ equals the intersection of all prime ideals of R.
If \/@ = (0), then R is reduced.

We say that S C R is a multiplicative set if 0 ¢ S, 1 € S, and if a, b, € S then
ab € S.1If P is a prime ideal of R, then R \ P is a multiplicative set. The ring
of fractions S™'R is constructed using equivalence classes of pairs (r,s) € R x §
such that (71, s;) ~ (r2,s2) if there exists s € S such that s(r;s; — r251) = 0. One
denotes the element (r, s) as the fraction £. Addition and multiplication in SR are
defined as

© Springer Science+Business Media New York 2015 7
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We have the natural ring homomorphism R — S™'R, r I

Theorem 2.1.3 (cf. Theorem 4.1 of [72]). The prime ideals of S™'R correspond
bijectively to the prime ideals of R disjoint from S.

Definition 2.1.4. A zero divisor of a ring R is a nonzero element a € R such that
there exists a nonzero element b € R such that ab = 0. A nonzero element a € R
that does not satisfy this definition is called a nonzero divisor.

When § is the set of all nonzero divisors in R, we call S™'R the full ring of
fractions of R. If R is an integral domain, then the full ring of fractions is in fact a
field, which we call the field of fractions of R.

As mentioned above, if P is a prime ideal, then S = R\ P is a multiplicative
set, and we will denote ST!R as Rp; we call this the localization of R with respect
to P. Note that Rp is a local ring, meaning it has a unique maximal ideal. In this
case the maximal ideal is PRp, the set of all elements in Rp without multiplicative
inverses. The prime ideals of Rp correspond to the prime ideals in R contained in P.
(Throughout, we use the notation PM when P is an ideal in R and M is an R-module
to denote {pm | p € P, m € M}.) If R is Noetherian, then so is Rp.

For an R-module M, S™'M is defined by using classes of pairs (m,s) € M x S,
where (my,s;) ~ (mjy,sy) if there exists s € § such that s(s;my — som;) = 0.
Then S™'M is an S™'R-module (in a natural way), and is naturally isomorphic to
S™'R ® M. The functor M — S~'M from R-modules to S™!R-modules is exact, i.e.,
it takes exact sequences to exact sequences.

Let Ry C R, be an extension of rings. An element r € R; is integral over R; if r
is a zero of some monic polynomial with coefficients in R;; i.e.,

a7 Lt air+ao=0

where a; € Ry. The ring R, is integral over R; if every element of R, is integral
over R;. The integral closure of R| in R, is the subring of R, consisting of all the
elements of R, integral over R;. If R is an integral domain such that R contains all
elements of K(R) that are integral over R (here, K(R) is the field of fractions of R,
as defined above), then we say R is integrally closed.

Definition 2.1.5. If R is a ring such that Rp is an integrally closed domain for every
prime ideal P C R, then R is a normal ring.

Example 2.1.6. The ring of integers Z is a normal ring.

Let K C K, be an extension of fields. The elements ai,...,a; € K, are
algebraically independent over K| if there does not exist any nonzero polynomial
f(x1,...,xq) over K; suchthatf(ai,...,as) = 0. A maximal subset of algebraically
independent elements over K in K, is called a transcendence basis of K, /K. If K,
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is a finitely generated extension of K, then any two transcendence bases of K, /K]
have the same cardinality called the transcendence degree of K, over Kj, and is
denoted tr.degk, K>.

Let R = Klaj,...,a,] be a finitely generated K-algebra, where R is an
integral domain with field of fractions denoted by K(R). Then define tr.degxkR =
tr.degg K(R).

Definition 2.1.7. For a Noetherian ring R, dim R (called the Krull dimension of R)
is the maximal length ¢ of a strictly increasing chain of prime ideals

PhbCP,CP,C...CP,CR.

For example,

1. dimZ = 1.
2. dimK[xy,...,x,] = n, where K is a field.

Definition 2.1.8. If P is a prime ideal of the Noetherian ring R, the height of P
is defined to be dim Rp, and is denoted ht(P); the coheight of P is defined to be
dimR/P.

For the following definitions, let R be a Noetherian ring, and let M be a finitely
generated R-module. Our primary examples of R-modules will be ideals of R,
localizations of R, or R itself.

Definition 2.1.9. An element r € R is a zero divisor in M if there exists a nonzero
m € M such that rm = 0.

Definition 2.1.10. A sequence ry,...,rs € R is an M-regular sequence if
1. (r1,...,r))M # M, and
2. r; is not a zero divisor in M/(ry,...,ri—1)M for 2 < i < s, and r; is not a zero

divisor in M.

If ry,...,ry is an M-regular sequence contained in an ideal I of R, we call it an
M-regular sequence in I. If, for any rs41 € I, 1y, ..., 7y, Fs41 1S not an M-regular
sequence, we say that rq, ..., ry is a maximal M-regular sequence in /.

Theorem 2.1.11 (cf. Theorem 16.7 of [72]). Let R be a Noetherian ring, I an
ideal in R, and M a finitely generated R-module. Then any two maximal M-regular
sequences in I have the same length.

Definition 2.1.12. For a local Noetherian ring R with maximal ideal m and
R-module M, the depth of M is defined as the length of a maximal M-regular
sequence in m, and is denoted depth M.

Remark 2.1.13. If R is a local Noetherian domain, then depth R > 1.

Proposition 2.1.14 (cf. Prop. 18.2 of [21]). Let R be a ring and P a prime ideal,
then depth Rp < ht(P).
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We remark that depth Rp refers to the depth of Rp as an Rp-module, which is
equivalent to what [21] refers to as depth P.

Definition 2.1.15. A ring R such that depth Rp = ht(P) for every maximal ideal P
of R is Cohen—Macaulay.

Proposition 2.1.16 (cf. Proposition 18.8 of [21]). Let R be a ring.

1. R is Cohen—Macaulay if and only if Rp is Cohen—Macaulay for every maximal
ideal P in R.

2. Ris Cohen—Macaulay if and only if Rp is Cohen—Macaulay for every prime ideal
PinR.

Proposition 2.1.17 (cf. Theorem. 1.1 of [71] (Graded Case)). A graded ring R is
Cohen—Macaulay if and only if Rp is Cohen—Macaulay for every maximal graded
ideal P in R. If in addition, Ry is a field, then R is Cohen—Macaulay if and only if
Ry, is Cohen—Macaulay, m being the (unique) maximal graded ideal R .

Lemma 2.1.18 (Nakayama’s Lemma, cf. [21]). Let (R, m) be a local Noetherian
ring, and M a finitely generated R-module. If mM = M, then M = (0).

We discuss one consequence of Nakayama’s Lemma. Let R, m, and M be as

above, and let K = R/m. Consider M /mM as a vector space over K. Letxy,...,x, €
M be such that their classes form a basis in M/mM (as a K-vector space). We want
to show that xi,...,x, generate M. Suppose N C M is the submodule generated

by x1,...,x,. Then under the canonical map M — M/mM, N maps onto M /mM.
Hence N + mM = M;butm - M/N = (mM + N)/N = M/N. By Nakayama’s
Lemma, M/N = (0),and M = N.

If we now consider M = m, and find x;,...,x, € m that produce a basis
for m/ m?2, then x, ..., x, generates m, and »n is the smallest number of elements
in a generating set for m. We call this number the embedding dimension of R,
denoted e(R):

e(R) = dimR/m(m/mz).

In general, dimR < e(R).

Definition 2.1.19. (R, m) is a regular local ring if dimR = e(R). A Noetherian
ring R is regular if Rp is a regular local ring for every prime ideal P C R.

Definition 2.1.20. Let R be a ring.

1. An element of R is prime if it generates a prime ideal.
2. An element r € R is irreducible if it is not a unit, and whenever r = st, either s
or ¢ is a unit.

Remark 2.1.21. If r € R is a prime element, then r is irreducible.

Definition 2.1.22. Let R be an integral domain, R is factorial if every nonzero
element can be expressed uniquely as a product of irreducible elements, with
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uniqueness up to factors that are units. We will also call such a ring an unique
factorization domain, or UFD.

Remark 2.1.23. A ring is factorial if and only if every irreducible element is prime
(cf. [21, p. 14]).

Remark 2.1.24. We conclude this section with several facts about regular rings, the
proofs of which require too much machinery to include in this text; but we attach
references for the interested readers.

1. If R is a regular local ring, and P is a prime ideal, then Rp is a regular local ring,
[72, Theorem 19.3].

2. A regular ring is normal, [72, Theorem 19.4].

3. A regular local ring is Cohen—Macaulay, [72, Theorem 17.8].

4. A regular local ring is factorial, [21, Theorem 19.19].

2.2 Affine Varieties

Let K be the base field, which we suppose to be algebraically closed of arbitrary
characteristic. Our primary reference for the following sections is [28].
We shall denote by A% or just A", the affine n-space, consisting of

(ar,...,a,), a; € K. For P = (ay,...,a,) € A", the a;’s are called the affine
coordinates of P.
Given an ideal / in the polynomial algebra K[xi, ..., x,], let

Vi) ={(ay,...,a,) € A" | f(ay,...,a,) = Oforallf € I}.

The set V(I) is called an affine variety. Clearly V(I) = V(+/I). Fixing a (finite) set
of generators {fi, ..., f.} for I, V(I) can be thought of as the set of common zeros of

fio oS

Conversely, given a subset X C A", let

IX) =4{f €K[x1,...,x] | f(x) =0, forall x € X}.

2.2.1 Zariskitopology on A"

Define a topology on A" by declaring {V(/) | I an ideal in K[xi, ..., x,]|} as the set
of closed sets. We now check that this defines a topology on A”. We have

1. A" = V((0), 0 = V(K[x1,....x]).
2. V(HU V) =VvINJ).
3N V) =V (X, L)
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Remark 2.2.1.

1. A" is a T}-space for the Zariski topology, i.e., points are closed subsets.

2. A" is not Hausdorff for the Zariski topology. For instance, consider A !, the closed
subsets are precisely the finite sets, and hence no two nonempty open sets can be
disjoint.

3. Closed sets in the Zariski topology satisfy the descending chain condition (i.e.,
every decreasing chain of closed sets terminates); this follows from the fact that
K]x1,...,x,] is Noetherian, and ideals in K[xj,...,x,] satisfy the ascending
chain condition. Hence, open sets satisfy the ascending chain condition; in
particular, any nonempty collection of open sets has a maximal element. Hence
A" is quasicompact, i.e., every open cover admits a finite subcover (the term
“quasi” is used since A" is not Hausdorff).

4. If K = C, then the zero-set of a polynomial f € Clxy,...,x,] is closed in the
usual topology of C”, being the inverse image of the closed set {0} in C under the
continuous map C" — C, a — f(a). The set of common zeros of a collection of
polynomials is also closed in the usual topology, being the intersection of closed
sets. Of course, the complex n-space C” has plenty of other closed sets which are
not obtained this way (as is clear in the case n = 1). Thus the usual topology is
stronger than the Zariski topology.

5. We have

X C V(Z(X)), I C T(V(I)).

6. In fact, V(Z(X)) = X, the closure of X.

Theorem 2.2.2 (Hilbert’s Nullstellensatz, cf. [75], Chap. 1, Thm.1). Let I be an
ideal in K[x1, ..., x,]. Then T = Z(V(I)).

As a consequence of the fact (6) above and Hilbert’s Nullstellensatz we obtain
an inclusion-reversing bijection

{radical ideals in K|[x1, ..., x,]} <— {affine varieties in A"},
I — V()
IX) «— X.

Under the above bijection, points of A" correspond one-to-one to the maximal ideals
of K[x, ..., x,]. (The maximal ideal corresponding to (ay, ..., a,) is the ideal (x; —
i, ..., Xy — ay).)

A topological space X is said to be irreducible if X is nonempty and cannot be
written as the union of two proper nonempty closed sets in X, or equivalently, any
two nonempty open sets in X have a nonempty intersection, or equivalently, any
nonempty open set is dense. It is easily seen that a subspace Y C X is irreducible if
and only if its closure Y is irreducible.
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A topological space is said to be Noetherian if every open set in X is quasicom-
pact, or equivalently, if open sets satisfy the maximal condition (i.e., a nonempty
collection of open sets has a maximal element), or equivalently, if open sets satisfy
the ascending chain condition, or equivalently, if closed sets satisfy the descending
chain condition. As an example, the Noetherian property of K|xi, ..., x,] implies
the descending chain condition on the set of affine varieties in A”.

Let X be a Noetherian topological space. It can be seen easily that every
nonempty closed subset is a finite union of irreducible closed subsets. In particular
X is a finite union of (maximal) irreducible closed subsets, and these are called the
irreducible components of X.

Proposition 2.2.3 (cf. Chap. I, Cor. 1.4 of [28]). A closed set X in A" is irreducible
if and only if Z(X) is prime. In particular, A" is irreducible.

Corollary 2.2.4. Under the bijection following Theorem 2.2.2, the prime ideals
correspond to irreducible affine varieties.

For an affine variety X, we take Z(X) to be a radical ideal, in view of the bijection
following Theorem 2.2.2.

2.2.2 The affine algebra K[ X]

A finitely generated K-algebra is also called an affine K-algebra (or simply an affine
algebra, the field K being fixed). Let X be an affine variety in A". The affine algebra
K[x1,...,x,]/Z(X) is called the affine algebra of X and is denoted K[X]. Now each
f € K[X] defines a function X — K, a +> f(a) (note that this is well defined). Thus
each element of K[X] may be thought of as a polynomial function on X (with values
in K). For this reason, K[X] is also called the algebra of polynomial functions on X,
or also the algebra of regular functions on X, or the coordinate ring of X. If X is
irreducible, then K[X] is an integral domain (since Z(X) is prime), and the quotient
field K(X) of K[X] is called the function field of X (or the field of rational functions
on X).

As in the case of A", we see that we have a bijection between closed subsets
of X and the radical ideals of K[X], under which the irreducible closed subsets of
X correspond to the prime ideals of K[X]. In particular, the points of X are in one-
to-one correspondence with the maximal ideals of K[X]. Further, X is a Noetherian
topological space, and the principal open subsets Xy = {x € X | f(x) # 0}, f €
K[X], give a base for the Zariski topology.

Let X C A", Y C A™ be two affine varieties. A morphism ¢ : X — Y is
a mapping of the form ¢(a) = (Y (a),...,V¥n (a)), where a € X, and for i =
1,...,m v; € K[x1,...,x,]. Amorphism ¢ : X — Y defines a K-algebra morphism
¢* : K[Y] — K[X] given by ¢* (f) = f o ¢. We have
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Theorem 2.2.5 (cf. Chap.I, Cor.3.8 of [28]). The map X +— K[X] defines a
(contravariant) equivalence of the category of affine varieties (with morphisms
as defined above) and the category of affine K-algebras (i.e., finitely generated
K-algebras) without nonzero nilpotents (with K-algebra maps as morphisms).
Further, irreducible affine varieties correspond to affine K-algebras which are
integral domains.

2.2.3 Products of affine varieties

The product of the Zariski topologies on A" and A™ does not give the Zariski
topology on A", For example, in A! x A! the only closed sets in the product
topology are finite unions of horizontal and vertical lines, while A has many more
sets that are closed in the Zariski topology.

To arrive at a correct definition (so that we will have A” x A™ =~ A™*™) one
takes the general category-theoretical definition, and defines the product as a triple
(Z,p,q), where Z is an affine variety and p : Z — X, ¢ : Z — Y are morphisms
such that given a triple (M, «, B), where M is an affine variety and « : M — X,
B : M — Y are morphisms, there exists a unique morphism 6 : M — Z such that
the following diagram is commutative:

X

2l

Mz
N
Y
Theorem 2.2.6 (Existence of products). Let X, Y be two affine varieties with
coordinate rings R, S, respectively. Then the affine variety Z with coordinate ring
R ®k S together with the canonical mapsp : Z — X, q : Z — Y (induced by

R—>R®S r—rQ®l,andS —RQ®S, s~ 1Q s, respectively) is a product of X
andY.

The uniqueness up to isomorphism of a product follows from the universal
mapping property of a product. The product of X and Y is denoted by (X x Y, p, g).

Remark 2.2.7. Let X C A", Y C A”™ be two affine varieties. Then the product
variety X x Y (as defined above) is nothing but the set X x ¥ C A"*"™ together with
the induced topology.
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2.3 Projective Varieties

We begin this section by introducing the projective space P*. We shall denote
by P4, or just P, the set (A"t!\ {0})/ ~, where ~ is the equivalence relation
(ag,...,a,) ~ (bg,...,by,) if there exists A € K* such that (ag,...,a,) =
A(by,...,b,). Thus a point P € P" is determined by an equivalence class
[ao, - .. ,ay], and for any (n 4 1)-tuple (b, ..., b,) in this equivalence class, the
b;’s will be referred as the projective (or homogeneous) coordinates of P.

Sometimes we write P" also as P(V), where V is an (n+ 1)-dimensional K-vector
space, the points of P" being identified with one-dimensional subspaces of V. Let
f(x0,...,x,) € Klxg,...,x,]. Further, let f be homogeneous of degree d. The
homogeneity of f implies f(Axo, ..., Ax,) = A% (xo,...,x,), A € K*. Hence it
makes sense to talk about f being zero or nonzero at a point P € P".

Let I be a homogeneous ideal in Kl[xo,...,x,], i.e., for each f € I, the
homogeneous parts of f belong to I, or equivalently, / is generated by some set
of homogeneous polynomials. Let

V() ={P e P"|f(P) =0, forall homogeneousf € I}.

The set V(1) is called a projective variety. Conversely, given a subset of X C P, let
Z(X) be the ideal generated by

{f € K[xo, ..., x,], f homogeneous | f(P) = 0 for all P € X}.

As in the affine case, Z(X) is a radical ideal. We have a similar version (as in the
affine case) of the Nullstellensatz with one minor adjustment, namely the ideal
in K[xo, ..., x,] generated by xo, ..., x, is a proper radical ideal, but clearly has no
zeros in P". Deleting [, we have a similar formulation given by the following.

Theorem 2.3.1. The maps I — V(I), X — Z(X) define an inclusion-reversing
bijection between the set of homogeneous radical ideals of K|[xy, . . ., x,] other than
Iy and the projective varieties in P".

2.3.1 Zariski topology on P"

The Zariski topology on P" is defined in exactly the same way as in the affine case,
by declaring

{V(I) | I ahomogeneous ideal in K[xo, .. ., x,] other than [y}

as closed sets. As in the affine case, under the above bijection, the homogeneous
prime ideals (other than Ij) correspond to irreducible projective varieties. Let U; =
{la] € P" | a@; # 0},0 < i < n. (These are some special open sets.) The map
U, i An,



16 2 Preliminary Material

ao aj—1 dit+1 an
[ae—=—....,.—, —,...,—

ai ai ai ai
defines an isomorphism of affine varieties. The quotients

ap ai—1 di+1 An

N e

ai ai ai ai
are called the affine coordinates on U;, 0 < i < n. Note that {U;, 0 < i < n} gives
an open cover for P".

2.4 Schemes — Affine and Projective

2.4.1 Presheaves

Let X be a topological space. Let top(X) be the category whose objects are open sets
in X, and whose morphisms are inclusions. Let C be a category. A C-valued presheaf
on X is a contravariant functor U + F(U) from top(X) to C. Thus, if V C U are
open sets in X, then we have a C-morphism

resy : F(U) — F(V)

called the restriction map.

A morphism of presheaves ¢ : F — F’ is a morphism of functors. Suppose C is a
category of “sets with structure,” like groups, rings, modules, etc. Then we say that
F is a presheaf of groups, rings, modules, etc., respectively.

If x € X, then the collection U, = {F(U), U open neighborhood of x} is a
directed system, and F, = li)n F(U) is called the stalk of F at x.

F(U)€Ux

2.4.2 Sheaves

Let F be a C-valued presheaf on X, where C is some category of “sets with structure.”
Then F is called a sheaf if it satisfies the following “sheaf axioms”: For every
collection {U;} of open sets in X with U = | U,,

1. If f, g € F(U) are such that f|;, = g|y, for all i, then f = g.
2. If {fi € F(U))} is a collection such that fi|y,ny, = fjluiny; for all i and j, then
there exists an f € F(U) such that f|y, = f;.
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Example 2.4.1. Let X be a topological space, and for U open in X, let F(U) be the
ring of continuous real valued functions on U. The assignment U — F(U), for U
open, defines a sheaf.

Example 2.4.2. Let X € A" be an irreducible affine variety, with function field
K(X). Let R = K[X]. Define

Oxx = {f € K(X) | f is regular at x},

(note that f is regular at x if f = g/h, with g,h € R, h(x) # 0). We have, Oy, is
simply Rp, where P is the prime ideal {f € R | f(x) = 0}; in particular, Ox , is a
local ring. The assignment U +— (), ¢, Ox.x, for U open defines a sheaf called the
structure sheaf, and denoted Oy. Note that Ox(X) = K[X].

2.4.3 Shedfification

Let F be a C-valued presheaf on X, where C is some category of “sets with structure.”
Then there is a sheaf F’, called the sheafification of F, or the sheaf associated with
F, and a morphismf : F — F’ such that the map Mor(F’, G) —Mor(F, G) (induced
by f) is bijective whenever G is a sheaf. Moreover, such an F” is unique.

We now give a construction of F’. Let E = | J F (a disjoint union of sets). Let
p : E — X be the “projection map,” namely p(a) = x, if a € F,. For U open in X,
and o € F(U), we have a canonical map (also denotedby o) o : U — E, 0(x) = 0y,
where 0y, is the image of o under the canonical map F(U) — F,. Equip E with the
strongest topology which makes o : U — E continuous for all 0 € F(U), and all
open U. It can be seen easily that a set G in E is open if and only if for every open
UinX and o € F(U), the set W = {x € U | 5, € G} is open in X. The space (E, p)
is called the etale space of F.

Let F’ be the sheaf of continuous sections of p, i.e., for U open in X,

F'(U) = {s : U — E continuous such that p o s = Idy}.

Remark 2.4.3. Given a sheaf F on X, F(X) is usually denoted by I"(X, F), and its
elements are called global sections of F.

2.4.4 Ringed and geometric spaces

A ringed space is a topological space X together with a sheaf Ox of rings
(commutative with identity element) on X. A geometric space is a ringed space
(X, Ox) whose stalks Ox , are local rings. The sheaf Oy is called the structure sheaf
of X. We denote the maximal ideal of Ox , by m,, and the residue class field by K (x).
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A morphism (X, Ox) — (¥, Oy) of ringed spaces consists of a continuous map
f : X — Y together with ring homomorphisms

Iy Oy(V) = Ox(U)

for U C X,V C Y open sets such that f(U) C V. These maps are required to
be compatible with the respective restriction maps in Ox and Oy. Then one can
see that if x € X and y = f(x), then f induces a ring-map at the level of stalks
fx : Oyy = Ox . A morphism of geometric spaces is a morphism of ringed spaces
such that f; is a local homomorphism, i.e., fi(m,) C m,.

2.5 The Scheme Spec(A)

Let A be a commutative ring with identity element, and let Spec(A) be the set of
all prime ideals in A. Define a topology on Spec(A) (called the Zariski topology on
Spec(A)) by declaring the closed sets as V(I) := {p € Spec(A) | p D I}, for I any
ideal of A. For Y C X = Spec(A), let Z(Y) = ﬂpey p. Then V(Z(Y)) = Y. Further,

we have Z(V(I)) = +/I. Thus we have an inclusion-reversing bijection between
the set of closed sets in Spec(A), and the set of radical ideals in A, under which
irreducible closed sets correspond to prime ideals. If A is Noetherian, then Spec(A)
is a Noetherian topological space, and the irreducible components of X correspond
to the minimal primes in A.

Let f € A, and p € Spec(A). Let f(p) be the image of f in the residue class
field of A, (which is simply the field of fractions of A/p). Let X = Spec(A), and
X, =X\V((f)) ={p € X | f(p) # 0}. Note that Xy is open, and called a principal
open set. For any ideal I, we have V(I) = ﬂfe ; V((f)). Thus the principal open sets
form a base of the Zariski topology on X.

We will now define a geometric space structure on Spec(A). Let X = Spec(A),
and let U C X be an open set. Define Ox(U) to be the set of functions f : U —
[[pey Ap (Where Ap is the localization of A at the prime ideal P) where f(P) € Ap
and f is locally a quotient of elements of A; i.e., for each P € U, there exists an open
V C U, P € V, with elements a, b € A such that foreach P’ € V, f(P') = a/b € Ap
(where b € P'). It is easily seen that the stalk Oy, is simply A,. Thus we have the
following.

Theorem 2.5.1 (cf. Chap. I1, Prop. 2.3 of [28]). (Spec(A), (’)SI,EC(A)) is a geometric
space.

In [28], the phrase “locally ringed space” is used in place of geometric space.

Remark 2.5.2. 1If A is an integral domain with quotient field K, then the A,’s are
subrings of K, and Oy can be defined directly by Ox(U) = ﬂxe uAx.
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Let X = Spec(4), Y = Spec(B). Then it is seen easily that a morphism ¢ :
(X,0x) — (Y,Oy) induces a ring homomorphism B — A. Conversely, a ring
homomorphism B — A induces a morphism X — Y (cf. [28, Chap.II, Prop. 2.3]).

Definition 2.5.3. An affine scheme is a geometric space (X, Ox) which is isomor-
phic to (Spec(A), Ospec(a)) for some ring A.

Remark 2.5.4. The map A +— (Spec(A), Ospec(a)) defines a (contravariant) equiva-
lence of the category of commutative rings and the category of affine schemes.

Definition 2.5.5. A prescheme is a geometric space (X, Ox) which has a finite
cover by open sets U such that (U, O|y) is an affine scheme.

Definition 2.5.6. A prescheme X is called a scheme if the diagonal A(X)
(= {(x,x) € X x X})is closed in X x X.

Remark 2.5.7. An affine scheme is a scheme in the sense of Definition 2.5.6.

Definition 2.5.8. A morphism of schemes ¢ : X — Y is called an immersion if ¢
is an isomorphism of X with an open subscheme of a closed subscheme of Y.

Definition 2.5.9. A morphism of schemes ¢ : X — Y is called an open immersion
(resp.closed immersion ) if ¢ is an isomorphism of X with an open (resp. closed)
subscheme Y.

2.6 The Scheme Proj(S)

LetS = @dzo Sqsbe a graded ring, i.e., Sy is an abelian group and S;S, C Sy4.. Let
S+ = @, Sa- Define Proj(S) to be the set of all homogeneous prime ideals of §
not containing S4. For a homogeneous ideal a of S, set

V(a) = {p € Proj(S) | p 2 a}.
In view of the following lemma, declaring the set of V(a), a,a homogeneous ideal
in S as the closed sets, we obtain the Zariski topology on Proj(S).

Lemma 2.6.1 (cf. Chap.II, Lemma 2.4 of [28]).

1. If a and b are two homogeneous ideals in S, then V(ab) = V(a) U V(b).
2. If {a;} is any family of homogeneous ideals in S, then V(}_ a;) = [\ V(a).

As we did for Spec(A), we define the structure sheaf Ox on X = Proj(S). For
p € Proj(S), let S(,) denote the homogeneous localization of S at p consisting of
elements of degree 0 in Sy, i.e.,

Sy = ]: € Sy | f, g homogeneous of the same degree
8
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For an open set U C Proj(S), define Ox(U) as the set of functions s : U — [ S
such that the following hold:

1. Foreachp € U, s(p) € S¢p).
2. s is locally a quotient of elements of S, i.e., for each p in U, there exists a
neighborhood V of p in U, and homogeneous elements g,f € S of the same

degree, such that forallq € V,f & q, s(q) = § in S(g).

It is clear that Oy is a presheaf of rings, with the natural restrictions, and it is also
clear from the local nature of the definition that Oy is in fact a sheaf.

Definition 2.6.2. We define (Proj(S), Oprj(s)) to be Proj(S) with the sheaf of rings
constructed above.

Proposition 2.6.3 (cf. Chap. II, Prop. 2.5 of [28]). (Proj(S), Opyjs)) is a scheme.
Further, for p € Proj(S), the stalk Opyyj(s) p s isomorphic to the local ring Sy).

For a homogeneous element f € Sy, define D4 (f) = {p € Proj(S) | f & p}.
Then D4 (f) is open in Proj(S). Further, these open sets cover Proj(S), and we have
an isomorphism of geometric spaces:

(D+(). Olp.¢)) = Spec(Sg).

where Sy is the subring of elements of degree O in Sy. See [28, Chap.II, §2] for
details.

2.6.1 The cone over X

Let X = Proj(S) be a projective variety. Then the affine variety X = Spec(S) is
called the cone over X.

2.7 Sheaves of Ox-Modules

Definition 2.7.1. Let (X, Ox) be a scheme. A sheaf F on X is said to be a sheaf of
Ox-modules if for U C X open, F(U) is an Ox(U)-module.

Example 2.7.2. Let M be an A-module. Then M defines a sheaf M , namely for all

feA, M(X_,c) = My (note that for any open U, we have MU) = 1(21 Mjy). Then M
X;CU

is a sheaf of Ox-modules.

Definition 2.7.3. Let X be a topological space, and R be a ring. We give R the
discrete topology (i.e., all subsets of R are open). For any open set U C X, let F(U)
be the ring of all continuous maps from U to R. Along with the natural restriction
maps, F is a sheaf, called the constant sheaf on X, so named because as long as U
is open and connected, F(U) = R.
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Let S be a graded ring, and M a graded S-module, i.e., M is an S-module together
with a decomposition M = @ ., My such that S; - M, € My,. The sheaf M on
Proj(S) is defined as follows. For p € Proj(S), let M, denote the group of elements
of degree 0 in M,,. For an open set U C Proj(S), define M(U) as the set of functions
s : U — [ [ M(p) such that the following holds:

1. Foreachp € U, s(p) € M(y).
2. sislocally a quotient, i.e., for each p in U, there exists a neighborhood V of p in
U, and homogeneous elements m € M, f € S of the same degree, such that for

allqu,fi/q,s(q):;—"ian.

We make M into a sheaf with the natural restriction maps. We have the following
facts:

1. For p € Proj(S), the stalk M, = M.
2. For a homogeneous element f € S4, we have, A7I|D+(f) = (A//f(;)) via the

isomorphism D (f) = Spec(S(), where M(; denotes the group of elements
of degree 0 in the localized module M;.

See [28, Chap. I, §5] for details.

2.7.1 The twisting sheaf Ox(1)

Let X = Proj(S). For n € Z, set M(n) to be the graded S-module with M(n); =

M, 14 for all d € Z. Define the sheaf Ox(n) to be S(n). The sheaf Ox(1) is called
the twisting sheaf of Serre. For any sheaf F of Ox-modules, we define

Letf : X — Y be a morphism between two schemes. Let F be any sheaf on X.
We define the direct image sheaf . F on Y by (f.F) (V) = F(f~'(V)) for any open
subset V of Y.

Letf : X — Y be as above. Let G be any sheaf on Y. We define the sheaf f~'G
on X to be the sheaf associated to the presheaf U — h_n>1 G(V), for U open in X,

V2£(U)
where the limit is taken over all open subsets V of Y containing f(U).

We define the sheaf f*G, the inverse image of G by the morphism f, to be
716 ®-10, Ox.

Now letting X be a subscheme of P, we define Ox(1) to be i*(Op: (1)), where
i : X — P is the inclusion.
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2.7.2 Locally free sheaves

A sheaf F of Ox-modules is said to be free if F is isomorphic to a direct sum of
copies of Oy, and the number of copies of Oy is called its rank. The sheaf F is
said to be locally free if X can be covered by open sets U such that F|y is a free
Oy-module (here Oy is just Ox|y). If the rank of (the locally free sheaf) F on any
such U is the same, say n, then F is said to be a locally free sheaf of rank n on X.

2.7.3 The scheme V(2) associated to a rank n locally
free sheaf $2

Let (X, Ox) be a scheme. Let £2 be a locally free sheaf of rank non X. Let {X, | @ €
I} be an affine open cover of X, where X, = Spec(A,) for each o € I. Let B, be the
symmetric algebra of the A,-module £2(X). Let Y, = Spec(By), and f, : Yy — X,
the canonical morphism. For every pair «, § € I, we have canonical isomorphisms
7 (Xe N Xp) = fy " (X« N Xp) (by the compatibility conditions on the affine
covering {X,, o € I}). Hence the family {Y,, @ € I} can be glued together to define
a scheme (¥, Oy), and a morphism f : ¥ — X such that f|y, = f,.

Remark 2.7.4. The scheme Y is unique (up to isomorphism), i.e., if (Y’,f’) is
another such pair, then there exists an isomorphism ¢ : ¥ — Y’ such that the
following diagram is commutative.

Y/
()
The scheme Y is denoted by V(£2).
For U = Spec(A) open affine in X, we have f~!(U) = SpecAlxi,...,x,]. We
shall denote this isomorphism by ¥y .

2.7.4 Vector bundles

Let (X, Ox) be a scheme. A (geometric) vector bundle of rank n over X is a scheme
Y, and a morphism f : Y — X, together with additional data consisting of an open
covering {U;} of X, and isomorphisms v; : f~1(U;) = SpecA;[x1, ..., x,] (here
SpecA; = Uj), such that for any i, j and for any open affine subset V = Spec(4) C
U; N Uj, the automorphism ¥; o ¢! of SpecA[xy,...,x,] is given by a linear
automorphism 0 of A[xy,....x,), i.e., 0(a) = aforalla € A, and O(x;) = Y_ a;x;
for suitable a;; € A.
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An isomorphism of two rank n vector bundles over X

8- {vav {Ui}s {wl}} — {Y/vf/’ {Uz/}’ {‘M}}

is an isomorphism g : ¥ — Y’ such that f = f’ o g and such that Y, f, together with
the covering of X consisting of the entire set {U;} U {U}, and the isomorphisms /;
and ¥/ o g, is also a vector bundle on X.

Proposition 2.7.5 (cf. Chap. II, Ex. 5.18 of [28]). Let §2 be a locally free sheaf of
rankn on X. Let {U;, i € I} be an affine covering of X such that 2|y, is free (of rank
n). Let U; = Spec(A;), and ¥; : f~1(U;) — SpecAi[xi,...,x,] the corresponding
isomorphism. Then {Y,f,{U;}, {¥:}} is a vector bundle of rank n over X.

Conversely, let f : Y — X be a rank n vector bundle over X. Let Sy be the
presheaf given by Sp(U) = {s : U — Y morphism such that f o s = Idy}. Then Sy
is in fact a locally free sheaf of Ox-modules of rank n.

As a consequence of Proposition 2.7.5, we have the following.

Theorem 2.7.6. There is a one-to-one correspondence between isomorphism
classes of locally free sheaves of rank n on X, and isomorphism classes of rank
n vector bundles over X.

In view of the above bijection, we use the words “locally free sheaf” and “vector
bundles” interchangeably.

Given a vector bundle 2 over X, we shall denote the space of sections of §2 over
X by H(X, 2), namely

HX.2)={s:X—> V(Q)|fos=Idy}

(here, f is as in the diagram (*) above).

Definition 2.7.7. An invertible sheaf on X is a locally free sheaf of rank 1. The
associated rank 1 vector bundle is called a line bundle.

2.8 Attributes of Varieties

2.8.1 Dimension of a topological space

For a topological space X, dim X is defined as the supremum of the lengths n of
chains Fy C F| C ... C F, of distinct irreducible closed sets in X.

IfX =X, U...UX, the X;’s being the irreducible components of X, then we
have dim X = max{dim X;}.

Let X = Spec(A). Then clearly dimX = dimA (where dimA is the Krull
dimension of A [cf. Definition 2.1.7]). If in addition A is an integral domain and
a finitely generated K-algebra, then dim X = tr.deggK(A) (= tr.deggA), where K(A)
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is the field of fractions of A. More generally, if X is an irreducible variety with
function field K(X), then dim X = tr.deggK(X).

Example 2.8.1. We have dim A" = n, dimP" = n.

Example 2.8.2. If X is irreducible, then for any affine open subset U, dimU =
dim X (since K(U) = K(X)).

Proposition 2.8.3 (cf. [28]). Let X be an irreducible variety, and Y a proper, closed
subset. Then dimY < dim X.

The codimension codimyY of Y in X is defined to be dim X — dim Y.

2.8.2 Geometric properties of varieties

A point x on a variety X is said to be normal on X, if the local ring Oy , is normal,
i.e., Ox, is an integral domain integrally closed in its quotient field. A variety X is
said to be normal if every point x of X is normal on X. A projective variety X is
arithmetically normal if the cone X is normal.

A variety X is said to be Cohen—Macaulay if Oy, is Cohen—Macaulay for all
x € X (i.e., depthOyx . = dim Oy ). A projective variety X is arithmetically Cohen—
Macaulay if the cone Xis Cohen—Macaulay.

A variety X is factorial if Oy , is a factorial ring for all x € X. A projective variety
X < P"is arithmetically factorial if the cone X is factorial.

A point x on a variety is called a simple or smooth point if Oy, is a regular local
ring, and X is said to be nonsingular or smooth if every point x of X is a smooth
point. A point that is not smooth is called singular.

Definition 2.8.4. The singular locus of X is defined as
Sing X := {x € X | x is singular}.

The singular locus is a closed subset of X; X is nonsingular when Sing X is
empty.

2.8.3 The Zariski tangent space

Let x be a point on the variety X. Let K(x) = Ox,/m, be the residue field of the
local ring Oy, (viewed as an Ox ,-module). The Zariski tangent space of X at x is
the space T, X := Derg (Ox., K(x)), i.e., the space

{D : Oxx — K(x), K-linear such that D(ab) = D(a)b + aD(b)}.
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This is canonically isomorphic to (m,/m?)", the linear dual of m,/m2.

Remark 2.8.5. We have that dim 7, X > dim X with equality if and only if x is a
smooth point.

2.8.4 The differential (d¢),

Given a morphism ¢ : X — Y of varieties, the comorphism ¢* : Oy 4 — Oxx
induces a natural map (d¢), : T.X — Ty Y, called the differential of ¢ at x.



Chapter 3
Cohomology Theory

In this chapter, we do a brief recollection of the basics of cohomology theory leading
up to the definition of sheaf cohomology.

3.1 Introduction to Category Theory

In this section, we recall the basics of category theory. For a more thorough
introduction, we recommend [58, I, §11], [21, AS5].

Definition 3.1.1. A category A is a collection of objects (denoted Obj.A), and for
each pair E, F € Obj.A a set of morphisms (denoted Mor(E, F)) with a composition
law for three objects E, F, G € ObjA:

Mor(E, F) x Mor(F, G) — Mor(E,G), (f,g)— gof.

The composition law is associative, i.e., (f o g) o h = f o (g o h). Additionally, for
each E € ODbjA, there exists Idg € Mor(E, E) such that Idg o f = f (respectively,
goldg = g) forevery f € Mor(F, E) (resp., g € Mor(E, F)).

Definition 3.1.2. @ : A; — A, is a covariant functor if

1. @ maps objects of A; to objects of A»,
2. @ maps Mor(A, B) — Mor(®(A), @(B)) such that

a. @(Idy) = Idpa), for all A € Obj(A));
b. @(gof) = D(g) o D(f) whenever g o f is defined.
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Similarly, @ : A, — A, is a contravariant functor if the direction of morphisms
is reversed, i.e.

1. @ maps objects of A; to objects of A»,
2. @ maps Mor(A, B) — Mor(®(B), ®(A)) such that

a. @(Idy) = Idpa), for all A € Obj(A));
b. @(gof) = D(f) o P(g) whenever g o f is defined.

Given objects X,Y € ObjA for a category A, we will define a categorical
product and coproduct of X and Y.

Definition 3.1.3. A categorical product of X and Y is a triple (Z, p, v) where Z €
ObjA, p € Mor(Z,X), and v € Mor(Z, Y) such that given another triple (W, r, 5)
where W € ObjA, r € Mor(W, X), and s € Mor(W, Y), then there exists a unique
morphismf : W — Zsuchthatr = pofands =vof.

We define the dual notion of coproduct of X and Y as follows: the coproduct of
X and Y is a triple (Z, p, v) where Z € ObjA, p € Mor(X,Z), and v € Mor(Y, Z)
such that given another triple (W, r,s) where W € ObjA, r € Mor(X, W), and
s € Mor(Y, W), then there exists a unique morphism f : Z — W suchthatr = fop
ands =fov.

A chain complex in a category A is a sequence of objects and morphisms

dit1 di d
"'_)Ai—i-l — A,'—>A,'_1 —)—)Al —>A0—>O,

such that d; o d;y1 = 0 for alli > 1. A cochain complex, on the other hand, is a
sequence of objects and morphisms

dy dy di—1 d;
0—)A0—)A1 —)Az—)---—)Ai_l — A,'—>AH_1—)~~~

such that d; o d;—; = O for all i > 0.

3.2 Abelian Categories

Throughout, let A be a category such that Mor(E, F) is an Abelian group for each
pair of objects E, F. Let E, F € ObjA, and f € Mor(E, F). A kernel of f, denoted
kerf, is a pair (i, E'), where i : E' — E such that for all M € Obj.A, the sequence

0 — Mor(M, E") — Mor(M, E) — Mor(M, F)
is exact. In other words, given 6 : M — E, the composite f o 6 is the zero map if

and only if there exists 6’ : M — E’ such that = i o #’. One may verify that a
kernel of f is unique up to isomorphism.
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On the other hand, a cokernel of f, denoted cokerf, is a pair (¢, F’), where i’ :
F — F’ is a morphism such that for all M € Obj.A4, the sequence

0 — Mor(F',M) — Mor(F,M) — Mor(E, M)

is exact. In other words, given § : F — M, the composite § o f is the zero map if
and only if there exists §’ : F/ — M such that § = §’ o ’. As above, a cokernel of f
is unique up to isomorphism.

Definition 3.2.1. Let A be a category, A is an Abelian category if

1. For each pair of objects E, F, Mor(E, F) is an Abelian group.
2. The law of composition of morphisms

Mor(E, F) x Mor(F, G) — Mor(E, G)
(f.8) > gof

is bilinear.

3. There exists a zero object 0 such that Mor(0, E) and Mor(E, 0) have precisely
one element, for all E.

4. Products and coproducts exist in .A.

. Kernels and cokernels of morphisms exist in 4.

6. For f € Mor(E, F),

a. If kerf is the zero object, then (f, E) is the kernel of ' : F — F'; i.e., f is the
kernel of its cokernel.

b. If cokerf is the zero object, then (f, F) is the cokernel of i : E' — E;i.e.,f is
the cokernel of its kernel.

c. If both ker f and coker f are the zero object, then f is an isomorphism.

W

A category that has properties 1-4 above is called an additive category.
Example 3.2.2. The following are some examples of Abelian categories:

1. The category of Abelian groups.

2. The category of A-modules for a ring A.

3. The category of sheaves of Abelian groups on a topological space.
4. The category of sheaves of Ox-modules on a ringed space.

Definition 3.2.3. Let @ : A; — A, be a functor of Abelian categories, @ is an
additive functor if the map Mor(A, B) — Mor(®(A), @(B)) is a homomorphism of
Abelian groups for all A, B € ObjA;.

Definition 3.2.4. Let @ : A, — A, be an additive covariant functor of Abelian
categories. We say @ is left exact if given an exact sequence of objects in A,

0—>A —> A, —> Az,
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the sequence
0— @A) > P(Ay) —> P(A3)
is exact. We say @ is right exact if given the exact sequence of objects in A4,
Al —> Ay > A3 — 0,
the sequence
P(A)) = P(Ay) > P(A3) > 0
is exact.

Remark 3.2.5. If ® : A, — A, is a contravariant functor, one has a similar
definition of right and left exact. Namely, @ is left exact if given the exact sequence

Al > Ay > A3 —> 0,
the sequence
0— @(A3) > @A) —> P(A)
is exact. We say @ is right exact if given the exact sequence
0—> A —> A, —> Ajz,
the sequence
DP(A3) > P(Ay) > P(A) —> 0
is exact.

Example 3.2.6. Let A be a ring, and let A; = A, be the category of A-modules.
We fix an A-module M, and define the functor ® = Hom(M, -), where @(N) =
Hom(M, N). Note that Hom(M,N) is an A-module, where for a € A and
¢ € Hom(M,N), ap(m) = ¢(am). We also note that @ maps Mor(N;, N,) to
Mor(Hom(M, N1),Hom(M, N,)) by composition. Thus @ : 4; — A, is a covariant
functor, and one can verify that @ is left exact.

Remark 3.2.7. More generally, for any Abelian category .4, and M € Obj.A,, the
map given by Mor(M, -) is a left exact functor from 4, to the category of Abelian
groups.

Example 3.2.8. Let A be aring, and let A; = A, be the category of A-modules. We
fix an A-module M, and define the functor @ such that ®(N) = N ®4 M. Then @ is
a right exact functor.

Definition 3.2.9. Let A be an Abelian category, M € ObjA is projective if the

8
covariant functor Hom(M, -) is an exact functor. Equivalently, given N — P — 0
exact, Hom(M, N) — Hom(M, P) — 0 is exact; i.e., for a morphism 6 : M — P,
there exists ¢ : M — N such that 6 = § o ¢.
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Similarly, M is injective if the contravariant functor Hom(-, M) is an exact

8
functor. Equivalently, given 0 — P — N exact, Hom(N, M) — Hom(P, M) — 0 is
exact; i.e., for a morphism 6 : P — M, there exists ¢ : N — M such that = ¢ 0 §.

Definition 3.2.10. An Abelian category A has enough injectives if given F €
Obj A, there exists an injective object I € Obj.A and a monomorphism

0> F-51

We note that in an Abelian category with enough injectives, any object may be
regarded as a subobject of an injective object.

Proposition 3.2.11. If A has enough injectives, then each object has an injective
resolution; in other words, for all A € ObjA, there exists an exact sequence

0—>A—>I()—>11—>12—>...,

such that I; is injective for all j > 0.

Proof. By the definition of enough injectives, there exists an injective object Iy
such that 0 — A —> Iy is exact. Let Ay = Iy/A (i.e., let A = cokeri). Because
A has enough injectives, there exists an injective object /; and a monomorphism
i1 : Aj—I,. By projecting I, onto A;, we have the exact sequence

O—)A—)I()—)Il.

Thus proceeding, we obtain an injective resolution as desired. O

3.2.1 Derived Functors

Let F be a left exact, additive, covariant functor of Abelian categories, F : A;—Aj,
where A; has enough injectives. Let A € Obj.A;, and take an injective resolution of
A:

d
0—>A—>IO—0>11—>...

We apply F to the injective resolution (omitting A) to obtain a cochain complex

. F(do)
C: 0—FWy) —F) —...

Note that because F is additive, the zero map in Mor(/;_y, ;1) is mapped to the
zero map in Mor(F(li—1), F(Ii11)).
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Definition 3.2.12. We define R'F, the right derived functor associated to F as

R'F(A) = H'(C) (: ﬂ%) )

Remark 3.2.13.

1. The definition of R'F(A) is independent of the choice of the injective resolution
of A.
2. R°F(A) = F(A). This is because R°F(A) = ker F(dy), and because F is a left
exact functor, ker F(dyp) = F(A).
. R'F: A, — A, is an additive functor.
4. Given a short exact sequence

(O8]

0—A —A—A"—0,

there exists a natural set of morphisms §' : R'F(A”) — RT'F(A’), i > 0 such
that the sequence

... = RF(A") - R'F(A) » RF(A") = R FA)) - ---

is exact. (This is a result of the “snake lemma,” cf. [58, III, §9] for example.)
5. Given a morphism of two short exact sequences

0 A’ A A" 0
PR
0 B’ B B” 0

The following diagram is commutative:

RIF(A") s RAH1R(AY)

-

RiF(B//) i>Ri+lF(B/)

6. For an injective object I, R'F (I) = 0 for i > 1, because one may work with the
injective resolution0 — I — I — 0.
3.3 Enough Injective Lemmas

In this section, we prove that certain categories have enough injectives.

Lemma 3.3.1 (Baer’s Lemma). Let Q be an R-module such that for every
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0—>IT—">R

N

Q

where I is an ideal of R, there exists y : R — Q such that B = y o i. Then Q is
injective in the category of R-modules.

Proof. We begin with the following diagram of R-modules:

0—=N—"2>M

bN

Q

To show that Q is injective, we must show that 8 extends to M.
Let M = {(B/,N) |[NC N C M, :N — Qsuchthat 8 = B’ o a}. Note
that M is nonempty, since (8, N) € M. We define a partial order on M:

(B1,N1) < (B2, N2), if Ny C N, and Bz|y, = B1.

Now if we have a totally ordered subset of M: {(8;,N;)}, we can see that this set
has a maximal element by defining N = > Njand B (x) = Bj(x) if x € Nj; then
(,8_ , N) € M. Thus, by Zorn’s Lemma, there exists a maximal submodule N” of M
and an extension f’.

We now claim that NV = M, the proof of which will complete the proof of the
lemma. Assume N’ C M. Choose m € M\ N',let N” = N’ + Rm.LetI = {r e R |
rm € N'}. By hypothesis, the map I — Q such that r > B’(rm) extends to a map
8 : R — Q. Define 8§ : Rm — Q as §'(rm) = §(r); note that if rym = rym, then
r1 —ryisin I, and hence 8(r; — ;) = B’((r; — r2)m) = 0, and hence §(ry) = §(r2).
Thus &’ is well defined. Further, if rm € N’, then r € I, and hence §'(rm) = §(r) =
B’ (rm). Thus we have 8’ = 8’ on Rm N N'.

Therefore, we may define an extension 8” of 8’ to N”, by letting

B'(x) ifxe N

A = 8'(x) if x € Rm.

Hence (8”,N”) € M. This contradicts the maximality of (8’, N'). Thus N' = M,
and the result follows. O

Definition 3.3.2. Let G be an Abelian group, G is divisible if for every g € G, and
for every nonzero integer n, there exists g’ € G such that ng’ = g.

Example 3.3.3. Both Q/Z and R/Z are divisible groups.

Lemma 3.3.4. Ler G be an object of the category of Abelian groups. G is injective
if and only if G is divisible.
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Proof. Let G be injective. Let g € G and n € Z, we will show that there exists
g € Gsuchthat g = ng’. Define 8 : Z — Gsuchthat (1) = g,and @, : Z — 7Z
such that o,(f) = tn. Because G is injective, there exists y : Z — G such that
B = y oa,. Denote g’ = y(1). Then

g =B() = y(a. (1)) = ny(l) = ng’.

Therefore G is divisible.
Now let G be divisible. Let n € Z, and suppose we have the following

0—><n>—">7

XG.

We must show that there exists y : Z — G that completes the diagram and makes
it a commutative diagram; then by Baer’s Lemma we will have that G is injective
(note that Abelian groups are Z-modules). Let g = B(n). Because G is divisible,
there exists g’ such that ng’ = g. Define y : Z — G such that y(1) = g’. Then
y(n) = ng’ = g = B(n), and therefore we have B = y o i. The result follows. O

Proposition 3.3.5. The category of Abelian groups has enough injectives.

Proof. Let M be a Z-module. We need to find an injective object and an injective
map from M to that object. Denote MY = Homgz(M, Q/Z), and define a map i :
M — M), mv> ¢p - MY — Q/Z, ¢p(f) = f(m). The map i is in fact an
injective map (which can be seen by tensoring with Q and using the fact that for a
vector space V, (VY)Y = V).

Now represent MY as a quotient of a free Abelian group F:

F— M —0.
Since the contravariant functor Hom(-, Q/Z) is left exact, this induces
0— M) L P

On the other hand, F being a free Abelian group, F¥ = Homg(F, Q/Z) is a direct
product of groups isomorphic to Q/Z and therefore F" is divisible (because Q/Z is
divisible). Hence, by Lemma 3.3.4, F is injective in the category of Abelian groups
and the result follows from the composition of injective maps

M- MV L FY
O

Lemma 3.3.6. Let A be an S-algebra, and let Q' be an injective S-module. Then
Homg(A, Q') is an injective A-module.
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Proof. Let us denote Homg(A, Q') by Q. To begin, we provide an A-module
structure for Q. Given an S-linearmap f : A — Q' and a, x € A, define

(a-f)x) = f(ax).

Now we show that Q is an injective object in the category of A-modules. Given

0—=N—"2>M

Q

where 8 is A-linear, we need to find y : M — Q that is A-linear, completes the
diagram and makes it a commutative diagram. First, define 6 : Q — @’ such that
forgp € Q, 0(¢) = ¢p(1) € Q'. Now define 8’ : N — Q' as B/ = 6 o B. Because Q'
is an injective S-module, there exists an S-linear map ' that completes the diagram

0——=N—>M
\ lv’
B
Q/
and makes it a commutative diagram.
Definey : M — Q:
y(m):A— (O
a > y'(am)

To see that y is A-linear, recall the A-module structure defined above; thus
a- (y(m)(x) = (y(m))(ax) = y'(axm).
On the other hand,

(v (am))(x) = y'(xam).

Therefore y(am) = ay(m).
We have that o y o = 0 o 8, and we want to show that y o = B.Letn € N
and a € A. We have

(y oo (m) (a) = (v () (a) = ¥ (ae (n)) = y" o a(an)
since « is A-linear. This is then equal to

B'(an) = 6 o B(an) = (B (an)) (1) = (ap () (1)

since B is A-linear. Finally, by the definition of the A-module structure on Q, this
equals (B8 (n)) (a). Hence y o = B. O
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Proposition 3.3.7. Let A be a ring, then the category of A-modules has enough
injectives.

Proof. Let M be an A-module, and we begin with the map @ : M — Homy (A, M)
such that m — «,, : A - M, a,,(a) = am. We note that a,,(1) = m, forall m € M,
and thus « is an injective map.

Viewing M as an Abelian group, we have from Proposition 3.3.5, there exists
a monomorphism of Abelian groups 8 : M — (', for Q' some injective Abelian
group. Applying the left exact functor Homgz(A, -), we have

0 — Homgz(A, M) — Homgz(A, Q')

is exact. We can now apply Lemma 3.3.6 (with § = Z) to say that Homz(A, Q') is
an injective A-module, and since o as described above is injective,

0 — M — Homz(A, Q)

is exact. Therefore the category of A-modules has enough injectives. O

For a topological space X, let Ab(X) denote the category of sheaves of Abelian
groups on X. For a ringed space (X, Ox), let ModX denote the category of sheaves
of Ox-modules.

Theorem 3.3.8. Let (X, Ox) be a ringed space, then ModX has enough injectives.

Proof. Let G be a sheaf of Ox-modules. Thus for each x € X, G, is an Oy ,-module.
By Proposition 3.3.7, there exists an injective Ox ,-module I, such that

0— G, — I,
is exact. Let Z be the Ox-module such that

Z(U) = ]"[ I,

x€U

for each open set U € X. We have

Homo,(G.T) = [ [ Homoy, (Gs. L).

x€X

Hence the stalk maps G, — I, (which are injective for every x € X) induce an
injective map G — 7.

If we show that 7 is an injective Ox-module, we will be done. To do so, we will
show that Homop, (-, Z) is exact. We first note that a sequence

0O>F—>L->H—>0
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is exact if and only if the induced sequence
0—>F,—> L —>H,—0
is exact for all x € X. Let us now begin with an exact sequence of Ox-modules:

0> F—>L—->H—O.
= 0—> F,—> L, —>H,—Oisexact,Vx e X.
= 0 - Hom(#H,, I,) > Hom(L,, I,) - Hom(F,,I,) — 0

is exact because I, is injective for all x € X. Therefore
0 - Hom(#,Z) — Hom(£L,Z) — Hom(F,Z) — 0

is exact, and the result follows. O

Corollary 3.3.9. For X a topological space, the category Ab(X) has enough
injectives.

Proof. Define Ox to be the constant sheaf of rings determined by Z (see Defini-
tion 2.7.3 letting R = Z). Then (X, Oy) is a ringed space and ModX = Ab(X). O

3.4 Sheaf and Local Cohomology

For any topological space X, we define a functor I" from .4b(X) to the category of
all Abelian groups: for F € Ab(X), let I'(X, F) = F(X). This is called the global
sections functor.

The functor I' is left exact: given 0 — F — G that is exact, then 0 —
I'X,F) — I'(X,G) is exact (because it is exact at the level of the stalks, and
we are looking at sections X — UF, < UG, of the map UF, — X, a (€ Fy) > X).

On the other hand, I" is not right exact; we provide an example to illustrate this.
Let X be a connected 7' -space (namely, a point set {x} is closed in X). Fix x;, x, € X.
Define F € Ab(X) such that

O ifx g )
* K ifx e {x;,x},

K being a field. (Such a sheaf is sometimes called the skyscraper sheaf.) Then
I'X,F) = K & K. On the other hand, let G be the constant sheaf, G(U) = {f :
U — K continuous} where K is given the discrete topology.

Thus, G — F — 0 is exact because at the level of stalks, G, — F is surjective
for all x € X. On the other hand, I'(X,G) — I'(X,F) — 0 is not exact (since
IrX,6)=K,I'X,7) = K&K).
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Thus, I" is a left exact, additive, covariant functor, and .Ab(X) is an Abelian
category with enough injectives; thus as in Definition 3.2.12, we define the right
derived functor R'T" : Ab(X) — Ab (where Ab is the category of Abelian groups).

Definition 3.4.1. Given F, a sheaf of Abelian groups on X, let H(X, F) =
R'TC(X,F); {H (X, F) | i > 0} are defined as the cohomology groups of F.

Next we give the definition of local cohomology. Let R be a ring, let I be an ideal
of R, and let M be an R-module. We define the 0" local cohomology module of M
with supports in [ to be the set of elements in M that are annihilated by a power of
I;ie.
H{(M) = |_Jim e M | I'm = 0}.

n>1

To see that H}) is left exact as a functor, suppose we have an exact sequence of
R-modules:

0> M2 N,

where ¢ is R-linear. If m € M is annihilated by r € R, and ¢(m) = n, then
¢(rm) = r¢p(m) = rn, and thus n is also annihilated by r. Therefore, the induced
map H)(M) — HY(N) is injective.

Therefore we have H}) is a left exact, additive, covariant functor. And as shown
in Proposition 3.3.7, the category of R-modules has enough injectives. The higher
local cohomology groups are defined using the right derived functor.

Definition 3.4.2. GivenR, I, and M as above, let H;(M)=R'H)(M), {H}(M) | i > 0}
are defined as the local cohomology groups of M with supports in /.

We cite the following theorem without proof:

Theorem 3.4.3 (cf. Theorem A4.3 [21]). Let (R, m) be a local ring, and let M be
a finitely generated R-module. Let d = dim M, and § = depth M. Then

1. H (M) =0 fori<3§é,i>d and
2. HL.(M) #0fori=36,i=d.

In view of Proposition 2.1.14, we have the following corollary.

Corollary 3.4.4. For a local ring (R, m) and R-module M, we have

depth M = min{i | H (M) # 0}.



Chapter 4
Grobner Bases

In this chapter, we present the basics on Grobner bases, and apply it to flat
degenerations.

4.1 Monomial Orders

Throughout this section, let S be the polynomial ring K[xi,...,x,], where K is a
field. A monomial is an element of S of the form x‘l” ... xir for a; € Zso for all
1 <i=<rfora=(a,...,a) € Z.,; we will sometimes use the notation x* in
place of x{" ... x%. We also note that the monomial 1 = x2.

The monomial x¢ is divisible by the monomial x2 if there exists an f € S such that
x4 = fik.

An ideal I C S is a monomial ideal if I can be generated by a (finite) set of
monomials in S. We note that given a set of monomial generators for /, deciding
whether a given monomial x4 € Sisin [ is as easy as seeing if x¢ is divisible by any
of the monomial generators of 1. This property also simplifies working in S/1.

On the other hand, if J is any ideal of S, we would like to know what monomials
remain linearly independent in S/J. If a monomial ideal / contains at least one
monomial from each polynomial in J, then the set of all monomials of S not
in I remain linearly independent in S/J. Of course, we would like to select the
monomials that form the generators of / in such a way as to be minimal. This idea
motivates the following definitions of monomial order and Grobner basis.

Definition 4.1.1. A monomial order on S is a total order > on the monomials such
that for x4, x2 € S, and 1 # x2 € S, we have:

x4 > xb implies xX2x% > xZxb > xb.
© Springer Science+Business Media New York 2015 39
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There are many different monomial orders. We give an example of one com-
monly used order:

Definition 4.1.2. Take a total order x; > x; > ... > x, on {x1,...,x} C S.
The lexicographic order >'** on the monomials of S is given as follows: let a =
(ai,...,a,)and b = (by,...,b,). Then x& >/ x2 if there exists 1 < s < r such that
ay =by,...,a,—1 = by—1 but a; > b;.

Example 4.1.3. For example, in K[x;, x,, x3, X4],
xlxi >lex xzxgxi.

We leave it to the reader to check that >/ is in fact a monomial order.

Lemma 4.1.4. A monomial order is Artinian, i.e., every nonempty subset of
monomials has a least element.

Proof. Let X be a set of monomials (not necessarily finite), and let Ix be the
ideal generated by X. Since S is Noetherian, Ix is finitely generated, say Ix =<
fi,....fr > where f; = Y, a;my, where a;; € K, mj; € X. Thus Iy =< mj; >. Let
Y = {mj;}, a finite collection. Let m be the least element of Y. Any monomial in Ix
is of the form nm;; for n a monomial in § and hence nm;; > m;; > m. Therefore m is
the least element of X. O

Lemma 4.1.5. Suppose we have an order > on monomials of S such that nm; >
nmy whenever my > my (without requiring that nm, > my). Then the condition that
nm > m for all monomials n,m € S is equivalent to the order being Artinian.

Proof. First observe that under the hypothesis, the condition nm > m is equivalent
to the condition that n > 1 for all monomials n € S. Let us show that n > 1 for all
monomials n € S if and only if the order is Artinian. From the previous remark, we
have that n > 1 implies the order is Artinian.

To prove the converse, let the order > be Artinian. Thus there exists a smallest
monomial in S, call it m. Assume m # 1, then 1 > m. The hypothesis implies
m > m?%, and m? is smaller than the smallest monomial 7, a contradiction. O

Lemma 4.1.6. For any order > (not necessarily a monomial order) on the set M of
monomials in S, the order is Artinian if and only if M satisfies the descending chain
condition, i.e., any chain of elements of M, my > my > ... is finite.

Proof. Assume > has the descending chain condition, but is not Artinian. This
implies the existence of a nonempty set A of elements of M with no least element.
Choose m; € A, since it is not the least element, there exists m, € A such that
my > my. Continuing thus we arrive at an infinite sequence m; > my > ..., a
contradiction.

Conversely, assume > is Artinian, but that there exists an infinite sequence m; >
my > .... Then the set {m;, my, ...} has no least element, a contradiction. O
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Definition 4.1.7. Given a monomial order > and a polynomial f € S, let in.. () be
the term of f greater than all other terms of f with respect to >, called the initial term
of f. Let I be an ideal of S, we define in.. (/) to be the monomial ideal generated by
{in>(f) | f € I}, called the initial ideal of I.

Remark 4.1.8. By “term of f,” we simply allow for the greatest monomial appearing
in f to have any coefficient other than 0, i.e., the initial term need not have a
coefficient equal to 1.

As a cautionary note, we point out that in general, in.. (/) is not generated by the
initial terms of a set of generators of I, as illustrated in the following example.

Example 4.1.9. For the order y > x on K[x,y], and I =< fi,f» >, where fi =
xy,fo» = x —y, we have in(f;) = xy,in(f,) = y. Now x> — xy(= x(x — y)) € I, and
hence x? € I, but x*(= in(x?)) is not in the ideal generated by in(f;), in(f3).

Remark 4.1.10. in- (fg) = (inx(f)) (inx (g)).

Theorem 4.1.11 (Macaulay). Let I be an ideal in S and > any monomial order.
Then the set of all monomials of S not in in~ (I) forms a basis of S/I as a K-vector
space.

Proof. Let M be the set of all monomials of S not in in. (/). Suppose we have a
dependence relation on monomials of M in S/I:

f= Zn: kis;
i=1

where f € 1,0 # k; € K, ands; € M for 1 < i < n. Then in.(f) € in.(/), but
in. (f) must be equal to s; for some i, a contradiction. Thus M is linearly independent
inS/I.
Next, if possible, assume that M does not span S/1.

Consider {in.(f) |f ¢ the spanof M U I}. By Artinian property, there exists an
element g & the span of M U/, with minimal initial term, in.. (g) = m, say. Suppose
m € M. Then g — m has an initial term ' < m and by the minimality of m, we
have g — m is in the vector space span of M U I. Since m € M, we have that g is in
the vector space span of M U I, a contradiction of the choice of g. Hence we obtain
that m ¢ M. Note that all monomials of S are in M U in. (/). Since we have shown
that m ¢ M, we have m € in. (I). Therefore (since m is a monomial), there exists
f € I such that in. (f) = m = in.(g). Thus in. (f — g) < in.(g), and by the
minimality of in. (g), f — g is in the span of M U I. Since f € [, this implies g is
in the span of M U I, a contradiction. Therefore, such a g does not exist, and our
assumption is wrong. Hence M spans S/I. The result follows. O

Definition 4.1.12. A linear map A : R” — R is called a weight function. It is called
integral if it comes from a linear map Z" — Z.
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Given any weight function A, we define a partial order >, on monomials of S:
x4 > 22, if A(a) > A(b).

Note that >, is only a partial order, since we may have A(a) = A(b) when a # b.

A weight function A is compatible with a given monomial order >, if x¢ >, x2
implies x4 > x2 (thus, the order > is a refinement of >)). Letf€S,f=> a;m;, mj
being monomials. For a weight function A, we define iny (f) = Zi a;m;, where the
sum is over {i | m; max under >, }. The ideal in) () is defined similarly.

Remark 4.1.13. Suppose A is a weight function compatible with a monomial order
>. Then for any monomial m, A(m) > 0. For, if A(m) < 0, then m <, 1, and
therefore m < 1 by compatibility, a contradiction.

4.2 Grobner Basis

Definition 4.2.1. Given G = {gi,...,g,} < S and a monomial order > on S,
G is a Grobner basis for the ideal I generated by G, if in. (/) is generated by

{in>(gl)v e in>(gn)}'

Remark4.2.2. If I = {(fi,....fu), then {fi,...,f,} is not necessarily a Grobner
basis for 1.

Example 4.2.3. Let us illustrate the previous remark. Let S = K[x,y], and I =
{xy, x — y) for the monomial order derived from y > x. Since x(x — y) € I, we have
x?> = xy(mod I) = 0(mod I). If we simply take the initial terms of the generators of
I, we have the set {xy, y}. Clearly, x> € in. (), but x> & (xy, y), thus the initial terms

of the generators of I do not form a Grobner basis for 1.

Existence of a Grobner basis: Let / = (fi,...,f,;). One can adjoin elements
of I to the set {fi, ..., f,} until the initial terms generate in-. (/). (This is possible
because S is Noetherian.)

Definition 4.2.4. Let G = {gi,...,g,} be a Grobner basis for I. Then G is a
reduced Grobner basis if

1. The leading coefficient of in. (g;) is 1 forall 1 <i <n.
2. For all i, any of the monomials appearing in g; do not occur in {in. (g;) | j # i}.

A reduced Grobner basis is also a “minimal” Grobner basis.

Lemma 4.2.5. Suppose {gi,...,g.} < I are such that in-(I) is generated by
{in=(g1),...,in>(gn)}. Then{g, ..., gn} generates I (and thus is a Grobner basis).

Proof. LetJ = (g1,...,8,) € I. We claim that J = I (which will complete the
proof). If possible, assume that J € 1. Let f be a polynomial in 7 \ J with the
smallest initial term among {in- (k) | h € I \ J}.
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We have in. (J) C in. (). For all i, we also have in. (g;) € in- (J); while, by
hypothesis, in. (/) = (in>(g;),i = 1,--- ,n). Therefore, in.. (/) C in. (J), implying
in. (1) = in> (J).

Thus, although f ¢ J, we have in. (f) € in.(I) = in.(J). Hence there exists
g € J such that in.(g) = in.(f). Therefore, f — g € I has initial term strictly
smaller than in. (f), implying (by minimality of the choice of F) that f — g € J.
Since g € J, we have f € J, a contradiction. Therefore, our assumption is wrong
and J = I, as required. O

Corollary 4.2.6. IfJ C I such that in.(J) = in=(I), then J = L.

4.3 Compatible Weight Orders

Given a monomial order >, there exists a weight order A that is compatible with >.
In fact, given > and a finite set of monomial comparisons {m; > ny,...,m; > n},
there exists a compatible weight order A such that m; >, n; for 1 < i < r. We will
prove this fact, but we first need some preliminary results on convex sets.

Lemma 4.3.1. Given a monomial order >, let P = {a—b | x4 > x2} C 7. Then

1. Ifu € P, then —u & P.
2. Ifu,v € Pandp,q € Q4 such that pu + qv € Z',, then pu + qv € P.

(In other words, P is the set of positive, integral points of a strictly convex cone
inR".)
Proof. Part (I) is clear.

To prove part (Il), let u = a — b and v = ¢ — d so that x¢ > x2 and x¢ > x<.
Let pu + qu € Z’, . Now take m = x“t4V and n = 1. We have m > 1, therefore
pu~+ qv — 0 € P, and the result follows. O

Fix vo € R"and c € R. Then H = {u € R" | vy - u = c} is a hyperplane;
and it determines two closed (resp. open) half spaces, namely {u | u - vo > ¢} and
{u|u-vo <c}(@esp.{u|u-vo>c}and{u|u-vy < c}).

Lemma 4.3.2. Let S be a closed, bounded, convex set in R". For p € R’, either p

belongs to S, or there exists a hyperplane H such that p € H and S is contained in
one of the half spaces determined by H.

Proof. Letp & S. Define f : S — R such that f(x) = ||x — p||. Now S being closed
and bounded, is compact, and hence f has a minimum on S. Let g € S be such that

lg—pl < lx—pll, VxeSs.

Letn =g —p.Since p € S, n # 0. Let H be the hyperplane passing through p and
orthogonal to n. We will show that H and H have the stated properties.
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Let Hy be the half space Hy = {x | x-n > p-n}. Let ¢’ € S, ¢ # g. Then for
0 < r < 1, we have (by the convexity of S)

lg—pll <|lg+td —a)—p| =|(@a—p) +1(d—a)].
We square both sides to get
(@—p) <(g-p’+2q-p) ¢ —q)+7 ~q)?
(where (g — p)? denotes (g — p) - (¢ — p)). Canceling terms and dividing by ¢ yields
0=2(¢g—p)- (¢ —q) +1(d —q).
As t goes to zero, we have

0<(q—-p) -G -9
=n-qg —n-q
=n-(g=p)+n-(p-q
=0 ~p)=nn

Since n-n > 0, we have n- (¢’ — p) > 0, and therefore ¢’ - n > p - n. We have shown
that every ¢’ # ¢ in S is contained in Hy. For ¢, note that g-n = (p +n) -n =
p-n-+n-n>p-n;thus g € Hy, and the result follows. O

Definition 4.3.3. Let S be a convex set in R", and p a boundary point of S.
A hyperplane H is said to be a supporting hyperplane of S at p if p € H and S
is contained in one of the closed half spaces determined by H.

In general, for f : R” — R, the kernel of f is a hyperplane, call it Hf, and any
translates of Hy are hyperplanes; i.e., for a € R’, Hy + a is a hyperplane. Then H;
defines half spaces as above, (Hy)_, = {v € R” | f(v) > 0}, etc. All of the above
holds over QQ also.

We now return to showing the existence of compatible weight orders.

Lemma 4.3.4. Given a monomial order > on S, and a finite set of monomial
comparisons {m; > ny,...,m; > n}, there exists a compatible weight order A\
such thatm; > n;for1 <i <t

Proof. Let m; = x% and n; = x%. Let T be the convex hull of the finite set {a, —
b;,1 <i <t}. WehavethatO ¢ T. By Lemma4.3.2, let H be the hyperplane through
0 such that T lies in the positive half space determined by H. Let A : Q" — Q be
such that the kernel of A is H. By replacing A with a suitable integer, we may suppose
A is integral, and we have m; > n; for 1 < i < r. The compatibility of A in view of
the fact that P (as in Lemma 4.3.1) is contained in the positive half space determined
by H. O
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Theorem 4.3.5. Let G = {g1,...,gn} be a Grobner basis for I with respect to a
monomial order >. Then there exists a compatible weight order A such that

1. iny(g;)) = in-(g;) for1 <i <n,
2. im(I) = in-(I).

Proof. Let g; = am; + Zj ajnij, where in. (g;) = a;m; (and n; are monomials),
and a;, a;; € K. We begin the proof by constructing A as in Lemma 4.3.4 for a finite
collection

n

U U{ml > I’llj}

=1\ j

Thus we have m; >, nj;;, and therefore iny (g;) = a;m; = in-(g;).

It remains to be shown that iny (/) = in. (). Since G is a Grobner basis, we have
that {in. (g1),-..,in-(g,)} generates in. (/), and from above, this set is contained
in iny (1), therefore in- (I) < iny (1).

Let f € I. We claim that iny (f) € in. (1), which will complete the proof. Let
f = >_;aim;; we will prove the result by induction on the number of terms in inj (f)
(recall that since A is a weight order, iny (f) may have multiple terms). If in, (f)
consists of just one term, say aym, then A(m;) > A(m;), i > 1. By compatibility,
we have m; > m;. Therefore, in) (f) = a;jm; = in~ (f) € ins (), as desired.

Now let f = iny(f) + >_ aim;, where any monomial appearing in in, (f) is
>, m; for all i. By compatibility, we have that in. (f) is one term in iny(f).
By hypothesis, in..(f) = m (in-(g;)) for some 1 < j < n and some m € S. Since
we are proving by induction and assuming iny (f) has more than one term, we have
iny (f) # m (in- (g;)). Note that (f —mg;) € 1, and in, (f — mg;) has fewer terms than
iny (f) (since, m (in-(g;)) is a term in in, (f)). By induction, iny (f — mg;) € in. ().
But in, (f — mgj) = iny(f) — m (in(g;)), and therefore iy (f) € in. (). O

Remark 4.3.6. We note that certain weight functions have compatible monomial
orders: Let A : R — R be an integral weight function. We will call A nice if

Ale)) > 0forl <i <r. Letw = (A(ey),...,A(er)); and let > be any monomial
order. We will now define a monomial order >, with which A is compatible:
x4 >, xLif Aa) > A(D), or

A(a) = A(b) and x& > x£

Clearly >, is a total order on monomials of S with which A is compatible. It is also
clear that m >, 1 for any monomial m € S.

It remains to be seen that for x2 >, x%, we have x:x2Z >, x%x. Note that if
A(m) > A(n), then A(m + a) = A(m) + A(a) > A(n) + 1(a) = Hn + a), and thus
X4 > x%x% On the other hand, if 1(m) = t(n), then we must have x¥* > x%, and
since > is a monomial order, we have x4 > x%x%. Because t(m)+1t(a) = 1(n)+1t(a),
we have x4x2Z >, x4, Therefore >, is a monomial order. In the construction of
>,, we used a monomial order >, but we do not require compatibility between A
and >.
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4.4 Flat Families

Definition 4.4.1. Let R be a ring, and M an R-module. M is flat, if for any exact
sequence of R-modules 0 — N; — N,, the sequence 0 > M Qg N| — M Qg N, is
also exact.

Remark 4.4.2. 1If M is a free R-module (i.e., M is isomorphic to a direct sum of
copies of R), then M is flat (because M QR N =N & ... ® N).

Definition 4.4.3. Let f : X — Y be a morphism of schemes. A sheaf F of
Ox-modules is flat over Y at point x € X if the stalk F, is a flat Oy sy -module;
F is flat over Y if it is flat over Y at every x € X. The morphism f is flat if Oy is flat
over Y.

Definition 4.4.4. Givenf : X — Y a morphism of schemes, the collection {f ™! (y) |
y € Y} consisting of fibers of f is called a family of schemes parametrized by Y. Such
a family is said to be a flat family if f is flat.

Example 4.4.5. To give a family of closed subschemes of a scheme X parametrized
by a scheme Y is simply to give a closed subscheme Z of X x Y; for the fiber 172_1 »)
under p, : Z — Y gets identified with a closed subscheme of X.

Remark 4.4.6. In general, the fibers of a morphism can vary in a highly discontinu-
ous manner. Flatness prevents this pathological behavior. For instance, if f : X — ¥
is flat, the fibers are equidimensional, i.e., the fibers have the same dimension. In
addition, if the fibers are projective varieties, then they all have the same Hilbert
polynomial (for definition, cf. [21, §1.9]).

Remark 4.4.7. When the parametrizing space Y of a flat family is taken to be A! =
SpecK[t], then the family becomes a 1-parameter family parametrized by K. In this
situation, if # € K is invertible, then the fiber at u is called the generic fiber.1f u = 0,
the fiber at u is called the special fiber.

Let A be a “nice” weight function. Let g € S, say g = (aym; + ... + agmy) +
(@s1imgyr + ... 4+ aymy) where A(my) = ... = A(m,) and A(my) > A(m;) for
j = s+ 1. Thus iny(g) = Y i, asm;. For simplicity, let us denote A(m,) by n(g)
and A(m;) by n;. We define g € S[f] as:

v
g = £ Zait_nimi
i=1

v
=am + ...+ agn; + Z a; " ® i,
i=s+1

For any ideal I C S, let I be the ideal in S[f] generated by {3 | g € I}.
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Consider the morphism f : SpecS[t]/ 1 — K, induced by the canonical map f* :
K[f] — S[t]/I. In the following theorem, we show that f is flat (cf. Definition 4.4.4).
Thus we obtain a flat family parametrized by A'.

Theorem 4.4.8. As above, let A be a nice weight function with compatible mono-
mial order >. Let B = {m | m & in~ (I)} where m is a monomial. Then

1. Bis a K[f]-basis for S[]/1 (and thus S[f/1 is flat over K[f]; hence f is flat).

2. S[1/1 Qi Klt,17'] = S/I ® K[t,17"] (thus the generic fiber is S/1, i.e., the
fiber over (t — u) for u nonzero in K is S/1I).

3. 8[1/1 ®xki K[t/ (t) = S/iny(I) (thus the special fiber (fiber over zero) is
S/iny (1)),

Proof. We will prove the claims above in the opposite order in which they were
stated. Part (III) follows from the fact that

S[/ (T + (1)) = S/in, (1).

Let ¢ : S[r.7'] = S[r.1~"] be the automorphism, ¢ (x;) = *®x;. Then ¢(g) =
"®)¢. Hence ¢ induces an isomorphism IS[t, '] = IS[t,#~'] and therefore induces
an isomorphism

¢ 2 S[t. ") /IS[t, ] = S[e, 1) /1S[, 7.

Part (II) follows.

To prove part (I), we begin by establishing the linear independence of B in
S[f]/1. By Theorem 4.1.11, B is a K-basis for S/I. Hence by base extension, B
is a K[t,""]-basis for S[t,t~/IS[t.,t™'] = S/I[t.t""]. Now ¢~ (m) = "m;,
hence we obtain that B is a K[t, r~"]-basis for S[t,7~']/IS[t,r~']; in particular, B is
K[z, r~"]-linearly independent. Therefore, B considered as a subset of S[f]/1 is K[1]-
linearly independent. (Note: under the projection S — S/1, B is mapped injectively;
for if m; — my € I, then either m; or m, is in in (I), which is not true if they are
members of B.)

We now show that B generates S[7]/I as a K[f]-module. Regarding B3 as a subset
of S[r], we must show that the K[f]-span of B contains all the monomials modulo I.
To begin, m = 1 is clearly in B. Since the order > is Artinian, we may inductively
assume that the result holds for every monomial less than a given monomial m.
If m is in BB, we have nothing to prove. Let then m = in.(g) for some g € I.
(Note that B U {in.(f) | f € I} gives all of the monomials in S.) Let g = a;m
+...+am;+ Z;‘J=s+1 ® "y as in the discussion at the beginning of the section.
Then the compatibility of A with > implies that in- (g) € {my,...,m,}. Say m; =
m = ins (g). We may suppose a; = 1. Thus m — g is a K[f]-linear combination of
monomials that are less than m. We are done by induction (note that g € I since
gel. O
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Remark 4.4.9. We note that in the proof above, the compatibility of A and > was
used only for the proof that B generates S[f]/1.

Theorem 4.4.10. Given an ideal I of S and a monomial order >, there exists a flat
Sfamily with generic fiber S/I and special fiber S/in-I.

Proof. Given a monomial order > and an ideal I of S, there exists a Grobner basis
for I with respect to >. By Theorem 4.3.5, we have a compatible weight order A
such that in) (/) = in. (/). The result follows from Theorem 4.4.8. O

Example 4.4.11. Let us consider the conic xz — y> = 0 in the projective plane P2,
Let] = (xz — y2) in K[x,y, 7).

1. For the lexicographic monomial order induced by the total order x > y > z, then
in> (/) = (xz), and thus there is a flat family with special fiber {x = 0} U {y = 0}.
2. Now we use the reverse lexicographic monomial order, defined as:

XYL >y XYY ai > Y b

or if the degrees are equal then there exists some 1 < ¢ < 3 such that a, < b, and
a; = by for s > 1. Thus in., (I) = (y*). Thus there is a flat family with special
fiber the double line y = 0.

Remark 4.4.12. When a flat family has been established, many geometric properties
for the generic fiber may be inferred by knowing them for the special fiber, for
example, normality, Cohen—Macaulayness, Gorenstein, etc. Often the geometric
study of the given variety X will be reduced to that of a simpler variety X, by
constructing a flat family with X as the generic fiber and X, as the special fiber.
In this setting, we say X degenerates to Xo; and Xy deforms to X.
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Chapter 5
The Grassmannian and Its Schubert Varieties

In this chapter, we introduce Grassmannian varieties and their Schubert subvarieties;
we have also included a brief introduction to flag varieties. We present the Standard
Monomial Theory (abbreviated SMT) for Grassmannian and Schubert varieties.
As a prime application of SMT, we present a proof of the vanishing of the
higher cohomology groups of ample line bundles on the Grassmannian (and their
restrictions to Schubert varieties).

5.1 Grassmannian and Flag Varieties

Throughout this chapter, we work over an algebraically closed field K of arbitrary
characteristic. Let G = SL,(K) be the group of n x n matrices of determinant 1 with
entries in K. Let B be the subgroup of “upper triangular” matrices in G, where for
b € B, all entries of b below the diagonal are zero.

Definition 5.1.1. Call any subgroup of G conjugate to the subgroup of upper
triangular matrices a Borel subgroup; i.e., if B is a subgroup of G, B’ is a Borel
subgroup if there exists g € G such that

B = gBg™ .

Definition 5.1.2. A closed subgroup of G containing a Borel subgroup is called a
parabolic subgroup.

Let B be a Borel subgroup of G. For convenience, we may consider B to be
the subgroup of “upper triangular” matrices in G, as above. The maximal parabolic
subgroups of G that contain this choice of B are of the form P;, 1 <d <n—1,
where
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el e
O(—ayxa *

the subgroup of matrices of determinant equal to one with a (n — d) x d block of
entries equal to zero in the lower left corner.

More generally, letd = (dy,...,d,),where 1l <d); <d) <...<d, <n—1for
some 7, 1 <r < n— 1. We define P, to be the intersection of parabolic subgroups

,
Py=()Pa.
i=1

(Note that P4 is a closed subgroup containing B, and thus is also a parabolic
subgroup.)

Definition 5.1.3. A flag (or also a full flag) in K", is a sequence
oO=VvcvicV,c.--CcV,=K",

where V; is a subspace of K" of dimension i. For example, we may take V; to be the
span of the first i standard basis vectors ey, - - - , ¢;; this is called the standard flag.
We denote F1, := { all flags in K"}.

We have an identification of FI, with GL,/B,, B, being the Borel subgroup
of GL, consisting of upper triangular matrices. To see this identification, we first
observe that we have a natural transitive action of GL, on FI,. Further, under
this action, it is seen easily that the stabilizer of the standard flag is precisely B,,.
From this, the above-mentioned identification follows. Since SL,/B is canonically
isomorphic to GL,/B,, we also have an identification of FI, with SL,/B. More
generally, givend = (dy,...,d;), where 1 <d| <d, < ... <d, <n—1 forsome
r, 1 <r <n-—1,1let Fl, 4 be the set of all type d flags in K", i.e.,

Flypg =1{Vy CVy C---C Vg, dimVy =d;,1 <j < r}.

As above, we have an identification of 1, 4 with SL,/P,. Thus Fl,, Fl, 4 acquire
projective variety structure, and are respectively called the full flag variety, partial
flag variety (of type d).

As a special case, when r = 1, we have that F1, 4 is the celebrated Grassmannian
variety, consisting of all d-dimensional subspaces of K"; in the sequel, we shall
denote it by G,,. The projective variety structure on Gy, is described in the
following section. For any d, the projective variety structure on Fl,, may be
deduced using the embedding

]:lné = {(le’ dea Tt Vdr) € l—[ Gd,-,n | le C de c---C Vd,}‘

i=1

The incidence relations Vy,_, C Vg.,2 < i < ridentify F1, 4 as a closed subvariety
of 1_[;=1 Gd,-,n-
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Remark 5.1.4. Before continuing to the variety structure on G, let us include the
general definition of a Borel subgroup of an algebraic group. Let G be an algebraic
group over K. For g, g> € G, define

(g1,82) = 21828785 "

Let G, be the commutator subgroup of G, i.e., the subgroup generated by all
elements of the form (g1, g2), g1, &2 € G. We will use the notation G; = (G, G).
For i > 1, define G, = (G;, G;); G;’s are closed subgroups of G. The group G
is solvable if G, is the trivial subgroup for some n. A maximal connected solvable
subgroup of G is called a Borel subgroup.

5.2 Projective Variety Structure on G4,

In this section, we shall describe the projective variety structure on Gg,.

5.2.1 Pliicker coordinates

We first define the Pliicker map p : G4, — P (/\d K”) as follows. Let U € G,

have basis {u, ..., us}, we define p(U) := [u; A --- A uy]. To see that this is well
defined, suppose we choose a different basis for U: {u}, ..., u}. If we let M be
the n x d matrix with columns uy,...,u; (each u; being expressed as a column
vector with respect to the standard basis {¢;, 1 < i < n} of K"), and M’ the matrix
with columns u’l, e, u&, then there exists an invertible d x d matrix C such that
M = M’C. Then we have

u1/\---/\udzdet(C)u/l/\---/\u&

and thus the map p is well defined.

Letly, = {i = (i1,...,00) | 1 < i1 < i < ... < ig < n}. As above, we
shall denote the standard basis for K" by {e;, 1 < i < n}. We will use the notation
e =ey, A---ANey, € N\K".Thus {e; | i € I} serves as a basis for A\? K". Let

*
{p; | J € 1a} be the basis of (/\d K") dual to {e;}; then {p; | j € I} gives a set of

projective coordinates for P ( /\d K”), called the Pliicker coordinates.
For points U € G, the Pliicker coordinates pi(U), J € lan have a nice

description as given below. Let {uy, ..., u,} be a basis for U, and as above, let A
be the n x d matrix with columns uy, . .., u4. Then p;(U) is simply the d-minor of A
with row indices ji, . . ., jg; in the sequel, we shall denote this d-minor by just detAi.

Thus p;(U) = detA;.
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Theorem 5.2.1. The Pliicker map is injective.

Proof. Suppose U and U’ are two elements of G, such that p(U) = p(U’). As
above, let A and A’ be the n x d matrices corresponding to U and U’, respectively.
Since p(U) = p(U’), there exists [ € I;, such that p;(U) and p;(U’) are both
nonzero, and since we are working with projective coordinates, we may assume
pi(U) = pi(U") = 1 (and all other Pliicker coordinates of U and U’ are equal).

As seen above, we may replace A and A’ with the matrices A(A;)~! and A’(A)~!,
respectively. This replacement allows us to assume that A; = A} = I, the d x d
identity matrix. )

Using the notation A = (a;) and A" = (a}), note that we can isolate any
particular entry a; by taking the d-minor of A with row indices [ but replacing /;
with the entry i; i.e.,

ajj = detAll,---ijl.,ivl_/Jrl.,...Jd = pl1.,....,l_,'71,i,1j+1,---Jd(U)'

Similarly,

Since p(U) = p(U’), we obtain that a; = aj;, which implies A = A’, and thus
u=U. i

5.2.2 Pliicker Relations

In this subsection, we will show that G, is the zero set of a system of quadratic
polynomials in {p; | i € I,}.

Definition 5.2.2. Leti € I;—;, and J_ € 141, and consider the following quadratic
polynomial in the Pliicker coordinates, called a Pliicker polynomial:

d+1

E (_l)hph ig—1gnll; T .
e td= VIR fy L eatn

h=1

In the equation above, if a has a repeated entry, p,(A) is understood to be zero for
any n X d matrix A. We shall denote the above system of polynomials by Py,

For example, in Go4, if we let i = {1} and j = {2,3,4}, then we have the
polynomial

—P12P34 + P13D2.4 — P1,4D2.3-

In fact, P, 4 consists of only the polynomial above (up to sign). In general, Py,
contains many polynomials, as the choices for i and j increase.



5.2 Projective Variety Structure on G, 55

Theorem 5.2.3. The image of G, in P (/\d K") is precisely the zero set of the
system of polynomials Py .
Proof. First, we will show that one obtains zero when evaluating any polynomial in

Pan at U forany U € Gg,. Let A = (ajj) be the n x d matrix representing U. We
will expand the d-minor A;, . ;,_, ;, along the last row j;,. This gives

d+1
YD Piii Oy, 2 ()
h=1
d+1
= Z( 1" Z( D"y, det(A7, ) det(A, o~ )
m=1
where A:’l‘ ..... i,_, Tepresents deleting the m™" column yielding a (d — 1)-minor, and

after some rearranging this is equal to

d d+1
d+m h
> o (=nTtrdewal 1)(2(—1) aj,l,mdet(Ajlwﬁwderl)).

m=1 h=1

The second summation above represents the determinant of the following (d + 1) x
(d + 1) matrix (up to sign)

Ajym Q1 G2 ... Gjpd

jpm  Ajp 1 Gjp2 - Gjpd

Bjgrrm Qg1 Gjgg2 -+ Qjgyyd

Note that since m is between 1 and d, this matrix has a repeated column, and thus
its determinant is zero. Therefore

d+1
Z(_l)hpil """ id_‘J”(U)pilwﬁq---jd+1(U) =0
h=1

Now we show that G, contains the zero set of Py ,,. Let g = (¢;) € P ( /\d K”)

be a zero of P,,. Since we are working in projective coordinates, we may assume
that there exists [ € Iy, such that ¢ = 1. Define the n x d matrix A such that
ik = qiy....—1.idgt1....lq- This implies A; is the d x d identity matrix, and thus A has
rank d and represents an element of G4,,. We shall now prove that p;(A) = g; for
all j € Iy, from which the result will follow. We prove this assertion by decreasing
induction on the cardinality of J N L To begin, if j = [, then p;(A) = det(4) =1 =

q. IfJ =(,.... 01,0, lkt1,..., 1), then pj(A) = dix = ¢gj, from our definition of
A above, and thus the result follows for#jNl}>d—1.
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Now letj_' € I;,; we invoke the equation of 5.2.2 using the tuples (I, ..., l;—1)
and (Iz,j1, .. .,Jjq) (we assume without loss of generality thatl; & {ji, ..., js}). Since
q is in the zero set, we have

qug; £ Y qrqy =0

where #{IN;j'} > #{INj} because some entry in (ji, . .. ,js) notin [ has been replaced
by lyinj. )

Therefore, by the induction hypothesis, gy = py(A). Since ! and [ differ by only
one entry, we also have gy = py(A).

We have already shown that A is in the zero set of Py, thus

pi(A)p;(A) £ Y pr(A)py(A) = 0.

Using all of the above, we have that

piA)pi(A) = qu4;.

and because p;(A) = 1 = g;, we have that p;(A) = g;, and the result follows. O

Remark 5.2.4. Let S = K|p; | i € I,), and I be the ideal in S generated by the
Pliicker polynomials. LetJ = Z(G4,) C S, the defining ideal of G, ,. From above,
we have that I C J. In §5.4, we will show that in fact I = J.

5.2.3 Plucker coordinates as T-weight vectors

Let T C G = SL, be the maximal torus of diagonal matrices. Given ¢t € T, we will
write t = (t1,...,1,), where ¢; is the i diagonal entry of t. We have T = (K*)"~!,
and is a torus (the dimension is n — 1 because ¢, = (¢; - - - tn_l)_l).

Let X(T) be the character group of T, namely, the group of all algebraic group
homomorphisms y : T — K*. (Here, K* is being viewed as the multiplicative
group of the field K.) Define ¢; € X(T) such that &;(¢1,...,t,) = t;. Note that
because 1, = ﬁ, we have ¢, = —(e; + ... + &,—1), the group X(T) being
written additively. We have that {¢;, 1 <i < n — 1} is a Z-basis for X(T).

Consider e¢; € K”. For the natural action of 7 on K" (induced by the natural action
of Gon K"), we have, t - ¢; = tie;, t € T. We call e;, a T-weight vector of weight ¢;.
More generally, given a T-module V, a vector v € V such that - v = y(¢)v for all
t € T and some y € X(T) is called a T-weight vector of weight y. We have that the
element ¢; € /\d K" is a T-weight vector of weight &;; + &, + ... + g;,.
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Now we consider the Pliicker coordinate p;. Let us denote the integers {1, ..., n}\
{1y 1ja} BY jat1,...,jn (arranged in ascending order). Under the T-equivariant
isomorphism

n—d d *
d
fr=f@) =vafve NK"

€41 N -+ A g, is identified with p;; hence, p; is a T-weight vector of weight

Ejgpy T - T8, =—(&, +... +¢j,).

Thus the weight of p; is the negative of the weight of e;.

5.3 Schubert Varieties

Schubert varieties are certain closed subvarieties of the Grassmannian variety, and
are indexed by 1;,,. First, we observe that for the natural action of G on PP ( /\d K”)
(induced from the natural action of G on K"), we have that G, is G-stable; in fact,
it is easily seen that the action on G, is transitive and we have an identification
of G;,, with G/P,. Further, we have that the T-fixed points in G,, are precisely
@L'(: [6‘,‘1 VANISAVAN eid]), £ S Id,n

Definition 5.3.1. Leti € I;,. The Schubert variety X; is the Zariski closure of the
B-orbit B-[e;, A ... Aej,] in Gy ,, with the canonical reduced structure. We will also
use the notation X (i). The B-orbit B-[¢;] is called the Schubert cell, and is denoted C;.
It is a dense open subset of X;. Thus Schubert varieties are the closures of B-orbits
through the 7-fixed points in G-

Remark 5.3.2. Gg, = X;,fori = m+1—-d, n+2—d,...,n), and the point
(corresponding to the coset B) is the Schubert variety X;, i = (1,2,...,d).

Fartial order on 1, ,: Given i, j, we define
i>jifand onlyif iy > ji, i» > jo, ..., lq > ja.

Example 5.3.3. The following lattice represents the partial order on I3, where a
line segment from i down to j represents i > j.
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(456)

|
(356)
N
(256) (346)
SN TN
(156) (246) (345)
N T ST

(146)  (236)  (245)

> X

(136)  (145)  (235)
N )/// \\\(

(126) (135 234)

(123)

Bruhat decomposition:

x=JG Gum=JcC

lfl ield,n

The classical definition of a Schubert variety in G4, is as follows. Let V,. be the
subspace of K" spanned by {ey,...,e,} for1 <r <n.Leti € I;,, and define

Y, ={U € Gy, | dimUNV,) >1, V1}.

We shall now see that these two definitions of Schubert varieties (¥; and X;) are
equivalent.

First, we observe that Y; is B-stable; for, consider U € Y;. Then, for b € B, we
have, b-(UNV;,) = b-UNV,, since clearly, b-V;, = V;. Thus,dim (b-UNV;) > t, Vt
(note that dim (b - (U N V;,)) =dim (U N'V,,)), and the B-stability of Y; follows.

Next, denoting by Uj the span of {¢;,, ..., e;,}, we have dim(U; N V;,) > ¢ for all
1 <t <difand only if j < i. Together with the B-stability of ¥;, this implies that

v,=JcG.

J=i

In view of Bruhat decomposition, we conclude that X; = Y.
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Remark 5.3.4. For i, ]_ € 1;,, we have the following:

L. [ej, A---Aej] €X;ifand only if j <.
2. X; C X; if and only if]_'§ i.
3. pjlx, # Oif and only if j < i.

The above follow from the facts that p;(e;) = J,;, and that [¢;] € X; if and only if
j < i. Thus X; consists of all points P € G, such that p;(P) = 0, j £ i. Therefore
XL sits in a smaller projective space. ) )

The following is a result of the above remark combined with Theorem 5.2.3.

Corollary 5.3.5. Leti € 1;,. The image of X; in P (/\d K”) is precisely the zero set
of the set of polynomials given by Definition 5.2.2 in union with the set {p; | j Z i}.

Example 5.3.6. We have G4 < P (/\2 K4) ~ PS5, defined by pas - pra = pas -
P13 — P34 -pi2. Then

X4 = G24 N {p34 = 0}.

The example above holds in the general case also: Leti = (n—d,n—d +2,n—
d+3,....n)andwy = (n—d+1,n—d+2,...,n). ThenX; = G4, N {p., = 0}.
In fact, X; is the unique Schubert variety of codimension one in G4, (we will see
how to compute dimension in the following discussion). By Bruhat decomposition,
we have G;,, = Cy,, U X

Next, we will find the dimension of X,, forall w € 1.

5.3.1 Dimension of X,,

Let U be the unipotent part of B (U consists of upper triangular matrices in G with
all diagonal entries equal to 1). Then B is the semidirect product of U and T, where
T is the maximal torus in B as defined in §5.2.3.

Letw = (i1,-+- ,ig), and lete,, = e;; A... Ae;, asin §5.2.1. Now the dimension
of X,, equals that of the B-orbit B-[e,,]. The B-orbit B-[e,,] equals the U-orbit U - [e,,]
(since, B is the semidirect product of U and T and [e,,] is fixed by T). To compute
the dimension of U - [e,], we shall first determine stabyle,,], the stabilizer of [e,,]
inU.

LetA € U, say, A = Id + Zl§i<j§n ciikij, c¢; € K, Ej; being the elementary
matrix with 1 at the (i, j)” place, and 0’s elsewhere, and Id being the identity matrix.
Denote I = {iy,--- ,is}. Using the fact that for 1 <[ <n

e, ifl=j

Ej-e =
! 0, ifl#j
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we have the following:

(i) ifj ¢ 1, then Ej - e = 0, forall £ € I,
(ii) ifj € I, then Ej; - e is in the span of {e;,, -+ ,¢;,} <= i€ L

Hence we obtain U" := staby[e,,] =

{Id+ Y c;Ej € U|c;=0, forall (i,j)suchthat j € I, i ¢1}.

I<i<j<n

Let us denote the one-dimensional unipotent subgroup of U consisting of {ld +
cjjEij,c; € K} by Uy. Then taking a total order on the set {U; | 1 <i <j < n},
and writing the set as {Uy,---,Uy},N = (}), we have that as varieties, U =
[1,<¢<y Ue. From this, it follows that we obtain an identification of the orbit U - [e,,]
with the subset U,, of U:

Uy={d+ Y  c;E; € U|cy=0, foreitherj ¢ 1. orbothi.j € I}.

I1<i<j<n
It follows that
dim (U - [ey]) = #{(i,)),1 <i<j<nl|jel,i&l}.
Thus for j = i}, there are i; — 1 choices for i. For j = i,, there are i, — 2 choices for

i (since i; and i, are not allowed). Correspondingtoj = i,, 1 <t < d, there are i, —¢
choices for i. Hence we obtain the following theorem:

Theorem 5.3.7. Givenw € I;,, we have

dimX(w)(=dimU-[e,]) = Y i, —t.

1<t<d
Corollary 5.3.8. For the Grassmannian variety,
dim Gy, = d(n—d).
Remark 5.3.9. Let C,, be the open orbit B-[e,,]. In the preceding discussion, we have

identified C,, with the subset U,, of U as defined above (U,, is in fact a subgroup).
Clearly, U,, is also an affine space, and we have an identification of C,, with Adim Xy

5.3.2 Integral Schemes

A Schubert variety, being a B-orbit closure (with the canonical reduced scheme
structure) is an integral scheme. In this section, we give an explicit realization of a
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Schubert scheme as an integral scheme. We first consider the case of the Schubert
scheme G, ,. Let V = K". Consider

rr:V@d—>/\dV,(v1,'-' ,Vg) > UL A A vg.

Then im & is precisely @(: Spec R), the cone over G, (here, R denotes the
homogeneous coordinate ring of G,, for the Pliicker embedding). Thus C/;;, is
precisely the cone of decomposable vectors in A?V (a vector in AV is decom-
posable if it can be expressed as the wedge-product of d elements in V). We have
that the coordinate rings of the affine spaces V®¢, AV are the polynomial algebras
Klxj, 1 <i<n,1=<j<d] K[x;,i € 1g,], respectively. The comorphism

7% Kxji€ly = Ky, 1 <i<n 1<j<d],

xir—> |AL|’

A; being the d x d submatrix of (x;),1 <i < n,1 < j < d with row indices given
by i, identifies R with the subalgebra of K[x;,1 < i < n,1 <j < d], generated by
{|Ai].i € I,}. Thus R is an integral domain, and it follows that G, is an integral
scheme.

Regarding a Schubert variety X; in Gg4,, we have that X; is obtained by
intersecting G4, by the hyperplanes p; = 0,j £ i. From this it follows that X; is
an integral scheme ) )

5.4 Standard Monomials

Recall from §5.2.1 that for each i € I;, we have the Pliicker coordinate p;. The
Grassmannian variety G, is the zero set of the Pliicker polynomials in P,,. Here
we give a more general (but equivalent) form of these Pliicker polynomials. Let
i,j €Iy, besuchthati # j;letr,1 <r <dbesuchthati; >j,1 <t <r—1and
i, < jr. Then the “more general” Pliicker relations are given by

Y sign(0)powpoy- ()

a

where o runs over all permutations of the set {iy, ..., ir, j,, ..., ja}, such thato (i}) <
o(h) <...<0o(iy);0(,) <...<0(ja),and

o) = (0@i1), ... 00), irg1, - la),

arranged in ascending order (similarly for o (j)). (Also, if o' (i) has repeated entries,
Do (i) 1s considered zero.) The relations given by P, and those given in (T) above
are shown to be equivalent in [89, §3.1].
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Remark 5.4.1. Suppose i and j (in 1;,,) are not comparable; i.e., there exists some r
suchthati; > ji,..., -1 > j,__l, buti, < j,. Note that if we form a Pliicker relation
as in (}) using such a choice of i, j, and r, we have that for 0 # id, o (i) > i (since
somei € {ii,...,i,} hasbeenreplacedbyaj € {j,.,....js}and i} < ... <i, <j, <
... <Jjgq). Similarly, for o # id, o (j) < j.

Example 5.4.2. In L3¢, leti = (2,3,4) andj = (1,4,5), r = 2. Then () becomes

P@234P145 = P245P0134) —P3B45P124)-

In the sequel, we will also use Greek letters to denote elements of 1.

Definition 5.4.3. Let ty,..., 1, € I;,. Then p,, ---p,, is a standard monomial if
71 > ... > 1. The same monomial is standard on the Schubert variety X; if in
addition i > 1.

5.4.1 Generation by Standard Monomials

In the rest of §5.4, we show that standard monomials on X, form a (vector
space) basis for K[X.], the homogeneous coordinate ring of X, (for the Pliicker
embedding). Recall from Remark 5.2.4, we have not yet shown that the ideal
generated by the Pliicker polynomials is in fact Z(Gy,), the defining ideal of
the Grassmannian variety (a similar remark for the Schubert subvarieties). For any
ijelgyand 1l < r < d, letf;, = pipj — Y, sign(0)psi)Po( as in () above.
Let S = Klp;, i € I,], and T € I, Let I(7) be the ideal generated by all possible
fijr and {pg, ¢ £ t}; note that for t = wy, the (unique) maximal element of I ,,
I(wo) is the ideal generated by all possible f;; .. In the sequel, we shall denote the
ideal I(wg) by just /. Let J(t) = Z(X,), and J = Z(G,,,). We shall show that in fact
I(t) = J(7) (in particular I = J).

We begin by showing that the set of standard monomials on X is a generating
set for S/I(t), T € 1;,. Clearly, it suffices to show that standard monomials form a
generating set for S/1 (in view of the natural surjection /I — S/I(7)).

Proposition 5.4.4. With notation as above, we have that in S/I, any nonstandard
monomial is a linear combination of standard monomials.

Proof. Let F = pq ---p,, be a monomial. Choose N > d(n — d). For i =
(i1, .- -,ig) € Igy, let us denote [(i) = Z;l:l(i, — t). Note that /(i) < N. Now
we define

Np = (t))N" ' + ()N 2 + ... + I(1y),

so that (I(t1),...,!(zm)) is the N-ary presentation for Nr. We will show that F' is
generated by standard monomials by decreasing induction on N.
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To begin, suppose F has the maximum possible N, i.e., F = py for 0 = (n —
d+1,...,n). Then clearly F is standard, and the result follows.

Now suppose F is some nonstandard monomial. Thus there exists 1 < r <m—1
such that ty > ... > 7, # 7,41. Using Remark 541, popoy, = > +pappg, where
a > 1, for each o that appears in the summation. Thus I(a) > I(t,), and F =
> +F;, where N, > Np for all i. The result follows by induction. O

As an immediate consequence, we have, using the canonical surjection 71, :
S/I(t) — S/J(7), the following:

Corollary 5.4.5. For t € I, the set of standard monomials on X; is a generating
set for R(t)(= S/J (1)), the homogeneous coordinate ring of X;.

5.4.2 Linear Independence of Standard Monomials

Proposition 5.4.6. With notation as above, we have that the set of monomials
standard on X, is linearly independent in S/J (7).

Proof. Since S/J(t) is a graded ring, it is enough to show that degree m-monomials
standard on X, are linearly independent in S/J(t), for m € N. We proceed by
induction on dim X;. If dimX; = 0,thent = (1,...,d), and p”" is the only standard
monomial of degree m on X, so the result follows.

Now let dim X, > 0. Let {F;} be standard monomials on X, of degree m. Assume
that

Zr:aiFi =0, (@)
i=1

is a nontrivial linear relation in §/J(t), where a; € K and a; # 0.Foreach1 <i <r,
let

Fi=pg Py Tl = ..o = Tige

From the set {71, 721,...,7,1}, we choose a minimal element, and call this
element w. For simplicity, let us suppose that w = ;.

Suppose that w < 7. For i > 2, we have that in S/J(w), F; is either O (namely, if
7,1 £ w) or is a standard monomial on X(w) (namely, if 7;; < w in which case ;)
in fact equals w, by our choice of w). Hence, (*) gives rise to a nontrivial standard
sum in S/J(w) being zero (note that when (*) is considered as a relation in S/J(w),
the first term in the left hand side of (*) is nonzero). But this is not possible (by
induction on dimension). Hence we conclude that w = t, which in turn implies that
7;1 = t, Vi. Thus, F; is divisible by p; for all i. Since X; is an integral scheme (cf.
the end of §5.3.2), we may cancel out p, from this equation, leaving a dependence
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relation of standard monomials in S/J(t) of degree m — 1. By induction on m, all
coefficients must be zero, a contradiction. (The case m = 1 is clear.) Hence our
assumption is wrong and the result follows. O

Proposition 5.4.7. Let S = K[p;, i € 1], J = Z(Gg,) and J(v) = I(X;) for
T € Iy, Then

1. The standard monomials on X, form a basis for R(t)(= S/J(t)) and
2. The canonical surjection 1, : S/1(t) — S/J(t) is in fact an isomorphism.

Proof. Part (I) follows from the above Proposition and Corollary 5.4.5. Regarding
Part (II), first we have that standard monomials on X, generate S/I(z) (cf. Propo-
sition 5.4.4). Next, the set of standard monomials on X; is linearly independent
in S/I(t), since it is linearly independent in S/J(t) (cf. Proposition above).
Thus, standard monomials on X; form a basis for both S/I(t),S/J(7); hence the
isomorphism as asserted in (2). |

In particular, we have the following result.

Theorem 5.4.8. The ideal I(7) is in fact the defining ideal of X, t € 1,,,. Thus the
ideal generated by Pliicker polynomials is in fact the defining ideal of G4, for the
Pliicker embedding.

Remark 5.4.9. Thus X; is scheme theoretically (even at the cone level) the intersec-
tion of G, with all the hyperplanes in PP (/\d K") which contain X;.

Remark 5.4.10. Because X; is an integral scheme for all T € I;,,, we have that I(7)
(and hence /) is a prime ideal for all T € I,.

Definition 5.4.11. Let w,t,¢ € I;, such that w > 7,¢, and p.pg nonstandard.
Then by the results above, p.py is equal to a sum of monomials standard on X,,; we
call such an equation a straightening relation.

Proposition 5.4.12. Let w,t,¢ € I;, such thatw > t,¢, and p.py nonstandard.
Let

PPy = Z CapPalp. Cap €K', a>p (*)
(a.B)

be the straightening relation of p:pgy on X,,. Then for each (o, B) appearing in (%),
we have a > ¢, T.

Proof. Among the a’s appearing in (), pick a minimal element and call it «,,,;,. We
restrict the straightening relation () to Xy,,, < X,,. Assume, if possible that o, #
T, Of in 7 ¢. In either case, the left hand side of () is zero on X, . On the right
hand side, at least one term does not go to zero, namely the term containing pq,,,
which is a standard monomial on X, . This contradicts the linear independence of

standard monomials (Proposition 5.4.6). Thus our assumption is wrong, and we get
Upin 2 T, ¢
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Next we show that o,;, > 7,¢. Recall from §5.2.3 that p; has weight
—&;, — ... —&;,. Thus by weight considerations, tU¢ = aUB for any pair «, B
appearing on the right hand side of (x) (here we are viewing tU¢ and aUpB as
multisets). Thus if &y, € {t,¢}, say o = 7, then the B that appears in the
monomial with «,,;, must equal ¢ by weight considerations. This implies p.py is
standard, a contradiction. Therefore «,,;, > 7, ¢. Since this is true for any minimal
o, it is true for all o appearing in (). O

5.5 Unions of Schubert Varieties

Definition 5.5.1. Given X; C X, if dimX; = dim X;—1, then X is called a Schubert
divisor of X;. ) ) )

Lemma 5.5.2. Let t < w. There exists a Schubert divisor Xy of X,, such that
X: C Xy

Proof. Lett = (ji,...,jq) and w = (i1,...,i4) be such that j; < iy,...,j; < iy.
Let/be the smallest integer such that 1 </ <dandj; < i.Set¢ = (i, ..., i—1,ij—
1,ij+1,...,14). Once we show that ¢ € I, the result will follow, clearly. To prove
this, we first note that if / = 1, then clearly ¢ € I,,. Let then / > 1. We shall show
that i;—; < i; — 1 (from which it will follow that ¢ € I;,). Assume, if possible
that ij—; = i; — 1 (note that i;_; < i; — 1); then ji—_; = ij—; = i; — 1. This implies
Jji > iy — 1, and thus j; > ij, a contradiction (note that j; < i;). Thus our assumption
is wrong, and we get ¢ € I,,. O

Let X,, be a Schubert variety in G,,. Let {X,,,} be the set of Schubert divisors
in X,,. By Bruhat decomposition, we have

an = UXw,w

(0X,, being the boundary of X,,, namely, 0X,, = X,, \ B - ¢,,). In the sequel, we shall
denote dX,, by H,,. Clearly X,, N {p,, = 0} = H,,, set theoretically. We shall see (cf.
Theorem 5.5.8) that this equality is in fact scheme-theoretic; i.e., I (H,,) = (p,) (C
S/1(w)); here I (H,,) is the ideal in S/I(w) so that the corresponding quotient is
K[H,)].

We first describe a standard monomial basis for a union of Schubert varieties.

Definition 5.5.3. Let Y = Uinw where 7; € I;,. A monomial py, ...pg, is
standard on Y if it is standard on X7, for some i.

Theorem 5.5.4. Standard monomials on' Y = | J;_, X, give a basis for R (Y) (here
R(Y) = K[Y]).

Proof. We first show linear independence. If possible, let

ZaiFi:Os Fi:pfil"'pfiri’ai?éo (*)
i=1
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be a nontrivial relation among standard monomials on Y. For simplicity, denote 7y,
by t. Then, restricting (*) to X;, we obtain a nontrivial relation among standard
monomials on X, which is a contradiction (note that for any i, Fi|x, is either
0 or remains standard on X;; further, Fi|x, is nonzero). This proves the linear
independence of standard monomials on Y.

The generation of R(Y) by standard monomials follows from the generation of
K[G,,] by standard monomials and the canonical surjection K[G,,] — R(Y). O

Remark 5.5.5. The union of two reduced schemes is again reduced. On the other
hand, the intersection of two reduced schemes need not be reduced. If W =X NY,
then Iy = Ix + Iy. The fact that Iy and [y are radical ideals need not necessarily
imply that [y is a radical ideal.

However, as a consequence of standard monomial theory, we shall now show that
an intersection of Schubert varieties is reduced.

Remark 5.5.6. 1t is clear that set-theoretically, the intersection of two Schubert
varieties is a union of Schubert varieties. In fact, it is seen easily that for i,j € 1,
we have X; N X; = X, where 7 = (ay, ..., a4), ax = min{iy, ji}, | <k <d.

Theorem 5.5.7. Let X, X, be two Schubert varieties in Gg,. Then X; N X, is
reduced.

Proof. Let X; = X,,;, R(wj)) = R/I;, R being K[Gy,]. Let A = R/I, where I =
I; + I,. We need to show that VI=1

Now I consists of linear sums Z a;F;, F; standard; where each F; is zero either
on X; or X»; i.e., each Fj starts with Pe;, where

either 6;, £ wi or 6;, £ ws. (%)
On the other hand, if A’ = R/ /I, then A’ = K[X.], where X; N X» = X,.

Therefore, using the standard monomial basis for X;, we obtain that VI (the
kernel of 7 : R — A’) consists of all f = ) cfy where f; starts with

Ds.» Where 8 £ T. (%)
Equivalently, either 8;; £ wy or 8 £ wo. Thus, comparing (x) and (), we obtain
that I = /1. O
Theorem 5.5.8 (Pieri’s formula). Let v € I, and let X,,..., X, be the

Schubert divisors of X;. Then
X: N {pr = O} = UXU?
i=1

scheme theoretically.
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Proof. Let H, = | J;_, X;,(C X;), and let I, be the defining ideal of H; in R(7).
Clearly p;|n, = Osince t £ 7;, V1 <i < r. Therefore (p;) C Iy,.

We now show Iy € (p;). Let f € Iy,. Write f as a sum of standard monomials
on X,. Letf = Y a;F; + ) b;G;, where each F; is a standard monomial in R(t)
starting with p., and each G; is a standard monomial R(7) starting with pg,, 6; < 7.
Since p; € Iy,, we have ) a;F; € Iy, and thus ) b;G; € Iy,. Thus ) b;G; = 0
on H;. But > b;G; being a sum of standard monomials on H,, we conclude by
Theorem 5.5.4 that each b; = 0. Therefore f € (p;), and the result follows. O

5.5.1 The Picard Group

Recall that Pic X, the Picard group of an algebraic variety is the group of isomor-
phism classes of line bundles on X.

Theorem 5.5.9 (cf. Theorem 6.1 of [77]). The Picard group of the Grassmannian
is isomorphic to the group of integers, i.e.,

1ﬁc(i”12§Z.

More generally, the Picard group of a (nontrivial) Schubert variety is 7.

In fact, we have that any line bundle on G, (as well as a Schubert variety) is of the
form L®™, for some integer m, where L is the pull-back of Opy (1) via the Pliicker
embedding (here, N = (2) - 1.

5.6 Vanishing Theorems

In this section, we prove the vanishing of H' (X.,L™), i > 1,m > 0, for
T € I;,. Further, we show that the standard monomials on X, give a basis for
H (X.,L™), m>0.

Note that for a projective variety X < P", denoting K[X], the homogeneous
coordinate ring of X by R, and Opx(1) by L, we have for m > 0, the image of the
restriction map ¢,, : H (P", L") — H°(X,L™) is precisely R,, (the m-th graded
piece of R). Thus as a consequence of the main results of this section, we shall see
(cf. Corollary 5.6.5) that the inclusion R(t),, € H° (X,,L™) is in fact an equality,
for m > 0; thus

KX.]= @ H'X:.L"). 7 € Ip.
mezZ+

We first prove some preparatory Lemmas to be used in proving the main results.
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Let X be a union of Schubert varieties in G4,. Let S(X,m) be the set of all
standard monomials on X of degree m, and s(X, m) be the cardinality of S(X,m).
The proof of the following lemma follows easily from the results of the previous
sections, and so we leave it to the reader.

Lemma 5.6.1.
1. Let X = X U X», where both X1, X, are unions of Schubert varieties. Then

s(X,m) = s(X1,m) 4+ s(Xp, m) — s(X; N X, m).

2. For t € I, let H; be the union of all Schubert divisors as in Theorem 5.5.8.
Then

s(X;,m) = s(X;,m—1) + s(H;, m).

Let L = Og,, (1) (as defined in §2.7); note that L is just the pull-back of Op~ (1)
via the Pliicker embedding. We shall denote the restriction of L to a subvariety of
Gan by just L. For m € Z, we will denote Og,, (m) by L™. Before moving on, the
reader may want to review Definition 3.4.1 concerning H'(X, L).

Proposition 5.6.2. Let r be an integer such that r < d(n—d) (= dimGygy,).
Suppose that all Schubert varieties X in Gy, of dimension less than or equal to
r have the following properties:

1. H(X, L") =0,i>1,m>0.
2. S(X,m) is a basis for H (X, L™).

Then any union or intersection of Schubert varieties of dimension at most r has the
same properties.

Proof. We prove the result by induction on r. Suppose the result is true for Schubert
varieties of dimension at most r—1. Let S, denote the set of Schubert varieties in G4,
of dimension at most . Let Y = U]t:l X;, X; € §,. We will also use induction on ?.
By hypothesis, the result is clearly true for # = 1. Let then + > 2 and suppose the
result holds for unions of r — 1 Schubert varieties. Let Y| = U;;ll Xj,and YV, = X,.
We have the short exact sequence

0— OY — OY] &5 OY2 — Oylmyz — 0. (*)
The first map above sends f +— (f|y,,f|r,); the second map sends (f,g) +
(f — &) lv,ny,. Tensoring (x) with L™, we have the long exact cohomology sequence
(cf. Remark 3.2.13 (4)):
— H ' (YN Yy, L") — H (Y, L") — H (Y1, L") @ H (Y», L") —

Now Y NY; isreduced (cf. Theorem 5.5.7), thus Y; NY> is a union of Schubert vari-
eties of dimension at most r—1. Leti > 2 and m > 0; by hypothesis, H (Y5, L") = 0,
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and by induction hypothesis, H (Y;, L") = 0 and H~'(Y; N Y5, L") = 0. Thus by
the long exact sequence, H (Y, L") = 0 fori > 2.

Since Y, is a Schubert variety, the hypothesis implies S (Y, m) is a basis for
H° (Y5, L'). By the induction hypothesis, H° (Y; N Y5, L") has standard monomials
of degree m as a basis. Therefore

HY(Y\,L™) @ H(Y,,L™) — H°(Y; N Y5, L™)

is a surjection (note that any standard monomial of degree m on Y; N Y, may
be realized as the restriction to Y; N Y, of a standard monomial of degree m
on Y,). This implies (in view of the long exact sequence) that the map H°(Y; N
Y,, L") — H'(Y,L™) is the zero map. Also, the map H'(Y,L™) — H' (Y,,L™ &
H' (Y,, L) is the zero map (since, by induction, H' (Y}, L") = 0 and by hypothesis,
H'(Y,,L"™) = 0). Hence, we obtain (in view of the long exact sequence) that
H'(Y,L™) = 0, and the proof of (1) is complete.
To see (2), we begin with the short exact sequence

0— H'(Y,L™) — H°(Y,,L™) @ H'(Y,, L") — H°(Y, N Y5, L") — 0.
Thus, dim H°(Y, L") =
dim H(Y,, L") + dim HO(Y,, L") — dim H*(Y; N Y5, L™).

By the induction hypothesis and Lemma 5.6.1, dim H°(Y, L") = s(Y,m). By linear
independence of standard monomials, the result follows (as remarked above, note
that R(t),, € H° (X,,L™), and thus S(X,,m) € H® (X,,L™)). O

Proposition 5.6.3. Let X be a Schubert variety in Gg,. Let Y = U;=1 X; be a
union of Schubert divisors in X. Suppose H'(X;,L™) = 0, form < 0,0 < i <
dimY — 1 (= dimX; — 1). Then H'(Y,L™) = 0, form < 0,0 < i < dimY — 1.

Proof. We prove the result by 1nduct10n on t and dimY(= dimX — 1). As in the
previous proof, set ¥; U’ ! X;, Y> = X;, and consider the long exact cohomology
sequence

— H™' (Vi N Y, L") - H (Y,L") » H (Y;,L") @ H' (Y2,L") —

By Remark 5.5.6 and the definition of a Schubert divisor, we have that X; N X, is
irreducible of codimension 1 in X;, for 1 <j <t—1l;and Y1 NY, = U lX N X;.
Hence by induction on dim Y, we have H/(Y; N ¥, L") = 0 form < 0,0 < i <
dimY; — 2 = dimY — 2. Further, by induction on ¢, H(Y|,L™) = 0, m < 0,
0 < i < dim Y7; and by hypothesis, H (Y»,L") = 0,m < 0,0 < i < dimY,. The
required result now follows. O
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Theorem 5.6.4 (Vanishing Theorems). Let X be a Schubert variety in Gg,.

1. HX,L™) =0fori>1,m > 0.

2. H(X, L") = 0for0 <i <dimX, m <O0.

3. The set S(X, m) is a basis for H*(X, L™).

Proof. We first prove results (1) and (3) (by induction on m and dimX). If
dimX = 0, then X is a point, and the result clearly follows. Assume now that
dimX > 1. Let X = X,, and let X1, ..., X, be all the Schubert divisors of X. Define
Y = Ui, X;. By Pieri’s formula 5.5.8, Y = X; N {p. = 0}. Thus we have the short
exact sequence

O—>Ox(—1)—>(9x—>0y—>0

where the map Ox(—1) — Oy is given by multiplication by p, (note that
Ox(—1) = L™1). Tensoring with L™, we obtain the following long exact cohomol-
ogy sequence

—HN(Y.L") > H'(X.L"") > H(X,L") > H'(Y,L") —> (*)

Let m > 0. Then by the induction hypothesis on dim X, we may invoke Propo-
sition 5.6.2, which implies H'(Y,L™) = 0 for i > 1. Thus the sequence 0 —
Hi(X,L™") — H!(X,L™) is exact for i > 2. If i = 1, again the induction
hypothesis implies the surjectivity of H°(X,L™) — H°(Y,L™). This implies that
the map HO(Y,L™) — H'(X,L™ ') is the zero map, and hence the sequence
0 - H'X, L") - H'(X,L™) is exact. Thus, for i > 1 and m > 0, we have
the exact sequence

0— H X, L™ - H (X, L").

However, by [81, §63], there exists a m such that for every m > my, Hi(X, L")y =0
for all i > 1. Therefore

H(X,L™) =0fori>1,m>0,

completing part (1).
For i = 0, we have the short exact sequence

0— H'X, L™ - H'X,L") - H'(Y,.L"™) - 0
which implies

dim H*(X, L") = dim H°(X, L") 4 dim H°(Y, L™).
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For m > 1, the induction hypothesis on m implies that dim H°(X,L™"!) =
s(X,m — 1). (We note that for m = 1, HO(X,Lm_l) = HO(X, Ox) = K, and
thus dim HO(X L = s(X,m — 1).) On the other hand, the induction on dim X,
combined with Proposition 5.6.2, implies that dim H°(Y, L") = s(Y, m). Therefore

dimH(X, L") = s(X,m — 1) + s(Y, m).

This together with Lemma 5.6.1 implies, dim H°(X, L") = s(X, m), and result (3)
follows by linear independence of standard monomials on X (note that R(X),, <
H° (X,L™), and thus S(X, m) € H° (X, L™)).

Finally, it remains to prove part (2). Once again we use the long exact sequence
in (*). Proceeding by induction on dim X, by Propositions 5.6.2 and 5.6.3, we have
H(Y,L") =0form € Z,1 <i < dimY — 1. Thus we obtain the exact sequence

0— H (X, L") - H(X,L"), 2 <i < dimX.

But again by [81, §63], H'(X,L™) = 0 for m sufficiently large, and thus
H(X,L") =0for2 <i< dimX, m € Z.

It remains to prove (2) fori = 0,1 and m < 0. Let m < 0, then H(Y, L") =0
by the induction hypothesis and Proposition 5.6.3. Thus we have the exact sequence
0 — H'(X,L"™") — H'(X,L™), m < 0. Thus we obtain the following chain of
inclusions

H'X,. ™Y cCcH'(X,L")C...Cc H'(X,L™).

But now the isomorphism H°(X,Ox) = H°(Y,Oy) together with the fact that
H'(X, Ox) = 0 implies that H' (X, L™") = 0. By the inclusions above, we conclude

H'X.L") =0, m < 0.
Next, the fact that HO(Y, L™) = 0 for m < 0, implies
@) HX, L™ >~ H'(X,L"™),m < 0
Again, the isomorphism H°(X, Ox) = H°(Y,Oy) implies that H'(X,L™") = 0.

This together with (1) implies that H°(X, L") = 0 for m < 0, thus completing the
proof. O

Corollary 5.6.5.

1. K[Gan) = B,,cp+ H(Gan, L™).
2. K[X:] = D,,cp+ H (X;, L™).



Chapter 6
Further Geometric Properties of Schubert
Varieties

In this chapter, using standard monomial basis, we prove Cohen—Macaulayness and
normality for Schubert varieties; these geometric properties are proved even for
the cones over Schubert varieties. We also give a characterization of arithmetically
factorial Schubert varieties. The chapter also includes determination of the singular
locus of a Schubert variety, and the tangent space at a singular point of a Schubert
variety.

6.1 Cohen-Macaulay

In this section, we give two proofs that all Schubert varieties are arithmetically
Cohen—Macaulay; i.e., the cone over a Schubert variety is Cohen—Macaulay. We
begin with the following lemma concerning a general projective variety.

Lemma 6.1.1. Let X C P be a closed subscheme. Then X is Cohen—Macaulay if
and only if X is Cohen—Macaulay at its vertex.

Proof. The first direction is clear; we prove the reverse implication. Suppose the
vertex (0) is a Cohen—Macaulay point of X. Then there exists a neighborhood U of
(0) in X that is Cohen—-Macaulay. Clearly, each fiber of the projection 7 : X \(0) —
X intersects U. But each fiber is also a K* orbit. Thus each point of X (other than
(0)) is in an orbit of a Cohen—Macaulay point of X. Therefore, each point is Cohen—
Macaulay. O

As aresult of the lemma above, whenever we show that a variety is arithmetically
Cohen—Macaulay, we will simply show that the cone over the variety is Cohen—
Macaulay at its vertex.

Next we prove a lemma concerning regular sequences.

© Springer Science+Business Media New York 2015 73
V. Lakshmibai, J. Brown, The Grassmannian Variety,
Developments in Mathematics 42, DOI 10.1007/978-1-4939-3082-1_6



74 6 Further Geometric Properties of Schubert Varieties

Lemma 6.1.2. Let A be a Noetherian local domain with maximal ideal m. Let 1
and J be ideals in A such that depth A/(I +J) > d — 1, depth A/I > d, and depth
A/J > d. Suppose fi,...,f; € m are such that fi,...,fs(modI) (resp. (modJ))
forman A/I (resp. A/J) regular sequence, and fi, ..., fy—1(mod I+ J) isan A/ (I +
J)-regular sequence. Then fi, . .. ,f;(mod I N J) is an A/I N J-regular sequence.

Proof. Since the conclusion of the lemma is only about A/INJ, we may assume that
I NJ = (0). We will prove the result by induction on d, the length of the sequence
{fi,....fa}. Note that for d = 1, the result holds, since f| is a nonzero divisor in A.
Now we suppose the result holds for sequences of length d — 1.

The assumption that / N J = (0) implies an inclusion

0:A—A/IxA/J,a (a(modl),a(modJ)).
We first observe the following:
() 0(A) = {(a1 (modI),a; (modJ)) € A/l xA/J|a; = a; (mod I + J)}.

(If (a) (modI),a; (modJ)) € A/I x A/J is such that a; = a, (mod I + J), say,
ay—a; =x+y,forsomex € I,y € J, then letting z = a; —x = a, + y, we have,
0(z) = (a; (modl), a; (mod J)).)

Let H denote the ideal in A/I x A/J generated by (f}, fi). For a subset S of A, we
shall denote by (S), the ideal generated by S. Towards proving the result, we first
claim that

(*) (i) = (.0 (hJ).

We prove the claim (x) in two steps: first we show that 8 ({fi, I)N{f;,J)) = 6(A)NH;
next, we show that 6({f;)) = 6(A) N H. Once, these two steps are established, the
claim () will follow in view of the injectivity of 6.

(I) Towards establishing the first step , we observe that
(a; (modI),a (modJ)) € 6(A) NH

if and only if (a) and (b) below hold:

(@) ay =cfi +xp.c €A, xg €l,ap =dfi +yp,d €A, yp € J.
(b) a —ay = x+ y, forsome x € I,y € J (cf. (}) above).

Clearly, (a) and (b) hold if and only if z(= a1 —x = a, +y) € {(fi.I) N {fi.J])
and 0(z) = (a; (mod ), a; (mod J)). Hence we obtain that 0({f;, I) N (fi,J)) =
0(A) NH.

(IT) Next, we shall show that 8({f;)) = 6(A) N H. Clearly, 8({f;)) € 6(A) N H.
Now we show the reverse inclusion.
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Let (a; (modl),a; (modJ)) € 8(A) N H. Then a; = fia + x,a2 = fif +y,
for some o, € A,x € I,y € J. Since (a; (modl),a; (modJ)) € 6(A),
we have aj — a, € I + J (cf. () above), and hence fie — fif € I + J.
By hypothesis, f; is not a zero divisor in A/(I + J), hence « — § € [ +
J, say, (a(modl), B (modJ)) = 6(y), for a unique y € A. This implies
that (a; (modl),a; (modJ)) = (fia (modl),fip (modJ)) = 0O(fiy), and thus
(a1 (mod 1), a; (modJ)) € 8({f1)). Thus we get 8({fi)) = 6(A) N H.

() and (II) imply (fi) = (fi.J) N {f1,I). By hypothesis, f, ...,fs (mod {fi,I))
(resp. (mod {f1,J))) form an A/ (fi,I) (resp. A/ (fi,J)) -regular sequence, and
Posevosfamr (mod {fi,I+J)) form an A/ (fi,I + J)-regular sequence. Hence by
induction on d, we obtain that

fzs---sfd(mOd (fl’l> N (fl",))

form an A/ ({(fi,I) N {f1,J))-regular sequence, i.e., f2,...,fs (mod {f;)) form an
A/ (fi)-regular sequence (cf. (x) above); this together with the fact that f; is a
nonzero divisor in A implies the required result. O

Theorem 6.1.3. Let t € I, then X, is arithmetically Cohen—Macaulay, i.e., the
cone X, is Cohen—Macaulay.

Proof. Let dimX, = t. For 0 < j < 1, let {Xy;}« be the set of all Schubert
subvarieties of X; of codimension j. Set

H@) =) py,.
k

By inducting on #, we shall show that {fy(7),...,f;(7)} forms a regular system of
parameters at the vertex. If # = 0 or # = 1, the result is clear. (Note that if t = 1,
thent = (1,...,d — 1,d + 1), and from the discussion following Corollary 5.3.5,
X, =PL)

Now letr > 1. Let X, ..., X, be all the Schubert divisors of X;. For1 < s < r,
let Y, = ;= X,;. We have dim¥; =t — 1. For 0 < j <t —1,setfix = >\ P>
where {Xy,;} are the codimension j Schubert subvarieties of Y;.

Now by inducting on s, we will show that {fy,,...,fi—1;} forms a system of
parameters at the vertex for Y,.If s = 1, then Y, is a Schubert variety of dimension
t — 1, and the result follows by the inductive hypothesis on ¢. Let 1 < s < r; set
X =X,and Y = Uf;iX,-, so that ¥; = X U Y. Note that X N Y is a union of
Schubert subvarieties of X; of codimension 2 (in X;). (If t = (a4, ..., ay), then the
intersection of two distinct Schubert divisors will have index (ay, ...,a;—1,...a;—
1,...ay).) Therefore, 1//\5 is Cohen—Macaulay at its vertex by induction on s, in view
of Lemma 6.1.2.

Now we recall that by Pieri’s formula (5.5.8),

Y,=0Xi=X,ﬂ{pT=O}.

i=1
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From the discussion above, we have that {fi(X¢),...,f/(7)} is a system of param-
eters at the vertex for Y,. The stalk (9;,:!0 is K[X:](0)/ (pr). Note that fo(r) = p-
(and p; is a nonzero divisor in K[X;](), and thus {fy(7), ...,f;(X;)} is a system of
parameters at the vertex of X.. Therefore X; is arithmetically Cohen—Macaulay. O

We will now provide a second proof that Schubert varieties are arithmetically
Cohen—Macaulay. This proof hinges on the following lemma which makes use of
local cohomology (cf. Definition 3.4.2).

Lemma 6.14. Let A = @, A, be a Noetherian graded ring with Ay = K. Let
1,J be two homogeneous ideals of A such that dimA/I = dimA/J = dim(A/(I +
D)+ 1 (let dimA/I = d). IfA/I, A/J, and A/ (I + J) are Cohen—Macaulay, then
A/I N J is Cohen—Macaulay of dimension d.

Proof. Let m = @nzlAw Since m is the (irrelevant) maximal ideal of A, by
Proposition 2.1.17, it suffices to show that (A/INJ)y is Cohen—Macaulay. Consider
the exact sequence

0—> A/ INNm = (A/Dm & (A)/ ) > A/ + J))m — 0,

where a € (A/I N J)m maps to (a,a) € (A/)m ® (A/J)m and (f,g) € (A/Dm
(A/J)m mapsto (f —g) € (A/(I + J))m. Regarding the objects above as A-modules
and taking local cohomology, we have the following long exact sequence,

cee s HE WA/ 4 D)) = Hy (A/T N D)) —
Hi (A/Dw) ® H: (A T)m) — -+ .

By Corollary 3.4.4, Hi (A/D)w) = Hi ((A/J)m) = 0 fori # d, and H. ((A/
(I +J))wm) = 0fori # d— 1. Therefore H., (A/I N J)w) = 0if i < d, implying

d <depth(A/INJ)y <dimA/INJ)y <d.

It follows that (A/I N J),, is Cohen—Macaulay. O

Proposition 6.1.5. Let t € I;,, and let X be a union of some collection of Schubert
divisors of X;, X = Uf=1 X;. Suppose that for w € 1;,, with dimX,, < dimX;, X,, is
arithmetically Cohen—Macaulay. Then X is Cohen—Macaulay.

Proof. Let dimX, = ¢, and let Y = Uf;}Xi and Z = X, sothat X = Y U Z.
By induction on s, we have that Yis Cohen—-Macaulay. By hypothesis, Z is Cohen—
Macaulay; and by induction on ¢, the cone over ZNY is Cohen—Macaulay. Therefore,

by Lemma 6.1.4, it follows that Xis Cohen—-Macaulay. O

We now give our second proof that Schubert varieties are arithmetically Cohen—
Macaulay.
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Theorem 6.1.6. Let v € 1;,, then X; is arithmetically Cohen—Macaulay, i.e., the
cone X, is Cohen—Macaulay.

Proof. Let dimX; = t, and we proceed by induction on z. Let H be the union of
all Schubert divisors of X.. We have K[H] = K[X:]«)/ (p:). By the induction
hypothesis, and by Proposition 6.1.5, we have that K[H]() is Cohen—Macaulay.
Since p, is a nonzero divisor in K[X;]), we have that K[X;]() is also Cohen—
Macaulay. O

6.2 Lemmas on Normality and Factoriality

In the first part of this section, we discuss a necessary and sufficient condition for a
Noetherian ring to be normal. The results of this section will be used in the following
section to prove the normality of Schubert varieties.

Throughout this section, R denotes a Noetherian ring.

Definition 6.2.1. We define the following conditions on R. For any integer i > 0,

1. R satisfies (R;) if Rp is regular for every prime ideal P in R with ht(P) < i.
2. R satisfies (S;) if depth Rp > min{ht(P), i} for every prime ideal P in R.

Note that if R satisfies (R;) or (S;), then R satisfies (R;) or (§;) for 0 < j < i.
We also note that R satisfying (S;) for all i > 0 is equivalent to R being Cohen—
Macaulay.

Serre’s criterion on normality, which we shall prove in this section, is that R being
normal is equivalent to R satisfying (R;) and (S>). In this section, we also present a
proof of the fact that R being reduced is equivalent to R satisfying (Ry) and (S}).

Definition 6.2.2. Let / be an ideal in R, and P a prime ideal in R, then P is a prime
divisor of I if there existsx € R \ I suchthat P = {p € R | px € I}.

Clearly, if P is a prime divisor of 7, then P D I.

Remark 6.2.3. A prime divisor of I is also called an associated prime of R/I, and
the set of prime divisors of I is denoted Ass(R/I). For I = (0), the zero ideal, a
prime divisor of [ is called an associated prime of R, and the set of prime divisors
of (0) is denoted Ass(R).

Definition 6.2.4. Given an ideal / in R, the set of all prime ideals P in R such
that the localization (R/I)p is nonzero is called the support of R/I, and is denoted

Supp(R/1).

Theorem 6.2.5 (cf. [72], Theorem 6.5). Let R be a Noetherian ring, and I an ideal
in R. We have

e Ass(R/I) is a finite set.

e Ass(R/I) C Supp(R/I)

o The set of minimal elements of Ass(R/I) and Supp(R/I) coincide.
e Supp(R/I) is the set of prime ideals containing I.
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As an immediate consequence of the above theorem, we have the following.

Corollary 6.2.6. For an ideal I, the minimal prime divisors of I are precisely the
minimal prime ideals in R that contain I.

To facilitate the following discussion, we list some facts concerning Ass(R). For
proofs, the reader may refer to [72].

Fact 1. The set of zero divisors in R is equal to | Jp Ass(R) P

Fact2. Let (0) = ()., Q: be an irredundant (i.e., forany i, 1 <i < r,(0) #
N | Oj) primary decomposition of (0). Further, let Q; be P;-primary (namely,
v/ (Q;) = P;, and P; is a prime ideal). Then Ass(R) = {P;, 1 <i <r}

Fact3. If R is reduced, then Ass(R) = {P;, 1 < i < s}, the set of all minimal
prime ideals in R.

Fact4. Let P be a prime ideal in R. We have that P € Ass(R) if and only if
PRp € Ass(Rp) if and only if depth Rp = 0.

Fact5. The following are equivalent for R:

e (85}) holds.

* For every prime ideal P with height P > 1, we have depth Rp > 1.
» Associated prime ideals have height 0.

» Associated prime ideals are minimal.

Lemma 6.2.7. Let R be a Noetherian ring. Then R satisfies (Ry) and (Sy) if and
only if R is reduced.

Proof. =: We have, by Fact 5, Ass(R) = {minimal prime ideals in R} = {P;, 1 <
i < s}, say. Then in view of (Ry), we obtain that for 1 < i < s, Rp, is a zero-
dimensional regular local ring, and hence is a field.

Let S = R\ Upe Ass(R) (={nonzero divisors in R}). Now the maximal ideals in
S~!R are precisely S7'P;, 1 < i < s, and the localizations (S_IR)S—IP’.(: Rp,)
being fields are reduced, and hence S™!R is reduced. This together with the inclusion
R — S™!'R implies that R is reduced.

<: We have, by Fact 3, Ass(R) = {minimal prime ideals in R}, and hence (S)
holds (in view of Fact 5).

For a prime ideal P of height 0, we have that Rp is a reduced zero-dimensional
local ring, and hence is a field. From this (Ry) follows. O

Fact 6. Let R be reduced; further, let S, P;,, | < i < s be as in the proof of
Lemma 6.2.7. Let K(R/P;) be the quotient field of the domain R/P;. We have

STR=T]Kk®/P) =]]Re ()
i=1 i=1
This follows by observing

L. ﬂl<z<v (0)
2. ST'R/S 1P —K(R/P)
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and using the Chinese Remainder Theorem, included below.

Chinese Remainder Theorem: Let Q;, 1 < i < s be ideals in a (commutative) ring A
such that Q; + Q; = A,i #j. Then A/ Ni_, Q; =[]}, A/Q;.

Note: As seen in the proof of Lemma 6.2.7, {S_lP,-, 1 < i < s} is precisely the
set of maximal ideals in S™'R, and hence with A = S7'R, Q; = §7'P;, 1 <i <3,
the hypothesis in the Chinese Remainder Theorem is satisfied; also, Rp, being a field
(as seen in the proof of the lemma), we have, Rp, = K(R/P;), 1 <i <s.

Lemma 6.2.8. Let R be an integral domain. Then R satisfies (S2) if and only if every
prime divisor of a nonzero principal ideal in R has height 1.

Proof. Let R be an integral domain that satisfies (S2), and let P be a prime divisor
of (a) for some nonzero a € R. Thus a € P, and there exists x € R such that
Px C (a). We also note that x & (a) (otherwise P = R which is not the case).
Therefore, {a} is a maximal regular sequence in Rp, because any other element of
PRp will be a zero divisor in Rp/ {a). Thus depth Rp = 1. Because R satisfies (S,),
we have ht(P) < 1. Since R is an integral domain, (0) is a prime ideal contained
in P, therefore ht(P) = 1.

To prove the converse, let R be an integral domain such that every prime divisor
of a nonzero principal ideal has height 1. Fix such a prime divisor P in R. Then by
hypothesis, ht(P) = 1; on the other hand, by Remark 2.1.13, depth Rp > 1 (since
R is a domain, Rp is also a domain). Thus, for such a prime divisor P, we have
depth Rp > min{ht(P), 2}.

To complete the proof of the converse, suppose P is a prime ideal in R that is not
the prime divisor of a principal ideal. If P O (a), and x & (a), we have Px ¢ (a).
This implies {a, x} is a regular sequence in Rp; therefore depth Rp > 2, and hence
depth Rp > min{ht(P), 2}, and R satisfies (S2). O

Lemma 6.2.9. A principal prime ideal of a Noetherian integral domain R has
height 1.

Proof. Let P = (m), and suppose P’ is a prime ideal properly contained in P. Thus
m & P'. Let p, € P'. Since (py) C P, there exists p; € R such that py = mp;. Since
P’ is prime, we obtain that p; € P’; and (po) C (p1). We could continue in this
fashion, finding p», etc., producing the chain of ideals

{(po) € {p1) S (p2) < ...,

all ideals contained in P’. Because the ring is Noetherian, there exists n such that
(pn) = (pn+1)- By our construction, we already have p, = mp,+; there must also
exist ¢ such that p, | = tp,. Therefore p,, = mtp,. If p, # 0, then mt = 1 (since R
is an integral domain), implying m is a unit (which is not possible, since m generates
P); thus p,, = 0, which implies po = 0, and therefore P* = (0). Thus P has height 1.

0
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Theorem 6.2.10. If R is a normal Noetherian ring, then R satisfies (Ry) and (S>).

Proof. Let R be normal. We will show R satisfies (S,) using the equivalent condition
of Lemma 6.2.8. Let P be a prime divisor of (a) C R, P = {p € R|pb € (a)}
for some b € R. We must show that P has height 1. Let m be the maximal ideal
PRp of Rp. Let K(Rp) be the field of fractions of Rp. For an ideal I C Rp define
I = {a € K(Rp) | af C Rp}.

Clearly a € m, and thus a~' ¢ Rp. The element ba~' in K(Rp) is an element of
m~! sincem = PRp = {p € Rp | pb € aRp}.

Claim 1: ba~! ¢ Rp. Suppose ba™! € Rp, then ba™! = *, where s ¢ P. Thus
sb = ra, and this is an equation of elements in R; but this implies sb € (a) and thus
s € P, a contradiction. Therefore ba™! & Rp, and Claim 1 follows.

Claim 2: ba~'m = Rp. If possible, let us assume that ba~'m C Rp. Now, ba"'m
being an ideal in Rp, we have that ba~'m C m. Let m be generated by my, . .., my;
ie, m = mRp + --- + m,Rp. Thus, for any 1 < i < n, we have ba~'m; =
Y=y ryjmj, rij € Rp, yielding the equation

n

Y (ba™' 8 —ry)m; =0

j=1

where §;; = 0 unless i = j in which case §;; = 1. Writing this system of equations
in matrix form, we have

My

where the (i, /)™ entry of A is (ba™'8;; — ry). If we multiply this equation on the left
by the “adjoint” matrix of A, we have

(det (ba_l&j — rlj)) m,=0, k=1,...,n.

(Recall that adj(A), the adjoint matrix of A, has the property adj(A)A = det(A)l,,
where [, is the identity matrix.) Now the above equation implies

det (ba_l&j — rij) =0

which in turn implies that ba~! (which is not in Rp by Claim 1) satisfies a monic
polynomial with coefficients in Rp, which is a contradiction to the hypothesis that
R (and hence Rp) is normal and Rp is integrally closed. Hence our assumption is
wrong, and Claim 2 follows.

For convenience, let ¢ = ba™ . By Claim 2, there exists a d € m such that
c¢d =1 € Rp. Because ¢ € m™!, for any m € m we have cm € Rp. Thus dem = m,
proving that (d) = m, i.e., the maximal ideal of Rp is principal. By Lemma 6.2.9,
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the maximal ideal of Rp has height 1, this in turn implies that ht(P) = 1. This
completes the proof that R satisfies (S2) (in view of Lemma 6.2.8).

To show that R satisfies (R;), we note that the discussion above shows that if P
is the prime divisor of a principal ideal, then dim Rp = 1, and the maximal ideal is
generated by one element, and thus Rp is regular (cf. [28, Theorem 6.2A]). Since R
is an integral domain, the only height O prime ideal is (0), in which case R is a
field and hence regular. The only ideals left to consider are prime ideals of height 1
that are not prime divisors of principal ideals. From the argument used to prove the
converse of Lemma 6.2.8, such an ideal has depth at least 2. By Proposition 2.1.14,
such a prime ideal has height at least 2. Thus R satisfies (R)). O

Lemma 6.2.11. Let R be Noetherian. For b € R and x € R\ (b), define the ideal
I, = {r € R | rx € (b)}. Then a maximal element of the set {I,}.cp\(») is a prime
ideal.

Proof. Suppose I, is a maximal element of the set above for some s € R; and
suppose riry € Iy where ry & I;. Then sriry, € (b), but sr;y & (b). This implies
I, + (ry) € I,. Since I, is maximal, we must have r, € [, (and I, = I, ), implying
I is prime. |

Theorem 6.2.12. If R satisfies (Ry) and (S2), then R is normal.
Proof. Since normality is a condition on all localizations of R, and conditions (R;)

and (S3) pass to localizations, we may suppose that R is local.
Suppose ; € K(R) (where K(R) is the full ring of fractions of R) such that

a\” a\n—1 a 0
- +c_(—) +...4+c1—-+c=
(b) =1 1, teo )
where a, b, ¢, ..., c,—1 € Rand b is a nonzero divisor. We want to show that % € R,

which is equivalent to showing a € bR. If b is a unit, the result is clear. Let then b
be a nonunit (so that (b) is a proper ideal).

Let P be a prime divisor of (b). Although it remains to be shown that R is an
integral domain, we can use the argument from the proof of Lemma 6.2.8 to say that
ht(P) < 1; and since (b) C P, we conclude that ht(P) = 1 (note that ht(P) = 0
would imply that PRp = (0) which in turn would imply bs = 0, for some s € R\ P,
which is not true, since b is not a zero divisor). By condition (R;), Rp is a regular
local ring, and by Remark 2.1.24, Rp is normal. Let us now regard (f) as a monic
polynomial equation over Rp satisfied by 7. We have { € Rp, and thus a € bRp.

For x € R\ (b), define the ideal I, = {r € R | rx € (b)}. Let us assume, if
possible, that a € (b) (C R). Then, there exists some maximal element /, such that
I, 2 1,. By Lemma 6.2.11, I, is prime, let us denote it P. By definition, P is a prime
divisor of (b). As shown above, a € bRp; hence there exist r,s € R, s & P such
that a = bf. Then as = br, which implies s € I, C P, a contradiction. Therefore
our assumption (that @ ¢ (b)) is wrong and, a € bR. Thus we have shown that R
contains all elements of K(R) which are integral over R.
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Now we show that R is an integral domain. Let S be the set of nonzero divisors
in R, and denote K(R) = STIR (the full ring of fractions of R). Since R is reduced,
we have by Fact 6 (following Lemma 6.2.7) that K(R) = K(R/P;) x...xK(R/P,),
where {P;}i<i<, are the minimal prime divisors of (0), and K(R/P;) is a field for
each i. Let ¢; be the multiplicative identity of K(R/P;). Then clearly ¢} = 1, and
eje; = 0 for i # j. Since the equation x2 —x = 0 is satisfied bye,1l <i=<n,
the set {e;}1<i<, is integral over R and hence contained in R. It follows that R =
Rej x ... x Re,. Recall from the beginning of the proof, that R is a local ring, and
hence has one maximal ideal, implying n = 1, and thus (0) is a prime ideal (note
that (0) = (i—, P:). Therefore there are no nonzero zero divisors in R. Thus, R is
an integral domain, completing the proof of the Theorem. O

Combining Theorems 6.2.10 and 6.2.12, we have shown Serre’s criterion for
normality:

Corollary 6.2.13 (Serre’s criterion). A Noetherian ring R is normal if and only if
R satisfies (Ry) and (S3).

6.2.1 Factoriality

In this section, we prove some results on an unique factorization domain (abbre-
viated UFD) which will be used in the discussion on the unique factoriality
of Schubert varieties. We first prove two lemmas concerning ideal intersections
in a Noetherian integral domain. We will need to use the following version of
Nakayama’s Lemma (cf. [21, Cor 4.7]).

Nakayama’s Lemma: Let A be a Noetherian ring, and M a finitely generated A-module. Let
a be an ideal in A such that aM = M. Then there exists an a € 1 + a which annihilates M.

Lemma 6.2.14. Let A be a Noetherian integral domain, x a non-unit, and I = Ax.
Then (,en I" = (0).

Proof. LetJ = (), I". We claim that the inclusion Jx C J is in fact an equality.
To see this, since every z € J is divisible by x, we can write J = J'x, for a suitable
ideal J'. Let y € J'; then yx (being in J) is divisible by x", ¥Vn € N. This implies
that y is divisible by x", ¥ n € N, and hence y € J. Hence J' C J. This implies that
J = J'x C Jx, and the claim follows.

We now apply Nakayama’s Lemma, with a = I, M = J (note that aM = M, in
view of claim above). By Nakayama’s Lemma, there existsa € 1+1, say a = 1+bx,
such that (1 4 bx)J = 0 which implies that / = (0) (since A is a domain), and the
result follows. O

More generally, we have the following lemma.



6.2 Lemmas on Normality and Factoriality 83

Lemma 6.2.15. Let A be a Noetherian integral domain. Then (), I" = 0, for any
ideal I in A.

Proof. The ideal I € m, for some maximal ideal m. Then I, is an ideal in the
local ring (Apm, MAy,); thus Iy, € mA,, (= the Jacobson radical of Ay, - recall that
the Jacobson radical in a ring is the intersection of all maximal ideals). Hence, by
the “Krull intersection theorem” (which states “In a Noetherian ring R, we have

(M,enI" = 0, for all ideals I contained in the Jacobson-radical of R,” see [72,
Theorem 8.10] for proof), we obtain that (),cy I = 0. The required result follows
from this, since A is a domain we have an inclusion (),cy 1" € [ ),en Im- o

Lemma 6.2.16. Let A be a Noetherian integral domain, and s a prime element in A.
If A is a UFD, then so is A.

(Here, A, = S7'A, with S = {1,s,5%,---}.)
Proof. Let p be a prime element in A;. We may suppose that p € A, and s [p.

Claim (1). p is a prime element in A.

Say, plab, a,b € A. This implies p|a or p|b in A, (since p is a prime element in
Ay), say, plain A. Then a = p(xi;), for some ¢ € A, r € N. This implies s"a = pc,
which in turn implies that s|c (since s is a prime and s /p), say ¢ = sc;. Hence
we obtain that s""la = pci, where by the same reasoning, we have that s|cq; this
implies that s?|c. Thus proceeding, we obtain that s"|c, say, ¢ = s'c/, for some
¢’ € A; hence, substituting ¢ = s"c’ in a = p(%), we obtain that a = pc’, i.e., pla
and Claim 1 follows.

Claim (2). Up to units, any element a € A,a # 0 is a product of prime elements
in A.

To prove Claim 2, we first observe that given a € A, either s [a or there exists
a positive integer r such that s"|a, s"*! fa (using Lemma 6.2.14). Thus any a € A
can be written asa = s'a’, r > 0, d’ € A, s [d’. Since A, is a UFD, we can write

/ . .
T as a product of primes in A;:

Lo
—_ = ’m>0’
1 sm -

where p; € A, s fp;, 1 < i < n.Hence, by Claim 1, {p;, | < i < n} are primes
in A. This implies that s"a’ = p - - - p,. This together with the facts that s is a prime
ands fp;, 1 <i < nimplies that m = 0, and a’ = p; - --p,. We obtain that ¢’ (and
therefore a = s"a’) is a product of primes in A, proving Claim 2.

Note that by Remark 2.1.23, Claim 2 implies that A is a UFD, as required. O

Remark 6.2.17. Lemma 6.2.16 may be thought of as a kind of converse to the result
that if A is a UFD, then so is S™!A, for any multiplicatively closed set S in A.

We include an alternate proof of Lemma 6.2.16 which uses the following
characterization of unique factorization property for Noetherian domains.
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Theorem 6.2.18. Let A be a Noetherian integral domain. Then A is a UFD if and
only if every height 1 prime is principal.

Proof. =: Let p be a height 1 prime. Let s € p. Then As € p; we can write
s = pi1-+-pu, pi prime (since A is a UFD). This implies that p; € p, for some i.
Denote p = p;. Then the inclusion Ap C p is in fact an equality (since p is a height
1 prime and A is a domain), proving that p is principal.

«<: Letx € A. We can write x = x; -+ - X;,, x; irreducible (since A is Noetherian).
We shall show that under the hypothesis that every height 1 prime is principal, an
irreducible element a € A is in fact prime. Using “Krull’s principal ideal theorem,”
which states “In a Noetherian ring, every principal ideal has height < 1” where
the height of a general ideal / is defined to be the infimum of the heights of prime
ideals containing I (cf. [21, §8.2.2]), we get that any minimal prime p containing a
has height < 1. In fact, the height of p equals 1, since A is a domain. Hence, the
hypothesis implies that such a prime ideal p is in fact principal, say p = Ap where p
is a prime element. We have, Aa C p (since a € p). Hence, a = bp, for some b € A;
in fact, b is a unit (since a is irreducible). This implies that a is prime, as asserted.

|

Proof (An alternate proof of Lemma 6.2.16). Let p be a height 1 prime ideal in A.
Under the hypothesis that A is a UFD and s is a prime element, we shall show that
p is principal. If s € p, then As C p; hence, p = As (since height of p is 1 and A
is a domain). Let then s & p. Then p; is a height 1 prime ideal in A, and therefore
principal (in view of the hypothesis that A, is a UFD), say,

ps = AXIL (*)

p being a prime element in A;. We may suppose that p € A and s /p. Now (¥)
implies that

s"p C Ap (+%)

for some positive integer m. Let x € p; then by (¥*), s"x = ap. Now the facts that
s is a prime and that s {p imply that s |a, say, a = s™a’; substituting in s"'x = ap,
we obtain x = @’p, and hence p = Ap, as required. O

We conclude this section with one interesting property on UFD’s.

Theorem 6.2.19. Let A be a Noetherian graded normal domain with Ay = K, a
field. Let m = Ay. Suppose Ay, is an UFD. Then A is an UFD.

Proof. We shall use the following characterization of the unique factorization
property for graded Noetherian domains (similar to Theorem 6.2.18):

(1) Let A be a Noetherian graded integral domain. Then A is a UFD if and only
if every height 1 graded prime ideal is principal.
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Let p be a height 1 graded prime ideal in A. Then py, is a height 1 prime ideal
in Ay,. The hypothesis that A, is an UFD implies (in view of Theorem 6.2.18) that
Pm 1s a principal ideal in Ay, say,

Pm = Apx *)

for some x € A. Let z be a homogeneous element in p. Then in view of (*), we can
write

7= Xx (%)

S
for some y € A,s € A\ m. Since, s € A\ m, s has the form s = 59 +
(higher degree terms), where 5o € K*, while x = x,,, + X, + -+ -, Where x,,, € p

for all i, and x,,, # O (here, the subscripts denote the respective degrees of the
homogeneous components of x).

Lety = yx, + ¥k, + -+, where y;, # 0. Substituting for x,y,s in (¥*), and
comparing the lowest degree terms, we get zs) = yi,Xm, (Where note that s¢ is a
unit). This implies that p € Ax,,, C p, i.e., p = Ax,, is principal, as required. O

6.3 Normality

In this section, we show that Schubert varieties are arithmetically normal. We first
show that they are normal using Serre’s criterion, which includes a discussion of the
regularity in codimension one for Schubert varieties (see Definition 6.3.1 below). It
is a result due to Chevalley that Schubert varieties are regular in codimension one.

Definition 6.3.1. An algebraic variety is said to be regular in codimension one if
its singular locus has codimension at least two.

We give below the definition of a “reflection,” which applies only to SL(n) and
does not require abstract knowledge of root systems.

Definition 6.3.2. Let s be an element of the symmetric group S, (the group of
permutations of {1,...,n}); s is a simple reflection if s is a transposition of two
adjacent numbers, i.e., s = (i,i + 1) for 1 < i < n — 1. More generally, the
transposition of i,j, 1 < i,j < nis called a reflection.

A reflection acts on I, as follows: for s = (i,j) and t € I, if precisely one of
{i,j} appears in 7, then st is obtained by replacing one with the other in t (and then
all indices are re-ordered to be increasing). If neither or both of {i, j} appear in t,
then st is just 7.

Remark 6.3.3. 1f X, is a Schubert divisor of X,,(C Gg,,), then there exists a simple
reflection s such that w' = sw; if w = (i1,...,I;), then there exists ¢ such that
w = (i,....ii—1,...iz). Then w' = sw, where s = (i, — 1, ;).



86 6 Further Geometric Properties of Schubert Varieties

6.3.1 Stability for multiplication by certain parabolic
subgroups

Fori, 1 < i < n— 1, let U_; be the one-dimensional subgroup in G consisting
of all lower triangular unipotent matrices with a possible nonzero entry only at the
(i + 1,i)™ place, and let P; be the parabolic subgroup generated by B, U—;. For
w e S, let

X(w) = BwB C G,

here, by BwB, we mean Bn,B, n, being a lift for w in N(T) (we identify
S, with N(T)/T, T being the maximal torus of diagonal matrices in G and
N(T)={permutation matrices}, matrices such that in each row and column, there
is a unique nonzero entry, N(7') is the normalizer of T in G). Note that the set BwB
is independent of the lift n,,,.

We are interested in finding a characterization of w’s such that X'(w) is stable for
multiplication on the right (resp. left) by P;, 1 <i < n — 1. Let &, (resp. m;) be the
canonical map G — G/B (respectively, G — B\ G). Let us denote 7, (X (w)) (resp.
(X (w))) by X(w), (resp. X(w);).

Lemma 6.3.4. With notation as above, X (w) is stable for multiplication on the
right (resp. left) by P;, 1 < i < n— 1, if and only if X(w), D X(ws;), (resp.
X(w);) D X(s;w);)). Here, s; is the transposition (i,i + 1).

Proof. Let 0;, (resp. 6;;) be the canonical map G/B — G/P; (resp. B\G — P;\G).
Then the fibers of 6; , (resp. 6;;) are isomorphic to P;/B (resp. B\ P;). Thus 6; , (resp.
0;1) is a P!-fibration. Also, for w € S,,, we have

(%) Oir(X(W),) = 0, (X (wsi)r), 0i0(X(W)1) = 0;1(X (siw)1).

Clearly, X (w) is stable for multiplication on the right (resp. left) by P; if and only if
X (w) = BwP; (resp. P;Bw); we have that X' (w) = BwP; (resp. P;Bw) if and only
if X' (w), (resp. X'(w),) is saturated for the P!-fibration 6, (resp. 6;)), i.e., X (w), =
6., (0;.-(X(w),)) (resp. X (w); = 6;;" (6.1(X (w),))); this together with (x) implies
the result. O

Before moving on, we cite the following Lemma from [6, 1.8], known as the
“closed orbit lemma.”

Lemma 6.3.5 (Closed orbit lemma). Let X be an algebraic variety together with
an action by a connected algebraic group G. Let x € X.

1. The orbit Gx is open in Gx.
2. Gx \ Gx is a union of orbits of strictly smaller dimension. In particular, orbits of
minimal dimension are closed (and thus closed orbits exist).
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Recall the notation from Chapter 5: forw = (i1, ..., i4) € Iy, [ew] = [ A---A
Eid] elP (/\d Kn)
Lemma 6.3.6. The point [e,,] is a smooth point of X,,.

Proof. By (1) of the Closed orbit lemma, we have that the B-orbit B - [e,] is an
open subset of X,,. Hence, the point [e,] is a smooth point of X,, if and only if it
is a smooth point of the orbit B - [e,,]. From Remark 5.3.9, we have a canonical
identification of B - [e,,] with A4™Xv: hence, [e,,] is a smooth point of B - [e,], and
the required result follows. O

Lemma 6.3.7. Let X, be a Schubert divisor in X,,(C Gg,), w,w € I,,. The point
[ey] is a smooth point of X,,.

Proof. Letw = (iy,...,i;). By Remark 6.3.3, w' = sw, for some simple reflection
s; say s = (i,i + 1). Identifying w with the permutation (i ...ig1 ... Jji—a),
({j1...Jjn—a} being the complement of {iy,...,is}, in {1,...,n}), we have that
sw < w, and hence by Lemma 6.3.4, we obtain that X'(w) is stable for multiplication
on the left by the parabolic subgroup P;. This implies (by considering the canonical
projection G — G/Py(= Gg,)) that X(w)(C Gg,) is stable for multiplication on
the left by the parabolic subgroup P;. In particular, taking a lift n; for s in N(T)
(note that ny € P;), we have that X (w) is stable for multiplication by n; (on the left),
and thus left multiplication by n, induces an automorphism of X(w), under which,
clearly e,, gets mapped to e,. The result now follows from Lemma 6.3.6. O

Combining Lemmas 6.3.6, 6.3.7, we obtain the following.

Theorem 6.3.8. For any w € 1, the Schubert variety X(w) in Gg,, is regular in
codimension 1.

Theorem 6.3.9. The Schubert variety X, in Gy, is arithmetically normal; i.e., the
cone over X, is normal.

Proof. We have that X; is Cohen—Macaulay, and hence the stalks Oy, ., x € X; are
Cohen—-Macaulay; in particular, Oy, . satisfies (S2). We also have that X is regular
in codimension 1, which is equivalent to the stalks Oy, ., x € X, satisfying (R;).
Therefore, by Serre’s criterion for normality, the stalks Oy, , x € X, are normal,
and hence X, is normal.

It remains to be shown that X; is arithmetically normal. We note that if a
projective variety X < P" is normal, then it is arithmetically normal if and only
if the restriction map H° (P", L") — H° (X, L) is surjective for all m € Z , where
L = Opn(1) (cf. [28, Ex.5.14 (d)]). Let ¢,, be this restriction map:

¢m : HO(Y, L") — H(X., L"),

where Y = IP’(/\d K"). Now, the image of ¢,, is R(z), (R(tr) = K[X.], the
homogeneous coordinate ring of X for the Pliicker embedding). By Corollary 5.6.5,
this is exactly H°(X,, L"). Thus the map ¢,, is surjective for all m, and thus X, is
arithmetically normal. O
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6.4 Factoriality

Now that we have shown that all Schubert varieties in G, are arithmetically Cohen—
Macaulay and arithmetically normal, in this section we will see that not all Schubert
varieties are factorial. We first introduce the “opposite big cell in G;,,” and the
“opposite cell in a Schubert variety.”

Definition 6.4.1. Define U, as:

_ Id Odn—d
U =
d { (Xn—dd I )}

X,—qq being an (n — d) x d matrix. Then under the canonical projection 7y :

G — G/P4, U] is mapped isomorphically onto its image { (X Iddd)} . Further,
mq(Uy) is simply B~ e;y, where B~ is the subgroup of G consisting of lower
triangular matrices (in the literature, B~ is called the Borel subgroup opposite to
B); B™ejq is called the opposite big cell in G, ,, and is denoted O . This gives an
identification O = M, 44 (the space of (n — d) x d matrices with entries in K).
Thus we obtain that B e;; = A4~ We also have an identification of B"e;; with
ta € Gunlpa...a(a) # 0}

Givenw = (iy,...,ig) € Iz,, define Y(w) := X,, N B~¢;4; note that Y (w) sits as
a closed subvariety of AY"~9_Thus Y(w) is an affine open subset in X,,, called the
opposite cell in X,, (by abuse of terminology; note that Y (w) need not be a cell in
the topological, since it need not be smooth). Also, we have,

Y(w) ={a € X, | pa...a (@) # 0}.

Theorem 6.4.2. Let X, be a Schubertvariety in G ,,. Then the following statements
are equivalent:

1. X, is arithmetically factorial, i.e., R(t) (the homogeneous coordinate ring of X,
for the Pliicker embedding) is an UFD.

The element p, is prime in R(7).

X has one unique Schubert divisor.

Either t = (i1, ..., i4) consists of one segment of consecutive integers, ori; = 1
and t consists of two segments of consecutive integers (e.g., (1,2,6,7,8) € Isy).
X is isomorphic to a suitable Grassmannian variety.

X, is nonsingular.

X; is factorial (i.e., the stalks Ox, x, x € X, are UFD’s).

Y () is factorial.

KN

S0 N &N

Proof. Before we begin showing the implications above, we note that p,,, w < 7 is
an irreducible element in R(7) (i.e., the ideal (p,,) is maximal among the principal
ideals in R(7)), since R(7) is a graded ring generated by the degree 1 elements
Pw, w < 7. Thus (1)=(2) by Remark 2.1.23.
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Claim. (2)=(3): Let p, be prime in R(7), and let X|, ..., X, be all of the Schubert
divisors of X;. Let I; be the ideal defining X; in X;, 1 < j < r. Since Schubert
divisors are of codimension 1 in X;, each J; is a prime ideal with height 1. By Pieri’s

formula (5.5.8), {p;) = ﬂf=1 Ii;hence r = 1 and (p;) = I;.

Claim. (3)=(4): Assume if possible that 7 contains at least two segments of
consecutive integers, say (i;,i, + 1...,i—1), (i, is + 1...,ig), i & {1,i,—1 + 1},
and i;—; + 1 # i (if r = 1, then i, is understood to be 0). Given these conditions,
we may define a, b € 1, as such:

! i—1ifj=rf" 7 ii—1 ifj=s

Now X, and X, are distinct Schubert divisors in X;, a contradiction.

Claim. (4)=(5): Note that if T consists of one segment, then X, is isomorphic to the
largest Schubert variety in G,;,, which of course is the Grassmannian G4 ;,. On the
other hand, if t = (1,...,r — 1,i,,...,i4), then X; is isomorphic to X, ) €
Gy—r+1., and we have (i, ..., iy) consisting of one segment again.

The implication (5)=>(6) follows from Corollary 6.5.3 (cf. the discussion in
the next section on the singular loci of Schubert varieties); (6)=>(7) follows from
Remark 2.1.24,(4); and (7)=(8) is clearly true, since Y(7) is an affine open subset
of X;.

The assertion that (8)=(1) follows from Proposition 6.4.5 proved below. O

We shall first prove some preliminary results leading to the proof of the assertion
that Y(w) is factorial implies that X,, is arithmetically factorial (i.e., R(w) the
homogeneous coordinate ring of X,, for the Pliicker embedding is an UFD).

Let R be a graded domain, R = €D, R;; and s a homogeneous element of degree
d > 0. Let S be the homogeneous localization of R with respect to s; note that §
consists of é,, f € Ry.

Lemma 6.4.3. With notation as above, s is a transcendental over S.

Proof. The proof is rather immediate. If possible, let us assume that s satisfies a
polynomial equation over S:

Fus" 4 -4 Fis' + -+ Fis + Fg = 0,

FieSsayF, =L fi e Ry.0<i<nandf, #0.Let M = {I,5,5%...}.
For the Z-grading of M~'R (induced from the grading of R), degree of Fis' = di.
Hence, homogeneity implies that F, st =0,forall0 < i <n;in particular, F,, = 0,
a contradiction. Thus our assumption is wrong and the result follows. O

The next result relates a given Schubert variety X,, and a certain divisor in G,,.
Let B~ be as in Definition 6.4.1. We consider the B™-orbits in G;,. The B™-
orbit closures are again indexed by I;,, and for w € 1;,, the B~-orbit closure
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B~e,, is called the opposite Schubert variety associated to w, and is denoted
X~ (w). It is easily seen that for w,7 € I;,, X " (w) C X (r) if and only if
w > t. In particular, G, = X ((1,2,...,d)), and the unique opposite Schubert
divisor of Gy, (i.e., the B™-orbit closure of codimension 1 in Gg,) is given
by X~ (w),w = (1,2,...,d — 1,d + 1). Proceeding as in Theorem 5.5.8, we
X ((1,2,...,d—1,d+1)); further, K[X— (1,2, ...,d—1,d +1)], the homogeneous
coordinate ring of X~ ((1,2,...,d — 1,d + 1)), has a basis consisting of standard
monomials not involving p,._ 4. Similarly, Z~(w) = X, N {paa,.i-1a =
0}(= X, N X ((1,2,...,d — 1,d + 1))) is again scheme-theoretic (and reduced,
irreducible); further, K[Z~ (w)] has a basis consisting of monomials standard on X,
not involving p(; ... 4). Hence we obtain the following.

Proposition 6.4.4. The kernel of the (surjective) restriction map K[X,] —
K[Z™ (w)] is precisely the principal ideal generated by p(1 ... q). In particular, p( ..., &)
is a prime element in K[X,,].

Denote R(w) by R, and the Pliicker coordinate p(; .4 by s. Denote the homoge-
neous localization of R with respect to s by S. Let Y(w) be the opposite cell in X,
namely, Y(w) = X,, N B~¢;4. Then Y(w) = Spec S.

Proposition 6.4.5. Let Y(w) be factorial (namely, S is an UFD). Then X(w) is
arithmetically factorial, i.e., R is an UFD.

Proof. The hypothesis together with Lemma 6.4.3 implies that S[s] is an UFD;
hence S[s];(= S[s,s"']) is an UFD. This implies that R(= S[s,s~']) is an UFD.
Hence, we obtain (in view of Proposition 6.4.4 and Lemma 6.2.16) that R is an
UFD. O

This completes the proof of Theorem 6.4.2.

Corollary 6.4.6. A Schubert variety is factorial if and only if it is arithmetically
factorial if and only if it is nonsingular.

Example 6.4.7. Letus list all factorial (and hence nonsingular) Schubert varieties in
G36. All 20 Schubert varieties of G ¢ are listed in Example 5.3.3. Using statements
(3) or (4) of Theorem 6.4.2, it is easy to check that the following ten Schubert

varieties are the only ones that are factorial, nonsingular:

X(123), X124y, X(125), X(126), X(134)

X(145), X(156), X(234), X(345), and Xas6) = G3 6

6.5 Singular Locus

In this section, we shall determine the singular loci of Schubert varieties in the
Grassmannian.
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Recall from §2.8 that given a variety X, a point x € X is a smooth point if and
only if dim 7,X = dim X. A Schubert variety X,, € G, is a union of B-orbits, and
points within an orbit have isomorphic tangent spaces. Thus, for the discussion of
the singular locus of X,,, we can restrict our attention to the set of 7T-fixed points
{e:, T < w}.

Let G be an affine algebraic group, A = K[G], and let e denote the identity
element of G; Lie G, the Lie algebra of G, is defined as follows.

Definition 6.5.1.
Lie G = {D € Derg(A,A) | \,oD = Do A,, forall x € G},

where A, (f)(g) = f(x'g) forf € A, g € G; such a D is called a left invariant
vector field.

We have a canonical identification: 7,G = Lie G (see [6] for details). We denote
Lie G by g.

Let G = SL,. Itis a well-known fact (cf. [6, §3.9]) that g is the set of all traceless
n X n matrices (i.e., matrices (#m;;) such that the sum of diagonal entries equals zero:
my + myp + -+ + my, = 0). Letting P, be the parabolic subgroup as described in
§5.1,LieP, is a Lie subalgebra of g; specifically, LieP; consists of traceless matrices
(myj) such thatm;; =0ford+1<i<nand1 <j<d.

This leads to an identification of the tangent space of G/P; at eP; with

@ Yijs

1<j<d<i<n

where g; is the one-dimensional K-span of the elementary matrix E;. We
note that under the identification G/P; = Gg,, ePy corresponds to the point
eia(= eq...a)) € Gan-

Thus we have

TeuGan= @B gj. dimT.Gyy = d(n—d) = dim Gy,

1<j<d<i<n

Thus e;; is a smooth point of G-

Lemma 6.5.2. The Schubert variety X,, is nonsingular if and only if X,, is smooth
at the point ejq.

Proof. The first direction is clear: if X,, is nonsingular, it is nonsingular at each
point.

Suppose Sing X,, is nonempty. Then, because the singular locus is a closed,
B-stable subset of X, the singular locus is a union of Schubert subvarieties of X,,.
Thus X,,, €Sing X,,, and the result follows. O

Corollary 6.5.3. The Grassmannian variety G4, is nonsingular.
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Remark 6.5.4. For the rest of the section, we will be using the “Jacobian criterion
for smoothness:” Let Y be an affine variety in A", and let /(Y) be the ideal in
K[x1,...,x,] defining Y. Let I(Y) be generated by {f1,f,....f;}. Let J be the
Jacobian matrix (g—x’j'_). For P € Y, we have, rank Jp < codimy.Y with equality

if and only if P is a smooth point of Y (here Jp denotes J evaluated at P).

Consider the (open) subset B~¢;;(= {x € Gyn|pia(x) # 0}) in G,,. As seen in
Definition 6.4.1, we have an identification of B~ ¢;; with the set of n x d matrices

of the form |: ldq i|; hence, we shall identify B~ e;; with A=) and denote the
(n—d)yxd

affine coordinates on A"~ by {x;,1 <j <d, d+ 1 <i < n}; clearly, e; is
identified with the origin in A4~

For w € I, consider Y(w) < B ejq (=2 A"~ cf. Definition 6.4.1). Clearly,
Y(w) is an affine neighborhood of ¢;; (in X,,), and hence, ¢;; is a smooth point of
X,, if and only if it is a smooth point of Y(w). Denoting pg|g—c, by fo.0 € Lin,
we have by Theorem 5.4.8 that the ideal of Y(w) (as a subvariety of AY"~9) is
generated by {fy, 8 £ w}. Let J,, (or just J) be the Jacobian matrix of Y (w). Note
that the rows of J are indexed by {6 € 1;,|0 £ w}, while the columns are indexed
by {ij|l <j < d < i < n}; thus, we shall write J = (ag,;) (Where ag;; = %‘Z_, 0, ij
being as above). We shall now determine the smoothness/nonsmoothness of Y (w)
at e;4 using the Jacobian criterion. Towards computing the rank of J,,, (J,,, being J
evaluated at e;4), we shall first compute g%, where 0 £ w,1 <j<d<i<n.

Let L = Og,, (1) as defined in §2.7. Since H® (G4, L) is a G-module, it is also
a g-module. Given X in g, we identify X with the corresponding left invariant vector
field Dx on G. For f € H*(Gg,.. L), we have Dxf = Xf; further, for f € H° (G, L),
denoting f|g—.,, also by just f, we have that the evaluations of % and Xj; - f at ej
coincide (note that X; € g is just the elementary matrix E;j, 1 <j <d < i < n).
Thus we have reduced the problem to computing Xj;-fs, 0 Zw, 1 <j<d <i<n.

We have G, — P (/\d V). Thus

H (Ggp. L) = (/\dv)* =A\"v. v=k"

Let 0 € I;,, say 0 = (i1,...,i5). Let {j1,...,j,} be the complement of 6 in
{1,...,n} (arranged in ascending order) where r = n —d. We have ¢;;, A ... A¢;, €
A V. Therefore pg = ¢j, A ... Aej,.

We have that Ej; - ex = §;je;; and therefore

Xij'pe:Zejl/\"'/\Eijejr/\“‘/\ejr
t

0, ifj & ... orije ... jt

A

+pgr, where 8/ = (il,...,i,...,id,j)T .
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We have, 0’ = s0 where s is the reflection (i, ) acting on I, as described in §6.3
(in the paragraph following Definition 6.3.2), and hence X;;fy = %for.
Evaluating J at e;y, we have, for 1 <j <d <i<n

(Xifo),, # 0 & for = c-f, c € K*
S0 =(1,...,d)
S O0=~,....0....d0.

Thusin J,,, = (ao,ij), we have ag;; # Oifandonly if 0 = (1,... ,}, ...,d,i). Thus
the only relevant rows are fy, 6 = (1,... ,}, ...,d,i) (forsome (i,j), ] <j<d<
i < n) such that & £ w; further, in such a row there is precisely one nonzero entry
(note that x;; is the only variable such that % (fp) is nonzero).

Therefore, the rank of J,,, is equal to the number of nonzero columns, and this
number is equal to the number of reflections (i, j) such that w # (1, ... ,}, e, d,i).
Thus we obtain the following.

Theorem 6.5.5.

1. The rank of J,,, is equal to #{(i,j),1 <j<d <i<n|w#(1,... ,JA', o dy D)}
2. dimT, X, =#(,)),1<j<d<i<n|w=>(1,...,j,...,d, )}
As aresult of Lemma 6.5.2 and Remark 6.5.4, the rank of J,,, = d(n—d)—dimX,,

if and only if X,, is smooth. There are d(n — d) reflections (i, j) such that 1 < i <
d < j < n. This gives us the following criteria for X,, to be smooth.

Corollary 6.5.6. The Schubert variety X,, is nonsingular if and only if

dimX, =#{(i.j) |l <j<d <i<n,andw> (1,....].....d. D)}

d
Recall that dim X, = Z(i, —t)forw = (iy,...,ig).

=1
The discussion at any other e, € X(w) is similar. Let 7 = (a; .. . a;). One works

with the affine neighborhood Y(w, 1) = an_eidnt_let of e; in X,, (here, n, is
a lift in N(T) for the permutation (a; ...agb; ...by—g), {b1,...,b,—q} being the
complement of {a; ...ay} in {1,...,n} arranged in ascending order). We have the
following.

Theorem 6.5.7. Let X,, be a Schubert variety, and e, € X,,.

1. The rank of J,, = #{(i,j),1 <j <d < i <n|w ¥ (t(i), ()t} (here, T is
identified with the permutation (a; . ..agb, . ..by—g)).

2. dimT, X, = #{(i.j). 1 <j<d <i=<n|w> (t(i). t(j))T}.

3. The Schubert subvariety X, CSing X,, if and only if

rankJ,, < d(n — d) — dimX,,.
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Example 6.5.8. The Grassmannian G, 4 has one singular Schubert variety: X, 4).
We can see that e;; is a singular point of X(, 4y because X(» 4) has dimension 3 and
codimension 1, however, rankJ,,, = 0. On the other hand, if we examine the point
e(13), rankJ,, 5 = 1 because the action of the reflection (1, 4) on 7 = (1, 3) results
in (3,4), and (2,4) # (3.4). Therefore, X(; 3) is not in the singular locus of X(; 4).
Since every Schubert subvariety of X, 4) besides X(j ) contains X(; 3), we have that
the singular locus of X, 4) consists of the point e(; 2y = X(12).

In [57, Theorem 5.3] and [87, §5.5], a convenient way of finding SingX,, is given,
which we shall describe now. For w = (iy,...,iy) € I;, define a partition A =
(A1, ..., Ay) where /\j = ig—j+1 —(d—j+1). Thuswehaven—d > A > ... > A,
We write

A=l .. p") = (P1oo P P2 P2 Pre D)

q1 q2 qr

Theorem 6.5.9 (Theorem 5.3 of [57]). Under the notation above, Sing X,, has r—1
components Xy, , . . . , Xq,_,, where

_ [,1 gi—1 _qj—l i+ g2 .
al_(pl 7---7pj—lspj ’(pj+l_1)qj+l ’pj+2""’p;‘],)'

If A is viewed as a Young diagram, then p{’ can be viewed as a rectangle. Thus
«; is the Young diagram obtained from A after deleting a suitable “hook.”

Example 6.5.10. In the Grassmannian Gig, let w = (2,4,6), and thus A =
(3,2, 1). As a Young diagram:

Thus Sing X,, has two components corresponding to oy = (1,1,1) and o =
(3,0,0):

and Dj]

Transforming these partitions back to elements of /3 ¢, we have
Sing X,, = X234 U X(12,6).
Remark 6.5.11. We return to geometric properties of Schubert varieties in sec-

tions 7.4 and 7.5, after we have introduced some notions concerning distributive
lattices.



Chapter 7
Flat Degenerations

We defined flat degenerations in §4.4. In this chapter, we give two examples
of flat degenerations of the cone over a Schubert variety. We then explore two
additional geometric properties of Schubert varieties: the degree and the property
of being Gorenstein; we give a combinatorial characterization for Gorenstein
Schubert varieties. We also describe a Grobner basis for the defining ideal of the
Grassmannian variety Gy,.

7.1 Grobner basis

We define a total order on monomials in Pliicker coordinates. Let S=K][p;, t € 1;.,],
the polynomial algebra; let I be the defining ideal of the Grassmannian (/ is the ideal
generated by all quadratic Pliicker relations), and let /(t) be the defining ideal of
X, for the Pliicker embedding (the same notation as used in §5.4).

We begin with our standard partial order < on I;,,. We extend this partial order
to a total (dictionary) order, <det: for i,j€lgn,

i< e iy =i, ... i =ji1, iy <j; forsome 1 <t <d.
We use <% to define a total order on {p, | T € I ,}:
dct
Py >Pn 01 < Ty
(we have reversed the order for a specific purpose). Using this total order > on

{p: | T € 1;,}, we use a homogeneous version of the lexicographic order from
Definition 4.1.2 to order all monomials in S; namely, given f = p, ---p, and
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& = Pu,**+Pu» Wherepy < ... X ppandp, =X ... X p,,thenf > gif and
only if either » > s or there exists / < n such that p;, = py,....,py; = py, and
pfz+1 >pM1+1'

Example 7.1.1. Using the terms from Example 5.4.2,

P234P145 > P245P(134) > P3B45PA24)-

Remark 7.1.2. Suppose p is a nonstandard monomial in S, and / as above, the
defining ideal of G,,. From Lemma 5.4.4, we know that p can be written as a
linear combination of standard monomials in /I, and by Lemma 5.4.6, this linear
combination must be unique. Suppose

p= Zalmi (mod 1)
i=1

such that ¢; € K and m, is a standard monomial for each 1 < i < 5. Then we will
denote fg to be the element of S

s
- E am
i=1

Note that from Proposition 5.4.12, we have p>m forall 1 <i < s. Therefore

If p.p, is a nonstandard monomial, let f; , denote f,,, as defined in the previous

remark.

Pu

Theorem 7.1.3. The set {p.p, | p.p,. nonstandard} generates in»(I), where I is
the ideal generated by the (quadratic) Pliicker relations.

Proof. To begin, we claim that for any g € I, in,(g) is a nonstandard monomial. If
possible, let us assume that there exists a g € [ such that in, (g) = m,, a standard
monomial, and

r t
g = aomy + Z am; + Z bjn
i=1 =1

where m; is a standard monomial and n; is a nonstandard monomial, ag # 0. Thus
my > n, forall 1 < j < t. Now con51der h =g-— Zj=1 jfﬂj, where fﬂj is as
defined in Remark 7.1.2. Notice that & € [I; in addition, 4 is a linear combination
of standard monomials. Since m, > n; = 1n>(ﬁ1 ), we have in. (h) = m,,, and thus
h # 0. But then A, a (nonzero) sum of standard monomlals is equal to zero in S/1,
contradicting Lemma 5.4.6. Therefore, our assumption is wrong and it follows that
ins (g) is nonstandard for all g € I.
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Next, we show that any nonstandard monomial is in the ideal generated by
nonstandard monomials of degree 2. Let p,, ---p, be a nonstandard monomial.

Then there exists some [ < r such that p;, > p,, > ... > p;_, # py. Thus,
this monomial is an element of the ideal generated by p,,_,p;,(= in~(f;,_, ;). The
required result now follows. O

7.2 Toric Degenerations

In this section, we exhibit a flat degeneration of the cone over a Schubert variety to
an affine toric variety. Here, we give some basic definitions related to toric varieties;
we recommend [22, 37] for a more detailed treatment. An n-dimensional algebraic
torus is (K*)", for K a field. The group of invertible n X n diagonal matrices is an
example of an n-dimensional torus.

Definition 7.2.1. An equivariant affine embedding of a torus T (or also an affine
toroidal embedding) is an affine variety X containing 7 as a dense open subset,
together with a T-action 7 x X — X extending the action T x T — T given by
multiplication. In addition, if X is normal, then X is called an affine toric variety.

We will show that an affine variety defined by a binomial prime ideal (i.e., an
ideal with generators consisting of polynomials with consisting of two monomials)
is an affine toroidal embedding. For N > 1, let X be an affine variety in AN =
SpecK|[xy, ..., xy], such that X is not contained in any coordinate hyperplanes given
by {x; = 0}. In addition, let X be irreducible, and let Z(X) be a prime ideal generated
by the / binomials

ai aiN bi1 bin .
Ayt =AY 1 <i<L )

Let Ty be the maximal torus in AN, Ty = {(¢1,...,ty) | t; # 0, ¥ i}. We have the
natural action of Ty on AN: (t1,...,ty) - (c1,...,cn) = (tic1, ..., tycy) (and hence
the affine space is a toric variety). Consider X (7y) = Hom (7, K*), the character
group of Ty. Define ¢; € X (Ty) such that &; (t;,...,ty) = t;, 1 < i < N; and for
1 <i <, define ¢; € X (Ty) as such:

N
¢ = Z (air — biy) &
=1

(with {a;, b} as in (1)).
Now set 7 = (i  ker¢y C Ty and X° = {(xi,....xx) € X | x; # OV i}(=

X N Ty). We have the following proposition.
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Proposition 7.2.2.

1. We have a canonical action of T on X.
2. The subset X° is T-stable, and the action of T on X° is simple and transitive.
3. T is a subtorus of Ty, and X is an affine toroidal embedding.

Proof. We have the (obvious) action of T on A"; we shall now show that fort € T
andx € X,tr-x € X. Lett = (t;,...,ty) and x = (x1,...,xy), and suppose
(tlxl, Ceey INXN) = (yl, - ,yN). We have that

ail aiNn _ L bil bin .
Ay =AY 1 <P

and thus

NN = A b
YLy =ty T <i<L
Therefore (yy,...,yy) € X and (1) follows.

Clearly, (1) implies that ¢ - x € X forr € T and x € X°, since X° = X N Ty.
Now, given x € X°, the isotropy subgroup of Ty at x is just {e}, e being the identity
element (1,...,1) € Ty, and hence the isotropy subgroup of T at x is also just {e}.
Hence the action is simple. To see that the action is transitive, let x, x” € X9 define
t such that #; = x;/x.. Then ¢ - X’ = x. This completes the proof of (2).

To prove (3), we first observe that for x € X°, the orbit map ¢t + ¢ - x is an
isomorphism of T onto X° (in view of (2)). Define X; = {(x1,....xy) € X |
x; # 0}. In view of the hypothesis that X is not contained in any of the coordinate
hyperplanes, we have that X; is nonempty for 1 < i < N. Because X is irreducible,
X; is open and dense; thus X0 = () X; is open, dense, and irreducible in X. Hence, T
is irreducible (and hence connected). Thus 7 is a subtorus of Ty and (3) follows. O

The results above summarize into the following:

Theorem 7.2.3. An dffine variety X such that Z(X) is prime and generated by
binomials is an affine toroidal embedding.

Remark 7.2.4. In fact, in [86, Lemma 4.1] it is shown that Z(X) being prime
and generated by binomials is necessary for an affine variety X to be a toroidal
embedding. Thus we have a one-to-one correspondence:

{affine toroidal embeddings} <> {binomial prime ideals}

One example of a toric variety that is relevant to our discussion of flat deforma-
tions of toric varieties is a “Hibi toric variety,” (which we define below), based upon
a given distributive lattice.

Definition 7.2.5. A lattice is a partially ordered set H such that, for every pair of
elements x, y € H, there exist elements x V y and x A y, called the join, respectively
the meet, of x and y, defined by:
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xVy>x,xvVy>y andifz>xandz>y, thenz > xVy,
XAY<x,xAy<y, andifz<xandz <y, thenz <xAy.
The meet and join operations are clearly commutative and associative. A pair of

two noncomparable elements of a lattice is called a skew pair. Note that if x and y
are comparable, say x < y, then by the definition abovex Vy = yandx Ay = x.

Definition 7.2.6. A lattice is called distributive if the following identities hold:

XA(YVZD=EAY)V(AZ
xVAZD)=GEVY) ARYV2).

Example 7.2.7. For any natural numbers d < n, the partially ordered set I, is a
distributive lattice. In addition, for any w € I;,,; the subset {t € I;,, | T < w} is also
a distributive lattice. Let us look specifically at I, 4:

(3,4)

(1,4) (2,3)

2.4)
PN
\(1 3)/

(1,2)

The only skew pair in />4 is (1,4) and (2, 3). One can see by the diagram that
(1.4) v (2,3) = (2.4) and (1,4) A (2,3) = (1,3). For a general Iy, i V] =
(ki,...,kg) and i /\J_' = (ly,...,l), where k, = max{i,, j,} and I, = min{i,, j,}.

Let H be a distributive lattice, and let S be the polynomial algebra
S = K[x;, T € H]. Let I(H) be the ideal of S generated by

{XaXxp — XavpXang | 0. B € H}.
Note that /(H) is a binomial ideal. We cite the following theorem without proof
[30, p. 100].
Theorem 7.2.8. With notation as above, S/I(H) is a normal, integral domain.

Since S/I(H) is an integral domain, /(H) is a prime binomial ideal, and thus
S/I(H) is an affine toroidal embedding. Since S/I(H) is normal, we have that
Spec S/I(H) is a toric variety. We call such a toric variety a Hibi toric variety.
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Given a Schubert variety X,,, we shall construct a flat family, with }/(; (the cone
over X(w)) as the generic fiber and a Hibi toric variety as the special fiber. We first
gather some facts.

Remark 7.2.9. Recall from Proposition 5.4.12 that given a straightening relation for
a skew pair t, ¢:

PPy = Z CapPalps  Cap €K, 00> B, (%)
@p)

we have that o > 7, ¢, for any o appearing on the right hand side. Here we note
that we also have B < 7, ¢ for any B appearing on the right hand side. To see this,
let wy € S, be the permutation (n,n — 1,...,1). Recall from §6.3 that we have an
action of S, on elements of I, ,. We can see that if we replace each x € I, appearing
in (x) by wox, we still have a straightening relation, in fact the action of wy reverses
the order in I,,; i.e., « > B implies woor < woB. Therefore we can apply the proof
of Proposition 5.4.12 to (. Pwye) to conclude that 8 < 7, ¢.

Lemma 7.2.10. Given the straightening relation in (x), the monomial prvgp-nrg
occurs on the right hand side with coefficient 1.

Proof. Denote A = tV ¢ and 4 = t A ¢. Then by Remark 7.2.9 and the definition
of join and meet, we have that for any @ > B that occur on the right hand side of (x),
a > Aand B < p; further, if « = A, then B = p (by weight considerations, cf.
§5.2.3).

We first show that p; p,, does in fact occur in (*). If we restrict (x) to the Schubert
variety X;, we see that the restriction of p.py # 0, and by the discussion above,
restrictions of all terms other than p,p,, are zero. Thus we have on X

PPy = CPAPu>

where ¢ # 0 (since, K[X,] is an integral domain).

Since the standard monomial basis is characteristic free, we conclude that
¢ = *1; we shall now show that ¢ = 1. Let T = (i1,...,iz) and ¢ = (j1,...,J1),
and thus A = (ky,...,ky) and p = (11, ..., 1) as defined in Example 7.2.7. Now
consider a pair (¢ > f) occurring in (x), « # A. Let o = (ay,...,aq),f =
(b1, ...,by); since @ > A, let s be the smallest number such that a; > k;. Thus
a; = k; forall t < s—1. Using the fact that tU¢ = aUp (by weight considerations),
we have

ap =k, by =1,,p <s, ks €lai,...,aa}, ks, Iy € {b1,..., b4}

Now, given a generic n x d-matrix A = (x;), we have p;(A) = detA;, the
determinant of the d-minor of A with rows given by (iy, ..., i) (cf. §5.2.1). Let
us now compare the coefficient of the monomial m := x;;1...Xja%;1 ... Xj,q On
both sides of (x). Clearly, m being the product of respective diagonal terms of p, (A)
and py(A), occurs with coefficient 1 on the left hand side of (x). Also note that the
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product x; .x; s appears in m. Now the fact that [, k; € § implies that the product
Xj,sXk,s does not appear in py(A)pg(A), for all @ > A. This implies that m should
occur with coefficient 1 in pyp,, (in fact, in pp,,, m is realized as the product m, m,,
where m, (resp. m,) is the product of the diagonal terms of p; (A) (resp.p,.(A)). From
this it follows that the coefficient ¢ = 1. O

For the discussion that follows, let w € I;,, and let H = {t € I;, | T < w}. Let
Su = K[x;, © € H]/I(H) and let R(w) be the homogeneous coordinate ring of X,,.
We have a surjective map

7 : K[xg, 6 € Hl — R(w)
Xg = po.

We have kerm = (.4, (7, $) skew pair), where

Jrp = XX — Z CapXaXp

as in (x) from Remark 7.2.9.
Fix a sufficiently large N, and for 6 = (ay,...,ay) € H, let

d
Ny =Y N""a,,
r=1
ai,...,ay being the integers in the N-ary presentation of Ny. Let A = K[f], Py =

Alxg, 0 € HJ, and Q be the set of all skew pairs in H. For (7, ¢) € Q, define f; 4,
in P4 as

Srps = XeXg — Z CapXoxpthe TNETNTNy,

For the definition above to be valid, we must show that N, +Ng —N; — Ny > 0. Let
us use the notation from the proof of Lemma 7.2.10 concerning ¢, 7, A, i, @, and
B. We note that for 1 < ¢ < d, we have {k;, [;} = {i;,j:}, and thus k; + [, = i; + j;;
therefore Ny + N, = Ny + N;. On the other hand, for @ > A, let s be such that

a; = ki, ...,a,—1 = ks—j but ay > k;. As shown in the proof of Lemma 7.2.10, we
have by = Iy, ...,by = ;. Thus a; + bs; > ks + I;, implying N, +Ng > Ny + N, =
N; + N¢.

Now let 7 be the ideal in P4 generated by {fz 4., (r,¢) € O}, and R = P4/T.
Lemma 7.2.11. With notation as above,

1. R is K[t]-free.
2. R Qkp K[t,17'] = R(w)[r,17'].
3. R ®xp K[t]/ (t) = Sh.

Proof. We first note that R ®xjy K[f]/ (t) = Pa/ (T + (1)), which is clearly
isomorphic to Sy and (3) follows.
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Let B = K[t,t7'], Pp = Blxg, 0 € H]. Let I be the ideal in Py generated by
{fr¢. (r.¢) € O} and 7 be the ideal in Pp generated by {f; 4., (7, ¢) € O}. We have
Pp/I = RW)[1,1™'], ()

Pg/T = R ®k K[t.17"]. (1)

The automorphism Py =~ Pg, xq > Nex, induces an isomorphism
P/l = Py/T. (1)

Assertion (2) follows from (1), (1), and (T T ).
It remains to prove (1). We use the following notation:
Xo = X4 €R,
Py = VX,
M ={Py, -+ Py, 01 > ...> 0, r€ s}
N ={Xy, -+ Xq,, 01 >...> 0, r€Zs}

Claim. N is a K[t] basis for R.

Since standard monomials form a K-basis for R(w), we have, by base change,
standard monomials form a K[, !]-basis for R(w)[t,#"']. Now under the
isomorphism

¢ RW)[t,17'] = R K[t £ '1(= R[]

paHtNdXoc:Poc

the standard monomial py, ...ps, gets mapped to Py, ...P,. Hence M is a
K[t,t"]-basis for R[¢"!]. In particular, M is linearly independent over K[z, 1],
and hence N is linearly independent over K[t].

Next, we show generation; i.e., that monomials in X, of degree r are spanned by
degree r elements of N. Let F = X;, ... X;, € R such that there exists i such that
T; # Ti41; denote ; = T, T;41 = ¢. Since ¢ (pg) = Py, we have the relation

PPy = cupPuPp

ie. XXy = ) copte NN NoX, X,
We substitute for X; X, , to obtain F = > a;F;. Define

wWt(F) = I(c)N"" + ... + l(t,—N + I(z,),



7.3 Monomial Scheme Degenerations 103

where [(t) = dim X,;. We have wt(F;) > wt(F). Therefore, by decreasing induction
on wt(F), we have that each F; is a K[f]-linear combination of elements of A/. Thus
the claim follows.

The proof of the claim completes the proof of (1). O
The lemma above leads to the following result.

Theorem 7.2.12. SpecR is a flat family over Spec K[t] whose generic fiber is
Spec R(w) and special fiber is the Hibi toric variety Sy.

We note that Spec R(w) is the cone over the Schubert variety X,,. Thus, for
w € I;,, we have a flat family in which )/(; is the generic fiber, and the Hibi
toric variety Sy is the special fiber, where H is the distributive lattice of Schubert
subvarieties of X, .

Example 7.2.13. Consider the distributive lattice I 5:

(4,5)
|
(3,5)
PN
(2,5) (3,4)
N
(1,5) (2,4)
N N
(1,4) (2,3)
~N 7
(1,3)
|
(1,2)

The Hibi toric variety that flatly deforms to 62\5 is given by SpecK|[x,, T € I, 5]/1,
where [ is generated by the binomials

X(1,4X(2,3) — X(1,3)X2.4)» X(1,5%(2,3) — X(1,3)X(2,5)>
X(1,5)%X(2,4) — X(1,4X(2,5)» X(1,5X(3.4) — X(1,4X(3,5)»
X2.5X3.4) —X2.HX3.5)-

7.3 Monomial Scheme Degenerations

In this subsection, we show that the cone over a Schubert variety degenerates to a
monomial scheme. We change one piece of notation from the previous section: for
0 € H,let Ny = 3%m%X¢_For (1,¢) € Q (where Q is the set of skew pairs in H),
define f; 4 ; in Py as



104 7 Flat Degenerations

Srps = XeXg — Z CapXoxpthe TNENNy,

We again check that N, +Ng —N; —Ny > 0. We have dim X, dim Xy < dim X, — 1.
Therefore N, < 39mXe=1 Thys

: 2
N, + Ny <2.30m¥l = 3o < N

Therefore Ny + Ng — Ny — Ny > 0.
Define R as above, namely R = P,/Z, where 7 is generated by the set
{fr., (r,¢) € Q}. We have, as above, the following lemma.

Lemma 7.3.1.

1. R is K[t]-free.

2. R @y K[t.17"] = Rw)[t.r7'].

3. R @k K[1/ (t) = S, where S is K[xg,0 € H]/I, I being the monomial ideal
generated by {x.x4, (t,¢) € O}.

Thus denoting the image of x, in S (under the canonical surjection K[x,, o €
H] — S) by X, we have that a monomial X, ... X4, is nonzero if and only if it does
not contain a x.xs where (t, ¢) is skew.

This S is the so-called Stanley-Reisner ring associated to the partially ordered
set H. (These rings have been studied extensively in combinatorics.)

Theorem 7.3.2. SpecR is a flat family over Spec K[t] whose generic fiber is X,
and special fiber Spec S, where S is the Stanley-Reisner ring described above.

Example 7.3.3. Returning to the example of I, 5 (see Example 7.2.13), we see that

the monomial scheme that flatly deforms to C/;z\s is given by SpecK|x,, T € L 5]/I,
where

I = (x(1.4X2.3): X(1.5%2.3): X(1.5X2.4)s X(1,5)XG.4)s X2.5X(3.4)) -

7.4 Application to the Degree of X,

In this section, we show that the monomial scheme degenerations of the Grass-
mannian variety and Schubert varieties discussed above give us a convenient way
to calculate the degree of these varieties. The degree of a projective variety can
be thought of as the number of points in which it intersects a general plane of
complimentary dimension; but we recall its precise definition here.

Let B be a Z4-graded, finitely generated K-algebra, B = ®B,,, with By = K.
Let ¢p(m) denote the Hilbert function, defined for m > 0 as:

¢B(m) = dll’nK Bm

Theorem 7.4.1 (Theorem 7.5, Chap. I of [28]). The Hilbert function ¢pg(m) agrees
for large m with a unique polynomial function with rational coefficients.
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Definition 7.4.2. The polynomial of the previous theorem is called the Hilbert
polynomial of B, denoted Pp(x).

Remark 7.4.3. We summarize the following results about the Hilbert polynomial,
see [28, §1.7] for proof.

1. Pg(x) € Q[x].
2. Deg Pg(x) = dimProjB = s, say.
3. The leading coefficient of Pp(x) is of the form <%, where e is a positive integer.

Definition 7.4.4. The number ep from the previous remark is called the degree of
the graded ring B, or also the degree of Proj B.

Remark 7.4.5. In [28, §III Theorem 9.9], it is shown that in a flat family of
projective varieties, the Hilbert polynomial is the same for all the members of the
family, and hence so is the degree. We now show a straightforward way to compute
the degree of the monomial scheme degenerations introduced in §7.3, which will
give us the degree of any Schubert variety (for the Pliicker embedding).

For the remark and theorem that follow, let £ be a distributive lattice, let
R = K]x;, t € L], and let I(£) be the ideal of R generated by the set of monomials
{xexg | (@, pB) askew pairin £}. Then S = R/I(L) is the Stanley-Reisner ring
mentioned in §7.3.

Remark 7.4.6. The Krull dimension of S is the maximal number of elements in a
chain of L (by chain, we mean a totally ordered subset of £). To see this, note that
for any skew pair (o, 8) in L, any prime ideal of S must contain either X, or xg
(where x, € S represents the image of x, € R). Thus, if Py is a minimal prime ideal
of §, and {Xy,, . .., Xy, } are the degree one terms of S \ Py, then {«, ..., o, } forma
maximal, totally ordered set in L.

Theorem 7.4.7. With notation as above, the degree of S is equal to the number of
maximal chains in L.

Proof. LetJ = {ji,...,js} be asubset of £ such that Xj, ---X; & I(L). Note that J
is thus a chain in £. We have

s=ko P X, -X)KKX.....X;].
J={/‘1~,~~~:/‘3}

where J runs over all chains of any length in £. Therefore, we have

$s(m) = dimSS,,

_ Z (s+(m—s)—l)

Il
N
3 3
I
L =
N—"

J={j1, s}
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Note that for m sufficiently large, the leading term (of the polynomial with respect
to m) appears in the summation above only for J of maximal cardinality s. The
computation above can also be written as

S 1 '
J—{jl er}

From this, we have that the leading coefficient is of the form ﬁ, where
dimProjS = s — 1 (s being the number of elements in a maximal chain of L),
and e is the number of maximal chains J. The result follows. ]

Corollary 7.4.8. The degree of G, is the number of maximal chains in 1;,. For
w € Iy, the degree of X,, is the number of maximal chains in H,, where

H,={ae€lj,|a<w}

Proof. The corollary follows from Theorem 7.4.7 and Remark 7.4.5. O

Example 7.4.9. From the figure of I, 4 in Example 7.2.7, we can easily see that the
degree of Gy 4 is 2, as is the degree of the Schubert variety X 4). The other four
Schubert varieties of G, 4 have degree 1.

We now derive an explicit formula for the number of maximal chains in /;,,, and

hence the degree of G,,,. Notice that the number of chains in I, from (1,2,...,d)
to (n—d+1,...,n) is the same as the number of chains from (0,0,...,0) to
(n—d,n—d,...,n—d) such that for any (iy, . . ., iy) in the chain, we have i; > i) >

... >1i; > 0. Now, set

w= (i, los...., g) =(n—d,n—d,...,n—d). (%)

For any partition A of m (i.e., A = (Aq,...,A;) suchthat A} + --- 4+ A; = m), let
f* be the Kostka number K in, i.e., the number of standard Young tableau of shape
A (we define standard Young tableau in Definition 8.2.3).

Proposition 7.4.10 (cf. Proposition 7.10.3, [85]). Let A = (A1,...,A)) be a

partition of m. Then the number f* counts the lattice paths 0 = vo, vy, ..., Uy
in R! from the origin vy to vy, = (A1, A2, ..., ), with each step a coordinate
vector; and staying within the region (or cone) x; > x, > ... > x; > 0. (By

“each step a coordinate vector,” we mean that if one element of the lattice path is
(x1,...,X), then the next element is of the form (xy,...,xi—1,% + 1, Xiy1,...,%)
forsome 1 <i<l)

Thus, for u as described in (x) above, we have that the number of maximal chains
in I, is equal to f*.
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Example 7.4.11. Forn = 4, d = 2, there are only two lattice paths from (0, 0) to
(2, 2) satisfying the description above:

{(0,0). (1,0), (2,0), (2. 1), (2.2)}, and {(0,0), (1,0), (1. 1), (2.1), (2.2)}

Corollary 7.21.5 of [85] gives an explicit description of f*.
Proposition 7.4.12. Let A = (A4, ..., ;) be a partition of m. Then

m!

]_IME/\ h (M) .

The statement above refers to u € A as a box in the Young diagram of A, and % (u)
being the “hook length” of u. The hook length is defined as the number of boxes to
the right, and below, of u, including u once.

fr=

Example 7.4.13. Let us take for example I3¢. Then u = (3, 3, 3), and the Young
diagram of shape p with hook lengths given in their corresponding boxes is

5 4 3
4 3 2
3 2 1
Therefore
9!
W =42,
f 5.42.33.22.]

Thus deg G35 = 42.

In fact, in the scenario of 1 ,, our derived partition w (given by (x)) will always
be a rectangle; and we can deduce a formula for f#* which does not require the Young
tableau. The top left box of u will always have hook length

(n—d)y+d—1=n—1.

Then, the box directly below it, and the box directly to the right of it will have length
n—2. For any box of u, the box below and the box to the right will have hook length
one less than that of the box with which we started.

Since the posets 1, and I,,—;, are isomorphic, we may assume thatd < n —d.
Then we have

[[hw =-D@-2(-d)(n—d =1 @"d— D" (2)*(1),

UeN

Thus we arrive at the following.
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Theorem 7.4.14. The degree of G4, is equal to

d(n — d))!
(= D=2 (n—d)n—d— - (@ — DT 22(1)’

Equivalently,

d—1

deg Gy, = (d (n — d))! HTl)l

Remark 7.4.15. We note that for a Grassmannian variety of the form G, ,, the
degree happens to be one of the ubiquitous Catalan numbers,

1 _
deg G, , = Cat,—, = n—4 .
n—1\n—-2

While we will not give an explicit formula, the methods described above also
apply to the degree of a Schubert variety X,,. For w = (wy,...,wy) € I ,, define
A= Wwyg—d,wg—1—(d—1),...,w;—1). We may use Proposition 7.4.12 to calculate
the degree of X,,.

Example 7.4.16. Consider X,, in G3 ¢, where w = (2,4,6). Then A = (3,2, 1). As
a Young tableau, with hook lengths given in their corresponding boxes, we have

5 | 3 1
3 1
1

Thusfl = = 16. Therefore degX(2,4’6) = 16.

53218

7.5 Gorenstein Schubert Varieties

In this section, we define the Gorenstein property for an algebraic variety; we then
give a combinatorial characterization for Gorenstein Schubert varieties. In general,
the Gorenstein property is a geometric property between Cohen—Macaulayness
and smoothness; i.e., every Gorenstein variety is Cohen—Macaulay, but not every
Gorenstein variety is smooth, whereas every smooth variety is Gorenstein. Recall
that in §6.1, we saw that every Schubert variety is Cohen—Macaulay; whereas
in Theorem 6.4.2, we saw that the only smooth Schubert varieties are Schubert
varieties which are isomorphic to a Grassmannian variety.
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Let R be a commutative ring, and M, N be R-modules. Recall from Propo-
sition 3.3.7 that the category of R-modules has enough injectives, and thus by
Proposition 3.2.11 there exist injective resolutions of M and N. Let I, be an injective
resolution of N:

O>N—->I—>1 —

We now apply the functor Homg(M, —) to the injective resolution, obtaining the
cochain complex Homg (M, I,):

0 — Homg(M, Iy) - Homg(M, ;) — --- .
As in Definition 3.2.12, we form the right derived functor
R' (Homg(M, —)) (N),

and we denote it Exth,(M, N).

The definition of a Gorenstein ring goes hand-in-hand with the definition of a
Cohen—Macaulay ring. The Cohen—Macaulay definition given below is equivalent
to that given in Definition 2.1.15.

Now let (R, m) be a Noetherian local ring, and let k = R / m.

Definition 7.5.1. The local ring (R, m) is Cohen-Macaulay if Ext,(k,R) = 0 for
i < dim R; it is Gorenstein if in addition, we have, Extd™ R (k, R) = k.

Definition 7.5.2. An algebraic variety X is Gorenstein at a point x € X, if the stalk
Ox x is Gorenstein; X is Gorenstein, if it is Gorenstein at all x € X. A projective
variety X = Proj S is arithmetically Gorenstein, if X (the cone over X) is Gorenstein.

Remark 7. 5 3. Similar to the case with Cohen—Macaulayness (see Lemma 6. l 1),
the cone X is Gorenstein if and only if it is so at its vertex. In particular, if X is
Gorenstein, then so is X.

In order to give a combinatorial characterization for Gorenstein Schubert vari-
eties, we use the fact that the homogeneous coordinate rings of Schubert varieties
are Hodge algebras, also known as algebras with straightening laws, abbreviated
as ASL. We give the definition here; we recommend [16, 30] for more details on
ASLD’s.

Let H be a finite partially ordered set and N be the set of nonnegative integers.
A monomial M on H is a map from H to N. The support of M is the set
Supp(M) = {x € H | M(x) # 0}; M is standard if Supp(M) is a chain in
H (a chain being a totally ordered subset, as in the previous section).

If R is a commutative ring, and we are given an injection ¢ : H < R, then to
each monomial M on H we may associate

gM) = [To@™™ e R,

x€H



110 7 Flat Degenerations

Definition 7.5.4. Let R be a commutative K-algebra. Suppose that H is a finite
partially ordered set with an injection ¢ : H < R. Then we call R a Hodge algebra
or also an algebra with straightening laws (abbreviated as ASL) on H over K if the
following conditions are satisfied:

ASL-1 The set of standard monomials is a basis of the algebra R as a K-vector
space.
ASL-2 If r and ¢ in H are incomparable and if

= ayayn-- Vi
i

(where 0 # a; € K and y;; < yin < ---Vj,) is the unique expression for 7 € R
as a linear combination of distinct standard monomials (guaranteed by ASL-1),
then y;; < 1, ¢ for every i.

Let X,, be a Schubert variety in G4, and let R(w) = K[X,,] be its homogeneous
coordinate ring. Let H(w) be the Bruhat poset of Schubert subvarieties of X,, (the
partial order being given by inclusion).

Proposition 7.5.5. The homogeneous coordinate ring R(w) for a Schubert variety
Xy, W € Iy, is an ASL (on H(w) over K).

Proof. The ASL-1 property follows from the discussion following Proposi-
tion 5.4.7, while the ASL-2 property follows from Remark 7.2.9. O

Definition 7.5.6. An element z of a lattice L is called join irreducible if z = x V' y
implies z = x or z = y. The set of join irreducible elements of £ is denoted by
J (L£); J(L) inherits the structure of a partially ordered set from L.

Definition 7.5.7. As stated previously, a chain is a totally ordered subset of a
partially ordered set. We say that a partially ordered set is ranked if all maximal
chains have the same cardinality.

Let £ be a distributive lattice, and R a graded ASL domain on £ over a field K.
Further, let

deg(x) + deg(B) = deg(a Vv B) + deg(a A B)

for all o, B € L. We have the following characterization of the Gorenstein property
for R, first a result of [84], but given here as it is stated in [30].

Theorem 7.5.8 (cf. §3 of [30]). With notation as above, R is Gorenstein if and only
if J(L) is a ranked partially ordered set.

Using the above Theorem and Proposition 7.5.5, X(7) is arithmetically Goren-
stein if and only if J(H(7)) is a ranked partially ordered set.

We will prove an equivalent combinatorial description of arithmetically Goren-
stein Schubert varieties, and as a by-product, we obtain an alternate proof of a result
of [87, 90]. We begin with the following proposition.
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Proposition 7.5.9. Let v € 1;,. Then X is arithmetically Gorenstein if and only if
T consists of intervals 11,1, - - , I where

L=y, 1<t<s, x41—Vi=»+2—x,1<t<s—1

(Here, [x;, y;] denotes the set {x;, X;+1, - , Yi—1, Y1}, Where it is possible that x, = y,.)

Proof. We begin the proof with some combinatorial observations. More details
can be found in [10]. First of all, it is easily seen that join irreducible elements
in I, either consist of one segment of consecutive integers, or two segments of
consecutive integers in which the first segment begins with 1 (this description of
particular elements in 1, has been seen previously in Theorem 6.4.2). Note that any
T € 1;, can be broken into segments /1, ..., I;. If w is a join irreducible element of
11, w < 7, then either w is one segment and the first element is less than 7, (= x),
or w consists of two segments w = (1,...,f,Wiy1,...,wy) such that w4 < 7,4

The maximal elements of J(H(t)) are in correspondence with the segments
I,...,Iyof T. Letji,...,j; be such that 7;, = xq,..., 1, = x,. Then the maximal
elements of J(H(t)) are wy, ..., w,, where

w) = [xl,xl +d— 1], w; = ([Lji_ 1],[xi,xi +d—ji]), 2<i<s,

(if x; = 1, then w) is not maximal and can be disregarded). The number of elements
in a maximal chain of join irreducibles starting at [1, d] and ending at w; is

xi—(Gi—-D+d—ji)=xi—2ji+d+1,1<i<s.

This is because there are x; — (j; — 1) join irreducible elements from w; to ([1,j; — 1],
i + 1,d + 1]), and there are d — j; + 1 elements from ([1,; — 1], [ji + 1,d + 1]) to
[1,d] (but we have double counted one point this way).

Thus, J(H(7)) is ranked if and only if the number of elements in a maximal chain
of join irreducibles ending at w; is the same for 1 < i < s. This is equivalent to the
following: for 1 <i<s—1

Xi—2i+d+1=uxip1 —2jip +d+ 1,
Xi + 2it1 — 2i = Xig1.

By the setup, we have y; — x; = ji+1 —j; — 1. Substituting into the above equation,
we have

X +2(i —xi + 1) = xig1,

and the desired result follows forall 1 <i <. O

To t € 1;, we associate a Young diagram A’ (as done previously, e.g.,
Example 7.4.16) as follows: Let 7 = (1, -+ , 7y) (as a d-tuple). Set
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Al=1—-r, V1<r<d.

Thus we write AT = (/\fi, e ,/\f); when there is no room for confusion, we drop
the superscript and just write A.

Let us write A as a Young diagram, and place the bottom left corner of the first
row (A1) at (0, 0) on the grid; then each block is a square of unit 1. Thus our diagram
will be d-units high and A;-units wide.

Definition 7.5.10. The partition A satisfies the outer corner condition if all of the
outer corners lie on a line of slope 1; we also refer to this as “the outer corners of A
lie on the same antidiagonal” (same terminology as in [90]).

Example 7.5.11. Letn = 14,d = 6, t = (3,4,5,9,11,12), and thus A" =
(6,6,5,2,2,2). We write AT as a diagram:

We can see that A° satisfies the outer corner condition. Now let 7/ =
(1,3,4,5,7,10), thus A" = (4,2,1,1,1,0):

We can see that A% does not satisfy the outer corner condition.

Theorem 7.5.12. Let t € 1;,. Then X is arithmetically Gorenstein if and only if
AT satisfies the outer corner condition.
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Proof. We must show that the condition given in Proposition 7.5.9 is equivalent
to the outer corner condition. Note that any T € I;, can be written as a series
of intervals I}, I, . .., I, and each interval corresponds to one outer corner in A*.
For two successive outer corners to lie on the same antidiagonal, their difference
in width must match the height of the lower block. For corners (or “blocks”)
represented by I; = [x;, y;] and [,+-1 = [x/+1, y:+1], their difference in width is given
by x;+1 — ¥, — 1; while the height of the /;-block is simply the length of the interval,
given by y; — x; + 1. The result follows. (The reader may want to try this on an
example, such as 7 = (3,4,5,9,11,12), where I} = [3,5], , =9, ; = [11,12].)
O

Example 7.5.13. In Example 6.4.7, we listed the ten Schubert varieties of G3 ¢ that
are nonsingular, and hence Gorenstein. Of the remaining ten singular Schubert
varieties in Gs, we have the following six that are Gorenstein (the reader is
encouraged to check the outer corner condition for each):

X(135), X(146)» X(245), X(236), X(246)> X(356)-

This leaves only four Schubert varieties in G3 ¢ that are not Gorenstein.

Remark 7.5.14. The non-Gorenstein locus of a Schubert variety can be found and
described as a union of Schubert subvarieties, similar to the description of the
singular locus for a Schubert variety that is singular, cf. [80].
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Chapter 8
The Flag Variety: Geometric
and Representation Theoretic Aspects

In this chapter, we discuss how some of the previous results on the Grassmannian
apply to the flag variety. We do not provide proofs for all statements included here.
For details, the reader may refer to [45].

8.1 Definitions

Recall from §5.1 that we have a canonical identification of the flag variety 1, with
G/B, where G = SL, and B is the Borel subgroup of upper triangular matrices.

Now we define a Schubert variety in G/B for each w € S,,. For a permutation w,
let n,, be a permutation matrix of G associated to w; i.e., the only nonzero entry of
n,, in column i is in row w(i). The Schubert variety X (w) is defined to be the Zariski
closure of the B-orbit of n,,B, with the canonical reduced structure:

X(w) = B - n,B(modB).

The inclusion of the flag variety into the product of Grassmannians (cf. §5.1)
induces a partial order on the Schubert varieties of F1,. Given w = (i; ...i,) € Sy,
where w(l) = iy, ...,w(n) = iy, let my(w) = (iy, ..., ig) € 15, where the elements
i1,...,Iq are rearranged in increasing order. Then, for w,w’ € S,, we define the
partial order

w>w, if mgw) > mgW)(inly,), Y1 <d<n-—1.

Remark 8.1.1. The above partial order is called the Bruhat-Chevalley order.
With the partial order as defined above, we have the same inclusion condition on
Schubert varieties in the flag variety as we did in the Grassmannian. Namely,

Xw) 2 X(W) & w>w.

© Springer Science+Business Media New York 2015 117
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8.2 Standard Monomials on the Flag Variety

Recall from §5.3 that B is the semidirect product of U and T, where U is the
unipotent subgroup of upper triangular matrices (with 1’s on the diagonal), and T is
the maximal torus of diagonal matrices. Thus the character group of B is equal to
the character group of T'; i.e., X(B) = X(T). Let A € X(B); thus A : B — K*. To A,
we associate a line bundle over G/B. Define G x® K as

G x K/ ~ where (g,x) ~ (gh,A(b)x), g€ G, be B, xeKk.

We denote the induced line bundle by L(A). Thus, L(A) is the line bundle on G/B,
associated to the principal B-bundle G — G/ B for the action of B on K given by A.
We have

H°(G/B,L(A) ={s:G/B— GxPK|mos=1Id}

where 7 is the natural projection 7 : G x8 K — G/B, n(g,x) = gB, and Id is the
identity map on G/B.

Proposition 8.2.1. We have a natural identification:
H(G/B,L(V) = {f € K[G] | f(gb) = A(b)f(g). 8 € G.b € B}.
The mapping
{f € KIG] | f(gb) = A(D)f (8). g € G.b € B} > H" (G/B.L(A)
is given by associating f € K[G] to the map s : G/B — G x® K such that

s(gB) = (g,f(g)). For the rest of the details of the proof, the reader may refer
to [45, Chap. 4, §3].

Recall from §5.2.1, we have ¢; € X(T), &;(t1,...,t,) = t;, 1 <i < n. Following
the notation and terminology of [8], let wy, ..., ®w,—; be the fundamental weights,
defined as

. n
1 .
a)i=81+...+85——2 g, l1<i<n-—1.
n
Jj=1

We note that w;(ty,...,t,) =t ---t;, and thus {w1, ..., w,—1 } is a canonical Z-basis
of X(T).

Let A € X(T) be such that A = aqyw; + ... + ay—1w,—1, Where ay, ..., a,—
are nonnegative integers; such a A is a called a dominant integral weight. To such
a A, we associate a Young diagram (which is also denoted by A) with parts A; =
a+...+a,—,1 <i<n-—1.
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Example 8.2.2. Letn = 5and A = 2w; + 3w, + w4. Then the associated Young
diagramis (6,4, 1, 1):

Definition 8.2.3. Given a Young diagram A, a filling of the diagram with integers
is called a Young tableau of shape A. A Young tableau is standard if the entries
along every row are nondecreasing, and the entries down each column are strictly
increasing.

Now let A be a Young diagram with at most n — 1 rows. Let £, be the set
of all standard Young tableau of shape A with entries from {1,...,n}. Let A €
L5; suppose i = (iy,...,1Ig) is some columnin A, 1 < i} < ... < iy < n. Set
pa = [lieapri € Klpr. v € Iy, 1 < d < n—1] (here, p; denotes the Pliicker
coordinate associated to i). We say that p, is a standard monomial on G/B. Note
that p, € H° (G/B,L(})).

The following theorem indicates that the definition of a standard monomial on
G/ B is the appropriate generalization of the definition of standard monomials on the
Grassmannian. See [45, Chap. 7, Theorem 2.1.1] for a proof.

Theorem 8.2.4. Let A be a dominant integral weight (so that the associated Young
diagram has at most n — 1 rows). Let L, be as above. Then {pa, A € L,,}is a
basis for H° (G/B, L())).

We now show (by an example) that the definition of a standard monomial on the
flag variety, does not generalize to a Schubert variety (in the flag variety). Recall
that in the case of the Grassmannian G, ,, a standard monomial M on G,, when
restricted to a Schubert variety X,, is either 0 or remains standard on X,,; further,
the set of standard monomials on G,, whose restrictions to X,, are nonzero is
linearly independent on X,, (cf. Proposition 5.4.6). This phenomenon does not hold
for Schubert varieties in SL, /B, as illustrated in the following example.

Example 8.2.5. Let G = SL3 and w = (312) € S3. We first note that p)p23) =
DP3)P(1,2) —P@)P(1,3), which can be seen by considering p;, ... ;) as the d x d-minor of
a generic 3 x 3 matrix X, where the rows are iy, ..., iy and the columns are 1, ..., d.
Let

7= LL[3] = [1]2

Then p)pe3) = pr, — pr,- Now we have that p(,3) vanishes on X(w), because
X(w) projects onto X(;3y C G»3, and thus pr;, = pr, when restricted to X(w).
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We can also see that these monomials are nonzero on X(w). Thus we have a set
of monomials {pr,, pr,} standard on G/B that do not vanish on X(w), but that are
linearly dependent on X (w).

We now give the appropriate definition of a standard monomial on X(w) in G/B;
for a more detailed treatment, readers should consult [45, Chap. 7].

As above, let A be a dominant integral weight (so that the associated Young
diagram has at most n — 1 rows). Let m; denote the number of columns of A of
length i, for 1 < i < n — 1. Let us denote (from right to left) the columns of A of
length i by 7;1, Ti2, . - . , Tiym;- Thus the columns of A (from right to left) are denoted

TLLs T12s v o> Thamgs v+ + > Tn—1),1> Tn—1).25 - + + » Tn—1)np_i -
(If m; = 0 for some i, the family {z7;;, 1 < j < m;} is understood to be empty.) Let

A be a standard tableau of shape A with entries from {1, ..., n}; then a column ;;
may be thought of as an element of /; ,,.

Definition 8.2.6. Let w € S,. Let A be a tableau of shape A with entries from
{1,...,n}. Ais a Young tableau on X(w) if

mi(w) > 1y, foralll <j<m,

forall 1 <i <n—1(mx; is as defined in §8.1); note that p4|x, 7# 0. In addition, A
is a standard tableau on X (w) if there exists a sequence

Prls e s Plmys e s Pa=1) 15+ - Pln—1)mp—y € S

such that

X(w) 2 X(¢1,1) 2+ 2 X (P1m) 2 X(@2,1) 2 -+ 2 X(Di—1).mp—1) (€))
and
ni(d)izi):‘[i‘js lfjfm,, lflfl’l—l (**)

When this is the case, we say p4 is a standard monomial of type A on X(w).

Remark 8.2.7. In the case that w = (nn — 1...1), we have X(w) = G/B, and
the definition of A being standard on X(w) coincides with the definition given in
Definition 8.2.3.

Example 8.2.8. Let us return to Example 8.2.5, where w = (3, 1,2) € S5 and

r o= [1]3
2
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Thus 117 = (3) € [1zand 1o = (1,2) € 3. We set ¢11 = (312) and ¢ =
(123) and we have a sequence that satisfies both () and () of Definition 8.2.6.
Therefore pr, = p)p(1,2) is standard on X (w).

On the other hand, we have

7= [1]2]
3

>

and thus 717 = (2) and o, = (1,3). Suppose we have a sequence ¢; 1, P21
satisfying (*) and (xx). By (xx), ¢1.; may be (213) or (231), but to satisfy (x),
we must have w > ¢, and thus ¢;; should be taken as (213). But for ¢,
to satisfy (xx), we have that ¢, ; must equal (132) or (312), neither of which
satisfies (%) (which states ¢p1 1 > ¢> 1). Thus we have pr, = p2)p(13) is not standard
on X(w).

Theorem 8.2.9. Let A be a dominant integral weight (so that the associated Young
diagram has at most n — 1 rows). Let w € S,, and let L}, be the set of Young
tableau of shape A that are standard on X(w). Then {p, A € L), } is a basis for
H (X(w),L(})).

See [45, Chap. 7] for a proof of the above theorem in the generalized setting of a
union of Schubert varieties.

As a consequence of the above theorem, we have the following vanishing
theorem.

Theorem 8.2.10. Let A be a dominant integral weight, and X be a union of Schubert
varieties in G/B. Then

H'(X,L(A)) = 0 fori> 0.

8.3 Toric Degeneration for the Flag Variety

Letn > 2, and let

n—1
Hy = lan-
d=1
We define a partial order for H,. Let t = (iy,...,i,) and ¢ = (ji,...,js). Then

t>¢,ifr<sandi,>j;, 1 <t =<r.
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Example 8.3.1. The partial order on H, can be represented as follows:

—~
o
=

—

W

S~—

A

/
(2) 3,4)
/ \ —
(1) (2,4)
N / ™~
(1,4) (2,3)
~_ - ~_
(1,3) (2,3,4)
/ . —
(1,2) (1,3,4)
™~ —
(1, 2, 4)
—
(1,2,3)

Remark 8.3.2. H, is a distributive lattice for all n > 2.

Using the standard monomial basis for F1/, as described in the previous section
and proceeding as in §7.2, we have the following theorem:

Theorem 8.3.3. The multicone over Fl,, namely,

Spec @ H°(G/B.L(}))

{\A dominant, integral}
flatly degenerates to the Hibi toric variety associated to H,.

For a proof see [45, Chap. 11, §8].

8.4 Representation Theoretic Aspects

Let G = SL,(K), and B, T, and X(T) be as in the previous sections. We shall
write the elements of X(7) additively. Recall from §8.2 that X(T) = X(B), and
that A € X(T) induces a line bundle on G/B, namely, it is the line bundle on G/B
associated to the principal fiber bundle G — G/B, for the action of B on K given
by A. Thus we have a map

0 :X(T) - PicG/B; A+ L(A).

(here, Pic G/B is the set of isomorphism classes of line bundles on G/B). By a result
of Chevalley (cf. [13]), if G is simply connected, then € is an isomorphism.
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In §8.2, we gave a description of the total space, G x5 K, of L(1). We note that
we have a canonical action of G on G x? K (given by left multiplication on the first
factor), and the map 7 : G x® K — G/B is G-equivariant, i.e., 7w(h - (g,x)) =
h-m(g.x),h,g € G,x € K; hence H'(G/B, L(1)) acquires a G-module structure.
Below we collect some additional facts concerning H°(G/B, L(1)). The proofs of
much of what follows can be found in [34, Chap. 2].

Given a G-module V, we have that as a T-module, V is completely reducible, i.e.,
V breaks up as a direct sum of 7-weight spaces:

v= P v,

XEX(T)

where V, ={ve V|t -v=yx()- v, YVt €T} Acharacter y € X(T) is a highest
weight in V if there exists a nonzero element v € V such thatb-v = y(b) - v for all
b € B. (Recall that X(B) = X(T).)

(1) We first note that there exists a bijection between the set of dominant inte-
gral weights and the set of isomorphism classes of finite dimensional irre-
ducible G-modules (by irreducible, we mean that there is no proper, nonzero
G-submodule). Further, for a dominant integral weight A, denoting the associ-
ated irreducible G-module by V(4), we have that A occurs as the unique highest
weight in V(4).

(2) We have that H°(G/B, L())) # 0 if and only if A is a dominant integral weight.

Action of S, on X(T): For w € S,,A € X(T), w()) is defined to be the
character w(A) : T — K* given by w(A)(t) = A(n,'tn,,).t € T, n,, being a
lift in N(T') (normalizer of T in G) for w; note that w(A4)(¢) has to be defined
as A(n;,'tn,,), rather than A(n,,tn'), in order to have multiplicative property
for the induced map S, — Aut(X(T)). Also note that w(1) is independent of
the lift n,,..

(3) Taking V = H°(G/B, L(}), where A is a dominant integral weight, there exists
a unique B-stable line in H°(G/B, L())), with i(1) as the corresponding highest
weight, where i is the Weyl involution (namely, i(A) = —wo(X),wp = (nn —
1...1) being the element of largest length in S, the elements of X(7) being
written additively). Further, the G-submodule generated by this line is V (i(1)),
the irreducible G-module with highest weight i(1).

(4) If A is a dominant integral weight, then H° (G/B, L())) is an indecomposable
G-module; i.e., H° (G/B, L())) cannot be expressed as a direct sum of nontriv-
ial, proper G-submodules.

(5) If K has characteristic 0, then Fact (4) together with the complete reducibility
of G (in characteristic 0) implies that H° (G/B,L()) is G-irreducible with
highest weight i(A) and conversely (i(A) being the Weyl involution). Thus in
characteristic 0, the set

{H° (G/B,L(})), A dominant, integral}

gives all finite dimensional irreducible G-modules, up to isomorphism.
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Recall that a line bundle L on an algebraic variety X is very ample if there is
a closed immersion i : X < PV such that i* (Op« (1)) = L; and L is ample if
some power of L is very ample.
(6) Taking, X = G/B, we have that L(A) is ample if and only if L(A) is very ample,
if and only if A = Z::ll a;w; where a; € N, 1 <i <n—1.Sucha A is called
regular and dominant.

Definition 8.4.1. For A dominant integral, H°(G/B,L(1))* is called the Weyl
module, and H*(G/B, L(})) is called the dual Weyl module, associated to A.

Definition 8.4.2. For A dominant integral, and w € S,, H*(X(w), L(})) is called
the Demazure module, associated to A, w.

8.4.1 Application to Gy,

We have, L(w;) = Og,,(1),1 <d < n—1.Let A = rwy, r € N (a dominant,
integral weight). All of the above facts apply to the G-module H° (G, L(rw,)).

8.5 Geometric Aspects

In this section, we state some of the geometric results on Schubert varieties in the
flag variety. For details, the reader may refer to [45].

Recall from the previous section that the line bundle L(A) on X = G/B is ample
if and only if L(A) is very ample, if and only if A = 27:_11 a;w; where g; is a positive
integer for 1 < i < n—1.Thus A is regular and dominant. We have the corresponding
projective embedding

ir:G/B—=P((V(QX)).
This induces an embedding
i X(w) =P ((VQ)),weS,.

Note that V(1) = H(G/B, L(A))*.
We begin with the following result (cf. [45, Chap. 7, Thm 6.4.1]).

Theorem 8.5.1. Let w € S,, A be a regular, dominant weight, and iy the
corresponding projective embedding. Let X(w) be the cone over X(w), namely,
Spec(@reZ+ H'(X(w), L(r/\))). Then X/(;) is Cohen—Macaulay.

We now discuss singularities of Schubert varieties in G/B.
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8.5.1 Description of the tangent space

We have the following description of the tangent space at a T-fixed points e; in X,,
similar to Theorems 6.5.5, 6.5.7.

Theorem 8.5.2. Letw € S,.
1. T,,X, is spanned by {X;;,i > j|w > (i,))},
2. dim T, X, = #{(i,j) |w > (i,))}.
Here, (i, ) is the transposition of i,j, and Xj; is the elementary matrix with 1 at

the ij" place and all other entries equal to 0 (the same notation as used in §6.5).

Corollary 8.5.3. The Schubert variety X,, is nonsingular if and only if
dimX,, = #{(i.)) [w = (i.))}.

Note that for w = (a1, ..., a,), dimX,, = #{(i,)),i <j|a; > a;}.
Theorem 8.5.4. Let X,, be a Schubert variety, and e, € X,,.

1. T, X, is spanned by {X.y).i > jlw > (v(i), ()T} (Where X () is the
elementary matrix as in Theorem 8.5.2).

2. dim Te,Xw = #{(lv.])s |W > (T(l)s T(]))T}

3. The Schubert subvariety X, C Sing X,, if and only if dim T, _X,, > dim X,,.

8.5.2 Pattern avoidance

We describe below a criterion for smoothness of Schubert varieties in the Flag
variety in terms of certain “pattern avoidance.” The proof of the following “pattern
avoidance” theorem can be found in [45, Chap. 8, Theorem 15.0.1], though it was
first proved by Lakshmibai—Sandhya (cf.[52]).

Theorem 8.5.5. Letw = (ay,...,a,) € S,. Then X(w) is singular if and only if
there exist i,j,k,[, 1 <i <j <k <1< nsuchthat either

1. ay <a <a; <aj or
2. aq<a <a<a.

Example 8.5.6. The two patterns of the previous theorem can be found in SL4. In
fact, the only singular Schubert varieties in SLy/B are X(3412) and X (4231).

The singular locus of a singular Schubert variety in G/B was conjectured by
Lakshmibai—Sandhya (cf. [52]), and proven in [5, 35, 70]. The statement of the
result is also in terms of pattern avoidance, though more technical to state than
the theorem above, we include it here. Once again, the motivating examples can
be found in SL,/B, where
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SingX(3412) = X(1324) and SingX(4231) = X(2143).

We suggest that the reader keep these two examples in mind while reading the details
below.

Let X(w) be a singular Schubert variety of G/B. Thus forw = (ay,...,a,) € S,,
there exist i,j,k,I, 1 <i < j < k <1 < nsuch that either a;y < a; < a; < aj or
a <aj <a<a.

We define E,, to be a subset of S,,, consisting of 7’s defined as follows (depending
upon which type of pattern w contains).

1. If thereexisti < j < k < [suchthatay < a; < a; <aj,andt = (by,...,b,) <w
such that

a. Thereexist ',/ ,k',I', 1 <i <j <k’ <! < nsuch that
by = ay, by = a;, by = a;, by = a;.

b. If 7’ is the element obtained from w by replacing a;, a;, ax, a; respectively by
ar, aj,aj, aj, then v’ < 1.

c. If w' is obtained from t by replacing by, by, by, by respectively by
bj/, by, by, by, then w < w.

Thent € E,,.
2. Ifthereexisti <j <k <lsuchthatg; < a; <ay <ag;andt = (by,...,b,) <w
such that

a. Thereexist 7',/ ,k',I', 1 <i <j <k’ <! < nsuch that
by = aj, by = a;, by = a;, by = a;.

b. If 7’/ is the element obtained from w by replacing a;, a;, ax, a; respectively by
aj, a, a;, ag, then v’ < 1.

c. If w is the element obtained from 7 by replacing by, by, by, by respectively
by by, by, by, bj/, then w/ < w.

Thent € E,,.

For any w € S, let P,, (respectively, Q,,) be the maximal element of parabolic
subgroups of G which leave BwB stable under multiplication on the left (resp. right).
Let

Fw:{tEEwlegpts QWQQI}
We can now state the singular locus of X(w).

Theorem 8.5.7. With notation as above,

SingX(w) = |_J X(x).

T€F,,

(where we only need t maximal in F,, under the Bruhat order).
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Example 8.5.8. Letw = (351624) € S¢. Note that w has two patterns of the form
ar <a;<a; <a;:(3,51,2)and (5, 6,2, 4). Using the description above, we have

SingX(w) = X(132654) U X(321546).
Example 8.5.9. Let w = (452316) € S¢. Note that w has one pattern of the form
ax < a; < a; < aj, thatis, (4,5, 2,3); and w has two patterns of the form a; < a; <

ar < a;: (4,2,3,1) and (5,2, 3,1). We have

SingX(w) = X(243516) U X(251436) U X(421536).



Chapter 9
Relationship to Classical Invariant Theory

In this chapter, we describe a connection between classical invariant theory and the
Grassmannian variety. Namely, for G = SL;(K), X the space of n x d matrices
(n>d),andR = K[x; | 1 <i<n,1<=<j<=<d] (X = Spec(R)), we have a G
action on X by right multiplication, and hence a G action on R. We will show that the
categorical quotient X /G is isomorphic to the cone over the Grassmannian, and thus
obtain a K-basis for RY, the ring of invariants, consisting of standard monomials.
In this chapter, we shall work just with the closed points of an algebraic variety.

9.1 Basic Definitions in Geometric Invariant Theory

First, we recall “Jordan-like decomposition” for elements in an algebraic group G
over an algebraically closed field K. For details, the reader may refer to [6].

Let V be a finite dimensional vector space over K. An element » € End(V)
is nilpotent if there exists n € N such that #* = 0; r is unipotent if r — 1 is
nilpotent (where 1 represents the identity map on V); r is semisimple if V has a
basis consisting of eigenvectors of r.

We have the following celebrated Jordan Decomposition: Let r € End(V).

1. Additive Jordan Decomposition: There exist unique r;, r, € End(V) such that
rs 1s semisimple, r, is nilpotent, r;r,, = 1,1y, and such that r = rg + r,.

2. Multiplicative Jordan Decomposition: If r is invertible, then there exist unique
rs, 1y € GL(V) such that r is semisimple, r, is unipotent, and r = ryr, = r,7r;.

These results generalize to infinite dimensional vector spaces as well, described
as follows.

Let V be an infinite dimensional vector space over K. An element » € End(V)
is locally finite if V is spanned by finite dimensional subspaces stable under r.
A locally finite r € End(V) is locally nilpotent (resp. locally unipotent, resp.

© Springer Science+Business Media New York 2015 129
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locally semisimple), if its restriction to each finite dimensional r-stable subspace
is nilpotent (resp. unipotent, resp. semisimple). The uniqueness of the above Jordan
Decomposition (for finite dimensional vector spaces) gives the following:

Let r € End(V) be locally finite.

1. Additive Jordan Decomposition: There exist unique ry, 7, € End(V) such that
ry is locally semisimple, r, is locally nilpotent, rr,, = r,rs, and such that r =
rs + 1y, inducing the usual Additive Jordan Decomposition on finite dimensional
r-stable subspaces.

2. Multiplicative Jordan Decomposition: If in addition r is invertible, then there
exist unique ry, 7, € GL(V) such that r, is locally semisimple, r, is locally
unipotent, and r = ryr, = r,rs, inducing the usual Multiplicative Jordan
Decomposition on finite dimensional 7-stable subspaces.

Let now G be an algebraic group. For g € G, the automorphism G = G, x —
xg induces a linear automorphism p, : K[G] = K[G], (p,(f))(x) = f(xg).f €
K[G], x € G. We have that as an element of End(K[G]), p, is locally finite. We have
the following theorem (cf. [6]).

Theorem 9.1.1. Let g € G. There is a unique factorization g = g8, in G such that
Pg = Pg, Py, IS the Multiplicative Jordan Decomposition of p,

Semisimple and unipotent elements in G. With notation as above, we define G;
(resp. G,), the set of semisimple (resp. unipotent) elements in G as

Gi={g€Glg=g}, Gu=1{g€Glg=gu}

9.1.1 Reductive Groups

Recall from Definition 5.1.1 that B is a Borel subgroup of G if B is a maximal,
connected, solvable subgroup of G. The radical of G, denoted R(G), is the
connected component (through the identity element) of the intersection of all Borel
subgroups of G, i.e.,

R(G) = (ﬂB)O,

BeB

where B is the set of all Borel subgroups of G.

Definition 9.1.2. An algebraic group G is reductive if R(G), = {e}, e being the
identity element.

Remark 9.1.3. The algebraic groups GL,;(K) and SL;(K) are reductive.
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9.2 Categorical Quotient

In this section, we recall some generalities on Geometric Invariant Theory. For
details, the reader may refer to [51, 76, 78].

Definition 9.2.1. Let X be an algebraic variety with an action by an algebraic group
G. The pair (Y, ¢), where Y is an algebraic variety and ¢ : X — Y is a morphism of
varieties, is a categorical quotient if

1. ¢ is G-invariant; i.e., ¢ is constant on G-orbits in X.
2. ¢ has the universal mapping property; i.e., given f : X — Z, where f is constant
on G-orbits, there exists a unique g : ¥ — Z such thatf = g o ¢:

X

¢

One can see that if a categorical quotient exists, it is unique up to isomorphism.
We will denote categorical quotient by X /G (if G acts on the right; a similar notation
if G acts on the left).

Definition 9.2.2. Let X be an affine variety, and G a reductive group. We say G acts
linearly on X if we have an action of G on A" such that each g € G induces a linear
map on A”, and we have a G-equivariant closed immersion X <— A".

Example 9.2.3. Let G = SL;(K), and X be the affine variety of n x d matrices, thus
X = A", Then G acts linearly on X by right multiplication.

Definition 9.2.4. Let X be an affine variety, and G a reductive group acting linearly
on X.

1. A point x € X is semistable if 0 is not in the orbit closure of x, i.e.,0 & G - x. Let
X* denote the subset of semistable points in X.

2. A point x € X is stable if the orbit G - x of x is closed, and the dimension of G - x
is equal to the dimension of G. Let X* denote the subset of stable points in X.

Let X = SpecR and G be a reductive group acting linearly (on the right) on X.
We have an induced action of Gon R: forf € R, (g-f)(x) = f(x-g) for g € G,
x €X.

We have the inclusion R® < R, where

RO={feR|g-f=f VgeG}

We have (thanks to Mumford’s conjecture proved by Haboush; for details, the reader
may refer to [51, §9.1]) that R is a finitely generated K-algebra. Let Y = Spec(RY),
and let ¢ be the morphism ¢ : X — Y induced by the inclusion above.
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Remark 9.2.5. Note that ¢ : X — Y is such that for f € R and x € X,
f(@) =f),

since ¢*(f) = f(€ R).
We will see that in fact (Y, ¢) is the categorical quotient X // G.
Lemma 9.2.6. Given the notation above, we have

1. ¢ is surjective.
2. ¢ is G-invariant, i.e.,

d(x-g) =¢x).xeX, gel.
3. Given an open set U C Y,
¢* : K[U] — K[p~'(U)]°

is an isomorphism.

Proof. Claim. (1): Let y be a (closed) point in Y. Let m, be the corresponding
maximal ideal in K[Y](= R); further let {fi, ..., f;} be generators for m,. We will
find a point x € X such that ¢(x) = y. Consider Y ;_, iR. By [78, Lemma 3.4.2],
we have that if f € (3_j, fiR) NRY, then there exists some s € N such that f* € m,;
this implies (since m, is maximal) that f € m,. Therefore, (}_i_, fiR) N R® # RO,
and hence Y /_, iR # R. Let m, be a maximal ideal of R containing {fi,....f;}.
Note that for x € X corresponding to m,, we have fi(x) = O foralli = 1,...,z.
It follows that ¢ (x) = y, and (1) follows.

Claim. (2): To show ¢(x-g) = ¢(x), x € X, g € G, we should show that

() f@x-g) =f(¢)), Vf € K[Y](=R°). x€ X, g € G.

Now forf € RY g € G, x € X, we have

fx-8) =f(px-8). f() =f(@X). fx-g) = (g-/)x) =)

From this and (x), the G-invariance of ¢ follows.

Claim. (3):Forf € RO letY; = {y € Y | f(y) # 0}. It suffices to prove the result
for U = Yy, since the set {Y; | f € RC} (the set of principal open subsets in Y),
is a base for the Zariski topology on Y. Let X; = ¢~' (U). We have K[U] = R{.
On the other hand, K[X;] = R;. It is seen easily that the localization of the G-
invariants equals the G-invariants of the localization, i.e., (R®); = (Ry). Therefore
K[U] = K[X/]°, and the result follows. O
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We now turn our attention to the connection between a certain SL;(K)-action and
Grassmannian G, ,. Let X = M, ; be the space of n x d matrices with entries in K,
where n > d. Let R = K[x;;,1 <i < n, 1 <j < d], where R is the coordinate ring
of X (i.e., X = SpecR). Let G = SL,(K), and let G act on X by right multiplication,
and hence G acts on R, where forg € G,f € R,and A € X,

(g-/)A) = f(Ag).

As above, let Y = Spec(R®), and let ¢ : X — Y be the morphism induced by the
inclusion R® < R.
Fori € 1;,, let f; € R be defined such that

fi(A) = detA;, A € X,

where A; is the d X d minor of A with rows indexed by iy, ..., i; (asin §5.2.1).
Note that fori € I;,, g € G, and A € X, we have

(g-f)(A) = fi(Ag) = det(4)) det(g) = det(4) = fi(A),

and therefore f; € R(={f €R | g-f =f, Vg € G}).
Let X° C X be the set of n x d matrices of maximal rank (namely, rank d). In the
next two lemmas, we show that X? = X* = X5,

Lemma 9.2.7. Using the notation above,
X’ = X%,

Proof. Let A € X\ X?; thus rankA = r < d. There exists a g € GL;(K) such that
Ag is of the form

My - My, 0---0
Ag = = [Mn,r On,(d—r)] s

My - My 0 -+ 0

where the columns of M, , are linearly independent. Let ¢ = det(g), and let « be a
d™ root of c. Thus h = ég € SLy(K). Since éAg = Ah, we have that éAg is in the
orbit of A; replacing A by Ah(€ O(A)), we may suppose

1
A= & [Mn,r On,(d—r)] .

Choose integers aj, ..., aqs—, such that r + Z?;lr a; = 0, and consider the one-
parameter subgroup I consisting of {D,,t # 0} (ie., I : K* — T,I'(t) = D,),
where
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4 0---00 --- 0
0t---00 --- 0
00--10 - 0 |[1#0
00---0 -.. 0

D,

00:-00 - % |

(where the top left corner is #d,x,). Then

1 tml,l"'tml,ro"'o
ADr:—
o

tmn,l ...tmn,ro...o

Hence we obtain
lim(AD,) = 0.
t—0

Thus the origin O is in the closure of O(A), and therefore A is not semistable. Thus
we have proven the inclusion

X¥ C Xe.

We now show the reverse inclusion. Let A € X?; then there exists some i € I,
such that f;(A) # 0. Since f; € RY, we have that f;(Ag) = f;(A) for every Ag in the
orbit of A. Thus, f;(B) = fi(A) # 0 for every B in the orbit closure of A, implying
that O is not in the orbit closure. Therefore A € X*°, and the result follows. O

Lemma 9.2.8.
X’ =X

Proof. LetA € X°. Suppose g € G is in the stabilizer of A; i.e., Ag = A.Leti € I,
be such that detA; # 0. We have that A; is an invertible d x d matrix, and A;g = A;.
Therefore, g is the identity matrix. Letting O(A) denote the orbit of A, we have that
O(A) is isomorphic to G, and therefore

dim O(A) = dimG, forall A € X°.

We will now show that for A € X° O(A) is closed. Suppose not, let B €
O(A) \ O(A). By the closed orbit lemma (Lemma 6.3.5), we have that diim O(B) <
dim O(A) = dimG; thus by the discussion above, B ¢ X°. By Lemma 9.2.7,
B & X*, and thus 0 € O(B) € O(A), a contradiction of the fact that A € X° = X**.
Therefore O(A) is closed.
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Thus it follows that if A has maximal rank, then A is stable; i.e., X° € X*. This

together with Lemma 9.2.7 and the inclusion X* € X** implies that X° = X°. O
We now return to proving some properties of ¢ : X — Y, in the case X = M, 4.

Lemma 9.2.9. If W, and W, are two disjoint, G-stable, closed subsets of X, then
¢ (Wy) and ¢ (W) are disjoint.

Proof. Let Wi and W, be disjoint, G-stable, closed subsets of X. First, suppose
Wi € X°. Then by Lemma 9.2.7, we have 0 € Wy, and for Wi and W, to be disjoint,
we must have W, € X°. Note that since f; € RO, i € 1;,, we have the following: for
x1 € X \ X° we have

fildp(x1) =filx1) =0, Vi€l
On the other hand, for x, € X?, there exists some i € I, such that

fi(@(x2)) = fi(x2) # 0.

Therefore, ¢ (x1) # ¢ (x2). Thus, it suffices to prove the result for W;, W, C X°.
Suppose y € ¢p(W;) N ¢ (W,). Let A; € W; such that ¢(A;) = y,i = 1,2. Since
filp(x)) =fi(x) forallx € X, i € I;,, we have

.ﬂ(Al) :fL(AZ)v V! € Id,n-

Letj € Iy, be such that fi(A;) = fj(A2) = ¢ # 0 (which we know exists since
A1, A € X°). Let a be a d™ root of ¢, then

Al =ag, Ay =ag, 81,82 € G.

Let B; = A,-gi_1 fori = 1,2, where B; € W; since W, is G-stable. We also note that
B\, B, are such that

Oa---0
00 ---«

It is also clear that ;(B1) = f;(B) for all i € I,,, since f; € RC. Let us use the
notation By = (b;) and By = (by).

Let k be such that k € {1,...,n} \ {j1,...,jq}. For 1 < i < d,lett =
{1, oJi=1> ks jix1s- - »ja} € lg, (where we re-order the entries of 7 to be in
increasing order, if necessary). Then (B;), (resp. (Bz);) is obtained by replacing
the i” row of the matrix ol x4 with the k”* row of By (resp. B,). Therefore

fe(B) = £ by, fo(Bo) = 2T,
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(where the sign is determined by the re-ordering of t to be in increasing order, and
thus will be the same for B; and B,). Therefore, b}, = b?,. From this we obtain that
B; = B,, implying that W; and W, are not disjoint, a contradiction. The result now
follows. O

Theorem 9.2.10. Let X, Y, and ¢ be as above, and let Z be an algebraic variety
with a G-invariant morphism F : X — Z. Then there exists a unique morphism
x : Y — Z such that the following diagram is commutative

X

F
¢

YFf;>Z
(i.e., ¢ has the universal mapping property).

Proof. We first show uniqueness. Let y; and y, be two such morphisms. Fory € Y,
since ¢ is surjective (by Lemma 9.2.6), there exists x € X such that ¢ (x) = y. Thus

xiy) = yi(p(x)) = F(x), fori =1,2.

Thus y;(y) = y2(y) forall y € Y, and uniqueness follows.

We now show that such a morphism y exists. Let Z = | J V; be an affine cover,
andlet U; = {y € Y | F(¢~'(y)) € V;}. Denote the restriction of ¢ and F to
¢~ 1(U;) by ¢; and F;, respectively. Now we define y; : U; — V; such that y;(y) =
Fi(¢7' ()

We first show that y; is well defined, by showing that F is constant on ¢~ (y).
Suppose x1,x € ¢~ (y), and z; = F(x1), 22 = F(x2). Assume z; # 75. Let W =
F‘l(zl), W, = F_I(Zz); then W; and W, are disjoint, G-stable closed subsets of X.
By Lemma 9.2.9, ¢(W;) and ¢ (W,) are also disjoint. But we have y € ¢(W;) N
¢ (W) (note that y = ¢ (x;) € ¢p(W;),i = 1,2), a contradiction. Therefore, z; = 25,
and F is constant on ¢! (y), fory € Y.

We now show that y; is a morphism of varieties by showing that y; : K[Vi] —
K[U;] is a K-algebra homomorphism. (This shows that y; is a morphism in view
of the fact that if U and V are two varieties with V affine, we have a bijection
Mor(U, V) <> Homg (K[V], K[U]), see [75].) Since F; is G-invariant, we have

FF: K[Vi] — K[F ' (V)]°.
By Lemma 9.2.6, we have an isomorphism ¢ : K[U;] = K[¢;"' (U;)]°. We have
KU = K[g; (UDI° = K¢ xi (VI = K[F7 (V)l°.

Thus we get that (¢;*) ™! o F} does indeed induce a K-algebra homomorphism 7 :
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Finally, based on the definition of y;, it can be easily seen that y; and y; agree on
U; N Uj, and hence {y;} may be glued to define y : ¥ — Z. O

Since ¢ is surjective and has the universal mapping property, we have the
following corollary.

Corollary 9.2.11. Let X = M, 4, and R such that X = SpecR. For the right action
of G = SL4(K) on X, we have that (Spec(RC), ¢) is the categorical quotient X || G.

Remark 9.2.12. In fact, for any algebraic variety X = Spec(R) acted on by a
reductive group G, it is true that X / G = Spec (R®). For proof of this, see, for
example, [51, §9.2-9.3].

9.3 Connection to the Grassmannian

To begin this section, let us return to the general setup in which X = SpecR
is an algebraic variety and G is a reductive group acting on X. Further, let R be
a graded K-algebra. Let fi,...,fy be homogeneous G-invariant elements in R;
ie., {fi,...fy} CR. Let S = K[fi,....fv]. In the remaining discussion, we find
sufficient conditions to conclude S = RY, and then apply this to the Grassmannian
case.

We begin by stating Zariski’s Main Theorem (cf. [75, III. §9]).

Theorem 9.3.1. Let F : X — Y be a morphism of algebraic varieties X and Y such
that

1. F is surjective,

2. fibers of F are finite,
3. F is birational,

4. Y is normal.

Then F is an isomorphism.

(Recall that a morphism ¢ : X — Y be of algebraic varieties is dominant if
¢(X) = Y. If in addition, the induced map ¢* : K(Y) < K(X) of rational functions
is an isomorphism, then ¢ is birational. )

We shall verify the hypotheses in Zariski’s Main Theorem for the morphism § :
Spec(R®) — Spec(S), induced by the inclusion S € RC. First, we give a sufficient
condition for the fibers of £ to be finite.

Lemma 9.3.2. With notation as above, let fi,...,fy € R® be homogeneous such
that for any x € X*, we have f;(x) # 0 for at least one i, 1 <i < N. Then the fibers
of Spec(R®) — Spec(S) are finite.

Proof. We break the proof of this lemma into the following two cases:

Case 1. Let fi,...,fy be homogeneous of the same degree, say d. Let Y =
Spec(RY) (the categorical quotient X / G by Remark 9.2.12), and let us denote
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the categorical quotient map by ¢ : X — Y. Let X; = Proj(R). We define the
semistable points of X; to be

X} = {x € X | there exists X € X* such that x lies over x}.

Let Y; = Proj(R%); we have (see,for example, [51, §9.6]) Y| = Xy ] G. We
let ¢1 : X}* — Y; be the canonical quotient map. Let ¢ : X — AV x >
(fix),...,fn(x)). Since fi,...,f, are G-invariant, and since ¢ is the canonical
quotient map, we get an induced map p : ¥ — AY, forming the following

commutative diagram:
¥
¢l \

Note that the image of ¥ is equal to Spec(S), and thus if we show that p is a finite
morphism, the result will follow. Now the diagram above induces the following
commutative diagram:

55
Xl

N

Yl . IP)N -1

P1
Note that ¥ : X* — PV~! is defined in view of the hypothesis that for any
x € X* fi(x) # 0 for at least one i.
Before we show that p is a finite morphism, we show that p; is a finite morphism.
We have that fi, . .., fy are sections of the ample line bundle Oy, (d), and that this
line bundle descends to an ample line bundle on Y;, which we denote by Oy, (d).

Since fi, ..., fy are G-invariant, we have {fi, ..., fyv} € H(Yy, Oy, (d)), and thus

pi (Opv—1(1)) = Oy, (d).

This implies p} (Opwv—1(1)) is ample, and hence p; has finite fibers (note that the
restriction of p} (Opn—1(1)) to any fiber of p; is ample and trivial, and thus the
dimension of any fiber is zero).

Since p; is finite, Oy, is a coherent Opv—1-module. We have that forn € N,

H'®Y", Oy, ® Opv-1(n)) = H(Y1. pf (Opv—1(n)).

because the direct image of pf (Opy—1(n)) by p; is Oy, ® Opy—1(n), and p; is a
finite morphism. On the other hand,

o1 (Opyv—1(n)) = Oy, (nd).
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Thus
H' PV, Oy, ® Opn—1(n)) = H(Y;, Oy, (nd)) = RS,

(where Rfd is the nd-graded piece of RY). Thus the graded K[xi, - - - , xy]-module
associated to the coherent sheaf Oy, on PVl is ®,ez +Rfd; and by the basic
theorems of Serre, EBneZJerd is of finite type over K[xi,...,xy]. Now a d™
power of any homogeneous element of R® is in @,z +Rfd, and thus R is integral
over K[xi, ..., xy]. This implies p is finite, and the proof of Case 1 is complete.

Case 2. Letfi, ..., fv be homogeneous of possibly different degrees, say degf; =
d;. Set d equal to the least common multiple of {d|, ..., dy} and ¢; = di,-‘ Now let
gi = f{'; then {g1, ..., gn} satisfies the hypothesis of Case 1; thus R is a finite
K[gi1, ..., gn]-module. Since

K[gl,...,gN];)K[fl,...,fN] ;)RG,

we have that RC is a finite K[fi, . . ., fy]-module, and thus the map p : SpecR® —
SpecS has finite fibers.
O

Lemma 9.3.3. Suppose F : X — Y is a surjective morphism of (irreducible)
algebraic varieties, and U is an open subset of X such that

1. F|y : U — Y is an immersion,
2. dimU = dimY.

Then F is birational.

Proof. The fact that F|y is an immersion implies that F(U) is locally closed in Y,
i.e., F(U) is open in its closure. The fact that dim U = dim Y implies that the closure
of F(U)is all of Y, i.e., F(U) is open in Y. Thus U embeds as an open subset of Y.
From this, the birationality of F follows. O

Combining the two previous lemmas, we can apply Zariski’s Main Theorem to
RO as follows.

Theorem 9.3.4. Let X = Spec(R), fi,....fv € RS be homogeneous, S =
K[fi.....fv], and D = Spec(S). Let ¢ : X — Spec(R®) and ¥ : X — AN be
the map

x> (), ....n(x).

Then D is isomorphic to X || G, with  as the canonical quotient map, if the following
four conditions are satisfied.

1. For every x € X*, ¥(x) # 0.
2. There is a G-stable open subset U of X on which G operates freely with U/G as
quotient, and  induces an immersion U/G — D.
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3. dimD =dimU/G.
4. D is normal.
We now returnto X = M, g wheren > d. Let R = K[x;,1 <i<n,1 <j<d],

the coordinate ring of X (i.e., X = SpecR).
Fori € 1;,, let f; € R be defined such that

fi(A) = detA;, A € X,

where A; is the d X d minor of A with rows indexed by iy, ..., iz (as in §9.2).
Let G = SLy(K). We have that G acts on X by right multiplication, and hence G
acts on R. Recall that f; € RY, for all i € I,,.

Remark 9.3.5. Letmw : X — /\d(K”), w(A) = aiA...Aag, whereay, ..., ay are the
columns of A (viewed here as elements of K). Recall from the section on integral
schemes (the end of §5.3.2) that 6(;1 is identified with the image of 7; and thus
K[Ga] is identified with the subring of K[x;;,1 < i < n, 1 <j < d] generated by
Yilielin}

We now give the connection to G,,.

Theorem 9.3.6. Let X and G be as above, then X || G is isomorphic to @, the
cone over the Grassmannian G .

Proof. Let N = (’}) (which is the cardinality of I,). We define ¥ : X — A" such
that

V() = (fi(A). i€ls,). A€X.

Let D = Spec(K[f;, i € 13,]); note that D is both the image of v as well as éd\,n
(as discussed in Remark 9.3.5). We verify the four hypotheses of Theorem 9.3.4
for .

First, we note that if x € X**, then x € X° by Lemma 9.2.7, and thus there exists
some i € Iz, such that f;(x) # O, implying ¥ (x) # 0. Thus hypothesis (1) of
Theorem 9.3.4 holds.

To show that hypothesis (2) holds, we let G’ = GL4(K). Set

U={AeX|fa. aA) #0}.

Clearly U is a G-stable open subset of X.

Claim. G operates freely on U, U — U/G is a G-principal fiber space, and
induces an immersion U/G — AN.
To prove the claim, we first observe that we have a G-equivariant isomorphism

(%) UG xMy
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where s = n — d. From this it is clear that G operates freely on U. Further, we
see that U/G may be identified with the fiber space with base G’/G, and fiber M 4,
associated to the principal fiber space G' — G’/G. It remains to show that ¢ :
U/G — AV is an immersion. We shall show that both ¢ : U/G — A" and its
differential dyr are injective.

Let y;,y2 € U/G be such that ¢ (y;) = ¥ (y2). Let x;,x; € U be lifts for y;, y,,
respectively. Using (), we may identify x, x, as

] =]
X1 = X2 =
M M,

where A, A; are d x d invertible matrices, and M;, M, are (n — d) X d matrices.
Since ¥ (y1) = ¥ (y2), we have detA; = detA,, and thus g = (4,)7'4; € G. Hence
in U/G, we may suppose that

A A
V1= M| y2 = M,

Let det(A|) = c, and let & be a d” root of c. Define g’ = éAl € G, then

a0---0

Oa---0
Alg/_le{IZ

00 .-«

Thus we may suppose (in U/G), y; = [ZI:| and y, = [ZI:|. Let k be such that
1 2

d<k<n,andibesuchthat ]l <i<d.Definety =(,...,i—1,i+1,...,d,k).
We have f;, (y1) = fz, (b2) (since ¥ (y1) = ¥ (y2)); but on the other hand,

) = ()b f () = (DTt

From this, it follows that y; = y, implying that ¢ : U/G — AV is injective.

To see that dy/ is injective, note that the above argument remains valid for the
points over K[e], the algebra of dual numbers ( = K & Ke, the K-algebra with one
generator €, and one relation € = 0). This completes the proof of the claim, and
thus hypothesis (2) of Theorem 9.3.4 holds.

For hypothesis (3), we now show that dimD = dim U/G. Recall that dimD =
dim G4, = d(n — d) + 1. On the other hand,

dimU/G = dimU —dimG = nd — (d*> — 1) = d(n — d) + 1.

Thus hypothesis (3) of Theorem 9.3.4 holds.
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Finally, we have that D is normal by Theorem 6.3.9, and hypothesis (4) of
Theorem 9.3.4 holds, and we conclude that X /| G = Gy, O

Now that we have the identification X / G = C/};l, we can use the results of
Chapter 5 to conclude the “Fundamental” Theorems of Classical Invariant Theory
(in any characteristic) (cf. [88]).

Theorem 9.3.7 (First Fundamental Theorem). The ring of invariants RC is
generated by {f;, i € Iy}

Theorem 9.3.8 (Second Fundamental Theorem). The ideal of relations among
the generators {f;, i € 13,} is generated by the Pliicker quadratic relations.

Corollary 9.3.9. The ring of invariants RC has a basis consisting of standard
monomials in {f;, i € I,}.



Chapter 10
Determinantal Varieties

In this chapter, we give an exposition of the classical determinantal varieties and
bring out their relationship to Schubert varieties as well as certain GL,-actions
appearing in Classical Invariant Theory.

10.1 Determinantal Varieties

LetZ = M, ,(K), the space of all m x n matrices with entries in K. We shall identify
Z with A™. We have K[Z] = K[x;;, | <i<m, 1 <j<n].

10.1.1 The determinantal variety D,

Let X = (x;),1 <i <m,1 <j < nbeanm x n matrix of indeterminates. Let
AcC{l,---,m}, BC{l,---,n}, #A = #B = s, where s < min {m, n}. We shall
denote by [A|B] the s-minor of X with row indices given by A, and column indices
given by B. Fix ¢, 1 <t < min {m, n}; let I,(X) denote the ideal in K[x;;] generated
by {[A|B], A C {1,---,m}, B C {1,---,n}, #A = #B = t}. Let D,(K) (or just
D) be the determinantal variety, a closed subvariety of Z, with ;(X) as the defining
ideal.

© Springer Science+Business Media New York 2015 143
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10.1.2 Relationship between determinantal varieties
and Schubert varieties

Let G = SL,(K). Let r, d be such that r+d = n. Let us identify (cf. Definition 6.4.1)
the opposite cell O, in G/Py(= Gy ) as

_ Iy
o, = ,
=10
X being an r x d matrix. We have a bijection between

{Pliicker co-ordinates p;, i # {1,2,---,d}} and {minors of X}

(note thatif i = {1,2,---,d}}, then p; = the constant function 1).
Example 10.1.1. Take r = 3 = d. We have,

%= { (ng)} |

We have p(12.4) = [{1}{3}], p.as = [{1,3}{1, 3}].

In the sequel, given a Pliicker coordinate p; (on O), we shall denote the
associated minor (of X, 4) by A;.

Let Z; = {i € I;, | A;isatminorof X}. The partial order on the Pliicker
coordinates induces a partial order on Z,.

Lemma 10.1.2. Let T be the d-tuple, t = (1,2,--- ,d—t,d+1,d+2,--- ,d+1).
Then t € Z;. Further, t is the unique smallest element in Z,.

Proof. Clearly © € Z,. Let A be a t-minor of X, and p; the associated Pliicker
coordinate. Let i = (i1, - ,ig). We have, for 1 < k < d —1t, iy < d, and for
d—t+1=<k<=d, i > d.Clearly 7 is the smallest such d-tuple. O

Remark 10.1.3. With t as in Lemma 10.1.2, note that the associated minor A, of
X has row and column indices given by {d + 1,d +2,--- ,d+t}, {d+ 1 —1t,d +
2—t,---,d}, respectively, i.e., the right most top corner # minor of X, the rows of X
being indexed asd + 1,...,n.

Remark 10.1.4. With t as in Lemma 10.1.2, note that t is the smallest d-tuple
(ils et 7jd) such thatjd_[+l > d + 1.

Lemma 10.1.5. Let t be as in Lemma 10.1.2. Let
N, = {l € Id,n |pr |XL = 0}

Let ¢ be the d-tuple, ¢ = (t,t +1,---,d,n+2—t,n+ 3 —1t,--- ,n) (note that ¢
consists of the two blocks [t, d), [n+ 2 —t, n] of consecutive integers - here, fori < j,
[i,]] denotes the set {i,i + 1,--- ,j}). Then ¢ is the unique largest element in N,.
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Proof. Leti € N, say i = (i1, ,is). We have, p. |y, = Oifand only if i # 7, i.e.,
if and only if iy—,+; # d + 1 (cf. Remark 10.1.4), i.e., iy—4+1 < d. Now it is easily
checked that ¢ is the largest d-tuple (ji, - - ,jq) such that j;—+1 < d. O

Remark 10.1.6. Let ¢ be as in Lemma 10.1.5. As observed in the proof of
Lemma 10.1.5, we have ¢ is the largest d-tuple (ji, - - ,jz) such that j;_,.+1 < d.

Corollary 10.1.7. Leti € Z;. Then p;|x, = 0, ¢ being as in Lemma 10.1.5.

Proof. We have (cf. Lemma 10.1.5), p; [x, = 0, T being as in Lemma 10.1.2 and
hence ¢ # t which in turn implies (in view of Lemma 10.1.2), ¢ # i. Hence we
obtain p; |x, = 0. O

Theorem 10.1.8. Let ¢ be as in Lemma 10.1.5, and let Yy = O NX, (the opposite
cellin Xy). Then D; = Y.

Proof. Let I be the ideal defining Y, in O . We have that I is generated by M, :=
{pi, 1 £ ¢}. Also, I(D;) (the ideal defining D, in O}) is generated by {p;, i € Z;}.

Leti € Z;, say,i = (i1,--- ,ig). We have (cf. Lemma 10.1.5) i £ ¢, and hence
Di € M,;.

Let now p; € M;, say, i = (i1, -+ ,ig). This implies that iz_,+1 > d + 1
(cf. Remark 10.1.6), and hence it corresponds to an s-minor in X, where s > t.
From this it follows that p; is in the ideal generated by {p;, i € Z;}, i.e., p; belongs
to I(Dy).

Thus we have shown I, = I1(D;) and the result follows from this. O

Corollary 10.1.9. The determinantal variety D, is normal, Cohen—Macaulay of
dimension (t — 1)(n — (t — 1)), where note thatn = r + d.

Proof. The normality and Cohen—Macaulayness of Schubert varieties (cf. Chapter 6)
imply corresponding properties for D, (in view of Theorem 10.1.8). Regarding
dim D;, we have dim D, = dimXy = (t — 1)(n — (¢t — 1)) (recall from §5.3 that if
w=(ai, - ,aq) € Ig, then dim X(w) = Y'=¢ (a; — i)). O

10.2 Standard Monomial Basis for K[D;]

In this section, we describe a standard monomial basis for K[D;], using Theo-
rem 10.1.8. To begin with, we set up a bijection between I;,, \ {(1,2,...,d)} and
{all minors of X} as follows:
Letn = r+d. Giveni € I;,, let m be such that i,, <d, i,,4+1 > d. Set
Ai: mn+1—ign+1—ig_q,....n+1—ipy1},

B; = the complement of {7}, i, ...,i,}in{1,2,...,d}.

Define 6 : I;, \ {(1,2,...,d)} — {all minors of X} by setting 0(i) = [A;|Bj].
Clearly, 6 is a bijection.
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10.2.1 The partial order >

Define a partial order on the set of all minors of X as follows:

Let [A|B], [A’|B] be two minors of size s, s, respectively. Let A =
{ai,--- a5}, B = {b1,--- b5}, A" = {a}, -~ .d,}, B = {b|,---,D,}. We define
[A|B] = [A'|B]ifs <5, a; > a, bj > b}, 1 < j < s. Note that the bijection ¢
reverses the respective partial orders, i.e., giveni,i € I;,, we have i < i’ if and only
if (i) > 6(i'). Using this partial order, we define standard monomials in [A, B]’s.

Definition 10.2.1. A monomial [A, By]---[Ay, Bs],s € N is standard if [A, B;] >
oo = [Ag, By].
In view of §5.4 and Theorem 10.1.8, we obtain the following theorem.

Theorem 10.2.2. Standard monomials in [A, B]’s with #A < t — 1 form a basis for
K|[D;), the algebra of regular functions on D;.

Proof. Theorem 10.1.8 identifies D; as the principal open set X(¢),,,,; hence we get
an identification

K[D] = K[X(#)] )

where K[X(¢$)](p,,) denotes the homogeneous localization; note that p;; is a lowest
weight vector in H°(Gy ., L(wg)). The fact that standard monomials {pe, =P, m €
N, ¢ > 11} generate K[X(¢)] implies that

p@)  plu)

Pid Pid

,meN, ¢ > 1

generates K[D;]. Note that the condition that ¢ > 7 corresponds to the condition
that the minor corresponding to t has size < t — 1 (note that under the order-
reversing bijection 6, ¢ corresponds to the pair ((1,---,t—1),(1,---,£—1))). The
linear independence of standard monomials {p;, ---p,,, m € N, ¢ > 7} clearly
implies the linear independence of {’% e F%, m € N, ¢ > 1;}. Further, clearly

D, ** " D, 18 standard if and only if [% .+ 2w i¢ The result now follows from this.

Pid
O
In particular, taking t = 1 4+ min{m, n}, we recover the result due to Doubilet-
Rota-Stein [19, Theorem 2].

Theorem 10.2.3. Standard monomials in [A,B]’s form a basis for K[Z]
(= Kxj,1<i<m1<j<n]).
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10.2.2 Cogeneration of an Ideal

As above, let X be a matrix of size r x d, and let > be a partial order on the set of
all minors of X.

Definition 10.2.4. Given a minor M of X, the ideal Iy of K[x;;, 1 <i <r, 1 <
J < d] generated by {M’ | M’ a minor of X such that M’ ¥ M} is called the ideal
cogenerated by M (for the given partial order).

Proposition 10.2.5. Given a minor M of X, let ty be the element of 13, such that
0(tm) = M. Then Iy = I(Yy,,), where Yr,, = O N Xp,(ty) and I(Yy,,) is the ideal
defining Yy, as a closed subvariety of O} .

Proof. We have (cf. Theorem 10.1.8), I(Y7,,) is generated by {p; | i € I, T 7 i}
The required result follows from this in view of the bijection 6. O

Corollary 10.2.6. The set {1y, M a minor of X} is precisely the set of ideals of the
opposite cells in Schubert varieties in G,,.

Proof. The result follows in view of Proposition 10.2.5 and the bijection 6 between
I, \{(1,2,...,d)} and the minors of X. O

Corollary 10.2.7. Let M be the (t—1)-minor of X consisting of the first (t—1)-rows
of X and the first (t — 1)-columns of X. Then I,(X) (the ideal of D,) equals Iy.

Proof. We have (cf. Theorem 10.1.8), I;,(X) = I(Yy), ¢ being as in Theorem 10.1.8.
Now, under the bijection 8, we have 6(¢) = [{1,2,--- ,t —1}|{1,2,--- ,t — 1}].
The result now follows from Proposition 10.2.5. O

10.3 Grobner Bases for Determinantal Varieties

In this section, we determine a Grobner Basis for the ideal of a determinantal variety.
First, we introduce a total order on the variables as follows:

Xml > Xm2 >+ > Xpn > Xm—11 > Xp—12 > ...
e > Xpy—1p >t > X1 > X1 > 0 > X

This induces a total order, namely the lexicographic order, on the set of monomials
in K[X] = K[x11, ..., Xmn], denoted by <. Throughout the rest of this section, for a
polynomial f, in(f) will denote the initial term of f with respect to < (where initial
term is the largest monomial). Note that the initial term (with respect to <) of a
minor of X is equal to the product of its elements on the skew diagonal. Similarly,
given an ideal I C K[X], we denote by in(/) the ideal generated by the initial terms
of the elements in / with respect to <.

We recall the following from [29].
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Theorem 10.3.1. Let M = [iy,..., i |j1,...,j] be a minor of X, and I the ideal
of K[X] cogenerated by M. For 1 < s < r + 1, let G, be the set of all s-minors

[, 0Ll - - - Ji] satisfying the conditions
i <ipdiy <ty iy < lpegto, (1)
ooy Zds=1eo oy Z gt 2
ifs <r, theniy > i,—s41 or j. < ;. )

Then the set G = Uf:ll G is a Grobner basis for the ideal I with respect to the
monomial order <.

Theorem 10.3.2. Lett € 7, 1 <t < min {m,n}. Let
Fi = {M' | M" is a minor of X of size t}.

Then F; is a Grobner basis for I,(X).

Proof. We have D; is generated by ;. Let M be the (1 — 1)-minor [A|B] of X, where
A=m+2—tm+3—t---,m}, B={l1,2,---,t—1}. Let us write A =
{iv,»-+,i;}, B=4{1,--- . jrp.Wehaver=t—1, i=m+1—r, =1 1<I1<r.
Let M’ € G, G being as in Theorem 10.3.1, say, M" = [i|,...,i|f].....Ji] be
a minor of X of size s, s < r + 1 (= r).The inequalities regarding i’s and i’’s in
condition (1) of Theorem 10.3.1 are redundant, since iy = m+[1—r, 1 <[ < r.
Similarly, the inequalities regarding j’s and j’s in condition (1) of Theorem 10.3.1
are again redundant (since j; = [, 1 < [ < r); also, condition (2) reduces to the
condition that if s < r(= r — 1), then i{ > i,_s4 (since j; = s). Therefore, for the
above choice of M, the conditions (1) and (2) of Theorem 10.3.1 are equivalent to

ifs <r(=t—1), then lll > lst1 (= b—y).

Lets < t— 1. The condition that #{ > i, (= m + 1 —s) implies i, > m + 1, which
is not possible. Hence Gy = @, if s < t — 1; thus we obtain G = G,. Now for s = ¢,
as discussed above, condition (1) of Theorem 10.3.1 is satisfied by any #-minor M’
while condition (2) is vacuous. Hence we obtain that G, is the set of all #~minors,
i.e., G = F;. The result now follows from Theorem 10.3.1. O

We conclude this section with the description of the singular locus of the
determinantal variety.

Theorem 10.3.3. The Singular Locus of D, is D,—;.

Proof. Let ¢ = (t,t + 1,...,d,n + 2 — t,...,n); from Theorem 10.1.8 we
have D, =~ Y. Let us use the formulation of SingY, found in Theorem 6.5.9

and Example 6.5.10. As an element of I;,, ¢ corresponds to the partition
a = ((n - (- 1)d+r_’). The partition a has only one “hook,” and thus
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SingY, = Y}, where b = ((n —d)7?, (1 — 2)d+2_’) (we note that the results on
the singular locus of the Schubert variety X, apply to the opposite cell Y,).

The partition b correspondto z € Iy, 7 = (t—1,¢,...,d,n+3—t,...,n),and
Y: = D, by Theorem 10.1.8. The result follows. O

10.4 Connections with Classical Invariant Theory

In Chapter 9, we examined the results of SL;(K)-actions appearing in classical

invariant theory and their connections to the Grassmannian. In this section, we

consider GL, (K)-actions appearing in classical invariant theory (cf. De Concini-

Procesi [17], Weyl [88]), and we will see a connection to the determinantal variety.
Let V = K", and

X=Vo---pVaV'e---aV*.

m copies q copies
The GL(V)-action on X: Writing u = (uy, ua, ..., uy) withu; € V and § =
(1,8, ...,&) with & € V*, we shall denote the elements of X by (u, ). The

(natural) action of GL(V) on V induces an action of GL(V) on V*, namely, for
£ € V* g € GL(V), denoting g - £ by &4, we have

Ew) =E@g v, veV

The diagonal action of GL(V) on X is given by

g §) = (gu, &%) = (gu, gua, ..., gun, (&, ... &), g € G, (. §) € X.

The induced action on K[X] is given by

(8- Nw§) =f(g™ w.§)). f € KIX]. g € GL(V).

Consider the functions ¢; : X —> K defined by ¢;((«, §)) = §(w;), 1 <i <m,
1 <j < g. Each g;; is a GL(V)-invariant: For g € GL(V), we have,

(8- @) (@.§) = (s~ (w.))
= py((g'u8)
=& (5w
= §(w)
= (. £)).
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It is convenient to have a description of the above action in terms of coordinates.
So with respect to a fixed basis, we write the elements of V as row vectors and those
of V* as column vectors. Thus denoting by M, ;, the space of a x b matrices with
entries in K, X can be identified with the affine space M,,,, x M, 4. The action of
GL,(K) (= GL(V)) on X is then given by

A-(U,W) = (UA,A"'W), A € GL,(K), U € My, W € M,
And the action of GL,(K) on K[X] is given by
A-NU.W) =f (AT (U.W)) =f (VAT AW) , f € K[X].

Writing U = (u,j) and W = () we denote the coordinate functions on X by u;; and
&u. Further, if u; denotes the i-th row of U and §; the j-th column of W, the invariants
@;j described above are nothing but the entries (ui, éj) (= &j(u;)) of the product UW.
In the sequel, we shall denote ¢;(u, §) also by (ui, g,-).

The Function p(A, B): For A € I(r,m),B € I(r,q),1 < r < n, let p(A, B) be
the regular function on X: p(A, B)((«, §)) is the determinant of the r X r-matrix

((ui, g,-))ieA,jEB. Let S be the subalgebra of R® generated by {p(A, B)}. We shall
now show (using Theorem 9.3.4) that S is in fact equal to R,

10.4.1 The First and Second Fundamental Theorems
of Classical Invariant Theory (cf. [88])
Jor the action of GL,(K)

Theorem 10.4.1. Let G = GL,(K). Let X be as above. The morphism ¥ :
X = Myg W§) — (qpij@, g)) (= ((ui,éj))) maps X into the determinantal

variety Dy+1(M,, 4), and the induced homomorphism y* : K[D,11(M,, )] = K[X]
between the coordinate rings induces an isomorphism

W* : K[Dn-i-l(Mm,q)] - K[X]Gv

i.e., the determinantal variety D, 1(M,, ) is the categorical quotient of X by G.

Proof. Clearly, ¥ (X) € D,11(M,,4) (since ¥ (X) = Spec S, and clearly Spec S C
D,11(M,,4) (since any n + 1 vectors in V are linearly independent)). We shall
prove the result using Theorem 9.3.4. To be very precise, we shall first check the
conditions (i)—(iii) of Theorem 9.3.4 for ¢ : X — M,, ,, deduce that the inclusion
SpecS € D,11(My,) is in fact an equality, and hence conclude the normality of
Spec S (condition (iv) of Theorem 9.3.4).
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(i) Let x = (ﬂ,g) = (ut,...,Um §1,...,8§) € X*. Let W, be the subspace of V
spanned by x;’s and W; the subspace of V* spanned by £;’s. Assume if possible
that ¥ ((u, §)) = 0, i.e., (u;, &) = 0 forall ,j.

Case (a): W =0,ie.,& = 0forallj.

Consider the one parameter subgroup I’ = {g,,t # 0} of GL(V), where
g: = tl,, I, being the n x n identity matrix. Then g, - x = g; - (4, 0) = (tu, 0),
so that g, - x — (0) as t — 0. Thus the origin 0 is in the closure of G - x, and
consequently x is not semi-stable, which is a contradiction.

Case (b): W: # 0.

Since the case W, = 0 is similar to Case (a), we may assume that W, # 0.
Also the fact that W # 0 together with the assumption that (x;, §) = 0 for
all i, j implies that dimW, < n. Let r = dim W, so that we have 0 < r < n.
Hence, we can choose a basis {e, ..., e,} of V such that W, = (ey,...,e,),
r<n,and Wy C (e}, ,....,e;), where {e], ..., e;} is the dual basis in V*.
Consider the one parameter subgroup I = {g;, t # 0} of GL(V), where

(., 0
&= \o 1)

We have g; - (u,§) = (tu,1§) — 0as t — 0. Thus, by the same reasoning as
in Case (a), the point (u, §) is not semi-stable, which leads to a contradiction.
Hence we obtain ¥ ((u, §)) # 0. Thus (i) of Theorem 9.3.4 holds.

(ii) Let
U={u$§) eX|{ur,...,un}, {1,... &} are linearly independent}.

Clearly, U is a G-stable open subset of X.

Claim: G operates freely on U, U — U mod G is a G-principal fiber space, and ¢
induces an immersion U/G — M, ,.

Proof of Claim: We have a G-equivariant identification

() UxGXGXVX:oxXVxV*x.--xV*

(m—n) copies (g—n) copies

from which it is clear that and G operates freely on U. Further, we see that U mod G
may be identified with the fiber space with base G x Gmod G (G actingon G x G
asg-(g1.82) = (g12.8'82).8.81.82 € G) ,and fiber Vx - - x VX V* x ... x V*

(m—n) copies (g—n) copies

associated to the principal fiber space G x G — (G x G) / G.

It remains to show that ¢ induces an immersion U/G — AN, i.e., to show that
the map ¢ : U/G — M,,, and its differential dyr are both injective. We first prove
that  : U/G — M, is injective. Let x, x’ in U/G be such that ¥ (x) = ¥ (x).
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Let n,n' € U be lifts for x, x’, respectively. Using the identification (T) above, we
may write

n= (Avun-l—ls"' 7umsBs‘§n+lv"' séq)s A,B € G,
n = (A/,M:,_,_l,--- ’u;n’B/’E;t—l—lv"' ’E;)7 A'.B €G
(here, u;, 1 < i < n are given by the rows of A, while &;, 1 < i < n are given by the

columns of B; similar remarks on u/, £/). The hypothesis that ¥ (x) = ¥ (x’) implies
in particular that

(i &) = (u, &) 1 <ij<n
which may be written as
AB=A'B

This implies that A’ = A - g, where g = BB'~'. Hence on U/G, we may suppose
that

x=(ur, - Up Ung 1, Uy €1 6y,
x/ — (ulv"' ’un’u:H_l,... ’u;ﬂS{,.” ’Ec/l)
where {u,, ..., u,} is linearly independent.

For a given j, we have,
(i, &) = (ui, &) ,1 <i < n, implies § = &
(since {uy, ..., u,} is linearly independent). Thus we obtain
(%) g = g, forall j.

On the other hand, we have (by definition of U) that {&;,...,§&,} is linearly
independent. Hence, fixing ani, n + 1 <i < m, we get

(Ui &) = (. §)(= (ul.£))) .1 <j < n, implies u; = u].
Thus we obtain
(*%) u; = u., forall i.
The injectivity of ¢ : U/G — M, 4 follows from (*) and (x).

To prove that the differential dy is injective, we merely note that the above
argument remains valid for the points over K|[e], the algebra of dual numbers
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(= K & Kg, the K-algebra with one generator ¢, and one relation & = 0), ie.,
it remains valid if we replace K by K[e], or in fact by any K-algebra. Thus (ii) of
Theorem 9.3.4 holds.

(iii) We have
dimU/G = dimU — dim G = (m + q)n — n* = dim D,1(M,,,5).

The immersion U/G < SpecS(S D,y1(M,,)) together with the fact
above that dimU/G = dimD,(M,,,) implies that SpecS in fact equals
Dy, +1(M,,4). Thus (iii) of Theorem 9.3.4 holds.
(iv) The normality of Spec S(= D,+1(M,, 4)) follows from Corollary 10.1.9.
O

Combining the above theorem with Theorem 10.2.2, we obtain the following
corollary.

Corollary 10.4.2. Let X and G be as above. Let ¢;; denote the regular function
. &) = (ui,§)onX, 1 <i<m, 1 <j=<gq,andletf denote the m x g matrix ((p,;j).
The ring of invariants K[X|® has a basis consisting of standard monomials in the
regular functions p . (f) with#A < n, where #A = t is the number of elements in the
sequence A = (A1,...,A;) and py ,.(f) is the t-minor with row indices Ay, ..., A,
and column indices |41, . . ., Wi

As a consequence of the above theorem and corollary, we obtain the First and
Second Fundamental Theorems of classical invariant theory (cf. [88]). Let notation
be as above.

Theorem 10.4.3.

1. First Fundamental Theorem
The ring of invariants K[X]°LV) is generated by ¢, 1 <i<m,1 <j <gq.

2. Second Fundamental Theorem
The ideal of relations among the generators in (1) is generated by the (n + 1)-
minors of the m x g-matrix (;;).

Further we have a standard monomial basis for the ring of invariants, as follows.

Theorem 10.4.4. The ring of invariants K[X]°™Y) has a basis consisting of stan-
dard monomials in the regular functions p(A,B), A € I(r,m), B€ I(r,q), r < n.



Chapter 11
Related Topics

In this chapter, we give a brief account of some of the topics that are related to flag
and Grassmannian varieties.

11.1 Standard Monomial Theory for a General G/Q

We saw in Chapter 5 that the Grassmannian variety is a G/P, G = SL(n), and P a
suitable maximal parabolic subgroup. Recall that the classical result due to Hodge
for the Grassmannian consists of constructing bases for H(X,L"),m € Z4 (X
being the Grassmannian, and L(= Ox(1)) being the ample generator of Pic X (= Z),
the Picard group of X), in terms of “standard monomials” in the Pliicker coordinates;
this result was extended to the flag variety Fi,(= SL(n)/B), in Chapter 8, by
developing a standard monomial theory for the flag variety. Generalization of
Hodge’s result to any G/Q, G semisimple and Q a parabolic subgroup of G (namely,
construction of explicit bases for H(G/Q, L) for all ample line bundles on G/Q),
has been carried out in [56, 67] by developing a standard monomial theory for G/Q;
in fact, a standard monomial basis for H° (X, L), X a Schubert variety, has also been
constructed.

The standard monomial theory has led to very many interesting geometric and
representation-theoretic consequences: normality, Cohen—Macaulayness properties
for Schubert varieties, determination of singular loci of Schubert varieties, gener-
alization of Littlewood-Richardson rule, branching rule, etc. See [4, 43, 44, 54,
57, 63-65] for details. For results on singularities of Schubert varieties, see also
[12, 41, 62, 91].

© Springer Science+Business Media New York 2015 155
V. Lakshmibai, J. Brown, The Grassmannian Variety,
Developments in Mathematics 42, DOI 10.1007/978-1-4939-3082-1_11



156 11 Related Topics
11.2 The Cohomology and Homology of the Flag Variety

We state below the main results concerning the cohomology and homology of the
flag variety Fl(n). For details, the reader may refer to [23]. Let X be an algebraic
variety. Let H;X and H'X be the i singular homology and cohomology of X with
integer coefficients (see [83] for the definition of H;X, H'X, X being a topological
space). The cohomology H*X = @H'X has a ring structure, H'X ® H'X — H'X,
a ® B +— o U B (the cup product); it is an associative skew-commutative ring with
1 € H°X. The homology Hy,X = @®H;X is a left module over H*X defined by
H'X ® HX — Hi—X,a ® f > a N B (the cap product).

11.2.1 A Z-basis for H* (Fl(n))

Now take X = Fl(n), the set of complete flags:
{Fe:(O)=VoCcViC---CV,=C"dimV; =i}.

Let Ex be the trivial bundle of rank n over X. There is a universal filtration of
submodules (0) = Uy C U; C --- C U, = Ex = E, say, rankU; = i. Over a
point in X (corresponding to a flag F,) the fibers of these bundles are simply the
vector spaces occurring in F,. Let L; = U;/U;—1, x; = c¢1(L;) (the Chern class of L;,
for reference see [28, App. A]).

Theorem 11.2.1. The set {)cilljc;2 . X0 < i; < n—j}isaZ-basis for H*(X).

11.2.2 A presentation for the Z-algebra H* (Fl(n))

Let X = Fl(n) and E = Ey, the trivial bundle of rank n over X. From above, we
have that E has a filtration with line bundles L; as quotients. We have that ¢;(E) (the
i Chern class of E, see [28, App. A)) is the i”* elementary symmetric polynomial
inc;(L)(= xi), 1 <i < n. Butc¢(E) = 0 for all i, since E is the trivial bundle.
Thus we obtain ¢;(xq,...,x,) = 0, where ¢;(x1,...,x,) = Zilé,,q/_ Xy ... X;;, the
i elementary symmetric polynomial.

Theorem 11.2.2. The Z-algebra H*(Fl(n)) has a set of algebra generators
{x;, 1 <i < n} and the ideal of relations is generated by

{ei(x1,...,xy), 1 <i<n}.
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11.2.3 The homology H . (Fl(n))

For w € W(= S,), we shall denote by [X,,] the class determined by the Schubert
variety X,, in Hy,,)(Fl(n)) (recall that dim X (w) = [(w)). Forw € W, let Y,, be the
closure of the B™-orbit B - e,,, where B~ is the Borel subgroup opposite to B.

Theorem 11.2.3 (A geometric basis for H.(Fl(n))). The classes

{Xu], i) = d}

form a Z-basis for Hyy(Fl(n)), and the classes {[Y,], l(v) = d} form a dual basis
for Hyn—24(FIl(n)) under the pairing

(.) : Hag(Fl(n)) x Hon—2q(FI(n)) — Ho(Fl(n))(= Z),

where N = () (= dim Fl(n)).

11.2.4 Schubert classes and Littlewood-Richardson coefficients

Fix d, 1 <d < n— 1. Then the canonical projection Fi(n) — Gy,
Fer—Vy, where Fe = (VyCV; C---CV,=C"

identifies H* (G4,,) as a subring of H*(FI(n)). Under this identification, for i € I,
the Schubert class [0;] gets identified with the Schubert class [X(w)] in

Z[X],...,Xn]/<€i(X1,...,Xn),i = 1,...,1’!),

where w is the permutation with the entries of i in the first d places, and the rest of the
entries appearing in ascending order (such a permutation is called a Grassmannian
permutation).

Let G = SL,(C). Recall (cf. Chapter 8) that the finite dimensional irreducible
representations of SL,(C) are indexed by Young diagrams with columns of length
at most n — 1, two Young diagrams A = (A; > A, > --- > 4,1 > 0), u = (U1 >
U2 > -+ > u,—1 > 0) being identified if A; — u; is the same for all i. Let A, u
be two Young diagrams. Let V*, V# denote the irreducible G-modules with highest
weight A, u, respectively. Let

Ve vt =e, V"

The integers c) . are called the Littlewood-Richardson coefficients.
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On the other hand, denoting the Schubert classes (in H* (FI(n))) corresponding to
A, w, by [02], [0,.], respectively (recall that Schubert varieties in the Grassmannian
correspond to Young diagrams, as in the discussion before Definition 7.5.10), we
have that

(03] - lo] = ) €5 lon].

Thus the coefficients appearing in the product of two Schubert classes in H* (Fl(n))
are simply the Littlewood-Richardson coefficients.

11.3 Free Resolutions

A classical problem in commutative algebra and algebraic geometry is to describe
the syzygies of defining ideals of algebraic varieties. One typical example is the
determinantal variety Dy of m x n matrices (over a field K) of rank at most k(<
min{m, n}) ; it is a closed subvariety of the mn-dimensional affine space of all m x n
matrices. When K = C, a minimal free resolution of the coordinate ring K[D;] of
Dy as a module over the coordinate ring of the mn-dimensional affine space (i.e.,
the mn-dimensional polynomial ring) was constructed by A. Lascoux [59]; see also
[89, Chapter 6].

As seen in Chapter 10, a determinantal variety can be identified with the opposite
cell in a certain Schubert variety in a suitable Grassmannian. In [42], a free
resolution for a larger class of singularities, namely, Schubert singularities, i.e.,
the intersection of a singular Schubert variety and the “opposite big cell” inside
a Grassmannian has been constructed. The method adopted in [42] is algebraic
group-theoretic, and is likely to work for Schubert singularities in more general flag
varieties. In fact, using the technique in [42], a free resolution for a class of Schubert
singularities has been constructed in the Lagrangian Grassmannian in [33].

11.4 Bott—Samelson Scheme of G

Let G be a simple group of rank n. Denote the simple roots by {«;,--- ,®,}, and
the simple reflections by {s;,---,s,}. For 1 < i < n,let P; O B be the minimal
parabolic subgroup of G associated to s;.

For any word i = (iy, ..., i), with letters 1 < i; < n, the Bott—Samelson scheme
corresponding to the word i is defined as the quotient space

Zi:PilXPiZX---XPi[/BZ,
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where B’ acts by

(P12 1) - (b1, o, ... b)) = (p1b1, b ' paba, ... b\ piby).

It was originally used (cf. [7, 18, 26]) to desingularize the Schubert variety X,, =
B-wB C G/B, where w = s; ---s;. The desingularization is given by the
multiplication map m : 4 — X,, € G/B, (p1,...,p;) + p1---p;-B, and Z; has
the structure of an iterated fiber bundle with fiber P! in each iteration, so we may
loosely think of Z; as a “factoring” of the Schubert variety into a twisted product of
projective lines.

The Bott—Samelson scheme corresponding to the word i = (ij,...,iy), N =
dim G/B, where s;, - - - s;,, is a reduced expression for the largest element of the Weyl
group, is defined as the Bott—Samelson scheme of G. In recent times, many authors
have studied Bott—Samelson varieties. In proving the Frobenius-split property (cf.
§11.5 below) for the generalized flag varieties (namely, G/B,G semisimple),
the authors (cf. [73]) first prove the Frobenius-split property for Bott—Samelson
varieties and then deduce the Frobenius-split property for the generalized flag
varieties. In [79], the author proves the vanishing theorem for the cohomology of
line bundles on Bott—Samelson varieties. A standard monomial theory has been
developed for Bott—Samelson varieties in [47]; see also [2]. In [25], the authors
study certain toric varieties associated to Bott—Samelson varieties.

In [27], the authors describe the Newton-Okounkov body of a Bott—Samelson
variety as a lattice polytope defined by an explicit list of inequalities; a Newton-
Okounkov body is a convex body in Euclidean space associated to a divisor (or more
generally a linear system) on a variety. It encodes information about the geometry of
the variety and the divisor. It is a generalization of the notion of the Newton polytope
of a projective toric variety; for more details, see [36, 38, 60]. Besides Newton
polytopes of toric varieties, several polytopes appearing in representation theory -
such as Gelfand-Zetlin polytopes and string polytopes of Berenstein-Zelevinsky
(cf. [3]), Littelmann (cf. [66]) - can be realized as special cases of Newton-
Okounkov bodies. In fact, using the results of [3, 66], one gets a nice parametrization
of Lusztig’s canonical basis (cf. [69]), using which Caldero [11] describes toric
degenerations of Schubert varieties; see also [15] for toric degenerations of Schubert
varieties. For a related result (relating Okounkov bodies and toric varieties), see [1].

11.5 Frobenius-Splitting

Let X be a smooth projective variety over an algebraically closed field k& of
characteristic p > 0. Let F : X — X be the absolute Frobenius morphism induced
by f — f? for all f € Ox. This induces an Ox-linear map

F*: Oy > F.Ox.
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An algebraic variety X is called a Frobenius-split variety if the Ox-linear map F*
splits, i.e., if there exists an Ox-linear map s : FxOx — Oy such that s o F* is the
identity map of Ox.

The theory of Frobenius-splitting was developed by Mehta-Ramanathan
(cf. [73]); it is a nice property implying many geometric and cohomological
properties. Many varieties where a linear algebraic group acts with a dense orbit
turn out to be Frobenius-split. This includes the generalized flag varieties and
Bott—Samelson varieties; in fact, one first proves the Frobenius-split property for
Bott—Samelson varieties and then deduces the Frobenius-split property for the
generalized flag varieties by using the proper, birational map m : Z — G/B
(cf. §11.4 above). Further, generalized flag varieties are split compatibly with their
Schubert subvarieties (a subvariety Y of a Frobenius-split variety X is said to be
compatibly split in X, if s(F«(Iy)) C Iy, Iy being the ideal sheaf of Y (here s is as
above the map F«Ox — Oy)).

The Frobenius-splitting of Schubert varieties yields important geometric results:
Schubert varieties have rational singularities, and they are projectively normal and
projectively Cohen—Macaulay in the projective embedding given by any ample line
bundle (in particular, they are normal and Cohen—Macaulay). Further applications
of Frobenius-splitting concern the representation theory of semisimple algebraic
groups: for a detailed account, refer to [9].

11.6 Affine Schubert Varieties

Let k = C,F = k((t)), the field of Laurent series, A* = k[[r*]]. Let G be a
semisimple algebraic group over k, T a maximal torus in G, B a Borel subgroup,
B D T and let B~ be the Borel subgroup opposite to B. Let G = G(F). The natural
inclusions

kAT F

induce inclusions

G GAY) <= G.
The natural projections

AT >k F 0
induce homomorphisms

7t GAT) > G.
Let

B=@")"'(B). B = (=")"'(B).
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Let W = N(kz, 1)/ T, the affine Weyl group of G (here, N is the normalizer of
T in G); W is a Coxeter group on £ + 1 generators {so, s - -+ S¢}, where £ is the
rank of G, and {sg, s - - - s¢} is the set of reflections with respect to the simple roots,
{ao, ap -+ -ayf, of G.
We have the following Bruhat decomposition:
G(F) = L'JWeWBwB, G(F)/B = UW,GWBWB(modB).
Forw € W, let X(w) be the affine Schubert variety in G(F)/B:
X(w) = Uy< Bt B(mod B).

It is a projective variety of dimension £(w).

11.7 Affine Flag and Affine Grassmannian Varieties

Let G = SL(n), G = G(F), and Gy = G(A™). Then G/B is the affine flag variety,
and G /Gy is the affine Grassmannian. Further,

G/Gy = UWEWGO Bw Go(mod Go)

where W is the set of minimal representatives in W of W/ Wa,.
Denote AT (= k[[f]]) by just A. Let

C% = {A-lattices in F"}

Here, by an A-lattice in F", we mean a free A-submodule of F" of rank n. Let E be
the standard lattice, namely, the A-span of the standard F-basis {ej,--- , e,} for F".

ForV e C%, define
vdim(V) := dimg(V/V N E) —dim(E/V N E).
One refers to vdim(V) as the virtual dimension of V. For j € Z denote
Gri(n) = {V € Gr(n) | vdim(V) = j}.

Then G/rj(\n), J € Z give the connected components of G/r\(n) We have a transitive

action of GL,(F) on CTr(?) with GL,(A) as the stabilizer of the standard lattice E.
Further, let Gy be the subgroup of GL,(F) defined as

Go = {8 € GL,(F) | ord(detg) = 0}
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(here, foraf € F,say f = Y a;t', ord(f) is the smallest r such that a, # 0). Then
Go acts transitively on Gry(n) with GL,(A) as the stabilizer of the standard lattice E.

Also, we have a transitive action of SL,(F) on m with SL,(A) as the stabilizer
of the standard lattice E. Thus we obtain the identifications:

" GL,(F)/GL,(A) ~ Gr(n)
k
Go/GLw(A) ~ Gro(n), SLy(F)/SLy(A) ~ Gro(n).

In particular, we obtain
(x%) Go/GL,(A) ~ SL,(F)/SL,(A)
Geometric and representation-theoretic results on affine Schubert, affine

flag and affine Grassmannian varieties have been proved by several authors:
[24, 39, 40, 61, 74].
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