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Preface

One of the more promising non-destructive means of diagnosing the properties
of quite complicated materials is to use wave energy as a probe. An analysis of
this technique requires a detailed understanding of first how signals evolve in the
medium of interest in the absence of inhomogeneities and, second, the nature of
the scattered or echo field when the original signal is perturbed by inhomogene-
ities which might exist in the medium. The overall aim of the analysis is to calcu-
late relationships between an unperturbed signal waveform and an associated
echo waveform and indicate how these relationships can be used to characterise
inhomogeneities in the medium.

An initial aim of this monograph is to give a largely self-contained, introduc-
tory account of acoustic wave propagation and scattering in the presence of time
independent perturbations. Later chapters of the book will indicate how the
approach adopted here for dealing with acoustic problems can be extended to
cater for similar problems in electromagnetism and elasticity.

In this monograph we gather together the principal mathematical topics which
are used when dealing with wave propagation and scattering problems involving
time independent perturbations. In so doing we will provide a unified and reason-
ably self-contained introduction to an active research area which has been devel-
oping over recent years. We will also indicate how the material can be used to
develop constructive methods of solution. The overall intention is to present the
material so that is just as persuasive to the theoretician as to the applied scientist
who may not have the same mathematical background. This book is meant to be
a guide which indicates the technical requirements when investigating wave
scattering problems. Throughout the emphasis will be on concepts and results
rather than on the fine detail of proof. The proofs of results which are simply
stated in the text, many of which are lengthy and very much of a technical nature,
can be found in the references cited.

Many of the results described in this book represent the works of a large
number of authors and an attempt has been made to provide a reasonably com-
prehensive Bibliography. However, particular mention must be made of the
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pioneering works of Ikebe, Lax and Phillips and of Wilcox. The influence of the
works of these authors has been considerable and is gratefully acknowledged. In
particular, a profound debt of gratitude is owed to Rolf Leis and Calvin Wilcox
who have been such an inspiration over the years.

I would also like to express my gratitude to the many colleagues with whom
I have had such useful discussions. In particular, I would thank Christos
Athanasiadis, Aldo Belleni-Morante, Wilson Lamb and Ioannis Stratis who have
read various parts of the manuscript and offered so many suggestions.

A special word of thanks must also go to Mary Sergeant for the patient
way in which she tackled the seemingly endless task of typing and proof
corrections.

Finally, I want to express my appreciation to Karen Borthwick and Helen
Desmond of Springer Verlag for their efficient and friendly handling of the publi-
cation of this book.

GFR
Glasgow
2005
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1

Introduction and Outline of Contents

The study of wave phenomena in a material can often yield significant information
about the characteristics of that material. In this monograph we shall be inter-
ested in how this can be achieved in a number of areas in the applied sciences.
This study has been motivated by problems arising in such areas as, for example,
radar, sonar, non-destructive testing and ultrasonic medical diagnosis. In all these
areas a powerful diagnostic is the dynamical response of the media to a given
excitation.

The fundamental problem with which we shall be concerned is, in its simplest
terms, the following one.

A system of interest consists of a medium, a source of energy, that is, a “trans-
mitter”, and a detector , that is, a “receiver”. The transmitter emits a signal which
is detected at the receiver, possibly after becoming perturbed, that is, scattered,
by some inhomogeneity in the medium. We are interested in the manner in which
the signal evolves throughout the given medium and in the form it assumes, with
or without being scattered, at the receiver.

We take as a starting point the assumption that all media involved consist of
a continuum of interacting, infinitesimal elements. Consequently, a disturbance
in some small region of a medium will induce an associated disturbance in neigh-
bouring regions with the result that some sort of disturbance eventually spreads
throughout the medium. The progress or evolution of such disturbances we shall
call propagation. In this book we will be particularly interested in those cases
when the disturbance is a wave. Typical examples of this phenomenon include,
for instance, waves on water where the medium is the layer of water close to the
surface, the interaction forces are fluid pressure and gravity and the resulting
waveform is periodic. Again, acoustic waves in gases, liquids and solids are sup-
ported by an elastic interaction and exhibit a variety of waveforms which can be,
for example, sinusoidal, periodic, transient pulse or arbitrary. In principle any
type of waveform can be set in motion in a given system provided suitable initial
or source conditions are imposed. These various processes can be conveniently
expressed, symbolically, in the form
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u(x, t) = Ut — s)u(x, s)

where u(x, t) is a quantity which describes the state of the system at the point
x and time ¢ whilst U(t — s) is a quantity which characterises the evolution, in
time, of the system from an initial state u(x, s) to a state w(x, t). Furthermore, if
V(t — s) characterises the evolution of some other system then we can expect
that a comparison, in some suitable sense, of U(t — s) and V(¢ — s) could provide
information regarding wave phenomena in the two systems. In the following
chapters we shall discuss means of determining the form of U and V, both in
abstract and in certain specific cases of practical interest, and indicate how they
might be used in the development of constructive methods for determining the
wave processes in the two systems.

In the earlier parts of the book attention will be confined to an investigation
of the properties of the scalar wave equation as it appears in acoustics. Later
material will be devoted to an examination of wave equations appearing in studies
of the elastic field and the electromagnetic field.

Our main interest here will be in those physical phenomena whose evolution
can be described in terms of propagating waves. A simple example of such phe-
nomena is a physical quantity, y, that is defined in the form

Yy, t) =flx —ct), (x,H)e R xR (1.1

where c is a real constant. We notice that y has the same value at all those x and
t for which (¥ — ct) has same values. For example, the function f defined by

S — ct) = exp(—(x — D))

has the value one when (x, t) = (0, 0) and also whenever x and ¢ have values
which ensure that (x — c¢t) = 0. Thus (1.1) represents a wave which moves with
constant velocity ¢ along the x—axis, without changing shape. If, further, f is
assumed to be sufficiently differentiable then on differentiating (1.1) twice with
respect to x and ¢ we obtain

c

{6_2_ 2 0%
ot? O’

}y(x,t)—o, (x, ) ERxR 1.2)

Similarly, we notice that a physical quantity, w, defined by
wx,t) =g(x +ct), (x,t)e R xR

where c is a real constant, represents a wave moving with constant velocity ¢
along the x-axis without changing shape, but moving in the opposite direction to
the wave y(x, t) defined in (1.1). Furthermore, we see that w(x, t) also satisfies
an equation of the form (1.2). The equation (1.2) is referred to as the classical
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wave equation. The prefix “classical” will only be used in order to avoid possible
confusion with other wave equations which might come into consideration.
Because the wave equation is linear the compound wave

u(@, 1) = y@, ) + wx, ) = flx — ct) + gl + ct) 1.3)

where f, g are arbitrary functions, is also a solution of the wave equation. This is
the celebrated d’Alembert solution of the wave equation. In a specific problem
the functions f and g are determined in terms of the imposed initial conditions
which solutions of (1.2) are required to satisfy [3],[4].

We would emphasise at this stage that not all solutions of the wave equation
yield propagating waves. For example, if the wave equation can be solved using
a separation of variables technique then so-called stationary wave solutions can
be obtained. They are called stationary waves since they have certain features
such as nodes and anti-nodes which retain their position permanently with respect
to time. Such solutions can be related to the bound states appearing in quantum
mechanics and to the trapped wave phenomenon of classical wave theory.

In practical situations experimental measurements are mainly made far from
the inhomogeneity, that is, in the so-called far field of the scatterer.

In the particular case of acoustic wave scattering processes, we shall see later
that in the absence of any scatterers, the acoustic field, ug(x, t), has the asymp-
totic form

1

2
[ %o

s(x-0yp—t+|x
_ s(x-6 |%ol)
[

ug(x, t) (0]

}) |x0| —
The quantity s is defined by

1
sO=—[  fO(y-2)-7y)dy, TER
4 J 1y wg<s

where f'is a source function which characterises the signal emitted by a transmit-
ter placed at a point xp and 6, is a unit vector defined by xy = — |xy| 6y. The quantity
s is referred to as the signal waveform.

When the signal from the transmitter is scattered by some inhomogeneity in
the medium then the scattered field, us(x, t), can be shown to have the asymptotic
form

_ e(lxl — ta 9» 90) +

it )= 0[i], 2] — oo

2
||

where e(7, 6, 6)) is called the echo waveform. It depends on 6,, the direction of
incidence of the signal, and 6, the direction of observation.
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The principal aim in practical wave scattering problems is to calculate the
relationship between the echo and signal waveforms and to highlight their depen-
dency on the source function and the scatterers. We shall see, in the following
chapters, that many of the results obtained when developing an associated scat-
tering theory lead to efficient, constructive means of performing these calcula-
tions for a wide range of physically relevant problems.

Scattering means different things to different people. Broadly speaking it can
be thought of as the interaction of an evolutionary process with a non-homoge-
neous medium which might also have a non-linear response. In the following
chapters a mathematical framework will be developed which is particularly well
suited to the study of scattering processes from both a theoretical and a construc-
tive point of view. The intention throughout will be to present the material so that
it is just as persuasive to mathematicians interested in the spectral analysis of
initial boundary value problems for partial differential equations as to the applied
scientist who, understandably, might require more quantitative results from their
mathematical model. Consequently, certain sections and chapters can be safely
passed over by those already familiar with the material.

Scattering phenomena arise as a consequence of some perturbation of a given
system and they are analysed by developing an associated scattering theory.
These scattering theories are concerned with the comparison of two systems, one
being regarded as a perturbation of the other, and with the study of the manner
in which the two systems might eventually become equal in some sense. As we
shall see, this will lead quite automatically to a discussion of certain entities called
wave operators. The availability of an appropriate scattering theory would,
therefore, seem to offer good prospects for providing a sound basis from which
to develop robust approximation methods for obtaining solutions to some given,
but difficult, problem in terms of a more readily obtainable solution to an associ-
ated problem.

There are two main formalisms available when developing a scattering theory,
the time dependent and the time independent. The time dependent formalism
deals with a time dependent wave function, that is, with a solution of the wave
equation which describes the evolution of the wave as it actually occurs. In the
distant past the wave is virtually unaffected by the presence of any scatterer.
Hence, the corresponding wave function might be expected to behave asymptoti-
cally when ¢t - — like the wave function for a truly unperturbed or free problem.
Similarly, in the distant future, when again the wave can be expected to be virtu-
ally unaffected by any scatterer, the corresponding wave function might be
expected to behave asymptotically when ¢ — +oc like the wave function for some
other free problem. It turns out, as we shall see, that it is possible to relate the
essentially free wave function which obtains in the distant past before any scat-
tering takes place to the essentially free wave function which obtains in the
distant future well after any scattering has occurred. This connection is effected
by means of a certain operator, denoted by S, called the scattering operator.

Since it is mainly the asymptotically free motions which are observed in prac-
tice the single operator S contains all the information of experimental interest.
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Thus, if we know how to compute the scattering operator, S, then the scattering
problem is solved. Working with these asymptotic values is experimentally sen-
sible and, in addition, it avoids any explicit discussion of the, often quite compli-
cated, nature of the wave function near the scatterer.

In a time-dependent scattering theory the time evolution of the states of a
system and their asymptotic behaviour for large times are of dominant interest.
This gives rise to the so-called time domain analysis of a given problem.

The time-independent formalism arises as a result of trying to expand the
actual wave function in terms of so-called stationary scattering states. These
states are obtained as a consequence of separating out, in some way, the time
dependence in the problem and then studying the solutions of the resulting spatial
equations. This approach gives rise to the so-called frequency domain analysis
of a given problem in which a central interest is the asymptotic behaviour of
solutions at large distances. These stationary states turn out to be eigenfunctions,
often in some generalised sense, of an associated spatial operator. A principal
usefulness of this formalism is that it provides a powerful means for dealing
with the actual computation of the scattering operator and for establishing
its properties.

We have already remarked that not all states of a system need, necessarily,
lead to scattering events. However, those states of a system that do lead to scat-
tering events and which, as t — 400, are asymptotically equal (AE), in some
sense, to scattering states of some simpler system are said to satisfy an asymp-
totic condition. A precise description of this condition is a principal study of
time-dependent scattering theory. As we shall see, once we have introduced the
appropriate mathematical structures, it can be formulated abstractly in terms of
a pair of one-parameter groups of linear operators {U(¢)} and {V(t)} with t € R,
the relation between these groups usually being given in terms of their infinitesi-
mal generators. We remark that one of the reasons for the name “time-indepen-
dent scattering theory” is the fact that in this theory these groups can be replaced
by the resolvent of related spatial operators. The importance of the time-indepen-
dent theory lies in the fact that the actual calculation of various expressions can
often be more readily carried out than for similar expressions occurring in the
time-dependent theory.

In the quantum mechanics of the scattering of elementary particles by a
potential the wave packets describing scattered particles can be shown to be AE,
for large time, to the corresponding wave packets for free particles. The corre-
spondence between these two systems, one describing the scattered particles the
other describing the free particles, is effected by means of so-called Mgller opera-
tors [3]. Wilcox [5] has developed analogous concepts for wave propagation
problems associated with the equations of classical physics. Specifically, Wilcox
showed that waves propagating in an inhomogeneous medium are AE, for large
time, to corresponding waves propagating in an homogeneous medium. The cor-
respondence between the two wave systems is given by an analogue of the Mgller
operators of quantum scattering which we shall simply refer to as wave opera-
tors (WO). Since wave propagation problems in homogeneous media can often
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be solved explicitly, a knowledge of an appropriate WO would then provide infor-
mation concerning the asymptotic behaviour of solutions to wave propagation
problems in inhomogeneous media. We remark that the Wilcox approach leads
to the comparison of unitary groups whilst an alternative approach developed by
Lax and Phillips [2] compares so-called incoming and outgoing subspaces.

Mathematically, many scattering problems can be conveniently modelled in
terms of initial boundary value problems (IBVP) for the wave equation in
either scalar or vector form.

For much of this monograph we shall be concerned with so-called direct
problems for which the signal and target characteristics are known and the aim
is to predict the scattered field. Nevertheless, we would remark that of prime
practical interest are the much more difficult inverse problems in which the
initiating signal and the scattered field are known and the target characteristics
have to be determined. However, before we can comfortably start to discuss
inverse problems a proper understanding of direct problems is required. There-
fore, to fix ideas here we shall confine attention, initially, to direct problems and
to IBVPs that have the following typical form.

Determine a quantity u(x, ¢) which satisfies

{07+ L(x, Dyu(, ) = flr, 1), (1) e Q (1.4)
u(®, s) = (), w(x,s) = Yu(x), x e Qs) (1.5)
u(x, t) € (be)(t), (x,t) e 0Q(s) xR (1.6)
where
L(x, ©) = A + V(z, ©) (1.7

with A denoting the usual Laplacian in R", and

Qc{lxt)e R"x R}
Q) :={re R":(x, 1) € Q}
B(t):={xe R":(x,t) ¢ Q}
The region @ is open in R" x R and Q(t) denotes the exterior, at time £, of a
scattering target B(t). For each value of ¢ the domain Q(%) is open in R" and

is assumed to have a smooth boundary dQ(t). The lateral surface of @, denoted
0Q, is defined by

0Q:=Joo (1.8)
tel

where I := {t € R:0 <{ < T}. The quantities f, ¢, ¢s;, ws and V are given data func-
tions and s € R denotes a fixed initial time. The notation in (1.6) indicates that
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the solution, u(x, t), is required to satisfy certain conditions, denoted (bc), imposed
on the boundary which, in general, might depend on ¢.

Problems of the form (1.4) to (1.6) divide quite naturally into the following
two broad classes.

P1: (G) V(x,t)=0
(ii) (bc)(t) imposed
P2: ) V(x,t) #0
(i) (bc)(t) not imposed.

Problems of the form P1 are referred to as target scattering problems whilst
problems of the form P2 describe potential scattering.

The first thing that has to be done when analysing any such problems is to
declare the type of solution that is actually being sought; that is, a solution
concept has to be introduced. To this end we often make use of C"(R" x R, R)
which denotes the collection of m-times continuously differentiable functions of
x e R"and t € [0,T), T > 0 which have values in R.

A local classical solution of (1.4) to (1.6) is an element

we CR" x [0,T), R) N C*R" x (0,T), R) (1.9)

which for some 7 > 0, satisfies (1.4) to (1.6).

A local classical solution is called a global classical solution if we can take
T = <.

A p-periodic classical solution is a global classical solution which is p-
periodicin t € R.

Since we shall be concerned with IBVP that model real-life situations we shall
require that the problem is well-posed, that is,

¢ a solution exists and is unique for a large class of initial data,
¢ the solution depends continuously on the given data.

Even when it is possible in principle, the actual determination of a classical solution
is often a very difficult task in practice. The situation can be eased considerably by
realising, that is, by interpreting or seeking solutions of, the IBVP (1.4) to (1.6) in
some more convenient collection of functions than that indicated in (1.9). For
example, consider the case of potential scattering as indicated in P2 above but
with V independent of ¢. We might choose to realise the IBVP (1.4)-(1.6) in the
collection Ly(R" x R) = Ly(R" x R, C) the familiar space of (equivalence classes
of) square integrable functions with domain R" x R and with values in C. With
the understanding that we would then have to work with distributional rather
than classical derivatives we can obtain a realisation of the IBVP (1.4)—(1.6) in
the collection Ly(R" x R) = Lo(R" x R, C) by introducing the spatial mapping or
operator A defined by (see Chapter 2 for more analytical details)
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A:LyR", C) — Ly(R", C) = Ly(R™)

(1.10)
Av=—-Av+V, ve DA

where D(A) denotes the domain of definition of A which in this instance is
taken to be

D(A) ={ve Ly(R"): —Av + Ve Ly(R"™), v € (be)}

The classical IBVP (1.4)-(1.6) can now be replaced by the following abstract
Initial Boundary Problem (IVP)

(07 + Alu(x, ©) = flx, t), (x, ) e R* xR (1.11)
u(x, s) = os(x), ulx,s) = y(x), xe R" (1.12)

the boundary conditions (1.6) having been accommodated in the definition of
D(A).

If we now repeat this strategy for all the problems which could come under
the heading of P1 and P2 above, then we arrive at the following hierarchy of
IVPs.

{07 + A(Dhuy(x, ) = fi(, 1), (x,0) e R*x R (1.13)
u;(x,s)=@;(x,s), %uj(n, s)=vy;(x,s) (1.14)

where j = 0, 1, 2, 3, 4, s € R is a fixed initial time and ¢;, y;, f; are given data
functions. The operators A;(t): H — H =: Lo(R"), j = 0, 1, 2, 3, 4 which appear
in the above have the following specific forms.

Agug = —cPAug =: Loug, uo € D(Ag) (1.15)

D(Ag) = {uo € H:Louy € H)
Ay = {(—PA + Viug = Ly, w1 € D(AY) (1.16)

D(A) ={u1€ H:Lu; € H}
Asus = —CPAuy =: Lous, us € D(As) (1.17)

D(Az) = {us € H:Lyuz € H, uy € (bc))
As(Dus = {—PA + V(w, D)uz =: Ly(x, Hus, uz € D(As(1)) (1.18)
D(A3(1)) = {us € H:Ls(:, yus € H}

A(Dug = —Aug =: Lawy, ug € D(A4(D)) (1.19)

D(A41) = {us € H:Lguy € H, uy € (be)()}

We shall see later that as a consequence of the Duhamel Principle we can,
without any loss of generality, confine attention to problems involving a homoge-
neous form of the equation (1.13).



1 Introduction and Outline of Contents 9

We remark that Ay generates a free problem (FP) whilst A; and As each
generate a perturbed problem (PP) with respect to the FP generated by A.
These operators are clearly independent of ¢ and as such give rise to so-called
autonomous problems (AP). The operators As(?) and A4(?), being dependent on
time, generate so-called non-autonomous problems (NAPs) which are PPs with
respect to both the FP generated by Ay and also the problems generated by A;
and As. We also notice that each of these operators generate an IVP. The bound-
ary conditions required when discussing target scattering centred on either A or
Ay(t) are accommodated in the definition of the domain of the operators.

An investigation of NAPs is complicated and technically more demanding than
that for APs. Such problems will not be discussed here. However, an overview of
the main features of such problems together with a set of references for further
reading can be found in the Commentary.

Our principal interests in this monograph are centred on IVPs that have the
generic form (1.11), (1.12). These encompass a wide range of physically signifi-
cant problems in such fields as acoustics, electromagnetics, elasticity and their
various combinations. Throughout we shall have four main aims.

* To provide results concerning the existence and uniqueness of solution to such
IVPs.

This we have to do in order that we can be in a position meaningfully to
compare systems governed by such IVPs. The required results will be obtained
using semigroup theory.

® To provide means of interpreting the various solution forms that might be
obtained.

This will involve a detailed investigation of the spectral properties of such
spatial operators as A in (1.11) and the development of associated generalised
eigenfunction expansion theorems.

* To provide practically realistic mechanisms for comparing systems governed
by such IVPs.

This will involve a detailed study of the relevant wave operators and the scat-
tering operator.

* To develop a constructive scattering theory which will yield, in particular,
computable expressions for the echo wave form.

This aspect could often be suggested by results from the previous aims.

We shall first examine these aspects in an abstract setting and then illustrate their
use by working in detail some particular problems in acoustics, electromagnetics
and elasticity.

Since this book is meant to be an introductory text, for some if not all readers,
it is felt that it should be as self-contained as possible. The intention is first to
give, at a leisurely pace, a reasonably comprehensive overview of the various
concepts, techniques and strategies associated with the development of construc-
tive scattering theories.
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To give some indication of the various strategies that we shall adopt we shall
fix ideas by confining attention, for the moment, to the IVP (1.11), (1.12) with the
source term f'set to zero for the reason explained above and with A replaced by Ag
to characterise the FP and with A replaced by A; for the PP, the initial conditions
in each case being appropriately subscripted. We now proceed in an entirely
formal manner. First, we will make what appears to be an outrageous assumption;
we assume that in (1.11) the operator A can be treated as a constant. By doing this
we effectively suppress the x dependence in (1.11) and (1.12). This will imply that
the partial differential equation (1.11) involving the unknown quantity (number),
u(x, t), can be replaced by an ordinary differential equation for the unknown
quantity (function) u(-, t). This procedure will be made more precise in the follow-
ing chapters. If we now solve this ordinary differential equation for u(-, t) and
replace the x dependence we then find that the FP (with s = 0 for convenience)
has a solution, denoted by uy(x, t), which can be written in the form

uy(, 1) = (cos(tA?))po () + Ay Y(sin(tAf?))wo( %) (1.20)

If we now assume ¢ € Ly(R") and y € D(A,"*) and define

ho() = o) + A, Py ) (1.21)
then
uo(, t) = Refvo(w, 1)) (1.22)
where
vo(2, 1) = exp(—itA§* ) ho(x) = Up(t) ho(2) (1.23)

is the complex-valued solution of the FP (1.11), (1.12). The quantity Uy(t) is called
an evolution operator which maps hy(x), the initial state of the system, into
vo(x, t), the state of the system at some other time ¢.

For PPs we replace A by A;, where with a slight abuse of notation, A; will
be understood to represent one or other of the operators appearing in (1.16)
to (1.19). On repeating the same procedure as for the FP we obtain a solu-
tion, uy(x, t), for the PP in the form

wi(x, ) = (cos(tA}?)) (@) + Ay Y¥(sin(tA{?) Jyi(2) (1.24)
If g1 € Ly(R™) and y1 € D(A;"?) and if we define

() = (@) + 1A Pyn(x) (1.25)

then we can re-write (1.24) in the form
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ui(x, ) = Refui(x, )} (1.26)

where
v, t) = exp(—itA? ) ly(x) = Uy(1) y() (1.27)

The quantity U;(t) is an evolution operator which maps #;(x), the initial state
of the perturbed system, into v;(x, t), the state of the perturbed system at some
later time ¢.

In order to develop a scattering theory we must first show that the FP and the
PP have solutions in some convenient collection of functions and, moreover, that
they can be meaningfully written in the form (1.23) and (1.27), respectively. Once
this has been done then we will need a means of comparing these solutions, that
is, we will need some suitable formula for measuring their distance apart as either
t — £o00 or x — 0. In general, such a formula is called a norm. A familiar example
of this is the formula for measuring the distance, in R?, between the origin, O,
and a point P with coordinates (x, ). The length of the line OP, denoted | OP]||,
is well known to be

|OP|? := 2 + o> (1.28)

In (1.28) we are working with numbers. However, we shall see (Chapter 3)
that the notion of a norm can be generalised so that we can measure the separa-
tion of two functions rather than the separation of the numerical values of the
functions. Being able to do this will have the advantage that we will be able to
settle questions of existence and uniqueness of physically significant solutions of
the FP and the PP more readily than by working with numerical values. With all
this in mind we shall assume here, for the sake of illustration, that the solutions
we require belong to some suitable collection of functions, denoted by X, say. We
will then write the number v(x, t) in the form

v(x, t) = v(, Hx) = v(t)x (1.29)
and refer to v as an X-valued function of ¢, that is, for each value of ¢ we have

v(t) € X. We then compare the solutions of the FP and the PP by considering
expressions of the form

lv1@) — vo(D) |l (1.30)

where | -|| denotes some suitably chosen norm defined, on X, in terms of spatial
coordinates. We then find that

lv1(8) = vo(D) || | Ui(Dh1 — Up(Dhy ||
= | US@®OU(DRy — ko |

S QDR — holl (1.31)
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where * denotes that Uy(t) has a modified form (it will be something like an
inverse) as a result of moving it from one quantity to another. The time depen-
dence in the above comparison can be removed by taking the limit as t — +oo.
We then obtain

oy (£) — w0l = 127y — ol (132)
where
Q= lim Q)= lim U (U0 (1.33)
t—=+o0 t—=+o0

If it can be shown that the two solutions v,(t) and vy(¢) exist and that the various
steps leading to (1.32) can be justified then it will still remain to show that the
limits in (1.33), which define the so-called wave operators (WOs), Q., actually
exist.

When all the above has been achieved we see that if the initial data for the
FP and PP are related according to

ho = Quihy (1.34)

then the limit in (1.32) is zero thus indicating that the PP is asymptotically free
as t — +oo. That is, solutions of the PP with initial data (state) h; are time asymp-
totically equal to solutions of an FP with initial data (state) ko which is given
by (1.34).

Consequently, if solutions of the two systems are known to exist in the
form (1.23) and (1.27) then, keeping (1.34) in mind, we would expect there to
exist elements k. such that

v1(t) ~ Up(DhL as t— £oo (1.35)

where ~ will be used to denote asymptotic equality (AE) and the + are used
to indicate, the possibly different, limits as ¢ — +oc. We would emphasise that it
is not automatic that both the limits implied by (1.35) should exist. Indeed a solu-
tion such as v; could be asymptotically free as ¢ — +oo but not as t - —oo. If we
combine (1.27) and (1.35) then we have

USOUL (DR =: QD1 ~ hs (1.36)

Thus, we can conclude that
Qi:hy > hy (1.37)
The two initial conditions . for the FP which yield the initial condition for

the PP are related. This is illustrated by noticing that the above discussion
implies
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hy =Qh; =Q,Q%h_ =:Sh_ (1.38)

where S is called the scattering operator (SO) for the problem.

Although the above discussion has been abstract and almost entirely formal,
nevertheless it has been sufficient to indicate that the following strategy could
be profitably adopted when investigating wave phenomena in specific physical
problems.

¢ Represent in some suitable collection of functions, the given physical problems,
FP and PP, as operator equations which are characterised by self-adjoint opera-
tors Ay and A; respectively.

¢ Obtain existence and uniqueness results for solution to the FP and PP.

¢ Determine the spectral properties of Ay and A;. This will enable appropriate
(generalised) eigenfunction expansion theorems to be obtained by means of
which the various solution forms indicated above can be interpreted in a con-
structive manner.

¢ Investigate the AE of solutions to the FP and PP and determine conditions
which ensure that the WOs, Q. exist.

e Obtain far-field approximations for solutions to the FP and PP in terms of the
SO.

¢ Determine the structure of WOs and SO in terms of generalised
eigenfunctions.

¢ Investigate whether or not all solutions of the perturbed system are asymptoti-
cally free as t — +oc. This is the so-called asymptotic completeness property.
It is closely related to the existence of such elements as k.. which were intro-
duced in (1.35).

¢ Provide computable representations of solutions to the mathematical problems
which have been introduced.

¢ Provide computable relations between the signal and echo wave forms.

¢ Develop robust approximation methods.

The above strategy only has credibility if all the steps leading up to it can be justi-
fied, that is, made more precise mathematically. To be able to do this there
are two immediate requirements. First, we must introduce into the discussion
elements of linear operator theory. This will provide a natural framework
within which the various physical problems can be given a sound mathematical
formulation. Second, we must be able to provide an interpretation of such quanti-
ties as A2 and cos (tA"?) which have appeared above. We shall see that we will
be able to do this by using results from the spectral theory of operators and
the theory of semigroups of operators. Broadly speaking, we shall use semi-
group theory to obtain existence and uniqueness results and spectral theory to
develop constructive methods. Furthermore, with this additional mathematical
structure available we shall be able to give a precise meaning to what is actually
meant by wave scattering. So far, our understanding of this has been entirely
intuitive.
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A Commentary on the material presented in this monograph will be found in
the final chapter. This will provide more historical background, additional refer-
ences and a guide to further reading and more specialised texts. The remaining
chapters of the book are arranged as follows.

In Chapter 2 we provide some motivation for the remaining chapters. This we
do by first recalling a number of elementary concepts and results from the clas-
sical analysis of waves on a string. Of particular importance for later analysis is
the Duhamel Principle introduced at this stage. The ideas of scattering processes
are illustrated and a scattering matrix introduced. Jost type solutions are intro-
duced as a means of discussing the asymptotic behaviour of solutions at large
distances from the scatterer.

We introduce in Chapters 3 to 5 a number of concepts and results from func-
tional analysis and operator theory which are used regularly in the subsequent
chapters. The presentation is mainly restricted to giving basic definitions, formu-
lating the more important theorems and illustrating results by examples. More
advanced topics in analysis will be introduced as required, thus emphasising their
role when discussing wave phenomena.

In Chapter 6 we use the technical material introduced in the previous chapters
to outline a strategy for discussing wave propagation and scattering. The discus-
sion is strongly directed towards the development of constructive methods.

In Chapter 7 we set up a mechanism for discussing echo wave forms. This
chapter relies very much on the materials and strategies introduced in Chapter
6. For ease of presentation and for the sake of clarity the development is made
in terms of an acoustic problem. Detailed workings for more general problems
will be deferred to the specific cases studied in later chapters.

The remaining chapters treat a number of problems that arise quite frequently
in practice. These fall into three groups, acoustic, electromagnetic and elastic
problems. Although coupled fields problems are of considerable interest in prac-
tice they will not be discussed in this monograph.

Chapters 8 and 9 deal with acoustic waves in nonhomogeneous media; specifi-
cally with acoustic waves in spatially stratified media and with acoustic waves in
spatially periodically stratified media. In Chapter 8 the notion of trapped waves
is introduced and appropriate generalised eigenfunction expansion theorems are
discussed. Chapter 9 introduces the elements of Floquet theory and its bearing
on the scattering problems of interest here.

The discussion of acoustic problems ends, in Chapter 10, with some remarks
on acoustic inverse problems. In this chapter a promising method for treating the
inverse problem is outlined.

Electromagnetic wave problems and elastic wave problems are considered in
Chapter 11. The development follows the pattern adopted when discussing acous-
tic problems.

Chapter 12 indicates possibilities for further reading by providing some addi-
tional remarks and references for the material in the previous chapters. The
chapter ends with a number of appendices which recall some frequently used
topics from analysis.
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2

Some One-Dimensional Examples

2.1 Introduction

Many of the strategies and techniques which are used in solving quite demanding
scattering problems have been inspired by the methods used and results obtained
when investigating wave motions on strings. In this connection we gather together
in this chapter, for convenience and completeness, some of these details. The
material is essentially well known and, consequently, is presented here in a
largely formal manner. Full details can be found in the references cited in the
Commentary.

Wave scattering phenomena involve three ingredients, an incoming or inci-
dent wave, an interaction zone in which the incident wave is perturbed in some
manner and an outgoing wave which arises as a consequence of the perturbation.
The waves in the interaction zone have, almost always, a very complicated struc-
ture. We shall see that this particular difficulty can be avoided, to a large extent,
if we concentrate on the consequences of the interaction rather than on the inter-
action itself. This we shall do by developing relationships between the incoming
and outgoing processes, that is, we shall construct a scattering theory. To do this
we first need to know how waves propagate in the absence of perturbations, that
is, we need to study the FP. When details of the solutions to FP are well under-
stood we can then turn to an investigation of the more demanding PP which can
embrace such features as boundary conditions, forcing terms, variable coeffi-
cients and so on.

In the following sections we work through a number of specific problems
associated with waves on an infinite string.

2.2 Free Problems

It is well known that the small amplitude transverse wave motion of a string is
governed by an equation of the form [2] [7]
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{07 — *u(x, 1) = flw, 1), (x,0) ER xR @D

where f characterises a force applied to the string, u(x, t) denotes the transverse
displacement of the string at a point x at time ¢ and ¢ represents the velocity of
a wave which might have been generated in the string. Throughout, we use the
notation d} to denote the nth partial derivative with respect to the variable ¢ and
similarly for other variables. Also, the subscript notation will be used to denote
differentiation of dependent variables.

We shall see later that it is quite sufficient for most of our purposes to study
only the homogeneous form of (2.1). Specifically, we shall see in Section 2.8 that
if we can solve the homogeneous equation then we will also be able to solve the
inhomogeneous equation by using Green’s function techniques and Duhamel’s
Principle. Consequently, in this chapter, unless otherwise stated, we take as a
prototype equation

(02 — %u(x, £) =0, (x,H)) ER xR 2.2)

Solutions, u(x, t), of this equation will, in general, be required to satisfy appro-
priate initial conditions to control the variations with respect to the time variable
t and, similarly, certain boundary conditions to control the variations in the dis-
placements with respect to the space variable x. However, in most cases of practi-
cal interest at all those points x that are a long way away from any boundary the
effect of the boundary will be minimal since it could take quite a time, depending
on the wave velocity, ¢, for the boundary influences to have any substantial effect
at these points x. Thus for large values of ¢ the wave motion is largely unaffected
by the boundaries, that is the waves are (virtually) free of the boundary
influence.

In this chapter we shall take as our prototype free problem (FP) the Initial
Value problem (IVP)

(07 — 2% u(x, ) =0, (xr,t) ER xR (2.3)
u(®, 0) = o(x), w(x,0)=yx), rER 24

Associated with this FP are a variety of perturbed problems (PP) which could
involve, for example, either forcing terms or variable coefficients or boundary
conditions or combinations of these. Consequently, in any study of waves and
their echoes there are three things that have to be done before anything else.

¢ Determine the general form of solutions to the equation governing the wave
motion.

¢ Investigate initial value problems IVPs associated with the defining equation
governing the wave motion and develop, in the absence of any perturbation,
constructive methods of solution. This is taken as the underlying FP.

¢ Investigate PPs associated with the above FP and develop for them construc-
tive methods of solution.
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Once these three matters have been satisfactorily addressed then we will be
well placed actually to compare solutions of the FP and the PPs and so develop
a scattering theory. By means of such a scattering theory, which sometimes might
appear to have a very abstract structure, we will see that we will be able to
analyse, in an efficient and thoroughly constructive manner, the echo signals
arising from perturbations of an otherwise free system. Furthermore, we shall
see in later chapters that many of these one-dimensional techniques and strate-
gies can be extended to cater for much more complicated systems than those
dealing with waves on strings.

2.3 Solutions of the Wave Equation

In this section we obtain the general form of solutions of the one-dimensional
wave equation

{07 — o, ) =0, (x,0)ER xR (2.5)

To this end introduce new variables, the so-called characteristic
coordinates,

E=x—c and n=x+ct (2.6)

We remark that the lines £ = constant and 7 = constant are called character-
istic lines for (2.5) [9]. Transforming (2.5) to the new variables &, 1 we have

2c=n+¢& and 2ct=1n-¢ 2.7
and we will write
u(x, 1) =v(& 2.8)
Consequently, using the chain rule we obtain

200 = Cly — Uy

‘ 2.9)
AP0y = Py + Uy — ClUy — Uy = CoUgy — Uy
Thus the wave equation (2.5) transforms under (2.6) into
ven(§,m) =0 (2.10)

The equation (2.10) has a general solution of the form

v m =)+ 9(m 2.11)



20 2 Some One-Dimensional Examples

where f, g are arbitrary, but sufficiently differentiable functions which are
determined in terms of imposed conditions to be satisfied by a solution of
interest.

Returning to the original variables we have

u(x, t) = fle — ct) + glx + ct) (2.12)

In order that (2.12) should be a solution of (2.5), in the classical sense, then
the functions f'and g must be twice continuously differentiable functions of their
arguments. We shall see later that we can relax this requirement.

In (2.12) the function f characterises a wave travelling to the right, unchanging
in shape and moving with a velocity ¢ > 0. To see this consider the f~wave when
it is at position xy at time ¢ = 0. Then in this case the wave has a shape (profile)
given by f(x(). At some future time ¢ # 0 the wave will have reached a point
x = x9 + ct. Consequently,

S — ct) = fao)

which indicates that the shape of the wave is the same at the point (x, t) as it is
at the point (xy, t). Clearly, since x > xy we see that f(x — ct) represents a wave
travelling to the right with velocity ¢ and which is unchanging in shape.
Similarly, g(x + ct) represents a wave travelling to the left with velocity ¢ and
which is unchanging in shape.
We notice that since

{€dy + I}flx — ct) =0, {cdy — dJg(x + ¢ct) =0 (2.13)
then both f(x — ct) and g(x + ct) individually satisfy the wave equation
{07 — PoHw(x, t) =0 (2.19)

It will be convenient at this stage to introduce some notation. This we can do
quite conveniently by considering the following particular solution of (2.14)

w(x, t) = acos(kx — wt — €), a>0, w>0 (2.15)
This is a harmonic wave defined in terms of the quantities
wave (propagation) number
angular frequency

amplitude
= phase angle.

m e g =
Il

A number of perhaps more familiar wave features can be defined in terms of
these quantities; specifically,
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¢ = w/k = wave velocity. The wave travelling in the positive direction if k£ > 0.
A = 2n/k = wave length

f = w/2n = frequency of the (harmonic) oscillation

T = f~! = 27/w = period of the oscillation

O(x, t) = kx — wt — € = the phase of the wave.

It will often be convenient to define the corresponding complex harmonic
wave

y(x, t) = aexpl{if(x, t)} = Cexp{i(kx — wt)} (2.16)

where w(x, t) = Re(y(x, t)) with a = |C| and € = —argC.

If a depends on either x or ¢ then w is referred to as an amplitude modulated
wave.

If 6(x, t) is nonlinear in either x or ¢ then w is referred to as a phase modu-
lated wave.

A wave of the form

w(x, t) =e Plcos(kxr — wt — €), p>0 2.17)

is a damped harmonic wave.
A wave of the form

w(x,t) = e Pcos(kx — wt —€), p>0 (2.18)

is an attenuated harmonic wave.
Solutions of (2.14) that have the specific form

w(x, 1) = X(@)T(t) 2.19)
are known as separable solutions. A typical example of such a solution is
w(x, t) = sin(zwx) cos(zct) (2.20)

Direct substitution of (2.20) into (2.14) readily shows that (2.20) is indeed a
solution of the wave equation. A general feature of waves such as (2.20) is that
they are constant in time, that is they are stationary or non-propagating
waves. To see this notice that the nodes of (2.20), that is, those points x at which
w(x, t) = 0 and the antinodes of (2.20), that is those points & at which wx(x t)
= 0 maintain permanent positions, x =...—-1,0, 1, 2...and x = ;, > g
.. respectively, for all time ¢. We notice that (2.20) can be written in the form

w(x,t)=sin(rx)cos(rct) = %sin(n(x —ct))+ ésin(n(x +ct)) (2.21)
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Thus the stationary wave (2.20) is seen to be a superposition of two travel-
ling waves, travelling in opposite directions with velocity c.
We have seen that solutions of (2.14) have the general form
w(x, t) = flx — ct) + g(x + ct) (2.22)
We will often be interested in solutions (2.22) that have a particular time
dependence. This can mean that we might look for solutions that have, for
example, the following specific and separated form
w(x, t) = X(x)exp{iwt} (2.23)
Substituting (2.23) into (2.14) we find that
(02 + K X(x) =0, k= w/k (2.24)
This equation has the solution
X(x) = Ae’** 1 Be~¥¥ (2.25)
and we thus obtain, using (2.23) and (2.25)
w(x, 1) = Aexpli(kxr — wt)} + Bexp{—i(kx + wt)} (2.26)
Thus, comparing (2.22) and (2.26) we arrive at the following sign
convention.
For waves with a time dependence exp{—iwt}, then

exp{ikx} characterises a wave travelling to the right (increasing x)
exp{—1kx} characterises a wave travelling to the left (decreasing x).

2.4 Solutions of Initial Value Problems

In this section we study IVP of the form (2.3), (2.4) with |x| <o and ¢ > 0.
We have seen that the general solution of (2.3) has the form

u(x, t) = flx — ct) + glx + ct) (2.27)
Substituting the initial conditions (2.4) into (2.27) we obtain

(x) = flx) + 9(x) (2.28)
y(@) = —¢f'(x) + cg'(x) (2.29)

We notice that since f and g are assumed, at this stage, to be twice
continuously differentiable it follows that the initial conditions must be
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such that ¢ is twice continuously differentiable and y is once continuously
differentiable.
Integrate (2.29) and obtain

L s = ra) + (@) 2.30)
CY %o

where x is an arbitrary constant.
From (2.28) and (2.30) we obtain

1 1 po
F@=50@) -5 fx y(s)ds 2.31)

1 1 px
9(2) =S 9(@) + - L y(s)ds (2.32)

Substituting (2.31), (2.32) into (2.27) we obtain
1 1 x+ct
w(w, 1) =~ {o(x —ct) + @(x +ct)} + — f w(s)ds (2.33)
2 2¢cJ v—ct

This is the celebrated d’Alembert solution of the one-dimensional wave equa-
tion. The interval [x; — ct1, 21 + ct1], £ > 0 of the x-axis is the domain of depen-
dence of the point (xy, £;). The reason for this name is that (2.33) indicates that
u(x1, t1) depends only on the values of ¢ taken at the ends of this interval and the
values of y at all points of this interval. The region, D, for which ¢ > 0, x — ct <
x1 and x + ct = x; is known as the domain of influence of the point x;. This is
because the value of ¢ at x; influences the solution u(x, t) on the boundary of D
whilst the value of y at x; influences u(x, t) throughout D.

It will be instructive to consider the d’Alembert solution (2.33) in the following
two particular cases.

Example 2.1. Assume
¢ Initial velocity of the string is everywhere zero.

¢ Initial displacement of the string is only nonzero in the interval (x, t).

In this case (2.33) reduces to

w(x,t) = é{(p(x —ct)+o(x+ct)} (2.349)

Thus we see that the forward wave ¢(x — ct) and the backward wave ¢(x + ct)
each travel with a velocity ¢ and have initial amplitude %(p(x), that is with ampli-
tude one half of the original (initial) amplitude u(x, t). To find the solution, u(x, t),
at some other time we displace the graph ¢(x) by an amount c¢ in opposite
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directions. For instance, suppose the initial displacement was a triangle with base
(a, B). Then as we have seen, this initial waveform will be the sum of two trian-
gular waveforms each having half the original amplitude. At any other time, ¢, the
displacement waveform will again be the sum of two triangular waveforms, each
of half the original amplitude, one travelling to the right, the other to the left. The
displacement waveform is obtained by summing the ordinates of the two dis-
placed graphs. This can turn out to be a very complicated process. Furthermore,
to write down the formula for u(x, t) at any point (x, t) can often be very difficult.
In the relatively simple case of waves on strings an indication of the complicated
nature of the displacement waveform can be obtained by graphical means. To see
this consider the specific case when the initial displacement is the triangular
waveform

0; x<0
%%%igL asxééw+ﬁ)
o(x)=u(x,0)= Su(f—x) 1 (2.35)
—E = —(a+P)<a<p
B—a 2
0; x>

Displacing this waveform in the manner mentioned above and plotting the
results on a graph of u against x yields a series of graphs which are snapshots of
the displacement waveform at a fixed time. Carrying this through for time steps
of duration

M m=0,1,2,...
100 ) b ’

we will readily notice the following behaviour:
Fort=0to t= M
5¢

In this interval the backward and forward waves interact and produce a very
complicated graph for the displacement waveform.

3(B—)

For t > ——=
5¢

The backward and forward waves would seem to have “passed through” each
other and exhibit no evidence of the “interaction” which was seen earlier. However,
simple as the graph would now appear to be we do know that these two waves
will have interacted and will “contain” information to that effect. We would like
to obtain this information without going through all the complexities which would
arise when investigating the interaction zone. This is a principal goal of scattering
theory. We shall demonstrate how this can be achieved in the chapters that
follow.
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Example 2.2. Assume

¢ Initial velocity of the string is only nonzero in the interval (¢, ).
¢ Initial displacement of the string is everywhere zero.

In this case (2.33) reduces to

1 x+-ct

o). wes (2.36)

We argue in much the same way as in Example 2.1. The difference now is that v
rather than ¢ is prescribed. As an illustration we shall consider the case when
¢(x) has the triangular waveform given in (2.35). Once again we confine attention
to a graphical method and plot “snapshots” of the displacement u(x, t) at various
fixed times. We quickly see that there are five regions of interest,

x+cotsa
as<x+ct<p
x—ct<oaandx +ct=f
a<x—ct<f
x—ct=2f

Ok W

In Region 1 we have x + ¢t < o and hence the entire range of integration
in (2.36) is outside the interval (¢, ). Consequently, u(x, t) = 0 in Region 1.

In a similar manner u(x, t) = 0 in Region 5.

In Region 2 we have o < x + ct < 8. Consequently

x—ct=x+ct—2c<P—2ct<a 2.37)
The last inequality will only hold for
t>(B— a)2 (2.38)
Therefore, in Region 2,
1 x+ct
)= — d. 2.
=5 [ w(s)ds (2.39)
Similarly, in Region 4, together with (2.38) we obtain
B
(e, )=~ f w(s)ds (2.40)
2¢cJ x—ct

Finally, in Region 3 since x — ¢t < aand x + ¢t > 3 it follows that

B
w(z,t) = % fa w(s)ds 2.41)
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and we conclude, since o and f, are constants, that u(x, t) is a constant in
Region 3.
In the case when

1 B2 (2.42)
2¢c

then arguing as before we find that in Region 3 we now have

1 x+ct

20 y(s)ds (2.43)

which is not a constant.

These two examples illustrate quite clearly how complicated the wave
structure can be. The situation can, of course, be expected to be even worse if
any form of perturbation, such as a boundary condition for instance, is involved.
In the following two sections we introduce some methods that will ease these
difficulties. Whilst these methods may seem, at first sight, to be a little heavy-
weight for use when discussing waves on strings nevertheless they do ease con-
siderably the difficulties we have so far mentioned and more importantly they
offer good prospects for dealing with more complicated problems than waves on
strings.

Finally, in this section we return to (2.33) the d’Alembert solution form. We
notice that if we introduce

%(p(x—ct)—f—zifoo y(s)ds, x>0
w. (1) = G (2.44)

1 1 patet
5(/)(96 +ct)+ 2_cf N w(s)ds, x<0

1 1 00
= 60— — ds, x>0
SO+t~ I s, @

u_(x,t):= (2.45)
1 (x—ct)— foiw (s)ds, x<0
D) ¢ 96 s ['4 )
then (2.33) can be written in the alternative form
ulx, t) =up(x, t) + u_(x, ) (2.46)

This form will be useful when we try to learn more about the behaviour of the
solution, u(x, t), for large ¢. We notice that u_(x, t) is a function of (x — ct) for
x > 0 and a function of (x + ct) for x < 0. Consequently, we can write more
compactly

ur(x, ) =f(lx] —c), xE€R (2.47)
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Similarly, we have
u_(x, ) =f_(lx| +ct), *xER (2.48)

We also notice that in the region x > 0 there are two “waves”, u.(x, t) travel-
ling to the right (increasing x) and u_(x, t) travelling to the left (decreasing x).
Thus, with respect to the origin x = 0 the wave u, (x, t) is outgoing whilst the
wave u_(x, t) is incoming.

Similarly, in the region x < 0 the wave u (x,t) is outgoing (increasing
negative x) with respect to the origin whilst u_(x, t) is incoming (decreasing
negative x).

The concepts of incoming and outgoing waves are of crucial importance in
scattering theory. They will be discussed in more detail in Chapter 6 and the
Commentary.

2.5 Integral Transform Methods

In this and the following section we introduce some alternative methods of con-
structing solutions to FP for wave problems on strings. These methods have the
virtue that they generalise quite readily when we need to deal with more compli-
cated and demanding problems than waves on strings. Furthermore, we shall see
that they also provide an efficient means for developing robust constructive
methods for solving quite difficult problems.

An explicit method for constructing solutions to IVP for the wave equation is
provided by the Plancherel theory of the Fourier transform [6], [8], [10]. Specifi-
cally we have the following basic formulae in R".

(EN(p) = J ()= &@KW | eeap) @i (249
F@)=(F* )= M@W | emtaimap 250

where x = (%1, %3, .. ., Xn), » = D1, P2, . .., Pn) and x-p=X'_jx,;p;. Here F*
denotes the inverse of the transform F. We would emphasise that the integrals in
(2.49), (2.50) are improper integrals and care must be taken when interpreting
the limits in (2.49), (2.50). We return to these points in detail in Chapter 6. With this
understanding we shall refer to (2.49), (2.50) as a Fourier inversion theorem.

This inversion theorem can be used to provide a representation, a so-called
spectral representation, of differential expressions with constant coefficients.
Such a representation will often reduce the complexities and inherent difficulties
of a given problem. This is a consequence of the relation
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F Dif NW) = ip;FEf)®) (2.61)

where D; = d/dx;, j = 1, 2,. . ., n. For example if we write
A=-A=-Y"0"/o
j=1

and if ® is a “sufficiently nice” function then using (2.51) we can obtain the
representation

(®(A))(x) = lim exp(ixp)®(pl*) f (p)dp (2.52)

1
M—co (27[)"/2 ﬁp\SM

In later chapters we shall refer to the three results (2.49), (2.50), (2.52) collectively
either as a (generalised) eigenfunction expansion theorem or as a spectral
representation theorem (with respect to A).

To illustrate the use of the above Fourier transforms we consider again the
following IVP governing waves on a string

(07 — % u(xr, ) =0, (r,)) ER xR (2.53)
wx, 0) = @), wulx,0)=wylx), x€R (2.54)

We now only need consider the case when n = 1 and then the inversion
theorem (2.49), (2.50) can be conveniently written in the form

(ENH(p)=Ff(p)= ﬁfR exp(—ixp) f(x)dx :wa(x, p)f(x)dx  (2.55)
P 1 Lo o
f@) = = o [y exetian)f ()dp = [ w(e,p)f 0)dp - 256)

where it is understood that the improper integrals appearing in (2.55), (2.56) are
interpreted as limits as indicated above. We notice that the Fourier kernel

w(z, p)zﬁexpum @257)
satisfies
{03 + p*Jw(x,p) =0 (2.58)

If we take the Fourier transform, (2.55), of the IVP for the partial differential
equation (2.53) we obtain the following IVP for an ordinary differential equation
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{df + *p*}alp, ) =0 (2.59)
a(p, 0) = ¢(p), U (p,0) = y(p) (2.60)

This IVP is easier to solve than that for the partial differential equation (2.53).
Indeed, we see immediately that the solution is

(D, ) = (cos(pe)d(p) + i(sin(pct))mp) 2.61)

If we now apply the inverse Fourier transform, (2.56) to (2.61), then we obtain
the required solution of the IVP (2.53), (2.54) in the form

R 1 . N
u(x,t):f w(x,p){(COS(pct))w(p)+—(sm(pct))l//(p)}dp
R pc
={F*a(,t)}(x) (2.62)

To see how this form relates to that obtained earlier we first expand cos (pct) in
the form

cos(pct) = %{eim +e P}
and use the result [3], [4, vol II]

(F(flr — L))®) = e f (p) (2.63)

It is then a straightforward matter to show that

A 1
F*(p(p)cos(pct)) = E{q)(x +ct)+o(x —ct)} (2.64)
Similarly
Fé( - gpysin(pen)| == [ () {e 0 - e D ap
pc 2iN2r IR pc
7; R T s }
= ZC@fRW(p){th edstdp
1 x+-ct

Y w(s)ds (2.65)

Combining (2.62), (2.64) and (2.65) we obtain

1 1 patet
u(, 0= g+ et) + pla— e} + o L w(s)ds (2.66)



30 2 Some One-Dimensional Examples

which is the familiar d’Alembert solution obtained earlier. We remark again that
the Fourier transform of the given IVP for a partial differential equation yields,
in this instance, an IVP for an ordinary differential equation. Whilst the ordinary
differential equation is more readily solved than the partial differential equation
there will remain the matter of inversion of the Fourier transform. Thus, three
questions will always have to be addressed if we choose to adopt the integral
transform approach.

¢ First, what is the most appropriate integral transform for use in reducing the
given partial differential equation to an equivalent ordinary differential
equation?

¢ Second, is there an inversion theorem of the form (2.49) available for use in
dealing with the given IVP?

¢ Third, is there available a (spectral) representation theorem of the form (2.49),
(2.50), (2.52) for use in dealing with the given IVP?

We emphasise that in dealing with our present FP we have been very lucky
because if we use the Fourier integral transform then the Fourier Plancherel
theory is available quite independently of any scattering requirements and we can
answer the last two questions above in the affirmative. However, for a perturba-
tion of this FP and indeed for more general problems than waves on a string we
must always prove the availability of a representation theorem of the form (2.52).
We return to this matter in more detail in Chapter 6 and subsequent chapters.

Finally, in this section we remark that we could have obtained (2.62) and
hence (2.66) in another way. It turns out that this other approach will offer poten-
tially powerful means of addressing a wide range of physically realistic
problems.

Essentially, the method rests on how the partial differential equation for the
problem of interest is cast into the form of an equivalent ordinary differential
equation. Again for the purposes of illustration we consider the IVP (2.53), (2.54).
We start by setting A = —c?92 and then make what seems to be an outrageous
assumption namely that for our immediate purposes A can be treated as a con-
stant! This being done we arrive at the following IVP for an ordinary differential
equation

{d% + Alu(x, ) =0, u(x,0) = o), wlx, 0) =y (2.67)
This IVP has a solution which can be written in the form
u(x,t) = (cos(tA"))p(x)+ A™"*(sin(tA"*) )y (2) (2.68)

It now remains to interpret such quantities as costA"2.
From the standard theory of Fourier transforms [6]

(FAM®) = F(=*Z N ®) = 0% (0) (2.69)
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It then follows, because of the particularly simple form of A that we are using
here, that for a “sufficiently nice” function ® we have

(F(@AN) @) = D(*p*)f (0) (2.70)

Consequently, combining (2.70) and (2.68) we obtain
o 1 . N
u(z,= [ w(m){(cos(pct))w(p)+—<sm<pct>)w<p)}dp 27D
R pc

which is the same as (2.62) obtained by other means. We shall see that in this
particular method the “outrageous assumption” can be justified, thus making the
approach mathematically respectable.

Finally, we notice that the Fourier kernel w(x, p), given by (2.57), satisfies

A + pHwx, p) =0 (2.72)

Consequently, w(x, p) would appear to be, in some sense, an eigenfunction
of A with eigenvalue (—c?p?). (See Chapter 4 for more details on this aspect.)

2.6 On the Reduction to a First Order System

An alternative method frequently used when discussing wave motions governed
by an IVP of the form (2.53), (2.54) is to replace the IVP for the partial differential
equation by an equivalent problem for a first order system. This approach has a
number of advantages. Existence and uniqueness results can be readily obtained
and, furthermore, energy considerations can be included quite automatically. We
shall illustrate this approach here in an entirely formal manner. Precise analytical
details will be provided in later chapters.
The initial value problem (2.53), (2.54) can be written in the form

m(as, )= [Z —01 Hztl(x = [8} (2.73)
m(x’ 0= m(‘”) (2.74)

where, as before A = —c%92.
These equations can be conveniently written in the form

{9, — iMM¥(x, ) =0, ¥(x,0) = ¥o(x) 2.75)

where
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‘P(x,t):[zt](x,t), \Po(x):m(x) (2.76)
—iM =B —01] @.77)

If we again make the “outrageous” assumption that A is a constant then it will
follow that M is a constant and hence (2.75) can be reformulated as an IVP for
an ordinary differential equation of the form

{d; — iM}¥P(@) =0, W¥(O0) =Y (2.78)
where we have used the notation
Y(x, 1) = Y(, H@) = YO @) 2.79)

The solution of (2.78) can be obtained, by using an integrating factor tech-
nique, in the form

Y(t) = exp(itM)¥(0) (2.80)
Writing the exponential term in a series form we obtain

oitM Z(@tM) {Z Z}OtM)

n=even n=odd

22 At 33 B
:{z_ﬂ+i_...}+i{m_t”’ i _}

2! 4! 3! 5!

Now, using,

0 —I I 0
M=i ] 2:A[ } (2.81)
A 0 0 I
and recalling the series expansions for sinx and cosx we obtain
A A [T 0
exp(it M)=41———+ l }
p( ) { 2! 4! } 0 I
3! 5! A 0 0 I
0 I cos(tAY? A% sin(tAY*
—A ¥ sin(tA"?) ]: o ( >1/2 ( » ) (2.82)
A 0] [-A%sin(tA")  cos(tA™?)
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If we substitute this expression into (2.79) it is clear that the first component
of the solution (2.80) yields the same solution of the given IVP as obtained
earlier.

This approach can be given a rigorous mathematical development as we shall
see. We shall make considerable use of it in this book since, on the one hand, it
provides a relatively easy means of settling questions of existence and uniqueness
and, on the other, it offers good prospects for developing constructive methods.

So far we have only been discussing IVP for the one-dimensional wave equa-
tion, that is, the FP for waves on a string. In the next few sections we turn our
attention to some PPs associated with this FP and indicate how the various
methods discussed so far are either inadequate or need to be modified in certain
ways.

2.7 Waves on Sectionally Homogeneous Strings

In our investigations, so far, of waves on strings we have considered the string
to have uniform density throughout. This generated what we came to call the Free
Problem (FP) associated with the classical wave equation. Associated with this
FP there is a whole hierarchy of Perturbed Problems (PPs). Perhaps the simplest
PP, in this case, would arise when we investigate waves on a string that has a
piecewise uniform density. In this section we shall consider two particular
cases.

2.7.1 A Two-Part String

Consider two semi-infinite strings €; and € of (linear) density p; and p; respec-
tively that are joined at the point x = 7 and stretched at tension 7' with Q; occupy-
ing the region x < r and Q5 the region x > . As the two strings have different
(linear) densities then it follows that their associated wave speeds cj, ¢o are also
different.

We shall see that this problem is a one-dimensional version of the more
general interface problems. In this latter problem a (given) incident wave travels
in a homogeneous medium which terminates at an interface with another, differ-
ent, homogeneous medium in which the wave can also travel. Examples of such
problems are given, for instance, by electromagnetic waves travelling in air
meeting the surface of a dielectric and by acoustic waves travelling in air meeting
an obstacle. In this class of problems the interface “scatters” the given incident
wave and gives rise to reflected and transmitted waves. When all these waves
combine the resulting wave fields are readily seen to be quite different to those
occurring in the related FP. Such problems are examples of so-called target
scattering problems. We illustrate some of the features of such problems by
considering the following one-dimensional problem.

The governing wave equation is
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(07 — @)% u(x, ) =0, (x, 1) ER xR (2.83)
c(x):{cl’ x<r, x€R @2.80)

Cc, x>7r, x€R
u(x, 0) = @), w(x,0) = y(x) (2.85)

At the interface we shall require continuity of the displacement and of the trans-
verse forces. This leads to boundary conditions of the form

u@, ) =u@", 0, w0 =u(", 0 (2.86)

We remark that we assume here, unless otherwise stated, that » > 0. This is not
just to increase the complexity of the presentation. It is simply because in many
later illustrations we shall find it a convenient means of keeping track of the target
(i.e. interface).

Let f(x — c1t) denote a given incident wave in Q;. We assume that Qs is initially
at rest so that u(x, 0) = 0 and w,(x, 0) = 0 for x > r.

The wave field, u(x, t) which must satisfy (2.83), (2.84), (2.85) has the general
form

u(x t):{f(x—clt)+g(x+clt), x<r 2.87)
’ h(x—cot)+ H(x +cot), x>7r '

However, since €, is initially at rest we must have
R(&)=0 and H()=0 for >0 (2.88)

Hence H(x + cat) is a constant for ¢ > 0 and therefore may be discarded. The
appropriate wavefield is thus

(e t):{f(x—clt)+g(x+clt), x<r, t>0 2.89)
’ h(x —cst), x>r, t>0 '
We also notice that
SO =rE)=0, &>r
(2.90)

g(C):Or §<T

At the interface certain boundary conditions will always have to be satisfied
by solutions of (2.83). The most immediate conditions are, as we have already
mentioned, continuity of displacement:

u(r™, 1) =u(@,t) (2.91)

continuity of transverse force:
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uy(r, ) = u(r", 1) (2.92)
where
u(r™,t) =limu(x,t), w(r’,t)=limu(x,t) (2.93)
xX—=r x—=r
x<r x>r

and similarly for the derivatives.
Substitute (2.89) into (2.91), (2.92) to obtain

Slr —cit) + g(r + c1t) = h(r — cat) (2.99)
f(r—cit) + 9(r + c1t) = W'(r — cot) (2.95)

where the primes denote differentiation with respect to the argument.
Integrate (2.95) to obtain

Jor—at)  grtat) hr—ct) (2.96)
—C (&4} —Cy

where the integration constant has been set to zero in order to ensure (2.90) is
satisfied.
Solving (2.94), (2.96) for the unknowns g and k& we obtain

g(x+et)= [ﬂ} f@r—x—ct), x<r (2.97)
C1+Cy
h(xfcﬂ:):[ 2¢ flr 1—ﬂ)+c—1xfcu), x>r (2.98)
C1+ Co Co Co

It is worth noticing a number of interesting features of the solutions repre-
sented by (2.97) and (2.98). For convenience of presentation and without any loss
of generality, at this stage, we shall assume that » = 0.

(i) When ¢z = 0 there is no transmitted wave, the reflected wave has the
form

9@ + ) = =f(—x — cit)
and the required solution is
wu(x, t) = fle — cit) — f(—x — c1t) (2.99)
Thus as expected the reflected wave travels in the opposite direction to the inci-

dent wave. However although the incident and reflected waves have the same
shape they are seen to have opposite signs.
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Finally we notice from (2.99) that «(0, t) = 0 for all ¢. Thus, the solution (2.99)
describes waves on a semi-infinite string with a fixed point at x = 0.

(ii) When c; = ¢y there is no reflected wave; again as would be expected.

(iii) When ¢y > c; then the incident and reflected waves are seen to travel in
opposite directions with the same profile but no change in sign.

Thus the reflected and incident waves are in phase at the junction (interface)
provided c2 > ¢; and are otherwise totally out of phase.

We will be able to obtain more detailed information about the wave field
once we have introduced the notions of eigenfunction expansions and Green’s
functions.

Finally, in this section, we consider the case when the incident wave is a
simple harmonic wave of angular frequency @. In this case we will have an inci-
dent wave of the form

ui(x, 1) = flx — ct) = exp{ik(r — c)} = exp{i(kr — ob)}
= exp{tkx} exp{—iwt} (2.100)

where o = kc.

We notice that the incident wave separates into the product of two compo-
nents, one only dependent on x, the other only dependent on ¢. It is natural to
expect that this will be the case for the complete wave field. Consequently, for
the nonhomogeneous string problem we are considering we can expect the com-
plete wave field to be separable and to have the form

e Mu(@), a=ak, <0 (2.101)

— iyt

u(x,t)= {

e 1)2(.%'), 0)2:02]‘;2) x>0

Therefore, bearing in mind the sign convention introduced just after (2.26) the
space-dependent component of the wave field, v(x), can be written in the form

ik —ikyx
i@ | Rea 0
o(x) = {e the T, w< (2.102)

Te'=* x>0

If we now apply the boundary conditions (2.91), (2.92) which must hold for all
t > 0 then we readily find

ks —k 2k .
R= , T= exp{i(wy— o)t 2.103
PS S pli(wz— o)t} ( )

Here R and T are known as the reflection and transmission coefficients
respectively. In the case when we are only interested in solutions that have the
same frequency then these coefficients assume the simpler form
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R— Co—C; T 2C2

)
CL+Cy C1+Co

Combining (2.101), (2.102) and (2.103) we see that we recover the solutions
(2.97), (2.98) in the case when r = 0.

2.7.2 A Three-Part String

We shall assume in this section that a portion of a homogeneous string is sub-
jected to an elastic restoring force F(x) per unit length of the string. Newton'’s
laws of motion then indicate that the equation governing wave motion on the
string is

{07 — 0% u(x, t) — ArP(@)ulx, £) =0 (2.104)

where uz(x) = E(x)/Ts and T denotes the string tension.

Equation (2.104) is of a form which is typical when investigating potential
scattering problems. Here czuz(x) can be viewed as the potential term. We shall
only be interested here in the case when E(x) is localised. That is, F(x) will be
assumed either to vanish outside a finite region of the string or to decay expo-
nentially away from some fixed reference point.

A wave incident on the elastic region (the “potential”) will be partly reflected
and partly transmitted. However, even if pu(x) has a constant value the solution
of (2.104) is not as easy to obtain as the solutions (2.83). To see this consider the
case when u(x) has the constant value py and we seek solutions of (2.104) that
have the one angular frequency w. When this is the situation we assume a solution
of the form

u(x, t) = w(xr, wye (2.105)

and, by direct substitution into (2.104), we find that w(x, @) must satisfy

2
{dﬂ(ﬂ) }w(m, ®)=0 (2.106)
1%
where
11 (Y 2.107
v: o ? (a)) (2107

We then obtain the string displacement u(x, t), by (2.105) in the form

w(x,t) =aexp {—ia)(t — %)} +bexp {—iw(t + %)} (2.108)
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We see that, in (2.108), v is the phase velocity of the wave. Furthermore, we
notice that the wave motion represented by (2.108) is dispersive since by (2.107)
the phase velocity, v, of the wave is frequency dependent. It follows that distor-
tionless propagation of the wave as described by f and g in the general solution
of the classical wave equation, is no longer possible.

We also notice that there is a “cut off” frequency associated with the wave
motions generated in this system. According to (2.106), (2.107) frequencies that
are less than iyc lead to an imaginary propagation constant. These low frequency
disturbances do not propagate as waves, they merely move the string up and
down in phase. Thus it is possible that localised wave motion might be excited
on a nonhomogeneous string.

To illustrate the scattering of an incident wave by the elastic region (potential)
consider a string with a segment that has a constant elastic restoring force so that
we have

0, |x|>r
ulx)= { ! (2.109)
Ho, L%' | <r
If a wave of frequency w and unit magnitude is incident on this region then the
resulting spatial part of the wavefield may be written, as in the previous section,
in the form

e* 4 Re™™ x<—r
v(w)= Te'™", x>4r (2.110)
Ae'™ 4 Be " |x|l<r

where k = w/c and o =k*— ,ug. It is clear that a wave will not propagate in the
elastic region unless k > L.

The reflection and transmission coefficients, R and T respectively, together
with the constants A and B are determined by requiring continuity of displace-
ment and slope at ¥ = +7r. It is a straightforward but rather lengthy matter to
show that

R exp(2ikr) = %sin(Zom") (2.111)
T exp(2ikr) = 220K (2.112)

where
D = (K* + o®)sin (2or) + 2ikrcos (2ar) (2.113)

We see, from (2.111), that perfect transmission (i.e. R = 0) occurs when
sin(2or) = 0, that is, whenever an integral number of half-wavelengths of the
wave on the elastic region fit into that region.
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We also notice that R and T become unbounded at zeros of the denominator
D. These will be identified as so-called resonances of the system.

2.8 Duhamel’s Principle

So far, we have only been dealing with the homogeneous wave equation. We shall
now show that this is really sufficient for many of our immediate purposes. That
is, we shall show that the results we obtain when investigating the homogeneous
equation can be used to generate solutions for the nonhomogeneous wave equa-
tion. As an illustration we consider in this section the IVP

(07 — 22 u(x, t) = flw, ©), (x, 1) ER x R (2.114)
u(x, 0) = o(x), wi(x, 0) = y(x) (2.115)
For convenience of presentation we shall again write A = —c%92.

We shall assume that the solution of (2.114), (2.115) has the form
u(x, t) = v(x, t) + wlx, t) (2.116)
We now proceed as before by interpreting (2.114) as an ordinary differential equa-
tion. To this end we shall understand that u, the function defining the displace-
ment u(x, t), has the interpretation

wu:t > u,t) = u(t) (2.117)

and similarly for v and w in (2.116).
With this in mind we assume that

{df + A =0, v(0)=¢, v(0)=y (2.118)
and that
{d? + Aw(@) = fD), w(©0)=0, wy(0)=0 (2.119)

We have already seen that the problem (2.118) has a solution of the form

v(t) = (cos(tA"*))p + A~ (sin(tA"*))y
which leads to
v(x,t) = (cos(tAY?))p(x) + A~ (sin(tA"*))y (x) (2.120)

To obtain w(x, t) in (2.119) we set
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w(t)= fotn(t, T)dt (2.121)

where n(¢, 7) is assumed to satisfy

{di + A, ©) = 0, n(z, ) = 0, n(7, D) = f(D) (2.122)
A straightforward calculation then shows that w(t) defined by (2.121) is a

solution of the IVP (2.119). Therefore, combining these results we obtain the
required solution in the form

u(x,t)=(cos(tA"))p(x)+ A (sin(tAl/Z))l//(x)Jrj:n(t,r)df
, (2.123)
=B, @) @) +BOWI@)+ [ n(t,7)de

where
B(t)=A""*(sin(tA"*)) (2.124)

Bearing in mind how the solution form (2.120) was obtained and applying the
same techniques to the IVP (2.122), where in this case the initial conditions are
imposed at t = 7 rather than ¢ = 0, we obtain

n(t,7)=A""(sin(¢t—1)A")) f(1)=B(t—1)f (1) (2.125)

Hence

w(t) = fo ‘Nt 7)dr = fo "Bt —1)f(t)dr (2.126)

and consequently

u(x, 1) = (By(O)e)(w) + (B )(v) + fOtB(t -Of(v,dr - (2.127)

Thus we see that if we can solve the homogeneous equation, that is, if we can
interpret (2.124) in a practical, constructive manner, then we can solve the inho-
mogeneous equation in the form (2.127). This is known as Duhamel’s Principle
and (2.126) is said to define the Duhamel Integral for the inhomogeneous equa-
tion. With this section in mind we shall concentrate our attention, almost entirely,
for the remainder of the book on the associated homogeneous equations.
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2.9 On the Far Field Behaviour of Solutions

In this section we give a first indication of how solutions of FPs and PPs might
be considered as being AE. This we shall do by considering the following IVP.
Determine a quantity w(x, t) which satisfies

{07 + L(@))w(x, 1) =0 (2.128)
w(®, $) = ¢s(x), Wi, s) = ys(x) (2.129)

where s € R is a fixed initial time and in (2.129) ¢i(x) and y;(x) are given initial
data. In (2.128)

L(x) = —c%% + V(x) (2.130)

where c is the wave speed and V is a function characterising a perturbation of
the (one-dimensional) Laplacian 92.

Problems of the form (2.128)—(2.130) are typical of those which arise when
investigating potential scattering, an example of which was given above when
discussing wave motions on an elastically braced string. We would remark that
(2.128) and (2.130) together provide a perturbation of the classical wave equation
and such an equation is frequently referred to as the plasma wave equation.

When V(x) = 0 we refer to (2.128)—(2.130) as a Free Problem (FP). We notice
that this FP is governed by the familiar wave equation. When V(x) # 0 everywhere
then (2.128)—(2.130) is referred to as a Perturbed Problem (PP).

We have seen in the previous sections that the wave equation, which governs
the FP in this case, has solutions which can be written in the form

w(x, t) = flx — ct) + glx + ct) (2.131)
where f and g are arbitrary functions which characterise waves, of constant
profile, travelling with velocity ¢ from left to right and right to left respectively.

In the particular case when both waves have the same time dependency,
exp(—imt), then the familiar separation of variables technique indicates that the
wave equation has solutions, denoted w(x, t, k), which we can write in the form

w(x, t, k) = exp(—iot){u(x, k) + u_(x, k)} (2.132)

where the quantities u.(x, k) must satisfy
d? g w*
{w—&-kz}ui(x,k)zo, k2=0—2, xeR (2.133)

However, although the u_.(x, k) both satisfy (2.133) nevertheless they have differ-
ent properties. This can be seen by first noticing that (2.133) yields
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u.(x, k) = exp(tkxr) and u_(x, k) = exp(—ikx) (2.1349)

Combining (2.132) and (2.134) we obtain

w(x, t, k)= exp(—iw(t — %)) + exp(—ia)(t + %)) (2.135)

Thus, recalling the form (2.131) we see that u characterises a wave moving from
left to right and »_ characterises a wave moving from right to left, both waves
having the same time dependency exp(—iwt). Equivalently, we say that u. rep-
resents an outgoing wave, since in R, for x > 0, it is moving away from the origin
whilst u_ represents an incoming wave since, in R, for x <0, it is moving towards
the origin. This feature of the wave motion leads quite naturally to the following
definition which caters for more general situations [6].

Definition 2.3. Solutions v(x, k) of the equation
A+ K, k)=0, xER, n=1 (2.136)

are said to satisfy the Sommerfeld radiation condition if and only if for all k
asr = |x| > o

[ skt =0 (2137)

1
v(, k)= O(m) (2.138)

The estimates (2.137), (2.138) are understood to hold uniformly with respect to
the direction «/|x|. The estimate (2.137) taken with the minus (plus) sign is called
the Sommerfeld outgoing (incoming) radiation condition.

With . defined as in (2.134) it is clear that u(x, k) is an outgoing solution
and u_(x, k) is an incoming solution in the sense of Definition 2.3. A derivation
of these radiation conditions can be found in the text cited in the Commentary.

In later sections we shall see that the u.(x, k) have the important property
that any solution of (2.136) can be expressed as a linear combination of the
u+(x, k) [1]. As a consequence we shall refer to the u.(x, k) as fundamental
solutions of (2.133).

We now turn our attention to the case when the potential V(x) # 0, that is to
the PP which is a perturbation of the FP we have just been discussing. A natural
first step when dealing with this PP is to see if the time dependency in the problem
can again be separated out. If we assume that this separation is possible then
instead of (2.132) and (2.133) we now have
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2
w(x, t, k)= exp(—iwt){w, (x, k) +w_(x,k)}, k*= a)_2 (2.139)
c
where
PE ) R
@—Hc —Q()twi(x,k)=0, k :0—2, r€R (2.140)
and

Q(x)= Vif) (2.141)

Since (2.140) is clearly a perturbation of (2.133), which has certain fundamen-
tal solutions, u.(x, k), defined in (2.134), then it is natural to ask if (2.140) also
has fundamental solutions and, if so, can they be regarded as perturbations of the
u+(x, k)? Furthermore, if such fundamental solutions of (2.140) exist then are
they in some sense AE to the fundamental solutions, u..(x, k), of (2.133)? It turns
out that for (2.140) there is a family of solutions, parameterised by k, for which
the answer to both these questions is in the affirmative. These are the so-called
Jost solutions.

2.9.1 Jost Solutions

Bearing in mind the remarks at the end of the last section the Jost solutions,
whenever they exist, are those solutions of (2.140), denoted by w* and ¢*, which
have the following uniform asymptotic behaviour:

as ¥ = +x
wE@, k) = us(@, {1 + o(1)) = exp(£ikx){1 + o(1)) (2.142)
wix, k)= W{l +0(1)) = exp(Fika){+ik + o(1)) (2.143)

as & — —oo
0, k) = u=(x, {1 + o(1)} = exp(Fikx){1 + o(1)} (2.144)
o (2, k)= W{l +0(1)) = exp(Fikw)(ik +o(1)) (2.145)

Alternatively, these can be written in the more compact forms:
lim {exp(:uikx)wi(x, k)}=1 (2.146)
X—00

lim {exp(Fikx)y i (2, k)} = +ik (2.147)
X—00
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lim {exp(+ika)p™(x,k)}=1 (2.148)
lim {exp(+ikx)e; (v, k)} = Fik (2.149)

Thus we see that as x — 400 the Jost solutions will have the behaviour of plane
waves. Consequently, we can expect the perturbed equation (2.140) to have solu-
tions which can be interpreted as distorted plane waves which are AE to solu-
tions of the FP.

Perhaps one of the more convenient ways of settling the questions of exis-
tence and uniqueness of the Jost solutions is to represent them as solutions of
certain integral equations. This will have the added bonus of yielding a construc-
tive method. To this end we recall that solutions of an equation of the form

Y'@) + (K — g@)y@) =0 (2.150)

can be obtained by the variation of parameters method. Specifically, assume that
(2.150) has a solution that can be written in the form

Yy(x) = A(x) exp(ikx) + B(x) exp(—tkx) (2.151)
Substituting (2.151) into (2.150) it is natural to set
(2ik)A’(x) exp(ikx) = q(x)y(x) (2.152)

and so obtain

Al(x)= 53 fmq(v)y(v)exp(—ikv)dv+ C, (2.153)

Now substitute (2.152), (2.153) into (2.150) and obtain

B(x)= 5 Ilcf q()y(v)exp(+ikv)dv + Cs (2.154)

The integration constants C; and Cy have now to be chosen to ensure that asymp-
totic behaviours of the forms (2.142)-(2.145) are obtained as required. To this
end, if we identify ¥ in (2.150) with the Jost solutions y* and ¢" and consider
the form of exp(—ikx)ytand exp(+ikx)@" as x — o and & — —oc respectively
then the required asymptotic behaviour will be obtained if for y+ we set

C = 1——— f a(v)y(v)exp(—ikv)dv (2.155)

and
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szﬁ: fo ~ q(0)y(v)exp(+ikv)dv (2.156)
For ¢' we set
C = " )y exp(—ikv)d 2.157
l—ﬂ—ﬁmquvexp kv)dv (2.157)
1 0
Cy=1-— = f a(v)y(v)exp(+ikv)dv (2.158)
21k —00

to obtain the required asymptotic behaviour.
Combining these several results we obtain

v (x, k) = exp(Likx) + % f ~ q(v)sin(k(v — W, k)dv  (2.159)

0* (2, k) = exp(Fikx) — % fj; q()sin(k(v — )" (v, k)dv  (2.160)

which are Volterra integral equations of the second kind for the Jost solutions
v, k) and ¢ (x, k).

Solutions of (2.159), (2.160) can be obtained by successive approximations in
the form

vE(x, k)= exp(ﬂkx)ih}(x, k) (2.161)
J=0

o (2, k)= eXD(ﬂkx)i g5 (0, k) (2.162)
Jj=0

where, for example, with Im k = 0

90 (2, k) =1

0 2.163
G =L [ aiespEik(o—mnsintko—eng, 0 a0

Similar results for the %;* can be obtained.
These Jost solutions have been extensively studied and their principal fea-
tures are conveniently summarised in the following theorem.

Theorem 2.4. The Schridinger equation

2
{8—2 (k- Q(x))}y(x, K)=0, xR
ox
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has Jost solutions y* and ¢* which satisfy the Volterra integral equations
+ ; 1 poo . +
v (x, k) =exp(xitkx) + % f Q()sin(k(v—x))yw (v, k)dv (2.164)
X
0 (2, k) = exp(Fikx) — % f * Q(v)sin(k(v — )P (v, k)dv  (2.165)

provided

ff {1+ }Q(v)dv < 0o (2.166)

Furthermore
(i) The Jost solutions l//i(x, k) and ¢*(x, k) are unique. Successive approxi-
mations to these solutions can be obtained in the forms (2.161) and (2.162).
(ii) For every x € R the Jost solutions y"(x, k) and ¢"(x, k) and their deriva-
tives w3 (x, k) and @i (x, k) are
(a) continuous with respect to k for Im k = 0
(b) analytic with respect to k for Im k£ > 0.
Analogous properties for v (x, k) and ¢ («, k) hold for Im k < 0.
(iii) The Jost solutions y/i(x, k) and ¢=(x, k) are inter-related as follows.

Y@, k) = v, kY =y, k)
o (@, k) = 9@, —k*) = p*(, k)

2.9.2 Some Scattering Aspects

The Wronskian of two solutions, y;(x, k) and y2(x, k), of the Schrédinger equation
(2.150) is denoted W(y1, y2) and defined by

Wy, y2) = y1(@, Ky, k) — yi(x, kye(x, k) (2.167)

where the prime denotes differentiation with respect to x. A fundamental prop-
erty of the Wronskian is given by the following theorem.

Theorem 2.5. Two solutions of the Schrodinger equation (2.150) are linearly
independent if and only if their Wronskian is non-zero.
For the Jost solutions y* and ¢* we find that as x — oo
W(y™, y) = —2ik + o(1) (2.168)

and as x —» —o©

W(ot, ¢7) = +2ik + o(1) (2.169)



2.9 On the Far Field Behaviour of Solutions 47

Consequently Theorem 2.5 indicates that (™, w™) and (¢", ¢~) are two linearly
independent pairs of solutions of (2.140).

Since any linear combination of the pair (¢*, ¢”) and the pair (¢", ¢7) will
also yield a solution of (2.140) we see that we can, in particular, write

¢ (@, k) = ecn®y (2, k) + cra(k)y~ (w, k) (2.170)
v (@, k) = ca(®)¢ (2, k) + caa(k) " (w, k) (2.171)

where the coefficients c¢;; have yet to be determined.

We now recall that in the case when @Q(x) = 0 then the Schrédinger equation
(2.140) reduces to the familiar wave equation which has the associated solutions
vi(x, k) and ¢ (%, k) where

Wi (@, k) = exp(+ikx), @5(x, k) = exp(Fiky) (2.172)
In this particular case the coefficients ¢;; in (2.170), (2.171) are such that

c11(k) = c22(k) = 0

Furthermore, we notice that ¥ and ¢~ characterise plane waves moving from left
to right whilst ¥~ and ¢" characterise plane waves moving from right to left.

When Q(x) # 0 for all x then we obtain (2.170), (2.171). The limiting behaviour
of the Jost solutions given in (2.142)—(2.145) indicates that (2.170) represents a
solution of the Schrodinger equation which, by the properties of the left-hand
side, reduces to exp(—ikx) as x — —oo whilst the right-hand side reduces to c;(k)
exp(tkx) + c12(k) exp(—ikx) as x — oo. Consequently (2.170) is a solution of the
Schrodinger equation (2.140) which represents the scattering, by the potential
Q(x), of a plane wave of amplitude c;2(k) incident from x = +oc and moving right
to left. The scattering process gives rise to a reflected plane wave of amplitude
c11 moving left to right towards x = +oo0 and to a transmitted wave with unit
amplitude moving right to left towards x = —oo. It is customary to normalise this
process so that the incident wave has unit amplitude in which case (2.170) is
rewritten in the form

Tr(k)@*(x, k) = —Rr(K)y*(x, k) + v (2, k) (2.173)

where
Ru(k)— ) p gy 1 2.174
r0== e P nm @1

and the subscript R refers to the fact that we are dealing with an incident wave
from the right. The minus sign is included for later convenience.

Similarly, (2.171) can be interpreted as a solution of the Schrédinger equation
which represents the scattering, by a potential Q(x), of a plane wave incident
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from x = —oo. The process gives rise as before to a scattered and transmitted
wave and normalising as before we can write (2.171) in the form

TRyt (x, k) = o(x, k) + RL(k)ot(x, k) (2.175)
where
22 (k) 1
Ry (k)=—25) p gy = 2.176
10 e (k) 20 e (k) ( )

and the subscript L denotes that we are dealing with a wave incident from the
left. Again the minus signs are included for later convenience.

The equations (2.173) and (2.175) can be written conveniently in the matrix
form

D (k) = S(k)D" (k) 2.177)
where
dr(k):[“’il(k), o =7 | (2.178)
y U4
and
Ry T
Sk)= To Ry (k) (2.179)

The matrix S(k) is called the scattering matrix for the problem. Its role in scat-
tering theory will be discussed in later sections. For the time being we simply
note that it provides a connection between the incident fields and the scattered
fields.

2.10 Concluding Remarks

It turns out that the various techniques and strategies we have outlined so far can
be extended to cater efficiently and constructively with more general problems
than those dealing simply with wave motions on strings. These generalisations
can be made in a relatively easy manner if we choose to work with the actual
functions involved rather than with the numerical values of the functions. To be
able to do this requires that we should work within a mathematical structure
which generates an easily solvable, but abstract, version of the given physical
problem and yet is one which always ensures that there is an easy path back to
the required physical (numerical) results. We indicate in the following chapter a
way of achieving this.
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Essentially the main steps are the following.

1. Identify a collection of elements which contains those elements which can be
used.

Characterise, for example, wave motions which have some particular prop-
erty such as finite energy. Call this collection X.

The elements of X are abstract quantities which can be thought of, for
example, as functions themselves rather than their numerical values.

2. Endow X with a set of rules which will allow the elements of X to be manipu-
lated algebraically and geometrically. These rules would parallel and extend
the familiar processes which are used in the Euclidean space R", n < co The
collection X taken together with the structure defined in terms of these alge-
braic and geometric rules we shall call a space and denote it here, for the time
being, by H.

3. Introduce the notion of an operator which, in its simplest form, maps (trans-
forms) one element of H into some other element of H.

4. Use these several notions to represent (realise) a given physical problem,
which is essentially a problem involving numerical values of functions, in the
space H. This will yield an abstract problem involving the functions themselves
rather than their numerical values.

5. Investigate the availability of associated inverse operators as a means of
solving the abstract problem.

6. Settle questions of the existence and uniqueness of solutions to the abstract
problem. That is, examine the well-posed nature of the abstract problem.

7. Solve the abstract problem.

8. Interpret the solution of the abstract problem in a manner which will allow the
recovery of the required physical results.

The first four steps can be made by introducing the notion of a so-called Hilbert
space structure and using the properties of (linear) operators on such spaces.

Step 5 can be made using results from the spectral theory of (linear) operators
on a Hilbert space.

Step 6 can be made efficiently and constructively using results from the
elegant theory of semigroups of operators.

Step 7 can be achieved using results from the theory of ordinary differential
equations but it must be remembered that the work is in the abstract space, H,
rather than R".

The final step here will be made by introducing the notion of a generalised
Fourier transform and proving generalised Fourier inversion theorems modelled
on the Fourier-Plancherel theory which can be established quite independently
of any scattering phenomena.

With this preparation we will then be well placed to develop a scattering
theory which would highlight constructive methods for analysing echo field phe-
nomena. This we shall demonstrate by investigating in the following chapters a
number of specific, physically relevant, problems. However, before embarking on
this we shall first introduce, in the next chapter, a number of basic ideas and
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results from general mathematical analysis which will be sufficient to create a
suitable mathematical structure in which to work and settle items 1-8 above.
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Preliminary Mathematical Material

3.1 Introduction

This rather long chapter is provided mainly for the benefit of those who are inter-
ested in studying wave phenomena but whose mathematical background does not
necessarily include modern functional analysis and operator theory. For such
scientists this chapter is intended to be a guide through the material available
whilst for those with more mathematical background it can act as a source. Virtu-
ally no proofs are given. Details of these can be found in the references cited.
Despite the fact that much of the material might, at first sight, give the impression
of being unnecessarily abstract, nevertheless, it will be seen to be of consider-
able use in justifying various approaches to the development of constructive
methods of solving physical problems.

3.2 Notations

Some standard mathematical notations which are frequently used throughout the
book are the following.

Let X and Y be any two sets. The inclusion x € X denotes that the quantity
x is an element in the set X. The (set) inclusion Y c X, denotes that the set ¥
is contained in the set X in which case the set Y is said to be a (proper) subset
of the set X. The possibility that ¥ might actually be the same as X exists and in
this case we write Y C X and simply refer to Y as a subset of X. The set which
consists of elements that belong to either X or Y or both is called the union of X
and Y and is denoted by Y U X. The set consisting of all elements belonging to X
and Y simultaneously is called the intersection of X and Y and is denoted by X
N Y. The set consisting of all the elements of X which do not belong to Y is called
the difference of X and Y is denoted by X \ Y. In particular, if Y c X then X \ Y
is called the complement of Y in X.
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We write X x Y to denote the set of elements of the form (x, y) where x € X
and y € Y. We recall that a simple example of this notation is the Euclidean space
R? where we identify X = Y = R.

Itiscleartht X c XU Y, YcXUY, XNYcX XNYcYand that if
YcXthenX=YU X\Y).

3.3 Vector Spaces

Vector spaces will provide a framework within which abstract quantities such as
functions themselves rather than their numerical values can be manipulated
algebraically in a meaningful manner.

Definition 3.1. A vector space (linear space) over a set of scalars K is a non-
empty set, X, of elements x, y, ... called vectors, together with two algebraic
operations called vector addition and multiplication by a scalar which
satisfy

Lhx+y+z=@+y)+z=x+W+2), x,yzeX

L2: There exists a zero element 6 € X such that

x+0=x xeX
L3: If x € X then there exists an element (—x) € X such that
rx+(—x)=0, rxe X

4rx+y=y+uz, x,ye X

L5: (o + B)x = ax + By, a,Be K, reX
L6: a(x + y) = o + oy, ae K x,yelX
L7: a(fx) = afix, a, Be K, re X
L8: There exists a unit element I € K such that

Ix=x, xeX

In following chapters, K will usually be either R or C.
The notion of the distance between abstract quantities can be introduced by
mimicking familiar processes in Euclidean geometry

Definition 3.2. A metric space M is a set X and a real-valued function, d, called
a metric or distance function defined on X x X such that for all x, y, 2 € X
Ml: d(x,y) =0
M2: d(x,y) =0ifand only if x = ¥
M3: d(x, y) = d(y, x)
M4: d(x, 2) < d(x, y) + d(y, 2)
The axiom M4 is known as the triangle inequality.
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We emphasise that a set X can be made into a metric space in many different
ways simply by employing different metric functions. Consequently, for the sake
of clarity we shall sometimes denote a metric space in the form (X, d) in order
to make explicit the metric employed.

Example 3.3. Let X = R? and d be the usual Euclidean distance function (metric).
Then if x = (2, 25, 5, ..., x,) and y = (Y1, Yo, ¥s, - - . , Y) denote any two points
in R" the distance between these two points is given by

12

d(x,y)= {Z(% - yi)z}

i=1

It is this particular distance function and its properties that we mimicked when
formulating Definition 3.2. Clearly, (X, d) in this example is a metric space.

Example 3.4. Let X = ([0, 1], the set of all real-valued continuous functions
defined on the subset [0, 1] < R. This set can be made into two metric spaces, M,
and M,, where

M, =(X,dp)
di(f,9) = gg%ﬁlf(x) —9(x), f,9eX
M2 = (X7 d2)

W, 9) = [ @)~ gz, f,9€X

In constructing M, and M, we must, of course, prove that d,, and d, each satisfy
the metric space axioms M1 to M4 in Definition 3.2. In these two examples M1 to
M3 are obviously satisfied. The axiom M4, usually the hardest property to estab-
lish, is seen to hold in these two cases by virtue of well-known properties of the
modulus and of classical Riemann integrals.

We remark that the metric space C[0, 1] is an example of an infinite dimen-
sional space and is one which we shall frequently have occasion to use.

Once we have introduced the notion of distance in abstract spaces then we
are well placed to give a precise meaning to what is meant by convergence in
such spaces. This will be a necessary ingredient when we come to develop con-
structive, approximation methods.

Definition 3.5. A sequence of elements {x,},—; in a metric space M := (X, d) is
said to converge to an element x € X if

d(x,x,) >0 as n— o

In this case we write either x, > xasn — occor lim x, = x where it is understood

n—o0

that the limit is taken with respect to the distance function d.
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We would emphasise that the use of different metrics can induce different
convergence results. For instance in Example 3.4 we have

&, <d(f,9), f,9e X

Therefore, given a sequence {f,}»-1 < X such that f,, — f with respect to d, then
it follows that we also have f,, — f with respect to d,. However, if we are given
that the sequence converges with respect to d,, then it does not follow that the
sequence also converges with respect to d;.

Definition 3.6. A sequence {f,}r-1 < (X, d) is called a Cauchy sequence if, for
all € > 0, there exists a number N(¢) such that n, m = N(¢) implies d(f,, f.) < &

The following is a standard result.

Theorem 3.7. In any metric space M := (X, d) every convergent sequence
(1) has a unique limit
(ii) is a Cauchy sequence.

It must be emphasised that the converse of (ii) is false as it is possible that
there are Cauchy sequences in (X, d) which might not converge to a limit element
x € X. This difficulty can be avoided by restricting attention to certain preferred
classes of metric spaces.

Definition 3.8. A metric space in which all Cauchy sequences converge to an
element of that space is called a complete metric space.

It can be shown that for the metric spaces M;, M, in Example 3.4 the metric
space M, is complete but M, is incomplete.

Many of the strategies adopted when analysing problems will be seen to rely
on the following notion.

Definition 3.9. Given a metric space M := (X, d) a set Z c X is said to be dense
in X if every element y € X is the limit, with respect to d, of a sequence of
elements in Z.

Consequently, in most practical situations we try to work with “nice” elements
belonging to a set, such as Z, which is dense in some larger set, X, whose elements
can provide more general results.

To give an indication that this enlargement, or completion as it is more properly
called, can be made available we first need to introduce the following notions.

Definition 3.10. (i) Let X,, X, be sets and let M C X, be a subset. A mapping
f from M into X, is a rule that assigns to an element x € M C X, an element
flx) =: y € X, and we write
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f:Xl D) M- X2

The element y = f(x) € X, is the image of x with respect to f. The set M is called
the domain of Definition of f which is denoted D(f). Consequently, we write

S X1 2D(f) - X
and
x—>flx)=ye X, forall xe D(f)CX,
The set of all images with respect to fis the range of f, denoted R(f"), where
R(f):={ye Xs:y=/fla) for we D(f)C X}

(ii) A mapping f is called either injective or an injection or one-to-one
(denoted 1-1) if for every x;, x; € D(f) C X; we have that

X1 # 2, implies f(x) #f(xs)

This means that different elements in D( f) have different images in R(f).

(iii) A mapping fis called either surjective or a surjection or a mapping of
D(f) onto X, if R(f) = X,.

(iv) For an injective mapping 7:X, D D(T) — X, the inverse mapping, T,
is defined to be the mapping R(T) — D(T) such that y € R(T) is mapped onto
that x € D(T) for which Tx = y. Less generally, but more conveniently here, we
define 7! only if T is 1-1 and onto X.

We notice that in (iv) we have written Tx rather than T (x). This anticipates the
notation used in later sections.

In the following chapters we will deal with a variety of different mappings.
For example, a function is usually understood to be mapping of one (real or
complex) number into some other number. It is a rule that assigns to a number
in one set a number in some other set. The term operator will be reserved for
mappings between sets of abstract elements such as functions themselves rather
than their numerical values.

Definition 3.11. A mapping, f, from a metric space (X, d;) to a metric space
(Xy, dy) is said to be continuous, if for {x,},-; — X; we have f(x,) — f(x) with
respect to the structure of (X, d;) whenever, x,, — x with respect to the structure
of (X}, dy).

Definition 3.12. Let M; = (X}, d)), j = 1, 2 be metric spaces. A mapping, f, which
(i) satisfies f: X, — X, is one-to-one and onto (bijection)
(ii) preserves metrics in the sense
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d(f(0), (W) = di(x, ), 2,y € X,

is called an isometry and M,, M, are said to be isomorphic.

It is clear that an isometry is a continuous mapping. Furthermore, isometric
spaces are essentially identical as metric spaces in the sense that any result which
holds for a metric space M = (X, d) will also hold for all metric spaces which are
isometric to M. It is for this reason that we always try to work in a framework of
isometric spaces. This will be particularly important when we come to develop
some of the finer points of scattering theory.

We now state a fundamental result which indicates in what sense an incom-
plete metric space can be made complete.

Theorem 3.13. If M = (X, d) is an incomplete metric space then it is possible
to find a complete metric space M = (X s d) so that M is isometric to a dense
subset of M.

The familiar concepts of open and closed sets on the real line extend to
arbitrary metric spaces according to the following Definition.

Definition 3.14. If M = (X, d) is a metric space then
(i) the set

By, r):={re X:d(x,y) <7}

is called the open ball in M, of radius 7 > 0 and centre y.

(ii) a set G c X is said to be open with respect to d if, for all y € G, there
exists r > 0 such that B(y, r) c G.

(iii) a set N c G is called a neighbourhood of y € N if B(y, r) c N for some
r> 0.

(iv) a point x is called a limit point of a subset Y c X if

Blx, ) N {Y\{x}}#¢ forall r>0

where ¢ denotes the empty set.

(v) aset F'c X is said to be closed if it contains all its limit points.

(vi) the union of F' and all its limit points is called the closure of F' and will
be denoted F.

(vii) apointx € Y c X is an interior point of Y if Y is a neighbourhood of .

These various abstract notions can be quite simply illustrated by considering
subsets of the real line.
A particularly important class of metric spaces is the following.

Definition 3.15. A normed linear space is a vector space X, defined over K =R
or C, together with a mapping |- ||: X — R, known as a norm on X, satisfying
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Nl: || =0forallx e X

N2: ||x|| = 0if and only if x = 6, the zero element in X

N3: |[Ax] = |A| |x||,forall le Kandx € X

N4: |lx + vyl < x| + llyll (triangle inequality).
The pair (X, ||-||) is referred to as a real or complex normed linear (vector) space
depending on whether the underlying field K is R or C.

Example 3.16. (i) X = R" is a real normed linear space with a norm defined by
" 12
2
el = 11, 22, X3, - .., X | = {lekl }
k=1

(ii) X = C]0, 1], the set of all continuous functions defined on [0, 1], is a real
normed linear space with a norm defined by either

/1= sup [f(x)l, feX

xe[0,1]
or

1
1A= [ 1f@ldy, feX

We notice that any normed linear space (X, ||-]|) is also a metric space with
the metric (distance function) d defined by

d(x,y)=Ilx -yl

This is the so-called induced metric on X. With this understanding we see that
such notions as convergence, continuity, completeness, open and closed sets
which we introduced earlier for metric spaces carry over to normed linear spaces.
Typically we have.

Definition 3.17. Let (X, ||-]|) be a normed linear space. A sequence {x,},—; c X is
said to converge to x € X if, given € > 0 there exists N(¢) such that

le, — x| <€ whenever m= N(g)

in which case we write either ||x, — x| > 0asn — © orx, > x as n — .

Definition 3.18. (i) The normed linear space (X, ||-]|) is complete if it is com-
plete as a metric space in the induced metric.
(ii) A complete normed linear space is called a Banach space.

We would emphasise that there are metric spaces which are not normed linear
spaces. A comparison of Definitions 3.2 and 3.15 clearly indicates this.
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3.4 Distributions

A distribution is a generalisation of the concept of a classical function. It is a
powerful mathematical tool for at least three reasons. First, in terms of the theory
of distributions, it is possible to give a precise mathematical description of such
idealised physical quantities as, for example, point charges and instantaneous
impulses. Second, distribution theory provides a means for interchanging limiting
operations when such interchanges might not be valid for classical functions. For
instance, in contrast to classical analysis, in distribution theory there are no
problems arising from the existence of non-differentiable functions. Indeed, all
distributions, or generalised functions as they are sometimes called, can be
treated as being infinitely differentiable. Third, distribution theory enables us to
use series which in classical analysis would be considered as being divergent.

Distribution theory arises as a result of the following observation. A continu-
ous, real or complex valued function f of the real variable x = (1, X2, X3, . . . , ;)
€ R" can be defined on R" in one or other of two distinct ways. First, we can
prescribe its value, f(x), at each point x € R". Alternatively, we could prescribe
the value of the integral

Ii(p):= [ f(@)p()d

for each continuous, complex-valued function ¢ whose value, ¢(x), is zero for
sufficiently large |x| (this latter to ensure that the integral exists).

These two definitions have distinct and quite different characterisations. In
the first a function is considered as a rule which assigns numbers to numbers. In
the second, which leads to something we will eventually call a distribution, we
have a rule which assigns numbers to functions.

When working with the second approach, instead of dealing with the point-
wise values, f(x), of the function f we consider the functional I and its “values”,
I, (), at each of the so-called test functions ¢.

These two descriptions of f are equivalent. To see this assume that for two
continuous functions f'and g the functionals I, and I, defined as indicated above,
are equal. That is, for any test function ¢ we have I, (¢) = I,(¢). It then follows
from elementary properties of the integral that f(x) = g(x) for all x € R". Hence
the required equivalence is established.

A partial rationale for introducing this second way of defining a function can
be given as follows. A distributed physical quantity cannot be characterised by
its value at a point but rather by its averaged value in a sufficiently close neigh-
bourhood of that point. For instance, it is impossible to measure the density of a
material at a point. In practice we can only measure the average density of the
material in a small neighbourhood of the point and then call this the density at
the point. Thus we can think of a generalised function as being defined by its
“average values” in a neighbourhood of the point of interest. Consequently, from
a physical standpoint it is more convenient to consider continuous functions as
functionals of the form indicated above.
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To clarify matters we give some examples and introduce a little more
notation.

Example 3.19. Let C(QQ) denote the set of all complex-valued functions which
are continuous on the region Q. For fe C(Q) let

A1l = sup{lf (2)]: 2 € 2}

It is readily verified that C(Q) is a complex vector space with respect to the usual
pointwise operations on functions. Furthermore, C(Q) is a complete, normed
linear space with respect to | |lsc.

Definition 3.20. Let a real or complex valued function f, defined on a domain
D c R", be nonzero only for points belonging to a subset Q2 — D. Then the closure
of Q, denoted Q, is called the support of f and is denoted supp f.

If Q is a compact set, that is, a closed and bounded set, then the function f
is said to have compact support in D.

In order to simplify the notation when working in more than one dimension
we shall frequently use multi-index notation. This can be easily introduced if
we consider a partial differential expression of the form

L= Y ag. .@dfd%...0%, p>0

G+ NP

where 0; := d/dx;, j = 1,2,..., Nand the g;, j = 1, 2,..., N are non-negative
integers with a, ., denoting differentiable (to sufficient order) functions.

Any set q :=={qi, @, - . ., qn} of non-negative integers is called a multi-index.
The sum |g| =g + ... + gy is called the order of the multi-index. We denote a, .,
() by a,(x) and of: 0% . . . d% by D?. Consequently the above partial differential
expression can be written as

L= a,(x)D".

ladl<p

Definition 3.21. Let Q be an open set in R".

G Cy :={pe C*(Q): supp f c Q}.

Here ¢ € C~(Q) indicates that ¢ and all its partial derivatives of all orders
exist and are continuous. An element ¢ € C*(Q) is referred to as a smooth
element or as an infinitely differentiable element.

(ii) The set Cy(Q) is called the set of test functions defined on Q.

(iii) A sequence of test functions, {¢,},-;, is said to be convergent to a test
function ¢ if

(@) ¢, and ¢ are defined on the same compact set
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(b)

lpn — ol —0 as k— oo

|D“p, —D%|_—0 as k—oo

for all multi-indices c. Here, |l@||,, := sup|p(x)| .
xeQ

(iv) The set Cy(R") together with the topology (a concept of convergence)
induced by the convergence defined in (iii) is called the space of test functions
and is denoted by D(R").

Unless certain subsets of R" have to be emphasised then we shall write
D = D(R") unless otherwise stated.

(v) A linear functional f on D is a mapping f: D — K = R or C such
that

Jlap + by) = af(e)+ bf(y)

foralla,be Cand ¢, y, € D.
A mapping f: D — K is a rule which given any ¢ € D produces a number
z € K and we write

z2=fp)={f, o)

This indicates the action of the functional f on ¢.
We remark that if ¢ € C7(Q), Q c R", then ¢ vanishes on d€, the “boundary”
of the set Q.

Example 3.22. Let ¢ be the function defined on Q := R. by

0, x| >a

o) = [exp{ﬁ}, lx] <a

It is readily shown that ¢ is infinitely, continuously differentiable on R and that
supp ¢ = [—a, a]. Hence ¢ € Cy(R).

Definition 3.23. (i) A functional f on D is continuous if it maps every con-
vergent sequence in D into a convergent sequence in K = R or C; that is,

flp,) —> f(p) whenever ¢, — @in D

(ii) A continuous, linear functional on D is called a distribution or gen-
eralised function.
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Notation 3.24. For convenience at this stage we shall use a bold type
Sface to indicate a distribution and will write (£, @) to denote the action of the
distribution £ on the test function ¢. We will be able to relax this notation
later.

Definition 3.25. (Convergence of distributions)
A sequence {f,} of distributions is said to be convergent if the sequence of
numbers {(f,, )} is convergent for all p € D.

This definition implies that if {f,} is a convergent sequence of distributions
then there is a distribution f such that for n — o

&,0) > &£y forall pe D
In this case f, is said to converge weakly to f as n — oc.

Definition 3.26. (i) A function f which is integrable on every open, bounded
subset QQ c R" is said to be locally integrable on R".

(ii) For every locally integrable function f there is a distribution f defined
by

&,0)= [ S()p(s)ds =1(p)

The distribution f is said to be generated by the function f.

(iii) A distribution generated by alocally integrable function is called a regular
distribution. Distributions which are not regular distributions are called sin-
gular distributions.

We remark that Definition 3.26 (ii) is meaningful since B := supp ¢ < R".
Consequently we then have

80 =| [, f (5)0(s)ds| < suplg() [ (ds

The right-hand side is bounded since f is locally integrable. Hence we can con-
clude that f(¢) is well defined.

Thus we see that the class (set) of all distributions will contain elements
which correspond to ordinary (classical) functions as well as singular distribu-
tions which do not.

Definition 3.27. The set of all distributions on D together with the topology
indicated in Definition 3.25 is called the dual of D and denoted 7).

For the sake of our convenience in later sections we summarise here the main
properties of a distribution which we have introduced so far.
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(i) Linearity:
For any test functions ¢, ¥ and complex numbers o,

flap + By) = of(@)+ Pi(e)
(i) Continuity:
f(p,) > f(¢) whenever ¢, —> ¢

(iii) Equality:

Two distributions f and g are equal provided f(¢) = g(¢) for any test function ¢.

They are said to be different if there exists a test function ¢ such that
(o) = g(@).

Strictly speaking, equality here means equality almost everywhere (ae), that
is, if the set {x:f(¢) # g(¢)} has measure zero then f(¢) = g(¢). The notion of
measure is introduced in the next chapter. For the time being it is sufficient to
think of the situation in R' when measure can be identified with the length of an
interval and a set of measure zero is a point.

(iv) Linear combinations:

The linear combination (of + fg) of two distributions f and g is defined as

(of + Bg, ¢) = o (£, o) + g, o)

(v) The product of a distribution f and a smooth function & is defined in a
natural manner as

(hf, @) = (£, h) V 9 D

If p € D and h is a smooth function then h¢ is also a test function. However,
if i is not smooth then k¢ ¢ D. Therefore we cannot define the product of a
distribution with a function which is discontinuous or has discontinuous
derivatives.

We notice that our definition is a generalisation of the familiar identity

[ @ s@)o@de = [ n@) @)

which always holds when f'is locally integrable.

We have already pointed out that a generalised function does not have values
at a point. However, it is possible to give meaning to the statement that a distri-
bution becomes zero in a region. The distribution f becomes zero in the region
Qif (£, ¢y = 0 for all p € D(Q), and we write f = @in Q.

(vi) The set of all points such that in no neighbourhood of each point does
f # 0is known as the support of the distribution f. We denote the support of f
by supp f. If supp f is bounded then the distribution f is said to have compact
support.
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We now turn to the differential calculus of distributions. Our plan here, as
indeed it will be when developing most properties of distributions, is to start with
regular distributions and then generalise the results, whenever possible, to all
distributions. For ease of presentation at this stage we restrict attention to pro-
cesses in R! = R.

If f is a differentiable function which generates a regular distribution f and if
df/dx denotes the distribution generated by f” then we obtain, by integration by
parts,

(Tr0)= [ F0s)as = [ s/ (s)ds

The integrated terms in the above vanish since ¢ is a test function and as such
vanishes at infinity. Consequently, for regular distributions, corresponding to dif-
ferentiable functions, we have

(5 0)=~t.0"

Example 3.28. [8]. For any distribution f the functional ¢ — — (f,¢") with ¢ €
D is a distribution.
The following definition now follows quite naturally.

Definition 3.29. The derivative of a generalised function f is the generalised
function f’ defined by

<f,;(P> = - <f1(p,> v pe D

We see from the above that the distribution generated by the derivative, f*, of
a differentiable function f'is the same as the derivative of the distribution f. These
two ways of interpreting the symbol £’ for a differentiable function f are consis-
tent with classical calculus [8].

The advantage of distribution theory over classical calculus is that every gen-
eralised function is differentiable; this follows from Example 3.28.

If a function fis locally integrable but not differentiable, in the classical sense,
the associated distribution f’ is called the generalised derivative of f.

It is a straightforward matter to obtain corresponding results when the underly-
ing space is R". For instance, let Q c R" be an open set and let D(Q) denote the
space of test functions defined on Q. Let o denote a multi-index. The oth distribu-
tional derivative of a distribution f on D(Q) is the distribution D* f defined by

Df(p) = (D*f,¢) = (=D)!“I {f, D¢) = (—=1D)'“'f (D"p)

This follows using integration by parts (i.e. Green’s theorem).
We now give a number of examples to illustrate these various ideas.
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Example 3.30. The Dirac delta, 5, defined in R! by
@ x)=0,x+#0

(i) f *o0(x)dx =1

i) [ 8@)p(x)de = (8,0)=(0), peD
generates a continuous, linear functional, 6. That it is a linear functional follows
immediately from (iii). The continuity of é follows from

16(@)=1(8,9) =1p(0)| < suplp(x)] =l

However, dis a singular distribution. To see this let ¢ be the test function defined
by

0, b>|x|>a

(P(x)Z{eXp{ 21 2}7 <
X —a

where b > a > 0.
If we assume that § is a regular distribution then we can easily obtain

exp{ ) =lo1=| [ s)o(s2as < - [ 6(spas

and by taking the limit a — 0 we obtain a contradiction.
The derivative of § is, following Definition 3.29, defined by

(6,0) = —(6,¢) = —¢(0)
Similarly the nth derivative of & is given by
(6™,0) = (D)™ (8,¢") = (=D™¢™(0)

A particularly useful example is provided by the functional £6 with f(x) = x
€ (—1, 1) =: Q. In this case we have, for all ¢ € Cy(Q2)

(£8)(p) = (x8)(9) = (x6, ) = (6, x¢) = [¥¢l.—0 = O
Thus x8 = 0 € (C5())’ is the zero distribution on D(Q).
Every continuous function is locally integrable and hence generates a distribu-

tion (see Definition 3.26). However, there are many discontinuous functions
which are also locally integrable.
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Example 3.31. Consider the function f defined by

f@)=la"?, xel-11

This function has a singularity at the origin. However, it is locally integrable
since

[irlas= ["1s as

is bounded in each interval (a, b) c [—1, 1]. Thus f generates a distribution f
defined by

—1/2

1
t(@)=(£,0)= [ Isl P o(s)ds, peCFI-11]

Hence f is a regular distribution.

Example 3.32. The function defined by |x| is a locally integrable function which
is differentiable for all x # 0. However, it is not differentiable at x = 0. Neverthe-
less, it has a generalised derivative which is calculated as follows. For any test
function, ¢, we have

(X1, 0)= (X1, 0")

= [ Isip'(s)ds
=" slo'syas — [ isio(s)as
- _fiooo(p(s)ds + fox @(s)ds

where we have integrated by parts and used the fact that the test function ¢
vanishes at infinity. We now introduce a function sgn defined by

-1 for x<0

sgn(w) = {1 for <0

It is not necessary here for us to specify sgn(0) since it can be shown, as an easy
exercise that the above function will generate the same distribution sgn for any
choice of sgn(0). Consequently, we have from the above that for all p € D

(X 0)= [ sen(s)p(s)ds
= (sgn, ¢)
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Therefore, we say that |X|’= sgn, in the sense of distributions.

We remark that since the generalised derivative is a distribution it is meaning-
less to talk about its value at a point; it can only be given any meaning over an
interval.

Example 3.33. The Heaviside function, H, defined on [—a, a] by

0, —a<ax<0
H — ) —
@) {1, 0<zx<a
is locally integrable and generates the distribution H according to

Hp)=H,0)= [ H(p(s)ds= ["o(s)ds, 9€Ci(~a,a)

Hence, H is a regular distribution.
The distributional derivative of H is calculated, in the now familiar manner,
as follows, bearing in mind that the test function, ¢, vanishes at infinity.

M, g)=—["¢/(s)ds=p(0)= [ 8(s)p(s)ds = (8,0) = 8(p)

Therefore, we see that H = §, in the sense of distributions.

Although the previous discussion has been conducted with respect to ordinary
derivatives nevertheless similar results can be obtained for partial derivatives
using the multi-index notation introduced earlier.

When we come to deal with differential equations having the typical form

Lu=f

where L is a given differential expression then various types of solution must be
considered. If f is a regular distribution generated by a function which is locally
integrable but not continuous then the above equation cannot be expected to have
any meaning in the classical sense. A similar observation holds if f is a singular
distribution. In these cases we say that the equation holds in the sense of distri-
butions. The solutions to this equation which might be obtained in these cases
will be distributions and are known as weak or generalised solutions of the
equation.

Example 3.34. Consider the differential equation
xuw'(x) =0, xe (=11

This equation has a classical solution
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u(x) = constant

However if we regard the equation as a distributional differential equation then
it has a weak or generalised solution of the form

uzclH+Cz

where H is the distribution generated by the Heaviside function, H, and c,, ¢, are
constants. To see that this is indeed the case we first notice that (see Example
3.33)

’

u = 016
This, in turn, indicates that for any test function ¢
xu'(@) = (xu’, ) = W, x¢) = (:6, x¢) = c1{(xp)(0)} = 0

and we conclude that xu” = 0, or equivalently, xu’(x) = 0 in the sense of
distributions.

Again, there are various kinds of solution of an equation of the form Lu = f
when it is considered as an equation involving a generalised function f. These are
classified as follows.

Definition 3.35. (i) A distribution, u, satisfying the equation Lu = f is called a
distributional or generalised solution of the equation.

(ii) A function u which is sufficiently continuously differentiable and thus
generates a regular distribution u which satisfies Lu = f in the generalised sense
is called a classical solution of the equation Lu = f.

(iii) A function v which is not n-times continuously differentiable, and there-
fore cannot be a classical solution of Lu = f, but which generates a regular dis-
tribution, u, which is a generalised solution of Lu = f is called a weak solution
of Lu = f.

(iv) A distributional solution of Lu = f is a solution u which is a singular
distribution.

Finally, in this subsection, we briefly sketch, for later use, the notion of the
convolution of two distributions f and g.

The classical formula for the convolution of two continuous functions f and
g defined on R is given by

(@)= [ fa—y)ewdy = [ gz —y)dy

In the distributional case we adopt the following.
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Definition 3.36. The convolution, f * g of two distributions f and g is defined to
be

((E * (@), p(x)) = (f(x), (W), p(x + Y

where ¢ € D. We have abused notation slightly in order to emphasise the
“integration” variable. Furthermore, we have assumed in this definition that the
distribution g has compact support. Consequently, the right-hand side of this
expression is well defined since

o(x) :== (8w, 0o(x + y))

is a test function.
We notice that when f and g are regular distributions then f * g is also a regular
distribution and we recover the classical formula for the convolution of two

functions.

Example 3.37. The Dirac delta concentrated at x = a is denoted 8,(x) and defined
to be

0,(x) =dx — a)
This has the property (see Definition 3.25)
(8u(), 9@)= [ 8u(@)p(x)dx = g(a)
Furthermore, if f is a regular distribution then

((f * aa)(x)’(p(x)> = <f(1'), <8a(y)’(p(m + y)»
= (f(x),p(x + a))
= (flx — a),p(x))

Thus, remembering that the integration variables are only written in for conven-
ience, we have

f(x) * 8,(x) = f(x — a)
in a distributional sense.

Since it can readily be shown that different locally integrable functions define
different distributions it follows that the set of locally integrable functions can
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be embedded in the set of all distributions. An even more powerful result can be
obtained, namely, that D is dense in 7). Hence every distribution is a weak limit
of test functions. For more detailed discussion of these remarks see the Com-
mentary and the references cited there.

With these various observations in mind we see that when a function f is
considered as a distribution then it is identical to all functions which can be
obtained by changing the values of f(x) on isolated points, more precisely, on sets
of measure zero. Hence, a distribution is not associated with a function but with
an equivalence class of functions which are equal almost everywhere (ae), that
is, everywhere except on sets of measure zero.

The use of bold type to indicate a distribution will be suppressed from now
onwards. Whether a quantity f is to be regarded as either a function or as a dis-
tribution will usually be clear from the text. However, the bold type will be
restored if clarification is needed.

3.5 Fourier Transforms and Distributions

Integral transforms play an important role in mathematical analysis and its appli-
cations. Perhaps one of their most impressive properties is that they can transform
differentiation into the algebraic operation of multiplication by a scalar. Conse-
quently, if we are faced with having to solve an ordinary differential equation for
an unknown function « then we can use a suitable integral transform to obtain an
equivalent algebraic equation for #, the transform of u. We then solve the algebraic
equation for % and recover the required solution function « by means of an associ-
ated inverse integral transform. Similarly, a partial differential equation involving
an unknown function v can be transformed into an equivalent ordinary differential
equation for the transformed function 9. The required function v is recovered by
solving for ¥ and then using an associated inverse integral transform.

The prototype of such transforms is the Fourier transform. Here we give a
very brief sketch of some of the more important aspects of the classical Fourier
transform. Full details of the theory of Fourier transforms and their applications
can be found in the references cited in the Commentary. In this connection we
would particularly recommend [3], [10] and, for the mathematical theory, [11].
Once we have introduced the classical Fourier transform we shall turn attention
to the notion of generalised Fourier transforms which cater for distributions.

Definition 3.38. A function f:R — C is said to be absolutely integrable if
[ 1r@)lde exists.

Examples 3.39. (i) Every test function is absolutely integrable.

(ii) Every continuous function which tends to zero faster than || “*®, where
a>0,as 0< a<|x| — o is absolutely integrable.

(iii) No polynomials, other than the trivial polynomial which is everywhere
zero, are absolutely integrable.
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The classical Fourier transform is defined as follows.

Definition 3.40. For any absolutely integrable function, f, the (classical) Fourier
transform of f, denoted f , is defined by

A 1 00 —ina A
f(p):Eﬁxf(x)e Pdw=(F f)(p)

The integral is convergent since fis absolutely integrable. Indeed, it can be shown
to be uniformly convergent with respect to p.

Definition 3.41. A function f:R — C is said to be piecewise smooth if

(i) all its derivatives exist and are continuous except possibly at a set of
points x, x5, a3, . . . such that any finite interval contains only a finite number of
the x;.

(ii) the function and all its derivatives have at most a finite number of jump
discontinuities.

(iii) The function is said to be n-times continuously differentiable if (i), (ii)
are satisfied with “all” replaced by “its first n”.

Associated with Definition 3.40 is the inverse transform.

Definition 3.42. If f is absolutely integrable, continuous and piecewise smooth
then

L[ a3 -
F@)=7= [ F @ ap = (F @) = P f
where F'* is the transform inverse to F.

Definitions 3.40 and 3.42 can be combined to provide what we will come to
call an inversion theorem of the form

)= 7= [ f@e e = (7)) 3.
F@) == [ Py " ap = (B @) (32)

In practice we will always have to demonstrate that Definitions 3.40 and 3.42
are available; that is, we have to prove the inversion theorem for the problem
being considered. The proof of such a theorem is not easy. Nevertheless, Fourier
transforms play a central role in modern applied mathematical analysis. Their
important property is the reciprocal nature of the transform as indicated by the
proved inversion theorem. A glance at Definition 3.40 and Definition 3.42 indicates
that f'is related to f in the same way that f is related to f apart from a minus sign.
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We shall return to this aspect in subsequent chapters. In these later chapters we
will see that it is possible to construct an integral transform which is particularly
appropriate for the specific problem under consideration in that it has an associ-
ated inverse theorem.

The Fourier transform we have just introduced has the following properties.

Example 3.43. Let f be an absolutely integrable and piecewise smooth
function.

@ f-2)=(N)
(i) (f)(p)=inf(p)
(iii) ;—p[(ﬁ D)= —ilF (2)](p)
(iv) If f,(x) := f(x — @) then
(Ff,) = exp(—ipa)(F f)(p)

The details are left as an exercise.

An alternative Definition of the Fourier transform which is frequently used is
given by

F)= [ f@e dw=(Ef)(p)=F(p)f
L[ femre®dp — (Fs (1= F
S@y=o— [ e Pap=(Fxf)=Fx@)f

The two transforms are related in the following way

Fp)= %nﬁ*(—p)
F(x) = V2n F*( - x)

This follows directly from the definitions. Corresponding to the properties out-
lined in Example 3.43 we have

Example 3.44. For f~ as in Example 3.43 we have
@ 27f(—2)=(f)(x)
(i) () (p)=—ipnf(p)

(iii) %[(Ff)(p)] — [P (NP
(iv) If f,(x) := f(x — a) then
1) = exp(—ipa)(F)D)

In the following chapters we shall use the Fourier transform in the form F.
This transform can be interpreted by saying that any (sufficiently “nice”) function
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fcanbe regarded as a superposition, either as a sum or as an integral, of an infinite
number of sinusoidal waves (characterised by exp(—ipx)) with different frequen-
cies p where the wave of frequency p has amplitude f (p) V27 . For this reason
the integral relation

F@) == fi T P = (B )

is called the spectral resolution of the function f and f is referred to as the
spectral density of f.

The development of the theory of Fourier transforms based on Definition 3.40
and Definition 3.41 is inadequate for our purposes. This is because the theory is
restricted to absolutely integrable functions and these are not suitable for the
analysis we have in mind. To see this simply recall that we are mainly interested
here in differential equations and these have solutions that have the form of either
polynomials or trigonometric functions or exponential functions and none of
these are absolutely integrable. This means that the forms we are most interested
in do not have Fourier transforms in the classical sense of Definition 3.40 and
Definition 3.42. Consequently, we might expect to get a better theory of the
Fourier transforms if we work in terms of generalised functions and this indeed
proves to be the case.

The intuitively natural way to define the Fourier transform of a generalised
function f is to define f , the Fourier transform of f by

(£,0) = (£,0) (3:3)

for all ¢ € D. However, the right-hand side of (3.3) does not make any sense
because, in general, (/3 is not a test function since the Fourier transform of a func-
tion of bounded support (see Definition 3.21) is not usually also a function of
bounded support. To overcome this difficulty and at the same time retain as much
as possible of the methodology we have so far outlined we could try to introduce
a new space of test functions, denoted by S(R), with the property that Fourier
transforms of functions in S(R) would also be in S(R). This means that we would
have to develop another version of distribution theory, using exactly the same
methodology as before, but with certain technical modifications that would
ensure that Fourier transforms do indeed fit into the theory. With this in mind we
introduce

Definition 3.45. A smooth function f:R — C such that for all n, » > 0
2" (x)—0 as |x|— oo

is called a function of rapid decay.
The set of all functions of rapid decay is denoted by S(R).

The collection S(R) can readily be shown to have the following properties.
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Properties 3.46. (i) Every test function is a function of rapid decay, that is
D C S(R).

) If ¢, o € SR) then (a@ + bp) € S(R) for all constants, a, b.

(iii) If ¢ € S(R) then x"¢"(x) € S(R) for all n, r > 0.

@iv) If |2"¢"(x)| is bounded for each m, r > 0 then @ is a function of rapid
decay.

(v) Every function of rapid decay is absolutely integrable.

Because of its particular importance in applications we prove the following
result.

Theorem 3.47. If ¢ € S(R) then (/3 € S(R)

Proof.

¢ Property 3.46(v) = ¢ has a Fourier transform.

® Properties 3.46(iii) and 3.46 (v) = 2" ¢(x) is absolutely integrable.

e Example 3.43(iii) applied » times shows that (;3 is differentiable n times for any

n.
¢ Applying Example 3.43(iii) » times we obtain

p"fp(”(p)‘z
r d " —ipx

= = dx

‘fo (p(x)(dx) ¢ ‘

[

p" [ (~iw) p(a)e " dal

where we have integrated by parts n times. Hence

dx

0" ()| < fk‘(%) (@"p(x)

Properties 3.46(iii) and 3.46(v) guarantee the convergence of the integral on the
right-hand side and thus we obtain a bound on the left-hand side. It then follows
by Property 3.46(iv) that qf) is a function of rapid decay. |

A notion of convergence in S(R) is introduced as follows.

Definition 3.48. If ¢, ¢, ¢, are functions of rapid decay then we say that ¢, — ¢
in S(R) as m — oo provided that for all integers r and n we have, uniformly in x

2P(x) = "¢ (x) as m —

With this preparation we can now introduce the following.
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Definition 3.49. A distribution of slow growth is a continuous linear func-
tional on the space S(R). Alternatively, we say that it is a linear functional which
maps every convergent sequence in S(R) into a convergent sequence in C.

We remark that every distribution of slow growth is a distribution in the sense
introduced earlier. The converse, however, is not true.

It is generally true that functions of slow growth generate distributions of slow
growth and that functions which do not grow slowly, in the sense described
above, generate distributions which are not of slow growth.

Ordinary functions which grow too rapidly at infinity do not belong to the set
of distributions of slow growth. This we can express more precisely in the fol-
lowing manner.

Definition 3.50. (i) flx) = O(x") as |x| — oo means that there exist numbers A
and R such that |f(x)| <A |x|" whenever |x| > R.

(i) A function f:R — C which is locally integrable and such that f(x) = O(x")
for some n as |x| — o< is called a function of slow growth.

Example 3.51. (i) Every nth degree polynomial is O(x").

(i) e is not a function of slow growth since x™"e™ — o0 as |x| — oo for
any n.

(iii) €™ is a function of slow growth if x and a are real.

Definition 3.52. To each locally integrable function of slow growth, f, there
corresponds a distribution of slow growth, f, a regular distribution, defined
by

t,9)= [ f(@p@)dr, peS®R)

We have introduced the above statement as a definition. However, it is fre-
quently presented in the form of a theorem in which it is proved that the above
functional has all the properties required to ensure that f is a distribution of slow
growth.

With these several results and remarks in mind, a theory of distribu-
tions of slow growth can now be constructed in a similar manner to that
used when dealing with ordinary distributions. We leave the details as an
exercise.

The reason for introducing the space S(R) was to be able to define Fourier
transforms of distributions in the same way as already discussed for ordinary
functions.

We define the Fourier transform f of a generalised function f by

&) =), for @e SR)

In order that this definition should make sense we need the following technical
result (see [2], [11]).
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Theorem 3.53. If f is a distribution of slow growth then the functional
f:0 — (£, ¢) is a distribution of slow growth.

With this result available we can introduce the following.

Definition 3.54. (i) Iffis adistribution of slow growth then its Fourier transform
is the distribution of slow growth, f', defined by

E,0) = (£ ¢), for e SR)

(ii) If fis a locally integrable function of slow growth then the distribution,
f, is called the generalised Fourier transform of f.

We now have available, symbolically, the same structure as that used for
ordinary functions. Indeed, Examples 3.43 and 3.44 will hold with f replaced by
f appropriately.

We conclude this section by giving examples of the Fourier transforms of

some frequently occurring functions.

FExample 3.55. The simplest function is the constant function. Write 1 for the dis-
tribution generated by the constant function whose value everywhere is 1. Then

(Lo)=@¢)= [ 1-4@)dx = [ f(a)dx
Now
_ 1 —ipx
@@ == [ " ol
which implies
@O =— [ ()
P g Jx?
Using Example 3.43(i)
(@)(0)=(=0)=¢(0)
Combining these several results we obtain

A

1 n 1 .z 1 1 .
(o)== [ oz = =)0 = 7=0(0) = — [  p@)d@)dx

and conclude that

=275
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Example 3.56. (i) Write x for the distribution generated by the function f defined

by f(x) = x.
Then
& =218
(if) o
6=—7+1
Vor
(iii) — 1
6 _ __ = piax
(x a) N e

(e:“\‘”’”) =2n8(x +a)

The details are left as an exercise.
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4

Hilbert Spaces

4.1 Introduction

In this chapter we generalise the familiar concepts of algebra and geometry that
we used in a Euclidean space setting when we have always been dealing with
numbers and the numerical values of functions. We now want to extend these
ideas in such a way that we can discuss the functions themselves rather than their
numerical values. It turns out that a particular type of normed linear space called
a Hilbert space provides an ideal setting for this purpose.

We begin by defining an inner product which is an abstract version of the
familiar scalar product of elementary vector algebra. This will allow us to define,
just as in finite dimensional Euclidean spaces, the notion of angles, particularly
right angles, in abstract vector spaces. We then go on to introduce the idea of two
elements of an (abstract) vector space being perpendicular. This is followed by
a discussion of how sets of perpendicular elements of a vector space can form a
basis for an infinite dimensional space in a similar way that the x, ¥ and z-axes
form a basis for R®.

We end this chapter with a brief outline of the salient features of operators
on Hilbert spaces.

Definition 4.1. An inner product on a vector space X is a rule which assigns to
elements x, ¥y € X a real or complex number, denoted by (x, y), called the inner
product of x, y € X which has the properties

(i) (x, x)isreal and positive for all x # 6 the zero element in X and (6, 6) =0

(i) (x,y) =y, x) for all x, y € X where the bar denotes complex conjugate

(iii) (ax,y) = a(x, y) for all x, y € X and any scalar a

iv) @+y,2)=@,2)+ (y,2)forallx,y,z e X.

A vector space X together with an inner product (., -) is called an inner
product space.

We notice that for a real inner product space the bar is redundant since all
the inner products are real. Furthermore, we see that (ii) and (iv) imply that we
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also have (¥ + y, 2) = (#, 2) + (y, 2). Thus, the algebraic properties of an inner
product space would appear to be the same as for the scalar product in ordinary
vector algebra. However, there is one important difference. In a complex space
the inner product is not linear in both arguments. It is, in fact, conjugate linear
in the sense that (x, ay) =a(x, y) for any scalar a and x, y € X. This follows from
Definition 4.1(ii) and (iii)

(@, ay) = a(w, y) = a(x, y)

Examples 4.2. (i) On C", the set of n-tuples of complex numbers x = (x1, 2, . . .,
Xn), ¥y = (W1, Yo, ..., Yn) Where xy, yr € Cfork =1, 2,. .., n, we can define an
inner product

n —_—
(%, ay) = Zxk Yk

k=1

For the corresponding real space, R", we can define an inner product with the
same symbolic form but now all quantities are real.

(ii) On Cla, b], the set of complex-valued, continuous functions defined on
the interval [a, b] € R we can define an inner product of the form

o= [ re@ar, f,9¢Cla,b

Definition 4.3. On any inner product space, X, we can define a norm by
l)|* = (2, 2)

Exercise 4.4. (i) Verify that the inner products introduced in Example 4.2
satisfy the inner product axioms in Definition 4.1.

(ii) Verify that the quantity |-| introduced in Definition 4.3 is indeed a
norm.

The norm induced by the inner product introduced in Example 4.2(ii) is
referred to as the square integrable norm since

IE=Cf 0= [ i@ de= [ i do

The set of all continuous functions defined on the interval [a, b] endowed with
the square integrable norm is a normed space (verify). Convergence in this normed
space is understood as follows.

Definition 4.5. Let F, f1, f5, f3,...be functions with action either R — R or
R — C. We say that f,, > F in the mean on [a, b] as n — oo if
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[l 1@~ F@ydz—0

Clearly, this definition only holds for functions that are sufficiently well behaved
for the integral to exist.

Convergence in the mean is less demanding than uniform convergence. It is
called convergence in the mean because it is the mean value of (f,, — F') that
tends to zero and not the value at particular points.

The idea of convergence in the mean is particularly important in mathematical
physics. The equations in mathematical physics are often solved by series expan-
sion methods, for example Fourier series. These expansions do not always con-
verge uniformly but they often can be shown to converge in the mean.

Some of the differences between the types of convergence mentioned above
are given by the following example.

Example 4.6. Define functions f,, n = 1, 2,. .. by f,(X) = exp(—nx). It is clear
that f,, € C[0, 1]. Furthermore, for each x € [0, 1] we have

folx) > Flx) as m— 4.1
where F'is defined by

Flx)=0 for x#0
F0)=1

We emphasise that the result (4.1) is a statement about the convergence of a
sequence of numbers, f,(x), for any x € [0, 1]. It is not a statement about the
sequence of functions f,,, n = 1, 2, ... The statement (4.1) indicates that f,, »> F
pointwise. It is also the case that f,, — F'in the sense of convergence in the mean.
The integral involved is [} exp(—2nx)dx which is easily evaluated and can be
shown to tend to zero as n — oo.

In this example F ¢ C[0, 1] since it is discontinuous. To ease matters we may
be tempted to consider the function Fj defined by

Fo(x)=0 forall xe [0, 1]

Clearly F, € C[0, 1]. We can now ask if f,, — Fj in the sense of convergence in
([0, 1]. Different answers can be obtained depending on the norm used on CJ0, 1].

We have seen that the collection C[0, 1] can be turned into a normed space
in a number of ways. We consider two cases.

Case 1I:

C[0, 1] is endowed with the uniform norm defined by

[/1-=sup{lf(2)]: 0 <2 <1}

This is also referred to as the sup. norm.
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Case 2:
C[0, 1] is endowed with the square integrable norm defined by

1= [ 1o o

Using the uniform norm we conclude that f — Fj. This follows because
| fn(0) — Fp(0)| = 1 for all » and hence sup |f,(x) — Fo(x)| cannot possibly tend
to zero. However, if we use the norm in Case 2 then a simple integration indicates
that f,, — Fp.

Limits in the mean are not unique. This is because the value of an integral is
unaffected by changing the value of the integrand at a number of isolated points.

We see from the above that there are two important types of convergence in
Sunction spaces. The first is uniform convergence, which is convergence with
respect to the sup. norm introduced in Case 1 above. The second is convergence
in the mean which is convergence with respect to the integral norm introduced
in Case 2.

We have seen above that a sequence of continuous functions can converge in
the mean to a discontinuous function. However, such a sequence cannot converge
uniformly to a discontinuous function. Yet we notice that any uniformly conver-
gent sequence in Cla, b] can be integrated term by term and as such converges
in the mean. Therefore, we see that uniform convergence implies convergence in
the mean but the converse does not hold.

One of the powerful features of applied functional analysis is that it provides
a means of introducing and working with a norm which is best suited to the
problem in hand. In much of the analysis in this monograph we shall be working
in a Hilbert space rather than a Banach space structure. A particularly important
and frequently occurring Hilbert space is La[a, b].

Definition 4.7. Ly[a, b] is the completion of C[a, b] with respect to the square
integrable norm.

Thus Ls[a, b] contains all functions which are the limits of continuous func-
tions in the sense of mean convergence.

Example 4.8. We have seen that Ls[a, b] contains discontinuous functions.
Indeed, it can contain functions that have infinite discontinuities provided that
the discontinuity is “nice” enough for it to be square integrable. For instance the
function f defined by f(x) = = is an element of Ly[0, 1]. However, the function
g defined by g(x) = 2~%3 is not. We can conclude that every function f which is

such that the integral J |/ (% )W dx exists is an element of Ly[a, b].
There is an important aspect of Ly[a, b] which much always be borne in mind,

namely the space Ls[a, b] contains functions which are not integrable according
to the theory of Riemann integration.
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For example the function F' defined by F(x) = 1 for rational values of x and
zero for all other values of x is a discontinuous function and is such that
f ZlF(yc)l2 dx does not exist in the Riemann sense. Now, Riemann integration is
the “usual” method of integration which we use in practical problems but this
little example shows that Riemann integration is not always adequate. Fortu-
nately, a more powerful integration theory is available, namely Lebesgue integra-
tion theory [5], [9], [11], by means of which we can show that the above integral
does exist and hence that F' € Ls[a, b].

In this monograph there will be no need to have a detailed knowledge of
Lebesgue theory. It will be sufficient simply to know it is available. Consequently,
Lo[a, b] can be regarded as a Banach space which contains all ordinary, that is
Riemann, square integrable functions together with other functions which are
highly discontinuous, just like the function F introduced above, which must be
included to make the space complete.

This situation is eased by recalling that Ls[a, b] is the completion of Cla, b]
with respect to the square integrable norm. Thus, every element of Ls[a, b] can
be approximated, arbitrarily well, by elements in C[a, b]. That is to say, Cla, b] is
dense in Ly[a, b] (see Definition 3.9). For this reason we really need only work
with elements of C[a, b] initially and then, if necessary, use denseness arguments
to obtain more general results.

We see that the notion of an inner product as introduced here is an abstract
version of the familiar scalar or dot-product of finite dimensional vector algebra.
In this connection simply think of the algebra used in n-dimensional Euclidean
space R".

We have already mentioned that when analysing problems it is often more
profitable and easier to work with the actual functions involved rather than with
the numerical values of such functions. Working in the structure of inner product
spaces provides a means of doing this. In order to complete this introduction of
an analytical structure that will enable us to work meaningfully with functions
rather than with their numerical values, whilst still retaining the familiar methods
used in finite dimensional Euclidean space, we need the additional ingredient of
orthogonality. Once this concept has been introduced it will lead naturally to
the meaning of the angle between two functions and of a basis of an infinite
dimensional space.

We notice from the above that, should we so wish, we could build up essen-
tially all Euclidean geometry in the context of an inner product space structure.
With this in mind we recall the following familiar result [5].

Theorem 4.9. (Cauchy-Schwarz inequality)
For any complex numbers x, yr, k=1,2,...,n

2

s[imf

k=1

n . n 9
S w [znm ]
k=1 k=1

where the bar denotes complex conjugate.
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Corollary 4.10. (Cauchy—Schwarz inequality for integrals)

[ s <( [ [ o)

Jor any functions f and g that ensure the integrals exist.

An abstract version of these two results is available for general inner product
spaces. To indicate this we need a little notational preparation.

Definition 4.11. Let Vbe avector space and S c Vasubset of elements x1, 2y, . . .,
2p. Consider the relation

D
Zakxk =0 (42)

k=1
where ax, k =1, ..., p are scalars. If (4.2) only holds fora; =0,k =1, ..., pthen
the elements xy, kK = 1, ..., p are said to be linearly independent and S is a
linearly independent subset of V. The elements x;, £k = 1,..., p are said

to be linearly dependent if they are not linearly independent. That is, (4.2)
will hold for some p-tuple of scalars not all of which are zero. Similarly S is a
linearly dependent subset of V if it is not linearly independent.

Definition 4.12. A vector space V is said to be finite dimensional if there is a
positive integer n such that V contains a linearly independent set of n elements
but any set of (n 4+ 1) or more elements of V is linearly dependent. The integer
n is the dimension of V and is denoted dim V = n. By definition the vector space
V = {6}, where 0 is the zero element, is finite dimensional and dim V = 0.

If Vis not finite dimensional then it is infinite dimensional.

Infinite dimensional vector spaces are of greater interest than the finite dimen-
sional ones. This is particularly true for practical problems defined in terms of
partial differential equations. For instance C[a, b] is infinite dimensional whereas
R" and C" are finite dimensional.

With this preparation the abstract version of Theorem 4.9, suitable for use in
inner product spaces, can be stated in the following form [5].

Theorem 4.13. (Schwarz inequality)
Let V be an inner product space.
@ 1@< @, 2, y) for any x, y € V.
(i) Fquality in (i) only holds if x and y are linearly dependent.

We have already seen that in any inner product space we can define a norm
by

l2]? = (x, %)
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Consequently, the Schwarz inequality can be written in the form

(e, )l < llell (4.3)

This important result indicates that in a real inner product space we have

_1<®Y
ety

If we compare this result with the expression

Xy

oS =——
[yl

where ¢ denotes the angle between two vectors x and y in three-dimensional
geometry then we can define an angle between two elements of an inner product
space by

-1 (-T,y)
= 4.4
P=cos {uxuuyu} @D

4.2 Orthogonality, Bases and Expansions

In the previous section we defined, in (4.4), the angle between two elements of
an inner product space. A particularly useful notion which comes out of this is
that of orthogonality.

Definition 4.14. (i) Two elements x, y of an inner product space, X, are said to
be orthogonal if (x,y) = 0.
(ii) A set of elements {xx};~1 < X is called orthonormal if

(1, k=m
(xk,xm)—{o, k= m

This definition applies to both real and complex inner product spaces.

Examples 4.15. (i) For C? endowed with the inner product

2 _
(xa y) = Zxkyk) X,y e Cz
k=1

the elements x = [1,7] and y = [1, —¢] are orthogonal because
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(ii) For C[0, ] with inner product

(o= [ f@)g(@) d

the functions defined by f(x) = sin(mx) and g(x) = sin(nx) are orthogonal for
any positive integers m, n with m # n.

An abstract version of Pythagoras’ theorem is as follows.

Theorem 4.16. If x and y are orthogonal elements of an inner product space
then

e+ yl” = 2l + Iyl

Proof.

e +yIf = (@ +y, 2 +y)=(@,2)+ @)+ @) + @ 2) = +lyF W

It is perhaps interesting to remember the amount of labour involved in proving
this result in elementary geometry classes!

We recall that all vectors in R? can be expressed in terms of three unit vectors
one each in the direction of the x-, y- and z-axis respectively. The three unit
vectors are said to form a basis for R? and the coefficients attached to each, when
expressing an arbitrary vector, v, in terms of these basis elements, are referred
as the components of v with respect to the basis. We want to parallel this situation
when working in infinite dimensional spaces. To this end we introduce the
following.

Definition 4.17. A set of elements {x;} of an inner product space is called an
orthogonal set if

1) (xj, ) = 0 whenever j # k

(ii) for each k we have x; # 60 = zero element.

Part (ii) of this definition excludes the zero element. The effect of this is
indicated by the following.

Lemma 4.18. A finite orthogonal set is linearly independent.
Proof. Let {x:)i—1 be an orthogonal set. We want to show that Xj_ic,x, =0

implies that the scalars ¢, k = 1, 2, 3,. .., n are all zero.
If Z;_jcpa;, =0 then for any j

n
0= [chxk, Xj
k=1

n
2
= ch(xk, %)= cillagll
k=1
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the last equality following by orthogonality. Therefore we conclude that ¢, = 0,
k=12, 3,..., n provided ||x;| # 0. This is assured by part (ii) and the
required result follows. |

This result indicates that any set containing the zero element is a linearly
dependent set. We shall rely on this result later when we work with various types
of expansions which are particularly useful in applications.

Definition 4.19. An orthogonal basis for an inner product space Vis an orthogo-
nal set {e,} which is such that for any x € V there are scalars c,, such that

0
X = Z Cr€y
k=1

It should be noted that not every (inner product) space has a basis. It might
be that a space is so large that infinite linear combinations such as those in Defini-
tion 4.19 do not account for all elements of the space. However, those spaces,
and especially inner product spaces, which occur in applications usually do have
a basis. Furthermore, in applications it turns out the spaces involved are usually
complete. Consequently, for the remainder of this monograph we shall adopt the
following definition.

Definition 4.20. A complete inner product space with a basis is a Hilbert space.

When we are working in finite dimensional spaces a basis is a very useful
commodity because instead of manipulating the vectors or elements of the finite
dimensional space we can manipulate their components. These components are
numbers, either real or complex, and as such are often more amenable to com-
putation than the elements themselves. It turns out that much the same thing is
true in infinite dimensional spaces. Consequently, it is of prime importance to
know how bases can be constructed for infinite dimensional spaces. The follow-
ing offers a systematic and constructive method for doing this.

Theorem 4.21. (Gram—Schmidt orthogonalisation process)

Given a sequence { f,} in an inner product space there is an orthogonal sequence
{gn} such that every finite linear combination of the f, is a finite linear combi-
nation of the gy.

The proof of this theorem is straightforward and constructive. However, it is
rather lengthy and the details can be found in standard texts such as [5]. It
is sufficient for us at the moment to know that this process exists.

Elements of a Hilbert space can be represented as an infinite series of basis
vectors. The ability to do this will enable us to develop a number of powerful,
constructive methods for solving problems we encounter in applications. What
we are about to do is very similar to developing a classical Fourier series and it
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turns out that the required coefficients can be obtained in much the way as the
classical Fourier coefficients are determined. To see this we require the following
property of inner products.

Theorem 4.22. Let V denote an inner product space with inner product (-, -).
(D) If {xn} is a sequence in V such that x, — x € V as n — o then (x,, y) —
(x,y)asn > o forall y e V.
(i) If {uy} is a sequence in V and if S:= X2 u;, then

o0

Z(uk, y)=(S,y) forany yeV.
k=1

Proof. Using the Schwarz inequality we obtain

(X, ) — (2, P = (2, — 2, Y| <l — 2l Yl

and the right-hand side tends to zero by hypothesis.
The second part follows immediately by setting x = S and x,, = Zj_j%; in the
above. |

This result indicates that for fixed ¥y € V the inner product is a continuous
function of x and vice versa.

Theorem 4.23. Let {e,} be an orthogonal basis for an inner product space V.
Any x € V can be expanded in the form x =272 (cy,e.) where the coefficients cy,
are determined by

_&en) (4.5)

llell
Proof. Using the definition of basis we see that there are scalars (numbers) ¢,
such that for any x € V we have a result of the form x = X;Z,(¢,e;) . Consequently,
using Theorem 4.22 we have that for all n

(.%', en,) = ick(eka en)

k=1

All terms on the right-hand side of this expression vanish except when k = n and
hence (4.5) follows immediately. |

The importance of this last result is that it offers a generalisation of the usual
Fourier series expansion to inner product spaces.
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Definition 4.24. Let {e,} be an orthogonal set in an inner product space V. For
any x € V the series X} c.e; is called a generalised Fourier series and the
numbers ¢, defined in (4.5) are called the generalised Fourier coefficients or
expansion coefficients of x with respect to the set {e,}.

Once determined these generalised Fourier expansions will enable us to
decompose a given, hard problem into a number of simpler problems. This
aspect we shall deal with in detail in the chapter dealing with spectral theory.
Another benefit of having available a generalised Fourier expansion is that it
provides a means of developing constructive approximation procedures for use
in practical applications. To see this notice first that the coefficients (4.5) have
the property that i ,c.e, can be made as close as we wish to x simply by
taking N large enough. However, in practical, numerical computations we do
not have the luxury of having the ability to work with an infinite number of ele-
ments and consider what happens as N — oc. Instead we are constrained to
working with a finite number of elements. Consequently, we have to answer
questions of the following form. Given a finite set of elements ey, ey, ..., ey of
a Hilbert space then what linear combination of these elements is the best
approximation to a given element x in the Hilbert space? The answer will be an
expression of the form

N
> civer (4.6)
k=1

In (4.6) the coefficient c;y depends on N, hence the double subscripts in (4.6).
This means that if we use the coefficients cyy when using the finite set e,
e, ..., ey then we can expect to have to change all the coefficients to get the
best approximation to x if we work with a finite set of the form ey, ey, ..., ey,
en+1. However, it turns out that when the elements e, e, ..., ey are pairwise
orthogonal the coefficients in (4.6) are independent of N and are just the coeffi-
cients used (4.5). For this reason we will always make determined efforts in
applications to work with orthogonal sets and the associated orthogonal
expansions.
This remarkable feature is encapsulated in the following theorem.

Theorem 4.25. Let {e;}i—1 be an orthogonal set in an inner product space
V. For any x € V the coefficients ¢, which minimize |x —3_icpe,| are given
by (4.5).

Proof. Set ¢, = (x, ex) llex||? + di and expand |« — - cxe,| as an inner product.
Direct calculation of the inner product terms then clearly indicates that the
required minimum is obtained when d;, = 0 for all k. |
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In this overview of the notion of a basis we have been using the intuitively
obvious concept of the countability of a set. For the sake of completeness we
make this more precise as follows.

Definition 4.26. A set is said to be countably infinite if it can be put in a one-
to-one correspondence with the set of all positive integers.

A set is said to be countable if it is either finite or countably infinite. That is,
the elements of the set can be put into one-to-one correspondence with either a
finite set of integers or the set of all integers.

This definition simply means that we can label uniquely each element in the
set with an integer. For more details see the texts cited in the reference, in par-
ticular see [5], [9].

In many books dealing with Hilbert space theory the following result is
proved.

Theorem 4.27. An inner product space has a basis if and only if it contains
a countable dense set.

We remark that in applications this result is often taken as axiomatic.

A natural question to ask about the coefficients in the generalised Fourier
expansion of an element of an inner product space concerns their behaviour as
k — oo. It turns out that they tend to zero as indicated by the following
theorem.

Theorem 4.28. (Bessel’s inequality)
Let {ex} be an orthonormal set in an inner product space V. For any x € V

N2
> el <l
=1

where ¢, = (x,ek), k=1, 2, ...

This result leads to the following criterion for deciding whether or not a given
orthonormal sequence is a basis.

Theorem 4.29. (Parseval’s relation)

Let {ex} be an orthonormal sequence in an inner product space V. This set is a
basis for V if and only if for each x € V

N2
> el =]
k=1

where ¢, = (x,er), k = 1, 2,...are the expansion coefficients for x € V with
respect to the set {ey}.
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The proofs of these last two results can be found in any of the texts on func-
tional analysis cited in the References.

An important result which will lead the way to the spectral theorem and
associated decomposition results in a Hilbert space setting is the following.

Theorem 4.30. (Riesz—Fischer theorem)
Let {e;} be an orthonormal basis for an infinite dimensional Hilbert
space H.

If {ci} is a sequence of numbers with the property that the series X3, Ickl2
is convergent then there exists an x € H such that x =X} cpe, with ¢y =

(x, ex).

Here H could be a real or complex Hilbert space. Correspondingly, the numbers
¢ could be either real or complex.

Again the proof of this theorem is to be found in standard texts on functional
analysis [5].

We now provide some additional geometric aspects of abstract Hilbert spaces.
We begin with two frequently used notational features.

Definition 4.31. (i) An inner product space is called a pre-Hilbert space.
(i) A complete inner product space is called a Hilbert space.

Definition 4.32. (i) A subset G of a Hilbert space H is called a linear manifold
(or simply a manifold) if it is invariant with respect to linear operations, that is,
if A1, A2 are scalars then 119, + A292 € G whenever g, g2 € G.

(ii) A closed linear manifold is called a subspace of H.
Warning: Always check the definition of “subspace” being used by an author;
they do vary!

If G4, G2 are two manifolds in a Hilbert space H then the subset of H, denoted
G1 + Gy, consisting of all elements g € H of the form g = g; + g2 with g; € Gy,
g2 € Gq is called the sum of G; and Gos.

The subset G; N G2 ¢ H consisting of elements of H that are simultan-eously
elements of both G; and G5 is a manifold called the intersection of G| and Gbs.

Definition 4.33. Let G1, G2 be two manifolds in a Hilbert space H. The direct
sum of Gy and G», denoted G| D Gs is defined by

G DG =(G1+ G2:G1 NGz = {6))
where 6 denotes the (unique) zero element in H.

Definition 4.34. (i) Let Hy, k = 1, 2 be Hilbert spaces with inner products (, -)y,
k = 1, 2 respectively. The set of ordered pairs
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<.%', y>7 X e Hl) Yy e H2
is a Hilbert space, H, with linear operations and inner product defined by

Aen, Y1) + Az, yo) = (At + Ao, iyt + Aey2) (s, Yo, (X2, ¥2)
= (1, 221 + (Y1, Y2)2

where x1, x2 € Hi, y1, Y2 € Hs and A;, A are scalars, either real or complex.

The Hilbert space H is called the direct product of H; and H; and is denoted
H .= Hl X Hz.

(ii) Let Hy, k = 1, 2,...be a sequence of Hilbert spaces with structure
Gyl g, B = 1, 2,. .. respectively. Let H denote the set of sequences {xy}i-1
xr € Hy, k=1, 2,. .. which satisfy X2, ||xk||,% < o00. The set H is a Hilbert space
with inner product defined by

(x,y)= i(ﬂ% Yk

k=1

withx, ye Hand xy, yx € Hy, k=1, 2,.... We write

H= x H,
k=1

Hilbert spaces provide a very clear and easily workable extension of the
familiar algebra and geometry of finite dimensional spaces to infinite dimensional
spaces. In applications we want to know that such an extension is always avail-
able. This will mean that for much of the time in applications we can work as
though we were making the analysis in finite dimensional spaces. A limiting
process could then provide the more general results.

Let G be a subspace (or just a manifold) of a Hilbert space H. The elements
of H that are orthogonal to G, that is orthogonal to all elements of G, constitute
a subspace of H called the orthogonal complement of G in H which is denoted
G™". The dimension of G is called the co-dimension of G and we write co-
dimension G = dimG™.

One of the more powerful results of Hilbert space theory for use in applica-
tions is that a Hilbert space H has an orthogonal decomposition into the orthogo-
nal direct sum of subspaces G and G". This feature is encapsulated in the following
celebrated theorem.

Theorem 4.35. (Projection Theorem)
Let
(i) H be a Hilbert space with structure (-, -), ||-||
(i) M be a subspace of H
(iii) M" be the orthogonal complement of M in H.
Then every element x € H can be written uniquely in the form
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x=y+2 yeM yeM"
This theorem can be written compactly in the form
H=M®&M ={y+zye M,z M}
Furthermore, direct calculation shows that
el = iy +liel”

Theorem 4.35 is the bedrock for much of the analysis in this monograph and
indeed for the majority of practical applications. It provides a means for decom-
posing not only Hilbert spaces but also various operations that are performed on
them. This will often enable quite difficult problems to be broken down into
simpler and more easily manageable components.

4.3 Linear Functionals and Operators on Hilbert Spaces

A mapping is a generalisation to vector spaces of the notion of a function (see
Definition 3.10).

Definition 4.36. Let Vi, V5 be vector spaces and X;, X» subsets of V;, V, respec-
tively. A mapping, 7, with action denoted by T:X; — X3 is a rule which, given
any x € X; associates with it an element of X, denoted 7.

We shall write x — Tx to denote that x € X; is mapped into the element
Tx € XQ.

We now restrict attention to Hilbert spaces. Let H be a Hilbert space with
structure (-, -), ||

A mapping f of a manifold D(f) c H into a manifold R(f) c K =R or C is
called a functional on H and we write

S D(f)cH—->R(f)cK

This notation indicates that f can be either a real or complex valued function on H.
This mapping will be a linear functional if

SJuhy + Aoho) = A1 f(h) + Ao f(he)

for any ki, hs € D(f) and scalars A;, Ao. The manifold D(f) is called the domain
(of definition) of the mapping f whilst R(f) is the range of the mapping f.

A more general type of mapping is an operator.

A mapping L of a manifold D(L) — H onto a manifold R(L) with action
denoted by
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L:Ho D) ->R(L)cH
is called a linear operator in H if
L(Ahy + Ashs) = ML(ky) + AsL(hs)

for any hy, hy € D(L) and scalars A;, As. As above D(L) and R(L) are called respec-
tively the domain and range of the operator L.

A linear operator L:D(L) c H — R(L) c H is said to be densely defined on
H if D(L) is dense in H, that is, if D(L) = H.

Two of the simplest but quite important linear operators on H are

(i) the trivial operator © which is such that

®h = 0 = zero element in H, forall he H
(ii) the identity operator I which is such that
Ih=he H forall he H

Given a linear operator L defined in a Hilbert space H then all solutions of
the equation Lh = 6 € H form a manifold N(L) c H known as the null space or
kernel of the operator L.

When N(L) = {6} then the equation Lh = 0 € H has only the trivial solution
h = 0. In this case it is possible to define an inverse operator, L™, which is such
that [5], [9]

(i) D(L™Y = R(L) and R(L™Y) = D(L)

(i) L'g = h, where g € D(L™") = R(L) and h € H is the unique solution of
Lh=g

(iii) the property (ii) implies

L Y(Lh) = h € D(L)
L(L'g9)=ge DA™

An important feature of operators on a Hilbert space is provided by the fol-
lowing definition which offers a natural extension to infinite dimensional spaces
of familiar aspects of geometry in R>.

Definition 4.37. Let H be a Hilbert space and L:H — H a linear operator. The
set of all elements {(h, Lh) € H x H is denoted I'(L) and called the graph of L.
A linear manifold I' in H x H is the graph of some linear operator L if and
only if it does not contain elements of the form {6, g), g # 6.
Two linear operators L;, L» on a Hilbert space H are said to be equal if
D(Ly) = D(Ls) =: D c H and Lih = Lsh for any h € D. Equivalently the operators
are equal if I'(L;) = I'(Lo).
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Remark 4.38. We would strongly emphasise that it should always be borne in
mind that the operators L, Le with D(L;) # D(L2) are different operators even
if there holds Lih = Loh for any h € D(L1) N D(Ly).

An operator L’ is said to be an extension of an operator L (alternatively, L
is a restriction of L") if D(L) ¢ D(L") and Lh = L’k for all h € D(L). Hence, an
extension L’ of L is any operator which agrees with L when applied to elements
of D(L) but is arbitrary elsewhere. This arbitrariness is removed in practice by
requiring that the extension should have certain properties of the original opera-
tor, for instance, continuity. In the particular case when D(L) is dense in H it can
be shown that the extension is unique.

Let L be a linear operator in a Hilbert space H and let G; — H be a subspace.
Let G2 = G be the orthogonal complement of G in H. Further, set

D; = Gy N D)
Dy = Gy ND(L) = Gi N D(L)

The subspace (G is called a reducing subspace of L if
D(L) = D1 @Dz, LDl C Gl, LD2 C G2

It is clear that Gy = G7 is a reducing subspace (see Theorem 4.35).

We shall denote the restriction of L to Gy and G2 by L, and Ls respectively
and refer to L; and Ly as the parts (components) of L. It is clear that D(L) =
D1 @Dz and that

Lh = L1g1 + Lags, h e D(L)

where g;, k = 1, 2 is the projection of i onto the subspace Gy, k = 1, 2. Conse-
quently, R(L) = R(L;) © R(Ls). We shall refer to the operator L as the direct sum
of its parts Ly, L and we write L = L, D Lo.

It is clear from the above remarks that a study of the operator L is equivalent
to a study of its components L; and Ls.

A decomposition of an operator into more than two parts can be similarly
defined.

The above remarks provide the first indications of how a given operator might
be decomposed into several more manageable parts. We shall return to this aspect
in detail when we deal with the topic of spectral theory.

Let

LiH>DWy) - Ry cH k=12

be linear operators. Bearing in mind that usually these operators are not defined
on all of H we define their sum, L; + Ly, and their product, L,Ls, as follows
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D(L; + Lg) = D(L1) N D(Lg)
(Ly + Lo)h = Lih + Lok, h e D(L; + Ly) %))

and

D(L1L2) = {h € D(Lg):Lsh € D(L1)}
(LiL2)h = Li(Lgh), h € D(L1Ls) 4.8)

We remark that D(L; + L) = D(L1L2) = D(L2) when D(L;) = H. Also, in
general, L1Ls # LoLy, that is L; and Ly do not commute.
A linear functional, f, on a Hilbert space H is said to be bounded on H if

IF (I

= sup{ o

:heD(f)CH,h¢0}<oo 4.9)

where |f|| is the norm of the functional f.
Similarly an operator L on H is said to be bounded on H if

LIl := sup {% heD(L)C H,h= 0} <0 (4.10)

where || L| is the norm, or more fully, the operator norm of the operator L.
We remark that the operator L has a bounded inverse, L™, if and only if

mf{%:heD(L)cH,hie}w (4.11)
and
2] o
Iz = {inf{W :heD(L)C H, = 9}} (4.12)

It is possible to describe the general form of linear functionals on a Hilbert
space. Before doing this we need to introduce the following two results.

Theorem 4.39. If a linear functional is continuous at any one point then it
is uniformly continuous.

Proof. Let H be a Hilbert space. If f: H — K = R or C is continuous at g € H then

for any € > 0 there is a 8 > 0 such that |f(g + k) — flg)| < & h € H whenever
k|| < &. It then follows from the linearity of f that for any x € H

lf(x+h)—fl=1f(WI=Ifg+h)—f(gl<e
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whenever ||k| < 6. Since 6 is independent of x the required uniformity
follows. |

This result indicates that a linear functional is either discontinuous every-
where or uniformly continuous everywhere. Hence we shall simply call a
uniformly continuous functional a continuous functional.

Continuity and boundedness are essentially the same property for linear func-
tionals but not for functionals in general. Indeed the following result can be
obtained [5], [9].

Theorem 4.40. A linear functional is continuous if and only if it is bounded.

We now turn to a description of the general form of bounded linear functionals
defined on either a whole Hilbert space H or on a dense manifold D of H.
Consider the function Fj, defined by

Fn(g)=(9,h), ge H (4.13)
where h € H is given. This functional is linear by virtue of the properties of an

inner product and also continuous for the same reason. Alternatively, we can use
the Schwarz inequality to show that it is bounded with

F)
iF=sup{ DL g - o) <
lgll
Substituting g = h in this inequality we can conclude that ||F},| = ||k].

A general result in this connection is the following [5], [9].

Theorem 4.41. (Riesz representation theorem,)

If F is a bounded linear functional defined on either all of a Hilbert space,
H, or a dense manifold D(F) c H then there exists a unique vector h € H such
that

F=F,=(h with [F| = [F| = Ik

[An alternative, slightly more transparent, statement of this is as follows:
For every continuous linear functional F on a Hilbert space H there is a unique
h € H such that F(g) = (g, h) for all g € H.]

A proof of this important result can be found in the standard texts cited in
the References and Commentary.

The set of linear bounded functionals on H is denoted by H* and is referred
to as the dual of H (see Definition 3.27). We define linear operations and an inner
product on this set in the following manner.
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Definition 4.42. (Structure of H*) 3
(D) MFny + A Fpy = Fg, b := Ay + Azhe
(i) (Fny, Fny) = (h1,he) where Ay € Kand by, € H, k = 1, 2.

As a consequence of Definition 4.42 we consider H* as a Hilbert space. To see
that this makes sense we keep in mind (4.7). Then recognising that an inner
product is conjugate linear we have

(MFny + 22Fny)(9) = 2Fn (9) + AFny(9) = (g, k1) + (g, k)
= (9, M) + (9, Aohs) = Finz(9), hs = Ay + Ashe.

Furthermore, the Riesz representation theorem indicates that there is a one-to-
one mapping of H onto H* such that  — Fj,. This mapping is isometric because
| Fr|l = |k . Finally, it is conjugate linear because from the above

Mhy + Aohs —>Z1Fh1 +/T/2,Fh2

These several remarks indicate that to regard H* as a Hilbert space does indeed
make sense.

We now turn our attention to the corresponding features of bounded linear
operators defined on the whole Hilbert space H.

We denote by B(H) the set of all linear, bounded operators on H that map H
into itself. This set is invariant with respect to linear operations, that is, for scalars
€ K k=1,2wehave (A1L; + A2L2) € B(H) whenever L, Ly € B(H). Consequently,
B(H) can be considered as a linear space. We also notice that B(H) is invariant with
respect to products of operators, that is, L1Ls € B(H) whenever L,L, € B(H).

Much of the analysis that follows will involve approximation processes. Con-
sequently, we need an understanding of the convergence processes which are
available.

In Hilbert spaces there are two principal notions of convergence.

Definition 4.43. Let H be a Hilbert space with structure (, ), ||
(i) A sequence {x;}7—1 c H is said to be strongly convergent to an element
x e Hif

lim ||x, — 2| =0
k—oo
in which case we write
s—limax,=x
k—o0

(i) A sequence {x;}y-1 < H is said to be weakly convergent to an element
xe Hifforallye H

lim (2, y) = (%, y)
k—o0
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in which case we write

w— lim x,=x

—00

Bounded linear operators acting in Hilbert spaces will be of particular interest
to us in later chapters. Consequently, it will be convenient to introduce the fol-
lowing convergence concepts in B(H).

Definition 4.44. Let H be a Hilbert space and {Tx};—1 < B(H).
(i) The sequence {T}}i= is strongly convergent to T if, forallh € H

lim |3/ —Th||=0

and we write

s—HimT,=T

k—o0

(ii) The sequence {T}}%=1 is weakly convergent to T if {T;h}i=; is weakly
convergent to Th for all h € H and we write

w—1lm7T, =T

k—o0

(iii) The sequence {T}}r= is uniformly convergent to T if
Jim |7, — T =0

and we write

u—lim7,=T

k—oo
We remark that uniform convergence is sometimes called convergence in norm.

The following results will be useful later.

Theorem 4.45. Let H be a Hilbert space and Ty, T, Sp,Se€ B(H),k=1,2,...
@) If s=limy_T,=T and s—1lim;,_S,=S then s—lim,_T;.S,=TS.
() If u—lim,_ T,=T and u—lim;_ . S,=S then u—lim,_, . T.S,=TS.

For a proof of this see the references cited in the Commentary, in particular
[5], [6], [9]. We remark that a similar result does not hold for weak convergence.

4.4 Some Frequently Occurring Operators

In this section we gather together the salient features of some linear operators
which we will often meet in the following chapters.
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Definition 4.46. A bounded linear operator 7 on a Hilbert space H is invertible
if there exists a bounded linear operator 7! on H such that

TT'=T7"T=]

where [ is the identity operator on H.

We remark that in the above definition 7'is on H, that is D(T) = H. When D(T)
c H, that is when T is in H, then the definition will have to be modified. We will
return to this aspect when it is needed later in some applications.

The following result can be established [5], [6], [9]. Indeed, it is often used as
the definition of an inverse operator.

Theorem 4.47. An invertible operator T € B(H) is 1-1 and maps H onto H. The
tnverse of T is unique.

The next result, which provides a generalisation of the geometric series
(1 — a)7!, is fundamental to much of the material in later chapters.

Theorem 4.48. (Neumann series) Let H be a Hilbert space and let T € B(H)
have the property | T| < 1. Then

@A) (I — T) is invertible

(i) - T)"' e BH)

(iii) (I — T)*1 =327, (Neumann series) is uniformly convergent

) Id-T) '@ —TH"!

The proof of this result is entirely straightforward but rather lengthy [5], [6].

The existence of an inverse operator is of fundamental importance when
solving operator equations. Such operators are not always easy either to deter-
mine or to work with. However, associated with a given operator on a Hilbert
space is an operator that has some of the flavour of an inverse operator, namely
an adjoint operator.

Let H be a Hilbert space and T' € B(H). Then, forgiven h € H the functional
(Tg, h), g € H is linear and bounded. Consequently, by the Riesz representation
Theorem, there is a unique element ~* such that (Tqg, k) = (g, h¥)

The mapping h — h* is defined on all of H and is readily seen to be linear and
bounded. Consequently, we write

T*h = h* forany he H

so that



4.4 Some Frequently Occurring Operators 99

(Tg, n) = (9, T*h), 9,he H

These various observations can be written compactly in the following form
(see Commentary).

Theorem 4.49. Let H be a Hilbert space with structure (,) and let T € B(H).
There exists a unique, linear, bounded operator T* on H, called the adjoint of
T, defined by

(Tg, h) = (9, T*h), forall g,he H
which is such that
1) = IITl
Some elementary properties of T* are contained in the following.

Theorem 4.50. Let H be a Hilbert space and let T, S € B(H).
G T =T5H*=T
(i) (AT)* = AT*, Ae C
i) T+ S*=T+8*
(v) (IS)* = S*T*
(v) If T is invertible then so also is T and

T =T H*
D) ITT*|| = | T*T| = |IT|>

We emphasise, as before, that these several results have to be modified when
D(T)#H.

Definition 4.51. Let H be a Hilbert space and T' € B(H).
(i) If T = T* then T is self-adjoint or Hermitian.
(ii) If T* = T~! then T is unitary.
(iii) If TT* = T*T then T is normal.
(iv) If T is unitary and R, S € B(H) are such that

R=7TST!

then R and S are unitarily equivalent with respect to 7.
(v) Tis self-adjoint if and only if

(Tf,9 =(f,Tg) forall fige H

(vi) T is unitary if and only if 7 is invertible and

(Tf,9)=(f, T '¢g) forall f, ge H.
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Remarks: (i) It is instructive to examine the compatibility of (v) and (vi) above
with the various results mentioned above in this section.

(ii) If T is self-adjoint then (7f, f) is real.

Theorem 4.52. Let H be a Hilbert space with structure (, ). If T € B(H) is self-
adjoint then || T'||, the norm of T, can be determined by

ITll= sup|Tf, f| = max{|ml|,| M|}

I71=1
where
M := sup{(Tf; /): If] =1}
m = inf{(Tf, f): |f] = 1}
and fe H.
The numbers M and m are, respectively, the upper and lower bounds of the
operator T.

A means of comparing the “size” of various operators on H is afforded by the
following,.

Definition 4.53. Let H be a Hilbert space with structure (, ) and T € B(H). If the
operator T is self-adjoint then it is said to be non-negative, and we write T = 0,
if and only if for all f € H we have (T'f, f) = 0. When the inequality is strict then
T is said to be positive.

It now follows that

(a) T is non-negative if m = 0.
(b) Operators T1,T5 are such that T} < Ty if and only if (7% — T7) = 0.

An important class of bounded operators are the so-called finite dimen-
sional operators 7" which map H onto R(T) where dim R(T) < co. A finite dimen-
sional operator, or an operator of finite rank as it is sometimes called, can be
expressed in the form

N
Th =Y ai(h, fi)gk (4.14)
f=1

where dim R(7T) = N. The real positive numbers a; are ordered in the form
a; = az =...= ay> 0 and the sets of vectors { f;}, {9x} = H are orthonormal.

In the general theory of operators a significant role is played by the so-called
compact operators whose properties are similar to those of finite dimensional
operators.
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Definition 4.54. An operator T'e B(H) is compact if it is the limit of a uniformly
convergent sequence {7} of operators of finite rank, that is, |7 — 7| — 0 as
k — oo,

An equivalent definition is:
An operator T € B(H) is compact if for every bounded sequence { fi.}i=1 < H
the sequence {Tf;}%~1 has a strongly convergent subsequence.

Example 4.55. (i) If T} is a compact operator and 7T» is a bounded operator on
the same Hilbert space H then 71T and 7T>T; are also compact operators.

() If Ty,Av, Kk =1, 2,..., N are, respectively, compact linear operators and
complex-valued coefficients then

N
T ="M

k=1

is a compact operator.

(iii) Operators T, T% TT%* T*T are simultaneously compact or non-
compact.

Compact operators have a relatively simple structure similar to that of opera-
tors of finite rank. Specifically, a compact operator T can be written in the form

o0
Th =" a(h, fi) 9 (4.15)
k=1
where {a;} is a non-increasing sequence of real positive numbers which tends to
zero, that is a; — 0 as k — oc. The numbers a;, are called the singular numbers
of the operator T in (4.15). The sets {f;}, {g;} are orthonormal.

If in (4.15) we have ax = 0 for sufficiently large k¥ = N then T is a finite
dimensional operator as in (4.14); that is, T has a decomposition of the form
(4.14).

If T is self-adjoint then the sets { f;;} and {g;} can be chosen to satisfy, for all
k, either f;, = gi or fx, = —gy.-

An operator T € B(H) can also be usefully decomposed in the form

T=Tr+ Ty (4.16)

where
1 s
TRZE(T+T*):TR
1 .
T]:—(T—T*):T]
21

This decomposition is similar to the decomposition of complex numbers.
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One of the simplest self-adjoint operators is the projection operator which
is defined in the following way.

Let H be a Hilbert space with structure (,) and let M be a subspace. The
projection theorem (Theorem 4.35) states that every element fe H =M & M+~
can be expressed uniquely in the form

f=9g+h geM, he M+ 4.17)

The uniqueness of this representation allows us to introduce a linear operator
P:H — H defined by

Pf=ge M, fe H (4.18)

Such an operator is called a projection operator or projector as it provides a
projection of H onto M.
We notice that (4.17) can also be written in the form

f=9+h=Pf+{- Pf) (4.19)
which indicates that
I-P):H->M"

is a projection of H onto M.

When it is important to emphasise the subspace involved in a decomposition
of the form (4.19) we will write P = P (M).

Projection operators play a very important part in much of the analysis that
is to follow. For convenience we collect together here their main properties. The
proof of these various properties is a standard part of courses on the general
theory of linear operators on Hilbert spaces; the Commentary indicates a number
of sources for the interested reader, in particular [1], [4].

Theorem 4.56. Let H be a Hilbert space with structure (, ).
(a) Abounded linear operator P: H — H is a projection on H if and only if

P=p2=p*

An operator P such that P = P? is called idempotent.
(b) Let M < H be a subspace (closed linear manifold). The projection P: H —
M has the properties
() &0 = IBfI°
i P=0
G |P) <1, |P| =1if R(P)# 0
(iv) { — P) =:P+:H — M~ is a projection.
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Theorem 4.57. Let H be a Hilbert space with structure (,) and let My c H,
k =1, 2 be subspaces in H. The projections

PM):H—->M, k=12

have the following properties.
(i) The operator P := P(M;)P(M>) is a projection on H if and only if

P(M)PMz) = P(Mz)P(M))
When this is the case then
P:H— R(P)=M; N M,
(i) My,M; are orthogonal if and only if
PM)P(M) =0

in which case P(M;) and PMs2) are said to be mutually orthogonal
projections.

(iii) The operator P := P(My) + P(M>) is a projection on H if and only if M;
and My are orthogonal. In this case

P:H— R(P) =M, D M

that is P(My) + P(My) = P(M; © M5).
(iv) The projections P(M;), P(M>) are partially ordered in the sense that
the following statements are equivalent.
(a) P(M)P(Mz) = P (Mz)P (M) = P (M1)
(b) My C M;
(c) N(P(Ms)) C N(P(My)) where N(P(My)) denotes the null space of P(My,),
k=12
(d) I1PMOSN < 1P M)Sf for all fe H
(e) P(My) < P(M>).
(v) A projection P(Ms) is a part of a projection P(M;) if and only if
M2 c M 1-
(vi) The difference P(M;) — P(Ms) of two projections P(My), P(Ms) is a pro-
Jection if and only if P(Ms) is a part of P(M;). When this is the case then

P:= (P(My) — P(M>)):H — R(P) = My, N M3

that is (P(M,) — P(M5)) = P(M; N M3).
(vii) A series of mutually orthogonal projections P(My), k = 1, 2,...0n

H, denoted by X P (M k) is strongly convergent to the projection P(M) where
k

k
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(viii) A linear combination of projections P(My), k = 1, 2,..., N on H,
denoted by P:=3 A,P(M,), where A are real-valued coefficients, is self-
adjoint on H.

(ix) Let {P(M})}%=1 denote a monotonically increasing sequence of projec-
ttons P(My), k=1,2,...0on H. Then

(@) {P(My)}i=1 is strongly convergenttoaprojection P on H; that is
P Myf—>Pfask — < forall fe H

() P:H — R(P)= fj R(P(M}))

k=1

© N(P)=(\NPUL,)).

k=1

We remark that there exists an intimate connection between general self-
adjoint operators and projections. This we will discuss later under the heading
of spectral theory. As a consequence we will be able to establish the various
decomposition results and expansion theorems we have already mentioned.

In subsequent chapters we will often encounter the following particular type
of compact operator.

Definition 4.58. Let H be a Hilbert space with structure (, ). An operator T €
B(H) is called a Hilbert Schmidt operator if

o]
2 2
ITIF =" "IITel” < o0
k=1

where {e;}i~1 is an orthonormal basis for H.

If T is a compact operator then it is a compact Hilbert-Schmidt operator
if its singular numbers a;(7T) tend to zero sufficiently rapidly so that the series
2 ,a(T) is convergent; that is 3 a2(T) < oo .

It is clear from this definition that any finite-dimensional operator is a compact
Hilbert—-Schmidt operator.

Some of the best known classes of Hilbert—-Schmidt operators are integral
operators. It will be convenient, for later use, to introduce these operators as
operators on weighted Lo-spaces.

Definition 4.59. The Hilbert space of functions which are square integrable on
the whole space RY with respect to some weight function p is denoted Ls, p(RN).
Here p is a real-valued positive function in each open, bounded region Q c RY.
The structure (, )y, ||, is defined by

(i fo)p = [ wefi@R(@p(@)dz, fi, f € CF(RY)
17l = [ o IF @) pladde,  f € CFRY)
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The space Lzyp(RN) is defined as the completion of C(RY) with respect to this
structure.

The space Ly ,(Q), Q < RY is defined similarly.

We define an integral operator, T, on L ,(Q2) according to

INW)= [, K(@,y)f @p(x)dx (4.20)

where K is called the kernel of T. The kernel is square integrable on Q x Q in
the sense

. ] 1K G papy)dady = i < oo (“21)

The operator T defined in (4.20) is clearly linear and bounded. Further, its
norm can be estimated according to || T| < ko. Moreover, it can be shown that T
in (4.20) is a compact Hilbert—-Schmidt operator.

The operator T* which is adjoint to 7 in (4.20) is defined by

(T ()= f K@y (W)py)dy (4.22)

The integral operator T in (4.20) is self-adjoint if and only if the kernel is sym-
metric in the sense that K(x, y) = K(y, x).

An integral operator is finite dimensional if and only if its kernel K(x, y) can
be expressed in the form

N
K(x,9)=0:(2)fi(y)
k=1
where fi, gx, k = 1, 2,. .., N are square integrable functions. Kernels of this type
are called degenerate. For an integral operator T with a degenerate kernel K it
can be shown that dim(R(7")) < N.

4.5 Unbounded Linear Operators on Hilbert Spaces

Not all linear operators are bounded. However, it turns out that practically all the
operators we encounter in applications are so-called closed operators and they
retain much of the flavour of the continuity property displayed by bounded linear
operators.

Definition 4.60. Let X1, X5 be normed linear spaces and 7: X; — X5 a linear opera-
tor with domain D(T) c X;. If

(i) ax € D(T) for all k

(i) ax > xin X,

(iii) Txp — yin X»
when taken together, imply x € D(T) and Tx = y, then T is said to be a closed
operator.
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We would emphasise that in Definition 4.60 we require the simultaneous
convergence of the sequences {xy}r-1 and {Tox}r-1.

An alternative definition of a closed operator can be profitably given in terms
of the graph of an operator.

Definition 4.61. Let X1, Xo be normed linear spaces with norms |- ||, ||-|/2 respec-
tively. A linear operator

T:D(T) C X1— X,
is a closed linear operator if and only if its graph,
G(T) = {(x1,22) € X1 x Xo: @1 € D(T), 22 = Tan}

is a closed subset of X; x Xs. We recall that X; x X» is a normed linear space
where the structure is defined in the usual component-wise manner. For example
the norm is

G2, 22)llx, o x, = 121l +[lc2

In applications it frequently turns out that a closed operator is in fact a
bounded operator. To establish whether or not this is the case we need some if
not all of the following standard results (see [5], [6], [9] and the Commentary).

Theorem 4.62. (Uniform boundedness theorem)
Let I be an index set and let

(i) X, Y be Banach spaces

(ii) {Ty}oecr be such that

sup{|Tpxly } <oo forall xeX

acl

Then sup{||T,|| < co. That is if {Toy}eec1 is @ bounded set in Y for all x € X then {7}

acl

is bounded in B(X, Y). We recall that B(X, Y) denotes the class of all bounded
linear operators with action X — Y.

Theorem 4.63. (Bounded inverse theorem) Let X, Y be Banach spaces and let
T € B(X,Y) be 1-1 and onto, then T~! exists as a bounded operator.

Theorem 4.64. (Closed graph theorem) Let X, Y be Banach spaces and
T:X o D(T) - Y be a closed linear operator. If D(T) is a closed set then T is
bounded.

Example 4.65. We shall show that the process of differentiation can be realised
as a closed linear operator on the space of continuous functions. This will be in
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a form which will be rather more general than we will require in this monograph
as we will be principally concerned with working in Hilbert spaces. Nevertheless,
this example will serve as a prototype.

Let X =Y = (Cla, b], —© < a < b < o© be endowed with the usual supremum
norm which for convenience and brevity we sometimes denote by |- | «. Define,
for example,

T:X>D(T)—Y

(To)(a) = % = g(@), geDT), w<lab]

D(T):={g € X:¢’ € X, g(a)= 0}

Let {gx} < D(T) be a sequence with the properties that as k — o we have
grx — 9 and Tgr — h with respect to ||-||~. We can establish that T is closed if
we can show that g € D(T) and that Tg = k. To this end consider

J(x)= fa “n(dt, xela,b] (4.23)

The convergence Tg; — h with respect to |||~ implies that the convergence is
uniform with respect to x. Since Tgy € C[a, b] for all k it follows that » € CJa, b].
Consequently, by the Fundamental Theorem of Calculus we deduce that fin (4.23)
is continuous and differentiable with f’(x)= h(x) for all x € [a, b]. Furthermore,
the properties of the Riemann integral in [9] indicate that f{a)=0. Collecting these
results we can conclude that /e D(T).

Since gx € D(T), the Fundamental Theorem of Calculus implies

(@)= [ gyt
and we have

l96(2) — f @) =| [ (gh(t) ~ h()d]
<llgi = bl (b—a)

Now the right-hand side of this expression tends to zero by virtue of the conver-
gence Tg; — h and it follows that g, — f € D(T). Furthermore, we will also have
that ¢’ = f* = h. Hence T, as defined, is a closed operator.

If an operator, T, is not closed then it is sometimes possible to associate with
T an operator that is closed. This parallels the process of associating with a set
M in a metric space a closed set M called the closure of M.
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Definition 4.66. A linear operator T is closable if whenever

@ fue D)
(ii) f, o Basn > x©
(iii) T¥, tends to a limit as n — oo then Tf,, > 8 as n — oc.

If T is a closable operator defined on a normed linear space X then we may
define an extension of T (see the comments following Definition 4.37), denoted
T, and called the closure of T, in the following manner.

(i) Define

D(T) :={fe X:3{fi} € D(T) with f;, —» f and {Tf;} a Cauchy sequence}

Equivalently we define D(T) to be the closure of D(T') with respect to the
graph norm

115 = IS I +IT A1
(ii) Forfe D(T) set

Tf=ULmTf,
k—o0

where {f};} is defined as in (i).

There are many connections between closed, bounded and inverse operators.
The following theorem draws together a number of results which will be used
frequently in later sections. Proofs of these results can be found in the texts cited
in the Commentary; we would particularly mention [5], [8], [9], [6].

Theorem 4.67. Let X be a Banach space. An operator T < B(X) is closed if and
only if D(T) is closed.

Theorem 4.68. Let

(1) X1, X be normed linear spaces

(i) T:= X1 o D(T) — X5 be a linear, one-to-one operator. Then T is closed
if and only if the operator

T':=X, 5 R(T) - X,

1S closed.

Theorem 4.69. Let
() X1, Xy be normed linear spaces
(i) T:= X1 o D(T) — X, be a linear operator.
(a) If there exists a constant m = 0 such that
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¥l = mI Sy, S € D(T)

then T is a one-to-one operator. Furthermore, T is closed if and only if R(T) is
closed in X.

(b) Let T be one-to-one and closed. Then T € B(Xi, X2) if and only if R(T)
1s dense in Xs and there exists a constant m > 0 such that

I7flly = mIfly, S € D(T)

(c) If T is closed then

N(T) :={fe D(D): Tf = 6}
s a closed subset of X,.

Finally in this section we highlight a number of important results that we will
have to recognise when dealing with unbounded operators.

We have seen that two operators, 71,75 are said to be equal, denoted 77 = T,
if D(T1)= D(T2) and Ty f = Tof for all f € D(T1) = D(T»).

The restriction of an operator 7:X > D(T) — Y to a subset M — D(T) is
denoted by 7’| and is the operator defined by

Tiy:M—Y,T|,, f=Tf forall feM (4.24)
An extension of T to a set S > D(T) is an operator T-S — Y such that
Tl py=T (4.25)

This last definition indicates that Tf = Tf for all f € D(T). Hence T is a restric-
tion of Tto D(T).

In this monograph we say that 7 is an operator on a Hilbert space H if its
domain, D(T), is all of H. We say that T is an operator in H if D(T) is not neces-
sarily all of H.

Furthermore, if 77 and Ty are two linear operators then we shall use the
notation

T Ty (4.26)

to denote that 7'(7T») is a restriction (extension) of T5(T1).

A particularly useful feature of a bounded linear operator T on a Hilbert space
H is that it is associated with a bounded linear operator 7%, the adjoint of 7,
defined according to the equation (see Theorem 4.49)

(Tf,9) = (f, T*g9) forall f,ge H
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where (, ) denotes the inner product on H. The proof of the existence of such an
adjoint operator makes use of the Riesz representation theorem (Theorem 4.41)
and the proof breaks down when 7' is either unbounded or not defined on all of
H. However,even when the proof fails it may happen that for some element g €
H there is an element g* € H such that

(Tf,9) = (f, 9% forall fe D(T) 4.27)

If for some fixed g € H there is only one g* € H such that (3.30) holds then we
can write

g* = Tg (4.28)

and consider the operator 7* as being well defined for at least this g € H.
However, it remains to determine the conditions under which (4.27) yields a
unique g* € H. Results in this direction are as follows.

Theorem 4.70. Let

(i) T be a linear operator on a Hilbert space H

(ii) there exist elements g, g* € H such that (Tf, 9) = (f, g*) for all f € D(T)
Then g* is uniquely determined by g and (4.27) if and only if D(T) is dense in H.

Theorem 4.71. Let

(i) T be a linear operator in a Hilbert space H with D(T) = H

(ii) D(T*) = {g € H: there exists g* € H satisfying (4.27)}. Then D(T¥) is a
subspace of H and the operator T* with domain D(T¥) and defined by

T*g = g* forall ge D(T)
is a linear operator.

These two results lead naturally to the following.

Definition 4.72. Let T be a linear operator in a Hilbert space with D(T) = H. The
operator T* with domain D(T%) defined as in Theorem 4.71 is called the adjoint
of T.

When T is a bounded operator then this definition of an adjoint operator
coincides with that given in Theorem 4.49. However, we emphasise that in the
general case when the operator may be unbounded then more attention must be
given to the réle and importance of domains of operators. The following results
illustrate this aspect.
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Theorem 4.73. Let T,S be linear operators in a Hilbert space H.

() If T c S and D(T) = H (which, incidentally, implies that D(S) = H) then
T* > S*

(i) If D(T) = D(T¥ = H then T c T**

(iii) If T is one-to-one and such that D(T) = D(T ') = H then T* is one-
to-one and (T*)~! = (T~ H*

The following types of operators are important in applications.

Definition 4.74. Let T be a linear operator in a Hilbert space H and assume
D(T)=H.

(i) If T = T* then T is self-adjoint (in H).

(i) If T < T* then T is symmetric (in H).

Some properties of these operators are indicated in the following.

Theorem 4.75. Let T be a linear operator in a Hilbert space H.

() If T is one-to-one and self-adjoint then D(TY) = H and T is
self-adjoint.

(i) If T is defined everywhere on H then T* is bounded.

(iii) If T is self-adjoint and defined everywhere on H then T is bounded.

(iv) If D(T) = H then T* is closed.

(V) Ewvery self-adjoint operator is closed.

(vi) If T is closable then (T)* = T* and T = T*#*.

(vii) If T is symmetric then it is closable.

For proofs of these various results see the references cited in the Commentary
and in particular [8], [9].

Self-adjoint operators play a particularly important role in the following chap-
ters. Here we give an indication how to decide whether or not a given operator
has this property. First we need the following notion.

Definition 4.76. Let T be a linear operator in a Hilbert space H with D(T) = H.
The operator T is said to be essentially self-adjoint if T = T*.

We notice that if T'is essentially self-adjoint then necessarily it must be closed
since T* is a closed operator (Theorem 4.75(iv)). Furthermore, from Theorem
4.75(vi) we conclude that T* = (T)*. Therefore T'is essentially self-adjoint if and
only if T = (T)*, that is, if and only if T is self-adjoint.

From Definition 4.74 we see that if T is symmetric then it is a restriction of
its adjoint 7% However, we would emphasise that a symmetric operator need not
be self-adjoint. It may well be that a symmetric operator might have a self-adjoint
extension. Nevertheless we must always remember that the extension is not
unique; the extension process is usually followed in order to preserve, or even to
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provide, such properties as for example linearity, boundedness, self-adjointness
etc. We shall be particularly interested in the case when a symmetric operator
has exactly one self-adjoint extension. In this connection we have the following
results [8].

Theorem 4.77. Let T be a linear, symmetric operator in a Hilbert space H.
Then

(i) T is closable

(ii) R(T £ I) =R(T £ I) where I is the identity on H.

Theorem 4.78. A symmetric operator T: H—H is self-adjoint if and only if
R(T+1il)=H=R(T —1il)

Finally, in this section we give two examples of operators that are unbounded.
These are the operators of multiplication by the independent variable and the
differentiation operators. These operators frequently occur in mathematical
physics and perhaps the quickest way to see this is to recall that when integral
transform methods are used differentiation can be replaced by multiplication by
the independent variable (see Example 3.43).

Example 4.79. Let H := Ly(—oc, o) = Lo(R) and let M denote the “rule” of multi-
plying by the independent variable, that is, (Mf)(x) = xf(x). Consider the operator
T defined by

T:H>D(T) —» H

Tr=Mf, fe D)
D(T) :=(fe H:Mfe H)

Let
(1, n<x<n+l
Jul®)= {0, elsewhere
Then clearly |f,|| = 1, where |-|| denotes the usual norm in Lz(R). Furthermore
we have

n+l
1z = [l @) de= [* 2%de > n?

The two results imply that

(W

Consequently, since we can choose n as large as we please, it follows that T'
is unbounded on H.
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Example 4.80. Let H = Ly(R) and consider the operator T defined by

T:H>D(T) > H

Tf = iﬂ =if', feD(T)
dx

D(T):=\{fe H:if € H}
Further, let 7' be an extension of the operator T, defined to be
To=TIls
where S = D(T) N Ly[0, 1] and Ly[0, 1] is a subspace of Ly(R). Consequently, if

Ty is unbounded then so is T'. To show that T is indeed unbounded consider the
sequence, { frn}, defined by

1—nx, nggl

fn(x) = "

0, l<90§1
n

The derivative of this function is

1
-n, O<xr<—
VACOES L "
0, —<a<l1
n

Straightforward calculation yields

2 1 2 1
nll = (X dx =—
£, fo | fu(2) -
and
2 L2,
1Zoful = [ 1) do =n
Hence
Tl _ 50
A

It follows that T, and hence T, is unbounded on H.

We shall return to these examples in later chapters.
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Two Important Techniques

5.1 Introduction

In this chapter we outline two analytical techniques which are frequently used
when discussing scattering problems. The first is centred on spectral theory and
how it contributes to the definition and constructive solution of scattering prob-
lems. The second uses results from the theory of semigroups to settle questions
of existence and uniqueness of solutions to scattering problems.

As in previous chapters the majority of results are simply stated. Proofs are
included when it is felt that they might be particularly useful in applications.
Full details can be found in the References cited either in the text or in the
Commentary.

5.2 Spectral Decomposition Methods

Spectral theory provides mechanisms for decomposing quite complicated prob-
lems into a number of simpler problems with properties which are more manage-
able. We shall illustrate how this can be done in the following sections. We
consider a typical, abstract problem first when the underlying space is finite
dimensional and then when the space is infinite dimensional. In both cases we
will work mainly in a Hilbert space setting and assume that the operator which
characterises the problem is self-adjoint. The discussion of these two cases leads
quite naturally to a statement of the celebrated spectral theorem. We shall prove
this theorem for bounded, self-adjoint operators. The proof for more general
operators is discussed in the Commentary.

5.2.1 Basic Concepts

In this chapter we will be concerned with abstract equations having the typical
form
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A-ADu=f (GRY)]
To be more precise let X be a complex, normed linear space and let
A:XDDA) - X

be a linear operator. In (5.1) I is the identity operator on X and A € C. We assume
that f € X is a given data element. The aim is to solve (5.1) for the unknown
quantity v € X.

Solutions of (5.1) can be written in the form

u=@A-ADY=R,f (5.2)

where R; = R;(A) = (A — AI)"!is known as the resolvent (operator) of A. Quite
how useful the representation (5.2) may be depends crucially on the nature of the
resolvent, Rj. This observation leads naturally to the following notions.

Definition 5.1. A regular value of A is a complex number A such that

(i) Ry(A) exists

(ii) Ry(A) is bounded

(iii) Rj(A) is defined on a dense subset of X.

The set of all regular values of A, denoted p(A), is called the resolvent set
of A.

Definition 5.2. The spectrum of A, denoted o(A), is the complement in the
complex plane of the resolvent set p(A), that is

o(A) = C\p(4)

The spectrum of A is partitioned by the following disjoint sets.

(1) The point spectrum of A, denoted o,(A), consists of all those A € C such
that R;(A) does not exist.

(ii) The continuous spectrum of A, denoted o.(A), consists of all those
A € C such that R;(A) exists as an unbounded operator and is defined on a
dense subset of X.

(iii) The residual spectrum of A, denoted 0,(A) consists of all these A € C
such that R;(A) exists as either a bounded or an unbounded operator but in either
case is not defined on a dense subset of X.

The spectrum of A is the union of these three disjoint sets

0(A) = 0y(A) U 0(A) U or(4)
and any A € 6(A) is referred to as a spectral value of A.

Before continuing we recall the following properties of linear operators on
Banach spaces. The proofs of these various results can be found in the standard
texts cited in the Commentary.
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Theorem 5.3. Let X, Y be Banach spaces and let A:X D D(A) > R(A) C Y
denote a linear operator. Then

(i) The inverse operator A~':R(A) — D(A) exists if and only if Au = 6y
implies u = Ox where Ox, Oy are the zero elements in X and Y respectively.

(i) If A7 exists then it is a linear operator.

(iii) If dim D(A) = n < o and A~! exists then dim R(A) = dim D(A).

Theorem 5.4. If a Banach space X is finite dimensional then every linear
operator on X s bounded.

These last two results combine to indicate that in the finite dimensional
case

0(A) = 0(A) = ¢

We thus see that the spectrum of a linear operator on a finite dimensional
space consists only of the point spectrum. In this case the operator is said to have
a pure point spectrum.

The next few results are particularly useful in applications.

Theorem 5.5. The resolvent set, p(A), of a bounded linear operator on a Banach
space X is an open set. Hence, the spectrum, o,(A), is a closed sel.

Theorem 5.6. Let X be a Banach space and A a bounded linear operator on X.
For all 2y € p(A) the resolvent operator, R)(A), has the representation

Ry(A) =) (A— 1) Ri(A) (5.3)
k=0
The series is absolutely convergent for every A in the open disc given by
A= ol < IRz, (A
in the complex plane. This disc is a subset of p(A).

Theorem 5.7. The spectrum, o(A), of a bounded linear operator A:X — X on
a Banach space X is compact and lies in the disc given by |A| < |A||. Hence
the resolvent set of A, p(A), is not empty.

Definition 5.8. Let X be a Banach space and A:X D D(A) — X a linear operator.
If (A — AI)u = 6 for some non-trivial u € D(A) then u is an eigenvector of A
with associated eigenvalue A.

For the remainder of this chapter we confine attention to linear operators on
a complex separable Hilbert space H.
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The set M, consisting of the zero element in H and all eigenvectors of A cor-
responding to the eigenvalue A is called the eigenspace of A corresponding to
the eigenvalue A.

The eigenspace M) is, in fact, a subspace, that is a closed linear manifold, of
H. That it is a linear manifold is clear since for any u;, us € M; and . e C we
have, by the linearity of A,

Aoy + Pug) = Aomy + Puz)

To show that M) is a closed linear manifold let {u;}c M, be a sequence such that
u; — u as k — oco. Now consider two cases.

(i) A is a bounded operator.

A is bounded implies that A is continuous. Hence,

Au = Alimwyy, = limAw;, = limAu, = Au

and thus u € M) and we conclude that M is closed.

(ii) A is an unbounded, closed operator.
In this case, since uy — u as k — oo there will exist a w such that

w = limAwu;, = lim Awy, = Au

However, A is a closed operator, which implies that w € D(A) and Au = w. Hence
u € M) and we can conclude that M) is closed. Hence M) is a subspace of H.

In this monograph we will be largely concerned with linear operators on a
Hilbert space which are either self-adjoint or unitary. Some of the more important
properties of such operators are contained in the following.

Theorem 5.9. The eigenvalues of a self-adjoint operator are real.

Proof. Let A:H — H be a bounded, self-adjoint operator and let A € 0,(A) with
associated eigenvector u, then

Mu, w) = (M, w) = (Au, u) = (u, Au) = A(u, w)

which because w is non-trivial, implies A = 1 and hence A € R and so
oy(A) cR. [ ]

Theorem 5.10. The eigenvalues of a unitary operator are complex numbers of
modulus one.

Proof. Let U:H — H be a bounded, unitary operator and let 1t € o,(U) with asso-
ciated eigenvector w. Then

(w, w) = (Uw, Uw) = (pw, pw) = pir(w, w)
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which, since w is non-trivial, implies |u|2 =1 |

Theorem 5.11. The eigenvectors of either a self-adjoint or a unitary operator
corresponding to different eigenvalues are orthogonal.

Proof. Let A:H — H be a self-adjoint operator and let A1, Ay € 0,(A4), A1 # Ap, have
associated eigenvector u, Uz respectively. Then

(A — )(u, uz) = (Aug, uz) — (U1, A2uz)
= (Auy, u2) — (u1, Aug)
= (Auy, uz) — (Auyg, uz) =0

which implies (u, u2) = 0 because A; # As.
Let U: H — H be a unitary operator and let 1, iy € 6,(A), U1 # Uz have associ-
ated eigenvectors wi, wy respectively. Then

Hipta(wi, wo) = (Uw1, tows) = (Uwy, Uwz) = (w1, we)

the last equality following from the defining property of a unitary operator (see
Definition 4.51). Hence we conclude that (w;, w2) = 0 since yts # 1. |

In later chapters we will have occasion to make use of a result of the following
form.

Theorem 5.12. Let H be a complex, separable Hilbert space and let A, B:H —
H be linear operators. If B is bounded and B~ exists then A and BAB™! have
the same eigenvalues.

Proof. If Ais an eigenvalue of A then there exists a non-trivial ¢ € H such that
Ap = Ag.

If B~! exists then B must be a 1-1 onto operator (Theorem 4.47). Consequently,
Bg cannot be zero for all non-trivial ¢. Hence

BAB 'Bop = BA¢ = BAp = ABg

which implies that A4 is an eigenvalue of the operator BAB~! with associated
eigenvector Bo.

Conversely, let u be an eigenvalue of BAB™! then there exists a non-trivial
v € H such that BAB 'y = uy. Consequently

B'BAB 'y = uB 'y

which implies that u is an eigenvalue of BAB™! with associated eigenvector
B ly. [ |

For self-adjoint and unitary operators on a complex, separable Hilbert space
H eigenvectors corresponding to different eigenvalues are orthogonal (Theorem
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5.11). Consequently, the eigenspace corresponding to different eigenvalues are
orthogonal subspaces of H. This in turn implies that the operators act on the
direct sum of the eigenspaces like a diagonal matrix. To see this recall that if A
is an eigenvalue of the linear operator A: H — H then the associated eigenspace
M) is defined as

M), ={0# we DA):Ay = Ay}

More fully, let A:H — H be either a self-adjoint or a unitary operator and let
A, Ag, ... Ak - . . denote its different eigenvalues. For each A we will write M, to
denote the eigenspace corresponding to A;. An orthonormal basis for M will be
denoted by {¢f;.

We remark that whilst the number of eigenvalues may be either finite or infi-
nite nevertheless they are always countable. If this were not so then there would
be an uncountable number of different eigenvalues with an associated uncount-
able number of orthonormal basis vectors. This is impossible in a separable
Hilbert space.

We also remark that the dimension of M, that is the number of basis elements
(p’sC for My, may be either finite or infinite and, furthermore, may be different for
different values of k.

Since the eigenvectors for different eigenvalues of A are orthogonal the set of
all eigenvectors ¢f for different k is orthonormal, that is

((P];; 05 = OrsOm

where (-, -) denotes the inner product in H and

1, r=s
67“3:{

0, r=s

is the Kronecker delta.
To proceed we need the following concept.

Definition 5.13. Let E be a subset of a Hilbert space H and let D denote the set
of all finite linear combinations of elements of E. The closure of D (in the topol-
ogy of H) generates a subspace G c H. The subspace G is said to be spanned
by E.

Consider the subspace

H,:=oM, (5.4)

which consists of all linear combinations of the form Zkysaf(pé‘. We shall refer to
H,, as the point subspace of H. It is the subspace spanned by all the eigenvectors
of A. Evidently the set of vectors (p§, k, s =1, 2,...is an orthonormal basis for
H,,. Thus we have
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AQk = Mok
and
(@7, AQE) = XibniSrs
Thus on H,, the operator A acts like a diagonal matrix. The off-diagonal terms are
all zero whilst the diagonal terms are eigenvalues of A.

Summarising the above we see that for any y e H, there are scalars a¥ such
that

Y=Y ap; (5.5)
k,s

Ay =3 hases (5.6)
k,s

The results (5.5), (5.6) provide an example of a spectral representation
(decomposition) of the operator A.

We notice two things.

(i) The spectral representation(5.5), (5.6) is only valid on H,,. For those opera-
tors that have a spectrum with more components than just eigenvalues (that is
o.(A) and op(A) are not necessarily empty) then (5.5), (5.6) are inadequate; more
terms are required.

(ii) On finite dimensional Hilbert spaces the spectrum of a linear operator is
a pure point spectrum (Theorem 5.4) in which case (5.5), (5.6) provide a perfectly
adequate spectral representation.

5.2.2 Spectral Decompositions

In the introduction to this chapter we said that one of the main reasons for intro-
ducing and using spectral theory was that it could provide mechanisms for
decomposing quite complicated operators into simpler, more manageable com-
ponents. In practice a full demonstration of this will involve working through the
following stages.

¢ Determine a characterisation of a given physical problem in terms of an opera-
tor A:H — H where H denotes a complex, separable Hilbert space.

¢ Determine ¢(A), the spectrum of A, as a subset of the complex plane C.

¢ Provide a decomposition of C into components intimately connected with the
nature of o(A).

e Provide a decomposition of H into components, the so-called spectral
components of H, which are intimately connected with the nature of A and
o(A).
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¢ Provide an interpretation of A when it acts on the various spectral components
of H. This will introduce the so-called (spectral) parts of A which are often
more manageable than A itself.

e Show how results obtained when dealing with just the parts of A can be com-
bined to provide meaningful and practical results for problems centred on A
itself.

5.2.83 Spectral Decompositions on Finite
Dimensional Spaces

The only spectral values of operators acting on a finite dimensional space are
eigenvalues.

Theorem 5.14. On a finite dimensional, complex Hilbert space the eigenvec-
tors of either a self-adjoint or a unitary operator span the space.

Proof. Let H be a finite dimensional, complex Hilbert space and A: H — H alinear
operator which is either self-adjoint or unitary. Let M denote the subspace spanned
by the eigenvectors of A and let P: H — M be the projection operator onto M.

Since linear operators on an n-dimensional space (n < o) can always be rep-
resented in the form of an n x n matrix the results of matrix algebra indicate that
a linear operator on a finite dimensional complex Hilbert space has at least one
eigenvalue.

Suppose M # H and consider the operator A(I — P) on M (which is clearly
finite dimensional). There there must exist a scalar A and a non-trivial element v
€ M such that

Al - Pwv=M

Consequently, since P:H — M implies Pv = 6, v € M" (recall the projection
theorem), we have

Av=APv + A(I — Pyv = W

which implies that v is an eigenvector of A and this contradicts the assumption
that M is not the whole space. |

This last theorem means that every self-adjoint or unitary operator, A, on an
n-dimensional space (n < o) provides a basis for the space consisting entirely of
orthonormal eigenvectors of A. Consequently, let

@) Ay, Az, ..., Ay, denote the different eigenvalues of A

(ii) M denote the eigenspace corresponding to the eigenvalue A, k=1,2,...,m

(iii) {@¥}s be an orthonormal basis for M, k= 1,2,...,m wheres=1,2, ...,
s(k) and s(k) is a positive integer depending on k.
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Then
Apt =Xt s=1,2,...,s(k), k=1,2,...,m

and we can conclude that {¢f}; is an orthonormal basis for the whole space.
The total number of the eigenvectors ¢ is n and m < n. The number of ortho-
normal eigenvectors (p§ associated with the eigenvalue A;, namely s(k), indicates
the dimension of My, denoted dim M, and, equivalently, is referred to as the
multiplicity of A;. We remark that dim M may be different for different values
of k.

A closer look at (5.5) suggests that we define the operator

PkIH—>Mk, kzl, 2,...,m (57)
s(k)
By —By=> aj¢i, yeH (5.8)
s=1
The representation (5.5) can now be written
m
v=> Py (5.9)

k=1

which in turn implies the completeness property

Y B=1 (5.10)

The operator Py is a projection onto the eigenspace Mj. Since eigenspaces
corresponding to different eigenvalues of a self-adjoint or unitary operator are
orthogonal it follows that the projections Py, k = 1, 2, ..., m are orthogonal in
the sense that

PyP,, = SunPr (5.11)
Furthermore, (5.6) can now be written
k .k &
Ay = Zlkasgos = Z/’LkBil//
k,s

k=1

which implies

A=> "B, (5.12)

k=1
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This is a representation of the operator A in terms of projection operators. It
illustrates how the spectrum of A can be used to provide a representation of A
in terms of simpler operators. This use of projections seems quite a natural way
to obtain the required spectral decompositions.

Unfortunately this particular approach does not generalise to an infinite
dimensional space setting. We now describe a slightly different way of obtaining
a spectral decomposition of A which does generalise to an infinite dimensional
space setting where the spectrum of a linear operator can be very much more
complicated then just a collection of eigenvalues of the type we have so far been
considering.

We consider a self-adjoint operator on a finite dimensional Hilbert space and
order its distinct eigenvalues in the form

M<<...<Ap-1<An

For each A1 € R we define an operator-valued function of A by

0, A<M
E;,= ZPk, <A< An (5.13)
k=1
I, A>4,

which we write, more compactly, in the form
E,= Z P, (56.14)
<A

Clearly, E) is a projection operator onto the subspace of H spanned by all the
eigenvectors associated with eigenvalues 4; = A.
It follows from (5.13) that
EE,=EE,=E, u<»a (5.15)
When (5.15) holds we write
E,=E), u==2a (5.16)
These various properties indicate that £, changes from the zero operator in
H to the identity operator on H as A runs through the spectrum, that is eigenval-
ues, of A. Furthermore, we notice that E; changes by P, when A reaches A;. With

this in mind we define

dE,:=E, — E;_, €>0 (5.17)
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It now follows that if € > 0 is small enough to ensure that there is no A; such
that

A—e<l<A
then dE); = 0. Furthermore, if A = A; then
dE, = dE; = Py (5.18)
We are now in the position to indicate a particularly important useful repre-
sentation of self-adjoint operators.

First, we recall the definition of the Riemann—Stieljes integral of a function g
with respect to a function f, namely

S gar) = tim S gl — £ 1) (5.19)
j=1

where a = xg <) <...<x, = b is a partition of the range of integration.
With (5.18) in mind we see that we have

N n
f Y dE, = 1im Y U(E, —E,, )

where A; <xg <. ..<x, = Ay. Consequently, bearing in mind (5.10) and (5.18)
we obtain

f Y AE, =1 (5.20)

Furthermore with (5.12) in mind and arguing as above we have

k=1

A=>"NP.=lim > W(E,, —E, )
n—o0 le
which implies
A= f ~ MdE, (5.21)

The expression (5.21) is the spectral representation of the self-adjoint operator
A, which has eigenvalues 1; <12 <. .. < A,, on an n-dimensional complex Hilbert
space H.



126 5 Two Important Techniques

For arbitrary ¢, v € H in the n-dimensional space H the above results lead
to

(o= dBgy)= [ dw(d) (5.22)

(py)= [ Ad(EBrp, )= [ Adw(d) (5.23)
where w(4) := (E,¢, ¥) defines a complex-valued function of A which changes
by (P, ) at A = .

For a unitary operator U: H — H which has eigenvalues A = exp(26;) ordered
in the form

0<B6i<6<...<0, =21

using similar arguments to those used above we obtain the spectral
representation

2n
U= f exp(iAV)dE; (5.24)
0
which leads to the expression

W, ¥)= [ exp(id(E:0,v) (5.25)

Similar calculations are possible for compact linear operators on an infinite
dimensional space. (See Definition 4.54 and Example 4.55.) For the sake of illus-
tration consider here only a positive, compact operator. All its eigenvalues A;, are
non-negative and we denote them in the form

11>)Lz>...>0

with possibly the inclusion of Ay = 0. We can then write

A=>"M,P (5.26)

k=1

where A; — 0 as k — oo.
Denoting by P the projection onto the null space M, we then have (compare
(5.10))

S B+R=1I (5.27)

k=1
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Then as before (compare (5.13), (5.14))

0, A<0

E,={R+> P;, <A<l (5.28)
Jj=k
I, A>N

It is a straightforward matter to show, in a similar manner to that used above,
that E, is a projection operator-valued function of A. We can also conclude that,
just as in the finite dimensional case when we obtained (5.22), (5.23), we again
have results of the form

)= dEev)= [ duw(i) (5.29)
(Ap,y)= [ Ad(Ep,p)= [ Adw(i) (5.30)

which implies
A= ff AE; (5.31)

Consequently, we see that a self-adjoint operator on either a finite or an infinite
dimensional space has, in the two special cases considered, an integral represen-
tation given by (5.21) and (5.31). In these cases the integral representations are
really a means of re-expressing the diagonalisability property. However, for self-
adjoint operators which do not belong to the two classes mentioned above this
notion of diagonalisability is no longer meaningful. Nevertheless, it might be pos-
sible to express any self-adjoint operator in the integral form (5.31) provided the
spectral family {E;}, A € o(A) is appropriately defined. This is the content of the
celebrated spectral theorem which we will discuss later.

5.2.4 Reducing Subspaces

We introduce this concept in terms of bounded operators. For unbounded opera-
tors the following definition and two theorems require a more careful statement
which properly takes into account the domains involved. We return to this aspect
at the end of this subsection.

Definition 5.15. A subspace (closed linear manifold) M C H reduces a bounded,
linear operator A:H — H if

(i) Ay e M for every ye M

(i) Ap € M for every p € M.
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The following two theorems indicate the main properties of reducing
subspaces.

Theorem 5.16. Let
(i) H be a complex, separable Hilbert space and M C H a subspace
(i) A:H D D(A) — H be a linear operator
(iii) P:H — M be a projection operator onto M.
The following statements are equivalent
(a) M reduces A
(b) PA = AP
(o) I — PA=A{ - P).

Proof. It is obvious that (b) and (c) are equivalent. We shall show that (a) = (b)
and that ((b), (c)) = (a).
For any element v € H we have, by the projection theorem,

v=u+v, ueM, ve M"

Hence Ay = Au + Av and we conclude that (a)=(b) as follows.
(@) = (b):
M reduces A = Au € M and Ave M.
Therefore

PAy = Au = APy
and hence (a) = (b).
((d), (©) = (@)
If u € M and PA = AP then Pu = u and

Au = APu = P Au

Hence Au € M for all u € M.
Ifve M and (I — P)A = A(I — P) then

(I—-—Pw=v
Hence
Av =AU - Pv=(I - P)Av
and we conclude that Av e M for all v € M. Hence ((b), (¢)) = (a) |

This theorem indicates the important practical result

A=AP + A - P) (5.32)
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which implies that A is the sum of two parts, namely AP as an operator on M and
A(I — P) as an operator on M.

Theorem 5.17. Let A be a bounded, linear operator which is either self-adjoint
or unitary on a separable, complex Hilbert space H. Let H, be the subspace
spanned by the eigenvectors of A. Then H), reduces A.

The operators induced by A in H, and H, are again self-adjoint or
unitary.

Proof. (i) Assume A is self-adjoint.

Let w € H,, then since Au = Au for some A € R we can conclude that Au € H),
If v € Hy then

(u, Av) = (Au,v) =0 forany wue H),
Hence Av € H, and we conclude that H, reduces A.

Let P:H — H be a projection. Then there exist operators A; in H, and A in
H, with domains

D(A)) = PH = H,

DA)=(I—-PH=P'H=H,
such that (see (5.32))
AF = A(Pf) + A(Pf), fe H

The operators A; and A; are the operators induced by A in H, and H,
respectively.

For f, g € H, we obtain, recognising this last relation, Theorem 5.16, and the
defining properties of the operators

(Avf, 9) = (AFf, 9) = (PAf, 9) = (f, APg) = (f, A19)

Hence A, is self-adjoint on H),. Similarly A, is self-adjoint on Hj,.

(ii) Assume that A is unitary.

As before u € H, implies Au € H),.

Let v € H; and let w be an eigenvector of A with an associated eigenvalue A.
Then Aw = Aw and

Mw, Av) = (Aw, Av) = (w,v) =0
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the third equality following from the unitarity of A. (See Definition 4.51(ii).) This
last result implies (w, Av) = 0 because |A| = 1 (Theorem 5.10). Thus Av is
orthogonal to every element in the orthonormal basis (of eigenvectors of A) for
H,. Therefore Av € H, and hence H), reduces A.

With A;, A, defined as in part (i) we have for A unitary

ISI=1AfI=[ALfIl forall feH,

Therefore A is an isometric linear operator on H), (Definition 3.12). Similarly, A>
is an isometric, linear operator on H,. To show that A, is unitary it remains to
show that A; maps Hj, onto H). To this end, let g € H), be given. Since A is unitary
then A maps H onto H and there exists an element f € H such that Af = g.

Since Af = g € H, and A\Pf € Hy and AyP"f € H;, we conclude, from the
decomposition of A given in part (i), written in the form g = A;(Pf) +Ax(Pf)
and using Theorem 4.56 that Ao(P"f) = 0 and ||P"f| = ||A2P “f|| = 0. Conse-
quently, f'e H, and

g=Af=Afe H) [ |

We shall refer to H), as the point subspace of A. Further, we shall denote
H,, the orthogonal complement of H), by H,, and refer to it as the subspace of
continuity of A.

We see, from (5.32), that a self-adjoint or a unitary operator splits into two
(smaller in some sense) parts. One part of the operator acts on the subspace
spanned by eigenvectors and, as such, can be represented by a diagonal matrix
of eigenvalues with respect to an orthonormal basis of eigenvectors of the given
operator. The other part of the given operator acts on the orthogonal complement
of the subspace spanned by the eigenvectors. The simplest form of this decom-
position occurs when the eigenvectors of the given operators span the whole
space. In this case the associated H, will be empty.

Example 5.18. Let H be a separable, complex Hilbert space and N C H a sub-
space. Let P: H — N be a projection of H onto N. Assume that there exists a non-
trivial w € H such that
Py=Ay, AeC

Then

Xy = APy = Py = Py = Ay
which implies that A = 1 or 0. We therefore conclude that a projection operator
can only have two distinct eigenvalues, namely, A = 1 or 0.

If y € N then Py = y by virtue of the definition of the projection operator P.
Also if @ € N* then Pp = 6. Therefore, recalling that a projection operator is



5.2 Spectral Decomposition Methods 131

self-adjoint and that eigenspaces of self-adjoint operators corresponding to dif-
ferent eigenvalues are orthogonal we can infer that

N = eigenspace of P corresponding to the eigenvalue A = 1

N* = eigenspace of P corresponding to the eigenvalue A = 0.

A basis for the whole space is obtained by combining the basis for N and the
basis for N™.

The projection operator P can be represented as a diagonal matrix with
respect to this basis. The diagonal elements are one for the basis vectors of N
and zero for the basis elements of N*.

In this example we have completely described a projection operator in terms
of its eigenvalues and eigenvectors.

We would emphasise that throughout this subsection we have assumed that
all the linear operators are bounded.
For more general operators we can begin the discussion by, as before, assum-
ing a decomposition of a separable, complex Hilbert space H in the form
H=M-+M"
where M is a subspace of H. We shall denote by P the projection of H onto /M.

Definition 5.19. A, possibly unbounded, operator A, is said to be decomposed
according to H =M + M~ if

PD(A) C D(A), APD(A)C M and A( — P)D(A)e M-  (5.33)

The results (5.33) imply that for any f € D(A) we have Pf € D(A) and APf e
M and A(I — P) € M. Hence

(I — P)APf = APf — PAPf = APf— APf=10
PAQ-P)f=206

and we conclude (I — P)APf = PA(I — P)f = 6. This leads to the conclusion that
APf = PAffor fe D(A). Thus we see that the condition (5.33) is equivalent to the

condition that A commutes with the projection P, that is,
PA C AP (5.34)
If one of the two equivalent conditions (5.33) and (5.34) is satisfied then the
restriction of A to M N D(A) can be considered as an operator in the Hilbert space

M. This operator is called the part of A in H and is frequently denoted A/M.

Definition 5.20. If the operator A is symmetric then the operator A is said to be
reduced by M if PD(A) C D(A) and APD(A) C M.
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A result involving the reduction of possibly unbounded operators is the
following.

Theorem 5.21. Let H be a separable, complex Hilbert space and M C H a sub-
space. Let A:H — D(A) D H and let P:H — M be a projection.

(D) If A is a symmetric operator then A is reduced by M if and only if A
and P commute.

(ii) If A 1is self-adjoint then A/M is also self-adjoint.

The proof of this theorem is straightforward and can be found in the texts
cited in the Commentary [5], [10].

5.2.5 Spectral Decompositions on Infinite
Dimensional Spaces

Spectral studies on infinite dimensional spaces are more complicated than similar
studies on finite dimensional spaces. For example, in such spaces there are self-
adjoint and unitary operators which have no eigenvalues yet the spectrum of such
operators consists of more than the point spectrum (see Definition 5.2). Neverthe-
less, it is still possible to obtain spectral decompositions in terms of projection
operators which have an integral form similar to that already obtained in
Subsection 5.2.3.

We shall assume, just as for the finite dimensional case, (see the remarks fol-
lowing Theorem 5.12 and (5.14)) that there exists a non-decreasing family of
subspaces {M,} of a complex, separable Hilbert space H. These subspaces depend
on a real parameter A € (—oo, 00) such that

(i) The intersection of all the M) is 6, the zero element in H.

(i) The union of all the M) is a dense subset of H.

We now introduce a family of projection operators {F,} associated with {M}}.
First we recall that the family is said to be non-decreasing if M, C M), for u <
A. Now, bearing in mind (5.13) and the discussion which followed, the following
definition is natural.

Definition 5.22. A family of projection operators {E£,} depending on the parame-
ter A is said to be a spectral family or a resolution of the identity if it has the
following properties.
(i) {F,} is non-decreasing in the sense that
E,<E; for p<Ai

Equivalently, we have

EZ.EH = EuEA = Emin(ly,u) = E,u
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(ii) If £ > 0 then for any element ¢ € H and scalar 4
Ejeop>Ep as €—0

(i) E,w — 0as A - —o0, Ejiy —> yas A — +oo.
Equivalently, we write

s— lim E;=0, s— lim E;=1

A——00 A—+0c0
where O denotes the zero operator on H.

With every spectral family {£;} we can associate a self-adjoint or unitary
operator. This is a statement of the celebrated spectral theorem which can be
quoted in the following form.

Theorem 5.23 (Spectral theorem). Let H be a complex, separable Hilbert
space.

(i) For each bounded, self-adjoint operator A on H there exists a unique
spectral family {E;} such that

(Ay, @)= [ 2d(Ewy,9) forallg,ycH

FEquivalently, we write
A—— f "~ MdE, (5.35)

(i) For each unitary operator U on H there exists a unique spectral family
{F2} such that F), = O for A < 0 and F; = I for A > 27 such that

21
Wy, 0)= fo “e*d(Fyy, @) forall ¢,yeDU)CH
FEquivalently we write
2 .
_ A
U= fo e dF, (5.36)

As before, we refer to (5.35) and (5.36) as the spectral decompositions of
A and U respectively.

The proof of the theorem is quite technical and lengthy. Full details can be
found in the texts cited in the Commentary; in this connection we would particu-
larly mention [1], [11], [10], [13]. In defence of this action we recall the sentiments
expressed in the introductory chapter. This monograph is not a book on func-
tional analysis or operator theory or spectral theory. Nevertheless, we shall need
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many results from these three fields. Consequently, we only include proofs when
they are needed, either for clarification in the development of material or for their
usefulness in applications.

Example 5.24. Let H := Ly(0, 1) and define A:H — H by

AW@) = ay@), ye DA) =H

It is an easy exercise to show that A is linear and self-adjoint on H.
Let {E£,} denote a family of projections defined by

v(z), 2<x
0, 2>

B~

The following are immediate.
i EfLy=E)E,=E,x<uy.
Equivalently, E, < E,, x < y.

() NEp oy — Byl =[5 1wy dy —0 as e—0°
Hence E, . —> E,as ¢ = 0™,

We assume further that y(x) is zero for x outside the interval [0, 1]. In this
case we have

Fx=0, x<0, E,=1 x>1

Consequently, {E,} is a spectral family.
We obtain a spectral decomposition by noticing

[ e, o= [ aa [ cBan@retdy)
= [ aa{ [ vty

= [ aw(@yp(ridr

Thus A has the spectral representation
A= f * xdE, (5.37)

We also notice that

By, )~ (Be- v, @)= [ w@lo)dy
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and the right-hand side tends to zero as £ — 07. This implies that in this case
(Ery, @), as a function of z, is also continuous from the left. Hence, the relation

defines a continuous function of x.

Example 5.25. Let A:H D D(A) - H = Ly(R) be defined by

Ay@) =2yx), ye DA)=H

Define the spectral family as in Example 5.24. It is then readily shown that in this
case A also has a spectral decomposition. However, the spectral family {£,} in
this case has the properties that E, increases over the whole range —cc < x < o
with Fx > ®@asx —»> —x and E, > I as x — oo.

We see, from these two examples, that E, as a function of A can increase
continuously rather than by a series of jumps (steps) as was the case when
working in a finite dimensional setting. This is because A, as defined in each
example, has no discrete eigenvalues.

The spectral family associated with a self-adjoint operator on a Hilbert space
can provide information about the spectrum of the operator in a relatively simple
manner. Indeed, we have seen that in a finite dimensional setting the spectral
family is discontinuous at the eigenvalues of the associated operator. This pro-
perty carries over to an infinite dimensional space setting. In addition, information
about the parts of the spectrum, other than the eigenvalue spectrum, which can
exist in an infinite dimensional space setting can also be obtained. We collect here,
simply as statements, a number of fundamental properties of spectral families.

Theorem 5.26. Let H be a complex, separable Hilbert space and let A:H — H
be a bounded, linear, self-adjoint operator with an associated spectral family

{E)} and spectral decomposition A= f CAdE,. Then E; has a discontinuity at
A= wif and only if U is an eigenvalue of A.

Let P,: H — M), denote the projection operator onto My, the subspace spanned
by the eigenvectors of A associated with the eigenvalue . Then

P, 1>
o ma={0 "
0. A<pu
(ii) fore>0
Eyy — Ey ey — Puy
as € > 0 and for any y e H.

For unitary operators the corresponding result is as follows.
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Theorem 5.27. Let H be a complex, separable Hilbert space and let U:H — H
be a linear, unitary operator with an associated spectral family {F)} and
spectral decomposition U = f %” eMng. Then F) has a discontinuity at A = u if
and only if e* is an eigenvalue of U.

Let P,: H — M, denote the projection operator onto M, the subspace spanned
by the eigenvectors of U associated with the eigenvalue e™. Then

>
(l) FAP/J:{P/J’ A’—H’

0, A<u
(i) fore>0

Fow—-F,_.w— P,y
as € > 0 and for any y e H.

These two theorems indicate that the jumps in the values of E) and F), are the
same as in the finite dimensional case. However, in the infinite dimensional space
setting a continuous increase in E; and F), is possible (see also Examples 5.24
and 5.25).

The resolvent set of a self-adjoint operator can also be characterised in terms
of the associated spectral family. Specifically, the following result can be
obtained.

Theorem 5.28. Let H, A and {E)} be as in Theorem 5.26. A real number
belongs to p(A), the resolvent set of A, if and only if there exists a constant
¢ > 0 such that {E,} is constant on the interval (U — ¢, 1 + c].

The importance of this theorem is that it indicates that i € o(A) if and only
if the spectral family {£}} is not constant in any neighbourhood of u € R.

We can say more about the spectrum of a self-adjoint operator. First, we need
the following important property of self-adjoint operators.

Theorem 5.29. Let H be a complex, separable Hilbert space and let A:H — H
be a linear, self-adjoint operator. The residual spectrum of A, denoted o,(A), is
emply.

Proof. Assume 0,(A) is non-empty. By definition, if A € 0,(A) then the resolvent
operator R;(A) := (A — AI)~! exists as either a bounded or an unbounded opera-
tor on D(R) (A))= H . This implies, by the projection theorem, that there exists
a non-trivial element ¢ € H which is orthogonal to D((A — AI )™H = D(R;(A)).
However, D(R)(A)) is the range of (A — AI). Hence there exists a non-trivial
element ¢ in H such that for all w e D((A — AI)) = D(A) we have

0= (A4 - Dy, 9) = Ay, ©)— Ay, ¢) = (v, A*¢) — (v, 1¢)
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which implies that A*p = A¢, that is 1 € 0,(A*). Consequently, since A is self-
adjoint we have that

Le 6, (A) = A e 0y(A%¥) = L € 6,(A) = Le 0,(4)
This is a contradiction and we can conclude that ¢,(4) = ¢. |

This theorem indicates that for a self-adjoint operator A the spectrum of A,
denoted o (A), decomposes in the form

0(A) = op(A) U o,(4)

Since points in 6,(A) correspond to discontinuities in {E}}, the spectral family
of A, the following result follows immediately.

Theorem 5.30. Let A and {E3} be defined as in Theorem 5.26. A real number 1
belongs to o,(A), the continuous spectrum of A, if and only if {E,;} is continuous
at u and is not constant in any netghbourhood of L.

The spectral theorem (Theorem 5.23) indicates that a spectral family {F,}
determines a self-adjoint operator A according to the relation

A= fj;zdm

Clearly, different spectral families lead to different self-adjoint operators.

In applications we are particularly interested in determining the spectral
family {E£},} associated with a given self-adjoint operator. This can be achieved by
means of the celebrated Stone’s formula which relates the spectral family of A
and the resolvent of A.

Theorem 5.31 (Stone’s formula). Let H be a complex, separable Hilbert space,
and let A: H — H be a self-adjoint operator. The spectral family, {E,;)}, associated
with A and (A — AI)7\, the resolvent of A, are related as follows.

Forallf,g € Hand foralla, b e R

b+8

R | ) .
([Eb—Ea]f,g)=l;fg 15512_7:7: urp [BUHE) =R —io)lf,9)dl  (5.38)

where R(t + i) = [A — (t + i)I]7L.

The manner in which this formula is used to provide the required spectral
representations is indicated is well illustrated in the References cited in the text
and in the Commentary; see, in particular [13].
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5.2.6 Functions of an Operator

The spectral theorem (Theorem 5.23) tells us that a self-adjoint operator A has a
spectral representation in terms of its associated spectral family {£};} given by
(56.35). We will want to form functions of such an operator in later chapters. If
A € B(H) where H, as usual, denotes a complex, separable Hilbert space, then it
is easy to see that a natural definition for exp (A), for example, is obtained by
using the familiar expansion for the exponential function, namely

00 n

exp(A)= —
—on!

This relation is well defined since the right-hand side of the exp ression converges
in the operator norm. However, there are many more complicated operators than
the one we have just considered which arise in applications. Nevertheless, the
spectral theorem allows us to form a large class of functions of a self-adjoint
operator A. This we do in the following manner.

Let ¢ be a complex-valued, continuous function of the realvariable A. We can
define an operator ¢(A), where A is a self-adjoint operator on a Hilbert space H,
by writing

Digcan={re: [~ o d(E.s, 1) <o) (539

and for f € D(p(A))

(p(A)Sf, 9)= ﬁ xfp(l)d(Ezf 9), 9€H (5.40)
It then follows, formally at least, that we can write
o= [ 9()dE, (5.41)

For (A1) = A we recover the operator A as expected (see (5.35)).
Some of the basic properties of ¢@(A) are contained in the following
exercise.

Exercise 5.32. Let H be a complex, separable Hilbert space and A:H — H a
bounded, self-adjoint operator. Let ¢, ¢, @2, be complex-valued, continuous func-
tions defined on the support of {E£};}. Then the following results are valid.

(1) @(A)* = (A) where p(4) = @(A).

(i) If (1) = er(Dp2(A) then p(A) = ¢1(A)@2(A).

(i) If o(A) = a101(A) + az@2(A) then p(A) = a101(A) + azp2(A).
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(iv) ¢(A) is normal, that is @(A)*p(A) = e(A)p(A)*.
(V) ¢(A) commutes with all bounded operators that commute with A.
(vi) If A is reduced by a projection P then

¢(A)/PH = ¢(A/PH)
The details are left as an exercise for the reader.
In applications a particularly interesting function of a self-adjoint operator A

is its resolvent. The above discussion indicates that if we introduce the function
¢; defined by

(M) =(A—-2)"

then we can define
() =R(A)= [~ (A-2)"dE; (5.42)

The next example gives some properties of ..

FExample 5.33. Let H be a complex, separable Hilbert space and let A: H — H be
a bounded, self-adjoint operator. Also, let z € C be such that Imz # 0. Then

i) @A) = (A -zt e B(H)
(i) @A) < 1/Imz.

Proof. Since A is self-adjoint, c(A) — R. Hence for Imz # 0 it follows that z €
p(A) and part (7) follows by definition of the resolvent.
We now show that ¢.(A) is bounded as in (ii). Indeed, for any
ge D((A —z)"H) =R(A — 2I) = (A — zI)D(A)

where R(A — zI) denotes the range of (A — zI), we have f = (A — zI) g € D(A).
Consequently, writing z = o + i3 we obtain

lgIP = ((A—=2D)f, (A—zD)f)
=lICA—eaD)fIF +IBPIAIP=1BE AP

—1BPca—=D) g
We conclude that

[(A—=zD)"g|< % forall geD((A—zI)1)

and, on recalling the definition of an operator norm, we establish part (ii). |
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Finally, in this subsection we give some useful consequences of the functional
calculus generated by the relations (5.40) and (5.41).

Example 5.34. (i) For ¢(x) = x we have ¢(A) = A. This follows from (5.37)
and the spectral decomposition theorem, Theorem 5.23, since for all f € D(A),
ge H

(WA, 9= [ p(d(Ef, )= [ Ad(Esf,9)=(Af, 9)

Arguing as in (4) the next results follow almost immediately.
(ii) For ¢(x) = 1 we have ¢p(A) = I because

(@A, 9= [~ dES 9=, 9)

(iii) If f, g are continuous, complex-valued functions of a real variable x and
if (fg)(@) = flx)g(x) then for any ¢, y e H

(9w = [ FAaErg(A),w)
= fj@f (A)di(9(A)g,Ezp) since E; = E; = E;
- fj:of (Dd f;g(u)d#(Eytp,Exv/) by (5.37)
= " r0ds [* o0y since EyB, = B, p< A
= [ rgdie, B

= [ (B )

Hence (fg)(4) = f(A)g(A).
(iv) Forany o e H

W)= [ FDAE 0= [ FAIE

5.2.7 Spectral Decompositions of Hilbert Spaces

There are intimate connections betweena self-adjoint operator A:H D D(A) > H
on a complex, separable Hilbert space H which can be used to provide decom-
positions into simpler parts of not only a given operator such as A but also the
underlying Hilbert space, the associated spectrum of A and other related quanti-
ties. As an illustration recall that for any self-adjoint operator A: H — H the point
spectrum, o,(A), of A is (Definition 5.2)

op(Ad) :={Ae R 3 0#ue Hst Au= lu}
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We define (see Definition 5.13) H,(A) to be the linear span of all eigen-
functions of A. As we have seen H,(A) is a subspace of H and is called the point
subspace of H with respect to A. Hence by means of the projection theorem we
can write

H=H,(A)® H,(A) where H,(A)=H,(A) (5.43)

We refer to H.(A) as the subspace of continuity of H with respect to A.
Let

P,:H — Hy(A)
denote the projection onto H,(A). Then for any f e H
f=Ppf+ = P)f=Ppf + Pef (G449
where
P.:={ - Pp):H — H,(4)

is a projection orthogonal to P,.

Thus in (5.43) and (5.44) we have a decomposition of H with respect to A.
Furthermore, a decomposition of A is also available. Since, on using, (5.44) we
obtain

Af =AP,f + AP, f =: A, f + A.f (5.45)

where A,, regarded as an operator on H,(A), is called the discontinuous part
of A whilst A., regarded as an operator on H.(A), is called the continuous part
of A.

Also, using (5.44) together with the associated spectral family (£}, we
obtain

ELLS) = EP S, S) + (ErPeS, f) (5.46)

This result provides a means of decomposing integrals such as those appearing
in (5.21) to (5.23). To see how this can be achieved we introduce the notion of
spectral measure.

Let H be a complex separable Hilbert space and A:H — H a bounded, self-
adjoint operator with associated spectral family {£}}.

For any interval A := (1', 1”] € R we define

Ex=Ey — Ey (5.47)

The definition of the spectral family (Definition 5.22) together with (5.47)
indicate that
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(i) E\,is aprojection onto the subspace M)»© My, that is onto the orthogonal
complement of M) in M.
(ii) If A;, Ay are disjoint intervals on R then

En, Es, = Es,En, = 0

that is, the ranges of the Es, and E,, are orthogonal. This follows directly by using
(56.47), writing the various products out in full and using Definition 5.22.

(iii) Ea, Er, = Ea; N 4, Again as in (ii) this follows by direct calculation.

The family {E,} defined in this manner is called a spectral measure on the
class of all sets A of the form indicated above.

The definition of E, in (5.47) can be extended to closed and open intervals.
To do this we first recall the notation.

Eﬂ.ﬂ:O =s— lim Eﬂ.in (548)
n—0"

A spectral family{E,} is said to be right continuous if £,y = E; and left
continuous if £ o = E;. We shall assume in the following that spectral families
are right continuous.

We now define

E{\)=E; — Ep (5.49)

The required extensions of (5.48) are given as follows.
(a) A = [A, 27] then we set

Ex = Eq + E{X}, di =@, 1]

(b) Ay = (A, 1”) then we set

E),,=s— lim E;,, dy= (/1’, )L”—l}

N—00 n

This is meaningful since Ay = Lgdz.

A more general introduction and treatment of spectral measures can be found
in the texts cited in the Commentary. We would mention in particular [1], [11]. In
this monograph we shall be mainly concerned with integration with respect to
numerical measures generated by a function of the form

w:A—>wd) =E v) Vo, we H AeR
In this connection the following theorem is instructive [10], [13], [11].

Theorem 5.35. Let H be a complex separable Hilbert space and A:H D D(A) —
H a self-adjoint operator with spectral family {E,}. For any ¢, w e H the complex
valued function A — (E)@, W) is of bounded variation.
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Using standard methods [11] we can define (Riemann-Stieltjes) integrals over
any finite interval with respect to the measure generated by the numerical value
function w defined by

w:d—=wd) = Ew v, ¢ yveH

As a consequence if f is a complex-valued, continuous function of A then the
integral

[ rnacze,w

defined as the limit of Riemann-Stieltjes sums, exists for every finite a, b and for
all ¢, v € H. Improper integrals over R are defined as in the case of Riemann
integrals as

[ rvacze, v =tim [ e, v (5.50)

as a — —oo and b — oo whenever they exist.

We re-introduce here, in a slightly different way, some already familiar con-
cepts and notation. This will have advantages later.

Let H be a complex, separable Hilbert space and A:H D D(A) — H a self-
adjoint operator with associated spectral family {E£;}. We have seen (Theorems
5.26 and 5.27 and the notation introduced in (5.48)) that P, = E; — E,_( is nonzero
if and only if A is an eigenvalue of A and P, is the orthogonal projection onto the
associate eigenspace. The set of all eigenvalues of A we have denoted by c,(4)
and referred to it as the point spectrum of A. Let H, denote the subspaces
spanned by all the eigenvectors of A, that is, spanned by all the eigenvectors P;H.
If H, = H then A is said to have a pure point spectrum.

In general o,(A) is not a closed set. To see that this is the case consider an
operator A that has a pure point spectrum. The spectrum of A, denoted c(A4), is
the point spectrum of A together with all its points of accumulation, that is o(A)
:= 0, (A). Furthermore, H), reduces A since P,H does and A, the part of A in
H,, has pure point spectrum. The proof of these statements is left as an exercise.

In the case when A has no eigenvalues then H, = {6} and A is said to have a
purely continuous spectrum. We define H, = Hj,. In general the part A, of A
defined in H, has a purely continuous spectrum which we denote by c(A.). The
spectrum of A., denoted c(A,), is called the continuous spectrum of A and will
be denoted in future by c.(A).

In the above we have offered a decomposition of 6(A), the spectrum of A, in
terms of a decomposition of H rather than a decomposition of C as previously.

The subspaces H), = Hy,(A) and H, = H.,(A) are called the subspace of dis-
continuity and the subspace of continuity respectively. When there is no
danger of confusion we shall simply write H, and H,.

The following result characterises H..
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Theorem 5.36. f € H, if and only if (E}f, f) is a continuous function of A.

Proof. Let w(A) = (E f, f). If w is a continuous function of A then w(A) — w(u)
as A — . This implies that ((Ey, — E,)f, f) — 0 as A — p. Hence, recalling (5.49),
we can conclude that (P, f, f) = 0 for all A € R.

Since P, is a projection and recalling the Schwarz inequality |(a, b)| < ||a]| |D]],
we obtain, for all g e H

(B9, ) =1(Erg, Eo S < (E29,9)(Epf,)=0

Hence f'is orthogonal to the ranges of all P, and therefore to H,. Hence f' e H,.
Conversely, if f € H, = H, then f is orthogonal to P, for all A so that, again
recalling (5.49), (£, f, f) is continuous. |
We shall find it useful when developing a scattering theory to further subdi-
vide (decompose) H..
We have seen above that the spectral family {£,} generates a spectral measure
FE\. Thus, for any fixed f € H we can construct a non-negative measure by
defining

mp(A)=(Esf, ) =EnfI’ (56.51)

We now introduce two further subspaces of H.

Definition 5.37. An element f € H is said to be absolutely continuous with
respect to A if myis absolutely continuous with respect to the Lebesgue measure,
[-], on R. That is, |A| = 0 implies my (A) = HEAfH2 =0.

Definition 5.38. A measure myis singular with respect to Lebesgue measure on
R if there is a set Ag with |Ag| = 0 such that m; (A) = ms (A N Ap) for all sets
A C R. In which case f'is said to be singular with respect to A.

The set of all elements in H which are absolutely continuous (singular) with
respect to A denoted H,.(H;) is called the subspace of absolute continuity
(singularity) with respect to A.

Theorem 5.39. H,. and H; are subspaces of H, are orthogonal complements of
each other and reduce A.

A proof of this theorem can be found in [6] and [10].

Since the point set {A} has Lebesgue measure zero we have (E, f, f) = (Ey_of,
f) for all f e H,. and all A € R. Therefore, by Theorem 4.40, we have H,. C H,
and H, C H,. If we now set

Hy = H, © Hy, (5.52)

then we obtain, for each self-adjoint operator A: H — H the following decomposi-
tions of H.
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H=H, ®H;=H, D H, ®H, (5.563)

If H,. = H then A is said to be (spectrally) absolutely continuous. If H;, = H
then A is said to be (spectrally) singularly continuous.

The parts of A on these various subspaces are denoted A, As, Asc respectively.
We write 0,:.(A), 05(A), 0s.(A) to denote the absolutely continuous, the singular
and the singularly continuous spectrum of A respectively. The associated compo-
nents of the spectrum of A are given by c(A,.), 0(As) and o(As.) respectively.

The physical relevance of the decomposition (5.563) can be considerable, par-
ticularly in some areas of quantum scattering [10]. For the moment we simply state
that H,,(A) usually contains the bound states of A whilst H,(A), and more espe-
cially H,.(A) consists of scattering states of A. For most self-adjoint operators
arising in applications it turns out that Hy, = {6} which implies that H, = H,,.

Further detailed discussions along these lines can be found in the texts cited
in the Commentary.

Finally in this subsection, we mention yet another way of decomposing the
spectrum of a self-adjoint operator A: H — H where H is a Hilbert space.

Definition 5.40. The set of all A € o(A) with the range of P, finite dimensional
forms o4(A) the discrete spectrum of A.

The set complementary to c;(A) in 6(A) constitutes the essential spectrum
of A and is denoted c,(A).

The sets 04(A) and ¢,(A) are disjoint. The set 6,(A) consists of the continuous
spectrum of A, the accumulation points of the point spectrum of A and eigenval-
ues of A of infinite multiplicities.

Finally, we would remark that in this chapter we have not worked explicitly
with unbounded operators. If we would wish to do this then more care must be
taken when handling the domain of the operator. In this connection see Chapter
3 and [5], [6].

5.3 Semigroup Methods

In Chapter 1 we saw that in the acoustic case an IBVP could be reduced, formally
at least, to an IVP. The IBVP was defined in R" x R in terms of a partial differential
equation which was of second order in time whilst the IVP was a Cauchy problem
for a system of ordinary differential equations which was first order in time and
defined on an appropriate energy space. It turns out that for these first order
equations results concerning existence, uniqueness and stability of solutions can
be obtained in an efficient and elegant manner using results from the theory of
semigroups and the theory of Volterra integral equations. This approach will be
seen to offer good prospects for developing constructive methods of solution.
We would again point out that, in keeping with the spirit of this monograph,
most of the results offered in this chapter are simply stated without proof. This
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we have done because in most practical problems the main aim is centred on
making progress by the application of analytical mathematical results rather than
by working through their proofs, which are often quite lengthy. However, as
always, References will be given either in the text or in the Commentary indicat-
ing where detailed workings can be found.

We remark that we shall work here in a Hilbert space setting. However, a similar
analysis can be conducted in a more general Banach space setting [13], [7].

Let H denote a Hilbert space and consider the IVP

{% - G}w(t) =0, teR =(0,00), w(0)=1wy, (5.54)

where w e C(R*, H) and G:H D D(G) — H. We remark that any boundary condi-
tions which are imposed on the originating problem are accommodated in the
definition of D(G), the domain of G.

An IVP of the form (5.54) governs the manner in which a system evolves from
an initial state w(0) = wy to another state, w(?), at some other time ¢ # 0. The
operator G characterises the particular class of problem being considered. The
presentation in this section will allow a wide range of specific forms to be
accommodated.

When faced with a problem such as (5.54) the first requirement is to clarify
the meaning of the defining equation. The definition of an ordinary derivative
indicates that (5.54) should be interpreted to mean that

@ w(t) € D(G)

(i) ’llin(l)"h’l {w(t+h)—wt)}—Gw(t)=0
where |-|| denotes the norm in H.

When the problem (5.54) models a physical, evolutionary system then ideally
the problem (5.54) should be well-posed in the following sense.

Definition 5.41. A problem is said to be well-posed if it has a unique solution
which depends continuously on the given data.

This definition implies that small changes in the given data produce only small
changes in the solution.
Let the evolutionary problem (5.54) be well-posed and let U(t) denote the

transformation which maps w(s), the solution at time s, onto w(s + t), the solu-
tion at time (s + ?), that is

w(s + 1) = U)w(s)
In particular we have

w(t) = UOw(0) = U(Hwo
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Therefore, since (5.54) is assumed to be well-posed, a solution of (5.54) is unique
and we have

U(s + Hwo = w(s + t) = UDw(s) = UR)U(s)wy
which implies the so-called semigroup properties
U(s + ) =UBs)U®), s, te RT, U0)=1I (5.55)

We are thus led to a consideration of a family of operators {U(¢)}. Our first aim
is to determine the family {U(?)};. With this in mind we notice that (5.55) is
reminiscent of the properties of the familiar exponential function. In support of
this remark we recall the following result which is obtained when investigating
Cauchy’s functional equation. Specifically, if f: [0, o) — R is such that

@) f(s+1t) =f(s)f(t) for all s, t >0

() f0) =1

(iii) fis continuous on [0, =) (on the right at the origin) then fis defined by

S(t) = exp{tA}

for some constant A € R.
Furthermore, if we apply an integrating factor technique to (5.54) then, for-
mally at least, we have

w(t) = exp{tGlwy

provided that G is regarded as a constant. With these results in mind it is natural
to conjecture that

U(t) = exp{tG} (5.56)

for some operator G. Of course, this conjecture has to be proved if it is to be of
any use. In this connection we introduce the following notion.

Definition 5.42. A family U := {U(t)};>o of bounded, linear operators on a Hilbert
space into itself is called a strongly continuous, one-parameter semigroup,
denoted a Cy-semigroup, provided

O Us+0)f=U6U)f=UUs)fforall fe Hands, t >0

() UO)f=fforallfe H

(iii) the mapping ¢t — U(t) is continuous for ¢ > 0 and for all fe H. If, in addi-
tion we have

i) 1U@®f < Ifll for all f € H then U is called a Cy-contraction
semigroup.

We remark that the restriction U(t) € B(H) enable us to compare different
solutions by means of the relation
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1T (0uo —U@woll <UD g — voll

which only makes sense if U(t) € B(H).

Once we have introduced the notion of a Cy-semigroup three questions are
immediate.

Q1: Given a Cy-semigroup {U(t)};>0 how can we obtain the operator G whose
existence was conjectured in (5.56)?

Q2: What types of operators, G, can appear in (5.56)?

Q3: Given a suitable operator G how can we construct an associated semi-
group {exp (1G)}0?

These three questions are investigated in great detail in the general theory of
Co-semigroups [7], [9]. Whilst we will always be aware of Q1 and Q2 our main
interest in this monograph is centred on Q3.

If we recall the interpretation given to (5.54) then the following definition
appears quite natural.

Definition 5.43. The infinitesimal generator of the Cy-semigroup {U(?)}s is
the linear operator

G:HDDG)—>H
defined by

Gf = }Lin}){h’l(U(t)f—f)}, for f € D(G)
D(G)=fcH: }lin(l){hfl(U(t) f—f)} existsin H

Example 5.44. The defining properties of a Cy-semigroup suggest that, formally
at least, for the family U = {U(%)};»o defined by

U(t) = exp (1G)

we have

_au()
dt li—o

G =U'(0)

which indicates that U is the semigroup generated by the operator G. Further-
more, the familiar integrating factor technique indicates that the solution of (5.54)
can be expressed in the form

w(t) = exp{tG}-wo = U(H)wy

provided wy € D(G). To see this last point notice that (5.54) implies that we must
have
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_dUw

Gw,
0 dt =0

:G’Ll)o—G’l/UO:O

and this result is only valid if wy € D(G).

We now collect some well-known facts from the theory of semigroups. The
presentation is essentially informal and is intended to provide a reference source
rather than a comprehensive, self-contained account. More details can be found
in the references cited here and in the Commentary.

Theorem 5.45 ([7], [13]). Let G € B(H). The family {U(t)}o defined by

U:= {U(t)—exp(tG)— i(tg—'ylzteR+}

n=0
is a Co-semigroup which satisfies
Wwe)—I11—0 as t—0

Moreover, G is the generator of U.
Conversely, if U is a Cy-semigroup satisfying the above relation then the
generator of U is an element G € B(H).

Corollary 5.46. If U(t) = exp (tG), defined as Theorem 5.45, then
@ 1U®| = lexpG)|l <expft |G|}, t € RT
(i) U®):Rt — H continuously for all t € R

(iif) 5; UMDY =G"UL) =UL)G".

In many cases of practical interest the operator G appearing in (5.54) could
be unbounded. For such an operator some of the quantities used above such as
G| and exp (tG), defined as in Theorem 5.45, are meaningless. Consequently,
results such as Theorem 5.45 have to be modified. With this in mind the following
results are available [7], [13].

Theorem 5.47. Let H be a Hilbert space and U := {U(t), t =2 0} a Cy-semigroup
with generator G. Then

@ U®U(s) = Us)UE) for allt, s =20

(i) U s exponentially bounded in the sense that there exist constants
M>0and e R such that

[Tl < M exp (wt)

(iii) D(G) = H and the operator G is closed
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@iv) %{U(t)f} =U)Gf =GU()f for all f€D(@)
(v) for all A € C such that Re{A} > o there exists R{G, A} := (AI — G)™' and

RGAS = [ e UWS, feH

In the next subsections we give conditions which ensure that problems of the
form (5.54) are well-posed. We indicate when the operator G in (5.54) actually
generates a Cy-semigroup suitable for ensuring that (5.54) is well-posed.

5.3.1 Well-posedness of Problems

Let H be a Hilbert space and G a densely defined operator on H. Consider the
following IVP

d _ + _
{E - G}w(t) =0, teR", w(0)=1w, (5.57)

A more precise definition than that given earlier of the well-posedness of
problems such as (5.57) is as follows.

Definition 5.48. The problem (5.57) is well-posed if the resolvent set p(G) # ¢
and if for all wy € D(G) there exists a unique solution w:R* — D(G) of (5.57)
with w e C'((0, %), H) N C([0, ], H).

Results along the following lines can now be established.

Theorem 5.49. The problem (5.57) is well-posed if G generates a Cy-semigroup
U on H. In this case the solution of (5.57) is given by w(t) = U(Hwy, t € R™.

Proof. Let G generate a Cy-semigroup U = {U(¢):t € RY). If wy € D(G) then by
Theorem 5.47 we see that w(-) = U()wy € C'(R*, H) is D(G)-valued and (5.57)

holds. To prove well-posedness it remains to establish uniqueness. To this end
let ¢ be any solution of (5.57) Then, for 0 < s < { < co we have

%{U (t=8)p(s)} =U(t = 5)Go(s) —U(t = s)Gp(s) =0

Hence U(t — s)¢(s) is independent of s. Consequently, since U(0) = I this inde-
pendence allows us to write

@) = Ut = s)p(s) = UDP0) = U(Hwo
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The last equality follows from the assumption that ¢(?) is any solution of (5.57)
and must therefore satisfy the imposed initial condition. The required uniqueness
now follows since the right-hand side is w(?). |

The converse of this theorem also holds. The details can be found in [7] and
titles cited in the Commentary.

We will also be interested in non-homogeneous forms of the problem (5.54).
Specifically, we will want to discuss problems of the form

d . B
{afG}v(t) =f(), teR", v(0)=1v, (5.58)

where f and vy are given data functions. In this connection the following result
holds.

Theorem 5.50. Let H be a Hilbert space and G:H D D(G) — H be the generator
of a Co-semigroup U = {U(t):t =0} C B(H). If vo € D(G) and f € C'(R*, H) then
(5.58) has a unique solution v € C'(R*, H) with values in D(G).

A proof of this theorem can be obtained by first noticing that a formal applica-
tion to (5.58) of the familiar integrating factor technique yields

o) =U(0)vy + fo Ut —s)f(s)ds (5.59)

It now remains to prove that (5.59) is indeed a solution of (5.48) and moreover
that v has all the properties indicated in the statement of Theorem 5.50. This is a
straightforward matter. The details are left as an exercise but can be found in [13]
if required.

5.3.2 Generators of Semigroups

We have seen that the well-posedness of an IVP can be established provided there
is associated with the IVP a Cy-semigroup. The following results help to charac-
terise these linear operators which actually generate Cy-semigroups. The results
are simply listed for our convenience in this monograph. Detailed proofs can be
found in the texts cited in the Commentary. We particularly mention [7], [13] as
starting texts. We remark that now the linear operators we will be dealing with
are not necessarily bounded.

Theorem 5.51. Let U = {U(¢t):t 2 0} D B(H) be a Cy-semigroup with generator
G. Then D(G) is dense in H. Furthermore, G:H D D(G) — H is a closed, linear
operator.
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Theorem 5.52. A Cy-semigroup is uniquely determined by its generator.

Theorem 5.51 is a valuable result whenever we know that G is the generator
of a Cy-semigroup. We also want to know when it is that an operator G is indeed
the generator of a Cy-semigroup. The answer is given by the celebrated Hille—
Yosida theorem [6], [7].

It will be convenient at this stage to introduce the following notation.

For real numbers M > 0 and o > 0 the set of all generators of Cy-semigroups
{U(t)}=0 which satisfy on a Hilbert space H the relation

Ul < M exp(wt)

will be denoted G(M, w, H). We remark that this notation is also used in general
Banach spaces.

Necessary and sufficient conditions for an operator G to belong to G(M, ,
H) are provide by the following theorem.

Theorem 5.53 (Hille-Yosida theorem). A linear operator G:H D D(G) — H is
an element of G(M, o, H) if and only if

(i) G is a closed linear operator with domain D(G) dense in H

(i) a real number A > wis such that A € p(G) the resolvent set of G

(iii) R(G, A) := (AI — G) ! is such that

IR, 1< L

_a))"’

We now turn to Q3. Specifically, if a given operator G satisfies the conditions of
the Hille-Yosida theorem then how can the Cy-semigroup {U(%)}; generated by
G be constructed?

We have seen, in Theorem 5.45, that when G € B(H) the semigroup {U(%)}:0
generated by G is defined by

U= «[U(t) — exp(1G) = i% ‘te R+} (5.60)

n=0

However in many applications the given operator G is not necessarily bounded.
Consequently, for a not necessarily bounded operator we try to find a family of
bounded operators which approximate G in some sense. As a first attempt in this
direction let {Gy}i=1 be a family of bounded operators the elements of which
generate the associated semigroups Uy := {Ui(?)}=0 of the form given in (5.60).
We would like to have a result of the form

exp {tG} :klim(exp {tG })
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This would then enable us to write

U(t)g:,}LIglon(t)g, t>0, geH

Theorem 5.54. Let G be the generator of a Co-semigroup {U(t)}0 < B(H) then

U()g= hlil})lf(exp{tGh Dg, t>0, geH

where Gy, is defined by
Grg ={U)g — gYh, g€ H

and the convergence is uniform with respect to t for 0 < t <ty with ty > 0 arbi-
trary [7], [9].

There is a major practical difficulty associated with this result which is centred
on the approximations Gj, = {U(h) — I}/h. These quantities are only known if U(h)
is known and this is what we are trying to find!

A way around the above difficulty can be obtained by first recalling that when
G is a real or complex number then

exp{lG) = [EXP{—tG)] ' = lim {[/ —tG/n]"} ' = lim {[I —tG/n]'}"

When G is an operator in H then the analogue of the result would seem to be
given by

(expltGhg = Tim ({7 - G/l )" g = Tim ([V(t/m)]" g)

This indeed proves to be the case as the following result can be obtained [7], [9].

Theorem 5.55. Let G be the generator of a Cy-semigroup {U(t)}=0 < B(H). Then
forallge H

U(t)g = lim {[V(t/n)]"g}, ¢>0, forallgec H
where
Vi) = [I — tG/m] ™!

The convergence is uniform with respect to t for 0 <t < .
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Finally, in this subsection we give Stone’s theorem which will be particularly
useful when developing scattering theories. In order to do this we require some
preparation.

Definition 5.56. A Cy-group on a Hilbert space H is a family of operators U :=
{U(t):t € R} c B(H) satisfying all the requirements of Definition 5.42 but with s,
t € R. The generator, G, of a Cy-group U on H is defined by

Gf = ;Liinoh‘l{U(w —f}

where D(G) is the domain of definition G which is the set of all f € H for which
the above limit exists. This limit is two-sided in the sense ¢ — 0 and not just
t— 0t

We would point out that G is the generator of a Cy-group, U, if and only if G,
defined as above but with ¢ — 0* respectively, generate Cy-semigroups U, where

(U1, >0
U(t)_{U,(t), t<0

Definition 5.57. Let H be a Hilbert space with structure (-, -) and |-||.
(i) Anoperator A:H D D(A) — H is asymmetric operator on H if it is densely
defined on H and if

A%, 9) = (f, Ag) forall f,ge D)

(ii) The operator A is skew-symmetric if A ¢ — A*

(iii) The operator A is self-adjoint if A = A*.

(iv) The operator A is skew-adjoint if A = —A*

(v) When H is a complex Hilbert space then A is skew-adjoint if and only if
(2A) is self-adjoint.

An instructive exercise is to prove the following.
Theorem 5.58. Let H be a Hilbert space and let G:H O D(G) — H generate a
Co-semigroup U := {U(t):t € RT)  B(H). Then U* := (U*({):t € Rt} is a semi-

group with generator G*.

The semigroup U is a self-adjoint Cy-semigroup, that is, U(?) is self-adjoint
for all t € R™ if and only if its generator is self-adjoint.

Definition 5.59. A Cy-unitary group is a Cy-group of unitary operators.

We now state
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Theorem 5.60 (Stone’s theorem) [3]. Let H be a Hilbert space. An operator
G:H D D(G) — H 1is the generator of a Co-unitary group U on H if and only
if G is skew-adjoint.
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6

A Scattering Theory Strategy

6.1 Introduction

In this chapter we gather together a strategy for investigating wave phenomena
in a time domain setting and for developing an associated scattering theory.
In the course of this we make more precise many of the statements found in
Chapter 1.

In contrast to other strategies in this connection (for example see [9]) the
approach adopted here is centred on the eigenfunction expansion method men-
tioned in Chapter 5. This will be seen to lead, quite readily, to a mathematical
description of what is meant by scattering processes and associated scattering
states. Furthermore, eigenfunction expansions methods associated with the FP
and the PP will be seen to offer good prospects for the immediate and practical
construction of solutions and associated wave operators.

A scattering process describes the effects of a perturbation on a system about
which everything is known in the absence of the perturbation. Such a process
can be conveniently characterised in terms of three main features; generation,
interaction and measurement. In the generation stage an incident wave, a signal,
is generated, far away in both space and time, from any perturbation which might
have to be considered, for example, a target body or some potential. At this stage
the interaction between an incident wave and the perturbation is negligible and
the system evolves as though it were a free system, that is, a system in which
there are no perturbations. Eventually, the incident wave and the perturbation
interact and exert considerable influences on each other. The resulting effects,
that is, the scattered waves, often have a very complicated structure. After the
interaction, during which the scattering has occurred, the now scattered wave
and the perturbation can once more become quite distant from each other and
the interaction effects again become negligible. Consequently, any measurement
of the scattered wave at this stage would indicate that the system is, once again,
evolving as a free system, but not necessarily the same free system as that con-
sidered originally.
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In practical situations measurements of a wave far away from any per-
turbation are really the only data available. This suggests that one of the funda-
mental questions to be addressed when investigating scattering processes is
of the following type. If an observer, far distant from any perturbation measures
the scattered wave (signal) then what was the incident wave (signal)? We would
like to be able to answer this question without having to investigate, in too
much detail, the actual interaction stage. Consequently, the asymptotic behaviour
of solutions to wave equations and especially in the asymptotic equality of
solutions of the associated free and perturbed systems becomes of particular
interest.

Even more basic than the above question is the assumption we have made in
Chapter 1, namely, that the scattered wave can indeed be characterised in terms
of quantities associated with some free system. This leads to the so-called asymp-
totic condition and the notion of asymptotic completeness. We shall discuss
these concepts later. Our first concern is to determine whether or not the systems
of interest actually have solutions which produce propagating waves.

6.2 Propagation Aspects
We consider the IVPs
(07 + AjJuy(w, ) =0, (x,)e R" xR, j=0,1 (6.1)
ui(x, 0) = @i(x), uu(x, 0) = yi(x), 7=0,1 (6.2)
where j = 0 represents an FP and j = 1 a PP. We shall assume that
A;j: HR™) - HR" =LyR"), 7=0,1

and that H(R") is a Hilbert space. We remark that here, for ease of presentation,
we have assumed that both IVPs are defined in the same space. It should be
noticed that we will not always be able to assume this. This assumption could
well hold when Ay is perturbed by additional terms, as in potential scattering. It
is unlikely to hold, without further assumptions, when D(Ay) is perturbed, as
would be the case for target scattering. Furthermore, for the sake of illustration
we shall assume here that Ay is a realisation in H(R") of the negative Laplacian
and A; is some perturbation of Ay.

An analysis of the given IVPs (6.1), (6.2) can begin by interpreting them as
IVPs for ordinary differential equations rather than for partial differential equa-
tions. This can be achieved in the following manner. Let X be a Hilbert space.
Furthermore, let A C R be a (Lebesgue measurable) subset of R and let f denote
a function of x € R" and t € R which has the action

SESC)t->fGD) =f(De X, teA (6.3)
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that is, f'is interpreted as an X-valued function of ¢t € A.
We shall denote by Lo(A, X) =: H the set of all equivalence classes of measur-
able functions defined on A with values in X satisfying

It = [ IOl de.<o0 (6.4)

where |- ||z denotes a norm on H and ||| x the norm on X. It is an easy matter to
show that H is a Hilbert space with inner product

()= [ F@,90)x dt (65)

Therefore, with this notation and understanding we can interpret « in (6.1), (6.2)
as

u=u, )t—-ul,t)=ul®)eX

The IVP (6.1), (6.2) can now be realised as an IVP for an ordinary differential
equation, defined in H, of the form

(7 + A =0, w(0) = @, w0) =y j=0,1 (6.6)

When these IVPs are known to have solutions then they can be represented in
the form

uj(t) = (cos (tAY*)g; + A7V (sin (tAY)y;, 7=0,1 (6.7)
Hence, the solution of the given problem, (6.1), (6.2), can be written in the form
uj(x, £) = (cos (tAY*) gi(x) + A7 V2 (sin (LAY y(w), j=0,1 (6.8)

From (6.8), provided that the spectral theorem is available, it would then follow
that, for j = 0, 1.

in(Va
u (1) = j; (Ai){cos(t\/z)}dEj(;t)(pj(x)+ fa (Ai){%l“}d@(m%(x) (6.9)

where 0(4;) denotes the spectrum of A; and {E;(A)}1e o)) Is the spectral family of A;.

The representation (6.8) is only meaningful if we know that the problems
(6.1), (6.2) actually have solutions which, moreover, are known to be unique.
Furthermore, the practical usefulness of the representation (6.9) depends cru-
cially on how readily the spectral family {E;(1)}1c o4, can be determined.

An alternative approach frequently adopted when discussing wave motions
governed by an IVP of the generic form (6.1), (6.2) is to replace the given IVP by
an equivalent system of equations which are of first order in time. We have already
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given an indication of how this can be done in Chapter 1 and Chapter 5.
This approach has a number of advantages since it can provide a straightfor-
ward means of including energy considerations. Results governing the existence
and uniqueness of solutions with finite energy can then be quite readily obtained.
To develop this approach we introduce an “energy space” Hg(R™) which is defined
as the completion of C§(R") x C§F(R™) with respect to the energy norm |-| g
where for

£= |1 = i ) OF RM O (R (6.10)
we define
I8 = [ INA@E +1f() ) do (6.11)

We notice that Hgz(R™) has the decomposition
Hg(R") = Hp(R") @ La(R") (6.12)
where Hp(R") is the completion of C3°(R") with respect to the norm defined by

1% = fRn {Vf @) da, feCF®R™ (6.13)

Furthermore, Hg(R") is readily seen to be a Hilbert space with respect to the
inner product (-, -)r defined by

(£, ®r = (Vf1, Vg + (f3, 92) (6.14)

where f =: (f1, f2), 8 =: (91, 92) are elements of Hg(R") and (-: -) denotes the usual
Ly(R"™) inner product.
We now write the IVP (6.1), (6.2) in the form

[zj[L(x, t)+L(1)j *01 HZ; (x, t):{g}, j=0,1 (6.15)
ujj(x, 0)= “;ﬂ(x), j=0,1 (6.16)

This array can be written compactly in the form
(0 — 1GHu(x, 1) =0, w(x, 0) = u(}(x), j=0,1 (6.17)

where
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uj(x,t)=[ (x,1), u‘}(x)=[ ](x) (6.18)

?;
Y

uj
u gt

4; 0

—iG; :l 0 *I] (6.19)

We now interpret u;, j = 0, 1, as Hg-valued functions of ¢ in the sense that
w=w(, t->w(:t) =wl) e HeR"), 7=0,1 (6.20)

In this case (6.17) can be reformulated in Hz(R") as an IVP for an ordinary dif-
ferential equation of the form

(d, — G (H) = 0, w(0) =u) (6.21)
where for j =0, 1

6, : Hx(R") 2 D(6;)) - Hp(R")

GiE=i

‘;)j _01“2]’ E=(5,86)e D(G))

D(Gy) = (€= (&, &) € HE(R™): Ajé1 € La(R™), & € Hp(R™))

Once we have obtained the representations (6.21) of the given IVPs (6.1), (6.2)
then the following questions are immediate.

Q@1: Are the problems (6.21) and (6.1), (6.2) well-posed?

@2: How can the solutions of the problems (6.21) be represented whenever
they exist?

@3: How can solutions of (6.21) yield the required solutions to (6.1), (6.2)?

It is clear that if the problems (6.21) are well-posed then it will follow that the
problems (6.1), (6.2) are also well-posed. To establish the wellposedness of (6.21)
we use results from the theory of semigroups introduced in Chapter 5. For our
later convenience we gather together here the relevant results. For ease of pre-
sentation we shall consider, for the moment, the IVP

a_ _ + _
{dt B}w(t)_O, teR", w(0)=w, (6.22)

Theorem 5.49. The problem (6.22) is well-posed if B generates a Cy-semigroup
U on H. In this case the solution of (6.22) is given by w(t) = U()wy, t € R*.

We will also want to discuss non-homogeneous problems of the form



162 6 A Scattering Theory Strategy

E-Bho-rw, ter, w0 =-u (6:23)

where f and v, are given data functions. In this connection the following result
holds.

Theorem 5.50. Let H be a Hilbert space and B: H D D(B) — H be the generator
of a Cy-semigroup U = {U(t): t = 0} C B(H). If vop € D(B) and f € C\(R*, H)
then (6.23) has a unique solution v € C'(R™, H) with values in D(B).

A formal application to (6.23) of the familiar integrating factor technique
yields the solution form

o0 =UWw+ || Ut — ) f(s)ds

These results settle the wellposedness of the IVPs concerned provided we can
show that B is the generator of a suitable semigroup. With this in mind, we recall.

Theorem 5.60 (Stone’s theorem) [6] Let H be a Hilbert space. An operator B:
H D D(B) — H is the generator of a Co-unitary group U on H if and only if B
ts skew-adjoint.

Returning now to our original notation we remark that in most cases of practi-
cal interest it can be shown [14] that the Gy, j = 0, 1 are positive, self-adjoint
operators on Hg(R"). Furthermore, since the wellposedness of the problem (6.22)
will imply the wellposedness of the problem (6.1), (6.2) for each j = 0, 1 we can
summarise the use of the above results as follows.

Theorem 6.1 Let H be a Hilbert space and Az H C D(A) — H, j =0, 1 be
positive, self-adjoint operators on H. Let Hg denote an energy space asso-
ctated with H. If, for j = 0, 1, the operators Gj Hyp C D(G;) — Hg of the

are self-adjoint on Hg then (iGj) generates a Co-group

—4;

{UL(0), t € R} defined by

. 0
Sform iG; = [

. I 0 T 0 -7
U;(t) = exp(itG;) = cos(tA]l-Q)[O I‘ —A; vz sm(tA}Q) 4 0 ] (6.24)
cos(tAY? A7V sin(tAY?
. (t4; )1/2 j (1/2J ) 6.25)
—Asin(tAj®)  cos(tA}?)

Therefore, recalling the material in Chapter b, it follows that the IVPs

{d? + Aju(t) = 0 (6.26)
u(0) = @€ D(A), u(0) = ;e DA (6.27)
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are also well-posed.
The solution of (6.21) can be obtained, using an integrating factor technique,
in the form

u;(t) = exp{itG;ju} = U;(H)u (6.28)

Consequently, provided we ensure that the (iG;), j = 0, 1 generate Cy-groups and
that they are of the form (6.24) then it is clear that (6.1), (6.2) are well-posed
problems and, moreover, the first component of (6.28) yields the same solution
as (6.8). These observations will enable us to settle propagation problems associ-
ated with (6.1), (6.2).

However, we recall that a practical interpretation of these solution forms
relies on a detailed knowledge of the spectra, 6(4;), j = 0, 1 and the spectral
families. {E;(A)}e (A 7 =0, 1. The spectral families can be determined by means
of Stone’s formula [10], [14] which for j = 0, 1 has the form

(B0~ Eynf )= Jim [ (R @+ ie)- Rit— el )t (629)

where
R(ttieg=QA; — (£ i€) ! (6.30)

Hence. for j = 0, 1 the spectral families, {E;(1)} e (A 7 =0, 1, can be obtained
via an investigation of the resolvent, R;(1) of A;. This in turn yields details of the
underlying spectral properties of A;.

From a practical point of view the determination of the spectral families is
quite demanding and detailed investigations are often left to specific cases.
However, since an investigation of R;(1) is always required it would seem that an
alternative approach based directly on the theory of eigenfunction expansions
could offer good prospects for developing constructive methods. We shall tend
to concentrate on this approach in the following chapters.

6.3 Solutions with Finite Energy and Scattering States
Bearing in mind (6.12) and the notion of energy in a wave [3] we introduce
But)= [ (Va0 + (@, OF)dw = [u(l; (6:31)
and
B(B,w,0)= [ (Va0 +lu(a, 0F)da = (Dl (6.32)

where B C R is any bounded set. E(u, t) denotes the global energy of the wave
at time ¢ whilst E(B, u, t) denotes the energy of the wave in B at time ¢.
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In this section we shall only be interested in those systems in which the global
energy is conserved, that is

E(u, t) = E(u, 0) = constant (6.33)

Therefore, if we are dealing with wave equation problems of the typical form (6.1),
(6.2) then the energy integrals (6.31) associated with these problems have the
form

Blup0)= [ (Vo) +lp,(@))dw, j=0,1 (6:34)

For the FP, that is for the case 7 = 0, the following result can be obtained [17].

Theorem 6.2 (i) Ay is a self-adjoint, non-negative operator on La(R™).

(ii) Ao has a unique, non-negative square root A with domain

D(AY®) = (u € LyR"): Df € Lo(R™), | o <1} =: LY(R")

where a s a multi-index of the form o = (o, O, ..., o) and the o are
non-negative integers for k = 1, 2, ..., n and |o| =Zp_104. Further, we define
D*:= DY D§,...D5g,wheredldxy, k=1,2,...,n

We remark that L3'(R™), m = 0, 1, ... are the usual Sobolev Hilbert spaces
(1].

Consequently, using (6.12) we see that if gye D(A}? = LYR™) and yp € Ly(R™)
then the representation

uo(t) = (cos (tA*) g = A~§*(sin (tAF*) o (6.35)

implies that uo(f) € L3R™) and uo(t) € Ly(R™). In this case the energy integral
E(uy, t) is finite and u is called a solution with finite energy (wfe).

When we come to deal with the PP then we will require a similar result to
Theorem 6.2 for the operator A; in (6.1).

Although we have assumed that the global wave energies E(u;, t), j = 0, 1
remain constant this is not necessarily the case for the local energies E(B, u;, ),
J =0, 1. As a consequence it is natural to say that the u;(x, t), j = 0, 1, represent
scattering waves if for every bounded, measurable set B C R"

lim E(B,u;,1)=0 (6.36)
t—o00

If we assume that ¢y and y are real-valued functions such that ¢y € H(R") =:
Ly(R™) and v € D(AyY?) and if we define
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ho = g0 + i0 o (6.37)
then (6.35) can be expressed in the form
uo(t) = (- ) = Re(wo(, 1) (6.38)
where
vo(t) = vo(, £) = exp{—itAY ho =: Uy(Dhy (6.39)
is the complex-valued solution in H(R"™) of (6.1), (6.2) with j = 0. The representa-
tion (6.38), (6.39) implies that the evolution and asymptotic behaviour of uy(x, t)
is determined by that of vy(x, ).
If, with (6.39) in mind, a wave system of interest evolves according to
v(z, t) = Up(Hh(x) (6.40)
then it is natural to say that h € H(R") is a scattering state if and only if (6.36)
holds.
If we introduce the mapping
Qq Hp(R") — Hp(R") (6.41)
where
Q@) = yy(@)w(x) forall xe R"
and y, is the characteristic function for
B(g) := {x e R" |x| < ¢}
then we notice that
E(B(9),v0,0) = [QUo (Dol
Hence, (6.36) is equivalent to
}LTO"QqUO(t)ho"E =0 forevery ¢>0 (6.42)

It is a straightforward matter to verify, for 0 < g < oo, that @, is an orthogonal
projection on Hg and that

s—1lim@,=1

q—00

This leads to the following definition [18].
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Definition 6.3. (i) A family of orthogonal projections on Hg, denoted by {@: 0 <
q < o} is called a family of localising operators on Hy if Q;: Hrp — Hf, satisfies
s—1lim@,=1.

g—00

(i) An element hy € Hf is a scattering state for Ay and {Q,} if and only if
(6.42) holds. The set of all such scattering states will be denoted by H®.

6.4 Construction of Solutions

Once questions of existence and uniqueness of solution have been settled then
we can turn our attention to methods for actually determining such solutions.
We consider the IVP (6.1), (6.2) for the case j = 0, 1 and, with future applica-
tions in mind, we shall take n = 3.
We first notice that Theorem 6.2 indicates that the spectral theorem is available
for interpreting the solution forms (6.35) and (6.39). Specifically, if {Eo(1)}1e o4,
denotes the spectral family of Ay then we have the spectral representations

- fo " AdEy (L) (6.43)

D(Ay) = f:o‘D(l)dEo(l) (6.44)

where @ is a bounded, Lebesgue measurable function of A. However, as we have
already mentioned, a difficulty associated with the results (6.43) and (6.44) con-
cerns the practical determination of the spectral family {Ey(4) )1 o). For the case
of the FP that we are concerned with the situation can be eased by introducing
results for Fourier transforms in Lo(R?) := H(R?). The Plancherel theory indicates
that for any f € H(R?) the following limits exist.

(Fof)(p)= f(p):= m o )3,2 S ), (i p) fde (645)

@)= (Fy (@)= lim S 1)3/2 | ewti-p)jwap  646)

where z, p € R%. It can also be shown that for any bounded, Lebesgue measurable
function ® we have

(@(40))() = lim 1)3,2 ﬁ . exp(ox- p)@(Ipf° f(p)dp (647

We would emphasise that the limits in (6.45) to (6.47) have to be taken in the
H(R®) sense. Furthermore, the theory of Fourier transform indicates that Fi:
H(RS) — H(R® and, moreover, that it is a unitary operator. Consequently, we
have Fg! = F§.

We notice that
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1 . 3
wo (X, p) = Wemcm ‘D), %DPER (6.48)
satisfies the Helmholtz equation
(A+IpI*ywo(w,p) =0, x,pcR’ (6.49)

Thus, wo might be thought to be an eigenfunction of Ao = —A with associated eigen-
value |p|2 However, a direct calculation shows that w, ¢ H (R3) and so wy must be
a generalised eigenfunction of Ay. Nevertheless, the Fourier Plancherel theory,
which has been developed independently of any scattering aspects, indicates that
all the limits (6.45), (6.46) and (6.47) exist. Consequently, the spectral decomposi-
tion of Ay can be written as a generalised eigenfunction expansion in the form

(Fof)(p)=F(p)=lim [ () (@) (6.50)
Fy=(Fy )= lim [ (e, p)f(p)ip (6.51)
(@A) (@)= lim [ awo(r, p)@(pI")F (p)idp (6:52)

where as before all limits are taken in the H(R?) sense. It will be useful later on
to bear in mind that (6.52) can also be written in the form

F(O(40) ) (p)=2(p|D)f (D) (6.53)

These various results imply that the wave function v, introduced in (6.39) can be
interpreted in the form

o0(,0) [ wo(, p)exp(—it|pDio(p)dp (6:54)

We remark that the improper integral in (6.54) must be interpreted in the H(R?)
limit sense as in (6.50) to (6.52). With this understanding we should also notice
that in (6.54)

wo (&, p)exp(—it|pl) = ﬁem(i(wm—tlpl)) (6.55)
are solutions of (6.1) with 7 = 0 and as such represent plane waves propagating
in the direction of the vector p. Therefore, the wave function given by (6.54) is a
representation of a wave (acoustic) in terms of elementary plane waves (6.55).

We now turn our attention to the PP given by (6.1), (6.2) with j = 1. As we
have already mentioned, for ease of presentation at this stage we shall assume
that the FP and the PP are both defined in the same Hilbert space. We have seen
that the complex-valued solution of the FP is given by (6.39). Consequently,
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arguing as for the FP we find that, provided ¢; € H(R®) and y; € D(A7"?), the
complex-valued solution of the PP is given by

vi(x, 1) = 01, ) = exp{—itAr H (@) = Ui(Dhi(x) (6.56)
where
hi = @ + iATY2 (6.57)

For the FP the Fourier Plancherel theory provides us with the generalised eigen-
function expansion (6.50) to (6.52). As a consequence we could interpret (6.39)
in the form (6.54). We would like to have a similar result for the PP. Specifically,
associated with A; we want a generalised eigenfunction expansion theorem of
the form

(FLN)(D) = F(p):= Jim wy(x, p)f (x)dw (6.58)

—ood |x|<r

f(@)=(F" f)(x):= lim wy(x, p).f(p)dp (6.59)

r—ood |p|l<r

(@(4)N)()=lim [ wi(x, p)0(p)F(p)dp (6.60)

where, as previously, the above limits have to be taken in the H(R?) sense. The
kernels wi(x, p) are taken to be solutions of

(A —IplHw (x,p)=0, x,peR’ (6.61)

and as such are to be generalised eigenfunctions of A;.

We would emphasise that for any specific perturbed problem it has to be
proved that a generalised eigenfunction expansion (spectral decomposition) such
as (6.58) to (6.60) is indeed available for use. For specific physical problems this
can often involve a great deal of work. A full spectral analysis of A; is required
and functions such as w;, which are intimately connected with the particular
problem being considered, have to be determined. We shall return to these various
aspects in later chapters when we come to deal with specific scattering problems.
For the remainder of this chapter we shall assume that such generalised eigen-
function expansions are available. Consequently, we will then be able to write
(6.56) in the following form.

v (x, )= fRS wy (@, p)exp(—it|p)).fi(p)dp (6.62)

which is interpreted in the same way as (6.54).
We remark that in (6.54) and (6.62) the p need not be the same for both. It is
associated with eigenvalues of A in (6.54) and with eigenvalues of A; in (6.62).
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From (6.54) and (6.62) it is a straightforward matter to obtain the
representations

uo(x,t)=fszo(x,p){tﬁo(p)COS(tIpI)Jr!/?o(p)W}dp (6.63)

up (%, 8)= fRB wy (&, p){cﬁl(p)COS(tlpl)Jrv?l (M%}dp (6.64)

Hence, provided we can establish an eigenfunction expansion theorem of the
form (6.58) to (6.60) then, since all the terms in (6.63) and (6.64) are computable,
we have available, in (6.63) and (6.64), a practical means of constructing solutions
to the FP and PP respectively.

For the purpose of developing a scattering theory it remains to investigate
whether or not these solutions can be considered as being asymptotically equal,
in some sense, as t — +oo. We shall begin to investigate this aspect in the next
section.

6.4.1 Wave Operators and Their Construction
In Chapter 1 we introduced the notions of Asymptotic Equality (AE) and Wave
Operator (WO). Specifically, we say that v;, j = 0, 1 the complex solutions of (6.1),
(6.2), are AE as t — +oo if

Jim oy (8) = vp(DI1 =0 (6.65)

where |-| denotes the norm on H(R®).
Using (6.39) and (6.56) we find

[o1(8) = vo (Dl = U1 (D)~ — Uy (Dol

= UG (DU (D)hy— holl
= [W(t)hy — holl

Hence
i oy (6) v (Ol = IWelur ol (6.66)
where
Wei= lim W(t)= lim Ug(OU (1) = lim exp(itAY*)exp(—itAV*) (6.67)
are the WOs associated with Ay and A;.

The manipulations leading to (6.66) have always to be justified but are cer-
tainly valid when the Uj(t), j = 0, 1 are unitary operators. In practice we endeavour
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to ensure that this is the case. We notice that if the A;, 7 = 0. 1 are self-adjoint
operators then Stone’s theorem [14] ensures that the Uj(t), j = 0. 1 are indeed
unitary operators.

Thus we see that the limit on the left-hand side of (6.66) will be zero, and so
the FP and the PP will be AE, provided that the initial data for the FP and the PP
are related according to

he = Waihy (6.68)

where, for the sake of clarity, iy has been replaced by .. to indicate that different
initial values might have to be considered for the FP when investigating ¢t — +o
and ¢t — —oo.

Before indicating a means of constructing the wave operators W, we first
recall some features of waves on a semi-infinite string.

Example 6.4. The wave motion of a semi-infinite string is governed by an equa-
tion of the form

07 — Dulxr,H) =0, (x,)eT xR (6.69)

where I = (0, o).

Since T is an unbounded region then any solution of (6.69) will, in practice,
be required to satisfy certain growth conditions, called radiation conditions, as
|x| — oo. To indicate the nature of these conditions we recall that equations like
(6.69) have solutions that can be written in the form

w@, ) = fl — ) + glx + 0) (6.70)

where f and g are arbitrary functions characterising a wave of constant profile
travelling with unit velocity from left to right and from right to left respectively.
The precise form of f and g is settled in terms of the initial and boundary condi-
tions that are imposed on solutions of (6.69). In the particular case when both
waves can be assumed to have the same time dependency, exp(—iwt), then we
could expect to be able to write (6.70) in the form

u(x, ) = e @y (x) + e u_(x) (6.71)

Direct substitution of (6.71) into (6.69) shows that the two quantities u, and u_
must satisfy

@2+ Pus(x) =0 (6.72)
Now (6.72) does not imply that the u.. are necessarily the same. Indeed,

10X

u(@)=e and u_(x) = e ' (6.73)
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both satisfy (6.72). Combining (6.71) and (6.73) we obtain
u(x, t) = exp(—iw(t — x)) + exp(—iw(t + x)) (6.74)

Thus, on recalling (6.70) we see that u characterises a wave moving from left to
right and u_ a wave moving from right to left, both having the same time depend-
ency exp(—iwt). Equivalently, we can say that u . is an outgoing wave since it
is moving away from the origin whilst «_ is an incoming wave as it is moving
towards the origin. This particular feature of wave motion can be neatly encap-
sulated as follows. (See the Commentary and the References cited there.)

Definition 6.5. Solutions u. of the equation
(A + 0Hus () = flx), xe R
are said to satisfy the Sommerfeld radiation conditions if and only if

J _ . 1
[Erivfu =0 ) st (6.75)

asr—|x| — oo (6.76)

1
us ()= 0(7(%1)/2

The estimates in (6.75) and (6.76) are considered to hold uniformly with respect
to the direction x/|x|.

The estimate (6.75) taken with a minus (plus) sign is called the Sommerfeld
outgoing (incoming) radiation condition.

With u. defined as in (6.73) it is clear that u, is outgoing whilst »_ is incom-
ing. From the practical point of view this is entirely to be expected. Furthermore,
it will often be convenient to think of u_ as an incident wave and u, as a scat-
tered wave.

Since we are dealing with perturbation processes it is reasonable to assume
that w;, the kernel function in the generalised eigenfunction expansion theorem
(6.58) to (6.60), is a perturbation of w, the kernel function in the generalised
eigenfunction expansion theorem (6.50) to (6.52). Since wy characterises a plane
wave we shall refer to w;, a perturbation of w,, as a distorted plane wave.

Definition 6.6. An outgoing (incoming) distorted plane wave w_(x, p) (w_(x, p))
satisfies.

i) (A + 0®wi(x) =0, 2, pc R"

(i) wi(x, p)wo(x, p) satisfies the outgoing radiation condition (resp. w_(x, p)
— wo(x, p) satisfies the incoming radiation condition).

Consequently, we shall assume here that the kernel w; («, p) is either an outgoing
or an incoming distorted plane wave and we shall write

w1(x, p) = wx(®, p) = wo(w, p) + wi(x, p) (6.77)
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where w’, (w’) behaves like an outgoing (incoming) wave.

Of course, when dealing with specific, physical problems the existence and
structure of the distorted plane waves must be established.

The existence of the distorted plane waves can be established by means
of the Limiting Absorption Principle (LAB) [4], [5] which is based on
noticing that if A is a self-adjoint, linear operator in a Hilbert space H and if
A=+ iv € C, with v # 0 then the equation

(A — ADu(x, 1) = f(x)

has a solution u(-, 4) € H for each f € H because A ¢ o(A). In the LAB method
we look for solutions in the form

(@, ) = lim u(, A)
V—

The difficulty with this approach is centred on the interpretation of this limit. In
general it can only be understood in the sense of convergence in a Hilbert space
H(w), where w is an arbitrary subdomain of the region over which functions in
H are defined. Physically, the quantity u(x, 1), v # 0 describes a steady state wave
in an energy absorbing medium with absorption coefficient proportional to v [17].
We shall deal with this method in more detail when we come to consider the
specific problems discussed in later chapters.

If we assume the existence of the w. and, moreover, that they form two
complete sets of generalised eigenfunctions for A; then on substituting (6.77) into
(6.58) to (6.60) we obtain

F)=(F (@)= lm [ w9 o) (6.78)
S)=FEP @)=l [ w2, p)fe(p)ip (6.79)
@(AN@)=lim [ w. (2, p)o(p)Fx(p)dp (6.80)

r—ood [p|<r

provided these limits exist. We refer to F'; as an outgoing generalised Fourier
transform and F_ as an incoming generalised Fourier transform.

On the basis of these various assumptions we see that the solution v;(x, t)
given in (6.62) has two spectral representations depending on whether w_ or w_
is used in the expansion theorem (6.78) to (6.80). Specifically, we have

w0 =lim | w,(z p)exp(~itlp)h. (p)dp (6.81)

—ood |pl<r

and

o, 0=1lim [ (x, p)exp(~itlp)h(p)dp (6.82)



6.4 Construction of Solutions 173

where

o(p) = lim [ 0= (o () (6.83)

Since w(resp. w_) is an outgoing (resp. incoming) distorted plane wave we refer
to (6.81) (resp. (6.82)) as the outgoing (resp. incoming) spectral representations
of vy.

We are now in a position to construct a useful form for the wave operators
W.. If we substitute the decomposition (6.77) for w_ into (6.82) then we obtain

vi(x, t) =volx, t) + v (2, 1) (6.84)

where
v (%,1)= lim e wy(w, p)exp(—it|p)h_(p)dp (6.85)
v (0= lim [ w! (2, p)exp(~itlpDi-(p)p (6.:86)

We now notice that since the kernel function in the integral (6.85) is w, then
it follows that v represents a free wave. Therefore we can write

v (@, 1) = Uy(Dho (@) = exp(—itA'Phg () (6.87)
where
ho (@) = v (x, 0) (6.88)
Hence, bearing in mind (6.85), (6.68) and (6.58) we find
ko () = v (x, 0) = FEh)@) = (FFF-hp)(@) (6.89)

Now, (6.89) relates the initial data for a FP and the initial data for an associ-
ated PP. Therefore, we conclude that as ¢ —» —co we might expect that

hy (%) = (F§F_h)(x) = W_h(x) (6.90)
that is, we might expect that
W_ = F{F_ (6.91)

It turns out that this is indeed the case provided we have local energy decay of
the form

lim v (,£)=0 (6.92)

t——00
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Using (6.84) we see that (6.92) is equivalent to

i [, )= (0] =0 (693)
where |-| is the H(R®) norm. It now follows that
[orC, ©) —vo C, O = |exp(—itAY* )by — exp(—itAy*ho | (6.94)

= |{exp(itAg*) exp(—itAY*) — Fy'F_} hu |

Equation (6.94) together with (6.93) and the definition of the WO given in (6.67)
implies that W_ exists and is given by

W_=F§F_ (6.95)
If we substitute the decomposition (6.77) for w, into (6.81) then we obtain
vi(x, 1) = vi(x, t) + v (x, 1) (6.96)
where

vy (1) = lim wy (&, p)exp(—it| pDh (p)dp (6.97)

r—ood |p|<r

CHEAIE Jim ‘[“p‘q_ w!, (w, p)exp(—it|p)h. (p)dp (6.98)

Arguing as before we see that v{(x, ¢) represents a free wave and that we can
write

v, £) = Ug®hj(x) = exp(—itA¥2)h} (@) (6.99)
where
ry(x) = vi@, 0) = FFh) (@) = FFFhi)(@) (6.100)
This results implies that we might expect that
W, = F§F, (6.101)

We can show that W, exists and that (6.100) is indeed the case provided that we
have local energy decay of the form

lim v"(,t)=0 (6.102)

t—+o00

The proof follows as for the case of W_ and the details are left as an exercise.
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Once we have determined the existence and the form of the wave operators
W then a scattering operator, S, which links the initial conditions hoi can be
introduced as follows.

The above results indicate that

hi = Wihy = F§F.hy (6.103)
This in turn implies
Fohif =hi = Fihy
Hence
Rkl = F.hi = F F* g = Shyp (6.104)
and we see that
S:=F,F* : ho— h} (6.105)
This operator and the unitarily equivalent operator
F§SFy:= F§F F*Fy: hy — h (6.106)

are particularly useful when discussing the theoretical and practical details of the
asymptotic condition and the associated AE results.

6.5 Asymptotic Conditions

We introduced in Chapter 1 the notion of AE. The aim in this section is to provide
a more precise formulation of this asymptotic property.

The requirement that the scattered waves can be characterised, at large posi-
tive and large negative times, in terms of free waves which are totally unaffected
by any scatterer, is called the asymptotic condition. To place this in a mathe-
matical framework we again consider a simple case. Specifically, we consider a
FP characterised by an operator Ay and an associated group {Uy(?)} and a PP,
describing the wave scattering, which is characterised in terms of an operator A;
and a group {U;(¢)}. Here, as introduced earlier

Uo(t) = exp{—itAy?}, Ui(t) = exp{—itA}?) (6.107)

Furthermore, we have seen that the FP has an initial state vector ko given by
(6.37) whilst the PP has an initial state vector h; given by (6.57). We shall assume
that Ay and A; both act in the same Hilbert space H.

In a typical scattering situation the time evolution of the scattered wave which
has initial state kh; € H is governed by the group {U;(¢)}, that is, the state of the
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scattered wave at some other time ¢ is U;(¢) ;. In the absence of any scattering
mechanism the time evolution of the free wave having a initial state hy € H is
governed by the group {Uy(?)}. The state of the free wave at some other time ¢ is
then Uy(t)hy. Our aim is to see if we can approximate, as t — +oo, the waves
arising from the PP by waves arising from the free evolution of suitable FPs. This
is most readily done by assuming that for k; € H there exist two initial states h
such that the wave U;(t) h; converges to Uy(t)h+ as t — +oco. Symbolically, we
mean that we should be able to satisfy the requirements

Jm U1k —Uo(Dh-1=0,  Lim U0k —Uo(Dh. =0 (6.108)

where | -|| is the norm on H. We refer to (6.108) as the asymptotic conditions.
When these requirements are satisfied then it will mean that the scattered wave,
characterised by U;(¢)h,, is virtually indistinguishable from the wave Uy(¢)h_ in
the remote past and from Uy(?)h. in the distant future. The requirement that
vectors such as k. should exist and moreover exist as elements of H is really
quite a severe restriction. However, we would remark that an indication of how
this requirement can be met has already been given in the previous subsection.

The set of vectors h; € H for which (6.108) can be satisfied is called the set
of scattering states for A;, and will be denoted by M(A;). We shall assume that
for each self-adjoint operator A with which we shall be concerned the set of scat-
tering states, M(A), has the following properties.

(i) M(A) is a subspace of H.

(ii) M(A) is invariant under the group {U(?)}, that is, if » € M(A) then

UOh = exp(—itA"h e M(A) forall te R
We notice that if & is an eigenfunction of A that is, for some € H
AI/Zh — /.lh

then the state U(t)h = exp(—itAY*)h = exp(—itu)h is simply a multiple of the
state k2 and as such it cannot define a scattering process. It defines a so-called
bound state of A. For this reason scattering states are expected to be associated
with the continuous spectrum of A.

In this description of the asymptotic condition we are associating with each
initial state h_ € M(A,) another state vector k. € M(Ay), both state vectors being
interpreted as initial states at the time ¢ = 0. If there is no scattering taking place
then U;(t) = Uy(t) and clearly we have h_ = h,. However, when scattering does
occur then the correspondence between h_ and k. is effected by means of a
scattering operator S. Typical forms for the scattering operator have been indi-
cated in (6.105) and (6.106).

When dealing with specific problems it is sometimes convenient to alter the
various requirements mentioned above. This is because h; is usually associated
with the PP and as such is a given quantity. Our task then is to determine the
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states k. so that the asymptotic conditions (6.108) are satisfied. This is done by
means of the WO, as in (6.68), and using an SO to determine the relation between
h_and k., as in (6.105) or (6.106). We can summarise the above discussion in the
following manner.

Definition 6.7. A wave evolving according to
Ui(®Ohi(@) = exp(—itAf) i (x)

is said to satisfy the asymptotic condition for t — +oo, defined with respect to
the family of operators

{Un(t) = exp(—itA}*)

if there exists an element h, € M(Ay) C H such that as ¢ —» +oo the wave
Ui(Hh1(x) is asymptotically indistinguishable from the wave Uy(t)h, (x).

A similar definition holds as t — —oo.

This definition implies that an element ~ € H is such that the free evolution
Uy(t)h defines, as t — 400, the asymptotes of some evolution U;(?)k;. However,
we need to determine whether or not every h; € H, evolving according to U;(t)h;
has asymptotes, as t — 400, of the form Uy(¢)h. To be able to settle this question
we need some preparation which involves properties of the wave operators W..

First we show that the wave operators W.. satisfy the so-called intertwining
relation

AW, = Wy A, (6.109)

To see that this is the case we notice that
exp(—it AW, = exp(—iTA(l)/z)[ Liinx{exp(itAé/z)exp(—itAi/z )}
= Lig;{exp(i(t — 1) Ay exp(—itA;*)}
= Lirinw{exp(i(t — ) AV exp(—i(t —1)A*) }exp(—iTA}?)
= Wi exp(—i'L'A}/ )
Differentiate with respect to 7 and set 7 = 0 to obtain (6.109).

We next notice, using the properties of inner products on Hilbert spaces, that
for all f, g € D(W%) we have

(WLf,Wig)= lim (exp(itdy”)exp(—itA;”) f, exp(itAy*)exp(~itA;*)g) = (f, 9)
' (6.110)

Hence the wave operators W#* are isometries. Furthermore, we can use (6.110)
to obtain
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(WS, Weg) = (f, WoWig) = (S, 9)
from which it follows that
W, Wx =1 (6.111)
We remark that from (6.111) we might expect that W# should behave like W¥ .

We obtain conditions below which can ensure this.
We notice that for f, g € H related according to

g:= Wtfe R(W%¥) = range of W%
we have
WiW,g=WEWWEf)=WEf=g (6.112)
If, however, an element & € H is orthogonal to R(W* ) then
0=(h, WEf)=Wih,f) forall fe H (6.113)
Hence it follows that
Wih =0, he R(WE)*" (6.114)
and that
Wi Wih = W (W h) =0
Hence we have shown that W# W, is a projection onto R(W* ).

Similarly, W* W_ is a projection onto R(W*).

With this preparation we return to the question of the availability of the initial
data, h., for the FP which will yield the required AE for the PP.

We emphasise that, as always in this monograph, the FP will be concerned
with an incident wave (signal) in the absence of any perturbation whilst the PP
will be concerned with scattered waves which are a consequence of some per-
turbation of the incident wave.

We have seen that when developing a scattering theory we try to relate the
evolution of a given PP and the evolution of a rather simpler, associated FP. If
the evolution of the PP is governed by the group {U;(?)} and that of the FP by the

group {Uy(?)} and if the PP has given initial data k; then the solutions of the PP
and the FP will be AE as { — —oc provided the FP has initial data, k_, given by

he=W_h (6.115)

where W_=lim, . . Ui(O)U(t) (see (6.67), (6.68)).
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Once the initial data, h_, is determined according to (6.115) it then remains
to determine whether there exist some, possibly different, initial data, k., for the
FP that will ensure that we also have AE of the PP and the FP as ¢t — +occ. With
this in mind we first notice, from (6.115), that to ensure AE as ¢ — —oo the initial
data for the PP must satisfy

hy = Wk h_ e R(W%) (6.116)

However, with AE as ¢t — +o0 in mind, we see that we can also introduce the
influence of the wave operator W, by expressing k; in the form

hy=h, + 1", hye RWY), h*e RW*)" (6.117)

Since W* W, is a projection onto R(W* ) the first component of (6.117) indicates,
remembering (6.116), that the following must also hold

RWE)s hy = Wk Wohy = WEW, W¥h_ = W% Sh_ (6.118)
where
S:=W.W* :h_—h, (6.119)
is the scattering operator which, when known, enables us to determine the
required initial data from the previously obtained data & _.
As t - + the evolution of the initial data k; will still be governed by the
group {U;(?)} and from (6.117) we have
Ui(Ohy = Ui(Ohy + Ui(Hh™ (6.120)
Consequently,
W, Ui(Ohy = W, Ui(Dhy + W UI(DR
Now, using the intertwining relation (6.109) and (6.114) we find
W. Ui(Hh™ = Uy()W h*" =0
Consequently, we see that as t — +oo the component U;(t)h™ of the state of the
system remains orthogonal to the scattering subspace generated by &..
Finally, in this section we demonstrate some useful connections between the
ranges of the WO and the properties of the SO.
Theorem 6.8. (i) R(W*) C R(W¥) if and only if S is isometric

(i) R(W*) C R(W*) if and only if S* is isometric
(iii) R(W*t) = R(W*) if and only if S is unitary.
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Proof. (i) Assume R(W*) C R(W*). For any element f € H we then have
W#* fe R(W*). Since W* W, is a projection onto R(W* ) this implies

Wx W WEf=W*f (6.121)
Furthermore, since we always have
IWehl= Lirinm||exp(itAé/2)exp(—itA}/z)h" =l (6.122)
then using (6.119), (6.122) and properties of projection operators we obtain
ISF1 =W ESf | =W W . W= fl| = [W* £ =|f] (6.123)

Hence S is isometric.

Conversely, assume that S is isometric. Then (6.123) indicates that the projec-
tion of W*f onto R(W* ) has a norm which is identical with ||W*f]. Hence
W# fe R(W,). Hence R(W*) C R(W¥).

(ii) This follows by noticing that S* = W_W* and using the same argument
as for (i) with plus and minus interchanged.

(iii) This follows by noticing that S is unitary if and only if SS* = §*S = [, that
is, if and only if both S and S* are isometric. Consequently (ii) will follow from
(i) and (ii). |

A physical interpretation of this theorem can be obtained, for instance, by
considering the condition R(W*) C R(W* ). We have seen that if the initial data
for the PP and the FP are related as t — —oo according to

hy = W*h_ (6.124)

then the PP and the FP are AE as t — —oo. In the above theorem (6.121) implies
that we also have

R = W# Sh_ (6.125)

For AE of the PP and the FP as ¢ — +oo when h_ is already fixed to ensure AE
as t —» —oo we consider

i [0l = U0k 1= Wyl — by |
= IWWEh b |
=S~ Ry

The right-hand side vanishes by virtue of (6.125) and (6.68) which implies that we
have the required AE as ¢t — +o0c. Therefore, we see that the condition R(W*) C
R(W#* ) implies that if solutions of the PP can be shown to be asymptotically free
as t —» —oo then they become asymptotically free again as ¢ — +4-cc. The scattering
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operator S provides the transformation between the initial state for the asymptoti-
cally free state as ¢ — —oo and the initial state for the asymptotically free state
as t — +oc. Similar interpretations for (ii) and (iii) can also be given.

In summary, we have seen that there are conditions which ensure that a given
initial state k; evolving according to U;(?)h; at some general time ¢ will approach
Uy(t)h_ as t - —oc and Uy(t)Sh_ = Uyp(D)h as t — +oo.

In many cases of practical interest the wave operators can be shown to have
the following property.

Definition 6.9. The wave operators W.. defined as in (6.67) are said to be asymp-
totically complete if R(W* ) = R(W*).

Asymptotic completeness of the wave operators is thus equivalent to the uni-
tarity of the scattering operator. However, as we shall see in later chapters, to
prove, for a given problem, that the associated SO is indeed unitary is not always
a simple matter.

6.6 A Remark about Spectral Families

A comparison of (6.44) and (6.47), bearing in mind (6.48), would seem to suggest
that

dEy()f(w) = wo(x, )f (0)dp (6.126)

To make this more precise we first recall that Fy(u) satisfies

I, u=0
E =4
=1 i
Consequently, Ey(u) has the property of the Heaviside unit function H(7). Thus,
if in (6.47) we take ®(A) = H(u — A) then we obtain

By ()= lim [ wo(x, p)H(u o) f(p)dp, u=0

from which it follows that

_ wo(x, p)f(p)dp, =0
Ey() f(x) = { ﬁ . 0 oy (6.127)

Differentiating (6.127) we recover (6.126).

Even for the FP the practical determination of the spectral family {Ey(A)} is a
difficult matter. It would seem best left to abstract analytical discussions where
it can be of considerable use [7], [12].

The results (6.45) to (6.47) are often referred to as a Fourier inversion
theorem. We have already mentioned that the results (6.45) to (6.47) can be
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obtained quite independently of any scattering considerations by means of the
Plancherel theory of Fourier transforms. We shall endeavour, for both FP and PP,
to use the Fourier inversion theorem approach rather than the spectral family
approach.

6.7 Some Comparisons of the Two Approaches

In the last few sections we have worked directly with wave equations and their
solutions. However, we could have worked, throughout, in terms of the equivalent
first order systems which were introduced earlier to settle the wellposedness of
the problems.

For convenience we gather together here the salient results from the treat-
ment of wave equations and their associated first order systems. We then indicate
how they are related.

When working with IVPs of the form

107 + Ajjuy(x, ©) = 0, (v, ) e R* x R, j=0.1 6.1)

uj(x, 0) = @), iz, 0) = yi(x), j=0.1 (6.2)

we noticed that their solutions could be written in the form (see (6.37) and
(6.57))

ui(t) = (cos tAY)g; + A;(sin tAVHy;, j=0,1
We then defined
hi(x) = @i(x) + 14 y(x), j=0,1
and combined these results to obtain(see (6.37) and (6.57))
ui(t) = ui(;, 1) = Re(y;(-, 1)), j=0,1 (6.38)
where
vi(t) = (-, t) = exp|{—itAY*)h; = Uthj, j=0,1 (6.39)
The quantity v; is referred to as the complex-valued solution of (6.1).
We remark that if the initial time is ¢ = s rather than zero then in the above ¢
has to be replaced by (¢ — s).

We then went on to discuss the AE of the solutions v;(x, ¢) and, as a conse-
quence, introduced the wave operators W.. defined by
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W= lim W(t)= lim Uy (6)U,(t)= lim exp(itA)*)exp(—itA'*) (6.67)
t—+oo t—+oo t—+oo

The wave operators were then determined in the form (see (6.91) and (6.101))
W. = F§Fy

where F) is the Fourier transform defined in (6.45) and F'. are the incoming and
outgoing generalised Fourier transforms defined in (6.78) bearing in mind (6.77)
and (6.58).

The IVPs (6.1) and (6.2) can be written as first order systems of the following
form

wl@oddy Slal@o=f s-on o1
[Z;‘(x 0)= ﬁfj}]m J=01 (6.16)

This array can be conveniently written as an IVP for an ordinary differential equa-
tion in Hg of the form

{d; — iGju(H) =0, w(0) = u(} (6.2
where, forj = 0, 1.
G;: Hy(R") D D(G)) — Hp(R")

y ol

GiE=i
! 4 0]l&

], E=(&, &) e D(G))

D(Gy) = {§ = (&1,8) € HE(R™): Ajéy € Ly(R™), & € Hp(R™)}
and where we understand that
w=uw(,):t->w(, ) =w®) e HiR"), j=0,1
The IVPs (6.21) have solutions of the form
w;(t) = exp{itG;jud = UyHHu) (6.28)

where
U;(¢) = exp(ilG;) = cos(tA}?) é (I)
COS(tAJl-/ 2) AJTV 2 sin(tAJl-/ 2)

—APsin(tAJ%)  cos(tA}?)

}—A]Tmsin(tA}/Z)

0 I 6.24
A O] (6.24)

(6.25)




184 6 A Scattering Theory Strategy
Acknowledging (6.37) and (6.57) we obtain, for j = 0, 1

(exp{—itA}*})h;(x)
(—iA}?) (exp{~itA;*}) ()
=Re{v;(x, 1)}

u;(z,t)=U,;()uj(x)=Re

where the complex-valued solutions of (6.21) can be written in the form

—iA;.Q hj(x)=U;()g;(x), j=0,1

with

gj(x)::[ ]hj(x), J=0,1

7
—1A 7

and the Uj(?) are defined as in (6.39) and (6.56).
In a similar manner to that outlined above when discussing the AE of solutions
vj(x, t) we investigate the AE of the solutions v;(x, ¢) by requiring

0= tLiIinoo||V1(., t)—vo(, t)"HE
= tLifknoo"Ul(t)&(') ~Us(D8o O,
— W.81() 0Ol

where |-| g, denotes the norm in the energy space Hg(R"), (6.11), and, as in
(6.67),

W, = lim Uy (DU, (1)
t—+oo
Thus we see that we will have the required AE if
go(x) = Wigi(x)

that is, if

ho(x) =W,

I I
Al _jare)fa (@)

We see that the first component of this result yields, as might have been expected,
the same result as that obtained in Subsection 6.2.

6.8 Summary

In the above sections we have outlined in a reasonably precise way a strategy,
already hinted at in Chapter 1, for the analysis of wave scattering problems in the
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time domain. We now see that this strategy, written more compactly, consists of
the following fundamental problems.

e Settle the existence and uniqueness of solutions to (6.1), (6.2) and determine
their propagation properties. We have seen that this can be achieved by using
Stone’s theorem to show that the solution forms (6.28) are valid.

e Establish the existence and uniqueness of the wave operators W, defined in
(6.67). We have seen, in the above sections, that this can be achieved using
generalised eigenfunction (generalised Fourier transform) techniques in con-
Jjunction with certain energy decay requirements.

¢ Provide a spectral analysis of the associated spatial operators A; 7 = 0, 1 in
order to be able to generate appropriate generalised eigenfunction expansion
theorems.

¢ Prove the limiting absorption principle for the operators A;, j = 0, 1 and as a
consequence settle the existence and uniqueness of appropriate distorted plane
waves.

¢ Investigate the completeness of the wave operators. This means determining
whether or not all solutions of the PP are asymptotically free as t — +oo. This
is closely related to establishing the existence of the quantities /. introduced
in (6.68).

These problems have been discussed, with various degrees of generality, see
for example [10], [12], [14], [2], [13]. We will find that by working through the
above programme we will be able to develop promising methods for the practical
construction of solutions, wave operators and the scattering operator.
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7

An Approach to Echo Analysis

7.1 Introduction

As we mentioned earlier we interested in the manner in which a signal emitted
by a transmitter evolves through a medium and in the form that it assumes at a
receiver. In this chapter we illustrate how this information can be obtained. In
the approach adopted here a given wave problem, defined in R"” x R, is reduced
to a first order system which is defined in a suitably chosen abstract space. From
apractical point of view there are two main advantages in adopting this approach.
First, by carefully selecting the abstract space setting energy aspects can be very
simply accommodated. A first order system structure can allow a ready applica-
tion of results from the theory of semigroups given in Chapter 5. In particular, we
have seen that conditions can be given which ensure that the first order system,
and hence the given wave problem, is well-posed. We shall assume in this chapter
that these conditions are satisfied.

7.2 A Typical Mathematical Model
Let
Q c{(xt)e R" x R}
Q={xeR"(x,0)e ), B={reR":(x,t) ¢ Q}
The region @ is assumed to be open in R” x R and Q denotes the exterior of a
scattering target B.
The scattering problems with which we shall be concerned are centred on the

following IBVPs.
For j = 0, 1 determine a quantity u;(x, t) satisfying the IBVP
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{07 + Lz, ) = filw, 0), @ 0)e @ (.1
wi(x, s) = @i(x, ), up(x,s) =yjx,s), rel sekR (7.2)
ui(x, t) € (be);, (x,t) € 0 xR (7.3)

where

Lj(x) is a differential expression characterising the wave field

Ji» 9;(, 8), y;(-, s) are given data functions

s € R is a fixed initial time

0Q; is the boundary of the target B;

(bc); indicates boundary conditions to be satisfied by u;(:, -).

We remark that in (7.1) the inhomogeneous term f; characterises the transmit-
ter and the signals which it emits.

We shall assume that the case j = 0 denotes an FP whilst the case j = 1 denotes
a PP.

In this chapter we will reduce the generality of the problem (7.1) to (7.3) by
confining attention to acoustic Dirichlet problems. In this case we take, for
j=0,1

Lj(x) = —A, forallx (7.4)
bo); = {u;(, ):uy(x, £) =0, (2, 1) € 0Q; x R} (7.5)
ui(x,s) =0, wuy(x,s)=0 (7.6)

Our aim here is to discuss and determine solutions of the acoustic Dirichlet prob-
lems defined above and, in particular, investigate the nature of the solution at
large distances from both the target and the transmitter. We have already indi-
cated that a very convenient method of tackling such problems is to represent
them in some suitable energy space. The appropriate settings and associated
results are distinguished by employing subscripts.

As before, we use the notation

g:[:gj:@hgz)

and introduce the energy norm

1
I8l =IK1,005 = [, V@) +lge(@) fa (77

where we assume g1, go € CF(R").
Associated with the norm in (7.7) is the inner product

(£, 9r = (Vf1, Vgo) + (f2, 92) (7.8
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where on the right-hand side of (7.8) the notation (-, -) denotes the usual Ly(R™)
inner product.

We shall write Hy = Hg(R") to denote the completion of CF(R™) x C§F(R"™)
with respect to the energy norm (7.7) and introduce, for j = 0, 1

Hj={ge Hp:g = 0 on By} (7.9)
HY* = (g = (g1, 92): {8 € H; Vi e CFR™) (7.10)

In most practical cases the FP models a free space problem. In this case solu-
tions to the FP will indicate the evolution of a signal through the medium in the
absence of any scatterers. We shall assume that this is the case here. We notice
that the first component of g € H'f(¢) must vanish on 9Q; and on B;.

For j = 0, 1 the function u; = u,(-, -) is a solution of locally finite energy of
the IBVP (7.1) to (7.3) if

@ wj = (uy, ugi) € C(R, HY)

(i) (07 + L@, 1) = fi(, D), (@, 1) € Q

(in the sense of distributions).

We shall say that u; defines a solution of finite energy if u; € C(R, Hg) and
u(t) € Hj; for each t whilst u; defines a free solution of finite energy if
u; € C(R, H, E)

If w; € Hg then u; has finite energy and we write

(O = e (DI = % o 1900, OF + o, OF o (7.11)

for the total energy of u; at time ¢.

The wave energy in a sphere is obtained from (7.11) by restricting the range
of integration appropriately.

With this preparation we find that the IBVPs (7.1) to (7.6) lead to IVPs of the
following form. Forj =0, 1

{0 + Njjuj(x, ©) = Fi(x, ), (2, 8) € Q (7.12)
wi(x, s) = (@;C, )y, sHx), xe Q; (7.13)
where

uj(x) t) = <ujyujt>(x) t)r Fj(x7 t) = <07 f]‘>(x) t)

Lol

N,:=
J lAj 0

and on denoting by LE(Qj) the completion of C§(£2;) in Lo(L2;) we have
introduced
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Aj LR(Q) — LB(Q)
A, 1) = LiOw(, 1), w(:, t) € D)
D(A(D) = fu € LE(Q):L(, thu, ) € LE(Q))
Throughout we shall assume that the receiver and the transmitter are in the far
field of the B; and, furthermore, that supp f; < {|(x, DI, to <t < T, |x — 29| < &)
where xy denotes the position of the transmitter and ty, T, & are constants.
If we introduce
G;:H; — H;
Gju(t) = iNju(?), w(t) € D(Gy)
D(Gy) = {u;(t) € Hj:Njuy(t) € Hy}
then the IVP (7.12) can be realised as a first order system in H;(¢) in the form
(d; — iGjju() = F(t), teR (7.14)
w(s) = w;s
In Chapter 5 and Chapter 6 we indicated conditions which ensured that the

IVPs (7.14) were well-posed and furthermore had solutions which could be written
in the form

u;()=U,(t—s)u,+ f "U,(t— DF(t)dr, j=0,1 (7.15)

where Uj(t — s) is the propagator for (7.14) which we have determined in the
form

Uj(t — ) = expli(t — )Gy}, j=0,1 (7.16)

It is a straightforward matter to show that the propagators Uj(t — s),j7 =0, 1
have the properties

Uit — NU(r —s) = Ut — s)
U;0) =1
Ut — s) = iG;Uy(t — s)

Uit — 5) = —iU)(t — $)Gy
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The relation (7.15) is aversion of the familiar variation of parameter formula and
the integral involved is an associated Duhamel type integral.

7.3 Scattering Aspects and Echo Analysis

As we have seen in the previous chapter, scattering theory is concerned with the
(asymptotic) comparison of two systems. This is the type of theory we want to
have available in practice since experimental measurements are usually made in
the far field, that is, far distant from the receiver and the transmitter. In the
present case these systems are as summed to be characterized by the operators
1Gy, 7 = 0, 1 respectively.

We shall assume

(i) 1G(t), 7 = 0, 1 are self-adjoint operators defined on suitable Hilbert
space(s)

(i) The operators Gy, j = 0, 1 satisfy conditions which ensure that the IVPs

(di — G =Fi(), ws=uy j=0,1 (7.17)

are well-posed

(i) Ui¢ — s), j = 0, 1 denote the associated propagators (evolution
operators).

Of course, when dealing with specific problems it has to be proved that these
assumptions are valid and available.

Following the development in Chapter 1 and Subsection 6.4.1 we now intro-
duce (see also [8])

Wave Operators(WO):

W_(Go,G)=s— lim Ut—s)Uy(t—s)
t—+oo

=s— lim Uy(s—t)Uy(t—5s) (7.18)
t—+o0
Scattering Operator (SO):
S5(Go, G1) = W 5(Go, GDW?*(Gy, G1) (7.19)

We would point out that (ii) and Theorem 5.21 (Stone’s theorem) ensure that
(7.18) is meaningful.

In developing here an echo analysis for an IBVP of the form (7.1) to (7.5)
we shall assume, for the purposes of illustration, that » = 3, that the medium is
initially at rest and concern ourselves with the IVPs

(dy — iG () = F(1), u(s)=0, j=0,1 (7.20)
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The Free (unperturbed) Problem (FP) obtains when j = 0 and Q = R®.

The Perturbed Problem (PP) obtains when j = 1 and Q < R?.

Using the properties of propagators listed after (7.16) together with Theorem
5.50 and the fact that Uj(t — s):H; — H; then the variation of parameters formula
indicates that solutions of (7.20) can be written, for j = 0, 1, in the form

u,()=U,t—s) f "U (s — DF,(1)dr = U (t — $)h(s) (7.21)

Scattering phenomena involve three fundamental items: the incident field, uy,
the total field, u;, and the scattered wave field, u’. In the present case we have

Free wave field = Incident wave field  wuy(?) = Uy(t — s)hy(s)
Perturbed wave field = Total wave field u;(?) = Ui(z — s)h;(s)
Scattered wave field us(t) = wi(t) — up(?)

The definition of the WOs and SO enables us to write
() = Uy(¢ — s)hl(s)
= Uop(¢ — s$)Uo(s — HUL(L — sHhy(s)
= Up(t — W, s(Go, GDhy(s) + oy(1) as t —

where 0;(1) is an Ly(R"™) function of ¢ with 0;(1) — 0 as t — oc.
Similarly we can obtain

u,(?) = Ut — s){Ws(Go, GDhi(s) — ho(s)} + (1) (7.22)
For t <« 0 there is no scattered field. Hence u;(?) = uy(?) that is, U;(t — s)hy(s)

= Uy(t — s)hy(s). Using the properties (7.16), (7.17) and (7.18) we can obtain the
relation

hy(s)=W_4(Go,Ghi(s)+0,,(1) as [xy— o0
where o, (1) is an Ly(R") function of x with o, (1) — 0 as g — .
Consequently, operating on both sides of this result with S; and recalling (7.19)

we obtain

S5(Go, Gho(s) = Ss(Go, GYW-_s(Go, Ghy(s) + o, (1)
= W s(Go, GDhy(s) + oy, (1) (7.23)

If we now substitute (7.23) in (7.22) then we obtain
uy(8) = Uo(t, $){Ss(Go, G1) — Itho(s) + oy(1) + o, (1) (7.24)

Thus we see that the scattered (echo) field is determined, in the far field, by the
SO and the FP data.
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7.4 Construction of the Echo Field

In the previous section, (7.24) provides a representation of the echo field in an
abstract setting. To obtain a physical representation of this field, that is a repre-
sentation in R" x R, we follow the procedure outlined in Chapter 2. We have seen
that a problem such as (7.1)-(7.3) defined in R" x R can be represented as the
IVP (7.14) in the abstract (energy) space H; (see (7.9)). The problem (7.14) has a
solution which can be expressed uniquely in the form (7.15) where the propaga-
tors U(t — s),7 = 0, 1 are defined in (7.16). To give an indication of how these
echo fields can be obtained we consider, in R?, the acoustic Dirichlet problem
(7.1)—(7.6) in the specific case of the scattering of a single pulse of duration 7'
emitted at time ¢y by a transmitter localised near a point xy. Hence, the source
functions fj;, j = 0, 1 which characterise the transmitter will be assumed to have
the space-time support

supp f; CHI(x,Dl:l <t <ty +T and [|xo—x[<6p}

where ¢y and & are constants. We shall also assume, in keeping with the formula-
tion of (7.1)-(7.6)

(i) The scatterer B(t) is contained in a closed, bounded set in R? with comple-
ment Q;(t) = R® — B(t). Hence

B(t) C{x:|x| <6} where §is fixed for all ¢.

(ii) The origin of coordinates lies in B(?).

(iii) 9Q;(t), the boundary of Qi(?), is for all ¢, a smooth surface.

(iv) The scatterer and transmitter are disjoint which implies

8+ 0y < ||

(v) The transmitter stops transmitting before the signal reaches the scatterer
which implies

T<|¢%'0|*5*50

With these assumptions in mind we are led, as above, to the problems (7.20) and
we see that (7.21) now assumes the form

lo+T
w,()=U,t,5) ft U (s, DF;(1) = U (£, )h;(s) (7.25)
which leads to the equivalent representation

to+T
u(f) = f[ U, DF(0)dr (7.26)
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Consequently, bearing in mind the representation (2.82) and the definitions of the
terms in (7.13) and (7.14) the required physical wave fields, u;, j = 0, 1, are
obtained as the first components of the abstract quantities u; j = 0, 1, in the
form

u;(t) = Re{v;(t, $)} = Re{[exp(—itA} )k}, j=0,1
0 (7.27)
hj:j;t +TA}’2{e><p(iTA}/2}fj(T)OlT

For this scattering problem the FP is taken to be the special case when there
are no scatterers present, that is, when Q = R?. Thus, AO:LZ(RS) - Lg(R3) defined
by

Agug = —Aug for all wuge D(Ayp) (7.28)
D(Ag) = {u € LyR?): —Au € Ly(R?)}

is self-adjoint in Ly(R?) [9], [4].
Our main aim is to calculate the scattered (echo) field us(x, t) produced by
the signal (incident) field uo(x, t) where

us(x, 1) = wa(x, t) — uo(x, ) (7.29)

Now u is defined on a region Q; — R? and ug on Q = R>. To be able to compare
these two quantities we introduce the operator

J: Lo(Q) — Ly(R?) (7.30)

J(x)g(x) forx e

J =
9(2) {O for x e R® — Q

where j € C*(R?) is such that 0 < j(x) < 1 with j(x) = 1 for |2| = §and j(x) = 0
in a neighbourhood of B;. It will be convenient to extend the definition of ug in
(7.29) to the complex plane by defining

us(x, t) = Re{vs(x, 1)} (7.31)
where
vs(x, 1) = Joi(x, 1) — vo(x, t)
with v;, 7 = 0, 1 defined as in (7.27). Clearly, the far field form of the echo u, can
be obtained from that of vs.

The calculation of the far field form of u; and vs can be based on the theory
of wave operators introduced in Chapter 6 and [4] and developed fully in [9].



7.4 Construction of the Echo Field 195

For the present scattering problem the wave operators are defined by (see
Subsection 6.4.1)

Wy=s— lim {exp(itAy®))J {exp(—itAl'?)) (7.32)
t—+o0

It is proved in [9] that these limits exist and that they define unitary operators
Wa:La(Q)) — La(R®).
It now follows that for each hy € Ly(€;)

Joi(t) = J{exp(—itA1®)}h(x)
= {exp(—itAYHW, hy(x) + o,(1) as t— 4o (7.33)

where o/(1) is an Ly(R®) valued function of ¢ which tends to zero in Ly(R®) as
t — o0,
The equations (7.27), (7.31) and (7.33) combine to give
vy(x, ) = {exp(—itAFHH W hi(x) — ho(x)) + o((1) as ¢ — +oo  (7.34)

With the assumptions (i) to (v) in mind we see that vs(x,t) = 0forty + T'<t¢
<ty + |x] — 6 — & and « € R>. Furthermore, if we choose

to = —|2|+ 8 + 8

then the arrival time of the signal at the scatterer B; will be non-negative. With
this understanding we see that

Jexp(—itAYH)hi(x) = {exp(—itA§)ho(x) for 1, <t<0 (7.35)
where
h=t+T=—|x|+6+0+T (7.36)
Setting ¢ = 0 in (7.36) yields
Jhy = hy
whilst for ¢t = t;
{exp(it, A {exp(—iti AV (x) = ho(x) (7.37)
The scatterer B; will be in the far field of the transmitter if either |xy| >> 1
or, by (7.36), t; << —1. Combining this observation with (7.37) and (7.32) indicates

that

ho(x)=W_h(x)+0,,(1) as |xy|— o0 (7.38)
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where o,(1) is an Lz(RS) valued function of xy such that o, (1) tends to zero in
Lo(R?) when |xy| — co.

We now introduce, as in Subsection 6.4.1, the scattering operator S defined
by

S =W.w* (7.39)

where W* denotes the adjoint of W_.
Multiplying (7.38) by S gives

W hy () = Sho(2) 4 G, (1) as || — oo (7.40)

This follows since by the unitarity of W_ we have W_W?* = I [9],[4].
We now combine (7.34) and (7.40) to obtain

vs(@, 1) = (exp(—itAIHN(ES — Dho(@)) + (1) + 0y,(1) (7.41)

The result (7.41) shows that in the far field an approximation is given in terms
of the scattering operator S and the FP data h(x). (Notice the symbolic similarity
with (7.24).)

The construction of the scattering operator for B; can be achieved in terms
of an associated generalised eigenfunction expansion. The expansions were intro-
duced in Chapter 6. For convenience we recall some of the salient features here.
For details see [9],[4] and Chapter 6.

The operator Ay is a self-adjoint operator on L2(R3) and has a purely continu-
ous spectrum.

The plane waves

wo(, p) == 20 Hexp((irp)}, ¥ pe R’ (7.42)
form a complete family of generalised eigenfunctions for A.
For scattering by bounded objects the generalised eigenfunctions are
distorted plane waves [9],[6],[4]
w(, p) = wo(, p) + wi(r,p), xe Qandpe R’ (7.43)

We have seen in Chapter 6 that these distorted plane waves satisfy

(A+IpDws(x,p)=0, xeQ (7.44)

owi _ . 1
0lx| ||

The existence and uniqueness properties of these distorted plane waves can
be found in [9],[6] and Chapter 6. Physically, w (x, p), represents the steady state



7.4 Construction of the Echo Field 197

scattered (echo) field when the plane wave (7.42) is scattered by B;. The far field
form of w$ (x, p) can be shown to be [9]

exp(x|pl||lx 1
wi(x,p)—MTiapw,p)w{—z} as |zl—oco  (746)
sl 2l

where 6 = x/|x| and T(p, p"), the scattering amplitude or differential cross-
section of By, is defined for all p, p’ € R® such that |p| = [p’].

Following the development in Chapter 6 the plane and distorted plane waves
wp and w- generate the generalised eigenfunction expansions (6.50) to (6.52) and
(6.81) to (6.83) respectively. As a consequence, we saw in Subsection 6.4.1 that
the wave operators, W, had the representation

W, =F§{F_ and W_=F{F, (7.47)
Combining (7.39) and (7.47) we obtain
S =W.W* = F§SF, (7.48)
where
S=F_F* (7.49)

is called the S-matrix for the scatterer Bj.
In order to be able to make use of (7.41) we need an interpretation of the term
(S — Dhy. This can be achieved by first noticing that

(S — Dho = (F§S8Fy — Dho = F§(S — Dhy (7.50)
For acoustic scattering problems in R? it has been shown that

& v Ul ;
(8 —Dhg = W£T+(p,lple)ho(lple)d9 (7.51)

The integration in (7.51) is over points 6 of the unit sphere S2in R®. The first proof
of the integral representation was given by Shenk [6].

Finally, in this section we investigate the nature of the signal and of the echoin
the far field.

The complex wave function vo(x,t) defined by (7.27) has the Fourier
representation

o, 0)=m) " [ (exp(iCa, p—tlp))o(p)dp (7.52)

where

ho(p) = (2m)"%ilpl " fo(~Ipl, p) (7.53)
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and

Jikw, py=@m)* [ lexp(~i(z.p+0D)fi(w, dadt (7.54)

denotes the four-dimensional Fourier transform of f.

The notion of an asymptotic wave function was introduced in Chapters 4 and
6. For this particular problem the asymptotic wave function, uy, associated with
the signal wave field u(x, t) = Re{vo(x, t)} is defined to be (see [9, Chapter 2])

sl —t,0)

ug (2, ) = 7

, x=|xl0 (7.55)

where s € Ly(R x S?) is defined by
S(1,0) = Re{(zn)*”z I Oc{exp(im))}{—ia)}fbo(a)e)dw}
- Re{ [ et jic-o, we)dw}} (7.56)

It is proved in [9] that u§ describes the asymptotic behaviour of ug in La(R?)
as t — o in the sense that

w(, ) =uv(¢, ) +o(l) as t— o (7.57)
From (7.41) we see that the echo wave field can be represented in the form
us(x, t) = Re{[exp(itAF™)](S — Dho(@, )} + 0i(1) + 0y (1) (7.58)
The first term on the right-hand side is the same as that for the signal u, as defined
in (7.27), but with kg replaced by (S — I)hy. Consequently, with this in mind, it
follows from our treatment of u, that we can write
us(x, t) = us(x, t) + oy(1) + oy(1) as ¢ — (7.59)

where

e(lv|—t,6)

ug(x,t):= 7

. x=|xl6 (7.60)

and
o(1,0)= Re{(zn)”2 [ expCizanics - Dil'(o, e)dw} (761)

where [. . .]" denotes the Fourier transform of [. . .].
From (7.50) and (7.51) it follows that

e(r:0) = ﬁRe{ j; ” [exp(itw)]0® f T, (00, we’)ﬁo(a)e’)de'd/w} (7.62)
SZ
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and, by using (7.53),

1

e(‘L‘ : 0) = WRQ

i fo * [exp(itw))® f T, (06, 00") fo(—w, 08")d0'dw! (763)
s?

Thus (7.56) and (7.63) provide a representation of the asymptotic signal wave
form and the asymptotic echo wave form respectively.

We are now at the stage where we have, in principle at least, a structure for
determining the echo field in a scattering problem. However, for it to be a work-
able proposition in practice we see that we have to be able to determine the WOs
and SO associated with the scattering problem of interest. In earlier chapters we
have shown how this can be done using generalised eigenfunction expansion
theorems. Consequently, we shall, in the remaining chapters of this monograph,
tend to concentrate on this aspect for some specific problems which are of practi-
cal interest in the physical sciences.
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8

Scattering Processes in Stratified Media

8.1 Introduction

The propagation of acoustic waves in an inhomogeneous medium occupying a
domain Q c R? is governed by two functions of & := (1, s, ¥3) € R® namely p(x),
the density of the medium, and c(x), the local wave speed in the medium.

We have seen that acoustic waves propagating in an inhomogeneous medium
can be characterised in terms of an acoustic potential, u(x, t), (x,t) € R®> x R
which satisfies the partial differential equation [4]

(07 + L(@)u(x, t) = F(x, t) 8.1
where
9 1
L(x):=—c (x)p(x)V~[—V
p(x)

F(x, t) : = source density function which characterises
a signal transmitted into the medium

The equation (8.1) must be supplemented by certain initial conditions which
describe the state of the medium before an external signal is incident upon it and
by certain conditions at the boundary 9Q of the domain Q  R>. With respect to
the latter there are two particularly important boundary conditions:

Free Boundary Condition:
u(x,t) =0, xe dQ (8.2)

Rigid Boundary Condition:

g—Z(x, 0H=0, xcaQ (8.3)
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where n := (ny, ng, n3) denotes the unit exterior normal to dQ2 at points x € 0Q
whenever the normal exists at x € JdQ.

Throughout this chapter we shall assume that the density p(x) and wave speed
c¢(x) are bounded in the sense

O<pm<p@)<py<oo and O0<cpy<c@)<cy<x© (8.4)

where pn, pu, ¢ and cy are suitable constants. We would remark that we
shall also assume in this chapter that p and ¢ are continuous. This assumption
is sufficient for our present purposes. However, it can be relaxed provided
that the meaning of the wave equation (8.1) under such circumstances is
clarified.

As in Section 7.4, the signal source, characterised by the term F'in (8.1), will
be assumed to be localised in space and time. It will be sufficient here to assume
that F' has the property

suppF c {(x, t) : v} + 2% + (w3 — 232 < &, T<t<0) (8.5)

This being the case then u(x, t) can be characterised as that solution of (8.1)
which satisfies

ulx,t)=0 forall t<T (8.6)
Furthermore, (8.5) implies that if initial conditions
uw(, 0) = o), ulx,0) = y(x) 87
are imposed on solutions of (8.1) then
supp @ U supp wc {wr e R®: 2% + 2% + (a5 — 29)*< 8} (8.8)

where 6 = & + ¢y |T|. It will then follow that u(x, t) can be characterised for
t = 0 as the solution of the homogeneous IVP

(07 + L)u(x, ) =0, ze Q, t>0 (8.9)
u(x, 0) = o), w(x,0) =), reQ (8.10)

where it is understood that the initial conditions (8.10) satisfy (8.8). This reduc-
tion of an IVP for (8.1) to the homogeneous IVP (8.9), (8.10) is another use of the
Duhamel Principle mentioned in Chapters 2 and 7. For the time being we shall
confine attention to the homogeneous equation (8.9).

When investigating wave processes in nonhomogeneous media the intention
will be to parallel, as far as possible, the analysis used when studying wave pro-
cesses in homogeneous media.
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For homogeneous media problems we saw in Chapters 1, 6 and 7 that the
analysis of the given physical problem was centred on representing the physical
problem as an abstract problem in some suitably chosen Hilbert space. This being
done, the independently established Plancherel theory of Fourier transforms then
enabled generalised eigenfunction expansion theorems to be established which
provided the means for interpreting the abstract solution forms as physically
meaningful quantities. However, when we come to deal with nonhomogeneous
media problems then we have to prove that appropriate generalised eigenfunction
expansion theorems are available for our use.

In this chapter we confine attention to one of the simpler nonhomogeneous
media, namely, stratified media. For simplicity and ease of presentation the con-
struction of solutions will be illustrated for a particular type of nonhomogeneous
medium which is typical of a large class of stratified media. However, even in this
case the analysis can become quite technical and associated proofs are frequently
very lengthy. Consequently, we shall often simply state results. Full details can
always be found in the references cited in the text or in the Commentary.

8.2 Hilbert Space Formulation

The evolution of acoustic waves in a medium filling a domain Q c R? is described
by the solutions of an IBVP of the form

02+ L)u(@, £) =0, x,te QxR, (>0 8.11)
u(x, 0) = o(x), wlx,0) =y), re Q (8.12)
Bu(x, ) =0, (x,0)e dQ xR (8.13)

where (8.13) characterises one or other of the boundary conditions (8.2) or
(8.3).

When analysing the IBVP (8.11) to (8.13) we shall make use of the divergence
theorem which states that for a sufficiently smooth vector w defined on Q= Q U
0Q the following relation holds [2]

fQVde:faQw-nds (8.14)

where
d, = volume element in Q
ds = surface element in 0Q
n = n(x) = exterior unit named to dQ at the point x € 0Q

When w(x) = f(x)Vg(x) where f and g are sufficiently differentiable functions
of x then
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V- (f)Vyg@) = (Vf- Vo) + (fF V(@) (8.15)

If we now set in (8.15)

f@) =v@) and V@)= (p~'Vu)@)
then it follows that
[ v-@@p @V de = [ (V,2)-p () Vu(@)
~v(@)LuCa)e *(@)p~ (2))dx
=)o v(x)g—Z(x)p_l(x)ds (8.16)
This is a particularly convenient form of (8.14) when discussing IBVPs of the form

(8.11) to (8.13). If we now repeat the calculation leading to (8.16) but with v and
u interchanged then it is a straightforward matter to establish the relation

fg{vﬂ —uLvy(@)e 2 (@)p (@)dw = f&g{ﬁg—z - 53%}(x)p*1(x)ds (8.17)

We remark that (8.16) and (8.17) are particular forms of Greens identities [2].

The results (8.16) and (8.17) are particularly useful as they provide a good
indication of an appropriate Hilbert space structure to use when analysing IBVPs
of the form (8.11) to (8.13). Consequently, we shall introduce here the weighted
Hilbert space

Hw) : = Ly(Q,c *(@)p~(@)dw) (8.18)

consisting of functions defined on Q which are square integrable with respect to
the weighted measure

w@)dx : = ¢ 4(@)p (x)dx (8.19)
and which is endowed with an inner product (-, -)gw) defined by
(Vg = [ uC@w(@)e @p™ @) (8:20)
We now introduce an operator A as follows

A : Hw) - H(w) (8.2
Au =Lu forall ue D(A)
D(A) = {u € Hw) : Lu € Hw), Bu(x, ) =0, x € 0Q}

Hence, bearing in mind (8.17) and (8.20), we can conclude that



8.2 Hilbert Space Formulation 205
(Au, V) = (U, AV)Hw) (8.22)

and it follows that A is symmetric, that is, formally self-adjoint, on H(w).
Furthermore, we see that (8.16) implies

(Au, w) gy = fQ(Vu . %)(m)p_l(x)dx =( (8.23)

Hence A is a formally self-adjoint, positive operator on D(A) c H(w).

With these several results to hand we are now well placed to give IBVPs of
the form (8.11) to (8.13) a Hilbert space realisation which will easily allow the
powerful analytical notions and techniques introduced in earlier chapters to be
used.

First we see that a realisation in H(w) of the given IBVP (8.11) to (8.13) can
be the abstract IVP

(07 + Au(x, 1) =0 (8.24)

u(x, 0) = o), w(w,0) =y), reQ (8.25)

where it is understood that the imposed boundary conditions are accommodated
in the definition of D(A).

Following the analysis of waves in homogeneous media given earlier we

replace the abstract IVP (8.24), (8.25) involving a partial differential equation by
an equivalent IVP for an ordinary differential equation, namely

{[df + Aju® =0, u(0) =9 u0)=y (8.26)
where it is understood
u=u(,):t—->ul,t) = u) (8.27)

If we assume that (8.26) is well-posed then (8.26) has a solution which can be
written uniquely in the form

u(t) ={cos tAl/Z}(p +ATY2 {SiﬂtAl/z}‘// (8:28)

To settle the wellposedness of (8.26) we again parallel the analysis in homo-
geneous media and reduce it to the first order system

P, (0) — iM¥() = 0, W) =¥, (8.29)

where

W(1)— m(t), W(0)= W, — m (8.30)
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0 I
M=1¢ 8.31
Ao ®aD
and it is understood that
Y = (y, e Hw) x H(w),
(w1, y2 ) € Hw) (w) 832)

M : Hw) x Hw) 2 D(M) —» H(w) x H(w)

A precise definition of D(M), the domain of M will be given below. First, since
we are ultimately interested in solutions of (8.11) to (8.13) that can be regarded
as “solutions with finite energy” we introduce the integral

B(u, Q0= [ [Vu(x, 0 +lu(x, O jw(x)de (8.33)

and interpret it as the energy of acoustic waves in a nonhomogeneous region Q

at time ¢. This suggests the introduction of a weighted energy space, Hg(w),
defined by

Hg(w) := Hp(w) x H(w) (8.34)

where
Hp(w) := closure of C*(Q) with respect to the norm

11z, = [ IV @) o) (8.35)
The norm on Hg(w) is defined by
805, = [ INA@E +A@ w@)dz, £=(f, )€ Hwy  (836)
Associated with this norm is the inner product
(£, ©Hpw) : = (Vf1, Vg uw) + (2, 92)HwW) (8.37)

where f = (f1, fz ) and g = (g1, 92 ).
In terms of the above notation we shall understand

M : H(w) x H(w) D D(M) —» H(w) x H(w) (8.38)

where for £ = { f1, f ) € H(w) x H(w)

Mf:i0
A 0

o7

" i _f‘z] = {—fo, Afi) (8.39)

=il 41

However, when the analysis is being conducted in the energy space Hg(w) c H(w)
x H(w) we shall understand M to be such that
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M : Hg(w) > D(M) — Hg(w) (8.40)

and say that f = ( f1, f ) € D(M) provided Mf € D(M), that is provided { —f5, Af1 )
€ Hp(w). We therefore define D(M) to be

D) : = {f=(f1,/2) € Hp(w) : f> € Hp(w), Af1 € Hw)} (841)
It now follows that M defined in this way is a positive, formally self-adjoint opera-
tor on D(M). To see this, notice first that for f, g € Hp(w)
(Mf7 g)HE(w) = (’L[_fz ) [gl

Afi ' g2 )
= (—tVf3, V9D r(w) + GAS, 92) H(w) (8.42)

and

(£, M8)n,,= (ch ‘ Aﬁ) Hy(w)

=(Vh =iV Hw) + (2, 1AGD H(w) (8.43)

If we now apply (8.16) to the terms containing A on the right-hand side of (8.42)
and (8.43) and acknowledge that by virtue of the boundary conditions accommo-
dated in the definition of D(A) all integrated terms, that is terms involving 0Q, will
vanish, then the required symmetry and positivity of M on D(M) will follow.

For many problems of practical interest it turns out that the associated opera-
tor M on an energy space Hg(w) is, in fact, a self-adjoint operator on its domain
D(M) c Hg(w) [3]. This being the case it is then a straightforward matter, using
the results in Section 5.3, to settle the wellposedness of (8.29) and hence of (8.11)
to (8.13). Furthermore, whenever solutions exist in Hg(w) then, by definition, they
will have the required finite energy property. To complete the analysis of problems
of the form (8.11) to (8.13) it then only remains to establish the availability of
suitable generalised eigenfunction expansion theorems in order to be able to
provide a practical interpretation of terms such as (cos tAl/z)(p which appear in
the abstract solution form (8.28).

Our approach will be modelled on the analysis of wave processes in homoge-
neous media which we discussed in Chapters 1, 6 and 7. There we studied the
IBVP

(07— AJu(x, ) =0, (x,t)e QxR
u(x, 0) = ox), w(x,0)=y@), xeQ
u(x, t) € (be), (x,t) e dQ x R

For the free, that is, unperturbed problem we took Q = R? and introduced the
operator
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Ay : Ly(R?) - Ly®R?) = : HR?)
AQ?,L() = —A’LL(), Uy € D(Ao)
D(Ag) = {u € HR®) : Au € HR?)}

The IVP for the free problem was then represented in H(R?) in the form
(d?+ Agqug() =0, te R
uo(0) = ¢, ue(0) =y
This abstract problem was shown to have a solution in the form
ug(t) = (cos (tAF*) @ + Ag V(sin (tAY*) yr
A physical interpretation of this abstract solution form was then obtained by using

the Plancherel theory of Fourier transforms which yields the following, indepen-
dently obtained, results [5], [7], [3]-

FON@)=f(p)=Jim [ wn(, p)f ()
f@)=FH@)@)=lim | wo(z p)f (p)dp

P(Ao) ()= lim [ (PP (pdp

where F : HR?) — H(R?) denotes the Fourier transform, F* = F ! and @ is a
suitably “nice” function. Furthermore,

1 , 3
wo(x, p) = WQXP(W ‘p), %, pER

is the usual Fourier kernel. We notice that w, satisfies the Helmholtz equation

(A+IpPwy(x,p)=0 forall x,peR’

Thus w, appears to be an eigenfunction of the operator A, with associated eigen-
value |p[>. However, this cannot be the case as direct calculation shows that
wy ¢ H(R®) and therefore w, must be a generalised eigenfunction of Aj. Conse-
quently, the above results from the Fourier Plancherel theory are referred to col-
lectively as a generalised eigenfunction expansion theorem.

We shall indicate, in the next few sections, how similar results can be obtained
when dealing with scattering problems in stratified media.
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8.3 Scattering in Plane Stratified Media

A medium is said to be plane stratified if the local sound speed, c(x), and
density, p(x), are functions of a single Cartesian coordinate. This we will indicate
by writing
c(x) = (21, X2, 23) = c(x3) =: () (8.44)
px) = p(x1, 22, 23) = p(x3) =: p(2) (8.45)
where for ease of presentation we have written x3 = z.

We shall investigate here acoustic wave phenomena in the particular case
when

a, 0<z<h

— 8.46
o(2) {Cz, = (8.46)
and

pe={ 723 (847

where cj, ¢2, p1, p2 and h are bounded constants.
If we assume that this particular stratified medium occupies the half space

R3 =[x = (w1, 29, 3) € R?: (1, 22) € R? and 2 > 0} (8.48)

then the IBVP governing acoustic wave phenomena in such a material, when
z = 0 is a free surface, has the form (see (8.1) and (8.9))

(07 + L@)u(x, ) =0, v RE and >0 (8.49)
wx,0) = @el@) and w(x,0)=ylx), xe R‘i (8.50)
ul@, ) =0, 2=0, t=0 (8.51)

where the differential expression L(x) in (8.1) now assumes the modified form
defined by

L(x)u(x) = —c*(2)p(2)V-

1
@wm] (8.52)

The IVP (8.49)to (8.563) models acoustic wave phenomena in a medium com-
prising a layer of thickness &, sound speed c; and density p;, lying underneath a
layer having sound speed ¢z and density ps. Acoustic wave processes in such
media present a phenomena which we have so far not encountered. Specifically,
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waves can be trapped in the layer 0 < z < h as a consequence of total reflection
at an interface between two media. We shall discuss these trapped or guided
waves in more detail when we discuss generalised eigenfunction expansion theo-
rems associated with (8.49) to (8.53).

As in Section 8.2, an IBVP such as (8.49) to (8.53) is conveniently analysed in
a weighted Ly setting. With this in mind we see that all the structures introduced
in Section 8.2 are available here provided we take

Q=R}
and modify the weight function (8.19) to read
w@)dxr = ¢ 4(2)p }(2)dw (8.53)

The solution of the IBVP (8.49) to (8.53) is based on being able to construct
an operator

A : Hw) D D(A) — H(w) := LyR3, w(x)d) (8.54)

which is a self-adjoint realisation in H(w) of L(x) that incorporates the boundary
condition (8.51). A first step in this direction is given by (8.21) provided that the
weight function and the boundary condition are modified as in (8.53) and (8.51)
respectively. It then follows, as in Section 8.2, that the operator A introduced here
is a positive, formally self-adjoint (symmetric) operator on its domain D(A). It
now remains to show that A, as defined here, is actually a self-adjoint operator
on its domain. This will then ensure that we have the spectral theorem available
for interpreting the solutions of abstract IVPs centred on the operator A. In estab-
lishing this result we shall use the following notations (see Chapter 3)

D(Ri) = Schwartz space of infinitely differentiable functions
on R with compact support (8.55)

D’'(R2) = dual space of all distributions on R (8.56)
We also introduce the Sobolev Hilbert spaces [1], [3]
H™(R}) = L(RY) N{u: D*u € Ly(RY) for |a| < m)
where

a= (o, a, 03, . .., 0p) = multi-index of non-negative integers

n
lo = oy =order of o
pa
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Jo(x) = fa,azog. . a(x)

m
D*f(x)=D{"Dg* ... Dy, where D" := 9
oxy'
The space H™(R?) is a Hilbert space with inner product
(U, V)= fm 3" D u(x)D*v(x)de (8.57)

*lal<m

and D(RY) is a linear subset of H™(R2) for all m. Of particular use to us here is
the fact that

H§R2) := closure of D(RY) in H'(RY) (8.58)

is a closed subspace of H'(RY). It is known [1] that all elements of H§ (R2) satisfy
the homogeneous Dirichlet condition required in (8.21).

In proving that the operator A is self-adjoint we shall make use of the follow-
ing general result.

Theorem 8.1. Let H be a Hilbert space. A symmetric operator B : H— H which
1S such that

Range of B =: RanB = H
s self-adjoint.
Proof. If B: H— H is a symmetric operator then evidently B c B*. Consequently,
it is sufficient to show that every element g € D(B¥*) is also an element of D(B).
Therefore, let g € D(B*) and B*g = g*. Then since RanB = H there exists an

element i € D(B) such that Bh = g*. Consequently, for each f'e D(B) and because
B has been assumed to be symmetric we obtain

Bf,9) = (f, 9% = (f,Bh) = (Bf, h)
Since RanB = H then we have g = h. Hence g € D(B) as required. |

With this preparation we now prove the following result.

Theorem 8.2. Range of (I + A) = Ran (I + A) = H(w).

Proof. If f € Ran (I + A) then there exists an element v € D(A) such that
I+ Au=f

We want to show that for any f € H there exists a u € D(A) such that
I+ Au=f
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Now, for all u € D(A) and v € Hl(Réir) see that (8.16) and (8.20) imply

1
(Au, v)=— fRiV-[EVu(x) v(x)dx (8.59)
= ng (V- Vo) (@)p ' (2)d (8.60)
=(f —uVpgu forall ve Hy(R?) (8.61)

Consequently, for all v € H)(R2)

s e = [, @@
= flﬁ {(Vu- Vv)(x)pfl(z) +u(x)v(x)}dx (8.62)

If now we set

o) = [, (Va-Vo)@)p @)+ Ta)())de (8.63)

then we see that (8.63) defines an inner product on H}(R2) which is equivalent
to the inner product (-, -);, defined by (8.57). Furthermore, for all f € H(w) and v
e H)(RY)

IS0 o] <1 e oy 10wy <1 ey (0,017 (8.64)

the last inequality following because

ol = [, (@) w(@)de < fv,0) (8.65)

for all v e H)R? ).
For the sake of illustration we now introduce, bearing (8.60) and (8.61) in
mind, a linear functional ®, defined according to

@ (v) := (f, Vaw) = (¥, v} (8.66)

The expression (8.66) taken in conjunction with the results (8.62) to (8.65) pro-
vides an expression of the Riesz representation theorem. Therefore we can con-
clude that for each f € H(w) there is a u € H}RY) such that (8.62) holds for all
ve HYRD).

Before completing the proof we first emphasise that the “divergence operator”
appearing in the definitions of L and D(A) (see (8.1) and (8.21)) must be under-
stood in the sense of distributions. Consequently, if a vector W = (W, Wy, W3) is
such that W; e LyR2),j = 1,2, 3 then (V- W) e LyR?) if and only if

fR3 (W-Vo)(x)dx = — fR3 (V-W)@)p(x)de forall geD(R?) (8.67)
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Now u € H}(RY) by construction. Furthermore, (8.62) with v € D(R2) <
H é(Ri) taken together with (8.67) and (8.59) to (8.61) implies

V@) @) = @ (8:68)
e

each side of which defines an element in Ly(R?). Hence we can conclude that
u € D(A) and that (I + A)u = f, as required. |

8.3.1 The FEigenfunctions of A

We have seen that A, defined in (8.21) is a positive, self-adjoint operator in H(w).
Hence, it has a spectral family {E), A = 0} and corresponding spectral representa-
tion (see Section 5.2)

A= fo *MdE,
D(A) = fo " D(AIE,

where @ is a bounded, Lebesgue measurable function of 4. However, a practical
difficulty centred on these spectral representations concerns the actual determi-
nation of the spectral family {¥,}. The situation can be eased, as we have already
mentioned in the previous chapter, by using generalised eigenfunction expansion
theorems of a similar form to those indicated in Section 8.2 and Chapters 1, 6 and
7. Therefore one of our principal aims is to determine the generalised eigenfunc-
tions of A that have a clear wave theoretic interpretation. Consequently, parallel-
ing as far as possible the analysis of homogeneous media problems, we will
require that in the present case the generalised eigenfunctions of A, denoted by
y(x), should be characterised by the following properties.

The generalised eigenfunctions in our present case are solutions of the dif-
ferential equation

L(x)y(x) = cz(x)p(x)v{$wm} _Jw(x), ACR.  (8.69)

Solutions of (8.69) will be expected to satisfy

y(x) = locally in D(A) (i.e. oy € D (A)) for each p € D (R®)  (8.70)
y(x) = locally in R (8.71)

Furthermore, the y(x) will be expected to satisfy certain boundary and inter-
face conditions. Specifically, if we introduce the notation
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x = (21, 22, x3) = (Y, 2) (8.72)

where y = (x1,22) € R? and &3 = 2 then we will require that y satisfies the
following.

Boundary Condition on 2z = 0

y(@), o =y(y,0)=0, yecR? (8.73)

Interface Conditions z = h

vy, k") = y(y, h) (8.74)
10 10 _
——W(y, h*)z——l’/(y,h ) (8.75)
p2 02 p1 02

where ht =h +0andh™ =h — 0
We shall look for solutions of the IBVP (8.69) to (8.75) in the form

V(@) = y(y, 2) = (exp(ipy)}6(2) (8.76)

where p := (p1, p2) and p-y = p1x1 + Paxe.

The form (8.76) is suggested by taking the Fourier transform of the above
IBVP with respect to the variables x; and x2 with the aim of reducing the partial
differential equation involved to an equivalent ordinary differential equation.

Substitution of (8.76) into (8.69), (8.73), (8.74) and (8.75) leads to the following
ordinary differential equations and boundary conditions.

a? (A 2
{—2+[—2—|pl }e(z)—o for0<z<h (8.77)
dz c
2
{d—2+ %—um2 }6(2)20 for 2> h (8.78)
dz c5
6(0) =0 (8.79)
6(h™) = 6(h") (8.80)
La—e(h*) = La—"’(lf) (8.81)
P2 02 p1 0z

It is clear that w(2) as defined in (8.76) is not an element of H(w), for this
reason it is referred to as a generalised (improper) eigenfunctionof L(x) and
hence A. The quantities y(2) are referred to as reduced (generalised) eigenfunc-
tions since they satisfy the reduced equations (8.77), (8.78).

In constructing solutions of (8.77) to (8.81) the following notations will be used
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/1 5 1/2 )u 5 12
£ [—2 S R [—2 e ] (8.82)
Co Cy
E=0for A= c|pl” and &= i& with & > 0 for A < ¢ |p[* (8.83)
n=0for A= ¢f|p* and n=in withn’ > 0 for 1 < ¢f|p|* (8.84)

Forany p € R?and A€ R, such that A #¢}|p|? and A # c3|p|? the general solution
of (8.77), (8.78) and (8.79) has the form

w(2) = asinnz, O<z<h
= Bexp (i&2) + yexp(—ik2), z>h (8.85)

where ¢,  and y are suitable constants.
This function will also satisfy (8.80), (8.81) if and only if

Bexp(i€h)+ yexp(—ilh) = asinnh

Bexp(iéh)+ yexp(—iEh) = a&_ﬂcos nh (8.86)
p1 S
Solving (8.85) and (8.86) for  and y we obtain
B= 1 asinnh — a2 s nh |exp(—iéh) (8.87)
2 pr &
Y= 1 osinnh + a&.ﬂcos nh]exp(i’g’h) (8.88)
2 pi &

Hence the solutions of (8.77) to (8.79) are given by (8.85) to (8.88) with « an
arbitrary constant.

It remains to determine the values of A and p for which (8.77) to (8.79) give
bounded functions of z € R.. In this connection we first notice the following.

(i) If Eis real (that is A > c3|p ) thenf(2) is bounded.

(ii) If & = i& is purely imaginary (that is A < ¢5|p[?) then 6(2) is bounded if
and only if y= 0, that is if and only if

&= —%ncot nh (8.89)
1

(iii) If & = 4& is purely imaginary and 7 is real then (8.89) has solutions. If

both & = i& and n = in’ are purely imaginary then (8.89) has no solutions. To see
this notice that (8.89) may be written

&= —%n’cot n'h (8.90)
1

and this has no solutions with & > 0 and 1" > 0.
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In the special case when ¢; = ¢z and p; = ps then L reduces to the negative
Laplacian (with a multiply factor ¢) in R2 which has an associated Dirichlet condi-
tion. In this case we have seen in the earlier chapters that there is a complete set
of improper eigenfunctions which can be defined in the form

y(x, p) = exp{i(xp1 + Xop2 + xX3p3)} — exp(i(x1p1 + Xap2 — X3p3)) (8.91)

where x = (1, X2, 3) and p = (py, P2, P3)-

In physical terms(8.91) describes a plane wave propagating towards the
boundary o3 = 0 of R together with a reflected wave. We discuss more general
cases below. We shall see that if ¢; > ¢; in (8.46) then the improper eigenfunctions
are much like those displayed in (8.91) and consist of an incident and a reflected
wave. However if ¢; < ¢3 another class of improper eigenfunctions arises. In addi-
tion to improper eigenfunctions like (8.91) we will now obtain functions localised
near the region(0 <x3 < h). They correspond physically to waves that are trapped
as a result of total reflection at an interface between the two media.

Bearing in mind the observations (i), (ii) and (iii) above, and the definitions
(8.82), we can obtain the following results.

Case 1: ¢1 = ¢

In this case it is obvious that ¢}|p? = ¢3|p 2. Hence there are improper eigen-
functions for every A > c§|p* and none for A < c3|p .

Case 2: ¢1 < ¢y

It is clear that here ¢3|p P < ¢§|p . Hence, there are improper eigenfunctions
for every A > c3|p P and none for 1 < c|p

In addition there are improper eigenfunctions for those values of A and p
which satisfy

ctlpl® <A <c3Ipl (8.92)

Case 2 is the more interesting case. Consequently, we shall assume for the
remainder of this chapter that

c1 <y (8.93)

A detailed study of both cases can be found in [9]. However, as mentioned
earlier, it is frequently the case that many of the proofs in this area are very tech-
nical and long. Since in this monograph our main interest is not so much in the
detailed proof of a result as in its application a number of the main results will
simply be stated and their applications reviewed.

8.3.2 The Wave Eigenfunctions of A

The required generalised eigenfunctions are characterised by (8.69), (8.72), (8.73)
and (8.76). These eigenfunctions, as we have already mentioned, are of two main
types will be called free wave eigenfunctions and guided wave eigenfunc-
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tions. When discussing such eigenfunctions there are a number of cases to be
considered.
Case 2a:

A>d\pl* > cf1pl’  where |pl® = pi +p3 (8.94)
In this case functions satisfying (8.69) to (8.73) and (8.76) exist. They are

denoted by yy, referred to as free wave eigenfunctions and, with a slight abuse
of notation, can be expressed in the form

WO(x) y l) = V/O(y, 2, D, A’) = (27T)71{6Xp l(py)}l//()(z, D, /l) (895)
where
sinnz
vo(z p M) =a(p, )| 0 S <h (8.96)
o | BCE mexp(i&(z — k) + y(§ mexp(—i&(z — h))

z2>h

It can be shown that the positive normalising constant a(p, A1) can be conveniently
taken to be

12
P2
“n A [4(n§)|ﬂ(5, n)l]

In physical terms the eigenfunction wy(y, 2, p, 1) characterises an acoustic
field with time dependence exp(—itA"?) (see (8.49) and (8.69)). With (8.85) in
mind this field can be interpreted as a plane wave which propagates in the region
2 > h, is refracted at this interface z = h, (totally) reflected at the boundary z = 0
and refracted again at the interface z = h.

Case 2b:

Elpl’ <A<c3Ip’ > where |pf° = pf+ p} (8.97)

For those values of A which satisfy (8.97) the functions wy(y, 2, p, A) defined by
(8.95) and (8.96) together with (8.82), (8.77) and (8.78) still satisfy (8.69) to (8.73),
and (8.76). However, in this case (8.97) implies that £ in (8.82) is pure imaginary
thus, recalling (8.83), we write

22

E=1if where §’=[|p|2 - —2] >0 (8.98)
C2

In this case (8.82) indicates that 7 is real and positive. It follows that the bound-

edness condition is satisfied by w(y, 2, p, A) in (8.95) and satisfies the bounded-

ness condition (8.89) if and only if
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y(@&,m=0 (8.99)

or, recalling (8.88), if and only if

g = Zz neotnh (8.100)
1

When A and |p| are such that (8.97) holds then (8.100) is equivalent to the fol-
lowing sequence of relations

/
hn:(ki)nﬂan—l% (8.101)
2 P21
For values of k = 1, 2, ..., the relation (8.101) defines a functional relation
between |p| and
o= 2" (8.102)

Solutions of this relationship will be denoted

A=), ©=a(p)=A(p)"> (8.103)

each one of which represents a relation between the wave number |p| of the
plane wave in yy(y, 2, p, A) and the corresponding frequencies w. In the general
theory of wave motions relations such as those just described are known as dis-
persion relations.

The functions y; defined by

vk(y,2,0) =vo(¥,2,0,2(pD), k=12,... (8.104)

satisfy, by construction, (8.69) to (8.71) and (8.76) for all eigenvalues A which
satisfy (8.97). These functions have the specific form, bearing in mind (8.76) and
(8.82),

Vi, 2, p) = Cm) Yexpi(p-y)}yi(z, p) (8.105)

where

sinn,(Ip)z, 0<z<h.
sinn,.(IpDhexp(=&(1pD(z —h)), 2>h

Aalleh ]“2

1

V(3 p)= ak(p){ (8.106)

ni(Ip) = [ (8.107)
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Akapo]”
o3

& (ph = [Izol2 - (8.108)

In (8.106) the quantity ax(p) is a positive constant which can be conveniently
determined by the normalising condition

[z P w(dz= [ Clyiz e *@p  (@de =1 (8.109)

The eigenfunctions yk(z, p) represent an acoustic field having a time depen-
dence exp(—iak(|p|))which characterises a plane wave which is trapped in the
layer 0 < z < h by reflection at z = 0 and total internal reflection at the interface
2 = h. In the region z > h the acoustic field is exponentially damped in the z
direction and propagates strictly in the horizontal direction defined by the vector

p = (p1, P2).

8.3.3 Generalised Eigenfunction Expansions

The generalised eigenfunctions introduced in the previous subsections have differ-
ent wave theoretic interpretations depending on the relative magnitudes of A, |p|, ¢;
and c;. We saw that there were two classes of wave eigenfunctions namely the free
and the guided. These two classes can be conveniently characterised by defining

TCy
=———— m=02k-1
Py 2k — )2 = D1 (8.110)
Qo:={(p, ) :pec R*and 3|p|* < 1} c R? (8.111)
Qp={p:Ip|>pk, k=12,...} (8.112)

The required expansion theorems can be obtained by following the very
precise but lengthy analytical techniques developed in Wilcox [7]. Before stating
the results we recall and just gather together, purely for convenience, the modi-
fied notations we use when dealing with this particular stratified medium.

Notation Summary
x = (w1, 02, 23) = (y,2) € R,y := (v, 2) e R, 2=
R} :={xeR>:ye R% 2>0), see(848)
w@)dx = ¢ 2(2)p (2)dx = ¢ 4(2)p '(2)dydz = w(2)dx, see (8.53)

H(w) = Ly(R2, wx)dx), see (8.54)

With these particular notations the operator A in (8.21) will be modified
accordingly.
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Theorem 8.3. For every f e H(w) the limits

BB ) = o(p, D)= Lo(@0) - lim [ [ (2 1, D (4 D)
(8.113)

FNB D =il =L@~ lim [ [yl z p)f 4 )

(8.114)
wherek =1, 2, ... exist and satisfy the Parseval relation
2 - 2
1 ez cay = DIl o, (8.115)
k=0
Furthermore if we define
QY :={(p,A):peR?® and c&|pf° <A< M) (8.116)
QY :=(p:p<Ipl<M for k=12...} (8.117)
then it can be shown that the limits
oy, 2)=Hw) - lim [ yo(y,z 2 Jo(w, Ddpdd (8118)

fely)=Hw)~ T [ yi(y,3p)fi(p)dp..., k=12... (8.119)
exist and moreover
f(@2)=H(w) - lim 3" fi(y,2) (8.120)
“k=0

With the understanding we adopted in Chapters 1, 6 and 7 the above results can
be written in the following more concise symbolic form

I = [ vy 20 Df (4 DwE)de (8.121)
Fow )= [ wow, 2 0 ) folp, dpd2 (8.122)
R = [ vily 2 p)f (4, Dw@)de (8.123)
K= [ 2 )jio)p, k=12, (8.124)
SW2)=> fily,2) (8.125)

k=0
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The relations (8.121) to (8.125) are the required generalised eigenfunction expan-
sions. They provide a spectral representation associated with the operator A in
the sense that for all fe D(A)

(Fa(AfD(D,A) = (Ao (2, 1) = A(Fy ) (2, 2) = A Jol(0, ) (8.126)

(F(AM(P) = (ANe(p) = A (PD(Fi, N)(2) = A(pDfi(p)  (8.127)

where k = 1, 2, . ... The relations (8.121) to (8.125) define a modal decomposi-
tion appropriate for the model we are investigating in this section.

Once these modal decompositions are established then we can obtain the
required physical solutions from abstract solution forms obtained when dealing
with the operator A introduced in (8.54). Specifically, if the IBVP (8.49) to (8.52)
is realised in the weighted Lo-space H(w) then paralleling the analysis for homo-
geneous media but now using A rather than Ay we can represent the solutions of
(8.49) to (8.52) in the form

u(x, t) = u(y, 2, t) = Re{v(x, t)} = Re{v(y, 2, t)} (8.128)

where v(x, t) is the complex form of the required solution and is defined as an
abstract quantity in the form

o, ) =v(, -, 1) = (exp{—itA"*))f (8.129)
where
fi=0+iA 2y e Hw) (8.130)

it being assumed that ¢ € H(w) and y € D(A~Y?).

By applying the generalised eigenfunction expansion theorem (8.121) to
(8.124) a physical form for the required solution can be obtained from (8.129).
This yields the modal decomposition

o D=0 5 0= 0 2 0) (8.131)
k=0

where

(Y2, 1) = fgo wo(y 2 p, M {exp(—itA)} fo(p, Ddpdl  (8.132)

w(@ 50 = | vi(y 2 p)exp(—itw (pD)}fi(p)dp (8.133)

wherek=1,2,....
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8.3.4 Some Remarks about Asymptotic Wave Functions
If the representation (8.76) is substituted into the modal decomposition (8.133)

then the spectral integrals for the associated guided modes, k = 1, take the
form

vy, 5 t)= % f o fexp(—i(x - p— to (DD (2 D) fi(P)dp, k=1,2,... (8.134)

k

where yi(z, p) is defined in (8.105).

The behaviour for large ¢ of these integrals can be calculated by the method
of stationary phase. As might be suspected this is a lengthy procedure. However,
the manner in which this is done is worked through in considerable detail in [7].
The following convergence theorem can be obtained using this technique.

Theorem 8.4. For each k =1

(i) there exists an element vy (-, -, t) € H(w) for all t > 0 and the mapping t
— v 1S continuous

(ii) the element vy (-, -, t) € H(w) is an asymptotic wave function for the
modal wave vk(., -, t) in the sense that

To investigate the asymptotic behaviour of the free mode we begin by substi-
tuting (8.95) into (8.132) to obtain

w50 =5 [ (exp(ity-p— 2Dz b Do 2)dpd2

The representation (8.96) for y, implies that
vo(yr <, t) = ’Uar(yr 2 - h'7 t)_'_ va(yr 2 - h) t) (8136)

where (see (8.82), (8.87), (8.88))

v (420 = i Jo {exolily - p+2& —t2*)) }a(p, DBE ) foCp, Adpd2 (8.137)
v (4,2 1) = % Jo (exp(i(y-p— 2 —12"%))}a(p, 97(& mio(p, Ddpd2 (8138)

If we make the change of variable
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)u 21/2
(,2)—(p,g) where qzéz[c—fm]
2

then (8.137) can be written (see (8.96) and (8.130) to (8.133))

v (%51 = % f {exp(iy - p+2q — ta(p, O} (p, dpdg (8.139)
(271-) q=0

where
A V2 g1 112 ﬂ(é ) , 8.140
T, 2) - Epl(2lg) {Iﬁ(é )l}f(p » (8.140)
and
A=Mp,0) = 0(p,0)* = E(p + %) (8.141)

Similarly by making the change of variable in (8.138)

l 5 1/2
(p, ) —(p,q) where q=—6=[—c—2+lpl ]
2

we obtain
_ 1 , .
v (Y, 2t)= e fq B  lexp(i(y - p +2q —to(p, NV (p, Ddpdg  (8.142)

where f is defined in (8.140).
If we now add (8.139) and (8.142), bearing in mind (8.136) then we obtain

v(y,2+ht)= o 1)3,2 f {exp(i(y - p +2q —to(p, YN} (p, Ddpdq  (8.143)

for all z = 0. Hence (8.143) and (8.141) imply that in the half space 2z = h the
quantity vo(y, 2, t) coincides with a solution, in Lo(R?), of the d’Alembert equation
with propagation constant c.

The discussions in Chapter 1 and in [3, Chapter 8], indicate that the right-hand
side of (8.143) defines an asymptotic wave function v™ in Ly(R®) of the typical
form

(8.144)

NUEHEERE
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where
r’=ly+2° and 6= @2
r
It then follows that if
00 _ vy, z—nt), z=h
V) L2 l) = 8.145
Fwan={! =k (8.145)
then
[,lino’;"v()(‘, Bl t) — ('a B t)"H(w) =0 (8146)
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Scattering in Spatially Periodic Media

9.1 Introduction

In the previous chapter we discussed acoustic wave scattering processes in a
nonhomogeneous medium, specifically in a stratified medium. There we saw that
the stratification could give rise to trapped wave phenomena.

In this chapter we outline some additional effects that can occur when the
stratification of the medium is periodic. Such media and associated scattering
effects arise in many areas of practical interest, for instance, in non-destructive
testing, ultrasonic medical diagnosis and radar and sonar problems to name but
a few.

For ease of presentation we shall in this chapter only be concerned with
problems in one space dimension, that is, with string problems. Additional studies
in more than one space dimension are referred to in the Commentary. This will
allow us to avoid having to investigate trapped wave phenomena and so be able
to concentrate on periodic media effects on acoustic wave propagation. We will
also take the opportunity here of writing some of the results in terms of an associ-
ated spectral family rather than immediately in terms of generalised eigenfunc-
tions (see Chapter 5).

9.2 The Mathematical Model

In this chapter we will investigate the initial value problem

[0f — L@))u(, ©) = fiw) exp(—iat), (¥, t)e R xRy 0.D
u(x, 0) = (), wux,0) = y(x) 9.2)

where
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1
L) =~ @{p)| -2 | )] ©.3)
p(x) Ox
¢, p, q are given functions of x with period p 9.4)
w is a frequency parameter satisfying @ > 0 (9.5)

The source term f and the initial values ¢(x) and y(x) are assumed to vanish
outside a bounded interval of R (see also Chapter 8).

The initial value problem (9.1), (9.2) describes the vibrations of a periodically
nonhomogeneous infinite string generated by a time harmonic source term. We
would emphasise that the periodicity terms @ and p are not necessarily the
same.

Again for the sake of simplicity we shall assume that all data functions are
sufficiently “nice” in the sense that we will assume

6 pge CR) and ¢y, fe Co(R) 9.6)

As mentioned in Chapter 8, regularity conditions such as (9.6) can always be
relaxed provided that the equation (9.1) can be interpreted meaningfully.

The analysis of this problem follows along the lines used in Chapter 8. Con-
sequently, we introduce the weighted Hilbert space

H(w) = LyR,c*(x)p ' (@)dx) 9.7
which is endowed with the inner product (-, -)m) defined by
(U, V) g1y = quTx)v(x)w(x)dx 9.8)
where

w(@) = ¢ X @)p (@)

The initial value problem (9.1), (9.2) can be represented in H(w) by introduc-
ing an operator A as follows

A: Hw) — H(w) 9.9
Au = Lu forall ue D(A)
D(A) = {u € Hw): Lu e Hw)}
Then, as in Chapter 8, we can show that A is a positive, formally self-adjoint
operator on D(A) C H(w).
With this preparation we see that the given IVP (9.1), (9.2) involving a partial

differential equation can be realised, in H(w), as an abstract IVP for an ordinary
differential equation in the form
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{d2 + Au(t) = f exp(—iob) (9.10)
u© = ¢, w0 =y ©.11)

where, as in the previous chapter, we understand
u=ul,)t->u(- t)=ul) e Hw) 9.12)

The solution of (9.10), (9.11) can be written in the form

u() = (cos(t"2))p+ A~ ¥(sint(4"*))y + | ‘G, )g(s)ds  (9.13)

where g(t) = f exp(—iwt) and where G(t, s) is the Green’s function for the IVP
(9.10), (9.11) [8] which satisfies

LG(t, s) = &t — s) (9.14)
G(0,5) =0, Gi(0,s)=0 9.15)

In this case G(t, s) has the form [8]

61(1)0:(s) — 61(5)6:(1) (9.16)

G =" 0 6)

where 6y, 65 are any two linearly independent solutions of L6 = 0 and

W (61, 82) = 61(s)65(1) — 6i(s)62(0) 9.17)
If we choose
61(t) = sintAY?,  65(t) = costA? (9.18)
then
W (6, 65) = —A? (9.19)

Furthermore, after a completely straight forward but rather lengthy calcula-
tion, we obtain

t -~ f . w0 . / '
j; G(t,s)g(s)ds 7m{exp(—w)t) + WSIH(tAI 2)_ Cos(tAl 2>} (9.20)

Applying the functional calculus for self-adjoint operators indicated in (5.41) we
can now write (9.13) in the following form
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sm \/I t

ut,n= [TeosnaEp)+ [T dEy) + [TEA DB ©2D)

where

EAt)= Ml—wz){exp(iwt)+%sin(t\/z)cos(t\/z)} (9.22)

and {E,} denotes the spectral family of A.

The result (9.21) indicates that the asymptotic behaviour of u(x, t) as t — o
is, as might be expected, closely related to the properties of c(A), the spectrum
of A, and of {F}} the spectral family of A.

The properties of o(A) are, as we have seen in Chapterb, governed by

RO :=(A— ! (9.23)

the resolvent of A.
The relationship between the spectral family, {E}}, and the resolvent R(A) is
given by Stone’s formula [9],[7] which in our present case assumes the form

((Egro+ Eg- 0)f7 Dacw)— (Earo+Eo0)S, 9 uw)
1

= Ehm ((R(e +i1)— R(e—i1))f, 9 H(w)AE (9.24)

where f, g € H(w).
Since A is positive and has no eigenvalues (see Theorem 9.8 for another proof
of this result) then Ey = 0 and Eg,o = Eg_¢ so that (9.24) reduces to

1 .. B . .
(Epf,9)= %lg}f)lfo ((R(e+1it) — R(e —iD)).f, r(w)de (9.25)

Thus we see that the computation of {F;} can be reduced to examining the limit-
ing behaviour of R(z)fasImz | 0 and Im z T 0.
If we write

U(x, 2) = R(2)f(x) (9-26)
then we see that U(x, z) satisfies

1 0
¢ ){p( )8—90[56—] q(x)}U(x,z>+zU<x,z>—f 9.27)

where the coefficients are periodic. The equation (9.27) is an example of Hill’s
equation, the classical theory of which can be applied to an investigation of the
resolvent.
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An analysis of Hill’s equation can be made using results of Floquet’s theory
of periodic differential equations. For convenience we give in the next section a
short account of Floquet theory and display a number of results that are particu-
larly relevant for our present study.

9.3 Elements of Floquet Theory

In this section we shall be concerned with the general second order equation

ao(@)y" (@) + ar(@)y’(x) + ax(@)y(x) =0 9.28)

in which the coefficients a,(x) are complex valued, piecewise continuous and
periodic, all with the same period p. Consequently,

ax+p)=alxr), 0<r<2 (9.29)

where p is a non-zero constant. In investigating (9.28) we shall assume that the
usual theory of linear differential equations without singular points applies [3],

(4], [2].

We notice that if {(x) is a solution of (9.28), since the equation is unaltered if
x is replaced by (¥ + p), then {(x + p) also is a solution. However, in general
(9.28) need not have any non-trivial solutions with period p. Nevertheless the
following result holds.

Theorem 9.1. There is a non-zero constant 8 and a nontrivial solution {(x)
of (9.28) such that

{x + p) = Bix) (9-30)

Proof. Let 6y(x), k = 1,2 be linearly independent solutions of (9.28) which
satisfy

61(0) =1, 61(0)=0, 6(0)=0, 6(0)=1 93D

Since 6:(x + p), k = 1, 2 also linearly independent solutions of (9.28) there are
constants Cj;, ¢, j < such that

01(x + p) = C1161(x) + C1202(x) (9.32)
Ox(x + p) = C2101(x) + Co202(x) (9.33)

where the matrix C := [Cj;] is non-singular.
Every solution {(x) of (9.28) has the form

{(@) = n61(%) + 0p6(x) (9.34)
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where o, op are constants. Now, recognising (9.32) and (9.33) we see that (9.30)
holds provided

Cu-B Co |_ 0
Ca1 Cn—B
that is, provided
B — (Ci1 + Ca)B + det C =0 (9.35)

This quadratic equation for  has at least one non-trivial solution since det C # 0.

An alternative form of (9.35) can be obtained as follows. Using (9.32) to (9.34)
it follows that

Ci1 = 6i(p), Ciz=0i(p), Cor = 0s(p), Coz = 65(p) (9.36)

Hence, using Liouvilles’ formula for the Wronskian [2], [4]

detC =W(6,,6,)(p) = exp{— fo p{%}dn} (9.37)

We remark that we have also used the fact that W(6,, 6;)(0) = 1. Thus (9.35)
can be written

B?—(Cy1+ Ca) B+ exp{— fo p{%}dn} -0 (9.38)

One of the main results of the Floquet theory is the following.

Theorem 9.2. There are linearly independent solutions §1(x) and {(x) of (9.28)
such that either

@
G1(@) = {exp(mx)}v1(x)
(@) = {exp(max)}v2(x)

where mi,my are constants, not necessarily distinct, and v1,v2 are periodic func-
tions of x of pertod p, or
(i)
Gi(x) = {exp(ma)}vi(x)
G(x) = {exp(ma) {avi(x) + va(2)}

where m is a constant and v1,v2 are periodic functions of x of period p.
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Proof. Assume that (9.35) has distinct solutions 3; and 82 then, by Theorem 9.1
there are non-trivial solutions (), {(x) of (9.28) such that

Glx +p) = Bullx), k=1,2 9.39)

and these solutions are linearly independent.
Since fik = 1, 2 are non-zero we can define m; k = 1, 2 so that

exp(pmy) = Pr (9.40)
We then define
o(x) = {exp(—myx)} () (9.41)
and it follows from (9.39) and (9.40) that
@ + p) = {exp(—mi(x + P)IPli(x) = vi(x)
Hence by (9.41)
() = {exp(myx) v(x)

where the vy have period p.
When (9.35) has a repeated root § then we define m so that

exp(pm) = B

From Theorem 9.1 it follows that there is a non-trivial solution ¥;(x) of (9.28)
such that

Vi@ + p) = p¥1(x) (9.42)
Let Wy(x) be a solution of (9.28) so that ¥;(x), Wa(x) are not linearly
dependent.
Since Wa(x + p) also satisfies (9.28) there are constants dj,dy such that
Yol + p) = diV1(x) + doWa(x) (9.43)
From (9.42) and (9.43) we obtain

WPy, Y2)(x + p) = Bd2W (W1, W) ()

Therefore, using Liouville’s formula for the Wronsksian

= SR AET



232 9 Scattering in Spatially Periodic Media

which follows since the integrand has period p. Furthermore the right-hand form
in this expression is equal to 3 since f is also a solution of (9.38). Hence dy = f3.
From (9.43) we now obtain

Ya(x + p) = di'¥1(®) + fY¥2(x) (9.44)
There are now two possibilities to consider.

Possibility 1: d; = 0
In this case (9.44) implies

Ya(x + p) = f¥2(w)
This, together with (9.42), indicates that we have the same situation as in (9.39)
but with 3; = B2 = B. Consequently, this case is now covered by part (i) of the
theorem.
Possibility 2: d; # 0
In this case we define

Vi(@) = {exp(—mx)}¥1(x)

and
a
Vi) = fexp(-ma)) () - L foVi(e)
B
Then by (9.42) and (9.44) Vi(x) and Vy(x) have period p. Therefore since

i) = {exp(ma)Vi(x)

() = {exp(mx)}{[z—lﬁ]xvl(x) +)]

then part (ii) is covered with {;(x) = Wi(x) and &(x) = (pB/d;)¥a(x) .

Definition 9.3. The solutions S,k = 1, 2 of (9.35) or (9.38) are called the charac-
teristic multipliers of (9.28) and the my,k = 1, 2 are called the characteristic

exponents of (9.28). [ |

9.3.1 Hill’'s Equation
A particular form of (9.28) which frequently occurs in practice is the equation

Py (@)} + Q@)y(x) =0 (9.45)
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where P and @ are real-valued, periodic functions with the same period p. Fur-
thermore, we shall assume that P is continuous and non-vanishing and that P’ and
Q are piecewise continuous. Thus, (9.45) is a particular form of (9.28) and is
referred to as Hill’s equation.

If we assume that

f {Z;EZ;} n=0 (9.46)

and set
a(1)
Be= | :(n)}

then multiplying (9.28) by {ao(x)} lexp(B(x)) we obtain an equation of the form
(9.45) with

az(x)

P(a) = exp(B(x)), Q(x)= {O( .

}exp(B(x))

Using (9.46) we see that B, P and @ all have period p.
For the equation (9.45) the quadratic equation (9.38) becomes, bearing in mind
(9.36),

B% — (61(p) + 0%(p)B+1=0 (9.47)

From the familiar properties of quadratic equations we see that the characteristic
multipliers f;, B> satisfy

BBz =1 (9.48)

The solutions 6;(x) of (9.45) are real valued because P(x) and Q(x) are real
valued.

The properties of the solution 6;(x),k = 1, 2 of (9.45) depend on the properties
of the solutions S,k = 1, 2 of (9.47). In this connection we introduce the real
number D, called the discriminant of (9.45), defined by

D := 61(p) + 63(p) (9-49)

Using again familiar properties of quadratic equations we see that when dis-
cussing the roots of (9.47) there are five cases to be considered.

Case 1: D >2
It follows from (9.47) that the S,k = 1, 2 are real and distinct. Furthermore, they
are positive but not equal to unity. Consequently, using (9.48) it follows that there
is a real number m such that
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exp(mp) = i and exp(—mp) = B2

This follows from (9.40). Therefore, by part (i) of Theorem 9.2 we obtain

G(@) = fexp(mx)jvi(@) and  {(x) = {exp(—mx)va(x) (9.60)

where v; and vy each have period p.

Case 2: D < -2

This case is similar to Case 1 except that here §; and 8; are now negative but
they are not equal to (—1). Hence the m in (9.50) must be replaced by (m +ix/ p).

Case 3: -2<D<?2
It follows from (9.47) that the S,k = 1, 2 are not real but distinct. However, they
are complex conjugates and (9.48) indicates that they have unit modulus. Hence
there exists a real number o such that either 0 < ap < ror —mw < ap < 0 and

{exp(iop)} = B and {exp(—iop)} = B2

Therefore, using part (i) of Theorem 9.2 we can write

G(@) = {exp(ian)jvi(x) and () = {exp(—iox)va(x) (9.6D)

where the v,k = 1, 2 each have period p.

Case 4: D =2
In this case (9.47) has equal roots ff; = 1,k = 1, 2. Consequently, we have to decide
which part of Theorem 9.2 applies. The standard theory of algebraic equations
indicates, bearing in mind that B,k = 1, 2, that part (i) of Theorem 9.2 applies if
rank (C — I') = 0 whilst part (ii) applies if rank (C — I') = 1. There are two possi-
bilities to consider.

Possibility 1: 6;(p) = 6{(p) =0
Since

W(6y, 6:)(0) = W(6y, 6)(0) =1

then we have

01(p)05(p) =1
D=061(p)+ 6(p)=2

Consequently

6i(p) = 63(p) =1

Hence rank (C — I) = 0 and part (ii) of Theorem 9.2 applies.
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Since B, = 1, k = 1, 2 then the characteristic exponents my;,k = 1, 2 must be
zero. Consequently, Theorem 9.2 implies that

Q@) = v(@), k=12

where each of the v, have period p.

Possibility 2: 6;(p) and 6{(p) not both zero
In this case rank (C — I) # 0 and part (ii) of Theorem 9.2 applies with m = 0.
Hence

G@) =u@) and &H@) = avi(@) + v2()

where the v,k = 1, 2 each have period p.

Case 5: D = -2
In this case (9.47) has equal roots ; = —1, k = 1, 2. We proceed as in Case 4 and
consider two possibilities.

Possibility 1: 6:(p) = 0i(p) =0

Arguing as in Case 4 we have that rank (C + 1) = 0 and part (i) of Theorem
9.2 applies with m; =my= E.

D
Hence

é(x):{exp(%“)}vl(x) and @(x):{exp(%”)}vz(x) 9.52)

where v; and v each have period p. It now follows from (9.52) that
Gx +p)=—G(@), k=12
and hence that all solutions of (9.45) satisfy

{x +p) = —{@)

Possibility 2: 6:(p) and 0{(p) are not both zero.
Here rank (C + 1) # 0 and part (ii) of Theorem 9.2 holds with m = T Hence
p

SH(@) = ui(x) and SH(x) = xui(x) + uz(x)

where u(x)= {exp(@
b

}vk(x), k=12

Thus the u;k = 1, 2 satisfy

up(x +p) = —up(x), k=12
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Definition 9.4. A function f with the property flx + p) = —f(x) for all x is said
to be semi-periodic with semi-period p.

It follows from Definition 9.4 that a function which is semi-periodic with semi-
period p is periodic with period 2p.
We shall need the following results in later sections.

Theorem 9.5. (i) If |D| > 2 then all non-trivial solutions of (9.45) are unbounded
on (—oo, 00).
(ii) If |D| < 2 then all non-trivial solutions of (9.45) are bounded on (—oo, ).

Proof. If D > 2 then we have Case 1 and (9.50) holds. It is clear that any linear
combination of {;(x) and {(«x) is unbounded either as x — oo or as x — —oc. The
argument for D < —2 (which is Case 2 in the above) is similar. Part (i) is
proved.

If |D| < 2 then Case 3 applies and (9.51) holds. Hence

k(@) =vp ()], k=1,2

Since v,k = 1, 2 are periodic in (—oo, o) they are also bounded there. Hence
the &,k = 1, 2 are bounded in (—oo, ). This establishes part (ii). |

Definition 9.6. The equation (9.45) is said to be

(a) unstable if all non-trivial solutions are unbounded on (—oc, o).

(b) conditionally stable if there exists a non-trivial solution which is
bounded in (—oo, ).

(c) stable if all solutions are bounded in (—oc, ).

Using Cases 4 and 5 the following theorem can be established.

Theorem 9.7 The equation (9.45) has non-trivial solutions with period p if and
only if D = 2 and with semi-period p if and only if D = —2. All solutions of (9.45)
have either period p or semi-period p if, in addition, 6:(p) = 01(p) = 0.

Proof. This is left as an exercise.

9.4 Solutions of the Mathematical Model

If we set
U(x,2)

Vp(x)

4o(x) = a(x) —p(@) {ﬁ(dp(x) )'} 9.54)

V(x,2)= (9.53)

S
A O] (9.55)
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then (9.27) can be written in the form
A@Nd3 — q@))V (x, 2) = —fi(%) (9.56)

The homogeneous form of (9.56) is a form of (9.28) in the particular case
when

aw=1 a=0, az=qo (9.57)

Following the analysis of equations of the form (9.28) given in the last section,
let 6;(x, 2) and 6(x, 2) be solutions of the homogeneous equations

F@dZ — qo(@)}6u(x,2) =0, k=1,2 (9.58)

which satisfy
6:(0,2) =1, 61(0,2)=0 9.59)
6:(0,2) =0, 620,2) =1 (9.60)

where the primes denote differentiation with respect to x.
Using (9.58) to (9.60) we find that the Wronskian of 6, and 6, has the constant
value one. Furthermore, since ¢ and g, are p-periodic then

O(x + p, 2) = O(p, 2)01(w, 2) + Oi(p, Dbe(w,2), k=12  (9.61)

This follows from the fact that both sides of (9.61) are solutions of (9.58) with
the same initial conditions.

We can now use results from Floquet theory introduced in the previous
section to investigate solutions of (9.58) that have the form

&(p,2) = a161(p, 2) + 026x(p, 2) (9.62)

and which have the property

S + p, 2) = P&z, 2) (9.63)

Bearing in mind (9.61) we find that we must have

(61(p,2) — Bog + G(p, 2)oz =0 (9.64)
01(p, 2)on + (05(p,2) — Pop =0 (9.65)

This system has non-trivial solutions o; and o if and only if
ﬁz —D(p,2)B+1=0 (9.66)

where
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D(p,2) = 6i(p,2) + 63(p,2) (9.67)

We remark that in obtaining (9.66) we have used the fact that the Wronskian
w(6,, 6) = 1.

We notice that every solution of (9.58) that satisfies (9.63) with 3 := exp(Iap)
has the form

{x, 2) = {exptom)}V (x, 2)

with V(x, 2) = {exp(—iax)}{(x, 2) being p-periodic.

It now follows that the properties, in particular the growth properties, of the
solutions of (9.58) are determined by the location of the roots of (9.66). Just as
in the previous section there are now a number of possible cases to consider. For
convenience we give them for the particular case of interest in this section.

Case 1: —2<D(p,z) <2

In this case (9.66) has no real roots B; and s satisfying B> = B and | ;| = 1.
It follows that (9.58) has a fundamental system of solutions of the form

Sz, 2) = {expton)}Vi(x, 2), &, 2) = {exp(ioa)}Va(r,2)  (9.68)

T
with 0 <o < 5 and p-periodic functions V; and Vs.

Case 2: D(p,2) = 2, 62(p,2) = 01(p,2) =0

In this case every solution of (9.58) is p-periodic. This follows since the Wron-
skian W(0,, 6;) = 1 will now imply that 63(p, 2)61(p, 2) = 1 and hence 65(p, 2) =
61(p, 2) = 1 since

D(p,2) = 61(p,2) + 6(p,2) =2

It follows that 6y, 61, 6, 65, have the same values at x = 0 and x = p and so 6,
and 6, are p-periodic.

Case 3: D(p,2) =2, 6(p,2) #0, 6{(p,2) #0

The equation (9.58) has a non-trivial p-periodic solution since 8 = 1 is a root
of (9.66). Furthermore, since 6(p, z2) and 61(p, 2) are not both zero then the
conditions (9.59), (9.60) indicate that at least one of the functions 6; and 6 is not
periodic. In this case (9.58) has a fundamental system of the form

G, 2) = Vi, 2), G(x,2) = aVi(x) + Va(x, 2) (9.69)
where V; and V; are p-periodic.

Case 4: D(pa 2) = _27 92(py z) = ei(pa Z) =0
In this case every solution of (9.58) satisfies

o +p,2)=—{x2) (9.70)
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This follows since, arguing as in Case 2, we find that 6, 61, 6, 65 have opposite
signs at x = 0 and x = p.

Case 5: D(p,2) = =2, 6(p,2) 20, 61(p,2) =0

Arguing as in Case 2, we find that in this case (9.58) has a fundamental system
of the form (9.43) where V; and V; satisfy (9.70).

Case 6: D(p,2) e C — [-2,2]
In this case the roots f; and S5 of (9.66) do not lie on the unit circle. If they did
lie on the unit circle then they would be of the form § = exp(iop) with a real.
This being so then on solving the quadratic equation (9.66) we would obtain

D(p,2) £ND(p,2)* —4 = 2exp(ic)

which implies
D(p, 2)* — 4 = (2exp(ia) — D(p, 2))*
and hence
D(p, 2) = {exp(—im))({exp(2i)} + 1) = 2coso € [~2, 2]

Since B;82 = 1 then the system (9.64), (9.65) has exactly one root 8 with
| B| > 1. Consequently, on setting 8 = exp (ap) we obtain the fundamental system

&1, 2) = {exp(an)}Vi(w, 2), &, 2) = {exp(—am)}Va(x,2)  (9.TD)

with Re o> 0 and —n/p <Ima < n/p together with p-periodic functions Vi, k =
1, 2.
We can now obtain the following result.

Theorem 9.8. Let A denote the H(w) realisation of the differential expression

defined in (9.3).
The spectrum of A, denoted c(A), is purely continuous.

Proof. If A has an eigenvalue 2z and an associated eigenvector & then we have
AE = 2¢ 9.72)
(see also (9.27)).

We have seen that A is a positive, self-adjoint operator on its domain D(A) C
H(w). Consequently, we require non-trivial solutions of (9.72) such that

[ 1E@)E w(ayds < 0o 9.73)

The equation (9.72) is a particular form of (9.45) for which P(x) = 1 and
Q(x) = (z — q(x)). Consequently the analysis of the previous sections is available;
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in particular the Cases 1 to 5 and Theorems 9.5 and 9.7. Therefore, we can
conclude

(i) for |D| > 2 non-trivial solutions, {(x), of (9.72) are unbounded on
(_007 OO)

(i) for |D| < 2 non-trivial solutions, {(x), of (9.72) are bounded on
(—o0, 00).

In the case of conclusion (ii) it follows from Case 3 that we must have non-
trivial solutions such that

{(xr + p) = pl(w)
IS(x+ p)l=1{(x) =1

However, this being the case (9.73) would not be convergent. Hence, there is no
non-trivial { satisfying (9.72). Thus A has no isolated eigenvalues and we conclude
that o(A) can only be continuous.

It follows directly from the above that
z € 0(A) if and only if D(p, 2) € [-2, 2] (9.74)

The above discussion indicates that scalars i and v which ensure that D( p, 1)
= 2 and D(p, v) = —2, respectively, are of special interest. Recalling (9.27) and
the boundary value problems (9.58) to (9.60) the previous discussions indicate
that D(p, w) = 2 if and only if u is an eigenvalue of the problem

AdF — qo@)}ex, 1) + pex, w) = 0 (9.75)
o0, ) = o(p, W, ¢O, W = ¢(p, W (9.76)

Similarly D(p, ) = —2 if and only if v is an eigenvalue of the problem

A@)dF — qo@))e, v) + vox, v) = 0 9.77)
(P(O, U) = _(P(p; U), (P,(Oa v) = (p’(pv V) (978)

By the standard Sturm-Liouville theory [3] the eigenvalues of (9.75), (9.76)
and of (9.77), (9.78) can be arranged as monotonic sequences {7 = 1 and {vi}i = 1
with 1 and v;; tending to infinity, double eigenvalues being counted twice.

The location of the eigenvalues uy, vi, kK = 1, 2 can be shown to be of the form

(31, [4]
W<ViSw<Ua<uz<vz<vg<... 9.79)
In particular the boundary of 0(A), denoted do(A), consists of simple eigenvalues

A1, Asg, . .. of both problems (9.75), (9.76) and (9.77), (9.78). Further details on the
properties of these eigenvalues can be found in [4] and [8].
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After this preparation we can indicate the behaviour of R(A + i7) as 7 4 0.
There are two principal results that can be obtained in this connection. However,
as on a number of previous occasions, the proofs of these results are highly
technical and long. Consequently, we will simply state the results here. Full
details of the associated proofs can be found in the references cited in the Com-
mentary. In this connection we would particularly mention [4] and [8, Section
XIII].

The first of the two important results is the following.

Theorem 9.9. If A is the operator defined in (9.9) and if f € Cy(R) then R(z)f
= (4 — 2I)"'f depends analytically on z € p(A), the resolvent set of A. Moreover,
R(2)f can be extended analytically from both above and below c(A)°, the inte-
rior of o(A), The quantity R(z)f, together with its analytic continuations,
depend continuously on (x, z) for x € R.

If A€ 06(A), the boundary of 6(A), then there exists a non-trivial, p-periodic
solution, y(x, ), of the homogeneous form of equation (9.27) with the
properties

yx +p, )=y, D, A= (9.80)

and a solution, U(x, A) of (9.27) such that

+U@ D +0(z—A") as z—2 (9.82)

(REN@) =y, ] [ ys, D) f()ds)lece - 1)

with either z € p(A) or z = 1 + 0 and N € 6(A)’. Furthermore, w(x) = ¢~ 2(x)
p’l(x) 1S the weight function introduced earlier and € is defined by

_ {1 lf )v = Hop or 24: Vokr—1 (983)
-1 if l:ﬂ2k+1 or A«=V2k
The estimate (9.82) holds uniformly with respect to x € R.
The quantity U(x, L) is bounded as |x| — o if and only if
[ y(s, Mwis)f(s)ds =0 9.84)

or equivalently if and only if
Ulx,2) =RR@)f(x) > Ulx,A) as z— A

Finally, we state the following result.
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Theorem 9.10. Let y(x, A) and U(x, A) be the solutions of the homogeneous
Jorms of the equation (9.27) with z = A which appear in the estimate (9.82) for
the resolvent R(z). Then the solution u(x, t) of the initial value problem (9.1),
(9.2) satisfies the following estimates uniformly on bounded subsets of R.

() Ifq # 0 and o’ € d6(A) then

1-1¢e , v
u(w, 1) = WJZ {exp(—w)t)y(x, o®) ﬁ _w(s)y(s,0%) f(s)ds}

+U(x, 0*)exp(—iwt)+o(1) as t— oo (9.85)

where ¢ is defined in (9.83) and A = v’
(i) If ¢ # 0 and & ¢ do(A) then the principle of limiting amplitude holds
in the sense that

u(x, t) = (R(0? + i0)f)(x) exp(—iawt) + o(1) as t — oo (9.86)

(see [5], [6], [9] and the Commentary).
(iii) If ¢ = 0 and w = 0 then zero belongs to o(A) and y(x, 0) is constant
and

u(x,t)= yQ(x, O)tfjc SHw(s)ds+U(x,0)+0(1) as t—oo (9.87)

(iv) If ¢ = 0 and w? > 0 then the (static) term
2 *© 1
v@,0) [~ s {w(s)+ s }ds (9.88)
—00 1

must be added to the right-hand side of (9.85) and (9.86).
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Inverse Scattering Problems

10.1 Introduction

The determination of properties of a medium from a knowledge of wave scatter-
ing processes in that medium is an inverse scattering problem. Perhaps the sim-
plest illustration of such a problem, which at the same time distinguishes it from
the majority of scattering problems we have discussed so far, is provided by the
following “tennis ball” problem. Assume that the system of interest consists of a
light bulb, a tennis ball and a screen. When the light is switched on it shines on
the tennis ball which in turn casts a shadow on the screen. If we know the details
of the light source and the tennis ball then the problem of determining the details
of the shadow is a direct scattering problem. If, however, we only know the
details of the light source and the shadow and we want to determine the details
of the tennis ball then this is an inverse scattering problem.

In the earlier chapters we have concentrated on direct scattering problems
and have seen that a knowledge of scattered waves (the shadow)in the far field
(of the bulb and ball) can lead to reliable constructive solution methods. For the
inverse problems a knowledge of the scattered waves in the far field is an essential
ingredient from the outset. This is due almost entirely to the fact that in practice
the majority of measurements are made in the far field.

In more general terms the inverse scattering problem can be thought of as the
determination of an impurity in an otherwise homogeneous region from the mea-
surements available of a field scattered by the inhomogeneity.

Such problems frequently arise when analysing, for example, various ultra-
sonic diagnostic techniques and other non-destructive testing processes. Typical
areas include remote sensing problems associated with radar, sonar, geophysics
and medical diagnosis.

Since in the majority of practical problems measurements of the scattered
field can only be made in the far field of the transmitter and scatterer we can
expect that scattering theory can be used to provide a satisfactory means of
investigating the sensing problem mentioned above. To see this recall that when
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developing a scattering theory we always try to work with self-adjoint operators
Ay, A; on a Hilbert space H. Associated with these operators are Evolution
operators:

Uo(t) := exp(—1itAy), Ui(t) := exp(—1itA;)
Wave operators:
Wei= lim U5 ()U(1)
Scattering operator:
S = WAW_

If the operators Ay, A; characterise initial value problems with solutions wug, %1
respectively which are required to satisfy given initial data fy, fi respectively then
we have seen that the solutions can be written in the form

ug(t) = Up(D)fo, u1(®) = U1(D)f1

In practice f; is given from the outset and u; is regarded as the solution of a Per-
turbed Problem (PP). When the intention is to use scattering theory techniques
to approach solutions to this problem then the aim is to determine initial data for
an associated Free Problem (FP), which has a reasonably easily obtainable solu-
tion %y, which will ensure that uy and u; are asymptotically equal (AE) as t —
+00. To this end we introduce initial data f§ for the FP which generates FP solu-
tions w4 such that (u; — u+) — 0 in a suitable energy norm as ¢t — 4o respectively.
The initial data f§ are related by means of the scattering operator S in the form

Sfo =S¢

With the above understanding we can describe the two types of scattering
problems mentioned above as follows:

Direct Scattering Problems: Knowing Uy, U, and f; determine S and f7.
Inverse Scattering Problems: Knowing S and Uy(t) determine U,(?).

In this chapter, with practical problems such as those mentioned above in
mind, we shall reduce considerably the generality of these abstract problems by
restricting attention to a study of a perturbed wave equation of the form

02 — A+ q@)ux, ) =0, (x,6)e R" xR (10.1)

where 1 <n < oo, This equation is also referred to as the plasma wave equation
and as such is intimately connected with potential scattering problems. It arises
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in the modelling of many physical systems ranging, for example, from the study
of the electron density in the atmosphere of the earth to the vibrations of an
elastically braced string. We concentrate here on indicating methods which are
used to determine the potential term, q, when u, the state of the system, is known
(in the far field).

When the potential term is time independent a number of methods are avail-
able for tackling inverse scattering problems. In particular, taking the Fourier
transform with respect to time of the plasma wave equation yields a stationary
Schrodinger equation. The potential is then recovered by means of the celebrated
Marchenko equations in one or other of its many forms in both the frequency and
time domains (see Commentary). A comprehensive and self-contained account
of the derivation of the two basic types of Marchenko equations is given in [8].
Essentially, the required potential term is obtained in terms of a certain functional
of a reflection coefficient. There are other methods of recovering the potential
and these may be conveniently called high energy limit methods. Before introduc-
ing this method some preparation is required. This is given in the next section
where we concentrate on the plasma wave equation rather than on the classical
wave equation as we have been doing in previous chapters.

10.2 Some Asymptotic Formulae for the Plasma
Wave Equation

We consider the plasma wave equation (10.1) in which the potential term q(x)
satisfies the following.

Assumption 10.1. The potential function q is defined in R® and is a non-nega-

tive, bounded function with compact support, that is, q is a measurable func-
tion on R satisfying

0<q@) <cy, xe R

qg(x)=0, |x[=Ry
where cy and Ry are positive constants.

We introduce the operator

A: LR - LR)=H (10.2)
A, = —Au + q(x), ue D(A)
DA)={ue H: (—Au + qu) € H}

which is a self-adjoint realisation of (—A + q(x)) in H.
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We also introduce a real-valued functions s € C? defined on R such that
supp (s) c [a, ]
with —c0 < @ < b < co. We denote by 6 a unit vector in R? and set
uo(x, t) = uo(x, t, 6,s) =s(x- 0 —t) (10.3)
where 2-6 denotes the scalar product in R®. The form of the argument of s indi-
cates that the right-hand side of (10.3) represents a plane wave and that conse-
quently ug satisfies the free equation (see [12, Chapter 7])
(0F — Muo(x, 1) =0 (10.4)
As in earlier chapters s characterises the signal profile. Furthermore, since
q(@uo(x, t, ) = 0
with (x, t) € R? x (=, tp) and (x, £) € R? x (#1, o) where
to:=—-b—Ry and ¢ :=—a+ Ry
then u(x, t, 0) satisfies the (free) plasma wave equation for ¢ < ¢y and ¢ = t;.
Let u(x, t) = u(x, t, 6) denote the solution of (10.1), the perturbed wave equa-
tion, that is the plasma wave equation, which satisfies the initial conditions
u(x, to, @) = ug(x, t, 0) and Ju(x, ty, ) = duo(x, t, 6) (10.5)

We shall refer to u(x, t) as the total field. We denote the scattered wave by
Use(X, t) = usc(x, t, 0) where

uSC(x) t) 9) = u(x) t) 9) - UQ(ZII, tr 9)
and the scattered field is assumed to satisfy the IVP

{07 — A + g@)usc(®, ©) = —q(@)uo(x, t, 6) (10.6)
Use(X, 1, 0) = dusc(, 1, 0) =0, <ty xe R (10.7)

where we have recognised (10.5).

In practical cases it is usually us. that is measured and, moreover, measured
in the far field of the transmitter and receiver. Consequently we need to study the
asymptotic behaviour of us.(x, t, 0) as t — oo. In order to do this we need some
preparation. Consequently, we shall introduce the notion of a scattering ampli-
tude denoted by F (k, o, @) where
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Fll0,0) = [} 9~ ko)a)lexp(ikyo)ldy 108)

with k>0 and @, @ € S the unit sphere in three dimensions. Here ¢(x, &), with
X, X € R? is the unique solution of the celebrated Lippmann—Schwinger equation

(1], [3], [6], [11]

exp(éléllx —yD

a()e(y, &)dy (10.9)
[ —yl

) 1
o(n, &) =exp(iv- &)~ [

The solutions ¢(x, €) are the distorted plane waves associated with the plasma
wave equation (10.1).
We now introduce the far field solution ug. defined by

ul (w0, ) = u(x,t,6,5)=|x] " K(lx|—t, w,,6,5) (10.10)

where @, = x/|x|,

1 oo . N
K(0.0,6,9)= 7 | (exp(ivp)l3(pIF(p,0,6)dp  (10.11)

is the asymptotic wave function (profile) (see Chapter 6) and 3(p) is the usual
one-dimensional Fourier transform of s(7) given by

R 1 5 ,
)= oz | lexpipDlsoar

The following result can be obtained [17].
Theorem 10.2. If the requirements of Assumption 10.1 hold then
Usc(x, L, 0,8) = uge(x, t,6,s) as (—
in the sense that
tlgzlo"usc (+,6,5) —ug (,1,6,5)],,=0

A proof of this result for the plasma wave equation rather than the classical
wave equation is given in Appendix A10.1.

10.3 The Scattering Matrix

In this section we introduce a representation of a Hilbert space H which is in
terms of a given self-adjoint operator A : H — H. Such a representation will enable
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us to define a so-called scattering matrix associated with A. As we shall see,
the scattering matrix plays a central role in the development of what have become
known as high energy limit methods for solving inverse scattering problems.

10.3.1 Decomposable Operators

We start with the Hilbert space H := Ls(R™) which as we have seen consists of
(equivalence classes) of square-integrable functions defined on R" and taking
values in C. A generalisation of this structure would be to consider functions on
R" taking values in a more general vector space than C; in a fixed Hilbert space
Hj (say). With this in mind let A C R and suppose that f'is a vector-valued func-
tion on A which takes values in a fixed Hilbert space Hy. We shall write f to
signify the value, in Hy, of the function f at the point A € A. We will then denote
the function f by the collection { f3} and often write

S={hen=112 (10.12)

The function fin (10.12) is measurable if for every element g € H, the complex-
valued function (g, f)o is measurable where (-, -)o denotes the inner product in Hj.

Measure is a generalisation of the familiar concept of length defined on
intervals of R.

In an abstract setting we introduce

Definition 10.3. Let X denote a set and O a class of subsets of X. A positive
measure on the pair (X, ©) is a mapping m with the properties

@) m(¢) = 0, ¢ = the empty set.

(ii)) For {6} a countable collection of disjoint elements of © (that is
6 N6, =¢fork+n)

[ee]

m => m(6;)
k=1

U
k=1

When such a measure exists then the pair (X, ©) is called a measurable space
and the elements of O are called measurable sets.

A more mathematically rigorous account of measure and measurability can
be found in such texts as [9], [10], [12], [11].

Definition 10.4. Let X be a space and f: X — R. The function f is said to be
measurable if for all & € R the set

{xre X:flx)>a}

is measurable.
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In a similar manner to that adopted for Ly(R™) we shall denote by La(A, R"™)
the set of all (equivalence classes) of (measurable) functions f which satisfy

1 = [ 1alodz < oo (10.13)

The operations on Lso(A, R") of vector addition, multiplication by a scalar and
definition of an inner product are

F+9=h+9) o = o) (10.14)
()= [ (ng2d2 (10.15)

where f' = {f} and g = {g2}.

Furthermore all the Hilbert space axioms including that of completeness can
be shown to hold for Ls(A, R") in just the same manner as for Lo(R™) [10], [11].

A further generalisation is possible which is centred on an operator of interest.
To this end let A € A C R and let A(A) € B(H)).

An operator-valued function A is said to be measurable if for every f €
Ls(A, Hy) the vector-valued function defined as {A(A)f3} is measurable. Then for
this B(H,)-valued function we define an operator in Lo(A, Hy) by

D(A)~{f € Lo(A Ho): [ 1A fild2 < o} (10.16)

Af = A (10.17)

An operator A defined as in (10.16), (10.17) is said to be decomposable. Fur-
thermore, if A(A) = (1)l where ¢ is a measurable function and I is the identity

element in H then A is said to be diagonalisable.
Two important results in this area are given in the following theorems.

Theorem 10.5. Let F be a bounded operator in La(A, Hy) which commutes with
the self-adjoint operator

A = {1}
Then F is a decomposable operator given by F = {F(1)} and
[IFll = ess sup|| F ()l < 0o
AEA
Theorem 10.6. A bounded decomposable operator A = {A(A)}is bounded invert-
ible (respectively, self-adjoint, unitary) if and only if A(X) is bounded invert-
ible (respectively, self-adjoint, unitary) almost everywhere.

A proof of these theorems can be found in such standard texts as, for example,
(9], [10], [11], [13].
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10.3.2 Some Algebraic Properties of W and S

We begin by recalling, for convenience, a number of definitions and notations
introduced in Chapter 6.

Let Ap and A; denote the free and perturbed operators respectively, each being
defined on a Hilbert space H. We have introduced Evolution operators, Uy(?),
Ui(®)

Us(t) = exp{—itAg?), U,(t)=exp{—itA}?) (1.23)
Wave operators, W_.

W= lim Uy (OUL (1) (6.67)
t—+o0

Scattering operator S
S :=w,w* (6.105)

A number of useful properties of these quantities can be established; for
example

U(TWZ=Uy(T) lim UY(0)Uo(t)
= Jim U(TUT (DU, (1)
= lim Uy(TYUY (' + TYUy(t' +T)
= lim U7 (¢ (YU (T)
=Wils(T)
Similarly
Uo(THW + = W, .U(T)
The relations
Uo(THW . = WoUy(T) (10.18)
U(THW? = Whuy(T) (10.19)

are known as the intertwining relations.
The intertwining relations (10.18), (10.19) lead to the following result

SUNT) = W, W*UW(T) = W, U(TYW* = U(T YW, W* = Uy(T)S  (10.20)
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Finally, in this subsection, we set W = W_ to denote one or other of the two
wave operators and notice

[F7 " WHUCT) = Df = WA S| S IWHIRT ™ Uo(T) = D = Ay S ]

As T — 0 the right-hand side of this inequality tends to zero by virtue of the
properties of the infinitesimal generator of Uy(T") (see Chapter 5). Furthermore,
in the limit as 7' — 0 the left-hand side indicates that

i%(W*UO(T) F=WHAls (10.21)
However, using (10.19) we also have

z‘(;iT(Ul(T)W*f):i;iT(W*Uo(Tm

d
= iW*—(Uy(T

dT( o(T).)
= iWH(—iAUo(T) f) (10.22)
> WA asT—0 (10.23)

But
. d .
i O = iAW)
— A*Wifas T — 0 (10.24)
Thus, combining (10.22) to (10.24) we conclude that
AW = WHAL® (10.25)
We have seen in (10.20) that S and Uy(T") commute. Therefore Theorems 10.5
and 10.6 indicate that S is a bounded, decomposable operator and, hence, we can
write S in the form
S ={S(V)} (10.26)
The quantity S(A) is referred to as the S-matrix of energy A associated with the

scattering operator S.
We also have that

UpSU ! = SUUG! = S = {S(V)) (10.27)
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If we now use the spectral theorem together with the Fourier transform, ¥,
defined in R? in the form

(Fu)(& =) [ (exp(~iad))u(w)dx (10.28)
(Fro)@)=m) " [ fexp(iad)o()dé (10.29)
then (10.27) can be written in the equivalent form

(FSF*)=1{SUEDSUEINE (10.30)

where

FECF(R?), EcR? E=¢/4

The details of obtaining this alternative representation are left as an exercise. We
remark that (10.30) is sometimes taken as a relation which defines the scattering
matrix.

10.4 The Inverse Scattering Problem

The inverse scattering problem is a non-linear, ill-posed problem. When dealing
with classical wave scattering phenomena there are essentially two types of such
problems. One arises as a consequence of target scattering phenomena whilst the
other centres on potential scattering effects. In this chapter we are dealing with
the plasma wave equation which is typical of the type of equation which charac-
terises potential scattering. The associated inverse problem is the determination,
or reconstruction as it is sometimes called, of the potential, g, from the far field
behaviour of the scattered field. Details of inverse scattering problems associated
with target scattering are given in the Commentary.

In the particular case of an inverse scattering problem associated with the
plasma wave equation there are three basic questions that have to be addressed.

1. Does a potential term q exist which is compatible with measured data?
2. Is the potential term unique?
3. How can the potential term be constructed from measured data?

In Section 10.2 we can see a possible strategy for attacking the inverse problem
associated with the plasma wave equation. Specifically, we could take the follow-
ing steps.

e Launch the incident pulses u(x, t, 6, s) characterised by (10.3).

e Evaluate ug.(x, t, 6, s) from experimental data in practice, and recover the
asymptotic wave function K(v, o, 6, s) via (10.8). Here we acknowledge the
results of Theorem 10.2.
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¢ Obtain the scattering amplitude using (10.11).
¢ Construct the potential function g by solving the first kind Volterra integral
equation (10.8).

The above set of steps can involve a great deal of hard, technical work [2], [8].

Newton [8] addressed these questions by investigating an extension of the
Marchenko equations in R!. However, the potential term was required to satisfy
quite strict conditions. Furthermore, either the scattering data or the associated
spectral measure was required on the whole real line and for all energy numbers
k=0.

An alternative approach which offers good prospects for reconstructing the
potential, g, is the so-called high energy limit method.

10.5 A High Energy Limit Method
In order to explain this method we first recall that the scattering operator S can
be represented in the form S = {S(A)}, where S(A) is the S-matrix associated with
S (see Subsection 10.3.1). We then define

F(k) = —2mik '\(S(k) — I) (10.3D)
where I is the identity operator on Lo(S?). The scattering operator is a decompos-

able operator and as a consequence F(k) is a Hilbert Schmidt operator on Ly(S?)
with Hilbert Schmidt kernel which we denote by F(k, ®, @’). That is

(F®N@= [, Fk w01y (10.32)

fgz LTk 00 dodo’) < oo (10.33)

for fe Ly(S?). The quantity F(k, o, w’) is referred to as the scattering amplitude.
If the potential term, g(x), in the plasma wave equation satisfies

lg(x) < Co(1+12) P, xeR?, BeR (10.34)

then Faddeev [3] showed that provided > 3 in (10.34) then

lim F 0.0 = [ lexp(-ia)laCa)da (1035)

Here the limit is taken so that k¥ — oo maintaining the relation & = k(@ — o) for
a given & € R®. When (10.35) holds then g can be recovered by using the usual
Fourier inversion formula. Faddeev’s work [3] would appear to be the first which
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gives a rigorous proof for the fact that a high energy limit of the scattering ampli-
tude is the Fourier transform of the potential.

Instead of approaching the inverse scattering problem by considering, as did
Faddeev, the high energy limit of the scattering amplitude, another profitable
approach is to examine a high energy limit of the scattering matrix. One such
approach was introduced by Saito [15]. This begins by setting

V() = expl—ikro), we S (10.36)
where x € R? and k > 0. We then define
S, k) = k(FR) Yo, Wi )s? (10.37)
here (-, -)s2 is the inner product in Lo(S?). We regard vy, as a function defined on
S? with parameters k = 0 and x € R®. Here xo is the inner product in R®.

It can be shown, [15], [16], that provided > 1 in (10.34) then the following
limit exists

q(y)
ly — af’

S(x,00) = lim f(,k) = ~21 fR dy (10.38)

The equation (10.38) is an integral equation of the first kind for g(x) and the fol-
lowing result can be obtained

q(@) =—(47°) (F*18 F S, 0on)(@) (10.39)

where F denotes the usual Fourier transform (see below).

A proof of (10.39) is sketched in the next section.

In the methods of Faddeev and of Saito we do not need any low energy scat-
tering data to recover q but we do need scattering data in the neighbourhood of
k = oo; hence the name of the method.

10.5.1 The Solution of an Integral Equation

Bearing in mind (10.38) we see that the high energy limit method for solving
inverse scattering problems for the plasma wave equation centres on the ability
to solve an integral equation of the form

q9(y)

n—1

—or dy = g() (10.40)

3
Ry — |

where g is a known function and it is required to determine the function gq.
Since the equation (10.40) has been defined in R" we will find it necessary to
use Fourier transforms in R". These are defined by
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(FNE@=@m) " [ lexp(=i&y))f(y)dy (1041

(TNE) = FNEE) (10.42)
(FoNW) = @) " [ lexp(i&y)) f()dg (10.43)
(FN@) = Fh(=8) (10.44)

where &y, denotes the inner product, in R?, of £ and .
We introduce the notations

M, :={f €CR"): f(y)=0(y| Hasy— oo} (10.45)
that is f € M. implies that f satisfies the estimate
Lf@I<c+lyh™", yeR” (10.46)
S= S(R™) = all rapidly decreasing functions on R"

S = §'(R™) = all linear, continuous functionals on S.
We shall denote the (duality) pairing between S and S’ by (-, -).

Definition 10.7. For g € M., € > 0 and s > 0 define a linear functional A°g on
SgE S(R@ by

(A'g.G)= [ g@IF*(E D)Wy (10.47)

where G € Sg and F*is defined as in (10.43).

It can be shown [15] that A’g € S&.

Let g € M, with 1 < 1 <n and let g be defined by (10.40). Then it can be seen
that g € M,,_; and consequently A°g is well defined for any s > 0.

If we take the Fourier transform throughout (10.40) and make use of the
formula for the convolution of two functions

Fr=g) = @u"*(FN) x (Fo) (10.48)

then we obtain

Fg=—r)"* Fy " )x Fq (10.49)

We also notice that we have

Fly " )E=B14"", 0<t<n (10.50)
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in S” where
r ( n— t)
B,=2m2tl_\ 2 (10.51)
t
(3]
2
when I" denotes the gamma function [4].
It follows from (10.49) and (10.50) that with ¢ = n — 1 we obtain
74ﬂ(n+3)/2 B
Fo=——51" Fa (10.52)
)
2
Hence
Fa=-B,l8 Fg=-B,Ag, inS (10.53)
where Ag = Alg and
r ((n — 1))
2
B,=——+=_/ 10.54
2
Therefore, using Fourier inversion we obtain from (10.53)
a(y)=—B, F 8 F9)(y)=—B.(F*Ag)(¥) (10.55)

This whole process can be reversed. Consequently, we see that (10.55) gives
the unique solution of (10.40) provided F*Ag € M,. Thus we have the following
result.

Theorem 10.8. The integral equation (10.40) has a unique solution q € My,
with 1 < u<nif and only if

ge My, and F¥Age M, (10.56)
The solution q(y) is given by (10.55).

In this section we are particularly interested in problems in R?. In this case
we recognise the properties of the gamma function and obtain
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1
s
1. 1
a(y)= e F*U& Foy) = e (F*Ag)(y)

We are interested in the case when g(x) is replaced by the f(x, o) which is
defined in (10.38). Consequently, if we now define

a(x, k)= —%ﬂgf*(lélff(-, (@) (10.57)

then the following approximation result for ¢ can be obtained [15], [16].

Theorem 10.9. Let
@ g@) <e(l+ lx))%e>0
(i) ¢ € C*(R®) satisfying

ID%(0)| <a(l+l2) P, xeR’, |o=12

with constants ¢; > 0 and B> 5/2. Here oo = (0, 0z, 03) is a multi-index of
non-negative integers such that

ol = a1 + otg + as.
Furthermore, we have written

Da:D{XIDgZDéX3, Dj:i’ 7j=123
ax]-

Then
laO)—qC, Bl gy <c2(k)' as k— oo

where ¢z depends on ¢, f and max lq(x)| but it does not depend on k.

x€R?

These last two results indicate that we need only work with measurements
taken at sufficiently high values of k.

Appendix A10.1 Proof of Theorem 10.2

The scattered wave, usc(x, t) satisfies the IVP (10.6), (10.7).
We recall the following notation
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uo(x, t) = up(x, t, 6,s) = s(x6 — t) (10.3)
where s characterises the incident waveform.

Using the Duhamel integral we see that the scattered field can be expressed
in the form

oo (7, 1,0) = Re{iA}/z [ (exp[-it—)A%])Q(x,7,6, s)}dr
= Re{[exp(—itA}? )|k} (ALD)
where
A = realisation of (A + q) in Ly(R?)
Q(x, t, 6) = —q(@)uo(, 1, 0) = Qx, t, 6, 5) = —q(X)ue(, t, 6, s)

h=h(z,0,s)=iA" f:’c (expliT AY])Q(w, 7,6, 5)

(See also [17].)
Let Ay denote the self-adjoint realisation of (—A) in Ly(R®), that is

A = —Au, ue HARP
where H2(R?) denotes the Sobolev Hilbert of second order “derivatives” (see [1], [13]).
Introduce, as in [17] and Chapter 6, the complex valued, scattered wave vsc
defined by
Ve, 1, 6, 8) = vse = {exp(—itAV)}h = Uy(Dh (AL2)

where h is defined as in (Al.1).
We notice that (6.67) implies

vse = Us(DU GO U = Ug()Wih (AL3)
and, in particular, as t —» o
Vse(, t, 6, 8) = Ug(OWLh(-, 6, 5) (Al4)

The relation (Al.4) is to be understood in the sense

lim [[vsc (+, ¢, 6, 8) =Ug(OW.H(:, 6, 5)| =0 (ALB)
t—o0o

Let g € Lo(R?) and set
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w = Uy(tg (AL6)
It is shown in [17] that w satisfies the asymptotic relation
oz, t) =2 Gyl —t, 0y, ), t— 00 (AL.T)
where o, = x/|x| and

1

Go(v, o, Q)W

. texp(ivp) F oDl c-pol~ip)dp (AL8)

where F denotes the usual Fourier transform taken in Lo(R?) with p > 0 and
we S~
If we now set g = W h in (A1.7) then we get

UW.h =2 " Go(l| —t, 0, W, R) (AL9)
as t — oo,
Define
G(v, , 6, s) := Go(v, ®, W, k(. 6, 5)) (AL.10)
and set
2 (x,t,0,8) =z ' G(lx|—t, 0,6, s) (Al.11)

It now follows from (A1.2) and (A1.8) to (Al.11) that
Vse(, t, 6,8) = vee (x,¢,0,s) as t— o
that is

tli—g};"vSC(" Z 07 S) - U(S)C‘;(x’ L, 9’ S)||Lz(R3) =0
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11

Scattering in Other Wave Systems

11.1 Introduction

So far in this monograph we have been concerned with acoustic wave scattering
problems. In dealing with such problems we have adopted the Wilcox theory of
acoustic scattering introduced in [8]. The main reasons for doing this were, on
the one hand, that the Wilcox theory uses quite elementary results from functional
analysis, the spectral theory of self-adjoint operators on Hilbert spaces and
semigroup theory and, on the other it leads quite readily to the development of
constructive methods based on generalised eigenfunction expansion theorems.
Furthermore, unlike the Lax—Phillips theory [2] the Wilcox theory applies to scat-
tering problems in both even and odd space dimensions.

In the following sections we indicate how scattering problems associated with
electromagnetic waves and with elastic waves can be placed in a similar frame-
work to that used when studying acoustic wave scattering problems. Indeed we
will see that the electromagnetic and the elastic wave problems can be given the
same symbolic form as acoustic wave problems. Consequently, the constructive
methods developed for acoustic wave problems can, in principle, become avail-
able for electromagnetic and for elastic wave problems.

11.2 Scattering of Electromagnetic Waves

Each step in the analysis of acoustic wave scattering problems has its analogue
in the analysis of electromagnetic wave scattering problems. In particular the
scalar d’Alembert equation which arises when studying the acoustic field is
replaced by a vector wave equation when investigating the electromagnetic wave
field. However, the vector nature of the electromagnetic problems does lead to
more demanding algebraic manipulations and calculations.

We consider here electromagnetic problems in R? and understand that an
element x € R? can be written in component form as x = (%1, &2, 3). Furthermore,
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we write (x, t)=(x1, 22, o3, 1) to denote the space-time coordinates. When studying
target scattering we let B c R? denote a closed bounded set such that @ = R® — B
is connected. The set B represents the scattering body. For potential type scat-
tering problems there is no need to introduce the set B. In this case the scattering
arises as a result of perturbations of coefficients in the governing field
equations.

We assume that the medium filling €2 is characterised by a dielectric constant
€ and a magnetic permeability u.

Electromagnetic phenomena are governed by the celebrated Maxwell’s
equations which we write in the form

{eE; — V x H}(x, ) = J(x, 1) (11.1H
{uH; + V x E}(x, t) = K(x, t) (11.2)
where E and H represent the electrical and magnetic field vectors respectively,
whilst J and K denote the electric and magnetic currents respectively. Further-

more, we have introduced the symbol V, referred to as nabla, to denote the vector
differential expression

S
6961 6%'2 6953

where i, j, k are a triad of unit vectors used to characterise R?. In terms of this
symbol we define
grad o = Vo
divv=Vv
curlv=V xv
where the dot denotes the usual scalar product and x the usual vector product
[4].

Maxwell’s equations (11.1), (11.2) can be written more conveniently in the
form

0 _Llyx 1,
E E £
H] @0+, [H}(x,o: ¢ (11.3)
¢ —V x 0 —K
u n

This in turn can be written

(U, — iGU)(x, 1) = £(x, 1) (11.4)
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where

U(x,t)=(E,H)(x,t), f(x,t)= <%J, iK>(m, t)

0 -Vx
V x 0

—iG=M"!

)

80]
0 u

and, as usual (-, -) denotes the transpose of the vector H .

Equation (11.4) has the same symbolic form as that discussed in Chapter 7
(see (7.17)). However, here the unknown U has a more complicated structure
since it has the general form U = (uy, ug) where in our particular case u; = E and
Uy = H.

We shall use the notation

V(xa t) = <'l)1, Vg, ?)3> ({l', t)a v € 07 .] = 17 2) 3

to denote a vector in R? with complex-valued components. Throughout we shall
be interested in vectors v having the properties

ve La(Q)) = {v = (01,0203 : vj€ Ly(Q),5 = 1,2, 3) (11.5)
Occasionally we will emphasise matters by using the notation
L(Q, €)= (Lo(@)’N{v; oyl < 00, =1,2,3}

where ||| denotes the usual Ly(€2) norm.
The collection Ly(Q, C?) is a Hilbert space, which we shall denote by H, with
respect to the inner product and norm structure
(w, Vg = (uy, v1) + (ug, v2) + (us, v3) (11.6)
Il = el + sl + s (11.7)

where (-, -) and ||| denote the usual Ly(Q) inner product and norm.
We also introduce

D(Q) := {u e (Ly(Q))*: divu € Ly(Q)} (11.8)
R(Q) := (ue La()*: curl u € (La(Q))?) (11.9)

with structure
i, = iy +1div ul® (11.10)

2 2 2
lali =l + lcurl ull;
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Furthermore, we define
Ro(Q):={ueREQQ): (Vxuv)=(aV x v)} (11.11)

With this preparation it would therefore seem natural to look for solutions U
of (11.4) which belong to the class

L= (L2(Q))’ x (La(Q))° (11.12)

On this class we will find it convenient to define a product of the two elements
W = (wy, wy) and V = (vy, vy) to be

w =[]

21 Vg
=W, v+ (W2, Vo) (11.13)

When dealing with Maxwell’s equations (11.1), (11.2) we find it convenient to
use, instead of L as defined above, the class

H = (La(Q)) x (La())
which is a Hilbert space with respect to a weighted inner product defined by

where the weight matrix M is defined in (11.4).
If we now introduce the operator

GH-—-H

0 -Vx
V x 0

(11.15)
—iGU=M"!

[ ul }
2
W here

U = (uy, up) € D(G)
D(G) = Ro(Q) x RQ) = H

then we see that (11.1), (11.2) have the following representation in J{
U — iGU®) =£(H), UW0)=Uoe H (11.16)
As in previous chapters we understand

UG, ):t > UG = U0



11.2 Scattering of Electromagnetic Waves 267
Implicit in this development are the assumptions of

Initial conditions:
E(0) = Ey,, H(0) =H,

Boundary conditions:
Total reflection at the boundary 0Q of Q that is

(nxE)=0 onoQ

where n is the outward drawn unit vector normal to 0Q. Other boundary condi-
tions can be imposed as required [3].

We require solutions of (11.5) that have finite energy. With the above structure
we have that the energy, ¢, of the electromagnetic field can be expressed in the
form

£ :=Ul5y = (uy, uy) g + (g, fuy)y (11.17)

Once we have a Hilbert space representation of (11.1), (11.2) the matter of
existence and uniqueness of solutions to (11.16) arises. These results can be
obtained using the methods outlined in Chapter 5. To this end the following
results can be obtained in much the same manner as for acoustic equations but
now they have to be specialised bearing in mind the structure of . Specifically,
the following theorem can be established [3].

Theorem 11.1. If G is defined as in (11.15) then
(i) G is a self-adjoint operator
(i) C\R c p(G)
(iii) |(G + i)Y < 1/|A].

The results in Theorem 8.1 when combined with Stone’s theorem yield, as
outlined in Chapter 5, the following important result.

Theorem 11.2. The initial boundary value problem
Ut — iGU() =0, U) =10, (11.18)
is uniquely solvable in FH. Moreover, the solution U has finite energy.

Once questions of existence and uniqueness have been settled then, as in
previous chapters, we can take the first component (say) of the solution U to
provide details solely of the electric field E. However, once it has been established
that Theorem 11.2 holds, that is, that (11.1), (11.2) is a well-posed system, then
an attractive alternative approach is to deal with the equations (11.1), (11.2)
directly and this we shall do.
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If we recall the vector identity
curl curl v = grad divv — Av (11.19)

then we can eliminate H in (11.1), (11.2) and obtain the second order vector
equation

192 + curl curlE(x, £) = —9,J(x, £) (11.20)

Whilst we shall use (11.20) in this section we would point out that a similar vector
wave equation to (11.20) can be obtained for H by eliminating E in (11.1),
(11.2).

The equation (11.20) is equivalent to a system of three second order partial
differential equations for the components of the electric field. Once these are
solved then the magnetic field can be found from (11.20).

In the following it will be convenient to recall some of the more detailed nota-
tions and conventions of matrix algebra.

If the electric field vector E is written in the form

E = Eii; + FEsiy + FEsig (11.21)

where (ij, ig, i3) denotes the orthonormal basis associated with the coordinate
system (a1, &3, x3) then (11.21) defines a one-to-one correspondence

E & u = (Ey, Es, E3)” (11.22)

where T denotes the transpose of a matrix. Consequently for two vectors a and
b with associated correspondences

a = aii; + agis + asizs & a = (ay, ay, CL3)T (11.23)

b = bii; + boiy + bsiz <> b = (by, be, bg)T (11.29)

the associated scalar and vector products of vector algebra correspond to the
following matrix operations

b-a & bla = b-a = bia; + baas + bsas (11.25)
bxacbxa=Mba (11.26)

where the matrix M(b) is defined by
0 —b3 b

Mb)=|b; 0 —b (11.27)
b, b 0
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Similarly, the vector differential operator

0 0 15}
curl=Vx=|ij—+iy—+i3— 11.28
1636'1 281'2 381‘3 ( )

has a matrix representation which has the typical form

crlE=V XE &V xu=MOu (11.29)
where
o 0 0
a: 8,8,6 == = =
( b 3) [8.%‘1 8.%'2 8&73]

Using (11.29) repeatedly we can obtain
cutl curl E=V x VX E &V XV xu=A0)u (11.30)
where
A(b) = M®)? = bb —|b|*T (11.31)

The term bb denotes a (3 x 3) matrix whose jkth element is b;b; and J denotes
the (3 x 3) identity matrix. Hence the identity (11.30) can be written

VxVxu=(VV-—ADu (11.32)
where A denotes the three-dimensional Laplacian
A=+ 35+ 03 (11.33)

We remark that (11.19) and (11.32) are corresponding expressions. However,
care must be exercised when dealing with the vector identity (11.19) in coordinate
systems other than Cartesian. This is particularly the case when interpreting the
vector Laplacian A (see [4]).

With these various notations in mind we see that the electromagnetic field
generated in Q is characterised by a function u of the form

u(x, D) = (ui(x, 1), ua(x, 1), us(xr t))T) xeQ teR (11.34)

where u; = Ej, j = 1, 2, 3 are the components of the electric field. The quantity
u(x, t) is a solution of the inhomogeneous vector equation

(07+ V x V xu(x, £) = —0;J(x, ) =: flw, 1), (x,H)e QxR (11.35)
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and J(x, t) is the electric current density which generates the field. We notice that
if we are dealing with divergence-free fields then the first term on the right-hand
side of (11.32) vanishes and (11.35) reduces to a vector form of the familiar scalar
wave equation.

The FP associated with (11.35) has a field which we shall denote by uy(x, ).
This is the field generated by the sources (transmitters) in the medium when
no scatterers are present. It can be represented, as in the scalar case, in terms
of a retarded potential (see Appendix A12.5). To see this we apply the divergence
operator to both sides of (11.35) and use the well-known vector identity
V-V x u = 0 to obtain

Vu(x, t) = —0,J(x, £) (11.36)

We now integrate (11.36) twice over the interval ¢y < 7 < ¢t and use the initial
condition

u(x,t) =0 for t<t), xe Q
to obtain
V. u(, )= fﬂ:V.J(x, Ddr, x€Q, (cR. (11.37)
Using (11.35), (11.37) and the identity (11.32) we see that u satisfies
(07 — Ayu(a,t) = VV-];:J(x,T)dT—atJ(x, t) (11.38)
Since
o [ :J(x, D)dr =0, (x, 1)

we see, on replacing u by uo in (11.38) that the free field is determined by the
inhomogeneous wave equation

c t
(07 — Ayug(x, 1) = (VV — 071} f J(x,7)dr (11.39)
ty
for (x, 1) € Q x R, and the initial condition uy(x, t) = 0 for all ¢ < ¢.
Equation (11.39) is equivalent to three scalar wave equations and as in the

acoustic case they can be integrated by the retarded potential formula. For ease
of presentation we define

H,n= [ ", Ddr

Consequently, the function V defined by
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1 IJ(x t—jxe -2 , ,
V(ix,t)=— dx 11.40
S Arx ‘[\‘x,*xn\ﬁfso |2 — | ( )
satisfies
(02— VIV, £) = H(x, 1), (x,0) e R® xR (11.41)

and the initial condition V(x, t) = 0 for ¢ < {,. It then follows, by the linearity of
the wave equation, that the free field is given by

wo(, £) = {VV — ) V(x, 1) (11.42)

We have now reached the stage where we are in a position to take the same
steps for analysing electromagnetic scattering problems as we did when dealing
with acoustic scattering problems in Chapters 6 and 7.

For convenience we gather together in the next section the salient features
of the analysis of the scattering of acoustic waves.

11.3 Overview of Acoustic Wave Scattering Analysis
The governing equation in this case is

(07 — Alu(x, t) = flx, 1), (x,0)e RP xR (11.43)
where u characterises the acoustic field.

It is assumed that the transmitter is localised near the point x. It will also be
assumed that the transmitter emits a signal at time ¢y, which, in the first instance,
is in the form of a pulse of time duration 7. Consequently, we will have

supp f C{(x,8):tg <t <ty + T}, |x—2x0|<d

where Jy is a given constant.
If the pulse is scattered by a body B then we will assume that

Bc{x:|x|< 6,8 = constant}

It will be assumed that the transmitter and the scattering body are very far
apart and disjoint; this introduces the so-called far field approximation

lg] >> g+ 6
The acoustic field for the primary, or Free Problem, that is, the acoustic field

which obtains when there are no scatterers present in the medium, is given in
terms of a retarded potential in the form (see Appendix A12.5)
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1 f@t—|x—a'])
uo(, 1) = — EACE Uil il Ve 11.44
o) 47[‘/\;,*%0&50 |2 — 2] ( )

for (x,t) € R® x R.
If 6y denotes a unit vector defined by

Xo = — | %o 6o (11.45)

then expanding |x — x| in powers of |xy| we find

wy(ar, 1) = S0 o =L E %D +o[ ! ]

%o |20

uniformly for t € R, |x| < § where

_L / 3 ! _ /
sO,0=— |, @6 (@ ap) -, TER

is the signal wave form.

When the error term is dropped in the above then the primary field is a plane
wave propagating in the direction of unit vector 6.

When the primary acoustic field is a plane wave

uo(x, ) = (6o, x-6p — 1), supp s(6,") < [a, b] (11.46)

which is scattered by B then the resulting acoustic field u(x, t) is the solution of
the IBVP

(97 — Alu(x, t) = 0, (x,)e QxR (11.47)
u(x, t) € (be) (11.48)
u(x, t) =up(x,t), xe Qt+b+6<0 (11.49)

The echo or scattered field is then defined to be
Usc(x, t) = u(x, t) — up(x, t), (x,te Q x R) (11.50)
It can then be shown [8] that in the far field

6(90; 07 |X| — t)

. x=|x|6 (11.51)
|

Use(2, 1) =

The quantity e(6y, 6, t) is the echo wave form.
A main aim in practical scattering theory is to calculate the relationship
between the signal and echo wave forms. A way of doing this is as follows.
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Assume the source function f has the form
flx, t) = g1(x)cos wt + ga(x)sin wt = Re{g(x)exp(—iwt)} (11.52)
where g(x) = g1(x) + iga(2).
The associated wave field, u(x, t), will have the same time dependence and
have the typical form
u(x, t) = wi(x)cos wt + wa(x)sin wt = Re{w(x)exp(—iwt)} (11.53)
where w(x) = wi(x) + twa(x).
The wave field u(x, t) must satisfy the d’Alembert equation (11.43) and the
imposed boundary conditions when the source field has the form (11.46).
The boundary value problem for the complex wave function w is
(07 — Aw(x) = —g(x), xe Q (11.54)
w(x) € (be) (11.55)

(% — iww)(x) =0

1
—2] as|x| — oo (11.56)
||
The radiation condition (11.56) ensures that the wave field characterised by u will
be outgoing at infinity. Furthermore it guarantees the uniqueness of the wave field
u [8].

The field uo(x, t) generated by f(x, ¢) in the absence of scatterers is character-
ised by the complex wave function wy which is given by

. W
wo(x)zif/ wg(x')dx’, xrcR3 (11.57)
A7 J o' —0|<8 | —a’|

Expanding |x — «’| in powers |xy|, as before, we obtain

wy(x) = T(w6) exp(iwb - x) + O[L2 as || — oo (11.58)
Zo |Zol
uniformly for |x| < § where
1 . / ’ /
T(w6,) = —f {exp— (w0, - x")g(x" )dx'} (11.59)
47 J |’ —cxo <8y

With (11.53) in mind, together with the familiar forms of solutions of the d’Alembert
equation, it will be convenient to express the primary wave function wy in the
form

wo(w, 06p) = (27)exp(iwbyx)
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The wave field which is produced when wy(x, @8) is scattered by B is denoted
wT(x, w8). It is taken to have the form

w(x, 00y) = wo(x, W) + wic(x, W6y)

and expected to satisfy the boundary value problem

(A + 0w (2, w0y) =0

wt(x, wy) € (be)

(i - ia))w;“c(x, w6y = O[%] as |x|— oo
Ol ||

It can then be shown (see Chapter 6, [8] and [5]) that in the far field of B the
scattered, or echo, field is a diverging spherical wave with asymptotic form

exp(io|x))

T (00, w6y), x=|x|6 (11.60)
4r|x|

wh(x, w6y) ~

The coefficient T, (w6, @w6)) is the scattering amplitude of B. It determines the
amplitude and phase of the scattered field in the direction 0 due to a primary field
in the direction 6.

It can be shown that the echo wave profile e can be expressed in terms of
known quantities in the form (see Chapter 6, [8] and [5])

e(0, 60, 7) = Re{ [ texptionT, (06, 0050, Go)da)} (11.61)

where $ denotes the Fourier transform of the signal wave form, that is

R 1 o .
3w, 0) = o fm{exp(—mr)}s(r, 8,)dt (11.62)

11.4 More about Electromagnetic Wave Scattering

Quite simply we follow the various steps outlined in the previous section but now
we must be careful to recognise that we will be dealing with matrix-valued coef-
ficients, vectors and tensors [1], [6], [7].

The defining equation we must now consider is the inhomogeneous vector
wave equation

(07 + V x Vxu(x, t) = flw, £), (x,0)e QxR (11.63)
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The far field approximations can be obtained in a similar manner as in the
acoustic case. The first result we can obtain is a representation of s(z, 6y) the
signal wave profile in the form

s(t,6p) = Q(Go)if f(x,0y-(x'—xp)—7)d (11.64)
4 J|

2"~ |<8o

where @ is a tensor defined by
QO =1— 060 (11.65)

and is the projection onto the plane through the origin with normal in the direc-
tion 6.
We assume that an electric current density of the form

J(x, t) = Re{J(x)exp(—iwt)} (11.66)
generates wave fields
u(zx, t) = Re{fw(x)exp(—iwt)} (11.67)

where w(x) = (w1, ws, ws) (x) has complex-valued components. The wave u(x, t)
must satisfy (11.63) with f defined by (11.66) and (10.35) and the imposed bound-
ary and initial conditions.

In the electromagnetic case the Sommerfeld radiation conditions used in con-
nection with acoustic problems are not adequate; they have to be replaced by the
Silver—-Muller radiation conditions [3]. Consequently, the boundary value problem
for the vector quantity in (11.67) is

(VxVx—oXw(x)= f(x), reQ

w(x) € (be), X €0Q (11.68)
{9><V><+iw}w(x)=0|i, || — oo
x

2
|

where x = |x| 6 and
Jx) = iwJ(x)

An application of the far field assumptions yields the following estimate for
wo(x), the incident or primary field,

wo(x) = Q(Bo){&elo)exp(fiweo . x)} +0

1
— 11.69
70 (11.69)

D
|20l
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where

T(a)eo):if {exp(—iw6, - x)} f(xdx' (11.70)
4 Jw'—20|<8p
When the error term in (11.69) is dropped then w represents a plane wave which
is represented in the form

wo(x, 06) = {exp(—iwby-x)}Q(6)-a (11.71)

where a is a constant vector.
It will be convenient to introduce the matrix plane wave

Wo(w, @6n) = (2m)**{exp(—iw6yx)}Q(60) (1L.72)

where the columns of ¥y are plane waves of the form given in (11.71).
The electric field produced when the primary wave Wo(x, ®6) is scattered by
B will be denoted by ¥ (x, w6). It will be assumed to have the form

Yt (x, w6y) = Yo(x, 00) + Pi(x, w9), xe Q
and to be a solution of the vector boundary value problem
VXV x—o ¥ (x,08y)=0, xeQ
YH(x, w6y) € (be), x €0Q

. 1
{9 XV % +7'w}\P;rC(xa 0)00) = O[_ZJ’ |x| — 0
|oc]
where as in the acoustic case the plus sign indicates “outgoing wave”.

It can be shown [8] that W (x, w8;) characterises a diverging spherical wave
with asymptotic form

exp(io|r))

‘I’;(x, COQ()) ~
47| x|

T.(00, 06,), x=|x|0

We would emphasise that here T, (w6, w6) is a matrix-valued coefficient.
With these various modifications of the acoustic case and using the same
notations it can be shown that

e(0,600,7) = Re{ fo  lexp(i@T))T, (08, 06,)3(o, 90)dw} (11.73)

where, as in the acoustic case, § denotes the Fourier transform of the signal
profile, namely

R 1 o0 .
s(w, 6y) = Wfim{exp(—w)t)}s(r, 6y)dt (11.74)
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Although (11.73) and (11.74) have much the same symbolic form as for the
acoustic case it must be emphasised that T (w6, @8)) is matrix valued, that
S (w, 6y) is vector valued and that the order of the factors in (11.73) must
be maintained.

11.5 Potential Scattering in Chiral Media

Chiral materials are those which exhibit optical activity in the sense that the
plane of vibration of linearly polarized light is rotated on passage through the
material. Consequently, chiral phenomena in a medium can be investigated
analytically by introducing into the classical Maxwell’s equations those constitu-
tive relations indicating the coupling of the electric and magnetic fields which
involve a so-called chirality measure. There are a number of such relations.
Here, for the purposes of illustration we shall use the Drude-Born-Fedorov
(DBF) relations since they are symmetric under time reversality and duality
transforms.

We remark that references to work supporting the material outlined in this
section are given and discussed in the Commentary.

11.5.1 Formulation of the Problem

We consider electromagnetic waves propagating in a homogeneous, three-dimen-
sional, unbounded chiral material. The electric field E(x, ) and magnetic field
H(x, t), where x = (x1, &9, x£3), are taken to satisfy the Maxwell’s equations in the
form

curl E(v, ) = —By(x, ©) (11.75)
curl Hz, t) = Dy(x, £) (11.76)
div B(z, t) = 0 and div D(x, ) = 0 11.77)

where D(x, ) and B(z, ) are electric and magnetic flux densities.

We introduce constitutive relations which relate the material fields H(x, t) and
D(x, t) to the primitive fields E(x, t) and B(x, t) by using the DBF relations,
namely

D(x, t) = &I + Pcur)E(x, t) (11.78)
B(x, t) = u(X + BcurDH(z, 1) (11.79)
where I is the identity matrix operator, € denotes the electric permittivity, u

the magnetic permeability and J is the chirality measure. It is clear that if § =0
then (11.78), (11.79) reduce to the classical relations for the achiral case.
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We consider a bounded obstacle, B, immersed in a chiral material through
which an incident electromagnetic wave propagates. We are interested in solu-
tions of (11.75), (11.76) which satisfy initial conditions of the form
E(x, 0) = Eo(x) and H(x, 0) = Hyp(x) (11.80)
and boundary conditions which are dependent on the physical properties of the

obstacle B.
From (11.75), (11.76) we get

curl E(x, 1) = —u%(l + BeurDH(x, t) (11.81)
Since E is solenoidal then there will exist a vector function ‘M such that
E(x, t) = curl M(x, t)

If in addition we assume

div M(x, t) =0 (11.82)
then using the vector identity
curl curl v = {grad div — A}v (11.83)
we obtain
AM(x,t)= ,u%(l + BeurDH(x, t) (11.84)

Furthermore if we assume (the magnetic field assumption)

9 9?
E(I + BeurDH(x, t) = 8{@ + ﬂ} M(z,t) (11.85)
then (11.84) yields
1
———A+ B M(x,1)=0 (11.86)
ot~ €u

Consequently, knowing any solution M(x, t) of (11.86) then H(x, t) and E(x, )
can be determined via the relations (11.84) and (11.81).
We remark that (11.78) and (11.79) indicate

curl H(x,t) = 8%(1 + BeurDE(x, t) (11.87)
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Since H is solenoidal then there will exist a vector function N such that
H(x, ) = curl N(z, t) (11.88)
and if in addition we assume
divN(x, t) =0 (11.89)

then we obtain
1o}
—AN(x,t) = ea(l + BecurDE(x, t) (11.90)

Furthermore, if we assume (the electric field assumption)

9 d?
5, (L BeurDE(z, 1) = s{ﬁ + ﬁ}.’N(x, t) (11.91)
then (11.90) yields
{3_2_LA+;;}W($, =0 (11.92)
ot eu

Hence we have reduced the scattering problem for a class of electromagnetic
waves in chiral materials to an initial boundary value problem of the form

{a—Z—iA+ﬂ}u(x, t)=0 (11.93)

ot*  eu

u(z, 0) = up(x), w(r, 0) = wui(x) (11.94)

u satisfies either (11.85) or (11.91) (11.95)
ue (bc), ue (rc) (11.96)

where the notations (bc) and (rc) denote that the solution u(x, t) is required to
satisfy boundary conditions on 0B, the boundary of B, and a radiation condition
as |x| — oo respectively.

11.6 Scattering of Elastic Waves

The strategy outlined in this monograph for investigating wave scattering prob-
lems indicates that our first task is to represent the given physical problem as an
operator equation problem in a suitable Hilbert space where ideally the operator
involved is self-adjoint. Following the approach in previous chapters we will
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require that the Hilbert space representation of the given physical problem should
be in the form of an IVP for a first order differential equation.

11.6.1 An Approach to Elastic Wave Scattering

In R? elastic wave phenomena are governed by IBVPs of the following typical
form

(07 — A*hu(x, ) = f(x, £), ve QCR? te RY (11.97)

u, 0) = p), ulx,0)=y@), xecR (11.98)
u(x, t) € (be), (x,t) e 0Q x RT (11.99)

where

x = (&1, X2, X3)

¢, ¥ = given vector functions characterising initial conditions

A* = —ucurl curl + Agrad divis the Lamé operator

A, 4 = Lamé constants

Q c R? = connected, open region exterior to the scattering target B

0Q = closed, smooth boundary of Q

u(x, t) = vector quantity characterising the elastic wave field
= (U1, Uz, us) (x, 1)
f(x, t) = vector quantity characterising the signal emitted by the transmitter.

Other quantities of interest are

¢ =~ A+ 2u = longitudinal wave speed
Co= \/ﬁ = shear wave speed

T(u,n)= Zu(g—u) +Andiv u+nx curl u
n
= vector traction at a boundary point where the normal is n. (11.100)

For u(x, t) = (uy, uz, us) (x, t) we shall write
ue (La(R%)® whenever uj € LyR?,7=1,23

As in the acoustic and electromagnetic cases we begin an investigation of
elastic waves by examining the FP. To this end we introduce the following nota-
tions and function spaces.

X(Q) = space of scalar functions defined on a region Q

X(Q) = space of vector functions defined on a region Q.
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For example if Q C R® and
X(Q)= Lo(Q)={u: fQ|u(x)|2 dac < 0o}

X(Q) = LZ(Q) = {u = <u17 Uz, u3> Uy € LZ(Q)7 j = 17 2; 3}
={u:ue (L @)’}
= (X ()’

then
Ly(Q) is a Hilbert space with inner product

(u,v) = fgu(x)@dx (11.101)

Ly(Q) is a Hilbert space with inner product
(u, v) = (u1, v1) + (uz, v2) + (us, v3) (11.102)

We also introduce

La(A%, Q) := Lo(Q) N {u :A*u € Ly(Q)} (11.103)

Lo(A*, Q) is a Hilbert space with inner product
(a, v)ax := (u, v) + (A*u, A*v) (11.104)
Following the approach adopted in earlier chapters the FP associated with
the IBVP, that is the problem (11.97), (11.98), can now be interpreted as an IVP
for a second order ordinary differential equation in Lo(R®). Specifically we

introduce the operator

Ag: La(R?) — La(R?) (11.105)
Apu = —A*u, ue DAy
D(Ap) = {u € LyR?) : A*u e Ly(R?)} = Ly(A*, R?)

This then yields the IVP

2
{%—i—Ao}u(t):f(t) (11.106)
w0 =¢ u0=y (11.107)
where we understand

u=u(, ) :t—-ult) = ual®)
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It is readily seen that A, is positive, self-adjoint on La(A*, R®) provided A and
U are strictly positive. Questions of the existence and uniqueness of solution to
the IVP (11.106), (11.107) can be settled by using the limiting absorption principle
(see Commentary). The required solution u can then be obtained in the form

u(x, t) = Re{v(x, 1)}
v(, 1) = {exp(—itA")}h(x)

where
h(x) = o@) + 1A Py(x)

when f = 0 otherwise h has to have an additional integral term in its definition.
Since A is self-adjoint then the spectral theorem can be used to interpret terms
such as AY2. Generalised eigenfunction expansions can then be established to
provide a basis for constructive methods.
As we have seen in the acoustic and electromagnetic cases a problem such
as (11.106), (11.107) can be reduced to an equivalent first order system. The
required reduction is obtained in the now familiar manner and yields the IVP

Y1) + 1GY () = F@), Y(O) =Y (11.108)
where

V() =(u,u)(@), ¥(O0O)="Yo=(o,y:)
F(t)=(0,£)(1)
0 -1
16 = [ ]
A 0
Proceeding formally a simple integrating factor technique indicates that

W(t) = {exp(—itG)}'¥o + fot {exp(—i(t —m)GIF(mdn (11.109)

For this approach to be meaningful we must be able to show that the problem
(11.108) is well-posed and that the relation (11.109) is well defined. As we have
seen in the previous chapters all this can be settled by showing that G is self-
adjoint; Stone’s theorem will then indicate that exp{—itG} is a well-defined semi-
group and the result of Chapter 5 will then show (11.108) is a well-posed
problem.

To show that ¢G is self-adjoint we consider 7G to be defined on an “energy
space” Hg which is a Hilbert space with inner product

¥, D) = (V X Y, V x (Pl)Lz + (WZ) (PZ)A*
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where

b4 :<1//1, WZ); D= <(P1; (P2>

A straightforward calculation establishes that G is symmetric. The full proof
that iG is self-adjoint then follows as in Chapters 5 and 6 and [5].

The required solution u(x, t) of the IVP (11.97) (11.98) is then meaningfully
defined by the first component of the solution ¥ of the IVP (11.108). For example,
in the case when f = 0 then we obtain the solution form

u(x, £) = (costAY?)p(x) + A~ 2(sintAV?) y(x) (11.110)

The self-adjointness of A ensures that the spectral theorem is available for the
interpretation of such terms as A¥2. Consequently (11.110) is well defined and
computable. As in the acoustic and electromagnetic cases the computation of the
elastic wave field, u(x, t), is carried out using results of generalised eigenfunction
expansion theorems. These theorems, once established, are essentially of two
types, one to cater for longitudinal wave phenomena, the other to accommodate
shear wave phenomena.

When we deal with perturbed problems, for example with target scattering
problems, then the IBVP (11.97) to (11.99) has to be investigated. We remark that
the accommodation of the effects of boundary conditions can possibly cause
technical difficulties when the self-adjointness of associated operators has to be
established. Nevertheless, we have now arrived at the stage when we have
managed to give elastic wave scattering problems the same symbolic form that
we investigated when dealing with acoustic and electromagnetic wave scattering
problems. Consequently, we are now in the position of being able to follow step
by step the procedures we have outlined in Chapters 5, 6 and 7 for acoustic and
electromagnetic problems. However, although this is a straightforward matter it
can be a lengthy process. It has been worked through by a number of authors and
the details are to be found in the references cited in the Commentary.
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Commentary

12.1 Introduction

From the outset it has been emphasised that this book is an introductory text
intended for the use of those wishing to begin studying the scattering of waves
by time-dependent perturbations. For this reason we offer in this chapter some
additional remarks on the material that has been presented in previous chapters.
The main intentions are, on the one hand, to give some indications of the work
that either has been or is being done to cater for more general situations than
those considered here and, on the other hand, to suggest further reading direc-
tions. Whilst it is recognised that it is impossible to give credit to all sources,
nevertheless, those cited in the extended Bibliography provided here will, in turn,
give additional references.

12.2 Remarks on Previous Chapters

Chapter 1:

As its title suggests this chapter is purely introductory. The various aspects
of scattering theory which will be needed in later chapters are illustrated here in
an entirely formal manner. Most of the notions which are introduced would seem
to have appeared initially in the theory of quantum mechanical scattering theory.
In this connection see [6], [22], [79], [84], [67], [87]. In a series of papers Wilcox
and his collaborators showed how many of the techniques used in the study of
quantum mechanical scattering could be extended to deal with wave problems in
classical physics. The foundations for this work are fully discussed in [131]. The
Wilcox approach to wave scattering problems relies on the availability of suitable
generalised eigenfunction expansion theorems [110], [43] and offers good pros-
pects for developing constructive methods of solution. This approach is distinct
from that adopted by Lax and Phillips [57]; a reconciliation of the two approaches
is given in [566], [130]. Although mainly concerned with quantum mechanical
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scattering aspects the texts [12], [17] are worth bearing in mind when developing
detailed analyses of wave scattering problems.

Chapter 2:

Wave motion on strings is developed in many texts. We would particularly
mention [11], [117], [126]. The approach to solutions of the wave equation by
considering an equivalent first order system is discussed from the standpoint of
semigroup theory in [38], [72]. An investigation of solutions to the wave equation
represented in the form (2.58) is detailed in [60], [131], [91]. The method of com-
paring solutions to equations that have the typical form given in (2.58) parallels
that used so successfully in quantum scattering theory. In this connection we
would particularly mention the texts [6], [12], [17]. A comprehensive account of
waves on strings can be found in [58]. The discussion of a scattering problem on
a semi-infinite string follows the treatment found in [50].

Chapter 3: [98], [113], [122]

In this chapter a number of mathematical facts which are used frequently in
this monograph are gathered together. The material is included mainly for the
newcomer to the area of scattering theory who might possibly not have had the
training in mathematical analysis which present-day mathematics students
receive. There are a number of fine texts available which provide a thorough
development of the various topics introduced in this chapter, see [42], [46], [48],
[62], [64], [135]. This being said, particular attention should be paid to the follow-
ing topics. The notion of completeness is crucial for many of the arguments used
in developing scattering theories. A good account of this concept can be found
in [562] whilst fine illustrations of its use in practical situations can be found in
[76], [117]. Distribution theory is comprehensively developed in [35], [48], [63],
[64], [109]. The newcomer to this area should be encouraged to become familiar
with distribution theory developed in R" , n > 1, and especially with the notion of
the n-dimensional Dirac delta [90]. The theory of linear operators on Hilbert
spaces is comprehensively treated in [4], [42].

Chapter 4:

Hilbert spaces provide generalisations of the familiar notions of algebra and
geometry whch are used in a Euclidean space setting. In a Hilbert space setting we
deal with the functions themselves rather than with their numerical value as would
be the case in a Euclidean space setting. Representing a given problem in a Hilbert
space therefore yields an abstact setting of that given problem. One of the main
advantages in working in an abstract setting is that many quite difficult problems
in classical analysis, such as, for example, obtaining existence and uniqueness
results, can often be resolved more readily in the chosen absract setting,.

There are many excellent texts dealing with Hilbert spaces, a number of which
have already been mentioned. Whilst Hilbert spaces can form a study in themelves
a good starting point for those who have applications in mind can be found in
any of [42], [62], [46], [48], [64]. These will, if required, also lead to more general
treatments of Hilbert space than given in this chapter.
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Chapter 5:

The topic of spectral decomposition is now highly developed and has many
far reaching applications. Comprehensive accounts of spectral decompositon
methods, from a number of different standpoints, are available. In this connection
we would particularly mention [4], [12], [24], [27], [33], [42], [48], [52], [66], [84],
[87], [88], [106], [135], [94], amongst which will be found something to suit most
tastes. The material in this chapter is quite standard. In the presentation given
here the development has been mainly concerned with bounded linear operators
simply for ease of presentation. Similar results can be obtained for unbounded
operators but in this case more care is required when dealing with domains of
operators. This aspect is discussed in detail in [42] and [88], the latter giving a
fine account of reducing subspaces.

A comprehensive account of measure theory with applications to scattering
theory very much in mind can be found in [84]. The account of spectral decom-
position of Hilbert spaces given in [84] can usefully be augmented by the associ-
ated material given in [48] and [135].

A number of the techniques which have been used successfully when dealing
with quantum mechanical scattering problems can be adjusted to deal with wave
scattering problems [5], [38], [39], [48], [72], [74], [83], [88], [90], [91], [114], [119],
[120], [123]. Essentially this amounts to replacing the partial differential equation
associated with an IBVP for the wave equation by an equivalent IVP for an ordinary
differential equation defined in a suitable energy space (H, say), which will have
solutions that are H-valued functions of ¢. Indications were given of how existence
and uniqueness results for solutions of the IVP could be obtained using results from
semigroup theory. Suggestions were also given as to how constructive methods
could be developed using results from the abstract theory of integral equations.

One of the earliest accounts of semigroup theory can be found in [116]. A fine
introduction to the subject is given in [72]. More advanced modern texts which
will be useful are [120], [38], [13], [14], [83].

Chapter 6: [1], [6], [11], [28], [29], [38], [48], [43], [57], [60], [83], [84], [87], [91],
[107], [120], [131], [130]

The modelling of acoustic wave phenomena is introduced and discussed in [44]
and [111]. The material presented here is based very much on the work of [131].
Some of the more important results and concepts are gathered together here in order
that the newcomer to the area should gain familiarity, as quickly as possible, with
the various strategies involved when developing scattering theories. Many of the
results are simply stated as their proof is usually quite lengthy. These various proofs
are given in the literature cited here and it is felt that they can be read more profitably
once the overall strategy of the subject has been appreciated. In this connection see,
for instance, [60], [61], [92], [93], [94]. A considerable amount of work has been done,
in a quantum mechanics setting, on the existence, uniqueness and completeness of
wave operators: see [6], [12], [17], [79], [87]. A comprehensive and unified account
is given in [84]. A detailed account of how these various notions can be adapted to
cater for a target scattering problem is to be found in [131] and the references cited
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there. A full account of radiation conditions and incoming and outgoing waves can
be found in [28], [29], [125] whilst a treatment of generalised eigenfunctions theo-
rems and completeness in this context can be found in [11], [6], [76]. The various
types of solutions which can be obtained for the partial differential equations which
arise when analysing scattering processes are introduced and discussed in texts
dealing with the modern theories of partial differential equations; see for example
[27], [35], [60], [134]. The notion of solutions with finite energy has been used exten-
sively [131]. Methods for determining and discussing such solutions can be readily
developed by reducing IBVPs for wave equations to equivalent IVPs for an ordinary
differential equation and then using semigroup theory [38], [120], [72], [91].

Central to the development of the generalised eigenfunction expansion theo-
rems required when dealing with acoustic scattering problems is an appreciation
of the Helmholtz equation and its properties. A comprehensive treatment of
boundary value problems for the Helmholtz equation, using integral equation
methods is given in [51].

The limiting absorption principle was introduced in [28]. It has been applied
to problems involving a variety of different differential expressions, boundary
conditions and domains. Recently, in conjunction with the related limiting ampli-
tude principle [29] it has been successfully used to analyse scattering problems
in domains involving unbounded interfaces [92], [93] [94], [95].

Chapter 7:

An understanding of how a given incident wave evolves throughout a medium
is the central problem when developing a scattering theory. In this chapter explicit
attention has been paid to the nature of the signal transmitted [91] and the forms
that it can adopt at large distances from the transmitter and scatterers. This then
enables the notions of signal and echo wave forms to be introduced [131]. An
alternative method to that adopted in this chapter for obtaining such quantities
relies on the properties of retarded potentials. This is outlined in Appendix A 12.5
of this chapter.

Chapter 8:

The material presented in this chapter has been greatly influenced by that in
[85], [132], [133]. These references provide a good starting point for those wishing
to begin working in this particular area.

Chapter 9:

In this chapter Floquet theory plays a central role. A fine development of this
theory can be found in [25], [26]. An analysis of the propagation of linear acoustic
waves in an infinite string with periodic characteristics is discussed in detail in
[75] and [128].

Chapter 10:
The inverse scattering problem has been investigated by many authors. In this
connection particular reference can be made to the books of [2], [70], [71], [59],
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[19], [20]. As might be expected there are also many papers in journals devoted
to this area. Typical examples of works which cover many aspects of this general
area can be found in [9], [10], [15], [16], [81], [18], [30], [31], [32], [80], [96], [97].

Chapter 11:

As has been pointed out, working through the details for wave propagation
in the electromagnetic and the elastic cases whilst, potentially, might be consid-
ered a straightforward matter is nevertheless an extremely lengthy process. This
fact is well illustrated in [60], [62], [8], [44] and in [68], [69] respectively. The
details given in these references will provide a starting point for studying electro-
magnetic wave sand elastic waves in a similar manner to that outlined here for
acoustic wave problems.

12.3 Appendices

This section is included to provide an easy and convenient reference to some of
the more technical concepts which have been referred to but not developed in
this monograph. The presentation is brief and is made, almost entirely, in spaces
of one dimension. More details can be found in standard books on mathematical
analysis (for example [52], [98]).

Al12.1 Limits and Continuity

If B is an interval in R then we write B C R.

If B= (a,b) ={x € R: a <x < b} then B is said to be an open interval.

If B=[a, b] ={x € R: a <x < b} then B is said to be a closed interval which
we denote by B. It follows that

B=BU{a,bj=BUJB

where 0B denotes the boundary of B.

The notions of half closed intervals such as [a, ) and (a, b] can be introduced
similarly.

A real-valued function f defined on R, which symbolically is characterised by
writing f* R — R, is said to have a limit L as ¥ — a € R if for any real number
£> 0, no matter how small, there is a 6 > 0 such that

|f(x)—Ll<e whenever 0<|xr—al]<d
and we write in this case
lim f(x)=L

An equivalent definition in terms of sequences is available. Specifically, if {x,} is
a sequence such that x,, - a as n — oo then it follows that f{x,) — L.
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In order that a function f: R — R should have a limit at x = a then the func-
tion must be defined on each side of x = a but not necessarily at x = a. For
example the function f defined by

S(x)=
x

is not defined at x = 0 since there it assumes the form (/0. However, on expanding
the numerator in series form, we see that it has the value unity at x = 0.

It is also possible to introduce the notion of one-sided limits. A function f:
R — R is said to have a limit L from the right at x = a as x — a if for any
number € > 0 there exists a number 6 > 0 such that

sinx

|f(x)—Ll<e& whenever 0<x—a<é

When this is the case we replace L by f(x™).
Similarly, a function f: R — R is said to have a limit L from the left at x =
a as x — a if for any number € > 0 there exists a number 6 > 0 such that

|f(x)—Ll<e whenever 0<a—x<6

When this is the case we replace L by f(x ™).

Clearly, if both the limits from right and left exist and if f(x*) = f{x™) then
lim,_,, f(x) exists and equals f(x1) = f{x").

A function f: R — R is continuous at a point x = a € R if lim,_, f(x) exists
and equals f(a). In particular the function has to be defined at x = a. For example
the function f defined by f(x) = (sin x)/x and f(0) = 1 is continuous at every point.
A function is said to be continuous in an interval a < x < b if it is continuous
at each point in the interval.

The following are important results in applications.

Theorem: IntermediateValue Theorem. Iff: R — R is continuous in a finite
(i.e. bounded) interval [a, b] and if f(a) < p < f(b) then there exists at least one
point x = ¢ € [a, b] such that f(c) = p.

Theorem: Concerning Maxima. If f: R — R is continuous in a finite closed
interval [a, b] then it has a maximum in that interval. That is, there exist a
point m € [a, b] such that f(x) < f(m) for all x € |[a, b].

Applying this result to the function (—f") indicates that f also has a minimum.

Theorem: Let f: R — R and assume
(i+) fis continuous on a finite closed interval [a, b]
(ii) flw) = 0, x € [a, b]

(i) J4 f(mdn=0
then f(x) =0, x € [a, b].

A function f: R = R has a jump discontinuity if both one-sided limits f(x™)
and f(x") exist. The number (f{x™) — f(x7)) is the value of the jump.
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A function f: R — R is piecewise continuous on a finite closed interval
[a, b] if there are a finite number of point

a=aqy<a;<as<...<a, =

such that f is continuous on each sub-interval (a;-1,a;),7 = 1, 2, . . ., n and all the
one side limits (") for 1 <j < n and f{x™) for 0 < j < n exist. Such a function
has jumps at a finite number of points but otherwise is continuous.
It can be shown [98] that every piecewise continuous function is integrable.
Similar results can be shown to hold in R" [98], [88].

A12.2 Differentiability
A function f: R — R is differentiable at a point x € [a, b] if

i @) = f(@)

r—a  (x—a)
exists. The value of the limit is denoted by either f’(a) or (df/dx) (a).

A function f: R — R is differentiable in the open interval (b, ¢) if it is differen-
tiable at each point of the interval.

When we work in n > 1 dimensions some rather more sensitive notation is
required. We illustrate this in the following paragraphs.

A12.3 The Function Classes C"(B), C"(B)

Let Bc R", n >1 and let f* R” — R". We shall assume

1) oa=(a,0...,0,)is avector with non-negative integer components o,
j=12,...,n

() lal=X}0;

(iii) x* = x{1x%2. . . xm.
We shall denote by D%(x) the derivative of order | ¢| of the function f by

a‘a‘f(xl; X2yeey xn)

D* f(x)=
6%62 62‘
9% i)
:D“ID“Z...D“", Dim=—— D;=——o) i=12,...,n
1 2 n J ij"” J a%'j J

with

Df(x) = flx)
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A set of (complex-valued) functions fon B c R" which are continuous together
with their derivatives D%f(x), | ¢| < p where 1 < p < oo form a class of functions
denoted C?(B).

Functions f € CP(B) for which all the derivatives D%{(x) with |«|< p allow
continuous extension into the closure, B, form a class of functions C?(B). We
shall also write

C¥(B)=()C"(B), C(B)=()C"B)

»=0 p=0

These classes of functions are linear sets. Furthermore, if, for example, we endow
the class C(B) with a norm by setting

[A11:= max|f ()|
xeB

then C(B) is converted into a normed linear space. Similarly we can convert the
class C(B).

A set of functions f e M c C(B) is said to be equicontinuous on B if for any
£> 0 there exists a number §(€) such that for all f € M the inequality |f(x;) — f(x2) |
< g holds whenever |x; — a3| < 8(€) where x, x2 € B.

A function f e C(B) is said to be Holder continuous on B if there are numbers
¢>0and 0 < o £ 1 such that for all x;, ¥ € B the inequality

|f (1) — f (@)l < clay — 2o

holds. In the case when o = 1 the function f € C(B) is said to be Lipschitz con-
tinuous on B.

Al2.4 Sobolev Spaces

Let Q C R" be an open set. The Sobolev space Wy (2), m € Nand 0 <p < ¢ is
the space of all distributions which together with their distributional derivatives
of order less than or equal to m are associated with functions that are pth power
integrable on €, that is they are elements of L,(£2). Such a collection is a Banach
space with respect to the norm ||, defined by

|p Up

[m|
TS pi i

m m My,
Og\m\gm|8x1 laxz 2...0%, |

where |m| =m; +mz +...+myand m;, j =1, 2,.. ., n are positive integers.
If p = 2 then W3(Q) is a Hilbert space usually denoted H%(Q).
Of particular interest in this monograph are the Hilbert spaces H'(Q) and
H?(Q). These are defined as follows
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Hz(Q):z{feLZ(Q):%eLg(Q)le,Z...,n}

X j

with inner product

(f, Dz =S, 91=(f, 9 + (Vf,Vg)

and norm
LI =00+ 191
where (,-) and ||-||> denote the usual Ly(Q) inner product and norm
respectively.
Similarly
of (x 0°f(x
Hy(Q) = {fGLz(Q) f;)eLz(m,afg OID) ¢ 1), 5,k :1,2,...,4
7 Xy,

with inner product and norm

(fs 922 = (f; 9) + (Vf, Vo) + (D°F, D%)

I£15 = 1£17 +INFIF +1DF I

where o is a multi-index such that || = o + 0p.

An important result in the general theory of Sobolev spaces [1] is the
celebrated Sobolev lemma which states that an element f € H ["/ZHIH(Q), where
n is the dimension of Q and [n/2] means rounded down to an integer, is also such
that f € C*(Q). Thus as the dimension 7 of Q increases higher order Sobolev
spaces must be taken in order to guarantee the continuity of the elements (func-
tions) which they contain.

For more details of the properties of Sobolev spaces, especially concerning
boundary values (traces) and imbedding theorems see [1].

Al2.5 Retarded Potentials

Let f and g be locally integrable functions on R" and assume that the function &
defined by

n@)= [ 19w (@ —yldy

is also locally integrable on R". The function f * g defined by
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(@)= [ f@g@—y)dy
= ) IS (@ —y)dy = (g*f)(®)

- R"

is called the convolution of the functions f and g.
Let L(D) be a differential expression with constant coefficients ay(x) = a,
which has the typical form

L(D)= i agD”

lag|=0

where o is a multi-index (see Appendix A12.3).
A generalised function € € D" which satisfies in R" the equation

L(D)e(x) = 6(x)

is called a fundamental solution of the differential expression. It should be
noted that in general a fundamental solution is not unique.

Using a fundamental solution, €(x), of the differential expression L(D) it is
possible to construct a solution, u(x), of the equation

LD)u(x) = f(x)

where f is an arbitrary function. In this connection the following theorem is a
central result.

Theorem ([35], [88]). Let f € D’ be such that the convolution exf exists in D’.
Then the solution u(x) exists in D’ and is given by

u(@) = (e *f)(@)

Moreover, this solution is unique in the class of generalised functions in D’ for
which a convolution with € exists.

The above notions are very useful when we come to deal with wave equation
problems. In the particular case of acoustic waves the wave equation has the
form

Dau(x) t) = {8% - azA}u(x, t) :f(x) t)
where [, is referred to as the d’Alembert expression (operator).

A fundamental solution of the acoustic wave equation in R" is denoted by
€,(x, t) and satisfies
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Dagn(xa t) = 5(90‘, t)

Fourier transform techniques provide solutions of this equation in the form ([35],
(88], [112])
1
a(x,t)=——06(at —|xl)
2a
0(at —|x))

2maN a’t? — |x|2

ex(x, 1) = %6(&2 )

82(1', t) =

where here 0 denotes the Heaviside unit function defined by
0x)=1forx =0, 6x)=0forx<0
The generalised function V,, defined by
Va(, 1) = &n(x, 1) * flw, 1)

where g,(x, t) is a fundamental solution of the d’Alembert equation and f is a
generalised function on R"*! which vanishes on the half space ¢ < 0 and is called
a retarded potential with density f. (With a slight abuse of notation we might
write f(z, t) € D’'(R*™).)

The retarded potential V,, will, according to the above theorem, satisfy the
equation

DaVn(x) t) :f(x, t)

It can be shown [35], [112] that if fis a locally integrable function on R"! then V,,
is a locally integrable function on R""! and assumes the following particular
forms

M=o [ s Dagae

x—a(t—1)

1 t pr+a(t+7) f(g, T)
Vel )= %fo j;(x.a([,,)) 5 5 NE dedz
R U (e ) e P2 o

Vi, 1) = —— fmwdg

4ra® lx —¢&|

where

U(x; at) = ball centre x radius at
S(x, at) = surface of U(x; at)
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As an illustration of the use of retarded potentials recall [90] that the generalised
Cauchy problem for the wave equation is to determine u € D’(R""1) which is zero
for ¢t < 0 and which satisfies

Oau(, t) = (97 — a’Aju(@, ) = fl, 1), ux, 0) = o), w(w, 0) = W)

where f e D'(R"!) with data ¢ € D’(R®) and y € D’(R™). It can be shown[134],
[90] that this generalised Cauchy problem has a unique solution of the form

u(@, 1) = Vo, ) + VP (@, ) + VP, )
where

Vn(xr t) = Sn(l‘, t)*f(xv t): Vg’LO) (xr t) = Sn(x, t)*‘l/(x); V%D(x, t) = (%(x; t))f< W(x)

This leads to the following classical solutions of the Cauchy problem for the wave
equation [90].

n = 3 (Kirchhoff’s formula)
_ 1 SEt—|x— éfla) 1
uwn="—5 [ At [ VOIS

4ma® |z —¢&
1 0 {1 }
—2 s
4ra® 0, th(x;at)(p(g)

n = 2 (Poisson’s formula)

- S0
u(x, 0= 27mf fU(x sa(t—1)) (a (t— ,|x75|2)1/2 dgdz
L t/f(af) a

2raJ Uwan) (g2 — | — &%)V

10 f (&)
21t At JUwan (a4 | — &)V

n = 1 (d’Alembert’s formula)

uG,n = ! f((“““"”f(é odgdr+— [y

x—a(t—1))
1 plrta)

T34 P(&)d §+ {o(x +at) +o(xr —at)}

Al12.6 An Illustration of the Use of Stone’s Formula

For the purpose of illustration we consider an operator which occurs frequently
in scattering problems. Specifically, let A: H 5 D(A) — H = Ly(R) be defined by
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AU = Uy, u € D(A)
D(A) = {u € H: Uy € H and u(0) = 0}

To use Stone’s formula we must compute the resolvents, R(t + i€), of A. To
this end, recalling the definition of A, we consider the boundary value problem

A - ADv(x) = fx), xe (0,0), v0)=0 (A12.1)
This is an ordinary differential epuation which has a solution given by
o(@) = (A= 2D f(2) = [~ G, y)f W)dy (A12.2)

where G(x, y), which is the Green’s function for the problem (A12.1), is readily
found to have the form [90]

(expiva)sin(vAy) 0<y<a
\/I b —= =
G(x,y)=
(expiy)sin(¥Ax) 0<z<y
\/I b — =

We now define

Api=t+ie=Re" R=+t*+¢*, O=tan '(e/t)
A=t—ie=Re ™

and choose
JZ _ RY20i0/2 \/Z _ Rl/2,i(n-6/2)
We then see that as £ | 0
\/Z —4Vt, Al -Vt
Therefore
Rit+ie) —Rt—-ie)=A-AD'-@A-1D"!
and on first writing (A12.2) out in full and collecting terms we obtain

. . . 2isin(Vtx) poo )
lslfgl{R(t+ze)—R(t—z£)}f(x):%Lﬁ) S(y)sin(Viydy)

For convenience at this stage assume f, g € Cy[a, b], a < b < oo. Stone’s formula
now reads
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~ 2isin(Vix)
(Ey—E, f,g)——ff Mf f@)sin(Vty)dyg(x) dadt

2me

If we now set s =+¢ and introduce

~ 2 12
Fo=2] [ rwsintsyay
then
N
(B, —Ef,9)= [ F()i(s)ds

It can be shown [48] that o(A) < (0, o). Consequently, £, —» © as a — 0.
Hence

. —
(Ef,9)= [, F©)d(s)ds (A123)

which in turn implies (write g(s) in full and interchange the order of
integration)

o2 VI N/
(Em(x):(;) [ Fsinvas= [ fseusds

where 6;(s) has been introduced for ease of presentation.
The spectral theorem indicates that for f'e D(A)

(AN@)= [ AdE, f ()

In the present case we obtain from (A12.3)

N/
dE, f(x):%[ fO g f(s)@x(s)ds]dl
1 -
=——F(¥21)6,(¥1)dA
= F(VR)eT)
= f(s)8,(s)ds, s=+1

and hence

(AN@) = [ 2B @)= [ 78 T($)0(s)ds
) 12
-z

fo Oos2f”(s)sin(soa)ds (A214)

which we notice involves the Fourier sine transform of f. This is to be expected,

bearing in mind results of a classical analysis of the boundary value problem
(A12.1).

To see how this material can be used in the analysis of wave motions consider,

as an example, the transverse vibrations of a string occupying the region Q c R™.
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The associated wave motions are governed, typically, by an initial boundary value
problem of the form

(07 + AYu(x, £) =0, (x, 1) € Q x R+ (Al2.5)

u(x, 0) = uo(x), ulx, 0) = ui(x), u(0, 1) =0 (A12.6)

where A: H — H =: Ly(Q) is defined by

Au(zx, £) = —02u(x, t), u e D(A)

D(A) = (u € H: —03u € H s.t. uw(0, ) = 0}

We have seen that a solution of this initial value problem can be written in the
form

u(x,t) = (cos(tAY*)ug(x) + A~ 2(sin(tAY?))u(x) (A12.7)

The spectral theorem and the above use of Stone’s formula enales us to write
(A12.7) in the form

o sin \/I)

u(x,t):j; cos(\/_t)dEluO(x)Jrf L dEu(x)

sm(st)

- f cos sty X$)05(x)ds + f SISY dEii(s)0(x)ds  (AI2.8)
Once the initial conditions have been given explicitly then their Fourier
sine transforms iy NS ;, respectively, can be calculated as indicated above.
Hence a completely determined representation of the solution to (A12.5),
(A12.6) can be obtained from (A12.8) [60]. For example, consider the particular
case when

(A12.9)

Uo(2) =0, wu(ar)— 2{smx cosx}
x x
It then follows that

172 172

dl(s)zzs(%) ‘I:CWd _23(2) 9(s)

To compute g(s) take an arbitrary ¢ € C5°(R") and consider

(g,(p)— hm f foosmxcos(sx)(p,( Ydsdx

172

= (g) j:osin(x(ﬁ(x))dx

_ (g)(p(l) (A12.10)
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This last result follows from the fact that the Fourier sine transform is its own
inverse. (Set s = 1 in the definition of the Fourier sine transform given above.)
Furthermore,

(9.0)=(-D(d" )= (@.8(s 1))
which implies
g(s)= —%6(3—1) (Al12.11)
Integrating (A12.11) we obtain
9(s)~9(0) =~ [8(6 ~Dag =T H(s -1
Since g¢(0) :g we can re-write this in the form
o(s)= (- H(s D} =T H(1-5)

and obtain

iy (s) = ZS(g)wH(l —s)

Consequently, in this particular case (A12.8) reduces to

1 1
u(x,t)= 2]; sin(st)sin(sx)ds = j:) {cos(t —x)s —cos(t + x)s}ds

_sin(t—x) sin(t+x)
t—x t+x

which nicely displays the travelling wave components.
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WO relating to, 191, 192, 195, 199
Echo field, construction of, 193-199
Echo waveform, 3
Eigenfunction expansion theorem, 28,
157
generalised, 207, 208, 213, 219-221,
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Expansions, bases, and orthogonality,

83-91
Expansion theorem, Eigenfunction, 28,
157
generalised, 207, 208, 213, 219-221,
288

Extension, 93, 109

Far field behavior of solutions, 41-43
Far field, scattered waves in, 245



310 Index

Far field solution, 249
Finite dimensional operators, 100
Finite dimensional spaces, spectral
decompositions on, 122-127
Finite dimensional vector space, 82
Finite energy
free solution with, 189
locally, 189
scattering states and, solutions with,
163-166
solution with, 189, 206, 288
Finite rank, operators of, 100
First order system, reduction of, 31-33
Floquet theory, 229-232, 237, 288
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246, 247-249, 256
Kirchhoff’s, 296
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to, 247, 254, 255, 256, 261
Plancherel theory of, 27, 30, 166, 167,
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Lebesgue measurable, 213
of operators, spectral decomposition
methods relating to, 138-140
of rapid decay, 72
of slow growth, 74
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media relating to, 203, 204, 205,
209, 210, 214, 221
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Initial value problems. See IVP
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Inner product, 77
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Integral, Duhamel, 40, 191, 260
Integral equation
solution of, 256-259, 288
Volterra, 255
Integral operator, 105
Integral transform methods, 27-31
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processes, 157
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Interface conditions, 214
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FP relating to, 246
high energy limit method, 255-256
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introduction to, 245-247
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formulae for, 246, 247-249, 256
PP relating to, 246
scattering matrix, 48, 249-250
Inverse transform, 70
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Isomorphic, 56
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145, 146, 267, 287
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first order system relating to, 31-33
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scattering in other wave systems
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scattering theory strategy relating
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solutions for, 22-27
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Jump discontinuity, 290
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Kirchhoff’s formula, 296
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Lebesgue theory, 81, 166
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Lemma
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Sobolev, 293
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Limit point, 56
Limits and continuity, 289-291
Linear acoustic waves, 288
Linear functionals
continuous, 60
and operators on Hilbert spaces,
91-97, 286
Linearly dependent, 82
Linearly independent, 82, 231
Linearly independent solutions, 230
Linear manifold, 89
Linear operators, 92, 111
bounded, 98, 147, 287
unbounded, 105-113, 287
Linear operator theory, 13
Linear space, normed, 56-57
Liouville’s formula for Wronskian, 230,
231
Liquids, solids, gases, waves relating to, 1
Local classical solution, 7
Localising operators, 166
Locally finite energy, 189
Lower bounds, 100

Magnetic field assumption, 278
Mapping, 54, 91
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Marchenko equations, 247
Mathematical material

distributions, 58-69

Fourier transforms and distributions,

69-76
notations, 51-52
vector spaces, 52-57
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solutions of, 236-242
Matrix plane wave, 276
Matrix representation, 269
Maxwell’s equations, 264, 266, 277
Measurable function, Lebesgue,
213
Measurable sets, 250
Measurable space, 250
Measure, 250
Chirality, 277
spectral, 141, 142
Measurement, scattering processes
relating to, 157
Measure theory, 287
Media. See also Scattering; Scattering
processes
Chiral, 277
homogeneous, 203, 205, 207, 213
nonhomogeneous, 202, 225
Medium, as component of system of
interest, 1
Metric spaces, 52-53, 54
Modal decomposition, 221, 222
Mpgller operators, 5
Multi-index notation, 59
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NAP (non-autonomous problem), 9
n-dimensional Dirac delta, 286
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Nodes, 21
Non-autonomous problem. See NAP
Nonhomogeneous media, 202, 225
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convergences in, 97
operator, 94
square integrable, 78, 80
uniform, 79
Normal, 99
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Notations, 51-52
multi-index, 59
Null space, 92

One-dimensional examples
Duhamel’s principle, 39-40
first order system, reduction to, 31-33
FP relating to, 17-19
integral transform methods, 27-31
introduction to, 17
scattering aspects, 46-48
solutions relating to
d’Alembert equation, 23, 26, 30
far field behaviour of, 41-43
IVP, 22-27
Jost, 43-46
wave equations, 19-22
three-part strings, 37-39
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waves on sectionally homogenous
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One-dimensional wave equation,
solutions of, 19-22
separable, 21
Open and closed sets, 56
Open ball, 56
Operator norm, 94
Operators, 49, 55, 129. See also SO; WO
adjoint, 98
bounded linear, 98, 147, 287
closed, 105
compact, 100, 101
compact Hilbert Schmidt, 104
decomposable, 250-251
divergence, 212
domain of, 287
essentially self-adjoint, 111
evolution, 10, 11
finite dimensional, 100
of finite rank, 100
frequently occurring, 97-105
functions of, spectral decomposition
methods relating to, 138-140
Hilbert Schmidt, 104, 255
on Hilbert spaces, linear functionals
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integral, 105
inverse, 92, 117
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unitary, 195
vector differential, 269
Order, 59
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Orthogonal complement, 90
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Orthogonal projections, 103
Orthogonal set, 84
Orthonormal, 83
Outgoing generalised Fourier transform,
172
Outgoing (incoming) radiation
condition, Sommerfeld, 171, 275
Outgoing wave, 17, 27, 42, 171, 288
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Scattering processes

Periodic waveforms, 1

Perturbed problem. See PP

Phase modulated wave, 21

Piecewise continuous, 291

Piecewise smooth, 70

Plancherel theory of Fourier transform,
27, 30, 166, 167, 168, 182, 203, 208

Plane stratified media, 209-213

Plane waves, distorted, 44, 171, 249

Plasma wave equation, asymptotic
formulae for, 246, 247-249, 256

Point
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Point spectrum, 116, 143

Point subspace, 120, 130, 141

Pointwise, 79

Poisson’s formula, 296

Positive, 100

Positive measure, 250
Potential scattering
in chiral media, 277
problems of, 7, 37
Potentials, retarded, 293-296
PP (perturbed problem), 9-12, 192, 283
FP relating to, 18, 19
hierarchy of, 33
inverse scattering problems relating
to, 246
scattering theory strategy relating to,
157, 167-170, 175, 176, 178-180,
185
p-Periodic classical solution, 7
Practical scattering theory, 272
pre-Hilbert space, 89
Problems. See Specific entries
Projection operator, 102
Projections, orthogonal, 103
Propagating waves, 2, 5-6, 288, 289
Propagation, as evolution of
disturbances, 1
Propagation aspect of scattering theory,
158-163
Propagators, 190, 192
Properties
algebraic, of W+ and S, 252-254
asymptotic completeness, 13, 158
of scalar wave equations, 2, 270
of semigroup, 147
Purely continuous spectrum, 143. See
also Continuous spectrum
Pure point spectrum, 117, 143

Quantum mechanical scattering, 285—
286, 287

Radiation conditions, 170, 171, 275, 288
Range, 55, 91, 92
Receiver, as component of system of
interest, 1
Reduced quantities, 214
Reducing subspaces, 93, 287
spectral decomposition methods
relating to, 127-132
Reduction
of first order system, 31-33
of subspaces, 93, 127-132, 287
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Resolution
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spectral, 72
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Retarded potentials, 293-296
Riesz representation theorem, 212
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Scalar wave equations, 2, 270
Scattered
field, 248, 272
waves, 164, 245
in far field, 245
Scattering
amplitude, 197, 248, 255
aspects of, 46-48
echo analysis and, 191-192
of elementary particles, 5
matrix, 48, 249-250
operator. See SO
in other wave systems
acoustic wave scattering analysis,
271-274
chiral media, potential scattering in,
277
d’Alembert equation/solution
relating to, 263, 273
elastic waves, 279-280
elastic wave scattering, 280-283
electromagnetic waves, 263-271,
289
electromagnetic wave scattering,
274-277
formulation of problem, 277-279
Fourier transforms relating to, 274,
276
FP relating to, 270, 271, 280, 281
Hilbert spaces relating to, 263, 266,
267, 280
IBVP relating to, 272, 281, 283
introduction to, 263
IVP relating to, 280, 281, 282
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phenomena of, 192
problems. See also Inverse scattering
problems
direct, 245, 246
potential, 7, 37
target, 7, 33, 287
quantum mechanical, 285-286, 287
states, 145
finite energy and, solutions with,
163-166
set of, 176
waves, 164. See also Wave scattering
Scattering, in spatially periodic media
Floquet theory, elements of, 229-232,
237, 288
Hill's equation, 228, 229, 232-236
introduction to, 225
mathematical model relating to,
225-229
solutions of, 236-242
Scattering processes
features of
generation, 157
interaction, 157
measurement, 157
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relating to, 226
in stratified media
asymptotic wave functions,
222-224, 249, 254
eigenfunctions of A, 213-216
generalised eigenfunction
expansions, 207, 208, 213,
219-221, 288
Hilbert space formulation,
203-208
IBVP relating to, 203, 204, 205, 209,
210, 214, 221
introduction to, 201
IVP relating to, 205, 208, 209
plane, 209-213
wave eigenfunctions of A, 216-219
Scattering theory, 4, 5, 11. See also
Wilcox theory of acoustic
scattering
aspects of, 285
construction of, 17, 287
practical, 272
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182, 184
asymptotic conditions, 5, 158,
175-181
comparisons of two approaches,
182-184
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FP relating to, 158, 164, 166-170,
173, 175, 178-182
introduction to, 157-158
IVP relating to, 158-161, 162, 166,
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PP relating to, 157, 167-170, 175,
176, 178-180, 185
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summary of, 184-185
WO and their construction,
169-175
time-dependent, 5
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213
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methods of, 145-155, 286, 288
generators of semigroups, 151-155
well-posedness of problems,
150-151
properties of, 147
strongly continuous, one-parameter,
147
Semi-period, 236
Semi-periodic, 236
Separable solutions, 21
Sets
compact, 59
measurable, 250
open and closed, 56
orthogonal, 84
of scattering states, 176
Signal profile, 248
Signal waveform, 3
Silver-Muller radiation conditions, 275

Singular, 144
with respect to, 144
Singular distributions, 61, 67
Singularly continuous, 146
Singular number, 101
Sinusoidal waveforms, 1
Skew-adjoint operator, 154
Skew-symmetric operator, 154
S-matrix of energy, 253
Smooth element, 59
Smooth, piecewise, 70
SO (scattering operators), 3, 4-5, 13, 246
echo analysis relating to, 191, 192,
193, 195, 196, 197, 199
Sobolev Hilbert spaces, 210, 260
Sobolev lemma, 293
Sobolev spaces, 292-293
Solenoidal, 279
Solids, gases, liquids, waves relating to, 1
Solution concept, 7
Solutions
classical, 7, 67
distributional, 67
far field, 249
far field behavior of, 41-43
with finite energy, 189, 206, 288
and scattering states, 163—166
for FP, 27
free, with finite energy, 189
fundamental, 42, 294
generalised, 66, 67
of integral equation, 256-259, 288
for IVP, 22-27
Jost, 43-46
linearly independent, 230
non-trivial, 240
of one-dimensional wave equation,
19-22
for scattering in spatially periodic
media, 236-242
of scattering theory, construction of,
166-169
separable, 21
for target scattering problems, 7
two, Wronskian of, 46
of wave equations, 19-22, 286, 288
d’Alembert, 3, 23, 26, 30, 223, 263,
273, 294, 296
stationary, 3



Sommerfeld outgoing (incoming)
radiation condition, 171, 275
Space formulation, Hilbert, 203-208
Space of test functions, 60
Space R™ Euclidean, 49, 286
Spaces. See also Eigenspace; Hilbert
spaces; Subspaces
Banach, 57, 108
complete metric, 54
finite dimensional, spectral
decompositions on, 122-127
function, convergences in, 80
infinite dimensional, spectral
decomposition methods on,
132-137
inner product, 77
measurable, 250
metric, 52-53, 54
normed linear, 56-57
null, 92
pre-Hilbert, 89
Sobolev, 292-293
vector, 52-57, 82
weighted energy, 206
Spanned, 120
Spatially periodic media, scattering in.
See Scattering
Spectral components, 121
Spectral decomposition, 287
methods of
basic concepts of, 115-121
on finite dimensional spaces, 122-127
of Hilbert spaces, 140-145
on infinite dimensional spaces,
132-137
operator, functions of, 138-140
reducing subspaces, 127-132
Spectral density, 72
Spectral families, 132, 181-182
Spectral measure, 141, 142
Spectral representation, 121
Spectral representation theorem, 27, 28
Spectral resolution, 72
Spectral theorem, 115, 299
Spectral value, 116
Spectrum
continuous, 116, 143
discrete, 145
essential, 145
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point, 116, 143
purely continuous, 143
pure point, 117, 143
residual, 116
Square integrable norm, 78, 80
State
bound, 3, 145, 176
scattering, 145, 163-166, 176
of system, 2
as AE, 5
of system of interest, 2, 5
Stationary or non-propagating waves,
21, 22
Stationary wave solution, 3
Stone’s theorem, 170, 267, 296-300
Stratified media, scattering processes in.
See Scattering processes
String
homogeneous, 33
infinite, 17, 27
sectionally, 33
three-part, 37-39
two-part, 33-37
wave motion on, 286
String problems, 225
Strongly continuous, one-parameter
semigroup, 147
Strongly convergent, 96, 97
Sturm-Liouville theory, 240
Subset, 51
Subspaces, 89
of absolute continuity, 144
of continuity, 130, 141, 143
of discontinuity, 143
point, 120, 130, 141
reduction of, 93, 127-132, 287
Sum, 89
Support, 59, 62
Surjective, 55
Symmetric operator, 111, 154
System of interest
components of
medium, 1
receiver, 1
transmitter, 1
perturbation of, 4
state of, 2, 5
Systems. See First order system,
reduction of; Scattering
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Target scattering problems, 33, 287
global classical solution for, 7
local classical solution for, 7
p-periodic classical solution for, 7
Theorem
eigenfunction expansion, 28, 157
generalised, 207, 208, 213, 219-221,
288
Fourier inversion, 27, 181
inversion, 70
Riesz representation, 212
spectral, 115, 299
spectral representation, 27, 28
Stone’s, 170, 267, 296-300
Theorem: IntermediateValue, 290
Theories. See also Scattering theory
Floquet, 229-232, 237, 288
Lax-Phillips, 263, 285
Lebesgue, 81, 166
linear operator, 13
measure, 287
Plancherel, 27, 30, 166, 167, 168, 182,
203, 208
of quantum mechanical scattering, 285
Sturm-Liouville, 240
Wilcox, of acoustic scattering, 263
Three-dimensional Laplacian, 269
Three-part string, 37-39
Time-dependent scattering theory, 5
Total field, 248
Transient pulse waveforms, 1
Transmission coefficients, 36
Transmitter, as component of system of
interest, 1
Trapped waves, 210, 216
phenomenon of, 3, 225
Triangle inequality, 52
Trivial operator, 92
Two-part string, 33-37

Unbounded linear operators, on Hilbert
spaces, 105-113, 287

Uniform convergence, 80

Uniformly convergent, 97

Uniform norm, 79

Union, 51

Unitarily equivalent, 99

Unitary operators, 195

Upper bounds, 100

Vector algebra, 268
Vector differential operator, 269
Vector spaces, 52-57
finite dimensional, 82
Vector wave equation, inhomogeneous,
269, 274-275
Volterra integral equation, 255

W+ and S, algebraic properties of,
252-254
Water, waves relating to, 1
Wave eigenfunctions
of A, 216-219
free, 216, 217, 219
guided, 216, 219
Wave equations, 202. See also Equations
classical, 2-3, 33
elastic field relating to, 2
electromagnetic field relating to, 2
inhomogeneous vector, 269, 274-275
one-dimensional, solutions of, 19-22
plasma, asymptotic formulae for, 246,
24'7-249, 256
scalar, properties of, 2, 270
solutions of, 19-22, 286, 288
d’Alembert, 3, 23, 26, 30, 223, 263,
273, 294, 296
stationary, 3
Wave field, associated, 273
Waveforms
arbitrary, 1
echo, 3
periodic, 1
signal, 3
sinusoidal, 1
transient pulse, 1
Wave motion, on strings, 286
Wave operators. See WO
Wave processes, in homogeneous
media, analysis of, 207
Wave propagation, problems of, 5-6
Waves. See also Scattering
acoustic, linear, 288
amplitude modulated, 21
disturbances as, 1
elastic, 279-280
electromagnetic, 263-271, 289
features of, 21
function of, 4, 5



asymptotic, 222-224, 249, 254
complex, 197
on gases, liquids, solids, 1
guided, 210
harmonic, 20, 21
incoming or incident, 17, 27, 42, 171,
288
on infinite string, 17, 27
matrix plane, 276
outgoing, 17, 27, 42, 171, 288
phase modulated, 21
phenomena of
acoustic, 287
investigation strategy of, 13
study of, 1
trapped, 3
plane, distorted, 44, 171, 249
propagating, 2, 5-6, 288, 289
scattered, 164, 245
on sectionally homogeneous strings,
33
stationary or non-propagating, 21, 22
trapped, 210, 216
on water, 1

Wave scattering

analysis of, acoustic, 271-274

Index

elastic, 280-283
electromagnetic, 274-277
phenomena of
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incoming or incident wave, 17, 27,

42, 171, 288
interaction zone, 17
outgoing wave, 17, 27, 42, 171,
288
problems of, 4, 6, 285
processes of, acoustic, 3, 225
Wave solution, stationary, 3
Weakly convergent, 97
Weighted energy space, 206
Weighted Hilbert space, 204, 226
Weight function, 241
Well-posed problem, 146, 150
Wilcox approach, 6, 219, 285
Wilcox theory of acoustic scattering,
263
WO (wave operators), 4-6, 12, 246
construction of, 169-175
echo analysis relating to, 191, 192
195, 199
Wronskian, 237, 238
Liouville’s formula for, 230, 231
of two solutions, 46



