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Preface

Usually, the subject of a book on numerical mathematics pertains to a certain field
of application or a certain numerical method. In this book we proceed in a different
way. Stability is a concept that appears in various fields of numerical mathematics
(as well as in other parts of mathematics). Although in each subfield stability is
defined differently, there is a common meaning for this term, roughly described
by the fact that perturbations are not amplifying the result in a dangerous way. In
examining different fields of numerical mathematics concerning stability, we have
the opportunity to recall some facts from numerical analysis. However, numerical
mathematics cannot control stability exclusively for its own purpose. It turns out
that stability is an ambiguous term, which also has strong connections to analysis
and functional analysis.

Although stability is an essential requirement for numerical methods, the particu-
lar stability conditions are often not as obvious as, e.g., consistency conditions. The
book may lead the reader to a better understanding of this term.

This book is an extension of a lecture held in the summer semester of 2003 at
the University of Kiel (Christian-Albrechts-Universitit zu Kiel). The exposition is
self-contained, and the necessary facts from numerical analysis and analysis are
provided. Hence, the book is well suited, e.g., as material for seminars in numerical
mathematics.

The author wishes to express his gratitude to the publisher Springer for its
friendly cooperation. In particular, he thanks Ann Kostant, editorial consultant for
Springer, for polishing the English.

Leipzig, October 2013 Wolfgang Hackbusch
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Chapter 1
Introduction

In numerical mathematics we have to distinguish between two types of methods.
There are finite algorithms, which solve a given task with a finite number of arith-
metical operations. An example of such finite algorithms is the Gauss elimination
for solving a system of linear equations. On the other hand, there are problems P
that cannot be solved in finite time. Instead, there are (finite) approximation algo-
rithms that involve solving substituting problems P,, producing results x,,, which,
hopefully, tend to the true solution x of the original problem. The increasing close-
ness of P,, to P for n — oo is the subject of the consistency condition. What really
matters is the convergence x,, — x. Whether consistency implies convergence de-
pends on stability. It will turn out that under the assumption of consistency and
possibly some technical conditions, convergence and stability are equivalent.

The original German manuscript has been used for Diplom students in mathemat-
ics. The material in this book is intended for master and Ph.D. students. Besides the
discussion of the role of stability, a second goal is to review basic parts of numerical
analysis.

We start in Chapter 2 with finite algorithms. We recall the condition of a prob-
lem and the stability of an algorithm. The amplification of input and intermediate
floating point errors measures the quality of condition and stability. In this respect,
the terms remain vague, since the amplification factors are some positive real
numbers which may vary between ‘small’ (stable) and ‘large’ (unstable) without
a clear separation.

Chapter 3 is devoted to quadrature methods, more precisely, to families of
quadratures (),,, where, with increasing n, the quality should improve (‘consis-
tency’). ‘Stability’ is again connected with the amplification of input errors. In
contrast to Chapter 2, it is uniquely defined as to whether stability holds or not, since
the terms ‘small’ and ‘large’ are replaced by finiteness or infiniteness of sup C),, the
supremum of condition numbers C,,.

Although the stability definition is inspired by numerical phenomena, it is also
suited to purely analytical purposes. Stability is almost equivalent to convergence
of the quadrature result @, (f) to the exact integral [fdz. Correspondingly,

W. Hackbusch, The Concept of Stability in Numerical Mathematics, 1
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2 1 Introduction

analytical tools from functional analysis are involved, namely Weierstrass’ approx-
imation theorem and the uniform boundedness theorem.

Interpolation treated in Chapter 4 follows the same pattern as in Chapter 3. In
both chapters one can pose the question of how important the stability statement
sup C), < oo is, if one wants to perform only one quadrature or interpolation for a
fixed n. In fact, polynomial interpolation is unstable, but when applied to functions
of certain classes it behaves quite well.

This is different in Chapter 5, where one-step and multistep methods for the
solution of ordinary initial-value problems are treated. Computing approxima-
tions requires an increasing number of steps, when the step size approaches zero.
Often an instability leads to exponential growth of an error, eventually causing a
termination due to overflow.

For ordinary differential equations instability occurs only for proper multistep
methods, whereas one-step methods are always stable. This is different for partial
differential equations, which are investigated in Chapter 6. Here, difference methods
for hyperbolic and parabolic differential equations are treated. Stability describes the
uniform boundedness of powers of the difference operators.

Also in the case of elliptic differential equations discussed in Chapter 7, stability
is needed to prove convergence. In this context, stability describes the boundedness
of the inverse of the difference operator or the finite element matrix independently
of the step size.

The final chapter is devoted to Fredholm integral equations. Modern projection
methods lead to a very easy proof of stability, consistency, and convergence. How-
ever, the Nystrom method—the first discretisation method based on quadrature—
requires a more involved analysis. We conclude the chapter with the analysis of the
corresponding eigenvalue problem.

Despite the general concept of stability, there are different aspects to consider
in the subfields. One aspect is the practical importance of stability (cf. §4.6),
another concerns a possible conflict between a higher order of consistency and
stability (cf. §3.5.2, Remark 4.15, Theorem 5.47, §6.6, §7.5.9).



Chapter 2
Stability of Finite Algorithms

2.1 About Algorithms

An algorithm is used to solve a (numerical) problem. For the mathematical formula-
tion of a problem (or task) we use a mapping ¢ : X — Y, which is to be evaluated
numerically (cf. [9, Chap. 1]).

An algorithm is executable if the mapping & is composed of units that are
realisable in a computer program. We call these units elementary operations. In
the standard case, these elementary operations are the basic arithmetical opera-
tions +, —, x, / in the set of real or whole numbers. In addition, the programming
languages offer the use of some special functions like sin, cos, exp, v/-, . . .

An algorithm is the composition of elementary operations. A finite algorithm
is characterised as involving only a finite number of elementary operations. The
algorithm is a realisation of the mapping

D (z1,...,2,) € X =domain(P) — (y1,-..,ym) € Y =range(P). (2.1)

If @ is realisable by at least one algorithm, then there are even infinitely many
algorithms of this kind. Therefore, there is no one-to-one correspondence between
a task and an algorithm.

A finite algorithm can be described by a sequence of vectors

x() = (X1, ), xW o x0) = (mgj),...7x%)),...,x(p) = (Y1, Ym),

where the values JZEJ ) from level 7 can be computed by elementary operations from
the components of xU 1),

x1
X2

Example 2.1. The scalar product y= < ( ), (iz) > has the input vector (x1, . .., T4).

The algorithm uses the intermediate values x(D = (21,22) with z1 = m1x9,

2o := x3x4. Then the output value is obtained from y := 21 + 2.

The opposite of a finite algorithm is an infinite one, which, e.g., computes a
sequence whose limit is the desired result of the problem. Since one has to terminate

W. Hackbusch, The Concept of Stability in Numerical Mathematics, 3
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4 2 Stability of Finite Algorithms

such an infinite process, one finally obtains a finite algorithm producing an approx-
imate result.

Here we only want to motivate the concept that algorithms should be constructed
carefully regarding stability. It remains to analyse various concrete numerical
methods (see, e.g., the monograph of Higham [5]).

2.2 A Paradoxical Example

2.2.1 First Algorithm

The following problem involves the family of Bessel functions. In such a case, one
is well advised to look into a handbook of special functions. One learns that the n-th
Bessel function (also called cylinder function) can be represented by a power series
or as an integral:

(1) (a/2)n 2k
Jn(z) = kz M forn € Ny (2.2)
=0
" r~ .
= !/ 1 5(?) cos(ng)de forn € Z. (2.3)
n 0

The chosen task is the computation of J5(0.6).
Assume that tabulated values of the first two Bessel functions Jy and J; are
offered as, e.g., in [13, page 99],
Jo(0.6) = 0.9120, J;(0.6) = 0.2867, 2.4
but not the value of J5(0.6). Furthermore, assume that the book contains the
recurrence relation

2
Jnt1(@) + Jn-1(x) = ?an(x) forn € Z (2.5)

as well as the property

> Ju(@)=1  forallz € R. (2.6)

n—=——oo

Exercise 2.2. Prove convergence of the series (2.2) for all x € C (ie., J, is an
entire function).

An obvious algorithm solving our problem uses the recursion (2.5) for n =
1,2, 3, 4 together with the initial values (2.4):



2.2 A Paradoxical Example 5

12(0.6) = Jo(0.6)+52:11(0.6) = -0.9120+ ;2-0.2867 = 4.3666710-2,
13(0.6) = J1(0.6)+5%15(0.6) = -0.2867+5%-4.3666710-2 =4.4111110-3,
14(0.6) = J2(0.6)+55:J5(0.6) = -4.3666710-2+ 0 4.4111110-3 = 4.444441-4,
15(0.6) = J3(0.6)+52:14(0.6) = -4.4111110-3+52:4.4444410-4 = 1.5148110-3.

Q.7

The result is obtained using only eight elementary operations. The underlying equa-
tions are exact. Nevertheless, the computed result for J5(0.6) is completely wrong,
even the order of magnitude is incorrect! The exact result is J5(0.6) = 1.994821-5.

Why does the computation fail? Are the tabulated values (2.4) misprinted? No,
they are as correct as they can be. Is the (inexact) computer arithmetic, used in (2.5),
responsible for the deviation? No, even exact arithmetic yields the same results. For
those who are not acquainted with numerical effects, this might look like a paradox:
exact computations using exact formulae yield completely wrong results.

2.2.2 Second Algorithm

Before we give an explanation, we show a second ‘paradox’: an algorithm based on
inexact and even rather dubious formulae yields a perfect result. A numerical analyst
asking for advice would recommend that we use the recurrence relation (2.5) in the
opposite order; i.e., starting from J,,,(0.6) and .J,,,+1(0.6) for some m > 5 and
applying (2.5) in the order n = m — 1,m — 2,.... The drawback is that neither
Jm (0.6) nor J,,+1(0.6) are available. The expert’s hint is to replace .J,,+1(0.6) by
zero (vague reasoning: that value does not matter). The unknown value J,,,(0.6) will
be obtained from the additional property (2.6).

We denote the candidates for J,,(0.6) by j,,. The plan is to start from j,,,+1 := 0
and j,, := J;,,(0.6) and to apply (2.5): jp—1 = %jn — jna1. We observe that all
results j,,—1, Jm—2, - . . depend linearly on j,,. Therefore, starting from

Jimar =0, groi=1 (2.8)
and calculating

2
Jar = Sedn=duy form=mm—1,....0, 29

we get quantities j/, with the property j, = jmj.,. Now the unknown value j,,
can be determined from (2.6). From (2.2) or even from (2.5) we can derive that
J_n(x) = (=1)" J,(z). Hence, (2.6) is equivalent to

Jo(x) + 2J5(x) 4+ 2J4(z) + ... = 1. (2.10)

Replacing the infinite sum by a finite one: jg + 22}/’2{% Jjor = 1, we arrive at
Jm - (jé +25 Lm/2] jéy) = 1 and, in particular,



6 2 Stability of Finite Algorithms
[m/2]
J5(0.6) ~ jmis = 3/ | Jo+2 D
v=1
The choice m = 10 yields
J5(0.6) = 1.994819537430010-5,

where all 14 digits are correct.

Exercise 2.3. Prove (2.10). Hint: comparison of the coefficients shows that (2.10)
is equivalent to

¢
()" 2, ifm>0) _
z_:(zm)!(éer)!X{l, ifmo}_o for £ > 0.

m=0

For the latter identity use e®e~% = 1.

2.2.3 Explanation

As stated above, the tabulated values (2.4) are correct, since all four digits offered
in the table are correct. It turns out that we have a fortunate situation since even the
fifth digit is zero: the precise values with six digits are Jy(0.6) = 0.912005 and
J1(0.6) = 0.286701. However, the sixth and seventh decimals cause the absolute

EI"I"()I"SI

9 —0.9120049 — 0.9120 = 4.9,0-6, & }) = 0.28670099 — 0.2867 = 9.90-7

(2.11)
and the relative errors

©0 _ 4910-6 1 9.910-7

e U = 2036,
Srel = 0.912005 10 “rel = 286701 10

Both are relatively small. This leads to the delusive hope that the same accuracy
holds for J5(0.6). Instead, we observe the absolute and relative errors
e® —15,0-3, P =15 (2.12)
As we see, the absolute error has increased (from about 10~ in (2.11) to 1072 in
(2.12)). Additionally, the small value J5(0.6) < J1(0.6) causes the large relative
error in (2.12).
In order to understand the behaviour of the absolute error, we consider the recur-
sion jn,41 = g_—’éjn — Jn—1 (cf. (2.5)) for general starting values jo, j1. Obviously,

I'Let Z be any approximation of . Then £, = x — & is the absolute error, while £,,] = ==
is the relative error.
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all j,, depend linearly on jg, j;. In particular, we obtain

. 74627 . _ 7820 .
J5 = o7 N 9 Jo-

One verifies that the values jo = 0.9120 and j; = 0.2867 from (2.4) yield the value
j5 = 1.5148114-3 from (2.7). The factor 7426727 ~ 2764 is responsible for the strong
amplification of the absolute error of j;.

We add that Bessel functions are particular examples of linear recurrence
relations that have been studied in the article of Oliver [6] (see also [3], [10]).

2.3 Accuracy of Elementary Operations

Floating point arithmetic used in computers is characterised by a fixed mantissa
length. For t digits corresponding to the basis b (¢ > 1,b > 2), the set M of
machine numbers consists of zero and all numbers of the form

t
w=20.dy...dp+b” =407 " dpb™F, where

k=1
1<diy<band0<dp <bfork >1, F€Z.

For simplicity, we ignore the boundedness of the exponent £ which may lead to
overflow or underflow.

Exercise 2.4. (a) What is the best bound € in supgcg minge p |v — €| /2] <e?
(b) What is € in the special case of the dual basis b = 27

The minimiser « of min,eaq |2 — £| is the best ‘rounding’ of £ € R. Denoting
this mapping by rd, we get the following estimate with machine precision eps = ¢
(e from Exercise 2.4):

|z —rd(x)| < eps|z|.

In the following we assume that eps is chosen such that all elementary operations
‘op’ fulfil the following inequality:

|fl(a op b) — (a op b)| < eps|a op b forall a,b € M. (2.13)

Here, fl(. . .) indicates the evaluation of the operations indicated by ‘... in the sense

of floating-point computer arithmetic. A similar estimate is assumed for elementary

operations with one argument (e.g., fl (1/a)). Furthermore, we assume eps < 1.
Note that (2.13) controls the relative error.

Remark 2.5. Inequality (2.13) can be regarded as a ‘consistency’ property.

More details about computer arithmetic can be found, e.g., in [7, §16] or [8, §2.5].
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2.4 Error Amplification

The mathematical term ‘amplification’ will be used in a quite general way. If an
error ¢ is changed into ce, we say that ¢ is amplified by ¢, even if ¢ € (0,1).
The standard case of interest is, of course, whether ¢ > 1 or even ¢ > 1 may
occur.

2.4.1 Cancellation

The reason for the disastrous result for J5(0.6) in the first algorithm can be discussed
by a single operation:

Y =1T] — Ta. (2.14)
On the one hand, this operation is harmless, since the consistency (2.13) of the

subtraction guarantees that the floating point result § = fl(x; — x) satisfies the
estimate?

17—yl < epslyl.
On the other hand, this estimate holds only for x;,x2 € M. The more realistic

problem occurs when replacing the exact difference 7 = &1 — £ with the difference
x1 — T of machine numbers:

n==&—&, w1 =1d({1), 2 =1d(&2), g =f(x1 — z2),
where &1 and &, are general real numbers. The interesting error is
m—gl  for §="H(z1—z2).
The absolute error is bounded by

In—g| < |wy — 2o — (@) — 22)| + | Ay | + [Aws
<eps(|r1 — 2| + |Az1| + |Azs])
with Al’l = 61 — ;.

Aslong as |n| ~ |z;| (i = 1,2), the situation is under control, since also the relative
error has size eps. Dramatic cancellation appears when || < |z1| + |z2|. Then the
relative error is < eps%. In the worst case, || is of the size eps (|z1| + |z2]),
so that the relative error equals O(1).

Cancellation takes place for values &; and &5 having the same sign and similar
size. On the other hand, the sum of two non-negative numbers is always safe, since
Inl =& +&| > |z |"|;|g| < 3eps. The factor 3 corresponds to the three
truncations 51 — X1, 62 — Lo, L1 + T2 — ﬁ(l’l + 1‘2).

and

2 If 21 and 2 are close, often the exact difference is a machine number so that § = y.
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2.4.1.1 Linear (Differential) Error Analysis

Given the mapping y = ®(x) in (2.1), we have to check how errors Az; of the input
value #; = x; + Ax; affect the output § = &(z).

Assume that @ is continuously differentiable. The Taylor expansion of ; =
Di(x1,...,2; + Ay, ..., xp) yields §; = Pj(z1,...,250) + %Awi + o(Ax;).
Hence,

"M (2.15)

8.73i

is the amplification factor of the input error Ax;, provided that we consider the
absolute errors. The amplification of the relative error equals

il
\1/j|

‘3%@11‘) 2.16)

[“)xi

Which error is of interest (absolute or relative) depends on the particular problem.
Instead of individual components x; and y;, one may also consider certain norms
[[z]| and [|y].

2.4.1.2 Condition and Stability

A problem is called well-conditioned if the amplification of the input error is not
much larger than 1. On the other hand, if the error is strongly increased, the problem
is called ill conditioned. The maximal error amplification factor is called condition
or condition number.

Given a problem &, let A be any algorithm realising ®. Let the algorithm use the
following intermediate results:

xO = (zy,. oz = xP s s x® =y )
P1 P2 Pp
We regain the mapping & of the problem as the composition & = ¢,0¢,_10...0¢;.
The mappings

45(‘1)::<ppo¢p_1o...o<pq+1 for0<g<p

describe the transfer from x(@ to x(?) = {y,...,yn} (for ¢ = p, the empty
product is ) = id). While #(°) = & depends only on the underlying problem, the

mappings #(@) for 1 < ¢ < p depend on the algorithm. The derivative 8@;‘1) / 8335‘”
corresponds to (2.15). It is the amplification factor describing Ay; /Axgq), where

sz(»q) is the error of xEQ) and Ay; is the induced error of y;. Since, by definition,
(q)

i

the intermediate result =
is controlled by (2.13).
Let x be the condition number of problem . If all amplification factors

is obtained by an elementary operation, its relative error
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|8Q5§q) / 8x§q)\ are at most of size , the algorithm is called stable. Otherwise, the
algorithm is called unstable.

Note that the terms stability/instability are not related to the problem, but to the
algorithm. Since there are many algorithms for a given problem, one algorithm for
problem @ may be unstable, while another one could be stable.

Furthermore, we emphasise the relative relation: if the condition « is large, also
the amplification factors |8Q5§-q) / 6x§q)| of a stable algorithm may be large. In the
case of the example in §2.2, the algorithms are stable. The difficulty is the large
condition number.

We summarise: If a problem & possesses a large condition number, the disastrous
amplification of the input errors cannot be avoided® by any algorithm realising ®. If
the problem is well-conditioned, one has to take care to choose a stable algorithm.

On purpose, the definitions of condition and stability are vague®. It is not fixed
whether we consider relative or absolute errors, single components or a norm of the
error. Furthermore, it remains open as to what amplification factors are considered
to be moderate, large, or very large.

2.4.2 Further Examples

2.4.2.1 Evaluation of the Exponential Function

We consider the simple (scalar) problem ®(z) = exp(z) for x = £20 under the
hypothetical assumption that exp does not belong to the elementary operations.

First, we consider the condition. Here, it is natural to ask for the relative errors.
According to (2.16), the condition number equals

dexp(z) |af

dr | exp(z)] = ll.

Hence, moderate-sized values of x (like x+ = +20) lead to a well-conditioned
problem.

Any finite algorithm can only compute an approximate value of exp(z). We
prescribe an accuracy € and ask for an approximation exp(x) satisfying

lexp(z) — exp(x)| < eexp(z) withe := 1075, (2.17)

We fix « = 20 and choose a truncated Taylor expansion

n v

En(z) = Z%.

v=0

3 The only exception occurs when the input values are exact machine numbers, i.e., Ax; = 0.
4 A systematic definition is attempted by de Jong [2].



2.4 Error Amplification 11

The obvious algorithm for the evaluation of E,, is Horner’s scheme consisting of a
sequence of elementary operators. We use the fact that n = 46 leads to a remainder
satisfying (2.17). Indeed, the computed value E,,(20) = 4.851 651108 shows six
correct leading digits, since the exact result is exp(20) = 4.851 6521(8.

Next, we consider x = —20. Obviously, the remainder ’EV et G | for
x = —20 is smaller than for +20. However, because of the relative error, the fac-
tor exp(x) on the right-hand side of (2.17) changes from exp(20) to exp(—20);
hence, a more accurate approximation is required. One can check that n = 79 is
sufficient. However, the computation of E,,(—20) yields the value 3.919-9, which
deviates strongly from the exact value 2.0611¢-9. Obviously, this algorithm is not
stable.

The reason for the latter failure is the cancellation of the positive terms in

_9g2v+l

239 (205; = 2.4258,8 with the negative ones in Z 0 BT = —2.4248108.

A stable algorithm for approximating exp(—20) can be derived from the formula
exp(—20) = 1/exp(20) = 1/FE,,(20). The choice n = 45 suffices to compute an
approximation satisfying (2.17).

This example elucidates that analytical estimates of approximations as in (2.17)
do not ensure at all that the evaluation of the approximating expression leads to
acceptable results.

2.4.2.2 Zeros of Polynomials

The following example shows that standard concepts, e.g., from linear algebra, may
lead to a completely unstable algorithm. We consider the eigenvalue problem for
symmetric matrices (also here an approximation is unavoidable, since, in general,
eigenvalues are not computable by a finite algorithm). Computing the eigenvalue of
symmetric matrices is well-conditioned, as the following theorem will show. Since
the notation of the spectral norm is needed in the theorem, we recall some facts
about matrix norms. Given some vectors norms ||-||, the associated matrix norm is
defined by
JA]l == max{]| Az]| / [l2] : @ # 0}

(cf. (3.23) for the operator case). If ||-|| = ||-|| ., is the maximum norm, the associ-
ated matrix norm is denoted by the identical symbol ||-|| , and called the row-sum
norm (cf. §5.5.4.1). The choice ||-|| = ||-||, of the Euclidean vector norm leads us to
the spectral norm ||-||, of matrices. An explicit description of the spectral norm is

All, = max{V/\ : \ eigenvalue of ATA}.
2 g

Theorem 2.6. Let A, AA € R"*™ be matrices with A being symmetric (or normal),
and set A := A+ AA Then, for any eigenvalue \ of A, there is an eigenvalue \ of

Proof. A diagonalisation by a unitary transformation does not change the eigen-
values and norms. Therefore, without loss of generality, A = diag{\,...} is
assumed to be diagonal. Let £ # 0 be an eigenvector of A corresponding to .
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The identity
M -—A)TAAG=MN-A T A-A)z=N-A)TN-Ai=7

proves ||(5\~I — A)~' AA||; > 1 for the spectral norm. We continue the inequality
by 1 < [[(M—A)"t AAl]x < [[((M—A) |2 [|AA]|,. Since A = diag{\1, ...}, the
norm equals ||(A] — A) Yo =1 /1I<n.i£1 |A — A;|. Altogether, there is an eigenvalue

A of A such that [\ — A| = min |A — \;| = 1/|[(A] — A) V]2 < |JAA],. O

Since in linear algebra eigenvalues are introduced via the characteristic poly-
nomial, one might get the following idea:

(a) Determine the characteristic polynomial P(z) = Y"}'_ axz".

(b) Compute the eigenvalues as roots of P : P(z) = 0.

For simplicity we assume that the coefficients ay, of P(z) = det(aI — A) can be
determined exactly. Then the second part remains to be investigated: How are the
zeros of P effected by perturbations of aj? Here, the following famous example of
Wilkinson is very informative (cf. [11] or [12, p. 54ff]).

We prescribe the eigenvalues (roots) 1,2, ..., 20. They are the zeros of
20
P(x) = H (i—x)=ag+...+agz'® + a2
k=1

(ap = 20! = 2432902008176 640 000, . ..,a19 = 190, azg = 1). The large value
of ag shows the danger of an overflow during computations with polynomials. The
determination of zeros of P seems to be rather easy, because P has only simple
zeros and these are clearly separated.

We perturb only the coefficient a9 into @19 = a9 — 2722 (2723 = 1.19214-7
corresponds to ‘single precision’). The zeros of the perturbed polynomial P are

1, 2, 3, 4, 4999999928, 6.0000069, 6.99969, 8.0072, 8.917,
10.09 £ 0.644, 11.79 4+ 1.657, 13.99 £ 2.57, 16.73 £ 2.87, 19.5 +1.9¢, 20.84.

The (absolute and relative) errors are not only of size O(1), the appearance of five
complex pairs shows that even the structure of the real spectrum is destroyed.

For sufficiently small perturbations, conjugate complex pairs of zeros cannot
occur. Considering the perturbation di9 = a9 — 27°° (2755 = 2.77649-17), we
obtain the zeros

1, 2,..., 9, 10, 11—-10"1° 124 640-9,
13 —1710-9, 14+3710-9, 15 —590-9, 16+ 4710-9,

For instance, the perturbation of the 15-th zero shows an error amplification by
5910-9/2755 = 2.1199 .

Stable algorithms for computing the eigenvalue directly are using the entries of
the matrix and avoid the detour via the characteristic polynomial (at least in the form



2.4 Error Amplification 13

of P(z) = Y j_, axx®; cf. Quarteroni et al. [8, §5]). In general, one should avoid
polynomials in the classical representation as sums of monomials.

2.4.2.3 Numerical Differentiation and Related Phenomena

The numerical computation of (partial) derivatives is often required if the derivative
is not implemented or if its evaluation is too costly. Assume f € C3(I). The Taylor
expansion

Duf(a) = TEEZTEZR) gy T ey

with some # — h < & < x + h yields the estimate C3h? of the error, where Cj3
is a bound of f"’. However, for h — 0 the truncation error spoils the computation
because of the cancellation error. A very optimistic assumption is that the numerical
evaluation of the function yields values f (z &+ h) with the relative accuracy

fl@xh)— flx£h)| <|f(x+xh)eps < Coeps,

where Cj is a bound of f. Therefore, the difference quotient Dy, f is perturbed by
an error bounded by Cpeps/(2h), and the total error is

en := C3h? + Cyeps/(2h).

Minimisation of this bound yields

C 3 2 1
—% eps and Ehop 272%C§C§eps%.

_ 3
rop = 4C 4

If f is of reduced smoothness, say f € C*(I), 1 < a < 3, the factor eps®/>
becomes epslfé, which is very poor for a > 1 close to 1.

A similar phenomenon can appear in quite another situation. The following
example is due to Bini—Lotti-Romani [1]. Let

f:R?xR? > R?
be the bilinear function

fi(z,y) = 211, (2.18)
fo(z,y) = w2y + 2192.

We want to evaluate f(z,y) with a minimal number of multiplications.> The
standard implementation requires three multiplications z; - y1, Z2 - Y1, and z1 - Yo.

5 If we replace the scalars 1, 2, Y1, y2 by matrices, the matrix-matrix multiplication is the
dominant operation concerning cost.
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Instead one can compute f. : R2 x R? — R? defined by
fea(z,y) = z11 + 2201,
feo(2,y) = 2201 + 2192

for some £ > 0. Obviously, for € small enough, we obtain results for any prescribed
accuracy. The second function can be evaluated by the algorithm

s1:= (w1 +ex2) - (y1 +ey2) _ | (s1+s2)/2
(@) = [52 = (21 —exa) - (1 —ayg)} = fe= [(31 - 52)/(26):| ’

which requires only two multiplications. The expression (s1 — s2)/(2¢) shows the
analogy to the numerical differentiation, so that again cancellation occurs.

In fact, the numbers of multiplications (3 and 2, respectively) have their origin in
tensor properties. We may rewrite (2.18) as

fl‘ = Z VijkTjYk fori = 17 2.

1<5,k<2
The coefficients are
V111 = V221 = U212 = 1 and v;;;, = 0 otherwise.

v = (i) is an element of the tensor space R? ® R? @ R2. Its tensor rank is
rank(v) = 3; i.e., r = 3 is the minimal number of terms such that®

Vijk = Z agﬂ)b§#)cl(cu)
p=1
for some vectors a(*), b(#) () € R2 (cf. [4, Definition 3.32]). The solution for
r=3is

o = b = p® = () = (@ = [1]
a® = ® = 4@ = 3 = [0].

The corresponding coefficients v, = (v, ;%) of f. have tensor rank 2:

1/(2¢)

a® = [711//525)} ;b =e® = [EJ '

a® :[ 1/2 } b =M = [1],

It can be shown that, whenever rank(v,.) < rank(v) and v. — v as ¢ — 0, then
the computation of v, is unstable (cf. Hackbusch [4, Proposition 9.16]).

(“)bg“) is the usual matrix rank of (v;;).

% Note that the minimal r in v;; = Y7 _,; a;
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Chapter 3
Quadrature

In this chapter some facts from interpolation are used. Therefore, the reader may
first have a look at §4.1 of the next chapter, which is devoted to interpolation. We
prefer to start with quadrature instead of interpolation, since a projection between
function spaces (interpolation) is more involved than a functional (quadrature).

3.1 Setting of the Problem and Examples

3.1.1 Quadrature Formulae

Any systematic approximation of an integral is called quadrature. We start with a
simple setting of the problem.

Problem 3.1. Assume that f € C([0,1]). Compute an approximate value of the

integral
1
/ f(x)da.
0

Other intervals and additional weight functions can be treated, but these general-
isations are uninteresting for our purpose.
For all n € Ny we define a quadrature formula

Qn(f) = tinf(@in). 3.1)
1=0

Here a; ,, are the quadrature weights and x; ,, are the (disjoint) quadrature points.
A sequence

{Q, :n € Ng}

yields a family of quadrature formulae (sometimes also called a quadrature rule
meaning that this rule generates quadrature formulae for all n).

W. Hackbusch, The Concept of Stability in Numerical Mathematics, 17
Springer Series in Computational Mathematics 45, DOI 10.1007/978-3-642-39386-0_3,
© Springer-Verlag Berlin Heidelberg 2014
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3.1.2 Interpolatory Quadrature

The usual way to derive (3.1) is the ‘interpolatory quadrature’ via a (family of)
interpolation methods (see §4.1). Consider an interpolation

n

f@) = fal@) =Y f(@in)Pin(x)

=0

with Lagrange functions &, ,, (i.e., ; ,, belongs to the desired function space and
satisfies B, ,(x;,) = 0;5; cf. (4.2)). Integrating f,, instead of f, one obtains

/01 f(x)de ~ /01 fo(z)dz = ;f(xi’n)M'

=iQ4,.n

The standard choice is polynomial interpolation. In this case, @; ,, = L; , are the
Lagrange polynomials
T — Tkn
L; = _— 2
in(@) 11 R 32)
ke{l,...n}\{i} 7 '

The advantage of interpolatory quadrature rules is their exactness for certain
functions.

Remark 3.2. Let the interpolatory quadrature be based on interpolation involving
the functions ®; ,,. Then all functions from U,, := span{®;,, : 0 < i < n} are
integrated exactly: Q,(f) = fol f(z)dx for f € U,. In the case of polynomial
interpolation, U, is the space of polynomials of degree < n.

The latter statement does not exclude that even more functions (e.g., polynomials
of higher order) are also integrated exactly.

The next exercise refers to the case of polynomials, where &; ,, = L, ,, are the
Lagrange polynomials (3.2).

Exercise 3.3. The definition a; ,, = fol L; n(x)dx is less helpful for its computation.
Show that instead one can obtain the values a; ,, by solving the following system of
linear equations:

n
1
;aimxﬁn:m fork=0,1,... n.

Hint: Verify that Q,,(z%) = fol rFda.

So far the quadrature points z;, are not fixed. Their choice determines the
(family of) quadrature formulae.
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3.1.3 Newton—Cotes Quadrature
Choose equidistant quadrature points in [0, 1]:!

fort =0,1,...,n.

3| .

'T’L-,TL =

The Newton—Cotes quadrature? is the interpolatory quadrature based on the poly-
nomial interpolation at the nodes x; ,.

Exercise 3.4. Prove the symmetry a; , = Gn_in (0 < i < n) of the Newton—Cotes
quadrature weights.

For later use we cite the following asymptotic statement about the Newton—Cotes
weights from Ouspensky [6] (also mentioned in [3, p. 79]):

B i (1+<—1)7)(1+o(10;n)) (3.3)

il (n—i)n2log*n \i  n—i

forl<i<n-1.

3.1.4 Gauss Quadrature

The Legendre polynomial L,, is a polynomial of degree n with the orthogonality

property fil L, (z)p(x)dz = 0 for all polynomials p of degree < n — 1 (cf.
[7, §10.1.2]). This defines L,, uniquely up to a scalar factor, which is irrelevant
for our purpose. We transform L,, from [—1, 1] onto the integration interval [0, 1]:
Ln(t) = Ly,(2t — 1). It is well known that L,, has n distinct roots & in [—1,1].
Hence L,, has n distinct roots z; := (14 &) /2 in [0, 1]. In the sequel, we rename
f)n by L., and call x; the roots of the (transformed) Legendre polynomial.

Let ;, (0 < i < n) be the zeros of the (transformed) Legendre polynomial
Ly11 (not Ly,!). The interpolatory quadrature with these quadrature points yields

the Gauss quadrature.

3.2 Consistency

For the interpolatory quadrature defined via polynomial interpolation one uses the
following consistency definition.

! The family of Newton—Cotes formulae is defined for n € N only, not for n = 0. Formally, we
may add Qo (f) := f(0).

2 See Newton’s remarks in [11, pp. 73-74].

3 The original publication of Gauss [4] is from 1814. Christoffel [2] generalises the method to
integrals with a weight function. For a modern description, see Stroud—Secrest [10].
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Definition 3.5. A family {Q,, : n € No} of quadratures is called consistent if there
is a function g : Ng — N with g(n) — oo for n — oo, so that

1
Qn(P) = / P(x)dx  for all polynomials P with degree(P) < g(n). (3.4)
0

An immediate consequence is the next statement.

Corollary 3.6. Let {Q,, : n € Ny} be consistent. Then for any polynomial P we
have

lim @, (P / P(x

n—oo

Proof. Set vy := degree(P). Because of g( ) = for n — oo, there is an ng

with g(n) > ~ for all n > ng. Hence, Q,,(P fo x)dx for n > ng proves the
assertion. 0O

The quadrature families mentioned above satisfy (3.4) with the following values
of g(n).

Proposition 3.7. The maximal orders g(n) are

n n odd
g(n) = { 1l neven } for the Newton—Cotes quadrature,
gln)=2n+1 for the Gauss quadrature.

Proof. (i) Let P be a polynomial of degree n. The polynomial interpolation P,, of
Pinn+1 points yields P = P. Hence, by definition, any interpolatory quadrature
satisfies Q,, (P fo z)dz = fo x)dz, which proves g(n) > n.

(ii) For even n, any polynomlal of degree n + 1 has the form
Py =a(z—1/2)" + P,
where a € C and P,, has degree n. This proves

Qn(Pny1) = aQun((z — 1/2)n+1) + Qn(Pn).

Qn(P,,) = 0 follows from Part (i), while in the case of the Newton—Cotes quadra-
ture Q,,((x — 1/2)"*1) = 0 can be concluded from Exercise 3.4.

(iii) Let P be a polynomial of degree 2n + 1 and consider the Gauss quadra-
ture. The Euclidean algorithms allows us to divide P by the (transformed) Legendre
polynomial L, 1: P = pL,+1 + q. Both polynomials p and ¢ are of degree < n.
The integral fol p(2) Ly 41 (2)dx vanishes because of the orthogonality property of
L., +1. On the other hand, Q,,(pLy+1) = 0 follows from the fact that L,, 1 vanishes
at the quadrature points. Hence, fol x)dr = fo z)dz =) Qn(q) = Qun(P)
proves the assertion. O
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Later, we shall formulate an alternative (more general) consistency condition (cf.
§3.4.9).

We conclude this section with consistency considerations for sufficiently smooth
functions known as the Peano kernel representation of the quadrature error. Below
we use the maximum norm

¢l = max{|p(z)] : 2 € [0, 1]}, 3.5

Remark 3.8 (Peano kernel). Let QQ,, have maximal consistency order g,,. For some
m € Nwithm < g, suppose that f € C™T1([0,1]). Then the quadrature error
equals

1 1
/0 f(2)dz — Qu (f) = /0 T2, ) [V )y (o defined in the proof).

(3.62)
The error &, := | fol f(@)dz — Qn (f) | is estimated by

€n < al,m|‘f(m+1)”oo and &, < a2,m”f(m+1)HL2([0~,1]) (3.6b)

1 1
with aq m, ::/ [T (2, 9)|dy, g m = \// |7m (2, y) |2 dy.
0 0

If (2, y) does not change sign, the following error equality holds for a suitable
intermediate value £ € [0, 1]:

/1 f@)dz — Qp (f) = amfTV(E) with ay, == /1 mm(z,y)dy.  (3.6¢)
0 0

Proof. The Taylor representation with remainder term yields f(x) = P, (z)+7r(z),
where the polynomial P, of degree < m is irrelevant, since its quadrature error
vanishes. Hence the quadrature error of f is equal to that of r. The explicit form of
T is
1 T 1
ra) = [ = @y = [ @ - ),

m! Jo 0

where (£); =t fort > 0 and (¢)4 = 0, otherwise. The quadrature error of r equals
1
/ r(z)dz — Qp (1)
0
11 n 1
= [ [ @ w3 i [ o= 02
o Jo Pt 0
1 p n 1
= [ [ - mar= Y ntmn 2| [ 7,
o |Jo —0 0

where the bracket defines the Peano kernel 7, (x, y) in (3.6a). O
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3.3 Convergence

3.3.1 Definitions and Estimates

One can pose different questions concerning convergence. Given a function f, we
define the error

1
)= |ouln) = [ s, 6

0
The first question concerns pure convergence: does lim,, o, ,(f) = 0 hold?
For numerical purposes, lim, - £,(f) = 0 is a rather poor statement, since

convergence may be arbitrarily slow. Usually, we have in mind a certain accuracy
7 and try to perform the computation of @, (f) for some n such that €, (f) < 7.
Or, vice versa, we perform the computation for a fixed n and ask for an estimate of
en(f) for this very n.
In the case of interpolatory quadrature, an estimate of €,,(f) for a fixed n can be
obtained via the interpolation error f — f,,, since
x)dx — / f(x)dx

/\fn @)z < N fa—

en(f) = ’Qn /f )| =

(for [|-|| ., compare §3.4.7.1). However, this estimate may be too pessimistic. An
optimal error analysis can be based on the Peano kernel (cf. Remark 3.8). In any
case one obtains bounds of the form

en(f) < eall F*) oo

involving derivatives of f of order k,, < g(n) + 1.

Obviously, the right-hand side in (3.8) depends on ¢,, and f (including its deriva-
tives). The quadrature family {Q,, } is only responsible for the constants c¢,,, so that
the convergence ¢, || f(*»)||o — 0 cannot be taken as a property of {Q,, : n € Ny}.
Moreover, the inequality (3.8) is applicable to f € C*([0, 1]) only for n satisfying
k, < k, which excludes k,, — oo.

One may ask for error estimates (3.8) with k,, = 0:

, (3.8)

en(f) <cnllflle (or more generally, e, (f) < enllf* | so with fixed k).

The answer is that in this case, ¢, — 0 cannot hold. For a proof, modify the constant
function f = 1in n- nelghbourhoods of the quadrature points z; ,, (0 < 7 < n) such

that 0 < f < fand f(z;,) = 0. Because of f(xm) = 0, we conclude that
Qn( f ) =0, while for sufficiently small 7, the integral fo x)dx is arbitrarily close

to fo x)dx =1 (the difference is bounded by ¢ := 2n7). Since || f|| ., = =fllse=1,
we obtaln no better error estimate than
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~. 1 ~ ~
fsn(f):/0 fl@)dz>1-06=1|f|loc — 9 ie,c, >1.

This proves the following remark.
Remark 3.9. Estimates of the form e,,(f) < ¢, || f|| ., require constants ¢, > 1.

Hence the right-hand sides ¢, || f||, cannot be a zero sequence. Nevertheless,
en(f) — 0 may hold. This leads to the next definition.

Definition 3.10. A family {Q,, : n € Ny} of quadrature formulae is called conver-
gent if

Qn(f) —>/O f(z)dz forall f € C([0,1]). 3.9)

Note that (3.9) is an equivalent formulation of &,,(f) — 0.

3.3.2 Functionals, Dual Norm, and Dual Space

Above we made use of the Banach space X = C/([0, 1]) equipped with the maxi-
mum norm ||-|| y = |||, from (3.5). The dual space of X consists of all linear and
continuous mappings ¢ from X into R. Continuity of ¢ is equivalent to bounded-
ness; i.e., the following dual norm must be finite:

Iollx :=sup{|6(f)] : f € X, [Ifllx =1}
=sup{[¢(f)|/[Ifllx : 0 # f e X}

Hence the dual space X * is defined by
X*:={¢: X — R linear with ||¢||y < co}.

For the application of € X* onto an element f € X, there are the following
equivalent notations:

¢(f):<¢af>x*xxz<fa¢>x><x*- (3.10)

A consequence of the Hahn—Banach theorem (cf. Yosida [12, 1.§1V.4]) is the
following statement.

Corollary 3.11. For any f € X, there is a functional ¢y € X* with

ol =1 and ¢5(f) =l

In §2.4.1.2 we introduced the condition of a mapping by the amplification of
perturbations. In the case of (linear) functionals there is a simple answer.
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Remark 3.12. A perturbation of f € X by 0f € X is amplified by the mapping
¢ € X* by at most the factor ||¢|’y ; i.e.,

|(f +0F) = () < llollx 19| x -
Proof. Use ¢(f +6f) — ¢(f) = ¢(6f) and the definition of ||¢|. O

= | ' fla)da

is a linear functional on X = C([0,1]) with || I} = 1.

Exercise 3.13. The integral

Another functional is the Dirac function(al) J, € X* defined by d,(f) := f(a).
Here ||0,]|y = 1 holds.
The quadrature formula (3.1) is a functional which may be expressed in terms of

Dirac functionals: .
Qn=>_ ainds, - (3.11)
i=0

Lemma 3.14. Let X = C([0, 1]). The quadrature formula (3.11) has the dual norm

n
||Qn||;( = Z |l -
=0

Proof. Let f € X satisfy || f||y = 1. Then

Qn(f

< Z‘azn|

holds because of |f(z;,)| < || f|lx = 1. This proves ||Q, % < 31y |ain|- The
equality sign is obtained by choosing the following particular function g € X. Set
g(xin) := sign(a;,) and interpolate between the quadrature points and the end
points 0, 1 linearly. Then g is continuous, i.e., g € X, and ||g|| y = 1. The definition
yields the reverse inequality

HQnH;( =sup{|Qn(f)]: f € X, ”fHX =1} > |Qnl(yg Z lain|. O
1=0

The convergence definition (3.9) now reads as E,,(f) — 0 for all f € X, where
E, := @Q,, — I is the error functional.

In principle, @,, may consist of functionals other than point evaluations d, .
However, nonlocal functionals like f +— fo ¢in(2) f(z)dx are impractical, since
again they require an integration. One may take into account evaluations of deriva-
tives: f — f'(x;); e.g., interpolatory quadrature based on Hermite interpolation.
In this case, the Banach space X = C*([0, 1]) must be chosen.
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3.4 Stability

3.4.1 Amplification of the Input Error

First, we introduce stability by a numerical argument. Let f € C([0,1]) be the
function to be integrated. The input data for @, (f) are {f(z;n) : 0 < i < n}.
Let f be the floating point realisation* of f with absolute errors 6 f; ,:

fin = F(@in) = f(2in) +8fin  (0<i<n).
It follows that ~
0fiml < If = fllo-
First, we investigate the conditioning of integration and quadrature.

Remark 3.15. (a) The integration problem f — I(f) = fol f(z)dz is well-
conditioned. The error estimate is

)~ LD <Nf = fllow  forall f,f€C(0.1).  (G.12)
(b) The corresponding error estimate for the quadrature Q,, is
1Qn(F) = Qn(H] < Cullf = Flloo (3.13a)

n
with the condition number C, := ||Q, |y = Z |ainl -
i=0

(3.13b)

Proof. Use Remark 3.12, Exercise 3.13, and Lemma 3.14. 0O

3.4.2 Definition of Stability

The constant C), from (3.13b) is the error amplification factor of the quadrature Q,,.
To avoid an increasing error amplification, we have to require that C,, be uniformly
bounded. This leads us directly to the stability definition.

Definition 3.16 (stability). A quadrature family {Q,, : n € Ny} is called stable if

Citap := sup C,, = sup Z la; n| < cc. (3.14)

n&€Np n€Ng i=0

An equivalent formulation is given below.

4 To be quite precise, fis only defined on the set M of machine numbers. However, for theoretical
purposes, we may extend the function continuously (use, e.g., piecewise interpolation).
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Remark 3.17. (a) A family {Q,, : n € No} of quadrature formulae is stable if and
only if there is some C such that

Qu(f)| < Cliflw  forall f € C(0,1]) and all n € N, (3.15)
(b) Cstap from (3.14) is the minimal constant C'in (3.15).

From Part (b) of the remark and after replacing f by f — g, one obtains the
following estimate analogous to (3.13a).

Corollary 3.18. Q. (f) — Qn(9)| < Cstanl|f — gllec holds for all f, g € C([0,1])
and all n € Ny.

Next we discuss the consequences of stability or instability in the numerical con-
text. By f we denoted the numerically evaluated function which may be considered
as a floating point version of f. The total error Q,,( f fo x)dz can be estimated
by the triangle inequality:

<Jautn - @]+ - [ s

Qn(F /f )z
< Cn”f_f”oo +en(f)

(en(f) from (3.7)). If stability holds, the error is bounded by Citap || f — fllso +&n (f)
(cf. Corollary 3.18). Provided that ¢,,(f) — 0, the total error approaches the level
of numerical noise Cstap || f — fllo» which is unavoidable since it is caused by the
input error || f — f]|oo-

In the case of instability, C,, — oo holds. While the term ,,( f) approaches zero,
Cyllf — fllso tends to infinity. Hence, an enlargement of n does not guarantee a
better result. If one does not have further information about the behaviour of €, (f),
it is difficult to find an n such that the total error is as small as possible.

In spite of what has been said about the negative consequences of instability,
we have to state that the quality of a quadrature rule for fixed n has no relation to
stability or instability. The sensitivity of @),, to input errors is given only by the
amplification factor C,,. Note that the size of (), is not influenced by whether the
sequence (C, )nen is divergent or convergent.

3.4.3 Stability of Particular Quadrature Formulae

Under the minimal condition that ),, be exact for constants (polynomials of order
zero; i.e., g(n) > 01in (3.4)), one concludes that 1 = fol de = Qn(1) =1 ) ain:

iam =1. (3.16)
=0
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Conclusion 3.19. Assume (3.16). (a) If the quadrature weights are non-negative
(i.e., a;, > 0 for all i and n), then the family {Q,} is stable with

C(stab = Cn =1 fOr all n.

(b) In general, the stability constant is bounded from below by Cggap > 1.

n n n
Proof. For (a) use Y |ain| = > ain = 1. Part (b) follows from > |a; | >
n i=0 i=0 i=0
Zam =‘1|=1 O
i=0

The latter statement is based upon (3.16). A weaker formulation is provided next.

Exercise 3.20. Conclusion 3.19 remains valid, if (3.16) is replaced by the condition
lim @,(1) =1
n—oo

A very important property of the Gauss quadrature is the following well-known
fact.

Lemma 3.21. The Gauss quadrature has non-negative weights: a; ,, > 0. Hence
the family of Gauss quadratures is stable with constant Cgiap, = 1.

Proof. Define the polynomial P () = []ocpcp ppi( — Tkn)? of degree 2n.
Obviously, fol Py, (z)dz > 0. Since @, is exact for polynomials of degree <2n-+1,
also a; 5 Pon (Tin) = Qn(Payn) > 0. The assertion follows from Py, (z; ,) > 0. O

The Newton—Cotes formulae satisfy a; ,, > 0 only for n € {1,2,3,4,5,6,7,9}.
On the other hand, the existence of some negative weights a; ,, < 0 does not neces-
sarily imply instability. The following table shows the values of C), from (3.13b):

n ([1to7|8 |9(10 |11 |12 (14 |16 |18 |20 |22 |24
Chil1 1.45]113.065(1.589|7.532|20.34|58.46(175.5|544.2|1606|9923

Obviously, C), increases exponentially to infinity; i.e., the Newton—Cotes formulae
seem to be unstable. An exact proof of instability can be based on the asymptotic
description (3.3) of a; ,,. For even n, the following inequality holds:

Co="lainl > Jag.u| (@i from (3.3).
=0

Exercise 3.22. (a) Recall Stirling’s formula for the asymptotic representation of n!
(cf. [13, §1.14.16], [5, Anhang 1]).

(b) Using (a), study the behaviour of |an | and conclude that the family of
Newton—Cotes formulae is unstable.

A further example of a quadrature rule follows in the next section.
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3.4.4 Romberg Quadrature

The existence of negative weights a; ,, is not yet a reason for instability, as long
as Z?:o |a; | stays uniformly bounded. The following Romberg quadrature is an
example of a stable quadrature involving negative weights.

For h = 1/N with N € N, the sum

T(f.h) = h Bf(o) P 4 FER) + .+ f(—h) + %f(l)

represents the compound trapezoidal rule. Under the assumption f € C™(]0,1]),
m even, one can prove the asymptotic expansion

1
T(m):/o F@)dz+h2es(f)+. . .+R" 2em_o(f)+OR™ | f™|00) (3.17)

(cf. Bulirsch [1], [7, §9.6]). Hence, the Richardson extrapolation is applicable:
compute T'(f, h;) for different h;, i = 0, ..., n, and extrapolate the values

{(hf,T(f,hi)) :i:O,...,n}

at h = 0. The result can be represented explicitly by the Lagrange polynomials (cf.
Exercise 4.2):

@ = L1 [ = Vel c19
7 V;i_.c. 7
We fix an infinite sequence of step sizes
ho>hy > hg > ..., hi =1/N;, N; €N,
with the property
hiv1 < ah; with0 < a <1 foralli > 0. (3.19)

The original quadrature of Romberg [8] is based on « = 1/2. Condition (3.19)
enforces h; — 0 as ¢ — oo. One infers from (3.19) that

hi/h; <a'Jforj<i  and h;/h; > o' forj > i. (3.20)

Lemma 3.23. There is a constant C' < oo, so that Z?:o lcin] < C foralln € Ny
(cin from (3.18)).

Proof. First, we recall simple inequalities, gathered in the next exercise.
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Exercise 3.24. Prove (a) 1 + x < €* for all real x and (b) ﬁ < 14 9z with
V=1 g forall0 <z < wxp < 1.
(i) Part (b) with 9 = a2 yields

m

H ﬁ < ﬁ (14 9a) ﬁ (o) < Hexp (Vo) =: A,
j=1 i=1

j=1 Jj=1

where A = exp (Z;’il Ya¥ ) = exp 1(’12;92 = exp (a?¥?). This implies that

m

25

Hlaizj_Allaw—Aamm“kAa for all m > 0.
—

Jj=1 j=1

(ii) Split the product [ |, ; in (3.18) into the partial products [ and [T, i1
The first one is estimated by

i—1 i—1 %

1 1 1
ul;[o 1 —h?/hZ (320 Vl;[o 1—a26-v) 1_[1 1—a2 G

Jj=

v
2
—0 u_hi

while the second one satisfies

v | = - < _ -
Vglhﬁ—hf yﬂ Wiy =1 @20, H 02 —1 ”)—1 H 2“1
n—t 2j )
ST < e
j=1 1—a® G

(iii) The estimate

n

n
D el =2
=0

=0

n

A2 Z ot

=0

H h2 h2

v=0

h2

v=i+1 (m)

2
<A2Zaj: 1A = C

-«
Jj=0
proves the assertion. O

The quadrature points {z;,} used in @, are J! {0, h;,2h,,...,1}. For
hi = 1/N; such that N; and N; (0 < i < j < n) are relative prime,5 the weight
associated to the quadrature pointx;, = hp_1isa;, = %hn_lcn_lm. Because of
sign(c; ) = (=1)""", we conclude that Q,, contains negative weights.

5 Under this assumption, the set of interior grid points {vh; : 1 < v < N; — 1} are disjoint and
the weights do not add up. However, even without this assumptions one finds grid points z; ,, with
negative weight.
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Lemma 3.25. The family of the Romberg quadratures {Q,,} in (3.18) is stable.

Proof. The compound trapezoidal rule T'(f, h;) = Z,ZCV;‘O Tk,i f (kh;) has the weights
Tk, = h; for 0 < k < N; and 74, ; = h;/2 for k = 0, N;. In particular,

N; N;
D Il =D i =1
k=0 k=0

holds. The quadrature formula @, is defined by

N;
Qn(f) = Zci,n Z'rk,if(khi) = Zaj,nf(xj,n) with a; ,, := Z CinTh,i-
J

i k=0 (i,k):khi=xj n
N;
Now, 3 [ajn| < 32 [Cinl Xoplo IThil = 22;1¢inl < C proves the sta-
Jo . Lemma 3.23
bility condition. 0O
Lemma 3.26. The family of the Romberg quadratures {Q.,} in (3.18) is consistent.

Proof. Let P be a polynomial of degree < g(n) := 2n+ 1. In (3.17), the remainder
term for m := 2n + 2 vanishes, since P("™) = 0. This proves that T(f, h) is a
polynomial of degree < n in the variable h2. Extrapolation eliminates the terms
hle;(P), j=2,4,...,2n,so that Q,(P)= folP(a;)dx. Since g(n)=2n+1— o0
for n — oo, consistency according to Definition 3.5 is shown. 0O

The later Theorem 3.36 will prove convergence of the Romberg quadrature.

Exercise 3.27. Condition h;y1 < ah; from (3.19) can be weakened. Prove: if an
¢ € Nandan « € (0,1) exist such that hiyy < ah; for all i > 0, then Lemma 3.23
remains valid.

3.4.5 Approximation Theorem of Weierstrass
For the next step of the proof we need the well-known approximation theorem of

Weierstrass.

Theorem 3.28. For all ¢ > 0 and all f € C([0, 1)) there is a polynomial P = P; f
with ||f — P, <e.

An equivalent formulation is: the set P of all polynomials is a dense subset of

C([o,1]).
In the following we prove a more general form (Stone—Weierstrass theorem). The
next theorem uses the point-wise maximum Max(f, g)(x) := max{f(x), g(z)}

and point-wise minimum Min(f, g)(z) := min{ f(z), g(x)} of two functions. The
following condition (i) describes that F is closed under these mappings. Condition
(ii) characterises the approximability at two points (‘separation of points’).
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Lemma 3.29. Let Q C R? be compact. Suppose that a family F C C(Q) of
continuous functions satisfies the following two properties:

(i) Max(fl, fg), Min(fl, fg) e F forall f17 f2 e F.

(ii) For all ';2" € Q, alle > 0, and all g € C(Q) there is a ¢ € F such that
p(a') — g(a")| < € and |p(z") — g(")| <.

Then for all ¢ > 0 and all g € C(Q) there exists a function [ € F with

If — gllo < € (i.e, F is dense in C(Q)).

Proof. (a) Lete > 0 and g € C(Q) be given. Fix some 2’ = 2y € @, while the
second point 2/ = y € @ will be variable. By assumption (ii) there is a function
h = h(-;x0,y,€) with

|h(z0) — g(x0)| <, |h(y) — g(y)| < e.

The latter inequality yields in particular that g(y) — ¢ < h(y). By continuity of A
and g, this inequality holds in a whole neighbourhood U (y) of y:

g(x) —e < h(x) forall z € U(y).

Since |J,cq U(y) covers the compact set @, there is a finite subset of neighbour-

hoods {U(y;) : i = 1,...,n} covering Q: U, U(y;) D Q. Each y; is associated
to a function h(-; xo, y;, ) € F with

g(x) —e < h(z; o, yi, €) forall z € U(y;).

By assumption (i), h(-;z,¢) := Max;—1

—1....nh(-; 0, yi,€) again belongs to F and
satisfies

.....

g(z) —e < h(z;x0,¢€) forall z € Q.

(b) Next, the parameter xo becomes a variable in Q. Since all h(- ; xo, y;, €) approx-
imate the function g at x, the opposite inequality g(zo) + € > h(zo; 2o, €) holds.
Again, there is a neighbourhood V' (z), so that

g(x) + & > h(z; zo,€) forall z € V(zg).

As in Part (a), one finds a finite covering {V (z;) : ¢ = 1,..., m} of Q. The function

belongs again to F and satisfies ¢ + & > f. Since each h(-;x;,¢) satisfies the
inequality g — e < h(-;x;,¢) from Part (a), also g — & < f follows. Together, one
obtains || f — gl|eo < €;i.e., f € F is the desired approximant. O

Remark 3.30. Instead of the lattice operations Max and Min, one can equivalently
require that F be closed with respect to the absolute value:

ferF = |fleF,

where | f| is defined point-wise: |f|(z) := |f(z)| for all z € Q.
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Proof. Use Max(f, g) = 5 (f +g)+5|f—gland Min(f,9) = 5 (f +9)—3|f 9]
and in the reverse direction | f| = Max(f,—f). O

The addition and multiplication of functions is defined point-wise: (f + ¢g) (x) =

f(z) + g(x), (f - 9) () = f(x)g(z), x € Q. Correspondingly, multiplication by
scalars from the field K is defined point-wise: (\f) () = A f(x).

Definition 3.31 (algebra of functions). A set A of functions is called an algebra, if
A (without multiplication) is a vector space, and, additionally, is equipped with the
multiplication satisfying the usual distributive law.

Example 3.32. Examples of algebras are all (a) continuous functions on @ C R
(no compactness of Q) required), (b) bounded functions on QQ C R4 (¢) polynomials,
(d) trigonometric functions.

In the case of (d) in the previous example one has to show that, e.g., the product
sin(nx) cos(mx) (n, m € Np) is again a trigonometric function. This follows from
2sin(nx) cos(ma) = sin ((n + m)x) + sin ((n — m)x).

If A C C(Q) is an algebra, the closure A (with respect to the maximum norm
[I-]|..) is called the closed hull of the algebra A.

Exercise 3.33. If A is an algebra of continuous functions, also A is an algebra of
continuous functions; i.e., f,g € Aimplies f +g € Aand f - g € A.

Lemma 3.34 (Weierstrass). Let A C C(Q) be an algebra. Then |f| € A for all
feA

Proof. (1) A simple scaling argument shows that it suffices to show the assertion for
feAwith|f|l, <1

(ii) Let ¢ > 0 be given. The function T'(¢) := +/( + €2 is holomorphic in the
complex half-plane §Re ¢ > —¢&2. The Taylor series Y- v, (z — 3)” of T(x) has the
convergence radius 1 5+ 2 and converges uniformly in the interval [0, 1]. Hence
there is a finite Taylor polynomial P, of degree n, so that

‘W—Pn(x)’ <e  forall0 <z < 1.
(iii) Replacing x by 22, we obtain
‘\/man(mQ)‘ge forall —1 <z <1.
The particular case z = 0 shows |¢ — P,,(0)| < ¢ and, therefore, | P, (0)| < 2¢. The

polynomial Qay, () := P, (2?) — P,(0) of degree 2n has a vanishing absolute term
and satisfies

‘\/352—&—52 Qon(z ’<‘\/x2+52 P ‘+|Pn(0)|§35

forall -1 < z < 1. Using
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‘\/3724—52— |x|‘ =

2
— =c forall —1<2x<1,
€

22
- <
|\/x2 + &2 + |x|| -

we obtain the inequality
‘|5U|—Q2n($)‘ <4e forall —1<z<1.

(iv) For all f with ||f]|, < 1, the values f(&) (§ € Q) satisfy the inequality
—1 < f(€) < 1,sothat x = f(£) can be inserted into the last inequality:

7)) = Qeu(f())| < 4e forall g € Q.

Because of ©

n

Qan(f(&) = av (f(£)* = (Z qyf2”> ),

v=1

Q2n(f) belongs again to A and satisfies the estimate ||f| — Q2. (f)] < 4e. As
¢ > 0 is arbitrary, | f| belongs to the closure of A. O

Now we prove the theorem of Weierstrass in the generalised form of Stone:

Theorem 3.35 (Stone-Weierstrass). Assume that

(i) Q@ C R% is compact,

(ii) A is an algebra of continuous functions on Q (i.e., A C C(Q)),

(iii) A separates the points of Q; i.e., for any pair of points x',x" € Q with
a’ # a" there is a function f € Awith f(z') # f(a").
Then the closed hull A satisfies either A = C(Q) or there is an xo € Q so that

A={fe€C(Q): f(xo) =0} (3.21)

Proof. (a) By Lemma 3.34 and Remark 3.30, F = A satisfies the requirement (i) of
Lemma 3.29. As soon as (ii) from Lemma 3.29 is shown, F = C(Q) follows. Since
F = Ais already closed, the first case A = C(Q) follows.

(b) For the proof of (ii) from Lemma 3.29, we consider the following alternative:
either for any z € () there is an f € A with f(z) # 0 or there exists an g € Q
with f(z¢) = 0 for all f € A. The first alternative will be investigated in (c), the
second one in (d).

(c) Assume the first alternative. First we prove the following:

Assertion: For points o', 2" € @ with 2’ # z’" from Assumption (ii) in Lemma
3.29 there exists an f € A with 0 # f(z') # f(z") # 0.

For its proof we use the separability property (iii): f(z') # f(z”) holds for a

suitable f. Assume f(z') = 0, which implies f(z"") # O (the case f(z”) = 0 and

6 Here we use that ¢o = 0, since f© = 1 may not necessarily belong to the algebra .A.
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f(&") # 0 is completely analogous). The first alternative from Part (b) guarantees
the existence of an fy € A with fy(z’) # 0. The function

=1 —=Ao
has the properties

0 # fa(z") for sufficiently small A, (because of f(z') # 0)
(") # fa(a")  for sufficiently small ), (because of f(z') # f(z))
@) = Afo(x') #0 forall A # 0.

Hence, for sufficiently small but positive A\, we have

0# fala) # fa(z") #0, €A,

and f (renamed by f) has the required properties. This proves the assertion.

Let g € C(Q) be the function from assumption (ii) of Lemma 3.29. Concerning
the required ¢, we make the ansatz ¢ = a.f + 3f2 with f from the assertion. f € A
implies that also f2, ¢ € A. The conditions ¢(z') = g(z’) and (z") = g(z"') lead
to a 2 x 2-system of linear equations for c and 3. Since the determinant

F@FP ") = fa") f2(2)) = f@) f(@") [f (") = f(a")]

does not vanish, solvability is ensured. Therefore, assumption (ii) of Lemma 3.29 is
satisfied even for ¢ = 0 and Part (a) shows A = C(Q).

(d) Assume the second alternative: there is an 2y € Q with f(z) = 0 for all
f € A. Let Te C(Q) be the function with constant value 1. Denote the algebra
generated from A and {1} by A*;ie, A* = {f = g+ A: g € A, )\ € K}
Obviously, for any z € @ thereis an f € A* with f(z) # 0 (namely f = T). Hence
the first alternative applies to A*. The previous proof shows A* = C(Q).

Let ¢ € C(Q) be an arbitrary function with g(z¢) = 0, i.e., belonging to
the right-hand side of (3.21). Because of g € C(Q) = A*, for all ¢ > 0 there
is an f* € A* with ||g — f*[|,, < e. By definition of .A* one may write f* as
= f+ Mwith f € A. This shows that

In particular, at zy we have |g(xo) — f(zo) — A| = |A| < e. Together, one obtains
llg — fll.o < 2e, where f € A. This proves (3.21). O

For the proof of Theorem 3.28 choose @ = [0, 1] (compact subset of R') and
A as the algebra of all polynomials. For this algebra, assumption (iii) of Theorem
3.35 is satisfied with f(x) = . Hence, one of the two alternatives A = C(Q) or
(3.21) holds. Since the constant function 1T belongs to 4, (3.21) is excluded and
A = C(Q) is shown.
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3.4.6 Convergence Theorem

We recall Definition 3.10: Q,, is convergent if Q,,(f fo x)dz holds for all
f € C(]0,1]). So far it has remained open as to whether this property would hold.

Note that all previous convergence results require more smoothness than continuity
of f. Now we can give a positive answer. The next theorem follows the pattern

consistency + stability = convergence. (3.22)

Theorem 3.36 (convergence theorem). If the family {Q,, : n € No} of quadrature
formulae is consistent and stable, then it is convergent.

Proof. Lete > 0 be given. We have to show that for all f € C([0,1]) there is an ng

such that )
W) — d
‘Q (- [ sy

Let P be an arbitrary polynomial. The triangle inequality yields

]Qnm - e

- ‘Qn(f) = Qu(P) +Qu(P) - /1P< )dx+/ P(z)ds - /Olf(x)dw

x)dx — /01 flz)dz|.

We choose P according to Theorem 3.28 such that || f — PHOO < e/ (1 + Csan)s
where Cgiap, is the stability constant. Now, thanks to Corollary 3.18, the first term
|Qn(f) — Qn(P)] can be estimated by

<e forn > ng.

<|Qn(f)—Qn(P)|+‘Qn( /p o +

Cstab ”.f - PHOO S ECvstab/ (1 + Cstab) .

The chosen P has a fixed degree(P). Because of g(n) — oo there is an ng such
that g(n) > degree(P) for all n > ny. Hence, consistency guarantees exactness of
the quadrature: |Q,,(P) — fol P(z)dz| = 0.

Remark 3.15 yields

[ Pwae— [ sl <1 - Pl <o/ 04 Can)

for the last term.

Together, the sum of the three terms is bounded by fcﬂab

e _
+Cstab + T+ Coan & O

According to Theorem 3.36, stability is sufficient for convergence. Next we show
that the stability condition (3.14) is also necessary for convergence. As a tool, we
need a further theorem from functional analysis.
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3.4.7 Uniform Boundedness Theorem

3.4.7.1 Banach Space Notations

X is called a normed (linear) space (the norm may be expressed by the explicit
notation (X, ||-]|)), if a norm ||-|| is defined on the vector space X . If necessary, we
write ||-|| y for the norm on X.

X is called a Banach space, if X is normed and complete (‘complete’ means that
all Cauchy sequences converge in X).

By L(X,Y) we denote the set of linear and continuous mappings from X to Y.

Remark 3.37. (a) If X,Y are normed, also L(X,Y) is normed. The associated
‘operator norm’ of T € L(X,Y) equals’

Tx
IT) = Ty ey = sup LEZly (3.23)

zeXx\{0} ||$||X '

(b) By definition, a continuous map T : X — Y from L(X,Y) leads always to a
finite supremum (3.23). Vice versa, if a linear operator T’ : X — Y yields a finite
value in (3.23) (i.e., T is bounded), then T is also continuous.

An example of a Banach space is the set X = C(D) of continuous functions
defined on D with bounded norm || f|| := sup,cp |f(x)| (for a compact D, the
supremum is even a maximum).

3.4.7.2 Theorem

The uniform boundedness theorem of Banach and Steinhaus connects point-wise
and normwise boundedness.

Theorem 3.38. Assume that
(a) X is a Banach space,
(b)Y is a normed space,
(¢) T C L(X,Y) is a (in general, infinite) subset of mappings,
(d) supper | Txz|ly < oo holds forall v € X.
Then T is uniformly bounded; i.e., suppcr | Ty . x < 00.

First we add some remarks. Let K be the unit sphere K := {z € X : ||z|| < 1}.
Definition (3.23) states that

IT[ly . x = sup [|Tz|y .
rzeK

The statement of the theorem becomes sup;¢ sup,c i ||7z|| < cc. Since suprema
commute, one may also write sup, ¢ i supyc ||7z|| < co. Assumption (d) of the

7 For the trivial case of X = {0}, we define the supremum over the empty set by zero.
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theorem reads C(x) := suppcr || Tz|| < oo; ie., the function C(x) is point-wise
bounded. The astonishing® property is that C'(z) is even uniformly bounded on K.
In the later applications we often apply a particular variant of the theorem.

Corollary 3.39. Let X and Y be as in Theorem 3.38. Furthermore, assume that the
operators T, T,, € L(X,Y) (n € N) satisfy either

(a) {T,,x} a Cauchy sequence for all x € X, or
(b) there exists an operator T € L(X,Y) with T,,x — Tx forallx € X.
Then sup,,cy ||Th || < oo holds.

Proof. Inthis case T = {T,, € L(X,Y) : n € N} is countably infinite.

Since any Cauchy sequence is bounded, the boundedness sup,,cy || Ty < o0
follows so that Theorem 3.38 is applicable. This proves part (a).

Assumption (b) implies (a). O

3.4.7.3 Proof

The proof of Theorem 3.38 is based on two additional theorems. The first is called
Baire’s category theorem or the Baire—Hausdor{f theorem.

Theorem 3.40. Let X # () be a complete metric space. Assume that X has a repre-
sentation
X = U Ay, with closed sets Ay,.
keN

Then there exists at least one kg € N, so that fiko # 0 (/olko denotes the interior of
Apk,)-

Proof. (a) For an indirect proof assume Ay, = 0 for all k. We choose a non-empty,
open set U C X and some k € N. Since Ay, closed, U\ Ay, is again open and non-
empty (otherwise, A would contain the open set U; i.e., Ay D U # ). Since
U\ Ay, is open, it contains a closed sphere K () with radius ¢ > 0 and midpoint x.
Without loss of generality, ¢ < 1/k can be chosen.

(b) Starting with ¢ := 1 and x( := 0, according to (a), we choose by induction
ng(xk) - Kak,l(l'k—l)\Ak and ¢ < l/k.

Since z; € K., (xy) for £ > k and g, — 0 (k — 00), {z1} is a Cauchy sequence.
Because of completeness, it must converge to some x := limz; € X and belong

to K., (zi) for all k. Since K., (z) N Ax = 0 by construction, it follows that
7 ¢ Upeny Ax = X, which is a contradiction. O

8 Only in the case of a finite-dimensional vector space X, is there a simple proof using
suppc || Thi]ly < oo for all basis vectors b; of X.
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Theorem 3.41. Let X be a complete metric space and Y a normed space. For some
subset F C C°(X,Y) of the continuous mappings, assume that sup || f ()|, < oo
forall x € X. Then there exist xo € X and €9 > 0 such that fer

sup  sup || f(x)|ly < oo. (3.24)
z€Ke( (z0) rer

Proof. Set Ay = (\;er{z € X ¢ [|[f(2)lly < Kk} for k € Nand check that Ay
is closed. According to the assumption, each € X must belong to some Ay; i.e.,
X = Upen Ax- Hence the assumptions of Theorem 3.40 are satisfied. Correspond-

ingly, /iko # () holds for at least one kg € N. By the definition of Ay, we have

SUD,c A, SUPfcrF || f(x)]ly < ko. Choose a sphere with K., (x¢) C Ap,. This
yields the desired inequality (3.24) with the bound < ky. O

For the proof of Theorem 3.38 note that a Banach space is also a complete metric
space and £(X,Y) C C°(X,Y), so that we may set F := 7. The assumption
supser | f(@)]ly < oo is equivalent to suppcy [Ty < oo. The result (3.24)

becomes sup,, .oy supper [Ty, < oo. For an arbitrary { € X\{0}, the
weRoy (:

element z¢ := x¢ + ﬁg belongs to K, (z0), so that
X

7€y _ 1 1
L= — T (z¢ — wo)lly < — (ITwelly + [ T0lly)
€l x €o €o
is uniformly bounded for all T € T and all £ € X\{0}. Hence the assertion of
Theorem 3.38 follows: sup  sup % = sup |7 < oo.
TeT ¢eX\{0} X TeT

3.4.8 Necessity of the Stability Condition, Equivalence Theorem

X = C([0,1]) together with the maximum norm ||-||  is a Banach space, and
Y := Ris normed (its norm is the absolute value). The mappings

1
fecoi) 1) [ fazeR ad feC(0.1) Qulf) e R
0
are linear and continuous; hence they belong to £(X,Y’). By Remark 3.37b, conti-

nuity is equivalent to boundedness, which is quantified in the following lemma.

Lemma 3.42. The operator norms of I and Q,, € L(X,Y) are
I =1, [Qull=Cn:=""lain| (3.25)
i=0

Proof. The estimates ||I|| < 1 and ||Q,| < C, are equivalent to the estimates
(3.12) and (3.13a) from Remark 3.15. According to Remark 3.17b, C,, is the
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minimal constant, implying ||@Q,| = C,. The example f = 1 shows that one is
the best bound for || I f|| /|| fll:ie., || =1. O

Apply Corollary 3.39 to T' := I and T;, := @,,. Convergence of the quadrature
formulae {Q,,} is expressed by Q,, (f) — I(f). From Corollary 3.39 we conclude
that sup,,c || 7|] < 0o. According to Lemma 3.42, this means sup,,cy C,, < 00
and it is identical to the stability condition of Definition 3.16. Hence, the following
theorem is proved.

Theorem 3.43 (stability theorem). If the family {Q,} of quadrature formulae is
convergent, then {Q, } is stable.

We have already proved ‘consistency + stability = convergence’ (cf. (3.22)).
Theorem 3.43 yields ‘stability <= convergence’. Together, we obtain the following
equivalence theorem.

Theorem 3.44 (equivalence theorem). Assume consistency of the family {Q,} of
quadrature formulae. Then stability and convergence are equivalent.

3.4.9 Modified Definitions for Consistency and Convergence

The terms ‘consistency’ and ‘convergence’ can be even better separated, without
weakening the previous statements.

The previous definition of convergence contains not only the statement that the
sequence @, (f) is convergent, but also that it has the desired integral fol f(x)dx
as the limit. The latter part can be omitted:

{Qn} is convergent, if lim @, (f) exists for all f € C(]0, 1]). (3.26)
n— oo

So far, the definition of consistency is connected with polynomials. Polynomials
come into play since we started from interpolatory quadrature based on polyno-
mial interpolation. An interpolatory quadrature, e.g., based on trigonometric inter-
polation, would not be consistent in the sense of Definition 3.5. According to the
sentence following Theorem 3.28, the decisive property of polynomials is that they
are dense in C'([0, 1]). One may replace the polynomials by any other dense subset.
This leads us to the following generalisation of the term ‘consistency’:

{Qn} is consistent if there is a dense subset Xy C C([0,1]) such that  (3.27)

1
Qn(f) — /0 f(z)dz for all f € Xg.

Note that, simultaneously, we have replaced the exactness Q. (f) = fol f(x)dz for
n > ng by the more general convergence definition (3.26). The stability property
remains unchanged.

Then the previous theorem can be reformulated as follows.
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Theorem 3.45. (a) Let {Q,} be consistent in the more general sense of (3.27)
and stable. Then {Qn} is convergent in the sense of (3.26) and, furthermore,
limy, 00 Qn(f fo x)dx is the desired value of the integral.

(b) Let {Qn } be convergent in the sense of (3.26). Then {Q,, } is also stable.

(c) Under the assumption of consistency in the sense of (3.27), stability and conver-
gence (3.26) are equivalent.

Proof. (i) It suffices to show that lim,,_, oo Q. (/f fo x)dz, since this implies
(3.26). Let f € C([0,1]) and € > 0 be given. Because XO from (3.27) is dense,
there is a g € X with

I1f =gl

_— Cltap: Stability constant).
°°-2(1+Cgtab) (Cotab Y )

According to (3.27), there is an ng such that ‘Qn fo ’ < 5 for all
n > ng. The triangle inequality yields the desired estimate

‘Qn(f) - ' fla)de

<1Qu(f) — Qulg)] + ]Qn@— 2)da| +

o 1o

llf- g\lwés/[2(1+Cscab)]

Scstab ||f_gH + 5 +Hf g”

(i) Convergence in the sense of (3.26) guarantees that {Q,,(f)} has a limit for
all f € C(]0, 1]). Alternative (a) of Corollary 3.39 applies and yields

aup Qul] = sup G, < o0
neNy n€Np

proving stability.
(iii) Part (c) follows from Parts (a) and (b). O

Finally, we give a possible application of generalised consistency. To avoid
the difficulties arising from the instability of the Newton—Cotes formulae, one
often uses compound Newton—Cotes formulae. The best known example is the
compound trapezoidal rule, which uses the trapezoidal rule on each subinterval
[i/n, (i + 1) /n]. The compound trapezoidal rule defines again a family {Q,}. It
is not consistent in the sense of Definition 3.5, since except for constant and linear
functions, no further polynomials are integrated exactly. Instead, we return to the
formulation (3.8) of the quadrature error. The well-known estimate states that

‘Qn(f) - ' fla)de

for all f € C?([0,1]) (cf. [9, §3.1]). The subset C?([0,1]) is dense in C([0,1])
(simplest proof: C%([0,1]) D {polynomials} and the latter set is already dense

1"
< 53 17l =0 (3.28)
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according to Theorem 3.28). Hence the compound trapezoidal rule {Q,,} satisfies
the consistency condition (3.27) with Xy = C?([0,1]). The stability of {Q,}
follows from Conclusion 3.19a, since all welghts are positive and @, (1) = 1.
From Theorem 3.45a we conclude that Q,,(f) — fo x)dz for all continuous f.

The trapezoidal rule is the Newton—Cotes method for n = 1. We may fix any
nnc € N and use the corresponding Newton—Cotes formula in each subinterval
[i/n, (i + 1) /n]. Again, this compound formula is stable, where the stability
constant is given by C,, ., from (3.25).

3.5 Further Remarks

3.5.1 General Intervals and Product Quadrature

The restriction of the integral to [0, 1] is a kind of normalisation. If quadrature is
needed over an interval [a, b] of length L = b — a, use the affine mapping

¢ :10,1] = [a, b] defined by ¢(z) = a+ zL.

For g € C([a,b]), we use f;g dt = fo x)dz with f(z) := Lg(¢(z)) and
apply the quadrature (),, from (3.1) to f:

b

Obviously, expressed in g evaluations, we obtain a new quadrature on [a, b] by

b n
/ g(t)dt ~ Q'E;%b] (g) =1L Z ai,ng(ti;n) with tiﬂ'L = (b(xz,n) =a+ -TimL-

=0

Also the error estimate can be transferred from [0, 1] to a general interval [a, b].
Assume an error estimate (3.8) for f € C*»([0,1]) b

1
| ftwdx—-QnLﬂlécme“”m

The transformation from above shows immediately that

b
/g@M—Q#WQ

The stability constant C,, is the minimal ¢,, for k,, = 0. One sees that C), in [0, 1]
a b]

< CnLk7L+1Hg(kn) -

becomes C{” := LC, in [a, b]. This fact can be interpreted in the way that the
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relative quadrature error 7 | f; g(t)dt — [a.b]

constant. Anyway, the stability properties of {Q,,} and {Q

(g)| possesses an unchanged stability

lo ’b]} are the same.

In applications it happens that the integrand is a product f(z)g(z), where one
factor—say g—is not well-suited for quadrature (it may be insufficiently smooth,
e.g., containing a weak singularity or it may be highly oscillatory). Interpolation of
Foy L(f) = >0 f(#in)Pin(x) (cf. §3.1.2) induces a quadrature of fg by

1 n 1
/0 f@)g(z)de ~ ; ainf(Tin) with a; ,, 1= /0 D, n(x)g(x)de,

which requires that we have precomputed the (exact) integrals fol D, pn(x)g(z)de.

3.5.2 Consistency Versus Stability

As we shall see consistency is often restricted by stability requirements (cf. Re-
mark 4.15, §5.5.6, §6.6). In this respect, quadrature is an exceptional case. Gauss
quadrature @),, is optimal with respect to stability (its stability constant Cg,p, has
the smallest possible value 1) and it possesses the largest possible consistency order
2n + 1.

Another astonishing observation is that the Gauss quadrature is stable, although
it is an interpolatory quadrature based on the unstable polynomial interpolation
(cf. §4.5).

3.5.3 Perturbations

In this subsection we consider perturbations of f as well as of @,,. Instead of a fixed
function f, consider a sequence f,, — f in C([0, 1]) with the intention of replacing
Qn(f) by Qn(fn).

A possible application of this setting may be as follows. Let ¢, — oo be a
sequence of natural numbers and f,, the computer realisation of f by a floating-
point arithmetic with mantissa length ¢,, so that | f, — f|l., < C27'. Then
Qn(fn) means that parallel to the increase of the number of quadrature points the
arithmetical precision also improves.

The following theorem states that such a perturbation does not destroy conver-
gence.

Theorem 3.46. Let the family {Q,, : n € Ny} of quadrature formulae be consistent
and stable. Furthermore, assume f, — f for a sequence of f, € C([0,1]). Then

also Q. (frn) converges to fol f(z)de.
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Proof. The previous considerations guarantee Q,(f) — fol f(z)dz. Thanks to
stability, the perturbation |Q,,(fn) — Qn(f)| is bounded by Cgap || fr. — |l o =0
and a zero sequence. 0O

Similarly, we may perturb @,,. For instance, assume that the exact weights a; ,,
are replaced by the truncation a;, to mantissa length ¢,,. Then Q,, = @Q,, + dQ,,
holds, where |6Q.,(f)| < C27' ||f||.. For ¢, — co we obtain the norm conver-
gence ||0Q, || — 0, where

16Qnll := sup{[6Qn ()] : £ € C([0,1]) with [[f][, = 1}.

Theorem 3.47. Let the family {Q,, : n € No} of quadrature formulae be consis-
tent and stable. Furthermore, assume ||0Q,,|| — 0 for a sequence of perturbations

dQn. Then also (Qn, + 0Qy,) (f) converges to fol f(z)dx.
Proof. By definition §Q,.(f) — 0, while Q,,(f) — [, f(x)dz. O

Combining both theorems we even get (Q,, + Q) (fn) — fol f(z)dz.

3.5.4 Arbitrary Slow Convergence Versus Quantitative Convergence

While estimates as in (3.28) describe the convergence in a quantitative form, the
previous statement Q. (f) — fol f(z)dz says nothing about the speed of conver-
gence. Such non-quantitative convergence statements are not very helpful in numer-
ical applications. If one does not know whether an error ¢ = 0.01 has already been
obtained for n = 5, or for n = 106, or even only for n = 10°", one cannot rely on
such numerical methods.

Exercise 3.48. Given a family of quadrature formulae and any number N, construct
a continuous function f with the properties

1
1l =1, / f@)dz>1/2,  butQu(f)=0 foralin<N.

Can something be stated about the convergence speed of Q,,(f) — fol f(x)dx
for a general f € C([0,1])? A quantified version of convergence can be described
in two equivalent ways. Either we prescribe an € > 0 and ask for an n(e) such

that |Qu, (f) — fol f(z)dz| < e fl,, for m > n(e). Or there is a monotone zero
sequence &, such that |Q,,(f) — fol f(x)dx’ <éen|fllo -

Remark 3.9 yields a negative result: if |Q,,(f) — ji)l f(z)dz| < e, || fll holds
forall f € C([0,1]), necessarily €,, > 1 must hold excluding any zero sequence &,,.

Consequently, the convergence Q.,(f) — fol f(x)dx can be arbitrarily slow.
The quantitative convergence result of inequality (3.28) holds for f € C?([0,1]);
i.e., for smoother functions. In fact, we get a similar result for ’Qn (f)— fol f (x)dx|,



44 3 Quadrature

if we consider, say f € C'([0,1]), instead of f € C([0, 1]). Note that f € C'*([0,1])
comes with the norm || || o1 (o 1)) = max{|f(z)|,[f'(z)[ : 0 <= < 1}.

The next result is prepared by the following lemma. We remark that a subset B of
a Banach space is precompact if and only if the closure B is compact, which means
that all sequences { f,} C B possess a convergent subsequence: lim,, o, fx, € B.
The term ‘precompact’ is synonymous with ‘relatively compact’.

Lemma 3.49. Let M C X be a precompact subset of the Banach space X. Let the
operators A, € L(X,Y) be point-wise convergentto Ac L(X,Y) (i.e, Apx — Ax
forall x € X). Then the sequences { Az} converge uniformly for all x € M i.e.,

sup ||Apz — Az|ly, =0 forn — oco. (3.29)
reM

Proof. (i) C := sup{||4,| : n € N} is finite (‘stability’, cf. Corollary 3.39).
Furthermore, ||A|| < C'is a simple conclusion.

(i) We disprove the negation of (3.29). Assume that there are an ¢ > 0 and
a subsequence N C N such that sup,c,, ||Anz — Az|l, > e foralln € N,
Therefore, some x,, € M exists with

|Anzn — Azyl||, >e/2  foralln e N.

Since M is precompact, there is a further subsequence N” C N, so that the limit
limpenr , =: £ € M exists. Choose n € N” with ||z, — €|y, < ¢/(8C) and
|An& — AE]|,, < /4. For this n we obtain

[Anan — Ayl < [|(An = A) (20 = &)z + [[(An = A)E]|
< ([lAnll + 1AL llyn — &lly +e/4 < /2
———

<2C
in contradiction to the previous inequality. O

Theorem 3.50. There is a zero sequence <,, — 0 such that®

1
‘Qn(f)/o f@)de| <enlflerqory Jforall feCH[0,1]).  (3.30)

Proof. Let X = C([0,1]). The subset M := {f € C*([0,1]) : [fllcrot € X
is precompact due to the theorem of Arzela—Ascoli recalled below. Apply Lemma
349 withY =R, 4, = Q,, and A(f) = fol f(z)dz (note that L(X,R) = X*).

Set 1
Ep = Sup |Qn(f) _/0 f(x)dx|

fem
A simple scaling argument shows that (3.30) holds. Furthermore, Lemma 3.49 states
thate, — 0. O

® We may replace C'* ([0, 1]) in Theorem 3.50 by the Holder space C®([0, 1]) for any exponent
5> 0. 1ts nomm s || £l oo 11, = masctllfll b, 1, 1) — )|/ 2 — 9}
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Theorem 3.51 (Arzela—-Ascoli). Let D be compact and M C C(D). Suppose that
M is uniformly bounded.:

sup{[fllc(py : f € M},

and equicontinuous; i.e., for any € > 0 and © € D, there is some & such that

l[f(x)— fly)|<e  forall f € M, andall z,y € D with |z —y| <.

Then M is precompact.

For a proof see Yosida [12, 1,81I1.3].
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Chapter 4
Interpolation

Interpolation by polynomials is a field in which stability issues have been addressed
quite early. Section 4.5 will list a number of classical results.

4.1 Interpolation Problem

The usual linear' interpolation problem is characterised by a subspace V,, of the
Banach space C([0, 1]) (with norm ||-|| ; cf. §3.4.7.1) and a set

{zin€0,1]:0<i<n}

of n + 1 different’ interpolation points, also called nodal points. Given a tuple
{y; : 0 < i < n} of ‘function values’, an interpolant ¢ € V;, with the property

D(xin) =y (0<i<n) 4.1)
has to be determined.

Exercise 4.1. (a) The interpolation problem is solvable for all tuple {y;: 0<i<n},
if and only if the linear space

Vi = {(®(zin))f, ER" 1DV, }

has dimension n + 1.
(b) If dim V,, = n + 1, the interpolation problem is uniquely solvable.

The interpolation problem (4.1) can be reduced to a system of n + 1 linear equa-
tions. As is well known, there are two alternatives for linear systems:

! The term ‘linear’ refers to the underlying linear space V,,, not to linear functions.

2 In the case of the more general Hermite interpolation, a p-fold interpolation point £ corresponds
to prescribed values of the derivatives f(™) (&) for0 < m < p — 1.

W. Hackbusch, The Concept of Stability in Numerical Mathematics, 47
Springer Series in Computational Mathematics 45, DOI 10.1007/978-3-642-39386-0_4,
© Springer-Verlag Berlin Heidelberg 2014
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(a) either the interpolation problem is uniquely solvable for arbitrary values y; or
(b) the interpolant either does not exist for certain y; or is not unique.
The polynomial interpolation is characterised by

V., = {polynomials of degree < n}

and is always solvable. In the case of general vector spaces V,,, we always assume
that the interpolation problem is uniquely solvable.

For the special values y; = J;; (j fixed, 6;; Kronecker symbol), one obtains an
interpolant @; ,, € V,,, which we call the j-th Lagrange function (analogous to the
Lagrange polynomials in the special case of polynomial interpolation).

Exercise 4.2. (a) The interpolant for arbitrary y; (0 < i < n) is given by
D= 4i®in € Vy. (4.2)
i=0

(b) In the case of polynomial interpolation, the Lagrange polynomial is defined by

Lin(@) = ®in(z) = [[ 2. 43)

. LTy — Xy
J€{0,..n}\{i}

For continuous functions f we define
I(f) =Y f(@in)Pin (4.4)
i=0

as interpolant of y; = f(z; ). Hence
L : C([0,1)) = €([0,1))
is a linear mapping from the continuous functions into itself.

Exercise 4.3. (a) The interpolation I, : X = C([0,1]) — C([0,1]) is continuous
and linear; i.e., I, € L(X, X).
(b) 1,, is a projection; i.e., I,1, = I,.

The terms ‘convergence’, ‘consistency’ and ‘stability’ of the previous chapter
can easily be adapted to the interpolation problem. Note that we have not only one
interpolation I,,, but a family {I,, : n € Ny} of interpolations.

The interval [0, 1] is chosen without loss of generality. The following results
can immediately be transferred to a general interval [a, b] by means of the affine
mapping ¢(t) = (t — a)/(b — a). The Lagrange functions @, ,, € C([0,1]) become
(Zsim = &, ., 0 ¢ € C([a,b]). Note that in the case of polynomials, ¥, ,, and (ZBML
have the same polynomial degree n. The norms ||, || and the stability constant Csgap,
from §4.3 do not change! Also the error estimate (4.8) remains valid.
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Another subject are interpolations on higher-dimensional domains D C R%. The
general concept is still true, but the concrete one-dimensional interpolation methods
do not necessarily have a counterpart in d dimensions. An exception are domains
which are Cartesian products. Then one can apply the tensor product interpolation
discussed in §4.7.

4.2 Convergence and Consistency

Definition 4.4 (convergence). A family {I,, : n € Ny} of interpolations is called
convergent if
lim I, (f) exists for all f € C([0,1]).

n—oo

Of course, we intend that I,,(f) — f, but here convergence can be defined
without fixing the limit, since lim I, (f) = f will come for free due to consistency.
Concerning consistency, we follow the model of (3.27).

Definition 4.5 (consistency). A family {I,, : n € Ny} of interpolations is called
consistent if there is a dense subset Xy C C([0,1]) such that

I.(9) =g  forallg € Xy.

Exercise 4.6. Let {1,,} be the interpolation by polynomials of degree < n. Show
that a possible choice of the dense set in Definition 4.5 is X := {polynomials}.

4.3 Stability

First, we characterise the operator norm || I, || (cf. (3.23)).

Lemma 4.7. ||L,|| = |37 |Pin (||| holds with ®; ,, from (4.4).

o

Proof. (i) Set C,, := ||3_7_ |Pin(-)||| - For arbitrary f € C([0,1]) we conclude
that

L) (@) =D f(@in)Pin(@)] < D |f(@in)][Pin(@)] < [|fll D [Pisn(2)]
< flloe G-

Since this estimate holds for all z € [0, 1], it follows that ||I,,(f)|| < Cp || fl| -
Because f is arbitrary, ||I,,|| < C, is proved.

(ii) Let the function Y, |®; ()| be maximal at zo: Y . |D; ,(z0)| = Ch.
Choose f € C([0,1]) with || f|| . = 1 and f(x;,) = sign(®; »n(x0)). Then
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n

> F(@in)Pin (o)

=0

n

=0

[ (f) (o)| =

holds; i.e., |1, (f)||o = Cn || fll, for this f. Hence the operator norm

]l = sup {[n(Hll o /1 flloo : £ € C0,1D\{0}}

is bounded from below by ||I,,|| > C,,. Together with (i), the equality ||, || = C), is
proved. O

Again, stability expresses the boundedness of the sequence of norms ||, ||

Definition 4.8 (stability). A family {I,,: n €Ny} of interpolations is called stable if

n

Z ‘@z,n(”

=0

Cstab := sup ||| < oo for || = 4.5)

n€Ng

oo

In the context of interpolation, the stability constant Clg,p, is called Lebesgue
constant.

Polynomial interpolation is a particular way to approximate a continuous func-
tion by a polynomial. Note that the more general approximation due to Weierstrass
is convergent. The relation between the best possible polynomial approximation and
the polynomial interpolation is considered next.

Remark 4.9. Given f € C([0,1)), let p, be the best approximation to f by a poly-
nomial® of degree < n, while p,, is its interpolant. Then the following estimate
holds:

If =pull <A+ Co) If = ppll withCr = || L] (4.6)

Proof. Any polynomial of degree < n is reproduced by interpolation, in particular,
I,.p;, = p;,. Hence,

f_pn = f_Inf: f_ [In(f_p:z) +Inp:z] = f_p:, +In(f_p;;)
can be estimated as claimed above. O

Note that by the Weierstrass approximation theorem 3.28,

If =pull =0

holds. An obvious conclusion from (4.6) is the following: If stability would hold
(i.e., Cp, < Cstap), also || f — pn|| — 0 follows. Instead, we shall show instabil-
ity, and the asymptotic behaviour on the right-hand side in (4.6) depends on which
process is faster: || f — p}|| — 0 or C,, — 0.

3 The space of polynomials can be replaced by any other interpolation subspace V;, .
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4.4 Equivalence Theorem

Following the scheme (3.22), we obtain the next statement.

Theorem 4.10 (convergence theorem). Assume that the family {I,, : n € Nyo} of
interpolations is consistent and stable. Then it is also convergent, and furthermore,

I,(f) — f holds.

Proof. Let f € C([0,1]) and € > 0 be given. There is some g € X with

13
_ < - -
If =gl < S0+ Co)’

where Cgtay, 1s the stability constant. According to Definition 4.5, there is an ng such
that || 1,,(9) — 9|l < § for all n > ng. The triangle inequality yields the desired
estimate:

”In(f) - f”oo S Hjn(f) - I’rb(g)Hoo + ||In(g) - gHoc =+ ”g - fHoo

€
SCstab ||f_g||oo+§+||f_g”oo S €. g
Ilf —9ll oo <e/[2(1+Cstab)]

Again, the stability condition turns out to be necessary.
Lemma 4.11. A convergent family {I,, : n € Ny} of interpolations is stable.

Proof. Since {I,,(f)} converges, the I,, are uniformly bounded. Apply Corollary
339with X =Y =C([0,1]) and T}, :=I,, € L(X;Y). O

Theorem 4.10 and Lemma 4.11 yield the following equivalence theorem.

Theorem 4.12. Let the family {I,, : n € Ny} of interpolations be consistent. Then
convergence and stability are equivalent.

4.5 Instability of Polynomial Interpolation

We choose the equidistant interpolation points x;, = i/n and restrict ourselves
to even n. The Lagrange polynomial Lz ,, is particularly large in the subinterval
(0,1/n). In its midpoint we observe the value

()= | T 32~ | T |
22"\ 2n 1_ 7 ﬂ,j
7 S - i
) 2
bx3x 3 x (3= x (33 x (-}

Exercise 4.13. Show that the expression from above diverges exponentially.
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Because of C;, = HZ?:O |Li,n(')|||oc > ||L%,n||oo > L%,n(gin)

(at equidistant interpolation points) cannot be stable. The true behaviour of C,, has
first* been described by Turetskii [21]:

, interpolation

2n+1

n®en logn’
The asymptotic is improved by Schonhage [18, Satz 2] to®
Cy 2" flen (y + logn)],

where + is Euler’s constant.® Even more asymptotic terms are determined in [11].
One may ask whether the situation improves for another choice of interpolation
points. In fact, an asymptotically optimal choice are the so-called Chebyshev points:

1 .
Tin =5 (1 + cos(jﬂfw))

(these are the zeros of the Chebyshev polynomial” T}, ; o ¢, where ¢(£) = 2 +1 is
the affine transformation from [0, 1] onto [—1, 1]). In this case, one can prove that®

2
|l <1+ ~log(n +1) .7

(cf. Rivlin [17, Theorem 1.2]), which is asymptotically the best bound, as the next
result shows.

Theorem 4.14. There is some ¢ > 0 such that
2
1]l > = log(n +1) — ¢

holds for any choice of interpolation points.

In 1914, Faber [6] proved
1
[1n ]l > 12 log(n + 1),

while, in 1931, Bernstein [1] showed the asymptotic estimate

4 For historical comments see [20].
5 The function ¢ = Y7 |Li n(-)] attains its maximum C,, in the first and last interval. As
pointed out by Schonhage [18, §4],  is of similar size as in (4.7) for the middle interval.

6 The value v = 0.5772. .. is already given in Euler’s first article [5]. Later, Euler computed 15
exact decimals places of .

7 The Chebyshev polynomial T, (z) := cos(narccos(z)), n € No, satisfies the three-term
recursion T, 11 (z) = 22Ty (z) — Tn—1(z) (n > 1), starting from To(xz) = 1 and T4 (z) = .
8 A lower bound is [|[In]| > 2log(n + 1) + 2 (y+1log2) = limp oo [[In]l, where
2 (y+1log &) =0.96252...
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2
11| > c log(n + 1) foralle > 0.

The estimate of Theorem 4.14 originates from Erdos [4]. The bound

I 1n] > log(n + 1)

f

can be found in Natanson [12, p. 370f].

The idea of the proof is as follows. Given z;, € [0,1], 0 < ¢ < n, construct
a polynomial P of degree < n (concrete construction, e.g., in [12, p. 370f], [13])
such that |P(z;,,)| < 1, but P(§) > M, for at least one point £ € [0, 1]. Since the
interpolation of P is exact, i.e., I,,(P) = P, the evaluation at & yields

2k

3

n

> Lin()l

0 =0

Hnll =

M:

l'zn zn ‘>

przn zn )’:|P(£)|>Mna

:0

proving || I,,|| > M,.
We conclude that any sequence of polynomial interpolations I,, is unstable.

4.6 Is Stability Important for Practical Computations?

Does the instability of polynomial interpolation mean that one should avoid polyno-
mial interpolation altogether? Practically, one may be interested in an interpolation
I~ for a fixed n*. In this case, the theoretically correct answer is: the property of
I,,+ has nothing to do with convergence and stability of {I,, },,cn. The reason is that
convergence and stability are asymptotic properties of the sequence {I,, } nen and
are in no way related to the properties of a particular member I,,- of the sequence.
One can construct two different sequences {I/ },en and {I}/},en—one stable, the
other unstable—such that I},. = I/ belongs to both sequences. This argument also
holds for the quadrature discussed in the previous chapter.

On the other hand, we may expect that instability expressed by C,, — oo may
lead to large values of C,,, unless n is very small. We return to this aspect later.

The convergence statement from Definition 4.4 is, in practice, of no help. The
reason is that the convergence from Definition 4.4 can be arbitrarily slow, so that
for a fixed n, it yields no hint concerning the error I,,(f) — f. Reasonable error
estimates can only be given if f has a certain smoothness, e.g., f € C"T1([0,1]).
Then the standard error estimate of polynomial interpolation states that

1f = In(f)llo <

S YIS Ll I

oo
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where

Co(Ip) = |lwll,, forw(z):= H (x —xip)
i=0

(cf. [14, §1.5], [19], [15, §8.1.11, [8, §B.3]). The quantity C,,(,,) depends on the
location of the interpolation points. It is minimal for the Chebyshev points, where

Co(I,) = 4=+,

In spite of the instability of polynomial interpolation, we conclude from estimate
(4.8) that convergence holds, provided that || f("*1)||., does not grow too much
as n — oo (of course, this requires that f be analytic). However, in this analysis
we have overlooked the numerical rounding errors of the input data.” When we
evaluate the function values f(z; ), a perturbed result f(x;,) + 0;,p is returned
with an error |J; .| < 1| f|| .. Therefore, the true interpolant is I,,(f) + 01,, with
61, = >0 5 6; n®Pi n. An estimate of 61, is given by ||, || || f|| .. This yields the
error estimate

”f _In(f

2= e Ce Il and 2 = L) 1

— 81, < el 4 ePer with

~

3

+ =

Since 7 is small (maybe of the size of machine precision), the contribution £i"* is
not seen in the beginning. However, with increasing n, the part €™ is assumed to
tend to zero, while eP®" increases to infinity because of the instability of I,,.

We illustrate this situation in two different scenarios. In both cases we assume
that the analytic function f is such that the exact interpolation error (4.8) decays
like el = e,

(1) Assume a perturbation error e£°" = ne”™ due to an exponential increase of
|1,,]|- The resulting error is

e " +ne”.
Regarding n as a real variable, we find a minimum at n = % log% with the value
2,/n. Hence, we cannot achieve better accuracy than half the mantissa length.

(2) According to (4.7), we assume that e = 7(1 + 2 log(n + 1)), so that the
sum

2
e " +n(l+ p log(n + 1))

is the total error. Here, minimising n is the solution to the fixed-point equation
n = log(n + 1) — log(2n/m). For n = 10716 the minimal value 3.47 of the total
error is taken at the integer value n = 41. The precision corresponds to almost the
full mantissa length. Hence, in this case the instability ||,,|| — oo is completely
harmless.'°

9 There are further rounding errors, which we ignore to simplify the analysis.

10 To construct an example, where even for (4.7) the instability becomes obvious, one has to assume
that the interpolation error decreases very slowly like €** = 1/ log(n).
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4.7 Tensor Product Interpolation

Finally, we give an example where the norm ||I,,|| is required for the analysis of
the interpolation error, even if we ignore input errors and rounding errors. Consider
the function f(x,y) in two variables (z,y) € [0,1] x [0, 1]. The two-dimensional
polynomial interpolation can easily be constructed from the previous I,,. The tensor
product!! 12 := I, ® I,, can be applied as follows. First, we apply the interpolation
with respect to «. For any y € [0, 1] we have

n

F(l‘7y) = In(f(,y))(ﬂj) = Z f(xi,na y) QZ,W(I)

=0

In a second step, we apply I,, with respect to y:

L(f)(@,y) = In (F(,-)) (y) = Z D f (@i @jn) Bin (@) B (y).

=0
Inequality (4.8) yields a first error'?
1 o+t
$09) = Fa)| < popggiCetin) | ger S| foratta e 0.1

The second one is

n

F(a,y) = L(H@,y) = Y1 (@iny) = Ln(f (@in, ) ()] Pin ().

=0
Again
1 ontl
) = D Y0 < oy Col) | |
holds and leads us to the estimate
P = 2Ol < Ml 5ot | e
" o0 (n+1)! oyntiol

The previous estimates and the triangle inequality yield the final estimate

1

n an +1
Coll) Ml o + -

Note that the divergence of ||, || can be compensated by m

I Concerning the tensor notation see [9].
12 Here, ||-|| ., is the maximum norm over [0, 1]2.
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4.8 Stability of Piecewise Polynomial Interpolation

One possibility to obtain stable interpolations is by constructing a piecewise poly-
nomial interpolation. Here, the degree of the piecewise polynomials is fixed, while
the size of the subintervals approaches zero as n — oo. Let J = [0, 1] be the
underlying interval. The subdivision is defined by A,, := {zg,z1,...,2,} C J
containing points satisfying

O=zpg<z1<...<xp_1 <2/ = 1.

This defines the subintervals Jy := [rg—_1, k] of length hy = x — x;_1 and
dp = maxi<k<n hi. In principle, all quantities xy, Ji, hjy should carry an
additional index n, since each subdivision of the sequence (4,), oy has different
T = xfcn). For the sake of simplicity we omit this index, except for the grid size
0y, which has to satisfy §,, — 0.

Among the class of piecewise polynomial interpolations, we can distinguish two
types depending on the support!® of the Lagrange functions D, - In case of Type I,
&; , has alocal support, whereas supp(®; ) = J for Type II. The precise definition
of a local support is: there are «, 5 € Ny independent of n such that

min{n,j+8}
supp(®;.,) C U Jk. (4.9)

k=max{1,j—a}

4.8.1 Case of Local Support

The simplest example is the linear interpolation where I, (f)(x) = f(zx) and f|,
(i.e., f restricted to Jy) is a linear polynomial. The corresponding Lagrange function
®; ,, is called the hat function and has the support'* supp(®;,,,) = J; U Jj11.

We may fix another polynomial degree d and fix points 0 = &y < & < ... <
&4 = 1. In each subinterval J, = [zj_1,z)] we define interpolation nodes ¢, :=
ZTg—1+ (xx — k1) & Interpolating f by a polynomial of degree d at these nodes,
we obtain I,,(f)], . Altogether, I,,(f) is a continuous'®> and piecewise polynomial
function on J. Again, supp(®;,) = J; U J;41 holds.

A larger but still local support occurs in the following construction of piecewise
cubic functions. Define I,,(f)|, by cubic interpolation at the nodes'* o, 71,
Tk, Ti+1. Then the support supp@j,n) = Jj_1 U J; UJjpq1 U Jjqo is larger than
before.

13 The support of a function f defined on I is the closed set supp(f) := {x € I : f(z) # 0}.
14 The expression has to be modified for the indices 1 and n at the end points.

S1If I, (f) € C1(I) is desired, one may use Hermite interpolation; i.e., also dI,, (f)/dz = f’ at
T = x},—1 and x = z. This requires a degree d > 3.
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The error estimates can be performed for each subinterval separately. Transfor-
mation of inequality (4.8) to J, yields | I, (f) — fllocj, < Chy, V[ £,
where d is the (fixed) degree of the local interpolation polynomial. The overall
estimate is

11,(f) = flloo < OO, @D D] o — 0, (4.10)

where we use the condition §,, — 0.

Stability is controlled by the maximum norm of &, = >." | |®;,(-)|. For
the examples from above it is easy to verify that ||®;,|| < K independently
of ¢ and n. Fix an argument x € I. The local support property (4.9) implies
that &; ,(z) # 0 holds for at most o + 8 + 1 indices i. Hence >, |@; ()]
< Cstap = (a + B+ 1) K holds and implies sup,, ||1,,|| < Citap (cf. (4.5)).

4.8.2 Spline Interpolation as an Example for Global Support

The space V,, of the natural cubic splines is defined by
Vo ={f€C*(I): f"(0)= f"(1) =0, fl|,, cubic polynomial for 1 < k < n}.

The interpolating spline function S € V;, has to satisfy S(xy) = f(xy) for 0<k <n.
We remark that S is also the minimiser of

min{/J lg"(x)]> da: g € C*(J) : S(ax) = flag) for0 < k < n} .

In this case the support of a Lagrange function 9; ,,, which now is called a cardinal
spline, has global support:'® supp(®;.,) = J. Interestingly, there is another basis
of V,, consisting of so-called B-splines B;, whose support is local: supp(B;) =
Jj—1 U J; U Jj41 U Jjya. Furthermore, they are non-negative and sum up to

B, =1. (4.11)
j=0

We choose an equidistant!” grid; i.e., J; = [(i — 1)h,ih] with h := 1/n. The

stability estimate ||| = [|>7 o |Pin(-) < Cstap (cf. (4.5)) is equivalent to

Moo
n

HS”oo < Cstab ||yHoo’ where S = Zyi@i,n S Vn

=0

is the spline function interpolating y; = S(x;). In the following, we make use of the

16 ®; n is non-negative in J; U J; 1 and has oscillating signs in neighbouring intervals. One
can prove that the maxima of ®; ,, in Jj, are exponentially decreasing with |j — k|. This fact can
already be used for a stability proof.

17 For the general case compare [14, §2], [15, §8.7], [19, §2.4].
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B-splines, which easily can be described for the equidistant case.'® The evaluation
at the grid points yields

By(0) = By (1) =1, By(h) = Bu(1— h) = 1/6,

Bl(O) = Bn—l(l = O7 i1
Bi(h) = B,—1(1 = h) =2/3, B1(2h) = B,_1(1 —2h) = 1/6, 4.12)
Bj(xj) =2/3, Bj(xj+1) =1/6 for2<j<n-—2.

One verifies that y; := Z?:o Bj(x;) = 1. Since the constant function S =1 €V,
is interpolating, the unique solvability of the spline interpolation proves (4.11).
Now we return to a general spline function S = >_"" [ y;%; . A representation
by B-splines reads S = 37 b;B;. Note that y; = S(z;) = >0, b;B;(x;).
Inserting the values from (4.12), we obtain

6

141

1
y=Ab withA:6 b

for the vectors y = (y;);_, and b = (b;);"_. A can be written as A = 2[I + 3]
with |C||, = 1;i.e., A is strongly diagonal dominant and the inverse satisfies
||A*1Hoo < 3 because of

3 14 v
A1 =5 +5 c 22 cv.

Using b = A~ 'y, we derive from S = >~ b; B; that

S = 3o bB)| < Il Byle) ||bHOOZB ) 5 Il

|
§=0 20 =0

for all # € J, so that the stability estimate ||S||_, < Csab ||y]|,, is proved with
Cstap = 3.

18 The explicit polynomials are

&3, E=z—xj_2,x€ Jj_1
1 h3+3h2§+3h§2—3§3,EZI—ijl,LEGJJ',

Bi = Gha \ h® 43126+ 3h€2 — 363, —wjy1 —w, @ € Jyp, [ OF2SISP 2
s, E§=zj12—x, € Jjqo,
1 6h%x — 223, z € Jy,
B1 = 73 h3 +3h2£+3h£2 —353 E=2h—z,z€J2, p, Bh_1(z) = B1(1 — z),
£3, E=3h—z, x € Js,
1 (R343R 43R €3 E=h—x, xe a
BO*%{fS, §=2h—zs,0els > Dn@=DBl-o)
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Remark 4.15. The previous results show that consistency is in conflict with stability.
Polynomial interpolation has an increasing order of consistency, but suffers from in-
stability (cf. Theorem 4.14). On the other hand, piecewise polynomial interpolation
of bounded order is stable.

4.9 From Point-wise Convergence to Operator-Norm
Convergence

As already mentioned in §3.5 in the context of quadrature, only point-wise conver-
gence I,(f) — f (f € X) can be expected, but not operator-norm convergence
|1, — id|| — 0. However, there are situations in which point-wise convergence can
be converted into operator-norm convergence.

An operator K : X — Y is called compact if the image B := {K f: | f|| x <1}
is precompact (cf. page 44). The following theorem is formulated for an arbitrary,
point-wise convergent sequence of operators A,, : Y — Z.

Theorem 4.16. Let XY, Z be Banach spaces, and A, A,, € L(Y,Z). Suppose
that point-wise convergence A,y — Ay holds for all y € Y. Furthermore, let
K: X —Y be compact. Then the products P,, := A, K converge with respect to
the operator normto P := AK, i.e., | P, — P|| — 0.

Proof. M = {Kux : ||z||y < 1} C Y is precompact because of the compactness
of K, so that we can apply Lemma 3.49:

1P — Pll = sup{|Paz — Pl - € X, ]l 1)
= sup{|[4, (Kz) — A(Kz)|; 2z € X, [z < 1}
= SUP{”Any - Ay”z HY'AS M} (3;)9) 0. O

A typical example of a compact operator is the embedding

E: (ck([o, 1)), ||-|\CA([071])) = (C([0,1]), [l s) -

For integer A € N, C*([0,1]) is the space of A-times continuously differentiable
functions, where the norm ||-[| o (j9,1)) is the maximum of all derivatives up to order
M. For 0 < X\ < 1, C*([0, 1]) are the Holder continuous functions with lIlea o, 1)
explained in Footnote 9 on page 44. The embedding is the identity mapping:
E(f) = f; however, the argument f and the image F(f) are associated with differ-
ent norms. As mentioned in the proof of Theorem 3.50, E € £(C*([0, 1]), C(]0,1]))
is compact.

In the case of A =4, estimate (4.10) already yields the operator-norm convergence
1 = idll ¢ 0,17y ((o,17) < C/n* — 0. To show a similar operator-norm con-
vergence for 0 < \ < 1, interpret I,, —id as (I,, —id)E : C*([0,1]) — C([0,1]).
Applying Theorem 4.16 with A = id, A,, = I,,, and K = F, we obtain

[1n = idll 0,11y (10,17 = O-
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4.10 Approximation

Often, interpolation is used as a simple tool to obtain an approximation; i.e., the
interpolation condition (4.1) is not essential. Instead, we can directly ask for a best
approximation ¢, € V,, of f € B, where V,, C B is an (n + 1)-dimensional
subspace of a Banach space B with norm ||-||:

If = @nll = inf {||f —gll : g € Vi 4.13)

Using compactness arguments one obtains the existence of a minimiser &. If the
space B is strictly convex,'® the minimiser is unique (cf. [10]).

A prominent choice of V,, are the polynomials of degree < n, while B =
C([a,b]) is equipped with the maximum norm. Polynomials satisfy the following
Haar condition: any 0 # f € V,, has at most n zeros (cf. Haar [7]). As a con-
sequence, also in this case, the best approximation problem (4.13) has a unique
solution. For the numerical solution of the best approximation the following equi-
oscillation property is essential (cf. Chebyshev [2]):

Theorem 4.17. Let ¢ := f — @, be the error of the best approximation in (4.13).
Then there are n + 2 points x,, witha < o < 1 < ... < Tp41 < bsuch that

le(x )| =||f —Pnl| and e(z,) = —e(xpy1) for0<p<n. (4.14)

The second part of (4.14) describes n + 1 = dim(V},) equations, which are used
by the Remez algorithm to determine @,, € V,, (cf. Remez [16]).

From (4.14) one concludes that there are n zeros 1 < ... < £, of e = f — @,y;
i.e., @, can be regarded as an interpolation polynomial with these interpolation
points. However note that the £,, depend on the function f.

The mapping f +— @,, is in general nonlinear. Below, when we consider Hilbert
spaces, it will become a linear projection.

Since the set of polynomials is dense in C'([a, b]) (cf. Theorem 3.28), the condi-
tion

VocViC...CVaCVypa C..oand | Vi =C([a,b]) (4.15)
n€Ny
is satisfied. Condition (4.15) implies

If —Pnll \\O asn — oo for b, from (4.13). (4.16)

Stability issues do not appear in this setting. One may consider the sequence
{||@n|l : » € Ng}, but (4.16) proves convergence ||D,,| — | f]|; i.e., the sequence
must be uniformly bounded.

The approximation is simpler if B is a Hilbert space with scalar product (-, ) .
Then the best approximation from (4.13) is obtained by means of the orthogonal

19 B is strictly convex if || f|| = ||g|| = 1 and f # g imply ||f + g| < 2.
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projection® I1,, € L(B, B) onto V,,:
b, = nf

Given any orthonormal basis {¢# : 0 < p < n} of V,, the solution has the explicit
representation

B = (f> ) Du- 4.17)
pn=0
The standard example is the Fourier approximation of 27 periodic real func-
tions in [—, 7]. The L? scalar product is (f, g) = ffﬂ fgdx. Let n be even. V,, is
spanned by the orthonormal basis functions

{ 1 cos(mz) sin(mz)
Ver Wmo T w

At first glance there is no stability problem to be discussed, since the operator norm
of orthogonal projections equals one: ||/1,||;., ;- = 1. However, if we consider
the operator norm ||I1,|| 5, j for another Banach space, (in)stability comes into
play.

Let II,, be the Fourier projection from above and choose the Banach space
B = Cor = {f € C([-m,7]) : f(—m) = f(m)} equipped with the maximum
norm ||-[| . We ask for the behaviour of || 7, ., where now ||| . = [llc, ¢,
denotes the operator norm. The mapping (4.17) can be reformulated by means of
the Dirichlet kernel,

:1§m§n/2}.

1 /7r w[f(z+2y) + f(z — 2y)]dy.
0

(@nf) (I) = — sin(y)

™

From this representation we infer that

1 T
1Tl = |
™ Jo

Lower and upper bounds of this integral are

sin(2n + 1)y
sin(y)

‘dy.

4
ﬁlog(n—i— 1) < |yl <1+1log(2n+1).

This shows that the Fourier projection is unstable with respect to the maximum
norm. The negation of the uniform boundedness theorem 3.38 together with
IT,||,, — oo implies the well-known fact that uniform convergence I7,, f — f
cannot hold for any f € Cs,;.

The orthogonal Fourier projection II,, is the best choice for the Hilbert space
L?([—m,7]). For Ca, one may choose another projection P, from Ca, onto V,.

20 That means (i) I1,1I,, = I, (projection property) and (ii) 1y, is selfadjoint: (IT,, f,g) =
(f, IIng) forall f,g € B.
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This, however, can only lead to larger norms || P, || ., due to the following result of
Cheney et al. [3].

Theorem 4.18. The Fourier projection I1,, is the unique minimiser of

min{|| Py, o, : Pn € L(Car, Car) projection onto Vy, }.
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Chapter 5
Ordinary Differential Equations

The numerical treatment of ordinary differential equations is a field whose scope
has broadened quite a bit over the last fifty years. In particular, a whole spectrum
of different stability conditions has developed. Since this chapter is not the place to
present all details, we concentrate on the most basic concept of stability. As a side-
product, it will lead us to the power bounded matrices, which is a class of matrices
with certain stability properties. More details about ordinary differential equations
can be found, e.g., in [20], [23], [4, 3], [5, §§5-6], and in the two volumes [8], [9].

5.1 Initial-Value Problem

5.1.1 Setting of the Problem

Let f : R x R — R be a continuous function." In what follows we are looking
for continuously differentiable functions y(z) satisfying the ordinary differential
equation

Y (x) = f(z,y(x)). (5.1a)

The initial-value problem requires finding a solution y of (5.1a) which, in addition,
satisfies
y(wo) = yo (5.1b)
for a given ‘initial value’ yqg.
Usually one is looking for the solution y at x > z, either in a finite? interval

I := [z, 2] or in the unbounded interval I := [z, 00). Correspondingly, f needs
to be defined on I x R.

! In the case of a system of differential equations, f is defined in R x R™ and the solution y €
C1(R,R™) is vector-valued. For our considerations it is sufficient to study the scalar case n = 1.

2 However, it may happen that the solution exists only on a smaller interval [zo,zs) C [z0,ZE]-

W. Hackbusch, The Concept of Stability in Numerical Mathematics, 63
Springer Series in Computational Mathematics 45, DOI 10.1007/978-3-642-39386-0_5,
© Springer-Verlag Berlin Heidelberg 2014
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If f is only continuous, a solution of (5.1a,b) exists due to Peano’s theorem
(at least, in the neighbourhood [z, 2 + ¢) for some € > 0); however, there may be
more than one solution. Uniqueness is ensured by the assumption that f is Lipschitz
continuous with respect to the second argument (cf. Lipschitz [16, pp. 500ff]. For
simplicity, we formulate the global Lipschitz continuity:

|f(x,31) — f(z,y2)] < Liy1 — y2 forallz €I, yy —y2 € R, (5.2)

The Lipschitz constant L will appear in later analysis. Unique solvability will be
stated in Corollary 5.10.

5.1.2 One-Step Methods

We choose a fixed step size®> h > 0. The corresponding grid points are
T = xo + ih (i € No,z; € I).

Next, we define approximations 7; of y(z;). The notation 7; assumes that an under-
lying step size h is defined. If necessary, we write (xo + ih; h) instead of 7);. Note
that n(z; h) is defined only for grid points x = ¢ + th (i € Ny). The desired
property is (x; h) =~ y(x), where the error should tend to zero as h — 0.

Because of the given initial value y,, we start the computation with

Mo ‘= Yo- (5.3)

The prototype of the one-step methods is the Euler method, which starts with
(5.3) and defines recursively

Nig1 =N + hf(xi, m). 54

Exercise 5.1. Consider the differential equation y' = ay (i.e., f(x,y) = ay) with
the initial value yo = 1 at o = 0 (its exact solution is y(x) = e°®). Determine the
solution of (5.4). Does y(x) — n(x;h) — 0 hold for h :== x/n > 0, when n — o0
and h — 0 for fixed nh = x ?

For other one-step methods, one replaces the right-hand side in (5.4) by a more
general expression ho(x;, 1;, h; f). Here, the last argument f means that inside of ¢
the function f can be used for arbitrary evaluations. The Euler method corresponds

to (;5(1‘2, i, h; f) = f(xlv 771)
Definition 5.2. A general explicit one-step method has the form
Ni+1 = i + hd(zi, i, b f). (5.5)

3 In practical implementations one has to admit varying step widths h; = x;11 — x;. Usually,
these are chosen adaptively.
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Often, the evaluation of ¢ is performed in several partial steps. For instance, the
Heun method [10] uses the intermediate step 77,41 /o:

h h
Nit1/2 =1 + §f($i, Mi)s  Mit1:=ni +hf(zi+ 5777i+1/2)~

These equations yield ¢(z;,n;, h; f) := f(z; + %,m + %f(xl-, 7;)). The classi-
cal Runge—Kutta method uses four intermediate steps (cf. Runge [19], Kutta [15];
history in [1]; for a modern description see, e.g., [8, §II]).

5.1.3 Multistep Methods

The term ‘one-step method’ refers to the fact that (z;41,7;41) is determined only
by (x;, ;). The past values n;, j < 4, do not enter into the algorithm.

On the other hand, since besides 7; the values 1;_,,7;—,+1, ..., n;—1 are avail-
able (r is a fixed natural number), one may ask whether one can use these data. In-
deed, having more free parameters, one can try to increase the order of the method.
This leads to the r-step method, which is of the form

r—1

Migr 3= — Y 0unjgw + hd(@), Mjgr—1, -0 15 f) (5.6)
v=0

(more precisely, this is the explicit form of a multistep method) with the additional
parameters «q, ..., a,.—1 € Rfor 5 =0,...,7 — 1. As we shall see,

r—1
> a,=-1 (5.7
v=0

describes a first consistency condition.

Remark 5.3. Because of (5.7), a multistep method (5.6) with r = 1 coincides with
the one-step method (5.5).

Remark 5.4. In the case of r > 2, the multistep methods (5.6) can only be used
for the computation of n; for © > r. The computation of 1,13, ..., Nr—1 Mmust be
defined in another way (e.g., by a one-step method).

An example of a two-step method is the midpoint formula
Miv2 =1 + 20 f (x40, m541); (5.8)

i~e-7 r= 25 Qp = _1’ Q) = 0’ ¢(x]a77j+lan]ah7 f) = 2f(337 + h?”j"rl)'
A rather dubious proposal is the extrapolation

Nj+2 = 20541 — 053 (5.9)
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ie,r =2 a = -2, ca = 1, ¢(xj,nj+1,7m;, h; f) = 0. Even without any
quantitative error analysis one can see that the latter two-step method cannot be
successful. Since (5.9) does not depend on f, it produces the same linear function
1; = no + j (m — no) for all differential equations.

5.2 Fixed-Point Theorem and Recursive Inequalities

We now provide some technical tools required in this chapter.

Theorem 5.5 (Banach’s fixed-point theorem). Let X be a Banach space and
¥ : X — X a contraction mapping; i.e., there is a constant Ly € [0,1) such
that

|@(z") =@ (z")||x < Le|l2" — 2"y  forallz' 2" € X. (5.10a)

Then the fixed-point equation x = ¥ (x) has exactly one solution, and for all starting
values xg € X the fixed-point iteration x,,+1 = ¥(x,,) converges to this solution.
Furthermore, the error of the n-th iterant can be estimated by

(Lw)"
1— Ly

|z —zn| y < lz1 — zol| 5 Sforalln € Ny. (5.10b)

Proof. (i) Let 2, 2" be two solutions of the fixed-point equation; i.e., 2’ = ¥(z’)
and 2" = ¥ (2"). Exploiting the contraction property with L = Ly, we get

2" —a"[|x = [[¥(2") =¥ (@) x < L2"— 2"«
//||

From L < 1 we conclude that ||z’ — 2|, = 0; i.e., uniqueness &’ = z” is proved.
(ii) The iterants x,, of the fixed-point iteration satisfy the inequality

[Znt1 = znllx = [[¥(zn) = ¥(zn-1)llx < Ll2n —2n-1llx

and thereby |z,11 — zp||y < L™ ||z1 — xol| . For arbitrary n > m, the multiple

triangle inequality yields the estimate

n

[2n — Zml x < Z 2 — @iy < Z L= 1||9171_9’70||X

j=m-+1 j=m+1
m
< Z L] |a?1 - $0||X Hxl - JJQHX ; (5.10c)
j=m

i.e., {z,} is a Cauchy sequence. Since X is a Banach space and therefore complete,
a limit * = lim x,, exists. Because of the continuity of the function ¥, the limit in
Tpy1 = V(xy,) yields 2* = ¥(x*); i.e., * is a fixed-point solution.

Inequality (5.10b) follows from (5.10c) forn — co. O
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In the following analysis, recursive inequalities of the following form will appear:
ay+1 < (1+hL) a, + h*B for all v > 0, where L, B, h,k,aog > 0. (5.11)

The meaning of the parameters is: L Lipschitz constant, i step size, and k local
consistency order.

Lemma 5.6. Any solution of the inequalities (5.11) satisfies the estimate

vh for L=0
a, < e'"ay+ hF1B. vhL _q v € Np).
- 0 ¢ for L >0 ( 0)
L
Proof. We pose the following induction hypothesis:
v—1
ay <A, :=Y (1+hL)"h*B+ (14 hL)" ao. (5.12)
pn=0
The start of the induction is given by ag < Ay = ag. For the induction step

vi— v+ linserta, < A, into (5.11):

ayy1 < (1+hL) A, + h*B =" (1+hL)" B B+ (1+hL)" " ao+ h*B

pn=1

=> (L+hL)"h*B+ (1+hL)" " ag= A1
n=0

Exercise 3.24a shows that (1 + hL)” < (ehL)” = M For L > 0, the geometric
sum yields the value

v—1 v
1+hL)" -1 B

BN (1 hny =g AL =L e B e

h ;(+h) WB o1 =T D ]

B
< h}’c—lf [ehLu o 1] )
Therefore, A, from (5.12) can be estimated by A, < h*~! % [ehLV — 1] + ey,
The particular case L = 0 can be treated separately or obtained from L > 0 by
performing the limit L — 0. O

Exercise 5.7. Prove that any solution o of the inequality p(z) < ¢+ L f;o p(t)dt
is bounded by P i.e., p(x) < D(z), where D is the solution of the integral equation

x

D(w) = o + L/ (t)dt.

zo
Hint: (a) Define ¥ (®) by ¥(P)(x) := po + L f;o @(t)dt. The integral equation is
the fixed-point equation & = W (P) for & € C(I), I = [xo,xg]. Show that ¥ is a
contraction with respect to the norm
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[¢[] == max{|s)(t)| exp (=2L(t — x0)) : t € I}

with contraction number Ly = % (independently of the length of the interval I,
including I = [z, 00)).

(b) Apply the fixed-point iteration @, 1 := W (P,) with @y := ¢ and show Y,, > ¢
foralln > 0.

Lemma 5.8. Let X and Y be Banach spaces. The operators S, T € L(X,Y) are
supposed to satisfy

T eL(Y,X) and ||S—T|yex||T  xey <1.
Then also the inverse S~ € L(Y, X) exists and satisfies

|7 xey
1S —TlyxIT~xey

1S xey < T

Proof. Fixy € X. The mapping ®(z) := T (T — S)x +T 'y is contracting with
contraction rate ¢ = |77 !||xy||S —T|lyx < 1. Banach’s fixed-point Theorem
5.5 states the unique solvability of &(x) = x, which implies that Tx = TP(z) =
(T — S)z + y and Sz = y. Hence the inverse S~! exists. The fixed-point iteration
with starting value o produces x; = T~ 'y. Estimate (5.10b) with n = 0 yields

187 yll = 11571y — woll = [l — ol <

1 1
_ —_— |7t
Tl woll =3Iyl

which leads to the desired inequality. O

5.3 Well-Conditioning of the Initial-Value Problem

Before we start with the numerical solution, we should check whether the initial-
value problem, i.e., the mapping (yo, f) — v, is well-conditioned. According to
§2.4.1.2, the amplification of a perturbation of the input data is to be investigated. In
the present case, one can perturb the initial value g, as well as the function f. The
first case is analysed below, the second one in Theorem 5.12.

Theorem 5.9. Let y1,y2 € CY(I) be two solutions of the differential equation
(5.1a) with the initial values

y1(xo) =yo,1 and ya(xo) =yo2 respectively.
Assume that f € C(I x R) satisfies (5.2). Then the following estimate* holds in I:

eL(z—x0) with L from (5.2). (5.13)

y1(2) — g2 (@) < [yo.1 — Yo,

4 By definition of T in §5.1, > x¢ holds. Otherwise, e” (¥ —%0) is to be replaced by eZ!*—=ol
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Proof. y;(x) =yo, + f;o f(t,y;(¢))dt holds for i = 1,2, so that

ly1(x) — yo(x)| =

%4*%2+/wwwm@»—ﬂammnw

0

<|Y0,1 — Yo,2

+/wﬁwmun—ﬂtw®ﬂ& <

< |yo,1 — Yo,2

+ [ L) - wa(o)] .
zo
The function &(z) := |yo.1 — yo.2| e%(*~®0) satisfies the equation

?(x) = [yo1 —yo,z|+/ Lo(t)dt  onl.

Zo

Hence Exercise 5.7 proves |y1 () — y2(z)| < &(x); i.e., (5.13). This ends the proof
of Theorem 5.9. 0O

Corollary 5.10. Assumption (5.2) ensures uniqueness of the solution of the initial-
value problem (5.1a,b).

Proof. If y1,y2 € C(I) are two solutions, Theorem 5.9 yields

ly1(2) = y2(2)] < [yor —yozlexp (L(z —z0)) = 0,

Y0,1=Y0,2
hence y; =y onl. O

One may denote the solution of the initial-value problem (5.1a,b) by y(z;yo)
with the initial value y, as second argument. Then (5.13) states that y(-; -) as well as
f(-,-) are Lipschitz continuous with respect to the second argument. This statement
can be generalised.

Exercise 5.11. If f(-,-) is k-times continuously differentiable with respect to the
second argument y, also the solution y(-; -) does so with respect to yo.

A perturbation of the right-hand side f in (5.1a) is studied next.

Theorem 5.12. Let y and §j be solutions of y' = f(x,y) and §' = f(x,y), respec-

tively, with coinciding initial values y(xo) = §y(xo) = yo. Only f (not f) has to
fulfil the Lipschitz condition (5.2), while

’f(lny) *f(flay)’ <e forallzel,ycR.

Then

= L(z—z0) _ .
lw@_ﬂmg{ﬁfﬂm n§228} (L from (5.2)).
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Proof. Set d(x) := |y(x) — ()| and note that

ota) = | [ [rteen — Featen]ae| < [ |[evten - fte.aten] | ac
| e u(©) — 1 7€) + 1(6.5(9) ~ F(& we))| e
< [ e - reaenlae+ [ | - fevten]ac
g/m:Lé(g)dgjL(a:—xo)e.
A majorant of  is the solution d of d(z) = [ Ld(€)dé + (x — xo)e. In the case of

L > 0, the solution is d(z) = £ (eL(I IO) 1). O

5.4 Analysis of One-Step Methods

In §5.4.1 we explain why for our analysis in §§5.4.3-5.4.5 it is sufficient to study
explicit one-step methods. In §5.4.2 we discuss the Lipschitz continuity of ¢.

5.4.1 Implicit Methods

Definition 5.13. A general implicit one-step method has the form

Nit1 := i + hd(zi, 13, Mig1, hs f). (5.14)

An example of (5.14) is the implicit Euler method, where

d(wi, M5, g1, b f) = fl@i 4+ hyniga). (5.15)

Next we assume that ¢ is defined for x; € I, n;,m;4+1 € R, and sufficiently small
h (0 < h < hg).

Exercise 5.14. Let ¢ from (5.14) be Lipschitz continuous with respect to 10;41:

|G(@i, i Mivrs s f) — S(@i, iy Nigers by )] < L nisgr = fliga| -
Show that the fixed-point equation (5.14) is uniquely solvable, if h < 1/L.

Assuming unique solvability of (5.14), a function 7,1 = ¥(x;,n;, h; f) exists
by the implicit function theorem. Inserting 7,11 = ¥(z;,n;, h; f) into the third
argument of ¢(x;, 7;, Mi+1, h; f), one obtains formally an explicit one-step method
(5.5) with
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Hence, for theoretical considerations we may restrict ourselves to the explicit
case (5.5). The only additional requirement is that one has to restrict the step sizes
to 0 < h < hy with sufficiently small hy. For the theoretical analysis the latter
condition is of no consequence, since we study the limit 2~ — 0.

5.4.2 Lipschitz Continuity of ¢

Analogous to the Lipschitz condition (5.2) we shall need Lipschitz continuity of ¢:

x; €1,

|¢’($u77/;h»f) 7¢(xian//ah; f)| < Lgﬁ |77/ 77’//| for all 77/77]” € R7 (516)
h < hg.

Since ¢ is defined implicitly via f, the Lipschitz property of ¢ is inherited from the
Lipschitz continuity of f. Therefore, we have always to assume that f satisfies (5.2).

Exercise 5.15. (a) Prove for the Euler and Heun methods that (5.2) implies (5.16).
(b) According to §5.4.1, the implicit Euler method (5.15) leads to an explicit method
with ¢(x;, i, b f). For sufficiently small h, prove Lipschitz continuity of ¢.

5.4.3 Consistency

We now motivate the consistency condition. Replacing the discrete solution 7; of
Ni+1 = i +hd(x;, n;, h; f) by the exact solution y(x;) of the differential equation,
we obtain the so-called local discretisation error T by

Y(@ip1) = y(@:) + ho(@i, y(x:), hs f) + 72, y(2:); h)] .-

For the explicit definition of 7(£,7; h) fix £ € I and p € R, and let Y (- ; £, 1)) be the
solution of (5.1a) with initial value condition

Y &) =0 at z = £ (not at x = xg).

Then
Y(E+hEn) —n
h

defines the local discretisation error at (£, 7; h).
Obviously, we may expect that the one-step method (5.5) is better the smaller 7
is. Note that 7 = 0 leads to the ideal result n; = y(x;).

T(fﬂ?; h) = - ¢(£7n7h; f) (517)
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Definition 5.16. (a) The one-step method characterised by ¢ is called consistent if

sup |7(x,y(x); h)] = 0 (h —0). (5.18)
xzel

Here y is the solution of (5.1a,b). The argument f € C(I XR) of ¢ must satisfy (5.2).
(b) Furthermore, ¢ is called consistent of order p if T(x,y(x); h) = O(hP) holds
uniformly for h — 0 on x € I for all sufficiently smooth f.

Assuming f to be sufficiently smooth,> one performs the Taylor expansion of
%[y(ff + h;x,n) — n] and uses

y(x + h;x,n) = y(x;z,n) + hy'(x;2,n) + o(h) = n+ hf(x,n) + o(h).

Hence (5.18) implies the condition ¢(x,n, h; f) — f(x,n). One easily checks that
this condition is satisfied for the methods of Euler and Heun.

However, the trivial one-step method 7,41 := 7; (i.e., ¢ = 0) leads, in general,
to 7(z,n; h) = O(1) and is not consistent.

5.4.4 Convergence

We recall the notation 1; = n(z;, h). The desired property is n(z,h) =~ y(x).
Concerning the limit h — 0, we restrict ourselves tacitly to (a subsequence of)
hn = (z — o) /n, since then z = nh,, belongs to the grid on which (-, k) is
defined.

Definition 5.17 (convergence). A one-step method is called convergent if for all
Lipschitz continuous f and all x € T

lim n(z, h) = y(z) (y solution of (5.1a,b))
h—0

holds. A one-step method has convergence order p if n(z,h) = y(z) + O(h?) for
sufficiently smooth f.

5.4.5 Stability

Consistency controls the error generated in the i-th step from z; to x;4; under the
assumption that 7); is the exact starting value. At the start, 9 = yo is indeed exact,
so that according to condition (5.18) the error €1 := 7y — y; is o(h) or O(hP*+1),
respectively.

During the steps for ¢+ > 1 the consistency error, e.g., arising at x1, is transported
into 72,13, . .. Since the computation proceeds up to x = x,,, one has to perform

5 Without p-fold continuous differentiability of f one cannot verify 7(z,n; h) = O(hP).
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n = O(1/h) steps. If the error would be amplified in each step by a factor ¢ > 1
(c independently of %), 1,, had an error O(c™) = O(c!'/"). Obviously, such an error
would explode exponentially as h — 0. In addition, not only can the consistency
error €1 be amplified, but also can all consistency errors ¢; at the later grid points
Zj.

Next we state that—thanks to Lipschitz condition (5.16)—the errors are under
control.®

Lemma 5.18 (stability of one-step methods). Assume that the Lipschitz condi-
tion (5.16) holds with constant Ly and the local discretisation error is bounded by
|7(xs, y(xi); h)| < Th (cf (5.17)). Then the global discretisation error is bounded

by o@=z0)Ls _ 1
(e, h) —y(@)| < Th——F— (5.19)
é
Proof. 6; = |n; — y(x;)| is the global error. The local discretisation error is de-

noted by 7; = 7(z;, y(x;); h). Starting with 6y = 0, we obtain the recursion formula
Git1 = i1 — y(@iv1)| = [0i + ho (@i, mi, hi f) = y(@iga)]
Y\ — Y&y
ni —y(zi) —h {(H)() - ¢($¢,m7h;f)] ‘

h

=) — 1 [P oy s )|

R (e b £) — olenyen), b )] \

h

< 61 +h |7'1| + hL¢5Z = (1 —+ hL¢) 51 -+ hTh,

< I —ylan)] + b |y(”‘y(“ ~ blany(ei) b f)\

which coincides with (5.11) for a, = 0,,h = h,L = L4,k = 1,B = Tj,. Lemma
5.6 proves 8, < Tj,(e*"Ls —1)/L4 because of ag = §p = 0. O

So far, consistency is not assumed. From consistency we now derive conver-
gence. Furthermore, consistency order and convergence order will coincide.

Theorem 5.19. Let the one-step method (5.5) fulfil the Lipschitz condition (5.16),
and assume consistency. Then (5.5) is also convergent:

li h) = .
lim n(z, h) = y(z)
If, in addition, the consistency order is p, then also the convergence is of order p.

Proof. Consistency implies 7, — 0, so that convergence follows from (5.19).
Consistency order p means T}, <Ch? and implies |n(z, h) — y(z)| <O(hP). O

6 Note that perturbations in the initial value xq are already analysed in Theorem 5.9.
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We remark that, in general, the Lipschitz condition (5.16) holds only locally.
Then one argues as follows. G := {(z,y) : € [zo,2g], |y — y(x)| < 1} is com-
w—20)Ly _q

pact. It suffices’ to require (5.16) on G. For sufficiently small h, T}, e ”

in (5.19) is bounded by 1 and therefore (x,7n(z,h)) € G. A view to the proof
of Lemma 5.18 shows that all intermediate arguments belong to G and therefore,
(5.16) is applicable.

According to Theorem 5.19, one may be very optimistic that any consistent one-
step method applied to some ordinary differential equation is working well. How-
ever, the statement concerns only the asymptotic behaviour as 1 — 0. A problem
arises if, e.g., the asymptotic behaviour is only observed for h < 1079, while we
want to apply the methods for a step size h > 0.001. This gives rise to stronger
stability requirements (cf. §5.5.8).

5.5 Analysis of Multistep Methods

The general multistep method is defined in (5.6). Introducing formally .. := 1, we
can rewrite the r-step method as

T
Z AyNjv = h(b(flf], Ni+rs Nj+r—15---575, h’? f) . (5203)
v=0

A multistep method is called linear if ¢ has the particular form

AT, Njprs Njgr—15 - -5 M3 M f) = E b f( T4y M) - (5.20b)
— —_——
pn=0
=fi+u

If b, = 0, the linear multistep method is explicit, otherwise it is implicit.
The coefficients «,, from (5.20a) define the characteristic polynomial

P(¢) ==Y . (5.21a)
v=0
In the case of a linear multistep method, a further polynomial can be introduced:
r—1
a(0) = bc”. (5.21b)
v=0

Remark 5.20. Consistency condition (5.7) is equivalent to

W(1) = 0. (5.22)

7 Locally Lipschitz continuous functions are uniformly Lipschitz continuous on a compact set.
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5.5.1 Local Discretisation Error, Consistency

Using Y (z; &, n) from (5.17), we define the local discretisation error by

(i h) = 6239

1 r
E Z avY(mj+V; xjvy) - h¢(xjay(xj+l/—l; xjay)v oo aY(xj; xjay)v h, f)‘| .
V=0 N———
=Y

Definition 5.21. A multistep methods is called consistent if

sup [7(z,y(x);h)] =0 (h—0)
xel

Sorall f € C(I x R) with Lipschitz property (5.2). Here y(x) is the solution of
(5.1a,b). Furthermore, the multi-step method (5.20a) is called consistent of order p
if |7(x,y(x); h)| = O(hP) holds for sufficiently smooth f.

For f = 0 and the initial value yo = 1, the solution is y(x) = 1 and, in this case,
7(z,y(x); k) — 0 simplifies to (3! _, a, — hep) /h — 0, implying > _ a,, =0,
which is condition (5.7).

5.5.2 Convergence

Differently from the case of a one-step method, we cannot assume exact starting
values 71, ..., n,—1. Therefore, we assume that all starting values are perturbed:

ny = y(x;) + ¢4, €= (Ej)j:(),‘..,rfl :
We denote the solution corresponding to these starting values by n(z; €, h).
Definition 5.22. A multistep methods is called convergent if for all f € C(I x R)

with (5.2) and all starting values vy, the global error satisfies

sup |n(z;e,h) —y(x)] =0  forh — 0and |||, — 0.
xzel

A stronger requirement is that we also perturb the equations (5.20a) by ¢; for
g

> sy =hé(@s, i1, 0 hs ) + hejn forj >0, (5.24)
v=0

In this case, € = (€j)j>0 is a tuple with as many entries as grid points (note that
the quantities ¢; for 7 < r and j > r have a quite different meaning!). Again,
n(x;e, h) — y(z) can be required for h — 0 and |||, — 0.
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5.5.3 Stability

We recall the characteristic polynomial ¢ defined in (5.21a).

Definition 5.23. The multistep method (5.20a) is called stable if all roots { of the
characteristic polynomial 1 have the following property: either || < 1 or ( is a
simple zero with |¢| = 1.

We check three examples:

(1) The midpoint rule (5.8) yields 1/(¢) = ¢ — 1. Both zeros ¢ = +1 are simple
with |¢| = 1. Therefore, the midpoint rule is stable.

(2) The two-step method (5.9) describing the extrapolation corresponds to ¢(¢) =
Z—-20+1=(¢C— 1)2. Therefore, ¢ = 1 is a double root and indicates instability.

(3) In the case of a one-step methods (i.e., r = 1), @, = 1 and (5.7) lead to
1(¢) = ¢ — 1. The only zero ¢ = 1 satisfies the second condition in Definition 5.23.
This proves the following remark corresponding to the result of Lemma 5.18.

Remark 5.24. One-step methods are always stable in the sense of Definition 5.23.

5.5.4 Difference Equations

The relation between the stability condition from Definition 5.23 and the multistep
methods (5.20a) is not quite obvious. The connection will be given in the study of
difference equations. As preparation we first discuss power bounded matrices.

5.5.4.1 Power Bounded Matrices

Definition 5.25. Let |- || be a matrix norm. A square matrix A is power bounded® if
sup{||A"| : n € N} < 0. (5.25)

Because of the norm equivalence in finite-dimensional vector spaces, the choice
of the matrix norm ||-|| in Definition 5.25 is irrelevant.

To prepare the next theorem, we recall some terms from linear algebra:

Let A be an eigenvalue of A € C?*¢. X has algebraic multiplicity k € Ny,
if the characteristic polynomial det(¢ — A) contains the factor (¢ — A)*, but not
(¢ — A" X has geometric multiplicity k € Ny if dim{e € C? : Ae = Ae} = k.
The inequality ‘geometric multiplicity < algebraic multiplicity’ is always valid.

8 In principle, we would like to use the term ‘stable matrix’; however, this notation is already used
for matrices satisfying sup{|lexp(tA)|| : t > 0} < oo.

We remark that there is an extension of power boundedness to a family F of matrices by
sup{||A"™|| : n € N, A € F} < oo. Characterisations are given by the Kreiss matrix theorem
(cf. Kreiss [13], Morton [17], and [18, Sect. 4.9]). For a generalisation, see Toh—Trefethen [22].
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|||l is an associated matrix norm in C**< if there is a vector norm ||| - ||| in C¢
such that | A|| = sup{||| Az ||| /||| z |||: z # 0} for all A € C4*x4,

The norm ||-|| , has two meanings. For vectors z € C4, it is the maximum norm
|||, = max; |z;|, while for matrices it is the associated matrix norm. Because of
the property || M|, = max; ), [M;;], itis also called the row-sum (matrix) norm.

We denote the spectrum of a square matrix M by

o(M) :={\ € C: \eigenvalue of M}.

Exercise 5.26. Suppose that ||-|| is an associated matrix norm. Prove |\| < || M]|
forall A € o(M).

Theorem 5.27. Equivalent characterisations of the power boundedness of A are
(5.26a) as well as (5.26b):

All eigenvalues of A satisfy either
(a) I\ <1lor (5.26a)

(b) |A| =1, and X has coinciding algebraic and geometric multiplicities.

There is an associated matrix norm such that || A| < 1. (5.26b)

Proof. We shall prove (5.25) = (5.26a) = (5.26b) = (5.25).

(i) Assume (5.25) and set Cstap, := sup{||A"™|| : n € N}. Choose an associated
matrix norm ||-||. Applying Exercise 5.26 to M = A", we obtain |\"| = |\|" <
[|[A™]] < Cstap for all n € N, hence |[A| < 1. Assume |A| = 1. If A has higher
algebraic than geometric multiplicity, there is an eigenvector e # 0 and a generalised
eigenvector h, so that Ae = Ae and Ah = e + Ah. We conclude that A"h =
A"~ (ne + Ah) and | A"h|| = ||ne + Ah|| > n|le|]| — ||Ah]| = oo as n — oo, in
the contradiction to ||A™h|| < Cstab ||h]|- Hence, (5.26a) holds.

(i) Assume (5.26a). Sort the eigenvalues A; of A such that || < [A2] < ... <
[Ad—m+1] = ... = |Ag| = 1, where m > 0 is the number the zeros with absolute
value equal to one. Consider the Jordan normal form

)\1*

Ji 0
0D

le )

J:TlATz{ } with SO

where the entries * are either zero or one. Since the algebraic and geometric
multiplicities of Ag_,,+1,...,Ag coincide, D is a diagonal m x m matrix, while
all eigenvalues X\; (i = 1,...,7 — m) have absolute value < 1. Set A, :=
diag{1,¢e,e%,...,e" 1} withe € (0,1 — |\,_,,|]. One verifies that AZ1JA, has
the row-sum norm ||AZ1JA.||s < 1. Therefore, a transformation by S := T'A,
yields the norm [|[S71AS| s < 1. ||A]] := ||ST1AS||w is the associated matrix
norm corresponding to the vector norm ||z|| := ||Sxz||oo. This proves (5.26b).

(iii) Assume (5.26b). Associated matrix norms are submultiplicative; i.e.,
[|A™]| < ||A]|", so that ||A]| < 1 implies Cgpap, = 1 < 00. O
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So far, we have considered a single matrix. In the case of a family A C C"*"

of matrices, one likes to have a criterion as to whether there is a uniform bound of
sup{||A"|| : n e N, A € A}.

Lemma 5.28. Let A C C™"*™ be bounded, and suppose that there is some v < 1
such that the eigenvalues satisfy |A1(A)] < |A2(A)] < ... < A (A)] < 1 and
[An—1(A)| < v < 1forall A€ A Thensup{||[A"|:n €N, A € A} < cc.

Proof. We may choose the spectral norm || - || = || - ||2. The Schur normal form R 4
is defined by A = QRAQ ™", Q unitary, R 4 upper triangular, with (R4):; = \;(A).
By boundedness of A, there is some M > 0 such that R 4 is bounded entry-wise by
(RA)ij < R;;, where the matrix R is defined by R;; := 0 for ¢ > j, R;; :=  for

y...MM
1<i<n—1,Ry,:=1,R;j:=Mfori < jjie,R=|0 " MM | Itiseasy to

0... vy M

0...0 1

verify that || A" ||z = ||R%||2 < || R™||2. Since R is power bounded, we have proved
a uniform bound. 0O

5.5.4.2 Solution Space F

The set F = CNo consists of sequences x = (q:j)j eNo of complex numbers. We are
looking for sequences x € F satisfying the following difference equation:

> aywj, =0 forall j > 0,where o, = 1. (5.27)
v=0

Lemma 5.29. (a) F forms a linear vector space.
(b) Fo := {x € F satisfies (5.27)} is a linear subspace of F with dim(Fp) = r.

Proof. (i) The vector space properties of F and Fy are trivial. It remains to prove
dim Fy = r. We define x) € F fori = 0,1,...,7 — 1 by the initial values
:cg.l) = ¢;; for j € {0,...,r —1}. For j > r we use (5.27) to define

r—1
xy) = Z a,,x?’_)rw forall j > 7. (5.28)
v=0

Obviously, x( satisfies (5.27); 1e., x() e Fofor0<i<r—1.

(ii) Assume 3", 3;x() = 0. Evaluating the entries at j € {0,...,7 — 1}, we
obtain 0 = )", ﬁixy) = >, Bid;; = B;, which proves linear independence.

(iii) For each x € Fy we definey := x— Z:& z;x" e Fy, which by definition
satisfies yo = y1 = ... = y,—1 = 0. Analogous to (5.28), these initial values lead
toy; = 0 for all j > r. The result y = 0 proves that {x(*) ... x("=1} already
spans Fy. Together, dim(Fy) = r follows. O
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5.5.4.3 Representation of the Solutions

Remark 5.30. (a) Let {; € C be a root of the polynomial )({) = >, _, o, C".
Then x = (¢})jen, is a solution of (5.27); i.e., x € Fo.

(b) Suppose that ) has v different zeros ¢; € C, i = 1,...,r. Then the solutions
x() = (¢)jen, form a basis of the space Fy.

Proof. (i) Inserting x; = Cg into (5.27) yields

ZWW = Z G =G Yty = o) = 0;
v=0

ie., x € Fo.
(ii) By Part (i), x() € F;, holds. One easily verifies that the solutions x() are
linearly independent. Because of dim Fy = r, {x(z) :1 <i<r}formsabasis. O

In the case of Remark 5.30, the zeros are simple. It remains to discuss the case
of multiple zeros.
We recall that the polynomial ) has an (at least) k-fold zero (j if and only if

¥(Co) = ¥'(¢o) = ... = =Y ({y) = 0. The Leibniz rule yields
( C) () =0 at ¢=¢  for0<L<k—1.

The explicit representation of (di) (¢79(Q)) reads

0= ()" ]C . Zaugﬁ”%w)(jw—1)....-(j+u—e+1).
0 | (5.29)
Define x(¥) for ¢ € {0,1,....k — 1} viaa!? = ¢Jj (i —1) ...  (j — £ +1).

Insertion into the difference equation (5.27) yields

Za,, Tl = Za AG+v)G+rv—1) ... (GHrv—L+1).

)

This is ¢§ times the expression in (5.29); hence >, _, a,x;l, = 0;ie, x0 e F.

Remark 5.31. Let {y # 0 be a zero of Y with multlpllcny k.

(a) Then x(O ... x(k=1) WlthC = COHU 0(] —v)(l=0,....k—=1)arek
linearly independent solutlons of ( 5.27).

(b) Similarly, &:;" = ¢} j ¢ represent k linearly independent solutions of (5.27).

Proof. (i) x() € F, is shown above. The linear independence for(=0,...,k—1
follows, e.g., from the different growth of :c / Co for 7 — oo.
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i (T2 =) 0= 01} el (o500, 1}
bases of the polynomials of degree < k — 1. Therefore {X(O)7 e 7X(k_1)} and
(O %(k=1} span the same space. O

The case (y = 0 is excluded in Remark 5.31, since the previous definition leads

to xy) = 0 for j > min{1 — ¢, 0} and therefore does not yield linearly independent
solutions.

Remark 5.32. Let (o = 0 be a k-fold zero of 1. Then x") with xg»i) = (0i5)
(i=0,...,k— 1) are k linearly independent solutions of (5.27).

J€Ng

Proof. Use 1(0) = ¢/(0) = ... = ¢*~1(0) = 0 to obtain g = ... = ay_; = 0.
This shows that y ) _, a,,xgly =y LT 5_31, By definition, :vg_?_y = 0 holds
for v > k;i.e., (5.27) is satisfied. Obviously, the x(*) are linearly independent. O

Theorem 5.33. Let ¢; (¢ = 1,...,m) be the different zeros of the polynomial

P(Q) = >.,_o (¥ with the corresponding multiplicities k;. Any (; gives rise
to k; solutions of (5.27), which are defined in Remark 5.31, if ; # 0, and in
Remark 5.32, if (; = 0. Altogether, r linearly independent solutions spanning JF
are characterised.

Proof. The linear independence of the constructed solutions is left as an exercise.
In Theorem 5.33, Y k; = r solutions are described. They form a basis of Fy, since,
according to Lemma 5.29, dim Fy = r holds. O

5.5.4.4 Stability

Definition 5.34. The difference equation (5.27) is called stable if any solution of
(5.27) is bounded with respect to the supremum norm:

%[l = sup |z;| <oo  forallx € Fo.

JENo

Remark 5.35. A characterisation equivalent to Definition 5.34 reads as follows:
there is a constant C, so that

%], < C . max || forallx € Fy. (5.30)
7=0,...,r—

Proof. (i) Eq. (5.30) implies ||x||, < oo, since max;—o,... »—1 |z;| is always finite.
(ii) We choose the basis x(Y) € F as in (ii) of the proof of Lemma 5.29. x has

a representation x = Z;:_Ol z;x(¥. Assuming stability in the sense of Definition
5.34, we have C; := ||x(V||,, < oo and therefore also C' 1= Y _ 0! 'O < oo
The estimate [|x]|_, = || Y170 2@ oo < Y070 ] [x@ oo = 10 Ci || <

Cmaxj—g, . r—1|x;| proves (5.30). O
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Obviously, all solutions of (5.27) are bounded if and only if all basis solutions
given in Theorem 5.33 are bounded. The following complete list of disjoint cases
refers to the zeros (; of 1 and their multiplicities ;.

1. |¢;] < 1: all sequences ((ijje)jeNU with 0 < ¢ < k; are zero sequences and
therefore bounded. ‘

2. |¢;| > 1: for all sequences lead to lim |¢/ j*| = oo; i.e., they are unbounded.

3. |¢i| = 1 and k; = 1 (simple zero): (¢/);en, is bounded by 1 in absolute value.

4. |G| = 1and k; > 1 (multiple zero): lim |¢/ 5| = oo holds for 1 < £ < k; — 1
i.e., the sequences are unbounded.

Therefore, the first and third cases characterise the stable situations, while the
second and fourth cases lead to instability. This proves the next theorem.

Theorem 5.36. The difference equation (5.27) is stable if and only if 1 satisfies the
stability condition from Definition 5.23.
5.5.4.5 Companion Matrix

Definition 5.37. The companion matrix of the polynomial (¢) = > _, a,¢” is of
size v X r and is equal to

A= . (5.31)

Remark 5.38. (a) det(¢I — A) = ¢(Q).
(b) Any solution (xj)jeNo of the difference equation (5.27) satisfies (5.32) and, vice
versa, (5.32) implies (5.27):

Lj+1 Lj
T T,

j+2 Jj+1

. =A . . (5.32)
Ljtr Tjtr—1

By (5.32) we can formally reformulate the r-step method as a one-step method
for the r-tuple X; := (x;,... ,xj+r,1)T. Therefore, the stability behaviour must
be expressed by the properties of A. An obvious connection is described in the next
remark.

Remark 5.39. The difference equation (5.27) is stable if and only if A is a power
bounded matrix.

Proof. Let ||-|| denote a vector norm as well as the associated matrix norm. The
tuple X; satisfies X; = AX;_; (cf. (5.32)). In particular, X,, = A" X, holds.
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Uniform boundedness of |z;| and || X|| are equivalent. If (5.27) is stable, || A™Xo||
is uniformly bounded for all X with || Xo|| < 1 and all n € N; i.e., A is a power
bounded matrix. On the other hand, Ctap, := sup{||A"|| : n € N} < oo yields the
estimate || X, || < Cstan || Xol|| and therefore stability. O

Using (5.26b), we obtain the next statement.

Lemma 5.40. The difference equation (5.27) is stable if and only if there is an
associated matrix norm, so that ||A|| < 1 holds for the companion matrix A from
(5.31).

5.5.4.6 Estimates of Inhomogeneous Solutions

Theorem 5.41. Suppose that the difference equation is stable and that the initial
values fulfil |x;| < o for 0 < j < r — 1. If the sequence (x;);en, satisfies the
inhomogeneous difference equation’y . _ c,,xj1y, = B4 with

|Bj+r] < B+ymax{|z,|:0< p<j+r—1}
for some v > 0, then there exist k and k' such that

Jkp Jory =0,

) ! v alkY .
|z5] < kk'ae +{§(eﬂkl) for~y > 0.

Proof. (i) Let A be the companion matrix. ||-|| denotes the vector norm in R” as
well as the associated matrix norm ||-|| from Lemma 5.40. Because of the norm
equivalence,

XN < kX[, IX| <K 1X]  forall X € R"

holds for suitable k, &'

(i) Set X; = (xj,... ,xj+r_1)T ande = (0,...,0,1)" € R". According to
Lemma 5.40, ||A]| < 1 holds. Since a scaling of the vector norm does not change
the associated matrix norm, we assume without loss of generality that ||e|| = 1. The
difference equation Y ., _, o, @+, = (4, is equivalent to

Xj+1 = AX] + BjJrre.

(iii) Set &; := max{|z,| : 0 < p < j}. By definition of X, also {; =
maxo<,<j—ri1 || Xyl is valid for j > r — 1. It follows that

b

[ Xl = 14X + Bivrell < AN X511 + 1854+ | llell < 151 + 1854+

=1

o{

< X1+ B 4841

Define n; by
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mo = [Xoll, M1 =1+ B+ &4 (5:33)

Obviously, || X;|| < n; and nj4+1 > n; (j > 0) hold. The estimate

- 1= = X
-1 = max |z, = max |Xp[l

< EINX I <k =  kn;
< qpax KXl <k max n, = kg

together with the definition (5.33) of ;41 yields

N1 < (1+~k)n; + 6.

Apply Lemma 5.6 to this inequality. The corresponding quantities in (5.11) are
v=j,a, =nj, h=1,L = kv, B= . Lemma 5.6 yields the inequality

e (B ify=0 |
nj < noe +{]ﬁy (e]k)’yil) lf’y>0 (] ENO)'

Furthermore, o = | Xo|| < &' | Xoll, < Kavand || < [|X;], < k[|X;]| < kn;
holds. Together, the assertion of the theorem follows. O

5.5.5 Stability and Convergence Theorems

We shall show that convergence and stability of multistep methods are almost
equivalent. For exact statements one needs a further assumption concerning the
connection of ¢(z;,Mj4r—1,...,0;,h; f) and f. A very weak assumption is

f:() g ¢(xj777j+7‘717'-'7njah;f>:O' (534)

This assumption is satisfied, in particular, for the important class of linear r-step
methods:

S(jo e oM hi f) =D bufjen  with fr = f(zi,me). (535
=0

Theorem 5.42 (stability theorem). Suppose (5.34). Then the convergence from
Definition 5.22 implies stability.

Proof. (i) We choose f = 0 and the starting value yy = 0. Therefore, y = 0 is
the exact solution of the initial-value problem, while the discrete solution satisfies
the equations >, _, «, 11, = 0 with initial values 79 = €q,...,7—1 = €71
(cf. Definition 5.22). Since Z;:O a,Mj+r = 0 is the difference equation (5.27),
(n;) jeNy € Fo holds. However, we have to note that the multistep method visits
only the finite section (7;) with J(h) = |[(zg — o) /h], since those j

- 0<j<J(h)
satisfy x; € I.
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(i1) For the indirect proof, assume instability. Then an unbounded solution
x € Fy exists. The divergence

C(h) :=max{|z;|: 0<j < J(h)} 00 forh—0

follows from J(h) — oo for h — 0 and ||x||, = oo. Choose the initial pertur-
bation & = (g;);_, ., = (z;/C(h));_.. ., Obviously, [le]|,, — 0 holds

for h — 0. For this initial perturbation the multistep method produces the solution

(nj)ogng(h) with n; = ﬁl‘j. Since

1 , B
ilélj)I??(xyevh) —y(z)| = @max{lel 0<j<J(h)} =1,

this error does not tend to 0 as & — 0, ||e|| ., — 0, in contradiction to the assumed
convergence. [

For the reverse direction we need a Lipschitz condition corresponding to (5.16)
in the case of a one-step method:

for each f € C'(I x R) with (5.2) there is L € R such that (5.36)

|¢($j7u7‘71a" .,UO7h;f) - ¢($j7v’r717"'7’007h;f)| < L¢i:(§na§—l |u2 _’Ui‘ .

Remark 5.43. Condition (5.36) is satisfied for linear r-step methods (5.35).

Theorem 5.44 (convergence theorem). Let (5.36) be valid. Furthermore, the multi-
step method is supposed to be consistent and stable. Then it is convergent (even in
the stronger sense as discussed below Definition 5.22).

Proof. The initial error is defined by ; = y(x;) +¢; for j = 0,...,r — 1. The
multistep formula with additional errors he ;. is described in (5.24). The norm of
the error is ||e]|, = max{|e;| : 0 < j < J(h)} with J(h) as in the previous
proof (the usual convergence leads to €; = 0 for » < j < J(h), only in the case
described in brackets can ¢; # 0 appear for r < j < J(h)). We have to show that
n(x;e, h) — y(x) for h — 0, ||e|| , — O.

The error is denoted by e; := 1; — y(z;). The initial values for 0 < j <r —1
are e; = £;. The equation

Zoéuy(ﬂﬂﬁu)—héﬁ(xmy(%‘w—l)a cee ,y(:cj),h;f) = hT(ﬂﬁj,y(fj); h) =: htjir
v=0

containing the local discretisation error 74, is equivalent to (5.23). We form the
difference between the latter equation and (5.24) for 7 > r and obtain

T

Za,,ejqr,,: Bjtr = h(€j4r — Tjtr)

v=0

+ (@, njrr—1se M5, 1 f) = (@, (@ —1)s -, y(5), s £)]
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From (5.36) we infer that

Biael ShLo _max eyl +h (el + I7]).

where T = (Tj)TSjSJ(h) Tl = rgljngaf(h) |73l.

The consistency condition sup,,c; 7(z, y(x); h) — 0 implies |||/ — 0 for h—0.
The assumptions of Theorem 5.41 hold with

zj=ej a=lele, B=h(lelec+Tlo), v=hLs,

so that the theorem yields
|€]| < Lk ||E||Ooeth¢k + ||E||002_ ||THOO (ethd>k o 1) (5.37)
¢

in the case of hLy > 0 (the case hLg = 0 is analogous). The product jh in the
exponent is to be interpreted as x; — xg and therefore bounded by xg — xo (or it
is constant and equal to x in the limit process j = n — oo, h := (z — o) /n). As
part of the definition of convergence, ||7|l.c — O (consistency) and [|€[« — 0
holds for h — 0. According to (5.37), e; converges uniformly to zero; i.e.,
sup,er n(w; e, h) —y(x)| - 0. O

Corollary 5.45. In addition to the assumptions in Theorem 5.44 assume consistency
of order p. Then also the convergence order is p, provided that the initial errors are
sufficiently small:

s et — )] < € (10 + ikl ).
J:

Proof. We have ||e]|oc = maxo<;<r—1|¢;| and || 7] < O(hP). Inequality (5.37)
proves the desired error bound. O

5.5.6 Construction of Optimal Multistep Methods

5.5.6.1 Examples

The Adams—Bashforth methods are explicit linear r-step methods of the form

r—1

Migr =jr—1+ 0> bufiip (5.38)
pn=0

(cf. (5.20b)). The associated characteristic polynomial is

YO=¢ - =),
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Its zeros are (; = ... = (,—1 = 0, {, = 1, so that the Adams—Bashforth methods
are stable. The coefficients b, (x = 0,...,r — 1) can be used to make the local con-
sistency error as small as possible. The optimal choice yields a multistep method’
of order 7.

Exercise 5.46. (a) Euler’s method is the optimal Adams—Bashforth method for r = 1.
(b) What are the optimal coefficients bg, by in (5.38) forr =27?

The general explicit linear two-step method

Nj+e = —a1Njr1 — aonj + h[byfiv1 + bofj]

contains four free parameter. Because of the side condition (5.7) (i.e., g+ a1 = 1),
there remain three degrees of freedom. Thus, the optimal choice ag = —5, ap = 2,
a1 = 4, by = 4 of the coefficients can reach consistency of order p = 3. The
resulting method is

Nj+2 = —477j+1 + 577j +h [4fj+1 + 2f]] . (5.39)
j z; n—ylzj) The associated polynomial is
2 0.02 —0.16,0-8 e -
3 0.03 +0.5010-8 w(C)—C +4C_5—(<_1) (<+5)'
;l 0.04 =0.3010-7 | e root —5 proves instability. We demonstrate that this

instability is clearly observed in practice. We apply (5.39)
P : to the initial-value problem y' = —y, y(0) = 1 =: g
99 0.99 +0.1310+60| (= y(r) = e~*) and choose the exact value 7; := e
100 1.00 —0.6519+60| to avoid any further error. The step size in I = [0, 1] is
chosen by & = 0.01. The root { = —5 is responsible for
alternating signs of the error and for the explosive increase (5% = 3.21(68).

0.05 +0.1419-6

5.5.6.2 Stable Multistep Methods of Optimal Order

The previous example shows that one cannot use all coefficients o, b, from (5.6)
and (5.35) in order to maximise the consistency order. Instead stability is a side
condition, when we optimise «,, b,. The characterisation of optimal stable multi-
step methods is due to Dahlquist [2].

Theorem 5.47. (a) If r > 1 is odd, the highest consistency order of a stable linear
r-step method is p = r + 1.

(b) If r > 2 is even, the highest consistency order is p = r + 2. In this case, all roots
of the characteristic polynomial 1) have absolute value 1.

® Note the following advantage of multistep methods compared with one-step methods: In spite
of the increased consistency order r, only one function value fj4r—1 = f(Zj4r—1,Mj4r—1)
needs to be evaluated per grid point x;; the others are known from the previous steps.
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5.5.6.3 Proof

Step 1: A stable linear r-step method of order p = r + 1 is existing.
For this purpose, substitute the variable ¢ of the polynomials () and o(¢) from

(5.21a,b) by z:

1tz (-1

12 ST rr

¢ (5.40a)

This defines the functions

p(z) == (12Z>T¢ sz) s(z) = <122)a(1t§> (5.40b)

Remark 5.48. (a) p(z) and s(z) are polynomials of degree < r.

(b) If o # —1 is a root of ¥(C) with multiplicity k, then p(z) has the root zg = 23_7_1
again of multiplicity k.

(c) The transformation (5.40a) maps the complex unit circle |(| < 1 onto the left
half-plane Re z < 0; in particular, { = 1 is mapped onto z = 0, and { = —1 onto
z = oQ.

Proof. (i) Part (c) can be verified directly. For Part (a) note that p(z) is a lin-
ear combination of the polynomials (12)” (1 —2)" = (1—2)" " (1 + 2)" for
0 < v < r, which are all of degree r. Similarly for s.

(i) Let &k be the multiplicity of {p. Then ¢(¢) = (¢ — Co)k 10(¢) holds with

some to(Co) # 0. Hence,
p(z) = (1 ;Z)T (T_rz —@)kwo (T_rz)
=(1+z-(1-2)¢)" [217 (1— 2" 4 <1+z>}

1—=z2
—(s— 2 k (1—Z)T_k 1+Z
= (7= =) [2’”(Co+1)’“w° (12}

Since (p = oo is excluded, zy = 1 is not a root and the bracket [. ..] does not vanish
at z = zg. This proves Part (b). O

Because of stability and (1) = 0 (cf. (5.22)), ¢ = 1 is a simple root. By
Remark 5.48c¢, p(z) has a simple root at z = 0. Hence, p is of the form

p(2) = a1z 4+ az® + ...+ a2t with o # 0,¢ = degree(p) < k. (5.41a)
Without loss of generality, we may assume that
a1 > 0. (5.41b)

(otherwise scale the equation of the multistep method by —1 changing ¥(¢) into
—)(¢)). We shall prove that
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a, >0 foralll < p <r. (5.41¢)

For this purpose, we denote the zeros of p by z, = x, + 1y, (x,,y, € R). Then,

p(z):azzH(zle,):agz H (z —z,) H ((zfxl,)2+y,2,)

v v with y, =0 v with y,, #0

(5.41d)
must hold, where the last product is taken over all pairs of conjugate complex zeros.
Stability implies |(,,| < 1, which by Remark 5.48c implies Re z, < 0; i.e., z, < 0.
Because of z — x, = z + |z, |, all polynomial coefficients of p(z) must carry the
same sign (or vanish). Hence, (5.41b) implies (5.41c).

We define the holomorphic function

¥(Q)
= - . 42
P(Q) = o7~ o(0) (542
Note that because of ¢/(1) = 0, ¢ has no singularity at ( = 1. A related function is
1—2\" 1+2 p(2)
= = — . 5.43
o= () ¢ () =i o 6

Theorem 5.49. Assume (1) = 0 (cf. (5.22)). Then the linear multistep method
(5.20b) has the (local) consistency order p if and only if { = 1 is a p-fold root of .

Proof. Assume consistency order p. We choose the differential equation 3’ = y.
Then we have (up to a factor) z(t) = e’ and

T T 1
S a et — b S b et trh S ay (e —h S b, (e
_ v=0 v=0 _ xv=0 v=0
T(x7 y? h) - h =e h

=" (w(z}) - J(eh)> = e"p(eM).

Setd := e —1 = h-e" (0 < # < h from the mean value theorem). Hence, & can be
estimated from both sides by const - . The Taylor expansion of p(e") = (1 + )
around § = 0 exists, since ¢ is holomorphic at ¢ = 1:

(r—1)(1
2 —
") =)+ (1) +...+ (p_l(),)ap L+ 0(67).
Since 6% ~ h*, we conclude from 7(z, y, h) = O(hP) = O(5P) that terms involving
§* with k < p cannot appear; i.e., p(1) = ¢'(1) = ... = P~ (1) = 0. Hence,

1 is a p-fold zero of .

On the other hand, if 1 is a p-fold zero, the Taylor expansion shows that
7(z,y,h) = e*p(eh) = O(6P) = O(hP) and therefore the method has consistency
order p. O
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Concerning g, the following implications from (5.43) are valid:

g(z) has a p-fold zero at z = 0
< p(¢) hasap-fold zeroat { =1

< p = consistency order.

We recall the function p(z) from (5.40b). Since p(z)/log 1£2 is holomorphic at
z = 0, there is a power series

ZHZ plz) _ Bo+ Bz + B2z® + ... (5.44a)
z

log

1—=
The function g connects p and s. To obtain a p-fold zero of g at z = 0, s must be of
the form s(z) = Z;:o B, 2" with B, = j,, for 0 < pu < p — 1. Since we consider
the case p = r + 1 > r = degree(s) of Theorem 5.47a, the polynomial s(z) is
already uniquely determined:

s(z)=Bo+ Bz + ...+ B2, (5.44b)

where » = p — 1. Polynomial s from (5.44b) determines a unique o (cf. (5.40b)).
This ends the construction of a stable method of order p = r 4 1.

Step 2: For odd r, there is no stable method of consistency order p > r + 1.

Let the method have an order p > r + 1. The comparison of (5.44a) and (5.44b)
shows that in (5.44a)

B, =0 forr+1<pu<p-1 (5.44¢)

must hold (the first 8, for 0 < u < r can be made to zero by the choice (5.44b)).

The function z/ log %fi is an even function in z, so that the power series becomes

2 4
172 =co+ oz +cyz + ...

1—2

log

Let o, be the coefficients from (5.41a), where we set o, := 0 for p > £ =
degree(p). Comparing the coefficients of both sides in (5.44a), we obtain

Bo = coau, e Bav = CoQapq1 + Co0ay—1 + ...+ a0,
B1 = coaa, - Bav+1 = CoQapy2 + Cotra,  + ...+ Copa.

We shall prove that co,, < 0 for all v > 1. Hence, for odd r it follows that

Bri1 =CoQprya+ Co Qp + C4 Qp_og+ ...+ Crp1 a1 <0 (5.444)
N~ A A~ R d

=0 <0 >0 <0 >0 <0 >0

in contradiction to 3,11 = 0 (cf. (5.44c)).
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For the proof of ¢, < 0 we need the following lemma of Kaluza [12].

Lemma 5.50. Let f(t) =Y 2  Ayt” and g(t) = Y, But” be power series with
the properties

fgt)y=1, A, >0(w>0), A, 1A, 1 >A%2(w>1).
Then B, < 0 holds forall v > 1.

A Ay

Proof. (i) The assumption A, 1A, 1 > A2 can be written as 2‘“1 > g for

v > 1. From this we conclude that ”“ > % for 1 < v < n. The latter

inequality can be rewritten as
An+1An—u - AnAn—l/+1 > 0. (545)

(i1) Without loss of generality assume Ay = 1. This implies By = 1. Comparison
of the coefficients in f(t)g(t) = 1 proves that

0=A,+Y ByAn (n>1), —Bup1=An1+Y ByAnpp1 (n>0).
v=1 v=1

For n = 0, the latter identity shows that B; < 0. Multiply the first equation by 4,41,
the second by —A,,, and add: A, By,y1 = Y oy By (Ant14n— — AnAy_ia).
Thanks to (5.45), B,,+1 < 0 follows by induction. 0O

We apply thislemmato f(2?) = Llog 112 = 2+22%2422%+. .. The coefficients

A, = > 0 satisfy

21/+1

2 2 4 4

Al/ Al,7: . = >
TN T3 w1 (w14 (2t 1)

= A2

and therefore the supposition of the lemma. Since B, = c2,, the assertion of Step 2
is proved.

Step 3: For even 7, stable methods are characterised as in Theorem 5.47b.
For even 7, the sum corresponding to (5.44d) becomes

Bro1 =CoQrya+ €2 Qp + ¢4 Qr2+ ...+ ¢ s <0,
~—— =N A ~

-0 <0 >0 <0 >0 <0 >0

where 5,41 = 0 holds if and only if as = a4 = ... = a, = 0. The latter property
is equivalent to p(z) being odd:

p(z) = —p(—z)  forall 2.

Hence, each root z,, of p corresponds to a root —z,,. As stability requires Re z, < 0,
we obtain Re z, = 0 for all z,, corresponding to the condition |(,,| = 1. On the
other hand, we have the reverse statement: If |(,,| = 1 for all root of v, it follows
that e z, = 0 and
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p(z) = const - z [ | <Z2 ~ (Sm zu)2>

and therefore p(z) = —p(—2z). Hence, the order p = r 4 2 can be obtained.
Order p = r + 3 (r even) cannot be reached, since by Step 2 ;42 < 0.

5.5.7 Further Remarks

5.5.7.1 Systems of Differential Equations

The previous considerations concerning stability remain unchanged for systems
y' = f(z,y), where y and f take values in R™. Nevertheless, further complications
can appear.

First, we consider the case of stiff systems. The previous convergence analysis
provides statements for the limit » — 0. The proven error estimates hold for h
sufficiently small. A more practical question is: how large can we choose h, when
does the asymptotic regime start? For instance, the differential equation 3’ = —y
has the positive and decreasing solution e~”, while the explicit Euler scheme (5.4)
with step size h = 3 yields the values 7; = (—2)7, which are oscillatory in sign
and increasing. A simple analysis shows that for i < 1 also the discrete solution
is positive and decreasing. Now assume the system y’ = Ay of linear differential
equations with A = diag{—1,—1000} € R?*2. The dominant part of the solution
is (4)e™" related to the eigenvalue one, since the other component (,)e~1000
decays very strongly. As in the one-dimensional example from above, one would
like to use a step size of the size h < 1. However, the second component enforces
the inequality h < 1/1000. This effect appears for general linear systems, if A
possesses one eigenvalue of moderate size and another one with strongly negative
real part, or for nonlinear systems y’ = f(z,y), where A(z) := 9f /9y has similar
properties. This leads to the definition of A-stability (or absolute stability; cf. [20],
[9], [3]). Good candidates for A-stable methods are implicit ones (cf. 5.4.1). Implicit
methods have to solve a linear system of the form Az = b. Here, another problem
arises. For instance, the spatial discretisation of a parabolic initial value problem (see
Chap. 6) yields a large stiff system of ordinary differential equations. The solution
of the large linear system requires further numerical techniques (cf. [6]).

Next, we consider the formulation By’ = C'y of a linear system or, in the gen-
eral nonlinear case, F'(x,y,y’) = 0. If B is regular (or F' solvable with respect to
y'), we regain the previous system with A := B~!C. If, however, B € R"*" is
singular with rank k, the system By’ = Cy consists of a mixture of n — k differ-
ential equations and k algebraic side conditions. In this case, the system is called
a differential-algebraic equations (DAE; [14]). In between there are singularly per-
turbed systems, where B = By + B is regular for € > 0, but € is small and By is
singular.
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5.5.8 Other Stability Concepts

The analysis of numerical schemes for ordinary differential equations has created
many further variants of stability definitions. Besides this, there are stability con-
ditions (e.g., Lyapunov stability) which are not connected with discretisations, but
with the (undiscretised) differential equation and its dynamical behaviour (cf. [8,
61.13], [11, §X], [7], [21]).
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Chapter 6
Instationary Partial Differential Equations

The analysis presented in this chapter evolved soon after 1950, when discretisations
of hyperbolic and parabolic differential equations had to be developed. Most of the
material can be found in Richtmyer—Morton [21], see also Lax—Richtmyer [16].
All results concern linear differential equations. In the case of hyperbolic equa-
tions there is a crucial difference between linear and nonlinear problems, since in
the nonlinear case many unpleasant features may occur that are unknown in the
linear case. Concerning general hyperbolic conservation laws, we refer, e.g., to
Kroner [14] and LeVeque [19]. However, even in the nonlinear case, the linearised
problems should satisfy the stability conditions described here.

6.1 Introduction and Examples

6.1.1 Notation, Problem Setting, Function Spaces

Replacing the scalar ordinary differential equation by a linear system of ordinary
differential equations, one obtains 3y’ = Ay + f, where—in the simplest case—
A is a constant N x N matrix, and y and f have values in RY (or C"). In this
case, the previous results concerning one-step and multistep methods can easily
be generalised. The situation changes if the (bounded) matrix A is replaced by an
unbounded differential operator, as we do now.

The independent variable x of the ordinary differential equation is renamed by ¢
(‘time’ variable). The differential operator A contains differentiations with respect
to spatial variables 1, ..., x4. Although d = 3 is the realistic case, we restrict our
considerations mainly to d = 1. The case d > 1 will be discussed in §6.5.6.1.

Notation 6.1. The desired solution is denoted by wu (instead of y). The independent
variables are t and x. The classical notation for u depending on t and x is u(t, x).
Let B be a space of functions in the variable x. Then u(t) denotes the function
u(t,-) € B (partially evaluated at t). Therefore, u(t, x) and u(t)(x) are equivalent

W. Hackbusch, The Concept of Stability in Numerical Mathematics, 93
Springer Series in Computational Mathematics 45, DOI 10.1007/978-3-642-39386-0_6,
© Springer-Verlag Berlin Heidelberg 2014
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notations. Let I = [0,T)] be the time interval in which t varies. If Do C B is the
domain' of the differential operators A, the partial differential equation takes the
following form: Find a continuous function u : I — D 4 C B such that

%u(t) = Au(t)  forallt € 1. (6.1a)

The initial-value condition is given by
u(0) = ug for some ug € Dy C B. (6.1b)
Concerning the differential operator A, we discuss two model cases:

0 0?
A= an- (a #£0) and A= ags (a > 0). (6.2)

In what follows, the domain of (-, -) is the set

Y=IxR with I = [0, T7. (6.3)

Here the time ¢ varies in I = [0, 7], while the spatial variable z varies in R.

I corresponds to the interval I = [xg,xp] from §5.1. The spatial domain R is
2

chosen as the unbounded domain to avoid boundary conditions.
We restrict our considerations to two Banach spaces, generally denoted by B:

e B = C(R), space of the complex-valued, uniformly? continuous functions with
finite supremum norm ||v|| 5 = [|v|| . = sup{|v(z)| : z € R}.

e B = L?(R), space of the complex-valued, measurable, and square-integrable
functions. This means that the L? norm

lollp = lloll, = / o) de

is finite. This Banach space is also a Hilbert space with the scalar product

For both cases of (6.2) we shall show that the initial-value problem is solvable.

! The domain of a differential operator A is Da = {v € B : Av € B is defined}. Often, it
suffices to choose a smaller, dense set Bg C D 4 and to extend the results continuously onto D 4.

2 A similar situation arises if the solutions are assumed to be 27-periodic in . This corresponds
to the bounded domain X' = I X [0, 27] with periodic boundary condition u(t,0) = u(t,2m). In
the 27r-periodic case, the spaces are

Cper(R) :={v € C(R) : v(z) = v(x + 2) for all z € R},
L?..(R) :={v € L*(R) : v(z) = v(z + 27) for almost all z € R}.

3 Note that limits of uniformly continuous functions are again uniformly continuous.
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6.1.2 The Hyperbolic Case A = ad/dx

First we choose B = C(R). The domain of A = a-Z is the subspace By = C*(R),
which is dense in B. The partial differential equation*

is of hyperbolic type.’ The solution of problem (6.1a,b) can be described directly.

Lemma 6.2. For any ug € By = C(R), the unique solution of the initial-value
problem (6.1a,b) is given by u(t, x) := ug(z + at).

Proof. () By Zu = Zug(z+at) = auy(z+at) and aZug(z+at) = auf(z+at),
the differential equation (6.1a) is satisfied. The initial value is u(0, z) := ug(x).
(i1) Concerning uniqueness, we transform to the (characteristic) direction:

E=ax+at, 7=t U(r,&) =ult(r,§),z(r,£))

with the inverse transformation ¢(7,£) = 7, x(7,£) = £ — ar. The chain rule

yields %U = %u%t + %u%x = %u — a%u = 0. With respect to the new

variables, Eq. (6.1a) becomes the ordinary differential equation %U (1,€) = 0 (for
each £ € R). Hence, there is a unique constant solution U(7,&) = U(0,§) =

u(t(O,g),x(O,f)) = ’U,(O,f) = uO(f) o

In the case of the space B = L%(R), we choose By := C{°(R) C Dy (or
By := CY(R) N L%(R)) as a dense subspace in B. Here C§°(R) is the set of all
infinitely often differentiable functions with compact support (cf. Footnote 13 on
page 56). Lemma 6.2 holds also for this By.

Remark 6.3. Let t > 0 be arbitrary. If the initial value uo belongs to C*(R) or
Cs°(R), then also the solution u(t) belongs to C1(R) or C§°(R), respectively.
Furthermore,

[u(®)]l g = lluoll

holds for ||-| g = |-l as well as for |- g = ||-Il,-

Proof. Since u(t) is a shifted version of ug and a shift does not change the norm
II-|| 5 the assertions follow. O

Exercise 6.4. Extend the previous statement to any LP norm

Jul, = / w@)Pde (1< p<oco).

4 The case of a = 0 is exceptional, since then u; = 0 can be considered as a family of ordinary
differential equations for each « € R. Hence, the theory of §5 applies again.

3 Concerning the definition of types of partial differential equations, see Hackbusch [8, §1].
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6.1.3 The Parabolic Case A = 8% /x>

. . . . 2
The parabolic differential equation %u = ag;;

describes the evolution of the temperature v as a function of time ¢ and space x in
the case an infinite wire (one-dimensional case!). The factor a > 0 is the thermal
conductivity. If a is constant, we may assume a =1 (otherwise, transform by ¢ at

or x — /ax):

ou_ o
ot Ox2

Lemma 6.5. The solution of (6.4) with a continuous initial value (6.1b) is given by

u(t, x) \/E/ exp(f(

Proof. (i) One verifies that \/i? exp ( 7($4;£)2 ) is a solution of (6.4) for each { € R

and ¢ > 0. Since the integrand in (6.5) decays exponentially, one can interchange
integration and differentiation, and obtains that u from (6.5) satisfies (6.4).

fort > 0. (6.4)

*@2) A6 fort>Oandz €R. (65)

(ii) It remains to prove that lim~ o u(t, z) = uo(x). Note that

ex d¢=1 fort >0 6.6
TW / P < ) ¢ = (6.6)
(cf. [27, p. 187]). Substitution { = £ — z yields

£ exp (W>dg

t
ult, ) = Aot

sl
o)+ = [ " [uo(€) — wolz)] exp (W)dg.

If we can prove that the last term tends to zero as ¢ \, 0, the desired statement
limy o u(t, ) = uo(z) follows.

Let = and € > 0 be fixed. Because of continuity of ug, there is a § > 0 such
that |ug(§) — uo(x)| < e/2 forall |€ — x| < J. We split the integral into the sum of
three terms:

L(t,z) m [ [0(&) —uo(@)) exp (W)da

I (t, x) \/E/f ’ [uo(€) — up(x)] exp <_($4;£)2>d§,
2

I5(t,x) \/47/ &) — up(x)] exp <_(x4;£))d§.

The first integral is bounded by
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\/E/ e —udx)exp(W)ds
/2 ”‘Sexp -9\
=)

At Jo_s
< £/2 —(z ¢’
\/477 P ( 4t )dg (6.6)
Set C' := sup,¢p |uo(z)| < co. Then Iy is bounded by
2
Bt < —= / o) = ol exp (=0
< SR S A
=4 exp ( m >d§

2C
= — exp (—72) dr.
r=(—-)/VE T Js)va

|Il(t T | <

| ™

N)

Since the improper integral ffooo exp (—72) dr exists, [ I;O exp (—72) dr tends to
zero as R — oo. Therefore, a sufficiently small ¢ > 0 yields |I(t,z)| < §. We
obtain the same bound |I3(t, )| < § for I3. Together,

|¢% [ tno® oty (~ g < 5

holds for sufficiently small £ > 0. As x and ¢ are arbitrarily chosen,

tin 1 [ fu0(©) - wo(a)] ey (‘(ﬁ;@z)de 0

isproved forall z. O

The representation (6.5) shows that the solution u(¢) at ¢ > 0 is infinitely often
differentiable, although the initial value wu is only continuous. However, the solution
exists only for £ > 0, not for ¢ < 0. Note the different property in the hyperbolic
case, where the representation of the solution from Lemma 6.2 holds for all ¢ € R.

In the hyperbolic case, the norm ||u(t)|| 5 is independent of ¢, whereas in the
parabolic case, only a monotonicity statement holds.

Lemma 6.6. Let u(t) € B = C(R) be a solution of (6.4). Then the inequality
lu®)]l < |u(0)||o holds forall t > 0.

Proof. Set C' := ||u(0)]|,, and let ¢ > 0. From (6.5) we infer that

L getens (259 e

ut, )] <
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c [ —(z— 6)2>
S Vi /_ooeXp( 4t d <6_6>C

hence, |lu(t)||,, < C. O

Lemma 6.7. Let u(t) € B = L*(R) be a solution of (6.4). Then ||[u(t) |, < [|u(0)],
holds for all t > 0.

Proof. 1t is sufficient to restrict to 4(0) € D 4. One concludes either from (6.5) or

from general considerations (cf. (6.7e)) that 2273 € L?(R) for t > 0, so that the
following integrals exist. Let ¢/ > ¢’ > 0. Because of

/ u(t”, z)?dx / (', x) dx—/ y 8t u(t', ) )dtdsc
—2//t/ dtd —2//t/ )dtd
72// (t,2) 202 gpgr — //(aUtx>ddt<O

||u(t)||§ is weakly decreasing. O

6.2 Semigroup of Solution Operators

In the following, By = C'*°(R) N B is chosen as a dense subset of B. We know that
= Auw has a classical solution for any initial value uy € By. A solution is called
classical or strong if u;(t) and Au(t) are elements of B for all ¢ > 0. We recall that
lu(®)]l g < lJuol| g has been proved.
Obviously, the mapping from uy € By into the solution u(t) at some fixed t > 0
is linear. This defines the solution operator

T(t) : up — u(t) fort > 0. (6.7a)

So far, T'(t) is defined on By. From ||u(t)|| 5 < ||uo|| 5 and the density of By we
infer that 7'(¢) is a bounded operator and can be extended uniquely and continuously
onto B.

Remark 6.8. Suppose that T'(t) € L(By, B) and that By is dense in B. Then T (t)
can be extended uniquely and continuously onto B. The extended T(t) € L(B, B)
and the original mapping T(t) € L(Boy, B) have equal operator norms; i.e.,

sup{[|T()vllz /vl : 0 # v e Bo} = sup{|T(t)v] 5/ lvlp: 0#ve B}

Proof. Let ug € B. There is a sequence v, € By with lim,, o [|ug — vo,n|| 5 =0.
One verifies that v,, := T'(t)uvy,,, forms a Cauchy sequence, and therefore it defines
a unique u := lim,_,oo v,. The definition T'(f)up =: w defines the continuous
extension T'(t) € L(B, B) of the desired form. O
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Because of
T(t) € L(B,B), (6.7b)

any initial value uy € B leads to a function u(t) := T'(t)ug € B. If ug € B\ By,
the resulting function is called a ‘generalised’ or ‘weak’ solution in contrast to the
strong solution mentioned above. Note that the descriptions w(t, z) := ug(x + at)
from Lemma 6.2 and of u(t, z) by (6.5) make sense for any ug € B.

Next, we show the semigroup property

THT(s) =T+ s) forall ¢,s > 0. (6.7¢)

For this purpose consider the strong solution u(7) = T(7)up for an initial value
ug € By and fix some s > 0. Then g := u(s) equals T'(s)ug. Set @u(t) := u(t+s).
Since 44 (t) = u(t+s) = Au(t+s) = Ad(t) and 4(0) = u(s) = g, we conclude
that 4(t) = T(¢t)Go; i.e., T(t + s)ug = u(t + s) = a(t) = T(t)to = T(¢)T(s)ug
holds for all ug € By. Since By is dense in B, the identity (6.7¢c) follows.

The operators A and 7'(¢) commute:

AT(t) =T(t)A  onDy (6.7d)

(see Footnote 1 for the domain D 4 of A). For a proof, consider the strong solution
u(t) = T(t)ug for any ug € By. The third line in

—kgl——ﬁ———:k%%@@+M—T@Mo
L B . u(h) —u(0)
— Jn 700 (T(0) ~ o = 70 iy 0]

= T(t)u(0) = T(t) Au(0) = T(t) Aug

uses the continuity of T'(¢) (cf. (6.7b)). Since T'(¢t)Aug € B is defined for all
up € Dy, also AT (t) has this property. This proves®

T(t): Davr> Da fort > 0. (6.7¢)
The definition of T'(t) yields
T(0)=1  (identity) (6.76)

fort = 0; ie., {T(t) : ¢ > 0} is a semigroup with neutral element. It is called
the semigroup generated by A. The generating operator A can be regained via
Av = limp o [(T'(t)v —v) /t] for all v € D,4. Another notation for T'(t) is
e'd = exp(tA).

% The semigroups of hyperbolic and parabolic problems have different properties. In the parabolic
case, T'(t) : D4 +— B holds for positive ¢ (even T'(t) : D4 — C°°(R) N B) as can be seen
from (6.5), whereas in the hyperbolic case the smoothness does not improve with increasing ¢.
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Finally, we discuss the behaviour of generalised solutions u(t) = T'(t)uo with
ug € B fort — 0. In Lemma 6.5 ug is assumed to be continuous (not necessarily
uniformly continuous) and point-wise convergence u(t, z) — uo(z) forall x € Ris
shown. Assuming uniform continuity, we obtain uniform convergence by the same
proof; i.e., u(t) = T(t)up — wug in B as t — 0. Under the resulting property
lim ||[T'(t) — T(0)] uo|| 3 — 0 for all ug € B the semigroup is called continuous.
The same situation happens in the hyperbolic case for any ug € C'(R).

Above we used the inequality ||u(t)|| 5 < ||uo|| 5 fort > 0. The constant one can
be replaced by any bound and the range ¢ > 0 may be reduced to any interval [0, 7],
7> 0.

Exercise 6.9. Suppose that K, := supg<;<, |T(t)||g_g < oo for some T > 0.
Prove ||[T(t)|lgp < K™ for any t >0, where [2] :=min{n € Z : x < n}.

In the next subsections, we shall refer to the following inequality (6.8), which
holds with K1 = 1 for the model examples A = a% and A = %.

Assumption 6.10. Let {T'(t) € L(B,B) : t > 0} be a semigroup with neutral
element T'(0). Moreover, T'(t) is supposed to be uniformly bounded on I = [0, T):

Tt g < Kr  forallt € I =1[0,T]. (6.8)
So far, only the homogeneous equation u;(t) = Au(t) has been studied.

Remark 6.11. The solution of the inhomogeneous equation %u(t) = Au(t)+ f(¢)
can be represented by

u(t) = T(t)uo + /0 T(t—s)f(s)ds.

6.3 Discretisation of the Partial Differential Equation

6.3.1 Notations

We replace the real axis R of the z variable by an infinite grid of step size Az > 0:
Gar ={z=vAz:v e Z}. (6.9)

Correspondingly, the interval I = [0,7] is replaced by a finite grid of step size
At > 0:
Iae ={t =pAt <T:peNgl

The Cartesian product of both grids yields the rectangular grid

YAl i=Ta x Gap = {(t,x) € ¥ : x/Ax € Z, t/At € Ny} (6.10)
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(cf. (6.3)). As we shall see, the step sizes Az, At are, in general, not chosen inde-
pendently, but are connected by a parameter A (the power of Ax corresponds to the
order of the differential operator A):

)= { At/Ax  in the hyperbolic case A = aaw ©.11)

At/Ax? in the parabolic case A = 2
For a grid function U : ¥4 — C we use the notation
Ul = U(uAt,vAzr) for (uAt,vAz) € X3, pe Ny, v € Z.
All grid values at t = puAt are collected in

ur (UH)VGZ

Let ¢ = CZ be the linear space of two-sided infinite sequences with component-
wise addition and multiplication by scalars. The Banach spaces B = C(R) (or
L>(R)) and B = L?(R) correspond to the sequence spaces > and /*:

o (> = C” with the norm ||U||,o. = sup{|U,|: v € Z} is a Banach space,
e (? = CFwiththe norm [|U|,» =/ Az Y, .5 U, | is a Hilbert space.

As a common symbol we use {7 (p € {2,00}).

6.3.2 Transfer Operators r, p

The continuous Banach space B and the discrete space ¢P of grid functions are
connected via
r=rp,: B — . (6.12a)

The letter » means ‘restriction’. The index Ax will be omitted, when the underlying
step size is known.

In the case of B = C(R), an obvious choice of r is the evaluation at the grid
points of G az:

u € C(R) = ru € £ with (ru); = u(jAz) forj € Z. (6.12b)
In the case of B = L?(R) this is impossible, since L? functions have no well-
defined point evaluations. Instead, one can use mean values:
1 (j+1/2)Ax

u € L*(R) = ru € £* with (ru), =

u(z)dz forj € Z.
I Az (j—1/2) Az

(6.12¢)
We suppose that r = ra, : B — ¢P is bounded:

I7azllppe g < Cr for all Az > 0. (6.13)
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Lemma 6.12. The restrictions (6.12b,c) satisfy condition (6.13) with C,. = 1 with
respect to the respective norms ||-|| jo o) and I|- \|€2<_L2(R).

Proof: (i) [[rull e = sup{|u(jAz)| : j € Z} < sup{lu(z)| : 2 € R} = ||ullc@g,
yields (6.12b).

.. 2 2 +1/2)A:
) lrulls = ruly = A2 5, (ra); P = 2 55, [ f95/2 87 ua)dz| and

Schwarz’ inequality
(j+1/2)Ax (j+1/2)Ax )
< / 1dz| - / |u(z)|” dx
(1-1/2)Ax (j—1/2)Ax

(j+1/2) Az 2
/ u(z)dx
(
(j+1/2) Ax ,
= Aac/ |u(z)|” dz
(

j—1/2)Az

j—1/2)Ax
. ) (+1/2) Az
yield (6.120): [[rull <> [ |u(z )|? dx—f|u )|? dx—||u||L2(R) O
J (j—1/2)Ax

The ‘prolongation’ p acts in the reverse direction: p = pa, : /¥ — B. We
suppose the existence of a prolongation p with the following properties:

Ipazll g < Cp forall Az >0 and rp=1. (6.14)
The condition rp = I indicates that p is a right-inverse of 7.

Exercise 6.13. Verify that in the cases (6.12b,c) the following choices of p satisfy
condition (6.14) with C, = 1:
P is piecewise linear interpolation: (6.15a)
v €L — pv € C(R) with (pv) (x) = Yv; + (1 — V) vj41,
wherez = (j +9) Az, j € Z, 9 € [0,1),

or
p is piecewise constant interpolation: (6.15b)
v € €% — pv € L*(R) with (pv) () = vj,
where x € [(j — 1)Axz, (j + 3)Ax), j € Z.

6.3.3 Difference Schemes

Initially, U is prescribed via U? = rug (r from (6.12a), ug from (6.1b)). The
explicit difference scheme

1
LD DRI (6.16)
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allows us to compute the next time step U#*! from U*. In practice, > jez 1s a finite
sum; i.e., almost all a; vanish.

Example 6.14. (a) In the hyperbolic case, one may replace %u by the difference

quotient w and A=a3" by GW' Solving

u(t + At,z) — u(t, x) _ au(t, x + Azx) — u(t, )

At Az

with respect to u(t + At, x) and using the relation (6.11), one obtains

u(t + At,z) = u(t,r) + GTA; [u(t,z + Az) — u(t,z)];

ie, ULT'=(1-a))Ul+aXUL,,. (6.17a)

(b) Replacing the right-sided difference t.z) by the symmetric differ-

u(t,z+Az)—u(t,x— Ax)

u(t,x+Az)—u(t,
Ax

ence A , one derives the difference scheme
a a\
Ukt = U" L+ UF + —U;’ - (6.17b)
u At,x)—u(t,x u At,x)—[u(t,x+Az)fu(t,x—Ax .
(c) A replacement of (¢4 tAy): (t.2) by (t+At.z)—[ult _Zt )Fult 1/2 yields
1—aX 1 A
R +2“ U, 6.17¢)

the difference quotient “rAL2I—u(t2) £,

u(t,x—Azx)— 2u(t z)+u(t z+Ax) fOV 9%u e
w2

(d) In the parabolic case of A = :172’

aatu and the second difference quotient
obvious choices and lead together with A = At/ Ax? from (6.11) to

u(t + At, z) — u(t, x) _ 2u(t, ) —u(t,r — Ax) —u(t,z + Az)

At Azx? ’

Le.,

ULTY = XUE_ | + (1 =2\ Ul + AU, (6.18)

The difference scheme (6.16) describes a linear mapping U* ~— UH*! and
defines the linear operator

C:tP (P, (CU), = aU,;forU e (6.19)
JEZ

Hence, a shorter form of (6.16) is

Urtl = cu*. (6.20)
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Notation 6.15. The difference operator C' (and therefore also the coefficients a;)
may depend on the parameter \ and the step size At:

C =C(\ Ab).
The dependence on Az follows implicitly via (6.11).
An example of a At-depending difference operator is given next.

Example 6.16. Let C(\) be a suitable difference operator for A = a%. Then the

differential operator A = aa% + b can be discretised by

C'(\, At) := C(\) + At - b;
i.e., ag from (6.16) is replaced by

ay = ag + At - b.
Exercise 6.17. Prove: (a)If 3_ ;5 |a;| < oo, then C(\, At) € L(£>°, ().
(b) If supjeg |az| < oo, then C(X, At) € L(£2,£7).
A p-fold application of C' (A, At) yields
Ur=cru® and U(pAt,vAz) = (C’”UO)U.

Remark 6.18. So far, the coefficients a; are assumed to be scalars. If the scalar
equation %u = Au foru : I x R — R is replaced by a vector-valued equa-
tion for v : I x R = R, the coefficients aj in (6.19) become N x N matrices.
The vector-valued case will be discussed in §6.5.5.

The shift operator Ej is defined by
(E;U), = Ujto.
Since a shift does not change the /P-norm of U,
IEillgpeen =1 (6.21)

holds. The difference operator C' from (6.19) can be reformulated as

C:=> a;E;. (6.22)

JEZ

We conclude with a numerical computation of the example (6.17b), where we
choose a =2 and A =1; i.e., At = Ax. The initial value U is the constant value 1
with the exception that at x = 0 we perturb 1 by 1.001. Without this perturbation,
the solution of u; = 2u, is u(t,x) = 1 and also the discrete solution is U} = 1.
We aim at the solution u(1,2) at ¢t = 1. Three computations with the step sizes
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At =1, %, ﬁ are shown. The required number of time steps is 1, 10, or 100,

respectively. The last three rows of the table list the values of U, b /At - U(1l,vAzr)
for -2 < v <2.

u(t, —2Ax)|u(t,—Az)  |u(t,0) |u(t,Az) |u(t,24x) ||At = Az

t = 0{/1.000 1.000 1.001 |[1.000 1.000
t = 1{|1.000 1.001 1.001 [0.999 1.000 1
t = 1{|1.045 0.230 0.869 |1.770 1.045 1/10

t =116.2981030 |—3.754 61030 |6462.5 |3.754 61930 |6.2981¢30 ||1/100

Instead of convergence to u(t, z), we observe that completely wrong approxima-
tions are produced. The reason is an obvious instability of scheme (6.17b) (cf. Ex-
ample 6.46b). Note that we may replace the perturbed value 1.001 also by 1410716,
This would change, e.g., 6.298930 to 6.298,¢17, which is equally wrong.

6.4 Consistency, Convergence, and Stability

6.4.1 Definitions

Again, the restriction r from §6.3.2 is used. Consistency will depend on the under-
lying norm ¢P, where p = 2,00 are the discussed examples corresponding to the
Banach spaces B = L*(R) and C(R). We say that ‘7 is suited to B’, if the require-
ments (6.13) and (6.14) are satisfied.

Definition 6.19 (consistency). Let By C D4 be a dense subset of B. Let (P be
suited to B. The solution of (6.1a,b) is denoted by u(t) = T(t)ug, up € Bo. The
local discretisation error 7 is defined by

(1) = o [rult + A1) — CO\ Atyru(r)].

The difference scheme C(\, At) is called consistent (with respect to () if for all
ug € By,

sup{[|[T(t)]lpp :0<t<T — At} -0  as At — 0.
The latter condition is equivalent to

sup ||[rT(At) — C(\, At)r] T (t)uo||pp := o(At) forall ug € By.
0<t<T— At

Note that the following definition of convergence refers to the whole Banach
space B, not to a dense subspace By.
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Definition 6.20 (convergence). For all uy € B, let u(t) = T(t)ug denote the
generalised solution. The difference scheme C(\, At) is called convergent (with
respect to [P), if

lru(t) — C (A, At rugllee — 0 for At — 0and pAt -t € I =[0,T].

Definition 6.21 (stability). The difference scheme C(\, At) is called stable (with
respect to (P) if
sup{||C(\, At)"|| o pp = At >0, € No, 0 < pAt < T} < oo0. (6.23)

If (6.23) holds only for certain values of A\, the scheme is called conditionally stable;
otherwise, the scheme is called unconditionally stable.

In the case of (6.23), the stability constant is defined by
K = K(X\) :=sup{||C(A\, A) || jp g - At >0, p € Ng, 0< pAt <T}.

Instead of ‘stable with respect to ¢’ we say for short ‘P stable’. Similarly, the
terms /P stability’, ‘/? consistent’, ‘/P consistency’ etc. are used.

6.4.2 Convergence, Stability and Equivalence Theorems

First, we show that consistency and stability—together with some mild technical
assumptions—imply convergence.

Theorem 6.22 (convergence theorem). Suppose (a) to (d):
(a) 1 bounded with respect to (P (cf. (6.13)),
(b) T(t) satisfies Assumption 6.10,
(c) (P stability of the difference scheme C(\, At),
(d) 0P consistency.
Then the difference scheme is convergent with respect to £P.

Proof. (i) Given an initial value ug € By C D4 (Bg dense subset of B), define
u(t) = T'(t)uo. We split the discretisation error as follows:
ru(t) — C (A, At) rug = r[u(t) — u(pde)] + [rT(pAt) — C(\, At)Hr] ug
= ru(t) — u(pde)] + [rT(A)* — C (X, At) r] ug.
Use the telescopic sum
pn—1
rA* — Bty = Z BY [rA— Br] Ar—v 1
v=0
with A := T'(At) and B := C(\, At). This shows
lru(®) — C(A At) ruollp < (7w p lu(t) — u(ndt)| 5 +

pn—1
) ICO A || oo [{rT(AL) = C(N, Atyr}u( (n—v — 1) At) |,

v=0
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< Ky fJu(t) = u(pAt)| 5+ > KA ||r((n—v - 1) At)

les

with the stability constant K (). Since ug € By C Dg, the solution u(t) =
T'(t)uo is strong, therefore differentiable and in particular continuous (cf. (6.7¢)):
llu(t) — u(puAt)|| g — 0 as uAt — t. Therefore, the first term is a zero sequence.

Because of the consistency assumption, the local discretisation error 7 tends to
zero uniformly. From ||7((u — v — 1) At)||,, < € we infer that

pn—1

ZK VAL T((p— v — 1) At) ||, < pK(N)Ate < K(N)Te,
pAt<T

so that the whole sum tends to zero. This proves convergence in the case of an initial
value ug € By.

(ii) For a general initial value ug € B and an arbitrary € > 0, one finds a u € By
with |lug — u|lz < e/ [BK, max {||T(t)| g5, K (N)}]. The associated solution
uw*(t) = T(t)uf satisfies

* * * €
([ [u(®) = w* ()l < K T@) o — wglllp < K 1T ()| g lluo — ugllp < 3
and
ICA, At rug — CA, At) rugllr = [ICA, A8)r [uo — ug]l
< KK, [luo — ufll; < /3.

Together with ||ru*(t) — C(X\, At)Hrugl|,, < /3 from (i) for sufficiently small At
and t — pAt, it follows that ||ru(t) — C(A, At)*rugl|,, < €, so that also for general
initial values ug € B convergence is shown. O

Next, we show that stability is also necessary for convergence.

Theorem 6.23 (stability theorem). Choose B and (P suitably, so that (6.13),
(6.14), and (6.8) hold. Then (P convergence implies (P stability.

Proof. For an indirect proof assume that the difference scheme is unstable. Then
there are sequences At, > 0, u,, € Ng with 0 < p,, At,, < T, so that

IO\ ALY e gw — 00 for v — .

Since the interval I =[0, T is compact, there is a subsequence with u, At, —t€l.
The latter convergence yields

[lru(t) — C (X, Aty)* rugl|,, = 0 for all up € B,

and therefore,

= tuo

ICA At)  ruol p <1+ [ru®) e « < 1t rlp s T pesp lullp

< 1+KTKTHU‘0HB = Kl(’u,o) forv > vy
(6.13), (6.8)
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with sufficiently large vy = vg(up). One concludes that C,, := C(\, At, ) r
is a point-wise bounded sequence of operators. Corollary 3.39 yields that C,, is
uniformly bounded: there is a constant /' with

ICN, At) ! 1l pp g < K forallv € N.
Since, according to (6.14), p is a bounded right-inverse of r, it follows that

HCO" Atl’)uu ”Epelp = HCO" Atl’)uurpHZPeZP
SO P P

in contradiction to the assumption ||C' (X, At, )" || pp,_p» — 00. O
The conclusion from both theorems is the equivalence theorem.

Theorem 6.24 (equivalence theorem). Suppose (6.8), (6.13), (6.14), and £P con-
sistency. Then (P convergence and {P stability are equivalent.

6.4.3 Other Norms

So far, we restrict the analysis to the / and L? norms for p = 2 and p = cco. For
1 < p < o0, the LP norm is defined in Exercise 6.4, while ¢? is defined analogously.
The reason for the restriction to p € {2, 0o} is twofold. If different properties hold
for £? and £°°, a more involved analysis is necessary to describe the properties for
£P with 2 < p < oo. It might be that the separation is between p = 2 and p > 2,
because in the latter case the Hilbert structure is lost. However, it might also happen
that properties change between the cases p < oo and p = 0o, since in the first case
/P is reflexive, but not in the latter case.

If stability estimates hold for both cases p = 2 and p = oo, we are in a very
pleasant situation, since these bounds imply corresponding estimates for the ¥ and
LP setting for 2 < p < oo. This result is based on the interpolation estimate by
Riesz—Thorin. It is proved by Marcel’ Riesz [23] in® 1926/27, while Thorin [25]
(1939) simplified the proof. In the following lemma, let ||| be the operator
norm of L(¢P,¢P) or L(LP, LP).

p<p

Lemma 6.25 (Riesz—Thorin theorem). Assume 1 < p; < q < ps < 00. Then

B

q9— D1 P2 —4¢q
H.”q(—q S H-“;l(—pl |‘.Hp2(_p2 -

with o = , B= .
P2 — P1 P2 —p1

7 Marcel Riesz is the younger brother of Frigyes Riesz, who is the author of, e.g., [22].

8 The article belongs to Volume 49, which is associated to the year 1926. However, it is the last
article of that volume and carries the footnote ‘Imprimé le 11 janvier 1927°. Therefore, one finds
also 1927 as the publication date.
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Note that o + /5 = 1. This implies that p; stability (i.e., ||. . .||
po stability ||..

< M) and

pPi<p1 —

< M, imply g stability in the form

'HP2<—pz
<M :=M&MJ.

- llgeq

Hence, if a criterion yields both £? and ¢°° stability, then ¢P stability holds for all
2<p< oo

6.5 Sufficient and Necessary Conditions for Stability

6.5.1 First Criteria

The following results belong to the classical stability theory of Lax—Richtmyer [16].
Criterion 6.26. If
ICN, Al oo < 1+ K\At  forall At > 0,
then the difference scheme is (P stable with stability constant K()) := eTHx,
Proof. Use
IO\ A0l g < IO AD) g < (14 ErAD)"

and apply Exercise 3.24a: (1 + Ky At)! < (ef24)! = efandt < o7 g
pnAt<T

The coefficients a; of C'(A, At) can be used to estimate ||C(\, At)

HZP(_,@P'

Remark 6.27. The difference scheme (6.19) satisfies ||C(X, At)|| oo < D laj] -

Proof. [CON A e = || 055
follows from (6.22) and (6.21). O

Y < Z_j |aj| ”Ej”zpegp = Z_j |aj|

P4

Combining the previous statements, we arrive at the next result.

Corollary 6.28. Ifzj la;| < 14 K\At for all At > 0, the difference scheme is
stable (with respect to the (*> and (> norms) with stability constant K (\) := eT %,

Definition 6.29 (positive difference scheme). A difference scheme (6.19) is called
positive if a; > 0 holds for all coefficients.

Positive difference schemes map non-negative initial values U° € ¢P into non-
negative solutions U*, which often is an appreciated property. From Corollary 6.28
we infer the next one.
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Criterion 6.30. Positive difference schemes (6.19) with . a; = 1+ O(At) are
stable (with respect to the {? and (> norms).

We can also formulate a criterion for instability.

Criterion 6.31. Suppose that )~ a; > 1 + Atc(At) with limazo c(At) = oo.
Then the difference scheme (6.19) is unstable (with respect to {2 and (> norms).

Proof. (i) In the case of £°°, choose the constant grid function U% € ¢, ie.,
U} = 1forall j € Z. Then U' = C(\, At)U? equals (U with ¢ := > a;
and, correspondingly, U* = C/(\, At)*UY = ¢*U°. Hence, ||C(X, At)"|| pp,_gp >
¢ > [1 4 Ate(At)]". Exercise 6.32a proves the assertion.

(ii) In the case of ¢2, the previous proof cannot be repeated, since U° ¢ (2.
Instead, the proof will be given after Theorem 6.44 on page 118. O

Exercise 6.32. Suppose that lim a;_,¢ c¢(At) = oo. (a) Prove
sup{[1 + At c(A)]" : p € No, At >0, pAt <T} = .

(b) Show that for any constant K > 0 and all positive integers p with p < T/ At,
the p-th root /K satisfies the inequality YK < 1 + C,At. Hint: set c(At) :=
{¥/K — 1} /At and prove that C,, := sup 54~ c(At) < oc.

Next, we apply the criteria to the examples in §6.3.3.

Example 6.33. (a) In (6.17a), the non-zero coefficients are ag = 1 — a\ and
a1 = aA Assume a > 0. For A with 0 < a)\ < 1, (6.17a) is a positive scheme
with > a; = 1; hence, it is (? and {*° stable according to Corollary 6.28.

(b) In (6.17b), the non-zero coefficients are a_1 = —%, ag = 1, and a1 = %

Excluding the trivial case a = 0 (cf. Footnote 4 on page 95), we cannot apply
Corollary 6.28, since Y |aj| = 1+ aX > 1. (6.17b) is not a positive scheme.

(c) In (6.17¢c), the non-zero coefficients are a_1 = 1*2‘” and a, = % Under the
condition |a)\| < 1 the scheme is positive, and Criterion 6.30 ensures {* and (>
stability: Y a; = 1.

(d) In (6.18), the non-zero coefficients are a_, = A\, ag = 1 — 2)\, a1 = A\ For
A € (0,1/2] the scheme is positive, and Criterion 6.30 ensures (* and (> stability.

An interesting question is whether a stable scheme remains stable after a pertur-
bation (cf. §3.5.3).

Lemma 6.34 (perturbation lemma). Let C(\, At) be (P stable with stability con-
stant K (). Suppose that a perturbation D(\, At) is bounded by

ID(X, At) < CpAt.

||ZP<—KP

Then
C' (A, At) := C(\, At) + D(\, At)
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is again (P stable with stability constant®
K/()\) < K(}\)EK(/\)CDT,
where I = [0,T) is the given time interval. This result holds also in the case that

C(\, At) and D(\, At) are non-commutative'® operators.

Proof. We have to estimate C’ (A, At)*. The simple binomial formula is only valid
for commutative terms. In the general case, we have
n

[C+D" =Y > C*'DC2D .- C*m DO+,

m=0 a1+...+a,1=p—m

where the second sum runs over all a; € Ng with iy +... + 41 = 4 — m. Each
term C**DC*2D - ..C* DC*m+! contains m factors D and p — m factors C.
For a fixed m € [0, 1] the number of these terms is (/). Together with the estimate

|CDC D - . C% DO+
< [cIpcez(H D] -~ [Co D] [[Com+ ]| < KX\ (CpAt)™

we arrive at the inequality

IC7(A, At)#

||ZP(7€P

= [l[C(x, At) + D(x, At))* i A (CpAL)™

m=0

NCpA)™ = K(\)[1+ K(\)CpAt)*

IN

||ZP<_£P
n

m
m:O

with [1 + K(\)Cp At < eKNCouat < oKNCDT (cf, Exercise 3.24). O
pnAt<T
Remark 6.35. (a) A simple application of Lemma 6.34 is the following one. Let
the differential operator A in %u = Au (cf. (6.1a)) be A = Ay + Agy, where
Ay contains derivatives of at least first order, while Agu= agu is the term of order
zero. The discretisation yields correspondingly C(\, At) = C1(\, At)+Co(\, At).
A consistent discretisation of C satisfies the estimate ||Co(\, At)|| o, = O(AL).
By Lemma 6.34, the stability of C1(\, At) implies the stability of C(\, At). There-
fore, it suffices to investigate differential operators A without terms of order zero.
(b) Let A = A; be the principal part from above. The property A1 = 0 (1 € £*°:
constant function with value one) shows that u = 1 is a solution. This implies the
special consistency condition

Z a; =1 (= I in the matrix-valued case ) (6.24)
jEL

for the coefficients of C'(\, At) (cf. (6.19)).

% If commutativity CD = DC holds, the stability constant improves: K’ ()\) < K (\)e“rT,
10 Non-commutativity occurs for matrix-valued coefficients a; (cf. §6.5.5).
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Next we need the spectral radius"!
p(A) :=sup{|\| : A singular value of A}. (6.25)
Criterion 6.36. A necessary condition for stability (with respect to {? and () is
p(C(\ At)) <14 O(At).

Proof. p(A") = p(A)* holds for 1 € N. On the other hand, p(A) < ||A]| is valid
for any associated norm. Therefore, stability yields

p(CA, AN = p(C(A, At)) < [ICA A [ oo < K(X)
for all p1, At with pAt < T'. Exercise 6.32b proves p(C'(\, At)) <1+ C,At. O

Remark 6.37. Suppose that the operator C(\, At) € L(€%,0?) is normal; i.e.,
C(\, At) commutes with the adjoint operator C(\, At)*. Then p(C(\, At))
|C(X, At) || j2,_g2 holds and €% stability is equivalent to p(C(X, At)) < 1+ O(A?).

Proof. (i) Let C be a normal operator. First we prove ||C2||p2p2 = |[|C*C||p2s2.
From

(CCu, CCu)y = (C*CCu, Cuy) o = (CC*Cu, Cu)yp = (C*Cu, C*Cu)ye
it follows that

|C?|% 2 = sup (CCu,CCu), = sup (C*Cu,C*Cu)p = ||C*C||Z 4o

llull,2=1 llull,2=1
Since also

IC*Cllp2pz = sup (u, C*Cv)yp = sup (Cu,Cv)pe >

lullp2=l[lv]l2=1 lullpz=llvll2=1 u=v

> sup (Cu,Cu)p = ||IC]7

= 02>
HuHﬂ:l

1C1|2:, sz = IC?||42—¢2 is shown. Because of ||C?||p22 < ||C||%, ;> (submulti-
plicativity of the operator norm), the equality ||C?||s2_¢> = ||C*C/||g2¢2 is proved.
Analogously, [|C|%, 2 = [|C™[|¢2« 2 follows for all n = 2% (k € N).

(ii) The characterisation p(C) =lim, 00 {/||C™||¢2 ¢ together with (i) proves
p(C) = [Clle2—e2.

(iii) According to Criterion 6.36, p(C(X, At)) < 14 O(At) is necessary,
while [[C(X, At)|[2, 2 < 1 + O(At) is sufficient (cf. Criterion 6.26). Since
p(C(X, At)) = [|C(N, At)|| 2,2, both inequalities are identical. O

"\ is regular value of A, if A\I — A is bijective and the inverse (\] — A)~!' € L(B, B)
exists. Otherwise, A is a singular value of A. In the case of finite-dimensional vector spaces (i.e.,
for matrices), the terms ‘singular value’ and ‘eigenvalue’ coincide.



6.5 Sufficient and Necessary Conditions for Stability 113

Since p(C'(A, At)) < 1+ O(At) from Remark 6.37 is relatively easy to check,
one may ask whether a similar criterion holds for more general operators. For this
purpose we introduce the ‘almost normal operators’: C'(\, At) is almost normal if

ICO\, AYCA, At)* = C(\, A" C A, A2z < M (A0 [C(X, At) [z o

for some constant M < oco.

Criterion 6.38 (Lax [15, p. 41]). If C(\, At) is almost normal, then (? stability is
equivalent to the estimate ||C(X\, At)|[ 2,2 < 1+ O(A?).

Proof. (i) Since ||C'(\, At)|| 2,42 < 14 O(At) is sufficient according to Criterion
6.26, it only remains to prove the necessity. Below, we abbreviate C' (A, At) by C.
(ii) First we prove by induction that (C*)*C* can be reordered into (C*C)" in
at most 2 /2 steps (one step consists of C*C' +— C'C*). In the case of 1 = 1, no
permutation is required and 0 < ( 12) /2 proves the start of induction. Suppose the
induction hypothesis for p. Then
ottt oo (e orcre — (o)t ortt

n2/2 steps 1 steps

and “72 +un< % prove the hypothesis.

(iii) Each interchange perturbs the operator norm at most by M (At)* ||C|| 4 72
In the following formula the factors C';, 1 < j < 24, are either C or C*:

02

||Cl e CV@CV+3 tee 02;1, - C'1 et CV@CV-&% e 02u||g2<_g2
< ||Cl o CV||22<—£2 ”CC* - C*C||e2<—£2 ||CV+3 o C2M||g2<_e2

< NCNarge [M(AO CN e | ICIE T = M (AD? CI o

forall 0 < v < 2u — 2 (note that [|C*|| 2, s> = ||C||j2._p2)-

(iv) Forming the supremum over all u € ¢? with ||ul|,. = 1 in
(CHu, CM'u) o = (u, (C*)" CHu) e

. M
i i) (u, (C"CY ) = = (At |[ClIE e lullZe

the left-hand side becomes ||C“||§2 42, While the right-hand side yields the lower
bound [1 -4 (uAt)2] ||CH g2 because of

sup (u, (C*C)" u) o = [[(C*C) [l o pe IC*Cli 2 = IICIE o -

c*C ;)rmal

Together with stability, this shows that

M
1 G A ICIE e IO e S KOV 626)
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Restricting pu and At by pAt < min{1/v/M, T}, we obtain 1 — & (nAt)? > 1.
Inequality (6.26) implies ||C||,2, ,» < */2K(\)%. Exercise 6.32b shows that
||CH£2582 = ”C(/\vAt)”Z?eé? <1+ O(At) o

The previous statements are connected to estimates of the kind
ICA Ao e <1 or O, AVl 2o < 1+ O(AL).

These inequalities are the most convenient conditions proving stability. However,
even if ||C(X, At)|lj2,_» > ¢ > 1, it may happen that the powers stay bounded
(IC (A, At)#|| 2,42 < const). In that case one may try to find an equivalent norm

which behaves easier. Since the square ||U H?Z =Y ez U;|? is a quadratic form,
one may introduce another quadratic form (Q(U) such that

1
i U2 <QU) < Ky ||U|2.  forallU e (2. (6.27)

This describes the equivalence of the norms ||-||,» and \/Q(-). The next lemma is a
slight generalisation of the ‘energy method’ stated in [21, pages 139-140].

Lemma 6.39. Let (6.27) be valid. Suppose that the growth of Q(-) for one time step
UrHL = O(\, At)U* is limited by

0< QUM = QU™) < Kot (U7 + [[U7]2,) + KAt (6.28a)

Then, for At < 1/(2K1K>), the norms Q(U*) and ||U"|| > stay bounded. More
precisely,

K. 1+ KAt\" K
||UH||§2S{(2K12_1>HU0H52+ 3}( + t) -2 for p e N.

2K, 1—- KAt 2K,
(6.28b)
Proof. We introduce the following abbreviations:
2 1+ KAt
dp = Q(U"), Sp = ||UM||z2 , K= KK, L:=K K3, c:= 1-KAL

p—1 n—1

Since 5, < K1q, = K {CIO + > (qe41 — QE)] <K [Kwo + > (qer1 —qe) |
=0 =0

we infer from (6.28a) that

pn—1
sy < (K7 = K1 Ko At) s + 2K Ko ALY sy + K1 Ky At s, + Ky KspAt.
£=0

Using the abbreviations K and L, we get
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p—1
(1— KAt)s, < (K — KAt) s+ 2KAt Y sy + LpAt  forall pp € N.

=0
(6.292)

Note that 1 — KAt > 1/2 because of At < 1/(2K;K>). The induction hypothesis

K
sy < S, =Ac" — B with B := ﬁ A:=(2K?-1)sp+B  (6.29b)

is easily verified for ;4 = 0, since K 12 > 1 follows from (6.27):
So=Ac" —B= (2K} —1)so+ B— B > so.

Assume that s; < Sy holds for all £ < p — 1. Insertion of s, < Sy and (6.29b) into
(6.29a) yields

1
(1— KAt)s, < (K? — KAt) s + 2K At ZZ_O Sy + LuAt

-1
< (K? = KAU) 5o+ 2AKALY " o' = 2BKpAt + LpAt.

. —1 M _ .
Using 317, ¢f = <=L = L2Eat (o0 — 1), we continue:

(1-KAt)s, < (Ki — KAt)so+ (1 — KAt) A(c* — 1) + (L — 2K B) pAt

Ki—KAt
L=, (= KAn {acr - B+ B+ BLEER S - Al
=S,

2

The expression %KAAJ is monotone in K At. From K At < 1/2 we infer that

B4 EiKAt A< B+ (2K2—1)sy— A=0,
which proves s, < S, foru. 0O

To derive further stability criteria in the case of £?, we need Fourier transforma-
tions, which are provided in the next part.
6.5.2 Fourier Analysis

A 27-periodic function f € L3 _(R) is the 27-periodic extension of f € L?(0, 27)
to R. The associated Fourier series is

1 io . 1 ’r —ia
Wors Z 0ae®t with ¢, = E~/O f(&e de (o€ 7Z),
a€Z



116 6 Instationary Partial Differential Equations

where i = /—1. In the case of sufficiently smooth 27-periodic functions f, the
Fourier series converges uniformly (with respect to ||-|| ) to f. For general L? func-
tions, the convergence holds only in the sense of the L2 norm. Therefore, the series
in f(¢) = \/#27 >z Pt has to be understood in the sense of [|-[| 12 o) In
the sequel, the following isometry (Parseval equality) is essential:

||fHL2(o,27r) = ”90”@2 s where ¢ = (@a)aez~ (6.30)

The transfer from the function f € L?(0,27) to its Fourier coefficients p € ¢? is
the Fourier analysis, which will be denoted by F:

Ff=ep.

On the other hand, the mapping ¢ — \/#27 Ycz 0ae® = fis called the Fourier

synthesis and coincides with the inverse F 1.
For p = 2, the solutions U* of the difference scheme are 2 sequences. We denote
the associated 27-periodic functions by U*:

N N 1 .
U+ .= Fluw, Ur(¢) = —— ) Uklels,
ous (%
The difference scheme U#*! = C(\, At)U* is equivalent to
Urtl = FIUrH = F71O (N, ADUF = F 1O\, A FFLUR=C(\, At U

with R
C(\, AL == FLC(\, AYF. (6.31)

While C(\, At) € L(¢2,¢?), the transformed operator C'(\, At) belongs to the
space L£(L*(0,2m), L?(0,2m)).

Exercise 6.40. Using the isometry (6.30), prove
IFll2r20.2m) = IF lz20.2myez =1 (6.32)
(i.e., F and F~' are unitary) and show that
Al 22 = ||.F_1A||L2(0727r)<_52 forall A € L(¢%,0?),
1Bl 12(0,27)e-e2 = IBFlL2(0,2m) - 12(0,2) forall B € L(¢%,L*(0,27)).

The decisive quantity for stability is the operator norm ||C'(A, At)*||,2, ,=. The
previous exercise shows that

IO, A 2o = H}—ilco"At)MHL2(0,27r)<—e2
=||F O\, A F|l12(0,2m) - 12(0,2m) = | []:C()\aAt)]:_l]u | 22(0,27) 1.2 (0,27)
=[G\ AP L2 0,27y £2(0,20)- (6.33)
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This leads us to the following remark.

Remark 6.41. An equivalent definition of (*stability with the stability constant
K()\)is

ICO\ A (| 12027y £2(0,20) < K(X)  for all p € No, At > 0 with pAt < T.

For the concrete determination of C’(A, At) from (6.31) we consider a term
C; = a;Ej from C(\, At) = Zj Cj (cf. (6.22) and (6.19)):

(CjU)V = ajUV+j for U € 2.
As stated above, C;U = F~'C;U holds with U = F~'U; ie., U € L?(0,2n)

is the Fourier series —= 7,7 Uae'®® with the coefficients U = (Us) 4ey € £
Fourier synthesis of C;U = (a;Ua+;) ,c7, Yields

_ 1 i 1 i
F 1CjU:EZ(ajUa+j)e 5:04]'\/%2[]&1%'6 £

a€Z Q€L

1 o 1 . N
- a; Uﬂel(ﬁ—J)i — q.e 19 Ugelﬁg — a.e”9ELT.
B=atj V2T L% ! V2T ﬁz:ez !

A comparison with F~'C;U = C']U shows that C’j = a;e"J%; ie., the linear
mapping C; : L%(0,27) — L%(0,2) is the multiplication by the function a;e ¢,
Since C(\, At) = F1C(\, At F = f‘lzj CiF =3, FICF = > Gy,
we obtain the following remark.
Remark 6.42. Consider the difference operator C’(/\f _At) = > ez a; Ej. The
Fourier transformed operator is C(\, At)=3_,, aje~ 98, Application of C(\, At)
corresponds to the multiplication by the trigonometric polynomial 2

G(&) = aje (6.34)

jEz

which is called the ‘characteristic function’ or ‘symbol’ of C(\, At).

Exercise 6.43. Let ¢ € C(R) be a bounded continuous function. Define the multi-
plication operator @ : B — B by (D(f)) (§) := ¢(&) f(&) for all ¢ € R. Prove for
both cases B = C(R) and B = L*(R) that ® € L(B, B) possesses the operator
norm || g p = (6]l -

Therefore, the identity (6.33) becomes
ICA, A2 e = sup{|G(£)"] : £ € R}. (6.35)

Here, ¢ € R can be replaced by ¢ € [0, 27), since G is 27-periodic.'?

12 The parameters \, At are omitted in G(£) = G(&;A, At). Note that a; depends on \, At.

13 If the coefficients a; are matrices (cf. Remark 6.18), |G(€)*| is to be replaced by the spectral
norm {|G(£)*[[5.
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6.5.3 Further Criteria
. o\ B
Application of the last exercise to C'(\, At)* = (ZjeZ aje_‘Jg) yields

> e\ P
ICA, A [ 12(0,2m) - L2(0,2m) = H(Z aje*”f> H

=3 e (6.36)
jez 7 oo )

Note that (6.36) is only valid for scalar coefficients a;. Together with Remark 6.41,
(6.36) leads to the following theorem.

=

Theorem 6.44. The difference scheme (6.19) is (2 stable if and only if the charac-
teristic function G(§) = Y. , aje™ "¢ satisfies the estimate (6.37) with suitable

JEL
K)\.'
G(6)] < 1+ KrAt  forall€ € R. (6.37)
PI"OOf: (1) (637) lmphes ||O(A7At)||e2<—£2 = ||O(A7At)||L2(0727r)<—L2(0,27r) =

|G, <1+ K)At, so that Corollary 6.28 proves stability.

(i) Set c(At) = (||G||,, — 1) /At. If there is no constant K with (6.37),
c(At) — oo follows for At — 0. Exercise 6.32a and (6.36) imply instability. O

Proof of Criterion 6.31 in the case of ¢*. Since inequality > a; > 1+ At c(At)
with limay—so0 ¢(At) = oo is supposed and |G|, > |G(0)| = |>_ a;| holds,
Exercise 6.32a proves £2 instability. O

The previous analysis refers to £2. However, the characteristic function has also
consequences for £°°.

Lemma 6.45. Let C(\, At) be of the form (6.19) with constant coefficients a ;. Then
£ stability implies {? stability:

”C()‘vAt)uHZmeZOC 2 ”GMHoo = HC()HAt)MHZ?eZ? forall u € Ny.

The negation of this statement is: if the difference scheme (6.19) is £% unstable, it is
also 0°° unstable.

Proof. Choose the special initial value U? with U = e!*¢, where ¢ € R is charac-
terised by |G(¢)| = ||G| .. Note that U° € ¢*° and ||U°||« = 1. Application of
C(\, At) yields Ut = C(\, At)U° with

U, = Z%‘UBH' = Zajei(y+j)€ S Z%‘eij& =G(UY,

JEZ JEZ JEZL

so that C(\, A)HU? = G(6PUP and ||C(\, A)FU | = [|GEHU?|0e =
GO N1U|oo = [[G¥[| o [IU°]| - This proves the assertion. O

Below, the examples from §6.3.3 are again analysed with regard to (in)stability.
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Example 6.46. (a) Scheme (6.17a) with a9 = 1 — a), a1 = a\. For \ satisfy-
ing 0 < a\ <1, stability is already confirmed in Example 6.33a. The associated
characteristic function

GE):=1—ar+are ™ =1—a) (1l —cos€) —ialsiné

has modulus |G(m)| = |1 — 2a)\| at £ = 7. Since |G(7)| > 1 forall aX ¢ [0,1],
Theorem 6.44 and Lemma 6.45 prove instability with respect to {? and {>° for a\
outside of [0, 1]. Hence, the scheme (6.17a) is conditionally stable (with respect to
0% and (>°) under the restriction aX € [0, 1], and unstable otherwise.

(b) Scheme (6.17b) with a_, = —%, apg =1 a1 = % The associated character-
istic function

A A
G(&) = —%615 +1+ %e_‘f =1—iaAsing

has maximum norm |G|, = /1 + laX|® and, therefore, except the trivial case
a = 0, the scheme is always unstable (with respect to ¢ and (>°).

(c) Scheme (6.17c) with a_, = 1_2“)‘, a; = % If laA] < 1, Example 6.33c
shows stability. Because of

1—al ; 1 A
= AP ta e ¢

2 2 and |G(&)]* = cos® € + |a|*sin” €,

G(6):

the bound ||G||,, = max{1, |aX|?} follows. Hence, the scheme is conditionally
stable for |a\| < 1, but unstable for |a)\| > 1 (with respect to (* and ().

(d) Scheme (6.18) witha_1 = )\, ag = 1 — 2\, a; = A For A € (0,1/2], stability
is shown in Example 6.33d. Because of

G(€) ==Xl + 12X+ Xe € =1 — 2\(1 — cos &)

and ||G|| ., = |G(m)| = |1 — 4\| the scheme is conditionally stable for A € (0,1/2],
but unstable for X > 1/2 (with respect to £* and {°°).

Lemma 6.45 yields a direct relation between G and /2 stability. Because of the
inequality ||C'(\, At)*|| joo ._goc > ||C (A, At)#|| 2,42, boundedness of powers of G
is necessary for £°° stability. As we shall see, this condition is not sufficient for £>°
stability. A complete characterisation of /°° stability is given by Thomée [24].

Theorem 6.47. Assume a difference scheme (6.16) with G(§) = 3_; aje ¢ (cf
(6.34)). Then the scheme is {*° stable if and only if either condition (a) or (b) is
Sfulfilled:

(a) G(€) = ce™ ¢ with |c| = 1,

(b) the set {€ € [—m, 7| :|G(&)| =1} = {&1, ..., &N} has finite cardinality, and
there are numbers ay, € R, B € N, and ~y;, € C with Re -y, > 0, such that

G(&r +€) = G(&) exp (o= (1 4+ 0(1))) asé—0 (1<k<N).
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The CFL condition is a necessary condition for convergence. ‘CFL’ abbreviates
the names of the authors Courant, Friedrichs, Lewy of [1].14

Criterion 6.48 (Courant-Friedrichs-Lewy). Let the hyperbolic differential equa-
tion %u = a%u be discretised by the explicit difference scheme (6.16). Set

J1 zmin{j EZZCLj #0},
Jo =max{j € Z: a; # 0},

so that the sum Y, a;U[', ; can be reducedto 3 a;U), ;. If
JEL J1<j< T2

a)\ ¢ [Jl, JQ],

the scheme is not convergent (with respect to any norm). Therefore, a\ € [J1, J2] is
a necessary convergence condition.

Because of the equivalence theorem, stability cannot hold for a\ ¢ [Jy, Ja).
Hence, the CFL criterion is also a stability criterion.

Proof of Criterion 6.48. For an arbitrary space-time point (¢, 2) with ¢ > 0, the
solution is u(t,x) = ug(z + at) according to Lemma 6.2. One verifies that a grid
point (¢, x) = (uAt, vAz) of the solution U depends only on the initial values U}
with k € [v + pJi, v + pJs]. Multiplication by Az shows

xp = kAx € [x 4+ pAzJy, x + pAxJs)
= [z + pAzJr, x + pdzds]

If aX ¢ [Jy, J2], then x + at ¢ [z + tJ1 /A, x + tJ3/A]. Therefore, the computation
of U} does not use those data, on which the solution u(¢, ) depends. To be more
precise, choose an initial value ug € C§°(R) with

ug(a) # 0, supp(ug) C R\[J1/A, J2/A].

Then U(1,z) = 0 holds in a neighbourhood of = = 0, while the true solution
satisfies u(1,0) = ugp(a) # 0 and even u(1,z) # 0 in a neighbourhood of = = 0.
As a consequence, U/ cannot converge to . 0O

As an example, take the scheme (6.17a). Since ag = 1 — aX and a; = a), the
CFL bounds are J; = 0 and J; = 1. The necessary CFL condition aA € [0, 1]
coincides for Example 6.46a with the exact stability property.

We summarise the mentioned necessary and/or sufficient conditions in the fol-
lowing table.

14 The original paper is written in German. An English translation can be found in [3, AppendixC].
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statement name or necessary |sufficient
comment 02 g |2 g

Criterion 6.26 * *

Corollary 6.28 ¥k

Criterion 6.30  |positive scheme ¥k

Criterion 6.31 * *

Lemma 6.34 perturbation * *

Criterion 6.36 *oK

Criterion 6.38  |almost normal |*

Theorem 6.44

Lemma 6.45

Theorem 6.47 * *

Criterion 6.48 |CFL * *

Criterion 6.52 * *

Criterion 6.54(a) [von Neumann |* *

Criterion 6.54(b)|von Neumann |*

Lemma 6.55 Lax-Wendroff

Criterion 6.57  |Friedrichs

Theorem 6.58  |Friedrichs *

6.5.4 Implicit Schemes

All schemes examined so far are, at best, conditionally stable. In order to obtain
unconditionally stable schemes, one must admit implicit difference schemes. !’

. 2 . .
In the parabolic case 2% = 2% the second z-difference can be formed at time

3 ot dx2>
level t + At, i.e.,

u  u(t+ At,x — Ax) — 2u(t + At, x) + u(t + At, x + Ax)

-~
~

Ox? Ax? ’
while the time derivative %u becomes W as before. This leads to

AU 4 (L4 20) USH - AUEE = U, (6.38)

Instead of the explicit form U*T1 = C(\, At)U*, one now obtains an implicit
scheme of the form

CL(\, AU = Cy (A, AU, (6.39)

where in the present case the operators are given by

15 The CFL criterion does not apply to implicit schemes, since formally implicit schemes can be
viewed as explicit ones with an infinite sum (i.e., J1 = —o0, J2 = o). Then a\ € [J1, Jz] =R
is valid, and the CFL condition is always satisfied.
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(Cl (/\,At)U)V = Z al,qu-i-j with a1,—1=0a1,1 = _/\;al,O =1+4+2X and
—-1<5<1

Co(\, AU =Y "ap;U,4; with azo =1,

{ all other coefficients = 0;
jez

i.e., Co = identity.
One would like to solve (6.39) with respect to U#T1:

UFTL = C(\, ADU*  with C(\, At) == [C1 (A, AD)] T Co(A, At).  (6.40)
Therefore, the existence of the inverse [C (A, At)] " is to be investigated.

Lemma 6.49. (a) If the coefficients a1 ; of C1 (X, At) satisfy the inequality

( Z |a17j|>/|a1,0<1—5<1 for some € > 0,

jez\{o}

then the inverse exists and satisfies || [C1(\, A)] ™" ||eper < g L

aiol”
(b) The inverse [Cy (X, At)] ™" exists in L(£2,0%) if and only if the characteristic
Sunction G1(€) of C1 satisfies an inequality |G1(§)| > n > 0. The norm equals

IOV AT ez e = 1/ inf |G (O]
Proof. (i) The equation C1V = U is equivalent to the fixed-point equation

1
V= — (U=ClV) = &(V) with C] := C; — a1 o1.
1,0

The contraction constant of @ is ||C]||s,_p» / |a1,0]. By Remark 6.27,

HciHem_gp < ZjeZ\{O} |a1¢j|

<1l-—¢
a1 ol

is valid, so that a unique inverse exists. The estimate

HVHep_‘ 1Uller + (A=) [Vl

ol

shows that € | V||, < ‘0‘1170| |U]|,»» so that || [C1(A, A1) 7" ||reeer has the bound
1/ (e lax,ol)-

(i) Cy (A, At) = F~1C1 (), At)F is the Fourier transformation of C1. Ci(\, At)

is the operator U — GlU Obviously, the multiplication operator M € L({?, (?)
with MU := (1/G4) U is the inverse of C;. The norm of M is

[M|le2ee2 = |CT 22 = |11/Ga o, < 1/7.
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On the other hand, one verifies that ||C7 !||s2_¢> cannot be finite if inf |G | equals
zero. Since the Fourier transform does not change the ¢?norm, the equality
ICT lezeez = CT Hlzee2 = 11/ G|l = 1/ infeer [G1(€)] follows. O

Example 6.50. The scheme (6.38) is (2 stable for all A = At /AxQ; i.e., it is uncon-
ditionally stable.

Proof. G1(€) = —Xe®+1+2X\—Xe ¢ = 142X (1 — cos ) > infeer [G1(€)] =1
is the characteristic function of C. Since Cy = I, we obtain

C(\, At) = [C1(X, At)] 7 Ca(N, At) = [C1 (A, At)]
and ||C ||z g2 = 1/ infecr |G1(€)] = 1. Stability follows by Criterion 6.26. O

Remark 6.51. [C (), At)]_1 from above is equal to the infinite operator

11
1 22

v A0t =S . withay = :
[ a; (N E;  with a; = Z==x (2)\—1—1—1—\/1—1—4)\)

JEZ

i.e., the implicit scheme (6.38) is identical to U“Jrl Z a;U

Proof. Check that C1(\, At) Y., a; E; = identity. O

JEZL

The general case of an implicit scheme (6.39) is treated in the next criterion (its
proof is identical to that of Theorem 6.44).

Criterion 6.52. The scheme (6.39) is (% stable if and only if the characteristic func-

tion
G(§) == G2(8)/G1(€)

satisfies condition (6.37).

Example 6.53. A modification of (6.38) is the so-called theta scheme

— QUM 4+ (14 220) ULt — \OUHT! (6.41)

—A1-O)U' | +(1-22(1-O) Ul +A(1-O)U",

for © € [0,1]. For © = 0 and © = 1 we regain (6.18) and (6.38), respectively.
For © = 1/2, (6.41) is called'® the Crank—Nicolson scheme. The scheme (6.41) is
unconditionally (? stable for © € [1/2,1], whereas in the case of © € [0,1/2) it is
conditionally (? stable for

A<1/(2(1-20)).

()\, At)Hg%_gQ =1 holds.

16 Occasionally, one finds the incorrect spelling ‘Crank—Nicholson’. The second author of [2] is
Mrs. Phyllis Nicolson (1917-1968).
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Proof. Let (DU), = —U,_1 + 2U, — U, 41 be the negative second difference
operator. The characteristic function of D is Gp(£) = 2 — 2cos& = 4sin®(£/2).
The operators C7, C from (6.39) in the case of (6.41) are

Ci(\At) =T+ X0D and Co(\,At)=1-X(1-06)D.
The associated functions are

G1(6) =14+ X0Gp(€) and Ga(§) =1—X(1—6)Gp(E),
so that

_1-21-6)Gp(§)
G = 14+ XOGpH(€)

1_1’28\7;32)( is monotonically decreasing with respect to X, so that the

maximum of |G(§)|is takenat X = 0 = Gp(0) or X =4 = Gp(m):

The function

If © € [4,1], then

T o) et S SR SRS et S
14426 14400 oo1 142X 2A+1 -

[NES

proves |G|, = 1.

In the case of © € [0, 1/2), the choice of A must ensure the estimate —G/(7) < 1.
Equivalent statements are

MAN(1-0)—1<14+400 41 (1-20)<2oA1<1/(2(1-20)). O

6.5.5 Vector-Valued Grid Functions

So far, £7 has been the set the complex-valued sequences (U, ), ., U, € C.If the
equation %u(t) = Au(t) from (6.1a) is vector-valued (values in CY), also the grid
functions (U, ), ., must be vector-valued:

? ={U = (Uy,),eq : U, € CN}  with the norms

— 2 J—
Ul = /32, 100 Ul =500 U

where ||U, [|,, is the Euclidean norm in CN (p = 2) or the maximum norm in CV
(p = oo, cf. Remark 6.18).
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Now, the coefficients a; in the difference scheme (6.19) are N x [N matrices. The
statements concerning consistency, convergence, and stability remain unchanged
(only the norms are to be interpreted differently). However, the criteria (see §6.5
and later) are to be generalised to the case N > 1.

Criterion 6.26 remains valid without any change.

The estimate in Remark 6.27 becomes

I A oo <D Mgl

J
where ||. ||, is the spectral norm and ||.|| _ is the row-sum norm for N x N matrices.

In Corollary 6.28 one has to replace }_ |a;| by >_; [|a;]|,,-

When we form G(§) = ., aje™ " by the Fourier transform, G/() is now an
N x N matrix-valued function. The characterisation (6.35) becomes

ICA A0 |2 o = sup{[|G(E)" |5 : € € [0,2m)}. (6.42)

Instead of the relatively abstract operator C'(A, At), one has now to investigate the
boundedness of the N x N matrices G(§).

According to Criterion 6.36, p(C'(\, At)) < 14 O(At) is a necessary condi-
tion. Since the unitary Fourier transform does not change the spectra, C'(A, At) and
{G(&) : £ € [0,2m)} have identical eigenvalues. This will lead to the von Neumann
condition. Here the spectral radius p(G(€)) is defined in (6.25). Part (b) corresponds
to Remark 6.37.

Criterion 6.54 (von Neumann condition). (a) A necessary condition for stability
(with respect to 0% and {°) is

sup{p(G(€)) : € € [0,27)} < 1+ O(AW).
(b) If all matrices G(§) are normal, this condition is even sufficient for (2 stability.

The following statement uses the numerical radius of a matrix:

(Av,v)

r(A) .=
“ loll;

0£veCN

Lemma 6.55 (Lax—Wendroff condition, [18]). Suppose that there is a constant
Krw such that

r(GE) <1+ KrwAt  forall € €[0,1].

Then the scheme is ¢2 stable.
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Proof. The numerical radius of general square matrices A possesses the properties
|A]l, < 2r(A), r(A™) <r(A)" forn €Ny

(cf. §2.9.5 in [6] or [7]). Hence,
1G(&)" [, < 2(G(©)") < 2r(G(O)" < 2(1 + Kpw At)" < 2exp(KpwT)

holds for all n with nAt < T and all £ € [0, 27). Because of (6.42), the assertion is
proved. O

Definition 6.29 carries over to the matrix case when we replace non-negative
reals by positive semidefinite matrices; i.e., a positive difference scheme is charac-
terised by ‘a; positive semidefinite’.

Exercise 6.56. Suppose that the positive semidefinite coefficients a; are either

(i)  all diagonal or

(ii)  simultaneously diagonalisable; i.e., there is a transformation S such that the
matrices d; = Sa;S™! are diagonal for all j.

Show that analogous to Criterion 6.30, the difference scheme (6.19) is (% and
0> stable if Y~ a; = I (cf. (6.24)).

However, also without simultaneous diagonalisability, the criterion can be
generalised. Note that even z-dependent coefficients a; = a;(z) are allowed.

Criterion 6.57 (Friedrichs [5]). Suppose that the difference scheme (6.19) has
positive semidefinite coefficients a; satisfying the consistency condition Zj epai=1I
(cf. (6.24)). The coefficients a; must be either constant or the following three
conditions must hold:

(i) the hyperbolic case with A\ = At/Ax is given (cf. (6.11)),

(1) a;(-) are globally Lipschitz continuous in R with Lipschitz constant L;,

(iii) B := ZjerLj < o0.
Then

”C()‘» At)“em-ﬁ <1+ CLAt

holds with Cr, = B/ (2)\) implying (* stability.
Proof. We prove the general case (constant coefficients correspond to L; = 0). In
(CAAYV,U) e = Az Y (a;(vA2)Vip s, Uy) (U,V € %) (643)
vEZ JEL

{-,-) denotes the scalar product of CV (N is the dimension of U, V, € CV).

Any positive semidefinite matrix M fulfils |(Mx, y)| < % (Mz,z) + % (My,y)
for -,y € CN. Application to (6.43) yields
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Az Z Z (a;(vAz)Viyj, Uy)

VEZjEZ
ZZ aj I/Al‘ UV,U ZZ CLJ I/Al’ u+_77 u+]>
VEZL JEL VEZ JEL
The first term is A; < > aj(VAI)Uu,Uy> = % Y IUI3 =14 ||U||4%2~
vEZ \ jEL (6.24) €z

Substitute v in the second term by p = v + j:

j{:j{: ag Vlﬁf u+]v u+] ‘AJTZE:ZE: (h N ] ‘Ax)vavr>

vEZ JEL NEZL JEL

Because of Lipschitz continuity, |a;((¢ — j) Az) — a;(pAz)|2 < L,jAxz holds.
With B =" jez jLj < oo (assumption (iii)) we estimate by

23N o — 5) AV, Vi)

HEZL JEL
= 423 a; (- 5) Az) — a;(nA)] Vi, Vi) + 52 V172
(6.24)
NEZ JEL
1+ BAx
SillVIIew

From the previous estimates we obtain [(CV,U) .| < 3 U2 + LxBAx V|2,
Characterising the norm by

ICA, At g2z = sup  [(CV,U)pl,
HUHﬂ:HVHﬂ:l

we obtain the inequality [|C/(\, At)||p2 2 < 1+ B2% =1+ O At. The last step
uses either Az = At/ from assumption (i) or B = 0 (constant coefficients). O

We add some comments concerning the latter criterion.

(1) Inequality [|C'(A, At) 2,2 <1+ O(Azx) =1+ O(V At) is not sufficient for
stability in the parabolic case with A = At/Ax?.

(2) If the coefficients a; are constant, the vanishing values L; = B = C, = 0 show
that ||C (X, At)]| 2,2 = 1.

(3) If only finitely many coefficients are different from zero, B = 3 ez L;j < o0
is satisfied.

A positive difference scheme can be obtained as discretisation of the symmetric
hyperbolic system of differential equations

—u+ A(x)—u= (A(x) symmetric N x N matrix,u € CV). (6.44)
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u(t, £+A£) U/(t.l/ Ax) u(t+At,x)—u(t,x)
At

Replacmg U by and ‘9 5;u by with the
average u(t x) = 1 u(t,x + AJ;) +u(t,z — Ax)] we are led to the difference
scheme (Friedrichs’ scheme)

1

(CONAND), = S {IT = AMA@AD)] Uyor + 1+ AA@A2) Uy} (649)

Choosing 0 < A < 1/sup,cp |[A(x)]|,, we obtain a positive scheme C'(A, At).
Hence ¢? stability follows, provided that A(z) is Lipschitz continuous.

Criterion 6.36 as well as Remark 6.37 and Criterion 6.38 remain valid in the
vector-valued case.

Also inAthe vector-valued case, the Fourier transforrped difference operator has
the form C(X, At)(§) = 3 ,cz aje™ ¢, where now C' is a 27-periodic function,
whose values are N x N matrices. As in the scalar case, the stability estimate
|IC(N, At)H|| 2 p2 < K(A) holds for all pAt < T if and only if

1C(A, At || 20,2712 (0,27) < K (N).

However, the equality | (32,7 aje™7¢)"|| = || 32z aje¢||2 from (6.36)is,

in general, no longer valid for the matrix-valued case, but becomes an inequality:

I ae L <13, ase

The investigation of ¢°°stability of a hyperbolic system is more involved.
Following Mizohata [20], we define regular hyperbolicity. A system

%u—i— Alt, x)aaxu =0 (A NxN matrix, u € CN,zeR 0<t< T) (6.46)

is called regularly hyperbolic, if the eigenvalues d;(t,z) (1 < i < N) of A(¢t,x)
are real and distinct; i.e., there is some § > 0 such that

|di(t,z) —d;(t,z)] >0 foralli#j (1<i,j<N,zeR0<t<T).
The following stability result is proved by Tomoeda [26].

Theorem 6.58. Suppose that (6.46) is a regularly hyperbolic system satisfying the
smoothness condition

sup{|A(t, )|, |A:(t, z)|, |Az(t,2)| s 2 € R,0 <t < T} < 0.
Then Friedrichs’ scheme (6.45) with

0<A<1/ sup |di(t,z)|
TER,0<t<T

is £>° stable.
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6.5.6 Generalisations

In §6.5.5 we have already analysed the generalisation to the case of systems of
differential equations with vector-valued solutions. Next, a series of further gen-
eralisations is discussed.

6.5.6.1 Spatially Multivariate Case

Instead of one spatial variables, we admit d variables z = (:131, ooy xq) (d = 3is
the standard case). Then the heat equatlon 6.4) becomes = Au fort > 0 with
the Laplace operator A = Z ke1 Wﬁ' The representation (6.5) of u can be adapted
to the d-dimensional situation.

The hyperbolic differential equation %u = a%u is generalised to
d
0 Ou
—u= Ap—. 6.47
815 Y ; k 8x k ( )

For the discretisation, the grid Ga, = {x = vAz : v € Z} from (6.9) is to be
replaced by the d-dimensional grid!’

Gsz{x:VAw:VEZd}

with multi-indices v = (v1,...,vq), v; € Z. Now, the Banach space ¢7 is cz
equipped with the norms

U]l = sup{|U,|:v € 2%} and  |[U] = [Az? > |U,
vezad

The Fourier transform of U € £2 yields

where d

vE=(1,8) =Y v

denotes the Euclidean scalar product in R9.

The stability analysis of system (6.47) with N x N matrices Ay leads to the
following complication. In the univariate case d = 1, all coefficient matrices a;
of C'(\, At) are derived from only one matrix Ay, so that in the standard case the
matrices a; are mutually commutable (and thereby simultaneously diagonalisable).
For d > 1 with non-commutative matrices Ay, in (6.47), the matrices a; are expected
to be not simultaneously diagonalisable.

7 In principle, different step widths Az; make sense. However, after a transformation x; >

Azl x; of the spatial variables we regain a common step size Ax.
T
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6.5.6.2 Time-Dependent Coefficients

The coefficients in the differential equation (6.2) or (6.47) may depend on ¢:
a = a(t) or Ak = Ak(t).

In this case the concept of the semigroup of solution operators (cf. §6.2) need to be
modified a bit. Instead of T'(¢), the operator T'(t1, to) with 0 <ty <ty <T appears,
which describes the transition of an initial value at time ¢ to the solution at time ¢.
The semigroup property reads T'(ta,t1)T (t1,t0) = T(ta,to) for tog < t; < t5 and
T(t,t)=1.

The discretisation yields time-dependent difference schemes C'(t; A\, At) at
t = pAt with U* = C(udt; N, At) U+~

(CHENANY), = (t)U,4;  forU € P andv € Z°.

jeza
In the stability definition (6.23), C(\, At)* is to be replaced by the product
Clto + pAt; A, At) - Clto + (1 — 1) At N, At) - ... - Clto + At A, At)

with 0 <tg <tp+ puAt <T.
Criteria 6.26, 6.36 and Lemma 6.34 hold also in the time-dependent case.

6.5.6.3 Spatially Dependent Coefficients

The differential equation may contain spatially dependent coefficients as, e.g., in
the differential equation (6.44). Correspondingly, all coefficients a; = a;(x) of
C(A, At) may depend on z. Criterion 6.57 explicitly admits variable coefficients in
the case of positive difference schemes.

There are criteria using again the function

G(x,§) = Zaj(x) e Vg (6.43)

JEL

which formally corresponds to (6.34). However, GG is not the Fourier transform

FIC(\, A F!

Having an operator C'(\, At) with variable coefficients, we can introduce the
operator

C(xo; )\, At)

by replacing all coefficients a;(x) by the constant coefficients a;(zo). We say
that C'(zo; A\, At) is the operator C' frozen at xg. G(xo,€) is the Fourier trans-
form of C(xo; A, At). This leads to the obvious question as to whether stability
of the original scheme C(\, At) corresponds to the stability of the frozen operator
C(zo; A, At) at all zp € R. The general answer is negative.
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Remark 6.59 (Kreiss [9, §7]). Stability of C(xq; A, At) at all xg € R is, in general,
neither sufficient nor necessary for the stability of C' (X, At).

Typical sufficient criteria require besides Lipschitz continuity of the coefficients
a;(-) that the scheme be dissipative. Here, C(\, At) is called dissipative of order
2r (r € N) if there are constants 6, 7 > 0 such that

M (2, AL, E) <1—6|¢[* forallz e R, At e (0,7), €] <m,  (6.49)
holds for the eigenvalues A, (v =1,..., N) of G(z, ).

‘We hint to a connection between condition (6.49) and the Definition 5.23 of the
stability of ordinary differential equations, which requires that zeros A, of 1) with
|Av| = 1 be simple zeros, while otherwise |A,| < 1 must hold. In the case of (6.49),
the powers ||G(x,£)™|| must be uniformly bounded, while in the second case the
companion matrix must satisfy ||A™|| < const (cf. Remark 5.39). However, the
difference is that in the second case only finitely many eigenvalues exist, so that
max |A,| < 1 holds for all eigenvalues with |\, | # 1. In the case of |\, (z, At, £)],
the eigenvalues ), are continuous functions of £ and their absolute value may tend
to 1. Condition (6.49) describes quantitatively how fast A\, (x, At, £) approaches 1.

The stability result of Kreiss [10] takes the following form (see also [21, §5.4]).

Theorem 6.60. Suppose the matrices a; of the hyperbolic system

d
Uy = Z a;(z)ug,;
j=1

to be Hermitian, uniformly bounded, and uniformly Lipschitz continuous with
respect to x. If the difference scheme is dissipative of order 2r and accurate of
order 2r — 1 for some r > 0, then it is £* stable.

6.5.6.4 Initial-Boundary Value Problem

If we replace the real axis in X' = [0, T'] x R (cf. (6.3)) by an interval or the half-axis
[0, 00), the new computational domain X' = [0, 7] x [0, c0) has a non-empty spatial
boundary [0, 7] x {0}. Then the parabolic initial-value problem has to be completed
by a boundary condition at z = 0; e.g.,

u(t,0) = up(t)

with some given function v to determine a unique solution.

In the case of hyperbolic problems the situation is more involved. The model
problem %u(t) = aa%u(t) in (6.2) requires the same kind of boundary condi-
tion as above if a > 0. Otherwise, the differential equation is uniquely determined



132 6 Instationary Partial Differential Equations

without further condition at x = 0. In the case of hyperbolic systems, the number
of characteristic directions with positive slope determines the number of necessary
boundary conditions.

After the discretisation, the grid G 5, from (6.9) has to be replaced by the one-
sided infinite grid Ga, = {& = vAz : v € Ny}. The space B becomes ¥ =
{U = (U,)ven, }» where Uy is fixed by the boundary conditions. For an analysis we
refer to Kreiss [11, 12], Richtmyer—Morton [21, §6], and Kreiss—Wu [13].

6.5.6.5 Multistep Schemes

So far, we have considered one-step methods; i.e., U ntl g computed from U".
As we already know from ordinary differential equations, instability may arise
from improperly designed multistep methods. As an example of a two-step method
we discuss the popular leap-frog scheme, first applied to the hyperbolic equation

%u = aa%u. Both derivatives are discretised by the symmetric difference quotient;
ie.,

0 [u(t + At, z) — u(t — At, )] and

—u~r ——|u x) —u(t — x

ot 2A¢ ’ ’

O um g lulte + Ax) — u(t,z — An)

ety v CIUE: x) —u(t,x x)].

The resulting two-step method is

Uptt = Ukt + XalUL, — UL

v—1

). (6.50)

As usual, we need starting values for ;o = 0 and px = 1 to proceed with the leap-frog
scheme. The name originates from the fact that the computation of U¥*! involves
only values

U withn+m =v+ p+ 1 (modulo 2).

The grid X'4! defined in (6.10) splits into the two colours of the chequer board:
EevenUZOdda where

even = {(nAz, mAt) € £4% - n 4 m even integer}.

This observation allows us to reduce the computation to Yeyen, Which halves the
cost of the computation.
The stability analysis follows the idea of Remark 5.38b: we formulate the two-

step method as a one-step method for V# := [Ulﬁl} :
UvuJrl _ Aa(El—E,1)1 U+ .
ur | 1 o |ur—t]>

ie., VATl = CVH with
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| Aa(B1—E_1)1| |[=XaO0 01 a1
¢:= { 1 0}‘_ { 0 0}'E1'+ [10} *’{ 1 0]'E1

Here E); is the shift operator from (6.22). The corresponding characteristic function
G (&) from (6.34) is now matrix-valued:

Ge) = {/\a (e—ilﬁ_eié) (1)} _ [2i)\isinfé] (0 < & < 2m).

One easily checks that |[Aa| > 1 together with £ = 7/2 (i.e., sin{ = 1) leads to
an eigenvalue A(§) with |\(€)| > 1. Von Neumann’s condition in Criterion 6.54a
implies that |Aa| < 1 is necessary for ¢? stability.

Proposition 6.61. The leap-frog scheme (6.50) is (? stable if and only if |\a| < 1.

Proof. Tt remains to show that |Aa| < 1 implies stability. For this purpose we give

an explicit description of the powers G(&)". Abbreviate x := —\asin¢, so that
G(&) = [*"}]. We claim that

i"Up,(z) " U,_1(z)

GE)" = i”’lUn_l(x) i”fQUn_g(x) forn > 1, (6.51)

where U,, are the Chebyshev polynomials of the second kind. These are defined on

[—1,1] by sin((n + 1) arccos(z))

V1—22
and satisfy the same three-term recursion
Up+1(z) = 22Up (x) — Up—1(x)

as the Chebyshev polynomials (of the first kind) mentioned in Footnote 7 on
page 52. Statement (6.51) holds for n = 1. The recursion formula together with
G(&)" = G(&)"G(€) proves the induction step.

If [Aa| < A < 1, the inequalities || < A < 1 and |¢| < arccos(A) < 1 follow,
where ¢ := arccos(x). One verifies that

Upn(z) =

(n=-1,0,1,...)

Un(z) = Up(cos ) = sin((n + 1))/ sin(y)

is bounded by U,,(A) ~ 1/[2(1 — A)] independently of n. Hence ||G(£)™|| is uni-
formly bounded in n, and ¢2 stability follows.

If A =1, the polynomials are bounded by
|Up(2)] < U,(0) =n+1,

implying (a rather weak form!® of) instability. O

18 If the amplification factor is some fixed ¢ > 1, the instability effects of ||C(A, At)™| > ¢
are easily observed and may lead to an overflow in the very end. On the other hand, we conclude
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The original leap-frog scheme of Du Fort—Frankel [4] is applied to the parabolic
problem (6.4). Here we start from

Dun sl
3t T 2At
”? 1
92"~ Ag? fuct,

t+ At,x) — u(t — At, )] and
x — Az) — 2u(t, z) + u(t,x + Ax)].

In order to obtain the leap-frog pattern, we replace 2u(t,xz) by the average
u(t + At, x) +u(t — At, x). Together with A = At/Axz? (cf. (6.11)), we obtain the
Du Fort—Frankel scheme

(L4 20) UL = (1 —20) UL +2A[UL + UL ] (6.52)

The stability analysis can again be based on the representation of G(&)™. For

A < 1/2, a simpler approach makes use of the fact that the coefficients %;5:\\ and

=55 of UKL UL, | Ul are positive. As in Criterion 6.30, one concludes that
the scheme (6.52) is /°° stable, which implies ¢ stability.

For A > 1/2 we return to the characteristic function

2\ (i€ 4 i€ 1=2) 4x 1-2)
G(€) = o ( . + ') 1+02>\} — [1+2/\1COS§ 1+02>\} (0<¢<2m).

All eigenvalues are of absolute value < 1. The eigenvalue 1 appears for £ =0

< 1 occurs

and is a single one (the other is +=22). A double eigenvalue

1+2>\ 2,\+1
for sin? ¢ = 1/(4A%). Hence, by Lemma 5.28, the powers of G() are uniformly
bounded. This proves the following statement.

Proposition 6.62. For any fixed A =At/Ax?, the Du Fort—Frankel scheme (6.52) is
02 stable.

As pointed out in [16, §19], it is important to perform the limit At, Az — 0
in such a way that \ =At/Ax? stays constant, although any value of X is allowed.
If one forms the limit At, Ax — 0 so that the ratio 4 = At/Az is constant, one
obtains the solution of the differential equation

Ut = Uggy — HULES

i.e., consistency is violated.

from ||C'(X, At)™|| ~ n that the result at some fixed ' = nAt > 0 contains errors, amplified
by T'/At. If the initial values are such that the consistency error is of the second order O (At?),
we have still a discretisation error O(At) att = T As in §4.6, we have to take into consideration
floating point errors, which are also amplified by —= ~7 - Together, we obtain an error O(At2 +22),

At
eps: machine precision, so that we cannot obtain better results than O(epsQ/ 3).
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6.5.7 Dissipativity for Parabolic Discretisations

Finally, we discuss the dissipativity (6.49) for discretisations of the heat equation
(6.4). Since the solution operator strongly damps high-frequency components, a
smoothing effect occurs: initial values ug, which are only supposed to be contin-
uous (or to belong to L>°), lead to solutions u(t) of (6.5) which are infinitely often
differentiable for all £ > 0. A corresponding condition for the discrete schemes is
condition (6.49), which in this case takes the form

|G <108l forall [¢] <, (6.53)
since GG does not depend on x, and 1 x 1 matrices coincide with the eigenvalue.
Exercise 6.63. (a) The simplest scheme (6.18) satisfies (6.53) with the parameters

r=1,
§ = min{4\,2 (1 —2\)} /7% for0 < A <1/2.

Dissipativity holds for 0 < A\ < 1/2 because of 6 > 0, but it fails for A\ = 1/2.

(b) The Crank-Nicolson scheme (which is (6.41) with © = 1/2) is dissipative for
all X > 0 with r = 1. For \ — oo, the (?stability is uniform (i.e., the stability
constant remains bounded for \ — oo), but dissipativity vanishes (i.e., § — 0).

6.6 Consistency Versus Stability

Scheme (6.20) is called consistent of order p if p is maximal with the property
u(t + At) — C(\, At)u(t) = O(A#PT)

for all sufficiently smooth solutions u of the differential equations.
The Taylor expansion applied to Example (6.17a) yields

u(t + At,xz) — (1 — aX) u(t, z) — adu(t,z + Az) =)—at/Az

=u+ At —I—A—t2 1 ﬁ ﬁ + A +A7x2 +
=u U 5 Ut an U an U TUg 5 Uy

At? Ax
= At [uy — auy) + o |u — Sy AU +...
Here the functions are to be evaluated at (¢, ) and °...” are higher-order terms. The
first bracket vanishes, since u is a solution of u; = au,. The second bracket is, in
general, different from zero, so that the discretisation (6.17a) has consistency order

p=1.
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Remark 6.64. There is an exceptional case in the derivation from above. Applying
the differential equation twice, we get
2
ur = a(ug )t = a(ug)y = a(aug)y = a“Ugy.
Therefore, uyy — %aum = 0 proves a higher order of consistency if A = 1/a.
In fact, the difference scheme becomes UF1 = U 11> and one verifies that the
discrete solution coincides with the exact one restricted to the grid (the consistency

order may be described by p = 00). This case corresponds to condition (a) in
Theorem 6.47.

Also the other schemes (6.17b,c,d) are of first order consistency. A difference
scheme of the second order is the following Lax—Wendroff scheme (cf. [17, p. 221]):

vt = [0 + Ui+ [ - @V U+ [ - 2| Ul 659

Second order consistency is seen from the Taylor expansion

u(t + At, x)
=u-+ Atus + %ﬁutt + O(A) = u + a Az u, + %um +0(A)
=u(t,z) + aA[u(t,x + Az) — u(t,z — Ax)]

+ @ (o 4 Ax) — 2u(t,z) + ult, m — Az)] + O(AF).

Lemma 6.65. The Lax—Wendroff scheme (6.54) is (2 stable if and only if |a\| < 1.

Proof. Verify that G(¢) = 1 — iaAsiné — (aX)? (1 — cos§) is the characteristic
function. For

GO =1 —7 (1 — cos€)]* + 7sin %¢ with 7 := (a))?

we use sin? € = 1— cos? £ and substitute x := cos £. Then we have to prove that the
polynomial

p(x) =[1—7(1—a)] +7(1 -2

1—|—72—T—|—2(T—7'2)x+(7'2—7')x2

remains bounded by 1 for all values z = cos¢ € [—1,1]. Inserting © = —1 yields
(2T — 1)2 and proves that 7 < 1 is necessary (7 > 0 holds by definition).
Since by definition |G(£)|* = p(x) > 0, the maximum is given by

max{p(1),p(~1)} = max{1, (27 — 1)*} = 1,

where for the last step we used |a\| < 1. Now ¢?stability follows from Theorem
6.44. O

Asin §5.5.6, we may ask whether there is a possible conflict between consistency
and stability. While in Theorem 5.47 the consistency order p is limited, it is now the
parity of p which need to be restricted in certain cases.
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We consider the hyperbolic problem %u = a%u and a general explicit differ-

ence scheme (6.16) with coefficients a;. Again, we introduce G(§) := >, aje 78
(cf. (6.34)). Furthermore, we choose the Banach space ¢>° and ask for /°°stable
schemes. Using Theorem 6.47, Thomée [24] proves the following implication for
the consistency order.

Theorem 6.66. Under the assumption from above, £°° stability implies that the con-
sistency order is odd."® Furthermore, there are (™ stable schemes for any odd order

Since the Lax—Wendroff scheme has even consistency order (p = 2), it cannot
be ¢°°stable. However, the instability is rather weak. Thomée [24] also proves the
following two-sided inequality for the Lax—Wendroff scheme:

C'n12 < ||C(N, At)" | oo _poe < C"'01/E.
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Chapter 7
Stability for Discretisations of Elliptic Problems

In the previous chapter we treated partial differential equations of hyperbolic and
parabolic type. The third type of elliptic differential equations is considered in this
chapter. In the hyperbolic and parabolic cases, the solution operator is a mapping
from a Banach space B into itself. In the elliptic case the solution operator is
given by the inverse differential operator L !, which is a mapping between different
spaces. This requires introducing a pair (X, Y’) of spaces.

7.1 Elliptic Differential Equations

The prototype of elliptic differential equations is the Poisson equation
Lu = ugy +uyy = f in (2, 7.1)

where 2 is a bounded domain in R2. To obtain a unique solution, we have to add a
boundary condition on I' := 0{2, e.g., the homogeneous Dirichlet data

u=20 onl.

Another choice would be the inhomogeneous condition v = ¢ or conditions on
(normal) derivatives of u on I'. The combination of a differential equation (e.g.,
(7.1)) with a boundary condition is called a boundary value problem.

A more general linear differential equations in d variables © = (x1,...,x4) is
! B
Lu= ith L:E—i-“— Ly, 7.2
(% f w1 ij:1 axia](l’)axj + 0 ( )

where Ly may contain further derivatives of order < 1. L is called uniformly elliptic,
if
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d
Z a;j(x)&&; >0 Hng forallz € Randall € = (&,...,&) € R?

ij=1

with a positive constant 9.
We call u a classical solution of Lu, = f and u|r = 0, if u € C?(£2) N Cy(R2),
where
Co(2)={uecC(2):u=00nTl}.

As discussed in §7.4.2, in general, we cannot expect the solution to be a classical
one, even for a very smooth boundary.

7.2 Discretisation

As in §6.5.6.1, £2 is covered by a grid. In the case of classical difference schemes,
this is a Cartesian grid of step size h = h, = — +1’ while for finite element dis-
cretisations one uses an n-dimensional subspace of functions defined piecewise on
a more general triangulation. It is not necessary to require a discretisation for all

n € N. Instead, we assume that there is an infinite subset
N CN,

so that the discretisation is defined for all n € N'.
The Poisson equation (7.1) in the square 2 = (0, 1)2 will serve as a model
example. The grid is

n = {(wh,uh) € 2 :v,p=1,...,n}.

Instead of u(x,y) from (7.1), we are looking for approximations of u at the nodal
points (vh, uh) € 2,:
Uy, = u(vh, ph).

In each nodal point (vh, uh), the second x derivative u, from (7.1) is replaced by
the second divided difference - nz [ty—1 = 2y Uy, u]' Correspondingly, .,
becomes }2 [uu =1 — 2y + Uy, u-&-l] Together, we obtain the so-called five-point
scheme:

74“1/7}1. + Uy—1,p + Up+1,p + Uy, p—1 + uu,/H—l] = fu,/L forall 1< v, <n,

(7.3)
where f,,, = f(vh,uh) is the evaluation' of the right-hand side f of (7.1). If
v = 1, equation (7.3) contains also the value u,_1, = uo, . Note that the point
(0, ph) lies on the boundary I, := {(z,y) € I' : «/h,y/h € Z}, and does not

=1

' A finite element discretisation using piecewise linear functions in a regular triangle grid yields
the same matrix, only the right-hand side f}, consists of integral mean-values f, ,, instead of point
evaluations.
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belong to {2,,. Because of the boundary condition v = 0, all values u, , in (7.3)
with (v'h, p'h) € I, can be replaced by zero. As a result, one obtains a system of
n? linear equations for the n? unknowns {u,, : (vh, ph) € £2,}:

Lnun = fna (74)

where u,, = (umu)(uh,uh)eﬂn and f,, = (fl/,u)(uh,,uh)eﬂn'
Correspondingly, one can discretise more general differential equations as, e.g.,

(7.2) in even more complicated domains by difference or finite element methods
(cf. [8, 10]).

Remark 7.1. The matrix L,, from (7.4) and (7.3) has the following properties:

(a) L,, is sparse, in particular, it possesses at most five non-zero entries per row.
(b) L,, is symmetric.

(c) —L,, has positive diagonal elements h%, while all off-diagonal entries are < (.
(d) the sum of entries in each row of —L,, is > 0. More precisely: if 2<v,u<n—1,
the sum is 0; at the corner points (v, ) € {(1,1),(1,n),(n,1),(n,n)} the sum
equals 2/h?; for the other points with v or p in {1,n} the sum is 1/h>.

(e) For a concrete representation of the matrix L,, one must order the com-
ponents of the vectors u,, f,. A possible ordering is the lexicographical one:
(1,1),(2,1),...,(n,1), (1,2),...,(n,2), ..., (1,n),...,(n,n). In this case,
L,, has the block form

TI —4 1
1T 1 1-4 1
Lo=-5 | o with T=| .|
1 T 1 1-4 1
1T 14
where all blocks T, I are of size n X n. Empty blocks and matrix entries are zero.

In the case of the matrix L,, from (7.3) (but not for any discretisation of elliptic
differential equations) L,, is in particular an M-matrix (cf. [7, §6.4], [8, §4.3]).

Definition 7.2 (M-matrix [17]). A matrix A € R™*" is called an M-matrix if
(a) Ay; > O0foralll <i<mn,
(b) Aij <0foralll <i#j<n,

(c) A regular, and A~ has only non-negative entries: (A_l)ij >0.

Remark 7.1c shows the properties (a) and (b) of A = —L,,. Remark 7.1d, to-
gether with the fact that L,, is irreducible, describes that A = —L,, is irreducibly
diagonal dominant. Irreducibly diagonal dominant matrices with the properties (a)
and (b) already possess property (c); i.e., —L,, is an M-matrix (cf. Hackbusch [7,
Theorem 6.4.10b]).
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7.3 General Concept

7.3.1 Consistency

The consistency condition must ensure that L,, is a discretisa-
X Xn tion of the differential operator L. For this purpose we intro-
1L 1L, duce Banach spaces for the domains and ranges of L and L,:
XY, X,,Y,, so that

Ry

Py

Y Ii Yo L:X =Y, L,: X, =Y, (neN) (7.52)
Y

are continuous mappings. Furthermore, let
R : X = X,, Ry Y =Y, f, =Ry f (n e N) (7.5b)

be ‘restrictions’ from the function spaces X,Y into the spaces X,,,Y,, of ‘grid
functions’. Note that Ry defines the right-hand side f,, in (7.4). A mapping in the
opposite direction is the ‘prolongation’

Pl:Y,—=Y (neN). (7.5¢)

The consistency condition has to relate L and L,,. Since both mappings act in
different spaces, the auxiliary mappings R, Ry, Py are needed. They permit us to
formulate consistency in two versions. Condition (7.6a) measures the consistency
error by || - ||y, , while (7.6b) uses || - ||y:

. lim || (L,R% — RyL)uly, =0 forall u € X, (7.6a)
'Sn—o0

lim | (PPL.RY — L)ully =0  forallu € X. (7.6b)
N’3n—oco

The conditions (7.6a,b) are almost equivalent. For this purpose, some of the
following technical assumptions are of interest:

PyRy f — f forall f €, (7.72)
| P¢ly v, < Cp, (7.7b)
[fally, < CplPY faly  forall fi € Y, (7.7¢)
Ry Py =1, (7.7d)
|RY |y, «v < Cr. (7.7€)

In the case of (7.7d), Py} is aright-inverse of RY.
Exercise 7.3. Suppositions (7.7d,e) imply (7.7c) with Cp = Chg.

Under the conditions (7.7a-c), the consistency formulations (7.6a,b) are equiva-
lent; more precisely:
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Proposition 7.4. (a) If (7.7a,b), then (7.6a) implies (7.6b).
(b) If (7.7a,c), then (7.6b) implies (7.6a).
Proof. (i) Condition (7.7a) implies (Pj*RY: — I) Lu — 0. Using the splitting
(PyL,R% — L)u= Py (L,R% — Ry L)u+ (PyRy — I) Lu,
we observe equivalence in the following statements:
(P{L,RY —L)u—0 <& Py (L,R% —RYL)u—0.
(i) (7.6a) and (7.7b) imply P (L, Ry — R} L) u — 0 and, by (i), (7.6b).

(iil) (7.7a) and (7.6b) imply Py(L,R% — R} L)u — 0. Now assumption (7.7¢c)
proves (7.6a). O

7.3.2 Convergence

In the sequel, a further norm [| - ||z~ on X can be fixed, which may be weaker than
|- Ilx, (orequal), but stronger than || - ||y;, (or equal):?

Il Z - N, 20 v

The discrete space X, should correspond to a space Xwith X ¢ X C {ueY:
u|pr = 0}. The correspondence is expressed by

IR% s .x <Cr  foralln. (7.8)

Convergence should express that any solution « € X of the differential equation
Lu = f (with boundary condition v = 0) leads to a sequence {u, } of discrete
solutions tending to w. Since the discrete grid function u,, € X,, and the function
u € X belong to difference spaces, we compare the restriction Rxu € X,, with
u,, and require | R u —u,|| ¢ — 0. The corresponding discrete solution takes the
form u,, = L, 'f,, = L 'R% f = L 'R} Lu. We allow that L,, is not invertible
for finitely many n. Restricting N’ to the remaining set, we suppose in what follows
that L, ! exists for all n € N'.

The discussion from above leads to the following definition.

Definition 7.5 (convergence). With X and X,, as above, the sequence {L,,, R}}
defining the discretisation is called convergent if

I(R% — L;IR?/L)uHXn —0  forallue X and N' > n — oo. (7.9)

An alternative definition of convergence is the following. We replace u € X by
f = Lu € range(L) C Y, and require convergence for all f € Y, i.e., for all
solutions u = L~' f with f € Y

I(R%L™' =L, 'Ry)fl ¢, =0  forall feYandN' 3n—occ. (7.10)

ZA, Z B,, means that there is a constant C, independent of n, such that A,, > CB,,.



144 7 Stability for Discretisations of Elliptic Problems

Lemma 7.6. (a) Statement (7.10) implies (7.9).
(b) If L: X —Y is bijective, both characterisations (7.9) and (7.10) are equivalent.

Proof. Letu € X be arbitrary. For f := Lu, (R% L~ — L' R%) f from (7.10)
equals (R% — L' R% L)u, proving (7.9), and therefore, Part (a).

In the bijective case, any f € Y has the representation f = Lu for some u € X.
The insertion proves Part (b). O

7.3.3 Stability

The following definition of stability depends on the choice of X,

Definition 7.7. Stability is characterised by the uniform boundedness of L, 1:

sup  |IL, 15 oy < Cstan- (7.11)

N'3n—o0

Theorem 7.8 (convergence theorem). Consistency (7.6a) of w € X and stability
(7.11) imply convergence (7.9) tou € X.

Proof. (R% —L 'Ry L)u =L (L,R% — RYL) u yields

I(R% — L 'Ry Lyull g, < IILy Ix,ev || (LnRY — RY L) u
é Cstab” (LnR?( - RT;’L) uHYn - O’

Yn

proving convergence (7.9). O

Although the setting is similar to the previous chapters, a stability theorem stating
that ‘convergence implies stability’ is, in general, not valid, as we shall prove in
§7.4.2. However, the stability theorem can be based on the convergence definition
in (7.10). Again, the following technical requirement comes into play:

£,
[fnllv. 1/Cf  forall0#f, € Y,,neN. (7.12)
revit=rys Iflly

Lemma 7.9. The conditions (7.7b,d) imply (7.12) with C'; = Cp.

Proof. f := Ppf, yieldssup{...} > £l >

anHY —
TP Iy = =1/Cp. O

1
Cp [[fally,

Theorem 7.10 (stability theorem). Suppose (7.8), |L7!| . y < Cp-1, and
(7.12). Then convergence in the sense of (7.10) implies stability (7.11).

Proof. Inequality (7.10) describes the point-wise convergence of the operator
R% L' — L 'R%; hence, by Corollary 3.39, the operator norm is uniformly
bounded: ||[R% L™! — L, 'Ry [ ., < C. We conclude that
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1L Bl g, oy SC+IRYL %, y, < C+CrCOL.

Inequality (7.12) implies || R} f]
norm together with (7.12) yields

v, < C&|flly. The definition of the operator

LR gy = sup Mo e Mo B T, 15/,
" ozrey  Iflly ozrey  |BEfllv.  |Iflly
- sup sup ”L’:lfn”f(n ||anYn, > HLT_LlHXnHYn’
o#t.ev, fevit=rys v, flly cl,

proving that ||L, || %, v, is bounded independently of n. O

Since the convergence definition (7.10) allows us to derive stability, it seems to be
the more suitable definition. However, without bijectivity of L : X — Y, definition
(7.10) does not lead to a convergence theorem as in Theorem 7.8. In §7.4.2 we
shall study bijectivity of L in more detail and gives examples, where bijectivity
fails because of range(L) & Y. On the other hand, fixing Y and replacing X by
{L7Yf: feY} ; X would be rather impractical, since it require a consistency
condition involving generalised solutions (cf. §7.4.2).

Only if bijectivity holds, can the equivalence theorem be formulated.

Theorem 7.11 (equivalence theorem). Suppose that the spaces X, X, and Y are
chosen such that L : X — Y is bijective, |L7 ||z, y < Cp-1, and (7.8) and
(7.12) hold. Then convergence (7.9) and stability (7.11) are equivalent.

Proof. The direction ‘stability = convergence’ is stated in Theorem 7.8. Because
of bijectivity; (7.9) implies (7.10) (cf. Lemma 7.6), and Theorem 7.10 shows
‘(7.10) = stability’. O

Remark 7.12. Consistency and convergence can be regarded in two different ways.
The previous setting asked for the respective conditions for all u € X. On the other
hand, we can consider one particular solution u = L' f. Because of extra smooth-
ness, the consistency error €, := || (L, R% — RY L) ul|y,, may behave as O(n~%)
for some o« > 0. Then the proof of Theorem 7.8 shows that also the discretisation
error ||(R% — L' Ry L)ul| ¢ < Citaben is of the same kind.

7.4 Application to Difference Schemes

7.4.1 Classical Choice of Norms

The concrete choice of the Banach spaces depends on the kind of discretisation.
The following spaces correspond to difference methods and classical solutions of
boundary value problems:
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X =C*02)NCo(92),
. (7.13a
X,=R zv Xp2ou, = (uu,u)(uh,;th)eﬂnv )
Yn =R" s Yn > fn = (fu,#)(uh,/th)eﬂnu
with the norms®
[ullx = max{[|ulloc, [[ta || oos [uylloo, 1tazlloo, [[tyylloo},
fuly = o = max{luta ) (2,) € @), 1)

[u | x, = max{|[u, oo, [0z tn oo, Hayunnom [0zt | oo HayyunHoo}a
Ifally, = lIfnllco = max{|u, ,| : (vh, ph) € 2.},

where Oy, 0y, Oza, Oyy are the first and second divided difference quotients with
step size h := 1/n. The associated restrictions are the point-wise restrictions:

( }u)y)u, = u(l/h7l’(‘h) k) ( gf)y,u, = f(l/h7/’(‘h‘) '
The components of (L, R% — R} L)u are
[Oa + Oyyl u(@, y) — ez (@, y) + uyy (2, y)] for (z,y) € £2,,.

Since, for u € Xy C C?(£2) N Cy(£2), the second differences 9,,u converge uni-
formly to the second derivative u,, it follows that ||(L,R% — Ry L)ul|x, — 0
for n — 0. Therefore, the consistency condition (7.6a) is verified.

Consistency follows immediately for Xo = X = C?(£2) N Cy(£2), since the
difference quotients in L,, R%-u tend uniformly to the derivatives in RY Lu.

The additional space X = Cy(12) is equipped with the maximum norm

[wnllx, = lanlly, = [l

Therefore, || L || %, y, becomes the row-sum norm || L, Y| 5. For the estimate of
|L;,; ! || oo in the model example (7.3), we use that —L,, is an M-matrix (cf. Definition
7.2). For M-matrices there is a constructive way to determine the row-sum norm of
the inverse. In the following lemma, T is the vector with all entries of value one.

Lemma 7.13. Let A be an M-matrix and w a vector such that the inequality
Aw >1 holds component-wise. Then || Ao < |lw||,, holds.

Proof. For u € R", the vector (|u;|);_, is denoted by |u|. The following inequal-
ities are to be understood component-wise. We have |u| < |lul| 1< [Jul| Aw.
Because of the M-matrix property (c), A~! > 0 holds, so that

|A7 ] < A7 ul < A7 lull o, Aw = [lull o, w

and |A oo/ Jull, < |lw]|,, can be obtained. Therefore, the desired estimate
follows: [|A™[oe = sup, 20 |47 ulloo/ [Jull o < W]l O

3 Only the norm of Y}, appears in (7.6a) and (7.11).
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In the case of A= —L,, one has to look for a function w(z, y) with Lw(x,y) > 1.

A possible solution is w(z,y) = 3 (1 — ) with the maximum norm ||w|| . = 1/8.

Then the point-wise restriction yields the vector wj, = R% w on the grid (2,,. Since

second differences and second derivatives are identical in the case of a quadratic

function, it follows that (—L,) w;, > T and ||wp[|,, < 1/8, proving the stability
property

IL; oo <1/8  foralln € N (7.14)

with Cygap = 1/8.

Using the consistency, which is checked above, and the stability result (7.14), we
obtain convergence by Theorem 7.8. As discussed in §7.4.2, the given theory does
not fully correspond to the previous setting, because convergence does not imply
stability.

Another aspect is the order of consistency. So far, only the convergence order
o(1) is shown. In general, one likes to show that ||R%u — u,|x, = O(h") for

some ~ > 0. For this purpose, the solution u e X must have additional smoothness
properties: u € Z for some Z C X = C?%(§2) N Cy(2). Choosing

Z:=XNCYN),

we conclude that || (L, R% — R L) ully, = O(h?) forallu € Z. Correspondingly,
convergence follows with the same order:

IR%u —un g, = O(h?).

7.4.2 Bijectivity of L

By choosing the spaces X, Y, the operator L is bounded as a mapping from X into
Y. Assuming uniqueness of solutions, injectivity of L € £(X,Y’) holds. This fact
guarantees the existence of L~ € L(range(L), X). If, in addition, L is surjective,
the inverse L~! is a continuous mapping from Y onto X.

Theorem 7.14. The differential operators L from (7.1) or (7.2) belong to
L(C%(02)N Cy(N2),C(02)), but are not surjective.

The proof is given in [8, 10, Theorem 3.2.7]. The consequences are:

1. The definitions (7.9) and (7.10) of convergence are not equivalent.

2. If L is injective, L=t exists as bounded mapping from C(R2), e.g., into
X = CY2) N Co(R2) or X = Co(2), but it does not belong to the space
L(C(£2),C*(22) N Co(£2)).

Concerning the first statement, note that the characterisation (7.9) refers to all
solutions in C*(£2) N Cy(£2), whereas (7.10) refers to all solutions u = L~ f for
feC(0).
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For the proof of the second statement, we ha\g to introguce the generalised
solutions u = L~!f, which do not belong to C?(£2) N Cy(£2). For this purpose,
one can use Green’s representation

ulz) = /Q G, 9) (y)dy. (7.15)

The Green function G(-, -) satisfies LG(+,y) =0 for all y € {2 and G(z, -) =0 for
x €. In the case of Poisson’s equation (7.1) in the circle £2 = {||z|| < 1} C R?,

G(x,y)=—% llogllx—yll—log(xllHy T Hﬂ

holds (cf. §2.2 in [8, 10]). Since G as well as aa G(z,y) has an integrable singular-

ity, the integral in (7.15) exists and defines a function in X = C1(2) N Co(2). In
particular, X = C(12) leads to the (finite) operator norm

12 ey = [, 160l

If f is Holder continuous, the function u defined in (7.15) belongs to C? and isa
solution of Lu = f. This proves that (7.15) defines generalised solutions in X and
that L~ € £(C(2), X).

To apply the equivalence Theorem 7.11, we have to look for spaces X, Y, such
that L : X — Y is bijective. An example of classical function spaces are the
Holder spaces Y = C*2), 0 < A < 1, and X = C?T*(£2). The (unusual)
discrete norm on Y;, is defined by the maximum over all |f(z)|, x € £2,, and
F@) = F@)I/ e =yl vy € 20

A canonical choice of X,Y with a bijective L : X — Y, obtained from the
variational setting, are the Sobolev spaces X = H}(2) and Y = H~1(£2) (cf.
§7.5). Under suitable conditions (e.g., smooth coefficients a;; in (7.2) and convex
12), also the choices of X = H2(2) N H}(2) and Y = L?({2) are valid.

The previous convexity condition excludes domains {2 with reentrant corners.
A class of domains allowing reentrant corners are Lipschitz domains (i.e., there must
be a Lipschitz continuous parametrisation of I"). Necas [15] proves the following
regularity result.

Theorem 7.15. Let §2 be a bounded Lipschitz domain, and suppose that L is uni-
formly elliptic with Hélder continuous coefficients a;j € C*(£2) of order t € (0, %]
Then L: X =Y and L=' : Y — X are bounded for the Sobolev spaces*

X =H"(Q),Y=H'Q) foranyswith0 <s <t <1/2.

Note that s = 0 yields the trivial statement L : HJ (2) < H~1(§2). By Theorem
7.15, smooth functions f produce solutions in the space H, 3/2- “(£2) forall e > 0.

* The Sobolev spaces H*(§2) and HE(2) are introduced in [8, 10].
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It is possible to discretise the boundary value problem by a difference scheme
and to analyse L,, with respect to discrete Sobolev spaces X,, and Y,, of the re-
spective order 1 + s and —1 + s (cf. Hackbusch [6]). Then, the stability estimate
L, v, «x, < Cstab holds as well as consistency || (L, R% — R L) ully, — 0
forallu € X = Hé“(!?). Regularity properties of difference schemes are also
discussed in Jovanovic¢-Siili [13].

7.5 Finite Element Discretisation

7.5.1 Variational Problem

The variation formulation of the boundary value problem (7.1) and (7.2) is based on
a bilinear form:

a(u,v) = —/ f(z)v(x)dx for all v € Hy (£2), where (7.16a)
2

d  OQu(z) Ov(x
a(u,v) ::/QZ]_:1 &ij) (z)

0
or j
The Sobolev space H_(§2) can be understood as the completion of C'1(£2) N Cy(£2)
with respect to the norm
2
] dx

lullge = | [ |t +;

(cf. §6.2 in [8, 10]). The dual space H ~1({2) consists of all functionals with finite

11l g7+ = sup{|f ()] s v € Hy(£2), o]l = 13-

The second embedding in H}(§2) C L?(£2) € H~1(2) is based on the identifica-
tion of functions f € L?(£2) with the functional f(v) := [, f(x)v(z)dz.

If the bilinear form a(-, -) is bounded, i.e.,

da. (7.16b)

0
T%U(I)

C, = sup{a(u,v) : u,v € H&(.Q)7 llull g1 = ]l g = 1} < o0, (7.17)
and problem (7.16a) is identical to the abstract equation
Au=f  with Ae L(H}(2), H (), uwe Hj(2), feH 'N).

If, in general, a is a bilinear form on X x X, the operator A € £(X, X*) (X* dual
space of X) is defined by

(Au) (v) == a(u,v) for all u,v € X. (7.18)

The norm ||A|| 1, j -1 coincides with C, from above. The particular example
(7.16b) satisfies C,, < 1.
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If A= € L(H7Y(2), H}($2)) exists, u := A7 f is the desired solution (it is
called a ‘weak solution’). The existence of A~! can be expressed by the so-called
inf-sup conditions for the bilinear form a (more precisely, the inf-sup expression is
an equivalent formulation of 1/||A™1|| ;1. -1; cf. §6.5 in [8, 10]).

A very convenient, sufficient condition is the H} (2)-coercivity’

a(u,u) > €eo Hu||§{1 with £c, > 0 for all u € H} (£2). (7.19)

Above, we used the spaces X, Y together with the differential operator L. Now
L will be replaced by A, involving the spaces

X :=Hj(2), Y:=H Q).
Note that Y = X™ is the dual space with the dual norm

£l = sup{|f(u)| s w € X, [Jullx <1}

As (7.19) is valid for (7.16b), A € L(X,Y) is bijective; i.e., A= € L(Y, X) exists.

7.5.2 Galerkin Discretisation

The Galerkin discretisation is completely characterised by a subspace U,, C X of
dimension n. We consider a family {U,, },en, where N’ C N is an infinite subset.
The finite element method is a particular example, where U, consists of piecewise
polynomials. The vector space U,, can be equipped with different norms. We set
X, := Uy, equipped with the norm ||-|| ;;: . The discrete solution u,, € X, is defined
by

a(tp, vp) = —/ f(z)v,(x)dx for all v,, € X,,.
I7)
The restriction of a bilinear form a(-, -) on X x X to a subspace X,, X X,, yields

again a bilinear form a,,(-,-) on X,, X X,,. If a is bounded by C,, (cf. (7.17)), the
bound C,,, of a,, satisfies C,, < C,.Inthe same way as A € L£(X, X*) is uniquely

n —

determined by a, the bilinear form a,, corresponds to an operator
A, € L(X,, X]). (7.20)

Note that X} is U,, equipped with the norm dual to X,.

> The algebraic counterpart is the following statement: if A + A is positive definite, then A is
regular. More precisely, A + AH > 2¢.,I implies |[A=1]|2 < 1/eco. In the case of A = AH,
[JA=1]|]2 = 1/eco holds.
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Exercise 7.16. The dual norm of X, is not the restriction of the dual norm of X* to
U Prove that || full . < Ilfullx- for fu € X;.

Remark 7.17. Let X,, C X. If a(-,-) is X-coercive with constant ¢ (cf. (7.19)),
an(-,-) is Xp-coercive with a constant &, o Satisfying €, co > €co. AS a conse-

quence, X-coercive bilinear forms a(-,-) lead to stable Galerkin approximations
such that A, € L(X}, X,,) exists. In the symmetric case,

14 1 x,ex: < A7 | xex-

holds.

7.5.3 Consistency

The main consistency condition is described in terms of the subspaces U,: the
distance between U,, and any u € X has to satisfy

inf{||lu — v,y 1 v, € Up} =0 forn - ocoandallu € X.
An equivalent statement is the point-wise convergence
|lu—Hyullx -0  forallu € X asn — oo, (7.21)

where I, : X — X, is the X -orthogonal projection onto X ,,. The projection may
be considered as an element of £(X, X) as well as £(X, X,,). The dual operator
IT then belongs to £(X™*, X*) as well as L( X, X™*).

Remark 7.18. (a) The Riesz isomorphism® J : X — X* is a unitary operator; i.e.,
J* = J~Y Forany f € X*, the action f(u), u € X, can be described by the scalar
product (J* f,u) . X* is a Hilbert space with the scalar product

(fr@)x-=(J"f, "9 x-

(b) Let X = X,, ® Xf,j be an X-orthogonal decomposition and set Y, = JX,,
Yl = JX.I. Then X* =Y, @ Y} is an X*-orthogonal decomposition.
(c) The X -orthogonal projection II,, € L(X, X) onto X,, satisfies

JII, =11, J;

i.e., the dual projection has the representation II = JII,,J* = JII,,J .
(d) Property (7.21) is equivalent to

lv— I v|x« =0  forallve X* asn — oo. (7.22)

6 Also called the Fréchet-Riesz isomorphism, since both, Fréchet [4] and Frigyes Riesz [19]
published their results in 1907. See also [20, I1.30].
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Proof. For Part (b) write y, € Y,, and y;- € Y. as y,, = Jx,, and y;- = Jz;-
for suitable x,, € X,, and x> € X;-. Then

W) xce = Yo Y ) = (T 00, T ) = (s 2 ) = 0.
For Part (c) verify that IT* maps y = ¥, + y;- into y,, (with notations y,, € Y,,
and y;- € Y, as in Part (b)).
For Part (d) with v = Ju use |[v — II;v||x- = || (I — II};) Jul|x~ =part (c)
(I = IIn)ullx- = |(I = IIn)ullx. O
We recall the operators A from (7.18) and A,, from (7.20).

Remark 7.19. The relation between A € L(X,X*) and A,, € L(X,,, X) is given
by
A, =11 AIl,.

Proof. This follows from <An“nvvn>x*xxn = a(un,vy) = a(ITpuy, Tv,) =
(AIT un I vp) oy x = (I AT Uy, V) oy ¢ fOrall up, v, € X, O

The canonical choice of the space Y,, is X . The mappings between X, Y, X,,,Y,,
are as follows:

Y =X" Y,:=X], (7.23a)
R% =11, : X — X,, X-orthogonal projection onto X, (7.23b)
Ry Y — Y, restrictionto X,, C X;ie., f, = Ry f = flx, € X, (7.23¢)

Pl = (RY)* =1II" = JI,J* : Y, =Y. (7.23d)

We consider R’ as a mapping onto X, (not into X). Concerning Ry, note that
the mapping f € Y = X* can be restricted to the subspace X,, C X. For Py} = II}
compare Remark 7.19a.

Lemma 7.20. Assumption (7.21) implies the consistency statement (7.6a).
Proof. Application of the functional (4, R% — R} A) u to v, € X, yields
[((ApRY% — RV A) u] (vy,) = an(R%u,v,) — a(u,vy) = a(Ilpu,v,) — alu, vy,)

=a(Ilu — u,vy,),

proving || (L, R% — Ry L) ully, < Cql|lu — Hyullx — 0 with C, from (7.17)
because of (7.21). O

Next, we verify that all conditions (7.7a—e) are valid. The constants are
Cp = Cp = Cr = 1. Concerning the proof of (7.7a), we note that

PIRYf— f=1I"f — — 0.
VRV f =T - f o

Hence, the consistency statement (7.6a) is equivalent to (7.6b) (cf. Proposition 7.4a),
which reads (P A, RY% — A)u = (II}A,II, — A)u - 0inY.
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7.5.4 Convergence and Stability

We assume that A is invertible; i.e., the variational problem (7.16a) is uniquely
solvable. First we set X,, := X,, with norm || - || %, = Il llx,, . For further conclu-
sions, we have to ensure stability. For simplicity, we assume that the bilinear form is
X-coercive (cf. (7.19)). Then, as stated in Remark 7.17, €,, o > €co proves stability.

From consistency (7.6a), using Theorem 7.8, we infer convergence in both (7.9)
and (7.10), since A : X — Y is bijective (cf. Lemma 7.6b). The convergence
statement (7.10) takes the form

(RXA™! = ATIRY) f = (L, AT = AT f

=Iu—u, =0 in X for N 3 n — oo,

where u and u,, are the exact and discrete solutions, respectively. This is not the
standard Galerkin convergence statement

U—u, =0 inX forN' 3 n — oo,

but the latter statement follows immediately from condition (7.21): uw — II,u — 0
in X.

7.5.5 Quantitative Discretisation Error and Regularity

Finite element discretisation uses the subspace U,, C X = H}(2) of, e.g., piece-
wise linear functions on a triangulation. Let h = h,, be the largest diameter of
the involved triangles (or other elements, e.g., tetrahedra in the three-dimensional
case). In the standard case, h,, = O(n_l/ d) is to be expected (d: spatial dimension,
2 C R%), provided that n is related to the dimension: n = dim(U,,).

The consistency error is bounded by C,||u — IT,u||x as shown by the proof
of Lemma 7.20. According to Remark 7.12, the discretisation error ||u — wu,||x
can be estimated by’ (1 + Cstap,Ca) ||u — IT,ul| x. While u € X = H{(£2) allows
only point-wise convergence, quantitative error bound can be expected for smoother
functions u. Assume, e.g., u € H?(£2) N H(£2). Then the finite element error can
be proved to be ||u — un | g1 (2) = O(h). More generally, finite elements of degree

p lead to an error®

[ = tnl 1y = O(R™PE=D) | ifu € HY(Q2) N Hy(R2), t> 1. (7.24)

The property v € H?'(£2) may hold by accident or for systematic reasons
(‘regularity properties’). Solvability of the boundary value problem is equivalent

7 This is the result of Cea’s lemma, which is usually proved differently (cf. Theorem 8.2.1 in
[8, 10]).
8 See Footnote 4 on page 148.



154 7 Stability for Discretisations of Elliptic Problems

to A7 € L(HY(2),H}(2)) (cf. §7.5.1). It describes that the solution process
increases the degree of smoothness by 2. One may ask whether a similar statement

A7t e L(HT2(Q), H(2) N HL(2))

holds for certain ¢ > 1. In this case, the problem is called ¢-regular. Such regularity
statements depend on the smoothness of the coefficients of the differential operator
(7.2) and on the smoothness of the boundary. Theorem 7.15 yields ¢-regularity for
1 < t < 3/2 under the condition that {2 is a Lipschitz domain. For convex domains
(or domains that are smooth images of convex domains) and sufficiently smooth
coefficients, the problem is 2-regular:

A™Y e L(L2(0), H*(2) N H(52)).

Piecewise linear finite elements are of degree p = 1. Assuming 2-regularity,
f e L?(R2) ensures u € H*(2)NHg($2), so that [[u—uy| g1 () = C2hnll fll2(0)
follows from (7.24).

7.5.6 L? Error

The adjoint operator A* € £(X, X*) belongs to the adjoint bilinear form a* defined
by a*(u, v) := a(v,u). In this section we assume that A* is 2-regular.

The representation u —u,, = A~ f — A 1, f = (A~1 — AL, f shows that
E,:=A"'—A'IT, = A" —11,A;' 1T,
can be considered as error operator with the property
1Enfllma2) < Cohnllfllzz(o)s
where C'5 depends on details of the finite element triangulation (cf. [8, 10]).
Lemma 7.21. E, AE, = E, holds for Galerkin discretisation.
Proof. The identity

E,AE, = (A™' — A, IT,)A(A™ — IT, A M IT,)
=AY —2A T, + AT, AILL AL, = B,

follows from I1,,AIl,, = A,,. O

Theorem 7.22. Assume that A* is 2-regular, and || E},g| g1 (o) < CohnllgllL2(2)-
Then

lu = unllz2(0) = [ Enfll2(0) < CaCobnl|Enfllay(0)-
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Proof. Forany g € L*(£2) with ||g||2() = 1 and f € X*, we have

<Enf, g>X><X* Lemm:a 791 <EnAEnfa g>X><X* = <AEnf> E;9>X*><X
=a(Enf, Ep9),

(Enf 9)xxx-| < CallEnflx|Ergllx < CaCohnllEnflx.

By identification L2(£2) = (L?(f2))*, we can continue with
(Ef.9)xxx-=9(Ef) = (Ef, g)Lz(Q)
for g € L?(£2). Since
[Enfllz2(0) = max{| (Ef,9) 20| : 9 € L*(02), gl 20y = 1},
the assertion follows. 0O

Theorem 7.22 states that the L? error is by one factor of h,, better than the H'!
error || By f | gi(2) = Ilv — unllmg (). This result, which traces back to Aubin [1]
and Nitsche [16], is usually proved differently, making indirect use of Lemma 7.21.

7.5.7 Stability of Saddle Point Problems

If coercivity (7.19) holds and if a is symmetric: a(u,v) = a(v,u), the variational
formulation (7.16a) is equivalent to the minimisation of .J(u) := fa(u,u) — f(u).
Quite another type is the following saddle point problem. We are looking for
functions v € V and w € W (V, W Hilbert spaces) satisfying

a(v,v’) + b(w,v") = f1(v') forallv’ €V,

7.25
by, w’) = fa(w') forallw’ € W, (7.29)

with bilinear forms a : V x V — Randb: W x V — R.
An example of the general form (7.25) is Stokes’ problem, where

V= m@) w{rerX9): | ja-o,
a(mv’)z/ (Vu, Vz) d¢, b(w,v'):/ wdivo'de. (7.26)
0 7

Define
J(v,w) = ga(v,v) + b(w,v) — fi(v) = fo(w).

The following saddle point properties are proved in [8, 10, Theorem 12.2.4].
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Theorem 7.23. Let a(-, ) be symmetric and coercive. (v,w) € V X W is a solution
of (7.25), if and only if

J(v,w') < J(v,w) < JW,w)  forallv' € V,w' € W.
Furthermore,

J(v,w) = glelr\} J(v' w) = max glelr\} J(',w').

The bilinear forms « and b in (7.25) give rise to operators A € L(V,V*) and
B € L(W,V*). The variational setting (7.25) is equivalent to the operator equation

o] o] = [2]

Solvability of the problem is equivalent to the existence of the inverse of

A B

Since C' is symmetric, its eigenvalues are real. In the case of a symmetric and coer-
cive a(-, -), all eigenvalues of the operator A are positive. However, C'is indefinite;
i.e., it has positive and negative eigenvalues. One can show that the discrete operator
A, has eigenvalues larger or equal to those of A (Lemma 7.17 states this result for
the smallest eigenvalue). In the indefinite case, such a simple result is not available.
To the contrary, a wrong type of discretisation can easily generate zero eigenvalues
of C},; i.e., the discrete problem is not solvable.

The following counterexample reveals a paradoxical situation. We choose sub-
spaces V,, C V and W,, C W such that

dim W,, > dimV,,.

Seemingly, a high-dimensional subspace W,, should improve the approximation of
the component w, but instead, it spoils the whole system. For a proof consider the

block
B’IL
e

In the best case, this part has rank dim V,, (number of rows of B,,). Since the matrix
C, is of size N,, x N, with N,, := dim W,, 4+ dim V},, its rank is bounded by
2dimV,, < N,,. Therefore, at least dim W,, — dim V,, > 0 vanishing eigenvalues
must exist.

An equivalent statement for the stability
-1
1C v xwi) - (v xwz) < Cstab

is the following inf-sup condition, which is also called the Babuska—Brezzi
condition:
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inf sup la(vo, zg)| > a > 0, (7.27a)
vo€Vp,n with ||vgllv=1 20€Vo,n with [|zo|v=1
sup la(zo,v0)| >0 forall 0 # vy € Vi p,
20 €Vy,n with ||zo|lv=1
(7.27b)
sup |b(w, x)| > B >0, (7.27¢)

inf
weW, with [[wllw=1 zeV,, with |jv]v=1

where
Vo :=ker(By) ={veV:bly,v)=0forally € W,,} CV,.

The uniform boundedness of C; ! is expressed by the fact that the positive numbers
«, 3 in (7.27a,c) are independent of n (cf. §12.3.2 in [8, 10]).

The solvability of the undiscretised saddle-point problem is characterised by the
same conditions (7.27a-c), but with Vj ,, and V,, replaced by V, = ker(B*) and V.
In the case of Stokes’ problem (7.26), a(-, ) is coercive on the whole space V, but
for elasticity problems, one must exploit the fact that coercivity is only needed for
the smaller subspace Vy C V (cf. Braess [2, §II1.4 and §VI]).

7.5.8 Further Remarks

7.5.8.1 Perturbations of A,, and f},

The determination of A, and f} requires the evaluation of integrals. This can be
done exactly for A,, in cases of constant coefficients as in (7.1). However, for general
f and general coefficients as in (7.2), the integral must be approximated by some
quadrature thereby producing additional perturbations d A,, and ¢ f,,. Whatever the
origin of these perturbations, the natural requirements are

[0Anllx-x, =0, [0fallx =0 asN' 3 n — oo. (7.28)
The following statement has a similar flavour as in Theorems 3.46 and 3.47.

Theorem 7.24. Suppose that the Galerkin approximation, characterised by
{4y, fn}nen, is stable with |‘A;1||Xn<—X:; < Cysab. Then, under assumption
(7.28), also the perturbed discretisation {A,, + A, fn + 0fn}nen is stable.
The resulting solution i, = u, + du, (u,: unperturbed discrete solution) satis-
fies the asymptotic inequality

1%l . (7.29)
< (1640l x, Cstab I fnll s +18Fall ;| (Cotab + 08 4nll ks x,)) -
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Proof. Write A,, + 6A,, as A,,(I + A,;15A,,) and note that

4764,

< HA;

Xn+Xn —

5An||X7*leXn < Cstab ||5An||X;;eXn — 0.

Define the subset N” := {n € N": [[0An | .. v, < 20 —}. Then, for neN", we

have ||A;26A || < 1/2and (I + A;'6A,)" 1||Xn<—Xn < 2 (cf. Lemma
5.8), so that o

1(An + 6A,)" I+ A, 6A,) 7 A | x,xx < 2Cstab =t Cliap-

This proves the stability of A,, +§A,.
(Ap +0A,) = At =[(I + A, 10A,)~1 — I]A;! can be estimated by

|| (An+5An)71*A;1 HXM—X:; < Ostab||5An”X;;<—Xn(cstab+0(”§An||X;;<—Xn))a

while [|(A,+0A4,) " Ix, «xz < (Cstab+110An| x+ _x, ). Therefore, we conclude
that '

Sty = Uy — Up = (Ap +0A4,) " (fn +0f0) — A f
[(ATL + 6A ) 1:1],]“” + (ATL + 514711)715.](‘”

can be estimated as in (7.29). O

As an illustration, we discuss the case of quadrature mentioned above. The non-
vanishing entries a;; of the finite element matrix A,, are of the size O(h*”d/ 2)
when we assume a quasi-uniform discretisation with maximal grid size h in the d-
dimensional domain 2 C RY. A general quadrature method of the second order
leads to an absolute error of size O(h%?) and to the spectral norm [|§A4,|, =
O(h%/?). Since H'”X,y—xn < [|||5 » the first inequality in (7.28) is satisfied.

Another error treatment follows the idea of backward analysis. Let a(u,v) =
Jo (Vu,¢(x)Vu) dz be the bilinear form with a (piecewise) smooth coefficient
c. For piecewise linear finite elements b;, the integrals [, (Vb;, c(2)Vb; >dx are
const - [, c(x)dx (A: triangle). Let ¢ be the quadrature result of [, c(x)dx
and define a new boundary value problem with piecewise constant coefﬁments
¢(x) == ca/ [ dx for x € A. Then the finite element matrix A, + dA, is the
exact matrix for the new bilinear form a(-, ).

Another formulation of the total error including (7.29) is given by the first Strang
lemma (cf. Braess [2, Part I, §1]): for coercive bilinear forms a(-, -) and a,, (-, -) and
right-hand sides f and f,, let v and u,, be the respective solutions of

a(u,v) = fforallv € X, an (U, v,) = fn forallv, € X,, C X.
Then

||u_un||x S C{ inf ||U_vn||x + sup ia’(unawn) _an(unvwn)i
v eX wn€Xy ||wn||X

¢ g Wl

W €Xnp ||wn||X
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7.5.8.2 Nonconforming Methods

The standard conforming finite element methods are characterised by the inclusion
X, C X, which allows us to evaluate a(u,, v, ) for u,, v, € X,. This is also called
internal approximation. An external approximation uses a sequence of spaces X,
containing also elements outside of X; i.e.,

X, ¢ X.
The variational formulation of the nonconforming Galerkin method is of the form
find u,, € X,, with a,(un,v,) = fu(v,) forallv, € X,, (7.30)

where the subscript of a,, indicates that the bilinear form depends on n. The
associated operator A, : X,, — X is defined by

(Apun)(vn) = an(un,vy,) forall u,,v, € X,.
Therefore, the variational formulation (7.30) is equivalent to

Above we defined a vector space X,,, but we have not yet defined a norm. In
general, this norm depends on n:

X normed by | - [|,,-

As mentioned above, the bilinear form a,, (-, -) : X,, X X,, — R defines the operator
A, s X, — X ovia ap(zy, ) = (A, -}lexxn. Stability is characterised by
the existence of the inverse A, !—at least for an infinite subset N C N—and the
uniform estimate
Cstab 1= sSup HA;1||X, oy, <00
neN’ n "

Since X,, is finite-dimensional, the latter statement is equivalent to the inf-sup

condition

n ns n 1
N S (wn, W)l > 0. (7.32)

0Fvn €V 04w, €V H‘Un|||n|”wn|”n ~ Cstab

Before we study the connection between a,(-,-) and a(-,-), we consider the
functionals f, and f. The usual setting a(u,v) = f(v) (v € X) describes the
problem Au = f with a functional f € X’. The obvious discrete formulation

an, (U, vn) = f(vn) for all v,, € X, (7.33)

is not quite sound, since f may be undefined for v,, € X,,\ X (note that X,,\ X # ()
in the nonconforming case). There are two remedies: (a) Extend f continuously to
fn such that f(v) = f,(v) for v € X. (b) Usually, we have a Gelfand triple
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XcUu=UcX'

(e.g., with U = L?(2), cf. §6.3.3in [8, 10]). If f € U’ and X,, C U, the functional
f is well defined on X, and the variational formulation (7.33) makes sense (i.e., we
may choose f,, := f).

The restriction of f to a smaller subset U’ ; X' implies that also the solution u
belongs to a subspace strictly smaller than X. We denote this space by X,. In the
case of f € U’, this is

X.={A7'f:feU}S X

There is always the problem of how to compare the discrete solution u,, € X,
and the exact solution u € X if the spaces X,, and X are different. One possibility
is to restrict u € X to X,, and to compare both in X, (cf. (7.6a)). Another approach
is to extend u,, € X,, into X (cf. (7.6b)). The latter case is trivial in the conforming
Galerkin case, since we have the natural inclusion X,, C X. In the nonconforming
case, neither X, nor X contain both u and w,,. This problem leads us to the next
construction: we define a common superspace

Xin D X, and X,,, D X,, with norm ||| : |||*n

Then the difference u — w,, belongs to X,,, and convergence can be formulated by
llw — |, — 0. We require that

-, <Cull-Ill,,,  onX, (7.34)

with a constant C,.. Without loss of generality, we may scale ||| - |||,,, such that
C. =1

The next requirement is that the bilinear form a,,(+, ) can be continuously ex-
tended from X,, x X,, onto X,,, x X,, such that

lan (v, w)| < Colllv|ll,lllwll,, forallv € Xop,w € X,. (7.35)

Remark 7.25. Assume that (V, ||-||,) and (W, ||-||y;) are Banach spaces with an
intersection V.0 W possibly larger than the zero space {0}. Then a canoni-
cal norm of the smallest common superspace U := span(V, W) is defined by
llull, == inf{||v]ly, + vy :u=v+w,veV,we W}

Corollary 7.26. Assume that ||-||,, and ||-||;, are equivalent norms on V.O\W. Prove
that [[vlly, < ||vlly < Cllvlly forallv € V and |[wlly, < [wlly < Cllwlly for

allw € W, where ||-||; is the norm from Remark 7.25.
Consistency is expressed by
an (U, vy) = f(vg) for all v,, € X,,, (7.36)

where u is the solution of a(u, v) = f(v) forv € X (here, we assume that f belongs
to X/). Then the error estimate (Strang’s second lemma, cf. [18, §1.3])
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|||u - unll\n < (é* + Caostab) wirelg( |||u - wnm*n + Cacstabmfn - f|||:;

n n

holds, where ||| - ||| is the norm dual to ||| - |||,

Proof. Let u,, be the discrete solution, while w, € X, is arbitrary. From (7.32) we
infer that

|||un - wn|||n S Cstab sup |an(un - wn7vn)| .
vn €X,, with | =1

Un

Split ay, (wp, — Wy, vy,) INtO @y (U, — U, V) + ap (U — Wy, vy, ). The first term can be
reformulated in terms of (7.30) and (7.36): a,, (u, — w,v,) = (fn, — f)(vn); hence

|an (un —u,v0)| < Ilfa = £l
because |||vy, |, = 1. The second term is estimated by
|an(u — wn, vp)| < Colllu — wall,,

(cf. (7.35)). Together, we obtain

llun = wall,, < Cstab (Ilfa = fll;, + Calllw = wall.,) -

The triangle inequality yields

= walll, < lllw = unlll,, + llun —wnll,,
< Culllw = unlll,,, + llun = wall,
< (Cu + CaCitan) lllu = wnll,, + CaChtalll fn = fII-

Taking the infimum over all w,,, we obtain the error estimate. O

The consistency condition (7.36) is not always satisfied in practical examples
as, e.g., Wilson’s element (for a definition and analysis compare, e.g., Shi [22]).
As a remedy, one has tried to formulate criteria that are easier to check, the so-
called patch tests. Stummel [24, 25] analysed the patch tests and proved that they
are neither necessary nor sufficient for stability.

7.5.8.3 Discontinuous Galerkin Method

A prominent example of a nonconforming finite element is the discontinuous
Galerkin method (DG), which started in the field of hyperbolic problems and for
elliptic problems with dominant convection. Now it has become a popular method
also for standard elliptic problems (see [18], [3], [14], [21, p. 255]).

The spaces X, and X,., D X,, D X, are as follows. X, = H&(Q) is the
standard choice. Given any triangulation 7,, of £2, the broken H" space is defined by
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2
o= 2 Nl .
TET,

The remarkable fact is that no conditions are required concerning the connection
of u|rs and u|7p~ for neighboured elements TV, 7" € T,; i.e., in general, func-
tions from X,,, are discontinuous across the internal boundaries of 7,,. Obviously,
Xon D Xi = HL($2) holds.

The DG finite element space is the subspace X,, of X,,, where all u|r are,
e.g., piecewise linearly affine. The advantage of the discontinuous Galerkin method
becomes obvious when we want to choose different polynomial degrees for different
elements. Hence, the computational overhead for an hp-method is much lower.

Starting from a strong solution of —Au = fin 2 withu = 0 on I' = 912,
multiplication with a test function v € X, and partial integration in each T' € T,
yield the variational form (7.36) with

/( Au vndx—Z/ Vun, Vu,)d Z/{@ } ]ds
TETH E€E, nE

and f,(v) = [, fvdz. Here, £, is the set of all edges of 7 € 7. Eachedge E € &,
is assomated with a normal n g (the sign of the direction does not matter). The curly
bracket {...} is the average of the expression in the two elements containing E,
while [...] is the difference (its sign depends on the direction of ng). The right-
hand side in the latter expression is no longer symmetric. Since [u] = 0 for u € X,
we may add further terms without changing the consistency property:

Xy = {ulr € HY(T)

(U, V) 1= Z (Vug, Vu,) dz (7.37)
T€T, VT
ouy, vy,
_ _ J1d
+n Z hg / vy] ds.
Ee&,

The expression in the second line is antisymmetric. Therefore it vanishes for
Uy = Uy, and

) = 3 Ve +1 3 B / 2 s
TETn Ecé&,
proves coercivity of a,,.
Other variants of the discontinuous Galerkin methods use a symmetric bilinear
form with the term ) . [5 { gﬁg } [vn] + {(%—Z} [u,] ds in the second line of
(7.37) (cf. [18, pp. 124ff]).




7.5 Finite Element Discretisation 163

7.5.9 Consistency Versus Stability

7.5.9.1 Convection-Diffusion Equation

For ordinary differential equations, we mentioned stiff differential equations (cf.
§5.5.7.1). In that case, standard stable schemes work in the limit ~ — 0, but their
results are useless unless h < hg, where hg may be a rather small number. A similar
phenomenon can happen for the discretisation of elliptic problems.

The differential equation

—Au + {(c,gradu) = f in 2 C R?, u=0onI =912, (7.38)

is called singularly perturbed if ||c|| >> 1. Because of the dominant convection
term (c, grad u), the problem can be considered as a perturbation of the hyperbolic
problem (c,grad u) = f. Since the hyperbolic problem cannot be combined with
boundary data u = 0 on all of I, the solution of (7.38) develops a boundary layer at
the outflow part of the boundary.

A stable discretisation can be constructed as follows. The part — Aw is discretised
by the five-point formula (7.3). The treatment of {c, grad u) depends on the signs of
the components ¢y, ¢5 in ¢ = (¢1, ¢2). Assume ¢; > 0. Then ¢;0u/Ox; is replaced
by the backward difference

c
7 (= us1).

h
If ¢; < 0, the forward difference

C1
N (Upt1, — Unp)

is used. The second term co0u/dz5 in (c,grad u) is treated analogously. As a
result, the discretisation matrix is an M-matrix (cf. Definition 7.2). This property
helps to prove the stability of the discretisation.However, the consistency order is
one because of the one-sided differences.

Second-order consistency can be obtained by replacing c¢; Ou/dx; with
symmetric differences. The conflict with stability can be checked by the violation
of the M-matrix sign conditions. If ¢; > 0, the coefficient of u, 11, becomes

1a

and fails to be non-positive unless h < 2/c;. Because of the assumption ||c|| > 1,
the requirement h < 2/c¢; limits the use of the second-order scheme to rather small
step sizes.

This conflict between consistency and stability also occurs for finite element
discretisation (the corresponding modifications are, e.g., streamline diffusion
methods, cf. John—Maubach—Tobiska [12]).



164 7 Stability for Discretisations of Elliptic Problems

7.5.9.2 Defect Correction Methods

A possible remedy is the use of the defect correction scheme. It is based on two
different discretisations:
Lyup = fa (7.39a)

is a stable scheme, possibly of a low order of consistency, whereas the second
scheme
nn = fr (7.39b)
has an order of higher consistency. Scheme (7.39b) is not required to be stable. It
may even be singular (i.e., a solution «}, may not exist).
The method consists of two steps. First, the basic scheme (7.39a) is applied to

obtain the starting value uglo):

ul = L . (7.40a)

Next the defect of ugo) with respect to the second scheme is computed:

dp = Lhul? — fh. (7.40b)
The correction using dj, is performed in the second and final step:
ulV =0l — LYy, (7.40c)

We shall show that ugl) has better consistency properties than uglo). Note that
ug) is neither a solution of (7.39a) nor of (7.39b). If (7.39a) has consistency order
one, the defect correction by (7.40c) can increase the consistency order of ug) only
by one. Therefore, the steps (7.40b,c) must be repeated a few times, if the consis-
tency order of (7.39b) is larger than two. However, it is essential that the number of
iterations be a small finite number. Otherwise, the possible instability of (7.39b)

would destroy the result.
For the proof, we assume the following properties:
u*: exact solution; u} := Ry u*,
ILnuy, = fullgr < Ch, Lyuy = frllg < Ch?, - (7.41)
HL;lHH}LeH;l <G, HL,: =0,
ILn — L;L”H;l(—H}% < Ch.

d
H?«+L3

Here L?, H}, H? are the discrete analogues of L7 (§2), H}($2), H?(£2) (with
derivatives replaced by divided differences). H, ! is the dual space of H L

The last estimate of Lj, — L}, in (7.41) can be obtained as follows. Split L;, — L},
into
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Ly, (I = Ry BY) = (R L — Ly Ry) P¥ + (Ry — Ry) LP;
+ (RYL— LRy ) P — Ly (I — Ry PY)
and assume

|R} L — LuRy ||+ py» < Ch,
h

—H? —

|1 - R PY
|RY — Ry

HH}IeHg ) R;LYL - LIthX”H;leHZ < Ch,

HH;1<—L27

”L;LHH,I_leH}L s HLhHH}jleH}L ’ ||L||L2%H2 s HP’f(HH%—H}: < C.

Lemma 7.27. Under the suppositions (7.41), the result ug) of the defect correction
method satisfies the estimate Hug) —upllg < Ch?.

e g (1) *
Proof. We may rewrite u;,” — uj, as

ug) —uj = ugLo) —uj — L;l [ ’hugo) — f,’L]

— 0 * — *
= [I_thL;z] {ué)—uh}+th[ ;zuh_.f;z]
0)

= L (B0 — L) [l —ui| + L3 [Lhui — 7).

. * 1. —1 .
Consistency [|Ljuj, — fillg— < Ch? and stability ||L;, |]H}L<_H;1 < C imply
that the second term satisfies || L; ' [L}u} — f7] 1 < Ch?.

Similarly,
lug” =iz = L3 =il gy < 120 gz gz 1w = fullz < Ch

holds. The inequalities ||Z;, *{| ;. ,, -+ < C'and |[Ly, — L} | oy < Ch yield
the estimate .
15t (L — Ly] [l — iy < OB2

for the first term. Together, the assertion of the lemma follows. O

The defect correction method was introduced by Stetter [23]. A further descrip-
tion can be found in Hackbusch [9, §14.2]. The particular case of diffusion with
dominant convection is analysed by Hemker [11].

The application of the defect correction method is not restricted to elliptic
problems. An application to a hyperbolic initial-value problem can be found in [5].
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Chapter 8

Stability for Discretisations of Integral
Equations

Since the paper of Nystrom [7], integral equations are used to solve certain boundary
value problems. Concerning the integral equation method and its discretisation, we
refer to Sauter—Schwab [8] and Hsiao—Wendland [5]. The following considerations
of stability hold as long as the integral kernel is weakly singular.

8.1 Integral Equations and Their Discretisations

8.1.1 Integral Equation, Banach Space

The Fredholm integral equation of the second kind is described by

M =g+ K[, 8.1

where \ € C\{0} and the function g are given together with an integral operator K
defined by

(Kf)(z) = /D k(z,y)f(y)dy forallz € D. (8.2)

If A =0, Eq. (8.1) is called Fredholm’s integral equation of the first kind (cf. Fred-
holm [3]). The integration domain D is an (often compact) subset of R™. Other
interesting applications lead to surface integrals; i.e., D = 942 of some {2 C R".
The function g belongs to a Banach space X with norm ||-||. The solution f of
(8.1) is also sought in X: g, f € X. The Banach space X must be chosen such that

K e £(X,X)
holds; i.e., K is a bounded mapping from X into itself. An equivalent notation of

problem (8.1) is'
(M-K)f=y.

! Equations (AA — K) f = g with a not necessarily bounded operator A are considered in [6].

W. Hackbusch, The Concept of Stability in Numerical Mathematics, 167
Springer Series in Computational Mathematics 45, DOI 10.1007/978-3-642-39386-0_8,
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If A\l — K : X — X is bijective, also the inverse (A — K) ™" belongs to £(X, X)
(this is a consequence of the open mapping theorem; cf. [10, §I1.5]) and a formal
description of the solution is

f=(O-K)"
The operator norm ||-|| v,y is also denoted by ||-|.
The standard choices for X are X = C(D) or X = L?(D) with the norms
I/l = supgep [f(@)] or | £l = \/ [p | f(x)[*dz, respectively.

In many cases, the operator K is not only bounded, but also compact (cf. §4.9).

Lemma 8.1. (a) If k € L?(D x D), then K : X — X is compact for X = L*(D).
(b) If D is compact and k € C(D x D), then K : X — X is compact for X = C(D).

Proof. The proof will be postponed to §8.1.2.1. O
A more general criterion in the case of X = C(D) is the following.

Theorem 8.2. Suppose that D is compact and that k satisfies
/|kmy\dy<oo hm/\k{:y k(z,y)|dy =0 forallxz € D. (8.3)

Then K is compact for X = C(D).

Proof. (i) Precompactness of M = {Kf : f € C(D),| f|| < 1} follows by
Arzela—Ascoli’s theorem (cf. Theorem 3.51). Part (iii) will show uniform bounded-
ness of M, while Part (iv) will yield equicontinuity.

(i1) We introduce the following auxiliary functions:

:/|k<x,y>|dy, (¢ /|ksy (x,9)| dy.
D

Claim: ¢ € C(D) is bounded, and ¢ € C(D x D) is uniformly continuous. From
9 — p@)] = | [ (K(E W) — Ik w))dy| < [ k(€ y) — bz, )| dy =
&(&, x) and (8.3), it follows that ¢ is continuous. A continuous function on a com-
pact set is bounded. An analogous estimate shows (£, x) — &(&, )| < &(z, ')
and |P(&,2) — (&, z)| < D(,€'). Again by (8.3), P is continuous on the compact
set D x D; hence, uniformly continuous.

(iii) Each g = K f € M is bounded by ||g|| < ||¢]|, since

lg(z)| =

/k’(%y)f(y)dy’ S/ [k(z,y)| | f ()| dy < (@) [ f]] < () < o]
D D

Hence M is uniformly bounded.

(iv) Fix € > 0. As & is uniformly continuous (cf. (ii)), there is some § > 0 such
that &(¢,z) = |P(€,x) — D(x,z)| < eforall §,x € D with |¢ — x| < §. For any
g = Kf € M we have
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<1
—~
9(&) —g(@)| = | [ [k(S,y) — k(%y)]f(y)dy‘ < / k(&,y) — k(z, y)]|f(y)ldy
D D

<P¢,x)<e for |€ — x| <4,

proving that all functions g € M are equicontinuous. O

We mention that the conditions from (8.3) are also necessary, provided that
k(x,-) € LY(D) forall x € D.

8.1.2 Discretisations

There are various discretisation techniques leading to a sequence of ‘discrete’ inte-
gral operators K,, € L£(X,X), n € N, with the property that the range of K, is
n-dimensional. The corresponding ‘discrete’ integral equation is

)‘fn =g+ ann (8.4a)
or >‘fn = Gn + ann7 (84b)
where in the latter case

Gn — ¢ (8.4¢)

is assumed.

Because the right-hand sides in (8.4a,b) are contained in an at most (n + 1)-
dimensional subspace, A # 0 implies that f,, belongs to this subspace. This leads to
a system of finitely many linear equations.

8.1.2.1 Kernel Approximation

The kernel approximation approximates the kernel function k(-,-) by a so-called
degenerate kernel

kn(x,y) = Zaj (x)bj(y) forz,y € D, (8.5)
j=1

leading to

Kof = [ kot =Y a,0) [ b

Exercise 8.3. Let X = C(D) or X = L*(D). Suppose that ||k, — klepxpy =0
or [|kn — kllz2(pxpy — 0. respectively. Prove the corresponding operator norm
convergence ||K — K, || — 0.

The suppositions of Exercise 8.3 imply even compactness of K.



170 8 Stability for Discretisations of Integral Equations

Remark 8.4. Suppose that K,, has a finite-dimensional range. Then || K—K, | —0
implies that K, K,, : X — X are compact operators.

Proof. We recall two properties of compact operators: (i) finite dimension range
implies compactness, (ii) a limit of compact operators is compact. From (i) we
infer that K, is compact, while (ii) proves that K = lim K, is compact. O

Proof of Lemma 8.1. 1t is sufficient to verify the supposition of Exercise 8.3.
For Part (b) involving X = C(D), use Weierstrass’ approximation theorem. Since
D x D is compact, there is a sequence of polynomials P, (z,y) of degree < n — 1
such that || P, — k|l o(pyp)y — 0. Since k;, := P, has a representation (8.5) with
a;(x) = 27 and a polynomial b; (y) of degree < n — 1, Exercise 8.3 can be applied.

Proof. In the Hilbert case of X = L?(D), K possesses an infinite singular value
decomposition®

K= Z oja;b;  with orthonormal {a;}, {b;} C X,

j=1
where the singular values satisfy 01 > 09 > ... >0, 01 = ||K||, and
o0
2
ZU? = [|kllz2(pxpy < o0
j=1

(cf. [9], [4, §4.4.3]). The operator K,, = > L:1 oja; b;*- has the kernel

kn(‘rvy) = Zo—jaj(x)bj(y)

and satisfies || K — Kn||2 = Z‘;’;"H aj? 0. O

8.1.2.2 Projection Method

The projection method is characterised by a sequence of subspaces X,, C X and
projections I1,, € £(X, X) with

X, =range(I1,) with dim(X,) =n. (8.6)

Either we construct a sequence of projections {I1,} and define X, by (8.6),
or we build a sequence of subspaces {X,,} and define IT,, as a projection onto X,,.
Setting
K, =I,K and g,:=1Il,g,

we obtain the discrete problem by (8.4b): Af,, = g, + K,, f,,- Note that the solution
belongs to X,,, provided that A # 0 and the solution exists.

2 b;‘denotes the C.orre.sponding.functionz?l b} (ap) = [p bi(y)p(y)dy; formally, b} := Jb; is
obtained by the Riesz isomorphism explained in Remark 7.18.
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There are two standard choices of I7,,.
(1) Case X =C(D). Define an interpolation at the points {{, ,: 1 <k <n}CD
by

anp = Z Qo(gk,n)Lk,n
k=1

with Lagrange functions Ly ,, € X (cf. page 48). Since f, € X,, it suffices to
know the function values f,, x := f(£x,n). The generation of the system of linear
equations requires computing the integrals

(K Lin) (6x.n) = /D K€ ) Lion (1) dy.

(2) Case X = L?(D). The Hilbert space structure of X allows us to define I1,, as
the orthogonal projection onto X, where X,, = span{yk, : 1 < k < n} is some
Galerkin subspace of dimension n. The generation of the linear system requires
computing

/ / b (2) (2, )i m () dady.
D JD

8.1.2.3 Nystrom Method

The integral || p - - - dy suggests applying a quadrature method

/ e(y)dy = Qu(p) = > a;n@(&jm)-
D =
This leads to the Nystrom discretisation

An(z) =g(z) + Z apnk(x,&kn) fr(€ky) forallz € D 8.7)
k=1

(cf. Nystrom [7]). Restricting the latter equation to € {{xn, : 1 < k < n}, we
obtain a linear system for f,(x,n), 1 < k < n. If this system has a unique solution,
the values f,, (&, ») inserted into the right-hand side of (8.7) determine f,, () for all
x € D, provided that A # 0. The extension of f,, (&) to f, € C(D) is also called
Nystrom interpolation. Because of this interpolation, the Nystrom discretisation can
again be written as A f, = g + K, f,, with

(Kn) (@) =Ytk k(@ &rn)@(Ern)- (8.8)
k=1

Since we need point evaluations, the Banach space X = C'(D) must be used.
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8.2 Stability Theory

8.2.1 Consistency

Let K, K,, € L(X, X) be operators acting in a Banach space X.

Definition 8.5 (consistency). { K., } is called consistent with respect to K if>
K,p— Kp forall p € X. (8.9)

{K,} is called consistent if some K € L(X,X) exists satisfying (8.9).

Exercise 8.6. (a) Prove that {K,} is consistent with respect to K if and only if

(i) Ko — Ko forall p € M C X and some M dense in X, and

(ii) sup,, || Kn|| < oc.

(b) Assuming that K, is a Cauchy sequence and sup,, || K, || < oo, define K by
Ky:=lim K, ¢ and prove that K € L(X, X); i.e, {K,} is consistent with respect
to K.

(c) Operator norm convergence || K — K, || — 0 is sufficient for consistency.

8.2.2 Stability

Stability refers to the value A # 0 from problem (8.1). This \ is assumed to be fixed.
Otherwise, one has to use the term ‘stable with respect to \’.

Definition 8.7 (stability). { K} is called stable if there exist some nyg € N and
Citab € R such that*

(M = Kp)7' || < Cear foralln > no.
If (\] — K)~" € £(X, X), the inverse exists also for perturbations of .

Remark 8.8. Suppose (\] — K) ™' € £L(X, X) and
I — Kl < 1/][ (AT = K) .

Then

I—K)!
= K) ] < L% |
T M= K) K =K

Proof. Apply Lemma 5.8 withT := A — K and S := X — K,,. O

3 In Definition 4.5, consistency involves K,,¢o — K only for ¢ from a dense subset Xo C X.
Then the full statement (8.9) could be obtained from stability: sup,, || Kr|| < oco. Here, stability
will be defined differently. This is the reason to define consistency as in (8.9).

4 (M = K)71|| € Catap is the short notation for ‘A\I — K € L(X, X) is bijective and the
inverse satisfies || (A — K) ™! || < Cystab .
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A simple consequence is the following stability result.

Remark 8.9. If (A — K) ™' € £(X, X) and | K — K,,|| — 0, then { K., } is stable.
The roles of K and K, can be interchanged.

Exercise 8.10. If | K — K| < 1/|| (\I — K,,)~" || holds for all n. > ng, then the

inverse (A — K )_1 € L(X,X) exists. The assumption is, in particular, valid, if
|IK — K| = 0and {K,} is stable.

8.2.3 Convergence

Definition 8.11 (convergence). { K, } is called convergent if there is some ng € N
such that

(i) \fn = g + Ky fr is solvable for all g € X and n > ng, and

(i) the limit lim,, f,, exists in X.

The next remark shows that f := lim,, f,, satisfies the continuous problem. The
existence of (A — K )_1 is left open, but will follow later from Theorem 8.16.

Remark 8.12. If {K .} is consistent and convergent, then f := lim, f, satisfies
M =g+ Kf (cf (8.1)) and the operator NI — K is surjective.

Proof. (i) By Exercise 8.6a, C' := sup,, || K, || < oo holds. The solutions f,, exist
for n > ng and define some f := lim,, f,,. Consistency shows that

1K fn — K|l = [ Kn (fn = f) = (K = K») [l
S Cfo = FI+ (K = Ky) fll = 0;

hence the limit process n — oo in Af,, = g + K, f, ylelds A\f = g + K f.

(ii) Since for all g € X, (i) yields a solution of (A] — K) f = g, surjectivity
follows. O

A particular result of the Riesz—Schauder theory (cf. Yosida [10, §X.5]) is the
following result.

Lemma 8.13. Suppose that A # 0, K € L(X, X) compact. Then \I — K is injective
if and only if \I — K is surjective.

Exercise 8.14. Let K be compact and {K,} be consistent and convergent. Prove
(M - K)™' e L(X, X).

Lemma 8.15. If { K, } is stable and consistent, then the operator \I — K is injective.
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Proof. Injectivity follows from [|[(A — K) ¢|| > n||¢]| for some n > 0 and all
@ € X. For an indirect proof assume that there is a sequence ¢,, € X with

lenll = 1and ||3p, || < 1/n for i, := (A — K) .

By consistency K,,¢, — K¢, for m — oo and fixed n. Hence there is some
m,, € N such that || Kp,on — Ko,|| < 1/n for m > m,,. We estimate the norm of
Com = (A — Kp,) on = ¥, — (Kinpn — Ky, by 2/n for m > m,,. Stability
and the representation ¢, = (A — K,,) ™ Cum yields 1 = |lo,|| < C - 2/n.
The contradiction follows for n > 2C. O

8.2.4 Equivalence

Theorem 8.16 (stability theorem). (a) Convergence implies stability.
(b) Convergence and consistency imply stability and (A — K) e L(X,X).

Proof. Part (a) follows again by Banach—Steinhaus (Corollary 3.39).

In the case of Part (b), Remark 8.12 states that \I — K is surjective. Since, by
Part (a) stability holds, Lemma 8.15 proves that Al — K is also injective. Together,
M — K is bijective, which proves (\] — K)™' € £(X,X). O

Theorem 8.17 (convergence theorem). Suppose consistency, stability, and either
(i) A\I — K surjective or (ii) K compact.
(a) Then { K, } is convergent and

fa=WN—-K) 'g=f=W\—-K)'g forallge X.
(b)If g — g, then fr, = (M — K) ' go = f= (M — K) "' g.

Proof. Lemma 8.15 ensures injectivity of Al — K. Together with assumption (i),
(M — K)™' € L£(X, X) is proved. In the case of (ii), we conclude that injectivity
of Al — K implies surjectivity (cf. Lemma 8.13), if A # 0 and K compact. This
allows us to define f := (\I — K) ™' g. Set

dp = A — Kynf — gn,

where either g,, := g (case of (8.4a)) or g,, — ¢. Consistency and g, — g show that
d,, —0. Subtraction of f,, := (M —K,) " g, implies that A\ —K,,)) (f — fn)=dn
and

f=fu= - Ky dn

for n>nyg. Stability yields the estimate ||f — f,.|| < C'||d,| — 0sie., fr = f. O

Combining the previous theorems, we obtain the next one.
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Theorem 8.18 (equivalence theorem). Suppose consistency and one of the condi-
tions (i) or (ii) from Theorem 8.17. Then stability and convergence are equivalent.
Furthermore, g, — g implies

fa=WM-K) 'gn > f=W-K)'g.

Remark 8.19. The suppositions (A — K)™' € L(X,X) and |K — K,|| — 0
imply consistency, stability, and convergence.

Proof. Exercise 8.6c shows consistency. Remark 8.9 yields stability. Finally,
convergence is ensured by Theorem 8.17a. O

For the numerical solution of a linear problem Az = b, the condition of A is
important:

JAIATY]if A, A7 e £(X, X),
00 otherwise.

cond(A) = { (8.10)

Exercise 8.20. If {K,,} is consistent and convergent, then there is some nyg € N
such that
sup cond(A — K,,) < oo.

n>ngo

8.3 Projection Methods

We recall that a projection method is characterised by the sequences {II,} and
{X,, = range(II,,)}. The approximation of X by {X,,} is described by the condi-
tion

dist(z, X)) == inf{||lz —y|| :y € Xp} =0  forallz € X. (8.11)
Definition 8.21. A sequence {II,,} is called convergent if Il x = x forall x € X.

Exercise 8.22. Prove that a convergent sequence {II,} generates subspaces X,
satisfying condition (8.11).

The terms consistency and stability can also be applied to {I1,,}.

Exercise 8.23. Define:

(i) {I1,,} is consistent if there is a dense subset M C X such that II,,x = x for all
xr € M,

(ii) {I1,,} is stable if sup,, ||II,,|| < cc.

Prove that convergence (see Definition 8.21) is equivalent to consistency and
stability.
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8.4 Stability Theory for Nystrom’s Method

We recall that only the Banach space X = C(D) (or a Banach space with even
stronger topology) makes sense. Therefore, throughout this section X = C(D) is
chosen.

Lemma 8.24. Assume that D is compact and k € C(DxD). Then ||K— K, || > | K]

Proof. The operator norm || K[| can be shown to be equal to sup,. p, [}, |k(z, y)| dy.
Since D is compact, the supremum is a minimum; i.e., there is some £ € D
with ||K| = [, [k(¢,y)|dy. For any ¢ > 0, one can construct a function
. € X = C(D) such that [|o.|| = 1, [[Kp| > [, k(& y)|dy — ¢, and in
addition, ¢, (£k,n) = 0 for 1 < k < n. The latter property implies K,, . = 0, so
that | K — K, || > (K — Kp)eell = [Kg|| > ||[K|| —e. As € > 0 is arbitrary,
the assertion follows. O

The statement of the lemma shows that we cannot use the argument that the
operator norm convergence || K — K,,|| — 0 proves the desired properties.

It will turn out that instead of K — K, the products (K — K,)K and
(K - K,)K,, may still converge to zero. The next theorem of Brakhage [2] proves
the main step. Here we use the operators S, T € £(X, X') which replace K and K,
(for a fixed n). In this theorem, X may be any Banach space.

Theorem 8.25. Let X be a Banach space and A # 0. Suppose that the operators
S, T, (M — S) " belong to £(X, X), and that T is compact. Under the condition

1T = S) T < A/l (A = 8) |, (8.12a)
also M —T) ™' € L(X, X) exists and satisfies
L+ |[(AM = 8) " | IIT]

MN-T)t < . . (8.12b)
I ) A= AL =8)"H[II(T = 8) T
The solutions of (\I — S) fs = g and (\I — T) fr = g differ by
Ifs — frll < | M —8)°L (T - 5)T| ||fsJ|1+ (T - S)gH’ (8.120)
A= [l = 971w - sy
Ifs = frll < AL =T)" [ I(T = S) fs]- (8.12d)

Proof. () If (\[ —T)™" € L(X, X), the identity [ = 1[(\] —T) + T] leads to
(M =T)"" = 1[I+ (\ - T)"" T). We replace (\] —T)"" on the right-hand
side by the inverse (Al — S)_l, whose existence is assumed, and define

A= %[1+ (A —=8)~"T).

B := A (M — T) should approximate the identity:
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T+WN=8S) '"T)M~T)=1-1[T -\ -8 "'T(\-T)

By assumption,
15 AL =8)" (T =) T < | (A =8) " | I(T=$)T|I /N < 1

holds and proves the existence of B~!.

(i) Since B = A (A —T) is injective (even bijective), also AI — T must be
injective. Lemma 8.13 states that Al — T is surjective; hence, A\I — T is bijec-
tive and (A —T)™" € L(X, X) exists. In particular, B = A (M — T implies
M —-T)'=B14:

M -T)" = {)J — (A —8) (T - S) T} UL I—9) ).

The inverse on the right-hand side can be estimated by

< 11
A= =8) [T = 9) T

H [AI — (A= S)HT—9) T} B

(cf. Lemma 5.8). Together with |1 + (A —S) ™" T|| < 1+ ||(A = S)"" || |7},
we obtain inequality (8.12b).

(iil) Subtracting (A — T) fr = g from (A — S) fs = g, we obtain the expres-
sion \(fs — fr)=Sfs —Tfr =T(fs — fr)+ (S —T)fs and

fs—fr=\-T)""(S~T)fs.

This proves inequality (8.12c). Interchanging S and 7', we arrive at fr — fs =
(M — 8)"' (T — S) fr. Replace fr on the right-hand side by fr = g+ Tfr):

(M —8) T - S)(g+Tfr)
(M = 8) T = S)(g+Tfs) + + (A[=8) " (T—-S)T(fr—fs).

fr—fs=

M= >

This proves

fr—fs= M= O1=8) @ =8)T] L0 =87 (T - 8o+ TFs)

Norm estimates yield the assertion. O

The key assumption of Theorem 8.25 is that ||(7" — .S) T|| is small enough. Set
S = K and replace the fixed operator T' by a sequence { K, }. Then we have to take
care that (K — K,,)K,, — 0. This will be achieved by the following definition of
collectively compact operators (cf. Anselone [1]).
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Definition 8.26 (collective compactness). A sequence {K,} C L(X, X) is called
collectively compact if the following set is precompact:

{Knp:p€X,|ell <1,n€N}. (8.13)

Since we have introduced collective compactness to analyse the Nystrém method,
we have to demonstrate that the Nystrom method produces collectively compact op-
erators K,,. The following assumption that k is continuous is not restrictive, since a
quadrature method requires point evaluations.

Lemma 8.27. Assume that D is compact and k € C(D x D). Then any Nystrom
method based on a stable quadrature rule yields a collectively compact set { K, } of
operators.

Proof. (i) Stability of the quadrature rule in (8.7) is expressed by the inequality
Z::l |ak,n| < Ostab-

(i) The set (8.13) is uniformly bounded: |} ;_, aknk(:,&kn)e(Ern)] <
Zzzl |k nl [E(, Ekn) | | (Ekn) < C = Cstab ||| oo-

Part i, ||| <1
(iii) Since D x D is compact, k(-,-) is uniformly continuous. In particular,
for all ¢ > 0 there is some 6. > 0 such that x,y € D with |z —y| < 6.
satisfy |k(x,&kn) — k(y,&kn)| < €/Csiap. Hence the elements of (8.13) are
equicontinuous:

Z ak,nk(xa gk:,n)(p(gk,n) - Z akmk(yv gk,n)(p(fk,n)
k=1 k=1

S Z ‘ak,n| |k(x7£kn) - k(yagk,n” |@(§k,n)| S Cstab . E/CYE‘.tzaLb =E&.
k=1

By Theorem 3.51 (Arzela—Ascoli), the set (8.13) is precompact; i.e., {K,} is
collectively compact. 0O

We show that the operator norm convergence, which is valid for the previous
discretisations, implies the new property.

Lemma 8.28. Suppose that each operator K, is compact (e.g., because of a
finite-dimensional range). If || KX — K[| — 0, then {K,} is collectively compact.

Proof. (i) Remark 8.4 states that K is compact.

(ii) We have to show that M := {K,,p : ¢ € X, ||¢|| < 1,n € N} is precompact.
A sequence in M has the form {K,(;p;} with n(j) € N and |l¢;]| < 1. Let
N :=limsupn(j) € NU{oo}.

Case A: N < co. The subsequence can be chosen such that ny, := n(jiy) = N

for all k& € N. By the compactness of Ky, the sequence Kny;, = K, ¢;, hasa
convergent subsequence.
Case B: N = oo. A subsequence can be chosen such that nx11 > ng. By

the same argument as before, there is a convergent subsequence K¢j, . Since
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|IK — K|l — 0implies (K — K, )¢;, — 0, the same subsequence {j} yields
a convergent sequence K, p;, = Ky, — (K — K, )pj,. O

Next, we list some properties of collectively compact operators.

Lemma 8.29. Let { K, } be collectively compact.

(a) Each K,, is compact.

(b) If {K,,} is consistent with respect to K (i.e, K,p — Ky forall p € X),
then K is compact, { K, } is uniformly bounded, and

(K - K,)K|| =0 and |(K - K,)K,|— 0.

Proof. (i) Let M be the set defined in (8.13). Part (a) follows immediately, since
{Knp:9€ X, || <1} C M for anyn.

(i) As K = lim K¢, it belongs to the closure M which is compact. Therefore,
K is compact.

(iil) { K, } is uniformly bounded because of Corollary 3.39.

(iv) The image of E := {¢ € X, ||¢|| < 1} under K or K, is contained in the
compact set M. Hence, Lemma 3.49 and the definition of the operator norm prove
that [|(K — K,) K| = supep (K — Ko)K|| < supyeqy (K — Ko )l = 0
and similarly for (K — K,,)K,,. O

Exercise 8.30. Prove: (a) If B C X is bounded and {K,} collectively compact,
then {K,f : f € B,n € N} is precompact.

(b) If {An} is collectively compact and {By} uniformly bounded (a weaker
condition is collective compactness; cf. Lemma 8.29), then { A, B, } is collectively
compact.

The statement of Exercise 8.30b corresponds to the fact that AB is compact if
A is compact and B bounded. The conditions on A and B can be interchanged:
AB is compact if A is bounded and B compact. The analogue for collective
compactness is given in the next lemma. Note that consistency of {A,,} implies
uniform boundedness (cf. Exercise 8.6a).

Lemma 8.31. Suppose that { A, } is consistent, while { B, } is collectively compact.
Then { A, B, } is collectively compact.

Proof. We have to show that the set M := {4, B,f : || f|| < 1,n € N} is pre-
compact. A sequence from M has the form

ok = Ap, Bn, fx with |l¢x| < 1andn; € N.

Set gr := By, fx. By collective compactness of {B,,}, there is a subsequence
(denoted again by k) such that

9k = B,k — g.

Next, two cases must be distinguished: (A) sup ny < oo and (B) supny = oo.
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Case A: We can select a subsequence that such n; = n is constant; i.e., g =
Bpypr — g. Continuity of A,, proves ¢, = A,gr — A,g; i.e., a convergent
subsequence is found.

Case B: Then ¢, = A, g1, where, without loss of generality, we may assume
np+1 > ng. By consistency, there is some A with

Ap,g = Ag and sup |4, | < oo
ng €N

Therefore, Ay, g — Ag = An, (9x — 9) + (An, — A)g — 0 shows that A,,, gy, is
a convergent subsequence. O

Combining Theorem 8.25 and Lemma 8.29, we obtain the following main result.

Theorem 8.32. Let A # 0 satisfy’ (A — K)™' € L(X, X). Suppose that {K,} is
consistent with respect to K and collectively compact. Then {K,,} is stable and
convergent. Furthermore, there is some ny € N such that for all n > ng the
following statements hold:

-1
L+ [|M = K) [ [l

I = 1) < =
Al =T AL = K) [HIK = K) K|

(n > ng);

the solutions f = (M — K) ' gand f, = (M — K,,)"" g satisfy
—1 N = K) Ko || [| £+ 1K — K| gl
f=fall SO =) = :
| = s A= [|AT = K) MK = Kp) K|
1f = fall SN = K) T I(K =K fl (0> no).

Conclusion 8.33. Assume that D is compact and k € C(D x D). Let A # 0 be
a regular value of K. Then, any Nystrom method based on a consistent and stable
quadrature is also stable and convergent.

Proof. By Lemma 8.27 { K, } is collectively compact. Consistency of the quadrature
method implies consistency of { K, }. Now, Theorem 8.32 yields the statement. O

8.5 Perturbation Results

Lemma 8.34. Let { K, } be stable with constant Cyay, : || (A — Kn)fl I < Cstan.
Let {T,,} be bounded by ||T,,|| < ¢/Céstap with ¢ < 1 for all n > ng. Then, also
{K, + T} is stable.

Proof. The proof follows the same lines as in Remark 8.8. 0O

3 In Lemma 8.40 we shall show that this assumption is necessary.
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Theorem 8.35. Suppose that A # 0 is a regular value of K + T'; i.e., the inverse
(M —K-T)"' € L(X, X) exists. Assume that { K,, } is convergent and consistent
with respect to K € L(X,X), {T,,} is collectively compact with T, — Ty for
all p € X. Then, also {K,, + T, } is stable, consistent, and convergent.

Proof. (i) By Theorem 8.16b, A\I — K is bijective and (\] — K)~! € L(X, X)
exists.

(ii) To prove that {(\] — K,,)~1T,} is collectively compact, we apply Lemma
8.31 with A,, = (M — K,,)~! and B,, = T,,. By Theorems 8.16 and 8.17a, A,, is
consistent with respect to A = (A — K)_l; i.e., the suppositions of Lemma 8.31
are satisfied.

(iii) For any ¢ € X, Theorem 8.17b with g, := T, — T¢ proves that
Cn = (M — K,,)71T,, satisfies C,¢p — A, where C' := (A — K)~1T. This
shows that { 4,, } is consistent with respect to A.

(iv) Because of A\ — K — T = (A — K)(I — C) and (i), also the inverse
(I —C)~! € L(X,X) exists. Since {C,,} is collectively compact (cf. (ii)), and
consistent with respect to C' (cf. (iii)) with (I — C)~! € L£(X, X), Theorem 8.32
states stability: ||(I — C’n)*IH < C. From

N -K,—T,) ' =I-C,) "\ - K,)™!

we conclude that also { K, + T}, } is stable.
(v) Consistency of { K, + T, } is trivial. Since A\ — K — T = (\[ — K)(I - C)
is bijective (cf. (iv)), convergence follows from Theorem 8.17a. O

8.6 Application to Eigenvalue Problems

So far, we have required that (A\I — K)~! and (\] — K,,)~!, at least for n > no,
exist. Then, A € C is called a regular value of K and K,,. The singular values of K
[K,,] are those for which AT — K [AI — K] is not bijective. The Riesz—Schauder
theory states that for compact K, all singular values are either A = 0 or eigenvalues,
which means that there is an eigenfunction f such that

A =Kf (0# feX). (8.14a)
Similarly, we have discrete eigenvalue problems
Afn=Knfn  (0# fn€X, neN). (8.14b)

The sets of all singular values are the spectra ¢ = o(K) and 0,, = 0(K,,), respec-
tively. The Riesz—Schauder theory states the following.

Remark 8.36. Either the range of a compact operator is finite-dimensional (imply-
ing that o is a finite set), or A\ = 0 € o is the only accumulation point of the
spectrum.
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The obvious question is how A € ¢ and \,, € o, are related. The following
results require only consistency of { K, } to K and collective compactness of { K, },
which holds for all discretisations discussed before.

Theorem 8.37. Suppose that {K,,} is consistent with respect to K and collectively
compact. Let {\,} be a sequence of eigenvalues of (8.14b) with corresponding
eigenfunction f, € X normalised by ||f,|| = 1. Then, there exists a subsequence
{nw} such that either \,,,, — 0 or \,,, — X\ € o. In the latter case, the subsequence
can be chosen such that f,,, — f with f being an eigenfunction of (8.14a).

Proof. (i) First we show uniform boundedness: sup{|\,| : A, € oy, n € N} < 00.
Dl < K| follows from [l = [Anfull = [1Knfull < NEallfall = 1Kl
because of || f,,|| = 1. Consistency of K,, 0 — K for all ¢ € X implies that K, is
uniformly bounded: C' := sup,,c || Kn|| < 0o. Together, |A,| < C follows.

(i) Since {z € C:|z| < C} is compact, there is a convergent subsequence
An = A (n € N).If A # 0, we have to show that A € o. Because of || f| = 1,
collective compactness of {K,} implies that there is a second subsequence
n € N” c N for which K, f, is convergent. By (8.14b) and A\, — X\ # 0,
this yields convergence of f,, to some f:

1

Fu= 1

Knfn— f.

Continuity of the norm yields || f|| = 1, implying f # 0. The first two terms in
Knfn = Ky (fn— f)+ (K, — K) f + K f vanish (use sup,,¢y || Kn| < oo and
consistency), so that K, f, — K f as well as K, f,, = A\, fn — Af, proving that
A € o is an eigenvalue of K. O

The statement of Theorem 8.37 about the eigenvalues can be abbreviated by ‘the
set of accumulation points of | J,, . 07, is contained in 0. Now we prove the reverse
direction: ‘o is contained in the set of accumulation points of | J,, .y o7 .

Theorem 8.38. Suppose that { K, } is consistent with respect to K and collectively
compact. Then, for any 0 #£ \ € o there is a sequence {\,} of eigenvalues from
(8.14b) with \ = lim,en Ay, Again, a subsequence can be chosen so that the eigen-

functions f,, from (8.14b) converge to an eigenfunction of (8.14a).

We prepare the proof by two lemmata. The following functions on C will be

necded: /I it ag
I = K)7ifEA ¢ oy,
#n(A) = {O otherwise.

Exercise 8.39. Prove that », is not only continuous, but also satisfies the Lipschitz
property s (\) — sen ()] < A — | for all A, € C.

The next lemma describes the equivalence of lim,, ¢y 3¢, (A) = 0 and A € o.
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Lemma 8.40. Suppose that {K,,} is consistent with respect to K.

(a) limyen 56, (\) = 0 for each \ € o.

(b) Suppose, in addition, that the set {K,} is collectively compact, \ # 0, and
limy,en 5,(A\) = 0. Then A € o is an eigenvalue of K.

Proof. (i) Let A € o with corresponding eigenfunction f # 0: Af = K f. Set
gn = Af — K, f. Consistency implies that g,, — 0. For an indirect proof assume
that lim,,en 5¢,(A) > 2¢ > 0 and choose a subsequence such that s, (\) > ¢; i.e.,
(M — K,)7t|| < 1/e. Then

1A= AT = Ko) " gnll < I = K) ™ llgnll < llgnll/e — 0

is a contradiction to f # 0. This ends the proof of Part (a).
(ii) The assumptions of Part (b) imply ||(A] — K,,) ~}|| — oo (we write formally
|(AI — K,,)7}|| = oo for A € o,,). Hence, there are functions { f,,} and {g,, } with

()\I_Kn)fn:gnv an” =1, gn_>0-

By collective compactness, a subsequence {K,, fn,} is convergent. Therefore
Jrw = (gn, + Kny, fny )/ has some limit f with

[fll=1 and f=1lim(gn, + Kn, fn,)/A=K[f/X;

i.e., Ais an eigenvalue of K (details as in Part (ii) of the proof above). 0O

Lemma 8.41. Let 2 C C\{0} be compact. Then, either o, N 2 # () or », takes its
minimum on the boundary 0f2.

Proof. Assume that o, N {2 = () and fix some ¢ € X with ||| = 1. By assumption,
(21 — K,,) "1 is well-defined for all 2 € 2. Since 5, is continuous, and (2 is com-
pact, max,e g #,(z) = s, () holds for some A € £2. Choose & € X* according to
Corollary 3.11 such that [|®|% = 1 and (M — K,,)"'p) = ||[(M — K,,) o],
and define a complex function by

F(z):=®((2I — K,,)" ) € C.

Its derivative F’(z) = —®((21— K,,)~2¢) is defined in {2, so that F' is holomorphic
in 2. Hence, | F| takes its maximum on 02:

||()\I — Kn)’lc,QH =F\) = |F(\)| < max{|F(2)|: z € 002}.
The inequality

|F(2)] = [@((z] — Kn) o) < @]
< H(zIfKn)AH = 1/3,(2)

|(ZI - Kn)_l(pH

holds for all z € 942, so that

|(M = K)ol < max{1/56,(2) : 2 € 902} = 1/ min{3¢,(2) : z € 002}.
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Since the choice of ¢ € X with ||¢]|| = 1 is arbitrary,

1
min{s,(z) : z € 002}

1T = £) 71| <

follows, which is equivalent to min{s¢,(z) : z € 92} < 3¢, ()); i.e., the minimum
istakenon 0f2. O

Now, we give the proof of Theorem 8.38.

(i) K is compact (cf. Remark 8.29b), and each eigenvalue 0 % \ € o is isolated
(Remark 8.36). Choose a complex neighbourhood {2 of A such that

0¢2CC, 2no={A}, Xe\0R2,  compact. (8.15)

For o, := min{s,(z) : z € 92} we want to show «,, > ¢ > 0 for n > ny.
For an indirect proof, assume «,,, — 0. Define z,, € 92 by a, = 3¢,(2y,). Since
012 is compact, z,, — ¢ for some ¢ € 992. By |51, (C) — 00, (2 )] < |C — 20, |
(cf. Exercise 8.39), s, (2,,,) — 0 follows and implies that ¢ € 2 N o (cf. Lemma
8.40b) in contradiction to (8.15).

(ii) Assume v, > € > 0 for n > ng. As »,(A) — 0 (cf. Lemma 8.40a), one can
choose ng such that s, (\) < ¢/2 for n > ng. Since the minimum is not attained
on 942, one concludes from Lemma 8.41 that 2 N o,, # 0; i.e., there are eigen-
values \,, € o, for all n > ng. Since {2 can be an arbitrarily small neighbourhood,
there are \,, € o, with lim A, = A. Theorem 8.37 yields the statement about the
eigenfunctions.
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Crank—Nicolson scheme, 123, 135
criterion
Courant—Friedrichs—Lewy, 120
Friedrichs, 126
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Lax—Wendroff, 125 explicit, 71
von Neumann, 125 implicit, 70, 71
cylinder function, 4 Euler’s constant, 52
expansion, asymptotic, 28
DAE, 91 extrapolation, Richardson, 28
defect correction, 164
degenerate kernel, 169 finite element method, 141
difference equation, 78, 102 five-point scheme, 140, 163
stable, 80 fixed-point equation, 66
difference scheme, 140 fixed-point iteration, 66
explicit, 102 Fourier analysis, 115
implicit, 121 Fourier series, 115
inhomogeneous, 82 Fourier synthesis, 116
positive, 109, 110, 126 Fredholm integral equation
differential equation first kind, 167
hyperbolic, 95, 165 second kind, 167
inhomogeneous, 100 Friedrichs’ scheme, 128
ordinary, 63 functional, 23
parabolic, 96, 135
partial, 94 Galerkin method, 150
symmetric hyperbolic, 127 discontinuous, 161
uniformly elliptic, 139 Gauss quadrature, 19
differential equations Gelfand triple, 159
stiff, 91 Green’s representation, 148
differential-algebraic equations, 91 grid function, 101
differentiation, numerical, 13
Dirac function(al), 24 hat function, 56
Dirichlet kernel, 61 heat equation, 96, 129
discontinuous Galerkin method, 161 Hermite interpolation, 24, 47
discretisation error Heun method, 65, 71
global, 73 Holder space, 44
local, 71, 75, 105 hyperbolicity
dissipative, 131 regular, 128
dissipativity, 135 symmetric, 127
domain, 94
dominant convection, 163, 165 inf-sup condition, 150, 156
Du Fort—Frankel scheme, 134 initial-boundary value problem, 131
dual basis, 7 initial-value problem, 63
dual norm, 23 well-conditioning of the, 68
dual space, 23, 149 interpolation, 47
Hermite, 24, 47
eigenvalue problem, 11, 12, 181 Nystrom, 171
elementary operations, 3 polynomial, 48
accuracy of, 7 tensor product, 55
energy method, 114 interpolation points, 47
equi-oscillation, 60 Chebyshev, 52
equicontinuous, 45 equidistant, 51
equivalence theorem, 39, 51, 108, 175 interpolatory quadrature, 18
error inverse, right-, 102
absolute, 6
relative, 6 Jordan normal form, 77
error amplification, 8
error analysis, linear, 9 kernel

Euler method, 64 degenerate, 169
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Peano, 21
kernel approximation, 169
Kreiss matrix theorem, 76

Lagrange function, 18

Lagrange polynomial, 18, 28, 48
Laplace operator, 129
Lax—Wendroff scheme, 136
leap-frog scheme, 132

Lebesgue constant, 50

Legendre polynomial, 19

Lipschitz condition, 84

Lipschitz continuity, 64, 71, 126, 131
Lipschitz domain, 148

M-matrix, 141, 146, 163
machine number, 7
machine precision, 7
matrix
companion, 81
power bounded, 76, 81
sparse, 141
stable, 76
matrix norm, 76
associated, 11, 77, 82
row-sum, 11, 77
spectral, 11
maximum norm, 11, 21
midpoint formula, 65
multiplication operator, 117
multiplicity
algebraic, 76
geometric, 76
multistep method, 74, 132
explicit, 65
linear, 74, 83, 85
optimal, 85

Newton—Cotes quadrature, 19
nodal points, 47
norm
dual, 23
L2,94
22,101
LP,95,108
£P, 108
£°°, 101
matrix, see matrix norm
maximum, 11, 21, 32, 38
operator, 36, 38, 59
row-sum, 11, 77
spectral, 11
supremum, 80
norm equivalence, 76, 82
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normed space, 36

numerical differentiation, 13
numerical radius, 125
Nystrom interpolation, 171
Nystrom method, 171, 176

one-step method, 64, 76
explicit, 64, 70
implicit, 70

operator
almost normal, 113
compact, 59, 168, 170
multiplication, 117
normal, 112
shift, 104
solution, 98
transfer, 101

operator norm, 36

operator-norm convergence, 59

order
consistency, 73
convergence, 73

overflow, 7

Parseval equality, 116
patch test, 161
Peano kernel, 21, 22
perturbation, 42, 157, 180
perturbation lemma, 110
Poisson equation, 139
polynomial
characteristic, 12, 74, 86
Chebyshev, 52, 133
Lagrange, 18, 28, 48
Legendre, 19
root, 12,79, 80
trigonometric, 117
zeros of a, 11
polynomial interpolation, 48
instability of, 51
piecewise, 56
precompact, see compact, pre-, 59
problem, 3
boundary value, 139
eigenvalue, 11, 12, 181
ill conditioned, 9
initial-value, 63
saddle point, 155
Stokes, 155
t-regular, 154
well conditioned, 9, 11, 25, 68
projection method, 170, 175
projection, orthogonal, 171
prolongation, 102
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quadrature, 17, 171
Gauss, 19, 20, 27
interpolatory, 18, 19, 39
Newton—Cotes, 19, 20, 27
Romberg, 28

quadrature weights, 17

recurrence relation, 4, 7
regular value, 181

regularity, 148, 149, 153
Remez algorithm, 60
restriction, 101, 142
Richardson extrapolation, 28
Riesz isomorphism, 151
Riesz—Schauder theory, 173, 181
Riesz—Thorin theorem, 108
right-inverse, 102

Romberg quadrature, 28
row-sum norm, 11
Runge-Kutta method, 65

saddle point problem, 155
scheme
Crank—Nicolson, 123, 135

difference, see difference scheme

Du Fort—Frankel, 134
five-point, 140, 163
Friedrichs’, 128
Lax—Wendroff, 136
leap-frog, 132
theta, 123
semigroup
continuous, 100
generated by A, 99
with neutral element, 99
separation of points, 30
shift operator, 104
singular value, 181
singular value decomposition
infinite, 170
Sobolev norm, broken, 161
Sobolev space, 148, 149
solution
classical, 98, 140
generalised, 99
strong, 98, 99
weak, 99, 150
solution operator, 98
space, dual, 23
spectral norm, 11
spectral radius, 112, 125
spectrum, 77, 181
speed of convergence, 43
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spline

B-, 57

cardinal, 57

cubic, 57
stability, 25, 27, 30, 49, 72, 76, 80, 81, 92, 106,

109, 117, 144, 172

conditional, 106

unconditional, 106, 123
stability constant, 106
stability theorem, 39, 51, 83, 107, 144, 174
stiff differential equations, 91
Stokes problem, 155
Stone—Weierstrass theorem, 30, 33
Strang lemma

first, 158

second, 160
streamline diffusion method, 163
strictly convex, 60
support of a function, 56
symbol, 117
system, regularly hyperbolic, 128

tensor product interpolation, 55
tensor rank, 14
theorem
Arzela—Ascoli, 45
Baire’s category, 37
Baire-Hausdorff, 37
Banach’s fixed-point, 66
Brakhage, 176
convergence, see convergence theorem
Dahlquist, 86
equivalence, see equivalence theorem
Hahn-Banach, 23
Kreiss matrix, 76
open mapping, 168
Peano, 64
Riesz—Thorin, 108
stability, 39, see stability theorem
Stone—Weierstrass, 30, 33
uniform boundedness, 36
Weierstrass’ approximation, 30, 170
theta scheme, 123
transfer operator, 101
trapezoidal rule, compound, 28, 40

underflow, 7
uniform boundedness theorem, 36

variation formulation, 149

weak solution, 150
Wilson’s element, 161



	Preface
	Contents
	List of Symbols
	Symbols
	Greek Letters
	Latin Letters

	Chapter 1: Introduction
	Chapter 2: Stability of Finite Algorithms
	2.1 About Algorithms
	2.2 A Paradoxical Example
	2.2.1 First Algorithm
	2.2.2 Second Algorithm
	2.2.3 Explanation

	2.3 Accuracy of Elementary Operations
	2.4 Error Amplification
	2.4.1 Cancellation
	2.4.1.1 Linear (Differential) Error Analysis
	2.4.1.2 Condition and Stability

	2.4.2 Further Examples
	2.4.2.1 Evaluation of the Exponential Function
	2.4.2.2 Zeros of Polynomials
	2.4.2.3 Numerical Differentiation and Related Phenomena


	References

	Chapter 3: Quadrature
	3.1 Setting of the Problem and Examples
	3.1.1 Quadrature Formulae
	3.1.2 Interpolatory Quadrature
	3.1.3 Newton–Cotes Quadrature
	3.1.4 Gauss Quadrature

	3.2 Consistency
	3.3 Convergence
	3.3.1 Definitions and Estimates
	3.3.2 Functionals, Dual Norm, and Dual Space

	3.4 Stability
	3.4.1 Amplification of the Input Error
	3.4.2 Definition of Stability
	3.4.3 Stability of Particular Quadrature Formulae
	3.4.4 Romberg Quadrature
	3.4.5 Approximation Theorem of Weierstrass
	3.4.6 Convergence Theorem
	3.4.7 Uniform Boundedness Theorem
	3.4.7.1 Banach Space Notations
	3.4.7.2 Theorem
	3.4.7.3 Proof

	3.4.8 Necessity of the Stability Condition, Equivalence Theorem
	3.4.9 Modified Definitions for Consistency and Convergence

	3.5 Further Remarks
	3.5.1 General Intervals and Product Quadrature
	3.5.2 Consistency Versus Stability
	3.5.3 Perturbations
	3.5.4 Arbitrary Slow Convergence Versus Quantitative Convergence

	References

	Chapter 4: Interpolation
	4.1 Interpolation Problem
	4.2 Convergence and Consistency
	4.3 Stability
	4.4 Equivalence Theorem
	4.5 Instability of Polynomial Interpolation
	4.6 Is Stability Important for Practical Computations?
	4.7 Tensor Product Interpolation
	4.8 Stability of Piecewise Polynomial Interpolation
	4.8.1 Case of Local Support
	4.8.2 Spline Interpolation as an Example for Global Support

	4.9 From point-wise Convergence to Operator-Norm Convergence
	4.10 Approximation
	References

	Chapter 5: Ordinary Differential Equations
	5.1 Initial-Value Problem
	5.1.1 Setting of the Problem
	5.1.2 One-Step Methods
	5.1.3 Multistep Methods

	5.2 Fixed-Point Theorem and Recursive Inequalities
	5.3 Well-Conditioning of the Initial-Value Problem
	5.4 Analysis of One-Step Methods
	5.4.1 Implicit Methods
	5.4.2 Lipschitz Continuity of Φ
	5.4.3 Consistency
	5.4.4 Convergence
	5.4.5 Stability

	5.5 Analysis of Multistep Methods
	5.5.1 Local Discretisation Error, Consistency
	5.5.2 Convergence
	5.5.3 Stability
	5.5.4 Difference Equations
	5.5.4.1 Power Bounded Matrices

	5.5.4.2 Solution Space Fo

	5.5.4.3 Representation of the Solutions

	5.5.4.4 Stability

	5.5.4.5 Companion Matrix

	5.5.4.6 Estimates of Inhomogeneous Solutions


	5.5.5 Stability and Convergence Theorems
	5.5.6 Construction of Optimal Multistep Methods
	5.5.6.1 Examples
	5.5.6.2 Stable Multistep Methods of Optimal Order
	5.5.6.3 Proof


	5.5.7 Further Remarks
	5.5.7.1 Systems of Differential Equations

	5.5.8 Other Stability Concepts

	References

	Chapter 6: Instationary Partial Differential Equations
	6.1 Introduction and Examples
	6.1.1 Notation, Problem Setting, Function Spaces
	6.1.2 The Hyperbolic Case A = aƏ/Əx
	6.1.3 The Parabolic Case A = Ə²/Əx²

	6.2 Semigroup of Solution Operators
	6.3 Discretisation of the Partial Differential Equation
	6.3.1 Notations
	6.3.2 Transfer Operators r, p
	6.3.3 Difference Schemes

	6.4 Consistency, Convergence, and Stability
	6.4.1 Definitions
	6.4.2 Convergence, Stability and Equivalence Theorems
	6.4.3 Other Norms

	6.5 Sufficient and Necessary Conditions for Stability
	6.5.1 First Criteria
	6.5.2 Fourier Analysis
	6.5.3 Further Criteria
	6.5.4 Implicit Schemes
	6.5.5 Vector-Valued Grid Functions
	6.5.6 Generalisations
	6.5.6.1 Spatially Multivariate Case
	6.5.6.2 Time-Dependent Coefficients
	6.5.6.3 Spatially Dependent Coefficients
	6.5.6.4 Initial-Boundary Value Problem
	6.5.6.5 Multistep Schemes

	6.5.7 Dissipativity for Parabolic Discretisations

	6.6 Consistency Versus Stability
	References

	Chapter 7: Stability for Discretisations of Elliptic Problems
	7.1 Elliptic Differential Equations
	7.2 Discretisation
	7.3 General Concept
	7.3.1 Consistency
	7.3.2 Convergence
	7.3.3 Stability

	7.4 Application to Difference Schemes
	7.4.1 Classical Choice of Norms
	7.4.2 Bijectivity of L


	7.5 Finite Element Discretisation
	7.5.1 Variational Problem
	7.5.2 Galerkin Discretisation
	7.5.3 Consistency
	7.5.4 Convergence and Stability
	7.5.5 Quantitative Discretisation Error and Regularity
	7.5.6 L2 Error

	7.5.7 Stability of Saddle Point Problems
	7.5.8 Further Remarks
	7.5.8.1 Perturbations of An and fh

	7.5.8.2 Nonconforming Methods
	7.5.8.3 Discontinuous Galerkin Method

	7.5.9 Consistency Versus Stability
	7.5.9.1 Convection-Diffusion Equation
	7.5.9.2 Defect Correction Methods


	References

	Chapter 8: Stability for Discretisations of Integral Equations
	8.1 Integral Equations and Their Discretisations
	8.1.1 Integral Equation, Banach Space
	8.1.2 Discretisations
	8.1.2.1 Kernel Approximation
	8.1.2.2 Projection Method
	8.1.2.3 Nyström Method


	8.2 Stability Theory
	8.2.1 Consistency
	8.2.2 Stability
	8.2.3 Convergence
	8.2.4 Equivalence

	8.3 Projection Methods
	8.4 Stability Theory for Nyström’s Method
	8.5 Perturbation Results
	8.6 Application to Eigenvalue Problems
	References

	Index



