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1 INTRODUCTION

This book studies optimal economic growth in a closed economy which
experiences non-stable population growth. The economy is described by means
of a neoclassical growth model which distinguishes overlapping generations
within the population. The basic neoclassical growth model is extended to
include various types of technical change, as well as investment in human
capital or education.

The research described in this book connects the analytical tools of
traditional growth theory with the actual demographic experience of most
industrialized countries. The role of demographic processes in the growth-
theoretical literature is discussed in the next section. The discussion will
show that growth theory needs to extend its scope through the construction of
growth models which explicitly recognize demographic forces as a potential
source of non-stationarities. This book constitutes a first attempt at such

a demographic extension.

1.1 Growth theory and demographic change

The theory of economic growth (e.g. Solow, 1970; Burmeister & Dobell, 1970;
Wan, 1971) attempts to describe and to explain the long-run development of an
economic system (or, in short, economy). An economic system is essentially
dynamic in nature. Among the most important sources of dynamics in economics

are the following:

- accumulation of capital (investment);
- technical change;

- population growth.

Some of these dynamic forces are, at least in part, endogenous to the
economic system (i.e. determined by economic variables).

The order in which these three sources of dynamics have been given roughly
corresponds to the chronological order in which they have been studied by
growth theorists. With the notable exception of Malthus (1798/1970), who was
a demographic economist avant-la-lettre, the economics profession has for a
long time almost exclusively directed its attention to the accumulation of

physical capital as the principal driving force behind economic growth. These
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efforts culminated in the seminal formulation of the neoclassical growth
model by Solow (1956) and Swan (1956) simultaneously.

The neoclassical growth model suffers from one major drawback: it cannot
explain the observed secular rise in consumption per capita by mere long-run
accumulation of physical capital. Triggered off by the pioneering work of
Solow (1957), which earned him the 1987 Nobel Prize in Economic Sciences, and
Salter (1960/1966) growth theory broadened its view to include technical
change in its analytical models.

Growth theory became a field of considerable interest in the 1960s and
early 1970s. A vast literature developed, in which authors derived new re-
sults for existing models or old results for new models.

A central concept within growth theory is the concept of the steady state.
A steady state is a situation of economic development in which all variables
grow at a constant rate. These rates can be different for different
variables; some can also be zero, so that the corresponding variable is a
constant in steady state.

It should be pointed out that a necessary, though by no means sufficient,
condition for a steady state to occur is that the relevant exogenous
variables (such as population) grow at a constant rate. Demographers use the
term stable population for a population which grows at a constant rate
(Keyfitz, 1977). The main characteristic of a stable population is that it
has a constant age composition.

The bulk of the publications on growth theory of the 1960s and 1970s have
in common that they are very heavily concentrated on steady states (cf. the
illustrative title of Von Weizsdcker's (1971) book). They are particularly
restricted to the case of stable population. Population plays only a minor
role. Some attention was paid to the long-run effect of the population growth
rate (Samuelson, 1975a; 1975b). Also it was recognized that the growth rate
of the population could well be partly dependent on economic conditions,
leading to growth models with endogenous population (Merton, 1969; Sato &
Davis, 1971; Strigens, 1975). But the obvious fact that, first, demographic
changes exist, and second, that these changes, once they occur, by their very
nature have long-lasting effects, has not been taken into account.

The sharp drop in the number of births experienced by wvirtually all
industrialized countries around 1970 has started a deviation from stable
population which will remain until all affected cohorts have died. The
decline in the number of births causes the population to age, and this in two

respects. First, when the growth rate of the number of births is constant for
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a period long enough for the population to be stable again (i.e. to have a
constant age-structure), the proportion of the elderly in the total popula-
tion is permanently higher than before the start of the fertility decline.
This is the long-run ageing effect. Second, during the transition phase there
is a period in which the elderly stem from higher growth-rate cohorts than
the younger generations, rendering the proportion of the elderly in the total
population higher than it is in the final stable population. This is the
transitory ageing effect. The transitory ageing effect of the fertility
decline is, of course, larger than the long-run ageing effect.

From the previous paragraph it follows that it takes quite a long time for
a change in the fertility pattern to work its way all through the age
structure. Thus the ageing of the population that accompanies the present
fertility decline will be a major social and economic problem until at least
the year 2060. These observations illustrate that population can be an
important source of dynamics in economic development.

There are several reasons why interest in growth theory gradually
diminished in the mid 1970s. For one thing, the field by that time had been
analysed quite thoroughly and the set of pretty and elegant theoretical
results had become more or less exhausted. Also, the relevance of growth
theory and its "stylized facts" was dealt a severe blow by the actual
economic circumstances of that period, characterized by continued capital
accumulation on the one hand and at the same time, sharp drops in economic
growth rates on the other.

Probably the main reason for the wavering interest in growth theory stems
from the simple observation that many countries began to experience a
considerable change in the size and age composition of the population. The
percentage of youngsters (often sharply) decreases while that of the elderly
increases. Figure 1.1 illustrates this ageing of the population in the case
of the Netherlands. Europe, as a whole, is an ageing continent. Ageing of the
population is not limited to western countries but is also pronounced in
countries like Japan, China, South Korea, and Singapore.

Traditional growth theory with its emphasis on the steady state is not
capable of handling these dramatic deviations from exponential population
growth. Understanding the economic consequences of demographic change
requires the construction of growth models that explicitly recognize demo-
graphic forces as a potential source of non-stationarities in economic
development. A natural way of incorporating the demographic structure into

growth models is to make the model one of overlapping generations (Samuelson,
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Figure 1.1: The age-composition of the population in the Netherlands
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1958). Such an extension of the traditional growth models moves growth theory
into the realm of demographic or population economics (Arthur & McNicoll,
1977; 1978).

Although the present significant demographic changes have greatly
intensified the interest in demographic economics much work remains to be
done. Most research in this field is concerned with the effect of ageing on
government expenditures (Clark e.a., 1978; Steinmann, 1984). Recently Ritzen
(1986b) studied the revenue side of the public sector in the context of demo-
graphic change. Studies of the plain long-run economic effects of a declining
population growth rate are relatively scarce. Some results can be found in
Auerbach & Kotlikoff (1985), and Van Imhoff & Ritzen (1987). These studies

conclude that the long-run consequences of ageing can be highly significant.

1.2 Optimal economic growth

In this book we are concerned with the consequences of demographic change on
optimal economic growth, which may be somewhat different from actual economic
growth. The theory of optimal economic growth assumes that one or more
variables in the economic system can be controlled. The theory is concerned
with determining these control variables in such a way that the resulting
economic development is optimal in respect to some objective or welfare
function. Optimal economic growth theory was pioneered by Ramsey in his
seminal (1928) article. Here the control variable is the savings (investment)
rate which has to be determined by a central planning agency.

Probably the most famous result of optimal economic growth theory is the
so-called Golden Rule of Capital Accumulation (Phelps, 1961; Robinson, 1962).
This concept was originally derived within the context of comparative statics
(i.e. comparing steady states). The Golden Rule states that the steady state
with the highest level of consumption per capita is characterized by the
equality between the marginal productivity of capital and the growth rate of
the population. Cass (1965) has shown that the Golden Rule can alternatively
be defined as the equilibrium position (singular solution) of an optimal
control problem, with the integral of consumption per capita as the objective
function. Since its first appearance in economic literature, numerous gener-
alizations and extensions of the Golden Rule have been established by various

authors.
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The main limitation of the Golden Rule concept is its tight link with the
notion of the steady state. Although the latter is very appealing from a
theoretical standpoint, it is hardly relevant to actual economic development.
At noted above, steady states can come about only if the exogenous variables
grow at a constant rate. Clearly, this condition is not satisfied in reality.
This is most obvious for population, the growth rate of which fluctuates
quite strongly; currently, the population growth rate is falling in almost
all industrialized countries. Another example of an exogenous variable
growing at a non-constant rate is technical change, although one should add
that it is not immediately clear whether this is a truly exogenous variable.
The latter, in fact, also applies to population; throughout this study I will
assume that demographic variables are completely exogenous to the economic
system.

A population has a constant age-structure (is stable) if the age-specific
mortality rates are constant and if the growth rate of the number of births
has been constant for at least n years, where n is the maximum lifespan (say
100 years). Obviously, since the age-structure of the population is an
important economic variable, a temporary change in the birth growth rate
during m years results in a departure of the economic growth path from steady
state for at least m+n years. The period during which the age-structure of
the population is non-constant (when the population itself is non-stable) can
be labelled a period of demographic transition. The economic growth path
during such periods of demographic transition I denote by the term non-
stationary. This term should be understood to indicate any economic growth
path that is not a steady state.

The study of the optimal development of an economy in periods of demo-
graphic transition, using neoclassical growth models, was started some years
ago by Ritzen & Van Praag (1985). In their study, savings are considered as
being determined by a central planning authority which aims at maximizing
some intertemporal social welfare function in discrete time. The effect on
capital formation and consumption per capita are explored for a sequence of
time periods in which the rate of population growth declines sharply. This
book continues the analysis of Ritzen & Van Praag, but also extends it in

several directions.
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1.3 Population dynamics and economic_development

The effects of population dynamics on the performance of the economy have
several distinct causal sequences. Among the most important variables that
are directly affected by changes in the population growth rate, are the

following:

1. the sheer size of the population, that is, the number of consumers and
size of the labour force;

2. the 1labour force/population-ratio and its complement, the dependency-
ratio;

3. more generally, the age-structure of the population.

These and related demographic variables, in turn, affect many of the economic
variables. In particular, they affect the optimal values of the control
variables.

There are numerous mechanisms which are responsible for these indirect
effects of demographic change on economic development. The most important of
these are savings (e.g. through pension schemes) and public expenditures
(e.g. for education, public pensions).

In the 1980s our country (as well as many other, mostly industrialized
countries) can be considered to be in the middle of the transition phase
between two situations of stable population growth. Since 1970 the yearly
number of children born alive has decreased dramatically. Today’s population
projections indicate that the number of births will remain approximately
constant until about 1995 and will decrease even further in the years after.
The most significant, and, for economic performance, most important aspect of
such a transition phase is the continuous shifting of the population’s age
structure.

An important control variable which determines the pattern of economic
growth is education. Education is very tightly linked to the age-structure of
the population, since the bulk of education is imparted to the young. From
the investment point of view this fact is easily explained: investment in
human capital takes place in the beginning of the life cycle; in the later
stages of a person’s 1life these investments are repaid in the form of a
larger contribution to production.

When the number of live births decreases, the fraction of the labour force

in the total population is diminished with a certain delay (the population
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ages). This effect, by creating a relative scarcity of human capital as
compared to physical capital, as well as by increasing the dependency-ratio,
tends to lower consumption per capita. The question arises whether this
pressure could be relieved by increasing the amount invested in education,
thus improving the productivity of the labour force. The book aims at
answering this question (Chapter 6).

A second effect of the population’s ageing is that the introduction of
technological innovations in the production process could be hampered. In
"normal” times this introduction can be assumed to be primarily achieved by
means of the constant influx into the labour force of recently educated young
people. When the relative share of this influx is reduced, it might well be
the case that education for adults becomes necessary in order to prevent the
rate of technological progress being hampered by the ageing of the labour
force. Consequently, there is an important relation between technological
development and educational policy which will receive further elaboration in

this book (Chapter 7.2).

1.4 Research goals and outline of the book

The purpose of this book is to analyse the effects of changes in the growth
rate of population on the optimal economic growth path. The goals of the
research are twofold. At the theoretical level I will construct models of
economic growth with which the effects on social welfare of demography,
investment in physical and human capital, and technical progress can be
analysed. Such models allow for the derivation of rules for optimal policy,
given the behaviour over time of the exogenous variables. The second goal of
the project is to formulate general guidelines for long-run economic and
educational policy in the decades before us, given the available demographic
projections.

Four broad groups of growth models are analysed. These are as follows:

1. the simple neoclassical one-sector model of Solow (1956). This analysis
can be regarded as a non-stationary generalization of the classical Golden
Rule case (Chapter 2);

2. one-sector models with technical change (Chapter 4);

3. one-sector models with education (Chapter 6);

4. one-sector models with education and technical change (Chapter 7).
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The Chapters 3 and 5 are of an introductory nature. They discuss the
concepts, as well as issues in modelling these concepts, of technical change
and education, respectively. From these chapters it will be seen that both
technical change and education are quite complex phenomena for which no
unambiguous way of modelling is available. Rather then committing myself to
one single model, with its unavoidable limitations, I have studied several
models which can be viewed as alternatives for each other. Each model
concentrates on one particular aspect of the complex interplay between
demography, economic growth, technical change, and education.

The analysis consists of four steps for each model:

1. formulation of the model in mathematical terms;

2. derivation of the necessary conditions for optimal economic growth, using
the Maximum Principle of control theory (e.g. Tu, 1984; Kamien & Schwartz,
1983);

3. characterization of steady states as equilibrium points (singular
solutions) of the optimal control problem, and comparative statics
analysis (which is assessing the effects of changes in the long-run growth
rate of the population on the steady-state values of the economic
variables);

4. analysis of the non-stationary optimal economic growth path, which is the
optimal growth path moving the economy from its initial steady state to
its new steady state, after the period of demographic transition has come

to an end.

The following assumptions will be made throughout:

1. demographic development is exogenous and known in advance;

2. there 1is one single production sector that produces an aggregate
commodity. Production can be either consumed or added to the stock of
physical capital (investment);

3. economic decisions are made by a central planning agency which seeks to
maximize some social welfare function in terms of consumption per capita.
Decentralized decision-making in the market is ignored (see e.g. Ritzen
(1977), ch. 6).



10 1 Introduction

Throughout the book the social welfare function to be maximized by the
central planning agency will be assumed to be given by consumption per
capita, discounted over an infinitely long time period. Consequently, the
Hamiltonian of the corresponding optimal-control problem becomes linear in
the savings rate. Thus, the equilibrium of the optimal trajectory is a
singular solution. When the growth rate of population changes this singular
equilibrium will move. It will be shown in Chapter 2 that the optimal policy
is to determine the control variables in such a way that the economy remains
in the singular equilibrium, even when this equilibrium itself moves. This
result justifies the book’s concentration on singular trajectories.

Chapter 8 provides a rather detailed application of the theoretical
models to real-life problems. The consequences of the present fertility
decline will be analysed in the case of the Netherlands, in order to get some
insight into the order of magnitude of the policy adjustments involved.
Chapter 9 gives a summary and evaluates the advantages and limitations of the

approach pursued in this book.



2 OPTIMAL FCONOMIC GROWTH IN THE SIMPLE ONE-SECTOR GROWTH MODEL

In this chapter I analyse the optimal economic growth path for the simple
one-sector growth model of Solow (1956) and Swan (1956). Attention is
directed particularly to the effect of demographic development on the nature
of this optimal growth path. Unlike previous authors (e.g. Cass, 1965;
Samuelson, 1975a) I do not restrict attention to comparative statics effects
of population growth but explicitly consider optimal growth paths along which
the rate of population growth is changing.

The following assumptions will be made throughout this chapter:

1. There is no time-dependence in the aggregate production function. This
assumption will be relaxed in Chapters 3 and 4 where technical change is
introduced into the model.

2. Human capital of an individual is a constant function of age. Investment

in education will not be considered until Chapter 5.

The plan of this chapter is as follows. Section 2.1 describes the simple
one-sector model. In section 2.2 a condition for optimal economic growth will
be derived. This condition turns out to be a generalized version of the well-
known Golden Rule of Accumulation (e.g. Phelps, 1961). Section 2.3 gives some
comparative statics results. These results allow for a generalization of
Samuelson’'s (1975a) analysis of the optimal rate of population growth
(section 2.4). Section 2.5 investigates some properties of the non-stationary

optimal growth path. The final section summarizes the main results.

2.1 The simple one-sector growth model

The simple one-sector growth model consists of three building blocks: popula-
tion and labour; production and investment; and the social welfare function

to be maximized by the central planning agency. Each block will be described

in turn.

2.1.1 Population and labour

The model recognizes overlapping generations in continuous time. The density
of the number of individuals born at time t is denoted by B(t). This density
develops over time according to the time-dependent growth rate of births,

denoted by gB(t):
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B(t) = B(t)/B(t) = gB(t) (1)

Here the notation x is used to denote the total derivative of variable x with
respect to time; ; denotes the logarithmic derivative of x.

The dynamic path of gB(t) will be assumed to be completely exogenously
determined.

People die according to some fixed age-specific survival schedule u(-).
Maximum age is denoted by n. Total population at time t, P(t), can then be

written as

P(t) = Ig p(v)-B(t-v) dv (2)
where
p(0) =1 p(n) =0 ' (v) =0 (3)

Each individual is endowed with a stock of human capital, h(v). The stock of
human capital is a function of age, v, only, so that all individuals of a
given age are equal in their labour-efficiency. Typically the function h(:)
is assumed to be unimodal, with low values for v close to zero and for v
close to n, and higher values for ages in the intermediate range. The labour
force at time t, L(t), measured in units of human capital can now be written

as

L(t) = ﬁ)‘ h(v) -p(v) -B(t-v) dv (4)
The rate of population growth gP(t) is defined by

gP(t) = B(t) = B(e)/p(e) (5)
Similarly, the rate of growth of the labour force gL(t) is defined by:

gl(r) = Lty = Leey/Lee (6)
In general, given the fixed survival schedule u(-) and the age-ability

profile h(-), the growth rates gP(t) and gL(t) are completely determined by
the dynamic path of gB(t). When gB(t) is constant for an interval of at least
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length n, then the age structure of the population is also constant and we

have:

gB(t) = gf(e) = gl(v) - ¢ )
In this case the population is said to be stable.

2.1.2 Production and investment

The production of the aggregate commodity is described by the following neo-
classical production function:

Y(t) = F[K(t), L(t)] (8)

in which Y(t) is aggregate output and K(t) is the stock of physical capital.

With respect to the production function F[-] we make the usual neoclassical

assumptions:

constant returns to scale: F[A-K(t),x:-L(t)] = X-F[K(t),L(t)] (9.1)
positive marginal products: Fg[-] >0 ; Fp[-] >0 (9.2)
concavity: Fggl-] <0 ; Fpp[:] <0 ; Fgp[-1>0 (9.3)

Here Fy and Fyy denote the first and second derivatives, respectively, of the
production function F[-] with respect to input x.
By virtue of constant returns to scale (9.1) (linear homogeneity) we can

write the production function in terms of quantities per unit of human

capital:
y(t) = £[k(t)] (10)
where

y(t) = Y(t)/L(t) (11)
k(t) = K(t)/L(t) (12)

f[-] = F[-, 1) (13)
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with
fel-1 >0 ;5 fiel-]1 <0 (14)

Physical capital is subject to depreciation at a constant rate é§. In each
period a fraction of total output is saved and added to the capital stock.
The (gross) rate of savings s(t) cannot exceed one: the economy is closed. It
will be assumed that physical capital, once installed, is not fit for
consumption which implies that the rate of savings cannot become negative.
Thus the development over time of the stock of physical capital can be

described as follows:

K = s(t)-Y(t) - §-K(t) with 0=<s(t) =<1 (15)
or, in terms of physical capital per unit of human capital:

k(t) = s(£)-y(e) - (8+gh(£)) k(D) (16)

Output not invested in physical capital is consumed. Total consumption

equals:

C(t) = {1l-s(t))-Y(t) = {1-s(t)) -£[k(t)] -L(t) (17)

2.1.3 Social welfare

We will take the social welfare function, of which the maximization is the
object of the central planning agency, to be simply the discounted sum of per

capita consumption:

o -pt C(t)
W - IO e Pt L8 4 (18)

where p is the social rate of time preference. For a discussion of this and
related social welfare functions see Burmeister & Dobell (1970), pp. 398-400.
One reason for choosing specification (18) is that it corresponds closely to
the social welfare function in the earlier writings on the steady-state

Golden Rule, maximizing long-run sustainable consumption per head.
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2.2 The Non-Stationary Golden Rule

The problem confronting the central planning agency of the preceding section

can be formulated as follows:

Ma:%lflize J"; e'pt-[l-sv(t))-f[k(t)]-;‘—g—;- dat (19)
subject to

k(t) = s(t)-£[k(t)] - (8+gL(E)} k(t) (20)
k(0) = kg (21)
0 <s(t) <1 (22)

This problem can be solved by straightforward application of Pontryagin's
Maximum Principle (e.g. Cass, 1965; Shell, 1967). The corresponding Hamil-
tonian is given by:

L(t)

sz; + '/’(t)'[S(t)~f[k(t)] - (8+gL(t)).k(t)] (23)

-pt
H(t) = e 5 (1-s(t)) - £[k(t) ]
The adjoint or costate variable ¥(t) satisfies:

bey - - S fk[k<t>1-[e'”t-{l-s<t)1~§§§% + s(t)-¢<t>] +

+ p(t) - (6+gL(L)) (24)

This costate can be interpreted as the shadow-price of capital (Dorfman,
1969). The transversality conditions for the two-point boundary-value problem

are:

k(0) = kg and 1lim ¥(t)-k(t) =0 (25)

t & ©

A necessary condition for an optimum is that the control s(t) be chosen so
that the Hamiltonian is maximized at any point in time. The partial deriva-

tive of H(t) with respect to s(t) is given by:
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dH(t)
ds(t)

- E[k(t)] (- e'Pt-§%§% + () (26)

This expression is independent of s(t). Consequently, the optimal control

depends on the successive values of the switch function

-pt L(%)

S(t) = - e P(t)

+ P(t) (27)
Define the extended shadow-price
p(t) = (r) " EEL (28)

L(t)

Then the optimal control is:

s(t) =1 if p(t) > 1 (29.a)
s(t) =0 if p(t) <1 (29.b)
0<s(t) =1 if p(t) =1 (29.¢c)

If o(t)=1, a singular solution arises, while cases (29.a) and (29.b) refer to
the "bang-bang" parts of the solution. For cases (b) and (c) we have, from
(24) and (28):
e(t) = p(t)-(p + gE(t) + 6) - filk(t)] (30)
For case (a):

o(t) = o(t)-{p + gE(t) + 6 - £[k(t)]) (31)

A singular trajectory occurs when case (c) lasts longer than a single

instant. In that case we have as an additional condition, from (29.c):
e(t) =0 (32)
In combination with (30) this yields:

frlk(t)] = p + § + gP(t) (33)
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Condition (33) can be interpreted as a generalized Golden Rule. It states
that the marginal product of physical capital should equal the rate of popu-
lation growth, corrected for depreciation and social impatience.

The Non-Stationary Golden Rule (33) has been derived for a discrete-time
version of the present model by Ritzen & van Praag (1985). Its most striking
property is its close similarity to the traditional Golden Rule for optimal

steady-state economic growth:
fr=p+6+g (34)

(cf. Phelps, 1961; Burmeister & Dobell, 1970, p. 397). Indeed, it turns out
that the steady-state Golden Rule applies equally well to situations in which
population is non-stable.

Not all of the properties of the Golden Rule can be generalized to hold
true for its non-stationary counterpart. For example, if p=0 (i.e. no social
time preference), the steady-state condition (34) 1is equivalent to saying

that the savings rate should equal the imputed factor share of capital:
s = (g+6)k/y = f-k/y (35)

This property no longer applies when the economy moves along a non-stationary
singular trajectory.

Disregarding for the moment the possible time-dependence of gL and gP we
can summarize our findings in a phase diagram in (k,p)- space, see Figure

2.1. Here k* and k™@X are implicitly defined by:
fi(k*] = p + 6 + gF (36)
0 = £[kMaX] . (g+gl).gmax (37)

From Figure 2.1 it is evident that the only trajectories satisfying the
necessary conditions and yielding optimal growth paths are the two leading
towards point (k*,1). Depending on the initial value of k the optimal policy
consists of an initial period of either maximum or minimum saving in order to
reach the equilibrium point (k*,l) as quickly as possible. Once this equilib-
rium point has been reached, the savings rate s(t) should be chosen so that

the economy remains forever at the equilibrium point. The optimal savings
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Figure 2.1: Phase diagram in (k,p)-space

‘P=B k=8
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rate is obtained by solving (20) subject to the non-stationary Golden Rule
(33).

The fact that gP(t) in (33) is time-dependent does not affect the equilib-
rium property of point (k*,l). A change in gP is equivalent to a shift of the
complete phase diagram along the k-axis. The only policy that is clearly
optimal is to choose the savings rate s so that the economy remains at the
equilibrium point (k*,1), even though the equilibrium point itself changes
position. In other words, once the stage of singular control has been
reached, the optimal policy consists of determining the control so that the
control remains singular forever after.

Throughout the analysis it will be assumed that the constraint (22) is not
binding. If this assumption turns out to be invalid the problem of deter-
mining the optimal savings rate can only be solved by explicitly computing
the value of the costate variable. This possibility will be ignored from now

on.

2.3 Comparative statics and the Golden Rule

In this section we shall consider optimal equilibrium growth in the case of
stable population. If population is stable and the economy is in its equilib-
rium position (k*,l), then the economy is said to be in steady state.

In comparing steady states three endogenous variables are of special

interest:

- the physical capital/human capital ratio k, for simplicity termed the
capital/labour ratio;
- the savings rate s;

- consumption per capita C/P.

The steady-state values of these endogenous variables are dependent on the

form of the production function f[:] and the following exogenous variables:

- the growth rate of population g;
- the rate of depreciation §;

- the social rate of time preference p.
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Comparative statics consists of determining the nature of the relationship
between the exogenous and endogenous variables.

The following three equations serve as the starting point for the

analysis:

the Golden Rule: fy=p+6+g (38)
the steady-state condition: k=0=s-f - (6+g) -k (39)
the definition of consumption per capita: C/P = (1-s)-£-L/P (40)

Total differentiation of (38)-(40) yields:

- e - - - - - -

frk 0 0 dk 1 11 dg

sfi-(6+g) f 0 ds =]k kO dé (41)

| -(1-s)fy-L/P £-L/P 1 | dp |

acre| | (1-s)fa(;‘gp) 00 |
For a linearly homogenous production function the elasticity of substitution
can be written as follows (e.g. Allen, 1938):

fk(f-kf

)
_dlog (R/L) _ k @2)

o = =
d log(FL/FK) kffkk

By using (38), (39) and (42), inversion of the matrix on the left-hand side
of (41) yields:

- 1-1 -1 -
£ 0 o0 — 0 0
Kk i
k 5+ 1
sfe-(6+g) £ O - - 3 a~m§E - 0 (43)
-(1-s)fk.£ f.I_" 1 —.p.—l— - I_‘ 1
L P P ] | P frk P ]

so that:
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dk dk dk 1

a8~ a5 "o " Eg <O “
g_z - %.a.ﬁ <0 (46)
d(ggP) L ["ﬁ . k] . (1_5).,;.%1;& Z 0 (%7)
gi%égl = %-[ p.fii -k ] <0 (for p=0) (48)
9(—;& - %-p-%k <0 (for p20) (49)

The definitely negative signs of dk/dg, dk/d§, dk/dp, ds/dp, d(C/P)/d§ and
d(C/P)/dp are plausible. Since d(C/P)/dp in (49) changes sign whenever p
does, it follows that long-run optimal and sustainable consumption per head
is maximum for p=0, as one would expect.

The effect of both g and § on s cannot be signed without additional infor-
mation on p and o, the social rate of time preference and the elasticity of
substitution, respectively. For p=0 and o<l, the effect of both g and § on
the optimal savings rate is positive. For positive p such a positive effect
also prevails for o somewhat larger than unity. These observations suggest

that the effect of g and § on s is generally positive.

2.4 Optimal population growth

The effect of the steady-state rate of population growth on long-run consump-
tion per capita in equation (47) is expressed in two terms. The first term on
the right of the equality sign is negative. Thus, if the ratio L/P does not
change with g, i.e. if the age/labour-efficiency profile is uniform, then
consumption per capita is inversely related to the rate of population growth.
This would suggest that an optimal population policy consists of choosing g
as small as possible, preferably negative.

Samuelson considered the problem of optimum population growth in (1975a).

He argued that the not very appealing result of the previous paragraph can be
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overcome by extending the model with life-cycle saving behaviour. If the
period during which individuals are active in the labour market is followed
by a period of retirement, the retired persons must be supported by the
working population. The lower the growth rate of population, the less the
number of working individuals available to support a single retired person
(cf. Samuelson, 1958). Samuelson subsequently showed that some optimal growth
rate of population, for which these two counter-acting effects of population
growth on consumption per capita cancel out exactly, might well exist (see,
however, Deardorff, 1976; Samuelson, 1976).

The presence of the second term in our equation (47) provides a general-
ization of Samuelson’s argument (see also Arthur & McNicoll, 1978). From (2)

and (4) we have, for stable population:

Ig h(v) -u(v)-e & dv

L

s - : (50)
Ig p(v)-e & gv

Let us define:

h(v) -u(v)-e &

L2(v) = 0<vs<sn (51)

Ig h(v) -u(v)-e & dv

-gv

(1]

pv)-

p(v) = 0<v<n (52)

3 #(V)'e-gv dv

Both £(-) and p(-) can be interpreted as proper probability density func-
tions. Consequently we can define the mean and variance of these probability

density functions. The mean age of the labour force and its variance are,

respectively:
mL(v) = fg v-2(v) dv (53)
vark(v) = Ig (v-ml(v)) 2. 2(v) dv (54)

while the mean age of the population and its variance are given by:

mf(v) = Jg v-p(v) dv (55)
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varP(v) = JB (v—mP(v))z-p(v) dv (56)

All these quantities are functions of the age-efficiency profile, h(-), the
survival schedule, u(-), and the long-run population growth rate, g.

Using these definitions we have, on differentiating (50) with respect to

g:

d rL L

% L] - 50f® - ok (57)
2

d_z [Iﬁ] = I5‘-(mP(V) - aleon? o+ I§‘-(varL(V) - varf(v)) (58)
dg

Equation (57) states that a higher growth rate of population increases
(decreases) the labour force/population ratio if and only if the mean age of
the population is higher (lower) than the mean age of the labour force. This
result makes sense: since a fast-growing population has a relatively young
age-structure, the relative productivity of the population will increase with
g 1f labour efficiency is concentrated in the younger age groups, and vice
versa.

Equation (58) shows how g affects the difference between the mean ages of
the population and of the labour force. If these mean ages are equal,
implying that the labour force/population ratio reaches an extremum for the
particular value of g, then the sign of the effect depends on the relative
variances of the two age distributions. The unimodality of the age-efficiency
profile h(:) guarantees that the variance of the age of the population
(varP(V)) is larger than the variance of the age of the 1labour force
(varL(v)). Thus, the expression on the right-hand side (RHS) of (58) is
negative for mL(v)=mP(v). This implies that an extremum of L/P is a maximum.

From the foregoing analysis we conclude that for very low values of g the
second term on the RHS of (47) could well become positive. We cannot exclude
the possibility that there exists an adverse effect of g on L/P strong enough
to impose an effective lower bound to the extent to which the rate of popula-
tion growth can be profitably reduced.

The two-generation model of Samuelson (1975a) emerges as a special case of

our model by putting:

u(v) = 1 for all v, 0 s v<n (59)
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1 for all v, 0 < v < n/2
h(v) = (60)
0 for all v, n/2 < v<n

It is not hard to see that in this special case the RHS of (57) is always
positive.
The comparative-statics results derived in this and the previous section

are summarized in Table 2.1.

Table 2.1: Comparative-statics results for the simple one-sector growth model

effect of: g 5 P
on
k - - -
s + 1) + 1) -
c/P - 2) - sign(p)
£
1) for o <1 + 5+g

2) except possibly for very low values of g

2.5 The non-stationary optimal growth path

In this section I will explore the nature of the optimal growth path during
periods of demographic transition. It will be clear that the issues involved
are so complex that it is very difficult, if not impossible to obtain any
definite general results. As a "second-best" solution to the problem I will
indicate some plausible properties of the non-stationary optimal growth path.
Some numerical examples are included to illustrate the main points.

The steady state will serve as the starting point for the analysis. The
non-stationarity of the population is induced by a gradual change in the

dynamic path of the growth rate of births gB(t), causing gP(t) and gL(t) to



2 The simple one-sector growth model 25

change as well. The economy will only return to a new steady-state growth
path if the growth rate of births stops changing and remains constant for at
least n periods. Typically one should think of gB(t) gradually decreasing
over time, this being the present demographic experience in most industrial-
ized countries.

As in the previous section I concentrate on the dynamic path of k, s and
C/P.

For k we have, from the non-stationary Golden Rule (33):
k=—. (61)

Thus k changes over time in the opposite direction of gP.

For s we have, from (20):

. Ly .
s = k +fEiTg )k (62)

Differentiation with respect to time yields:

£ L
s = %. - EE'(k)z + k-[ gL - gP.a._ﬁiE__ ] (63)
p+6+gF

using (61), (33) and (42). Here the notation x is used to denote the second

derivative of variable x with respect to time. For k we have, from (61):

£ £
" 1 "P kkk o P 1 "p kkk ,-P
k o RXX k. === (g)?

-1 -l P 64)
Fex © 2 & " Fq 8 3 (
kk Fick kk Fiek
Now (63) can be written as:
"p *P 2 f f L
S = %. %__ - %__ . EE + fEEE + k- éL - éP.a._ﬁiE__ (65)
Kk Kk Kk p+é+gf

The term fyyi/fyx in (65) is not recognized as some familiar characteristic
of the production function (Miller (1976), however, discusses the role of the
third derivative of utility functions). Its algebraic sign can only be deter-

mined for special classes of production functions. For CD functions the sign
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is negative. For CES functions the sign can be ascertained by differentiating

the elasticity of substitution (42) with respect to k:

£ (£-£ k) f
do d "k k 1 kkk
_= = - == ————— = - (£ _ (£-2kf )+f . (f+kf +kf—) 0} (66)
dk dk kffkk kffkk kk k’ “kk k fkk

If we assume that do/dk=0, as is the case for the class of CES production

functions, then after some rearranging of terms (66) yields:

f |33
kkk 1 k 1
ok (2-0)-—E— - (140) - ;E-((Z-a)'wK - (1+40)} (67)
kk
where
k£
k
w="F (68)

denotes the imputed factor share of physical capital. Since ng is between
zero and unity, the RHS of (67) is negative'for all o>1/2. In addition, for
ng<l/2 the RHS of (67) is negative for all o0>0. Thus we should expect
frkk/fxk to be negative. This property boils down to assuming the third
derivative of the production function to be positive, implying that the
marginal product of capital, fy, is downward-sloping and convex to the
origin.

Furthermore we have, from (67) and (68):
;E + ;EEE - ;5 + %E.((z_a).ﬁx - (l+0)) = %E-(wa - (1+0)) (69)

kk

Again, the RHS of (69) is negative for all ¢>0 if ng<l/2 and is negative for
o>1 for any ng. Barring unrealistic values for ng and o we thus expect
(f/E)+(fkk/fxk) to be negative. This property implies that the curvature of
the marginal product function (kfyyk/fixk) exceeds the elasticity of the
production function (kfy/f).

Now we return to equation (65) and sign the various terms on its right-
hand side. In the initial phases of a period of demographic transition with
the growth rate of births falling, éP will be negative while éL will be

"
almost zero. Furthermore, gP will also be negative. Then all terms on the RHS

of (65) are positive, yielding the conclusion that the savings rate rises on
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an initial time interval of the non-stationary optimal growth path, as the
population growth rate falls.

After some time the decreasing growth rate of births will have pushed
itself further and further into the age-structure of the population.
Gradually EP will return towards zero, while at the same time éL becomes
negative and approaches éP in absolute value. For positive p and/or o smaller
than unity this will result in the third term becoming negative. The net
effect on s is ambiguous: it might be negative, zero or positive during the
middle phases of the transition period. Whatever may be the case, it is

certain that the rise of s decreases over time.

Finally, the decrease in the birth growth rate comes to a halt. éP becomes
gradually zero, éP being positive and éL lagging behind éP. Ultimately the
economy will reach a phase in which the first and third term on the RHS of
(65) are negative and more than offset the positive second term which becomes
less important as é approaches zero. Thus before returning to steady state
the optimal growth path will exhibit a falling savings rate.

I therefore conclude that during a period of demographic transition with
the growth rate of births falling, the curve of the optimal savings rate
follows an inverted U-shaped pattern.

The presence of the second term on the RHS of (65), expected to be
generally positive regardless of the direction of the demographic change,
suggests that the preceding analysis can not simply be inverted for applica-
tion to the case of a rising growth rate of population. The initial path of s
cannot unambiguously be signed in the latter case. Either there is some
interval over which s initially falls, in which case the complete curve is
more J-shaped than U-shaped, or s is rising all the time.

The development of consumption per capita along the non-stationary Golden

Rule-path can be derived from (40) and (20):

C/P = (L/P)-(£[k]) - k - (6+g%) k) (70)
Differentiating (70) with respect to time, using (33), yields:

L[S Cigh - gt ¢ kgt gh ok - K - il an
Consider first the terms within the second pair of brackets. For gB falling,

the third term is positive during the complete period of demographic transi-

tion, and for reasonable values of p so is the first term; the second term is
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initially negative, finally positive but except for a short initial interval
probably relatively small as compared to the two other terms. Thus the
complete expression (L/P)-((p+gP-gL)~ﬁ-ﬂ-éL-k) is expected to be positive
along almost the full non-stationary growth path.

The first expression in (71), on the other hand, is initially positive,
ultimately negative, while its sign during the middle phases of the demo-
graphic transition depends on whether the respective growth rates are above
or below some critical value. For the reasons discussed in the previous
section, under "normal" circumstances these growth rates are not sufficiently
low to cause any significant adverse effect on the ratio L/P. As a conse-
quence the term gL-gP is expected to be positive for the main part of the
transition period, except for some relatively short final interval when éL is
close to zero and éP slightly negative.

I conclude that a falling birth growth rate generally causes a steady rise
in consumption per capita, except for a possible slight decline during a
short initial interval as well as just before the economy settles back to its
new steady-state growth path.

Table 2.2 summarizes the findings of the analysis of the non-stationary
optimal growth path.

Some numerical illustrations are given in Figures 2.2 and 2.3, for falling
and rising birth growth rates, respectively. The production function used is
of the constant elasticity of substitution variety, with o taking values of
0.5 and 0.9. The values of the parameters used in the computations are given
in Table 2.3.

The illustrations highlight the conclusions of the theoretical analysis.
The optimal savings rate follows an inverted U-shaped or U-shaped pattern,
according to whether the growth rate of population is falling or rising.
Consumption per capita is almost invariably inversely related to the growth

rate of population.
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Table 2.2: Characteristics of the non-stationary optimal growth path

29

k s (C/P)

1. gB falling

- i nitial phases > >0 ?

- midd le phases > ? >0

- final p hases > <0 ?
2. gB rising

- initial phases ? ?

- middle phases <0

- final phases ?

Table 2.3: Parameters used for illustrations in Figures 2.2 and 2.3
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2 The simple one-sector growth model

Figure 2.2: Optimal economic growth with gB falling
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Figure 2.3: Optimal economic growth with gB rising
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2.6 Summary

In this chapter I have analysed optimal economic growth in the simple one-
sector neoclassical growth model.

The optimal growth path under non-stable population is characterized by a
Golden Rule which is a strikingly straightforward generalization of the
traditional steady-state Golden Rule of Accumulation.

Comparative statics analysis shows that a rise in the long-run growth rate
of population should generally be accompanied by an increase of the optimal
rate of savings and results in a decrease in consumption per capita, the
latter possibly with the exception for very low values of g. The results
allow for a generalization of Samuelson’s (1975a) analysis of optimal popula-
tion policy. My conclusion is that there could be an effective lower-bound to
the extent to which the rate of population growth can be profitably reduced.
When the mean age of the population exceeds that of the labour force, then it
is no longer a certainty that a reduction of the rate of population growth
increases per capita consumption along optimal trajectories of economic
growth.

The nature of the optimal growth path during periods of demographic tran-
sition is so complex that definite general results cannot be obtained. I have
shown that under plausible assumptions the optimal savings rate follows an
inverted U-shaped or U-shaped pattern, according to whether the growth rate
of births is falling or rising. Consumption per capita, on the other hand, is

for most of the time inversely related to the growth rate of population.



3 TECHNICAL CHANGE AND ECONOMIC GROWTH

The one-sector growth model presented in Chapter 2 suffers from one major
drawback: it does not allow for a rise in income or consumption per capita in
the long run. Except for obviously unrealistic functional forms of the
production functions there is a definite upper limit to the long-run rate at
which physical capital can be advantageously accumulated. As soon as the
economy has reached tliis long-run upper limit, marking the beginning of the
Golden Age, consumption per capita remains at its highest possible 1level
which is constant over time.

If the accumulation of capital cannot explain the secular rise of consump-
tion per capita, then there must be some other determinant of economic growth
(always in per capita terms) at work. This determinant of long-run growth of
income per head is generally termed technical change.

Since the concept of technical change is rather vague I will devote some
space to a precise statement of what technical change exactly is and how it
can be introduced into models of economic growth. These introductory issues
are dealt with in the present chapter. In the sub-chapters of Chapter 4, a
number of different growth models with technical change will be analysed with
special reference to the case of non-stable population. There the analysis of
Chapter 2 will be generalized for the more realistic case in which technical
change prevails.

The plan of this chapter is as follows. In Sub-chapter 3.1 a definition of
technical change is given. In Sub-chapter 3.2 I discuss three major topics in
modelling technical change: the endogeneity issue, the neutrality issue and
the embodiment issue. Sub-chapter 3.3 gives an overview of one-sector growth
models with technical change ordered according to the classifications
developed in Sub-chapter 3.2. This overview serves to clarify the selection

of models that will form the object of analysis in Chapter 4.
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3.1 On_the concept of technical change

The literature on technical change, both in growth theory and in other areas
of economic research, has reached vast proportions during the last thirty
years. Still, the ongoing debate does not seem to have even produced a
generally accepted definition of the concept itself. Typical for this
confusing state of affairs is the survey article by Kennedy & Thirlwall
(1972). In their introduction the authors announce that they will "use the
term [technical progress] in two main senses" (p. 12), thus carefully circum-
venting the problem of defining the subject matter of their article but at
the same time missing the opportunity to settle, once and for all, the
debate's terminological confusion.

In the early days Solow (1957), in his typically uncomplicated style,
defined technical change simply as "any kind of shift in the production
function" (p. 312). This characterization quickly conquered growth theory,
permitting the discussion to focus on higher-level topics, like the exogene-
ity/endogeneity, neutrality and embodiment issues. In this general spirit Wan
(1971) states that technical change "implies a ... shifting of the entire
isoquant map" (p. 147), in order to subsequently concentrate his attention
upon the nature of these shifts.

The snag is, of course, that this view of technical change merely trans-
fers the problem of definition to the production function itself, or for that
matter to the corresponding isoquant map. A production function is generally
believed to describe the relationship between factor quantities and the
maximum output that can be produced from those factor quantities. But most
(if not all) concepts included_in this "definition" are not at all unambi-
guously defined. Consequently, the question whether shifts in the production
function have occurred, let alone what kind of shifts, hinges on more funda-

mental questions, of which the most relevant are the following:

- What are factors of production? If by these all variables are meant that
affect maximum output then by definition no shifts in the production func-

tion occur.

- What is exactly meant by quantities or, more specifically, in what units
are quantities measured. If "technical change" merely affects units of
measurement then the relationship between factor quantities and maximum

output remains unchanged.
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This second question is of course related to the first one.

With regard to the first fundamental question, let us consider knowledge.
Rennedy & Thirlwall (1972) define technology as "useful knowledge pertaining
to the art of production" (p. 12) and denote changes in technology by the
term technical change. Such "useful knowledge" can be increased by allocating
resources to research and development, just as the stock of physical capital
can be increased by building new "useful machines". It is not immediately
clear why the former type of investment should be labelled "shifting the
production function" while the latter is simply labelled "accumulation of
physical capital”. Shell (1967b) constructs a growth model in which
"technical knowledge" and physical capital are treated in a practically
identical way. Yet, when in the same volume the model is slightly reformu-
lated it appears that he interprets increases in technical knowledge as
shifting the production function (Shell, 1967a).

The second fundamental question can be illustrated by considering the role
of education, which will be discussed more fully in Chapter 5. Few economists
nowadays will question the positive impact of education on the productivity
of the labour force, convinced as they are by the pioneering work of Schultz
(1961a; 1961b; 1962) and Becker (1964/1975). If we measure the labour force
in biological units, e.g. man-hours, then increased education could well be
labelled "technical progress" (e.g. Uzawa, 1965; Wan, 1971; Kennedy & Thirl-
wall, 1972). Alternatively, the very name of the Human-Capital school
suggests that the labour force should be measured in units of human capital
(e.g. Hu, 1976; Ritzen, 1977). Skipping for the moment the question whether
"human capital" should be interpreted as a homogeneous or a heterogeneous
concept (cf. Chapter 5), this view implies that education merely increases
the quantity of some factor of production (or, alternatively, transforms one
factor of production into another factor of production) and has not necess-
arily anything to do with technical change.

In my view the two fundamental questions formulated above can only be

answered after agreement has been reached over a third one:

- How do we visualize the process by which output is produced? Who or what
directs the production process, what elements of the process are under
his/its control and what elements are not? How does the time dimension

enter the production process?



36 3.1 On the concept of technical change

This third fundamental question is in a way the most fundamental of all and a
proper answer to it would probably solve all other problems associated with
the "tenuous concept of the production function" (Kennedy, 1966, p. 442).
Unfortunately, the problems raised are of such infinite complexity that a
reconciliation between completeness and manageability of the answer seems
fairly remote. Thus, even if it were my ambition (which it is not) to settle
two centuries of controversy over production theory I would not have the
ability to satisfy it. This being so I shall merely seek to sketch a frame-
work which is sufficiently consistent to allow a satisfactory characteriza-
tion of technical change.

Even for centrally planned economies it is realistic to describe produc-
tion as being carried out by decentralized production units or firms. The
"resources" available for production are distributed over these firms. The
production process within the firm is assumed to be directed by an entrepre-
neur who is so closely linked to the firm that he might be identified with
it. It is assumed that the time span between the start of the production
process and the moment at which the output produced becomes available for
further use is "short", in the sense that both the distribution of resources
over firms and all other variables affecting maximum output remain constant
during this time span.

The economy as a whole is characterized by either a set of competitive
markets or a central authority (or some combination of the two). Imagine that
just before the start of the production process either the market or the
central authority can "threaten" to change the variables affecting a firm's
maximum output in such a direction that the change would damage the firm’s
achievement.

I define any variable for which the threat might conceivably be executed
by the term "factor of production". All other variables, of which the values
could not conceivably be changed in a direction disadvantageous to the firm
even by the most malicious authority, are not factors of production; they
determine the position and shape of the production function but do not enter
the production function as arguments, only as parameters. Finally, whenever
either the marginal rate of substitution between two factors of production is
constant or two factors are always used in fixed proportions, they are
treated as a single factor of production after suitable redefinition of their
respective units of measurement (cf. Hicks, 1939/1946).

Now the production function can be defined as describing the relationship

between the quantities of the factors of production (as defined in the previ-
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ous paragraph) and the maximum output that can be produced with these factor
quantities. Any shift in this relationship is defined as technical change.

The preceding characterization of the production process and the corre-
sponding definition of a factor of production may appear far-fetched and
needlessly complicated. It should be kept in mind, however, that its only
purpose is to allow a satisfactory distinction between technical change, on
the one hand, and changes in factor inputs on the other, the two being, by
definition, the only determinants of maximum output. Let wus take some
examples and find out whether this purpose has been served.

Consider knowledge. Knowledge is information that is to be found in entre-
preneurial brains, books, blueprints, computer tapes or similar articles. As
far as knowledge lives in the entrepreneurial brain is does not fit our defi-
nition of factor of production: it cannot be removed by external forces
without seriously injuring the entrepreneur himself and this has already been
ruled out by identifying the entrepreneur with the firm. When knowledge is in
books, not brains, the definitional test is somewhat more troublesome to
apply. If the book is not in print (imagine Alfred Nobel suffering a fatal
stroke while putting the last hand to his treatise on the art of dynamite
production) it certainly should be labelled a factor of production. Apart
from these bizarre special cases it is hard to imagine a society in which an
entrepreneur is not able to obtain new copies of books recently confiscated
by secret police if he really wanted to.

When knowledge is distributed by means of a patent system the answer
depends on the degree of compliance with the patent laws. With 100 percent
compliance such knowledge would be a factor of production. Although it is not
so much the knowledge itself as it is the patent warranting its use that fits
the definitional test, both variables are treated as one single factor of
production, being always used in fixed proportions under full compliance.
However, examples like Rubick’'s Cube being freely Made in Taiwan indicate
that full compliance is not generally achievable.

As a consequence of the preceding discussion the diffusion of knowledge
should be labelled technical change (or progress). Here diffusion of know-
ledge is understood to indicate an increase in the number of entrepreneurial
brains equipped with the knowledge in question; it should not be confused
with the embodiment of technical change, which will be discussed more fully
in Chapter 3.2, Section 3.2.3. The characterization of diffusion of knowledge
as technical progress is in accordance with authors like Hicks (1965) and
Heertje (1977). On the other hand, Kennedy & Thirlwall (1972) specifically
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state that "technical progress should not be confused with the diffusion of
existing technical knowledge, which does nothing to change production possi-
bilities"™ (p. 12). But, indeed, when production is decentralized, diffusion
of knowledge does change production possibilities. The view of Kennedy and
Thirlwall seems to be shared by Nelson & Phelps (1966), although their formu-
lation is less explicit and somewhat ambiguous.

Next, consider education. For one thing, education increases the produc-
tive potential of individuals enjoying it. It 1is clear that the 1labour
services of an educated person can be denied to an individual firm, either
through the market (a competitor offering a higher wage) or by the central
authority (decreeing transfer of the person involved). Thus, according to my
definition, education is not technical change but increases the stock of some
factor of production. Moreover, if educated people perform the same task as
non-educated people, only performing better, then all labour services derived
from both educated and non-educated people are lumped together into one
single factor of production called, say, "human capital"; if, on the other
hand, the marginal rate of substitution between educated and non-educated
labour is not constant, implying that the two types of labour perform quali-
tatively different tasks, then at least two factors of production should be
distinguished. This discussion will be continued in Chapter 5.

Carrying the implications of my definition to their limits, a change of
weather might be labelled a - probably temporary - technical change. Thus,
rising world prices for coffee when frost spoils most of Brazil’s coffee crop
can be related directly to exogenous disembodied Hicks-neutral technical
regress. While such a statement is admittedly not very meaningful I believe
that the case of weather-induced technical change illustrates the conceptual
clarity and consistency of the definitions given above.

A concept of technical change based on the fundamentals of production
theory is to be preferred to inaccurate and ad-hoc definitions 1like Bins-
wanger’'s (1978a): "technical change ... refer[s] to changes in techniques of
production at the firm or industry level that result both from research and

development and from learning by doing" (pp. 18-19).
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3.2 Classifications of technical change

Using the concept of the production function developed in the previous
section, technical change in period t is defined as any shift which trans-
forms the production function prevailing in period t-1 into the production
function prevailing in period t. In general the nature of the shift will
depend on the arguments of the production function, i.e. on the quantities of
the factors of production. If we make the standard (though by no means
innocent; cf. Samuelson, 1947/1983, pp. 83-87) neoclassical assumption that
the production function is homogeneous of degree one in all of its arguments,
then the magnitude of the shift is proportional to the scale of production
and we can equivalently define technical change in terms of the unit-
isoquants in periods t-1 and t, respectively.

The rate of technical change at time t will be defined as the magnitude of
the shift that transforms the production function F{.;t-1] into F[.;t] after
correction for the scale of output. The bias or direction of technical change
will be defined as the change in the categoral income distribution that
results from the technical change. These two components of the concept of
technical change will be discussed more fully in Section 3.2.2.

Most of the time I will restrict my attention to the hyper-aggregative
case of two factors of production, "capital" K and "labour" L, as in the
neoclassical one-sector model of Chapter 2.

In this chapter I will discuss some issues on the nature of technical
change. At the same time I will try to give an overview of the literature on
technical change in models of economic growth.

Three major classifications are common in the literature:
- exogenous vs. endogenous technical change;
- mneutral vs. biased technical change;

- embodied vs. disembodied technical change.

Each classification will be discussed in turn.

3.2.1 Exogenous vs, endogenous technical change

A variable is called exogenous with respect to a particular model if its

value is not affected by forces explained in that model. For those economists
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who dislike thinking in terms of models, an exogenous variable is completely
determined by non-economic forces, i.e. is not affected by people’'s manage-
ment of scarce resources that have alternative uses. All variables that are
not exogenous are endogenous.

Thus, when Solow writes some antilog of time in front of his production
function he clearly treats technical change as an exogenous variable. The
justification for doing so can be found in one of several arguments, given in

decreasing order of implausibility:

- blueprints for new techniques of production are falling like manna from
heaven;

- changing the figures in Edison’s dictum somewhat, technical change is for
100 percent the result of inspiration and has nothing to do with economic
forces ("perspiration");

- technical change does require perspiration but the extent to which perspi-
ration is shed does not depend on any variables explained in the growth

model under consideration.

Although modelling technical change as a purely exogenous variable can
certainly yield some fruitful insights, the original figures mentioned by
Edison indicate that it should serve only as a first step towards a more
satisfactory, i.e. endogenous treatment.

The general way in which technical change has been defined suggests that
it is not just a single variable but rather a whole complex of variables that
economists should try to explain. Numerous authors have constructed models in
which one or several variables out of this complex total have been made endo-
genous. As far as technical change is concerned it is not so much a question
of exogeneity versus endogeneity; but rather that exogeneity is only the
beginning of the scale which ranges through increasing degrees of endogeneity
to finally disappear into the infinity of complete understanding.

An initial modest degree of endogeneity is obtained with models in which
some kind of research sector is discerned. In such models some aggregate
called "stock of technical knowledge" is introduced of which the rate of
growth is an increasing function of research effort (e.g. Uzawa, 1965;
Phelps, 1966a; Shell, 1967b). However, the nature of this function as well as
the direction of the resulting technical change (usually postulated to be

Harrod-neutral) remain completely exogenous.
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Similarly, in the early models on the diffusion of technical knowledge
through e.g. education, the nature and development of the "theoretical level
of technology" is left unspecified (Nelson & Phelps, 1966).

A third group of models elaborate on the "learning-by-doing" hypothesis
(Arrow, 1962; Levhari, 1966a and 1966b; Sheshinski, 1967). Here some learning
function provides a causal link between the activity of production (or,
alternatively, investment) and technical progress. Although some theoretical
and empirical support for the learning hypothesis exists, the functional form
of the learning function and the direction of the technical progress thus
induced are generally left unexplained. Incidentally, these learning-models
illustrate that "endogenous" is not necessarily equivalent to "resulting from
deliberate economic decisions". Contrary to research and education, learning-
by-doing is generally believed to proceed without conscious recognition (Wan,
1971, p. 215-216).

A somewhat higher degree of endogeneity is achieved by the so-called
"induced invention"-models. These models were originally intended to explain
not so much the rate as the direction of technical change. However, as we
will see in the next section the rate and direction of technical change are
closely related. By postulating the existence of a technical progress func-
tion and assuming that firms maximize the instantaneous rate of technical
progress subject to the restrictions implied by this frontier, the "induced
invention"-models yield both rate and direction of technical change as endo-
genous variables (e.g. Kennedy, 1964; Samuelson, 1965; Ahmad, 1966; Drandakis
& Phelps, 1966; Chang, 1972).

These early writers on induced invention were able to obtain their remark-
able results at the expense of having to introduce an alternative exogenous
concept, viz. that of the technical progress function or "innovation possi-
bility curve" (Ahmad, 1966). Binswanger (1974; 1978b; 1978c) has tried to
remedy possible embarrassment about this exogenous cuckoo in the economists’
nest by formulating a micro-economic theory of induced invention. Thus the
technical progress frontier itself becomes an endogenous relationship. Its
building blocks consist of a number of purely "technological" (i.e. non-
economic) relations on the one hand and a couple of behavioural relations on
the other, describing the agents’ economic choices with respect to these
technological (exogenous) variables.

The whole exogeneity-versus-endogeneity issue is not one of the simple
"either-or" type. As is so often the case in economic model-building, the

answer depends on the stage of the model-building process at which one is
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content to consider one’s own job as finished and prepared to leave the
remainder of the task of explaining things to fellow disciplines. In this
respect one degree of endogeneity is not just better or worse than another.
The bad thing starts only when one tries to draw conclusions that reach
beyond the borders of generality incorporated in the explicit and implicit

assumptions of the model.

3.2.2 Neutral vs, biased technical change

The bias or direction of technical change has been defined in terms of the
effects of technical change upon the categoral income distribution, i.e. the
relative shares of the factors of production in total output. If technical
change leaves the categoral income distribution unaffected then it is said to
be neutral, otherwise it is said to be biased.

However the categoral income distribution is not only affected by tech-
nical change but also by changes in the quantities of the factor inputs,
either autonomous or induced by the technical change itself. As a consequence
any statement concerning the bias of some technical change is conditional to
the changes in the factor quantities one is prepared to allow for. Thus there
is an infinite number of senses in which technical change could be termed
neutral.

In the case of two factor inputs, capital and labour, there are three
obvious ways in which a particular kind of change in factor quantities might
be an interesting benchmark in defining neutral technical change (cf.

Burmeister & Dobell, 1970, pp. 67-77):

1. The most obvious case is the one in which factor quantities do not change
at all or, possibly (since the production function exhibits constant
returns to scale anyway), change in the same proportion such that their
ratio remains constant. This case, in which the capital-labour ratio
remains constant, corresponds to Hicks’ measure of the bias of technical

change.

2. The second case is the one in which factor quantities both change in such
a way that the capital-output ratio remains constant. It corresponds to

Harrod’s measure of the bias of technical change.
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3. The third case is the reverse of the second and leaves the labour-output
ratio constant. It corresponds to Solow’s measure of the bias of technical

change.

The Hicksian measure is particularly suited for short-run analysis when
factor quantities are fixed. It describes the effect of technical change upon
the categoral income distribution for the case in which the factor propor-
tions are held fixed.

Harrod’s measure 1is especially concerned with steady-state economic
growth. In steady state the major economic variables either remain constant
or grow steadily at some fixed rate. The relevance of a constant capital-
output ratio stems from it corresponding to a constant savings rate.

Solow’s measure has its roots in the early models with capital vintages.
Capital vintages arise when technical change is embodied in capital equip-
ment. The embodiment issue will be dealt with more fully in the next sub-
chapter. Here it suffices to note that, since the maximization of output at
any time requires that labour be allocated in such a way that its marginal
product is equalized across all vintages actually used, and since labour’'s
share is obtained by multiplying its marginal product by the labour-output
ratio, Solow's measure of the bias of technical change can alternatively be
interpreted in terms of differences in labour-output ratios across capital
vintages.

In the case of two factor inputs the bias of technical change can be
defined unidimensionally in terms of either factor share. Technical change is
termed capital-using, capital-saving or neutral according to whether it
increases, decreases or leaves unchanged capital’s relative share, given the
particular measure used.

Let us formulate each measure of the bias of technical change in terms of
the production function (cf. Chang, 1972). Write the production function at

time t as follows:
Q = F[K,L; ¢t} (L)

where Q denotes output, K and L denote the quantities of the factors of
production capital and labour, respectively, and t stands for (continuous)
time, at the same time determining position and shape of the production

function F[:-]. The rate of technical change at time t is defined as the
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magnitude of the shift that transforms F[-;t] into F[:;t+dt] correcting for
the scale of output, i.e.
143 1

1 C ] = 1.9

R(t) Q at F[K:Lv t] Q at Qt/Q (2)
Here the notation Xy is used to denote the partial derivative of x with
respect to t; it should not be confused with the notation x which denotes the

total time-derivative of x.

Equation (2) makes it clear that R(t) is a function of the factor inputs K

and L.
By virtue of the assumed linear homogeneity of F[:] in K and L we have:
- k.99, 0.9 _ g :
Q = K-3p + L-37 = K-Fg + L-Fp, (3)

Partial differentiation with respect to t yields:

F F

Kt Lt
Q¢ = K-Fgr + L'FLe = (K.FK).W + (L-FL)'i:,—L"' (4)
or, using (2):
R(t) = mg-mg + =y -my, (5)
where
K-F L-F
1rK=Q—K ; 1I'L==—Q—L N 1I'K+1I’L-1 (6)

denote the relative shares of capital and labour, and
mg = S— ; W =T— (7)

denote the ceteris-paribus rates of change in the factors' marginal products.

Now we have, from (6):
ng = Fg + K - Q (8)

Using homogeneity:

A 1 . . 1 A A
Fr = - [Fre + Frek + Feo-f] = - [Fre - LoFeo- (K-D)] =
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F L-F. F-F T
_Kt L ~_KL 5 » L
- —_— K-L) = nmy - — K L (9)
o s S S L S (95
where
_dlog /) _ kL

(10)

- d log (FL/Fg) - F. Fki,

is the elasticity of substitution (e.g. Burmeister & Dobell, 1970, p. 11).
From (3) and (5):

Q = mg-K + xp-L + R (11)

which yields

Q-K = -xp-(R-L) + R (12)
R-L = (1/mg)- @-L-R) = (13)
- - (U/m) - (Q-R-R) (14)

Using these equations the three measures of the bias of technical change can

be written as follows:

Dﬂlcks 2

|k, ™ M - R = (mgomp) (15)
Harrod _ ~
’ = me|oeg = K - (rL/e) (-1/m) - (-R) - 0 = mg - R/o (16)
Solow A
P =k a=£ =mg + n-(1-1/0) - (1/mg)-(-R) - R =
.y T p
- ;E. ;E-mx - R+ % - ;E-R = (np/7g) - {(R/0) - mp) (17)

From (5) and (15)-(17) we can deduce the following conclusions:

- Technical change simultaneously Hicks-neutral, Harrod-neutral and Solow-
neutral is possible if and only if the elasticity of substitution equals

unity (cf. Uzawa, 1961); if technical change is always simultaneously
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Hicks-neutral, Harrod-neutral and Solow-neutral, then the production

function is Cobb-Douglas.

- If technical change is simultaneously Hicks-neutral and Harrod-neutral,
then it is also Solow-neutral; if it is simultaneously Harrod-neutral and
Solow-neutral, then it is also Hicks-neutral; if it is simultaneously

Solow-neutral and Hicks-neutral, then it is also Harrod-neutral.

- The three measures (15)-(17) are of the same sign if and only if the elas-

ticity of substitution equals unity.

If one requires that technical change be neutral in some sense for any input-
output combination (i.e. for all points of the production function) one has
to impose certain restrictions on the parametrization of the production
function (cf. Burmeister & Dobell, 1969). For the three measures (15)-(17)

these specific parametrizations take the following form:

Hicks: %E ;% =0, i.e. F[K,L; t] = aj[t]-G1[K,L] (18)
3 Fe

Harrod 3K Fi =0, i.e. F[K,L; t] = G2[K,ap[t]" L] (19)
3 Fe

Solow: L FE =0, i.e. F[K,L; t] = G3[a3[t]-K,L]} (20)

where G[x,y] is homogeneous of degree one in x and y. These formulas follow
directly from (15)-(17), (5), (10) and the requirement that F{-] be homogene-
ous of degree one in K and L.

The special character of technical change implied by the parametrizations
(18), (19) or (20) is termed output-augmenting, labour-augmenting or capital-
augmenting, respectively. All three are special cases of the more general

factor-augmenting technical change:

F[K,L; t] = G[a[t] -K,b[t] L] (21)

Burmeister & Dobell (1969) have shown that the parametrization (21) is equi-
valent to requiring that technical change be neutral for all input-output
combinations along growth paths on which the capital-labour ratio is a func-
tion of time alone. They also show how (18)-(20) can be obtained as special

cases of (21).
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It should be stressed that any one of the parametrizations (18)-(21)
severely restricts the nature of the shifts in the production function. This
restrictiveness is not so much caused by the assumed neutrality of technical
change as by the additional requirement that neutrality should prevail for
all points of the production function. A similar case, in which the apparent-
ly harmless additional assumption that some relationship holds irrespective
of one’s initial position turned out to be responsible for quite unsuspected
and indeed unwelcome results (the assumption in question turned out to imply
that the production function is Cobb-Douglas), has been the subject of an
intricate discussion between Ahmad and Kennedy (Ahmad, 1966; Kennedy, 1967;
Ahmad, 1967). As Samuelson (1965) put it:

"Once I write down a transformation function ... I forget to make it so
general as to be compatible with all behaviour. It would be all right,
indeed salutary, to put restrictions on behavior if such restrictions
grew out of empirical observations, but if they grow merely out of the

happenstance of definition, the result can be harmful" (p. 351).

Since there is not a priori any convincing reason why technical change should
be inherently restricted in a fashion as implied by any of the specifications
(18) through (21), extreme care must be taken before committing oneself to
factor-augmenting or similarly restrictive parametrizations.

Still, however true these observations may be for empirical or micro-
economic work, there are good reasons why growth theorists need not be too
concerned about the warnings raised. As long as one believes in steady-state
growth - despite the constant influx of exogenous shocks battering the
economic system - representing a reasonable approximation to actual economic
development and at the same time does not seriously question the famous
"stylized facts" of economic history (e.g. Solow, 1970, p. 2-3), only tech-
nical change that is always Harrod-neutral makes sense.

This special status of Harrod-neutrality derives from the simple fact that
commodities are produced by means of commodities. Anyone acquainted with
Hofstadter’s (1979) "eternal golden braid" will appreciate that any system
producing its own origins is extremely liable to explosive behaviour. Steady-
state economic growth serving as a razor’s edge, the slightest deviation from
long-run Harrod-neutrality would result in capital becoming either increa-
singly or decreasingly efficient in producing output and consequently itself,

thus inducing an ever widening distance between actual and stylized economic
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development. This is obviously the case for the one-sector model but can be
easily shown to hold for any disaggregated multi-sector model as well. Thus,
as long as capital plays a role in producing output, growth theory and

Harrod-neutrality of technical change (if any) will be closely linked.

3.2.3 Embodied vs. disembodied technical change

Although the distinction between "embodied" and "disembodied" technical
change is quite familiar in the literature it is not easily defined in terms
of shifts of the production function.

The founding father of the embodiment hypothesis Solow (1960) formulated
its essence as follows: "Improvements in [embodied] technology affect output
only to the extent that they are carried into practice either by net capital
formation or by the replacement of old-fashioned equipment by the latest
models, with a consequent shift in the distribution of equipment by date of
birth" (p. 91). Wan (1971) defines embodied technical progress as "an 'inward
shift’ of the entire isoquant map ... due to the use of newer equipment" (p.
147). And Bliss (1968): "[embodied] technical progress takes the form of a
flow of new ideas for the construction of investments, but it does not
include any new ideas for the more efficient employment of existing machines"
(p. 105).

On closer inspection these and similar definitions run into serious
trouble. Sticking to Bliss' terminology, consider an entrepreneur with such a
new idea for the construction of some machine. According to Solow’s statement
cited above his output in the present period (t) is not affected by this new
idea since the factor inputs at the firm’s disposal are exactly the same as
they were before.

In the next period (t+l) the entrepreneur has constructed a number of new
machines. According to Wan's statement the isoquant map has consequently
shifted. This observation, however, is inconsistent with the definition of an
isoquant. Isoquants are functions of factor inputs and the new machine
"embodying" the entrepreneur’'s new idea is clearly a factor of production.
Then the effect of the introduction of the new machine should be measured in
terms of movements along the isoquants, not in terms of shifts of the
isoquants. In this respect the fact that the new type of machine is a factor

of production of a kind that did not exist before is not an essential issue.
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Thus we conclude that the technical change does not occur in period t+l.
Then it must have occurred in period t. Somehow the statement that output in
period t is not affected by the entrepreneur’'s new idea must be false.

The two seemingly contradictory conclusions that embodied technical change
occurring at time t does not affect output at time t but at the same time
shifts the production function (by definition of technical change) can be
reconciled only if we allow technical change to affect the rates at which
aggregate output can be transformed into final commodities, i.e. consumption
goods and investment goods. This interpretation of embodied technical change

has been formulated very clearly by Layard & Walters (1978):

"There is the assumption that technical progress somehow increases
outputs from given inputs. This may be possible if organisation is
improved and the like. But in most people’s minds technical progress
has to be embodied in new inputs. A given person with a given calcu-
lator cannot suddenly do more sums per hour, but he may be able to do
more sums with an electronic calculator costing the same to make as the
mechanical calculator. This leads us to think of technical progress as
occurring because of improvements in the quality of machines created at
a given cost in terms of consumption foregone. Thus we are no longer
assuming that consumption and machines are the same thing" (p. 297, my

italics).

In other words, the change in production possibilities due to embodied tech-
nical change depends on the allocation of output. In the quotation cited
above, Bliss explicitly stated that embodied technical progress does not
include any new ideas for the more efficient employment of existing invest-
ments. This view is inconsistent with the notion that new investments are
produced by means of existing investments. Thus Bliss seems to imply that
embodied technical change affects the efficiency of the employment of
existing investments according to the final commodity that is being produced.

It should be pointed out that I have never assumed that consumption and
machines (or any produced factor of production) are one and the same thing.
However, in referring to aggregate output I have implicitly assumed that the
marginal rate of substitution in production between consumption goods and
investment goods, as well as that between any two different kinds of invest-
ment goods, is constant. It is precisely this marginal rate of substitution

that is affected by embodied technical change.
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Summing up, embodied and disembodied technical change can be defined in

two alternative ways. I define disembodied technical change as follows:

1. Disembodied technical change is any shift of the production function that
leaves the marginal rate of substitution in production between any two

final commodities unchanged.

2. Disembodied technical change is any shift of the production function that
in relative terms is independent of the final commodity in terms of which

output is measured.

These two definitions of disembodied technical change are clearly equivalent.
Embodied technical change is defined accordingly as any technical change that
is not disembodied.

Using the definitions it is clear why our entrepreneur’s new idea for the
construction of some machine is a form of embodied technical change. In terms
of consumption goods the new idea leaves the production function unaffected.
In terms of the new machine, however, the production function is shifted,
having been identically zero before.

Since embodied technical change can by definition occur only if multiple
final commodities are distinguished the concept is especially difficult to
interpret in terms of a one-sector model. Restricting attention to technical
change embodied in physical capital (embodiment in human capital will be
discussed in Chapter 7.2), it is typically assumed that equipment of diffe-
rent dates of manufacture (vintages) is operated independently so that the
aggregate production function can be written as the sum of all vintage
production functions (e.g. Solow, 1960). By definition of a one-sector model,
consumption goods and investment goods are perfect substitutes in production.

If technical change is completely embodied and does not shift the produc-
tion function in terms of consumption goods, then for equipment of a fixed
vintage, the number of consumption goods attainable from given quantities of
capital and labour is the same, at any point of time, while the number of
investment goods attainable varies over time. According to Jorgenson (1966),
these observations imply that a one-sector model with completely embodied
technical change is equivalent to a two-sector model with completely dis-
embodied technical change that is confined to the investment-goods sector and
with identical production functions (except for a time-dependent scale

factor) in the two sectors (p. 10). But then we could, by appropriate change
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of units of measurement, reformulate the model as a one-sector model with
disembodied technical change.

If this were true then there would be no need for a distinction between
embodied and disembodied technical change on theoretical grounds. On empiri-
cal grounds the relevance of the embodiment hypothesis has been questioned by
various authors. Denison (1964) argues that the hypothesis is of little
importance since its factual implications are hardly different from those of
the disembodiment hypothesis. Jorgenson (1966) goes even further, showing
that when technical change is measured by index numbers of total factor
productivity the two hypotheses are empirically indistinguishable (i.e. the
embodied and disembodied components of technical change are unidentified).

Still, Jorgenson’s theoretical argument against the embodiment hypothesis
is not complete. His conclusion is warranted only under the additional
assumption that the investment goods embodying the new technology are only
quantitatively, not qualitatively different from the investment goods of
previous vintages. Surely, an economy endowed with production units exhibi-
ting the most bizarre varieties of production techniques (i.e. vintage
production functions) will behave quite differently from an economy with only
two production units and one single stock of physical capital.

The assumption that investment goods embodying subsequent levels of tech-
nology are not qualitatively different is intuitively seen to be equivalent
to assuming that embodied technical change is purely capital-augmenting, i.e.
Solow-neutral for all points of the vintage production function (cf. Section
3.2.2). This is precisely the condition under which the investment goods of
various vintages can be aggregated into one single aggregate capital stock,
the existence of which is implicitly assumed by Jorgenson.

The equivalence of purely capital-augmenting embodied technical change and
the existence of an aggregate capital stock has been proven by Fisher (1965)
and Diamond (1965). A slightly different proof will be given below.

In Chapter 3.1, I defined as a condition for the aggregation of two
factors of production that their marginal rate of substitution be constant.
The marginal rate of substitution between two capital goods of different

vintages v] and v9, say, equals:

Koy g aq %) &Gy Gy
K(v1) dK(v9) * 8K(vy) 8K(v9) ' 3K(vy) Fg(vy)

(22)

Putting vy=v, vo=v+dv and letting dv-+0 the condition for aggregation becomes:
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%; log Fg(v) = ﬁx(v) is a function of v only (23)

A

with the notation now denoting relative changes across vintages, keeping
calendar time fixed.
Maximization of output given past investments requires that the marginal

product of labour be equalized across capital vintages, i.e.

FL(V) = 0 (24)
In a way analogous to equation (9) we can write:

FL = mp + (ng/0)- (K-L) (25)
which implies, in combination with (24):

R-L = - o-mp/ng (26)

Substitution of (26) into (9) yields, using (5) and (6):

A

Fg = mg + (ap/ng)-mp, = R/ag = Fy/(K-Fyg) (27)

%K is a function of K, L and v. Since Fg and consequently ﬁK is homogeneous
of degree zero in K and L, a necessary and sufficient condition for (23) to
hold is:

S Fx=0 (28)
3K 'K

Straightforward manipulation of (28), using definition (10) and homogeneity,
yields the following:

0 = a_ ﬁ _ 9 Fv - FKV'K'FK ) FV'FK
3K "K T 3K K-Fg

- FV-K-FKK

=

(K-FK)2

= Fgy'K-Fg - Fy'Fg - Fy-K-Fgg = (Fy-L:-Fry)-Fg - Fy-Fg + Fy-L-Fgp, = 0

Fo FrFer Fiy
= Fy-L-Fgr, = Fp'L-Fry = F—.FK-F - iET = R/o = my, (29)

which is equivalent to putting (17) equal to zero. Thus there exists an
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aggregate capital stock under embodied technical change if and only if
embodied technical change is Solow-neutral for all input-output combinations.

If technical change is not purely capital-augmenting we expect growth
models with embodied technical change to yield different conclusions than
models with disembodied technical change. These differences should become
marked particularly along paths of transition between steady states, with
which we are especially concerned when population is non-stable.

In concluding this section some final remarks are in order. First,
although embodied technical change is usually thought of as increasing the
economy’s efficiency in producing investment goods, our definition equally
allows embodied technical change to increase the economy's efficiency in
producing consumption goods while leaving its efficiency in producing capital
equipment unaffected. Product innovation is an example of such a type of
embodied technical change.

Second, Bliss (1968) seems to suggest that complete embodiment of tech-
nical change is equivalent to the vintage production function being of the
"putty-clay" type, i.e. the capital-labour ratio being variable before an
investment is realized but fixed thereafter. I do not see why this should be
so. Ex-post substitution is quite compatible with the embodiment of technical
change. On the other hand, even a production unit with completely fixed
factor inputs could become more productive with the passage of time. Thus
neither feature of the production process necessarily implies the other.

Finally, it should be stressed that there is no connection whatsoever
between the embodiment issue and any factor-augmenting character of technical
change. In particular, technical change embodied in one factor of production
does not necessarily augment that factor, nor does it necessarily not augment

other factors (cf. Binswanger, 1978c, p. 129).
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3.3 Technical change in one-sector growth models

The 1960s formed the Golden Age of growth theory. Stimulated by the
pioneering work of Solow (1956) and Swan (1956), by the discovery of the
Golden Rule (Phelps, 1961; Robinson, 1962) and by the development of the
powerful tools of optimal control theory (Pontryagin e.a., 1962; first
applied to the problem of economic growth by Cass, 1965), numerous authors
embarked on formulating endless variations on the basic neoclassical growth
model, deriving new theorems and investigating conditions for optimal
economic growth.

The general striving for product differentiation is reflected in the
variety of ways in which technical change has been incorporated into these
models. Using the three major criteria for classification discussed in the
previous section and restricting the attention to one-sector growth models,
the most important contributions are summarized in Table 3.3.1.

Table 3.3.1 shows a number of unconquered areas. Except for the otherwise
quite specific learning models, embodied technical change has been invariably
modelled as a completely exogenous variable. This state of affairs may be
largely ascribed to the great analytical complexity of models with embodied
technical change that is not Solow-neutral. Furthermore, it is doubtful
whether rendering embodied technical change endogenous would add significant-
ly to our economic insights.

Rather than fill the gaps in Table 3.3.1, I propose to apply some models
from the more crowded cells to the problem of non-stable population. In
Chapter 4.1 exogenous disembodied labour-augmenting technical change will be
added to the elementary one-sector model of Chapter 2. The introduction of
this type of technical change requires a trivial modification of the steady-
state Golden Rule (cf. Burmeister & Dobell, 1970, p. 406) but its implica-
tions for the nature of the non-stationary optimal growth path is not
immediately clear.

In Chapter 4.2 the model of Solow e.a. (1966) is analysed for the case of
non-stable population. Due to the existence of heterogenous non-aggregable
investment goods, the application of the Maximum Principle in this model is
by no means straightforward. The system to be controlled has a memory and
time lags, being themselves endogenous, play an important role in the deriva-
tion of the optimal non-stationary growth path.

Returning to the mathematically more manageable case of disembodied tech-

nical change, Chapter 4.3 introduces endogenous technical change. The model
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will be extended to include a research sector that is engaged in the task of
increasing the level of technology, along the lines of Shell (1967b) and Sato
& Suzawa (1983); the resulting model is the model of Uzawa (1965). The
optimal growth path, both steady-state and non-stationary, is now character-
ized by two Golden Rules: one for investment in physical capital and ome for

investment in research.



4 OPTIMAL ECONOMIC GROWTH UNDER CONDITIONS OF TECHNICAL CHANGE

This chapter analyses optimal economic growth under non-stable population and
conditions of technical change. Three models, each with a different type of
technical change, will be inveétigated.

In Chapter 4.1 exogenous disembodied labour-augmenting technical change
will be added to the simple one-sector model of Chapter 2. The introduction
of this type of technical change requires a trivial modification of the
Golden Rule but its implications for the nature of the non-stationary optimal
growth path are not immediately clear.

Chapter 4.2 analyses a model with technical progress that is embodied in
physical capital. The production function is characterized by fixed factor
proportions (Solow e.a., 1966). Due to the existence of heterogenous non-
aggregable investment goods, the application of the Maximum Principle in this
model is by no means straightforward. The system to be controlled has a
memory and time lags, being themselves endogenous, play an important role in
the derivation of the optimal non-stationary growth path.

Chapter 4.3 introduces endogenous technical change. The model will be
extended to include a research sector that is engaged in the task of
increasing the level of technology, along the lines of Uzawa (1965). The
optimal growth path, both steady-state and non-stationary, is now character-
ized by two Golden Rules: one for investment in physical capital and one for

investment in research.
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4.1 A model with exogenous disembodied technical change

This Chapter extends the analysis of Chapter 2 to the case of completely
exogenous, disembodied, and labour-augmenting (i.e. Harrod-neutral every-
where) technical change. First I consider the Generalized Golden Rule for the
extended model. Section 4.1.2 gives some comparative statics results. In
Section 4.1.3 the nature of the non-stationary optimal growth path in the
presence of technical change is analysed. The final section summarizes the

main results.

4.1,1 The Generalized Golden Rule

According to equation (3.2.19), the production function shifts over time in

the following fashion:

Y(t) = F[KR(t),L(t); t] = F[K(t),A(t) -L(t)] (1)

Using the notation of Chapter 2 we now have the following maximization

problem:
Maximize J"g e (1-5(0)) A(®) £ 1k(E)/A(D) ] - D a )
subject to

k(E) = s(6)-A(£) - £[K(E)/ACE)] - (6+gL(E)) k(L) 3)
K(0) = ko (%)
0 <s(t) <1 &)

The only difference between this problem and the maximization problem of
Chapter 2 is that we now have the expression A(t)-f[k(t)/A(t)] instead of
f(k(t)] for output per unit of human capital. Making this substitution into
the Generalized Golden Rule (2.33) we find:

dy(t)

®E) ~ Pt E® (6)

$ (O EIO/A® ) = £ KE©)/A®] =
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where f’[:] denotes the first derivative of f[:]. Thus we reach the perhaps
surprising conclusion that technical change does not affect the condition for
optimal economic growth (cf. Nordhaus, 1967). In particular, this conclusion
is contrary to the common textbook knowledge that the marginal product of
physical capital should equal the sum of the population growth rate and the
rate of labour augmentation (e.g. Burmeister & Dobell, 1970, pp. 406-407;
Wan, 1971, p. 305; cf. Phelps, 1966b, pp. 137-157).

The argument leading to the textbook conclusion runs as follows. Labour-
augmenting technical progress is equivalent to an increase in population
measured in "efficiency units". Thus technical progress can be introduced
into the model simply by replacing g everywhere by the growth rate of popula-
tion measured in efficiency units, which is g+i. This argument is not valid
because it implicitly affects the social welfare function. Efficiency units
do not consume, only natural persons do. Even if we wish to measure the
labour force in efficiency units this does not warrant measuring the
"consuming" population in efficiency wunits as well. Indeed, since the
Generalized Golden Rule refers to gp, not gL, our result that technical
change does not affect the Golden Rule is not so surprising after all.

Phelps’ (1966b) analysis, on the other hand, consists of showing that for
f’=i+g consumption per head is maximized at any point in time. Our result (6)
does not imply that Phelps’ argument is wrong. Rather is says that given the

social welfare function (2) it is not optimal to maintain Phelps’ Golden Rule

path. This observation is similar to one of Pearce's (1962) criticisms of
Phelps’ (1961) original work on the Golden Rule (see also Phelps, 1962).
From the Generalized Golden Rule (6) we have that in equilibrium under

stationary population. the ratio k/\A is constant, or

k=X e K=9g+ 2 (7
Physical capital grows at a rate g+l. Since the quantity A-L grows also at a
rate g+A and since the production function is homogeneous, output, too, grows

A
at a rate g+, implying a constant savings rate. This is of course what we

should have in steady state.

4.1.2 Comparative statics

For comparative statics the following three equations are relevant:
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the Golden Rule: f'{k/A] = p+ 8§ + g (8)
the steady-state condition: k = i-k = s:X-£[k/A] - (6+g) -k 9)
the definition of C/P: C/P = (1-s)-X-f[k/A]-(L/P) (10)

The relevant exogenous variables are:

- the growth rate of population g;
- the rate of depreciation §;
- the social rate of time preference p;

A

- the rate of labour augmentation .

Since in steady state consumption per capita C/P grows at a rate i it is
somevwhat troublesome to speak of comparative statics effects of the exogenous
variables on C/P. Consequently, I will measure the steady-state effect of a
change in any exogenous variable by the difference between the long-run
optimal growth paths of two economies that differ in the exogenous variable
under consideration only. In particular the two economies to be compared are

taken to start from a common level of labour-augmenting technology .

Keeping X constant, total differentiation of (8)-(10) yields:

£ o 07 [ a/m
sf'-(6+g#h) £ 0 ds -
-(1-5),\f'% ME 1 d(c/p)
g ]
[1 1 1 0o
ds
- | x K/A 0 K/ (11)
dp
_(1-s)xf%g& o o o0 |
[ a) |

Inverting the matrix on the left-hand side of (11):
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£ 0

sf'-(S+g+\) f
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0 £
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d(k/x) d(k/A) d

-1 -

and (12) gives:

dg dsé

dde/N) _

EKE,HLP_U

dg ds f

>

|‘b
'

~

Q

-]

~

ol
[a;]

>

X =7
~~
(2 o
(5]
o
e
=
— p———
o
<l

>

Q o
~~
(=7 {e)]
> ©

]
e N’

|
a1l

>
H’;Ib

L
- -A~§-(k/x)

dp

- (k/A) ] + (1-s).x.f-éi§égl

>
z 0

- (k/X) ]

<0

>
<

0 0
£ 0

va 1
EE £E0]
0

Now a necessary condition for the integral (2) to converge is that
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(20)

(21)
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p > A (22)

Given condition (22), the derivatives in (19) and (20) are negative. Further-
more, if we assume that the elasticity of substitution o does not exceed
unity, condition (22) ensures that the derivatives in (15) are also negative.

For the effect of g on initial consumption per capita the analysis of
Chapter 2 remains valid: the effect is generally negative except possibly for
values of g so low that the adverse effect of lowering g on the labour-popu-
lation ratio L/P outweighs the positive effect given by the first term on the
RHS of equation (18).

Comparing the expressions for the comparative-statics effects of g, 6§ and
p to the corresponding equations in Chapter 2, we find that the presence of a
positive rate of labour augmentation changes the effects on s and C/P in
absolute terms but not in sign.

We now turn to the long-run effect of i itself. A change in i does not
affect the ratio k/)X as should be obvious from the Generalized Golden Rule
(6). For s we have from (17) a positive effect of i. Since s cannot exceed
unity, this implies an upper bound to the ratio of labour-augmentation compa-

tible with steady-state optimal economic growth:

s £Lk/N)*]

A< — - (6+g) (23)
(k/X)

From (21) we see that an increase in i (keeping initial X fixed) lowers the
initial level of consumption per capita. This effect is solely due to the
decrease of the optimal propensity to consume (l-s). On the other hand an
increase in iAsteepens the long-run growth path of output and consumption per
capita. This implies that the C/P-path of an economy with a high i is
initially below the C/P-path of an economy with a lower X but will eventually
overtake this alternative path and dominate it ever after. These effects of i
on C/P are illustrated in Figure 4.1.1.

Taking the case without labour-augmenting technical change (;-0) as the
benchmark and normalizing A(0)=1, this overtaking is easily seen to take

place at time

£[K*(0)] - K*(0)-(6+g)

t*(A) = (1/)-log _
£[k*(0)] - K¥(0)- (6+g+))

(24)

Then
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The effect of labour-augmentation on the long-run

Figure 4.1.1:

optimal consumption path
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lim t*(A) = 4 (25)
P . B
k*(0)

which illustrates once more that there is an upper limit to the feasible rate
of labour-augmentation.

The various comparative-statics results are summarized in Table 4.1.1.
This table is essentially the same as its counterpart in Chapter 2, except

for the last column, which is new.

Table 4.1.1: Comparative-statics results for the one-sector model

with exogenous disembodied labour-augmenting technical

change
effect of: g 5 p A1)
on:
K ; ; ; 0
s +2) +2) ; +
C/P (level) - 3) - - -

1) K restricted by:

A

a) A < p
R *
b) A< M]_ - (6+g)
(k/2)*

2) For o < étgig
S+g+X

3) Except possibly for very low values of g
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4.1.3 The non-stationary optimal growth path

This section extends the analysis of Section 2.5 to the case of exogenous
disembodied labour-augmenting technical change.

For notational convenience I define:
x = k/X (26)

Since the role of x is virtually the same as was the role of k in Section
2.5, I concentrate on the dynamic paths of s and C/P.

For s we have, using (9) and (26):

_k+ (s5+gl) k% + (s+gld) x

A-fk/A] B f[x] (27)
Differentiation with respect to time yields:
s = E'[ x + xéL + xX + (6+gL+i)-i - %—-i~{§+(6+gL+i)-x) ] =
1| g £ 12 e LY P stgeer
=E~ %ﬁ-[%']-[f_*-f'_']*-x'lig +X-g-a-——gp—] (28)
’ S+g +p

The nature of the dynamic path of s during periods of demographic transition
depends, among other things, on the way in which the rate of labour augmen-
tation X varies with the growth rates of population gP and/or labour gL. Here

I will investigate two cases:

1. The rate of labour augmentation is independent of demographic forces. In
order to concentrate on the effect of demographic transition I will assume
that i is constant in this case.

2. The rate of labour augmentation is positively correlated with the growth
rate of labour. This view has been advocated by e.g. Simon (1977 and
1986). In this case i falls and i is negative during periods in which the
economy experiences a secular decline of the growth rate of births, popu-

lation, and labour.

The properties of the dynamic path of s in the absence of technical change
have been discussed in Section 2.5 on the basis of equation (2.63). If X=0

(case 1) the only difference between that equation and the present (28) is
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the presence of the term X in the numerator of the last term on the RHS of
(28), increasing the positive effect of lowering the growth rate of popula-
tion on the optimal savings rate. Thus, other things being equal, a higher
rate of labour augmentation implies a rising portion of the s(t)-curve (for
negative éB) that is initially steeper and lasts longer. Also the negative
net effect of lowering gB on the savings rate is smaller under conditions of
technical progress. The latter conclusion can alternatively be obtained from

equation (15), observing that

§§ [%i] - Eéﬁ-a-6+;+p <0 (29)
If, on the other hand, K is correlated with gL (case 2), then the presence of
the term & on the RHS of (28) reinforces the negative effect on s of the
decreasing growth rate of labour. In this case the decreasing portion of the
s(t)-curve is steeper than in the absence of such correlation. However,
without further information on the form of the production function, the
interaction between gL and 3, and other crucial parameters of the system, any
more definite conclusions cannot be obtained.

Next, let us briefly consider the dynamic path of C/P. From (10) and (27)

we have:

C/P = (L/P)-A-(f - x - (§+gl+\) -x) (30)
Differentiating with respect to time and substituting previous results:

©72) = S5 + S (gl-g?) + Eoa-((o-dngPoghy -k - % - (Bled)-x) (31)

This expression corresponds to equation (2.71). The first term on its RHS
describes the secular rise in consumption per capita as a result of technical
progress. Only relatively large offsetting effects of the remaining terms
could (temporarily) change the sign of the overall rate of change of C/P,
being positive most of the time.

The results of the analysis in Section 2.5 can in the present context be
interpreted as applying to transitional deviations around the long-run trend
in consumption per capita. There I concluded that such deviations are mostly
positive for falling gB, corresponding to a positive net effect of lowering

gB on consumption per capita.
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In so far as exceptions to this general tendency occur they are reinforced
by the multiplicative presence of the factor A in the third group of terms on
the RHS of (31). In this respect technical change renders the direction of
the dynamic path of C/P during periods of demographic transition somewhat
less predictable. If i is positively correlated with gL, however, the prob-
ability of such exceptions to the general trend occurring is diminished.

However, regardless of the sign of the net effect of the second and third
terms on the RHS of (31), it is highly improbable that any negative influence
would be so strong as to outweigh the secular positive effect of the first
term. Thus it seems reasonably safe to conclude that consumption per capita
rises steadily in the presence of technical progress, even though slight
deviations in its rate of change may occur during periods of demographic

transition.

4.1.4 Summary

The main results of our analysis of exogenous disembodied labour-augmenting

technical change in the one-sector growth model can be summarized as follows:

1. Contrary to what many authors suggest, technical change does not affect
the Generalized Golden Rule.

2. The signs of the previously derived comparative-statics effects are not
affected by the presence of technical change.

3. Technical change increases the optimal steady-state savings rate, implying
an upper bound to the rate of labour-augmentation compatible with steady-
state optimal economic growth.

4. Technical change lowers the initial level of consumption per capita but
increases its rate of growth.

5. If the rate of technical change is independent of demographic forces, the
s(t)-curve for a falling birth growth rate rises faster and longer, the
higher the rate of labour augmentation. Also, technical change implies a
smaller negative net effect of lower population growth on the optimal
savings rate.

6. Consumption per capita rises steadily in the presence of technical
progress, even though slight deviations in its rate of change may occur

during periods of demographic transition.
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4.2 A model with exogenous embodied technical change

This chapter analyses optimal economic growth in a model with technical
change that is embodied in physical capital. If technical change is embodied
in capital the model becomes one of capital vintages, i.e. capital goods
(machines) are distinguished by their date of construction. Thus the develop-
ment of the economy is an explicit function of its history, at least of its
most recent history. This feature should lead one to expect that non-station-
arities in the economic development, triggered off by the occurrence of demo-
graphic change, are particularly severe and persistent in this model.

Section 4.2.1 outlines the model. In Section 4.2.2 a condition for optimal
economic growth will be established. This condition turns out to be in many
respects similar to the well-known Golden Rule of Accumulation. Section 4.2.3
gives some comparative statics results. In Section 4.2.4 the stability of
steady states is analysed. It is shown that if the condition for stability of
steady states is satisfied, the social welfare function becomes a divergent
integral. Therefore, Section 4.2.5 checks the second-order conditions of the
maximization problem and confirms that the generalized Golden Rule yields a
true maximum for the social welfare function. Section 4.2.6 investigates some
properties of the non-stationary optimal growth path. The final section

summarizes the main results.

4.2.1 The fixed-coefficients capital vintage model

The aggregate commodity is produced from labour and (physical) capital where
capital goods are distinguished by their date of construction. Production
obtained from capital of a certain vintage is described by a so-called

vintage production function:

Q(v,t) = F[K(v,t), L(v,t); V] (1)

Here v is the time at which the capital goods under consideration were
constructed; K(v,t) is the size of the capital stock installed at time v and
still in existence at time t (this could be less than the amount originally
invested as a result of depreciation); L(v,t) is the amount of labour allo-
cated to work with the capital goods in question; and Q(v,t) is the resulting

output. The fact that the vintage production function F[-] is parametrized
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with an index v reflects the presence of capital-embodied technical change:
the productivity of given amounts of factor inputs K and L depends on the
date on which the capital goods were installed.

Total production at time t is given by the sum of all outputs produced

from the different capital vintages, i.e.

Q(e) = Ifm Qv,t) dv (2)

Physical capital is subject to depreciation at a constant rate §:

§(v-t)

K(v,t) = K(v,v)-e (3)

In each period a fraction of total output is saved and added to the capital

stock (invested):
K(t,t) = I(t) = s(t)-Q(t) (4)

Output not invested in physical capital is consumed. Total consumption

equals:
C(t) = Q(t) - I(t) (5

We are left with the specification of the production function (1l). I assume
the vintage production function to be characterized by fixed factor propor-

tions ("clay-clay"):
Q(v,t) = min {(xk(v)-K(v,t), X(v)-L(v,t)} for all v=<=t (6)

This model has been investigated extensively by Solow e.a. (1966). x(-) and
A(-) are indexes of capital-augmenting and labour-augmenting technology,
respectively. The development over time of these indexes 1s assumed to

satisfy:
k'(v) 20 ; A'(v) 20 (7
Most of the time I will assume that k(:) is constant and that A(:) grows

exponentially over time, i.e. technical change is exponential and Harrod-

neutral everywhere.
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From (2), (6) and (7) it is evident that, given the stocks of physical
capital of all different vintages, production at time t is maximized by allo-

cating labour across capital vintages such that:

;Ez;.K(V,t) for all v = t - T(t)

L(v,t) = (8)
0 for all v< t - T(t)

where T(t) denotes the age of the oldest capital vintage in use at time t.

T(t) is restricted by the size of the labour force:

t
L(t) = It-T(t) L(v,t) dv (9)

(2)-(4), (6), (8) and (9) together imply:

t k(v) 6(v-t)
L(t) = It-T(t) A(v).e cI(v) dv (10)

QL) = IE_T(t) k(v) -2 1wy av (11)

It should be stressed that in (10), L(t) is exogenous and T(t) endogenous,

not the other way round.

4.2.2 Optimal economic growth

The central planning agency maximizes the social welfare function

© _-pt Q(t)-1(t)
Vo= J‘Oe AL 4 (12)

subject to (10), (11), and

0 < I(t) < Q(t) (boundary restriction on the control) (13)
I(v) = Iy for all v<0 (initial conditions) (14)
The control variable is I(t). Although I(t) determines T(t) via (10) and T(t)

determines Q(t) via (11), I treat I(t), T(t) and Q(t) as three independent

control variables that are restricted by (10) and (11).
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In the analysis that follows I have made use of some very valuable advice
given to me by Onno van Hilten of Limburg University (cf. Malcomson, 1975;
Nickell, 1975; Verheyen & van Lieshout, 1978).

Linking restrictions (10) and (1l1) to the maximand (12) with the use of

the Lagrange multipliers 6y (t) and fg(t) yields:

N b -pt Q(r)-I(%) . t k(v) &(v-t) )
W= JO [ e __—§?E$_~ + 01.(t) { It-T(t) ) e I(v) dv L(t)} +

+ aQ(c)-{ JE_T(t) k(v)-e8 ) 1y av - Qo) } ] dt =

- I; [ e‘pt-giﬁ%%%§51 - 0L() L) - g(£)-Q(t) ] at +

¥ J‘S Hz-ut) v e* 1) o) + oL(IAW)] dv] dt (15)

The last term on the RHS of (15) is a double integral. The area over which
the integration is performed is the shaded area in Figure 4.2.1.
If the function T(t) is such that

T'(t) <1 for all t (16)

(i.e. capital once out of use remains out of use forever), then the following

inverse funcion of t-T(t) exists:

t+Z(t) = INV[t-T(t)] (17)
From (17):
t =t + Z(t) - T[t+Z(t)] = Z(t) = T[t+Z(t)] (18)

Thus, Z(t) is the age at which capital installed at time t will become
obsolete. From (16) and (18) we find that:

Z2'(t) = T'[t+Z2(t)].{1+Z'(t)}) = Z'(t) > -1 for all t (19)

Using the definition of Z(t), a double integral of some function f(v,t) over
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Figure 4.2.1: The double integral before changing the order of integration
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Figure 4.2.2: The double integral after changing the order of integration
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the shaded area in Figure 4.2.1 can be rewritten by changing the order of

integration as follows:

I: [ IE-T(t) f(v,t) dv ] dt =

- I; [ Iz+z(v) £(v,t) dt ] dv + J?T<0) [ Ig+z(v) f(v,t) dt ] dv (20)

In Figure 4.2.2 the shaded area corresponds to the first integral on the RHS
of (20) while the cross-hatched area corresponds to the second integral.
Using (20) after interchanging the symbols v and t, the integral in (15)

can be written as:

v - 13 [ e-pt.Q(t%%%§£Z - fL(t)-L(t) - 6q(t)-Q(t) ] e+

+ I; n(t)-eat-I(t)-[ I§+Z(t) e-6v.[0Q(v) + oL(v)/A(t)] dv ] dt +

+ I?T(O) n(t)-eat-lt-[ Ig*z(t) e V. [agm+L(m) /A (D)] d»] dt (21)

In writing the third integral in (21) use has been made of the initial
conditions in (14).

Necessary conditions for the maximization of W are that the integrand in
(21), to be denoted by w(t), be maximized with respect to the controls I(:),
Q(:) and Z(-), as well as the multipliers 0Q(-) and 61,(-), at each point in
time. If attention is restricted to time periods later than Z(0), then the
third integral in (21) vanishes and the necessary conditions are the

following:

dw(t) e-pt

3t ~ (o) e = 0 (22)
-pt i
g¥223 - ;(t) + x(t)-e°F. I§+Z<t) e 8v~(0Q(v)+0L(v)/A(t)) dv =

20 if I(t) =Q(t)
- =0 if 0 < I(t) <Q(t) (23)
<0 if I(t) =0
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———3‘2453 - n(t).e6-z(t).1(t).[oQ[t+Z(t)] + [ t+Z(E) ] /A(E)] = 0 (24)
aw(t) t _§(v-t) _
30Q(t) = - Q) + _[C-T(t) k(v)-e I(v) dv =0 (25)
aw(t) t K(V) §(v-t) _
aoL(ty - T LE It-T(t) vy € I(v) av =0 (26)

From now on I will concentrate on singular arcs. In other words: I will

assume an interior solution to optimal investment, such that 0<I(t)<Q(t) and

the RHS of (23) is identically zero.

Under this assumption (24) implies:
6QIt+Z(t)] + OL[t+Z(E)]/A(E) = O (27)
or, equivalently, lagging (27) by Z(t) periods and using (17):
6Q(t) + OL(E)/A[E-T(E)] = O (28)

On the other hand we have from (22) and the observation that the conditions

(22)-(26) must hold for longer than a single instant along a singular arc:

d aw(t) e Pt Py et

d&E 300 = PBD T B0 B~ fg(® = O (29)
from which, using (22):

Bq(6) = - (p + g7 (E))-05(E) (30)
Integrating (30):

0q(¥) = () -exp [ - j: (p + g (w) du ] (31)

Substitution of (28) and (31) into (23), using (22), yields:

-pt )
EE R R S IR O

1 - AT dv] (32)

A(t)
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Bearing in mind the inverse relationship between Z(-) and T(:), equation (32)
is a condition for the occurrence of a singular arc in terms of the lifetimes
of subsequent capital vintages.

I will now show that condition (32) is equivalent to the Non-Stationary
Golden Rule for the simple (non-vintage) neoclassical model as analysed in
Chapter 2. The marginal productivity of capital of some vintage v can be

obtained from (11):

—3‘%28 - J[t-T(t)'t](v)-n(v)-es(v-t) + ,c[t-zr(t)]-e's'T(t)-I[t-T(t)]-——g'fg";; (33)
where the indicator function Jp(x) is defined by

1 ¢ xeA
JA(X) = (34)

0  xgA
From (17) we have:

k(v) &§(v-t)
0 J[t-T(t),t](v).A(v).e -d[I(v)] +
* :_{E%%]Le_&"r(t)‘l[tq(t)]'d[T(t)] (35)

from which
dr(t) _ £(v) A[E-T()] §-(v-t+T(t)) _ 1
ac - Jeere), 01 3w kleT(o] © I[t-T(t)] (36)
and thus, from (33) and (36):
dQ(t) ) S (v-t) _A[E-T(t)
aw - Jreer(ey, e (Ve [1 NORE. (37
From (37) and (17) it follows that:
dQ(v) . L 6(t-v) A v-T(v)]
ar(t) ~ Jle,eez(ey) D oe(e) e [1 NG, (38)

(cf. Solow e.a., 1966).

Thus it can be seen that the integral in the RHS of (32) is equal to the
present value of all future returns to investment made at time t, discounted
at a rate equal to the sum of the rates of social impatience (p) and popula-

tion growth (gP). On the other hand, the marginal costs of investment (in
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terms of consumption foregone) equal unity. Thus condition (32) simply says
that the singular arc is characterized by the familiar equality of marginal
costs of and returns to investment.

The condition discussed in the previous paragraph is easily seen to be the
finite-lifetime equivalent of the Non-Stationary Golden Rule of Chapter 2.

With infinite lifetime of capital (no obsolescence) the condition becomes:

1 = I: exp [ - JZ (p+gP(u)) du ]-g?g:; dv =
= I: exp [ - Iz (p+8+gP(u)) du ]-ggé:; dv (39)

Differentiating (39) with respect to time t:

a P © P
0= - GEEE; + {pté+g (t))'It exp[ - JZ {p+6+g (u)} du ].ggg:; dv (40)

from which, using (39):

9Q(t)
aK(t)

o+ 6+ g (41)

which is the Non-Stationary Golden Rule.

4.2.3 Comparative statics

If population grows at a constant rate g, and if technical progress is expo-

nential and Harrod-neutral everywhere, i.e.

At

k(t) = & A(t) = A0~e with « A constant (42)

0 0" o’
then the optimal growth path could well lead the economy into a steady state.
In steady state the optimal savings rate is constant. As Solow e.a. (1966)
have shown a constant savings rate for this model implies the maximum age of
capital to be constant too, i.e. Z(t) = T(t) = T*, say.
The value of T* can be obtained by solving (32). Carrying out the integra-

tion yields:

* *
L - IE+T ea-(t-v)_no'[ 1 - e,\~(v-T -t) ] av -
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* -a-T* .
= no.(l/a).[ 1 - e-a.T ] ) ”0'ea_A _[ 1 - e-(a-x).T ]
= {(a/kQ) -1} (a-2) + a-e-A'T* - A~e'a'T* =0 43)
where I write
a=p+6+g "

for notational convenience.

Equation (43) cannot be explicitly solved for T*. If we define

* -A-T*
G(T") = {(a/Kkg)-1}:(a-2) + a-e - e (45)

a steady-state value for T* exists if G(-) has a finite positive root. Since
* *

G’(T*) = a-A-[ e @ ™ e-A T ] (46)

is monotonous on RY, a positive root of G(:) is unique if it exists. The

existence of such a root depends on the values of a and A. Analysis of the

function G(-) yields the following table:

parameter values | number of positive roots of G(-)
a=0, X#0 infinite (identity)

A=0, a#0 none

a = A infinite (identity)

a>x>0 one root (if a<kq)

A>a>0 one root (if a<kg)

a>0>2 none

A>0>a one root

0>a>A none

0>A>a«a none

Thus we have the following existence condition:

an optimal steady-state value for T* exists only if

x>0, a<kg, a0 and afd 47
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However, a steady state must also be feasible. That is, the savings rate s* =
I*/Q* corresponding to the steady-state value of T* must be between zero and
unity (cf. condition (13)). From (10) and (42) it is seen that in steady
state investment I(-) grows at an exponential rate g+); and from (11) so does

production Q(-). Then we have from (11):

t e6-(v-t) (6+g+r) - (v-t) dv

Q(t) = NO.ft-T* -I(v) dv = KO'JE-T* s*.Q(t)-e

> 0 = %= /Ky §+g*d (48)

*
1 - e-(6+g+A)-T

Given the form of condition (43) and expression (48) it is very difficult to
obtain general comparative-statics results, that is to sign the partial
derivatives of s* and T* with respect to the parameters g, X, p and §. Some
numerical calculations of steady states are given in Table 4.2.1. These
results suggest that for reasonable values of the parameters the signs of the
partial derivatives are as in Table 4.2.2.

It is interesting to note that these comparative-statics results, as far
as the savings rate is concerned, are essentially the same as for the simple
neoclassical model with disembodied technical change (see Chapter 4.1). More-
over, if one is prepared to interpret an increase in T as a decrease in the
"capital/labour-ratio", then (with the exception of the effect of \) the

results of the two models are similar too for the capital variable.

4.2.4 Stability of steady states

Along a singular arc the endogenous variable T(t), being the age of the
oldest capital vintage in operation at time t, develops over time according
to equation (32). The question can now be raised: does the optimal economic
growth path under suitable external conditions gconverge towards a steady
state? Particularly, if population grows at a constant rate g and if tech-
nical progress is exponential and Harrod-neutral everywhere, does a trajec-
tory T(-) satisfying (32) then converge towards the constant value T*? This
question is important as it relates to the stability of the steady state.
From (32) and (42) we have:

l/x.0 = JE+Z(t) exp[- [Z {p+6+gP(u)) duJ-[l - eA.{V-t-T(v))] dv (49)
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Table 4.2.1: Selected numerical steady-state values

P g ) X T* s*
0.02 0.04 0.02 0.04 8.3115 0.1772
0.02 0.04 0.02 0.00 n.a. n.a.
0.02 0.04 0.02 0.02 12.6149 0.1289
0.02 0.04 0.02 0.04 8.3115 0.1772
0.02 0.04 0.02 0.06 6.7333 0.2165
0.02 0.04 0.00 0.04 8.0682 0.1682
0.02 0.04 0.02 0.04 8.3115 0.1772
0.02 0.04 0.04 0.04 8.5706 0.1868
0.02 0.04 0.06 0.04 8.8468 0.1971
0.02 0.00 0.02 0.04 n.a. n.a.
0.02 0.02 0.02 0.04 8.0682 0.1682
0.02 0.04 0.02 0.04 8.3115 0.1772
0.02 0.06 0.02 0.04 8.5706 0.1868
0.00 0.04 0.02 0.04 8.0682 0.1806
0.02 0.04 0.02 0.04 8.3115 0.1772
0.04 0.04 0.02 0.04 8.5706 0.1737
0.06 0.04 0.02 0.04 8.8468 0.1703
Table 4.2.2: Comparative-statics effects
effect on: \ of: g ) by
T* + + -
s* + + +
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Differentiation of (49) with respect to t yields:

A-(Z(t)-T[t+Z(t)])] .

E+Z(t) (p+ot+gi(w)) du].[1-e

0= (1+i(t))-exp[- I
- [1 R e'A'T(t) ] +
+ lp+6+gP<t))-fE+Z(t’ exp[- I‘; (p+s+gt(w) au] - [t-e* ETON ] gy 4

e IE+Z(t) exp[- JZ (p+6+gP(u)) dud.ex.(v-t-T(v)) dv (50)

The first term in (50) is equal to zero because of (18). The third term is

equal to (p+6+gP(t))/n0, using (49). The fourth term equals

x.[ - 1/kg + J?Z(C) exp [ - J“é (p+6+gE(u)) du ] dv] (51)

also using (49). Thus, equation (50) can be written as:

AT

P
IE*Z“) exp [ - J.‘t’ (p+tgi(u)) du ] av = 1= i”*“g (£)-2)/xp 59y

Equation (52), together with definition (18), is an interesting type of
difference equation linking T(t) and Z(t): it gives a relationship along the

singular arc between the oldest age of capital in use at time t, on the one

hand, and the oldest age that capital installed at time t will ever reach, on
the other hand.
It is easily seen that a necessary and sufficient condition for the diffe-

rence equation (52) to converge is given by

l dz(c) | .4 (53)

dT(t)
Carrying out the differentiation yields:

dz(t)
dT(t)

=exp [ -A-T(t) + It+z(t) (p+6+gP(u)) du ] (54)

which in the case of stable population reduces to:

dz(t) _ _(p+6+g)-Z(t) - A-T(F)

dT(t) (55)
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This expression is always positive. In the neighbourhood of the steady state
we have Z(t) = T(t), so that a necessary condition for local convergence

(local stability of the steady state) is:
A > pté+g (56)

This is quite an uncomfortable result as it implies that the integral of the
social welfare function (12) diverges for a locally stable singular arc (with
g+6>0, as will generally be the case). This raises the question whether the
social welfare function is capable of ranking alternative paths, and indeed
casts doubt on the relevance of the analysis of steady states. In the next
section it will be shown that, even though the objective function is diver-
gent under the stability condition (56), the Golden-Rule path defined by (32)
is optimal in the sense that it dominates its neighbouring paths.

A difference equation similar in kind to (52) can also be derived for

s(+). From (10) and (42) we have:
M) = Jt-r<c> (ko/r0) e V8 B 1 vy av (57)

Differentiation of (57) with respect to time yields:

Av _e6(v—t)

i(t) = -6-IE_T(t)(n0/A0)-e- I(v) dv + (no/Ao)-e-At-I(t) +

) (1-T(t))-(no/Ao).e-A't~e(A-8).T(t)

cI[t-T(t)] (58)
After substitution of (57) and some rearranging (58) reduces to:

I(t) = (Ao/ko)- (gL(t)+8)-e*E L(t)+(1-T(£))-e A O T 1 e r(ey) (59)

or, equivalently:

At
‘L
S(6) = Qo/xo) - (gh(e)+6) E—relE) o
+ (1-t(e)) e A8 T e p ey QLETCE) (60)

Q(t)

Expression (60) is a kind of difference equation linking the savings rate at
time t to the savings rate at the time at which the oldest capital in use at

time t was installed.
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In the neighbourhood of the steady state we have:

e TiL(e)
Q(t)

constant

Q

() =

Qle-T(8)] _ - (g+0)-T(E)

Q(t)
so that
ds(e)  _ -(g¥b)-T(t) _ )
0 < d s[t-T(O)] e (if g+6>0) (61)

Thus the non-stationary time path of s(:) is locally convergent as the

economy approaches its new steady-state growth path.

4.2.5 Second-order conditions

In the previous section it was concluded that, if the parameters are such
that the Golden-Rule path converges towards a steady state, the objective
function is a divergent integral. This raises the question whether the
Golden-Rule path can be called truly optimal.

In order to investigate this issue, I will calculate the effect on the
value of the social welfare function of small variations in the Golden-Rule
trajectory for the control variable I(-). In other words, I will investigate
whether the Golden-Rule path is optimal in the sense that it dominates its
neighbouring paths.

The social welfare function W is a functional of I(:) and Q(:), where Q(t)
is a function of investments made in the past. If, starting from any control
trajectory I(-), we apply a small variation §I(-) to this control trajectory,

then the first-order change in the value of W can be written as follows:

e Pt -pv
- ©e ”  dQ(v) .
oW j { P(t) fo P(v) dl(t) & } §I(t) dt (62)

Substitution of (38) into (62) yields:

-pt
= |° ] - & t+2(t) e 7 §(t-v) CAv-T(V)] '
o .[0 [ P(t) +I P(v) ”(t) € { 3(t) }dv] §I(t) dt
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© -pt
- Jo %?53.[ -1+ fz+z(t) exp { i I: (p + gP(r)) dr }~n(t)-

RICER Av-T(w)] _
NC) dv |-6I(t) dt (63)
Since (32) holds for all t, the RHS of (63) vanishes along the Golden-Rule
path. This is of course what we would expect, as a singular trajectory by
definition makes the first variation of the objective function become zero.

The second-order change in W can be obtained from (62):

2, _[of [=e? & Q(v) }‘ 2
W IO { Jo P dv p-§°I(t) dt (64)

From (38) and (37):

a%Q(v)

§(t-v) A [v-T(v)] dT(v)
5 = -(-1)-
dl=(t)

x(t) dI(t)

e, taz(ey) V) s(t)-e

.es(T<t>~2<t-v)),{ 50 VAT ] A v-T0] o sy

Iie, erz(e) 1 20 | kT ] Iv-TW ]

where the last step is based on (7). From (64) and (65) it is immediately

seen that the second-order change in W is nonpositive:
s2w<0 (66)
with strict inequality for positive labour-augmenting technical progess.

Thus we can conclude that, even though the objective function may be a

divergent integral, the Golden-Rule path is optimal in the sense that it

dominates its neighbouring paths.

4.2.6 The non-stationary optimal growth path

Along the singular arc the time path of the lifetime of subsequent capital
vintages is governed by condition (32). Clearly this condition is too compli-
cated to allow the derivation of general characteristics of the non-station-
ary optimal economic growth path (as in Chapter 2 or Chapter 4.1). For this
particular vintage-model, therefore, I must be content with the more modest
target of trying to simulate an optimal economic growth path given some fixed
values for the external parameters.

The simulation problem can be described as follows. Specified values for:
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- p, the social rate of impatience;
- &, the rate of capital depreciation; and:

- X, the rate of labour-augmenting technical progress,

are given. It is assumed that initially the growth rate of population has
been constant (gg) for a long time, and that the economy is in its optimal
steady state corresponding to this population growth rate gg. For the sake of
convenience, the labour force and the population are assumed to be identical.
At a certain point in time (tj) the growth rate of population begins to fall
(linearly for the sake of convenience) until at time tp it reaches a new
level gj which it will keep forever afterwards. Now what is the optimal
economic growth path for these external conditions? The parameters used in

the simulation problem are listed in Table 4.2.3.

Table 4.2.3: Parameters used in the simulation

parameter p s A g0 g1 ta tp KQ A0

value 0.0 0.0 | 0.05 { 0.03 | 0.02 20 30 1.0 | 1.0

In order to solve the dynamic optimization problem described in the previous
paragraph I have simulated the difference equation (52). A simple check of
this method is to run a simulation with gi=gg. If everything goes well the
simulation method should find that the optimal policy is to remain in the
initial steady state forever.

The computation consists of two steps: computation of T(:) from (52); and
computation of s(:) given T(:). The computation of T(-) starts from the

initial steady state given by
T(t) = T§ ; s(t) = s§ t=tg, ..., tg+ int(T§/dt) + 1 (67)

where dt is the discretization parameter. Now for t=tg, to+dt, ... the

variable Z(t) is obtained by numerically solving (52); the integral is
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approximated using the Trapezium Rule followed by Romberg Integration (e.g.
Churchhouse, 1981). The result is stored as T[t+Z(t)]. Since the index t is
necessarily discrete and the solution Z(t) is generally not, the values of
T[t+dt-int(Z(t)/dt)] are approximated by parabolic interpolation between
three consecutive values of t+Z(t).

The second step involves computing the time path of I(-) corresponding to
the simulated path of T(:), using the difference equation (59). Here the time
derivative of T(:) was approximated by central differences while I[t-T(t)]
was obtained by exponential interpolation between two consecutive values of
I(-). Once I(t) has been found Q(t) and s(t) follow easily. The results of
this approach are summarized in Table 4.2.4 and Figure 4.2.3.

The results of the simulation confirm the point raised in the introduc-
tion, viz. that because of the fact that the state of the economy is a func-
tion of its history non-stationarities are particularly severe and persis-
tent. The oscillations in the optimal trajectories of T(-) and s(-) are quite
strong (taking into account that the demographical disturbance of the
original steady state is relatively small) and take a very long. time to
dampen out. However, the optimally growing economy gradually converges to a
new stationary growth path, in which both the optimal savings rate s and the

optimal lifetime of capital equipment T are once more constant.

4.2.7 Summar

In this chapter I have investigated optimal economic growth in a model with
technical progress that is embodied in physical capital. The production
function corresponding to each capital vintage has been taken to be of the
fixed-coefficients type, as in Solow e.a. (1966).

A suitable transformation of the Lagrangean allows the derivation of
necessary conditions for optimal economic growth. These necessary conditions
are in terms of two key variables which are inversely related to each other,

viz.:

- T(t), the age of the oldest capital in use at time t; and

- Z(t), the age at which capital installed at time t will become obsolete.

Along a singular trajectory the necessary conditions reduce to a Generalized

Golden Rule. It is shown that this Generalized Golden Rule is nothing more
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Table 4.2.4: The simulated non-stationary optimal economic growth path

t | g(t) ™) | s*(b) t | g(t) | TM(t) | s¥(p)
0 0.03 6.9278 0.1880 65 0.02 6.8473 0.1866
66 0.02 6.8440 0.1883
10 0.03 6.9278 0.1880 67 0.02 6.8396 0.1900
68 0.02 6.8353 0.1847
20 0.03 6.9278 0.1880 69 0.02 6.8379 0.1797
21 0.029 6.9276 0.1870 70 0.02 6.8417 0.1783
22 0.028 6.9264 0.1863 71 0.02 6.8470 0.1777
23 0.027 6.9232 0.1860 72 0.02 6.8459 0.1869
24 0.026 6.9167 0.1859 73 0.02 6.8431 0.1885
25 0.025 6.9060 0.1862 74 0.02 6.8393 0.1902
26 0.024 6.8899 0.1867 75 0.02 6.8367 0.1821
27 0.023 6.8700 0.1852 76 0.02 6.8390 0.1796
28 0.022 6.8690 0.1830 77 0.02 6.8423 0.1782
29 0.021 6.8666 0.1827 78 0.02 6.8464 0.1804
30 0.02 6.8624 0.1827 79 0.02 6.8448 0.1870
31 0.02 6.8554 0.1842 80 0.02 6.8424 0.1886
32 0.02 6.8457 0.1858 81 0.02 6.8392 0.1901
33 0.02 6.8334 0.1875 82 0.02 6.8379 0.1811
34 0.02 6.8248 0.1819 83 0.02 6.8399 0.1796
35 0.02 6.8327 0.1812 84 0.02 6.8427 0.1783
36 0.02 6.8447 0.1806 85 0.02 6.8455 0.1832
37 0.02 6.8581 0.1829 86 0.02 6.8439 0.1871
38 0.02 6.8518 0.1856 87 0.02 6.8419 0.1886
39 0.02 6.8436 0.1873 88 0.02 6.8392 0.1903
40 0.02 6.8330 0.1892 89 0.02 6.8388 0.1809
41 0.02 6.8289 0.1811 90 0.02 6.8405 0.1797
42 0.02 6.8358 0.1801 91 0.02 6.8429 0.1784
43 0.02 6.8460 0.1791 92 0.02 6.8446 0.1851
44 0.02 6.8543 0.1847 93 0.02 6.8433 0.1872
45 0.02 6.8490 0.1866 94 0.02 6.8415 0.1885
46 0.02 6.8420 0.1880 95 0.02 6.8392 0.1896
47 0.02 6.8330 0.1903 96 0.02 6.8395 0.1809
48 0.02 6.8320 0.1806 97 0.02 6.8410 0.1798
49 0.02 6.8380 0.1794 98 0.02 6.8431 0.1785
50 0.02 6.8467 0.1781 99 0.02 6.8439 0.1858
51 0.02 6.8514 0.1857 100 0.02 6.8428 0.1872
52 0.02 6.8469 0.1874 101 0.02 6.8413 0.1884
53 0.02 6.8408 0.1892 102 0.02 6.8394 0.1875
54 0.02 6.8331 0.1917 103 0.02 6.8401 0.1810
55 0.02 6.8345 0.1802 104 0.02 6.8414 0.1799
56 0.02 6.8397 0.1788 105 0.02 6.8431 0.1788
57 0.02 6.8470 0.1775 106 0.02 6.8434 0.1860
58 0.02 6.8491 0.1863 107 0.02 6.8424 0.1871
59 0.02 6.8452 0.1879 108 0.02 6.8411 0.1882
60 0.02 6.8401 0.1897 109 0.02 6.8398 0.1851
61 0.02 6.8339 0.1890 110 0.02 6.8405 0.1811
62 0.02 6.8364 0.1799
63 0.02 6.8409 0.1785
64 0.02 6.8472 0.1767 © 0.02 6.8417 0.1839
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Figure 4.2.3: The simulated non-stationary optimal economic growth path
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than a disguised version of the Golden Rule for more traditional growth
models.

A comparative-statics analysis bears out that the optimal savings rate in
steady state varies positively with the growth rate of population (g), the
rate of labour-augmenting technical progress (A), and the rate of deprecia-
tion (§); and negatively with the social rate of impatience (p). These
results are essentially the same as for models with disembodied technical
change.

Investigation into the stability of steady states yields the conclusion
that a necessary condition for the optimal economic growth path to converge
is that X > p+g+6. This is a puzzling result, as the integral in the social
welfare function is divergent if this stability condition is satisfied. For T
and s two difference equations have been derived which describe the dynamics
of the optimally controlled economy.

A method of numerically simulating the non-stationary optimal growth path,
which simply integrates the two difference equations referred to above,
yields a plausible and theoretically satisfying result. The results of the
simulation show that non-stationarities are particularly severe and persis-
tent in this model, as a result of the fact that the state of the economy is

a function of its history.
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4.3 A model with endogenous technical change

In this chapter we are concerned with optimal economic growth when technical
change is the result of deliberate economic decisions. Just as investment in
physical capital increases the stock of physical capital available for pro-
ductive activities, so research effort increases the quantity of output that
can be produced with given factor inputs (cf. Section 3.2.1).

It is obvious that the properties of a growth model with endogenous tech-
nical change depend critically on the specification of the relationship
between research effort and technical change. There are numerous ways in
which this can be done. Many specifications, however, are incompatible with
steady-state technically progressive economic growth.

The problems involved are very similar to those mentioned in Section 3.2.2
where I discussed the necessity of Harrod-neutrality of technical change for
steady-state economic growth. As soon as a research sector is introduced, the
level of technology becomes a produced determinant of output just as physical
capital is a produced factor of production. If there is a long-run change in
the rate at which technology produces itself, either directly or indirectly
via a produced input in the research sector, steady-state economic growth
breaks down.

These observations can explain some puzzling results in the literature.
For example, Phelps (1966a) arrives at a Golden Rule of Research for a model
in which the research sector employs labour only. When subsequently physical
capital is introduced as an additional factor input in the research sector
Phelps finds that Golden Age growth is possible only if the production func-
tion of the research sector is Cobb-Douglas (Phelps, 1966a, p. 143).

Shell treats the level of technology as a special kind of physical capi-
tal. He concludes, for both a one-sector (1966) and a two-sector (1967b)
model, that optimal technical change is zero in the long run. This result is
obviously unsatisfactory. Some criticisms of Shell's model have been put
forward by Sato (1966). Sato particularly emphasizes the need for Harrod-
neutrality of technical change as opposed to Shell’s Hicks-neutral specifica-
tion. It can be shown, however, that even then optimal steady-state economic
growth with continuous technical progress is not generally possible.

Similar conclusions apply to related models (e.g. Conlisk, 1969; Suzuki,
1976). I have analysed numerous variants and each time arrived at one of the

following conclusions:
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- either optimal technical change is zero in the long run;

- or steady-state growth with positive technical change is not optimal.

All of the above problems have been neatly circumvented by Uzawa (1965). In
his model technical change is produced by an "educational sector" that em-
ploys labour only. The rate of change in technology, inducing a labour-aug-
menting shift in the production function of the "productive sector", is taken
to be a function of the proportion of the labour force employed in the educa-
tional sector. Since Uzawa's "educational sector" plays no other role in the
model it could equally well be labelled a "research sector" and I will do so
from now on (cf. Wan, 1971, p. 234).

Although Uzawa's model of endogenous technical change is far from general
I prefer it to the more restrictive research model of Phelps (1966a) and
Gomulka (1970). Its attractive properties are its relative analytical simpli-
city and its capability of generating steady-state growth paths. For these
reasons is has become quite popular in the literature. For example, Takayama
(1980) employs it to establish conditions for optimal technical change in the
context of exhaustible natural resources.

In the remainder of this chapter I will generalize Uzawa’'s model of endo-
genous technical change to the case of non-stable population growth. In
Section 4.3.1 the Generalized Golden Rule as well as a Generalized Golden
Rule of Research are derived. Section 4.3.2 gives some comparative statics
results; and Section 4.3.3 deals with the non-stationary optimal growth path

in the Uzawa model. The final section summarizes the main results.

4.3.1 The Golden Rule of Research

In the Uzawa model research effort is measured by the proportion of the

labour force employed in the research sector:

Lp(®)

e - o o

Here u(t) denotes the proportion of the labour force employed in the produc-
tive sector, i.e. engaged in the production of the aggregate commodity. Total

output is given by:

Y(t) = F[R(t), A(t)-u(t)-L(t)] (2)
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The research activities result in labour-augmenting technical progress. It is
assumed that the relationship between research effort and the rate of labour-

augmentation in the productive sector can be written as follows:

A(t) = h{l-u(t)] - &y (3)
where the function h[:] satisfies the following properties:

h' >0 h'' <0 h[0] = O (4)

The parameter §, measures the rate of instantaneous decay of technical know-
ledge, caused e.g. by imperfect transmission of technical knowledge to subse-
quent generations (Shell, 1966).

The stock of physical capital develops as usual according to:
K(t) = s(t)-Y(t) - §g-K(t) (5)
Let us define:

K(t) = %%%% (6)

From (2), (5), (6), and constant returns to scale:

ey - s(t)-u(t)-x<c>'f[ k(€) ] - (6 + gL(£)1 k(D) )

u(t) - (t)
where f[-] = F[-,1]. Throughout the analysis it will be assumed that u(t) is
between 0 and 1 for all t.

The maximization problem can now be formulated as follows: choose s(t) and

u(t) to

maximize I: e—pt~ll-s(t))-u(t)';zz;'L(t)-f[u(tgF;(t)] dt (8)
subject to:

. k

k(o) - s(t)-u(t)~A(t)-f[G?E§$%zEs] - (5g+gl(e)) k() (9)

X(t) = A(t)-(h[l-u(t)] - &y) (10)
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0<s(t) <1 (11)
0 <u(t) <1 (12)
The Hamiltionian is (dropping the time-arguments):
H(t) = e-pt-(l-s)-E%L-f[k/uA] + yYg- (sur-f[k/ur] - (6K+gL)-k) +

+ Pe-r-{h[l-u] - §;) (13)
The costate variables yg and ¥, satisfy:
Yk - g_i = e PE.(1-5)-(L/P) £ + yg-sE' - Y- (BgrEl) (14)

-$x = %% - (£-(k/wh) £ ) -u (e PT (1-5) - (L/B) + ¥g-s) + ¥y~ (h[1-u]-65)  (15)

The partial derivatives of the Hamiltonian with respect to the controls are,

respectively:

B we e awm + ) (16)
dH -pt

Fie {(f - (k/ux)-f')-x-(e "7-(1-s)-(L/P) + ¥g-s} - h'[l-u]-¥)-A an

If we define the extended shadow-prices:

or(t) = ¢K<c)-ept~§%§§ (18)
ox(t) = ¢A<c>-ept-§%§% (19)

then we have from (16):

s(t) =1 if eg(t) > 1 (20.a)
s(t) =0 if p(t) <1 (20.b)
0 =s(t) <1 if eg(t) =1 (20.c)

For cases (b) and (c¢) we find, from (14) and (18):
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PR(t) = er(t)-{p + gF(t) + 6g) - £'[k/ur] (21)
For case (a):
Pr(t) = ep(t)-{p + gP(t) + 6 - £'[k/ur]) (22)

It should be observed that these formulas are essentially the same as their
counterparts in Chapter 2.

From (17) and (19) we have:

pt (L) OH

L(t) 3u = A (f - £/ -(k/ur)}- {1 + s-(Ag-1)) - h'[l-u]-@yX (23)

and from (15):

oA (t) = oy- (p+gE (t) -gl(t) -h[1-u]+6y) - (£-£'-(k/ur))- (1+s-(pg-1)) u (24)
Assume that the optimal value of u is an interior solution to

3H

el 0 (25)

Then from (23):

{(f - £'-(k/ur))-{1l + s-(gg - 1)} = h'[1-u]- g, (26)
Substitution of (26) into (24) yields:

oA(t) = ox- [(p+gP(£)-gl(t)+65) - (h[1-u]+u-h’[1-u]}] (27)

Inspection of the equations (20), (21), (26) and (27) above reveals that an

* ox,oY) exists, defined by:

equilibrium point (x*,u
£ [x*/u*] = p + gPre) + 8¢ (28)

h{1-u*] + u*-h'[1-u*] = p + gP(r) - gl(r) + &, (29)

ok =1 (30)
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o b [1-u¥] = £[x*/u¥] - (xF/uh) £ [(xF/u) (1)
where
x = k2 o2

Uzawa (1965) shows that the only trajectories ({x(t),u(t),pg(t),p)(t)) satis-
fying all the necessary conditions and yielding true optimal growth paths are
the ones leading to the equilibrium point (x*,u*,wi,wi) defined by (28)
through (31). Unfortunately his analysis is incomplete. More specifically,
the phase diagram in his Figure 3 for the case in which s=1 is not consistent
with other properties of the system. In the Appendix to this chapter I cor-
rect Uzawa's analysis. The conclusion concerning the long-run optimality of
the equilibrium point (x*,u*,¢§,¢§), however, remains valid.

Equation (28) is the now quite familiar Generalized Golden Rule. Equation
(29) gives the optimal long-run allocation of the labour force over the
productive sector and the research sector. In steady state, with population

stable, this Generalized Golden Rule of Research reduces to:
h[1-u*] + u*-h'[1-u¥] = p + 6, (33)

or, equivalently:

A * n
u*,gﬁlg_l_ =5 - A[u*] (34)
d(l-u*)

Equation (34) states that the marginal product of the research sector (measu-
red in terms of increases in the rate of labour-augmentation), modified by
the labour leakage, should equal the social rate of time preference minus the
rate of labour-augmentation.

It should be observed that the positivity of the LHS of (34) implies that
p > A[u¥) (35)

thus ensuring the convergence of the integral (8) (cf. condition (4.1.22)).
Condition (29) implies that the relative size of the research sector

depends on demographic forces in the short run only. Any departure of u from

its equilibrium value u* is temporary. As soon as the process of demographic

transition is finished the optimal u returns to its previous steady-state
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value. Thus one should expect that the differences between the present model

and the model of Chapter 4.1 are more pronounced with respect to the non-

stationary growth path than with respect to the comparative statics results.

4.3.2 Comparative statics

I start from the following four equations:
the Golden Rule: 'z} =p+6g+g (36)
the Golden Rule of Research: h[l-u] + u-h’[1l-u] = p + §) (37)

(5 +g+h[1-u]-5,) 2

the steady-state condition: s = Flz] (38)
the definition of C/P: C/P = (1-s)-u-Ax-f[z]-(L/P) (39)
where

z = x/u (40)

is constant along the optimal steady-state growth path. As in Section 4.1.2 I
will keep the initial level of A in equation (39) constant.

The exogenous variables are:

- the growth rate of population g;
- the rate of depreciation of physical capital 6y;
- the social rate of time preference p;

- the rate of depreciation of technology §).

Keeping A constant, total differentiation of (36)-(39) yields:
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£re 0 0 0 dz
0 -uh'’ 0 0 du
zf'-f h'z
(5K+g+h-6)‘) [7} 5 1 0 ds
~(1-s) -Zourng’ -a-s)-Ear Lae 1 d(C/P)
3 P P P It .
[ 1 1 1 o0 ][ ag ]
0 0 1 1 dbye
- (41)
¥4 z z
£ £ 0 “E| |9
(1-s)urf - 2LL/B) 0 0 0 ds
L ag 4 L A J
Inverting the matrix on the LHS of (41):
[ £ 0 0 o 171
0 -uh’’ 0 0
2f! -f h'z
(6K+g+h-8/\)[ f2 } F 1 0
| -(1-s) Twrf “(syEaf Rae 1
1 .
F 0 0 0
1
0 T 0 0
= R (42)
RET Aiiats S U . o
£ 6K+g+p f uh'’
1 L 1 L , L
] f,,'P-u/\-(p-h+5A} - —uhTFA(U.h z+(1-s)f) - F-u/\f 1 ]

Combination of (42) and (41) finally gives:
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dz dz dz 1

d—g=m='&;=fﬁ-<o (43)
dz

“ | (44)
du du

rrialrelt (45)
du du 1 >0 (46)

6K+g+h[1-u]-6A

ds ds z >
—=——=2(1- g— = 0 47)
dg dégx f 6K+g+p <
ds _z | n ) 0'6K+g+h[1-u]-6A <o 8)
p £ | uh'’ 6K+g+p
ds z | h'
m=f-[w-1]<o (49)
p-h[l-u]+é
aCc/p) Loy —— A s)-waf LB >
g B u £ z + (1-s)-urf g z 0 (50)
p-h[l-u]+6
ae/p) L | — A
asg B ul K z | <O (51)
p-h[l-u]+é ,
ac/e) L, | A, _hz A-)f ] >
dp P A fll u hll uhll < 0 (52)
d(¢/p) _ L, | _h'z (1-5)f
__EEK_ P A [ N “Shrr tuz ] >0 (53)

Most of these comparative statics results are similar to those derived in
Section 4.1.2 for the case of exogenous technical change. Their discussion
will not be repeated here.

The derivatives for u given in (45) and (46) are of course obvious from
the expression for ﬁhe Golden Rule of Research (37). Optimal research effort
is negatively related to both p and §y. A higher social rate of time prefe-
rence (p) makes society more myopic and less willing to invest in research
which is advantageous only in the long run. A higher rate of instantaneous
decay of technical knowledge (§) may be thought of as rendering research
activities less worthwhile. This argument is, however, not necessarily valid

as is shown by the positive effect (for o<l) for 6g on the optimal savings
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rate. Thus we have another aspect in which physical capital and the stock of
technical knowledge are fundamentally different in this model: a higher rate
of depreciation warrants more investment effort in the case of physical
capital but less investment effort in the case of technical knowledge.

From (3) and (46) we find:

d _ h’
& = T <O >4
d  h'
&, " S <0 (55)

These equations help explain the results (48) and (49). A rise in §) decrea-
ses the rate of labour augmentation and consequently the optimal rate of
savings (cf. equation (4.1.17)). A rise in p affects both the rate of labour
augmentation and the "capital-labour" ratio z, both effects resulting in a
lower optimal savings rate.

The net effect of p on the initial level of consumption per capita (equa-
tion (52)) cannot be signed without specific knowledge of the functions f[-]
and h[-]. Of the three terms in brackets'in (52), the first gives the effect
of p via z, both direct and indirect via the effect of z on s (negative); the
second term gives the indirect effect of p via u and s (positive); and the
third term gives the direct effect of p via u (also positive). The relative
magnitudes of these three terms depend on the functional form of the produc-
tion functions in the productive and research sector.

The various comparative statics results are summarized in Table 4.3.1. It
can be concluded that in steady state there are only minor differences be-
tween the two models with endogenous and exogenous technical change, respec-

tively.

4.3.3 The non-stationary optimal growth path

In this section I will analyse optimal investment in physical capital and
research during periods of demographic transition.
First let us investigate optimal research effort (1l-u). Differentiation

of (29) with respect to time gives:

-u-a-h'’[1-u] = gF - gL (56)
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Table 4.3.1: Comparative-statics results for the one-sector model

with endogenous disembodied labour-augmenting technical change

effect of: g 3% p 5y
on:

z <0 <0 <0 0
u 0 0 >0 >0
s >01) >01) <0 <0
C/P (level) <02 <0 ? >0
A 3) 0 0 <0 <0

5K+g+p
1) For o <

6K+g+h[l—u] '6,\

2) Except possibly for very low values of g

3) Restricted by: A = h[l-u] - 6y < p
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which together with (4) implies:
sign (0) = sign (gF-gl) (57)

If population grows relative to the labour force, a higher proportion of the
labour force is allocated to the productive sector; if on the other hand the
labour force grows relative to the population, then research activities are
increased. This result can also be interpreted in scarcity terms: a relative
increase in the population temporarily increases the demand for consumption
goods, causing a shift towards the (short-term oriented) production of con-
sumption goods (u is increased).

Consider a period of demographic transition with the growth rate of births
falling. As the age-ability profile h(-) is single-peaked as well as zero for
both very young and very old ages, éP will be negative while éL will be
almost zero in the initial phases of the transition process. The same will
be true near the end of the transition process, shortly before the economy
settles into its new steady state. Thus the optimal non-stationary growth
path of u(-) will be falling both in the beginning and in the end. And, since
the net change in u must be zero, we conclude that u must be rising in the
middle phases of the transition period.

From (28) we have:
£17 [x/u] - (x/u) - (x-u) = gF (58)
from which:
sign (x-u) = - sign (gF) (59)

Here x is the capital/labour-ratio (in efficiency units) for the economy as a
whole; x/u is the capital/labour-ratio for the productive sector. Thus, for
gB falling, the growth rate of the total capital/labour-ratio x must exceed
the growth rate of the employment share of the productive sector during the
full period of demographic transition.

Unfortunately, the latter observation does not take us very far in deter-
mining the shape of the optimal trajectory for the savings rate s. Both u and
\ change along the non-stationary growth path and assessing the net impact of
these changes together with (59) on the direction of s is not possible in
general. If the gradual decline in gB is relatively gentle, then éPzéL during
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the middle phases of the transition process; in that case U and & are almost
zero and the analysis of Section 4.1.3 applies. But this is only a special
case.

Therefore I have to rely on some numerical simulations again. The speci-
fications for the functions and the values of the parameters used for these
simulations are summarized in Table 4.3.2. The results of the simulations
themselves are given in Tables 4.3.3 and 4.3.4, and Figures 4.3.1 and 4.3.2.

The plot of the optimal savings rate is again roughly U-shaped or
inversely U-shaped, depending on the direction of the demographic change. The
oscillations near the endpoints of the non-stationary trajectory accompany
the changes in optimal research effort u.

Research effort itself behaves rather unevenly, with most of the dynamics
occurring near the endpoints of the transition period. This picture can
partly be ascribed to the rather crude discretization (only 4 generations
have been discerned), but even with a finer discretization the fact remains
that for most of the transition period gP and gL change at the same rate,
rendering the RHS of (57) almost equal to zero.

The rate of technical progress, which is a function of research effort,
changes only mildly along the non-stationary growth path. This result is of
course highly sensitive to the specification of the research production
function h[-]. Without any empirical work to guide me, I did some trial and
error specifications before deciding to use the present one. The very low
rate of technical progress that it produces indicates that some more trial
and error specifications are needed, preferably in combination with empirical
research, before the model can be used for the description of real-life

economies.
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Table 4.3.2: Parameters used for illustrations in Figures 4.3.1 and 4.3.2

Number of generations 4
Survival schedule p(L)=1; u(2)=0.9; u(3)=0.7; u(4)=0.4
Age-ability profile h(1)=0; h(2)=1; h(3)=1; h(4)=0
Social rate of impatience p=0.1
Depreciation rates Sg=0.1 ; §6,=0.05
Growth rate of births 0.30 --- 0.00
Production function y={ak 7 4 (1-a)) -0
a=0.25
0=0.5
Research prod. function h[l-u]-y-(l-u)ﬂ
v=0.12
p=0.3
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Table 4.3.3: Optimal economic growth path with gB falling

t gB gP gL u s \
1 0.3000 0.3000 0.3000 0.7479 0.2949 0.0294
2 0.3000 0.3000 0.3000 0.7479 0.2949 0.0294
3 0.3000 0.3000 0.3000 0.7479 0.2949 0.0294
4 0.3000 0.3000 0.3000 0.7479 0.2949 0.0294
5 0.3000 0.3000 0.3000 0.7479 0.2949 0.0294
6 0.3000 0.3000 0.3000 0.7479 0.2949 0.0294
7 0.3000 0.3000 0.3000 0.7479 0.2949 0.0294
8 0.3000 0.3000 0.3000 0.7479 0.2949 0.0294
9 0.2875 0.3000 0.3000 0.7479 0.2949 0.0294
10 0.2750 0.2945 0.3000 0.7164 0.2832 0.0322
11 0.2625 0.2853 0.2922 0.7072 0.2960 0.0330
12 0.2500 0.2739 0.2797 0.7144 0.3021 0.0324
13 0.2375 0.2615 0.2672 0.7149 0.2942 0.0324
14 0.2250 0.2492 0.2548 0.7155 0.2896 0.0323
15 0.2125 0.2368 0.2423 0.7161 0.2849 0.0323
16 0.2000 0.2244 0.2298 0.7167 0.2801 0.0322
17 0.1875 0.2120 0.2174 0.7173 0.2753 0.0321
18 0.1750 0.1996 0.2049 0.7179 0.2705 0.0321
19 0.1625 0.1873 0.1924 0.7185 0.2655 0.0320
20 0.1500 0.1749 0.1799 0.7191 0.2605 0.0320
21 0.1375 0.1625 0.1675 0.7197 0.2555 0.0319
22 0.1250 0.1502 0.1550 0.7203 0.2504 0.0319
23 0.1125 0.1378 0.1425 0.7210 0.2452 0.0318
24 0.1000 0.1254 0.1301 0.7216 0.2399 0.0318
25 0.0875 0.1131 0.1176 0.7223 0.2346 0.0317
26 0.0750 0.1007 0.1051 0.7230 0.2292 0.0316
27 0.0625 0.0884 0.0927 0.7237 0.2238 0.0316
28 0.0500 0.0760 0.0802 0.7243 0.2183 0.0315
29 0.0375 0.0637 0.0677 0.7250 0.2127 0.0315
30 0.0250 0.0513 0.0553 0.7258 0.2071 0.0314
31 0.0125 0.0390 0.0428 0.7265 0.2015 0.0313
32 0.0000 0.0266 0.0304 0.7272 0.1959 0.0313
33 0.0000 0.0143 0.0179 0.7279 0.1903 0.0312
34 0.0000 0.0061 0.0054 0.7514 0.1968 0.0290
35 0.0000 0.0016 0.0000 0.7560 0.1588 0.0286
36 0.0000 0.0000 0.0000 0.7479 0.1351 0.0294
37 0.0000 0.0000 0.0000 0.7479 0.1405 0.0294
38 0.0000 0.0000 0.0000 0.7479 0.1405 0.0294
39 0.0000 0.0000 0.0000 0.7479 0.1405 0.0294
40 0.0000 0.0000 0.0000 0.7479 0.1405 0.0294
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Table 4.3.4: Optimal economic growth path with gB rising

t gB gP gL u s i

1 0.0000 0.0000 0.0000 0.7479 0.1405 0.0294
2 0.0000 0.0000 0.0000 0.7479 0.1405 0.0294

3 0.0000 0.0000 0.0000 0.7479 0.1405 0.0294
4 0.0000 0.0000 0.0000 0.7479 0.1405 0.0294
5 0.0000 0.0000 0.0000 0.7479 0.1405 0.0294
6 0.0000 0.0000 0.0000 0.7479 0.1405 0.0294

7 0.0000 0.0000 0.0000 0.7479 0.1405 0.0294
8 0.0000 0.0000 0.0000 0.7479 0.1405 0.0294
9 0.0125 0.0000 0.0000 0.7479 0.1405 0.0294
10 0.0250 0.0042 0.0000 0.7674 0.1494 0.0275
11 0.0375 0.0121 0.0070 0.7714 0.1230 0.0271
12 0.0500 0.0231 0.0196 0.7647 0.1131 0.0277
13 0.0625 0.0358 0.0321 0.7652 0.1286 0.0277
14 0.0750 0.0484 0.0446 0.7658 0.1393 0.0276
15 0.0875 0.0611 0.0572 0.7663 0.1494 0.0276
16 0.1000 0.0737 0.0697 0.7668 0.1589 0.0275
17 0.1125 0.0864 0.0823 0.7673 0.1680 0.0275
18 0.1250 0.0990 0.0948 0.7678 0.1767 0.0274
19 0.1375 0.1117 0.1073 0.7683 0.1850 0.0274
20 0.1500 0.1243 0.1199 0.7688 0.1930 0.0273
21 0.1625 0.1370 0.1324 0.7693 0.2006 0.0273
22 0.1750 0.1496 0.1449 0.7697 0.2080 0.0272
23 0.1875 0.1623 0.1575 0.7702 0.2152 0.0272
24 0.2000 0.1749 0.1700 0.7706 0.2221 0.0272
25 0.2125 0.1875 0.1825 0.7710 0.2288 0.0271
26 0.2250 0.2002 0.1951 0.7714 0.2354 0.0271
27 0.2375 0.2128 0.2076 0.7718 0.2417 0.0270
28 0.2500 0.2254 0.2201 0.7722 0.2479 0.0270
29 0.2625 0.2380 0.2326 0.7726 0.2540 0.0270
30 0.2750 0.2507 0.2452 0.7730 0.2599 0.0269
31 0.2875 0.2633 0.2577 0.7734 0.2657 0.0269
32 0.3000 0.2759 0.2702 0.7737 0.2713 0.0268
33 0.3000 0.2885 0.2828 0.7741 0.2768 0.0268
34 0.3000 0.2957 0.2953 0.7498 0.2746 0.0292
35 0.3000 0.2990 0.3000 0.7426 0.2893 0.0299
36 0.3000 0.3000 0.3000 0.7479 0.2972 0.0294
37 0.3000 0.3000 0.3000 0.7479 0.2949 0.0294
38 0.3000 0.3000 0.3000 0.7479 0.2949 0.0294
39 0.3000 0.3000 0.3000 0.7479 0.2949 0.0294
40 0.3000 0.3000 0.3000 0.7479 0.2949 0.0294
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Figure 4.3.1: Optimal economic growth path with gB falling
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Figure 4.3.2: Optimal economic growth path
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4.3.4 Summary

The main results of the analysis of Uzawa’'s (1965) model of endogenous tech-

nical change can be summarized as follows:

1. A singular trajectory is characterized by two Golden Rules: the Non-Stati-
onary Golden Rule of Accumulation, and the Generalized Golden Rule of
Research.

2. A higher rate of depreciation warrants more investment effort in the case
of physical capital, but less investment effort in the case of technical
knowledge.

3. The optimal relative size of the research sector depends on demographic
forces in the short run only. In steady state there are only minor diffe-
rences between the models with endogenous and exogenous technical change,
respectively.

4. During periods of demographic transition the plot of the optimal savings
rate is roughly U-shaped or inversely U-shaped, depending on whether the
growth rate of births is falling or rising. There are some small oscilla-
tions near the endpoints of the non-stationary trajectory accompanying
the changes in optimal research effort.

5. Most of the changes in optimal research effort occur near the endpoints
of the transition period.

6. It is hard to find a specification of the research production function

that yields plausible numerical results.
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In this Appendix I show that for Uzawa’'s (1965) model of endogenous technical

change all optimal paths must finally converge towards the long-run equilib-

rium point (x*,u*,¢¥,0)) defined by equations (28)-(31).

case a: g > 1

The system is characterized by the following equations:

From (20.a):

From (32), (9), (10) and (A.1l):

x = £[x/ul/(x/u) - (6g+gl-6)) - h(l-u] = a[x,e]
From (26) and (A.1l):

£lx/u] - (x/u)-£'[x/u] = h'[l-u] @

where

® = or/PK

From (A.4), (27) and (22):

¢ = -(gl+og-6)) + £'[x/u) - (h[l-u] + w-h’[l-u]) = v[x,0]

(A.1)

(A.2)

(a.3)

(A.4)

(A.5)

Equation (A.3) determines the optimal value of u, given x and ¢. For conve-

nience I assume that (A.3) always yields an interior solution for u.

assumption does not affect the analysis in any fundamental way.

Total differentiation of (A.3) yields:

-(x/u) £ [x/u] - {((l/u)-dx - (x/u2)~du) = -h''.p-du + h'-dp

from which:

This

(A.6)
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du u-x-f''[x/u] u-x-f''[x/u]

0<=— = < = u/x (A.7)
d 2 (k] + @ou b [lou] x2-E' [x/ul

o> _ w b [1ou] (A.8)
o 2 F[x/u] + p-ud-h''[1-u]

Differentiating (A.2):

dx da da da du

dx dx 8x du dx

-y £ [h, b (xpu2) ErC/w) £ ].g > 0 (A.9)
2 2 dx <
(x/u) (x/u)
d; da da du [ 2, f-(x/u)-f’ ] du
— =—=_——=| h' + (x/u) . —+—~— |-— < 0 (A.10)
de dep du de¢ (x/u)2
Differentiating (A.5), and using the second inequality in (A.7):
do _dy 9y, doydu_ ., y 2y.p0r).8u
dx " ax “ox Tauax - f/ut {wh't - x/uS) £ g <
<uh L e g (xu?)E (k) = w0 (A.11)
dx dx )
do _dy _ @y du_ (., 2y.p00).98 2
" a "~ aege m Wb )£ 20 (A.12)

Disregarding the possibility of derivatives being equal to zero (except
perhaps at some isolated points) and restricting attention to a neighbourhood
of the equilibrium point (x*,¢*) sufficiently small for the derivatives not
to change sign, there are four possible combinations of signs of the deriva-
tives in (A.9)-(A.12). Of these four combinations, two can be ruled out as
will be demonstrated below.

From (A.2) and (A.5) it follows that

- G k>0 (A.13)

Q[X,QJ] - 7[X1¢] =;( - (;= x/u

Now for some fixed x=x let us define:

velx] = ¢ | alx,p] =0 (A.14)

e | v[x,0] =0 (A.15)

[}

oy [x]



110 Appendix to Chapter 4.3
From (A.13)-(A.15) we find:

1[X,0alX]] <0 5 alx,plx]] =0 (A.16)
Y[x,ey[x]] =0 alx,py(x]] >0 (A.17)

Finally, from (A.16) and (A.17) it follows that, regardless of whether

#a[x]>py[x] or gu[x]<py[x]:

sign[% = sign[g—g] (A.18)
so that, using (A.10)

dp _ dy
% & < 0 (A.19)

We can summarize our finding in the following table:

sign of: slope of: sign of
do do dy dy )
case dax dp ax do Palx] w—y[x] P %] ‘P’y[x]
1 >0 <0 <0 <0 rising | falling >0
2 <0 <0 <0 <0 falling| falling >0

For each of these cases we can draw phase diagrams in (x,p)-space, depicted
in Figures 4.3.Al1 and 4.3.A2. Neither of these corresponds to Uzawa's Figure
3, reproduced here as Figure 4.3.A3. Indeed, it is not difficult to see that
Uzawa's phase diagram for the case s=1 is not consistent with some of the
system's properties.

Figures 4.3.Al and 4.3.A2 each yield the same conclusion: starting from
the situation in which ¢g>1 and s=1, the only trajectories yielding true

optimal growth paths point towards the equilibrium point (x*,w*).

case b: g <1

Now we have the following equations:

From (20.c):
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s =0 (A.20)
From (32), (9), (10) and (A.20):

x = - (6g+gl-6y) - h[l-u] <0 (A.21)

From (26) and (A.20):

£[x/u] - (x/u)-f'[x/u] = h'[1-u] gy (A.22)
From (27):
¢x = (p+gf-gl+sy) - (h[l-u] + u-h’[1l-u]) (A.23)

Again, from (A.22):

du
ax >0 (A.24)
du
— < 0 A.25
o (A.25)

dep 3o
A A du .. Gu
& “duoax - Wik <0 (A.26)
do.  de
A A du R 11
——; - Eﬁ_'d¢A_ uh a;) > 0 (A.27)

The phase diagram corresponding to equations (A.21), (A.26) and (A.27) is
given in Figure 4.3.A4. This diagram shows that, starting from the situation
in which ¢g<l and s=0, the only trajectory yielding a true optimal growth
path points towards the equilibrium point (x*,w*).

This concludes the proof of the long-run optimality of the equilibrium

point (x*,u*,0f,0}) defined by equations (28) through (31).
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Figure 4.3.Al: Phase diagram for s=1 - case 1

4
1 - ieo

Figure 4.3.A2: Phase diagram for s=1 - case 2

A
A=o
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Figure 4.3.A3: Uzawa’s phase diagram for s=1

Figure 4.3.A4: Phase diagram for s=0




5 EDUCATION AND ECONOMIC GROWTH

This chapter discusses the relationship between education and economic
growth. After a short historical introduction the attention focusses on the
form and economic significance of the educational production process. A major
conclusion that emerges from the discussion is that education is a very
complex human activity and that there is no consensus among economists on the
way in which this activity should be modelled. This chapter concludes with a
short characterization of the models that form the basis of the analyses in

the subsequent chapters.

5.1 Economics and education

Economics is the science which studies human behaviour as a relationship
between ends and scarce means that have alternative uses (Robbins, 1932/1962,
p. 16). If this definition is applied, one finds that a vast proportion of
human activities belongs to the domain of economics. The fact that this
domain is steadily expanding (Hirshleifer, 1985) merely illustrates that
economists regularly discover new fields of human behaviour which involve the
allocation of scarce resources.

Education 1is such a relatively new field. This is not to say that the
classical economists did not recognize the economic significance of educati-
on. For example Adam Smith (1776/1974, pp. 201 ff.) explicitly stressed the
importance of education for the society’s capacity to produce. Just as in-
vestments in machines increase the stock of the factor of production physical
capital, so education results in a higher productivity of the factor labour.
After Smith, however, the profession directed 1its attention almost
exclusively to the factors 1land and particularly physical capital
("machines"). Increasing the quantity and quality of the capital stock was
considered as the driving force behind economic growth. Education was prima-
rily viewed as a consumption good and analysed on the same footing as pota-
toes, soap, and holiday trips.

A number of circumstances caused a dramatic change in the economists'
attitude towards education. The more or less explosive economic development
of the fifties and sixties resulted in a highly strained labour market,
especially for high-level educated personnel. The educational level of the
labour force was clearly operating more and more as an effective constraint

on society'’'s strive for economic growth. This feeling was strengthened by the
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launching of the first Sputnik-missile in 1957 wich caused quite a shock in
the Western world. The general opinion was that the Soviet-Union’s lead in
the aerospace race was directly related to educational matters (Ritzen,
1986a).

Since the Human Capital school started its activities at the beginning of
the sixties (e.g. Schultz, 196la, 1961b and 1962; Mincer, 1958; Becker,
1964/1975) it has been explicitly recognized that not only the stock of
physical capital but also the labour force, i.e. the stock of human capital,
can be increased by investment and saving behaviour. Education was drawn into
the domain of economics. The central insight of this new branch of economics
(the "economics of education") is that the quality and quantity of labour are
not exogenously determined variables: rather they are the outcomes of delibe-

rate economic decision-making processes.

5.2 Education as a production process

Education is a very complex human activity. Concentrating on its economic
aspects, it is obvious that education uses scarce resources and produces
useful outputs. In this respect education is just a special kind of a produc-
tion process. However, contrary to processes yielding physical outputs, the
nature of the educational production process is not easily characterized (cf.
Hanushek, 1979). There is no general agreement on any of the following three

central characteristics of the educational production process:

- what useful outputs does education produce?

- what scarce resources does it use as inputs?

- what is the technical relationship between inputs and outputs?

These questions are discussed below.

5.2.1 Educational outputs

Education does not produce something out of nothing. Rather, it transforms
individuals. This implies that the output of education should be measured in
terms of value added: after education the individuals are more useful (in one
way or another) than they were before, the difference constituting the con-

tribution of education to economic welfare (cf. Hanushek, 1986).
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The list of useful transformations of individuals performed by education
is long and comprises such diverse items as the following (cf. Haveman &

Wolfe, 1984):

- consumption: education is a pleasant way of spending one’s time, both in
the short run (piano lessons) and in the long run (enjoying playing the
piano) (see, however, Lazear, 1977);

- baby-sitting facilities: education allows the parents to participate in
the production process;

- individual character development;

- information: this role of education is stressed by the advocates of the
screening and related theories (Arrow, 1973);

- redistribution of economic opportunities;

- socialization, national integration, political awareness: these are
essential ingredients for the social structure of the community;

- knowledge and skills useful for future use in production processes (both
educational and other): this output is generally termed as "human

capital".

Most of these educational outputs are essentially micro-economic in nature.
On the macro level, with which we are concerned in this study, these multiple

outputs can be grouped into four main categories:

- consumption;
- infrastructure;
- factor inputs;

- technical knowledge.

As far as education produces consumption goods it does not differ essentially
from the traditional productive sector. Thus, in the aggregative growth model
the consumptive aspects of education can be safely ignored.

The infrastructure output of education is in a way the most important
category. It consists of those requirements that are essential for the func-
tioning of a developed society: general social and political awareness of the
population, universal ability to read, write and communicate, etcetera. The
relationship between education and economic growth is primarily concentrated
at this basic level for developing countries, where the infrastructure is

typically weak. However, for the developed industrial (and post-industrial)
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societies this mechanism through which education affects growth is of
relatively little importance. Once the basic educational infrastructure has
been completed it is there and will be maintained. Thus, by restricting
attention to developed societies I implicitly assume that education performs
its most basic tasks in a satisfactory way and that it keeps on doing so,
irrespective of economic and demographic developments.

The Human Capital school concentrates on the third group of educational
outputs: the productivity of the labour force or, alternatively, "human
capital". However, the concept of human capital 1is not without its
ambiguities (nor is physical capital, for that matter).

The concept of human capital was originally introduced in order to over-
come the obviously unrealistic traditional assumption of homogeneous labour.
Surely, people differ in their capacity to produce and these differences are
at least partly due to differences in educational achievement. But it is not
at all evident that these differences can be measured by a uni-dimensional
unit of measurement like human capital. Such an approach, as 1is prevalent
especially in the initial human capital 1literature, implies that the
productivity differences between individuals are purely quantitative, not
qualitative in nature. In the language of Chapter 3.1, the use of a single-
valued concept of human capital implies that the marginal rate of substitu-
tion between two types of labour is constant.

In fact the use of such a homogeneous concept of human capital is just as
difficult to imagine as the concept of homogeneous labour. An alternative way
of expressing the influence of education on individual labour productivity is
to distinguish different levels of labour and to interpret education as
transforming one kind of labour into another. This approach has been followed
by e.g. Tu (1969), Ritzen (1977) and Sethi & McGuire (1977). There are
various terms by which these different kinds of labour can be denoted, some
of which are "skills", "capabilities" and "educational levels". They have in
common that human capital is not measured by some unit of measurement but by
some qualitative index.

A further step is to combine the cardinal measurability of human capital
with its multi-dimensionality. This approach has been pioneered by Hartog
(1981). In his model the productive capacity of an individual is described by
a vector of numbers, each number indicating the degree to which the indivi-
dual has the skill in question. The advantages of this so-called "multi-

capability theory" are 1its generality and its flexibility. A major
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disadvantage, however, is that its application raises a number of conceptual
and analytical difficulties.

In the preceding chapters I have made no attempt to defend the highly
aggregative level of the models used. For the same reasons I am satisfied
with the use of the homogeneous human capital concept in the major parts of
the remainder of this study. It is only in Section 6.2 that I will analyse a
model in which different "skills" are distinguished. The reasons for doing so
are that such a model is especially suited for analysing the role of time
lags in the educational sector and that the results can serve to check the
robustness of the conclusions obtained from the more aggregative model.

The fourth group of educational outputs that was mentioned above has been
termed as technical change. As should be apparent from the discussion in
Chapter 3 the way in which economists have interpreted and modelled this
aspect of education is far from uniform. The confusion centres around the
crucial (at least for modelling purposes) distinction between human capital
as a factor of production and human capital as an indicator of the level of
technology. This distinction has been discussed very clearly in e.g. Mincer
(1984).

For the reasons mentioned in Chapter 3.1, I see no reason why the capacity
to produce, embodied in an educated individual who is for hire in the labour
market, should be termed anything else but a factsr of production. In my
view, the bulk of educational performance consists of teaching well-known
useful knowledge or manual capabilities to new generations and has nothing to
do with technical change. For this reason we can dismiss the practice of
authors like Razin (1972a; 1972b) - probably misguided by the unfortunate
terminology of Uzawa (1965) - who model education as producing technical
knowledge only.

However, even if the main role of education is to increase the stock of
factor inputs (human capital), there are various ways in which one could well
imagine education affecting also the level of technology. One approach is to
concentrate on education as the mechanism by which new technical knowledge is
transmitted to entrepreneurs. This leads to models in which education affects
the rate of technological diffusion, as in Nelson & Phelps (1966) and in
Stephens (1971).

Another possibility is that education creates, not merely transmits, new
technical knowledge. In a somewhat disguised form this assumption can be
found in the 1learning-by-doing models (Arrow, 1962; Sheéhinski, 1967;

Fellner, 1969). From a more empirical point of view, the frequently encoun-
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tered institutional linkage between education and research (as e.g. in
universities) could lead one to interpret new technical knowledge and produc-
tive capabilities (human capital) as joint products of the educational
production process. This insight might be modelled by assuming a positive
relationship between the education attendance rate and the rate of technical

progress.

5.2.2 Educational inputs

On the input side of the educational production process the diversity in the
number and nature of relevant variables is equally prevalent as it is on the
output side. The degree to which education realizes its objectives is not
only dependent on the organization of the process itself ("school inputs”),
but also on the characteristics of the individual students and peer-group
composition, serving in fact as the "raw materials" of the production
process, and on external inputs, like social environment (see e.g. Hanushek,
1979 and 1986). Since these and similar variables are essentially micro in
nature, they can easily be disregarded in the highly aggregative context of
this study.

Still, even at the macro level there are various educational inputs to

consider. Probably the most important are the following:

- students’ time;

- students’ human capital (quality);
- teachers’ time (and quality);

- parents’ time (and quality);

- physical commodities.

If one were asked to give a single characterization of the educational
production process virtually everyone would answer that it takes time.
However diverse the various specifications of the production function for
human capital that can be found in the literature, almost all of them have in
common that students’ time is one of the leading factor inputs (e.g. Ritzen &
Winkler, 1977).

The students’ human capital as an educational input can take various
forms. Among other things this argument of the production function can be
used to take into account the effect of innate ability: individuals are at
the time of their birth endowed with some stock of human capital that deter-

mines to a certain extent the success of their schooling career. Another
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aspect of the human capital variable is that it allows one to model the
output of one phase of the educational production process serving as the
input for a subsequent phase, or, alternatively, to take into account the
possibility that the efficiency of learning is an increasing function of
educational achievement.

The value of these two inputs, students’ time and students’ human capital,
constitute the so-called indirect costs of education, frequently also
labelled as "earnings foregone". For most types of education these indirect
costs form the bulk of the total costs as far as the individual student is
concerned, since the other inputs are typically heavily subsidized or even
supplied freely by the government. In many micro-economic studies of demand
for education the direct costs are therefore completely neglected (e.g.
Haley, 1976; Rosen, 1976; Theeuwes e.a., 1985), although other studies do
allow for market inputs like tuition fees and the like (e.g. Ben-Porath,
1967; Kodde, 1985).

At the macro level the direct costs of education are of course significant
(cf. Hanushek, 1986), which has led some authors to incorporate such inputs
in their macro-educational production functions (e.g. Ritzen, 1977). Still,
there are several grounds on which one could defend the exclusion of non-
student related factor inputs. According to one argument, in extending the
aggregative model to include an educational sector one should concentrate on
the essential characteristics of education. Alternatively, one should realize
that education is not confined to formal full-time schooling. A large propor-
tion of human capital formation is done in the form of training "on the job",
where direct factor inputs are almost impossible to measure but are probably
much smaller than in regular public schools (Mincer, 1962). If, as is
invariably done, the full-time and part-time types of education are lumped
together into a single aggregate educational sector, every specification of
factor inputs like teachers’ services and physical commodities becomes rather
arbitrary, while it does not seem to add significantly to the model'’s

descriptive power.

5.2.3 Functional form

Given the wide range of choice for both factor inputs and educational
outputs, it is not surprising that even some moderate degree of consensus on
the functional form of the educational production function is remote.
Especially in the context of macro-economic models the functional form varies

from author to author and sometimes even between different studies. The
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choice for a particular functional form is partly governed by the specifica-
tion of inputs and outputs. From the remaining degrees of freedom the choice
is greatly restricted by the necessity for analytical convenience and often
by the wish for explicit solutions to the complete model. For lack of a well-
established theoretical foundation of the learning process, it is considera-
tions of convenience rather than of plausibility or empirical support that
govern the choice for the specification of the educational production func-

tion.

5.3 Selection of models

For lack of some generally accepted practice to guide me, I have simply
selected some specifications of the educational production process for the
analyses in the chapters to follow.

In Chapter 6, I concentrate on the factor-input producing effect of educa-
tion, i.e. the human-capital approach. Chapter 6.1 treats human capital as a
homogeneous concept that needs time and human capital to produce. The corre-
sponding production function is postulated to be of the form proposed by
Haley (1976). Chapter 6.2 distinguishes two qualitatively different levels of
labour. Education is assumed to require some fixed period of time, as in Tu
(1969) and Ritzen (1977, ch. 5); a generalization of this model to time
periods varying with innate ability has been provided by Sethi & McGuire
(1977).

Chapter 7 deals with education under conditions of technical progress. Two
aspects of the interaction between education and technical progress are
considered. Chapter 7.1 analyses the effect of exogenous technical change on
optimal investment in education. Chapter 7.2 investigates the role of educa-
tion for the rate of diffusion of new technical knowledge. Both models of
Chapter 7 are generalizations of the model of Chapter 6.1, i.e. the model

with homogeneous human capital.



6 OPTIMAL ECONOMIC GROWTH AND INVESTMENT IN EDUCATION

In the simple one-sector growth model of Chapter 2 it was assumed that an
individual’s stock of human capital was some exogenously given function of
the individual’s age. The purpose of this chapter is to extend the simple
model by making human capital a function of investment in education.

Chapter 6.1 examines an economic growth model with homogeneous human
capital. That is, the labour services of two individuals with a different
level of educational achievement are perfectly substitutable in the produc-
tion. (Because of the maintained assumption that all individuals of the same
generation are treated alike, such differences occur only between, not within
generations). Consequently, the amount of human capital available in the
labour force can be measured as one single factor of production (cf. Chapter
3.1).

Chapter 6.2 analyses a model in which two types of labour are distin-
guished, viz. educated and non-educated labour. Here the rate of substitution
between the two types of labour can vary according to the economic circum-
stances. Hence the model can be termed as one with heterogeneous human

capital.
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6.1 A model with homogeneous human capital

A typical feature of human capital is that it is embodied in people who, by
the laws of nature, have only a finite lifetime. While physical capital
might, at least in principle, last forever, human capital inevitably dies
some day. In this respect human capital is fundamentally different from
physical capital. It also follows that, in addition to the quantity of human
capital, another important aspect of human capital is the way in which it is
distributed over the generations at present alive. For this reason it is
essential to choose the individual as the starting point for the analysis of
the role of human capital in the economy. This is particularly important if
the focus is on the economic consequences of demographic change (cf. Arthur &
McNicoll, 1977).

The organization of this chapter is as follows. Section 6.1.1 discusses
the model as far as it differs from the model of Chapter 2. Section 6.1.2
establishes the conditions for optimal economic growth. Sections 6.1.3 and
6.1.4 discuss the comparative statics and dynamic properties of the optimal

growth path, respectively.

6.1.1 Homogeneous human capital in a model of overlapping generations

Each newly-born person is endowed with an initial stock of human capital
equal to hg. Without loss of generality this initial stock can be put equal
to one. In the course of his lifetime an individual can accumulate human
capital by allocating resources to education. Here there is no qualitative
distinction between formal education and training on the job.

Following Haley (1976) I postulate a production function of human capital
in which both the stock of human capital and the fraction of time spent

training enter as arguments, in the following way:
h(t) = E[u(t)-h(t)] - &y-h(t) (1)

Here h(t) denotes the stock of human capital, u(t) the fraction of time spent

training which is restricted by

0<u(t) <1 (2)
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and §y denotes the rate of depreciation of human capital, assumed to be
constant. The educational production function or schooling function E[-] is

assumed to satisfy:

E[0] =0 ; E'[-]>0 ;E"[-]<0 (3)
If we define

e(t) = u(t)-h(t) (4)

i.e. e€(t) is the amount of human capital allocated to education, equations

(1)-(2) reduce to
h(t) = E[e(t)] - sy-h(t) , 0 < e(t) < h(t) (5)

The greater the stock of human capital of an individual, the greater his
efficiency in the production of the aggregate commodity. By measuring the
stock of human capital in efficiency units the potential efficiency of an
individual at time t is equal to h(t). I maintain the initial assumption that
all individuals of the same generations are treated alike, i.e. u(t) and h(t)

are always the same within generations.

Let us now introduce differences between generations. It will be
convenient to index each generation by its date of birth rather than by its
age since the former is invariant over time. Thus generation v consists of
those individuals born at time v and aged t-v at time t. The stock of human
capital embodied in an individual of generation v at time t is denoted by
hy(t) and the corresponding training effort by uy(t) or, alternatively,

€y(t). Equation (5) can now be written as follows:

hy(t) = E[ey(t)] - 6g-hy(t) , tnsvst (6a)
0 < ey(t) <hy(t) , tn=<vst (6b)
hy(v) =1 (6¢c)

where n is maximum age, as before. The actual efficiency of an individual is
equal to his potential efficiency multiplied by the fraction of time devoted

to the production of the aggregate commodity, i.e. one minus the fraction of



6.1 Homogeneous human capital 125

time spent training. Now the labour force at time t measured in efficiency

units (units of human capital) equals
L(t) = Iﬁn (hy(t) - ey(t)) u(t-v) -B(v) dv 7

Here B(v) denotes the number of births at time v and p(-) some fixed age-

specific survival schedule, as before.

6.1.2 Optimal investment in education

The central planning agency faces the following optimization problem:

Maximize I; e_pt(l-s(t))~F[K(;zé§(t) dt (8)

subject to (6a)-(6c), (7), the capital accumulation equation
k(t) = s(t)-F[R(t),L(t)] - ég-K(t) , 0 <s(t) =1 (9)

and initial conditions. The controls are the savings rate s(t) and the
generation-specific training efforts ey(t), t-n < v < t. Since v is conti-
nuous, we have in fact a continuum of control variables (and of dynamic
restrictions and costate variables as well), corresponding to the continuum
of active generations.

A heuristic method of solving such optimal control problems proceeds as
follows. The integral (7), giving the labour force as a function of this
continuum of control variables ey(t) and state variables hy(t), can be inter-
preted as a summation of discrete variables over intervals of widht dv, where
dv approaches zero (dv»0). As long as we keep this interpretation in mind,
there is no fundamental difference between ordinary optimal control with a
finite number of controls and the present continuous optimal control
problem.

The Hamiltonian can now be written as follows:

v=t

H(t) = e €F(1-s(t))-L K(;Z£§(t)] + T %) (E[ey(t)] - Sy-hy(t)) +
v=t-n;dv-0

+ P(t) - (s(t) -F[K(t),L(t)] - 8g-K(t)) (10)
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The costate variables ¥g(t) and ¥,(t), t-n < v < t, satisfy:

] 8H(t) . 8H(t) 3L(t)
W(®) = Fh o) t BL(t) Bhy(t)

p(c-v)-B(v)-[e"’t(l-s(c))-l—,%Ej + s(t) -yg(t)] -FL(t)-av +

- Sypy(t) , tnsvst (11)
P(t) = gggz; - [e"’t(l-s(c)).l_)%Ej + s(t) ()] -Fr(t) - g Pg(t) (12)

Note the presence of the interval width dv in (11).
Necessary conditions for an optimum are - dropping the time index for

notational convenience -

>0 if s=1
dH e-pt . 13
a—s=F[K,L]'|:¢ -T—] =0 if0<sx«<1l (13)
<0 if s=0
éH _8H AL _ . .. e Pt(1.).1 bl Fr- B! -
Bey + o1 by (t-v)-B(v)-[eP"(1-5) g ts ¥g] -FL-dv + ¥y E' [ey]
>0 if ey = hy
- -0 if 0 < ey < hy ttn<vs<t (14)
<0 if ¢, =0

In addition we have the following transversality condition for human capital

of individuals about to die:

Ye.n(t) hen(t) =0 (15)
which, in view of (3) and (6), reduces to:

Ye.n(t) = 0 (16)

Let us concentrate on singular solutions for the optimal savings rate. From

(13) we find the conditions necessary for such a singular solution to occur:

-pt
e
v = S— (17)
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¥k = ¥ (p+gD) (18)
Substitution of (17) and (18) into (12) yields

£ [k(t)] = FR(t) = p + bg + g*(t) (19)

which is the, by now, quite familiar Generalized Golden Rule.

Condition (19) determines the optimal capital/labour ratio (or rather the
optimal physical/human capital ratio), conditional to the pattern of popula-
tion growth. Then the marginal productivity of labour Fy(t) is determined as
well:

w(t) = Fp(t) = £lk(t)] - k(t)-£'[k(t)] (20)

using the linear homogeneity of the production function.

From (11), (17) and (20):

-pt
S Py () - Py(t) = B(v)-p(t-v)-%zgs-w(t)-dv , tns<vs<t (21)
Integrating (21) with repect to t:
-6yt t -8y e ?7
-e PHE .y (t) = B(v)-dv- JA e °H 'p(r-v)-ﬁz;j-w(r) dr , t-n<v<t (22)

The constant of integration A can be obtained from the transversality

condition (16):
Yy(vin) = 0 > A = vin (23)

Subtitution of (22) and (23) into (14) yields:

QH(t) . oH 8L e Pt
5:;??5 + 6L'8hv = B(v)-dv-[-p(t-v)-izzj-w(t) +

-pr
+ E'[ev(t)]-e6Ht- JX*“ e-sﬂf-p(f-v)-%?;j~w(r) dr } -

v
(=)

if  ey(t) = hy(t)
= =0 if 0 < ey(t) < hy(t) , t-n<v<=t (24)
if  ey(t) =0

IA
o
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The interpretation of condition (24) is as follows. The first term in
brackets denotes the "present value" of production foregone per unit of human
capital allocated to education. Here "present value" involves discounting at
a rate equal to the sum of the rate of impatience, the rate of population
growth, and the mortality rate. The second term in brackets denotes the
present value of the production in the future that can be derived from
allocating one additional unit of human capital to education, after correc-
tion for depreciation of human capital. Thus, optimal (interior) training
decisions are characterized by the familiar equality of opportunity costs and
discounted returns. This decision criterion is well-known from the micro-
economic theory of demand for education (cf. Kodde, 1985).

The equations implied by condition (24) are relatively easily solved. The
optimal training profile for one generation can be determined independently
of the training profiles of the other generations. Moreover this optimal
training profile is completely determined by the sequence of growth rates of
population gP(t) over the lifetime of the generation under consideration,
given that the capital-labour ratio k(t) is optimal in every period (as

determined by equations (19) and (20)).

6.1.3 Comparative statics

If the economy is in steady state, i.e. w and k are constant and labour and
population grow at a constant rate g, the condition for optimal training

effort (24) can be simplified as follows:

p(t-v)

Iz+n #(f-v)'e-(p+g+6H)'(T-t)df

AV
8

E'[ey(t)]

€v(t) = hv(t)
0< ey(t) <hy(t) , tmnsvst (25)
e(t) = 0

3

By virtue of assumption (3) the LHS of (25) is a strictly decreasing function
of ey(t).
Let us denote the quotient in (25) by S(t-v) and let us write S(t-v) as a

function of the individual’'s age a=t-v:
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s(a) - u(a) , 0<a=<n (26)
I: ”(z)_e-(p+g+6H).(z-a)dz

Differentiating (26) logarithmically with respect to a:

dlog S A

dog 5(a) _ 5(a) + a(a) - (preron) @7

This expression cannot be signed in general. However, two special cases yield
a positive derivative. If the survival schedule pu(a) is exponential, i.e.

u(a)=e P2 with p constant, then (27) reduces to:

dlog S(a) _ ptptg+by
da 1 - e-(p+p+g+6H)-(n-a)

(utptg+éy) > 0 ( for p+p+g+éy>0 ) (28)

The other special case is the one in which no mortality occurs for ages below
n. This case is equivalent to putting p equal to zero in (28) and again a
non-negative derivative emerges. These two examples suggest that one should
generally expect the first term on the RHS of (27), which is positive, to
outweigh the negative two other terms.

The above analysis implies that (at least in steady state) the optimal
age-training profile is non-increasing, which is perfectly consistent with
both the theoretical and empirical literature on the subject (e.g. Ben-
Porath, 1967; Von Weizsidcker, 1967; Theeuwes e.a., 1985). Typically, indivi-
dual investment in education over the life-cycle consists of an initial
period of maximum investment (full-time education), then a period of partial
investment with the training effort diminishing gradually over time (on-the-
job training), and finally a period without training (cf. Blinder & Weiss,
1976). Such an age-training profile corresponds to the familiar inverted U-

shaped form of the age-income profile (e.g. Hartog, 1976).

Next we investigate the effect of changes in the exogenous parameters on the
steady-state values of the human capital variables.
From (26) it is immediately seen that S(a) is an increasing function of

both p, g, and éy. This together with (3) and (25) implies that

de(a) _ de(a) _ de(a)
b " ag by = ° (29)

where we use e€(a) as a shorthand notation for ey (t) , training effort at

t-v=a
age a.
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Human capital as a function of age is obtained by integrating (5):
h(a) - e SH'2 IS H (272 g (5] a2 (30)

(using (6c)). From (30) and (29):

9%%22 - jg eSH'(z'a).E'[e(z)]~9§%El dz < 0 (31)
Qgéil - Ig eSH'(z'a)-E'[e(z)]~9§éEl dz < 0 (32)
dg;:) _ Jg esH'(z'a)~E'[e(z)]~9§§§l 4z - a.efHE

+ Jg (z-a) S0 (Z" D Ele(z)] dz < 0 (33)

All these comparative statics effects are of course very plausible: since
optimal training effort is governed by the equality of earnings foregone and
discounted returns, and since p, g, and éy all three enter this discount rate
positively, increasing any one of these parameters should be expected to
decrease both the training effort and the stock of human capital for all
generations.

The third human-capital variable of interest, since it directly enters the
expression for steady-state consumption per capita, is the labour/population-

ratio L/P. In steady state this ratio equals, using (7):

jg (h(a)-e(a))-u(a)-e B da
L
L. (34)

Ig ,u(a)-e-ga da

As in Section 2.4 we can define the mean age of the labour force and of the

total population, respectively:

jg a-(h(a)-e(a))-,u(a)-e_ga da
L (35)

jg (h(a)-e(a)) -u(a)-e B da

Ig a-p.(a)-e-ga da
of - (36)

Ig u(a)-e-ga da




6.1 Homogeneous human capital 131

Using (35) and (36), we have from (34):

n dh(a) de(a) 7. __-ga
. IO —ag—— - _Eg_— ] u(a)-e da
= E-(mP-mL) + (37)

Ig p(a)-e-ga da

4 L
dg P

The first term on the RHS of (37) is recognized from Section 2.4. There it
was concluded that this term is positive for g below some critical level and
negative above this critical level. The existence of such a critical level
was shown to open the possibility that there might exist an effective lower
bound to the extent to which the rate of population growth can profitably be
reduced (in the sense that reducing g increases consumption per capita).

With endogenous training policy this analysis has to be slightly modified.
The second term on the RHS of (37) cannot be unambiguously signed. It seems
reasonable, however, that the effect of g on the average human capital stock
h(-) outweighs the effect of g on the average training effort e(-). If this
is indeed the case then the second term on the RHS of (37) is negative, thus
lowering the critical level of g (if it exists) at which the labour/popula-
tion-ratio reaches its maximum. Thus, the introduction of an educational
sector into the growth model increases the extent to which the rate of popu-
lation growth can be profitably reduced. This is so, because investment in
education is more attractive the lower the rate of population growth, thus
offsetting the adverse effect of a lower g on the dependency ratio.

The effect of p and §y on L/P are given by, respectively:

13 [ dh(a) gﬁﬁgl ]-u(a)-e 8% da

dp
%; % (38)
Ig p(a)'e-ga da
n dh(a) de(a) . _.-ga
4 L Io [ dsy  dég ]-n(ay-e™=" da
c = - 39)
déy P (

Ig p(a)~e-ga da

As argued in the previous paragraph, it is reasonable to assume both these
derivatives to be negative.
Since the remaining comparative statics results are essentially the same

as for the model of Chapter 2 without educational sector, they will not be
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discussed here again. All comparative statics effects are summarized in Table

6.1.1.

Table 6.1.1: Comparative-statics results for the one-sector model

with homogeneous human capital

effect of: g Sk SH P
on:

k - - 0 -
s + 1) + 1) 0 -
() - 0 - -
h(-) - 0 - -
C/P -2) - - -

p

1) for o <1 + ppes

2) except possibly for very low value of g

6.1.4 The non-stationary optimal growth path

In this section I will analyse the effect of a changing rate of population
growth on optimal investment in both physical and human capital.

As for the model of Chapter 2, the physical/human-capital ratio k is
negatively related to the growth rate of population. That 1is, if gB(-)
gradually decreases over time, then k(:) should gradually increase over time,
and vice versa. This follows immediately from condition (19).

Now consider the case of gB(-) falling, being the present demographic
experience in most industrialized countries. Since w[k] is an increasing
function of k, this implies that w(:) rises continuously. In terms of the
condition for optimal training effort (24) this means that the future returns
to education rise relative to the opportunity cost, implying an increase in
optimal investment in education. As a second effect, the rate at which these
returns are discounted falls, making investment in education even more
attractive.

In the case of gB(-) rising over time the story is reversed. Thus we

should expect the optimal training effort to generally move in the opposite
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direction of the growth rate of population. There could be some exceptions to
this general picture, viz. when the growth in the labour productivity w(:)
flattens down towards the end of the demographic transition process; this
flattening down partly reverses the change in the pattern of future returns
to education.

With respect to the optimal savings rate s(-) the analysis is slightly
more complicated than in Chapter 2. This is because the demographic develop-
ment now affects k not only directly via the Golden Rule (19), but also
through the size of the labour force via induced changes in the optimal
educational policy. For instance, if gB(~) starts to fall this will have two

effects on the optimal savings rate s:

- a direct effect via the Golden Rule, as well as through the labour force /
population ratio L/P at given age-ability profiles. As was demonstrated in
Chapter 2, this effect is initially positive and finally negative.

- an indirect effect via changes in the growth rate of the labour force due
to adjustments in educational policy. This indirect effect will actually

occur before the direct effect, as can be easily verified from (19) and

(24). The initial adjustment will consist of an increase in the training
effort by those generations constituting the older part of the labour
force by the time the fall in the birth growth rate comes into effect. The
result is that there will be a drop in the growth rate of the labour force
before the initial drop in the optimal capital/ labour-ratio. This means
that the optimal savings rate will fall before it starts to rise in accor-
dance with the analysis of Chapter 2. Thus the time path of s(:) will

still be inversely U-shaped, but with "wiggles" at both ends.

Some numerical illustrations are presented in Tables 6.1.3 and 6.1.4, and
Figures 6.1.1 and 6.1.2. In order to keep the presentation manageable the
number of overlapping generations that are distinguished has been limited to
five. This number implies that one period should be interpreted as a time
span of something like 15 years. The values of the parameters p, 6k, 6y and
g(-) have been scaled so as to bear a reasonably realistic correspondence to
such a time span.

The values of the parameters used are summarized in Table 6.1.2. The

educational production function has been specified to be

E{¢] = vy-¢P
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Table 6.1.2: Parameters used for illustrations in Figures 6.1.1 and 6.1.2

Number of generations

Survival schedule

Social rate of impatience

Depreciation rates

Growth rate of births

Production function

Educational prod. function

p(L)=p(2)=p(3)=p(4)=p(5)=1

p=0.25

6g=0.3 ; 6y=0.3

0.30 0.25 0.20 0.15 0.10 0.05 0.00

l-0 A
l-o0

ymlak 7 + (1-a))
a=0.25

0=0.5

E[e] = v-¢f

¥=2.0

p=0.8
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Table 6.1.3: Optimal economic growth path with gB falling
t g g uj un uj w, us s c/P
0 0.30 | 0.30 1 1 0.878 | 0.075 0 0.312 1.400
1 0.30 | 0.30 1 1 0.878 | 0.075 0 0.312 1.400
2 0.30 | 0.30 1 1 0.878 | 0.075 0 0.312 1.400
3 0.30 | 0.30 1 1 0.878 | 0.075 0 0.312 1.400
4 0.30 | 0.30 1 1 0.878 | 0.075 0 0.312 1.400
5 0.30 | 0.30 1 1 0.878 | 0.075 0 0.312 1.400
6 | 0.30 | 0.30 1 1 0.878 | 0.075 0 0.312 1.400
7 0.30 | 0.30 1 1 0.878 | 0.075 0 0.312 1.400
8 0.30 | 0.30 1 1 0.878 | 0.075 0 0.303 1.418
9 0.30 | 0.30 1 1 0.912 | 0.075 0 0.292 1.421
10 0.30 { 0.30 1 1 1.000 | 0.084 0 0.352 1.262
11 0.25 | 0.28 1 1 1.000 | 0.093 0 0.351 1.339
12 0.20 | 0.26 1 1 1.000 | 0.111 0 0.354 1.424
13 0.15 | 0.22 1 1 1.000 | 0.136 0 0.354 1.547
14 0.10 | 0.18 1 1 1.000 | 0.168 0 0.346 1.724
15 0.05 | 0.14 1 1 1.000 | 0.210 0 0.341 1.929
16 0.00 | 0.09 1 1 1.000 | 0.237 0 0.307 2.285
17 0.00 | 0.05 1 1 1.000 | 0.259 0 0.277 2.618
18 0.00 | 0.03 1 1 1.000 | 0.273 0 0.243 2.946
19 0.00 | 0.01 1 1 1.000 | 0.274 0 0.217 3.174
20 0.00 | 0.00 1 1 1.000 | 0.261 0 0.196 3.307
21 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
22 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
23 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
24 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
25 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
26 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
27 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
28 0.00 } 0.00 1 1 1.000 | 0.261 0 0.202 3.253
29 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
30.{ 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
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Table 6.1.4: Optimal economic growth path with gB rising

t g g uy up us3 uy, us s Cc/P
0 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
1 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
2 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
3 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
4 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
5 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
6 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
7 0.00 | 0.00 1 1 1.000 | 0.261 0 0.202 3.253
8 0.00 | 0.00 1 1 1.000 | 0.261 0 0.211 3.216
9 0.00 | 0.00 1 1 1.000 | 0.236 0 0.191 3.344
10 0.05 | 0.01 1 1 1.000 | 0.202 0 0.174 3.360
11 0.10 | 0.03 1 1 1.000 | 0.164 0 0.156 3.276
12 0.15 | 0.06 1 1 1.000 | 0.127 0 0.154 3.003
13 0.20 | 0.11 1 1 1.000 | 0.097 0 0.173 2.611
14 0.25 | 0.16 1 1 0.973 | 0.078 0 0.205 2.231
15 0.30 | 0.22 1 1 0.881 | 0.072 0 0.215 1.994
16 0.30 | 0.26 1 1 0.847 {1 0.073 0 0.245 1.716
17 0.30 | 0.28 1 1 0.843 | 0.074 0 0.284 1.497
18 0.30 | 0.29 1 1 0.858 [ 0.075 0 0.306 1.402
19 0.30 | 0.30 1 1 0.878 | 0.076 0 0.317 1.363
20 0.30 | 0.30 1 1 0.878 | 0.075 0 0.315 1.389
21 0.30 | 0.30 1 1 0.878 § 0.075 0 0.312 1.400
22 0.30 | 0.30 1 1 0.878 | 0.075 0 0.312 1.400
23 0.30 | 0.30 1 1 0.878 | 0.075 0 0.312 1.400
24 0.30 | 0.30 1 1 0.878 | 0.075 0 0.312 1.400
25 0.30 | 0.30 1 1 0.878 { 0.075 0 0.312 1.400
26 0.30 | 0.30 1 1 0.878 1 0.075 0 0.312 1.400
27 0.30 | 0.30 1 1 0.878 | 0.075 0 0.312 1.400
28 0.30 | 0.30 1 1 0.878 | 0.075 0 0.312 1.400
29 0.30 § 0.30 1 1 0.878 | 0.075 0 0.312 1.400
30 0.30 | 0.30 1 1 0.878 | 0.075 0 0.312 1.400
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Figure 6.1.1: Optimal economic growth path with gB falling
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Figure 6.1.2: Optimal economic growth path with gB rising
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following Haley (1976). The values for y and B have been obtained by
"fitting" the function to some crude measure of mean gross incomes classified
by educational achievement. The aggregate production function has been taken
to be of the CES type.

The plot of the optimal savings rate has the familiar U-shape or inverted
U-shape during periods of demographic transition, depending on whether the
rate of population growth is rising or falling. The small oscillations near
the endpoints of the non-stationary trajectory accompany the changes in
optimal training policy for the varous age groups, especially the third one.

The simulated optimal training profiles are at rather high levels: indivi-
duals spend roughly 60% of their life training and only 40% working. For the
first and second age group optimal training effort is maximum all the time.
The fall in gB(-) results in a modest rise of optimal education for the third
and fourth age group; the reverse relationship holds true for the case of a
rise in the population growth rate.

Finally, consumption per capita is more or less inversely related to the

rate of population growth during the full period of demographic transition.

6.1.5 Summary

In this chapter I have analysed a model of overlapping generations in which
the age-ability profile of an individual is a function of investment in
education. The educational production function has the individual’s stock of
human capital and the fraction of time spent training, as arguments.

The conclusions of the analysis can be summarized as follows:

1. Along the singular trajectory optimal training decisions are characterized
by the equality of opportunity costs and discounted returns.

2. The optimal age-training profile is non-increasing.

3. When the growth rate of population falls, investment in education becomes
more attractive. The introduction of an educational sector increases the
extent to which the rate of population growth can profitably be reduced.

4. In general, training effort moves in the opposite direction to the growth
rate of population along the non-stationary economic growth path.

5. The plot of the optimal savings rate has the familiar U-shape or inverted

U-shape during periods of demographic transition, depending on whether the
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rate of population growth is rising or falling. Some small oscillations
occur near the endpoints of the non-stationary trajectory; these accompany

the changes in optimal training policy for the various age-groups.
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6.2 A model with heterogeneous human capital

This chapter investigates a model originally developed by Tu (1969) with two
types of labour: skilled and unskilled. Unskilled labour can be transformed
into skilled labour through education.

A similar model, with multiple types of labour (but without overlapping
generations), is analysed in Ritzen (1977, ch. 5). A generalization of the
model to include schooling periods varying with innate ability has been
developed by Sethi & McGuire (1977).

The specification of the educational production function gives rise to an
optimal control problem with integral state equations. In Section 6.2.1 the
necessary conditions for the solution to this type of problem will be
formulated. These conditions constitute a generalization of a theorem of
Kamien & Muller (1976) to include the case of bounded controls.

Section 6.2.2 outlines the model with two types of labour. In Section
6.2.3 the conditions for optimal economic growth are established. The
comparative-statics properties of the model are discussed in Section 6.2.4.
Section 6.2.5 focusses on the dynamic properties of the optimal economic

growth path. The chapter concludes with a summary.

6.2.1 Optimal control with integral state equations and bounded controls

Kamien & Muller (1976) prove a simple theorem, stating the necessary condi-
tions for optimal control of a system governed by integral state equations.

Their theorem can be stated as follows: in order to maximize

fg fx(t),u(t),t] dt (L)

with respect to the control u(t), subject to
x(t) = x(a) + _I: glx(v),u(v),v,t] dv (2)

the following conditions must be satisfied:

B = 0 = £ulx(v)u(e) €] + f‘; A(v) - gulx(E),u(t) ,t,v] dv (3)

gg = A(t) = £y[x(t),u(t),t] + It AV) - g [x(t) ,u(t) , t,v] av %)
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where the Hamiltonian H(t) is given by
H(t) = fx(t),u(t),t] + J]é A(v)-glx(t),u(t),t,v] dv (5)

Kamien & Muller provide a heuristic proof of their theorem based on the
results of the calculus of variations. Thus their theorem cannot automatical-
ly be generalized to apply to problems with constraints on the state
variables and/or the controls. Such constraints do play a role in the models
of this study, where controls like the savings rate s and the enrollment rate
h (to be introduced in the next section) must lie within the interval [0,1].
Specifically, such constraints require that condition (3) be replaced by the

more general condition:
H(t) must be maximized with respect to u(t), (6)

thus allowing for corner solutions.

However, using the results of Sethi (1974), I will prove that the above
theorem can be generalized to include cases in which the control space is
restricted. Sethi, extending the earlier work of Vinokurov (1969) and Bakke
(1974), establishes the necessary conditions for optimal control if the

dynamic restrictions are integro-differential equations:

x(t) = h[x(t),u(t),t] + L‘l g[x(v),u(v),v,t] dv 7
In this case the Hamiltonian reads:

H(t) = £[x(t),u(t),t] + p(t) -h[x(t),u(t),t] + It P(V)-glx(t),u(t),t,v] dv (8)

and the necessary conditions are given by (6) and the costate equations

by - - & (9

Now the integral equation (2) is a special case of the integro-differential

equation (7). Differentiate (2) with respect to time:

x(£) = glx(£),u(t),c,e] + f; g4 (x(v) ,u(v),v,t] dv (10)
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Here g4[-] denotes the partial derivative of g[-] with respect to its fourth

argument. We form the Hamiltonian (8) for restriction (10):
H(t) = f[x(t),u(t),t] + p(t) -g[x(t),u(t),t,t] +
+ It p(v)-gA[X(t),u(t),t,v] dv (11)
Now integrate the third term by parts:
It P(Vv)-g4x(t),u(t),t,v] dv = p(b) -g[x(t),u(t),t,b] +
- p(t)-glx(t),u(t), £, t] - j‘; P(v) -glx(t),u(t),t,v] dv (12)
The first term on the RHS of (12) is equal to zero by virtue of the trans-

versality conditions in the absence of constraints on x(b). Then the Hamil-

tonian in (11) reduces to:

H(t) = f[x(t),u(t),t] - Iz p(V) -g[x(t),u(t),t,v] dv =

[}

flx(t),u(t),t] + I: A(v)-glx(t),u(t),t,v] dv (13)

which is the Hamiltonian of Kamien & Muller (5) if the shadow price A(v) is

defined as

A(v) = - p(v) (14)
Thus, application of the theorem of Sethi (1974) to the problem of optimal
control with integral state equations yields (4) and (6) as necessary condi-

tions. This completes the proof of the generalizability of the theorem of

Kamien & Muller (1976) to problems with a constrained control space.

6.2.2 The model with two types of labour

In the growth model of Tu (1969) two types of labour are distinguished:
skilled and unskilled. The educational production function is such that it
takes a fixed number of years to provide an uneducated person with the

training necessary to become a skilled labourer.



144 6.2 Heterogeneous human capital

During an individual’s stay at school he is not available for productive
purposes. Thus total population consists of three categories: skilled labour,
unskilled labour, and students.

Provided that it is possible to make skilled people perform unskilled
jobs, it is clearly not an optimal policy to educate people of a positive age
as long as not all newly-born children are enrolled in the educational
sector. For this reason I have concentrated on the proportion of newly-born
children entering the educational sector as the control variable of educa-
tional policy. This proportion will be termed the enrollment rate and is
denoted by h(v) for generation v.

If we write m for the fixed length of the training period, the number of

people in each category of the population can be written as follows:

unskilled labour: Pj(t) = Jt-n {1-h(v)) - u(t-v) -B(v) dv (15)
skilled labour: Po(t) = jt:: h(v) -u(t-v)-B(v) dv (16)
students: Po(t) = It-m h(v)-u(t-v) -B(v) dv (17)

total population: P(t) Iz-n p(t-v) -B(v) dv = Pg(t) + Py(t) + Pa(t) (18)

If we ignore the possibility of there being so many trained people along some
segments of the optimal growth path that some of them have to be temporarily
placed in unskilled jobs, the actual and potential quantity of the labour
force are equal for both types op labour. The production function is then
given by:

Y(t) = F[KR(t),L1(t),La(t)] = F[K(t),P1(t),Pa(t)] (19)
The capital stock accumulates as usual according to:

R(t) = s(t)-Y(t) - &§-K(t) (20)

where s(t) is the gross savings rate and the second control variable.
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6.2.3 Optimal economic growth

The problem confronting the central planning agency is to choose s(t) and

h(t) such that

_— I: e-pt_(l-s(;il$Y(t) at (21)

is maximized, subject to the integral equations (15) and (16), the production
function (19), the differential equation (20), and given the exogenous
dynamic path of (18).

In order to be able to apply the theorem of the previous section to this
maximization problem, the dynamic restrictions must be written in the form

(2). For the stock of physical capital integration of (20) yields:
K(t) = K(-=) + me (s(v)-Y(v) - 6-K(v)) dv (22)

For skilled and wunskilled labour the required form can be obtained by

introducing the indicator function Jp(t), defined by:

1 ¢« teA

Ja(t) =
0 « tegAa (23)

Now (15) and (16) can be written as, respectively:
P1(t) = me I pen, 0] V) (1) a(E-v) -B(v) dv (24)
Po(t) = I?m J[t_n,t_m](v)-h(v)-p(t-v)-B(v) dv (25)

The Hamiltonian is:

o Pt 1L-5(£))-Y(E)

He) = P(t) *
N I: B Ty 1 (0) (LoB(E)) h(v-t) B(E) dv +
+ I: ¥2(V) I 0y (8 hEE) m(v-t) -B(E) dv +
+ I: PRr(v) - {s(t)-Y(t) - 6-K(t)) av (26)

The costate variables ¥j(t), ¥2(t) and yyg(t) satisfy:
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wL(e) = S - F1<t>-: e Pt B 4 5oy

wa(e) - Ttk - Fz(t)‘: O aRIOY

Yr(t) = gﬁgzg - Fx(t)~- e Pt 1;?£§) + s(t)-
- 5 I: ¥r(v) dv

where

Fi(t) = ggia) - g{ia) , i=1,2 ; Fg(t) =
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.

r
oo

t

: (V) v

‘: Pr(v) av | +

Yr(v) dv

aY(t)
aK(t)

denote the partial derivatives of the production function (19).

Necessary conditions for an optimum are:

dH(t)
ds(t)

Y(t)'[ -

dH(t)
dh(t)

e Pt

P(t)

v frwe o | -

v

IA

- I: ¢1(V)'J[V_H’V](t)-p(v-t)-B(t) dv

0 if s(t) =1
0 if 0 < s(t) < 1
0 if s(t) = 0

+ f: ¢’2(V)’J[V_n,v_m](t)‘u(V-t)~B(t) dv =

B(t)'|: -

v

0
0
0

IA

From (31) the

can be derived:

e

IE*“ $1(v) -

if h(t) =1
if 0 < h(t)
if h(t) =0

© -pt
It ¥R(v) dv = 5

d © d e-pt
E[L*‘K(‘” d"} - E[—*Pm]

(v-t) dv +

<1

IEI; Yo (v) -p(v-t) dv ] -

-pt

Pr(t) = (p+gP(c))~§727

(27)

(28)

(29)

(30)

(31)

(32)

conditions for a singular solution for the optimal savings rate

(33)

(34)

Combination of (29), (33) and (34) yields the Non-Stationary Golden Rule of

Accumulation:



6.2 Heterogeneous human capital 147

Fg(t) = p + § + gF(t) (35)

On the other hand, substitution of (27), (28), (33) and (34) into (32) gives:

H K K
e - RO H?n FL) §ry ) av v [0 R fy -0 d"]
t+m e PV
= B(t)~[ - Jt Fl(v)-i?;7~p(v-t) dv +

-pv
+ JEIZ (FZ(V)'Fl(V))‘%?;7'u(v-t) dv ] -

>0 if h(t) =1
- =0 if 0<h(t) <1 (36)
<0 if h(t) =0

The interpretation of condition (36) for the optimal enrollment ratio h is
rather similar to that of condition (6.1.24). The first term in brackets is
the present value (discounted at the sum of the rates of impatience, popula-
tion growth, and mortality) of production foregone per student, or,
equivalently, the (indirect) cost of education per student. The second term
is discounted returns to education. An interior solution to the optimal
enrollment rate is thus characterized by the equality of costs and returns.
In this respect the model with heterogeneous human capital is not funda-

mentally different from the model with homogeneous human capital.

6.2.4 Comparative statics

In steady state, with population growing at a constant rate g, the variables
K, L and Ly also grow at this same constant rate g. Due to the assumed
linear homogeneity of the production function, total production and all
marginal factor productivities can be written in terms of the two factor

ratios k=K/Ly and £=Lq/Lj :

F[K,Ly,Lp] = Lp-F[K/Ly,L1/Lp,1] = Lp-£f[k, 4] (37)

Fg = fil[k,2] =r (38)
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Fi = fylk, 2] = w; (39)
Fp = £[k,£] - k-filk,2] - 2-f5[k,2] = w) (40)

As both factor ratios k and £ are constant in steady state, so are the
marginal products r, wj and wg.
For simplicity it is assumed, from now on, that the survival schedule

u(-) is exponential, i.e.
e #®  for a<n
p(a) = (41)

Using this simplification, the singularity condition for the optimal enroll-

ment ratio (36) reduces to:

WI_Iz+n AR S w2'I§I$ o (prEtn) v oo 42)

which implies

1 - o~ (Ptetp) n
w [k, £] o (pregtp) m _ -(ptgtu) n

if p+gtu #0

w K, 2] . “3
hom if ptg+py = 0

On the other hand we have the Golden Rule (35) which in steady state can be

written as:
r(k,2] = p+g+ 6 (44)

Equations (43)-(44) constitute a system in the two state variables k and £.
The steady-state solution [k*,2*] to this system is of course a function of
the exogenous parameters n, m, p, 6§, g, and u.

Once k* and £* have been determined, the steady-state values of the
controls h and s follow easily. From (15), (16) and (4l):
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1-n* 1 - o (8tH)n
: _ — if gt # 0
h* o (BB m . -(gtp)-n
2 = P1/Pyp = . (45)
1': L if  gtp =0
h
Similarly, from (20):
*
¢ - lEtdk 46)

£1k*, 2%
Finally, consumption per capita is given by:

c/py* = (1-s%)-£[K*,2*].py/p =

-(gtp)'m _ _-(g+p) n
1 - e'(g+"‘)'n

= (1-s™).f[k*, 0*].n*.2 (47)
Equations (43)-(47) can be used to derive comparative-statics results, i.e.
the effect of the exogenous parameters on the endogenous variables k*, 2*,
h*, s*, and (C/P)*. However, it should be clear that most of the signs of
these effects depend crucially on the way in which k and £ interact in the
production function. That is, the comparative statics for this model depend
on the degree to which capital, unskilled labour, and skilled labour are
mutually substitutable or complementary in the production process. Thus it is
quite difficult to obtain general comparative statics results.

Table 6.2.1 contains some numerical calculations of steady states for the

illustrative case of the following Cobb-Douglas production function:

These results suggest that for reasonable values of the parameters the signs
of the partial derivatives are as summarized in Table 6.2.2.

Comparing Table 6.2.2 with Table 6.1.1 of Section 6.1 again yields the
conclusion that the two models with heterogeneous and homogeneous human
capital, respectively, have many properties in common. E.g. just as for the
model of Section 6.1, here too both g, p, p and m have a negative impact on
the optimal training effort h. This result is plausible, since an increase in
any of these parameters reduces the returns to (profitability of) education,

according to the Golden Rule of Education (36).
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Table 6.2.1: Selected numerical steady-state values

changing parameter 2 k h s c/P
reference point* 9.449 4.974 0.226 0.200 0.326
g = 0.00 6.884 7.080 0.233 0.150 0.447
0.05 8.030 5.745 0.229 0.180 0.377
0.10 9.449 4.974 0.226 0.200 0.326
0.15 11.204 4.507 0.223 0.214 0.287
0.20 13.369 4.225 0.220 0.225 0.255
§ = 0.00 9.449 8.877 0.226 0.150 0.412
0.05 9.449 6.454 0.226 0.180 0.361
0.10 9.449 4.974 0.226 0.200 0.326
0.15 9.449 3.991 0.226 0.214 0.300
0.20 9.449 3.298 0.226 0.225 0.279
p = 0.00 6.884 7.080 0.286 0.300 0.343
0.05 8.030 5.745 0.255 0.240 0.337
0.10 9.449 4.974 0.226 0.200 0.326
0.15 11.204 4.507 0.197 0.171 0.312
0.20 13.369 4.225 0.171 0.150 0.297
p = 0.00 6.884 3.967 0.233 0.200 0.354
0.05 8.030 4.428 0.229 0.200 0.340
0.10 9.449 4.974 0.226 0.200 0.326
0.15 11.204 5.618 0.223 0.200 0.312
0.20 13.369 6.373 0.220 0.200 0.297
m = 2 4.760 3.048 0.253 0.200 0.382
3 6.658 3.874 0.239 0.200 0.354
4 9.449 4.974 0.226 0.200 0.326
5 13.704 6.487 0.213 0.200 0.298
6 20.565 8.669 0.202 0.200 0.269

*) The values of the parameters in the reference point are:

g=0.10 ; 6=0.10 ; p=0.10 ; p=0.10 ; m=4 ; n=10.

The production function is taken to be:
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Table 6.2.2: Comparative-statics results for the one-sector model

with heterogeneous human capital

effect of: g ) P I m
on

2 + 0 +

k - - - + +
o - 0 - - -
s + + - 0 0
c/P - - - - -

6.2.5 Dynamics

In this section I will briefly explore the nature of the optimal growth path
during periods of demographic transition.

As for most of the models which are analysed in this study, the dynamics
of the non-stationary growth path are quite complex. For the particular model
under consideration, however, the situation is even worse, as it turns out
that the singular trajectory is unstable. Thus, singular control breaks down
as soon as the economy, triggered off by demographic changes, leaves its
steady state.

I have not been able to prove that this instability is an inherent
property of the present model. In carrying out several numerical simulations
the results that were obtained exhibited again and again explosive behaviour
of the optimal enrollment rate (h). Closer inspection of the mathematical
equations involved then indicated that for plausible values of the parameters
the model is indeed unstable.

The analysis of the non-stationary optimal growth path starts from the
two Golden Rules (35) and (36). Differentiation of (36) with respect to time
yields, using the simplifying assumption on the survival schedule (41):

e PV uv-t) -p(t+n)

0= p-I§+n wl(v)-P(v) e dv + w]_(t+n)-e

-pn
P(t+n)

‘e +

-pt
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VB 30y T H feem V2 By v




152 6.2 Heterogeneous human capital

-p(tin) -p(t+m)
- w2(t+n)--e-P—(§_;-)—-e kn + w2(t+m)'g-§(—t:;1)—'e o (48)

From (48) and (36) we have, after some rearranging:
wa(t) - wi(t) =

P(t) _ (ptp)-(n-m)

P(t) . _(p+w)-m
P(t+m-n) € (49)

- V(e M) 5y

= wo(t+m-n) -
Together with (35), (49) constitutes a system of higher-order difference
equations in k and £. This system can be solved in a recursive fashion: at
time t all variables on the RHS of (49) are known, allowing the solution of
the system (35) and (49) in a straightforward manner.

Some numerical simulations that I tried for specific forms of the produc-
tion function f[k,2] showed that the trajectories k(-), £(-), w1(-) and wy(:)
thus obtained approach their final steady-state values in an oscillatory but
nevertheless converging fashion.

Once values for the state variables k(-) and 4£(:-) have thus been
obtained, the next step is to find the corresponding time paths of the
controls h(:) and s(-). It is here that insurmountable problems arise. From

the definition of £(t) we have:
2(t)-Po(t) = Pp(t) =  B(t)-Po(t) + 2(t)-Py(t) = Py(t) (50)

On substitution of (15), (16) and (41) into (50), carrying out the differen-

tiation and rearranging terms yields:

P, (t)

. -un B(t-n) _
L-2®3m - ¢ B
- h(t) + h(t-m)-z(t)-e'“m-gé%%§l ; h(t-n)'(l+£(t))-e-“n~§§%%?l (51)

Equation (51) is a higher-order difference equation in h(-). In the neigh-

bourhood of the steady state it reduces to:
1 - e P 2 n(e) + hie-m)-£*e P . h(ten). (144%)-e7AD (52)

where
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B=g+u (53)

for notational convenience.

Difference equation (52) has an equilibrium solution which in implicit
form is given by the steady-state expression (45). Now let us take n=2-m and
investigate the characteristic equation of (52). The two roots of the char-

acteristic equation are given by:
A= e PRty ag =T (54)

The difference equation (52) diverges if the dominant root (which is A7) is
larger than unity in absolute value. It is, however, not hard to see that
this is almost always the case. If one substitutes reasonable values for e~Am
(e.g. 1/2) and n* (e.g. 1/2) into (45) and subsequently puts the corre-
sponding value for 2* (here: 3) into (54), the resulting value for the
dominant root A1 will invariably be below minus one.

That is, for reasonable values of the parameters the optimal singular
solution of h(:) is unstable, and its non-stationary singular trajectory is

explosive.

The instability of the steady state and the breaking down of singular control
for the model with heterogeneous human capital renders much of the analysis
in previous sections highly suspicious. It is not clear on intuitive grounds
why singular control does not work here. One could argue that the way in
which the educational policy variable h(:) affects the composition of the
labour force is too inflexible and makes the state of the economy too rigidly
dependent on decisions made in the near past. However, the same history-
dependence was also a property of the capital-vintage model of Chapter 4.2
which did turn out to be singularly controllable.

Further investigation into the dynamic properties of the optimal growth
path for the present model is necessary to answer the many questions that are
left open here. The present analysis is admittedly very unsatisfactory in
that respect. What the results of this section do make clear is that it is
quite dangerous to restrict one’'s attention to the comparative statics of
optimal solutions, as many authors (like Tu himself (1969)) do. It is
dangerous because it is not clear what meaning one should attach to an

optimal steady state to reach which is not optimal.
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6.2.6 Summary

This chapter has analysed optimal economic growth for a model with hetero-
geneous human capital originally developed by Tu (1969). A simple theorem has
been proved that gives the necessary conditions for optimal control of a
system with integral state equations and bounded controls.

Optimal educational policy consists of selecting the optimal enrollment
rate, being the proportion of newly-born individuals entering the educational
sector. The length of the training period has been taken to be fixed. An
interior solution to the optimal enrollment rate is characterized by the
equality of costs of and discounted returns to education.

The comparative-statics properties of the model depend on the way in which
physical capital and the two types of labour interact in the production
function. Some numerical calculations indicate that the comparative-statics
results of the present model are similar to those for the more traditional
model with homogeneous human capital (Chapter 6.1).

Analysis of the non-stationary optimal growth path bears out that the
singular trajectory is unstable. Thus, singular control breaks down as soon
as the economy, triggered off by demographic changes, leaves its steady-state
growth path. This very unsatisfactory result makes it clear that it is quite
dangerous to restrict one’s attention to the comparative statics of optimal

growth paths.



7 OPTIMAL EDUCATIONAL POLICY UNDER CONDITIONS OF TECHNICAL CHANGE

The simple one-sector growth model of Chapter 2, for which optimal economic
growth has been analysed under conditions of demographic change, has until
now been extended in two directions. Chapter 4 has introduced technical
change; and Chapter 6 has introduced education as a second instrument of
economic policy.

This chapter combines these two extensions. It deals with optimal
educational policy under conditions of technical progress. Two aspects of the
interaction between education and technical progress are considered. Chapter
7.1 analyses the effect of (exogenous) technical change on optimal investment
in education. Chapter 7.2 investigates the role of education for the rate of
adoption of new technical knowledge. While technical progress is disembodied

in the model of Chapter 7.1, it is embodied in human capital in Chapter 7.2.
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7.1 Education and exogenous disembodied technical change

This chapter extends the analysis of Chapter 6.1 to include the case of
completely exogenous, disembodied, and labour-augmenting technical change.
Most of the model’s properties are identical to the combined properties of
the models analysed in Chapters 4.1 and 6.1, respectively. These will not be
discussed again. For the main part of this - consequently brief - section I
will concentrate on the effect of technical change on optimal educational

policy.

7.1.1 Optimal investment in education

As in Chapter 4.1 the production function shifts over time according to
Y(t) = F[K(t),L(t); t] = F[K(t),a(t) L(t)] (1)

The only implication of parametrization (1) for the formulation of the
central planning agency's maximization problem is that the expression for
output per wunit of human capital becomes A(t)-f[k(t)/A(t)] instead of
f[k(t)], as it was in Chapter 6.1. Making this substitution into the Non-
Stationary Golden Rule (6.1.19) yields:

& (O £[(D)/AD)]) = £/ [K(E)/A(B] = Fe(e) = p + b + gE(E) )

Thus, as in Chapter 4.1, technical change does not affect the marginal
productivity condition for physical capital.

Condition (2) gives the ratio

k(t) _ __K(t)
A(t)  a(e)-L(v)

x(t) = (3)

as a function of constant parameters and exogenous demographic forces only.

The marginal productivity of labour Fj(t) is related to x(t) as follows:

w(t) = Fp(t) = A(t)-£[x(t)] - A(t)-x(t)-£'[x(t)] = A(t)-W(E) (4)

Here W(t), defined as the marginal productivity of human capital in

"efficiency units", is a function of x(t) only and hence completely deter-
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mined by exogenous demographic forces along the singular optimal economic
growth path.
Substitution of (4) into condition (6.1.24) gives the optimality condi-

tion for training policy under conditions of exogenous disembodied technical

change:
-pt
+ B [ey(o] o HE [T e W (r) S W M) ar |
v t P(7)

v

0 if  ey(t) = hy(t)
- =0 if 0< ey(t) <hy(t) , tmn=svst (5)
0 if ey(t) =0

IA

Contrary to physical capital, the occurrence of technical change does affect

the optimality condition for human capital. Although the form of the

optimality condition is not fundamentally altered - it still involves the
evaluation of opportunity costs and discounted returns - the rate at which

the discounting is done contains an additional component, viz. minus the rate

of labour augmentation.

7.1.2 Comparative statics

In steady state the rate of labour augmentation A should be constant. Then

the function S(a) defined in equation (6.1.26) becomes:

(6)

IA
m
A
=]

s(a) - u(a) , 0

2 #(Z)-e-(p+g+6H-$)'(z'a)dz

Extending the analysis of Section 6.1.3 to the comparative statics effects of

XA yields the following results:

dea) 5 %
dx

dh(a) _ Ia SH (22 i 5)7.952) g, 5 o (8)
dx 0 dx
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A
Since the rate of labour augmentation X enters the rate at which costs and
returns to education are discounted with a negative sign, increasing this
rate increases both the training effort and the stock of human capital for

all generations.

Z.1.3 Summary

This chapter, besides bringing together the results of the Chapters 4.1 and
6.1, offers one interesting new insight: technical progress makes education
more attractive. The optimal growth path of an economy that experiences a
secular progress of its technology is characterized by higher investments in
education than the optimal growth path of an economy without such technical

progress.
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7.2 A model with education as transmitter of technical change

The embodiment hypothesis, discussed in Chapter 3.2, states that increases in
the stock of technical knowledge increase output only to the extent that the
factors of production are being "adapted" in order to be able to produce
according to the newly invented technique. For example, if technical progress
is embodied in physical capital new machines must be constructed if the
technical improvement is to become effective. This kind of technical change -
which, according to the definition of Section 3.2.3, can be characterized as
shifting the production function in terms of investment goods, not in terms
of consumption goods - gives rise to the so-called capital-vintage models
like the model of Chapter 4.2.

In this section I will analyse a second type of embodied technical
change, viz. embodied in human capital (or labour). Now the "adaptation" of
the factors of production required to effectuate the technical change takes
the form of education: the newly invented technique can be used only if the
production unit engages labour that has been trained to produce according to
this technique. Technical change of the labour-embodied type can be thought
of as shifting the educational production function: its occurrence makes it
possible to produce more productive human capital out of given educational
inputs (time, human capital, and the like).

Just as capital-embodied technical change gives rise to capital-vintage
models, so labour-embodied technical change leads to models with vintages of
labour. A model of overlapping generations seems to offer a natural and very
suitable context in which the economic consequences of the occurrence of
labour vintages can be analysed. Of course, if one restricts one's attention
exclusively to steady states many advantages of distinguishing overlapping
generations disappear. This "steady-state only"-approach, in combination with
some suitable additional restrictions on functional forms, has enabled
authors like Nelson & Phelps (1966) and Stephens (1971) to summarize the
economic consequences of labour-embodiment in two key indices: an index of
"technology in theory" and an index of "technology in practice". However, the
mechanism by which education affects the relationship between these two
indices is largely left unspecified. It is essentially this mechanism that I
will attempt to make explicit here, through a combination of overlapping
generations and a specific micro-economic educational production function.

From a conceptual point of view there is a subtle difference between

Nelson & Phelps’ (1966) approach and my own. Nelson & Phelps regard education
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as a means by which technical knowledge is diffused among entrepreneurs.
Thus, since according to the definition of Chapter 3.1 such diffusion should
be labelled technical change, in their model education creates technical
progress. On the other hand, in my model of labour-embodied technical change
education diffuses technical knowledge among the labour force once the new
invention has shifted the educational production function. Thus, in the
diffusion model of Nelson & Phelps the technical change is endogenous while
in my embodiment model it is exogenous.

However, apart from these conceptual issues, the diffusion model and the
embodiment model are very much alike in the sense that both models view
education as an activity that serves to bridge the ever-present gap between
the potential and the actual effectiveness in production of the resources of

the economy.

As indicated above, technical change of the labour-embodied type can be
thought of as shifting the educational production function. The nature of
this shift has not yet been specified. In the discussion of capital-embodied
technical change (see Section 3.2.3) it was concluded that the theoretical
implications of the embodiment hypothesis depend to a large extent on whether
the vintages embodying subsequent levels of technology are qualitatively or
only quantitatively different from one another. A similar question needs to
be answered in the case of labour vintages.

Ideally one would like the model to be so general that it could handle
all realistic combinations of both capital- and labour-embodiment, like, for
example, labour requiring special up-to-date training in order to be able to
use the most recently constructed equipment. Since I wish to concentrate on
the role of education I will ignore the possibility of capital-embodied
technical change completely. Such a degree of generality would render the
model inconveniently complex anyway.

Fortunately, a great deal of complexity is removed if one is prepared to
require technical change to be Harrod-neutral for all points of the produc-
tion function. Such a requirement is necessary if the model is to generate
realistic long-run economic growth paths. It will be recalled from Section
3.2.2 that everywhere Harrod-neutral technical change is necessarily purely
labour-augmenting. But then the shift of the educational production function
must be such that subsequent labour vintages are only quantitatively
different, i.e. labour of different vintages can be perfectly substituted for

each other in the production process.
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Stephens (1971) contains an example of a model in which both capital and
labour vintages are distinguished. At first sight, deriving steady-state
relations for a model of such a high degree of generality appears a remark-
able feat. However, much of this generality disappears again if one realizes
that Stephens uses vintage production functions of the Cobb-Douglas type.
Since the Cobb-Douglas function is such that technical change is at the same
time purely labour-augmenting and purely capital-augmenting it allows
complete aggregation of both capital and labour vintages into two aggregate
factors of production.

Admittedly, the latter criticism applles equally well to my own model as
it combines labour-embodiment with pure labour-augmentation. However, a major
advantage of my model is that it is one of overlapping generations. As a
consequence it is very much suitable for analysing the effects of both demo-
graphic forces and education on the level of technology.

It is this latter analysis that will be undertaken in the present
chapter. Section 7.2.1 describes the model with education-requiring labour-
embodied technical progress. In Section 7.2.2 the conditions for optimal
economic growth will be established. The properties of the optimal economic
growth path are investigated in Sections 7.2.3 (comparative statics) and

7.2.4 (dynamics), respectively. A summary concludes this chapter.

7.2.1 Education and labour-embodied technical progress

Each individual, indexed v by his date of birth, is endowed with a stock of
human capital. Contrary to the model of Chapter 6.1, however, the productive
usefulness of this stock is not dependent on its quantity as such but rather
on the date on which it has been produced.

An individual who has been in school continuously from the time of his
birth onward should be expected to embody human capital of the most up-to-
date variety. This most up-to-date human capital will serve as a benchmark in
assessing the relative up-to-dateness of the human capital of the working
generations. The efficiency of the most up-to-date human capital is assumed
to be an exogenous function of time, written as A(t). The quantity A(t)
corresponds to Nelson & Phelps’ (1966) measure of "technology in theory".

The efficiency of the human capital embodied at time t in an individual

of generation v will now be indexed by the date (<t) at which the most up-to-
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date human capital was as effective as the human capital under consideration.

Thus we can write:
hy(t) = A[ry(B)] (L)

where hy(t) is human capital in efficiency units (as in Chapter 6.1.) and
ry(t) is the index of this efficiency. From the definition of A(t) it should
be clear that

Ty(t) =t for all v < t and all t (2)

I now propose to postulate an educational production process that is char-

acterized by the following properties:

1. the output of the process is the increase in the student’s efficiency
index 7y (t);

2. output is an increasing but concave function of the fraction of time spent
training uy(t) (i.e. training intensity is the same as in Chapter 6.1);

3. if the human capital of an individual is of the most up-to-date variety
it will remain of the most up-to-date variety as long as the individual
remains a full-time student;

4. once an individual'’s human capital ceases to be of the most up-to-date
variety it will remain less than up-to-date forever, however much time is
invested in education;

5. the efficiency of the human capital embodied in a newborn individual is
of the most up-to-date variety. This assumption is made for analytical
convenience only and should of course not be taken too literally as its

implications would then apparently be ridiculous.

An educational production function that satisfies these five conditions is

the following:
7y(t) = E[uy(t)] (3)
with

E[0] =0 ; E[1] =1 ; E'[-]>0 ; E"[-] <0 (4)
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and
Te(t) = t (5)

As in Chapter 6.1 the actual efficiency of an individual is equal to his
potential efficiency multiplied by the fraction of time devoted to the
production of the aggregate commodity. Thus the labour force at time t

measured in efficiency units equals:
t
L(t) = It_n (L-uy ()} -Alry(t) ] -p(t-v) -B(Vv) dv (6)

As an analogue to Nelson & Phelps’ (1966) measure of "technology in practice”
we can define the average efficiency of human capital, with respect to either

the labour force or the population as a whole:

Iz-n {(L-uy(t) ) A[7y(t) ] -p(t-v) -B(v) dv
TL(t) - (7)
It-n {l-uy(t)) -p(t-v)-B(v) dv

t
Tp(t) = (8)

Iz-n p(t-v) -B(v) dv

ft_n Alry(t) ] p(t-v) -B(v) dv

From (2) it immediately follows that either measure of "technology in
practice" can never exceed the measure of "technology in theory". It is
therefore slightly more appropriate to measure the difference between
"technology in theory" and "technology in practice" by the time lag between
the two. These time lags TLy(t) and TLp(T), corresponding to Tp(t) and Tp(t),

respectively, can be defined implicitly by:

TL(t) = A[t-TLp(t)] (9
Tp(t) = A[t-TLp(t)] (10)
If the optimal age-training profile is decreasing - as one would expect it to

be - average efficiency of the labour force will be lower than average

efficiency of the population. This obvervation illustrates an attractive
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property of the model, viz. that a decrease in the gap between maximum and

actual efficiency of the population can be realized only at the expense of a

higher dependency ratio.

7.2.2 Optimal economic growth

The Hamiltonian corresponding to the problem of maximizing the social welfare

function, subject to (6), (3), and the capital accumulation equation,

written as follows (cf. Chapter 6.1):

V=t
H(e) = o /0 LS RIKOL.LO] T () -Eluy(t)] dv +

v=t-n;dv-0

+ ¥r(t) - (s(t) -F[R(t),L(t)] - §-K(t))

The costate variables ¥g(t) and ¥,(t), t-n<v<t, satisfy:

dH(t)  @H(t) 3L(t)
(B = 3700 T AL(E) dre(O)

[e""‘-(l-s(c))-—P%E7 + s(t)-¥gr(t)] -FL(t) -B(v) -p(t-v) -dv-

(L1-uy(t) ) -A[ry(t)]

. H(t)
¥R = k) T

[e'Pt-(l-s<c>)-§%27 + s(t) -¥g(t)] -Fg(t) - §-¥g(t)

Necessary conditions for an optimum are:

20 if s(t)=1
-pt
- F[K(t),L(t)]'[ Yr(t) - e _ ] =0 if0<s(t)<l1
0 if s(t)=0

dH(t)
ds(t)

IA

gH(t) . 8H(t) 3L(t)
duy(t) * AL(t) Fuy(t)

- [e7*t lpiif) + s(£) ()] -FL(E) -B(v) - (t-v) -dv-A[ry(t)] +

can be

(11)

12)

(13)

(14)



7.2 Education as transmitter of technical change 165

v

0 if uy(t)=1
0 if 0 <uy(t) <1 ; t-nsvst (15)
0 if uy(t)=0

+ Py (t) -E’ [uy(t)]

A

as well as the transversality condition
Yeon(t) = 0 (16)

From condition (14) follow the by now familiar conditions for a singular
trajectory for the optimal s(t). Substitution of these singularity conditions

into (13) yields the Non-Stationary Golden Rule:
Fr(t) = p + 6 + gF(t) 17

Given (17), and given the linear homogeneity of the production function, the
marginal productivity of labour (in efficiency units) w(t)=Fp(t) is complete-
ly determined by demographic forces along the singular optimal economic
growth path. Then equation (12) reduces to:

-pt

Py (t) = W(t)'B(V)'#(t'V)'dV'%?Ej'(l'uv(t))'i[fv(t)] (18)

Integrating (18) over t, using (16), yields:

-pz .
Py(t) = B(v)-dv- IZ*“ w(z) p(z-v) Foo (Luy(2)) -Alry(2) ] dz (19)

Equation (19) makes it clear that the shadow price %y(t) (cf. Dorfman, 1969)
equals the present value - discounting at p+gP(-)-;(-) as before - of the
marginal returns to increasing generation v’s efficiency index ry(t).

Combination of (15), (19), and the singularity conditions finally gives:

8H(t) . 8H(t) AL(t) e Pt
v+n e P? :
+E [uy(0)]- ft W(2) - p(z-v) S (Lrug(2)) - Alry(2)] dz ] -

v

0 if  uy(t)=1
= =0 if 0 <uy(t) <1 t-n<v<t (20)
0 if  uy(t)=0

A
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Again, the interpretation of condition (20) is quite similar to that of
condition (6.1.24). The first term in brackets is discounted production
foregone per unit of time allocated to training. The second term, bearing in
mind the interpretation of the RHS of expression (19) given above, denotes
the present value of the future returns to a marginal increase in training
intensity. Optimal training policy can thus be determined from a straight-
forward evaluation of costs and returns.

Indeed, it is quite remarkable how similar condition (20) is to the
optimality conditions of the previous chapter. Although the contextual
setting and interpretation of the educational production functions are quite
different for the two models it appears that these differences do not
fundamentally alter the policy implications.

However, two differences between condition (20) above and condition
(6.1.24) should be noted. First, although the optimal choice is determined by
the balance between costs and returns to training, these costs and returns
are not constant over time for the present model. After all, there is
exogenous technical change, as should be clear from the fact that equations
(5) acts as an initial condition for the system of equations implied by (20).
As the index of initial efficiency changes over time, so do the costs of and
returns to training for subsequent generations, albeit in the same propor-
tions if the economy is in steady state.

Second, of a more technical nature, in evaluating condition (20) for a
certain generation, all optimal training efforts for that generation in the
future have to be taken into account. Thus, while equation (6.1.24) can be
solved per generation at any age t-v, solving equation (20) can only be done
by computing the optimal training profile over the complete life cycle of the
generation under consideration. This feature of the present model signifi-

cantly complicates the simulation of optimal growth paths.

7.2.3 Comparative statics

In this section I analyse the effect of the exogenous parameters of the model
on the optimal training policy in steady state. The following two simplifying

assumptions are made:

A[r] = e (21)
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-pa
e ¥ for a<n

u(a) = (22)
0 for a>n

i.e. technical progress and mortality are exponential. From (21) and (3) we

have:
A[7y(z)] = A7y (t)]-exp [ /\‘[i E[uy(¢)] d¢ ] t <z <vén (23)

In steady state w and k are constant. The condition for optimal training

effort (20) then reduces to (using (22) and (23)):

E'[u(a)] 2 1
<
IZ e_(”+p+g)'(z'a)-[1-u(Z))'A'eXP[A'Iz E[uv(g)] d(] dz
u(a) =1
P 0 <u(a) <1 s 0<a=x<n (24)
u(a) =0

where I use u(a) as a shorthand notation for uy(t) , training effort at

t-v=a
age a.

Expression (24) 1is quite difficult to evaluate. Without additional
information on the form of the educational production function E[:], which
appears both on the LHS and in the denominator on the RHS of (24), no clear-
cut conclusions can be drawn. This does not only apply to the comparative-
statics effects themselves, but even to the form of the age-training profile
u(a). E.g. it is not possible to derive from (24) and (4) that u(a) is non-
increasing.

In order to obtain some insight into the steady-state behaviour of the
model I have carried out some numerical experiments. The production function
F[-] has been specified as being CES, while for E[:] I have chosen the

following, very tentative, specification:
E[u] = u (25)
Table 7.2.1 gives the optimal age-training profiles for various values of the

exogenous parameters. Although the optimal training intensity is in all cases

a non-increasing function of age, which is quite plausible, the order of
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Table 7.2.1: Selected numerical steady-state values for the optimal

age-training profile

changing param. u] u9 u3 uy us ug
reference point:1 0.027 0.025 0.020 0.014 0.006 0.000
g = 0.0 0.063 0.052 0.039 0.023 0.008 0.000
0.1 0.040 0.035 0.027 0.018 0.007 0.000
0.2 0.027 0.025 0.020 0.014 0.006 0.000
0.3 0.020 0.018 0.016 0.011 0.005 0.000
0.4 0.015 0.014 0.012 0.009 0.004 0.000
§ = 0.0 0.027 0.025 0.020 0.014 0.006 0.000
0.1 0.027 0.025 0.020 0.014 0.006 0.000
0.2 0.027 0.025 0.020 0.014 0.006 0.000
0.3 0.027 0.025 0.020 0.014 0.006 0.000
0.4 0.027 0.025 0.020 0.014 0.006 0.000
p = 0.0 0.063 0.052 0.039 0.023 0.008 0.000
0.1 0.040 0.035 0.027 0.018 0.007 0.000
0.2 0.027 0.025 0.020 0.014 0.006 0.000
0.3 0.020 0.018 0.016 0.011 0.005 0.000
0.4 0.015 0.014 0.012 0.009 0.004 0.000
p = 0.0 0.078 0.063 0.045 0.026 0.009 0.000
0.1 0.046 0.040 0.031 0.019 0.007 0.000
0.2 0.027 0.025 0.020 0.014 0.006 0.000
0.3 0.016 0.015 0.013 0.010 0.004 0.000
0.4 0.009 0.009 0.008 0.006 0.003 0.000
A = 0.1 0.003 0.003 0.002 0.002 0.001 0.000
0.2 0.012 0.011 0.009 0.006 0.003 0.000
0.3 0.027 0.025 0.020 0.014 0.006 0.000
0.4 0.049 0.044 0.036 0.024 0.009 0.000
0.5 0.080 0.070 0.056 0.037 0.014 0.000

1) The values of the parameters in the reference point are:
g=0.20 ; 6=0.20 ; p=0.20 ; pu=0.20 ; A=0.30 ; n=6.
The production function is taken to be:

1l-0 [

[

+ (1-a)) 17°

y = {ak with a=0.25 and o=0.5

The educational production function used is:

. b .
rv(t) - (uv(t)) with +=0.5
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Table 7.2.2: Selected numerical steady-state values
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changing param. k s M/P TL, TLp C/P1
reference point2 0.500 0.437 0.979 1.024 1.015 0.337
g = 0.0 0.721 0.395 0.961 1.279 1.253 0.379
0.1 0.591 0.416 0.972 1.145 1.130 0.358
0.2 0.500 0.437 0.979 1.024 1.015 0.337
0.3 0.431 0.459 0.984 0.919 0.914 0.315
0.4 0.377 0.480 0.987 0.829 0.826 0.293
§ = 0.0 0.721 0.395 0.979 1.024 1.015 0.416
0.1 0.591 0.416 0.979 1.024 1.015 0.374
0.2 0.500 0.437 0.979 1.024 1.015 0.337
0.3 0.431 0.459 0.979 1.024 1.015 0.304
0.4 0.377 0.480 0.979 1.024 1.015 0.275
p = 0.0 0.721 0.553 0.955 0.961 0.940 0.302
0.1 0.591 0.485 0.970 0.997 0.985 0.328
0.2 0.500 0.437 0.979 1.024 1.015 0.337
0.3 0.431 0.401 0.984 1.043 1.037 0.337
0.4 0.377 0.373 0.988 1.058 1.054 0.332
p = 0.0 0.500 0.437 0.955 1.335 1.301 0.303
0.1 0.500 0.437 0.969 1.188 1.170 0.319
0.2 0.500 0.437 0.979 1.024 1.015 0.337
0.3 0.500 0.437 0.986 0.853 0.850 0.355
0.4 0.500 0.437 0.992 0.687 0.686 0.373
A = 0.1 0.500 0.312 0.997 1.258 1.257 0.487
0.2 0.500 0.375 0.990 1.129 1.125 0.403
0.3 0.500 0.437 0.979 1.024 1.015 0.337
0.4 0.500 0.500 0.962 0.935 0.921 0.281
0.5 0.500 0.562 0.940 0.857 0.835 0.232

9]
2)

Level (cf. Chapter 4.1)

The values of the parameters in the reference point are:

g=0.20 ; 6§=0.20 ; p=0.20 ; p=0.20 ; A=0.30 ; n=6.

The production function is taken to be:

. 1o
g

y = fak + (1-a))

with a=0.25

The educational production function used is:

7, (8) = tu (N

with 4=0.5

and

o=0.5
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magnitude of the training variables is unrealistically small. This
observation makes it clear that specification (25) is not very useful for
empirical purposes.

The simulated steady-state values for some other endogenous variables are
given in Table 7.2.2. The variable M/P is the labour force / population-ratio

measured in man-hours; it is defined as:

JE_H {1-uy(t))-p(t-v)-B(v) dv
M/P = 263
J-tt:_n p(t-v)-B(v) dv

M/P is a measure of the average working effort, i.e. one minus the average
training effort.

The results of these simulations suggest that the signs of the partial
derivatives are as summarized in Table 7.2.3. These comparative-statics
results are in agreement with those that were obtained for previous models.
As in Chapter 7.1 it is found that optimal training intensity is an
increasing function of the rate of technical progress. Technical progress

makes investment in education more attractive.

Table 7.2.3: Comparative-statics results for the one-sector model

with labour-embodied technical change

effect on: \ of: g ) P I A
k - - - 0 0
s + + - 0 +
M/P + 0 + + -
TLy, - 0 + - -
TLp - 0 + - -
c/pl . B . + .

1) Level (cf. Chapter 4.1)



7.2 Education as transmitter of technical change 171

Of particular interest is the effect of the growth rate of population on
optimal educational policy. As in all other models with endogenous education,
the optimal training effort increases as population growth slows down. In the
previous models this phenomenon could be explained by a scarcity argument: if
g falls, 1labour (human capital) becomes relatively scarce; increasing
investment in education serves to partially offset this increased scarcity of
human capital.

The present model illustrates a second effect of an ageing (i.e. slower
growing) population on optimal educational policy. This effect is related to
the introduction of technological innovations in the production process. When
the growth rate of the population is high this introduction is primarily
achieved by means of the constant influx into the labour force of recently
educated young people. When the relative share of this influx is reduced (g
falls), increased education for adults becomes necessary in order to prevent
the gap between technology in theory and technology in practice becoming too
large.

It is exactly the latter mechanism that is illustrated by the numerical
examples in Table 7.2.2. The effect of lowering g is that the technological
time lags TLj and TLp increase. On the other hand the optimal training effort
increases (M/P falls), partially off-setting the increase in the techno-

logical time lags.

7.2.4 The non-stationary optimal growth path

A discussion of the non-stationary optimal growth path for the model with
labour-embodied technical progress can be quite brief.

As far as the savings rate and optimal training policy are concerned, the
analysis is exactly the same as for the model of Chapter 6.1: depending on
the direction of the change in the population growth rate, the path of s is
either inversely U-shaped or U-shaped, with oscillations at both ends due to
adjustments in educational policy; and the optimal training effort moves in
the opposite direction of the growth rate of population.

Because of the presence of technical progress output and consumption per
capita are rising all the time. As both s and training effort change during
the period of demographic transition there are some deviations around this

secular upward trend in consumption per capita; it is, however, highly
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improbable that these deviations are so large that consumption per capita
could fall.

As these remarks do not add much to the findings of previous chapters one
single numerical example will suffice for this model. The results of a
simulation with the birth growth rate falling are presented in Table 7.2.4.
It is seen that optimal training effort continuously increases (M/P
decreases) and that the technological time lags (TLj, and TLp) also continu-
ously increase (with the exception of a very small decrease at the beginning
of the educational adjustment process) during the full period of diminishing

population growth.

7.2.5 Summar

In this chapter I have constructed and analysed a growth model with exogenous
technical change that is embodied in people. That is, newly invented tech-
niques can be used only if the production unit engages labour that has been
trained to produce according to this new technique. If the technical progress
is Harrod-neutral everywhere, or, equivalently, purely labour-augmenting,
then all labour vintages can be aggregated into one single aggregate labour
force.

The model thus constructed has a number of similarities to the model with
homogeneous human capital discussed in Chapter 6.1. The form of the
optimality conditions, the comparative-statics properties, and the form of
the non-stationary optimal economic growth path are all quite similar for the
two models. A major difference, apart from the obvious presence of technical
change, is that the optimality condition for the training variable involves
the complete optimal training profile of the generation in question. This
feature of the present model complicates the simulation of optimal growth
paths.

The model illustrates the negative impact of slower population growth on
the rate of technology adaptation. When the growth rate of population is
high, the introduction of technological innovations into the production
process 1is primarily achieved through the constant influx of recently
educated young people. When the relative share of this influx is reduced,
increased education for adults becomes necessary in order to prevent the gap

between technology in theory and technology in practice becoming too large.
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Table 7.2.4: Optimal economic growth path with gB falling

t g g s M/P TLL TLp
0 0.20 0.200 0.475 0.979 1.024 1.015
1 0.20 0.200 0.475 0.979 1.024 1.015
2 0.20 0.200 0.475 0.979 1.024 1.015
3 0.20 0.200 0.474 0.979 1.024 1.015
4 0.20 0.200 0.474 0.978 1.023 1.014
5 0.20 0.200 0.477 0.976 1.023 1.013
6 0.18 0.193 0.476 0.975 1.027 1.016
7 0.16 0.181 0.473 0.973 1.039 1.027
8 0.14 0.166 0.468 0.971 1.056 1.043
9 0.12 0.149 0.462 0.969 1.077 1.063
10 0.10 0.130 0.456 0.967 1.101 1.084
11 0.08 0.111 0.449 0.965 1.125 1.107
12 0.06 0.092 0.443 0.963 1.150 1.129
13 0.04 0.073 0.436 0.961 1.176 1.153
14 0.02 0.054 0.431 0.960 1.202 1.177
15 0.00 0.035 0.419 0.960 1.229 1.204
16 0.00 0.021 0.411 0.960 1.252 1.226
17 0.00 0.012 0.406 0.960 ~ | 1.267 1.241
18 0.00 0.006 0.402 0.960 1.276 1.249
19 0.00 0.002 0.398 0.960 1.279 1.252
20 0.00 0.000 0.398 0.960 1.279 1.252

1) The values of the parameters used are:
6=0.20 ; p=0.20 ; u=0.20 ; A=0.30 ; n=6.

The production function is taken to be:
l-o0 o

y = {ak % + (1-a)) l-o with @=0.25 and 0=0.5

The educational production function used is:

7,08 = (u (£))  with y=0.5



8 SIMULATIONS FOR THE NETHERLANDS

In the previous chapters the interaction between demography, optimal economic
growth, technical change, and education has been analysed from a purely
theoretical point of view. On the basis of this theoretical analysis, in
combination with some complementary numerical simulations, several broad
guidelines for long-run economic and educational policy have been obtained.

The purpose of the present chapter is to provide a more detailed applica-
tion of the theoretical models to real-life policy problems. The consequences
of the present demographic changes (fertility decline and ageing of the
population) for optimal investment in physical and human capital will be
analysed in the case of the Netherlands. The results of the calculations will
give some insight into the order of magnitude of the policy adjustments
involved.

The values of the models’ parameters have been specified in such a way
that a realistic description of the Dutch economy and demographic structure
is given by the models. Still, the results of the case study are of course
very sensitive to the restrictive nature of the general neoclassical, one-
sector, and closed-economy growth model itself. Thus, both the theoretical
analysis of the previous chapters and the results of the case studies in the
present chapter should be considered as only a first step towards a full
demographic extension of traditional growth theory.

The application to the Dutch case will be undertaken using two different
models. The first case study uses the model with homogeneous human capital
and exogenous Harrod-neutral technical change (Chapter 7.1). The second study
uses the model with heterogeneous human capital (Chapter 6.2). The specifica-
tion of the latter model is quite similar to the models analysed in Ritzen
(1986c) for which detailed parameter estimates for the Netherlands are
available. However, as will be recalled from Chapter 6.2, the model with two
types of labour suffers from the major drawback that the optimal economic
growth path is non-convergent. Therefore, instead of calculating the non-
stationary singular trajectory itself I use a scenario-based approach: four
reasonable policies are investigated and compared, both with respect to the
resulting economic development and the corresponding value of the social
welfare function.

The organization of this chapter is as follows. Section 8.1 presents the
demographic projections and structural relationships which underlie both case

studies. Section’ 8.2 analyses the optimal growth path for the model of
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Chapter 7.1. Section 8.3 discusses the four scenarios and presents the

results of the simulations with the model of Chapter 6.2.

8.1 Demographic data

Simulation of the demographic dynamics underlying the optimal economic growth

paths requires the specification of:

- the age-specific survival schedule u(-);

- the time path of the number of births B(:).

In order to concentrate on the economic effects of the fertility decline (as
well as to avoid unnecessary complications), I have assumed that the survival
schedule u(-) is fixed throughout. This is an obvious simplification of
reality, as the average duration of human life has increased sharply during
the last 100 years or so, and is expected to continue to increase even
further in the near future.

The survival schedule actually used has been derived from life tables for
the Netherlands during the first half of the 1980s (CBS, 1987). The survival
probabilities have been calculated as a weighted average of the survival
probabilities for males and females, using the number of births in 1986 as
weights. For each 5-year age group the survival probability has been put
equal to the actual survival probability for the midpoint of the age bracket.
This procedure has resulted in a survival schedule for 22 age groups (corre-
sponding to a maximum age of 110 years) given in Table 8.1.

Any numerical simulation of the non-stationary optimal growth path must
start from an initial steady state. Consequently, in constructing the time
path of the number of births some assumption has to be made concerning an
initial stable population, even though in reality population was not stable
for a considerable period. I have assumed that until the beginning of the
Second World War the population was stable; the constant growth rate of the
number of births for this period has been assumed to be equal to the average
growth rate during the period 1900-1940 (3.66% per 5 years).

For the period 1940-1985 the number of births per 5-year period has been
obtained by taking the actual population in the age group 0-5 years at the
end of the 5-year period, divided by the survival probability for age group

zero. A similar procedure was used for the period 1985-2010, with the
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Table 8.1: Age-specific survival schedule

age group (a) age span survivors at time t of age a from
(years) births in a 5-year period t-a
0 0 -<5 0.9907
1 5 -< 10 0.9892
2 10 -< 15 0.9882
3 15 -< 20 0.9867
4 20 -< 25 0.9839
5 25 -< 30 0.9812
6 30 -< 35 0.9780
7 35 -< 40 0.9738
8 40 -< 45 0.9674
9 45 -< 50 0.9568
10 50 -< 55 0.9385
11 55 -< 60 0.9087
12 60 -< 65 0.8620
13 65 -< 70 0.7909
14 70 -< 75 0.6883
15 75 -< 80 0.5485
16 80 -< 85 0.3813
17 85 -< 90 0.2105
18 90 -< 95 0.0818
19 95 -< 100 0.0196
20 100 -< 105 0.0024
21 105 -< 110 0.0001
22 110 -< 115 0.0000

Source: computed from CBS (1987).
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population aged 0-5 taken from the most recent Dutch CBS population forecasts
(CBS, 1986, medium projection). For the years after 2010 the number of births
has been assumed to remain constant at the 2010-level, eventually leading to
a stable population with zero growth rate.

The resulting demographic time series are plotted in Figure 8.1 and listed
in Table 8.2. In order to compare the computed time series with the actual
demographic development, the table also contains some data on the size and
age composition of the population in the near past and near future. The large
differences between corresponding series are due mainly to the use of a
constant survival schedule which grossly overestimates the survival probabil-
ities for the older cohorts.

The data summarized in Tables 8.1 and 8.2 will be used to describe the
demographic dynamics underlying the non-stationary optimal economic growth

paths to be simulated in the next sections.

8.2 Simulation for the model with homogeneous human capital

The model used for the simulation in the present section is a slightly
adapted version of the model described more fully in Chapters 6.1 and 7.1.
In order to add some more realism to the formulation of the model the

following additional assumptions have been made:

- individuals follow compulsory education during the first three periods of
their life (15 years). This basic educational training does not increase
their productive stock of human capital; it is more like a minimal invest-
ment required to guarantee that the stock of human capital of a potential
labourer is at least equal to hg.

- there is mandatory retirement at the age of 65 years (age group 13).

- the aggregate production function is of the CES type. The elasticity of
substitution between physical and human capital is fixed at 0.167; such a
relatively low elasticity of substitution was found by Ritzen (1986c).

- there is exponential, exogenous, disembodied and purely labour-augmenting
technical progress. The rate of technical progress is assumed to be 1% per
year or about 6% per period of 5 years. In order not to let this exogenous
increase in the productivity of existing human capital be completely
"free", I have fixed the rate of exponential decay of human capital (éy)

at a rather high level (20%).
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Figure 8.1: Growth rates of births and total population
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Table 8.2: Demographic time series

179

population * 1000 population * 1000

(computed) (realized/projected)1
year B 0-19 20-64 65+ total gf 0-19 20-64 65+ total
1900 684 2563 4417 1103 8084 .0366
1905 709 2657 4578 1144 8379 .0366 2410 2717. 334 5460
1910 735 2755 4746 1186 8686 .0366 2579 2921 359 5858
1915 761 2856 4920 1229 9004 .0366 2753 3209 378 6340
1920 789 2960 5100 1274 9334 .0366 2866 3488 402 6754
1925 818 3068 5287 1321 9676 .0366 3048 3831 430 7308
1930 848 3181 5480 1369 10030 .0366 3153 4195 477 7825
1935 879 3297 5681 1419 10397 .0366 3223 4626 543 8392
1940 911 3418 5889 1471 10778 .0366 3316 4905 613 8834
1945 945 3543 6105 1525 11173 .0366 3369 5177 674 9220
1950 | 1201 3882 6328 1593 11802 .0563 3742 5514 771 10027
1955 | 1119 4109 6560 1661 12329 .0446 4001 5789 890 10680
1960 1161 4344 6800 1731 12875 .0443 4331 6066 1020 11417
1965 1223 4608 7049 1805 13462 .0455 4631 6418 1163 12212
1970 1197 4605 7514 1880 13999 .0399 4658 6989 1311 12958
1975 1066 4552 7874 1956 14382 .0274 4646 7493 1459 13599
1980 890 4286 8246 2033 14566 .0128 4432 8044 1615 14091
1985 882 3952 8651 2113 14717 .0104 4085 8640 1730 14454
1990 956 3716 9001 2197 14914 .0134 3826 9152 1898 14876
1995 | 1009 3661 9192 2283 15136 .0149 3745 9518 2012 15275
2000 982 3751 9179 2371 15301 .0109 3826 9648 2113 15588
2005 883 3752 9122 2461 15335 .0023
2010 786 3586 9100 2553 15238 .0063 3638 9753 2358 15749
2015 786 3367 8922 2813 15102 .0089
2020 786 3176 8785 2962 14923 .0119
2025 786 3081 8519 3098 14698 .0151
2030 786 3081 8113 3237 14430 .0183
2035 786 3081 7740 3304 14124 .0211 2990 8046 3563 14599
2040 786 3081 7486 3234 13801 .0229
2045 786 3081 7381 3021 13483 .0231
2050 786 3081 7280 2826 13187 .0219
2055 786 3081 7118 2731 12930 .0195
2060 786 3081 6915 2723 12719 .0163
2065 786 3081 6744 2726 12550 .0133
2070 786 3081 6661 2666 12408 .0113
2075 786 3081 6661 2538 12280 .0103
2080 786 3081 6661 2424 12165 .0093
2085 786 3081 6661 2333 12074 .0075
2090 786 3081 6661 2274 12016 .0049
2095 786 3081 6661 2246 11987 .0024
2100 786 3081 6661 2235 11977 .0008
2105 786 3081 6661 2234 11975 .0002
2110 786 3081 6661 2234 11974 .0000
2115 786 3081 6661 2234 11974 .0000

1) source: CBS Population Statistics for 1905-1985

CBS (1986) for 1990-2035



180 8 Simulations for the Netherlands

A complete list of functional specifications and parameter values is given in
Table 8.3.

The optimal economic growth path has been computed over the years 1825-
2150. The first year of non-stationarity is 1905, when the cohort experien-
cing the first deviation from stable population during its one but last
working period (1945-1950) leaves compulsory education. The first year of the
final steady state is 2160 when the last generation which has to take the
non-stability of the population into account when drawing up its optimal age-
training profile (cohort 2100) has entered its last working period. Thus,
while the birth growth rate is non-constant for only 65 years (1945-2010),
the number of years for which this change affects the optimal economic growth
path is about 250.

Figure 8.2 plots some key variables which determine the time path and form
of the optimal age-training profile. They are the optimal factor prices (r
and w) and the optimal physical/human capital ratio (k) measured in efficien-
cy units (i.e. taking the rate of technical progress into account). The
interest rate r moves, of course, parallel to the growth rate of population
gf. Although the relative factor price r/w changes quite a lot, this does not
greatly affect the optimal capital/labour-ratio k; this is due to the low
elasticity of substitution between physical and human capital.

Figure 8.3 gives the optimal age-training profile u(a) £for selected
cohorts, while Figure 8.4 gives the corresponding age-ability profile h(a).
The numerical values for both profiles are quite realistic: optimal training
involves full-time education until the age of 20/25, followed by on-the-job
training with an intensity that decreases steadily until it becomes zero
during the last period of activity in the labour force. The age-ability
profile rises steeply from the beginning of voluntary education, reaches a
peak around the age of 45/50 and then starts to fall.

Comparison of the profiles for the different cohorts confirms the
conclusion that was reached in Chapter 6.1 on theoretical grounds, viz. that
a lower growth rate of the population leads to a higher optimal training
effort. The order of magnitude of this effect is moderately large: taking
into account the size of the demographic change, the strength of the induced
adjustment in optimal educational policy is significant although not
spectacular. An individual spends 35% of his active life (15-65) training in
the initial steady state versus almost 39% in the final steady state: this

amounts to an increase of about 10%.
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Table 8.3: Parameters used with model 7.1

181

Number of generations

Survival schedule

Social rate of impatience

Depreciation rates

Birth growth rate

Production function

Educational prod. function

22 (maximum age = 110 years)

See Table 8.1

p=0.025

§g=0.05 ; &§y=0.20

See Table 8.2

l-0
g

g
l-o0

y={ak

+ (1-a))
a=0.10

o=0.167

Efe] = 7-¢f
¥=1.00

B=0.40
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Figure 8.2: Case study with model 7.1 : factor prices and ratio
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Figure 8.3: Case study with model 7.1 : age-training profiles

Figure 8.4: Case study with model 7.1 : age-ability profiles
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The optimal age-training profile is the highest for those cohorts that
experience the strongest fall in the population growth rate during their
working life (in Figure 8.3: cohort 1980). Thus optimal training effort does
not increase monotonously over time but falls slightly near the end of the
period of demographic transition. This seems to be in contradiction to the
theoretical analysis in Chapter 6.1. There, however, attention was restricted
to monotonous changes in the birth growth rate. In the Netherlands the "baby
bust", which will cause the ageing of the population in the first half of the
21st century, followed the post World War II "baby boom" (cf. Figure 8.1).
Such a "boom-bust" sequence causes the population growth rate to be agbove its
initial steady state level at the beginning of the transition (around 1945)
and below its final steady state level near the end of the transition (in
fact for the full 2lst century).

The increase in the optimal training effort is not restricted to the
younger age groups but is also prevalent among the middle age groups in the
labour force. This indicates that educational policy, in adjusting to the
changed demographic circumstances, should not only pay attention to regular
full-time education but also to part-time recurrent education, be it on the
job or in the form of paid educational leave for the more mature workers.

It is hard to obtain a general picture of optimal educational policy
during the full period of demographic transition from the detailed informa-
tion of the age-training and age-ability profiles. Therefore I have calcu-
lated several variables which summarize the combined effects of continuous
training adjustment on the one hand and continuous shifts in the age- and
ability-composition of the labour force on the other hand. These variables,
plotted in Figure 8.5, are the following:

- the share of the active population (15-65 years) in the total population,
L/P. This is a purely demographic variable.

- the average training effort of the active population, m(u). This is a
purely educational variable (although the weight attached to the various
cohorts in the active population is of course demographically determined).
An increase in average training effort indicates that the participation
ratio of the active population falls, i.e. less time is spent on the
production of the aggregate commodity and more time is spent on the
production of human capital.

- the average amount of human capital in the active population, m(h). This
is also a purely educational variable. It reflects the productivity of the
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Figure 8.5: Case study with model 7.1 : human capital and labour force
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potential labour force (active population) without recognizing that an
increase in this productivity can only be obtained at the cost of a lower
labour force (a higher proportion of the active population has to be
engaged in training). v

- the average amount of human capital in the labour force, m(h-¢). This
educational variable gives the combined effect of changes in human capital
per active person on the one hand and the changes in the participation
rate per active person necessary to achieve that level of human capital on
the other hand.

- the amount of human capital in the labour force per head in the popula-
tion, L(h)/P. This variable summarizes the combined effects of demography,
participation in the labour force, and educational achievement. For a
given capital/labour-ratio k, it is directly proportional to output per

capita.

Although the L/P ratio varies somewhat during the transition period, its
final steady-state value (0.6263) is almost exactly equal to its initial
steady state value (0.6213). The long-run fall in the population growth rate
increases the share of the older cohorts (65+) but decreases the share of the
younger cohorts (0-15) by the same amount, leaving the share of the potential
labour force unchanged in the long run. v

The optimal average training intensity of the active population, m(u),
peaks during the second half of the 20th century. It is interesting to note
that historically this peak coincides with the tremendous increase in
enrollment rates. In the long run m(u) rises only negligibly (from 0.3856 to
0.3978). Here there are two offsetting forces at work: on the one hand the
overall training intensity is increased (cf. Figure 8.3); on the other hand
the weighting pattern of the various cohorts within the active population is
shifted towards the older cohorts who have a lower training intensity (the
optimal age-training profile is falling).

Because of this re-weighting effect, the positive influence of the fall in
the population growth rate on optimal investment in education is illustrated
by the variables m(h) and m(h-¢) rather than m(u). Both potential and
effective human capital are concentrated amongst the more mature workers, who
get a larger weight in the slower growing population. In combination with the
increased general level of h and (h-¢) this leads to a significant increase

in the average level of both variables.
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The ratio of effective human capital in the labour force and total popula-
tion, L(h)/P, is the product of m(h-¢) and L/P. It winds its way through the
demographic transition, first falling, then rising and finally falling again;
in the long run the net result is a slight increase (from 1.3879 to 1.4896).

The effect of the demographic change on consumption per capita is the net

result of three separate developments:

- the change in the physical/human capital ratio, k, and consequently in
output per unit of human capital, f[k]. This effect on consumption is
slightly positive in the long run (cf. Figure 8.1).

- the change in human capital per consumer, L(h)/P, which is also positive.

- the change in the optimal savings rate, s. As a result of the irregular
pattern in the growth rate of population (due to the "boom-bust" sequence)
and the thereby induced adjustments in educational policy, the savings
rate follows a wildly irrégular pattern before finally settling down at
its terminal steady-state level which is quite below its initial 1level
(0.1461 versus 0.1154). In the beginning of the next century there is a
sharp drop in the optimal savings rate. This reduction in savings could
well be realized without any active savings policy, as this is the period
in which, due to the retirement of the baby-boom cohorts, the present
large financial surpluses of the pension funds in the Netherlands will be

greatly reduced.

These latter variables are plotted in Figure 8.6. As can be seen from this
figure, consumption per capita itself has its ups and downs, but is signifi-
cantly higher in the final steady state than in the initial steady state
(1.3239 versus 1.1826). Apart from this, and not shown in the figures, there
is a secular increase in the efficiency of human capital, production per
capita and consumption due to the existence of technical progress at a rate
of 6% per 5 years. With the exception of the years 1945-1950 this upward
trend is everywhere strong enough to more than offset the downward sloping

segments in the plot of C/P.
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Figure 8.6: Case study with model 7.1 : savings rate and consumption
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8.3 Simulations for the model with heterogeneous human capital

The model investigated in this section is based on the model with two types
of labour described and analysed in Chapter 6.2. The following extensions,

similar to those of the previous section, have been made:

- Individuals follow compulsory education during the first three periods of
their life (15 years). At the age of 15 they can either enter the labour
force as unskilled workers or continue their education for another three
periods and at the age of 30 enter the labour force as skilled workers.
The educational policy variable h(t) is the proportion of the 15-year-old
individuals who continue their educational career.

- there is mandatory retirement at the age of 65 years (age group 13).

- the aggregate production function 1is of the nested CES type (cf. the
empirical work in (Ritzen, 1986c)). At the lower level of the nesting
physical capital (K) and unskilled labour (L) are combined to produce an
intermediate factor of production (H); at the higher level of the nesting
this factor H is combined with skilled 1labour (Lj) to produce the
aggregate commodity. The elasticity of substitution between K and Lj is
relatively high (0.5), between H and L; relatively low (0.1).

A complete list of functional specifications and parameter values is given in
Table 8.4. Apart from some scaling parameters, the numerical specification of
the production function follows the empirical estimates in Ritzen (1986c, p.
85).

The optimal economic growth path for the present model, as was discussed
in Chapter 6.2, is unstable in two respects. First, given a converging time
path for gP(~), the solution ({£(-), k(:)) to the system of differential-
difference equations implied by the two Non-Stationary Golden Rules (6.2.35)
and (6.2.36) is diverging. Second, given a converging time path for gP(-) and
£(-), the trajectory of the control h(:) required to realize £(:) |is
diverging. Thus, singular control breaks down once population becomes non-
stable.

Abandoning the search for an optimal way of controlling an economy
described by this model, I will instead compare several alternative (non-

optimal) policies. Of the numerous possibilities I have selected the

following:
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Table 8.4: Parameters used with model 6.2

Number of generations 22 (maximum age = 110 years)
Survival schedule See Table 8.1

Social rate of impatience p=0.025

Depreciation rate §=0.05

Birth growth rate See Table 8.2

Production function y=yy-{ag + ay-HPY )'l/pY

H=1H'(ﬂl'2-pﬁ + ﬂK-k-pH )'1/PH
py = 9.60 ( = (l-oy)/oy )

pH = 1.05 ( = (l-og)/oy )

ap = 80.00

ay = 0.01

B1 = 2.00

Bg = 1.60

vy = 1.00
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1. "myopic control": in each period the controls h and s are set equal to
their optimal values in the steady state characterized by that period’s
growth rate of population.

2. "smooth control": the controls follow a linear trajectory along the full
period of demographic transition, gradually moving from their initial
steady-state levels to their final steady-state levels.

3. "steady-state control": the controls keep their initial optimal steady-

state levels until the birth growth rate reaches its new constant level.
From that period onwards the controls are set equal to their new steady-
state levels.

4. "constant control": the controls remain at their initial steady-state

levels forever.

All these four policies will eventually move the economy to a new steady
state. Moreover, with the exception of the "constant control"-policy, this
new steady state will be the optimal one.

The policies mentioned thus far have in common that the controls are
determined independently of the values of the state variables k and £.
However, the singularity conditions (Golden Rules) are in terms of these
state variables. Therefore I have also analysed two additional policies that
aim at achieving some given time path of the factor ratios k and £. These

policies are:

5. "myopic state control": in each period the controls h and s are such that

the state variables are as close as possible to their optimal values in
the steady state characterized by that period’s population growth rate.

6. "smooth state control": the controls are such that the state variables

follow as closely as possible a linear trajectory, gradually leading them

from their initial steady-state values to their final steady-state levels.

The phrase "as close as possible" is included because, due to the space
constraints on the controls and to the non-convergence of the control trajec-
tories given converging state trajectories, complete equality of actual and
target state values in every period is not feasible. If in period t the
target values can be achieved, they are achieved; if not, the controls are
set to their maximum or minimum value, whichever is the relevant limit.
Unlike the Policies 1 to 4, Policies 5 and 6 do not lead the economy to a

final steady state.
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For each of these six policies the corresponding economic growth path has
been computed over the time interval 1825-2320 (one hundred time periods).
The key variables are plotted in Figures 8.7 to 8.11.

The optimal enrollment rate in the final steady state is only negligibly
higher than it is in the initial steady state (0.8269 versus 0.8253). The
drop in the long-run optimal unskilled/skilled labour ratio £ (from 0.3248 to
0.3032) is almost completely realized through the changed age-composition of
the active population. Consequently, the differences between Policies 1 to 4
are restricted to physical variables only (s and k). These differences are
relatively small in terms of consumption per capita, due to the very low
elasticity of substitution between skilled labour and physical capital. The
only exception is Policy 4 (constant control): as this latter policy leads
the economy to the "wrong" steady state, in the long run it is clearly
inferior to Policies 1 to 3 (cf. Table 8.5 below).

Policies 5 and 6, which run in terms of the state variables instead of the
control variables, exhibit a growth path which is totally different from
those for Policies 1 to 4. The corresponding time paths of the controls are
wildly oscillatory at a constantly increasing amplitude. The occasions in
which the boundaries of the control region are reached become more and more
frequent; this leads to temporary deviations of the state variables from
their target values, as can be seen very clearly in Figures 8.9 and 8.10.

Table 8.5 summarizes the performance of the different policies in terms of
the social welfare function which is discounted consumption per capita. The
major impression from this table is that the long-run social welfare implica-
tions of the various policies are quite small, the difference between the
highest and lowest value for the social welfare function being about 0.5%.
The small size of these differences is caused by the fact that the specifica-
tion of the aggregate production function offers very little scope for factor
substitution.

A striking conclusion from this table is the surprisingly high values for
Policies 5 and 6. Apparently, the optimality of the non-stationary Golden
Rule path (which runs in terms of the state variables) is so strong that
state-variable policies, notwithstanding their instability, yield higher
values for the social welfare function than the control-variable policies.

However, the stability of the growth path is an important additional
objective of economic policy. This aspect has not been incorporated into the
social welfare function; but given the choice between a non-stable path with

high consumption and a stable path with only slightly lower consumption the
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Figure 8.7: Case studies with model 6.2 : the enrollment rate
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Figure 8.8: Case studies with model 6.2 : the savings rate
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Figure 8.9: Case studies with model 6.2 : the unskilled/skilled labour ratio
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Figure 8.10: Case studies with model 6.2 : the capital/skilled-labour ratio
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Figure 8.11: Case studies with model 6.2 : consumption per capita
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Table 8.5: Values of the social welfare function

policy social welfare function 1825 - 2320
1. myopic control 7.5175
2. smooth control 7.5173
3. steady-state control 7.5222
4. constant control 7.4845
5. myopic state control 7.5264
6. smooth state control 7.5206
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latter alternative seems much more attractive than the former. Taking this
consideration into account, the values in Table 5 point towards Policy 3,
"steady-state control" as the most preferable one. Discounted consumption per
capita is almost as high as for the best non-converging policy (Policy 5)
while it does not suffer from unreasonably large and frequent cycles in
economic development, even during the period of strong demographic

transition.



9 'SUMMARY AND EVALUATION

In the 1980s the Netherlands (as well as many other, mostly industrialized
countries) can be considered to be in the middle of a transition phase
between two situations of (more or less) constant population growth. Since
the end of the 1960s the annual number of children born has decreased
dramatically. Today’s population projections indicate that the number of
births will remain approximately constant until about 1995 and will decrease
even further in the years after.

This decline in the number of births causes the population to age, and
this in two respects. First, when the growth rate of the number of births is
constant for a period long enough for the population to be stable (i.e. to
have a constant age-structure), the proportion of the elderly in the total
population is permanently higher than before the start of the fertility
decline. This is the long-run ageing effect. Second, during the transition
phase there is a period in which the elderly stem from higher growth-rate
cohorts than the younger generations, rendering the proportion of the elderly
in the total population higher than it is in the final stable population.
This is the transitory ageing effect. The transitory ageing effect of the
fertility decline is, of course, larger than the long-run ageing effect.

Traditional growth theory, with its emphasis on the steady state, is not
capable of handling such dramatic deviations from exponential population
growth. Understanding the economic consequences of demographic change
requires the construction of growth models that explicitly recognize
demographic forces as an important potential source of non-stationarities in
economic development. It is precisely such a demographic extension of
traditional growth theory that has been attempted in this book.

In the preceding chapters I have studied optimal economic growth in a
closed economy which experiences exogenous but non-stable population growth.
The findings of this study will be summarized in Section 9.1. In Section 9.2
I will evaluate the advantages and limitations of the approach pursued in

this book.

9.1 Summary

The closed economy has been described by means of an aggregative neoclassical
growth model which distinguishes overlapping generations within the

population. The basic neoclassical model has been extended to include
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technical change, as well as investment in education (human capital). In
tracing the effects of demographic change on the optimal economic growth
path, attention has not been restricted to steady states (comparative
statics): the period of demographic transtition has also been explicitly
analysed.

Throughout the book the social welfare function to be maximized has been
taken to be consumption per capita, discounted over an infinitely long time
period. Consequently, the Hamiltonian of the corresponding optimal-control
problem becomes linear in the savings rate. Thus, the equilibrium of the
optimal trajectory is a singular solution. When the growth rate of population
changes this singular equilibrium will move. The optimal policy 1is to
determine the control variables in such a way that the economy remains in the
singular equilibrium even when it moves. This result justifies the book's
concentration on singular trajectories.

In Chapter 2 I have studied the basic neoclassical one-sector growth model
of Solow (1956). It has been shown that the optimal growth path (singular
trajectory) is characterized by a strikingly straightforward generalization
of the traditional steady-state Golden Rule of Capital Accumulation. The
comparative statics results allow for a generalization of Samuelson’s (1975a)
analysis of the lower-bound for the optimal rate of population growth. The
optimal savings rate in steady state varies positively with the long-run
population growth rate. If certain plausible restrictions concerning the
aggregate production function are satisfied, the optimal savings rate follows
either an inverted U-shaped or a U-shaped pattern during the transition
phase, depending on whether the birth growth rate is falling or rising.

Chapters 3 and 4 introduce technical change, which explains the secular
rise in consumption and output per head. Chapter 3 offers an extensive
discussion on the concept of technical change and on the various forms in
which it can be modelled. Of all variables affecting a firm's maximum output,
a change in those variables of which the value cannot be changed in the short
run by external economic agents in such a direction that the change would
damage the firm's performance, is defined as technical change. On the basis
of this definition it is argued that a change in "knowledge" is technical
change but a change in "human capital" (through education) is not. Three
major classifications of technical change are analysed: exogenous Vs.
endogenous, neutral vs. biased, and embodied vs. disembodied technical

change.
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Chapter 4 describes and analyses one-sector models with three types of
technical change: exogenous disembodied (4.1), exogenous capital-embodied
(4.2), and endogenous disembodied (4.3). In each of these models the
Generalized Golden Rule is exactly the same as for the model without
technical change. Thus, contrary to what many authors suggest, technical
change does not affect the Golden Rule. Apart from the secular rise in output
and consumption per capita, the presence of technical change does not
fundamentally alter the properties of the optimal economic growth path.

Chapters 5 and 6 introduce education, or investment in human capital.
Education is very closely linked to the age-structure of the population since
the bulk of education is imparted to the young. Also, the lifetime of the
society’s stock of human capital is directly related to the age-composition
of the labour force, due to the simple fact that by the laws of nature human
capital is embodied in people.

Chapter 5 discusses some issues in modelling investment in human capital.
Education is quite a complex phenomenon for which no unambiguous way of
modelling is available. Two of many possible alternative models have been
studied in Chapter 6: a model with homogeneous human capital (6.1), and a
model with heterogeneous human capital, leading to two types of labour (6.2).

The optimal growth paths for these models including education are
characterized by two groups of optimality conditions: the Generalized Golden
Rule for optimal investment in physical capital; and a continuum of Golden
Rules of Education for optimal investment in human capital, corresponding to
the continuum of active generations. These conditions for optimal training
effort can be interpreted in terms of the familiar equality of discounted
costs and returns.

For the model with homogeneous human capital it has been shown that the
optimal age-training profile is non-increasing, whatever the demographic
situation. When the growth rate of population falls, investment in education
becomes more attractive. More generally, optimal training effort moves in the
opposite direction of the growth rate of population along almost the full
non-stationary economic growth path. This is the central conclusion for
economic policy that follows from the theoretical analysis in this book.

Although the model with heterogeneous human capital has many properties in
common with the homogeneous human-capital model, it suffers from the major
drawback that it is dynamically unstable. The presence of time lags in the
production of human capital (skilled labour) is largely but not completely
responsible for this result. It is not completely so, because the model with
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capital-embodied technical change (Chapter 4.2) is also characterized by time
lags but at least its optimal steady state is stable, although the oscilla-
tions in the non-stationary optimal growth path are severe and persistent.

Chapter 7 combines education and technical progress. The model of Chapter
7.1 is a straightforward extension of Chapter 6.1 to include the case of
exogenous disembodied technical change. Chapter 7.2 describes and analyses a
model in which technical progress is embodied in labour, i.e. it increases
the productivity of labour only to the extent that labour has been trained to
produce according to the most up-to-date technology. For both models optimal
training effort varies positively according to the rate of technical progress
and negatively according to the growth rate of population. That is, technical
progress as well as ageing of the population render education more attrac-
tive. In addition, the model with labour-embodied technical change
illustrates the negative impact of slower population growth on the rate of
technology adaptation. When the growth rate of population is high, the intro-
duction of technological innovations into the production process is primarily
achieved through the constant influx of recently educated young people. When
the relative share of this influx is reduced, increased education for adults
becomes necessary in order to prevent the gap between technology in theory
and technology in practice becoming too large.

Chapter 8 provides a rather detailed application of the theoretical models
to real-life problems. The consequences of the present fertility decline have
been analysed in the case of the Netherlands, in order to get some insight
into the order of magnitude of the policy adjustments involved. For this case
study it has been assumed that the number of births will remain constant
(zero growth) from the year 2010 onward.

The strength of the demographically induced long-run adjustment in optimal
educational policy is significant: the optimal proportion of an individual’s
active lifetime (15-65 years) spent training increases by about 10%. The
increase in the optimal training effort is not restriced to the younger age
groups but is equally prevalent among the middle age groups in the labour
force. This indicates that educational policy, in adjusting to the changed
demographic circumstances, should not only pay attention to regular full-time
education but also to part-time recurrent education, be it on the job or in
the form of paid educational leave for the more mature workers.

The optimal training intensity for successive generations peaks during the
second half of the 20th century. It is interesting to note that historically

this peak coincides with the tremendous increase in enrollment rates. In the
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long run optimal average training intensity rises only marginally. Here,
there are two offsetting forces at work: on the one hand, the overall
training intensity is increased; on the other hand, the weighting pattern of
the various cohorts within the active population is shifted towards the older
cohorts who have a lower training intensity (the optimal age-training profile
is falling).

As a result of the irregular pattern in the growth rate of population (due
to the "boom-bust" sequence) and the thereby induced adjustments in
educational policy, the savings rate follows a wildly irregular pattern
before finally settling down at its terminal steady-state level which is
quite below its initial level. In the beginning of the next century there is
a sharp drop in the optimal savings rate. This reduction in savings could
well be realized without any active savings policy, as this is the period in
which, due to the retirement of the baby-boom cohorts, the present large
financial surpluses of the pension funds in the Netherlands will be greatly

reduced.

9.2 Evaluation

What does the analysis in this book teach us in terms of general insights
into the relationship between demographic phenomena and long-run economic

development? In my view there are three major conclusions to be drawn:

1. If economic policy is adjusted to the changing demographic situation,
fertility decline is beneficial in the long run - provided that the long-
run population growth rate does not fall below a certain (but probably
negative) critical lower bound. Even during the transition phase, when the
ageing is more severe than ever, optimal consumption per capita, in
general, does not fall below its initial steady-state level. On the
contrary: during the full period of demographic transition it rises more
or less monotonously towards its new, higher equilibrium value.

This should be a comforting thought for those who worry about the
ageing problem. The negative welfare effects on the generations bearing
the heaviest burdens during the peak of the ageing phase are more than,
or at worst: almost completely, offset by the positive effects of, first,
a lower number of dependent children, and second, a higher efficiency of

the, by then, relatively smaller labour force. Even when the net welfare
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effects turn out to be negative for some cohorts, a lot of consolation
can be derived from the observation that all subsequent generations will
benefit from the permanently higher standard of living in the periods
after the demographic transition.

The conclusion on the beneficial effect of a fertility decline is in
line with the classic results of Malthus, and more recently of the Club of
Rome, although the analysis on which the conclusion is based is quite
different. Simon (1986) takes a radically different stand by positing a
positive (and causal) relationship between the rates of population growth
and technical progress. His conclusion is that a fertility increase is
beneficial in the long run. Of course, nothing in my own analysis
precludes the existence of such a positive causal link.

2. Human capital is a good substitute for population growth. The lower the
growth rate of population, the higher are the returns on investment in
education. That is, while a fertility decline leads to a relative scarcity
of human as compared to physical capital, an increase in overall training
effort helps to reduce this scarcity while at the same time leaving
everyone better off. This negative relationship between population growth
and optimal investment in education reinforces the beneficial effect of
fertility decline discussed above.

3. A realistic growth model is very difficult to formulate and/or to analyse.
This is especially true if one wants to allow for demographic change and
as a consequence has to open the door to all kinds of non-stationarities.
Even with the very simple specifications used throughout this study (e.g.
closed economy; one sector; homogeneous human capital; exogenous
disembodied Harrod-neutral technical progress; etc.), the analysis easily
gets quite complicated indeed. Given the effort required in carrying out
the theoretical analysis, the returns in terms of general policy guide-
lines are rather low. These observations suggest that the relevance of the
present study is concentrated in the theoretical insights that it provides
in the properties of the specific growth models analysed, rather than in
its power to offer general insight into the relationship between demo-

graphic change and economic development.

The analytical power of any model is inherently limited by the restrictive-
ness of the assumptions that underlie the model in question. The following
are among the most important limitations of the approach adopted in this
book:
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1. In this study I have made several heroic assumptions concerning the
Central Planning Agency’s information on future demographic developments.
The optimal control problem has invariably been formulated as being
completely deterministic. If population is completely exogenous then
clearly it is very unrealistic to assume that its future course can be
perfectly predicted. Such predictions would be somewhat easier to make if
population growth were endogenous, i.e. dependent on economic variables.
However, the long-run causal relationship between population growth on the
one hand and the economic circumstances on the other, is very fragile,
not only in strength but even in the direction of the causal link (if
any). This was so in Malthus’ days (cf. the discussion in (Siegers, 1987))
and two centuries of scientific research have not yielded much progress in
settling the issue.

2. The growth-theoretical analysis of demographic transitions puts one'’s
faith in growth theory itself very much to the test. Because of the length
of human life, the duration of a transition period is very long indeed, at
least 100 years. This raises the question whether it is at all possible to
describe an economic system for so long a period by means of such simple
and rigid functional relationships as growth models typically assume.

3. The form of the social welfare function adopted throughout this study,
being linear in average consumption per capita, is quite restrictive.
There are several possible directions in which this functional specifica-
tion can be generalized:

- a nonlinear trade-off between consumption levels at different points in
time by introducing an instantaneous utility function. Although such an
extension could be useful it probably would not affect the results very
fundamentally, given the absence of large fluctuations over time in
consumption per capita.

- the incorporation into the social welfare function of intergenerational
inequality, which could be achieved by making social welfare a function
of the various cohorts’ life-time consumption. This procedure opens the
possibility of compensating generations for a drop in consumption per
capita by raising the standard of living at other stages of their life-
cycle. A first step towards such an analysis was made by Bovenberg &
Ritzen (1985).

- the introduction of a penalty term into the social welfare function,

reflecting the undesirability of strong adjustments in economic policy.
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The incorporation of such adjustment costs (cf. Bovenberg, 1985 and
1986) would be especially relevant to those models where the demo-
graphically induced fluctuations in the optimal control variables are
large, like the models with time lags analysed in Chapters 4.2 and 6.2.
It might well be the case that such an extension would eliminate the
non-convergence of the optimal economic growth path in the model of
Chapter 6.2,

4. Nothing has been said about the feasibility of the optimal growth path. If
the economy is characterized by competitive markets and decentralized
decision-making, then the Central Planning Agency may not have the instru-
ments to directly control the quantity variables. It might be able to
control the prices by means of taxation and in such a way indirectly
control the economy as a whole, but this would yield a second-best optimum
only.

5. Finally, the analysis has been confined to a closed economy. Extending the
analysis to a multi-country model is especially fruitful if demographic
developments differ across countries, as they do in reality. Such a study
would be able to investigate the opportunities for international coopera-
tion in exploiting the advantages and fighting ‘the disadvantages of
fertility decline, for instance by having one country’'s "ageing deficit"
financed by those countries which are not (yet) affected by the fertility

decline.
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