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Preface

This book is intended as a text for first courses in Mechanical Engineering Design and
as a reference for practicing engineers. It is assumed that the user has had basic cours-
es in Mechanics, Strength of Materials, and Materials Properties. However, the first
nine chapters of the book (Part I) serve to review as well as extend this basic back-
ground. The remaining chapters (Part II) deal with the application of these funda-
mentals to specific machine components.

Features of the fifth edition of the text include:

• Modern/current issues and safety considerations—New homework problems
outline real world safety issues adapted from actual case studies. Homework
questions which help the student research, outline, and write on issues which
confront the modern engineer are scattered throughout the text.

• Composites—A new section is presented to introduce composite materials and
their properties to the student. New references provide the student with a foun-
dation of information regarding composite materials.

• Engineering material selection process—Ashby’s material selection charts
are reviewed and discussed and are available as an aid to students in learning
more about engineering materials. New topics MIL-HDBK-5J and MIL-HDBK-17
are introduced which aid the student in selection and use of common engi-
neering materials.

• Web site addresses and problems—Web site addresses are given throughout
the text to provide the student with access to additional information on topics in-
cluding industrial standards, part selection, and properties of materials. Prob-
lems appear at the end of the chapter that require the student to utilize the
internet in solving various machine component design problems.

• Three-dimensional stress—A new sample problem gives the student a power-
ful tool to analyze complex stress states, and new related homework problems
give opportunity for the student to polish analysis skills.

• Wear and wear theory—Additional text on discretization wear theory outlines
the use of wear models for machine parts. Associated homework problems in-
troduce the student to the unique test apparatus used to determine wear coeffi-
cients.

• Shaft critical speeds—This section is expanded with additional solution meth-
ods and theory discussion including explanation of both Rayleigh’s and Dunker-
ley’s equations. New and revised homework problems accompany this section
to challenge the student regarding these ideas.

• Appendix—Contributed appendixes have been added for using reference
MIL-HDBK-5J, vectorial solution methods, normal distributions, fatigue cycle
formulas, and gear terminology.
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iv Preface

Part I
Although much of Part I of the text is a review of earlier courses, we would like to call
attention to several particular sections.

• Sections 1.2, 1.3, and 1.4 deal with three of the broadest aspects of
engineering—safety, ecology, and social significance. These are concerns to
which today’s students are particularly responsive.

• Section 1.7 presents a methodology for solving machine component problems.
Embodied in this methodology is a sample problem format that includes a re-
statement, solution, and comments for the problem under the headings: known,
find, schematic, decisions, assumptions, analysis, and comments. Decisions are
choices made by the designer. Since design is an iterative decision-making
process of synthesis, whenever the heading “decisions” is utilized, a design
problem is presented. If a solution is presented without decisions being made,
the problem is one of analysis. The inclusion of the category “decisions” allows
the student to see clearly the difference between design and analysis. Once ap-
propriate decisions have been made, analysis can follow. Assumptions, which
are used in solving a problem, are statements about beliefs; for example, the ma-
terial is homogeneous throughout. The design engineer and the student need to
understand what assumptions are made in solving a problem. The listing of as-
sumptions provides more opportunity for students of machine design to “think
before doing.” Comments present key aspects of the solution and discuss how
better results might be obtained by making different design decisions, relaxing
certain assumptions, and so on.

• Sections 1.8, 1.9, and 1.10 review fundamental energy relationships. Most stu-
dents at this level need to gain insight and understanding concerning such basic
matters as the relationship between work input to a rotating camshaft and work
output at a translating follower, and the relationship between engine power, ve-
hicle speed, and fuel consumption.

• Most teachers of Mechanical Engineering Design lament the weakness of their
students in the area of free-body diagram analysis of loads. Unless the loading
on a machine component is properly established, subsequent design or analysis
is of little value. Section 2.2 and the associated problems are directed toward
helping relieve this common deficiency.

• References are often an invaluable resource for the student as they provide in
depth coverage of topics to which the text may only be able to devote a single
paragraph. As such, MIL-HDBK-17 is introduced to the student in Chapter 3 and
MIL-HDBK-5J in Appendix F. These two references provide a wealth of prag-
matic engineering knowledge regarding engineering materials and composites.
The use of these volumes along with the chapter references has the ability to
dramatically enhance a student’s knowledge base.

• An elementary treatment of residual stresses is included in Chapter 4. An under-
standing of the basic concepts involved is vital to modern stress analysis, partic-
ularly when fatigue is present.

• Castigliano’s method for determining elastic deflections and redundant reac-
tions is included in Chapter 5. This method permits ready solution of many
problems not amenable to traditional elementary methods.
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• Chapter 6 on Failure Theories, Safety Factors, Stress Intensity Factors, and Re-
liability includes introductory treatments of fracture mechanics and of the inter-
ference theory of statistical reliability prediction.

• Chapter 8 contains a simplified, condensed, and introductory version of Fatigue
Design and Fatigue Crack Growth. This chapter is particularly important, and
represents primarily new material for most students.

• Chapter 9 deals with the various kinds of surface deterioration experienced by
machine components. This is of great importance because more machine parts
“fail” (cease to be suitable for performing their intended function) because of
surface damage than from actual breakage.

Part II

Part II is concerned with the application of the fundamentals to specific machine
components. In engineering practice, problems involving the design, analysis, or ap-
plication of machine members can seldom be solved by applying the fundamentals
alone. As critically important as a knowledge of the underlying sciences is, it is sel-
dom sufficient. Almost always some empirical information must be used and good
“engineering judgment” brought to bear. Actual engineering design problems seldom
have only one correct answer. For example, engineering staffs of competing compa-
nies arrive at different product designs as “solutions” to the same problem. And these
solutions change as new technology, new materials, new manufacturing methods, and
new marketing conditions prevail. For many students, the course based on this text
will provide their first experience in dealing with these kinds of professional engi-
neering problems.

Most engineers find that the above aspect of engineering adds to the interest and
excitement of their profession. There is a close parallel between engineers and med-
ical doctors in this respect: Both must solve real-life problems now, making full use
of the best available scientific information. Engineers must design engines and build
electronic apparatus even though scientists are still seeking a more complete knowl-
edge of combustion and electricity. Similarly, medical doctors cannot tell their pa-
tients to await treatment until more research has been completed.

Even though the fundamentals treated in Part I are seldom sufficient for solving
engineering problems relating to machine components, it is important that they be
applied fully and consistently. In particular, a special effort has been made in Part II
to deal with fatigue and surface considerations in a manner consistent with the treat-
ment given in Chapters 8 and 9. This sometimes results in the development of proce-
dures that vary in detail from those given in the specialized literature, but this
discrepancy is not of major importance. What is of major importance is helping the
student learn to approach engineering problems by applying the fundamentals and
other scientific knowledge as extensively as possible, and then supplementing these
with empirical data and judgment as required to get good solutions within available
time limitations.

Few engineering schools allot sufficient time to cover all the machine compo-
nents treated in Part II. In addition, many components are not treated in the book, and
even more are not yet in existence. For these reasons, each component is treated not
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only as an end in itself, but also as a representative example of applying basic funda-
mentals and necessary empirical information to solve practical engineering problems.

Throughout Part II the reader will find numerous instances in which ingenuity,
insight, and imagination are called for to deal effectively with engineering problems
associated with an individual machine component. The next step in the study of Me-
chanical Engineering Design usually involves the conception and design of a complete
machine. As an introduction to this “next step,” the final chapter of the book (Chap-
ter 20) presents a “case study” of the design of the first commercially successful au-
tomotive automatic transmission. This chapter can be found on the website for this
text, http://www.wiley.com/college/juvinall. Here, as with numerous other designs of
complete machines, one cannot help being impressed and inspired by the insight, in-
genuity, and imagination (as well as prolonged diligent effort) displayed by engineers.
Also illustrated in this case study is the way the design of any one component is often
influenced by the design of related parts.

Because engineers will inevitably need to continue to deal with SI, British grav-
itational, and English engineering units, all three systems are used in the text and in
the problems. Recalling the NASA/JPL Mars Climate Orbiter of 1999, where the root
cause of the loss of the Orbiter spacecraft was the failed translation of English units
into metric units in a segment of ground-base, navigation-related mission software,
should help to remind the student just how important it is to understand and apply
units properly.

In some instances, this text has retained graphical procedures (like S–N curves
and mean stress-alternating stress diagrams for fatigue analyses) rather than using
equivalent mathematical expressions more quickly handled with calculators and com-
puter programs. This is done where the graphical procedure helps the student to un-
derstand and “visualize” what is going on, develop added insight about the
significance of the results, and see how the design might be improved. In actual prac-
tice, whenever such procedures are called for on a repetitive basis, the competent
engineer will obviously employ computing facilities to full advantage.

ROBERT C. JUVINALL

KURT M. MARSHEK
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1
Mechanical
Engineering Design in
Broad Perspective

1.1 An Overview of the Subject

The essence of engineering is the utilization of the resources and laws of nature to
benefit humanity. Engineering is an applied science in the sense that it is concerned
with understanding scientific principles and applying them to achieve a designated
goal. Mechanical engineering design is a major segment of engineering; it deals with
the conception, design, development, refinement, and application of machines and
mechanical apparatus of all kinds.

For many students, mechanical engineering design is one of their first professional
engineering courses—as distinguished from background courses in science and math-
ematics. Professional engineering is concerned with obtaining solutions to practical
problems. These solutions must reflect an understanding of the underlying sciences, but
usually this understanding is not enough; empirical knowledge and “engineering judg-
ment” are also involved. For example, scientists do not completely understand electric-
ity, but this does not prevent electrical engineers from developing highly useful electri-
cal devices. Similarly, scientists do not completely understand combustion processes or
metal fatigue, but mechanical engineers use the understanding available to develop
highly useful combustion engines. As more scientific understanding becomes available,
engineers are able to devise better solutions to practical problems. Moreover, the engi-
neering process of solving problems often highlights areas particularly appropriate for
more intensive scientific research. There is a strong analogy between the engineer and
the physician. Neither is a scientist whose primary concern is with uncovering basic
knowledge, but both use scientific knowledge—supplemented by empirical information
and professional judgment—in solving immediate and pressing problems.

Because of the professional nature of the subject, most problems in mechanical
engineering design do not have a single right answer. Consider, for example, the prob-
lem of designing a household refrigerator. There is a nearly endless number of workable
designs, none of which could be called an “incorrect” answer. But of the “correct”
answers, some are obviously better than others because they reflect a more sophisti-
cated knowledge of the underlying technology, a more ingenious concept of basic design,
a more effective and economical utilization of existing production technology, a more
pleasing aesthetic appearance, and so on. It is precisely at this point, of course, that one
finds the challenge and excitement of modern engineering. Engineers today are con-
cerned with the design and development of products for a society different from any that
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4 Chapter 1 ■ Mechanical Engineering Design in Broad Perspective

existed previously, and they have more knowledge available to them than did engineers
in the past. Hence, they are able to produce distinctly better solutions to meet today’s
needs. How much better depends on their ingenuity, imagination, depth of understand-
ing of the need involved, and of the technology that bears on the solutions, and so on.

This book is primarily concerned with the design of specific components of
machines or mechanical systems. Competence in this area is basic to the considera-
tion and synthesis of complete machines and systems in subsequent courses and in
professional practice. It will be seen that even in the design of a single bolt or spring,
the engineer must use the best available scientific understanding together with
empirical information, good judgment, and often a degree of ingenuity, in order to
produce the best product for today’s society.

The technical considerations of mechanical component design are largely centered
around two main areas of concern: (1) stress–strain–strength relationships involving the
bulk of a solid member and (2) surface phenomena including friction, lubrication, wear,
and environmental deterioration. Part One of the book is concerned with the fundamen-
tals involved, and Part Two with applications to specific machine components. The
components chosen are widely used and will be somewhat familiar to the student. It is
not feasible or desirable for the student to study the detailed design considerations asso-
ciated with all machine elements. Hence, the emphasis in treating those selected here is
on the methods and procedures used so that the student will gain competence in
applying these methods and procedures to mechanical components in general.

When considering a complete machine, the engineer invariably finds that the
requirements and constraints of the various components are interrelated. The design
of an automotive engine valve spring, for example, depends on the space available
for the spring. This, in turn, represents a compromise with the space requirements
for the valve ports, coolant passages, spark plug clearance, and so on. This situation
adds a whole new dimension to the imagination and ingenuity required of engineers
as they seek to determine an optimum design for a combination of related compo-
nents. This aspect of mechanical engineering design is illustrated by a “case study”
at http://www.wiley.com/college/juvinall.

In addition to the traditional technological and economic considerations funda-
mental to the design and development of mechanical components and systems, the
modern engineer has become increasingly concerned with the broader considera-
tions of safety, ecology, and overall “quality of life.” These topics are discussed
briefly in the following sections.

1.2 Safety Considerations

It is natural that, in the past, engineers gave first consideration to the functional
and economic aspects of new devices. After all, unless devices can be made to
function usefully, they are of no further engineering interest. Furthermore, if a new
device cannot be produced for a cost that is affordable by contemporary society, it
is a waste of engineering time to pursue it further. But the engineers who have
gone before us have succeeded in developing a multitude of products that do func-
tion usefully, and that can be produced economically. Partly because of this,
increasing engineering effort is now being devoted to broader considerations
relating to the influence of engineered products on people and on the environment.

Personnel safety is a consideration that engineers have always kept in mind but
now demands increasing emphasis. In comparison with such relatively straightforward
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computations as stress and deflection, determination of safety is likely to be an elusive
and indefinite matter, complicated by psychological and sociological factors. But this
should only add to the appeal of the task for an engineer. It challenges him or her to
assemble all pertinent facts, and then to make good decisions reflecting understanding,
imagination, ingenuity, and judgment.

The important first step in developing engineering competence in the safety area
is cultivating an awareness of its importance. Product safety is of great concern to leg-
islators, attorneys, judges, jurors, insurance executives, and so forth. But none of these
individuals can contribute directly to the safety of a product; they can only underscore
the urgency of giving appropriate emphasis to safety in the engineering development
of a product. It is the engineer who must carry out the development of safe products.

Safety is inherently a relative matter, and value judgments must be made
regarding trade-offs between safety, cost, weight, and so on. Some years ago the
first author was associated with a particularly safety-conscious company and was in
the position of frequently admonishing the staff safety engineer to reduce further
the inevitable hazards associated with the company’s equipment. When pushed a
little too far one day, this engineer responded, “Look, I have made this model fool-
proof, but I can never make it damn foolproof! If someone tries hard enough, he can
hurt himself with this machine!” The next day this gentleman inadvertently proved
his point when he accidentally dropped the new model prototype on his foot and
broke a toe! But the point to be made here is that when society makes decisions rel-
ative to safety requirements, engineers should contribute important input.

1.2.1 Imagination and Ingenuity

Following awareness, the second main point of safety engineering is ingenuity. The
engineer must be imaginative and ingenious enough to anticipate potentially haz-
ardous situations relating to a product. The old maxim that anything that can happen
probably will happen sooner or later is relevant. The following are four cases in point,
all involving costly liability suits.

1. A large open area with a high ceiling was to be heated and cooled with three
cubical units, each suspended from the ceiling by long steel rods at four cor-
ners. The cubicles were being fitted with heat exchangers, blowers, and filters
by workers inside and on top of the enclosures. The flexibility of the long
support rods permitted the cubicles to swing back and forth, and the workers
sometimes enjoyed getting their cubicle swinging with considerable ampli-
tude. Fatigue failure of a support rod caused the death of one worker. Since
large steam pipes (not yet installed at the time of the accident) prevented
significant sway of the completed units, and the rods were designed with a
safety factor of 17 (based on static weight of the completed cubicles), no fur-
ther thought was given to safety. No one responsible for the design and instal-
lation of the units had reviewed the installation sequence with the imagination
and ingenuity needed to foresee this hazard.

2. A boy was seriously injured by collision with a car when the brakes on his new
bicycle failed to respond in an emergency. The cause was discovered to be inter-
ference between a fitting on the three-speed shift mechanism and a sharp edge
on the caliper brake handle. Both the shift control mechanism and the brake
handle were of unusual design. Both were safe within themselves and were safe
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when used in combination with a conventional design of the other member. But
when these two unusual members were used together, it was easy for them to be
mounted on the handlebar in such a position that the travel of the brake handle
was limited, thereby preventing full application of the brake. Again, no one re-
sponsible for the overall design of the bicycle foresaw this hazardous situation.

3. A worker lost a hand in a 400-ton punch press despite wearing safety cuffs that
were cam-actuated to pull the hands out of the danger zone before the ram came
down. The cause was a loosened setscrew that permitted the cam to rotate with
respect to its supporting shaft, thereby delaying hand retraction until after the
ram came down. This case illustrates the old adage that “A chain is no stronger
than its weakest link.” Here, an otherwise very positive and strong safety device
was nullified because of the inexcusably weak link of the setscrew. A very little
imagination and ingenuity on the part of the engineer responsible for this de-
sign would have brought this hazard to light before the unit was released for
production.

4. A crawling infant lost the ends of three fingers as he attempted to climb up an
“exercycle” being ridden by an older sister. When placed on the bottom chain,
the infant’s hand was immediately drawn into the crank sprocket. In order to
minimize cost, the exercycle was very properly designed to take advantage of
many high-production, low-cost parts used on a standard bicycle. Unfortunately,
however, the chain guard, which provides adequate protection for a bicycle, is
totally inadequate for the exercycle. Was it too much to expect that the engineer
responsible for this design would have enough imagination to foresee this haz-
ard? Should he or she not have been sufficiently ingenious to devise an alterna-
tive guard design that would be economically and otherwise feasible? Should it
be necessary for this kind of imagination and ingenuity to be forced upon the
engineer by legislation devised and enacted by nonengineers?

1.2.2 Techniques and Guidelines

Once the engineer is sufficiently aware of safety considerations, and accepts this
challenge to his or her imagination and ingenuity, there are certain techniques and
guidelines that are often helpful. Six of these are suggested in the following.

1. Review the total life cycle of the product from initial production to final dispos-
al, with an eye toward uncovering significant hazards. Ask yourself what kinds
of situations can reasonably develop during the various stages of manufacturing,
transporting, storing, installing, using, servicing, and so on.

2. Be sure that the safety provisions represent a balanced approach. Do not ac-
cept a dollar penalty to eliminate one hazard and overlook a twenty-cent pos-
sibility for eliminating an equal hazard. And, like the punch press example
just given, do not focus attention on how strong the wrist cuffs are while
overlooking how weak the cam attachment is.

3. Make safety an integral feature of the basic design wherever possible, rather than
“adding on” safety devices after the basic design has been completed. An example
of this was the development of an electrostatic hand-operated paint gun. Earlier
stationary-mounted electrostatic paint guns had metal atomizing heads operating at
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100,000 volts. A handgun version, incorporating elaborate guards and shields, was
quickly recognized as impractical. Instead, a fundamentally new electric circuit de-
sign combined with a nonmetallic head was developed so that even if the operator
came in contact with the high-voltage head, he or she would receive no shock; the
voltage automatically dropped as a hand approached the head, and the head itself
had a low enough capacitance to avoid significant discharge to the operator.

4. Use a “fail-safe” design where feasible. The philosophy here is that precaution
is taken to avoid failure, but if failure does occur, the design is such that the
product is still “safe”; that is, the failure will not be catastrophic. For example,
the first commercial jet aircraft were the British Comets. Some of these experi-
enced catastrophic failure when fatigue cracks started in the outer aluminum
“skin” at the corners of the windows (caused by alternately pressurizing the
cabin at high altitude and relieving the pressurizing stresses at ground level).
Soon after the cracks were initiated, the fuselage skin ripped disastrously (some-
what like a toy rubber balloon). After the cause of the crashes was determined,
subsequent commercial jet aircraft incorporated the fail-safe feature of bonding
the outer panels to the longitudinal and circumferential frame members of the
fuselage. Thus, even if a crack does start, it can propagate only to the nearest
bonded seam. The relatively short cracks in no way impair the safety of the air-
craft. (This particular fail-safe feature can be illustrated by ripping an old shirt.
Once a tear has been started, it is easily propagated to a seam, but it is extremely
difficult to propagate the tear through the seam, or “tear stopper.”) Fail-safe de-
signs often incorporate redundant members so that if one load-carrying member
fails, a second member is able to assume the full load. This is sometimes known
as the “belt and suspenders” design philosophy. (In extreme cases, a “safety
pin” may be employed as a third member.)

5. Check government and industry standards (such as OSHA and ANSI) and the
pertinent technical literature to be sure that legal requirements are complied
with, and that advantage is taken of the relevant safety experience of others. The
OSHA regulations may be downloaded from the government’s web site at
http://www.osha.gov. A search for specific titles of ANSI standards can be con-
ducted at http://www.ansi.org. For regional, national, foreign, and international
standards and regulatory documents, see http://www.nssn.org.

6. Provide warnings of all significant hazards that remain after the design has been
made as safe as reasonably possible. The engineers who developed the product
are in the best position to identify these hazards. The warnings should be designed
to bring the information to the attention of the persons in jeopardy in the most
positive manner feasible. Conspicuous warning signs attached permanently to the
machine itself are usually best. There are OSHA and ANSI standards pertaining
to warning signs. More complete warning information is often appropriately in-
cluded in an instruction or operating manual that accompanies the machine.

To apply these techniques and guidelines in an alternative procedural form, consider
the following list from [9]:

1. Delineate the scope of product uses.

2. Identify the environments within which the product will be used.

3. Describe the user population.
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4. Postulate all possible hazards, including estimates of probability of occurrence
and seriousness of resulting harm.

5. Delineate alternative design features or production techniques, including warn-
ings and instructions, that can be expected to effectively mitigate or eliminate
the hazards.

6. Evaluate such alternatives relative to the expected performance standards of the
product, including the following:

a. Other hazards that may be introduced by the alternatives.

b. Their effect on the subsequent usefulness of the product.

c. Their effect on the ultimate cost of the product.

d. A comparison to similar products.

7. Decide which features to include in the final design.

The National Safety Council, see www.nsc.org, publishes a hierarchy of design that
sets guidelines for designing equipment that will minimize injuries. The order of
design priority is [10]1:

1. Design to eliminate hazards and minimize risk. From the very beginning, the
top priority should be to eliminate hazards in the design process.

2. Incorporate safety devices. If hazards cannot be eliminated or the risks adequately
reduced through design selection, the next step is to reduce the risks to an accept-
able level. This can be achieved with the use of guarding or other safety devices.

3. Provide warning devices. In some cases, identified hazards cannot be elimi-
nated or their risks reduced to an acceptable level through initial design deci-
sions or through the incorporated safety devices. Warnings are a potential
solution.

4. Develop and implement safe operating procedures and employee safety
training programs. Safe operating procedures and training are essential in
minimizing injuries when it is impractical to eliminate hazards or reduce their
risks to an acceptable level through design selection, incorporating safety
devices, or with warning devices.

5. Use personal protective equipment. When all other techniques cannot elimi-
nate or control a hazard, employees should be given personal protective equip-
ment to prevent injuries and illnesses.

1.2.3 Documentation of a Product Design

The documentation of a product design is costly yet necessary to support possible
litigation. Such documentation has been categorized in [9] as:

1. Hazard and risk data—historical, field, and/or laboratory testing, causation
analyses.

2. Design safety formulation—fault-tree, failure modes, hazard analyses.
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3. Warnings and instruction formulations—methodology for development and
selection.

4. Standards—the use of in-house, voluntary, and mandated design or performance
requirements.

5. Quality assurance program—methodology for procedure selection and produc-
tion records.

6. Product performance—reporting procedures, complaint file, follow-up data
acquisition and analysis, recall, retrofit, instruction, and warning modification.

7. Decision making—the “how,” “who,” and “why” of the process.

By documenting a design during the process, a safer product is generally produced.
Also, imagination and ingenuity can sometimes be stimulated by requiring docu-
mentation of a product design.

1.2.4 Nontechnical Aspects

Safety engineering inherently includes important nontechnical aspects that are
related to the individuals involved. Engineers must be aware of these if their safety-
related efforts are to be effective. Three specific points within this category are
suggested.

1. Capabilities and characteristics of individuals, both physiological and psycho-
logical. When the device is used or serviced, the strength, reach, and endurance
requirements must be well within the physiological limitations of the personnel
involved. The arrangement of instruments and controls, and the nature of the
mental operating requirements, must be compatible with psychological factors.
Where the possibility of accident cannot be eliminated, the design should be
geared to limiting personnel accident-imposed loads to values minimizing the
severity of injury.

2. Communication. Engineers must communicate to others the rationale and op-
eration of the safety provisions incorporated in their designs, and in many sit-
uations they must involve themselves in “selling” the proper use of these
safety provisions. What good does it do, for example, to develop an effective
motorcycle helmet if it is not used? Or to provide a punch press with safety
switches for both hands if the operator blocks one of the switches closed in
order to have a hand free for smoking? Unfortunately, even the most effective
communication does not always guarantee intelligent use by the operator. This
unresponsiveness may cause controversies, such as that surrounding the re-
quirement that air bags be installed in cars, because a significant segment of
the public cannot be persuaded to use seat belts voluntarily. Resolution of
such controversies requires intelligent input from many quarters, one of which
is certainly the engineering profession.

3. Cooperation. The controversy just mentioned illustrates the need for engineers
to cooperate effectively with members of other disciplines—government, man-
agement, sales, service, legal, and so on—in order that joint safety-directed
efforts may prove effective.
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1.3 Ecological Considerations

People inherently depend on their environment for air, water, food, and materials for
clothing and shelter. In primitive society, human-made wastes were naturally recy-
cled for repeated use. When open sewers and dumps were introduced, nature became
unable to reclaim and recycle these wastes within normal time periods, thus inter-
rupting natural ecological cycles. Traditional economic systems enable products to
be mass-produced and sold at prices that often do not reflect the true cost to society
in terms of resource consumption and ecological damage. Now that society is
becoming more generally aware of this problem, legislative requirements and more
realistic “total” cost provisions are having increasing impact upon engineering
design. Certainly, it is important that the best available engineering input go into
societal decisions involving these matters.

We can perhaps state the basic ecological objectives of mechanical engineering
design rather simply: (1) to utilize materials so that they are economically recycla-
ble within reasonable time periods without causing objectionable air, ground and
water pollution and (2) to minimize the rate of consumption of nonrecycled energy
sources (such as fossil fuels) both to conserve these resources and to minimize ther-
mal pollution. In some instances, the minimization of noise pollution is also a factor
to be considered.

As with safety considerations, ecological factors are much more difficult for the
engineer to tie down than are such matters as stress and deflection. The following is
a suggested list of points to be considered.

1. Consider all aspects of the basic design objective involved, to be sure that it is
sound. For example, questions are raised about the overall merits of some major
dam constructions. Are there ecological side effects that might make it prefer-
able to follow an alternative approach? Before undertaking the design of an ex-
panded highway system or a specific mass-transit system, the engineer must
determine whether the best available knowledge and judgment indicate that the
proposed project represents the best alternative.

2. After accepting the basic design objective, the next step is a review of the overall
concepts to be embodied into the proposed design. For example, a modular con-
cept may be appropriate, wherein specific components or modules most likely to
wear out or become obsolete can be replaced with updated modules that are inter-
changeable with the originals. The motor and transmission assembly of a domes-
tic automatic washing machine might be an example for which this approach
would be appropriate. Another example is the provision of replaceable exterior
trim panels on major kitchen appliances that permit the exterior surfaces to be
changed to match a new decorating scheme without replacing the entire appliance.

3. An important consideration is designing for recycling. At the outset of a new de-
sign, it is becoming increasingly important that the engineer consider the full
ecological cycle including the disposal and reuse of the entire device and its
components. Consider an automobile. Parts appropriate for reuse (either with or
without rebuilding) should be made so that they can be easily removed from a
“junk” car. Dismantling and sorting of parts by material should be made as easy
and economical as possible. It has been somewhat facetiously suggested that
cars be made so that all fasteners break when dropping a junk car from, say, a
height of 30 feet. Automatic devices would then sort the pieces by material for
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reprocessing. A more realistic proposal is that of attaching the wiring harness so
that it can be quickly ripped out in one piece for easy salvaging of the copper.

In developing recycling procedures along these lines it is obviously desirable
that the costs to a company for recycling versus costs for abandoning the old
parts and using virgin materials reflect total real costs to society. No individual
company could stay in business if it magnanimously undertook a costly recy-
cling program in order to conserve virgin materials and reduce processing pollu-
tion if its competitors could utilize inexpensive new materials obtained at a price
that did not reflect these total costs.

4. Select materials with ecological factors in mind. Of importance here are the
known availability in nature of the required raw materials, processing energy re-
quirements, processing pollution problems (air, water, land, thermal, and noise),
and recyclability. Ideally, all these factors would be appropriately reflected
within the pricing structure, and this will more likely happen in the future than it
has in the past.

Another factor to be considered is the relative durability of alternative mate-
rials for use in a perishable part. For example, consider the great reduction in the
number of razor blades required (and in the number of scrap razor blades) made
by changing the material to stainless steel. (But would it be better, overall, to de-
vise a convenient and effective way to resharpen the blades rather than throwing
them away?)

The engineer should also consider the compatibility of materials with re-
spect to recycling. For example, zinc die castings deteriorate the quality of the
scrap obtained when present junked cars are melted.

5. Consider ecological factors when specifying processing. Important here are pol-
lution of all kinds, energy consumption, and efficiency of material usage. For
example, forming operations such as rolling and forging use less material (and
generate less scrap) than cutting operations. There may also be important differ-
ences in energy consumption.

6. Packaging is an important area for resource conservation and pollution reduc-
tion. Reusable cartons, and the use of recycled materials for packaging, are two
areas receiving increasing attention. Perhaps the ultimate in ecologically desir-
able packaging is that commonly used ice cream container, the cone.

The matter of protecting our environment is a deadly serious one. As the late
Adlai Stevenson once said, “We travel together, passengers on a little space ship,
dependent on its vulnerable supplies of air and soil . . . preserved from annihilation
only by the care, the work, and I will say the love, we give our fragile craft.”

1.4 Societal Considerations

As the reader well knows, the solution to any engineering problem begins with its
clear definition. Accordingly, let us define, in the broadest terms, the problem to
be addressed when undertaking mechanical engineering design. The opening sen-
tence in this chapter suggests a definition: The basic objective of any engineering
design is to provide a machine or device that will benefit humanity. In order to
apply this definition, it is necessary to think in more specific terms. Just how does
an individual benefit humanity? What “yardstick” (meterstick?) can be used to

1.4 ■ Societal Considerations 11
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measure such benefits? The formulation of precise definitions of problem objec-
tives, and the devising of means for measuring results, fall within the special
province of the engineer.

The writer has suggested [2] that the basic objective of engineering design as
well as other human pursuits is to improve the quality of life within our society, and
that this might be measured in terms of a life quality index (LQI). This index is in
some ways similar to the familiar “gross national product,” but very much broader.
Judgments about the proper composition of the LQI would, of course, vary some-
what in the many segments of society and also with time.

To illustrate the LQI concept, Table 1.1 lists some of the important factors most
people would agree should be included. Perhaps we might arbitrarily assign a value
of 100 to the factor deemed most important, with other factors being weighed
accordingly. Each factor might then be multiplied by the same fraction so that the
total would add up to 100.

The list in the table is admittedly a very rough and oversimplified indication
of the direction of thought that would be involved in arriving at an LQI for a given
segment of society at a given time. But this kind of thinking must be done in order
to provide a sound basis for judgment with respect to the fulfillment of the engi-
neering mission of service to humanity.

The professional contribution of engineers engaged in the broad area of engi-
neering design and development plays a major role in determining the LQI of a
population. Figure 1.1 depicts the societal relationships involving engineered prod-
ucts. A major segment of the population works within organizations whose function

12 Chapter 1 ■ Mechanical Engineering Design in Broad Perspective

TABLE 1.1 Preliminary List of Factors Constituting the Life Quality Index (LQI)

1. Physical health
2. Material well-being
3. Safety (crime and accident rates)
4. Environment (air, water, land, and natural resource management)
5. Cultural–educational (literacy rate, public school quality, college attendance among those qualified, adult educational

opportunities, library and museum facilities, etc.)
6. Treatment of disadvantaged groups (physically and mentally handicapped, aged, etc.)
7. Equality of opportunity (and stimulation of initiative to use opportunities)
8. Personal freedom
9. Population control

Experience

Waste

Products

Human
resources

Production
system

Work experience and knowledge feedback

New products

Material
resources FIGURE 1.1

Societal relationships involving
engineered products. 

c01.qxd  8/3/11  9:16 AM  Page 12



is to do one or more of the following: research, design, develop, manufacture, mar-
ket, and service engineered products. The efforts of these people, together with
appropriate natural resources, go into production systems that yield useful products,
waste materials, and experience. The experience is of two kinds: (1) direct working
experience of the individuals, which is hopefully constructive and satisfying, and
(2) empirical knowledge gained about the effectiveness of the overall system, with
implications for its future improvement. The products made serve all people until
discarded, when they constitute long- and short-term recyclable material resources,
and possibly pollution.

A valid LQI must take into account psychological factors. A book of this kind
can include only the briefest introduction to this vast subject. But hopefully this will
aid in stimulating the student toward a life-long interest and concern with this fun-
damental area.

We know that people exhibit an infinitely varying and often baffling set of char-
acteristics. But we also know that there are certain inherent human characteristics
and needs that remain fixed—for all individuals and presumably for all time. These
have been expressed as proposed levels of human need by the late Abraham Maslow,
a psychologist at Brandeis University [4,5]. As an aid to memory, these are
expressed in Table 1.2 in terms of five key words beginning with “S” [3].

The first level, obviously, is the need for immediate survival—food, shelter,
clothing, and rest—here and now.

The second level involves security—ensuring one’s safety and future survival.
The third level is social acceptance. People need to belong to and interact with

a family, clan, or other group; they need love and acceptance.
The fourth level is status or recognition—a need not only to fit into a social

group but also to earn and receive peer respect and admiration.
The highest level is self-fulfillment—growth toward reaching one’s full poten-

tial, and achievement of the resulting inner satisfaction.
At any given time, both people and nations operate on more than one of these

levels; yet the levels define a general path or ladder of advancement that leads from
primitive existence to a mature, rich quality of life.

Historically, engineering effort has been directed primarily toward satisfying
needs 1 and 2. More recently, an increased percentage of the production systems
have been designed to provide society with products going beyond the basic survival
and security needs, presumably contributing to satisfying the legitimate higher needs
of the consumer. As for the workers, it is interesting to note that recent “job enlarge-
ment” and “job enrichment” programs are directed toward the workers’ higher
needs, 3, 4, and 5.

A basic ingredient of human society is change. Engineers must seek to under-
stand not only the needs of society today, but also the direction and rapidity of the
societal changes that are occurring. Moreover, we must seek to understand the influ-
ence of technology—and of mechanical products and associated production systems

1.4 ■ Societal Considerations 13

TABLE 1.2 Maslow’s Hierarchy of Needs

1. Survival 4. Status
2. Security 5. Self-fulfillment
3. Social acceptance 
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TABLE 1.3 Major Categories of Design Considerations

Traditional Considerations
1. Materials
2. Geometry
3. Operating conditions
4. Cost
5. Availability
6. Producibility
7. Component life

Modern Considerations
1. Safety
2. Ecology
3. Quality of life

Miscellaneous Considerations
1. Reliability and maintainability
2. Ergonomics and aesthetics
3. Assembly and disassembly
4. Analysis

in particular—on these changes. Perhaps the engineering profession’s most impor-
tant objective is to make its input to society such that it promotes changes in the
direction of increasing the life quality index.

1.5 Overall Design Considerations

Most engineering designs involve a multitude of considerations, and it is a challenge
to the engineer to recognize all of them in proper proportion. Although no simple
checklist given here can be adequate or complete, it may be helpful to list in some
organized fashion the major categories involved (see Table 1.3).

Traditional considerations for the bulk or body of the component include:
(a) strength, (b) deflection, (c) weight, and (d) size and shape. Traditional considera-
tions for the surfaces of the component are (a) wear, (b) lubrication, (c) corrosion,
(d) frictional forces, and (e) frictional heat generated.

Often various design considerations are seemingly incompatible until the
engineer devises a sufficiently imaginative and ingenious solution. The design of
the lift truck pictured in Figure 1.2 provides a simple example.

Here, the objective of achieving a desired aesthetic appearance was seemingly
incompatible with cost limitations. Matched metal forming dies were too costly,
and inexpensive tooling resulted in unattractive mismatches of mating parts. The
solution here was to work deliberate mismatches into the design and eliminate the
need for precision fitting. The mismatches were used to give the truck a rugged
look. The gap under the hood, for example, creates a strong horizontal line while
disguising the fit-up of several frame and fender weldments. It also provides a
handhold for lifting the hood. Another gap (not shown) makes the instrument pod
appear to “float” from a steel pylon, again disguising a large tolerance. The large
hood simplifies maintenance by providing wide-open access to the engine. By serv-
ing also as the seat support, it further reduces cost, while adding to the clean,
uncluttered appearance.
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FIGURE 1.2
Lift truck designed for
functional, attractive, and
unique appearance together
with low cost. 
(Courtesy Clark Material
Handling Company.)  

2This section is adapted from [1].

1.6 Systems of Units2

Because of politics and the global economy engineers seems destined to suffer the
inconvenience of having to deal with different systems of units, three types are dis-
cussed in this book. Appendix A-1 lists units associated with these systems, conver-
sion factors relating them, and their standard abbreviations.

The units of the physical quantities used in engineering calculations are of
major importance. A unit is a specified amount of a physical quantity by which
through comparison another quantity of the same kind is measured. For example,
inches, feet, miles, centimeters, meters, and kilometers are all units of length.
Seconds, minutes, and hours are units of time.

Because physical quantities are related by laws and definitions, a small number
of physical quantities, called primary dimensions, are sufficient to conceive of and
measure all others. Secondary dimensions are those quantities measured in terms of
the primary dimensions. For example, if mass, length, and time are primary dimen-
sions, area, density, and velocity would be secondary dimensions.

Equations from physics and engineering that relate physical quantities are
dimensionally homogeneous. Dimensionally homogeneous equations must have the
same dimensions for each term. Newton’s second law (F r ma) relates the dimen-
sions force, mass, length, and time. If length and time are primary dimensions,
Newton’s second law, being dimensionally homogeneous, requires that both force
and mass cannot be primary dimensions without introducing a constant of propor-
tionality that has dimensions (and units).
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Primary dimensions in all systems of dimensions in common use are length and
time. Force is selected as a primary dimension in some systems. Mass is taken as a
primary dimension in others. For application in mechanics, we have three basic sys-
tems of dimensions.

1. Force [F], mass [M], length [L], time [t]

2. Force [F], length [L], time [t]

3. Mass [M ], length [L], time [t]

In system 1, length [L], time [t], and both force [F] and mass [M] are selected as pri-
mary dimensions. In this system, in Newton’s second law (F = ma/gc), the constant
of proportionality, gc , is not dimensionless. For Newton’s law to be dimensionally
homogeneous, the dimensions of gc must be [ML /Ft2]. In system 2, mass [M] is a
secondary dimension, and in Newton’s second law the constant of proportionality is
dimensionless. In system 3, force [F] is a secondary dimension, and in Newton’s
second law the constant of proportionality is again dimensionless. The units of
measure selected for each of the primary physical quantities determine the numeri-
cal value of the constant of proportionality.

In this text we will use the SI, British Gravitational, and English Engineering sys-
tems of units. The base units employed for these are listed in Table 1.4 and discussed
in the following paragraphs. Newton’s second law is written as F = ma for the SI and
British systems, and as F = ma/gc for the English Engineering system. For each sys-
tem, the constant of proportionality in Newton’s second law is given in Figure 1.3
which also compares the three systems of units. In both the SI and British systems, the
constant of proportionality is dimensionless and has a value of unity. The gravitation-
al force (the weight) on an object of mass, m, is given by W = mg for the SI and the
British systems and as W = mg/gc for the English Engineering system.

1. English Engineering (FMLt). The English Engineering system takes force,
mass, length, and time as primary dimensions. The base units employed for
these primary dimensions are listed in Figure 1.3. The base units are the pound
force (lb), the pound mass (lbm), the foot (ft), and the second (s).

A force of one pound (lb) accelerates a mass of one pound (lbm) at a rate
equal to the standard earth acceleration of gravity of 32.2 ft/s2.

16 Chapter 1 ■ Mechanical Engineering Design in Broad Perspective

TABLE 1.4 English, British, and SI Units for Length, Time, Mass, and Force

English Engineering British Gravitational SI
[FMLt] [FLt] [MLt]

Quantity Unit Symbol Unit Symbol Unit Symbol

Mass pound mass lbm slug slug kilogram kg
Length foot ft foot ft meter m
Time second s second s second s
Force pound force lb (or lbf) pound lb newton N

(=32.1740 lbm # ft/s2) (=1 slug # ft/s2) (=1 kg #m/s2)
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Newton’s second law is written as

(1.1a)

From Newton’s law we have

or

The constant of proportionality, gc , has units and dimensions.

2. British Gravitational (FLt). The British Gravitational system takes force,
length, and time as primary dimensions. The base units are the pound (lb) for
force, the foot (ft) for length, and the second (s) for time. Mass is a secondary
dimension. Newton’s second law is written as

(1.1b)

The unit of mass, the slug, is defined, using Newton’s second law, as

Since a force of 1 lb accelerates 1 slug at 1 ft/s2, it would accelerate 1/32.2
slug at 32.2 ft/s2. One pound mass also is accelerated at 32.2 ft/s2 by a force of
1 lb. Therefore,

3. SI (MLt). The SI (Système International d’Unités) takes mass, length, and time
as primary dimensions. The base units are the kilogram (kg) for mass, the meter
(m) for length, and the second (s) for time. Force is a secondary dimension.
Newton’s second law is written as

(1.1c)

The unit of force, the newton (N), is defined using Newton’s second law as

The unit of force is of particular significance in mechanical engineering design
and analysis because it is involved in calculations of force, torque, stress (and pres-
sure), work (and energy), power, and elastic moduli. In SI units, it is interesting to
note that a newton is approximately the weight of (or earth’s gravitational force on)
an average apple.

Appendix A-2 lists standard prefixes for SI units. Appendixes A-3, A-4, and
A-5 list compatible combinations of SI prefixes that will be found convenient in
solving stress and deflection equations.

1 N K 1 kg # m/s2

F � ma

1 lbm = 1/32.2 slug

1 slug � 1 lb � s2/ft

F � ma

gc � 32.2 ft � lbm/lb s2

1 lb �
lbm � 32.2 ft/s2

gc

F � ma/gc

18 Chapter 1 ■ Mechanical Engineering Design in Broad Perspective
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3This section is adapted from [6].

1.7 Methodology for Solving Machine Component Problems3

An essential method of attack for machine component problems is to formulate
them precisely and to present their solutions accurately. Formulating the problem
requires consideration of the physical situation and the matching mathematical
situation. The mathematical representation of a physical situation is an ideal
description or model that approximates but never matches the actual physical
problem.

The first step in solving machine component problems is to define (or under-
stand) the problem. The next steps are to define (or synthesize) the structure,
identify the interactions with the surroundings, record your choices and deci-
sions, and draw the relevant diagrams. Attention then turns to analyzing the
problem, making appropriate assumptions by using pertinent physical laws, rela-
tionships, and rules that parametrically relate the geometry and behavior of the
component or system. The last step is to check the reasonableness of the results
and when appropriate comment about the solution. Most analyses use, directly
or indirectly,

• Statics and dynamics

• Mechanics of materials

• Formulas (tables, diagrams, charts)

• The conservation of mass principle

• The conservation of energy principle 

In addition, engineers need to know how the physical characteristics of the
materials of which components are fabricated relate to one another. Newton’s first
and second laws of motion as well as the third law and relations such as the convec-
tive heat transfer equations and Fourier’s conduction model may also play a part.
Assumptions will usually be necessary to simplify the problem and to make certain
that equations and relationships are appropriate and valid. The last step involves
checking the reasonableness of the results.

A major goal of this textbook is to help students learn how to solve engineering
problems that involve mechanical components. To this end numerous solved exam-
ples and end-of-chapter problems are provided. It is extremely important to study the
examples and solve the problems, for mastery of the fundamentals comes only
through practice.

To maximize the results and rewards in solving problems, it is necessary to
develop a systematic approach. We recommend that problem solutions be organized
using the following seven steps, which are employed in the solved examples of this
text. Problems should be started by recording what is known and completed by com-
menting on what was learned.
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SOLUTION

Known: State briefly what is known. This requires that you read the problem care-
fully and understand what information is given.

Find: State concisely what is to be determined.

Schematic and Given Data: Sketch the component or system to be considered. De-
cide whether a free-body diagram is appropriate for the analysis. Label the component
or system diagram with relevant information from the problem statement.

Record all material properties and other parameters that you are given or antici-
pate may be required for subsequent calculations. If appropriate, sketch diagrams that
locate critical points and indicate the possible mode of failure.

The importance of good sketches of the system and free-body diagrams cannot
be overemphasized. They are often instrumental in enabling you to think clearly
about the problem.

Decisions: Record your choices and selections. Design problems will require you
to make subjective decisions. Design decisions will involve selection of parameters
such as geometric variables and types of materials. Decisions are individual choices.

Assumptions: To form a record of how you model the problem, list all simplifying
assumptions and idealizations made to reduce it to one that is manageable. Some-
times this information can also be noted on the sketches. In general, once a design is
complete, assumptions are still beliefs whereas decisions are true. Assumptions are
theories about reality.

Analysis: Using your decisions, assumptions, and idealizations, apply the appropri-
ate equations and relationships to determine the unknowns.

It is advisable to work with equations as long as possible before substituting in
numerical data. Consider what additional data may be required. Identify the tables,
charts, or relationships that provide the required value. Additional sketches may be
helpful at this point to clarify the problem.

When all equations and data are in hand, substitute numerical values into the
equations. Carefully check that a consistent and appropriate set of units is being
employed to ensure dimensional homogeneity. Then perform the needed calculations.

Finally, consider whether the magnitudes of the numerical values seem reason-
able and the algebraic signs associated with the numerical values are correct.

Comments: When appropriate, discuss your results briefly. Comment on what was
learned, identify key aspects of the solution, discuss how better results might be ob-
tained by making different design decisions, relaxing certain assumptions, and so on.

A mathematical or an engineering model forms a record of how you represent
the physical system or problem wherein simplifying assumptions and idealizations
are listed to reduce the problem to tractable form. Referring to the methodology for
solving machine component problems, the model generally is composed of the
schematic with given data, decisions and assumptions. Once the problem has been
modeled, analysis follows, although iteration in design problems is common.

20 Chapter 1 ■ Mechanical Engineering Design in Broad Perspective
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Approximations will be required for mathematical models of physical systems.
The degree of accuracy required and the information desired determine the degree of
approximation. For example, the weight of a component can usually be neglected if
the loads on the component are many times greater than the component’s total
weight. The ability to make the appropriate assumptions in formulating and solving
a machine component problem is a requisite engineering skill.

As a particular solution evolves, you may have to return to an earlier step and revise
it in light of a better understanding of the problem. For example, it might be necessary
to add or delete an assumption, modify a decision, revise a sketch, or seek additional
information about the properties of a material.

The problem solution format used in this text is intended to guide your think-
ing, not substitute for it. Accordingly, you are cautioned to avoid the rote application
of these seven steps, for this alone would provide few benefits. In some of the earli-
er sample problems and end-of-chapter problems, the solution format may seem
unnecessary or unwieldy. However, as the problems become more complicated, you
will see that it reduces errors, saves time, and provides a deeper understanding of the
problem at hand.

1.8 Work and Energy

All mechanical apparatus involves loads and motion, which, in combination, repre-
sent work, or energy. Thus, it is appropriate to review these basic concepts.

The work done by the force F acting at a point on a component as the point
moves from initial point s1 to final point s2 is

(a)

where the expression for work has been written in terms of the scalar product of the
force vector F and the displacement vector ds.

To evaluate the integral we need to know how the force varies with the displace-
ment. The value of W depends on the details of the interactions taking place between
the component and the surroundings during a process. The limits of the integral
mean “from position 1 to position 2” and cannot be interpreted as the values of work
at 1 and 2. The notion of work at 1 or 2 has no meaning, so the integral should never
be indicated as W2 - W1.

Figure 1.4 shows a wheel being turned by the application of tangential force F
acting at radius R. Let the wheel rotate through q revolutions. Then the work done,
W, is given by

(b)

where S is the distance through which the force F is applied.
Suppose that the wheel is turned through an angle u by applying a torque T

(equal to the product of F times R). Then the work done, W, is given by

(c)

The work done by the force or torque can be considered as a transfer of energy to the
component, where it is stored as gravitational potential energy, kinetic energy, or

W � F(Ru) � Tu

W � F(2pR)(q) � FS

W = L
s
2

s1

F # ds

1.8 ■ Work and Energy 21

R

F

FIGURE 1.4
Wheel being turned by a
tangential force.

c01.qxd  8/3/11  9:16 AM  Page 21



internal energy, or both or all three; or it may be dissipated as heat energy. The total
amount of energy is conserved in all transfers.

Work has units of force times distance. The units of kinetic energy, potential
energy, and internal energy are the same as that for work. In SI units, the work unit
is the newton #meter (N #m), called the joule (J). Commonly used English or British
units for work and energy are the foot-pound force (ft # lb) and the British thermal
unit (Btu).

SAMPLE PROBLEM 1.1 Camshaft Torque Requirement

Figure 1.5a shows a rotating cam that causes a follower to move vertically. For the
position shown, the follower is being moved upward with a force of 1 N. In addition,
for this position it has been determined that a rotation of 0.1 radian (5.73°) corre-
sponds to a follower motion of 1 mm. What is the average torque required to turn the
camshaft during this interval?

SOLUTION

Known: A cam exerts a given force on a cam follower through a known distance.

Find: Calculate the average torque required.

Schematic and Given Data:

22 Chapter 1 ■ Mechanical Engineering Design in Broad Perspective
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0

FIGURE 1.5
Cam and follower for Sample Problem 1.1. 

Assumptions:
1. The torque can be regarded as remaining constant through the rotation.

2. The friction losses can be neglected.

Analysis:
1. The work done on the camshaft is equal to the work done by the follower, if

friction can be neglected.

2. Work in = Tu = T(0.1 rad)

3. Work out = FS = (1 N)(0.001 m)
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4. Equating the work in to the work out and solving for T gives

Comment: For constant friction, if the cam contact “point” moves across the fol-
lower face a distance ¢, the work done to overcome the contact point frictional force
would be mF¢, where m is the coefficient of friction between the cam and the follower
and F is the upward force.

1.9 Power

Many machine design analyses are concerned with the time rate at which energy is
transferred. The time rate of energy transfer by work is called power and is denoted
by When work involves a force, as in Eq. a, the rate of energy transfer is equal
to the dot product of the force and the velocity at the point of application of the force:

(d)

The dot over W indicates a time rate. The force and velocity are in vector form.
Equation d can be integrated from time t1 to time t2 to get the total work done dur-
ing the time interval:

(e)

Since power is the time rate of doing work, it can be expressed in terms of any
units of energy and time. In the SI system, the unit for power is joules per second
(J/s), called the watt (W). In this book the kilowatt (kW) is also used. Commonly
used English and British units for power are ft # lb/s, British thermal units per second
(Btu/s), and horsepower (hp).

The power transmitted by a rotating machine component such as a shaft, fly-
wheel, gear, or pulley is of keen interest in the study of machines. A rotating shaft is
a commonly encountered machine element. Consider a shaft subjected to a torque T
from its surroundings and rotating with angular velocity v. Let the torque be
expressed in terms of a tangential force F and radius R; then T = FR. The velocity at
the point of application of the force is V = Rv, where v is in radians per unit of time.
Using these relations and Eq. d gives an expression for the power transmitted to the
shaft from the surroundings:

In SI units, the watt (W) is defined as 1 J/s, which is the same as 1 N #m/s. In
addition, 1 revolution = 2p radians, 60 s = 1 minute, and 1000 W = 1 kW. The
power in kilowatts is

(1.2)W
˛˛

#
�

FV

1000
�
T�

1000
�
T(2pn)

1000(60)
�
Tn

9549
3kW 4

W
˛˛

#
� FV � (T/R)(R�) � T�

W = L
t
2

t1

W
#

dt = L
t
2

t1

F # V dt

W
˛˛

#
� F � V

W
˛˛

#
.

T �
1 N � 0.001 m

0.1 rad
� 0.01 N � m � 10 N � mm
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where (kW), T = torque (N #m), n = shaft speed (rpm), F = force (N),
V = velocity (m/s), and v = angular velocity (rad/s).

In English and British units, the horsepower (hp) is defined as a work rate of
33,000 ft # lb/min. In addition, 1 rev = 2p rad. The power in horsepower is thus

(1.3)

where (hp), T = torque (lb # ft), n = shaft speed (rpm), F = force (lb),
and V = velocity (fpm).

1.10 Conservation of Energy

For a system in which there is no transfer of mass across its boundary, conservation
of energy requires that

(1.4)

where

¢E = change in total energy of the system

¢KE = in kinetic energy of the system
¢PE = mg(z2 - z1) = change in gravitational potential energy

of the system
¢U = change in internal energy of the system

Q = heat energy transferred to the system
W = work done on the system

Various special forms of the energy balance can be written. The instantaneous time
rate of the energy balance is

(1.5)

Equation 1.4 may be used to apply the conservation of energy principle. This prin-
ciple states that although energy may be changed from one form to another, it can-
not be destroyed or lost; it may pass out of control and be unusable yet it still exists.

There are several facets associated with work, energy, and power, some of which
are illustrated in the following examples. In studying these examples, the following unit
conversions are helpful to remember:

1.34 hp/kW = 1 0.746 kW/hp = 1 1.356 J/ft # lb = 1

1 N #m/J = 1 6.89 MPa/ksi = 1 145 psi/MPa = 1

dE

dt
�
d(KE)

dt
�
d(PE)

dt
�

dU

dt
� Q

˛˛

#
�W

˛˛

#

1
2m(V2

2 � V2
1) � change

¢E � ¢KE � ¢PE � ¢U � Q �W

W
˛˛

#
� power

W
˛˛

#
�

FV

33,000
�

2pTn
33,000

�
Tn

5252
3hp 4

W
˛˛

#
� power
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SAMPLE PROBLEM 1.2 Camshaft Power Requirement

If the camshaft shown in Figure 1.6 and discussed in the previous example rotates at
a uniform rate of 1000 rpm, what is the average power requirement during the time
interval involved?

SOLUTION

Known: The camshaft in Sample Problem 1.1 rotates at 1000 rpm and exerts a force
on the cam follower.

Find: Determine the average power requirement.

Schematic and Given Data:

1.10 ■ Conservation of Energy 25

n = 1000 rpm

T = 10 N • mm

FIGURE 1.6
Cam and follower for Sample Problem 1.2.

Assumptions:
1. The torque can be regarded as remaining constant through the rotation.

2. The friction losses can be neglected.

Analysis:
1. The rotating speed of 1000 rpm corresponds to 2000p rad/min or 33.3p rad/s.

2. Thus, a rotation of 0.1 rad requires (0.1/33.3p) seconds.

3. During this time interval the work done on the shaft is 0.001 N #m.

4. Power, therefore, being the time rate of doing work, is 0.001 N #m per
(0.1/33.3p) s, or 1.05 N #m/s. This is the same as 1.05 W.

5. The horsepower equivalent (Appendix A-1) is

1.05 W � 0.00134 hp/W or 0.0014 hp
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FIGURE 1.7
Vehicle power requirement. Typical 4000-lb sedan (level road,
constant speed, no wind). 
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FIGURE 1.8
Engine output power versus engine speed. Typical 350-in.3 V-8
engine.

SAMPLE PROBLEM 1.3 Automotive Performance Analysis

Figure 1.7 shows a representative engine power requirement curve for constant
speed, level road operation of a 4000-lb automobile. Figure 1.8 shows the wide-
open-throttle horsepower curve of its 350-in.3 V-8 engine. Figure 1.9 gives specific
fuel consumption curves for the engine for the vehicle shown in Figure 1.10. The
extreme right-hand point of each curve represents wide-open-throttle operation.
The rolling radius of the wheels varies a little with speed, but can be taken as 13 in.
The transmission provides direct drive in high gear.
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1. What axle ratio would result in the highest top speed, and what is that speed?

2. Estimate the gasoline mileage at a constant 55 mph, using this axle ratio.

3. Describe briefly the nature of a theoretically “ideal” automatic transmission.
How would it change the 55-mph fuel consumption and the vehicle performance
(i.e., acceleration and hill climbing ability)?

SOLUTION

Known: We know the vehicle horsepower–speed curve, the engine
horsepower–speed curve, and the brake-specific fuel consumption for the engine.

Find: (1) Determine the axle ratio for highest vehicle speed, (2) estimate gasoline
mileage, (3) describe an ideal automatic transmission.

Schematic and Given Data:
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FIGURE 1.9
Specific fuel consumption versus engine output power. Typical 350-in.3 V-8 engine. 

FIGURE 1.10
Vehicle for Sample Problem 1.3. 

Assumptions:
1. The vehicle operates on a level road, at constant velocity, without external wind.

2. The change in rolling radius of the wheels with speed is negligible.
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Analysis:
1. Figure 1.8 shows the maximum engine power to be 160 hp at 4000 rpm. Fig-

ure 1.7 shows that 160 hp will drive the car 117 mph. The axle ratio must be
such that the engine rotates 4000 rpm when the vehicle speed is 117 mph. At
117 mph, wheel speed is

The axle ratio required is

2. At 55 mph, engine speed is

From Figure 1.7, the 55-mph power requirement is 23 hp. With engine output
power equal to the vehicle road power, Figure 1.9 gives a specific fuel consump-
tion of about 0.63 lb/hp #h. Hence the hourly fuel consumption is 0.63 * 23 = 14.5
lb/h.

With 5.8 lb/gal as the specific weight of gasoline, the fuel mileage is

3. An “ideal” automatic transmission would permit the engine to slow down until ei-
ther minimum specific fuel consumption (about 0.46 lb/hp #h) or minimum satis-
factory operating engine speed was reached. To provide 23 hp at 0.46 lb/hp #h
would require the engine to operate below 1000 rpm. Let us conservatively
assume that 1000 rpm is the slowest satisfactory engine speed. At 1000 rpm,
23 hp can be had with a fuel consumption of 0.48 lb/hp #h. In comparison with
getting the 23 hp at 1880 rpm, gasoline mileage is increased by the ratio of
0.63/0.48 = 1.31. Thus, with the “ideal” transmission, 55 mph fuel mileage is 22
mpg * 1.31 = 28.9 mpg.

Comments:
1. Regarding vehicle performance, an “ideal” transmission would, with fully de-

pressed accelerator, allow the engine to speed up to 4000 rpm and deliver its full
160 hp at all vehicle speeds and under all road conditions when this speed did
not cause wheel “spin” and loss of traction. Under the latter conditions, engine
speed would be increased just to the point of providing sufficient power to the
driving wheels to almost overcome driving friction.

2. The “ideal” transmission would enable a smaller (and lighter) engine to be used
and still match the normal-speed-range performance of the original engine and
transmission. The smaller engine plus “ideal” transmission would presumably
give 55 mph operation at 0.46 lb/hp #h and an estimated 30.1 mpg.

55 mi/h � 5.8 lb/gal
14.5 lb/h

� 22 mi/gal

4000 rpm (55 mph/117 mph) � 1880 rpm

4000 rpm (engine)
1513 rpm (wheels)

� 2.64

5280 ft/mi � 117 mi/h
60 min/h � 2p(13/12) ft/rev

� 1513 rpm
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Problems

Sections 1.1–1.5

1.1D Write definitions of the words science, engineering, art, and design using a dictionary
and compare with those given in Section 1.1.

1.2D The Segway two-wheeled-self-balancing electric vehicle invented by Dean Kamen
and used for short distance personnel transportation reportedly travels at 12.5 mph.
The vehicle is controlled and powered with computers and electric motors. Lean for-
ward, you move forward. Lean back and you go backward. Lean the handlebars to
the left or right and you turn in that direction—see www.youtube.com for a video.
When you need to brake, the motor acts as a dynamometer. Review the design of the
Segway and address the question as to whether the Segway® conceptually is a “rea-
sonable safe design” using the following categories:

(a) The usefulness and desirability of the product

(b) The availability of other and safer products to meet the same or similar needs

(c) The likelihood of injury and its probable seriousness

(d) The obviousness of the danger

(e) Common knowledge and normal public expectation of the danger (particularly
for established products)

(f) The avoidability of injury by care in use of the product (including the effect
of instructions and warnings)

(g) The ability to eliminate the danger without seriously impairing the usefulness
of the product or making it unduly expensive
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FIGURE P1.2D
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FIGURE P1.3D

1.3D An accident occurred at a gym where a young woman was injured while exiting a
hack squat machine after completing a set of lifts. The woman was operating the in-
cident hack (slide) squat machine when the carriage fell on her leg. She had entered
the machine, completed one set of reps, and then placed the handle latches down on
the machine. She released the carriage weight from her legs and felt the weight being
supported. She then stepped her left foot from the footplate to the floor inside the
machine and stood up. Then the machine’s carriage assembly fell on the rear of her
leg (left calf). Her left leg was pinned under the carriage. She was trapped and had to
have the carriage raised off her leg before she could move.

Note: An inspection of a specific hack squat machine would probably be necessary to
work on this problem.
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From your viewpoint, address the issue of whether the latching system on the inci-
dent squat machine created an unreasonable danger. (Alternatively, address the ques-
tion as to whether a specific hack squat machine is a “reasonably safe design” and
whether a safer alternative design exists.)

1.4D Search online at http://www.osha.gov and from 29 CFR 1910.211 Definitions, define
the following power press terms: brake, clutch, two-hand control device, die, foot
pedal, pinch point, point of operation. Regulations for power presses are presented in
29 CFR 1910.217. Show a power press and identify the location of each item.

1.5D Search online at http://www.osha.gov and print a copy of 29 CFR 1910.212, General re-
quirements for all machines. With these requirements in mind, identify a machine you
have used that had a machine guard to protect the operator or other person in the machine
area from hazards. Sketch the machine and label the guarding device, power source, point
of operation, and danger zone.

1.6D Search the OSHA regulations at http://www.osha.gov and review the section related
to machine guarding. List the general methods used to guard known machine haz-
ards. Give specific examples of conditions where guards should be used.

1.7D An incident occurred on a cattle ranch that resulted in an injury to the operator of a
tub grinder. The tub grinder was being used to grind hay bales. The grinder was
powered from a tractor by means of (i) hydraulic fluid pressure (that powered a hy-
draulic motor that turned the tub) and (ii) a power take off (PTO) shaft that powers
a spinning hammer mill that rotates to “grind” the hay bale. The discharge spout of
the tub grinder became clogged during operation. The operator exited the cab of the
tractor, “turning off” the tractor PTO while leaving the tractor engine running. He
walked to the tub grinder spout area, removed pins and opened the tub grinder
shields (guards). The operator reached into the unguarded opening and at some
point his right hand contacted the still rotating hammer mill of the tub grinder. At
issue are (a) whether the tub grinder contained proper warnings, (b) whether the tub
grinder hammer mill was properly guarded, and (c) whether the hammer mill
should be allowed to “coast down” to a stop, or the hammer mill should stop rotat-
ing immediately once the tractor PTO is “turned off.” Search the OSHA regulations
http://www.osha.gov and specifically review the regulations 29 CFR 1910.212,
General requirement for all machines, 29 CFR 1910.147, The control of hazardous
energy (lockout/tagout), and 29 CFR 1910.145, Specifications for accident preven-
tion signs and tags. Write several paragraphs explaining how each regulation would
apply to a tub grinder.

1.8D Referring to Problem 1.7D,

(a) Sketch a tub hay grinder and label a guarding device, power source, point of op-
eration, and danger zone.

(b) List general methods used to guard known tub grinder hazards.

(c) Write a paragraph explaining the procedure of lockout/tagout for the tractor and
tub hay grinder.

(d) Develop a warning sign/label(s) that could be applied to the tub grinder shields
(guards) on the tub grinder.

(e) Sketch a device that could be used to “immediately” stop a rotating hammer
mill if the tractor PTO is “turned off.”

1.9D An incident occurred resulting in a worker’s hand being amputated in a machine
called a “pallet notcher” that cuts notches in 2 in. 4 in. lumber (boards), used to
build pallets. The boards move on a conveyor to the notcher where they drop into a
covered area about four feet long. The covered area houses two sets of staggered ro-
tating knives. The boards go through the first set of knives, notching one end, then
through the second set, which notches the opposite end. At the time of the accident,

�
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the worker was collecting the notched wood from the exit area of the machine. He
was pulling the boards outward as they exited the machine. He felt something hit his
fingertip, and when he pulled back, his hand had been removed near the wrist.

Additional facts in this accident include:

(a) Prior to the day of the accident, the employee had not been stationed at the inci-
dent pallet notcher.

(b) The incident pallet notcher machine was not the employee’s usual station.

(c) The employee was working near the exit area of the notcher at the time of the
accident.

(d) The area where the boards exit the machine is approximately 7 in. high and 19
to 20 in. from the point of operation. This distance is easily reachable by an em-
ployee working at the machine exit. (OSHA report)

(e) A piece of “hung” carpet located toward the exit of the machine hindered the
visibility of the blades and allowed an employee to reach under it and access the
blades.

(f) The pallet notcher was not guarded to protect the employees from the point of
operation. (OSHA report)

(g) The employer knew that guarding was required and was aware that the pallet
notcher was not guarded. (OSHA report)

(h) The employee reportedly was not informed of the location of the blades for the
incident machine.

(i) At the time of the accident there was no warning label on the machine to alert
the employee that a cutting blade was within his reach.

(j) The employee was not instructed to use a pull stick to retrieve boards that do not
exit the machine.

(k) A “willful” citation (issued when the employer knowingly commits a violation)
was proposed for a violation of 1910.212(a)(3)(ii). (OSHA report)

Search the OSHA regulations at http://www.osha.gov and specifically review
the section 29 CFR 1910.212(a)(3)(ii). Write a paragraph relating this section to the
above incident. Also, list ways in which this accident could have been prevented.

1.10D A single pole hunting stand is supported on a vertical pole and stabilized using at
least three guy wires. The guy wires can be attached to stakes that are placed in the
ground or attached to surrounding objects such as rocks, trees, or roots. The single
pole configuration allows erection on varied terrain with or without attaching to
trees. The single pole hunting stand provides an unobstructed 360° field of view and
complete rotational freedom of movement via a swivel seat that is attached to the top
of the pole. The swivel seat with backrest may be elevated to the desired height by
changing the length of the pole. The pole is equipped with steps that allow for access
to the swivel chair without having to adjust or move the stand. The single pole device
does not require attachment directly to a single tree or require climbing a tree for ac-
cess or egress. The single pole may be collapsed or disassembled to create a shorter
length; the swivel chair detached; and the guy wires coiled to allow compact packag-
ing and shipment, assembly, easy movement and storage. Based on a study of the
single pole hunting stand as described, review the design of the single pole hunting
stand and address the question as to whether the single-pole hunting stand is a “rea-
sonable safe design” using the following categories:

(a) The usefulness and desirability of the product.

(b) The availability of other and safer products to meet the same or similar needs.

(c) The likelihood of injury and its probable seriousness.

(d) The obviousness of the danger.
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(e) Common knowledge and normal public expectation of the danger (particularly
for established products).

(f) The avoidability of injury by care in use of the product (including the effect of
instructions and warnings).

(g) The ability to eliminate the danger without seriously impairing the usefulness of
the product or making it unduly expensive.

For reference, see Sides et al., 4,674.598.
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1.11D An incident occurred at the residence of an older man wherein he was injured when
he reportedly applied sandpaper to a rotating drive belt while attempting to repair an
exercise treadmill. The incident treadmill was powered by a 2-hp DC motor, and was
being “operated” by the man while he was attempting to repair the machine by ap-
plying sandpaper to the motor drive V-belt at the time of the accident.

Indeed, he decided to remove the treadmill motor guard so he could better access the
underside of the treadbelt. He noticed that the motor drive belt had a “sheen.” He
then took a roll of sandpaper, started the 2-hp electric motor, and attempted to
apply—in the area of an in-running nip point—the sandpaper to the drive belt to re-
move the “sheen” while the treadmill motor and tread belt was powered and running.
His middle finger on his right hand was reportedly drawn with the sandpaper into the
motor belt and rotating drive pulley. He sustained injury to his finger as a result of the
accident. From your viewpoint, address the issue of whether the incident treadmill
was reasonably safe. Also, list possible causes of the accident.

34 Chapter 1 ■ Mechanical Engineering Design in Broad Perspective

DC Motor

Tread belt

Pulleys

Drive belt

FIGURE P1.11D

1.12D The unexpected or unintentional energization or start up of machinery, or the release
of stored energy, during servicing or maintenance of the machine can result in em-
ployee injury or death. Review the regulation 29 CFR 1910.147 entitled The control
of hazardous energy (lockout/tagout) at http://www.osha.gov and write a paragraph
explaining the procedure of lockout/tagout for machines or equipment.

1.13D Design a danger sign and a caution sign for a power press. For specifications search
online at http://www.osha.gov for 29 CFR 1910.145 entitled Specifications for acci-
dent prevention signs and tags. Describe the difference between a danger sign and a
caution sign. When is the signal word “Warning” used?

1.14D From your own experience and observation, describe briefly (perhaps one or two typed
pages, double-spaced) a specific example of mechanical engineering design that you
regard as excellent from a safety, ecological, and sociological standpoint. (Preferably,
choose an example reflecting your own observation and consciousness rather than one
featured in the news media.) Your write-up should reflect the professional appearance
expected of an engineer. Use illustrations if and where appropriate.
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1.15D According to an OSHA director of field programs, a driller was in the process of raising
the traveling block and the attached kelly and swivel assembly when an oil drilling rig
accident occurred. During an oil drilling operation, an air-chugger winch cable was at-
tached to the kelly pipe as a tag line to prevent it from swinging. Two of the rig hands
were monitoring the kelly pipe as it was pulled out of the rat hole. The chain hand
picked up the spinning chain and positioned himself near the drawworks drum as he
waited for the kelly to be positioned over the hole. When he tossed the end of the spin-
ning chain over his shoulder it became entangled in the fast line cable as the cable was
spooled onto the drum. The spinning chain wrapped around the worker’s wrist and
pulled him into the drum as the chain’s slack was drawn up. The spinning chain also
struck the worker in the groin area and fractured his leg and severed his femoral artery.
The driller stopped the drawworks before the worker was completely pulled into the
drum encasement, but the worker was seriously injured. His leg was amputated and in-
juries to his hand resulted in a permanent disability. The drawworks drum was equipped
with metal casing that enclosed the drum on the lower front, top, and sides. However,
there was an opening of approximately 4' 3' to allow the fast line adequate clear-
ances to spool back and forth onto the drum that has no barrier guard. (See Figure
P1.15D.) Apparently, the drawworks drums used on oil well drilling sites were designed
and constructed as described above without any barrier guard to protect workers in close
proximity to the drawworks drum from the hazard of the ingoing nip point between the
moving fast line and the drum. Search the OSHA regulations http://www.osha.gov and
specifically review the regulation 29 CFR 1910.212(a)(1), General requirement for all
machines. Write a paragraph explaining how this section would apply to the drum. Also,
suggest a guard (design) that could have prevented this accident.

�
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1.16D Parking blocks prevent the forward movement of cars and other vehicle by acting like a
“curb.” Unfortunately, for elderly persons or others with poor vision, they are sometimes
difficult to “see” as they project only four to eight inches off the ground. An ASTM stan-
dard recommends that parking blocks not be used in parking lots and parking garages. On
the other hand, the Americans for Disabilities Act (ADA) shows the use of parking blocks
in the design of parking spaces for persons with disabilities. What are the advantages and
disadvantages of parking blocks? What is your opinion as to whether the utility out-
weighs the risk of harm of using parking blocks? Are there certain places where parking
blocks should not be used? Are there parking garages that do not use parking blocks?

1.17D Stairways—and mechanical engineers sometimes design stairways—have certain geo-
metric requirements for their design, e.g., stairway steps shall be uniform with respect
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to rise and run. Review local and/or uniform building codes for stairways and steps and
record the requirements for rise and run. Also address and answer the question, why are
building codes such as those for stairways required?

1.18D An incident occurred in which a cantilevered section of a walkway under demolition
fell in a bagasse warehouse area at a sugar mill, resulting in the death of a worker posi-
tioned on top of the walkway. The incident walkway was constructed of two 2.625 in.
by 10 in. steel C-channel main beams spaced three feet apart with metal floor grating
welded to the top of the C-channel beams. The cantilevered walkway had welded-on
hand rails and was approximately three ft in width, 11 ft in length and located at a
height of 40 ft from ground level. This section weighed more than 800 lbs. The worker
was positioned on the cantilevered portion of the walkway cutting through the floor
grating of the walkway when the cantilevered walkway section unexpectedly gave way
and fell to the area below. The demolition of the walkway left one section of the walk-
way cantilevered and supported by the metal floor grating and by an undersized weld.
Demolition proceeded without an engineering study of the structural integrity of the
bagasse walkway as well as an adequate plan for demolition. A proper engineering
study of the structural integrity of the bagasse warehouse walkway as well as an ade-
quate demolition plan in reasonable engineering probability would have prevented the
accident.

Search the OSHA regulation at http://www.osha.gov and review the sections 29 CFR
1926.501(a)(2) and 29 CFR 1926.850(a). Write a paragraph relating each section to the
above incident and describe how following the regulations would have reduced the risk
to employees.
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1.19D Write a report reviewing the web site http://www.uspto.gov. From a mechanical en-
gineer’s viewpoint, discuss the contents, usefulness, cost, ease of use, and clarity of
the site. Identify the search tools available.

1.20D Repeat Problem 1.19D, except use the web site http://www.osha.gov.

1.21D Repeat Problem 1.19D, except use the web sites http://www.ansi.org and
http://www.iso.ch.
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1.22D The iPhone 3G and 3GS by Apple utilizes a number of engineering materials which
reportedly include:

(a) glass, for the front display cover

(b) steel, for the outer perimeter edge trim piece

(c) plastic, for the molded rear back (glass in the iPhone 4® for the back).

Review Section 1.3 of your textbook on Ecological Considerations with respect to
the selection of materials with ecological factors in mind, review the environmental
statement by Apple for the iPhone, and search the Internet for additional information,
especially a report by Greenpeace. Then write a report with three references on the
efforts by Apple to design and manufacture environmentally friendly products.

1.23D How can engineers help avoid catastrophes such as the Jonestown flood, Chernobyl,
the Tacoma Narrows Bridge, the Kansas City hotel walkway, Challenger and Colom-
bia? Are there any common root causes for these events? Can you plan for failure?
Can you learn from failure?

1.24D In an effort to counter the release of carbon dioxide by power plants in the United
States, one thing that is being considered is that power plant owner’s be allowed to
invest in forests and trees that convert carbon dioxide to oxygen. Discuss the issues
of the proponents and opponents to what is sometime referred to as a “carbon tax.”
What are your opinions regarding the advantages and disadvantages of the govern-
ment providing incentives (tax breaks) for certain actions? Can these incentives be
gamed, i.e., interest and competitiveness created and made an activity that compa-
nies participate in.?

1.25D Given $10 million, how would you spend the money as an engineer in a business
venture for the betterment and improvement of society?

1.26D What would be the advantages and disadvantages—assuming this is legal—for a
city, along with owners of semiconductor chip–related manufacturing companies
operating in the city, to fix a ceiling labor rate for employees?

1.27D Areas of the country have been allowed legally to establish casinos and facilities for
gambling. As an engineer involved in the development of gambling equipment, what
would your state engineering board provide as guidelines, if any, for your conduct as
an engineer? From a sociological perspective, what are the advantages and disadvan-
tages of allowing gambling?

1.28D In an effort to reduce the pollution in its larger cities, a state government has provided
incentives to owners of polluting companies to move to less populated areas with sig-
nificantly lower pollution, especially companies such as foundries that produce noise
and smelly, smoky airborne pollution. What are the advantages and disadvantages of
such a system of “distributing” the pollution? Does spreading the pollution solve the
health problem and/or reduce citizen complaints?

1.29D Risk has been defined as the severity of the outcome of a hazard-related event times
the probability that the event could occur. Several publications include the concepts
of residual risk and acceptable or tolerable risk. Review the literature including tech-
nical report ANSI B11. TR3-2000 and write a report (that includes three references)
on the concept of tolerable risk and risk reduction. In this report, provide definitions
for hazard, probability, residual risk, risk, safety, severity, and tolerable risk.

1.30D Consider these excerpts from an extensive article on auto racing that appeared in the
Chicago Tribune on Feb. 14, 2001, where Mario Andretti is quoted as saying: “At the
beginning of a season, I would look around at a drivers’ meeting and I would think,
‘I wonder who’s not going to be here at the end?’ There were years when we lost as
many as six guys.” The extensive article provides a history of fatalities in auto racing,
as well as notable measures taken over the years to make racing less risky. Neverthe-
less, the number of driver fatalities in relation to the number of drivers involved
would be considered unacceptable in other employment settings.

Problems 37
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Review the literature including technical report ANSI B11.TR3-2000 and write
a report (that includes three references) on the concept of tolerable risk. In this re-
port, contrast the discussion of tolerable risk for a race car driver versus that for an
employee and user of an office machine, e.g., a copier.

Sections 1.6 and 1.7

1.31D Investigate the web site www.analyticcycling.com that provides technical methods
for evaluating and estimating cycling performance. Verify that the conversion calcu-
lator provided on the web site will convert units correctly for speed (mph to km/hr),
temperature (F to C), and force (lb to N). Write a short paragraph on how you veri-
fied that the conversion calculator was “correct.” What would increase your confi-
dence in the conversion calculator given on the web site?

1.32 Check the dimensional homogeneity of the following equations: (a) F = ma,
(b) W = Fs, and (c) where m = mass, a = acceleration, F = force,
W = work, s = distance, v = angular velocity, T = torque, and 

1.33 An object has a mass of 10 kg at a location where the acceleration of gravity is
9.81 m/s2. Determine its weight in (a) English Engineering units, (b) British Gravita-
tional units, and (c) SI units.

1.34 An object whose mass is 7.8 kg occupies a volume of 0.7 m3. Determine its
(a) weight, in newtons, and average density, in kg/m3, at a location on the earth
where g = 9.55 m/s2, (b) weight, in newtons, and average density, in kg/m3, on
the moon where g = 1.7 m/s2.

1.35 A spacecraft component occupies a volume of 8 ft3 and weighs 25 lb at a location
where the acceleration of gravity is 31.0 ft/s2. Determine its weight, in pounds, and
its average density, in lbm/ft3, on the moon, where g = 5.57 ft/s2.

1.36 A spring stretches 5 mm per newton of applied force. An object is suspended from
the spring, and a deflection of 30 mm is observed. If g = 9.81 m/s2, what is the mass
of the object (kg)?

W
˛˛

#
� power.

W
˛˛

#
� T�,
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g = 9.81 m/s2

5 mm

30
mm

1 N

m

FIGURE P1.36

1.37 An object weighs 20 lb at a location where the acceleration of gravity is
g = 30.5 ft/s2. Determine the magnitude of the net force (lb) required to accelerate
the object at 25 ft/s2.

1.38 The British Gravitational System uses the mass unit slug. By definition, a mass of
1 slug is accelerated at a rate of 1 ft/s2 by a force of 1 lb. Explain why this is a con-
venient mass unit.
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1.39 Deceleration is sometimes measured in g’s or multiples of the standard acceleration
of gravity. Determine the force, in newtons, that an automobile passenger whose
mass is 68 kg experiences if the deceleration in a head-on crash is 50g.

1.40 An object has a mass of 8 kg. Determine (a) its weight at a location where the accel-
eration of gravity is g = 9.7 m/s2, (b) the magnitude of the net force, in N, required to
accelerate the object at 7 m/s2.

1.41 A truck weighs 3300 lb. What is the magnitude of the net force (lb) required to accel-
erate it at a constant rate of 5 ft/s2? The acceleration of gravity is g = 32.2 ft/s2.

Problems 39

a = 5 ft/s2

g = 32.2 ft/s2F

FIGURE P1.41

1.42D A solid metal object has a volume of 0.01 m3. Select a metal from Appendix C-1. Use the
density of the metal to determine: (a) the weight of the objects at a location where the ac-
celeration of gravity is g = 9.7 m/s2, and (b) the magnitude of the net force, in N,
required to accelerate the object at 7 m/s2 in a horizontal direction.

Sections 1.8–1.10

1.43 A block weighing 3000 lb slides on a flat surface at an initial velocity of 88 feet per
second where the coefficient of friction is 0.7. Determine the friction force causing
the block to slow. How far does the block travel in slowing to a stop? How many
seconds does it take for the block to come to rest? How much work was done to
stop the block? What was the initial kinetic energy of the block?

1.44 A car, shown in Figure P1.44, weighing 3000 lb tows a single axle two-wheel trailer
weighing 1500 lb at 60 mph. There are no brakes on the trailer, and the car, which
by itself can decelerate at 0.7g, produces the entire braking force. Determine the
force applied to slow the car and trailer. Determine the deceleration of the car and
the attached trailer. How far do the car and trailer travel in slowing to a stop? How
many seconds does it take to stop?

FIGURE P1.44

1.45 A car weighing 3000 lb, traveling at 60 mph, decelerates at 0.70g after the brakes
are applied. Determine the force applied to slow the car. How far does the car travel
in slowing to a stop? How many seconds does it take for the car to stop?
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1.46 A jump rope is made from an elastic cord with two hollow plastic handles attached
to each end. Two boys, instead of using the rope for jumping, decide to use it for a
tug-of war. Each boy pulls on an end of the rope. One boy lets go of his handle; the
other boy holds his end and is almost immediately struck in the eye by the sharp
end of the released handle. Derive an equation for the energy stored in the rope. A
force of 9 lb was applied to each handle stretching the rope 10 in. just prior to its
release. The rope and handle weighed 2 oz. What was the approximate speed of the
handle when it struck the boy’s eye?
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FIGURE P1.46

1.47D A vertically suspended wire has a cross-sectional area of 0.1 in.2. A downward
force, applied to the end of the wire, causes the wire to stretch. The force is in-
creased linearly from initially zero to 2500 lb, and the length of the wire increases
by 0.1%. Select a wire length and use it to determine (a) the normal stress, in
lb/in.2, and (b) the work done in stretching the wire, in ft # lb.

1.48 Figure P1.48 shows an object whose mass is 5 lbm attached to a rope wound around
a pulley. The radius of the pulley is 3 in. If the mass is lowered at a constant velocity
of 5 ft/s, determine the power transmitted to the pulley, in horsepower, and the rota-
tional speed of the pulley, in revolutions per minute (rpm). The acceleration of grav-
ity is g = 32.2 ft/s2.

[Ans.: 0.045 hp, 191 rpm]

Pulley

V = 5 ft /s
m = 5 lb

R = 3 in.

FIGURE P1.48

1.49 The input shaft to a gearbox rotates at 2000 rpm and transmits a power of 40 kW. The
output shaft power is 36 kW at a rotational speed of 500 rpm. Determine the torque
of each shaft, in N #m.

1.50 An electric motor draws a current of 10 amperes (A) with a voltage of 110 V. The
output shaft develops a torque of 9.5 N #m and a rotational speed of 1000 rpm. All
operating data are constant with time. Determine (a) the electric power required by
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the motor and the power developed by the output shaft, each in kilowatts; (b) the net
power input to the motor, in kilowatts; (c) the amount of energy transferred to the
motor by electrical work and the amount of energy transferred out of the motor by
the shaft in kW #h and Btu, during 2 h of operation.

Problems 41

I = 10 A

Output
shaft

t = 2 hr
n = 1000 rpm
T = 9.5 N • m

V = 110 V +
–

FIGURE P1.50

1.51 An electric heater draws a constant current of 6 A, with an applied voltage of 220 V,
for 10 h. Determine the total amount of energy supplied to the heater by electrical
work, in kW #h.

1.52D The drag force, Fd , imposed by the surrounding air on an automobile moving with
velocity V is given by

where Cd is a constant called the drag coefficient, A is the projected frontal area of the ve-
hicle, and r is the air density. For Cd = 0.42, A = 2 m2, and r = 1.23 kg/m3, (a) calcu-
late the power required (kW) to overcome drag at a constant velocity of 100 km/h,
(b) compute and plot the required power (kW) to overcome drag as a function of veloci-
ty, for V ranging from 0 to 120 km/h.

1.53 For a vehicle moving at velocity, V, determine the power in kW to overcome aerodynam-
ic drag. In general, the drag force, Fd, imposed on a vehicle by the surrounding air is
given by

where Cd is a constant for the vehicle called the drag coefficient, A is the project-
ed frontal area of the vehicle, and r is the air density. For this vehicle, Cd = 0.60,
A = 10 m2, r = 1.1 kg/m2, and V = 100 km/h.

1.54 The rolling resistance of the tires, Fr, opposing the motion of a vehicle is given by

Fr = fW

where f is a constant called the rolling resistance coefficient and W is the vehi-
cle weight. For a vehicle weighing, W = 300 kN that is traveling at 100 km/h,
calculate the power in kW required to overcome the vehicle rolling resistance
for f = 0.0070.

1.55 Develop an equation for the power required, in hp, for a vehicle traveling on a level
road to overcome (a) the aerodynamic drag force of the surrounding air on the vehi-
cle and (b) the rolling resistance force on the tires. The drag force, Fd, imposed on a
vehicle by the surrounding air is given by

Fd � Cd˛A 1
2rV

2

Fd � Cd˛A 1
2rV

2

Fd � Cd˛A 1
2rV

2
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where Cd is a constant for the vehicle called the drag coefficient, A is the projected
frontal area of the vehicle, r is the air density and V is the velocity of the vehicle. The
rolling resistance of the tires, Fr , opposing the motion of a vehicle is given by

Fr = fW

where f is a constant called the rolling resistance coefficient and W is the vehicle
weight. What is the equation for the power required in kW?

1.56 A solid cylindrical bar of 5-mm diameter is slowly stretched from an initial length of
100 mm to a final length of 101 mm. The normal stress acting at the end of the bar
varies according to s = E(x - x1)/x1, where x is the position of the end of the bar,
x1 is the initial length, and E is a material constant (Young’s modulus). For
E = 2 * 107 kPa, determine the work done on the bar (J).

1.57 A steel wire suspended vertically has a cross-sectional area of 0.1 in.2 and an initial
length of 10 ft. A downward force applied to the end of the wire causes the wire to
stretch. The force varies linearly with the length of the wire from zero initially to
2500 lb when the length has increased by 0.01 ft. Determine (a) the normal stress, in
lb/in.2, at the end of the wire as a function of the length of the wire and (b) the work
done in stretching the wire, in ft # lb.

1.58 The crankshaft of a single-cylinder air compressor rotates 1800 rpm. The piston area
is 2000 mm2, and the piston stroke is 50 mm. Assume a simple “idealized” case
where the average gas pressure acting on the piston during the compression stroke is
1 MPa, and pressure during the intake stroke is negligible. The compressor is 80%
efficient. A flywheel provides adequate control of speed fluctuation.

(a) What motor power (kW) is required to drive the crankshaft?

(b) What torque is transmitted through the crankshaft?

[Ans.: 3.75 kW, 19.9 N #m]

1.59 What is the rate of work output of a press that delivers 120 strokes per minute, each
stroke providing a force of 8000 N throughout a distance of 18 mm? If the press effi-
ciency is 90%, what average torque must be provided by a 1750-rpm driving motor?

1.60D A press delivers a force of 8000 N throughout a distance of 18 mm each stroke. Se-
lect a number of strokes per minute and determine the rate of work output per sec-
ond. If the press efficiency is 90%, what average torque must be provided by a
1750-rpm driving motor?

1.61 A punch press with flywheel adequate to minimize speed fluctuations produces 120
punching strokes per minute, each providing an average force of 2000 N over a
stroke of 50 mm. The press is driven through a gear reducer by a shaft rotating
300 rpm. Overall efficiency is 80%.

(a) What power (W) is transmitted through the shaft?

(b) What average torque is applied to the shaft?

[Ans.: 250 W, 8.0 N #m]

1.62 Repeat Problem 1.61 except change the punch force to 10,000 N, stroke to 50 mm,
and drive shaft speed to 900 rpm.

[Ans.: 1250 W, 13.26 N #m]

1.63 A belt sander, shown in Figure P1.63, weighs 10 lb and has a belt speed of 1000
ft/min. A downward force of 10 lb (in addition to the weight) is applied on the
sander. If the coefficient of friction between the belt and a flat table top being sanded
is 0.30, determine (a) the power transmitted by the belt in hp, and (b) the work done
while sanding the table top for 15 minutes in ft-lb.
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c01.qxd  8/3/11  9:16 AM  Page 42



Problems 43

FIGURE P1.63

1.64 An 1800-rpm motor drives a camshaft 360 rpm by means of a belt drive. During each
revolution of the cam, a follower rises and falls 20 mm. During each follower up-
stroke, the follower resists a constant force of 500 N. During the downstrokes, the
force is negligible. The inertia of the rotating parts (including a small flywheel) pro-
vides adequate speed uniformity. Neglecting friction, what motor power is required?
You should be able to get the answer in three ways: by evaluating power at the
(a) motor shaft, (b) camshaft, and (c) follower.

[Ans.: 60 W]

1.65 Repeat Problem 1.64 except work with English units and use a follower displace-
ment of 1 in. and a follower force (during the upstroke) of 100 lb.

1.66D Search online at http://www.bodine-electric.com and www.electricmotors.machine
.design.com, and copy speed torque curves and give typical applications for various
types of fractional and subfractional motors (e.g., split phase, capacitor-start, induc-
tion, shaded pole, synchronous, universal, shunt, split-series field, compound, etc.).

1.67 The crankshaft of a small punch press rotates 100 rpm, with the shaft torque fluctu-
ating between 0 and 1000 N #m in accordance with curve A of Figure P1.67. The
press is driven (through a gear reducer) by a 1200-rpm motor. Neglecting friction
losses, what motor power would theoretically be required:

(a) With a flywheel adequate to minimize speed fluctuations.

(b) With no flywheel.

[Ans.: (a) 2618 W, (b) 10,472 W]
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Curve A (linear variation)
Curve B (half-wave rectified sinusoid)

FIGURE P1.67

1.68 Repeat Problem 1.67 except use curve B of Figure P1.67.

[Ans.: (a) 3333 W, (b) 10,472 W]
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1.69 How steep a grade can be climbed by the automobile in Sample Problem 1.3 (with a
2.64 axle ratio) while maintaining a constant 55 mph:

(a) With transmission in direct drive?

(b) With a transmission reduction ratio of 1.6?

44 Chapter 1 ■ Mechanical Engineering Design in Broad Perspective

1.70 How great a speed can the car in Sample Problem 1.3 (with 2.64 axle ratio) maintain
when going up a continuous 10 percent grade (1-ft rise in 10-ft horizontal travel)?

[Ans.: 73 mph]

1.71 How great a reduction in the Figure 1.7 “road load” horsepower requirement would
be necessary to enable a car with an “ideal” transmission to get 30 miles per gallon
(mpg) at 70 mph? (Assume that the engine would have a minimum brake-specific
fuel consumption of 0.45 lb/hp #h, as shown in Figure 1.9.)

[Ans.: About 25 percent]

55 mph

2.64 axle ratio

FIGURE P1.69
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2 Load Analysis

2.1 Introduction

This book is concerned with the design and analysis of machine and structural com-
ponents. Since these are load-carrying members, an analysis of loads is of funda-
mental importance. A sophisticated stress or deflection analysis is of little value if it
is based on incorrect loads. A mechanical component cannot be satisfactory unless
its design is based on realistic operating loads.

Sometimes the service or operating loads can be readily determined, as are those
on some engines, compressors, and electric generators that operate at known torques
and speeds. Often the loads are difficult to determine, as are those on automotive
chassis components (which depend on road surfaces and driving practices) or on the
structure of an airplane (which depends on air turbulence and pilot decisions).
Sometimes experimental methods are used to obtain a statistical definition of applied
loads. In other instances engineers use records of service failures together with
analyses of strength in order to infer reasonable estimates of loads encountered in
service. The determination of appropriate loads is often a difficult and challenging
initial step in the design of a machine or structural component.

2.2 Equilibrium Equations and Free-Body Diagrams

After certain initial applied loads have been determined or estimated, the basic equa-
tions of equilibrium enable loads at other points to be determined. For a nonacceler-
ating body, these equations can be simply expressed as

(2.1)

For an accelerating body they are

(2.2)

These equations apply with respect to each of any three mutually perpendicular axes
(commonly designated X, Y, and Z), although in many problems forces and moments
are present with respect to only one or two of these axes.

The importance of equilibrium analysis as a means of load determination can
hardly be overemphasized. The student is urged to study each of the following exam-
ples carefully as well as the vectorial approach to equilibrium balance covered in
Appendix G. 

©F = ma and ©M = Ia

©F = 0 and ©M = 0
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100 in.

V = 60 mph
50 in.

CP

3000 lb

25 in.

Fd

Ft

Wr Wf

CG 20 in.

FIGURE 2.1
Free-body diagram of auto
traveling at constant
speed.

SAMPLE PROBLEM 2.1 Automobile Traveling Straight Ahead at Constant
Speed on Smooth, Level Road

The 3000-lb (loaded weight) car shown in Figure 2.1 is going 60 mph and at this
speed the aerodynamic drag is 16 hp. The center of gravity (CG) and the center of
aerodynamic pressure (CP) are located as shown. Determine the ground reaction
forces on the front and rear wheels.

SOLUTION

Known: A car of specified weight travels at a given speed with known drag force.

Find: Determine the pavement forces on the tires.

Schematic and Given Data:

Assumptions:
1. The speed is constant.

2. The car has rear-wheel drive.

3. Vertical aerodynamic forces are negligible.

4. The rolling resistance of the tires is negligible.

Analysis:
1. Power is force times velocity; 1 hp = 33,000 ft # lb/min, and 60 mph =

5280 ft/min; hence,

2. Summation of forces in the direction of motion is zero (no acceleration forces
exist at constant velocity); hence, thrust force Ft is 100 lb in the forward direc-
tion. This is the force applied by the road surface to the tires. (The force
applied by the tires to the road is equal but opposite in direction.) This force
is divided equally between the rear wheels for the rear-wheel-drive car shown;
it could be applied to the front tires for a front-wheel-drive car without altering
any other forces.

Fd = 100 lb

 16 =
(Fd)(5280)

33,000

 hp =
drag force (lb) # velocity (ft/min)

33,000
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2.2 ■ Equilibrium Equations and Free-Body Diagrams 47

3. Applying the moment equilibrium equation with respect to moments about an
axis passing through the rear tire road contacts, we have

from which Wf = 1475 lb.

4. Finally, from the summation of vertical forces equals zero, we have

Comments: Before leaving this problem, we note two further points of interest.

1. The weight of the vehicle when parked is carried equally by the front and rear
wheels—that is, Wf = Wr = 1500 lb. When traveling at 60 mph, forces Fd and
Ft introduce a front-lifting couple about the lateral axis (any axis perpendicular
to the paper in Figure 2.1) of 100 lb times 25 in. This is balanced by an oppos-
ing couple created by the added force of 25 lb carried by the rear wheels and the
reduced force of 25 lb carried by the front wheels. (Note: This simplified analy-
sis neglects vertical aerodynamic forces, which can be important at high speeds;
hence, the use of “spoilers” and “wings” on race cars.)

2. The thrust force is not, in general, equal to the weight on the driving wheels
times the coefficient of friction, but it cannot exceed this value. In this problem
the wheels will maintain traction as long as the coefficient of friction is equal to
or above the extremely small value of 100 lb/1525 lb, or 0.066.

SAMPLE PROBLEM 2.2 Automobile Undergoing Acceleration

The car in Figure 2.1, traveling 60 mph, is suddenly given full throttle. The corre-
sponding engine power is 96 hp. Estimate the ground reaction forces on the front
and rear wheels, and the acceleration of the vehicle.

SOLUTION

Known: A car of specified weight, with known drag force and speed, is given
full throttle.

Find: Determine the ground forces on the tires and the vehicle acceleration.

Schematic and Given Data:

= 1525 lb

Wr = 3000 lb - 1475 lb

©M = (3000 lb)(50 in.) - (100 lb)(25 in.) - (Wf)(100 in.) = 0

Fd = 100 lb

Ft = 567.5 lb

Wr = 1618.5 lb Wf = 1381.5 lb

Engine power, 96 hp

W = 3000 lb
Fi = 467.5 lb

FIGURE 2.2
Free-body diagram 
of auto undergoing
forward acceleration.

c02.qxp  8/3/11  7:52 PM  Page 47
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Assumptions:
1. The rotational inertia effect is equivalent to a car weighing 7 percent more.

2. The rear wheels develop the required traction.

Analysis:
1. The influence of the rotating inertia of the car wheels, engine flywheel, and

other rotating members should be considered. When the car accelerates,
power is consumed in angularly accelerating these members. Detailed calcu-
lations typically indicate that in “high” gear the effect of the rotational inertia
is to increase the weight of the car by about 7 percent. This means that only
100/107 of the power available for acceleration goes to linearly accelerating
the car mass.

2. In this problem, 16 hp gives the forward wheel thrust of 100 lb needed to main-
tain constant speed. With total horsepower increased to 96, 80 hp produces
acceleration, of which 80(100/107) or 74.8 hp causes linear acceleration. If 16 hp
produces a 100-lb thrust, then, by proportion, 74.8 hp will increase the thrust by
467.5 lb.

3. From Eq. 2.2,

4. Figure 2.2 shows the car in equilibrium. The 467.5-lb inertia force acts toward
the rear and causes an additional shift of 93.5 lb from the front to the rear wheels
(calculation details are left to the reader).

Comment: In this problem the wheels will maintain traction as long as the coeffi-
cient of friction is equal to or above the value of 567.5/1617, or 0.351.

SAMPLE PROBLEM 2.3 Automotive Power Train Components

Figure 2.3 shows an exploded drawing of the engine, transmission, and propeller
shaft of the car in Figures 2.1 and 2.2. The engine delivers torque T to the transmis-
sion, and the transmission speed ratio (vin/vout) is R. Determine the loads, exclusive
of gravity, acting on these three members.

SOLUTION

Known: An engine of known general configuration delivers power to a transmission
and drive shaft of an automobile.

Find: Determine the loads on the engine, transmission, and drive shaft.

a =
F
m

=
Fg

W
=

(467.5 lb)(32.2 ft/s2)

3000 lb
= 5.0 ft/s2
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Schematic and Given Data:

1 Neglecting transmission friction losses.

Assumptions:
1. The engine is supported at two points as shown.

2. The weight of the components are neglected.

3. Transmission friction losses are neglected.

Analysis:
1. Consider first the transmission. This member receives torque T from the engine

and delivers torque RT to the propeller shaft1 (through a universal joint, not
shown). The propeller shaft applies equal and opposite reaction torque RT to the
transmission, as shown. For equilibrium, torque RT - T must be applied to the
transmission housing by the engine structure to which it is attached.

2. The engine receives torques T and RT - T from the transmission (action–reaction
principle). Moment RT must be applied by the frame (through the engine mounts),
as shown.

3. The propeller shaft is in equilibrium under the action of equal and opposite
torques applied at its two ends.

Comment: This simplified power train analysis gives an estimate of the component
forces and moments.

A

X

X

RT

RT

RT

RT – T

RT – T
T

T

RT
A

RT
A

FIGURE 2.3
Equilibrium of moments about the X axis for engine, trans-
mission, and propeller shaft of a front-engine, rear-wheel-
drive automobile (T = engine torque, R = transmission
torque ratio; engine rotates counterclockwise viewed from
transmission).
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50 Chapter 2 ■ Load Analysis

SAMPLE PROBLEM 2.4 Automotive Transmission Components

Figure 2.4a shows a simplified version of the transmission represented in Figure
2.3. The engine is delivering a torque T = 3000 lb # in. to the transmission, and the
transmission is in low gear with a ratio R = 2.778. (For this problem consider R to
be a torque ratio, Tout/Tin . To the degree that friction losses are present, the speed
ratio, vin/vout , would have to be slightly greater.) The other three portions of the
figure show the major parts of the transmission. Gear diameters are given in the fig-
ure. Input gear A rotates at engine speed and drives countershaft gear B.
Countershaft gear C meshes with main shaft output gear D. (The construction of the
main shaft is such that the input and output ends rotate about a common axis, but
the two halves are free to rotate at different speeds.) The main shaft is supported in
the housing by bearings I and II. Similarly, the countershaft is supported by bear-
ings III and IV. Determine all loads acting on the components shown in Figures
2.4b, c, and d, thus representing them as free bodies in equilibrium. Suppose that
the forces acting between mating gear teeth are tangential. (This amounts to

2 in.

3 in.

2 in.

5 in.

3000 lb.in.

2864 lb

T = 3000 lb.in.
(input)RT – T = 5333 lb.in.

Transmission
in low gear
R = 2.778RT  = 8333 lb.in.

(output)

5333 lb.in.

8333 lb.in.

(b)

(a)

(d)

(c)

1087 lb

2864 lb

1087 lb

1087 lb
II

IV

1087 lb

4444 lb

4444 lb

2864 lb

2864 lb

2667 lb

2667 lb

III

III

IV

I

I

II

B

D

A

C

FIGURE 2.4
Free-body diagram of transmission and major components: (a) Complete transmission 
assembly. (b) Mainshaft (front and rear halves rotate freely with respect to each other).
(c) Countershaft. (d) Housing. Note: Diameters of gears A and C are Diameters of gears
B and D are 3 3

4 in.
2 1

4 in.
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2.2 ■ Equilibrium Equations and Free-Body Diagrams 51

neglecting the radial and axial components of load. These load components are dis-
cussed in Chapters 15 and 16, dealing with gears.)

SOLUTION

Known: A transmission of known general configuration and given ratio,
R = Tout/Tin , receives a specified torque T from an engine. The arrangement and
locations of the gears, shafts, and bearings inside the transmission are also known,
as are the diameters of all gears.

Find: Determine all loads acting on the components.

Assumptions:
1. The forces acting between mating gear teeth are tangential. Radial gear tooth

forces are ignored for simplicity.

2. The transmission input and output torques are steady (no acceleration or
deceleration).

Analysis:
1. A very important initial observation is that equilibrium of the total transmission

(Figure 2.4a) is independent of anything inside the housing. This free-body dia-
gram would pertain equally well to transmissions of R = 2.778 having no gears
inside—such as hydraulic or electric transmissions. In order for the transmission
to work, whatever parts are inside must provide for the torque of 5333 lb # in. to
be reacted by the housing. (A striking example of this concept came to the first
author’s attention when many persons sent the major automobile companies
voluminous material pertaining to automatic transmission designs they wished to
sell. To study all the drawings, analyses, descriptions, and so on would have
required numerous hours. For many of the proposals, however, it could be quickly
determined that there was no provision for a torque reaction to be transmitted to
the housing, and that therefore the transmission could not possibly work.)

2. The input portion of the mainshaft (Figure 2.4b) requires the tangential force of
2667 lb to balance the input torque of 3000 lb # in., thus satisfying 
about the axis of rotation. This force is applied to gear A by gear B. Gear A
applies an equal and opposite force to gear B, as shown in Figure 2.4c. Since
there are no torques applied to the countershaft except by the two gears, it fol-
lows that gear C must receive a 4444-lb force from gear D. An opposite 4444-lb
force is applied by gear C to gear D. Equilibrium of moments about the axis of
the output half of the main shaft requires that a torque of 8333 lb # in. be applied
to the output shaft by the propeller shaft as shown. (Note that the output torque
can also be obtained by multiplying the input torque by the gear diameter ratios,
B/A and D/C. Thus

3000 lb # in. *
3 3

4 in.

2 1
4 in.

*
3 3

4 in.

2 1
4 in.

= 8333 lb # in.

©M = 0
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3. The force applied to the main shaft by bearing II is found by taking moments
about bearing I. Thus

or

The force at bearing I is found by (or by ). Countershaft
bearing reactions are found in the same way.

4. Figures 2.4b and c show bearing forces applied to the shafts, through the bear-
ings, and by the housing. Figure 2.4d shows the corresponding forces applied to
the housing, through the bearings, and by the shafts. The only members in con-
tact with the housing are the four bearings and the bolts that connect it to the
engine structure. Figure 2.4d shows that the housing is indeed a free body in
equilibrium, as both forces and moments are in balance.

Comments:
1. The foregoing examples have illustrated how the powerful free-body-diagram

method can be used to determine loads at various levels—that is, loads acting
on a complex total device (as on an automobile), loads acting on a complex unit
within the total device (as on the automotive transmission), and loads acting on
one part of a complex unit (transmission countershaft).

2. Free-body-equilibrium concepts are equally effective and valuable in determin-
ing internal loads, as illustrated below in Sample Problem 2.5. This is also true
of internal loads in components like the transmission countershaft in
Figure 2.4c, as will be seen in the next section.

SAMPLE PROBLEM 2.5 Determination of Internal Loads

Two examples of load-carrying members are shown in Figures 2.5a and 2.6a. Using
free-body diagrams, determine and show the loads existing at cross section AA of
each member.

SOLUTION

Known: The configuration and load orientation of two members is given.

Find: Determine and show the loads at cross section AA of each member.

©MII = 0©F = 0

FII = 2864 lb

©M = 0: (2667 lb)(2 in.) - (4444 lb)(7 in.) + (FII)(9 in.) = 0
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A

A
F F

(a) (b)

a

F

F

Fa

FIGURE 2.5
Loads acting on an internal section as determined from a
free-body diagram.

Section
AA plane

Fixed
support

(bending moment)

(a)

Fa

b

F

a

(b)

F

Fb (torque)
F (shear force)

FIGURE 2.6
Loads acting on an internal section as determined from a
free-body diagram.

Assumption: Deflections of the members do not cause a significant change
in geometry.

Analysis: Figures 2.5b and 2.6b show segments on one side of section AA as free
bodies in equilibrium. The forces and moments acting at the section are determined
from the equations of equilibrium.

Comments:
1. Deflection of the member shown in Figure 2.5a would cause the moment aF

to decrease. For most loads this change would be insignificant.

2. Please see Appendix G for a vectorial treatment of the load-carrying member
shown in Figure 2.6.

Schematic and Given Data:
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F32 = 40 lb

H12

F42

V12

30°

1

1

in.
1
2

2

1 in.

FIGURE 2.7
Bell crank forces—analytical solution.

F32 = 40 lb

F42

F42

F12

F32 = 40 lb

0

F12

1

Force polygon for link 2

2

FIGURE 2.8
Bell crank forces—
graphical solution.

The next two examples illustrate the determination of loads acting on three-
force members where only one of the three forces is completely known and a second
is known in direction only.

SAMPLE PROBLEM 2.6 Three-Force Member

Figure 2.7 shows a bell crank (link 2) that pivots freely with respect to the fixed
frame (link 1). A horizontal rod (link 3, not shown) attaches at the top, exerting a
force of 40 lb, as shown. (Note the subscript notation: F32 is a force applied by link
3 to link 2.) A rod 30° from horizontal (link 4, not shown) attaches to the bottom,
exerting force F42 of unknown magnitude. Determine the magnitude of F42, and also
the direction and magnitude of force F12 (the force applied by fixed frame 1 to link
2 through the pinned connection near the center of the link).

SOLUTION

Known: A bell crank of specified geometry is loaded as shown in Figure 2.7.

Find: Determine F12 and the magnitude of F42.

Schematic and Given Data:
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Assumptions:
1. The pin joints are frictionless.

2. The bell crank is not accelerating.

Analysis A (Analytical):
1. Summation of moments about the pivot pin requires that F42 = 60 lb (note that

).

2. Dividing F12 into horizontal and vertical components, and setting the summation
of vertical and horizontal forces acting on link 2 equal to zero yields V12 = (60 lb)
(sin 30°) = 30 lb; H12 = 40 lb + (60 lb) cos 30° = 92 lb. The magnitude of
F12 is its direction is upward and to the right at an angle
of tan-1 30/92 = 18° from horizontal.

Analysis B (Graphical):
1. For equilibrium, the summation of moments of all forces acting on link 2 must

be equal to zero when these moments are taken about any point, including point
0, which is the intersection of the two known force lines of action. Since two of
the three forces have no moment about point 0, equilibrium requires that the third
force also have no moment about 0. This can only be satisfied if the line of action
of F12 also passes through 0.

2. We know one force completely, and the other two in direction only. A graphical
solution for summation of forces equals zero is provided by the force polygon
shown in Figure 2.8. This is constructed by first drawing known force F32
in proper direction and with length representing its 40-lb magnitude to any
convenient scale. A line with the direction of F12 is drawn through either end of
the vector representing F32, and a line with the direction of F42 is drawn through
the other end of this vector. Magnitudes of the two unknown forces can now be
scaled from the polygon. (Note that the same result is obtained if a line of the
direction of F42 is drawn through the tail of vector F32, with the direction of F12
being drawn through the tip of F32.)

Comment: The analytical solution solved the three equations for equilibrium in a
plane for three unknowns. This same solution of simultaneous equations was accom-
plished graphically in Figure 2.8. An understanding of the graphical procedure adds
to our insight into the nature of the force directions and magnitudes necessary for
equilibrium of the link. Note that Figure 2.7 and Figure 2.8 show correct free body
diagrams if the support link 1 is removed.

SAMPLE PROBLEM 2.7 Human Finger as Three-Force Member

The principles of mechanical engineering design that are traditionally applied to
components of inanimate machines and structures are being increasingly applied
in the relatively new field of bioengineering. A case in point is the application of
free-body load analysis procedures to the internal load-carrying components of the
human finger in studies of arthritic deformity [2,4]. Figure 2.9 illustrates one sim-
plified portion of this study wherein a 10-lb pinch force at the tip of a finger is cre-
ated by muscle contraction causing tendon force Ft . Determine the force in the
tendon and in the finger bone.

2302 + 922 = 97 lb;

60 lb * 1 in.=40 lb * 1 1
2 in.
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56 Chapter 2 ■ Load Analysis

SOLUTION

Known: The thumb and finger exert a known pinching force on a round object. The
geometry is given.

Find: Estimate the tensile force in the tendon and the compressive force in the finger
bone.

Schematic and Given Data:

Assumptions:
1. The load in the finger is carried solely by the tendon and the bone.

2. The finger is not accelerating.

3. The weight of the finger can be neglected.

Analysis: Since the tendon force has a moment arm about pivot point 0 of only one-
sixth that of the pinch force, the tensile force in the tendon must be 60 lb. The force
polygon shows that the compressive force between the finger bone (proximal pha-
lanx) and mating bone in the hand (metacarpal) is about 55 lb—a value that may
cause crushing of deteriorated arthritic bone tissue.

Other examples of free-body-diagram analysis are given in [1], [3], and [5].

Ft = 60 lb

Fb = 55 lb

Fb (bone
compression force)

0.5 in.

0

Ft (tendon
force)

10 lb
pinch

10 lb

3 in.

Force polygon for finger

FIGURE 2.9
Force study of human finger.
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b2
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wb2
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L
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a
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b

F

V

MM

V

M

a +

 VV

R2R1

+

+

Positive shear force

Positive bending
moment

wb (a + b/2 )
L

w

wb (a + b/2 )
L

+wb2/2L

wb 2

2L
a

L
b

R2R1

Fab
L

+

M

(b)(a)

Distributed loadSingle concentrated load

FIGURE 2.10
Examples of beam load, shear force, and bending moment diagrams.

2.3 Beam Loading

“Beam loading” refers to the lateral loading of members that are relatively long in
comparison with their cross-sectional dimensions. Torsional or axial loading or
both may or may not be involved as well. By way of review, two cases are shown
in Figure 2.10. Note that each incorporates three basic diagrams: external loads,
internal transverse shear forces (V), and internal bending moments (M). All expres-
sions for magnitudes are the result of calculations the reader is advised to verify as
a review exercise. (Reactions R1 and R2 are calculated first, on the basis of 
and , with distributed load w treated as a concentrated load wb acting in
the middle of span b.)

©M = 0
©F = 0

The sign convention of the shear diagram is arbitrary, but the one used here is
recommended: proceed from left to right, following the direction of the applied
loads. In this case there are no loads to the left of reaction R1 and hence no shear
forces. At R1 an upward force of Fb/L is encountered. Proceeding to the right, there
are no loads—hence no change in the shear force—until the downward load of F is
reached. At this point the shear diagram drops an amount F, and so forth. The dia-
gram must come to zero at R2, as no loads exist to the right of this reaction.
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58 Chapter 2 ■ Load Analysis

The internal transverse shear forces V and the internal bending moments M at a
section of the beam are positive when they act as shown in Figure 2.10a. The shear at
a section is positive when the portion of the beam to the left of the section tends to
move upward with respect to the portion to the right of the section. The bending
moment in a horizontal beam is positive at sections for which the top of the beam is
in compression and the bottom is in tension. Generally, a positive moment will make
the beam “smile.”

The sign conventions presented are summarized as follows: The internal trans-
verse shear forces V and the internal bending moments M at a section of beam are
positive when they act in the directions shown in Figure 2.10a.

The (arbitrary) sign convention recommended here for bending follows from the
relationship that

1. The value of the shear force (V ) at any point along the beam is equal to the
slope of the bending moment diagram (M) at that point.

Thus, a constant positive value of shear in the left portion of the beam results in a
constant positive slope of the bending moment diagram over the same portion.

The student is reminded of three other important rules or relationships relative
to load, shear, and moment diagrams.

2. The value of local load intensity at any point along the beam is equal to the
slope of the shear force diagram (V ) at that point. (For example, the end sup-
ports, acting as “points,” produce a theoretically infinite upward force intensity.
Hence, the slope of the shear diagram at these points is infinite.)

3. The difference in the values of the shear load, at any two points along the
beam, is equal to the area under the load diagram between these same
two points.

4. The difference in the values of the bending moment, at any two points along
the beam, is equal to the area under the shear diagram between these
two points.

SAMPLE PROBLEM 2.8 Internal Loads in a Transmission Countershaft

Locate the cross section of the shaft in Figure 2.11 (Figure 2.4c) that is subjected to
the greatest loading, and determine the loading at this location.

SOLUTION

Known: A shaft of uniform diameter and given length supports gears located at
known positions B and C on the shaft.

Find: Determine the shaft cross section of greatest loading and the loads at this
section.
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2667 lb

2 in.

2864 lb

4444 lb

–2864 lb

–5728 in..lb

Torque

Moment

Shear

Loads

5000 lb.in.

2174 in..lb

2667 lb

IV

III

2 in.5 in.

+ 1580 lb

– 1087 lb

1087 lb

Critical section

C

V

M

T

B

1087 lb

4444 lb

2864 lb

III

IV

B

C

FIGURE 2.11
Countershaft loading,
and determination of criti-
cal section.

Assumptions:
1. The shaft and gears rotate at uniform velocity.

2. Transverse shear stresses are negligible in comparison to bending and torsional
shear stresses.

Analysis:
1. Figure 2.11 shows loading, shear, moment, and torque diagrams for this shaft.

Note in particular the following.

a. The load diagram is in equilibrium—the forces and moments acting in the
plane of the paper are balanced.

b. The recommended sign convention and the four basic relationships just
given in italics are illustrated.

c. The sign convention used in the torque diagram is arbitrary. Zero torque ex-
ists outboard of the gears, for bearing friction would normally be neglected.
Torques of (4444 lb)(2.25 in./2) and (2667 lb)(3.75 in./2) are applied to the
shaft at C and B.

2. The critical location of the shaft is just to the right of gear C. Here we have max-
imum torque together with essentially maximum bending. (The transverse shear
force is less than maximum, but except for highly unusual cases involving
extremely short shafts, shear loads are unimportant in comparison with
bending loads.)

Schematic and Given Data:
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IV

2864 lb

4444 lb

T = 5000 lb.in.

V = 1580 lb

C
M = 5728 lb.in.*

* Actually slightly less, depending
upon the width of gear C

FIGURE 2.12
Loading at countershaft critical section.

Comment: Figure 2.12 shows the portion of the countershaft to the left of the criti-
cal section as a free body. Note that this partial member constitutes a free body in equi-
librium under the action of all loads external to it. These include the external loads
shown, and also the internal loads applied to the free body by the right-hand portion
of the countershaft.

d

F

FF

F m

2b

b

b

d

a FIGURE 2.13
Yoke connection.

2.4 Locating Critical Sections—Force Flow Concept

The sections chosen for load determination in the previous examples (i.e., in Figures 2.5,
2.6, and 2.12) were, by simple inspection, clearly those subjected to the most critical
loading. In more complicated cases, however, several sections may be critical, and their
locations less obvious. In such instances it is often helpful to employ an orderly proce-
dure of following the “lines of force” (approximate paths taken by the force, determined
by simple inspection) through the various parts, and noting along the way any sections
suspected of being critical. Such a procedure is illustrated in the following example.

SAMPLE PROBLEM 2.9 Yoke Connection

Using the force flow concept, locate the critical sections and surfaces in the members
shown in Figure 2.13.
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2
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F
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F

F
4'

2
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FIGURE 2.14
Force flow lines and critical sections in yoke connection.

SOLUTION

Known: A yoke connection is loaded in tension.

Find: Locate the critical sections and surfaces in the yoke fork, pin, and blade.

Schematic and Given Data:

Assumptions:
1. The weight of the yoke connection can be ignored.

2. The load is divided equally between the two prongs of the fork (the loads and
yoke connection are perfectly symmetrical).

3. The load in each prong is divided equally between the portions on each side of
the hole.

4. Distributed loads are represented as concentrated loads.

5. The effects of pin, blade, and fork deflections on load distribution are negligible.

6. The pin fits snugly in the fork and blade.

Analysis: A force flow path through each member is indicated by the dashed lines
in Figure 2.14. Along this path from left to right, the major critical areas are indi-
cated by the jagged lines and identified by the circled numbers.

a. Tensile loading exists at section of the fork. If the transition sections have
ample material and generous radii, the next critical location is , where the
force flow encounters a bottleneck because the area is reduced by the holes.
Note that with this symmetrical design, force F is divided into four identical
paths, each having an area at location of .

b. The force flow proceeds on to the next questionable section, which is at .
Here, the turning of the flow path is associated with shearing stresses tending
to “push out” the end segments bounded by jagged lines .~3

~3
1
2 (m - a)b~2

~2
~1
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c. The next critical area is interface and , where bearing loading exists be-
tween the fork-hole and pin surfaces, respectively. In like manner, equal bearing
loads are developed at the interface between the pin and the blade-hole surfaces.

d. The forces at load the pin as a beam, causing direct shear loading of sections
(note that the pin is in “double shear” as the two surfaces are loaded in

parallel, each carrying a shear load of F/2). Moreover, the bearing loads produce
a maximum bending moment at area , in the center of the pin.

e. After the forces emerge from the pin and enter the blade, they flow across criti-
cal areas , , , and , which correspond directly to the like-numbered sec-
tions of the fork.

f. Although not brought out in the simplified force-flow pattern of Figure 2.14,
it should be noted that the bearing loads applied to the surfaces of the holes
are not concentrated on the load axis but are, as assumed, distributed over
these surfaces as shown in Figure 2.15. This gives rise to hoop tension (or cir-
cumferential tensile loading), tending to cause tensile failure in the section
identified as .

Comments: Although the determination of stresses at the various critical sections is
beyond the scope of this chapter, this is a good time to give a word of caution regard-
ing the simplifying assumptions that we might make when these stresses are
calculated.

a. The section at might be assumed to be in uniform tension. Actually, bending
is also present, which adds to the tension at the inner, or hole surface, and sub-
tracts at the outer surface. This can be visualized by imagining the distortion of
fork and blade members made of rubber and loaded through a metal connecting
pin. The quantitative evaluation of this effect involves details of the geometry
and is not a simple matter.

b. The distribution of compressive loading on surfaces and might be assumed
uniform, but this could be far from the actual case. The major factors involved are
the fit of the pin in the hole and the rigidity of the members. For example, bending
of the pin tends to cause highest bearing loading near the fork–blade interfaces.
Moreover, the extent of pin bending depends not only on its own flexibility but
also on the tightness of fit. The degree to which the pin is restrained from bending
by a close fit has a major influence on the pin-bending stresses.

Like many engineering problems, this one illustrates three needs: (1) to be
able to make reasonable simplifying assumptions and get usable answers quickly,
(2) to be aware that such assumptions were made and interpret the results accord-
ingly, and (3) to make a good engineering judgment whether a simplified solution is
adequate in the particular situation, or whether a more sophisticated analysis, requir-
ing more advanced analytical procedures and experimental studies, is justified.

2.5 Load Division Between Redundant Supports

A redundant support is one that could be removed and still leave the supported
member in equilibrium. For example, in Figure 2.16, if the center support (which

~4¿~4

~2

~7

~1~2~3~4

~6
~5~5

~4¿

~4¿~4

 7 

FIGURE 2.15
Distributed bearing loading
may cause hoop tension
failure at 7.
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w lb/ft

FIGURE 2.16
Redundant support.

Spring in tension
k1 = 10 lb/in.

Spring in
compression
k2 = 40 lb/in.

100 lb

100 lb

10�

40�

(a)

(b)

FIGURE 2.17
Weight supported redun-
dantly from springs above
and below.

is redundant) were removed, the beam would be held in equilibrium by the end
supports. When redundant supports (reactions) are present, the simple equations
of equilibrium no longer suffice to determine the magnitude of load carried by
any of the supports. This is true because there are more unknowns than equilibri-
um equations.

A redundant support adds stiffness to the structure and carries a portion of the
load proportional to its stiffness. For example, the 100-lb weight in Figure 2.17a is
supported from below by a coil spring in compression and above by a coil spring in
tension. (Assume that except for the 100-lb load, the springs would be stress-free).
The top spring has a rate or stiffness constant of 10 lb/in., the lower spring a con-
stant of 40 lb/in. Under the pull of gravity the weight moves downward, stretching
the top spring by an amount d and compressing the lower spring by the same amount.
Thus, the weight is in equilibrium under the action of a gravity force of 100 lb and
spring forces of 10d and 40d (Figure 2.17b). From , we have d = 2 in.
Hence, the top and bottom spring forces are 20 and 80 lb, respectively, illustrating
that the load is divided in proportion to the stiffness of the redundant supports.

Suppose now that in order to reduce the deflection a third support is added—
this in the form of a 10-in. length of steel wire, 0.020 in. in diameter inside the top
spring, with the top end of the wire attached to the upper support and the lower end
attached to the weight. The spring rate (AE/L) of the wire would be about 942 lb/in.,
and the total stiffness supporting the weight would then be 992 lb/in. Hence the wire
would carry 942/992 of the 100-lb load, or 95 lb. Its stress would be

P

A
=

95 lb

0.000314 in.2
,  or 303,000 psi

©F = 0
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which is a value in excess of its probable tensile strength; hence it would fail (break
or yield). Thus, the strengths of redundant load-carrying members should be made
approximately proportional to their stiffnesses.

To illustrate this point further, consider the angle iron shown in Figure 2.18.
Suppose that when installed as part of a machine or structure, the angle iron has
inadequate rigidity in that the 90° angle deflects more than desired, although this does
not cause breakage. The angular deflection is reduced by welding the small triangu-
lar web in place as shown. It becomes a redundant support that limits angular deflec-
tion. But it may well add stiffness far out of proportion to its strength. Cracks may
appear in or near the welded joint, thereby eliminating the added stiffness.
Furthermore, the cracks so formed may propagate through the main angle iron. If so,
the addition of the triangular “reinforcement” would actually weaken the part.
Sometimes failures in a complicated structural member (as a casting) can be corrected
by removing stiff but weak portions (such as thin webs), provided the remaining por-
tions of the part are sufficiently strong to carry the increased load imposed upon them
by the increased deflection, and provided, of course, the increased deflection is itself
acceptable.

A useful procedure (Castigliano’s method) for calculating redundant load reac-
tions for a completely elastic system is given in Section 5.9. At the other extreme,
the loading pattern associated with ductile failure of a set of redundant supports is
discussed in the next section.

2.6 Force Flow Concept Applied to Redundant Ductile Structures

As noted in Section 2.5, loads shared among parallel redundant paths are divided in pro-
portion to path stiffnesses. If the paths are brittle and the load is increased to failure, one
path will fracture first, thereby transferring its share of the load to the other paths, and
so on, to failure of all paths. For the usual case involving materials of some ductility,
one path will yield first, thereby reducing its stiffness (stiffness then being proportional
to the tangent modulus),2 which allows some of its load to be transferred to other paths.
For the ductile case, general yielding of the total structure occurs only after the load has
been increased sufficiently to bring all the parallel paths to their yield strengths.

The force flow concept, introduced in Section 2.4, is helpful in dealing with
ductile redundant structures. This is illustrated in the following example.

SAMPLE PROBLEM 2.10 Riveted Joint [1]

Figure 2.19a shows a triple-riveted butt joint, wherein two plates are butted together and
loads are transmitted across the joint by top and bottom straps. Each strap has a thick-
ness of two-thirds the plate thickness and is made of the same material as the plates.
Three rows of rivets attach each plate to the straps, as shown. The rivet pattern that is
drawn for a width of one pitch is repeated over the full width of the joint. Determine the
critical sections, and discuss the strength of the joint, using the force flow concept.

64 Chapter 2 ■ Load Analysis

2 The tangent modulus is defined as the slope of the stress–strain diagram at a particular stress level.

FIGURE 2.18
Web reinforcement added
to an angle iron.
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SOLUTION

Known: A triple-riveted butt joint of specified geometry is loaded in tension.

Find: Determine the critical sections.

Schematic and Given Data:

 3 

1
strap

Top
strap

Right
plate

Bottom
strap

1 
pi
tc
h

1 
pi
tc
h

Inner rowMiddle row

Outer row Inner row
Outer row

Area

Plate

Inner row

Top
strap

Bottom
strap

Left
plate

Outer row

(a)

(b)

(d)

(e)

( f )

(c)

Strap

Straps

Inner path

M
iddle path

O
uter path Bearing with plate

Shear

Bearing with straps

Plate

2 straps

Bearing with strap

Bearing with plate

Shear

Plate

Strap

 1  2 

 8 

 9 

 6 

 7 

 5 

 4 

s
bp

bs

FIGURE 2.19
Force flow concept applied to triple-riveted butt joint. (a) Complete joint, bro-
ken at center, showing total load carried by straps. (b) Force flow through plate
to rivets. (c) Diagram of force flow versus plate cross-sectional area. (d) Force
flow through rivet. (e) Diagrammatic representation of force flow through rivet.
(f) Complete diagrammatic representation of force flow.
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Assumptions:
1. The weight of the riveted joint can be ignored.

2. The load is distributed evenly across the width of the joint (there is no
misalignment).

3. The rivets fit snugly in the plate and straps.

Analysis:
1. Figure 2.19b shows a diagrammatic sketch of the force flow pattern in the

plate. A portion of the load is transferred to each of the three rows of rivets.
(Since static equilibrium could be satisfied by using any one row, the structure
is redundant.) Note that at the outer row the entire force flows across a section
containing one rivet hole. At the middle row, a section containing two rivet
holes is subjected to all the force not going to the outer row of rivets. The sec-
tion of plate at the inner row transmits only the force going to the inner row of
rivets. This relation between force and area at each section of plate is repre-
sented diagrammatically in Figure 2.19c. Note the representation of the reduc-
tion in area owing to rivet holes at the middle and inner rows being twice those
at the outer row.

2. Figure 2.19d shows how each rivet is associated with three important loadings:
bearing with the plate, shear, and bearing with the strap. A diagrammatic force
flow representation of this is given in Figure 2.19e, which shows the force path
encountering five critical sections in series: the reduced tensile area containing
the holes in the plate, the sections corresponding to the three loadings involving
the rivet, and the reduced tensile area of the strap.

3. Figure 2.19f shows a similar representation of the entire joint. Critical sec-
tions are identified and numbered to . Basically, three parallel force
paths are involved, one going through each row of rivets. Starting at the lower
left, all three paths flow across the reduced plate section at the outer row. This
is critical area . Failure at this point severs all force flow paths, causing total
fracture of the joint. Only two paths flow across the plate at , but since the
area here is less than at , failure is possible. Failure is not possible in the
plate at the inner path, for only one force path flows across an area identical
with that at .

4. Turning to the possibilities of tensile failure in the straps, note that the relative
thickness of plate and straps is such that strap tensile failure is possible only at
the outer row at critical point .

5. With respect to possibilities of failure involving the rivets themselves, each rivet
is vulnerable in shear and at one bearing area (whichever is smaller). In the outer
row, the vulnerable bearing area involves the strap, because the strap is thinner
than the plate. In the other rows, the vulnerable bearing area involves the plate,
for the strap-bearing load is shared by two straps, the combined thickness of
which exceeds that of the plate. Note also that the middle- and inner-row rivets
divide their shear load between two areas (i.e., they are loaded in double shear),
whereas the outer-row rivets have but a single shear area. The possibilities of
rivet failure are numbered to .~9~4

~3

~2
~1

~2
~1

~9~1
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6. The distribution of load among the three redundant paths depends on relative
stiffnesses; but since riveted joints are invariably made of ductile materials,
slight local yielding permits a redistribution of the load. Thus, final failure of
the joint will occur only when the external load exceeds the combined load-
carrying capacity of all three paths. This involves simultaneous failure of all
paths and can occur in three possible ways:

a. Tensile failure at .

b. Simultaneous failure of the weakest link in each of the three paths.

c. Simultaneous failure at and at the weakest link in the outer path ( , ,
or ).~5

~4~3~2

~1

Section 2.2

2.1D Write definitions for the terms free-body diagram, equilibrium analysis, internal
loads, external loads, and three-force members.

2.2 The Iron ArmsTM rotating forearm grips exercise the forearms by resisting rotation of
the handle grips—see Figure P2.2. The rotation of the handle about its center (the cen-
ter of the ring) is opposed by the force on the free end of the helical compression
spring. The handle is shaped like a “D.” The curved portion of the D slides smoothly
inside the hollow ring of the housing. The straight portion of the D is for hand gripping
and has foam padding.

The handle grip length is approximately 4.0 in. long and 1.25 in. in diameter. The rings
have an outer diameter of 7.75 in. and an inner diameter of 5.375 in. The entire Iron
Arm assembly has an overall length of 15.40 in., a width of 7.75 in. (outer ring diam-
eter), and a thickness of 1.25 in.

When the right handle is rotated counterclockwise the spring is compressed and it
resists handle rotation. Simultaneously, the left handle can be rotated clockwise, and
the spring on the left will be compressed.
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Free end
of spring

Fixed end of spring

(a) Iron ArmsTM assembly

(b) Handles

(c) Springs

(d) Housing (rings)

Free end
of spring

FIGURE P2.2

In the position shown in Figure P2.2 (a), the springs are both compressed (preloaded)
and in static equilibrium. For this position, draw a free-body diagram of each spring,
each handle, the housing (rings) and the Iron Arms assembly. Assume that there are no
gravitational forces, frictional forces, or handle torque acting on the components.
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2.3 Referring to the Iron Arms assembly as described in Problem 2.2, draw free-body dia-
grams for the springs, handles, housing (rings), and the Iron Arms assembly for the
condition where a person has rotated the right handle 90º counterclockwise and the left
handle 90º clockwise with their hands—see Figure P2.3. Assume that the assembly is
in static equilibrium and that a pure torque is applied by hand to each handle grip.
Neglect the weight of the components.

FIGURE P2.6D   

Fixed end of spring

Free end of spring

FIGURE P2.3

2.4 (a) If one person on each end of a thin, steel cable pulls with a force of 75 lb, what ten-
sion would exist in the cable? (b) If the cable at one end is attached directly and per-
manently to a tree and a person pulls on the other end with a force of 75 lb, what force
would exist in the steel cable?

2.5D What forces act on a person walking on a level roadway? If that person walks on a level
belt of a treadmill, what forces act on that person? Which activity takes more effort?

2.6D Draw a free-body diagram for the motorcycle of weight W shown in Figure P2.6D
for (a) rear wheel braking only, (b) front wheel braking only, and (c) front and rear
wheel braking. Also, determine the magnitudes of the forces exerted by the roadway
on the two tires during braking for the above cases. The motorcycle has a wheel base
of length L. The center of gravity is a distance c forward of the rear axle and a dis-
tance of h above the road. The coefficient of friction between the pavement and the
tires is m.

2.7 Referring to Problem 2.6D, for W = 1000 lb, L = 70 in., h = 24 in., c = 38 in., and
µ = 0.7, determine the forces on the rear wheel for (a) and (b).

2.8 Draw a free-body diagram of an automobile of weight W that has a wheel base of
length L during four-wheel braking. The center of gravity is a distance c forward of
the rear axle and a distance of h above the ground. The coefficient of friction between
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70 Chapter 2 ■ Load Analysis

the pavement and the tires is m. Also show that the load carried by the two front tires
during braking with the motor disconnected is equal to W(c + mh)/L.

2.9 Referring to Problem 2.8, for W = 4000 lb, L = 117 in., c = 65 in., and h = 17.5 in., and
m = 0.7, determine the force on each of the two rear tires.

2.10 Repeat Problem 2.8, except assume that the automobile is towing a one-axle trailer
of weight Wt . Determine the minimum stopping distance for the automobile and
trailer assuming (a) no braking on the trailer and (b) full braking on the trailer.
What is the minimum stopping distance for the automobile if it is not towing a
trailer?

2.11 Repeat Problem 2.8, except assume that the automobile is traveling downhill at a
grade of 10 :1.

2.12D Select a metal with known density
for solid rods A and B. Rod A and
rod B are positioned inside a verti-
cal wall channel C. Sketch free-
body diagrams for rod A, rod B,
and channel C, shown in Figure
P2.12D. Also determine the mag-
nitude of the forces acting on rod
A, rod B, and channel C.

gWall channel, C

2 in.

A

B

Density = �

Density = �
r =

1.25 in.

r =
1.25 in.

FIGURE P2.12D

2.13D Sketch free-body diagrams for sphere A,
sphere B, and the container, shown in Figure
P2.13D. Also determine the magnitude of the
forces acting on sphere A, sphere B, and the
container.

A

B

125 N

1000 N

FIGURE P2.13D

2.14 Draw the free-body diagram for the pinned assembly shown in Figure P2.14. Find the
magnitude of the forces acting on each member of the assembly.
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1500 N 1500 N

1000 mm

45°

45° 45°

45°

B

D

C

A

FIGURE P2.14

2.15 Referring to Problem 2.14, where the two 1500 N external forces are each reduced to
750 N, determine the forces on the structure at A and D.

2.16 The drawing (Figure P2.16) shows an exploded view of an 1800-rpm motor, a gear
box, and a 6000-rpm blower. The gear box weighs 20 lb, with center of gravity mid-
way between the two mountings. All shafts rotate counterclockwise, viewed from
the blower. Neglecting friction losses, determine all loads acting on the gear box
when the motor output is 1 hp. Sketch the gear box as a free body in equilibrium.

10 in.

Motor
1 hp

1800 rpm
Gear box

Direction
of rotation

Blower
6000 rpm

FIGURE P2.16

2.17 Repeat Problem 2.16 where the weight of the gearbox is 40 lb.

2.18 The motor shown operates at constant speed and develops a torque of 100 lb-in. dur-
ing normal operation. Attached to the motor shaft is a gear reducer of ratio 5 :1, i.e.,
the reducer output shaft rotates in the same direction as the motor but at one-fifth motor
speed. Rotation of the reducer housing is prevented by the “torque arm,” pin-connect-
ed at each end as shown in Figure P2.18. The reducer output shaft drives the load
through a flexible coupling. Neglecting gravity and friction, what loads are applied to
(a) the torque arm, (b) the motor output shaft, and (c) the reducer output shaft?
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Motor

Gear reducer

Flexible
coupling

Reducer
output shaft

(To
  load)

Torque arm

Torque arm

Motor

Reducer

Shaft
rotation

5"

8"

FIGURE P2.18

A

D

C

CG

B

6"

6"

Engine rotation

Engine

Transmission

Propeller shaft

FIGURE P2.20

2.19 Repeat Problem 2.18 where the motor develops a torque of 200 lb-in. during operation.

2.20 The drawing (Figure P2.20) shows the engine, transmission, and propeller shaft of a
prototype automobile. The transmission and engine are not bolted together but are
attached separately to the frame. The transmission weighs 100 lb, receives an engine
torque of 100 lb-ft at A through a flexible coupling, and attaches to the propeller
shaft at B through a universal joint. The transmission is bolted to the frame at C and
D. If the transmission ratio is -3, i.e., reverse gear with propeller shaft speed 
engine speed, show the transmission as a free body in equilibrium.

= - 1
3

2.21 Repeat Problem 2.20 if the transmission weighs 50 lb.

2.22 The drawing (Figure P2.22) shows an electric fan supported by mountings at A and
B. The motor delivers a torque of 2 N # m to the fan blades. They, in turn, push the
air forward with a force of 20 N. Neglecting gravity forces, determine all loads act-
ing on the fan (complete assembly). Sketch it as a free body in equilibrium.
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50 mm

50 mm

Clockwise
rotation

Forward
air velocity

A

B

FIGURE P2.22

A'

Pump
450 rpm

Connecting
tube

Direction
of rotation

4:1 ratio
gear reducer

C'

B

A

B'

Motor 1.5 kW
1800 rpm

These units
are attached to
a fixed support.

C

FIGURE P2.24

2.23 Repeat Problem 2.22 if the motor delivers a torque of 4 N · m to the fan blades and the
blades push the air forward with a force of 40N.

2.24 Figure P2.24 shows an exploded drawing of a pump driven by a 1.5-kW, 1800-rpm
motor integrally attached to a 4 :1 ratio gear reducer. Reducer shaft C is connected
directly to pump shaft C¿ through a flexible coupling (not shown). Face A of the
reducer housing is bolted to flange A¿ of the connecting tube (a one-piece solid unit).
Pump face B is similarly attached to flange B¿. Sketch the connecting tube and show
all loads acting on it. (Neglect gravity.)
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2.25 Referring to Problem 2.24. calculate the output torque if the 4:1 ratio gear reducer has
an efficiency of 95%.

2.26 Figure P2.26 shows an exploded view of an airplane engine, reduction gear, and pro-
peller. The engine and propeller rotate clockwise, viewed from the propeller end.
The reduction gear housing is bolted to the engine housing through the bolt holes
shown. Neglect friction losses in the reduction gear. When the engine develops
150 hp at 3600 rpm,

(a) What is the direction and magnitude of the torque applied to the engine hous-
ing by the reduction gear housing?

(b) What is the magnitude and direction of the torque reaction tending to rotate
(roll) the aircraft?

(c) What is an advantage of using opposite-rotating engines with twin-engine
propeller-driven aircraft?

[Ans.: (a) 109 lb # ft ccw, (b) 328 lb # ft ccw]

Engine is attached
to aircraft structure here.

Engine

Reduction gear,
ratio = 1.5

Propeller

FIGURE P2.26

2.27 A marine engine delivers a torque of 200 lb-ft to a gearbox shown in Figure P2.27
which provides a reverse ratio of -4 :1. What torque is required to hold the gear-
box in place?

Rotation

Rotation

200 lb.ft
Torque

Input

Output

Mounting
torque, Tm

800 lb.ft
Torque FIGURE P2.27

2.28 Repeat Problem 2.27 where the marine engine delivers a torque of 400 lb-ft.
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Rotation

Vertical
drive
shaft

Mounting
flange

Propeller
rotation

Y

X

Y

Z

Z

X

2:1 ratio bevel
gears are inside

this housing
Suggested notation

for moments applied
to mounting flange

500 mm

Foward
direction of
boat travel

Mx My
Mz

150 mm

FIGURE P2.31

2.29 A motor delivers 50 lb-ft torque at 2000 rpm to an attached gear reducer. The reduc-
er and motor housings are connected together by six bolts located on a 12-in.-dia.
circle, centered about the shaft. The reducer has a 4 :1 ratio. Neglecting friction and
weight, what average shearing force is carried by each bolt?

2.30D Select a single-cylinder reciprocating compressor. Sketch the crankshaft, connecting
rod, piston, and frame as free bodies when the piston is 60° before head-end dead
center on the compression stroke. Sketch the entire compressor as a single free body
for this condition.

2.31 Figure P2.31 shows the gear reduction unit and propeller of an outboard motor boat.
It is attached to the boat structure at the mounting flange at the top. The motor is
mounted above this unit, and turns the vertical shaft with a torque of 20 N # m. By
means of bevel gearing, this shaft turns the propeller at half the vertical shaft speed.
The propeller provides a thrust of 400 N to drive the boat forward. Neglecting grav-
ity and friction, show all external loads acting on the assembly shown. (Make a
sketch, and show moments applied to the mounting flange using the notation sug-
gested in the drawing.)

2.32 The drawing (Figure P2.32) represents a bicycle with an 800-N rider applying full
weight to one pedal. Treat this as a two-dimensional problem, with all components
in the plane of the paper. Draw as free bodies in equilibrium

(a) The pedal, crank, and pedal sprocket assembly.

(b) The rear wheel and sprocket assembly.

(c) The front wheel.

(d) The entire bicycle and rider assembly.
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2.33 Referring to the bicycle in Problem 2.32, with a small rider applying her full weight of
400 N to one pedal, determine the forces on the rear and front tires.

2.34 The solid, continuous round bar
shown in Figure P2.34 can be
viewed as composed of a straight
segment and a curved segment.
Draw free-body diagrams for the
segments 1 and 2. Also, determine
the forces and moments acting on
the ends of both segments. Neglect
the weight of the member.

90˚

Round
bar

R

L

1

2

P

FIGURE P2.34

2.35 For the spring clip (Figure P2.35)
having a force P acting on the free
end, draw free-body diagrams for
segments 1 and 2. Also, determine
the force and moments acting on
the ends of both segments.
Neglect the weight of the member.

Round
wire

P

1

2
R

L

FIGURE P2.35

2.36 A semicircular bar of rectangular
cross section has one pinned end
(Figure P2.36). The free end is loaded
as shown. Draw a free-body diagram
for the entire semicircular bar and for
a left portion of the bar. Discuss what
influence the weight of the semicir-
cular bar has on this problem.

R

P

FIGURE P2.36

2.37 The drawing (Figure P2.37) shows a bevel gear reducer driven by an 1800-rpm
motor delivering a torque of 12 N # m. The output drives a 600-rpm load. The
reducer is held in place by vertical forces applied at mountings A, B, C, and D.

600400

330 R330 R

40 R

100 R

800 N
160

FIGURE P2.32
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Bevel gear
reducer

Attaches
to motor

Attaches
to load

600 rpm
1800 rpm

100 mm

100 mm
A

BC

D

FIGURE P2.37

Torque reaction about the motor shaft is reacted at A and B; torque reaction about
the output shaft is reacted at C and D. Determine the forces applied to the reducer
at each of the mountings,

(a) Assuming 100% reducer efficiency.

(b) Assuming 95% reducer efficiency.

8 in.

4 in.

6 in.

Output

Output shaft

Mountings

6 in. dia. gear

2 in. dia. pinion

Front bearings

Front bearings

Rear
bearings

Motor input torque
100 lb.ft

100 lb.ft

Reducer assembly

Housing and
gear-shaft assembly

details

FIGURE P2.40

2.38 Repeat Problem 2.37 for a motor delivering a torque of 24 N # m at 1800 rpm.

2.39 Repeat Problem 2.37 with the distances AB = 50 mm and CD = 50 mm.

2.40 The drawings (Figure P2.40) pertain to a spur gear reducer. A motor applies a torque
of 200 lb # ft to the pinion shaft, as shown. The gear shaft drives the output load. Both
shafts are connected with flexible couplings (which transmit only torque). The gears
are mounted on their shafts midway between the bearings. The reducer is supported
by four identical mountings on the side of the housing, symmetrically spaced on 
6-in. and 8-in. centers, as shown. For simplicity, neglect gravity and assume that
forces between the gears (i.e., between gear and pinion) act tangentially. Sketch, as
free bodies in equilibrium,
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(a) The pinion and shaft assembly.

(b) The gear and shaft assembly.

(c) The housing.

(d) The entire reducer assembly.

2.41 A rim and hub are connected by spokes (springs) as shown in Figure P2.41. The
spokes are each tightened to a tension of 20 lb. Draw a free-body diagram of (a) the
hub, (b) the rim, (c) one spring, and (d) one-half (180º) of the rim. Ignore the weight
of each component.

Rim

Hub

Spoke (spring)

2.42 The drawing (Figure P2.42) is a highly simplified diagrammatic representation of the
engine, transmission, drive shafts, and front axle of a four-wheel-drive car. All members
shown may be treated as a single free body supported by mountings at A, B, C, and D.
The engine rotates 2400 rpm and delivers a torque of 100 lb # ft. The transmission ratio
is 2.0 (drive shafts rotate 1200 rpm); the front and rear axle ratios are both 3.0 (wheels

X

Y

Y

X

B

D

A

C

12 in.

24 in.

Transmission
2.0 ratio

Rear drive shaft–1200 rpm

Rear axle
(not part of
free body)

Front drive shaft–1200 rpm

Left-front
wheel axle

shaft–400 rpm

Engine
2400 rpm

100 lb.ft torque

Right-front wheel axle
shaft–400 rpm

FIGURE P2.41

FIGURE P2.42
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rotate 400 rpm). Neglect friction and gravity, and assume that the mountings exert only
vertical forces. Determine the forces applied to the free body at A, B, C, and D.

[Ans.: 150 lb down, 150 lb up, 100 lb down, and 100 lb up, respectively]

2.43D The drawing in Figure P2.43D shows a mixer supported by symmetric mountings
at A and B. Select a motor torque between 20 N # m and 50 N # m for driving the
mixing paddles and then determine all loads acting on the mixer. Sketch the free
body in equilibrium.

2.44 Draw a free-body diagram of a rear-wheel-driven vehicle traveling at a steady speed
on a straight and level roadway where the opposing forces are the (i) drag force, Fd,
imposed on a vehicle by the surrounding air, the (ii) rolling resistance force on the
tires, Fr, opposing the motion of the vehicle, and (iii) the forces of the road acting on
the tires. Assume that the vehicle has a weight W. Also, describe how the free-body
diagram changes if the accelerator pedal is pushed and the vehicle starts accelerating.

2.45 Repeat Problem 2.44 for a front-wheel-driven vehicle.

2.46 Draw a free-body-diagram for a large size binder clip for the position where the clip is
held open and being readied to fasten together 40 sheets of paper—see Figure P2.46.
Also, draw free-body diagrams for the handles and a diagram for the spring steel clip.

Mixing paddle

g
Motor

Radial
flow

Direction
of rotation

Mass of mixer
system = 50 kg

200 mm

A B

FIGURE P2.43D

FIGURE P2.46
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g

B

Mounting
width = 75 mm

to 150 mm

Fan

Radial
air flow

Mass of blower
system = 15 kg

A

Motor

Direction of
rotation

FIGURE P2.47D

The handles are approximately 2.5 in. long and the handle wire is 1/16 in. in diam-
eter. The spring clip (end view), when closed is shaped like a triangle. The triangle
has two legs each 1 1/8 in. long and a third connecting side that is 1 in. long. The
spring clip (side view) is approximately 2 in. wide.

2.47D The drawing in Figure P2.47D shows a electric squirrel cage blower supported by
symmetric mountings at A and B. The motor delivers a torque of 1 N # m to the fan.
Select a mounting width between 75 mm and 150 mm and then determine all loads
acting on the blower. Sketch the free body in equilibrium.

Y

FC

FA

Z

D

B

X

45 mm

30 mm

20 mm

Shaft

Gear 2
24-mm dia.

Gear 1
50-mm dia.

20°

20°

FIGURE P2.48

2.48 Draw a free-body diagram for the gear and shaft assembly shown in Figure P2.48.
Also sketch free-body diagrams for gear 1, gear 2, and the shaft.
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2.49 For the gear and shaft assembly shown in Figure P2.48, where FA = 550 N, deter-
mine the magnitude of the force FC. List assumptions. 

2.50 For the gear and shaft assembly shown in Figure P2.48, where FA = 1000 N, deter-
mine the forces at bearing D.

2.51 For the gear and shaft assembly shown in Figure P2.48, where FC = 750 N, deter-
mine the forces at bearing B.

Section 2.3

2.52 The solid continuous member shown in Figure P2.52 can be viewed as composed
of several straight segments. Draw free-body diagrams for the straight segments
1, 2, and 3 of Figure P2.52. Also, determine the magnitudes (symbolically) of
the force and moments acting on the straight segments. Neglect the weight of
the member.

1

2

3

P

P

L

L
4

L
4

L
2 FIGURE P2.52

2.53 The drawings (Figure P2.53) show steel shafts supported by self-aligning bearings
(which can provide radial but not bending loads to the shaft) at A and B. A gear (or
a pulley or sprocket) causes each force to be applied as shown. Draw shear and bend-
ing moment diagrams neatly and to scale for each case. (Given dimensions are
in millimeters.)

300200

100 N

A B

300
50 N140

200

100 N

A B

(a) (b)

FIGURE P2.53
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2.54 For each of the six cases shown in Figure P2.54, determine bearing reactions and
draw appropriate shear and bending-moment diagrams for the 2-in.-dia. steel shaft
supported by self-aligning ball bearings at A and B. A special 6-in.-pitch-diameter
gear mounted on the shaft causes forces to be applied as shown.

1200 lb

1200 lb

A B

600 lb

8" 4"

3"

(a)  Radial load only

A B

600 lb

A B

(b)  Axial load only (e)  Axial load only

600 lb

1200 lb

A B

600 lb

A B

(c)  Radial and axial loads (f)  Radial and axial loads

BA

1200 lb

12" 4"

3"

(d)  Radial load only

FIGURE P2.54

12-in.
pulley radius

Cable

Cable

100 lb

100 lb

48 in. 12 in.

27 in.

FIGURE P2.55

2.55 With reference to Figure P2.55

(a) Draw a free-body diagram of the structure supporting the pulley.

(b) Draw shear and bending moment diagrams for both the vertical and horizontal
portions of the structure.
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2.56 The drawing (Figure P2.56) shows a
bevel gear attached to a shaft support-
ed by self-aligning bearings at A and B
and driven by a motor. Axial and radi-
al components of the gear force are
shown. The tangential or torque-pro-
ducing component is perpendicular to
the plane of the paper and has a mag-
nitude of 2000 N. Bearing A takes
thrust; B does not. Dimensions are in
millimeters.

(a) Draw (to scale) axial load, shear,
bending moment, and shaft torque
diagrams.

(b) To what values of axial load and torque is the shaft subjected, and what por-
tion(s) of the shaft experience these loads?

2.57 The shaft with bevel gear
shown in Figure P2.57 is
supported by self-aligning
bearings A and B. (Given
dimensions are in millime-
ters.) Only bearing A takes
thrust. Gear loads in the
plane of the paper are shown
(the tangential or torque-pro-
ducing force component is
perpendicular to the paper).
Draw axial load, shear,
bending moment, and torque
diagrams for the shaft.

Motor
attaches

to this end
of shaft

6040

50

Fa = 1000 N

Ft = 2000 N
Fr = 600 N

A B

FIGURE P2.56

Pump shaft is
coupled to this

end of shaft

15050

100

Fa = 100 N

Ft = 1000 N
Fr = 200 N

A B

FIGURE P2.57

2.58 Same as Problem 2.57,
except that the shaft in this
drawing (Figure P2.58) has
one bevel and one spur
gear, and neither end of the
shaft is connected to a
motor or load.

8020

40

20

30

Fa = 200 N

200 N

Fr = 400 N

A B

Ft = 1000 N

FIGURE P2.58

2.59 Same as Problem 2.57, except that the shaft in this drawing (Figure P2.59) has two
bevel gears, and neither end of the shaft is connected to a motor or load.
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Fa = 150 N

Ft = 1500 N
Fr = 500 N

150

120

A B

250 N

100 N

200 300 140

FIGURE P2.59

Section 2.4

2.60 Figure P2.60 shows a static force, F, applied to the tooth of a gear that is keyed to a
shaft. Making appropriate simplifying assumptions, identify the stresses in the key,
and write an equation for each.* State the assumptions made, and discuss briefly
their effect.

*The first five sections of Chapter 4 review simple stress equations.

L

Section on A-A

KeyRb

r

A

A

F

t

t/2

FIGURE P2.60

2.61 Figure P2.61 shows a screw with a square thread transmitting axial force F through
a nut with n threads engaged (the drawing illustrates n = 2). Making appropriate
simplifying assumptions, identify the stresses in the threaded portion of the screw
and write an equation for each.* State the assumptions made, and discuss briefly
their effect.
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d
D

F

t

FIGURE P2.61

2.62 For the thin-walled, metal, cylindrical container, open on the right end and closed on
the left end, where a force P is applied as shown in Figure P2.62, sketch the force flow
lines. The container has a diameter of 3 in. and is 6 in. long. Using the force flow con-
cept, locate the critical sections and/or surfaces for the container.

Flat plate

P

FIGURE P2.62

d

Total gas force = F

a2aa

FIGURE P2.63

2.63 Figure P2.63 shows a total gas force F applied to the top of a piston.

(a) Copy the drawing and sketch the force paths through the piston, through the
piston pin, and into the connecting rod.

(b) Making appropriate simplifying assumptions, identify the stresses in the pis-
ton pin and write an equation for each.* State the assumptions made, and dis-
cuss briefly their effect.

*The first five sections of Chapter 4 review simple stress equations.
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2.65 In Figure P2.65, all the joints are pinned and all links have the same length L and the
same cross-sectional area A. The central joint (pin) is loaded with a force P.
Determine the forces in the bars.

86 Chapter 2 ■ Load Analysis

R

A B

L

F

L

A

L

ttf

P P
d D

d D

FIGURE P2.64

2.64 Figure P2.64 shows force P applied to an engine crankshaft by a connecting rod. The
shaft is supported by main bearings A and B. Torque is transmitted to an external load
through flange F.

(a) Draw the shaft, and show all loads necessary to place it in equilibrium as a free body.

(b) Starting with P and following the force paths through the shaft to the flange,
identify the locations of potentially critical stresses.

(c) Making appropriate simplifying assumptions, write an equation for each.* State
the assumptions made.

P

45˚45˚

FIGURE P2.65

2.66 Repeat Problem 2.65, except where the top link has a cross-sectional area of A, and
the two lower links have a cross-sectional area of A¿. Determine (a) the force in the
bars, and (b) the ratio A/A¿ that will make the force in all the links numerically
equal.

*The first five sections of Chapter 4 review simple stress equations.
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E

A

B

C

D

FIGURE P2.67

2.67 A “T” bracket, attached to a fixed surface by four bolts, is loaded at point E as shown
in Figure P2.67.

(a) Copy the drawing and sketch paths of force flow going to each bolt.

(b) If the stiffness between point E and the plate through bolts B and C is twice the
stiffness between point E and the plate through bolts A and D, how is the load
divided between the four bolts?

k

k

kk

a

100 N

a

FIGURE P2.68

2.68 A very stiff horizontal bar, supported by four identical springs, as shown in Figure
P2.68, is subjected to a center load of 100 N. What load is applied to each spring?

[Ans.: lower springs, 40 N; upper springs, 20 N]

2.69 Repeat Problem 2.68, except assume that the horizontal bar as configured is not rigid
and also has a spring constant of k.

Section 2.6

2.70 With reference to the bolts in Problem 2.67,

(a) If they are brittle and each one fractures at a load of 6000 N, what maximum
force F can be applied to the bracket?

(b) What load can be applied if they are ductile, and each bolt has a yield strength
of 6000 N?
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2.71 Figure P2.71 shows two plates joined with straps and a single row of rivets (or bolts).
Plates, straps, and rivets are all made of ductile steel having yield strengths in ten-
sion, compression, and shear of 284, 284, and 160 MPa, respectively. Neglect fric-
tional forces between the plates and straps.

(a) What force F can be transmitted across the joint per pitch, P, of joint width,
based on rivet shear strength?

(b) Determine minimum values of t, t¿, and P that will permit the total joint to trans-
mit this same force (thus giving a “balanced” design).

(c) Using these values, what is the “efficiency” of the joint (ratio of joint strength
to strength of a continuous plate)?

F F

P

t '

t '

Rivet diameter = 10 mm

t

FIGURE P2.71

2.72 Plates 20 mm thick are butted together and spliced using straps 10 mm thick and
rivets (or bolts) of 40-mm diameter. A double-riveted joint is used, and this is exact-
ly as shown in Figure 2.19 except that the inner row of rivets is eliminated on both
sides. All materials have tensile, compression, and shear yield strengths of 200, 200,
and 120 MPa, respectively. Neglect friction between plates and straps. Determine
the pitch, P, giving the greatest joint strength. How does this compare with the
strength of a continuous plate?
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3 Materials

3.1 Introduction

The selection of materials and the processes used in fabrication are integral parts of
the design of any machine component. Strength and rigidity are traditionally key fac-
tors considered in the selection of a material. Equally important are the relative reli-
ability and durability of the part when made from alternative materials. When the
component is expected to operate at extreme temperatures, this must be considered
carefully when selecting the material. In recent years, choices of materials have been
increasingly influenced by recyclability, energy requirements, and environmental
pollution. Cost and availability are also vitally important. The cost to be considered
is the total cost of the fabricated part, including labor and overhead as well as the
material itself. The relative cost and availability of various materials vary with time,
with the result that the engineer is frequently called upon to evaluate alternative
materials in light of changing market conditions. In summary, the best material for
a particular application is the one that provides the best value, defined as the ratio
between overall performance and total cost.

It is assumed that the reader has a previous background in the fundamentals of
engineering materials. Moreover, it is acknowledged that the practicing engineer is
faced with a career-long challenge to remain abreast of new materials developments
as they apply to the products with which he or she is concerned. Fitting in between
these two phases of engineering materials study, this chapter attempts to summarize
some of the relevant basic information, and to emphasize the increasing importance
of a rational approach to the use of empirical material properties test data.

The useful life of most machine and structural components ends with fatigue fail-
ure or surface deterioration. Further information on the resistance of various materials
to these modes of failure is included in Chapters 8 and 9, respectively.

Information concerning properties of materials is given in Appendix C.
Appendix C-1 gives physical constants for a variety of engineering materials.
Mechanical properties are given in subsequent tables and graphs.

Appendix F introduces MIL-HDBK-5J, a military handbook that presents an
extensive collection of properties for metals used for design of aircrafts structure,
including steel, aluminum, titanium, and others. The document is easily obtainable
online and is extensive, totaling over 1700 pages. Appendix F also presents equa-
tions and relationships that are important in the proper use of MIL-HDBK-5J.

A materials property database is online at http://www.matweb.com. The database
includes information on steel, aluminum, titanium, and zinc alloys, superalloys,
ceramics, thermoplastics, and thermoset polymers. The database is comprised of data
sheets and specification sheets supplied by the manufacturers and distributors. The
web site allows for several approaches to search the database to (1) obtain property
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FIGURE 3.1
Engineering stress–strain curve—hot-rolled 1020 steel.

1 Kilopounds (thousands of pounds) per square inch.

data for specific materials, or (2) search for materials that meet select property
requirements. The site http://www.machinedesign.com presents general information
on plastics, composites, elastomers, nonferrous metals, ferrous metals, and ceramics.

Finally, the reader is reminded that the scope and complexity of the subject is
such that consultation with professional metallurgists and materials specialists is
often desirable.

3.2 The Static Tensile Test—“Engineering” Stress–Strain Relationships

The basic engineering test of material strength and rigidity is the standard tensile test,
from which stress–strain curves as shown in Figure 3.1 are obtained. The stresses
and strains plotted are the nominal or so-called engineering values, defined as

s = P/A0, where P is the load and A0 the original unloaded cross-sectional
area, and


 = ¢L/L0, where ¢L is the change in length caused by the load and L0 is the
original unloaded length.

An important notation convention will be observed throughout this book: the
Greek letter s denotes normal stress, which is a function of the applied loads; S (with
appropriate subscripts) designates strength properties of the material. For example,
Figure 3.1 shows that when s = 39 ksi,1 the material begins to yield. Hence, Sy = 39
ksi. Similarly, the greatest (ultimate) load that the test specimen can withstand corre-
sponds to an engineering stress of 66 ksi. Hence, Su = 66 ksi.

Whereas S (with suitable subscripts) is used for all strength values including
those for torsion or shear, the letter s is used for normal stresses only, that is, stress-
es caused by tensile, compressive, or bending loads. Shear stresses, caused by tor-
sional or transverse shear loads, are designated by the Greek letter t.
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3.3 ■ Implications of the “Engineering” Stress–Strain Curve 91

Returning to Figure 3.1, several other mechanical properties are indicated on the
stress–strain curve. Point A represents the elastic limit, Se . It is the highest stress the
material can withstand and still return exactly to its original length when unloaded.
When loaded beyond point A, the material exhibits a partially plastic response. For
most engineering materials, point A also approximates the proportional limit,
defined as the stress at which the stress–strain curve first deviates (ever so slightly)
from a straight line. Below the proportional limit, Hooke’s law applies. The constant
of proportionality between stress and strain (which is the slope of the curve between
the origin and the proportional limit) is the modulus of elasticity, or Young’s modu-
lus, E. For some materials, a slight deviation from linearity occurs between the ori-
gin and a point such as A, at which the deviation begins to become more apparent.
Such a material has no true proportional limit, nor is its modulus of elasticity defi-
nitely defined. The computed value depends on the portion of the curve used for
measuring the slope.

Point B in Figure 3.1 represents the yield strength, Sy . It is the value of stress at
which significant plastic yielding first occurs. In some ductile materials, notably soft
steel, marked yielding occurs suddenly at a clearly defined value of stress. In other
materials the onset of appreciable yielding occurs gradually, and the yield strength
for these materials is determined by using the “offset method.” This is illustrated in
Figure 3.1; it shows a line, offset an arbitrary amount of 0.2 percent of strain, drawn
parallel to the straight-line portion of the original stress–strain diagram. Point B is the
yield point of the material at 0.2 percent offset. If the load is removed after yielding
to point B, the specimen exhibits a 0.2 percent permanent elongation. Yield strength
corresponding to a specified (very small) offset is a standard laboratory determina-
tion, whereas elastic limit and proportional limit are not.

3.3 Implications of the “Engineering” Stress–Strain Curve

Figures 3.1 and 3.2 represent identical stress–strain relationships, but differ in two
respects: (a) Figure 3.1 uses an arbitrary nonlinear strain scale in order to illustrate
more clearly the points previously discussed, whereas the strain scale in Figure 3.2 is
linear; and (b) Figure 3.2 contains two additional strain scales that are described in
point 3 below. Several important concepts are related to these two figures.

1. At the 36-ksi elastic limit of this particular steel, strain (
) has a value of
s/E = 0.0012. Figure 3.2 shows the strain at ultimate strength and at fracture
to be about 250 and 1350 times this amount. Obviously, to the scale plotted,
the elastic portion of the curve in Figure 3.2 is virtually coincident with the
vertical axis.

2. Suppose that a tensile member made from this steel has a notch (or hole, groove,
slot, etc.) such that the strain at the notch surface is three times the nominal
P/AE value. A tensile load causing a nominal stress (P/A) of 30 ksi and nominal
strain (P/AE) of 0.001 produces a strain three times this large (0.003) at the
notch surface. Since even this strain is almost imperceptible in Figure 3.2, the
member would not be altered in any normally detectable way despite the fact
that the calculated elastic (but totally fictitious) stress at the notch would be
90 ksi, a value well above the ultimate strength.
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3. It is difficult to measure accurately the large strains that occur after “necking” of
a tensile specimen. This is because the local elongation is immensely greater in
the necking zone than elsewhere, and the calculated value of elongation depends
on the gage length used. A more accurate determination of elongation at fracture
in the immediate region of failure can be obtained indirectly by measuring the
cross-sectional area at the fracture location. Elongation is then computed by as-
suming that there has been a negligible change in material volume. For exam-
ple, let both the original cross-sectional area and extremely short gage length be
unity. Suppose the area after fracture is 0.4. This gives a ratio R of initial area
to final area of 1/0.4 = 2.5. Similarly, the reduction in area Ar would be 60
percent of the original area, or 0.6. If volume remains constant, the gage length
must have increased to 2.5, thereby giving a strain (
) owing to elongation of
1.5. The three abscissa scales in Figure 3.2 all represent quantities commonly
used in the literature. Relations between them will now be derived. For constant
volume, and using subscripts 0 and f to denote initial and final values, respec-
tively, we have

or

(3.1)

(3.2a)Area ratio R =
A0

Af
= 1 + 


Af =
A0

1 + 


A0L0 = Af(L0 + ¢L) = AfL0(1 + 
)
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FIGURE 3.2
Figure 3.1 replotted to linear strain scale.
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(3.2b)

(3.3)

For practice, it is suggested that the reader verify the agreement of the three
abscissa scales in Figure 3.2 at one or two points.

4. When we experimentally determine the s–
 curve for most engineering mate-
rials, the load can be removed at any point and then restored without signifi-
cantly altering the subsequent test points. Thus, if the load is removed at point
D of Figure 3.2, the stress reduces to zero along line DG, which has a slope of
E = 30 * 106 psi. Reapplication of the load brings the material back essen-
tially to point D, and additional load increases produce the same result as
though the load removal had not taken place. Suppose that we regard the test
specimen at G as a new specimen and determine its yield strength, ultimate
strength, and reduction in area when fractured. The “new” specimen will have
a yield strength higher than the original—in fact, its yield strength will be
higher than the 62 ksi shown at point D because the area of the new specimen
is less than that of the original. At point G the specimen has been permanently
stretched to 11/10 of its initial length; hence, its area is only 10/11 of the
original. On the basis of the new area, the yield strength of the “new” speci-
men is 62 ksi divided by 10/11, or Sy = 68 ksi. Similarly, the ultimate
strength of the “new” specimen is 66 divided by 10/11, or Su = 73 ksi. The
reduction in area at fracture for the “new” specimen is from 10/11 (area at G)
to 10/25 (area at F), or 56 percent. This compares with Ar = 60 percent based
on the original area.

SAMPLE PROBLEM 3.1 Estimate Steel Strength and Ductility

The critical location of a specimen made from hot-rolled AISI 1020 steel is cold-
worked during its fabrication to an extent corresponding to point C of Figure 3.2.
What values of Su , Sy , and ductility (in terms of 
, R, and Ar at fracture) are applic-
able to this location?

SOLUTION

Known: The critical location of a specimen made from a known steel is cold-
worked during fabrication.

Find: Estimate Su , Sy , and the ductility.

Schematic and Given Data: Refer to Figure 3.2.

Assumption: After cold working, the stress–strain curve for the critical location
starts at point H.

Area reduction Ar =
¢A

A0
= 1 -

1

1 + 

= 1 -

1

R

¢A = A0 - Af = A0a1 -
1

1 + 

b
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Analysis:
1. At point H in Figure 3.2, the specimen has been permanently stretched to 1.3

times its initial length. Hence, its area is 1/1.3 times its original area A0.

2. On the basis of the new area, the yield strength of the specimen is Sy = 66
ksi(1.3) = 85.8 ksi and the ultimate strength is Su = 66(1.3) = 85.8 ksi.

3. The area AH at point H is 1/1.3 times the initial area A0. Similarly Af at point F is
1/2.5 times the initial area A0. Hence, the area ratio R = AH/AF = 2.5/1.3 = 1.92.

4. Using Eq. 3.3, we find that the reduction in area, Ar , from an initial area at point
H to a final area at point F is

5. Using Eq. 3.2, we find the strain to be 
 = R - 1 = 1.92 - 1 = 0.92
or 92 percent.

Comments:
1. Severe cold work, as occurs in loading to point C or beyond, exhausts the mate-

rial’s ductility, causing Sy and Su to be equal.

2. Ductility is a property of a material (normally at room temperature) commonly
measured in terms of percent elongation and percent reduction in area for tensile
loading.

3. An elongation of 5 percent at failure can be used to mark a transition from a brit-
tle material to a ductile material.

An important implication of the preceding is that the strength and ductility char-
acteristics of metals change substantially during fabrication processes involving cold
working.

3.4 The Static Tensile Test—“True” Stress–Strain Relationships

A study of Figure 3.2 revealed that whenever a material is elongated to many times
its maximum elastic strain (perhaps 20 or 30 times), the calculated “engineering”
stress becomes somewhat fictitious because it is based on an area significantly dif-
ferent than that which actually exists. In such cases this limitation can be avoided by
computing the “true” stress (in this text designated as sT), defined as load divided
by the cross-sectional area that exists when the load is acting. Thus, s = P/A0, and
sT = P/Af .

Substituting the equivalent of Af from Eq. 3.1 gives

(3.4)

If one were to replot Figure 3.2 using true stress, the values at points B, C, and
F would be 39(1) = 39, 66(1.3) = 86, and 45(2.5) = 113 ksi, respectively. Note
that true stress increases continuously to the point of fracture.

In like manner, engineering strain is not a realistic measure where large strains
are involved. In such cases it is appropriate to use true strain values, 
T . Consider,
for example, a very ductile specimen of unit length that is stretched to a length of
5 units, and then stretched further to 5.1 units. The engineering strain added by the

sT = (P/A0)(1 + 
) = s(1 + 
) = sR

Ar = 1 - 1/R = 1 - 1/1.92 = 0.480 or  48 percent.
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FIGURE 3.3
True-stress–true-strain curve—hot-rolled 1020 steel (corresponds to Figs. 3.1 and 3.2).

final 0.1 unit of stretch is 0.1/1 or 0.1. The corresponding true strain, however, is
only 0.1/5 or 0.02 (change in length divided by the length existing immediately prior
to the last small strain increment). Mathematically, true strain is defined as

(3.5)

where L0 and Lf represent the initial and final lengths, respectively, and ln denotes
the natural logarithm. For metals, engineering and true strains are essentially the
same when they are less than several times the maximum elastic strain.

Figure 3.3 is a true-stress–true-strain plot of the data represented in Figure 3.2.
Such plots illustrate general relationships that are helpful in predicting the effect of
cold working on the strength properties of many metals. A study of the three regions
identified in Figure 3.3 reveals several important relationships and concepts.

1. Elastic region. Strictly speaking, Young’s modulus is the ratio of engineering
stress and strain, but with negligible error it is also the ratio of true stress and
strain; hence

(3.6)

On the log-log coordinates of Figure 3.3, this equation plots as a straight line of
unit slope, positioned so that the line (extended) passes through the point
(
T = 1, sT = E). Note that E can be thought of as the value of stress required
to produce an elastic strain of unity.

2. Plastic strain-strengthening region. This region corresponds to the strain-
strengthening equation

(3.7)

Note that this equation has the same form as Eq. 3.6 except for the strain-
hardening exponent m, is the slope of the line when plotted on log-log coordinates.

sT = s0
mT

sT = E
T


T = a
Lf

L0

¢L

L
= L

L
f

L0

dL

L
= ln R = ln(1 + 
)
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FIGURE 3.4
True-stress–true-strain curves showing transition region variations.

2 Since s0 is a material property, the symbol S0 might be more appropriate; however, s0 is used because
of its general acceptance in the engineering literature on materials.
3 In practice, Sy is usually substituted for Se since Sy is easier to estimate and is so near Se .

The strain-strengthening proportionality constant s0 is analogous to the elastic
proportionality constant E, in that s0 can be regarded as the value of true stress
associated with a true strain of unity.2

3. Transition region. For an “ideal” material, the value of the elastic limit (approx-
imated as the yield point) corresponds to the intersection of the elastic and plas-
tic lines, as shown in Figure 3.4. Actual materials may have values of Se , which
are either higher or lower, requiring the addition of an empirical transition
curve, as I or II of Figure 3.4.

Unfortunately, numerical values of the strain-hardening characteristics of many
engineering materials are not yet available. Much of the available information has
been obtained by Datsko [2]. Values for several materials are given in Appendix C-2.
These values are typical, but vary somewhat owing to small differences in chemi-
cal composition and processing history. This is particularly true of the true strain at
fracture (
Tf).

3.5 Energy-Absorbing Capacity

Some parts must be designed more on the basis of absorbing energy than of with-
standing loads. Since energy involves both loads and deflections, stress–strain
curves are particularly relevant. Figure 3.5 will be used for illustration. It is essen-
tially the same as Figure 3.1 except that the strain scale has been further expanded
near the origin in the interest of clarity.

The capacity of a material to absorb energy within the elastic range is called
resilience. Its standard measure is modulus of resilience Rm , defined as the energy
absorbed by a unit cube of material when loaded in tension to its elastic limit.3 This
is equal to the triangular area under the elastic portion of the curve (Figure 3.5); thus
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FIGURE 3.5
Resilience and toughness as represented by the stress–strain curve.

(see footnote 3) (3.8)

The total capacity of a material to absorb energy without fracture is called
toughness. The modulus of toughness Tm is the energy absorbed per unit volume of
material when loaded in tension to fracture. This is equal to the total shaded area
under the curve in Figure 3.5:

(3.9)

It is often convenient to perform this integration graphically. A rough approximation
sometimes used is

(3.10)

It should be noted that members designed for energy absorption are commonly
subjected to impact loading, and that special tests (traditionally, the Charpy and Izod
test) are used to estimate more accurately the impact energy-absorbing capacity of
various materials at various temperatures [5].

3.6 Estimating Strength Properties from Penetration Hardness Tests

Penetration hardness tests (usually Brinell or Rockwell) provide a convenient and
nondestructive means of estimating the strength properties of metals. Basically, pen-
etration hardness testers measure the resistance to permanent deformation of a mate-
rial when subjected to a particular combination of triaxial compressive stress and
steep stress gradient.

Results of the Brinell hardness test have been found to correlate well with ulti-
mate tensile strength, the relationship being

Tm L
Sy + Su

2

f

Tm = L

f

0
s d


Rm = 1
2 (Se)(Se/E) = S2

e/2E
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Approximate relationships between KB and m [2].

(3.11)

where HB is the Brinell hardness number, KB is a constant of proportionality, and Su
is the tensile strength in psi. For most steels, KB L 500. Datsko [1,2] has shown a ratio-
nal basis for KB being a function of the strain-hardening exponent, m. Figure 3.6 gives
empirical curves representing this relationship.

Figure 3.7 gives approximate relationships between Brinell, Rockwell, and
other hardness numbers.

After analyzing extensive data, Datsko [2] concluded that reasonably good esti-
mates of the tensile yield strength of stress-relieved (not cold-worked) steels can be
made from the equation

(3.12)

or, by substituting Eq. 3.11 with KB = 500, we have

(3.13)

SAMPLE PROBLEM 3.2 Estimating the Strength of Steel from Hardness

An AISI 4340 steel part is heat-treated to 300 Bhn (Brinell hardness number).
Estimate the corresponding values of Su and Sy .

SOLUTION

Known: An AISI 4340 steel part is heat-treated to 300 Bhn.

Find: Estimate Su and Sy .

Sy = 525HB - 30,000 psi

Sy = 1.05Su - 30,000 psi

Su = KBHB
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FIGURE 3.7
Approximate relationships between hardness scales and ultimate tensile
strength of steel. (Courtesy International Nickel Company, Inc.)

Assumptions:
1. The experimentally determined relationship of ultimate strength to hardness is

sufficiently accurate.

2. The experimentally developed relationship of yield strength to ultimate strength
is sufficiently accurate for our purposes.
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Analysis:
1. Su can be estimated using Eq. 3.11.

where KB L 500 for most steels.

2. Sy can be estimated by using Eq. 3.12.

Comments:
1. Equation 3.12 is a good estimate of the tensile yield strength of stress-relieved

(not cold-worked) steels.

2. Experimental data would be helpful in refining the preceding equations for this
material.

3.7 Use of “Handbook” Data for Material Strength Properties

Ideally, an engineer would always base strength calculations on actual test data for
the exact material used in the part involved. This would require the use of test spec-
imens that correspond to the material in the fabricated part not only in chemical
composition but also in all details of mechanical and thermal history. Because data
from such specimens are seldom available, standard test data reported in handbooks
and other sources, such as Appendix C of this book, are frequently used.

There are pitfalls in using “handbook” data, as evidenced by the fact that one
frequently finds contradictory information in different references. In using this data,
the engineer must be concerned with questions such as the following.

1. Do the published values represent the results of a single test, or are they aver-
age, median, typical, or minimum values from several tests? Depending on the
precision with which the variables associated with composition, thermal history,
and mechanical history are controlled, there will be a statistical scatter in the
material strength. In many situations it is good to consider strength properties in
terms of mean values and standard deviations (see Section 6.14).

2. Do the composition, size, previous heat treatment, and previous mechanical
working of the specimens tested correspond closely enough to those of the actual
part in its final as-fabricated condition?

3. Are the published data consistent within themselves, and consistent with the
general pattern of accepted test results for similar materials? In other words, are
the data reasonable?

Many tables of materials properties give values of the tensile elastic modulus
and Poisson’s ratio (n). From elastic theory, the torsional or shear modulus can then
be calculated as

(3.14)G =
E

2(1 + n)

Sy = 1.05Su - 30,000 psi = 1.05(150,000) - 30,000 = 127,500 psi

Su = 500(300) = 150,000 psi

Su = KBHB
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3.8 Machinability

The cost of producing a machined part is obviously influenced both by the cost of
the material and by the ease with which it can be machined. Empirically determined
ratings of machinability (defined as relative cutting speed for a fixed tool life under
prescribed standard cutting conditions) are published for various materials. Although
often useful, these data are sometimes unreliable and even contradictory. In an effort
to relate machinability to material parameters on a rational basis, Datsko [1] showed
that machinability is a secondary material property that is a function of three prima-
ry material physical properties,

(3.15)

where

V60 = cutting speed in ft/min for 60-min tool life under standard cutting conditions

k = thermal conductivity in Btu/(h # ft # °F)

HB = Brinell hardness number

Ar = area reduction at fracture

Since the value of k is about the same for all metals, the machinability of metal is
essentially a function of hardness and ductility.

3.9 Cast Iron

Cast iron is a four-element alloy containing iron, carbon (between 2 and 4 percent),
silicon, and manganese. Additional alloying elements are sometimes added. The
physical properties of an iron casting are strongly influenced by its cooling rate dur-
ing solidification. This, in turn, depends on the size and shape of the casting and on
details of foundry practice. Because of this (and unlike other engineering materials),
cast iron is usually specified by its mechanical properties rather than by chemical
analysis.

The distinctive properties of cast iron result largely from its carbon content.
(1) The high carbon content makes molten iron very fluid, so that it can be poured into
intricate shapes. (2) The precipitation of carbon during solidification counteracts nor-
mal shrinkage to give sound sections. (3) The presence of graphite in the metal pro-
vides excellent machinability (even at wear-resisting hardness levels), damps vibra-
tion, and aids boundary lubrication at wearing surfaces. When “chilled,” that is, when
heat is removed rapidly from the surface during solidification, virtually all the carbon
near the surface remains combined as iron carbides, giving an extremely hard, wear-
resistant surface.

Mechanical properties of several cast irons are given in Appendix C-3.

Gray Iron The appearance of gray iron comes from the carbon that is precipi-
tated in the form of graphite flakes. Even the softer grades have good wear resis-
tance. Increased hardnesses (giving even better wear resistance) are obtainable by

V60 =
1150k

HB
(1 - Ar)1/2
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using special foundry techniques, heat treatment, or additional alloying elements.
Because the graphite flakes markedly weaken cast iron in tension, the compressive
strength is three to five times as high. Advantage is often taken of this strength dif-
ferential, such as incorporating ribs on the compression side of a member loaded
in bending.

Typical applications of gray iron include gasoline and diesel engine blocks,
machine bases and frames, gears, flywheels, and brake disks and drums.

Ductile (Nodular) Iron Ductile iron is alloyed with magnesium, which causes
the excess carbon to precipitate in the form of small spheres or nodules. These nod-
ules disrupt the structure less than do the graphite flakes of gray iron, thereby giving
substantial ductility along with improved tensile strength, stiffness, and impact resis-
tance. Ductile iron is specified by three numbers, as 60-40–18, which denote tensile
strength (60 ksi), yield strength (40 ksi), and elongation (18 percent).

Typical applications include engine crankshafts, heavy-duty gears, and hard-
ware items such as automobile door hinges.

White Iron White iron (so-called because of the white appearance of fracture sur-
faces) is produced in outer portions of gray and ductile iron castings by chilling se-
lected surfaces of the mold, thereby denying time for carbon precipitation. The
resulting structure is extremely hard, wear-resistant, and brittle.

Typical applications are found in ball mills, extrusion dies, cement mixer liners,
railroad brake shoes, rolling mill rolls, crushers, and pulverizers.

Malleable Iron Typical uses are for heavy-duty parts having bearing surfaces,
which are needed in trucks, railroad equipment, construction machinery, and farm
equipment.

3.10 Steel

Steel is the most extensively used material for machine components. By suitably
varying the composition, thermal treatment, and mechanical treatment, manufac-
turers can obtain a tremendous range of mechanical properties. Three basic rela-
tionships are fundamental to the appropriate selection of steel composition.

1. All steels have essentially the same moduli of elasticity. Thus, if rigidity is the
critical requirement of the part, all steels perform equally and the least costly
(including fabricating costs) should be selected.

2. Carbon content, almost alone, determines the maximum hardness that can be
developed in steel. Maximum potential hardness increases with carbon content
up to about 0.7 percent. This means that relatively small, regularly shaped parts
can be heat-treated to give essentially the same hardness and strength with plain
carbon steel as with more costly alloy steels.

3. Alloying elements (manganese, molybdenum, chromium, nickel, and others)
improve the ease with which steel can be hardened. Thus, the potential hardness
and strength (which is controlled by carbon content) can be realized with less
drastic heat treatments when these alloying elements are used. This means that
with an alloy steel (a) parts with large sections can achieve higher hardnesses in
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3.10 ■ Steel 103

the center or core of the section, and (b) irregularly shaped parts, subject to
warpage during a drastic quench, can achieve the desired hardness from a more
moderate heat treatment.

Mechanical properties of a few of the more commonly used steels are given in
Appendixes C-4 through C-8.

Plain Carbon Steels Plain carbon steels contain only carbon as a significant al-
loying element. Low-carbon steels have less than 0.3 percent C, medium-carbon steels
have 0.3 to 0.5 percent, and high-carbon steels above 0.5 percent. Appendix C-4b
gives typical uses for steels having various levels of carbon content.

Alloy Steels As already indicated, the basic purpose of adding alloying elements
to steel is to increase hardenability. Hardenability is commonly measured by the
Jominy end-quench test (ASTM A-255 and SAE J406b), originated by the late Wal-
ter Jominy of the Chrysler Corporation. In this test a 1-in.-diameter by 4-in.-long bar
is suspended, heated above its critical temperature, and then the bottom end is
quenched with water while the top end air-cools (Figure 3.8a). Hardness is then
measured at 1/16-in. increments from the quenched end (Figure 3.8b). The distance
to which the hardening action extends is a measure of the hardenability imparted by
the alloying elements.

Table 3.1 represents the results of a study by Datsko [2] of the relative effec-
tiveness of various alloying elements in imparting hardenability to steel. The ele-
ments are listed in order of decreasing effectiveness. The equations give a relative
hardenability factor f as a function of the concentration of the element used. For
example, manganese is the second most effective element, and the equation is valid

Distance from
quenched end

(b)

(a)
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s

FIGURE 3.8
End quenching and method of hardness testing and end-quench
hardenability specimen: (a) specimen being water-quenched;
(b) finished quenched specimen after grinding and checking
Rockwell C hardness [3].
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TABLE 3.1 Relative Effectiveness of Steel Alloying Elements [2]

Concentration Relative
Element (percent) Hardenability Effectiveness

Boron B 6 0.002 fB = 17.23B0.0268

Manganese Mn 6 1.2 fMn = 3.46Mn + 1
Manganese 1.2 6 Mn 6 2.0 fMn = 5.125Mn - 1
Molybdenum Mo 6 1.0 fMo = 3.0 Mo + 1
Chromium Cr 6 2.0 fCr = 2.18Cr + 1
Silicon Si 6 2.0 fSi = 0.7Si + 1
Nickel Ni 6 2.0 fNi = 0.4Ni + 1

for concentrations of up to 1.2 percent. If 1 percent Mn is used, the hardenability fac-
tor is 4.46. Similarly, a 2 percent concentration of chromium is only a little more
effective, giving a factor of 5.36. Table 3.1 is not complete (a notable omission being
vanadium), and alloying elements may also have significant secondary influences.
Nevertheless, the equations of Table 3.1 provide a useful guide to the selection of the
most economical means for obtaining a required level of hardenability.

Most alloy steels can be classed as either “through-hardening” or “carburizing,”
the latter being used where a tough core and relatively shallow, hard surface layer
are desired. Nitriding and other surface-hardening processes are also used.

HSLA Steels High-strength low-alloy (HSLA) steels were first developed around
1940 as a class of relatively low-cost steels providing much of the advantage of more
costly regular alloy steels. In many applications, their greater strength compared to
plain carbon steel permits a weight reduction with little if any increase in the total cost
of the part. In recent years, the use of HSLA steels in automobiles has been substantial.

Case-Hardening Steels Case hardening is a hardening of only the surface ma-
terial (called the case). It is usually accomplished by carburizing, cyaniding, nitrid-
ing, induction hardening, or flame hardening. Carburizing introduces additional
carbon into the surface of an otherwise low-carbon steel and then heat-treats it to
give a high surface hardness. Some specific materials and hardnesses are listed in
Appendix C-7.

Cyaniding is a similar process that adds nitrogen as well as carbon to the sur-
faces of low- and medium-carbon steels.

Nitriding adds nitrogen to an already machined and heat-treated part. The tem-
perature of the process is 1000°F (538°C) or less, and no quenching is involved.
This feature eliminates possible distortion problems. For maximum case hardness,
special “nitralloy” steels (containing aluminum as an alloy) are often used. Medium-
carbon alloy steels (notably 4340) are also nitrided.

Induction hardening and flame hardening heat only the surfaces of parts made
of medium-carbon and alloy steels, then quenching and tempering.

Stainless Steels Stainless steels contain, by definition, a minimum of 10.5
percent chromium. Wrought stainless steels are austenitic, ferritic, martensitic, or
precipitation hardening. Mechanical properties of some wrought stainless steels are
given in Appendix C-8. Cast stainless steels are usually classed as heat-resistant or
corrosion-resistant.
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Iron-Based Superalloys Iron-based superalloys are used primarily for elevated-
temperature applications, as in turbines. Properties of typical iron-based superalloys
are listed in Appendix C-9. Some authorities consider only the austenitic materials to
be true superalloys. In general, they are used at temperatures above 1000°F (538°C),
and the martensitic materials are used at lower temperatures. Significant properties
of superalloys include at high temperatures strength and resistance to creep, oxida-
tion, corrosion, and wear. Typical uses are for parts (including bolts) of gas turbines,
jet engines, heat exchangers, and furnaces.

3.11 Nonferrous Alloys

Aluminum Alloys Literally hundreds of aluminum alloys are available, in both
wrought and cast forms. Properties of a few of the more common ones are listed in
Appendixes C-10 and C-11. The chemical composition of aluminum alloys is des-
ignated by four digits for wrought forms and by three digits for cast alloys. Thermal
treatment, mechanical treatment, or both are indicated by a temper designation
that follows the alloy identification number. Temper designations are given in
Appendix C-12.

The heat treatment of aluminum alloys to increase hardness and strength is
quite different from the heat treatment of steel. Aluminum alloys are first held at an
elevated temperature long enough to bring the hardening constituents (as Cu, Mg,
Mn, Si, Ni) into solution, then quenched, and finally age-hardened. The latter caus-
es some of the hardening elements to precipitate throughout the structure. Some
alloys precipitate at room temperature; others require an elevated temperature (arti-
ficial aging).

Although aluminum is a readily castable metal serving a host of useful applica-
tions, casting problems do exist. Shrinkage during casting is relatively large (3.5 to 8.5
percent by volume), and there is no mechanism analogous to the beneficial carbon pre-
cipitation in cast iron to counteract shrinkage. Hot shortness and gas absorption can be
problems unless details of appropriate foundry practice are specified and controlled.

Copper Alloys Copper alloys include a variety of brasses, alloys made princi-
pally of copper and zinc, and bronzes, alloys made principally of copper and tin.
As a class, copper alloys have good electrical conductivity, thermal conductivity,
and resistance to corrosion, but relatively low ratios of strength to weight. They
can be hot- or cold-worked, but they strain-harden in the process. Ductility can be
restored by annealing or by heat associated with welding or brazing. Specific de-
sired properties, such as greater strength, resistance to heat softening, and machin-
ability, can often be markedly improved by adding small amounts of additional
alloying agents.

Properties of several common copper alloys are given in Appendix C-13.

Magnesium Alloys Magnesium alloys are the lightest engineering metals. They
are designated by a system established by the American Society for Testing and
Materials (ASTM), which covers both chemical composition and tempers. The
designation begins with two letters representing alloying elements of the greatest
and second greatest concentration. The letter designations are
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Next are two digits that represent the respective percentages of these two elements,
rounded off to whole numbers. Following these digits is a serial letter that indicates
some variation in composition or minor alloying constituents or impurities. The tem-
per designations at the end are identical with those used with aluminum (Appendix
C-12). For example, alloy AZ31B-H24 contains 3 percent aluminum, 1 percent zinc,
and is strain-hardened.

Mechanical properties of a few common magnesium alloys are given in
Appendix C-14.

Nickel Alloys, Including Nickel-Based Superalloys Nickel alloys are
used in a variety of structural applications that usually require specific corrosion re-
sistance, and strength and toughness at temperature extremes as great as 2000°F
(1093°C) and as low as -400°F (-240°C).

Typical physical properties are given in Appendix C-15. The nickel and Dura-
nickel alloys contain over 94 percent nickel. Monel represents a series of
nickel–copper alloys, based on the mutual solubility of these two elements in all pro-
portions. They are strong and tough at subzero temperatures, and especially resistant
to stress corrosion cracking (Section 9.5). Hastelloy designates a series of Ni–Mo
and Ni–Mo–Cr superalloys. Several Hastelloys resist oxidation and maintain useful
strength and creep properties in the range of 2000°F (1093°C). The Inconel, Incoloy,
Rene, and Udimet alloys listed in Appendix C-15 are Ni–Cr and Ni–Cr–Fe alloys.

Titanium Alloys Titanium alloys are nonmagnetic and extremely corrosion-
resistant, have low thermal conductivity, and have outstanding strength–weight ratios.
On the negative side, they are very expensive and difficult to machine. Mechanical
properties of some of the more common alloys are given in Appendix C-16.

Zinc Alloys Zinc is a relatively inexpensive metal with moderate strength. It has
a low melting temperature and so is readily and economically die-cast. Typical zinc
die castings include automotive parts, building hardware, office machine compo-
nents, and toys. Limited use is made of the metal in other forms. Mechanical proper-
ties of common zinc die-cast alloys are listed in Appendix C-17. Also included is a
relatively new alloy (ZA-12) that can be cast using various methods.

3.12 Plastics and Composites

The information contained in this section is a brief overview of an extensive and
complex field. Additional technical information related to engineering polymers is
available at http://plastics.dupont.com/ and at http://www.sabic-ip.com/. Volumes of
information concerning composite materials are given in MIL-HDBK 17, Composite
Materials Handbook [15], [16], [17], [18], and [19].

3.12.1  Plastics

Plastics constitute a large and varied group of synthetic organic materials. The basic
chemical units of plastic materials are monomers. Under appropriate conditions,

Z ¬ ZincM ¬ ManganeseH ¬ Thorium
S ¬ SiliconL ¬ LithiumE ¬ Rare earths
Q ¬ SilverK ¬ ZirconiumA ¬ Aluminum
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usually involving heat, pressure, or both, polymerization takes place, combining
monomers into polymers. Typical monomers and their corresponding repeating poly-
mer units are shown in Figure 3.9.

The addition of more and more monomers to form longer and longer polymer
chains increases molecular weight and vastly alters physical properties. For exam-
ple, Figure 3.10 shows CH4, which is methane gas. Adding one CH2 unit gives
heavier ethane gas (C2H6). Continued addition of CH2 units gives pentane, a liquid
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Typical monomers and their repeating polymer units.
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(C5H12), and paraffin wax (C18H38). At approximately C100H202, the material is
tough enough to be a useful plastic, known as low-molecular-weight polyethylene.
The toughest polyethylene, called high-molecular-weight polyethylene, contains
nearly a half-million CH2 units in a single polymer chain.

Polymer chain structures can incorporate side branching, also shown in
Figure 3.10. The degree of branching influences the closeness with which the chains
fit together. This, in turn, influences physical properties. Minimal branching pro-
motes tight packing of the polymer chains (hence, strong intermolecular attractive
forces), giving relatively high density, rigid crystalline structures, and also relatively
extensive mold shrinkage. Extensive branching produces a more flexible, amorphous
material with less mold shrinkage and distortion. Physical properties of the finished
plastic can also be altered by copolymerization, the building of polymer chains with
two monomers, and by alloying, a strictly mechanical mixing or blending of con-
stituents which does not involve chemical bonds.

Plastics have traditionally been designated as thermoplastic, softening with
heat, and thermosetting, not softening with heat. A preferred designation is linear
and cross-linked. The polymer chains in linear plastics remain linear and separate
after molding. The chains in cross-linked plastics are initially linear but become
joined irreversibly during molding into an interconnected molecular network.

Cross-linking can be initiated by heat, chemical agents, irradiation, or a combi-
nation of these. Some plastics can be either cross-linked or linear. The cross-linked
form is more resistant to heat, chemical attack, and creep (better dimensional stabil-
ity). On the other hand, the linear form is less brittle (more impact-resistant), more
easily processed, and better adapted to complex shapes.

Glass fiber reinforcement improves the strength of plastics by a factor of two or
more. At substantially increased cost, a further improvement is obtainable by carbon
fiber reinforcement. These relatively new materials (with 10 to 40 percent carbon)
have tensile strengths as high as 40 ksi. Compared to glass-reinforced resins, they
have less mold shrinkage, lower coefficients of expansion, and improved creep resis-
tance, wear resistance, and toughness. The new fiber-reinforced plastics are being
increasingly used for machine and structural components requiring light weight and
high strength-to-weight ratios.

Properties of a few common plastics are given in Appendix C-18a. A com-
parison of properties of thermoplastics with and without glass reinforcement is
given in Appendix C-18b. Thermosetting plastics benefit similarly from glass
reinforcement, the most commercially important being polyester and epoxy
resins. In using tables giving properties of plastics, the reader should recall
Section 3.7, which gives pitfalls in the use of such handbook data on the proper-
ties of materials. The pitfalls given in this section are particularly true for the data
on plastics. Published values reflect values obtained from standardized molding
conditions that are simple, economical, and readily reproduced. Strength values
corresponding to actual molding conditions may differ significantly. Furthermore,
temperature and rate of loading influence the strength of plastics to a greater extent
than they do the strength of metals, thus requiring additional effort for the proper
selection of a plastic.

Appendix C-18c gives a listing of typical applications of the more common
plastics. Comments relating to each of these follow. Recall that thermoplastics are
generally impact resistant; thermosets are generally heat resistant.
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Common Plastics [4]

Comments on Thermoplastics

ABS (acrylonitrile–butadiene–styrene): Very tough, yet hard and rigid; fair
chemical resistance; little water absorption, hence good dimensional stability;
high abrasion resistance; easily electroplated.

Acetal: Very strong, stiff engineering plastic with exceptional dimensional stabili-
ty and resistance to creep and vibration fatigue; low coefficient of friction; high
resistance to abrasion and chemicals; retains most properties when immersed in
hot water; little tendency to stress-crack.

Acrylic: High optical clarity; excellent resistance to outdoor weathering; hard,
glossy surface; excellent electrical properties, fair chemical resistance; available
in brilliant, transparent colors.

Cellulosics: Family of tough, hard materials; cellulose acetate, propionate, bu-
tyrate, and ethyl cellulose. Property ranges are broad because of compounding;
available with various degrees of weather, moisture, and chemical resistance;
fair to poor dimensional stability; brilliant colors.

Fluoroplastics: Large family (PTFE, FEP, PFA, CTFE, ECTFE, ETFE, and
PVDF) of materials characterized by excellent electrical and chemical resis-
tance, low friction, and outstanding stability at high temperatures; strength is
low to moderate; cost is high.

Nylon (polyamide): Family of engineering resins having outstanding toughness and
wear resistance; low coefficient of friction, and excellent electrical properties and
chemical resistance. Resins are hygroscopic; dimensional stability is poorer than
that of most other engineering plastics.

Phenylene Oxide: Excellent dimensional stability (very little moisture absorp-
tion); superior mechanical and electrical properties over a wide temperature
range. Resists most chemicals but is attacked by some hydrocarbons.

Polycarbonate: Highest impact resistance of any rigid, transparent plastic; excel-
lent outdoor stability and resistance to creep under load; fair chemical resistance;
some aromatic solvents cause stress cracking.

Polyester: Excellent dimensional stability, electrical properties, toughness, and
chemical resistance, except to strong acids or bases; notch-sensitive; not suit-
able for outdoor use or for service in hot water; also available in thermosetting
formulations.

Polyethylene: Wide variety of grades: low-, medium-, and high-density formula-
tions. LD types are flexible and tough. MD and HD types are stronger, harder,
and more rigid; all are lightweight, easy-to-process, low-cost materials; poor di-
mensional stability and heat resistance; excellent chemical resistance and elec-
trical properties. Also available in ultrahigh-molecular-weight grades.

Polyimide: Outstanding resistance to heat (500°F continuous, 900°F intermittent)
and to heat aging. High impact strength and wear resistance; low coefficient of
thermal expansion; excellent electrical properties; difficult to process by con-
ventional methods; high cost.
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Polyphenylene Sulfide: Outstanding chemical and heat resistance (450°F continu-
ous); excellent low-temperature strength; inert to most chemicals over a wide tem-
perature range; inherently flame-retardant; requires high processing temperature.

Polypropylene: Outstanding resistance to flex and stress cracking; excellent
chemical resistance and electrical properties; good impact strength above 15°F;
good thermal stability; light weight, low cost, can be electroplated.

Polystyrene: Low-cost, easy-to-process, rigid, crystal-clear, brittle material; little
moisture absorption, low heat resistance, poor outdoor stability; often modified
to improve heat or impact resistance.

Polysulfone: Highest heat deflection temperature of melt-processible thermoplastics;
requires high processing temperature; tough (but notch-sensitive), strong, and stiff;
excellent electrical properties and dimensional stability, even at high temperature;
can be electroplated; high cost.

Polyurethane: Tough, extremely abrasion-resistant and impact-resistant material;
good electrical properties and chemical resistance; can be made into films, solid
moldings, or flexible foams; ultraviolet exposure produces brittleness, lower
properties, and yellowing; also made in thermoset formulations.

Polyvinyl Chloride (PVC): Many formulations available; rigid grades are hard,
tough, and have excellent electrical properties, outdoor stability, and resistance
to moisture and chemicals; flexible grades are easier to process but have lower
properties; heat resistance is low to moderate for most types of PVC; low cost.

Comments on Thermosets

Alkyd: Excellent electrical properties and heat resistance; easier and faster to
mold than most thermosets; no volatile by-products.

Allyl (diallyl phthalate): Outstanding dimensional stability and electrical proper-
ties; easy to mold; excellent resistance to moisture and chemicals at high tem-
peratures.

Amino (urea, melamine): Abrasion-resistant and chip-resistant; good solvent
resistance; urea molds faster and costs less than melamine; melamine has harder
surface and higher heat and chemical resistance.

Epoxy: Exceptional mechanical strength, electrical properties, and adhesion to
most materials; little mold shrinkage; some formulations can be cured without
heat or pressure.

Phenolic: Low-cost material with good balance of mechanical, electrical, and
thermal properties; limited in color to black and brown.

Polyester: Excellent balance of properties; unlimited colors, transparent or
opaque; gives off no volatiles during curing, but mold shrinkage is considerable;
can use low-cost molds without heat or pressure; widely used with glass
reinforcement to produce “fiber-glass” components; also available in thermo-
plastic formulations.

Polyurethane: Can be flexible or rigid, depending on formulation; outstanding
toughness and resistance to abrasion and impact; particularly suitable for large
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foamed parts, in either rigid or flexible types; also produced in thermoplastic
formulations.

Silicone: Outstanding heat resistance (from -100° to +500°F), electrical proper-
ties, and compatibility with body tissue; cures by a variety of mechanisms; high
cost; available in many forms; laminating resins, molding resins, coatings, cast-
ing or potting resins, and sealants.

3.12.2  Composites

A composite is composed or formed from two or more constituent materials each
dissimilar and having different properties. Within the composite, the materials
remain distinct and separate on a macroscopic level.

Composite materials are not uniform throughout the matrix and are not macro-
scopically homogeneous. Composite materials are therefore not isotropic nor do
they possess uniform directional properties like metals. Since a composite is made
from combinations of materials they can be designed to improve thermal and
mechanical properties. One major advantage of some composites is their high
strength-to-weight ratio, which can be four times that of high-strength metals. The
stiffness-to-weight ratios can be seven times that of high-strength metal.

As common examples, engineering composites are combinations of strong
fibers such as glass, carbon, and boron bonded together in a material like nylon,
epoxy, or polyester.

The constituents of a composite material are comprised of (1) matrix materials
and (2) reinforcement materials. Various plastic resins and sometimes even metals
are used as matrix materials. Common reinforcement materials are (a) glass,
(b) carbon, (c) SiC, and (d) Kevlar (aramid), which can be in the form of (i) short
fibers, (ii) long fibers, (iii) continuous fibers, (iv) randomly oriented fibers,
(v) woven fibers (cloth), or (vi) particulates (fillers). Particulates (fillers) can act as
reinforcement although they are usually added to a matrix to reduce costs or
achieve specific material properties. Examples would be glass beads added to a
thermoplastic matrix to reduce cost or mica added to a phenolic matrix to improve
electrical properties and/or material processing.

As the names suggest, reinforcement materials provide improved physical and
mechanical properties—strength and stiffness—and the matrix material supports,
surrounds and maintains the position of and transfers load to the reinforcement
material.

Because reinforcing material is often made from fibers of larger pieces of the
material, the composite benefits from the size effect. The fibers of smaller diame-
ter have higher tensile strengths than the parent material. Glass, for example, has a
relatively low tensile strength, yet the glass fiber has a much higher strength than
glass in sheet form.

The directionality and orientation of the composite material determines its
properties and behavior. The orientation of reinforcement fibers within the com-
posite such as (a) parallel, (b) woven, (c) random, (d) wound, and (e) angled can be
used to take best advantage of the directional properties of the material. Where a
ply (single layer) has strong directionality properties, structures of multiple plies or
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laminates are employed where each ply is arranged to provide improved strength
and stiffness.

In general, because of the influence of directionality of the composite material,
a minimum of at least two Young’s moduli, a shear modulus, and a Poisson ratio are
needed for the analysis of stiffness.

Appendix C-18 gives properties of glass-filled epoxy, glass-filled polyester, and
wood-flour filled phenolic. Appendix C-18b gives properties of glass-reinforced
thermoplastic resins (typically 30 percent glass). Figures 3.11, 3.12, and 3.13
provide additional information for composite materials with respect to strength vs.
modulus, strength vs. density, and strength vs. temperature, respectively. Types of
composite materials identified include carbon-fiber-reinforced polymers (CFRP),
glass-fiber-reinforced polymers (GFRP), SiC-reinforced aluminum (Al-SiC). and
Kevlar-fiber-reinforced polymers (KFRP).

Additional technical information including applications of polymer matrix
composites (PMC), metal matrix composites (MMC) and ceramic matrix compos-
ites (CMC) is provided in references [17], [18], and [19].

3.13 Materials Selection Charts4

The information contained in this section is a brief overview of Ashby’s materials
selection charts that graphically present information concisely to assist in selecting
types of materials based on properties such as stiffness, strength, and density. The
information contained in the charts is for rough calculations and not for final design
analysis. Actual properties of a material selected should be used in final design fol-
lowed by experimental verification and testing. Appendix C-19 gives the classes and
abbreviations for the materials selection charts.

3.13.1 Strength-Stiffness Chart

Various materials are plotted in Figure 3.11 for strength versus Young’s modulus.
The plotted values for strength are: (a) yield strength for metals and polymers,
(b) compressive strength for ceramics and glasses, (c) tensile strength for compos-
ites, and (d) tear strength for elastomers. Design requirements for values of strength
or Young’s modulus suggest materials to select. For design requirements that are
bounded by elastic design or a ratio of strength versus Young’s modulus, the proper
materials can be selected or compared by (1) energy storage per volume as in
springs, S2/E = C; (2) radius of bending as in elastic hinges, S/E = C; or
(3) deflection under load as in diaphragm design, S3/2/E = C. For example, if we
want to maximize energy storage per volume before failure, we want to maximize
the value of S2/E = C. Without other design limitations, inspection of the chart
shows that engineering ceramics have the highest allowable S2/E, followed by elas-
tomers, engineering alloys (steels), engineering composites, engineering polymers,
woods, and polymer foams having decreased values.

4 This section is adapted from Ashby, M. F., Materials Selection in Mechanical Design, Pergamon Press,
Oxford, England, 1992.
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in Mechanical Design, Pergamon Press, 1992.

3.13.2 Strength-Density Chart

For a wide variety of materials, strength ranges from 0.1 MPa to 10,000 MPa while
density ranges from 0.1 to 20 Mg/m3. Figure 3.12 illustrates strength-to-density
relationships for various materials. The guide lines of constants S/r = C,
S2/3/r = C, and S1/2/r = C are used respectively in minimum weight design of
(i) rotating disks, (ii) beams (shafts), and (iii) plates. The value of the constants
increase as the guide lines are displaced upward and to the left. Materials with the
greatest strength-to-weight ratios are located in the upper left corner.
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3.13.3 Strength-Temperature Chart

Only ceramics have strength above 1000°C, metals become soft at 800°C, and poly-
mers have little strength above 200°C. Figure 3.13 presents an overview of high-
temperature strength for various materials. The inset figure explains the shape of
the lozenges. Strength at temperature, S(T), is yield strength at temperature for met-
als and polymers, compressive strength at temperature for ceramics, tear strength at
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temperature for elastomers, and tensile strength at temperature for composites. For
engineering alloys, the “strength” is a short-term yield strength, for one hour loading.
The strengths are lower for long loading times (e.g., 10,000 h) and would involve
design for creep and/or creep rupture—see Juvinall, R. C., Engineering
Considerations of Stress, Strain, and Strength, McGraw-Hill, New York, 1967.
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3.14 Engineering Material Selection Process

3.14.1 Introduction

As stated in the introduction to this chapter, the selection of materials and the processes
used in fabrication are integral parts of the design of a machine component. The goal of
this section is to give the engineering student an introduction to the process of making
an intelligent choice when selecting materials for machine components. Although mate-
rial selection is based on experience and know-how, this section presents a rational
method for selection of materials.

Table 3.2 presents a list of general performance characteristics for a machine
component application. Once the characteristics of the application and the function of
the component are understood, the material selection is based on (1) availability of the
material in the form and shape desired, (2) total cost of the material including initial
and future cost, (3) material properties as they relate to service performance require-
ments, and (4) the processing of the material into a finished part. Section 3.14.2 gives
material information sources that can be used to identify materials.

Other factors to be considered in the selection of a material include: (1) the limits
of the materials properties, (2) pressures to reduce cost, (3) increased product/machine
energy efficiency through weight reduction, (4) material shortages, (5) ease of recovery
and recycling, (6) disposal, and (7) legal and health issues.

In the design process, machine performance specifications are established, then
components are identified and specifications for their performance are developed
from the overall design concept of the machine. The specification of selection of
materials typically takes place when the detailed drawings of the components are
prepared, Figure 3.14 illustrates a material selection and evaluation process for
a component.

The material selection process typically involves satisfying more than one service
performance requirement, i.e., more than one specific characteristic of the application.

TABLE 3.2 General Characteristics of the Application

Capacity (power, load, thermal)
Motion (kinematics, vibration, dynamics, controllability)
Interfaces (appearance, space limits, load type(s), environmental compatibility)
Cost (initial, operating)
Life
Reliability
Safety and Health
Noise
Producibility
Maintainability
Geometry (size, shape)
Rigidity
Elastic stability (buckling)
Weight
Uncertainties (load, environment, cost)
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FIGURE 3.14
Material selection for a machine component.

This can be accomplished by weighing the various performance requirements with
respect to the significant material properties that control performance. The specifi-
cations are then transformed into material properties, and materials that have the
desired properties and can meet the performance specifications are identified.
Performance, cost, and availability are considered to arrive at a single or small set of
materials for the component. The smaller group of materials become the candidate
materials for further evaluation and possible testing in the detail design phase. Tests
may be conducted to eliminate or rank the materials. Extensive testing may be
required to establish the integrity and variability of the materials, the effect of man-
ufacturing processes, and the effect of mating parts, etc. Indeed the entire machine,
subassembly, product, or component may be evaluated in simulated or actual service
conditions tests. Also, it is not uncommon that components placed into service are
monitored as operational experience begins to accumulate, and if service failures
occur, material selection and/or design corrections are implemented and replacement
parts are readied for scheduled maintenance and replacement.

Material selection (like design itself) is an iterative decision-making process of
synthesis requiring experience, training, and engineering know-how combined with
art to select a material that will be suitable for the task. Past experience with mater-
ial selection yields an understanding of material systems, familiarity with specific
engineering materials, an understanding of the properties of a small repertoire of
materials—a few metals, plastics, ceramics, tool steels, etc. This experience is help-
ful when the prior learning is applicable to a new selection problem. Experience
allows the designer to rely less on the materials engineer and metallurgist.

3.14.2 Sources of Information on Material Properties

Published technical literature in the form of technical articles, company reports,
trade literature, handbooks, and Internet documents provides a wealth of available
material property data. Compendiums of data on material properties are also found
at large corporations and at government agencies such as NASA.

Properties of materials are given in Appendix C. Typical uses of common mate-
rials are given in Appendix C-3a, C-3b, C-3c, C-4b, C-8, C-10, C-11, C-18c, and C-23.
References listed at the end of this chapter list properties of materials, and these
references are available in most technical libraries. Appendix C-20 presents a small
subset of engineering materials used in component design.
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TABLE 3.3 Characteristics of the Material

Properties, mechanical (strength, elasticity, hardness, Poisson’s ratio, damping, tensile,
compression, impact, toughness, fatigue, creep, wear, stiffness, shear)

Properties, physical (density, electrical, magnetic, optical, conduction, expansion, flamma-
bility, melting point, specific heat, emissivity, absorptivity)

Properties, chemical (corrosion resistance, degradation, composition, bonding, structure,
oxidation, stability, embrittlement, environmental factors)

Properties, dimensional (size, shape, flatness, profile, surface finish, stability, tolerances)
Manufacturing Processes (castability, coatability, heat treatability, hardenability, formability,

machinability, joinability, weldability)
Availability (in stock, order elsewhere, order requirements, suppliers, special manufacturing pro-

cessing required)
Cost (raw material, quantity required, predicted service life, additional fabrication required)
Legal (code compliance, environmental, health, recyclability, disposability, product liability)

Material property data are usually presented in a statistical format with a mean
value and a standard deviation. Property data listed in handbooks and published
technical literature give a single value for a property. This single value should be
viewed as a typical value. When there is variation, a range of values (largest and
smallest) may be listed or shown graphically by scatter bands. For critical applica-
tions it may be required to determine the frequency distribution for the material prop-
erty and for the corresponding parameter that describes the service performance.

Computerized material selection processes are available; for example, see
http://www.grantadesign.com. Commercially available computer engineering systems
can provide (1) comparison of materials, (2) characterization and specifications of
metals and nonmetals, (3) material selection systems, (4) examples of material selec-
tion, (5) fabrication methods and processes, and (6) frequently updated cost data on
materials and processes.

3.14.3 Material Selection Factors

The principal selection factors that have a bearing on the selection of a material and
fulfill a design requirement are:

1. Availability

2. Cost

3. Material properties—mechanical, physical, chemical, dimensional

4. Manufacturing processes—machining, formability, joinability, finishing and
coatings

Table 3.3 lists subfactors related to these important selection parameters. Not
using the proper material selection factors and choosing an inappropriate material
can compromise function of the material, service life, and cost of the component
and product.

Service Performance (Specifications) Once the general characteristics of the
application are known, they can be reduced to service performance requirements.
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Examples of service performance conditions would be fluctuating loads, high temper-
atures, and a highly oxidizing atmosphere. The service performance, also called per-
formance specifications or functional requirements, for a machine component needs
to be related to the properties of the material. This is because the properties of materi-
als are indicators of service performance, i.e., wear is related to hardness, stiffness is
related to modulus of elasticity, weight is related to density. The designer must be able
to translate the service performance requirements into select material properties.

Another view of this is that the general service performance characteristics
(operating conditions), described generally in Table 3.2 and described specifically by
stresses, motions, and applied forces, etc., need to be translated into mechanical prop-
erties of the material. That is, the material must have the characteristics—properties,
cost, and availability—suited for the service conditions, loads, and stresses.

Availability Even though the potential material candidates have the required ma-
terial properties, they must also be “available.” Answering the following questions
can assist the designer in whether the material candidates meet availability criteria:

1. What is the total time to obtain the material?

2. Is there more than one supplier that can provide the material?

3. Is the material available in the geometry configuration required?

4. What is the limit on the amount of material available?

5. What is the probability of the material being available in the future?

6. Is special processing required?

7. Will special processing limit the availability of the material?

It is the designer’s responsibility to establish a timeline for procurement of
materials. The time to obtain a material needs to coincide with the time dictated by
the schedule.

Economics (Total Cost) Cost should be used as an initial factor in screening
materials, yet true prices of materials for a component can only be obtained
through quotes from vendors as the pricing structure of many engineering materi-
als is complex. Relative costs of some engineering materials are presented in Fig-
ure 3.15, which pictures costs of various materials in dollars per pound and dollars
per cubic inch.

The most appropriate cost to consider is the total life-cycle cost. Total cost
includes (1) initial material cost, (2) cost of processing and manufacturing,
(3) cost of installation, and (4) cost of operation and maintenance. Other factors to
consider include: (1) anticipated service life, (2) shipping and handling expense,
(3) recyclability, and (4) disposal.

Material Properties A knowledge and understanding of the properties of met-
als, plastics, ceramics, etc., their designations and numbering systems, and their fa-
vorable and unfavorable qualities are fundamental in the selection of a material.
Material properties to consider include (1) physical; (2) mechanical; (3) chemical—
environmental resistance, corrosion, rust; and (4) dimensional—tolerances, surface
finish, etc.—see Table 3.3. Table 3.3 is a checklist of material properties important to
evaluate in satisfying service performance conditions.
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Cost of materials in bulk quantities. For details see [10].
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TABLE 3.4 Material Treatments and Coatings [10]

Heat Treatments Surface Treatments Coatings

Age hardening Anodizing Hard surfacing
Annealing Boronize Metallize
Flame hardening Carbonitride Organosols
Induction hardening Carburize Paints
Normalizing Chromating Plasma
Quench hardening Cyanide Plastisols
Solution treating Nitride Plating
Stress relieving Oxides
Tempering Phosphating

Manufacturing Processes It is important to recognize the links between mate-
rial properties and uses of the materials. Although related to material properties, the
manufacturing process will influence the type of material that can be used and the
material will dictate the type of manufacturing process that can be employed. Also,
the material (because of its properties) may impose limitations on the design and
manufacturability of the component. In other words, the methods of manufacturing,
forming, joining, and fastening are dictated by the material choice, and likewise if a
certain manufacturing process will be used to fabricate a component then the mater-
ial choice may be limited (see Appendix C-21, which shows processing methods
used most frequently with different materials).

Formability and Joinability Although formability and joinability are related
to material properties, the ability of forming, joining, and fastening materials is an
important consideration in material selection. The material must be able to be
formed, joined, or fastened into the desired shape by shearing, blanking, piercing,
bending, spinning, drawing, peening, welding, brazing, soldering, threading, rivet-
ing, stapling, or adhesive bonding. Appendix C-22 shows how materials affect
joinability.

Finishing and Coatings Although related to material properties, the finishing
and/or coating ability of a design material has an influence (is another factor) in
the selection of a component material. For example, low carbon steel trencher
teeth when hard faced (with overlays applied by welding operations) results in a
wear-resistant and lower cost part. Table 3.4 lists heat treatments, surface treat-
ments, and coatings.

3.14.4 Selection Procedure

Introduction Problems in material selection for machine design usually involve
the selection of a material for a new or redesigned component, and although the
goals generally involve performance, reliability, and cost, the selection process usu-
ally involves making a decision with insufficient or inaccurate property data subject
to multiple constraints, sometimes competing, and usually without a clear-cut
(known) objective.
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A methodology of materials selection is based on (1) the engineering
performance considerations for a given application, (2) the relative importance of the
required material properties, and (3) the availability and final cost of the component.
The goal is to select an appropriate material to best meet the demands of the design
requirement. For a given application, the approach is to identify the connection
between the functional requirements and the material requirements and thus reduce
the number of candidate materials from which to select. When selecting among can-
didates the choice in some cases can be unambiguous or the reason for difficulties
of choosing may be revealed.

Although material selection involves iterative decision making, when we have a
description or definition of the part or component, we recognize that the steps in
selecting a material for a component follows a typical path:

(a) Determine the “purpose” of the component. Establish the service perfor-
mance requirements for the part. The service performance or operational condi-
tions for the component need to be well understood as these conditions
influence the material selection. For example, a gear operating under heavy load
and high speed at an elevated temperature would probably require a different
material than a low-speed, low-torque gear operating at room temperature.

This first step may require an analysis of the material requirements; i.e.,
a determination of the conditions of operation and the environment that the
product must withstand, so that the service performance conditions can be
translated into corresponding critical material properties. Table 3.3 provides a
list of important material characteristics that can be reviewed to recall general
areas to examine.

(b) Select a material that appears suitable for the “purpose.” This second step
may initially involve screening and ranking candidate materials before a candidate
material is selected. The Material Selection Charts of Section 3.13 can be used
to make initial choices of materials that will meet performance requirements.
Appendix C-23 lists candidate materials for common machine components.

Knowledge of the material groups—plastics, metals, ceramics, and com-
posites—and the type of component in which the material has previously been
used, allows the designer to compare materials knowing what heat treatment
and other processes to use when specifying the material. Also, use experi-
ence, review Appendix C for typical uses of common materials, and do not
reinvent the wheel unless it is important to do so. For example, Appendix C-10
might suggest considering 6063-T6 aluminum for terracruiser lightweight
fuel tanks. Availability, cost, and fabrication should be considered at the onset
of the material selection process even though a detailed cost is not possible
to attain.

Besides experience, a rational method of selecting materials is to utilize
failure analysis of similar parts (to a new design) that have failed in service.
Materials are selected that are unlikely to fail based on the knowledge gained
from a failure analysis for the component. Appendix Table C-24 identifies
material properties that are related to common failure modes. Since service
performance conditions are complex, usually more than one material property
is required to identify the properties important in a mode of failure. When
selecting materials, it should be kept in mind that the useful life of most
machines and components ends with fatigue failure or surface deterioration—
pitting, spalling, or excessive wear.
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After listing material considerations, select a few candidate materials that
best match the critical material properties, cost, and availability constraints.
Reconsider formability, fabrication, fastening and joining, availability, and cost of
the material as well as the cost due to the production process. When screening
candidate materials, ask this question: “Should this material be evaluated further
for this application?” Decision making needs to be done carefully but quickly.
There is no perfect knowledge.

(c) Make a final evaluation of the candidate materials including manufactur-
ing processes and finishing methods if necessary and make a final recommen-
dation. Select the best material for the application. The best material for a
particular application is the one that provides the best value, defined as the
ratio of overall performance over total cost, and defined by the material selec-
tion index where

The higher the value of SI, the better the choice. The selection index can be used
to rank order materials. Unfortunately, for available material and processes, in
many cases, the best engineering solution and the best economic solution for a
given design do not usually match, and the final material will be a compromise
that yields an optimal selection that combines sets of requirements.

(d) Test, test, test. Once a material candidate has met the material properties,
availability, and cost criteria, it is recommended that the candidate selected be
tested. The test(s) should simulate the product operating conditions. If the se-
lected materials satisfy all the requirements, then there is no need to select an al-
ternate candidate(s). As a final step, the product itself may need to be tested and
the material selections reevaluated. Whether or not an extensive testing program
is required depends on total cost, service conditions, and experience (with the
material and the application).

The degree of uncertainty in the material selection with respect to perfor-
mance and risk needs to be weighed; i.e., the consequences of failure require
that an analysis of the risk be considered in the material selection process.

3.14.5 Summary

The material selection process can be as challenging as other aspects of the design
process because it follows the same decision-making approach. The steps in the
material selection process, although iterative, are: (1) analysis of the requirements,
(2) identification of materials, (3) selection and evaluation of candidate materials,
and (4) testing and verification. The key is to establish the properties/service perfor-
mance requirements needed for a design. Once needed properties are identified, the
designer selects one or two candidate materials and treatments. It is appropriate to
compare specific candidate materials for availability and economics. Finally, ser-
viceability and risk should be considered. Final selection involves a compromise of
availability, properties, processes, and economics.

In short, material selection should include consideration of availability, total
cost, material properties, and manufacturing processes by using experience, engi-
neering know-how, selection index, and knowledge of possible failure modes to
choose the best material.

SI = Selection Index =
(availability)(performance)

(total cost)
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SAMPLE PROBLEM 3.3 Selecting a Material

For a bolt, select a machinable wrought stainless steel material that has a yield
strength to avoid plastic deformation of at least 88 ksi.

SOLUTION

Known: A bolt needs to be machined from wrought stainless steel material with a
yield strength of 88 ksi or greater.

Find: Select a machinable wrought stainless steel material with a yield strength of
at least 88 ksi.

Schematic and Given Data:

Assumptions:
1. The data provided in Appendix C-8 are accurate.

2. The material can be selected based on machinability and material properties.

3. Cost and availability are assumed to be relatively unimportant.

Analysis:
1. According to the “typical uses” column in Appendix C-8, the following stainless

steel materials are used for bolts: Class 303, 414, 410, and 431.

2. Class 303 and class 410 stainless steel are eliminated because their yield
strength is less than 88 ksi. When body stresses are above the yield strength, the
material enters the plastic zone and permanent deformation occurs. The bolt
must not plastically deform at 88 ksi.

3. Class 414 and class 431 have yield strengths above 88 ksi. These materials will
not permanently deform at 88 ksi.

4. Class 431 is eliminated because it has poor machinability.

5. The material selected is Class 414 because it has fair machinability and a yield
strength above 88 ksi.

Comments:
1. The stainless steel material selected must satisfy the material property

requirements.

2. Cost and availability normally must also be factored into the material selection
process.

FIGURE 3.16
Sample Problem 3.3—a stainless steel bolt.
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Problems

Sections 3.1–3.3

3.1 Write definitions for the terms stress, strength, yield strength, ultimate strength,
ductility, elastic limits, proportional limit, modulus of elasticity, and yield point.

3.2 Discuss the purpose in this textbook of using (1) the Greek letter s to denote normal
stress caused by tensile, compressive, or bending loads; (2) the Greek letter t to denote
shear stress caused by torsional or transverse shear loads; and (3) the letter S to desig-
nate strength properties of the material.

3.3 From the materials property database at http://www.matweb.com, list values for the
(1) modulus of elasticity, E, (2) ultimate tensile strength, Su , (3) elongation at break in
%, and (4) yield strength, Sy , for AISI 4340 steel, oil quenched 800ºC (1470ºF), 540ºC
(1000ºF) temper, 25 mm round.

3.4 Search the materials property database at http://www.matweb.com, and list values
for the (1) modulus of elasticity, E, (2) ultimate tensile strength, Su , (3) elongation at
break in %, and (4) density in g/cc, for the following:
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(a) AISI carbon steels: 1010 cold drawn, 1020 cold rolled, 1040 as rolled, 1050 as
rolled, 1080 as rolled, and 1116 cold drawn;

(b) Alloy steels: 4140 annealed, 4340 annealed, and 4620 annealed.

3.5 Repeat Problem 3.4 except for the following:

(a) Cast iron: ASTM class 20 and class 35

(b) Aluminum alloys: 3003-H12, 3003-H18, 5052-H32, 5052-H38, 5052-O, 6061-
T4, 6061-T91, and 7075-O.

3.6 (a) Search the materials property database at http://www.matweb.com and identify
five materials that have a modulus of elasticity, E, greater than that of steel where
E = 30 * 106 psi (207 GPa). (b) Also, identify five materials with ultimate
strength, Su , greater than 200 ksi (1378 MPa).

3.7D Select a steel of your choice from the materials property database at
http://www.matweb.com and list values for the (1) modulus of elasticity, E, (2) ulti-
mate tensile strength, Su , (3) elongation at break in %, and (4) density in g/cc.

3.8 What materials listed in Appendix C-1 have a lower density and a higher thermal
conductivity than steel?

3.9 The critical location of a part made from hot-rolled AISI 1020 steel is cold-worked
during its fabrication to an extent corresponding to point D of Figure 3.2. What val-
ues of Su , Sy , and ductility (in terms of 
, R, and Ar at fracture) are applicable to this
location?

3.10 The critical location of a part made from AISI 1020 steel is cold-worked during its
fabrication to an extent corresponding to point I [which lies between D and C of
Figure 3.2 and corresponds to a strain (
) of 20 percent]. What values of Su , Sy , and
ductility (in terms of 
, R, and Ar at fracture) are applicable to this location?

3.11 A tensile specimen made of hot-rolled AISI 1020 steel is loaded to point C of
Figure 3.2. What are the values of s, 
, sT , and 
T involved? Next, the specimen is
unloaded. Treating it then as a new specimen, it is reloaded to point C. What are the
values of these same quantities for the new specimen?

3.12 A tensile specimen made of hot-rolled AISI 1020 steel is loaded to point D of
Figure 3.2. What are the values of s, 
, sT , and 
T involved? Next, the specimen is
unloaded. Treating it as a new specimen, it is reloaded to point D. What are the val-
ues of these same quantities for the new specimen?

3.13 A tensile specimen made of hot-rolled AISI 1020 steel is loaded to point I [which
lies between D and C of Figure 3.2 and corresponds to a strain (
) of 20 percent].
What are the values of s, 
, sT , and 
T involved? Next, the specimen is unloaded.
Treating it as a new specimen, it is reloaded to point I. What are the values of these
same quantities for the new specimen?

Sections 3.4–3.14

3.14 An AISI 1030 steel part is annealed to 126 Bhn. Estimate the values of Su and Sy for
this part.

3.15 An AISI 1040 steel part is annealed to 149 Bhn. Estimate the values of Su and Sy for
this part.
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3.16 An AISI 4340 steel part is annealed to 217 Bhn. Estimate the values of Su and Sy .
Compare these values with those corresponding to another AISI 4340 steel part that
is normalized to 363 Bhn.

3.17D Select a steel from Appendix C-4a, and estimate Su and Sy from the given value of
Brinell hardness.

3.18D Select an annealed steel from Appendix C-4a, and estimate Su and Sy from the given
value of Brinell hardness. Compare the results to the given tensile and yield
strengths.

3.19D Select a steel from Appendix C-4a that has properties listed for as-rolled, normal-
ized, and annealed conditions. Estimate Su and Sy for the three conditions from the
given Brinell hardness value. Compare the results to the given tensile and yield
strengths.

3.20 An AISI 3140 steel component is heat-treated to 210 Bhn. Estimate the values of Su
and Sy for this component.

3.21 An AISI 1020 steel part is annealed to 111 Bhn. Estimate the values of Su and Sy for
this part.

3.22 If the curve in Figure P3.22 represents the results of a Jominy end-quench test of
AISI 4340 steel, draw corresponding curves (roughly) for low-alloy steel and for
plain carbon steel, each having 0.40 percent carbon and heat-treated to the same sur-
face hardness as the 4340 steel.

3.23D For each of the following applications calling for steel, choose between (1) 0.1 per-
cent carbon and 0.4 percent carbon, and between (2) plain carbon and alloy steel.

(a) A machine frame requiring extreme rigidity (when massive enough to satisfy
this requirement, stresses will be very low).

(b) A small, round rod subjected to high bending and torsional stresses.

(c) A large, irregularly shaped part subjected to high stresses.

(d) A rail car wheel (interior stresses low but surface must be carburized to resist
wear).

3.24 Copy the material properties of aluminum 7075-0 from www.matweb.com. Highlight
the UNS number for 7075-0 aluminum. Compare the values from your copy with those
listed in Appendix C-10 for 7075-0 aluminum alloy.
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3.25 Repeat Problem 3.24, except for 2024-T4 aluminum.

3.26 Repeat Problem 3.24, except for 6061-T6 aluminum.

3.27D Review reference [16] and provide in a paragraph the purpose of MIL-HDBK-17-2F,
Vol. 2.

3.28D Review reference [17] and provide in a paragraph the purpose of MIL-HDBK-17-3F,
Vol. 3.

3.29 Refer to reference [15] Table 2.3.4.1.4 and list examples of key material or structural
performance parameters.

3.30 Material system codes [see Table 1.5.1 (a) and (b)] are used in MIL-HDBK-17-2F—
see reference [16]—and consist of a fiber system code and a matrix material code
separated by a virgule. Present several examples of material systems codes for poly-
mer matrix composites.

3.31D An experienced design engineer who has worked in the telephone manufacturing
industry provides a list of his favorite materials:

(a) 1020 steel, 1040 steel, 4340 steel

(b) 2024-T4 aluminum

(c) Nylon (6/6), acetal

Compare the specific material properties for each material.

3.32D A jump rope is made from two hollow hard plastic handles that are attached to each
end of a highly elastic cord. Two boys, instead of using the rope for jumping, decide
to use it for a “tug-of-war.” Each boy pulls on an end of the rope. One boy lets go of
his handle; the other boy holds his end and is almost immediately struck by the
released handle.

In contrast, an old-fashioned jump rope has wooden handles and a cotton rope.
The cotton-rope, when tensioned, stores only a small amount of energy so that if one
of the wooden handles were released (as in the “tug-of-war” example), the released
handle would fall harmlessly to the ground.

Determine the properties of a cotton rope of the type used in an old-fashioned
jump rope, especially the strength and the “elasticity.” Also, select a material (like an
elastomer) that could be used as a safe replacement for a cotton rope. Provide the
name of the material and list its properties.

3.33D A full-page open letter with more than 700 signatures was recently released in a uni-
versity campus newspaper. The letter according to www.texasenvironment.org
protested the sale of the single-use, disposable plastic water bottles “shaped” like a
university “symbol.” The bottles are marketed to students and in local grocery stores
and according to the article this does not align with the school’s own sustainability
program. The article reveals that with a global movement to ban plastic water bottles
from college campuses, the university’s decision has left students at the back of the
environmental movement. What are the advantages and disadvantages of plastic bot-
tles? What steps or procedures could be taken to minimize environmental impact of
“single” use bottles? How would an engineer deal differently than a businessperson
with the sale of disposable plastic water bottles?

3.34 Search the materials property database at http://www.matweb.com and list the prop-
erties of nylon 6 with 30% glass fibers. Compare the 30% glass-filled nylon proper-
ties with those of unreinforced nylon 6.
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3.35D Select a material for the shaft of a gear train. The shaft carries high loads and
stops abruptly.

3.36D Select a nylon (polyamide) at www.plastics.dupont.com with 35% glass reinforce-
ment that combines good surface appearance, excellent welding and fatigue reten-
tion, and exceptional resistance in hot air and hot engine oil. List the stress at break
in MPa and the strain at break in %. Also list the deflection temperature in ºC at
1.80 MPa.

3.37D It is reported that the iPhone (3G and 3GS) by Apple utilizes a number of engineer-
ing materials: (a) glass, for the front display cover, (b) steel, for the perimeter edge
trim piece, and (c) plastic, for the molded rear back. Search material property data-
bases and select candidate materials for the (a) glass, (b) steel, and (c) plastic. List the
requirements for each application and list the desired characteristics of each material.

Appendix F

For the problems below, read Appendix F and then download and use MIL-HDBK-5J to com-
plete. References to pages or sections of MIL-HDBK-5J begin with the text MH. All problems
are for materials at room temperature unless otherwise noted.

3.A1 Consider a specimen that is 12 in. long 1.50 in. wide that is cut from a sheet of
0.0625 in. thick 17-7PH stainless steel in the TH1050 aging condition. Properties for
this material are described in Section MH2.6.10. The load is applied in the 12 in.
direction, this corresponds to the L direction for the sheet.

(a) PH in the material designation means “precipitation hardened.” Review the in-
formation on page MH2-213 and state the heat treatment steps for the material
to be in the TH1050 condition.

(b) What is the tensile load (in lb) required for the specimen to reach the B basis
yield stress?

(c) What is the length of the specimen under the load in part (b)?

3.A2 Consider a specimen that is 12 in. long 2.00 in. wide that is cut from a sheet of
0.250 in. thick Ti-6Al-4V plate in the annealed condition. Properties for this material
are described in Section MH5.4.1. The load is applied in the 12 in. direction, this
corresponds to the LT direction for the sheet.

(a) Review the information on page MH5-51 regarding Ti-6Al-4V. How is this
material placed in the annealed condition? Also, what elements, if brought into
contact with the specimen, can lead to embrittlement of the material?

(b) What is the tensile load that will place the specimen at its ultimate tensile stress
using the B basis value?

(c) What would the tensile load determined in part (b) become after 1/2 hour expo-
sure at 600ºF? See Figure MH 5.4.1.1.1.

3.A3 A lug of width b and thickness h is used to carry a load P using a pin passing through a
hole of diameter d as shown in Figure P3.A3. The lug is fabricated from 0.375 in. thick
2024-T351 plate [see Table MH3.2.3.0(b1) on page MH3-71 for mechanical properties].
The load is applied in the L direction of the plate and B basis design values are assumed.
For ultimate stress design, the tensile stress in the lug is assumed to be = P/ [(b-d)h]
and the bearing stress in the lug along the pin-lug interface is b = P/(d h):s

s

*

*
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(a) Determine the minimum width b of the lug to carry a load P = 15.000 lb using a
pin diameter d = 0.50 in. Design for ultimate stress.

(b) Suppose the lug has a width b of 1.25 in. and a pin diameter d = 0.50 in. Deter-
mine the load P required to cause bearing failure (using the bearing ultimate
stress) for an edge margin e/D = 2.0 (typical design). Repeat the calculation for
an edge margin e/D = 1.5 (short edge margin). Note that d = D.

(c) For certain choices of width b and diameter d, the design of the lug becomes
“bearing critical,” meaning that the bearing stress ( b) reaches its ultimate
stress (Fbru) before the lug tensile stress ( ) reaches its ultimate stress (Ftu). De-
termine an equation for b at which this change occurs; it will be a function of Ftu
Fbtu and d.

3.A4 The stress-strain curve for certain materials can be drawn using the Ramberg-
Osgood formula, which requires the 0.2% offset yield stress (Fty), the modulus of
elasticity (E), and the Ramberg-Osgood parameter n.

(a) Consider the stress-strain response of a 17-4PH bar (H900 heat treated), a
2024-T851 plate, and a Ti-6Al-4V extrusion in the annealed condition: the para-
meter n for each material is given in graphs on pages MH2-208, MH3-136, and
MH5-65, respectively, and values for Fty and E can be found in nearby tables.
Compute and plot the room temperature stress-strain curves of all three materi-
als on a single graph for strains ranging from 0 to 0.010.

(b) Suppose a stress is applied to each specimen in part (a) to reach a strain of 0.010
in./in. and then the stress is released. If the initial specimen length is 20 in. in all
three cases, what is the final specimen length for each material?

s
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4 Static Body Stresses

4.1 Introduction

Once the external loads applied to a member have been determined (see Chapter 2),
the next item of interest is often the resulting stresses. This chapter is concerned with
body stresses, existing within the member as a whole, as distinguished from surface
or contact stresses in localized regions where external loads are applied. This chap-
ter is also concerned with stresses resulting from essentially static loading, as
opposed to stresses caused by impact or fatigue loading. (Impact, fatigue, and sur-
face stresses are considered in Chapters 7, 8, and 9, respectively.)

As noted in Section 3.2, this book follows the convention of reserving the cap-
ital letter S for material strength (i.e., Su for ultimate strength, Sy for yield strength,
etc.) and using Greek letters s and t for normal and shear stress, respectively.

4.2 Axial Loading

Figure 4.1 illustrates a case of simple tension. If external loads P are reversed in
direction (i.e., have negative values), the bar is loaded in simple compression. In
either case, the loading is axial. Small block E represents an arbitrarily located infin-
itesimally small element of material that is shown by itself in Figures 4.1b and c. Just
as equilibrium of the bar as a whole requires the two external forces P to be equal,
equilibrium of the element requires the tensile stresses acting on the opposite pair of
elemental faces to be equal. Such elements are commonly shown as in Figure 4.1c,
where it is important to remember that the stresses are acting on faces perpendicu-
lar to the paper. This is made clear by the isometric view in Figure 4.1b.

Figure 4.1d illustrates equilibrium of the left portion of the link under the action
of the external force at the left and the tensile stresses acting on the cutting plane.
From this equilibrium we have perhaps the simplest formula in all of engineering:

(4.1)

It is important to remember that although this formula is always correct as an expres-
sion for the average stress in any cross section, disastrous errors can be made by
naively assuming that it also gives the correct value of maximum stress in the sec-
tion. Unless several important requirements are fulfilled, the maximum stress will be

s = P/A
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greater than P/A, perhaps by several hundred percent. The maximum stress is equal
to P/A only if the load is uniformly distributed over the cross section. This requires
the following.

1. The section being considered is well removed from the loaded ends. Figure 4.1e
shows “lines of force flow” to illustrate the general nature of the stress distrib-
ution in cross sections at various distances from the ends. A substantially uni-
form distribution is reached at points about three diameters from the end fittings
in most cases.

2. The load is applied exactly along the centroidal axis of the bar. If, for example, the
loads are applied a little closer to the top, the stresses will be highest at the top of
the bar and lowest at the bottom. (Looking at it another way, if the load is eccentric
by amount e, a bending moment of intensity Pe is superimposed on the axial load.)

3. The bar is a perfect straight cylinder, with no holes, notches, threads, internal
imperfections, or even surface scratches. Any of these give rise to stress concen-
tration, which will be dealt with in Section 4.12.
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Axial loading.
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4.3 ■ Direct Shear Loading 133

4. The bar is totally free of stress when the external loads are removed. This is fre-
quently not the case. The manufacture of the part and its subsequent mechanical
and thermal loading history may have created residual stresses, as described in
Sections 4.14, 4.15, and 4.16.

5. The bar comes to stable equilibrium when loaded. This requirement is violated
if the bar is relatively long and loaded in compression. Then it becomes elasti-
cally unstable, and buckling occurs. (See Sections 5.10 through 5.15.)

6. The bar is homogeneous. A common example of non homogeneity is a com-
posite material, such as glass or carbon fibers in a plastic matrix. Here the
matrix and the fibers carry the load redundantly (see Section 2.5), and the stiffer
material (i.e., having the higher modulus of elasticity) is the more highly
stressed.

Figure 4.2 shows an example in which unexpected failure can easily result from
the naive assumption that the calculation of axial stress involves no more than “P/A.”
Suppose that the load P is 600 N and that six identical welds are used to attach the
bracket to a fixed flat surface. The average load per weld would be, of course, 100 N.
However, the six welds represent redundant force paths of very different stiffnesses.
The paths to welds 1 and 2 are much stiffer than the others; hence, these two welds
may carry nearly all the load. A much more uniform distribution of load among the
six welds could be obtained by adding the two side plates shown dotted in
Figure 4.2b, for these would stiffen the force paths to welds 3 to 6.

At this point one might despair of ever using P/A as an acceptable value of maxi-
mum stress for relating to the strength properties of the material. Fortunately, such is not
the case. The student should acquire increasing insight for making “engineering judg-
ments” relative to these factors as his or her study progresses and experience grows.

4.3 Direct Shear Loading

Direct shear loading involves the application of equal and opposite forces so nearly
colinear that the material between them experiences shear stress, with negligible
bending. Figure 4.3 shows a bolt serving to restrain relative sliding of two plates sub-
jected to opposing forces P. With plate interface friction neglected, the bolt cross
section of area A (marked ) experiences direct shear stress of average value

(4.2)t = P/A

~1

3

1

5

(b)(a) P

P

4

3

1

2
5

6
FIGURE 4.2
Tensile-loaded T bracket
attached by six welds.
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134 Chapter 4 ■ Static Body Stresses

If the nut in Figure 4.3 is tightened to produce an initial bolt tension of P, the
direct shear stresses at the root of the bolt threads (area ), and at the root of the nut
threads (area ), have average values in accordance with Eq. 4.2. The thread root
areas involved are cylinders of a height equal to the nut thickness.1 If the shear stress
is excessive, shearing or “stripping” of the threads occurs in the bolt or nut, which-
ever is weaker.

Similar examples of direct shear occur in rivets, pins, keys, splines, and so on.
Moreover, direct shear loading is commonly used for cutting, as in ordinary house-
hold shears or scissors, paper cutters, and industrial metal shears.

Figure 4.4 shows a hinge pin loaded in double shear, where the load P is carried
in shear through two areas in parallel; hence, the area A used in Eq. 4.2 is twice the
cross-sectional area of the pin. Examples of pins loaded in double shear are com-
mon: cotter pins used to prevent threaded nuts from rotating (as with automobile
wheel bearing retaining nuts), shear pins used to drive boat propellers (the pin fails
in double shear when the propeller strikes a major obstruction, thus protecting more
expensive and difficult-to-replace members), transverse pins used to hold telescop-
ing tubular members in a fixed position, and many others.

Direct shear loading does not produce pure shear (as does torsional loading),
and the actual stress distribution is complex. It involves fits between the mating
members and relative stiffnesses. The maximum shear stress will always be some-
what in excess of the P/A value given by Eq. 4.2. In the design of machine and
structural members, however, Eq. 4.2 is commonly used in conjunction with appro-
priately conservative values of working shear stress. Furthermore, to produce total
shear fracture of a ductile member, the load must simultaneously overcome the
shear strength in every element of material in the shear plane. Thus, for total frac-
ture, Eq. 4.2 would apply, with t being set equal to the ultimate shear strength, Sus .

~3
~2

3

1

3

P

P

2

FIGURE 4.3
Bolted joint, showing three areas of
direct shear.

PP

FIGURE 4.4
Direct shear loading (showing failure in
double shear).

1 Strictly true only for threads with a sharp “V” profile. Shear areas for standard threads are a little less.
See Section 10.4.5.

c04.qxd  7/14/11  7:32 PM  Page 134



4.4 ■ Torsional Loading 135

4.4 Torsional Loading

Figure 4.5 illustrates torsional loading of a round bar. Note that the direction of the
applied torque (T) determines that the left face of element E is subjected to a down-
ward shear stress, and the right face to an upward stress. Together, these stresses
exert a counterclockwise couple on the element that must be balanced by a corre-
sponding clockwise couple, created by shear stresses acting on the top and bottom
faces. The state of stress shown on element E is pure shear.

The sign convention for axial loading (positive for tension, negative for com-
pression) distinguishes between two basically different types of loading: compression
can cause buckling whereas tension cannot, a chain or cable can withstand tension but
not compression, concrete is strong in compression but weak in tension, and so on.
The sign convention for shear loading serves no similar function—positive and neg-
ative shear are basically the same—and the sign convention is purely arbitrary. Any
shear sign convention is satisfactory so long as the same convention is used through-
out any one problem. This book uses the convention of positive-clockwise; that is, the
shear stresses on the top and bottom faces of element E (in Figure 4.5) tend to rotate
the element clockwise, hence are regarded as positive. The vertical faces are subjected
to counterclockwise shear, which is negative.

For a round bar in torsion, the stresses vary linearly from zero at the axis to a
maximum at the outer surface. Strength of materials texts contain formal proofs that
the shear stress intensity at any radius r is

(4.3)

Of particular interest, of course, is the stress at the surface, where r is equal to the
outside radius of the bar and J is the polar moment of inertia of the cross section,
which is equal to pd4/32 for a solid round bar of diameter d (see Appendix B-1).
Simple substitution of this expression in Eq. 4.3 gives the equation for surface tor-
sional stress in a solid round bar of diameter d:

(4.4)tmax = 16T/pd3

t = Tr/J

(a)

T

T

Isometric view

(b)

E

E

E E

Enlarged view of
element

(c)

Direct view of
element E

(d)
Positive shear

Positive shear

Negative
shear

Negative
shear

Shear sign
convention

FIGURE 4.5
Torsional loading of a round bar.
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136 Chapter 4 ■ Static Body Stresses

The corresponding equation for torsional stress in a hollow round bar (i.e.,
round tubing or pipe) follows from substitution of the appropriate equation for polar
moment of inertia (see Appendix B-1).

The important assumptions associated with Eq. 4.3 are

1. The bar must be straight and round (either solid or hollow), and the torque must
be applied about the longitudinal axis.

2. The material must be homogeneous and perfectly elastic within the stress range
involved.

3. The cross section considered must be sufficiently remote from points of load
application and from stress raisers (i.e., holes, notches, keyways, surface
gouges, etc.).

For bars of nonround cross section, the foregoing analysis gives completely
erroneous results. This can be demonstrated for rectangular bars by marking an ordi-
nary rubber eraser with small square elements 1, 2, and 3 as shown in Figure 4.6.
When the eraser is twisted about its longitudinal axis, Eq. 4.3 implies that the high-
est shear stress would be at the corners (element 2) because these are farthest from
the neutral axis. Similarly, the lowest surface stress should be at element 1 because
it is closest to the axis. Observation of the twisted eraser shows exactly the oppo-
site—element 2 (if it could be drawn small enough) does not distort at all, whereas
element 1 experiences the greatest distortion of any element on the entire surface!

A review of a formal derivation of Eq. 4.3 reminds us of the basic assumption
that what are transverse planes before twisting remain planes after twisting. If such
a plane is represented by drawing line “A” on the eraser, obvious distortion occurs
upon twisting; therefore, the assumption is not valid for a rectangular section.

The equilibrium requirement of corner element 2 makes it clear that this ele-
ment must have zero shear stress: (1) the “free” top and front surfaces do not contact
anything that could apply shear stresses; (2) this being so, equilibrium requirements
prevent any of the other four surfaces from having shear. Hence, there is zero shear
stress along all edges of the eraser.

Torsional stress equations for nonround sections are summarized in references
such as [8]. For example, the maximum shear stress for a rectangular section, as
shown in Figure 4.6, is

(4.5)tmax = T(3a + 1.8b)/a2b2

(a)

T

(b)

2

Torque axis

Zero shear stress exists
along all edges.

Maximum shear stress exists
along this line.

Enlarged view of
element 2

a

T

b

Line "A"

3

21

Top

Side Fron
t

FIGURE 4.6
Rubber eraser marked
to illustrate torsional
deformation (hence
stresses) in a
rectangular bar.
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4.5 ■ Pure Bending Loading, Straight Beams 137

4.5 Pure Bending Loading, Straight Beams

Figures 4.7 and 4.8 show beams loaded only in bending; hence the term, “pure bend-
ing.” From studies of the strength of materials, the resulting stresses are given by the
equation

(4.6)

where I is the moment of inertia of the cross section with respect to the neutral axis,
and y is the distance from the neutral axis. Bending stresses are normal stresses, the
same as axial stresses. Sometimes the two are distinguished by using appropriate
subscripts, as sb for bending stresses and sa for axial stresses. For the bending
shown in Figures 4.7 and 4.8, tensile stresses exist above the neutral axis of the sec-
tion (or above the neutral surface of the beam), and compressive stresses below.
Maximum values are at the top and bottom surfaces.

Equation 4.6 applies to any cross section (such as the several that are illustrated),
with these important limitations.

s = My/I

(a)

	max

(b) (c)

Partial beam in equilibrium

Entire beam in equilibrium

Neutral
surface

Transverse
cutting plane

Neutral
bending
axis and

centroidal
axis Typical cross sections

M M

M
c

c

y

Neutral (bending) surface

FIGURE 4.7
Pure bending of
sections with two axes
of symmetry.

(a)

	max

(b) (c)

Partial beam in equilibrium

Entire beam in equilibrium

Neutral
surface

CG
CG CG CG

Typical cross sections

Neutral bending axis
and centroidal axis

M M

M

c
y

Neutral (bending) surface

FIGURE 4.8
Pure bending of sections
with one axis of symmetry.
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138 Chapter 4 ■ Static Body Stresses

1. The bar must be initially straight and loaded in a plane of symmetry.

2. The material must be homogeneous, and all stresses must be within the elas-
tic range.

3. The section for which stresses are calculated must not be too close to significant
stress raisers or to regions where external loads are applied.

Figure 4.7 shows a bending load applied to a beam of cross section having two
axes of symmetry. Note that the cutting-plane stresses marked smax are obtained
from Eq. 4.6 by substituting c for y, where c is the distance from the neutral axis to
the extreme fiber. Often the section modulus Z (defined as the ratio I/c) is used, giv-
ing the equation for maximum bending stress as

(4.7)

For a solid round bar, I = pd4/64, c = d/2, and Z = pd3/32. Hence, for this case

(4.8)

Properties of various cross sections are given in Appendix B-1.
Figure 4.8 shows bending of sections having a single axis of symmetry, and where

the bending moment lies in the plane containing the axis of symmetry of each cross
section. At this point the reader will find it profitable to spend a few moments verify-
ing that the offset stress distribution pattern shown is necessary to establish equilib-
rium in Figure 4.8b (i.e., dA = 0, and dA y = 0).

4.6 Pure Bending Loading, Curved Beams

When initially curved beams are loaded in the plane of curvature, the bending stresses
are only approximately in accordance with Eqs. 4.6 through 4.8. Since the shortest
(hence stiffest) path along the length of a curved beam is at the inside surface, a con-
sideration of the relative stiffnesses of redundant load paths suggests that the stresses
at the inside surface are greater than indicated by the straight-beam equations.
Figure 4.9 illustrates that this is indeed the case. This figure also shows that equilibrium
requirements cause the neutral axis to shift inward (toward the center of curvature) an
amount e, and the stress distribution to become hyperbolic. These deviations from
straight-beam behavior are important in severely curved beams, such as those com-
monly encountered in C-clamps, punch press and drill press frames, hooks, brackets,
and chain links.

To understand more clearly the behavior pattern shown in Figure 4.9c, let us
develop the basic curved-beam stress equations. With reference to Figure 4.10, let
abcd represent an element bounded by plane of symmetry ab (which does not
change direction when moment M is applied) and plane cd. Moment M causes
plane cd to rotate through angle df to new position c¿d¿. (Note the implied
assumption that plane sections remain plane after loading.) Rotation of this plane
is, of course, about the neutral bending axis, displaced an as-yet-unknown dis-
tance e from the centroidal axis.

©M = M + ©s©F = ©s

smax = 32M/pd3

smax = M/Z = Mc/I
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(a)

Initially straight beam segment

(b)

(c)

Initially curved beam segment

CG

Hyperbolic stress distribution with
increased stress at inner surface

M

e

Typical cross section
Center of

initial curvature

Neutral surface

M

Centroidal surface

Neutral surface
displaced distance
"e " toward inner

surface

co

ci

FIGURE 4.9
Effect of initial curvature, pure bending of sections with one axis of symmetry.
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FIGURE 4.10
Curved beam in bending.

The strain on the fiber shown at distance y from the neutral axis is

(a)

For an elastic material, the corresponding stress is

(b)

Note that this equation gives a hyperbolic distribution of stress, as illustrated in
Figure 4.9c.

s =
Ey df

(rn + y)f


 =
y df

(rn + y)f
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Equilibrium of the beam segment on either side of plane cd (Figure 4.10)
requires

and, since E Z 0,

(c)

(d)

The quantity y2/(rn + y) in Eq. d can be replaced by y - rny/(rn + y), giving

(e)

The second integral in Eq. e is equal to zero because of Eq. c. The first integral
is equal to eA. (Note that this integral would be equal to zero if y were measured
from the centroidal axis. Since y is measured from an axis displaced distance e from
the centroid, the integral has a value of eA.)

Substituting the preceding expressions into Eq. e gives

(f)

Substituting Eq. f into Eq. b gives

(g)

Substituting y = -ci and y = co in order to find maximum stress values at the
inner and outer surfaces, we have

The signs of these equations are consistent with the compressive and tensile
stresses produced in the inner and outer surfaces of the beam in Figure 4.10, where

so =
Mco

eA(rn + co)
=
Mco
eAro

si =
-Mci

eA(rn - ci)
=

-Mci
eAri

s =
My

eA(rn + y)

M =
E df

f
eA or E =

Mf

df eA

M =
E df

f
¢L y dA - rnL

y dA

rn + y
≤

©M = 0: L sy dA =
E df

f L
y2 dA

rn + y
= M

L
y dA

rn + y
= 0

©F = 0: L s dA =
E df

f L
y dA

rn + y
= 0
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4.6 ■ Pure Bending Loading, Curved Beams 141

the direction of moment M was chosen in the interest of clarifying the analysis. More
commonly, a positive bending moment is defined as one tending to straighten an ini-
tially curved beam. In terms of this convention,

(4.9)

Before we use Eq. 4.9, it is necessary to develop an equation for distance e.
Beginning with the force equilibrium requirement, Eq. c, and substituting r for
rn + y, we have

But y = r - rn ; hence,

or

Now dA = A; hence,

(h)

Distance e is equal to hence,

(4.10)

Stress values given by Eq. 4.9 differ from the straight-beam “Mc/I” value by a
curvature factor, K. Thus, using subscripts i and o to denote inside and outside fibers,
respectively, we have

(4.11)

where c is defined in Figure 4.8.

si = KiMc/I = KiM/Z and s0 = -KoMc/I = -KoM/Z

e = r -
A

1 dA/r

r - rn ;

A = rnL dA/r or rn =
A

1 dA/r

1

L dA - L
rn dA

r
= 0

L
(r - rn) dA

r
= 0

L
y dA

r
= 0

si = +
Mci
eAri

 and so = -
Mco
eAro
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142 Chapter 4 ■ Static Body Stresses

Values of K for beams of representative cross sections and various curvatures
are plotted in Figure 4.11. This illustrates a common rule of thumb: “If is at least
ten times inner fiber stresses are usually not more than 10 percent above the Mc/I
value.” Values of Ko , Ki , and e are tabulated for several cross sections in [8]. Of
course, any section can be handled by using Eqs. 4.9 and 4.10. If necessary, the inte-
gral in Eq. 4.10 can be evaluated numerically or graphically. Use of these equations
is illustrated by the following sample problem.

SAMPLE PROBLEM 4.1 Bending Stresses in Straight and Curved Beams

A rectangular beam has an initial curvature equal to the section depth h, as shown
in Figure 4.12. How do its extreme-fiber-bending stresses compare with those of an
otherwise identical straight beam?

SOLUTION

Known: A straight beam and a curved beam of given cross section and initial cur-
vature are loaded in bending.

Find: Compare the bending stresses between the straight beam and the curved beam.

r
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FIGURE 4.11
Effect of curvature on bending stresses, representative cross sections [8].
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Schematic and Given Data:

M

M M

M

h

b

h

h
2

Centroidal axis

CG
r = h

c =

dA = b d�

�

b

FIGURE 4.12
A curved rectangular bar with radius of curvature equal to
section depth h (giving ) and a straight rectangular bar.r/c = 2

r

Assumptions:
1. The straight bar must initially be straight.

2. The beams are loaded in a plane of symmetry.

3. The material is homogeneous, and all stresses are within the elastic range.

4. The sections for which the stresses are calculated are not too close to significant
stress raisers or to regions where external loads are applied.

5. Initial plane sections remain plane after loading.

6. The bending moment is positive; that is, it tends to straighten an initially
curved beam.

Analysis:
1. For the direction of loading shown in Figure 4.12, the conventional straight-

beam formula gives

2. From Eq. 4.10,

3. From Eq. 4.9,

so = -
M(0.5h + 0.089761h)

(0.089761h)(bh)(1.5h)
= -

4.380M

bh2

si = +
M(0.5h - 0.089761h)

(0.089761h)(bh)(0.5h)
=

9.141M

bh2

= 0.089761h

e = r -
A

1 dA/r
= h -

bh

bL
ro

ri

dr/r

= h -
h

ln(ro/ri)
= ha1 -

1

ln 3
b

si = +
Mc

I
=

6M

bh2 ,  so = -
6M

bh2

c04.qxd  7/14/11  7:32 PM  Page 143



144 Chapter 4 ■ Static Body Stresses

(b)(a)

Loaded "curved beam"Unloaded "curved beam"

FIGURE 4.13
Paper pad illustrating radial tension in a curved beam loaded in bending.

4. From Eq. 4.11 with Z = bh2/6,

Comment: These values are consistent with those shown for other sections in
Figure 4.11 for 

Note that the stresses dealt with in the bending of curved beams are circumfer-
ential. Additionally, radial stresses are present that are, in some cases, significant. To
visualize these, take a paper pad and bend it in an arc, as shown in Figure 4.13a.
Apply compressive forces with the thumbs and forefingers so that the sheets will not
slide. Next, carefully superimpose (with the thumbs and forefingers) a small bending
moment, as in 4.13b. Note the separation of the sheets in the center of the “beam,”
indicating the presence of radial tension (radial compression for opposite bending).
These radial stresses are small if the center portion of the beam is reasonably heavy.
But for an I beam with a thin web, for example, the radial stresses can be large
enough to cause damage—particularly if the beam is made of a brittle material or is
subjected to fatigue loading. Further information on curved-beam radial stresses is
contained in [8] and [9].

4.7 Transverse Shear Loading in Beams

Although the average transverse shear stress in beams such as the shaft in Chapter
2, Figure 2.11 is equal to V/A (i.e., 1580 lb divided by the cross-sectional area in the
critical shaft section shown in Figure 2.12), the maximum shear stress is substantial-
ly higher. We will now review an analysis of the distribution of this transverse shear
stress, with emphasis on an understanding of the basic concepts involved.

Figure 4.14 shows a beam of an arbitrary cross section that is symmetrical about
the plane of loading. It is supported at the ends and carries a concentrated load at the
center. We wish to investigate the distribution of transverse shear stress in a plane
located distance x from the left support, and at a distance y above the neutral axis. A
small square element at this location is shown in the upper right drawing. The right
and left faces of the element are subjected to shear stresses (the magnitude of which
is to be determined) with directions established by the fact that the only external
force to the left of the element is directed upward, and the resultant of external forces

r/c = 2.

Ki =
9.141

6
= 1.52 and Ko =

4.380

6
= 0.73
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4.7 ■ Transverse Shear Loading in Beams 145

on the right is downward. If only these two vectors acted on the element, it would
tend to rotate clockwise. This is prevented by the counterclockwise shear stresses
shown on the top and bottom surfaces of the element. The reality of these horizon-
tal shear stresses is easy to visualize: If one loads a book or paper tablet with the
forces in Figure 4.14, the pages slide on each other; if the plastic playing cards in a
long-unused deck are stuck together, flexing the deck with this three-point beam
loading breaks them loose. Coming back to the small element in the figure, we can
determine the magnitude of all four shear stresses by evaluating any one of them. We
now proceed to evaluate the shear stress on the bottom of the element.

Imagine two transverse saw cuts, distance dx apart, starting at the top of the
beam and continuing down just to include the sides of the square element. This
serves to isolate a segment of the beam, the bottom surface of which is the bottom
surface of the element acted upon by shear stress t. Note that the beam segment
involves the full width of the beam. Its bottom surface, acted upon by the unknown
shear stress, has a rectangular area of dimensions dx and b. Dimension b will, of
course, be different for various values of y0 (i.e., for various depths of “saw cut”).

The enlarged view in Figure 4.14 shows the forces acting on the beam segment.
A key point is that the bending stresses are slightly greater on the right side where
the bending moment is greater than on the left side by amount dM. The unknown
shear stress at the bottom must be sufficiently large to compensate for this inequality.
Because the sum of horizontal forces must be zero,

L
y=c

y=y0

dM y

I
dA = tb dx

M
N.A.





M

M + dM

Enlarged view of beam segment

V

V

dA dA

y

My/I (M + dM)y/I

dA

b

y0

y c

x dx

Neutral axis

FIGURE 4.14
Analysis of transverse shear
stress distribution.
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But dM = V dx; hence,

Solving for t gives

(4.12)

Let us now make a few important observations concerning this equation. First,
the shear stress is zero at the top (and bottom) surfaces. This is true because the saw
cuts have no depth, so there is no inequality of bending forces on the two sides to be
compensated for by shear stress at the bottom. (Looking at it another way, if the
small element in the upper right of Figure 4.14 is moved to the very top, then the top
surface of the element is part of the free surface of the beam. There is nothing in con-
tact with this surface that could impose a shear stress. If there is no shear stress on
the top of the element, the requirements of equilibrium prohibit shear stresses on any
of the other three sides.) As the saw cuts acquire increasing depth, larger and larger
surfaces are exposed to the inequality of bending stress; hence, the compensating
shear stress must increase correspondingly. Note that at the saw cut depth shown in
Figure 4.14, a great increase in shear stress would result from cutting just a little
deeper (i.e., slightly reducing y0) because the area over which the compensating
shear stress acts is rapidly decreasing (i.e., b decreases rapidly as y0 is decreased).
Note further that the maximum shear stress is experienced at the neutral axis. This
is a most gratifying situation! The maximum shear stress exists precisely where it
can best be tolerated—at the neutral axis where the bending stress is zero. At the crit-
ical extreme fibers where the bending stress is maximum, the shear stress is zero. (A
study of Eq. 4.12 indicates that for unusual sections having a width, b, at the neutral
axis substantially greater than the width near the neutral axis, the maximum shear
stress will not be at the neutral axis. However, this is seldom of significance.)

It often helps to establish concepts clearly in mind if we can visualize them on
a physical model. Figure 4.15 shows an ordinary rubber eraser ruled with a row of
elements that indicates relative shear strains (hence, stresses) when the eraser is
loaded as a beam (as shown in Figure 4.15b). If the eraser is loaded carefully, we can
see that the top and bottom elements are negligibly distorted (i.e., the initial right
angles remain right angles) while the greatest distortion in the right-angle corners
occurs in the center elements.

t =
V

Ib L
y=c

y=y0
y dA

L
y=c

y=y0

V dx y

I
dA = tb dx

(a)

Marked and unloaded

(b)

Loaded as a beam

FIGURE 4.15
Transverse shear strain (hence stress) distribution shown by
rubber eraser.
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4.7 ■ Transverse Shear Loading in Beams 147

Applying Eq. 4.12 to solid round and rectangular sections, we find the parabol-
ic shear stress distributions shown in Figure 4.16, with maximum values at the neu-
tral axis for solid round sections of

(4.13)

for solid rectangular sections of

(4.14)

For a hollow round section, the stress distribution depends on the ratio of inside to
outside diameter, but for thin-wall tubing, a good approximation of the maximum
shear stress is

(4.15)

For a conventional I-beam section, width b is so much less in the web than in the
flanges that the shear stresses are much higher in the web. In fact, the shear stresses
throughout the web are often approximated by dividing the shear force, V, by the area
of the web only, with the web considered as extending the entire depth of the beam.

In the foregoing analysis the tacit assumption was made that the shear stress is
uniform across the beam width, b, at any distance, y0, from the neutral axis (see
Figure 4.14). Although not strictly correct, this assumption seldom leads to errors of
engineering significance. The variation of shear stress across the width of a beam is
treated in [8] and [11]. Another topic left to advanced texts in strength of materials
is the loading of beams whose cross sections have no axes.

A final point to be noted is that only in very short beams are the transverse shear
stresses likely to be of importance in comparison with the bending stresses. The
principle behind this generalization is illustrated in Figure 4.17, where the same
loads are shown applied to a long and short beam. Both beams have the same shear

tmax = 2V/A

tmax = 3
2V/A

tmax = 4
3V/A

4
3

N.A.

av = V/A

max = V/A
3
2

av = V/A

max = V/A

N.A.

FIGURE 4.16
Transverse shear stress dis-
tribution in solid round and
rectangular sections.

M

V

M

V

FIGURE 4.17
Effect of beam length on
bending and shear loading.
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148 Chapter 4 ■ Static Body Stresses

load and the same slope of the bending moment diagram. As the beam length
approaches zero, the bending moment (and bending stresses) approaches zero, while
the shear load and stresses remain unchanged.

SAMPLE PROBLEM 4.2 Determine Shear Stress Distribution

Determine the shear stress distribution for the beam and loading shown in
Figure 4.18. Compare this with the maximum bending stress.

M

V

X X

100

80

60

100

+40,000 N

–40,000 N

40,000 N

80,000 N

40,000 N

60

40

FIGURE 4.18
Sample Problem 4.2. Beam shear stress distribution. Note:
all dimensions are in millimeters; section properties are
A = 2400 mm2; Ix = 1840 * 106 mm4.

SOLUTION

Known: A rectangular beam with given cross-sectional geometry has a specified
central load.

Find: Determine the shear stress distribution and the maximum bending stress.

Assumptions:
1. The beam is initially straight.

2. The beam is loaded in a plane of symmetry.

3. The shear stress in the beam is uniform across the beam width at each location
from the neutral axis.
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4.7 ■ Transverse Shear Loading in Beams 149

Schematic and Given Data:

(c)

b = 20

dA = 20dy

dA = 60dy

dx



40

(b)

b = 20

dA = 60dy

dx



10+

(a)

dA = 60dy

dx

10–

b = 60



FIGURE 4.19
Sample Problem 4.2 partial solution—t at three levels.

 = 7.61 MPa0

 = 22.83 MPa

 = 32.61 MPa

FIGURE 4.20
Plot of shear stress distribution—Sample Problem 4.2.

Analysis:
1. With reference to Figure 4.14 and Eq. 4.12, it is known at the outset that t = 0

at the top and bottom surfaces. This gives a start in plotting the shear stress dis-
tribution in Figure 4.20. As the imaginary parallel saw cuts (described in con-
nection with Figure 4.14) proceed down from the top to increasing depth, the
areas exposed to the slightly unbalanced bending stresses increase, thereby
causing the compensating shear stress at the bottom of the imaginary segment
to increase parabolically. This continues to a saw cut depth of 10 mm.
Figure 4.19a illustrates the imaginary segment just before the saw cuts break
through the interior surface of the section. The shear stress at this level (which
acts on bottom area 60 # dx) is calculated using Eq. 4.12 as

=
40,000

(1.840 * 106)(60)
(60)B y2

2
Ry=40

y=30
= 7.61 N/mm2, or 7.61 MPa

t =
V

Ib L
y=c

y=y0
y dA =

40,000

(1.840 * 106)(60) L
y=40

y=30
y(60dy)
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2. With a slightly deeper saw cut, the inner surface is broken through, and the area
over which the shear stress acts is suddenly reduced to 20 dy, as shown in Fig-
ure 4.19b. The unbalanced bending forces acting on the segment sides are virtually
unchanged. Thus, the only term that changes in Eq. 4.12 is b, which is reduced by
a factor of 3, thereby giving a shear stress three times as high, or 22.83 MPa.

3. As the saw cut depth increases until it reaches the neutral axis, the area over which
the shear stress acts remains the same, while greater and greater imbalances build
up as additional areas dA are exposed. But, as shown in Figure 4.19c, these added
areas dA are only one-third as large as those in the top portion of the section.
Hence, the increased shear stress at the neutral axis is not as great as might at first
be expected. When using Eq. 4.12 to find t at the neutral axis, note that two inte-
grals are involved, one covering the range of y from 0 to 30 mm and the other from
30 to 40 mm. (The latter integral, of course, has already been evaluated.)

These calculations enable the shear stress plot in Figure 4.20 to be drawn.

4. By way of comparison, the maximum bending stresses occur in the top and bot-
tom surfaces of the beam, halfway along its length, where the bending moment
is highest. Here, the bending stress is computed as

Comment: Recalling that the shear stress must be zero at the exposed inner surface
of the section, it is apparent that the evenly distributed shear stress assumed in
Figure 4.19a is incorrect, and that the shear stresses in the outer supported portions
of the section at this level will be higher than the calculated value of 7.61 MPa. This
is of little importance because, to the degree that shear stresses are of concern, atten-
tion will be focused at the level just below, where the calculated value of t is three
times as high, or at the neutral axis where it is a maximum.

4.8 Induced Stresses, Mohr Circle Representation

Simple tensile or compressive loading induces shear stresses on certain planes; sim-
ilarly, pure shear loading induces tension and compression. In some cases the
induced stresses can be more damaging to the material than the direct stresses.

Figure 4.21a shows an ordinary rubber eraser marked with two large square ele-
ments, one oriented in the direction of the sides of the eraser, and the other at 45°.
Figure 4.21b shows the marked surface subjected to tension (as by flexing the eraser).

= 86.96 MPa

s =
Mc

I
=

(40,000 * 100)(40)

1.84 * 106
= 86.96 N/mm2

= 32.61 N/mm2, or 32.61 MPa

=
40,000

(1.840 * 106)(20)
(20)B y2

2
Ry=30

y=0
+ 22.83

t =
V

IbL
y=c

y=y0
y dA =

40,000

(1.840 * 106)(20)
cL

y=30

y=0
y(20 dy)+L

y=40

y=30
y(60 dy)d
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4.8 ■ Induced Stresses, Mohr Circle Representation 151

A shear distortion of the 45° square is clearly evident. If the eraser surface is loaded
in compression, the shear distortion of the 45° square is reversed.

Figure 4.21c shows an enlarged view of a marked element with vertical and hor-
izontal faces marked x and y, and with tensile stress sx acting on the x faces. The x
and y faces of the element are, of course, perpendicular to the eraser surface, as is
made clear by the oblique view, also shown in Figure 4.21c.

A Mohr circle plot of the stresses on the element is shown in Figure 4.21d.
Points x and y are plotted to represent the normal and shear stresses acting on the x
and y faces. The circle is then drawn with the line xy as a diameter.

Proof of the Mohr circle relationships is left to elementary texts on strength of
materials. The emphasis here is on obtaining a clear understanding of the signifi-
cance and interpretation of the Mohr plot. First, note that as an imaginary cutting
plane through the element is rotated (always keeping it perpendicular to the surface),
one goes from an x plane (vertical), to a y plane (horizontal), and on to an x plane
again in only 180°. The normal and shear stresses acting on all these cutting planes
are spread out over the full 360° of the Mohr circle in Figure 4.21d. Thus, angles
measured on the circle are twice the corresponding angles on the element itself. For
example, x and y are 90° apart on the element and 180° apart on the circle.

A second important point is that if we adhere to the shear stress sign convention
given in Section 4.4 (i.e., positive-clockwise), rotation of the cutting plane in either
direction on the element corresponds to rotating twice as far on the circle and in the
same direction.

Oblique viewDirect view

	x

(a)

Marked eraser

(b)

(c)

Enlarged view of element

Oblique viewDirect view

(e)

Element subjected to max

Loaded eraser

(d)

+	

+

max

x

S'

y0

S

Mohr's circle

x

y

y

y

x x
S'

S'S
S

S'

S

y
x

y
x

FIGURE 4.21
Induced shear stress from pure tensile loading.
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Points S and S¿ on the circle (Figure 4.21d) represent planes of maximum
positive and negative shear. On the circle, point S is 90° counterclockwise of x.
Hence, on the element plane S is 45° counterclockwise of vertical plane x. The
element drawn in Figure 4.21e shows the correctly oriented planes S, which are
infinitesimally close together; hence, they really represent a single plane. The
Mohr circle shows that S planes are acted upon by a positive axial stress and a
positive shear stress, both of magnitude sx /2. These stresses are shown in
Figure 4.21e. The S¿ plane orientation and stresses are correspondingly deter-
mined. (Note that the 45° square in Figures 4.21a and 4.21b represents an ele-
ment subjected to maximum shear.)

Figure 4.22a shows a marked rubber eraser prior to being loaded in torsion.
When the torsional or twisting load is applied, all the initial right angles in the
square lined up with the eraser sides change substantially, indicating shear. In
contrast, the right angles in the 45° square do not change. When twisting in one
direction, the parallel lines in the 45° square get shorter and farther apart. Reverse
the twisting and they get longer and closer together. But, in neither case is there
an angle change indicating shear.

Figure 4.22b shows the direct shear stresses acting on the faces of the element
lined up with the eraser. Note that the x faces experience negative (counterclockwise)
shear because the direction of load torque is such that it displaces the left face down-
ward and the right face upward. Corresponding positive shear is, of course, required
on the y faces in order to provide equilibrium. The direct stresses are plotted for x
and y faces to establish the Mohr circle in 4.22c. Planes subjected to zero shear (also
to the extreme values of tension and compression) are called principal planes. These
are designated as #1 and #2 on the circle. A corresponding principal element is
shown in Figure 4.22d.

Mohr’s circle is named after Otto Mohr, a distinguished German structural
engineer and professor who proposed it in 1880 and described it in a published arti-
cle [4] in 1882. This graphical technique is extremely useful in solving problems
and in visualizing the nature of stress states at points of interest.
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(a)

Marked eraser (for twisting)

(b)

Enlarged element

(c)

+	

+

	1	2

#1#2

x

y

Mohr's circle

(d)

y

y

y

x

x
TT

x
#2 #1

0

FIGURE 4.22
Induced axial stress from pure shear loading.
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4.9 ■ Combined Stresses—Mohr Circle Representation 153

2000 lb

2 in.

z

y
x

1 in.

3 in. rad.

FIGURE 4.23
Shaft subjected to combined loading. For a solid 
1-in.-diameter shaft: A = pd2/4 = 0.785 in.2;
I = pd4/64 = 0.049 in.4; and
J = pd4/32 = 0.098 in.4 (see Appendix B-1).

Assumptions:
1. The stress concentration at the 1-in.-diameter shaft step can be ignored.

2. The compressive stress on the shaft surface caused by atmospheric pressure has
negligible effects.

Analysis:
1. The shaft is subjected to torsion, bending, and transverse shear. Torsional stresses

are a maximum over the entire shaft surface. Bending stresses are a maximum at
points A and B, shown in Figure 4.24. Note that both the bending moment and the
distance from the neutral bending axis are a maximum at these two locations.
Transverse shear stresses are relatively small compared to bending stresses, and

"B" is at bottom of shaft, opposite "A"

Top of shaft

B

2 in.

A

FIGURE 4.24
Location of highest stresses.

4.9 Combined Stresses—Mohr Circle Representation

This topic can best be presented through the use of a typical example.

SAMPLE PROBLEM 4.3 Stresses in Stationary Shaft

Figure 4.23 represents a stationary shaft and pulley subjected to a 2000-lb static
load. Determine the location of highest stresses in the 1-in.-diameter section, and
calculate the stresses at that point.

SOLUTION

Known: A shaft of given geometry is subjected to a known combined loading.

Find: Determine the magnitude and location of the highest stresses.

Schematic and Given Data: 

c04.qxd  7/14/11  7:32 PM  Page 153



154 Chapter 4 ■ Static Body Stresses

equal to zero at points A and B (see Section 4.7). Thus they can be neglected.
Clearly it is the section containing points A and B that must be investigated.

2. In Figure 4.25, imagine the shaft to be cut off at the section containing A and B,
and consider the member thus obtained as a free body in equilibrium. This is a
convenient way of being certain that all loads acting on the cutting plane are
identified. In this case there are the three loads, M, T, and V, as shown. Note that
the free body is indeed in equilibrium, the summation of all forces and mo-
ments being zero. Also in Figure 4.25 are the load, shear, and moment diagrams
for the isolated free body.

3. Compute the direct stresses associated with loads.
Bending stresses (tension at A; compression at B):

Torsional stresses (over the entire surface):

4. Figure 4.26 shows the stresses acting on an element at A. (Stresses at B are the
same except that the bending stress is compressive.) Note that the directions of
the two counterclockwise shear stress vectors follow directly from the direction
of twisting of the shaft. Then the clockwise direction of the shear vectors on the
other pair of faces follows from the requirement of equilibrium. (Note: Sub-
scripts used with the shear stresses in Figure 4.26 illustrate a common conven-
tion, but one that is not of importance in this text: txy acts on an x face, in the y
direction; tyx acts on a y face, in the x direction. No difficulties would be en-
countered if both were regarded as txy , and the positive-clockwise rule is fol-
lowed in order to keep the signs straight.)

The isometric views are shown for direct comparison with previous figures.
The direct view is the conventional way to show a stressed element. The three-
dimensional representation shows how the stresses really act on planes

txy =
Tr

J
=

(6000 lb # in.) A12 in. B
0.098 in.4

= 30,612 psi L 30.6 ksi

sx =
Mc

I
=

(4000 in # lb) A12 in. B
0.049 in.4

= 40,816 psi L 40.8 ksi

B

V = 2000 lb

2000 lb

M = 4000 in.lb
2000 lb

4000 in.lb
Load diag.

2000 lb

Shear diag.

Moment diag.
2000 lb

4000 in.lb

V

M

T = 6000 lb in. 

A

FIGURE 4.25
Free-body and load diagrams.
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4.9 ■ Combined Stresses—Mohr Circle Representation 155

perpendicular to the surface. The shaft surface itself is unloaded, except for at-
mospheric pressure, which is negligible.

5. Figure 4.26 shows all the stresses acting on an element at the most critical stress
location. However, the analysis can be carried further. First, recall that the cubi-
cal element is infinitesimally small, and its x and y faces represent only two of
the infinite number of planes perpendicular to the shaft surface passing through
A. In general, there will be other planes subjected to higher levels of normal
stress and shear stress. Mohr’s circle provides a convenient means for determin-
ing and representing the normal and shear stresses acting on all planes through
A, and perpendicular to the surface. This circle is constructed in Figure 4.27 by

y

y

x
y

x

x

y
A A x2 in.

(a)

x
y

z

Isometric view

(b)

Enlarged isometric view

(c)

Direct view

Calculated values: 	 = 40.8 ksi
                                   = 30.6 ksi

(d)

Isometric view

A

yx

yx
yx

yx

xy

	x	x

	x

	x

xy

xy

xy

A

x y

yx
xy

FIGURE 4.26
Various views of element A.

y

y

x A x

yx = 30.6 ksi

yx

xy

	x = 40.8 ksi

Direct view of
element A

y (0, +30.6)

x (40.8, –30.6)

max = 37 ksi

	2 = –17 ksi

+

+	

xy

34°

56°
0

	1 = 57 ksi

FIGURE 4.27
Mohr circle representation at point A of Figure 4.25.
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y

y

x
A

	1 = 57 ksi

	2 = –17 ksi

28°

x
y

y

x
A

	 = 20 ksi

 = +37 ksi

 = –37 ksi

	 = 20 ksi

17°

x

FIGURE 4.29
Maximum shear element at A (direct view)
shown in relation to x and y faces.

FIGURE 4.28
Principal element at A (direct view)
shown in relation to x and y faces.

first plotting points representing stresses on the x and y planes, connecting these
points with a straight line, and then drawing the circle with the line xy as a di-
ameter. The circle provides a convenient graphical solution for the magnitude
and orientation of principal stresses s1 and s2. These stresses are shown on a
principal element at point A, drawn in Figure 4.28. Note that the #1 principal
plane is located by starting with the x plane and rotating counterclockwise half
of the 56° measured on the circle, and so on.

6. Figure 4.28 shows the magnitude and orientation of the highest normal stresses.
It may also be of interest to represent similarly the highest shear stresses. This is
done in Figure 4.29. Observe again the rules of

a. rotating in the same direction on the element and the circle, and

b. using angles on the circle that are twice those on the element.

Comment: In support of neglecting the transverse shear stress in step 1, it is of
interest to note that its maximum value at the neutral bending axis of the 1-in.-diam-
eter shaft is 4V/3A = (4)(2000 lb)/[(3)(p)(1 in.)2/4] = 3.4 ksi

4.10 Stress Equations Related to Mohr’s Circle

The derivation of the analytical expressions relating normal and shear stresses to the
angle of the cutting plane is given in elementary texts on strength of materials and
need not be repeated here. The important equations follow.

If the stresses on an element of given orientation are known (as in
Figure 4.26), the principal stresses, principal directions, and maximum shear
stress can be found from a Mohr circle plot or from the following equations,

(4.16)

(4.17)2f = tan-1
2txy
sx - sy

s1 , s2 =
sx + sy

2
; Ct2

xy + ¢sx - sy
2 ≤2
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4.10 ■ Stress Equations Related to Mohr’s Circle 157

(4.18)

where f is the angle between the principal axes and the x and y axes (or the angle
between the principal planes and the x and y planes). When f is positive, the princi-
pal axes (or planes) are clockwise from the x and y axes (or planes).

When the principal stresses are known and it is desired to determine the stresses
acting on a plane oriented at any angle f from the #1 principal plane, the equations are

(4.19)

(4.20)

Equations 4.16 through 4.18 can readily be developed from the Mohr circle shown
in Figure 4.30, and Eqs. 4.19 and 4.20 from Figure 4.31. This provides a welcome
substitute for rote memory, and one that aids in understanding the physical signifi-
cance of the equations.

tf =
s1 - s2

2
 sin 2f

sf =
s1 + s2

2
+
s1 - s2

2
 cos 2f

tmax = ; Ct2
xy + ¢sx - sy

2
≤2

–	

(	2, 0) (	1, 0)

(	y, yx)

(	x, xy)

	x + 	y

2

	x – 	y

2

0

2

+

–

+	
2�

1

xy
2 +

2

2

	x – 	y
FIGURE 4.30
Mohr’s circle illustrat-
ing Eqs. 4.16, 4.17,
and 4.18.

	1 + 	2
2

	1 – 	2
2

cos 2�

	1 – 	2
2

sin 2�

0

2

+

+	

	2

	1

2�

1

FIGURE 4.31
Mohr’s circle illustrating
Eqs. 4.19 and 4.20.
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4.11 Three-Dimensional Stresses

Since stresses exist only in real bodies that are three-dimensional, it is best always
to think of stresses in three-dimensional terms. Uniaxial stress states (pure tension
or compression) involve three principal stresses, but two of them are zero. Biaxial
stresses (as pure shear, or the problem represented in Figures 4.23 through 4.29)
involve one principal stress of zero. Forgetting about a zero principal stress can lead
to serious errors, as is illustrated later in this section.

Let us extend the analysis of the state of stress at point A of Figure 4.24 by
treating this as a three-dimensional problem. Figure 4.32 shows five views of stress
elements at point A: (a) an oblique view, showing the original x and y planes and
the stresses on these planes; (b) a principal element, obtained by rotating 28° about
the z axis; (c, d, e) direct or true views of the 1–2, 1–3, and 2–3 planes of the prin-
cipal element.

A complete Mohr circle representation of this state of stress is shown in
Figure 4.33a. The large circle between points 1 and 3 represents stresses on all
planes through point A, which contain the 2, or z, axis. The small circle between 2
and 3 gives stresses on all planes containing the 1 axis, and the circle between 1 and
2 represents stresses on planes containing the 3 axis.

158 Chapter 4 ■ Static Body Stresses

z

x

y

A A

(2) (= z)

(a)
Original element

(c)
1–2 plane

(b)
Principal element

(3)

(1) (2)

(1)

(d)
1–3 plane

(3)

(1)

(e)
2–3 plane

(3)

(2)A

FIGURE 4.32
Elements representing the state of stress at point A.

+

max = 37

 Principal circle

123

(57, 0)(0, 0)(–17, 0)
+	

FIGURE 4.33a
Complete Mohr circle representation of the
stress state at point A of Figure 4.25.
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A

A 	1 (tangential)

	2 (axial) 	3 = 0 (radial)

+

0 +	
	2 	1	3

Correct value of max

Erroneous value of max obtained if 	3 is neglected

FIGURE 4.33b
Example of biaxial stress where correct determination of tmax requires taking s3 into consideration.
Internally pressurized cylinder illustrates biaxial stress states where correct determination of tmax requires
taking s3 into account. Note that (1) for an element on the inside surface, s3 is negative and numerically
equal to the internal fluid pressure and (2) for thin-wall cylinders s2 L s1/2.

SAMPLE PROBLEM 4.4 Three-Dimensional Stresses

Figure 4.34a represents a critical three dimensional state of stress at a location in a
member that is loaded in compression, torsion, and bending and is externally pres-
surized. At this location, sx = 60,000 psi, sy = 40,000, sz = –20,000, txy = 10,000,
txz = 20,000, and  tzx = –15,000 psi. Determine the principal normal stresses,
the maximum shear stress, and draw the Mohr circle representation of the state of
stress.

Although each of the three circles represents an infinite number of planes
through point A, a higher order of infinity remains that does not contain any of the
principal axes. It can be shown that all such planes are subjected to stresses repre-
sented by points in the shaded area between the circles. The location of the specific
point in this area that corresponds to any given plane is seldom of concern, but the
interested reader can find the procedure involved in references such as [1,
Section 3.7].

Since the largest of the three Mohr circles always represents the maximum
shear stress as well as the two extreme values of normal stress, Mohr called this
the principal circle.

A common example in which the maximum shear stress would be missed if we
failed to include the zero principal stress in the Mohr plot is the outer surface of a
pressurized cylinder. Here, the axial and tangential stresses are tensile principal
stresses, and the unloaded outer surface ensures that the third principal stress is zero.
Figure 4.33b illustrates both the correct value of maximum shear stress and the
incorrect value obtained from a simple two-dimensional analysis. The same situation
exists at the inner surface of the cylinder, except that the third principal stress (which
acts on the surface) is not zero but a negative value numerically equal to the internal
fluid pressure.

For the rare case in which there are significant shear stresses on all faces of the
stress element, the reader is referred to detailed works on theoretical stress analy-
sis—for example, [1,11]. Also, this topic can be presented through the use of an
example.
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SOLUTION

Known: A member has a location of critical three-dimensional stress.

Find: Determine the principal normal stresses, the maximum shear stress, and draw
the three Mohr circles.

Schematic and Given Data: 

	x

	z

	y

	x = 60,000

	y = 40,000

	z = –20,000

xy = 10,000

yz = 20,000

zx = –15,000 psi

xy

xzzx

zy

yz

yx

FIGURE 4.34a
Element at critical point showing state of
stress.

Assumptions:
1. The stress is completely defined by the normal and shear stresses given.

2. The member behaves as a continuum.

Analysis:
1. The three principal stresses are found by finding the roots of the characteristic

equation:

s3 – I1s
2+ I2s – I3 = 0 (a)

where the first, second, and third stress invariants, I1, I2, and I3 are given as

I1 = sx + sy + sz (b)

I2 = sxsy + sysz + szsx – t2xy– t
2
yz– t2zx (c)

I3 = sxsysz + 2txy tyz tzx – sxt
2
yz – syt

2
zx – szt

2
xy (d)

2. The characteristic equation is solved for the principal normal stresses.

s1,s2 and s3, where s1 > s2 > s3.

3. The principal shear stresses are then computed as t13, t21, and t12 where

t21 =
|s2 - s1|

2

t13 =
|s1 - s3|

2
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4.11 ■ Three-Dimensional Stresses 161

4. We start by computing the first, second, and third stress invariants:

I1 = sx +sy +sz = 60,000 + 40,000 – 20,000 = 80,000

I2 = sxsy + sysz + szsx – t2xy – t2yz – t2zx

= (60,000)(40,000) + (40,000)(–20,000) + (60,000)(–20,000)

= –(–10,000)2 – (2,000)2 – (– 15,000)2 = –3.25E8

I3 = sxsy sz + 2 txy tyz tzx – sz t
2
xz – sy t

2
zx – sz t

2
xy

= (60,000)(40,000) (–20,000) + 2(–10,000)(20,000)(–15,000)

– 60,000(20,000)2 – (40,000)(–15,000)2

– (–20,000)(–10,000)2 = –7.3E13

5. Next we substitute values for the stress invariants into the characteristic equation
and solve for the principal normal stresses:

s3 – I1s
2 + I2s + I3 = 0

s3 – 80,000s2 – 3.25E8s + 7.3E13 = 0

s1 = 69,600;s2 = 38,001;s3 = –27,601 psi

6. The principal shear stresses can then be computed as t13, t21 and t32, using

Comment: The maximum shear stress, since s1 > s2 > s3, is tmax = t13.
A Mohr’s three-circle diagram is shown below.

t32 =
|s3-s

2
|

2
=

|-27,601- (38,001)|

2
= 3,280 psi

t21 =
|s2-s

1
|

2
=

|38,001-69,600|

2
= 15,799

t13 =
|s1-s3|

2
=

|69,600- (-27,601)|

2
= 48.600

t32 =
|s3 - s2|

2

�

13

	1	2	3 0
�	

FIGURE 4.34b
Sample Problem 4.4. Mohr
circle repesentation of the
stress state at a critical point
for Figure 4.34a
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162 Chapter 4 ■ Static Body Stresses

4.12 Stress Concentration Factors, Kt
In Section 4.2, Figure 4.1e indicated lines of force flow through a tensile link. It was
noted earlier that a uniform distribution of these lines (hence, a uniform distribution
of stress) existed only in regions substantially removed from the ends. Near the ends,
the force flow lines indicate a concentration of stress near the outer surface. This
same stress concentration effect exists for bending and torsional loading. We now
wish to evaluate the stress concentration associated with various geometric configu-
rations so that the maximum stresses existing in a part can be determined.

The first mathematical treatments of stress concentration were published shortly
after 1900 [5]. In order to handle other than very simple cases, experimental methods
for measuring highly localized stresses were developed and used. In recent years,
computerized finite-element studies have also been employed. The results of many of
these studies are available in the form of published graphs, such as those in
Figures 4.35 through 4.41. These give values of the theoretical stress concentration
factor, Kt (based on a theoretical elastic, homogeneous, isotropic material), for use in
the equations

(4.21)

For example, the maximum stress for axial loading (of an ideal material) would be
obtained by multiplying P/A by the appropriate value of Kt .

Note that the stress concentration graphs are plotted on the basis of
dimensionless ratios, indicating that only the shape (not the size) of the part is
involved. Also note that stress concentration factors are different for axial, bend-
ing, and torsional loading. Among the most extensive and authoritative references
on stress concentration factors are those of R. E. Peterson [6,7].

In many situations involving notched parts in tension or bending, the notch not
only increases the primary stress but also causes one or both of the other principal
stresses to take on nonzero values. This is referred to as the biaxial or triaxial effect
of stress raisers (“stress raiser” is a general term applied to notches, holes, threads,
etc.). Although this is a small secondary effect that will not be pursued further in
this book, it is desirable to be able to visualize how these additional stress compo-
nents can arise. Consider, for example, a soft rubber model of the grooved shaft in
tension illustrated in Figure 4.36b. As the tensile load is increased, there will be a
tendency for the outer surface to pull into a smooth cylinder. This will involve an
increase in the diameter and circumference of the section in the plane of the notch.
The increased circumference gives rise to a tangential stress, which is a maximum
at the surface. The increase in diameter is associated with the creation of radial
stresses. (Remember, though, that this radial stress must be zero at the surface
because there are no external radial forces acting there.)

Stress concentration factor graphs, such as those in Figures 4.35 through 4.41,
pertain to the maximum stress, existing at the surface of the stress raiser. The lower
values of stress elsewhere in the cross section are seldom of interest but, in simple
cases, can be determined analytically from the theory of elasticity, or they can be
approximated by finite-element techniques or by experimental procedures, such as
photo elasticity. The variation in stress over the cross section (i.e., the stress gradi-
ent) is given for a few cases in [3].

smax = Ktsnom and tmax = Kttnom
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FIGURE 4.35
Shaft with fillet (a) bending; (b) axial load; (c) torsion [7].
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FIGURE 4.36
Grooved shaft (a) bending; (b) axial load; (c) torsion [7].
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FIGURE 4.37
Shaft with radius hole [7].

2 A common example: When tearing open a package wrapped in clear plastic film, a sharp notch in the
edge is most helpful!

4.13 Importance of Stress Concentration

It should be emphasized that the stress concentration factors given in the graphs are
theoretical (hence, the subscript t) or geometric factors based on a theoretical homo-
geneous, isotropic, and elastic material. Real materials have microscopic irregulari-
ties causing a certain nonuniformity of microscopic stress distribution, even in
notch-free parts. Hence, the introduction of a stress raiser may not cause as much
additional damage as indicated by the theoretical factor. Moreover, real parts—even
if free of stress raisers—have surface irregularities (resulting from processing and
use) that can be considered as extremely small notches.

The extent to which the engineer must take stress concentration into account
depends on (1) the extent to which the real material deviates from the theoretical and
(2) whether the loading is static, or involves impact or fatigue. For materials perme-
ated with internal discontinuities, such as gray cast iron, stress raisers usually have lit-
tle effect, regardless of the nature of loading. This is so because surface or geometric
irregularities seldom cause more severe stress concentration than that already associ-
ated with the internal irregularities. For fatigue and impact loading of most engineer-
ing materials, stress concentration must be considered, as will be seen in subsequent
chapters. For the case of static loading being treated in this chapter, stress concentra-
tion is important only with unusual materials that are both brittle and relatively homo-
geneous2; or for normally ductile materials that, under special conditions, behave in
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FIGURE 4.38
Bar with shoulder fillet (a) bending; (b) axial load [7].

a brittle manner (see Chapter 6 for further discussion). For the usual engineering
materials having some ductility (and under conditions such that they behave in a duc-
tile manner), it is customary to ignore stress concentration for static loads. The basis
for this is illustrated in the following discussion.

Figure 4.42a and b show two flat tensile bars each having a minimum cross-
sectional area of A, and each made of a ductile material having the “idealized”
stress–strain curve shown in Figure 4.42e. The load on the unnotched bar (Figure 4.42a)
can be increased to a value equal to the product of area times yield strength before fail-
ure (gross yielding) occurs. This is represented in Figure 4.42c. Since the grooved bar
in Figure 4.42b has a stress concentration factor of 2, yielding will begin at only half the
load, as shown in Figure 4.42d. This is repeated as curve “a” of Figure 4.42f. As the load
is increased, the stress distribution (shown in Figure 4.42f) becomes “b,” “c,” and finally
“d.” These curves reflect a continuous deepening of local yielding, which began at the
root of the groove; but gross (or general) yielding involving the entire cross section is
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not ready to begin until “d” is reached. Note that the load associated with curve “d” is
identical to the unnotched load capacity, shown in Figure 4.42c. Also note that curve
“d” can be achieved without significant stretching of the part. The part as a whole can-
not be significantly elongated without yielding the entire cross section, including the
portion at the center. Thus, for most practical purposes, the grooved bar will carry the
same static load as the ungrooved bar.

4.14 Residual Stresses Caused by Yielding—Axial Loading

When a part is yielded nonuniformly throughout a cross section, residual stresses
remain in this cross section after the external load is removed. Consider, for exam-
ple, the four levels of loading of the notched flat tensile bar shown in Figure 4.42f.
This same bar and the four levels of loading are represented in the left column of
Figure 4.43. Note that only slight yielding is involved—not major yielding such as
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FIGURE 4.39
Notched flat bar (a) bending; (b) tension [7].
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FIGURE 4.40
Plate with central hole (a) bending [7]; (b) axial hole [10].

often occurs in processing. The middle column in this figure shows the change in
stress when the load is removed. Except for Figure 4.43a, where the load was not
quite enough to cause yielding at the notch root, the stress change when the load is
removed does not exactly cancel the stresses caused by applying  the load. Hence,
residual stresses remain after the load is removed. These are shown in the right col-
umn of Figure 4.43.
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T-head member with an
axial load [7].
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FIGURE 4.42
Tensile stress distribution
of an unnotched and a
notched ductile part.
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FIGURE 4.43
Residual stresses caused by yielding of a notched tensile bar of Kt = 2 for
stress gradients a to d in Figure 4.42f.

Note that in each case shown in Figure 4.43, the stress change caused by remov-
ing the load is elastic.

It is often helpful in visualizing the development of residual stresses such as
those shown in Figure 4.43 to imagine a column of small strain gages mounted from
the top to the bottom of the notched section. If these gages are attached while the
load is applied to the bar, they will initially all read zero, although the actual stresses
in the cross section are as shown in the left column. As the tensile load is released,
the gages will all indicate compression, as shown in the middle column of the fig-
ure. The average compressive stress indicated by the gages when the load is com-
pletely removed will, of course, be P/A, but the distribution of this compressive
stress will be completely elastic, so long as no yielding occurs during the load
release. This provision is satisfied in all the cases shown. Even in Figure 4.43d,
where the elastic change in stress at the notch root is 2Sy (the average change in
stress is Sy , and at the notch root it is KtSy), no yielding occurs. Assuming equal yield
strengths in tension and compression, the notch root material goes from Sy in tension
when the load is applied to Sy in compression when the load is released.
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The elastic stress gradient curves associated with the various loads can be esti-
mated graphically, as shown by the dotted lines in the left column of Figure 4.43.
(Note that in each case the dotted curve corresponds to the same average stress as the
solid curve, and that the maximum stress shown in the dotted curve is twice the aver-
age stress because Kt = 2.) After the dotted curves are sketched, the center column
load release curves are obtained by merely changing the sign. Once this procedure is
understood, the center column plots can be dispensed with and the residual stress
curves obtained by merely subtracting the dotted curves from the solid curves in the
left column.

Without determining the actual shape of the stress distribution curves (i.e., stress
gradients), the residual stress curves obtained in Figure 4.43 are admittedly approx-
imations. They do, however, reflect the correct surface residual stress and general
shape of the residual stress distribution curve, and these are usually the matters of
primary interest. It must be remembered, too, that this development of residual stress
curves was based on assuming that the material conforms to the idealized
stress–strain curve of Figure 4.42e. For this reason also, the residual stress curves in
Figure 4.43 can be no better than good approximations.

4.15 Residual Stresses Caused by Yielding—Bending and Torsional Loading

Figure 4.44 illustrates residual stresses caused by the bending of an unnotched
rectangular beam. The figure illustrates the specific case of a 25 * 50-mm beam
made of steel having an idealized stress–strain curve with Sy = 300 MPa.
Unknown moment M1 produces the stress distribution shown in Figure 4.44a,
with yielding to a depth of 10 mm. Let us first determine the magnitude of
moment M1 .

If the distributed stress pattern is replaced with concentrated forces F1 and F2 at
the centroids of the rectangular and triangular portions of the pattern, respectively,
M1 is equal to the sum of the couples produced by F1 and F2. The magnitude of F1
is equal to the product of the average stress (300 MPa) times the area over which it
acts (10 mm * 25 mm). Similarly, F2 is equal to an average stress of 150 MPa times
an area of 15 mm * 25 mm. The moment arms of the couples are 40 mm and
20 mm, respectively. Hence,

Next, let us determine the residual stresses remaining after moment M1 is
removed. The elastic stress change when M1 is removed is

The elastic stress distribution when the load is removed is shown in the center plot
of Figure 4.44b. This, added to the load stress, gives the residual stress pattern shown
at the right side of the figure.

The dotted line plotted on the load stress diagram of Figure 4.44b is the neg-
ative of the load removal stress. Since both the solid and dotted patterns on this
diagram correspond to the same value of bending moment, we can observe the

= 3.96 * 108 Pa = 396 MPa

s = M/Z = 4125 N # m/(1.042 * 10-5 m3)

= 4125 N # m
M1 = (300 MPa * 250 mm2)(0.040 m) + (150 MPa * 375 mm2)(0.020 m)
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graphical relationship, which indicates that the moment of the solid pattern is
equal to the moment of the dotted pattern. In retrospect, this fact could have been
used to draw the dotted pattern fairly accurately without making any calculations.
Notice how points on the load stress diagram serve to locate the points of zero and
62 MPa on the residual stress diagram.
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FIGURE 4.44
Residual stresses in an unnotched rectangular beam.
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Note that at this point the beam is slightly bent. The outer portions that were
yielded by the load do not want to come back to their initial positions, whereas the
center portions that did not yield do. Thus, a balance of these opposing tendencies is
reached, with the residual stress pattern satisfying the equilibrium requirements of

and We know the beam is slightly bent just by looking at the
residual stress pattern. The center portion that was initially straight and stress-free
has not yielded. It can again be straight only if the center core is stress-free.

Figure 4.44c shows that the desired center portion stress-free condition
requires superimposing a load that develops a compressive stress of 62 MPa, 10 mm
below the surface. With this load in place, total stresses are as shown at the right of
the figure. Since center portion stresses are zero, the beam is indeed straight. Let us
compute the magnitude of the moment required to hold the beam straight. It is
already known that an elastic surface stress of 396 MPa is associated with a moment
of 4125 N # m. By simple proportion, a stress of 104 MPa requires a moment of
1083 N # m.

Let us now determine the elastic bending moment capacity of the beam after
the residual stresses have been established. Figure 4.44d shows that a moment in
the same direction as M1 can be added that superimposes a surface stress of +396
MPa without yielding. From previous calculations, it is known that this stress is
associated with a moment of 4125 N # m. A moment’s reflection indicates that this
conclusion is obvious: The release of original moment M1 = 4125 N # m caused no
yielding; hence, it can be reapplied without further yielding. Figure 4.44e shows
that in the direction opposite the original moment M1, a moment giving a surface
stress of 204 MPa is all that can be elastically withstood. Again, by simple propor-
tion, this corresponds to a moment of 2125 N # m.

This study illustrates an important principle.

An overload causing yielding produces residual stresses that are favorable to
future loads in the same direction and unfavorable to future loads in the oppo-
site direction.

Furthermore, on the basis of the idealized stress–strain curve, the increase in load
capacity in one direction is exactly equal to the decrease in load capacity in the
opposite direction. These principles can also be illustrated for tensile loading, using
Figure 4.43.

The example of Figure 4.44 could be carried a step further by considering the
external moment required to straighten the beam permanently (so that the center sec-
tion is again stress-free and therefore straight after the straightening moment is
removed), and the new residual stress pattern resulting therefrom. This is done in [2].

Round bars overloaded in torsion can be treated in the same way as described
in the preceding example for the rectangular bar overloaded in bending. The intro-
duction of stress concentration in either bending or torsion requires no new concepts
beyond those presented in this and the previous section.

4.16 Thermal Stresses

Thus far, only stresses caused by the application of external loads have been consid-
ered. Stresses can also be caused by constrained expansion and contraction due either
to temperature changes or to a material phase change. In actual mechanical and struc-
tural parts, an accurate quantitative evaluation of these stresses is, in general, beyond

©M = 0.©F = 0
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the scope of this text. It is important, however, for the student to become familiar with
the basic principles involved. From these, important qualitative information can often
be gained.

When the temperature of an unrestrained homogeneous, isotropic body is uni-
formly changed, it expands (or contracts) uniformly in all directions, according to
the relationship

(4.22)

where 
 is the strain, a is the coefficient of thermal expansion, and ¢T is the tem-
perature change. Values of a for several common metals are given in Appendix C-1.
This uniform, unrestrained volume change produces no shear strain and no axial or
shear stresses.

If restraints are placed on the member during the temperature change, the result-
ing stresses can be determined by (1) computing the dimensional changes that would
take place in the absence of constraints, (2) determining the restraining loads neces-
sary to enforce the restrained dimensional changes, and (3) computing the stresses
associated with these restraining loads. This procedure is illustrated by the follow-
ing sample problem.

SAMPLE PROBLEM 4.5 Thermal Stresses in a Tube

A 10-in. length of steel tubing (with properties of E = 30 * 106 psi and
a = 7 * 10-6 per degree Fahrenheit) having a cross-sectional area of 1 in.2 is
installed with “fixed” ends so that it is stress-free at 80°F. In operation, the tube is heated
throughout to a uniform 480°F. Careful measurements indicate that the fixed ends sep-
arate by 0.008 in. What loads are exerted on the ends of the tube, and what are the
resultant stresses?

SOLUTION

Known: A given length of steel tubing with a known cross-sectional area expands
0.008 in. from a stress-free condition at 80°F when the tube is heated to a uniform
480°F (see Figure 4.45).

Find: Determine the steel tubing loads and stresses.

Schematic and Given Data:


 = a¢T

10.000 in.

T = 80°F

P = 0 lb P = 0 lb

10.008 in.

T = 480°F

P = 60,000 lb P = 60,000 lb

FIGURE 4.45
Sample
Problem 4.5.
Thermal
expansion of a
constrained
tube.

c04.qxd  7/14/11  7:32 PM  Page 174



4.16 ■ Thermal Stresses 175

Assumptions:
1. The tube material is homogeneous and isotropic.

2. The material stresses remain within the elastic range.

Analysis:
1. For the unrestrained tube

2. Since the measured expansion was only 0.008 in., the constraints must apply
forces sufficient to produce a deflection of 0.020 in. From the relationship

which is from elementary elastic theory, and reviewed in Chapter 5,

3. Because the area is unity, s = 60 ksi.

Comment: Since these answers are based on elastic relationships, they are valid
only if the material has a yield strength of at least 60 ksi at 480°F.

If stresses caused by temperature change are undesirably large, the best solution
is often to reduce the constraint. For example, in Sample Problem 4.5 elimination or
drastic reduction of the end fixity would correspondingly eliminate or drastically re-
duce the 60-ksi computed stress. This is commonly done by using expansion joints,
loops, or telescopic joints with appropriate seals.

Thermal stresses also result from the introduction of temperature gradients
within a member. For example, if a thick metal plate is heated in the center of
one face with a torch, the hot surface is restrained from expanding by the cool-
er surrounding material; consequently, it is in a state of compression. Then the
remote cooler metal is forced to expand, causing tensile stresses. A thick plate
that is heated on both faces has the outer surface material in biaxial compression
and the interior in biaxial tension. The laws of equilibrium require that all forces
and moments arising from these internal stresses balance within themselves. If
the forces and moments do not balance for the original geometry of the part, it
will distort or warp to a size and shape that does bring about internal equilibri-
um. As long as all stresses so introduced are within the elastic limit at the tem-
peratures involved, the part will revert to its original geometry when the initial
temperature conditions are restored. If some portion of the part yields, this por-
tion will not tend to revert to the initial geometry, and there will be warpage and
internal (residual) stresses when initial temperature conditions are restored. The
warpage or distortion of the part is such that it satisfies the requirements of equi-
librium. This must be taken into account, for example, in the design of brake
drums.

0.020 =
P(10)

(1)(30 * 106)
,  or P = 60,000 lb

d =
PL

AE

¢L = L
 = 10 in. (2.8 * 10-3) = 0.028 in.


 = a¢T = (7 * 10-6)(400) = 2.8 * 10-3
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Residual stresses are commonly produced by the thermal gradients associated
with heat treating, flame cutting, welding, and, to a lesser extent, by grinding and
some machining operations. For example, when a uniformly heated part is
quenched, the surface cools first, and at its lower temperature the surface has a rel-
atively high yield strength. The subsequent thermal contraction of the core material
is resisted by the outer skin, which is thereby placed in residual compression. The
core is left in triaxial tension, following the rule “what cools last is in tension.” (Note
that the surface stresses cannot be triaxial because of the unloaded exposed surface.)

This same principle explains why flame cutting and most welding operations
tend to leave surfaces in residual tension: If heating occurs predominantly near the
surface, the tendency for surface thermal expansion is resisted by the cooler core.
Having a relatively low yield strength at high temperature, the surface yields in com-
pression. Upon cooling, the skin tends to contract, but is again largely restrained by
the core. Thus, the surface material is left in biaxial tension.

A related phenomenon producing residual stresses in steel is phase transforma-
tion. When steel with sufficient carbon content is quenched from above its critical tem-
perature to form martensite, the new lattice structure is slightly less dense, causing the
transformed material to expand slightly. With thorough hardening, the transformation
normally occurs last in the interior. This causes undesirable residual tensile stresses in
the surface. Special processing can cause the transformation to occur last in the outer
skin, giving favorable residual compressive stresses in the surface material.

Residual stresses are added to any subsequent load stresses in order to obtain the
total stresses. Furthermore, if a part with residual stresses is subsequently machined,
the removal of residually stressed material causes the part to warp or distort. This is
true because the removal of this material upsets the internal equilibrium of the part.
Subsequent warpage must take place to arrive at a new geometry satisfying equilibrium
requirements. In fact, a common (destructive) method for determining the residual
stress in a particular zone of a part is to remove very carefully material from the zone
and then to make a precision measurement of the resulting change in geometry.

Residual stresses are often removed by annealing. The unrestrained part is uni-
formly heated (to a sufficiently high temperature and for a sufficiently long period
of time) to cause virtually complete relief of the internal stresses by localized yield-
ing. The subsequent slow cooling operation introduces no yielding. Hence, the part
reaches room temperature in a virtually stress-free state.

For a more detailed discussion of phenomena related to residual stresses,
see [2].

4.17 Importance of Residual Stresses

In general, residual stresses are important in situations in which stress concentra-
tion is important. These include brittle materials involving all loading types, and
the fatigue and impact loading of ductile as well as brittle materials. For the static
loading of ductile materials, harmless local yielding can usually occur to relieve
local high stresses resulting from either (or both) stress concentration or superim-
posed residual stress.

It is easy to overlook residual stresses because they involve nothing that ordinar-
ily brings them to the attention of the senses. When one holds an unloaded machine
part, for example, there is normally no way of knowing whether the stresses are all
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zero or whether large residual stresses are present. Usually there are no readily avail-
able means for determining residual stresses. However, a reasonable qualitative esti-
mate can often be made by considering the thermal and mechanical loading history
of the part, both during and after manufacture.

Almen and Black3 cite an interesting example showing that residual stresses
remain in a part as long as heat or external loading does not remove them by yield-
ing. The Liberty Bell, cast in 1753, has residual tensile stresses in the outer surface
because the casting cooled most rapidly from the inside surface (the principle that
“what cools last is in residual tension”). After 75 years of satisfactory service, the
bell cracked, probably as a result of fatigue from superimposed vibratory stresses
caused by ringing the bell. Holes were drilled at the ends to keep the crack from
growing, but the crack subsequently extended itself. Almen and Black cite this as
proof that residual stresses are still present in the bell.
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Problems

Section 4.2

4.1 The rectangular bar with oval opening in Figure P4.1 is loaded in compression through
two hardened steel balls. Estimate the maximum compressive stress in each of the sec-
tions A to E. Assume that an element of the bar once deformed to the yield point will
continue to deform with no increase in stress; i.e., the material follows an idealized
stress–strain curve. The bar is one in. thick and machined from steel with Sy = 50 ksi,
and the balls are hardened steel.

FEDCBA

FIGURE P4.3

12"
18"

 1" 
4
––

 1" 
2

 1"

 1 ––
1000 lb 1000 lb

Materials:
Bar–Steel, Sy = 50 ksi
Balls–Hardened steel

dia  1" 
4
–– dia

4"

1"

A B C D

FIGURE P4.2

18"
16"

10"
4"

 1" 
2
––

4000 lb

dia

4000 lb

 1" 
2
–– dia

1"

1"

2"

A B C D E

FIGURE P4.1

4.2 The rectangular bar in Figure P4.2 is loaded in compression through two hardened steel
balls. Estimate the maximum compressive stress in each of the sections A to D. Assume
that an element of the bar once deformed to the yield point will continue to deform with
no increase in stress; i.e., the material follows an idealized stress–strain curve.

4.3 For the axially loaded shaft in Figure P4.3, at which of the lettered sections is the aver-
age compressive stress equal to P/A? At which is the maximum stress equal to P/A?
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4.4 Figure 4.1 in Section 4.2 shows an axially loaded link in tension. At which cross sec-
tions is the average tensile stress equal to P/A? At which locations is the maximum
stress equal to P/A?

4.5 A uniformly tapered vertical cone with a height, h, and a base diameter, d, is cast
from a urethane material having a density, �. Determine the compressive stress at the
cross section of the base, B, and at the cross section, A, half way up the cone, and
compare the compressive stress at B with the compressive stress at A. The volume of
the cone is Vcone = (1/12) �d2h.

A

B

Height, h

Base diameter, d

h/2

FIGURE P4.5

4.6 Limestone blocks approximately 8 in. wide by 14 in. long by 6 in. high are some-
times used in constructing dry stacked walls. If the stability of the wall is not an issue
and the only question is the strength of the block in compression, how high could
blocks be stacked if the limestone has a compressive strength of 4000 psi and a den-
sity of 135 lb per cubic foot?

4.7 What force, P, is required to produce shear failure in a 60-mm-diameter bolt or pin
made of a ductile metal having Sus = 200 MPa with the configuration shown in
Figure 4.4?

4.8D Select a steel from Appendix C-4a and use Sus = 0.62 Su to determine what force, P,
is required to produce shear failure in a 0.750 in.-diameter bolt or pin with the con-
figuration shown in Figure 4.4?

4.9 What force, P, is required to produce shear failure in a 60-mm-diameter bolt or pin
made of a ductile metal having Sus = 200 MPa with the configuration shown in
Figure 4.3?

4.10D Select a steel from Appendix C-4a and use Sus = 0.62 Su to determine what force, P,
is required to produce shear failure in a 0.750 in.-diameter bolt or pin with the con-
figuration shown in Figure 4.3?

Section 4.3

4.11 For the configuration shown in Figure 4.4 with load P = 12,325 lb and a pin man-
ufactured from AISI 1040 steel with Su = 90.0 ksi (where Sus = 0.62 Su), calculate
the minimum diameter pin to avoid pin shear failure.

4.12D Select a steel from Appendix C-4a and use Sus = 0.62 Su to determine what force,
P, is required to produce shear failure in a 0.375 in.-diameter bolt or pin.

(a) With the configuration shown in Figure 4.3?

(b) With the configuration shown in Figure 4.4?
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4.13 What force, P, is required to produce shear failure in a 30-mm-diameter bolt or pin
made of a ductile metal having Sus = 200 MPa:

(a) With the configuration shown in Figure 4.3?

(b) With the configuration shown in Figure 4.4?

Section 4.4

4.14D Select a diameter of a steel driveshaft that transmits 250 hp at 5000 rpm. Bending
and axial loads are negligible.

(a) What is the nominal shear stress at the surface?

(b) If a hollow shaft of inside diameter 0.9 times outside diameter is used, what
outside diameter would be required to give the same outer surface stress?

(c) How do the weights of the solid and hollow shafts compare?

4.15 A 2-in.-diameter steel propeller shaft of an experimental high-speed boat transmits
2500 hp at 2000 rpm. Bending and axial loads are negligible.

(a) What is the nominal shear stress at the surface?

(b) If a hollow shaft of inside diameter 0.9 times outside diameter is used, what
outside diameter would be required to give the same outer surface stress?

(c) How do the weights of the solid and hollow shafts compare?

4.16 A 30-mm-diameter shaft transmits 700 kW at 1500 rpm. Bending and axial loads are
negligible.

(a) What is the nominal shear stress at the surface?

(b) If a hollow shaft of inside diameter 0.8 times outside diameter is used, what
outside diameter would be required to give the same outer surface stress?

(c) How do weights of the solid and hollow shafts compare?

4.17D Select a steel from Appendix C-4a and a rpm between 1250 and 2000 rpm for a 
40-mm-diameter shaft transmitting 500 kW. Bending and axial loads are negligible.
Assume t … 0.2 Su for safety.

(a) What is the nominal shear stress at the surface?

(b) If a hollow shaft of inside diameter 0.8 times outside diameter is used, what out-
side diameter would be required to give the same outer surface stress?

(c) How do weights of the solid and hollow shafts compare?

4.18 Power from a 3200 hp motor is transmitted by a -diameter shaft rotating at
2000 rpm. Bending and axial loads are negligible.

(a) What is the nominal shear stress at the surface?

(b) If a hollow shaft of inside diameter 0.85 times outside diameter is used, what
outside diameter would be required to give the same outer surface stress?

(c) How do weights of the solid and hollow shafts compare?

4.19 Estimate the torque required to produce a
maximum shear stress of 570 MPa in a
hollow shaft having an inner diameter of
20 mm and an outer diameter of
25 mm—see Figure P4.19.

2 1
2-in.

di = 20 mm

do = 25 mm

max = 570 MPa

T

FIGURE P4.19
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4.21 What torque is required to produce a maximum shear stress of 400 MPa:

(a) In a round shaft of 40-mm diameter?

(b) In a square shaft, 40 mm on a side?

4.22 Compare the torque-transmitting strength of a solid round shaft with that of a solid
square shaft of the same size (circle diameter equal to side of square). Compare the
weight of the two shafts and also the ratio of strength to weight.

Section 4.5

4.23 A straight bar of solid rectangular cross section and one of solid round cross section
are subjected to tensile, bending, and torsional loads. Surface stresses are to be com-
puted for each load and each bar. Discuss briefly any inherent limitations in apply-
ing the stress formulas s = P/A, s = My/I, t = Tr/J to this problem.

4.24 A steel cantilever beam of length L, and constant
width w, is loaded on the end with a force F, as
shown in Figure P4.24. Determine the shape, h =
h(x), for the beam that will produce a constant max-
imum bending stress along the beam length.
Neglect the weight of the beam.

b

2rT

T

T

T

FIGURE P4.20

L

F

L–x

h(x)

x axis

y axis

x

FIGURE P4.24

4.20 The same torque is applied on both a solid square shaft of cross section b * b and
a solid round shaft of radius r. For both shafts to have equal outer-surface maximum
shear stress values, what would be the ratio b/r? For this ratio, compare the weight
of the two shafts and also the ratio of strength to weight—see Figure P4.20.

4.25 A 2-in.-diameter straight round shaft is subjected to a bending of 2000 ft # lb.

(a) What is the nominal bending stress at the surface?

(b) If a hollow shaft of inside diameter 0.5 times outside diameter is used, what
outside diameter would be required to give the same outer surface stress?
(Note: If the hollow shaft is too thin, buckling will occur. See Section 5.15.)

4.26 Determine the bending stress at the surface of a 3-in.-diameter shaft subjected to a
bending moment of 3200 ft # lb.
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4.27 Repeat Problem 4.26 for a 6-in.-diameter shaft.

4.28 Determine how the bending stress at the surface of a shaft of diameter d changes with
values for the bending moment M.

4.29 Determine how the bending stress at the surface of a shaft subjected to a bending
moment M changes with values for the shaft diameter d.

4.30 A bending moment of 2000 N # m is applied to a 40-mm-diameter shaft. Estimate the
bending stress at the shaft surface. If a hollow shaft of outside diameter 1.15 times
inside diameter is used, determine the outside diameter required to give the same
outer surface stress.

4.31 What bending moment is required to produce a maximum normal stress of 400 MPa:

(a) In a straight round rod of 40-mm diameter?

(b) In a straight square rod, 40 mm on a side (with bending about the X axis as
shown for a rectangular section in Appendix B-2)?

4.32 How would you expect the circumference of a tree trunk to vary with height above the
ground? How would the circumference of a tree branch vary as its distance from the
trunk increased? Would the equations of engineering mechanics and strength of mate-
rials show a relationship with (a) geometry, (b) shape, and (c) force—gravity and
wind? What role would be played by the desire of the tree for sunlight and water?

BranchBranch

Tree
Trunk

M M

h

r

b

FIGURE P4.33

FIGURE P4.32

Section 4.6

4.33 The rectangular beam shown in Figure P4.33 has an initial curvature, equal to
twice the section depth, h. How do the extreme-fiber-bending stresses for the beam
compare with those of an otherwise identical straight beam?

r,
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4.34 Determine the location and magnitude of the
maximum tensile stress in the S hook shown in
Figure P4.34. (Note: The lower portion experi-
ences the larger bending moment, but the
upper part has a smaller radius of curvature;
hence, both locations must be investigated.)

A

P Q

A
60

70,000 N

40 80

120

FIGURE P4.36

4 in.
200 lb

200
lb

1-in.-dia round rod

3 in.

FIGURE P4.34

4.35 Repeat Problem P4.34 except that the smaller radius of curvature is 5 in. and the
larger radius of curvature is 7 in.

4.36 Critical section AA of a crane hook (Figure P4.36) is considered, for purposes of
analysis, to be trapezoidal with dimensions as shown. Determine the resultant stress
(bending plus direct tension) at points P and Q.

4.37 Repeat Problem 4.36 for a hook having a circular cross section (with the cross-
sectional area equal to that in Problem 4.36).

4.38 Prove that the centroidal distance from the X axis for the trapezoid shown in
Figure P4.38 is (h)(2b + a)/(3)(b + a).

(c)

h

X

b

a

c

FIGURE P4.38
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4.40 For the rocker arm shown in Figure P4.40, determine the maximum tensile stress in
section AA.

A

A

12,000 N

30 mm

24 mm

8 mm

5 mm

5 mm

Section AA

30 mm

FIGURE P4.40

FIGURE P4.44

F

2 in.
13

in.16

3
in.16

3 in.
4

3
in.16

1 in.

FIGURE P4.39

4.39 Figure P4.39 shows a portion of a C-clamp. What force F can be exerted by the screw
if the maximum tensile stress in the clamp is to be limited to 30 ksi?

Section 4.7

4.41 A solid square-section beam, 60 mm on a side, is used in place of the beam in
Sample Problem 4.2. What is the location and magnitude of the maximum shear
stress? Use Eq. 4.12 and check the result with Eq. 4.14.

4.42 Using Eq. 4.12, derive Eq. 4.13.

4.43 Using Eq. 4.12, derive Eq. 4.14.

4.44 For the 8-in. I beam shown (Figure P4.44), compute the
maximum transverse shear stress when the beam is
simply supported at each end and subjected to a load of
1000 lb in the center. Compare your answer with the
approximation obtained by dividing the shear load by
the area of the web (only) with the web considered to
extend for the full 8-in. depth. 8 in.

in.3

in.

in.

1
2

1
2

in.1
2

3
8

c04.qxd  7/14/11  7:33 PM  Page 184



Problems 185

4.45 Figure P4.45 shows a plastic beam having a box section, where the top plate is
cemented in place, as indicated. All dimensions are in millimeters. For the 12-kN load
shown, what is the shear stress acting on the cemented joint?

5

5 5

5 50

40

12 kN

L
2

Cement L
2

FIGURE P4.45

400 N
120-mm-dia.

sheave

Free end
of shaft 

100
2000 N

B

Connected to
flexible coupling

and clutch

20-mm-
dia. shaft

A

S

T

100

FIGURE P4.46

Sections 4.9 and 4.11

4.46 The shaft shown in Figure P4.46 is 200 mm long between self-aligning bearings A and
B. Belt forces are applied to a sheave in the center, as shown. The left end of the shaft is
connected to a clutch by means of a flexible coupling. Nothing is attached to the right
end.

(a) Determine and make a sketch showing the stresses acting on the top and side ele-
ments, T and S, located adjacent to the sheave. (Neglect stress concentration.)

(b) Represent the states of stress at T and S with three-dimensional Mohr circles.

(c) At location S, show the orientation and stresses acting on a principal element,
and on a maximum shear element.

4.47 Repeat Problem 4.46, except that the sheave diameter is 140 mm.

4.48 We wish to analyze the stresses in a bicycle crankshaft. (This is the horizontal shaft, sup-
ported in the frame by two ball bearings, which connects the two pedal crank arms.) Obtain
whatever dimensions you need by measuring an actual bicycle of standard adult size.

(a) Show, with the aid of a simple sketch, the most severe loading condition nor-
mally encountered by this shaft. Show all important dimensions, and state any
assumptions made concerning the loading.

(b) Show on your sketch the location of greatest stress in this shaft, and make a
Mohr circle representation of this state of stress. (Neglect stress concentration.)
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4.49 Figure P4.49 shows a hand crank with static vertical load applied to the handle.

(a) Copy the drawing and mark on it the location of highest bending stress. Make
a three-dimensional Mohr circle representation of the stresses at this point.
(Neglect stress concentration.)

(b) Mark on the drawing the location of highest combined torsional and transverse
shear stress. Make a three-dimensional Mohr circle representation of the stress-
es at this point, again neglecting stress concentration.

1 in.

6-in. dia.

1-in. dia.
shaft

Motor

1000-lb
belt tension

3000-lb
belt tension

FIGURE P4.51

100 mm

250 mm

200 mm

25-mm-dia. round
rod bent into crank

1000 N

FIGURE P4.49

4.50 Repeat Problem 4.50, but change the 200-mm dimension to 50 mm.

4.51 Figure P4.51 shows an electric motor loaded by a belt drive. Copy the drawing and
show on both views the location or locations on the shaft of the highest stress. Make
a complete Mohr circle representation of the stress state at this location. (Neglect
stress concentration.)

4.52 Repeat Problem 4.51, except that the pulley diameter is 5 in.

4.53 Figure P4.53 shows a 1-in. solid round shaft supported by self-aligning bearings at
A and B. Attached to the shaft are two chain sprockets that are loaded as shown. Treat
this as a static loading problem, ignoring fatigue and stress concentration. Identify
the specific shaft location subjected to the most severe state of stress, and make a
Mohr circle representation of this stress state.
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500 lb

3 in.

4 in.

3 in.

2 in.

1000 lb

4 in.

1-in.-dia. shaft

A

B

FIGURE P4.53

50-mm dia.

100-mm dia.

30-mm dia.

50 mm

100 mm

50 mm

4000 N

F

B

A

FIGURE P4.55

4.54 Repeat Problem 4.53 except that the pulleys are 3 in. apart.

4.55 Repeat Problem 4.53, except use Figure P4.55.

4.56 Figure P4.56 shows a small pressurized cylinder, attached at the one end and loaded
with a pipe wrench at the other. The internal pressure causes a tangential stress of
400 MPa and an axial stress of 200 MPa that act on an element at point A. The pipe
wrench superimposes a bending stress of 100 MPa and a torsional stress of 200 MPa.

(a) Make a Mohr circle representation of the state of stress at point A.

(b) What is the magnitude of the maximum shear stress at A?

(c) Make a sketch showing the orientation of a principal element (with respect to
the original element drawn at A), and show all stresses acting on it.

[Ans.: (b) 278 MPa]
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A

FIGURE P4.56

4.57 Determine the maximum shear stress at point A, for the pressurized cylinder, shown
in Figure P4.56. The cylinder is attached at one end and loaded with a pipe wrench
at the other, so that it is subjected to a bending stress of 75 MPa and a torsional stress
of 100 MPa. The internal pressure causes a tangential stress of 100 MPa and an axial
stress of 60 MPa that act on an element at point A.

4.58 An internally pressurized section of round steel tubing is subjected to tangential and
axial stresses at the surface of 200 and 100 MPa, respectively. Superimposed on this is
a torsional stress of 50 MPa. Make a Mohr circle representation of the surface stresses.

4.59 Represent the surface stresses on a Mohr circle of an internally pressurized section
of round steel tubing that is subjected to tangential and axial stresses at the surface
of 400 and 250 MPa, respectively. Superimposed on this is a torsional stress of
200 MPa.

4.60 Repeat Problem 4.59, except that the torsional stress is 150 MPa.

4.61 Draw the Mohr circle for the stresses experienced by the surface of an internally
pressurized steel tube that is subjected to tangential and axial stresses in the outer
surface of 45,000 and 30,000 psi, respectively, and a torsional stress of 18,000 psi—
see Figure P4.61.

y x

18 45

30

FIGURE P4.61

4.62 A cylinder is internally pressurized to a pressure of 100 MPa. This causes tangential
and axial stresses in the outer surface of 400 and 200 MPa, respectively. Make a
Mohr circle representation of the stresses in the outer surface. What maximum
shear stress is experienced by the outer surface?

[Ans.: 200 MPa]

4.63 A cylindrical ring has an outer diameter D, an inner diameter d, and a width w. A
solid cylindrical disk of diameter (d + d) and width w is press fit completely into
the ring. If the ring were thin (i.e., (D–d) is very small), how could you calculate the
pressure on the outer cylindrical surface of the inner cylinder disk?

¢
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4.64 Determine the maximum shear stress at the outer surface of an internally pressurized
cylinder where the internal pressure causes tangential and axial stresses in the outer
surface of 300 and 150 MPa, respectively.

4.65 Figure P4.65 shows a cylinder internally pressurized to a pressure of 7000 psi. The
pressure causes tangential and axial stresses in the outer surface of 30,000 and
20,000 psi, respectively. Determine the maximum shear stress at the outer surface.

Free surface, 	3 = 0

20 ksi

30 ksi

FIGURE P4.65

4.66 Repeat Problem 4.65, except that the cylinder is pressurized to 10,000 psi.

4.67 The inner surface of a hollow cylinder internally pressurized to 100 MPa experiences
tangential and axial stresses of 600 and 200 MPa, respectively. Make a Mohr circle
representation of the stresses in the inner surface. What maximum shear stress exists
at the inner surface?

[Ans.: 350 MPa]

4.68 The inner surface of a hollow cylinder internally pressurized to 100 MPa is sub-
jected to tangential and axial stresses of 350 MPa and 75 MPa, respectively as
shown in Figure P4.68. Represent the inner surface stresses using a Mohr circle and
determine the maximum shear stress.

100
350

75

FIGURE P4.68

4.69 The inner surface of a hollow cylinder is subjected to tangential and axial stress-
es of 40,000 and 24,000 psi, respectively. Determine the maximum shear stress at
the inner surface, if the cylinder is pressurized to 10,000 psi.

4.70 Figure P4.70 shows a triaxial stress element having a critical three-dimensional
stress state where sx = 60,000, sy = –30,000, sz = –15,000, txy = 9000. tyz =
–2000, and tzx = 3500 psi. Calculate the first, second, and third stress invariants.
Then solve the characteristic equation for the principal normal stresses. Also, cal-
culate the maximum shear stress and draw the resulting Mohr circle representa-
tion of the state of stress.
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FIGURE P4.70

4.71 For a critical three-dimensional state of stress where, sx = 45,000, sy = 25,000,
sz = –50,000, txy = 4000, tyz = 2000, and tzx = –3500 psi, determine the princi-
pal stresses and draw the Mohr circle representation of the state of stress.

4.72 A stainless steel member has a three-dimensional state of stress at a critical location
where sx = 50,000, sy = –10,000, sz = 15,000. txy = –3500, tyz = –1000, and tzx =
2000 psi. Calculate the first, second, and third stress invariants and solve the charac-
teristic equation for the principal normal stresses. Also, calculate the maximum shear
stress and draw the Mohr circle representation of the state of stress at the critical
point.

Sections 4.12–4.14

4.73 Find the maximum value of stress at the hole and semicircular notch shown in
Figure P4.73.

45000 N 45000 N50 mm 100 mm

15 mm

25 mm

FIGURE P4.73

4.74 For Figure P4.74, what is the value of the maximum stress at both the hole and
the notch?

65000 N65000 N 30 mm 200 mm

15 mm
25 mm

FIGURE P4.74
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4.75 Is using force flow to study stress in a component an art or a science? Can the con-
cept of force flow be used to study problems where numerical values for loads are
indeterminate?

4.76 How can an engineer best explain why free-body diagrams are so important in deter-
mining forces and stresses?

4.77 A shaft is supported by bearings at locations A and B and is loaded with a downward
1000-N force as shown in Figure P4.77. Find the maximum stress at the shaft fillet.
The critical shaft fillet is 70 mm from B.

500 mm 250 mm

d = 40 mm d = 40 mm

r = 5 mm

A

RA

B

RB

1000 N

D = 80 mm

FIGURE P4.77

4.78 A notched flat bar (as shown in Figure 4.39, Section 4.13) has a stress concentration
factor for tensile loads of 2. Its cross-sectional area in the plane of the notches is
0.5 in.2. The material is steel, with tensile and compressive yield strengths of 30 ksi.
Assume an idealized stress–strain curve. The bar is initially free of residual stress.

(a) Make a drawing showing the approximate shape of the stress distribution curve
when the bar is loaded to 5000-lb tension and also after the load is removed.

(b) Repeat for a 10,000-lb load.

(c) Repeat for a 15,000-lb load.

4.79 Repeat Problem 4.78, except that the loading causes compression.

4.80 Repeat Problem 4.78, except use a stress concentration factor of 3.

4.81 Repeat Problem 4.78, except that the stress concentration factor is 3 and the loading
causes compression.

4.82 A 20 * 60-mm (h * b) rec-
tangular bar with a 10-mm-
diameter central hole (as
shown in Figure 4.40) is made
of steel having tensile and
compressive yield strengths of
600 MPa. Assume an idealized
stress–strain curve. The bar is
initially free of residual stress.
Make a drawing showing the
approximate stress distribution in the plane of the hole (Figure P4.82):

(a) When a tensile force of 400 kN is applied to each end of the bar.

(b) After the load is removed.

60 mm

10 mm dia.

20 mm

P = 400 kN

P

FIGURE P4.82
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192 Chapter 4 ■ Static Body Stresses

4.83 Repeat Problem 4.82, except that the bar is loaded in compression.

4.84 A 10 * 40-mm (h * b) steel rectangular bar (having compressive and tensile yield
strengths of 300 MPa) has a 6-mm-diameter central hole (as shown in Figure 4.40).
Assume that the bar is initially free of residual stress and that the steel material has
an idealized stress–strain curve. Make a sketch showing the approximate stress dis-
tribution in the plane of the hole:

(a) When a tensile force of 100 kN is applied to each end of the bar.

(b) After the load is removed.

4.85 Repeat Problem 4.84, except that the bar is loaded in compression.

4.86 A notched bar (illustrated in Figure 4.39) has a stress concentration factor for tensile
loading of 2.5. It is made of ductile steel (assume an idealized stress–strain curve)
with tensile and compressive yield strengths of 200 MPa. The bar is loaded in ten-
sion with calculated notch root stresses varying with time as shown in Figure P4.86.
Copy the drawing and add to it a curve showing the variation with time of actual
notch root stresses.

C
al

cu
la

te
d 

el
as

ti
c

st
re

ss
 (

M
P

a)

Time
0 1 2 3 4 5 6 7 8 9 10 11 12

–200

0

200

400

FIGURE P4.86

4.87 Repeat Problem 4.86, except use a stress concentration factor of 3.

4.88 Three notched tensile bars (see Figure 4.39) have stress-concentration factors of 1,
1.5, and 2.5, respectively. Each is made of ductile steel having Sy = 100 ksi, has a
rectangular cross section with a minimum area of 1 in.2, and is initially free of resid-
ual stress. Draw the shape of the stress-distribution curve for each case when (a) a
tensile load of 50,000 lb is applied, (b) the load is increased to 100,000 lb, and (c) the
load is removed.

Section 4.15

4.89 Two rectangular beams are made of steel having a tensile yield strength of 80 ksi and
an assumed idealized stress–strain curve. Beam A has a uniform 1 * 0.5-in. section.
Beam B has a 1 * 0.5-in. section that blends symmetrically into a 1.5 * 0.5-in. sec-
tion with fillets giving a stress concentration factor of 3. The beams are loaded in bend-
ing in such a way that 

(a) For each beam, what moment, M, causes (1) initial yielding and (2) complete
yielding?

(b) Beam A is loaded to cause yielding to a depth of Determine and plot the
distribution of residual stresses that remain after the load is removed.

[Ans.: (a1) beam A, 6667 in # lb, beam B, 2222 in # lb; (a2) 10,000 in # lb for both
beams]

1
4 in.

Z = I/c = bh2/6 = 0.5(1)2/6 = 1
12 in.3
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4.90 Two rectangular beams are made of steel having a tensile yield strength of
550 MPa and an assumed idealized stress–strain curve. Beam A has a uniform 25
mm * 12.5-mm section. Beam B has a 25 mm * 12.5-mm section that blends
symmetrically into a 37.5 mm * 12.5-mm section with fillets giving a stress con-
centration factor of 2.5. The beams are loaded in bending in such a way that
Z = I/c = bh2/6 = 12.5(25)2/6 = 1302 mm3.

(a) For each beam, what moment, M, causes (1) initial yielding and (2) complete
yielding?

(b) Beam A is loaded to cause yielding to a depth of 6.35 mm. Determine and plot
the distribution of residual stresses that remain after the load is removed.

Section 4.16

4.91 A 12-in. length of aluminum tubing (with properties of E = 10.4 * 106 psi and
a = 12 * 10-6 per degree Fahrenheit) having a cross-sectional area of 1.5 in.2 is
installed with “fixed” ends so that it is stress-free at 60°F. In operation, the tube is
heated throughout to a uniform 260°F. Careful measurements indicate that the fixed
ends separate by .008 in. What loads are exerted on the ends of the tube, and what
are the resultant stresses?

4.92 A 250-mm length of steel tubing (with properties of E = 207 * 109 Pa and
a = 12 * 10-6 per degree Celsius) having a cross-sectional area of 625 mm2 is
installed with “fixed” ends so that it is stress-free at 26°C. In operation, the tube is
heated throughout to a uniform 249°C. Careful measurements indicate that the fixed
ends separate by 0.20 mm. What loads are exerted on the ends of the tube, and what
are the resultant stresses?
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(a) (d) (e)(b) (c)

FIGURE 5.1
(a–d) Elastically stable and (e) potentially elastically unstable loaded members.

5.1 Introduction

Elastic strain, deflection, stiffness, and stability are considerations of basic importance
to the engineer. Deflection or stiffness, rather than stress, is often the controlling fac-
tor in the design of a part. Machine tool frames, for example, must be extremely rigid
to maintain manufacturing accuracy. When the frames are made massive enough to sat-
isfy rigidity requirements, the stresses may be insignificantly low. Other parts may
require great stiffness in order to eliminate vibration problems. Excessive deflection
can cause interference between components and disengagement of gears.

Another important aspect of elastic strains is their involvement in experimental
techniques for measuring stresses. Stress is not, in general, a directly measurable
quantity; strain is. When the elastic constants of a material are known, experimen-
tally determined strain values can be transposed into corresponding stress values by
means of the elastic stress–strain relationships reviewed in Section 5.5.

Figures 5.1a through d illustrate elastically stable systems. In such systems a
small disturbance of the equilibrium illustrated will be corrected by elastic restoring
forces, moments, or both. Such may not be the case in the slender column shown in
Figure 5.1e. Here, if the column is slender enough, the elastic modulus low enough,

5
Elastic Strain,
Deflection,
and Stability
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and the load large enough, then the compression member will be elastically unstable
and the slightest disturbance will cause buckling or collapse. This is true even though
the P/A stress may be well below the elastic limit of the material. Sections 5.10–5.15
in this chapter deal with this phenomenon.

Section 5.16 introduces the subject of finite element analysis.

5.2 Strain Definition, Measurement, and Mohr Circle Representation

Figure 5.2 shows strains experienced by an element
subjected to uniaxial tension. Equations defining the
three linear components of strain are given on the
figure. The loaded element experiences no change
in any of the initial right angles. Shear strains gxy,
gxz, and gyz are therefore zero, and the element
shown is a principal element. Because of this, 
x , 
y ,
and 
z are also 
1, 
2, and 
3, where subscripts 1, 2,
and 3 denote the principal directions. The negative
values shown for 
y and 
z result from the material’s
having a positive Poisson’s ratio.

Figure 5.3 shows a similar element subjected
to pure shear. The resulting shear strains are
defined on the figure. The double subscript notation
corresponds to the convention mentioned briefly in
Section 4.9 in connection with Figure 4.26. As was
true in the case of shear stresses, there is no need
here to be concerned with a distinction between gxy

and gyx.

5.2 ■ Strain Definition, Measurement, and Mohr Circle Representation 195

FIGURE 5.2
Linear strain illustrated for uniaxial tensile loading.

�

dx

yx

xy

�xy (shown counterclockwise, hence negative)
�yx (shown clockwise, hence positive)

y

x
Z X

Y

y → 0
absolute value =  lim = tan � ≈ �

dx
y

FIGURE 5.3
Shear strain illustrated for
pure shear loading.

Z

Y

X
x

y

z

dy (neg.)

dz (neg.)

dx

x → 0

x =   lim dx

x
y → 0


y =   lim
dy
y

z → 0

z =   lim dz

z

Unloaded element
Element loaded in uniaxial
tension in X direction (with
deflections shown exaggerated)
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196 Chapter 5 ■ Elastic Strain, Deflection, and Stability

+�/2

x

y

0
+



2


y


x

�xy


1

FIGURE 5.4
Mohr strain circle drawn
for known values of 
x , 
y ,
and gxy.

(a)
Single-element gages oriented

to sense horizontal strain

(b)
Two-element rosettes oriented

to measure horizontal and
vertical strain

(c)
Three-element equiangular

rosettes

(d)
Three-element rectangular

rosettes

FIGURE 5.5
Grid configurations of typical metal foil electrical resistance strain gages.

Figure 5.4 illustrates how a Mohr strain circle can be plotted from a knowledge
of 
x , 
y , and gxy. The procedure is identical to that used with the Mohr stress cir-
cle except that care must be taken to plot as ordinates only half the shear strain, g.
Analytical stress equations (Eqs. 4.15 through 4.19) have direct counterparts for
strain, with 
 being substituted for s, and g/2 substituted for t.

When experimentally determining stresses at critical points on machine and
structural parts, we begin by measuring strains, and then compute the corresponding
stresses for materials of known elastic constants. If the directions of the principal
axes are known, principal strains 
1 and 
2 can be measured directly, by using elec-
trical resistance strain gages of the single-element type (Figure 5.5a) or two-element
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5.3 ■ Analysis of Strain—Equiangular Rosettes 197

rosettes (Figure 5.5b). If principal directions are not known, we could theoretically
determine 
1 and 
2 by first measuring arbitrarily oriented strains 
x , 
y , and gxy, and
then determining 
1 and 
2 from a Mohr circle plot as in Figure 5.4. Unfortunately,
direct experimental measurement of shear strain is not normally practical. Hence,
use is made of three-element strain gage rosettes, illustrated in Figures 5.5c and d.
The rationale associated with this is as follows.

First, note that the conventional Mohr circle construction—either for stress, as
shown in Figure 4.27, or for strain, as shown in Figure 5.4—provides a convenient
graphical solution of three equations in three unknowns. The unknowns are two prin-
cipal stress (or strain) values and the angle between the principal planes and the refer-
ence planes (usually designated by x and y). A solution requires three known values.
These are sx , sy , and txy (or 
x , 
y , and gxy). Three-element rosettes permit solutions
for the same three unknowns, but the “knowns” are all linear strains. No simple graph-
ical Mohr-circle-type solution is available, so an analytical solution is used. Such a
solution is available when given three linear strains in any direction [5], but only the
two commonly used arrangements will be considered here: equiangular rosettes
(Figure 5.5c), and rectangular rosettes (Figure 5.5d).

Information regarding strain gage technology is online at http://www.vishaypg
.com/micro-measurements. The web site contains technical literature on strain
gages, instrumentation, and photoelastic products as well as calculators for strain
gage technology. For example, calculators are provided for determining principal
strains with equiangular (delta) and rectangular strain gage rosettes.

5.3 Analysis of Strain—Equiangular Rosettes

All equiangular rosettes can be represented diagrammatically by Figure 5.6a, which
shows individual gages at 0°, 120°, and 240°, in counterclockwise progression.
Angle a is measured from the 0° gage to the as-yet-unknown principal axes.
Figures 5.6b and c show other combinations of gage orientations that are equivalent.
Using the preceding notation, we have for principal strain magnitude and direction
the equations [3]

(5.1)
1,2 =

0 + 
120 + 
240

3
; C(2
0 - 
120 - 
240)2

9
+

(
120 - 
240)2

3


2


1


240


120


0
+�

+�

120°

240°


2


1


120 
240


0
+�

+�


2


1


240 
120


0

+�

+�

(a) (b) (c)

FIGURE 5.6
Equiangular strain rosette
representations.
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198 Chapter 5 ■ Elastic Strain, Deflection, and Stability

17°

240° gage
(
 = +0.00185)

120° gage (
 = +0.0004)

0° gage (
 = –0.00075)


1 = +0.0020


2 = –0.0010

FIGURE 5.7
Vector representation of Sample Problem 5.1
solution.

(5.2)

A positive value of a means that we measure clockwise from the 
0 gage orientation
to each of the two principal axis orientations given by Eq. 5.2. To determine which
direction goes with which principal axis, use the rule that the higher principal strain
always lies within 30° of the algebraically highest of 
0, 
120, and 
240. The use and
interpretation of Eqs. 5.1 and 5.2 are illustrated by the following example.

SAMPLE PROBLEM 5.1 Equiangular Strain Gage Rosette

The following strains are obtained from an equiangular strain gage rosette:


0 = - 0.00075 m/m


120 = + 0.0004 m/m


240 = + 0.00185 m/m

Determine the magnitude and orientation of the principal strains, and check the
results by plotting a Mohr circle.

SOLUTION

Known: The three strain values from an equiangular strain gage rosette are given.

Find: Calculate the magnitude and orientation of the principal strains. Plot a Mohr
circle representation of the strains.

Schematic and Given Data:

tan 2a =
23(
120 - 
240)

2
0 - 
120 - 
240

Assumption: The three known strains are all linear strains.

Analysis:
1. From direct substitution in Eq. 5.1,


1,2 = 0.0005 ; 0.0015, 
1 = 0.0020 m/m, 
2 = -0.0010 m/m
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5.4 ■ Analysis of Strain—Rectangular Rosettes 199

2. From Eq. 5.2,

3. The principal strain axes are 17° and 107° clockwise from the 0° gage axis.
According to the 30° rule, it is the axis of 
2 that is 17° from 
0 (also, it is intu-
itively apparent that since 
0 is the only negative gage reading, the principal
strain closest to it will be the negative principal strain).

4. A vector representation of the magnitudes and directions of the gage readings
and the principal strains is shown in Figure 5.7.

5. The correctness of the solution is verified in Figure 5.8, where a Mohr circle is
drawn based on the computed values of 
1 and 
2. Points are marked on the cir-
cle corresponding to the angular orientations of 
0, 
120, and 
240, as shown in
Figure 5.7 (remembering that actual angles are doubled when representing them
on the circle). Since the abscissas of these three points correspond to the given
gage readings, the solution is correct.

tan 2a = +0.67, 2a = 34°, 214°, a = 17°, 107°

+� /2

120°

240°
0°

34°

+0.00185–0.00075

+0.0004


2 = –0.001 
1 = +0.0020

+


FIGURE 5.8
Mohr circle check of Sample Problem 5.1 solution.

Comment: A careful study of Figures 5.7 and 5.8 is helpful in gaining an intuitive
understanding of the significance of the calculations performed with Eqs. 5.1 and 5.2
and of the associated conventions for gage labeling and for discriminating between
orientations of 
1 and 
2.

5.4 Analysis of Strain—Rectangular Rosettes

Figure 5.9a shows the basic configuration of the rectangular rosette, with three gage
directions progressing counterclockwise at 45° increments from an arbitrarily oriented
0° gage. As with the equiangular rosette, there are several possible versions of the
basic rectangular orientation. Two others are shown in Figures 5.9b and c. Again,
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90°


2


1


0


90

(a)

45°

+�

+�


2


1


90


0


45
45

(b)

+�

+�


90


2


1


0


45

(c)

+�

+�

FIGURE 5.9
Rectangular strain rosette representations.

angle a is measured from the 0° gage direction to each of the principal directions.
The equations for principal strain magnitude and direction are [5]

(5.3)

(5.4)

As with the equiangular rosette, a positive value of a means that we measure
clockwise from the 
0 gage to a principal axis. Discrimination between the two
principal axes can be based on the rule that the algebraically greater principal
strain makes an angle of less than 45° with the algebraically larger of strains 
0
and 
90 .

SAMPLE PROBLEM 5.2 Rectangular Strain Gage Rosette

Readings obtained from a rectangular rosette are as shown in Figure 5.10a (the
readings are in micrometers per meter, which is, of course, the same as microinches
per inch). Determine the magnitude and orientation of the principal strains, and
check the result by plotting a Mohr circle.

SOLUTION

Known: The three strain values from a rectangular rosette are given.

Find: Calculate the magnitude and orientation of the principal strains. Plot a Mohr
circle to check the results.

tan 2a =

0 - 2
45 + 
90


0 - 
90


1,2 =

0 + 
90

2
; C(
0 - 
45)2 + (
45 - 
90)2

2
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5.4 ■ Analysis of Strain—Rectangular Rosettes 201

Schematic and Given Data:

Assumption: The three known strains are all linear strains.

Analysis:
1. First note that in order to conform with the 45° increment counterclockwise pro-

gression, the gages must be labeled as shown in Figure 5.10b.

2. Substitution in Eqs. 5.3 and 5.4 gives

These results are represented in Figure 5.11.

tan 2a = 1.605, 2a = 58°, 238°, a = 29°, 119°


1,2 = 1525 ; 2033, 
1 = 3558 mm/m, 
2 = -508 mm/m

+2600 �m/m

+450 �m/m

–200 �m/m

(a)

(b)


0 = +2600


90 = +450


45 = –200

FIGURE 5.10
Sample Problem 5.2 given data. (a) Gage readings.
(b) Equivalent rosettes.


0 = +2600


90 = +450

2 = –510


1 = +3560


45 = –200

29°

119°

FIGURE 5.11
Vector representation of Sample Problem 5.2
solution.
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202 Chapter 5 ■ Elastic Strain, Deflection, and Stability

3. A Mohr circle is drawn in Figure 5.12, based on the computed values of 
1
and 
2 . Points are marked on the circle corresponding to the angular orienta-
tions of 
0 , 
45 , and 
90 shown in Figure 5.11. The abscissas of these points
are found to check with the given gage readings.

Comment: Again, a careful study of Figures 5.11 and 5.12 is advised in order to
gain a clear understanding of the physical situation.

5.5 Elastic Stress–Strain Relationships and Three-Dimensional Mohr Circles

Elastic, or more precisely, linearly elastic, stress–strain relationships for the general
case of triaxial stress are given in various references, such as [3]. For the frequently
encountered biaxial stress case (where 
1 and 
2 are determined experimentally),
these reduce to

(5.5)

Or, if principal stresses are known and strains are to be computed,


3 =
-n

1 - n
(
1 + 
2)

s3 = 0

s2 =
E

1 - n2 (
2 + n
1)

s1 =
E

1 - n2 (
1 + n
2)

+� /2

0°

45°

90°

2600

–510 3560

+

–200

4500
58°

FIGURE 5.12
Mohr circle check of Sample
Problem 5.2 solution.
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5.5 ■ Elastic Stress–Strain Relationships 203

(5.6)

For the case of uniaxial stress these equations reduce to

(5.7a)

(5.7b)

A common serious error is to use s = E
 for all stress states. For example, sup-
pose that the equiangular strain gage rosette in Sample Problem 5.1 was mounted on
an aluminum member of elastic constants E = 71 * 109 Pa, n = 0.35. From

1 = 0.0020 and 
2 = -0.0010, Eq. 5.5 for the biaxial stress state gives s1 = 134
MPa, s2 = -24 MPa. The erroneous computation of principal stresses by merely
multiplying each principal strain by E gives s1 = 142 MPa and s2 = -71 MPa.

To complete the determination of states of stress and strain for Sample
Problem 5.1 with aluminum material, we need only compute 
3 = -0.0005 from
either Eq. 5.5 or Eq. 5.6. The complete Mohr circle representation of states of stress
and strain is plotted in Figure 5.13.


1


2

=
s1

E

= 
3 = -
ns1

E

t
s1

s2

= E
1

= s3 = 0
r


3 = -
n

E
(s1 + s2)


2 =
1

E
(s2 - ns1)


1 =
1

E
(s1 - ns2)

+

0
+	

	2 = –24

	3 = 0

	1 = 134 
1 = 0.002

(a)

+� /2

+



2 = –0.001 
3 = –0.0005

(b)

0

FIGURE 5.13
State of (a) stress and (b) strain for Sample Problem 5.1 and aluminum material.
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5.6 Deflection and Spring Rate—Simple Cases

The basic deflection and spring rate formulas are given in Table 5.1, supplemented,
in the case of torsion, by Table 5.2. Derivations are not included, because we have
presumably covered these in previous courses. No effort should be made to memo-
rize these equations. Instead, we should be sure to understand the rationale and pat-
tern behind them—then most of the equations will be memorized automatically.

TABLE 5.1 Deflection and Stiffness Formulas for Straight Bars (Rods, Beams) 
of Uniform Section

Number Case Deflection Spring Rate

1. Tension or compression

2. Torsion

For solid round
bar and deflection
in degrees,

3. Bending (angular deflection)

4. Bending (linear deflection)

5. Cantilever beam loaded at end

Note: See Appendixes A-4 and A-5 for appropriate SI units and prefixes. See Appendix D-1 for slope at
free end and deflection at any point for case 3, 4, and 5.
a See Table 5.2 for values of K¿ for other sections.

�

I = moment of inertia about
neutral bending axis

L
P

k =
P

d
=

3EI

L3d =
PL3

3EI

�

MI = moment of inertia about
neutral bending axis

L

k =
M

d
=

2EI

L2d =
ML2

2EI

�

I = moment of inertia about
neutral bending axis

M

L

K =
M

u
=

EI

L
u =

ML

EI

u° =
584TL

d4G

L
T

�

K'a = section property. For solid
round section, K'  = J = �d4/32.

K =
T

u
=
K¿G
L

u =
TL

K¿G

L

P

�

Cross-section area = A

k =
P

d
=

AE

L
d =

PL

AE
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Note that the first three cases involve the deflection at the point of load applica-
tion and in the direction of load application. In each of these cases the equation
merely states that deflection varies linearly with load (which it must, for the linear
elastic portion of the stress–strain curve) and with length, and inversely with a geo-
metric rigidity property of the cross section and with the appropriate elastic rigidity
property of the material. “Spring rate” is also known as spring constant or spring
scale. For linear deflections the spring rate is designated by k (measured in pounds
per inch, newtons per meter, etc.). For angular deflections, the symbol K is used
(with units of lb # ft per radian, N # m per radian, etc.).

TABLE 5.2 Formulas for Torsional Deflection—Case 2 
of Table 5.1

where values for are the following.

Cross Section Formula for K¿

K¿ = 0.0216a4

K¿ = 2.69a4

K¿ = 0.1406a4
a

a

K¿ =
ab3

16
B16

3
- 3.36

b

a
¢1 -

b4

12a4 ≤ Rb

a

a

a

K¿ =
pa3b3

a2 + b2

2b

2a

K¿ =
pdt 3

32d

t

K¿ = J =
p

32
(d4
o - d4

i )do
di

K¿ = J =
pd4

32
d

K¿u =
TL

K¿G
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In case 4, note that the length must be squared. This must be so because linear
deflection increases both with length and with end slope, the latter being itself a
function of length. In case 5, length must be cubed because the bending moment is
an additional factor increasing with length. Incidentally, in case 5 the equation given
for deflection results only from bending stresses, the contribution to deflection made
by transverse shear being considered negligible. Castigliano’s method, treated in
Section 5.8, enables us to evaluate the shear contribution. For now, let us merely note
that the shear contribution to deflection follows exactly the pattern of cases 1, 2, and
3: the shear deflection varies linearly with shear load and length, and inversely with
shear modulus of elasticity and with a geometric shear rigidity property of the cross
section. The geometric shear rigidity property is roughly equal to the area for most
sections (it is equal to five-sixths times the area for a rectangular section).

Tables that give deflection equations for beams with a wide variety of loading
conditions are contained in various handbooks and references, such as [4].

5.7 Beam Def lection

Beams are structural members, subjected to transverse loads. Examples include
machinery shafts, building floor joists, leaf springs, automobile frame members and
numerous other machine and structural components. A beam often requires a larger
cross section to limit deflection than it does to limit stress. Hence, many steel beams
are made of low-cost alloys because these have the same modulus of elasticity (thus,
the same resistance to elastic deflection) as stronger, high-cost steels.

The reader has undoubtedly studied previously one or more of the many meth-
ods for computing beam deflection (as area–moment, integration by singularity
functions, graphical integration, and numerical integration). Appendix D contains a
summary of equations for deflection (as well as shear and moment) pertaining to
beams of uniform section with commonly encountered loads. More complete tables
are given in many handbooks, such as [4]. When more than one load is applied to a
beam (and its response is within the linear elastic range), the deflection at any point
on the beam is the sum of the individual deflections produced at that point by each
of the loads acting singly. This method of superposition (used with information such
as that provided in Appendix D) often provides the easiest and quickest solution to
beam deflection problems involving several loads.

For various reasons, many beams do not have a uniform cross section. For
example, machinery rotating shafts are usually “stepped,” as shown in Figure 5.14,
in order to accommodate the bearings and other parts assembled on the shaft. The
calculation of deflections in such beams is tedious using conventional methods.
Fortunately, these problems can be solved by numerical integration of the M/EI
curve with available software.

Now, because of computers, it is unusual for an engineer to solve stepped-shaft
deflection problems by “longhand” methods. The following sample problem is
included primarily to help the student understand the fundamental mathematical
manipulations involved. Such an understanding is vital to the intelligent engineering
using a computer program. Moreover, it is always well for the engineer to have the
satisfaction of knowing how to solve the problem without a computer, if this should
sometimes be necessary for simple cases.
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FIGURE 5.14
Deflection determination for an end-supported stepped steel shaft with two
concentrated loads (Sample Problem 5.3).
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The solution to Sample Problem 5.3 is based directly on the fundamental
equations:

(5.8)

The concepts involved in integrating or differentiating to obtain any one of the
preceding quantities from any of the others are fundamental, and the engineering
student is urged to study the following sample problem carefully. An understanding
of the solution to this problem will carry over to other fields that use essentially the
same differential equations. A prominent example is in dynamics, where successive
time derivatives of displacement give velocity, acceleration, and jerk.

SAMPLE PROBLEM 5.3 Deflection for a Stepped Shaft

The stepped shaft at the top of Figure 5.14 is made of steel (E = 207 GPa) and
loaded (as by gears or pulleys mounted on the shaft) with the 1.5- and 2.5-kN forces
shown. It is simply supported by bearings at each end. Determine the deflection at
all points along the shaft.

SOLUTION

Known: A stepped shaft with given loads and geometry.

Find: Determine the deflection at all points along the shaft.

Schematic and Given Data: See Figure 5.14.

Assumptions:
1. The zero slope of the deflection curve occurs at the midportion of the shaft.

2. The shaft deflection is elastic.

Analysis:
1. The bearing-supporting forces (2.2 and 1.8 kN) and the shear and moment

diagrams are determined as in Figure 2.11.

 Deflection at any point x = d

 Slope at any point x =
dd

dx
= u

 Bending moment at any point x =
d2d

dx2 EI = M

 Shear force at any point x =
d3d

dx3 EI = V

 Load intensity at any point x =
d4d

dx4 EI = w

208 Chapter 5 ■ Elastic Strain, Deflection, and Stability
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5.8 ■ Determining Elastic Deflections by Castigliano’s Method 209

2. Note carefully the key factors involved in the graphical integration of any curve
(as the shear diagram) to obtain the next lower curve (as the moment diagram).

a. The difference in ordinate values at any two points along the lower curve
(as the moment diagram) is equal to the area under the curve above it (as
the shear diagram) between these two points.

b. The absolute value of the ordinate of the lower curve is determined from
known end conditions. For example, the moment at the bearing supports is
known to be zero.

c. The slope at any point on the lower curve is equal to the ordinate of the
curve above.

3. To account for the differences in diameter along the shaft, each segment of the
moment curve is divided by the product EI for that segment. (Values of I for the
30-, 40-, 50-, and 60-mm segments are 39,761, 125,664, 306,796, and
636,173 mm4, respectively.)

4. When integrating the M/EI curve to obtain slope, we encounter the problem that
the location of zero slope is not known at this time. Visualizing or sketching a
rough deflection curve makes it clear that zero slope occurs somewhere in the
midportion of the shaft. Accordingly, an “initially assumed location of zero slope”
is chosen as shown. (Note: Final accuracy is not affected by this assumption—
zero slope could even be assumed at a bearing support.) Because of the assump-
tion, it is necessary to call the ordinate “relative slope.”

5. Integration of the slope curve to obtain deflection begins with the known loca-
tion of zero deflection at the left bearing support. If the estimated location of
zero slope is correct, the calculated deflection at the right support will also come
out to zero. In this instance the assumed zero-slope location is only slightly off.
To correct for this, connect the two known points of zero deflection with the
“true line of zero deflection.” Values of true deflection at any point must be mea-
sured perpendicularly from this line.

6. Finally, the correct location of zero slope is determined by drawing a line tan-
gent to the deflection curve, parallel to the “true line of zero deflection.” This
enables the “absolute slope” scale to be added.

Comment: In this case negligible error would have been introduced by eliminat-
ing the steps at the shaft ends; that is, the problem could have been simplified by
carrying out the 40- and 50-mm diameters to the ends.

Shaft design and analysis are discussed further in Chapter 17.

5.8 Determining Elastic Deflections by Castigliano’s Method

Situations frequently develop that make it necessary to compute elastic deflections
not covered by the simple cases given in Table 5.1, and involving more than the
bending loading treated in the previous section. Castigliano’s method is selected
here for dealing with these situations because of its versatility in handling a wide
range of deflection problems, and because it is also useful in determining redundant
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210 Chapter 5 ■ Elastic Strain, Deflection, and Stability

reactions (treated in the next section). The theorem underlying the method was pub-
lished as part of a thesis written by Alberto Castigliano while a student at the Turin
(Italy) Polytechnical Institute in the mid-nineteenth century.

Figure 5.15 shows an elastic load–deflection curve for the completely general
case. The load can be any force or moment with the displacement being the corre-
sponding linear or angular displacement. The light-blue area (U) under the curve is
equal to the stored elastic energy. The darker blue area (U¿) is known as the com-
plementary energy. By simple geometry,

that is, stored elastic energy is equal to deflection times average force. The additional
energy associated with incremental load dQ is

Solving for the deflection, ¢, we have

In the general case, Q may be only one of many loads acting on the member. The
deflection in the direction of Q and at the point where Q is applied is found by tak-
ing the derivative while all other loads are held constant. Thus the general equation
for deflection, which constitutes Castigliano’s theorem, is

(5.9)

The great importance of this simple equation justifies restating it in words.

When a body is elastically deflected by any combination of loads, the deflection
at any point and in any direction is equal to the partial derivative of strain
energy (computed with all loads acting) with respect to a load located at that
point and acting in that direction.

The theorem can be used to find a deflection at any point and in any direction,
even if there is no load at that point and in that direction. It is only necessary to apply
an imaginary load (force or moment), commonly designated as Q, at the point and
in the direction desired and to solve for deflection as a function of Q. After this
expression is obtained, Q is equated to zero to obtain the final answer.

¢ = 0U/0Q

¢ = dU/dQ

dU¿ = dU = ¢ dQ

U = U¿ = Q¢/2

0 ∆
Deflection

Area = U'

Area = U

Area = dU

dQ

QLoad

Area = dU'

FIGURE 5.15
General load–deflection curve for elastic range.
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TABLE 5.3 Summary of Energy and Deflection Equations for Use with Castigliano’s Method

Energy Equation
for Special Case
Where All Three

Factors Factors Are General Energy General Deflection
Load Type Involved Constant with x Equation Equation
(1) (2) (3) (4) (5)

Axial P, E, A

Bending M, E, I

Torsion T, G, K¿

Transverse shear V, G, A
(rectangular
section)

a Change constant to 1 for quick estimates involving nonrectangular sections [3].6
5

¢a = L
L

0

6V(0V/0Q)

5GA
dxU = L

L

0

3V2

5GA
dxU =

3V2L

5GA

¢ = L
L

0

T(0T/0Q)

GK¿
dxU = L

L

0

T2

2GK¿
dxU =

T2L

2GK¿

¢ = L
L

0

M(0M/0Q)

EI
dxU = L

L

0

M2

2EI
dxU =

M2L

2EI

¢ = L
L

0

P(0P/0Q)

EA
dxU = L

L

0

P2

2EA
dxU =

P2L

2EA

In all but the simplest cases, the expression for U in Eq. 5.9 will involve more
than one term, each of which expresses the energy associated with one component
of loading. The equations for elastic strain energy associated with the various types
of loading are summarized in the third and fourth columns of Table 5.3. To review
where these come from, consider the case of axial loading. As was noted in
Figure 5.15,

For the particular case with an axial load, designated as P, and an axial deflection,
designated d,

(a)

But, from case 1 in Table 5.1,

(b)

Substitution of Eq. b into Eq. a gives

(c)

For a bar of length L that has a varying cross section and possibly a varying modu-
lus of elasticity,

(d)

The other equations in Table 5.3 are similarly derived (see [3]).

U = L
L

0

P2

2EA
dx

U = P2L/2EA

d = PL/AE

U = Pd/2

U = Q¢/2
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L/2 P/2P/2

x dx

L

P

b

h

FIGURE 5.16
Sample Problem 5.4—simply loaded, simply supported beam.

The most straightforward application of Castigliano’s method consists of
(1) obtaining the proper expression for all components of energy, using the equa-
tions for U in Table 5.3, and then (2) taking the appropriate partial derivative to
obtain deflection. It is recommended that the student work one or two problems in
this way to be sure that the basic procedure is clearly understood. A shorter and
more expedient solution can often be obtained by applying the technique of differ-
entiating under the integral sign, represented by the deflection equations in the final
column of Table 5.3.

Sample Problems 5.4 and 5.5 illustrate a comparison of the preceding two pro-
cedures. Several examples are included to illustrate the wide variety of problems to
which Castigliano’s theorem can be applied. The student is urged to study each of
them carefully. Note that the key part of the solution is always setting up the proper
expressions for load. After that, the mathematical manipulation is routine.

SAMPLE PROBLEM 5.4 Simply Supported Beam with Concentrated Center Load

Determine the deflection at the center of a centrally loaded beam, shown in
Figure 5.16.

SOLUTION

Known: A simply supported rectangular beam of known geometry is centrally
loaded with a given concentrated force.

Find: Determine the deflection at the center of the beam.

Schematic and Given Data:

Assumption: The deflections are elastic.

Analysis 1:
1. First, compute energy; then take the partial derivative to get deflection. The

beam experiences two kinds of loading—bending and shear—with magnitudes
at any point x (see Figure 5.16) of

M =
P

2
x and V =

P

2
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2. Correspondingly, the equation for energy has two terms:

3. Taking the partial derivative to obtain deflection, we have

Comments: Before continuing, three points in this analysis merit attention.

1. The equation for bending load, M = Px/2, is valid only between x = 0 and
x = L/2. The simplest way to handle this situation was to recognize that the
beam is symmetrical about the center, with energy in the right and left halves
being equal. Hence, we accounted for bending energy by integrating between 0
and L/2 and doubling.

2. Since V, G, and A are all constant with x, we could obtain the transverse shear
energy term more quickly by using the equation in column 3 of Table 5.3. (This
is illustrated in Analysis 2.)

3. The final answer, consisting of two terms, may surprise those who recognize
the first term only as being the traditional deflection equation for this case.
Obviously, when one uses only the first term, the deflection caused by trans-
verse shear is neglected. As will be seen in Sample Problem 5.5, this is justi-
fied in almost all cases. However, it is important for the engineer to be aware
of neglecting the shear term. And whenever there is any doubt about the shear
term being negligible, Castigliano’s method enables us to evaluate its magni-
tude quickly.

Analysis 2:
1. Compute deflection by differentiating the bending term under the integral sign,

and using column 3 of Table 5.3 for the shear term.

2. As in the first solution, write the equations for the two kinds of loading present
(at any location x along the beam):

M =
P

2
x and V =

P

2

d =
0U
0P

=
PL3

48EI
+

3PL

10GA

=
P2L3

96EI
+

3P2L

20GA

=
P2

4EI L
L/2

0
x2 dx +

3P2

20GA L
L

0
dx

= 2L
L/2

0

P2x2

8EI
dx + L

L

0

3(P/2)2

5GA
dx

U = 2L
L/2

0

M2

2EI
dx + L

L

0

3V2

5GA
dx
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3. Again, handling the bending term by integrating over half the length and then
doubling, we determine deflection directly:

SAMPLE PROBLEM 5.5 Comparison of Bending and Shear Terms 
in Sample Problem 5.4

Using the formula derived in Sample Problem 5.4, evaluate the magnitude of the two
deflection terms when P = 5000 N, L = 400 mm, b = 25 mm, h = 50 mm, and
the beam is made of steel, having E = 207 GPa and G = 80 GPa (Figure 5.17).

SOLUTION

Known: The formula is given for the deflection of a simply supported beam with
known concentrated central load and known geometry.

Find: Determine the magnitude of the bending and the shear deflection terms.

Schematic and Given Data:

=
PL3

48EI
+

3PL

10GA

=
P

2EI
B (L/2)3

3
- 0R +

3PL

10GA

=
2

EI L
L/2

0

Px2

4
dx +

3PL

10GA

=
2

EI L
L/2

0

Px

2

x

2
dx +

0
0P
¢3(P/2)2L

5GA
≤d = 2L

L/2

0

M(0M/0P)

EI
dx +

0
0P

 (U for transverse shear)

200 mm 2500 N2500 N
L = 400 mm

P = 5000 N

b = 25 mm

h = 50 mm

FIGURE 5.17
Sample Problem 5.5—simply loaded, simply supported beam.
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L

P

h

b
x

c

a

y

Q

FIGURE 5.18
Sample Problem 5.6—end-loaded, 90° bent
cantilever beam.

Assumption: The deflections are elastic.

Analysis: The deflection at the center of a centrally loaded beam is

Comments:
1. This problem suggests the general rule that

For rectangular-section beams of length at least eight times depth, transverse
shear deflection is less than 5 percent of bending deflection.

2. It is unusual for transverse shear to make a significant contribution to any engi-
neering deflection problem.

SAMPLE PROBLEM 5.6 Use of Dummy Load

Determine the vertical deflection at the free end of the 90° bent cantilever shown in
Figure 5.18.

SOLUTION

Known: The general geometry and loading of a cantilever beam with a 90° bend is
known.

Find: Determine the vertical deflection at the free end of the beam.

Schematic and Given Data:

= (1.237 * 10-4) + (6.000 * 10-6) = 1.297 * 10-4 m

=
5000(0.400)3

48(207 * 109)B25(50)3

12
* 10-12R +

3(5000)(0.400)

10(80 * 109)(0.025)(0.050)

d =
PL3

48EI
+

3PL

10GA
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Assumptions:
1. The deflections are elastic.

2. The transverse shear deflection term is negligible.

Analysis:
1. Since there is no given load acting at the point and in the direction of the desired

deflection, such a load must be added (Q in Figure 5.18).

2. If transverse shear is neglected, four components of energy are present.

i. Bending in portion ab, where Mab = Py (note that y was arbitrarily defined
so as to give a simple expression for Mab).

ii. Bending in portion bc, where Mbc = Qx + Ph (again, x was arbitrarily
defined for convenience).

iii. Tension in ab, of magnitude Q.1

iv. Compression in bc, of magnitude P.1

3. Deflection for each of the four terms i through iv is determined as

4. Now that the partial derivatives have been taken, we can set

to simplify the remaining mathematics:

Comment: The solution to this problem by (1) evaluating energy, U, and then
(2) taking the partial derivative, is of comparable length and constitutes a good exer-
cise for those not previously acquainted with Castigliano’s method.

d = 0 + L
L

0

Phx

EI
dx + 0 + 0, d =

PhL2

2EI

Q = 0

= L
h

0

(Py)(0)

EI
dy + L

L

0

(Qx + Ph)x

EI
dx +

Qh

EA
+ L

L

0

P(0)

EA
dx

+ L
h

0

Q(0Q/0Q)

EA
dx + L

L

0

P(0P/0Q)

EA
dx

d = L
h

0

Mab(0Mab/0Q)

EI
dy + L

L

0

Mbc(0Mbc /0Q)

EI
dx

1 It is noted in Sample Problem 5.8 that axial loading terms are almost always negligible if bending
terms, torsion terms, or both are present. The axial loading terms are included here to illustrate general
procedure.
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FIGURE 5.19
Sample Problem 5.7—piston ring loaded by an expander.

SAMPLE PROBLEM 5.7 Tangential Deflection of a Split Ring

Figure 5.19a shows a piston ring being expanded by a tool to facilitate installation. The
ring is sufficiently “thin” to justify use of the straight-beam bending formula. Derive an
expression relating the separating force F and the separation d. Include all terms.

SOLUTION

Known: The general geometry and force of separation for a piston ring is known.

Find: Develop an expression relating separating force and deflection.

Schematic and Given Data:

Assumptions:
1. The deflections are elastic.

2. The ring remains in the plane of the applied loads (no buckling).

Analysis:
1. Figure 5.19b shows a typical segment of the ring bounded by angle u (defined in

the figure) as a free body. The deflection has three components: those caused by
bending, axial load (compression in the bottom half, tension in the top), and trans-
verse shear. Corresponding equations are

V = F sin u

P = F cos u

M = FR(1 - cos u)
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2. The preceding equations are valid for all values of u. Hence, we can integrate
from 0 to 2p:

Comments:
1. In the preceding solution the values of the definite integrals were written

directly, without the bother (and possibility for error) of integrating the expres-
sions and then substituting upper and lower limits. Evaluation of definite inte-
grals such as these can be accomplished expediently by taking advantage of the
elementary graphical interpretations in Figure 5.20. Such figures can be repro-
duced readily from the simplest concepts of integral calculus, thereby avoiding
dependence on memory or integral tables.

2. Note that the ring is symmetrical about the vertical but not the horizontal axis.
Hence, we could have integrated between 0 and p and then doubled each integral,
but we could not have integrated between 0 and p/2 and then multiplied by 4.

=
3pFR3

EI
+
pFR

EA
+

6pFR

5GA

=
FR3

EI
(2p - 0 + p) +

RFp

EA
+

6FRp

5GA

+
6FR

5GA L
2p

0
 sin2 u du

=
FR3

EI L
2p

0
(1 - 2 cos u + cos2 u) du +

FR

EA L
2p

0
 cos2 u du

+
6

5GA L
2p

0
F(sin2 u)R du

=
1

EI L
2p

0
FR(1 - cos u)R(1 - cos u)R du +

1

EA L
2p

0
F(cos2 u)R du

d =
1

EI L
2p

0
M

0M
0F
R du +

1

EA L
2p

0
P

0P
0F
R du +

6

5GA L
2p

0
V

0V
0F
R du
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FIGURE 5.20
Graphical evaluation of defining integrals, such as those encountered in Sample
Problem 5.7.

SAMPLE PROBLEM 5.8 Comparison of Terms in Solution to Sample Problem 5.7

Determine the numerical values for deflection in Sample Problem 5.7 if R = 2 in.,
b = 0.2 in., h = 0.3 in., and the ring is made of cast iron, having E = 18 * 106 psi
and G = 7 * 106 psi.
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220 Chapter 5 ■ Elastic Strain, Deflection, and Stability

Assumptions:
1. The deflections are elastic.

2. The ring remains in a plane with the applied loads (no buckling).

Analysis: For the dimensions given, A = 0.06 in.2 and I = 0.00045 in.4.
Substitution of these values in the deflection equation of Sample Problem 5.7 gives

Comments:
1. The analysis reveals that the first term in the deflection equation contributes

99.7% of the deflection.

2. This problem illustrates the general rule that

If bending terms, torsion terms, or both are present, axial and transverse shear
terms are almost always negligible.

Note the hedging is saying “almost always.” A nice thing about Castigliano’s
method is that should an unusual situation be encountered for which axial and
transverse shear terms may be important, they can readily be evaluated.

3. Inspection of the first term in the deflection equation reveals that the approxi-
mate deflection is d = 3pFR3/EI. The effect of the ring radius R, width h, and
the modulus of elasticity E, can be explored by computing and plotting the
deflection for h = 0.2 to 0.5, R = 1.0 to 3.0, and a modulus of elasticity E of
copper, cast iron, and steel, with F = 1 lb—see Figures 5.21b and c.

d = (930 + 0.58 + 1.79)F * 10-5 in.

F

h = 0.3 in.

b = 0.2 in.

E = 18 × 106 psi
G = 7 × 106 psi

F

R = 2.0 in.

�

2R = 4 in.

FIGURE 5.21a
Sample Problem 5.8—piston ring
loaded with force F.

SOLUTION

Known: The dimension and material properties for a piston ring are given.

Find: Determine the magnitude of the deflection.

Schematic and Given Data:
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Deflection of piston ring versus ring radius (F = 1 lb).
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FIGURE 5.21b
Deflection of piston ring versus ring width (F = 1 lb).
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222 Chapter 5 ■ Elastic Strain, Deflection, and Stability

4. Analytically, since I = bh3/12, deflection d ' 1/h3. The plot of d vs. h shown
in Figure 5.21b also reveals this relationship.

5. The effect of thickness b and width h on deflection d can be explored by com-
puting and plotting the deflection for b = 0.1 to 0.3, h = 0.2 to 0.5, R = 2.0,
and a modulus of elasticity E of cast iron, with F = 1 lb—see Figure 5.21d.

6. An important additional required calculation is to determine whether yielding of
the piston ring takes place during deflection, because yielding would make the
deflection equation invalid. Since the radius of curvature of the beam (ring) is
large compared to the beam (ring) thickness, a straight beam analysis can be
employed. The maximum bending stress is given by s = Mc/I + F/A, where
M = 2FR. As an example, with F = 1 lb, b = 0.2 in., h = 0.3 in., R = 2 in.,
d = 932.37 * 10-5 in., we have s = 1333.33 + 16.67 = 1350 psi.

5.9 Redundant Reactions by Castigliano’s Method

As noted in Chapter 2, a redundant reaction is a supporting force or moment that is
not necessary for equilibrium. Thus, as the magnitude of a redundant reaction is var-
ied, deflections change but equilibrium remains. Castigliano’s theorem tells us that
the deflection associated with any reaction (or applied load) that can be varied with-
out upsetting equilibrium is equal to the partial derivative of total elastic energy with
respect to that reaction (or load). In the previous section, the loads were all known
and a desired deflection solved for. In this section, the deflection is known and we
will solve for the corresponding load. Again, the procedure is best understood by
careful study of typical sample problems.

SAMPLE PROBLEM 5.9 Guy Wire Tension to Prevent Pole Deflection

Figure 5.22 represents a pole supporting an eccentric mass. The pole is “fixed” at the
bottom and supported horizontally by a guy wire at point a. What tension F in the
guy wire is required to make the pole deflection equal to zero where the wire is
attached?

SOLUTION

Known: The geometry is given for a pole that supports a known eccentric mass and
is loaded horizontally by a guy wire that makes the pole deflection zero at the point
of wire attachment.

Find: Determine the tension in the guy wire.
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F

3 m

10 m

y
a

Point of zero
deflection

1.2 m

500 kg mass

FIGURE 5.22
Sample Problem 5.9—eccentrically loaded,
redundantly supported column.

Schematic and Given Data:

Assumptions:
1. The deflections are elastic.

2. No buckling takes place.

3. The pole is on the earth, where the acceleration of gravity is 9.8 m/s2.

Analysis:
1. Since the gravitational acceleration is 9.8 m/s2, the gravitational force on the

mass is 4900 N.

2. Tension F is a redundant reaction (i.e., the pole would be in equilibrium without
the guy wire), and the deflection at the point where F is applied and in the direc-
tion of F is to be zero. Hence, the partial derivative of the total elastic energy in
the system with respect to F must be zero.

3. Before writing the complete expression for energy, let us omit terms that will
later drop out because their partial derivatives with respect to F are zero. This
will be true of all terms representing energy in the pole above point a and the
term for compression of the pole below a. The only remaining terms represent
the bending energy below a.

4. Defining y for convenience as shown in Figure 5.22, we have, for this bending
term,

5. Bending energy below point a is

6. The horizontal deflection at point a is

d = 0 =
0U
0F

=
1

2EI
(-52,920 + 18F)

=
1

2EI
(58802 * 3 - 52,920F + 9F2)

U = L
3

0

M2

2EI
dy =

1

2EI L
3

0
(58802 - 11,760Fy + F2y2) dy

M = (4900 N)(1.2 m) - Fy or M = 5880 - Fy
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224 Chapter 5 ■ Elastic Strain, Deflection, and Stability

Because E and I can only have finite values, the term in parentheses must be
equal to zero, giving F = 2940 N.

Comment: Note the seemingly remarkable result that the answer is completely
independent of E and I. The stiffness of the pole is not a factor so long as the deflec-
tion does not cause the moment arm of the gravity force to differ significantly from
1.2 m. This is a condition that applies to all Castigliano problems. The load equations
are written in terms of a given geometry. To the degree that subsequent deflections
alter the geometry, errors are introduced into the load equations that cause corre-
sponding errors in the computed deflection. Although this should be kept in mind, it
is seldom a cause for concern in engineering problems.

SAMPLE PROBLEM 5.10 Deflection of Redundantly Supported Bracket

Determine the deflection at the load P for the three-sided bracket shown in
Figure 5.23. The bracket has the same material and cross section throughout.

SOLUTION

Known: The general geometry is given for a three-sided bracket loaded at the center.

Find: Develop an expression for the deflection at the location of the applied load.

Schematic and Given Data:

P/2

a x

y

b
2

a

3'

2'

1

2

3

b
2

Pa/2

M0

P/2

P

P/2

P/2

M0

M0

Pa/2

M0

P/2
M0

P/2

M0

(a)

(b)

P

FIGURE 5.23
Sample Problem 5.10—centrally loaded rectangular bracket.
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Assumptions:
1. The deflections are elastic.

2. The deflection contribution from transverse shear can be ignored.

Analysis:
1. Figure 5.23b shows an exploded view of each portion of the bracket as free bod-

ies in equilibrium. All loads can be expressed in terms of P and dimensions a
and b except for redundant moment M0. We must determine an expression for
M0 before Castigliano’s theorem can be applied to determine the deflection.

2. To visualize more clearly the redundant moment M0, we may find it helpful to
consider the following. Imagine that instead of being welded to the fixed vertical
support, the bracket slips into bushings or bearings mounted in this support.
Then, when load P is applied, deflections in the bracket will cause a slight rota-
tion of the ends that extend inside the bushings. Now, imagine that with load P
applied, pipe wrenches are placed adjacent to the fixed support on each end of the
bracket, and just enough torque is applied to rotate the ends back to their original
positions. The wrenches are then providing the redundant reaction torque, M0.
With the bracket welded to the vertical support before the load is applied, this
redundant torque is applied to the bracket by the support, through the weld.

3. Castigliano’s method will now be used to determine M0 as the torque necessary to
enforce zero angular deflection at the points of bracket attachment.

4. When writing expressions for the various load terms, take advantage of symme-
try; energies in the right and left halves of the bracket are identical. Dimensions
x and y in Figure 5.23a may be defined as desired, and this is done to simplify
the load equations. With transverse shear assumed to be negligible, three
sources of energy are present. Considering the right side only, these are

Bending between 1 and 2, where M1,2 = -M0 + Px/2.

Bending between 2 and 3, where M2,3 = Py/2.

Torsion between 2 and 3, where T2,3 = M0.

5. Writing directly the equation for a zero angular deflection at the point where M0
is applied, we have

Canceling the 2’s and substituting values gives

Integrating and substituting limits gives

0 =
1

EI
¢M0b

2
-

Pb2

16
≤ + 0 +

M0a

GK¿

0 =
1

EI L
b/2

0
a -M0 +

Px

2
b (-1) dx +

1

EI L
a

0

Py

2
(0) dy +

M0a

GK¿

u = 0 = 2L
b/2

0

M1,2(0M1,2/0M0)

EI
dx + 2L

a

0

M2,3(0M2,3/0M0)

EI
dy + 2

T2,3a

GK¿
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226 Chapter 5 ■ Elastic Strain, Deflection, and Stability

Solving for M0, we have

which reduces to

6. In proceeding to determine the deflection, we find the algebra a bit more manage-
able by letting M0 = PZ, where Z is a constant defined by

(e)

7. The same three energy terms are involved as before. This time the partial
derivative is taken with respect to P, and the result is the desired deflection:

Evaluation of the three definite integrals yields

8. Substitution of Eq. e into the preceding gives, after routine but admittedly
tedious algebra,

Comment: At first glance, this sample problem might appear to belong more
properly in Section 5.8. Careful study shows, of course, that the desired deflection
cannot be computed without first evaluating the redundant torsional reaction.

d =
P

48EI
(b2 + 8a3) -

Pb4GK¿
64EI(bGK¿ + 2aEI)

d =
P

EI
¢Z2b -

Zb2

4
+
b2

48
≤ +

P

EI

a3

6
+

2PZ2a

GK¿

+
2

GK L
a

0
(PZ)(Z) dy

=
2

EI L
b/2

0
a -PZ +

Px

2
b a -Z +

x

2
b dx +

2

EI L
a

0

Py

2

y

2

+
2

GK L
a

0
T2,3

0T2,3

0P
dy

d =
2

EI L
b/2

0
M1,2

0M1,2

0P
dx +

2

EI L
a

0
M2,3

0M2,3

0P
dy

Z =
b2GK¿

8(bGK¿ + 2aEI)

M0 =
Pb2GK¿

8(bGK¿ + 2aEI)

M0a b2EI
+
a

GK¿
b =

Pb2

16EI
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FIGURE 5.24
Initially straight column in
Euler buckling.

5.10 Euler Column Buckling—Elastic Instability

We normally think of deflections within the elastic range as varying linearly with
load. Several notable exceptions occur, all of which involve subjecting relatively
long, thin portions of material to compressive stress. Perhaps the most common of
these are long, slender columns loaded in compression. Examples include columns
in buildings, structural compression links (as in bridges), piston connecting rods,
coil springs in compression, and jack screws. These correspond to the general case
treated by Leonhard Euler (pronounced oil’er) in 1744 when he published the first
known treatise on elastic stability.

Euler’s analysis pertains to Figure 5.24, which shows a long, slender column—
such as an ordinary yardstick—loaded in compression. Euler assumed the ideal case
of a perfectly straight column, with the load precisely axial, the material perfectly
homogeneous, and stresses within the linear elastic range. If such a column is loaded
below a certain value, Pcr , any slight lateral displacement given to the column (as
shown exaggerated in Figure 5.24) results in an internal elastic restoring moment
more than adequate to restore straightness to the column when the lateral displacing
force is removed. The column is then elastically stable. When Pcr is exceeded, the
slightest lateral displacement results in an eccentric bending moment Pe, greater
than the internal elastic restoring moment and the column collapses. Thus, loads in
excess of Pcr render the column elastically unstable.

Euler’s classical equation for Pcr is derived in almost all texts in strength of
materials. We give it here without repeating the derivation:

(5.10)Pcr =
p2EI

L2
e
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228 Chapter 5 ■ Elastic Strain, Deflection, and Stability

where

E = modulus of elasticity

I = moment of inertia of the section with respect to the buckling–bending
axis. This is the smallest value of I about any axis, as illustrated in
Figure 5.24.

Le = equivalent length of column. This is the same as the actual length, L, for
the hinged end connections shown in Figure 5.24. Values of Le for
columns having other end conditions are given in the next section.

Substituting into Eq. 5.10 the relationship I = Ar2 (i.e., moment of inertia = area
times radius of gyration squared2) gives

(5.11)

where the ratio, Le/r, is known as the slenderness ratio of the column. Note that
this equation gives the value of the P/A stress at which the column becomes elas-
tically unstable. It has nothing to do with the yield strength or ultimate strength of
the material.

Equation 5.11 is plotted in Figure 5.25 using log-log coordinates. Note that this
single straight line represents a general relationship that applies to all (elastic) mate-
rials. Being dimensionless, Eq. 5.11 is equally usable for either SI or English units.

Scr =
Pcr

A
=
p2E

(Le/r)
2 or 

Scr

E
=
p2

(Le/r)
2

Slenderness ratio Le /�

10 100
0.0001

0.001

0.010

Scr
E

0.100

FIGURE 5.25
Log-log plot of Euler Eq. 5.11
(dimensionless, hence applies to all
materials within their elastic
range).

2 Various symbols are used for radius of gyration, the most common one being r. The symbol r is used
here (and in some other references) to avoid confusion with the actual radius of a round-section column
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FIGURE 5.26
Euler column buckling curves illustrated for two values of E and Sy .

The plot shows that the critical buckling P/A load, as a percentage of the modulus
of elasticity, depends only on the slenderness ratio.

Euler curves corresponding to the elastic modulus of steel and of aluminum are
plotted on linear coordinates in Figure 5.26. Also shown are direct compressive yield
curves for Sy = 496 MPa (72 ksi) and Sy = 689 MPa (100 ksi). A steel compression
member having a yielding strength of 689 MPa would, according to Euler theory, fail
if its combination of loading and geometry plotted above curve ACE. Similarly, an
aluminum member having a yield strength of 496 MPa would theoretically fail under
conditions plotting above curve BDF. We will see in Section 5.11 that in real life,
failures would be expected to occur at lower values of P/A, particularly in the regions
of transition points C and D.

5.11 Equivalent Column Length for Various End Conditions

Euler’s analysis indicates that the theoretical shape of the deflection curve in
Figure 5.24 is one-half sine wave. In order to use a single Euler equation—as (5.10)
or (5.11)—for all end conditions, it is customary to work with equivalent column
length, defined as the length of an equivalent column, pinned at both ends (or the
length corresponding to a half sine wave, or the length between points of zero bend-
ing moment).

Figure 5.27 shows the most common types of column end conditions. The the-
oretical values of equivalent length correspond to absolute rigidity of all fixed ends
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230 Chapter 5 ■ Elastic Strain, Deflection, and Stability

(i.e., zero rotation due to the bending reaction). In actual practice this can only be
approached; hence, columns having one or both ends fixed always have equivalent
lengths longer than the theoretical. The “minimum AISC recommendations” tabu-
lated in Figure 5.27 apply to end constructions where “ideal conditions are approx-
imated.” When fixed end attachments are less rigid, judgment must be used. If
rigidity is questionable, it is sometimes prudent to make the conservative assump-
tion that bending rigidity of the “fixed” support is negligible and therefore equiva-
lent to a pinned end.

5.12 Column Design Equations—J. B. Johnson Parabola

Because of inevitable deviations from the ideal situation represented by the curves
ACE and BDF in Figure 5.26, column failures occur at smaller loads than predict-
ed by theory, particularly in the vicinity of points C and D. Many empirical mod-
ifications have been proposed to deal with this. Some of these are embodied in
codes that pertain to the design of specific equipment involving columns. Perhaps
the most widely used modification is the parabola proposed by J. B. Johnson
around the turn of the 20th century. This is shown for two cases in Figure 5.28.
The equation of the parabola is

(5.12)Scr =
Pcr

A
= Sy -

S2
y

4p2E
¢Le
r
≤2

L

Le

(b)

L Le

(c)

Le = L

(a)

(Buckled
shape shown
dotted)

L Le

(d)

L
Le
2

(e)

Le = 0.707L Le = 0.5LLe = L Le = L Le = 2LTheoretical

Le = 0.80L Le = 0.65LLe = L Le = 1.2L Le = 2.1L

Minimum
AISC
Recommend

Source: From Manual of Steel Construction, 7th ed., American Institute of Steel Construction, Inc., New York, 1970, pp. 5–138.

FIGURE 5.27
Equivalent column lengths for various end conditions.
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FIGURE 5.28
Euler and Johnson column curves illustrated for two values of E
and Sy (used in Sample Problems 5.11 and 5.12).

Although there is much scatter in the test data, the Johnson parabola has been found
to agree reasonably well with experimental results.

As illustrated in Figure 5.28, the parabola is always tangent to the Euler curve
at the point (Scr , Le/r) where

(5.13)

This tangency point often serves to distinguish between “intermediate” columns
(parabola range) and “long” columns (Euler range). “Short” columns are commonly
regarded as those having Le/r less than 10, in which case the critical unit load can
be taken as Sy .

Equation 5.12 was written to correspond to the general equation of a parabola:

Sometimes constants other than those of Eq. 5.12 are used in order to obtain a bet-
ter fit with specific experimental data.

y = a - bx2

Scr =
Sy

2
 and 

Le
r

= ¢2p2E

Sy
≤1/2
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80,000 N 80,000 N

D

1 m

SF = 2.5
Sy = 689 MPa
E = 203 GPa (steel)

FIGURE 5.29
Solid round steel connecting rod in compression (used in
Sample Problem 5.11).

SAMPLE PROBLEM 5.11 Determine the Required Diameter of a Steel
Connecting Rod

An industrial machine requires a solid, round connecting rod 1 m long (between
pinned ends) that is subjected to a maximum compressive force of 80,000 N. Using
a safety factor of 2.5, what diameter is required if steel is used, having properties of
Sy = 689 MPa, E = 203 GPa?

SOLUTION

Known: A 1-m-long steel rod (Figure 5.29) of known elastic modulus, yield
strength, and safety factor is compressed by a specified force.

Find: Determine the rod diameter.

Schematic and Given Data:

Assumptions:
1. The rod is straight.

2. The pinned ends act to create an effective rod length of 1 m.

3. The rod does not fail from compressive stress.

4. The buckling capacity of the material corresponds to line AE of Figure 5.28.

5. The Euler relationship applies.

Analysis: As assumed, the material corresponds to line AE of Figure 5.28, rod con-
struction corresponds to Le = L = 1 m. In addition, tentatively assuming that the
Euler relationship applies, we have

where the design overload, P, is 80,000 N * 2.5 or 200,000 N and where A is the
cross-sectional area and r the radius of gyration. For the solid round section speci-
fied here,

A = pD2/4, r = D/4

P

A
=
p2E

(Le/r)
2
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80,000 N 80,000 N

D

200 m

SF = 2.5
Sy = 496 MPa
E = 71 GPa (aluminum)

FIGURE 5.30
Aluminum connecting rod (used in Sample
Problem 5.12).

Hence,

Comments:
1. The calculated diameter gives a slenderness ratio of

2. Figure 5.28 shows that with the calculated slenderness ratio we are well beyond
the tangent point on curve AE and into the range where the Euler relationship
can indeed be applied. Hence, the final answer (slightly rounded off) is 38 mm.

SAMPLE PROBLEM 5.12 Required Diameter of an Aluminum Connecting Rod

Repeat Sample Problem 5.11, except reduce the length to 200 mm and use aluminum
with properties of Sy = 496 MPa, E = 71 GPa.

SOLUTION

Known: A 200-mm-long aluminum rod (Figure 5.30) of known elastic modulus,
yield strength, and safety factor is compressed by a specified force.

Find: Determine the rod diameter.

Schematic and Given Data:

Le
r

=
1

0.0378/4
= 106

D = ¢64PL2
e

p3E
≤1/4

= B 64(200,000)(1)2

p3(203 * 109)
R1/4

= 0.0378 m

4P

pD2 =
p2ED2

16L2
e

, 64PL2
e = p3ED4

Assumptions:
1. The rod is straight.

2. The pinned ends act to create an effective rod length of 200 mm.

3. The rod does not fail from compressive stress.

4. The buckling capacity of the material corresponds to line AE of Figure 5.28.

5. The Euler relationship applies.
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3 See almost any basic text in strength of materials.

Analysis:
1. Again, with the assumption that the column is in the Euler range,

2. Figure 5.28 shows that with the calculated slenderness ratio we have too
“short” a column for the Euler relationship to apply, and the Johnson equation
is applicable:

Comments:
1. The Euler equation predicted a required diameter of 22 mm, whereas the applic-

able Johnson equation shows that the required diameter will be greater than
22 mm, that is, 25 mm.

2. Compared with the answer to the previous sample problem in which the rod was
1 m long and made of steel, the result is about as expected.

5.13 Eccentric Column Loading—the Secant Formula

If the line of action of the resultant column load P does not pass through the cen-
troidal axis of the cross section, the column is loaded eccentrically. The distance
between the load axis and the column axis is the eccentricity e. When the eccentric
moment Pe is taken into account, the following analytical equation, known as the
secant formula, can be derived3:

Le
r

=
0.2(4)

0.025
= 32

D = ¢254,648 + 56,172

496 * 106 ≤1/2

= 0.025 m

254,648

D2 = (496 * 106) -
56,172

D2

200,000(4)

pD2 = (496 * 106) -
(496 * 106)2

4p2(71 * 109)

(0.2)2(16)

D2

P

A
= Sy -

S2
y

4p2E
a
L

r
b

2

, A =
pD2

4
, r =

D

4

Le
r

=
0.20

0.0220/4
= 36.4

D = ¢64PL2
e

p2E
≤1/4

= B64(200,000)(0.2)2

p3(71 * 109)
R1/4

= 0.0220 m
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FIGURE 5.31
Comparison of secant and Euler formulas for E = 207 GPa,
Sy = 400 MPa.

(5.14)

where c is the distance from the neutral bending plane to the extreme fiber, and
where ec/r2 is known as the eccentricity ratio.

It is important to note that Eq. 5.14 pertains to buckling in the plane of bending
moment Pe. Hence, the radius of gyration, r, must be taken with respect to the cor-
responding bending axis. If this is not also the least radius of gyration, then we must
also check for buckling about the axis of least r, using the procedures for concentric
column loading described in the preceding sections.

To illustrate this point, suppose the column shown in Figure 5.24 is loaded with
a force whose line of action is displaced a small distance along the X axis. Although
this eccentricity increases any tendency to buckle about the Y axis, it has no effect on
buckling about the X axis. If the column section shown were more nearly square, it is
easy to visualize buckling about the Y axis for eccentricities (along the X axis) greater
than some critical value, and buckling about the X axis for smaller eccentricities.

The secant formula is inconvenient to use for design purposes because of the
involved way the various column dimensions appear in the equation. Curves, such as
those in Figure 5.31, can be prepared for eccentrically loaded column design and
analysis involving a material with specific values of E and Sy .

Scr =
Pcr

A
=

Sy

1 + (ec/r2) sec[(Le/r)2Pcr /4AE]
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4 Report of a Special Committee on Steel Column Research, Trans. Amer. Soc. Civil Engrs., 98 (1933).

The secant formula can also be used with centrally loaded columns if we
assume that some estimated small eccentricity would inevitably be present in any
realistic situation. An assumed eccentricity equal to Le/400 is sometimes sug-
gested [8]. For “centrally” loaded structural columns, an assumed eccentricity ratio
(ec/r2) of 0.025 is often used, as the result of an extensive study in 1933 by a
Committee of the American Society of Civil Engineers.4

5.14 Equivalent Column Stresses

As noted previously, column formulas (as the Euler and the Johnson) provide equa-
tions for Scr with which an applied P/A load can be compared. We can think of Scr
as being related to Sy by the equation

(a)

where a is a factor by which the compressive strength is reduced because of buck-
ling tendencies. For extremely short columns (as Le/r 6 10), a is essentially unity.
For longer columns, a takes on increasing values.

In the Euler range, it follows from Eq. 5.11 that

(5.15)

Similarly, in the Johnson range and using Eq. 5.12, we have

(5.16)

It is sometimes convenient to use a as a stress multiplier. Then, we compare aP/A
directly with Sy. This concept is particularly useful when working with combined
stresses. For example, if a direct compressive stress is involved in the calculation of sx
or sy in Eqs. 4.15 through 4.17, use aP/A to make allowance for the buckling tendency.

5.15 Other Types of Buckling

Columns designed for structures requiring very high strength–weight ratios fre-
quently use nonferrous materials not having a sharply defined yield point. For these
materials in particular, the gradual onset of yielding, as Scr is approached, progres-
sively reduces the slope of the stress–strain curve, with a resulting reduction in
effective elastic modulus, E. Methods have been developed based on the “tangent
modulus” concept for dealing more effectively with this situation.

a =
Sy

Scr
=

4p2E

4p2E - Sy(Le/r)2

a =
Sy

Scr
=
Sy(Le/r)

2

p2E

Scr =
Sy
a
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(a)
Wrinkling, or "accordion

buckling" of thin-wall tube

(b)
Typical local buckling of
an externally pressurized

thin-wall tube

(c)
Wrinkling of thin, unsupported
flanges of a channel section

FIGURE 5.32
Examples of local buckling.

The buckling stability of a long column of circular cross section can be greatly
increased with no increase in weight by redistributing the same material into a tubular
cross section. There is a limit to how far one can go in this direction because tubing with
a very thin wall tends to buckle locally—wrinkling in accordion fashion—while the
axis of the column itself may remain straight. This is illustrated in Figure 5.32a and
can readily be demonstrated using an ordinary sheet of paper and a little transparent
tape. The proportions are not at all critical, but try rolling an sheet 
into a tube long with either single thickness plus small overlap (about 

diameter) or double thickness (about diameter). If the paper is of
reasonable quality, the resulting “column” will easily support the weight of this
book. Pushing down on the book, using care to keep the load concentric, will cause
a wrinkling, or “accordion-type” failure. The best failure patterns are usually
obtained by pushing the book down quickly.

If a thin-wall tube is subjected to external pressure (as in boiler tubes, oil well
casings, vacuum tanks, suction pipes, etc.), the circumferential compressive stresses
can cause local buckling in the form of flutes or longitudinal corrugations, as shown
in Figure 5.32b. When we attempt to bend a thin-wall tube into a circular arc, com-
mon experience tells us that local buckling tends to occur on the compression side.
The desired bending can sometimes be accomplished by providing lateral support to
the compression surface, either externally by a special bending fixture, or internally
by filling with sand or other suitable material.

A thin plate bent in the form of an angle or channel can fail in local buckling or
wrinkling, as shown in Figure 5.32c. Similar failure can occur in a thin I-beam
flange which is bent and subjected to compression. A thin I-beam web can “wrinkle”
when high shear stress subjects it to compression. Shear-induced stress causes
similar wrinkling in components fabricated by means of stress-skin construction,
such as aircraft panels. (This may be permitted, to a degree, without harm.)

Appropriate formulas for dealing with a wide variety of local buckling situa-
tions have been summarized by [4, 9]. Analytical treatments are given in advanced
texts, as [5].

11/3-in.31/4-in.
81/2 in.

81/2 * 11-in.
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5See Mechanical Design in Organisms by Wainwright, Biggs, Currey, and Gosline, Wiley, New York, 1975.
6 This section is adapted from Y. C. Pao, Elements of Computer-Aided Design and Manufacturing, Wiley,
New York, 1984.

It is interesting to note that many columns appear in nature.5 Plant stems are
generally tubular, and well into the Euler range with values of Le/r equal to 150 or
more. Wall thicknesses are adequate to provide greater reserve for local buckling
than for general Euler buckling. The long bones of vertebrates provide interesting
studies in column design. An example is the eccentrically loaded human femur, the
thigh bone.

5.16 Finite Element Analysis6

5.16.1 Introduction

For generations, a matter of concern to engineers has been the determination of
stress and strains in machines and structures. Although Castigliano’s method of
Sections 5.8–5.9 computes elastic deflections and loads for more difficult problems
than those simple cases given in Table 5.1, the finite element method will solve prob-
lems when the component geometry is complex and cannot be modeled accurately
with standard strength of materials analyses. In these complex cases, the determina-
tion of stresses, strains, deformations, and loads favors the finite element method, an
approach that has broad applicability to different types of analyses (deformation,
stress, plasticity, stability, vibration, impact, fracture, etc.), as well as to different
classes of structures—shells, joints, frames—and components—gears, bearings, and
shafts, for examples.

The basic philosophy of the finite element method is discretization and approxi-
mation. Simply, the finite element method is a numerical approximation technique
that divides a component or structure into discrete regions (the finite elements) and the
response is described by a set of functions that represent the displacements or stresses
in that region. The finite element method requires formulation, solution processes, and
a representation of materials, geometry, boundary conditions, and loadings.

To treat adequately the subject of finite element analysis would require a far
more lengthy presentation than could possibly be justified in this text. Yet the sub-
ject is so important that any engineer concerned with the design and development of
mechanical and structural components should have at least a knowledge of its basic
principles. It is with this purpose in mind that the following introductory materials
on the finite element method are presented. We hope that the interested student will
find an opportunity to continue his or her study in this area.

5.16.2 Steps of Finite Element Analysis

Machine components can involve complicated geometric parts fabricated from dif-
ferent materials. In order to determine stresses, strains, and safety factors, a compo-
nent is divided into basic elements, each being of simple geometric shape and made
of a single material. Detailed analysis of each element is then possible. By knowing
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Beam

Triangle

Quadrilateral

Tetrahedron

Pentahedron

Hexahedron

FIGURE 5.33
Finite elements.

the physical interrelationships of the elements based on how they are assembled
together, an approximate but relatively accurate evaluation of the behavior of the com-
ponent can be determined. Some basic finite element shapes are shown in Figure 5.33.

Usually included in the finite element method of stress analysis are the following
steps:

1. Divide the part into discrete elements.

2. Define the properties of each element.

3. Assemble the element stiffness matrices.

4. Apply known external loads at nodes.

5. Specify part support conditions.

6. Solve the system of simultaneous linear algebraic equations.

7. Calculate stresses in each element.

Steps 1, 2, 4, 5, and 7 typically require input from the user of the finite element
analysis program.

As stated, the component (structure) is divided into an assemblage of individual
finite elements. The material properties of each element are defined. The forces and
displacements at the joints (nodes) are identified for each member. Each element has
its nodal forces, and when the members are connected, all the nodal forces combined
together at a joint equal the actual loads applied at that joint. For a stationary com-
ponent, the forces at each node must be in static equilibrium. Equations are devel-
oped to relate the nodal forces to the nodal displacements, and these equations
beside forces and deflections usually involve the modulus of elasticity of the mem-
ber, and its cross-sectional area and length. A stiffness coefficient is used to relate
nodal force to nodal displacement. The total force can be written in terms of the
deflections and the stiffness coefficients. The stiffness matrix [k( j)] of each element
is assembled into a structural stiffness matrix [K] that will model the structure. The
structural stiffness matrix equation is

(a)[K]{d} = {F}
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where {d} is the displacement vector and {F} is the force vector. From the solution
to Eq. (a), we obtain the nodal forces and the support reactions. From the forces,
geometry, and material properties, we can then calculate the stresses in each element.
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Problems

Sections 5.2–5.4

5.1 An equiangular strain gage rosette is mounted on a free and unloaded surface of
a component. The strains obtained from the rosette are 
0 = -0.0005 m/m,

120 = +0.0003 m/m, and 
240 = +0.001 m/m. Gage orientation angles are mea-
sured counterclockwise. Find the magnitude and orientation (with respect to the
0° gage), of the principal strains and check the results by plotting a Mohr circle.

5.2D Obtain manufacturers’ data on three different types of strain gages or photoelastic
products that could be used to measure the strain (stress). Explain the basic operat-
ing principles of each product and compare the advantages and disadvantages of
each. Consider sensitivity, accuracy, calibration, and cost.

5.3 The following readings are obtained from an equiangular strain gage rosette mounted
on a free and unloaded surface of a part: 
0 = +950, 
120 = +625, and 
240 = +300.
Gage orientation angles are mea-
sured counterclockwise, and strain
values are in micrometers per
meter (or microinches per inch)—
see Figure P5.3. Determine the
magnitude of the principal strains
and their orientation with respect
to the 0° gage. Check the results
with a Mohr circle.

[Ans.: 
1 = 0.0010, 
2 = 0.00025,

1 is 15° clockwise from 0° gage]


120 = +625


240 = +300


0 = +950

FIGURE P5.3
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5.4 An equiangular strain gage rosette mounted on a free and unloaded surface of a part
provides the following readings: 
0 = +1900, 
120 = +1250, and 
240 = +600.
Gage orientation angles are measured counterclockwise, and strain values are in
micrometers per meter (or microinches per inch). Determine the magnitude of the
principal strains and their orientation with respect to the 0° gage. Check the results
with a Mohr circle.

[Ans.: 
1 = 0.0020, 
2 = 0.0005, 
1 is 15° clockwise from 0° gage]

5.5D For the strains obtained from an equiangular strain gage rosette on a homoge-
neous material given in Sample Problem 5.1, use the calculator given at
http://www.vishaypg.com/micro-measurements/stress-analysis-strain-gauges/
calculator-list to determine the magnitude and orientation of the principal strains.
Compare the results with Sample Problem 5.1.

5.6 The following readings are obtained from a rectangular strain gage rosette mounted on
a free and unloaded surface: 
0 = +2000, 
90 = -1200, 
225 = -400. Gage orienta-
tion angles are measured counterclockwise, and strain values are in micrometers per
meter. Determine the magnitude of the principal strains and their orientation with
respect to the 0° gage. Check the results with a Mohr circle.

5.7 Repeat Problem 5.6 except use gage orientations and readings of 
0 = -300,

135 = -380, and 
270 = -200 (see Figure P5.7).

Problems 241

Section 5.5

5.8 Calculate the biaxial stresses s1 and s2 using Eq. 5.5 for the biaxial stress case,
where 
1 = .0020 and 
2 = –.0010 are determined experimentally on an aluminum
member of elastic constants, E = 71 GPa and v = 0.35. Also, determine the value for
the maximum shear stress.

5.9 Repeat Problem 5.8 except use a copper member of elastic constants, E = 121 GPa
and v = 0.33.

5.10 Repeat Problem 5.8 except use a titanium alloy member of elastic constants, E = 114
GPa and v = 0.33.

5.11 Repeat Problem 5.8 except use a magnesium alloy member of elastic constants,
E = 45 GPa and v = 0.35.

5.12 Repeat Problem 5.8 except use a nickel alloy member of elastic constants,
E = 207 GPa and v = 0.30.

5.13 Repeat Problem 5.8 except use a aluminum alloy member of elastic constants,
E = 72 GPa and v = 0.32.

5.14 An equiangular strain gage rosette is mounted on a free and unloaded surface of a
part made of steel. When loaded the gages read 
0 = +1900, 
120 = -700, and

240 = +300 micrometers per meter. Determine all principal stresses and strains and
draw Mohr circles for both stress and strain.


0 = –300


135 = –380


270 = –200


90 = –300


45 = –380


0 = –200

Gage readings Equivalent rosettes FIGURE P5.7
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5.15 Repeat Problem 5.14 except use a rectangular rosette mounted on a magnesium part
and gage readings of 
0 = -625, 
90 = 1575, and 
135 = -390 micrometers per
meter. (Gage angles are measured counterclockwise.)

5.16 Determine values of principal stresses and maximum shear stress for the following:
(a) Sample Problem 5.1, if the material is steel.
(b) Sample Problem 5.2, if the material is aluminum.
(c) Problem 5.3, if the material is titanium.
(d) Problem 5.6, if the material is steel.
(e) Problem 5.7, if the material is aluminum.

Section 5.6

5.17 A car trunk torsional spring is fabricated from a solid round steel shaft, 30 in. long
and 0.5 in. in diameter. Calculate the torsional spring constant.

5.18 Repeat Problem 5.17 except calculate the torsional spring constant for a diameter of
0.25 in. Also, show how the torsional spring constant varies with shaft diameter d.

5.19 What is the torsional spring constant (torque per degree of angular deflection) in
N # m/deg. for a solid round steel shaft 400 mm long if its diameter is
(a) 30 mm?
(b) 20 mm?
(c) 30 mm for half its length and 20 mm for the other half?

5.20 Figure P5.20 shows one end of a spring
attached to a pivoting rigid link. What is
the spring constant (newtons force per mil-
limeter deflection):

(a) With respect to a horizontal force
applied at A?

(b) With respect to a horizontal force
applied at B?

(c) With respect to a horizontal force 
applied at C?

5.21 What is the angular displacement
at the end of the 25-mm-diameter
shaft and the linear displacement
of point  A of Figure P5.21?

242 Chapter 5 ■ Elastic Strain, Deflection, and Stability

200 mm

25 mm-dia. steel

1000 N

100 mm

A

FIGURE P5.21

k = 5 N/mm

A

B

C

100 mm

100 mm

100 mm

F

F

F

FIGURE P5.20
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d = 30
d = 50 d = 40

4 kN

2 kN
100 200 150

FIGURE P5.26

a

Z

b

YX

F (used in Problem 5.27)

T (used in Problem 5.29)

Solid round rod of
properties E, G, A,

I, and J.

FIGURE P5.27

Section 5.8

5.27 The bracket in Figure P5.27 is loaded with a force in the Y direction, as shown. Derive
an expression for the deflection of the free end in the Y direction.

[Ans.: Fb3/3EI + Fa3/3EI + Fb2a/GJ plus generally negligible transverse shear terms]

Section 5.7

5.22 Repeat Problem 5.21 except for a force of 500 N.

5.23 Repeat Problem 5.21 except for a round bar diameter of 12.5 mm.

5.24 For a simply supported beam with two positions (A and B) show that the deflection
at point A from a load at point B and the deflection at point B from a load at point A
are proportional to the ratio of the loads at A and B. Also show that if the loads at A
and B are the same then the deflections at B and A (respectively) are the same. [Hint:
Refer to Appendix D-2, Case 2.]

5.25 A simply supported aluminum beam is found to deflect 0.4 in. at location A when a
force of 200 lb is applied at B. What force at A would be required to cause a deflec-
tion of 0.1 in. at point B?

5.26 Figure P5.26 shows a simply supported steel shaft subjected to two loads. Determine
the deflection at all points along the shaft.

c05.qxd  8/3/11  10:11 PM  Page 243



5.33 The helical lock washer in Figure P5.33 has material elastic properties of E and G,
and cross-sectional properties of A, I, and K¿ (J if the section is circular). What is its
spring rate with respect to the force P, which tends to flatten it? You may neglect
terms expected to be unimportant, but enumerate terms neglected.

[Partial ans.: d = pPR3/EI + 3pPR3/K¿G + 12pPR/5GA]

244 Chapter 5 ■ Elastic Strain, Deflection, and Stability

w = 200 lb/in.

d

5 in. 15 in. 5 in.

0.75d 0.75d

FIGURE P5.31

5.32 The structure shown (Figure P5.32) is fabricated by welding together three pieces of
square rod or tubing, each having the same cross-sectional area A, moment of iner-
tia I, and modulus of elasticity E. Derive an expression for the deflection between
the points where force is applied. Omit terms that are likely to be negligible but enu-
merate any such terms. (You may want to use symmetry.)

a

a F

F

b

FIGURE P5.32

5.28 Repeat Problem 5.27 for a steel solid round rod, and then calculate the deflection
at the free end in the Y direction if a = 10 in., b = 5 in., d = 0.50 in. diameter, and
F = 20 lb.

5.29 The bracket in Figure P5.27 is loaded with a torque about the Z axis, as shown.
Derive an expression for the resulting deflection of the free end in the Y direction.

[Ans.: Ta2/2EI]

5.30 Repeat Problem 5.29 and calculate the resulting deflection of the free end in the
Y direction for a steel solid round rod with a = 10 in., d = 0.50 in. diameter, and
T = 40 in.-lb.

5.31 Figure P5.31 shows a steel shaft supported by self-aligning bearings and subjected
to a uniformly distributed load. Using Castigliano’s method, determine the required
diameter d to limit the deflection to 0.2 mm. (You may assume that transverse shear
is negligible.)
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Problems 245

5 kN

S

500 mm

300 mm FIGURE P5.35

F

b

h

2

b
2

L

FIGURE P5.34

5.34 The triangular plate cantilever beam shown (Figure P5.34) represents an idealization
of a leaf spring (more about these in Chapter 12). Using Castigliano’s method, derive
an expression for the deflection of the loaded end, assuming that transverse shear
will contribute negligibly.

[Ans.: d = 6FL3/Ebh3]

Section 5.9

5.35 In order to reduce the deflection of the I-beam cantilever shown (Figure P5.35), a
support is to be added at S.

(a) What vertical force at S is needed to reduce the deflection at this point to zero?

(b) What force is needed to cause an upward deflection at S of 5 mm (thereby per-
haps reducing the end deflection to a desired value)?

(c) What can you say about the effect of these forces at S on the bending stresses at
the point of beam attachment?
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Sections 5.10–5.12

5.36 A solid round steel rod with Sy = 350 MPa is 1 m long and 70 mm in diameter. With
a safety factor of 4, what axial compressive load can be applied if

(a) Both ends are hinged?

(b) Both ends are built in, as in Figure 5.27c?

5.37 A 1 * 2-in. bar is 20 in. long and made of aluminum having Sy = 25 ksi. With a
safety factor of 4, what axial compressive load can be applied if

(a) Both ends are hinged?

(b) One end is built in and the other is unsupported, as in Figure 5.27e?

5.38 A steel angle iron, loaded in compression, is added to a structure in order to increase
its rigidity. Although the two ends are attached by rivets, the end fixity is sufficiently
questionable that pinned ends (Figure 5.27a, Section 5.11) are to be assumed. The
length is 1.2 m, and the yield strength 350 MPa. The radius of gyration about centroidal
axis parallel to either side is 8 mm, but the minimum radius of gyration (about a cen-
troidal axis at 45° to the sides) is only 5 mm. What compressive load can be carried
with a safety factor of 3?

5.39 The 3-in. I beam shown in Figure P5.39 has cross-sectional properties of A = 1.64
in.2, I11 = 2.5 in.4, and I22 = 0.46 in.4. It is made of steel having Sy = 42 ksi. Find
the safe axial compressive load based on a safety factor of 3 for pinned ends and
unsupported lengths of (a) 10 in., (b) 50 in., (c) 100 in., and (d) 200 in.

2

1 1

2 FIGURE P5.39

5.40 A 20-mm-diameter steel rod of Sy = 350 MPa is loaded as a column with pinned
ends. If sufficiently short, it can carry a limiting load of SyA = 110 kN. How long
can the rod be and still carry the following percentages of this 110 kN load: (a) 90%,
(b) 50%, (c) 10%, (d) 2%?

5.41 Figure P5.41 shows a boom and tie-rod arrangement supporting a load of 6 kN. The
tie-rod is made of steel having a tensile yield strength of 400 MPa.

(a) What is the safety factor of the tie-rod with respect to static yielding?

(b) What is the safety factor of the tie-rod if the vertical rod is rotated 180° so that
the 6-kN load acts upward?
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1 m

0.7 m

1 m
0.7 m

Boom

12 mm-dia. tie-rod

6 kN

FIGURE P5.41

(c) What conclusion do you draw with respect to the relative desirability of design-
ing machines with column members loaded in tension versus loaded in
compression?

[Ans.: (a) 5.3, (b) none, it will buckle]
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6

Failure Theories,
Safety Factors, 
and Reliability

6.1 Introduction

Previous chapters have dealt with the determination of loads (Chapter 2), with the
stresses and deflections caused by those loads (Chapters 4 and 5), and with the abil-
ity of representative materials to resist standard test loads (Chapter 3). The present
chapter is concerned with (1) predicting the capability of materials to withstand the
infinite combination of nonstandard loads to which they are subjected as fabricated
machine and structural components and (2) the selection of appropriate safety fac-
tors to provide the required safety and reliability. As with the earlier chapters, the
concern in this chapter is primarily with static loads.

Reliability is a matter of extreme importance in the engineering of a product,
and this point is becoming increasingly recognized. On the other hand, it is impor-
tant that components not be overdesigned to the point of making them unnecessarily
costly, heavy, bulky, or wasteful of resources.

The fundamental concept of designing every component of a machine to satisfy
a given life and reliability requirement without overdesigning a single part was per-
haps never so well phrased as by Oliver Wendell Holmes in 1858 when he wrote “The
One-Hoss Shay.” This classical bit of literary (and perhaps technical) heritage is all
the more remarkable because Holmes was not an engineer but a physician and pro-
fessor of anatomy at the Harvard Medical School. He was the son of a Congregational
minister, and the father of Oliver Wendell Holmes, Jr., the noted Supreme Court
Justice.

In his remarkable poem, reproduced here, Holmes tells of a colonial deacon pos-
sessed of such uncanny engineering genius that he was able to design and build a lit-
tle one-horse carriage so that every single component had a useful life of exactly 100
years (to the minute!), at the end of which time they all failed, causing the little wagon
to collapse in a heap of rubble! (Imagine, if we could only design automobiles this
way—so that they ran trouble-free for, say, 200,000 miles, at the expiration of which
the owner had better be driving into a convenient junkyard!)
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The One-Hoss Shay (The Deacon’s Masterpiece)
Oliver Wendell Holmes

Have you heard of the wonderful one-hoss shay,
That was built in such a logical way,
It ran a hundred years to a day,
And then, of a sudden, it—ah, but stay,
I’ll tell you what happened without delay,
Scaring the parson into fits,
Frightening people out of their wits,—
Have you ever heard of that, I say?

Seventeen hundred and fifty-five,
Georgiuus Secundus was then alive,—
Snuffy old drone from the German hive.
That was the year when Lisbon-town
Saw the earth open and gulp her down,
And Braddock’s army was done so brown,
Left without a scalp to its crown.
It was on the terrible Earthquake-day
That the Deacon finished the one-hoss shay.

Now in building of chaises, I tell you what,
There is always somewhere a weaker spot,—
In hub, tire, felloe,1 in spring or thill,2

In panel, or crossbar, or floor, or sill,
In screw, bolt, thoroughbrace,3—lurking still,
Find it somewhere you must and will,—
Above or below, or within or without,—
And that’s the reason, beyond a doubt,
A chaise breaks down, but doesn’t wear out.

But the Deacon swore (as Deacons do),
With an “I dew vum,” or an “I tell yeou,”
He would build one shay to beat the taown
‘N’ the keounty ‘n’ all the kentry raoun’,
It should be so built that it couldn’ break daown:
—“Fur,” said the Deacon, “‘t’s mighty plain
Thut the weakes’ place mus’ stan’ the strain;
‘N’ the way t’ fix it, uz I maintain,
Is only jest
T’ make that place uz strong uz the rest.”

So the Deacon inquired of the village folk
Where he could find the strongest oak,
That couldn’t be split nor bent nor broke,—
That was for spokes and floor and sills;
He sent for lancewood to make the thills;
The crossbars were ash, from the straightest trees,
The panels of white-wood, that cuts like cheese,
But lasts like iron for things like these;
The hubs of logs from the “Settler’s ellum,”—

Last of its timber,—they couldn’t sell ’em,
Never an axe had seen their chips,
And the wedges flew from between their lips,
Their blunt ends frizzled like celery tips;

Step and prop-iron, bolt and screw,
Spring, tire, axle, and linchpin4 too,
Steel of the finest, bright and blue;
Thoroughbrace bison-skin, thick and wide;
Boot, top, dasher, from tough old hide
Found in the pit when the tanner died.
That was the way he “put her through.”—
“There!” said the Deacon, “naow she’ll dew!”

Do! I tell you, I rather guess
She was a wonder, and nothing less!
Colts grew horses, beards turned gray,
Deacon and Deaconess dropped away,
Children and grandchildren—where were they?
But there stood the stout old one-hoss shay
As fresh as on Lisbon-earthquake-day!

EIGHTEEN HUNDRED;—it came and found
The Deacon’s masterpiece strong and sound.
Eighteen hundred increased by ten;—
“Hahnsum kerridge” they called it then.
Eighteen hundred and twenty came;—
Running as usual; much the same.
Thirty and forty at last arrive,
and then come fifty, and FIFTY-FIVE.

Little of all we value here
Wakes on the morn of its hundredth year
Without both feeling and looking queer.
In fact, there’s nothing that keeps its youth,
So far as I know, but a tree and truth.
(This is a moral that runs at large;
Take it.—You’re welcome.—No extra charge.)

FIRST OF
NOVEMBER—the-Earthquake-day,—
There are traces of age in the one-hoss shay.
A general flavor of mild decay,
But nothing local, as one may say.
There couldn’t be,—for the Deacon’s art
Had made it so like in every part
That there wasn’t a chance for one to start.
For the wheels were just as strong as the thills,
And the floor was just as strong as the sills,
And the panels just as strong as the floor,
And the whipple-tree neither less nor more.
And the back-cross bar as strong as the fore,
And spring and axle and hub encore.
And yet, as a whole, it is past a doubt
In another hour it will be worn out!

First of November, ‘Fifty-five’!
This morning the parson takes a drive.
Now, small boys, get out of the way!
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Here comes the wonderful one-hoss shay,
Drawn by a rat-tailed, ewe-necked bay.
“Huddup!” said the parson. Off went they.

The parson was working his Sunday text,
Had got to fifthly, and stopped perplexed
At what the—Moses—was coming next
All at once the horse stood still,
Close by the meet’n’ house on the hill.
—First a shiver, and then a thrill.
Then something decidedly like a spill,—
And the parson was sitting up on a rock,
At half-past nine by the meet’n’ house clock,—

Just the hour of the Earthquake shock!
—What do you think the parson found,
When he got up and stared around?
The poor old chaise in a heap or mound,
As if it had been to the mill and ground!
You see, of course, if you’re not a dunce,
How it went to pieces all at once,—
All at once, and nothing first,—
Just as bubbles do when they burst.

End of the wonderful one-hoss shay,
Logic is logic. That’s all I say.

1 Rim.
2 Shaft on each side of horse.
3 Leather strap between front and rear spring, supporting body (one on each side).
4 Pin through axle to keep the wheel on.

6.2 Types of Failure

Failure of a loaded member can be regarded as any behavior that renders it unsuit-
able for its intended function. At this point we are concerned only with static
loading, saving for later chapters impact, fatigue, and surface wear (all of which,
incidentally, the deacon must have been intimately concerned with in the design
of his masterpiece). Static loading can result in objectionable deflection and elas-
tic instability (Chapter 5) as well as plastic distortion and fracture, with which
the present chapter is concerned.

Distortion, or plastic strain, is associated with shear stresses and involves slip
(or sliding) along natural slip planes. Failure is defined as having occurred when the
plastic deformation reaches an arbitrary limit, such as the 0.2 percent offset in a stan-
dard tensile test. Often, appreciably more yielding can occur without harm, as (1) in
localized areas of stress concentration and (2) in some members subjected to bend-
ing or torsion where yielding is restricted to the outer surface. The definition of fail-
ure by distortion is arbitrary, and not always easy to apply (i.e., how much distortion
is too much?). Fracture, on the other hand, is clearly defined as the separation or
fragmentation of a member into two or more pieces. It normally constitutes a
“pulling apart,” associated with a tensile stress.

In general, materials prone to distortion failure are classed as ductile, and those
prone to fracture without significant prior distortion as brittle. Unfortunately, there
is an intermediate “gray area” wherein a given material can fail in either a ductile or
a brittle manner depending on circumstances. It is well known that materials that are
normally ductile can fracture in a brittle manner at sufficiently low temperatures.
Other factors promoting brittle fracture are sharp notches and impact loading. An
important concept in this connection is that of transition temperature—that is, a fairly
narrow temperature range above which the material and associated geometry and
loading conditions produce ductile failure, with brittle fracture occurring at lower
temperatures. Also, in general, where the yield strength of a material is close in
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magnitude to the ultimate strength or elongation is less than 5%, the material will
not absorb significant energy in the plastic region and brittle fracture can occur.

For generations, a matter of concern to engineers and metallurgists has been the
brittle fracture of structural steels that behave in a completely ductile manner during
the ordinary laboratory strength tests. Figure 6.1 shows a rather spectacular example
of a World War II tanker broken in two by a brittle fracture, despite the normal duc-
tility associated with the grade of steel used. The mechanisms of brittle fracture are
the concern of a relatively new discipline, fracture mechanics.

To treat adequately the subject of fracture mechanics would require a far more
lengthy presentation than could possibly be justified in this text. Yet the subject is so
important that any engineer concerned with the design and development of mechan-
ical and structural components should have at least a knowledge of its basic princi-
ples. It is with this purpose in mind that the next two sections are presented. We hope
that the interested student will find an opportunity to continue his or her study in this
area (see [1,9,10]).

6.3 Fracture Mechanics—Basic Concepts

The fracture mechanics approach begins with the assumption that all real materials
contain cracks of some size—even if only submicroscopic. If brittle fracture occurs,
it is because the conditions of loading and environment (primarily temperature) are
such that they cause an almost instantaneous propagation to failure of one or more
of the original cracks. If there is fatigue loading, the initial cracks may grow very
slowly until one of them reaches a critical size (for the loading, geometry, material,
and environment involved), at which time total fracture occurs.

FIGURE 6.1
S.S. Schenectady. T-2 tanker, broken in two in fitting-out dock, Portland,
Oregon, January 16, 1943. (Courtesy Ship Structures Committee, 
U.S. Government.)

6.3 ■ Fracture Mechanics—Basic Concepts 251
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TABLE 6.1 Strength Properties of 1-in.-Thick Plates—Values of KIc,
Critical Stress Intensity Factor

Material Temperature Su (ksi) Sy (ksi) KIc (ksi )

7075-T651 Aluminum Room 78 70 27

Ti-6Al-4V (annealed) Room 130 120 65

D6AC Steel Room 220 190 70

D6AC Steel -40°F 227 197 45

4340 Steel Room 260 217 52

Source: A. Gomza, Grumman Aerospace Corporation.

2in.

Theoretically, the stress concentration factor at the base of a crack approaches
infinity because the radius at the crack root approaches zero (as with r/d approach-
ing zero in Figure 4.35). This means that if the material has any ductility, yielding
will occur within some small volume of material at the crack tip, and the stress will
be redistributed. Thus, the effective stress concentration factor is considerably less
than infinity, and furthermore it varies with the intensity of the applied nominal
stress. In the fracture mechanics approach, one does not attempt to evaluate an
effective stress concentration per se; rather, a stress intensity factor, K, is evaluated.
This can be thought of as a measure of the effective local stress at the crack root.
Once evaluated, K is then compared with a limiting value of K that is necessary for
crack propagation in that material. This limiting value is a characteristic of the
material, called fracture toughness, or critical stress intensity factor Kc , which is
determined from standard tests. Failure is defined as whenever the stress intensity
factor, K, exceeds the critical stress intensity factor, Kc . Thus, a safety factor, SF,
for failure by fracture can be defined as Kc/K.

Most currently available values of K and Kc are for tensile loading, which is
called mode I. Accordingly, these values are designated as KI and KIc . Modes II and
III pertain to shear loading. The treatment here will be concerned primarily
with mode I.

A set of fracture toughness values (KIc) are presented in Table 6.1 and a more
extensive set of KIc values are available in MIL-HDBK-5J (see Appendix F). Most
available values of KIc are for relatively thick members, such that the material at the
crack root is approximately in a state of plane strain. That is, material that sur-
rounds the crack and is under low stress resists “Poisson’s ratio” contraction at the
crack root, thereby enforcing 
3 L 0 in the thickness direction. Crack root material
in sufficiently thin members is free to contract in the thickness direction, giving
s3 L 0 or a condition of plane stress. The plane strain tensile loading, with s3
being tensile, offers less opportunity for redistributing high crack root stresses by
shear yielding. (This is evident by considering three-dimensional Mohr stress cir-
cles for s3 = 0 and for s3 = a positive value.) Because of this, values of KIc for
plane strain are substantially lower than those for plane stress. Thus, the more read-
ily available plane strain values of KIc are often used for conservative calculations
when the value of KIc for the actual thickness is not known.
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FIGURE 6.2
Through-the-thickness cracks in thin plates.
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6.4 Fracture Mechanics—Applications

6.4.1 Thin Plates

Figure 6.2a shows a “thin” plate (e.g., the “skin” of an airplane) with a central crack of
length 2c extending through the full thickness. If the crack length is a small fraction of
the plate width, and if the P/A stress figured on the basis of the net area, t(2w–2c), is
less than the yield strength, then the stress intensity factor at the edges of the crack
is approximately

(6.1)

where s = sg , is the gross-section tensile stress, P/2wt and Ko is the stress intensi-
ty factor for a short central crack of length 2c in a flat infinite plate of small thick-
ness t (sheet) subjected to the uniform tensile stress sg . (Except for the plate with a
short central crack, the stress intensity factor KI will reflect the particular geometry
and loading and will thus differ from Ko.) Rapid fracture occurs when KI becomes
equal to KIc , the fracture toughness value for the material. In this case of a thin plate,
the plane stress value of KIc would be preferred. Thus, failure occurs when three
basic variables reach the following approximate relationship:

(6.2)

For geometries that differ from that of the central crack in a small fraction of the
plate width (central crack in an infinite sheet), a configuration factor, Y, is introduced
that accounts for the particular geometry and loading. For example, with a crack

KIc = (1.81c)sg

KI � Ko = s1pc = (1.81c)sg
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occurring at the edge of a plate, as in Figure 6.2b, the preceding equations apply,
with only a small increase in the value of the constant. Thus, the failure criterion
for Figure 6.2b becomes, approximately,

(6.3)

SAMPLE PROBLEM 6.1 Determine the Critical Load for a “Thin” Plate 
with a Central Crack

A plate of width 2w = 6 in. and thickness t = 0.06 in. is made of 7075-T651 alu-
minum (Su = 78 ksi, Sy = 70 ksi). It has a plane stress KIc = 60 ksi It is used
in an aircraft component which will be inspected periodically for cracks. Estimate
the highest load, P (see Figure 6.2a), that can be applied without causing sudden
fracture when a central crack grows to a length, 2c, of 1 in.

SOLUTION

Known: A thin plate is loaded in tension and has a central crack perpendicular to
the direction of the applied load (see Figure 6.3).

Find: Estimate the highest load P that the plate will support when the crack is 1 in. long.

Schematic and Given Data:

2in.

KIc = KI = YKo = sY1pc = (2.01c)sg

2w = 6 in.

2c = 1 in.

t = 0.06 in.

7075–T651 Aluminum,
Su = 78 ksi, Sy = 70 ksi,

KIc = 60 ksi

P

P

in.

FIGURE 6.3
Thin plate with central crack for
Sample Problem 6.1.

Assumptions:
1. Yielding has occurred within some small volume of material at the crack tip.

2. Crack propagation to total fracture occurs instantaneously when the limiting
value of the stress intensity factor KI equals or exceeds the fracture toughness
KIc for the material.

3. The crack is a small fraction of the plate width.

4. The tensile stress based on the net area (minus the area of the crack) is less than
the yield strength.

c06.qxd  8/3/11  8:07 PM  Page 254



6.4 ■ Fracture Mechanics—Applications 255

Analysis: From Eq. 6.2,

Comment: The P/A stress based on the net area, t(2w–2c), is 56,567 psi. This value
is less than the yield strength (Sy = 70 ksi).

6.4.2 Thick Plates

Cracks in thick plates generally begin at the surface, taking a somewhat elliptical form,
as shown in Figure 6.4a. If 2w/t 7 6, a/2c = about 0.25, w/c 7 3, a/t 6 0.5, and
sg/Sy 6 0.8, the stress intensity factor at the edges of the crack is approximately

(6.4)

Fracture would be predicted for values of K exceeding KIc .

KI = K =
sg1a20.39 - 0.053(sg/Sy)

2

P = sg(2wt) = 47,140 psi (6 in. * 0.06 in.) = 16,970 lb

sg =
KIc

1.81c =
60

1.820.5
= 47.14 ksi

P

P

a
2c

2w

t

FIGURE 6.4a
Thick plate with central crack start-
ing at one surface.

Table 6.1 gives typical mechanical properties of 1-in.-thick plates made of var-
ious structural materials commonly used in aircraft applications. Note particularly
(1) the relatively high fracture toughness of the titanium alloy in comparison to its
ultimate strength, (2) the room temperature comparison of KIc for the two steels of
nearly equivalent ultimate strengths, and (3) the reduction in KIc with temperature
for the high-toughness D6AC steel.

SAMPLE PROBLEM 6.2 Determine the Critical Crack Depth for a Thick Plate

A Ti-6Al-4V (annealed) titanium plate is loaded as in Figure 6.4b to a gross-area
stress sg of 0.73Sy . For dimensions t = 1 in., 2w = 6 in., and a/2c = 0.25, esti-
mate the critical crack depth, acr , at which rapid fracture will occur.
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SOLUTION

Known: A thick plate is loaded in tension to a known gross-area stress and has a
central crack perpendicular to the direction of the applied load.

Find: Determine the critical crack depth.

Schematic and Given Data:

P

P

a
2c

2w = 6 in.

t = 1 in.

	g = 0.73 Sy

a/2c = 0.25

Ti – 6Al – 4V (annealed)
titanium plate

FIGURE 6.4b
Thick plate for Sample Problem 6.2.

Assumptions:
1. The temperature is 70°F (room temperature).

2. Fracture occurs when values of the stress intensity factor K exceed KIc .

Analysis:
1. From Table 6.1 for Ti-6Al-4V (annealed) at room temperature, we have

Sy = 120 ksi and KIc = 65 ksi 

2. From Eq. 6.4, and setting K = KIc (a = acr),

Comments:
1. Equation 6.4 is appropriate if 2w/t 7 6, a/2c = about 0.25, w/c 7 3,

a/t 6 0.5, and sg/Sy 6 0.8. For this problem, 2w/t = 6, a/2c = 0.25,
w/c Ú 7.5, acr/t = 0.20, and sg = 0.73Sy .

2. An important design requirement of internally pressurized members is that a crack
be able to propagate through the full wall thickness (thereby causing a leak that can
be readily detected) without becoming unstable and leading to total fracture.

= ¢6520.39 - 0.053(0.73)2

(0.73)(120)
≤2

= 0.20 in.

acr = ¢KIc20.39 - 0.053(sg/Sy)
2

sg
≤2

2in.
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6.4.3 Stress-Intensity Factors1

We now wish to evaluate stress intensity factors associated with various geometric
configurations and loadings so that the maximum stress intensity factor existing in a
part can be determined. In the past, in order to handle other than very simple cases,
experimental and analytical methods for determining stress intensity factors were
developed and used. The results of many of these studies are available in the form of
published graphs, such as those in Figures 6.5a through 6.5h. For geometries that
differ from that of a central crack in a small fraction of the plate width (central crack
in an infinite sheet), a configuration factor, Y, is introduced that accounts for the par-
ticular geometry and loading. The configuration factor, Y = KI/Ko, is plotted versus
dimensionless ratios, indicating that only the loading and the shape (for relatively
large sizes) of the part influences the configuration factor involved. The figures give
values of the stress intensity factor, KI , at the crack tip (based on linear, elastic,
homogenous, and isotropic material). The value of Ko is the stress intensity factor for
a short central crack of length 2c in an infinite sheet subjected to a uniform uniaxial
tensile stress, s, where Ko = s The stress intensity factor KI
will reflect the particular geometry and loading, and will thus differ from Ko except
for a plate with a small central crack. As mentioned before, the value of KI is com-
pared to the value of KIc to determine if failure occurs.

Among the most extensive and authoritative compendium of stress intensity
factors is that of Rooke and Cartwright [10], which contains a collection of factors
gathered from researchers and presented in a convenient form and grouped by cate-
gories: (1) flat sheets, (2) stiffened sheets, (3) discs, tubes, and bars, (4) shapes with
three-dimensional cracks and (5) plates and shells. This compendium presents solu-
tions to a multitude of crack problems in a straightforward graphical form. Some
classes of problems are excluded, such as those involving thermal cracks and cracks
at interfaces between different materials.

We now present eight figures selected from [10] that can be studied to better
understand the effect of the proximity of cracks to different geometrical boundaries
such as sheet edges, and stress concentrations like holes. Each figure presents curves
of stress intensity factor, with an inset for the corresponding geometry.

Figure 6.5a shows a rectangular sheet of width 2w and height 2h, with a cen-
tral crack of length 2c. A uniform tensile stress acts over the ends of the sheet and
is perpendicular to the direction of the crack. Figure 6.5a presents curves of con-
figuration factor, Y, versus c/w for various values of h/w. Ko is the stress intensity
factor for a central crack in an infinite sheet (h = w = q) and is given by
Ko = s Here, KI = YKo .

Figure 6.5b shows a rectangular sheet of width 2w and height 4w, with two
cracks each of equal length, (c-r), at a central circular hole of radius r. The cracks
are diametrically opposite and perpendicular to the direction of the uniform load
P or uniform uniaxial tensile stress, s. The crack tips are a distance 2c apart.
Figure 6.5b presents curves of configuration factor, Y, versus c/w for various val-
ues of r/w. In Figure 6.5b, the height/width ratio is 2, and for the case r/w = 0,
the results correspond and agree with those for a central crack in a rectangular
sheet (see Figure 6.5a).

1pc .

1pc = (1.81c)sg .

1 This section adapted from D. P. Rooke and D. J. Cartwright, Compendium of Stress intensity factors, Her
Majesty’s Stationery Office, London, 1974.
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FIGURE 6.5b
Rectangular sheet with a central circular hole and two cracks subjected to a uniform uniaxi-
al tensile load [10].
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Rectangular sheet with through-the-thickness central crack subjected to a uniform uniaxial
tensile load [10].
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FIGURE 6.5c
Rectangular sheet with an edge crack subjected to a uniform uniaxial tensile
load acting perpendicular to the direction of the crack with and without bend-
ing constraints [10].

Figure 6.5c shows a flat sheet with width w and height 2h. The sheet is loaded
with a uniform tensile stress s acting perpendicular to an edge crack of length c.
Figure 6.5c presents curves of configuration factor, Y, versus c/w for several values
of h/w. Two cases are presented: (i) where the ends are free to rotate—bending unre-
strained, and (ii) where the ends are constrained from rotating—bending restrained.
As in the previous figures, KI = YKo and Ko = s

Figure 6.5d shows a flat sheet of width w and height 2h. The sheet contains an
edge crack in the middle of and perpendicular to one side. A splitting force, P, acts

1pc .
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FIGURE 6.5d
Rectangular sheet with edge crack subjected to splitting forces [10].

symmetrically along the side containing the crack of length c. Figure 6.5d presents
curves of configuration factor, Y, versus c/w for various values of w/h. Here,

Figure 6.5e shows a flat sheet with thickness t, width w, and an edge crack of
depth c, for both (i) pure bending and (ii) three-point bending for c/w … 0.6. Curves
of configuration factors, Y, versus c/w are presented for both cases. Here, KI = YKo,
and

Since linear elastic fracture mechanics is being used, stress intensity factors for
other types of Mode I components can be obtained by superposition. For example, for
a flat sheet with an edge crack and loaded with uniform stress and a pure bending
moment, the KI from Figure 6.5c and the KI from Figure 6.5e may be added to obtain
the KI for the combined loading.

Figure 6.5f shows a tube with inner radius ri and outer radius ro . The tube
contains a circumferential crack of depth c extending radially inward from the
outside surface. Remote from the crack, a uniform tensile stress s is applied and

Ko = 6M1pc/(w2t).

Ko = P1w/(ht).

c06.qxd  8/3/11  8:08 PM  Page 260



e /w = 2

c /w

KI

Ko
Y = —–

0.1 0.2 0.3 0.4 0.5 0.6 0.70.0

1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

0.9

1.9

2.0

Moment (M )

Mw

P

c

Ko = ————
w2t

—–
6M��c

M

Moment (M ) = Pe/2
P/2P/2

w
c

e e

e /w = 4

FIGURE 6.5e
Finite width sheet with an
edge crack perpendicular to
one edge subjected to bend-
ing loads which open the
crack. KI is for the edge
crack [10].

KI

Ko
Y = —–

0.1 0.2 0.3 0.4 0.5 0.6 0.90.80.70.0

3.5

3.0

2.5

2.0

1.5

1.0

————c
(ro – ri)

ri /ro = 0.0 0.1 0.2 0.4 0.6

0.8c

P

P

—–

	 = — = —————P
A

P

�(ro
2 – ri

2)

ri ro

Ko = 	��c

FIGURE 6.5f
Long cylindrical tube
with an external cir-
cumferential crack
subjected to a uniform
uniaxial tensile load
[10].

6.4 ■ Fracture Mechanics—Applications 261

c06.qxd  8/3/11  8:08 PM  Page 261



262 Chapter 6 ■ Failure Theories, Safety Factors, and Reliability

acts parallel to the tube axis. Presented are curves of configuration factor, Y, versus
c/(ro - ri) for values of ri/ro for a long tube. Note that in the limiting case of a short
circumferential crack in a long tube, the results approach those for a short edge crack
in a flat sheet that does not bend (Figure 6.5c).

Figure 6.5g shows the cross section of a tube with inside radius ri and outer radius
ro . The tube contains a radial crack of length c extending radially inward from the out-
side cylindrical surface. The tube is subjected to an internal pressure p. Presented are
curves of configuration factor, Y, versus c/(ro - ri) for various values of ri/ro for a long
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FIGURE 6.5g
Long cylindrical tube with an external radial edge crack extending from the
external boundary subjected to a uniform internal pressure. KI is for the edge
crack [10].
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is for point A on the semi-elliptical edge crack [10].
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tube. Here, Ko is given by Ko = so and KI = YKo. The stress so is equal to the
normal tensile stress at the outer surface of the cylinder and is given by

(a)

Figure 6.5h pictures a slab of thickness t, with a uniform tensile stress s acting
perpendicular to the plane of a semi-elliptical crack. The crack plane is perpendicu-
lar to the surface of the slab. The deepest point on the crack front is a distance a, the
semi-major axis, from the surface. Presented are curves of configuration factor, Y,
versus a/t, for the deepest point of the crack (point A), for various values of a/c. Note
that in Figure 6.5h, Ko is given by Ko = s and KI = YKo.

In summary, for the design and subsequent operation of machine components,
fracture mechanics is becoming increasingly important in understanding cracks and
crack growth during their service life. Linear elastic fracture mechanics has been
used successfully to better understand catastrophic failure, but the procedure
requires knowing the stress intensity factor for the configuration and loading being
considered.

6.5 The “Theory” of Static Failure Theories

Engineers engaged in the design and development of all kinds of structural and
machine components are repeatedly confronted with problems like the one depicted

1pa

so =
2pr2i

(r2o - r2i )

1pc ,
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in Figure 6.6: A proposed application has a combination of static loads that produce,
at a critical location, stresses of s1 = 80 ksi, s2 = -40 ksi, and s3 = 0. The mate-
rial being considered was found to fail on a standard tensile test at a stress of 100 ksi.
Will this material fail in the proposed application?

Since it is impractical to test every material and every combination of stresses,
s1, s2, and s3, a failure theory is needed for making predictions on the basis of a
material’s performance on the tensile test, of how strong it will be under any other
conditions of static loading. The “theory” behind the various classical failure theo-
ries is that whatever is responsible for failure in the standard tensile test will also be
responsible for failure under all other conditions of static loading. For example, sup-
pose the theory is that failure occurred during the tensile test represented by Figure
6.6b simply because the material is unable to withstand a tensile stress above
100 ksi. The theory then predicts that under any conditions of loading, the material
will fail if, and only if, s1 exceeds 100 ksi. Since the proposed application in Figure
6.6a has a maximum tensile stress of only 80 ksi, no failure is predicted.

On the other hand, suppose that it is postulated that failure during the tensile test
occurred because the material is limited by its inherent capacity to resist shear stress,
and that, based on the tensile test, the shear stress capacity is 50 ksi. On this basis,
failure would be predicted in Figure 6.6a.

The reader probably recognized the preceding examples as illustrating the
maximum-normal-stress and maximum-shear-stress theories, respectively. Other
theories have been advanced that would interpret the information in Figure 6.6b as
establishing limiting values of other allegedly critical quantities, such as normal
strain, shear strain, total energy absorbed, and distortion energy absorbed.

Sometimes one of these theories is modified empirically in order to obtain better
agreement with experimental data. It should be emphasized that the failure theories
presented in this chapter apply only to situations in which the same type of failure
(i.e., ductile or brittle) occurs in the application as in the standard test.

+

	2 = –40 ksi

(max = 60)

	1 = 80 ksi

(a) Proposed application involving
	1 = 80, 	2 = –40, 	3 = 0

+	

+

(max = 50)

	2 = 	3 = 0
	3 = 0

	1 = 100 ksi

(b) Standard tensile test of
         proposed material. Tensile

  strength, S = 100 ksi

+	

	1	1

FIGURE 6.6
Typical situation requiring a failure theory.
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6.6 Maximum-Normal-Stress Theory

The theory concerning maximum normal stress, generally credited to the English
scientist and educator W. J. M. Rankine (1802–1872), is perhaps the simplest of all
failure theories. It contends merely that failure will always occur whenever the great-
est tensile stress tends to exceed the uniaxial tensile strength, or whenever the largest
compressive stress tends to exceed the uniaxial compressive strength. With respect
to the Mohr circle plot in Figure 6.7a, failure is predicted for any state of stress for
which the principal Mohr circle extends beyond either of the dotted vertical bound-
aries. On the s1–s2 plot for biaxial stresses (i.e., s3 = 0) shown in Figure 6.7b, fail-
ure is predicted for all combinations of s1 and s2 falling outside the shaded area.

This theory has been found to correlate reasonably well with test data for brit-
tle fractures. As might be expected, it is not suited for predicting ductile failures. For
this reason, the test points in Figure 6.7 have been marked Sut and Suc, ultimate
strengths in tension and compression, respectively, of an assumed brittle material.

6.7 Maximum-Shear-Stress Theory

The theory of maximum shear stress is thought to be the oldest failure theory, being
originally proposed by the great French scientist C. A. Coulomb (1736–1806), who
made major contributions to the field of mechanics as well as to electricity. (The
reader is undoubtedly familiar with Coulomb’s law of electromagnetic force and the
coulomb as the standard unit of quantity of electrical charge.) Tresca wrote an
important paper relating to the maximum-shear-stress theory in 1864, and J. J. Guest
of England conducted tests around 1900 that led to wide usage of the theory. For these
reasons the maximum-shear-stress theory is sometimes called the Tresca theory
or Guest’s law.

+

+	

Uniaxial
compression Uniaxial

tension

Principal Mohr circle
must lie within these
bounds to avoid failure

For biaxial stresses (i.e., 	3 = 0),
	1 and 	2 must plot within this
area to avoid failure

0

+	2

+	10

Suc Sut Suc

Sut

Suc

Sut

(a) Mohr circle plot (b) 	1 – 	2 plot

FIGURE 6.7
Two graphical representations of the maximum-normal-stress theory.
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Regardless of the name, this theory in generalized form states that a material
subjected to any combination of loads will fail (by yielding or fracturing) whenever
the maximum shear stress exceeds the shear strength (yield or ultimate) of the mate-
rial. The shear strength, in turn, is usually assumed to be determined from the stan-
dard uniaxial tension test.

This theory is represented graphically in Figure 6.8. Note carefully in Figure
6.8b that in the first and third quadrants the zero principal stress is involved in the
principal Mohr circle, whereas it is not in the second and fourth quadrants. The sin-
gle test point is marked Syt , yield strength in tension, of an assumed ductile material.
A data point in compression or torsion could serve as well, but the tensile test is the
most common and the most accurate; hence, it is normally used. Of course, if the
material truly behaves in accordance with the maximum-shear-stress theory, all test
data would agree on the level of shear stress associated with failure.

This theory correlates reasonably well with the yielding of ductile materials.
However, the maximum-distortion-energy theory, discussed in the next section, is
recommended because it correlates better with actual test data for the yielding of
ductile materials.

6.8 Maximum-Distortion-Energy Theory 
(Maximum-Octahedral-Shear-Stress Theory)

A remarkable thing about the theory of maximum distortion energy is that the equa-
tions can be derived from at least five different hypotheses (see [5], pp. 117–122). The
two most important pertain to the names given to the theory discussed in Section 6.7.
Credit for the theory is often given to M. T. Hueber (Poland), R. von Mises (Germany
and the United States), and H. Hencky (Germany and the United States), who con-
tributed to it in 1904, 1913, and 1925, respectively. More recently, Timoshenko2 has

2 Stephen P. Timoshenko, History of Strength of Materials, McGraw-Hill, New York, 1953.
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FIGURE 6.8
Two graphical representations of the maximum-shear-stress theory.
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brought to light the fact that it was proposed in 1856 by James Clerk Maxwell of
England who, like Coulomb, is better remembered for his contributions to electrical
engineering than for his important contributions to the field of mechanics.

Briefly, the contention of the maximum-distortion-energy theory is that any elas-
tically stressed material undergoes a (slight) change in shape, volume, or both. The
energy required to produce this change is stored in the material as elastic energy. It
was recognized that engineering materials could withstand enormous hydrostatic
pressures (i.e., s1 = s2 = s3 = large compression) without damage. It was there-
fore postulated that a given material has a definite limited capacity to absorb energy
of distortion (i.e., energy tending to change shape but not size), and that attempts to
subject the material to greater amounts of distortion energy result in yielding.

It is convenient when using this theory to work with an equivalent stress, se ,
defined as the value of uniaxial tensile stress that would produce the same level of
distortion energy (hence, according to the theory, the same likelihood of failure) as
the actual stresses involved. In terms of the existing principal stresses, the equation
for equivalent stress is

(6.5)

For the case of biaxial stress, where s1 and s2 are the nonzero principal stresses,
this reduces to

(6.6)

If the direct stresses sx , sy , and txy are more readily obtainable, a convenient form
of the equivalent stress equation is

(6.7)

If only sx and txy are present, the equation reduces to

(6.8)

Once the equivalent stress is obtained, this is compared with the yield strength
from the standard tensile test. If se exceeds Syt , yielding is predicted.

These same equations can readily be derived on the basis of shear stress on an
octahedral plane. Figure 6.9 illustrates the relationship of an octahedral plane to the

se = (s2
x + 3t2

xy)
1/2

se = (s2
x + s2

y - sxsy + 3t2
xy)

1/2

se = (s2
1 + s2

2 - s1s2)1/2

se =
22

2
[(s2 - s1)2 + (s3 - s1)2 + (s3 - s2)2]1/2

Principal plane

Principal planes

Octahedral plane

FIGURE 6.9
An octahedral plane, shown with respect
to principal planes.
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faces of a principal element. There are eight octahedral planes, all of which have the
same intensity of normal and shear stress. Then, se can be defined as that value of
uniaxial tensile stress that produces the same level of shear stress on the octahedral
planes (hence, according to the theory, the same likelihood of failure) as do the actual
stresses involved.

Figure 6.10 shows that a s1–s2 plot for the maximum-distortion-energy
theory is an ellipse. This is shown in comparison with corresponding plots for
the maximum-shear-stress and maximum-normal-stress theories for a ductile
material having Syt = Syc = 100 ksi. The distortion energy and the shear stress
theories agree fairly well, with the distortion energy theory giving the material
credit for 0 to 15 percent more strength, depending on the ratio of s1 to s2 . Also
shown on this figure is the shear diagonal, or locus of all points, corresponding
to pure shear (s1 = -s2 ; s3 = 0). It is interesting to note the wide variation in
shear strengths predicted by the various theories. As previously noted, actual
tests of ductile materials usually agree quite well with the distortion energy the-
ory, which predicts (Eq. 6.8, or Figure 6.10) that the shear yield strength,
Ssy , is 0.58Sy .

The complete derivation of the equations for equivalent stress, from both the
distortion energy and octahedral-shear-stress points of view, is contained in several
references, such as [2].
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(100, –100)

+	1

(–58, 58)
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Normal stress theory
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Note: 	3 = 0

FIGURE 6.10
A s1–s2 plot of distortion energy theory and other theories for a ductile
material of Syt = Syc = 100 ksi. (The distortion energy theory predicts failure
for all points outside the ellipse.) Note that the point (58, -58) is actually 100
times ( ). Distortion energy theory predicts that shear yield
strength is or 0.577 times tensile yield strength, whereas shear stress
theory predicts 0.500 times tensile yield, and normal-stress theory predicts
1.0 times tensile yield strength.

23/3,
-23/323/3,
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FIGURE 6.11
Two graphical representations of the Mohr (or Coulomb–Mohr) theory.
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FIGURE 6.12
Graphical representation of the modified
Mohr theory for biaxial stresses (s3 = 0).

6.9 Mohr Theory and Modified Mohr Theory

Over the years, various empirical modifications to the basic failure theories have
been proposed, one of which is the Mohr theory (also known as the Coulomb–Mohr
theory), represented in Figure 6.11. This theory was suggested for brittle materials,
for which the compressive strength far exceeds the tensile strength. (Although the
theory is generally thought of as an empirical modification of the maximum-shear-
stress theory, using experimental values for both tensile and compressive strengths,
it can be derived analytically on the basis of including the effect of internal friction.
See [5], pp. 122–127.)

A modification of the Mohr theory, illustrated in Figure 6.12, is recommended
for predicting the fracture of brittle materials. It correlates better with most
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270 Chapter 6 ■ Failure Theories, Safety Factors, and Reliability

experimental data than do the Mohr or maximum-normal-stress theories, which are
also used.

It is well to remember that, at best, a failure theory is a substitute for good test
data pertaining to the actual material and the combination of stresses involved.
Any additional good test data can be used to improve a theoretical failure theory
curve for a given material. For example, suppose that the material involved in
Figure 6.10 was known to have an experimentally determined torsional yield
strength of 60 ksi (but before accepting this value, one should be well aware of the
inherent difficulty of making an accurate experimental determination of Ssy). We
might then conclude that the material did indeed appear to behave in general
accordance with the distortion energy theory, but not exactly. By empirically mod-
ifying the ellipse just enough that it passes through the experimental point, we
would have a presumably better failure theory curve for making predictions in the
second and fourth quadrants.

6.10 Selection and Use of Failure Theories

In situations in which we can reasonably expect an overloaded part in service to
fail in the same manner as the standard tensile test bar made of the same material,
it is recommended that (1) the maximum-distortion-energy theory be used to pre-
dict ductile yielding and (2) the modified Mohr theory be used to predict brittle
fracture.

SAMPLE PROBLEM 6.3 Estimate the Safety Factor of a Steel Part

Strain gage tests have established that the critical location on the surface of a steel
part is subjected to principal stresses of s1 = 35 ksi and s2 = -25 ksi. (Because
the surface is exposed and unloaded, s3 = 0.) The steel has a yield strength of
100 ksi. Estimate the safety factor with respect to initial yielding, using the
preferred theory. As a matter of interest, compare this with results given by other
failure theories.

SOLUTION

Known: The constant stress at a point is s1 = 35 ksi, s2 = -25 ksi, s3 � 0; and
the yield strength is given (see Figure 6.13).

Find: Determine the safety factor based on (a) distortion energy theory, (b) shear
stress theory, and (c) normal-stress theory.
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6.10 ■ Selection and Use of Failure Theories 271

Analysis: Figure 6.14 depicts a graphical solution. Starting from the “nominal load
point,” the stresses can be proportionally increased until s1 reaches values of 58 ksi,
66 ksi, and 100 ksi, according to the shear stress, distortion energy, and normal-
stress theories, respectively. Corresponding safety factor estimates are SF =
58/35 = 1.7, 66/35 = 1.9, and 100/35 = 2.9. (Final answers were given with only
two significant figures to emphasize that neither the inherent validity of the theories
nor the accuracy of graphical construction justifies an implication of highly precise
answers.) It is concluded that

–25

–100

	2 (ksi)

	1 (ksi)
35 58 66 100

(58, –58)

0

Normal load
point

Limiting
points

 theory

D.E. theory

	 theory

Load line

Shear diagonal

FIGURE 6.14
Graphical solution to Sample Problem 6.3.

	2 = –25 ksi

	2 = –25 ksi

	1 = 35 ksi 	1 = 35 ksi

Note: 	3 = 0

Steel,
Sy = 100 ksi

FIGURE 6.13
Stresses on the surface of a part for Sample
Problem 6.3.

Schematic and Given Data:

c06.qxd  8/3/11  8:08 PM  Page 271



272 Chapter 6 ■ Failure Theories, Safety Factors, and Reliability

a. The “best” prediction of safety factor is 1.9, based on the distortion energy theory.

b. The shear stress theory is in reasonably good agreement (it is often used by
engineers to obtain quick estimates).

c. The normal-stress theory has no validity in this case. (To use it mistakenly
would give an answer indicating a degree of safety that does not exist.)

The graphical solution was illustrated because it is quick, it is at least as accurate as
the theories themselves, and it gives us a good intuitive feel for what is going on.
Analytical solutions are, of course, equally valid, and are as follows.

a. For the distortion energy theory, Eq. 6.6 gives

Thus the given stresses are equivalent to a simple tensile stress of 52.2 ksi. The
tensile test established that the material can withstand a tensile stress of 100 ksi.
The safety factor is therefore 100/52.2, or 1.9.

b. When we use the shear stress theory, the principal stresses define a principal
Mohr circle having a diameter of 60 and a radius of 30. Thus the maximum
shear stress in the part is 30 ksi. The standard tensile test gave a principal Mohr
circle having a radius of 50. Thus the material is capable of withstanding a shear
stress of 50 ksi. The safety factor is therefore 50/30, or 1.7.

c. When we use the normal-stress theory, the application involves a maximum
normal stress of 35 ksi, whereas the standard tensile test established that the
material is capable of withstanding a normal stress of 100 ksi. The safety factor
(by wishful thinking!) is therefore 100/35, or 2.9.

Comment: In many situations the exposed surface of parts are subjected to atmos-
pheric pressure (p = 14.7 psi). Relative to other principal stresses (e.g., in this prob-
lem s1 = 35 ksi and s2 = -25 ksi), s3 = p = 14.7 psi is zero stress.

The preceding discussion of failure theories applies to isotropic materials. For
anisotropic materials subjected to various combinations of stress, the reader is
referred to special references, as [6].

6.11 Safety Factors—Concept and Definition

A safety factor was originally a number by which the ultimate tensile strength of a
material was divided in order to obtain a value of “working stress” or “design stress.”
These design stresses, in turn, were often used in highly simplified calculations that
made no allowance for such factors as stress concentration, impact, fatigue, differ-
ences between properties of the material in the standard test specimen and in the man-
ufactured part, and so on. As a result, one can still find in handbooks safety factor rec-
ommendations as high as 20 to 30. Modern engineering design gives a rational

= [(35)2 + (-25)2 - (35)(-25)]1/2 = 52.2

se = (s2
1 + s2

2 - s1s2)1/2
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accounting for all factors possible, leaving relatively few items of uncertainty to be
covered by a safety factor, which is commonly in the range of 1.25 to 4.

Modern engineering practice also bases the safety factor on the significant
strength of the material—not necessarily the static tensile strength. For example, if
failure involves static yielding, the safety factor relates (through the use of an appro-
priate failure theory) the static stress caused by the anticipated load, called the sig-
nificant stress, to the static yield strength of the material, called the significant
strength, exactly as illustrated in Sample Problem 6.3. If the significant stresses
involve fatigue, then the safety factor is based on the fatigue strength; if brittle frac-
ture is the expected mode of failure, then the factor is based on tensile strength, and
so forth. Thus the safety factor SF can be defined as

(6.9)

Safety factor can also be defined in terms of loads:

(6.10)

where the design overload is defined as being just sufficient to cause failure.
In most situations, the two definitions of safety factor are equivalent. For

example, if a material has a significant strength of 200 MPa and the significant stress
is 100 MPa, the safety factor is 2. Looking at it the other way, the design overload
needed to bring the stress up to the limiting value of 200 MPa is twice the expected
normal load3, thus giving a safety factor of 2.

Although the distinction between Eqs. 6.9 and 6.10 may seem trivial, it is
recommended that the design overload concept and Eq. 6.10 be used. These are
always valid, whereas there are instances in which Eq. 6.9 cannot be properly
applied. For example, consider the design of a slender column for a safety factor of
2. Figure 6.15 shows how load and stress increase to buckling failure, and where
operation with a safety factor of 2 would be calculated both ways. The discrepancy

SF =
design overload

normally expected load

SF =
significant strength of the material

corresponding significant stress, from normally expected loads

3 This is one of the seemingly inevitable instances in which a word, or letter, has more than one meaning.
Here a “normal load” is distinguished from an “abnormal load” or an “overload.” From the context it
should be clear that the meaning is not “normal load” as distinguished from a “shear load.”
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FIGURE 6.15
Two concepts of safety factor for
a buckling column.
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is due to nonlinearity of the load–stress curve. It is clear which interpretation is most
conducive to the engineer’s peace of mind.

Another example in support of the design overload concept concerns the general
case of fatigue loading (treated in Chapter 8), which consists of a combination of
mean (or static) and alternating loads. The kind of overload most likely to occur may
involve increasing either or both of these load components. The design overload con-
cept permits the safety factor to be computed with respect to whatever kind of over-
load is of interest.

A word of caution: It follows from the preceding comments that there are
instances in which the term “safety factor” is ambiguous. It is therefore neces-
sary to be sure that it is clearly defined in all cases for which there could be
ambiguity.

6.12 Safety Factors—Selection of a Numerical Value

After going as far as is practical in determining the significant strength of the actual
fabricated part and the details of the loading to which it will be subjected, there
always remains some margin of uncertainty that must be covered by a safety factor.
The part must be designed to withstand a “design overload” somewhat larger than
the normally expected load.

In the last analysis, selection of the safety factor comes down to engineering
judgment based on experience. Sometimes these selections are formalized into
design codes covering specific situations—for example, the ASME Pressure
Vessel Codes, the various building codes, and stipulated safety factor values in
legal contracts covering the design and development of special machines. Safety
factors are often embodied into computer programs or software for the design of
specific components. Then the responsibility for making the engineering judg-
ment falls upon the engineer responsible for the code or computer software. But
only partly so because the engineer using the code or software must be satisfied
that this detail of the code or software is indeed appropriate for the particular
application.

6.12.1 Factors in the Selection of a Safety Factor

The selection of an appropriate value of safety factor is based primarily on the fol-
lowing five factors.

1. Degree of uncertainty about loading. In some situations loads can be determined
with virtual certainty. The centrifugal forces in the rotor of an alternating-
current motor cannot exceed those calculated for synchronous speed. The loads
acting on an engine valve spring are definitely established by the “valve open”
and “valve closed” positions (however, in a later chapter we will mention
“spring surge,” which could introduce a degree of uncertainty). But what loads
should be used for the design of automotive suspension components, whose
loads can vary tremendously depending on the severity of use and abuse? And
what about a comparable situation in a completely new kind of machine for
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6.12 ■ Safety Factors—Selection of a Numerical Value 275

which there is no previous experience to serve as a guide? The greater the uncer-
tainty, the more conservative the engineer must be in selecting an appropriate
design overload or safety factor.

2. Degree of uncertainty about material strength. Ideally, the engineer would have
available extensive data pertaining to the strength of the material as fabricated
into the actual (or very similar) parts, and tested at temperatures and in envi-
ronments similar to those actually encountered. But this is seldom the case.
More often, the available material strength data pertain to samples smaller than
the actual part, which have not experienced any cold working in part fabrication,
and which have been tested at room temperature in ordinary air. Moreover, there
is bound to be some variation in strength from one test specimen to another.
Sometimes the engineer must work with material test data for which such infor-
mation as specimen size and degree of data scatter (and the relationship between
the reported single value and the total range of scatter) are unknown.
Furthermore, the material properties may sometimes change significantly over
the service life of the part. The greater the uncertainty about all these factors,
the larger the safety factor that must be used.

3. Uncertainties in relating applied loads to material strength via stress analysis.
At this point the reader is already familiar with a number of possible uncertain-
ties, such as (a) validity of the assumptions involved in the standard equations
for calculating nominal stresses, (b) accuracy in determining the effective stress
concentration factors, (c) accuracy in estimating residual stresses, if any, intro-
duced in fabricating the part, and (d) suitability of any failure theories and other
relationships used to estimate “significant strength” from available laboratory
strength test data.

4. Consequences of failure—human safety and economics. If the consequences of
failure are catastrophic, relatively large safety factors must, of course, be used.
In addition, if the failure of some relatively inexpensive part could cause exten-
sive shutdown of a major assembly line, simple economics dictates increasing
the cost of this part severalfold (if necessary) in order to virtually eliminate the
possibility of its failure.

An important item is the nature of a failure. If failure is caused by ductile
yielding, the consequences are likely to be less severe than if caused by brittle
fracture. Accordingly, safety factors recommended in handbooks are invariably
larger for brittle materials.

5. Cost of providing a large safety factor. This cost involves a monetary considera-
tion and may also involve important consumption of resources. In some cases, a
safety factor larger than needed may have serious consequences. A dramatic
example is a hypothetical aircraft with excessive safety factors making it too
heavy to fly! With respect to the design of an automobile, it would be possible to
increase safety factors on structural components to the point that a “maniac” dri-
ver could hardly cause a failure even when trying. But to do so would penalize
“sane” drivers by requiring them to pay for stronger components than they can
use. More likely, of course, it would motivate them to buy competitor’s cars!
Consider this situation. Should an automotive engineer increase the cost per car
by $10 in order to avoid 100 failures in a production run of a million cars, where
the failures would not involve safety, but would entail a $100 repair? That is,
should $10,000,000 be spent to save $10,000 plus some customer inconvenience?
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A key point in safety factor selection is balance. All parts of a machine or sys-
tem should have consistent safety factors. Components that might possibly cause
human injury or entail major costs should have the greatest safety factors; compo-
nents that are comparable in these respects should generally have about the same
safety factor, and so on. In fact, balance is perhaps the key to proper safety factor
selection—balance based on good engineering judgment, which is in turn based on
all available information and experience. (Now, marvel again at the balance achieved
by the deacon in his design of the amazing “One-Hoss Shay”!)

6.12.2 Recommended Values for a Safety Factor

Having read through this much philosophy of safety factor selection, the reader is
entitled to have, at least as a guide, some suggestions for “ball park” values of safety
factor that have been found useful. For this purpose, the following recommendations
of Joseph Vidosic [8] are suggested. These safety factors are based on yield strength.

1. SF = 1.25 to 1.5 for exceptionally reliable materials used under controllable
conditions and subjected to loads and stresses that can be determined with
certainty—used almost invariably where low weight is a particularly important
consideration.

2. SF = 1.5 to 2 for well-known materials, under reasonably constant environmen-
tal conditions, subjected to loads and stresses that can be determined readily.

3. SF = 2 to 2.5 for average materials operated in ordinary environments and sub-
jected to loads and stresses that can be determined.

4. SF = 2.5 to 3 for less tried materials or for brittle materials under average con-
ditions of environment, load, and stress.

5. SF = 3 to 4 for untried materials used under average conditions of environ-
ment, load, and stress.

6. SF = 3 to 4 should also be used with better known materials that are to be used
in uncertain environments or subjected to uncertain stresses.

7. Repeated loads: The factors established in items 1 to 6 are acceptable but must be
applied to the endurance limit rather than to the yield strength of the material.

8. Impact forces: The factors given in items 3 to 6 are acceptable, but an impact
factor should be included.

9. Brittle materials: Where the ultimate strength is used as the theoretical maxi-
mum, the factors presented in items 1 to 6 should be approximately doubled.

10. Where higher factors might appear desirable, a more thorough analysis of the
problem should be undertaken before deciding on their use.

6.13 Reliability

A concept closely related to safety factor is reliability. If 100 “identical” parts are put
into service and two fail, then the parts proved to be 98 percent reliable (which might
or might not be good enough). Although the reliability concept finds considerably
more application with parts subjected to wear and fatigue loading, we introduce it
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here in the simpler context of static loading. The usefulness of the reliability
approach depends on having adequate information on the statistical distribution of
(1) loading applied to parts in service, from which can be calculated the significant
stress, and (2) the significant strength of production runs of manufactured parts.

Figure 6.16 shows hypothetical distribution curves for significant stress and for
corresponding significant strength. The mean value of strength is 70 and the mean
value of stress 40. This means that if an “average” part from the production run were
put into service under “average” conditions of loading, there would be a margin of
safety4 of 30. However, the unshaded area of the curve indicates that there is some
possibility of a weak part (as strength equals 50) being installed in a particularly
severe application (as stress equals 60), in which case failure would occur. Thus,
even though the margin of safety is, on the average, 30, in a few instances the margin
of safety will be negative and failure expected. Figure 6.17 shows a corresponding
plot of the distribution of margin of safety. In most instances, interest would be
focused on the size of the unshaded area at the left, indicating failures.

In order to obtain quantitative estimates of the percentage of anticipated failures
from a study like the preceding, we must look into the nature of the distribution
curves for significant stress and strength. We will consider here only the case involv-
ing normal or Gaussian distributions. Although this is only one of the “mathematical
models” sometimes found best suited to actual cases, it is probably the most common.
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FIGURE 6.16
Distribution curves for significant strength x and significant stress y.
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FIGURE 6.17
Distribution curve for margin of safety z.

4 In aeronautical design, the term margin of safety has a different meaning from that used in this text and
in other areas.
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6.14 Normal Distributions

The normal distribution function is most commonly credited to Gauss but was also
discovered independently by two other eighteenth-century mathematicians, Laplace
and DeMoivre. Several normal distribution curves are plotted in Figure 6.18. They
have the equation

(6.11)

where p(x) is the probability density function, m is the mean value of the quantity
and s the standard deviation5 (more about this a little later).

One limitation of this mathematical model for many applications is the fact that
the curve extends asymptotically all the way to plus and minus infinity. Since the
probability that any individual value of x will fall between plus and minus infinity is
one, the area under each of the curves in Figure 6.18 is unity. Likewise, the proba-
bility that the value of x will be between any specific values x1 and x2 is equal to the
area under the curve between x1 and x2, as shown in Figure 6.18.

Varying m with constant s merely shifts the curve to the right or left. Varying s
with constant m changes the shape of the curve, as shown in Figure 6.18. Standard
deviation, s, can be thought of as the standard index of dispersion or scatter of the
particular quantity. Mathematically, m and s are defined as

(6.12)

(6.13)s = standard deviation = B 1

n - 1 a
n

i=1
(xi - m)2

m = mean =
1
n a
n

i=1
xi

p(x) =
122p s

 expB -
(x - m)2

2s2 R , - q 6 x 6 q
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5 We apologize for using these letters again, but our ancestors utterly disregarded the needs of future gen-
erations of engineers and scientists when they put only 26 and 24 letters in the Roman and Greek alpha-
bets, respectively. But perhaps an engineer who cannot tell a normal stress from a standard deviation has
more serious problems anyway!

FIGURE 6.18
Normal distribution curves
having a common m and
various s.
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Figure 6.19 illustrates a particularly useful property of all normal distribution
curves: 68 percent of the population represented fall within the band m ; 1s,
95 percent fall within the band m ; 2s and so on. Percentages of the population
corresponding to any other portions of the distribution can be determined from
Figure 6.20. Alternately, the reader may use the normal distribution table in
Appendix H. (Note: It is suggested that the reader not familiar with normal distributions
verify the numerical values given in Figure 6.19 by using Figure 6.20 or Appendix H.)
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280 Chapter 6 ■ Failure Theories, Safety Factors, and Reliability

6.15 Interference Theory of Reliability Prediction

The interference theory of reliability prediction has already been illustrated by the
“interference” or shaded area of overlap in Figure 6.16, and by Figure 6.17. The mar-
gin of safety, z, is given by z = x - y. It can be shown that

(6.14)

and

(6.15)

By definition, the probability of failure is p(z 6 0).
If the strength x and stress y are normally distributed, then it can be shown that

the margin of safety z also has a normal distribution.
The following example illustrates a typical application of the interference theory.

SAMPLE PROBLEM 6.4 Application of Interference Theory of Reliability

Bolts installed on a production line are tightened with automatic wrenches. They are
to be tightened sufficiently to yield the full cross section in order to produce the
highest possible initial tension. The limiting condition is twisting off the bolts dur-
ing assembly. The bolts have a mean twisting-off strength of 20 N # m with a stan-
dard deviation of 1 N # m. The automatic wrenches have a standard deviation of
1.5 N # m. What mean value of wrench torque setting would result in an estimated 1
bolt in 500 twisting off during assembly (see Figure 6.21)?

SOLUTION

Known: Bolts have a normal distribution of twist-off strength, and the wrench
torque used to tighten the bolts has a standard deviation of 1.5 N # m. One bolt in 500
twists off.

Find: Determine the mean value of wrench torque.

Schematic and Given Data: See Figure 6.21.

Assumption: Both the bolt twist-off strength and the wrench twist-off torque are
normal distributions.

Analysis:
a. sx = 1 N # m, sy = 1.5 N # m. From Eq. 6.15, sz = 1.80 N # m.

b. Figure 6.20 shows that a failure percentage of 0.2 corresponds to 2.9 standard
deviations below the mean: mz = ksz = (2.9)(1.80 N # m) = 5.22 N # m.
Hence, mz = 5.22 N # m.

sz = 2s2
x + s2

y

mz = mx - my
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FIGURE 6.21
(a) Distribution curves for x and y in Sample Problem 6.4.
(b) Distribution curve for z.

c. Since mx = 20 N # m, we obtain from Eq. 6.14 my = 14.78 N # m. This is the
required value of wrench setting.

Comment: Note that the interference theory of reliability prediction does not
require or preclude an order in which the bolts are tested. That is, one group of 500
bolts could be tested in one order and a second group of bolts in a different order and
still only one bolt would fail.
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Sections 6.1–6.4

6.1 A large sheet with a 1-in.-long crack fractures when loaded to 75 ksi. Determine the
fracture load for a similar sheet containing a 2-in. crack.

[Ans.: 53 ksi]

6.2 A large rectangular sheet with a 1-in.-long central
crack fractures when loaded to 80 ksi. Determine
the fracture load for a similar sheet containing a
1.75-in. crack (see Figure P6.2).
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Technical Report AFFDL-TR-69-111, Feb. 1970.

10. Rooke, D. P., and D. J. Cartwright, Compendium of Stress
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FIGURE P6.2

6.3 A large sheet with a 1.75-in.-long edge crack frac-
tures when loaded to 85 ksi. Determine the fracture
load for a similar sheet containing a 2.625-in. crack
(see Figure P6.3).
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6.4 A thin plate of width 2w = 6 in. and thickness t = 0.035 in. is made of 7075-T651
aluminum (Su = 78 ksi, Sy = 70 ksi). The plate is loaded in tension and has a cen-
tral crack perpendicular to the direction of the applied load. Estimate the highest
load, P (see Figure 6.2a), that can be applied without causing sudden fracture when
a central crack grows to a length, 2c, of 1 in. The plate has a plane stress KIc = 60
ksi and will be used in an aircraft fuselage, which will be inspected periodi-
cally for cracks.

6.5 A thin plate with width 2w =
6 in. and thickness t = 0.06
in. is made of Ti-6A1-4V
annealed titanium alloy, with
properties of Su = 130 ksi,
and Sy = 120 ksi. It has a
plane stress KIc = 110 ksi

It is used in a race car
structural component that
will be inspected periodical-
ly for cracks. Estimate the
highest load, P (see Figure
P6.5), that can be applied
without causing sudden frac-
ture when a central crack
grows to a length, 2c, of 1 in.

2in.

2in.

2w = 6 in.

2c = 1 in.

t = 0.06 in.

P

P

Ti – 6AI – 4V (annealed)
titanium plate,
Su = 130 ksi, Sy = 120 ksi,
KIc = 110 ksi �in.

—

FIGURE P6.5

6.6 Repeat Problem 6.5 using a material of D6AC steel at -40°F with properties of
Su = 227 ksi, Sy = 197 ksi, and a plane stress KIc = 100 ksi 

6.7 Repeat Problem 6.5 using a material of D6AC steel at room temperature, with prop-
erties of Su = 220 ksi, Sy = 190 ksi, and a plane stress KIc = 115 ksi 

6.8 Repeat Problem 6.5 using a material of 4340 steel at room temperature, with prop-
erties of Su = 260 ksi, Sy = 217 ksi, and a plane stress KIc = 115 ksi 

6.9 A plate of width 2w = 8 in. and thickness t = 0.05 in. is made of leaded beryllium
copper (Su = 98 ksi, Sy = 117 ksi), and a plate stress KIc = 70 ksi It is used
in a boiler, where periodic inspection for cracks will be made. Estimate the highest
load, P (refer to Section 6.4, Figure 6.2a), that can be applied without causing sud-
den fracture when a central crack grows to a length, 2c, of 1.5 in.

6.10 Repeat Problem 6.9 using a material of leaded brass, with properties of Su = 55 ksi,
Sy = 42 ksi, and a plane stress KIc = 35 ksi 

6.11 A plate has a width w = 5 in., thickness t = 0.05 in., and an edge crack of length
c = 0.75 in. The plate is made of Ti-6A-4V having Su = 130 ksi, Sy = 120 ksi and
a plane stress KIc = 65 ksi With a safety factor of 2.5 for failure by sudden
fracture, estimate the highest load P that can be applied to the ends of the plate (see
Figure P6.3 or Figure 6.2b).

6.12 A 1 in. deep edge crack is found during routine maintenance in a long rectangular
bar made from a material whose fracture toughness is 55 ksi Referring to
Figure P6.12, and assuming linear elastic fracture mechanics, is it safe to return the
bar to service without repair? Use superposition and calculate the stress intensities
for the tensile and bending components separately, then combine them by addition.

2in.

2in.

2in.

2in.

2in.

2in.

2in.
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50,000 lb
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FIGURE P6.12

6.13 A thick 4340 steel plate at room temperature is loaded as in Figure P6.13 to a gross-
area stress sg of 0.73Sy. For dimensions t = 1 in., 2w = 6 in., and a/2c = 0.25, esti-
mate the critical crack depth, acr, at which rapid fracture will occur.
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P
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2w = 6 in.

4340 steel plate

	g = 0.73 Sy

a/2c = 0.25

t = 1 in.

FIGURE P6.13

6.14 Repeat Problem 6.13 using a material of 7075-T651 aluminum.

6.15 Repeat Problem 6.13 using a material of D6AC steel at room temperature.

6.16 Repeat Problem 6.13 using a material of D6AC steel at -40°F.

6.17 A D6AC steel (at room temper-
ature) plate is loaded to a gross-
area stress sg = 0.50 Sy . The
dimensions for the thick plate
are t = 1 in., 2w = 8 in.,
a/2c = 0.25, and 2c = 1 in.
Calculate the center crack
depth, a, and determine if the
plate will fail due to the center
crack. What is the safety factor
(see Figure P6.17)?

6.18 Equation 6.4 gives the stress intensity factor at the edges of a central elliptical crack
for the geometric and load conditions of 2w/t 7 6, a/2c = about 0.25, w/c 7 3,
a/t 6 0.5, and sg/Sy 6 0.8. For these geometric and load conditions, what conclu-
sions can be drawn from an analysis of Figure 6.5h?

P

P

a
2c

2w

t

FIGURE P6.17
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	1 = 200 MPa

	2 = 100 MPa

	2

	1 	1 = 150 MPa

	2 = –100 MPa

	2

	1 ba

FIGURE P6.19

Sections 6.5–6.12

6.19 A machine frame is made of steel having Sy = 400 MPa and Ssy = 250 MPa. When
loaded in a test fixture, the stresses were found to vary linearly with load. Two points
on the surface were found to be most critical. With a 4-kN test load, stresses at these
points were: point a, s1 = 200 MPa, s2 = 100 MPa; point b, s1 = 150 MPa,
s2 = -100 MPa. Compute the test load at which the frame will experience initial
yielding according to the (a) maximum-normal-stress theory, (b) maximum-shear-stress
theory, and (c) maximum-distortion-energy theory. Discuss briefly the relative valid-
ity of each theory for this application. Considering all the information available,
what is your best judgment of the value of test load at which yielding would actually
be expected to begin (see Figure P6.19)?

6.20 A machine component is loaded so that stresses at the critical location are s1 = 20 ksi,
s2 = -15 ksi, and s3 = 0. The material is ductile, with yield strengths in tension
and compression of 60 ksi. What is the safety factor according to (a) the maximum-
normal-stress theory, (b) the maximum-shear-stress theory, and (c) the maximum-
distortion-energy theory? Which theory would be expected to agree most closely
with an actual test?

[Partial ans.: (a) 3.0, (b) 1.71, (c) 1.97]

6.21 Repeat Problem 6.20 with s1 = 25 ksi, s2 = -15 ksi, and s3 = 0.

[Partial ans.: (a) 2.4, (b) 1.5, (c) 1.71]

6.22 Consider the following states of biaxial stress: (1) s1 = 30, s2 = 0, (2) s1 = 30,
s2 = -15, (3) s1 = 30, s2 = -30, (4) s1 = 30, s2 = 15, (5) pure shear, t = 30.
With the aid of a s1–s2 plot, list these stress states in order of increasing likelihood
of causing failure according to (a) the maximum-normal-stress theory, (b) the
maximum-shear-stress theory, and (c) the maximum-distortion-energy theory.
Assume an arbitrary value of Sy = 80 psi for the plot and calculate safety factors for
each failure theory and stress state.

6.23 What tensile yield strength must a ductile material have in order to provide a safety
factor of 2 with respect to initial yielding at the location(s) investigated in Problems
(a) 4.46, (b) 4.49, (c) 4.51, (d) 4.53, (e) 4.55, (f) 4.56, (g) 4.58, (h) 4.62, and (i) 4.67?
In each case, determine the answer using both the maximum-shear-stress theory and
the maximum-distortion-energy theory.

6.24 What tensile yield strength must a ductile material have in order to provide a safety
factor of 1.5 with respect to initial yielding at the location(s) investigated in
Problems (a) 4.46, (b) 4.49, (c) 4.51, (d) 4.53, (e) 4.55, (f) 4.56, (g) 4.58, (h) 4.62,
and (i) 4.67? In each case, determine the answer using both the maximum-shear-
stress theory and the maximum-distortion-energy theory.

6.25 What ultimate tensile strength would be required of a brittle material in order to
provide a safety factor of 4 to a member subjected to the same state(s) of stress
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as those determined in Problems (a) 4.46, (b) 4.49, (c) 4.51, (d) 4.53, (e) 4.55,
(f) 4.56, (g) 4.58, (h) 4.62, and (i) 4.67? Use the modified Mohr theory, and
assume a compressive ultimate strength of 3.5 times the tensile strength. If over-
loaded to failure, what would be the orientation of the brittle crack in each case?

6.26 Repeat Problem 6.25, except use a safety factor of 3.5.

6.27 The surface of a steel machine member is subjected to principal stresses of 200 MPa
and 100 MPa. What tensile yield strength is required to provide a safety factor of 2
with respect to initial yielding:

(a) According to the maximum-shear-stress theory?

(b) According to the maximum-distortion-energy theory?

[Ans.: (a) 400 MPa, (b) 346 MPa]

6.28 A load causes principal stresses of 300 and 100 MPa on the surface of a steel
machine member. What tensile yield strength is required to provide a safety factor of
2 with respect to initial yielding:

(a) According to the maximum-shear-stress theory?

(b) According to the maximum-distortion-energy theory?

[Ans.: (a) 600 MPa, (b) 530 MPa]

6.29 A round steel rod is subjected to axial
tension of 50 MPa with superimposed
torsion of 100 MPa. What is your best
prediction of the safety factor with
respect to initial yielding if the mater-
ial has a tensile yield strength of
500 MPa (see Figure P6.29)?

[Ans.: 2.77]

	x 	x = 50 MPa

Sy = 500 MPa

xy = 100 MPa

xyFIGURE P6.29

6.30 Repeat Problem 6.29 except use a tensile yield strength of 400 MPa.

[Ans.: 2.22]

6.31 A straight round shaft is subjected to a torque of 5000 lb # in. Determine the required
diameter, using steel with a tensile yield strength of 60 ksi and a safety factor of 2
based on initial yielding:

(a) According to the maximum-normal-stress theory.

(b) According to the maximum-shear-stress theory.

(c) According to the maximum-distortion-energy theory.

Discuss briefly the relative validity of the three predictions.

6.32 Repeat Problem 6.31, except use a torque of 6000 lb # in.

6.33 A round steel bar having Sy = 800 MPa is subjected to loads producing calculated stresses
of P/A = 70 MPa, Tc/J = 200 MPa, Mc/I = 300 MPa, and 4V/3A = 170 MPa.

(a) Sketch Mohr circles showing the relative locations of maximum normal stress
and maximum shear stress.

(b) Determine the safety factor with respect to initial yielding according to the
maximum-shear-stress theory and according to the maximum-distortion-energy
theory.
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6.34 The surface of a steel machine member is subjected to stresses of s1 = 100 MPa,
s2 = 20 MPa, and s3 = -80 MPa. What tensile yield strength is required to pro-
vide a safety factor of 2.5 with respect to initial yielding:

(a) According to the maximum-shear-stress theory?

(b) According to the maximum-distortion-energy theory?

6.35 A downhold oil tool experiences critical static biaxial stresses of s1 = 45,000 psi
and s2 = 25,000 psi. The oil tool is made of normalized 4130 steel that has an ulti-
mate tensile strength of 97,000 psi and a yield strength of 63,300 psi. Determine the
factor of safety based on predicting failure by the maximum-normal-stress theory,
the maximum-shear-stress theory, and the distortion energy theory.

6.36 A lawn mower component experiences critical static stresses of sx = 45,000 psi,
sy = 25,000 psi, and txy = 15,000 psi. The component is made of 4130 normalized
steel that has an ultimate strength of 97,000 psi and a yield strength of 63,300 psi.
Determine the factor of safety based on predicting failure by the maximum-normal-
stress theory, the maximum-shear-stress theory, and the distortion energy theory.

Sections 6.13–6.15

6.37 A shaft is subjected to a maximum load of 20 kN. It is designed to withstand a load
of 25 kN. If the maximum load encountered is normally distributed with a standard
deviation of 3.0 kN, and if shaft strength is normally distributed with a standard devi-
ation of 2.0 kN, what failure percentage would be expected?

6.38 Assume that the failure rate calculated in Problem 6.37 is unacceptable.

(a) To what value would the standard deviation of shaft strength have to be reduced
in order to give a failure rate of 5%, with no other changes?

(b) To what value would nominal shaft strength have to be increased in order to
give a failure rate of only 5%, with no other changes?

6.39 A particular machine part is subjected in service to a maximum load of 10 kN. With
the thought of providing a safety factor of 1.5, it is designed to withstand a load of
15 kN. If the maximum load encountered in various applications is normally distrib-
uted with a standard deviation of 2 kN, and if part strength is normally distributed with
a standard deviation of 1.5 kN, what failure percentage would be expected in service?

[Ans.: 2.3%]

6.40 Assume that the failure rate calculated in Problem 6.39 is unacceptable.

(a) To what value would the standard deviation of part strength have to be reduced
in order to give a failure rate of only 1%, with no other changes?

(b) To what value would the nominal part strength have to be increased in order to
give a failure rate of only 1%, with no other changes?

6.41 A shaft is subjected to a maximum load of 10 kN. It is designed to withstand a load
of 15 kN. If the maximum load encountered is normally distributed with a standard
deviation of 2.5 kN, and if shaft strength is normally distributed with a standard devi-
ation of 2.0 kN, what failure percentage would be expected?

[Ans.: 7.0%]

6.42 Assume that the failure rate calculated in Problem 6.41 is unacceptable.

(a) To what value would the standard deviation of shaft strength have to be reduced
in order to give a failure rate of only 3%, with no other changes?

(b) To what value would the nominal shaft strength have to be increased in order to
give a failure rate of only 3%, with no other changes?
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FIGURE 7.1
Three levels of impact loading pro-
duced upon instantaneous release of
mass m.

7 Impact

7.1 Introduction

The previous chapters have dealt almost exclusively with static loading. We turn now
to the more commonly encountered case of dynamic loading. Dynamic loading
includes both impact, the subject of this chapter, and fatigue, which will be intro-
duced in Chapter 8.

Impact loading is also called shock, sudden, or impulsive loading. The reader
has inevitably experienced and observed many examples of impact loading—driving
a nail or stake with a hammer, breaking up concrete with an air hammer, automobile
collisions (even minor ones such as bumper impacts during careless parking), drop-
ping of cartons by freight handlers, razing of buildings with an impact ball, auto-
mobile wheels dropping into potholes, and so on.

Impact loads may be divided into three categories in order of increasing severity:
(1) rapidly moving loads of essentially constant magnitude, as produced by a
vehicle crossing a bridge, (2) suddenly applied loads, such as those in an explosion,
or from combustion in an engine cylinder, and (3) direct-impact loads, as produced
by a pile driver, drop forge, or vehicle crash. These are illustrated schematically in
Figure 7.1. In Figure 7.1a, mass m is held so that it just touches the top of spring k
and is suddenly released. Dashpot c (also called a damper or shock absorber) adds a
frictional supporting force that prevents the full gravitational force mg from being
applied to the spring immediately. In Figure 7.1b there is no dashpot, so the release
of mass m results in an instantaneous application of the full force mg. In Figure 7.1c,
not only is the force applied instantaneously, but the mass acquires kinetic energy
before it strikes the spring.

The significant thing about the dashpot action in Figure 7.1a is that it results in
a gradual application of the load mg. If the load is applied slowly enough, it can be

c07.qxd  8/3/11  8:59 PM  Page 288



7.1 ■ Introduction 289

considered as static. The usual way of distinguishing between impact and static load-
ing in this situation is to compare the time required for applying the load with the
natural period of vibration of the undamped mass on the spring.

[For the reader not yet acquainted with elementary vibration theory, imagine
that the mass in Figure 7.1b is attached to the spring, that it is pushed down and
then suddenly released. The mass will then vibrate up and down, with a fixed
interval between consecutive times that it is in the “full up” or “full down” posi-
tion. This time interval is the natural period of vibration of the mass on the
spring. The relationship between this period (t, s), the mass (m, kg or lb # s2/in.),
and the spring constant (k, N/m or lb/in.) is

(a)

Thus, the greater the mass and the softer the spring the longer the period of
vibration (or, the lower the natural frequency of vibration).]

If the time required to apply the load (i.e., to increase it from zero to its full value)
is greater than three times the natural period, dynamic effects are negligible and static
loading may be assumed. If the time of loading is less than half the natural period, there
is definitely an impact. Of course, there is a “gray area” in between—see Table 7.1.

Impact loads can be compressive, tensile, bending, torsional, or a combination
of these. The sudden application of a clutch and the striking of an obstruction by the
bit of an electric drill are examples of torsional impact.

An important difference between static and impact loading is that statically
loaded parts must be designed to carry loads, whereas parts subjected to impact
must be designed to absorb energy.

Material strength properties usually vary with speed of load application. In gen-
eral, this works out favorably because both the yield and ultimate strengths tend to
increase with speed of loading. (Remember, though, that rapid loading tends to pro-
mote brittle fracture, as noted in Section 6.2.) Figure 7.2 shows the effect of strain
rate on tensile properties of mild steel.

One of the problems in applying a theoretical analysis of impact to actual engi-
neering problems is that often the time rates of load application and of strain devel-
opment can only be approximated. This sometimes leads to the use of empirically
determined stress impact factors, together with the static strength properties of the
material. This practice works out well when good empirical data are available that
apply closely to the part being designed. An example is the use of a stress impact
factor of 4 in designing automotive suspension parts. Even when the use of these
empirical factors is justified, it is important for the engineer to have a good under-
standing of the basic fundamentals of impact loading.

t = 2pAmk

TABLE 7.1 Type of Loading

Load Type Time Required to Apply Load (s)

Static loading tapplied loading 7 3t

“Gray area”

Dynamic loading tapplied loading 6 1
2 t

1
2 t 6 tapplied loading 6 3t
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FIGURE 7.2
Effect of strain rate on tensile properties of mild steel at room
temperature [2].

7.2 Stress and Deflection Caused by Linear and Bending Impact

Figure 7.3 shows an idealized version of a freely falling mass (of weight W) impact-
ing a structure. (The structure is represented by a spring, which is appropriate
because all structures have some elasticity.) To derive from Figure 7.3 the simplified
equations for stress and deflection, the same assumptions are made as when deriv-
ing the equation for the natural frequency of a simple spring–mass system: (1) the
mass of the structure (spring) is negligible, (2) deflections within the mass itself are
negligible, and (3) damping is negligible. These assumptions have some important
implications.

�

k

(a) (b) (c)

Elastic-strain energy stored

in structure = Fe�

Fo
rc

e
F e

W O

h
Deflection

Work of falling weight = W (h + �)

Guide rod

h

�

�st

1
2

W

k

W

FIGURE 7.3
Impact load applied to elastic structure by falling weight: (a) initial position; (b) position at instant of maximum
deflection; (c) force–deflection-energy relationships.
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1. The first assumption implies that the dynamic deflection curve (i.e., the instan-
taneous deflections resulting from impact) is identical to that caused by the
static application of the same load, multiplied by an impact factor. In reality,
the dynamic deflection curve inevitably involves points of higher local strain
(hence, higher local stress) than does the static curve.

2. Some deflection must inevitably occur within the impacting mass itself. To the
extent that it does, a portion of the energy is absorbed within the mass, thereby
causing the stresses and deflections in the structure to be a little lower than the
calculated values.

3. Any actual case involves some (though perhaps very little) friction damping in
the form of windage, rubbing of the mass on the guide rod and end of the spring
(in Figure 7.3), and internal friction within the body of the deflecting structure.
This damping can cause the actual stresses and deflections to be significantly
less than those calculated from the idealized case.

Keeping the above limitations in mind, the following analysis of the idealized
case provides an understanding of basic impact phenomena, together with equations
that are very helpful as a guide in dealing with linear impact.

In Figure 7.3, the falling mass is such that (in the gravitational field involved) it
has a weight, W (newtons or pounds). The structure is assumed to respond to the
impact elastically, with a spring constant of k (newtons per meter or pounds per
inch). The maximum value of deflection that is due to impact is d (meters or
inches). Fe is defined as an equivalent static force that would produce the same
deflection d; that is, Fe = kd. The static deflection that exists after the energy is
damped out and the weight comes to rest on the structure is designated by dst , where
dst = W/k.

Equating the potential energy given up by the falling mass with the elastic
energy absorbed by the spring (structure),

(b)

Note that the factor of appears because the spring takes on the load gradually.
By definition, since Fe = kd and k = W/dst

(c)

Substituting Eq. c into Eq. b gives

(d)

Equation d is a quadratic equation in d, which is solved routinely to give

(7.1)d = dst¢1 + A1 +
2h

dst
≤

W(h + d) =
1

2

d2

dst
W

Fe = (d/dst)W or d/dst = Fe/W

1
2

W(h + d) = 1
2Fe d
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Substitution of Eq. c in Eq. 7.1 gives

(7.2)

Since the structure (spring) is assumed to respond elastically to the impact, the
stress produced is proportional to the load. The term in parentheses in Eqs. 7.1 and
7.2 is called the impact factor. It is the factor by which the load, stress, and deflec-
tion caused by the dynamically applied weight, W, exceed those caused by a slow,
static application of the same weight.

In some cases it is more convenient to express Eqs. 7.1 and 7.2 in terms of
velocity at impact v (meters per second or inches per second) instead of height of
fall h. For free fall, the relationship between these quantities is

(e)

where g is the acceleration of gravity measured in meters per second per second or
inches per second per second.

Substitution of Eq. e in Eqs. 7.1 and 7.2 gives

(7.1a)

and

(7.2a)

Reducing distance h to zero with v equal to zero gives the special case of a sud-
denly applied load, for which the impact factor—in Eqs. 7.1 and 7.2—is equal to 2.
This may have been one basis for designers in the past sometimes doubling safety
factors when impact was expected.

In many problems involving impact, the deflection is almost insignificant in
comparison to h (see Figure 7.3). For this case, where Eqs. 7.1 and 7.2 can
be simplified to

(7.3)

(7.4)

Similarly, Eqs. 7.1a and 7.2a simplify to

(7.3a)

(7.4a)Fe = WA v2

gdst
= Av2kW

g

d = dstA v2

gdst
= Cdstv

2

g

Fe = WA2h

dst
= 22Whk

d = dstA2h

dst
= 22hdst

h W dst ,

Fe = W¢1 + A1 + v2

gdst
≤

d = dst¢1 + A1 + v2

gdst
≤

v2 = 2gh or h =
v2

2g

Fe = W¢1 + A1 +
2h

dst
≤
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In the preceding four equations, gravity was considered only as the means for
developing the velocity of the weight at the point of impact (the further action of
gravity after impact being neglected). Hence, Eqs. 7.3a and 7.4a apply also to the
case of a horizontally moving weight striking a structure, where the impact velocity
v is developed by means other than gravity. In this case, dst is the static deflection
that would exist if the entire system were rotated 90° to allow the weight to act ver-
tically upon the structure. Thus, regardless of the actual orientation,

(f)

It is useful to express the equations for deflection and equivalent static force as
functions of the impact kinetic energy U, where, from elementary physics,

(g)

Substitution of Eqs. f and g into Eqs. 7.3a and 7.4a gives

(7.3b)

(7.4b)

Thus, the greater the energy, U, and the stiffer the spring, the greater the equivalent
static force.

7.2.1 Linear Impact of Straight Bar in Tension or Compression

An important special case of linear impact is that of a straight rod or bar impacted
in compression or in tension. The tensile case is illustrated schematically in Figure
7.4a. The tensile rod sometimes takes the form of a bolt. If the impact load is
applied concentrically, and if stress concentration can be neglected (mighty big
“ifs” usually!), then we can substitute into Eq. 7.4b the elementary expressions

(h)s = Fe/A

Fe = 22Uk

d = A2U

k

U = 1
2mv

2 = Wv2/2g

dst = W/k

d

L /2

L /2

2d

(b)

d

L

(a)

�d2

4
Area = A =

FIGURE 7.4
Tensile impact.
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and

(i)

where A and L are the rod cross-sectional area and length, respectively. The result-
ing equation is

(7.5)

where V is the volume of material in the rod.
Note the important implication of Eq. 7.5—the stress developed in the rod is a

function of its volume irrespective of whether this volume is made up of a long rod
of small area or a short rod of large area.

Solving Eq. 7.5 for U gives

(7.5a)

This shows the impact energy capacity of a straight rod to be a remarkably simple
function of its volume, its modulus of elasticity, and the square of the allowable stress.

Despite the importance of this basic relationship, it should be emphasized that
Eqs. 7.5 and 7.5a may, in practice, give results that are considerably optimistic—that is,
give a calculated stress lower than the actual peak stress, and, correspondingly, a calcu-
lated energy capacity greater than that which actually exists. The main reasons for this
are: (1) the stresses are not uniform throughout the member, due to stress concentration
and nonuniformity of loading on the impacted surface, and (2) the impacted member
has mass. The inertia resulting from the rod mass causes the impacted end of the rod to
have a greater local deflection (hence, stress) than it would if inertial effects did not pre-
vent the instantaneous distribution of deflection throughout the length of the rod. The
effect of stress raisers is considered in Section 7.4. The quantitative effect of the mass
of the struck member is left for more advanced works; see [1], [6], and [8].

7.2.2 Sample Problems for Linear and Bending Impact

SAMPLE PROBLEM 7.1 Axial Impact—Importance of Section Uniformity

Figure 7.4 shows two round rods subjected to tensile impact. How do their elastic
energy-absorbing capacities compare? (Neglect stress concentration and use Sy as an
approximation of the elastic limit.)

SOLUTION

Known: Two round rods of given geometry are subjected to tensile impact.

Find: Compare the elastic energy-absorbing capacities of the two rods.

Schematic and Given Data: See Figure 7.4.

Assumptions:
1. The mass of each rod is negligible.

2. Deflections within each impacting mass itself are negligible.

U =
s2V

2E

s = A2UE

AL
= A2UE

V

k = AE/L
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3. Frictional damping is negligible.

4. Each rod responds to the impact elastically.

5. The impact load is applied concentrically.

6. Stress concentration can be neglected.

Analysis:
1. The elastic capacity for Figure 7.4a is determined directly from Eq. 7.5a,

where s = Sy :

2. In Figure 7.4b, the energy absorbed by the upper and lower halves must be
determined separately. The smaller lower half is critical; it can be brought to a
stress of Sy , and its volume is V/2 (where V = volume of the full-length rod in
Figure 7.4a). Thus, energy capacity of the lower half is

3. The same force is transmitted through the full length of the rod. The upper half
has four times the area of the lower half; hence, it has four times the volume and
only the stress. Thus the energy capacity of the upper half is

4. The total energy capacity is the sum of Ubl and Ubu , which is five-eighths the
energy capacity of the constant diameter rod of Figure 7.4a. Since the rod in
Figure 7.4b has times the volume and weight of the straight rod, it follows
that the energy capacity per pound of the uniform-section rod is four times as
great as that of the stepped rod.

Comment: The stress concentration in the middle of the stepped bar would further
reduce its capacity and would tend to promote brittle fracture. This point is treated
further in the next section.

SAMPLE PROBLEM 7.2 Relative Energy Absorption Capacity 
of Various Materials

Figure 7.5 shows a falling weight that impacts on a block of material serving as a
bumper. Estimate the relative elastic-energy-absorption capacities of the following
bumper materials.

Density Elastic Modulus Elastic Limit
Material (kN/m3) (E) (Se, MPa)

Soft steel 77 207 GPa 207

Hard steel 77 207 GPa 828

Rubber 9.2 1.034 MPa 2.07

2 1
2

Ubu =
(Sy/4)2(2V)

2E
= 1

8 Ua

1
4

Ubl =
S2
yV/2

2E
= 1

2 Ua

Ua =
S2
yV

2E
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L

Bumper of
cross section A;
volume = AL

h

W

FIGURE 7.5
Impact loading of compression bumper.

SOLUTION

Known: A weight falls on energy-absorbing bumpers of specified materials.

Find: Compare the elastic-impact capacity of the bumper materials.

Schematic and Given Data:

Assumptions:
1. The mass of the bumper is negligible.

2. Deflections within the impacting weight itself are negligible.

3. Damping is negligible.

4. The bumper responds elastically.

5. The impact load is applied uniformly.

Analysis:
1. From Figure 7.3, the elastic strain energy absorbed is or the area under the

force-deflection curve. At the elastic limit, Fe = SeA, and d = FeL/AE.
Substitution of these values gives

which, not surprisingly, corresponds exactly with Eq. 7.5a.

2. Substitution of the given material properties in the above equation indicates that
on the basis of unit volume, the relative elastic-energy-absorption capacities of
the soft steel, hard steel, and rubber are 1 :16 :20. On a unit mass or weight basis
the relative capacities are 1 :16 :168.

Comment: The capacity per unit volume of a material to absorb elastic energy is
equal to the area under the elastic portion of the stress–strain diagram and is called the
modulus of resilience (Rm) of the material. The total energy absorption capacity in ten-
sion per unit volume of the material is equal to the total area under the stress–strain
curve (extending out to fracture) and is sometimes called the modulus of toughness
(Tm) of the material. In the above problem the two steels differed markedly in their
moduli of resilience, but their relative toughnesses would likely be comparable.

U = 1
2Fed =

S2
eAL

2E
=
S2
eV

2E

1
2Fed,
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SAMPLE PROBLEM 7.3 Bending Impact—Effect of Compound Springs

Figure 7.6 shows a wood beam supported on two springs and loaded in bending
impact. Estimate the maximum stress and deflection in the beam, based on the
assumption that the masses of the beam and spring can be neglected.

SOLUTION

Known: A 100-lb weight falls from a specified height onto a wood beam of known
material and specified geometry that is supported by two springs.

Find: Determine the maximum beam stress and deflection.

Schematic and Given Data:

 1   in. ×  3   in., I = bh3/12 = 6.46 in.4

2 × 4 white pine

E = 106 psi

Mod. of rupture = 6 ksi

30 in.

12 in.

60 in.

100 lb/in. 100 lb/in.5
8

5
8

Z = I/c = 3.56 in.3

 100 lb

FIGURE 7.6
Bending impact, with compound spring.

Assumptions:
1. As stated in the problem, the masses of the beam and spring can be neglected.

2. The beam and springs respond elastically.

3. The impact load is applied uniformly at the center of the beam.

Analysis:
1. The static deflection for the beam only, supporting springs only, and total system are

2. From Eq. 7.1 or 7.2 the impact factor is

1 + A1 +
2h

dst
= 1 + A1 +

24

0.57
= 7.6

dst(total) = 0.070 + 0.50 = 0.57 in.

dst(springs) =
P

2k
=

100

2(100)
= 0.50 in.

dst(beam) =
PL3

48EI
=

100(60)3

48(106)(6.46)
= 0.070 in.
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3. Hence, the total impact deflection is 0.57 * 7.6 = 4.3 in., but the deflection of
the beam itself is only 0.07 * 7.6 = 0.53 in.

4. The extreme-fiber beam stress is estimated from Fe = 100 * 7.6 = 760 lb:

Comments:
1. The estimated stress is well within the given modulus of rupture of 6000 psi.

(The modulus of rupture is the computed value of M/Z at failure in a standard
static test.)

2. If the supporting springs are removed, the total static deflection is reduced to
0.07 in., and the impact factor increases to 19.6. This would give a computed
maximum beam stress of 8250 psi, which is greater than the modulus of rupture.
If the inertial effect of the beam mass does not cause the actual stress to be very
much higher than 8250 psi, it is possible that the “dynamic-strengthening
effect” shown in Figure 7.2 would be sufficient to prevent failure. Because this
effect is usually appreciable for woods, the results of standard beam impact tests
are often included in references giving properties of woods.

7.3 Stress and Deflection Caused by Torsional Impact

The analysis of the preceding section could be repeated for the case of torsional sys-
tems, and a corresponding set of equations developed. Instead, advantage will be
taken of the direct analogy between linear and torsional systems to write the final
equations directly. The analogous quantities involved are

Linear Torsional

d, deflection (m or in.) u, deflection (rad)

Fe , equivalent static force (N or lb) Te , equivalent static torque (N # m or lb # in.)

m, mass (kg or lb # s2/in.) I, moment of inertia (N # s2 # m or lb # s2 # in.)

k, spring rate (N/m or lb/in.) K, spring rate (N # m/rad or lb # in./rad)

v, impact velocity (m/s or in./s) v, impact velocity (rad/s)

U, kinetic energy (N # m or in. # lb) U, kinetic energy (N # m or in. # lb)

The two following equations have the letter t added to the equation number to
designate torsion:

(7.3bt)

(7.4bt)

For the important special case of torsional impact of a solid round bar of diameter d:

Te = 22UK

u = A2U

K

s =
M

Z
=
FeL

4Z
=

760(60)

4(3.56)
= 3200 psi

298 Chapter 7 ■ Impact
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1. From Table 5.1,

(i)

2. From Eq. 4.4 with T replaced by Te ,

(j)

3. Volume, V = pd2L/4 (k)

Substitution of Eqs. i, j, and k into Eq. 7.4bt gives

(7.6)

SAMPLE PROBLEM 7.4 Torsional Impact

Figure 7.7a shows the shaft assembly of a grinder, with an abrasive wheel at each end
and a belt-driven sheave at the center. (The sheave can also be thought of as the armature
of an electric motor.) When turning at 2400 rpm, the smaller abrasive wheel is acciden-
tally jammed, causing it to stop “instantly.” Estimate the resulting maximum torsional
stress and deflection of the shaft. Consider the abrasive wheels as solid disks of density
r = 2000 kg/m3. The shaft is steel (G = 79 GPa), and its weight may be neglected.

SOLUTION

Known: The smaller wheel of a grinder turning at 2400 rpm is stopped instantly.

Find: Determine the maximum shaft stress and torsional deflection.

Schematic and Given Data:

t = 2AUG

V

t =
16Te
pd3

K =
T

u
=
K¿G
L

=
pd4G

32L

100-mm
dia.

120-mm
dia.

20-mm
dia.

20 mm20 mm

250 mm

FIGURE 7.7a
Torsional impact of grinder shaft.

Assumptions:
1. The weight of the shaft and pulley may be neglected.

2. The shaft acts as a torsional spring and responds elastically to the impact.

3. Deflections within the abrasive wheels are negligible.
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Analysis:
1. It is the energy in the 120-mm wheel that must be absorbed by the shaft. From

the torsional equivalent of Eq. g, this is

where

and

2. Combining the preceding equations, we have

3. Substituting numerical values (with units of meters, kilograms, and seconds) gives

4. From Eq. 7.6

or

5. The torsional deflection,

where T = tJ/r (i.e., t = Tr/J); hence,

Comments:
1. The preceding calculations assumed that the stresses are within the elastic range.

Note that no provision was made for stress concentration or for any
superimposed bending load that would also be present as a result of the jam-
ming. Torque applied to the sheave by the belt was also neglected, but this could
be negligible because of belt slippage. In addition, it is only because of assumed
belt slippage that the inertia of the driving motor is not a factor.

2. The effect of the shaft radius, r, on shaft shear stress, t, and torsional deflection,
u, can be explored by computing and plotting the shaft stress and torsional
deflection for a shaft radius from 5 mm to 15 mm, and for a shear modulus, G,
of steel (79 GPa), cast iron (41 GPa) and aluminum (27 GPa)—see Figure 7.7b.

u =
tL

rG
=

(321.7 * 106)(0.250)

(0.010)(79 * 109)
= 0.10 rad = 5.7°

u =
TL

JG

t = 322 MPa

= 2C(25.72)(79 * 109)

p(0.010)2(0.250)
= 321.7 * 106 Pa

t = 2AUG

V

U = 25.72
kg # m2

s2
= 25.72 N # m

U = 1
4p(0.060)4(0.020)(2000)a2400 * 2p

60
b2

U = 1
4pr

4
wheeltrv

2

m = pr2wheeltr

I = 1
2mr

2
wheel

U = 1
2 Iv

2
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3. For a 2024-T4 aluminum alloy shaft with a 10 mm radius, with Sy = 296 MPa
(Appendix C-2) and with Ssy = 0.58Sy = 172 MPa, the shear stress is
t = 188 MPa and the shaft rotation is u = .174 rad = 10°. Inspection of the
plot of shaft shear stress versus shaft radius shows that shaft radius should be
greater than 11 mm to avoid yielding in a 2024-T4 aluminum alloy shaft.

7.4 Effect of Stress Raisers on Impact Strength

Figure 7.8 shows the same tensile impact bar as Figure 7.4a, except that recognition
is given to the fact that stress concentration exists at the ends of the bar. As with sta-
tic loading it is possible that local yielding would redistribute the stresses so as to
virtually nullify the effect of the stress raiser. But under impact loading the time
available for plastic action is likely to be so short that brittle fracture (with an effec-
tive stress concentration factor almost as high as the theoretical value, Kt , obtained
from a chart similar to Figure 4.35b) will sometimes occur even in a material that
exhibits ductile behavior in the tensile test. In terms of the discussion in Section 6.2,
adding a stress raiser and applying an impact load are both factors tending to raise

To
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g)

Shaft radius (mm)
5.0 7.5 10.0 12.5 15.0
0
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S
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(M
P

a)

Shaft radius (mm)
5.0 7.5 10.0 12.5 15.0

100

200

300

400

500

600

700

Aluminum
Cast iron
Steel

Aluminum
Cast iron
Steel

FIGURE 7.7b
Shear stress and torsional deflection vs. shaft radius.
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Ki = 1.5

Ki = 1.5

d

FIGURE 7.8
Plain impact bar.

the transition temperature—that is, cause brittle fracture without dropping to as low
a temperature.

Because of the difficulty in predicting impact notch effects from theoretical con-
siderations, standard notched impact tests are used, such as the Charpy and Izod.
These, too, have their limitations, for notched impact strength varies markedly with
size, shape, and nature of impact. Because of this, special laboratory tests that more
closely simulate actual conditions are sometimes used.

SAMPLE PROBLEM 7.5 Notched Tensile Impact

Suppose that from special tests it has been determined that the effective stress con-
centration factor for impact loading, Ki , at the ends of the rod in Figure 7.8 is 1.5,
as shown. How much does the stress raiser decrease the energy-absorbing capacity
of the rod, as estimated from Eq. 7.5a?

SOLUTION

Known: A round rod subject to impact loading has a specified stress concentration at
each end.

Find: Determine the effect of a stress raiser on rod energy-absorbing capacity.

Schematic and Given Data: See Figure 7.8.

Assumption: Under impact loading, the rod material exhibits brittle behavior.

Analysis: First, two observations: (a) If the rod is sufficiently long, the volume of
material in the region of the end fillets is a very small fraction of the total and (b) the
material at the critical fillet location cannot be stressed in excess of the material
strength S. This means that nearly all the material can be considered as stressed to a
uniform level that cannot exceed S/Ki , or, in this instance, S/1.5. Thus, a good
approximation is that after considering the stress raiser, the same volume of mater-
ial is involved, but at a stress level reduced by a factor of 1.5. Since the stress is
squared in Eq. 7.5a, taking the notch into consideration reduces the energy capacity
by a factor of 1.52, or 2.25.
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SAMPLE PROBLEM 7.6 Notched Tensile Impact

Figure 7.9 shows the same impact bar as Figure 7.8, except that a sharp groove, with
Ki = 3, has been added. Compare the impact-energy capacities of the bars in
Figures 7.8 and 7.9.

SOLUTION

Known: A grooved impact bar and a plain impact bar are each subjected to impact
loading.

Find: Compare the impact-energy capabilities of both bars.

Schematic and Given Data:

Ki = 1.5

Ki = 3

Ki = 1.5
d

d
2

FIGURE 7.9
Grooved impact bar.

Assumption: The rod materials exhibit brittle behavior.

Analysis: In Figure 7.9, the impact capacity is limited to the value that brings the
stress at the groove to the material strength S. Since the effective stress concentration
factor is 3, the nominal stress level in the section of the groove is S/3. Because of the
4 :1 area ratio, the nominal stress in the bulk of material (not in the groove plane) is
only S/12. For a long bar, the percentage of volume near the groove is very small.
Thus, with reference to Eq. 7.5a, the only substantial difference made by introducing
the groove is to reduce the value of s from S/1.5 to S/12. Since s is squared in the
equation, the groove reduces the energy capacity by a factor of 64; that is, the grooved
bar has less than 2 percent of the energy-absorbing capacity of the ungrooved bar!

From this discussion, it follows that the effective design of an efficient energy-
absorbing member comprises two key steps.

1. Minimize stress concentration as much as possible. (Always try to reduce the
stress at the point where it is highest.)

2. Having done this, remove all possible “excess material” so that the stress every-
where is as close as possible to the stress at the most critical point. Removing
this excess material does not reduce the load that the member can carry, and the
deflection is increased. Since energy absorbed is the integral of force times
deflection, energy-absorbing capacity is thereby increased. (Recall the dramatic
example of this principle in Sample Problem 7.1.)
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SAMPLE PROBLEM 7.7 Modifying a Bolt Design for Greater Impact Strength

Figure 7.10a shows a bolt that is subjected to tensile impact loading. Suggest a mod-
ified design that would have greater energy-absorbing capacity. How much increase
in capacity would the modified design provide?

SOLUTION

Known: A standard bolt of specified geometry is to be modified for tensile impact
loading.

Find: Modify the bolt geometry and estimate the increase in energy-absorbing
capacity.

Schematic and Given Data:

Ki = 3.4

A = 700 mm2

"Very long"
(>10d)

"Negligible"

Ki = 3.5

A = 600 mm2

Shank

Head

Ki = 3.4

A = 300 mm2

Ki =1.5

Ki = 3.0

Ki = 1.5

A = 600 mm2

(a) Original design (b) Modified design

d

FIGURE 7.10
Bolt subjected to tensile impact.

Decisions: The following decisions are made in the design analysis.

1. Minimize stress concentration by using a thread with a smooth, generous fillet
at the root.

2. Leave a short length of full-diameter shank under the bolt head to serve to center
the bolt in the bolt hole.

3. Design for uniform stress throughout the bolt by reducing the diameter in the
lesser-stressed portion of the shank.

Assumptions: Material of strength S is used for both bolts. Other assumptions are
made as required throughout the design analysis.

Design Analysis:
1. Reduce stress concentration where it is most critical. The highest stress is at the

thread (Ki = 3.5, acting at an area of only 600 mm2). Assume that by modifying

c07.qxd  8/3/11  8:59 PM  Page 304



7.4 ■ Effect of Stress Raisers on Impact Strength 305

the thread slightly to provide a smooth, generous fillet at the root, Ki can be
reduced to 3.0, as shown in Figure 7.10b. The other point of stress concentration
is in the fillet under the bolt head. This fillet must be small in order to provide
adequate flat area for contact. Actually, there is no incentive to reduce stress con-
centration at that point because the stress there will be less than at the thread root,
even with the modified thread design.1

2. Leave a short length of full-diameter shank under the bolt head to serve as a
pilot to center the bolt in the bolt hole. The diameter in the rest of the shank can
be reduced to make the shank stress nearly equal to the stress at the thread root.
Figure 7.10b shows a reduced shank diameter that is flared out to the full diam-
eter with a large radius, to give minimal stress concentration. On the basis of a
conservative stress concentration estimate of 1.5, the shank area can be reduced
to half the effective-stress area at the thread:

3. Assume that the bolt is sufficiently long so that the volume of uniformly
stressed material in the central portion of the shank is the only volume that need
be considered, and that the volumes in the two critical regions are proportional
to the areas 700 and 300 mm2. From Eq. 7.5a, U = s2V/2E. Since E is a con-
stant, the ratio of energy capacities for Figures 7.10b and 7.10a is

(m)

In Figure 7.10a the stress in the large volume of material in the shank is less
than the material strength S because of both the stress concentration and the dif-
ference in area between the thread and shank. Thus, if s = S at the thread root,
the shank stress is

Let the shank volume in Figure 7.10a be designated as V. In Figure 7.10b, the
stress at the thread can again be S. Corresponding shank stress is

The shank volume in Figure 7.10b is V (300/700), or 0.429V. Substituting these
values in Eq. m gives

Ub
Ua

=
(0.667S)2(0.429V)

(0.245S)2(V)
= 3.18

sb =
S

3.0
a600

300
b = 0.667S

sa =
S

3.5
a600

700
b = 0.245S

Ub
Ua

=
s2
bVb
s2
aVa

A = 600 *
1.5

3.0
= 300 mm2

s =
P

A
Ki ; a P700

* 3.4b
fillet

6 a P
600

* 3.0b
thread root

1 This is usually, but not always, the case.
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(a)

Axial hole

(b)

FIGURE 7.11
Bolts designed for energy absorption.

306 Chapter 7 ■ Impact

Comments:
1. The redesign has over three times the capacity of the original, as well as

being lighter.

2. For a given volume of material, the bolt design with the more nearly uniform
stress throughout will have the greater energy-absorbing capacity.

Two other designs of bolts with increased energy-absorbing capacity are illus-
trated in Figure 7.11. In Figure 7.11a, the full-diameter piloting surface has been
moved to the center of the shank in order to provide alignment of the two clamped
members. Figure 7.11b shows a more costly method of removing excess shank mate-
rial, but it preserves nearly all the original torsional and bending strength of the bolt.
The torsional strength is often important, for it influences how much the nut can be
tightened without “twisting off” the bolt.
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Problems

Section 7.2

7.1 According to marketing materials from a major athletic shoe manufacturer,

the human foot is punished by the forces of impact it encounters during athletic
activities. This makes cushioning essential to the development of a good athletic
shoe. A cushioning system has been designed to help protect the foot from these
harmful forces by helping to absorb impact. This cushioning system has the ability
to absorb shock by dissipating vertical impact and dispersing it into a horizontal
plane. The cushioning system is available for absorbing shock when it is placed in
the forefoot and/or rear foot of the shoes mid-sole.

Using the force flow concept, explain, if possible, how a gel cushioning system could
absorb shock by dissipating vertical impact and dispersing it into a horizontal plane.

7.2 The previous chapters have dealt essentially with considerations of stress, strain, and
strength arising from static loading. The present chapter deals with impact, and the
subsequent chapter treats fatigue—both are cases of dynamic loading. Impact loading
is also referred to as shock, sudden, or impulsive loading. Impact loads may be tor-
sional and/or linear in nature. How does impact loading differ from static loading?

7.3 A tensile impact bar, similar to the one in Figure 7.4a, fractured in service. Because
the failure happened to occur near the center, a naive technician makes a new bar
exactly like the old one except that the middle third is enlarged to twice the diame-
ter of the ends. Assuming that stress concentration can be neglected (not very realis-
tic), how do the impact capacities of the new and old bars compare?

7.4 A vertical member is subjected to an axial impact by a 100-lb weight dropped from a
height of 2 ft (similar to Figure 7.4a). The member is made of steel, with Sy = 45 ksi,
E = 30 * 106 psi. Neglect the effect of member mass and stress concentration. What
must be the length of the member in order to avoid yielding if it has a diameter of
(a) 1 in., (b) (c) 1 in. for half of its length and for the other half?

[Ans. 90.5 in., 40 in., 125.2 in.]

7.5 A car skidded off an icy road and became stuck in deep snow at the road shoulder.
Another car, of 1400-kg mass, attempted to jerk the stuck vehicle back onto the road
using a 5-m steel tow cable of stiffness k = 5000 N/mm. The traction available to the
rescue car prevented it from exerting any significant force on the cable. With the aid of
a push from bystanders, the rescue car was able to back against the stuck car and then
go forward and reach a speed of 4 km/h at the instant the cable became taut. If the cable
is attached rigidly to the center of mass of each car, estimate the maximum impact force
that can be developed in the cable, and the resulting cable elongation (see Figure P7.5).

1 1
2 in.1 1

2 in.,

k = 5000 N/mm
L = 5 m

v = 4 km/hr 
m = 1400 kg

Rope

FIGURE P7.5
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Steel cable
A = 2.5 in.2

E = 12 × 106

FIGURE P7.12
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7.6 Repeat Problem 7.5 where the rescue car has a 2800-kg mass.

7.7 Repeat Problem 7.5 where the steel tow cable has a stiffness of 2500 N/mm.

7.8 Repeat Problem 7.5 where the rescue car reached a speed of 8 km/hr at the instant the
cable became taut.

7.9 The rescue attempt in Problem 7.5 resulted in only slight movement of the stuck car
because the cable force decayed so quickly to zero. Besides, concern was felt about
possible damage to the car attachment points because of the high “instantaneous”
force developed. One witness to the proceedings brought a 12-m elastic cable of
overall stiffness only 2.4 N/mm and suggested that it be tried. Because of the longer
length of the elastic cable, its use enabled the rescue car to reach 12 km/h at the point
of becoming taut. Estimate the impact force developed and the resulting cable elon-
gation. If the stuck vehicle does not move significantly until the rescue car has just
come to a stop, how much energy is stored in the cable? (Think of this in terms of
the height from which a 100-kg mass would have to be dropped to represent an
equivalent amount of energy, and consider the potential hazard if the cable should
break or come loose from either car.) What warnings would you suggest be provided
with elastic cables sold for this purpose?

7.10 A tow truck weighing 6000 lb attempts to jerk a wrecked vehicle back onto the road-
way using a 15-ft length of steel cable 1 in. in diameter (E = 12 * 106 psi for the
cable). The truck acquires a speed of 3 mph at the instant the cable slack is taken up,
but the wrecked car does not move. (a) Estimate the impact force applied to the
wrecked vehicle and the stress produced in the cable. (b) The cable breaks in the
middle, and the two 7.5-ft halves are connected in parallel for a second try. Estimate
the impact force and cable stress produced if the wrecked vehicle still remains fixed.

[Ans. (a) 60.6 ksi, 47,600 lb]

7.11 Repeat Sample Problem 7.3, except use a 1.0 * 1.0-in. (b * h) aluminum beam.

7.12 A 5-ton elevator is supported by a standard steel cable of 2.5-in.2 cross section and
an effective modulus of elasticity of 12 * 106 psi. As the elevator is descending at
a constant 400 ft/min, an accident causes the top of the cable, 70 ft above the eleva-
tor, to stop suddenly. Estimate the maximum elongation and maximum tensile stress
developed in the cable (see Figure P7.12).
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7.13 For the 5-ton elevator described in Problem 7.12, explore the effect of cable length
on the maximum elongation and maximum tensile stress developed in the cable by
computing and plotting the cable elongation and tensile stress for a cable length
above the elevator of 1 to 500 feet.

7.14 A 60-foot-long, 950-lb gin pole used to raise sections of a communication tower is
suspended by a standard steel cable of 0.110-in.2 cross section with an effective
modulus of elasticity of 12 * 106 psi. As the gin pole descends at a constant speed
of 30 ft/min, an accident causes the top of the cable, 70 ft above the gin pole, to stop
suddenly. Estimate the maximum elongation and maximum tensile stress developed
in the cable.

Section 7.3

7.15 The vertical drive shaft in Figure P2.31 is 20 mm in diameter, 650 mm long, and
made of steel. The motor to which it is attached at the top is equivalent to a steel fly-
wheel 300 mm in diameter and 25 mm thick. When the vertical shaft is rotating at
3000 rpm, the propeller strikes a heavy obstruction, bringing it to a virtually instan-
taneous stop. Assume that the short horizontal propeller shaft and the bevel gears
have negligible flexibility. Calculate the elastic torsional shear stress in the vertical
shaft. (Since this stress far exceeds any possible torsional elastic strength, a shear pin
or slipping clutch would be used to protect the shaft and associated costly parts.)

7.16 Repeat Problem 7.15 where the vertical shaft is rotating at 6000 rpm.

7.17 Repeat Problem 7.15 where the vertical shaft is 10 mm in diameter.

7.18 Repeat Problem 7.15 where the vertical drive shaft is 325 mm long.

7.19 Figure P7.19 shows a cantilevered steel rod with a 90º bend lying in a horizontal
plane. Weight W is dropped onto the end of the rod from height h. If the steel has a
yield strength of 50 ksi, what combinations of W and h are required to produce yield-
ing of the rod? Neglect the weight of the rod and neglect transverse shear stresses.
Assume the maximum-distortion-energy theory of failure applies.

[Ans. Wh ≥ 92.4 in.-lb, based on an additional simplifying assumption.]

Problems 309

h

10 in.

15 in.

1.0-in. dia.

W

FIGURE P7.19
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(a)

Original design New design

(b)

    Thread:
     Area = 600 mm2

K  = 3.9

Thread:
Area = A

      K  = 2.6

Area = A
K  = 2.6

"Very long"

A= 600 mm2

K  = 3.9

K  = 1.3

K  = 1.3

Platform

Area = 800 mm2

Area = 800 mm2

FIGURE P7.21

K  = 1.55

K  = 4

Drop
weight

24 mm dia.

K  = 1.4

30 mm dia.

FIGURE P7.20

Section 7.4

7.20 For the tensile impact bar shown in Figure P7.20, estimate the ratio of impact energy
that can be absorbed with and without the notch (which reduces the diameter to 24 mm)
Assume that K = Ki = Kt.

[Ans.: 0.06 :1]

7.21 A platform is suspended by long steel rods as shown in Figure P7.21a. Because
heavy items are sometimes dropped on the platform, it is decided to modify the rods
as shown in Figure P7.21b to obtain greater energy-absorbing capacity. The new
design features enlarged ends, blended into the main portion with generous fillets,
and special threads giving less stress concentration. (Assume that K = Ki = Kt).

(a) What is the smallest effective threaded section area A (Figure P7.21b) that
would provide maximum energy-absorbing capability?

(b) Using this value of A (or that of the next larger standard thread size), what
increase in energy-absorbing capacity would be provided by the new design?

c07.qxd  8/3/11  8:59 PM  Page 310



Problems 311

dia. = 36 mm

K  = 2.2

250 mm

(Fracture
location)

3 mm
(negligible)

K  = 1.5

Hole dia., d

A = 800 mm2

K  = 3.8

(a)

Original design

(b)

Modified design

Assume that hole
drilled to this depth,
does not significantly
change the K  = 3.8
factor at the thread.

FIGURE P7.22

7.22 The initial design of a bolt loaded in tensile impact is shown in Figure P7.22a. The
bolt fractures next to the nut, as shown. A proposed redesign, Figure P7.22b involves
drilling an axial hole in the unthreaded portion and incorporating a larger fillet radius
under the bolt head.

(a) What is the theoretically optimum diameter of the drilled hole?

(b) Using this hole size, by what approximate factor do the modifications increase
the energy-absorbing capacity of the bolt?

"Very long"

K  = 2

K  = 2
1-in dia.

0.1-in dia. hole

FIGURE P7.23

7.23 Figure P7.23 shows a tensile impact bar with a small transverse hole. By what fac-
tor does the hole reduce the impact-energy-absorbing capacity of the bar?

7.24D Redesign the bolt loaded in tensile impact and shown in Figure P7.22a to increase
the energy absorbing capacity by a factor of 3 or more.

7.25D Redesign the plain impact bar shown in Figure 7.8 of the text to reduce the impact-
energy-absorbing capacity of the impact bar by a factor of 2 or more. Assume that
the bar has a diameter, d = 1.0 in.
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8 Fatigue

8.1 Introduction

Until about the middle of the nineteenth century engineers treated fluctuating or
repeated loading the same as static loading, except for the use of larger safety fac-
tors. Use of the term fatigue in these situations appears to have been introduced by
Poncelet of France in a book published in 1839. Modern authorities suggest that the
term progressive fracture would perhaps have been more appropriate.

“Fatigue” fractures begin with a minute (usually microscopic) crack at a critical area
of high local stress. This is almost always at a geometric stress raiser. Additionally,
minute material flaws or preexisting cracks are commonly involved (recall from
Section 6.3 that the fracture mechanics approach assumes preexisting cracks in all mate-
rials). An inspection of the surfaces after final fracture (as in Figure 8.1) often reveals
where the crack has gradually enlarged from one “beach mark” to the next until the sec-
tion is sufficiently weakened that final fracture occurs on one final load application. This
can happen when the stress exceeds the ultimate strength, with fracture occurring as in a
static tensile test. Usually, however, the final fracture is largely “brittle” and takes place
in accordance with the fracture mechanics concepts treated in Sections 6.3 and 6.4.
(Recall that brittle fracture is promoted by a stress concentration and a rapidly applied
load, both of which are normally present when final fatigue fracture occurs.)

In Figure 8.1, the curvature of the beach marks serves to indicate where the fail-
ure originates. The beach-marked area is known as the fatigue zone. It has a smooth,
velvety texture developed by the repeated pressing together and separating of the
mating crack surfaces. This contrasts with the relatively rough final fracture. A dis-
tinguishing characteristic of fatigue fracture of a ductile material is that little if any
macroscopic distortion occurs during the entire process, whereas failure caused by
static overload produces gross distortion.

8.2 Basic Concepts

Extensive research over the last century has given us a partial understanding of the
basic mechanisms associated with fatigue failures. Reference 3 contains a summary
of much of the current knowledge as it applies to engineering practices. The following
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8.2 ■ Basic Concepts 313

are a few fundamental and elementary concepts that are helpful in understanding the
patterns of observed fatigue behavior.

1. Fatigue failure results from repeated plastic deformation, such as the breaking of
a wire by bending it back and forth repeatedly. Without repeated plastic yielding,
fatigue failures cannot occur.

2. Whereas a wire can be broken after a few cycles of gross plastic yielding, fatigue
failures typically occur after thousands or even millions of cycles of minute
yielding that often exists only on a microscopic level. Fatigue failure can occur at
stress levels far below the conventionally determined yield point or elastic limit.

3. Because highly localized plastic yielding can be the beginning of a fatigue
failure, it behooves the engineer to focus attention on all potentially vulnerable
locations such as holes, sharp corners, threads, keyways, surface scratches, and

Final fracture (usually brittle) zone
(rough surface)

Failure
origin

“Beach marks” in fatigue zone
(smooth, “velvety” surface)

FIGURE 8.1
Fatigue failure originating in the fillet of an aircraft crank-shaft (SAE 4340
steel, 320 Bhn).
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Small region behaves plastically

Main body behaves elastically

FIGURE 8.2
Enlarged view of a notched
region.

corrosion. Such a location is shown at the root of a notch in Figure 8.2. Strength-
ening these vulnerable locations is often as effective as making the entire part
from a stronger material.

4. If the local yielding is sufficiently minute, the material may strain-strengthen,
causing the yielding to cease. The part will then have actually benefited from this
mild overload. But if the local yielding is any more than this, the repeated load
cycling will cause a loss of local ductility (in accordance with concepts discussed
in Section 3.3) until the cyclic strain imposed at the vulnerable spot in question
can no longer be withstood without fracture.

5. The initial fatigue crack usually results in an increase in local stress concentra-
tion. As the crack progresses, the material at the crack root at any particular time
is subjected to the destructive localized reversed yielding. As the crack deepens,
thereby reducing the section and causing increased stresses, the rate of crack
propagation increases until the remaining section is no longer able to support a
single load application and final fracture occurs, usually in accordance with the
principles of fracture mechanics. (There are situations in which a fatigue crack
advances into a region of lower stress, greater material strength, or both, and the
crack ceases to propagate, but these situations are unusual.)

Present engineering practice relies heavily on the wealth of empirical data that
has accumulated from fatigue tests of numerous materials, in various forms, and sub-
jected to various kinds of loading. The remainder of this chapter is based largely on
these data. The next section describes the standardized R. R. Moore fatigue test,
which is used to determine the fatigue strength characteristics of materials under a
standardized and highly restricted set of conditions. After the pattern of results
obtained from this test has been reviewed, succeeding sections deal with the effects
of deviating from the standard test in various ways, thus working toward the com-
pletely general case of fatigue in an orderly fashion.

The generalizations or patterns of fatigue behavior developed in the remainder of
this chapter enable the engineer to estimate the fatigue behavior for combinations of
materials, geometry, and loading for which test data are not available. This estimating
of fatigue behavior is an extremely important step in modern engineering. The prelim-
inary design of critical parts normally encompasses this procedure. Then prototypes of
the preliminary design are built and fatigue-tested. The results provide a basis for refin-
ing the preliminary design to arrive at a final design, suitable for production.

8.3 Standard Fatigue Strengths for Rotating Bending

Figure 8.3 represents a standard R. R. Moore rotating-beam fatigue-testing machine.
The reader should verify that the loading imposed by the four symmetrically located
bearings causes the center portion of the specimen to be loaded in pure bending

(Sœ
n)
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0.300"

C

R

110-Volts AC

Flexible
coupling

Weights

Revolution
counter

Test specimen

9 "7
8

Motor

FIGURE 8.3
R. R. Moore rotating-beam fatigue-testing machine.

(i.e., zero transverse shear), and that the stress at any point goes through a cycle
of tension-to-compression-to-tension with each shaft rotation. The highest level of
stress is at the center, where the diameter is a standard 0.300 in. The large radius of
curvature prevents a stress concentration. Various weights are chosen to give the
desired stress levels. The motor speed is usually 1750 rpm. When the specimen fails,
the weight drops, opening contact points C, which stops the motor. The number of
cycles to failure is indicated by the revolution counter.

A series of tests made with various weights and using test specimens carefully
made to be as nearly identical as possible gives results that are plotted as S–N curves.
As illustrated in Figure 8.4, S–N curves are plotted either on semilog or on log-log
coordinates. Note that the intensity of reversed stress causing failure after a given
number of cycles is called the fatigue strength corresponding to that number of load-
ing cycles. Numerous tests have established that ferrous materials have an endurance
limit, defined as the highest level of alternating stress that can be withstood indefi-
nitely without failure. The usual symbol for endurance limit is Sn . It is designated as

in Figure 8.4, where the prime indicates the special case of the standard test illus-
trated in Figure 8.3. Log-log coordinates are particularly convenient for plotting fer-
rous S–N curves because of the straight-line relationship shown.

Figure 8.4c illustrates the “knee” of S–N curves for materials that have a clear-
ly defined endurance limit. This knee normally occurs between 106 and 107 cycles.
It is customary to make the conservative assumption that ferrous materials must not
be stressed above the endurance limit if a life of 106 or more cycles is required. This
assumption is illustrated in the generalized S–N curve for steel shown in Figure 8.5.

Because fatigue failures originate at local points of relative weakness, the results
of fatigue tests have considerably more scatter than do those of static tests. For this
reason the statistical approach to defining strength (see Sections 6.13 through 6.15)
takes on greater importance. Standard deviations of endurance limit values are
commonly in the range of 4 to 9 percent of the nominal value. Ideally, the standard
deviation is determined experimentally from tests corresponding to the specific
application. Often, 8 percent of the nominal endurance limit is used as a conservative
estimate of the standard deviation when more specific information is not available.

The data scatter illustrated in Figure 8.4 is typical for carefully controlled tests.
The scatter band marked on Figure 8.4c illustrates an interesting point: The scatter
in fatigue strength corresponding to a given life is small; the scatter in fatigue life
corresponding to a given stress level is large. Even in carefully controlled tests, these
life values can vary over a range of five or ten to one.

Sœ
n
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Three S–N plots of representative fatigue data for 120 Bhn steel.
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FIGURE 8.5
Generalized S–N curve for wrought steel with superimposed data points [7]. Note that
Bhn = HB = Brinell hardness number.

A multitude of standard fatigue tests (Figure 8.3) have been conducted over the last
few decades, with results tending to conform to certain generalized patterns. The
most commonly used of these is shown in Figure 8.5. With a knowledge of only the
ultimate tensile strength, a good approximation of the complete S–N curve for steel can
quickly be made. Furthermore, tensile strength can be estimated from a nondestructive
hardness test. For steels, the tensile strength in psi is about 500 times the Brinell hard-
ness (see Chapter 3); hence, a conservative estimate of endurance limit is about
250 HB . The latter relationship can be counted on only up to Brinell hardness values
of about 400. The endurance limit may or may not continue to increase for greater
hardnesses, depending on the composition of the steel. This is illustrated in Figure 8.6.

FIGURE 8.6
Endurance limit versus
hardness for four alloy
steels. (From M. F.
Garwood, H. H. Zurburg,
and M. A. Erickson,
Interpretation of Tests and
Correlation with Service,
American Society for
Metals, 1951, p. 13.)
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Actual maximum stress
Calculated maximum

stress (Mc /I )

MM

FIGURE 8.7
Representation of maximum bending stress at low
fatigue life (at 1000 cycles). (Note: Calculated
maximum stress is used in S–N plots.)

Although the 103-cycle fatigue strength in Figure 8.5 is computed as being
about 90 percent of the ultimate strength, the actual stress is not that high. The
reason is that fatigue strength values corresponding to the test points in Figure
8.4 are computed according to the elastic formula, s = Mc/I. Loads large
enough to cause failure in 1000 cycles usually cause significant yielding, result-
ing in actual stresses that are lower than calculated values. This point is illus-
trated in Figure 8.7.

The fatigue strength characteristics of cast iron are similar to those of steel, with
the exception that the endurance limit corresponds to about 0.4 (rather than 0.5)
times the ultimate strength.

Representative S–N curves for various aluminum alloys are shown in Figure 8.8.
Note the absence of a sharply defined “knee” and true endurance limit. This is typical
of nonferrous metals. In the absence of an endurance limit, the fatigue strength at 108

or 5 * 108 cycles is often used. (To give a “feel” for the time required to accumulate

P
ea

k 
al

te
rn

at
in

g 
be

nd
in

g 
st

re
ss

 S
 (

ks
i (

lo
g)

S 
(M

P
a 

(l
og

))

Life N (cycles (log))
103 104 105 106 107

Wrought

Permanent
mold cast

Sand cast

108 109
5
6

7
8

10

12

14
16
18
20

30

35

25

40

50

60

70
80

50

75

100

150

200

250

300

400

500

FIGURE 8.8
S–N bands for representative aluminum alloys, excluding wrought alloys with
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FIGURE 8.9
Fatigue strength at 5 * 108 cycles versus tensile strength for common wrought-aluminum alloys.

this many cycles, an automobile would typically travel nearly 400,000 miles before
any one of its cylinders fired 5 * 108 times.) For typical wrought-aluminum alloys,
the 5 * 108–cycle fatigue strength is related to the static tensile strength as indi-
cated in Figure 8.9.

Typical S–N curves for magnesium alloys are shown in Figure 8.10. The
108–cycle fatigue strength is about 0.35 times tensile strength for most wrought and
cast alloys.
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General range of S–N curves for magnesium alloys.
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For most copper alloys (including brasses, bronzes, cupronickels, etc.), the ratio
of 108–cycle fatigue strength to static tensile strength ranges between 0.25 and 0.5.
For nickel alloys, the ratio of these strengths is usually between 0.35 and 0.5.

Titanium and its alloys behave like steel in that they tend to exhibit a true
endurance limit in the range of 106 to 107 cycles, with the endurance limit being
between 0.45 and 0.65 times the tensile strength.

8.4 Fatigue Strengths for Reversed Bending and Reversed Axial Loading

If a test specimen, similar to the one used in the R. R. Moore testing machine, is not
rotated but mounted horizontally with one end fixed and the other pushed alternately
up and down, reversed bending stresses are produced. These differ from stresses
caused by rotating bending only in that the maximum stresses are limited to the top
and bottom, whereas rotating bending produces maximum stresses all around the cir-
cumference. In rotating bending, a fatigue failure will originate from the weakest
point on the surface; in reversed bending there is an excellent statistical probability
that the weakest point will not be at exactly the top or bottom. This means that the
fatigue strength in reversed bending is usually slightly greater than in rotating bend-
ing. The difference is small and usually neglected. Thus, for problems involving
reversed bending, a small error on the conservative side is deliberately introduced.

Similar reasoning indicates that a reversed axial loading—which subjects the
entire cross section to the maximum stress—should give lower fatigue strengths than
rotating bending. This is indeed the case, and this difference should be taken into
account. Axial or “push–pull” tests give endurance limits about 10 percent lower
than rotating bending. Furthermore, if the supposedly axial load is just a little off-
center (as with nonprecision parts having as-cast or as-forged surfaces), slight bend-
ing is introduced which causes the stresses on one side to be a little higher than P/A.
Ideally, one would determine the load eccentricity and calculate the peak alternating
stress as P/A + Mc/I, but the magnitude of the unwanted eccentricity is often not
known. In such cases it is customary to take this into account by using only the P/A
stress, and reducing the rotating bending endurance limit by a little more than 10 per-
cent (perhaps by 20 to 30 percent).

Since this reduction of 10 percent or more in the endurance limit for rotating
bending is associated with differences in stress gradient, we will take this into
account by multiplying the basic endurance limit, by a gradient factor or gradi-
ent constant, CG , where, CG = 0.9 for pure axial loading of precision parts and CG
ranges from perhaps 0.7 to 0.9 for axial loading of nonprecision parts.

Stress gradient is also responsible for the 103-cycle fatigue strength being lower
for axial loading than for bending loads. Recall, from Figure 8.7, that the 0.9Su
strength for rotating bending was in most cases an artificial calculated value that
neglected the effect of yielding at the surface. Yielding cannot reduce the surface
stress in the case of axial loading. Accordingly, tests indicate that the 103-cycle
strength for this loading is only about 0.75Su .

The preceding points are illustrated in Figure 8.11. The top two curves in Figure
8.11 show comparative estimated S–N curves for bending and axial loading. The bot-
tom curve in Figure 8.11 shows a comparative estimated S–N curve for torsion loading.

For axial fatigue, another possible approach is to rely on the data in
MIL-HDBK-5J (see Appendix F). Among the data in MIL-HDBK-5J are S–N data
points and the associated curve fits for many different metals, including steel, alu-
minum, and titanium. The loading consists of both fully reversed axial fatigue and
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FIGURE 8.12
A s1–s2 plot for completely
reversed loading, ductile materi-
als. [Data from Walter Sawert,
Germany, 1943, for annealed
mild steel; and H. J. Gough,
“Engineering Steels under
Combined Cyclic and Static
Stresses,” J. Appl. Mech.,
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axial fatigue with non–zero mean stress. In some cases the stress concentrations are
also included. It should be noted that MIL-HDBK-5J only presents axial fatigue data,
as other types of fatigue testing such as bending and torsion are seldom used for
aerospace applications.

8.5 Fatigue Strength for Reversed Torsional Loading

Since fatigue failures are associated with highly localized yielding, and since yielding
of ductile materials has been found to correlate well with the maximum distortion
energy theory, it is perhaps not surprising that this theory has been found useful in pre-
dicting the endurance limit of ductile materials under various combinations of reversed
biaxial loading, including torsion. This is illustrated in Figure 8.12. Thus, for ductile

c08.qxd  8/3/11  9:03 PM  Page 321



322 Chapter 8 ■ Fatigue

metals, the endurance limit (or long-life endurance strength) in reversed torsion is
about 58 percent of endurance limit (or long-life endurance strength) in reversed bend-
ing. This is taken into account by multiplying the basic endurance limit by a load
factor CL of 0.58.

Since torsional stresses involve stress gradients similar to bending, it is not sur-
prising that, as in bending, the 103-cycle fatigue strength is generally about 0.9 times
the appropriate ultimate strength. Thus, for reversed torsion the 103-cycle strength
is approximately 0.9 times the ultimate shear strength. Experimental values for ulti-
mate torsional shear strength should be used if they are available. If not, they may
be roughly approximated as

The bottom curve of Figure 8.11 shows an estimated torsional S–N curve for
steel based on the preceding relationships.

There are fewer data available to support a generalized procedure for estimat-
ing torsional S–N curves for brittle materials, and this makes it all the more desir-
able to obtain actual experimental fatigue data for the specific material and loading
condition in the problem at hand. In the absence of such data, torsional S–N curves
for brittle materials are sometimes estimated on the basis of (1) assuming an
endurance limit at 106 cycles of 0.8 times the standard reversed bending endurance
limit (this correlates somewhat with using the Mohr theory of failure to relate bend-
ing and torsion in the same way that the distortion energy theory is used for ductile
materials) and (2) assuming a 103-cycle strength of 0.9Sus , the same as for ductile
materials.

8.6 Fatigue Strength for Reversed Biaxial Loading

Figure 8.12 illustrates the good general agreement of the distortion energy theo-
ry with the endurance limit (or long-life fatigue strength) of ductile materials sub-
jected to all combinations of reversed biaxial loading. For shorter life fatigue
strengths of ductile materials, and for brittle materials, we are not in a very good
position to make fatigue strength predictions without the benefit of directly
applicable experimental data. With this reservation in mind, the following proce-
dure is tentatively recommended.

1. For ductile materials, use the distortion energy theory (usually Eq. 6.8) to con-
vert from the actual load stresses to an equivalent stress that is regarded as a
reversed bending stress. Then proceed to relate this stress to the fatigue proper-
ties of the material (i.e., the S–N curve) in reversed bending.

2. For brittle materials, use the Mohr theory to obtain an equivalent reversed stress
that is regarded as a reversed bending stress, and relate this to the bending fatigue
properties (i.e., S–N curve) of the material. (A convenient graphical procedure for
determining the equivalent bending stress is to draw a s1–s2 plot like that in Figure
6.11b for the material, and then plot the point corresponding to the actual reversed
stresses. Next, draw a line through this point and parallel to the failure line. The
intersection of this line with the s1 axis gives the desired equivalent bending stress.)

= 0.7Su (for other ductile metals)

Sus = 0.8Su (for steel)
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8.7 Influence of Surface and Size on Fatigue Strength

8.7.1 Surface Factor

Up to this point, all discussions of fatigue strength have assumed the surface to have
a special “mirror polish” finish. This requires a costly laboratory procedure but
serves to minimize (1) surface scratches and other geometric irregularities acting as
points of stress concentration, (2) any differences in the metallurgical character of
the surface layer of material and the interior, and (3) any residual stresses produced
by the surface finishing procedure. Normal commercial surface finishes usually have
localized points of greater fatigue vulnerability: hence the commercially finished
parts have lower fatigue strengths. The amount of “surface damage” caused by the
commercial processes depends not only on the process but also on the susceptibility
of the material to damage. Figure 8.13 gives estimated values of surface factor, CS ,
for various finishes applied to steels of various hardnesses. In all cases the endurance
limit for the laboratory polished surface is multiplied by CS to obtain the corre-
sponding endurance limit for the commercial finish. It is standard practice not to
make any surface correction for the 103-cycle strength—the reason being that this is
close to the strength for static loads and that the static strength of ductile parts is not
significantly influenced by surface finish.

The surface factor for ordinary gray cast iron is approximately 1. The reason for
this is that even the mirror-polished samples have surface discontinuities because of
the graphite flakes in the cast-iron matrix, and that adding even rather severe surface
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Reduction in endurance limit
owing to surface finish—steel
parts; i.e., surface factor
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various surface conditions.
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Equal
surface
stresses

(a) d = (0.3" or 7.6 mm)

(b) d > (0.3" or 7.6 mm)

(c) d < (0.3" or 7.6 mm)

scratches does not make the situation much worse, if any. Unfortunately, there is little
published information on surface factors for other materials. For critical parts, actual
fatigue tests of the material and surface in question must be conducted.

8.7.2 Size Factor (Gradient Factor)

In Section 8.4 it was pointed out that the endurance limit for reversed axial load is
about 10 percent lower than for reversed bending because of stress gradient. For
the 0.3-in.-diameter bending specimen, the rapid drop in stress level below the sur-
face is somehow beneficial. The 0.3-in.-diameter axial specimen does not enjoy
this benefit. A comparison of stress gradients in Figures 8.14a and 8.14b shows
that large specimens in bending or torsion do not have the same favorable gradi-
ents as the standard 0.3-in. specimen. Experiments show that if the diameter is
increased to much more than 0.4 in., most of the beneficial gradient effect is lost.
Hence, parts that are more than 0.4 in. (or 10 mm) in diameter and that are sub-
jected to reversed bending or torsion should carry a gradient factor CG of 0.9, the
same as parts subjected to axial loading. Figure 8.14c shows that very small parts
have an even more favorable gradient than the standard R. R. Moore specimen.
Thus, we might expect the endurance limit for such parts to be greater than for
0.3-in.-diameter parts. Sometimes this has been found to be the case—but unless
specific data are available to substantiate this increase, it is best to use a gradient
factor of unity for these small parts.

Consider the question of what gradient factor to use with the bending of a rec-
tangular section, say 6 mm * 12 mm. If the bending is about the neutral axis that
places the tension and compression surfaces 6 mm apart, use CG = 1; if the tension
and compression surfaces are 12 mm apart, use CG = 0.9. Thus, the gradient factor
is determined on the basis of an equivalent round section having the same stress gra-
dient as the actual part.

Recall that a gradient factor of 0.9 (or lower) was specified (Section 8.4) for all
axially loaded parts because the stress gradient is unfavorable, regardless of size.

Parts with sections larger than about 50-mm equivalent diameter are usually
found to have lower endurance limits than those computed using the gradient factors

FIGURE 8.14
Stress gradients versus
diameter for bending
and torsion.
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recommended previously. This is due in part to metallurgical factors such as hard-
enability, for the interior of large-section parts is usually metallurgically different
from the surface metal. The extent to which the endurance limit of very large parts
is reduced varies substantially, and generalizations are hardly warranted. If the part
in question is critical, there is no substitute for pertinent test data. A very rough guide
for the values sometimes used is given in Table 8.1.

TABLE 8.1 Generalized Fatigue Strength Factors for Ductile Materials (S–N curves)

a. 106-cycle strength (endurance limit)a

Bending loads:
Axial loads:

Torsional loads:

where is the R.R. Moore, endurance limit,b and

Bending Axial Torsion

CL (load factor) 1.0 1.0 0.58

CG (gradient factor): 1.0 0.7 to 0.9 1.0
diameter 6 (0.4 in. or 10 mm)
(0.4 in. or 10 mm) 6 diameter 6 0.9 0.7 to 0.9 0.9
(2 in. or 50 mm)c

CS (surface factor) see Figure 8.13

CT (temperature factor) Values are only for steel
T … 840 °F 1.0 1.0 1.0
840 °F 6 T … 1020 °F 1 - (0.0032T - 2.688)

CR (reliability factor):d

50% reliability 1.000 " "
90% " 0.897 " "
95% " 0.868 " "
99% " 0.814 " "
99.9% " 0.753 " "

b. 103-cycle strengthe, f, g

Bending loads: Sf = 0.9SuCT

Axial loads: Sf = 0.75SuCT

Torsional loads: Sf = 0.9SusCT

where Su is the ultimate tensile strength and Sus is the ultimate shear strength.

a For materials not having the endurance limit, apply the factors to the 108 or 5 * 108-cycle strength.
b for steel, lacking better data.
c For (2 in. or 50 mm) 6 diameter 6 (4 in. or 100 mm) reduce these factors by about 0.1. For
(4 in. or 100 mm) 6 diameter 6 (6 in. or 150 mm), reduce these factors by about 0.2.
d The factor, CR , corresponds to an 8 percent standard deviation of the endurance limit. For example, for
99% reliability we shift -2.326 standard deviations, and CR = 1-2.326(0.08) = 0.814.
e No corrections for gradient or surface are normally made, but the experimental value of Su or Sus

should pertain to sizes reasonably close to those involved.
f No correction is usually made for reliability at 103 cycle strength.
g Sus L 0.8Su for steel; Sus L 0.7Su for other ductile metals.

Sœ
n = 0.5Su

Sœ
n

Sn = Sœ
nCLCGCSCTCR

Sn = Sœ
nCLCGCSCTCR

Sn = Sœ
nCLCGCSCTCR
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The foregoing recommended consideration of specimen size focused on the
effect of size on stress gradient. It should be noted that a more extensive treatment
of this subject would consider other facets. For example, the larger the specimen, the
greater the statistical probability that a flaw of given severity (from which fatigue
failure could originate) will exist somewhere near the surface (with bending or tor-
sional loads) or somewhere within the entire body of material (with axial loads). In
addition, the effect of processing on metallurgical factors is often more favorable for
smaller parts, even in the size range below 50-mm equivalent diameter.

8.8 Summary of Estimated Fatigue Strengths for Completely Reversed Loading

The foregoing sections have emphasized the desirability of obtaining actual fatigue
test data that pertain as closely as possible to the application. Generalized empirical
factors were given for use when such data are not available. These factors can be
applied with greatest confidence to steel parts because most of the data on which
they are based came from testing steel specimens.

Five of these factors are involved in the estimate for endurance limit:

(8.1)

The temperature factor, CT , accounts for the fact that the strength of a material
decreases with increased temperature, and the reliability factor, CR , acknowledges
that a more reliable (above 50%) estimate of endurance limit requires using a lower
value of endurance limit.

Table 8.1 gives a summary of all factors used for estimating the fatigue strength
of ductile materials (when subjected to completely reversed loading). It serves as a
convenient reference for solving problems.

8.9 Effect of Mean Stress on Fatigue Strength

Machine and structural parts seldom encounter completely reversed stresses;
rather, they typically encounter a fluctuating stress that is a combination of static
plus completely reversed stress. A fluctuating stress is usually characterized by its
mean and alternating components. However, the terms maximum stress and min-
imum stress are also used. All four of these quantities are defined in Figure 8.15.
Note that if any two of them are known, the others are readily computed. This text
uses primarily mean and alternating stress components, as in Figure 8.16. The
same information can be portrayed graphically with any combination of two of
the stress components shown in Figure 8.15. For example, sm–smax coordinates
are often found in the literature. For convenience, some graphs use all four quan-
tities, as in Figures 8.17 through 8.19.

The existence of a static tensile stress reduces the amplitude of reversed stress
that can be superimposed. Figure 8.20 illustrates this concept. Fluctuation a is a com-
pletely reversed stress corresponding to the endurance limit—the mean stress is zero
and the alternating stress Sn . Fluctuation b involves a tensile mean stress. In order to
have an equal (in this case, “infinite”) fatigue life, the alternating stress must be less
than Sn . In going from b to c, d, e, and f, the mean stress continually increases; hence,

Sn = Sœ
nCLCGCSCTCR
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	m = mean stress; 	a = alternating stress (or stress amplitude)
	max = maximum stress; 	min = minimum stress
	m = (	max + 	min)/2
	a = (	max – 	min)/2
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FIGURE 8.15
Fluctuating stress notation
illustrated with two
examples.
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FIGURE 8.16
Constant-life fatigue 
diagram—ductile materials.

TABLE 8.2 Construction of sa versus sm Constant Life Fatigue Diagram

Load Type Directions

Bending Construct diagram as shown; take points C, D, and so on from S–N curve for reversed bending.

Axial Construct diagram as shown; take points C, and so on from S–N curve for reversed axial loads.

Torsional Omit left half of diagram (any torsional mean stress is considered positive); take points C and so
on from S–N curve for reversed torsion; use Ssy and Sus instead of Sy and Su . (For steel,
Sus

~~ 0.8Su , Ssy
~~ 0.58Sy .)

General biaxial Construct the diagram as for bending loads, and use it with equivalent load stresses, computed as
follows. (Note that these equations apply to the generally encountered situation where �a and �m
exist in one direction only. Corresponding equations for the more elaborate general case are also
tentatively applicable.)

1. Equivalent alternating bending stress, �ea, is calculated from the distortion energy theory as
being equivalent to the combination of existing alternating stresses:

(a)

2. Equivalent mean bending stress 	em, is taken as the maximum principal stress resulting from
the superposition of all existing static (mean) stresses. Use Mohr circle, or

(b)

[For more complex loading, various other suggested equations for �ea and �em are found in the
literature.]

sem =
sm

2
+ C t2

m + ¢sm

2 ≤2

sea = 2s2
a + 3t2

a

327
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Fatigue strength diagram for 2024-T3, 2024-T4, and 2014-T6 aluminum alloys axial
loading. Average of test data for polished specimens (unclad) from rolled and drawn
sheet and bar. Static properties for 2024: Su = 72 ksi, Sy = 52 ksi; for 2014:
Su = 72 ksi, Sy = 63 ksi. (Courtesy Grumman Aerospace Corporation.)
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the alternating stress must correspondingly decrease. Note that in each case the
stress fluctuation is shown as starting from zero, and that the stresses are computed
P/A values. Microscopic yielding occurs even at a, as has previously been noted.
Upon reaching d, macroscopic yielding begins. Although load fluctuations e and f
give “infinite” life, the part is yielded on the first load application.

M
ax

im
um

 s
tr

es
s 

	
m

ax
 (

ks
i)

Minimum stress 	min (ksi)
–80 0 20 40 60 80
0

10

20

30

40

50

60

70

80

–40–60 –20

–3
0

–1
0

–2
0

40

50

60

70

80

10

30
M
ea

n 
str

es
s 	

m
 (k

si)

20

50

40

Alternating stress 	
a  (ksi) 20

30

10

70

60

10
3 -cycle life

10
4

10
5

10
9

10
6 10

7

4 × 10
4

4 × 10
5

FIGURE 8.19
Fatigue strength diagram for 7075-T6 aluminum alloy, axial loading. Average of test
data for polished specimens (unclad) from rolled and drawn sheet and bar. Static
properties: Su = 82 ksi, Sy = 75 ksi. (Courtesy Grumman Aerospace Corporation.)
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Figure 8.16 gives a convenient graphical representation of various combinations
of mean and alternating stress in relation to criteria both for yielding and for various
fatigue lives. It is often called a constant-life fatigue diagram because it has lines
corresponding to a constant 106-cycle (or “infinite”) life, constant 105-cycle life, and
so forth.

To begin the construction of this diagram, put on it first the information that
is already known. The horizontal axis (sa = 0) corresponds to static loading.
Yield and ultimate strengths are plotted at points A and B. For ductile materials,
the compressive yield strength is -Sy , and this is plotted at point A¿. If the mean
stress is zero and the alternating stress is equal to Sy (point A–), the stress fluctu-
ates between +Sy and -Sy . All points along the line AA– correspond to fluctua-
tions having a tensile peak of Sy ; all points on A¿A– correspond to compressive
peaks equal to -Sy . All combinations of sm and sa causing no (macroscopic)
yielding are contained within triangle AA¿A–.

All S–N curves considered in this chapter correspond to sm = 0. Hence, we can
read from these curves points like C, D, E, and F for any fatigue life of interest.
Connecting these points with B gives estimated lines of constant life. This empirical
procedure for obtaining constant-life lines is credited to Goodman; hence the lines
are commonly called Goodman lines.

Laboratory tests have consistently indicated that compressive mean stresses do not
reduce the amplitude of allowable alternating stress; if anything, they slightly increase
it. Figure 8.16 is thus conservative in showing the constant-life lines as horizontal to
the left of points C, D, and so on. (The lines apparently extend indefinitely as far as
fatigue is concerned, the limitation being only static compression failure.)

Detailed modifications of the diagram for various types of loading are given in
Figure 8.16. Let us observe the significance of various areas on the diagram.

1. If a life of at least 106 cycles is required and no yielding is permitted (even at
extreme fibers in bending or torsion, where a little yielding might be difficult to
detect), we must stay inside area A¿HCGA.

2. If no yielding but less than 106 cycles of life are required, we can also work
within some or all of area HCGA–H.

3. If 106 cycles of life are required but yielding is acceptable, area AGB (and area
to the left of A¿H) may be used, in addition to area A¿HCGA.

4. Area above A–GB (and above A–HH¿) corresponds to yielding on the first appli-
cation of load and fatigue fracture prior to 106 cycles of loading.

The procedure for general biaxial loads given in Figure 8.16 should be recog-
nized as a substantial simplification of a very complex situation. It applies best to sit-
uations involving long life, where the loads are all in phase, where the principal axes
for mean and alternating stresses are the same, and where these axes are fixed with
time. For an illustration in which these conditions would be fulfilled, consider the
example in Figure 4.25 with the shaft stationary, and with the 2000-lb static load
changed to a load that fluctuates between 1500 and 2500 lb. The static stresses on
element A would be unchanged, but alternating stresses would be added. The alter-
nating bending and the alternating torsion would obviously be in phase, the princi-
pal planes for mean and alternating stresses would be the same, and these planes
would remain the same as the load fluctuated.
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Figures 8.17 through 8.19 give constant-life fatigue strengths for certain steel
and aluminum materials. They differ from Figure 8.16 in the following respects.

1. Figures 8.17 through 8.19 represent actual experimental data for the materials
involved, whereas Figure 8.16 shows conservative empirical relationships that
are generally applicable.

2. Figures 8.17 through 8.19 are “turned 45°,” with scales added to show smax and
smin as well as sm and sa .

3. Yield data are not shown on these figures.

4. The experimental constant-life lines shown have some curvature, indicating that
Figure 8.16 errs a little on the conservative side in both the straight Goodman
lines and in the horizontal lines for compressive mean stress. This conservatism
usually exists for ductile but not for brittle materials. Experimental points for
brittle materials are usually on or slightly below the Goodman line.

When experimental data like those given in Figures 8.17 through 8.19 are avail-
able, these are to be preferred over the estimated constant-life fatigue curves
constructed in Figure 8.16.

The reader will find that Figure 8.16 and Table 8.1 provide helpful summaries
of information pertaining to the solution of a large variety of fatigue problems.

SAMPLE PROBLEM 8.1 Estimation of S–N and Constant-Life Curves
from Tensile Test Data

Using the empirical relationships given in this section, estimate the S–N curve and a
family of constant-life fatigue curves pertaining to the axial loading of precision
steel parts having Su = 150 ksi, Sy = 120 ksi, and commercially polished surfaces.
All cross-section dimensions are to be under 2 in.

SOLUTION

Known: A commercially polished steel part having a known size and made of a mate-
rial with specified yield and ultimate strengths is axially loaded (see Figure 8.21).

Find: Estimate the S–N curve and construct constant-life fatigue curves.

Schematic and Given Data:

0

d < 2.0 in.

P(t)P(t)

P(t)

t

Commercially
polished surface

Sy = 120 ksi
Su = 150 ksi

FIGURE 8.21
Axial loading of precision steel part.
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Assumptions:
1. Actual fatigue data is not available for this material.

2. The estimated S–N curve constructed using Table 8.1 and the constant-life fa-
tigue curves constructed according to Figure 8.16 are adequate.

3. The gradient factor, CG = 0.9. The temperature factor, CT = 1.0, and the relia-
bility factor, CR = 1.0.

Analysis:
1. From Table 8.1, the 103-cycle peak alternating strength for axially loaded

ductile material is S10
3 = 0.75Su = 0.75(150) = 112 ksi.

2. Also from Table 8.1, the 106-cycle peak alternating strength for axially loaded
ductile material is CTCR where
CL = 1.0, CG = 0.9, CT = 1.0, CR = 1.0 and from Figure 8.13, CS = 0.9;
then Sn = 61 ksi.

3. The estimated S–N curve is given in Figure 8.22.

Sœ
n = (0.5)(150) = 75 ksi,Sn = Sœ

nCLCGCS

20 = 0.67
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FIGURE 8.22
Sample Problem 8.1—estimate S–N and sm–sa curves for steel, Su = 150 ksi, axial loading,
commercially polished surfaces.
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4. From the estimated S–N curve we determine that the peak alternating strengths
at 104 and 105 cycles are, respectively, 92 and 75 ksi.

5. The estimated sm–sa curves for 103, 104, 105, and 106 cycles of life are given in
Figure 8.22.

Comments:
1. If the steel part design is critical, pertinent test data should be used rather than

the preceding rough approximation.

2. This problem may also be solved with the aid of S–N formulas as illustrated in
Appendix I.

SAMPLE PROBLEM 8.2 Determine the Required Size of a Tensile Link
Subjected to Fluctuating Loading

A round tensile link with negligible stress concentration is subjected to a load fluc-
tuating between 1000 and 5000 lb. It is to be a precision member (so that use of
CG = 0.9 is justified) with commercially polished surfaces. The material is to be
steel, with Su = 150 ksi, Sy = 120 ksi. A safety factor of 2 is to be used, applied to
all loads.

a. What diameter is required if infinite life is needed?

b. What diameter is required if only 103 cycles of life are needed?

SOLUTION

Known: A round steel link with given material properties and a commercially pol-
ished surface is to have a safety factor of 2 applied to all loads and is axially loaded
with a known fluctuating load.

Find: (a) Determine the required diameter for infinite life. (b) Determine the
required diameter for 103 cycles of life.

Schematic and Given Data: Figure 8.22 used in Sample Problem 8.1 is applicable.

Assumptions:
1. The diameter is less than 2 in.

2. The gradient factor CG = 0.9.

3. Gross yielding is not permitted.

Analysis:
1. The fatigue strength properties of the material conform to those represented in

Figure 8.22, provided the diameter comes out to be under 2 in.

2. At the design overload: sm = SF(Fm/A) = 2(3000)/A = 6000/A,
sa = SF(Fa/A) = 2(2000)/A = 4000/A. Thus, regardless of the tensile link
cross-sectional area, A, sa/sm = 4000/6000 = 0.67. This is represented by
line OA on Figure 8.22. Note the interpretation of this line. If area A is infinite,
both sm and sa are zero, and the stresses are represented by the origin, point O.
Moving out along load line OA corresponds to progressively decreasing values
of A. For part a of the problem we need to determine the cross-sectional area
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corresponding to the intersection of the load line OA with the infinite-life line
(same as 106 cycles, in this case), which is labeled At this point,
sa = 38 ksi; from sa = 4000/A, A is determined as 0.106 in.2 From
A = pd2/4, d = 0.367 in. This is indeed well within the size range for the
value of CG = 0.9, which had to be assumed when the diagram was construct-
ed. In many cases, the final answer might be rounded off to 

3. For part b, with only 103 cycles of life required, we can move out along line OA
of Figure 8.22, seemingly to point where the line intersects the 103-cycle
life line. However, if point is crossed, the peak design overload of 10,000 lb
imposes stresses in excess of the yield strength. In a notch-free tensile bar the
stresses are uniform so that gross yielding of the entire link would occur. As-
suming that this could not be permitted, we must choose a diameter based on
point not point Here, sa = 48 ksi, from which A = 0.083 in.2, and
d = 0.326 in., perhaps rounded off to This diameter corresponds to
an estimated life greater than required, but to make it any smaller than 0.326 in.
would cause general yielding on the first overload application.

Probably the most common use of fatigue strength relationships is in connection
with designing parts for infinite (or 5 * 108– cycle) life or in analyzing parts intended
for infinite fatigue life. In these situations no S–N curve is required. Only the estimat-
ed endurance limit need be calculated and the infinite-life Goodman line plotted.

8.10 Effect of Stress Concentration with Completely Reversed Fatigue Loading

Figure 8.23 shows typical S–N curves for (1) unnotched specimens and (2) otherwise
identical specimens except for a stress raiser. Unlike other S–N curves we will use,
the stresses plotted are nominal stresses; that is, stress concentration is not taken into
account. The specimen dimensions in the section where fatigue fractures occur are
the same for both Figures 8.23a and b. Hence, any given load causes the same calcu-
lated stress in both cases. As shown in the figure, the ratio of the unnotched to
notched endurance limit is the fatigue stress concentration factor, designated as Kf .
Theoretically, we might expect Kf to be equal to the theoretical or geometric factor
Kt , discussed in Section 4.12. Fortunately, tests show that Kf is often less than Kt .

d = 11
32 in.

~2 .~3 ,

~3
~2 ,

d = 3
8 in.

~1 .
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FIGURE 8.23
Reversed-load fatigue tests, notched (*) versus unnotched specimens.
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This is apparently due to internal irregularities in the structure of the material. An
“ideal” material would have internal stresses in exact accordance with elastic theo-
ry; actual materials have internal irregularities causing local points to have higher
stresses. Thus, even unnotched samples suffer from these internal “notches.” Adding
an external geometric notch (groove, thread, hole, etc.) to this material may not do
as much additional damage as it would were the material itself “perfect.” An
extreme case in point is ordinary (not “high-strength”) gray cast iron. The internal
stress raisers caused by graphite flakes in the matrix are such that the addition of a
geometric stress raiser has little or no effect. This means that if the material in Figure
8.23 were one of the lower grades of gray cast iron, the two S–N curves would near-
ly coincide. A material with a uniform fine-grained matrix is highly sensitive to
notches (i.e., Kf L Kt); cast iron is insensitive to notches (i.e., Kf L 1).

The preceding situation is commonly dealt with by using a notch sensitivity
factor, q, defined by the equation

(8.2)

where q ranges between zero (giving Kf = 1) and unity (giving Kf = Kt). Thus, to
determine fatigue stress concentration factors from corresponding theoretical (or
geometric) factors, we need to know the notch sensitivity of the material.

The situation is a little more complicated than it appears because notch sensitiv-
ity depends not only on the material but also on the relative radius of the geometric
notch and the dimensions of characteristic internal imperfections. Notch radii so
small that they approach the imperfection size give zero notch sensitivity. This is
indeed fortunate; otherwise even minute scratches (which give extremely high values
of Kt) on what would generally be called a smooth, polished surface would disas-
trously weaken the fatigue strength. Figure 8.24 is a plot of notch sensitivity versus

Kf = 1 + (Kt - 1)q

Notch radius r (in.)
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Notch radius r (mm)
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0.8

0.9

Use these values with bending and axial loads

Use these values with torsion

Steel
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as marked
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200 (400 Bhn) 180 (360 Bhn)

120 (240 Bhn)

140 (280 Bhn)

100 (200 Bhn)
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60 (120 Bhn)

60 (120 Bhn)

50 (100 Bhn)

FIGURE 8.24
Notch sensitivity curves
(after [9]). Note: (1) Here r
is the radius at the point
where the potential fatigue
crack originates. (2) For
r 7 0.16 in., extrapolate or
use q L 1.
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notch radius for some common materials. Note that in all cases the notch sensitivity
approaches zero as the notch radius approaches zero. Also note that the data for
steels illustrate the fundamental tendency for the harder and stronger materials to be
more notch-sensitive. This means that changing from a soft to a harder and stronger
steel normally increases part fatigue strength, but the increase is not as great as might
be expected because of the increased notch sensitivity. Finally, Figure 8.24 shows
that a given steel is a little more notch-sensitive for torsional loading than for bend-
ing and axial loading. For example, a 0.04-in.-radius notch in a 160-Bhn steel part
has a notch sensitivity of about 0.71 if the loading is bending or axial and about 0.76
if the load is torsional.

Figure 8.23 shows that the influence of the notch at 103 cycles is considerably
less than at 106 cycles. Some references advise neglecting the influence of the stress
raiser at 103 cycles. Although certain data support this recommendation, a closer
study indicates that this is valid only for a relatively soft metal (steel, aluminum,
magnesium, and probably others); but for relatively hard and strong alloys of these
same metals, the effect of the notch at 103 cycles can be nearly as great as at 106

(see [6], Figure 13.26).
There is a fundamental difficulty in analyzing notch effects at the low-cycle

end of curves like that in Figure 8.23c. This is so because the calculated nominal
stress used in the plot does not relate very closely with the actual loading condi-
tions imposed upon the local region at the root of the notch where a fatigue crack
starts. Figure 8.2 shows an enlarged view of the notch region of a notched speci-
men, as in Figure 8.23b. Under reversed loading sufficient to cause fatigue fail-
ure after, say 103 cycles, plastic yielding will occur throughout some small region
at the base of the notch. This region contributes little to the rigidity of the total
part; thus, the strains within this zone are determined almost entirely by the sta-
ble elastic resistance of the great bulk of material outside this zone. This means
that during a fatigue test with constant maximum load, the maximum strain with-
in the “vulnerable” zone will stay constant from cycle to cycle. The actual stress
within the zone may vary widely with time, depending on the strain-hardening or
strain-softening characteristics of the material. Hence, a meaningful study of low-
cycle fatigue must deal with actual local strain rather than calculated nominal
local stress. This “strain cycling” approach is beyond the scope of this book. (See
references such as [3].) For our purposes, it is recommended that the full fatigue
stress concentration factor Kf be used in all cases. For relatively short-life situa-
tions, this may be overly conservative (i.e., the effect of the stress concentration
may be substantially less than Kf).

Another question should be considered here. Is it better to treat Kf as a stress
concentration factor or as a strength reduction factor? Authorities differ on this point,
but in this book Kf will be regarded as a stress concentration factor. Looking at
Figure 8.23, we could easily regard Kf as a strength reduction factor and calculate a
“notched endurance limit” as equal to This would be correct,
but it has the disadvantage of implying that the material itself is weakened by the
notch. It is not, of course—the notch merely caused higher local stresses. In addi-
tion, when we use Kf as a stress multiplier (instead of a strength reducer), S–N
curves and constant-life fatigue strength curves are independent of notch geometry,
and the same curves can be used repeatedly for members with various stress raisers.
Finally, for considering residual stresses caused by peak loads (as in Figure 4.43), it
is necessary that Kf be regarded as a stress concentration factor.

Sœ
nCLCGCSCTCR/Kf .
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FIGURE 8.25
Estimation of fatigue life
for repeated application of
stresses shown in 
Figure 4.43; with steel,
Su = 450 MPa,
Sy = 300 MPa.

8.11 Effect of Stress Concentration with Mean Plus Alternating Loads

It was shown in Sections 4.14 and 4.15 that peak loads, causing calculated elastic
stresses to exceed the yield strength, produce yielding and resultant residual stress-
es. Furthermore, the residual stresses always serve to lower the actual stresses when
the same peak load is applied again. To illustrate the effect of residual stresses on
fatigue life where mean, as well as alternating, stresses are involved, consider the
examples developed in Figure 4.43.

Suppose this notched tensile bar is made of steel, with Su = 450 MPa,
Sy = 300 MPa, and that its size and surface are such that the estimated constant-life
fatigue curves are as shown at the bottom of Figure 8.25. The top of Figure 8.25 shows
a fluctuation of the notch stress calculated without taking yielding into account. The
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first three cycles correspond to the loading and unloading involved in Figure 4.43a.
The next two (dotted) cycles represent progressively increasing the load to that
involved in Figure 4.43b. Note that these dotted cycles show an elastically computed
stress at the notch root of about Correspondingly, the three cycles drawn with
solid lines at b in Figure 8.25 show calculated stresses fluctuating between zero
(when the load is removed) and 400 MPa, which is This procedure continues
along the top of Figure 8.25 until the condition shown in Figure 4.43d is reached.
Here, the calculated stress is zero when the load is off, and 2Sy when it is on.

Just below this in Figure 8.25 is a corresponding plot of actual stresses at the
notch root. It is based on the assumption that the ductile material used can be approx-
imated (within the limited strain range involved) by a “flat-top” idealized stress–strain
curve, like the one drawn in Figure 4.42e. No yielding occurs during the first three
cycles at a, but yielding does occur at the notch root when the calculated stress exceeds
300 MPa during the first dotted cycle. A little more yielding takes place during each
cycle that the load goes higher than it had been previously. When the load is “on” dur-
ing one of the cycles at b, the stress distribution corresponds to the solid line in the left
drawing of Figure 4.43. When the load is “off,” the stresses are not zero but correspond
to the residual stress pattern in the right-hand drawing of Figure 4.43. At the notch,
these stresses range from Sy when the load is on to the residual stress of -Sy/3 when
the load is off. This procedure continues along the “actual notch stress” plot of Figure
8.25 until the condition shown in Figure 4.43d is reached. Here, the actual notch root
stress is Sy when the load is applied and a residual stress of -Sy when the load is off.

At the bottom of Figure 8.25, stresses resulting from “on and off” application of
the Figure 4.43 loads are represented in comparison to the fatigue strength charac-
teristics of the material. Points a, b, c, and d correspond to the calculated notch root
stresses (which, because of the yielding and residual stress, have little significance).
Points a¿, b¿, c¿, and d¿ correspond to actual stresses (based on an ideal stress–strain
curve) and are fairly realistic. Note that in every case, yielding has reduced the mean
stress; it does not change the alternating stress.

On the basis of the plot in Figure 8.25, the estimated fatigue lives corresponding
to repeated application of the various levels of tensile loading would be 105 cycles for
loading point a, perhaps or 2 times 104 cycles for loading b, about 6 * 103 cycles 
for c, and about cycles for d. These estimates represent rough visual inter-
polations between adjacent constant-life lines. The dotted line through point c¿ illus-
trates a better procedure. This line is a Goodman line corresponding to some
unknown life. All points on the line correspond to the same life; in particular, point
c¿ corresponds to the same life as a completely reversed stress of 280 MPa. Now we
can go to the S–N curve (not shown) and take from it the life corresponding to
280 MPa. To keep the matter of life predictions in proper perspective, remember that
such predictions are inherently very rough, except on a statistical basis—as was
illustrated by the scatter band of the S–N curve in Figure 8.4c. Also, do not forget
the previously mentioned limitations of the procedure for making predictions in the
low-cycle range.

In this example the stress concentration factor of 2, originally used in Figure
4.43, was taken as a fatigue stress concentration factor in Figure 8.25. Assuming that
the material has a notch sensitivity q of something less than unity, the theoretical
stress concentration factor Kt would be greater than 2.

Such life predictions can be made conveniently from fatigue strength diagrams
in the form of Figures 8.17 through 8.19. On these diagrams, points a, b, c, and d

2 1
2 * 103

1 1
2

4
3 Sy .

7
6 Sy .
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would lie on the vertical axis (i.e., smin = 0), and points b¿, c¿, and d¿ would lie on
the horizontal line, smax = Sy .

At first, we may be inclined to become a little alarmed with the appearance of
points like b, c, and d on the sm–sa plot. Even point c—let alone point d—shows a
peak stress in excess of the ultimate strength! We must remember that these are fic-
titious calculated stresses, and that the extent of yielding they represent is usually
very small. With the tensile bar in this example, there is no way that very much yield-
ing can occur at the notch root without yielding the entire cross section—and this is
only on the verge of happening at point d.

In summary, the procedure recommended here for fatigue life prediction of
notched parts subjected to combinations of mean and alternating stress is

All stresses (both mean and alternating) are multiplied by the fatigue stress
concentration factor Kf, and correction is made for yielding and resultant resid-
ual stresses if the calculated peak stress exceeds the material yield strength.

This procedure is sometimes called the residual stress method because of the recog-
nition it gives to the development of residual stresses.

An alternative procedure sometimes used is to apply the stress concentration
factor to the alternating stress only, and not take residual stresses into account. We
can see that in some cases this reduction in mean stress from not multiplying it by
Kf might be about the same as the reduction in mean stress achieved with the resid-
ual stress method by taking yielding and residual stress into account. Because the
mean stress is not multiplied by a stress concentration factor, this alternative proce-
dure is sometimes called the nominal mean stress method. Only the residual stress
method is recommended here for fatigue life prediction.

SAMPLE PROBLEM 8.3 Determine the Required Diameter of a Shaft
Subjected to Mean and Alternating Torsion

A shaft must transmit a torque of 1000 N # m, with superimposed torsional vibration
causing an alternating torque of 250 N # m. A safety factor of 2 is to be applied to
both loads. A heat-treated alloy steel is to be used, having Su = 1.2 GPa, and
Sy = 1.0 GPa (unfortunately, test data are not available for Sus or Sys). It is required
that the shaft have a shoulder, with D/d = 1.2 and r/d = 0.05 (as shown in Figure
4.35). A good-quality commercial ground finish is to be specified. What diameter is
required for infinite fatigue life?

SOLUTION

Known: A commercial ground shaft made from steel with known yield and ultimate
strengths and having a shoulder with known D/d and r/d ratios transmits a given
steady and superimposed alternating torque with a safety factor of 2 applied to both
torques (see Figure 8.26).

Find: Estimate the shaft diameter d required for infinite life.
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Commercial ground finish
Heat-treated alloy steel,
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FIGURE 8.27
Fatigue strength diagram for Sample Problem 8.3.

Assumptions/Decisions:
1. The shaft is manufactured as specified with regard to the critical fillet and the

shaft surface finish.

2. The shaft diameter will be between 10 and 50 mm.

Analysis:
1. Construct the fatigue strength diagram shown in Figure 8.27. (Since infinite life

is required, there is no need for an S–N curve.) In computing an estimated value
for Sn , we assumed that the diameter will be between 10 and 50 mm. If it is not,
the solution will have to be repeated with a more appropriate value of CG .

2. The calculated notch root stresses (i.e., not yet taking any possible yielding into
account) are

In order to find Kf from Eq. 8.2, we must first determine Kt and q. We find Kt from
Figure 4.35c as 1.57, but the determination of q from Figure 8.24 again requires an
assumption of the final diameter. This presents little difficulty, however, as the
curve for torsional loading of steel of this strength (Su = 1.2 GPa = 174 ksi, or

ta = (16Ta/pd3)Kf

tm = (16Tm/pd3)Kf

Schematic and Given Data:

FIGURE 8.26
Shaft subjected to
mean and alternating
torsion.
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very close to the top curve of the figure) gives q L 0.95 for r Ú 1.5 mm, which in
this case corresponds to d Ú 30 mm. With the given loading, intuition (or subse-
quent calculation) tells us that the shaft will have to be at least this large.
Substitution of these values, together with the given values for design overload
(nominal load times safety factor), gives

and ta/tm = 0.25.

3. Starting at the origin of Figure 8.27 (which corresponds to making the diameter
infinite) and moving to the right along the line of slope = 0.25, we tentatively
stop at point A. If no yielding is to be permitted, the stresses can go no higher than
this. At A, ta = 116 MPa or 0.116 GPa. Thus, 3922/d3 = 0.116 or d = 32.2 mm.

4. In most situations, perhaps a little yielding in the localized zone of the fillet
under “design overload” conditions could be permitted. If so, the diameter can
be further reduced until the calculated stresses reach point B on Figure 8.27, be-
cause yielding and residual stresses bring the actual stresses back to point B¿,
which is right on the infinite life line. Yielding did not affect the alternating
stress magnitude, so the equation for alternating stress can be equated to
150 MPa, giving d = 29.7 mm.

5. Before accepting either the d = 32.3 mm or the d = 29.7 mm answer, it is im-
portant to go back and see whether the values for CG and q are consistent with
the diameter finally chosen. In this case they are.

Comments:
1. Before even beginning to solve a problem like this, an engineer should carefully

review the design with regard to the critical fillet. Is it really necessary that the
radius be so small? If so, is the quality control in the production and inspection
departments such that the part will not be made with merely a “sharp corner”?
And what about the control of surface finish? As far as shaft fatigue strength is
concerned, a high-quality finish in the fillet is very important. Will the produc-
tion and inspection departments be aware of this? The other 99.9 percent of the
shaft surface is of little consequence unless a high-quality finish is needed for
other reasons (as to provide a good bearing surface or close-tolerance fit). If the
quality finish is not needed on these other portions of the shaft, cost might be
lowered by changing to an ordinary machined surface.

2. Before we leave this example, it is interesting to note in Figure 8.27 the operat-
ing stresses for normal operation (i.e., Tm = 1000 N # m, Ta = 250 N # m). If
point A is selected as the required overload point, then normal operation in-
volves operating at point NA (midpoint between 0 and A). If B¿ is the selected
overload point, normal operation would be at NB , the midpoint between 0 and B.
But if the machine is operated at the design overload and subsequently operated
normally, a residual stress, represented by 0¿, is involved. With this residual
stress present, stresses are at 0¿ when the load is off, at when the load is nor-
mal, and at B¿ with the design overload.

Nœ
B

ta = [(16 * 2 * 250 N # m)/pd3]1.54 = 3922/d3

tm = [(16 * 2 * 1000 N # m)/pd3]1.54 = 15,685/d3

Kf = 1 + (Kt - 1)q = 1 + (1.57 - 1)0.95 = 1.54
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FIGURE 8.28
Sample Problem 8.4—disk sander.

SAMPLE PROBLEM 8.4 Estimate the Safety Factor of a Disk Sander Shaft

Figure 8.28 pertains to the shaft of a disk sander that is made of steel having
Su = 900 MPa, and Sy = 750 MPa. The most severe loading occurs when an object
is held near the periphery of the disk (100-mm radius) with sufficient force to develop
a friction torque of 12 N # m (which approaches the stall torque of the motor).
Assume a coefficient of friction of 0.6 between the object and the disk. What is the
safety factor with respect to eventual fatigue failure of the shaft?

SOLUTION

Known: A shaft with given geometry and loading is made of steel having known
ultimate and yield strengths.

Find: Determine the safety factor for eventual failure by fatigue.

Schematic and Given Data:
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Assumption: The 50-mm disk shaft overhang is necessary.

Analysis:
1. The 12 N # m torque specification requires that the tangential force Ft be 120 N.

With a coefficient of friction of 0.6, this requires a normal force Fn of 200 N.

2. These two force components produce the following loading at the shaft fillet:

Torque: T = 12 N # m = 12,000 N # mm

Axial load: P = 200 N

Bending: In the horizontal plane, Mh = 120 N * 50 mm
In the vertical plane, Mv = 200 N * 100 mm
The resultant is 

3. From Figure 4.35, geometric stress concentration factors for torsion, axial, and
bending loads are about

From Figure 8.24, estimated notch sensitivities q are 0.93 for torsion and 0.91
for bending and axial loads. From Eq. 8.2, values of Kf are estimated as 1.09,
1.25, and 1.25 for torsional, axial, and bending loads, respectively.

4. The three stress components at the fillet are

5. Applying the procedure specified for “general biaxial loads” in Table 8.2, we
construct in Figure 8.28 an estimated infinite-life Goodman line for bending
loads. Next, an “operating point” that corresponds to the equivalent mean and
equivalent alternating bending stresses is placed on the diagram. Of the three
stress components determined, torsional and axial stresses are constant for
steady-state operating conditions; the bending stress is completely reversed (the
bending stress at any point on the fillet goes from tension-to-compression-to-
tension during each shaft revolution). Using the recommended procedure to de-
termine the equivalent mean and alternating stresses, we have

6. By drawing a line through the origin and the “operating point,” we see that all
stresses would have to be increased by a factor of about 4 to reach the estimated
“failure point” where conditions would be on the verge of causing eventual
fatigue failure. Hence, the estimated safety factor is 4.

sea = 2s2
a + 3t2

a + 2(65.0)2 + 0 = 65.0 MPa

=
-1.24

2
+ B(16.3)2 + a -1.24

2
b2

= 15.7 MPa

sem =
sm

2
+ Ct2 + ¢sm2 ≤2

s(b) =
32M

pd3 Kf(b) =
32(20,900)

p(16)3 (1.25) = 65.0 MPa

s(a) =
P

A
Kf(a) =

-200(4)

p(16)2 (1.25) = -1.24 MPa

t =
16T

pd3Kf(t) =
16(12,000)

p(16)3 (1.09) = 16.3 MPa

Kt(t) = 1.10, Kt(a) = 1.28, Kt(b) = 1.28

M = 2M2
h + M2

v = 20,900 N # mm
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Comment: With regard to design details relating to shaft fatigue, the relatively
large 5-mm radius is excellent for minimizing stress concentration at this necessary
step in the shaft. It would be desirable to reduce the 50-mm disk overhang, but we
have assumed that for this particular application the overhang is necessary.

8.12 Fatigue Life Prediction with Randomly Varying Loads

Predicting the life of parts stressed above the endurance limit is at best a rough pro-
cedure. This point is illustrated by the typical scatter band of 7 :1 life ratio shown in
Figure 8.4c. For the large percentage of mechanical and structural parts subjected to
randomly varying stress cycle intensity (e.g., automotive suspension and aircraft
structural components), the prediction of fatigue life is further complicated. The pro-
cedure given here for dealing with this situation was proposed by Palmgren of
Sweden in 1924 and, independently, by Miner of the United States in 1945. The pro-
cedure is often called the linear cumulative-damage rule, with the names of Miner,
Palmgren, or both attached.

Palmgren and Miner very logically proposed the simple concept that if a part is
cyclically loaded at a stress level causing failure in 105 cycles, each cycle of this
loading consumes one part in 105 of the life of the part. If other stress cycles are
interposed corresponding to a life of 104 cycles, each of these consumes one part in
104 of the life, and so on. When, on this basis, 100 percent of the life has been con-
sumed, fatigue failure is predicted.

The Palmgren or Miner rule is expressed by the following equation in which n1,
n2, . . . , nk represent the number of cycles at specific overstress levels, and N1,
N2, . . . , Nk represent the life (in cycles) at these overstress levels, as taken from the
appropriate S–N curve. Fatigue failure is predicted when

(8.3)

Use of the linear cumulative-damage rule is illustrated in the following
sample problems.

SAMPLE PROBLEM 8.5 Fatigue Life Prediction with Randomly Varying,
Completely Reversed Stresses

Stresses (including stress concentration factor Kf) at the critical notch of a part
fluctuate randomly as indicated in Figure 8.29a. The stresses could be bending,
torsional, or axial—or even equivalent bending stresses resulting from general
biaxial loading. The plot shown represents what is believed to be a typical 20 sec-
onds of operation. The material is steel, and the appropriate S–N curve is given in
Figure 8.29b. This curve is corrected for load, gradient, and surface. Estimate the
fatigue life of the part.

n1

N1
+
n2

N2
+ Á +

nk
Nk

= 1 or a
j=k

j=1

nj

Nj
= 1
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SOLUTION

Known: A stress-versus-time history corrected for stress concentration, load, gradi-
ent, and surface is given for a 20-second test of a steel part.

Find: Determine the fatigue life of the part.

Schematic and Given Data:
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FIGURE 8.29
Sample Problem 8.5—fatigue life prediction, reversed stresses.

Assumptions:
1. The representative 20-second test result for stress will repeat until the part fails

by eventual fatigue.

2. The linear cumulative-damage rule applies.

Analysis: In Figure 8.29a there are eight stress cycles above the endurance limit of
60 ksi: five at 80 ksi, two at 90 ksi, and one at 100 ksi. The S–N curve shows that
each 80-ksi cycle uses one part in 105 of the life, each at 90 ksi uses one part in
3.8 * 104, and the one at 100 ksi uses one part in 1.6 * 104. Adding these fractions
of life used gives

For the fraction of life consumed to be unity, the 20-second test time must be multiplied
by 1/0.0001651 = 6059. This corresponds to 2019 minutes, or about 30 to 35 hours.

n1

N1
+
n2

N2
+
n3

N3
=

5

105 +
2

3.8 * 104 +
1

1.6 * 104 = 0.0001651
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Comment: The linear cumulative damage rule can easily be extended to problems
involving mean as well as alternating stresses. The next sample problem illustrates
this for the case of fluctuating bending stresses.

SAMPLE PROBLEM 8.6 Fatigue Life Prediction—Randomly Varying Fluctuating
Bending Stresses

Figure 8.30a represents the stress fluctuation at the critical notch location of a part
during what is believed to be a typical 6 seconds of operation. The bending stresses
plotted include the effect of stress concentration. The part (Figure 8.30d) is made of
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FIGURE 8.30
Fatigue life prediction, randomly varying stresses (Sample Problem 8.6).
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an aluminum alloy having Su = 480 MPa and Sy = 410 MPa. The S–N curve for
bending is given in Figure 8.30c. This curve is corrected for stress gradient and
surface. Estimate the life of the part.

SOLUTION

Known: A representative 6-s stress-versus-time history corrected for stress
concentration for an aluminum alloy part and the S–N curve for bending strength
corrected for stress gradient and surface are given.

Find: Determine the life of the part.

Schematic and Given Data: See Figure 8.30.

Assumptions:
1. The Miner rule is applicable.

2. The 6-s of operation is so typical of operation that the stress–time history will
repeat until the part fails.

Analysis:
1. The 6-s test period includes, in order, two cycles of fluctuation a, three cycles

of fluctuation b, two cycles of c, one cycle of d, and one of b. Each of these
fluctuations corresponds to a combination of mean and alternating stress plot-
ted as a point in Figure 8.30b. For example, a consists of sm = 50 MPa,
sa = 100 MPa.

2. Points a through d on Figure 8.30b are connected by straight lines to the point
sm = Su on the horizontal axis. This gives a family of four Goodman lines,
each corresponding to some constant (but as yet unknown) life.

3. The four Goodman lines intercept the vertical axis at points a¿ through d¿. Ac-
cording to the Goodman concept, points a through d correspond to exactly the
same fatigue lives as points a¿ through d¿. These lives are determined from the
S–N curve in Figure 8.30c. Note that the life corresponding to conditions a and
a¿ can be considered infinite.

4. Adding up the portions of life consumed by overload cycles, b, c, and d gives

This means that the estimated life corresponds to 1/0.0005011 or 1996 periods
of 6-s duration. This is equivalent to 199.6 minutes, or about hours.

Comment: The procedure would be the same for a fluctuating equivalent bending
stress, computed in accordance with the instructions for “general biaxial loads” on
Figure 8.16, and illustrated in Sample Problem 8.4.

3 1
3

nb
Nb

+
nc
Nc

+
nd
Nd

=
4

3.5 * 106 +
2

2 * 104 +
1

2.5 * 103 = 0.0005011
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FIGURE 8.31
Stress and strength gradients, surface-
strengthened notched part subjected to axial
load.

8.13 Effect of Surface Treatments on the Fatigue Strength of a Part

Since fatigue failures originate from localized areas of relative weakness that are
usually on the surface, the local condition of the surface is of particular importance.
We have already dealt with the surface constant CS for various categories of finish-
ing operations. This and the following two sections are concerned with various sur-
face treatments, giving specific regard to their influence on (1) surface strength, in
comparison with the strength of the subsurface material, and (2) surface residual
stress. All three surface considerations—geometry (smoothness), strength, and resid-
ual stress—are somewhat interrelated. For example, the low values of CS shown in
Figure 8.13 for hot-rolled and as-forged surfaces are due partly to surface geometry
and partly to decarburization (hence, weakening) of the surface layer.

The influence of surface strengthening and the creation of a favorable (com-
pressive) residual surface stress are illustrated in Figure 8.31, which shows a notched
bar that is symmetrical about the load axis. The notched bar is subjected to an exter-
nal tensile force, which varies between zero and Pmax. Curve a shows the stress gra-
dient in the vicinity of a notch, owing to a tensile load. Curve b shows a desirable
residual stress gradient, giving compression in the groove surface. Curve c shows
total stress, the sum of curves a and b. Curve d shows a desirable strength gradient,
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resulting from a treatment causing surface strengthening. Note that (1) the surface
strengthening and compressive residual stresses have substantially increased the
load that can be carried and (2) the point of potential failure origin has been moved
under the surface to point T, where curves c and d are tangent. This means that the
surface of the groove could deteriorate somewhat in service (as by corrosion, surface
scratches, etc.) without reducing the load-carrying capacity of the part. A further
benefit to fatigue strength that is not evident in Figure 8.31 is that compressive resid-
ual stresses shift the “operating point” on the mean stress-alternating stress diagram
(like points a through d in Figure 8.30b) to the left, which increases fatigue life.

The concept of comparing strength gradients with total stress gradients provides
ready explanation of the fact that parts having steep load stress gradients and poor sur-
faces (low values of CS) benefit most from surface treatment. Unnotched parts with
axial loading benefit little, unless they have poor initial surface finishes. Severely
notched parts loaded in bending or torsion benefit most. Since practically all parts
have critical areas with stress concentration, surface strengthening treatments are usu-
ally quite effective. For example, Figure 8.31 illustrates about a 60 percent increase
in allowable load stress caused by the combination of surface strengthening plus
residual stress. For applications involving bending or torsional loads, it is not uncom-
mon for the fatigue load capacity to be more than doubled.

The next two sections discuss processes for strengthening surfaces. It is also
important to be aware of processes causing a surface to weaken. Grinding, for exam-
ple, if not performed carefully and with slow or moderate feed rates can cause harm-
ful surface residual tensile stresses and even minute surface cracks. Chrome and nickel
plating, even though good for the surface in providing corrosion protection, can sub-
stantially reduce the endurance limit of steel parts by causing hydrogen gas to be
adsorbed. This is known as hydrogen embrittlement. This damage can be minimized
by taking special care, as in using low plating current densities and baking the parts
(usually in the range of 600° to 900°F) after plating. Properly performed, electroplat-
ing steel parts with soft metals like copper, cadmium, zinc, lead, and tin causes little
if any fatigue weakening. Relatively little information is available on the effect of
electroplating and anodizing nonferrous metals. Both beneficial and harmful effects
have been reported in specific instances. Welding and flame-cutting operations tend
to produce harmful surface residual tensile stresses, unless special precautions are
taken, such as subsequent thermal stress-relieving.

The following list of a few basic principles may help to place the subject of
fatigue-strengthening surface treatments in proper perspective.

The engineer concerned with the design and development of machine and struc-
tural components subjected to dynamic loads should

1. Seek to identify all local areas of stress concentration where fatigue failures
could conceivably start.

2. Review possibilities for modifying the design to reduce stress concentration;
e.g., move the stress raiser to an area of lower nominal stress.

3. Pay particular attention to the surface finish (CS) in these areas.

4. Consider what can be done in the manufacture of the part to strengthen the sur-
face layer and provide a compressive residual stress at potentially critical
stress raisers.

c08.qxd  8/3/11  9:03 PM  Page 349



350 Chapter 8 ■ Fatigue

8.14 Mechanical Surface Treatments—Shot Peening and Others

Mechanical surface treatments cold-work the surface material, causing compres-
sive residual stresses and, depending on the properties of the material, often
strengthening the surface against strain. The geometry of the surface, its smooth-
ness, is altered—usually for the better unless the surface was initially polished or
fine-ground.

The most common and versatile of the cold-working treatments is shot peen-
ing. It is widely used with springs, gears, shafts, connecting rods, and many other
machine and structural components. In shot peening, the surface is bombarded
with high-velocity iron or steel shot discharged from a rotating wheel or pneu-
matic nozzle. The resulting lightly hammered or peened effect tends to reduce the
thickness and therefore increase the area of the exposed skin. Since the area is
resisted by subsurface material, the skin is placed in residual compression. The
thickness of the compressive layer is usually less than a millimeter. The highest
compressive stresses occur slightly below the surface and are commonly of the
order of half the yield strength. Sometimes greater compressive residual stresses
are obtained by loading the part in tension while it is being peened. This is called
strain peening.

With steel parts, shot peening is more effective with harder steel because the
yield strength is a greater percentage of the ultimate strength. This means that the
resulting residual stresses are less easily “wiped out” by subsequent load stresses
that cause the total (load plus residual) stress to exceed the yield strength. With ref-
erence to the relationship illustrated in Figure 8.6, endurance strength increases with
hardness up to substantially higher values with shot peening. Machine parts made
of very high strength steels (tensile strengths above about 1400 MPa or 200 ksi) are
particularly benefited.

A related mechanical surface treatment is cold rolling. The part is usually
rotated while suitable contoured rollers are pressed against the surface to be
strengthened, such as a shaft fillet or groove. This can create compressive resid-
ual stresses to a depth of a centimeter or more. Cold rolling has been applied to
parts of all sizes, including large railway crankpins and axles of diameters up to
400 mm. Cold rolling is particularly effective for fatigue-strengthening shafts
used with pressed-fit hubs (this helps to compensate for the high stress concen-
tration in the shaft at the edge of the hub).

The fatigue-strengthening advantages of cold rolling are sometimes obtained as
a by-product of a roll-forming operation. Under enough pressure, and with a suitable
material, screw threads, shaft splines, and even fine gear teeth can be formed by cold
rolling. The properties of the material then reflect the severe cold working. In addi-
tion, residual compressive stresses are usually created.

Coining is another cold-forming operation that increases fatigue strength. An
example is the pressing of a cone or oversize ball into the surface at the end of a hole,
leaving a residual compressive stress at the vulnerable intersection of the hole and
surface. Another example is cold-pressing round grooves into a shaft on both sides
of a transverse hole.

In the absence of specific data, it is usually conservative to account for the
effects of shot peening or other cold-working treatments by using a surface factor CS
of unity, regardless of the prior surface finish.
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8.15 Thermal and Chemical Surface-Hardening Treatments
(Induction Hardening, Carburizing, and Others)

The purpose of thermal and chemical surface-hardening treatments is usually to pro-
vide surfaces with increased resistance to wear; however, they also serve to increase
fatigue strength, and for this reason are considered here.

The strictly thermal processes of flame and induction hardening of steel parts
containing sufficient carbon produce surface residual compressive stresses (owing to
a phase transformation tending to slightly increase the volume of the surface layer)
as well as surface hardening. As expected, maximum benefits are obtained with
notched parts having steep applied stress gradients. In such situations fatigue
strengths can often be more than doubled.

Carburizing and nitriding are examples of chemical–thermal processes that add
carbon or nitrogen to the surface layer, together with appropriate heat treatment.
The resulting hardened skin (or “case”), together with surface residual compressive
stresses, can be very effective in increasing fatigue strength. In fact, nitriding has
been found capable of rendering parts nearly immune to weakening by ordinary
stress raisers. This point is illustrated by the following table given by Floe (Part 2,
Section 8.6 of [5]).

Endurance Limit (ksi)

Geometry Nitride Not Nitrided

Without notch 90 45

Half-circle notch 87 25

V notch 80 24

8.16 Fatigue Crack Growth

In Chapter 6, we introduced basic concepts of fracture mechanics and defined
failure as whenever the stress intensity factor, K, exceeds the critical stress inten-
sity factor, Kc (e.g., for tensile loading, Mode I, failure occurs whenever KI
exceeds KIc).

We will now consider the fatigue process where the crack grows under alternating
loads. Figure 8.32 plots the progress of crack growth from an initial crack length of c1
to a critical crack length of ccr. We know that as the crack grows with an increase in
the number of cycles, N, the tendency for failure increases. For a small, identifiable
crack (e.g., 0.004 in.), a typical crack growth history for a cyclical tensile load of con-
stant amplitude would begin with growth in a stable, controlled manner until a critical
crack size was reached, i.e., where the crack growth rate increases in an uncontrolled
manner and catastrophe looms.

Figures 8.33a and 8.33b show the proportional relationship between range of
stress intensity, ¢K = Kmax - Kmin, and range of stress, ¢s = smax–smin, respec-
tively. Here, , , and 
Recall that fatigue life is largely dependent on the mean and alternating component

¢K = ¢s Y1pc .Kmax = smax Y1pcKmin = smin Y1pc
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of stress, i.e., the range and magnitude of the stress, which is proportional to the
range of stress intensity. For an initial existing crack of size c1 and for a given mate-
rial, the slope dc/dN depends upon the range of the stress intensity factor,
¢K = Kmax - Kmin. Again,

Figure 8.34 shows a plot of crack propagation rate (crack growth) versus ¢K.
The crack propagation rate or crack growth rate increases with cycles of alternating
load and is denoted by dc/dN, where N is the number of cycles and c is the crack
size. For a particular material, the stress intensity range, ¢K, is related to dc/dN as
shown with a sigmoidal curve comprised of three stages. Stage I, initiation, shows
that growth of a crack requires that the stress intensity range exceed a threshold
value. One mechanism for initial growth relates to cleavage along grain boundaries.

KI = sY1pc .

FIGURE 8.33
(a) Stress intensity versus time for con-
stant fluctuating stress, ¢s where

, ,
and . Note that all K
parameters increase with crack size. (b)
Stress (load) versus time for fluctuating
stress.

¢K = ¢s Y1pc
Kmax = smaxY1pcKmin = sminY1pc
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Stage II, stable propagation, shows that crack growth rate versus intensity range is
approximately log-log linear. This important stage is for cracks that grow in a stable
manner. The curve for Stage II can be described by the Paris equation

(8.4)

where dc/dN is the crack growth rate, and C and the index n are constant material
properties, values of which appear in the literature. In stage II, for a certain crack
growth rate, (dc/dN)o , there is a corresponding stress intensity range ¢Ko , such that
the constant C = (dc/dN)o/¢Ko

n.
Stage III, instability, begins as the critical crack size is approached, and exists

for a small portion of a component’s life. The instability is catastrophic in that it
takes place suddenly after the start of stage III.

Stages II and III can both be represented by an empirical modification of
Eq. 8.4, that is,

(8.5)

Note in Eq. 8.5 that if Kmax V Kc , then the term {1 - (Kmax/Kc)
n} approaches 1,

and Eq. 8.5 represents stage II. If Kmax approaches Kc , then dc/dN tends to infinity
and represents stage III.

Integration of Eq. 8.5 yields the component life, ¢N12 cycles, that elapses dur-
ing crack growth from c1 to c2. In normalized form, where a = c/w, we have

(8.6)

where acr is the normalized critical crack size corresponding to Kc , and a2 … acr .
For plane strain conditions, Kc = KIc .

= L
2

1
(Y1a)-n da - (Ycr1acr)

-n(a2 - a1)

{(¢N12/w)(dc/dN)o}{¢s2(pw)/¢Ko}
n

dc/dN = C ¢K n/{1 - (Kmax/Kc)
n}

dc/dN = C ¢K n
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FIGURE 8.35
Sample Problem 8.7—cycle life pre-
diction for cyclically varying stress—
long strip, edge crack, tensile stress.

Eq. 8.6 can be integrated and then solved for the component life that elapsed
during crack growth. The configuration factor is required as a function of crack size;
i.e., Y = Y(a). With normalized crack size limits of a1 and a2 , the integral of
Eq. 8.6 may be evaluated numerically noting that a value of w is required and that
each term in {} is dimensionless. In practice, closed form integration is usually
impossible, and graphical methods may be used.

SAMPLE PROBLEM 8.7 Cycle Life for Fatigue Crack Growth

A long strip with an edge crack is axially stressed as shown in Figure 8.35 and made
of material that follows the Paris equation with an index n = 4. The strip has a crack
growth rate (dc/dN)o of 1 mm/106 cycles that corresponds to a stress intensity range
DKo of The width w of the strip is 30 mm. The configuration factor may
be approximated by Y = Yo/(1 - a) = 0.85/(1 - a), where a = c/w. Determine
the number of cycles required for a 6 mm crack to grow to 15 mm, if the component
is subjected to a cyclically varying uniaxial tensile stress of (a) 0 MPa to 40 MPa,
and (b) 80 MPa to 100 MPa.

SOLUTION

Known: A long strip of known geometry and material properties has an edge crack
that grows from 6 mm to 15 mm while the strip is subjected to a cyclically varying
uniaxial tensile stress.

Find: Determine the number of cycles for the crack to grow from 5 mm to 15 mm.

Schematic and Given Data:

5 MPa1m.

Assumptions:
1. The strip is loaded by a background stress, s, normal to the crack.

2. The configuration factor, Y, is accurate for the range of a values.

3. The stress intensity is less than the fracture toughness of the material.

4. The crack grows in a stable manner.

Analysis:
1. Equation 8.6 can be integrated and then solved for the component life that

elapsed during crack growth. Equation 8.6 is

(8.6)= L
2

1
(Y1a)-n da - (Ycr1acr)

-n(a2 - a1)

[(¢N12/w)(dc/dN)o][¢s2(pw)/¢Ko]
n
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2. The configuration factor, Y, is a function of crack size since
Y = Y(a) = Yo/(1 - a) = 0.85/(1 - a). Note that Yo = 0.85, is a constant.

3. Let the integral in Equation 8.6 be defined by I, i.e.,

4. Substituting for Y and integrating gives

5. With limits of integration a1 = 6/30 = 1/5 = 0.20, and a2 = 15/30 = 1/2
= 0.50,

6. Recall that

w = 30 mm = 0.03 m (width of strip)

(dc/dN)o = 1 mm/106 cycles (crack growth rate at point o)

¢Ko = 5 MPa (stress intensity range at point o)

¢s = (40 MPa - 0 MPa) = 40 MPa = [stress amplitude for part (a)]

n = 4 (Paris equation index)

7. Inserting I = 1.444 and the above values into Eq. (8.6), with the last term neg-
ligible gives

8. Solving for ¢N12 gives ¢N12 = 1.191 * 106 cycles.

9. In part (b), ¢s = 100 - 80 = 20 MPa. Since ¢s is halved from 40 MPa in part (a)
to 20 MPa in part (b), we have ¢N12 = (1.191 * 106 cycles)(24) = 19.05 * 106

cycles.

= ¢ ¢N12

30 mm
≤ ¢ 1 mm

106 cycles
≤ ¢40 MPa2p0.03 m

5 MPa1m
≤4

= I = 1.444

[(¢N12/w)(dc/dN)o][¢s1pw/¢Ko]
n

1m

I = 1.444  

+
1

3
a1

8
-

1

125
b d

I =
1

(0.85)4 c 1

0.20
-

1

0.50
- 4(ln 0.5 - ln 0.2) + 6a 3

10
b - 2a1

4
-

1

25
b

=
1

Y4
o
c - 1
a

- 4 ln a + 6a - 2a2 +
1

3
a3 d2

1

=
1

Y4
oL B 1

a2 -
4
a

+ 6 - 4a + a2R da

=
1

Y4
o L

2

1

1 - 4a + 6a2 - 4a3 + a4

a2 da

I = L
2

1
¢1 - a
Yo

11a ≤4

da

I K L
2

1
(Y1a)-n da
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Comments:
1. Although closed form integration of the integral in Eq. (8.6) was possible, usu-

ally this is not the case.

2. Ordinarily an integration cannot be performed directly, since Y varies with the
crack length. Consequently, cyclic life is estimated by numerical integration
procedures by using different values of Y held constant over a small number of
small crack length increments or by using graphical techniques.

3. The critical crack length can be calculated by solving 
Indeed for acrit = 0.840.

8.17 General Approach for Fatigue Design

8.17.1 Brief Review of Failure Criterion for Simpler Cases

Before presenting a general approach for high cycle fatigue design for the case of
combined loading involving both mean and alternating stresses, and applicable to a
multitude of fatigue problems, let us briefly review the failure criteria applying to the
simpler special cases:

1. For static loads, to predict the yielding of ductile materials, the maximum-
distortion energy theory was found to be generally satisfactory. For static loading,
sm Z 0 and sa = 0. This condition is a special case of fluctuating stress where
sa = 0. The safety factor for yielding will be SF = Sy /sm .

2. For alternating loads, to predict the fatigue failure of ductile materials, the
maximum-distortion energy theory was found to apply. For fully reversed load-
ing conditions, the S–N diagram represents the fatigue strength versus load cy-
cles. This condition is a special case of fluctuating stress where sm = 0. For
fully reverse loading, sa Z 0 and sm = 0. The safety factor for failure by fa-
tigue will be SF = Sn/sa .

3. For combined alternating plus mean loading, for predicting fatigue failure of duc-
tile materials, the constant life fatigue diagram represents the component’s
strength. The distortion-energy theory is applied to calculate an equivalent alternat-
ing stress,sea, and an equivalent mean bending stress,sem, to be taken as the high-
est algebraic principal stress caused by the mean-load components acting alone.

Note that the distortion energy theory should not be applied to calculate an
equivalent stress, sem, because a mean compressive stress does not decrease the
allowable alternating axial stress, whereas a mean tensile stress does. The dis-
tortion energy (equivalent stress) is the same for tension and compression.
Therefore, using the distortion energy theory to calculate a single equivalent
mean stress is not a recommended procedure because it does not correctly
account for the influence of the mean stress.

4. For crack growth in Mode I, the safety factor for failure by rapid fatigue crack
growth (fracture) will be SF = KIc/KI . The critical crack length can be calculated
by solving KIc = smax Y Equation 8.6 can be integrated and then
solved for the component life that elapsed during crack growth.

1pccritical .

KIc = 60 MPa1m,
KIc = smax Y1pccritical .
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8.17.2 Overview of Fatigue Analysis Procedure

In elementary form, the reader should recognize that a fatigue analysis involves three
principal steps:

1. Representing the fatigue strength of the part or material,

2. Representing the stresses involved, and

3. Noting the relationship between strength and stress to determine safety factor,
estimated life, etc.

The strength of the member should be represented by a conventional constant-
life-fatigue strength diagram (sm–sa curve) for bending loads. The diagram should
be appropriate to the material, size, surface, temperature, reliability, and fatigue
life involved.

The stress should be represented by (1) an equivalent alternating bending stress
determined from the totality of applied alternating loads using the distortion energy
theory, and (2) an equivalent mean bending stress to be taken as the highest algebraic
principal stress caused by the mean-load components acting alone.

The factor Kf should be applied as a stress concentration factor with each com-
ponent of the alternating stress and each component of the mean stress multiplied by
its own appropriate value of Kf .

The relationship between strength and stress for combined alternating plus
mean loading, for predicting fatigue failure of ductile materials is implemented by
utilizing an experimentally verified empirical approach that relates the strength, rep-
resented by the constant life fatigue diagram (Goodman line), with the stress state,
determined by calculating separately the equivalent alternating stress and the equiv-
alent mean stress components.

8.17.3 Overview of Fracture Mechanics Procedure

The reader should recall that in elementary form an application of fracture mechan-
ics theory involves three principal steps:

1. Representing the fracture toughness (strength) of the part or material,

2. Representing the stress intensity (stresses) involved, and

3. Noting the relationship between fracture toughness and stress intensity to deter-
mine safety factor, estimated remaining life, crack growth rate, etc.

The fracture toughness should be appropriate to the material, size, surface, tem-
perature, reliability, and life involved. The stress intensity factor should be appropri-
ate for the part load and geometry. Recall that for crack growth in Mode I, the safety
factor for failure by rapid fatigue crack growth (fracture) will be SF = KIc/KI . With
known geometry and material properties, the cycle life for fatigue crack growth can
be calculated from Eq. 8.6.

The operational life of a part is often limited by the initiation and subsequent
growth of cracks. Since an existing crack can suddenly open under certain circum-
stances and/or conditions at stress levels lower than the yield strength, fracture
mechanics should be used for predicting failure when known cracks will be present
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or are present due to sudden crack propagation. If a crack is of sufficient size, then
the part can fail at much lower stresses than those causing yielding in the part.

Fracture mechanics should be used in designing parts and components to pre-
dict sudden failure caused by crack propagation. As previously discussed, to predict
sudden failure, the stress intensity for the part can be calculated and compared to the
fracture toughness for the material. That is, the stress intensity factor,

is compared to the fracture toughness, KIc , of the material to deter-
mine if there is a danger of crack propagation failure.

Fracture mechanics should also be used to estimate the current safety factor for
the part if macroscopic cracks are present or actual cracks are discovered. Regular
field inspections should be conducted to detect cracks as they occur, especially if
previous experience indicates that cracking is a problem.

Retirement of critical parts before a crack reaches a critical length is essential.
An important part of a failure prevention program is a refined nondestructive

evaluation technique to detect small flaws. Obviously, the limitations of crack size
detection possible during inspection must be appreciated. No amount of inspection
of a part will prevent failure if a crack in the part remains undetected by the process
being used. A fail-safe approach acknowledges that cracks exist in components but
requires that the part will not fail prior to the time that the defect is discovered and
repaired or replaced.

A crack of critical size discovered in a critically important component means
that inspection took place just in time and that the component should be replaced or
repaired immediately. If no defect of significant dimensions is found, the part is
returned to service with a fracture mechanics calculation used to determine the next
inspection interval. A fail-safe approach requires periodic inspection of critical com-
ponents. Sufficient flaw detection resolution is required.

8.17.4 Brief Comparison of Fatigue Analysis with Fracture
Mechanics Methods

A fatigue analysis for a component is conducted to avoid a part failure. For com-
pletely reversed stresses, the analysis typically considers notch sensitivity, stress
concentration and uses a S–N diagram to design for finite or infinite cycle life.
Fatigue analysis can calculate safety factor, cycle life, stress, part geometry, and
required strength.

Fracture mechanics theory also is used to avoid part failure by understanding the
crack growth process. A fracture mechanics analysis includes factors that affect
crack growth so that crack length can be measured and mathematically related to the
remaining life. Also, the critical crack length where rapid advance of the fatigue
crack takes place can be determined. Fracture mechanics can predict part safety,
remaining part life, crack growth rate, and critical crack size.

At the present level of development, fracture mechanics analysis is less precise
than conventional stress-strength-safety analysis. Fracture mechanics constants are
typically less available for part material and mode of loading than are constants used
in traditional fatigue analysis. Consequentially, the predictions of (1) crack growth
rate, (2) component fatigue life that remains, and (3) degree of safety, cannot there-
fore be viewed with quite the same confidence provided by conventional fatigue
analysis safety factors.

KI = Ys1pc ,
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8.17.5 General Fatigue Analysis Procedure

The general fatigue analysis procedure presented in this chapter provides the solu-
tion to a large variety of real world fatigue problems. Consistent with the sample
problems presented in this chapter, the three principal steps useful in a general
approach dealing with mean and alternating stresses for high cycle fatigue design for
uniaxial or biaxial load/stress fluctuation are:

1. Construct a constant life fatigue diagram (Goodman line) for the desired cycle
life and for the correct fatigue strength (see Figure 8.16).

2a. Calculate the mean and alternating stress components at the critical point(s), ap-
plying the appropriate stress concentration factors to the corresponding stress
components. The stress concentration factors for the different loading (e.g.,
axial versus bending) can be applied to the appropriate stress component prior
to incorporating them into the distortion energy stress calculation.

2b. Calculate the equivalent alternating bending stress and the equivalent mean
bending stress from Eqs. (a) and (b) in Table 8.2. The distortion energy theory is
used to transform biaxial alternating stresses into an equivalent (pseudo-uniaxial)
alternating tensile stress. The Mohr circle is used to calculate the equivalent
mean bending stress, i.e., the maximum principal stress from the superposition
of all existing static (mean) stresses.

3. Plot the equivalent alternating and equivalent mean bending (tensile) stresses on
the constant life fatigue diagram to establish the operating point and then cal-
culate the safety factor (e.g., see Sample Problem 8.4).

For brittle materials, the authors of this book recommend the same procedure
except that the equivalent alternating stress is not estimated from the distortion ener-
gy theory but from the appropriate s1–s2 diagram for alternating (completely
reversed) fatigue strength where the reversed torsional strength, unless known, is
80 percent of the reversed bending fatigue strength.

For critical mean and alternating pure shear stresses (torsional stress with no
bending or axial stresses) in a component, the authors of this book recommend the
approach discussed in Sample Problem 8.3.

For those cases involving multiaxial fatigue with multidimensional mean and
alternating stresses with proportional and nonproportional loading under complex
stress states with elastic and plastic deformation there exists no universal and accept-
ed procedure. Experimental work and/or research is required.

8.17.6 Safety Factors for Fatigue Failure

Figure 8.36 pictures the tension side and the compression side of the constant life
fatigue diagram and illustrates how the diagram is used to determine safety factors.
Point N, the operating point, identifies the combination of equivalent mean and
equivalent alternating stresses representing the critical point in a part subjected to
combined stresses. For the stress state represented by point N the safety factor
depends on how the stress state (defined by the equivalent mean and alternating
stress components) changes as the loading would increase to cause failure in service.
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FIGURE 8.36
Three interpretations of safety factor involving mean and alter-
nating stresses.

Figure 8.36 pictures three interpretations that can be applied to the term safety
factor in the case of combined mean and alternating stresses. Three possible design
overload points are shown. The operating-load point corresponds to the combination
of mean and alternating stresses caused by the operating loads.

1. If alternating and mean stresses increase by the same percentage during over-
load, point P would be the design-overload point, and the safety factor would
be given by

2. If only the alternating component of stress increases during overload, point Q
would be the design-overload point, and the safety factor would be

3. If only the mean component of stress increases during overload, point R would
be the design-overload point, and the safety factor would be

Without knowledge regarding the nature of overloading, interpretation 1 would
normally be applied. In Figure 8.36, interpretation 1 gives a safety factor of
SF = OP/ON L 2.0. This could also be interpreted to mean that if all the material
strengths (Sn , Sy , and Su) were divided by 2.0 (and the operating loads left
unchanged), operation would be on the Goodman line.

The equations for SF give the safety factor for infinite fatigue life since the cor-
rected endurance limit, Sn , is inherent in the equations for SF. For finite life, the
corrected fatigue strength, Sf , at a finite number of cycles should replace Sn in
Figure 8.36. The safety factors can be estimated from the constant life fatigue dia-
gram drawn to scale or analytical equations for SF may be written.

A graphical or analytical approach to calculate the safety factor can also be
used for cases where the equivalent mean stress is compressive (i.e., for the left
half of the constant life fatigue diagram) where a load line sa/sm would have a
negative slope.

SF = OC/OA

SF = OF/OD

SF = OP/ON = OE/OD = OB/OA
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Problems

Section 8.3

8.1D Select a steel from Appendix C-4a having a rotating bending endurance limit for the
standard R. R. Moore test specimens above 72 ksi.

8.2D Select a steel having a 103-cycle fatigue strength for rotating bending for R. R.
Moore test specimens above 130 ksi.

8.3D From Appendix C-3a, select a gray cast iron having a rotating bending endurance
limit for the standard R. R. Moore test specimens between 95 and 110 MPa.

8.4D Select a wrought-titanium alloy from Appendix C-16 having a rotating bending
endurance limit for the standard R. R. Moore test specimens above 28 ksi and yield
strength above 50 ksi.

8.5 Estimate the rotating bending endurance limit and also the 103-cycle fatigue strength
for standard R. R. Moore test specimens made of steels having Brinell hardnesses of
100, 300, and 500.

8.6 Estimate the long-life fatigue strength for rotating bending (state whether it is for 108

or 5 * 108 cycles) of standard R. R. Moore specimens made of (a) wrought alu-
minum, Su = 250 MPa, (b) wrought aluminum, Su = 450 MPa, (c) average-grade
cast aluminum, and (d) average-grade forged magnesium.

8.7 Three R. R. Moore test specimens are made of steels having ultimate tensile
strengths of 95, 185, and 240 ksi. Estimate the 103-cycle fatigue strength for rotat-
ing bending and also the bending endurance limit for each steel.

8.8 Standard R. R. Moore specimens are made of (a) wrought aluminum, Su = 29 ksi,
(b) wrought aluminum, Su = 73 ksi, (c) high-grade cast aluminum, and (d) high-
grade forged magnesium. Estimate the long-life fatigue strength for rotating bending
(state whether it is for 108 or 5 * 108 cycles) of each material.
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8.9 Estimate the rotating bending endurance limit and also the 103-cycle fatigue strength
for standard R. R. Moore steel test specimens having hardnesses of 200, 350, and 500.

8.10 Estimate the 103-cycle fatigue strength for rotating bending and also the bending
endurance limit for R. R. Moore test specimens made of 1040, 4140, and 9255 steels
having ultimate tensile strengths of 100, 160, and 280 ksi, respectively.

Section 8.4

8.11 How would the answers to Problems 8.5 and 8.6 change if the loading is reversed
bending rather than rotating bending?

8.12 How would the answers to Problems 8.5 and 8.6 change if the loading is reversed
axial loading rather than rotating bending?

8.13 How would the answers to Problems 8.7 and 8.8 change if the loading is reversed
bending rather than rotating bending?

8.14 How would the answers to Problems 8.7 and 8.8 change if the loading is reversed
axial loading rather than rotating bending?

Section 8.5

8.15 Repeat Problem 8.5 for reversed torsional loading.

8.16 Repeat Problem 8.6 for reversed torsional loading.

8.17 Repeat Problem 8.7 for reversed torsional loading.

8.18 Repeat Problem 8.8 for reversed torsional loading.

Sections 8.7 and 8.8

8.19 A 10-mm-diameter steel bar having Su = 1200 MPa and Sy = 950 MPa has a fine-
ground surface. Estimate the bending fatigue strength for (1) 106 or more cycles and
(2) 2 * 105 cycles.

8.20 Estimate the 2 * 105 fatigue strength for a 25-mm-diameter reversed axially loaded
steel bar having Su = 950 MPa, Sy = 600 MPa, and a hot-rolled surface.

8.21 Consider a 3.5-in.-diameter steel bar having Su = 97 ksi and Sy = 68 ksi and
machined surfaces. Estimate the fatigue strength for (1) 106 or more cycles and
(2) 5 * 104 cycles for (a) bending, (b) axial, and (c) torsional loading.

8.22 Estimate the bending fatigue strength for 2 * 105 cycles for a 0.5-in.-diameter steel
shaft having a Brinell hardness of 375 and machined surfaces.

8.23 Plot on log-log coordinates estimated S–N curves for (a) bending, (b) axial, and
(c) torsional loading of a 1-in.-diameter steel bar having Su = 110 ksi, Sy = 77 ksi,
and machined surfaces. For each of the three types of loading, what is the fatigue
strength corresponding to (1) 106 or more cycles, and (2) 6 * 104 cycles?

[Partial ans.: For bending 36.6 ksi, 55 ksi]

8.24 Repeat Problem 8.23 for a 20-mm-diameter steel bar having Su = 1100 MPa, and
Sy = 715 MPa, for (a) fine ground and (b) machined surfaces.

Section 8.9

8.25 Repeat the determination of the six fatigue strengths in Problem 8.23 for the case of
zero-to-maximum (rather than completely reversed) load fluctuation.

[Partial ans.: For bending, 0 to 56 ksi, 0 to 74 ksi]
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24 mm 24 mm20 mm

2-mm rad. 0.8-mm rad.

FIGURE P8.27

8.26 Repeat the determination of the six fatigue strengths in Problem 8.24 for the case of
zero-to-maximum (rather than completely reversed) load fluctuation.

Section 8.10

8.27 When in use, the shaft shown in Figure P8.27 experiences completely reversed tor-
sion. It is machined from steel having a hardness of 150 Bhn. With a safety factor of
2, estimate the value of reversed torque that can be applied without causing eventual
fatigue failure.

[Ans.: 55.8 N # m]

8.28 Figure P8.28 shows (1) an unnotched bar and (2) a notched bar of the same mini-
mum cross section. Both bars were machined from AISI 1050 normalized steel. For
each bar, estimate (a) the value of static tensile load P causing fracture and (b) the
value of alternating axial load ;P that would be just on the verge of producing even-
tual fatigue fracture (after perhaps 1 to 5 million cycles).

[Ans.: (a) 670 kN for both, (b) 199 kN, 87 kN]

8.29 A stepped shaft, as illustrated in Figure 4.35, has dimensions of D = 2 in.,
d = 1 in., and r = 0.05 in. It was machined from steel having tensile properties of
Su = 90 ksi and Sy = 75 ksi.

(a) Estimate the torque T required to produce static yielding. (Note: For static load-
ing of a ductile material, assume that the very first yielding at the notch root is
not significant; hence, ignore stress concentration.)

(b) Estimate the value of reversed torque, ;T, required to produce eventual
fatigue failure.

[Ans.: 8540 lb # in.; 2280 lb # in.]

(1) (2)

P

30 mm

30 mm

P
P

P

30 mm

r = 2.5 mm

r = 2.5 mm

35 mm

30 mm

FIGURE P8.28
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8.30 The shaft illustrated in Figure P8.30 rotates at high speed while the imposed loads
remain static. The shaft is machined from AISI 1040 steel, oil-quenched and tem-
pered at 1000°F. If the loading is sufficiently great to produce a fatigue failure (after
perhaps 106 cycles), where would the failure most likely occur? (Show all necessary
computations and reasoning, but do not do unnecessary computations.)

Section 8.11

8.31 A grooved shaft like the one shown in Figure 4.36 is machined from steel of 180 Bhn
and Sy = 65 ksi. Dimensions are D = 1.1 in., d = 1.0 in., and r = 0.05 in. A com-
mercial polish is given only to the surface of the groove. With a safety factor of 2,
estimate the maximum value of torque T that can be applied for infinite life when the
fluctuating torsional load consists of (a) completely reversed torsion, with the torque
varying between +T and -T, (b) a steady torque of T with superimposed alternating
torque of 2T.

[Ans.: 1320 lb # in., 590 lb # in.]

8.32D Design a steel shaft that will transmit a reversed torque of 18.62 N # m for infinite
fatigue life.

8.33 Figure P8.33 shows a cantilever beam serving as a spring for a latching mechanism.
When assembled, the free end is deflected 0.075 in., which corresponds to a force F
of 8.65 lb. When the latch operates, the end deflects an additional 0.15 in. Would you
expect eventual fatigue failure?

[Ans.: It is marginal.]

FIGURE P8.33
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8.34 Estimate the maximum completely reversed bending moment that can be applied to
the ends of the plate shown in Figure 4.40 if the plate is machined from AISI 4320
steel having Su = 140 ksi and Sy = 90 ksi. The rectangular plate is 0.5 in. thick,
3 in. wide, and has a central hole 0.5 in. in diameter. An infinite life with 90% reli-
ability and a safety factor of 2 are required.

8.35 A cold-drawn steel shaft of 155 Bhn is 12 in. long, 1.25 in. in diameter, and has
a 0.25-in.-diameter transverse hole (as in Figure 4.37). Surfaces have a machined
finish. Estimate the safety factor with respect to infinite fatigue life for (a) a
torque fluctuation between 0 and 60 lb # ft, (b) a completely reversed torque of
30 lb # ft, and (c) a mean torque of 35 lb # ft plus a superimposed alternating torque
of 25 lb # ft.

8.36 A cold-drawn rectangular steel bar of 140 Bhn is 10 mm thick, 60 mm wide, and has
a central hole 12 mm in diameter (as in Figure 4.40). Estimate the maximum tensile
force that can be applied to the ends and have infinite life with 90% reliability and a
safety factor of 1.3: (a) if the force is completely reversed and (b) if the force varies
between zero and a maximum value.

[Ans.: 22 kN, 34 kN]

8.37 A 20-mm-diameter shaft with a 6-mm-diameter transverse hole is made of cold-
drawn steel having Su = 550 MPa and Sy = 462 MPa. Surfaces in the vicinity of the
hole have a machined finish. Estimate the safety factor with respect to infinite fatigue
life for (a) torque fluctuations between 0 and 100 N # m, (b) a completely reversed
torque of 50 N # m, and (c) a mean torque of 60 N # m plus a superimposed alternat-
ing torque of 40 N # m.

[Ans.: 1.5, 1.9, 1.7]

8.38 For the shaft and loading involved in Problem 8.37, estimate the safety factors with
respect to static yielding. (Note: For these calculations stress concentration is usually
neglected. Why?)

[Ans.: 3.1, 6.3, 3.1]

8.39 Figure P8.39 shows a pitch roller chain plate, as used on a bicycle chain. It is
made of carbon steel, heat-treated to give Su = 140 ksi and Sy = 110 ksi. All sur-
faces are comparable to the “machined” category. Since a roller chain cannot trans-
mit compression, the link is loaded in repeated axial tension (load fluctuates between
0 and a maximum force as the link goes from the slack side to the tight side of the
chain) by pins that go through the two holes. Estimate the maximum tensile force
that would give infinite fatigue life with a safety factor of 1.2.

[Ans.: 229 lb]

1
2-in.

1

0.050 in.

0.191-in. rad.

0.125-in. dia.

2 in.

FIGURE P8.39

c08.qxd  8/3/11  9:03 PM  Page 365



366 Chapter 8 ■ Fatigue

0

+80

–16
Time

N
om

in
al

 s
tr

es
s

(M
P

a)

60 mm50 mm

1.5-mm rad. 5-mm rad. 5-mm rad.

50 mm60 mm

-in. dia. hole1
16

1.0-in. dia.1.2-in. dia.

0.1-in. rad.

0.1-in. rad.

To
rq

ue

7000 lb • in.

3000 lb • in.

Time

FIGURE P8.41

8.40 Figure P8.40 shows a shaft and the fluctuating nominal stress (in the center of the 
50-mm section) to which it is subjected. The shaft is made of steel having
Su = 600 MPa and Sy = 400 MPa. Estimate the safety factor with respect to even-
tual fatigue failure if (a) the stresses are bending, (b) the stresses are torsional.

8.41 Figure P8.41 shows a round shaft and a torque fluctuation to which it is subjected.
The material is steel, with Su = 162 ksi and Sy = 138 ksi. All critical surfaces are
ground. Estimate the safety factor for infinite fatigue life with respect to (a) an over-
load that increases both mean and alternating torque by the same factor, and (b) an
overload that increases only the alternating torque.

8.42 A stepped shaft, as shown in Figure 4.35, has dimensions of D = 10 mm,
d = 8 mm, and r = 0.8 mm. It is made of steel having Su = 1200 MPa and is fin-
ished with a grinding operation. In service, it is loaded with a fluctuating zero-to-
maximum torque. Estimate the magnitude of maximum torque that would provide a
safety factor of 1.3 with respect to a 75,000-cycle fatigue life.

8.43 The critical portion of a machine part is shaped like the bar in Figure 4.38 with
H = 35 mm, h = 25 mm, b = 20 mm, and r = 2 mm. The material is steel, of
160 Bhn hardness. All surfaces are machined. The part is loaded in zero-to-
maximum cyclic bending. Estimate the value of the maximum bending moment that
would give infinite fatigue life with 99 percent reliability (and a safety factor of 1).

[Ans.: 300 N # m]

8.44 A solid round shaft has a shoulder (as in Figure 4.35) with D = 1 in., d = 0.5 in.,
and r to be determined. The shaft is made of steel, with Su = 150 ksi and
Sy = 120 ksi. All surfaces are machined. In service the shaft is subjected to a tor-
sional load that fluctuates between 82 and 123 lb # ft. Estimate the smallest fillet
radius that would permit infinite life (with safety factor = 1).

[Ans.: About 0.040 in.]

FIGURE P8.40
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8.45 A steel shaft used in a spur gear reducer is subjected to a constant torque together
with lateral forces that tend always to bend it downward in the center. These result
in calculated stresses of 80 MPa torsion and 60 MPa bending. However, these are
nominal values and do not take into account stress concentration caused by a shoul-
der (as in Figure 4.35), where dimensions are D = 36 mm, d = 30 mm, and
r = 3 mm. All surfaces are machined, and the steel has strength values of
Su = 700 MPa and Sy = 550 MPa. Hardness is 200 Bhn. Estimate the safety factor
with respect to infinite fatigue life.

[Ans.: 1.9]

8.46 At a critical location in a shaft, the equivalent alternating stress is sea = 91.8 MPa,
and the equivalent mean bending stress is sem = 102.4 MPa. The modified
endurance limit Sn = 239 MPa, the ultimate strength, Su = 700 MPa, and the yield
strength, Sy = 550 MPa. Assuming that Figure 8.16 shows a constant life fatigue dia-
gram for the steel shaft, write the equation for the load line and the equation for the
strength line for 106 cycles of life. Determine the safety factor with respect to infi-
nite life.

8.47 Figure P8.47 shows a portion of a pump that is gear-driven at uniform load and
speed. The shaft is supported by bearings mounted in the pump housing. The shaft
is made of steel having Su = 1000 MPa, Sy = 800 MPa. The tangential, axial, and
radial components of force applied to the gear are shown. The surface of the shaft
fillet has been shot-peened, which is estimated to be equivalent to a laboratory mir-
ror-polished surface. Fatigue stress concentration factors for the fillet have been
determined and are shown on the drawing. Estimate the safety factor with respect to
eventual fatigue failure at the fillet.

[Ans.: 1.9]

8.48 Figure P8.47 shows a helical gear having a 250 mm diameter that is mounted on the
overhung end of a shaft, 50 mm from the nearest bearing. The load on the helical
gear is Ft = 2000 N, Fr = 750 N and Fa = 500 N.
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(a) Calculate the shaft torque due to each force.

(b) Calculate the bending moment on the overhung shaft at the nearer bearing due
to each force.

(c) Calculate the total or resultant bending moment on the shaft at the nearer bearing.

8.49 At a critical location in the shaft, the equivalent alternating stress sea = 183.8 MPa
and the equivalent mean bending stress is sem = 123.1 MPa. The modified
endurance limit Sn = 450 MPa, the ultimate strength, Su = 1000 MPa, and the yield
strength, Sy = 800 MPa. Assuming that Figure 8.16 shows a constant life fatigue dia-
gram for the steel shaft, write the equation for the load line and the equation for the
strength line for 106 cycles of life. Determine the safety factor with respect to infi-
nite life.

8.50 Write the equation for the load line and the equation for the 106 ~~ life line both
shown in Figure 8.28 of Sample Problem 8.4 and then solve for the coordinates of
the failure point.

8.51 Drawing 1 of Figure P8.51 shows a countershaft with helical gear (B), bevel gear
(D), and two supporting bearings (A and C). Loads acting on the bevel gear are
shown. Forces on the helical gear can be determined from equilibrium of moments
about the shaft axis plus the given proportions of the helical gear force components.
Shaft dimensions are given in drawing 2. All shoulder fillets (at points where diam-
eter changes) have a radius of 5 mm. Note that the shaft is designed so that only bear-
ing A takes thrust. The shaft is made of hardened steel, Su = 1069 MPa,
Sy = 896 MPa. All important surfaces are finished by grinding.

(a) Draw load, shear force, and bending moment diagrams for the shaft in the xy
and xz planes. Also draw diagrams showing the intensity of the axial force and
torque along the length of the shaft.

(b) At points B, C, and E of the shaft, calculate the equivalent stresses in prepara-
tion for determining the fatigue safety factor. (Note: Refer to Table 8.2.)

(c) For a reliability of 99% (and assuming a standard deviation of s = 0.08Sn),
estimate the safety factor of the shaft at points B, C, and E.

[Ans.: (c) 5.0, 6.8, and 5.8, respectively]

q

FIGURE P8.51
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Section 8.12

8.52 A stepped shaft, as shown in Figure 4.35, has dimensions of D = 2 in., d = 1 in.,
and r = 0.1 in. It was machined from AISI steel of 200 Bhn hardness. The loading
is one of completely reversed torsion. During a typical 30 seconds of operation under
overload conditions the nominal (Tc/J) stress in the 1-in.-diameter section was mea-
sured to be as shown in Figure P8.52. Estimate the life of the shaft when operating
continuously under these conditions.

[Ans.: Roughly 43 hours]

FIGURE P8.53

Section 8.16

8.53 A 1.0-in-diameter aluminum bar is subjected to reversed axial loading of 5000 N at
50 cycles per second. A circumferential crack, 0.004 in. deep, extends radially inward
from the outside surface. The axial load is applied remote from the crack. Estimate
the crack depth after 100 hours of operation, assuming a Paris exponent of 2.7 and a
stress intensity range of 1.5 ksi corresponding to a growth rate of 0.040 in./106

cycles. The configuration factor, Y, may be approximated by
Y = [1.12 + a(1.30a - 0.88)]/(1 - 0.92a), where a = c/w and w is the radius of
the round bar. The stress intensity factor, where s is the uniaxial ten-
sile stress for the gross cross section (see Figure P8.53).

KI = sY1pc ,
1in. ,

8.54 A 2.0-in.-diameter aluminum shaft rotates at 3000 rpm and is subjected to a reversed
bending moment of 1775 in. lb. A crack, 0.004 in. deep, extends radially inward from
the external surface. The reversed bending moment is applied remote from the crack.
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370 Chapter 8 ■ Fatigue

8.55 A component part is axially stressed and made of material that follows the Paris
equation with an index n = 4 and a crack growth rate of 0.04 in./106 correspond-
ing to a stress intensity range of 5.5 ksi The width of the component is 0.75
in. The configuration factor may be approximated by Y = 0.85/(1 - a), where
a = c/w. Determine the number of cycles required for a 0.20-in. crack to grow to
0.60 in., if the component is subjected to a cyclically varying uniaxial tensile stress
of 0 psi to 6000 psi.

8.56 Repeat Problem 8.55, except the 0.20-in. crack grows to the critical crack length cor-
responding to 

8.57 Repeat Problem 8.55, except the component is subjected to a cyclically varying uni-
axial tensile stress of 15,000 psi to 18,000 psi.

8.58 Derive Eq. 8.6 from Eq. 8.5.

Appendix F

For the problems below, read Appendix F and then download and use MIL-HDBK-5J to com-
plete. References to pages in MIL-HDBK-5J begin with the text MH. All problems are for
materials at room temperature.

8.A1 Consider a polished, unnotched specimen under fully reversed axial fatigue
(R = –1.0) for each of the steel materials below. Compute and plot the S–N curve for
103 – 106 cycles using the textbook method (Table 8.1); assume that CG = 0.90 and
CL = CS = CT = CR = 1.0. Add to this plot the S–N prediction from MIL-HDBK-5J
using the equivalent stress method; note that the alternating stress S = 1/2 Smax.
Provide a brief statement comparing the two curves for each case. Also, note any
regions of your plot in which the associated equivalent stress model is not well sup-
ported by test data.

(a) 4130 alloy steel sheet, page MH2-31 (assume Su = 117 ksi)

(b) 4340 alloy steel forging, page MH2-55 (assume Su = 200 ksi)

(c) 300M alloy steel forging, page MH2-60 (assume Su = 280 ksi)

8.A2 Repeat Problem 8.A1 for the aluminum materials below except plot for 103 – 108

cycles. Assume that Table 8.1 is unchanged except that S'n is as shown in Figure 8.9
and occurs at N = 5 � 108 cycles.

KIc = 55 ksi1in.

1in.

w

c

MM

FIGURE P8.54

Estimate the crack depth after 100 hours of operation, assuming a Paris exponent of
2.7 and a stress intensity range of 1.5 ksi corresponding to a growth rate of
0.040 in./106 cycles. The configuration factor Y may be approximated by
Y = [1.12 + a(2.62a - 1.59)]/(1 - 0.70a), where a = c/w and w is the radius of
the round bar. The stress intensity factor, , is equal to where s is the
maximum bending stress for the gross cross section (see Figure P8.54).

sY1pc ,KI

1in. ,
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Problems 371

(a) 6061-T6 alloy, wrought forms, page MH3-289 (assume Su = 45 ksi)

(b) 2024-T3 alloy sheet, page MH3-116 (assume Su = 72 ksi)

(c) 7075-T6 alloy sheet, page MH3-409 (assume Su = 82 ksi)

8.A3 Consider a polished, unnotched specimen made 300M alloy forging loaded in the
longitudinal direction (see page MH2-60). It is subjected to a fatigue stress cycle that
ranges between minimum and maximum stress levels of 50 ksi and 150 ksi, respec-
tively. Determine the number of cycles to failure according to the equivalent stress
model. Repeat this calculation if the maximum stress remains unchanged while the
minimum stress is reduced to 25 ksi.

8.A4 Repeat Problem 8.A3, except with the specimen made from unnotched PH15-7Mo
(TH1050) steel sheet loaded in the longitudinal direction (see page MH2-189).

8.A5 Consider a polished, unnotched specimen made 2024-T4 drawn rod loaded in the
longitudinal direction (see page MH3-112). The specimen is subjected to a fatigue
cycle with a minimum stress of 10 ksi and is desired to have a life of 105 cycles to
failure. Determine the corresponding fatigue cycle maximum stress according to the
equivalent stress model. Repeat this calculation if the minimum stress is increased to
20 ksi.

8.A6 Repeat Problem 8.A3, except with the specimen made from Ti-6A1-4V sheet in the
solution treated and aged condition for a fatigue cycle minimum stress of 30 ksi and
repeat again for a fatigue cycle minimum stress of 60 ksi.

c08.qxd  8/3/11  9:03 PM  Page 371



9 Surface Damage

9.1 Introduction

Previous chapters have dealt with damage occurring within the body of a part (yield-
ing, fracture, excessive deflection, buckling). In addition, various kinds of damage
can occur to the surface of a part, which render it unfit for use. To begin the list, the
surface may corrode, either in a normal atmosphere or in other, usually more corro-
sive, environments such as salt water. Surface corrosion may combine with static or
fatigue stresses to produce a more destructive action than would be expected by con-
sidering the actions of corrosion and stress separately. High relative velocities
between solid parts and liquid particles can cause cavitation of the liquid, which may
be destructive to the surface of the part. When two solid members are pressed together,
contact stresses are produced, and these require special consideration. When the
members are in sliding contact, several types of deterioration coming under the gen-
eral heading of wear can occur. The severity of wear can be reduced by using a lubri-
cant (as an oil, grease, or solid film) between the rubbing surfaces.

Experience indicates that more machine parts “fail” through surface deteriora-
tion than by breakage. In an automobile, for example, consider the range of surface
damage represented by corroded exhaust systems, rusted body panels, and worn
piston rings, suspension joints, and other rubbing parts (not to mention upholstery
and floor covering).

The economic cost of surface damage underscores its importance. The National
Bureau of Standards reported to Congress that the estimated total annual costs of
corrosion and wear in the United States were $70 billion and $20 billion, respec-
tively, in 1978 dollars [1].

9.2 Corrosion: Fundamentals

Corrosion is the degradation of a material (normally a metal) by chemical or electro-
chemical reaction with its environment. Most corrosion results from electrochemical,
or galvanic, action. This is a complex phenomenon, giving rise to the specialized dis-
cipline of corrosion engineering.

Figure 9.1 shows an electrode of chemically pure iron in a homogeneous elec-
trolyte (ion carrier, such as fresh water, salt water, moist atmosphere, mud, etc.).
Positively charged Fe2+ ions go into solution, leaving an excess of electrons (i.e., a
negative charge) on the iron electrode. When an equilibrium electrode potential is
reached, no further electrochemical action takes place.
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In Figure 9.2, the iron electrode is incompletely plated, leaving exposed iron, as
shown. If the plating is tin, for example, the plating tends to lose positively charged
ions, with a corresponding negative charge remaining in the tin coating. At the same
time, the exposed iron surface tends to lose positive iron ions, leaving a negative
charge in the body of the iron. Table 9.1 shows that iron (no. 17 in the table) is more
active than tin (no. 14) in the galvanic series. This means that iron has the greater
tendency to ionize and develops the greater negative charge (electrode potential) in
the body of the metal. Hence, an electrical current will flow within the metals, with
electrons going from the iron (which becomes the anode) to the tin coating (now the
cathode). A flow of ions through the electrolyte completes the circuit. This process
involves a continuous discharge of iron ions; hence the iron corrodes. The current is
in the direction to prevent a discharge of tin ions; thus the tin cathode does not cor-
rode. This phenomenon is commonly observed in rusted “tin” cans, where breaks in
the tin coating cause the exposed steel to corrode. The iron ions discharged into the
electrolyte commonly combine with hydroxyl and oxygen ions and precipitate out as
ferric hydroxide and ferric oxide, or rust.

Although the relative order of metals in the galvanic series is generally simi-
lar for most commonly encountered electrolytes, exceptions do occur. An interest-
ing case in point is this same “tin” can. The various acids, alkalies, and organic
substances in canned foods provide electrolytes in which the inner steel surface of
the can is cathodic with respect to tin and is therefore protected. Furthermore, tin
salts, which may be present in extremely low concentration owing to corrosion of
the tin, are nontoxic. Hence, tin plate is considered ideal for handling beverages
and foods.

Suppose, in Figure 9.2, that the plating is not tin but zinc (no. 19). Reference to
Table 9.1 indicates that in ordinary environments the zinc will go into solution (cor-
rode), and the direction of current through the electrolyte will oppose the discharge
of positively charged iron ions. Thus, the iron becomes the cathode and does not cor-
rode. Zinc coating represents the common practice of galvanizing ferrous materials
to protect them against corrosion.

Most corrosion phenomena involve two metal electrodes in contact, as iron
and zinc, or iron and tin, in Figure 9.2. Closely related electrochemical phe-
nomena can be illustrated with Figure 9.3, where the two electrodes (A and B)
are not in direct contact. Suppose these electrodes are zinc (no. 19) and carbon

FIGURE 9.1
Iron and electrolyte in equi-
librium, no current flowing.

FIGURE 9.2
Imperfectly plated iron in
electrolyte. Current flows
continuously—the direction
depends on plating material.
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(graphite) (no. 2). Reference to Table 9.1 indicates that the greater concentration
of electrons would be on the zinc. (Zinc has the
greater tendency to lose positive ions, thereby
leaving it with a negative charge with respect
to the carbon). If terminals A and B are con-
nected by a wire, electrons will flow through
the wire. This is what happens in an ordinary
carbon–zinc dry cell.

Again, referring to Figure 9.3, suppose elec-
trode A is iron (no. 17) and B is copper (no. 8),
and that the two terminals are connected by a bat-
tery that forces a flow of positive charges from
the copper, through the electrolyte, and to the
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FIGURE 9.3
Two electrodes, with terminals
for external connection to a con-
ductor or battery.

TABLE 9.1 Galvanic Series: Corrosion Compatibility Chart

Source: From C. F. Littlefield and E. C. Groshart, “Galvanic Corrosion,” Machine Design, 35: 243 (May 9, 1963).
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FF

Rhodium, graphite, palladium

Silver, high-silver alloys

Titanium

Nickel, manel, cobalt, high-nickel and
high-cobalt alloys

Nickel-copper alloys per QQ-N-281,
QQ-N-286, and MIL-N-20184

Steel, AISI 301, 302, 303, 304, 316,
321, 347*, A286

Copper, bronze, brass, copper alloys per QQ-C-551,
QQ-B-671, MIL-C 20159, silver solder per QQ-5-561

Commercial yellow brass and bronze;
QQ-B-611 brass

Leaded brass, naval brass, leaded bronze

Steel, AISI, 431, 440; AM 355; PH steels

Chromium plate, tungsten, molybdenum

Steel, AISI 410, 416, 420

Tin, indium, tin-lead solder

Lead, lead-tin solder

Aluminum , 2024, 2014, 7075

Steel  (except corrosion-resistant types), iron

Aluminum, 1100, 3003, 5052, 6063,
6061, 356

Cadmium and zinc plate, galvanized steel,
beryllium, clad aluminum

Magnesium

Legend:
X – Not compatible
C – Compatible
P – Compatible if not exposed within two miles
      of a body of salt water
F – Compatible only when finished with at least
      one coat of primer
*Applicable forms: 301, 302, 321, and 347 sheet
and plate; 304 and 321 tubing; 302, 303, 316, 321,
and 347 bar and forgings; 302 and 347 casting;
and 302 and 316 wire.
 These materials must be finished with at least
one coat of primer.
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–
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Magnesium
anode

Zinc strips between steel spring leaves

Outlet

Inlet

(a) Water tank

(c) Leaf spring

(d) Ship

(b) Underground pipe

Magnesium
anode

Insulated copper wire

Zinc anodes

FIGURE 9.4
Cathodic protection of steel using sacrificial anodes.

Insulated copper wire

+–

Steel tank

iron. This is accomplished by copper ions (positive) going into solution, corroding
the copper away, and then migrating to the iron electrode where they are deposited.
This process is electroplating.

Figures 9.4 and 9.5 illustrate practical applications of the principles just given
in suppressing corrosion. In Figure 9.4, the natural flow of galvanic current is such
that the equipment to be protected is the cathode, and the zinc and magnesium plates
are sacrificial anodes. (When these become depleted, they can be easily replaced.)
In Figure 9.5, an external direct voltage source forces a flow of electrons to the
equipment to be protected, making it the cathode.

9.3 Corrosion: Electrode and Electrolyte Heterogeneity

In the previous section it was assumed that the electrodes and the electrolyte were
homogeneous. Many actual corrosion situations deviate substantially from this
“ideal” condition, and these deviations markedly affect the nature and extent of the
resulting corrosion. For example, aluminum and titanium exposed to ordinary

FIGURE 9.5
Cathodic protection of underground
tank using small direct-current
impressed voltage.
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atmosphere form protective oxide films (Al2O3, and TiO2) on their surfaces that
electrically insulate the body of the material. The corrosion current density is there-
fore almost nil. This explains why aluminum can be used for boats, despite its posi-
tion in the galvanic series (no. 18 in Table 9.1). Iron, chromium, nickel, titanium, and
many of their important alloys exhibit the phenomenon of passivation, which means
that insulating oxide films are maintained in certain environments. When the metal
is in the active condition (without the oxide film), corrosion current densities are fre-
quently 104 to 106 times those for the passive state.

Another important form of electrode heterogeneity is the microstructure of the
metal. For example, when pearlite is etched with a mild acid, the microstructure
can be seen because the ferrite and carbide constituents become anodes and cath-
odes in a multitude of minute galvanic cells. Whichever is the anode corrodes, thus
enabling it to be visually distinguished. (Ferrite and carbide have very close elec-
trode potentials, and their relative position in the galvanic series depends on the
electrolyte used.)

Another important cause of local galvanic action (and corrosion) is hetero-
geneity of the electrolyte. A common (and enormously costly!) example is the
variation in composition of the salt–mud–water deposit under car bodies in the
northern United States, which sets up vigorous localized galvanic action. Another
example is the corrosion of buried pipe that passes through strata of soil of vary-
ing salt content.

Figure 9.6 illustrates two instances in which a drop of electrolyte (usually water)
creates electrolyte heterogeneity by sealing off atmospheric oxygen from the center
of the drop, compared to the oxygen-rich electrolyte near the edge. Corrosion occurs
at the oxygen-starved interior. Figure 9.6b illustrates what is commonly called
crevice corrosion. A related observation that the reader may have made is that
smooth surfaces tend to corrode less rapidly than rough surfaces.

9.4 Design for Corrosion Control

First, consider material selection. Materials toward the inactive, or “noble,” end of
the galvanic series for the electrolyte involved develop lower electrical potentials
tending to send their ions into solution, and thus corrode more slowly. This is not the
whole story, though, because, as noted previously, the rate with which metal ions go
into solution can be dramatically reduced by oxide films. Thus, aluminum corrodes
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Steel

Rust particles Rust particles

(a)

Rust begins at center of drop

(b)

"Crevice corrosion"

Steel Steel

FIGURE 9.6
Corrosion caused by oxygen starvation of the electrolyte at the center of a
droplet or stagnant puddle.
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extremely slowly in seawater, despite its position in the galvanic series. The same
thing is true of stainless steels when, in most environments, these films change the
metal’s action from “active” to “passive.”

Differences in microstructure caused by heat treating and welding can influence
the intensity of galvanic action within the multitude of surface galvanic cells. Certain
low-alloy steels (called “weathering” steels) have been developed that effectively
resist atmospheric corrosion by forming protective rust films. These steels are used
primarily for architectural construction. After initial weathering, they have a uniform
reddish-brown (rust) color, and galvanic action nearly stops. Because weathering
steels need not be painted, their use often results in a substantial cost saving over the
life of the structure.

Chemical treatment of metal surfaces may produce surface films that offer some
degree of insulation of the base metal from the environment. Common examples are
phosphate coatings on steel (“Parkerizing” or “Bonderizing”) and oxide coatings on
steel (brown, black, or blue in color). The effectiveness of these films is usually mini-
mal, unless they are combined with rubbing with oils or waxes (as with gun barrels).
Phosphate coatings on steel help provide good adherence of paint and decrease the ten-
dency for corrosion to undercut the paint film at scratches or other discontinuities.
Anodizing of aluminum alloys produces a stable aluminum oxide film that has excellent
corrosion resistance and that can be dyed in a variety of colors. (Common experience
indicates that the protective oxide film on unanodized aluminum rubs off to produce a
black stain.)

Metal surfaces can be sealed from possible contact with an electrolyte by non-
porous coatings, such as porcelain enamel applied to bathroom fixtures or rubber
coatings vulcanized to steel plates.

Ordinary paints provide a good barrier for the diffusion of water and oxygen to
a metal surface but are permeable to some extent. Because of this, and because paint
films can become scratched and otherwise damaged, it is important to use an effec-
tive primer. The pigments in the prime coat applied to bare metal should be effec-
tive corrosion inhibitors. Any water reaching the metal surface then dissolves a small
amount of primer pigment, making the water less corrosive. (The action of inhibitors
is discussed later in this section.)

Where appearance and weight considerations are not stringent, it is sometimes
more economical to make a part with larger dimensions (heavier than necessary) to
allow for anticipated future corrosion than it is to provide effective corrosion pro-
tection. In addition, the impact of corrosion damage can often be reduced by design-
ing equipment so that parts vulnerable to corrosion can be easily replaced.

The preceding discussion assumed that only a single metal was involved. When
corrosion of two or more metals connected by an electrode is to be minimized, the
metals should be as close together as possible in the galvanic series. For example,
cadmium is very close to aluminum in most environments; hence, cadmium-plated
screws can be used in direct contact with aluminum parts. But if a copper washer is
introduced, the aluminum normally corrodes rapidly. In fact, aluminum has been
found to corrode rapidly in rainwater that had previously contacted copper flash-
ings or gutters. Other common examples of galvanic corrosion include the corrod-
ing of aluminum car door sills in contact with a steel body structure when exposed
to road salt in northern areas, or salt air near the coasts; steel pipe connected to alu-
minum plumbing; steel screws in brass marine hardware; and lead–tin solder on
copper wire.
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Steel bolt and nut

Nonporous, pliable
electrical insulator

Aluminum plates FIGURE 9.7a
Insulator breaking the galvanic circuit
between a steel bolt and aluminum
plates.

Table 9.1 shows the compatibility with respect to galvanic corrosion of com-
monly used metals and alloys when placed together in most atmospheric environ-
ments. Anodized aluminum is compatible with all other metals. The chart assumes
that the two metals have comparable exposed areas. If one metal has only a small
fraction of the exposed surface of a second metal with which it is normally compat-
ible, it may suffer galvanic attack. In addition, when there are large temperature dif-
ferences, thermoelectric action may be a significant factor.

When it is necessary to use dissimilar metals together, the corroding galvanic
circuit can often be broken by using an electrical insulator, as shown in Figure 9.7a.

Sometimes galvanic cells are deliberately designed into a component or system
by providing a sacrificial anode to protect a metal cathode. This was illustrated by
the zinc coating (galvanizing) of steel in connection with Figure 9.2, and other exam-
ples in Figure 9.4. In the United States alone, thousands of tons of magnesium are
used annually as sacrificial electrodes.

Figure 9.5 showed an alternative method of cathodically protecting underground
tanks or pipe. The cost of the external electrical energy consumed is an obvious fac-
tor limiting the application of this method.

An important factor in the design of metal parts to resist corrosion is the area
effect. To minimize corrosion of the anode, its exposed surface area should be large
in comparison to the cathode surface area. This results in a low current density at the
anode, hence a low corrosion rate. The area effect is clearly illustrated by the exam-
ples depicted in Figure 9.2. Where the plating was zinc (as in galvanized steel), the
large zinc surface results in low current density and a low rate of corrosion. Where
the plating was tin, the small area of exposed ferrous material results in rapid corro-
sion, as observed in discarded and rusted “tin” cans.

Design for corrosion control also requires careful attention to factors relating to
the electrolyte. The electrolyte may be a liquid in which metal electrodes are totally
immersed or its function may be provided by exposure to spray or mist, by alternate
wetting and drying, as by rain, by contact with moist earth, or merely from humidity
in the atmosphere. It is important to eliminate or minimize crevices where corrosion
can occur, as shown in Figure 9.6b. Parts should be designed so that moisture can
drain completely, without leaving residual liquid to encourage corrosion, as shown in
Figure 9.6a. This means that smooth butt-welded joints tend to corrode more slowly
than bolted or riveted lap joints. Surfaces that are smooth tend to corrode less than
rough surfaces, for they have less tendency to retain liquid electrolyte. Unavoidable
crevices should be sealed, ideally with vulcanized rubber or the equivalent.

Surfaces subject to retaining deposits of mud and salt (such as auto underbody
surfaces) should be designed to facilitate cleaning, for heterogeneous mixtures of
soil and salt in contact with a metal can cause destructive galvanic action.

Electrolytes tend to cause the least galvanic action when they are stagnant.
Agitation and temperature gradients tend to remove ion concentration near the electrode
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surfaces, thus increasing galvanic currents. Hence, temperature gradients and fluid
velocities should be minimized.

Atmospheric corrosion tends to be greatest at high temperatures and high
humidity. For example, corrosion rates of structural steel in tropical climates are
reportedly at least twice that encountered in temperate climates.

In recirculating cooling systems, inhibitors (chemicals added to the liquid
coolant in small concentration) are used to make the liquid a less effective elec-
trolyte. These inhibitors act to encourage passivation (recall Section 9.3) of the met-
als subject to corrosion and otherwise impede the movement of ions in the region of
the electrodes. The inhibitor must be appropriate to the liquid and the metals
involved.

For further study, Refs. 13 and 4 in particular are suggested. References 2, 3, 8,
and 14 also contain helpful information about corrosion.

Figure 9.8a illustrates comparative rankings of the resistance of various materi-
als to corrosive attack by six environments. The comparative rankings range from A
(excellent) to D (bad). The chart should be used with caution and only for broad
guidance. Appendix C-19 gives the classes and abbreviations for Figure 9.8a.

SAMPLE PROBLEM 9.1 Compare Corrosion of Riveted Metal Plates

Metal plates having a total exposed area of 1 m2 are fastened together with rivets
having a total exposed area of 100 cm2. The environment involves moisture and pos-
sibly some salt. Consider two cases: (1) steel plates with copper rivets, and (2) cop-
per plates with steel rivets. (a) For each case, which metal will corrode? (b) How do
the rates of corrosion compare for the two cases? (c) If twice as many rivets are used,
what influence would this have on the total rate of corrosion?

SOLUTION

Known: Metal plates having a known total exposed area are fastened together with
rivets having a known total exposed area. The environment involves moisture and
possibly some salt. Consider two cases: (1) steel plates with copper rivets and
(2) copper plates with steel rivets.

Find:
a. For each case, determine which metal will corrode.

b. Compare the rates of corrosion for the two cases.

c. Determine the influence of using twice as many rivets on the total rate of corrosion.

Schematic and Given Data:

Rivets
Total exposed area = 100 cm2

Metal plates
Total exposed area = 1 m2

FIGURE 9.7b
Metal plates fastened together with
rivets.
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Assumption: The steel is an ordinary non–corrosion-resistant steel.

Analysis:
a. Assuming an ordinary non–corrosion-resistant steel, the steel would be the more

active (anodic) and would corrode in both cases (1) and (2).

b. Because the current density is 100 times greater at the rivet surface than at the
plate surface due to area effect, the corrosion rate is highest if the rivets are steel.

c. Doubling the number of steel rivets would minimally affect the corrosion rate of
an individual rivet because the current at each rivet would remain about the
same. Doubling the number of copper rivets would about double the corrosion
rate of the steel plates, again because the current density at each rivet would re-
main about the same, thereby doubling the current density of the plates.

Comment:

[An] important factor in galvanic corrosion is the area effect, or the ratio of the
cathodic to anodic areas. An unfavorable area ratio consists of a large cathode
and a small anode. For a given current flow, the current density is greater for a
small electrode than for a larger one. The greater the current density at an anodic
area the greater the corrosion rate. Corrosion of the anodic area may be 100 or
1000 times greater than if the anode and the cathodic area were equal in size.

See Mars G. Fontana, Corrosion Engineering, 3rd ed., McGraw-Hill, New York,
1986.

9.5 Corrosion Plus Static Stress

When static tensile stresses exist in a metal surface subjected to certain corrosive
environments, the combined action can cause brittle cracking and fracture that
would not be predicted on the basis of considering these two factors separately.
Such cracks are called stress–corrosion cracks and have been known to engineers
since at least 1895, when it was noted that surface cracks developed on iron tires of
wagon wheels after periods of exposure to a humid atmosphere. These tires were
subjected to residual tensile stresses because they had been forced onto the wheels
with an interference fit.

Although the vulnerability of engineering metals to stress–corrosion cracking
varies greatly, nearly all are susceptible to some degree and in some environments.
Stress–corrosion cracking is a complex phenomenon not yet fully understood.
Environments causing severe galvanic corrosion of a metal are not necessarily the
same as those associated with serious stress–corrosion cracking of that metal. The
relative resistance of materials to ordinary galvanic corrosion in a specific environ-
ment is not usually the same as the relative resistance of these materials to
stress–corrosion cracking. For example, stress–corrosion cracking has been
observed in certain stainless steels that are completely corrosion-resistant when
unstressed.

The stress associated with stress–corrosion cracking is always tensile and is the
sum of the residual and operating stresses existing at the local site where cracks initiate
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and propagate. (Residual stresses are caused by the processing and assembly of parts,
as opposed to operating stresses caused by the applied loads; see Sections 4.14 and
4.15.) This total stress necessary for stress–corrosion cracking is most often of the order
of 50 to 75 percent of the tensile yield strength. Residual stresses alone can easily be
this high.

Stress–corrosion cracks may occur after a period of time varying from a few
minutes to several years, depending on the corrosive environment and the surface
tensile stress. Attempts to determine stress levels below which stress–corrosion
cracks would never occur (analogous to the “endurance limit” for fatigue loading of
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FIGURE 9.8a
Comparative ranking of the ability of materials to resist corrosive attack from various environments.
(From M. F. Ashby, Materials Selection in Mechanical Design, Pergamon Press, 1992.)
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ferrous materials) have not yet been successful. However, engineers are gaining a
better understanding of stress–corrosion cracking failures through studies applying
fracture mechanics (see Sections 6.3 and 6.4).

When stress–corrosion cracking occurs, there are usually multiple cracks orig-
inating at the surface, with fracture resulting from a single crack propagating nor-
mal to the resultant tensile stress. The appearance of a typical failure is shown in
Figure 9.8b.

An early reported example of stress–corrosion cracking was in riveted steam
boilers. Alkaline boiler water in crevices around the rivets contacted boiler plate
surfaces that were in tension (because of internal boiler pressure), with these
stresses being accentuated by stress concentration. Some boilers exploded. Mild
steel boiler tubes operating with water containing sodium hydroxide have also
failed because of stress–corrosion cracking. Other examples of this type of fail-
ure include stainless steel aircraft parts exposed to the salt environment of a sea-
coast (together with elevated operating temperatures in some cases); thin hubs or
rims pressed onto an inner member with a heavy interference fit; bridge cables
whose steel is inappropriate for the chemicals in the local atmosphere; steel
brackets that support heavy static weights; and “season cracking” of brass car-
tridge cases. These are deep-drawn cylindrical cases having residual tensile
stresses in the sharp bottom corner; cracking occurs after storage, before loads
have been applied.

The following methods reduce stress–corrosion cracking.

1. Change to a more stress–corrosion–resistant material for the environment involved.

2. Reduce corrosive action, as by providing cathodic protection, using protective
coatings on the vulnerable surfaces, or making the environment less corrosive,
as by adding inhibitors.

3. Reduce tensile stress, by reducing interference fits, using heavier sections, and
annealing (caution: in some situations annealing may render the material more
susceptible to stress–corrosion cracking), and by shot-peening or hammer-
peening vulnerable surfaces.

Peening is of particular practical importance, for it serves to overcome previous
surface residual tension and impart helpful residual compressive stresses (see
Section 8.14).

A summary of the stress–corrosion performance of several metals and alloys is
given in [5a].

FIGURE 9.8b
Stress–corrosion cracking of a
stainless steel conveyor blade
[5a].
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9.6 Corrosion Plus Cyclic Stress

The combined action of corrosion and fatigue loading usually causes earlier fail-
ure than would be expected from a consideration of these two effects separately.
This phenomenon is called corrosion fatigue. It occurs with most metals, but
most markedly with those having little corrosion resistance. Corrosion fatigue is
a complex action, not yet fully understood. A simplified explanation begins with
initial corrosion pits which serve as points of stress concentration. Protective
films, formed as a result of the corrosion, are usually weak and brittle. Hence,
they are ruptured by the imposed cyclic strain. This rupture exposes unprotected
metal, which quickly corrodes, forming another film, which is also ruptured by
cyclic strain, and so on. Thus, the initial corrosion pit becomes a fatigue crack
that propagates more rapidly than can be explained by considering corrosion and
cyclic loading separately. As would be expected, corrosion fatigue failures show
discoloration of the crack propagation surfaces, whereas ordinary fatigue crack
surfaces are corrosion-free (like the surfaces described as “smooth, velvety” in
Figure 8.1).

The fatigue strength of corroding parts depends on the elapsed time, as well as
on the cyclic stress and the corroding environment. The fatigue strength for a given
number of stress cycles is obviously greater if these cycles are imposed quickly,
without allowing much time for corrosion to occur. Test results tend to support the
following generalizations:

1. Corrosion fatigue strengths do not correlate with tensile strengths. This is likely,
in part, because the stronger metals have a greater sensitivity to corrosion pits
(“notches”).

2. Medium-alloy steels have only slightly higher corrosion fatigue strengths than
carbon steels, and in neither case is corrosion fatigue strength improved by
heat treatment.

3. Corrosion-resistant steels, such as those containing chromium, have higher cor-
rosion fatigue strengths than other steels. Good corrosion resistance is more
important than high tensile strength.

4. Residual tensile stresses are harmful; residual compressive stresses, such as
those caused by shot peening, are beneficial.

Remedial measures for corrosion fatigue are similar to those for stress–corrosion
cracking: (1) use a more corrosion-resistant material, (2) reduce corrosive action by
protective coatings, inhibitors, or cathodic protection, and (3) minimize tensile
stresses, and introduce residual compressive stresses.

Much of the experimental data on corrosion fatigue strength of various metals
that are still referred to was reported by D. J. McAdam, Jr. [9], the investigator who
originally coined the term “corrosion fatigue.” Some of McAdam’s results are sum-
marized in [6] and [14].

Note that Figure 8.13 gives surface factors for test specimens with previously
corroded surfaces. These factors serve only as a rough guide and do not apply at
all to situations in which the part is subjected to corrosion while the cyclic stress
is applied.
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1 Trademark of Union Carbide Corporation.

9.7 Cavitation Damage

Cavitation is the formation of gas bubbles or “cavities” in a liquid that is moving
with respect to a nearby solid surface. Bubbles are formed when the liquid pressure
drops below its vapor pressure. When these bubbles subsequently collapse at or near
the solid surface, pressure waves impinge upon the surface causing local stresses that
can be great enough to cause plastic deformation of many metals. Often, metal dam-
age is evident only after repeated bombardment by these pressure waves, much as in
the case of damage caused by ordinary metal fatigue.

Cavitation commonly occurs on ship propellers, centrifugal pumps, turbine
blades, and other surfaces that encounter high local liquid velocities and large liquid
static pressure gradients. The resulting damage to metal surfaces is essentially
mechanical. In corrosive environments, however, cavitation can repeatedly damage
or remove protective oxide films, thereby increasing galvanic action.

A surface area damaged by cavitation appears roughened, with closely
spaced pits. In severe cases, enough material is removed to give the surface a
spongy texture.

If it is not feasible to eliminate or reduce cavitation by modifying the liquid
composition, velocity, flow pattern, or static pressure, then the most effective
means of dealing with cavitation damage is usually to increase surface hardness.
Stainless steel is often the most effective material available at reasonable cost.
The following materials are listed in decreasing order of resistance to cavitation
damage: stellite,1 18-8 cast stainless steel, cast magnesium bronze, cast steel,
bronze, cast iron, and aluminum. This list is extracted from [4] and [8], which
also list other materials.

9.8 Types of Wear

The previous sections in this chapter dealt with surface damage resulting from con-
tact with fluids. The remaining sections discuss contact with another solid. In many
instances the resulting surface damage is classed as “wear.”

The most common types of wear are adhesive wear and abrasive wear.
These are treated in the next three sections. A third type is corrosion film wear,
wherein the corroded surface film is alternately removed by sliding and then
reformed. A typical example is the wear that may occur on cylinder walls and
piston rings of diesel engines burning high-sulfur fuels. An important type of
surface deterioration sometimes incorrectly classed as “wear” is surface fatigue,
discussed in Section 9.14.

All forms of wear are strongly influenced by the presence of a lubricant. The
information in Section 13.1 on types of lubricants and in Section 13.14 on boundary
lubrication is relevant here. The wear rate for an unlubricated bearing can be 105

times that for a bearing with boundary lubrication.
In typical well-designed machine components, the initial wear rate on rubbing

surfaces during “run in” may be relatively high. As the more pronounced surface
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peaks are worn off, causing the actual area of contact to increase, the wear rate
decreases to a small constant value. After a period of time the wear rate may again
increase because the lubricant is contaminated or surface temperatures are higher.

Reference 10 contains 33 articles dealing with the various aspects of wear and
is an excellent reference for further study.

9.9 Adhesive Wear

On a microscopic scale, sliding metal surfaces are never smooth. Although surface
roughness may be only a few microinches (or a few hundredths of a millimeter),
inevitable peaks (often called “asperities”) and valleys occur, as shown in
Figure 9.9. Since the contact pressure and frictional heat of sliding are concen-
trated at the small local areas of contact indicated by the arrows, local tempera-
tures and pressures are extremely high, and conditions are favorable for welding at
these points. (Instantaneous local temperatures may reach the melting point of the
metal, but with temperature gradients so steep that the part remains cool to the
touch.) If melting and welding of the surface asperities (at the arrows in Figure
9.9) do occur, either the weld or one of the two metals near the weld must fail in
shear to permit the relative motion of the surfaces to continue. New welds (adhe-
sions) and corresponding fractures continue to occur, resulting in what is appro-
priately called adhesive wear. Since adhesive wear is basically a welding phe-
nomenon, metals that weld together easily are most susceptible. Loose particles
of metal and metal oxide resulting from adhesive wear cause further surface
wear because of abrasion.

If the surface asperity welding and tearing cause a transfer of metal from one
surface to the other, the resulting wear or surface damage is called scoring. If the
local welding of asperities becomes so extensive that the surfaces will no longer
slide on each other, the resulting failure is called seizure. Figure 9.10 shows severe
scoring and seizure of differential pinion gears on their shafts. (This unit is used in
automotive differentials that allow the two driving wheels to turn at different speeds
for going around corners.) Perhaps the best-known examples of seizure occur in
engines that continue to operate (but not for long!) after losing their liquid coolant
or oil supply. Pistons may seize to the cylinder walls, the crankshaft may seize to its
bearings, or both may happen.

Severe adhesive wear is also called galling. Mild adhesive wear between piston
rings and cylinder walls is often called scuffing.

9.9 ■ Adhesive Wear 385

FIGURE 9.9
Greatly enlarged view of two nominally
“smooth” rubbing surfaces.
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FIGURE 9.10
Results of scoring and seizure in a differential. The broken
pinion gear resulted from seizure to its shaft. (From C. Lipson,
Basic Course in Failure Analysis, Penton Publishing,
Cleveland, 1970.)

When like metals are rubbed together with suitable pressure and velocity,
conditions are ideal for asperity welding because both surfaces have the same
melting temperature. In addition, the cohesive bonds thus formed are normally
stronger than the adhesive bonds between dissimilar welded asperities. For these
reasons, like or metallurgically similar metals should not normally be used
together under conditions likely to cause wear problems. Metallurgically similar
metals are referred to as “compatible.” Compatible metals are defined as having
complete liquid miscibility and at least 1 percent solid solubility of one metal in
the other at room temperature. Figure 9.11 shows the degree of compatibility of
various combinations of metals.

In general, the harder the surface (more precisely, the higher the ratio of surface
hardness to elastic modulus), the greater the resistance to adhesive wear.
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FIGURE 9.11
Compatibility of various metal combinations. (From E. Rabinowicz, “Wear
Coefficients—Metals,” Section IV of [10].)

9.10 Abrasive Wear

The term “wear” most often refers to abrasive wear, which is due to the rubbing of
abrasive particles on a surface. These particles are typically small and hard and have
sharp edges—like grains of sand or particles of metal or metal oxide that rub off a
wearing metal surface. Common examples include the wearing down of wood or
metal with sand or emery paper or with a grinding wheel, the wearing of shoe leather
by scuffing against cement sidewalks, the wearing of a plow blade or earth auger
during use, and the removal of metal from the journal surface of a rotating shaft by
foreign abrasive particles in the lubricant.

Usually, the harder the surface the more resistant it is to abrasive wear. Hard
metal surfaces are produced by heat treatment, flame or induction hardening, car-
burizing, nitriding, electroplating, flame plating, and other means. Not all these
methods are applicable to severe applications because the hardened surfaces must
sometimes be at least 3 mm thick to give adequate service life.

In machinery design, it is extremely important to use appropriate oil filters, air
cleaners, dust covers, shaft seals, and so on to keep foreign particles away from rub-
bing metal surfaces.
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Sometimes, one of a pair of rubbing members is made relatively soft and is
designed to be easily and economically replaced. For example, hard surfaces on
rotating shafts are protected by the use of softer, easily replaced bearings and bush-
ings. It is sometimes desirable for the bearing to be sufficiently soft to permit hard
abrasive particles to imbed completely so that they do not protrude above the surface
and act like abrasive particles on sandpaper. This is one reason why soft babbitt bear-
ings are used with automotive engine crankshafts.

9.11 Fretting

Fretting, also known as fretting corrosion, is classed as a form of adhesive wear but
usually embraces elements of abrasive wear and corrosion film wear as well.
Fretting occurs when surfaces, pressed together, experience slight relative motion.
Examples include press fits (as bearings pressed onto shafts) and bolted and riveted
connections, where fluctuating loads produce slight relative movement. Other exam-
ples are leaf spring interfaces and stacks of sheet metal transported long distances by
rail or truck. The relative motion is typically of the order of 0.01 to 0.25 mm. The
resulting damage can be mere discoloration of mating surfaces (as with the trans-
ported metal sheets), the formation of surface pits (most common), or the wearing
away of a millimeter of material (extreme case). The roughness and pitting caused
by fretting make the surface more vulnerable to fatigue failure. Reducing fatigue
strength is a major consequence of fretting.

A widely accepted theory is that the oscillatory motion breaks down natural pro-
tective surface films, exposing bare metal surface “peaks” that weld together and are
then torn away by the relative motion. With most engineering materials, the surface
debris thus formed oxidizes to form powdery abrasive particles which build up and
cause continuing wear. With ferrous surfaces the oxide powder is sometimes called
“cocoa” because of its brown color. Magnesium and aluminum oxide particles
appear black.

Resistance to frettage varies widely in different materials. Cobalt-base hard-
facing alloys are among the best. In general, steel-on-steel and cast iron–on–cast
iron are good, but interfaces in which one metal is stainless steel or titanium are
poor. Brass-on-steel tends to be better than steel-on-steel. Combinations of cast
iron with aluminum, magnesium, chrome plate, tin plate, or plastics are poor. The
creation of surface residual compressive stresses by heat treatment or cold work-
ing has proved particularly effective in retarding the propagation of fatigue cracks
initiated by fretting. The increased surface hardness resulting from these treat-
ments is probably also beneficial. Low-viscosity, high-tenacity lubricants tend to
reduce the intensity of fretting, their main effect apparently being to keep oxygen
away from the active interface.

Sometimes fretting can be arrested by increasing surface interface pressure so
that relative motion ceases. However, if the relative motion continues, frettage dam-
age will usually increase with the higher pressure.

Additional details concerning fretting corrosion are given in Refs. 4–6, 8, 10,
and 13.
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2 Brinell, Vickers, and Knopp hardness values are in kg/mm2. To convert to MPa or ksi, multiply by 9.81
or 1.424, respectively. For standard test method of determining Knoop and Vickers hardness of materials,
see ASTM E384-10e2.

9.12 Analytical Approach to Wear

Although the design of machine components from the standpoint of resisting wear
remains largely empirical, analytical approaches are now available. The generally
recognized “wear equation,” which emerged in the 1940s, can be written as

(9.1)

where

wear depth, mm (or in.)

time, s

wear coefficient (dimensionless)

surface hardness, MPa (ksi) (see footnote 2)

surface interface pressure, MPa (ksi)

sliding velocity, mm/s (in./s)

For two rubbing surfaces a and b, this equation implies that the rate of wear of
surface a is proportional to the wear coefficient (for material a when in contact with
material b), inversely proportional to the surface hardness of a, and, assuming a con-
stant coefficient of friction, directly proportional to the rate of friction work.

For a given total compressive force between the surfaces, the volume of mater-
ial worn away is independent of the area of contact. Thus, another and more com-
monly used form of the wear equation is

(9.1a)

where

volume of material worn away, mm3 (in.3)

compressive force between the surfaces, N (kilopounds)

total rubbing distance, mm (in.)

The best way to obtain values of the wear coefficient K for a particular design
application is from experimental data for the same combination of materials operat-
ing under essentially the same conditions, for example, obtaining wear constants for
the design of a “new model” from wear data obtained from a similar “old model.” In
addition, the literature contains values of K for many combinations of materials that
have been obtained under laboratory conditions. When we use these values, it is

S =
F =
W =

W =
K

H
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v =
p =
H =
K =
t =
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d

t
= aK
H
bpv
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FIGURE 9.12
Estimated wear coefficients for various sliding situations. (From E.
Rabinowicz, “Wear Coefficients—Metals,” Section IV of [10].)

important that the approximate interface temperature and the materials and lubrica-
tion of the expected application correspond to those used in the laboratory test.

For a wide variety of sliding systems, wear coefficients range from 10-1 to 10-8.
Figure 9.12 illustrates ranges of values typically obtained with various combinations
of material compatibility (see Figure 9.11), lubrication and wear mode. The values
of K pertain to the softer of the two rubbing metals.

Test data for wear coefficients show considerable scatter, typically over a range
of plus or minus a factor of 4. For example, if the observed wear coefficient is 100
units, the actual K value will vary from 25 to 400 units. This is perhaps to be expected
because adhesive wear tends to be proportional to the fourth or fifth power of the
friction coefficient, which itself has considerable scatter.

The following sample problem illustrates the computation of K from experi-
mental data.

SAMPLE PROBLEM 9.2 Determining Wear Coefficients

A pin-on-disk friction testing apparatus (Figure 9.13) involves the unlubricated
rounded end of a copper pin of 80 Vickers hardness being pressed with a force of
20 N against the surface of a rotating steel disk of 210 Brinell hardness. The rubbing
contact is at a radius of 16 mm; the disk rotates 80 rpm. After 2 hours the pin and
disk are weighed. It is determined that adhesive wear has caused weight losses
equivalent to wear volumes of 2.7 and 0.65 mm3 for the copper and steel, respec-
tively. Compute the wear coefficients.
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r = 16 mm

F = 20 N

n = 80 rpm

Copper pin
80 Vickers

Steel disk
210 Brinell

Pin Pin

DiskDisk

Initial profiles Final profiles

t = 2 ht = 0 h

Disk volume lost

Pin volume lost = 2.7 mm3

= 0.65 mm3

FIGURE 9.13
Pin-on-disk wear testing apparatus for Sample Problem 9.2.

SOLUTION

Known: A cylindrical pin has its end pressed against the flat surface of a
rotating disk.

Find: Determine the wear coefficients.

Schematic and Given Data:

Assumption: Eq. 9.1a is valid.

Analysis:
1. Total rubbing distance in 2 hours,

2. Hardness of pin, H = 9.81(80) = 785 MPa (copper)
Hardness of disk, H = 9.81(210) = 2060 MPa (steel)

3. From Eq. 9.1a, the wear coefficient,

=
0.65(2060)

20(9.65 * 105)
= 6.94 * 10-5 (for steel)

=
2.7(785)

20(9.65 * 105)
= 1.10 * 10-4 (for copper)

K = WH/FS,

S = 2p(16)
mm
rev

* 80
rev

min
* 60

min

h
* 2 h = 9.65 * 105 mm
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Comment: The wear volume for the pin is computed as Vp = pd2 ¢p/4 where ¢p
is the linear pin wear and d is the pin diameter. If d = 4 mm, then since
Vp = 2.7 mm3, we have ¢p = 0.21 mm. The wear volume for the disk is approxi-
mately Vd = pDd ¢d if the worn pin surface remains flat. Here ¢d is the wear depth
in the disk and D is the diameter of the wear track path. With d = 4 mm,
D = 32 mm, and Vd = 0.65 mm3, we have ¢d = 0.0016 mm. Note that the wear
depth in the disk is less than 1/100 that of the linear pin wear.

Because of the need to model the effect of wear on surface geometry in machine
and other components, the discretization pressure wear theory was proposed to pre-
dict changes in surface geometry and pressure distribution with time [16]. The the-
ory is used for studying contact pressure and wear distribution for bodies in sliding
contact and in designing component parts for improved wear resistance. Wear rates
are determined in a software program that uses a time-based relationship that cou-
ples contact stress or pressure, sliding distances, and experimentally determined
wear coefficients. The theory has been used in numerous areas including machine
design and biomechanical engineering [17].

In implementing this theory for modeling wear in a machine, it is important that
the wear coefficients for the materials involved be appropriate for the specific
machine application. Generally, the specimens used to establish wear coefficients
should have wear surface similarity with the actual wearing (worn) part.
Furthermore, the number of passes for the wear tests to determine wear coefficients
need to be related to the pass rate for the actual part [18], [19].

9.13 Curved-Surface Contact Stresses

The theoretical contact between curved surfaces is generally a point or a line (as a
ball or cylinder and plane, a pair of mating gear teeth, etc.). When curved elastic
bodies are pressed together, finite contact areas are developed because of deflec-
tions. These contact areas are so small, however, that corresponding compressive
stresses tend to be extremely high. In the case of machine components like ball
bearings, roller bearings, gears, and cam and followers, these contact stresses at
any specific point on the surface are cyclically applied (as with each revolution of
a bearing or gear), hence fatigue failures tend to be produced. These failures are
caused by minute cracks that propagate to permit small bits of material to separate
from the surface. This surface damage, sometimes referred to as “wear,” is prefer-
ably called surface fatigue. These failures are discussed more fully in the follow-
ing section. The present section lays a necessary foundation by considering in
more detail the stresses caused by pressure plus possible sliding between curved
elastic bodies.

Figure 9.14 illustrates the contact area and corresponding stress distribution
between two spheres and two cylinders, loaded with force F. By equating the sum
of the pressures over each contact area to the force F, we obtain an expression for
the maximum contact pressure. The maximum contact pressure, p0, exists on the
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Contact area

(a)

Two spheres

(b)

Two parallel cylinders

Contact area

x

z

y
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p

p

p0

R1

R2

z

x
L

b

y

y

a

p0

FIGURE 9.14
Contact pressure distribution.

load axis. The area of contact is defined by dimension a for the spheres and b and L
for the cylinders. The equations for p0, a, and b can be simplified by introducing the
contact modulus, ¢, which is a function of Young’s modulus (E) and Poisson’s ratio
(v) for the contacting bodies, 1 and 2.

(9.2)

For two spheres,

(9.3)

(9.4)

For a sphere and flat plate, R2 is infinite; for a sphere and spherical socket, R2 is
negative.

For two parallel cylinders,

(9.5)

(9.6)b = 1.13A F¢
L(1/R1 + 1/R2)

p0 = 0.564CF(1/R1 + 1/R2)

L¢

a = 0.908A3 F¢
1/R1 + 1/R2

p0 = 0.578C3 F(1/R1 + 1/R2)2

¢2

¢ =
1 - v2

1

E1
+

1 - v2
2

E2
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For a cylinder and flat plate, R2 is infinite; for a cylinder and cylindrical grove, R2
is negative.

For other cases of two curved surfaces pressed together (as a wheel rolling on a
crowned rail), see Refs. 6, 7, 11, and 12.

Contact pressure p0 is, of course, also the value of the surface compressive stress,
sz , at the load axis. The original analysis of elastic contact stresses was published in
1881 by Heinrich Hertz of Germany, at age 24. In his honor, the stresses at the mat-
ing surfaces of curved bodies in compression are called Hertz contact stresses.

The derivation for Eqs. 9.2 through 9.6 assumes that (1) the contact is friction-
less; (2) the contacting bodies are elastic, isotropic, homogeneous, and smooth; and
(3) the radii of curvature R1 and R2 are very large in comparison with the dimensions
of the boundary of the surface of contact.

Figure 9.15 shows how the direct compressive stress sz diminishes below the
surface. It also shows corresponding values of sx and sy . These compressive stresses
result from Poisson’s ratio—the material along the load axis that is compressed in
the z direction tends to expand in the x and y directions. But the surrounding mater-
ial does not want to move away to accommodate this expansion, hence the com-
pressive stresses in the x and y directions. Because of symmetry of loading, it can be
shown that the x, y, and z stresses plotted in Figure 9.15 are principal stresses.
Figure 9.16 shows a Mohr circle plot for stresses on the load axis at depth b below
the surface for two parallel cylinders. Note that the value of the maximum shear
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FIGURE 9.15
Elastic stresses below the sur-
face, along the load axis (the 
z-axis; x = 0, y = 0; for
v = 0.3).
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–0.6p0 –0.4p0 –0.2p0 0 0.2p0

0

0.1p0

0.2p0

0.3p0

	y ≈ –0.1p0

max ≈ 0.3p0

	x ≈ –0.25p0

	z ≈ –0.7p0

One plane of maximum shear stress

	z ≈ –0.7p0

+	

+

	y ≈ –0.1p0

	x ≈ –0.25p0

FIGURE 9.16
Principal element and Mohr circle representation, two cylinders on the load axis, distance b below the
surface.

stress, tmax, in Figure 9.16 agrees with the value plotted in Figure 9.15b. Other val-
ues of tmax plotted in Figures 9.15a and b can be verified in the same manner.

All stresses previously considered in this section exist along the load axis.
Figure 9.17 shows an important shear stress existing below the surface and displaced
from the load axis. Note that if the cylinders are rotating together in the direction
indicated, any point below the surface experiences stresses as shown first at A and
then B. This is a completely reversed shear stress, believed to be very significant in
connection with subsurface fatigue crack initiation. This stress is greatest at points
below the surface a distance of about 0.5b (distance b is defined in Figure 9.14b). As
a point at this depth rolls through the contact zone, the maximum values of this shear
stress are reached at a distance of about b on either side of the load axis.

Most rolling members—mating gear teeth, a cam and follower, and to some
extent the rolling members in ball and roller bearings—also tend to slide, even if
only slightly. The resulting friction forces cause tangential normal and shear stresses
that are superimposed on the stresses caused by the normal loading. These tangen-
tial stresses are illustrated in Figure 9.18. As any given point on the surface 
rolls through the contact zone, the tangential shear stresses vary from zero-to-maxi-
mum-to-zero, while the normal stresses vary from zero-to-tension-to-compression-
to-zero. The presence of a surface tensile stress is undoubtedly important in the prop-
agation of surface fatigue cracks.

Let us conclude this section by summarizing the more important aspects of
stresses associated with contacting curved surfaces. First, the maximum contact
pressures, and the “flattened” areas of contact, are given by the classical equa-
tions of Heinrich Hertz. Below the surface and on the load axis is an important
shear stress associated with the “Poisson’s ratio” expansion of the compressed
material (tmax in Figures 9.15 and 9.16). Below the surface, and to each side of
the load axis, is shear stress txy (Figure 9.17). This is particularly important in
rolling members because it reverses direction as any given point below the sur-
face rolls through the contact zone. Some sliding often accompanies rolling and
causes both a tangential surface shear stress and a reversed surface tangential
stress (Figure 9.18). Two other very important factors affecting stresses in the
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FIGURE 9.17
Subsurface shear stress that reverses when rolling through the contact
zone. Values plotted are for a depth of 0.5b below the surface, and
v = 0.3. The two parallel cylinders are normally loaded. (Note: tyz has
its maximum value at a depth of 0.5b below the surface.) [From J. O.
Smith and Chang Keng Liu, “Stresses Due to Tangential and Normal
Loads on an Elastic Solid with Application to Some Contact Stress
Problems,” J. Appl. Mech. (March 1953).]

contact region are (1) highly localized heating and thermal expansion caused by
sliding friction and (2) the hydrodynamic pressure distribution within the oil film
that normally exists in the contact region. Because of these many factors, the
maximum Hertz contact pressure (p0 in Figure 9.14) is not by itself a very good
index of contact loading severity.
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	yt = 2fp0

	yt = 2fp0

yzt = fp0

yzt = fp0

	yt = –2fp0

	yt = –2fp0

p0 = maximum contact pressure
f = coefficient of friction

Loaded cylinder
(resists rotation to

cause some sliding)

Driving cylinder

y y

z

z

Direction of rotation

Direction of rotation

b b

FIGURE 9.18
Tangential normal and shear stresses caused by sliding friction between two
parallel cylinders. Maximum values are at the surface, in the locations shown.
Note: The subscript t denotes that the stress is due to tangential (frictional)
loading.

SAMPLE PROBLEM 9.3 Contact Stresses for Ball and Socket Joints

The ball and socket joint (Figure 9.19a) at the end of a rocker arm has a hardened-steel
spherical surface 10 mm in diameter fitting in a hard-bronze bearing alloy spherical
seat 10.1 mm in diameter. What maximum contact stress will result from a load of
2000 N?

SOLUTION

Known: A hardened-steel spherical ball of known diameter exerts a known load
against a hard-bronze bearing alloy spherical seat of known diameter.

Find: Determine the maximum contact stress.

Schematic and Given Data:

Hard-bronze bearing
alloy spherical seat

10 mm

2000 N

Hardened-
steel sphere

10.1 mm

FIGURE 9.19a
Ball and socket joint for
sample Problem 9.3.
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Assumptions:
1. The surfaces of the bodies are frictionless.
2. The bodies are isotropic and homogeneous.
3. The surfaces are smooth and continuous.
4. The radii of curvature R1 and R2 are large compared to the dimensions of the

contact area.
5. The compressive yield strength of the weaker material is not exceeded.

Analysis:
1. Let body 1 be the steel ball:

2. Let body 2 be the bronze socket:

3. From Eq. 9.2

4. From Eq. 9.3 the maximum contact pressure is

Comments:
1. For most hard-bronze alloys, 213 MPa would be below the yield strength.

2. For this problem, if R1 = R2, the contact would be highly conformal (not spot
contact), and the Hertz theory is not applicable.

3. The effect of the sphere radius, R1, and the sphere modulus of elasticity E1, can
be explored by computing and plotting the maximum contact stress for values of
modulus of elasticity E1 of copper, cast iron, and steel for R1 = 5.00 to
5.04 mm. As expected for the steel sphere loaded against the hard-bronze bear-
ing alloy spherical seat, the maximum contact pressure between the sphere and
the socket is greatest for all values of R1. Also, as the radius of the sphere R1
increases, the contact pressure decreases.

4. The contact between the sphere and seat becomes conformal as the size of the
sphere approaches the spherical seat size. When the maximum contacting angle

= 0.578C3 2000(1/0.005 + 1/-0.00505)2

(1.25 * 10-11)2 = 213 MPa

p0 = 0.578C3 F(1/R1 + 1/R2)2

¢2

= 1.250 * 10-11 m2/N

¢ =
1 - v2

1

E1
+

1 - v2
2

E2
=

1 - (0.3)2

207 * 109 +
1 - (0.33)2

110 * 109

v2 = 0.33 (Appendix C-1)

E2 = 110 Gpa (Appendix C-1)

R2 = -5.05 mm

v1 = 0.30 (Appendix C-1)

E1 = 207 GPa (Appendix C-1)

R1 = 5 mm
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9.14 ■ Surface Fatigue Failures 399

between the sphere and seat is greater than about 15 degrees, the use of Hertz
contact analysis to solve the contact problem will yield a low value for the max-
imum contact pressure. A major assumption in developing the Hertz equations
is that dimensions of the contact area are small as compared to the radii of cur-
vature of the contacting surfaces.

5. For a steel ball contacting a bronze ball (R1 = 5 mm, R2 = 5.05 mm),
p0 = 7315 MPa. Evidently local yielding would take place at the point of con-
tact on the bronze ball.

9.14 Surface Fatigue Failures

Surface fatigue failures result from the repeated application of loads that produce
stresses in and under the contacting surfaces, as described in the previous section.
Cracks initiated by these stresses propagate until small bits of surface material
become separated, producing pitting or spalling. Pitting originates with surface
cracks, and each pit has a relatively small surface area. Spalling originates with
subsurface cracks, and the spalls are thin “flakes” of surface material. These types
of failure occur commonly in gear teeth, ball and roller bearings, cams and fol-
lowers, and metal wheels rolling on rails. Typical examples are illustrated in
Figure 9.20.

Figure 9.21 shows typical S–N curves based on computed elastic Hertz stress
(p0 in Figure 9.14). Note that the degree of sliding generally increases from the par-
allel rollers (which do not transmit a torque) represented by the top line, to the spur
gear teeth corresponding to the bottom line.

The tendency for surfaces to fail in fatigue can obviously be reduced by decreas-
ing loads and decreasing sliding. Better lubrication helps in at least three ways:
(1) less friction reduces the surface tangential shear stress and also the tensile stress
shown in Figure 9.18; (2) less friction plus improved heat transfer reduce thermal
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FIGURE 9.19b
Contact stress vs. sphere radius for three different sphere materials.
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FIGURE 9.20
Surface fatigue failures.
(a, Courtesy American
Gear Manufacturers
Association. b, Courtesy
New Departure–Hyatt
Bearing Division, General
Motors Corporation.)
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stresses; and (3) the presence of a good lubricating film usually allows a more favor-
able distribution of pressure over the contact area.

In general, increased surface hardness increases resistance to surface fatigue.
However, the associated increased strength reduces the ability of minute surface imper-
fections to adjust by wear or surface flow, and thereby reduce localized contact pres-
sures. This is part of the rationale behind the common practice of making one of a pair
of mating gears very hard, with the other somewhat softer to allow for “run-in” of the
surfaces.

Precise accuracy of surface geometry and extreme surface smoothness are highly
beneficial. Exceptions occur when significant sliding is present. Then, surface poros-
ity, or a pattern of minute depressions on one of the mating surfaces, may help by
providing tiny reservoirs for holding lubricant.

Compressive residual stresses in the contacting surfaces increase resistance to
surface fatigue failure. This is to be expected and follows the general pattern of such
stresses discouraging fatigue failure and surface damage.

9.15 Closure

As previously noted, corrosion and wear represent an estimated annual cost (1978)
in the United States of some $90 billion. Furthermore, more machine parts wear out
than break. The reduction of this enormous economic and ecologic burden presents
one of the greatest challenges to modern engineering. The solution would seem to
require (1) designing to reduce surface damage as much as feasible and (2) provid-
ing for the easy replacement of machine components that are most vulnerable to sur-
face deterioration. Almost everyone is familiar with instances in which an entire
machine (like a washing machine or refrigerator) was scrapped because it was too
costly to replace one or two worn-out parts.

Let us review briefly three key aspects of machine component surfaces.

1. Smoothness is important to fatigue strength (recall surface factor CS in
Figure 8.13), to wear resistance, and, to some extent, to corrosion resistance.

2. Hardness acts to improve fatigue strength (as in steel, where in
ksi L 250 * HB), to provide resistance to wear, and to prevent cavitation damage.

3. Surface residual stress is important, for compressive residual stresses increase
fatigue strength, increase resistance to stress corrosion cracking, corrosion
fatigue, and surface fatigue (from contact stresses), and decrease damage from
fretting corrosion.

An important concept in the modern design of many machine components is that
of choosing different materials for the interior and for the surface. If the material
most suitable for the bulk of the part does not meet the surface requirements, a sec-
ond material can often be applied to the surface. For example, steel parts can be coated
(by electroplating, mechanical plating, hot dipping, cladding, flame spraying, etc.)
with zinc, cadmium, chromium, nickel, or other metals to provide desired corrosion
resistance. Soft metal parts, or even plastic parts, can be coated with hard, bright sur-
face metal for abrasion resistance and appearance. For extreme hardness, carbides of
tungsten and other metals can be commercially applied by flame spraying and other
processes. For applications requiring low friction and wear, coatings incorporating
fluoroplastics (as Teflon) are commonly applied. Other plastic coatings are used for
applications requiring a high coefficient of friction (as for brakes, clutches, and

Sœ
n
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belts). Parts having surfaces subjected to extreme heat can be coated with special
high-temperature alloys or ceramic materials. Sometimes the desired coating can be
incorporated into a paint-type material, such as corrosion-resistant paints having a
pigment of powdered zinc; or wear-resistant coatings consisting of tiny beads of alu-
mina and ceramic in an epoxy resin can be used. Thus it is becoming increasingly
feasible to avoid the serious compromises associated with making parts from a sin-
gle material.

Ecological and health considerations must be taken into account when choosing
a coating material and coating process. For example, cadmium in the human body
can pose serious danger. Cadmium plating of steel parts has long been extensively
used to provide corrosion resistance. (Over 1500 tons were used for this purpose in
the United States in 1978, according to the U.S. Bureau of Mines.) Large quantities
of spent fluids of high cadmium content are a by-product of cadmium electroplating.
Disposal of this waste without polluting water or soil is a problem. The development
of safe (and economical) processes for cadmium coating thus becomes an important
scientific and engineering challenge.
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Problems

Sections 9.2–9.4

9.1 In 1824, Sir Humphry Davy proposed protecting the copper sheathing on the ocean-
going HMS Samarang using iron anodes. Explain why this would be effective.

9.2 Aluminum plates are fastened together with brass rivets. The aluminum plates have
a total exposed area of 1.5 ft.2 and the rivets have a total exposed area of 2.5 in.2. The
environment involves moisture and some salt.
(a) Which metal will corrode?
(b) If twice as many rivets are used, what effect would this have on the total rate

of corrosion?

9.3 Square metal plates having a total exposed area of 10.75 ft.2 are fastened together
with rivets having a total exposed area of 15.5 in.2. The environment involves mois-
ture and some salt. Consider two cases: (1) iron plates with nickel–copper alloy riv-
ets, and (2) nickel–copper alloy plates with iron rivets.
(a) For each case, which metal will corrode?
(b) How do the rates of corrosion compare for the two cases?
(c) If half as many rivets were used, what influence would this have on the total rate

of corrosion?

9.4 Lead sheet is pop-riveted with special bronze fasteners. The total exposed area of the
sheet is 100 times that of the fasteners. The environment for the assembly is seawater.
(a) Which metal will corrode?
(b) If half as many fasteners are used, what influence would this have on the total

rate of corrosion?
(c) How could corrosion be reduced?

9.5 Galvanized steel sheet metal is fastened together with copper rivets. The galvanized
steel sheet has an area of 1.2 ft2 and the rivets have a total exposed area of 2 in.2. The
environment contains moisture and some salt.
(a) Which metal will corrode?
(b) If half as many rivets are used, what effect would this have on the total rate

of corrosion?
(c) How could corrosion be reduced?

9.6D Search www.corrosion-doctors.org, and under the “Information Modules” section select
“Corrosion by Environments.” Choose one of the listed topics and write a summary of
the information covered. Include if costs are addressed, types of materials affected, what
type of corrosion can be expected, and how to deter the effects of corrosion.

9.7D Review the web site http://www.corrosionsource.com. (a) What types of corrosion
phenomena can be identified by visual observation? (b) What methods of controlling
corrosion are suggested?

9.8 An assembly comprised of circular AISI 301 stainless steel plates having a total
exposed area of 1.5 m2 are bolted together with chromium-plated steel cap screws
having a total exposed area of 110 cm2. The environment contains moisture, and pos-
sibly some salt (see Figure P9.8).

(a) Which metal will corrode?

(b) If half as many bolts are used, what influence would this have on the total rate
of corrosion?

(c) How could corrosion be reduced?
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Chromium-plated steel cap screws
Total exposed area = 110 cm2

301 Stainless steel plates
Total exposed area = 1.5 m2

Electrolytic environment

FIGURE P9.8

9.9 Repeat Problem 9.8, except use titanium cap screws.

9.10 Metal plates having a total exposed area of 1 m2 are fastened together with rivets
having a total exposed area of 100 cm2. The environment contains moisture, and pos-
sibly some salt. Consider two cases: (1) steel plates with copper rivets, and (2) cop-
per plates with steel rivets.

(a) For each case, which metal will corrode?

(b) How do the rates of corrosion compare for the two cases?

(c) If twice as many rivets are used, what influence would this have on the total rate
of corrosion?

9.11D Some plumbing codes require that an electrical insulator be used when copper tub-
ing is connected to steel pipe. With the aid of a simple sketch, explain the rationale
behind this requirement.

9.12D A pickup truck tailgate cable having a breaking strength of 4000 lb is fabricated from
7 * 19 braided carbon steel wire. To prevent corrosion, the 5-mm-diameter cable is
galvanized and covered with a weather resistant heat shrink tube made of cross-
linked polyolefin. The ends of the
tailgate cable are sealed with
epoxy during manufacturing.
Because of its geometry and spe-
cific end fixtures, the cable bends
and twists when the pickup truck
tailgate is raised and lowered. The
twisting and bending opens and
closes the seven cable wire bun-
dles located within the polyolefin
tube. List and then comment on
the possible reasons why the gal-
vanized cable might corrode and
break within a few years of initial
use and describe what could be
done to improve the design (see
Figure P9.12D).

9.13D Corrosion of the internal steel surfaces of the crankcase of a particular engine is a
problem. Someone suggests replacing the steel oil drain plug with one made of mag-
nesium. You recommend that the steel plug be retained, but that one end of a small
magnesium rod be embedded in the inside surface of the plug (see Figure P9.13D).
Explain, briefly.

Polyolefin
tube

Wire

FIGURE P9.12D
Cross section of tailgate cable—seven
bundles of 19 wires.
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Drain plug
(steel)

Insert rod
(magnesium)

Oil

Crankcase
(steel)

FIGURE P9.13D

9.14D Illustrate design details to reduce corrosion from:

(a) atmospheric corrosion in structural members, corners, welded joints, storage
tanks;

(b) concentration cell corrosion in liquid containers, baffles, pipes, and connections
liquid containers (e.g., water heater); and

(c) galvanic corrosion in joints and connections (rivets, bolts, and nuts) of dissim-
ilar materials.

9.15D Write a report titled Mechanism of Corrosion addressing six basic causes of cor-
rosion: (1) direct, (2) complex, (3) galvanic, (4) concentrated, (5) dezincification,
and (6) fatigue and stress corrosion. Explain what can be done to overcome or
minimize each.

Section 9.12

9.16 Figure P9.16 shows a small pin pressed against a rotating disc. Describe how the
friction coefficient between the pin and the disc could be measured. Give one use for
such an apparatus.

9.17 Figure P9.17 shows two thin-walled cylinders where the top, constrained cylinder is
pressed in an axial direction against the bottom, rotating cylinder. Describe how the
frictional torque and the specimen temperature could be measured. Give one use for
such an apparatus.

FIGURE P9.16
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406 Chapter 9 ■ Surface Damage

9.18 Figure P9.18 shows a rotating
cylinder pressed against a sec-
ond rotating cylinder. The cylin-
ders rotate in opposite directions
as shown. Describe how such an
apparatus might be used.

100 N 100 N

Latch
closed

Latch
open

30 cycles/day, every day

Steel, 100 Bhn
Steel, 300 Bhn

30 mm

FIGURE P9.19

9.19 A latching mechanism has steel mating surfaces of 100 and 300 Bhn rubbing back
and forth over a distance of 30 mm each time the latch is operated. Lubrication is
questionable (the surfaces are supposed to get a drop of oil every few months). The
latch is operated an average of 30 times per day, every day (see Figure P9.19).
Estimate the volume of metal that will wear away from the softer steel member dur-
ing one year of use if the compressive load between the surfaces is 100 N.

FIGURE P9.17

FIGURE P9.18
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9.20 Reconsider Problem 9.19 but use a rubbing distance of 20 mm. Estimate the volume
of metal that will wear away for each of the steel mating surfaces. All other condi-
tions are the same as in Problem 9.19.

9.21 Reconsider Problem 9.19, but estimate the volume of metal that will wear away for
each of the steel mating surfaces, both of 300 Bhn. All other conditions are the same
as in Problem 9.19.

9.22 Repeat Sample Problem 9.2, except use a rotating disk made of wrought-aluminum
alloy 2014-T6 having a 135 Brinell hardness.

9.23 Repeat Sample Problem 9.2, except use a pin made of wrought-aluminum alloy
2011-T3 having a 95 Brinell hardness.

9.24 A steel part of 550 Bhn rubs back and forth over a distance of 3 in. in the slot of a
150 Bhn steel link. The link and part are components in a scissor mechanism used to
raise and lower an automobile window. The sliding surfaces are unlubricated. The
window is to operate an average of 2000 times per year. Estimate the volume of
metal that will wear away from the softer steel link during one year if the compres-
sive load between the surfaces is 20 lb.

Sections 9.13 and 9.14

9.25 Figure P4.1 in Chapter 4 (Problems) shows a 0.5-in.-diameter ball loaded in com-
pression by a 4000 lb force against the left end of a bar where the cross section is
1 in. 1 in. The balls are hardened steel and the steel bar has a yield strength of
50 ksi. What maximum contact stress will result from the load of 4000 lb?

9.26 Figure P4.2 in Chapter 4 (Problems) shows a 0.25-in.-diameter ball loaded in com-
pression by a 1000 lb force against the left end of a bar where the cross section is
1 in. 1 in. The balls are hardened steel and the steel bar has a yield strength of 50
ksi. What maximum contact stress will result from the load of 1000 lb?

9.27 The ball and socket joint at the end of a rocker arm has a hardened-steel spheri-
cal surface of 10-mm diameter fitting in a hard-bronze bearing alloy spherical
seat of 10.2-mm diameter. What maximum contact stress will result from a load
of 2000 N?

9.28D Reconsider Problem 9.27, but compute and plot the maximum contact stress for
loads from 1800 N to 2000 N.

9.29 Figure P9.29 shows a Geneva indexing mechanism used, for example, on the indexing
heads of machine tools. Each time the driving arm makes one revolution, the Geneva
wheel (for the four-slot design
illustrated) turns 90°. The arm
supports a rolling cylindrical
hardened-steel pin that fits into
the Geneva wheel slots. The pin
is to have the same length and
diameter. The wheel is made of
heat-treated alloy cast iron
(E = 140 GPa, v = 0.25). For a
design contact stress of
700 MPa, determine the smallest
acceptable pin diameter if the
design overload torque (normal
torque times safety factor)
applied to the arm is 60 N # m.

*

*

Locking plate
Arm

Geneva wheel

100-mm
radius

FIGURE P9.29
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408 Chapter 9 ■ Surface Damage

9.30 Two mating steel spur gears are 20 mm wide, and the tooth profiles have radii of cur-
vature at the line of contact of 10 and 15 mm. A force of 250 N is transmitted
between them.

(a) Compute the maximum contact pressure and the width of contact.

(b) How deep below the surface is the maximum shear stress, and what is its value?

[Ans.: (a) 275 MPa, 0.058 mm; (b) 0.023 mm, 83 MPa]

9.31 Repeat Problem 9.30 using a steel pinion and a cast-iron gear.

9.32 In a traction drive, a 1.0-in.-diameter cylindrical roller is preloaded against a 3.0-
in.-diameter cylindrical roller. The steel rollers are 1.0 in. wide and the preload
force is 50 lb. The axes of the cylinders are parallel. Calculate the maximum con-
tact pressure and the width of contact. Also determine the maximum value of the
subsurface shear stress.

9.33 Power is transmitted between two steel rollers pressed together, as in Figure 9.17.
Loading is such that the maximum contact pressure is 2 GPa and the width of con-
tact 1 mm. There is slight slippage, and the coefficient of friction is estimated to be
0.3.

(a) What is the maximum completely reversed shear stress, tyx , and how far on
either side of the load line does it occur?

(b) What is the maximum value of reversed tensile stress developed at the surface?

(c) What is the maximum value of shear stress developed at the surface?

(d) Explain briefly the kinds of surface deterioration that might occur?

[Ans.: (a) 0.46 GPa, 0.45 mm; (b) 1.2 GPa; (c) 0.6 GPa]

9.34 A 15-mm-diameter, 20-mm-long steel roller is subjected to a load of 150 N per
axial millimeter, as it runs on the inside of a steel ring of inside diameter 75 mm.
Determine the value of the maximum contact pressure and the width of the
contact zone.

9.35 A 25-mm-diameter cylindrical roller is preloaded against a 75-mm-diameter cylin-
drical roller in a traction drive. The steel rollers are 25 mm wide and the preload
force is 200 N. The axes of the cylinders are parallel. Calculate the maximum con-
tact pressure, the width, and the area of contact. Also determine the maximum value
of the subsurface shear stress (see Figure P9.35).

25 mm

200 N

200 N

75 mm

FIGURE P9.35

c09.qxd  8/3/11  9:08 PM  Page 408



Applications

P A R T

2

c10.qxd  7/4/11  10:23 PM  Page 409



c10.qxd  7/4/11  10:23 PM  Page 410



10
Threaded Fasteners
and Power Screws

10.1 Introduction

A layperson might consider threaded fasteners (screws, nuts, and bolts) to be the
most mundane and uninteresting of all machine elements. Looking deeper, the engi-
neer finds that these seemingly simple components exist in amazing variety and
with design details representing remarkable ingenuity. The economic implications
of fastener design, both threaded and nonthreaded, such as rivets, are tremendous.
For example, the airframe of a large jet aircraft has approximately 2.4 * 106 fasten-
ers costing about $750,000 in 1978 dollars. The safety implications of the fasteners
used in many machines—particularly vehicles carrying people—are obvious.
Corrosion considerations are often critical, for differences in materials used in fas-
teners and clamped members give rise to potential galvanic cells. Many fasteners
must be designed for easy, low-cost (often automated) assembly. Ease of disassembly
is often important, too, where servicing and parts replacement must be considered. On
the other hand, difficulty of disassembly is sometimes important for resisting vandal-
ism. As a further requirement, ease of disassembly for scrapping and recycling of
components and materials is becoming increasingly important. (It has been face-
tiously suggested that automobile fasteners should withstand safely all operating and
safety-related crash loads but be so designed that upon dropping the car from a height
of several feet, all fasteners would fail, permitting the pile of components to be easily
sorted for recycling!)

In summary, the problem of devising bolts (and other fasteners) that are lighter
in weight, cheaper to manufacture and use, less susceptible to corrosion, and more
resistant to loosening under vibration presents a never-ending challenge to the engi-
neer working in this field. In addition, nearly all engineers are concerned with the
selection and use of fasteners, and thus need to be somewhat knowledgeable of the
choices available, and the factors governing their selection and use.

Power screws of various descriptions are also commonly encountered machine
components. Their engineering and design has much in common with the engineer-
ing and design of threaded fasteners.
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412 Chapter 10 ■ Threaded Fasteners and Power Screws

10.2 Thread Forms, Terminology, and Standards

Figure 10.1 illustrates the basic arrangement of a helical thread wound around a
cylinder, as used on screw-type fasteners, power screws, and worms (the kind that
are used in worm and worm gear sets—see Chapter 16). Pitch, lead, lead angle, and
hand-of-thread are defined by the illustrations. Virtually all bolts and screws have a
single thread, but worms and power screws sometimes have double, triple, and even
quadruple threads. Unless otherwise noted, all threads are assumed to be right-hand.

Figure 10.2 shows the standard geometry of screw threads used on fasteners.
This is basically the same for both Unified (inch series) and ISO (International
Standards Organization, metric) threads. (The ways in which details of the root
region can be varied in order to reduce stress concentration are discussed in Section
10.12.) Standard sizes for the two systems are given in Tables 10.1 and 10.2. Table
10.1 shows both the fine thread (UNF, standing for Unified National Fine) and
coarse thread (UNC, Unified National Coarse) series. The pitch diameter, dp, is the
diameter of a cylinder on a perfect thread where the width of the thread and groove
are equal. The stress area tabulated is based on the average of the pitch and root

�

L
p

End of thread

�

L
p

End of thread

End of thread

(a)
Single thread–right hand

(b)
Double thread–left hand

FIGURE 10.1
Helical threads of pitch p, lead L, and lead angle l.

Pitch dia. dp

Crest

 p

4

 p

8

Root

Axis of thread

30�

p

Major dia. d

Root (or minor) dia. dr

60�

FIGURE 10.2
Unified and ISO thread geometry. The basic profile of the
external thread is shown.
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10.2 ■ Thread Forms, Terminology, and Standards 413

TABLE 10.1 Basic Dimensions of Unified Screw Threads

Coarse Threads—UNC Fine Threads—UNF

Minor Minor
Diameter Tensile Diameter Tensile

Major of External Stress of External Stress
Diameter Threads Thread Area Threads Thread Area

Size d (in.) per Inch dr (in.) At (in.2) per Inch dr (in.) At (in.2)

0(.060) 0.0600 — — — 80 0.0447 0.00180

1(.073) 0.0730 64 0.0538 0.00263 72 0.0560 0.00278

2(.086) 0.0860 56 0.0641 0.00370 64 0.0668 0.00394

3(.099) 0.0990 48 0.0734 0.00487 56 0.0771 0.00523

4(.112) 0.1120 40 0.0813 0.00604 48 0.0864 0.00661

5(.125) 0.1250 40 0.0943 0.00796 44 0.0971 0.00830

6(.138) 0.1380 32 0.0997 0.00909 40 0.1073 0.01015

8(.164) 0.1640 32 0.1257 0.0140 36 0.1299 0.01474

10(.190) 0.1900 24 0.1389 0.0175 32 0.1517 0.0200

12(.216) 0.2160 24 0.1649 0.0242 28 0.1722 0.0258

0.2500 20 0.1887 0.0318 28 0.2062 0.0364

0.3125 18 0.2443 0.0524 24 0.2614 0.0580

0.3750 16 0.2983 0.0775 24 0.3239 0.0878

0.4375 14 0.3499 0.1063 20 0.3762 0.1187

0.5000 13 0.4056 0.1419 20 0.4387 0.1599

0.5625 12 0.4603 0.182 18 0.4943 0.203

0.6250 11 0.5135 0.226 18 0.5568 0.256

0.7500 10 0.6273 0.334 16 0.6733 0.373

0.8750 9 0.7387 0.462 14 0.7874 0.509

1 1.0000 8 0.8466 0.606 12 0.8978 0.663

1.1250 7 0.9497 0.763 12 1.0228 0.856

1.2500 7 1.0747 0.969 12 1.1478 1.073

1.3750 6 1.1705 1.155 12 1.2728 1.315

1.5000 6 1.2955 1.405 12 1.3978 1.581

1.7500 5 1.5046 1.90

2 2.0000 1.7274 2.50

2.2500 1.9774 3.25

2.5000 4 2.1933 4.00

2.7500 4 2.4433 4.93

3 3.0000 4 2.6933 5.97

3.2500 4 2.9433 7.10

3.5000 4 3.1933 8.33

3.7500 4 3.4433 9.66

4 4.0000 4 3.6933 11.08     

Note: See ANSI standard B1.1-1974 for full details. Unified threads are specified as “ in.–13UNC,” “1 in.–12UNF.”1
2

3 3
4

3 1
2

3 1
4

2 3
4

2 1
2

4 1
22 1

4

4 1
2

1 3
4

1 1
2

1 3
8

1 1
4

1 1
8

7
8

3
4

5
8

9
16

1
2

7
16

3
8

5
16

1
4

c10.qxd  7/4/11  10:23 PM  Page 413



414 Chapter 10 ■ Threaded Fasteners and Power Screws

diameters. This is the area used for “P/A” stress calculations. It approximates the
smallest possible fracture area, considering the presence of the helical thread. The
official American National Standard from which the information in Table 10.1 was
taken is ANSI (American National Standards Institute) B1.1 (1974), which is pub-
lished by the American Society of Mechanical Engineers and sponsored jointly by
the ASME and the Society of Automotive Engineers. This standard also defines an
extra-fine thread series and eight constant-pitch thread series (each of these covers
a range of sizes, with 4, 6, 8, 12, 16, 20, 28, and 32 threads per inch). The great
majority of screws and bolts with inch-series threads, however, conform to the stan-
dard coarse and fine series listed in Table 10.1.

One of the earliest thread forms to be used was the V thread, which had a profile
essentially like the modern profile shown in Figure 10.2 except that the 60°-angled
sides extended to sharp points at the crest and root. The sharp crests were vulnerable
to damage, and the sharp roots caused severe stress concentration. The previous
American standard (American National thread) and the former British standard
(Whitworth thread) modified the sharp crest and root in slightly different ways. Both
countries then agreed on the Unified standard, illustrated in Figure 10.2. More recent-
ly, all major nations have agreed on the ISO (metric) threads.

TABLE 10.2 Basic Dimensions of ISO Metric Screw Threads

Coarse Threads Fine Threads

Minor Stress Minor Stress
Nominal Pitch Diameter Area Pitch Diameter Area
Diameter d (mm) p (mm) dr (mm) At (mm2) p (mm) dr (mm) At (mm2)

3 0.5 2.39 5.03

3.5 0.6 2.76 6.78

4 0.7 3.14 8.78

5 0.8 4.02 14.2

6 1 4.77 20.1

7 1 5.77 28.9

8 1.25 6.47 36.6 1 6.77 39.2

10 1.5 8.16 58.0 1.25 8.47 61.2

12 1.75 9.85 84.3 1.25 10.5 92.1

14 2 11.6 115 1.5 12.2 125

16 2 13.6 157 1.5 14.2 167

18 2.5 14.9 192 1.5 16.2 216

20 2.5 16.9 245 1.5 18.2 272

22 2.5 18.9 303 1.5 20.2 333

24 3 20.3 353 2 21.6 384

27 3 23.3 459 2 24.6 496

30 3.5 25.7 561 2 27.6 621

33 3.5 28.7 694 2 30.6 761

36 4 31.1 817 3 32.3 865

39 4 34.1 976 3 35.3 1030

Note: Metric threads are identified by diameter and pitch as “M8 * 1.25.”
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Nut tolerance zone

Basic profile
(as shown in
Fig. 10.2)

Screw

Basic profile

Screw tolerance zone

Nut

p
2

p
2

2� = 29�

5�
45�

0.663p

0.163p

p

p

2

p

2

d

dr

p

2
2� = 29�

(a) Acme

(c) Square (d) Modified square (e) Buttress

(b) Acme stub

p

dmdr

0.3p

dm dr d

p
p

2

p

2

dm dr d

p p

dmdr

� = 5�
� = 7�

dm

d

d

FIGURE 10.4
Power screw thread forms. [Note: All threads shown are external (i.e., on the screw, not on the
nut); dm is the mean diameter of the thread contact and is approximately equal to (d + dr)/2.]

Different applications require screw threads with different degrees of precision
and different amounts of clearance between the mating threaded members.
Accordingly, screw threads are manufactured to different classes of fit. For Unified
threads, three classes are standard, with class 1 representing the loosest fit and great-
est tolerances, and class 3 the tightest fit and smallest tolerances. Obviously, class 3
threaded members are also the most expensive. The tolerance zones for nut and
screw are illustrated in Figure 10.3. Detailed information regarding dimensions, fits,
and tolerances for the various inch-series threads may be found in ANSI B1.1.

Figure 10.4 illustrates most of the standard thread forms used for power screws.
Acme threads are the oldest and are still in common use. The Acme stub is some-
times used because it is easier to heat-treat. The square thread gives slightly greater

FIGURE 10.3
Tolerance zones for various
classes of unified threads.
Note: Each class—1, 2, and
3—uses a portion of the
zones shown.
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416 Chapter 10 ■ Threaded Fasteners and Power Screws

TABLE 10.3 Standard Sizes of Power Screw Threads

Threads per Inch

Major Diameter Acme and Square and
d (in.) Acme Stuba Modified Square Buttressb

16 10

14

12

10 8

12

10

10 16

8 16

6 5 16

6 12

1 5 4 12

5

5 10

4 10

4 3 10

4 8

2 4 8

3 8

3 2 8

3 2 6

3 2 6

2 6

4 2 6

2 5

5 2 5

a See ANSI standard B1.5-1977 for full details.
bSee ANSI standard B1.9-1973 for full details.
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efficiency but is seldom used because of difficulties in manufacturing the 0° thread
angle. Furthermore, it lacks the ability of the Acme thread to be used with a split nut
(split on an axial plane), the two halves of which can be moved together to compen-
sate for thread wear. The 5° thread angle of the modified square thread partially over-
comes these objections. The buttress thread is sometimes used for resisting large
axial forces in one direction (the load is carried on the face with the 7° thread angle).
Standard sizes are given in Table 10.3. For power screws with multiple threads, it
should be noted that the number of threads per inch is defined as the reciprocal of
the pitch, not the reciprocal of the lead.

The threads discussed in this section are all wound around a cylinder, as shown
in Figure 10.1. Other threads, such as those used on pipe and on wood screws, are
wound around a cone.
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a

(c)(b)(a)

Force F

dc

 Weight 

FIGURE 10.5
Weight supported by three
screw jacks. In each screw
jack, only the shaded
member rotates.

A

A

L

q

�

�dm

fn

w

nn cos �n

Section A A
(normal to thread)

 Scale 4:1 

�n

�n

q fn

dm

FIGURE 10.6
Screw thread forces.

10.3 Power Screws

Power screws, sometimes called linear actuators or translation screws, are used to
convert rotary motion of either the nut or the screw to relatively slow linear motion
of the mating member along the screw axis. The purpose of many power screws is
to obtain a great mechanical advantage in lifting weights, as in screw-type jacks, or
to exert large forces, as in presses and tensile testing machines, home garbage com-
pactors, and C-clamps. The purpose of others, such as micrometer screws or the lead
screw of a lathe, is to obtain precise positioning of the axial movement.

Figure 10.5 shows a simplified drawing of three different screw jacks supporting a
weight. Note in each that only the shaded member connected to the handle rotates, and
that a ball thrust bearing transfers the axial force from the rotating to a nonrotating
member. All three jacks are basically the same, but let us choose Figure 10.5c for deter-
mining the torque, Fa, that must be applied to the nut in order to lift a given weight.

Turning the nut in Figure 10.5c forces each portion of the nut thread to climb an
inclined plane. Let us represent this plane by unwinding (or developing) a portion of
one turn of the screw thread, as shown in the lower-left portion of Figure 10.6. If a
full turn were developed, a triangle would be formed, illustrating the relationship

(10.1)tan � =
L

pdm
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418 Chapter 10 ■ Threaded Fasteners and Power Screws

where

lead angle

lead

mean diameter of thread contact

A segment of the nut is represented in Figure 10.6 by the small block acted upon by
load w (a portion of the total axial load W ), normal force n (shown in true view at
the lower right), friction force fn, and tangential force q. Note that force q times dm/2
represents the torque applied to the nut segment.

Summing tangential forces acting on the block (i.e., horizontal forces in the
lower left view) gives

(a)

Summing axial forces (vertical forces in the lower left view) gives

or

(b)

Combining Eqs. a and b, we have

(c)

As noted, the torque corresponding to force q is q(dm/2). Since the small block
represents a typical segment of nut thread, integration over the entire thread surface in
contact results in the same equations except that q, w, and n are replaced by Q, W, and
N, where the latter represent the total tangential, vertical and normal loads, respective-
ly, acting on the thread. Thus the equation for torque required to lift load W is

(10.2)

Note that torque T is also equal to Fa in Figure 10.5c.
Since the lead L rather than the lead angle l is usually a known standard value,

a more convenient form of the torque equation is obtained by dividing the numera-
tor and denominator by cos l and then substituting L /pdm for tan l. This gives

(10.3)

Most applications of power screws require a bearing surface or thrust collar
between stationary and rotating members. In Figure 10.5 this function is served by
the ball thrust bearing of diameter dc . In many cases, a simple thrust washer is used.

T =
Wdm

2

fpdm + L cos an
pdm cos an - fL

T = Q
dm
2

=
Wdm

2

f cos � + cos an sin �

cos an cos � - f sin �

q = w
f cos � + cos an sin �

cos an cos � - f sin �

n =
w

cos an cos � - f sin �

©Fa = 0: w + n(f sin � - cos an cos �) = 0

©Ft = 0: q - n(f cos � + cos an sin �) = 0

dm =
L =
� =
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10.3 ■ Power Screws 419

1 In the unusual case in which a more detailed analysis of collar friction might be justified, the procedures
used with disk clutches, discussed in Chapter 18, are recommended.

If the coefficient of friction of the collar washer or bearing is fc , then the added
torque required to overcome collar friction is Wfcdc/2,1 and the total torque required
to lift the load W is

(10.4)

For the special case of the square thread, cos an = 1, and Eq. 10.4 simplifies to

(10.4a)

For the Acme thread, cos an is so nearly equal to unity that Eq. 10.4a can usu-
ally be used without significant error, particularly when one considers the inherent
variability in the coefficient of friction. Several remaining equations in this section
will be developed both for the general case and for the special case of the square
thread. Acme thread problems can usually be handled with sufficient accuracy using
the simpler square thread equations. In all cases, however, an awareness of the more
complete general equations provides additional insight.

The preceding analysis pertained to raising a load or to turning the rotating
member “against the load.” The analysis for lowering a load (or turning a rotating
member “with the load”) is exactly the same except that the directions of q and fn
(Figure 10.6) are reversed. The total torque required to lower the load W is

(10.5)

for the general case, and

(10.5a)

for the special case of the square thread.

10.3.1 Values of Friction Coefficients

When a ball or roller thrust bearing is used, fc is usually low enough that collar fric-
tion can be neglected, thus eliminating the second term from the preceding equations.

When a plain thrust collar is used, values of f and fc vary generally between
about 0.08 and 0.20 under conditions of ordinary service and lubrication and for the
common materials of steel against cast iron or bronze. This range includes both start-
ing and running friction, with starting friction being about one-third higher than run-
ning friction. Special surface treatments and coatings can reduce these values by at
least half (see Section 9.15).

T =
Wdm

2

fpdm - L
pdm + fL

+
Wfcdc

2

T =
Wdm

2

fpdm - L cos an
pdm cos an + fL

+
Wfcdc

2

T =
Wdm

2

fpdm + L
pdm - fL

+
Wfcdc

2

T =
Wdm

2

fpdm + L cos an
pdm cos an - fL

+
Wfcdc

2

c10.qxd  7/4/11  10:23 PM  Page 419



420 Chapter 10 ■ Threaded Fasteners and Power Screws
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FIGURE 10.7
Comparison of thread angles measured in axial and normal planes (a and an).

10.3.2 Values of Thread Angle in the Normal Plane

Figure 10.7 shows the thread angle measured in the normal plane (an , as used in the
preceding equations) and in the axial plane (a, as usually specified, and as shown in
Figure 10.4). It follows from Figure 10.7 that

tan an = tan a cos l (10.6)

For small helix angles, cos l is often taken as unity.

10.3.3 Overhauling and Self-Locking

A self-locking screw is one that requires a positive torque to lower the load, and an
overhauling screw is one that has low enough friction to enable the load to lower
itself; that is, a negative external lowering torque must be maintained to keep the
load from lowering. If collar friction can be neglected, Eq. 10.5 for shows
that a screw is self-locking if

(10.7)

For a square thread, this simplifies to

(10.7a)

A word of caution is appropriate at this point: Even though a screw is self-
locking under static conditions, it may overhaul when exposed to vibration. This is
particularly important for screw fasteners that tend to loosen because of vibration.

f G
L

pdm
,  or f G tan �

f G
L cos an
pdm

T Ú  0

c10.qxd  7/4/11  10:23 PM  Page 420



10.3 ■ Power Screws 421

(Section 10.8 treats special locking devices used to prevent screws from overhauling
or loosening under vibrating conditions.)

10.3.4 Efficiency

The work output of a power screw (as in the jacks, shown in Figure 10.5) for one
revolution of the rotating member is the product of force times distance, or WL.
Corresponding work input is 2pT. The ratio WL /2pT is equal to efficiency.
Substituting the expression for T in Eq. 10.4, with collar friction neglected, gives

(10.8)

or, for the case of the square thread,

(10.8a)

It is always reassuring to approach an analysis from two different points of view
and arrive at the same answer. Accordingly, Eq. 10.8 can be derived by defining effi-
ciency as the ratio of torque required to raise the load with f = 0 divided by the actual
torque required. This simple exercise is left to the reader.

Substitution of Eq. 10.1 into Eq. 10.8 gives, after routine simplification,

(10.9)

which, for the square thread, reduces further to

(10.9a)

Figure 10.8 gives a plot of efficiency as a function of coefficient of friction and
lead angle. It is worth taking time to note that the plots come out as expected, in that

1. The higher the coefficient of friction, the lower the efficiency.

2. Efficiency approaches zero as lead angle approaches zero because this repre-
sents a condition corresponding to the case where a large amount of friction
work is required when moving the “block” in Figure 10.6 around and around the
thread without lifting the load very much.

3. Efficiency again approaches zero as lead angle l approaches 90°, and efficiency
also decreases slightly as the thread angle an is increased from zero (square
thread) to (Acme thread). Furthermore, efficiency would also approach
zero if the thread angle were to approach 90°. This is so because the greater the
angle that the thread surface makes with a plane perpendicular to the screw axis,
the greater must be the normal force in order to provide a given load force (or
to support a given weight). Increasing the normal force increases the friction
force correspondingly because the relationship between them is simply the coef-
ficient of friction. To illustrate this, imagine pushing down on a flat washer and

14 1
2°

e =
1 - f tan �

1 + f cot �

e =
cos an - f tan �

cos an + f cot �

e =
L

pdm

pdm - fL

pfdm + L

Efficiency, e =
L

pdm

pdm cos an - fL

pfdm + L cos an
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f = 0.02

f = 0.05

f = 0.10

f = 0.15

f = 0.20

FIGURE 10.8
Efficiency of Acme screw threads when collar friction is
negligible. (Note: Values for square threads are higher by less
than 1 percent.)

rotating it back and forth, against a flat surface. Now change the flat washer to a
conical washer, and push it down with the same force, against a mating conical
surface. It will be more difficult to turn back and forth because the “wedging
action” increases the normal force, and therefore the friction force. Finally, imag-
ine the cone angle steepened. Now the wedging action may be so great that it
becomes almost impossible to turn the washer.

10.3.5 Rolling Contact

Figure 10.9 shows a ball-bearing screw; the sliding friction between screw and nut
threads has been replaced with approximate rolling contact between the balls and the
grooves in the screw and nut. This decreases friction drastically, with efficiencies
commonly 90 percent or higher. Because of the low friction, ball-bearing screws are
usually overhauling. This means that a brake must be used to hold a load in place.
On the other hand, it also means that the screw is reversible in that linear motion can
be converted to relatively rapid rotary motion in applications for which this is desir-
able. Operation is smooth, without the “slip-stick” action commonly observed in
regular power screws (because of differences between static and sliding friction).

The load-carrying capacity of ball-bearing screws is normally greater than that
of regular power screws of the same diameter. The smaller size and lighter weight
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10.3 ■ Power Screws 423

FIGURE 10.9
Ball-bearing screw assembly with a portion of the nut cut away to show construction.
(Courtesy Saginaw Steering Gear Division, General Motors Corporation.)

are often an advantage. On the other hand, buckling problems (of a long screw
loaded in compression) and critical speed problems (of high-speed rotating screws)
can be more severe. Cleanliness and a thin film of lubricant are important to ball-
bearing screws. Where dry operation is unavoidable, load capacity should be
reduced by as much as 90 percent.

Ball-bearing screws are commonly used in aircraft landing gear retractors, large
jet aircraft engine thrust reverser actuators, automatic door closers, antenna drives,
hospital bed adjustors, machine tool controls, and numerous other applications. For
design information see http://www.thomsonbsa.com/literature.html.

Power screws are also available with patented arrangements for positioning
rollers in the nut that contact the screw thread surface with a line contact rather than
a point contact as with the ball-bearing screw. These roller-equipped nuts provide
low friction together with very high load-carrying capacity. Hence, they are used in
offshore oil-rig elevators, heavy construction jacks, and mining machinery.

SAMPLE PROBLEM 10.1 Acme Power Screw

A screw jack (Figure 10.10) with a 1-in., double-thread Acme screw is used to raise
a load of 1000 lb. A plain thrust collar of mean diameter is used. Coefficients
of running friction are estimated as 0.12 and 0.09 for f and fc , respectively.

a. Determine the screw pitch, lead, thread depth, mean pitch diameter, and helix angle.

b. Estimate the starting torque for raising and for lowering the load.

c. Estimate the efficiency of the jack when raising the load.

SOLUTION

Known: A double-thread Acme screw and a thrust collar, each with known diame-
ter and running friction coefficient, are used to raise a specified load.

Find:
a. Determine the screw pitch, lead, thread depth, mean pitch diameter, and helix angle.

b. Estimate the starting torque for raising and lowering the load.

c. Calculate the efficiency of the jack when raising the load.

1 1
2-in.
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a

Force F

f = 0.12

fc = 0.09

1-in. double-thread
Acme screw

dc = 1.5 in.

Weight = 1000 lb

FIGURE 10.10
Screw jack lifting a nonrotating load.

Assumptions:
1. The starting and running friction remain steady.

2. Starting friction is about one-third higher than running friction.

Analysis:
a. From Table 10.3, there are five threads per inch, hence p = 0.2 in.

Because of the double thread, L = 2p, or L = 0.4 in.
From Figure 10.4a, thread depth = p/2 = 0.1 in.
From Figure 10.4a, dm = d - p/2 = 1 in. - 0.1 in. = 0.9 in.
From Eq. 10.1, l = tan-1 L /pdm = tan-1 0.4/p(0.9) = 8.05°.

b. For starting, increase the given coefficients of friction by about one-third, giving
f = 0.16 and fc = 0.12. Equation 10.4a for square threads could be used with
sufficient accuracy, but we will illustrate the complete solution, using Eq. 10.4
for the general case.

First, find an from Eq. 10.6:

Then, substituting in Eq. 10.4 gives

(Comment: With reference to Figure 10.10, this would correspond to a force of
19.3 lb on the end of a 12-in. handle. If Eq. 10.4a is used, the answer is only
slightly less: 228.8 lb # in.). For lowering the load, use Eq. 10.5:

(Comment: Equation 10.5a gives a torque of 98.2 lb # in.)

= 10.4 + 90;  T = 100.4 lb # in.

=
1000(0.9)

2

0.16p(0.9) - 0.4 cos 14.36°

p(0.9) cos 14.36° + 0.16(0.4)
+ 90

T =
Wdm

2

fpdm - L cos an
pdm cos an + fL

+
Wfcdc

2

= 141.3 + 90;  T = 231.3 lb # in.

=
1000(0.9)

2

0.16p(0.9) + 0.4 cos 14.36°

p(0.9) cos 14.36° - 0.16(0.4)
+

1000(0.12)(1.5)

2

T =
Wdm

2

fpdm + L cos an
pdm cos an - fL

+
Wfcdc

2

= tan-1(tan 14.5° cos 8.05°) = 14.36°

an = tan-1(tan a cos �)

Schematic and Given Data:
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10.4 ■ Static Screw Stresses 425

c. Repeating the substitution in Eq. 10.4, but changing the coefficient of friction to
the running values of 0.12 and 0.09, indicates that to raise the load, once motion
is started, the torque must be 121.5 + 67.5 = 189 lb # in. Substituting once
more in Eq. 10.4, but changing both friction coefficients to zero, indicates that
the torque must be 63.7 + 0 = 63.7 lb # in. to raise the load. Efficiency is the
ratio of friction-free torque to actual torque, or

Comment: If a ball thrust bearing were used so that collar friction could be
neglected, the efficiency would increase to 63.7/121.5 = 52 percent. This would
correspond to the efficiency of the screw itself and agrees with the plotted value in
Figure 10.8.

10.4 Static Screw Stresses

This section applies equally to power screws, covered in the previous section, and to
threaded fasteners, discussed in the following sections. Let us consider separately
the various stresses to which these members are subjected.

10.4.1 Torsion

Power screws in operation, and threaded fasteners during tightening, are subjected
to torsional stresses,

(4.3, 4.4)

where d is the thread root diameter, dr , obtained from Figure 10.4 (for power screws)
or Tables 10.1 and 10.2 (for threaded fasteners). If the screw or bolt is hollow, then 
J = � (d r

4 - d i
4 )/32 should be substituted for J = �dr

4/32 in the stress equation,
where di represents the inside diameter.

Where collar friction is negligible, the torque transmitted through a power screw
is the full applied torque. With threaded fasteners, the equivalent of substantial collar
friction is normally present, in which case it is customary to assume that the torque
transmitted through the threaded section is approximately half the wrench torque.

10.4.2 Axial Load

Power screws are subjected to direct P/A tensile and compressive stresses; threaded
fasteners are normally subjected only to tension. The effective area for threaded fas-
teners is the tensile stress area At (see Tables 10.1 and 10.2). For power screws a sim-
ilar “tensile stress area” could be computed, but this is not ordinarily done because
axial stresses are seldom critical. A simple and conservative approximation of power
screw axial stresses can be based on the minor or root diameter dr .

t =
Tc

J
=

16T

pd3

e =
63.7

189
= 33.7 percent
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 Force
flow
lines

Nut

A - shear fracture
     line for nut
     thread stripping

B - shear fracture
     line for bolt
     thread stripping

B

A

dr

di
dp

d

 1 

 Total = P

 Total = P

Clamped
member

 2 

 3 

 Bolt

t

The distribution of the axial stress near the ends of the loaded portion of a screw
is far from uniform. This is not of concern now because axial stresses are quite low
in power screws and because threaded fasteners should always have enough ductility
to permit local yielding at thread roots without damage. When we consider fatigue
loading of bolts (Section 10.11), this stress concentration is very important.

10.4.3 Combined Torsion and Axial Load

The combination of the stresses that have been discussed can be treated in the nor-
mal fashion presented in Sections 4.9 and 4.10, with the distortion energy theory
used as a criterion for yielding. With threaded fasteners, it is normal for some yield-
ing to occur at the thread roots during initial tightening.

10.4.4 Thread Bearing (Compressive) Stress, and Its Distribution
Among the Threads in Contact

Figure 10.11 illustrates the “force flow” through a bolt and nut used to clamp two
members together. Compression between the screw and nut threads exists at threads
numbered 1, 2, and 3. This type of direct compression is often called bearing, and the
area used for the P/A stress calculation is the projected area that, for each thread, is
p(d2 - d2

i )/4. The number of threads in contact is seen from the figure to be t/p. Thus

(10.10)s =
4P

p(d2 - d2
i )

p

t

FIGURE 10.11
Force flow for a bolt in
tension.
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10.4 ■ Static Screw Stresses 427

Diameter di is the minor diameter of the internal thread. For threaded fasteners this
can be approximated by dr , which is tabulated in Table 10.1. Exact values are given
in ANSI B1.1–1974 and various handbooks, but these are not usually necessary
because thread bearing stresses are seldom critical.

Equation 10.10 gives an average value of bearing stress. The stress is not uni-
formly distributed because of factors such as bending of the threads as cantilever
beams and manufacturing variations from the theoretical geometry. Furthermore, a
study of Figure 10.11 reveals two important factors causing thread 1 to carry more
than its share of the load:

1. The load is shared among the three threads as redundant load-carrying mem-
bers. The shortest (and stiffest) path is through thread 1. Thus it carries the
greatest portion of the load (see Section 2.6).

2. The applied load causes the threaded portion of the bolt to be in tension, whereas
the mating portion of the nut is in compression. The resulting deflections
slightly increase bolt pitch and decrease nut pitch. This tends to relieve the
pressure on threads 2 and 3.

The problem of overcoming this tendency, and obtaining a more nearly equal
distribution of loads among the threads in contact, is an important one, as will be
seen when considering the fatigue loading of bolts (Section 10.11). This problem
continues to challenge the ingenuity of engineers concerned with fastener design and
development. The three following ideas have been used.

1. Making the nut from a softer material than the bolt so that the highly loaded first
thread will deflect (either elastically or plastically), thereby transferring more of
the load to the other threads. This may require increasing the number of threads
in contact in order to maintain adequate strength.

2. Manufacturing the nut threads with a slightly greater pitch than that of the bolt
threads so that the two pitches are theoretically equal after the load is applied.
The thread clearances and precision of manufacture must, of course, be such
that the nut and bolt can be readily assembled.

3. Modifying the nut design as shown in Figure 10.12. Here, the nut loading puts
the region of the top threads in tension, thus causing elastic changes in pitch that
approximately match the changes in bolt pitch. Such special nuts are expensive
and have been used only in critical applications involving fatigue loading.

Clamped member

Bolt
Nut FIGURE 10.12

A special nut provides more nearly equal
distribution of load among threads in contact.
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Pilot surface
of bolt

FIGURE 10.13
Bolt with pilot surface.

10.4.5 Thread Shear (“Stripping”) Stress and Nut 
Thickness Requirement

With reference to Figure 10.11, if the nut material is weaker than the bolt material in
shear (and this is usually the case), a sufficient overload would “strip” the threads from
the nut along cylindrical surface A. If the bolt material is weaker in shear, the failure
surface would be B. From the thread geometry shown in Figure 10.2, the shear area is
equal to pd(0.75t), where d is the diameter of the shear fracture surface involved.

Let us now determine the nut thickness (or depth of engagement of a screw in
a tapped hole) needed to provide a balance between bolt tensile strength and
thread stripping strength if both members (bolt and nut or tapped hole) are made
of the same material. The bolt tensile force required to yield the entire threaded
cross section is

where d is the major diameter of the thread. With reference to Figure 10.11, the bolt
tensile load required to yield the entire thread-stripping failure surface of the nut
based on a parabolic stress distribution is

Fnut = pd(0.75t)Ssy L pd(0.75t)(0.58Sy)

where t is the nut thickness. Equating Fbolt to Fnut indicates that bolt tensile and
thread-stripping strengths are balanced when the nut thickness is approximately

t = 0.47d (d)

Since nuts are usually softer than bolts in order to allow slight yielding of the top
thread(s) and thus distribute the load more uniformly among the threads in contact
(see point 1 at the end of the preceding subsection), the standard nut thickness is
approximately

10.4.6 Transverse Shear Loading and Providing Transverse Alignment

Bolts are sometimes subjected to transverse shear loading, as illustrated in Figures
4.3 and 4.4 and discussed in Section 4.3. Often these shear loads are transmitted by
friction, where the friction load-carrying capacity is equal to the bolt tension times
the coefficient of friction at the clamped interface. For the double shear illustrated in
Figure 4.4, the friction load capacity would be twice this amount.

Sometimes bolts are required to provide precise alignment of mating members
and are made with a pilot surface as shown in Figure 10.13.

7
8d.

Fbolt = AtSy L
p

4
(0.9 d)2Sy
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Material
being

compressed

Material
being

compressed

Ball thrust
bearings

Ball thrust
bearings

Thrust
washers

(b) Screws in tension (good)(a) Screws in compression (poor)

Thrust
washers

Motor
Motor Spur gears

FIGURE 10.14
Alternative screw press arrangements.

10.4.7 Column Loading of Power Screws and Associated Design Details

Long power screws loaded in compression must be designed with buckling in mind.
Sections 5.10 through 5.14 apply. Before we become involved with this, however, it
is important first to make sure that it is necessary to subject the screws to compres-
sion. Often, a simple redesign permits the screws to be in tension. For example,
Figure 10.14a shows a press (it could represent a household trash compactor) with
the screws in compression. Figure 10.14b shows an alternative design with the
screws in tension. The second is obviously to be preferred.

The two presses in Figure 10.14 provide excellent examples for using the force
flow concept described in Section 2.4. In the press shown in Figure 10.14a, forces
flow from the moving press head through the screws to the ball thrust bearings, then
through the top, sides, and bottom of the frame, and finally into the bottom surface
of the material being compressed. Because all sections of the frame carry load, they
are drawn heavy. In contrast, the press shown in Figure 10.14b has a short load path
from the press head through the screws to the ball thrust bearings, and then through
the bottom of the frame to the material being compressed. Because they carry no sig-
nificant loads, the sides and top of the frame can be very much lighter. It is almost
always desirable to keep load paths as short and compact as possible.
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Flat washer

(a) Screw (b) Bolt and nut (c) Stud and nut (d) Threaded rod and nuts

FIGURE 10.15
Basic threaded fastener types.

Another advantage of the press in Figure 10.14b is that the axial free play of the
screws is easily controlled because all four thrust bearings involve surfaces of the
bottom frame member. In contrast, the screw axial free play in Figure 10.14a
involves tolerances and deflections of the screw length between thrust bearings and
of the frame height between thrust bearings.

A construction detail of the presses is worth noting. For assembly of the press
in Figure 10.14b, the thrust collars bearing against the plain thrust washers at the top
surface of the bottom frame member must be removable from the screws. Note that
the only load carried by these thrust collars is the gravity load of the press head when
no material is being compressed.

10.5 Threaded Fastener Types

Figure 10.15 shows four basic types of threaded fasteners. Screws and bolts are by far
the most common types, and the difference between them is only one of intended use.
Bolts are intended for use with nuts; screws are intended for screwing into tapped
holes. Sometimes screws are supplied with a captive washer (usually a lock washer)
under the head, in which case they are called sems. Sems save assembly time and
eliminate the possibility that a screw will be installed without its specified washer.

A stud is threaded on both ends and is usually screwed permanently into a tapped
hole. Threads on the two ends may or may not be identical. A threaded rod is the least
common type. It is usually used when a very long threaded member is desired. A thread-
ed rod can often be purchased in lengths of a few feet and then cut off as required.

Technical reference charts are available online at http://www.americanfastener.com
for cap screws and bolts, nuts, machine screws, studs, washers, and so on. Grade mark-
ings and mechanical properties for steel fasteners and thread terminology are also given.
The web site http://www.machinedesign.com presents general information for threaded
fasteners as well as for other methods of fastening and joining.

Figure 10.16 shows most of the common fastener head types. As a rule a bolt
can also serve as a screw by using it with a tapped hole (rather than a nut). An
exception to this rule is the carriage bolt. Carriage bolts are used with soft materi-
als (particularly wood) so that the square corners under the head can be forced into
the material, thereby preventing the bolt from turning. Hexagonal-head screws and
bolts are commonly used for connecting machine components. Sometimes they
cannot be used because of insufficient clearance to put a socket or end wrench on
the head. In such cases the hexagonal-socket head is often used.
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0.65d

1.5d

d

(a) Hexagon head

(b) Square head

(d) Flat head (f ) Oval head

(h) Hex socket headless setscrew

(j) Round head with Phillips socket

(c) Round head

(e) Fillister head

(g) Hexagon socket head (i) Carriage bolt

FIGURE 10.16
Some common screw (and bolt) head types.

In recent years the need for screws that are resistant to tampering by unautho-
rized personnel has increased. Figure 10.17 illustrates several proposed solutions
that have been marketed.

An almost endless number of special threaded fastener designs continue to
appear. Some are specially designed for a specific application. Others embody pro-
prietary features that appeal to a segment of the fastener market. Not only is ingenu-
ity required to devise better threaded fasteners, but also to use them to best advantage
in the design of a product. Chow [2] gives several examples of reducing product cost
through judicious selection and application of fasteners.

(a)
Conventional screwdriver

will tighten but not
loosen the screw

(Plug in socket)

(b)
Special tool required to
tighten or loosen screw

(5-sided head) ("Spanner head")

(c)
Break-away heads

FIGURE 10.17
“Tamper-resistant” screw heads.
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10.6 Fastener Materials and Methods of Manufacture

Materials for screws, nuts, and bolts are normally selected on the basis of strength
(at the operating temperatures involved), weight, corrosion resistance, magnetic
properties, life expectancy, and cost. Most fasteners are made from steel of specifi-
cations standardized by the Society of Automotive Engineers and summarized in
Tables 10.4 and 10.5 (this is not true for many aerospace and other highly critical
fasteners). Heading is done cold for diameters up to about and heated for larger
sizes. Threads are usually formed by rolling between dies that force the material to
cold-form into the threaded contour of the die grooves. The threads thus formed are
stronger than cut or ground threads in fatigue and impact because of cold working,
favorable (compressive) residual stresses at the thread roots, and a more favorable
grain structure. Because of these advantages, high-strength screws and bolts should
have rolled threads. Furthermore, the greatest fatigue strength is obtained if the
threads are rolled after heat treatment so that the resulting work hardening and favor-
able residual stresses are not lost. (It is, of course, less costly to roll-form the threads
before hardening.)

Fasteners are also made of aluminum (the most commonly used alloys being
2024-T4, 2111-T3, and 6061-T6), brass, copper, nickel, Monel, Inconel, stainless
steel, titanium, beryllium, and various plastics. For any application the fastener
material must be considered in connection with potential corrosion problems asso-
ciated with the anticipated environment and the other metals involved (Section 9.2).
In addition, appropriate coatings should be considered for corrosion protection and
to reduce thread friction and wear (Section 9.15).

10.7 Bolt Tightening and Initial Tension

For most applications, screws and nut-bolt assemblies should ideally be tightened to
produce an initial tensile force Fi nearly equal to the full “proof load,” which is
defined as the maximum tensile force that does not produce a normally measurable
permanent set. (This is a little less than the tensile force producing a 0.2 percent off-
set elongation associated with standard tests to determine Sy .) On this basis initial
tensions are commonly specified in accordance with the equation

Fi = KiAtSp (10.11)

where At is the tensile stress area of the thread (Tables 10.1 and 10.2), Sp is the
“proof strength” of the material (Tables 10.4 and 10.5), and Ki is a constant, usually
specified in the range of 0.75 to 1.0. For ordinary applications involving static load-
ing, let Ki L 0.9, or

Fi = 0.9AtSp (10.11a)

3
4 in.
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434 Chapter 10 ■ Threaded Fasteners and Power Screws

Briefly, the rationale behind so high an initial tension is the following.

1. For loads tending to separate rigid members (as in Figure 10.30), the bolt load
cannot be increased very much unless the members do actually separate, and the
higher the initial bolt tension, the less likely the members are to separate.

2. For loads tending to shear the bolt (as in Figure 10.31), the higher the initial ten-
sion the greater the friction forces resisting the relative motion in shear.

Further implications of the initial bolt tension for fatigue loading will be discussed
in Section 10.11.

Another point to be considered is that the tightening of a screw or nut imparts a
torsional stress to the screw or bolt, along with the initial tensile stress. During initial use,
the screw or bolt usually “unwinds” very slightly, relieving most or all of the torsion.

To illustrate this point, Figure 10.18 shows the loads applied to a bolt and nut
assembly during tightening. Remember that the frictional forces and associated
torques vary considerably with materials, finishes, cleanliness, lubrication, and so
on. This figure assumes the ideal case of the bolt axis being exactly perpendicular to
all clamped surfaces so that no bending is imparted to the bolt.

The difference between the static and dynamic coefficients of friction has an
important effect. Suppose that wrench torque T1 is progressively increased to the full
specified value with continuous rotation of the nut. The resulting clamping force Fi
will be greater than if the nut rotation is allowed to stop momentarily at, say 80 per-
cent of full torque. The greater value of static friction may then be such that subse-
quent application of full torque will not cause further nut rotation, with the result that
Fi will be less than desired.

Figure 10.18 also illustrates bolt stress, both initially (tightening torque still
applied) and finally (with “unwinding” having relieved all torsion). For clarity, the
stress element shown is in the shank. The yield-limited stresses shown would more
appropriately be associated with a cross section in the plane of a thread. An impor-
tant point that does not show up in Figure 10.18 is that the torsional stress is also
dependent on the thread friction between the bolt and nut. For example, if there is

TABLE 10.5 Specifications for Steel Used in Millimeter Series Screws and Bolts

Core
Proof Reduction Hardness,
Load Yield Tensile Elongation, of Area, Rockwell

Diameter (Strength)a Strengthb Strength Minimum Minimum
SAE Class d (mm) Sp (MPa) Sy (MPa) Su (MPa) (%) (%) Min Max

4.6 5 thru 36 225 240 400 22 35 B67 B87

4.8 1.6 thru 16 310 — 420 — — B71 B87

5.8 5 thru 24 380 — 520 — — B82 B95

8.8 17 thru 36 600 660 830 12 35 C23 C34

9.8 1.6 thru 16 650 — 900 — — C27 C36

10.9 6 thru 36 830 940 1040 9 35 C33 C39

12.9 1.6 thru 36 970 1100 1220 8 35 C38 C44

a Proof load (strength) corresponds to the axially applied load that the screw or bolt must withstand without permanent set.
b Yield strength corresponds to 0.2 percent offset measured on machine test specimens.
Source: Society of Automotive Engineers standard J1199 (1979).
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FIGURE 10.18
Bolt loads and stresses that are due to initial tightening of a nut. for the bolt and nut assembly
shown; that is, T1 = T2 + T3 + T4 (where T1 = nut wrench torque), T2 = nut face friction
torque = fFi rn (where rn is the effective radius of nut face friction forces), T3 = bolt head friction

(where rh is the effective radius of bolt head friction forces), T4 = wrench torque required
to keep bolt head from turning. Note that T4 = 0 if fFi rh 7 T1 - T2 .
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FIGURE 10.19
Bolt tension versus elongation, resulting from tightening by
torquing versus direct tensioning, and for black oxide versus
galvanized surfaces [5]. (Note: Direct tension is produced by
hydraulic loading; hence, no torsional stresses are produced.)

considerable thread friction, a substantial holding torque T4 will be needed to pre-
vent bolt rotation, and the torsional stresses in the bolt can be so great that yielding
is reached at relatively low values of Fi .

Figure 10.19 illustrates the implications of the preceding in terms of (1) the ini-
tial tension that can be achieved with a given bolt and (2) the amount of elongation
that can be achieved before overtightening fractures the bolt.
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436 Chapter 10 ■ Threaded Fasteners and Power Screws

An accurate determination of the bolt tensile load produced during tightening is
not easy to make. One accurate way is to use a special bolt with an axially drilled
hole in which an electric-resistance strain gage is mounted. Another method employs
ultrasonic equipment to measure the length of the bolt before and after tightening.
(Both the actual lengthening of the bolt and the introduction of tensile stresses
increase the time required for an ultrasonic pulse to travel from one end of the bolt
to the other, and return.) A method long used for low production rate assembly of
critical parts is to measure with a micrometer the length of the bolt before assembly,
and then to tighten the nut until the bolt elongates the desired amount. This can only
be done, of course, if both ends of the bolt are accessible. A modern method suited
for automated assembly operations involves continuous monitoring of the wrench
torque and nut rotation. When a computer determines that the relationship of these
quantities indicates the onset of yielding, the wrench is disengaged. A more mun-
dane, but often effective, method is to “seat” the surfaces by tightening the screw or
nut very tight and then loosening it, tighten the screw or the nut “finger tight,” and
turn it (with a wrench) a predetermined additional angle.

The most common method of tightening a bolt a measured amount is probably
to use a torque wrench. The accuracy of this method can be seriously limited by vari-
ations in friction. Normal torque wrench usage controls initial tension within per-
haps ;30 percent; with special care, ;15 percent is considered reasonable.

An equation relating tightening torque to initial tension can be obtained from
Eq. 10.4 by recognizing that load W of a screw jack corresponds to Fi for a bolt, and
that collar friction in the jack corresponds to friction on the flat surface of the nut or
under the screw head. When we use 0.15 as a rough average coefficient of friction
(for both f and fc), Eq. 10.4 gives, for standard screw threads,

T = 0.2Fid (10.12)

where d is the nominal major diameter of the thread. Remember, this is only an
approximate relationship, dependent on “average” conditions of thread friction.

A common way to tighten a screw or nut is, of course, merely to choose a con-
ventional wrench and tighten it until it “feels” right. Although this method would never
be specified for a critical fastener, an engineer should have some idea of how tight an
“ordinary mechanic” might be expected to tighten bolts of various sizes using ordinary
wrenches. A study made near the turn of the 20th century indicated this to be

Fi (lb) L 16,000d (in.) (e)

Despite its limitations, Eq. (e) does reveal the important fact that the natural
tendency is to tighten to initial tension values that increase only as the first power
of the diameter, whereas the tensile load-carrying capacity of bolts increases with
the square of the diameter (and torsional capacity with the cube of diameter). This
means that small bolts and screws tend to get twisted off, and that very large ones
tend to be undertightened.

A word of caution is in order regarding the loss of bolt initial tension during
operation. When “rigid” parts are bolted together, the elastic deflection of the parts
may be only a hundredth of a millimeter or less. Should the loading cause any creep
or subsequent flattening of minute high spots on the surfaces, much of the bolt ini-
tial tension will be lost. Initial tension can also be lost through wear or corrosion of
the mating surfaces or by the “squeezing out” of surface films. Tests have shown that
a typical joint loses about 5 percent of its initial tension within a few minutes, and
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10.8 ■ Thread Loosening and Thread Locking 437

that various relaxation effects result in the loss of about another 5 percent within a
few weeks. Long-term stress relaxation is a problem with high-temperature joints, as
in jet engines and nuclear reactors. These applications require bolts made of special
high-temperature alloys. Because of these losses in initial tension (and because of
possible thread loosening, which is discussed in the following section), it is some-
times necessary to retighten bolts periodically.

10.8 Thread Loosening and Thread Locking

An inherent advantage of threaded fasteners (in comparison with riveting, welding,
or cementing) for many applications is that they can be easily and nondestructively
disassembled. A disadvantage that has plagued engineers since early days is that
they sometimes loosen and disassemble themselves! The concept explaining why
threads loosen, a very simple one, is given in the next two paragraphs.

In Figure 10.6 the tightening of a nut (which is the same as the lifting of a load
with a power screw) is represented by a small block on an inclined plane. If friction
is sufficient to prevent the block from sliding back down the plane, the thread is said
to be self-locking. All threaded fasteners are designed to have a small enough helix
angle (l) and a high enough coefficient of friction (f) to be self-locking under static
conditions. However, if any relative motion occurs between the bolt and nut threads
(inclined plane and block), the nut tends to loosen (block slides down inclined
plane). This relative motion is most often caused by vibration, but it can have other
causes such as differential thermal expansion or slight dilation and contraction of the
nut with changes in axial bolt load. This dilation and contraction represents very
small changes in nut thread diameter and is due to the “wedging action” of the
loaded tapered threads. For example, this would not occur with a square thread (see
Figure 10.4c).

To understand why any relative motion tends to cause thread loosening, place a
small solid object (as a pencil or pen) on a slightly inclined plane (as a book) and
lightly tap the edge of the plane in any direction. With the tapping just sufficient to
cause the slightest relative motion, the small object inexorably slides down the
incline. An analogy familiar to car drivers in northern climates is that of a car on an
ice-covered crowned road. If traction is lost, by braking or by applying too much
torque to the driving wheels, the car slides laterally to the side of the road. Here the
friction between rubber and ice is ample to prevent lateral sliding as long as there is
no relative motion, but not when there is sliding in any direction.

The following are among the factors influencing whether or not threads loosen.

1. The greater the helix angle (i.e., the greater the slope of the inclined plane), the
greater the loosening tendency. Thus, coarse threads tend to loosen more easily
than fine threads.

2. The greater the initial tightening, the greater the frictional force that must be
overcome to initiate loosening.

3. Soft or rough clamping surfaces tend to promote slight plastic flow which de-
creases the initial tightening tension and thus promotes loosening.

4. Surface treatments and conditions that tend to increase the friction coefficient
provide increased resistance to loosening.
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(a)
Helical (split) type

(b)
Twisted-tooth type

(Teeth may be external,
as in this illustration,

or internal.)

FIGURE 10.20
Common types of lock washers.

(b)

(a)

FIGURE 10.21
(a) Slotted and (b) castle nuts. Each 
is also shown with a drilled bolt and 
a cotter pin.

(a)
Insert nut (Nylon insert is compressed when

nut seats to provide both locking and sealing.)

(c)
Single thread nut (Prongs pinch bolt thread
when nut is tightened. This type of nut is
quickly applied and used for light loads.)

(b)
Spring nut (Top of nut pinches

bolt thread when nut is tightened.) 

FIGURE 10.22
Examples of free-spinning locknuts.

The problem of thread loosening has resulted in numerous and ingenious spe-
cial designs and design modifications, and it continues to challenge the engineer to
find effective and inexpensive solutions. A brief summary of the common solutions
used to date follows.

Figure 10.20 shows the familiar helical and toothed lock washers. They work on
the principle of flattening the hard, sharp-cornered projections that tend to “bite”
into the mating metal surfaces and resist loosening by a “wedging” action.

Slotted and castle nuts (Figure 10.21) are used with a cotter pin or wire that fits
in diametrically opposite slots and passes through a drilled hole in the bolt. This pro-
vides a positive lock but may require slight overtightening or undertightening in
order to align a pair of slots with the bolt hole.

Locknuts generally are of two types—free-spinning and prevailing-torque.
Figure 10.22 shows three varieties of free-spinning locknuts. These spin on freely

c10.qxd  7/4/11  10:23 PM  Page 438



10.9 ■ Bolt Tension with External Joint-Separating Force 439

Spring- top nut
(Upper part of nut is tapered.

Segments press against bolt threads.)

Starting Fully locked

Nylon-insert nuts
(Collar or plug of nylon exerts friction

grip on bolt threads.)
Distorted nut (Portion of nut is distorted
to provide friction grip on bolt threads.)

(a) (b) (c)

FIGURE 10.23
Examples of prevailing-torque locknuts. (Courtesy SPS Technologies, Inc.)

until seated and then produce a deflection when tightened that causes a gripping
of the mating bolt threads. The lock washers shown in Figure 10.20 are also “free-
spinning,” thread-locking devices. The sites http://www.machinedesign.com and
http://www.americanfastener.com present additional information about locknuts
and locking devices.

Figure 10.23 illustrates representative prevailing-torque locknuts. These develop
a friction torque as soon as the threads are fully engaged. Hence, they require
wrenching to the final seated position and have a strong tendency to stay in position
even when not tightened. Prevailing-torque nuts or fasteners usually provide the best
solution in critical applications, particularly when extreme vibration is involved.

Sometimes two standard nuts (or one standard nut and a thin “jam nut”) are used
together to obtain a locking action. The extra standard nut or the “jam nut” is
installed first and tightened gently. Then the standard nut is installed and fully tight-
ened against the extra nut.

Another means of providing thread locking is to coat the mating threads with a
special adhesive or lacquer which may also act to seal the threads against fluid leak-
age. These adhesives are available in various grades, depending on whether or not
ease of subsequent disassembly is important. Sometimes the adhesive coating is con-
tained in a small capsule that is attached to the threads during manufacture. The cap-
sule breaks during assembly, and the adhesive flows over the threaded surfaces.

Note that essentially all the thread-locking methods discussed can be applied to
screws as well as to nut and bolt combinations.

10.9 Bolt Tension with External Joint-Separating Force

Bolts are typically used to hold parts together in opposition to forces tending to pull,
or slide, them apart. Common examples are connecting rod bolts, cylinder head
bolts, and so on. Figure 10.24a shows the general case of two parts connected with
a bolt and subjected to an external force Fe tending to separate them. Figure 10.24b
shows a portion of this assembly as a free body. In this figure the nut has been tight-
ened, but the external force has not yet been applied. The bolt axial load Fb and the

c10.qxd  7/26/11  7:43 AM  Page 439



440 Chapter 10 ■ Threaded Fasteners and Power Screws
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FIGURE 10.24
Free-body study of bolt tensile loading.

(a) (b) (c)

(d)

g

Fe Fb

Fc

Fb

Fb

Fc

Fc

Fc

F b
 a

nd
 F

c

Fc = Fi

F b
 =

 F i +
 F e

Fb

Soft
gasket

(Separating force per bolt)
0 Fe
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FIGURE 10.25
Fb and Fc versus Fe per bolt for soft clamped members—rigid bolt.

clamping force between the two plates Fc are both equal to the initial tightening
force Fi . Figure 10.24c shows the same members as a free body after external force
Fe has been applied. Equilibrium considerations require one or both of the follow-
ing: (1) an increase in Fb and (2) a decrease in Fc . The relative magnitudes of the
changes in Fb and Fc depend on the relative elasticities involved.

To assist the reader in visualizing the significance of the relative elasticities in
bolted joints, Figures 10.25 and 10.26 illustrate two extreme cases. Figure 10.25a
shows a cover plate bolted on the end of a pressure vessel (or cylinder head bolted
to the cylinder block of a piston-type compressor). The key feature is the thick rub-
ber gasket, which is so soft that the other parts can be considered infinitely rigid in
comparison. When the nut is tightened to produce initial force Fi , the rubber gasket
compresses appreciably; the bolt elongates negligibly. Figures 10.25b and 10.25c
show details of the bolt and the clamped surfaces. Note the distance defined as the
grip g. On initial tightening, Fb = Fc = Fi .

Figure 10.25d shows the change in Fb and Fc as separating load Fe is applied.
The elastic stretch of the bolt caused by Fe is so small that the thick rubber gasket
cannot expand significantly. Thus, the clamping force Fc does not diminish and the
entire load Fe goes to increasing bolt tension (review Figure 10.24).
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FIGURE 10.26
Fb and Fc versus Fe per bolt for rigid clamped members—soft bolt.

Figure 10.26 illustrates the opposite extreme in relative stiffnesses. The clamped
members are “rigid” metal parts with precision-ground mating surfaces and no gas-
ket between them. The bolt has a center portion made of rubber. In this case the ini-
tial tightening stretches the bolt; it does not significantly compress the clamped
members. (Sealing of the fluid is accomplished by a “confined gasket” in the form
of a rubber O-ring. Before being compressed by the cover plate, the cross section of
the O-ring was circular.)

Figure 10.26d shows that in this case the entire separating force is balanced by
decreased clamping force, with no increase in bolt tension. The only way the tension
in the rubber bolt can be increased is to increase its length, and this cannot happen
without an external force great enough to separate physically the mating clamped
surfaces. (Note also that as long as the mating surfaces remain in contact, the seal-
ing effectiveness of the O-ring is undiminished.)

The extreme cases illustrated in Figures 10.25 and 10.26 can, at most, be only
approximated. Let us now investigate the realistic case in which both the bolt and the
clamped members have applicable stiffness. Joint tightening both elongates the bolt
and compresses the clamped members. (In ungasketed joints these deflections can
easily be under a thousandth of an inch. For purposes of visualization it may be help-
ful to think in terms of the greater deflections that would be associated with using
both the rubber gasket of Figure 10.25 and the rubber bolt of Figure 10.26.) When
external force Fe is applied, the bolt and the clamped members elongate the same
amount, d (i.e., dimension g increases by amount d for both).

From Figure 10.24 the separating force must be equal to the sum of the
increased bolt force plus the decreased clamping force, or

Fe = ¢Fb + ¢Fc (f)

By definition,

¢Fb = kbd and ¢Fc = kcd (g)

where kb and kc are the spring constants for the bolt and clamped members, respectively.
Substituting Eq. g into Eq. f gives

(h)Fe = (kb + kc)d or d =
Fe

kb + kc
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FIGURE 10.27
Force relationships for bolted connections.

Combining Eqs. g and h gives

(i)

Thus the equations for Fb and Fc are

(10.13)

Equations 10.13 are represented graphically in Figure 10.27. Also represented in this
figure are two additional points worthy of notice.

1. When the external load is sufficient to bring the clamping force to zero (point
A), the bolt force and the external force must be equal (recall Figure 10.24).
Hence, the figure shows Fc = 0 and Fb = Fe for values of Fe in excess of A.
(This is not a normally usable range of Fe , for physical separation of the
clamped surfaces would seldom be acceptable.)

2. When the external load is alternately applied and removed, fluctuations of Fb
and Fc are conveniently determined from the figure, as shown. (More about this
in Section 10.11 on bolt fatigue.)

Use of Eq. 10.13 requires a determination of kb and kc , or at least a reasonable
estimation of their relative values. From the basic equations for axial deflection
(d = PL /AE) and for spring rate (k = P/d),

(10.14)

where the grip g represents the approximate effective length for both. Two difficul-
ties that commonly arise in estimating kc are

kb =
AbEb
g

 and kc =
AcEc
g

Fb = Fi +
kb

kb + kc
Fe and Fc = Fi -

kc
kb + kc

Fe

¢Fb =
kb

kb + kc
Fe and ¢Fc =

kc
kb + kc

Fe
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Conical effective
clamped volume

(Hexagonal bolt
head and nut)

30°

d2

d3

d1

g

d

1. The clamped members may consist of a stack of different materials, represent-
ing “springs” in series. For this case, use the formula for the spring rate of
springs in series:

(10.15)

2. The effective cross-sectional area of the clamped members is seldom easy to
determine. This is particularly true if the members have irregular shapes, or if
they extend a substantial distance from the bolt axis. An empirical procedure
sometimes used to estimate Ac is illustrated in Figure 10.28.

An effective experimental procedure for determining the ratio of kb and kc for a
given joint is to use a bolt equipped with an electric-resistance strain gage or to mon-
itor bolt length ultrasonically. This permits a direct measurement of Fb both before
and after Fe is applied. Some handbooks contain rough estimates of the ratio kc/kb
for various general types of gasketed and ungasketed joints. For a “typical” ungas-
keted joint, kc is sometimes taken as three times kb , but with careful joint design
kc = 6kb is readily attained.

1/k = 1/k1 + 1/k2 + 1/k3 + Á

FIGURE 10.28
One method for estimating the effective area of clamped members (for calculating kc).
Effective area Ac is approximately equal to the average area of the dark grey section.
Thus

where

(for small clearances)

(for standard hexagonal-head bolts—see Figure 10.16)

Substitution of these values leads to

Note: If clamped members are soft, the use of hardened-steel flat washers increases the
effective value of Ac .

Ac =
p

16
(5d2 + 6dg tan 30° + g2 tan2 30°) L d2 + 0.68dg + 0.065g2

d3 = d2 + g tan 30° = 1.5d + g tan 30°

d2 = 1.5d

d1 L d

Ac =
p

4
B ¢d3 + d2

2
≤2

- d2
1R
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(a)
Bolt bending caused by nonparallelism

of mating surfaces. (Bolt will bend
when nut is tightened.)

Connecting
rod and cap

P

A

a

(b)
Bolt bending caused by deflection

of loaded members. (Note tendency
to pivot about A; hence, bending is

reduced if dimension a is increased.)

a

A
P

FIGURE 10.29
Examples of nonintended bolt bending.

10.10 Bolt (or Screw) Selection for Static Loading

The primary loading applied to bolts is tensile, shear, or a combination of the two.
Moreover, some bending is usually present because the clamped surfaces are not
exactly parallel to each other and perpendicular to the bolt axis (Figure 10.29a) and
because the loaded members are somewhat deflected (Figure 10.29b).

Before we consider more sophisticated examples, it is important to recognize
that screws and bolts are sometimes selected rather arbitrarily. Such is the case
with noncritical applications whose loads are small—for example, the attachment
of license plates to automobiles. Almost any size would do, including sizes con-
siderably smaller than those used. Selection is a matter of judgment, based on such
factors as appearance, ease of handling and assembly, and cost. Even in bolt appli-
cations with known significant loads, larger bolts than necessary are sometimes
used because a smaller size “doesn’t look right,” and the cost penalty of using the
larger bolts is minimal.

SAMPLE PROBLEM 10.2D Select Screws for Pillow Block Attachment—
Tensile Loading

Figure 10.30 shows a ball bearing encased in a “pillow block” and supporting one
end of a rotating shaft. The shaft applies a static load of 9 kN to the pillow block, as
shown. Select appropriate metric (ISO) screws for the pillow block attachment and
specify an appropriate tightening torque.

SOLUTION

Known: A known static tensile load is applied to two metric (ISO) screws.
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Pillow block
Rotating

shaft

Metric
(ISO) screw

9 kN

FIGURE 10.30
Pillow block attached by two machine screws.

Find: Select appropriate screws and specify a tightening torque.

Schematic and Given Data:

Decisions/Assumptions:
1. A relatively inexpensive class 5.8 steel is chosen for the screw material.

2. The load of 9 kN is shared equally by each screw.

3. No bending of the machine screws (bolts) takes place; that is, the bolt load is
axial tension.

Design Analysis:
1. Any class of steel could have been used, but there appears no reason to speci-

fy a costly high-strength steel. Class 5.8, with a proof strength of 380 MPa
(Table 10.5), was chosen.

2. The nominal load for each of the two bolts is 4.5 kN. Reference to
Section 6.12 indicates that if screw failure would not endanger human life,
cause other damage, or entail costly shutdown, a safety factor of 2.5 would be
reasonable. Since in this case the cost of using a larger safety factor is trivial,
and since failure might prove rather costly, let us use “engineering judgment”
and increase the safety factor to 4. Then, the “design overload” for each bolt
is 4.5 kN * 4, or 18 kN.

3. For static loading of a ductile material, stress concentration can be neglected
and the simple “s = P/A” equation used, with s being equal to the proof
strength when P is equal to the design overload:

4. Reference to Table 10.2 indicates an appropriate standard size of class 5.8 screw
to be M10 * 1.5 (for which At = 58.0 mm2).

5. Initial tightening tension might reasonably be specified (Eq. 10.11a) as

Fi = 0.9AtSp = 0.9(58.0 mm2)(380 MPa) = 19,836 N

6. This corresponds to an estimated tightening torque (Eq. 10.12) of

T = 0.2Fid = 0.2(19.8 kN)(10 mm) = 39.6 N # m

380 MPa =
18,000 N

At
 or At = 47.4 mm2
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2 For direct (not torsional) shear loading.

Comments:
1. In step 3, the solution for required area was independent of the stiffness ratio,

kc/kb , and also independent of initial tension Fi . Regardless of these quantities,
static failure of the bolts will occur only when the overload is sufficient to yield
the entire bolt cross section, with the pillow block pulled away from the mating
fixed surface (i.e., Fc = 0). The optimum initial tension would be the highest
value that does not yield the bolts enough to damage them after taking them out
and reinstalling them many times. This provides maximum protection against
surface separation (Fc = 0) and maximum protection against thread loosening
(by providing maximum thread friction). (In the next section it will be seen that
both the stiffness ratio and initial tension are important factors in determining
bolt size when fatigue loading is involved.)

2. Note that the procedure to obtain At = 47.4 mm2 was based on slight yielding
of the entire bolt cross section when the design overload is reached. With the
M10 * 1.5 screws (At = 58.0 mm2), a design overload of 22 kN would cause
slight yielding. A small additional overload would distort the bolts so that they
would not be reusable. However, a substantially higher overload would be needed
to bring the material to its ultimate strength and fracture the bolts (ratio
Su/Sp = 520/380 = 1.37 in this case). In some situations the design overload
might be based on using the ultimate strength of the bolt material rather than its
proof or yield strength.

The shear strengths of steel bolts of various grades was studied by Fisher and
Struik [5], who concluded that a reasonable approximation is

Sus L 0.62Su (see footnote 2) (10.16)

SAMPLE PROBLEM 10.3 Determine Shear Load Capacity of a Bolted Joint

Figure 10.31 shows a in.–13UNC grade 5 steel bolt loaded in double shear (i.e., the
bolt has two shear planes, as shown). The clamped plates are made of steel and have
clean and dry surfaces. The bolt is to be tightened with a torque wrench to its full
proof load; that is, Fi = SpAt . What force F is the joint capable of withstanding?
(Note: This double shear bolt loading is the same as that on the pin in Figure 2.14.
It is assumed that the bolt and plates have adequate strength to prevent the other fail-
ure modes discussed in connection with Figures 2.14 and 2.15.)

SOLUTION

Known: A specified steel bolt clamps three steel plates and is loaded in double shear.

Find: Determine the force capacity of the joint.

1
2
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F
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2
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(a) (b)

Normal load, carried by
friction forces

Overload, causing shear failure

F

FIGURE 10.31
Bolt loaded in double shear.

Assumptions:
1. The bolt is tightened to its full proof load; that is, Fi = SpAt .

2. The bolt fails in double shear.

3. The bolt and plates have adequate strength to prevent other failure modes.

4. The wrench-torque variation is roughly ;30 percent.

5. There is a 10 percent initial loss in tension during the first few weeks of service
(see Section 10.7).

Analysis:
1. For the in.–13UNC grade 5 steel bolt, Table 10.1 gives At = 0.1419 in.2 and

Table 10.4 shows that Sp = 85 ksi. Specified initial tension is
Fi = SpAt = 85,000 psi * 0.1419 in.2 = 12,060 lb. But with a roughly esti-
mated ;30 percent torque-wrench variation and 10 percent initial-tension loss
during the first few weeks of service (see Section 10.7), a conservative assump-
tion of working value of Fi is about 7600 lb.

2. Reference 5 gives a summary (p. 78) of friction coefficients obtained with bolt-
ed plates. The coefficient for semipolished steel is approximately 0.3, and for
sand or grit-blasted steel approximately 0.5. Various paints, platings, and other
surface treatments can alter the coefficient markedly, usually downward. Here a
friction coefficient of 0.4 is assumed. This gives a force required to slip each of
the two interfaces of 7600 lb * 0.4 = 3040 lb. Thus, the value of F required to
overcome friction is estimated to be in the region of 6000 lb.

3. Although it is often desirable to limit applied load F to the value that can be
transmitted by friction, we should know the larger value of force that can be
transmitted through the bolt itself. For the two shear planes involved, this force
is equal to 2SsyA, where A is the area of the bolt at the shear planes—in this
case, p(0.5)2/4 = 0.196 in.2. Taking advantage of the fact that the distortion
energy theory gives a good estimate of shear yield strength for ductile metals,
we have Ssy = 0.58Sy = 0.58(92 ksi) = 53 ksi. Thus, for yielding of the two
shear planes, F = 2(0.196 in.2)(53,000 psi) = 21,000 lb.

1
2

Schematic and Given Data:

c10.qxd  7/4/11  10:23 PM  Page 447



448 Chapter 10 ■ Threaded Fasteners and Power Screws
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4. The estimated 21,000-lb load would bring the shear stress to the yield strength
over the entire cross section of the shear planes, and the very small amount of
yielding would probably result in losing most or all of the clamping and friction
forces. A further increase in load would cause total shear failure, as indicated in
Figure 10.31b. This total failure load is calculated as in step 3, except for replac-
ing Ssy with Sus. From Eq. 10.16, Sus L 74 ksi; the corresponding estimated
load is F = 29,000 lb.

Comment: Note that in Figure 10.31 the threaded portion of the bolt does not extend
to the shear plane. This is important for a bolt loaded in shear. Extending the thread to
the shear plane is conservatively considered to reduce the shear area to a circle equal
to the thread root diameter; in this case, A = p(0.4056)2/4 = 0.129 in.2, which is a
reduction of 34 percent.

SAMPLE PROBLEM 10.4
Select Bolts for Bracket Attachment, Assuming
Shear Carried by Friction

Figure 10.32 shows a vertically loaded bracket attached to a fixed member by three
identical bolts. Although the 24-kN load is normally applied in the center, the bolts
are to be selected on the basis that the load eccentricity shown could occur. Because
of safety considerations, SAE class 9.8 steel bolts and a minimum safety factor of 6
(based on proof strength) are to be used. Determine an appropriate bolt size.

SOLUTION

Known: Three SAE class 9.8 steel bolts with a specified safety factor are used to
attach a bracket of known geometry that supports a known vertical load.

Find: Determine an appropriate bolt size.

Schematic and Given Data:

Assumptions:
1. The clamped members are rigid and do not deflect with load.

2. The load tends to rotate the bracket about an axis through point A.

3. The shear loads are carried by friction.

FIGURE 10.32
Vertically loaded bracket sup-
ported by three bolts.
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Analysis:
1. With the assumptions of rigid clamped members and shear loads carried by fric-

tion, the eccentricity of the applied load has no effect on bolt loading. With the
bracket tending to rotate about an axis through point A, the strain (and hence the
load) imposed upon the two bolts D is four times that imposed upon bolt E. Let
FD and FE denote the tensile loads carried by bolts D and E. Summation of
moments about point A for the design overload of 24 kN(6) = 144 kN gives

or
FD = 87.27 kN

2. Class 9.8 steel has a proof strength of 650 MPa. Hence the required tensile
stress area is

Reference to Table 10.2 indicates the required thread size to be M16 * 2.

Comments:
1. Because of appearance, and to provide additional safety, a larger bolt size might

be selected.

2. As in Sample Problem 10.2, the bolt size required is independent of kb , kc , and
Fi , except for the fact that Fi must be large enough to justify the assumption that
shear forces are transmitted by friction. With an assumed coefficient of friction
of 0.4 and an initial tension (after considering tightening variations and initial
relaxation) of at least 0.55SpAt , compare the available shear friction force (using
16-mm bolts) with the applied shear overload:

which represents a margin of safety with respect to the 24-kN applied overload,
plus the rotational tendency caused by the overload eccentricity. The second
effect is dealt with in Sample Problem 10.5.

SAMPLE PROBLEM 10.5
Select Bolts for Bracket Attachment, 
Neglecting Friction and Assuming Shear Forces 
Are Carried by the Bolts

Repeat Sample Problem 10.4, except neglect the frictional forces.

SOLUTION

Known: Three SAE class 9.8 steel bolts having a specified safety factor are used to
attach a bracket of known geometry that supports a known vertical load.

= 67,500 N

= 3(0.55)(650 MPa)(157.27 mm2)(0.4)

 Available friction force = (3 bolts)(0.55 SpAt)F

At =
87,270 N

650 MPa
= 134 mm2

= 25FD + 400FD + 400FD = 825FD

 500(144) = 100FE + 400FD + 400FD
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FIGURE 10.33
Shear plane force and moment equilibrium for the bracket in
Figure 10.32.

Find: Select an appropriate bolt size.

Schematic and Given Data: See Sample Problem 10.4 and Figure 10.32.

Assumptions:
1. The shear forces caused by the eccentric vertical load are carried completely

by the bolts.

2. The vertical shear load is distributed equally among the three bolts.

3. The tangential shear force carried by each bolt is proportional to its distance
from the center of gravity of the group of bolts.

Analysis:
1. Neglecting friction has no effect on bolt stresses in the threaded region, where

attention was focused in Sample Problem 10.4. For this problem attention is
shifted to the bolt shear plane (at the interface between bracket and fixed plate).
This plane experiences the tensile force of 87.27 kN calculated in Sample
Problem 10.4 in addition to the shear force calculated in the following step 2.

2. The applied eccentric shear force of 24 kN(6) = 144 kN tends to displace the
bracket downward and also rotate it clockwise about the center of gravity of the
bolt group cross section. For three bolts of equal size, the center of gravity cor-
responds to the centroid of the triangular pattern, as shown in Figure 10.33.
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This figure shows the original applied load (dotted vector) replaced by an equal
load applied at the centroid (solid vector) plus a torque that is equal to the prod-
uct of the force and the distance it was moved. As assumed, each bolt carries
one-third of the vertical shear load, plus a tangential force (with respect to rota-
tion about the center of gravity) that is proportional to its distance from the cen-
ter of gravity. Calculations on the figure show this tangential force to be 37.1 kN
for each of the top bolts. The vector sum of the two shear forces is obviously
greatest for the upper right bolt. Routine calculation shows V = 81.5 kN.

3. The critical upper right bolt is thus subjected to a tensile stress, s = 87,270/A,
and a shear stress, t = 81,500/A. Substitution in the distortion energy equation
gives an equivalent tensile stress of

4. Equating this to the proof stress gives

Therefore,

A = 255 mm2

5. Finally,

Thus, a shank diameter of 18 mm is required.

Comment: In comparing this solution with that of Sample Problem 10.4, note that
for this particular case, shear plus tension in the bolt shear plane proved to be more
critical than tension alone in the threads.

10.11 Bolt (or Screw) Selection for Fatigue Loading: Fundamentals

Bolt fatigue involves fluctuating tension, commonly accompanied by a small amount
of alternating bending (as in Figure 10.29b). (Alternating shear loads are usually
reacted by clamping friction forces or by separate members such as dowel pins.)
This section involves the application of the principles and concepts of Chapter 8 to
bolts. Because of initial tightening tension, bolts inherently have high mean stress-
es. In addition, stress concentration is always present at the thread roots. These two
points are treated in Sections 8.9 and 8.11.

Table 10.6 gives approximate values of fatigue stress concentration factor Kf for
standard screws and bolts. Note that (1) rolled threads have lower values of Kf
because of work hardening and residual stresses and (2) hardened threads have high-
er values of Kf because of their greater notch sensitivity. For thread finishes of good
commercial quality, these values may be used with a surface factor CS of unity.

A =
pd2

4
,  or d = A4A

p
= A4(255)

p
= 18.03 mm

166,000

A
= Sp = 650 MPa

se = 2s2 + 3t2 =
1

A
2(87,270)2 + 3(81,500)2 =

166,000

A
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Section 10.4 and Figures 10.11 and 10.12 explained the tendency for most of the
bolt load to be carried by the threads nearest to the loaded face of the nut, and noted
that the degree to which the stresses were concentrated in this region was influenced
by the nut design. This is one reason why actual values of Kf may differ from those
given in Table 10.6.

10.11.1 Analysis of Bolt Fatigue Strength at High 
and Low Initial Tightening Tension

Figure 10.34 represents an analysis of the fatigue strength of an M10 * 1.5 bolt fab-
ricated from steel and having properties identical to those listed for SAE class 8.8 in
Table 10.5. The bolt is installed in a joint with kc = 2kb , and subjected to an exter-
nal load which fluctuates between 0 and 9 kN. The case 1 curves in Figure 10.34a
correspond to an initial tightening force of 10 kN. (Note that these curves are simi-
lar to those in Figure 10.27.) Each time the external load is applied, the bolt force
increases and the clamping force decreases, with the sum of the two effects being
equal to the external load of 9 kN. When the external load Fe is removed, the bolt
axial load Fb and the clamping force Fc revert to their initial value of 10 kN.

The case 2 curves correspond to a bolt initial tension equal to the full yield
strength (Fi = SyAt = 660 * 58.0 = 38,280 N L 38.3 kN). It must be understood
that this represents an extreme value that would never be specified. (The highest
specified initial tension would be the full proof strength—about 9 percent lower in
this case.) Following the procedures given in Chapter 8 (recall particularly Section
8.11 and Figure 8.27, and the treatment of yielding and residual stresses in Section
4.14 and Figures 4.42 and 4.43), the assumed idealized stress–strain curve in Figure
10.34b is used. With the bolt tightened to its full yield strength, all material in the
cross section is stressed to Sy . This means that any small additional bolt elongation
causes no increase in load; that is, the effective modulus of elasticity for an increased
load is not 207 GPa, but zero, and the associated bolt stiffness is also zero. Hence,
the first time joint-separating force Fe is applied, all of it is reacted by decreased
clamping force; none goes to increasing bolt load. This is shown in the top curves of
Figure 10.34a. When Fe is released, the bolt relaxes (shortens) slightly, and this
relaxation is elastic. Hence, corresponding changes in Fb and Fc are controlled by
the elastic values of kb and kc . Elastic bolt relaxation is reversible, which means that

TABLE 10.6 Fatigue Stress Concentration Factors Kf for Steel Threaded Members
(Approximate Values for Unified and ISO Threads)

a a

SAE Grade SAE Class Rolled Cut
Hardness (Unified Threads) (ISO Threads) Threads Threads

Below 200 Bhn 2 and below 5.8 and below 2.2 2.8
(annealed)

Above 200 Bhn 4 and above 8.8 and above 3.0 3.8
(hardened)

a With good commercial surfaces, use Cs = 1 (rather than a value from Fig. 8.13) when using these
values of Kf .

KfKf
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FIGURE 10.34
Bolt fatigue-loading example. M10 * 1.5 steel bolt tightened to two differ-
ent values of Fi . Elastic stiffnesses are such that kc = 2kb (rolled threads,
Kf = 3).
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the load can be reapplied without yielding. As the external load continues to cycle,
the bolt and clamping forces fluctuate, as shown by the case 2 curves.

Let us now determine the stress fluctuation at the critical thread root location for
cases 1 and 2. For case 1, initial tightening produces a computed thread root stress of

On initial application of the external load, Fb is increased to 13 kN, with an asso-
ciated elastically computed thread stress of 672 MPa. Slight yielding reduces
this stress to 660 MPa. The elastic reduction in stress when Fb is reduced to
10 kN is 155 MPa. Thus the fluctuation in thread root stress corresponds to the
case 1 line of Figure 10.34b. This is exactly the same fluctuation as shown for
case 2. In both cases the maximum stress corresponds to Sy and the minimum
stress results from an elastic relaxation during the removal of load. Hence, the
two cases are represented by the same point on a mean stress–alternating stress
diagram (point 2 on Figure 10.34c). The only difference between them is the
greater yielding that occurs during tightening and the initial application of load
in case 2.

Point 2 on Figure 10.34c applies to any value of initial tension between 10
and 38.3 kN. If the initial tension exceeds 12.8 kN, the thread root stress reach-
es point 1 upon initial tightening. Point 3 shows the thread root stress after exter-
nal loading is discontinued (i.e., machine shut down). The difference between
points 1 and 3 is caused by bolt yielding during the initial application of Fe .
When the machine operation resumes, the thread root “operating point” moves
from 3 back to 2.

The safety factor with respect to eventual fatigue failure is 139/73, or 1.9,
because an overload to failure would have to increase the alternating stress to
139 MPa (point 4) in order to reach the infinite-life Goodman line. Point 4 corre-
sponds to an external load fluctuation between zero and 1.9 times 9 kN, or 17.1 kN.

s =
Fi
At
Kf =

10,000 N

58.0 mm2 (3) = 517 MPa

A
lt
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FIGURE 10.34 (Continued)
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Note that with case 1 initial tightening, this overload would not be possible because
the clamping force would drop to zero and the joint members would separate

With case 2 initial tightening, the joint retains a large 
clamping force with this overload (Fc = 38.3 - 17.1 = 21.2 kN).

It is important to remember that actual bolt fatigue performance will deviate
somewhat from that indicated by the foregoing analysis because of deviations of the
actual stress–strain curve from the assumed idealized curve.

10.11.2 Advantages of High Initial Bolt Tension

Although tightening bolts to full yield strength should not be specified (primarily
because of the possibility of going too far beyond this point when tightening the
bolt), it is desirable to specify tightening to the full proof strength (i.e., Fi = SpAt),
where sufficiently close control over the tightening operation can be maintained. The
advantages of tightening this tightly are

1. The dynamic load on the bolt is reduced because the effective area of the
clamped members is larger. (The greater the initial tightening, the more inti-
mately in contact the clamped surfaces remain during load cycling, particularly
when considering the effect of load eccentricity, as illustrated in Figure 10.29b.)

2. There is maximum protection against overloads which cause the joint to separate.

3. There is maximum protection against thread loosening (see Section 10.8).

It is important to recognize that the small amount of thread root yielding that
occurs when bolts are tightened to the full proof load is not harmful to any bolt mate-
rial of acceptable ductility. Note, for example, that all the steels listed in Tables 10.4
and 10.5 have an area reduction of 35 percent.

SAMPLE PROBLEM 10.6 Importance of Initial Tension on Bolt Fatigue Load
Capacity

Figure 10.35a presents a model of two steel machine parts clamped together with a
single in.–13 UNC grade 5 bolt with cut threads and subjected to a separating force
that fluctuates between zero and Fmax. What is the greatest value of Fmax that would
give infinite bolt fatigue life (a) if the bolt has no initial tension and (b) if the bolt is
initially tightened to its full proof load?

SOLUTION

Known: Two plates of specified thickness are clamped together with a given bolt,
and the assembly is subjected to a zero to Fmax fluctuating force of separation. The
assembly is to have infinite life (a) if the bolt has no initial tension and (b) if the bolt
is preloaded to its full proof load.

Find: Determine Fmax for cases a and b.

1
2

(Fc = 10 - A23 B (17.1) 6 0).
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Schematic and Given Data:
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FIGURE 10.35
Bolted plates with fluctuating separating force.

Assumptions:
1. The bolt threads extend only slightly above the nut, and the bolt shank has a

in. diameter over its entire length.

2. The two steel machined plates have smooth flat surfaces, and there is no gasket
between them.

3. The effective area of the clamped members can be approximated as per
Figure 10.28.

Analysis:
1. A sm–sa diagram is routinely constructed in Figure 10.35c. For case a the only

stresses are due to the fluctuating load, with

(Units are pounds and inches.)

sm = sa =
Fmax

2At
Kf =

Fmax

2(0.1419)
(3.8) = 13.39Fmax

1
2
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2. For borderline infinite fatigue life, Figure 10.35c shows

sm = sa = 37,000 psi

Therefore, 13.39Fmax = 37,000, or (after rounding off)

Fmax = 2760 lb

3. For case b, the initial tension is

Fi = SpAt = (85,000)(0.1419) = 12,060 lb

4. If the steel plates as assumed have smooth, flat surfaces, and there is no gasket
between them, kb and kc are simply proportional to Ab and Ac (see Eq. 10.14).
With the assumptions that the bolt threads extend only slightly above the nut,
and that the bolt shank is in. in diameter over its full length,

Using Figure 10.28 to estimate Ac , we have

Thus,

which means that only 14 percent of the external load fluctuation is felt by the
bolt (86 percent goes to decreasing clamping pressure).

5. The alternating bolt load is half of the peak-to-peak load fluctuation, or
0.07Fmax. Thus the alternating bolt stress is

6. With Fi = SpAt = 12,060 lb, external loads up to a little over 12,060 lb will not
cause joint separation. Hence, Fmax = 12,060 lb is just satisfactory if the alter-
nating bolt stress does not cause fatigue failure. For Fmax = 12,060 lb,

sa = 1.88Fmax = 1.88(12,060) = 22,670 psi

Figure 10.35c shows that this point is just below the infinite-life Goodman line
(sa could go as high as 23 ksi). Hence, the answer for case b is (rounded off):
Fmax = 12,000 lb, or times the value for case a.4 1

2

sa =
Fa
At
Kf =

0.07Fmax

0.1419
(3.8) = 1.88Fmax

kb
kb + kc

=
Ab

Ab + Ac
=

0.196

0.196 + 1.19
= 0.14

=
p

16
C5 A12 B2 + 6 A12 B (2)(0.577) + (2)2(0.333) D = 1.19 in.2

Ac =
p

16
(5d2 + 6dg tan 30° + g2 tan2 30°)

Ab =
p

4
d2 =

p

4
A12 in. B2 = 0.196 in.2

1
2
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10.12 Bolt Selection for Fatigue Loading: Using Special Test Data

The procedures of the preceding section indicated that for any reasonable bolt tight-
ening (causing yielding at least at the thread root, but not going beyond the full proof
strength), the alternating load capacity of the bolt is independent of initial tighten-
ing. Tests confirm that this is generally true unless higher values of initial bolt ten-
sion cause significantly greater stiffnesses of clamped members [3,4,11].

The intersection points corresponding to the fatigue-limited alternating bolt
stress (point 4 in Figure 10.34c) for various bolt steels indicate that the allowable
alternating stress does not increase with ultimate strength; rather, it remains about
constant. This, too, has generally been confirmed by testing. For example,
Table 10.7, discussed later, makes no distinction between steels with ultimate
strengths of 120 and 260 ksi.

Despite the points of general verification just discussed, determination of the
allowable alternating load for bolts by the procedures used in the previous section is
clearly very rough. The fatigue-limiting intersection point (point 4 in Figure 10.34c)
is highly influenced by small variations in the value taken for Sy . (Note that if Sp
were used instead, a much higher fatigue strength would be indicated.) Assuming a
sharp-cornered idealized stress–strain curve is of questionable validity in this case.
Furthermore, the Goodman line is assumed valid for a stress variation far removed
from the only fatigue test point (zero mean stress) used as its basis. Similarly, the use
of average values of Kf (Table 10.6) cannot always reflect accurately the influence
of thread profile, thread surface finish and treatment, and design of the mating
threaded member.

In order to provide a much more accurate basis for designing critical fatigue-
loaded connections and for selecting appropriate high-strength bolts, extensive fatigue
tests of bolted connections have been made. Some of the results are summarized in
Table 10.7, which gives fatigue-limited alternating nominal stresses for several bolts
when properly installed with the corresponding specified nuts.

TABLE 10.7 Fatigue Strength of Tightened Bolts, Sa

Alternating
Nominal
Stressa Sa

Thread Thread
Material Rolling Finish ISO ksi MPa

Steel, Su = 120–260 ksi Before H.T. Phosphate and oil Standard 10 69

Steel, Su = 120–260 ksi After H.T. Phosphate and oil Standard 21 145

Steel, Su = 120–260 ksi After H.T. Cadmium plate Standard 19 131

Steel, Su = 120–260 ksi After H.T. Phosphate and oil Specialb 26 179

Steel, Su = 120–260 ksi After H.T. Cadmium plate Specialb 23 158

Titanium, Su = 160 ksi Standard 10 69

Titanium, Su = 160 ksi Specialb 14 96

a Alternating nominal stress is defined as alternating bolt force/At , 50 percent probability of failure, bolt
sizes to 1 in. or 25 mm [3,4,11].
b SPS Technologies, Inc. “Asymmetric” thread (incorporates large root radius). (The fillet under the bolt
head must be rolled to make this region as strong in fatigue as the thread.)
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Fe

"O-ring" gasket

250 mm

Aluminum cover plate,
E = 70 GPa

Cast-iron cylinder,
E = 100 GPa

Class 8.8
steel bolt

350 mm

g/2

g/2

FIGURE 10.36
Bolted pressure vessel flange.

In view of the fact that the allowable alternating load capacity of a 120-ksi
ultimate-strength bolt tightened to half its proof load is about the same as that of
a 260-ksi bolt tightened to its full proof load, we might be tempted to conclude that
the two are equivalent for fatigue applications. This is decidedly not the case.
Actually, the key to designing modern successful fasteners for critical fatigue
application is maximizing initial tension (that is, using very high-strength bolts
tightened to very nearly their full proof strength). As previously mentioned,
increased initial tension (1) usually increases the stiffness of clamped members
(which reduces bolt fluctuating stress), (2) gives greater insurance against joint
separation, and (3) increases resistance to thread loosening. Furthermore, increas-
ing initial tension with bolts that are relatively small but highly stressed reduces
bolt stiffness (further reducing bolt fluctuating stress). Smaller bolts may permit
the size and weight of associated parts to be reduced.

SAMPLE PROBLEM 10.7 Selection of Pressure Vessel Flange Bolts

The flanged joint in Figure 10.36 involves a cylinder internal diameter of 250 mm, a
bolt circle diameter of 350 mm, and an internal gage pressure that fluctuates rapidly
between zero and 2.5 MPa. Twelve conventional class 8.8 steel bolts with threads
rolled before heat treatment are to be used. The cylinder is made of cast iron
(E = 100 GPa) and the cover plate of aluminum (E = 70 GPa). Construction details
are such that the effective clamped area Ac can conservatively be assumed equal to
5Ab . The clamped thicknesses of the cast iron and aluminum members are the same.
For infinite fatigue life with a safety factor of 2, determine an appropriate bolt size.
Assume that after a period of operation, the initial tension may be as low as 0.55SpAt .

SOLUTION

Known: An aluminum cover plate of specified bolt circle diameter is bolted to a
cast-iron cylinder of given internal diameter wherein the internal gage pressure fluc-
tuates between known pressures. Twelve class 8.8 steel bolts with rolled threads
clamp an area of five times the bolt cross-sectional area. An infinite fatigue life with
a safety factor of 2 is desired.

Find: Select an appropriate bolt size.

Schematic and Given Data:
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Assumptions:
1. The load is shared equally by each of the 12 bolts.

2. Table 10.7 lists the fatigue strength for the bolt material.

3. The bolt tensile stress is computed using the stress area, which is based on the
average of the pitch and root diameters.

4. The initial bolt tension may be as low as 0.55SpAt after a period of operation.

Analysis:
1. The total value of Fc at the design overload (normal load times safety factor) is

which, divided among 12 bolts, gives 20.5 kN per bolt.

2. Stiffness kc is the resultant of two “springs” in series (let the cast iron be
“spring” 1 and the aluminum “spring” 2), for which Eq. 10.15 applies:

Here

and

Substituting gives

From Eq. 10.14, we have

which leads to

kc/kb = 2.06

From Eq. i, the increased bolt force is

The alternating force is Fa = ¢Fb/2 = 3383 N.

¢Fb =
kb

kb + kc
Fe = a 1

1 + 2.06
b (20,500) = 6766 N

kb =
AbEb
g

=
Ab(200)

g

kc =
k1k2

k1 + k2
=

412Ab
g

k2 =
A2E2

L2
=

5Ab(70)

g/2

k1 =
A1E1

L1
=

5Ab(100)

g/2

1

kc
=

1

k1
+

1

k2

p

4
d2pmax =

p

4
(250 mm)2(5.0 MPa) = 245.4 kN
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3. Let us use the fatigue strength data in Table 10.7. For this bolt material, the table
lists 69 MPa as the fatigue-limiting value of alternating nominal stress. The
actual value of alternating nominal stress is

Hence, the required value of At is 3383/69 = 49 mm2.

4. From Table 10.2, select the next larger standard size: M10 * 1.5 with
At = 58.0 mm2.

5. The minimum initial clamping force is given as 0.55SpAt = (0.55)(0.600 GPa)
(58.0 mm2) = 19.2 kN. Since 33 percent of the applied 20.5-kN load con-
tributed to bolt tension, the remaining 67 percent (i.e., 13.7 kN) will decrease
clamping force, thereby leaving a minimum clamping force of 5.5 kN.

Comment: The ratio of bolt spacing to bolt diameter in this problem came out to
350p/(12 * 10) or 9.16. Empirical guidelines sometimes used are that this ratio
should be (a) less than 10 to maintain good flange pressure between bolts and
(b) greater than 5 to provide convenient clearance for standard wrenches.

The preceding problem was based on the use of a captive O-ring gasket
(Figure 10.36). With an ordinary gasket (as in Figure 10.25, except not nearly so thick),

1. Flange rigidity and the spacing between successive bolts are more critical, for
sealing effectiveness is controlled by the lowest clamping pressure, midway
between bolts.

2. The stiffness of the clamped members, kc , is much less, thus imposing much
greater alternating stresses on the bolts.

3. Clamping force Fc must be maintained great enough for sealing when Fmax is
applied, whereas the captive O-ring gasket requires only that Fc 7 0. (On the
other hand, the captive O-ring gasket is more costly because of the need to
machine an accurate groove, and the pliable material of the O-ring may be less
resistant to heat, age, and chemical attack.)

10.13 Increasing Bolted-Joint Fatigue Strength

It may be helpful at this point to bring together a list of the various ways by which
we can improve bolt (and screw) fatigue strength.

1. Modify stiffnesses to decrease the portion of the external load that increases
bolt tension.

a. Increase kc by using higher modulus materials, flat and smooth mating sur-
faces (without gaskets in between), and greater area and thickness of plates in
compression. (Note in Figure 10.28 how increasing grip can increase Ac .)

sa =
Fa
At

=
3383

At
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b. Decrease kb by securing the desired clamping force with smaller bolts of
greater strength and by fully utilizing the material strength through more pre-
cise control of initial tensioning. Another effective means of reducing kb is to
reduce the shank area, as in Figures 7.10b, 7.11, and 10.13. Ideally, the shank
should be reduced with a very large radius fillet so that stresses in this fillet
are very nearly as high as stresses in the critical thread root. Reducing the
bolt modulus of elasticity helps too, of course, if this can be done without
losing material fatigue strength.

2. Modify the nut (or other female threaded member) to equalize the load carried
by the several threads in contact (Figure 10.12), and be sure that the number of
threads in contact is adequate.

3. Reduce the thread root stress concentration by using a larger root radius.

a. A U.S. government standard developed for military aircraft, MIL-B-7838,
calls for modifying the basic profile of the external thread given in
Figure 10.2 by using a 0.144p thread root fillet radius. This form is used in
some industrial fasteners and in most aerospace tension bolts up to 180-ksi
tensile strength.

b. Standard MIL-S-8879 specifies a fillet radius of 0.180p, which is used with
aerospace bolts of 180-ksi tensile strength and higher. (Obviously, these spe-
cial bolt materials go beyond the SAE grade listing of Table 10.4. Ultrahigh-
strength steel bolts have tensile strengths of 220 and 260 ksi.)

c. Exotic aerospace bolts of columbium, tantalum, beryllium, and other highly
notch-sensitive materials sometimes use fillet radii of 0.224p, and even 0.268p.

A limiting factor to the use of fillets with very large radii is the associated
reduction in thread depth. However, when difficult bolt fatigue problems are
encountered, it is well to consider going to a fillet radius of at least 0.144p.

4. Use a material of highest practical proof strength in order to obtain maximum
initial tension.

5. Use tightening procedures that ensure values of Fi as close as possible to AtSp .

6. Be sure that the threads are rolled rather than cut and that threads are rolled
after heat treatment.3 The greater the strength, the more important it is to roll
after hardening. This has been experimentally verified for tensile strengths as
high as 300 ksi.

7. After reducing stress concentration and strengthening the thread as much as
possible, be sure that the fillet radius under the bolt head is sufficient to avoid
failures at this point. Cold-roll this fillet if necessary (see Section 8.14).

8. Minimize bolt bending (Figure 10.29).

9. Guard against partial loss of initial tension in service because threads loosen or
materials take a permanent set. Retighten bolts as necessary. Also take steps to
ensure proper tightening when bolts are replaced after being removed for ser-
vicing, and to replace bolts before they yield objectionably because of repeated
retightening.

3 Ordinary heat-treated bolts are rolled before heat treatment to reduce cost.
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FIGURE P10.1
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Section 10.3

10.1 A special C-clamp uses a 0.5-
in.-diameter Acme thread and
a collar of 0.625-in. effective
mean diameter. The collar is
attached rigidly to the top end
of the externally threaded
member. Determine the force
required at the end of the 6-
in. handle to develop a 150-lb
clamping force. (See Figure
P10.1.)

10.2 A screw jack with a 1-in. double-thread Acme screw is used to raise a load of
4000 N. A plain thrust collar of 50-mm mean diameter is used. Coefficients of run-
ning friction are estimated as 0.12 and 0.09 for f and fc , respectively.
(a) Determine the screw pitch, lead, thread depth, mean pitch diameter, and

helix angle.
(b) Estimate the starting torque for raising and for lowering the load.
(c) Estimate the efficiency of the jack when raising the load.

10.3 A square-threaded power screw with single thread is used to raise a load of 25,000 lb.
The screw has a mean diameter of 1 in. and four threads per inch. The collar mean
diameter is 1.5 in. The coefficient of friction is estimated as 0.1 for both the thread
and the collar.

References

Problems

1/2-in. Acme-thread
dc = 1 in.

Block

6 in.
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(a) What is the major diameter of the screw?

(b) Estimate the screw torque required to raise the load.

(c) If collar friction is eliminated, what minimum value of thread coefficient of fric-
tion is needed to prevent the screw from overhauling?

[Ans.: (a) 1.125 in., (b) 4138 lb # in., (c) 0.08]

10.4 A double-threaded Acme stub screw of 2-in. major diameter is used in a jack having
a plain thrust collar of 2.75-in. mean diameter. Coefficients of running friction are
estimated as 0.10 for the collar and 0.11 for the screw.

(a) Determine the pitch, lead, thread depth, mean pitch diameter, and helix angle
of the screw.

(b) Estimate the starting torque for raising and for lowering a 3500-lb load.

(c) If the screw is lifting a 3500-lb load at the rate of 4 ft/min, what is the screw
rpm? What is the efficiency of the jack under this steady-state condition?

(d) Would the screw overhaul if a ball thrust bearing (of negligible friction) were
used in place of the plain thrust collar?

10.5 A square-threaded power screw with single thread is used to raise a load of 12,500 lb.
The screw has a mean diameter of 1 in. and four threads per inch. The collar mean
diameter is 1.5 in. The coefficient of friction is estimated as 0.1 for both the thread
and the collar.

(a) What is the major diameter of the screw?

(b) Estimate the screw torque required to raise the load.

(c) If collar friction is eliminated, what minimum value of thread coefficient of fric-
tion is needed to prevent the screw from overhauling?

[Ans.: (a) 1.125 in., (b) 2069 lb # in., (c) 0.08]

10.6 A screw jack with a 1-in. double-thread
Acme screw is used to raise a load of
10,000 lb. A plain thrust collar of 2.0 in.
mean diameter is used. Coefficients of
running friction are estimated as 0.13
and 0.10 for f and fc , respectively. (See
Figure P10.6.)

(a) Determine the screw pitch, lead,
thread depth, mean pitch diame-
ter, and helix angle.

(b) Estimate the starting torque for
raising and for lowering the load.

(c) Estimate the efficiency of the jack
when raising the load.

10.7 A square-threaded power screw with single thread is used to raise a load of 13,750 lb.
The screw has a mean diameter of 1 in. and four threads per inch. The collar mean
diameter is 1.75 in. The coefficient of friction is estimated as 0.1 for both the thread
and the collar.

(a) What is the major diameter of the screw?

(b) Estimate the screw torque required to raise the load.

(c) If collar friction is eliminated, what minimum value of thread coefficient of
friction is needed to prevent the screw from overhauling?

a

f = 0.13

 fc = 0.10

1-in. double-thread
Acme screw

dc = 2.0 in.

Weight = 10,000 lb

Force F

FIGURE P10.6
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10.8 A double-threaded Acme stub screw of 2-in. major diameter is used in a jack having
a plain thrust collar of 2.5-in. mean diameter. Coefficients of running friction are
estimated as 0.10 for the collar and 0.11 for the screw.

(a) Determine the pitch, lead, thread depth, mean pitch diameter, and helix angle
of the screw.

(b) Estimate the starting torque for raising and for lowering a 5000-lb load.

(c) If the screw is lifting a 5000-lb load at the rate of 4 ft/min, what is the screw
rpm? What is the efficiency of the jack under this steady-state condition?

(d) Would the screw overhaul if a ball thrust bearing (of negligible friction) were
used in place of the plain thrust collar?

10.9 A jack similar to the ones shown in Figure 10.5 uses a single square-thread screw to
raise a load of 50 kN. The screw has a major diameter of 36 mm and a pitch of 6 mm.
The thrust collar mean diameter is 80 mm. Running friction coefficients are estimated
to be 0.15 for the screw and 0.12 for the collar:

(a) Determine the thread depth and helix angle.

(b) Estimate the starting torque for raising and lowering the load.

(c) Estimate the efficiency of the jack for raising the load.

(d) Estimate the power required to drive the screw at a constant one revolution
per second.

10.10 An ordinary C-clamp uses a Acme 
thread and a collar of mean diameter.
Estimate the force required at the end of a 
5-in. handle to develop a 200-lb clamping
force. (See Figure P10.10.)

5
8-in.

1
2-in.

5 in.

1/2 in. Acme thread
dc = 5/8 in.

Block

FIGURE P10.10

10.11 Two identical 3 in. major-diameter power screws (single-threaded) with modified
square threads are used to raise and lower a 50-ton sluice gate of a dam. Quality of
construction and maintenance (including lubrication) are good, resulting in an esti-
mated friction coefficient of only 0.1 for the screw. Collar friction can be neglected,
as ball thrust bearings are used. Assuming that, because of gate friction, each screw
must provide a lifting force of 26 tons, what power is required to drive each screw
when the gate is being raised at the rate of 3 ft/min? What is the corresponding rotat-
ing speed of the screws?

10.12 List other applications of ball-bearing screws in addition to those listed in Section 10.3.5.

10.13 Referring to Sample Problem 10.1, determine the minimum coefficient of friction
where the screw will be self-locking. Ignore collar friction.

Sections 10.4–10.8

10.14 An expensive machine used in the fabrication of silicon computer chips requires that
water be supplied for manufacturing purposes. The machine is designed and manu-
factured in Japan and installed in Texas. The on-site installation requires that a
plumber connect the machine to a plant water source with copper pipe, metal fixtures,
and a plastic coupling nut. A few days after installation, the nut fractures along a
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thread near a transition (stress concentration) and sprays water on the machine. The
machine sustains extensive water damage during the incident. The installation
instructions for the machine did not include specific directions, specifications, or
warnings on installing the water supply system. Comment on the use of copper tub-
ing, metal connectors, and a plastic coupling nut much like what you might find to
connect a toilet to a home water supply.

10.15D Study the various types of commercially available locknuts. Give examples for each of the
following classes: (1) pins, keys, tabs, safety wire, (2) deformed threads, (3) secondary
spring elements, (4) frictional interference, and (5) free spinning until seated.

10.16 Calculate the nominal values of torsional, axial, thread bearing, and thread shear
stresses under starting conditions for the power screws in Problems (a) 10.3, (b) 10.8,
(c) 10.9, (d) 10.10, and (e) 10.11. Assume in each case that the length of thread
engagement is 1.5 times the outside diameter of the screw.

10.17D Examine and sketch several fasteners used in vending machines, computers, televi-
sion sets, and other items that prevent or resist unauthorized removal.

10.18D Study the various types of commercially available locknuts. Develop a list of ten factors
that should probably be considered in selecting the class of locknut that should be used.

10.19D Review the web site http://www.nutty.com, and list the different kinds of (a) nuts, (b) bolts,
and (c) washers. Comment on how to evaluate the products promoted on a web site.

10.20D Review the web site http://www.boltscience.com. Check the information section and
review the information related to bolted joint technology.

(a) Is vibration the most frequent cause of bolt/nut loosening? If not, what is the
most frequent cause of loosening?

(b) What are three common causes of relative motion in threads?

(c) Can conventional spring lock washers be used to prevent self-loosening when
bolts without lock washers would loosen because of relative motion?

(d) What is prevailing torque?

(e) What are direct tension indicators?

Comment on how to evaluate the integrity of information provided by a web site.

Section 10.9

10.21 Let two parts be connected with a bolt as in Figure 10.24. The clamped-member
stiffness is six times the bolt stiffness. The bolt is preloaded to an initial tension of
1100 lb. The external force acting to separate the joint fluctuates between 0 and
6000 lb. Make a plot of force versus time showing three or more external load fluc-
tuations and corresponding curves showing the fluctuations in total bolt load and
total joint clamping force.

10.22 Repeat Problem 10.21, except that kc = 3kb .

10.23 Let the bolt in Figure P10.23 be
made from cold-drawn steel. The
bolt and the clamped plates are of
the same length. Assume that the
threads stop immediately above the
nut. The clamped steel plates have
a stiffness kc six times the bolt stiff-
ness kb . The load fluctuates contin-
uously between 0 and 8000 lb.

                 Fe = 0 to 8,000 lb
kc = 6kb

Fe

Fe

FIGURE P10.23
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(a) Find the minimum required value of initial preload to prevent loss of compres-
sion of the plates.

(b) Find the minimum force in the plates for the fluctuating load when the preload is
8500 lb.

10.24 Repeat Problem 10.23, except that kc = 4kb .

10.25 The cylinder head of a piston-type air compressor is held in place by ten bolts. The
total joint stiffness is four times total bolt stiffness. Each bolt is tightened to an ini-
tial tension of 5000 N. The total external force acting to separate the joint fluctuates
between 0 and 20,000 N. Assume that the bolt size and material are such that the bolt
load remains within the elastic range. Draw a graph (plotting force versus time)
showing three or four external load fluctuations, and corresponding curves showing
the fluctuations in total bolt load and total joint clamping force.

10.26 Repeat Problem 10.25, except that the external joint separating force varies between
10,000 and 20,000 N.

10.27 Two parts of a machine are held together by bolts that are initially tightened to
provide a total initial clamping force of 10,000 N. The elasticities are such that
kc = 2kb .

(a) What external separating force would cause the clamping force to be reduced to
1000 N (assume that the bolt remains within its elastic range)?

(b) If this separating force is repeatedly applied and removed, what are the values
of the mean and alternating forces acting on the bolts?

10.28 Let two parts be connected with a bolt as in Figure 10.24. The bolt is tightened ini-
tially to provide an initial clamping force of 2000 lb. The stiffnesses are such that kc
is five times kb .

(a) What external separating force would cause the clamping force to be reduced to
500 lb? (Assume that the bolt remains within its elastic range.)

(b) If this separating force is repeatedly applied and removed, what are the values
of the mean force and the alternating force acting on the bolts?

10.29 Repeat Problem 10.28, except that kc = 6kb .

10.30 Drawings 1 and 2 of Figure P10.30 are identical except for placement of the spring
washer. The bolt and the clamped members are “infinitely” rigid in comparison with
the spring washer. In each case the bolt is initially tightened to a force of 10,000 N
before the two 1000-N loads are applied.

(a) For both arrangements draw block A as a free body in equilibrium.

(b) For both arrangements draw a bolt-force-versus-time plot for the case involving
repeated application and removal of the 1000-N external loads.

(1)

1000 N

Spring
washer

1000 N

(2)

1000 N1000 N

A
A

Spring washer

FIGURE P10.30
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Section 10.10

10.33 Two parts of a machine are held together by bolts, each of which carries a static ten-
sile load of 3100 N.

(a) What size of class 5.8 coarse-thread metric bolt is required using a safety fac-
tor of 4 (based on proof strength)?

(b) What is the least number of threads that must be engaged for the thread shear
strength to be equal to the bolt tensile strength if the nuts are made of steel
whose yield and proof strengths are 70 percent those of the bolt steel?

10.34D Repeat Sample Problem 10.2, except that the static load is 33 kN.

10.35 Repeat Sample Problem 10.3, except use a 1-in.–12 UNF grade 5 steel bolt.

10.36 Repeat Sample Problem 10.4, except that the safety factor is 10.

10.37 Repeat Sample Problem 10.5, except that the safety factor is 10.

10.38 The bolts that attach a bracket to an industrial machine must each carry a static ten-
sile load of 4 kN.

(a) Using a safety factor of 5 (based on proof strength), what size of class 5.8
coarse-thread metric bolts is required?

(b) If the nuts are made of a steel with two-thirds the yield strength and proof
strength of the bolt steel, what is the least number of threads that must be
engaged for the thread shear strength to be equal to the bolt tensile strength?

[Ans.: (a) M10 * 1.5, (b) 4.3]

10.39 What size of UNF bolt made from SAE grade 5 steel is needed to carry a static ten-
sile load of 3000 lb with a safety factor of 4 based on proof strength? If this bolt is
used with a nut made of steel corresponding to SAE grade 2 specifications, what is
the least number of threads that must be engaged for the thread shear yield strength
to be equal to the bolt tensile yield strength?

10.40 A SAE grade 5, UNF bolt carries a static tensile load of 2000 lb with a safety factor
of 5 based on proof strength. The bolt is used with a nut made of steel of SAE grade
1 specifications.

(a) What size of bolt is required?

(b) What is the least number of threads that must be engaged for the thread shear
strength to be equal to the bolt tensile strength?

10.41 A gear reducer weighing 2000 lb is lifted through a steel eye bolt.

(a) For a safety factor of 10, what size of SAE grade 5 steel bolt should be selected?

(b) What minimum number of threads should be engaged in the gear reducer hous-
ing if the housing has only 50 percent the yield strength of the bolt steel?

FIGURE P10.32D

10.31 For Problem 10.30 and drawings 1 and 2 of Figure P10.30, plot Fb and Fc versus Fe .

10.32D Figure P10.32D shows an idea for reducing
the fluctuating load in a connecting rod bolt.
Will it work? Explain, briefly.
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10.42 Figure P10.42 shows a pressure vessel with a gasketed end plate. The internal pres-
sure is sufficiently uniform that the bolt loading can be considered static. The gasket
supplier advises a gasket clamping pressure of at least 13 MPa (this includes an
appropriate safety factor) to ensure a leak-proof joint. To simplify the problem, you
may neglect the bolt holes when calculating gasket area.

(a) If 12-, 16-, and 20-mm bolts that have coarse threads and are made of SAE class
8.8 or 9.8 steel (whichever is appropriate) are to be used, determine the number
of bolts needed.

(b) If the ratio of bolt spacing to bolt
diameter should not exceed 10 in
order to maintain adequate flange
pressure between bolts, and if this
ratio should not be less than 5 in order
to provide convenient clearance for
standard wrenches, which of the bolt
sizes considered gives a satisfactory
bolt spacing?

[Ans: (a) 13, 7, and 5; (b) 16 and 20 mm]

10.43 Repeat Problem 10.42 except that the gasket clamping pressure is 10 MPa.

10.44D An industrial motor weighing 22 kN is to be provided with a steel eye bolt for use
when it is lifted.

(a) What size of class 8.8 steel bolt would you recommend? Explain briefly your
choice of safety factor.

(b) If the housing into which the bolt is threaded has only half the yield strength of
the bolt steel, what minimum number of threads should be engaged?

Section 10.11

10.45 A bolt made of steel with assumed idealized stress-strain curve is initially tightened
to its full yield strength (i.e., Fi = AtSy) of 80 kN. Elasticities are such that kc = 3kb .
Figure P10.45 shows a plot of load versus time which covers initial tightening, light-
load operation, heavy-load operation, light-load operation, and finally, load off.

(a) Copy the figure and complete the curves for bolt force and clamping force.

(b) After the preceding loading experience, the bolt is removed from the machine.
Make a simple drawing showing the shape of the residual-stress curve in a
threaded section of the bolt.

280 mm

140 mm

230 mm

FIGURE P10.42
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470 Chapter 10 ■ Threaded Fasteners and Power Screws

10.46 A grade 5, 1-in. UNF bolt has rolled threads and is used to clamp two rigid members
together so that kc = 4kb. In keeping with the fatigue treatment of ductile members given
in Chapter 8, assume that the material has an idealized stress–strain curve, with a “square
corner” at the yield strength (not the proof strength). There is a force tending to separate
the members that fluctuates rapidly between 0 and 20,000 lb. The construction and pre-
cision of manufacture are such that there is a possibility of slight bolt bending. Two val-
ues of initial tension are to be investigated: (1) the normal value that a mechanic might
tend to apply (Eq. e in Section 10.7) and (2) the theoretical limiting value of AtSy.

(a) Make a force-versus-time plot (like that in Figure 10.34a) showing the fluctu-
ating external load, bolt force, and fluctuating clamping force for each of the
two values of initial tension. Begin the plot with initial tightening, show about
three load cycles, and conclude with load off.

(b) Estimate the safety factor corresponding to each of the values of initial tension,
where failure is considered to be either eventual fatigue fracture or opening of
the joint (the clamping force drops to zero).

[Ans.: (b) Approximately 1.0 for case 1; 2.0 for case 2]

10.47 A grade 7, UNF bolt with rolled threads is used in a joint having a soft gasket
for which the clamped member stiffness is only half the bolt stiffness. The bolt ini-
tial tension corresponds to Fi = 16,000d, d in inches. During operation, there is an
external separating force that fluctuates between 0 and P. For this application there
is negligible bending of the bolts.

(a) Estimate the maximum value of P that would not cause eventual bolt fatigue failure.

(b) Estimate the maximum value of P that would not cause joint separation.

[Ans.: (a) Approximately 5600 lb, (b) 36,000 lb]

10.48 The cap of an automotive connecting rod is secured by two class 10.9, M8 * 1.25
bolts with rolled threads. The grip and unthreaded length can both be taken as
16 mm. The connecting rod cap (the clamped member) has an effective cross-sec-
tional area of 250 mm2 per bolt. Each bolt is
tightened to an initial tension of 22 kN. The
maximum external load, divided equally
between the bolts, is 18 kN.

(a) Estimate the bolt-tightening torque
required.

(b) What is the maximum total load per
bolt during operation?

(c) Figure P10.48 shows free-body dia-
grams for zero load. Make a similar
pair of free-body diagrams when the
maximum load of 18 kN is pushing
downward on the center of the cap.

(d) What is the safety factor (factor by
which the 18-kN load could be multi-
plied) for fatigue? Assume an idealized
stress–strain curve based on Sy .
[Ans.: (a) 35 N # m, (b) 23.5 kN,
(d) approximately 1.0]

10.49 Two grade 8.8 bolts with M20 * 2.5 rolled threads are used to attach a pillow block
similar to the one shown in Figure 10.30. The bolts are initially tightened in accor-
dance with Eq. 10.11a. Joint stiffness is estimated to be three times bolt stiffness.

3
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FIGURE P10.48
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Bolt bending may be assumed negligible. During operation the external load tending
to separate the pillow block from its support varies rapidly between 0 and P.

(a) Estimate the maximum value of P that would not cause eventual fatigue failure
of the bolts. (Assume an idealized stress–strain curve based on Sy .)

(b) Show on a mean stress-alternating stress diagram points representing thread
root stresses: (1) just after initial tightening, (2) during operation with the load
fluctuating between 0 and P/2 (i.e., using your value of P and a safety factor of
2), and (3) with the machine shut down after operating with the 0 to P/2 load.

[Ans.: (a) Approximately 183 kN]

10.50 Two aluminum plates, which are part of an aircraft structure, are held together by a
grade 7, UNF bolt. The effective area of the aluminum plates in compression is
estimated to be 12 times the cross-sectional area of the steel bolt. The bolt is initial-
ly tightened to 90% of its proof strength. Gust loads, varying from zero to P, tend to
pull the plates apart (this results in negligible bolt bending). With a safety factor of
1.3, what is the maximum value of P that will not cause eventual bolt fatigue fail-
ure? What clamping force will remain when this value of P acts?

Section 10.12

10.51 Review your solutions to the problems listed below and, in the light of information
in Section 10.12 and Table 10.7, comment on the likely accuracy of the fatigue
results. If previous designs had been made based on these earlier results, would it
now appear important to specify that the bolt threads be rolled after heat treatment?

(a) Problem 10.46

(b) Problem 10.47

(c) Problem 10.48

(d) Problem 10.49

(e) Problem 10.50

10.52 A critical application requires the smallest possible bolt for resisting a dynamic sep-
arating force varying from 0 to 100 kN. It is estimated that by using an extra high
strength bolt steel with Sp = 1200 MPa, and using special equipment to control ini-
tial tightening to the full AtSp , a stiffness ratio of kc/kb = 6 can be realized. Any of
the bolt threads and finishes listed in Table 10.7 may be selected. With a safety factor
of 1.3 with respect to eventual fatigue failure, what is the smallest size metric bolt that
can be used? State the thread and finish selected. With this bolt tightened as specified,
what clamping force will remain (at least initially) when the 100-kN load is applied?

1
2-in.
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1 1
Rivets, Welding,
and Bonding

11.1 Introduction

As with screws and bolts (Chapter 10), rivets exist in great variety and often exhibit
remarkable ingenuity. The brief treatment given here attempts to help the reader
acquire some familiarity with the choices available, and gain a better “feel” for
applying the basic principles of load and stress analysis to them.

One might question the appropriateness of including material on welding and
bonding in this book, as these are not really machine components. But since the
engineer is frequently faced with the need to choose between various threaded and
nonthreaded fasteners (which are machine components) and the alternatives of weld-
ing or bonding, it seems appropriate to treat them here, at least briefly.

Had space permitted, another provision for assembly that could have been
included is designing members so that they can be joined with a snap fit. The snap
fit assembly can be designed to be permanent or readily disassembled. This poten-
tially very economical and satisfactory joining method is well presented in [3]. Other
fastening and joining methods are also discussed in [3] and [5]. The engineer con-
cerned with the design of mechanical equipment should be familiar with all of these.

11.2 Rivets

Conventional structural rivets, illustrated in Figure 11.1, are widely used in aircraft,
transportation equipment, and other products requiring considerable joint strength.
They are also used in the construction of buildings, boilers, bridges, and ships, but
in recent decades these applications have made increasing use of welding. Because
of vital safety considerations, the
design of riveted connections for these
latter applications is governed by con-
struction codes formulated by such
technical societies as the American
Institute of Steel Construction (AISC)
and the American Society of
Mechanical Engineers (ASME). Figure
2.19 illustrates a typical riveted joint.
An analysis of the loading taken by its
redundant force paths is discussed in

Before setting After setting

FIGURE 11.1
Conventional solid rivet before and after
setting.
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11.2 ■ Rivets 473

Section 2.6. The analysis of tensile and transverse shear stresses in rivets is compa-
rable to that given for bolts in Section 10.4. Also, Sample Problems 10.3, 10.4, and
10.5 (Section 10.10) are applicable to rivets. Significant initial tension is attainable
in rivets by installing them when they are red from heat. The tension develops upon
cooling and thermal contraction.

Whereas the development of modern welding equipment has reduced the impor-
tance of rivets for heavy structural applications, the development of modern riveting
machines has greatly expanded their use in fastening smaller components in a multi-
tude of industrial products associated with the automotive, appliance, electronic, fur-
niture, business machine, and other fields. Rivets have frequently replaced threaded
fasteners in these applications because they cost less to install. Rivets are much
cheaper than bolts, and modern high-speed riveting machines—some of which fasten
over 1000 assemblies per hour—provide assembly at low cost. Rivets can also serve
as pivot shafts (as in folding lawn furniture), electrical contacts, stops, and inserts.

In comparison with threaded fasteners, rivets are not susceptible to unintended
loosening, but in some cases they impede desired disassembly and servicing. Many
readers will have had the experience of wanting to disassemble an electrical appliance
to make a simple repair (perhaps a broken electrical wire just inside the case of an
alarm clock, or the end of an iron cord) only to find that rivets have been used. The
appliance is then usually discarded and a new one purchased. Thus, despite the initial
manufacturing economy, these applications of rivets sometimes make questionable
economic and ecologic sense. On the other hand, making an electrical device so that it
cannot be disassembled and tampered with by the lay user may constitute a safety fea-
ture. This point illustrates how seemingly simple engineering decisions often require
an in-depth consideration of many factors. The best overall solution may require imag-
inative, new design approaches to optimize economic, safety, and ecologic decisions!

Rivets can be made from any ductile material: The most commonly used are car-
bon steel, aluminum, and brass. Various platings, paints, and oxide coatings may be
applied. In general, a rivet cannot provide as strong an attachment as a bolt or screw
of the same diameter. As with bolts, care must be taken in selecting materials to be
used together because of possible galvanic action.

Industrial rivets are of two basic types: tubular and blind. Each type comes in a
multitude of varieties.

Several tubular rivets are shown in Figure 11.2. The semitubular version is the
most common. The depth of the hole at the end of the shank does not exceed 112
percent of the shank diameter. Self-piercing rivets make their own holes as they are
installed by a riveting machine. Full-tubular rivets are generally used with leather,
plastics, wood, fabric, or other soft materials. Bifurcated, or split, rivets can be used
to join light-gage metals. Metal-piercing rivets can fasten metals like steel and alu-
minum with hardnesses up to about RB 50 (approximately 93 Bhn). Compression
rivets are made in two parts, as shown. The diameters are selected to provide an
appropriate interference fit at each interface. Compression rivets can be used with
wood, brittle plastics, or other materials with little danger of splitting during setting
(installation). One common application is in the cutlery field. The flush surfaces and
interference fits of riveted knife handles are free of the crevices in which food and
dirt particles can accumulate.

Figure 11.3 shows situations in which blind rivets, requiring access to only one
side of the joint, are appropriate. Figure 11.4 illustrates varieties of blind rivets.

More detailed information on rivets is available in references such as [4,5,7].

c11.qxd  8/3/11  9:11 PM  Page 473



474 Chapter 11 ■ Rivets, Welding, and Bonding

Full tubular

Bifurcated (split)

Metal-piercing

(c)
Compression

(a)
Semitubular

(b)
Self-piercing

FIGURE 11.2
Basic types of tubular rivets [7]. (a) Semitubular. (b) Self-piercing. (c) Compression.

11.3 Welding Processes

Modern developments in welding techniques and equipment have provided the
engineer with a range of attractive alternative for fastening, as an alternative to
bolts or rivets, and for fabricating parts. Machine members can often be fabricated
at lower cost by welding than by casting or forging. Typical examples are shown
in Figure 11.5.

Most industrial welding is done by fusion, with the workpieces melting at their
common surfaces. Heat is applied by an electric arc passing between an electrode
and the work, by high-amperage electric current passing through the mating work-
pieces, or by gas flame. Electric arc welding takes several forms, depending on

"Built-up" lightweight structure Tube and pipe mount

Acute corner

Back (blind) side
not accessibleBack (blind) side not accessible

FIGURE 11.3
Typical applications in which blind rivets are used [7].
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11.3 ■ Welding Processes 475

(1) how the filler material (consumable welding rod) is applied, and (2) the way the
molten weld metal is shielded from the atmosphere:

1. Shielded metal arc welding (SMAW), also called stick welding, is the common
manual (nonautomated) process used for repair work and the welding of large
structures. The welder feeds a consumable, coated electrode (welding rod) in
the work area. A flux coating on the electrode releases a shielding gas and also
forms slag around the weld metal. SMAW is usually used with steels.

Blind
side upset

Blind
side upset

Drive pin
blind rivet

Open-end
break mandrel
blind rivet

Blind
side upset

Pull-through
blind rivet

Blind
side upset

Closed-end
break mandrel
blind rivet

Blind
side upset

Mandrel head collapses
as rivet is expanded

and pulled through rivet

Trim or grind
mandrelPulling

head

Mandrel breaks
after seating and
rivet expansion

Self-plugging
blind rivet

FIGURE 11.4
Various types of mechanically expanding rivets with installation
procedure shown [7].
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(b) (c)(a)

FIGURE 11.5
Machine parts fabricated by fusion welding: (a) wheel, (b) control crank, (c) pivot block.

2. Gas metal arc welding (GMAW), also called metal–inert gas (MIG) welding, is
a commonly automated process producing high-quality welds at high welding
speeds with most metals. The consumable electrode is not coated, but it projects
from a nozzle that supplies a shielding gas—argon for aluminum and other non-
ferrous metals, low-cost carbon dioxide for steels.

3. Gas tungsten arc welding (GTAW), also called tungsten–inert gas (TIG) weld-
ing, employs a nonconsumable tungsten electrode, with a filler wire sometimes
fed in separately. A nozzle surrounding the tungsten electrode supplies helium
or argon gas for shielding. This process is slower than GMAW but can be used
with thinner metals, either ferrous or nonferrous. The process gives high-quality
welds of nonferrous and dissimilar metals and can be fully automated.

4. Flux-cored arc welding (FCAW) is much like SMAW, except that the flux is in
the hollow core of the consumable electrode rather than on its outer surface. A
shielding gas (usually carbon dioxide) is sometimes supplied from a nozzle sur-
rounding the electrode. The process produces fast, clean welds on ferrous metals.

5. Submerged arc welding (SAW) is done on flat workpieces. A mound or line of
granular flux is deposited on the workpieces in advance of the moving consum-
able electrode. The flux melts to produce a protective molten slag, under which
the fresh weld is “submerged.” The process is commonly used with thick sec-
tions requiring deep weld penetration.

In resistance welding electric current, generating heat at the rate of I2R, passes
through the workpieces while they are clamped firmly together. No flux or shielding
is used, but the process may be carried out in a vacuum or inert gas. Filler material
is not normally used. Resistance welding is especially suited for mass production of
continuous welds (as pipe seams) or spot welds of most steels and aluminum alloys.
Material thicknesses range from about 0.004 to 0.75 in.

Gas welding—usually performed manually with an oxyacetylene torch—is rel-
atively slow, requires more generalized heating of the work, and is most often used
for making repairs. A filler wire is usually, but not necessarily, used.

Laser beam welding, plasma arc welding, electron beam welding, and electroslag
welding are also fusion welding processes and are used on a small scale for very spe-
cial applications.

Nonfusion, or solid-state welding, processes use a combination of heat and pres-
sure to join parts, but the temperature (except at local asperities) is usually less than
the melting point of the materials. One example is inertia welding. Kinetic energy,
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11.3 ■ Welding Processes 477

stored in a flywheel, is converted to friction heat when a workpiece connected to the
flywheel is forced against a stationary piece. In a second, ultrasonic welding, work-
pieces are clamped between a fixed anvil and vibrating “horn” bond as they are
rubbed together at ultrasonic frequency. Note the parallel between these processes
and seizure, discussed under adhesive wear in Section 9.9.

The suitability of several common metals and alloys to arc and gas welding is
summarized in Table 11.1.

Thermoplastics can be welded much like metals. Heat can be applied by a hot
gas, usually inert, contact with hot metal plates, or electrically by dielectric heating
and induction heating. In dielectric heating, thin films, mostly used for packaging,
break down under high voltage and high frequency to produce heat needed for
fusion. In induction heating, electromagnetic induction currents are generated in
metal inserts or embedded metal powders. Inertia welding (called spin welding when
used with plastic materials) and ultrasonic welding techniques are applicable to the
thermoplastics. Rubbing the mating pieces together at sonic frequencies (usually
120 Hz) is also effective, with bonding usually accomplished after 2 or 3 seconds.
This is called vibration welding. Solvent bonding of thermoplastic parts is accom-
plished when the members are softened by coating them with a solvent, then clamp-
ing them together for 10 to 30 seconds, during which time the plastic molecules
intermingle. The parts bond together when the solvent evaporates.

TABLE 11.1 Weldability of Common Metals

Metal Arc Gas Metal Arc Gas

Carbon steel

Low and medium carbon Ga G Magnesium alloy Xb G

High carbon G Fc

Tool steel F F Copper and copper alloys

Deoxidized copper F G

Cast steel, plain carbon G G Pitch, electrolytic, and
lake G F

Gray and alloy cast iron F G Commercial bronze, red
brass, low brass F G

Malleable iron F F Spring, admiralty, yellow,
and commercial brass F G

Low-alloy, high-strength steels Muntz metal, naval
No–Cr–Mo and Ni–Mo F F brass, magnesium
Most others G G bronze F G

Phosphor bronze, bearing
Stainless steel bronze, and bell metal G G

Chromium G F Aluminum bronze G F
Chromium–nickel G G Beryllium copper G —

Aluminum and Al alloys Nickel and nickel alloys G G
Commercially pure G G
Al–Mn alloy G G Lead X G
Al–Mg–Mn and Al–Si–Mg alloy G F
Al–Cu–Mg–Mn alloy F X

a G—good; commonly used.
b X—not used.
c F—fair; occasionally used under favorable conditions.
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60�60�

(a) (c) (d)(b)

45�

FIGURE 11.6
Representative butt and groove welds: (a) open square butt joint, (b) single vee groove, (c) double vee groove,
(d) single bevel butt joint.

11.4 Welded Joints Subjected to Static Axial and Direct Shear Loading

Weldments, such as those shown in Figure 11.5, are usually fabricated from carbon
steel pieces held in position by suitable clamps or fixtures while the welding is per-
formed. The strength of the welded joints is dependent on many factors that must be
properly controlled in order to obtain welds of high quality. The heat of welding may
cause metallurgical changes in the parent metal in the vicinity of the weld. Residual
stresses (and associated warping of the parts) may be introduced through thermal
gradients, which cause differential expansion and contraction; the influence of
clamping forces; and the changes in yield strength with temperature. Residual stress
and warping problems are most pronounced when welding pieces of varying thick-
ness and irregular shape. Measures that can be taken to control these problems
include heating the parts to a uniform temperature before welding, following
detailed “good-welding practice” for the application involved, giving the weldment
a low-temperature stress-relieving anneal after welding, and shot-peening the weld
area after cooling.

For welded construction used in buildings, bridges, and pressure vessels, the law
requires that appropriate codes (such as [1]) be adhered to. When there are uncer-
tainties about the welding process to be used in critical applications, laboratory test-
ing of prototype welded joints is often advisable.

The basic concept of fusion welding is to fuse the materials together into a
single—hopefully homogeneous—member. Properties of the welding rod (filler
material) must, of course, be properly matched with those of the parent material.
Ideally, the stress and strength analysis would then proceed as though the part were
made from a single piece of stock.

Welding electrode material strength and ductility specifications have been stan-
dardized by the American Welding Society (AWS) and the American Society for
Testing Materials (ASTM). For example, welding electrodes in the E60 and E70
series are designated E60XX and E70XX. The 60 and 70 indicate tensile strengths
of at least 60 or 70 ksi, respectively. The last two digits (XX) indicate welding
process details. Specified yield strengths for E60 and E70 series rods are about
12 ksi below the tensile strengths, and minimum elongation is between 17 and 25
percent. These properties all apply to the as-welded material.

Figure 11.6 shows four varieties of full-penetration butt welds. If these are of good
quality, the weld is as strong as the plate, and its efficiency (welded member
strength/solid member strength) is 100 percent (remember, this is for static—not
fatigue—loading).

Fillet welds, illustrated in Figure 11.7, are commonly classified according to the
direction of loading: parallel load (Figure 11.7c) or transverse load (Figures 11.7d
and 11.7e). For parallel loading, both plates exert a shear load on the weld. With
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FIGURE 11.7
Fillet welds.

transverse loading, one plate exerts a shear load and the other a tensile (or compres-
sive) load on the weld. The size of the weld is defined as the leg length h (Figure 11.7a).
Usually, but not necessarily, the two legs are of the same length. Conventional engi-
neering practice considers the significant weld stress to be the shear stress in the
throat section for either parallel or transverse load. Throat length t (Figure 11.7a) is
defined as the shortest distance from the intersection of the plates to (1) the straight
line connecting the ends of the two legs (Figure 11.7a¿) or (2) to the weld bead sur-
face (Figure 11.7a–), whichever is less. For the usual case of a convex weld with
equal legs, t = 0.707h. The throat area used for stress calculations is then the prod-
uct tL, where L is the length of weld. Figure 11.7b shows that for welds with convex
weld beads achieving significant penetration into the parent materials, the actual
minimum weld section area can be significantly greater than tL. Although welding
codes and conservative standard practice do not give the weld credit for this extra
throat area, there is no reason not to consider it in the design of members not cov-
ered by codes, provided the extra calculated load capacity can be verified by test, and
the production welding process is sufficiently well controlled to ensure that all welds
actually achieve the increased section area.

Weld size h should be reasonably proportioned in comparison to the thickness
of plates being welded. For practical reasons, h is usually a minimum of 3 mm for
plates less than 6 mm thick—on up to a minimum of 15 mm for plates over
150 mm thick.

c11.qxd  8/3/11  9:11 PM  Page 479



480 Chapter 11 ■ Rivets, Welding, and Bonding

SAMPLE PROBLEM 11.1 Estimate the Static Strength of a Parallel-Loaded
Fillet Weld

The plates in Figure 11.7c are 12 mm thick and made of steel having Sy = 350 MPa.
They are welded together by convex fillet welds along sides AB and CD, each of which
is 50 mm long. Yield strength of the weld metal is 350 MPa. With a safety factor of 3
(based on yield strength), what static load F can be carried using a 6-mm weld leg?

SOLUTION

Known: Two statically loaded plates of known strength are fillet-welded together
with specified weld geometry and weld strength.

Find: Determine the static load capacity of the parallel-loaded welds.

Schematic and Given Data: See Figure 11.7c.

Assumption: The plates themselves do not fail; shear failure occurs in the weld
throat area.

Analysis:
1. The total weld throat area A = (0.707)(6)(100) = 424 mm2 for the two welds.

2. This weld throat area is stressed in shear. Using the distortion energy theory, we
have Ssy = 0.58Sy = 203 MPa.

3. F = SsyA/SF = (203)(424)/3 = 28,700 N, or 28.7 kN.

Comment: If the top plate has a cross-sectional area A = (40 mm)
(12 mm) = 480 mm2, then F = SyA = (350 MPa)(480 mm2) = 168 kN; and the
load capacity of the plate significantly exceeds that of the weld.

SAMPLE PROBLEM 11.2 Estimate the Static Strength of a Transverse-Loaded
Fillet Weld

Repeat Sample Problem 11.1, except change the welding to sides AD and BC, thus
making the joint the same as in Figure 11.7d.

SOLUTION

Known: Two statically loaded plates of known strength are fillet-welded together
with specified weld geometry and weld strength.

Find: Determine the static load capacity of the transverse-loaded welds.

Schematic and Given Data: See Figure 11.7d.

Assumptions:
1. The critical stress is in the minimum throat section, defined as the product tL,

which carries the entire load F in shear.

2. The plates themselves do not fail.

c11.qxd  8/3/11  9:11 PM  Page 480
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Analysis: The welds are loaded transversely, with the horizontal weld plate inter-
face being loaded in shear and the vertical interface loaded in tension. As the load
flows through the weld metal (recall concepts from Section 2.6), the loading has
varying proportions of tension and shear. As assumed, the critical stress is in the
minimum throat section, defined as the product tL, which carries the entire load F in
shear. Thus

F = SsyA/SF = 28.7 kN

exactly as in Sample Problem 11.1.

Comment: Because of the assumption made, it should be emphasized that the solu-
tion in this case is less rigorous than in Problem 11.1.

11.5 Welded Joints Subjected to Static Torsional and Bending Loading

Figures 11.8 and 11.9 illustrate two examples of what is often referred to as eccen-
tric loading. In Figure 11.8 the load is in the plane of the weld group, thereby sub-
jecting the welded connection to torsion as well as direct loading. In Figure 11.9 the
load is out of the plane of the weld group, thus producing bending, in addition to
direct loading. Note that in addition to the torsion or bending, there is a direct load-
ing component on the welds corresponding to the load situations considered in the
previous section. Weld segments BC in Figure 11.8, and BC and AD in Figure 11.9
are subjected to parallel loading; all other weld segments in the two figures are
loaded transversely.

A rigorous analysis of the stresses on various portions of each weld segment in
Figures 11.8 and 11.9 would be very complicated, involving a detailed study of both
the rigidity of the parts being joined and the geometry of the weld. The various incre-
mental segments of the weld serve as a multiplicity of redundant attachments, each
carrying a portion of the load dependent on its stiffness (recall Sections 2.5, 2.6, and
4.2 and particularly Figure 4.2). The following procedures are based on simplifying
assumptions commonly used to obtain results sufficiently accurate for engineering
use in most (not all) applications.

Stresses on the welds in Figures 11.8 and 11.9 consist of the vector sum of
the following.

1. Direct shear stresses, calculated as in the previous section. These stresses are
ordinarily assumed to be uniformly distributed over the length of all welds.

2. Superimposed torsional stresses, bending stresses, or both, calculated from the
conventional formulas, t = Tr/J and s = Mc/I. The parts being joined are
assumed to be completely rigid.

Values of I and J for the common weld patterns made up of linear segments can
be computed with reference to Figure 11.10. The procedure is illustrated in Sample
Problems 11.3 and 11.4.
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FIGURE 11.8
In-plane eccentric loading.

SAMPLE PROBLEM 11.3D
Determine Weld Size with In-Plane 
Eccentric Loading

Determine the required weld size for Figure 11.8a using E60 welding rod
(Sy = 345 MPa) and a safety factor of 2.5 based on yielding.

SOLUTION

Known: A weld of specified configuration and yield strength that is in the plane of
the known load is eccentrically loaded.

Find: Determine the weld size.
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Schematic and Given Data: See Figure 11.8.

Assumptions:
1. The cantilever member itself does not fail; that is, failure will occur in the weld area.

2. The direct shear stress in the weld is given by V/A where V is the shear force of
20 kN and A is the weld throat area, 250t mm2.

3. The distortion energy theory is applicable.

Analysis:
1. The applied load of 20 kN is equivalent to the same load acting through 

center of gravity G of the weld pattern, plus a clockwise torque of
We proceed first to locate the center of gravity G

defined by dimensions and .

2. Let Ai denote the weld segment area and xi and yi the coordinates to the weld
segment center of gravity of any straight-line segment of the weld group.
Then

3. The polar moment of inertia of the weld pattern about G is the sum of the con-
tributions made by each of the weld segments. From the relationships developed
in Figure 11.10, for each weld segment.
For side weld only,

For top weld only,

4. Figure 11.8b shows the torsional stresses at weld ends A and C, which are
the two locations where the combined torsional and direct shear stresses are
greatest. The resultant torsional stress at each of these points is Tr/J, where
T = (20,000)(280) N # mm and J = 852,083t mm4. The value of r for each
point is equal to the square root of the sum of the squares of the legs of
right triangles, but there is no need to compute r, for we need only the hor-
izontal and vertical components of the torsional stress, as computed on the
figure.

5. Figure 11.8c shows the vector addition of the torsional stress and the direct
shear stress at points A and C. The direct shear stress was, of course, assumed
to be merely V/A = 20,000/250t = 80/t MPa. In this case, point C has the

J = Js + Jt = 852,083t

Jt =
1003t

12
+ 100t[452 + (50 - 20)2] = 375,833t

Js =
1503t

12
+ 150t[202 + (75 - 45)2] = 476,250t

J = © (IX + IY)

yq =
©Aiyi
©A

=
(100t)(0) + (150t)(75)

100t + 150t
= 45 mm

xq =
©Aixi

©A
=

(100t)(50) + (150t)(0)

100t + 150t
= 20 mm

yqxq
(20,000)(300 - xq) N # mm.
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larger resultant stress of 692/t MPa. Equating this to the estimated shear yield
strength (using the distortion energy theory) and applying the safety factor
gives

6. From the geometric relationship shown in Figure 11.7a¿,

7. Weld size would normally be specified as an integral number of millimeters.
The choice between a 12-mm weld (giving a calculated safety factor of 2.45)
and a 13-mm weld (calculated safety factor = 2.66) would depend on circum-
stances and engineering judgment. Here let us arbitrarily state the final answer
as h = 13 mm.

8. Although a 13-mm weld is required only at point C, the same size weld would
normally be specified throughout. The weld might be specified as intermittent,
however, with skips in regions where the vector sum of the stress components
is relatively small.

Comment: It is important to understand the approximation in the preceding pro-
cedure, which is used conventionally for simplicity. Throat dimension t is assumed
to be in a 45° orientation when calculating transverse shear and axial stresses; but
the same dimension is assumed to be in the plane of the weld pattern when comput-
ing torsional stresses. After these stresses are vectorially added and a value for t is
determined, the final answer for weld dimension h again assumes dimension t to be
in the 45° plane. Although of course not rigorously correct, this convenient proce-
dure is considered to be justified when used by the engineer who understands what
he or she is doing and who interprets the results accordingly. Note that the same sim-
plifying approximation appears when handling bending loads, as illustrated by the
next sample problem.

SAMPLE PROBLEM 11.4D Determine Weld Size for Out-of-Plane 
Eccentric Loading

Determine the weld size required for Figure 11.9a using E60 welding rod
(Sy = 345 MPa) and a safety factor of 3.

SOLUTION

Known: A weld of specified configuration and yield strength that is out of the plane
of the known load is eccentrically loaded.

Find: Determine the weld size.

h =
t

0.707
=

8.65

0.707
= 12.23 mm

692

t
=

345(0.58)

2.5
,  t = 8.65 mm
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Schematic and Given Data:

B

C

A

B

A

X

X

120

160 10 kN

60

70

(a) (b) Stresses on weld AB

121.2
t

	 =26.3
t

 =

124
tResultant stress =

D

FIGURE 11.9
Out-of-plane eccentric loading.

Decisions and Assumptions:
1. For calculating moments of inertia of the weld linear segments, the effective

weld width in the weld plane is the same as the throat length t.

2. The throat length dimension t is assumed to be very small in comparison with
other dimensions.

3. The transverse shear stress is given by V/A where V is the shear force and A is
the weld throat area.

4. The resultant shear stress acting in the plane of the weld throat is the resultant
of the bending and transverse shear stresses.

5. The distortion energy theory is applicable for estimating the shear yield strength
of the weld material.

6. The required weld leg size h is calculated using the 45° throat plane area.

7. For practical reasons, h is usually a minimum of 3 mm for plates less than
6 mm thick.

Analysis:
1. The loading involves direct shear plus bending, with the bending moment being

(10,000)(160) N # mm.

2. The rectangular moment of inertia about neutral bending axis X consists of con-
tributions made by the two vertical and two horizontal welds; that is,
IX = 2Iv+2Ih . With reference to relationships summarized in Figure 11.10,

IX = 2Iv + 2Ih = 792,000t

Ih = Lta2 = 70t(60)2 = 252,000t

Iv =
L3t

12
=

(120)3t

12
= 144,000t
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3. The (tensile) bending stress on weld AB is

and the transverse shear stress on all welds is

4. Figure 11.9b shows the resultant of the bending and transverse shear stresses to
be 124/t MPa. The conventional procedure is to regard this resultant as a shear
stress acting in the plane of the weld throat and to equate it to the allowable
shear stress. Using the distortion energy theory to obtain an estimated shear
yield strength (often the less accurate but more conservative maximum shear
stress theory is used instead), and applying the safety factor of 3, we have

5. Although the plane of the above-computed maximum shear stress does not
correspond to the 45° minimum throat plane illustrated in Figure 11.7a¿, it is
customary to use the (smaller, thus more conservative) 45° throat plane area
to calculate the required weld leg size h:

6. It is not normally practical to apply a weld of leg length less than or 3 mm.
Thus our answer would be: Use h = 3 mm.

Comment: In practice, the use of a larger weld than theoretically required is often
accompanied by welding intermittently along the length. Here the entire weld CD
could be omitted. Bending stresses at the bottom are compressive, and these can be
carried directly without a weld. Omitting the bottom weld would impose a little
higher direct shear stress on the other three welds, but this would have little effect.

11.6 Fatigue Considerations in Welded Joints

When welded joints are subjected to fatigue loading, small voids and inclusions,
which have little effect on static strength, constitute points of local stress concentra-
tion and reduce fatigue strength. In addition, the weld material extending beyond the
plane of the plate surfaces in butt welds (Figure 11.6), which is called “reinforce-
ment,” causes obvious stress concentration at the edges of the weld bead. For static
loading, this material may indeed provide slight “reinforcement” to compensate for
possible voids or inclusions in the weld metal; but for fatigue loading, strength is
increased by grinding the weld bead flush with the plates. Approximate fatigue stress
concentration factors associated with butt weld reinforcement and other weld
geometries are given in Table 11.2.

1
8 in.,

h =
t

0.707
=

1.86

0.707
= 2.63 mm

124

t
=

345(0.58)

3
 MPa,  or t = 1.86 mm

t =
V

A
=

10,000

(120 + 120 + 70 + 70)t
=

26.3

t
 MPa

s =
Mc

IX
=

1,600,000(60)

792,000t
=

121.2

t
 MPa
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L /2

L /2

G (CG of total weld group)

G'  (CG of this weld segment)

b

a

y

Y'

Y' Y

Y

X'X'

X

t

X

TABLE 11.2 Approximate Fatigue Stress Concentration 
Factors, a

Type of Weld Kf

Butt weld, with “reinforcing” not removed, tensile loads 1.2

Toe of fillet weld, transverse loading 1.5

End of fillet weld, parallel loading 2.7

T-butt joint weld, with sharp corners, tensile loading 2.0

a Originally proposed by C. H. Jennings, “Welding Design,” Trans. ASME,
58:497–509 (1936), and widely used since then.

Kf

FIGURE 11.10
Moments of inertia of linear weld segments. (For simplicity it is assumed that the effective
weld width in the plane of the paper is the same as throat length t, shown in Figure
11.7a¿.) Rectangular moment of inertia about axes of symmetry of the weld segment, 
X¿ and Y¿ (t is assumed to be very small in comparison with other dimensions):

Rectangular moment of inertia about axes X and Y through the center of gravity of
the total weld group:

Polar moment of inertia about an axis perpendicular to the center of gravity of the
weld group:

J = IX + IY =
L3t
12

+ Lt(a2 + b2)

IY = IY¿ + Aa2 = Lta2

IX = IX¿ + Ab2 =
L3t
12

+ Ltb2

IY¿ = 0

IX¿ = L y2 dA = 2L
L/2

0
y2(t dy) =

L3t
12
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SAMPLE PROBLEM 11.5 Estimate the Fatigue Strength of a Butt Weld

The tensile load on a butt weld (Figure 11.6a) fluctuates rapidly between 5000 and
15,000 lb. Plates are thick, and the weld reinforcement is not ground off. An
E60 series welding rod is used, giving Su = 62 ksi, Sy = 50 ksi. A safety factor of
2.5 is to be used. What length (L) of weld is required?

SOLUTION

Known: Two butt-welded plates of specified thickness are tensile-loaded rapidly
between two known values. The weld material has known tensile and yield strengths.

Find: Determine the weld length.

Schematic and Given Data: See Figure 11.6a.

Assumptions:
1. The weld metal has a rough surface comparable to an as-forged surface.

2. The gradient factor CG is 0.8, CT is 1.0 and CR is 1.0 (Table 8.1).

3. Infinite life (106 cycle) is required.

Analysis:
1. Since the reinforcement is not ground off, there is a stress concentration at the

edge of the weld metal; Kf = 1.2 (Table 11.2).

2. For an as-forged surface from Figure 8.13, CS = 0.55.

3. As assumed, CG = 0.8, CT = 1.0 and CR = 1.0.

4.

5. For the design overload of 12,500 to 37,500 lb,

6. The sm–sa curve can be drawn for this problem.

7. From Figure 11.11, sm = 19,000 psi. Hence, 19,000 psi = 60,000/L, or
L = 3.16 in.

sa =
KfPa

A
=

(1.2)(12,500)

0.5L
=

30,000

L

sm =
KfPm

A
=

(1.2)(25,000)

0.5L
=

60,000

L

Sn = Sœ
nCLCGCSCTCR = (62 ksi/2)(1)(0.8)(0.55)(1.0)(1.0) = 13.6 ksi.

1
2 in.

	
a

(k
si

)

	m (ksi)
190 50 62

13.6
= = 0.5

	a
	m

30
60

FIGURE 11.11
The sm–sa curve for Sample Problem 11.5.
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Comment: This calculated value for L might be rounded off to, say, 3 or 
depending on circumstances and engineering judgment.

11.7 Brazing and Soldering

Brazing and soldering differ fundamentally from welding in that the temperatures
are always below the melting point of the workpieces. The solder or brazing filler
material acts somewhat like a molten metal glue or cement that sets immediately on
cooling. Thus, brazing and soldering can be classed as bonding processes.

The process of brazing begins with heating the workpieces to a specified tem-
perature above 840°F (450°C). On contact with the workpieces, the filler material
melts and then flows into the space between the pieces. For capillary action to draw
the molten filler metal most effectively, clearances of 0.025 to 0.050 mm are nor-
mally recommended, but special “wide-gap” filler alloys permit clearances ten times
this great. It is important that the surfaces be initially clean. Either flux or an inert
atmosphere is required.

Brazing is usually accomplished by heating the parts with a torch or in a fur-
nace. Filler metals are usually alloys of copper, silver, or nickel.

Special care must be used when brazing aluminum parts because the melting
point of the filler material (an aluminum–silicon alloy) is not much lower than that
of the aluminum parts.

Brazing has several advantages: Dissimilar metals, cast and wrought metals, and
even nonmetals (suitably coated) and metals can be brazed together. Complex
assemblies can be brazed in several steps by using filler metals with progressively
lower melting temperatures. Brazed joints require little or no finishing.

Soldering is similar to brazing except that the filler metal has a melting temper-
ature below 840°F (450°C) and has relatively low strength. Most solders are tin–lead
alloys, but alloys including antimony, zinc, and aluminum are also used. Nearly half
of the soldering applications involve electrical and electronic parts. Another com-
mon application is sealing the seams in radiators in tin cans.

11.8 Adhesives

Adhesive bonding of metal parts is a rapidly growing field, one which influences the
design of products of nearly all kinds. The web site http://www.3m.com/bonding pre-
sents general and technical information and data on adhesives, tapes, and reclosable
fasteners. The advantages of adhesives are many. No holes, which weaken the part,
are required, as with screws and rivets. No temperatures high enough to produce
warping and residual stresses are involved, as with welding. When the joint is loaded,
stresses are spread over a large area, with only minor stress concentration at the edges
of contact. This often permits the use of thinner members, resulting in a weight sav-
ing. Adhesive bonding permits smooth, unbroken exterior surfaces for good appear-
ance, easier finishing, and reduced fluid friction in applications involving a flowing
liquid or gas, as an airplane wing or helicopter rotor blade. Almost any solid materials
can be bonded with a suitable adhesive. When bonding dissimilar metals, the adhe-
sive layer can provide effective insulation against galvanic currents (the principle is
illustrated in Figure 9.7). On the other hand, the adhesive can be made electrically

3 1
4 in.,
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conducting if desired. Flexibility of the adhesive material can be made to accommo-
date differential thermal expansion of the bonded members. This flexibility also aids
in absorbing impact loads. Furthermore, adhesive bonds can provide damping to
reduce vibration and sound transmission. Adhesive bonded joints can effectively seal
against leakage of any liquid or gas that does not attack the adhesive.

On the negative side, adhesives are more temperature-sensitive than mechanical
fasteners. Most adhesives currently in common use are limited to the -200° to 550°F
(-129° to 260°C) range. Adhesives vary greatly in temperature response, and this
must always be considered when selecting an adhesive for a specific application.
Inspection, disassembly, and repair of adhesive joints may not be practical, and long-
term durability for some adhesives is questionable.

Perhaps the major factor motivating the proliferation of adhesives is cost reduc-
tion. However, the cost to be considered is total cost of the assembled joint, and this
can be either greater or less than the cost of using mechanical fasteners, depending
on a multitude of factors. As previously noted, adhesive bonding may permit thinner
and lighter mating surfaces. Machining costs may be reduced by eliminating drilled
holes and permitting wider tolerances. For example, the “gap-filling” capability of
some adhesives can eliminate the need for low-tolerance press fits. The cost of the
adhesive itself can be either more or less than that of a competitive mechanical fas-
tener. A major cost factor with bonded joints is often surface preparation. Extreme
cleanliness is often required, although recent advances in adhesive research have
made possible a relaxation of cleanliness standards in some applications.
Automation for high production may be more costly with adhesives, particularly if
elaborate fixtures and extended curing times are needed.

Bonding adhesives function as one component of a composite bonding system,
with interaction between the adhesive and bonded materials influencing the proper-
ties of both. This fact, plus the tremendous variety of adhesives on the market, often
makes the selection of the best adhesive for a particular application difficult. Current
specialized technical literature, information from adhesive suppliers, and test results
must be relied upon.

Safety and environmental factors are important considerations in the adhesives
industry. Federal regulations control the use of certain solvent-based adhesives that
give off flammable or toxic gases. Some adhesives are not used for certain applica-
tions because they emit an objectionable odor until cured. Petroleum is the raw mate-
rial for many adhesives, and research efforts are directed toward finding more alter-
natives. Several types of adhesives require heat curing at 95° to 260°C, sometimes
for several hours. Increasing energy costs add urgency to the need for developing
equivalent adhesives that require less curing time and lower cure temperatures.

When possible, mating members should be designed so that adhesive joints are
loaded in shear, as all adhesive bonds perform best when loaded this way.
Figure 11.12 illustrates representative appropriate designs. Adhesive joints can also
be loaded in tension, but “peel” and cleavage loadings should be avoided.

Most structural or engineering adhesives are thermosetting, as opposed to ther-
moplastic (heat-softening) types, such as rubber cement, airplane glue, and hot
melts. The latter are generally intended for light-duty applications requiring lower
strength. The shear strength of some heat-curing one-part epoxies is as high as
70 MPa, but most structural adhesives have shear strengths in the 25 to 40 MPa
range.

Epoxies, used industrially since the 1940s, are the most versatile and widely
used of the structural adhesives. The two-part types cure at room temperature but
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(a) Adhesive-bonded metal lap joint (b) Brazed tubing fittings (c) Glued wood joint

 Removing this
material reduces

stress concentration
at bond edges

FIGURE 11.12
Examples of bonded joints designed for loading in shear.

require premixing. One-part epoxies need no mixing but require heat curing, usually
around 150°C for at least an hour. Epoxies can be formulated to sufficient viscosity
to satisfy most gap-filling requirements. Overall cost of high-strength epoxy bonds
can be relatively high. Urethanes are similar to epoxies in that they have great ver-
satility, have relatively high strength, and are available in both a two-part, room
temperature cure formulation and a one-part, heat cure formulation. They have
good toughness, flexibility, and impact resistance.

Anaerobics are one-part adhesives that are easy to apply and cure in the absence
of oxygen. They are commonly used for thread locking and machine assembly, such
as retaining bearings and keys in place on shafts. Rapid curing usually restricts the
use of anaerobic adhesives to the assembly of relatively small parts.

Some of the newer acrylic adhesives are tolerant of dirty surfaces. This can be very
important in high-production assembly under ordinary industrial conditions.
Cyanoacrylates are particularly appropriate when an extremely fast set time is important.
They are perhaps the easiest to apply and the fastest to cure of all industrial adhesives.

In order to facilitate production and reduce costs, most one-part (heat-curing)
engineering adhesives are available as films, with removable backing. These are sup-
plied in various thicknesses, and even in special shapes. Some adhesives are avail-
able in the form of a powder that is held in place electrostatically prior to assembly
and heat curing. Adhesives are sometimes used in conjunction with mechanical fas-
teners. The fast-moving field of modern industrial adhesives offers liberal opportu-
nity for engineering ingenuity.
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F = 33,000 lb

F = 33,000 lb

E60 series welding rods
Sy = 50 ksi (plates)
SF = 3.0

Note: There are two
4 in. welds.

A D

B C

FIGURE P11.1

F

15 mm

Weld length = 90 mm
Sy = 400 MPa
SF = 3
E70 series weld 

F

FIGURE P11.6

Problems

Section 11.4

11.1 Two steel plates with Sy = 50 ksi are attached by transverse-loaded fillet welds, as
shown in Figure P11.1. Each weld is 4 in. long. E60 series welding rods are used,
and good welding practice is followed. What minimum leg length must be used if a
force of 33,000 lb is to be applied with a safety factor of 3.0?

11.2 Repeat Problem 11.1, except use E70 series welding rods.

11.3 Two 17-mm steel plates with Sy = 425 MPa are butt-welded using E70 series weld-
ing rods and good welding practice. The weld length is 90 mm. What is the maxi-
mum tensile load that can be applied to the joint with a safety factor of 4?

11.4 Two steel plates with Sy = 52.5 ksi are butt-welded (as in Figure 11.6). E60
series welding rods are used, and good welding practice is followed. With a safety
factor of 3, what tensile load can be applied to the plates per inch of welded plate
width?

[Ans.: 8000 lb]

11.5 Estimate the static load F that can be carried by the joint shown in Figure 11.7c based
on yielding. The two 7-mm-thick steel plates (Sy = 350 MPa) are welded together
by convex fillet welds along sides AB and CD. Each weld is 50 mm long. The weld
metal has a yield strength of 350 MPa. Use a 5-mm weld leg and a safety factor of 3.

11.6 Two 15-mm steel plates with Sy = 400 MPa are butt-welded using E70 series weld-
ing rods and good welding practice. The weld length is 90 mm. What is the maxi-
mum tensile load that can be applied to the joint with a safety factor of 3? (See
Figure P11.6.)

1
2-in.
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3.0 in.

F

F

E60 series welding rods
Sy = 50 ksi (plates)
h = 0.375 in.
SF = 3

Note: There are two
3 in. welds.

FIGURE P11.9

11.7 Two steel plates with Sy = 50 ksi are butt-welded (as in Figure 11.6). E60
series welding rods are used, and good welding practice is followed. With a safety
factor of 3, what tensile load can be applied to the plates per inch of welded plate
width?

[Ans.: 6000 lb]

11.8 Estimate the static load F that can be carried by the joint shown in Figure 11.7c
based on yielding. The two 8-mm-thick steel plates (Sy = 350 MPa) are welded
together by convex fillet welds along sides AB and CD. Each weld is 50 mm long.
The weld metal has a yield strength of 350 MPa. Use a 5-mm weld leg and a safety
factor of 3.

11.9 Two steel plates with Sy = 50 ksi are attached by parallel-loaded fillet welds,
as shown in Figure P11.9. E60 series welding rods are used, and good welding prac-
tice is followed. Each of the welds is 3 in. long. With a safety factor of 3, what max-
imum tensile load can be applied?

[Ans.: 14,700 lb]

3
8-in.

3
8-in.

11.10D Select two steel plates with Sy = 50 ksi that can be butt-welded (as in Figure 11.6)
and design an assembly ( joint) that can transmit a tensile load of 6000 lb.

11.11D Select two steel plates with Sy = 50 ksi that can be attached by parallel-loaded
fillet welds (as shown in Figure 11.7c) and design an assembly ( joint) that can trans-
mit a load greater than 14,000 lb.

11.12 Two steel plates with Sy = 400 MPa are attached by transverse-loaded fillet welds,
as shown in Figure 11.7d. Each weld is 100 mm long. E70 series welding rods are
used, and good welding practice is followed. What minimum leg length must be used
if a force of 150 kN is to be applied with a safety factor of 3.5?

Section 11.5

11.13 The bracket shown in Figure P11.13 is to support a total load (equally divided
between the two sides) of 60 kN. Using E60 series welding rod and a safety factor
of 3.0, what size weld should be specified?

3
8-in.
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4 in.

3 in.

4000
lb

Note: There are two 4 in. welds.

11.14 The bracket shown in Figure P11.14 supports a 4000-lb load. The fillet weld extends
for the full 4-in. length on both sides. What weld size is required to give a safety fac-
tor of 3.0 if E60 series welding rod is used?

FIGURE P11.14

100 mm

Note: Each plate has two 75 mm
welds and one 100 mm weld.

60 kN

75
mm

55
mm

FIGURE P11.13

11.15 In Sample Problem 11.4, determine the weld size required if only the top (AB) is welded.

Sections 11.6–11.8

11.16 Two 20-mm steel plates are butt-welded together. Both the plate and the welding
electrode materials correspond to strength properties of Su = 500 MPa and
Sy = 400 MPa. The imposed loading fluctuates rapidly between -20 and +60 kN.
Estimate the length of weld required in order to provide a safety factor of 2.5:

(a) If the weld reinforcement is not removed.

(b) If the excess weld material is carefully ground off to provide smooth, continu-
ous surfaces.

11.17D Develop a chart from other references that presents the properties and applications
of engineering adhesives. Organize the chart (table) according to (a) chemical type,
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(b) composition and curing conditions, (c) strength, (d) applications, and
(e) remarks.

11.18D Develop or locate a table from other references that presents properties of structural
adhesives. Organize the table using (a) chemical type, (b) bonding materials,
(c) bonding ability, (d) bonding requirements, (e) resistance of bond to various con-
ditions and liquids, and (f) strength.

11.19 Adhesive bonding of aluminum is a comparatively new joining process. The rapid
developments in this area have resulted in the use of adhesive bonding for joining
aluminum to aluminum or to other materials. The result is strongly dependent on
joint design, choice of adhesive, surface preparation, and the bonding process. List
the advantages and disadvantages of adhesive bonding.

11.20 Figure P11.20 shows two members that are adhesively bonded
together. The left member is loaded with a downward force at one
end as shown. Redesign the left member for increased load capac-
ity by means of improved adhesive bonding. Consider the force
flow concept and comment on the advantages and disadvantage of
a redesigned joint.

FIGURE P11.20

11.21 Figure P11.21 shows an adhesively bonded lap joint with hori-
zontal and vertical forces applied as shown. Redesign the left
member to increase the joint strength, better resist the applied
forces, and reduce the chance of peel and separation.

FIGURE P11.21

11.22 Figure P11.22 shows a left member adhe-
sively bonded (butt joint) to a rigid verti-
cal member with forces acting at the end
of the left member as shown. Redesign
the left member to better resist the
applied forces, increase the strength of
the joint, and reduce the chance of peel
and separation.

FIGURE P11.22
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11.25 Figure P11.25 shows two
members that are adhesively
bonded together. The right
member is loaded with a force
at one end as shown. Redesign
the right member for increased
load capacity by means of
improved adhesive bonding.
Consider the force flow con-
cept and comment on the
advantages and disadvantage
of a redesigned joint.

496 Chapter 11 ■ Rivets, Welding, and Bonding

11.23 Figure P11.23 shows two members that are adhesively bonded
together. The right member is loaded with a downward force
at one end as shown. Redesign the right member for
increased load capacity by means of improved adhesive
bonding. Consider the force flow concept and comment on
the advantages and disadvantage of a redesigned joint.

FIGURE P11.23

11.24 An aluminum angle is horizon-
tally loaded and adhesively
bonded to the rigid member as
shown in Figure P11.24.
Redesign the aluminum angle
to increase the joint strength,
better resist the applied forces,
and reduce the chance of peel
and separation.

FIGURE P11.24

FIGURE P11.25

c11.qxd  8/3/11  9:12 PM  Page 496



12 Springs

12.1 Introduction

Springs are elastic members that exert forces, or torques, and absorb energy, which
is usually stored and later released. Springs are usually, but not necessarily, made
of metal. Plastics can be used when loads are light [3]. Modern structural compos-
ites are being introduced for some applications requiring minimum spring mass.
Blocks of rubber often constitute springs, as in bumpers and in vibration isolation
mountings of various machines such as electric motors and internal combustion
engines. Pneumatic springs of various types take advantage of the elastic com-
pressibility of gases, as compressed air in automotive “air shocks” and as hermeti-
cally sealed high-pressure nitrogen gas in the hydropneumatic suspensions of
French Citroen automobiles. For applications requiring compact springs providing
very large forces with small deflections, hydraulic springs have proved effective.
These work on the basis of the slight compressibility of liquids, as indicated by
their bulk modulus of elasticity. Product cost can sometimes be reduced by design-
ing the required elasticity into other parts, rather than making those parts rigid and
adding a separate spring [3].

Our concern in this book is with springs made of solids–metals or reinforced
plastic composites. If energy absorption with maximum efficiency (minimum
spring mass) is the objective, the ideal solution is an unnotched tensile bar, for all
the material is stressed at the same level (recall Chapter 7). Unfortunately, tensile
bars of any reasonable length are too stiff for most spring applications; hence it
is necessary to form the spring material so that it can be loaded in torsion or bend-
ing. (Recall Castigliano’s method in Sections 5.8 and 5.9, where it was noted that
deflections caused by tensile and transverse shear stresses are usually negligible
in comparison with deflections caused by bending and torsion.) The following
sections are concerned with springs of the common geometric forms that serve
this purpose.

12.2 Torsion Bar Springs

Perhaps the simplest of all the spring forms is the torsion bar, illustrated in
Figure 12.1. Common applications include some automotive suspension springs, and
counter balancing springs for car hoods and trunk lids, where small torsion bars fit
inconspicuously near the hinges.
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Fixed
end

Spline

Spline

Generous
radius

Bearing

Bearing

Torsion bar
portion

(a)
Torsion bar with splined ends

(type used in auto suspensions, etc.)

(b)
Rod with bent ends serving as torsion bar spring

(type used for auto hood and trunk counterbalancing, etc.)

d

FIGURE 12.1
Torsion bar springs.

The basic stress, angular deflection, and spring rate equations are

(4.3)

For a solid round rod of diameter d, these become

(4.4)

Recall from Eq. 3.14 that the shear modulus can be calculated as

12.3 Coil Spring Stress and Deflection Equations

Figures 12.2a and c show helical coil compression and tension springs, respectively,
of relatively small helix angle l. Corresponding Figures 12.2b and d show top por-
tions of these springs as free bodies in equilibrium. For each, external force F is
(at least assumed to be) applied along the axis of the helix. In the compression
spring this is commonly achieved by winding the end coils with zero pitch and

G =
E

2(1 + n)

K =
pd4G

32L

u =
32TL

pd4G
 (see Table 5.1)

t =
16T

pd3

K =
JG

L

u =
TL

JG
 (see Table 5.1)

t =
Tr

J
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12.3 ■ Coil Spring Stress and Deflection Equations 499

then grinding the ends flat (or by contouring the mating end plates) so that the pres-
sure applied by the end plates is essentially uniformly distributed. In the tension
spring the end hooks are formed to position the load force along the spring axis.

In Figures 12.2b and d note that regardless of where the cutting plane is taken,
equilibrium considerations require that the wire be subjected to (1) a transverse shear
force of F and (2) a torque equal to FD/2. The shear force turns out to be of minor
consequence (more about that later). The important thing is that the entire length of
active wire in the helix (i.e., wire between the end turns that are touching the end
plates, or between the end hooks) is subjected to torque. For springs made of solid
round wire, the resulting torsional stress is

(12.1)

where D is the mean coil diameter, defined as the average of the inside and outside
coil diameters. Thus, a helical compression or tension spring can be thought of as a
torsion bar wound into a helix.

In addition to the basic shear stress represented by Eq. 12.1, the inner surfaces
of a coil spring are subjected to two additional shear stress components. (1) A trans-
verse shear stress resulting from force F is applied to the arbitrary cutting plane in
Figures 12.2b and d. At the inner coil surface, the direction of this stress coincides
with that of the torsional stress for both compressive and tensile spring loading. (2)
There is an increase in the intensity of torsional stress because of the curvature of

t =
Tr

J
=

16T

pd3 =
8FD

pd3

D

�

F

End surface
ground flat (c)

Tension spring

(b)
Top portion of

compression spring
shown as a free body

in equilibrium.

(a)
Compression spring

(ends squared and ground)

D

d

F

F

d

FD
2

T =

FD
2

T =

F

F

F

F

d

(d)
Top portion of tension
spring shown as a free
body in equilibrium

D

F

F

FIGURE 12.2
Helical (coil) compression and tension springs.
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(a)
Straight torsion bar

(b)
Curved torsion bar
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dc

a

T
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T

FIGURE 12.3
Torsional stress distribution in straight versus curved torsion bars. (Note the
increased stress on the inside surface of the curved bar.)

the coiled “torsion bar.” The second effect is illustrated in Figure 12.3. Suppose the
torque transmitted through the curved torsion bar (Figure 12.3b) produces a 1° rota-
tion between planes m and n. This one degree is distributed over short length ab at
the inside of the coil and longer length cd at the outside. This gives rise to the stress
gradient shown. (Note the similarity with Figure 4.9c for bending of curved beams.)
The severity of this effect is obviously greatest for small values of spring index C,
defined as the ratio of mean coil diameter to wire diameter:

(12.2)

(i.e., the effect is greatest for springs proportioned like a “doughnut”).
The first generally recognized analysis of the transverse shear and curvature

effects was published by A. M. Wahl of the Westinghouse Corp. in Transactions of
the American Society of Mechanical Engineers (May–Aug. 1929). (See [4], which
is widely regarded as the standard reference on springs.) This analysis involved the
derivation of the equation for a factor, Kw (now called the Wahl factor), by which
the stress in Eq. 12.1 can be multiplied to give the total resultant shear stress on the
inside of the coil:

(12.3)

When the loading on the spring is essentially static, the view is usually taken that
the first term of Eq. 12.3, which accounts for the curvature effect, should not be used
because it is essentially a stress concentration factor. (As explained in Section 4.13,

Kw =
4C - 1

4C - 4
+

0.615

C

C =
D

d
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12.3 ■ Coil Spring Stress and Deflection Equations 501

stress concentration can usually be ignored with the static loading of ductile materials.)
Setting this term equal to unity gives a correction factor for transverse shear (only) of

(a)

where the subscript s designates static loading. Equation (a) is readily derived as follows.
An exact analysis shows the transverse shear stress acting on an element at the

inside coil diameter to be 1.23F/A. Adding this to the nominal torsional stress gives

which reduces to

where Ks is defined by Eq. (a).
After some yielding occurs (with static loading), the stresses are more uniformly

distributed and the factor of 1.23 is often omitted. This gives

(12.4)

Actually, in applications with static loading and elevated temperatures it is
sometimes assumed that stresses become sufficiently redistributed that Eq. 12.1 can
be used without correction.

The preceding variety of stress corrections for static loading can lead to confu-
sion. An important point to remember is that when using allowable stress data
obtained from static load tests of coil springs made of specific materials, the same
correction factor must be used as that reflected in the test data.

In accordance with many authorities (including [1, 2]), it is recommended here
that Eqs. 12.3 and 12.4 be used for fatigue and static loading, respectively. These
equations apply to springs of normal geometry: C 7 3 and l 6 12°.

It follows that for fatigue loading, the equation for corrected stress (i.e., includ-
ing the complete Wahl factor), is

(12.5)

The corresponding corrected stress equation for static loading is

(12.6)

where Ks is defined in Eq. 12.4.

t =
8FD

pd3 Ks =
8F

pd2 CKs

t =
8FD

pd3 Kw =
8F

pd2 CKw

Ks = 1 +
0.5

C

=
8FD

pd3 Ks

t =
8FD

pd3 c1 +
1.23(0.5)

C
d

t =
8FD

pd3 +
1.23F

pd2/4

Ks = 1 +
0.615

C
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FIGURE 12.4
Stress correction factors for helical springs.

Values of Kw , Ks , KwC, and KsC are plotted in Figure 12.4. (Use of the last two
quantities is illustrated in sample problems that follow.)

The free-body diagrams in Figure 12.2 indicate no bending loading. For unusual
cases with pitch angle l greater than 15° and deflection of each coil greater than
D/4, bending stresses should be considered (see [4], p. 102). In addition, it should
be noted that the preceding treatment of helical spring stresses tacitly assumed two
factors to be negligible.

1. Load eccentricity. It is seldom possible to distribute the load on the spring ends
so that the resultant coincides exactly with the geometric spring axis. Any eccen-
tricity introduces bending and changes the torsional moment arm. This causes the
stresses on one side of the spring to be higher than indicated by the foregoing
equations.

2. Axial loading. Reference to Figure 12.2b indicates that in addition to creating
a transverse shear stress, a small component of force F produces axial com-
pression of the spring wire. In critical spring designs involving relatively large
values of l, this factor may warrant consideration.
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Derivation of the equation for helical spring deflection is most readily accom-
plished using Castigliano’s method (Section 5.8), as follows.

Assuming that transverse shear contributes negligibly to the deflection, only the
torsional load need be considered. From Table 5.3,

where Q = F, and, for round wire, K¿ = J = pd4/32. Letting N equal the number
of active coils (i.e., not counting the end turns that do not participate in the deflec-
tion because they are in contact with the end plates, we have

(12.7)

The spring rate (also called spring constant or spring scale—and with units of
Newtons per millimeter, pounds per inch, etc.) is commonly designated as k, where

(12.8)

Figure 12.5 shows a compression helical spring of unequal pitch (where the
pitch is the distance measured parallel to the spring axis from a point on one coil
to the corresponding point on the adjacent coil). As this spring is loaded, active
coils near the ends “bottom out” first, thereby becoming “inactive” (like the end
coils that are in contact with the end plates). As successive turns “bottom out,” the
spring becomes increasingly stiff; the number of active turns N progressively
decreases, thereby giving increased values of k in Eq. 12.8. This is desirable in
some applications.

Most, but not all, coil springs are helical. A few are conical, as shown in
Figure 12.6. With a steep enough cone angle, the coils can nest together giving a
solid height equal to the wire diameter. Since the torque (FD/2) applied to the
smaller turns is less than for the turns of larger diameter, the torsional stresses
throughout the length of the wire vary accordingly. This means that the wire is
used less efficiently than in a helical spring. Appropriately varying the pitch
throughout the length of the spring makes it possible to have all turns “bottom
out” simultaneously, if this is desired. The deflection and spring rate of a conical
spring can be closely approximated by using Eqs. 12.7 and 12.8, where the aver-
age value of mean coil diameter is used for D.

k =
F

d
=
d4G

8D3N
,  or k =

dG

8NC 3

d =
8FD3N

d4G

=
4FD3

pd4G L
2pN

0
du

d = L
2pN

0

(FD/2)(D/2)

G(pd4/32)
aD

2
dub

d = L
L

0

T(0T/0Q)

GK¿
dx
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FIGURE 12.5
Helical compression spring
of unequal pitch.

FIGURE 12.6
Conical compression coil
spring.
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12.4 Stress and Strength Analysis for Helical Compression 
Springs—Static Loading

Most helical springs are wound from wire of solid round cross section. Only these
will be treated in this book. Although spring wire was formerly manufactured pri-
marily in certain standard “gage” diameters, it is now readily available in any desired
size. (Spring manufacturers may, however, carry in stock certain “preferred” sizes.)

The relative costs and minimum tensile strengths of commonly used spring wire
materials are given in Table 12.1 and Figure 12.7, respectively. (Note the tendency
for smaller wires to have greater strength. For hard-drawn wire, this is mostly
because the work hardening associated with the wire drawing extends over a greater
percentage of the cross section.) This information is fine as far as it goes, but for
spring design allowable values of shear stress are needed for use with Eq. 12.5.
Working with the information at hand, we proceed as follows.

1. The basic concern when designing springs for static loading is avoiding set, or
long-term shortening (creep) of the spring under load (nicely illustrated by the
springs in some old cars, which have taken sufficient set to slightly lower the
car). Set is directly related to Ssy—and only indirectly to Su . Experimental val-
ues of Ssy are seldom available. Equation 3.12 gives, for an “average” spring
wire of Su = 220 ksi, an estimate of

Sy = 1.05Su - 30 ksi = 1.05(220) - 30 = 201 ksi

For such a steel, the distortion energy relationship predicts

Ssy = 0.58Sy = 0.58(201) = 116 ksi

Therefore, Ssy = (116/220)Su = 0.53Su .

2. The most severe stress to which a compression helical spring can be subjected
corresponds to loading it to its solid height (all coils touching). Although this
condition should never be experienced in service, it can be—either intentionally
or accidentally—encountered when the spring is installed or removed. Typically
then, t (calculated from Eq. 12.6, with F equal to the load required to close the
spring solid) should be less than Ssy, or, from the preceding, less than about 0.53Su.

504 Chapter 12 ■ Springs

TABLE 12.1 Relative Costa of Common Spring Wire
of 2-mm (0.079-in.) Diameter

ASTM Relative
Wire Material Specification Cost

Patented and cold-drawn steel A227 1.0
Oil-tempered steel A229 1.3
Music (steel) A228 2.0
Carbon steel valve spring A230 2.5
Chrome silicon steel valve A401 4.0
Stainless steel (Type 302) A313 (302) 6.2
Phosphor bronze B159 7.4
Stainless steel (Type 631) A313 (631) 9.9
Beryllium copper B197 22.
Inconel alloy X-750 38.

a Average of mill and warehouse quantities [2].
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Minimum ultimate tensile strength (MPa)

Minimum ultimate tensile strength (ksi)
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3. Experience indicates [1] that less than 2 percent long-term “set” will occur in
springs designed for ts (where subscript s denotes spring “solid”) equal to 0.45Su
for ferrous spring, or 0.35Su for nonferrous and austenitic stainless steel springs.

4. Recommended stress values in step 3 thus appear to imply a safety factor, for
steel springs, of about 0.53Su/0.45Su = 1.18. This may seem small, but it actu-
ally illustrates the safety factor philosophy outlined in Section 6.11. For exam-
ple, it was stated in that section that safety factor selection is based on five
factors, three of which are degree of loading uncertainty, degree of material
strength uncertainty, and consequences of failure. For a helical compression
spring there is virtually no loading uncertainty; it is impossible for the spring to
be loaded beyond the point of closing solid. The manufacturing operations asso-
ciated with high-quality spring production can be controlled to give a high
degree of uniformity of spring yield strength. Finally, the consequences of fail-
ure (a little more than 2 percent set) are usually not serious.

5. Since stresses are limited by the “spring solid” condition, it follows that springs
can be stressed most highly at their working loads if the maximum working load
comes close to closing the spring solid. It is only necessary to provide sufficient
clash allowance (difference in spring length between maximum load and spring
solid positions) to allow for any possible combination of tolerance stack-up, dif-
ferential thermal expansion, and wear of parts. Moreover, since all portions of the
spring do not become “solid” at precisely the same load, the spring rate begins to
build up sharply just before reaching the theoretical “spring solid” position. The
usual recommendation is to provide a clash allowance which is approximately
10 percent of the total spring deflection at maximum working load.

6. Finally, coil springs in compression are ideal candidates to benefit from favor-
able residual stresses caused by yielding. Section 4.15 stated that “An overload
causing yielding produces residual stresses that are favorable to future loads in
the same direction and unfavorable to future loads in the opposite direction.”
Compression coil springs are loaded only in compression. Hence, advantage can
be taken of favorable residual stresses by initially coiling the spring longer than
desired, and then yielding it to the desired length by closing it solid. This opera-
tion, called presetting, is widely used.

7. According to [1], taking maximum advantage of presetting permits the design
stress to be increased from the 0.45Su and 0.35Su values given in step 3 to 0.65Su
and 0.55Su . This increase is actually somewhat more than can be justified theo-
retically on the basis of residual stresses alone, and may reflect some work hard-
ening (strain strengthening) during presetting.

Summarizing this discussion: to limit long-term set in compression coil springs
to less than 2 percent, shear stresses calculated from Eq. 12.6 (normally with force
F corresponding to spring “solid”) should be

(12.9)

ts F 0.55Su (nonferrous and austenitic stainless—with presetting)

ts F 0.65Su (ferrous—with presetting)

ts F 0.35Su (nonferrous and austenitic stainless—without presetting)

ts F 0.45Su (ferrous—without presetting)
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12.5 ■ End Designs of Helical Compression Springs 507

12.5 End Designs of Helical Compression Springs

The four “standard” end designs used with compression helical spring are illustrated
in Figure 12.8, together with the customarily used equations for their solid height,
Ls . In all cases Nt = total number of turns, and N = number of active turns (the
turns that twist under load and thereby contribute to the deflection as calculated from
Eq. 12.7). In all ordinary cases involving end plates contacting the springs on their
end surfaces (i.e., not like the special cases shown in Figures 12.9b through d),

Nt L N + 2 (12.10)

Equation 12.10 follows from the need for both end plates to be in contact with
nearly a full turn of wire in order to satisfy the requirement that the resultant load
coincide with the spring axis.

The provision of essentially uniform contact pressure over the full end turns
requires contoured end plates (as Figure 12.9a) for all end conditions except squared
and ground. The choice between (1) contoured end plates and (2) squared and ground
springs (with flat end plates) is usually made on the basis of cost. Some alternative

(a) Plain ends
     Ls = (Nt + 1)d

(c) Squared ends
     Ls = (Nt + 1)d

(b) Plain ends,
    ground
    Ls = Nt d

(d) Squared and 
     ground ends 

Ls = Ntd

FIGURE 12.8
Compression spring ends and corresponding spring solid-height
equations. (Note: Square ends are wound with a zero helix angle.)

(b)(a)
Contoured
and plate

(d)(c)FIGURE 12.9
Special end members for
coil springs.
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occurs for conditions above and
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end member designs are illustrated in Figure 12.9. Note that all these except Figure
12.9a represent special designs that provide for adjusting the number of active turns
and that permit loading the spring in tension as well as in compression.

The solid-height equations given in Figure 12.8 are those normally used, but in
Figures 12.8b and d the actual solid height depends on the grinding operation. For
springs with ground ends, the equations give a maximum solid height, associated
with normal grinding practice.

For special applications in which space is limited, ground springs can be
obtained with a solid height of

Ls = (Nt - 0.5)(1.01 d) (b)

12.6 Buckling Analysis of Helical Compression Springs

Coil springs loaded in compression act like columns and must be considered for pos-
sible buckling—particularly for large ratios of free length to mean diameter. The
column treatment in Chapter 5 applies. Figure 12.10 gives the results for two of the
end conditions illustrated in Figure 5.27. Curve A (end plates constrained and paral-
lel) represents the most common condition. If buckling is indicated, the preferred
solution is to redesign the spring. Otherwise, the spring can be supported and hence
prevented from buckling by placing it either inside or outside a cylinder that pro-
vides a small clearance. Friction and wear on the spring from rubbing on the cylin-
drical guide may have to be considered.
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12.7 ■ Design Procedure for Helical Compression Springs 509

12.7 Design Procedure for Helical Compression Springs—Static Loading

The two most basic requirements of a coil spring design are an acceptable stress
level and the desired spring rate. To minimize weight, size, and cost, we usually
design springs to the highest stress level that will not result in significant long-
term “set.” Stress is usually considered before spring rate, in designing a spring,
because stress involves D and d, but not N. In general, the stress requirement can
be satisfied by many combinations of D and d, and the objective is to find one of
these that best suits the requirements of the particular problem. With D and d at
least tentatively selected, N is then determined on the basis of the required spring
rate. Finally, the free length of the spring is determined by what length will give
the desired clash allowance. If the resulting design is prone to buckling, or if the
spring does not fit into the available space, another combination of D and d may
be indicated. If the spring comes out too large or too heavy, a stronger material
must be considered.

SAMPLE PROBLEM 12.1D Helical Spring Design for Static Loading

A helical spring with squared and ground ends is required to exert a force of 60 lb
at a length that cannot exceed 2.5 in., and 105 lb at a length that is 0.5 in. shorter. It
must fit inside a 1.5-in.-diameter (hole). Loading is essentially static. Determine a
satisfactory design, using oil-tempered ASTM 229 wire, without presetting.

SOLUTION

Known: A helical compression spring exerts a force of 60 lb at a length of 2.5 in.
or less and 105 lb at a length that is 0.5 in. shorter.

Find: Determine a satisfactory spring geometry.

Schematic and Given Data: The force and deflection data given for the spring can
be used to construct Figure 12.11.

Decisions:
1. As recommended in Section 12.4, choose a clash allowance which is 10 percent

of maximum working deflection.

2. To avoid possible interference, provide the commonly recommended diametral
clearance of about 0.1D between the spring and the 1.5-in. specified diameter.

Assumptions:
1. There are no unfavorable residual stresses.

2. Both end plates are in contact with nearly a full turn of wire.

3. The end plate loads coincide with the spring axis.
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Design Analysis:
1. Figure 12.11 gives a convenient representation of the given information con-

cerning spring geometry and loading. The required spring rate is

2. With a clash allowance which is 10 percent of maximum working deflection,

3. The force when solid (i.e., maximum force that must be resisted without “set”)
is therefore

Fsolid = 105 + 90(0.12) = 116 lb

4. We now proceed to determine a desirable combination of D and d that will sat-
isfy the stress requirement (Eq. 12.6). In this problem the requirement that the
spring fit inside a 1.5-in. hole permits a reasonable initial estimate of D—per-
haps D = 1.25 in. As decided, D + d must be less than 1.5 in. by a diametral
clearance of about 0.1D. Note that reasonable clearance is required because the
outside diameter increases slightly as the spring is compressed. Since a small
wire size should suffice for the loads involved, D would be expected to come out
in the range of 1 to 1.25 in.

5. In order to solve Eq. 12.6 for d, we must also determine preliminary values of Ks
and tsolid , both of which are functions of d. Fortunately, neither quantity varies
greatly over the ranges involved, so we should not be far off by estimating.

a. Ks = 1.05. (Figure 12.4 shows little variation in Ks over the normal range
of C between 6 and 12.)

b. tsolid = 101 ksi. [For a “ballpark guess” of d = 0.1 in., Figure 12.7 shows
Su to be about 225 ksi. The corresponding maximum acceptable value of
tsolid (Eq. 12.9) is 0.45Su , or 101 ksi.]

Clash allowance = 0.1
105 lb

90 lb/in.
= 0.12 in.

k =
F

d
=

¢F

¢d
=

45 lb

0.5 in.
= 90 lb/in.

1
2

Lf

Ls

Fs

D + d
� 1.5 in.

(Spring
free) (Spring

with
min. load)

(Spring
with

max. load)

105 lb

60 lb

(Spring
solid)

Clash
allowance

� 2.5 in.

in.

FIGURE 12.11
Helpful representation of information given in Sample Problem 12.1.
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6. Substituting the preceding values into Eq. 12.6 gives

or

7. The estimates in steps 4 and 5 were deliberately made “rough” enough to give
an unsatisfactory solution. A wire diameter of 0.157 in. has an ultimate strength
of only about 210 ksi instead of the assumed 225 ksi. Furthermore, the preced-
ing values of d and D provide a diametral clearance in a 1.5-in. hole of only
0.093, which is less than the desired value of 0.1D. If we keep d = 0.157, and
reduce D so that the wire is subjected to a little less torque (hence, a little less
stress), this would also open up more diametral clearance. For a second trial,
choose d = 0.157 in. and solve for the corresponding value of D. Both tsolid and
Ks will have different values than before, but this time they will be “correct” val-
ues for these quantities instead of estimates.

8. To avoid estimating Ks , use the second form of Eq. 12.6:

From Figure 12.4, C = 7.3, and

D = Cd = 7.3(0.157) = 1.15 in.

This combination of D and d not only conforms exactly to the desired stress criterion
but also provides a little more than the minimum desired clearance in the 1.5-in. hole.

9. From Eq. 12.8,

from which N = 6.38.

10. From Eq. 12.10, Nt = N + 2 = 6.38 + 2 = 8.38. From Figure 12.8,
Ls = Ntd = 8.38(0.157) = 1.32 in.

11. When force Fsolid = 116 lb is released, the spring will elongate a distance of
116 lb/(90 lb/in.) = 1.29 in. Thus the free length of the spring, Lf , is
Ls + 1.29 = 1.32 + 1.29 = 2.61 in. Furthermore, when loaded with 60 lb,
the spring length will be [2.61 in. –60 lb/(90 lb/in.)] = 1.94 in. This more than
satisfies the maximum length requirement of 2.5 in. at a 60-lb load.

12. Buckling is checked for the worst case of deflection approaching the solid
deflection (i.e., d = ds = 1.29 in.),

Lf

D
=

2.61

1.15
= 2.27

ds

Lf
=

1.29

2.61
= 0.49

k =
d4G

8D3N
,  90 =

(0.157)4(11.5 * 106)

8(1.15)3N

CKs = 7.89

 0.45(210,000) =
8(116)

p(0.157)2 CKs

tsolid =
8Fsolid

pd2 CKs

d = 0.157 in.

 101,000 =
8(116)(1.25)

pd3 (1.05)

tsolid =
8FsolidD

pd3 Ks
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512 Chapter 12 ■ Springs

Reference to Figure 12.10 indicates that this spring is far outside the buckling
region, even if one end plate is free to tip.

13. The above solution satisfies the stress and spring rate requirements, while more
than satisfying the buckling criterion and spatial limitations. (It is obvious that
the requirements could also be satisfied with spring designs using a little thicker
or a little thinner wire or even a wire of a little less tensile strength.) Hence, one
apparently satisfactory answer to the problem is

Comments:
1. The preceding information would permit a technician to draw or to make the spring.

2. The problem is not really finished, however, without dealing with the vital mat-
ter of tolerances. For example, small variations in d result in large variations in
stress and deflection. Imposing extremely tight tolerances can add a substantial
unnecessary cost. It is best to advise the spring manufacturer of any critical
dimensions; for example, in this problem it might be important to hold all
springs to 90 ; 4 lb/in. spring rate, and to the same length, ;0.002 in., when
loaded with 60 lb. Fairly loose tolerances should be allowed on all other dimen-
sions. The manufacturer will then be able to use wire stock of slightly varying
diameter by adjusting other dimensions as necessary in order to comply with the
critical specifications.

It may be helpful to note that there are, in general, three types of problems in
selecting a satisfactory combination of D and d to satisfy the stress requirement.

1. Spatial restrictions place a limit on D, as when the spring must fit inside a hole
or over a rod. This situation was illustrated by Sample Problem 12.1.

2. The wire size is fixed, as, for example, standardizing on one size of wire for sev-
eral similar springs. This situation is also illustrated by Sample Problem 12.1, if
steps 4, 5, 6, and 7 are omitted, and d = 0.157 in. is given.

3. No spatial restrictions are imposed, and any wire size may be selected. This
completely general situation can theoretically be satisfied with an almost
infinite range of D and d, but the extremes within this range would not be
economical. Reference to Figure 12.4 suggests that good proportions gener-
ally require values of D/d in the range of 6 to 12 (but grinding the ends is dif-
ficult if D/d exceeds about 9). Hence, a good procedure would be to select an
appropriate value of C and then use the second form of Eq. 12.6 to solve for d.
This procedure requires an estimate of Su in order to determine the allowable
value of tsolid . If the resulting value of d is not consistent with the estimated
value of Su , a second trial will be necessary, as was the case in the sample
problem.

Lf = 2.61 in.

N = 6.38

D = 1.15 in.

d = 0.157 in.
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12.8 Design of Helical Compression Springs for Fatigue Loading

This section discusses the design of helical compression springs for fatigue loading.
Figure 12.12 shows a generalized S–N curve, calculated in accordance with
Chapter 8, for reversed torsional loading of round steel wire of ultimate tensile
strength Su , any diameter not exceeding 10 mm, and a surface factor of unity (as with
shot-peened wire—see Section 8.14). A corresponding constant-life fatigue diagram
is plotted in Figure 12.13. Since compression coil springs are always loaded in fluc-
tuating compression (and tensile coil springs in fluctuating tension), these springs do
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FIGURE 12.12
Estimated S–N curve for round steel spring wire, d … 10 mm, CS = 1
(shot-peened) reversed, torsional loading.
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FIGURE 12.13
Constant-life fatigue diagram corresponding to Figure 12.12. Recall that Sus ~~ 0.8 Su.
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FIGURE 12.14
Alternative form of constant-life
fatigue diagram (replot of “region
of interest” of Figure 12.13).

not normally experience a stress reversal. In the extreme case, the load (be it tensile
or compressive) drops to zero and is then reapplied in the same direction. Thus, as
shown in Figure 12.13, the region of interest lies between ta/tm = 0 and ta/tm = 1,
where ta/tm is the ratio of alternating shear stress to mean shear stress.

It is customary when working with coil springs to replot the information in
Figure 12.13 in the form used in Figure 12.14. This alternative form of constant-life
fatigue diagram contains only the “region of interest” shown in Figure 12.13. Note,
for example, that point P of Figure 12.13 corresponds to tm = 0.215Su ,
ta = 0.215Su , whereas in Figure 12.14 point P plots as tmin = 0, tmax = 0.43Su .

Diagrams like Figure 12.14 are usually based on actual torsional fatigue tests,
with the specimens loaded in a zero-to-maximum fluctuation (i.e., ta/tm = 1).
Figure 12.15 shows S–N curves based on zero-to-maximum stress fluctuation. The
top curve is drawn to agree with the values determined in Figure 12.13. (Note that this
curve shows higher values of maximum stress than does Figure 12.12 because the fluc-
tuating stress drops only to zero rather than completely reversing.) The lower curves in
Figure 12.15 are zero-to-maximum torsional S–N curves based on experimental data
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12.8 ■ Design of Helical Compression Springs for Fatigue Loading 515

and suggested for design use by a major spring manufacturer [1]. These reflect pro-
duction spring wire surface finish, rather than Cs = 1, as in the top curve.

Spring manufacturers customarily present design stress data of this kind in
terms of the tensile ultimate strength (despite the fact that the loading involved is tor-
sional) because the ultimate tensile strength is the easiest to obtain and the most reli-
able experimental measure of wire strength.

Figure 12.16 is an independently obtained empirical constant-life fatigue dia-
gram pertaining to most grades of engine valve spring wire. It represents actual test
data. Design values should be somewhat lower.

In the design of helical (or torsion bar) springs for fatigue loading, two previ-
ously mentioned manufacturing operations are particularly effective: shot peening
(see Sections 8.13 and 8.14) and presetting (see points 6 and 7 in Section 12.4).
Recall that presetting always introduces surface residual stresses opposite those
caused by subsequent load applications in the same direction as the presetting load.
The corresponding coil spring (or torsion bar) torsional stress fluctuations with and
without presetting are as shown in Figure 12.17. It can be shown that the theoretical
maximum residual stress that can be introduced by presetting (assuming an idealized
stress–strain curve that neglects the possibility of some strain hardening) is Ssy/3.
The practical maximum value is somewhat less. The fatigue improvement repre-
sented by the fluctuation with presetting in Figure 12.17 is readily apparent when the
stress fluctuations are represented in Figures 12.13, 12.14, and 12.16. Maximum
fatigue strengthening can be obtained by using both shot peening and presetting.
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FIGURE 12.16
Infinite-life fatigue dia-
gram. Pretempered carbon
or alloy steel high-duty
spring wire, d … 5 mm 
(0.2 in.).
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516 Chapter 12 ■ Springs

Springs used in high-speed machinery must have natural frequencies of vibra-
tion well in excess of the frequency of motion they control. For example, a conven-
tional engine valve spring goes through one cycle of shortening and elongating every
two engine revolutions. The valve motion is far from sinusoidal, and a Fourier analy-
sis of the motion typically indicates that harmonics up to about the thirteenth are of
significant magnitude. Thus, at 5000 engine rpm, the fundamental spring motion has
a frequency of 2500 cycles per minute (cpm), and the thirteenth harmonic 32,500
cpm, or 542 Hz. When a helical spring is compressed and then suddenly released, it
vibrates longitudinally at its own natural frequency until the energy is dissipated by
damping. Similarly, if a helical spring is fixed at one end and given sufficiently rapid
compression at the other, the end coil is pushed against the adjacent coil before the
remaining coils have time to share in the displacement. If, after sufficiently rapid
compression, the free end is then held fixed, the local condition of excessive dis-
placement will move progressively along the spring (first, coils 1 and 2 nearly touch-
ing, then coils 2 and 3, then 3 and 4, etc.) until it reaches the opposite end where the
disturbance is “reflected” back toward the displaced end, and so on, until the energy
is dissipated. This phenomenon is called spring surge and causes local stresses
approximating those for “spring solid.” Spring surge also decreases the ability of the
spring to control the motion of the machine part involved, such as the engine valve.
The natural frequency of spring surge (which should be made higher than the high-
est significant harmonic of the motion involved—typically about the thirteenth) is

where

Substitution gives

For steel springs, the natural frequency in Hertz is

(12.11)

(12.11a)

Designing springs with sufficiently high natural frequencies for high-speed
machinery typically requires operating at the highest possible stress level, by taking
advantage of presetting and shot peening. This minimizes the required mass of the
spring, thereby maximizing its natural frequency, which is proportional to 1/1m .

fn =
353,000d

ND2  (d and D in millimeters)

fn =
13,900d

ND2  (d and D in inches)

fn r Ad4G/(D3N)

(d2DNr)
,  or fn r d

D2N
2G/r

m r d2DNr

m r (volume)(density) or

k r d4G

D3N
 (Eq. 12.8)

fn r 2k/m
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SAMPLE PROBLEM 12.2D Helical Spring Design for Fatigue Loading

A camshaft rotates 650 rpm, causing a follower to raise and lower once per revolu-
tion (Figure 12.18). The follower is to be held against the cam by a helical com-
pression spring with a force that varies between 300 and 600 N as the spring length
varies over a range of 25 mm. Ends are to be squared and ground. The material is to
be shot-peened chrome–vanadium steel valve spring wire, ASTM A232, with fatigue
strength properties as represented in Figure 12.16. Presetting is to be used.
Determine a suitable combination of d, D, N, and Lf . Include in the solution a check
for possible buckling and spring surge.

SOLUTION

Known: A helical compression spring operates with a force that varies between
given minimum and maximum values as the spring length varies over a known range.

Find: Determine a suitable spring geometry.

Schematic and Given Data:

Decisions:
1. To minimize possible spring surge problems, design the spring so that stresses

are as large as reasonable.

2. Select the smallest reasonable safety factor to minimize spring weight.
(Minimizing spring weight allows us to maximize natural frequency.)

25 mm

600 N 

300 N 

600 N 

Squared and
ground ends,
ASTM A232
spring wire

300 N 

Key

Cam

n =
650
rpm

Shaft

�� + 25 

FIGURE 12.18
Diagram for Sample Problem 12.2.
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518 Chapter 12 ■ Springs

3. Select a spring proportion, C = 10. (This proportion is good from the stand-
point of the Wahl factor, but costs for the spring may be higher because the ends
must be ground.)

4. As recommended in Section 12.4, choose a clash allowance that is 10 percent of
the maximum working deflection.

Assumptions:
1. The end plates are in contact with the spring ends.

2. The spring force acts along the spring axis.

Design Analysis:
1. Since, at 650 rpm, a million stress cycles are accumulated in 26 operating hours,

infinite fatigue life is required. Stresses should be as high as reasonable to min-
imize possible spring surge problems. Regardless of the spring design, the ratio
tmax/tmin will be the same as the ratio of maximum and minimum loads—that
is, 600/300. A line of this slope is drawn on Figure 12.16, giving an intersection
at tmax = 800 MPa.

2. Since Figure 12.16 represents actual test data, this value of tmax makes no
allowance for possible spring surge or a safety factor. The amplitude of possible
surge can be limited by providing a minimal clash allowance—say, 10 percent of
the maximum working deflection. Spring weight can be minimized, thus allowing
the maximum natural frequency, by selecting the smallest reasonable safety fac-
tor—say, 1.1. (The use of presetting will provide some additional safety factor.)
Thus a design value for tmax might be chosen as 800 MPa divided by 1.1
(allowance for possible surge) and divided again by 1.1 (safety factor), or 661 MPa.

3. In the absence of any restrictions on d, for either the outer diameter or the inner
diameter, let us arbitrarily select a spring proportion of, say, C = 10. This pro-
portion is good from the standpoint of the Wahl factor, but the spring may cost
an extra amount because the ends must be ground. Then, from Eq. 12.5,

4. In the absence of any reason to stay with an odd value of d, it might be prefer-
able to round off to d = 5.0 mm. Then, going back to Eq. 12.5 and solving for
the value of C that gives a stress of 661 MPa (with load of 600 N) together with
d = 5.0 mm, we have

From Figure 12.4, C = 9.4, D = Cd = 47.0 mm.

5. k = 300 N/25 mm = 12 N/mm.

6. From Eq. 12.8,

7. From Figure 12.8, Ls = Ntd = (N + 2)d = (4.95 + 2)(5) = 34.75 mm.

Lf = Ls + Fsolid/k

N =
dG

8C3k
=

5(79,000)

8(9.4)3(12)
= 4.95

CKw =
ptmaxd

2

8Fmax
=
p(661)(5)2

8(600)
= 10.82

d = A8FmaxCKw

ptmax
= A8(600)(10)(1.14)

p(661)
= 5.13 mm
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With 10 percent clash allowance, Fsolid = 1.1Fmax = 660 N. Then,

Lf = 34.75 + 660/12 = 89.75 mm

8. Check for buckling to determine if the spring contacts the rod (for extreme case
of d = ds):

ds

Lf
=

660

12

89.75
= 0.61

Lf

D
=

89.75

47
= 1.91

Far removed from buckling per Figure 12.10u
9. From Eq. 12.11a, the natural frequency is

10. To summarize the results,

d = 5 mm
D = 47.0 mm
N = 4.95
Lf = 89.75 mm

Comments:
1. For the spring to be in resonance with the fundamental surge frequency

fn = 161.4 Hz, the camshaft would have to rotate at (161.4)(60) = 9684 rpm. For
the thirteenth harmonic to be in resonance, the shaft must rotate 9684/13 = 745
rpm. Rotation at 650 rpm should not result in spring surge (unless the cam con-
tour is highly unusual, producing significant harmonics above the thirteenth).

2. No buckling or spring surge should occur (but allowance for possible repeated
transient surge was made by appropriate selection of clash allowance and
design stress).

SAMPLE PROBLEM 12.3D Helical Spring Fatigue Design

Repeat Sample Problem 12.2, except this time design the spring to use 5-mm wire of
the same material but with the strength properties indicated in Figures 12.7 and 12.15.

SOLUTION

Known: A helical compression spring of wire diameter d = 5 mm operates with a
known fluctuating force that varies the spring length through a range of 25 mm.

Find: Determine a satisfactory spring geometry.

Schematic and Given Data: The schematic and given data are the same as in
Sample Problem 12.2 except that the strength properties are those indicated in
Figures 12.7 and 12.15 rather than in Figure 12.16.

fn =
353,000d

ND2 =
353,000(5)

(4.95)(47)2 = 161.4 Hz
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FIGURE 12.19
Fatigue diagram for Sample Problem 12.3.

Decisions/Assumptions: Same as in Sample Problem 12.2.

Design Analysis:
1. From Figure 12.7, Su = 1500 MPa for the given material and wire size.

2. From Figure 12.15, the maximum recommended design stress for infinite life and
zero-to-maximum stress fluctuation (shot-peened wire) is 0.36Su = 540 MPa.

3. From Eq. 12.9 the effective torsional yield strength associated with 2 percent
long-term set is 0.65 Su = 975 MPa. Approximating Sus as 0.8Su = 1200
MPa, an estimated torsional fatigue strength curve for infinite life is plotted in
Figure 12.19.

4. For tmax/tmin = 600/300, Figure 12.19 shows the limiting value of tmax to be
750 MPa. Because Figure 12.15 represents maximum recommended values, it
might be prudent to reduce this slightly. An additional “safety factor” of 1.13
would give a final design value of tmax = 661 MPa, exactly as in Sample
Problem 12.2.

5. Using this design stress makes the balance of the solution identical to that given
for Sample Problem 12.2.

Comment: It is often desirable to use more than one approach in solving engi-
neering problems (as in going through both Sample Problems 12.2 and 12.3), and the
reader should be aware that the results will not always agree as well as they did in
this case. (This is where “engineering judgment” comes in!)
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12.9 Helical Extension Springs

Most of the foregoing treatment of helical compression springs applies equally to exten-
sion springs (illustrated in Figures 12.2c and 12.2d), but a few points of difference should
be noted. First, extension springs do not have the automatic “over-load stop” feature of
compression springs. A sufficient static overload can elongate any extension spring to
failure. This sometimes makes them vulnerable to excessive overload stresses during
installation. Furthermore, a broken compression spring may continue to provide a “stop”
that holds the end plates apart. For these reasons compression springs are generally pre-
ferred to extension springs in safety-critical applications. Accordingly, some safety codes
require that helical springs used for certain applications be loaded in compression.

Extension springs are usually wound while maintaining a torsional stress in the
wire. This results in the coils pressing against each other, as shown in Figure 12.20.
The initial tension is the external force applied to the spring when the coils are just
at the verge of separating. Spring manufacturers recommended [1] that the initial
tension be such that the resulting stress (computed from Eq. 12.6) is

(12.12)

An extension spring wound in this manner does not deflect until loaded with a force
exceeding the initial tension. Then, the equations for stress and spring rate developed
for compression springs apply.

The critical stresses in an extension spring often occur in the end hooks.
Figure 12.20 shows the location and equation for critical hook bending and torsional
stresses. Note that in each case the stress concentration factor is equal to the ratio of
mean to inside radius. Recommended practice is to make radius r4 greater than twice
the wire diameter. Hook stresses can be further reduced by winding the last few coils
with a decreasing diameter D, as shown in Figure 12.21. This does nothing to reduce

tinitial = (0.4 to 0.8)
Su
C
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(b)
Semi-elliptic

6FL

bh2

L L

	 =

12FL3

Ebh3
� =

(c)
Full-elliptic

 2F

 2F

6FL

bh2

L L

	 =

6FL3

Ebh3
� =

 2F

6FL

bh2
	 =

6FL3

Ebh3
� =

(a)
Quarter-elliptic

(simple cantilever)

L F F F

FIGURE 12.22
Basic types of beam or leaf springs. The cross section varies to provide
uniform strength.

stress concentration, but it does lower the nominal stresses by reducing the bending
and torsional moment arms.

Depending on details of the design, each end hook typically adds the equivalent
of 0.1 to 0.5 helical turn when computing spring deflection.

12.10 Beam Springs (Including Leaf Springs)

Beam springs (commonly fabricated as multileaf springs) are usually arranged as
cantilevers and simply supported beams in the form of a quarter, half, or full ellipse,
as shown in Figure 12.22. These springs are also called flat springs, although they
usually have some curvature when unloaded (the curvature being a necessity in the
full-elliptic spring). Note that in each case the basic element is a cantilever of length
L loaded by force F. The common semielliptic spring can be thought of as two can-
tilevers sharing the load in parallel. The full-elliptic spring has four cantilevers,
arranged in a series-parallel arrangement. It is only necessary to analyze the stress
and deflection characteristics of the simple cantilever or quarter-elliptic spring, for
the same equations can readily be adapted to cover the other two types.

Figure 12.23a shows a general cantilever beam of width w and thickness t, both
of which vary with length x. If the bending stresses are to be uniform over the length
of a cantilever of constant thickness, the width must vary linearly with x (Figure
12.23b). For a uniform-stress cantilever of constant width, the thickness must vary
parabolically with x (Figure 12.23c). The triangular beam of Figure 12.23b is the
basic model for the design of leaf springs. The parabolic beam of Figure 12.23c is
the basic model for analyzing the bending strength of spur gear teeth (more about
this in Chapter 15). Of course, constant-strength cantilevers can be made by varying
both w and t so that the stress, 6Fx/wt2, is constant for all values of x, and this is the
concept behind the design of the “single-leaf” suspension springs that have been
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F

L

x

(a)

t

h

b

w

F

L

(b)
t  is constant; w varies linearly with L

(c)
w  is constant; t varies parabolically with L

L

h

b

If 	 and t are
constant, then x /w
must be constant.

If 	 and w are
constant, then x /t2

must be constant.

Mc
I

6Fx

wt2
	 = =

F

b

h

FIGURE 12.23
Uniform-strength cantilever beams.

used in automobiles. For any constant-strength cantilever beam, the bending stresses
throughout are equal to those at the fixed end:

(12.13)

Figure 12.24 shows the idea behind cutting up the constant-strength triangu-
lar beam of Figure 12.23b into a series of leaves of equal width and rearranging
them in the form of a leaf spring. The triangular plate and equivalent multileaf
spring have identical stress and deflection characteristics with two exceptions:
(1) interleaf friction provides damping in the multileaf spring and (2) the multileaf

s =
6FL

bh2

Half of nth leaf

Half of nth leaf

n leaves

Half of 3rd leaf

Half of 3rd leaf

Half of 2nd leaf

Half of 2nd leaf

Main leafb

L L

h

F F

h

b
n

(a) (b)

FIGURE 12.24
Triangular-plate cantilever spring and equivalent multileaf spring.
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Clips
Shackle (permits
small fluctuations
in spring length)

Fixed pivot

Fixed pivot

FIGURE 12.25
Multileaf semielliptic spring
installed in a truck chassis.

spring can carry a full load in only one direction. (The leaves tend to separate
when loaded in the opposite direction, but this is partially overcome by clips, as
shown in Figure 12.25.)

Because of the varying cross section, the derivation of the deflection equation for
the idealized triangular leaf spring provides an excellent application of Castigliano’s
method (Section 5.8). It is suggested that the reader use this method to verify that

where I = bh3/12 and E = Young’s modulus, or

(12.14)

The corresponding spring rate is

(12.15)

Stress and deflection equations for the three basic types of leaf springs are sum-
marized in Figure 12.22.

When we apply the preceding equations to actual springs, as the truck spring
illustrated in Figure 12.25, several additional factors must be taken into account.

1. The spring end cannot be brought to a sharp joint but must be wide enough to pro-
vide attachment with the loading member and to carry the transverse shear load.

2. The derivation of the deflection equations assumed that deflections were too
small to influence significantly the geometry. For deflections exceeding about
30 percent of the cantilever length, a more precise analysis is usually needed.

3. Unlike helical springs, beam springs are able to carry structural loads as well as
spring loads. For example, the spring in Figure 12.25 is subjected to a torque
reaction about the axle shaft axis, lateral loads from cornering, and fore-and-aft
loads from acceleration and braking. All such loads must, of course, be consid-
ered when designing the spring.

k =
F

d
=

Ebh3

6L3

d =
6FL3

Ebh3

d =
FL3

2EI
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SAMPLE PROBLEM 12.4 Semielliptic Leaf Spring Design

A semielliptic leaf spring (Figure 12.26a) is to be designed for infinite life when
subjected to a design overload (applied at the center) that varies between 2000 and
10,000 N. The spring rate is to be 30 N/mm. The material is to be shot-peened,
7-mm-thick steel having the strength characteristics represented in Figure 12.26b
(proper load, size, and surface are reflected in the given curve). Five leaves are to be
used. A central bolt, used to hold the leaves together, causes a fatigue stress concen-
tration factor of 1.3. Using the equations in this section, estimate the required over-
all spring length, and the width of each leaf.

SOLUTION

Known: A semielliptic leaf spring is subjected to a known fluctuating force.

Find: Estimate the overall spring length and width of each leaf.

Schematic and Given Data:

2F

Bolt, Kf = 1.3

	a
	m

	
a 

(M
P

a)

	m (MPa)

	a = 525

0

Design overload point

= 0.67

400 800 1200 1600

400

800
� life, bending

Sn

Sy Su

F = 1000 to 5000 N

(b)

(a)

k = 30 N/mm
h = 7 mm

F

FIGURE 12.26
(a) Leaf spring and (b) fatigue strength diagram for Sample
Problem 12.4.
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Assumptions:
1. The end pivots apply a uniform load over the width of the spring ends.

2. Failure does not occur at the spring end.

3. The central force is aligned so that it does not induce twisting in the spring.

4. The deflections do not significantly change the geometry; that is, deflection is
less than 30 percent of the spring length.

Design Analysis:
1. Each half of a semielliptic spring acts as a cantilever carrying half of the total

load. Thus Fm = 3000 N, Fa = 2000 N, where Fm and Fa are the mean and the
alternating components of the force.

2. The alternating stress is

where Kf is the fatigue stress concentration factor. Similarly, the mean stress is

3. Figure 12.26b shows that for infinite life and this stress ratio, sa = 525
MPa. Hence,

4. Since the spring is loaded at the center with force 2F, the spring rate k is
2F/d = Ebh3/3L3. Substituting given values, we have

5. Overall length is 2L, or 1364 mm. The width of each of the five leaves is one-
fifth of 416 mm, or 83 mm.

Comment: If the conservative Goodman line for infinite bending life is used
rather than the infinite-life bending curve given in Figure 12.26b, we find that
sa = 425 MPa; and hence, b = 565 mm and L = 755 mm, or 2L = 1510 mm and
b/5 = 113 mm. That is, a larger spring would be required.

SAMPLE PROBLEM 12.5 Energy Capacity of Trapezoidal and Triangular Plates

In an actual spring the loaded end of the “triangular plate” must be widened to
enable an attachment to be made. This commonly means maintaining the main leaf
at full width throughout its length, giving a spring corresponding to a trapezoidal
plate, as shown in Figure 12.27b. How do the spring stiffness and the spring energy-
absorbing capacity change when the trapezoidal pattern shown in Figure 12.27b is
used instead of the original triangular pattern shown in Figure 12.27a?

b = 0.61L = 0.61(682) = 416 mm

 30 =
(200,000)(0.61L)(7)3

3L3 ,  or L = 682 mm

525 =
318L

b
 or b = 0.61L

sm =
6FmL

bh2 Kf and 
sa

sm
=
Fa
Fm

= 0.67

sa =
6FaL

bh2 Kf =
6(2000)L

b(7)2 (1.3) =
318L

b
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SOLUTION

Known: An actual leaf spring is equivalent to a trapezoidal plate rather than a
triangular plate.

Find: Determine the change in stiffness and energy capacity of the trapezoidal plate
versus the triangular plate.

Schematic and Given Data:

6FL3

Ebh3

FL3

Eh3

L = 682

L = 682 L = 682

b = 416

b = 416 b = 333

L = 682

� = = 0.0144 ; F
�

Eh3

L3
k = = 69.33

6FL3

Ebh3

FL3

Eh3
�1 = = 0.0180

F
�1

Eh3

L3
k1 = = 55.55

Eh3

L3
k = 76.30

4FL3

Ebh3

FL3

Eh3
�2 = = 0.0482

Eh3

L3
k2 = 20.75

(a) Triangular-plate solution to Sample Problem 12.4

(b) Trapezoidal plate solution to Sample Problem 12.5

 + =

k = k1 + k2

8383

FIGURE 12.27
Comparison of triangular versus trapezoidal spring rates for Sample Problem 12.5.
Note: k for the trapezoid is about 10 percent greater than k for the triangle.

Assumption: The effect of interleaf friction is insignificant.

Analysis:
1. The trapezoidal plate is equivalent to the sum of a triangular plate and rectan-

gular plate acting in parallel, as indicated in Figure 12.27b.

2. Deflection and spring rate equations developed in Figure 12.27 indicate that the
added material of the trapezoid increases the spring rate by 10 percent.

3. Both springs will support the same force with the same level of bending stress
at the built-in end of the cantilever. But since the trapezoid deflects 10 percent
less, it will absorb 10 percent less energy. (Recall that energy absorbed is the
integral of force times distance.) This is despite the fact that the trapezoidal
spring is heavier.

Comment: The trapezoid plate absorbs 10 percent less energy and weighs 20 per-
cent more than the triangular plate.

c12.qxd  8/3/11  9:14 PM  Page 527



528 Chapter 12 ■ Springs
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FIGURE 12.28
Helical torsion spring.
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FIGURE 12.29
Spiral torsion spring.
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FIGURE 12.30
Curvature–stress concentration
factors for torsion springs, round
and rectangular wires [4].

12.11 Torsion Springs

Torsion springs are of two general types: helical, shown in Figure 12.28, and spiral,
shown in Figure 12.29. The primary stress in all torsion springs is bending, with a
bending moment of Fa being applied to each end of the wire. The analysis of stresses
in curved beams developed in Section 4.6 is applicable. The highest stress is on the
inside of the wire and is equal to

si = KiMc/I (4.10)

where Ki is given in Figure 4.11 for some cross sections, and given in Figure 12.30
for the round and rectangular sections usually used in springs. Substituting the prod-
uct Fa for bending moment and also substituting the equations for section properties
of round and rectangular wire gives

(12.16)Round wire: 
I
c

=
pd3

32
,  si =

32Fa

pd3 Ki, round
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Belleville Wave Slotted Finger Curve Internally slotted
(as used in automotive clutches)

FIGURE 12.31
Types of spring washers [1].

(12.17)

For fatigue applications, special care must be taken in the design of the end por-
tion of the wire and its engagement with the loading member, as points of stress con-
centration at the ends are frequent sites of fatigue failure.

Residual stresses are an important consideration in torsion springs. Recall the
statement in Section 4.15: An overload causing yielding produces residual stresses
that are favorable to future loads in the same direction and unfavorable to future
loads in the opposite direction. The coiling of helical and spiral springs involves
obvious yielding, and the resulting residual stresses are favorable to subsequent
loads tending to coil the spring tighter (and unfavorable to loads tending to uncoil
it). It is extremely important to bear this in mind when designing applications for tor-
sion springs. Because of the favorable residual stresses, design stresses for static ser-
vice can be 100 percent of the material tensile yield strength.

The angular deflection of beams subjected to pure bending is

and this equation can be applied directly to both helical and spiral torsion springs.
For springs with a great many turns, such as spiral springs used to power clocks and
toys and helical springs used to counterbalance garage overhead doors and to roll up
window shades, the angular deflection can be several complete turns. Long helical
springs with many turns usually have a center rod for support. Friction with the cen-
ter rod and friction between adjacent spring coils must sometimes be considered.

Spiral springs are usually made of thin rectangular wire. Square or rectangular
wire is also most efficient for use in helical torsion springs, but round wire is often
used in noncritical applications because it is usually more available and costs less.

12.12 Miscellaneous Springs

The variety of possible spring types and designs is limited only by the ingenuity and
imagination of the engineer. Novel designs are regularly submitted to the Patent
Office. Although space does not permit a detailed treatment of additional types here,
there are at least five other kinds of springs that should be mentioned. For more
information see [1,2,4].

Spring washers are made in tremendous variety. Six representative types are
shown in Figure 12.31. Belleville washers, patented in France by Julien Belleville

u =
ML

EI
 (case 3, Table 5.1)

Rectangular wire: 
I
c

=
bh2

6
,  si =

6Fa

bh2 Ki, rect
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In series In parallel In series-parallel

FIGURE 12.32
Stacked Belleville washers.

FIGURE 12.33
Volute spring.

in 1867 and also known as coned-disk springs, are commonly used for carrying very
large loads with small deflections. Varying the ratio of cone height to washer thick-
ness gives a constant spring rate or various progressively diminishing spring rates,
which can become negative. Multiples of identical washers are used in combination
to obtain desired characteristics, as shown in Figure 12.32.

Volute springs, illustrated in Figure 12.33, are wound from relatively thin strips of
metal with each turn telescoping inside the preceding one. They have more lateral stabil-
ity than helical compression springs, and the rubbing of adjacent turns provides damping.

Garter springs are merely helical springs with ends connected to form a circle.
They are commonly used in oil seals, where they exert radial forces to hold the seal-
ing member firmly against a shaft. Other uses include piston ring expanders and
small motor belts.

Wire forms include a variety of spring members made by bending spring wire
into various shapes. Wire forms have replaced helical compression springs in many
bed spring, mattress, and furniture applications. One advantage is that they can be
formed flat for minimum thickness in the seat of a car or piece of furniture.

Constant-force springs, a form originally patented and introduced under the name
“Neg’ator,” are shown in Figure 12.34. They consist of rolls of prestressed strip that
exert a nearly constant restraining force to resist uncoiling. The strip has a “natural” or
load-free radius of curvature about 10 to 20 percent smaller than the radius of the drum
(Figure 12.34a). Features include long extension capability and virtual absence of inter-
coil friction. Figure 12.34b shows a form used with electric motor brushes. Window
sash counterbalance springs are another application. The constant-spring motors in
Figure 12.34c drive mechanisms for timers, movie cameras, cable retractors, and so on.

+ + + +

Storage drum Output drum Storage drum Output drum

(a) Constant-force extension springs

(b) Electric motor brush spring

(c) Two forms of constant spring motors
FIGURE 12.34
Constant-force springs.
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Problems

Section 12.2

12.1 Calculate the energy stored in a steel torsion bar spring such as that shown in Figure
12.1a when one end of the bar angularly rotates 65° relative to the other end. The
length of the torsion bar portion is 50 in., and the diameter is 0.312 in. Also, calcu-
late the maximum shear stress.

12.2 Repeat Problem 12.1, except the bar is 45 in. long, the diameter is 0.250 in., and the
bar rotates 45° relative to the other end.

12.3 Shown in Figure 12.1b is a torsion bar used as a counterbalance spring for the trunk
lid of an automobile. The length of the torsion bar portion is 42.5 in. and the diam-
eter is 0.312 in. Calculate the change in shear stress in the bar and the change in
torque when one end of the bar angularly rotates 75° relative to the other end.

12.4 A torsion bar spring as shown in Figure 12.1b is used as a counterbalance spring for
the trunk lid of an automobile. The length of the torsion bar portion is 50 in. and the
diameter is 0.312 in. Calculate the change in shear stress in the bar and the change
in torque when one end of the bar angularly rotates 80° relative to the other end.

12.5 Figure P12.5 shows a fully opened trap door covering a stairwell. The door weighs
60 lb, with center of gravity 2 ft from the hinge. A torsion bar spring, extending
along the hinge axis, serves as a counterbalance. Determine the length and diame-
ter of a solid steel torsion
bar that would counter-
balance 80 percent of the
door weight when closed,
and provide a 6-lb # ft
torque holding the door
against the stop shown.
Use a maximum allow-
able torsional stress of 50
ksi. Make a graph show-
ing gravity torque, spring
torque, and net torque all
plotted against the door-
open angle.

[Ans.: 115 in., 0.49 in.] End attached
to door

Fixed
end

Torsion bar

Center of gravity
of 60-lb door

Door stop

24 in.

110�

FIGURE P12.5
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12.6 Suppose that the trap door in Problem 12.5 must be designed to open only 60°
because there are clearance problems. Determine the length and diameter of torsion
bar that would counterbalance 80 percent of the door weight when closed, and pro-
vide a net torque of 12 lb # ft to hold the door against the 60° stop when open. Make
a graph showing gravity torque, spring torque, and net torque all plotted against the
door-open angle.

[Ans.: 237 in., 0.49 in.]

12.7 Repeat Problems 12.5 and 12.6 using a door weight of 250 N with the center of grav-
ity 600 mm from the hinge. Spring torque for the door-open position as given in
Problem 12.5 is to be 8 N # m; net torque for the door-open position as given in
Problem 12.6 is to be 16 N # m. The maximum allowable torsional stress is 350 MPa.

12.8 An automotive torsion bar spring as shown in Figure 12.1b is used as a counterbal-
ance spring for a trunk lid. The length of the torsion bar portion is 45 in. and the
diameter is 0.312 in. Calculate the change in shear stress in the bar and the change
in torque when one end of the bar angularly rotates 70° relative to the other end.

Sections 12.3–12.7

12.9 Figure P12.9 illustrates a Turbo Booster toy that launches a 60-gram “insect” glider
(projectile) by compressing a helical spring and then releasing the spring when the

150 mmHandle

Trigger

Spring
(extended)

Spring
(compressed)

Insect
projectile
(top view)

FIGURE P12.9
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trigger is pulled. When pointed upward, the glider should ascend approximately 8 m
before falling. The launcher spring is made of carbon steel wire, with a diameter
d = 1.1 mm. The coil diameter is D = 10 mm. Calculate the number of turns N in
the spring such that it would provide the necessary energy to the glider. The total
spring working deflection is x = 150 mm with a clash allowance of 10%.

12.10D Review the web site http://www.leespring.com. Select a plastic composite compres-
sion spring with an outside diameter of approximately 1.0 in., a free length of 1.00
in., and a wire diameter of 0.085 in. What are the (a) “to work in hole diameter,” (b)
load at solid height, (c) spring rate, (d) solid height, and (e) total number of coils?

12.11D Review the web site http://www.leespring.com. Select a compression spring with an
outside diameter of 0.102 in., a free length of 1.000 in., and a wire diameter of 0.010
in. What are the (a) “to work in hole diameter,” (b) load at solid height, (c) music
wire spring rate, (d) stainless steel spring rate, (e) solid height, and (f) total number
of coils?

12.12 ASTM A229 oil-tempered carbon steel is used for a helical coil spring. The spring
is wound with D = 50 mm, d = 10.0 mm, and a pitch (distance between corre-
sponding points of adjacent coils) of 14 mm. If the spring is compressed solid, would
the spring return to its original free length when the force is removed?

12.13 Repeat Problem 12.12 with D = 25 mm and d = 5 mm, and a pitch distance of 7 mm.

12.14 A helical coil spring with D = 50 mm and d = 5.5 mm is wound with a pitch (dis-
tance between corresponding points of adjacent coils) of 10 mm. The material is
ASTM A227 cold-drawn carbon steel. If the spring is compressed solid, would you
expect it to return to its original free length when the force is removed?

12.15 Repeat Problem 12.14 with D = 25 mm and d = 2.75 mm, and a pitch distance of 5 mm.

12.16 Figure P12.16 shows a coiled compression spring that has been loaded against a
support by means of a bolt and nut. After the nut has been tightened to the posi-
tion shown, an external force F is applied to the bolt as indicated, and the deflec-
tion of the spring is measured as F is increased. A plot of the resulting force-
deflection curve is shown. Briefly but clearly state the reasons the curve changes
at points A, B, and C.

Deflection

Support

Spring

Retainer

Nut

Force

Fo
rc

e

Threaded bolt

Deflection

C

B

A

FIGURE P12.16

12.17 A compression spring has squared ends and is made of carbon steel wire. The mean
coil diameter is .812 in., and the wire diameter, d = 0.088 in. The coil outer diame-
ter is 0.90 in. The spring has a free length of 10.312 in., and 29 total coils.
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(a) Calculate the pitch of the spring at the free length.

(b) Calculate the solid height for the spring.

(c) Calculate the deflection to compress the spring to its solid height.

(d) Calculate the spring constant for the spring.

(e) Calculate the energy stored in each helical spring after the spring compresses
one inch.

(f) Determine the force to compress the spring to its solid height.

(g) Determine whether the spring will buckle before it reaches its solid height if the
spring is unrestrained.

(h) Select a carbon steel coil spring material and determine if the spring is designed
for infinite life if the force on the spring fluctuates from zero to 10 lb.

12.18D The experimental load-deflection characteristics of a spring are sometimes needed
for realistic designs or so that performance predicted using empirical-theoretical
equations can be verified before assembling a spring in a costly unit.

(a) Illustrate methods for experimentally and quickly evaluating load-deflection
characteristics.

(b) Search the Internet for accurate or full automatic commercial testers. Describe
several types.

12.19 A conical compression coil spring, as illustrated in Figure 12.6, is made of 3-mm-
diameter steel wire and has an active coil diameter that varies from 20 mm at the top
to 45 mm at the bottom. The pitch (axial spacing between corresponding points on
adjacent coils) is 7 mm throughout. There are four active coils. A force is applied to
compress the spring, and the stresses always remain in the elastic range.

(a) As the force is increased, which coil deflects to zero pitch first?

(b) Calculate the magnitude of force required to cause the deflection in part a.

(c) Suppose the force is increased until the entire spring is compressed solid.
Neatly sketch a force–deflection curve for the spring.

12.20 A conical compression spring (Figure 12.6) having five active coils has a pitch of
7 mm throughout. The spring is made of 5-mm-diameter steel wire and has an active
coil diameter that varies from 25 mm at the top to 55 mm at the bottom. A force is
applied to compress the spring, and the stresses always remain in the elastic range.

(a) As the force is increased, which coil deflects to zero pitch first?

(b) Calculate the magnitude of force required to cause the deflection in part a.

(c) Suppose the force is increased until the entire spring is compressed solid.
Neatly sketch a force–deflection diagram for the spring.

12.21 A machine uses a pair of concentric helical compression springs to support an essen-
tially static load of 3.0 kN. Both springs are made of steel and have the same length
when loaded and when
unloaded. The outer spring
has D = 45 mm, d = 8
mm, and  N = 5; the inner
spring D = 25 mm,
d = 5 mm, and N = 10.
Calculate the deflection
and also the maximum
stress in each spring. (See
Figure P12.21.)

F = 3.0 kN

Di
Do

 Do = 45 mm
  do = 8 mm
 No = 5

do

di

 Di = 25 mm
  di = 5 mm
 Ni = 10

FIGURE P12.21

c12.qxd  8/3/11  9:14 PM  Page 534



Problems 535

12.22 Two concentric helical compression springs made of steel and having the same
length when loaded and when unloaded are used to support a static load of 3 kN.
The outer spring has D = 50 mm, d = 9 mm, and N = 5; the inner spring
D = 30 mm, d = 5 mm, and N = 10. Determine the deflection and the maximum
stress in each spring.

12.23 ASTM B197 beryllium copper spring wire with Su = 750 MPa and ts … (0.35)
(Su) = 262.5 MPa is used for a helical coil spring. The spring is wound with D = 50
mm, d = 10.0 mm, and a pitch (distance between corresponding points of adjacent
coils) of 14 mm. If the spring is compressed solid, would the spring return to its orig-
inal free length when the force is removed?

12.24 Rework Problem 12.23 with D = 25 mm and d = 5 mm, and a pitch distance of 7 mm.

12.25 A helical compression spring is to be made with a wire diameter of 2 mm, an out-
side diameter of 19 mm, ten active coils, and ends closed and ground. The least
expensive steel spring wire is to be used, and presetting will not be used.

(a) Estimate the maximum static load that can be applied without encountering
more than 2 percent long-term set.

(b) What is the spring rate?

(c) At what spring free length will the load determined in part (a) cause the spring
to become solid?

(d) Would buckling problems be encountered if one end plate is free to tilt?

[Ans.: 122 N, 3.22 N/mm, 61.9 mm, no]

12.26 Repeat Problem 12.25, except use a wire diameter of 4 mm and eight active coils.

12.27 A helical compression spring with squared and ground ends is required to exert a
maximum working force of 1000 N, and a force of 500 N when the spring is 60 mm
longer. Sufficiently few load cycles will be involved to justify designing the spring
on the basis of static loading. An existing supply of 5-mm-diameter music wire will
be used. The spring is to be preset. Determine appropriate values for D, N, and Lf .
Check for possible buckling.

12.28 A helical compression spring with squared and ground ends is to be made of steel,
and presetting is to be used. The loading can be considered static. Maximum work-
ing force is 90 lb. A force of 40 lb is required when the spring is 1.5 in. longer. Use
recommended clash allowance and a steel having Su = 200 ksi. For a spring index
of C = 8, determine appropriate values for D, d, N, and Lf .

[Ans.: D = 1.02 in., d = 0.128 in., N = 10.92, Lf = 4.62 in.]

12.29 A helical compression spring used for essentially static loading has d = 0.100 in.,
D = 0.625 in., N = 8, and squared and ground ends. It is made of ASTM A227
cold-drawn steel wire.

(a) Compute the spring rate and the solid height.

(b) Estimate the greatest load that can be applied without causing long-term per-
manent set in excess of 2 percent.

(c) At what spring free length will the load determined in part (b) cause the spring
to become solid?

12.30 A particular machine requires a helical compression spring, having ends squared and
ground, to support an essentially static load of 500 lb. The spring constant is to be
200 lb/in., and the stress at the design load is to be 80 ksi. The clash allowance is to
be 0.10 in. The dimensions of related parts establishes that D should be 3 in.
Determine N, d, and Lf .

[Ans.: 5.0, 0.370 in., 5.19 in.]
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12.31D Review the web site http://www.acxesspring.com.
(a) List the common spring materials presented.

(b) Which materials are listed as highly susceptible to hydrogen embrittlement?

(c) What processes are stated as causing hydrogen embrittlement?

Section 12.8

12.32 The Iron Arms™ rotating forearm grips exercises the forearms by resisting rotation
of the handle grips inward and outward—see Figure P12.32 and Figures P2.2 and
P2.3 (Chapter 2). The rotation of the gripped handle, about its center, is opposed by
the force on the free end of the spring. The handle assembly is shaped like a “D.” The
curved portion of the D slides smoothly inside the hollow ring; the straight portion
of the D is for hand gripping. The handle grip length is approximately 4.0 in. long
and 1.25 in. in diameter. The rings have an outer diameter of 7.75 inches and an inner
diameter of 5.375 in. The entire Iron Arms assembly has an overall length of
15.40 in., a width of 7.75 in. (outer ring diameter), and a thickness of 1.25 in. Each
spring has squared ends with 29 total coils and is made of carbon steel wire. The
mean coil diameter is .812 in., and the wire diameter, d = 0.088 in. The coil outer
diameter is 0.90 in. The spring has a free length of 10.312 in., and a compressed
length of 9.75 in. when assembled and in the “starting position.”

(a) Calculate the energy stored in each helical spring after the spring is rotated 90°
from the starting position.

(b) Calculate the initial force on the fore-end of the spring to start rotation of one han-
dle and the force on the free end of the spring when the handle has rotated 90°.

(c) Calculate the spring constant, k, for the spring.

(d) Determine (i) the height of the spring when compressed solid, (ii) the corre-
sponding force on the free end of the spring, and (iii) the rotation of the handle
in degrees from the handle start position.

(e) Select a carbon steel coil spring material and determine if the spring is designed
for infinite life.

Free end
of spring

Fixed end of spring

Free end
of spring

Handle
assembly

Handle
grip

Housing

FIGURE P12.32
Iron ArmsTM assembly

12.33 List the spring parameters that can be changed while keeping the Iron Arms plastic
ring geometry the same. Describe the effect of varying each parameter.
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12.34 Design a spring for the Iron Arms which would allow children to use it effectively.
The maximum spring force should be 25–50% of the adult version and have infinite
fatigue life.

12.35 A coil spring with squared and ground ends is to operate with a load that fluctuates
between 90 and 180 lb, during which the deflection is to vary by 1 in. We wish to
use an available supply of steel spring wire having d = 0.200 in. and fatigue strength
properties as shown in Figure 12.16 for shot-peened wire. Presetting and a clash
allowance of are to be used. Residual stresses caused by presetting are not to be
taken into account. They are considered to provide a sufficient safety factor that the
possibility of higher stresses, should the spring close solid, can be ignored.
Determine appropriate values for N, D, and Lf .

[Ans.: N = 11.6, D = 1.30 in., Lf = 4.97 in.]

12.36 An automatic production machine requires a compression coil spring to keep a fol-
lower in contact with a cam that rotates at speeds up to 1800 rpm. When installed,
the spring force is to vary between 150 and 600 N while the spring height varies over
a range of 10 mm. An available supply of 4.5-mm-diameter shot-peened wire is to
be used, for which Figure 12.16 applies. Clash allowance is to be 2.5 mm. The design
is to be tentatively based on limiting the stress to 800 MPa when the spring is closed
solid. Ends are to be squared and ground, and presetting will not be used.

(a) Determine appropriate values for D, N, Ls , and Lf .

(b) Determine the likelihood of the spring’s buckling, the likelihood of encountering
spring surge problems, and the approximate safety factor during normal operation.

[Ans.: (a) D = 33.30 mm, N = 2.44, Ls = 19.98 mm, Lf = 35.8 mm; (b) no
buckling or surge problems are indicated; safety factor L 1.1]

(c) What would the approximate safety factor of the spring be (with respect to fatigue
failure) if presetting is used, resulting in a residual torsional stress of 100 MPa?

12.37 For a Nerf gun, a coil spring with squared and ground ends is to operate with a load
that fluctuates between 3 and 9 lb, during which the deflection is to vary by 2.5 in.
Because of space limitations, a mean coil diameter of 0.625 in. has been selected.
Steel spring wire corresponding to the shot-peened wire in Figure 12.16 is to be
used. The beneficial effect of the specified presetting is not to be taken into account
in the calculations. It is considered to provide a sufficient safety factor to allow for
the possibility of higher stresses, should the spring ever close solid. Choose an
appropriate clash allowance, and determine appropriate values for N, d, and Lf .

12.38 Rework Problem 12.37 with a load that fluctuates between 30 and 90 lb.

12.39 A coil spring with plain ends that are ground is to operate with a load that fluctuates
between 45 and 90 lb, during which the deflection is to vary by Because of space
limitations, a mean coil diameter of 2 in.
has been selected. Steel spring wire corre-
sponding to the shot-peened wire in Figure
12.16 is to be used. The beneficial effect of
the specified presetting is not to be taken
into account in the calculations. It is con-
sidered to provide a sufficient safety factor
to allow for the possibility of higher stress-
es, should the spring ever close solid.
Choose an appropriate clash allowance,
and determine appropriate values for N, d,
and Lf . (See Figure P12.39.)

[Partial ans.: N = 2.39, d = 0.186 in.,
Lf = 1.92 in.]

1
2 in.

1
4 in.

FIGURE P12.39

F

F = 45 to 90 lb
Deflection = 0.5 in.
D = 2 in.

F
Plain ends, ground
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12.40 A helical compression spring was subjected to a load fluctuating between 100 and
250 N. Fatigue properties of the spring wire corresponded to the curve for shot-
peened wire given in Figure 12.16. The spring failed in service after about 105

cycles. A replacement spring was found that was identical in all respects except that
its free length was slightly shorter. To correct for this, a technician stretched the
spring slightly to increase its free length to exactly that of the original spring. Show,
by means of a tmax–tmin plot, whether you would expect the life of the replacement
spring to be the same as, less than, or greater than that of the original.

12.41 An automotive-type disk clutch similar to the one shown in Figure 18.2 has an axial
clamping force provided by six identical helical compression springs. When the
clutch is engaged, the springs must provide a clamping force of 1020 lb (170 lb per
spring). When the clutch is disengaged, the springs are all 0.10 in. shorter. This
should cause the force of each spring to increase as little as reasonably possible, but
a 25-lb increase is considered satisfactory. The clash allowance is to be 0.050 in. On
the basis of preliminary calculations, a wire size of 0.192 in. has been selected. The
material is to be shot-peened wire having fatigue properties as indicated in Figure
12.16. Use a safety factor for eventual fatigue failure of 1.3. In addition, presetting
is to be used but not taken into account in the calculations. Determine a suitable com-
bination of D, N, Ls , and Lf .

[Ans.: D = 1.15 in., N = 5.1, Ls = 1.36 in., Lf = 2.19 in.]

12.42 A force of 4.45 kN is required to engage a clutch similar to the one shown in
Figure 18.2. This force is to be provided by nine identical springs equally spaced
around the pressure plate of the clutch. Because of space limitations, the outside
diameter of the coils can be no more than 40 mm, and the length of the springs when
the clutch is engaged cannot exceed 52 mm. The pressure plate must move 3 mm to
disengage the friction surfaces, and the lowest spring rate reasonably possible is
desired. Design the springs, determining a satisfactory combination of D, d, N, wire
material, type of ends, Ls , and Lf .

12.43 A helical compression spring is to be designed for infinite life when subjected to a
load that fluctuates between 55 and 110 lb. Steel spring wire having Su = 180 ksi,
Sus = 144 ksi, Sy = 170 ksi, Ssy = 99 ksi, and a zero-to-maximum torsional
endurance limit of 80 ksi is to be used. (These values are assumed to apply to the
size range and surface finish of the spring.) For a value of C = 7, determine the wire
diameter theoretically required (safety factor = 1), (a) if presetting is not used and
(b) if presetting is used to maximum advantage.

12.44 A coil spring is to be designed for use in the suspension of an experimental trailer.
Specifications are as follows: static load per spring = 3500 N, rate per spring = 40
N/mm, jounce = 150 mm (i.e., compression beyond static load position is limited to
150 mm by a rubber bumper), rebound = 58 mm (i.e., extension beyond static load
position is limited to 58 mm by a rubber bumper). Infinite fatigue life is required,
using a safety factor of 1.3 applied to the maximum load only. (A safety factor of 1.0
is applied to the minimum load.) A metallurgist from the spring manufacturer has
advised that for the size range and surface finish of the spring, fatigue strength can
be represented by a line between tmax = 600, tmin = 0, and tmax = tmin = 900
MPa. Determine a suitable combination of d, D, and N.

12.45 An automotive engine requires a valve spring to control the motion of a valve sub-
jected to the accelerations shown in Figure P12.45. (Note: A spring is required to
hold the follower in contact with the cam during negative accelerations only.) The
critical point for the spring is the “acceleration reversal point,” corresponding in
this case to a valve lift of 0.201 in. A larger spring force is required at maximum
valve lift (0.384 in.), but this force is easily obtained because the spring is further
compressed. In fact, the problem will be to give the spring a high enough natural
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frequency without making it so stiff that the spring force at full valve lift causes
objectionably high contact stresses when the engine is running slowly. The valve
spring is to satisfy the following specifications.

1. Spring length when valve is closed: not over 1.50 in. (because of space
limitations).

2. Spring force when valve is closed: at least 45 lb.

3. Spring force when valve lift is 0.201 in. (“reversal point”): at least 70 lb.

4. Spring force at maximum valve lift of 0.384 in.: at least 86 lb but not over 90 lb
(to prevent excessive cam nose contact stresses).

5. Spring outside diameter: not over 1.65 in. (because of space limitations).

6. Clash allowance: 0.094 in.

7. Natural frequency: at least as high as the thirteenth harmonic at 1800 camshaft
rpm (i.e., at least 390 Hz).

High-quality valve spring wire is to be used, and full advantage taken of both shot-
peening and presetting. Because of this, you can assume that fatigue failure will not
occur if the calculated stress with spring solid is limited to 800 MPa. Ends are to be
closed and ground. Determine a suitable combination of d, D, N, and Lf .

Problems 539
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1800 camshaft rpm
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Valve lift is 0.384 in.
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FIGURE P12.45

12.46 A cam and follower similar to
that shown in Figure P12.46 is
to rotate at 10 Hz and impart a
harmonic or sinusoidal oscilla-
tion to the follower. Total fol-
lower lift is to be 20 mm, and
the weight of the oscillating
parts is estimated at 90 N. The
function of the spring is to
overcome inertia forces and
keep the roller follower in con-
tact with the cam. To fit the
available space, the spring
inside diameter must be at
least 25 mm and the outside
diameter no more than 50 mm.
Determine a satisfactory com-
bination of D, d, N, material,
Ls , and Lf . Determine the nat-
ural frequency of the spring
proposed. Key

Cam

Shaft

Stationary guide

Oscillating assembly

Roller follower

Spring

Adjusting nut

Cap screw

Support

FIGURE P12.46
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12.47D Search the Internet for calculators useful for designing compression springs. Select
a spring calculator based on the following characteristics: (a) potentially useful, (b)
easy to use, (c) results are accurate and correct. Write a short description of the
spring calculator.

Section 12.9

12.48D A helical tension spring, as shown in Figure 12.20, is used as
a component of a mass-produced machine. No difficulties
are encountered until a new batch of springs is delivered that
conforms to all specifications, except that the hooks are
improperly formed—see Figure P12.48D. The deformed
hooks cause the load to be applied closer to the outside of the
spring than to its geometric axis. When these springs are
used, it is noted that they deform permanently as soon as the
maximum normal load is applied. Explain why, briefly.

Tire

Stationary
support

Handle

Brake
shoe

Spring

Pin stops

Pivot A
35 mm

Stationary
support

FIGURE P12.50D

e

F

FIGURE P12.48D

12.49D A tension spring used in a machine must exert an essentially static force of 135 N. It
is to be wound with an initial tension of 45 N, and have a spring rate of 11.0 kN/m.
Determine a satisfactory combination of D, d, N, and wire material. What is the
length of the coiled section when unloaded and when the 135 N force is applied?

12.50D Figure P12.50D shows a wheelchair brake in its retracted position, with a tension
spring exerting a force of 4 N, which holds the handle against the pin stop. When the
handle is moved clockwise, pivot A drops below the axis of the spring (thereby going
“overcenter”), and the spring acts to hold the brake shoe against the tire. Available
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space limits the outside diameter of the spring to 10 mm. Estimate the dimensions
needed by scaling the drawing. Determine a satisfactory combination of D, d, N,
wire material, and free length of coiled section.

Section 12.10

12.51 A semielliptic leaf spring similar to the one in Figure 12.25 has four leaves, each
made from 0.1 * 2-in. steel having properties of Su = 180 ksi, Sy = 160 ksi, and
Sn = 80 ksi. The latter figure includes appropriate corrections for size and surface.
The fatigue stress concentration factor Kf (which is due to stress concentration at the
clips and the center hole) is 1.3. Use the simplified “triangular plate” model.

(a) What total spring length is needed to give a spring rate of 75 lb/in. (i.e., 75 lb
applied at the center causes a 1-in. deflection at the center)?

(b) In service, the spring will carry a static load (applied to the center) of P, plus a
superimposed dynamic load that varies from +P/2 to -P/2. What is the highest
value of P that will give infinite life, with a safety factor of 1.3?

[Ans.: 20.4 in., 130 lb]

12.52 Experience with the spring designed in Sample Problems 12.4 and 12.5 indicates
that a “softer” spring would be desired. Repeat these sample problems for a spring
rate of 20 N/mm.

12.53 A steel alloy (Su = 150 ksi, Sy = 100 ksi, Sn = 70 ksi) is used to make a five-leaf
(each leaf is 0.1 in. * 1.8 in.) semielliptic leaf spring. Kf (which is due to stress con-
centration at the clips and the center hole) is 1.2. Use the simplified “triangular
plate” model.

(a) What total spring length is needed to give a spring rate of 80 lb/in. (i.e., 80 lb
applied at the center causes a 1-in. deflection at the center)?

(b) In service, the spring will carry a static load (applied to the center) of P, plus a
superimposed dynamic load that varies from +P to -P. What is the highest
value of P that will give infinite life, with a safety factor of 1.5?

12.54 A semielliptic leaf spring is to be designed so that it will just have infinite fatigue life
at an overload (applied to the center of the spring) that varies between 400 and 1200
N. The total length of the spring is to be 1 m. The steel to be used has properties of
Su = 1200 MPa, Sy = 1030 MPa, and Sn = 500 MPa. The latter figure applies to
reversed bending loads and is corrected for size and surface. Stress concentration at
the center hole is such that Kf = 1.3.

(a) Estimate the appropriate values of h and b for a spring of proportion b = 50h.

(b) On the basis of a trapezoidal approximation similar to the one in
Figure 12.27b, what will the deflection at the center of the spring be when a
1200 N load is applied?

12.55 A full-elliptic leaf spring operates normally with a load that fluctuates between 100
and 200 lb, but is to be designed for an overload that fluctuates between 100 and 300
lb. Total spring length is 24 in., h = 0.1 in., Kf = 1.3, and the steel to be used has
Su = 180 ksi, Sy = 160 ksi, and Sn = 80 ksi (this figure pertains to the actual size
and surface).

(a) Determine the total width b required.

(b) Show, on a sm–sa diagram the “operating points” for (1) machine turned off
and spring supporting a static load of 100 lb only, (2) normal loads applied, and
(3) design overloads applied.

(c) Determine the spring rate.
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12.56 A semielliptic leaf spring for use in a light trailer is to be made of steel having
Su = 1200 MPa, Sy = 1080 MPa, and a fully corrected endurance limit of 550 MPa.
The spring is 1.2 m long, and has five leaves of 5-mm thickness and 100-mm width.
Kf = 1.4. When the trailer is fully loaded, the static load applied to the center of the
spring is 3500 N.

(a) The load alternates as the trailer is driven over a rough road. Estimate what
alternating load, when superimposed onto the fully loaded spring, would verge
on causing eventual failure from fatigue.

(b) What will the maximum deflection of the spring be when loaded as determined
in part (a)?

(c) How much energy is absorbed by the spring in going from minimum load to
maximum load when loaded as determined in part (a)?

(d) To what value could the alternating load be increased if only 104 cycles of life
are required?

Sections 12.11–12.12

12.57D Figure P12.57D shows a fish-shaped ponytail hair clip that utilizes a helical torsion
spring to help clamp and hold a ponytail of diameter less than 30 mm. Assume that
the force exerted at the tip of the clip when closed is approximately 0.25 N. The
spring has D = 4 mm, d = 0.4 mm, and five turns. The clip should open at least
70°. Select a material for the spring and calculate the safety factor for a torsion
spring design providing infinite fatigue life.

� = 75 

30 mm

Helical
spring

Teeth

F = 0.25 N

F = 0.25 N

(a) (b)

FIGURE P12.57D

12.58D Figure P12.58D shows a clip, one end of which is shaped like a mouth full of teeth.
The clip utilizes a steel helical torsion spring to pinch the end of a toothpaste tube.
A clamping force F = 4.5 lb is adequate for a regular size toothpaste tube ( in.
wide). The mouth of the clip is about 1.25 in. long and should open approximately
45° when clamping the rolled toothpaste tube. Determine the spring diameter D and
the number of turns N, and assume that d = 1-mm-diameter wire is used. Assume
that the spring can be manufactured in whole turns. If for fatigue endurance consid-
erations we are not to exert more than a maximum stress of smax = 9000 MPa to the
spring, verify that the configuration does not exceed this stress for a full open posi-
tion of 70°. If the stress condition is not satisfied, suggest a way to reduce the max-
imum stress without essentially changing the clip design.

� 2
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Mouth clip
with teeth

45

1.25 in.

F = 4.5 lb

F = 4.5 lb

(a) Plan view

(b) Side view

Toothpaste tube

FIGURE P12.58D

25-mm shaft

Torsion springs

Cable

Cable

110-mm dia.

110-mm dia.

FIGURE P12.59

12.59 Figure P12.59 shows a symmetrically matched pair of steel torsion springs in a con-
ventional arrangement for supporting the weight of a domestic overhead garage door.
The 25-mm shaft is supported to the fixed structure by bearings (not shown) at each
end and in the center. A cable wrapped around each of the pulleys supports the
weight of the door. (The 110-mm diameter is measured to the axis of the wrapped
cable.) Each spring has D = 45 mm, d = 6 mm, and 120 turns. The total extension
of the cables from spring-unloaded to door-closed positions is 2.1 m.

(a) Calculate the nominal bending stress in the springs in the door-closed position.

(b) List important factors that would tend to make the actual maximum stress dif-
ferent from the nominal value.

(c) What supporting force is provided by each cable in the door-closed position?
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12.60 Solve Problem 12.59, except use data obtained from your own measurements of a
similar overhead garage door support.

12.61 Ordinary window shade rollers have long torsion springs that work on the same prin-
ciple as the overhead garage door support of Problem 12.59. For a roller of 33-mm
diameter, how many turns of 1.2-mm square steel wire with D = 19 mm would be
required to give a shade pull force of 14 N with the spring wound up 14 turns? What
would be the value of maximum bending stress in the spring?

12.62 The torsion bar in Problem 12.5 is objectionably long and is to be replaced with a
torsion spring made of steel having the same physical properties. Space is available
for a spring of outside diameter up to 5 in. Determine one appropriate combination
of values of d, D, and N. What is the overall length of the coiled section of the
spring proposed? How does the weight of the torsion spring compare with that of
the torsion bar?

12.63 Repeat Problem 12.62 for a torsion spring replacement of the torsion bar described
in Problem 12.6.

12.64D Figure P12.64D shows an electric hair curler that uses a helical torsion spring to
clamp and hold hair against a heated cylinder. The helical spring has a deflection
angle at the closed position of uinitial = 52° and a maximum deflection angle at the
open position of umax = 73°, as shown in Figure P12.64D b. The spring has D = 6
mm, and d = 1 mm. Select a material for the spring, determine the number of turns,
and calculate the safety factor for a spring design providing infinite fatigue life. List
your decisions and provide justifications.

D

(a)

(b)

Helical
spring Handle Electric

cord

d

�max

�i

FIGURE P12.64D
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12.65D Design a handgrip strengthener of the type shown in Figure P12.65D. The force
required to rotate the handle from the initial unstressed spring position to the retained
position is Fi , and to the final position is Fmax. The initial handle rotation is u, and
the handle rotates 45° from the retained position to the final position. The steel
spring wire diameter is d, and the spring mean coil diameter D = 25 mm. Consider
using four turns in the spring coil. The grip handle is molded from an engineering
thermoplastic. Calculate the nominal bending stress for the maximum force config-
uration, select a specific material, and calculate the safety factor for a torsion spring
design providing infinite fatigue life.

45

(a) (b)

80 mm

Retained
position

Initial
positionHelical

spring

Retainer
clip

Handles

35 mm

Fmax

Fi

�

F

FIGURE P12.65D

12.66D Search the Internet and list advantages of nitrogen cylinder springs compared to
coil springs.

12.67D Review the web site http://www.mwspring.com. List the information needed for the
manufacturer to provide a torsion spring.

12.68 Compare the energy-absorbing capacity per unit weight or volume of steel springs
made in the form of torsion bars, helical compression springs, helical tension
springs, rectangular-plate cantilever springs, triangular-plate cantilever springs, and
torsion springs. Assume solid round wire for all except the cantilever springs.
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1 Tetrafluoroethylene, as Du Pont’s Teflon.

13 Lubrication and
Sliding Bearings

13.1 Types of Lubricants

The word bearing, applied to a machine or structure, refers to contacting surfaces
through which a load is transmitted. When relative motion occurs between the sur-
faces, it is usually desirable to minimize friction and wear. Any interposed sub-
stance that reduces friction and wear is a lubricant. Lubricants are usually liquid
but can be a solid, such as graphite, TFE,1 or molybdenum disulfide, or a gas, such
as pressurized air.

Liquid lubricants that are oils are characterized by their viscosity (see
Section 13.5), but other properties are also important. Oil lubricants have names
designating these properties. Modern oils usually contain one or more additives
designed to cause the oil to flow at lower temperatures—the pour-point depres-
sants; have less variation of viscosity with temperature—the viscosity index
improvers; resist foaming when agitated by high-speed machinery—the defoa-
mants; resist oxidation at high temperatures—the oxidation inhibitors; prevent cor-
rosion of metal surfaces—the corrosion inhibitors; minimize the formation of
engine deposits and reduce the rate at which they deposit on metal surfaces—the
detergents and dispersants; and reduce friction and wear when full lubricating films
cannot be maintained—the antiwear additives.

Greases are liquid lubricants that have been thickened in order to provide
properties not available in the liquid lubricant alone. Greases are usually used
where the lubricant is required to stay in position, particularly when frequent lubri-
cation is difficult or costly. Often, by remaining in place to provide lubrication,
grease also serves to prevent harmful contaminants from entering between the
bearing surfaces. Unlike oils, greases cannot circulate and thereby serve a cooling
and cleaning function. Except for this, greases are expected to accomplish all func-
tions of fluid lubricants.

A detailed discussion of lubricants is contained in [13] and [14].

13.2 Types of Sliding Bearings

Sliding bearings require direct sliding of the load-carrying member on its support, as
distinguished from rolling-element bearings (Chapter 14), where balls or rollers are
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Main bearing

Connecting rod

Connecting rod bearing

Thrust bearing
(flanged portion of main bearing)

Main bearing

Crankshaft

Main bearing cap

Connecting rod bearing cap

FIGURE 13.1
Crankshaft journal and
thrust bearings. The crank-
shaft is supported by two
main bearings and attaches
to the connecting rod by the
connecting rod bearing. All
three are journal (or
sleeve) bearings. Integral
flanges on the main bearing
inserts (commonly called
merely bearings) serve as
thrust bearings, which
restrain axial motion of the
shaft.

interposed between the sliding surfaces. The site http://www.machinedesign.com
presents general information for sliding bearings, rolling-element bearings, and
lubrication.

Sliding bearings (also called plain bearings) are of two types: (1) journal or
sleeve bearings, which are cylindrical and support radial loads (those perpendicular
to the shaft axis); and (2) thrust bearings, which are generally flat and, in the case
of a rotating shaft, support loads in the direction of the shaft axis.

Figure 13.1 shows a crankshaft supported in a housing by two main bearings,
each consisting of a cylindrical sleeve portion plus a flanged end that serves as a
thrust bearing. The cylindrical portions of the shaft in contact with the bearings are
called journals. The flat portions bearing against the thrust bearings are called thrust
surfaces. The bearings themselves could be integral with the housing or crankcase
but are usually thin shells that can be easily replaced and that provide bearing sur-
faces of an appropriate material, such as babbitt or bronze.

When the radial load on a bearing is always in one direction, as in rail freight
car axle bearings, which support the weight of the car, the bearing surface needs to
extend only part way around the periphery (usually 60° to 180°), thereby providing
a partial bearing. In this book only the more common 360° of full bearings will be
considered.

When assembly and disassembly operations do not require that a bearing be
split, the bearing insert can be made as a one-piece cylindrical shell that is pressed
into a hole in the housing. This bearing insert is also known as a bushing.

13.3 Types of Lubrication

Lubrication is commonly classified according to the degree with which the lubricant
separates the sliding surfaces. Figure 13.2 illustrates three basic cases.

1. In hydrodynamic lubrication the surfaces are completely separated by the lubri-
cant film. The load tending to bring the surfaces together is supported entirely
by fluid pressure generated by relative motion of the surfaces (as journal rota-
tion). Surface wear does not occur, and friction losses originate only within the
lubricant film. Typical film thicknesses at the thinnest point (designated h0) are
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(a) Hydrodynamic
(surface separated)

(b) Mixed film
(intermittent local contact)

(c) Boundary (continuous
and extensive local contact)

FIGURE 13.2
Three basic types of lubrication. The surfaces are highly magnified.

0.008 to 0.020 mm (0.0003 to 0.0008 in.). Typical values of coefficient of fric-
tion ( f ) are 0.002 to 0.010.

2. In mixed-film lubrication the surface peaks are intermittently in contact, and
there is partial hydrodynamic support. With proper design, surface wear can be
mild. Coefficients of friction commonly range from 0.004 to 0.10.

3. In boundary lubrication surface contact is continuous and extensive, but the
lubricant is continuously “smeared” over the surfaces and provides a continu-
ously renewed adsorbed surface film that reduces friction and wear. Typical val-
ues of f are 0.05 to 0.20.

The most desirable type of lubrication is obviously hydrodynamic, and this is
treated in more detail beginning with the next section. Mixed-film and boundary
lubrication are discussed further in Section 13.14.

Complete surface separation (as in Figure 13.2a) can also be achieved by hydro-
static lubrication. A highly pressurized fluid such as air, oil, or water is introduced
into the load-bearing area. Since the fluid is pressurized by external means, full sur-
face separation can be obtained whether or not there is relative motion between the
surfaces. The principal advantage is extremely low friction at all times, including dur-
ing starting and low-speed operation. Disadvantages are the cost, complication, and
bulk of the external source of fluid pressurization. Hydrostatic lubrication is used only
for specialized applications. Additional information is given in [11].

13.4 Basic Concepts of Hydrodynamic Lubrication

Figure 13.3a shows a loaded journal bearing at rest. The bearing clearance space is
filled with oil, but the load (W) has squeezed out the oil film at the bottom. Slow
clockwise rotation of the shaft will cause it to roll to the right, as in Figure 13.3b.
Continuous slow rotation would cause the shaft to stay in this position as it tries to
“climb the wall” of the bearing surface. The result would be boundary lubrication.

If the shaft rotating speed is progressively increased, more and more oil adher-
ing to the journal surface tries to come into the contact zone until finally enough
pressure is built up just ahead of the contact zone to “float” the shaft, as shown in
Figure 13.3c. When this happens, the high pressure of the converging oil flow to the
right of the minimum film thickness position (h0) moves the shaft slightly to the left
of center. Under suitable conditions, equilibrium is established with full separation
of the journal and bearing surfaces. This constitutes hydrodynamic lubrication, also
known as full-film or thick-film lubrication. The equilibrium eccentricity of the jour-
nal in the bearing is dimension e, shown in Figure 13.3c.
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(a)
At rest

W

Oil inlet

W

(b)
Slow rotation

(boundary lubrication)

W

Bearing

Journal

Minimum film
thickness, h0

(c)
Fast rotation

(hydrodynamic lubrication)

Oil flow

W

e

W

Resultant oil
film force

W

FIGURE 13.3
Journal bearing lubrication. The bearing clearances are greatly exaggerated.

�n/P

f

A

Boundary lubrication

Mixed-film lubrication

Hydrodynamic lubrication

(viscosity × rps ÷ load per unit of projected bearing area)

2 This is necessary to be consistent with the units of viscosity, which involve seconds.

FIGURE 13.4
Coefficient of friction (and
type of lubrication) versus
dimensionless variable
mn/P (Stribeck curve).

Figure 13.4 illustrates the influence of three basic parameters on type of lubri-
cation and resulting coefficient of friction, f.

1. Viscosity (m). The higher the viscosity, the lower the rotating speed needed to
“float” the journal at a given load. Increases in viscosity beyond that necessary
to establish full-film or hydrodynamic lubrication produce more bearing friction
by increasing the forces needed to shear the oil film.

2. Rotating speed (n), in revolutions per second.2 The higher the rotating speed, the
lower the viscosity needed to “float” the journal at a given load. Once hydrodynamic
lubrication is achieved, further increases in rotating speed produce more bearing
friction by increasing the time rate at which work is done in shearing the oil film.

3. Bearing unit load (P), defined as load W divided by the bearing projected area,
which is journal diameter D times bearing length L. The smaller the bearing unit
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load, the lower the rotating speed and the viscosity needed to “float” the journal.
But further reductions in bearing load do not produce corresponding reductions
in the bearing friction drag force. Thus the bearing coefficient of friction, which
is the ratio of friction drag force to radial load W, increases.

Numerical values for the curve in Figure 13.4 depend on details of the particu-
lar bearing design. For example, the smoother the surfaces, the thinner the oil film
necessary for complete separation of surface asperities, and therefore the lower the
values of mn/P corresponding to point A. The clearance or fit of the journal in the
bearing has an important influence. This is to be expected when one considers that
the mechanism for building up hydrodynamic fluid pressure to support the shaft
requires that the journal run eccentrically in the bearing.

Note that the achievement of hydrodynamic lubrication requires three things.

1. Relative motion of the surfaces to be separated.

2. “Wedging action,” as provided by the shaft eccentricity.

3. The presence of a suitable fluid.

The sport of waterskiing provides an interesting analogy to hydrodynamic bear-
ing lubrication where the three factors for achieving it are provided by (1) forward
speed of the skier, (2) a “wedge” formed by the ski surfaces (toes up, heels down),
and (3) the presence of the water. Carrying this analogy a step further, note that the
mn/P curve of Figure 13.4 is applicable to this case as well. For example, if a person
tries to ski on bare feet, the unit load P becomes very high. For the necessary mn/P
values to be maintained, the product of viscosity and speed must be made corre-
spondingly high. Filling the lake with a more viscous fluid would help, but the more
practical solution is to increase speed.

With only the understanding of hydrodynamic lubrication developed thus far, the
reader can appreciate why journal bearings have proved very successful as crankshaft
bearings in modern engines, and why they are not very satisfactory and have been
largely replaced by roller bearings for supporting rail car axle shafts. An engine crank-
shaft turns slowly (producing boundary lubrication) only when being cranked—and
then bearing loads are small because there are no combustion loads. As soon as the
engine starts, combustion adds greatly to the bearing loads—but the rotating speed
increases sufficiently to establish hydrodynamic lubrication despite the higher loading.
Furthermore, peak combustion loads are of momentary duration, and inertial and tran-
sient “squeeze-film” effects prevent the oil film from being squeezed as thinly as it
would be if the peak load were constant. On the other hand, rail car axle bearings must
support the full weight of the car when stationary or moving slowly. A common occur-
rence when freight trains used journal bearings was that two locomotives were
required to start a train that could easily be pulled by a single locomotive on reaching
sufficient speed to establish hydrodynamic lubrication in the bearings.

13.5 Viscosity

Figure 13.5 illustrates the analogy between viscosity m of a fluid (also called dynam-
ic viscosity and absolute viscosity) and shear modulus of elasticity G of a solid.
Figure 13.5a shows a rubber bushing bonded between a fixed shaft and an outer
housing. Application of torque T to the housing subjects an element of the rubber
bushing to a fixed displacement, as shown in Figure 13.5b. (Note: This type of rubber
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bushing is commonly used at the leaf spring fixed pivot shown in Figure 12.25.) If
the material between the housing and concentric shaft is a Newtonian fluid (as are
most lubricating oils), equilibrium of an element involves a fixed velocity, as shown
in Figure 13.5c. This follows from Newton’s law of viscous flow, which implies a
linear velocity gradient across the thin lubricant film, with molecular fluid layers
adjacent to the separated surfaces having the same velocities as these surfaces.

From Figure 13.5c the equation for (absolute) viscosity is written as

(13.1)

The unit of viscosity in the English system is pound-second per square inch, or
reyn (in honor of Osbourne Reynolds, for whom Reynolds number is also named).
In SI units, viscosity is expressed as newton-seconds per square meter, or pascal-
seconds. The conversion factor between the two is the same as for stress:

(13.2)

The reyn and pascal-second are such large units that microreyn (mreyn) and
millipascal-second (mPa # s) are more commonly used. The former standard metric
unit of viscosity, still widely found in the literature, is the poise.3 Conveniently, one
centipoise is equal to one millipascal-second (1 cp = 1 mPa # s).

1 reyn =
1 lb # s

in.2
=

6890 N # s

m2 = 6890 Pa # s

m =
Fh

AU

T

Cross-sectional area, A

where G = shear modulus

(b)

At equilibrium, torque T
produces elastic displacement,
�, across a solid element

F

h h

Fh
AG

�

� =

Surface velocity, U

where � = absolute viscosity

(c)

At equilibrium, torque T
produces laminar flow and surface
velocity, U, across a fluid element

F

Fh
A�

U =

(a)

Rubber element

Fluid element

FIGURE 13.5
Analogy between shear modulus of elasticity (of a solid) and
viscosity (of a fluid).

3 In the literature, Z, rather than m, is often used to denote viscosity in terms of poises or centipoises. For
convenience, m is retained here as the symbol for absolute viscosity for all units.
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Fluid viscosities can be measured in several ways, including the use of an appa-
ratus patterned after Figure 13.5. Alternatively, liquid viscosities are sometimes
determined by measuring the time required for a given quantity of the liquid to flow
by gravity through a precision opening. In the case of lubricating oils, an instrument
used is the Saybolt Universal Viscometer—see Figure 13.7, and the viscosity mea-
surements are designated as Saybolt seconds, or by any of the abbreviations SUS
(Saybolt Universal Seconds), SSU (Saybolt Seconds Universal), and SUV (Saybolt
Universal Viscosity). A moment’s reflection reveals that these measurements are not
true viscosities since the intensity of the earth’s gravitational pull on the liquid is
influenced by its mass density. Thus a liquid of high mass density flows through the
viscometer more quickly than does a less dense liquid of the same absolute viscosity.
The viscosity measured by a Saybolt-type viscometer is known as kinematic viscos-
ity, defined as absolute viscosity divided by mass density:

(13.3)

Units are length2/time, as cm2/s, which is named the stoke, abbreviated St.
Absolute viscosities can be obtained from Saybolt viscometer measurements

(time S, in seconds) by the equations

(13.4)

and

(13.5)

where r is the mass density in grams per cubic centimeter (which is numerically
equal to the specific gravity). For petroleum oils the mass density at 60°F (15.6°C)
is approximately 0.89 g/cm3. At other temperatures the mass density is

(13.6a)
(13.6b)

where r has units of grams per cubic centimeter.
The Society of Automotive Engineers classifies oils according to viscosity.

Viscosity–temperature curves for typical SAE numbered oils are given in Figure 13.6.
A particular oil may deviate significantly from these curves, for the SAE specifica-
tions define a continuous series of viscosity bands. For example, an SAE 30 oil may
be only a trifle more viscous than the “thickest” SAE 20, or only a trifle less viscous
than the “thinnest” SAE 40 oil. Furthermore, each viscosity band is specified at only
one temperature. SAE 20, 30, 40, and 50 are specified at 100°C (212°F) whereas
SAE 5W, 10W, and 20W are specified at  -18°C (0°F). Multigrade oils must con-
form to a viscosity specification at both temperatures. For example, an SAE 10W-40

= 0.89 - 0.00035(°F - 60)

r = 0.89 - 0.00063(°C - 15.6)

m(mreyn) = 0.145a0.22S -
180

S
br

m(mPa # s, or cp) = a0.22S -
180

S
br

y = Kinematic viscosity =
absolute viscosity

mass density
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oil must satisfy the 10W viscosity requirement at -18°C and the SAE 40 require-
ment at 100°C.

Industrial fluid lubricants are commonly specified in terms of international
standards, which appear as ASTM D 2422, American National Standard Z11.232,
ISO (International Standards Organization) Standard 3448, and others. The vari-
ous viscosity grades are designated as “ISO VG” followed by a number equal to
the nominal kinematic viscosity at 40°C. Eighteen grades are specified, with kine-
matic viscosities at 40°C of 2, 3, 5, 7, 10, 15, 22, 32, 46, 68, 100, 150, 220, 320,
460, 680, 1000, and 1500 cSt (mm2/s).

Grease is a non-Newtonian material that does not begin to flow until a shear
stress exceeding a yield point is applied. With higher shear stresses, “viscous” flow
occurs with the apparent viscosity decreasing with increasing shear rates. Apparent
viscosities must always be reported at a specified temperature and flow rate (see
ASTM D1092).
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FIGURE 13.6
Viscosity versus tempera-
ture curves for typical SAE
graded oils.
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SAMPLE PROBLEM 13.1 Viscosity and SAE Number

An engine oil has a kinematic viscosity at 100°C corresponding to 58 seconds, as
determined from a Saybolt viscometer (Figure 13.7). What is its corresponding
absolute viscosity in millipascal-seconds (or centipoises) and in microreyns? To
what SAE number does it correspond?

SOLUTION

Known: The Saybolt kinematic viscosity of an engine oil.

Find: Determine the absolute viscosity and the SAE number.

Schematic and Given Data:

Overflow rim

Oil
bath

Level of liquid
in bath

Kinematic viscosity,
58 s at 100°C

Bottom of bath

Orifice
FIGURE 13.7
Saybolt viscometer.

Assumptions:
1. Equation 13.6a is accurate for calculating the mass density of the engine oil.

2. Equations 13.4 and 13.5 are accurate for calculating absolute viscosities in units
of centipoises or microreyns.

3. Figure 13.6 accurately predicts the viscosity–temperature curves for SAE num-
bered oils.

Analysis:
1. From Eq. 13.6a,

r = 0.89 - 0.00063(100 - 15.6) = 0.837 g/cm3

2. From Eq. 13.4,

= 8.08 mPa # s (or 8.08 cp)

m = c (0.22)(58) -
180

58
d0.837

c13.qxd  8/3/11  9:18 PM  Page 554



13.7 ■ Petroff ’s Equation for Bearing Friction 555

4 E. W. Dean, and G. H. B. Davis, “Viscosity Variations of Oils With Temperature,” Chem. Met. Eng., 36:
618–619 (1929).

3. From Eq. 13.5,

4. From Figure 13.6, the viscosity at 100°C is close to that of an SAE 40 oil.

Comments: Review of the assumptions reveals the empirical nature of determin-
ing oil viscosity in different units.

13.6 Temperature and Pressure Effects on Viscosity

Multigrade oils, as SAE 10W-40, have less variation of viscosity with temperature than
straight-run petroleum oils that have a single-grade designation (as SAE 40 or SAE
10W). The measure of variation in viscosity with temperature is the viscosity index
(abbreviated VI). The first generally used viscosity index scale was proposed in 1929
by Dean and Davis.4 At that time the least change of viscosity with temperature
occurred in conventionally refined Pennsylvania crude oils, and the greatest change
occurred in oils refined from Gulf Coast crudes. Pennsylvania oils were therefore
assigned a VI value of 100, and Gulf Coast oils a value of 0. Other oils were rated inter-
mediately. (Many readers will recognize this procedure as being similar to the octane
rating scale of gasolines, which is based on arbitrary zero and 100 ratings for the most
and least knock-prone hydrocarbon fuels that were known at the time.) A contempo-
rary basis for viscosity index rating is given in ANSI/ASTM Specification D2270.

Nonpetroleum-base lubricants have widely varying viscosity indices. Silicone
oils, for example, have relatively little variation of viscosity with temperature. Thus
their viscosity indices substantially exceed 100 on the Dean and Davis scale. The
viscosity index of petroleum oils can be increased, as in the production of multigrade
oils, by the use of viscosity index improvers (additives).

All lubricating oils experience an increase in viscosity with pressure. Since this
effect is usually significant only at pressures higher than those encountered in slid-
ing bearings, it will not be dealt with here. This effect is important, however, in elas-
tohydrodynamic lubrication (see Section 13.16).

13.7 Petroff’s Equation for Bearing Friction

The original analysis of viscous friction drag in what is now known as a hydrody-
namic bearing (Figure 13.8) is credited to Petroff and was published in 1883. It
applies to the simplified “ideal” case of no eccentricity between bearing and journal,
and hence, no “wedging action” and no ability of the oil film to support a load, and
no lubricant flow in the axial direction.

With reference to Figure 13.5c, an expression for viscous friction drag torque is
derived by considering the entire cylindrical oil film as the “liquid block” acted upon
by force F. Solving the equation given in the figure for F gives

= 1.17 mreyn

m = 0.145 c (0.22)(58) -
180

58
d0.837
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(a)

where

F = friction torque/shaft radius = Tf /R

A = 2pRL

U = 2pRn (where n is in revolutions per second)

h = c

Substituting and solving for friction torque gives

(b)

If a small radial load W is applied to the shaft, the frictional drag force can be
considered equal to the product f W, with friction torque expressed as

Tf = f WR = f(DLP)R (c)

where P is the radial load per unit of projected bearing area.
The imposition of load W will, of course, cause the shaft to become somewhat

eccentric in the bearing. If the effect of this on Eq. b can be considered negligible,
Eqs. b and c can be equated to give

(13.7)

This is the well-known Petroff equation. It provides a quick and simple means of
obtaining reasonable estimates of coefficients of friction of lightly loaded bearings.
More refined procedures will be presented in Section 13.9.

Note that Petroff’s equation identifies two very important bearing parameters.
The significance of mn/P was discussed in Section 13.4. The ratio R/c is on the order
of 500 to 1000 and is the inverse of the clearance ratio. Its importance will become
increasingly evident with the study of Section 13.8.

SAMPLE PROBLEM 13.2 Determining Bearing Friction and Power Loss

A 100-mm-diameter shaft is supported by a bearing of 80-mm length with a diame-
tral clearance of 0.10 mm (Figure 13.9). It is lubricated by oil having a viscosity (at
the operating temperature) of 50 mPa # s. The shaft rotates 600 rpm and carries a
radial load of 5000 N. Estimate the bearing coefficient of friction and power loss
using the Petroff approach.

SOLUTION

Known: A shaft with known diameter, rotational speed, and radial load is supported
by an oil-lubricated bearing of specified length and diametral clearance.

f = 2p2mn

P

R
c

Tf =
4p2mnLR3

c

awhere c = radial clearance =
bearing diameter - shaft diameter

2
b

F =
mAU

h

D

R

L

c

n

FIGURE 13.8
Unloaded journal bearing
used for Petroff’s analysis.
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Assumptions:
1. There is no eccentricity between the bearing and journal, and no lubricant flow

in the axial direction.

2. The frictional drag force is equal to the product of the coefficient of friction
times the radial shaft load.

Analysis:
1. With the preceding assumptions, Petroff’s equation is appropriate. From Eq. 13.7,

2. Torque friction Tf = f WD/2 = (0.0158)(5000 N)(0.1 m)/2 = 3.95 N # m
Note: (1) Tf could also be obtained from Eq. b. (2) The same calculated value of

Tf would be obtained using any value of W, but the greater the load, the
greater the deviation from Petroff’s assumption of zero eccentricity.

3. Power = 2pTfn = 2p(3.95 N # m)(10 rps) = 248 N # m/s = 248 W.

Comment: In an actual situation, we would need to verify that when dissipating
248 W, the average oil temperature in the bearing would be consistent with the value
of viscosity used in the calculations.

13.8 Hydrodynamic Lubrication Theory

The theoretical analysis of hydrodynamic lubrication is traced to Osborne
Reynolds’s study of the laboratory investigation of railroad bearings in England by
Beauchamp Tower during the early 1880s (Figure 13.10).5 The oil hole was drilled
to test the effect of adding an oiler at this point. Tower was surprised to discover
that when the test device was operated without the oiler installed, oil flowed out of

f = 2p2 (0.05 Pa # s)(10 rps)

5000

0.1 * 0.08
N/m2

*
50 mm

0.05 mm
= 0.0158

13.8 ■ Hydrodynamic Lubrication Theory 557

5000 N

D = 100 mm

R = 50 mm
n = 600 rpm

Oil viscosity,
50 mPa • s

c = 0.05 mm

L = 80 mm

FIGURE 13.9
Journal bearing for Sample
Problem 13.2.

5 O. Reynolds, “On the Theory of Lubrication and Its Applications to Mr. Beauchamp Tower’s
Experiments,” Phil. Trans. Roy. Soc. (London), 177: 157–234 (1886).

Find: Determine the bearing coefficient of friction and the power loss.

Schematic and Given Data:
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Journal

Oil hole

W Partial bronze
bearing

Oil level

FIGURE 13.10
Schematic representation of Beauchamp
Tower’s experiment.

the hole! He tried to block this flow by pounding cork and wooden stoppers into the
hole, but the hydrodynamic pressure forced them out. At this point, Tower con-
nected a pressure gage to the oil hole and subsequently made experimental mea-
surements of the oil film pressures at various locations. He then discovered that the
summation of local hydrodynamic pressure times differential projected bearing
area was equal to the load supported by the bearing.

Reynolds’s theoretical analysis led to his fundamental equation of hydrody-
namic lubrication. The following derivation of the Reynolds equation applies to one-
dimensional flow between flat plates. This analysis can also be applied to journal
bearings because the journal radius is so large in comparison to oil film thickness.
The assumed one-dimensional flow amounts to neglecting bearing side leakage and
is approximately valid for bearings with L/D ratios greater than about 1.5. The
derivation begins with the equation for equilibrium of forces in the x direction act-
ing on the fluid element shown in Figure 13.11.

(a)p dy dz + t dx dz - ap +
dp

dx
dxb dy dz - at +

0t
0y

dyb  dx dz = 0

Rotating journal

Fixed bearing

Lubricant

Lubricant flow

Coordinates:
x = tangential
y = radial
z = axial

W

dx

dy

( + dy) dx dz

 dx dz

dx

dyp dy dz

∂
∂y

(p + dx) dy dz
dp
dx

FIGURE 13.11
Pressure and viscous forces acting on an element of lubricant. For simplicity, only X compo-
nents are shown.
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which reduces to

(b)

In Eq. 13.1 the quantity F/A represents shear stress t on the top of the “block.”
In Figure 13.11 the “block” is shrunk to a differential element of height dy, velocity u,
and top-to-bottom velocity gradient du. Making these substitutions in Eq. 13.1 gives
t = m(du/dy), except in this case u varies with both x and y, and so the partial deriv-
ative is used:

(c)

Similarly, t varies with both x and y, and so the partial derivative t/ y is used in
Figure 13.11 and Eq. a. Pressure, on the other hand, is assumed not to vary in the y
and z directions and so the total derivative dp/dx is used.

Substitution of Eq. c into Eq. b gives

Holding x constant and integrating twice with respect to y gives

and

(d)

The assumption of no slip between the lubricant and the boundary surfaces gives
boundary conditions enabling C1 and C2 to be evaluated:

u = 0 at y = 0, u = U at y = h

Hence,

Substitution of these values in Eq. d gives

(13.8)

which is the equation for the velocity distribution of the lubricant film across any yz
plane as a function of distance y, pressure gradient dp/dx, and surface velocity U. Note
that this velocity distribution consists of two terms: (1) a linear distribution given by
the second term and shown as a dashed line in Figure 13.12 and (2) a superimposed
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560 Chapter 13 ■ Lubrication and Sliding Bearings

parabolic distribution given by the first term. The parabolic term may be positive or
negative, thereby adding or subtracting from the linear distribution. At the section
where pressure is a maximum, dp/dx = 0, and the velocity gradient is linear.

Let the volume of lubricant per-unit time flowing across the section containing
the element in Figure 13.11 be Qf . For unit width in the z direction,

(e)

For a noncompressible lubricant, the flow rate must be the same for all cross
sections, which means that

Hence, by differentiating Eq. e, we have

or

(13.9)

which is the classical Reynolds equation for one-dimensional flow. Summarizing the
assumptions that were made: The fluid is Newtonian, incompressible, of constant
viscosity, and experiences no inertial or gravitational forces; the fluid experiences
laminar flow, with no slip at the boundary surfaces; the film is so thin that (1) it expe-
riences negligible pressure variation over its thickness, and (2) the journal radius can
be considered infinite in comparison.

When fluid flow in the z direction is included (i.e., axial flow and end leakage),
a similar development gives the Reynolds equation for two-dimensional flow:

(13.10)
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FIGURE 13.12
Lubricant velocity gradient.
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6 Where n is in revolutions per second.
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Modern bearings tend to be shorter than those used a few decades ago. Ratios
of length to diameter (L/D) are commonly in the range of 0.25 to 0.75. This results
in the flow in the z direction (and the end leakage) being a major portion of the total.
For these short bearings, Ocvirk [5] proposed neglecting the x term in the Reynolds
equation, giving

(13.11)

Unlike Eqs. 13.9 and 13.10, Eq. 13.11 can be readily integrated and thus used for
design and analysis purposes. The procedure is commonly known as Ocvirk’s short
bearing approximation.

13.9 Design Charts for Hydrodynamic Bearings

Solutions of Eq. 13.9 were first developed in the first decade of the twentieth
century. Although theoretically applicable only to bearings that are “infinitely long”
(i.e., have no end leakage), these solutions give reasonably good results with bear-
ings of L/D ratios over about 1.5. At the other extreme, the Ocvirk short bearing
solution, based on Eq. 13.11, is quite accurate for bearings of L/D ratios up to about
0.25, and is often used to provide reasonable approximations for bearings in the
commonly encountered range of L/D between 0.25 and 0.75.

Computerized solutions of the full Reynolds equation (13.10) have been reduced
to chart form by Raimondi and Boyd [7]. These provide accurate solutions for
bearings of all proportions. Selected charts are reproduced in Figures 13.13 through
13.19. Other Raimondi and Boyd charts apply to partial bearings (which extend
around only 60°, 120°, or 180° of the journal circumference) and to thrust bearings.
Several quantities given in the charts used here are illustrated in Figure 13.20.

All the Raimondi and Boyd charts give plots of dimensionless bearing parame-
ters as functions of the dimensionless bearing characteristic number, or Sommerfeld
variable, S, where

Note that S is the product of the previously discussed parameter, mn/P,6 and the
square of the clearance ratio, R/c. The S scale on the charts is logarithmic except for
a linear portion between 0 and 0.01.

Figures 13.18 and 13.19 assume that lubricant is supplied to the bearing at
atmospheric pressure and that the influence on flow rate of any oil holes or grooves
is negligible. Viscosity is assumed to be constant, and to correspond to the average
temperature of the oil flowing to and from the bearing.
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FIGURE 13.20
Polar diagram of film-pressure
distribution showing the notation used.

Values of any of the bearing performance variables plotted in Figures 13.14
through 13.19 can be determined for any ratio of L/D greater than by using the fol-
lowing interpolation equation given by Raimondi and Boyd [7],

(13.12)

where y is the desired performance variable for any L/D ratio greater than and yq ,
y1, y1/2, and y1/4 are the values of that variable for bearings having L/D ratios of q,
1, and respectively.

SAMPLE PROBLEM 13.3 Oil Lubricated Journal Bearing

A journal bearing (Figure 13.21) of 2-in. diameter, 1-in. length, and 0.0015-in. radial
clearance supports a fixed load of 1000 lb when the shaft rotates 3000 rpm. It is
lubricated by SAE 20 oil, supplied at atmospheric pressure. The average temperature
of the oil film is estimated at 130°F.

Using the Raimondi–Boyd charts, estimate the minimum oil film thickness,
bearing coefficient of friction, maximum pressure within the oil film, angles f,
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1000 lb

D = 2.0 in.

R = 1.0 in.
n = 3000 rpm

SAE 20 Oil
Tavg = 130°F

c = 0.0015 in.

L = 1.0 in.

FIGURE 13.21
Journal bearing for Sample
Problem 13.3.
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and and total oil flow rate through the bearing; the fraction of this flow
rate that is recirculated oil flow; and the fraction of new flow that must be introduced
to make up for side leakage.

SOLUTION

Known: An oil-lubricated bearing of given length, diameter, and radial clearance
supports a shaft with known rotational speed and radial load.

Find: Determine the minimum oil film thickness, the bearing coefficient of friction,
the maximum pressure within the oil film, angles f, and the total oil flow
rate, the fraction of the flow rate that is recirculated oil flow, and the fraction of new
flow that must be introduced to replenish the oil lost in side leakage.

Schematic and Given Data: See Figure 13.21.

up0
,upmax

,

up0
,upmax

,

Assumptions:
1. Bearing conditions are at steady state with the radial load fixed in magnitude

and direction.

2. The lubricant is supplied to the bearing at atmospheric pressure.

3. The influence on flow rate of any oil holes or grooves is negligible.

4. Viscosity is assumed to be constant and to correspond to the average of the oil
flowing to and from the bearing.

Analysis:
1. From given data, D = 2 in., R = 1 in., L = 1 in., c = 0.0015 in., n = 50 rps,

and W = 1000 lb.

2.

3. Use S = 0.18, L/D = 0.5 to enter all charts, and use units of inch-pound-
seconds consistently: From Figure 13.13, h0/c = 0.3, hence
h0 = 0.00045 in. (Note that this bearing is in the “optimum range”—more
about that and about acceptable values of h0 in Sample Problem 13.4,
Section 13.13.)

S = aR
c
b2amn
P
b = a 1

0.0015
b2 (4 * 10-6)(50)

500
= 0.18

m = 4 * 10-6 reyn (Figure 13.6)

P =
W

LD
=

1000

(1)(2)
= 500 psi
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568 Chapter 13 ■ Lubrication and Sliding Bearings

7 Section 13.15 contains a brief discussion of tilting-pad thrust bearings. Tilting-pad journal bearings are
similar.

From Figure 13.14, (R/c)f = 5.4, hence f = 0.008.
From Figure 13.15, P/pmax = 0.32, hence pmax = 1562 psi.
From Figure 13.16, f = 40°.
From Figure 13.17,

From Figure 13.18, Q/RcnL = 5.15, hence Q = 0.39 in.3/s.
From Figure 13.19, Qs/Q = 0.81, hence side leakage that must be made up
by “new” oil represents 81 percent of the flow; the remaining 19 percent is
recirculated.

Comment: It is important to remember that the foregoing analysis using the Raimondi
and Boyd charts applies only to steady-state operation with a load that is fixed in mag-
nitude and direction. Bearings subjected to rapidly fluctuating loads (as engine crank-
shaft bearings) can carry much greater instantaneous peak loads than the steady-state
analysis would indicate because there is not enough time for the oil film to be squeezed
out before the load is reduced. This is sometimes called the squeeze-film phenomenon. It
causes an apparent “stiffening” of the oil film as it is squeezed increasingly thin. The
squeeze-film effect is the primary lubricating mechanism in engine wrist pin bearings
(shown in Figure 13.25) where the relative motion is oscillatory, over a small angle.

A problem sometimes encountered with high-speed, lightly loaded bearings is a
dynamic instability that causes the journal center to orbit with respect to the bearing
center. This “whip” or “whirl” of the shaft can initiate a destructive vibration, usually
at a frequency of about half the rotating speed. See [2, 11, 12]. One means of dealing
with this problem is to support the shaft with tilting-pad bearings.7 These are fre-
quently used in turbomachinery.

13.10 Lubricant Supply

The preceding hydrodynamic analysis assumes that oil is available to flow into the
bearing at least as fast as it leaks out at the ends. The principal methods for supply-
ing this oil are briefly described below. See [4] and others for further information.

Oil Ring The oil ring shown in Figure 13.22 is usually about one and a half to
two times the diameter of the journal from which it hangs loosely. As the shaft
rotates, the ring brings oil to the top of the journal. Note that the bearing sleeve must
be slotted at the top to permit the ring to bear directly on the journal. If the applied
bearing load acts substantially downward, this removal of part of the bearing area at
the top will not be harmful. Experience has shown ring oilers to be very effective.
Sometimes a chain is substituted for the ring.

Oil Collar A somewhat similar arrangement utilizes a rigid collar attached to the
shaft that dips into an oil reservoir at the bottom. The collar carries oil to the top
where it is thrown off into a small upper reservoir on each side of the collar. From
there it flows by gravity through holes to the bearing surface.

upmax
= 16.9°.up0

= 54°,
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Oil hole

Steel backing
Bearing material

Axial groove
FIGURE 13.23
Bearing with axial groove.

“Splash” In some machines, oil splashed by rapidly moving parts can be chan-
neled to small reservoirs above bearings. In addition, small “oil scoops” on rotating
parts can dip into the main oil sump or reservoir and thereby pick up oil that flows
into the bearings. Some readers will recognize this as the method of lubrication used
with early automobile engines.

Oil Bath The term oil bath usually refers to oil being supplied by the virtue of
partially submerging the journal in the oil reservoir, as is the railroad partial bearing
shown in Figure 13.10. Care must be taken with oil bath lubrication to avoid gener-
ating excessive turbulence and churning of a substantial volume of oil, thereby caus-
ing excessive viscous friction losses and possible foaming of the lubricant.

Oil Holes and Grooves Figure 13.23 shows an axial groove used to distribute
oil in the axial direction. Oil enters the groove through an oil hole and flows either
by gravity or under pressure. In general, such grooves should not be cut in the load-
carrying area because the hydrodynamic pressure drops to nearly zero at the grooves.
This point is illustrated in Figure 13.24, where the circumferential groove serves to
divide the bearing into two halves, each having an L/D ratio a little less than half that
of the ungrooved bearing.

Bearing sleeve
(top half)

Oil seal

Oil ring

Oil seal

FIGURE 13.22
Ring-oiled bearing.
(Courtesy Reliance
Electric Company)
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FIGURE 13.24
Bearing with circumferential groove, showing the
effect on pressure distribution.

The development of groove patterns for adequately distributing oil over the full
bearing area without objectionably disturbing the hydrodynamic pressure distribu-
tion can be a major problem in some applications.

Oil Pump The most positive means of supplying oil is by an oil pump.
Figure 13.25 shows the pressure-fed lubrication system of a piston-type engine or
compressor. Oil supplied by the pump fills circumferential grooves in the main bear-
ings. Holes drilled in the crankshaft carry oil from these grooves to the connecting rod
bearings. Circumferential grooves in the connecting rod bearings connect with rifle-
drilled holes in the connecting rods that carry lubricant to the wrist pins. In most auto-
motive engines the rifle-drilled connecting rod passages are eliminated, and the wrist
pins are splash-lubricated. This is less costly and has proved entirely effective.

"Rifle drilled" passage
in connecting rod*

Circumferential groove
in main bearing

Piston
Piston pin or wrist pin

Drilled passage in crankshaft

Circumferential groove in rod bearing

Circumferential groove in main bearing

*If omitted, piston pin bearing is splash lubricated.

Oil in Oil in

FIGURE 13.25
Oil passages in a piston engine or compressor.
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13.11 Heat Dissipation and Equilibrium Oil Film Temperature

Under equilibrium conditions the rate at which heat is generated within a bearing is
equal to the rate at which heat is carried away. It is essential that the oil film tem-
perature at which this balance occurs be satisfactory. Temperatures in the range of
71°C (160°F) are commonly used; temperatures above 93° to 121°C (200° to 250°F)
are generally unsatisfactory because of possible deterioration of petroleum-base
lubricants and damage to some common bearing materials. (Remember, the maxi-
mum oil film temperature can be substantially higher than the average temperature.)

The friction power absorbed by a bearing is readily computed from the friction
torque and shaft rpm (see Eqs. 1.1 and 1.2). The portion of this power (heat) carried
away by the oil is the product of the flow rate (Qs), oil temperature rise (bearing out-
let minus bearing inlet temperatures), and the volumetric specific heat cr (specific
heat times density). For petroleum oils at normal bearing operating temperatures,
approximate values are

Oil temperature rise can also be estimated by using charts devised by Raimondi
and Boyd [7].

The oil temperature at thermal equilibrium depends on the effectiveness with
which heat is transferred to the outside environment. For self-contained bearings, as
those using an oil ring, collar, or bath, the calculation of average oil film tempera-
ture is usually a rough “ballpark” procedure at best, and experimental data under
actual operating conditions must be obtained for applications close to being critical
with respect to overheating. For a rough estimate, we apply the equation

H = CA(to - ta) (13.13)

from which

(13.14)

where

H = time rate of heat dissipation (watts)

C = overall heat transfer coefficient (watts per hour per square meter per
degree centigrade)

A = exposed housing surface area (square meters)

to = average oil film temperature (°C)

ta = air temperature in the vicinity of the bearing housing (°C).

Values of C for representative conditions are given in Table 13.1. Values of A for
pillow block bearings with separate shells, like the one shown in Figure 13.22, are
sometimes estimated as 20 times the bearing projected area (i.e., 20DL). Again, the
reader is cautioned that values of to calculated from these values may differ consid-
erably from those actually experienced in a particular installation.

to = ta +
H

CA

= 110
lb

in.2°F

cr = 1.36
MPa

°C
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13.12 Bearing Materials

During thick-film lubrication any material with sufficient compressive strength and
a smooth surface would be an adequate bearing material. Steel, for example, would
be fine. But during start-up and shutdown, these bearings experience thin-film lubri-
cation and the (usually steel) journal will be damaged unless the bearing material
resists seizing and welding with the journal material. Furthermore, any foreign par-
ticles larger than h0 that are present in the oil will damage the journal surface unless
they can become imbedded in a relatively soft bearing material. Thus the following
are important properties of bearing materials.

1. Mechanical properties. Conformability (low elastic modulus) and deformability
(plastic flow) to relieve local high pressures caused by misalignment and shaft
deflection; embeddability, or indentation softness, to permit small foreign parti-
cles to become safely embedded in the material, thus protecting the shaft; and
low shear strength for easy smoothing of surface asperities. At the same time
compressive strength and fatigue strength sufficient for supporting the load and
for enduring the repeated flexing that accompanies cyclic loading (as with
engine bearings)—and bearing materials should have these properties at the
operating temperatures of the machine.

2. Thermal properties. Heat conductivity to conduct heat away from local points of
metal-to-metal contact during start-up, and from the lubricant film during nor-
mal operation; thermal coefficient of expansion not too different from the mate-
rials of the bearing housing and journal.

3. Metallurgical properties. Compatibility with the journal material, for resistance
to scoring, welding, and seizing.

4. Chemical properties. Corrosion resistance to acids that may form during lubri-
cant oxidation and to outside contamination (as engine blowby gases).

The most common bearing materials are babbitts, both tin-base (as 89 percent
Sn, 8 percent Pb, 3 percent Cu) and lead-base (as 75 percent Pb, 15 percent Sb, 10
percent Sn), and copper alloys, primarily copper lead, leaded bronze, tin bronze, and
aluminum bronze. Aluminum and silver are also used fairly extensively. The babbitts
are unexcelled in conformability and embeddability, but they have relatively low
compressive and fatigue strength, particularly above about 77°C (170°F). Babbitts
can seldom be used above about 121°C (250°F).

The bearing metal surface layer is usually applied to a thin steel backing shell. With
babbitt bearings the shell flexural deformation is independent of the thickness of the bab-

TABLE 13.1 Rough Estimates of Heat Transfer Coefficient C
for Self-Contained Bearings

C, a

Average Air Air Moving
Bearing Type Still Air Circulation at 500 fpm

Oil ring or collar 7.4 (1.3) 8.5 (1.5) 11.3 (2.0)

Oil bath 9.6 (1.7) 11.3 (2.0) 17.0 (3.0)

a 1 Btu is equivalent to 778 ft # lb.

W/(m2 # °C)[Btu/(hr # ft2 # °F)]
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TABLE 13.2 Representative Unit Sleeve Bearing Load Capacities 
in Current Practice

Unit Load Capacity, 

Application MPa psi

Relatively steady loads

Electric motors 0.8–1.5 120–250

Steam turbines 1.0–2.0 150–300

Gear reducers 0.8–1.5 120–250

Centrifugal pumps 0.6–1.2 100–180

Rapidly fluctuating loads

Diesel engines

Main bearings 6–12 900–1700

Connecting rod bearings 8–15 1150–2300

Automotive gasoline engines

Main bearings 4–5 600–750

Connecting rod bearings 10–15 1700–2300

P � Wmax/LD

bitt lining; fatigue strength is greatest when the babbitt lining is very thin—on the order
of 0.5 mm (0.020 in.) for conventional bearings and 0.13 mm (0.005 in.) in automotive
main and connecting rod bearings, with the latter having far greater fatigue resistance.
Sometimes a thin babbitt overlay (about 0.025 mm, or 0.001 in.) is added to bearings
made of other materials in order to combine the greater load-carrying capacity of the
other material with the more desirable surface characteristics of the babbitt.

Rubber and other elastomers make good bearing materials for applications like
ship propeller shafts that run in water. These bearings are usually fluted and are
retained within a metal shell. The water flow through the bearing allows sand and
grit to be flushed out with minimum damage.

13.13 Hydrodynamic Bearing Design

Sample Problem 13.3 in Section 13.9 illustrated an analysis of a given hydrodynam-
ic bearing. The design of such a bearing is a considerably more involved procedure,
which requires all the background given in the chapter up to this point, plus empiri-
cal guidelines such as the following. (As with the design of most machine compo-
nents, only the basic material can be included here, and there is much to be gained
from a study of the detailed literature pertaining to bearing design.)

Unit loading. Table 13.2 summarizes representative values in common use.
Note the dramatic influence of the squeeze-film phenomenon mentioned at the
conclusion of Section 13.9. Since the peak loads applied to engine bearings are
of only momentary duration, the resulting bearing pressures can be of the order
of ten times the values used in applications where the loads are constant.

Bearing L/D ratios. Ratios of 0.25 to 0.75 are most commonly used now, with
older machinery having ratios averaging closer to unity. Greater ratios (longer
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574 Chapter 13 ■ Lubrication and Sliding Bearings

bearings) mean less end leakage and a reduced oil flow requirement; hence
greater, oil temperature rises. Short bearings are less susceptible to undesirable
edge loading caused by shaft deflection and misalignment. Often shaft diameter
is determined by strength and deflection requirements, and then bearing length
is determined in order to provide adequate bearing capacity.

Acceptable values of h0. The minimum acceptable oil film thickness, h0, de-
pends on surface finishes. Various empirical recommendations are found in the
literature. For example, Trumpler [12] suggests the relationship

or (13.15)

This equation should be used with an appropriate safety factor applied to the
load. Trumpler suggests SF = 2 for steady loads that can be evaluated with rea-
sonable accuracy. Moreover, Eq. 13.15 applies only to bearings that have a finely
ground journal surface whose peak-to-valley roughness does not exceed
0.005 mm, or 0.0002 in.; that have good standards of geometric accuracy—
circumferential out-of-roundness, axial taper, and “waviness,” both circumfer-
ential and axial; and that have good standards of oil cleanliness.

For bearings subjected to rapidly fluctuating loads (e.g., engine bearings),
simplified calculations based on the assumption that peak loads remain constant
may give calculated values of h0 of the order of one-third actual values. This
must be taken into account when using empirical criteria such as Eq. 13.15.
More realistic calculations for such bearings take the squeeze-film phenomenon
into account and are beyond the scope of this book.

Clearance ratios (c/R, or 2c/D). For journals 25 to 150 mm in diameter, the
c/R ratio is usually of the order of 0.001, particularly for precision bearings. For
less precise bearings this ratio tends to be higher—up to about 0.002 for general
machinery bearings and 0.004 for rough-service machinery. In any specific
design the clearance ratio has a range of values, depending on the tolerances
assigned to the journal and bearing diameter.

The following is a list of important factors to be taken into account when
designing a bearing for hydrodynamic lubrication.

1. The minimum oil film thickness must be sufficient to ensure thick-film lubri-
cation. Use Eq. 13.15 as a guide and take into account surface finish and load
fluctuation.

2. Friction should be as low as possible, consistent with adequate oil film thick-
ness. Try to keep in the “optimum zone” of Figure 13.13.

3. Be sure that an adequate supply of clean and sufficiently cooled oil is always
available at the bearing inlet. This may require forced feeding, special cooling
provisions, or both.

4. Be sure that the maximum oil temperature is acceptable (generally below 93° to
121°C or 200° to 250°F).

5. Be sure that oil admitted to the bearing gets distributed over its full length. This
may require grooves in the bearing. If so, they should be kept away from highly
loaded areas.

G 0.005 + 0.00004D (h0 and D in millimeters)

h0 G 0.0002 + 0.00004D (h0 and D in inches)
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6. Select a suitable bearing material to provide sufficient strength at operating tem-
peratures, sufficient comformability and embeddability, and adequate corrosion
resistance.

7. Check the overall design for shaft misalignment and deflection. If these are
excessive, even a properly designed bearing will give trouble.

8. Check the bearing loads and elapsed times during start-up and shutdown. Bear-
ing pressures during these periods should preferably be under 2 MPa, or 300 psi.
If there are extended time periods of low-speed operations, thin-film lubrication
requirements must be considered (Section 13.14).

9. Be sure that the design is satisfactory for all reasonably anticipated combina-
tions of clearance and oil viscosity. The operating clearance will be influenced
by thermal expansion and by eventual wear. Oil temperature and therefore vis-
cosity is influenced by thermal factors (ambient air temperature, air circulation,
etc.), and by possible changes in the oil with time. Furthermore, the user may
put in a lighter or heavier grade of oil than the one specified.

SAMPLE PROBLEM 13.4D Design of an Oil Lubricated Journal Bearing

A journal bearing (Figure 13.26) on an 1800-rpm steam turbine rotor supports a con-
stant gravity load of 17 kN. The journal diameter has been established as 150 mm in
order to provide sufficient shaft stiffness. A forced-feed lubrication system will sup-
ply SAE 10 oil, controlled to an average film temperature of 82°C. Determine a suit-
able combination of bearing length and radial clearance. Also determine the corre-
sponding values of coefficient of friction, friction power loss, oil flow rate to and
from the bearing, and oil temperature rise through the bearing.

SOLUTION

Known: An oil-lubricated bearing of given diameter supports a steam turbine rotor
shaft with known rotational speed and radial load.

Find: Determine the bearing length and radial clearance. Also estimate the corre-
sponding values of coefficient of friction, friction power loss, oil flow rates, and oil
temperature rise.

Schematic and Given Data:

W = 17 kN

D = 150 mm

R = 75 mm
n = 1800 rpm

Force feed,
SAE 10 oil
Tavg = 82°C

c = ? mm

L = ? mm

f = ?

Qs = ?

Power loss = ?

Oil temperature rise = ?

FIGURE 13.26
Journal bearing for Sample
Problem 13.4.
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Decisions and Assumptions:
1. From the 1- to 2-MPa range of representative unit sleeve bearing loads given for

steam turbine bearings in Table 13.2, arbitrarily select the unit load P = 1.6 MPa.

2. Bearing parameters are selected to operate in the optimum range.

3. Bearing conditions are at steady state with the radial load fixed in magnitude
and direction.

4. The lubricant is supplied to the bearing at atmospheric pressure.

5. The influence on the flow rate of any oil holes or grooves is negligible.

6. Viscosity is constant and corresponds to the average temperature of the oil flow-
ing to and from the bearing.

7. The entire heat generated in the bearing is carried away by the oil.

Design Analysis:
1. Based on decision 1, whereby P = 1.6 MPa, L = 17,000 N/[(1.6 mPa)

(150 mm)] = 70.83 mm. Arbitrarily round this up to L = 75 mm to give 

for convenient use of the Raimondi and Boyd charts. (We note that an L/D ratio of
is in line with current turbine bearing practice.) With L = 75 mm, P is calculated

to be 1.511 MPa.

2. Figure 13.13 shows that for the optimum operating range is between
S = 0.037 and S = 0.35. Figure 13.6 gives the viscosity of SAE 10 oil at 82°C
as 6.3 mPa # s. Substituting known values (corresponding to the optimum zone
boundaries) into the equation for S gives

from which c = 0.138 mm (c/R = 0.00184). Similarly, for S = 0.35,
c = 0.0448 mm (c/R = 0.00060). We note that these clearance ratios are on the
order of 0.001 and hence are within the guidelines given in this section.

3. Before deciding on an appropriate tolerance range for the radial clearance, let
us compute and plot h0, f, Q, and Qs functions of c, with c extending to either
side of the optimum range. Values from Table 13.3 are plotted in Figure 13.27.

4. Figure 13.27 appears to indicate good operation over a range of radial clearances
between about 0.04 and 0.15 mm, but a check should be made with Eq. 13.15:

Let us compare this with the calculated minimum film thickness using a safety fac-
tor of 2 applied to the load, and assuming an “extreme case” of c = 0.15 mm:

This is less than the 0.011-mm requirement of Eq. 13.15. However, the initial
specification of an 82°C average oil film temperature was somewhat unrealistic
in order to simplify the problem. The large oil flow rate associated with

h0/c = 0.06,  h0 = 0.009 mm

S =
(6.3 * 10-3)(30)

(1.511 * 106)(2)
a 75

0.15
b2

= 0.0156

h G 0.005 + 0.00004(150) = 0.011 mm

 0.037 =
(6.3 * 10-3 Pa # s)(30 rev/s)

1.511 * 106 Pa
a75 mm
c mm

b2

S =
mn

P
aR
c
b2

L/D = 1
2 ,

1
2

L/D = 1
2

c13.qxd  8/3/11  9:18 PM  Page 576



0.02 1.714 0.76 0.0152 36. 0.0096 3.8 12,800 0.37 4,700

0.03 0.762 0.59 0.0177 16. 0.0064 4.3 21,800 0.56 12,200

0.04 0.428 0.47 0.0188 10. 0.0053 4.65 31,600 0.68 21,500

0.0448 0.342 0.425 0.0190 8.7 0.0052 4.8 36,300 0.72 26,100

0.05 0.274 0.37 0.0185 7.3 0.0049 4.95 41,800 0.76 31,700

0.07 0.140 0.26 0.0182 4.4 0.0041 5.25 62,000 0.84 52,100

0.09 0.085 0.195 0.0176 3.1 0.0037 5.45 82,800 0.88 72,800

0.11 0.057 0.15 0.0165 2.3 0.0034 5.55 103,000 0.91 93,800

0.13 0.041 0.12 0.0156 1.9 0.0033 5.6 122,900 0.92 113,000

0.138 0.036 0.11 0.0152 1.75 0.0032 5.65 131,600 0.93 122,400

0.15 0.030 0.10 0.0150 1.6 0.0032 5.7 144,300 0.94 135,600

0.18 0.021 0.08 0.0144 1.3 0.0031 5.75 174,700 0.95 165,900

a .

b From Figure 13.13.
c From Figure 13.14.
d From Figure 13.18.
e From Figure 13.19.

S =
mn

P
aR
c
b2

=
(6.3 * 10-3 Pa # s)(30 rev/s)

1.551 * 106 Pa
a75 mm

c mm
b2

=
6.8544 * 10-4

c2
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TABLE 13.3 Values for Sample Problem 13.4

Q Qs
c (mm) Sa h0/cb h0 (mm) c f (mm3/s) Qs/Q

e (mm3/s)
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*As defined in Fig. 13.13
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FIGURE 13.27
Sample Problem 13.4. Variation of h0 , f, Q, and Qs with c (m, n, L, D,
and W constant).
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c = 0.15 mm would normally result in a lower oil film temperature (hence,
higher viscosity) than that obtained with smaller bearing clearances. Moreover,
a “heavier” grade of oil could be specified when wear increases bearing clear-
ance. A calculation with SAE 20 oil (also at 82°C average film temperature)
indicates that the minimum film thickness with c = 0.15 mm and radial load of
twice 17 kN would be about 0.012 mm.

5. At this point a judgment can be made about appropriate journal and bearing
diameter tolerances. Specifying these to give a range of radial clearances
between 0.05 and 0.07 mm would permit appreciable wear to occur without tak-
ing the bearing operation beyond the “optimum zone.” Increasing the tolerances
to provide a clearance range between 0.05 and 0.09 mm might permit more eco-
nomical manufacture. Slightly greater initial clearances, such as 0.08 to
0.11 mm, would lower friction losses and tend to make the bearing run cooler.

6. Turning to the oil flow rate curves in Figure 13.27, remember that these assume
oil is always available at the bearing inlet at atmospheric pressure; the flows cal-
culated are generated by the bearing itself. The oil pump used in this forced-feed
system must provide a flow rate equal to the side leakage, Qs , just to keep up
with the bearing demand. Delivery of oil to the bearing at pressures above
atmospheric will cause increased flow. This means that any particular oil parti-
cle will absorb less heat as it flows through the bearing.

Note that the difference between the two oil flow curves represents cir-
cumferential or recirculated flow, and this varies negligibly with clearance.

The great sensitivity of oil flow rate to radial clearance suggests that wear
can be monitored by checking flow rate at a constant supply pressure (or, check-
ing supply pressure when using a constant flow rate oil pump).

7. Friction power loss for any operating clearance can be computed using values
of coefficient of friction from Table 13.3 or Figure 13.27. Of particular concern
is the greatest loss that will occur with the tightest bearing fit. For the clearance
range of interest, this is c = 0.04 mm, for which

Friction torque, Tf = WfD/2 = (17,000 N)(0.0053)(0.150 m)/2

= 6.76 N # m
From Eq. 1.2

8. As assumed, the entire 1.27 kW of heat generated in the bearing is carried away
by the oil, and this oil is supplied to the bearing at atmospheric pressure (con-
servative for a force-feed system). The temperature rise of the oil when flowing
through the bearing is then

= 43.4°C

= a1270
N # m

s
b a s

21.5 * 10-6 m3 b a m2 * °C

1.36 * 106 N
b

¢t = (heat rate)a 1

flow rate
b a 1

volumetric specific heat
b

¢t =
Hf

Qscr

Friction power =
nT

9549
=

(1800)(6.76)

9549
= 1.27 kW
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For an average temperature of 82°C, oil would have to be supplied at approxi-
mately 60°C and leave at 103°C. This is only marginally satisfactory. If the radial
clearance is increased only slightly—say to 0.05 mm—the maximum temperature
will decrease substantially because of reduced friction loss together with increased
oil flow rate. Moreover, for pressurized oil flow rates exceeding the natural flow
rate, the temperature rise is correspondingly lower.

9. The following appear to constitute reasonable fine answers.

Bearing length = 75 mm.

Radial clearance = 0.05 to 0.07 mm. (The 0.07 dimension might be slightly
increased owing to manufacturing cost considerations.)

Power loss = 1.18 to 0.99 kW. (Note that power loss for various clearances is
proportional to coefficient of friction.)

Oil flow rate (Qs) = 31,700 to 52,100 mm3/s.

Oil temperature rise = 27.3 to 13.9°C. (The brief calculations required are
left to the reader.)

Comments:
1. With the gravity force of the rotor loading the bearing only at the bottom, oil

should be admitted and distributed at the top. Axial oil distribution could be
accomplished with a groove, as in Figure 13.23. Since the entire top of the bear-
ing is never loaded, this groove could be very wide, perhaps encompassing the
entire top 180°. This would give a 180° partial bearing, with the advantage of
reducing viscous drag at the top. Special Raimondi and Boyd curves for partial
bearings [7] would then apply.

2. It is especially important that all oil passages be clean at the time of assembly.
An appropriate oil filter should be provided.

3. It is unfortunate for the steam turbine rotor bearing that its load at rest and dur-
ing starting and stopping is as great as the running load. However, since this
load is under 2 MPa, and assuming neither frequent nor prolonged operation at
low speed is anticipated, this should be an acceptable situation.

4. Some large turbines use hydrostatic bearings to avoid boundary lubrication dur-
ing starting and stopping. In some cases the high-pressure pump used to gener-
ate hydrostatic pressure can be turned off at operating speed, and hydrodynamic
lubrication allowed to take over. (A low-pressure pump would normally remain
on to provide a positive oil supply, as specified in the sample problem.)

13.14 Boundary and Mixed-Film Lubrication

A conceptual representation of boundary and mixed-film lubrication was given in
Figure 13.2. Their representation on the f versus mn/P curve was shown in Figure
13.4. Even with boundary lubrication of extremely smooth surfaces, actual con-
tact extends over only a small fraction of the total area. This means that in the
highly localized areas of contact there are very high pressures and very high
instantaneous temperatures. Were this to occur on unprotected metal surfaces,
friction would be considerable and the surface would usually be rapidly
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580 Chapter 13 ■ Lubrication and Sliding Bearings

destroyed. Fortunately, even in ordinary atmosphere oxide and other protective
films form on metal surfaces. Introducing grease, oil, graphite, molybdenum
disulfide, and others allows them to form surface films that provide some “lubri-
cation.” These films are relatively weak in shear; hence, the films on surface peaks
and asperities tend to shear off, with new film layers forming as old ones are worn
off. With mixed-film lubrication, only part of the load is carried by the film-coated
solid peaks; the balance carried hydrodynamically.

Continuing research efforts are directed toward the development of new
lubricants—and new combinations of surface materials and lubricants—giving
improved resistance to adhesive wear (see Section 9.9), and reduced friction.

Boundary lubrication is often improved by modifying the bearing. Common
examples are “sintered” metal bearings. These are made by compressing powdered
metal (usually copper and tin, or iron and copper) into the desired shape, then heat-
ing at a temperature between the melting points of the two metals. The resulting
porous matrix permits the bearing to soak up oil “like a sponge” before it is put into
service. In use, the entrapped oil flows to the surface in response to heat and pres-
sure—then flows back into the porous matrix when the machine is shut down.
Another example is the indentation of the surface of a solid (nonporous) bearing to
give a hammered effect, with the surface indentations providing storage space for
solid or semisolid lubricants.

Some bearing materials, such as graphite and various plastics, are said to be self-
lubricating because of their naturally low coefficients of friction with smooth metal
surfaces. Plastics, such as nylon and TFE, with and without various additives and
fillers, are widely used for moderate loads and speeds. Two limitations of plastic
bearings should be noted: (1) “cold flow” occurs at heavy loads and (2) they tend to
run hotter than metal bearings that generate the same friction heat because of their
low thermal conductivities. These disadvantages are less pronounced when the plas-
tic bearing material is in the form of a thin bonded coating.

Although boundary lubrication is usually thought of in connection with bear-
ings, the same phenomenon occurs with the relative motion of screw threads, mesh-
ing gear teeth, sliding of a piston in a cylinder, and with sliding surfaces of other
machine components.

Porous metal bearings are usually designed on the basis of an allowable
product of pressure times velocity, or PV factor. For a given coefficient of fric-
tion, this factor is proportional to the frictional heat generated per unit of bear-
ing area. A maximum PV value of 50,000 (psi * fps) is commonly applied to
porous metal bearings. For long-term operation at high PV, or for high tempera-
tures, provision should be made for additional oil. Oil can be applied to any sur-
face, as it will be drawn to the interior by capillary action. A grease reservoir next
to the bearing can also be effective. Where long life is desired with no provision
for adding lubricant, the PV value should be reduced by at least half. Table 13.4
gives more detailed recommendations. Except for the first three bearing materi-
als listed in the table, hardened- and ground-steel shafts should be used to resist
shaft wear. The tabulated values are sometimes moderately exceeded, but with a
sacrifice in service life.

Table 13.5 gives corresponding design recommendations for nonmetallic
bearings.
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TABLE 13.4 Operating Limits of Boundary-Lubricated Porous Metal Bearings [3]

Static P Dynamic P V PV

Material MPa (ksi) MPa (ksi) m/s (fpm)

Bronze 55 (8) 14 (2) 6.1 (1200) 1.8 (50)

Lead–bronze 24 (3.5) 5.5 (0.8) 7.6 (1500) 2.1 (60)

Copper–iron 138 (20) 28 (4) 1.1 (225) 1.2 (35)

Hardenable copper–iron 345 (50) 55 (8) 0.2 (35) 2.6 (75)

Iron 69 (10) 21 (3) 2.0 (400) 1.0 (30)

Bronze–iron 72 (10.5) 17 (2.5) 4.1 (800) 1.2 (35)

Lead–iron 28 (4) 7 (1) 4.1 (800) 1.8 (50)

Aluminum 28 (4) 14 (2) 6.1 (1200) 1.8 (50)

(ksi # fpm)MPa # m/s

TABLE 13.5 Operating Limits of Boundary-Lubricated Nonmetallic Bearings [3]

P Temperature V PV

Material MPa (ksi) m/s (fpm)

Phenolics 41 (6) 93 (200) 13 (2500) 0.53 (15)

Nylon 14 (2) 93 (200) 3.0 (600) 0.11 (3)

TFE 3.5 (0.5) 260 (500) 0.25 (50) 0.035 (1)

Filled TFE 17 (2.5) 260 (500) 5.1 (1000) 0.35 (10)

TFE fabric 414 (60) 260 (500) 0.76 (150) 0.88 (25)

Polycarbonate 7 (1) 104 (220) 5.1 (1000) 0.11 (3)

Acetal 14 (2) 93 (200) 3.0 (600) 0.11 (3)

Carbon (graphite) 4 (0.6) 400 (750) 13 (2500) 0.53 (15)

Rubber 0.35 (.05) 66 (150) 20 (4000) — —

Wood 14 (2) 71 (160) 10 (2000) 0.42 (12)

(ksi # fpm)MPa # m/s(°F)°C

13.15 Thrust Bearings

All rotating shafts need to be positioned axially. For example, the crankshaft shown
in Figure 13.1 is positioned axially by the flanged thrust surfaces which are integral
with the main bearings that carry the radial loads. Sometimes the thrust load is car-
ried by a separate flat “thrust washer.” These flat bearing surfaces may not permit the
“wedging action” required for hydrodynamic lubrication. But if the loads are light,
boundary or mixed-film lubrication is adequate.

When shaft axial loads are great (as with vertical shafts of substantial weight,
and propeller shafts subjected to substantial thrust loads), hydrodynamic thrust bear-
ings can be provided (Figure 13.28). Oil supplied to the inside diameter of the rotating
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collar or runner flows outward by centrifugal force through the bearing interface. As
the oil is dragged circumferentially through the bearing, it experiences a wedging
action which is due to the tapered pads on the stationary member. This is directly
analogous to the wedging action produced by the eccentricity of a journal bearing
(Figure 13.3).

As in Figure 13.28, the fixed pads may have a fixed taper angle, or the pads may
be pivoted and allowed to assume their own optimum tilt angle, or they may be par-
tially constrained and permitted a small variation in tilt angle. If the pads have a
fixed taper, it is obvious that a load can be supported hydrodynamically for only one
direction of rotation.

Raimondi and Boyd charts are also available for thrust bearing design [4, 8].
Also see [6, pp. 89–91].FIGURE 13.28

Thrust bearing incorporat-
ing fixed tilted pads and
rotating flat runner.

a
a > b

b
Pads

Ro
Ri

Runner

13.16 Elastohydrodynamic Lubrication

Elastohydrodynamic lubrication is the term applied to the lubrication of highly
loaded nonconforming surfaces, usually in at least partial rolling contact. The theory,
which is not presented here, takes into account the elastic deflections of the mating
surfaces (as discussed in Section 9.13), and the increased viscosity of the lubricant
under the extreme pressures involved. (See [6], pp. 92–98 and 103–114.)
Elastohydrodynamic theory is basic to any advanced study of the behavior of high-
ly loaded curved surfaces in such machine components as gears, ball bearings, roller
bearings, and cams.

References
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Problems

Section 13.2

13.1 Consult the Dodge bearing catalog for a sleeve bearing at http://dodge-pt.com/
literature/index.html and specify a two-bolt fully split housing pillow block bearing
with bronze-bushed sleeve for a 2.6875-in.-diameter steel shaft. Specify this bearing
using the Dodge nomenclature key.

[Ans.: P2B-BZSP-211]

13.2 Repeat Problem 13.1 except use a rigid bronze bushing for a 4.5-in. shaft.

13.3 Consult the Dodge bearing catalog for a sleeve bearing for a take-up frame at
http://dodge-pt.com/literature/index.html and specify a 1000 series wide slot take-up
sleeve bearing for a 35 mm diameter steel shaft. Specify this bearing using the
Dodge nomenclature key.

13.4 For the bearing specified in P13.3, consult the Dodge bearing catalog at http://
dodge-pt.com/literature/index.html and identify what take-up frame the specified
bearing will fit and all the shaft sizes the take-up frame will accommodate. Specify
the take-up frame size using the Dodge nomenclature.

13.5 Consult the Dodge bearing catalog for a babbitted sleeve bearing at http://dodge-pt.com/
literature/index.html and specify a four-bolt pillow block babbitted angle bearing for
a 5.4375-in.-diameter steel shaft. Specify this bearing using the Dodge nomenclature
key.

[Ans.: P4B-BAA-507]

13.6 Review the web site http://www.grainger.com. Perform a product search for a bronze
bearing block. Locate a self-aligning pillow block bearing with a 0.75-in. inside diam-
eter (ID). List the manufacturer, description, item number, and the price of the bearing.

13.7 Review the web site http://www.grainger.com. Perform a product search for a plastic
bearing block. Locate a four-bolt solid pillow block bearing with a 0.625-in. inside diam-
eter (ID). List the manufacturer, description, item number, and the price of the bearing.

Section 13.5

13.8 Determine the density in grams per cubic centimeter for SAE 40 oil at 95°F.

13.9 Determine the approximate weight per cubic inch for petroleum oil at 185°F.

13.10 For SAE 30 oil at 160°F, determine the weight per cubic inch.

13.11 For SAE 20 oil at 60°F, determine the density in grams per cubic centimeter.

13.12 An oil has a viscosity of 100 mPa # s at 22°C and a viscosity of 3 mPa # s at 115°C.
Specific gravity at 35°C is 0.880. Find the viscosity of this oil in mPa # s at 60°C.

13.13 An oil has a viscosity of 30 mPa # s at 10°C and a viscosity of 4 mPa # s at 100°C.
Specific gravity at 15.6°C is 0.870. Find the viscosity of this oil in mPa # s at 80°C.

13.14 For the oil in Problem 13.13, determine the kinematic viscosity at 80°C.

13.15 The specific gravity of an oil at 60°F is 0.887. The oil has a viscosity of 65 SUS at
210°F and a viscosity of 550 SUS at 100°F. Estimate the viscosity of this oil in
microreyns at 180°F.

13.16 For the oil in Problem 13.15, determine the kinematic viscosity at 180°F.
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584 Chapter 13 ■ Lubrication and Sliding Bearings

Section 13.7

13.17 A Petroff bearing 100 mm in diameter and 150 mm long has a radial clearance of
0.05 mm. It rotates at 1200 rpm and is lubricated with SAE 10 oil at 170°F. Estimate
the power loss and the friction torque.

13.18 Repeat Sample Problem 13.2, except use the viscosity for SAE 10 oil at 40°C and a
radial clearance of 0.075 mm.

13.19 A lightly loaded 360°
journal bearing 4 in. in
diameter and 6 in. long
operates with a radial
clearance of 0.002 in.
and a speed of 900 rpm.
SAE 10 oil is used at
150°F. Determine the
power loss and friction
torque. (See Figure
P13.19.)

D = 4.0 in.

R = 2.0 in.
n = 900 rpm

SAE 10 Oil
Tavg = 150°F

c = 0.002 in.

L = 6.0 in.

FIGURE P13.19

13.20 A 3-in.-diameter shaft is supported by a bearing 3 in. in length with a diametral clear-
ance of 0.004 in. It is lubricated by oil that at operating temperature has a viscosity of
5 mreyn. The shaft rotates at 1800 rpm and carries a radial load of 1200 lb. Estimate
the bearing coefficient of friction and the power loss using the Petroff approach.

13.21 A journal bearing 120 mm in diameter and 60 mm long has a diametral clearance of
0.20 mm. The journal rotates 3000 rpm and is lubricated with SAE 20 oil at an aver-
age temperature of 70°C. Using Petroff’s equation, estimate the power loss and the
friction torque.

[Ans.: 1.01 kW, 3.2 N # m]

13.22 An automobile engine has five main bearings, each 2.5 in. in diameter and 1 in. long. The
diametral clearance is 0.0015 in. Using Petroff’s equation, estimate the power loss per
bearing at 3600 rpm if SAE 30 oil is used, with an average oil film temperature of 180°F.

[Ans.: 0.56 hp]

Sections 13.8 and 13.9

13.23 A journal bearing of L = 1 in., D = 2 in., and a diametral clearance of 0.002 in.
supports a 400-lb load while rotating at 1800 rpm. SAE 10 oil is used, with an aver-
age film temperature of 130°F. Determine (a) minimum oil film thickness,
(b) coefficient of friction, (c) maximum film pressure, (d) angle between load direc-
tion and minimum film thickness, (e) angle between load direction and termination
of film, (f) angle between load direction and maximum film pressure, (g) total cir-
cumferential oil flow rate, and (h) side or leakage flow rate. Would you recommend
that a little smaller clearance or a little larger be used? Why?

13.24 Repeat Problem 13.21, using the charts, rather than Petroff’s equation, and also
determine the minimum oil film thickness, h0, for

(a) A bearing load of 500 N.

(b) A bearing load of 5000 N.

Note the comparison with answers obtained to Problem 13.21.

[Ans.: (a) 1.02 kW, 3.25 N # m, 0.086 mm, (b) 1.26 kW, 4.0 N # m, 0.041 mm]

13.25 Repeat Problem 13.22, using the charts rather than Petroff’s equation. Also deter-
mine the minimum oil film thickness for a load of 100 lb per bearing.
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13.26 A bearing of L = 100 mm and D = 200 mm carries a 33.4-kN radial load. It has a
radial clearance of 0.100 mm and rotates at 900 rpm. Make a plot of friction power
and h0 versus viscosity, using SAE 10, 20, 30, and 40 oil, all at 71°C.

13.27 Repeat Problem 13.26, except use only SAE 40 oil. Here plot friction power and h0
versus radial clearance, using values of 0.050, 0.100, and 0.150 mm. In addition,
include points corresponding to clearances giving boundaries of the “optimum band”
in Figure 13.13.

13.28 A journal bearing of D = 1 in. and L = 1 in. is to be used to support a turbine rotor
that rotates at 12,000 rpm. SAE 10 oil is to be used, and the average lubricant tem-
perature in the bearings is estimated to be about 148°F. Excellent oil filtration is pro-
vided, and the journal roughness is less than 32 min. rms. Because of these factors,
the minimum oil film thickness can be as little as 0.0003 in.

(a) What diametral clearance will give the bearing its greatest load-carrying capacity?

(b) Using this clearance, what maximum load can be carried?

(c) With this clearance and load, what would be the friction power lost in the bearing?

[Ans.: (a) 0.0011 in., (b) 1360 lb, (c) 0.70 hp]

13.29 A bearing of L = 50 mm and D = 50 mm is to support a radial load of 5 kN.
Rotating speed is to be 1200 rpm, and minimum film thickness h0 is to be 0.025 mm.
For bearing operation at the minimum friction edge of the optimum band, what radial
clearance and oil viscosity are required? Using these values, what would be the coef-
ficient of friction and the friction power loss?

Sections 13.10–13.13

13.30D A shaft rotates at 1800 rpm and applies a radial load of 2.0 kN on a journal bearing.
A ratio of L/D = 1 is desired. SAE 30 oil is used. The average film temperature is
expected to be at 65°C. A minimum bearing size is desired.

(a) Determine the values of L and D.

(b) Determine values of c corresponding to the two edges of the optimum zone in
Figure 13.13.

(c) Does the value of c for minimum friction satisfy Trumpler’s criterion for mini-
mum acceptable film thickness?

13.31D A minimum-sized bearing that is consistent with reported current practice is desired
for a steady load. SAE 20 oil is to be used, and the average film temperature is
expected to be at 160°F. A ratio of L /D = 1 is required. The journal bearing is to be
designed to carry a radial load of 1500 lb at 1200 rpm.

(a) Determine the values of L and D.

(b) Determine values of c corresponding to the two edges of the optimum zone in
Figure 13.13.

(c) Does the value of c for minimum friction satisfy Trumpler’s criterion for mini-
mum acceptable film thickness?

13.32 A journal bearing is to be designed for a gear reducer shaft that rotates 1200 rpm and
applies a 4.45-kN load to the bearing. Proportions of L/D = 1 are desired. SAE 20
oil is to be used, and the average film temperature is expected to be 60°C. The bear-
ing is to be as small as is consistent with reported current practice.

(a) Determine appropriate values of L and D.

(b) Determine values of c corresponding to the two edges of the optimum zone in
Figure 13.13.

(c) Does the value of c for minimum friction satisfy Trumpler’s criterion for mini-
mum acceptable film thickness?

[Ans.: (a) 55 mm, (b) 0.029 mm and 0.047 mm]
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13.33D A journal bearing is to be designed for a gear reducer shaft that rotates 290 rpm and
applies a radial load of 953 lb to the bearing.

(a) Determine an appropriate combination of L, D, material, lubricant, and average
oil temperature (assume that this can be controlled to a reasonable specified
temperature by an external oil cooler).

(b) Plot f, h0, ¢T, Q, and Qs for a range of radial clearances extending somewhat
beyond both sides of the optimum range of Figure 13.13. From this, suggest an
appropriate range of production clearances if the tolerances are such that the
maximum clearance is 0.001 in. greater than the minimum clearance.

13.34D A ring-oiled bearing is
to support a steady
radial load of 4.5 kN
when the shaft rotates
660 rpm. Obviously,
many designs are pos-
sible, but suggest one
reasonable combina-
tion of D, L, c, bearing
material, surface fin-
ish, and lubricating oil.
(See Figure P13.34D.)

13.35D Suggest a reasonable combination of D, L, c, bearing material, surface finish, and
lubricating oil for a ring-oiled bearing that supports a steady load of 1500 lb when
the shaft rotates at 600 rpm.

13.36D Design a ring-oiled bearing that will support a shaft that rotates at 500 rpm and
applies a steady 2000-lb load. Specify D, L, c, bearing material, surface finish, and
lubricating oil.

13.37D Repeat Problem 13.36D, except use a 4000-lb load.

13.38D Figure P13.38D, which is not drawn to scale, shows a four-strand roller chain idler
sprocket that rotates on a stationary shaft, supported by two sliding-surface bearings
inside the sprocket. The chain transmits 3.7 kW at a chain velocity of 4 m/s, and the
sprocket diameter is 122.3 mm. The distance between the inside edges of the sprock-
et shaft support is 115 mm.

(a) Determine a satisfactory combination of bearing length, diameter, and material.

(b) What consider-
ations other
than those taken
into account in
part (a) might
influence the
final decision of
bearing diame-
ter and length?

13.39D Repeat Problem 13.38D, except the chain transmits 5.0 kW at a chain velocity of
3 m/s, and the sprocket diameter is 120 mm.

4.5 kN

D = ? in.

R = ? in.
n = 660 rpm

SAE ? Oil
Tavg = ?°C

c = ? in.

L = ? L = ?

FIGURE P13.38D
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1 Tetrafluoroethylene, as Du Pont’s Teflon.

14
Rolling-Element
Bearings

14.1 Comparison of Alternative Means for Supporting Rotating Shafts

As a background for introducing rolling-element bearings, a brief review of sliding
bearings (Chapter 13) may be helpful. The simplest possible bearings are unlubri-
cated plain or sliding bearings—like the wooden cart wheels mounted directly on
wooden axles in ancient times. Lower friction and longer life were obtained by
adding a lubricant, such as animal or vegetable oil. In modern machinery using slid-
ing bearings, steel shafts are supported by the surfaces of bearings made of a wear-
compatible material, such as bronze or TFE1 (see Sections 9.9 and 9.10). Oil or
grease is used in common low-speed applications—lawn mower wheels, garden
carts, children’s tricycles—but the lubricant does not completely separate the sur-
faces. On the other hand, sliding bearings used with engine crankshafts receive
hydrodynamic lubrication during normal operation; that is, the oil film completely
separates the surfaces.

In rolling-element bearings the shaft and outer members are separated by balls
or rollers, and thus rolling friction is substituted for sliding friction. Examples are
shown in Figures 14.1 through 14.10. Since the contact areas are small and the
stresses high (Section 9.13), the loaded parts of rolling-element bearings are nor-
mally made of hard, high-strength materials, superior to those of the shaft and outer
member. These parts include inner and outer rings and the balls or rollers. An addi-
tional component of the bearing is usually a retainer or separator, which keeps the
balls or rollers evenly spaced and separated.

Both sliding and rolling-element bearings have their places in modern
machinery. A major advantage of rolling-element bearings is low starting friction.
Sliding bearings can achieve comparably low friction only with full-film lubrica-
tion (complete surface separation). This requires hydrostatic lubrication, with its
attendant costly auxiliary external fluid supply system, or hydrodynamic lubrica-
tion, which cannot be achieved during starting. Roller bearings are ideally suited
for applications with high starting loads. For example, the use of roller bearings to
support rail car axles eliminates the need for an extra locomotive to get a long train
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Width

43
(b)

Steps in assembly

(a)

Construction and nomenclature

(c)

Contact surface geometry

Snap ring
groove

Corner radius

Corner radius

Inner ring
ball race

Inner ring
land

Separator

Outer ring raceway

Outer ring land

Outer ring

Inner ring

Shoulders

Seal or
shield groove
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shield notch

Inner ring
face

Outer ring
face

Bore
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FIGURE 14.1
Radial ball bearing (deep-groove or “Conrad” type). (Courtesy New
Departure–Hyatt Bearing Division, General Motors Corporation.)
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(a)
Relative proportions of bearings

with same bore dimension

(b)
Relative proportions of bearings

with same outside diameter

(LL00) (L00)

Light
series

(200)

Medium
series

(300)

Medium
series

(300)

Extra-
light
series

(L00)

Extra-
light
series

Extra-
extra-
light
series

(LL00)

Extra-
extra-
light
series

Light
series

(200)

FIGURE 14.2
Relative proportions of bearings of different series.

started. On the other hand, fluid-film bearings are well suited for high rotating
speeds with impact and momentary overloads. The higher the rotating speed, the
more effective the hydrodynamic pumping action. Moreover, the fluid film effec-
tively “cushions” impact, for the duration of the impact is not long enough for the
impact load to squeeze out the film. High rotating speeds are generally disadvan-
tageous to rolling-element bearings because of the rapid accumulation of fatigue
cycles and the high centrifugal force on the rolling elements (see Section 9.14,
Surface Fatigue Failures).

Rolling-element bearings take up more radial space around the shaft, but plain
bearings usually require greater axial space. Rolling-element bearings generate and
transmit a certain amount of noise, whereas fluid-film bearings do not normally
generate noise and may dampen noise from other sources. Sliding bearings are less
expensive than ball or roller bearings for simple applications requiring minimal
lubrication provisions. When sliding bearings require a forced lubrication system,
the overall cost of rolling-element bearings may be lower. Another advantage of
ball and roller bearings is that they can be “preloaded”; mating bearing elements are
pressed together rather than operating with a small clearance. This is important in
applications requiring precise positioning of the rotating member.

Rolling-element bearings are also known as “antifriction” bearings. This
term is perhaps unfortunate because these bearings do not in all cases provide
lower friction than fluid-film bearings. With normal operating loads, rolling-element
bearings (without seals) typically provide coefficients of friction between 0.001
and 0.002.

The site http://www.machinedesign.com presents general information for slid-
ing bearings, rolling-element bearings, and lubrication.
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(c) Double row

(d) Internal self-aligning (e) External self-aligning (f) Thrust

Loading
grooves

(a) Filling notch (loading groove) type

notch

notch

(b) Angular-contact type

Outer
ring

Inner ring

Thrust

Thrust

Contact
�

FIGURE 14.3
Representative types of ball bearings, in addition to the deep-groove type shown in
Figure 14.1. (b, f, Courtesy Hoover–NSK Bearing Company, c, Courtesy New
Departure–Hyatt Bearing Division, General Motors Corporation.)
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One
shield

Two
shields

One seal Two seals Shield
and seal

Snap ring

Snap ring
shield and

seal

Snap ring
and two
shields

Snap ring
and one
shield

Snap ring
and two

seals

Snap ring
and one

seal

Seal

Shield

FIGURE 14.4
Bearings with seals and shields. (Courtesy New Departure–Hyatt
Bearing Division, General Motors Corporation.)

14.2 History of Rolling-Element Bearings

The first recorded use of rolling elements to overcome sliding friction was by
Egyptian construction workers, to move heavy stone slabs, probably before 200 B.C.
[1], and possibly by the Assyrians in about 650 B.C. It is believed that some early
chariot wheels used crude roller bearings made from round sticks. Around A.D. 1500
Leonardo da Vinci is considered to have invented and partially developed modern
ball and roller bearings. A few ball and roller-type bearings were constructed in
France in the eighteenth century. The builder of a roller-bearing carriage claimed, in
1710, that his roller bearings permitted one horse to do work otherwise hardly pos-
sible for two horses. But it was not until after the invention of the Bessemer steel
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(a) Nonlocating

(d) Thrust

Added
stabilizing ring

(b) One-direction locating (c) Two-direction locating

FIGURE 14.5
Cylindrical roller bearings. (Courtesy Hoover–NSK Bearing Company.)

process in 1856 that a suitable material for rolling-element bearings was economi-
cally available. During the remainder of the nineteenth century, ball bearings were
rapidly developed in Europe for use in bicycles.

14.3 Rolling-Element Bearing Types

Rolling-element bearings are either ball bearings or roller bearings. In general,
ball bearings are capable of higher speeds, and roller bearings can carry greater
loads. Most rolling-element bearings can be classed in one of three categories:
(1) radial for carrying loads that are primarily radial; (2) thrust, or axial-contact
for carrying loads that are primarily axial; and (3) angular-contact for carrying
combined axial and radial loads. Figures 14.1, 14.2, and 14.3 illustrate ball bear-
ings of these types. Figure 14.3f is a thrust bearing; Figures 14.3b and c show
angular-contact bearings; and Figures 14.1, 14.2, and the other parts of Figure 14.3
illustrate radial bearings.
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(a) Single-row convex (b) Double-row convex (c) Thrust

FIGURE 14.6
Spherical roller bearings. (a, Courtesy McGill Manufacturing Company, Inc., Bearing Division,
Valparaiso, Indiana, b, c, Courtesy Hoover–NSK Bearing Company.)

Roller bearings are also classified by roller configuration into the four types
shown in Figures 14.6 through 14.9: (1) cylindrical, (2) spherical, (3) tapered, and
(4) needle. Needle bearings can be regarded as a special case of cylindrical roller
bearings in which rollers have a length-to-diameter ratio of four or greater.

Figure 14.1a shows the construction and nomenclature of a typical radial ball
bearing of the deep-groove, or Conrad type. Figure 14.1b illustrates the steps in
assembling the major components, and Figure 14.1c illustrates the contact between
a ball and raceway. Note that the ball and raceway curvatures would give a more
complicated problem for contact stress analysis than the spheres, cylinders, and flat
plates considered in Section 9.13. Ball bearings are made in various proportions in
order to accommodate various degrees of loading, as shown in Figure 14.2. Although
intended primarily for radial loads, it is obvious from their construction that these
bearings will also carry a certain amount of thrust.

Figure 14.3a shows a radial ball bearing with notches or loading grooves in the
race shoulders. These bearings can be assembled with races concentric and therefore
contain a larger number of balls than the deep-groove type. This gives 20 to 40 per-
cent greater radial-load capacity at the expense of sharply reduced thrust capacity. In
addition, these bearings tolerate only about 3¿ of angular misalignment compared to
15¿ for the deep-groove type.

Angular-contact bearings, as shown in Figure 14.3b, have substantial thrust
capacity in one direction only. They are commonly installed in pairs, with each tak-
ing thrust in one direction. The double-row ball bearing shown in Figure 14.3c
incorporates a pair of angular-contact bearings into a single unit. Figures 14.3d and
e show self-aligning bearings, made to tolerate substantial angular misalignment of
the shaft.
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As a general rule ball bearings are nonseparable; that is, the two races, balls, and
retainer are installed as an assembly. This makes them quite adaptable to enclosure
with shields or seals and makes self-contained grease lubrication feasible. Several
types of shields and seals are shown in Figure 14.4. Shields are close-fitting and non-
rubbing thin washers that protect the bearing against all but very small foreign parti-
cles and help retain lubricant. Seals have rubbing contact and therefore provide
greater lubricant retention and protection against contamination. Their disadvantage
is that they introduce some frictional drag and are subject to wear. Separate shaft seals
are often used, for they can provide more effective sealing because of the greater
space available for the sealing elements. With suitable seals, either integral with the
bearing or separate, it is often feasible to grease-lubricate the bearing for life at the
time of assembly.

Conventional ball bearings have ground rings (races). For applications with
modest requirements of load capacity, life, and quietness, less costly unground ball
bearings are often used. These have rings made on automatic screw machines and
are hardened but not ground.

In contrast with ball bearings, roller bearings are usually made so that the rings
(races) can be separated. The rollers and retainer may or may not be permanently
assembled with one of the rings. This largely precludes the use of integral shields
and seals, but it does facilitate the installation of the rings with the heavy press fits
commonly used. Standardized dimensions often permit the use of roller bearings
with rings made by different manufacturers. One or both of the rings are often made
integral with the mating shaft, housing, or both.

Figure 14.5 illustrates four basic types of cylindrical roller bearings. In Figure
14.5a one ring has no flanges; hence, no thrust loads can be carried. In Figure 14.5b the
inner ring has one flange, permitting small thrust loads in one direction. In Figure 14.5c

(a) Single-row (b) Double-row (c) Four-row

FIGURE 14.7
Tapered roller bearings. (Courtesy The Torrington Company.)
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Bearing axis

Common
apex

Crowned roller body

Spherical roller head

Roller axis

FIGURE 14.8
Tapered roller bearing geometry.

the inner ring has an integral flange on one side and a removable flange on the other
so that light thrust can be taken in either direction. Sometimes the removable flange
is on the outer ring, which makes the outer ring separable. In order to relieve load
concentration at the roller ends, the rollers are often slightly crowned, with the end
diameters reduced typically by about 0.004 mm. Cylindrical roller bearings usually
have a separator or retainer to hold the rollers in place, but they can be assembled
without a retainer and with a full complement of rollers, as illustrated for the needle
bearings in Figure 14.9. A roller thrust bearing is shown in Figure 14.5d.

Figure 14.6 shows three types of spherical roller bearings. The single-row type
has little thrust capacity but the double-row bearings can carry thrust up to about 30
percent of its radial-load capacity. The spherical roller bearing with angular-contact
thrust can carry large thrust loads in one direction.

Representative tapered roller bearings are shown in Figure 14.7. Details of the
geometry are given in Figure 14.8. Note that conical elements (extended) of the
rollers and races intersect at a common apex on the centerline of rotation. Pairs of
single-row tapered roller bearings are often used for wheel bearings and other appli-
cations. The double-row and four-row roller types are used singly to replace a pair
of single-row roller bearings or to carry heavier loads. Space does not permit further
discussion of tapered roller bearings in this book. Selection and analysis procedures
are generally similar to those presented here for other bearing types. Detailed infor-
mation is available in manufacturers’ catalogues and other references.

Because of their geometry, needle bearings (Figure 14.9) have for a given radial
space the highest load capacity of all rolling-element bearings.

Rolling-element bearings are available in a multitude of special forms for vari-
ous purposes. Details are described in the literature published by the various bearing
manufacturers. A few representative samples are illustrated in Figure 14.10. The
adapter bearing (part a) can be economically mounted on commercial steel shafting
without machining a bearing seat. The pillow block mounting (part b) is a common
arrangement used to support a rotating shaft parallel to a flat surface. The flange
bearing (part c) is able to support a rotating shaft perpendicular to a flat surface.
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(a) Drawn-cup caged (b) Full complement aircraft

(c) Full-complement drawn-cup (d) Thrust

FIGURE 14.9
Needle roller bearings. (Courtesy The Torrington Company.)

The idler sheave (part d) has an inexpensive unground ball bearing built with the
outer race sized and contoured to accommodate a belt. The rod end bearing (part e)
is used for aircraft controls and miscellaneous machinery and mechanism applica-
tions. The needle bearing cam follower (part f) has a heavy outer ring to withstand
high cam contact forces. The integral shaft bearing (part g) is used in automotive
water pumps, lawn mowers, power saws, and other applications. The integral spindle
and bearing (part h) represents a relatively new development for mounting wheels,
pulleys, idler gears, and the like. The ball bushing (part i) and roller chain bearing
(part j) illustrate less conventional applications of rolling-bearing elements. The read-
er should also recall the ball-bearing screw assembly shown in Figure 10.10.

14.4 Design of Rolling-Element Bearings

The detailed design of rolling-element bearings is a sophisticated engineering
endeavor too specialized to warrant extensive treatment here. On the other hand, the
selection and use of these bearings is of concern to virtually all engineers dealing
with machinery. For this reason the present section attempts to point out only a few
of the fundamentals of bearing design so that the reader may have some appreciation
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(a) Adapter bearing

(b) Pillow block mounting (c) Flange bearing

Synthetic
rubber seal

Lubrication fitting

Pillow block

FIGURE 14.10
Sample special bearings. (a, g, h, Courtesy New Departure–Hyatt Bearing Division,
General Motors Corporation; b, c, Courtesy Reliance Electric Company; f, Courtesy
The Torrington Company, i, j, Courtesy Thompson Industries, Inc.)
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(d) Idler sheave
(unground bearing)

(e) Rod end bearing

(g) Integral shaft bearing

(f )
Needle bearing cam follower

Needle

FIGURE 14.10 (Continued)

of what is involved. The following sections deal in more specific detail with the
selection and application of rolling-element bearings.

The underlying technology of rolling-element bearings is that associated with
curved-surface contact stresses and related fatigue failures, covered briefly in
Sections 9.13 and 9.14. Figure 14.1c illustrates the general geometry of ball-bearing
contacting surfaces. The selection of bearing race curvature is critical. A radius only
a trifle larger than that of the ball gives a relatively large area of contact (on elastic
deflection which is due to load) and low contact stress. But different portions of this
contact area are at various radii from the axis of rotation. This causes sliding and in
turn friction and wear. Thus the radius selected (commonly about 104 percent of ball
radius for the inner race, slightly more for the outer race) is a compromise between
providing load-supporting area and accepting sliding friction.
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(h) Integral spindle, shown with V-belt pulley

(i) Ball bushing

(j) Recirculating roller chain bearing

FIGURE 14.10 (Continued)
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Selection of the material for rolling-element bearings is also critical. Since
about 1920, most ball-bearing rings and balls have been made of high-carbon
chrome steel, SAE 52100, through-hardened to 58-65 Rockwell C. Special heat
treatment is sometimes used to produce favorable residual stresses in the contact-
ing surfaces. Roller-bearing components are more often made of carburized alloy
steel. Surface compressive residual stresses are inherent with carburization.
Cleanliness of the steel is of extreme importance, and for this reason nearly all
bearing-grade steels are vacuum-degassed.

The design of the rings for desired rigidity is very important. Ring and ball (or
roller) deflection, rotating speed, and lubricant characteristics combine to determine
local stress distribution in the contact area. This takes the bearing engineer into the
area of elastohydrodynamics (Section 13.16).

Manufacturing tolerances are extremely critical. In the case of ball bearings, the
Annular Bearing Engineers’ Committee (ABEC) of the Anti-Friction Bearing
Manufacturers Association (AFBMA) has established four primary grades of preci-
sion, designated ABEC 1, 5, 7, and 9. ABEC 1 is the standard grade and is adequate
for most normal applications. The other grades have progressively finer tolerances.
For example, tolerances on bearing bores between 35 and 50 mm range from
+0.0000 in. to -0.0005 in. for ABEC grade 1 to +0.00000 in. to -0.00010 in. for
ABEC grade 9. Tolerances on other dimensions are comparable. Similarly, the
AFBMA Roller Bearing Engineers’ Committee has established RBEC standards
1 and 5 for cylindrical roller bearings. (To help visualize how small these tolerances
are, compare them with the thickness of the paper in this book, as conveniently
determined by measuring the thickness of 100 sheets, or 200 pages.)

For detailed information relating to the design of rolling-element bearings,
see [1, 3, 4].

14.5 Fitting of Rolling-Element Bearings

Normal practice is to fit the stationary ring with a “slip” or “tap” fit and the rotating
ring with enough interference to prevent relative motion during operation.
Recommended fits depend on bearing type, size, and tolerance grade. For example,
a typical ABEC-1 ball-bearing fit would be in the range of 0.0005-in. clearance for
the stationary ring and 0.0005-in. interference for the rotating ring. Manufacturing
tolerances on the shaft and housing bearing interface dimensions are typically in the
range of 0.0003 in. for ABEC-1 ball bearings. Proper fits and tolerances are influ-
enced by the radial stiffness of the shaft and housing, and sometimes by thermal
expansion.

It is important to recognize that bearing-fit pressures influence the internal fits
between the balls or rollers and their races. Too tight a fit can cause internal inter-
ference that shortens the bearing life.

Care must be taken in the installation and removal of bearings to ensure that the
required forces are applied directly to the bearing ring. If these forces are transmit-
ted through the bearing, as when applying a force on the outer race to force the bear-
ing into place on the shaft, the bearing can be damaged. Interference-fit installations
are sometimes facilitated by heating the outer member or by “freezing” the inner
member, by packing it in dry ice (solidified carbon dioxide). Any heating of the bear-
ing must not be sufficient to damage the steel or any preinstalled lubricant.
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Detailed information regarding bearing fits is contained in bearing manufac-
turers’ literature and in ANSI and AFBMA standards. Adhesives (see Section 11.8)
are sometimes used together with slightly reduced tolerances on the shaft and
housing bore dimensions, particularly for nonprecision applications.

14.6 “Catalogue Information” for Rolling-Element Bearings

Bearing manufacturers’ catalogues identify bearings by number, give complete
dimensional information, list rated load capacities, and furnish details concerning
mounting, lubrication, and operation. Dimensions of the more common series of
radial ball bearings, angular ball bearings, and cylindrical roller bearings are given
in Table 14.1 and illustrated in Figure 14.11. For bearings of these types having
bores of 20 mm and larger, the bore diameter is five times the last two digits in the
bearing number. For example, No. L08 is an extra-light series bearing with a 40-mm
bore, No. 316 is a medium series with an 80-mm bore, and so on. Actual bearing
numbers include additional letters and numbers to provide more information. Many
bearing varieties are also available in inch series.

OD

Bore
dS dH

r

r

w

+

+

FIGURE 14.11
Shaft and housing shoulder dimensions.

TABLE 14.1 Bearing Dimensions

Ball Bearings Roller Bearings
Bearing
Basic Bore OD w ra dS dH OD w ra dS dH
Number (mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm)

L00 10 26 8 0.30 12.7 23.4
200 10 30 9 0.64 13.8 26.7
300 10 35 11 0.64 14.8 31.2

L01 12 28 8 0.30 14.5 25.4
201 12 32 10 0.64 16.2 28.4
301 12 37 12 1.02 17.7 32.0

L02 15 32 9 0.30 17.5 29.2
202 15 35 11 0.64 19.0 31.2
302 15 42 13 1.02 21.2 36.6 (continued)
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TABLE 14.1 Bearing Dimensions (continued)

Ball Bearings Roller Bearings
Bearing
Basic Bore OD w ra dS dH OD w ra dS dH
Number (mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm)

L03 17 35 10 0.30 19.8 32.3 35 10 0.64 20.8 32.0
203 17 40 12 0.64 22.4 34.8 40 12 0.64 20.8 36.3
303 17 47 14 1.02 23.6 41.1 47 14 1.02 22.9 41.4

L04 20 42 12 0.64 23.9 38.1 42 12 0.64 24.4 36.8
204 20 47 14 1.02 25.9 41.7 47 14 1.02 25.9 42.7
304 20 52 15 1.02 27.7 45.2 52 15 1.02 25.9 46.2

L05 25 47 12 0.64 29.0 42.9 47 12 0.64 29.2 43.4
205 25 52 15 1.02 30.5 46.7 52 15 1.02 30.5 47.0
305 25 62 17 1.02 33.0 54.9 62 17 1.02 31.5 55.9

L06 30 55 13 1.02 34.8 49.3 47 9 0.38 33.3 43.9
206 30 62 16 1.02 36.8 55.4 62 16 1.02 36.1 56.4
306 30 72 19 1.02 38.4 64.8 72 19 1.52 37.8 64.0

L07 35 62 14 1.02 40.1 56.1 55 10 0.64 39.4 50.8
207 35 72 17 1.02 42.4 65.0 72 17 1.02 41.7 65.3
307 35 80 21 1.52 45.2 70.4 80 21 1.52 43.7 71.4

L08 40 68 15 1.02 45.2 62.0 68 15 1.02 45.7 62.7
208 40 80 18 1.02 48.0 72.4 80 18 1.52 47.2 72.9
308 40 90 23 1.52 50.8 80.0 90 23 1.52 49.0 81.3

L09 45 75 16 1.02 50.8 68.6 75 16 1.02 50.8 69.3
209 45 85 19 1.02 52.8 77.5 85 19 1.52 52.8 78.2
309 45 100 25 1.52 57.2 88.9 100 25 2.03 55.9 90.4

L10 50 80 16 1.02 55.6 73.7 72 12 0.64 54.1 68.1
210 50 90 20 1.02 57.7 82.3 90 20 1.52 57.7 82.8
310 50 110 27 2.03 64.3 96.5 110 27 2.03 61.0 99.1

L11 55 90 18 1.02 61.7 83.1 90 18 1.52 62.0 83.6
211 55 100 21 1.52 65.0 90.2 100 21 2.03 64.0 91.4
311 55 120 29 2.03 69.8 106.2 120 29 2.03 66.5 108.7

L12 60 95 18 1.02 66.8 87.9 95 18 1.52 67.1 88.6
212 60 110 22 1.52 70.6 99.3 110 22 2.03 69.3 101.3
312 60 130 31 2.03 75.4 115.6 130 31 2.54 72.9 117.9

L13 65 100 18 1.02 71.9 92.7 100 18 1.52 72.1 93.7
213 65 120 23 1.52 76.5 108.7 120 23 2.54 77.0 110.0
313 65 140 33 2.03 81.3 125.0 140 33 2.54 78.7 127.0

L14 70 110 20 1.02 77.7 102.1 110 20 Not Available
214 70 125 24 1.52 81.0 114.0 125 24 2.54 81.8 115.6
314 70 150 35 2.03 86.9 134.4 150 35 3.18 84.3 135.6

L15 75 115 20 1.02 82.3 107.2 115 20 Not Available
215 75 130 25 1.52 86.1 118.9 130 25 2.54 85.6 120.1
315 75 160 37 2.03 92.7 143.8 160 37 3.18 90.4 145.8
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TABLE 14.1 Bearing Dimensions (continued)

Ball Bearings Roller Bearings
Bearing
Basic Bore OD w ra dS dH OD w ra dS dH
Number (mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm)

L16 80 125 22 1.02 88.1 116.3 125 22 2.03 88.4 117.6
216 80 140 26 2.03 93.2 126.7 140 26 2.54 91.2 129.3
316 80 170 39 2.03 98.6 152.9 170 39 3.18 96.0 154.4
L17 85 130 22 1.02 93.2 121.4 130 22 2.03 93.5 122.7
217 85 150 28 2.03 99.1 135.6 150 28 3.18 98.0 139.2
317 85 180 41 2.54 105.7 160.8 180 41 3.96 102.9 164.3
L18 90 140 24 1.52 99.6 129.0 140 24 Not Available
218 90 160 30 2.03 104.4 145.5 160 30 3.18 103.1 147.6
318 90 190 43 2.54 111.3 170.2 190 43 3.96 108.2 172.7
L19 95 145 24 1.52 104.4 134.1 145 24 Not Available
219 95 170 32 2.03 110.2 154.9 170 32 3.18 109.0 157.0
319 95 200 45 2.54 117.3 179.3 200 45 3.96 115.1 181.9
L20 100 150 24 1.52 109.5 139.2 150 24 2.54 109.5 141.7
220 100 180 34 2.03 116.1 164.1 180 34 3.96 116.1 167.1
320 100 215 47 2.54 122.9 194.1 215 47 4.75 122.4 194.6
L21 105 160 26 2.03 116.1 146.8 160 26 Not Available
221 105 190 36 2.03 121.9 173.5 190 36 3.96 121.4 175.3
321 105 225 49 2.54 128.8 203.5 225 49 4.75 128.0 203.5
L22 110 170 28 2.03 122.7 156.5 170 28 2.54 121.9 159.3
222 110 200 38 2.03 127.8 182.6 200 38 3.96 127.3 183.9
322 110 240 50 2.54 134.4 218.2 240 50 4.75 135.9 217.2
L24 120 180 28 2.03 132.6 166.6 180 28 Not Available
224 120 215 40 2.03 138.2 197.1 215 40 4.75 139.2 198.9
324 120 Not Available 260 55 6.35 147.8 235.2
L26 130 200 33 2.03 143.8 185.4 200 33 3.18 143.0 188.2
226 130 230 40 2.54 149.9 210.1 230 40 4.75 149.1 213.9
326 130 280 58 3.05 160.0 253.0 280 58 6.35 160.3 254.5
L28 140 210 33 2.03 153.7 195.3 210 33 Not Available
228 140 250 42 2.54 161.5 228.6 250 42 4.75 161.5 232.4
328 140 Not Available 300 62 7.92 172.0 271.3
L30 150 225 35 2.03 164.3 209.8 225 35 3.96 164.3 212.3
230 150 270 45 2.54 173.0 247.6 270 45 6.35 174.2 251.0
L32 160 240 38 2.03 175.8 223.0 240 38 Not Available
232 160 Not Available 290 48 6.35 185.7 269.5

L36 180 280 46 2.03 196.8 261.6 280 46 4.75 199.6 262.9
236 180 Not Available 320 52 6.35 207.5 298.2
L40 200 310 51 Not Available
240 200 Not Available 360 58 7.92 232.4 334.5
L44 220 340 56 Not Available
244 220 Not Available 400 65 9.52 256.0 372.1
L48 240 360 56 Not Available
248 240 Not Available 440 72 9.52 279.4 408.4

a Maximum fillet radius on a shaft and in housing that will clear the bearing corner radius.
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Table 14.2 lists rated load capacities, C. These values correspond to a constant
radial load that 90 percent of a group of presumably identical bearings can endure
for 9 * 107 revolutions (as 3000 hours of 500-rpm operation) without the onset of
surface fatigue failures of the kind illustrated in Figure 9.20b. Caution: Rated capac-
ities given by different bearing manufacturers are not always directly comparable.
The basis for ratings must always be checked.

14.7 Bearing Selection

For specific bearing application, we select the bearing type, grade of precision (usu-
ally ABEC 1), lubricant, closure (i.e., open, shielded, or sealed), and basic load rat-
ing. Often, special circumstances must be taken into account. For example, if the
bearing will be subjected to a heavy load when not rotating, its static load capacity
(given in bearing manufacturers’ catalogues) should not be exceeded. Otherwise, the
balls or rollers will slightly indent the rings. This is called brinelling because the
indentations resemble marks produced by a Brinell hardness tester. The indentations
will make subsequent rotation noisy. (If noise is not objectionable, the static capac-
ity can often be exceeded by a factor of up to 3.) It is interesting that similar extreme-
ly slight indentation during rotation is not harmful because it leaves the ring surfaces
smooth and annular.

Another special consideration is maximum speed. The limitation is one of
linear surface speed rather than rotating speed; hence, small bearings can operate
at higher rpm than large bearings. Lubrication is especially important in high-
speed bearing applications, the best being a fine oil mist or spray. This provides
the necessary lubricant film and carries away friction heat with a minimum
“churning loss” within the lubricant itself. For ball bearings, nonmetallic separa-
tors permit highest speeds. ABEC 1 precision single-row ball bearings with non-
metallic separators and oil mist lubrication can run at inner ring surface speeds
up to 75 m/s and have a life of 3000 hours while carrying one-third of the rated
load capacity This translates to a DN value (bore diameter in millimeters times
rpm) of about 1.25 * 106. For oil drip or splash lubrication this figure is reduced
by about one-third, and for grease lubrication by about two-thirds. Under the
most favorable conditions, roller bearings can operate up to a DN value of about
450,000. For applications with extreme rotating speeds, it is advisable to consult
the bearing manufacturer.

In selecting bearings, attention should be given to possible misalignment and to
sealing and lubrication. If temperatures are extreme, the bearing manufacturer
should be consulted.

The size of bearing selected for an application is usually influenced by the size
of shaft required (for strength and rigidity considerations) and by the available space.
In addition, the bearing must have a high enough load rating to provide an accept-
able combination of life and reliability. The major factors influencing the load rating
requirement are discussed below.
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14.7 ■ Bearing Selection 605

TABLE 14.2 Bearing Rated Capacities, C, for LR =
Revolution Life with 90 Percent Reliability

Radial Ball, Angular Ball, Roller

L00 200 300 L00 200 300 1000 1200 1300
Bore Xlt lt med Xlt lt med Xlt lt med
(mm) (kN) (kN) (kN) (kN) (kN) (kN) (kN) (kN) (kN)

10 1.02 1.42 1.90 1.02 1.10 1.88

12 1.12 1.42 2.46 1.10 1.54 2.05

15 1.22 1.56 3.05 1.28 1.66 2.85

17 1.32 2.70 3.75 1.36 2.20 3.55 2.12 3.80 4.90

20 2.25 3.35 5.30 2.20 3.05 5.80 3.30 4.40 6.20

25 2.45 3.65 5.90 2.65 3.25 7.20 3.70 5.50 8.50

30 3.35 5.40 8.80 3.60 6.00 8.80 2.40a 8.30 10.0

35 4.20 8.50 10.6 4.75 8.20 11.0 3.10a 9.30 13.1

40 4.50 9.40 12.6 4.95 9.90 13.2 7.20 11.1 16.5

45 5.80 9.10 14.8 6.30 10.4 16.4 7.40 12.2 20.9

50 6.10 9.70 15.8 6.60 11.0 19.2 5.10a 12.5 24.5

55 8.20 12.0 18.0 9.00 13.6 21.5 11.3 14.9 27.1

60 8.70 13.6 20.0 9.70 16.4 24.0 12.0 18.9 32.5

65 9.10 16.0 22.0 10.2 19.2 26.5 12.2 21.1 38.3

70 11.6 17.0 24.5 13.4 19.2 29.5 23.6 44.0

75 12.2 17.0 25.5 13.8 20.0 32.5 23.6 45.4

80 14.2 18.4 28.0 16.6 22.5 35.5 17.3 26.2 51.6

85 15.0 22.5 30.0 17.2 26.5 38.5 18.0 30.7 55.2

90 17.2 25.0 32.5 20.0 28.0 41.5 37.4 65.8

95 18.0 27.5 38.0 21.0 31.0 45.5 44.0 65.8

100 18.0 30.5 40.5 21.5 34.5 20.9 48.0 72.9

105 21.0 32.0 43.5 24.5 37.5 49.8 84.5

110 23.5 35.0 46.0 27.5 41.0 55.0 29.4 54.3 85.4

120 24.5 37.5 28.5 44.5 61.4 100.1

130 29.5 41.0 33.5 48.0 71.0 48.9 69.4 120.1

140 30.5 47.5 35.0 56.0 77.4 131.2

150 34.5 39.0 62.0 58.7 83.6

160 113.4

180 47.0 54.0 97.9 140.1

200 162.4

220 211.3

240 258.0

a1000 (Xlt) series bearings are not available in these sizes. Capacities shown are for the 1900 (XXlt) series.
Source: New Departure–Hyatt Bearing Division, General Motors Corporation.

A � 25°A � 0°

90 : 106
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14.7.1 Life Requirement

Bearing applications usually require lives different from that used for the catalogue
rating. Palmgren [4] determined that ball-bearing life varies inversely with approxi-
mately the third power of the load. Later studies have indicated that this exponent
ranges between 3 and 4 for various rolling-element bearings. Many manufacturers
retain Palmgren’s exponent of 3 for ball bearings and use for roller bearings.
Following the recommendation of other manufacturers, this book will use the expo-
nent for both bearing types. Thus

L = LR(C/Fr)
3.33 (14.1a)

or

Creq = Fr(L/LR)0.3 (14.1b)

where

C = rated capacity (as from Table 14.2) and Creq = the required value of C
for the application

LR = life corresponding to rated capacity (i.e., 9 * 107 revolutions)

Fr = radial load involved in the application

L = life corresponding to radial load Fr , or life required by the application

Thus doubling the load on a bearing reduces its life by a factor of about 10.
Different manufacturers’ catalogues use different values of LR . Some use

LR = 106 revolutions. A quick calculation shows that the values in Table 14.2 must be
multiplied by 3.86 to be comparable with ratings based on a life of 106 revolutions.

14.7.2 Reliability Requirement

Tests show that the median life of rolling-element bearings (ball bearings in partic-
ular) is about five times the standard 10 percent failure fatigue life. The standard life
is commonly designated as the L10 life (sometimes as the B10 life). Since this life
corresponds to 10 percent failures, it also means that this is the life for which 90 per-
cent have not failed, and corresponds to 90 percent reliability. Thus, the life for 50
percent reliability is about five times the life for 90 percent reliability.

Many designs require greater than 90 percent reliability. The distribution of
fatigue lives of a group of presumably identical parts does not correspond to the nor-
mal distribution curve, discussed in Section 6.14 and illustrated in Figure 6.18.
Rather, fatigue lives characteristically have a skewed distribution, as in Figure 14.12.
This corresponds generally with a mathematical formula proposed by W. Weibull
of Sweden, known as the Weibull distribution. Using the general Weibull equation
together with extensive experimental data, the AFBMA has formulated recommend-
ed life adjustment reliability factors, Kr , plotted in Figure 14.13. These factors are
applicable to both ball and roller bearings. The rated bearing life for any given

10
3

10
3
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FIGURE 14.13
Reliability factor Kr .

reliability (greater than 90 percent) is thus the product, KrLR . Incorporating this
factor into Eq. 14.1 gives

L = KrLR(C/Fr)
3.33 (14.2a)

Creq = Fr(L/KrLR)0.3 (14.2b)

14.7.3 Influence of Axial Loading

Cylindrical roller bearings are very limited in their thrust capacity because axial loads
produce sliding friction at the roller ends. Even so, when these bearings are properly
aligned, radially loaded, and oil-lubricated, they can carry thrust loads up to 20 per-
cent of their rated radial capacities. This enables pairs of cylindrical roller bearings to
support shafts subjected to light thrust, as by spur gears or chain sprockets. Tapered
roller bearings can, of course, carry substantial thrust as well as radial loads.

FIGURE 14.12
General pattern of bearing
fatigue-life distribution.
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608 Chapter 14 ■ Rolling-Element Bearings

2 Derived from “Ball Bearing General Catalog” (BC-7, 1980), New Departure–Hyatt Bearings Division,
General Motors Corporation, Sandusky, Ohio.

For ball bearings, any combination of radial load (Fr) and thrust load (Ft) results
in approximately the same life as does a pure radial equivalent load, Fe , calculated
from the equations that follow. Load angle a is defined in Figure 14.3b. Radial bear-
ings have a zero load angle. Standard values of a for angular ball bearings are 15°,
25°, and 35°. Space permits including only the treatment of 25° angular ball bearings
in this book.

(radial ball bearings)

For 0 6 Ft/Fr 6 0.35, Fe = Fr

(14.3)2

For Ft/Fr 7 10, Fe = 1.176Ft

(angular ball bearings)

For 0 6 Ft/Fr 6 0.68, Fe = Fr

(14.4)2

For Ft/Fr 7 10, Fe = 0.911Ft

14.7.4 Shock Loading

The standard bearing rated capacity is for the condition of uniform load without
shock. This desirable condition may prevail for some applications (such as bearings
on the motor and rotor shafts of a belt-driven electric blower), but other applications
have various degrees of shock loading. This has the effect of increasing the nominal
load by an application factor Ka . Experience within the specific industry is the best
guide. Table 14.3 gives representative sample values.

For 0.68 6 Ft/Fr 6 10, Fe = FrB1 + 0.870¢Ft
Fr

- 0.68≤ R t
A � 25°

For 0.35 6 Ft/Fr 6 10, Fe = FrB1 + 1.115¢Ft
Fr

- 0.35≤ R t
A � 0°
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TABLE 14.3 Application Factors Ka

Type of Application Ball Bearing Roller Bearing

Uniform load, no impact 1.0 1.0

Gearing 1.0–1.3 1.0

Light impact 1.2–1.5 1.0–1.1

Moderate impact 1.5–2.0 1.1–1.5

Heavy impact 2.0–3.0 1.5–2.0

TABLE 14.4 Representative Bearing Design Lives

Design Life
Type of Application (thousands of hours)

Instruments and apparatus for infrequent use 0.1–0.5

Machines used intermittently, where service interruption is 4–8
of minor importance

Machines intermittently used, where reliability is of great 8–14
importance

Machines for 8-hour service, but not every day 14–20

Machines for 8-hour service, every working day 20–30

Machines for continuous 24-hour service 50–60

Machines for continuous 24-hour service where reliability 100–200
is of extreme importance

14.7.5 Summary

Substituting Fe for Fr and adding Ka modifies Eq. 14.2 to give

L = KrLR(C/FeKa)3.33 (14.5a)

Creq = FeKa(L/KrLR)0.3 (14.5b)

When the preceding equations are used, the question is what life, L should be
required. Table 14.4 may be used as a guide when more specific information is not
available. (It is worth noting that the useful life of a bearing in industrial applica-
tions where noise is not a factor may extend significantly beyond the appearance
of the first small area of surface fatigue damage, which is the failure criterion in
standard tests.)

Bearing manufacturers formerly reduced life ratings when the outer ring rotated
relative to the load (as with a trailer wheel, rotating around a fixed spindle). As a
result of more recent evidence, this is no longer done. If both rings rotate, the rela-
tive rotation between the two is used in making life calculations.
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1800 rpm

Radial bearing

1800 rpm

Angular bearing

Ft = 1.5 kN, Fr = 1.2 kN
Light-to-moderate impact
Eight hours/day operation

FIGURE 14.14
Radial- and angular-contact ball bearings.

Many applications involve loads that vary with time. In such cases, the
Palmgren3 linear cumulative-damage rule (Section 8.12) is applicable.

SAMPLE PROBLEM 14.1D Ball Bearing Selection

Select a ball bearing for an industrial machine press fit onto a shaft and intended for
continuous one-shift (8-hour day) operation at 1800 rpm. Radial and thrust loads are
1.2 and 1.5 kN, respectively, with light-to-moderate impact.

SOLUTION

Known: A ball bearing operates 8 hours per day, 5 days per week, and carries con-
stant radial and thrust loads.

Find: Select a suitable ball bearing.

Schematic and Given Data:

Decisions and Assumptions:
1. A conservative design for light-to-moderate impact is required.

2. A conservative design life for 8 hours per day continuous service is required.

3. A 90 percent reliability is required.

4. Both a radial (a = 0°) and an angular ball bearing (a = 25°) should be chosen.
(See Figure 14.14.)

5. Ball-bearing life varies inversely with the power of the load (Eq. 14.5b is
accurate).

6. The press fit does not affect the bearing life.

10
3

3 Named after Arvid Palmgren, author of [4].
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Design Analysis:
1. From Eqs. 14.3 and 14.4, the equivalent radial load for radial and angular ball

bearings, respectively, are for Ft/Fr = 1.25,

2. From Table 14.3 choose Ka = 1.5. From Table 14.4 choose (conservatively)
30,000-hour life. Life in revolutions is L = 1800 rpm * 30,000 h * 60 min/h =
3240 * 106 rev.

3. For standard 90 percent reliability (Kr = 1), and for LR = 90 * 106 rev (for
use with Table 14.2), Eq. 14.5b gives

Creq = (2.4)(1.5)(3240/90)0.3 = 10.55 kN (radial bearing)

= (1.8)(1.5)(3240/90)0.3 = 7.91 kN (angular bearing)

4. From Table 14.2 (with bearing number for a given bore and series obtained from
Table 14.1), appropriate choices would be radial bearings L14, 211, and 307,
and angular-contact bearings L11, 207, and 306.

Comment: Other factors being equal, the final selection would be made on the
basis of cost of the total installation, including shaft and housing. Shaft size should
be sufficient to limit bearing misalignment to no more than 15¿.

SAMPLE PROBLEM 14.2 Ball Bearing Life and Reliability

Suppose that radial-contact bearing 211 (C = 12.0 kN) is selected for the applica-
tion in Sample Problem 14.1. (a) Estimate the life of this bearing, with 90 percent
reliability. (b) Estimate its reliability for 30,000-hour life. (See Figure 14.15.)

SOLUTION

Known: The radial-contact bearing 211 is selected for the application in Sample
Problem 14.1.

Find: Determine (a) the bearing life for 90 percent reliability and (b) the bearing
reliability for 30,000-hour life.

= 1.2 c1 + 0.87a1.5

1.2
- 0.68b d = 1.8 kN (angular bearing)

Fe = FrB1 + 0.870¢Ft
Fr

- 0.68≤ R= 1.2 c1 + 1.115a1.5

1.2
- 0.35b d = 2.4 kN (radial bearing)

Fe = FrB1 + 1.115¢Ft
Fr

- 0.35≤ R
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612 Chapter 14 ■ Rolling-Element Bearings

Schematic and Given Data:

Assumptions:
1. Ball-bearing life varies inversely with the power of the load (Eq. 14.5a is

accurate).

2. The application factor is Ka = 1.5 for light-to-moderate impact.

3. The design life is 30,000 hours.

Analysis:
a. From Eq. 14.5a,

L = KrLR(C/FeKa)3.33

= (1)(90 * 106)(12.0/3.6)3.33 = 4959 * 106 rev = 45,920 h

b. From Eq. 14.5a,

3240 * 106 = Kr(90 * 106)(12.0/3.6)3.33

Kr = 0.65

From Figure 14.13, reliability is estimated as close to 95 percent.

Comment: For a 90 percent reliability, the bearing life is 45,920 hours. But for a
95 percent reliability, the bearing life is 30,000 hours.

SAMPLE PROBLEM 14.3 Cumulative Damage

A No. 207 radial-contact ball bearing supports a shaft that rotates 1000 rpm. A radi-
al load varies in such a way that 50, 30, and 20 percent of the time the load is 3, 5,
and 7 kN, respectively. The loads are uniform, so that Ka = 1. Estimate the B10 life
and the median life of the bearing. (See Figure 14.16.)

10
3

1800 rpm

Case a: 90 percent reliability Case b: 30,000-hour life

No. 211 radial-contact bearing,
C = 12.0 kN

Fr = 1.2 kN
Ft = 1.5 kN

Light-to-moderate impact,
Ka = 1.5

21 mm

100 mm

55 mm

FIGURE 14.15
Radial-contact bearing.
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1000 rpm

Ka = 1.0 (uniform load)

Fr

No. 207 radial-
contact bearing

R
ad

ia
l l

oa
d 

(k
N

)

0
1

1 2 3 1

Time

3
2

4
5
6
7

20%
100%

50% 30%

FIGURE 14.16
Radial-contact bearing subject to a varying load.

SOLUTION

Known: A radial-contact ball bearing carries a radial load of 3, 5, and 7 kN for,
respectively, 50, 30, and 20 percent of the time.

Find: Determine the B10 life and the median life.

Schematic and Given Data:

Assumptions:
1. The Palmgren or Miner rule (linear cumulative-damage rule) is appropriate.

2. Equation 14.5 is appropriate.

3. Let X equal the B10 life.

Analysis:
1. From Table 14.2, for the No. 207 radial-contact bearing we have C = 8.5 kN

(for LR = 90 * 106 and 90 percent reliability).

2. Equation 14.5a is L = KrLR(C/FeKa)3.33. We have Fe = Fr , Ka = 1.0, and for
90 percent reliability Kr = 1.0. Thus L = LR(C/Fr)

3.33.

3. With C = 8.5 kN, LR = 90 * 106 rev, and the preceding equation, we have for

a. Fr = 3 kN that L = 2887 * 106 rev

b. Fr = 5 kN that L = 526.8 * 106 rev

c. Fr = 7 kN that L = 171.8 * 106 rev

4. From Eq. 8.3, for k = 3,

5. For X minutes of operation, we have n1 = 500X rev, n2 = 300X rev, and
n3 = 200X rev.

6. From part 3, N1 = 2887 * 106 rev, N2 = 526.8 * 106 rev, and
N3 = 171.8 * 106 rev.

n1

N1
+
n2

N2
+
n3

N3
= 1
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614 Chapter 14 ■ Rolling-Element Bearings

Note spacers

FIGURE 14.17
Bearings mounted so that each bearing takes thrust in one
direction.

7. Substituting into the equation in part 4 gives

8. The median life equals approximately five times the B10 life, so median life is
43,703 hours.

Comment: The general relationship that average life is equal to approximately five
times the B10 life was based on experimental data obtained from life testing of
numerous bearings.

14.8 Mounting Bearings to Provide Properly for Thrust Load

Bearing manufacturers’ literature contains extensive information and illustrations
pertaining to the proper application of their products. We will illustrate here only the
basic principle of mounting bearings properly with respect to the thrust loading.
Figures 14.17 and 14.18 illustrate two typical constructions. Even though there are
no apparent axial loads on the rotating assembly, it is necessary to ensure that grav-
ity, vibration, and so on do not cause axial movement.

The principle that normally applies is that thrust in each direction must be car-
ried by one and only one bearing. In Figure 14.17 the left bearing takes thrust to the
left, the right bearing thrust to the right. Neither bearing is mounted to be able to take
thrust in the opposite direction. In Figure 14.18 the left bearing takes thrust in both
directions. The right bearing is free to slide both ways in the housing; thus it can take
thrust in neither direction.

and X =
106

1.9068
= 524,436 min or X = 8741 h

500X

2887 * 106 +
300X

526.8 * 106 +
200X

171.8 * 106 = 1
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FIGURE 14.18
Bearings mounted so that left bearing takes thrust in both
directions.

1. Harris, Tedric A., and M. N. Kotzalas, Rolling Bearing
Analysis, 5th ed., CRC Press, Boca Raton, Florida, 2007. 

2. “Mechanical Drives,” Machine Design Reference Issue,
Penton/IPC, Inc. Cleveland, June 29, 1978.

3. Morton, Hudson T., Anti-Friction Bearings, Hudson T.
Morton, Ann Arbor, Mich. 1965.

4. Palmgren, Arvid, Ball and Roller Bearing Engineering,
SKF Industries, Inc., Philadelphia, 1959.

5. Standards of the American Bearing Manufacturers
Association, Washington, D.C.

Note that in Figure 14.17 spacers are used to permit the axial free play of the
shaft to be adjusted to the desired amount—just enough so that under no condi-
tions of differential thermal expansion can the shaft elongate to the extent that
there is negative axial free play and the bearing loading becomes severe. This
suggests why it is not normally proper to design for two bearings to share thrust
in the same direction. For “absolutely rigid” members, this would require that the
distance between bearings on the shaft be exactly the same as the distance
between bearings in the housing. Even if costly precision manufacture satisfied
this requirement, differential thermal expansion during operation would create a
small interference, thereby loading the bearings.

Problems

Sections 14.3–14.4

14.1 Consult the Dodge bearing catalog for a spherical bearing at http://dodge-pt.com/
literature/index.html and specify a four-bolt round flange expansion bearing with a
labyrinth seal for a 1.75-in.-diameter steel shaft. Specify this bearing using the
Dodge nomenclature key.

[Ans.: F4R-S2-112LE]

References
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14.2 Consult the Dodge bearing catalog for a polymer housed bearing at http://
dodge-pt.com/literature/index.html and specify a bearing for a 1.1875-in. diameter
shaft which has a tapped polymer pillow block housing with a polymer sleeve insert.
Specify this mounted bearing using the Dodge nomenclature key.

14.3 Consult the Dodge bearing catalog for a take up frame at http://dodge-pt.com/
literature/index.html and specify a wide slot ball bearing take-up frame with 9-in. of tra-
vel and a frame length of 16.75-in. Specify this frame using the Dodge nomenclature key.

[Ans.: WS-400X9-TUFR]

14.4 Consult the Dodge bearing catalog and find a spherical bearing for a take-up frame
at http://dodge-pt.com/literature/index.html and specify a wide slot take-up non-
expansion spherical bearing with a triple lip rubbing seal for a 1.375-in. diameter
steel shaft. Specify this bearing using the Dodge nomenclature key.

14.5D From a mechanical engineer’s viewpoint, interested in rolling-element bearings,
write a report reviewing the website http://www.timken.com. Discuss the contents,
usefulness, ease of use, and clarity of the site.

14.6 Repeat Problem 14.5D, except for http://www.rbcbearings.com.

14.7 Repeat Problem 14.5D, except for http://www.ntn.ca.

14.8 Repeat Problem 14.5D, except for http://www.pt.rexnord.com.

14.9 The site http://www.uspto.gov provides a database of patents from the U.S. Patent &
Trademark Office, including images since 1790 and full-text since 1976.

(a) Search the patent abstracts using the word “bearing” and record the numerical
number of patents found by the search engine.

(b) Identify the subject of patent 6,749,341.

14.10D Search http://www.uspto.gov and print the abstract and an illustration for an
“interesting” patent related to a ceramic rolling-element bearing.

Section 14.7

14.11 For a No. 204 radial-contact ball bearing, find the radial load that can be carried for
an L10 life of 5000 hours at 900 rpm.

14.12 A No. 208 radial-contact ball bearing carries a combined load of 200 lb radially and
150 lb axially at 1200 rpm. The bearing is subjected to steady loading. Find the bear-
ing life in hours for 90% reliability.

14.13 What change in the loading of a radial-contact ball bearing will cause the expected
bearing life to double? To triple? (See Figure P14.13.)

616 Chapter 14 ■ Rolling-Element Bearings

F1

L1

F2

2L1

F2

3L1 FIGURE P14.13
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Problems 617

14.14 Some bearing manufacturers rate their bearings on the basis of a life of 106 revolu-
tions. If all other factors are the same, by what value should these ratings be multi-
plied when comparing them with the ratings in Table 14.2?

[Ans.: 0.259]

14.15 For a No. 204 radial-contact ball bearing, find the radial load that can be carried for
an L10 life of 5000 hours at 1800 rpm.

14.16 For the bearing described in Problem 14.15, explore the effect of reliability factor
(Kr) on the radial load that the bearing can carry by computing and plotting the radi-
al load versus the reliability factors given in Figure 14.13 and include 99.9% relia-
bility where the reliability factor (Kr) is 0.093.

14.17 A No. 204 radial-contact ball bearing carries a combined load of 200 lb radially and
150 lb axially at 1200 rpm. The bearing is subjected to steady loading. Find the bear-
ing life in hours for 90% reliability.

14.18 A No. 204 radial-contact ball bearing is used in an application considered to be light-
to-moderate with respect to shock loading. The shaft rotates 3500 rpm and the bear-
ing is subjected to a radial load
of 1000 N and a thrust load of
250 N. Estimate the bearing life
in hours for 90% reliability. (See
Figure P14.18.)

[Ans.: 6200 hours]

14.19 A particular bearing application provides a life of 5000 hours for 90% reliability.
What are the corresponding lives for 50% and 99% reliability?

14.20 A No. 211 radial ball bearing has an L10 life of 5000 hours. Estimate the L10 life that
would be obtained if this bearing were replaced by (a) an L11 radial ball bearing,
(b) a 311 radial ball bearing, and (c) a 1211 roller bearing.

14.21 A particular bearing application provides a life of 15000 hours for 90% reliability.
What are the corresponding lives for 50% and 99% reliability?

14.22 A No. 207 radial-contact ball bearing supports a shaft that rotates 1800 rpm. A radi-
al load varies in such a way that 60, 30, and 10 percent of the time the load is 3, 5,
and 7 kN, respectively. The loads are uniform, so that Ka = 1. Estimate the L10 life
and the median life of the bearing.

14.23 Figure P14.23 shows a countershaft with helical gear (B), bevel gear (D), and two sup-
porting bearings (A and C). Loads acting on the bevel gear are known. Forces on the
helical gears can be determined. Shaft dimensions are known. All shoulder fillets have
a radius of 5 mm. Only bearing A takes thrust. The shaft rotates at 1000 rpm and is
made of hardened steel having known values of Su and Sy. All important surfaces are
finished by grinding.

(a) Draw load, shear force, and bending moment diagrams for the shaft in the xy
and xz planes. Also draw diagrams showing the intensity of the axial force and
torque along the length of the shaft.

(b) Calculate the forces at the bearings A and C.

(c) Select a suitable bearing for this shaft.

3500 rpm No. 204 radial ball bearing
Fr = 1000 N, Ft = 250 N
90% reliability
Light-moderate shock loading
L = ? hr life

FIGURE P14.18
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618 Chapter 14 ■ Rolling-Element Bearings

14.24 A No. 312 radial-contact ball bearing is loaded uniformly (without shock) as follows:
55 percent of the time, 7 kN and 1800 rpm; 25 percent of the time, 14 kN and
1200 rpm; 20 percent of the time, 18 kN and 800 rpm. Estimate the bearing life for
90 percent reliability. Calculate the cumulative damage contribution for each load.

[Ans.: 6400 hours, 13%, 39%, 48%]

14.25 In a given application a No. 212 radial ball bearing has an L10 life of 6000 hours.
What would be the expected life of the next larger sizes (No. 213 and No. 312) used
in the same application?

[Ans.: 10,300 hours, 21,700 hours]

14.26D A bearing supporting a 1000-rpm shaft carries a 3-kN radial load and 1-kN thrust
load. The shaft is part of a machine for which the loading involved is borderline
between “light” and “moderate” impact. The required life is 5000 hours with only
2% probability of failure. Select a 200 series ball bearing for this application:

(a) Using a radial-contact bearing.

(b) Using an angular-contact bearing.

[Ans.: (a) No. 208, (b) No. 208]

14.27D Repeat Problem 14.26D with the thrust load increased to (a) 1.5 kN, (b) 3.0 kN.

14.28 Figure P14.28 shows two bearings sup-
porting a 1000-rpm shaft and gear. The
bearing on the left carries a 5-kN radial
load and 1-kN thrust load. The loading
is borderline between “light” and “mod-
erate” impact. The required life is 5000
hours with only 2% probability of fail-
ure. Select a 200 series radial-contact
ball bearing for the left bearing.

Gear Shaft Bearing

FIGURE P14.28

Forces act at 500-mm dia.

Fx = 0.2625Fy
Fz = 0.3675Fy

C

B
Ax

Forces act at 375-mm dia. (b)

120 dia. Keyway 80 dia.

B

E

C D

A

(a)

Fx = 1.37 kN

Fz = 5.33 kN

Fy = 1.37 kN

Fy

D

y

z
550

400

450
400

FIGURE P14.23
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Problems 619

14.29D Figure P14.29D shows a printing roll driven by the gear to which the 1.2-kN force
is applied. The bottom surface of the roll is in contact with a similar roll that applies
a uniform (upward) loading of 4 N/mm. Select identical 200 series ball bearings for
A and B, if the shaft rotates 350 rpm.

150-mm dia.

Gear
120-mm dia.

1.2 kN

20°

B

A

300 mm

100
mm

60
mm

60
mm

FIGURE P14.29D

Clamping supports
Chain sprocket

Rotating shaft
Chain

1.75 ft 0.75 ft

600 lb 600 lb

2.25 ft

FIGURE P14.30D

14.30D Figure P14.30D shows a cantilevered chain idler sprocket driven by a roller chain
that applies a 1200-lb force. Select identical 200 series ball bearings for A and B. The
shaft rotates at 350 rpm.

14.31D Repeat Problem 14.30D, except the shaft rotates at 275 rpm.
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Right-angle gearing

Parallel gearing

FIGURE 15.1
Primitive gears.

15 Spur Gears

15.1 Introduction and History

Gears, defined as toothed members transmitting rotary motion from one shaft to
another, are among the oldest devices and inventions of man. In about 2600 B.C. the
Chinese are known to have used a chariot incorporating a complex series of gears
like those illustrated in Figure 15.1. Aristotle, in the fourth century B.C., wrote of
gears as though they were commonplace. In the fifteenth century A.D., Leonardo da
Vinci designed a multitude of devices incorporating many kinds of gears.

Among the various means of mechanical power transmission (including pri-
marily gears, belts, and chains), gears are generally the most rugged and durable.
Their power transmission efficiency is as high as 98 percent. On the other hand,
gears are usually more costly than chains and belts. As would be expected, gear
manufacturing costs increase sharply with increased precision—as required for the
combination of high speeds and heavy loads, and for low noise levels. (Standard
tolerances for various degrees of manufacturing precision have been established by
the AGMA, American Gear Manufacturers Association.)

Spur gears are the simplest and most common type of gears. As shown in
Figure 15.2, they are used to transfer motion between parallel shafts, and they have
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teeth that are parallel to the shaft axes. The major
portion of our study of spur gears will be concerned
with gear geometry and nomenclature (Sections 15.2
and 15.3), gear force analysis (Section 15.4), gear-
tooth bending strength (Sections 15.6 through 15.8),
and gear-tooth surface durability (Sections 15.9 and
15.10).

The engineer seriously involved with gears of
any kind should consult the pertinent standards of the
AGMA, as well as other contemporary gear literature.
The site http://www.machinedesign.com presents gen-
eral information on gear drives, gear tooth forms, and
gearboxes. The site http://www.powertransmission.com
provides web sites for manufacturers of gears and
gear drives.

15.2 ■ Geometry and Nomenclature 621

FIGURE 15.2
Spur gears.

15.2 Geometry and Nomenclature

The basic requirement of gear-tooth geometry is the provision of angular velocity
ratios that are exactly constant. For example, the angular-velocity ratio between a
20-tooth and a 40-tooth gear must be precisely 2 in every position. It must not be,
for example, 1.99 as a given pair of teeth come into mesh and then 2.01 as they go
out of mesh. Of course, manufacturing inaccuracies and tooth deflections will cause
slight deviations in velocity ratio, but acceptable tooth profiles are based on theoret-
ical curves that meet this criterion.

The action of a pair of gear teeth satisfying this requirement is termed conjugate
gear-tooth action, and is illustrated in Figure 15.3. The basic law of conjugate gear-
tooth action states that

As the gears rotate, the common normal to the surfaces at the point of contact
must always intersect the line of centers at the same point P, called the pitch point.

The law of conjugate gear-tooth action can be satisfied by various tooth shapes,
but the only one of current importance is the involute, or, more precisely, the invo-
lute of the circle.  An involute (of the circle) is the curve generated by any point on
a taut thread as it unwinds from a circle, called the base circle. The generation of two
involutes is shown in Figure 15.4. The dotted lines show how these could correspond
to the outer portions of the right sides of adjacent gear teeth. Correspondingly, invo-
lutes generated by unwinding a thread wrapped counterclockwise around the base
circle would form the outer portions of the left sides of the teeth. Note that at every
point, the involute is perpendicular to the taut thread. It is important to note that an
involute can be developed as far as desired outside the base circle, but an involute
cannot exist inside its base circle.

An understanding of a mating pair of involute gear teeth can be developed from
a study of (1) a friction drive, (2) a belt drive, and, finally, (3) an involute gear-tooth
drive. Figure 15.5 shows two pitch circles. Imagine that they represent two cylinders
pressed together. If there is no slippage, rotation of one cylinder (pitch circle) will
cause rotation of the other at an angular-velocity ratio inversely proportional to their
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622 Chapter 15 ■ Spur Gears

diameters. In any pair of mating gears, the smaller of the two is called the pinion and
the larger one the gear. The term “gear” is used in a general sense to indicate either
of the members and also in a specific sense to indicate the larger of the two. A bit
confusing, perhaps, but life is sometimes like that! Using subscripts p and g to
denote pinion and gear, respectively, we have

vp/vg = -dg/dp (15.1)

Involute curves

Base circle

Base pitch, pb

FIGURE 15.4
Generation of an involute from its
base circle.

Line of centers

Point of contact

Pitch point

Common normal (to tooth surfaces
at point of contact)

Driving gear

P

Driven gear

FIGURE 15.3
Conjugate gear-tooth action.
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15.2 ■ Geometry and Nomenclature 623

where v is the angular velocity, d is the pitch diameter, and the minus sign indicates
that the two cylinders (gears) rotate in opposite directions. The center distance is

c = (dp + dg)/2 = rp + rg (15.1a)

where r is the pitch circle radius.
In order to transmit more torque than is possible with friction gears alone, we

now add a belt drive running between pulleys representing the base circles, as in
Figure 15.6. If the pinion is turned counterclockwise a few degrees, the belt will
cause the gear to rotate in accordance with Eq. 15.1. In gear parlance, angle f is
called the pressure angle. From similar triangles the base circles have the same ratio
as the pitch circles; thus, the velocity ratios provided by the friction and belt drives
are the same.

Pinion
base
circle

Line of
action

� (pressure angle)

�p

�g

Gear
base
circle

b

P

a

FIGURE 15.6
Belt drive added to friction gears.

�p

�g

Gear
pitch
circle

Pinion
pitch
circle

P (pitch point)
c

dp

dp

FIGURE 15.5
Friction gears of diameter d rotating at angular
velocity v.
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624 Chapter 15 ■ Spur Gears

In Figure 15.7 the belt is cut at point c, and the two ends are used to generate
involute profiles de and fg for the pinion and gear, respectively. It should now be
clear why f is called the pressure angle: neglecting sliding friction, the force of one
involute tooth pushing against the other is always at an angle equal to the pressure
angle. A comparison of Figures 15.7 and 15.3 shows that the involute profiles do
indeed satisfy the fundamental law of conjugate gear-tooth action. Incidentally, the
involute is the only geometric profile satisfying this law that maintains a constant-
pressure angle as the gears rotate. Note especially that conjugate involute action can
take place only outside of both base circles. In Figure 15.7 the conjugate involute
profiles could be drawn only by “cutting the belt” at a point between a and b.

Figure 15.8 shows the continued development of the gear teeth. The involute
profiles are extended outward beyond the pitch circle by a distance called the adden-
dum. The outer circle is usually called the addendum circle. Similarly, the tooth pro-
files are extended inward from the pitch circle a distance called the dedendum. Of
course, the involute portion can extend inward only to the base circle. The portion of
the profile between the base and dedendum (root) circles cannot participate in the
conjugate involute action but must clear the tip of a mating tooth as the gears rotate.
This portion of the tooth profile is usually drawn as a straight radial line, but its
actual shape (which depends on the manufacturing process) is usually trochoidal. A
fillet at the base of the tooth blends the profile into the dedendum (root) circle. This
fillet is important to reduce bending stress concentration.

An important point to keep in mind is that the “diameter” (without a qualifying
adjective) of a gear always refers to its pitch diameter. If other diameters (base, root,
outside, etc.) are intended, they are always specified. Similarly, d, without sub-
scripts, refers to pitch diameter. The pitch diameters of a pinion and gear are distin-
guished by subscripts p and g; thus dp and dg are their symbols.

Figure 15.8 shows the gear addendum extended exactly to point of tangency a.
(The pinion addendum extends to arbitrary point c, which is short of tangency point b.)
This gear addendum represents the theoretical maximum without encountering “inter-
ference,” which is discussed in the next section. Mating gears of standard proportions
generally have shorter addenda (like the pinion in Figure 15.8). For practical reasons,
the addenda of mating gears should not extend quite to the tangency points.

Base circle
Pitch circle

Pitch circle

Pinion

a

P
c

f
e

d
g

b

�

�

Base circle

Gear

rp

rg
FIGURE 15.7
Belt cut at c to generate conjugate
involute profiles.
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15.2 ■ Geometry and Nomenclature 625

Figure 15.8 shows the position of a pair of mating teeth as they enter contact and
again as they go out of contact. Note the corresponding angle of approach and angle
of recess for both pinion and gear (measured to points on the pitch circles).

Line nn (Figure 15.8) is called the line of action (neglecting friction, the force
between mating teeth always acts along this line). The path of contact (locus of all
points of tooth contact) is a segment of this line. In Figure 15.8 the path of contact
is the line segment ac.

Further nomenclature relating to the complete gear tooth is shown in Figure 15.9.
Various terms associated with gears and gear assemblies are summarized in Appendix J.
Face and flank portions of the tooth surface are divided by the pitch cylinder (which
contains the pitch circle). Note in particular the circular pitch, designated as p, and

rg

Addendum circle

Dedendum

Angle of
approach

P

Angle of
recess

Position of
teeth leaving

contact

0g

0p

Pitch circle

Addendum

Addendum

Dedendum circle

Base circle
Pitch circle

Addendum circle
Angle of
approach

Dedendum

Angle of
recess

Pinion (driving)

Position
of teeth
entering
contact

Base circle
Dedendum circle

Gear (driven)

c

b

a

n

n

�

rp

FIGURE 15.8
Further development and nomenclature of involute gear teeth. Note: The
diagram shows the special case of maximum possible gear addendum with-
out interference; pinion addendum is far short of the theoretical limit.
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626 Chapter 15 ■ Spur Gears

measured in inches (English units) or millimeters (SI units). If N is the number of
teeth in the gear (or pinion), and d the pitch diameter, then

(15.2)

More commonly used indices of gear-tooth size and diametral pitch P (used
only with English units), and module m (used only with SI or metric units).
Diametral pitch is defined as the number of teeth per inch of pitch diameter:

(15.3)

Module m, which is essentially the reciprocal of P, is defined as the pitch diameter
in millimeters divided by the number of teeth (number of millimeters of pitch diam-
eter per tooth):

(15.4)

The reader can readily verify that

pP = p ( p in inches; P in teeth per inch) (15.5)

m =
d

N
,  m =

dp

Np
,  m =

dg

Ng
    (m in millimeters per tooth)

P =
N

d
,  P =

Np

dp
,  P =

Ng

dg
   (P in teeth per inch)

p =
pd

N
,  p =

pdp

Np
,  p =

pdg

Ng
   (p in inches)

Working
depth

Whole
depth

Addendum

Dedendum

Clearance

To
p 
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d
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m
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nd

Circular pitch p

Pitch circle

Fillet
radius

Dedendum
circle Clearance circle

(mating teeth extend
to this circle)
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FIGURE 15.9
Nomenclature of gear teeth.
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p/m = p ( p in millimeters; m in millimeters per tooth) (15.6)

m = 25.4/P (15.7)

With English units the word “pitch,” without a qualifying adjective, means
diametral pitch (a “12-pitch gear” refers to a gear with 12 teeth per inch of pitch
diameter) whereas with SI units “pitch” means circular pitch (a “gear of
pitch = 3.14 mm” refers to a gear having a circular pitch of 3.14 mm).

Gears are commonly made to an integral value of diametral pitch (English units)
or standard value of module (SI units). Figure 15.10 shows the actual size of gear
teeth of several standard diametral pitches. With SI units, commonly used standard
values of module are

0.2 to 1.0 by increments of 0.1

1.0 to 4.0 by increments of 0.25

4.0 to 5.0 by increments of 0.5

The most commonly used pressure angle, f, with both English and SI units is
20°. In the United States 25° is also standard, and 14.5° was formerly an alternative
standard value.

18

36

32

30

2880

64

40

48

16

1
4

20

2
2

24

26

6

5

412

11

10

7

8

9

FIGURE 15.10
Actual sizes of gear teeth of various diametral pitches.
Note: In general, fine-pitch gears have P Ú 20; coarse-
pitch gears have P 6 20. (Courtesy Bourn & Koch
Machine Tool Company.)
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628 Chapter 15 ■ Spur Gears

For all systems, the standard addendum is 1/P (in inches) or m (in millimeters),
and the standard dedendum is 1.25 times the addendum.1 A former standard system
in the United States was the 20° stub system, for which the addendum was shortened
to 0.8/P. (Although 14.5° gears and 20° stub gears are no longer standard, replace-
ment gears are still made for these systems.) The fillet radius (at the base of the
tooth) is commonly about 0.35/P (English units) or m/3 (SI units).

Face width, b (defined in Figure 15.9), is not standardized, but generally,

(a)

or

(b)

The wider the face width, the more difficult it is to manufacture and mount the
gears so that contact is uniform across the full face width.

Gears made to standard systems are interchangeable and are usually available in
stock. On the other hand, mass-produced gears used for particular applications (like
automobile transmission gears) deviate from these standards in order to be optimal
for their specific application. The present trend is toward greater use of special gears,
for modern gear-cutting equipment reduces the cost penalty involved, and modern
computer facilities minimize the engineering design time required.

Figure 15.11 shows a pinion in contact with a rack, which can be thought of as
a segment of a gear of infinite diameter. Figure 15.12 shows a pinion in contact with

 9m 6 b 6 14m

9

P
6 b 6

14

P

Pinion pitch circle

Rack

Circular pitch

p

�

FIGURE 15.11
Involute pinion and rack.

1 For fine-pitch gears of the standard dedendum is (1.20/P) + 0.002 in.P G 20,
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15.3 ■ Interference and Contact Ratio 629

an internal gear. The internal gear is also called an annulus, or ring gear, and is com-
monly used in the planetary gear trains of automotive automatic transmissions (see
Section 15.13). Diameters of internal gears are considered negative; hence, Eq. 15.1
indicates that a pinion and internal gear rotate in the same direction.

An important advantage of the involute form over all others is that it provides
theoretically perfect conjugate action even when the shaft center distances are not
exactly correct. This fact can be verified by reviewing the basic development of invo-
lute profiles in Figures 15.6 and 15.7. If the shafts of two mating gears are separated,
proper action continues with an increased pressure angle. Of course, the backlash
(shortest distance between the noncontacting surfaces of adjacent teeth) increases as
center distance is increased. In some cases advantage is taken of this feature by
adjusting the shaft center distance to obtain desired backlash. (Some backlash is nec-
essary to allow room for an oil film under all conditions of thermal expansion and
contraction, but excessive backlash increases noise and impact loading whenever
torque reversals occur.)

A second basic advantage of the involute system is that the profile for the basic
rack is a straight line. This facilitates cutter manufacture and gear-tooth generation.

The cutting of gear teeth is a highly developed engineering art and science. Two
of the several methods used are shown in Figures 15.13 and 15.14.

15.3 Interference and Contact Ratio

Interference will occur, preventing rotation of the mating gears, if either of the
addendum circles extends beyond tangent points a and b (Figures 15.6 through
15.8), which are called interference points. In Figure 15.15 both addendum circles
extend beyond the interference points; hence, these gears will not operate without
modification. The preferred correction is to remove the interfering tooth tips, shown
shaded. Alternatively, the tooth flanks of the mating gear can be undercut in order to
clear the offending tips, but this weakens the teeth. In no case is it possible to have
useful contact of the shaded tips, as conjugate involute action is not possible beyond
the interference points.

When teeth are generated with a rack cutter, as in Figure 15.14, the teeth are
automatically undercut if they would interfere with a rack. This undercutting takes

Pitch circle

Base circle

�Base circle

Pitch circle Dedendum
circle

Addendum
circle

�
�

FIGURE 15.12
Involute pinion and internal gear. Note that both rotate in the same
direction.
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Gear blank rotates
in this direction

Rack cutter reciprocates in a direction
perpendicular to this page

FIGURE 15.14
Shaping teeth with a rack cutter.

FIGURE 15.13
Generating a gear with a
shaping machine suitable
for external and internal
gears. (For additional
information see
http://www.liebherr.com/gt/
en/). (Courtesy Gleason-
Pfauter Maschinenfabik
GmbH.)

place with standard 20° pinions with fewer than 18 teeth, and with standard 25° pin-
ions having fewer than 12 teeth. For this reason pinions with fewer than these num-
bers of teeth are not normally used with standard tooth proportions.

From Figure 15.15 or 15.8,
ra = r + a

where

ra = addendum circle radius

r = pitch circle radius

a = addendum
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15.3 ■ Interference and Contact Ratio 631

We can also obtain the equation for the maximum possible addendum circle radius
without interference,

(15.8)

where

ra(max) = maximum noninterfering addendum circle radius of pinion or gear

rb = base circle radius of the same member

c = center distance, 0102

f = pressure angle (actual, not nominal, value)

A study of Eq. 15.8 and its derivation indicates that (1) interference is more likely
to involve the tips of the gear teeth than the tips of the pinion teeth, and (2) interfer-
ence is promoted by having a small number of pinion teeth, a large number of gear
teeth, and a small pressure angle.

ra(max) = 3r2b + c2 sin2 f

Driving gear

Driven gear

Base circle

Base circle

02

01

�2

�1

�

�

Interference is on flank
of driver during approach

(This portion of profile
is not an involute)

(This portion of profile
is not an involute)

Pitch point, P

�

Addendum circlesa
b

FIGURE 15.15
Interference of spur gears (eliminated by removing the shaded tooth tips).
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632 Chapter 15 ■ Spur Gears

It is obviously necessary that the tooth profiles be proportioned so that a second
pair of mating teeth come into contact before the first pair is out of contact. The aver-
age number of teeth in contact as the gears rotate together is the contact ratio (CR),
which is calculated from the following equation [1],

(15.9)

where

rap, rag = addendum radii of the mating pinion and gear

rbp, rbg = base circle radii of the mating pinion and gear

The base pitch pb is

pb = pdb/N (15.10)

where N = number of teeth and db = diameter of the base circle. From 
Figure 15.7

db = d cos f, rb = r cos f, and pb = p cos f (15.11)

The base pitch is like the circular pitch except that it represents an arc of the base
circle rather than an arc of the pitch circle. It is illustrated in Figure 15.4.

In general, the greater the contact ratio, the smoother and quieter the opera-
tion of the gears. A contact ratio of 2 or more means that at least two pairs of
teeth are theoretically in contact at all times. (Whether or not they are actually
in contact depends on the precision of manufacture, tooth stiffness, and applied
load.)

An algorithmic approach to computing the contact ratio is described in
Appendix J.

SAMPLE PROBLEM 15.1D Meshing Spur Gear and Pinion

Two parallel shafts with 4-in. center distance are to be connected by 6-pitch, 20° spur
gears providing a velocity ratio of -3.0. (a) Determine the pitch diameters and numbers
of teeth in the pinion and gear. (b) Determine whether there will be interference when
standard full-depth teeth are used. (c) Determine the contact ratio. (See Figure 15.16.)

SOLUTION

Known: Spur gears of known pitch size, pressure angle, and center distance mesh
to provide a known velocity ratio.

Find:
a. Determine pitch diameters (dp , dg) and the numbers of teeth (Np , Ng).

b. Determine the possibility of interference with standard full-depth teeth.

c. Calculate the contact ratio (CR).

CR =
3r2ap - r2bp + 3r2ag - r2bg - c sin f

pb
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15.3 ■ Interference and Contact Ratio 633

Schematic and Given Data:

Decisions and Assumptions:
1. If interference results from the use of standard full-depth gear teeth, unequal

addenda gears will be selected.

2. The gear teeth will have standard involute tooth profiles.

3. The two gears will be located at their theoretical center distance, c = (dp + dg)/2
where dp = Np/P, dg = Ng/P; that is, the gears will mesh at their pitch circles.

Design Analysis:
1. We have rp + rg = c = 4 in.; rg/rp = -velocity ratio = 3; hence, rp = 1 in.,

rg = 3 in., or dp = 2 in., dg = 6 in.

2. The term “6-pitch gears” means that P = 6 teeth per inch of pitch diameter;
hence, Np = 12, Ng = 36.

3. In order to use Eq. 15.8 to check for interference, we first determine the base
circle radii of pinion and gear. From Eq. 15.11, rbp = 1 in.(cos 20°), and
rbg = 3 in.(cos 20°). Substitution in Eq. 15.8 gives ra(max) = 1.660 in. for the
pinion and 3.133 in. for the gear.

4. The limiting outer gear radius is equivalent to an addendum of only 0.133 in.,
whereas a standard full-depth tooth has an addendum of 1/P = 0.167 in.
Clearly, the use of standard teeth would cause interference.

5. Let us use unequal addenda gears (nonstandard), with somewhat arbitrarily cho-
sen addenda of ag = 0.060 in. for the gear and ap = 0.290 in. for the pinion.
(The reasoning is to select maximum addenda for greatest contact ratio, while
at the same time limiting the gear addendum to stay safely away from interfer-
ence, and limiting the pinion addendum to maintain adequate width of top land.
The latter is shown as t0 in Figure 15.9, and its minimum acceptable value is
sometimes taken as 0.25/P.)

6. Substitution in Eq. 15.11 gives pb = (p/6) cos 20° = 0.492 in. Substitution in
Eq. 15.9 [with rap = 1.290 in., rbp = 1 in.(cos 20°), rag = 3.060 in., rbg = 3
in.(cos 20°)] gives CR = 1.43, which should be a suitable value.

Comments:
1. If after the gears are mounted, the center distance is found to be slightly greater

than the theoretical (calculated) center distance of 4.0 in., this would mean that
the calculated diameters, dp and dg , are smaller than the actual gear and pinion
pitch diameters and that the backlash is greater than initially calculated.

P = 6 teeth/in.
� = 20°
�p
�g

= –3.0

rg

rp

c = 4 in.

FIGURE 15.16
Spur gears for Sample Problem 15.1D.
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Pitch circle
(gear)dg

dp

P

P

Fr

Fr

Pitch circle
(pinion)

(Driving pinion rotates clockwise)

F

F

�

�

Ft

Ft

�g

�p

FIGURE 15.17
Gear-tooth force F, shown resolved at
pitch point. The driving pinion and
driven gear are shown separately.

2. Had we wished to use standard tooth proportions in solving this sample prob-
lem, we could have (a) increased the diametral pitch (thereby giving more teeth
on the pinion—and this outweighs the influence of giving more teeth to the
gear) or (b) increased the pressure angle to 25° (which would be more than
enough to eliminate interference).

3. This problem may also be solved using the worksheet in Appendix J.

15.4 Gear Force Analysis

It was noted in Figures 15.7 and 15.8 that line ab was always normal to the contact-
ing tooth surfaces, and that (neglecting sliding friction) it was the line of action of
the forces between mating teeth.

The force between mating teeth can be resolved at the pitch point (P, in
Figures 15.15 and 15.17) into two components.

1. Tangential component Ft , which, when multiplied by the pitch line velocity,
accounts for the power transmitted.

2. Radial component Fr , which does no work but tends to push the gears apart.

Figure 15.17 illustrates that the relationship between these components is

Fr = Ft tan f (15.12)
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15.4 ■ Gear Force Analysis 635

To analyze the relationships between the gear force components and the associ-
ated shaft power and rotating speed, we note that the gear pitch line velocity V, in
feet per minute, is equal to

V = pdn/12 (15.13)

where d is the pitch diameter in inches of the gear rotating n rpm.
The transmitted power in horsepower (hp) is

(15.14)

where Ft is in pounds and V is in feet per minute.
In SI units

V = pdn/60,000 (15.13a)

where d is in millimeters, n in rpm, and V in meters per second. Transmitted power
in watts (W) is

(15.14a)

where Ft is in newtons.

SAMPLE PROBLEM 15.2 Forces on Spur Gears

Figure 15.18a shows three gears of P = 3, f = 20°. Gear a is the driving, or input,
pinion. It rotates counterclockwise at 600 rpm and transmits 25 hp to idler gear b.
Output gear c is attached to a shaft that drives a machine. Nothing is attached to the
idler shaft, and friction losses in the bearings and gears can be neglected. Determine
the resultant load applied by the idler to its shaft.

SOLUTION

Known: Three spur gears of specified diametral pitch, numbers of teeth, and pres-
sure angle mesh to transmit 25 hp from input gear to output gear through an idler
gear. The input gear rotation speed and direction are given.

Find: Determine the resultant load of the idler gear on its shaft.

Schematic and Given Data: See Figure 15.18.

Assumptions:
1. The idler gear and shaft serve the function of transmitting power from the input

gear to the output gear. No idler shaft torque is applied to the idler gear.

2. Friction losses in the bearings and gears are negligible.

3. The gears mesh at the pitch circles.

4. The gear teeth have standard involute tooth profiles.

5. The shafts for gears a, b, and c are parallel.

W
#

= FtV

W
#

= FtV/33,000
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N = 12 teeth (input pinion)
P = 3

600 rpm; 25 hp

(a)

(b)

a

b c
N = 36 teeth

(idler)
N = 28 teeth
(output gear)

Resultant force (applied by shaft to gear) = (1313 + 478)     2 = 2533 lb.

45°

Vab = 478 lb

Hab = 1313 lb

Vcb = 1313 lb

20°

20°

b

Hcb = 478 lb

c

a

FIGURE 15.18
Gear forces in Sample Problem 15.2. (a) Gear layout. (b) Forces
acting on idler b.

Analysis:
1. Applying Eq. 15.3 to gear a gives

da = Na/P = (12 teeth)/(3 teeth per inch) = 4 in.

2. All three gears have the same pitch line velocity. Applying Eq. 15.13 to gear a,
we have

V =
pdana

12
=
p(4 in.)(600 rpm)

12
= 628.28 ft/min
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3. Applying Eq. 15.14 to gear a and solving for Ft gives

This is the horizontal force of gear b applied to gear a, directed to the right.
Figure 15.18b shows the equal and opposite horizontal force of a applied to b,
labeled Hab , and acting to the left.

4. From Eq. 15.12, the corresponding radial gear-tooth force is Fr = Vab = (1313)
(tan 20°) = 478 lb.

5. Forces Hcb and Vcb are shown in proper direction in Figure 15.18b. (Remember,
these are forces applied by c to b.) Since the shaft supporting idler b carries no
torque, equilibrium of moments about its axis of rotation requires that
Vcb = 1313 lb. From Eq. 15.12, Hcb = (1313) (tan 20°), or 478 lb.

6. Total gear-tooth forces acting on b are 1313 + 478 = 1791 lb both vertically
and horizontally, for a vector sum of acting at 45°. This is
the resultant load applied by the idler to its shaft.

Comment: The equal and opposite force applied by the shaft to the idler gear is
shown in Figure 15.18b, where the idler is shown as a free body in equilibrium.

15.5 Gear-Tooth Strength

Having dealt with gear geometry and force analysis, we now turn to the question of
how much power or torque a given pair of gears will transmit without tooth failure.
Figure 15.19 shows a photoelastic pattern of gear-tooth stresses. The details of this
experimental stress analysis procedure are beyond the scope of this book, and it is
sufficient here to note that the highest stresses exist where the lines are bunched clos-
est together. This occurs at two locations: (1) the point of contact with the mating
gear, where force F is acting, and (2) in the fillet at the base of the tooth.

1791 12 = 2533 lb

Ft =
33,000(25 hp)

628.28 fpm
= 1313 lb

FIGURE 15.19
Photoelastic pattern of
stresses in a spur gear
tooth. (From T. J. Dolan
and E. L. Broghammer, “A
Study of Stresses in Gear
Tooth Fillets,” Proc. 14th
Eastern Photoelasticity
Conf., PE December
1941.)
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FIGURE 15.20
Bending stresses in a spur gear tooth (comparison with a
constant-stress parabola).

The next three sections deal with bending fatigue at the base of the tooth and involve
the principles of fatigue analysis covered in Chapter 8. The following two sections are
concerned with surface durability and make use of the information on pitting and scor-
ing given in Chapter 9. Some of the principles of lubrication covered in Chapter 13 are
involved as well. As will be seen, the load capacity and failure mode of a pair of gears
are affected by their rotating speed. Altogether, the study of gear load capacity affords an
excellent opportunity to apply much of the basic material covered in earlier chapters.

15.6 Basic Analysis of Gear-Tooth-Bending Stress (Lewis Equation)

The first recognized analysis of gear-tooth stresses was presented to the Philadelphia
Engineers Club in 1892 by Wilfred Lewis. It still serves as the basis for gear-tooth-
bending stress analysis. Figure 15.20 shows a gear tooth loaded as a cantilever beam,
with resultant force F applied to the tip. Mr. Lewis made the following simplifying
assumptions.

1. The full load is applied to the tip of a single tooth. This is obviously the most
severe condition and is appropriate for gears of “ordinary” accuracy. For high-
precision gears, however, the full load is never applied to a single tooth tip. With
a contact ratio necessarily greater than unity, each new pair of teeth comes into
contact while the previous pair is still engaged. After the contact point moves
down some distance from the tip, the previous teeth go out of engagement and
the new pair carries the full load (unless, of course, the contact ratio is greater
than 2). This is the situation depicted in Figure 15.19. Thus, with precision
gears (not available in Mr. Lewis’s time), the tooth should be regarded as car-
rying only part of the load at its tip, and the full load at a point on the tooth face
where the bending moment arm is shorter.

2. The radial component, Fr , is negligible. This is a conservative assumption, as Fr
produces a compressive stress that subtracts from the bending tension at point a
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of Figure 15.20. (The fact that it adds to the bending compression in the opposite
fillet is unimportant because fatigue failures always start on the tensile side.)

3. The load is distributed uniformly across the full face width. This is a noncon-
servative assumption and can be instrumental in gear failures involving wide
teeth and misaligned or deflecting shafts.

4. Forces which are due to tooth sliding friction are negligible.

5. Stress concentration in the tooth fillet is negligible. Stress concentration factors
were unknown in Mr. Lewis’s time but are now known to be important. This will
be taken into account later.

Proceeding with the development of the Lewis equation, we note from
Figure 15.20 that the gear tooth is everywhere stronger than the inscribed constant-
strength parabola (recall Figure 12.23c), except for the section at a where the
parabola and tooth profile are tangent. At point a

(c)

by similar triangles,

(d)

Substituting Eq. d into Eq. c gives

(e)

Defining the Lewis form factor y as

y = 2x/3p (f)

and substituting it into Eq. e gives

(15.15)

which is the basic Lewis equation in terms of circular pitch.
Because gears are more often made to standard values of diametral pitch, we

substitute

p = p/P (15.5, mod)

y = Y/p (g)

into Eq. 15.14 and obtain an alternative form of the Lewis equation:

(15.16)s =
FtP

bY

s =
Ft

bpy

s =
6Ft
4bx

t/2
x

=
h

t/2
,  or 

t2

h
= 4x

s =
Mc

I
=

6Fth

bt 2
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FIGURE 15.21
Values of Lewis form factor Y for standard spur gears (load applied at tip of the tooth).

Or, when using SI units, we have

(15.16a)

where Y is the Lewis form factor based on diametral pitch or module. Both Y and y
are functions of tooth shape (but not size) and therefore vary with the number of
teeth in the gear. Values of Y for standard gear systems are given in Figure 15.21. For
nonstandard gears, the factor can be obtained by graphical layout of the tooth or by
digital computation.

Note that the Lewis equation indicates that tooth-bending stresses vary (1)
directly with load Ft , (2) inversely with tooth width b, (3) inversely with tooth size
p, 1/P, or m and (4) inversely with tooth shape factor Y or y.

15.7 Refined Analysis of Gear-Tooth-Bending Strength: Basic Concepts

In addition to the four basic factors included in the Lewis equation, modern gear
design procedures take into account several additional factors that influence gear-
tooth-bending stresses.

1. Pitch line velocity. The greater the linear velocity of the gear teeth (as measured
at the pitch circles), the greater the impact of successive teeth as they come into
contact. These impacts happen because the tooth profiles can never be made with
absolute perfection; and even if they were, deflections are inevitable, for operat-
ing loads cause a slight impact as each new pair of teeth come into engagement.

s =
Ft

mbY
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2. Manufacturing accuracy. This is also an important factor influencing impact
loading. Furthermore, manufacturing accuracy is the factor determining
whether or not teeth do in fact share the load when two or more pairs of teeth are
theoretically in contact. (See the first assumption in Section 15.6.)

3. Contact ratio. For precision gears of “one-plus” contact ratio (1 6 CR 6 2), the
transmitted load is divided among two pairs of teeth whenever a new tooth comes
into contact at its tip. As the contact point moves down the face of the new tooth, the
meshing teeth ahead go out of contact at the highest point of single-tooth contact of
the new tooth. Thus there are two loading conditions to be considered: (a) carrying
part of the load (often assumed to be half) at the tooth tip and (b) carrying the full
load at the point of highest single-tooth contact. For gears of “two-plus” contact ratio
(2 6 CR 6 3), we should consider a three-way division of load at tooth tip contact,
and a two-way division at the highest point of double-tooth contact.

4. Stress concentration at the base of the tooth, as mentioned in assumption 5 of
Section 15.6.

5. Degree of shock loading involved in the application. (This is similar to the “ap-
plication factor” given for ball bearings in Section 14.7.4.)

6. Accuracy and rigidity of mounting. (See assumption 3, Section 15.6.)

7. Moment of inertia of the gears and attached rotating members. Slight tooth inac-
curacies tend to cause momentary angular accelerations and decelerations of the
rotating members. If the rotating inertias are small, the members easily accelerate
without imposing high momentary tooth loads. With large inertias, the rotating
members tend strongly to resist acceleration, thereby causing large momentary
tooth loads. Significant torsional elasticity between the gear teeth and the major
sources of inertia may tend to isolate the gear teeth from the harmful inertial
effect. (This situation sometimes provides a fruitful area for dynamic analysis.)

The problem of gear-tooth-bending fatigue requires an evaluation of (a) the fluc-
tuating stresses in the tooth fillet and (b) the fatigue strength of the material at this
same highly localized location. So far only stresses have been considered; now con-
sider the strength aspect of the problem.

The important strength property is usually the bending fatigue strength, as rep-
resented by the endurance limit. From Eq. 8.1

which, for steel members, is usually

S = (0.5Su)CLCGCSCTCR

Most gear teeth are loaded in only one direction. However, the teeth of idler
gears (Figures 15.18 and 15.22a) and planet pinions (Figure 15.30, and described in
Section 15.13) are loaded in both directions. Although ideally we might prefer to
make a mean stress–alternating stress diagram for each particular case, reference to
Figure 15.22b shows the basis for the common generalization:

For infinite life, peak stresses must be below the reversed bending endurance limit for
an idler gear, but peak stresses can be 40 percent higher for a driving or driven gear.

For a reliability of other than 50 percent, gear-bending strength calculations are
commonly based on the assumption that the tooth-bending fatigue strength has a

Sn = Sœ
nCLCGCSCTCR
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normal distribution (recall Figures 6.18 through 6.20) with one standard deviation
being about 8 percent of the nominal endurance limit.

If gear teeth operate at elevated temperatures, the fatigue properties of the mate-
rial at the temperatures involved must be used.

15.8 Refined Analysis of Gear-Tooth-Bending Strength: Recommended Procedure

The engineer seriously concerned with gear design and analysis should consult the
latest standards of the American Gear Manufacturers Association and the relevant
current literature. The procedures given here are representative of current practice.
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FIGURE 15.22
Load and stress fluctuations in driving, driven, and idler gears.
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In the absence of more specific information, the factors affecting gear-tooth-
bending stress can be taken into account by embellishing the Lewis equation to the
following form,

(15.17)

where

J = spur gear geometry factor from Figure 15.23. This factor includes the
Lewis form factor Y and also a stress concentration factor based on a

s =
FtP

bJ
KvKoKm
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FIGURE 15.23
Geometry factor J for standard spur gears (based on tooth fillet radius of 0.35/P).
(From AGMA Information Sheet 225.01; also see AGMA 908-B89.)

c15.qxd  8/3/11  9:34 PM  Page 643



644 Chapter 15 ■ Spur Gears

tooth fillet radius of 0.35/P. Note that values are given for no load shar-
ing (nonprecision gears) and also for load sharing (high-precision gears).
In load sharing the J factor depends on the number of teeth in the mat-
ing gear, for this controls the contact ratio, which in turn determines the
highest point of single-tooth contact.

Kv = velocity or dynamic factor, indicating the severity of impact as succes-
sive pairs of teeth engage. This is a function of pitch line velocity and
manufacturing accuracy. Figure 15.24 gives guidelines pertaining to rep-
resentative gear manufacturing processes. For reference, curve A is for
AGMA quality control number (class), Qv = 9, curve B for Qv = 6 and
curve C for Qv = 4 [9].

Ko = overload factor, reflecting the degree of nonuniformity of driving and
load torques. In the absence of better information, the values in
Table 15.1 have long been used as a basis for rough estimates.
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FIGURE 15.24
Velocity factor (Note: This figure, in a very rough way, is intended to
account for the effects of tooth spacing and profile errors, tooth stiffness,
and the velocity, inertia, and stiffness of the rotating parts.)

Note: V is in feet per minute.

C: Kv =
50 + 1V

50

B: Kv =
78 + 1V

78
  E: Kv =

600 + V
600

A: Kv = C78 + 1V
78

  D: Kv =
1200 + V

1200

Kv .
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TABLE 15.2 Mounting Correction Factor Km

Face Width (in.)

Characteristics of Support 0 to 2 6 9 16 up

Accurate mountings, small bearing clearances, mini- 1.3 1.4 1.5 1.8
mum deflection, precision gears

Less rigid mountings, less accurate gears, contact 1.6 1.7 1.8 2.2
across the full face

Accuracy and mounting such that less than full-face Over 2.2
contact exists

TABLE 15.3 Reliability Correction Factor kr , from Figure 6.19 with Assumed 
Standard Deviation of 8 Percent

Reliability (%) 50 90 99 99.9 99.99 99.999

Factor kr 1.000 0.897 0.814 0.753 0.702 0.659

TABLE 15.1 Overload Correction Factor Ko

Driven Machinery

Source of Power Uniform Moderate Shock Heavy Shock

Uniform 1.00 1.25 1.75

Light shock 1.25 1.50 2.00

Medium shock 1.50 1.75 2.25

Km = mounting factor, reflecting the accuracy of mating gear alignment.
Table 15.2 is used as a basis for rough estimates.

The effective fatigue stress from Eq. 15.17 must be compared with the
corresponding fatigue strength. For infinite life the appropriate endurance limit is
estimated from the equation

(15.18)

where

CG = gradient factor = 1.0 for P 7 5, and 0.85 for P … 5

CS = surface factor from Figure 8.13. Be sure that this pertains to the surface
in the fillet, where a fatigue crack would likely start. (In the absence of
specific information, assume this to be equivalent to a machined surface.)

kr = reliability factor, CR, determined from Figure 6.19. For convenience, val-
ues corresponding to an endurance limit standard deviation of 8 percent
are given in Table 15.3

CL = load factor = 1.0 for bending loads

Sœ
n = standard R. R. Moore endurance limit

Sn = Sœ
nCLCGCSkrktkms
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Pinion

Gear

Steel, 290 Bhn

(manufacture of pinion and gear corresponds
to curve D, Fig. 15.24)
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20° full-depth teeth
Steel, 330 Bhn

Np = 18 (teeth)Electric
motor
1720 rpm

Conveyor
drive
(involves
moderate
shock
torsional
loading)
860 rpm

FIGURE 15.25
Data for Sample Problem 15.3.

kt = temperature factor, CT . For steel gears use kt = 1.0 if the temperature
(usually estimated on the basis of lubricant temperature) is less than
160°F. If not, and in the absence of better information, use

(15.19)

kms = mean stress factor. In accordance with Section 15.7, use 1.0 for idler
gears (subjected to two-way bending) and 1.4 for input and output gears
(one-way bending).

The safety factor for bending fatigue can be taken as the ratio of fatigue strength
(Eq. 15.18) to fatigue stress (Eq. 15.17). Its numerical value should be chosen in
accordance with Section 6.12. Since factors Ko , Km , and kr have been taken into
account separately, the “safety factor” need not be as large as would otherwise be
necessary. Typically, a safety factor of 1.5 might be selected, together with a relia-
bility factor corresponding to 99.9 percent reliability.

SAMPLE PROBLEM 15.3 Gear Horsepower Capacity for Tooth-Bending
Fatigue Failure

Figure 15.25 shows a specific application of a pair of spur gears, each with face width
b = 1.25 in. Estimate the maximum horsepower that the gears can transmit continu-
ously with only a 1 percent chance of encountering tooth-bending fatigue failure.

SOLUTION

Known: A steel pinion gear with specified hardness, diametral pitch, number of teeth,
face width, rotational speed, and 20° full-depth teeth drives a steel gear of 290 Bhn
hardness at 860 rpm with only a 1 percent chance of tooth-bending fatigue failure.

Find: Determine the maximum horsepower that the gears can transmit continuously.

Schematic and Given Data:

kt =
620

460 + T
 (for T 7 160°F)
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Assumptions:
1. The gear teeth have a machined surface.

2. The gear-tooth fillet area temperature is less than 160°F.

3. The gears rotate in one direction (and hence experience one-way bending).

4. The transmitted load is applied at the tip of the gear tooth (no load sharing).

5. The manufacturing quality of the pinion and gear corresponds to curve D,
Figure 15.24.

6. The output conveyor drive involves moderate torsional shock.

7. The characteristics of support include less rigid mountings, less accurate gears,
and contact across the full face.

8. The gears fail solely by tooth-bending fatigue (no surface fatigue failure occurs).

9. No factor of safety will be necessary. Accounted for separately are the overload
factor Ko , mounting factor Km , and the reliability factor kr .

10. The gears are mounted to mesh along the pitch circles.

11. The gear teeth are of equal face width.

12. The material endurance limit can be approximated by 250 (Bhn) psi.

13. The modified Lewis equation assumptions are reasonable. The J-factor data is
accurate. The data plots and tables for obtaining Ca , Cs , and kt can be relied on.
The velocity factor Kv , the overload factor Ko , and the mounting factor Km from
available data are reasonably accurate.

14. The gear material is homogeneous, isotropic, and completely elastic.

15. Thermal and residual stresses are negligible.

Analysis:
1. The bending endurance strength is estimated from Eq. 15.18 as

where

= 290/4 = 72.5 ksi (gear)
= 330/4 = 82.5 ksi (pinion)

CL = 1 (for bending loads)

CG = 1 (since P 7 5)

CS = 0.68 (pinion) (from Figure 8.13, machined surfaces)
= 0.70 (gear)

kr = 0.814 (from Table 15.3; 99 percent reliability)

kt = 1.0 (temperature should be 6160°F)

kms = 1.4 (for one-way bending)

Sn = 63.9 ksi (pinion); Sn = 57.8 ksi (gear)

2. The bending fatigue stress is estimated from Eq. 15.17 as

s =
FtP

bJ
KvKoKm

Sœ
n

Sn = Sœ
nCLCGCSkrktkms
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where

P = 10 and b = 1.25 in. (given)

J = 0.235 (pinion) (for N = 18, no load sharing because of
inadequate precision of manufacture)

= 0.28 (gear) (for N = 36, which is needed to provide the given
speed ratio)

Dynamic factor Kv involves pitch line velocity V, calculated as

We thus have

Kv = 1.68 (from Figure 15.24)

Ko = 1.25 (from Table 15.1)

Km = 1.6 (from Table 15.2)

Therefore,

s = 114Ft psi (pinion), s = 96Ft psi (gear)

3. Equating bending fatigue strength and bending fatigue stress, we have

63,900 psi = 114Ft psi, Ft = 561 (pinion)

57,800 psi = 96Ft psi, Ft = 602 (gear)

4. In this case the pinion is the weaker member, and the power that can be
transmitted is (561 lb)(811 fpm) = 456,000 ft # lb/min. Dividing by 33,000 to
convert to horsepower gives 13.8 hp (without provision for a safety factor).

Comments: Gear teeth generally experience several modes of failure simultaneously.
Aside from tooth-bending fatigue, various other modes such as wear, scoring, pitting,
and spalling may occur. These failure modes are discussed in the next section.

15.9 Gear-Tooth Surface Durability—Basic Concepts

Gear teeth are vulnerable to the various types of surface damage discussed in
Chapter 9. As was the case with rolling-element bearings (Chapter 14), gear teeth are
subjected to Hertz contact stresses, and the lubrication is often elastohydrodynamic
(Section 13.16). Excessive loading and lubrication breakdown can cause various
combinations of abrasion, pitting, and scoring. In this and the next section, it will
become evident that gear-tooth surface durability is a more complex matter than the
capacity to withstand gear-tooth-bending fatigue.

Previous sections dealt with the determination of the compressive force F act-
ing between the gear teeth, and it was noted that the contacting surfaces are cylin-
drical in nature with involute profiles. Nothing has previously been said about the
rubbing velocity of the contacting surfaces. Figure 15.26a shows the same conjugate

= 811 fpm

=
p(18 teeth/10 teeth per inch)(1720 rpm)

12

V =
pdpnp

12
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FIGURE 15.26
Gear-tooth sliding velocity.

gear teeth as in Figure 15.3, with vectors added to show velocities, Vp and Vg , of the
instantaneous contact points on the pinion and gear teeth, respectively. These veloc-
ities are tangential with respect to their centers of rotation. If the teeth do not sepa-
rate or crush together, the components of Vpn and Vgn normal to the surface must be
the same. This results in their components that are tangent to the surface (Vpt and Vgt)
being different. The sliding velocity is the difference between Vpt and Vgt .

Figure 15.26b shows that when contact of the mating teeth is at the pitch point P
(i.e., on the line of centers), the sliding velocity is zero, and the tooth relative motion
is one of pure rolling. For contact at all other points, the relative motion is one of
rolling plus sliding, with the sliding velocity being directly proportional to the dis-
tance between the point of contact and the pitch point. The maximum sliding veloci-
ty occurs with contact at the tooth tips. This means that teeth with long addenda (as
in Figure 15.8) have higher maximum sliding velocities than do corresponding gears
with shorter addenda. (But, of course, the gears with shorter addenda have a smaller
contact ratio.)

Note that the relative sliding velocity reverses direction as a pair of teeth roll
through the pitch point. During approach (see “angle of approach,” Figure 15.8), the
sliding friction forces tend to compress the teeth; during recess, friction forces tend
to elongate the teeth. The elongated teeth tend to give smoother action. For this rea-
son special teeth are sometimes designed to have most or all of the contact lying
within the angle of recess (for the direction of rotation involved). Gear-tooth sliding
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can be readily demonstrated by spreading and extending the fingers of the two
hands, meshing them as gears, and then rotating them.

We now consider briefly the three basic types of surface deterioration that occur
in gear teeth.

1. Abrasive wear (treated in Section 9.10), caused by the presence of foreign par-
ticles, such as gears that are not enclosed, enclosed gears that were assembled
with abrasive particles present, and gears lubricated by an oil supply with inad-
equate filtration.

2. Scoring (a form of adhesive wear described in Section 9.9), which occurs, usu-
ally at high speeds, when adequate lubrication is not provided by elastohydro-
dynamic action (Section 13.16) or, possibly in some instances, when boundary
and mixed-film lubrications (Section 13.14) are inadequate. This causes a high
coefficient of sliding friction that, together with high tooth loading and high
sliding velocities, produces a high rate of heat generation in the localized re-
gions of contact. This results in temperatures and pressures that cause welding
and tearing apart. Scoring can often be prevented by directing an adequate flow
(to provide cooling) of appropriate lubricant to the teeth as they come into
mesh. An appropriate lubricant is generally one sufficiently resistant to ex-
treme pressures that it maintains hydrodynamic lubrication. Surface finish is
also important, with finishes as fine as 20 microinches being desirable where
scoring is a factor. Allowing the gears to smooth themselves during an initial
“break-in” period of moderate load will increase their resistance to scoring.

3. Pitting and spalling, which are, respectively, surface and subsurface fatigue fail-
ures brought about by the complex stresses within the contact zone. These
failures are discussed in Section 9.14.

With proper care, gears should not fail because of abrasive wear. With proper
lubrication and cooling, they will not fail because of scoring. If the best heat trans-
fer available can be provided, but an adequate lubricant cannot be found, then loads
and speeds must be reduced, more score-resistant materials used, or the gears made
larger. Unlike scoring, which is not time-dependent and occurs early in the operat-
ing life if at all, pitting is typical of fatigue failures because it occurs only after accu-
mulating a sufficient number of load cycles. Furthermore, since contact stress S–N
curves do not level off after 106 or 107 cycles even with steel members, this type of
potential surface failure must be considered in every gear design.

Generally good correlation has been observed between spur gear surface fatigue
failure and the computed elastic surface stress (Hertz stress). Just as the Lewis equa-
tion serves as the basis for analyzing gear-tooth-bending strength, the Hertz stress
(Eq. 9.5) is the basis for analyzing gear-tooth surface durability.

The classic work of adapting the Hertz equation to spur gear teeth was done by
Earle Buckingham [1]. Buckingham noted that gear-tooth pitting occurs predomi-
nantly in the vicinity of the pitch line where, because of zero sliding velocity, the oil
film (elastohydrodynamic) breaks down. Hence, he treated a pair of gear teeth as two
cylinders of radii equal to the radii of curvature of the mating involutes at the pitch
point. From basic involute geometry, these radii are

Rp = (dp sin f)/2 and Rg = (dg sin f)/2 (15.20)
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(Refer to Figure 15.7 and imagine the belt to be cut at P for generating the involutes.)
To adapt Eq. 9.5 (and Eq. 9.2) for convenient use with spur gears, we make the

following substitutions.

Eq. 9.5 Quantity Equivalent Notation for Spur Gears

F F (which is equal to Ft /cos f)
p0 sH
L b
R1 (dp sin f)/2
R2 (dg sin f)/2

This gives for surface (Hertz) fatigue stress

(15.21)

where b is the gear face width.
Several fundamental relationships are evident from this equation. Because of the

increased contact area with load, stress increases only as the square root of load Ft
(or square root of load per inch of face width, Ft /b). Similarly, contact area increas-
es (and stress decreases) with decreased moduli of elasticity, Ep and Eg . Moreover,
larger gears have greater radii of curvature, hence lower stress.

In much the same way as tooth-bending stresses, contact stresses are influenced
by manufacturing accuracy, pitch line velocity, shock loading, shaft misalignment
and deflection, and moment of inertia and torsional elasticity of the connected rotat-
ing members. Similarly, surface fatigue strength of the material is affected by the
reliability requirement and by possible temperature extremes.

15.10 Gear-Tooth Surface Fatigue Analysis—Recommended Procedure

Equation 15.21 becomes more manageable when we (1) combine terms relating to
the elastic properties of the materials into a single factor, Cp , commonly called the
elastic coefficient, and (2) combine terms relating to tooth shape into a second fac-
tor, I, commonly called the geometry factor:

(15.22)

(15.23)

Here R is the ratio of gear and pinion diameters,

(h)R =
dg

dp

I =
sin f cos f

2

R

R + 1

Cp = 0.564

Q
1

1 - n2
p

Ep
+

1 - n2
g

Eg

sH = 0.564

S
Ft[2/(dp sin f) + 2/(dg sin f)]

b cos f¢1 - n2
p

Ep
+

1 - n2
g

Eg
≤
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Note that R is positive for a pair of external gears (Figure 15.2). Because diameters
of internal gears are considered negative, R is negative for a pinion and internal gear
(Figure 15.12).

Substituting Cp and I into Eq. 15.21, and also introducing factors Kv , Ko , and
Km , which were used with the bending fatigue analysis, gives

(15.24)

Note that I is a dimensionless constant that is readily calculated from Eq. 15.23,
whereas Cp has units of or depending on the system of units used.
For convenience, values of Cp are given in Tables 15.4a and 15.4b.

As noted in Sections 9.13 and 9.14, the actual stress state at the point of contact
is influenced by several factors not considered in the simple Hertz equation (Eqs. 9.5,
15.21, and 15.24). These include thermal stresses, changes in pressure distribution
because a lubricant is present, stresses from sliding friction, and so on. For this rea-
son stresses calculated from Eq. 15.24 must be compared with surface fatigue
strength S–N curves that have been obtained experimentally from tests in which these
additional factors were at least roughly comparable with those for the situation under
study. Thus the surface fatigue strength curve for spur gears in Figure 9.21 is appro-
priate for use now, whereas the other curves in the same figure are not.

2MPa,2ksi

sH = CpC Ft
bdpI

KvKoKm

TABLE 15.4a Values of Elastic Coefficient Cp for Spur Gears, in 
(Values Rounded Off)

Gear Material

Pinion Material Cast Aluminum Tin
( in All Cases) Steel Iron Bronze Bronze

Steel, E = 30,000 ksi 2300 2000 1950 1900

Cast iron, E = 19,000 ksi 2000 1800 1800 1750

Aluminum bronze, E = 17,500 ksi 1950 1800 1750 1700

Tin bronze, E = 16,000 ksi 1900 1750 1700 1650

N � 0.30

1psi

TABLE 15.4b Values of Elastic Coefficient Cp for Spur Gears, in 
(Values Converted from Table 15.4a)

Gear Material

Pinion Material Cast Aluminum Tin
( in All Cases) Steel Iron Bronze Bronze

Steel, E = 207 GPa 191 166 162 158

Cast iron, E = 131 GPa 166 149 149 145

Aluminum bronze, E = 121 GPa 162 149 145 141

Tin bronze, E = 110 GPa 158 145 141 137

N � 0.30

1MPa
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TABLE 15.5 Surface Fatigue Strength Sfe , for Use with Metallic Spur Gears 
(107-Cycle Life, 99 Percent Reliability, Temperature 6250°F)

Material Sfe (ksi) Sfe (MPa)

Steel 0.4 (Bhn)–10 ksi 28 (Bhn)–69 MPA

Nodular iron 0.95[0.4 (Bhn)–10 ksi] 0.95[28 (Bhn)–69 MPa]

Cast iron, grade 20 55 379
grade 30 70 482
grade 40 80 551

Tin bronze 30 207
AGMA 2C
(11 percent tin)

Aluminum bronze 65 448
(ASTM B 148—52)
(Alloy 9C—H.T.)

Surface fatigue life (cycles)
104

CLi

105 106 107 108 109 1010 1011

0.6

0.8

1.0

1.2

1.4
1.6
1.8
2.0

FIGURE 15.27
Values of CLi for steel gears (general shape of surface fatigue S–N curve).

In the absence of information about surface fatigue strength more directly per-
tinent to the specific application being considered, Table 15.5 gives representative
values.

As noted in Section 9.14, it is often desirable for one of the contacting members
to be harder than the other. In the case of steel gears, the pinion is invariably made
the harder (if they are different) because pinion teeth are subjected to a greater num-
ber of fatigue cycles and because it is generally more economical to manufacture the
smaller member to the higher hardness. Typically, the hardness differential ranges
from about 30 Bhn for gears in the 200-Bhn range to about 100 Bhn for the 500-Bhn
range and 2 Rockwell C for the 60RC range. For hardness differentials not exceed-
ing these values, it has been found that the average hardness can be used for check-
ing both pinion and gear.

For surface-hardened steel gears, the hardness used with Table 15.5 is the sur-
face hardness, but the depth of the hardened case should extend down to the peak
shear stresses shown in Figures 9.15b and 9.19. This would normally be at least 1
mm, or 0.040 in.

For fatigue lives other than 107 cycles, multiply the values of Sfe (from Table 15.5)
by a life factor, CLi, from Figure 15.27. The latter represents somewhat of an average
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shape of surface fatigue S–N curve for steel. The alert reader will note a discrepancy
between this shape (slope) and that of the S–N curve for steel gears in Figure 9.21. No
attempt was made to “fudge” these curves to bring them into consistency because this
would mask a significant “fact of life” regarding published materials strength data.
Independent studies presenting generalizations of different sets of data are likely to be
at some variance and should be used with appropriate caution. If possible, it is always
best to obtain good test data applying closely to the case at hand. Incidentally, the spur
gear curve in Figure 9.18 is about the highest that is normally obtainable for steel gears.

Reliability data are scarce, but as a rough guide an appropriate reliability factor,
CR , as given in Table 15.6, should be used (as in Eq. 15.25).

When gear-tooth surface temperatures are high (above about 120°C, or 250°F),
we must determine the appropriate surface fatigue strength for the material and tem-
perature of the gear teeth. (A temperature correction factor for surface fatigue
strength has not been included in Eq. 15.25.)

Applying the information about surface fatigue strength just given, the resulting
equation for gear-tooth surface fatigue strength, which should be compared to the
gear-tooth surface fatigue stress from Eq. 15.24, is

SH = SfeCLiCR (15.25)

In accordance with the philosophy presented in Section 6.12, the safety factor,
defined as the multiplier of Ft needed to make sH equal to SH , can be small. Many
of the factors often included in the “safety factor” are already taken into account by
various multiplying factors in Eqs. 15.24 and 15.25. Furthermore, the consequences
of failure are mitigated by the fact that pitting failures develop slowly and give warn-
ing by gradually increasing gear noise. Moreover, the extent of surface fatigue dam-
age constituting “failure” is arbitrary, and the gears will continue to operate for some
period of time after their surface endurance “life” has expired. Accordingly, safety
factors of 1.1 to 1.5 are usually appropriate.

SAMPLE PROBLEM 15.4 Gear Horsepower Capacity for Tooth
Surface Fatigue Failure

For the gears in Sample Problem 15.3, estimate the maximum horsepower that the
gears can transmit with only a 1 percent chance of a surface fatigue failure during 5
years of 40 hours/week, 50 weeks/year operation.

SOLUTION

Known: The steel pinion of Sample Problem 15.3 with 330 Bhn hardness and given
diametral pitch, number of teeth, rotational speed, and 20° full-depth teeth drives a

TABLE 15.6 Reliability Factor CR

Reliability (%) CR

50 1.25

99 1.00

99.9 0.80
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steel gear of 290 Bhn at 860 rpm with only a 1 percent chance of surface fatigue fail-
ure during a specified time period.

Find: Estimate the maximum horsepower that the gears can transmit.

Schematic and Given Data: See Figure 15.25.

Assumptions:
1. The gear-tooth surface temperatures are below 120°C (250°F).

2. The surface fatigue endurance limit can be calculated from the surface
hardness—see Table 15.5.

3. The surface fatigue stress is a maximum at the pitch point (line).

4. The manufacturing quality of the pinion and gear corresponds to curve D,
Figure 15.24.

5. The output gear experiences moderate torsional shock.

6. The characteristics of support include less rigid mounting, less accurate gears,
and contact across the full face.

7. No factor of safety will be necessary.

8. The tooth profiles of the gears are standard involutes. The contact surfaces at the
pitch point can be approximated by cylinders.

9. The gears are mounted to mesh at the pitch circles.

10. The effects of surface failure from abrasive wear and scoring are eliminated by
enclosure and lubrication—only pitting needs consideration.

11. The stresses caused by sliding friction can be neglected.

12. The contact pressure distribution is unaffected by the lubricant.

13. Thermal stresses and residual stresses can be neglected.

14. The gear materials are homogeneous, isotropic, and linearly elastic.

15. The surface endurance limit and life factor data available are sufficiently accu-
rate. The velocity factor Kv , the overload factor Ko , and the mounting factor Km
obtained from available data are reasonably accurate.

Analysis:
1. The surface endurance strength is estimated from Eq. 15.25 as

SH = SfeCLiCR

where

Sfe = 114 ksi [from Table 15.5 for steel, Sfe = 0.4 (Bhn) -
10 ksi = 0.4 (330) - 10 = 122 ksi]

CLi = 0.8 [from Figure 15.27, life = (1720)(60)(40)(50)(5) =
1.03 * 109 cycles]

CR = 1 (from Table 15.6 for 99 percent reliability)

SH = (122)(0.8)(1) = 97.6 ksi

2. The surface (Hertz) fatigue stress is estimated from Eq. 15.24 as

sH = CpB Ft
bdpI

KvKoKm
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where

3. Equating surface fatigue strength and surface fatigue stress gives

(This value applies to both of the mating gear-tooth surfaces.)

4. The corresponding power is = FtV = (129 lb)(811 fpm) = 104,620
ft # lb/min, or 3.2 hp.

Comment: This power compares with a bending fatigue-limited power of nearly
14 hp and illustrates the usual situation of steel gears being stronger in bending
fatigue. Although much of the 14-hp bending fatigue capacity is obviously wasted,
a moderate excess of bending capacity is desirable because bending fatigue failures
are sudden and total, whereas surface failures are gradual and cause increasing noise
levels to warn of gear deterioration.

15.11 Spur Gear Design Procedures

Sample Problems 15.3 and 15.4 illustrated the analysis of estimated capacity of a
given pair of gears. As is generally the case with machine components, it is a more
challenging task to design a suitable (hopefully, near optimal) pair of gears for a
given application. Before illustrating this procedure with a sample problem, let us
make a few general observations.

1. Increasing the surface hardness of steel gears pays off handsomely in terms of
surface endurance. Table 15.5 indicates that doubling the hardness more than
doubles surface fatigue strength (allowable Hertz stress); Eq. 15.24 shows that
doubling the allowable Hertz stress quadruples the load capacity Ft .

2. Increases in steel hardness also increase bending fatigue strength, but the increase
is far less. For example, doubling the hardness will likely not double the basic en-
durance limit, (note flattening of curves in Figure 8.6). Furthermore, doubling
hardness substantially reduces CS (see Figure 8.13). An additional factor to be
considered for surface-hardened gears is that the hardened case may effectively
increase surface fatigue strength, yet be too shallow to contribute much to bending
fatigue strength (recall Figure 8.31 and the related discussion in Section 8.13).

3. Increasing tooth size (using a coarser pitch) increases bending strength more
than surface strength. This fact, together with points 1 and 2, correlates with two
observations. (a) A balance between bending and surface strengths occurs
typically in the region of P = 8 for high-hardness steel gears (above about 500

Sœ
n

W
#

85922Ft = 97,600 psi or Ft = 129 lb

sH = 2300B Ft
(1.25)(1.8)(0.107)

(1.68)(1.25)(1.6) = 85922Ft
I =

sin f cos f

2

R

R + 1
= 0.107 (from Eq. 15.23)

 1.6 (all are the same as in Sample Problem 15.3)

b = 1.25 in., dp = 1.8 in., Kv = 1.68, Ko = 1.25, and Km =

Cp = 2300 1psi (from Table 15.4)
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Bhn, or 50RC), with coarser teeth failing in surface fatigue and finer teeth failing
in bending fatigue. (b) With progressively softer steel teeth, surface fatigue be-
comes critical at increasingly fine pitches. Other materials have properties giv-
ing different gear-tooth strength characteristics. Further information about gear
materials is given in the next section.

4. In general, the harder the gears, the more costly they are to manufacture. On the
other hand, harder gears can be smaller and still do the same job. And if the
gears are smaller, the housing and other associated parts may also be smaller
and lighter. Furthermore, if the gears are smaller, pitch line velocities are lower,
and this reduces the dynamic loading and rubbing velocities. Thus, overall cost
can often be reduced by using harder gears.

5. If minimum-size gears are desired (for any given gear materials and applica-
tion), it is best in general to start by choosing the minimum acceptable number
of teeth for the pinion (usually 18 teeth for 20° pinions, and 12 teeth for 25° pin-
ions), and then solving for the pitch (or module) required.

SAMPLE PROBLEM 15.5D Design of a Single Reduction Spur Gear Train

Using a standard gear system, design a pair of spur gears to connect a 100-hp, 3600-
rpm motor to a 900-rpm load shaft. Shock loading from the motor and driven
machine is negligible. The center distance is to be as small as reasonably possible.
A life of 5 years of 2000 hours/year operation is desired, but full power will be trans-
mitted only about 10 percent of the time, with half power the other 90 percent.
Likelihood of failure during the 5 years should not exceed 10 percent.

SOLUTION

Known: A spur gear pair is to transmit power from a motor of known horsepower
and speed to a driven machine shaft rotating at 900 rpm. Full power is transmitted
10 percent of the time, half power the other 90 percent. The likelihood of failure
should not exceed 10 percent when the gears are operated at 2000 hours/year for
5 years. Center distance is to be as small as reasonably possible. (See Figure 15.28.)

Find: Determine the geometry of the gearset.

Schematic and Given Data:

Win = 100 hp

3600 rpm

•

900 rpm

Negligible shock loading
Life: 5 years, 2000 hours/year
        Full power: 10 percent of time
        Half power: 90 percent of time
Failure in 5 years: 10 percent maximum

•

FIGURE 15.28
Single-reduction
spur gear train.
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Decisions:
1. Choose hardened-steel gears corresponding to the spur gear curve in

Figure 9.21, which shows a 10 percent probability of failure. Steel gear material
will be selected to provide relatively high strength at relatively low cost. The
pinion and gear will be machined and then ground. In accordance with good
practice, specify a case-hardening procedure that will leave compressive resid-
ual stresses in the gear-tooth surfaces.

2. Specify high surface hardness of 660 Bhn and 600 Bhn, respectively, for pinion
and gear to obtain the minimum center distance and the pinion-tooth hardness
that will exceed the gear-tooth hardness by 10 percent.

3. For these hardnesses (which are too hard for normal machining), specify a
ground finish and precision manufacture corresponding to the average of curves
A and B in Figure 15.24.

4. Choose the more common 20° full-depth involute tooth form.

5. Choose 18 teeth, the minimum number of pinion teeth possible to avoid
interference.

6. For minimum center distance (i.e., minimum gear diameters), tentatively choose
width b at the maximum of the normal range, 14/P.

7. Choose a safety factor of 1.25 for failure by surface fatigue.

8. A nominal value for face width will be used.

9. A standard diametral pitch will be selected.

Assumptions:
1. The Palmgren–Miner cumulative-damage rule applies.

2. The ground-surface finish will correspond to the average of curves A and B in
Figure 15.24, and Kv = 1.4.

3. The characteristics of support are accurate mountings, small bearing clearances,
minimum deflection, and precision gears.

4. The spur gear curve in Figure 9.21 represents about the highest contact strength
that is obtainable for steel gears, and this curve is a plot of SH = SfeCLiCR for
a 10 percent probability of failure versus the number of cycles constituting the
life of the spur gear.

5. There is no load sharing between gear teeth.

6. In the limiting case, the fatigue strength of the core material must be equal to
the bending fatigue stresses at the surface. Under the surface Cs is 1.

7. For the steel core material,

Design Analysis:
1. Total life required = 3600 rev/min * 60 min/h * 2000 h/yr * 5

yr = 2.16 * 109 revolutions of the pinion. Only 2.16 * 108 cycles are at full
power. Looking at the spur gear curve in Figure 9.21, we note that if the stresses
for 2 * 108 cycles of full power are on the curve, stresses for 50 percent power
would correspond to over 1010-cycle life. Considering the Palmgren–Miner cu-
mulative-damage rule (Section 8.12), and recognizing the approximate nature of
our solution, we appear justified in designing for the full-load cycles only and in
ignoring the half-load cycles.

Sœ
n = 250 (Bhn).
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2. Anticipating that surface fatigue will likely be more critical than bending
fatigue, we solve for the value of P that will balance sH and SH with a small
safety factor, SF, of say 1.25:

A few auxiliary calculations are required:

V = pdp(3600 rpm)/12 = 942dp = 942(18/P) = 16,960/P

Kv L 1.4 (This value is a rough estimate from Figure 15.24,
and must be confirmed or modified after P is determined.)

Km = 1.3 (This value must be increased if b 7 2 in.)

Ft = 100 hp (33,000)/V = 195P

I = [(sin 20° cos 20°)/2](4/5) = 0.128

SfeCLiCR = 165,000 psi (directly from Figure 9.21)

Substituting gives

from which

P = 7.21 teeth/in.

3. Tentatively choose a standard pitch of 7, compute the corresponding value of V,
refine the estimate of Kv , and compute the value of b required to balance sH and
SH . (Note that if P = 8 were chosen, b would have to exceed 14/P to balance
sH and SH .)

From Figure 15.24, Kv = 1.5, and

from which b = 1.96 in. Round off to b = 2 in. For this value of b, Km = 1.3
is satisfactory. Also note that b remained at 14/P because decreasing P from
7.21 to 7 offsets increasing Kv from 1.4 to 1.5.

4. Check the contact ratio, using Eq. 15.9.

The pitch radii are rp = 9/7 and rg = 36/7.

The addendum, a = 1/P; and hence, rap = 10/7, rag = 37/7.

Center distance, c = rp + rg = 45/7.

From Eq. 15.11, rbp = (9/7) cos 20°, rbg = (36/7) cos 20°.

From Eq. 15.10, pb = p(18/7) (cos 20°)/18 = 0.422 in.

Substituting in Eq. 15.9 gives CR = 1.67.

This is satisfactory, but it means that a single pair of teeth carries the load in the
vicinity of the pitch line, where pitting is most likely to occur. Thus there can be

2300B (195 * 7)(1.25)

b(18/7)(0.128)
(1.5)(1)(1.3) = 165,000

V =
pdpnp

12
=
p(18/7)(3600)

12
= 2424 fpm

2300B (195P)(1.25)

(14/P)(18/P)(0.128)
(1.4)(1)(1.3) = 165,000

CpBFt(SF)

bdpI
KvKoKm = SfeCLiCR

sH (from Eq. 15.24) = SH (from Eq. 15.25)
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no sharing of the surface fatigue load, regardless of manufacturing precision.
(Note that no sharing was assumed in the preceding calculations.)

5. We need to design the gears to provide adequate bending fatigue strength. De-
tailed consideration of gear-tooth-bending fatigue for case-hardened gears must
include an analysis of stress and strength gradients, as represented in Figure
8.29. Since we anticipate no problem in satisfying this requirement, let us, as
previously stated, make the conservative assumption that the fatigue strength of
the core material (Eq. 15.18) must be equal to the bending fatigue stresses at the
surface (Eq. 15.17):

The manufacturing accuracy is in a “gray area” with respect to load sharing.
There will likely be at least a partial sharing, meriting a value of J at least inter-
mediate between the “sharing” and “not sharing” curves (i.e., between
J = 0.235 and 0.32). But since we conservatively assumed no sharing, there is
no need to consider the matter further. In calculating a value for Cs , remember
that we are considering fatigue strength under the surface, where surface rough-
ness would not be involved:

From this equation which requires a (core) hardness of
126 Bhn, a value that will be satisfied or exceeded by any steel selected to meet
the case-hardened surface requirement.

6. In summary, our tentatively proposed design has 20° full-depth teeth, precision-
manufactured with ground finish (between curves A and B of Figure 15.24) from
case-hardening steel, surface-hardened to 660 Bhn and 600 Bhn, respectively,
for pinion and gear, and with core hardness of at least 126 Bhn. The design also
has P = 7, Np = 18, Ng = 72, b = 2 in. (Dp = 2.57 in., Dg = 10.29 in.,
c = 6.43 in.). As decided, we will specify a case-hardening procedure leaving
compressive residual stresses in the surfaces.

Comment: This sample problem represents but one of a great many situations
and approaches encountered in the practical design of spur gears. The important
thing for the student is to gain a clear understanding of the basic concepts and to
understand how these may be brought to bear in handling specific situations. We
have seen that a great amount of empirical data is needed in addition to the fun-
damentals. It is always important to seek out the best and most directly relevant
empirical data for use in any given situation. Textbooks such as this can include
only sample empirical information. Better values for actual use are often found in
company files, contemporary specialized technical literature, and current publica-
tions of the AGMA.

Sœ
n = 31,600 psi,

Sœ
n(1)(1)(1)(0.897)(1)(1.4) =

1365(7)

2(0.235)
(1.5)(1)(1.3)

Sœ
nCLCGCSkrktkms =

FtP

bJ
KvKoKm
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15.12 Gear Materials

The least expensive gear material is usually ordinary cast iron, ASTM (or AGMA)
grade 20. Grades 30, 40, 50, and 60 are progressively stronger and more expensive.
Cast-iron gears typically have greater surface fatigue strength than bending fatigue
strength. Their internal damping tends to make them quieter than steel gears. 
Nodular cast-iron gears have substantially greater bending strength, together with
good surface durability. A good combination is often a steel pinion mated to a cast-
iron gear.

Steel gears that have not been heat-treated are relatively inexpensive, but have
low surface endurance capacity. Heat-treated steel gears must be designed to resist
warpage; hence, alloy steels and oil quenching are usually preferred. For hardness-
es of more than 250 to 350 Bhn, machining must usually be done before hardening.
Greater profile accuracy is obtained if the surfaces are finished after heat treating, as
by grinding. (But if grinding is done, care must be taken to avoid residual tensile
stresses at the surface.) Through-hardened gears generally have 0.35 to 0.6 percent
carbon. Surface or case-hardened gears are usually processed by flame hardening,
induction hardening, carburizing, or nitriding.

Of the nonferrous metals, bronzes are most often used for making gears.
Nonmetallic gears made of acetal, nylon, and other plastics are generally quiet,

durable, reasonably priced, and can often operate under light loads without lubrica-
tion. Their teeth deflect more easily than those of corresponding metal gears. This
promotes effective load sharing among teeth in simultaneous contact, but results in
substantial hysteresis heating if the gears are rotating at high speed. Since nonmetal-
lic materials have low thermal conductivity, special cooling provisions may be
required. Furthermore, these materials have relatively high coefficients of thermal
expansion, and thus they may require installation with greater backlash than metal
gears.

Often the base plastics used for gears are formulated with fillers, such as glass
fibers, for strength, and with lubricants such as Teflon for reduced friction and wear.
Nonmetallic gears are usually mated with cast iron or steel pinions. For best wear
resistance, the hardness of the mating metal pinion should be at least 300 Bhn.
Design procedures for gears made of plastics are similar to those for gears made of
metals, but are not yet as reliable. Hence, prototype testing is even more important
than for metal gears.

15.13 Gear Trains

The speed ratio (or “gear ratio”) of a single pair of external spur gears is expressed
by the simple equation

(15.26)
vp

vg
=
np
ng

= -
dg

dp
= -

Ng

Np
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Motor
(input)

Driven machine
(output)

p1

g1

g2

p2

a c

b

FIGURE 15.29
Double-reduction gear train.

(an expanded version of Eq. 15.1) where v and n are rotating speed in radians per
second and rpm, respectively, d represents pitch diameter, and N is the number of
teeth. The minus sign indicates that an ordinary pinion and gear (both with external
teeth) rotate in opposite directions. If the gear has internal teeth (as in Figure 15.12),
its diameter is negative and the members rotate in the same direction. In most appli-
cations the pinion is the driver and the gear the driven, which provides a reduction
ratio (reduction in speed, but increase in torque). This is so because power sources
(engines, motors, turbines) usually rotate relatively fast in order to provide a large
amount of power from a given size unit. The machinery being driven usually runs
slower. (There are exceptions, for example, engine-driven superchargers and large
centrifugal compressors for refrigeration and air conditioning.)

Figure 15.29 shows a double-reduction gear train involving countershaft b as
well as input shaft a and output shaft c. The overall speed ratio is

(15.27)

Note that if the two gear pairs have the same center distance, the input and out-
put shafts can be in exact alignment, which may facilitate economical manufacture
of the housing.

Figure 15.29 and Eq. 15.27 can be extended to three, four, or any number of gear
pairs, with the overall ratio being the product of the ratios of the individual pairs.
Familiar examples are the gear trains in odometers and in mechanical watches and
clocks.

Planetary (or epicyclic) gear trains are more complicated to analyze because
some of the gears rotate about axes that are themselves rotating. Figure 15.30a illus-
trates a typical planetary train, which includes a sun gear S at the center, surrounded
by planets P that rotate freely on shafts mounted in arm A (also called the “carrier”).
Also meshing with the planets is a ring or annulus gear R that has internal teeth.
Figure 15.30b is a simplified version in that only a single planet is shown. Actual
planetary trains incorporate two or more planets, equally spaced, to balance the force
acting on the sun, ring, and arm. Dividing the load between multiple planets corre-
spondingly increases the torque and power capacity of the train. When we analyze
planetary train speed ratios, it may be more convenient to refer to the single-planet
drawing (Figure 15.30b).

The three members S, A, and R are normally assigned three functions: input,
output, and fixed reaction member. Let us examine three alternative arrangements.
(1) With A as the reaction member, we have a simple gear train (all the axes are

= +
dg1dg2

dp1dp2
=
Ng1Ng2

Np1Np2

va

vc
=
va

vb

vb

vc
= -

dg1

dp1
¢ -
dg2

dp2
≤

c15.qxd  8/3/11  9:34 PM  Page 662



15.13 ■ Gear Trains 663

fixed), and members S and R rotate in opposite directions, providing a reverse gear.
(2) With R held fixed, S and A rotate in the same direction but at different speeds. (3)
With S fixed, R and A also rotate in the same direction but with different speed ratios
than when R is fixed. Regardless of the arrangement chosen, we can install a clutch
enabling any two of members S, A, and R to be locked together. This causes the
entire planetary train to rotate as a single member and provides a direct drive (gear
ratio = 1) from input to output. Automotive automatic transmissions use combina-
tions of planetary gear trains, with a clutch for direct drive and with brakes or one-
way clutches to hold various members fixed to obtain the different ratios.

We now present three methods for determining planetary gear ratios, illustrated
for the train shown in Figure 15.30 with R as the input, A as the output, and S as the
fixed reaction member. In order to simplify the notation, letters R, S, and P represent
either the diameters or the numbers of teeth in the ring, sun, and planet, respectively.

1. Free-body force analysis. Figure 15.31 shows an exploded diagram of three
components. Using the given notation, we find the arm radius is equal to

S + P
2

=
S + (R/2 - S/2)

2
=
R + S

4

(R = input; A = output; S = fixed member)

R/2

2Ti

2Ti /3R

2Ti /3R

4Ti /3R 4Ti /3R

R + S
4

Ti

R P

A

3R

R + S
4

2Ti

3R

2Ti

3R
4Ti

3R
To

Ti

�i

�o

S
R

S
R

4Ti

R

4Ti

3R

To =

= = 1 +

= Ti 1 +

FIGURE 15.31
Torque ratio (1 divided by the speed ratio) determined by free-body diagrams.

(a)
With three planets (typical)

P

P

Ring

Planet
Arm
Sun

R

A S

P

(b)
With one planet (for analysis only)

P

R

A S

FIGURE 15.30
Typical planetary gear train.
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(R = input; A = output; S = fixed member)

P

R

V

S

�0

�0

�i

�i

A

R
2 R + S

4

V
2

V
R/2
V/2

=

S
R�0

�i = 1 + 

(R + S)/4

FIGURE 15.32
Speed ratio determined by velocity vector diagram.

(as shown). Starting with input torque Ti applied to the ring, we place loads on
each of the members to put them in equilibrium. This leads to the conclusion that

(i)

2. Velocity vector analysis. Figure 15.32 shows arbitrary velocity vector V drawn
at the meshing of R and P. The linear velocity is zero at the meshing of S and P
because the sun is fixed. Angular velocities of R and A are determined as the ra-
tios of linear velocities to corresponding radii. This analysis again leads to Eq. i.

3. General planetary train equation. In Figure 15.30 (and with no member neces-
sarily held fixed), the angular velocity of the ring with respect to the arm and of
the sun with respect to the arm are, by definition,

vR/A = vR - vA and vS/A = vS - vA

from which

(j)

Equation j is true for any angular velocity of the arm, including zero. With the
arm fixed, angular velocity ratios are computed from Eq. 15.27, and the result
is known as the train value, e. Thus

(k)

Combining j and k gives

(15.28)

where R and S again represent either the pitch diameters or numbers of teeth in
the ring and sun gears. Applying Eq. 15.28 to Figure 15.30 with S the fixed
member, we once more obtain Eq. i.

e = -
S

R
=
vR - vA
vS - vA

vR/A

vS/A
=
vR

vS
= e = a -

S

P
b a +

P

R
b = -

S

R

vR/A

vS/A
=
vR - vA
vS - vA

vi

vo
=
To
Ti

= 1 +
S

R
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To adapt Eq. 15.28 to a complex planetary train, first identify the three
members providing the input, output, and reaction functions. One of these will
be the arm. Call the other two X and Y. Then the train value is

(15.29)

The Figure 15.31 arrangement with S fixed is perhaps the most commonly used
planetary train. Depending on the relative gear sizes, the value of the ratio deter-
mined from Eq. 15.28 can be any value between 1 and 2. With R as the input and A
the output, this train is often used as a reduction gear for propeller-driven aircraft.
With A as the input and R the output, it is the basis of the conventional automotive
overdrive. Perhaps the most familiar application of all is the Sturmey–Archer 
3-speed bicycle hub, which is shifted between (1) low gear, connected as in the air-
craft reduction gear, (2) intermediate gear, with all parts rotating together for direct
drive, and (3) high gear, connected as in the automotive overdrive—a very ingenious
arrangement—see http://www.sturmey-archer.com.

In Figure 15.31 it was assumed that the load is divided equally among all plan-
ets. Actually, this happens only if (1) the parts are made with sufficient precision, or
(2) special construction features are employed to equalize the loading automatically.

There are two basic factors that control the number and spacing of the planets
employed. (1) The maximum number of planets is limited by the space available—that
is, the tooth tips of any planet must clear those of the adjacent planets. (2) The teeth of
each planet must align simultaneously with teeth of the sun and annulus. Figure 15.33
shows an example in which the second condition is satisfied for two equally spaced
planets but not for four. (The reader is invited to continue this study and show that with
the geometry and tooth numbers used in Figure 15.33, a necessary condition for the
possibility of equidistant assembling of planet gears, n, requires that (S + R)/n = i,
where i is an integer and n is the number of equally spaced planet gears—see [8]).

e =
vX

vY
=
vX - vA
vY - vA

P

P

R

S

90° = 17   teeth (ring)1
2

Planet will
fit here

Planet will
fit here 90° = 5 teeth (sun)

Planet will
NOT fit here

Planet will
NOT fit here

FIGURE 15.33
Geometric study of two versus four equally
spaced planets for a 20-tooth sun and a 
70-tooth ring.

1. Planets must have (70 - 20)/2 = 25
teeth. Because the number of planet gear
teeth is an odd number, the sun and ring
must be aligned with a sun tooth opposite
a ring space between teeth, as shown at
the top and bottom positions.

2. With sun and ring properly indexed for
top and bottom planets, the two side
planets will not fit.

3. Conclusion: Two equally spaced planets
can be used; four cannot.
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Problems

Sections 15.2 and 15.3

15.1 A 100-hp spur gear reducer is shown in Figure 15.28 of Sample Problem 15.5D. If
the efficiency of the spur gear reducer is 98%, what is the output horsepower?
Calculate the input torque and the output torque.

15.2 A gear speed reducer with a 10 to 1 speed reduction ratio has an output torque of
50 lb · in. at an output speed of 100 rpm. The required input torque is 6 lb · in. and
the input speed is 1000 rpm. Determine the efficiency of the speed reducer. Once the
reducer reaches a steady state temperature, what happens to the energy lost by the
reducer?

15.3 Two gears with a module of 2 mm are mounted at a center distance of 130 mm in a
4 :1 ratio reduction gearset. Find the number of teeth in each gear.

15.4 Calculate the thickness measured along the pitch circle of a spur gear tooth with a
module of 4 mm.

15.5 A 32-tooth gear with an 8-diametral pitch meshes with a 65-tooth gear. Determine
the value of the standard center distance.

15.6 Determine the thickness of a spur gear tooth with a diametral pitch of 8, measured
along the pitch circle.

15.7 Two gears in a 2 :1 ratio gearset and with a diametral pitch of 6 are mounted at a cen-
ter distance of 5 in. Find the number of teeth in each gear.

15.8 A 20-tooth spur gear with a diametral pitch of 6 meshes with a 55-tooth gear.
Determine the value of the standard center distance. Also calculate the thickness of
the gear tooth measured along the pitch circle.

15.9 Two gears in a 3 :1 ratio gearset and with a diametral pitch of 4 are mounted at a cen-
ter distance of 6 in. Find the number of teeth in each gear.

15.10 A pair of spur gears on 168 mm centers have a 3 :1 speed reduction ratio. With a
module of 4 mm, what are the numbers of teeth and pitch diameters of the two gears?
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15.11 A 20-tooth pinion with a diametral pitch of 8 rotates 2000 rpm and drives a gear at
1000 rpm. What are the number of teeth in the gear, the theoretical center distance,
and the circular pitch?

[Ans.: 40 teeth, 3.75 in., p/8 in.]

15.12 A 4:1 speed ratio is to be provided by a pair of spur gears on 7.5-in. centers. Using a
diametral pitch of 8, what are the numbers of teeth and pitch diameters of the two
gears?

15.13 A 24-tooth pinion has a module of 2 mm, rotates 2400 rpm, and drives an 800-rpm
gear. Determine the number of teeth on the gear, the circular pitch, and the theoreti-
cal center distance.

15.14 Begin a full-size layout of a pair of spur gears having a 4 :1 velocity ratio, a 10-in.
center distance, a diametral pitch of 5, and standard 20° full-depth teeth. Include
only the following items on the drawing, and label each clearly.

(a) Pitch circles (partial).

(b) Base circles (partial).

(c) Pressure angle.

(d) Addendum (for both pinion and gear).

(e) Dedendum (for pinion only).

Show whether interference exists and, if it does, indicate the preferred modification
for eliminating it.

15.15 The diametral pitch of a pair of standard 20° full-depth spur gears is 4. The pinion
has 24 teeth and rotates clockwise. The velocity ratio is 2. Make a full-size layout of
the gears in the region of tooth contact.

(a) Label pitch circle, addendum circle, dedendum circle, and base circle of the gear.

(b) If interference exists, indicate the amount by which one or both of the addenda
would have to be reduced to eliminate it.

(c) Indicate the path of contact by a heavy solid line that extends exactly the length
of the path of contact and no farther. (Assume that any interference has been
eliminated by necessary addenda reduction.)

(d) Make a careful sketch of a pair of mating tooth profiles at the end of contact.
Label angles of recess for pinion and gear.

15.16 A pair of involute gears have base circle diameters of 60 and 120 mm.

(a) If the center distance is 120 mm, what is the pressure angle?

(b) If the center distance is reduced to 100 mm, what is the pressure angle?

(c) What is the ratio of the two pitch diameters for each of the two center distances?

[Ans.: (a) 0.7227 rad, (b) 0.4510 rad]

15.17 For a gear having an outside diameter of 3.000 in., full-depth involute gear teeth with
a diametral pitch of 20, and a 20° pressure angle, find the pitch diameter of the gear,
the circular pitch, the addendum, the dedendum, and the number of gear teeth.

15.18 An 18-tooth pinion having a 20° pressure angle meshes with a 36-tooth gear. The
center distance is 10 in. The pinion has stub teeth. The gear has full-depth involute
teeth. Determine the contact ratio (tooth intervals in contact) and the diametral pitch.

15.19 A 17-tooth pinion meshes with an 84-tooth gear. The full-depth involute gear teeth
have a 20° pressure angle and a diametral pitch of 32. Determine the arc of approach,
arc of recess, arc of action, base pitch, and the contact ratio. Also calculate the
addendum, dedendum, circular pitch, tooth thickness, and the base diameter for the
pinion and gear. If the center distance is increased by 0.125 in., what are the new val-
ues for the contact ratio and the pressure angle?
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15.20 A pair of mating spur gears with 6-mm modules and 0.35-rad pressure angles have
30 and 60 teeth.

(a) Make a full-size drawing of the tooth contact region, showing (and labeling) (1)
both pitch circles, (2) both base circles, (3) both root circles, (4) both outside
circles, (5) pressure angle, (6) length of path of contact, (7) both angles of ap-
proach, and (8) both angles of recess.

(b) Using values scaled from your drawing, state or calculate numerical values for
(1) length of path of contact, (2) angles of approach, (3) angles of recess, and
(4) contact ratio.

15.21 A pair of standard 20° spur gears with 10-in. center distance has a velocity ratio of
4.0. The pinion has 20 teeth.

(a) Determine P, p, and Pb .

(b) Begin a full-size layout showing partial pitch circles, partial base circles, pres-
sure angle, addendum, and dedendum. Label each of these on your drawing.

(c) Show on your drawing the interference-limiting maximum addendum radii,
rag,max, and rap,max. Scale their numerical values from the drawing. Will inter-
ference be encountered with teeth of standard proportions?

(d) Measure on the drawing the length of the path of contact for standard tooth pro-
portions and, from this, compute the contact ratio.

15.22 Using the equations in Section 15.3, compute rag,max, rap,max, and the contact ratio
for the gears in Problem 15.21. Compare the results with values obtained graphical-
ly in Problem 15.21.

Section 15.4

15.23 Figure P15.23 shows a two-stage gear reducer. Identical pairs of gears are used.
(This enables input shaft a and output shaft c to be colinear, which facilitates
machining of the housing.) Shaft b, called the countershaft, turns freely in bearings
A and B, except for the gear-tooth forces.

(a) Determine the rpm of shafts b and c, the pitch diameters of the pinion and gear,
and the circular pitch.

(b) Determine the torque carried by each of the shafts a, b, and c: (i) assuming
100% gear efficiency, and (ii) assuming 95% efficiency of each gear pair.

Driven machine
coupled to this

shaft

45 teeth

P = 5, � = 25°
15 teeth

45 teeth

25
mm

100
mm

25
mm

1 kW, 1200-rpm
motor coupled
to this shaft

c

B

b

A

a

FIGURE P15.23
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FIGURE P15.25

(c) For the 100% gear efficiency case, determine the radial loads applied to bear-
ings A and B, and sketch the countershaft as a free body in equilibrium.

(Note: This problem illustrates a machine designed using SI units except for the
gear teeth, which are dimensioned in inches.)

[Partial ans.: (b) Tb = 23.88 N # m, Tc = 71.64 N # m for 100% efficiency;
Tb = 22.69 N # m, Tc = 64.65 N # m for 95% efficiency]

15.24 Same as Problem 15.23, except that the pinion has 21 teeth and the gear has 62 teeth.

15.25 The 18-tooth pinion in Figure
P15.25 is driven 800 rpm by a
motor that delivers 20 lb # in.
of torque. The gears provide a
double reduction in speed,
with output taken from the 36-
tooth gear. Both the 6-pitch
and 9-pitch gears have a 25°
pressure angle. Neglecting the
small friction loss in the gears
and bearings, determine the
radial loads applied to coun-
tershaft bearings A and B.
Sketch the countershaft as a
free body in equilibrium.

[Partial ans.: Radial load on
bearing B is 35.17 lb]

15.26 Same as Problem 15.25, except that the motor-driven pinion has 20 teeth.

15.27 An 18-tooth pinion with a diametral pitch of 6 rotates 1800 rpm and drives a 36-tooth
gear at 900 rpm in a gear speed reducer. The pinion and gear with 20° full-depth
involute teeth are keyed to shafts that are simply supported by bearings. The bear-
ings on each shaft are 2.0 in. from the gear center. If the gears transmit 0.5 hp, what
are the forces on the pinion, gear, and shafts?

15.28 Figure P15.28 shows a machine being
gear-driven by a motor. Use of the idler
gear causes the input and output shafts
to rotate in the same direction and
increases the space between them. For
identical gears with a 25° pressure
angle, what is the relative loading on the
six bearings shown?

a

a

Motor

Driven machine

FIGURE P15.28

A

B

36T

64T

24T, P = 6

18T, P = 9

2''

To driven
machine

8''

2''

Coupled to 20 lb.in.
torque motor
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32T

24T To driven
machine

1''

B

A

90°2.0''

16T

1700-rpm
motor

100-lb.in.
torque

FIGURE P15.29

15.29 Figure P15.29 shows an electric motor driving a machine by means of three straight-
tooth spur gears having 16, 32, and 24 teeth. The gears have P = 8 and f = 20°.
The idler shaft is supported by bearings A and B.

(a) For the direction of motor rotation shown, determine the radial load carried by
each bearing.

(b) Determine the bearing loads for the opposite direction of motor rotation.

(c) Explain briefly why the answers to parts a and b are different.

[Partial ans.: (a) 289 lb and 96 lb on A and B, respectively]

Sections 15.5–15.8

15.30 Suppose that the gears in Figure P15.28 are identical, each having an 8-in. diameter,
80 teeth, and 25° pressure angle. Assume that their finish and accuracy correspond
to about the best that is commercially obtainable with a shaping cutter.

(a) Which of the gears is the most vulnerable to tooth-bending fatigue failure? Why?

(b) If the motor rotates 1000 rpm, determine proper values for V, P, p, Kv , and J.

15.31 A pair of mating gears have 20° full-depth teeth with a diametral pitch of 8. Both
gear and pinion are made of steel heat-treated to 350 Bhn, and both have a face width
of 1.0 in. The teeth are cut with a top-quality hobbing operation. The pinion has 20
teeth and rotates 1100 rpm. It is mounted outboard on the shaft of an electric motor,
and drives a 40-tooth gear that is positioned inboard on an accurately mounted blow-
er shaft. The design life corresponds to 5 years of 60 hours/week, 50 weeks/year
operation. Using a reliability of 99% and a safety factor of 1.5, estimate the horse-
power that can be transmitted, based only on bending fatigue.

[Ans.: Approximately 11.7 hp]

15.32 To what value could the gear hardness be reduced in Problem 15.31 without making
the gear teeth weaker than the pinion teeth in bending fatigue?

[Ans.: 274 Bhn]

15.33 A spur gear reducer has an 18-tooth pinion driven 1500 rpm by an electric motor and
a 36-tooth gear that drives a load involving “moderate shock.” A life of 106 pinion
revolutions is required, and the transmitted load, Ft , is 100 lb (this figure includes a
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safety factor of 2). Conditions are such that Km = 1.8 and kt = 1. It is proposed that
standard 20° full-depth gears be used, with both pinion and gear teeth being cut with
a low-cost, average-quality, form-cutting process from steel of 235 Bhn for the gear
and 260 Bhn for the pinion. Diametral pitch is to be 10, and face width 1.0 in.
Estimate the reliability with respect to bending fatigue failure.

15.34 The accessory drive unit of a large aircraft engine involves an identical pair of 20° full-
depth spur gears. The gears have 60 teeth, and rotate together at 5000 rpm. The diame-
tral pitch is 12 and the face width 1.0 in. The gears are made of alloy steel, case-hardened
to 62RC (680 Bhn). Although the case extends throughout the fillet, it is conservatively
decided to use the core hardness of 500 Bhn for calculating bending fatigue strength. The
tooth profiles are finished with a fine-grinding operation that gives a degree of precision
justifying the use of curve A of Figure 15.24 and the assumption that teeth share the load.
The loading involves only very mild shock, justifying the use of Ko = 1.1. Estimate the
horsepower that can be transmitted with 99% reliability, based on tooth bending fatigue.

15.35 Modify the accessory drive unit in Problem 15.34 to have three identical 20° full-
depth spur gears where one of the gears is an idler. All other conditions are the same.
Answer the same question.

Sections 15.9 and 15.10

15.36 The 20-tooth pinion of Problem 15.20 rotates 210 rpm. Determine graphically the
sliding velocity between the teeth (a) at the start of contact, (b) at the pitch point, and
(c) at the end of contact. Make vectors large enough to be scaled accurately.

15.37 For the gears in Problem 15.31, estimate the horsepower that can be transmitted,
based on surface durability.

[Ans.: Approximately 3.2 hp]

15.38 Same as Problem 15.31, except estimate the horsepower that can be transmitted, based
on surface durability and bending fatigue with the pinion heat-treated to 400 Bhn.

15.39 To what value could the gear hardness be reduced in Problem 15.31, without mak-
ing the gear teeth weaker than the pinion teeth based on surface fatigue?

15.40 For the gears in Problem 15.33, estimate the reliability with respect to surface
durability.

15.41 For the gears in Problem 15.34, estimate the horsepower that can be transmitted for
109 cycles with 90% reliability, based on surface fatigue.

15.42 The two-stage gear reducer in Figure P15.23 uses two identical pairs of gears.
Compare the relative strengths of the gears for serving in the high-speed and low-
speed positions, assuming 107-cycle life for the high-speed gear. Consider both
bending fatigue and surface durability.

Section 15.11

15.43D A two-stage gear reducer using identical pinion and gear sets for the high-speed and
low-speed stages (similar to Figure P15.23) is to be used between a 10-hp, 2700-rpm
motor and a 300-rpm load. The center distance is to be 8 in. The motor involves
“light shock” and the driven machine “moderate shock.” The shafts and their mount-
ings correspond to ordinary good industrial practice, but not to “high-precision”
industrial practice. Design the gears for a life of 107 cycles with 99% reliability and
a safety factor of 1.2. Determine an appropriate combination of diametral pitch, face
width, level of manufacturing precision, and material.
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15.44D Design a pair of standard spur gears for transmitting 60 hp from a 5200-rpm motor to a
1300-rpm machine. A safety factor of 1.2 should be used, together with 99% reliability
and a life of 107 pinion revolutions at full load (with the remaining lower-load cycles
being negligible). It is important to minimize size and weight. Use case-hardened alloy
steel gears of 660 Bhn (pinion) and 600 Bhn (gear), and use Table 15.5 to estimate sur-
face fatigue strength. Specify an appropriate combination of diametral pitch, numbers
of teeth, center distance, face width, and level of manufacturing accuracy.

Section 15.13

15.45 The simple planetary train shown in Figures 15.30 through 15.32 is used in automo-
tive overdrive units. When the overdrive is not engaged, the entire train rotates
together as one solid unit, providing a 1 :1 ratio. With over-drive engaged, the sun is
fixed, the arm is the input, and the ring is the output (i.e., input and output members
are reversed from that shown in Figures 15.31 and 15.32). One specific overdrive
design provides an increase in speed (and torque reduction) of 1.43 and uses planets
with 20 teeth. (a) How many teeth are in the other gears? (b) Could four equally
spaced planets be used? (c) Could three equally spaced planets be used?

15.46 An engineer unfamiliar with the workings of planetary gears is having great diffi-
culty determining a combination of numbers of teeth that will enable a unit like the
one in Figures 15.31 and 15.32 to give a ratio of 2.0. Explain briefly why this is the-
oretically impossible.

15.47 Figure P15.47 is a schematic representation of a conventional three-speed bicycle hub.
Sprocket 1 is driven by the chain. Member 2 always rotates with the sprocket, and slides
axially to one of three positions (low, neutral, and high) when the gear shift control is
actuated. Sun gear 6 is permanently fixed and serves as the reaction member. Free-
wheeling pawls 3 (attached to annulus 5) and 9 (attached to arm 8) each represent a set
of circumferentially arranged members which function as shown in Figure 15.30b.
Light torsion springs hold the pawl tips against the notched inner surface of hub 4 (the
member to which the wheel spokes are attached). The pawls permit hub 4 to rotate faster
(in the clockwise or forward direction) than the member to which they are attached, but
not slower; thus they constitute one-way clutches. The tips of pawls 9 always bear on
the inner hub surface, but in low gear sliding member 2 disengages pawls 3 by pushing
against them as shown in Figure 15.30b. Operation in the three gears is as follows.

Low gear. Member 2 is in position L, where it (1) disengages pawls 3 and (2) drives
annulus 5. The output member is the arm, which drives the hub through pawls 9.

Neutral gear. Member 2 is in position N, where it continues to drive the annulus but
release pawls 3, which drive the hub at sprocket speed. (Pawls 9 remain engaged, but
“overrun,” causing a “clicking” sound as the pawls go over the notches in the hub).

High gear. Member 2 moves out of engagement with the annulus and into en-
gagement with the projecting planet pins, which are part of arm 8. Pawls 3 drive
the hub at annulus speed, and pawls 9 “overrun.”

Now for the problem.

(a) The sun and each of the four planets have a pitch diameter and 25 teeth.
How many teeth are in the annulus, and what is the diametral pitch of the gears?

(b) What is the ratio of wheel rpm to sprocket rpm for each of the three speeds?
Determine these ratios using at least two of the three methods given in the text.

(c) Explain briefly what happens when the bicycle coasts in any gear.

5
8-in.
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(b)(a)

3

3

4
4

2

7

6

78

9

4

1

Low (L)

Neutral (N)

High (H)

3

2

Member
pushes here to
disengage pawl

Hub      can
"overrun"
in this
direction

5

FIGURE P15.47

15.48 A planetary train similar to Figure 15.32 has a band brake that holds the ring fixed.
The sun is driven clockwise at 800 rpm with a torque of 16 N # m. The arm drives a
machine. The gears have a module m of 2.0 (mm/tooth) and f = 20°. The ring has
70 teeth. Only two planets are used, each having 20 teeth.

(a) What is the circular pitch p?

(b) Sketch each member of the train as a free body in equilibrium (neglect grav-
ity loads).

(c) What is the output torque?

(d) What is the arm rpm? Does it rotate clockwise or counterclockwise?

(e) What pitch line velocity should be used in determining the velocity factor for each
of the gears? (Hint: The velocity must be determined with respect to the proper
member. For example, the appropriate pitch line velocity for the pinion and gear
of a simple aircraft engine reduction gear when the plane is doing a “barrel roll”
is the velocity with respect to the frame, not with respect to the ground.)

(f) What are the nominal radial loads imposed on the bearings supporting each of
the gears?

(g) What torque must the brake provide in order to hold the ring fixed?

15.49 Figure P15.49 shows a plane-
tary train with double planets,
two suns, and no ring gear.
Planets P1 and P2 are made
together from the same piece
of metal, and have 40 and 32
teeth, respectively. Sun S1 is
the input member, and has 30
teeth. Sun S2 is fixed. All gears
have the same pitch. For each
clockwise revolution of S1,
what is the motion of the arm?

P2 P1

P2

S2

P1

S1

Input

Output

Arm

FIGURE P15.49
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Reverse brake band
holds S2 fixed

Low brake band
holds S3 fixed

S3 (21 teeth)

P3 (33 teeth) P1 (27 teeth)

P2 (24 teeth)

S1 (27 teeth)
S2 (30 teeth)

OutputInput

FIGURE P15.53
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15.50 Same as Problem 15.49 except that P1, P2, and S1 have 30, 24, and 28 teeth, respectively.

15.51 Same as Problem 15.49 except that P1, P2, and S1 have 36, 30, and 32 teeth, respectively.

15.52 Figure P15.52 represents an ingenious gear train for obtaining a tremendous reduc-
tion ratio in a small space. It is similar to Figure P15.49 except that the arm is the
driver and the diameters of the
two suns and the diameters of
the two planets (which are
made together as a single piece)
are very nearly the same. First,
notice that if these pairs of
gears had exactly the same
diameters, the output velocity
would be zero. If we make the
pitch of S1 and P1 just slightly
greater than the pitch of S2 and
P2, the center distances will be
the same for the numbers of
teeth shown. Determine the
magnitude and sign of the gear
train speed ratio.

[Ans.: +0.0197]

15.53 Figure P15.53 is a diagrammatic representation of the transmission used in the
Model T Ford. In common with modern automatic transmissions, planetary gears
were used. Control was by means of two foot pedals. The low-gear pedal applied a
band brake to hold sun S3 fixed. The reverse pedal applied a band brake holding sun
S2 fixed. Releasing both pedals applied a direct-drive clutch for high gear. (Partial
depression of the low-gear pedal gave neutral. Applying the hand brake also
depressed the low-gear pedal to the neutral position—a feature appreciated when
starting the engine by hand cranking!) Determine the transmission ratios for low and
reverse gears. (Note the substantially greater ratio in reverse. This meant that for the
unusual incline that was too steep for low gear, the car could always be turned around
and driven up the incline in reverse!)

[Ans.: +2.75, -4.00]

15.54 Search for information on the power split device for the Toyota Prius and describe
how this vehicle coordinates the use of both a gas engine and an electric motor using
a planetary gear set.

P1 P2

Input

S1 (100 teeth)

P2 (102 teeth)

P1 (101 teeth)

S2 (99 teeth)

Output

Arm

FIGURE P15.52
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16
Helical, Bevel,
and Worm Gears

16.1 Introduction

The treatment here of the principal types of nonspur gears will be relatively brief.
The basic principles and many of the equations from the previous chapter apply to
these gear types as well.

A helical gear (Figure 16.1a) can be thought of as an ordinary spur gear
machined from a stack of thin shim stock, each limitation of which is rotated slightly
with respect to its neighbors (Figure 16.1b). When power is transmitted by a pair of
helical gears, both shafts are subjected to a thrust load. This can be eliminated by
using double helical or herringbone gears (Figure 16.1c), but this significantly
increases gear manufacturing and mounting cost.

As helical (or herringbone) gears rotate, each tooth comes first into engagement
on one side, with contact spreading across the tooth as rotation continues. Thus, teeth
come into engagement gradually, which makes for smoother and quieter operation
than with spur gears. The gradual engagement also results in a lower dynamic fac-
tor, Kv , and often permits higher rotating speeds. A common application of helical
gears is in automotive transmissions, for which quietness is a priority.

Although helical gears usually operate on parallel shafts, they can be made to
operate on nonparallel, nonintersecting shafts (Figure 16.1d). They are then called
crossed helical gears (previously called “spiral,” or “skew,” gears). Because crossed
helical gears theoretically have point contact, they can carry only light loads. A com-
mon application is driving the distributor and oil pump from the camshaft in auto-
motive engines.

Bevel gears (Figure 16.2) have teeth shaped generally like ordinary spur gears,
except that the tooth surfaces are made up of conical elements. The teeth may be
straight (Figures 16.2a and 16.2b) or spiral (Figure 16.2c). Spiral teeth engage
gradually (starting at one side, as with helical gears), a feature enabling them to
operate more smoothly and quietly. Except for hypoid gears (Figure 16.2e), bevel
gears are mounted on shafts having intersecting axes. The shaft axes are usually, but
not necessarily, perpendicular. Figure 16.2d shows a rather extreme case of
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(a) Mounted on parallel shafts
(most common type). Gears
have helices of opposite hand.

(c) Double helical or herringbone
gears may or may not have a
center space, depending on
manufacturing method.

(d) When mounted on nonparallel
shafts, they are crossed helical
gears, and usually have the
same hand.

(b) Rotated sp
approach a
approach z

FIGURE 16.1
Types of helical gears. (a, d, Courtesy Boston Gear. c, Courtesy Horsburgh & Scott.)

nonperpendicular shaft axes. The nonintersecting shaft feature of hypoid gears is
desirable for automobile rear-axle applications, since it permits the propeller shaft
to be lowered, resulting in a lower floor, roof, and center of gravity.

A worm and worm gear set (Figure 16.3) is essentially a screw meshing with a
special helical gear. Like a screw, the worm can have one or more threads (as illus-
trated in Figure 10.1). As will be seen in Section 16.11, the analysis of forces acting
on a worm is essentially the same as for a screw (Figure 10.6).

Two things immediately characterize worm gearing: large velocity ratios (up to
300 or more) and high sliding velocities. The high sliding velocities mean that heat

(b) Rotated spur gear laminations
approach a helical gear as laminations
approach zero thickness.
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generation and power transmission efficiency are of greater concern than with other
types of gears.

See [3] for other variations of these basic gear types. The site 
http://www.machinedesign.com presents general information on gear drives, gear
tooth forms, and gearboxes. The site http://www.powertransmission.com provides
web sites for manufacturers of gears and gear drives.

(a) Straight-tooth bevel gears

(b) Straight-tooth bevel gears
Special case of miter gears (1:1 ratio)

(d) Bevel gears mounted on nonperpendicular shafts

(c) Spiral bevel gears

(e) Hypoid gears

FIGURE 16.2
Types of bevel gears. (a, c, d, e, Courtesy Gleason Machine Division. b, Courtesy Horsburgh & Scott.)
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(a) Single enveloping

(b) Double enveloping

FIGURE 16.3
Worm and worm gear sets. (a, Courtesy Horsburgh &
Scott. b, Courtesy Ex-Cell-O Corporation, Cone Drive
Operations.)

16.2 Helical-Gear Geometry and Nomenclature

Spur gears, treated in the preceding chapter, are merely helical gears with a zero
helix angle. Figure 16.4 shows a portion of a helical rack (with nonzero helix angle).
The helix angle, c, is always measured on the cylindrical pitch surface. Values of c
are not standardized but commonly range between 15° and 30°. Lower values give
less end thrust, but higher values tend to give smoother operation. Helical gears are
right- or left-hand, defined the same as for screw threads (see Figure 10.1). In Figure
16.1a the pinion is right-hand and the gear left-hand. Note that mating helical gears
(on parallel shafts) must have the same helix angle but the opposite hand.
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FIGURE 16.4
Portion of a helical rack.

Figure 16.4 illustrates that circular pitch (p) and pressure angle (f) are mea-
sured in the plane of rotation, as with spur gears. New quantities for circular pitch
and pressure angle measured in a plane normal to the teeth are shown in the figure
as pn and fn . From simple geometry

pn = p cos c (16.1)

In the next article it will be shown that

tan fn = tan f cos c (16.2)

Whether f or fn is taken as a standard value depends on the method used to cut the
teeth. Standard values for addendum and dedendum are 1/Pn and 1.25/Pn, respectively
(in inches), but special gears with nonstandard addendum and dedendum are common.

Since the product of circular and diametral pitch is p for the normal as well as
the rotational plane,

Pn = P/cos c (16.3)

The pitch diameter of a helical gear is

d = N/P = N/(Pn cos c) (16.4)

Note that axial pitch pa is defined in Figure 16.4 as the distance between cor-
responding points on adjacent teeth measured on the pitch surface in the axial
direction. Thus

pa = p/tan c (16.5)

To achieve axial overlap of adjacent teeth, In practice, it is usually con-
sidered desirable to make and in many cases,

With sliding friction neglected, the resultant load between mating teeth is always
perpendicular to the tooth surface. Thus, with helical gears, the load is in the normal
plane. Hence, bending stresses are computed in the normal plane, and the strength of
the tooth as a cantilever beam depends on its profile in the normal plane. Since this is
different from the profile in the plane of rotation, the appropriate Lewis form factor
(Y) and geometry factor (J) must be based on the tooth profile in the normal plane.

b G 2pa .b G 1.15pa ,
b G pa .
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 Section NN
(normal plane) 
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(plane of rotation) 
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2 cos2 �
Re =

R

d

N

N

R
�

FIGURE 16.5
Helical gear pitch cylinder and one tooth.

Figure 16.5 shows the pitch cylinder and one tooth of a helical gear. The normal
plane intersects the pitch cylinder in an ellipse. The shape of the tooth in the normal
plane is nearly (not exactly) the same as the shape of a spur gear tooth having a pitch
radius equal to radius Re of the ellipse. From analytical geometry

Re = (d/2) cos2 c (a)

The equivalent number of teeth (also called the formative or virtual number of teeth),
Ne , is defined as the number of teeth in a gear of radius Re :

(b)

From Eq. 16.1

pn = p cos c = pd(cos c)/N, or pd/pn = N/cos c (c)

Substituting this into Eq. b gives

Ne = N/cos3 c (16.6)

Ne =
2pRe
pn

=
pd

pn cos2 c
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FIGURE 16.6
Force components in spur and helical gears.

When we compute the bending strength of helical teeth, values of the Lewis
form factor Y are the same as for spur gears having the same number of teeth as the
formative number of teeth in the helical gear and a pressure angle equal to fn . This
is taken into account in determining the appropriate values of geometry factor J for
helical gears, which are plotted in Figure 16.8 and discussed in Section 16.4.

16.3 Helical-Gear Force Analysis

Figure 16.6 illustrates the comparison of force components on spur and helical gears.
For spur gears, the total tooth force F consists of components Ft and Fr . For helical
gears, component Fa is added, and section NN is needed to show a true view of total
tooth force F. The vector sum Ft + Fa is labeled Fb , the subscript b being chosen
because Fb is the bending force on the helical tooth ( just as Ft is the bending force
on the spur tooth).

The force component associated with power transmission is, of course,
Ft , where

(16.7)Ft = 33,000W
#
/V
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Here Ft is in pounds, is in horsepower, and V is the pitch line velocity in feet
per minute. Or

(16.7a)

where Ft is in newtons, is in watts, and V is in meters per second.
From basic geometric relationships, the other forces shown in Figure 16.6 can

be expressed in terms of Ft .

Fr = Ft tan f (16.8)

Fa = Ft tan c (16.9)

Fb = Ft/cos c (16.10)

F = Fb/cos fn = Ft/cos c cos fn (16.11)

In order to derive Eq. 16.2 (given in the previous article), note from Figure 16.6 that

Fr = Fb tan fn (d)

Combining Eqs. d and 16.10 gives

Fr = Ft tan fn/cos c (e)

Combining Eqs. e and 16.8 gives

tan fn = tan f cos c (16.2)

SAMPLE PROBLEM 16.1 Meshing Helical Gears

Figure 16.7a shows a motor driving a machine through a helical-gear speed reducer.
From information given in the drawing, determine gear dimensions f, P, dp , dg , and
Ng ; pitch line velocity V; gear-tooth forces Ft , Fr , and Fa ; and gear face width b to
give b = 1.5pa .

SOLUTION

Known: A helical gear pair is given with some geometric parameter values speci-
fied. The rpm of pinion and horsepower transmitted are specified.

Find: Determine the gear dimensions f, P, dp , dg , Ng ; pitch line velocity V; gear-
tooth forces Ft , Fr , and Fa ; and gear face width b for b = 1.5pa .

W
#

Ft = W
#
/V

W
#
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Ft

(b)
Isometric view of

motor shaft and pinion

Direction of
rotation

� = 30�
(left hand)

1
2

FIGURE 16.7
Drawings for Sample Problem 16.1.

Schematic and Given Data:

Assumptions:
1. The tooth profiles are standard involutes.

2. The gears mesh along their pitch circles.

3. All the tooth loads are transmitted at the pitch point and in the midplane of the gears.

4. Friction losses can be neglected.

Analysis:
1. From Eq. 16.2: f = tan-1(tan fn/cos c)

= tan-1(tan 20°/cos 30°) = 22.8°

2. From Eq. 16.3: P = Pn cos c = 14 cos 30° = 12.12 teeth/in.

3. dp = Np/P = 18/12.12 = 1.48 in.

4. Ng = Np(np/ng) = 18(1800 rpm/600 rpm) = 54 teeth;

dg = Ng/P = 54/12.12 = 4.45 in.

5. V = pdpnp/12 = p(1.49)(1800)/12 = 702 fpm.

6.

7. Fr = Ft tan f = 23.5 tan 22.8° = 9.9 lb.

8. Fa = Ft tan c = 23.5 tan 30° = 13.6 lb.
Directions of the three force components acting on the pinion are shown in
Figure 16.7b. (Forces acting on the gear are, of course, equal and opposite.)

9. pa = p/tan c = p/P tan c = p/12.2 tan 30° = 0.45 in.

10. For b = 1.5pa ,

b = 1.5(0.45) = 0.67 in.

Ft = 33,000 W
#
/V = 33,000(0.5)/702 = 23.6 lb.
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1 See AGMA Standard 211.02.

Comments:
1. The axial tooth load is more than 50 percent of the tangential transmitted load

in this case. This illustrates the need for thrust bearings to support the axial
loads on helical gears (unless the axial loads are balanced by other means).

2. With a sufficiently large face width of b 7 pa and accurate machining, helical
gears can produce more load sharing than spur gears because they have axial
overlap of adjacent teeth. Thus the actual loads on a tooth are reduced if load
sharing is considered.

16.4 Helical Gear-Tooth-Bending and Surface Fatigue Strengths

The bending stress equation for straight spur gear teeth (Eq. 15.17) applies with only
slight modification to helical gear teeth,

(16.12)

where J is obtained from Figure 16.8 and Kv is normally taken from curves A or B
of Figure 15.24. Introduction of the constant 0.93 with the mounting factor reflects
the slightly lower sensitivity of helical gears to mounting conditions.

Bending stresses computed from Eq. 16.12 are compared with fatigue strengths
computed from Eq. 15.18, repeated here, exactly as with spur gears:

In modifying the surface fatigue stress equation for spur gears (Eq. 15.24) to make
it applicable to helical gears, we encounter a more fundamental difference between the
two types of gears. At the pitch surface, where, because of zero sliding velocity, the oil
film gets squeezed out and surface pitting is most likely to occur, spur gears of contact
ratio less than 2 have a theoretical length of tooth contact of 1.0b. With helical gears, the
length of contact per tooth is b/cos c, and the helical action causes the total length of
tooth contact to be approximately b/cos c times the contact ratio (CR) at all times. The
AGMA1 recommends that 95 percent of this value be taken as the length of contact when
computing contact stress. Thus, when applied to helical gears, Eq. 15.24 is modified to

(16.13)

As with ordinary spur gears, the surface endurance limit can be computed
from Eq. 15.25:

SH = SfeCLiCR

sH = CpA Ft
bdpI

a
cos c

0.95 CR
bKvKo(0.93Km)

Sn = Sœ
nCLCGCSkrktkms

s =
FtP

bJ
KvKo(0.93Km)

c16.qxd  8/3/11  9:43 PM  Page 684



16.5 ■ Crossed Helical Gears 685

G
eo

m
et

ry
 f

ac
to

r 
J

Helix angle �
0� 5� 10� 15� 20� 25� 30� 35�

0.40

0.30

0.50

0.60

0.70

J-
fa

ct
or

 m
ul

ti
pl

ie
r

N
um

be
r 

of
 t

ee
th

Te
et

h 
in

 m
at

in
g 

ge
ar

Helix angle �
0� 5� 10� 15� 20� 25� 30� 35�

0.95

0.90

1.00

500
150
75
50

30

12
14
16
18
20
30
60
150
500

20

1.05

FIGURE 16.8
For helical gears having fn = 20°, standard addendum of 1/Pn , and shaved
teeth: (a) geometry factor J for use with a 75-tooth mating gear (spur gear val-
ues from Figure 15.23 are shown at c = 0° for comparison); (b) the J-factor
multipliers for use when the mating gear has other than 75 teeth. (From
AGMA Information Sheet 226.01, which also gives J factors for fn = 14.5°,
15°, and 20°, for unequal gear and pinion addendum, and for ground- and
hobbed-tooth surfaces; also see AGMA 908-B89.)

16.5 Crossed Helical Gears

Crossed helical gears (more precisely called “crossed-axes helical gears”) are identical
with other helical gears but are mounted on nonparallel shafts (Figure 16.1d). The rela-
tionship between the shaft angle π and the helix angles of mating gears 1 and 2 is

π = c1 + c2 (16.14)

Mating gears usually have helices of the same hand; if not, a negative sign is used
with the smaller value of c.

The most common shaft angle is 90°, which results when mating gears have
complementary helix angles of the same hand.
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FIGURE 16.9
Bevel gear terminology.

The action of crossed helical gears differs fundamentally from that of parallel-
shaft helical gears in that the mating teeth slide across each other as they rotate. This
sliding velocity increases with increasing shaft angle. For a given shaft angle, the
sliding velocity is least when the two helix angles are the same. Mating crossed heli-
cal gears must have the same pn and fn , but not necessarily the same p and f.
Furthermore, the velocity ratio is not necessarily the ratio of the pitch diameters; it
must be calculated as the ratio of the numbers of teeth.

Because of their theoretical point contact, crossed helical gears have very low
load-carrying capacities—usually less than a resultant tooth load of 400 N. The lim-
itation is one of surface deterioration, not bending strength. Contact ratios of 2 or
more are usually used to increase the load capacity. Low values of pressure angle
and relatively large values of tooth depth are commonly specified to increase the
contact ratio.

16.6 Bevel Gear Geometry and Nomenclature

When intersecting shafts are connected by gears, the pitch cones (analogous to the
pitch cylinders of spur and helical gears) are tangent along an element, with their
apexes at the intersection of the shafts. Figure 16.9 shows the basic geometry and
terminology. The size and shape of the teeth are defined at the large end, where they
intersect the back cones. Note that the pitch cone and back cone elements are per-
pendicular. Figure 16.9 shows the tooth profiles at the back cones. These profiles
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FIGURE 16.10
Measurement of spiral
angle at mean radius.

resemble those of spur gears having pitch radii equal to the developed back cone radii
rbg (gear) and rbp (pinion). The numbers of teeth in these imaginary spur gears are

(16.15)

where N¿ is called the virtual number of teeth, and p is the circular pitch of both the
imaginary spur gears and the bevel gears. In terms of diametral pitch P (of both the
imaginary spur and bevel gears),

(16.15a)

The practice of characterizing the size and shape of bevel gear teeth as those of an
imaginary spur gear appearing on the developed back cone corresponds to what is
known as Tredgold’s approximation.

Bevel gear teeth are inherently noninterchangeable. The working depth of the
teeth (gear addendum plus pinion addendum) is usually 2/P, the same as for standard
spur and helical gears, but the bevel pinion is designed with the larger addendum.
This avoids interference and results in stronger pinion teeth. The gear addendum
varies from 1/P for a gear ratio of 1, to 0.54/P for ratios of 6.8 or greater.

The gear ratio can be determined from the number of teeth, the pitch diameters,
or the pitch cone angles:

(16.16)

Accepted practice usually imposes two limits on the face width:

(16.17)

Figure 16.10 illustrates the measurement of the spiral angle c of a spiral bevel
gear. Bevel gears most commonly have a pressure angle f of 20°, and spiral bevels
usually have a spiral angle c of 35°.

b …
10

P
 and b …

L

3
 (L is defined in Figure 16.9)

Gear ratio =
vp

vg
=
Ng

Np
=
dg

dp
= tan gg = cot gp

Nœ
p = 2rbpP and Nœ

g = 2rbgP

Nœ
p =

2prbp

p
 and Nœ

g =
2prbg

p
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FIGURE 16.12
Resolution of resultant bevel gear-tooth force F.

FIGURE 16.11
Zerol® bevel gears. (Courtesy Gleason
Machine Division.)

Figure 16.11 illustrates Zerol bevel gears, developed by the Gleason Machine
Division. These have curved teeth like spiral bevels, but they have a zero spiral angle.

16.7 Bevel Gear Force Analysis

Figure 16.12 shows the resolution of resultant tooth force F into its tangential (torque-
producing), radial (separating), and axial (thrust) components, designated Ft , Fr , and
Fa , respectively. Note that an auxiliary view is needed to show the true length of the
vector representing resultant force F (which is normal to the tooth profile).

Resultant force F is shown applied to the tooth at the pitch cone surface and
midway along tooth width b. This conforms to the usual assumption that the load is
uniformly distributed along the tooth width, despite the fact that the tooth is largest
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at its outer end. The following relationships, except those involving power, are
derived directly from the geometry shown in Figure 16.12:

dav = d - b sin g (16.18)

Vav = pdavn (16.19a)

(16.20a)

where dav is in feet, Vav is in feet per minute, n is in revolutions per minute, Ft is in
pounds, and is in horsepower. Or in SI units,

Vav = pdavn (16.19b)

(16.20b)

where Vav is in meters per second, dav is in meters, n is in revolutions per second, Ft
is in newtons, and is in watts.

The force relationships are

F = Ft/cos f (16.21)

Fn = F sin f = Ft tan f (f)

Fa = Fn sin g = Ft tan f sin g (16.22)

Fr = Fn cos g = Ft tan f cos g (16.23)

For a spiral bevel gear, the axial and radial force components are functions of
the spiral angle is c:

(16.24)

(16.25)

Where � or is used in the preceding equations, the upper sign applies to a
driving pinion with right-hand spiral rotating clockwise as viewed from its large end
and to a driving pinion with left-hand spiral rotating counterclockwise when viewed
from its large end. The lower sign applies to a left-hand driving pinion rotating
clockwise and to a right-hand driving pinion rotating counterclockwise. As with
helical gears, fn is the pressure angle measured in the plane normal to the tooth.

�

Fr =
Ft

cos c
 (tan fn cos g ; sin c sin g)

Fa =
Ft

cos c
(tan fn sin g < sin c cos g)

W
#

Ft = W
#
/Vav

W
#

Ft = 33,000W
#
/Vav
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16.8 Bevel Gear-Tooth-Bending and Surface Fatigue Strengths

The calculation of bevel gear-tooth-bending and surface fatigue strengths is even
more complex than for spur and helical gears. The treatment given here is very brief.
The serious student wishing to pursue this subject further should consult appropriate
AGMA publications and other specialized literature, such as that published by the
Gleason Machine Division.

The equation for bevel gear-bending stress is the same as for spur gears:

(15.17)

where

Ft = tangential load in pounds, from Eq. 16.20

P = diametral pitch at the large end of the tooth

b = face width in inches (should be in accordance with Eq. 16.17)

J = geometry factor from Figure 16.13 (straight bevel) or Figure 16.14
(spiral bevel)2

Kv = velocity factor. (When better information is not available, use a value
between unity and curve C of Figure 15.24, depending on the degree of
manufacturing precision.)

s =
FtP

bJ
KvKoKm
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FIGURE 16.13
Geometry factors J for straight bevel gears. Pressure
angle = 20°, shaft angle = 90°. (From AGMA Information
Sheet 226.01; also see ANSI/AGMA 2003-A86.)

2 See AGMA 226.01 for J values corresponding to other helix angles and pressure angles.
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FIGURE 16.14
Geometry factors J for spiral bevel gears. Pressure angle = 20°, spiral
angle = 35°, shaft angle = 90°. (From AGMA Information Sheet
226.01; also see ANSI/AGMA 2003-A86.)

TABLE 16.1 Mounting Factor Km for Bevel Gears

Mounting Rigidity,
Mounting Type Maximum to Questionable

Both gears straddle-mounted 1.0 to 1.25

One gear straddle-mounted; 1.1 to 1.4
the other overhung

Both gears overhung 1.25 to 1.5

Ko = overload factor, from Table 15.1

Km = mounting factor, depending on whether gears are straddle-mounted
(between two bearings) or overhung (outboard of both bearings), and on
the degree of mounting rigidity (see Table 16.1)
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FIGURE 16.15
Geometry factors I for straight bevel gears. Pressure angle = 20°, shaft
angle = 90°. (From AGMA Information Sheet 215.91; also see ANSI/AGMA
2003-A86.)

The bending endurance limit is calculated from Eq. 15.18, exactly as for spur
gears. The safety factor relating bending fatigue stress and strength (Eqs. 15.17 and
15.18) is also handled as with spur gears.

Bevel gear surface fatigue stresses can be calculated as for spur gears,

(15.24)

with only two modifications: (1) Values of Cp are 1.23 times the values given in
Table 15.4. This modification reflects a somewhat more localized contact area than
for spur gears. (2) Values of geometry factor I are taken from Figure 16.15 (straight
teeth) and Figure 16.16 (spiral teeth). (See AGMA 215.01 for calculation of I values
for other tooth shapes.)

Bevel gear surface endurance strength is found from Eq. 15.25, exactly as for
spur gears.

16.9 Bevel Gear Trains; Differential Gears

For the usual gear trains, with all gears rotating about axes that are fixed with respect
to one another, train values are readily determined from Eq. 16.16. If one or more
bevel gears are mounted with their axes on a rotating arm, the result is a planetary gear
train, much like the planetary spur gear trains discussed in Section 15.13. A planetary
bevel gear train of particular interest is the differential gear train used in automobiles.

sH = CpA Ft
bdpI

KvKoKm
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FIGURE 16.16
Geometry factors I for spiral bevel gears. Pressure angle = 20°, spiral
angle = 35°, shaft angle = 90°. (From AGMA Information Sheet
215.91; also see ANSI/AGMA 2003-A86.)
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FIGURE 16.17
Planetary gear train with extremely small planets. With arm fixed,
vR/vS is close to -1.
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FIGURE 16.18
Differential (planetary bevel gear) train. With
arm fixed, vR/vS = -1 exactly.

Its purpose is to divide the torque equally between the left and right driving wheels
and permit these two wheels to rotate at different speeds when the car turns.

To gain an understanding of how a differential gear train works, consider first
the spur gear planetary train shown in Figure 16.17. Holding the arm fixed, the ratio
vR/vS would be a negative value slightly less than 1. If the planet gears could be
made infinitesimally small, the diameters of the sun and ring would be the same,
and the ratio would be exactly -1. Figure 16.18 shows that with bevel gears the sun
and ring diameters can be the same; in fact, the sun and ring become interchange-
able. If the arm (which is the input member, driven by the car engine) is held fixed,
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the two axle shafts rotate at equal speeds in opposite directions. If the “sun” (call it
the gear attached to the left axle shaft) is held fixed, the “ring” (attached to the right
axle) rotates at twice arm speed. Similarly, holding the right axle fixed causes the
left axle to rotate at twice arm speed. If friction in the planet bearings is negligible,
the differential gear train applies equal torque to the right and left shafts at all times.
Moreover, the average of the axle speeds is equal to the arm speed. If, when round-
ing a curve, the outer wheel turns at 101 percent of arm speed, the inner wheel must
turn at 99 percent. As just discussed, if one side turns at zero speed, the other turns
at 200 percent of arm speed.

16.10 Worm Gear Geometry and Nomenclature

Figure 16.19 illustrates a typical worm and worm gear set. The worm shown has two
threads, but any number up to six or more may be used. The geometry of a worm is
similar to that of a power screw (recall Sections 10.2 and 10.3). Rotation of the worm
simulates a linearly advancing involute rack. The geometry of a worm gear (some-
times called a worm wheel) is similar to that of a helical gear, except that the teeth
are curved to envelop the worm. Sometimes the worm is modified to envelop the
gear, as shown in Figure 16.3b. This gives a greater area of contact but requires
extremely precise mounting. (Note that the axial positioning of a conventional
nonenveloping worm is not critical.)
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FIGURE 16.19
Worm gear set nomenclature shown for double-threaded worm,
enveloping gear.
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Figure 16.19 shows the usual 90° angle between the nonintersecting shafts. In
this case the worm lead angle l (which corresponds to the screw lead angle illus-
trated in Figure 10.1) is equal to the gear helix angle c (which is also shown in
Figures 16.4 through 16.7). Angles l and c have the same “hand.”

As with a spur or helical gear, the pitch diameter of a worm gear is related to its
circular pitch and number of teeth by the formula taken from Eq. 15.2:

dg = Ngp/p (15.2, modified)

The pitch diameter of a worm is not a function of its number of threads, Nw . This
means that the velocity ratio of a worm gear set is determined by the ratio of gear
teeth to worm threads; it is not equal to the ratio of gear and worm diameters:

(16.26)

Worm gears usually have at least 24 teeth, and the number of gear teeth plus
worm threads should be more than 40:

Nw + Ng 7 40 (16.27)

A worm of any pitch diameter can be made with any number of threads and any
axial pitch. For maximum power-transmitting capacity, the pitch diameter of the worm
should normally be related to the shaft center distance by the following equation:

(16.28)

Integral worms cut directly on the shaft can, of course, have a smaller diameter
than that of shell worms, which are made separately. Shell worms are bored to slip
over the shaft and are driven by splines, key, or pin. Strength considerations seldom
permit a shell worm to have a pitch diameter less than

dw = 2.4p + 1.1 (in.) (16.29)

The face width of the gear should not exceed half the worm outside diameter:

(16.30)

Lead angle, lead, and worm pitch diameter have the relationship noted in
Eq. 10.1 in connection with screw threads:

tan l = L/pdw (10.1, modified)

Largely to avoid interference, pressure angles are commonly related to the worm
lead angle as indicated in Table 16.2. The following are frequently used standard
values of p (axial pitch of worm or circular pitch of gear): 1,
and 2 in. Values of addendum and tooth depth often conform generally to helical-gear
practice but they may be strongly influenced by manufacturing considerations. The
specialized literature should be consulted for this and other design details.

11
4 , 11

2 ,1
4 , 5

16 , 3
8 , 1

2 , 5
8 , 3

4 ,

b … 0.5dw, out

c0.875

3.0
… dw …

c0.875

1.7

vw

vg
=
Ng

Nw
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Fwt

Fwr

Fwa

 Worm-driving
torque

Fgt

Fgr

Fga

FIGURE 16.20
Worm and gear force directions illustrated
for clockwise-driven right-hand worm.

The load capacity and durability of worm gears can be significantly increased
by modifying the design to give predominantly “recess action.” (With reference to
Figure 15.8, the angle of approach would be made small or zero and the angle of
recess larger.) See [2] for details.

16.11 Worm Gear Force and Efficiency Analysis

Figure 16.20 illustrates the tangential, axial, and radial force components acting on a
worm and gear. For the usual 90° shaft angle, note that the worm tangential force is
equal to the gear axial force and vice versa, Fwt = Fga and Fgt = Fwa. The worm and
gear radial or separating forces are also equal, Fwr = Fgr. If the power and speed of
either the input (almost always the worm) or output (normally the gear) are known, the
tangential force acting on this member can be determined from Eq. 15.14 or 15.14a.

TABLE 16.2 Maximum Worm Lead Angle and Worm Gear Lewis
Form Factor for Various Pressure Angles

Pressure Angle Maximum Lead Angle
(degrees) (degrees) Lewis Form Factor y

15 0.100

20 25 0.125

25 35 0.150

30 45 0.175

14 1
2

L

Fn
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(a) Worm driving (as in Fig. 16.20) (b) Gear driving (same direction of rotation)
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FIGURE 16.21
Forces acting on the gear tooth shown in Figure 16.20.

In Figure 16.20, the driving member is a clockwise-rotating right-hand worm.
The force directions shown can readily be visualized by thinking of the worm as a
right-hand screw being turned so as to pull the “nut” (worm gear tooth) toward the
“screw head.” Force directions for other combinations of worm hand and rotation
direction can be similarly visualized.

The analysis of power screw force components given in Section 10.3 is also
applicable to worm gears. By noting that the thread angle an of a screw thread cor-
responds to the pressure angle fn of the worm (illustrated in Figure 16.21a), we can
apply the force, efficiency, and self-locking equations of Section 10.3 directly to a
worm and gear set. In the interest of making these equations more meaningful, they
are derived below with reference to worm and gear geometry.

Figure 16.21a shows in detail the forces acting on the gear of Figure 16.20.
Components of the normal tooth force Fn are shown solid. Components of the fric-
tion force fFn are shown with dashed lines. Note that the friction force is always
directed to oppose the sliding motion. In Figure 16.21a, the driving worm is rotating
clockwise:

Fgt = Fwa = Fn cos fn cos l - fFn sin l (g)

Fwt = Fga = Fn cos fn sin l + fFn cos l (h)

Fgr = Fwr = Fn sin fn (i)

Combining Eqs. g and h gives

(16.31)
Fgt

Fwt
=

cos fn cos l - f sin l

cos fn sin l + f cos l
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Vs

Vw

Vg Gear
rotation

�

 Worm

 Gear

 Worm rotation FIGURE 16.22
Vector relationship between worm velocity, gear
velocity, and sliding velocity.

Combining Eq. i with Eq. g and combining Eq. i with Eq. h gives

(16.32)

Figure 16.22 shows the relationship between worm tangential velocity, gear tan-
gential velocity, and sliding velocity.

Vg/Vw = tan l (16.33)

Efficiency e is the ratio of work out to work in. For the usual case of the worm
serving as input member,

(16.34)

This corresponds to Eq. 10.9 and Figure 10.8. It is important to remember that the
overall efficiency of a worm gear reducer is a little lower because of friction losses
in the bearings and shaft seals, and because of “churning” of the lubricating oil.

The coefficient of friction, f, varies widely depending on variables such as the
gear materials, lubricant, temperature, surface finishes, accuracy of mounting, and
sliding velocity. Values reported in the literature cover a wide range. Figure 16.23
gives values recommended for use by the American Gear Manufacturers Association.

Figure 16.22 shows that sliding velocity Vs is related to the worm and gear pitch
line velocities and to the worm lead angle by

Vs = Vw/cos l = Vg/sin l (16.35)

Equation g indicates that with a sufficiently high coefficient of friction the gear
tangential force becomes zero, and the gearset “self-locks,” or does not “overhaul.”

e =
cos fn - f tan l

cos fn + f cot l

=
cos fn cos l - f sin l

cos fn sin l + f cos l
 tan l

e =
FgtVg

FwtVw

Fgr = Fwr = Fgt
sin fn

cos fn cos l - f sin l
= Fwt

sin fn
cos fn sin l + f cos l
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FIGURE 16.23
Worm gear coefficient of friction. (From ANSI/AGMA Standard 6034-A87.)

3 Truck axles normally use spiral bevel or hypoid gear drives.

(See Section 10.3.3 for a discussion of self-locking and overhauling in power
screws.) With this condition, no amount of worm gear torque can produce motion.
Non-overhauling (self-locking) occurs, if at all, with the gear driving. In many
instances this is desirable and serves to hold the load from reversing, much like a
self-locking power screw. In other situations, non-overhauling is undesirable and can
be destructive, as in a worm gear truck axle,3 where the torque direction reverses to
provide engine braking.

Figure 16.21b illustrates the same directions of rotation as Figure 16.21a but
with the torque directions reversed (i.e., gear driving). Then contact shifts to the
other side of the gear tooth, and the normal load reverses. Since the sliding velocity
has the same direction regardless of which member is driving, the friction force has
the same direction in Figures 16.21a and 16.21b. In Figure 16.21b, the tangential
force tending to drive the worm is

Fwt = Fn cos fn sin l - fFn cos l (j)

The worm gear set self-locks if this force goes to zero, which happens if

f Ú cos fn tan l (16.36)

If a worm gear set is to be always overhauling or never overhauling, it is neces-
sary to take variation in coefficient of friction into account when selecting the value
of l (and to a lesser extent when selecting fn).

c16.qxd  8/3/11  9:43 PM  Page 699



700 Chapter 16 ■ Helical, Bevel, and Worm Gears

SAMPLE PROBLEM 16.2 Worm Gear Speed Reducer

A 2-hp, 1200-rpm motor drives a 60-rpm machine by means of a worm gear reducer
with a 5-in. center distance. The right-hand worm has two threads, an axial pitch of

and a normal pressure angle of The worm is made of steel, hardened and
ground, and the gear is made of bronze. Determine (a) all force components corre-
sponding to rated motor power, (b) the power delivered to the driven machine, and
(c) whether or not the drive is self-locking.

SOLUTION

Known: A motor of specified horsepower and rpm drives a worm gear speed reducer.
The geometry of worm and gear are specified. (See Figure 16.24.)

Find: Determine (a) all force components acting on the worm and gear, (b) the power
delivered to the driven machine, and (c) whether or not the drive is self-locking.

Schematic and Given Data:

14 1
2
°.5

8 in.,

Assumptions:
1. The worm and gear are mounted and aligned to mesh properly at mutually per-

pendicular axes.

2. All the tooth load is transmitted at the pitch point and in the midplane of the gears.

Analysis:
1. For a gear reduction ratio of 1200 rpm/60 rpm = 20, together with a double-

threaded worm, the gear must have 40 teeth.

2. With 

3. For c = 5 in., dg + dw = 10 in. Hence, dw = 2.04 in.

4. Lead angle (l) = tan-1 L/pdw = tan-1 1.25/p(2.04) = 11.04°.

5. Vw = pdwnw/12 = p(2.04)(1200)/12 = 640 ft/min.

6.

7. The other force components are functions of the coefficient of friction. To esti-
mate f from Figure 16.23, we must first determine the sliding velocity. From Eq.
16.35, Vs = Vw/cos l = 640/cos 11.04° = 652 fpm. From Figure 16.23, f is
estimated as approximately 0.026. Note that all answers beyond this point are
only as good as the estimated value of f.

Fwt (=Fga) = W
#
(33,000)/Vw = (2)(33,000)/(640) = 103 lb.

dg = A58 B (40)/p = 7.96 in.p = 5
8 in.,

 Worm: Steel, hardened and ground

Nw = 2, RH, p =    in., �n =14 �

c = 5 in. Gear 

 60 rpm 

Worm

Gear: Bronze

Motor
2 hp., 1200 rpm

5
8

1
2

FIGURE 16.24
Worm gear reducer for Sample
Problem 16.2.
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8. From Eq. 16.31,

Hence, Fgt (= Fwa) = 103 lb (4.48) = 461 lb.

9. From Eq. 16.32,

All force components are shown with their proper directions in Figure 16.20.

10. From Eq. 16.34,

or

(Note that this value also checks with Figure 10.8.)

11. To allow for the small friction losses caused by bearings, shaft seals, and oil
“churning,” assume an overall efficiency of about 85 percent. On this basis, out-
put horsepower equals input horsepower times efficiency = 2(0.85) = 1.7 hp.

12. The quantity cos fn tan l = cos 14.5° tan 11.40° = 0.19. Since this is greater
than f, Eq. 16.31 indicates that the drive is not self-locking; rather, it is reversible.

Comments:
1. A significant fact about worm gear sets is that the tangential gear-tooth load appears

as the axial load on the worm and requires thrust bearings to support this load.

2. Worm gear sets have, in general, significantly lower efficiencies than spur gear
drives. Efficiencies for spur gear sets can be as high as 98 percent. The basic rea-
son for the lower efficiency of worm gear sets is the sliding friction inherent in
the tooth action. Most of these energy losses appear as heat energy.

16.12 Worm-Gear-Bending and Surface Fatigue Strengths

The determination of load capacity is more complicated for worm gears than for
other gear types. A wider variation in procedures is used for estimating bending and
surface strengths. Furthermore, worm gear capacity is often limited not by fatigue
strength but by cooling capacity. Cooling capacity is discussed in the next section.

Bending and surface fatigue strengths for gear types previously considered have
been investigated by comparing estimated bending and surface stresses with the cor-
responding estimated material fatigue strengths. The same thing can be accom-
plished by comparing the estimated total gear-tooth tangential load (nominal load
multiplied by factors accounting for impact from tooth inaccuracies and deflections,

e =
FgtVg

FwtVw
=
Fgt

Fwt
 tan l = 4.48 tan 11.04° = 87 percent

e =
cos 14.5° - 0.026 tan 11.04°

cos 14.5° + 0.026 cot 11.04°
= 87 percent

Fgr = Fwr = 103 lb 
sin 14.5°

cos 14.5° sin 11.04° + 0.026 cos 11.04°
= 122 lb

Fgt

Fwt
=

cos 14.5° cos 11.04° - 0.026 sin 11.04°

cos 14.5° sin 11.04° + 0.026 cos 11.04°
= 4.48

16.12 ■ Worm-Gear-Bending and Surface Fatigue Strengths 701
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702 Chapter 16 ■ Helical, Bevel, and Worm Gears

misalignment, etc.) with limiting values of total tooth load based on bending and
surface fatigue strengths. The total tooth load is called the dynamic load Fd , the
bending fatigue limiting load is called the strength capacity Fs , and the surface
fatigue limiting load is called (somewhat inappropriately) the wear capacity Fw . For
satisfactory gear performance it is necessary that

Fs Ú Fd (16.37)

and

Fw Ú Fd (16.38)

This “dynamic load” approach was worked out in considerable detail for all gear
types in Buckingham’s classic treatise [1]. The following is a simplified version
applied to worm gears.

The dynamic load is estimated by multiplying the nominal value of gear tan-
gential force (as determined from Eq. 15.14 or 15.14a) by velocity factor “D” of
Figure 15.24:

(16.39)

where Vg is the pitch line velocity of the gear in feet per minute.
Bending stresses are much higher in the gear than in the worm. Adapting the

Lewis equation (Eq. 15.15) to the worm gear teeth, we have

Fs = Snbpy (16.40)

where

Fs = maximum allowable value of dynamic load with respect to bending fatigue

Sn = zero-to-maximum bending fatigue strength of the gear material (usually
taken as 24 ksi for gear bronze; see the following explanation)

b = gear face width

p = gear circular pitch

y = Lewis form factor, usually taken as a function only of the normal pressure
angle (see Table 16.2)

Although other materials (aluminum, cast iron, and plastics) are occasionally
used, most worm gears are made of a special gear bronze (SAE 65). Instead of esti-
mating the zero-to-maximum fatigue strength from Eq. 15.18, a value of 24 ksi orig-
inally proposed by Buckingham [1] has been found satisfactory over long experience.

The “wear” capacity Fw is a function of the materials, radii of curvature, and
length of theoretical line of contact. Because of the high sliding velocities and asso-
ciated heat generated, lubrication is extremely important. Important also are smooth

Fd = FgtKv = Fgt

1200 + Vg
1200
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TABLE 16.3 Worm Gear Wear Factors Kw

Material Kw (lb/in.2)

Worm Gear

Steel, 250 Bhn Bronzea 60 75 90

Hardened steel Bronzea 80 100 120
(surface 500 Bhn)

Hardened steel Chill-cast bronze 120 150 180

Cast iron Bronzea 150 185 225

a Sand-cast.

L>25°L<25°L<10°

surfaces, particularly on the worm. Assuming the presence of an adequate supply of
appropriate lubricant, the following equation may be used for rough estimates,

Fw = dgbKw (16.41)

where

Fw = maximum allowable value of dynamic load with respect to surface fatigue

dg = pitch diameter of the gear

b = face width of the gear

Kw = a material and geometry factor with values empirically determined (see
Table 16.3)

The combination of large loads and high sliding velocities encountered with
worm gear sets makes them somewhat analogous to shafts and journal bearings.
Bronze and hardened steel can be a good material combination for both applications.
The bronze member is able to “wear-in” and increase contact area.

As stated at the beginning, this section constitutes a simplified treatment of a
complex subject. For example, factors corresponding to those given for spur gears in
Tables 15.1, 15.2, and 15.3 were not mentioned, although they obviously have an
influence on worm gear capacity.

16.13 Worm Gear Thermal Capacity

The continuous rated capacity of a worm gear set is often limited by the ability of
the housing to dissipate friction heat without developing excessive gear and lubricant
temperatures. Normally, oil temperatures must not exceed about 200°F (93°C) for
satisfactory operation. The fundamental relationship between temperature rise and
rate of heat dissipation was previously applied to journal bearings,

H = CA(to - ta) (13.13, repeated)
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FIGURE 16.25
Estimated heat transfer coefficient C for worm gear
housings. (Based on H. Walker, “Thermal Rating of
Worm Gear Boxes,” Proc. Inst. Mech. Engrs., 151,
1944.)

4 The AGMA recommends that housings be designed to provide at least this much area, exclusive of base,
flanges, and fins.

where

H = time rate of heat dissipation (ft # lb per minute)

C = heat transfer coefficient (ft # lb per minute per square foot of housing sur-
face area per °F)

A = housing external surface area (square feet)

to = oil temperature (allowable values are commonly 160° to 200°F)

ta = ambient air temperature (°F)

Values of A for conventional housing designs may be roughly estimated from
the equation4

A = 0.3c1.7 (16.42)

where A is in square feet and c (the distance between shafts) is in inches.
Rough estimates of C can be taken from Figure 16.25. Figure 16.26 shows an

example of a fan installed on a worm shaft for cooling.
The approximate nature of Eq. 16.42 and the curves in Figure 16.25 should be

emphasized. Housing surface area can be made far greater than the Eq. 16.42 value
by incorporating cooling fins. Almost any desired amount of cooling can be achieved
by cooling the oil with an external heat exchanger and directing jets of cooled oil at
the gear mesh.
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Shaft seal

Shaft seal

Fan

FIGURE 16.26
Worm gear speed reducer with fan and fins to increase heat transfer.
(Courtesy Cleveland Gear Company.)

Where thermal considerations may be critical, it is important to obtain reliable
test data under actual operating conditions.

SAMPLE PROBLEM 16.3D Worm Gear Speed Reducer Design

An ratio worm gear reducer is to be designed using a hardened-steel worm and
a chill-cast bronze gear. Center distance should be approximately 6 in. The worm
will be driven by a 1200-rpm motor. Determine appropriate values of dw , dg , Nw , Ng ,
p, l, and fn . Estimate the horsepower capacity and efficiency of the reducer. Can the
worm be bored for mounting on a separate shaft?

SOLUTION

Known: A given worm gear set is required to provide a specified speed ratio. Worm
rotational speed, worm and gear material, and approximate center distance are given.
(See Figure 16.27.)

Find:
a. Determine approximate values for dw , dg , Nw , Ng , p, l and fn .

b. Estimate the horsepower capacity and efficiency.

c. Determine whether the worm can be bored for mounting on a separate shaft.

11 : 1
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Schematic and Given Data:

c ≈ 6 in. Gear 

Worm: Hardened steel
rpm =1200

Gear: Chill-cast bronze

Speed ratio, 11:1

Worm

FIGURE 16.27
Worm gear set for Sample Problem 16.3.

Decisions: The reducer is not fan cooled. Other choices are made as required
throughout the design analysis.

Assumptions:
1. The worm and gear are mounted and aligned to mesh properly at mutually per-

pendicular axes.

2. All the tooth load is transmitted at the pitch point and in the midplane of the gears.

Design Analysis:
1. From Eq. 16.26, Ng/Nw = 11; from Eq. 16.27, Ng + Nw 7 40; hence, choose

Nw = 4, Ng = 44.

2. For high efficiency, Figure 10.8 indicates that l should be as large as possible—
hopefully close to 35°. From Table 16.2, select fn = 25°.

3. To obtain a large value of l, dw must be small. For a 6-in. center distance,
the smallest value of dw permitted by Eq. 16.28 is 60.875/3 = 1.60 in.
This leaves 10.4 in. for the gear diameter, with a circular pitch of
p = dgp/Ng = 10.4p/44 = 0.7425 in. Select a standard pitch of p = 0.75 in.

4. This slight increase in p gives a larger gear and requires us to choose between mak-
ing the worm slightly smaller than the normally recommended range or increasing
the center distance. Let us choose the latter. dg = 44(0.75)/p = 10.50 in. Using
dw = 1.60 in. would result in a center distance of 6.05 in. Let us choose an even
fractional dimension of The corresponding worm diameter is 12.25 -
10.50 = 1.75 in. (Note that this is slightly larger than the minimum of
6.1250.875/3 = 1.63 in.) Thus dg = 10.50 in., dw = 1.75 in., c = 6.125 in.

5. From Eq. 16.29 the smallest worm diameter normally suitable for boring (to fit
over a separate shaft) is

dw = 2.4(0.75) + 1.1 = 2.9 in.

Obviously, the chosen worm diameter of 1.75 in. requires that the worm be cut
directly on the shaft.

6. From Eq. 10.1, tan l = L/pdw = Nwp/pdw = (4)(0.75)/(1.75p), or l = 28.62°.

7. To estimate the efficiency, we must first estimate the friction coefficient. For this
we must find Vs , which requires a knowledge of Vg ,

Vg = pdgng = p(10.5/12)(1200/11) = 300 fpm

c = 61
8 in.
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From Eq. 16.35, Vs = 300/sin 28.62° = 626 fpm. From Figure 16.23, f is esti-
mated as 0.027. From Eq. 16.34,

Note that this agrees with Figure 10.8. Note also that bearing, shaft seal, and oil-
churning losses would reduce this figure slightly—perhaps to about 92 percent.

8. Gear face width should be close to—but not greater than—half the worm out-
side diameter. The worm outside diameter is equal to dw plus twice the adden-
dum. Although the tooth form would not necessarily correspond to the standard
addendum of 1/P = p/p = 0.75/p = 0.24 in., this is accurate enough for our
present purpose. Thus which limits the face width to 1.11 in.
Choose an even dimension: b = 1 in.

9. The velocity factor for a gear tangential velocity of 300 fpm is determined from
curve D of Figure 15.24 as 1.25. From Eq. 16.39 the dynamic load is
Fd = 1.25Fgt .

10. From Eq. 16.40, the strength capacity is

Fs = (24,000 psi)(1 in.)(0.75 in.)(0.150) = 2700 lb

Equating Fd with Fs , we obtain the strength-limiting value of Fgt as
2700/1.25 = 2160 lb. The corresponding gear power is (300 fpm)(2600 lb)/
33,000 = 19.6 hp.

11. From Eq. 16.41, the wear capacity is

Fw = (10.5 in.)(1 in.)(180 lb/in.) = 1890 lb

Equating Fd with Fw , we obtain the wear-limiting value of Fgt as
1890/1.25 = 1512 lb. The corresponding gear power is 13.7 hp.

12. Estimate the heat dissipation capacity of the housing for a limiting 100°F tem-
perature rise. From Figure 16.25, C = 45 (assuming no fan). From Eq. 16.42,
A = 0.3(6.125)1.7 = 6.53 ft2. From Eq. 13.13 (repeated in Section 16.13),

H = (45)(6.53)(100) = 29,385 ft # lb/min = 0.89 hp

13. Accepting the estimated overall efficiency as 92 percent (from step 7), the
0.89 hp heat dissipation represents 8 percent of the input or worm power. Thus,
input power = 0.89/0.08 = 11.1 hp, and output or gear power = (0.92)
(11.1) = 10.2 hp.

14. With no special cooling provisions, the gear reducer has an estimated input
capacity of approximately 11 hp (output capacity approximately 10 hp). With
sufficient cooling, the capacity would be limited by “wear” to 13.7 output or gear
horsepower and 14.9 input or worm horsepower. This might reasonably be
rounded off to 15 input horsepower. The cooling capacity required for this rating
would be 15(0.08) = 1.2 hp, an increase of (1.2 - 0.89)/0.89 = 35 percent.
Figure 16.25 indicates that the addition of a fan on the worm shaft increases cool-
ing capacity by 36 percent (C increases from 45 to 61). Thus, with the fan an
input power rating of 15 hp would appear to be justified. In view of the many
empirical approximations involved, the final rating, based on test results, might
be a little different.

dw, out L 2.23 in.,

e =
cos 25° - 0.027 tan 28.62°

cos 25° + 0.027 cot 28.62°
= 93.3 percent
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Problems

Section 16.2

16.1 Section 15.2 gave the normal range of spur gear
face widths as 9/P to 14/P, and Section 16.2 stated
that it is usually desirable to make 
Accordingly, it is desired to make a helical gear
with face width equal to 13/P and also equal to
2.2pa . What helix angle is required to do this?
How does this compare with the commonly used
range of helix angles cited in Section 16.2? Refer
to Figure P16.1.

[Ans.: 28°]

16.2 A 25-tooth helical gear with c = 20° has a 25° pressure angle in the plane of rota-
tion. What is the pressure angle in the normal plane, fn , and the equivalent number
of teeth, Ne? What pressure angle and number of teeth would a straight spur gear
tooth of comparable bending strength have?

16.3 A 27-tooth helical gear with c = 25° has a 20° pressure angle in the plane of rota-
tion. What is the pressure angle in the normal plane, fn , and the equivalent number
of teeth, Ne? What pressure angle and number of teeth would a straight spur gear
tooth of comparable bending strength have?

16.4 It is desired to make a helical gear with face width equal to 12/P and also equal to
2.0 pa . What helix angle is required to do this? How does this compare with the com-
monly used range of helix angles of 15° to 30°?

b Ú 2.0pa .

p

b

�

Pa

FIGURE P16.1
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Comment: Important details of the reducer design not mentioned above include
(1) making sure that the worm root diameter and both shaft diameters are adequate
for carrying the torsional, bending, and axial loads, (2) ensuring that housing rigid-
ity, bearing positioning, and shaft diameters provide for sufficient rigidity of worm
and gear mountings, (3) providing an appropriate grade and quantity of clean lubri-
cant in the housing, and (4) ensuring that the shaft oil seals are adequate to prevent
lubricant leakage.

1. Buckingham, Earle, Analytical Mechanics of Gears,
McGraw-Hill, New York, 1949.

2. Buckingham, Earle, and H. H. Ryffel, Design of Worm
and Spiral Gears, Industrial Press, New York, 1960.

3. “1979 Mechanical Drives Reference Issue,” Machine
Design, Penton/IPC, Cleveland, June 29, 1979.

4. Standards of the American Gear Manufacturers
Association, Alexandria, Va.

5. Dudley, D. W., Handbook of Practical Gear Design, CRC
Press, Boca Raton, Fl., 1994.
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Problems 709

16.5 Determine the required gear center distance for two meshing helical gears that have
parallel shafts. The gears were cut with a hob with a normal circular pitch of
0.5236 in. The helix angle is 30°, and the speed ratio is The pinion has 35 teeth.

16.6 A 30-tooth helical gear with c = 25° has a 20° pressure angle in the plane of rota-
tion. What is the pressure angle in the normal plane, fn , and the equivalent number
of teeth, Ne? What pressure angle and number of teeth would a straight spur gear
tooth of comparable bending strength have?

16.7 Two meshing helical gears have parallel shafts. The gears were cut with a hob with
a normal circular pitch of 0.5236 in. The gear center distance is 9 in., and the speed
ratio is The pinion has 35 teeth. Determine the required helix angle.

[Ans.: 13°32¿]

16.8 A simple planetary train with 18 teeth in the sun and 114 teeth in the ring is used in
an aircraft gearbox. The teeth have a 3-mm module in the normal plane, and the helix
angle is 0.40 rad. The manufacturer wishes to replace the original gearing with a 
24-tooth sun and a 108-tooth ring using the same arm. What is the helix angle for the
replacement gears if teeth of the same module are used?

16.9 An industrial machine utilizes a simple planetary train with 24 teeth in the sun and
120 in the ring. The teeth have a 4-mm module in the normal plane, and the helix
angle is 0.42 rad. The manufacturer wishes to make available optional gearing using
the same arm, a 27-tooth sun and a 111-tooth ring. If teeth of the same module are
used, what is the helix angle?

[Ans.: 0.5053 rad]

16.10 Figure P16.10 shows a double-reduction helical-gear arrangement used in an indus-
trial machine. Modules in the normal plane are 3.5 and 5 mm for the high- and low-
speed gears, respectively. The helix angle of the high-speed gears is 0.44 rad.

(a) What is the total speed reduction provided by the four gears?

(b) What is the helix angle of the low-speed gears?

(c) If the low-speed gears are replaced by 24- and 34-tooth gears of the same mod-
ulus, what helix angle must they have?

[Ans.: 5.0, 0.3944 rad, 0.4680 rad]

2 : 1.

2 : 1.

40 teeth 60 teeth

20 teethOutput

24 teeth Input

FIGURE P16.10
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16.11D A capstan winch incorporates a pair of spur gears with 20 and 60 teeth, b = 50 mm,
and m = 4.0 mm. In order to provide quieter operation, these are to be replaced by
helical gears. For reasons of strength, it is desired to use gears with m = 4.0 mm in the
normal plane. Determine a suitable combination of numbers of teeth and helix angle.

16.12D A gear reducer incorporates a pair of spur gears with 25 and 50 teeth, b = 115 mm,
and m = 10.0 mm. In order to provide quieter operation, these are to be replaced
by helical gears. For reasons of strength, it is desired to use gears with
m = 10.0 mm in the normal plane. Determine a suitable combination of numbers
of teeth and helix angle.

Section 16.3

16.13 Repeat Sample Problem 16.1 with the following changes: motor hp = 1, motor
rpm = 2500, 20 pinion teeth, Pn = 12, c = 25°, with right-hand helix on pinion,
gear rpm = 1250.

16.14 A helical gear reducer similar to the one in Figure 16.7 transmits 2 hp with a speed
reduction ratio of 3.0. The gear has 75 teeth and rotates 300 rpm. fn = 20°,
cg = 25° (right hand), Pn = 12, and b = 1 in. Determine Np , cp (and hand of
helix), f, P, dp , dg , V, ratio of b/pa , and forces Ft , Fr , and Fa . Make a sketch like
Figure 16.7b showing the directions of the forces acting on the pinion if the pinion
rotates opposite the direction shown in Figure 16.7b.

[Ans., in order: 25 teeth, 25° left hand, 21.88°, 10.88 teeth/in., 2.30 in., 6.90 in.,
541.9 ft/min, 1.61, 121.79 lb, 48.91 lb, 56.79 lb]

16.15 The helical gear reducer represented in Figure P16.15 is driven at 1000 rpm by a
motor developing 15 kW. The teeth have c = 0.50 rad and fn = 0.35 rad. Pitch
diameters are 70 mm and 210 mm for pinion and gear. Determine the magnitude and
direction of the three components of the gear-tooth force. Make a sketch like the one
in the figure except with the shafts separated vertically, and show all tooth force
components acting on both gears.

[Ans.: Ft = 4092 N, Fr = 1702 N, Fa = 2235 N]

 250 mm 

Load

Motor

Rotation

 140 mm 

A

B

C

D
140 mm 

65
mm

FIGURE P16.15
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16.16 The four helical gears shown in Figure P16.16 have a module in the normal plane of
4 mm and a pressure angle in the normal plane of 0.35 rad. The motor shaft rotates
550 rpm and transmits 20 kW. Other data are on the drawing.

(a) What is the speed ratio between the motor (input) and output shafts?

(b) Determine all force components that the 20-tooth pinion applies to the 50-tooth
gear. Make a sketch showing these forces applied to the gear.

(c) The same as part (b), except for the force components that the 50-tooth gear
exerts on the 25-tooth pinion.

Motor

Output

50 teeth

20 teeth
� = 0.50 rad

left hand

25 teeth
� = 0.35 rad
right hand

A

B 125

 100

 200
50 teeth

FIGURE P16.16

Section 16.4

16.17D Review the web site http://www.bisongear.com. From the products line, select a
speed reducer for a horsepower motor.

(a) List the available speed reducer ratios for a horsepower motor.

(b) List the gearbox output torques for each gear ratio.

(c) List the gearbox maximum torque for each ratio.

(d) If an overload torque of three times the output torque is required, what would
be the maximum gearbox ratio for a motor at 1725 rpm?

16.18 A helical gear reducer is to be used with a 1500-rpm electric motor and a 500-rpm
load which involves a moderate amount of shock. The 25-tooth pinion has Pn = 8,
b = 1.8 in., fn = 20°, and c = 26°. Both gears are made of AISI 8620 steel, with
surfaces carburized to give properties listed in Appendix C-7. Manufacturing preci-
sion corresponds to curve B of Chapter 15, Figure 15.24. Estimate the horsepower
that can be transmitted for 107 pinion revolutions with 99% reliability and a safety
factor of 2. Check for both bending and surface fatigue.

16.19 A pair of helical gears mounted on parallel shafts have Pn = 6, fn = 20°, and
b = 4 in. The 32-tooth pinion and 48-tooth gear are made of steel having 400 Bhn
and 350 Bhn, respectively. Manufacturing precision corresponds to curve C of
Figure 15.24. Center distance is 7.5 in.

(a) What helix angle is required?

(b) Estimate the horsepower that can be transmitted for 107 pinion revolutions with
99% reliability and a safety factor of 2.5 if the driving motor rotates 1200 rpm
and involves light shock and the driven load involves medium shock. Check for
both bending and surface fatigue.

1
8 hp

1
8

1
8
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Gear

 Bevel gears:
 35 hp

Np = 36
Ng = ?

b = 2 in.
� = 20�

P = 6

400 rpm

Pinion

1000 rpm

FIGURE P16.21

16.20D Suggest a suitable design for a pair of helical gears to transmit 100 hp between a
2400-rpm electric motor and an 800-rpm load that is essentially free of shock. Forty-
hour-per-week operation is anticipated. State a satisfactory combination of pitch,
numbers of teeth, helix angle, pressure angle, face width, manufacturing accuracy,
material, and hardness.

Section 16.7

16.21 A pair of straight-tooth bevel gears mounted on perpendicular shafts transmits 35 hp
at 1000 rpm of the 36-tooth pinion—see Figure P16.21. The gear turns 400 rpm.
Face width is 2 in., P = 6, and f = 20°. Make a sketch of the pinion showing (a) an
assumed direction of rotation, (b) the direction and magnitude of torque applied to
the pinion by its shaft, and (c) the direction and magnitude of the three components
of force applied to a pinion tooth by a gear tooth. Make a corresponding drawing of
the gear and the loads applied to it.

[Partial ans.: for pinion, Ft = 839 lb, Fa = 113 lb, Fr = 283 lb]

16.22 A pair of straight-tooth bevel gears mounted on perpendicular shafts transmits 50 hp
and 1500 rpm of the 30-tooth pinion. The gear has 60 teeth. Face width is 3.0 in.,
P = 6, and f = 20°. The gear is mounted in the center of a simply supported shaft
with a 6-in. span between bearings. Thrust is taken by the bearing having the lighter
radial load. Output torque is taken by a flexible coupling connected to a driven
machine. Make a sketch of the gear and shaft assembly as a free body in equilibrium.

Section 16.8

16.23 A 1200-rpm electric motor drives a belt conveyor (which imposes moderate shock
loading to the drive train) through a straight-tooth bevel gear reduction unit.
Np = 20, Ng = 50, P = 10, b = 1 in., and f = 20°. Both gears are made of steel
having a hardness of 300 Bhn. The gear is straddle-mounted and the pinion is over-
hung, providing a mounting considered to be reasonably good from the standpoint
of rigidity. The gears are manufactured to standards corresponding to curve B of
Chapter 15, Figure 15.24. The design life is 7 years of 1500 hours/year operation.
Estimate the horsepower that can be transmitted at 99% gear reliability.

[Ans.: About 1.6 hp]
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 Pinion

 1500 rpm

 Gear

A B

 3 in.  3 in.

 Bevel gears:
 50 hp

Np = 30
Ng = 60
b = 3 in.
� = 20�

P = 6

Flexible
coupling to
machine

FIGURE P16.25D

16.26D Review the web site http://www.andantex.com. (a) From the product line, select a
right angle drive that provides a ratio for a 1250 rpm output speed at 100 in. lb
of output torque. (b) What size of right angle drive would be appropriate for an appli-
cation that requires a maximum noise level of less than 80 dB?

16.27D Review the web site http://www.grainger.com. Perform a product search for a spiral
bevel gear set. Select a spiral bevel gear set with 14 pitch gears and a ratio. List
the manufacturer, description, and price of the gear set.

16.28D Write a report reviewing the web site http://www.pt.rexnord.com. From a mechani-
cal engineer’s viewpoint interested in gear drives, discuss the content, usefulness,
ease of use, and clarity of the site. Identify the available search tools.

16.29D Repeat Problem 16.28D, except evaluate the web site http://www.renold.com.

16.30D Repeat Problem 16.28D, except review the web site http://www.cloyes.com.

16.31D Repeat Problem 16.28D, except evaluate the web site http://www.lufkin.com.

Section 16.9

16.32 An automobile with a standard differential is stuck on an icy road, to the extent that
the car does not move. The frustrated (and not very intelligent!) driver floors the
accelerator and notes that the speedometer reads 75 mph. To what normal car speed
does the rotation of the spinning wheel correspond? (This illustrates the kind of
“foreseeable abuse” that the engineer needs to take into consideration.)

2 : 1

2 : 1

16.24D Determine an appropriate combination of materials, hardnesses, and manufactur-
ing precision for the gears in Problem 16.21. (State any necessary decisions and
assumptions.)

16.25D Determine an appropriate combination of materials, hardnesses, and manufacturing
precision for the gears in Problem 16.22. (State any necessary decisions and assump-
tions. Refer to Figure P16.25D.)
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16.33 An automobile with a standard differential turns sharply to the left. The left driving
wheel turns on a 20-m radius. Distance between right and left wheels is 1.5 m. What
are the rotating speeds of each driving wheel as fractions of the drive shaft speed?

16.34 In Figure 16.18, call the radius from the axis of the axle shafts to the resultant gear-
tooth forces “r,” and call the torque applied to the arm “T.” Make a sketch, showing
as free bodies in equilibrium (with all load directions and magnitudes shown):

(a) The assembly composed of the arm, two pinions P, and their shafts.

(b) The portion shown of the right axle, with gear R attached.

(c) The portion shown of the left axle, with gear S attached.

Section 16.10

16.35 A worm gear with 50 teeth and P = 10 mates with a double-threaded worm.
Determine (a) the gear ratio, (b) diameter of gear, (c) lead of worm, (d) minimum
normally recommended diameter of shell worm, (e) corresponding lead angle of
worm, and (f) corresponding shaft center distance.

[Ans.: (a) (b) 5.0 in., (c) 0.6283 in., (d) 1.854 in., (e) 6.16°, (f) 3.427 in.]

16.36 A worm gear with 55 teeth and a double-threaded
worm are to be mounted with an 8-in. center dis-
tance—see Figure P16.36. The worm diameter is to
be as small as Eq. 16.28 will permit and still use an
integral gear diametral pitch. Determine P, dg , dw ,
and l.

Section 16.11

16.37 A worm gear reducer driven by a 1200-rpm motor has a chill-cast bronze gear and a
hardened-steel worm. Nw = 3, Ng = 45, in., c = 4.50 in., b = 1.00 in., and
fn = 20°.

(a) Determine dg , dw , and L.

(b) Does the worm correspond to recommended proportions for maximum power-
transmitting capacity? Is the worm large enough to be bored and mounted over
a separate shaft?

(c) Estimate the efficiency using Eq. 16.34, and check the result with Figure 10.8.
Is the unit self-locking?

[Ans.: (a) 7.16 in., 1.84 in., 1.50 in., (b) yes, no, (c) about 88.6% no (the unit is
reversible)]

16.38 A 1200-rpm motor delivers 2.5 hp to the worm in Problem 16.37. The coefficient
of friction is estimated to be 0.029. Determine the magnitude of all gear-tooth force
components. Show these acting on both members for a counterclockwise-driven,
right-hand worm. Use a sketch similar to Figure 16.20. Compute the efficiency of
the unit from the relative rotating speeds and the torques indicated by your free-
body sketches.

p = 1
2

25 : 1,
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Nw = 2
Ng = 55

P = ?

c = 8 in. Gear 

Worm

FIGURE P16.36
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16.39 A worm gear speed reducer has a right-hand triple-threaded worm, velocity
ratio, p = 0.25 in., fn = 20°, and c = 2.500 in. The worm is driven by a 1000-rpm
motor delivering The worm is hardened steel and the gear is chill-cast bronze;
b = 0.5 in.

(a) Determine dw , dg , Ng , and l. Compare dw with recommended values for max-
imum power-transmitting capacity.

(b) Estimate the coefficient of friction and the efficiency of the gears.

(c) Based on your estimated coefficient of friction, determine all force components
applied to the worm and to the gear. Show these on a sketch similar to
Figure 16.20 for clockwise motor rotation as viewed from the worm.

(d) Compute the worm torque, gear torque, and gear power output. From the gear
power output, check the previously determined value of efficiency.

Sections 16.12 and 16.13

16.40 Estimate the steady-state power input and power output capacity of the reducer in
Problems 16.37 and 16.38 (with worm driven by a 1200-rpm motor), based on bend-
ing and surface fatigue considerations—see Figure P16.40. What, if any, special
cooling provisions would be needed for operation at this capacity?

[Ans.: about 4.8-hp input, 4.3-hp output; fan or housing fins desired]

1
2 hp.

16 : 1

16.41 Estimate the safety factor with respect to bending fatigue and with respect to surface
fatigue for the worm gear reducer operation described in Problem 16.39. Estimate
the steady-state oil temperature if the ambient air temperature is 100°F and the
reducer is equipped with an integral fan on the end of the worm shaft.

16.42D The lubrication of gears and gear systems is important for successful, efficient oper-
ation. Search the Internet and identify and discuss typical methods of providing
lubrication for gear systems.

16.43 Search for information on wear damage to plastic worms and worm gears and list
several articles dealing with this topic.

 Gear material: Chill-cast bronze
Worm material: Hardened steel
Nw = 3 p = 0.5 in. f = 0.029

Ng = 45 �n = 20�

c = 4.5 in.

b =
1.0 in.

 1200
  rpm 

FIGURE P16.40
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17
Shafts and
Associated Parts

17.1 Introduction

The term shaft usually refers to a relatively long member of round cross section that
rotates and transmits power. One or more members such as gears, sprockets, pulleys,
and cams are usually attached to the shaft by means of pins, keys, splines, snap rings,
and other devices. These latter members are among the “associated parts” considered
in this chapter, as are couplings and universal joints, which serve to connect the shaft
to its source of power or load.

A shaft can have a nonround cross section, and it need not rotate. It can be sta-
tionary and serve to support a rotating member, such as the short shafts (also called
spindles) that support the nondriving wheels of an automobile. The shafts support-
ing idler gears (Figures 15.18 and 15.22) can be either rotating or stationary, depend-
ing on whether the gear is attached to the shaft or supported by it through bearings.
Shafts supporting and driving vehicle wheels are also called axles.

It is apparent that shafts can be subjected to various combinations of axial,
bending, and torsional loads and that these loads may be static or fluctuating.
Typically, a rotating shaft transmitting power is subjected to a constant torque (pro-
ducing a mean torsional stress) together with a completely reversed bending load
(producing an alternating bending stress). Sample Problems 8.3 and 8.4 (Section
8.11) illustrate the application of fatigue analysis procedures to shafts subjected to
combinations of static and fluctuating loads.

In addition to satisfying strength requirements, shafts must be designed so that
deflections are within acceptable limits. Excessive lateral shaft deflection can ham-
per gear performance and cause objectionable noise. The associated angular deflec-
tion can be very destructive to non–self-aligning bearings (either plain or rolling).
Torsional deflection can affect the accuracy of a cam- or gear-driven mechanism.
Furthermore, the greater the flexibility—either lateral or torsional—the lower the
corresponding critical speed.
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17.3 ■ Mounting Parts onto Rotating Shafts 717

17.2 Provision for Shaft Bearings

Rotating shafts carrying gears, pulleys, cams, and so on must be supported by bear-
ings (Chapters 13 and 14). If two bearings can provide sufficient radial support to
limit shaft bending and deflection to acceptable values, this is highly desirable and
simplifies manufacturing. If three or more bearings must be used to provide adequate
support and rigidity, precise alignment of the bearings in the supporting structure
must be maintained (as, for example, with the three or more main bearings support-
ing an engine crankshaft).

Shaft axial positioning and provision for carrying thrust loads normally require
that one and only one bearing take thrust in each direction. The reason for this is
given in Section 14.8, and examples of proper thrust provision are illustrated in
Figures 14.17, 14.18, and 13.1. Sometimes a thrust load is shared among two or
more plain thrust bearings (Figure 13.1). In this case there must be sufficient axial
clearance to ensure against “binding” under any operating conditions. Production
tolerances may be such that only one bearing will carry the thrust until after initial
“wearing-in.”

It is important that the members supporting the shaft bearings be sufficiently
strong and rigid.

17.3 Mounting Parts onto Rotating Shafts

Sometimes members like gears and cams are made integral with the shaft, but more
often such members (which also include pulleys, sprockets, etc.) are made separately
and then mounted onto the shaft. This is shown in Figures 14.17 and 14.18 for gears.
The portion of the mounted member in contact with the shaft is the hub. The hub is
attached to the shaft in a variety of ways. In Figures 14.17 and 14.18 the gear is
gripped axially between a shoulder on the shaft and a spacer, with torque being
transmitted through a key. Figure 17.1 illustrates a variety of keys. The grooves in
the shaft and hub into which the key fits are called keyways or keyseats.

A simpler attachment for transmitting relatively light loads is provided by pins,
such as the types illustrated in Figure 17.2. Pins provide a relatively inexpensive
means of transmitting both axial and circumferential loads.

Radially tapped holes in the hub permit setscrews to bear on the shaft, thereby
tending to prevent relative motion. (Local flats or grooves are usually machined into
the shaft where the setscrews bear, so that “burrs” caused by jamming the screws
tightly against the shaft do not inhibit subsequent removal and reinstallation of the
hub.) The screw diameter is typically about one-fourth the shaft diameter. Two
screws are commonly used, spaced 90° apart. Setscrews are inexpensive and some-
times adequate for relatively light service. Although special designs that provide
increased protection against loosening in service are available, setscrews should not
be counted on in applications for which loosening would impose a safety hazard.
(Recall safety example 3 in Section 1.2.) Setscrews are sometimes used in conjunc-
tion with keys. Typically, one screw bearing on the key and another bearing directly
on the shaft are used to prevent axial motion.
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(a) Square key

d

w

w
w

2

(b) Flat key

w ≈ d/4 w ≈ d/4; h ≈ 3w/4

d

h

h
w

2

(c) Round key

Key usually has drive
fit; is often tapered

(d) Kennedy keys

Keys are tapered and
driven tightly, for
heavy-duty service

(e) Woodruff key

Widely used in automotive and
machine tool industries

( f ) Gib-head key

Usually tapered, giving tight
fit when driven into place;

gib head facilitates removal

(g) Feather key

Key is screwed to shaft; hub is free to
slide axially – easier sliding is obtained

with two keys spaced 180° apart

d

D

(a) Straight round pin (b) Tapered round pin
(c) Split tubular spring pin Grooves are produced by rolling,

and provide spring action to
retain pin

(d) Grooved pin

FIGURE 17.2
Common types of shaft pins. (All pins are driven into place. For safety, pins should not
project beyond the hub.)

FIGURE 17.1
Common types of shaft keys.
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Basic Inverted

E-ring

External rings (fit on shaft)

(a) Conventional type, fitting in grooves

(b) Push-on type – no grooves required

Teeth deflect when installed to "bite in" and resist removal
(less positive than conventional type)

Basic

Internal rings (fit in housing)

Inverted

I

I Section II

External ring (fit on shaft)

I

I Section II

Internal ring (fit in housing)

FIGURE 17.3
Common types of retaining (or snap) rings. (Courtesy Waldes Kohinoor, Inc.)

An excellent and inexpensive method of axially positioning and retaining hubs
and bearings onto shafts is by retaining rings, commonly called snap rings. Figure 17.3a
illustrates a few of the numerous varieties available. Figure 17.7b shows snap rings
used to retain the bearing at A to both the shaft and housing. Shaft snap rings require
grooves that weaken the shaft, but this is no disadvantage if they are located where
stresses are low, as in Figure 17.7b. The cost of the shaft in Figure 17.7b could have
been reduced by positioning hubs T1 and T2 with snap rings instead of with shaft
shoulders, which require a large diameter between the two hubs. The hubs were not
positioned with snap rings because the grooves would have weakened the shaft in a
highly stressed region. Figure 17.3b illustrates “push-on” retaining rings that do not
require grooves. These provide a low-cost, compact means of assembling parts; but
they do not provide the positive, precision positioning and retention of parts that is
possible with conventional retaining rings.

Perhaps the simplest of all hub-to-shaft attachments is accomplished with an
interference fit, wherein the hub bore is slightly smaller than the shaft diameter.
Assembly is done with force exerted by a press, or by thermally expanding the 
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4-spline 6-spline 10-spline

(a) Straight-sided (b) Involute

16-spline

FIGURE 17.4
Common types of splines.

hub—sometimes also by thermally contracting the shaft, as with dry ice—and quickly
pressing the two parts together before the temperatures of the parts equalize.
Sometimes a combination of pin and interference fit is used.

Mating splines cut in the shaft and hub usually provide the strongest joint con-
nection for transmitting torque (Figure 17.4). Both splines and keys can be fitted to
permit the hub to slide axially along the shaft.

More information on the design of keys, pins, and splines is given in Section 17.6.

17.4 Rotating-Shaft Dynamics

Rotating shafts, particularly those that run at high speeds, must be designed to avoid
operation at critical speeds. This usually means providing sufficient lateral rigidity to
place the lowest critical speed significantly above the operating range. When torsional
fluctuations are encountered (as with camshafts, engine and compressor crankshafts,
etc.) an additional dynamic requirement is imposed. The torsional natural frequencies
of the shaft must be well removed from the frequency of torsional input. This usually
means providing sufficient torsional stiffness (and low enough torsional inertias) to
make the lowest torsional natural frequency significantly above that of the highest tor-
sional disturbing frequency. These important subjects are treated in detail in books on
mechanical vibrations, and can be touched on only briefly here.

With respect to lateral vibration and critical speeds, the practicalities of manufac-
turing and operation are such that the center of mass of a rotating system can never coin-
cide exactly with the center of rotation. Hence, as the shaft rotating speed is increased,
centrifugal force acting at the mass center tends increasingly to bow the shaft. The more
the shaft bows, the greater the eccentricity and the larger the centrifugal force. Below
the lowest (or fundamental) critical speed of rotation, the centrifugal and shaft elastic
forces balance at a finite shaft deflection. At the critical speed, equilibrium theoretically
requires an infinite displacement of the mass center. Damping, from the shaft bearings,
windage, and internal hysteresis within the rotating member, causes equilibrium to
occur at a finite displacement. However, this displacement is often large enough to
break the shaft or to cause rotating bearing forces of a highly objectionable, if not
destructive, magnitude. Rotation sufficiently above the critical speed results in a satis-
factory equilibrium position by moving the mass center toward the center of rotation.
In unusual situations, as in some high-speed turbines, satisfactory operation is provided
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�st

(c) Shaft mass only

m1

w1 w2
w3

m2

�1 �2 �3

m3

w1 w2

w5

m1 m2
m3

m4
m5

w3
w4

(b) Multiple masses

�st
Gravitational
force, w

Mass, m

Shaft of spring rate k = w/�st

(a) Single mass

FIGURE 17.5
Shaft critical speeds (lowest, or fundamental).

by quickly going through the critical speed, without allowing sufficient time for an equi-
librium deflection to be reached, and then running well above the critical speed.

The critical speed of rotation is numerically the same as the lateral natural fre-
quency of vibration, which is induced when rotation is stopped and the shaft center
is displaced laterally, then suddenly released. For all except the simple “ideal” case
of a massless shaft supporting a single concentrated mass, additional critical speeds

Configuration Critical Speed Equation

(17.1)

(17.1a)

(17.2)

(17.3)

dst =
5wL4

384EI

vn L A 5g

4dst

nc L
30
p Ag(w1d1 + w2d2 + Á)

w1d
2
1 + w2d

2
2 + Á

nc L
30
p Bg©wd

©wd2

t
nc =

30
p A km =

30
p A kg

w
=

30
p A gdst

vn = A km = A kg

w
= A gdst

British
Quantity Symbol SI Gravitational

Mass m kg lb # s2/in. (slug)
Gravitational force w N lb
Static deflection dst m in.
Shaft spring rate k N/m lb/in.
Acceleration of gravity g m/s2 in./s2

Natural frequency vn rad/s rad/s
Critical speed nc rpm rpm
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722 Chapter 17 ■ Shafts and Associated Parts

at higher frequencies are also present. Equations for the lowest or fundamental crit-
ical speed are summarized in Figure 17.5, which contains Eqs. 17.1 through 17.3.
The derivations are given in standard elementary vibration texts.

Equation 17.1 calculates the natural frequency, �n, and Eq. 17.1a estimates the
critical shaft speed, nc, for a single mass with deflection �st using a spring model
(lumped mass) analysis. Equation 17.2 determines the critical speed with multiple
masses where the deflection for each mass is known. This equation is developed
from equating the maximum kinetic energy of the system to the maximum potential
energy and is generally referred to as Rayleigh’s equation. Equation 17.3 allows for
calculation of the natural frequency for the shaft mass only.

With multiple masses, in Eq. 17.2, the deflection at each mass can be calculated
by superposition. For example, the deflection �1 at m1 is equal to the sum of the
deflections at m1 caused by each mass acting alone; e.g., �1 = �11 + �12 +  . . . + �1i
where �1i is the deflection at m1 cause by the mass mi acting alone. With superposi-
tion, however, the number of calculations increases as the square of the number of
masses. Consequently, Dunkerley’s equation (which under estimates the critical
speed) is often used to calculate the critical speed, nc, using the critical speed, ni, of
the shaft with only mass mi on the shaft; e.g., where nc is the critical speed of the
system, n1 is the critical speed that would exist if only mass m1 were present, �2 is
the critical speed if only m2 were present, et cetera. The critical speed can be esti-
mated with Eq. 17.4a and Eq. 17.4b:

(17.4a)

or

(17.4b)

where n is in rpm and � is in rad/s.
When the critical speed of the shaft is unacceptable, the shaft diameter can be

modified using

(17.5)

Equation 17.2 can be used to estimate the critical speed of a shaft with distrib-
uted masses. The distributed mass of the shaft itself can be decretized and included
in the analysis. In Figure 17.5—configuration (b) for multiple masses—a shaft with
mass and multiple masses or attachments is discretized into five portions of m1, m2,
m3, m4, m5. The mass of each segment is concentrated at its center of gravity. Good
accuracy is generally obtained with crude approximation. For example, comparing
configuration (a) single mass with configuration (c) shaft mass only, for equal static
deflections, �st, Eq. 17.3 shows that for the shaft mass only distributed that 
nc (5/4)1/2 whereas if this distributed shaft mass is discretized into one mass act-
ing at the center of the shaft, nc (1)1/2.L

L

dnew = doldA (nc)new

(nc)old

1

vc
2 = a 1

vi
2 =

1

v1
2 +

1

v2
2 +

1

v3
2

. . .

1

nc
2 = a 1

ni
2 =

1

n1
2 +

1

n2
2 +

1

n3
2

. . .
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SAMPLE PROBLEM 17.1 Critical Speed of Shafts

Figure 17.6 shows two masses fixed on a solid shaft which is supported on both ends
with bearings. The masses, m1 and m2, weigh 70 lb and 30 lb respectively. The shaft
deflections have been calculated and the influence coefficients found to be

a11 � 3.4 � 10–6 in./lb

a22 � 20.4 � 10–6 in./lb

a21 � a12 � 6.8 � 10–6 in./lb

Note that a11 is the shaft deflection at position 1 which results from a 1 lb mass
located at position 1. The coefficient a12 is the shaft deflection at position 1 result-
ing from a 1 lb mass located at position 2.

Determine the critical speed using the Dunkerley equation and the
Rayleigh–Ritz equation. The mass of the shaft and its influence can be disregarded
in this problem.

SOLUTION

Known: A solid shaft has two masses attached along its length and is supported on
both ends by bearings. The shaft masses are known along with the deflection influence
coefficients for the mass positions. The shaft mass can be ignored in this analysis.

Find: Determine the critical shaft speed using the Dunkerley equation and the
Rayleigh equation.

Schematic and Given Data:
The deflection influence coefficients for the positions 1 and 2—see Figure 17.6—
are:

a11 � 3.4 � 10–6 in./lb
a22 � 20.4 � 10–6 in./lb

a21 � a12 � 6.8 � 10–6 in./lb

1

70 lb

Shaft

m1

m2

30 lb

2

FIGURE 17.6
Solid shaft with two masses for
Sample Problem 17.1

Assumptions:
1. The shaft mass is negligible and does not contribute to shaft deflection.

2. The shaft remains linearly elastic.

3. The shaft is simply supported at each end.
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Analysis:
1. The shaft deflections at each position due to each mass individually are:

�11 � w1a11 � (70 lb)(3.4 � 10–6 in./lb) � 2.38 � 10–4 in.
�22 � w2a22 � (30 lb)(20.4 � 10–6 in./lb) � 6.12 � 10–4 in.

2. The total shaft deflection for each mass position is

�1 � w1a11 � w2a12 � 70(3.4 � 10–6) � 30(6.8 � 10–6) � 4.42 � 10–4 in.
�2 � w2a22 � w1a12 � 30(20.4 � 10–6) � 70(6.8 � 10–6) � 1.088 � 10–3 in.

3. From Eq. 17.1a,

4. Using the Dunkerley equation, Eq. 17.4,

yields

5. Using the Rayleigh equation, Eq. 17.2,

Comment: Dunkerley’s equation and Rayleigh’s equation produce different
answers for critical speeds. The Dunkerley equation underestimates and the
Rayleigh equation overestimates critical speed. The true value is probably bounded
by these two solutions.

As shown in Sample Problem 17.1, shaft critical speeds can be estimated by
calculating static deflections at several points. Available computer programs enable
calculation of static deflections and shaft critical speeds.

= Q
386

in.

s2 (6.36 *  10-2 lb in.)

4.92 *  10-5 lb in.
= 706.3

rad
s

= Q
386

in.

s2  [(70 lb)(4.42 *  10-4 in.) + (30 lb)(1.088 * 10-3 in.)]

(70 lb)(4.42 *  10-4 in.)2 + (30 lb)(1.088 * 10-3 in.)2

vc = Ag(w1d1 + w2d2)

(w1d
2
1 + w2d2

2)
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rad
s

1

vc
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1

v1
2 +

1

v2
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1

(1273.5)2 +
1

(794.2)2
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= 794.2
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s

v1 = A gdst
= A gd11

= Q
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= 1273.5

rad
s
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17.5 Overall Shaft Design

The following general principles should be kept in mind.

1. Keep shafts as short as possible, with bearings close to the applied loads. This
reduces deflections and bending moments and increases critical speeds.

2. Place necessary stress raisers away from highly stressed shaft regions if possi-
ble. If not possible, use generous radii and good surface finishes. Consider local
surface-strengthening processes (as shot peening or cold rolling).

3. Use inexpensive steels for deflection-critical shafts, as all steels have essentially
the same elastic modulus.

4. When weight is critical, consider hollow shafts. For example, propeller shafts
on rear-wheel-drive cars are made of tubing in order to obtain the low-
weight–stiffness ratio needed to keep critical speeds above the operating range.

The maximum allowable deflection of a shaft is usually determined by critical
speed, gear, or bearing requirements. Critical speed requirements vary greatly with
the specific application. Allowable shaft deflections for satisfactory gear and bear-
ing performance vary with the gear or bearing design and with the application, but
the following can be used as a general guide.

1. Deflections should not cause mating gear teeth to separate more than about
0.13 mm (0.005 in.), nor should they cause the relative slope of the gear axes to
change more than about 0.03°. Allowable deflections recommended for bevel
gears from 6 to 15 inches in diameter are listed in [10].

2. The shaft (journal) deflection across a plain bearing must be small compared to
the thickness of the oil film. If the angular deflection of the shaft at the bearing
is excessive, the shaft will bind unless the bearings are self-aligning.

3. The shaft angular deflection at a ball or roller bearing should generally not
exceed 0.04° unless the bearing is self-aligning.

Shaft deflections can be computed by the methods discussed in Section 5.7 and
illustrated by Sample Problem 5.2. Additionally, torsional deflections must often be
considered because of torsional natural frequency requirements and necessary limi-
tations on torsional deflections.

In 1985, ANSI/ASME published a standard B106.1M-1985, Design of
Transmission Shafting, that according to ASME was withdrawn in 1994 and discon-
tinued. The standard gives non-conservative results, as it assumes fully reversed
bending moment load with zero mean moment load component and steady mean
torque with zero alternating torque component. The more general approach for
fatigue design of machine components discussed in this textbook is recommended.

Determination of the fatigue strength of a rotating shaft usually requires an
analysis for the general case of biaxial loading, as summarized in Table 8.2, Figure 8.16,
and illustrated by Sample Problem 17.2D.

Early in the design of any given shaft, an estimate is usually made of whether
strength or deflection will be the critical factor. A preliminary design is based on this
criterion; then the remaining factor (deflection or strength) is checked.
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SAMPLE PROBLEM 17.2D Snowmobile Track Drive Shaft

Figure 17.7b shows a drive shaft, supported in a snowmobile frame by bearings A
and B, which is chain-driven by sprocket C. (The engine and transmission are above
and forward of the shaft; hence, the 30° chain angle.) Track sprockets T1 and T2 drive
the snowmobile track. Basic dimensions are given in Figure 17.7b. Determine an
appropriate design for the shaft, based on a maximum engine output of 20 kW at a
vehicle speed of 72 km/h. Because the track and chain do not impose stringent
deflection requirements and the bearings can be self-aligning if necessary, the pre-
liminary design should be based on fatigue strength.

SOLUTION

Known: A drive shaft is chain-driven by a sprocket and supported in a snow-mobile
frame by two bearings. Basic dimensions of the shaft and locations of the bearings,
drive sprocket, and sprockets for the snowmobile track are given. The power of the
engine driving the chain and the speed of the vehicle are specified.

Find: Determine a design for the shaft based on fatigue strength considerations.

Schematic and Given Data: (See Figure 17.7)

Decisions:
1. Figure 17.7c shows a proposed shaft layout. Note that the chain sprocket is

mounted outboard to provide easy access to the chain for servicing, and that the
retaining nut on the end tightens directly against the shaft. (If the nut were to
tighten against the hub of sprocket C, the initial tightening load of the nut would
impose a static tensile stress in the shaft between the nut and shoulder S. This
would be undesirable from the standpoint of shaft fatigue strength.) Since bear-
ing B will carry by far the greater load, provision is shown for bearing A to carry
thrust in both directions. Note the snap rings in the housing and on the shaft to
retain bearing A. Thrust loads will be small, because there are only cornering
maneuvers, and this arrangement permits the use of a straight roller bearing at
B if desired. Torque is shown transmitted from the chain sprocket by splines,
and to the track sprockets by keys.

2. Because there is a large shaft bending moment in the vicinity of sprocket T2, a
tentative dimension locating the shaft shoulder is selected as shown in Figure
17.7c. (This dimension will be needed to compute loads at this point of stress
concentration.)

3. On the basis of cost, tentatively select cold-drawn 1020 steel having
Su = 530 MPa, Sy = 450 MPa, and machined surfaces.

4. Select ratios of D/d = 1.25 and r/d = 0.03 at shoulder S to give conservatively
high values of Kf .

5. A safety factor of 2.5 is chosen based on the information given in Section 6.12.

6. A standard-size bearing will be selected.
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(d) Loading diagrams

A T1 S T2

2490Vertical forces

C
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(b) General arrangement

50 300

Track
sprockets
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T1
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C

T2

Chain

30°

Chain
sprocket
100 diameter

Track sprocket
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Track

Fc (= 2500 N)

FT (= 1000 N)

d

(c) Shaft layout

55 Small gap or
spring washer

d

A

T1 T2

B
C

S

(a) Snowmobile

FIGURE 17.7
Sample Problem 17.2D—
snowmobile and track drive
shaft (dimensions in
millimeters).
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(e) Fatigue diagram
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FIGURE 17.7 (Continued)

Assumptions:
1. The full engine power reaches the snowmobile track.

2. Half of the track tension force is transmitted to each of the track sprockets; that
is, there is an even division of torque.

3. Bearings A and B are self-aligning within the range of the angular shaft deflec-
tions induced.

4. The stress concentration at the bearing inner race (at B) is the same as that at the
edges of the sprocket hub (at S).

Analysis:
1. Since as assumed the full engine power reaches the track, the track tension FT

can be computed as

Half of this force as assumed is transmitted to each of the track sprockets, T1
and T2.

2. By setting the summation of moments about the shaft axis equal to zero, we
determine the chain sprocket tension FC to be

FC = 1000 N (125 mm/50 mm) = 2500 N

3. Force, shear, and moment diagrams for the vertical and horizontal planes are deter-
mined in the usual manner (as in Figure 2.11) and drawn in Figure 17.7d. Note that
the only vertical applied load is a component of the chain tension (FC cos 30°).
Applied horizontal loads include the chain tension component (FC sin 30°) and
also the two track sprocket forces (each of FT /2). No moment loads exist at bear-
ings A and B, for the two bearings were assumed to be self-aligning.

4. The torque diagram shows, as assumed, an even division of torque between the
two track sprockets.

5. From an inspection of the loading diagrams and shaft layout, it is clear that the
critical location for determining the value of d will either be at S, or near B or C.
Failure could occur at S owing to the stress concentration. Failure at precisely
B or C is unlikely because the shaft is reinforced by the bearing race and sprocket

FT =
engine power

vehicle velocity
=

20,000 w

20 m/s
= 1000 N

c17.qxd  8/3/11  9:48 PM  Page 728



17.5 ■ Overall Shaft Design 729

hub at these points; but at the edges of the sprocket hub and bearing inner race
a stress concentration exists not unlike that at S, as assumed. Conservatively,
therefore, shaft diameter d will be calculated on the basis of the loads at B
(where the resultant bending moment is slightly higher than at T2) and the esti-
mated stress concentration factors at S.

6. For estimating Kf at shoulder S, information is needed on material, surface fin-
ish, and geometric proportions of the shoulder. The material selected was
cold-drawn 1020 steel having Su = 530 MPa, Sy = 450 MPa, and machined
surfaces. The geometry of the shoulder is given by D/d = 1.25 and
r/d = 0.03 as decided. From Figure 4.35, Kt = 2.25 and 1.8 for bending and
torsional loads, respectively. From Figure 8.23 and an assumption that r will
be about 1 mm, q is estimated at 0.7. Applying Eq. 8.2 gives values for Kf of
1.9 and 1.6 for bending and torsional loading.

7. Following the procedure specified for general biaxial loads in Figure 8.16, the
equivalent alternating stress is due only to bending:

The equivalent mean stress is due only to torsion:

Thus, regardless of the value of d,

sea/sem = 2.9

8. Figure 17.7e shows a fatigue strength diagram for this case, with “load line” at
a slope of 2.9. The diagram indicates that for infinite life, sea is limited to
165 MPa; but this is at the design overload that incorporates a safety factor of
2.5 (as decided). Hence,

9. With the shaft layout shown, dimension d must, as decided, correspond to a
standard bearing bore. Selection of d = 35 mm should be satisfactory; for a lit-
tle more conservative choice, d = 40 mm might be preferred. In accordance
with the choice of r/d = 0.03, the fillet radius must be at least 0.03d at S. A
more generous radius would be preferred. Specify, say, r = 2 mm.

Comment: The angular deflections at A and B should be checked to determine
whether self-aligning bearings are necessary.

Shafts supporting helical or bevel gears are subject to mean loads that include
tension or compression as well as torsion. Since axial stresses are functions of d2

rather than d3, a simple ratio between sea and sem for all values of d does not exist
for these cases. The most expedient procedure is first to ignore the axial stress when
solving for d, and then to check the influence of the axial stress for the diameter
obtained. A slight change in diameter may or may not be indicated. If the diameter
selected must correspond to a standard size (as in Sample Problem 17.2D), it is
likely that a consideration of the axial stress will not change the final choice.

sea =
2.9 * 106

d3 (2.5) = 165 MPa, or d = 35.3 mm

sem = t =
16T

pd3Kf(t) =
16(125,000)

pd3 (1.6) =
1.0 * 106

d3

sea = s =
32M

pd3 Kf(b) =
322130,0002 + 75,0002

pd3 (1.9) =
2.9 * 106

d3
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17.6 Keys, Pins, and Splines

Perhaps the most common of these torque-transmitting shaft-to-hub connections are
keys (Figure 17.1), of which the most common type is the square key (Figure 17.1a).
Standard proportions call for the key width to be approximately one-fourth the shaft
diameter (see various handbooks and ANSI Standard B17.1 for details). Keys are
usually made of cold-finished low-carbon steel (as SAE or AISI 1020), but heat-
treated alloy steels are used when greater strength is required.

The loading of a key is a complex function of the clearances and elasticities
involved. Figure 17.8a shows the loading of a loosely fitted square key. The primary
loading is by the heavy horizontal force vectors; but these tend to rotate the key
counterclockwise until one or both pairs of its diagonally opposite corners make
contact with the keyway sides, bottoms, or both.

Figure 17.8b shows a key that is tightly fitted at the top and bottom (some-
times radial setscrews in the hub are used to hold the key tightly against the bot-
tom of the shaft keyway). The horizontal forces shown are commonly assumed to
be uniformly distributed over the key surfaces and to be equal to shaft torque
divided by shaft radius. (Neither assumption is strictly correct, but in view of the
complexities and uncertainties involved, they provide a reasonable basis for
design and analysis.)

As an illustration of key sizing, let us estimate the length of key required in
Figure 17.8b to transmit a torque equal to the elastic torque capacity of the shaft.
Assume that the shaft and key are made of ductile materials having the same strength
and that (in accordance with the distortion energy theory—Section 6.8),
Ssy = 0.58Sy .

d/4

d

(c) Shear failure of a tightly fitted key

d/4

d/8

d

(b) Key tightly fitted at top and bottom(a) Loosely fitted key

FIGURE 17.8
Square key loading and stresses.
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From Eq. 4.4 the shaft torque capacity is

(a)

The torque that can be transmitted by compressive forces acting on the sides of
the key is the product of limiting stress, contact area, and radius:

(b)

The torque that can be transmitted by key shear (Figure 17.8c) is also the prod-
uct of limiting stress, area, and radius:

(c)

Equating Eqs. a and b gives L = 1.82d; equating Eqs. a and c gives L = 1.57d.
Thus, on the basis of the simplifying assumptions that were made, a balanced design
requires the key to be about 1.8d in length. Note that a key designed for theoretically
balanced compression and shear strength would require a key depth a little greater
than the key width. Keys normally extend along the full width of the hub, and for
good stability, hub widths are commonly 1.5d to 2d.

If the shaft diameter is based on deflection rather than strength, a shorter key
may be entirely adequate. If the diameter is based on strength with shock or fatigue
loading present, stress concentration at the keyway must be taken into account when
estimating shaft strength. Figure 17.9 illustrates the two usual ways of cutting key-
ways, with associated approximate values of Kf (fatigue stress concentration factor).

T = (0.58 Sy)
Ld

4

d

2
=

0.58SyLd2

8

T = Sy
Ld

8

d

2
=
SyLd2

16

T =
pd3

16
(0.58Sy)

Sled-runner keyway Profiled keyway

Fatigue stress concentration factor, Kf
Steel

Annealed
(less than 200 Bhn)

Quenched and drawn
(over 200 Bhn)

1.3

Bending

1.6

1.3

Torsion

1.6

1.6

Bending

2.0

1.3

Torsion

1.6

FIGURE 17.9
Keyway types and corresponding fatigue stress concentration factors Kf . (Base nominal
stress on total shaft section.)
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Figure 17.2a shows a round pin connecting a hub and shaft. The torque capacity
of the connection is limited by the strength of the pin in double shear (i.e., failure
involves shearing both pin cross sections at the shaft-hub interface). For a solid pin
of diameter d and shear yield strength Ssy, the reader can readily show that the torque
capacity (based on pin yielding) is

T = pd2DSsy/4 (17.6)

Sometimes shear-loaded, torque-transmitting pins (as Figure 17.2a) are made
small and of relatively weak material to limit their capacity to the safe torque that
can be carried by the shaft. Then the shear pin serves as a safety or protective device.
A common example is the shear pin used to attach the propeller of an outboard
motor. If the propeller strikes an obstruction, the shear pin fails, thereby preventing
possible damage to the more costly members of the drive train.

Splines (Figure 17.4) act like multiple keys. They have either involute or
straight-sided profiles, the former being the usual type in modern machinery.
Involute splines usually have a 30° pressure angle, and one-half the depth of stan-
dard gear teeth (other standard pressure angles are 37.5° and 45°). The fit between
mating splines is characterized as sliding, close, or press. (See ANSI Standard
B92.1, B92.1M, and B92.2M; the SAE Handbook, or other handbooks for details.)
Figure 17.14 shows a sliding-fit spline that permits the length of an automotive
propeller shaft to change slightly with rear-wheel jounce. Splines can be cut or
rolled onto a shaft (much like screw threads). The strength of a splined shaft is
usually taken as the strength of a round shaft of diameter equal to the minor spline
diameter. However, for rolled splines, the favorable effects of cold working and
residual stresses may make the strength more nearly equal to that of the original
unsplined shaft.

17.7 Couplings and Universal Joints

Colinear shafts can be joined by rigid couplings, like the one shown in Figure 17.10.
The coupling halves can be attached to the shaft ends with keys, but the one shown
transmits torque by friction through slotted tapered sleeves. (The sleeves are
wedged tightly in place by tightening the bolts connecting the two halves.) Note
that the flanged portions at the outside diameter serve a safety function by shield-
ing the bolt heads and nuts. For designing such a coupling, the force flow concept
(Section 2.4) is appropriate. This leads us to consider, in order, (1) the torque
capacity of the key or wedged friction connection with the shaft, (2) the strength
of the relatively thin web portions that are drilled to accommodate the bolts, and
(3) the strength of the bolts.

Rigid couplings are limited in their application to the unusual instances in
which the shafts are colinear within extremely close tolerances and can be counted
on to stay that way. If the shafts are laterally misaligned (i.e., parallel but offset) or
angularly misaligned (axes intersect at an angle), the installation of a rigid coupling
forces them into alignment. This subjects the coupling, shafts, and shaft bearings to
unnecessary loads that may lead to early failures.

FIGURE 17.10
Rigid shaft coupling.
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(a) Roller chain coupling (b) Gear coupling

Gear teeth (on both halves
of coupling but shown
on left half only)

FIGURE 17.12
Metallic element flexible
couplings. (Courtesy
Reliance Electric
Company.)

(b) Constant-stress,
    constant strain
   shear coupling

(a) Basic shear-type coupling

Bonded rubber element

(c) Tube form shear coupling

Rubber

(d) Heavy-duty coupling

FIGURE 17.11
Rubber element flexible couplings. (a, b, c, Courtesy Lord Corporation. d, Courtesy
Reliance Electric Company.)

The problems of a small amount of shaft misalignment can be eliminated
by using a fexible coupling. A large variety of ingenious designs are on the market.
Figure 17.11 shows a few of the many designs that use a flexible material like rub-
ber. These can be designed to provide appropriate elasticity and damping for control
of torsional vibration as well as providing for misalignment. Other flexible cou-
plings use all metallic components (two are shown in Figure 17.12), and these tend
to have greater torque capacity for a given size.

One ingenious design of fairly ancient origin is the Oldham coupling, shown in
Figure 17.13. The sliding of the center block permits a substantial amount of shaft
lateral offset, and built-in axial clearance permits some angular misalignment. For
additional information about machine couplings, see http://pt.rexnord.com.
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FIGURE 17.14
Cross-type universal joints.
(Courtesy Dana
Corporation.)

Universal joints permit substantial angular misalignment of shafts having
intersecting axes. Figure 17.14 shows the common cross type (known as Cardan
joint or Hooke’s joint) that is usually used at the ends of the drive shaft on rear-
wheel-drive automobiles. Plain bushings or needle bearings are used at the yoke-
to-cross connections. If the input yoke rotates at constant angular velocity, the
output yoke velocity will have a speed fluctuation at twice rotating speed, the
magnitude of which increases with the misalignment angle. If two joints are used,
with yokes aligned as shown in Figure 17.14, speed fluctuations across the two
joints cancel to give uniform output yoke rotation if all three shafts between and
at each end of the joints are in the same plane, and if the misalignment angles at
the two joints are equal.

Other types of universal joints that transmit angular velocity uniformly
across a single joint have been devised. These are known as constant-velocity uni-
versal joints. A common application is in front-wheel-drive automobiles, where
drive shafts are short, and shaft angles (because of steering and wheel jounce) can
be large.

(a) Basic Oldham type (b) Modified type

FIGURE 17.13
Oldham or slider block cou-
plings. Both versions have a
freely sliding center slider
block that provides pairs of
sliding surfaces at 90° ori-
entation. The greater the
shaft misalignment, the
greater the sliding.
Lubrication and wear must
be considered.
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References

(a) Side view (b) Pump assembly

Motor

Orange Peel coupling guard
Discharge

Suction

Pump

FIGURE 17.15
Orange Peel, LLC coupling guard for motor-pump assembly.

TABLE 17.1 Related Safety Standards for Couplings, Shafts, and 
Other Rotating Components

Standard Title

OSHA 1910.219 Mechanical power-transmission apparatus

ANSI/ASME B15.1-2000 Safety standard for mechanical power-transmission
apparatus

ANSI Z535.4-2002 Product safety signs and labels

ISO 3864-1:2002 Graphical symbols—Safety colors and safety signs—
Part 1: Design principles for safety signs in workplaces
and public areas

ISO 3864-2:2004 Graphical symbols—Safety colors and safety signs—
Part 2: Design principles for product safety labels

In order to protect persons from rotating universal joints, couplings, and shafts,
machine guards are generally required. Figure 17.15 shows a coupling guard for a pump
assembly. Coupling and shaft guards provide physical protection from the rotating com-
ponents, and when properly designed can be opened or removed to service the connect-
ed equipment (after proper lockout–tagout procedures have been followed). The guard
can also protect couplings and shafts from external and environmental damage. For
additional information see shaft guards at http://www.pt.rexnord.com. For a list of
safety standards related to machine guarding of rotating components, refer to Table 17.1.
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20 in.

Flexible coupling
Motor 0.25-in.-dia. shaft

FIGURE P17.3

Problems

Section 17.1–17.4

17.1 The Dodge bearing catalog found at http://dodge-pt.com/literature/index.html dis-
cusses the general topic of shafting. Review this web site and explain what is meant
by (a) standard shafting and (b) special shafting. Also, record what is recommended
for (c) ordering shafting and (d) turning down shaft ends.

17.2 Table and charts are presented in the Dodge bearing catalog found at the web site
http://dodge-pt.com/literature/index.html for the selection of shaft diameters.
Discuss how the tables for selecting shaft diameter are constructed.

17.3 A simply supported steel shaft in Figure P17.3 is connected to an electric motor with
a flexible coupling. Find the value of the critical speed of rotation for the shaft.

17.4D For Problem 17.3 plot nc versus shaft diameter from 0.10 to 3.0 in.

17.5D For Problem 17.3 plot nc versus bearing spacing from 1 to 20 in.

17.6 Repeat Problem 17.3, except with a 7-mm-diameter and 500-mm-length shaft.

17.7 Repeat Problem 17.3, except with an aluminum shaft.

17.8 Repeat Problem 17.3 with a 1.0-in.-diameter shaft.

17.9 Repeat Problem 17.3 with a 1.0-in.-diameter shaft and 10-in. shaft length between
bearings.

9. Young, W. C., and R. G. Budynas, Roark’s Formulas for
Stress and Strain, 7th ed., McGraw-Hill, New York, 2002.

10. Oberg, E. et al., Machinery’s Handbook, 28th ed., Industrial
Press, Inc., New York, 2008.

11. Thomson, W. T., and M. D. Dahleh, Theory of Vibration
with Applications, 5th ed., Prentice Hall, New Jersey, 1998.

5. “Keys and Keyseats,” ANSI B17.1, American Society of
Mechanical Engineers, New York, 1967.

6. Lehnhoff, T. F., “Shaft Design Using the Distortion Energy
Theory,” Mech. Eng. News, 10(1):41–43 (Feb. 1973).

7. Peterson, R. E., Stress Concentration Factors, Wiley, New
York, 1974.

8. Soderberg, C. R., “Working Stresses,” J. Appl. Mech.,
57:A106 (1935).
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500 mm500 mm

40 kg

Aluminum shaft

FIGURE P17.14

40 in. 30 in.20 in.

120 lb
80 lb

2-in.-dia. shaft

FIGURE P17.15

600 mm600 mm

50 kg

25-mm dia.

FIGURE P17.10

17.11 Reconsider Problem 17.10, but with a beryllium copper shaft (E = 127 GPa).

17.12 Repeat Problem 17.10 with a 50-mm-diameter shaft.

17.13 For Problem 17.10 plot nc versus shaft diameter from 15 to 45 mm.

17.14 Estimate the shaft diameter required to produce a critical speed of rotation of
250 rpm for an aluminum shaft of total length of 1.0 m that carries a center load of
40 kg as shown in Figure P17.14.

17.15 Determine the critical speed of rotation for the steel shaft shown in Figure P17.15.

17.16 Repeat Problem 17.15 with a 3-in.-diameter shaft.

17.10 Determine the critical speed of rotation for the steel shaft of Figure P17.10.
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24 in.24 in.

100 lb

Steel shaft

FIGURE P17.20

17.17 A mass of 120 lb at location 1 and an 80-lb mass at location 2 are attached to the
2-in.- diameter shaft as shown in Figure P17.15. By means of a deflection analysis,
the influence coefficients for the shaft were determined as

a11 = 0.000308 in./lb

a12 = 0.000321 in./lb

a21 = 0.000321 in./lb

a22 = 0.000510 in./lb

Note that a11 is the deflection at location 1 caused by a 1-lb force at that location, a22
is the deflection at location 2 caused by a 1-lb force at that location, a12 is the deflec-
tion at location 1 caused by a 1-lb force at location 2, et cetera. Determine the first
critical speed, ignoring the mass of the shaft, using both the Rayleigh equation and
the Dunkerley equation.

17.18 A mass of 120 lb at location 1 and an 80-lb mass at location 2 are attached as shown
in Figure P17.15 except the shaft diameter is 3.0 in. By means of a deflection analy-
sis, the influence coefficients for the shaft were determined as

a11 = 0.000061 in./lb

a12 = 0.000063 in./lb

a21 = 0.000063 in./lb

a22 = 0.000101 in./lb

Determine the first critical speed, ignoring the mass of the shaft, using the Rayleigh
equation and the Dunkerley equation.

17.19 Develop a relationship that shows that if a 2-in.-diameter shaft has a critical speed of
708 rpm then a 3-in.-diameter shaft of the same material and length and load loca-
tion(s) will have a critical speed of 1593 rpm.

17.20 Estimate the shaft diameter required to produce a critical speed of rotation of
750 rpm for a steel shaft of total length of 48 in. that carries a center load of 100 lb
as shown in Figure P17.20.

17.21 The shaft in Figure P17.20 has a critical speed of rotation of 750 rpm for a diameter
of 1.256 in. Determine the critical speed if the shaft diameter is increased to 2.512 in.

17.22 Determine the critical speed of rotation for the overhanging 2-in. diameter steel shaft
(E = 29 � 106 psi) with attached 60-lb grinding wheel shown in Figure P17.22.
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Driver
56 kw

Bearing (2)

Shaft
Driven
28 kw

Driven
28 kw

(b) Gear input shaft

(a) Connecting shaft

(c) Hydroelectric generator shaft

Bearings Shaft

Electric
generator

rotor

Hydraulic
turbine

Coupling (2)Motor

Bearing (2)

Shaft

Driven machine

FIGURE P17.24

17.23 Determine the new shaft diameter required, if the critical speed calculated in Problem
P17.22 is unacceptable and the minimum critical frequency must be at least 75Hz.

Section 17.5

17.24 The six shafts represented in Figure P17.24 carry various combinations of static and
alternating bending, axial, and torsional loads. State the loading involved for each of
the shafts, and give a short one-sentence explanation for the cause of the loading.

Pillow block
bearing

Steel shaft
Grinding wheel,
60 lb

20 in.

12 in.

FIGURE P17.22
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(d) Idler gear shaft

Driver
Shaft

Bearing (2)

Driven

Idler

(e) Gear countershaft ( f ) Stationary countershaft

Shaft

Needle bearing (2)

Shaft

DriverDriven

Driver Driven

FIGURE P17.24 (Continued)

5 in.

2 in.

Bearing A
Bearing B

Fr = 450 lb

Fa = 400 lb

Ft = 800 lb

3 in. rad

FIGURE P17.25

17.25 Figure P17.25 shows the load components acting on a helical gear mounted on a sim-
ply supported shaft. Bearing B takes thrust. A flexible coupling for transmitting
torque attaches to the right end of the shaft. The left end is free.

(a) Draw load, shear force, and bending moment diagrams for the shaft, in both the
horizontal and vertical planes. Also draw diagrams showing the torsional loading
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and the axial force loading. (The desired diagrams include the seven shown in
Figure 17.7c. Add a similar diagram showing axial load, with tension plotted
positive and compression negative.)

(b) What radial and thrust loads are applied to the bearings?

(c) Identify the most critically loaded shaft cross section, and for this location
determine the diameter theoretically required for infinite life. Assume that the
shaft will be machined from steel having Su = 150 ksi and Sy = 120 ksi, and
that Kf = 2.0, 1.5, and 2.0 will apply to bending, torsional, and axial loading,
respectively, at the critical location.

[Ans.: (b) 233 lb radial to A; 754 lb radial and 400-lb thrust to B, (c) just to the
right of the gear; approximately 0.94 in.]

17.26 A stepped steel shaft (as shown in Chapter 4, Figure 4.35) has D/d = 1.2, d = 30 mm,
and r = 3 mm. The surfaces are machined and the steel has a hardness of 200 Bhn
and strength values of Su = 700 MPa and Sy = 550 MPa. The rotating steel shaft used
in a spur gear reducer is subjected to a constant bending moment and a steady torque
which results in calculated stresses of 60 MPa bending and 80 MPa torsion.
However, these are nominal values and do not take into account stress concentration
caused by the stepped shaft (shoulder). The fatigue stress concentration caused by
the shoulder of this steel shaft is Kf = 1.53 for bending and Kf = 1.28 for torsion. The
modified endurance limit is 239 MPa. Determine the safety factor with respect to
infinite fatigue life.

17.27 A bevel pinion and shaft are shown in Figure P17.27. Bearing A takes thrust. The left
end of the shaft is coupled to an electric motor, and the right end is free. Load com-
ponents applied by the mating bevel gear are shown.

(a) Draw load, shear force, and bending moment diagrams for the shaft in both hor-
izontal and vertical planes, plus torsional-load and axial-load diagrams. (The
desired diagrams include the seven shown in Figure 17.7c plus a similar dia-
gram for axial loads, with tension plotted as positive.)

(b) Determine the radial and
thrust loads applied to the
two bearings.

(c) Identify the critically loaded
shaft cross section and esti-
mate the safety factor with
respect to eventual fatigue
failure using the following
data: shaft diameter = 33 mm,
Kf = 1.3, 1.2, and 1.3 for
bending, torsional, and axial
loading, respectively; mater-
ial is steel with Su = 900
MPa and Sy = 700 MPa;
and critical surfaces have a
ground finish.

17.28D Figure P17.28D shows two alternative approaches to the problem of supporting an
overhung or cantilevered chain idler sprocket (or spur gear or belt sheave). What fun-
damental differences are there between the two with respect to shaft loading and
bearing loading? How would the comparison change if a bevel gear were substituted
for the chain sprocket?

125 mm

50 mm

B

A

Fr = 2.4 kN

Ft = 4.0 kN

Fa = 1.5 kN

Note: Gear forces act
at a 75-mm radius

from shaft axis.

FIGURE P17.27
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17.29D The pinion shaft involved in Problem 16.15 is to be designed.

(a) Draw load, shear force, and bending moment diagrams for the shaft, in both the
horizontal and vertical planes. Also draw diagrams showing the shaft torsional
and axial force loadings. (The desired diagrams include the seven shown in
Figure 17.7c plus a similar diagram for axial load, with tension plotted as pos-
itive and compression negative.)

(b) What are the radial and axial loads applied to the bearings?

(c) Make a preliminary scale drawing of the shaft, with “reasonable-looking”
diameters and with appropriate shoulders and other provisions for the axial
retention of parts.

(d) What primary factors must be considered when determining appropriate numer-
ical values of the diameters?

(e) Determine, at fatigue-critical location(s), an appropriate combination of
design detail (such as fillet radius), shaft diameter, material and hardness, and
surface finish.

(f) Select appropriate bearings, and add dimensions for all diameters shown in your
drawing for part (c).

(g) Determine the linear deflection at the gear and the angular deflection at the bear-
ings.

[Answer to part d: (1) Bearing considerations—sufficient diameter, standard sizes,
and possible use of bearings already on hand for other applications. (2) Fatigue
strength. (3) Deflections—lateral deflection of gear should not generally exceed
0.05 to 0.10 mm or 0.002 to 0.004 in., and angular deflection at bearings should not
normally exceed about 0.03. In some applications lateral and torsional shaft stiff-
nesses must be checked to ensure keeping natural frequencies out of the operating
speed range.]

17.30D Repeat Problem 17.29D for the countershaft of Problem 16.16.

17.31D Repeat Problem 17.29D for the worm shaft of Problem 16.39, with the worm mounted
midway between bearings spaced 5.0 in. apart.

17.32 Problems 17.29D through 17.31D dealt with motor-driven input shafts and a coun-
tershaft for which the loads were essentially known. Consider now the more involved

Chain sprocket

(a)

Stationary shaft

Clamping supports

Chain sprocket

(b)

Rotating shaft

Clamping supports

FIGURE P17.28D
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problem of designing the output shaft of a gear reducer for general use. The driven
machine may be coupled directly to the reducer output shaft, but it may also be dri-
ven through gears, belts, or chains.

(a) In designing the reducer output shaft and bearings for the most severe reason-
able application, would you consider the largest or the smallest gear, sprocket,
or sheave that might be mounted on this shaft? Explain, briefly.

(b) Other factors being equal, would the most severe loading be applied with a gear,
belt, or chain drive? Explain, briefly.

17.33 A countershaft has a helical gear (B), a bevel gear (D), and two supporting bearings
(A and C) as shown in Figure P17.33. Loads acting on the bevel gear are known.
Forces on the helical gears can be determined. Shaft dimensions are known. All shoul-
der fillets have a radius of 5 mm. Only bearing A takes thrust. The shaft is made of
hardened steel having values of Su = 1069 MPa and Sy = 896 MPa. All important sur-
faces are finished by grinding.

(a) Draw load, shear force, and bending moment diagrams for the shaft in the xy and
xz planes. Also draw diagrams showing the intensity of the axial force and torque
along the length of the shaft.

(b) At points B, C, and E of the shaft, calculate the equivalent stresses in preparation
for making a fatigue safety factor determination. (Note: Refer to Figure 8.16 and
Table 8.2).

(c) For a reliability of 99% (and assuming 	 = 0.08 Sn), estimate the safety factor of
the shaft at points B, C, and E.

Forces act at 500-mm dia.

Fx = 0.2625Fy
Fz = 0.3675Fy

C

B
Ax

Forces act at 375-mm dia. (2)

120 dia. Keyway

(Kf = 1.6 for bend and torsion; 1.0 for axial 
load all at the keyway. Use CS = 1 with these values.)

80 dia.

B

E

C D

A

(1)

Fx = 1.37 kN

Fz = 5.33 kN

Fy = 1.37 kN

Fy

D

y

z
550

400

450
400

FIGURE P17.33

17.34D (a) For a maximum torsional deflection of 0.08° per foot, show for a round shaft that

where d = shaft diameter, in., hp = horsepower, and n = shaft speed, rpm.
(The torsional deflection of 0.08° per foot is a safe general maximum histori-
cally recommended value.)

(b) Plot shaft diameter (d from 0.5 to 2.5 in.) versus shaft speed (n from 100 to
1000 rpm) for various horsepower values (hp from to 20 hp).1

8 hp

d = 4.6 ahp

n
b0.25
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Sections 17.6–17.7

17.35D Estimate the length of flat key required to transmit a torque equal to the elastic torque
capacity of a round shaft of diameter d. Assume that the key and shaft are made of
the same ductile material and that the key is tightly fitted at its top and bottom.
Compare this result with the length of square key required, and suggest a possible
reason why a flat key might be preferred in some cases.

[Ans.: L = 2.4d]

17.36D Search online at http://www.pddnet.com and http://www.powertransmission.com;
identify and discuss methods of coupling rotating shafts. These shaft coupling meth-
ods could utilize internal and external gears, pins, balls, springs, chains, belts, splines
and nonmetal parts to transmit torque.

17.37D Review the web site http://www.grainger.com. Perform a product search for flexible
couplings. Locate a flexible coupling with a bore and rated for at
1725 rpm. List the manufacturer, description, and price of the shaft coupling.

17.38D Review the web site http://www.grainger.com. Perform a product search for shaft
couplings. Locate a roller chain coupling with a bore and a sprocket with 16
teeth. List the manufacturer, description, and price of the shaft coupling.

17.39 An incident occurred resulting in serious injury to a female worker. An industrial fin-
ger jointer was moving small lengths of cut wood along rollers and taking cut pieces
of wood and gluing these together to make longer pieces for other applications. The
incident machine area where the accident took place was a portion of exposed shaft
that was at a transition between a guarded chain and sprocket and a guarded hori-
zontal shaft—see Figure P17.39. The transition measured 1.25 in. long and was
approximately 46.5 in. from the floor, according to the OSHA investigator. At the
time of the accident, the employee was reaching through an area of limited access to
flip a toggle switch when her ponytail entered the transition area and became entan-
gled in the rotating shaft at the infeed to a carriage saw on the industrial finger join-
ter, when she was completely scalped.

Additional facts in this accident include:

1. The employee was being trained on the operation of the industrial finger jointer
on the day of the incident and was working on the industrial jointer at the time of
the incident.

2. Prior to the incident the employee was not warned about the inadequately guard-
ed rotating part.

3. The employee did have her hair pulled back into a ponytail at the time of the
accident.

4. The guard was inappropriate for the machine in that it allowed the employee’s
hair to reach rotating parts (without removal of the guard).

5. The machine’s activation/deactivation switch was located in an unsafe position.

6. The employer did not have a policy in place that required employees to keep their
hair at a certain length or pulled up and back.

7. The employee was not warned of the dangers she would encounter when properly
operating the machine.

8. The employee was not required to read the machine’s operation manual.

5
8-in.

1
2 hp1

2-in.
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1.25 in.

Note: Chain-sprocket and
shaft exposed from rear
of guard

Guard (upper
portion removed
to show chain)

FIGURE P17.39

9. There was no warning label located on the rotating part or on the guard around
the rotating part wherein the employee’s hair was caught.

10. The OSHA report states, “The employer was aware of the requirement for guard-
ing of rotating shafts from the previous inspections. The main portion of the shaft
was guarded, but a small portion between the guarded chain and sprocket and the
guarded horizontal shaft was unguarded at the time of the accident.”

Search the OSHA regulations at http://www.osha.gov and specifically review the regulation
29 CFR 1910.212, General requirements for all machines. Write a paragraph relating this reg-
ulation to this incident. Also, list ways in which this accident could have been prevented.
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18
Clutches
and Brakes

18.1 Introduction

With the sliding surfaces encountered in most machine components—in bearings,
gears, cams, and many others—it is desirable to minimize interface friction in order
to reduce energy loss and wear. In contrast, clutches and brakes depend on friction
in order to function. With these members, one objective is to maximize the friction
coefficient, and keep it uniform over a wide range of operating conditions, and at the
same time to minimize wear.

The function of a clutch is to permit smooth, gradual connection and discon-
nection of two members having a common axis of rotation. A brake acts similarly
except that one of the members is fixed. The clutches and brakes considered here are
all of the friction type, depending on sliding friction between solid surfaces. Other
types use magnetic, eddy current and hydrodynamic forces. Fluid couplings and
torque converters, which are treated in Chapter 19, are examples.

Several types of friction clutches and brakes are considered in this chapter. All
must be designed to satisfy three basic requirements. (1) The required friction torque
must be produced by an acceptable actuating force. (2) The energy converted to fric-
tion heat (during braking or during clutch engagement) must be dissipated without
producing destructively high temperatures. (3) The wear characteristics of the fric-
tion surfaces must be such that they give acceptable life. Sections 9.8, 9.9, 9.10, 9.12,
and 9.15 provide appropriate background on clutch and brake wear characteristics.

The site http://www.machinedesign.com presents information on clutches,
mechanical brakes, brake linings, and electric brakes. The site http://www.powertrans-
mission.com lists clutch and brake company web sites.

18.2 Disk Clutches

Figure 18.1 shows a simple disk clutch with one driving and one driven surface.
Driving friction between the two develops when they are forced together. Practical
embodiments of this principle are illustrated in Figures 18.2 and 18.3.

Figure 18.2 shows an automotive-type clutch, used with “standard” transmis-
sions. The flywheel, clutch cover, and pressure plate rotate with the crankshaft. A
series of circumferentially distributed springs (or a single internally slotted coned-disk
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spring—Figure 12.31) force the pressure plate toward the flywheel, clamping the
clutch plate (driven disk) between them. The hub of the clutch plate is spline-
connected to the transmission input shaft. The clutch is disengaged by depressing the
clutch pedal, which rotates the lever marked “To release.” This pushes the clutch

Driving
shaft

A

A Section A–A

Driven
shaft

Provision for
axial movement

Ring element
subjected to clamping

pressure, p

(see Eq.18.1)

Friction lining
material

dr

rri

ro

FIGURE 18.1
Basic disk clutch.

Release
lever

To release

To transmission

Housing

Cover

Spring

Flywheel

Friction
planes

Engine
crankshaft

Pressure plate

Clutch plate
(driven disk)

Release
bearing

FIGURE 18.2
Automotive-type disk clutch. (Courtesy Borg-Warner Corporation.)
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Oil passage

Input

Oil passage

Piston

Oil chamber
(pressurized to
engage clutch)

Seals

Bushing

Key

Key

Output

Disks b – driven disks (3 disks, 6 friction surfaces)

Disks a – driving disks (4 disks, 6 friction surfaces)

ri ro

FIGURE 18.3
Multiple-disk clutch, hydraulically operated.

release bearing against a series of radially oriented release levers that pull the pres-
sure plate away from the flywheel. Note that the clutch release bearing is a thrust
bearing. The right side bears against the release mechanism, which does not rotate;
the left side bears against the release levers, which rotate with the crankshaft. This
clutch has two driving surfaces, one on the flywheel and one on the pressure plate,
and two driven surfaces, the two sides of the clutch plate.

Figure 18.3 illustrates the principle of multiple-disk clutches. Disks a are con-
strained (as with splines) to rotate with the input shaft; disks b are similarly con-
strained to rotate with the output shaft. When the clutch is disengaged, the disks are
free to slide axially to separate themselves. When the clutch is engaged, they are
clamped tightly together to provide (in the case illustrated) six driving and six dri-
ven surfaces. The two end disks, which have only their inner sides serving as fric-
tion surfaces, should be members of the same set in order to avoid transmitting the
clamping force through a thrust bearing. Note that in Figures 18.2 and 18.3 the
clutch clamping force is localized to the region of the disks, whereas in Figure 18.1
it would have to be transmitted through a thrust bearing.

As with other friction members, disk clutches can be designed to operate either
“dry” or “wet” with oil. Automotive clutches of the type shown in Figure 18.2 are
dry; most multiple-disk clutches, including those used in automotive automatic
transmissions, operate wet. The oil serves as an effective coolant during clutch
engagement, and the use of multiple disks compensates for the reduced coefficient
of friction.

Equations are now developed below relating clutch size, friction coefficient, torque
capacity, axial clamping force, and interface pressure, using each of two basic assump-
tions. Throughout the development the coefficient of friction f is assumed to be constant.
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18.2 ■ Disk Clutches 749

1. Assume uniform distribution of interface pressure. This assumption is valid for
an unworn (new), accurately manufactured clutch, with rigid outer disks. With
reference to Figure 18.1, the normal force acting on a differential ring element
of radius r is

dF = (2pr dr)p (a)

where p is the uniform level of interface pressure. The total normal force acting
on the area of contact is

(18.1)

where F is also the axial force clamping the driving and driven disks together.
The friction torque that can be developed on a ring element is the product of the
normal force, coefficient of friction, and radius,

dT = (2pr dr)pfr

and the total torque that can be developed over the entire interface is

(b)

Equation b represents the torque capacity of a clutch with one friction interface
(one driving disk mating with one driven disk, as in Figure 18.1). Actual clutches
(as shown in Figures 18.2 and 18.3) employ N friction interfaces transmitting
torque in parallel, where N is an even number (two in Figure 18.2; six in Figure
18.3). For a clutch with N friction interfaces, Eq. b is modified to give

(18.2)

Solving Eq. 18.1 for p, and substituting its value into Eq. 18.2 gives an equation
for torque capacity as a function of axial clamping force:

(18.3)

2. Assume uniform rate of wear at interface. As implied in Eq. 9.1, wear rate
is generally proportional to the rate of friction work—that is, friction force
times rubbing velocity. With a uniform coefficient of friction, wear rate is
proportional to the product of pressure times sliding velocity. (Hence, consider
the common experience of wearing down a piece of wood with sandpaper at a
rate proportional to both pressure and rubbing velocity.) On the clutch face, ve-
locity is proportional to radius; hence, rate of work is proportional to the prod-
uct of pressure and radius. On this basis, a new clutch (with uniform distribution
of interface pressure) would have its greatest initial wear at the outer radius.
After this initial “break-in” wear, the friction lining tends to wear at a uniform
rate, being “ground down” between assumed rigid and parallel outer plates. This
uniform wear rate is assumed to result from a uniform rate of friction work—that

T =
2Ff(r3o - r3i )
3(r2o - r2i )

N

T = 2
3ppf(r3o - r3i )N

T = L
ro

ri

2ppfr 2 dr = 2
3ppf(r3o - r3i )

F = L
ro

ri

2ppr dr = pp(r2o - r2i )
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TABLE 18.1 Representative Properties of Friction Materials, Operating Dry

Maximum Bulk
Maximum Pressurec Temperature

Dynamic Friction
Friction Materiala Coefficient f b psi kPa

Molded 0.25–0.45 150–300 1030–2070 400–500 204–260

Woven 0.25–0.45 50–100 345–690 400–500 204–260

Sintered metal 0.15–0.45 150–300 1030–2070 450–1250 232–677

Cork 0.30–0.50 8–14 55–95 180 82

Wood 0.20–0.30 50–90 345–620 200 93

Cast iron, hard steel 0.15–0.25 100–250 690–1720 500 260

a When rubbing against smooth cast iron or steel.
b Experimental values of f vary with detailed composition, rubbing speed, pressure, temperature, humidity, and composition. Consult the
manufacturer or obtain test data. For design, commonly use 50 to 75 percent of test values to provide a factor of safety.
c Use of lower values will give longer life. Consult the manufacturer or obtain test data. Compute the average pressure on cylindrical surfaces
on the basis of projected area of contact (as for bearing stresses and journal bearing pressures—see Section 13.3).

°C°F

is, a constant product of pressure and velocity, or a constant product of pressure
and radius. Thus

pr = C (where C is a constant)

The greatest pressure, pmax, obviously occurs at the inside radius, and this has
an allowable value determined by the characteristics of the friction lining mate-
rial. Hence, for a clutch of inside radius ri and a friction lining with allowable
pressure pmax, the clutch design is based on

pr = C = pmaxri (18.4)

Using Eq. 18.4 and proceeding as in the derivation of Eqs. 18.1 through
18.3, we have

(18.5)

(18.6)

(18.7)

where N is the number of friction interfaces. Note the simple physical interpre-
tation of Eq. 18.7.

The assumption of uniform wear rate gives a lower calculated clutch capacity
than the assumption of uniform pressure. (This must be so because the higher
initial wear toward the outside diameter shifts the center of pressure toward the
inside, giving a smaller torque arm.) Hence, clutches are usually designed on the
basis of uniform wear, and have a little extra torque capacity when new.

Approximate data relative to coefficients of friction and allowable pres-
sures for various friction lining materials are given in Tables 18.1 and 18.2.

T = Ff ¢ ro + ri
2
≤NT = L

ro

ri

2ppmaxri fr dr N = ppmaxrif(r2o - r2i )N

F = L
ro

ri

2ppmaxri dr = 2ppmaxri(ro - ri)
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TABLE 18.2 Representative Values of Friction
Coefficient for Friction Materials
Operating in Oil

Dynamic Friction
Friction Materiala Coefficient f

Molded 0.06–0.09

Woven 0.08–0.10

Sintered metal 0.05–0.08

Paper 0.10–0.14

Graphitic 0.12 (avg.)

Polymeric 0.11 (avg.)

Cork 0.15–0.25

Wood 0.12–0.16

Cast iron, hard steel 0.03–0.06

a When rubbing against smooth cast iron or steel.

A parameter in the design of clutches is the ratio of inside to outside radius.
It is left to the reader to show, from Eq. 18.6, that maximum torque for a given
outside radius is obtained when

(18.8)

Proportions commonly used range from ri = 0.45ro to ri = 0.80ro .

SAMPLE PROBLEM 18.1D Multiple-Disk Wet Clutch

A multiple-disk wet clutch is to be designed for transmitting a torque of 85 N # m.
Space restrictions limit the outside disk diameter to 100 mm. Design values for the
molded friction material and steel disks to be used are f = 0.06 (wet) and
pmax = 1400 kPa. Determine appropriate values for the disk inside diameter, the
total number of disks, and the clamping force.

SOLUTION

Known: A multiple-disk clutch with outside disk diameter, do … 100 mm, dynamic
friction coefficient, f = 0.06 (wet), and maximum disk allowable pressure,
pmax = 1400 kPa, transmits a torque, T = 85 N # m.

Find: Determine the disk inside diameter di , the total number of disks N, and the
clamping force F.

Schematic and Given Data: See Figure 18.3.

Decisions and Assumptions:
1. Use the largest allowable outside disk diameter, do = 100 mm (ro = 50 mm).

2. Select ri = 29 mm.

ri = 21
3
ro = 0.58ro
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752 Chapter 18 ■ Clutches and Brakes

3. With an overdesigned clutch, choose to reduce pmax and F to obtain the design
torque capacity.

4. The coefficient of friction f is a constant.

5. The wear rate is uniform at the interface.

6. The torque load is shared equally among the disks.

Design Analysis:
1. Using Eq. 18.6 gives disks.

2. Since N must be an even integer, use N = 8. Reference to Figure 18.3 shows
that this requires a total of 4 + 5, or nine disks (remember that the two outer
disks have friction surfaces on one side only).

3. With no other changes, this will give a clutch that is overdesigned by a factor of
8/6.69 = 1.19. Possible alternatives include (a) accepting the 19 percent
overdesign, (b) increasing ri , (c) decreasing ro , and (d) leaving both radii
unchanged and reducing both pmax and F by a factor of 1.19.

4. With the choice of alternative d, the clamping force is computed from Eq. 18.7
to be just sufficient to produce the desired torque:

5. Rounding up the calculated value of F to an even number, we find that the final
proposed answers are (a) inside diameter = 58 mm, (b) clamping
force = 4500 N, and (c) a total of nine disks.

Comment: The choice of ri is in the commonly used range 0.45ro 6 ri 6 0.80ro .

18.3 Disk Brakes

As noted previously, a brake is similar to a clutch except that one of the shafts is
replaced by a fixed member. Hence, with minor modification, the designs illustrated
in Figures 18.2 and 18.3 can be converted to disk brakes. Such brakes would be
unsatisfactory for general use because their cooling would be inadequate. For this
reason caliper disk brakes are commonly used. Bicycle brakes are undoubtedly the
best-known examples. The wheel rim constitutes the disk. Friction lining on the
caliper contacts only a small portion of the disk surface, leaving the remainder
exposed to dissipate heat. Figure 18.4 shows a hydraulically actuated caliper disk
brake that uses a ventilated disk. Air circulation through the interior passages pro-
vides substantial additional cooling. Disk brakes can conveniently be examined on
the front wheel of most larger motorcycles.

The torque capacity and clamping force requirements of caliper disk brakes can
be determined using the procedures of the previous section. The cooling or heat-
dissipating characteristics of brakes are discussed next.

F = 4483 N

T = Ff ¢ ro + ri
2
≤N = 85 N # m = F(0.06)a0.050 + 0.029

2
 mb8,

N = T/[ppmaxrif(r2o - r2i )] = 6.69
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Air-cooling
passages

Hydraulic
fittings

FIGURE 18.4
Caliper disk brake, hydraulically operated. (Courtesy Auto
Specialities Manufacturing Company.)

18.4 Energy Absorption and Cooling

The basic function of a brake is to absorb energy, that is, to convert kinetic and
potential energy into friction heat, and to dissipate the resulting heat without devel-
oping destructively high temperatures. Clutches also absorb energy and dissipate
heat, but usually at a lower rate. Where brakes (or clutches) are used more or less
continuously for extended periods of time, provision must be made for rapid trans-
fer of heat to the surrounding atmosphere. For intermittent operation, the thermal
capacity of the parts may permit much of the heat to be stored and then dissipated
over a longer period of time. Brake and clutch parts must be designed to avoid objec-
tionable thermal stresses and thermal distortion (Section 4.16).

The basic heat transfer equation is Eq. 13.13, previously encountered in connec-
tion with journal bearings and worm gears. With slightly modified notation this is

H = CA(ts - ta) (18.9)

where

H = time rate of heat dissipation (W or hp)

C = overall heat transfer coefficient (W per m2 per °C, or hp per in.2 per °F)

A = exposed heat-dissipating surface area (m2 or in.2)

ts = average temperature of heat-dissipating surfaces (°C or °F)

ta = air temperature in the vicinity of the heat-dissipating surfaces (°C or °F)

The ability of brakes to absorb large amounts of energy without reaching destruc-
tive temperatures can be increased by (1) increasing exposed surface areas, as by fins and
ribs, (2) increasing air flow past these surfaces by minimizing air flow restrictions and
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754 Chapter 18 ■ Clutches and Brakes

maximizing the air pumping action of the rotating parts, and (3) increasing the mass and
specific heat of parts in immediate contact with the friction surfaces, thereby providing
increased heat storage capacity during short periods of peak braking load.

The sources of energy to be absorbed are primarily three.

1. Kinetic energy of translation:

(18.10)

2. Kinetic energy of rotation:

(18.11)

3. Potential (gravitational) energy, as in an elevator being lowered or an automo-
bile descending a hill:

PE = Wd (weight times vertical distance) (18.12)

Some appreciation of the magnitude of the rate of energy that brakes are sometimes
called on to absorb can be gained by considering a “panic stop” of a high-speed automo-
bile: the instantaneous braking power is the same as the engine power that would be
required to “squeal” all wheels during four-wheel-drive acceleration from the high speed!

A dramatic example of the power capacity of vehicle brakes is the stopping of a jet
airliner during a “rejected takeoff.” The fully loaded plane is at speed for lift-off when,
at the last minute, the brakes are applied for an emergency stop. For a Boeing 707, this
means stopping a 260,000-pound vehicle traveling at 185 mph. Eighty percent of the
kinetic energy is absorbed by the brakes, and they are designed to do this once. In the
unlikely event that a takeoff must be aborted, the brakes reach a destructive temperature
and must be replaced before the aircraft is used again. This represents good engineer-
ing design, for it is more economical to replace the brakes than it is to carry the extra
weight of brakes that could make this extreme emergency stop without damage.

The rate at which heat is generated on a unit area of friction interface is equal
to the product of the normal (clamping) pressure, coefficient of friction, and rubbing
velocity. Manufacturers of brakes and of brake lining materials have conducted tests
and accumulated experience enabling them to arrive at empirical values of pV (nor-
mal pressure times rubbing velocity) and of power per unit area of friction surface
(as horsepower per square inch or kilowatt per square millimeter) that are appropri-
ate for specific types of brake design, brake lining material, and service conditions.
Table 18.3 lists typical values of pV in industrial use.

KE = 1
2 Iv

2

KE = 1
2 MV2

TABLE 18.3 Typical Values of Pressure Times Rubbing Velocity Used
in Industrial Shoe Brakes

pV

Operating Conditions (psi)(ft/min) (kPa)(m/s)

Continuous, poor heat dissipation 30,000 1050

Occasional, poor heat dissipation 60,000 2100

Continuous, good heat dissipation as in an oil bath 85,000 3000
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18.5 Cone Clutches and Brakes

Figure 18.5a shows a cone clutch. It is similar to a disk clutch and can be regarded
as the general case of which the disk clutch is a special case with a cone angle a
of 90°. The construction of a cone clutch makes it impractical to have more than
one friction interface; hence, N = 1. As previously noted, this requires that the
shaft bearings take a thrust load equal to the clamping force. This is acceptable
because the inherent wedging action of a typical cone clutch enables the clamp-
ing force to be reduced to only about one-fifth that of a corresponding disk clutch
of N = 1.

Figure 18.5b shows that the surface area of a ring element is

dA = 2pr dr/sin a

The normal force on the element is

dN = (2pr dr)p/sin a

The corresponding clamping force is

dF = dN sin a = (2pr dr)p

which is exactly the same as for a disk clutch ring element (Eq. a). The torque that
can be transmitted by the element is

dT = dN fr = 2ppfr2 dr/sin a

From this point the equations for clamping force and torque capacity are derived
exactly as for a disk clutch. Equation 18.4 applies for assumed uniform wear rate.
The resulting equations indicate that Eqs. 18.1 and 18.5 are also valid for cone clutch

dr

F

Cone

� Cone angle

Spline (sliding fit)

Shifting groove

Spring

Key

Cup

(a) (b)

dr
sin �

Local pressure = p

r
�

ri

ro

FIGURE 18.5
Cone clutch—parts a and b are not to the same scale.
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clamping force, and that the torque capacity of a cone clutch is given by the disk
clutch equations divided by sin a. Thus, for assumed uniform pressure,

(18.2a)

(18.3a)

and for assumed uniform wear rate,

(18.6a)

(18.7a)

These equations have been numbered after the corresponding disk clutch equations
because they are merely the general case of the disk clutch equations, with N = 1.

The smaller the cone angle a, the less theoretical clamping force required. This
angle cannot be made smaller than about 8° or the clutch may tend to “grab” when
engaged. In addition, for a 6 8° cone clutches tend to be difficult to disengage. An
angle of 12° is usually considered about optimum, with values of a between 8° and
15° being commonly used.

The clutch in Figure 18.5a is disengaged by a fork fitting in the shifting groove.
Since the fork does not rotate, a thrust bearing must be used (as with disk clutches—
Figure 18.2).

18.6 Short-Shoe Drum Brakes

Drum brakes are of two types: (1) those with external shoes that contract to bear
against the outer (cylindrical) drum surface, and (2) those with internal shoes that
expand to contact the inner drum surface. Figure 18.6 shows a schematic represen-
tation of a simple external drum brake with a “short shoe”—that is, a shoe that con-
tacts only a small segment of the drum periphery. Force F at the end of the lever
applies the brake. Although the normal force (N) and the friction force ( fN) acting
between the drum and shoe are distributed continuously over the contacting surfaces,
the short-shoe analysis assumes these forces to be concentrated at the center of con-
tact. The complete brake assembly is shown in Figure 18.6a. Free-body diagrams of
the basic components are given in Figures 18.6b and c. Drum rotation is clockwise.

Taking moments about pivot A for the shoe and lever assembly, we have

Fc + fNa - bN = 0 (c)

From summation of moments about 0 for the drum,

T = fNr (d)

Solving Eq. c for N and substituting in Eq. d gives

N = Fc/(b - fa)

T = fFcr/(b - fa) (self-energizing) (18.13)

T = Ff ¢ ro + ri
2
≤nsin a

T = ppmaxrif(r2o - r2i )/sin a

T =
2Ff(r3o - r3i )

3(r2o - r2i )
nsin a

T = 2
3ppf(r3o - r3i )/sin a
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Lever

(a)
Brake assembly

a A

F

Shoe
(block)

O

Drum

Direction of rotation
(b)

Shoe and lever as a free body

(c)
Drum as a free body

(d)
Lever proportions for a

self-locking brake

F

O

Oh

A

r

b

fN

fN

N

N

Inertial and/or
load torque, T

Ah

c

b

a

FIGURE 18.6
“Short-shoe” drum brake.

Torque T is the inertial and load torque required for equilibrium, and it is numer-
ically equal to the friction torque developed by the brake.

Equation 18.13 is labeled “self-energizing” because the moment of the friction
force ( fNa) assists the applied force (F) in applying the brake. For counter-clock-
wise drum rotation, the direction of the friction force would be reversed. This would
cause it to oppose the application of the brake, making the brake self-deenergizing.
The derivation of the equation for the deenergizing brake is the same as for the self-
energizing brake, except that the signs of the friction force terms are reversed:

T = fFcr/(b + fa) (self-deenergizing) (18.14)

Returning now to self-energized braking (clockwise drum rotation), note that
the brake is self-locking if the denominator of Eq. 18.13 is zero or negative. Thus,
for self-locking,

b … fa (18.15)

For example, if f = 0.3, self-locking (for clockwise drum rotation) is obtained
if b … 0.3a. This is illustrated in Figure 18.6d. A self-locking brake requires only
that the shoe be brought in contact with the drum (with F = 0) for the drum to be
“locked” against rotation in one direction.
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Because the brake in Figure 18.6 has only one shoe (block), the entire force
exerted on the drum by the shoe must be reacted by the shaft bearings. Partly for this
reason, two opposing shoes are almost always used, as in Figure 18.7. Although the
opposing shoe forces are seldom in complete balance, the resultant shaft bearing
loads are usually small.

SAMPLE PROBLEM 18.2 Two-Shoe External Drum Brake

The two-shoe external drum brake shown in Figure 18.7 has shoes 80 mm wide
that contact 90° of drum surface. For a coefficient of friction of 0.20 and an
allowable contact pressure of 400 kN per square meter of projected area, esti-
mate (a) the maximum lever force F that can be used, (b) the resulting braking
torque, and (c) the radial load imposed on the shaft bearings. Use the derived
short-shoe equations.

SOLUTION

Known: A two-shoe external drum brake with shoes of given width, coefficient of
friction, allowable contact pressure, and drum surface contact angle is to provide
braking torque.

Find: Determine the (a) lever-activating force, (b) braking torque, and (c) radial load
on the shaft bearings.

Schematic and Given Data:

6

23

1

80
80

All dimensions in millimeters

1

4

400

300

250
rad.

45°

300 Shoe width, 80 mm
f = 0.20
pmax = 0.40 N/mm2

400

120
120

(a)

(b)

5

5
H25 = 4F

H45 = 4F

V25 = F
O25

F

45°

90° 90°

F

FIGURE 18.7
Two-shoe external drum brake (Sample Problem 18.2).
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Assumptions:
1. The drum width is equal or greater than the shoe width.

2. The lever as well as the other drum brake components will support the loads.

3. The drum is rotating at constant angular velocity, and the drum brake is at
steady-state conditions.

Analysis:
1. Figures 18.7b through f show each component of the brake as a free body. The

force analysis begins with floating lever 5 because it receives the applied force F.
Note the convention used in designating the other forces: H45 is a horizontal force
of 4 applied to 5 (since link 4 can carry only simple tension or compression, there
can be no vertical force V45). The pin connection at floating pivot O25 provides
both horizontal and vertical forces to link 5 (H25 and V25). Taking moments about
O25 establishes H45 = 4F; force summations establish V25 = F and H25 = 4F.

2. Turning to link 4, we find that H54 (horizontal force of 5 on 4) is equal and oppo-
site to H45; summation of forces requires that H34 be equal and opposite to H54.

3. On the left shoe (link 3), the applied force is H43 (which is equal and opposite
to H34). The short-shoe analysis assumes that the normal and friction forces
applied by drum 6 act at the center of the shoe as shown. The normal force is
H63 and the friction force is H63 multiplied by the given friction coefficient of
0.2. Summation of moments about O13 gives

4F(700) + 0.2H63(170) - H63(300) = 0, or H63 = 10.53F

Forces H13 and V13 acting at fixed pivot O13 are determined from the force equi-
librium equations.

4. Normal and friction forces H62 and V62 acting on shoe 2 are determined in the
same manner. The moment equation has an additional term because both hori-
zontal and vertical forces are applied by link 2:

4F(600) - F(40) - H62(300) - 0.2H62(170) = 0, or H62 = 7.07F

6

(rotation)

23

4

(c)

( f )

(d) (e)

H52 = 4F

V26 = 1.41F

H54 = 4FH34 = 4FH43 = 4F

H62 = 7.07FH26 = 7.07F

V16 = 0.70F

H16 =
3.46F

T = 880F

H36 = 10.53FH63 = 10.53F

V63 = 0.2H63

V36 = 2.11F

H13 = 6.53F

V13 = 2.11F

V12 = 2.41F

H12 = 3.07F
O12

O16

O13

V62 = 0.2H62

V52 = F

FIGURE 18.7 (Continued)
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5. Horizontal and vertical forces applied to drum 6 are equal and opposite to cor-
responding forces applied to the shoes. If as assumed the drum angular acceler-
ation is zero, the load torque T (which tends to continue the clockwise direction
of rotation) is equal to (2.11F + 1.41F) times the drum radius, or 880F N # mm.
Forces applied at fixed pivot O16 are H16 = 3.46F and V16 = 0.70F.

6. The allowable value of F is governed by the allowable pressure on the self-
energized shoe. The projected area of the shoe is the 80-mm width multiplied
by the chord length subtended by a 90° arc of the 250-mm-radius drum:

A = 80[2(250 sin 45°)] = 28,284 mm2

The normal pressure on shoe 3 is

p = 10.53F/28,284 = 0.0003723F N/mm2

Equating this to the allowable value of pmax = 0.40 N/mm2 gives

F = 1074 N

7. The corresponding brake torque is

T = 880(1074) = 945 * 103 N # mm, or 945 N # m
8. The resultant radial load transmitted to the bearings is

Comment: Note that the loads applied to the drum by the left shoe (3) are greater
because the shoe is self-energizing, whereas the right shoe (2) is deenergizing. If the
direction of drum rotation is reversed, shoe 2 becomes self-energizing. (The self-
energizing shoe wears more rapidly, but if the brake is used about equally for both
directions of drum rotation, the shoes will wear about equally.)

18.7 External Long-Shoe Drum Brakes

If a brake shoe or block contacts the drum over an arc of about 45° or more, errors
introduced by the short-shoe equations are usually significant. For this situation the
following “long-shoe” analysis is appropriate.

18.7.1 Nonpivoted Long Shoe

Figure 18.8 shows a brake shoe in contact with its drum, represented by a solid cir-
cle. As the shoe wears, it pivots about O2. However, the wear pattern can be more
simply represented by keeping the shoe fixed and showing the drum pivoting over
an angle a about O2, as represented by the dotted circle. For the rather extreme
amount of wear shown, center O3 moves to and arbitrary contact point A moves
to A¿. The wear at point A normal to the contacting surface is the distance dn , where

dn = AA¿ sin b = O2Aa sin b (e)

Oœ
3 ,

3(0.70)2 + (3.46)2 F = 3.53F = 3791 N
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A'

�n

�

�

O3

O3 O2

A

B

�
'

�

FIGURE 18.8
Wear distribution on a brake shoe.

From the geometry of the figure,

sin b = O2B/O2A
(f)

O2B = O2O3 sin(180° - u) = O2O3 sin u

Substituting Eq. f into Eq. e gives

dn = O2O3a sin u (g)

We assume that normal wear is proportional to friction work, which, for various
locations on the shoe contact surface, is proportional to local pressure,

(h)

and

p = pmax sin u/(sin u)max (18.16)

The maximum value of sin u is, of course, unity, with u = 90°. Hence, the maximum
pressure and the maximum wear occur at u = 90°. If, as is usually the case, the
geometry is such that the angles of contact include u = 90°,

p = pmax sin u (18.17)

Note that this development was based on the assumptions that no deflection
occurs in either the shoe or the drum, the drum does not wear, and shoe wear is pro-
portional to friction work, which is in turn proportional to local pressure.

Figure 18.9 shows the forces applied to a brake shoe (including its associated lever).

1. Considering the shoe as a free body, we have

Fc + Mn + Mf = 0 (18.18)

©MO2
= 0,

p r dn r sin u
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O3

d�

O2

A

dN

f d
N

d cos (180° – �)
= –d cos �

d s
in (1

80° – 
�)

= d s
in �

Drum rotation
Note: d = O2O3
           b = width of shoe

B

r �1

�2

c

F

�

180° – �

FIGURE 18.9
Forces acting on a brake shoe.

where Mn is the moment of the normal forces,

(i)

and

dN = p(r du)b

2. Applying Eq. 18.16 gives

dN = pmaxbr sin u du/(sin u)max (j)

3. Combining Eqs. i and j, we have

(18.19)

4. Similarly, for the moment of friction forces, Mf , we have

= L
u

2

u1

fpmax sin u r du b(r - d cos u)

(sin u)max

Mf = L
u

2

u1

f dN (r - d cos u)

= -
pmaxbrd

4(sin u)max
[2(u2 - u1) - sin 2u2 + sin 2u1]

= -
pmaxbrd

(sin u)max L
u

2

u1

 sin2 u du

Mn = -L
u

2

u1

pmaxbrd sin2 u

(sin u)max
du

Mn = -L
u

2

u1

dN (d sin u)
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1 When substituting in Eq. 18.18, use the negative of this expression if the drum surface in contact with
the shoe is moving toward pivot O2 (as would be the case in Figure 18.9 for clockwise drum rotation).

5. Substituting the relationship gives

(18.20)1

6. For equilibrium of moments acting on the drum,

(18.21)

7. Reaction forces at O2 and O3 can readily be obtained from horizontal and verti-
cal force equilibrium equations.

With reference to Eq. 18.18, it is evident that a self-energizing brake is self-
locking if Mf Ú Mn . It is often desired to make a brake shoe strongly self-energizing
while staying safely away from a self-locking condition. This can be done by design-
ing the brake so that the value of Mf , as calculated using a value of f that is 25 to 50
percent greater than the true value, is equal to the value of Mn .

SAMPLE PROBLEM 18.3 Double-Shoe External Drum Brake

Figure 18.10 represents a double-shoe drum brake with spring force F applied at dis-
tance c = 500 mm to both shoes. (The brake is released by a solenoid, not shown.)
Design values of the coefficient of friction and the allowable pressure are 0.3 and
600 kPa, respectively. For occasional industrial use, determine an appropriate value
of spring force, and the resulting brake torque and power absorption for 300-rpm
drum rotation in either direction.

SOLUTION

Known: A double-shoe external drum brake rotates 300 rpm in either direction and
has shoes of given width, a coefficient of friction, an allowable contact pressure, and
a given drum surface contact angle.

Find: Determine the spring force, brake torque, and power absorption.

= -
r2fbpmax

(sin u)max
(cos u1 - cos u2)

= -
r2fbpmax

(sin u)max L
u

2

u1

 sin u du

T = -L
u

2

u1

r2fbpmax sin u du

(sin u)max

  T + L
u

2

u1

rf dN = 0

=
fpmaxbr

(sin u)max
cr(cos u1 - cos u2) +

d

4
(cos 2u2 - cos 2u1) d

Mf =
fpmaxrb

(sin u)max L
u

2

u1

ar sin u -
d

2
 sin 2ub du

sin u cos u = 1
2 sin 2u
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300
  rpm

C = 500

200

Spring
compressed
to force F

Force to
release brake

Cast-iron drum
Molded composite

shoe lining of
width b = 50

All dimensions in millimeters

(a) Complete brake

(b)
Drum and right shoe

F

150

150 150

300

200

150

O2

O3

�1

�150
45°

45°
�2

d

FIGURE 18.10
Double-shoe drum brake (Sample Problem 18.3).

Assumptions:
1. The long-shoe drum brake analysis is appropriate: (a) neither the shoe nor the

drum deflects, (b) the drum does not wear, and (c) normal wear is proportional
to local pressure.

2. The drum brake is at steady state.

3. The brake is operated occasionally, with poor heat dissipation; Table 18.3 gives
an appropriate value of pV = 2.1 MPa # m/s.

Schematic and Given Data:
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Analysis:
1. With reference to the right shoe, as shown in Figure 18.10b, f = tan-1

(200/150) = 53.13° hence, u1 = 8.13°, u2 = 98.13°.

2.

3. Since u2 7 90°, (sin u)max = 1.

4. From Eq. 18.19,

5. From Eq. 18.20

6. From Eq. 18.21,

The absolute value of brake torque T is 1273 * 103 fpmax.

7. From Table 18.3, for the assumed operation, pmaxV = 2.1 MPa # m/s;
V = 0.3p(300/60) = 4.71 m/s. Hence, pmax = 2.1/4.71 = 0.446 MPa. (This
value is acceptable, for it is substantially below the given allowable value of
0.600 MPa.)

8. From Eq. 18.18,

Fc + Mn + Mf = 0

500F - 1735 * 103(0.446) + 373 * 103(0.3)(0.446) = 0

or

F = 1448 N (spring force)

9. The appropriate spring force was determined above on the basis of allowable pres-
sure on the right shoe, which proved to be mildly self-energizing. This same
spring force will produce a lower value of pmax on the left shoe. Applying
Eq. 18.18 to the left shoe, the only change is the sign of the friction moment term:

Fc + Mn - Mf = 0

500(1448) - 1735 * 103pmax - 373 * 103(0.3)pmax = 0

or

pmax = 0.392 MPa

T = - (150)2(50)fpmax(cos 8.13° - cos 98.13°)

T = -
r2fbpmax

(sin u)max
(cos u1 - cos u2)

= 373 * 103fpmax

+ (250/4)(cos 196.26° - cos 16.26°)]

Mf = fpmax(50)(150)[150(cos 8.13° - cos 98.13°)

Mf =
fpmaxbr

(sin u)max
cr(cos u1 - cos u2) +

d

4
(cos 2u2 - cos 2u1) d

= -1735 * 103pmax

Mn = - (pmax/4)(50)(150)(250)[2(p/2) - sin 196.26° + sin 16.26°]

Mn = -
pmaxbrd

4(sin u)max
[2(u2 - u1) - sin 2u2 + sin 2u]

d = 22002 + 1502 = 250 mm.
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O2

N
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F

fN

�
2

rf

r

�
2

FIGURE 18.11
Pivoted-shoe brake.

10. From the equation in step 6, the total brake torque (right shoe plus left shoe) is

1273 * 103(0.3)(0.446 + 0.392) = 320,032 N # mm L 320 N # m
11. From Eq. 1.2, the corresponding power at 300 rpm is

Comments:
1. The answers given above apply to either direction of drum rotation; reversing

the direction merely reverses the values of pmax and T for the two shoes.

2. If the short-shoe analysis is used, neither shoe appears self-energizing or de-
energizing. For F = 1448 N, the short-shoe equations estimate the torque for
each shoe as

T = Nfr = [1448(500/200)](0.3)(0.150) = 162.9 N # m
or a total brake torque of 325.8 N # m. The actual self-energizing and deener-
gizing action is determined by the radius rf of the resultant friction force (see
Figures 18.11 and 18.12).

3. The long-shoe equations indicate that the friction material at the heel of the
shoes (end closest to pivot O2) is contributing very little; thus it might be desir-
able to increase u1. Similarly, considerable additional capacity could be added
by increasing the value of u2.

18.7.2 Pivoted Long Shoe

Figure 18.11 shows a pivoted long-shoe brake. If pivot P is located at the intersec-
tion of the resultant normal and frictional forces acting on the shoe (designated as N
and fN, respectively), there is no tendency of the shoe to rotate about the pivot. This
is desirable to equalize wear. Pivoted shoes are not generally practical because the
pivot moves progressively closer to the drum as wear occurs. The shoe then tends to
pivot about P, with resultant rapid wear either on the toe of the shoe (edge farthest
from pivot O2) or on the heel (edge closest to pivot O2).

W
#

= nT/9549 = 300(320)/9549 = 10.1 L 10 kW
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FIGURE 18.12
Resultant friction force vectors
illustrating why rf 7 r.

Drum
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Adjusting
cam

Brake lining

Anchor pins

Hydraulic wheel cylinder

Return spring

O2

O3 C

r

d �1

�2

FIGURE 18.13
Automotive-type drum brake
(internal shoes).

Integrating over the surface of a symmetrically loaded shoe shows that the inter-
section of the resultant normal and frictional forces occurs at “friction radius” rf , where

(18.22)

and that the resulting braking torque is

T = fNrf (18.23)

Figure 18.12 shows why rf 7 r: the resultant of friction forces acting on any
symmetrical pair of elements is located above the drum surface.

18.8 Internal Long-Shoe Drum Brakes

Internal long-shoe drum brakes are typified by conventional automotive drum
brakes. Figure 18.13 shows the basic construction. Both shoes pivot about anchor
pins and are forced against the inner surface of the drum by a piston in each end of

rf = r
4 sin(u/2)

u + sin u
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Anchor pin

Hydraulic wheel cylinder

Forward
rotation

Adjusting cam
and guide

Brake shoe

Brake liningAnchor pin

Hydraulic wheel cylinder

Brake drum

Adjusting cam
and guide

Return
spring

FIGURE 18.14
Automotive brake with two hydraulic wheel cylinders. Both shoes are
self-energizing for forward car motion. (Courtesy Chrysler Corporation.)

the hydraulic wheel cylinder. The return spring exerts only enough force to retract
the shoes against the adjusting cams, which serve as “stops.” Adjusting the cams to
minimize the clearance between the shoes and drum allows only a minimum of
hydraulic piston movement to be consumed in bringing the shoes into contact with
the drum. Equations 18.16 through 18.23 apply also to internal-shoe drum brakes.
Notation is given on Figure 18.13.

The energizing or deenergizing character of any shoe and the direction of drum
rotation can readily be visualized by (1) noting the direction of the friction force act-
ing on a portion of the shoe surface and (2) determining whether this force tends to
bring the shoe into or out of contact with the drum. In Figure 18.13 the left shoe is self-
energizing and the right shoe deenergizing for the direction of drum rotation shown.

In automotive brakes, substantial self-energizing action is needed to reduce
pedal pressure, but self-locking (for any coefficient of friction that might be
encountered in service) must, of course, be avoided. One method that has been
used to obtain greater self-energizing action for forward car motion is shown in
Figure 18.14. Using two hydraulic wheel cylinders (each with a single piston)
makes both shoes self-energizing for forward drum rotation. This arrangement has
been used on front brakes, with the type shown in Figure 18.13 used in the rear.
The result is a car with six shoes that are self-energizing for forward motion and
two for reverse. Primarily for cost considerations, the two-cylinder front brake was
largely replaced by a single-cylinder design that achieves forward self-energizing
action with both shoes by mounting the anchor pins on a plate that is itself free to
pivot through a small arc.

In recent years caliper-type disk brakes have replaced front drum brakes on most
passenger cars because of their greater cooling capacity and resulting resistance to
fade, which is the reduction of the coefficient of friction at elevated temperatures.
Disk brake rotors also tend inherently to distort less with heat and large interface
forces than do drum brakes.
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FIGURE 18.15
Band brake.
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FIGURE 18.16
Forces on a band element
(width = b).

18.9 Band Brakes

Perhaps the simplest of the many braking devices is the band brake, shown in
Figure 18.15. The band itself is usually made of steel, lined with a woven friction
material for flexibility. For the clockwise drum rotation shown, friction forces acting
on the band serve to increase P1 and decrease P2. With the drum and band portion
above the cutting plane (Figure 18.15) considered as a free body, brake torque T is
equal to

T = (P1 - P2)r (18.24)

With the lever and band portions below the cutting plane considered as a free body,
the applied lever force F is

F = P2a/c (18.25)

Figure 18.16 shows the forces acting on an element of the band. For small angle du,

dP = f dN (k)

and

dN = 2(P du/2) = P du (l)

Also by definition,

dN = pbr du (m)

where p is the local contact pressure between drum and band. Substituting Eq. l into
Eq. k gives

(n)

Band force P varies from P1 to P2 over the band portion between u = 0 and u = f.
Hence, integrating Eq. n over the length of contact gives

 ln P1 - ln P2 = ln
P1

P2
= fu

L
P

1

P2

dP

P
= fL

f

0
du

dP = fP du, or 
dP

P
= f du
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�

a

F
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FIGURE 18.17
Differential band brake.

(18.26)

The maximum normal pressure pmax acting on the band occurs at u = f, where
P = P1. Applying Eqs. l and m to this point gives

dN = P1 du and dN = pmaxbr du

Hence,

P1 = pmaxrb (18.27)

The brake in Figure 18.15 is self-energized for clockwise drum rotation. Greater
self-energizing action can be obtained by attaching the previously fixed end of the
band to the lever at the opposite side of the pivot, as shown in Figure 18.17. The ten-
sile force of this attachment now serves to assist in the application of the brake. Note
also that distance s must be less than distance a so that rotating the lever with force
F tightens the end of the band attached at distance a more than it loosens the end
attached at distance s. A study of the motion and forces involved at the two band
attachment points shows why the name differential band brake is appropriate. For a
differential band brake, Eq. 18.25 is replaced by

F = (P2a - P1s)/c (18.28)

SAMPLE PROBLEM 18.4 Differential Band Brake

A differential band brake shown in Figure 18.18 uses a woven lining having a design
value of f = 0.20. Dimensions are b = 80 mm, r = 250 mm, c = 700 mm,
a = 150 mm, s = 35 mm, and f = 240°. Find (a) the brake torque if the maximum
lining pressure is 0.5 MPa, (b) the corresponding actuating force F, and (c) the val-
ues of dimension s that would cause the brake to be self-locking.

P1

P2
= eff
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SOLUTION

Known: A differential band brake with known dimensions and band wrap angle
uses a band lining with a given coefficient of friction and maximum allowable
lining pressure.

Find: Determine the brake torque, the activating force, and the values of dimen-
sion s causing self-locking.

Schematic and Given Data:

Assumptions:
1. The coefficient of friction is constant.

2. The lever as well as the other band brake components will support the load.

3. The drum width is equal or greater than the band width.

4. The lever and band are at steady-state conditions.

Analysis:
1. From Eq. 18.27: P1 = (0.5)(250)(80) = 10,000 N (tight side).

2. From Eq. 18.26: (slack side).

3. From Eq. 18.24: T = (10,000 - 4328)(0.250) = 1418 N # m.

4. From Eq. 18.28:

5. From Eq. 18.28: F = 0 for s = 4328(150)/10,000 = 64.9 mm. The brake is
self-locking (for f = 0.2) if s Ú 64.9 mm.

F =
4328(150) - 10,000(35)

700
= 427 N.

P2 =
P1

e(0.2)(1.33p) = 4328 N

P1

P2

Band width, b = 80 mm

Rotation

� = 240° Friction coefficient, f = 0.20

Maximum lining pressure,
pmax = 0.5 MPa

a = 150 mm

F

c = 700 mm
s = 35 mm

r = 250 mm

FIGURE 18.18
Differential band brake for Sample Problem 18.4.
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18.10 Materials

In the design of brakes and clutches, the selection of materials for the friction inter-
face surfaces is critical. One of the mating surfaces, normally metal—usually cast
iron or steel—must have good friction characteristics, which are relatively stable
over the usable temperature range, when interfaced with the mating material. The
materials must also have good thermal conductivity and good resistance to wear and
thermal fatigue. The surface finish of the metal member must be sufficiently smooth
to minimize wear of the mating friction material.

Thermal fatigue is due to internal stresses that result from the expansion and
contraction of the surface material relative to the subsurface during use (see Section
4.16). One fatigue cycle is accumulated each time the brake (or clutch) is used and
subsequently cooled. Yielding and associated residual stresses can occur. These
accelerate fatigue damage and cause warpage. Initial fatigue cracks resulting from
thermal cycling are often called “heat checks” or “temperature checks.” Resistance
to thermal fatigue is improved by using a material with greater thermal conductivity
(thereby reducing surface temperature gradients), a lower thermal coefficient of
expansion, and greater high-temperature yield and fatigue strengths.

The primary requirements of friction materials are a high dynamic coefficient of
friction that is relatively stable over a usable temperature range and is affected relatively
little by moisture and small amounts of dirt and oil; a static coefficient of friction that
exceeds the dynamic value by as little as possible (to avoid “slipstick” chatter and noise
problems); high resistance to abrasive and adhesive wear (see Sections 9.9 and 9.19);
good thermal conductivity; and enough resilience to promote a good distribution of
interface pressure. The temperature stability of the coefficient of friction is often
expressed as its resistance to fade.

Table 18.1 lists the common friction materials used dry in brakes and clutches.
Some industrial brakes have used wood as a friction element, and many rail car
brakes use cast-iron shoes bearing on cast-iron or steel wheels.

Most applications use friction materials classed as either molded, woven, or sin-
tered metal. Molded materials are the most common and the least costly. They consist
primarily of a binder, reinforcing fibers, friction modifying additives, and fillers. The
binder is usually a thermosetting resin or rubber that serves to bond the other ingredi-
ents together into a heat-resisting compound. The reinforcing fibers were in the past
almost always asbestos, but now other materials are being used increasingly. Woven
materials have more flexibility, as required by band brakes, and generally perform bet-
ter, particularly when contaminants such as mud, grease, and dirt are present. They are
produced by spinning fibers into yarn, twisting the yarn onto zinc, copper, or brass
wire for added strength and thermal conductivity, weaving the yarn into cloth or tape,
saturating it with resins and friction modifiers, and then curing it under heat and pres-
sure. Sintered metal friction materials are the most costly but also the best suited for
heavy-duty applications, particularly when operation is continuous at temperatures
above 260°C (500°F). These materials are composed of metal powder and inorganic
fillers that are molded under high pressure and then “sintered.” In sintering, the metal
particles are heated to fuse them thermally without completely melting them. Sintered
metal–ceramic friction materials are similar except that ceramic particles are added
before sintering.

Table 18.2 lists the friction coefficients for the wet operation in oil of several
friction materials. The so-called paper materials are the least costly. They are made
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from fibrous sheets, saturated with resin, with fillers and friction modifiers added,
cured at high temperatures, and bonded to a carrier, usually steel. Because of their
high coefficient of friction and low cost, they are used extensively in multiple-disk
clutches, as in automotive automatic transmissions. The high friction coefficient per-
mits the use of fewer disks. Graphitic materials are molded compounds of graphite
and resin binders. They have good thermal capacities for high-energy applications.
Polymerics are a relatively new class of friction materials that are highly resilient
and have high thermal storage capacities.

The recognition of health hazards associated with asbestos and the government
regulations to control them have resulted in unusual efforts to develop alternative
friction materials. This is a good example of the influence of health, ecological, and
legal factors on modern engineering design.
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Problems

Section 18.2

18.1 A torque of 14.0 N # m is to be transmitted through a basic disk clutch. The outer ring
diameter is to be 120 mm. Design values for the steel disk and the molded friction
material to be used are pmax = 1.55 MPa and f = 0.28. Determine appropriate val-
ues for the ring inside diameter and the clamping force.

18.2 A basic disk clutch is to be designed to transmit a torque of 100 lb # in. The outer ring
diameter is to be 4 in. Design values for the steel disk and the molded friction mate-
rial to be used are pmax = 200 psi and f = 0.25. Determine appropriate values for
the ring inside diameter and the clamping force.

18.3 A flat 6-in. diameter disk buffer shown in P18.3 has a rotation speed of 500 rpm. The
coefficient of friction between the buffer disk and a flat metal surface being polished
is 0.2. The force on the disk is 15 lb. Assume that the normal pressure created by the
15 lb is uniformly distributed over the surface of the disk and that the tangential pres-
sure force on the disk is q = fp, where f is the coefficient of friction. Determine (a) the
torque to rotate the disk, and (b) the power transmitted to the buffing disk.

References
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18.4 A multiple-disk wet clutch is to be designed to transmit a torque of 700 lb # in. The
outer disk diameter is to be 4 in. Design values for the steel disks and the molded fric-
tion material to be used are pmax = 200 psi and f = 0.06 (wet). Determine appro-
priate values for the disk inside diameter, total number of disks, and clamping force.

18.5 Reconsider Problem 18.4, but use f = 0.09 (wet). Answer the same questions as in
Problem 18.4.

18.6 A multiple-disk clutch is to operate in oil and be able to transmit a design overload
torque of 800 N # m. The disks are alternately high-carbon steel and molded asbestos,
with inside and outside diameters of 90 and 150 mm, respectively. Design values
based on test experience for this application are pmax = 1000 kPa and f = 0.10.
What total number of disks is required?

[Ans.: 17 (8 disks in one set and 9 in the other, giving 16 friction interfaces)]

18.7 Reconsider Problem 18.6, but use a design overload torque of 400 N # m. Answer the
same questions as in Problem 18.6. All other conditions are the same.

18.8D A multiple-disk wet clutch is required to provide a torque capacity of 150 lb # ft.
Design values of pmax = 150 psi and f = 0.15 are to be used. Disk inside and out-
side diameters are to be 3 and 4 in., respectively.

(a) What total number of disks should be used? Make a simple sketch showing how
these are arranged with respect to the input and output members.

(b) Using your answer from part (a), what is the smallest value of axial clamping
force that would provide the necessary torque capacity?

(c) Assuming that your solution was (appropriately) based on a uniform rate of
wear across the friction surfaces, explain briefly what will happen when the
clutch is new and the pressure distribution is uniform.

18.9D A multiple-disk dry clutch for an industrial application must transmit 6 hp at
200 rpm. Based on space limitations, inside and outside disk diameters have been set
at 5 and 7 in., respectively. Materials are hardened steel and sintered bronze. Tests
have indicated that design values of pmax = 225 psi and f = 0.20 are appropriate.

(a) For a safety factor of 2.0 with respect to clutch slippage, what total number of
disks is needed?

(b) Using this number of disks, what is the least clamping force that will provide
the desired torque capacity?

(c) Using this clamping force, what is the interface pressure at the inside and out-
side contact radii? (Assume that “initial wear” has taken place.)

[Ans.: (a) 3, (b) 3150 lb, (c) 200 and 143 psi, respectively]

6 in. dia

SurfaceSurface

Shaft

T

F

Buffer disk

FIGURE P18.3
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18.10 An automotive-type clutch, as shown in Figure 18.2, has inside and outside diame-
ters of 160 and 240 mm, respectively. Clamping force is provided by nine springs,
each compressed 5 mm to give a force of 900 N when the clutch is new. The molded
friction material provides a conservatively estimated coefficient of friction of 0.40
when in contact with the flywheel and pressure plate. Maximum engine torque is
280 N # m.

(a) What is the safety factor with respect to slippage of a brand new clutch?

(b) What is the safety factor after “initial wear” has occurred?

(c) How much wear of the friction material can take place before the clutch will
slip (assuming no change in coefficient of friction)?

[Ans.: (a) 2.34, (b) 2.31 (assuming negligible change in the spring force during ini-
tial wear), (c) 2.83 mm]

18.11 An automotive clutch, similar to the one shown in Figure 18.2, is to be designed for
use with an engine with a maximum torque of 275 N # m. A friction material is to be
used for which design values are f = 0.35 and pmax = 350 kPa. A safety factor of 1.3
should be used with respect to slippage at full engine torque, and the outside diam-
eter should be as small as possible. Determine appropriate values of ro , ri , and F.

18.12 When in use, the motor and flywheel of a punch press run continuously. A com-
pressed-air-actuated, multiple-disk clutch connects the flywheel to the countershaft
each time the press is to punch or form metal. The clutch torque required is
600 N # m. Alternate sintered metal and cast-iron disks are to be used. For design
purposes it is decided to use 75 percent of the average value of f, and one-third of
the average value of p given in Table 18.1. In addition, a safety factor of 1.20 is to
be used with respect to torque capacity. Space requirements limit the disk outside
diameter to 250 mm.

(a) Determine the minimum satisfactory total number of disks.

(b) Using this number of disks, determine the minimum area of compressed-air
actuating surface that must be provided if air will always be available at a pres-
sure of at least 0.40 MPa.

Section 18.3

18.13 The wheels of a standard adult bicycle have a rolling radius of approximately 13.5 in.
and a radius to the center of the caliper disk brake pads of 12.5 in. The combined
weight of bike plus rider is 225 lb, equally distributed between the two wheels. If the
coefficient of friction between the tires and road surface is twice that between
the brake pads and the metal wheel rim, what clamping force must be exerted at the
caliper in order to slide the wheels?

[Ans.: 121.5 lb]

18.14 A disk brake similar to the one
shown in Figure 18.4 and illus-
trated in Figure P18.14 uses a
double caliper. Each half has a
60-mm-diameter round pad on
each side of the disk. The center
of contact of each of the four pads
is at a radius of 125 mm. The out-
side diameter of the disk is
320 mm. The pads have woven
linings that provide a coefficient
of friction of approximately 0.30.
The average pressure on the pads
is to be limited to 500 kPa.

Pads of diameter = 60 mm

125 mm

320 mm
pmax = 500 kPa
f = 0.30

FIGURE P18.14
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(a) What clamping force must be provided in order to develop the limiting pad
pressure?

(b) With this clamping force, what approximate brake torque is obtained?

[Ans.: 1414 N/pad or 2828 N total, (b) 212 N # m]

Section 18.4

18.15 The brake in Problem 18.14 is used to bring a rotating assembly with a mass moment
of inertia of 6.5 N # m # s2 to a stop from a rotating speed of 600 rpm.

(a) Assuming instantaneous full application of the brake and a constant coefficient of
friction, how long does this take? Solve the problem and check your solution,
using two alternative approaches: (1) by relating the kinetic energy in the system
to the energy absorbed by the brake per revolution and (2) by determining the rate
of negative acceleration produced by the brake torque.

(b) How does the average value of the product pV during stopping compare with
representative values listed in Table 18.3?

18.16 Figure P18.16 shows a 1000-kg mass being lowered by a
cable at a uniform rate of 4 m/s from a drum of 550-mm-
diameter weighing 2.5 kN and having a 250-mm-radius of
gyration.

(a) What is the kinetic energy in the system?

(b) The uniform rate of descent is maintained by a brake
on the drum which applies a torque of 2698 N # m.
What additional brake torque is required to bring the
system to rest in 0.60 s?

[Ans.: (a) 9673 J, (b) 2218 N # m]

18.17 The automobile in Sample Problem 2.2 accelerates to 80 mph and then makes a
panic stop. If the brakes are applied to take full advantage of a friction coefficient of
0.8 between tires and pavement, what is the average horsepower absorbed by the
brakes during deceleration from 80 to 70 mph?

[Ans.: 515 hp]

18.18 An industrial diesel engine is attached to a ratio gear reducer, the output of which
is coupled by means of a friction clutch to a machine having a mass moment of iner-
tia of 15 N # m # s2. Assume that the clutch is controlled so that during its engagement
the engine operates continuously at 2800 rpm, delivering a torque of 127.5 N # m:

(a) What is the approximate time required for the clutch to accelerate the driven
machine from rest to 700 rpm?

(b) How much energy is delivered to the driven machine in increasing the speed
to 700 rpm?

(c) How much heat energy is generated in the clutch during this engagement?

18.19 An integral electric motor gear reducer is coupled by means of a friction clutch to a
driven machine having an effective mass moment of inertia of 0.7 N # m # s2 (see
Figure P18.19). The clutch is controlled so that during its engagement the output shaft
of the gear reducer operates continuously at 600 rpm, delivering a torque of 6 N # m.

(a) What is the approximate time required for the clutch to accelerate the driven
machine from rest to 600 rpm?

(b) How much energy is delivered to the driven machine in increasing the speed
to 600 rpm?

(c) How much heat energy is generated in the clutch during this engagement?

4 : 1

4m/s

1000 kg

FIGURE P18.16

c18.qxd  8/3/11  9:57 PM  Page 776



Problems 777

18.20 A 4:1 ratio gear reducer attached to a diesel engine is coupled with a friction clutch
to a machine having a mass moment of inertia of 10 lb # ft # s2. Assume that the clutch
is controlled so that during its engagement the engine operates continuously at
2200 rpm, delivering a torque of 115 lb # ft.

(a) What is the approximate time required for the clutch to accelerate the driven
machine from rest to 550 rpm?

(b) How much energy is delivered to the driven machine in increasing the speed
to 550 rpm?

(c) How much heat energy is generated in the clutch during this engagement?

Section 18.6

18.21 Consider the following dimensions for the short-shoe drum brake of Figure 18.6:
radius of drum = 5 in., shoe width = 2 in., shoe length = 4 in., c = 10 in.,
b = 6 in., a = 1.5 in., p = 100 psi, and f = 0.3. Determine the value of the actu-
ating force F.

18.22 Figure P18.22 shows a brake with only one shoe, being applied by a 1.5-kN force.
(The complete brake would normally have a second shoe in order to balance the
forces, but only one shoe is considered here to keep the problem short.) Four seconds
after force F is applied, the drum comes to a stop. During this time the drum makes
110 revolutions. Use the short-shoe approximation and an estimated coefficient of
friction of 0.35.

(a) Draw the brake shoe and arm assembly as a free body in equilibrium.

(b) Is the brake self-energizing or deenergizing for the direction of drum rota-
tion involved?

(c) What is the magnitude of the torque developed by the brake?

(d) How much work does the brake do in bringing the drum to a stop?

(e) What is the average braking power during the 4-second interval?

(f) How far below the drum center would the arm pivot need to be to make the
brake self-locking for f = 0.35?

[Ans.: (b) Self-energizing, (c) 236 N # m, (d) 163 kJ, (e) 41 kW, (f) 973 mm]

Electric
motor

Gear
reducer

Friction clutch

T = 6 N • m, 600 rpm

Rotary inertial load,
I = 0.7 N • m • s2

FIGURE P18.19

Rotation

F = 1500 N

200 mm
340 mm

400 mm 500 mm

FIGURE P18.22
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18.23 Repeat Problem 18.22, except that the actuating force is 1000 N and the drum diam-
eter is 300 mm.

18.24 Figure P18.24 shows a brake with one shoe (a second shoe would normally be used
to balance the forces, but only one shoe is shown here to keep the problem short).
The width of shoe contact with the drum is 40 mm. The friction material provides a
coefficient of friction of 0.3, and permits an average pressure of 600 kPa, based on
the projected area of contact. Use the short-shoe approximate relationships. The ini-
tial drum speed is 1200 rpm.

(a) What value of force F can be applied without exceeding the allowable con-
tact pressure?

(b) What is the resulting brake torque?

(c) Is the brake self-energizing or deenergizing for the direction of rotation?

(d) What radial force is applied to the pivot bearing at point A?

(e) If full application of the brake brings the drum from 240 rpm to a stop in 6 sec-
onds, how much heat is generated?

(f) What is the average power developed by the brake during the stop?

18.25 The brake shown in Figure P18.25 is applied by the spring and released by a
hydraulic cylinder (not shown). Use the short-shoe equations and an assumed coef-
ficient of friction of 0.3.

(a) Draw as free bodies in equilibrium each of the brake shoe and arm assemblies,
the spring, and the drum. Show forces in terms of spring force Fs .

(b) What spring force is required to produce a braking torque of 1200 N # m?

[Ans.: (b) 6116 N]

Rotation

A

F

240 mm

250 mm 320 mm

400 mm

150 mm

FIGURE P18.24

500 mm

Spring

300 mm
400 mm

350 mm

FIGURE P18.25
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18.26 The shoes of the drum brake shown in Figure P18.26 can be assumed to be short. A
150-lb force is applied as shown. Use the minimum value of f (dry) from Table 18.1.

(a) Draw each of the six numbered members as a free body in equilibrium.

(b) What torque is developed by the brake?

Section 18.7

18.27 If the shoe in Problem 18.22 extends 45° on each side of the centerline,

(a) Estimate the brake torque using long-shoe equations.

(b) Determine the shoe width required for an allowable pressure equal to the aver-
age value listed for woven friction material on cast iron in Table 18.1.

18.28 Estimate the brake torque in Problem 18.24 using long-shoe equations.

18.29 If the shoes in Problem 18.25 extend 45° on each side of the centerline,

(a) Determine the spring force required, using long-shoe equations.

(b) Determine the shoe width required for an allowable pressure equal to the min-
imum value listed for hard steel on cast iron in Table 18.1.

18.30 If the shoes in Problem 18.26 extend 60° on each side of the centerline,

(a) Determine the brake torque using long-shoe equations.

(b) Determine the shoe width required for an allowable pressure equal to the max-
imum value listed for woven friction material on cast iron in Table 18.1.

Sections 18.9–18.10

18.31 Consider the following dimensions for the differential band brake of Figure 18.17,
which uses a woven lining having a design value of f = 0.20. Radius of
drum = 4 in., band width = 1 in., c = 9 in., a = 2 in., s = 0.5 in., and f = 270°.
Find (a) the brake torque if the maximum lining pressure is 75 psi, (b) the corre-
sponding actuating force F, and (c) the values of dimension s that would cause the
brake to be self-locking.

Woven lining

Cast- iron
drum

2

5

3

4

6
1

18 in.

25 in.

150

5 in.

5 in.

23 in.

18 in.

30 in.

Rotation
5 in.

FIGURE P18.26
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18.32 A differential band brake similar to that in Figure 18.17 uses a woven lining having
a design value of f = 0.30. Dimensions are b = 2.0 in., r = 7 in., c = 18 in.,
a = 4 in., s = 1 in., and f = 270°. The maximum lining pressure is 100 psi. Find
(a) the brake torque, (b) the corresponding actuating force F, and (c) the values of
dimension s that would cause the brake to be self-locking.

18.33 Figure P18.33 shows a simple band brake operated by an air cylinder that applies a
force F of 300 N. The drum radius is 500 mm. The band is 30 mm wide and is lined
with a woven material that provides a coefficient of friction of 0.45.

(a) What angle of wrap, f, is necessary to obtain a brake torque of 800 N # m?

(b) What is the corresponding maximum lining pressure?

[Ans.: (a) 235°, (b) 127 kPa]

18.34 A differential band brake similar to the one shown in Figure 18.17 is being consid-
ered for use with a hoist drum. With the hoist operating at rated load, a brake torque
of 4000 N # m is required to hold the drum from slipping. The brake is to be designed
to slip at a 15 percent overload. Available space limits the cast-iron brake drum diam-
eter to 650 mm, with brake band contact extending over an angle of 250°. Design
values for the brake lining selected are f = 0.40, pmax = 1.1 MPa.

(a) Determine forces P1 and P2 corresponding to maximum brake torque and select
an appropriate value of brake band width.

(b) If distance a (Figure 18.17) is 120 mm, what value of distance s would enable
the brake to be operated with a force F of 200 N at the end of a lever of length
c = 650 mm?

(c) Using the linkage dimensions from part (b), what value of coefficient of friction
would make the brake self-locking?

18.35 Figure P18.35 shows a band brake used with a punch press like the one described in
Problem 18.12. In use, the clutch (Problem 18.12) is released when the crank is 130°
past bottom dead center. The brake is to be engaged at this point, and bring the crank
to rest at top dead center. The crank assembly has a mass moment of inertia of
approximately 15 N # m # s2 and is rotating at the rate of 40 rpm when the brake is
engaged. The brake will be used about three times per minute, so the maximum pres-
sure on the band lining should be limited to about 0.20 MPa for long life. Coefficient
of friction can be taken as 0.30.

(a) Determine the required band width.

(b) Determine the required force F.

Rotation

F = 300 N

500 mm

�

FIGURE P18.33
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18.36 Figure P18.36 shows a differential band brake
with the linkage modified from Figure 18.17
to permit a greater angle of band contact. This
particular brake is to be self-locking for coun-
terclockwise rotation. The adjustable weight
is provided at the end of the lever to accom-
plish this. Its function is merely to ensure that
the band is in contact with the drum; any
excess weight increases the drag torque dur-
ing clockwise drum rotation. If self-locking
action is to be obtained with coefficients of
friction as low as 0.25, what relationship must
exist between dimensions a and s?

55

258°

240

F

75

72

370

FIGURE P18.35

Wt.

s
a

c

270°

FIGURE P18.36

18.37 Review the web site http://www.sepac.com or another site providing information on
clutches and brakes.

(a) List selection factors to consider before choosing a clutch and brake.

(b) Discuss and list the differences between a clutch, a clutch coupling, and a brake.

(c) Would any combination of direction of rotation and value of coefficient of fric-
tion make the brake self-locking? Explain, briefly.

[Ans.: (a) 71 mm, (b) 294 N]
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19
Miscellaneous
Machine Components

19.1 Introduction

Power transmission between shafts can be accomplished in a variety of ways. In
addition to gears (Chapters 15 and 16), flexible elements such as belts and chains are
in common use. These permit power to be transmitted between shafts that are sepa-
rated by a considerable distance, thus providing the engineer with greater flexibility
in the relative placement of driving and driven machinery.

Belts are relatively quiet in operation. Except for timing belts (Figure 19.5),
slippage between belt and pulleys causes speed ratios to be inexact. This slippage
characteristic is sometimes used to advantage by permitting the pulleys to be moved
closer together in order to disengage the drive, as in some snowblowers and self-
propelled lawn mowers. This may save substantial cost, weight, and the bulk of pro-
viding a separate clutch. The flexibility and inherent damping in belts (and to a
lesser extent in chains) serves to reduce the transmission of shock and vibration.

The design of chains illustrates the general proposition that if a component of
desired characteristics is not already available, an engineer should consider the possi-
bility of inventing something new. For example, the conventional roller and inverted-
tooth chains discussed in Sections 19.5 and 19.6 require that all sprockets engaging a
single chain lie in a common plane. Suppose a positive flexible drive is needed
between sprockets lying in different planes. If little power is required, a “beaded chain”
(similar to the pull cord on a plain light fixture) can be used. A stronger type of flexi-
ble chain incorporates parallel steel cables bonded to the sides of plastic cylindrical
“buttons” that simulate the rollers of a conventional roller chain. A chain embodying
this second concept was used between the pedal and propeller shafts of the Gossamer
Albatross, the man-powered airplane that flew across the English Channel.

For transmitting small amounts of torque, flexible shafts often offer inexpensive
solutions. The common automotive speedometer drive is a familiar example.

For transmitting power between nominally colinear shafts, flexible couplings,
universal joints, and friction clutches have already been discussed. Another important
general class of colinear members able to transmit power do so by hydrodynamic
action. These are fluid couplings (also called fluid clutches) and hydrodynamic
torque converters.
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Other types of power transmission devices use rope or cable and move or lift a
weight, using power delivered to a rotating shaft. Examples include hoists, elevator
drives, and capstans. The site http://www.machinedesign.com on mechanical sys-
tems presents information on mechanical cable and wire rope, flat belts, V-belts,
metal belts, and chains.

19.2 Flat Belts

A belt drive transmits power between shafts by means of a belt connecting pulleys
on the shafts. Large flat leather belts were in common use a few decades ago when
one large motor or engine was often used to drive several pieces of machinery. In
today’s more limited use, thin, light, flat belts usually drive high-speed machines.
Often, the vibration-isolating capability of the belt is an important consideration.

The basic equations for the limiting torque that can be transmitted by a flat belt
are the same as for band brake torque,

T = (P1 - P2)r (18.24)

and

P1/P2 = e ff (18.26)

where P1 and P2 are the tight and slack side belt tensions, f is the coefficient of fric-
tion, and f is the angle of contact with the pulley (see Figure 18.15). These two
equations enable P1 and P2 to be determined for any combination of T, f, and f. The
required initial belt tension Pi depends on the elastic characteristics of the belt, but
it is usually satisfactory to assume that

Pi = (P1 + P2)/2 (19.1)

Note that the capacity of the belt drive is determined by the angle of wrap f on
the smaller pulley and that this is particularly critical for drives in which pulleys of
greatly differing size are spaced closely together. An important practical considera-
tion is that the required initial tension of the belt not be lost when the belt stretches
slightly over a period of time. Of course, one solution might be to make the initial
installation with an excessive initial tension, but this would overload the bearings
and shafts, as well as shorten belt life. Three methods of maintaining belt tension are
illustrated in Figure 19.1. Note that all three show the slack side of the belt on top,
so that its tendency to sag acts to increase the angle of wrap.

The coefficient of friction between belt and pulley varies with the usual list of
environmental factors and with the extent of slippage. In addition to ordinary “torque
transmission slippage,” belts experience slip, commonly called “creep,” through the
slight stretch or contraction of the belt as its tension varies between P1 and P2 while
going through angles f in contact with the pulleys. For leather belting and cast-iron
or steel pulleys, f = 0.3 is often used for design purposes. Rubber-coated belting
usually gives a lower value (perhaps f = 0.25), whereas running on plastic pulleys
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�

Motor
rotation

(a) Manual adjustment

(b) Pivoted, overhung motor

(c) Weighted idler pulley

Adjustment

Tight
side

Pivot

Pivot

Overhang

Idler

Weight

Tight
side

FIGURE 19.1
Alternative means of maintaining desired belt tension.

usually gives a slightly higher value. It is always best to obtain friction values from
tests or from the belt manufacturer.

The allowable value of tight-side tension P1 depends on the belt cross section and
the strength of the material. As the belt makes one revolution, it goes through a rather
complex cycle of fatigue loading. In addition to the tensile fluctuation between P1 and
P2, the belt is subjected to bending stresses when in contact with the pulleys. The
greater bending stress occurs with the smaller pulley, and for this reason there are
minimum pulley diameters that should be used with any particular belting. For leather
belting a tight-side tensile stress (P1/A) of 250 to 400 psi is usually specified.

The above discussion pertains to belts that run slowly enough that centrifugal
loading can be neglected. For greater power-transmitting capacity, most belt drives
operate at relatively high speeds. The centrifugal force acting on the belt creates a
tension Pc of

Pc = m¿V2 = m¿v2r2 (19.2)

where m¿ is the mass per unit length of belt, V is the belt velocity, and r the pulley
radius. Force Pc (when large enough to be considered) should be added to both P1
and P2 in Eqs. 18.24 and 18.26. The result is that Eq. 18.24 is unchanged and Eq.
18.26 becomes

(19.3)
P1 - Pc
P2 - Pc

= eff
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0.50 in.

0.31 in.

0.66 in.

0.41 in. 0.53 in.

0.75 in.
0.91 in.

A

0.38 in.

0.32 in.3 V

0.62 in.

0.54 in.
0.88 in.

5 V

8 V

D
E

C

B

(a) Standard sizes A, B, C, D, and E

(b) High-capacity sizes 3V, 5V, and 8V

0.88 in.

1.25 in.
1.50 in.

1.0 in.

FIGURE 19.2
Standard cross sections of V-belts. All belts have a
rubber-impregnated fabric jacket with interior tension
cords above a rubber cushion.

It should also be noted that centrifugal force tends to reduce the angles of wrap f.
Were it not for centrifugal force, the friction-limited torque transmission would

be constant, and the power transmitted would increase linearly with speed. On the
other hand, if an unloaded belt drive is driven at sufficient speed, centrifugal force
alone can load the belt to its tensile capacity. It follows, then, that there is some
speed at which the power transmitting capacity is a maximum. With leather belting
this is commonly in the vicinity of 30 m/s (6000 ft/min), with about 20 m/s being
regarded as an “ideal” operating speed, all factors, including noise and life, being
considered.

As was the case in determining appropriate sizes of bearings and gears, a vari-
ety of “experience factors” should be taken into account when selecting belt sizes.
These include torque fluctuations in the driving and driven shaft, starting overloads,
pulley diameters, and environmental contamination such as moisture, dirt, and oil.

19.3 V-Belts

V-belts are used with electric motors to drive blowers, compressors, appliances,
machine tools, farm and industrial machinery, and so on. One or more V-belts are
used to drive the accessories on automotive and most other internal combustion
engines. They are made to standard lengths and with the standard cross-sectional
sizes shown in Figure 19.2. The grooved pulleys that V-belts run in are called
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FIGURE 19.3
Multiple-V-belt drive.
(Courtesy Reliance
Electric Company.)

2�
≈ 36°

dN
dN2

dN/2
sin �

(a) (b)

FIGURE 19.4
V-belt in sheave groove and on flat pulley rim.

sheaves. They are usually made of cast iron, pressed steel, or die-cast metal. V-belts
work well with short center distances. Because of the resistance to stretch of their
interior tension cords, V-belts do not require frequent adjustment of initial tension.

When a single V-belt has insufficient capacity, multiple belts may be used, as
shown in Figure 19.3. As many as 12 or more belts are commonly used in heavy-
duty applications. It is important that these be obtained as matched sets, so that the
load is divided equally. When one belt needs replacement, a complete new set should
be installed.

Figure 19.4a shows how a V-belt rides in the sheave groove with contact on the
sides and clearance at the bottom. This “wedging action” increases the normal force
on a belt element from dN (as in Figures 18.16 or 19.4b) to dN/sin b, which is
approximately equal to 3.25 dN. Since the friction force available for torque trans-
mission is assumed proportional to normal force, the torque capacity is thus
increased more than threefold. The flat-belt equations can be modified to take this
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into account by merely replacing the coefficient of friction f with the quantity f /sin b.
Equation 19.3 then becomes

(19.3a)

Since the capacity of a belt drive is normally limited by the slippage of the
smaller pulley, V-belt drives can sometimes be used with a flat larger pulley (as in
Figure 19.4b) with no sacrifice in capacity. For example, the V-belts driving the drum
of a domestic clothes dryer or the flywheel of a large punch press normally rides
directly on the flat drum or flywheel surface.

Some sheaves are made with provision for adjusting the groove width. This
varies the effective pitch diameter and permits moderate changes in speed ratio.
A familiar example is the V-belt drive of domestic furnace blowers that have this fea-
ture to permit an adjustment in the velocity of the discharged air. An extension of this
principle is used in adjustable speed drives that can be made to vary continuously.
These employ special extra-wide V-belts with matched pairs of variable-width
sheaves that adjust simultaneously (with the machine running) to accommodate the
fixed belt length.

There is a sufficient variation in the strength and friction properties of commer-
cial V-belts that the selection for a specific application is best made after consulting
test data and details of service experience in the manufacturer’s literature. In general,
it is recommended that belt speeds in the range of 20 m/s (4000 ft/min) be used
where feasible.

V-belt life is markedly affected by temperature. Where elevated belt temperatures
(say, above 200°F or 93°C for conventional belts) are encountered, belt life can often
be substantially improved by putting fins on the sheaves to increase air circulation.

SAMPLE PROBLEM 19.1 Select Belts for V-Belt Drive

A 25-hp, 1750-rpm electric motor drives a machine through a multiple V-belt. The
size 5 V-belts used have an angle, b, of 18° and a unit weight of 0.012 lb/in. The
pulley on the motor shaft has a 3.7-in. pitch diameter (a standard size), and the geom-
etry is such that the angle of wrap is 165°. It is conservatively assumed that the
maximum belt tension should be limited to 150 lb, and that the coefficient of friction
will be at least 0.20. How many belts are required?

SOLUTION

Known: A motor of given horsepower and speed drives an input pulley of
known diameter and angle of wrap. The size 5 V-belts have a known unit weight
and angle b. The maximum belt tension is 150 lb and the coefficient of friction
is 0.20.

Find: Determine the number of belts required.

P1 - Pc
P2 - Pc

= eff/sinb
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Schematic and Given Data:

Assumptions:
1. The maximum tension in the belt is limited to 150 lb.

2. The coefficient of friction will be at least 0.20.

3. Power is shared equally by each belt.

Analysis:
1. The terms in Eq. 19.3a are calculated first.

2. With Eq. 19.2, Pc = mV2 where

3. Also,

4. Substituting in Eq. 19.3a and solving for P2:

Hence, P2 = 26.3 lb

5. From Eq. 18.24,

6. From Eq. 1.3, per 

7. For 25 hp, and 4 belts are required.

Comment: If a 30-hp motor was used, then 5 belts would be required. As more and
more belts are needed, however, the effects of misalignment of the shafts (and con-
sequent unequal sharing of the load) become important.

25

6.36
= 3.93,

bolt =
Tn

5252
=

1750(229)

5252(12)
= 6.36 hp/beltW

#

T = (P1 - P2) r = (150 - 26.3)
3.7

2
= 229 lb # in.

150 - 3.57

P2 - 3.57
= 6.45 or 146.4 = 6.45 P2 - 23.0

e(ff/sinb) = e((0.2)(2.88)/sinb) = 6.45

Pc =
0.012

386
(339)2 = 3.57 lb

V = 3.7 (p)
1750

60
= 339 in./sec

P1 - Pc
P2 - Pc

= eff/sinb

Multiple V-belt, � = 18°, size 5V
Unit weight = 0.012 lb/in.
Power input = 25 hp
Pmax = P1 = 150 lb
f = 0.20

3.7 in. dia.

Driving
pulley

Number of belts = ?

Driven
pulley

n = 1750 rpm

165° angle of wrap
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Tension-
carrying cords

Fabric cover

Rubber

FIGURE 19.5
Toothed or timing belt.

19.4 Toothed Belts

Figure 19.5 illustrates toothed belts, also known as timing belts. Since the drive is by
means of teeth rather than friction, there is no slippage and the driving and driven
shafts remain synchronized. This permits toothed belts to be used for many applica-
tions like driving an engine camshaft, from the crankshaft, for which the use of other
types of belts would be impossible. The toothed drive, having tension-carrying cords
with minimum stretch, permits installation with minimal initial tension. This reduces
bearing loading and shaft-bending loads.

Toothed belts permit the use of small pulleys and small arcs of contact. Contact
on only six teeth is sufficient to develop full-rated capacity. Toothed belts are rela-
tively lightweight, and can give efficient operation at speeds up to at least 80 m/s
(16,000 ft/min). Their principal disadvantage is the higher cost of both the belt and
the toothed pulleys. As with other belts, long service life can be obtained, but not as
long as the service life of metallic power transmission members (gears and chains).
For example, automotive engines using timing belts for the camshaft drive usually
require belt replacement at around 60,000 miles (100,000 km), whereas gear and
chain camshaft drives usually last for the life of the engine.

19.5 Roller Chains

There are several types of power transmission chains, but the most widely used is the
roller chain. Of its many applications, the most familiar is the chain drive on a bicy-
cle. Figure 19.6 illustrates the construction of the chain. Note the alternation of pin
links and roller links. For analyzing the load that can be carried by a given chain, the
force flow concept of Section 2.4 is appropriate. The procedure begins with the por-
tion of the load (depending on its distribution among the driving sprocket teeth in con-
tact) applied to a chain roller by a driving sprocket tooth. From the roller, the load is
transmitted, in turn, to a bushing, pin, and pair of link plates. Moving along the chain,
this load is added to loads from other sprocket teeth. Finally, successive pins, bushings,
and link plates transmit the full load along the tight side of the chain. At chain speeds
above about 3000 feet per minute, centrifugal force adds significantly to the tensile
loading of the plates and to the bearing loading between the pins and bushings.

c19.qxd  7/6/11  2:08 AM  Page 789



790 Chapter 19 ■ Miscellaneous Machine Components

Along the force path are several potentially critical locations. At the sprocket
tooth–chain roller interface there is a Hertz contact stress, as with gear teeth. Also
like gears, there is an impact when each new tooth comes into contact, and the inten-
sity of this impact increases markedly with speed. Since the roller turns freely on its
bushing, there is negligible sliding between the sprocket tooth and roller. Lubrication
and wear must be considered at both bushing interfaces—with the roller on the out-
side and the pin on the inside. Wear at the pin interface is the more critical because
the load-supporting area is much smaller, and centrifugal loading is superimposed.
The link plates are subjected to essentially a zero-to-maximum tensile fatigue load-
ing, with stress concentration at the pin holes.

An important factor affecting the operating smoothness of a roller chain drive,
particularly at high speeds, is chordal action, depicted in Figure 19.7. In Figure
19.7a, roller A has just seated on the sprocket, and the centerline of the chain is at
the chordal radius rc . After the sprocket rotates through angle u, the chain is in the
position shown in Figure 19.7b. Here, the chain centerline is at the sprocket pitch
radius r. The displacement of the chain centerline (amount of chain rise and fall) is

¢r = rc - r = r (1 - cos u) = r [1 - cos(180°/Nt)] (19.4)

where Nt is the number of teeth in the sprocket. Together with chain rise and fall,
chordal action makes the speed ratio nonuniform by effectively varying the sprocket
pitch radius between r and rc . Fortunately, the elasticity of the chain absorbs most of
this small speed fluctuation in a properly designed drive. Because of chordal action, a
chain drive is analogous to a belt drive using polygonal (flatsided) pulleys. If the num-
ber of sides in the polygon is sufficiently large, the effect may be hardly noticeable.

p

�r Pitch
circle

(a)

rc

p

(b)

A

B

AB

rc r

Chordal rise, r – rc

Pin link Pitch, �

Roller link

Plates
RollerBushingPin

FIGURE 19.6
Construction of a roller chain. (Courtesy Rexnord Corporation, Link-Belt
Chain Division.)

FIGURE 19.7
Chordal action of a roller chain.
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Roller chains are designed so that they seldom break, but eventually they require
replacement because of wear between the pins and bushings. This causes the pitch, the
distance between centers of adjacent rollers, to increase. Some wear can be compen-
sated for by increasing the distance between sprockets or by adjusting or spring load-
ing an idler sprocket. When wear elongates the chain by about 3 percent, the increased
pitch causes the rollers to ride objectionably high on the sprocket teeth, and the chain
(also the sprockets, if they are worn too) should be replaced. A conservatively designed
chain, properly lubricated, normally has an operating life of about 15,000 hours. If a
shorter life is adequate, a lighter and less costly chain drive can be used.

At low speeds, the chain tensile loading necessary that produces objectionable
wear in 15,000 hours may be high enough to cause earlier fatigue failure of the
plates. At a sufficiently high speed, pin bearing loading which is due to centrifugal
plus shock loading can be so high that no useful load can be transmitted.

The American Society of Mechanical Engineers has issued standard ASME
B29.100-2000, which gives standard dimensions of chains and sprockets (with
pitches ranging from to 3 in.) so that these parts made by various manufacturers
are interchangeable. Standard load capacity data are also given. Details of materials
and construction vary, however, and for this reason it is best to check load capacities
with the chain manufacturer. All manufacturers give tables of basic capacity ratings
for various chain speeds and numbers of teeth in the smaller sprocket (the fewer the
teeth, the lower the capacity). These ratings consider both wear and fatigue failure.
They are based on uniform input power (as from an electric motor, or an engine with
hydraulic coupling or torque converter drive) and a uniform load (as from a blower
or centrifugal pump). For less favorable conditions, factors are given by which the
nominal load must be multiplied when selecting a chain. These factors range up to
1.7 for heavy shock in both input and output shafts. If multiple-strand chains are
used (Figure 19.8), the single-strand rating is multiplied by 1.7, 2.5, and 3.3 for
double-, triple-, and quadruple-strand chains, respectively.

The number of teeth on the smaller sprocket is usually between 17 and 25.
Fewer may be acceptable if the speed is very low; more may be desirable if the speed
is very high. The larger sprocket is usually limited to about 120 teeth (speed ratios
are usually limited to 12, even with slow speed).

1
2

FIGURE 19.8
Multiple-strand roller chain (here a
quadruple-strand chain) and
sprockets. (Courtesy Rexnord
Corporation, Link-Belt Chain
Division.)
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FIGURE 19.9
Inverted-tooth (“silent”) chains. (Courtesy Ramsey Products Corporation.)

(b) Center guide chain

(c) Side guide chain

(d) Duplex (or “bend back”) chain

(a) Chain and sprocket

Pitch p

19.6 Inverted-Tooth Chains

Inverted-tooth chains (Figure 19.9), also called silent chains because of their rela-
tively quiet operation, consist of a series of toothed link plates that are pin-connected
to permit articulation. The link “teeth” are usually straight-sided. Corresponding
sprocket teeth are also straight-sided, with the included angle between the tooth sides
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increasing with the number of teeth in the sprocket. The most critical part of the chain
is the pinned connection. Different manufacturers have devised a variety of detailed
joint designs in order to improve wear life.

Provision must be made to prevent the chain from sliding off the sprockets.
Figure 19.9b shows a chain with center guide links that engage with center grooves
in the sprockets. Figure 19.9c shows a chain with side guide links that straddle the
sprocket face. Figure 19.9d shows a duplex chain, used for “serpentine” drives
whereby sprockets are driven from both sides of the chain.

Inverted-tooth chains and sprockets are standardized [ANSI/ASME B29.2M-
1982, reaffirmed 2004]. Most of the remarks in the previous section also apply to
inverted-tooth chains and sprockets. Standard pitches range from to 2 in., and capac-
ities are rated per inch of chain width. Because of their smoother and quieter opera-
tion, inverted-tooth chains can operate at somewhat higher speeds than roller chains.
Lubrication is very important, and the chains should usually operate in an enclosure.

19.7 History of Hydrodynamic Drives

In contrast with virtually every other means of power transmission, hydrodynamic
drives (i.e., fluid couplings and torque converters) are strictly twentieth-century
devices. Dr. H. Föttinger of Germany built the first hydrodynamic drive in 1905. At
that time, steam turbines had just been introduced for marine propulsion, and no
practical means of providing a reduction gear were available. Direct coupling of the
engine and propeller caused both to operate inefficiently—the turbine ran too slowly
and the propeller too fast. Föttinger was associated with the Vulcan-Werke A.G.,
where his invention was developed to provide a reduction ratio for drives up to
15,000 hp. The increased turbine and propeller efficiencies more than made up for
the 15 percent or so hydraulic loss in the converter. Föttinger’s converters were used
quite successfully until helical gears were developed for use with ship turbines. The
much greater efficiency of the gear drive, plus its lower cost, availability of larger
reduction ratios, and compactness, enabled it quickly to displace the hydraulic
torque converter.

The next development in hydrodynamic drives did not occur until after World
War I, when, in connection with efforts to improve the efficiency of hydraulic con-
verters, it was found that the simpler fluid coupling (which provides no torque mul-
tiplication) could operate at efficiencies above 95 percent. This suggested to
Dr. Bauer, then a director of Vulcan-Werke, that newly developed high-speed diesel
engines could be adapted to marine service by using helical gearing for speed
reduction together with a fluid coupling to isolate the substantial torsional shock of
the engine from the gearing and propeller shaft. The only diesels previously used
for marine propulsion were low-speed engines which were directly coupled.
Dr. Bauer’s solution worked very successfully.

Hydrodynamic drives continued to be developed in England as well as
Germany. In 1926, Harold Sinclair of the Hydraulic Coupling and Engineering
Company was disturbed by the “jerky” clutch engagement of the London buses,
which he frequently rode. This reportedly motivated his development of the first
automotive fluid couplings. These were used on several British cars beginning a few
years later.

5 : 1

3
8
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FIGURE 19.10
Fluid coupling.

In about 1930 the Chrysler Corporation began experimentation with fluid cou-
plings and purchased patent rights from Harold Sinclair. This led to the introduction
of “Fluid Drive” on the Chrysler Custom Imperial in 1939. Also in the early 1930s,
the American Blower Company developed and manufactured hydrodynamic drives
for use with induced-draft fans. In the meantime, General Motors introduced a four-
speed semiautomatic transmission on the 1937 Oldsmobile but dropped it in 1939.
This transmission was modified and integrated with a fluid coupling to become the
original “Hydra-Matic Drive,” introduced on the 1940 Oldsmobile.

Since the mid-1950s, all American car manufacturers have used automatic
transmissions incorporating hydraulic torque converters. Hydrodynamic drives have
gained worldwide acceptance in a great variety of industrial and marine applications.

19.8 Fluid Couplings

Figure 19.10 shows the essential parts of a fluid coupling. The rotor attached to the
input shaft is called the impeller, which is also bolted to the case. These two units
form the housing containing the hydraulic fluid (usually a low-viscosity mineral oil).
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The output shaft is supported in the housing by two bearings. Attached to it is the
turbine, which is driven by oil discharged from the impeller. The oil seal between
the housing and output shaft represents extensive development work. It must allow
only the microscopic leakage needed for lubrication of the seal itself. Each rotor
encloses a semi-toroidal space that is divided into compartments by uniformly
spaced, flat, radial blades (also called plates or vanes). An optional core or inner
shroud, attached to the vanes of both rotors, is usually used. This guides the circu-
lating fluid into a more nearly circular path. As will be shown, no hydrodynamic
drive can transmit power with 100 percent efficiency. Fins are often added to the
housing to improve air circulation and to assist in dissipating the resulting heat. In
many heavy-duty applications the fluid is continuously removed, cooled by an
external heat exchanger, and returned.

Rotation of the impeller creates centrifugal forces within the oil trapped between
adjacent blades, causing it to flow radially outward; note the direction of arrows on
the “fluid circulation” path in Figure 19.10. When the flow crosses over to the turbine,
the oil impinges upon the turbine blades, giving up much of its kinetic energy (in the
plane of impeller and turbine rotation). Pressure from the “oil behind” forces the flow
to proceed radially inward through the spaces between adjacent turbine blades, where
it gives up additional kinetic energy. During normal operation the turbine rotation
may be only slightly slower than that of the impeller. The centrifugal forces devel-
oped within the oil on the turbine side oppose those on the impeller side, thereby
reducing the velocity of flow around the transverse “fluid circulation” paths. If the
direction of the drive reverses and the output shaft runs faster than the input, the direc-
tion of fluid flow also reverses. This is what happens when a car with a fluid coupling
(or torque converter) experiences “engine braking.” In normal operation the output
shaft rotates more slowly than the input shaft by a factor called slip. Representing the
input and output rotating velocities by vi and vo , respectively, slip S is defined as

S = (vi - vo)/vi (19.5)

A fundamental concept is that without slip, there can be no fluid circulation and
therefore no transmission of power.

A second fundamental concept follows from considering the fluid coupling as
a free body in equilibrium. The only external attachments are to the input and out-
put shafts. For the summation of moments about the axis of rotation to be zero, the
input and output torques must be exactly equal. Thus every fluid coupling always
transmits 100 percent of the input torque. This is true even if the coupling has no
oil. In this case both input and output torques are zero, that is, the coupling provides
no load to the driving motor. This suggests the possibility of draining and refilling
the coupling oil while the motor is running as a means of providing a smooth
declutching–clutching function.

To develop fundamental relationships between the parameters of a fluid cou-
pling, consider a typical particle of oil at radius r (Figure 19.10) that has unit vol-
ume, a density of r, and negligible viscosity. Assume the input shaft to be rotating
at speed v and the output shaft to be stationary (as during “start-up”). Centrifugal
force acting on the oil particle is

F = mrv2 = rrv2 (a)

Since fluid couplings are, in general, geometrically similar, it is desirable to develop
equations in terms of the outside diameter of the fluid cavity D, as shown in
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Figure 19.10. All other dimensions can be expressed as knD, where kn represents
numerical constants k1, k2, k3 . . . . Accordingly, Eq. a can be written as

F = rk1Dv2 (b)

From F = ma, and the fact that the oil particle has a mass of r,

a = k1Dv2 (c)

With the output shaft stationary, an oil particle enters the impeller at radius r1 with
essentially zero tangential and radial velocity. Assuming, as an approximation, that the
particle experiences uniform acceleration over distance r2 - r1 = k2D, its terminal
velocity (from the elementary equations of uniformly accelerated motion) will be

(d)

Assuming that the fluid velocity when moving across the small gap from the
impeller to the turbine is given by Eq. d, it follows that the mass flow rate Q of oil
entering the turbine is

Q = rVA

where area A is Hence,

Q = rk3Dvk4D2 = k5D3rv (e)

The momentum of the oil in the plane of fluid coupling rotation when it enters
the turbine is the product of mass times velocity in the rotating plane, or mr2v, and
the moment of its momentum is 

The torque imparted to the turbine is equal to the time rate of change of angu-
lar momentum:

T = Q(k6D)2v = (k5D3rv)(k6D)2v = k7rv
2D5 (f)

Since the densities of hydraulics fluids vary relatively little, r can be combined
with the other constants to give a single constant k, with the result that

T = kv2D5 (19.6)

This equation gives the stall torque of the coupling, for which slip S is unity.
When power is transmitted, the slip must, of course, be less than unity. In this case
the transmitted torque is approximately proportional to slip. With the slip factor
included, Eq. 19.6 becomes the equation for the running torque of the coupling:

T = kv2D5S (19.7)

For torque in pound-feet, v in revolutions per minute, and D in inches, tests of
automotive-type couplings in the 30 to 100 percent slip range indicate that as a rough
approximation

T L 5 * 10-10v2D5S (19.7a)

This equation contains two important conclusions.

mr 2
2v = m(k6D)2v.

p(r24 - r23) = k4D
2.

V = 2k2Da = 2k2Dk1Dv
2 = k3Dv
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FIGURE 19.11
Typical fluid coupling torque-speed-slip curves.

1. The torque and horsepower capacity of a fluid coupling vary with the fifth power
of the diameter. This a rather remarkable fact—doubling the diameter increases
the capacity by a factor of 32.

2. Torque capacity varies as the square of the speed; power capacity varies with the
cube of the speed. This explains why a fluid coupling can transmit the full out-
put of an engine at operating speeds, yet transmit an almost negligible torque
(essentially declutching) at idle speed.

From Eq. 19.5, the coupling output shaft speed is

vo = vi(1 - S) (19.5, mod.)

Since input and output torques are equal, the efficiency of power transmission by the
coupling is

(19.8)

During normal operation, a well-designed and properly applied coupling usu-
ally operates at 95 to 98 percent efficiency.

Representative fluid coupling performance curves are illustrated in Figure 19.11.
Note that at the rated speed and torque of the motor, coupling slip is only percent
(efficiency = 96.5 percent).

3 1
2

e =
vo

vi
= 1 - S
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Torque converter with fixed reactor blades.
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FIGURE 19.13
Torque converter with the reactor controlled by a
one-way clutch.

Fluid couplings are particularly useful in isolating the torsional impulses of diesel
engines. When a fluid coupling is interposed between the engine and a gear reducer,
cheaper and lighter gears and shafts can be used. Another important use is in heavy-duty
hoisting equipment. The smooth, gradually increasing output torque obtainable from
the coupling enables heavy loads to be picked up with minimal shock.

19.9 Hydrodynamic Torque Converters

With reference to the fluid coupling shown in Figure 19.10, it was noted that for equi-
librium of moments about the axis of rotation, the input and output shaft torques must
exactly balance. The only possible way for the output torque to exceed the input
torque is to add a third torque-contributing meter (usually a stationary reaction mem-
ber contributing reaction torque Tr). Then the equilibrium equation becomes

Ti + To + Tr = 0 (19.9)

Figure 19.12 shows one way to add a reaction member to a fluid coupling to
make it into a torque converter. The blades of the stationary reactor as well as those
of the impeller and turbine are curved and set at an angle. When the circulating fluid
strikes the reactor blades, external torque Tr must be applied to keep the reactor from
rotating. The reactor blades redirect the circulating fluid so that an increased torque
is delivered to the turbine in accordance with Eq. 19.9.

Since the reactor blades are stationary and do no work, the increased turbine
torque must be accompanied by a proportional decrease in output speed vo .

In applications requiring a torque multiplication only to start and bring a load
up to speed, the “fixed” reactor is mounted through a “free-wheeling” or “one-way”
clutch, as shown in Figure 19.13. When normal operating speed is approached, the
reactor “free-wheels”—turns without restraint in the direction permitted by the free-
wheeling clutch—and the torque converter behaves as a fluid coupling. This is what
happens, for example, with torque converters incorporated in automotive automatic
transmissions. These converters typically provide a torque multiplication ratio of the
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order of 3 with a stalled output shaft. As the output shaft accelerates, the torque ratio
decreases rapidly. When the ratio reaches unity, the free-wheeling clutch allows the
reactor to begin turning freely, in the direction opposite to that which it was previ-
ously restrained from turning by the one-way clutch. Performance characteristics of
a typical torque converter, compared with those of a fluid coupling of the same diam-
eter, are shown in Figure 19.14.
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Representative torque converter and fluid coupling per-
formance curves.
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Problems

Section 19.2

19.1 An incident occurred at a pallet manufacturing facility causing a young woman’s
arm to be amputated. A belt conveyor system shown in Figure P19.1 was being used
to carry waste wood from a large crosscut saw to a chipper. The conveyor system
consisted of two conveyor belts in series. The belt conveyors were reportedly pur-
chased used at an auction. The incident took place at an unguarded location where
the first conveyor belt drops the waste wood (small blocks) onto the second belt. At
the time of the incident, the woman was removing some wood debris from an
unguarded roller on the conveyor belt when her arm was caught. This accident
resulted in the amputation of her arm.

Additional information in this accident includes:

1. At the time of the accident, the employee was wearing gloves and trying to fulfill
her job duties of keeping the area and conveyor belts clear of debris.

2. Prior to the accident she had tried using a sticker (a long, thin piece of wood) to
dislodge a trapped wood block to no avail.

3. The roller of the conveyor belt was unguarded. (OSHA report).

4. The location where the first and second conveyor belts join together was
unguarded. (OSHA report).

5. A citation was recommended for unguarded rotating parts 1910.219(a)(1).
(OSHA report).

6. There was not a warning label alerting users to the motion of the conveyor belt
roller and/or the danger of getting caught in the roller and/or on the belt lacing.

7. The employee was not told about the possible hazard associated with the incident
conveyor system.

8. There was no guard on the conveyor system to prevent the employee from plac-
ing her hand in the location where it was injured.

Search the OSHA regulations at http://www.osha.gov, specifically 29 CFR
1910.219. Write a paragraph explaining how this regulation would apply to this inci-
dent. Also, list ways in which this accident could have been prevented.
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19.3 A belt drive, as shown in Figure 19.1a, has an angle of wrap on the small pulley of
150°. The slack-side tension is P2 = 40 N, the motor pulley has a 100-mm diame-
ter, the centrifugal force is negligible, and f = 0.33. What is the torque capacity of
the pulley?

19.4 Repeat Problem 19.3, except with an angle of wrap on the small pulley of 160°.

19.5 Figure 19.1a shows a belt drive with an angle of wrap on the small pulley of 150°.
The centrifugal force is negligible, the motor pulley has a 4-in. diameter, the slack-
side tension is 9 lb, and f = 0.30. What is the torque capacity of the pulley?

19.2 A fan shown in Figure P19.2 that is welded to a 0.3-m-diameter pulley is turned at
1800 rpm by a belt driven by an identical pulley attached to the shaft of an electric
motor. While operating, the tight side of the belt is loaded in tension to 2000 N and
the slack side to 200 N in tension. Determine the torque applied by the belt on the
fan pulley in N·m and the power transmitted in kW.
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19.6 A belt drive, as shown in Figure 19.1a, has an angle of wrap on the small pulley of 160°.
Adding an idler, as in Figure 19.1c, increases this to 200°. If the slack-side tension is the
same in the two cases and if centrifugal force is negligible, by what percentage is the
capacity of the belt drive increased by adding the idler when f = 0.3?

[Ans.: 41 percent]

19.7 Using Figure P19.7 develop an equation for the belt length L as a function of c, r1,
r2, and a.
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19.8 Although center distance c can be calculated using an equation developed from
Figure P19.7, this equation is difficult to use because it involves c, L, and a.
Figure P19.8 suggests an approximation length ABCD that will be equal to half the
length of the belt. From the half-length approximation, develop an equation relating
center distance c, belt length L, and pulley radii r1 and r2.

[Ans.: c2 = 0.25[L - p(r1 + r2)]2 - (r1 - r2)2]

19.9 Figure P19.5 shows that angles of wrap f1 and f2 are equal to p - 2a and p + 2a,
respectively. Derive an equation relating a to r1, r2, and c.

[Ans.: sin a = (r2 - r1)/c]

Sections 19.3–19.5

19.10 A 25-hp, 1750-rpm electric motor drives a machine through a multiple V-belt. The pul-
ley on the motor shaft has a 3.7-in. pitch diameter (a standard size), and the geometry
is such that the angle of wrap is 165°. The size 5 V-belts used have an angle, b, of 18°
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Problems 803

and a unit weight of 0.012 lb/in. It is conservatively assumed that the maximum belt
tension should be limited to 150 lb, and that the coefficient of friction will be at least
0.20. How many belts are required?

[Ans.: Four]

19.11 A standard V-belt with b = 18° is used with a motor pulley of 40-mm pitch diame-
ter and a flat cylindrical drum of 120-mm diameter. Center distance is 120 mm. What
is the approximate relationship between the slip-limited power transmission capaci-
ties at the pulley and at the drum?

19.12 Find the maximum power that can be transmitted by the smaller pulley of a V-belt
drive shown in Figure P19.12 under the following conditions: pulley
speed = 4000 rpm, r = 100 mm, b = 18°, f = 170°, f = 0.20, belt maximum
tension = 1300 N, and belt unit weight = 1.75 N/m.

Motor

Pump

Larger
pulley

n = 4000 rpm

r = 100 mm
Pulley radius
φ = 170°V-belt

β = 18°
f = 0.20
Belt maximum tension = 1300 N
Belt unit weight = 1.75 N/m

FIGURE P19.12

19.13 What power could be transmitted by the pulley in Problem 19.12 if (a) two belts
are used, each identical to the belt in Problem 19.12, and (b) a single belt is used,
with twice the cross section of the belt in Problem 19.12 and thus twice the maxi-
mum tension?

19.14 A single V-belt with b = 18° and a unit weight of 0.012 lb/in. is to be used to trans-
mit power from a 3500-rpm, 6-in.-diameter driving pulley to a 12-in.-diameter dri-
ver pulley. The angle of wrap on the smaller pulley is f = 170°, f = 0.20, and belt
maximum tension = 250 lb. Find the maximum power that can be transmitted by the
smaller pulley.
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19.15 A single V-belt with b = 18° and a unit weight of 2.2 N/m is to be used to transmit
12 kW from a 1750-rpm, 180-mm-diameter driving pulley to a 1050-rpm driven pul-
ley. Center distance is 400 mm.

(a) On the basis that the coefficient of friction is 0.20 and the initial belt tension is
marginally adequate to prevent slippage, determine the values of P1 and P2.

(b) Determine the torsional and resultant radial loads applied by the belt to each shaft.

(c) Determine the initial belt tension when the drive is not operating.

(d) Determine values of P1 and P2 when the drive is operating at normal speed but
transmitting only 6 kW.

[Ans.: (a) 926 N, 199 N; (b) 65.5-N # m and 109.2-N # m torque to the driving and dri-
ven shafts, 1118-N radial load to each shaft; (c) 562.5 N; (d) 744 N, 381 N]

19.16 A single V-belt with b = 18° and unit weight of 0.012 lb/in. is to transmit 12 hp
from a 1750-rpm, 6-in.-diameter driving pulley to a 12-in.-diameter driven pulley.
Center distance is to be 20 in.

(a) On the basis that the coefficient of friction is 0.20 and the initial belt tension is
just adequate to prevent slippage, determine the values of P1 and P2.

(b) Determine the torsional and resultant radial loads applied by the belt to each of
the shafts.

(c) Determine values of P1 and P2 when the drive is operating at normal speed but
transmitting only 3 hp.

19.17 A length of modular belting that has ends reinforced with steel links is shown in
Figure P19.17. The belting system can be analyzed using a spring model. The steel
links each have a spring stiffness, ks = 5.2 � 105 lb/in. The stiffness of the plastic
link, kp = 5.6 � 104 lb/in., can be thought of as eight (8) plastic members in ten-
sion; i.e., the plastic link is comprised of eight members in parallel. If the modular
belting with reinforced steel links carries a load, F, what load is carried by the steel
links? What load is carried by each modular belting link?

Load, F

Load, F

Steel link

Plastic link

FIGURE P19.17
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Problems 805

19.18 Perform an Internet product search for modular belting. List a manufacturer, provide
a physical description, and list uses of this type of chain or belt.

19.19 Repeat Problem 19.18 for mat top chains.

19.20 Repeat Problem 19.18 for flat top chains.

19.21 Repeat Problem 19.18 for table top chains.

19.22 Write several paragraphs describing the difference between modular belting, mat top
chains, flat top chains, and table top chains.

19.23D Review the web site http://www.grainger.com. Perform a product search for 
V-belts. Select an A-type V-belt with a length of 32 in. List the manufacturer,
description, and price.

19.24D Review the web site http://www.grainger.com. Conduct a product search for roller
chains. Select an ANSI #40, standard single-riveted steel roller chain. List the man-
ufacturer, description, and price.

19.25 A link chain loaded as shown in Figure P19.25 is comprised of two sizes of links that
are connected with pins. Assume that the thicker links are twice as thick as a thin
link. For this problem:

(a) Copy the drawings and sketch paths of force flow through the chain.

(b) Using the force flow concept, locate and identify the critical sections for the (1)
thick link, (2) thin link, and (3) pin.

(a) Top view

(b) Side view

FIGURE P19.25

Section 19.8

19.26 A fluid coupling of the type shown in Figure 19.10 has its input and output shafts
directly coupled to an electric motor and driven machine, respectively—see
Figure P19.26. The motor and coupling characteristics conform to the performance
curves in Figure 19.11.

(a) During normal operation the motor rotates 1780 rpm and drives the machine
with 55 percent of its rated power. What is the rotating speed of the machine
input shaft? What percent of the motor torque reaches the machine? What
percent of the power output of the motor is converted into heat in the fluid
coupling?

(b) How much does the coupling slip during overload operation requiring full-rated
motor power?
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Electric motor
n = 1780 rpm

55% rated power

Fluid coupling—
performance curves—

Fig. 19.11

Driven
machine

FIGURE P19.26

19.27 Assume that the motor and coupling characteristics represented in Figure 19.11 cor-
respond to a well engineered installation incorporating a 10-kW, 1750-rpm motor. A
similar but smaller installation is being considered, for which the power require-
ments are 50 percent less. Accordingly, a 5-kW, 1750-rpm motor and a smaller, but
geometrically similar, fluid coupling will be used. By what factor could the diame-
ter of the fluid coupling be reduced? If the 5-kW power source used in the new
installation rotates 3500 rpm, by what factor could the coupling diameter be
reduced?

Section 19.9

19.28 A hydrodynamic torque converter like the one represented in Figure 19.13 provides
a 2.4 torque multiplication when operating with a driving motor providing a torque
of 100 N # m. What torque is applied to the one-way clutch?

(c) If the machine is overloaded to the point that the motor cannot drive it and the
machine stops, what is the motor rpm? Under these conditions, what fraction
of normal rated motor power is converted into heat in the fluid coupling?
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Machine Component
Interrelationships—
A Case Study20

20.1 Introduction

The ultimate purpose of machine components is, of course, to function as parts of a
complete machine that serves a useful purpose. The design of a complete machine is
a creative process requiring imagination and ingenuity to conceive of effective com-
binations of components, optimize selected combinations, and to take into account
the multitude of factors that generally apply to a given specific situation. Advancing
from the design of individual components to the design of a complete machine is
obviously a major step. The purpose of this chapter is to help prepare the student for
undertaking this step.

In order to develop skill in conceiving of effective combinations and arrange-
ments of components, it is helpful to study the design of selected existing machines
and to observe carefully the various interrelationships between them. The way one
component is designed may influence both the loads carried by other parts and the
space available for those parts.

The automatic transmission is chosen here for a case study since it is a common
yet complex machine where the design of one component can influence the design
of other parts. The conventional automatic transmission is composed of three main
subassemblies: a torque converter, a gear system, and a hydraulic control system. The
torque converter is a fluid coupling where the driving member, the impeller, drives
the driven member, the turbine, through fluid contained in the coupling. The gear
system is usually a planetary gear system where the gears are arranged in the trans-
mission so that power can be applied to any one of the three members—the ring gear,
the planet pinion carrier (arm), or the sun gear. Output power can be taken from any
one of the members.

The automatic transmission contains many parts, and to know what each part
does would require a lifetime of study. Yet, in spite of its complexity, the general
operation of the automatic transmission can be understood by studying earlier, less
complex transmissions like the original “Hydra-Matic” transmission, introduced on
the 1940 Oldsmobile (see Section 19.7). The Hydra-Matic transmission was the first
modern fully automatic transmission used in an automobile. It represents an inge-
nious combination of components, all worked out to give a well-balanced design, that
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is, with all parts of adequate strength and none substantially “overdesigned.” The
parts fit together into a compact “package,” and they are designed so that the trans-
mission can be mass-produced at reasonable cost. Examples showing similar inge-
nuity and sound engineering design are found in a wide range of industrial and con-
sumer products.

20.2 Description of Original Hydra-Matic Transmission

The objective of this section is to provide a general understanding of the operation
of the Hydra-Matic transmission.

20.2.1 Schematic Drawing of Transmission

Figure 20.1 shows a highly simplified, diagrammatic representation of the general
layout of the transmission. Its three basic components are a front planetary gear
train, a fluid coupling, and a rear planetary gear train. Shifting is accomplished by
means of hydraulically actuated band brakes and multiple-disk clutches. Torque
ratios of the planetary trains can be determined by using the procedures given in
Section 15.13.

A3A2

R3 (52 teeth)
S2 (45 teeth)R1 (54 teeth)

P1 (15 teeth)
S1 (24 teeth)

A1

P2 (12 teeth)
R2 (69 teeth)

P3 (16 teeth)
S3 (20 teeth)

Front planetary train Rear planetary train

Reverse lock B3
(brake)

Brake B2

Clutch C2Clutch C1

Brake B1

Engine
flywheel Turbine

Fluid coupling
Impeller

To propeller
shaft

FIGURE 20.1
Schematic drawing of Hydra-Matic transmission.
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20.2 ■ Description of Original Hydra-Matic Transmission 20-3

20.2.2 Transmission Power Flow

Figure 20.2 gives a diagram of the power flow through the transmission. The engine
drives the front planetary train, which provides a torque multiplication of either 1.44
or 1.00. The output of the front train passes through a fluid coupling to the rear plan-
etary train, which provides a torque multiplication of 2.53, 1.00, or -2.99. In third
and fourth gears, only 39 percent of the power between planetary trains flows
through the coupling, which means that 61 percent is not subjected to coupling slip-
page losses (Section 19.8).

As shown in Figure 20.1, ring or annulus R1 (front planetary train) is solidly
connected to the engine flywheel and therefore always rotates at engine speed.
Figure 20.2 shows that for first (low) gear, brake B1 is engaged. This is a band brake
that holds sun gear S1 fixed, enabling it to serve as a reaction member. The output
of the front planetary train is the arm or carrier, A1. With clutch C2 disengaged, this
output goes entirely to the impeller of the fluid coupling. The coupling turbine is
attached to sun S2, which is the input member of the rear planetary train. Brake B2
holds ring R2, which serves as a reaction member. Arm A2 is the output of the train
and is integral with the output shaft of the transmission. First (low) gear ratio is thus
the product of the speed reduction ratios of the front and rear planetary trains. In all
forward ratios the third planetary train (S3, P3, A3) is inactive—these parts rotate but
carry no loads.

Whereas brakes B1 and B2 provide reaction members for the front and rear
planetary trains, clutches C1 and C2 provide a direct-drive torque ratio of unity
through these trains. Thus, in second gear, clutch C1 forces ring R1 and arm A1 to
rotate together. This causes the entire front planetary train to rotate as one solid
member, transmitting power without change in speed. In third gear, it is the rear
planetary train that rotates essentially as a solid member. As far as torque ratios are
concerned, coupling slip can be neglected. Hence, with clutch C2 actuated, S2 and
A2 can be considered as rotating together.

From Figure 20.2 it can be seen that the control system provides for the product
of the two planetary train ratios for first gear, the larger ratio alone for second gear,
the smaller ratio for third gear, and a direct drive for fourth gear.

For reverse gear the “reverse lock” B3 holds ring R3 as a fixed reaction member.
Planetary gears with labels 2 and 3 act together and constitute a single compound
planetary train with S2 as input and A2-A3 (the two arms are integral) as output.

One of the most interesting and ingenious features of the original Hydra-Matic
design is the action of the fluid coupling. Note that in first gear, the coupling turns
at engine speed divided by 1.44. This means that with the engine idling, the stall
torque of the coupling is so low that chassis friction, most of which is the resistance
of the tire to rolling, will usually keep the car from “creeping” forward.1 Thus, when
stopped at a traffic light with transmission in drive, the driver need not normally keep
a foot on the brake pedal.

When the transmission is in third or fourth gear, the output of the front planetary
train is transmitted driectly to R2 (via clutch C2) and through the fluid coupling to
S2. These parallel power paths are shown in Figure 20.2. It will be shown later that
for the numbers of gear teeth involved, the division of torque is in the ratio of 
An advantage of the split power feature is that for high (fourth) gear cruising, only

39 : 61.

1 : 1

1 See Section 19.8.
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1.44 –2.99

B1 engaged

–4.31Reverse

B3 engaged

1.00 1.00

C1 engaged

1.004

C2 engaged

1.44 1.00

B1 engaged

39%

61%

39%

61%

1.443

C2 engaged

1.00

(b) Power flow block diagram

(c) Gear shift pattern(a) Internal power flow diagram

2.53

C1 engaged

2.532

B2 engaged

1.44 2.53

B1 engaged

3.661

–Neutral

Torque
ratio

Tout/Tin

Front
planetary

train

Fluid
coupling

Rear
planetary

train
Gear

No clutches or brakes engaged

B2 engaged

Gear Ratio

Neutral –

1 3.66

2 2.53

3 1.44

4 1

Reverse –4.31

C1 B1 C2 B2 B3

S1, P1, R1 S2, P2, R2 S3, P3, R3

B3

B2B1

C2C1
Neutral

S1, P1, R1 S2, P2, R2 S3, P3, R3

B2B1

C2 B3C1
1

S1, P1, R1 S2, P2, R2 S3, P3, R3

B3

B2B1

C2C1
2

S1, P1, R1 S2, P2, R2 S3, P3, R3

B3

B2B1

C2C1
3

S1, P1, R1 S2, P2, R2 S3, P3, R3

B3

B2B1

C2C1
4

S1, P1, R1 S2, P2, R2 S3, P3, R3

B3

B2B1

C2C1
Reverse

Fluid
coupling

Gear
interface

Bearing

FIGURE 20.2
Hydra-Matic transmission power flow and gear ratios.
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20.3 ■ Determination of Gear Ratios and Component Loads 20-5

39 percent of the power is subject to fluid coupling losses. When the car is cruising
above approximately 33 mph, power loss, which is due to coupling slippage in the
Hydra-Matic, is less than 1 percent. More modern automatic transmissions have all
the power going through a torque converter, thereby sustaining about three times the
fluid slippage loss of the original Hydra-Matic. This loss can be eliminated by
mechanically “locking” the torque converter after shifting into high gear, but this has
the disadvantage of eliminating the isolation of torsional shock and vibration that is a
feature of hydrodynamic drives.

Although the original Hydra-Matic transmission was eminently successful,
there was some problem in maintaining a smooth shift between second and third
gears. Note in Figure 20.2 that this shift involves the simultaneous engagement or
release of all four friction components, B1, C1, B2, and C2. Another minor problem
was that the gears turned with the transmission in “neutral” or “park,” thereby caus-
ing some noise.

20.3 Free-Body Diagram Determination of Gear Ratios and Component Loads

The various transmission gear ratios can be determined by any of the methods given
in Section 15.13, as well as others. The free-body diagram method provides a con-
venient means of determining not only the gear ratios but the loads applied to the
various components as well.

20.3.1 Front Planetary Train with Brake B1 Engaged and Clutch C1
Disengaged (as in First, Third, and Reverse Gears)

Figure 20.3 gives free-body diagrams for each component of the front planetary train
when brake B1 is engaged and clutch C1 is disengaged (as in first, third, and reverse
gears). We begin with ring R1, as it receives input torque Ti (pound-inches) from the
engine. The transmission has three equally spaced planets, P1, which apply tangen-
tial forces to the ring teeth. The ring has 54 teeth of pitch P teeth per inch. Hence,
the radius of the tangential forces is 27/P inches. For equilibrium of moments about
the axis of the ring, the tangential gear-tooth forces must be TiP/81 lb. Equal and
opposite forces are applied by the annulus to the planet teeth. For a planet to be in
equilibrium with respect to moments about its axis, the sun teeth must apply forces
to the planets that are also TiP/81 lb in magnitude. Equilibrium of forces acting on
a planet requires that a force of TiP/40.5 be applied at the center spindle, which is
part of the arm or carrier. Equal and opposite forces are applied by the planets to the
carrier. Equilibrium of the arm requires that the output reaction torque be 1.44Ti .
Equilibrium of the sun involves forces applied to it by the planet teeth and a torque
applied by brake B1. From the diagrams the following are concluded.

1. The torque ratio (output torque/input torque) of the front planetary train is +1.44.

2. Brake B1 must provide a torque of 0.44Ti .

3. The bearings supporting each of the members carry negligible loads except for
the planet. Planet bearings must carry a load of TiP/40.5 lb.
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Input torque
Ti

54-tooth ring

R1

×
Ti
3

TiP

81
TiP

81

TiP

81

TiP

81

TiP

81

TiP

81

TiP

81

TiP

40.5

P1

S1

TiP

40.5

TiP

40.5

TiP

40.5A1

TiP

81

P

27
15-tooth planet

12-tooth sun

P

27

P
12

P
19.5

P
12

P

7.5

Torque from B1:

TB1 =

TB1 = 0.44Ti

(3)

TiP

40.5 P
19.5

Output torque:

To =

To = 1.44Ti

(3)

Arm

To

FIGURE 20.3
Front planetary train with Brake B1 engaged. (Note: Radial and axial gear forces
are not shown; P = gear diametral pitch, teeth per inch of diameter.)

20.3.2 Rear Planetary Train with Brake B2 Engaged, Clutch C2
Disengaged, and Reverse Lock Brake B3 Disengaged (as in First
and Second Gears)

Figure 20.4 shows a similar set of free-body diagrams for the rear planetary train
when brake B2 is engaged, clutch C2 disengaged, and reverse lock B3 disengaged
(as in first and second gears). The diagrams begin with applying input torque Ti to
the sun (note that the input torque to the rear planetary unit is the output torque from
the front gear train). Free-body diagrams for the sun, planet, ring, and arm are deter-
mined as shown, with the following conclusions.
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TiP

67.5

TiP

67.5

TiP

67.5

Ti
3

P

22.5

TiP

Ti

67.5

TiP

67.5

S2

6
P

TiP

33.75

TiP

67.5

R2

34.5
P

TiP

33.75

TiP

33.75

TiP

33.75A2

P
28.5

TiP

33.75 P
28.5

Output torque:

To = (3)

To = 2.53Ti

Arm

22.5

45-tooth sun

69-tooth ring

•

P

TiP

67.5 P
34.5

TB2 = (3)

TB2 = 1.53Ti

P2

12-tooth planet

FIGURE 20.4
Rear planetary train with brake B2 engaged.

1. The torque ratio of the rear unit is To/Ti = +2.53.

2. Brake B2 must provide a torque of 1.53 Ti .

3. The planet bearings must carry a load of TiP/33.75 lb.

20.3.3 Rear Planetary Train with Reverse Lock Brake B3 Engaged
(as in Reverse Gear)

Figure 20.5 shows the set of free-body diagrams for the rear planetary train with
reverse lock B3 engaged (as in reverse gear). Brake B2 and clutch C2 are disengaged.
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34.5TiP
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69TiP
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TiP

67.5

34.5TiP

67.5

34.5TiP

675

TiP

67.5

TiP

67.5

TiP

67.5
TiP

67.5

TiP

Ti

67.5

S2

TiP

33.75

34.5
P

10
P

34.5

10
•

TiP

33.75
69TiP

675

A2, A3

P
28.5

P
18

TiP

33.75
69TiP

675P
28.5

Output torque:

To = – 3

To = –2.99Ti

P
18

Arms

22.5

45-tooth sun

P

P2

12-tooth planet

P3

16-tooth planet

R2, S3

69-tooth ring
and 20-tooth sun

FIGURE 20.5
Rear planetary train with reverse lock B3 engaged. (See the next page for ring R3.)

The analysis is slightly more complicated because planetary gears S2, P2, A2 and S3,
P3, A3 act together as a compound planetary train. As in Figure 20.4, we begin by
applying the input torque to sun S2 (this is the output torque of the front unit that, for
reverse gear, is 1.44 times engine torque). Sun S2 and planet P2 are placed in equilib-
rium, and loads are applied to ring R2. As shown in Figure 20.1, ring R2 is integral
with sun S3; hence, R2 and S3 are shown as a single free body. For equilibrium of
moments about the axis of this member, the forces applied to S3 by planets P3 must be
as shown. Planet P3 and ring R3 are next placed in equilibrium. Finally, integral arm
A2 and A3 is placed in equilibrium. Since the torque applied to the arm by planets P3
exceeds that applied by planets P2, the reaction torque applied to the arm by the trans-
mission output shaft is in the direction shown. The torque applied to the output shaft
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TB3 = (3)

TB3 = 3.99Ti

26 R3

52-tooth ring

P

FIGURE 20.5
(Continued)

is, of course, in the opposite direction. Since this is also opposite in direction to the
engine torque, the torque ratio is negative, as it must be for a reverse gear. From this
analysis, it is concluded that

1. The ratio of the rear unit with B3 engaged is -2.99.

2. The reverse lock must provide a brake torque of 3.99 times rear train input
torque, or 5.75 times engine torque.

3. Bearing loads for planets P2 are TiP/33.75, as in the Figure 20.4 analysis. Bear-
ing loads for planets P3 are over three times as high: 69TiP/675.

20.4 Gear Design Considerations

The last paragraph of Section 15.13 gave two requirements that must be satisfied
when choosing the number of planets to be mounted on an arm: (1) the number must
be small enough to give clearance between the planets and (2) the teeth of each
planet must align simultaneously with teeth of the sun and ring. Applying these cri-
teria to the front planets, P1: (1) fewer than eight planets must be used and (2) two,
three, or six equally spaced planets can be used; four cannot be used.

Note from the free-body diagrams that the tangential loads applied to the teeth
of the sun, planets, and ring (of the same gear set) are all the same. Although it
may seem surprising at first, the effective pitch line velocity is also the same for
all gears in the set, regardless of which member is held fixed. For each gear the
effective pitch line velocity reflects the frequency with which successive teeth
come into contact. To accomplish this, we compute the pitch line velocity relative
to the arm. The effective pitch line velocity appears correctly to an observer sta-
tioned on the arm.

Helical gears are usually used in automotive transmissions because of their rel-
atively quiet operation. For the free-body diagrams in Figures 20.3 through 20.7 to
be complete, the gear forces should include both an axial component (function of
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helix angle) and a radial component (function of pressure angle). The existence of
radial forces has no bearing on the conclusions drawn from the diagrams. The exis-
tence of axial gear forces means that thrust loads are applied to the bearings.

The basic arrangement of the transmission is such that the size of the gears is a
major factor controlling the size of the transmission. There are three favorable factors
to be taken into account when sizing the gears (i.e., determining an appropriate value
of pitch, P). (1) Modern gear-cutting machines, together with the high volume of pro-
duction involved, make it economically feasible to specify gears of excellent quality.
(2) Use of the fluid coupling protects the gears from much of the shock loading that
they would otherwise encounter. (3) Although the transmission must be designed for
a life of well over 100,000 miles of reasonably severe service, the gears encounter lit-
tle cyclic load in high gear (when the front planetary train is locked and the rear train
moves together except for coupling slip), and experience a relatively few miles of full
engine torque operation in the other gears.

20.5 Brake and Clutch Design Considerations

The free-body analysis in Figure 20.3 indicated that brake B1 must be designed for
0.44 times engine torque. Note that this value can also be obtained by considering
the entire front unit of the transmission as a single free body. With an input torque
of Ti and an output torque of 1.44Ti , there must be a reaction torque of 0.44Ti . The
only provision for a reaction torque to be transmitted to the transmission housing and
its external support is through brake B1.

Similarly, brake B2 must be designed for 1.53 times the input torque to the rear
planetary unit. For first and reverse gears, this brake torque is 2.20 (1.53 * 1.44)
times engine torque. This value can readily be checked by considering the overall
equilibrium of the rear section of the transmission: the input shaft receives 1.44
times engine torque, the brake adds 2.20 times engine torque, and this balances the
output reaction torque of 3.64 times engine torque. B1 and B2 are both band brakes
operating in oil (transmission fluid). Clearly, B2 is the more critical.

Reverse lock B3 must take 3.99 * 1.44 or 5.75 times engine torque. As a check,
equilibrium of the rear unit for unit engine torque involves an input torque of 1.44,
a reaction torque of -5.75, and an output torque of -4.31.

20.5.1 Front Planetary Train with Clutch C1 Engaged and Brake B1
Disengaged (as in Second and Fourth Gears)

To determine the load applied to clutch C1, we draw free-body diagrams for the front
planetary unit with C1 engaged (and B1 disengaged), as in Figure 20.6. These apply
to operation in second and fourth gears. Loads on the ring and planet gears are the
same as in Figure 20.3. For the sun the brake torque of 0.44Ti shown in Figure 20.3
is replaced by a clutch torque of 0.44Ti . This torque is transmitted through the clutch
to the arm, where it causes the output torque to be reduced from 1.44Ti (shown in
Figure 20.3) to 1.00Ti .

20-10 Chapter 20 ■ Machine Component Interrelationships—A Case Study
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20.5.2 Rear Planetary Train with Clutch C2 Engaged and Brake B2
Disengaged (as in Third and Fourth Gears)

To determine the load carried by clutch C2, we draw free-body diagrams for the rear
planetary unit in third and fourth gears (C2 engaged, B2 disengaged), as in Figure 20.7.
First, however, note in Figure 20.1 that with C2 engaged, the output torque from the
arm of the front planetary train is split. A portion is transmitted through the fluid cou-
pling to sun S2; the remainder is transmitted through clutch C2 to ring R2. The fluid-
transmitted and clutch-transmitted torques are designated as Tf and TC2, respectively.

Turning to the free-body diagrams of Figure 20.7, we find that the loads on the
sun gear are the same as in Figure 20.4, except that Tf replaces Ti . The clutch torque
is applied to the ring gear, causing loading on the teeth as shown. Planet gear-tooth
loads come from the sun and from the ring. For equilibrium of moments, these loads
must be equal. This leads to the conclusion that 61 percent of the torque is transmit-
ted through the clutch and 39 percent through the fluid coupling, as indicated in
Figure 20.2. The maximum loading on clutch C2 occurs in third gear, when the
clutch carries 61 percent of 1.44 times engine torque, or 88 percent of engine torque.

Space limitations restrict both clutches to about the same outside diameter, as indi-
cated diagrammatically in Figure 20.1. Since clutch C2 carries twice the maximum torque
of clutch C1, it will require about twice as many plates. Both clutches operate in oil.

20.6 Miscellaneous Design Considerations

The general transmission layout shown in Figure 20.1 includes both solid and hollow
shafts. The outer hollow shaft between the fluid coupling and front planetary unit car-
ries engine torque to ring gear R1. Inside this outer shaft is another hollow shaft which,

20.6 ■ Miscellaneous Design Considerations 20-11
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FIGURE 20.6
Front planetary train with clutch C1 engaged. (Note: Loads on R1 and P1 are as
shown in Figure 20.3.)
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20.6 ■ Miscellaneous Design Considerations 20-13

in first and reverse gears, carries 1.44 times engine torque from arm A1 to the fluid cou-
pling. Inside this second hollow shaft is a solid shaft which, in first and reverse gears,
carries 1.44 times engine torque from the coupling to sun gear S2. At the rear of the
transmission, the hollow shaft connecting arm A2 to the output carries 3.66 times engine
torque in first gear. The output shaft must carry 4.31 times engine torque in reverse gear.

The concentric shaft construction provides a good illustration of the relatively
high strength of hollow shafts. For example, the torsional stresses in a solid shaft of
diameter d are the same as those in a hollow shaft of inside diameter d and outside
diameter of only 1.26d.

As previously noted, the planet bearings are the only bearings in the transmission
subjected to significant radial loads. Unfortunately, these are also the bearings for
which there is the least available space. This is so because the planets are of relatively
small outside diameter, and the center supporting shafts (which are part of the arm)
must be sufficiently large to carry the bearing load. The radial space left for the bear-
ing is sufficient only for a plain bearing (Chapter 13) or needle bearing (Section 14.3,
Figure 14.9). Needle bearings are usually chosen because of their ability to carry load
with a limited oil supply. Numerous thrust washers (Section 13.15) carry the thrust
load of the helical gears.

We conclude this discussion of the design of an automotive automatic transmis-
sion with a reminder that there is much more involved than the points covered here.
Figure 20.1 is a simplified diagrammatic representation—not an actual assembly
drawing. For example, there are hydraulic pistons for actuating the clutches and
brakes, and an elaborate hydraulic control system for timing the shifts and actuating
them smoothly. Liberties were also taken in representing the structure, as in show-
ing the planet pinion shafts cantilevered. Nevertheless, it is hoped that this short case
study will aid and inspire the student to continue the study of mechanical engineer-
ing design, and eventually to contribute his or her own imagination and ingenuity to
the design of improved products that make a positive contribution to the quality of
life in our society.
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APPENDIX A

Units

Appendix A-1a Conversion Factors for British Gravitational, English, and SI Units

British Gravitational
Quantity and English Unitsa SI Unita Conversion Factor Equalities

Length inch (in. or –) meter (m) *1 in. = 0.0254 m = 25.4 mm
foot (ft or ¿) meter (m) *1 ft = 0.3048 m = 304.8 mm
mile (mi U.S. statute) kilometer (km) 1 mile = 1.609 km = 1609 m

Volume gallon (gal U.S.) meter3 (m3) 1 gal = 0.003785 m3 = 3.785 liters

Force (weight) pound (lb) newtond (N) 1 lb = 4.448 N

Torque pound-foot (lb # ft) newton-meter (N # m) 1 lb # ft = 1.356 N # m

Work, Energy foot-pound (ft # lb) joulec (J) 1 ft # lb = 1.356 J

Power foot-pound/second wattg (W) 1 ft # lb/s = 1.356 W
(ft # lb/s)

horsepowerb (hp) kilowatt (kW) 1 hp = 0.746 kW

Stress, pounds/in.2 (psi) pascale (Pa) 1 psi = 6895 Pa
Pressure thousand pounds/in.2 megapascal (MPa) 1 ksi = 6.895 MPa

(ksi)

Mass (British) slugf kilogram (kg) 1 slug = 14.59 kg

Mass (English) lbmh kilogram (kg) 1 lbm = 0.454 kg = 454 grams

a The larger unit is underlined.
b 1 hp = 550 ft # lb/s; c 1 J = 1 N # m; d 1 N = 1 kg # m/s2; e 1 Pa = 1 N/m2; f 1 slug = 1 lb # s2/ft; g 1 W = 1 J/s; h 1 slug = 32.2 lbm
*An exact definition.
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Appendix A-1b Conversion Factor Equalities Listed
by Physical Quantity

ACCELERATION
*1 foot/second2 = 3.048 * 10-1 meter/second2

*1 free fall, standard = 9.806 65 meters/second2

*1 inch/second2 = 2.54 * 10-2 meter/second2

AREA
*1 acre = 4.046 856 422 4 * 103 meters2

*1 foot2 = 9.290 304 * 10-2 meter2

*1 hectare = 1.00 * 104 meters2

*1 inch2 = 6.4516 * 10-4 meter2

*1 mile2 (U.S. statute) = 2.589 988 110 336 * 106 meters2

*1 yard2 = 8.361 273 6 * 10-1 meter2

DENSITY
*1 gram/centimeter3 = 1.00 * 103 kilograms/meter3

1 lbm/inch3 = 2.767 9905 * 104 kilograms/meter3

1 lbm/foot3 = 1.601 846 3 * 101 kilograms/meter3

1 slug/foot3 = 5.153 79 * 102 kilograms/meter3

ENERGY
1 British thermal unit (mean) = 1.055 87 * 103 joules

*1 erg = 1.00 * 10-7 joule
1 foot-lb = 1.355 817 9 joules

*1 kilowatt-hour = 3.60 * 106 joules
1 ton (nuclear equivalent of TNT) = 4.20 * 109 joules

*1 watt-hour = 3.60 * 103 joules
FORCE
*1 dyne = 1.00 * 10-5 newton
*1 kilogram force (kgf) = 9.806 65 newtons
*1 kilopound force = 9.806 65 newtons
*1 kip = 4.448 221 615 260 5 * 103 newtons
*1 lb (pound force, avoirdupois) = 4.448 221 615 260 5 newtons
1 ounce force (avoirdupois) = 2.780 138 5 * 10-1 newton

*1 pound force, lb (avoirdupois) = 4.448 221 615 260 5 newtons
*1 poundal = 1.382 549 543 76 * 10-1 newton
LENGTH
*1 angstrom = 1.00 * 10-10 meter
*1 cubit = 4.572 * 10-1 meter
*1 fathom = 1.8288 meters
*1 foot = 3.048 * 10-1 meter
*1 inch = 2.54 * 10-2 meter
*1 league (international nautical) = 5.556 * 103 meters

1 light-year = 9.460 55 * 1015 meters
*1 meter = 1.650 763 73 * 106 wavelengths Kr 86
*1 micron = 1.00 * 10-6 meter
*1 mil = 2.54 * 10-5 meter
*1 mile (U.S. statute) = 1.609 344 * 103 meters
*1 nautical mile (U.S.) = 1.852 * 103 meters
*1 yard = 9.144 * 10-1 meter
MASS
*1 carat (metric) = 2.00 * 10-4 kilogram
*1 grain = 6.479 891 * 10-5 kilogram
*1 lbm (pound mass, avoirdupois) = 4.535 923 7 * 10-1 kilogram
*1 ounce mass (avoirdupois) = 2.834 952 312 5 * 10-2 kilogram
1 slug = 1.459 390 29 * 101 kilograms

*1 ton (long) = 1.016 046 908 8 * 103 kilograms
*1 ton (metric) = 1.00 * 103 kilograms

1 ton (short, 2000 pounds mass) = 9.071 847 4 * 102 kilograms

bapp01.qxd  7/19/11  4:20 PM  Page 808



Appendix A ■ Units 809

Appendix A-1b (continued)

POWER
Btu (thermochemical)/second = 1.054 350 264 488 * 103 watts

*1 calorie (thermochemical)/second = 4.184 watts
1 foot-lb/minute = 2.259 696 6 * 10-2 watt
1 foot-lb/second = 1.355 817 9 watts
1 horsepower (550 foot-lb/second) = 7.456 998 7 * 102 watts

*1 horsepower (electric) = 7.46 * 102 watts
PRESSURE
*1 atmosphere = 1.013 25 * 105 newtons/meter2

*1 bar = 1.00 * 105 newtons/meter2

1 centimeter of mercury (0°C) = 1.333 22 * 103 newtons/meter2

1 centimeter of water (4°C) = 9.806 38 * 101 newtons/meter2

*1 dyne/centimeter2 = 1.00 * 10-1 newton/meter2

1 inch of mercury (60°F) = 3.376 85 * 103 newtons/meter2

1 inch of water (60°F) = 2.4884 * 102 newtons/meter2

*1 kgf/meter2 = 9.806 65 newtons/meter2

1 lb/foot2 = 4.788 025 8 * 101 newtons/meter2

1 lb/inch2 (psi) = 6.894 757 2 * 103 newtons/meter2

*1 millibar = 1.00 * 102 newtons/meter2

1 millimeter of mercury (0°C) = 1.333 224 * 102 newtons/meter2

*1 pascal = 1.00 newtons/meter2

1 psi (lb/inch2) = 6.894 757 2 * 103 newtons/meter2

1 torr (0°C) = 1.333 22 * 102 newtons/meter2

SPEED
*1 foot/minute = 5.08 * 10-3 meter/second
*1 foot/second = 3.048 * 10-1 meter/second
*1 inch/second = 2.54 * 10-2 meter/second

1 kilometer/hour = 2.777 777 8 * 10-1 meter/second
1 knot (international) = 5.144 444 444 * 10-1 meter/second

*1 mile/hour (U.S. statute) = 4.4704 * 10-1 meter/second
TEMPERATURE
1Celsius = kelvin - 273.15
1

1

1
TIME
*1 day (mean solar) = 8.64 * 104 seconds (mean solar)
*1 hour (mean solar) = 3.60 * 103 seconds (mean solar)
*1 minute (mean solar) = 6.00 * 101 seconds (mean solar)
*1 month (mean calendar) = 2.628 * 106 seconds (mean solar)
*1 year (calendar) = 3.1536 * 107 seconds (mean solar)
VISCOSITY
*1 centistoke = 1.00 * 10-6 meter2/second
*1 stoke = 1.00 * 10-4 meter2/second
*1 foot2/second = 9.290 304 * 10-2 meter2/second
*1 centipoise = 1.00 * 10-3 newton-second/meter2

1 lbm/foot-second = 1.488 163 9 newton-second/meter2

1 lb-second/foot2 = 4.788 025 8 * 101 newton-seconds/meter2

*1 poise = 1.00 * 10-1 newton-second/meter2

1 slug/foot-second = 4.788 025 8 * 101 newton-seconds/meter2

VOLUME
1 barrel (petroleum, 42 gallons) = 1.589 873 * 10-1 meter3

*1 board foot (1 ft * 1 ft * 1 in.) = 2.359 737 216 * 10-3 meter3

*1 bushel (U.S.) = 3.523 907 016 688 * 10-2 meter3

1 cord = 3.624 556 3 meters3

*1 cup = 2.365 882 365 * 10-4 meter3

Rankine = 9
5 kelvin

Fahrenheit = 9
5 Celsius + 32

Fahrenheit = 9
5 kelvin - 459.67
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Appendix A-1b (continued)

*1 fluid ounce (U.S.) = 2.957 352 956 25 * 10-5 meter3

*1 foot3 = 2.831 684 659 2 * 10-2 meter3

*1 gallon (U.S. dry) = 4.404 883 770 86 * 10-3 meter3

*1 gallon (U.S. liquid) = 3.785 411 784 * 10-3 meter3

*1 inch3 = 1.638 706 4 * 10-5 meter3

*1 liter = 1.00 * 10-3 meter3

*1 ounce (U.S. fluid) = 2.957 352 956 25 * 10-5 meter3

*1 peck (U.S.) = 8.809 767 541 72 * 10-3 meter3

*1 pint (U.S. dry) = 5.506 104 713 575 * 10-4 meter3

*1 pint (U.S. liquid) = 4.731 764 73 * 10-4 meter3

*1 quart (U.S. dry) = 1.101 220 942 715 * 10-3 meter3

1 quart (U.S. liquid) = 9.463 529 5 * 10-4 meter3

*1 stere = 1.00 meter3

*1 tablespoon = 1.478 676 478 125 * 10-5 meter3

*1 teaspoon = 4.928 921 593 75 * 10-6 meter3

*1 ton (register) = 2.831 684 659 2 meters3

*1 yard3 = 7.645 548 579 84 * 10-1 meter3

*An exact definition.
Note: Spaces are sometimes used instead of commas to group numbers. This is to avoid confusion with
the practice in some European countries of using commas for decimal points.
Source: E. A. Mechtly, The International System of Units, Physical Constants and Conversion Factors,
NASA SP-7012, Scientific and Technical Information Office, National Aeronautics and Space Adminis-
tration, Washington, D.C., 1973.

Appendix A-2a Standard SI Prefixes

Category Name Symbol Factor

Recommended, important giga G 1 000 000 000 = 109

for this course. mega M 1 000 000 = 106

kilo k 1 000 = 103

milli m 0.001 = 10-3

micro m 0.000 001 = 10-6

Not recommended but hecto h 100 = 102

sometimes encountered. deca da 10 = 101

deci d 0.1 = 10-1

centi c 0.01 = 10-2

Not encountered in this tera T 1 000 000 000 000 = 1012

course. nano n 0.000 000 000 = 10-9

pico p 0.000 000 000 000 = 10-12

femto f 0.000 000 000 000 000 = 10-15

atto a 0.000 000 000 000 000 000 = 10-18

Note: Spaces are sometimes used instead of commas to group numbers. This is to avoid confusion with
the practice in some European countries of using commas for decimal points.
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Appendix A-2b SI Units and Symbols

Expressed in
Quantity Name Symbol Other Units

Lengtha meter m
Massa kilogram kg
Timea second s
Temperaturea,b kelvin K
Plane anglec radian rad

Acceleration meter per second squared m/s2

Angular acceleration radian per second squared rad/s2

Angular velocity radian per second rad/s
Area square meter m2

Density kilogram per cubic meter kg/m3

Energy joule J N # m
Force newton N m # kg # s-2

Frequency hertz Hz s-1

Heat, quantity of joule J N # m
Moment of force newton-meter N # m
Power watt W J/s
Pressure pascal Pa N/m2

Specific heat capacity joule per kilogram kelvin J/(kg # K)
Speed meter per second m/s
Thermal conductivity watt per meter kelvin W/(m # K)
Velocity meter per second m/s
Viscosity, dynamic pascal-second Pa # s
Volume cubic meter m3

Work joule J N # m

a SI base unit.
b Celsius temperature is expressed in degrees Celsius (symbol °C).
c Supplementary unit.
Source: Chester H. Page and Paul Vigoureux, eds., The International System of Units (SI), Superinten-
dent of Documents, U.S. Government Printing Office, Washington, D.C. 20402 (Order by SD Catalog
No. C13.10 : 330/2), National Bureau of Standards Special Publications 330, 1972, p. 12.
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Appendix A-3 Suggested SI Prefixes for Stress Calculations

P,V M,T A I,J c, r, b,y Z,

Pa N N # m m2 m4 m m3

kPa kN kN # m m2 m4 m m3

MPa N N # mm mm2 mm4 mm mm3

GPa kN N # m mm2 mm4 mm mm3

Appendix A-4 Suggested SI Prefixes for Linear-Deflection
Calculations

P w M L A E I

mm N N/m N # m m m2 MPa m4

mm N N/mm N # mm mm mm2 GPa mm4

mm kN N/m kN # m m m2 GPa m4

a Illustrated in Table 5.1.

D
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,
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Appendix A-5 Suggested SI Prefixes for
Angular-Deflection Calculations

T,M L I E,G

rad N # m m m4 Pa
mrad N # m m m4 MPa
mrad N # mm mm mm4 GPa
mrad kN # m m m4 GPa

a Illustrated in Table 5.1.

Kœ,U
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K ¿G
,
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APPENDIX B

Properties of Sections and Solids
Appendix B-1a Properties of Sections

A = area, in.2 Z = section modulus, in.3

I = moment of inertia, in.4 r = radius of gyration, in.
J = polar moment of inertia, in.4 distance, in.
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Appendix B-1b Dimensions and Properties of Steel Pipe and Tubing Sections

A = area, in.2 Z = section modulus, in.3

I = moment of inertia, in.4 r = radius of gyration, in.

814 Appendix B ■ Properties of Sections and Solids

Standard Weight Pipe
Dimensions and Properties

Dimensions Properties

Nominal Outside Inside Wall Weight per
Diameter Diameter Diameter Thickness Foot (lb) A I Z
(in.) (in.) (in.) (in.) Plain Ends (in.2) (in.4) (in.3) (in.)

1 .840 .622 .109 .85 .250 .017 .041 .261

1 1.050 .824 .113 1.13 .333 .037 .071 .334

1 1.315 1.049 .133 1.68 .494 .087 .133 .421

1.660 1.380 .140 2.27 .669 .195 .235 .540

1.900 1.610 .145 2.72 .799 .310 .326 .623

2 2.375 2.067 .154 3.65 1.07 .666 .561 .787

2.875 2.469 .203 5.79 1.70 1.53 1.06 .947

3 3.500 3.068 .216 7.58 2.23 3.02 1.72 1.16

4 4.500 4.026 .237 10.79 3.17 7.23 3.21 1.51

5 5.563 5.047 .258 14.62 4.30 15.2 5.45 1.88

2 1
2

1 1
2

1 1
4

3
4

1
2

R
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Appendix B-1b (continued)

Square and Rectangular Structural
Tubing Dimensions and Properties

Dimensions Propertiesb

Nominala Wall Weight
Size Thickness per Foot A Ix Zx Iy Zy

(in.) (in.) (lb) (in.2) (in.4) (in.3) (in.) (in.4) (in.3) (in.)

2 * 2 4.32 1.27 0.668 0.668 0.726

5.41 1.59 0.766 0.766 0.694

2.5 * 2.5 5.59 1.64 1.42 1.14 0.930

7.11 2.09 1.69 1.35 0.899

3 * 2 5.59 1.64 1.86 1.24 1.06 0.977 0.977 0.771

7.11 2.09 2.21 1.47 1.03 1.15 1.15 0.742

3 * 3 6.87 2.02 2.60 1.73 1.13

8.81 2.59 3.16 2.10 1.10

4 * 2 6.87 2.02 3.87 1.93 1.38 1.29 1.29 0.798

8.81 2.59 4.69 2.35 1.35 1.54 1.54 0.770

4 * 4 9.42 2.77 6.59 3.30 1.54

12.21 3.59 8.22 4.11 1.51

17.27 5.08 10.7 5.35 1.45

21.63 6.36 12.3 6.13 1.39

5 * 3 9.42 2.77 9.1 3.62 1.81 4.08 2.72 1.21

12.21 3.59 11.3 4.52 1.77 5.05 3.37 1.19

17.27 5.08 14.7 5.89 1.70 6.48 4.32 1.13

21.63 6.36 16.9 6.75 1.63 7.33 4.88 1.07

5 * 5 11.97 3.52 13.4 5.36 1.95

15.62 4.59 16.9 6.78 1.92

22.37 6.58 22.8 9.11 1.86

28.43 8.36 27.0 10.8 1.80

a Outside dimensions across flat sides.
b Properties are based upon a nominal outside corner radius equal to two times the wall thickness.
Source: Manual of Steel Construction, American Institute of Steel Construction, Chicago, Illinois, 1980.
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Appendix B-2 Mass and Mass Moments of Inertia 
of Homogeneous Solids

r = mass density

Rod

y

d

x

Lz
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Disk

d

x
z

y

t

Iy = Iz =
mL2

12

m =
pd2Lr

4

Rectangular prism

b

z

y

c
a

Iy = Iz =
md2

16

Ix =
md2

8

m =
pd2tr

4

Cylinder

L

y

d

x
z

Iz =
m

12
(b2 + c2)

Iy =
m

12
(a2 + c2)

Ix =
m

12
(a2 + b2)

m = abcr

L

y

do

di

x
z

Iy = Iz =
m

48
(3d2 + 4L2)

Ix =
md2

8

m =
pd2Lr

4

Iy = Iz =
m

48
(3d2
o + 3d2

i + 4L2)

Ix =
m

8
(d2
o + d2

i )

m =
pLr

4
(d2
o - d2

i )

bapp02.qxd  7/20/11  7:49 PM  Page 816



APPENDIX C
Material Properties and Uses

A
p

p
e
n

d
ix

 C
-1

P
hy

si
ca

l P
ro

pe
rt

ie
s 

of
 C

om
m

on
 M

et
al

s

M
od

ul
us

 o
f

M
od

ul
us

 o
f

C
oe

ff
ic

ie
nt

 o
f

E
la

st
ic

it
y,

R
ig

id
it

y,
T

he
rm

al
T

he
rm

al
E

G
U

ni
t

D
en

si
ty

,
E

xp
an

si
on

, A
C

on
du

ct
iv

it
y

Sp
ec

if
ic

 H
ea

t
P

oi
ss

on
’s

W
ei

gh
t,

 w
R

M
et

al
M

ps
i

G
P

a
M

ps
i

G
P

a
R

at
io

, N
(l

b/
in

.3 )
(M

g/
m

3 )
10

-6
/°

F
10

-6
/°

C
B

tu
/h

-f
t-

°F
W

/m
-°

C
B

tu
/lb

m
-°

F
J/

kg
-°

C

A
lu

m
in

um
 a

llo
y

10
.4

a
72

3.
9

27
0.

32
0.

10
2.

8
12

.0
22

10
0

17
3

0.
22

92
0

B
er

yl
. c

op
pe

r
18

.5
12

7
7.

2
50

0.
29

0.
30

8.
3

9.
3

17
85

14
7

0.
10

42
0

B
ra

ss
,B

ro
nz

e
16

11
0

6.
0

41
0.

33
0.

31
8.

7
10

.5
19

45
78

0.
10

42
0

C
op

pe
r

17
.5

12
1

6.
6

46
0.

33
0.

32
8.

9
9.

4
17

22
0

38
1

0.
10

42
0

Ir
on

,g
ra

y 
ca

st
b

15
10

3
6.

0
41

0.
26

0.
26

7.
2

6.
4

12
29

50
0.

13
54

0
M

ag
ne

si
um

 a
llo

y
6.

5
45

2.
4

17
0.

35
0.

06
5

1.
8

14
.5

26
55

95
0.

28
11

70
N

ic
ke

l a
llo

y
30

20
7

11
.5

79
0.

30
0.

30
8.

3
7.

0
13

12
21

0.
12

50
0

St
ee

l,
ca

rb
on

30
20

7
11

.5
79

0.
30

0.
28

7.
7

6.
7

12
27

47
0.

11
46

0
St

ee
l,

al
lo

y
30

20
7

11
.5

79
0.

30
0.

28
7.

7
6.

3
11

22
38

0.
11

46
0

St
ee

l,
st

ai
nl

es
s

27
.5

19
0

10
.6

73
0.

30
0.

28
7.

7
8.

0
14

12
21

0.
11

46
0

T
ita

ni
um

 a
llo

y
16

.5
11

4
6.

2
43

0.
33

0.
16

4.
4

4.
9

9
7

12
0.

12
50

0
Z

in
c 

al
lo

y
12

83
4.

5
31

0.
33

0.
24

6.
6

15
.0

27
64

11
1

0.
11

46
0

a
V

al
ue

s 
gi

ve
n 

ar
e 

re
pr

es
en

ta
tiv

e.
 E

xa
ct

 v
al

ue
s 

m
ay

 v
ar

y 
w

ith
 c

om
po

si
tio

n 
an

d 
pr

oc
es

si
ng

,s
om

et
im

es
 g

re
at

ly
.

b
Se

e 
A

pp
en

di
x 

C
-3

 f
or

 m
or

e 
de

ta
ile

d 
el

as
tic

 p
ro

pe
rt

ie
s 

of
 c

as
t i

ro
ns

.
N

ot
e:

Se
e 

A
pp

en
di

x 
C

-1
8 

fo
r 

ph
ys

ic
al

 p
ro

pe
rt

ie
s 

of
 s

om
e 

pl
as

tic
s.

bapp03.qxd  7/19/11  7:07 PM  Page 817



Appendix C-2 Tensile Properties of Some Metals

Ultimate Yield
Strength, Su Strength, Sy S0

a

Material ksi MPa ksi MPa ksi MPa ma 
Tf
a

Carbon and alloy steels
1002 Ab 42 290 19 131 78 538 0.27 1.25
1010 A 44 303 29 200 82 565 0.23 1.20
1018 A 49.5 341 32 221 90 621 0.25 1.05
1020 HR 66 455 42 290 115 793 0.22 0.92
1045 HR 92.5 638 60 414 140 965 0.14 0.58
1212 HR 61.5 424 28 193 110 758 0.24 0.85
4340 HR 151 1041 132 910 210 1448 0.09 0.45
52100 A 167 1151 131 903 210 1448 0.07 0.40

Stainless steels
302 A 92 634 34 234 210 1448 0.48 1.20
303 A 87 600 35 241 205 1413 0.51 1.16
304 A 83 572 40 276 185 1276 0.45 1.67
440C A 117 807 67 462 180 1241 0.14 0.12

Aluminum alloys
1100-0 12 83 4.5 31 22 152 0.25 2.30
2024-T4 65 448 43 296 100 690 0.15 0.18
7075-0 34 234 14.3 99 61 421 0.22 0.53
7075-T6 86 593 78 538 128 883 0.13 0.18

Magnesium alloys
HK31XA-0 25.5 176 19 131 49.5 341 0.22 0.33
HK31XA-H24 36.2 250 31 214 48 331 0.08 0.20

Copper alloys
90-10 Brass A 36.4 251 8.4 58 83 572 0.46 —
80-20 Brass A 35.8 247 7.2 50 84 579 0.48 —
70-30 Brass A 44 303 10.5 72 105 724 0.52 1.55
Naval Brass A 54.5 376 17 117 125 862 0.48 1.00

a Defined in Section 3.4.
b A = annealed, HR = hot-rolled.
Note: Values are from single tests and believed typical. Actual values may vary through small differences in composition and processing;
hence, some values here do not agree with values in other Appendix C tables.
Source: J. Datsko, Materials in Design and Manufacturing, Mallory, Inc., Ann Arbor, Mich. 1977.
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Appendix C-4b Typical Uses of Plain Carbon Steels

Carbon
(%) Typical Uses

0.05–0.10 Stampings, rivets, wire, cold-drawn parts

0.10–0.20 Structural shapes, machine parts, carburized parts

0.20–0.30 Gears, shafts, levers, cold-forged parts, welded tubing, carburized parts

0.30–0.40 Shafts, gears, connecting rods, crane hooks, seamless tubing (This and
higher hardnesses can be heat-treated.)

0.40–0.50 Gears, shafts, screws, forgings

0.60–0.70 Hard-drawn spring wire, lock washers, locomotive tires

0.70–0.90 Plowshares, shovels, leaf springs, hand tools

0.90–1.20 Springs, knives, drills, taps, milling cutters

1.20–1.40 Files, knives, razors, saws, wire-drawing dies
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Appendix C ■ Material Properties and Uses 825

Appendix C-5a Properties of Some Water-Quenched
and Tempered Steels

Diameter Diameter Normalized Reheat
Treated Tested Temperature Temperature As Quenched,

Steel (in.) (in.) (°F) (°F) HB

1030 1.0 0.505 1700 1600 514
1040 1.0 0.505 1650 1550 534
1050 1.0 0.505 1650 1525 601
1095 1.0 0.505 1650 1450 601
4130 0.53 0.505 1600 1575 495

Source: Modern Steels and Their Properties, Bethlehem Steel Corporation, Bethlehem, Pa., 1972.
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Appendix C-5b Properties of Some Oil-Quenched 
and Tempered Carbon Steels

Diameter Diameter Normalized Reheat
Treated Tested Temperature Temperature As Quenched,

Steel (in.) (in.) (°F) (°F) HB

1040 1.0 0.505 1650 1575 269
1050 1.0 0.505 1650 1550 321
1095 1.0 0.505 1650 1475 401

Source: Modern Steels and Their Properties, Bethlehem Steel Corporation, Bethlehem, Pa., 1972.
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Appendix C ■ Material Properties and Uses 827

Appendix C-5c Properties of Some Oil-Quenched 
and Tempered Alloy Steels

Diameter Diameter Normalized Reheat
Treated Tested Temperature Temperature As Quenched,

Steel (in.) (in.) (°F) (°F) HB

4140 0.53 0.505 1600 1525 555
4340 0.53 0.505 1600 1550 601
9255 1.0 0.505 1650 1625 653

Source: Modern Steels and Their Properties, Bethlehem Steel Corporation, Bethlehem, Pa., 1972.
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Appendix C-6 Effect of Mass on Strength Properties
of Steel

All specimens oil-quenched and tempered at 1000°F (538°C)

Source: Modern Steels and Their Properties, Bethlehem Steel Corporation, Bethlehem, Pa., 1972.
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Appendix C-12 Temper Designations for Aluminum
and Magnesium Alloys

Temper Process

F As cast
0 Annealed
Hxx Strain-hardened. First digit indicates the specific combination of operations,

second digit indicates the degree of strain hardening; thus H18 indicates
a greater degree of hardening than does H14 or H24

T3 Solution-heat-treated, cold-worked, and naturally aged
T4 Solution-heat-treated and naturally aged
T5 Cooled from an elevated-temperature shaping process and artificially aged
T6 Solution-heat-treated and artificially aged
T8 Solution-heat-treated, cold-worked, and artificially aged
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Appendix C-14 Mechanical Properties 
of Some Magnesium Alloys

Tensile Strength

Ultimate, Su Yield, Sy Elongation
in 2 in.

Alloy Form ksi MPa ksi MPa (%)

AZ91B-F Die casting 34 234 23 159 3
AZ31B-F Extrusion 38–53 262–365 28–44 193–303 11–15
ZK60A-T5
AZ31B-F Forging 34–50 234–345 22–39 152–269 6–11
HM21A-T5
AZ80A-T5
ZK60A-T6
AZ31B-H24 Sheet, plate 33–42 228–290 21–32 145–221 9–21
HK31A-H24
HM21A-T8

Note: Values tabulated are approximate median expectations.
Source: Machine Design, 1981 Materials Reference Issue, Penton/IPC, Cleveland, Vol. 53, No. 6 (March
19, 1981).
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Appendix C-17 Mechanical Properties of Some Zinc Casting Alloys

Tensile Strength Charpy
Impact

Alloy Designation Ultimate, Su Yield, Sy Elongation Strength Brinell
in 2 in. Hardness,

ASTM SAE ADCI ksi MPa ksi MPa (%) ft # lb J HB

AG40Aa 903 No. 3 41 283 10 43 58 82
AC41Aa 925 No. 5 47 324 7 48 65 91
ZA-12

Sand-cast 40–45 276–310 30 207 1–3 105–120
Permanent mold 45–50 310–345 31 214 1–3 105–125
Die-cast 57 393 46 317 2 110–125

a Die-cast.
Note: Values tabulated are approximate median expectations.
Sources: Machine Design, 1981 Materials Reference Issue, Penton/IPC, Cleveland, Vol. 53, No. 6 (March 19, 1981); Metal Progress, Data-
book 1980, American Society for Metals, Metals Park, Ohio, Vol. 118, No. 1 (mid-June, 1980).
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Appendix C-18c Typical Applications of Common Plastics

Thermoplastic Thermoset

Application
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Small housings and hollow
shapes

phone and flashlight
cases, helmets; housings
for power tools, pumps,
small appliances

u X X X X X X X X X X

Large housings and hollow
shapes

boat hulls, large
appliance housings,
tanks, tubs, ducts,
refrigerator liners

u

(F
oa

m
)

(F
oa

m
)

(F
oa

m
)

(H
.D

. F
oa

m
)

(F
oa

m
)

(F
oa

m
)

(F
oa

m
)

(G
la

ss
-f

ill
ed

)
(F

oa
m

)

Optical and transparent
parts

safety glasses, lenses,
safety and vandals-
resistant glazing,
snowmobile
windshields, signs,
refrigerator shelves

w X X X X X

Parts for wear applications
gears, bushings,
bearings, tracks, chute
liners, roller skate
wheels, wear strips

t X X X

(U
H

M
W

)
X X X X X

Note: H.D. means high-density; UHMW means ultrahigh molecular weight.
Source: Machine Design, 1987 Materials Reference Issue, Penton/IPC, Cleveland, Vol. 59, No. 8 (April
16, 1987).
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Appendix C-19 Material Classes and Selected Members of Each Class

Class Members Abbreviation

Engineering Alloys Aluminum alloys Al alloys
(Engineering metals and alloys) Cast irons Cast irons

Copper alloys Cu alloys
Lead alloys Lead alloys
Magnesium alloys Mg alloys
Molybdenum alloys Mo alloys
Nickel alloys Ni alloys
Steels Steels
Tin alloys Tin alloys
Titanium alloys Ti alloys
Tungsten alloys W alloys
Zinc alloys Zn alloys

Engineering Polymers Epoxies EP
(Engineering thermoplastics and thermosets) Melamines MEL

Polycarbonate PC
Polyesters PEST
Polyethylene, high density HDPE
Polyethylene, low density LDPE
Polyformaldehyde PF
Polymethylmethacrylate PMMA
Polypropylene PP
Polytetrafluorethylene PTFE
Polyvinylchloride PVC

Engineering Ceramics Alumina Al2O3
(Fine ceramics capable of load-bearing Diamond C
application) Sialon Sialon (Si6-xAlxOxN8-x)

Silicon carbide SiC
Silicon nitride Si3N4
Zirconia ZrO2

Engineering Composites Carbon fiber reinforced polymer CFRP
(A distinction is drawn between the Glass fiber reinforced polymer GFRP
properties of a ply—“UNIPLY”— Kevlar fiber reinforced polymer KFRP
and of a laminate—“LAMINATES”)

Porous Ceramics Brick
(Traditional ceramics, cements, rocks, Cement
and minerals) Common rocks

Concrete
Porcelain
Pottery

Glasses Borosilicate glass B-glass
(Ordinary silicate glass) Soda glass Na-glass

Silica SiO2

Woods Ash
(Separate envelopes describe properties Balsa
parallel to the grain and normal Fir
to it, and wood products) Oak

Pine
Wood products

(plywood, etc.)
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Elastomers Natural rubber Rubber
(Natural and artificial rubbers) Hard butyl rubber Hard butyl

Polyurethanes PU
Silicone rubber Silicone
Soft butyl rubber Soft butyl

Polymer Foams Cork Cork
(Engineering foamed polymers) Polyester PEST

Polystyrene PS
Polyurethane PU

Source: Ashby, M. F., Materials Selection in Mechanical Design, Pergamon Press, 1992.

844 Appendix C ■ Material Properties and Uses

Appendix C-19 (continued)

Class Members Abbreviation

Appendix C-20 Designer’s Subset of Engineering Materials

Metals—steels and cast iron

Carbon steels: B1112, 1010, 1020, 1040, 1050, 1090
Alloy steels: 4140, 4340, 4620, 9310
Stainless steels: 302, 303, 304, 316, 410, 414,

416, 420, 431, 440
Tool steels: A2, D2, M2, S1, S7
Cast irons: Class 20, Class 30, Class 35,

Ductile 60-40-18, Ductile 60-45-10,
Ductile 80-55-06, Ductile 120-90-06

Metals—other

Aluminum alloys: 1100, 2011, 2014, 2024, 6061, 7075,
355, 390

Copper alloys: Leaded beryillium copper (C17300),
Free cutting brass (C36000),
Leaded phosphor bronze (C54400),
Bearing bronze (C93200),
Aluminum bronze (C95400),

Nickel alloys: Duranickel, Hastelloy, Inconel,
Monel, Wrought nickel

Zinc: AG40A, ZA-12
Magnesium: AZ31, AZ91
Titanium: Pure Ti (Ti-50A), Ti-6Al-4V

Plastics

Acetal
Acrylic
Nylon
Phenolic
Polycarbonate
Polyethylene
Polyimide
Polytetrafluoroethylene (PTFE)
Polyvinylchloride

Elastomers

Neoprene
Silicones
Urethanes

Ceramics

Aluminum oxide
Cemented carbide
Silicon carbide
Silicon nitride
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Appendix C-21 Processing Methods Used Most Frequently with Different Materials

Steels Heat &
(carbon, corr. Alumi- Mag- Ti-

low res. num Copper Lead nesium Nickel Precious Tin tanium Zinc
Form Irons alloy) alloys alloys alloys alloys alloys alloys metals alloys alloys alloys

Sand castings ■ ■ ■ ■ ■ n ■ ■ n n

Shell mold
castings ■ n n ■ ■ n

Full-mold castings ■ ■ n n n n ■

Permanent-mold
castings ■ n ■ n n ■ n n n

Die castings ■ n ■ ■ n ■

Plaster mold
castings ■ ■

Ceramic mold
castings ■ ■ ■ n n n ■ n

Investment castings ■ n ■ ■ n ■ n

Centrifugal castings ■ ■ ■ n n n

Continuous castings n ■ ■d n

Open die forgings n ■ ■ n n n n n

Closed die forgings
Blocker type ■ ■ n n n n n

Conventional type ■ ■ n n n n n

Upset forgings ■ ■ n n n n n

Cold headed parts ■ n ■ ■ n n n

Stampings,
drawn parts ■ n ■ ■ n ■ n n n

Spinnings ■ n ■ ■ n n ■ n n n

Screw machine parts n ■ n ■ ■ n ■ n n n

Powder metallurgy
partsb ■ ■ n n ■ n n n

Electroformed partsc n n ■ n ■ n n n

Cut extrusions n ■ ■ n ■ n n n

Sectioned tubing ■ ■ ■ ■ ■ ■ ■

Photofabricated
parts ■ n ■ ■ n ■ ■ ■ n ■ ■

a ■ = Materials most frequently used b Iron-copper and iron-copper-carbon most frequently used.
n = Materials also currently being used. c Most frequently used materials are pure nickel and copper.

d Particularly tin-bronze and tin-lead-bronze.

Source: Material Selector, Material Engineering Magazine, Penton/IPC, Cleveland, Ohio.
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846 Appendix C ■ Material Properties and Uses

Appendix C-22 Joinability of Materials

Material

Cast iron

Carbon steels

Stainless steel

Aluminum, magnesium

Copper

Nickel

Titanium

Lead, zinc

Thermoplastics

Thermosets

Elastomers

Ceramics

Glass

Wood

Leather

Fabric

Dissimilar metals

Metals to nonmetals

Dissimilar nonmetals

Dissimilar thickness
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Recommended Common Difficult Seldom used Not used

Lead

TS

TS

TS

TS

TS

TS

TS

TS

TS

TS

Elast

Elast

Elast

TP

TP

TP

TP

TP

TP

TS

Zinc

Source: Hill, P. H., The Science of Engineering Design, Holt, Rinehart and Winston, New York, 1970.
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Appendix C-23 Materials for Machine Components

Component or Tool Candidate Materials

Balls 440 stainless steel
Bare plates ASTM Class 25 gray cast iron, 1020
Bearing parts 440 stainless steel
Bearings Acetal, Fluoroplastics, Nylon, UHMW Polyethylene, Polyimide, Polyurethane
Bolts Acetal, 303, 410, 414, and 431 stainless steels, 1020, 1040, 4140, 4340
Brackets 6061 T6 aluminum, Class M3210 annealed malleable cast iron
Brake drums ASTM Class 30 and 35 gray cast iron
Bushings Acetal, Fluoroplastics (PTFE), Nylon, UHMW Polyethylene, Polyimide,

Polyurethane, PTFE filled Nylon, Cloth—reinforced phenolic, P/M bronze
Cams Acetal, Nylon, Phenolic
Camshafts ASTM Class 40 gray cast iron
Chutes PVC, 304 stainless steel, 1020
Chute liners Acetal, Fluoroplastics, Nylon, UHMW Polyethylene, Polyimide, Polyurethane
Clutch plates ASTM Class 30 and 35 gray cast iron
Connecting rods Class M7002 heat treated malleable cast iron, 1030, 1040
Crane hooks 1030, 1040
Crankshafts Class M4504 heat treated malleable cast iron, Grade 80-55-06 ductile (nodular) iron
Cylinder blocks ASTM Class 25 gray cast iron
Cylinder heads ASTM Class 25 gray cast iron
Cylinder liners ASTM Class 40 gray cast iron
Dies A2, D2, M2, Sl, S7 tool steels
Drills 1090, 10100, 10120; M2 tool steel
Fan blades Acetal, Nylon, Phenolic
Fasteners 384, 416 stainless steels
Files 10120, 10130
Fittings Grade 60-40-18 ductile (nodular) iron
Flanges 6061 aluminum
Flywheels ASTM Class 30 gray cast iron
Forgings 1040, 1050
Gears Acetal, Nylon, Phenolic, Fluoroplastics, Polyethylene, Polyimide, Polyurethane,

MoS2 filled Nylon, Class M5003 and M8501 heat treated malleable cast irons, 1020,
1030, 1040, 1050, 4340, carbonized 4615 steel, Grade 80-55-06 ductile (nodular) iron,
Grade 120-90-02 ductile (nodular) iron

Guards Acrylic, Polycarbonate, 1020, expanded metal
Hammers 1080, S7 tool steel
Hand tools 1070, 1080, 1090
Housings ASTM Class 25 gray cast iron
Hubs Class M4504 heat treated malleable cast iron
Knives 1090, 10100, 10120, 10130; A2, D2, M2, S1, S7 tool steels
Leaf springs 1070, 1080, 1090
Levers 1020, 1030
Lock washers 1060, 1070
Milling cutters 1090, 10100, 10120
Nozzles 440 stainless steel
Nuts 303 stainless steel
Pipe 6061 and 6030 aluminum
Pump impellers Acetal, Nylon, Phenolic
Pumps ABS, Polycarbonate, Polyethylene, Phenolic
Razors 10120, 10130
Rivets 303 stainless steel, 1005, 1010
Rollers Acetal, Nylon, Phenolic, Grade 80-55-06 ductile (nodular) iron, Grade 120-90-02

ductile (nodular) iron
Rolls 6061 T6 aluminum, 1020, 4340, D2 tool steel
Saws 10120,10130
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848 Appendix C ■ Material Properties and Uses

Screws 1040, 1050,
Shafts 410 stainless steel, 1020, 1030, 1040, 1050, 4140, 4340
Shovels 1070, 1080, 1090
Slides Grade 120-90-02 ductile (nodular) iron
Small housings ABS, Polycarbonate, Polyethylene, Phenolic
Spring wire 1060, 1070
Springs 302, 414 stainless steels, 1080, 1090, 6150, 10100, 10120
Stampings 1005, 1010
Steering gear housing Class M3210 annealed malleable cast iron
Tanks 1100 aluminum
Taps 1090,10100,10120
Tools 416 stainless steel, 1050; S1, S7 tool steels
Truck frames 2014 aluminum
Truck wheels 2024 aluminum
Universal joint yokes Class M7002 heat treated malleable cast iron
Valves Grade 60-40-18 ductile (nodular) iron
Wear strips Acetal, Fluoroplastics, Nylon, UHMW Polyethylene, Polyimide, Polyurethane
Welded tubing 1020, 1030
Windshields Polycarbonate
Wire 1005, 1010
Wire-drawing dies 10120, 10130
Worm gears Aluminum bronze, Phosphor bronze

Appendix C-23 (continued)

Component or Tool Candidate Materials
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Appendix C-24 Relations Between Failure Modes and Material Properties

Material property

Failure mode

Gross yielding

Buckling

Creep

Brittle fracture

Fatigue, low cycle

Fatigue, high cycle

Contact fatigue

Fretting

Corrosion

Stress-corrosion cracking

Galvanic corrosion

Hydrogen embrittlement

Wear

Thermal fatigue

Corrosion fatigue

Shaded block at intersection of material property and failure mode indicates that a particular material property is influential in controlling a
particular failure mode.
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Source: Smith, C. O., and B. E. Boardman, Metals Handbook, American Society for Metals, Metals Park, Ohio, 9th ed., vol. I, p. 828, 1980.
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APPENDIX D
Shear, Moment, and Deflection 
Equations for Beams
Appendix D-1 Shear, Moment, and Deflection Equations for Cantilever Beams

Slope at Deflection 
Free End Maximum Deflection at Any Point x

1. Concentrated load at end

–PL

P

P

�

�max

V = P

M = –PL

+

0

0

–

V

M

L
x

d =
Px2

6EI
(3L - x)dmax =

PL3

3EI
u =

PL2

2EI

D

2. Concentrated load at any point For 0 … x … a:

For a … x … L:

d =
Pa2

6EI
(3x - a)

d =
Px2

6EI
(3a - x)

dmax =
Pa2

6EI
(3L - a)u =

Pa2

2EI

3. Uniform load d =
wx2

24EI
(x2 + 6L2 - 4Lx)dmax =

wL4

8EI
u =

wL3

6EI

4. Moment load at free end d =
Mbx

2

2EI
dmax =

MbL
2

2EI
u =
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Appendix D-3 Shear, Moment, and Deflection Equations for Beams with Fixed Ends

Deflection at
Deflection Any Point x

1. Concentrated center load At center: For 0 … x … L/2:

2. Concentrated load at any point At load: For 0 … x … a:

3. Uniform load At center: For 0 … x … L:

d =
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Appendix E-1 Fits and Tolerances for Holes and Shafts

Class
of fit

1 2 3 4 5 6 7 8

Bar
graph
(basic
hole

system)

Ch .0216 (.0025) .0112 (.0013) .0069 (.0008) .0052 (.0006) .0052 (.0006) .0052 (.0006) .0052 (.0006) .0052 (.0006)

Cs .0216 (.0025) .0112 (.0013) .0069 (.0008) .0035 (.0004) .0035 (.0004) .0052 (.0006) .0052 (.0006) .0052 (.0006)

Ca .0073 (.0025) .0041 (.0014) .0026 (.0009) 0 (0)

Ci 0 (0) .00025 (.00025) .0005 (.0005) .0010 (.0010)

Heavy
force and
shrink fit

h

s

Medium
force fit

h
s

Tight fit

h
s

Wringing fit

h s

Snug fit

h
s

Medium fit

h
a

s

Free fit

a

h

s

h hole

s shaft

Loose fit

a

Note: Numbers in the table are for use with all dimensions in millimeters, except for those in parentheses, which are for use with inches.

APPENDIX E

Fits and Tolerances

Fits between parts, as a cylindrical member fitting in a
cylindrical hole, influence the accuracy of relative
positioning of the members, the ease with which the
members can be assembled and disassembled, the ease
with which they can slide with respect to each other
(with clearance fits), and the load they can sustain
without relative motion (with interference fits).
Differential thermal expansion is often a factor to be
considered in determining appropriate fits. The
tolerance or permitted variation applied to each
dimension influences both function and cost.
Unnecessarily small tolerances are an important factor
causing excessive cost.

Fits and tolerances are usually specified on the
basis of experience with the specific application
involved. USAS (ANSI) Standard B4.1-1967 contains
detailed recommendations that serve as a valuable
guide. Its original predecessor, ASA B4a-1925,
provides a simpler guide that is helpful for obtaining

an introductory understanding of the subject. It is
summarized in Appendix E-1. Classes 1 through 4 are
clearance fits, Classes 7 and 8 are interference fits, and
Classes 5 and 6 are known as transitional fits because
they can be either clearance or interference fits,
depending on the random assembly of the parts.

Appendix E-1 illustrates the basic hole system,
wherein the minimum hole size is chosen as the
standard nominal dimension for all classes of fits. Here
d = nominal diameter
h = hole diameter tolerance =
s = shaft diameter tolerance =
a = allowance (minimum diametral clearance, obtained

with maximum shaft and minimum bore dimen-

sions) =
i = average interference, obtained with average shaft

and bore diameters = Cid
The bar graphs are to scale for d = 25 mm or 1 in.

Ca33 d2

Cs23 dCh23 d
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Appendix E-2 provides the tolerance values for holes
and shafts over various size ranges and grades.
Appendix E-3 designates the anticipated grade range
(and therefore tolerances) provided for a particular
machining process. The official American National

Appendix E-2 Standard Tolerances for Cylindrical Parts

Nominal
Size Range Tolerance Grade
(in.)

Over To 4 5 6 7 8 9 10 11 12 13

0 – 0.12 0.12 0.15 0.25 0.4 0.6 1.0 1.6 2.5 4 6

0.12 – 0.24 0.15 0.20 0.3 0.5 0.7 1.2 1.8 3.0 5 7

0.24 – 0.40 0.15 0.25 0.4 0.6 0.9 1.4 2.2 3.5 6 9

0.40 – 0.71 0.2 0.3 0.4 0.7 1.0 1.6 2.8 4.0 7 10

0.71 – 1.19 0.25 0.4 0.5 0.8 1.2 2.0 3.5 5.0 8 12

1.19 – 1.97 0.3 0.4 0.6 1.0 1.6 2.5 4.0 6 10 16

1.97 – 3.15 0.3 0.5 0.7 1.2 1.8 3.0 4.5 7 12 18

3.15 – 4.73 0.4 0.6 0.9 1.4 2.2 3.5 5 9 14 22

4.73 – 7.09 0.5 0.7 1.0 1.6 2.5 4.0 6 10 16 25

7.09 – 9.85 0.6 0.8 1.2 1.8 2.8 4.5 7 12 18 28

9.85 – 12.41 0.6 0.9 1.2 2.0 3.0 5.0 8 12 20 30

12.41 – 15.75 0.7 1.0 1.4 2.2 3.5 6 9 14 22 35

15.75 – 19.69 0.8 1.0 1.6 2.5 4 6 10 16 25 40

19.69 – 30.39 0.9 1.2 2.0 3 5 8 12 20 30 50

30.09 – 41.49 1.0 1.6 2.5 4 6 10 16 25 40 60

41.49 – 56.19 1.2 2.0 3 5 8 12 20 30 50 80

56.19 – 76.39 1.6 2.5 4 6 10 16 25 40 60 100

76.39 – 100.9 2.0 3 5 8 12 20 30 50 80 125

100.9 – 131.9 2.5 4 6 10 16 25 40 60 100 160

131.9 – 171.9 3 5 8 12 20 30 50 80 125 200

171.9 – 200 4 6 10 16 25 40 60 100 160 250

Note: Adapted from ANSI B4.1-1967(R1999). Tolerance values are in thousands of an inch. Data in bold face are in accordance with ABC
(American–British–Canadian) agreements.

Standard from which the information in Appendix E-2
and E-3 was taken is ANSI (American National
Standards Institute) B4.1-1967(R1999), published by
the American Society of Mechanical Engineers
(ASME) and sponsored by ASME.
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Appendix E-3 Tolerance Grades Produced from Machining
Processes

Tolerance Grade

Machining Process

Lapping & Honing

Cylindrical grinding

Surface grinding

Diamond turning

Diamond boring

Broaching

Reaming

Turning

Boring

Milling

Planing & Shaping

Drilling

4 5 6 7 8 9 10 11 12 13

Note: Adapted from ANSI B4.1–1967(R1999).
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APPENDIX F

MIL-HDBK-5J, Department of Defense
Handbook: Metallic Materials
and Elements for Aerospace
Vehicle Structures

F.1 Introduction

One of the great challenges in machine design is the identification of appropriate
mechanical properties to use in the analysis process. Beginning in the late 1930s,
several U.S. governmental entities formed the Army–Navy–Commerce Committee
on Aircraft Requirements. This group fostered the development of a materials prop-
erty database entitled ANC-5 for aircraft design; it focused on materials such as
steel, aluminum, and magnesium alloys. In 1959, ANC-5 was modified and issued
as a military handbook entitled MIL-HDBK-5; titanium properties were also added
in this first version [1]. MIL-HDBK-5 has undergone several updates since that time;
the most recent was revision J issued in 2003, with a total length of 1733 pages [2].

MIL-HDBK-5J was withdrawn in 2004 and replaced by a fee-based document,
“Metallic Materials Properties Development and Standardization (MMPDS).” Even
so, MIL-HDBK-5J remains available for free download from the ASSIST database,
the official source for specifications and standards used by the Department of
Defense. Earlier versions as well as notes describing the cancellation of MIL-HDBK-
5J can also be downloaded.

F.2 Overview of Data in MIL-HDBK-5J

The purpose of MIL-HDBK-5J is perhaps best summarized in its introductory
paragraph:

Since many aerospace companies manufacture both commercial and mili-
tary products, the standardization of metallic materials design data, which
are acceptable to Government procuring or certification agencies, is very
beneficial to those manufacturers as well as governmental agencies.
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Although the design requirements for military and commercial products
may differ greatly, the required design values for the strength of materials
and elements and other needed material characteristics are often identical.
Therefore, this publication provides standardized design values and related
design information for metallic materials and structural elements used in
aerospace structures.

The materials properties presented in MIL-HDBK-5J (see Table F.1) represent a
collection of data obtained through extensive testing by government agencies
and research labs, aerospace companies, material manufacturers, trade groups,
and academic publications. The data contained in MIL-HDBK-5J have been thor-
oughly scrutinized over many years and accepted, prior to its cancellation, by
government and military entities as a source of statistically reliable material
properties [3].

The data presented for each material follows a similar layout. For example,
consider 2024 aluminum alloy (MIL-HDBK-5J, Section 3.2.3), that begins with
an overview of the alloy, its various temper configurations, and basic properties
(thermal conductivity, specific heat, thermal expansion coefficient) versus temper-
ature. It continues with tables of “Design Mechanical and Physical Properties” that
are organized by temper, form, thickness and statistical basis; these provide
strength properties (yield strength, ultimate strength, elongation), elastic properties
(modulus of elasticity, shear modulus, Poisson’s ratio), and other physical proper-
ties such as density, all at room temperature. Subsequent figures provide for tem-
perature adjustment of strength and elastic properties, typical stress-strain curves
through yielding, fatigue data and associated S–N curve fits, fatigue crack growth
rates, and the effect of temperature exposure duration on strength properties. Note
that 2024 aluminum alloy is an important aircraft material; most materials are not
described at this level of detail.

Table F.1 Topics Covered in MIL-HDBK-5J

MIL-HDBK-5J Topic Covered

Chapter 1 Provides background, nomenclature, useful formulas,
basic mechanics of materials principles and formulae,
and material property definitions

Chapters 2–7 Contains data for steel, aluminum, magnesium, titani-
um, heat-resistant alloys, and miscellaneous alloys,
respectively

Chapter 8 Presents information on structural joints using rivets,
threaded fasteners, and welded and brazed joints

Chapter 9 Presents the methods used to incorporate data into MIL-
HDBK-5J, including test and data requirements and sta-
tistical analysis methods

Appendixes Provides a glossary and conversion factors to SI units
along with various indices
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F.3    Advanced Formulas and Concepts Used in MIL-HDBK-5J

This section introduces several important formulae and concepts presented in MIL-
HDBK-5J; additional explanation and usage can be found in the handbook.

F.3.1 Directionality of Material Properties

Typically metals for machine components are assumed to be isotropic; this means
that material properties are identical in all directions. This is often a good assump-
tion for properties such as modulus of elasticity. However, there is often directional
dependence to strength properties due to material processing. One reason for this is
the presence of grains within metals and metal alloys. Operations that involve
mechanical work such as rolling, extruding, forging, etc. distort the grains in certain
directions (see Figure F.1). This has the effect of introducing anisotropy into the
strength properties. It can also play a critical role in failure induced by a combina-
tion of stress and corrosion (stress corrosion cracking).

The directions for strength and elastic properties usually refer to letters L, ST,
and LT for longitudinal, short transverse (usually in the thickness direction), and
long transverse (usually in the plane of the part), respectively. Examples indicating
typical directions for several types of parts are shown in Figure F.2. Fracture tough-
ness properties typically refer to two directions, indicating the direction in which the
crack opens as well as the direction in which the crack tip advances (see MIL-
HDBK-5J, Figure 1.4.12.3).

(a) (b)

FIGURE F.1
Alteration of the grain structure of a polycrystalline metal as a result of plastic defor-
mation. (a) Before deformation, the grains are equiaxed. (b) The deformation has pro-
duced elongated grains. 170×. From W.G. Moffatt, G.W. Pearsall, and J. Wulff, The
Structure and Properties of Metals, Vol. 1, Structure, p. 140. Copyright 1964 by John
Wiley & Sons, New York. Reprinted by permission of the estate of W.G. Moffatt.
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One other assumption that is commonly made for engineering metals is that
modulus of elasticity is identical for tension and compression. In reality, material
response is slightly stiffer in compression than tension. As a result, both tensile (E)
and compressive (Ec) modulus of elasticity is provided for most tables; similarly,
some figures also provide both tensile and compressive stress-strain response.

F.3.2 Elastic-Plastic Stress-Strain Curve and Modulus Definitions

Consider a material under an applied uniaxial normal stress � with a resulting uni-
axial normal strain ; for simplicity, assume there are no thermal strain effects, as
these could be easily added later. If the material remains in the linear elastic range,
the relationship between stress and strain is simply � = E (or Ec if in compression).
However, if the stress exceeds the proportional limit, plastic strain ( p) occurs and
leads to permanent deformation upon removal of the stress. In this case, the stress-
strain response is no longer linear and the single elastic modulus value is not suffi-
cient to describe material response.

MIL-HDBK-5J introduces two new values, called the tangent modulus (Et) and
the secant modulus (Es) as illustrated in Figure F.3, to characterize stress-strain
response beyond the linear range. The tangent modulus at a given stress level is the
derivative of the stress-strain curve at that point. It provides a measure of stiffness as
a function of stress level; as a result, it can be used for column buckling analysis as
a conservative approximation [see MIL-HDBK-5J, Eq. 1.3.8(a)]. The secant modu-
lus at a given stress level is the slope of the line connecting the origin to the stress-
strain pair in question. It provides a ratio of the stress to the total strain (the sum of
the elastic and plastic strains).

Another approach is the Ramberg-Osgood model, which provides an equation
relating stress and strain that is appropriate for both the linear and nonlinear (plas-
tic) regions. It is given by:

(F.1)

where Sy is the yield strength identified by the 0.2% offset method and n is known as
the Ramberg-Osgood parameter. The value of n is provided in many of the stress-strain

P = as
E
b +  0.002 a s

Sy
bn

P
P

P

LT

(a) Plate, strip and sheet (b) Extrusion (c) Forging

L

ST ST

ST across 
parting plane

Parting plane

ST

ST

LT

LT

L

FIGURE F.2
Material grain directions for several types of parts. (Adapted from [4] with permission.)
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figures of MIL-HDBK-5J. This approach is not well suited for materials with a defi-
nite yield point in that the stress remains constant (or decreases) for a period of strain,
which is the case for many steel alloys.

F.3.3 Basis Definitions, Coefficient of Variation

Room temperature mechanical properties such as strength are presented while also
indicating their statistical significance. This is done by categorizing the “basis” of
the data in one of four categories (A, B, S, typical). Material properties with an “A”
basis value indicate that at least 95% of the samples will have an actual property
value greater than the given number with a confidence level of 99%. Similarly, the
less conservative “B” basis value indicates that 90% of the samples will have an
actual property value greater than the given number at a 90% confidence level. “A”
and “B” basis values can be thought of as statistical minimum properties. Properties
with an “S” basis represent the minimum value according to applicable specifica-
tion; however, the statistical significance of the data is unknown. “Typical” basis val-
ues represent an average with no statistical significance. Additional details regarding
the definition of these statistical terms can be found in Chapter 9 of MIL-HDBK-5J
or any introductory probability and statistics textbook.

In terms of aircraft structure, “A” basis values are used to design structures in
which there is not an alternate load path in the event of part failure. Most aircraft
parts are designed with an alternate load path in the event of failure (redundant
structure); in this case, “B” basis values, that are typically higher than “A” basis
values, are commonly used [4]. Design calculations should not use either “S” basis
or “typical” basis values, as their statistical significance is not known. However,
since 1975 “S” basis values have incorporated statistical characteristics that result
from quality assurance requirements in the underlying material specifications; in this
case, “S” basis values can be considered as estimated “A” basis values (see Sections
9.1.6 and 9.4 of MIL-HDBK-5J for a detailed discussion).

A

Slope of this line is the
tangent modulus at stress A

Slope of this line is the
secant modulus at stress A

Stress-stain
curve

Strain

S
tr

es
s

FIGURE F.3
Stress-strain response and associated secant and tangent
moduli definitions at point A. Adapted from MIL-HDBK-
5J, Figure 9.8.4.2(a).

bapp06.qxd  8/4/11  9:30 PM  Page 861



862 Appendix F ■ MIL-HDBK-5J, Department of Defense Handbook

D

e

t

P

P

FIGURE F.4
Definition of edge distance e for a joint loaded by
pin of diameter D with applied load P.

In MIL-HDBK-5J, certain properties such as plane strain fracture toughness are
provided for a given set of test data. In this case, the average, minimum, and maxi-
mum test values are presented, as is an item called the coefficient of variation. This
is simply the standard deviation for the data set divided by the average data set value
and then multiplied by 100. As such, it expresses the standard deviation as a per-
centage of the average value (a unitless quantity).

F.3.4 Bearing Strength and Edge Margin

In order to demonstrate bearing strength, consider a pin of diameter D passing
through a plate of thickness t. Suppose that a load P is applied to the pin in the plane
of the plate, causing it to bear on the hole in the plate. The bearing stress on the plate
(calculated using bearing projected area) is �b = P/Dt. The plate bearing strength
depends on the edge margin, that is defined as the ratio of the edge distance e (dis-
tance from the center of the hole to edge of the plate in the load direction) to the hole
diameter D (see Figure F.4). For a very large value of edge margin (e/D), the bear-
ing failure mode will be crushing of the plate material. As e/D is reduced, the fail-
ure mode will eventually change to tearing out the plate material between the pin and
the plate edge. A common value of e/D for design is 2.0, with e/D = 1.5 often seen
as a minimum acceptable value.

F.3.5 Equivalent Stress Fatigue Model

MIL-HDBK-5J presents fatigue data as S–N plots for stress cycles in that there is
either no mean stress (fully reversed) or there is a non-zero mean stress. Rather than
reporting the mean ( m) and alternating ( a) stress values, MIL-HDBK-5J presents
the maximum value of the stress cycle ( max) and the stress ratio R:

(F.2)R =
smin

smax

s

ss
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where smin is the minimum value of the stress cycle. For fully reversed fatigue tests,
R is –1. The value of R remains finite if max > 0 (typical for fatigue testing).

Rather than using a modified Goodman diagram to predict fatigue with non-zero
mean stress, an “equivalent stress model” is identified that best fits the entire set of
test data for a given alloy and specimen configuration. This data consists of points
( max, N), obtained at a variety of R ratios, where N is the number of cycles until
failure under the applied stress cycle (ranges from max to min = R smax). The
model can then be used to predict cycles to failure under a variety of maximum stress
and stress ratio combinations. It uses smax and R to estimate an equivalent stress
(seq). It then refers to a second equation to determine the number of cycles to fail-
ure. Most data in MIL-HDBK-5J present this model using 4 constants (A, B, C, D;
one or more may be 0) as:

log(N) = A – B log (seq – C) (F.3)

seq = smax (1 – R)D (F.4)

This indicates that fatigue data (smax, N) at various R ratios collapses to a single line
when plotted as log (seq – C) – log N [5]. This model can be rearranged to provide
the maximum stress for a given number of cycles to failure and R ratio as:

(F.5)

The degree of fit between the model and the data used to generate it is reported in
each figure via statistical measures. Each figure also notes that the model can lead
to unrealistic results for R ratios outside of those used to generate the model.
Similarly, the predicted stress for a given number of cycles may be unrealistic if the
number of cycles of interest is not represented in the data set. For example, using the
equivalent stress model to predict strength at 10 cycles would likely lead to a stress
far in excess of the ultimate tensile stress (obviously incorrect). Hence, caution and
judgment must be employed to ensure that model predictions are both realistic and
within the bounds of the underlying data set.

Fatigue test data in MIL-HDBK-5J is presented for a mix of unnotched and
notched specimens. In all cases, the theoretical stress concentration factor (Kt) is
reported and the notch geometry used is described. From this, the user could
identify the notch sensitivity factor (q) and the associated fatigue stress concen-
tration factor (Kf) if desired. However, the stress data reported in MIL-HDBK-5J
are based upon net section; this means that the stresses are calculated using the
minimum cross-sectional area and are not adjusted to account for the stress con-
centration factor. For example, if the net area stress is 10 ksi for a specimen with
Kt = 2.0, the stress in the S–N figure would be reported as 10 ksi, not 20 ksi
(= Kt · 10 ksi).

smax = c a 10A

N
b1/B

+ C d (1-R)-D

ss

s

s
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F.4 Mechanical and Physical Properties of 2024 Aluminum Alloy

The following sections illustrate the basic features of MIL-HDBK-5J and how
tables and figures can be used to determine properties for 2024 aluminum alloys.
Information in MIL-HDBK-5J regarding 2024 aluminum alloy sheet begins on
page 3–68.

F.4.1 Mechanical Properties at Room Temperature

For each material in MIL-HDBK-5J, design mechanical and physical properties at
room temperature (70°F) are presented—see Table F.2 for a specific example of
properties for 2024-T351 plate with thicknesses in the range 0.250 in.–1.000 in.

Table F.2 Design Mechanical and Physical Properties
of 2024-T351 Aluminum Alloy Plate 

AMS 4037 and AMS-QQ-A-250/4

Plate

T351

Thickness, in. 0.250–0.499 0.500–1.000

Basis A B A B

Mechanical Properties:

Ftu, ksi:

L 64 66 63 65

LT 64 66 63 65

ST — — — —

Fty, ksi:

L 48 50 48 50

LT 42 44 42 44

ST — — — —

Fcy, ksi:

L 39 41 39 41

LT 45 47 45 47

ST — — — —

Fsu, ksi: 38 39 37 38

Fbru, ksi:

(e/D = 1.5) 97 100 95 98

(e/D = 2.0) 119 122 117 120

Source: Adapted from MIL-HDBK-5J, Table 3.2.3.0(b1).
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Fbry, ksi:

(e/D = 1.5) 72 76 72 76

(e/D = 2.0) 86 90 86 90

e, percent (S-basis):

LT 12 … 8 …

E, 103 ksi 10.7

Ec, 103 ksi 10.9

G, 103 ksi 4.0

� 0.33

Physical Properties:

�, lb/in3 0.100

C, K, and � See Figure 3.2.3.0 

The table is headed by the governing specification, typically an Aerospace Material
Specification (AMS) issued by the SAE Aerospace Materials Division. ASTM or
government (military, federal) specifications are also used in some cases. The form
of the material (sheet, plate, bar, etc.) and the material condition or temper is stated.
The individual properties are then presented for various material thicknesses and the
basis of the value (“A,” “B,” “S”). The items in each table and their associated defi-
nitions are shown in Table F.3.

As expected, “A” basis values are somewhat below the “B” basis values due to
the differing statistical significance requirements (note that they are occasionally

Table F.3 Symbols and Definitions for Mechanical and Physical
Properties Provided in MIL-HDBK-5J (See Table F.2.)

Label Definition Label Definition

Ftu Tensile ultimate strength E Modulus of elasticity
(tension)

Fty Tensile yield strength Ec Modulus of elasticity
(compression)

Fcy Compression yield strength G Shear modulus

Fsu Shear ultimate strength � Poisson’s ratio

Fbru Bearing ultimate strength � Density

Fbry Bearing yield strength C Specific heat

e Percent elongation at break K Thermal conductivity

α Coefficient of thermal
expansion
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equal to one another as well). Such tables in MIL-HDBK-5J also generally contain
footnotes providing additional information for certain properties. For example, one
footnote indicates that the application of stress in the short transverse (ST) direction
for thick 2024-T351 plate is not ideal if corrosion can occur; in this case, the strength
in the ST direction is dramatically reduced due to a phenomenon known as stress
corrosion cracking (see Section F.5).

F.4.2 Strength and Other Properties versus Temperature

Many strength properties are also provided as functions of temperature. For example,
an adjustment factor for tensile ultimate strength at a desired temperature is present-
ed in Figure F.5. This adjustment factor (ranging from 0 to 100) is used as follows:

where Ftu at room temperature is obtained from Table F.3. For 2024-T3 and 2024-
T351, long-term exposure to elevated temperature alters the heat treatment charac-
teristics of the material. Hence, Figure F.5 provides adjustment factors that are
dependent on the duration of the exposure time at elevated temperature that the part
has experienced. Other physical properties such as thermal expansion, thermal con-
ductivity, and specific heat are also provided as functions of temperature. An exam-
ple is presented in Figure F.6.
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FIGURE F.5
Effect of temperature and exposure time on tensile ultimate strength for 2024-
T3 and 2024-T351 aluminum alloys, excluding thick extrusions. Adapted
from MIL-HDBK-5J, Figure 3.2.3.1.1 (e).

(F.6)Ftu desired temperature =
adjustment factor

100
* Ftu room temperature
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F.4.3 Stress-strain curves and tangent modulus

An example of stress-strain curves and associated tangent modulus curves for 2024-
T3 alloy sheet is shown in Figure F.7 for the L direction. The Ramberg-Osgood
exponent (n) for each stress-strain curve is noted. The tangent modulus (Et) curves
represent the local slope of the stress-strain curve at the indicated stress level. The
tangent modulus begins as a vertical line whose value is E (or Ec in compression)
until the proportional limit is reached. For higher stress values, the tangent modulus
declines in value, reflecting that the local slope of the stress-strain curve (Et) is less
than E (or Ec). The primary use of the tangent modulus is in the determination of
structural buckling loads and therefore is only shown for the compression case.

Recall that the equation for critical load (Pcr) and critical stress (scr) for Euler
column buckling is given by:
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FIGURE F.6
Thermal expansion (α), thermal conductivity (K) and specific heat (C) for 2024 alloys versus
temperature. Adapted from MIL-HDBK-5J, Figure 3.2.3.0.

(F.3)Pcr =
p2 EI

Lc
2 : scr =

Pcr

A
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where I is the moment of inertia, A is the cross-sectional area, and Le is the effective
length of the column. If the critical stress is below the proportional limit, Ec and Et
are identical and lead to the same result. However, when the critical stress is above
the proportional limit, it is best to use the tangent modulus for design; it is both con-
servative (since Et < Ec) and better reflects the local stiffness of the column at the
stress level being considered. For further discussion of this topic see MIL-HDBK-5J,
Section 1.6 (“Columns”).

F.4.4 Fatigue S–N data and equivalent stress model

An example of fatigue data (indicated symbols) and the associated equivalent stress
model fits (solid lines) is shown in Figure F.8 for rolled bar 2024-T4 alloy specimens
tested axially in the unnotched condition (Kt = 1.0). Runout data points are those that
did not fail within a certain number of cycles; these are indicated with symbols at the
associated cycle count with arrows pointing to the right.

Details of the tests used to obtain the data in Figure F.8 are shown in Table F.4
along with the parameters describing the equivalent stress model. As discussed pre-
viously, the equivalent stress model can be used to predict the number of cycles to
failure at a specified maximum fatigue stress level (Smax) and stress ratio (R). The
model can also be used to predict the maximum stress associated with a certain num-
ber of cycles to failure (see Equation F.6). Caution should be used if the model is

Strain, 0.001 in./in.
Compressive tangent modulus, 103 ksi

Thickness � 0.249 in.

Ramberg - Osgood 
n(L-tension) = 50 
n(L-comp.) = 15

L - compression
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L - tension
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es
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 k
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2 4 6 8 10 12

FIGURE F.7
Typical stress-strain curves and tangent modulus curves for 2024-T3 alloy sheet in the L direction at
room temperature. Adapted from MIL-HDBK-5J, Figure 3.2.3.1.6(a).
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FIGURE F.8
S–N curves for unnotched 2024-T4 aluminum alloy (longitudinal direction) with equivalent stress
model parameters shown. Adapted from MIL-HDBK-5J, Figure 3.2.3.1.8(a).
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extended beyond the data set used to create it. For example, using Figure F.8 to
determine the maximum stress for an R ratio of 0.50 at 103 cycles would clearly be
invalid, as the prediction would be well above 75 ksi (the highest stress test speci-
men in the data set).

In addition to S–N curves, fatigue crack growth data is also presented for certain
alloys and represents the crack length (a) versus the number of fatigue cycles applied
(N). This experimentally obtained information can be used to assess the Paris equa-
tion for the material. For example, data for 2124-T851 aluminum plate can be found
at MIL-HDBK-5J, Figures 3.2.7.1.9(a)–(e).

F.5 Fracture Toughness and Other Miscellaneous Properties

A limited set of plane strain fracture toughness (KIc) values are presented in MIL-
HDBK-5J. Configurations are presented for steel, aluminum, and titanium alloys, rep-
resenting different alloys, heat treatments, and crack orientations. These values are
labeled “for information only,” as they lack the statistical reliability of the mechani-
cal design properties previously presented (i.e., “A,” “B,” “S” basis). A subset of these
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Table F.4 Fatigue Test Details and Equivalent Stress Model
Parameters Used to Develop the S–N Curves
Shown in Figure F.8 Which are for Unnotched
2024-T4 Aluminum Alloy (Longitudinal
Direction).

Product Form Specimen Details

Rolled bar, 0.75 to 1.25 in diameter Unnotched

Drawn rod, 0.75 in diameter 0.160 to 0.400 in diameter

Extruded rod, 1.25 in diameter Longitudinally polished surface

Extruded bar, 1.25 in × 4 in 

Mechanical Properties at Room Temp. Test Parameters

Ftu = 69 ksi Fty = 45 ksi (rolled) Loading – axial

Ftu = 71 ksi Fty = 44 ksi (drawn) Frequency – 1800 to 3600 cycles/min

Ftu = 85 ksi Fty = 65 ksi (extruded) Room temperature in air

Equivalent Stress

log (Nf) = 20.83 – 9.09 log (Seq)

Seq = Smax (1 – R)0.52

entries is shown in Table F.5. Additional test details, limitations on property usage,
and full heat treat condition specifications can be found in MIL-HDBK-5J.

A number of other topics regarding material behavior are addressed in Chapters
2–7, and are grouped under common section titles throughout MIL-HDBK-5J. These
titles can be consulted for each material under consideration. A summary of the head-
ings as well as a brief discussion of each with examples is presented in Table F.6.

One environmental concern for many materials is stress corrosion cracking, in
which exposure to certain environments (such as salt water) in the presence of stress
can lead to crack formation. This can lead to dramatic reductions in properties rela-
tive to pristine specimen mechanical properties. A demonstration of the impact of
salt water exposure time for high alloy steels is shown in Figure F.9. An extensive
list of property reductions for aluminum alloys exposed to corrosive environments
under applied stress can be found in MIL-HDBK-5J in Tables 3.1.2.3.1(a)–(e).
Proper corrosion protection through painting, plating, etc. is critical for materials
with stress corrosion cracking issues.

As mentioned in the introduction, Chapter 8 of MIL-HDBK-5J also presents
data for structural joints. One section focuses on joint strength made with various
fasteners (rivets, blind fasteners, swaged collar fasteners, threaded fasteners, etc.) in
different configurations (protruding head, flush head, etc.). All joint data assumes an
edge margin (e/D) of 2.0. Another section focuses on metallurgical joints formed by
welding or brazing and presents extensive data on the static and fatigue strength of
spot welded joints with limited data for other items such as fusion welding, flash
welding, and brazing.

Source: Adapted from MIL-HDBK-5J, Figure 3.2.3.1.8(a).
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Table F.6 Common Sections in MIL-HDBK-5J and
Examples of Associated Information.

Heading Presented Information

Material properties Discussion at the beginning of each chapter relating
to the material therein. Examples: grain structure
(martensitic, austenitic, etc.) for steel; review of
tempering for aluminum.

Mechanical properties Issues related to strength and other mechanical
properties. Example: property variation and direc-
tional dependence for thick steel parts, especially
when heat treated for high strength.

Metallurgical considerations Issues related to the metallurgy of the material.
Examples: heat treatment for carbon steel; the effect
of alloys in low, intermediate, and high alloy steels;
composition of superalloys.

Manufacturing considerations Issues related to manufacturing methods.
Examples: formability of steels by forging, rolling,
extrusion, etc.; machining; suitability of joining by
welding, brazing, etc.

Environmental considerations Issues related to environmental exposure and corro-
sion. Examples: Oxidation resistance for various
materials; ductile-to-brittle transformation for steels;
stress-corrosion cracking.

FIGURE F.9
Critical stress intensity factor (KIc) for high alloy steels after exposure to 3.5% NaCl
environment for period indicated. Adapted from MIL-HDBK-5J, Figure 2.5.0.2(a).
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F.6 Conclusion

MIL-HDBK-5J represents an extensive database of material properties for metals
commonly used in machine components. It is available as a free download and can
serve as an outstanding resource for students in their academic studies and later engi-
neering practice. MIL-HDBK-5J was canceled in May, 2004 and superseded by
MMPDS, a fee-based document. As such, MIL-HDBK-5J is no longer current and
users should be aware that the subsequent revisions in MMPDS are not reflected. For
many general applications, the values in MIL-HDBK-5J can still serve as a useful
resource. However, regardless of what material properties are used, testing and eval-
uation should be conducted to establish proper and safe machine component perfor-
mance.

References

1. “History,” http://projects.battelle.org/mmpds/history.pdf
(accessed 5 Nov 2010).

2. MIL-HDBK-5J (Military Handbook—Metallic Materials
and Elements for Erospace Vehicle Structures), Jan. 1,
2003, U.S. Government Printing Office, Washington, DC.

3. Hempe, D.W. “Memorandum—Information: Policy
Statement on Use of Metallic Materials Properties
Development and Standardization (MMPDS) Handbook,”
July 25, 2006, Federal Aviation Administration,
Washington, D.C. http://projects.battelle.org/mmpds/

MMPDS%20Handbook%20Memo.pdf (accessed 5 Nov
2010).

4. Niu, M.C.Y., Airframe Structural Design: Practical
Design Information and Data on Aircraft Structure,
Second Edition, Adaso Adastra Engineering, 2006.

5. Walker, K. “The effect of stress ratio during crack propa-
gation and fatigue for 2024-T3 and 7075-T6 aluminum,”
Effects of Environment and Complex Load History on
Fatigue Lift. ASTM STP 462, ASTM, 1970, pp. 1–14.

bapp06.qxd  8/4/11  9:30 PM  Page 873



APPENDIX G

Force Equilibrium:
A Vectorial Approach

In this Appendix, we shall illustrate how force and moment equilibrium problems
(such as Sample Problem 2.5) can be solved via a vectorial approach.

G.1 Vectors: A Review

Quantities such as positions, forces, and moments may be represented as vectors,
and are denoted here by bold characters such as p, F, M. For example, in Figure G.1,

is a position vector that lies on the yz plane, and repre-
sent the three coordinate axes; equivalently the vector may be
captured in a tuple format as p = (0,4,3).

Given any vector p = (px, py, pz), its magnitude is defined to be:

(G.1)

and its direction is the unit vector:

(G.2)

For example, the magnitude of vector p = (0,4,3) is 
while its direction is given by i.e., Also observe from
Equation (G.2) that, given a magnitude ||p|| and a direction the corresponding vec-
tor is given by:

(G.3)p = 7p 7pN

pN ,
pN = (0,0.8,0.6).pN = (0,4,3)/5,

7p 7 = 20 + 16 + 9 = 5

pN =
p
7p 7

7p 7 = 2p2
x + p2

y + p2
z

p = 0iN + 4jN + 3kN
(iN, jN, kN)p = 0iN + 4jN + 3kN

p (0, 4, 3)

y
x

z

FIGURE G.1
A position vector.
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For example, suppose the magnitude of a vector is 3 and its direction is the unit vec-
tor (0,–0.6, 0.8), then the corresponding vector is p = 3(0,–0.6,0.8) = (0,–1.8,2.4)

Given any two vectors p and q, we define their sum as:

p + q = (px + qx, py + qy, pz + qz) (G.4)

Further, their dot-product (resulting in a scalar quantity) is defined as:

p · q = pxqx + py qy + pzqz (G.5)

The dot-product is particularly useful in finding the component of a vector along a
given direction. For example, the component of p = (0,4,3) along the unit direction

is given by p ·
Finally, the cross-product of two vectors p and q (resulting in a vector quantity)

is defined via a determinant as follows:

(G.6)

Evaluating the determinant, we have:

(G.7)

i.e., in a tuple notation:

(G.8)

The cross-product is particularly useful for computing moments due to external
forces, as explained in the next section.

G.2 Force and Moments Equilibrium

Consider the illustration in Figure G.2a where an external force acts at one end of
the member as shown. In the coordinate system illustrated, the force may be repre-
sented by the vector Fext = F(0,0,–1) = (0,0,–F), where F is the magnitude of the
force.

Figure G.2b illustrates a free-body-diagram taken at the cross-section AA. In
Sample Problem 2.5, the free-body diagram was analyzed through visual inspection,
and the reaction forces, moments and torque at this cross-section were determined
(as shown). The objective in this Appendix is to confirm these results via a vectori-
al approach. The motivation behind the vectorial approach is that, for more complex
problems where multiple forces are involved, visual inspection can be error-prone,
whereas the vectorial approach is simple and reliable.

p � q = ((pyqz - qypz), (pzqx - qzpx), (pxqy - qxpy))

p � q = (pyqz - qypz)iN + (pzqx - qzpx)jN + (pxqy - qxpy)kN

p � q = detC iN jN kN

px py pz
qx qy qz

S
dN = 5.0dN = (0,0.8,0.6)
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The vectorial approach for determining reaction forces, moments, etc. is as
follows:

1. The first step is to identify all the external forces and moments. In this example,
the external force is Fext = (0,0,–F), while there are no external moments, i.e.,
Mext = (0,0,0).

2. Next, we assign two unknown internal reaction vectors Fint and Mint at the
cross-section of interest; Fint is the unknown reaction force vector, and Mint is
the unknown generalized moment vector. The meaning of the generalized mo-
ment is discussed shortly. The objective is to find Fint and Mint.

3. In the third step, we create a vector d from the center of the cross-section of in-
terest, to the point of force application, as illustrated in Figure G.2b. Observe,
from the dimensions marked in Figure G.2a, that 

4. Finally, we enforce the following two equilibrium equations that a free-body
must satisfy:

Force equilibrium: Fext + Fint = 0 (G.9)

Moment equilibrium: d Fext + Mext + Mint = 0 (G.10)

From the force equilibrium equation, we have:

Fint = –Fext = –(0,0,–F) = (0,0,F) (G.11)

In other words, the reaction force is the shear force acting in the positive z-direction
as confirmed in Figure G.2b.

From the moment equilibrium equation, since there is no external moment, we
have:

Mint = –d Fext (G.12)

Since Fext = (0,0,–F), and d = (b,a,0), from Equation (G.10) and Equation (G.6)

�

�

d = biN + ajN = (b,a,0).

Section
AA plane

Fixed
support

(bending moment)

(a)

Fa

b

F

y

d

z

x

a

(b)

F

Fb (torque)
F (shear force)

FIGURE G.2
Force acting on a member, and free-body diagram.
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Section
AA plane

Fixed
support (a)

b

F

2F

y
z

x

a

FIGURE G.3
Forces acting on a member, and free-body
diagram.

(G.13)

i.e., Mint = (aF, –bF,0). In other words, the x-component of the generalized moment
is aF; this is interpreted as a bending moment in Figure G.2b. The y-component of
the generalized moment is –bF; this is interpreted as a torque in Figure G.2b (in the
negative y-direction). There is no z-component of the moment.

To illustrate the generality of the vectorial approach, consider the illustration in
Figure G.3, where an additional force 2F acts in the positive x-direction as illustrat-
ed. The objective once again is to find the internal/reaction forces Fint and moment
Mint at cross-section AA.

Observe that the external force is now given by Fext = (2F,0,–F), while
d = (b,a,0) as before, and there are no external moments. From the force equilibri-
um equation, we have:

Fint = –Fext = (–2F,0,F) (G.14)

i.e., there are two shear components at cross-section AA. On the other hand, the inter-
nal moment vector is given by Mint = –(b,a,0) (2F,0,–F), i.e., Mint = (aF,–bF,
2aF). In other words, there is an additional reaction moment of Mz = 2aF at the
cross-section.

�

Mint = -detC iN jN kN

b a 0

0 0 -F
S
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APPENDIX H

Normal Distributions

In this Appendix, we illustrate how statistical problems (such as Sample Problem
6.4) can be solved using the Normal distribution table.

H.1 Standard Normal Distribution Table

Many quantities, such as Young’s modulus and yield strength, are statistical in
nature. Furthermore, they are typically assumed to be normally distributed with cer-
tain mean µ and standard deviation �. The primary objective in statistical scenarios
is to compute the probability that the quantity of interest exceeds a threshold.

As a special case, we first consider a random variable z that is normally distrib-
uted with mean 0 and standard deviation 1, i.e., z ~ N(0,1), illustrated as a bell curve
in Figure H.1. Given such a distribution, the probability that z ≤ z0, can be comput-
ed using the standard Normal distribution, Table H.1, as follows.

For example, the probability P(z ≤ 0.68) is the entry against row of 0.6 and
column of 0.08 in Table H.1, i.e., P(z ≤ 0.68) = 0.75175, as highlighted. This
value is equivalent to the area under the curve to the left of z = z0, as illustrated in
Figure H.1.

0
0

0.1

0.2

0.3

0.4

1–1–2–3–4 2 3 4

FIGURE H.1
The Normal distribution curve.
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Appendix H ■ Normal Distributions 881

On the other hand, suppose we wish to compute P(z ≥ 0.68), then we use the
fact that the total area under the Normal distribution curve is 1.0. Thus, P(z ≥ 0.68)
= 1 – P(z ≤ 0.68), i.e., P(z ≥ 0.68) = 1 – 0.75175 = 0.24825. Finally, suppose we wish
to compute P(z ≤ –0.68), we cannot use the table directly. However, we can use sym-
metry to show that P(z ≤ –0.68) = P(z ≥ 0.68), and therefore P(z ≤ –0.68) = 0.24825.

H.2 Converting to Standard Normal Distribution

The previous section addressed the question of computing probabilities when the
underlying variable z is normally distributed with mean 0 and standard deviation of
1. Here, we consider a normally distributed variable x with mean µ and standard
deviation 	, i.e., x ~ N(µ,	).

In order to compute the probability P(x ≤ x0), we use the following fundamen-
tal result

(H.1)

where z is normally distributed with mean 0 and standard deviation of 1, and

(H.2)

As a specific example, let us say the shear stress in a torsion bar is normally distrib-
uted with µ = 55MPa and 	 = 3MPa, i.e., τ ~ N(55,3)MPa. Further, suppose we are
interested in computing the probability P(τ ≥ 63MPa).

From the above result, P(τ ≥ 63) = P(z ≥ z0) where z0 = (63 – 55)/2.5 = 2.67.
From the Normal distribution table, we have P(z ≥ 2.67) = 1 – P(z ≤ 2.67) = 0.00379.
In conclusion, the likelihood that the shear stress will exceed 63MPa is less
than 0.4%.

H.3 Linear Combination of Normal Distributions

One can take the result from the previous section one step further. Specifically,
consider two normally distributed variables x ~ N(�x, 	x) and y ~ N(�y, 	y) that are
statistically independent, i.e., x and y are not correlated. Further, let w be another
variable such that w = ax + by, where a and b are scalar constants.

Then, one can show that w is also normally distributed with mean a�x + b�y and
standard deviation i.e.,

w (H.3)

For example, let x1 ~ N(10,0.7) and x2 ~ N(5,0.5) be two independent random vari-
ables. Further, let y = 2x1 + 2x2. Using the above result, the reader can verify that
y ~ N(30,1.72). Now, one can pose and solve probability questions such as P(y ≤ 28),
and so on.

 ~ N(amx + bmy, 2(asx)
2 + (bsy)

2)

2(asx)
2 + (bsy)

2,

z0 = (x0 - m)>s

P(x Ú x0) = P(z Ú z0)
P(x … x0) = P(z … z0)
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882 Appendix H ■ Normal Distributions

Let us now consider Sample Problem 6.4; the problem states that the bolts under
consideration are normally distributed, having a mean twist-off strength of 20 N # m
and standard deviation of 1 N # m, i.e., x ~ N(20,1)N # m. On the other hand, the
torque delivered by wrenches used in tightening these bolts are also normally dis-
tributed, having a standard deviation of 1.5 N # m, while the desired mean value must
be determined, i.e., y ~ N(�y, 1.5).

The bolts will fail if the delivered torque exceeds their capacity. We would like
to limit the probability of this event to less than 1 in 500; we enforce the condition
P(x ≤ y) = 1/500 = 0.002, i.e., P(x – y ≤ 0) = 0.002. Let w = x – y. Then from
Equation (H.3), w ~ N(20 – �y, 1.8028). Since we require P(w ≤ 0) = 0.002, using
Equations (H.1) and (H.2), we have: P(z ≤ z0) = 0.002, where z0 = (�y – 20)/1.8028.
From the table this corresponds to z0 = –2.88. Solving for �y, we have �y =
14.8N # m.
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APPENDIX I

S-N Formula

In this Appendix, we illustrate how the S-N curves such as the one in Figure 8.22 can
be interpreted mathematically, and how problems such as Sample Problem 8.1 can
be solved using the generalized S-N formula.

I.1 S-N Formula

First of all, observe that, in the S-N curves (for example, see Figure 8.22), one plots
the logarithm of the strength on the y-axis, while on the x-axis, one plots the loga-
rithm of the number of cycles (N). Since the plots are linear, we have:

log10(S) = A log10(N) + B (I.1)

The two constants A and B are unknown, and can be determined as follows. Let the
strength at N = 106 be S = Sn (endurance limit), let the strength at N = 103 be S = S3.
Substituting these values in Equation (I.1), we obtain:

Recall that log10(10m) = m. Thus:

Solving for A and B:

Thus the general S-N formula is given by:

(I.2)

Now, given any value of N, one can find the corresponding strength, and vice versa.

log10(S) =
1

3
 log10¢SnS3

≤  log10(N) + log10¢S2
3

Sn
≤

A =
1

3
 log10¢SnS3

≤ ; B = log10¢S2
3

Sn
≤

log10(S3) = 3A + B
log10(Sn) = 6A + B

log10(S3) = A log10(103) + B
log10(Sn) = A log10(106) + B

bapp09.qxd  8/2/11  1:57 PM  Page 883



884 Appendix I ■ S-N Formula

I.2 Illustrative Example

Consider now Sample Problem 8.1, where it is given that Sn = 61 ksi and S3 = 112 ksi.
The objective is to find the strength corresponding to N = 104 cycles. From Equation
(I.2), we have:

i.e.,

For N = 104 cycles, we have:

Thus, at N = 104 cycles, S = 101.9612 = 91.45 ksi.

log10(S) =
(-0.2639)4

3
+ 2.3131 = 1.9612

log10(S) =
(-0.2639)

3
 log10(N) + 2.3131

log10(S) =
1

3
log10¢ 61

112
≤  log10(N) + log10¢1122

61
≤
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APPENDIX J

Gear Terminology and
Contact-Ratio Analysis

In this Appendix, we summarize the mathematical relationship(s) between various
quantities associated with spur-gears (see Figure J.1).

J.1 Nominal Spur-Gear Quantities

Various quantities associated with a spur-gear set are summarized in Table J.1 below,
where:

• Column 1 is the name of the quantity as described in Chapter 15.

• Column 2 is the associated symbol (see conventions below).

• Column 3 is the unit (if any) associated with the quantity.

• Column 4 is the relationship of the given quantity with previously defined quantities.

• Column 5 is a specific case study (see example below).

Working
depth

Whole
depth

Addendum

Dedendum

Clearance

To
p 
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Fl
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Bo
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Circular pitch p
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circle Clearance circle
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to this circle)
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 b

t0

Width of
space

FIGURE J.1
Nomenclature of gear teeth
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886 Appendix J ■ Gear Terminology and Contact-Ratio Analysis

As in Chapter 15, we use the following conventions:

• A subscript p is used to refer to the smaller gear (pinion), while g is used to refer
to the larger gear. Thus, for example, Np is the number of teeth in the pinion,
while Ng is the number of teeth in the larger gear. For quantities such as the pres-
sure angle that are common to pinion and gear, subscripts are not used.

• In addition, the subscript b is used for base radius, a for addendum radius, and d
for dedendum radius. Thus, for example, the symbol rbp is the pinion base ra-
dius, while rag is the gear addendum radius.

Now consider a gear-set that consists of a 16-tooth pinion and a 40-tooth gear; diame-
tral pitch is 2, with a nominal pressure angle of 20 . In the fifth column of Table J.1,
we have entered this data in the first three rows, while in the remaining rows of the
fifth column, we have computed the quantities using the relationship provided.
Observe in the table that we have used the standard addendum radii for the pinion and
gear, since they are less than the corresponding maximum allowable addendum radii.
Given the addendum radii, one arrives at the nominal contact ratio of 1.58; these
calculations are most conveniently carried out using an Excel® spreadsheet.

°

f

Table J.1 Nominal Quantities Associated with a Gear-Set

Name Symbol Units Relationship Example

Number of teeth Np Np = 16

Ng Ng = 32

Nominal P per in. P = 2
Diametral pitch

Pressure angle degrees = 20°

Gear ratio � - � = Ng /Np � = 2

Base width b in. 9/P < b < 14/P 4.5 < b < 7

Nominal pitch radius rp in. rp = Np /(2P) rp = 4

rg rg = Ng /(2P) rg = 8

Base radius rbp in. rbp = rp cos rbp = 3.76

rbg rbg = rg cos rbg = 7.52

Center distance c in. c = 12

Maximum in.
addendum radius
to avoid interference

Addendum radius rap in. rap = (Np + 2)/(2P) rap = 4.5

rag rag = (Ng + 2)/(2P) rag = 8.5

(Standard)

rmax
ag = 8.56rmax

ag = 2r2bg + c2 sin2 wrmax
ag

rmax
ap = 5.57rmax

ap = 2r2bp + c2 sin2 wrmax
ap

c =
(Np + Ng)

(2P)

f

f

ff
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Dedendum radius rdp in. rdp = (Np – 2.5)/(2P) rdp = 3.375

rdg rdg = (Ng – 2.5)/(2P) rdg = 7.375

(Standard)

Module m mm m = 25.4/P m = 12.7

Circular pitch p in. p = �/P p = 1.57

Tooth thickness t in. t = �/(2P) t = 0.785

Contact ratio CR - ∆p = 2.70

∆g = 3.96

CR = 1.58CR =
¢p + ¢g - c sin f

p cos f

¢g = 2r2ag - r2bg

¢p = 2r2ap - r2bp

J.2 Actual Quantities

The quantities in Table J.1 are nominal quantities, i.e., they are valid when the two
gears are at the nominal (ideal) center distance. In practice, the center distance will
be larger than the nominal center distance, and many of the above quantities will
change. This is captured in Table J.2.

In Table J.2, we identify the specific quantities that change when the center dis-
tance increases. Quantities such as number of teeth and gear ratio do not depend on
the center distance are therefore not listed below.

In order to distinguish actual quantities from their nominal counterparts in Table
J.1, we use a bar above the symbol in Table J.2. For example, since c is the nominal
center distance, is the actual center distance. Similarly, is the actual pressure angle.

Continuing with the example of the previous section, suppose the distance
between the gear-centers is 0.05 inches more than the nominal; what is the contact
ratio and backlash?

In the fifth column of Table J.2, we have entered the data provided in the first
row, while in the remaining rows, the quantities are computed using the relationships
provided. Observe that the contact ratio has dropped from 1.58 in Table J.1 to 1.49
in Table J.2.

fc

Table J.2 Contact Ratio and Other Quantities at an Actual
Center Distance

Name Symbol Units Relationship Example

Actual working in.
distance

Ratio of center � � = 1.004
distances

Actual pressure angle degrees f = 20.64°cos f = cos f/lf

l = c>c
c = 12.05c

(Continued)
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888 Appendix J ■ Gear Terminology and Contact-Ratio Analysis

Actual pitch per in. 

Actual pitch radius in.

Actual circular pitch in. p = 1.5773

Maximum in.
addendum radius
to avoid interference

Actual contact ratio -

Backlash in.
(measured on
pitch circle)

B = 0.0377B = 2(c - c) tan fB

CR =
¢p + ¢g - c sin f

p cos f

¢g = 2r2ag - r2bp

CR = 1.49¢p = 2r2ap - r2bpCR

rmax
ag = 8.63rmax

ag = 2r2bg + c2 sin2 wrmax
ag

rmax
ap = 5.67rmax

ap = 2r2bp + c2 sin2 wrmax
ap

p = plp

rg = 8.0333rg = rglrg

rp = 4.0167rp = rplrp

P = 1.99P = P>lP

J.3 Illustrative Example

We now rework Sample Problem 15.1D (reproduced below for convenience) using
the two tables above.

Sample Problem 15.1D

Two parallel shafts with (nominal) 4-in. center distance are to be connected by 6-pitch,
20 spur gears providing a velocity ratio of –3.0. (a) Determine the pitch diameters and
numbers of teeth in the pinion and gear. (b) Determine whether there will be interfer-
ence when standard full-depth teeth are used. (c) Determine the contact ratio.

Solution: Observe that, in this example, the number of pinion-teeth and number of
gear-teeth are not provided; instead the gear ratio and the nominal center distance are
provided. The first objective is to determine the number of teeth from the given data.

(a) From the expression for gear ratio and nominal center distance in Table J.1, we
have Ng/Np = 3 and (Np + Ng)/(2P) = 4. Further, since the pitch P is 6, we have
Ng = 36 and Np = 12. We can now enter the data in the table below, and compute
quantities, such as nominal pitch radius, etc.

(b) The standard addendum radius for the gear is rag = (Ng + 2)/(2P) = 3.17. Since
this is greater than the maximum allowable addendum radius of 
(see Table J.3), there will be interference if standard full-depth teeth are used.
Instead, as explained in Sample Problem 15.1D, we shall use a nonstandard ad-
dendum of rag = rg + 0.06 = 3.06 and rap = rp + 0.29 = 1.29.

(c) With this choice, one can now compute the contact ratio as illustrated in Table J.3.

rmax
ag = 3.13

°
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Table J.3 Solution to Sample Problem 15.1D

Name Symbol Units Relationship Example

Number of teeth
Np Np = 12

Ng Ng = 36

Nominal diametral P per in. P = 6
pitch

Nominal pressure degrees = 20°
angle

Gear ratio � � = Ng/Np � = 3

Base width b in. 9/P < b < 14/P 1.5 < b < 2.33

Nominal pitch rp in. rp = Np/(2P) rp = 1

radius rg rg = Ng/(2P) rg = 3

Nominal base rbp in. rbp = rp cos rbp = 0.939

radius rbg rbg = rg cos rbg = 2.82

Nominal center c in. c = 4
distance

Maximum in.
addendum radius to
avoid interference

Standard

rap in. rap = (Np + 2)/(2P) rap = 1.17

addendum radius
rag rag = (Ng + 2)/(2P) rag = 3.17

(Interference)

Addendum radius
rap in. (Non-standard) rap = 1.29

rag rag = 3.06

Standard

rdp in. rdp = (Np – 2.5)/(2P) rdp = 0.792

dedendum radius
rdg rdg = (Ng – 2.5)/(2P) rdg = 2.792

(Standard)

Nominal module m mm m = 25.4/P m = 4.23

Nominal circular p in. p = � /P p = 0.523
pitch 

Nominal tooth t in. t = � /(2P) t = 0.262
thickness 

Nominal contact 

CR CR = 1.43

ratio
CR =

¢p + ¢p - c sin f

p cos f

¢g = 2r2ag - r2bg

¢p = 2r2ap - r2bp

rmax
ag = 3.13rmax

ag = 2r2bg + c2 sin2 wrmax
ag

rmax
ap = 1.66rmax

ap = 2r2bp + c2 sin2 wrmax
ap

c =
(Np + Ng)

(2P)

f

f

ff
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ABEC, see Annular Bearing Engineers’
Committee

Abrasive wear, 387–388, 650
ABS (acrylonitrile–butatiene-styrene),

109
Acetal, 109
Acme threads, 415–416
Acrylic, 109
Acrylic adhesives, 491
Acrylonitrile-butatiene-styrene (ABS),

109
Addendum, 624
Adhesive bonding, 489–491
Adhesive wear, 385–387, 580
AFBMA (Anti-Friction Bearing

Manufacturers Association), 600
AGMA (American Gear Manufacturers

Association), 620
AISC (American Institute of Steel

Construction), 472
Alkyd, 110
Alloying, 108
Alloys

aluminum (see Aluminum alloys)
cast iron, 101–102
copper, 105, 320, 835
magnesium, 105–106, 319, 834, 836
nickel, 106, 320, 837
nonferrous, 105–106
steel (see Steel alloys)
superalloys, 105, 106, 831
titanium, 106, 838
zinc, 106, 839

Allyl (diallyl phthalate), 110
Alternating loads/stress, 337–341
Aluminum

anodized, 378
cavitation of, 384
connecting rod, 233–234
corrosion of, 376–377, 378
fretting of, 388
notch sensitivity of, 335

Aluminum alloys, 105
endurance limit of, 318
fatigue strength diagrams for, 318–319
mechanical properties/uses of, 832,

833
temper designations for, 834

American Blower Company, 794
American Gear Manufacturers

Association (AGMA), 620
American Institute of Steel Construction

(AISC), 472
American National Standards lnstitute

(ANSI), 7, 388, 389, 525
American Society for Testing and

Materials (ASTM), 105–106, 478
American Society of Mechanical

Engineers (ASME), 274, 414, 472,
791

American Welding Society (AWS), 478
Amino, 110
Anaerobic adhesives, 491
Anisotropic materials, 272
Annealing, 176, 382
Annular Bearing Engineers’ Committee

(ABEC), 600
Anode, sacrificial, 375, 378
Anodized aluminum, 378
Anodizing, 377
ANSI, see American National Standards

Institute
Anti·Friction Bearing Manufacturers

Association (AFBMA), 600
Approximations, 21
Ashby’s materials selection charts,

112–115
ASME, see American Society of

Mechanical Engineers
Asperity welding, 385–386
ASTM, see American Society for Testing

and Materials
Automobiles

load analysis, 46–52
performance analysis, 26–28
power train components, 48–49
transmission components, 50–52

AWS (American Welding Society), 478
Axial impact, 294–295
Axial loads/loading, 131–133

and Castigliano’s method, 209–212
with power screws, 425–426
and residual stresses, 167–171
reversed, 320–321
with roller bearings, 607–608
sign convention for, 135

with springs, 502
with threaded fasteners, 425–426

Ball bearings
and axial loading, 607–608
dimensions of, 601–603
history of, 591–592
life requirement for, 606
radial, 588
rated capacities of, 604, 605
reliability requirement for, 606–607
rings for, 594–595
selection of, 604–611
shields/seals for, 594
and shock loading, 608–609
special, 597–599
surface damage to, 395–401
thrust load, mounting for, 614–615
types of, 590, 593

Ball-bearing screws, 418–419
Band brakes, 769–771
Bars

compression/tension, impacted in,
298–299

deflection/stiffness formulas for, 210
energy-absorbing capacity, effect of

stress raiser on, 304–306
stress concentration factors of,

165–167
Base units, 16
Basic design objective, 10
Basic hole system, 854
Beach marks, 312–313
Beam loading, 57–60
Beams

bending impact, with compound
spring, 297–298

bent cantilever, deflection in, 215–216
centrally loaded, deflection in,

212–214
curved, bending of, 138–144
deflection in, 206–208, 850–853
deflection/stiffness formulas for,

204–205
extreme-fiber-bending stresses in,

142–144
straight, bending of, 137–138
transverse shear loading in, 144–150
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Beam springs, 522–527
Bearing(s)

ball (see Ball bearings)
bearings for shafts, 717
definition of, 547
rolling-element (see Rolling-element)
sliding (see Sliding bearings)
thrust, 581–582, 614–615

Bell crank, load analysis of, 54–55
Belt drive, with spur gears, 623–624
Belts

flat, 783–785
toothed (timing), 789
V-, 785–788

Bending
of beams, 57–58, 137–144
bevel gears, 690–692
and Castigliano’s method, 206–208
and fatigue strength, 314–321,

342–344
of gear teeth, 638–648
helical gears, 684
and residual stress, 171–173
and shear stresses, 148–150
sign convention for, 58
worm gears, 701–703

Bending impact, 290–293, 297–298
Bevel gears, 675–676, 677, 686–694

bending stress with, 690–692
force analysis with, 688–689
geometry of, 686–688
large end of, 686
pitch cones of, 686
surface fatigue stress with, 690, 692
trains, gear, 692–694
and Tredgold’s approximation, 687
Zerol, 688

Biaxial effect (of stress raisers), 162
Biaxial loading, fatigue strength for

reversed, 326
Biaxial stresses, 158, 159, 202

modified Mohr theory for, 269
Bioengineering, 55
Blind rivets, 473–474
Body stress(es), 131–177

from axial loading, 131–133
combined, 153–156
concentration factors, 162–167
from direct shear loading, 133–134
induced, 150–152
from pure bending loading, 137–144
residual (see Residual stresses)
thermal, 173–176

three-dimensional, 158–161
from torsional loading, 135–136
from transverse shear loading, 144–150

Bolted joint, shear load capacity of,
446–448

Bolts, 430
bracket attachment, selection for,

448–451
design for impact strength of, 304–306
fatigue loading, selection for, 451–461
fatigue strength, increasing, 461–462
initial tightening tension, 432–437,

452–455
pressure vessel flange bolts, selection

of, 459–461
static loading, selection for, 444–451
tension of, with external joint-

separating force, 439–444
and thread-bearing stress, 426–427
types of, 431

Bonderizing, 377
Bonding, adhesive, 489–491
Boundary lubrication, 548, 579–581
Bracket(s)

bolts for attachment of, 448–451
deflection of redundantly supported,

222–226
Brake(s), 746

band, 769–771
cone, 755–756
disk, 752–753
energy absorption/cooling with, 753–754
long-shoe drum, 760–768
materials for, 772–773
short-shoe drum, 756–760

Brasses, 105
Brazing, 489
Brinell hardness test, 97–100, 317
British Comets, 7
British Gravitational units, 16–18
British thermal unit, 22
British thermal units per second, 23
Brittle fracture, 250–251, 302
Brittle materials, 250, 276, 322
Bronzes, 105, 384
Buckingham, Earle, 650
Buckling, 227–238

columns, 227–236
eccentric loading, secant formula for,

234–236
of helical compression springs, 508
local, 237–238
of power screws, 429

Building codes, 274
Butt welds, 478, 488–489

Cadmium, 377, 402
Camshafts

power requirement, 25
torque requirement, 22–23

Cantilever beams, 215–216, 850
Carbide, 376
Carbon fiber reinforced

plastics, 108
Carbon steels, 103, 818, 822–824
Carburizing, 104, 351
Carburizing steel, 829
Cardan joint, 734
Case-hardening steels, 104
Castigliano, Alberto, 210
Castigliano’s method

elastic deflections determined by,
209–222

redundant reactions by,
222–226

Cast iron, 101–102
cavitation of, 384
endurance limit of, 318
fretting of, 388
mechanical properties/uses of (table),

819–820
surface factor for, 323–324

Cathode, 373
Cavitation, 384
Cellulosics, 109
Chains

inverted-tooth, 792–793
roller, 789–791

Change, 13–14
Charpy test, 97, 302
Chemical surface-hardening

treatments, 351
“Chilling,” 102
Chordal action, 790
Chrome plating, 349
Chromium, 376
Chrysler Corporation, 794
Clearance fits, 854
Clutch(es)

cone, 755–756
disk, 746–752
function of, 746
materials for, 772–773

Coating, 118, 121
Coining, 350
Cold rolling, 350
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Column buckling, 227–238
end conditions, column length and,

229–230
equivalent stresses, 236
J.B. Johnson parabola for, 230–234

Column loading (of power screws),
429–430

Combined stresses, 153–156
Compatibility, of materials, 11
Completely reversed loading, fatigue

strength for, 326, 334–336
Components, mechanical, 4
Composite, 111–112

engineering, 111, 112, 843
material, 111–112

Compound springs, 297–298
Compression, 131, 133
Compression springs, helical, see Helical

compression springs
Concentration, stress, see Stress

concentration factors
Cone clutches/brakes, 755–756
Configuration factor, 253, 354
Conic threaded fasteners, 416
Connecting rods, determining diameter

of, 232–234
Conservation of energy, 24–28
Constant-force springs, 530
Constant-life fatigue diagram, 327,

330–331
Contact modulus, 393
Contact ratio (CR), 629–632, 885–889
Copolymerization, 108
Copper, corrosion of, 377
Copper alloys, 105, 320, 835
Corrosion, 372–383

crevice, 376
with cyclic stress, 383
design for control of, 376–379
and electrode/electrolyte heterogeneity,

375–376
with static stress, 380–382

Corrosion engineering, 372
Cost(s)

of machined parts, 101
of materials, 89
of safety factor, 275–276

Coulomb, C. A., 265
Coulomb-Mohr theory, 269
Countershaft, internal loads in

transmission, 58–60
Couplings

fluid, 794–798
shaft, 732–735

CR. see Contact ratio
Crack

length, 253, 351–356
propagation, 252, 254, 352, 358

Cracks, stress-corrosion, 380–382
Crevice corrosion, 376
Critical sections, 60–62
Critical stress intensity factor, 252
Crossed helical gears, 675, 685–686
Cross-linked plastics, 108
Curved surfaces, contact stresses with,

392–399
Cyaniding, 104
Cyclic stress, and corrosion, 383
Cylindrical threaded fasteners, 416

Damper, 288
Damping, 290
Dashpot, 288
Dedendum, 624
Deflection, 194

beam, 206–209
Castigliano’s method for determining,

209–222
caused by linear/bending impact,

290–298
caused by torsional impact, 298–301
formulas for, 204–206
and redundant reactions, 222–226
of springs, 498–503
torsional, 205

DeMoivre, 278
Density, and strength, 113–114
Design, 3–15

ecological objectives of, 10–11
overall considerations in, 14–15
process, 116
safety considerations in, 4–9
societal objectives of, 11–14

Design overload, 273
“Design stress,” 272
Diallyl phthalate (allyl), 110
Dimensionally homogeneous equations, 15
Dimensions, primary/secondary, 16
Direct shear loading, 133–134
Disk brakes, 752–753
Disk clutches, 746–752
Disk sander shaft, safety factor of,

342–344
Distortion (plastic strain), 250
Double shear, 62, 134
Drum brakes

long-shoe, 760–768
short-shoe, 756–760

Ductile (nodular) iron, 102, 821
Ductile materials, 250

fatigue strength of, 321–322, 325
machinability of, 102

Ductility, 93–94, 829, 849
Durability (of materials), 11
Duranickel alloys, 106
Dynamic loading. see Fatigue; Impact

Eccentricity ratio, 235
Eccentric loading

columns, 234–236
welds, 481–486

Ecological issues, 10–11, 376–377
Economic issues, 401–402
Efficiency (of power screws), 421–422
Elasticity, modulus of, 91
Elastic limit, notation convention for, 91
Elastic region (true stress–strain curve),

94–96
Elastic stability/instability, 227
Elastic strains, see Strain
Elastic stress–strain relationships,

202–203
Elastohydrodynamic lubrication, 582, 648
Electrical insulators, 378
Electrical resistance strain gages,

196–197
Electrochemical reaction, 372–375
Electrolytes, 373, 378–379
Electron beam welding, 476
Electroplating, 349, 375, 401
Electroslag welding, 476
Elongation (at fracture), 92
End-quench test, Jominy, 103
Energy

conservation of, 24
and work, 21–23

Energy absorption capacity
bolt design modification to increase,

304–306
of brakes, 753–754
effect of stress raisers on, 295–296
of materials, 96–97, 294–295

Engineering, 3
Engineering model, 20
Engineering stress–strain curve, 91–94
Engineering values, 90
English Engineering units, 16–18
Epoxies, 110, 490–491
Equations

characteristic, 160–161, 189–190
dimensionally homogeneous, 15
equilibrium, 45–48
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Equiangular rosettes, 197–199
Equilibrium

and load determination, 45–48
and redundant reactions, 222
and residual stresses, 175

Euler, Leonhard, 227
Euler column buckling, 227–229

“Fail-safe” design, 7
Failure, 248–281, see also Fatigue;

Surface damage
analysis, 356, 857
and axial stress, 133
definition of, 250
distortion, 250
fracture, 251–263
mode, 849
theories of, 263–272

Fasteners, threaded, see Threaded
fasteners

Fatigue, 312–314
life prediction, 344–347
S-N formula, 333, 883–884
surface fatigue failures, 399–401
and surface treatments, 348–351
in welded joints, 486–489

Fatigue life prediction, 344–347
Fatigue loading

bolt selection for, 451–461
screw selection for, 451–457
spring design for, 513–520

Fatigue strength, 314–344
for completely reversed loading, 326,

334–336
concentrated stress, effect of, 334–344
definition of, 315
increasing bolted-joint, 461–462
mean stress, effect of, 326–334,

337–344
for reversed bending/reversed axial

loading, 320–321
for reversed biaxial loading, 322
for reversed torsional loading, 321–322
for rotating bending, 314–320
and safety factors, 272–273
and surface size, 323–326
surface treatments, effect of, 348–349

Fatigue zone, 312
FCAW (flux-cored arc welding), 476
Ferrite, 376
Ferrous materials, endurance limit of, 315
Fiber-reinforced plastics, 108
Fillet welds, 478–481
Finishing, 118, 121, 123

Finite element analysis, 238–240
steps in, 238–240

Fits, 854–856
Flame cutting, 176
Flame hardening, 104
Flat belts, 783–785
Fluid couplings, 794–798
Fluoroplastics, 109
Flux-cored arc welding (FCAW), 476
Flywheels, 23
Foot-pound force, 22
Foot-pounds, 22
Force

units of, 18
work done by, 21

Force flow
critical sections, location of, 60–62
with redundant ductile structures,

64–67
Formability, 121
Föttinger, H., 793
Fracture mechanics, 251–263

of thick plates, 255–256
of thin plates, 253–255

Fracture(s), 250–251, 312–314
Fracture toughness, 252
Free-body analysis of loads, 45–48

acceleration, automobile undergoing,
47–48

constant speed, automobile at, 46–47
internal loads, determination of, 52–53
power train components, automotive,

48–49
with three-force member, 54–56
transmission components, automotive,

50–52
Free-spinning locknuts, 438
Fretting, 388
Friction

with power screws, 419
with rolling-element bearings, 589, 591
viscous, 555–557

Fusion (welding), 474

Galling, 385
Galvanic action, 372, 376–378
Galvanic corrosion, 377–378
Galvanic series, 374
Garter springs, 530
Gas metal arc welding (GMAW), 476
Gas tungsten arc welding (GTAW), 476
Gas welding, 476
Gears, 620

bevel (see Bevel gears)

helical (see Helical gears)
materials for, 661
spur (see Spur gears)
terminology, 885–889
worm (see Worm gears)

Glass fiber reinforced plastics, 108
GMAW (gas metal arc welding), 476
Goodman lines, 330, 331
Government standards, 7
Gray iron, 101–102, 819
Greases, 546
Grinder, torsional impact in, 299–301
GTAW (gas tungsten arc welding), 476
Guest, J. J., 265–266
Guest’s law, 265–266

Hammer peening, 382
Hardness, and machinability, 101
Hardness tests

Brinell, 97–100
Jominy end-quench test, 103
penetration, 97–100
Rockwell, 97–100

Hastelloys, 106
Hazard, 8
Helical compression springs, 498–520

buckling analysis of, 508
end designs of, 507–508
fatigue loading, design procedure for,

513–520
static loading, design procedure for,

509–512
stress/strength analysis for, 504–507

Helical extension springs, 521–522
Helical gears, 675, 676, 678–685. See also

Spur gears
angle of, 678–679
bending stress with, 684
crossed, 675, 685–686
force analysis with, 681–684
geometry of, 678–681
meshing, 682–684
pitch of, 679–680
surface fatigue stress with, 684–685

Helical threads, 412
Hencky, H., 266
Hertz, Heinrich, 394, 395
Hertz contact stresses, 394, 396, 648,

650–651
Hierarchy of needs, 13
High-carbon steels, 103
High-molecular-weight polyelhylene, 108
High-strength low-alloy (HSLA) steels,

104
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Holmes, Oliver Wendell, 248
Hooke’s joint, 734
Hooke’s law, 91
Hoop tension, 62
Horsepower, 23–24
HSLA (high-strength low-alloy)

steels, 104
Hubs, 719
Hueber, M. T., 266
Hydraulic springs, 497
Hydrodynamic bearings

design charts for, 561–568
design of, 573–579

Hydrodynamic drives, history of,
793–794

Hydrodynamic lubrication, 547–550,
557–561

Hydrodynamic torque converters, 782,
798–799

Hydrogen embrittlement, 349
Hydrostatic lubrication, 548

Impact, 288–306
bending, 290–293, 297–298
linear, 290–296
static loading vs., 288–290
torsional, 298–301

Impact factor, 276, 289, 291
Impact loading, wilh roller bearings,

607–608
Impulsive loading. see Impact

Incoloy alloys, 106
Inconel alloys, 106
Induced stresses, 150–152
Induction hardening, 104, 351
Industry standards, 7
Inertia, moments of, 813
Inertia welding, 476–477
Ingenuity, 5–6
Instability, elastic, 227
Insulators, 378
Interference fits, 854
Interference points, 629–632
Interference theory of reliability

prediction, 280–281
Internal loads

in free-body analysis, 52–53
in transmission countershaft,

50–52
International Standards Organization

(ISO), 412, 553
inverted-tooth chains, 792–793
Iron, 373, see also Cast iron
Iron-based superalloys, 105, 831

ISO, see International Standards
Organization

ISO screw threads, 412, 414
Izod test, 97, 302

Jacks, screw-type, 417
Johnson, J. B., 230–231
Johnson column formula, 230–234
Joinability, 121, 846
Joint(s)

increasing fatigue strength of bolted,
461–462

riveted, 64–67
shear load capacity of bolted, 446–448
universal, 732–735
welded (see Welded joints)

Jominy, Walter, 103
Jominy end-quench test, 103
Joule, 22
Joules per second, 23

Keyways (keyseats), 717, 731
Kilowatt, 23–24

Laplace, P., 278
Laser beam welding, 476
Leaf springs, 522–527
Leonardo da Vinci, 591, 620
Lewis, Wilfred, 638
Lewis equation, 638–640
Life cycle, total, 6
Life quality index (LQI), 12–14
Limit

elastic, 91
proportional, 91

Linear actuators. See Power screws
Linear cumulative-damage rule, 344–346
Linear impact, 293–296
Linearly elastic stress–strain

relationships, 202–203
Linear plastics, 108
Loads/loading, 45–67

axial (see Axial loads/loading)
with beams, 57–60
direct shear, 133–134
dynamic, 288–290
eccentric, 234–236, 481–486
fatigue, 451–461, 513–520
and force flow, 60–62
with free bodies (see Free-body

analysis of loads)
impact (see Impact)
pure bending, 137–144
and redundant ductile structures, 64–67

redundant supports, division between,
62–64

static, 288–290
torsional, Torsional loading
transverse shear, 144–150, 428

Local buckling, 237–238
Locknuts, 438–439
Lock washers, 438
Long-shoe drum brakes, 760–768

internal long shoe, 767–768
nonpivoted long shoe, 760–766
pivoted long shoe, 766–767

Low-carbon steels, 103
Low-molecular-weight polyethylene,

107–108
LQI (life quality index), 12–14
Lubricant(s)

supply of, 568–570
types of, 546

Lubrication. See also Viscosity
boundary, 548, 579–581
elastohydrodynamic, 582, 648
hydrodynamic, 547–550, 557–561
hydrostatic, 548
mixed-film, 548, 580
self-, 580

Machinability, 101
Machine component problems,

methodology for solving, 19–21
Magnesium, 378

fretting of, 388
notch sensitivity of, 336

Magnesium alloys, 105–106, 319
mechanical properties of, 836
temper designations for, 834

Magnesium bronze, 384
Malleable iron, 102
Manufacturing, 117–123
Margin of safety, 277
Maslow, Abraham, 13
Material properties, 116–123
Materials, 89–123. See also specific

materials
anisotropic, 272
for brakes/clutches, 772–773
brittle, 250, 269
classes of (table), 843–844
for clutches/brakes, 772–773
compatibility of, 11
composites, 106, 111
corrosion of (see Corrosion)
database, property, 89–90
ductile, 250
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ecological factors in selection of, 11
energy-absorbing capacity of, 96–97,

294–295
engineering stress-strain curve for,

91–94
ferrous, 315
for gears, 661
“handbook” data on strength properties

of, 100
isotropic, 272
machinability of, 101
nonferrous (see Nonferrous

metals/materials)
penetration hardness tests of, 97–100
properties of, 117–118
relative durability of, 11
for rivets, 473
for screws/nuts/bolts, 432
selection charts for, 112–115
selection factor, 118–121
selection of, 116, 121–123
for sliding bearings, 572–573
for springs, 497
static tensile test for, 90–91, 94–96
strength charts for, 112–115
and stress concentration factors,

162–165
true stress-strain curve for, 94–96
value of, 89

Maximum-distortion-energy failure
theory (maximum-octahedral-
shearstress failure theory), 266–268

Maximum-normal-stress failure theory, 265
Maximum-shear-stress failure theory,

265–266
Maxwell, James Clerk, 267
Mean stress, and fatigue strength,

326–334, 337–344
Mechanical engineering, 3
Medium-carbon steels, 103
Melamine, 110
Metal–inert gas (MIG) welding, 476
Metal plates, corrosion of, 379–380
Metals. See also specific metals

corrosion of, 372–375
database for properties of, 89–90
physical properties of (table), 817
tensile properties of (table), 818

Microreyn, 551
MIG (metal-inert gas) welding, 476
MIL-HDBK-5J, 89, 129, 252, 320,

857–873
Millipascal-second, 551
Miner rule, 344

Mises, R. von, 266
Mixed-film lubrication, 548, 580
Mode I, 252
Model T Ford, 674
Modulus of elasticity, 91
Modulus of resilience, 96–97, 296
Modulus of rupture, 298
Modulus of toughness, 97, 296
Mohr, Otto, 152
Mohr circle

for combined stresses, 153–156
and failure prediction, 265, 266
for induced stresses, 150–152
for strain, 195–197, 202–203
stress state representation,

156–158
three-circle diagram, 161
three-dimensional, 202–203
for two parallel cylinders, 395

Mohr theory
and fatigue strength, 322
modified, 269–270

Monomers, 106, 107
Moore rotating-beam fatigue-testing

machine, 314–315

National Bureau of Standards, 372
“Necking,” 92
Needle roller bearings, 593, 595, 596
Newton-meter, 22
Newton’s law of viscous flow, 551
Newton’s second law, 16, 18
Nickel, corrosion of, 376
Nickel alloys, 106, 320, 837
Nickel-based superalloys, 106
Nickel plating, 348
Nitriding, 104, 351
Nodular (ductile) iron, 102
Nominal mean stress method, 339
Nonferrous alloys, 105–106
Nonferrous metals/materials

for columns, 236
electroplating, 349
endurance limit of, 318

Normal distribution, 278–279,
878–882

Notched impact tests, 302
Notches, 335, 593
Notch sensitivity factor, 335–336
Nuts

locknuts, 438–439
with power screws, 417–418
and thread-bearing stress, 426–427

Nylon (polyamide), 109

Ocvirk’s short bearing approximation,
561

Oil bath, 569
Oil collar, 568
Oil grooves, 569–570
Oil holes, 569–570
Oil lubricants, 546, 568–570
Oil pump, 570
Oil ring, 568
Oldham coupling, 733
“The One-Hoss Shay,” (Oliver Wendell

Holmes), 249–250
OSHA, 7
Overdesign, 248
Overhauling power screws, 420
Overload, design, 273
Oxide coatings, 377

Packaging, 11
Paints, 377
Palmgren rule, 344
Parallel loading (welds), 478–479, 481
Parkerizing, 377
Pascal-second, 551
Passivation, 376, 379
Pearlite, 376
Performance

requirement, 116–123
service, 116–123

Petroff equation, 555–557
Phase transformations, 176
Phenolic, 110
Phenylene oxide, 109
Phosphate coatings, 377
Photoelastic patterns, 637
Pillow block, 444–446
Pinion, 622
Piston ring, tangential deflection of,

217–222
Pitch cones, 686
Pitch diameter, 624, 679, 695
Pitting, 399, 648, 650
Plain carbon steels, 103
Planes, principal, 152
Plane strain/stress, 252
Plasma arc welding, 476
Plastic distortion, 250
Plastics, 106–111

applications of, 842
designation of, 108
mechanical properties of, 840
reinforcement of, 108
thermoplastics, 109–110, 841
thermosets, 110–111
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Plastic strain-strengthening region (true
stress-strain curve), 95

Plates
corrosion of metal, 376–380
local buckling/wrinkling in, 237
stress concentration factors of, 168
thick, fracture mechanics of, 255–256
thin, fracture mechanics of, 253–255

Plating, 349, 373
Pneumatic springs, 497
Pole deflection, preventing, 222–224
Polyamide (nylon), 109
Polycarbonate, 109
Polyester, 109, 110
Polyethylenes, 107–108, 109
Polyimide, 109
Polymerization, 107
Polymers, 106–108
Polyphenylene sulfide, 110
Polypropylene, 110
Polystyrene, 110
Polysulfone, 110
Polyurethane, 110–111
Polyvinyl chloride (PVC), 110
Poncelet, 312
Power, 23–24

camshaft, 25
punch press motor, 42–43

Power screws, 417–425
axial load with, 425–426
column loading of, 429–430
efficiency of, 421–422
friction coefficients, values of, 419
overhauling, 420
purpose of, 417
rolling contact in, 422–423
self-locking, 420
with square thread, 419, 421
thread angle in normal plane, values of,

420
thread bearing stress with, 426–427
thread forms for, 415
thread shear stress with, 428
thread sizes for, 416
thrust collar with, 418
torque applied to nut in, 417–419
torsional stresses with, 425, 426
transverse shear loading with, 428

Power train, automotive, 48–49
Power transmission, 782–799

by belt, 783–789
by chain, 789–793
by gear (see Gears)
by hydrodynamic drive, 793–799

Press, screw, 429

Pressure, and viscosity, 384
Pressure vessel flange bolts, selection of,

459–461
Prevailing-torque locknuts, 438–439
Primary dimensions, 15–16
Primers, 377
Principal planes, 152
Processing, 11
Professional engineering, 3
Proportional limit, 91
Punch press flywheel, 42–43
Punch press motor

with flywheel, 42–43
without flywheel, 43

Pure bending loading, 137–144
with curved beams, 138–144
with straight beams, 137–138

PVC (polyvinyl chloride), 110

Racks, 628
Radial tension, 144
Rectangular strain rosettes, 199–202
Recycling, designing for, 10–11
Redundant ductile Structures, 64–67
Redundant reactions, 222–226
Redundant supports, 62–64
Reinforcement

of plastics, 108
web, 64

Reliability, 248, 276–277
interference theory of reliability

prediction, 280–281
and normal distributions, 278–279

Rene alloys, 106
Residual stresses, 167–177

and axial loading, 167–171
and bending, 171–173
and heat, 173–176
in steel, 176
and torsional loading, 171–173

Residual stress method, 339
Resilience, 96–97

modulus of, 96–97, 296
Resistance welding, 476
Reversed bending, fatigue strength for,

334–336
Reversed loading

fatigue life prediction with, 344–347
fatigue strength for axial, 320–321
fatigue strength for biaxial, 326
fatigue strength for completely, 326,

334–336
fatigue strength for torsional, 321–322

Reyn, 551
Reynolds, Osborne, 551

Reynolds equation for two-dimensional
flow, 560

Rigidity, test for, 90
Riveted joints, 64–67
Rivets, 472–474

blind, 473–474
cost-effectiveness of, 473
materials for, 473
standards for, 472
threaded fasteners vs., 473
tubular, 473, 474

Rockwell hardness test, 97–100
Rods

connecting, 232–234
deflection/stiffness formulas for,

204
energy-absorbing capacity, effect of

stress raiser on, 295–296
straight, impacted in

compression/tension, 293–294
Roller chains, 789–791
Rolling-element bearings, 587–615.

See also Ball bearings
and axial loading, 607–608
catalogue information for,

601–604
cylindrical, 593, 594–595
design of, 596–600
dimensions of, 601–603
fitting of, 600–601
friction with, 589, 591
history of, 591–592
life requirement for, 606
needle, 593, 595, 596
rated capacities of, 605
reliability requirement for,

606–607
rings for, 594–596
selection of, 604–610
and shock loading, 608–609
sliding bearings vs., 587, 589
spherical, 593, 595
surface damage to, 395–401
tapered, 593, 594, 595
thrust load, mounting for,

614–615
types of, 592–586

Rotating bending, fatigue strength for,
314–321

Rotating machine components, power
transmitted by, 23–24

Rubber, energy absorption capacity of,
295

Rupture, modulus of, 298
Rust, 373
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Sacrificial anode, 375, 378
Safety/safety factors, 4–9, 272–274

awareness of, 5
definition of, 272–274
estimation of, for steel pan, 270–272
and ingenuity, 5–6
and margin of safety, 276
nontechnical aspects of, 9
selection of numerical value for,

274–276
techniques/guidelines for ensuring, 6–8

SAW (submerged arc welding), 476
Saybolt seconds, 552
Scoring, 385
Screw press, 429
Screw(s), 430–431. See also Power

screws
ball-bearing, 418–419
fatigue loading, selection for, 451–457
fatigue strength, increasing, 461–462
static loading, selection for, 444–451
tamper-resistant, 431
types of, 431

Scuffing, 385
Secant formula, 234–236
Secondary dimensions, 15–16
Sections, properties of, 813–815
Self-locking power screws, 420
Self-locking screws, 437–439
Self-loosening (of screws), 437–439
Self-lubrication, 580
Sems, 430
Shaft(s), 716–735

bearings for, 717
definition of, 716
deflections in, 206–209
design considerations with, 725–729
dynamics of rotating, 720–724
fatigue with, 339–341
joining of, 730–732
mounting parts onto rotating, 717–720
rigid couplings for, 732–735
stresses in, 153–156
torque-transmitting connections with,

730–732
torsional stress/deflection of, 299–301
transmission countershaft, internal

loads, 58–60
universal joints with, 732

Shear modulus of elasticity, and viscosity,
550–551

Shear/shear loading
direct, 133–134
double, 62, 134
in load analysis, 57–60

and sign convention, 57–58
sign convention for, 135

Shear strains, 195–197
Shear stresses

in beams, 144–150
and bending stresses, 148–150
and distortion, 250

Shielded metal arc welding (SMAW), 475
Shock, see Impact
Shock absorber, 288
Short-shoe drum brakes, 756–760
Shot peening, 350, 382
Significant strength, 273, 277
Significant stress, 273, 277
Silicone, 111
Sinclair, Harold, 793–794
SI units, 16–18, 771–776
Size

and corrosion, 377
and fatigue strength, 323–326

Slenderness ratio (of column), 228–229,
231

Sliding bearings
hydrodynamic bearings, 561–568,

573–575
materials for, 572–573
oil film temperature with, 571–572
rolling-element bearings vs., 587, 589
types of, 546–547

SMAW (shielded metal arc welding), 475
Snapfit assembly, 472
Snap rings, 719
S-N curves, 315–322, 330–336,869–870

formula, 883–884
Snowmobile track drive shaft, 726–729
Societal objectives, 11–14
Society of Automotive Engineers (SAE),

414, 432 , 552
Soldering, 489
Solids, mass/moments of inertia of

homogeneous, 816
Solid-state welding, 476
Solutions, engineering, 3
Spalling, 399, 650
Spindles, 716
Spin welding, 477
“Splash,” 569
Splines, 720, 730–732
Split ring, tangential deflection of, 217–222
Spring rate (spring constant/spring scale),

204–206
Spring(s), 497–530. See also Helical

compression springs
beam, 522–527
compound, 297–298

constant-force, 530
definition of, 497
flat, 522
garter, 530
helical extension, 521–522
hydraulic, 497
leaf, 522–527
materials for, 497
pneumatic, 497
redundant supports using, 62–64
torsion, 528–529
torsion bar, 497–498
volute, 530
washers, spring, 529–530
wire forms, 530

Spur gears, 620–665. See also Helical
gears

belt drive with, 623–624
contact ratio for, 629–632, 885–889
design procedures for, 656–660
force analysis with, 634–637
geometry of, 621–629
interference with, 629–632
and law of conjugate gear-tooth

action, 621
manufacture of, 628–629
materials for, 661
with racks, 628
standards for, 626–629
strength, gear-tooth-bending,

637–646
stress, gear-tooth-bending, 638–640
surface durability, gear-tooth,

648–651
surface fatigue, gear-tooth,

651–656
trains, gear, 661–665

Square thread (power screws), 419, 421
S.S. Schenectady, 251
Stability, 194

elastic, 227
Stainless steels, 104

cavitation of, 384
corrosion of, 377
fretting of, 388
mechanical properties of, 830

Standards, government/industry, 7
Standard tensile test, 264
Static failure theories, 263–272
Static loading

bolt/screw selection for, 444–451
impact vs., 288–290

Static stress
and corrosion, 380–382
on springs, 498–503, 509–512
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Static tensile test
and “engineering” stress-strain

relationships, 91–94
and true stress–strain relationships, 94–96

Statistics, normal distribution, 278–279,
878–882

Steel, 102–105. See also Stainless steels
brittle fracture in, 250–251
carburizing, 829
cathodic protection of, 374
cavitation of, 384
connecting rod, diameter of, 232–234
corrosion of, 372
electroplating, 349, 375, 401
energy absorption capacity of, 294
fatigue in, 331–334
hardness test for, 98–100, 101
mass and strength of, 828
notch sensitivity of, 335–336
oil-quenched, 826, 827
pipe/tubing sections, 814–815
residual stresses in, 176
stress-strain in, 93–94
water-quenched/tempered, 825

Steel alloys, 103–104
fatigue strength diagram for, 328
mechanical properties of, 817,

822–823
Stellite, 384
Stepped-shaft deflection, 206–209
Stiffness, 194

and redundant supports, 63–64
and strength, 111–112

Strain
elastic stress–strain relationships,

202–203
engineering vs. true, 94
equiangular rosette analysis, 197–199
measurement of, 195
Mohr circle for, 195–197, 203
notation convention for, 90
rectangular rosette analysis, 199–202
state of, Mohr circle for, 203
and stress (see Stress–strain

relationships)
Strain gages, 196–197

electrical resistance, 196
online guide to, 197

Strain peening, 350
Strength. See also Fatigue strength

ceramics, charts for, 112–115
composites, charts for, 112–115
and density, 113–114
elastomers, charts for, 112–115
gear-tooth-bending, 638–648
metals, charts for, 112–115

notation convention for, 90
penetration hardness tests of, 97–100
polymers, charts for, 112–115
significant, 273, 277
and speed of loading, 289
and stiffness, 112–113
and temperature, 114–115
tensile, and safety factors, 270–272
test data vs. “handbook” data for

calculation of, 100
test for, 90–91
ultimate, 289, 317–318
yield, 91, 290

Stress concentration factors, 162–171
completely reversed fatigue loading,

334–336
of cracks, 251–252
importance of, 165–167
mean plus alternating loads, 337–341
theoretical (geometric), 165

Stress–corrosion cracks, 380–382
Stress(es). See also Body stresses

average vs. maximum, 131–133
biaxial (see Biaxial stresses)
column, 236
combined, 153–156
fluctuating, 326
induced, 150–152
from linear/bending impact,

290–298
maximum/minimum, 326
measurability of, 194
notation convention for, 90, 95–96
principle normal, 159–161
principle shear, 160–161
residual (see Residual stresses)
reversed, 320–322, 326
shear (see Shear stresses)
significant, 273, 277
state of, Mohr circle for, 203
static (see Static stress)
from torsional impact, 298–301
three-dimensional, 158–161
uniaxial, 158
zero principal, 158, 159

Stress gradient, 162
Stress intensity factor, 257–263, 351–352,

357–358
Stress invariants, 160–161
Stress raisers, 162, 301–306
Stress–strain relationships

elastic, 202–203
“engineering,” 91–94
true, 94–96

Submerged arc welding(SAW), 476
Sudden loading, see impact

Superalloys
iron-based, 105, 831
nickel-based, 106

Superposition, method of, 206
Surface

and fatigue strength, 348–351
gear-tooth, 648–656

Surface damage, 372–402
from cavitation, 384
from corrosion (see Corrosion)
from curved-surface contact stresses,

392–399
fatigue failure, surface, 399–401
from wear, 384–392

Surface fatigue, 384
Surface fatigue stress

bevel gears, 690, 692
failure, surface fatigue, 399–401
helical gears, 684–685
worm gears, 701–703

Surface treatments, and fatigue strength,
348–351

Tamper-resistant screws, 431
Tangent modulus, 64
Tapered roller bearings, 593, 594, 595
Temperature

and corrosion, 378
and strength, 114–115
stresses, thermal, 173–176
transition, 250, 301–302
viscosity, effect on, 571–572

Temperature gradients, 175–176
Tensile loading, 252
Tensile strength, 272
Tensile test

standard, 264
static, 91–96

Tension, 131
hoop, 62
radial, 144

T-head, stress concentration factors of,
169

Thermal capacity (of worm gears),
703–708

Thermal stresses, 173–176
Thermal surface-hardening treatments, 351
Thermoplastics, 108–110, 477, 843
Thermosets, 108, 110–111
Thermosetting adhesives, 490–491
Thread angle (power screws), 420
Thread-bearing (compressive) stress,

426–427
Threaded fasteners, 411–417. See also

Bolts; Nuts; Screws
axial load with, 425–426
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bearing stress, thread, 426–427
cylindrical vs. conic, 416
design considerations with, 411
design of threads for, 414–416
geometry of threads on, 412, 414
helical thread wound on, 412
initial tension of, 432–437
manufacture of, 432
materials for, 432
rivets vs., 473
self-loosening/locking of, 437–439
shear loading, transverse, 428
shear stress, thread, 428
standards for, 412–414
torsional stresses with, 425, 432, 434–437
types of, 430–431

Thread shear stress, 428
Three-dimensional stresses, 158–161
Three-force member, load analysis for,

54–56
“Through-hardening” steels, 104
Thrust bearings, 581–582, 614–615
Thrust collar (power screws), 418
TIG (tungsten-inert gas) welding, 476
Timing (toothed) belts, 789
Timoshenko, S. P., 266
Tin, 373
Titanium, 320

corrosion of, 377
fretting of, 388

Titanium alloys, 106, 838
Tolerances, 854–856
Toothed (timing) belts, 789
Torque

camshaft, 22–23
punch press motor, 42–43
transmission of (see Power

transmission)
Torsion

and Castigliano’s method, 211–213
notation convention for, 90
with power screws, 425, 426
with threaded fasteners, 425, 432,

434–437
Torsional deflection, formulas for, 205
Torsional impact, 298–301
Torsional loading, 135–136

fatigue strength for reversed, 321–322
and residual stress, 171–173

Torsion bar springs, 497–498
Torsion springs, 528–529
Total life cycle, 6
Toughness, 97

fracture, 252
modulus of, 97, 296

Tower, Beauchamp, 557–558
Trains, gear, 661–665, 692–694
Transitional fits, 854
Transition region (true stress-strain

curve), 96
Transition temperature, 250, 301–302
Translation screws, see Power screws
Transmission, 50–52. See also Power

transmission
countershaft, internal loads in, 58–60

Transverse shear loading, 144–150, 428
in beams, 144–150
and Castigliano’s method, 211–214
in welds, 478–481

Tredgold’s approximation, 687
Tresca theory, 265
Triaxial effect (of stress raisers), 162
Triple-riveted butt joint, 64–67
True stress–strain curve, 94–96
Tubes, local buckling in, 237
Tubular rivets, 473, 474
Tungsten-inert gas (T1G) welding, 476

Udimet alloys, 106
Ultimate strength

and fatigue strength, 318–319
and speed of loading, 289

Ultrasonic welding, 477
UNC thread, 413–414
UNF thread, 413–414
Uniaxial stresses, 158, 203
Unified screw threads, 413–414
Units, 15–18

conversion factors for, 807–810
SI prefixes, standard, 810–812

Universal joints, 732–735
Urea, 110
Urethane adhesives, 491
User needs, 9

Value, of materials, 89
V-belts, 785–788
Vectors, 874–877
Vibration, 289

with power screws, 420
Vibration welding, 477
Vidosic, Joseph, 276
Viscosity, 550–555

friction, viscous, 555–557
kinematic, 552–554
measurement of, 552
and shear modulus of elasticity, 550–551
standards for, 553
temperature/pressure effects on, 555
units of, 551

Volute springs, 530
Vulcan-Werke A. G., 793

Warning information, 7–8
Washers, 430

spring, 529–530
Watt, 23–24
Wear, 384–392

abrasive wear, 387–388, 651
adhesive wear, 385–387, 580
analytical approach to, 389–392
coefficients, 387, 389–392
discretization theory, 392
fretting, 388
surface similarity, 392

“Weathering” Steels, 377
Web reinforcement, 64
Welded joints, 478–489

fatigue considerations with,
486–489

static axial and direct shear loading,
subject to, 478–481

static torsional and bending loading,
subject, 481–486

Welding, 474–477
and adhesive wear, 385
asperity, 385–386
and residual tension, 176–177

White iron, 102
Wire forms, 530
Wood beams, 297–298
Work, 21–23
“Working stress,” 272
Worm gears, 676, 677–678, 694–708

bending stress with, 701–703
force/efficiency analysis with,

696–701
geometry of, 694–696
pitch diameter of, 695–696
“recess action” with, 696
surface fatigue strength for, 702
thermal capacity of, 703–708

Wrinkling, 237

Yield point, 91
Yield strength, 91

notation convention for, 90, 91
and speed of loading, 290

Yoke connections, 60–62
Young’s modulus, 91, 95, 112

Zerol bevel gears, 688
Zero principal stress, 158, 159
Zinc, 373–374
Zinc alloys, 106, 839
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