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Preface 

The main purpose of this book is to provide a unified and systematic 
continuum approach to engineers and applied physicists working on models 
of deformable welding material. The key concept is to consider the welding 
material as an thennodynamic system. 

Significant achievements include thermodynamics, plasticity, fluid flow 
and numerical methods. 

Having chosen point of view, this work does not intend to reunite all the 
information on the welding thermomechanics. The attention is focused on 
the deformation of welding material and its coupling with thermal effects. 

Welding is the process where the interrelation of temperature and 
deformation appears throughout the influence of thermal field on material 
properties and modification of the extent of plastic zones. Thermal effects 
can be studied with coupled or uncoupled theories of thermomechanical 
response. A majority of welding problems can be satisfactorily studied 
within an uncoupled theory. In such an approach the temperature enters the 
stress-strain relation through the thennal dilatation and influences the 
material constants. The heat conduction equation and the relations governing 
the stress field are considered separately. 

In welding a material is either in solid or in solid and liquid states. The 
flow of metal and solidification phenomena make the welding process very 
complex. The automobile, aircraft, nuclear and ship industries are 
experiencing a rapidly-growing need for tools to handle welding problems. 
The effective solutions of complex problems in welding became possible 
in the last two decades, because of the vigorous development of numerical 
methods for thermal and mechanical analysis. 

The book has been divided into four parts. Part I Fundamentals of 
Welding Thermomechanics is devoted to the description of the defonnation 
of the welding material. Both the Lagrangian and the Eulerian standpoints 
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are considered. The concept of stress is introduced. The derivations of the 
theorem of virtual work rate and the kinetic energy theorem are provided. A 
general thermodynamic framework for the formulation of all constitutive 
equations is given. In this framework the laws governing the heat flow are 
formulated. The background of plasticity in welding is introduced. 
Hardening and softening phenomena are refined in the global context of 
thermodynamics and the modeling of thermal hardening in welding is 
discussed. In Part II Numerical Solutions of Welding Problems all the 
constitutive models of the previous chapters are discussed extending well­
established standard procedures for solid and liquid media. The numerical 
approach to thermo-elastic-plastic material model is discussed. The phase­
change problems are analyzed. The numerical solution of fluid flow in 
welding is presented. Part III Heat Flow in Welding presents in details the 
solution of heat transfer equations under conditions of interest in welding. 
The restrictive assumptions will however limit the practical utility of the 
results. Nevertheless the results are useful in that they emphasize the 
variables involved and approximate the way in which they are related. In 
addition, such solutions provide the background for understanding more 
complicated solutions obtained numerically and provide guidance in making 
judgements. The numerical solutions of welding problems are focused on 
laser and electroslag welding. In Part IV Welding Stresses and 
Deformations coupled thermomechanical phenomena are discussed. First of 
all thermal stresses being the result of complex temperature changes and 
plastic strains in regions near the weld are analyzed. Deformations and 
residual stresses in welding structures are considered for chosen welding 
processes and geometry of elements. 

Cz~stochowa 

May 2004 
Andrzej Sluzalec 



Part I 

FUNDAMENTALS OF WELDING 
THERMOMECHANICS 



Chapter 1 

DESCRIPTION OF WELDING DEFORMATIONS 

1.1 Introduction 

A material in the welding process can be considered by way of the 
concept of a body. In the course of thermal and mechanical loadings the 
body changes its geometrical shape. The consequences of welding processes 
are small deformations of the welded body and large deformations as it is in 
friction and spot welding. The deformation and the motion of welding 
material is described as standard continuum. 

1.2 The Referential and Spatial Description 

Consider a body B( being a set of elements with the points of a region B 
of a Euclidean point space at current time t. The elements of Bt are called 
particles. A point in B is said to be occupied by a particle of Bt if a given 
particle of B( corresponds with the point. 

The position of any particle X is located by the position X of the point, 
relative to the origin. The components of X are called the referential 
coordinates of X. The terms Lagrangian and material are also used to 
describe these coordinates. After deformation of the body, the material is in 
a new configuration, called current configuration. In this configuration the 
points of the Euclidean point space are identified by their position vector x. 

In a motion of a body, the configuration changes with the time t. The 
terms Eulerian or spatial coordinates are used to describe the motion. In a 
motion of a body B(, a representative particle X occupies a succession of 
points which together form a curve in Euclidean point space. 
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The motion of the body is given as a function of the position in the 
reference configuration 

x = x(X,t) (1.2.1) 

The referential posItIon X and the time t defined on a reference 
configuration are the independent variables and the fields are said to be 
given in the referential description. The independent variables are x and t 
and the fields defined on the configurations constituting a motion of Bt are 
said to be given in the spatial description. A system of general referential 
and spatial coordinates in space is setup by adjoining to the respective 
origins 0 and 0 and the bases Gu (a = 1,2,3) and gi (i = 1,2,3) in referential 
and spatial descriptions respectively. Referential coordinates are denoted by 
Xu (a = 1,2,3) and spatial by Xi (i = 1,2,3). 
Eq. (1.2.1) may be expressed in the form 

(1.2.2) 

A vector field u and any tensor field A have the form 

(1.2.3) 

(1.2.4) 

where the symbol ® stands for the tensorial product. 

1.3 The Deformation Gradient 

A deformation is the mapping of a reference configuration into a current 
configuration. The fundamental kinematic tensor introduced in modem 
continuum mechanics is the deformation gradient F defined by 

F = Grad x (1.3.1) 

which can be expressed in component form as 

(1.3.2) 

(1.3.3) 
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In Eq. (1.3.1) Grad denotes the gradient operator with regard to position 
in the reference configuration. Since Eq. (1.2.1) has an inverse and the 
mapping has continuous derivatives, it implies that F has an inverse F- 1 

defined by 

F· 1 = grad X (1.3.4) 

or in the component form 

(1.3.5) 

where 

(1.3.6) 

In Eq. (1.3.4) grad denotes the gradient operator with regard to position 
in the current configuration of the body B t • 

Eq. (1.3.1) can be expressed in the equivalent form 

dx= F dX (1.3.7) 

The Jacobian of the mapping F is 

J = det F 7:- 0 (1.3.8) 

Consider unit tangent vectors Nand n to any material curve in the current 
and reference configurations respectively, then 

dx = n da dX=NdA ( 1.3.9) 

where da and dA are infinitesimal surfaces m current and reference 
configurations. 
By (1.3.9) and (1.3.7) we get 

(1.3.10) 

where 

(1.3.11) 

and 
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are defonnation tensors. 
Ifv is the velocity,then the tensor L given by 

ov 
L =- = grad v ax 

is called the tensor of velocity gradients. 

(1.3.12) 

(1.3.13) 

L can be decomposed into a symmetric part written as D and an 
anti symmetric part written as W. Thus 

L = D + W (1.3.14) 

where 

(1.3.15) 

(1.3.16) 

D is called the stretching tensor or rate of defonnation tensor and W the spin 
tensor. 

Let the element of area dS of a material surface in the reference 
configuration be carried into the element of surface ds in the current 
configuration. 
The following relations hold 

nds=J(F-1/NdS (1.3.17) 

From Eq. (1.3.17) we get 

(1.3.18) 

and if we change in area occurs, then 

(1.3.19) 

which imposes a restriction on F. 
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Consider the element of volume dVr in the reference configuration which 
be carried into the element of volume dV. 
We have 

dV = det F dVr dV = J dV r 

A motion in which dVr = dV i.e. 

J = 1 (dVr = dV) 

is called an isochoric, or volume-preserving motion. 
The condition for isochoric flow is 

tr L = tr D = Dii =div v = Vi.i = 0 

1.4 Strain Tensors 

(1.3.20) 

(1.3.21) 

(1.3.22) 

The classical strain measures are the Almansi-Hamel strain e and the 
Green-Lagrange strain E. 
The Almansi strain is defined by 

2e = I - B- 1 (1.4.1) 

where gij is an important quantity characterizing the geometrical properties 
of space and is called metric tensor, gij = gi . gj where (-) is the scalar product 
of base vectors gi and gj, B- 1 is the inverse ofB defined by Eq. (1.3.12) and 
the Green-Lagrange strain is defined by 

2E = C- I ( 1.4.2) 

where Gall = Ga . GJ3 is the scalar product of base vectors Ga and Gil and C is 
defined by Eq. (1.3.11). 
Consider the expression 

(1.4.3) 

from which the relation between the two classical strain measures is given 
by 

(1.4.4) 
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Noting that 

F=LF 

it follows that 

t =-t(FT F+ FT F)=t[FT(FT tl FT F+ FT FF-1 FJ 

=-tFT(C + L)F =F T D F 

By (1.4.4) and (1.4.6) we get 

Hence 

t =FTDF = FT eF+ FTeF+ FTeF 

= F T (e + L T e + e L) F 

(1.4.5) 

(1.4.6) 

(1.4.7) 

(1.4.8) 

Let a material point be displaced from the position 1 to the position l' 
and let the origins of the referential and spatial coordinates be at 0 and 0 

respectively. The vectors X, x, c and displacement u are shown in the Figure 
I-I. We have 

x+ c = X+ u (1.4.9) 

At a neighboring point 

(x + dx) + C = (X + dX) + (u + du) (1.4.10) 

By(I.4.10) 

dx = dX + du 

If 

da2 = dx . dx and dA2 = dX· dX (1.4.11) 

and, from Eg. (1.4.10) 
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da2 - dA 2 = dx . dx - dX . dX = 2 eij dXi dXj = 2 dx . du - du . du (1.4.12) 

Figure I-I. Displacement in reference and spatial configuration 

We have 

du = Ui,j gi dXj (1.4.13) 

By (1.4.12) we get 

e ·· =-1(u. +u·· -Uk·U k · ) 1.1 2 .],1 I,J ,1.J (1.4.14) 

Changing the roles of referential and spatial coordinates leads to 

(1.4.15) 

The strain tensors in Eqs. (1.4.14) and (1.4.15) are expressed in terms of 
the displacement gradients Ui.j or ua ,j3. 
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If the displacement gradients are infinitesimal 

(1.4.16) 

then Eg. (1.4.14) reduces to 

£ .. =~(u .. +u.) 
IJ 2 J~l I,J (1.4.17) 

The infinitesimal strain defined by Eg. (1.4.16) is known as Cauchy 
strain tensor. 

The relation (1.4.16) is called the hypothesis of infinitesimal 
transformation. With this assumption the Green-Lagrange strain is 

(1.4.18) 

and the principal values of both strains are the same. Thus for infinitesimal 
transformation there is no difference between spatial and referential strain 
measures. 
Consider the elements dX which defined a sphere of radius R, at X. 
If radius is constant, then 

2 2 
dA = Gal> dXa dXI> = Ro 

Since 

di = dx· dx dA2 = dX· dX 

Eg. (1. 3.10) can be rearranged to the form 

dA 2 = (B-1 \dxdx fiJ 1 J 

Substituting dA from Eg. (1.4.19) we get 

R2 =G RdX dX R =(B- t ) dxdx o a.., a f' 1J 1 J 

The rotation is characterized by the R tensor 

R=~(u-u.) 1J 2 1..1 J.1 

(1.4.19) 

(1.4.20) 

(1.4.21) 

(1.4.22) 

(1.4.23) 
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The dual or axial vector is given by 

(Oi =1CijkRjk =±Cijk(Uj,k -Uk,J=±CijkUj,k -±CikjUj,k 

= .1 c'kU, k = .1 (curl U), 2 U j. 2 I 

The symbol Cijk is given by 

(l.4.24) 

(1.4.25) 

where g = det gij and eijk is so-called a permutation symbol defined by the set 
of equations 

e l23 =e 231 =e 312 =+1 

e l32 =e 321 =e 213 =-1 

and all other values of i,j and k make eijk zero. 
By (1.4.17) and (1.4.23) 

If the space is Euclidean, making use of Eq. (1.4.17) 

C" kl = + (u 'kl + U 'kl) IJ~ ..:. J~l I,J 

Ckl,ij = t(UI,kij + Uk,IJ 

ck 'I =.1 (u k "I + U k'l) 1,j 2 ,1.1 1, .I 

clk =.l(U I "k + U I'k) J ,I 2 ,.II J, I 

By Eqs. (1.4.29) we find the so-called compatibility conditions 

C, kl + ckl " - ck 'I - ci 'k = 0 1J. ,IJ 1 • .1 J ,I 

(1.4.26) 

( 1.4.27) 

(l.4.28) 

( 1.4.29) 

(l.4.30) 

This set of equations reduces to six independent equations when the 
symmetry of f: is taken into account. 
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1.5 Particulate and Material Derivatives 

Let G (X, t) be a field in a Lagrange description. The time derivative of a 
field G (X, t) multiplied by the infinitesimal time interval dt is equal to the 
variation between times t and t + dt of the function G (X, t), which would be 
recorded by an observer attached to the material particle which is located in 
the reference configuration by position vector x. In terms of Euler variables 
the particulate derivative with respect to the material is the total time 
derivative of the field g [x (X, t)] = G (X, t) 

dg og 
-=-+ gradg·v 
dt at 

(1.5.1) 

For example, substituting v for g in Eq. (1.5.1) the expression for 
acceleration a in Euler variables can be written as 

dv ov 
a = - = - + grad V· v 

dt at 
(1.5.2) 

Consider the volume integral 

q= fg(x,t)dV (1.5.3) 
v 

where g (x, t) is the volume density in the current configuration. 
Let G(X, t) be the volume Lagrangian density, then the corresponding 

Eulerian density is g(x, t) 

g(x, t) dV = G(X, t )dVr (1.5.4) 

where the volume Vr refers to the reference configuration of the volume V in 
the current configuration. 

The time derivation of Eq. (1.5.3) throughout the relation (1.5.4) has the 
form 

dq = f dG dV 
dt v, dt r 

(1.5.5) 

The expression (1.5.5) represents the particulate derivative ofthe volume 
integral q in tenns of Lagrange variables. 
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In order to obtain the particulate time derivative in Eulerian variables the 
equality (1.5.4) must be taken. 
By Eqs. (1.3.20) and (1.5.1) and the expression 

div(g 0 v) = g div v+ grad g . v (1.5.6) 

we get 

dG dVr = [Og + div(g 0 v)] dV 
dt at 

(1.5.7) 

The particulate derivative of the volume integral r;; with respect to the 
material derived in Eulerian variables yields 

dr;; = f[Og + div(g 0 V)]dV 
dt \' at 

(1.5.8) 

The alternative form of Eq. (1.5.8) can be obtained by usmg the 
divergence theorem. Thus 

dr;; fog f -= -dVr + gv·nda 
dt \' at a 

(1.5.9) 

where a is the surface of the volume V. 
The first term of the right-hand side ofEq. (1.5.9) represents the variation 

of the field g between time t and t + dt in volume V, and the other one due to 
the movement ofthe same material volume. 

The material derivative is used to determine the variation between time t 
and t + dt of any physical quantity attached to the whole material, which is 
contained at time t in volume V. The particulate derivative with respect to 
the material only partially takes into account this variation. It ignores any 
mass particles leaving the volume V, which is followed in the material 
movement. 

In the infinitesimal time interval dt = Dt the variation of quantity g 
attached to the whole matter at time t in the volume V as the variation Dr;; of 
the integral r;; given by Eq. (1.5.5) involves 

Dr;; =~ fg(x,t)dV 
Dt dt v 

(1.5.10) 
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Substituting Eq. (1.5.9) of the particulate derivatives with respect to the 
material of the volume integral we obtain 

Dq Jog J -= -dV + gv·nda 
Dt v at a 

(1.5.11) 

1.6 Mass Conservation 

Let p be a scalar field defined on body B, where p is referred to the mass 
density of the material of which the body is composed. The mass contained 
in the infinitesimal volume dV is equal to pdV. We assume no overall mass 
creation, which implies the global mass balance 

(1.6.1) 

By Eqs. (1.5.11) and (1.6.1) the mass balance reads 

JO~ dV + J P v· n da = 0 
v d a 

(1.6.2) 

Applying the divergence theorem to Eq. (1.6.2) we get the local mass 
balance equation or continuity equation 

or equivalently 

op 
- + div(p v) = 0 
at 

op 
-+ pdivv =0 
at 

The mass pdV, which is contained in volume dV, may be written as 

p dV = po dV r 

(1.6.3) 

(1.6.4 ) 

(1.6.5) 

where po and p are the mass densities In the reference and current 
configurations respectively. 
The mass conservation may now he written as 
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(1.6.6) 

From the transport formula it is evident that the conservation of mass III 

Lagrange variables can be expressed in the form 

Jp = po (\.6.7) 



Chapter 2 

STRESS TENSOR 

2.1 Momentum 

The linear momentum p of the material occupying the volume V in the 
configuration at time t by a moving material body Bt is defined by the 
relation 

p = fpvdV 
v 

where v is the velocity of the material particle at the point x. 

(2.1.1 ) 

Another important quantity is the angular momentum H which is defined 
by the relation 

H= f(xxv)pdV 
v 

Hi = fCijkXjvkPdV 
v 

(2.1.2) 

where x is the position of a representative point of V relative to an origin 0 

and H being the angular momentum with respect to o. 
Equations of motion in Euler description is given in the form of the two 
principles. The first one is: the rate of change of linear momentum p is equal 
to the total applied force F 

p=F (2.1.3) 

The second one says: the rate of change of angular momentum H is 
equal to the total applied torque r, i.e. 
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H=r (2.1.4) 

Two types of external forces are assumed to act on a body B. The first 
are body forces, such as gravity acting on material element throughout the 
body and can be described by a vector field f which is referred to as the body 
force per unit mass and which is defined on the configurations of B. The 
second are surface forces such as friction which act on the surface elements 
of area and can be described by a vector t which is referred to as the surface 
fraction per unit area and which is defined on the surface a of the material. 

The total force F is defined as 

F = f P f dV + f t da (2.1.5) 
v a 

The second integral on the right-hand side of Eq. (2.1.5) represents the 
contribution to F of the contact force acting on the boundary a of the 
arbitrary material region of the volume V. 

The total torque r about the origin 0 is defined as 

r= fp(xxf)dV+ f(xxt)da (2.1.6) 
v 

The second integral on the right-hand side of Eq. (2.1.6) represents the 
contribution to r of the contact forces acting on the boundary a of the 
arbitrary region. 

2.2 The Stress Vector 

In the course of deformation of solids, on account of volume and 
geometrical shape changes, interactions between molecules come into being 
that oppose these changes. The concept that the action of the rest of the 
material upon any volume element of it was of the same form as distributed 
surface forces was introduced by Cauchy. In other words the effect of the 
material on one side of a surface a, on the material on the other side is 
equivalent to a distribution of force vector t per unit area. The force vector 
per unit area t is also called the surface traction or strcss vector. 

The stress vector t at any point is associated with an element of surface 
da having a unit normal n. 

The balance of linear momentum for the body shown in Fig. 2.1. is 

t(n) da + t( - n) da = d da p x (2.2.1) 
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Figure 2-1. The stress vector on body surface 

when the dependence of the stress vector on direction is written in the form 
t(o) and dap x are peripheral forces. 

In the case when d tends to zero, then by Eq. (2.2.1) 

t(o)=-t(-o) (2.2.2) 

The above has the same fonn as Newton's third law, i.e. action and 
reaction are equal and opposite. 

Consider a tetrahedron shown in Fig. 2.2. The sides of the tetrahedron are 
taken along the coordinate lines through the point 1 with the vectorial 
elements of length being given by 12 = gldx], 13 = g2dx2, 14 = g3dx3, where 
gi are the base vectors. 

Denote the unit outward nonnals to the faces 134, 142, 123 and 234 as 
- 01, - 02, - 03 and 0, the tractions on the faces be - t l, - h, - t3 and t, and 
the areas of the faces be da], da2, da3 and da respectively. 
We have 

23 x 24 = 0 da (2.2.3) 

We get 

The unit vectors are given by 

o --g-I-
1- ..rg:: (2.2.4) 
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4 

a 
"' 3 

Figure 2-2. Forces acting on tetrahedron body 

Substituting Eg. (2.2.4) into Eg. (2.2.3) we have 

nda=L -' gj 3 ( da. J 
1=1 .jg; 

But 

and we get 

The rate of change of linear momentum for the tetrahedron is 

(2.2.5) 

(2.2.6) 

(2.2.7) 

(2.2.8) 

where v is the velocity of the tetrahedron and d is the perpendicular distance 
from 1 to the surface 234. 



By Egs. (2.2.8) and (2.2.7) we get 

Since 

t= ~tn '-g .. ~ I ,Vt:,ii 
i=l 

t ~g .. =T g. 
I -V bii IJ J t = t g 

.I .I 
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(2.2.9) 

(2.2.10) 

it is evident, that Eg. (2.2.9) implies that t must be a linear transformation of 
n; l.e. 

(2.2.11) 

which relates the stress vector to the unit normal n, it being noted that T is 
defined on the configurations of the material body and in particular does not 
depend upon n. 

Figure 2-3. The physical meaning of the Cauchy stress tensor in the Euclidean space 

The tensor T is called Cauchy's stress tensor or simply the stress tensor. 

2.3 Momentum Balance 

Eg. (2.1.5) can be expressed by way of Egs. (2.1.1) and (2.1.2) in the 
fonn 
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~t fpvdV = fpf dV + ftda 
v v a 

(2.3.1) 

~t f[xxpv]dV= fxxpfdV + fxxtda 
v v a 

(2.3.2) 

Equation (2.3.1) shows that the creation rate due to the external forces 
acting on material is the instantaneous time derivatives of the linear 
momentum of the material in the volume V. 

Equation (2.3.2) states the same, but concerns the angular momentum. In 
Eulerian expression of the material derivative of the volume integral, the 
left-hand side ofEq. (2.3.1) can be expressed as 

~ f pvdV = f ~(pv )dY + f [pvv. n]da 
Dt v v at a 

(2.3.3) 

In Eq. (2.3.3) the volume integral corresponds to the time variation of 
linear momentum in elementary volume Y, and the surface integral 
corresponds to the momentum carried away by the material leaving the same 
geometrical volume. 

Similarly, if g = x x (pv) the right-hand side of (2.3.2) can be rewritten as 

(2.3.4 ) 

Altogether Eqs. (2.3.1) - (2.3.4) describe the Euler theorem, which can 
be stated as follows. In a referential frame, for any material subdomain Y the 
resultant of the elementary body and surface forces and the resultant of the 
corresponding elementary moments are respectively equal to the resultant 
and the overall moment of vectors 

a 
-(pV)dY 
at 

(2.3.5) 

distributed in the volume Y, and the resultant and the overall moment of 
vectors 

[(p v)v· n ]da (2.3.6) 
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distributed on the surface a of the domain V. 
By the divergence theorem, Eqs. (2.3.3) and (2.3.4) are rewritten in the form 

~ fpvdV = f~(pv)dV + fdiv[pv® v]dV 
Dtv vat v 

(2.3.7) 

D f a f -fxxpvdV= x x-(pv)dV+ x xdiv[pv®v]dV 
Dtv v at v 

(2.3.8) 

By the relation 

div(v* ® v)= grad v*· v+ v* div v (2.3.9) 

we get 

!(PV)+diV[PV®V]=p[~ +gradV'V]+V[: +diV(PV)] (2.3.10) 

By Eq. (1.5.2) we get 

~(pV)+ div[pv® v]= p~ 
at dt 

(2.3.11) 

The expressions (2.3.7), (2.3.8) and (2.3.11) give a new form of the 
momentum balance namely the dynamic theorem 

fp~dV = fpf dV + ftda 
v dt v a 

f X X p ~: dV = f x X P f dV + f X X t da 
v v a 

(2.3.12) 

which states that the resultant of the elementary body and surface forces and 
the resultant of the corresponding elementary moments are equal 
respectively to the resultant and the overall movement of the elementary 
dynamic forces. 
Substituting from Eq. (2.2.11) for t in Eq. (2.3.1) and rearranging by way of 
Eq. (1.6.4) gives 
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fp(~-f~V= fTnda 
v dt ;U a 

(2.3.13) 

Using the divergence theorem Eq. (2.3.13) can be rearranged into the 
form 

(2.3.14) 

The condition that Eq. (2.3.14) holds for all arbitrary material regions V 
leads to the field equation form of the balance of linear momentum 

p~=divT+pf 
dt 

which is Cauchy's equation of motion. 

2.4 Properties of the Stress Tensor 

(2.3.15) 

Consider the components of the stress tensor Tij at some point x in the 
current configuration Bt • By Eqs. (2.2.9) and (2.2.11) it follows that 

(2.4.1) 

From Eq. (2.4.1) it is seen that Tij can be interpreted as the j component of 
the force per unit area in B t acting on a surface segment which outward 
normal at x is in the i direction. At a given point x, there exists in general 
three mutually perpendicular principal directions u" (a = 1,2,3), with 
components (na)i (i = 1,2,3) which are the solutions of equation 

(T - cr8)n = 0 1J 1.1 .I (2.4.2) 

corresponding to the roots cr a (a = 1,2,3) which are called the principal 
stresses. 
The stress tensor at x have the representations 

, 

T=L cr a U aQ9n" 
"c I 

(2.4.3 ) 
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The stress vector can be resolved into a component normal to the surface 
element tin) and a component tis) tangential to the surface element. The 
component tin) is called the normal stress and tis) the shearing stress. 
The magnitude O"(n) of tin) is given by 

Using Eq. (2.4.4), O"(n) can be written in the form 

The shearing stress tis) can be written as 

and its magnitude L(S) is given by 

222 
L(S) = t(S)' tiS) = t - O"(n) 

= O"~n~ + O";n~ + O"~ni - (0"1 n~ + 0"2n; + 0"3n~) 

Let nl = 0 and n; = n32 =!. Substituting in Eq. (2.4.7) we get 
- 2 

(2.4.4) 

(2.4.5) 

(2.4.6) 

(2.4.7) 

(2.4.8) 

The values of L(S) satisfying such relations are called the principal 
shearing stresses. The maximum shearing stress is thus equal to half the 
difference between the maximum and minimum principal stresses and acts 
on a plane which makes an angle of 45° with the directions of these principal 
stresses. 
The characteristic equation for T is 

for a = 1,2,3 (2.4.9) 

when JlT, Ja, J3T are called the invariants. 
Taking the coordinate axes as the principal directions it can be shown that T 
has the form 



26 Theory of Thermo mechanical Processes in Welding 

o 

o 

The invariants can be written as 

J IT =0"1 +0"2 +0"3 

J 2T =0"10"2 +0"20"3 +0"30"1 

J 3T =0"10"20"3 

The deviator of the stress tensor T' is defined as 

1 
T'= T --(trT)I 

3 

The expression TO = !trT is called the mean normal stress. 
3 

2.5 The Virtual Work Rate 

(2.4.10) 

(2.4.11) 

(2.4.12) 

Let v* be any velocity field. Owing to its definition, the strain work rate 
RSR (v*) associated with any velocity field v* and relative to material 
domain V, reads 

RSR(v*)= fv*.pfdV+ fv* ·tda- fv* ·padV (2.5.1 ) 
v v 

The last term of Eq. (2.5.1) represents the work rate of inertia forces and 
the first two integrals ofthe right-hand side of Eq. (2.5.1) represent the work 
rate of the external body and surface forces. 

The symmetry of the stress tensor T and the divergence theorem applied 
yield the identity 

fv* ·T· n da = f(T D* + v*· div T)dV 
v 

(2.5.2) 

* where T D* = TiPij and D* is the strain rate associated with velocity field 
v* 
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2D*=L*+(L*Y (2.5.3) 

where L * = grad v* . 
By the motion equation (2.3.15) and Eq. (2.5.2) the strain work rate 

RSR(v*) defined by (2.5.1) can be written as 

RSR (v*) = fdrsR (v*) (2.5.4) 
v 

where drsR (v*) is the infinitesimal strain work rate of the elementary 
material domain dV. 

If velocity field v* is equal to velocity v i.e. it is an actual velocity of the 
material particle, then 

(2.5.5) 

The work rate of the internal forces denoted as RIF is the opposite of the 
strain work rate RSR i.e. 

drIF (v*) = -drsR 

The strain work rate of external forces is defined as 

REF (v*) = f v* . P f dV + f v* . t da 
v a 

and the work rate of inertia forces is 

RIN (v*) = - f v*· padV 
v 

(2.5.6) 

(2.5.7) 

(2.5.8) 

The virtual work rate theorem is simply rewriting Eq. (2.5.1) in terms of 
(2.5.7.) and (2.5.8) 

REF (v*)+ RIN (v*)+ R1F(V*)= 0 (2.5.9) 

for every volume V and velocity v* . 
It states that for any actual or virtual velocity field v* and for any 

material domain V, the sum of the external forces REF (v*), inertia forces 
RIN (v*) and internal forces RIF (v*) is equal to zero. 
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2.6 The Piola-Kirchhoff Stress Tensor 

The strain work rate drsR defined by (2.5.5) is independent of the choice 
of the coordinate system used to describe the motion. The definition (2.5.5) 
corresponds to a Eulerian description. 
By Eqs. (1.3.20) and (1.3.22) the expression (2.5.5) can be written as 

(2.6.1) 

where dE/dt is the transformation ofD in the reference configuration 

(2.6.2) 

Equation (2.6.1) serves to introduce the symmetric Piola-Kirchhoff stress 
tensor S defined by 

S = J( F-1• To (F-1 Y) (2.6.3) 

The tensors D and dE represent the same material tensor in different 
dt configurations. 

Using Eqs. (2.6.1) and (2.6.3), the Lagrangian description of the 
elementary and overall strain work rates drsR (v) and RSR (v) are given, 
respectively, by 

R SR (v) = f drsR (v )dvr (2.6.4) 
V, 

The definition (2.6.3) ofPiola-Kirchhoff stress tensor S gives 

F· S . N dA = T . n da (2.6.5) 

The dynamic theorem Eq. (2.3.12) throughout Eqs. (2.2.11) and (2.6.5) 
expresses the equality between the dynamical resultant of external forces for 
the material domain V in a Lagrangian description as 

(2.6.6) 
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where the domain Vr and the surface A enclosing this domain in reference 
configuration correspond to the domain V and the surface a enclosing it in 
the current configuration. 

The equation of motion in a Lagrangian description is obtained by the 
transformation of the surface integral into volume integral throughout the 
divergence theorem 

OiV(F.S)+Po(r- ~:)=o (2.6.7) 

_a [Ox iS J+ (f-dViJ-o ax a ax ~ 00 Poi dt -
(2.6.8) 

The body force r and the accelerations d v are evaluated in the above 
dt 

equations at point x in the current configuration. 

2.7 The Kinetic Energy Theorem 

The kinetic energy K of the whole matter of the volume V is represented 
by the expression 

(2.7.1) 

The kinetic energy expression can be written in reference configuration as 

(2.7.2) 

The definition of the material derivative of the integral of an extensive 
quantity yields 

OK dK 

Ot dt 
(2.7.3) 

dv 
The definition of material acceleration given by Eq. (1.5.2) lead to 

the following fonn of Eq. (2.7.1) dt 



30 Theory of Thermomechanical Processes in Welding 

(2.7.4) 

The material derivative of the kinetic energy corresponds to the opposite 
of the work rate of the inertia forces, which they develop in the actual 
movement. The inertia forces relative to the material develop their work rate 
in their own movement. 

Let the velocity field v* be the actual material velocity field v in the 
virtual work rate theorem (2.5.9). Together with Eq. (2.7.4) it gives the 
kinetic energy theorem 

(2.7.5) 

It states that in the actual movement and for any domain V, the work rate 
of the external forces is equal to the sum of the material derivative of the 
kinetic energy and of the strain work rate associated with the material strain 
rate. 



Chapter 3 

THERMODYNAMICAL BACKGROUND OF 
WELDING PROCESSES 

3. t Introduction 

In order to derive the thermal and mechanical equations of welding 
processes it is necessary to consider welding as a thermodynamical process. 

In such an approach the thennodynamical state of material system is 
characterized by the value of a finite set of state variables. 

The characterization of a material leads to the characterization of its 
energy state, except kinetic energy. Thermostatics studies reversible and 
infinitely slow evolutions between two equilibrium states of homogeneous 
systems. The state variable necessary for the description of the evolutions 
throughout the first and the second laws of thermodynamics are directly 
observable and are linked by state equations through state functions 
characterizing the energy of the material system. Thermodynamics in 
contrast with thermostatics is the study of homogeneous systems in any 
evolution process. These evolutions are reversible, or not, and occur at any 
rate. The postulate of local state is to extend the concepts of thennostatics to 
these evolutions. 

The postulate of local state for a homogeneous system is the following. 
The present state of a homogeneous system in any evolution can be 
characterized by the same variables as at equilibrium, and is independent of 
the rate of evolution. 

The equilibrium fields of mechanical variables in a closed continuum, 
considered as a thermomechanical system are generally not homogeneous. 
The state of a continuum is characterized by fields of state variables. The 
local values of these variables characterize the state of the material particles, 
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which constitute the continuum, and are considered as an elementary 
subsystem in homogeneous equilibrium. 

The local state postulate for closed continua says that the elementary 
systems satisfy the local state postulate of a homogeneous system. The 
thermodynamics of closed continua is the study of material, which satisfies 
the extended local state postulate. 

The local state postulate for closed continua is local in two aspects. It is 
local considering the time scale relative to the evolution rates and it refers to 
the space scale, which defines the dimensions of the system. 

3.2 The First Law of Thermodynamics 

The conservation of energy is expressed by the first law of 
thermodynamics. It states that the material derivative of energy 1£ of the 
material body contained in any domain V at any time is equal to the sum of 
the work rate REF of the external forces acting on this body, and of the rate 
QO of external heat supply. 

The kinetic energy 'l( of the body and the internal energy E together gives 
the total energy of body 1£. The energy has an additive character. The 
internal energy E can be expressed by a volume density e such that edV is 
the internal energy of the whole body contained in the elementary domain 
dV. 

The energy 1£ of the body volume V is expressed as 

1£ = 'l( + E = f ~ p V 2 dV + f edV 
v v 

(3.2.1) 

where e is a volume density, not a density per mass unit. 
The hypothesis of external heat supply assumes that the external heat 

supply is due to contact effects, with the exterior through surface a limiting 
the material volume V which is the external heat provided by conduction. 
The external heat supply is also due to external volume heat sources. The 
rate QO can be written as 

(3.2.2) 

where q is the surface rate density of heat supply by conduction. The 
quantity q is assumed to be a function of position vector x, time t and 
outward unit normal n to the surface a 
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q =q (x, t, n) (3.2.3) 

In Eq. (3.2.2) the density r = r (x, t) is a volume rate density of the heat 
provided to V. 

The total work rate REF (v) of the external forces in the whole body in 
volume V is 

REF (v) = f v . t da + f v . P f dV 
v 

then for any volume V the first law of thermodynamics reads 

(3.2.4) 

(3.2.5) 

Combining the first law (3.2.5) and the kinetic energy theorem (2.7.5) 
yields 

DE 0 
-=RSR +Q 
Dt 

(3.2.6) 

which expresses that the internal energy variation DE in time interval dt is 
due to the total strain work RsRdt and the external heat supply Qdt. 

3.3 The Energy Equation 

The material derivative of the internal energy is obtained by letting g = e 
in Eq. (1.5.8) of the material derivative ofa volume integral 

DE D f R Be . ( )] - = - edV = - + dIve v dV 
Dt Dtv vat 

(3.3.1) 

Making use of(3.2.2), (2.5.4), (3.1.1) and the energy balance (3.2.6) we get 

(3.3.2) 

Letting for f(x, t, n) = - q (x, t, n) in the relation 
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fh(x,t)dV = - ff(x,t,n)da (3.3.3) 
v a 

we get 

q =-q·n (3.3.4) 

where q is the heat flux vector. Using the expression (1.5.1) of the 
particulate derivative for the internal energy e, the local expression for the 
first law of thermodynamics in the Eulerian approach is 

de + edivv = TD+ r - divq 
dt 

(3.3.5) 

The expression (3.3.5) is called the Eulerian energy equation. 
Multiplying Eq. (3.3.5) by dV and using Eq. (2.6.4) we have 

~(edV)=drsR +(r-divq)dV 
dt 

(3.3.6) 

The expression (3.3.5) corresponds to a balance of internal energy for the 
elementary material system dV. In Eq. (3.3.6) the term d (e dV) represents 
the variation of internal energy of the body observed from the material 
particle between time t and t + dt. Equation (3.3.6) indicates that this 
variation is equal to the energy supplied to the open system during the same 
interval. 

The energy supply is the sum of two terms: the elementary strain work 
drsR, that corresponds to the part of the external mechanical energy given to 
the system and not converted into kinetic energy and the external heat 
provided both by conduction given by the term - div q dt dV and by external 
volume heat sources given by the term r dt dV. 

Define the Lagrangian vector Q by the relation 

Q . N . dA = q . n· da (3.3.7) 

The expression (3.3.7) represents the heat flux q . n· d a throughout the 
oriented material surface d a = n . d a in terms of the oriented surface 
dAr = N· dA. 
By (1.3.17) we get 

q = F· Q! J (3.3.8) 
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The Lagrangian volume density of internal energy E = E (x, t) is given by 

E dVr = e dV (3.3.9) 

By using Eq. (3.3.9) 

TDdV =S dE dV 
dt r 

rdV = RdVr (3.3.10) 

From Eq. (3.3.6) finally we get 

dE dE . 
-=S-+R-DIVQ 
dt dt 

(3.3.11) 

which corresponds to the Lagrangian formulation of the Eulerian energy 
equation (3.3.5). 

3.4 The Second Law of Thermodynamics 

The conservation of energy is expressed by the first law. The second law 
is of a different kind. It states that the quality of energy can only deteriorate. 
The quantity of energy transformed to mechanical work can only decrease 
irreversibly. In the second law a new physical quantity is introduced, 
entropy, which represents a measure of this deterioration and which can 
increase when considering an isolated system. In a system that is no longer 
isolated, the second law defines a lower bound to the entropy increase, 
which takes into account the external entropy supply. The latter is defined in 
term of a new variable, the temperature. The second law can be formulated 
as below. 

The material derivative of a thermodynamic function S, called entropy 
attached to any material system V is equal or superior to the rate of entropy 
externally supplied to it. The external entropy rate supply can be defined in 
terms of a universal scale of absolute temperature denoted by Sr and 
positively defined. 

The external entropy rate is then defined as the ratio of the heat supply 
rate and the absolute temperature at which the heat is provided to the 
considered subsystem. We denote by s the entropy volume density, such that 
the quantity sdV represents the entropy of all the matter presently contained 
in the open elementary system dV. 
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The total entropy S of all the matter contained in V is 

S= fSdV (3.4.1) 
v 

The second law reads 

DS fq·n f r -~- --da+ -dV 
Dt a T v Sr 

(3.4.2) 

The right-hand side of inequality (3.4.2) represents the rate of external 
entropy supply. This external rate is composed of both the entropy influx 
associated with the heat provided by conduction through surface a enclosing 
the considered material volume V, and of the volume entropy rate associated 
with the external heat sources distributed within the same volume. 

Eq. (3.4.2) implies that the internal entropy production rate cannot be 
negative in real evolutions. The entropy S of a material system V at q = 0 
and r = 0 cannot spontaneously decrease. 

The material derivative of a volume integral in the Eulerian expression 
for g = s reads 

DS = ~ fSdV = f[as + div (s v)] dV 
Dt Dt v v at 

(3.4.3) 

By Eqs. (3.4.2) and (3.4.3) it follows that the volume integral must be 
non-negative for any system V, 

as d' ( ) d' q r 0 -+ IV SV + IV---~ 
at Sr Sr 

(3.4.4) 

where the surface integral has been transfonned to the volume integral. The 
expression (3.4.4) can be rewritten as 

as d' d' q r -+s IVV+ IV---~O 
at Sr Sr 

(3.4.5) 

Multiplying Eq. (3.4.5) by dV, the above inequality becomes 
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.!(s dV)+ [diV~ - ~J dV 2 0 
dt 8 r 8 r 

(3.4.6) 

In Eq. (3.4.6) the tenn .!(sdV) represents the variation in entropy of this 
dt 

open system, during the infinitesimal time interval dt observed from any 
material point. 

By energy equation (3.3.5), the fundamental inequality (3.4.5) can be 
written as 

ds de ( ). q T D + 8 . - - - - e - 8 s dlV V - - . grad 8 2 0 
I dt dt r 8 r 

r 

(3.4.7) 

Now we define the free volume energy of the open system dV 

(3.4.8) 

By Eqs. (3.4.8) and (3.4.7) we get 

TD d8r d\jf d· q d8 0 +s----\jf Ivv--·gra r 2 
dt dt 8r 

(3.4.9) 

The Eq. (3.4.9) is the fundamental inequality or so-called Clausius­
Ouhem inequality. It corresponds to a Eulerian approach. 

The Lagrangian approach of the fundamental inequality leads to 
expressing OSIOt in tenns of the Lagrangian entropy density S defined by 

S dVr = s dV (3.4.10) 

By transport fonnula (3.3.7) and (3.3.10) together with a Lagrangian 
expression of the material derivative of the integral of an extensive variable, 
the inequality (3.4.2) can be rewritten as 

DS 0 f fdS fQ . N f R -=- SdVr = -dVr 2- --dAr + -dVr 
Ot Ot V V dt 8 r \" 8 r 

c c c 

(3.4.11) 

The expression (3.4.11), which holds for any domain Vr can be written in 
Lagrangian fonnulation of the Eulerian inequality in the fonn 



38 Theory of Thermo mechanical Processes in Welding 

dS . Q R 
-+DIV---~O 
dt Sr Sr 

(3.4.12) 

By the Lagrangian energy equation (3.3.11) and the posItIveness at 
absolute temperature Sr, from the inequality (3.4.12) it follows that 

dE dS dE Q 
S-+S -----. GradS ~O 

dt r dt dt S r 
r 

(3.4.13) 

We define the free Lagrangian energy density 'I' as 

'I' dVr = \jf dV (3.4.14) 

By Eqs. (3.4.13) and (3.4.14) we get 

dE dSr d'I' Q 
S--S-----·GradS ~O 

ili ili ili Sr r 
(3.4.1S) 

The expression (3.4.1S) is the Lagrangian formulation of the Clausius­
Duhem inequality. 

3.5 Dissipations 

The left-hand side of Eq. (3.4.1 S) which will be noted n is the 
dissipation per unit of initial volume dVr. The second law requires the 
dissipation n and the associated internal entropy production n/Sr to be non­
negative. The dissipation n is the sum of two terms 

(3.S.1) 

where 

n = S dE _ S dSr __ d'I' 
I dt dt dt 

(3.S.2) 

The local state postulate assumes that all the quantities appearing in Eq. 
(3.S.2) depend only on the state variables characterizing the free energy 
\f'dVr of the open elementary system dYr. 
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The second dissipation H:> is defined as 

Q IT = --. Grad B 
2 B r 

r 

(3.5.3) 

and is called the thennal dissipation associated with heat conduction. By 
definition (3.4.14) of'l' and definition of ITI (3.5.2), the Lagrangian energy 
equation (3.3.11) is rewritten as 

(3.5.4) 

The expression (3.5.4) is called the Lagrangian thennal equation. Using 
Eqs. (3.5.3) and (3.5.4) we get 

(3.5.5) 

The thennal equation (3.5.4) or equivalently Eq. (3.5.5) corresponds to a 
balance in entropy for the elementary system dVr. The tenn d(SdVr) is the 
entropy variation, during the time interval dt, observed from the point of the 
open system dVr • 

The internal source of entropy (IT/B r) dt dVr is the sum of the production 
(IT2/Br) dt dVr associated with heat conduction and the production (IT/Br) dt 
dVr associated with the mechanical dissipation ITI dVr dt. As it will be seen 
later, ITl dVr dt corresponds to a mechanical energy converted into heat by 
mechanical dissipation. Thus, the mechanical dissipation ITI appears as a 
heat source in thennal equation (3.5.4). 

A Lagrangian approach to thennal equation is introduced below. If IT; is 
the Eulerian dissipation volume densities, then 

J 11:j = IT; (3.5.6) 

The respective expressions can be written as 

dBr d'l' \TId' 
11: =TD-s----- T IVV 

1 dt dt 
(3.5.7) 

11:0 = -~. grad Br 
- Br 
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By Eqs. (3.5.1) and (3.5.6), for the densities 1tj the following relation 
holds 

(3.5.8) 

The Eulerian thennal equation takes the fonn 

8 r [ :: + s diVV] = r - divq+ 1t, (3.5.9) 

3.6 Equations of State for an Elementary System 

For any evolution of the continuum the energy states of the elementary 
systems depend on the same state variables as at equilibrium. The free 
energy volume density 'I' depends locally on the state variables, but not on 
their rates nor on their spatial gradients. We assume that it is also true for the 
Piola-Kirchhoffstress tensor S. In Eq. (3.5.1) the dissipation Il2 depends on 
Grad T. Let Grad T = 0 (Il2 = 0), then the non-negativeness of intrinsic 
dissipation II, is derived independently of the non-negativeness of total 
dissipation II 

(3.6.1) 

The expression (3.6.1) is derived from the second law and the local state 
postulate. 

In Eq. (3.6.1) the energy S dE represents the energy supplied to the 
elementary system dVr , not in the fonn of heat and not converted into kinetic 
energy during the time interval dt. It is actually supplied if positive, 
extracted if negative. The energy d'P + Sd8r = dE - 8rdS is the part of the 
previous energy that the system effectively stores in the time interval dt in 
any other fonn but heat. It is actually stored if positive, extracted if negative. 

The Lagrangian expression of the particulate derivatives used here do not 
involve gradients, contrary to the corresponding Eulerian expression, which 
has importance in this reasoning. 

The free energy 'P can be written as 

'P = 'P (8" Eap, ml, ... , mn) (3.6.2) 

based on the local state postulate. 
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The variables 8r, Eap, m], ... , mn constitute a set of state variables 
characterizing the state of the open system dVr • By the local state postulate, 
these state variables are macroscopic variables. 

The non-negativeness of the intrinsic dissipation expressed by (3.6.1) 
gIves 

( S- aT) dE _ aT . d m _ (s + aT) d8 r 2: 0 
aE dt am dt a8 r dt 

(3.6.3) 

In Eq. (3.6.3) a\f' /a E stands for the tensor of components aT /aE"ll and 

aT d m 0'1' . aT . 
-_·--=--·m=--·m I am dt am Om i 

(3.6.4) 

where 

. dm 
m=--

dt 
(3.6.5) 

The inequality (3.6.3) is relative only to this elementary open system dV r 

under consideration. 
We state that a set of state variables characterizing an elementary system 

is normal if variations of this particular state can occur independently of the 
variations of the other variables of the set. 

The hypothesis introduced by Helmholtz states that it is possible to find a 
set of variables, which is normal with respect to absolute temperature 8r • In 
Eq. (3.6.3) with such a set of variables, real evolution can occur with 
arbitrary variations d8r and zero variations for the other variables of the set. 
From Eq. (3.6.3) it follows that 

s=- aT 
a8 r 

(3.6.6) 

because the inequality (3.6.3) must remain satisfied for these particular real 
evolutions, and assuming that the present value of entropy S is independent 
of the temperature rate d8/dt. 

Assume that the variable set is normal with respect to the state variables 
Eap, and that the present value of the Piola-Kirchoff stress tensor S is 
independent of the rates dE/dt. 



42 Theory of Thermo mechanical Processes in Welding 

Then we have 

s = o\}' 
oE (3.6.7) 

Equation (3.6.7) associates the state variables en Eap with their dual 
thermodynamic variables -S and S. They are called the state equations of the 
system. They still hold for a system of evolution in holding at equilibrium. 

3.7 The Heat Conduction Law 

By the second law of thermodynamics and the local state postulate we 
get the relation 

(3.7.1) 

where the Eulerian dissipations 1t1 and 1t2 are the intrinsic dissipation and the 
dissipations associated with transport phenomena, per unit volume dV in the 
current configuration expressed by (3.5.6). The internal entropy production 
rate 1t2/er is due to the assembly of adjacent elementary systems that ensures 
the continuity of the medium, contrary to the intrinsic internal entropy 
production rate 1t/er related to the elementary system, which is considered 
independently of the other system. 

The hypothesis of dissipation decoupling which is more restrictive than 
the above assumes 

(3.7.2) 

The heat conduction law will be formulated on the basis of hypothesis 
(3.7.2). 
By (3.6.2) and (3.6.7) the dissipation IT1 fulfills the expression 

a\}' . 
IT1 =--·m2':O 

am 

The above equation can be written in the form 

The rates m 1 of the internal 
thermodynamical forces B mi' 

3\f' B =--
ill am 

variables are 

(3.7.3) 

(3.7.4) 

associated with the 
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The hypothesis of nonnality of a dissipative mechanism consists of 
introducing the existence of both a set of internal variables m I and a 
function H of their rates 

B =_ aH 
m am 

The function H is called the dissipation potential. 

(3.7.5) 

The hypothesis (3.7.2) requires the non-negativeness of thennal dissipation 

(3.7.6) 

From Eq. (3.7.6) the entropy vector q 18r and the thennodynamic force­
grad 8r are associated as in Eq. (3.7.6). The decoupling hypothesis (3.7.2) 
and the resulting inequality (3.7.6) states that the heat flows from high 
temperatures. The positiveness of the associated internal entropy production 
rate Tr2/8r expresses that it is not-less evident to find a cold source to extract 
efficient mechanical work from this heat. 

Let He (q/8r) be the dissipation potential. Assume the normality of the 
associated dissipative mechanism. From Eq. (3.7.6) we get the hcat 
conduction law 

aH, 
- grad 8 r =,-,( ~) 

o ql 8 r 

(3.7.7) 

If we define H2 as 

(3.7.8) 

where k is a symmetric tensor, Eqs. (3.7.7) and (3.7.8) give the linear heat 
conduction law called the Fourier law 

q = - k grad 8r (3.7.9) 

where k is the so-called thermal conductivity tensor, relative to the current 
configuration. Since H2 defined by Eq. (3.7.8) is a quadratic function, the 
corresponding irreversible process is linear and the thermal dissipation 
associated with heat transport is IT2 = H2 per unit volume dV. 
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In Lagrangian approach we have 

(3.7.10) 

[ Q) 1 -1 H2 - =-Q·K .Q 
Sr 2Sr 

(3.7.11) 

(3.7.12) 

and finally we get 

Q = - K . Grad Sr (3.7.13) 

where 

(3.7.14) 

For isotropic material in reference configuration the tensor K is written as 

K=Kl (3.7.15) 

3.8 Thermal Behaviour 

The thermal behaviour of material is defined by assuming the dissipation 
being equal to zero in any evolution, and thus by the absence of internal 
variables. The constitutive equations of the thermal system reduce the state 
equation to 

(3.8.1) 

where the energy ~ depends on the external variable Sr 
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(3.8.2) 

The expression (3.8.2) has to be specified to get the constitutive 
equations. The linearization presented here assumes small temperature 
variations e = er - e~. Under this assumption the expression of the free 
energy'¥ = '¥ (er) as a second-order expansion with regard to argument e is 
assumed as 

By Eq. (3.8.3) we get 

1 0 

'¥ = -s e - - be­
o 2 

The time differentiation ofEq. (3.8.4) gives 

In the physical linearization limit, the thermal Eq. (3.5.4) reads 

(3.8.3) 

(3.8.4) 

(3.8.5) 

(3.8.6) 

In Eq. (3.8.6) R - Div Q represents the external rate of heat supply to the 
elementary open system and C", = e~ b is the volume heat capacity per unit 
of initial volume, so that the heat needed to produce a temperature variation 
e in an iso-deformation (E = 0) is equal to c",e. 

3.9 Heat Transfer in Cartesian Coordinates 

In the case of infinitesimal transformation in Cartesian coordinates the 
point of the space is described by the position vector x = x (x), X2, X3). Under 
the assumption of infinitesimal transformation the reference configuration is 
equal to the current configuration, and the following relations hold x = x, 
F = 1, J = 1 and r = R, q = Q. Moreover for simplicity let e~ = o. 
By Eqs. (3.8.5) and (3.8.6) we get 

C de D· -=r- Ivq 
'" dt 

(3.9.1) 
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By Eq. (3.7.6) we get from (3.9.1) 

c'" de =r+div(kgrade) 
dt 

C A de = r + ~ [k. ae J 
'-' dt ax 1J ax. 

1 J 

Using the definition of particulate derivative, Eq. (3.9.2) becomes 

C", (: + v grad e) = r + div (k grad e) 

CA(ae +v ae )=r+~(k ae J '-' at 1 ax ax 1J ax 
1 1 J 

Ifv = 0, then we get the following form of heat transfer equation 

C", ae =r+div(kgrad8) 
at 

3.10 Heat Convection 

(3.9.2) 

(3.9.3) 

(3.9.4) 

A frequently encountered case of practical significance in welding is the 
heat exchange between a material wall and an adjacent gas or liquid. Heat 
exchange in fluids takes place by convection, but near a wall there exists a 
very thin layer in which heat exchange takes place by conduction. In the case 
where heat exchange is stationary, the heat is transferred from the wall 
towards the center of the fluid. If the intensity of heat transferred is higher, 
then the drop in temperature per unit length in a direction perpendicular to the 
wall is lower. Near the wall one observes a significant drop of temperature 
because in the thin boundary layer conduction plays a decisive role and heat 
exchange is less intensive in the boundary layer than in areas remote from 
the wall, where convection also takes place. 

The phenomenon described above is known as heat convection. 
Mathematically it is described by the Newton equation 

(3.10.1) 

where 8w is the wall temperature, 81 is the fluid temperature at a sut1iciently 
great distance from the wall, and the method of determination of 81 is usually 
precisely laid down. The magnitude h determining the heat exchange 
intensity is called the heat convection coefficient. 
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3.11 Heat Radiaton 

A black body which is essential to radiation theory is a hypothetical body 
which absorbs all radiant energy falling onto it, transmitting and reflecting 
nothing. Heat radiation occurs in accordance with the Stefan-Boltzmann law, 
which states that the energy radiated by a black body is proportional to the 
fourth power of the absolute temperature of that body. Mathematically this 
law is expressed by the formula 

[ ]

-l 

-c ~ 
q - 0 100 (3.11.1) 

where C, is the so-called radiation coefficient of the black body and 8r is the 
absolute temperature. The heat radiated through the surface A per unit time 
IS 

-c A~ [ ]

4 

qh - " 100 (3.11.2) 

Real bodies are not black bodies and at a given temperature will radiate 
less energy than a black body. If the ratio of the energy radiated by the real 
body to the energy radiated by the black body in the same conditions does 
not depend on radiation wavelength, then this body is called a gray body. 
The heat exchange between gray bodies is described by the equation 

(3.11.3) 

where 8~ and 8; are the absolute temperatures of the bodies radiating the 
heat, AI is the surface of the body at temperature 8~, and <1>1-2 is the 
coefficient taking into consideration the deviation of the properties of the 
analyzed body from the properties of the black body and the geometrical 
system of the two bodies. 

Heat exchange based on pure conduction, convection or radiation holds 
during welding very rarely. These three fundamental kinds of heat exchange 
nonnally appear in various combinations. A common case is the exchange of 
heat through a solid wall by a combination of radiation and convection. In this 
case a substitute coefficient of heat exchange by radiation hr is introduced 
which is defined as follows 
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(3.11.4) 

where ql_ 2 is the heat exchanged by radiation, given by Eq. (3.11.3), e~ is 
the wall temperature, and e~ is the reference temperature. The reference 
temperature e~ does not have to be equal to the temperature e; appearing 
in Eq. (3.11.3), and in the case of convection and radiation one puts it equal 
to the fluid temperature e~ . The expression (3.11.4) can then be rewritten in 
the form 

(3.11.5) 

Heat exchange by both convection and radiation can be described by the 
relation 

(3.11.6) 

where hr is the heat radiation coefficient described by Eq. (3.11.4) or 
(3.11.5), and e; and e~ are wall and fluid temperatures respectively. 

3.12 Initial and Boundary Conditions 

The initial and boundary conditions are necessary to solve the heat 
condition equation. The initial condition prescribes the temperature at time 
t = 0, that is 

e (x, 0) = f(x) (3.12.1) 

The boundary conditions describe the heat exchange at the boundary of 
the body and are given by one of three possible cases. 
I. The temperature distribution on the boundary of the body at any time t 

(3.12.2) 

where e;' (t) is the body surface temperature. This condition is called a 
boundary condition of the lirs! kind. 
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2. The heat flux is determined at each point of the body surface 

qw (t) = h (t) (3.12.3) 

This condition is called a boundary condition of the second kind. 
3. The temperature of the surrounding medium and the relation describing 

the heat exchange between the heat-conducting material and the 
surroundings are known. The heat exchange between the heat­
conducting body and its surroundings takes place by convection, 
radiation or by both of these phenomena and is most conveniently 
described by the Newton equation (3.10.1) 

The Newton equation written for the surface element da 

(3.12.4) 

shows the amount of heat exchanged by the element with the surroundings. On the 
other hand the same amount of heat has to be conducted at the boundary of 
the body, i.e. 

dqh = - k (grad 8)w da (3.12.5) 

where (grad 8)w denotes the magnitude of the temperature gradient between 
the boundary of the body and the surroundings. Comparison of the above 
two expressions for dqh gives 

(3.12.6) 

The above condition is called the boundary condition of the third kind. In 
the mathematical theory of heat conduction the ratio a/k is often denoted by 
h and is called the heat exchange coefficient. 

A fourth kind of boundary condition covers heat exchange with 
surroundings by conduction. In heat exchange with surroundings by 
conduction the material surface temperature 8~ and the surroundings material 
temperature 8: are identical 

(3.12.7) 

Moreover magnitudes of heat fluxes on the surface separating the 
materials considered are identical 
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(3.12.8) 



Chapter 4 

MOTION OF FLUIDS 

4.1 Viscous Fluids 

In welding processes a material is analyzed either in solid or fluid state. 
If under the action of forces the deformation of the body increases 
continuously and indefinitely with time we say that a material flows. In the 
case of a purely viscous material, a stress is only generated if the amount of 
strain is changing, the stress generated by strain being considered to relax 
instantaneously. 

Euler's equation of motion of an ideal fluid can be written in the form 

where 

~(pv)= -divII 
at 

I1=PI+pv®v 

(4.1.1) 

( 4.1.2) 

is the momentum flux density tensor and P is the thermodynamic pressure. 
The momentum flux given by Eq. (4.1.2) represents a completely reversible 
transfer of momentum, due to the mechanical transport of the different 
particles of fluid from one point to another and to the pressure forces acting 
on the fluid. 

The viscosity (i.e. internal friction) is due to another, irreversible transfer 
of momentum from points where the velocity is larger to those where it is 
small. The equation of motion of a viscous fluid may be obtained by adding 
to the ideal momentum flux of Eq. (4.1.1) a term -TE which gives the 
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irreversible transfer of momentum in the fluid. Thus the momentum flux 
density tensor in a viscous fluid is written in the form 

The tensor 

II=Pl+pvQ9v-TE 

=-T+pVQ9V 

is the stress tensor and the tensor T E is called the extra stress. 
For the no-flow condition the stress must be ofthe form 

(4.1.3) 

(4.1.4) 

(4.1.5) 

where Po is the hydrostatic pressure. For an ideal nonviscous fluid, P = Po 
where P is the thermodynamic pressure. 

A definition of a purely viscous fluid was proposed by Stokes. It was 
based on the assumption that the difference between the stress in a 
deforming fluid and the static equilibrium stress given by Eq. (4.1.5), i.e., 
the extra stress T E depends only on the relative motion of the fluid. 
Thus, the constitutive assumption of Stokes may be expressed in the form 

(4.1.6) 

that is 

T=-PI+f(O) f(O)= 0 (4.1.7) 

where P is the thermodynamic pressure. 
When the function f is linear, the fluid is referred to as a Newtonian fluid 

and the constitutive equation can be expressed in the form 

T=-PI+AO (4.1.8) 

Eg. (4.1.8) can be transformed to the form 

(4.1.9) 

where AI II and A(21 are scalars and (trO) is the first invariant of the rate of 
strain tensor. 
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Eq. (4.1.9) can be expressed in the form 

(4.1.10) 

where A( 1) = !l = const and A(2) = 11 = const. 
Eq. (4.1.10) is the Navier-Poisson law. It is evident from Eq. (4.1.10) that 

two constants 11 and !l characteristic the material properties, are required to 
define the properties of the Newtonian fluid. Since the shearing components 
of TEare given by the tenn 211Dij (i =I- j), the coefficient 11 is called the shear, 
or dynamic viscosity. 
Eq. (4.1.10) can be expressed in terms of the deviators 

1 
T'= T--{trT)1 

3 

1 
D'= D--{trD)1 

3 

to give the constitutive equation for a Newtonian fluid in the form 

where 

(4.1.11) 

(4.1.12) 

(4.1.13) 

(4.1.14) 

is the mean pressure. Since tr T' = 0, and tr D' = 0 , Eq. (4.1.13) gives 

(4.1.15) 

The condition of Eq. (4.1.15) together with the equation of continuity 
expressed in the form 

d. 1 Dp 
trD= IVV=--­

p Dt 
(4.1.16) 
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reduces Eq. (4.1.13) to the relation 

T'= 211D' 

- () 1 Dp P=P-I; trD =P+I;--
p Dt 

when I; = ~ + ~ll is the bulk viscosity. 
3 

(4.1.17) 

(4.1.18) 

From Eq. (4.1.18) it is evident that the mean pressure P equals the 
thermodynamic pressure P if the following two conditions is satisfied 

or the bulk viscosity 

trD=O 

2 
I;=~+-YJ=O 

3 

which is called the Stokes condition. 
For an incompressible fluid Eq. (4.1.10) reduces to 

T=-PI+2YJD 

4.2 Navier-Stokes Equation 

(4.1.19) 

(4.1.20) 

(4.1.21) 

A fluid obeying Fourier's law of heat conduction satisfies the thermal 
equation 

c~(: +VV8)=V(kV8)+r (4.2.1) 

Density changes are allowed to occur in the fluid in response to changes 
in the temperature according to the relation 

p = Po [(1 - ~(8 - 80 ))] (4.2.2) 
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where ~ is the coefficient of volumetric thermal expansion and subscript 0 

refers to the reference conditions. 
For the incompressible case the conservation of mass equation is written 

in the form 

div v = 0 

If g is the acceleration due to gravity, then 

and we get the equation of motion in the fonn 

p~ = divT- pg~(8 - 8 0 ) 
dt 

(4.2.3) 

(4.2.4 ) 

(4.2.5) 

To complete the formulation of the boundary-value problem, suitable 
boundary conditions for the dependent variables are required. For the 
hydrodynamic part of the problem either velocity components or the total 
surface stress (or traction) must be specified on the boundary of the fluid 
region. The thermal part of the problem requires a temperature or heat flux 
to be specified on all parts of the boundary. Symbolically, these conditions 
are expressed by 

(4.2.6) 

(4.2.7) 

In Eqs. (4.2.6) and (4.2.7) s denotes a generic point on the boundary, and 
nj are the components of the outward unit normal to the boundary. 



Chapter 5 

THERMOMECHANICAL BEHAVIOUR 

5.1 Thermoelasticity 

In the weld and base material complex strains occur being the result of 
welding heat source acting on the welded structure. The deformation of 
welded structure is thermo-elastic or thermo-elastic-plastic. Thermo­
mechanical coupling in thermo-elastic material is described by the following 
state equations 

s = 3\f' 
3E 

(5.1.1) 

In thermo-elasticity the free energy \f' depends on temperature e r and strain 
E 

(5.1.2) 

Assume small temperature variations e = e r - e~. The free energy is 
expressed in the form 

o 1 1 2 
'¥ = S E- S e + - E C E- e A E - - be 

o 2 2 
(5.1.3) 

where C, A, b are material characteristics. Tensor C, which is a tensor of the 
fourth order, is called the elasticity tensor 

(5.1.4) 
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Tensor C is symmetric 

(5.1.5) 

Appearing in Eq. (5.1.3) tensor A is a symmetric second-order. The term 
- A 8 represents the stress variation S - So produced by the temperature 
variation 8 in deformation when E = o. 
The constitutive equations are obtained by Eqs. (5.1.1) and (5.1.3) to give 

Differentiation ofEq. (5.1.7) with respect to time t gives 

Thus the thermal equation (3.5.4) reads 

where 

80 dS =R-DivQ+ITl 
r dt 

(5.1.6) 

(5.1. 7) 

(5.1.8) 

(5.1.9) 

(5.1.10) 

is the intrinsic volume dissipation associated with the open system dVr • The 
dissipation ITl due to the non-dissipative character of thermo-elastic 
behaviour is equal to zero. 

5.2 Plastic Strain 

Plastic strains are typical for welding processes. In order to describe 
these irreversible evolutions we have to know both external variables i.e. the 
strain tensor e, temperature 8r and internal variables. 

Any elementary system in a present state is characterized by the stress 
tensor T and the temperature 8r • Let dT and d8 r be incremental loading 
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variations ill stress and temperature, respectively, and dE the incremental 
strain. 

In the elementary unloading process defined by the opposite increments -
dT, - d8n the reversible elastic strain increments - dEe is observed. 
The plastic strain increment dEP is defined by 

dE = dEe + dEP (5.2.1) 

In the initial configuration, for which E = 0 the initial stress TO and the 
temperature 8~ are given. The plastic strain is defined as the integrals of 
increments dEP 

(5.2.2) 

The plastic strain EP can be measurable in the unloading process from the 
current state. This state restores the initial stress denoted by TO and the 
temperature 8~. According to its definition and to the experiments needed 
for its determination, plastic variable EP is an internal state variable, since it 
is not accessible to direct observation. The increment dE of the external 
variable can be measured in experiments. The increment dEe of the internal 
variable is obtained by subtracting the successive value of the external 
variable increment in experiments that correspond to the opposite variation 
of the loading. The incremental nature of plasticity is observed as the 
internal plastic variable EP measured only as integrals of increments, contrary 
to the external variable E, which is directly measurable. 

5.3 State Equations 

The infinitesimal transformation is defined by the relation 

IIGrad "11« 1 (5.3.1) 

where " = x - X is the displacement vector. In infinitesimal transformation 
the displacement gradients are infinitesimal and we use the linearized 
approximation E of the Green-Lagrange strain tensor E 

T 2E ~ 2E = grad" + grad" 

The Jacobian J of the transformation is 

J~I+trE 

(5.3 .2) 

(5.3.3) 
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The relation combining the Cauchy stress tensor T and the Piola­
Kirchhoff stress tensor S is 

(5.3.4) 

where F = 1 + Grad u 
By the infinitesimal transformation hypothesis 

T = (- tr E) S + grad u . S + S grad u T (5.3.5) 

The thermodynamic states of a plastic material in infinitesimal 
transformation are characterized by the external variables en E and the 
internal variables eP and m! (I = 1, ... , N). The free energy is a function of 
the external and internal variables 

(5.3.6) 

The variables m in Eq. (5.3.6) characterize the hardening state. The state 
equations are expressed in the fonn 

s = _ a'I' 
ae r 

(S.3.7) 

The expressions (5.3.7) are based on the normality of external variables 
en E with regard to the whole set of state variables. In plastic behaviour 
actual evolutions of these external variables varies independently from the 
other and must correspond to infinitesimal elastic evolutions from the 
present state in which de P = o. The validity of state equations (5.3.7) on the 
border of the elasticity domain is ensured so long as free energy 'I' is 
continuously differentiable with respect to the external variables. The 
expression of free energy 'I' is presented as the second-order expansion with 
respect to the variables ef> E, eP close to the initial state. 

'I' = TO(E-EP )-So8+~(E-EP)C (E-EP) 

- e A (E - EP )-~~e2 + U(m) 
2 To 

(5.3.8) 

with e = 8r - e~ . From Eqs. (S.3.7) and (S.3.8) the elastic state equations are 

(S.3.9) 
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(5.3.10) 

In an isotropic case Eq. (5.3.9) reads 

(5.3.11) 

(5.3.12) 

Through thenno-mechanical coupling, - A 8 represents the stress variation 
T - TO produced by temperature variation 8 in defonnation when s - EP = O. 
K appearing in Eq. (5.3.11) is the bulk modulus and Co is the volume heat 
capacity per unit of initial volume, a is the thennal dilatation coefficient and 
f.l is the Lame constant. The above state equations can be obtained for an 
elastic case by assuming sP = O. The frozen energy U (m) appearing in 
Eq. (5.3.8) is the energy due to hardening and is assumed to be independent 
of the external state variable s. 

Assume that the function U (m) is independent of temperature 8r thus, the 
evolution of entropy S is decoupled from the hardening evolution and the 
hardening latent heat is assumed to be zero. The case when the function U 
depends on temperature (i.e. for a non-zero hardening latent heat) is 
discussed in Section 5.6. Expression (5.3.8) of free energy 'l' is based on a 
hypothesis of separation of energies. The sum of an energy depends only on 
reversible variables and frozen energy. 
Introduce the definition of the reduced potential in the form 

(5.3.13) 

which leads to rewriting the state equations (5.3.9) and (5.3.10) in the fonn 

T- aw _ aw 
- a(s - s P ) - aE e 

Let W*(T) be the Legendre-Fenehel transfonn ofW (se) defined as 

W* =T se_ W 

(5.3.14) 

(5.3.15) 

where T and se are linked by relation (5.3.14). Equations (5.3.13) - (5.3.15) 
yield 
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(5.3.16) 

where 

(5.3.17) 

By the properties of the Legendre-Fenchel transform 

aw* e-eP=ee=_-
aT (5.3.18) 

The expressions (5.3.16) and (5.3.17) yield 

(5.3.19) 

which in the isotropic case give 

P l+vo ( 0) Vo ( 0) e e-e =-- T-T --tr T-T l+u o 1 
Eo Eo 

(5.3.20) 

where v is the Poisson ratio and E is the Young modulus with the subscript 
o referring to the initial state. 

5.4 Plasticity Criterion 

In modeling of welding process it is important to assume the appropriate 
material characteristic of the weld and base material. The plasticity criterion, 
hardening effects and plastic flow rule should be assumed in such a way to 
describe the process as realistic as possible. 

The stress T at any loading state characterizes any open elementary 
system. The loading point (T) in the stress space IT} represents the present 
loading state. Denote the domain of elasticity in initial state by CD. It 
contains the zero loading point (T) = (0). In the elasticity domain the strain 
increase remains reversible or elastic, for any path of the loading point (T) 
starting from the origin of space and lying inside this domain (Fig. 5-1.). 

A hardening frozen energy is absent in ideal plastic material without any 
hardening effect. The initial domain of elasticity for this material is not 
changed by the appearance of plastic strain. The elasticity domain is 
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identical to the initial domain, and the loading point (T) cannot leave this 
domain (Fig. 5-1.). If the loading point is and remains on the boundary of the 
elasticity domain Co as illustrated by the loading path 12 in Fig. 5-l. then 
the evolutions of plastic strain occur. Consider a loading path leaving the 
boundary towards the interior of domain CD. It can be for instance the path 
23 in Fig. 5-1, corresponding to a purely elastic evolution of the elementary 
system. It corresponds to an elastic unloading. 

Figure 5-1. Elasticity domain of ideal plastic material 

The elasticity domain is defined by a scalar function F. It is called the 
loading function and has T as its arguments. It is such that F (T) < 0 
represents the interior of domain Co, F (T) = 0 represents the boundary of 
domain CD and F (T) > 0 represents the exterior of domain CD. The criterion 
F (T) < 0 is the elasticity criterion. The criterion F (T) = 0 is the plasticity 
criterion. The surface in the space of loading points {T}, defined by 
F (T) = 0, represents the boundary of domain CD and is called the yield 
locus. The plastically admissible loading state (T) satisfies the criterion 
F (T) :s; O. 

The elasticity domain for hardening materials is altered by the 
appearance of plastic strain. In the space {T} of loading points, the present 
elasticity domain is defined as the domain arisen by the set of elastic 
unloading paths, or reversible loading paths, which issue from a present 
loading point 2, as path 23 in Fig. 5-2. 

The present loading point is not necessarily on the boundary of the 
present elasticity domain, such as point 3 in Fig. 5-2. There still exists an 
initial elasticity domain but, as soon as the loading point (T) reaches for the 
first time the boundary of the initial elasticity domain (point 1), further 
loading can defonn this domain while carrying it along (loading path 12). 
This is the phenomenon of hardening. The present elasticity domain depends 
not only on the present loading point (T), but also on the loading path 
followed before, and thus on the hardening state. 
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CD 
present 

2 

Figure 5-2. Elasticity domains of hardening material 

Consider the domain of elasticity in the present state Co. It is defined by 
a scalar loading function F, with arguments T and with some hardening 
parameters represented by hardening force ll. For the hardening material, it 
is such that F (T, ll) < 0 represents the interior of domain Co, F (T, ll) = 0 
represents the boundary of domain ED, F (T, ll) > 0 represents to the exterior 
of domain CD. The criterion of elasticity is expressed by F (T, ll) < O. The 
plasticity threshold or criterion is expressed by F (T, ll) = O. The surface 
defined by F (T, ll) = 0, in the space of loading points {T}, representing the 
boundary ofthe present domain Co is called the present yield locus. 

A loading state (T) is the plastically admissible in the present state if it 
satisfies the criterion F (T, ll) ::::; O. 

The present elasticity domain CD depends on the present value of the 
hardening force ll. This dependency is the basis of their experimental 
identification. To be useful in practice, models must involve a few hardening 
variables, which correspond to a few components for vector ll. For this 
purpose, simple hardening models have been designed. 

The first one is the isotropic hardening model. In this model the elasticity 
domain in space {T} is transformed by a homothety centred at the origin, as 
illustrated in Figure 5-3. The hardening force is reduced to a single scalar 
parameter 11 required to characterize this homothety. 

The second one is the kinematic hardening model. In this model the 
boundaries in space {T} of the elasticity domain are obtained through a 
translation of the boundary of the initial domain. The hardening variables are 
the variables characterizing this translation. They reduce to a tensor 
parameter 11 relative to the translation with respect to the stress tensor (Fig. 
5-3). The two previous hardening models can also be combined to yield an 
isotropic and kinematic hardening model, as illustrated in Figure 5-3 . As 
defined in this section, the hardening force 11 represents only a set of 
variables well suited for mathematical description of the observed evolution 
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of the elasticity domain, and thus may not yet be considered as a 
thermodynamic force. 

isotropic hardening 

kinematic hardening 

isotropic and 
kinematic hardening 

Figure 5-3. Usual hardening models 

The hardening force 11 can be associated with a set of hardening variables 
m by relations 

au 
11=-­

am 
(5.4.1) 

The frozen energy U, is identified with the help of independent 
calorimetric measurements. The absolute temperature Sr should not appear 
explicitly in the mathematical description of the elasticity domain. Its 
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influence on hardening phenomena can be considered through a dependence 
of 11 upon S .. 

According to relation (5.4.1) the temperature Sr can be an argument of 
energy U. The influence of T on hardening phenomena will not be 
considered in the following. According to relation (5.4.1), the virgin 
hardening state, which has been previously defined by 11 = 0 as illustrated in 
Fig. 5-3, now corresponds to the relation dU = 0, which is irrespective of any 
particular choice of hardening parameters. 

The initial and present elasticity domains are convex. This property of 
convexity constitutes one of the sufficient criterions for the stability of 
plastic materials. In the loading point space {T x 11}, the fundamental 
geometrical property of a convex domain is that all points of a segment of a 
line that joins two points on the boundary of the domain lie inside this 
domain. 

5.5 The Plastic Flow Rule 

The plasticity criterion indicates when plastic phenomena occur. The 
plastic flow rule indicates how. If the loading point (T) lies within the 
elasticity domain Co, F (T) < 0, then the strain increments dE are elastic or 
reversible. If the loading point (T) is on the boundary of Co but leaves it 
during elastic unloading the strain increment is also elastic. The elastic 
unloading criterion is F = 0 and dF < O. 

In the case when the loading point (T) is on the boundary of the domain 
CD, i.e. F = dF = 0 we say that the corresponding infinitesimal loading 
increment dT is a neutral loading increment. Then the increment dE may not 
be elastic. This is expressed by 

dEP = 0 if F (T) < 0 or if F (T) = 0 dF = of d T < 0 
aT 

dE = dEe + dEP if F = dF = 0 (5.5.1) 

The notation dF states that the function F is differentiable with respect to 
its arguments, at the considered loading point (T) on the boundary of the 
domain CD. 

Let aF be the subdifferential of F with respect to (T) at the present 
loading point (T). The subdifferential of at a regular point on the boundary 
of domain CD defined by F (T) = 0 reduces to the gradient of F ,',lith respect 
to (T) and thus corresponds geometrically at this point to the outward normal 
fF/(iT to the boundary. At a singular point in the boundary of domain Cil a 
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convex loading function shows that the set aoF with a ~ 0 is constituted by 
the cone F outward normals to the boundary of domain Co. 

The expression (5.5.1) indicates when an evolution of the plastic strain 
occurs. All values for deP are not admissible since they must ensure the non­
negativeness of intrinsic dissipation n I. Since the intrinsic dissipation 
reduces to the plastic work rate for ideal plastic materials, the non­
negativeness of intrinsic dissipation, or equivalently of the infinitesimal 
plastic work rate requires the relation for the plastic increments deP 

(5.5.2) 

Consider the relation 

deP E dA 9' (T) dA~O (5.5.3) 

where dA is the so-called plastic multiplier. The plastic multiplier is a non­
negative scalar factor. The set of thermodynamically admissible directions in 
the loading point space {T} for the vector (deP) ensuring the non­
negativeness of its scalar product T deP is represented by the set q (T). 
Fig. 5-4. illustrates the set q (T) in the loading point space {T}. The 
admissible directions for the vector (dEP) are independent of the plastic 
criterion. 

The plastic flow rule derived from the non-negativeness of intrinsic 
dissipation for an ideal plastic material can be summarized by 

admissible 
directions q (T) 

Figure 5-4. Admissible directions of plastic increments for ideal plastic material 

dEP E dA q (T) dA ~ 0 where 
dA~Oif F=OanddF=O 

dA = 0 if F < 0 or dF < 0 
(5 .5.4) 
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If the plastic increments dsP have non-zero values, then we say that the 
loading is plastic. 

The evolution for hardening materials is elastic with no change of the 
hardening state, if in the space {T x 11} the present extended loading point 
(T, 11) lies inside the fixed domain C (F < 0) or on its boundary F = 0 and 
leaves it (dF < 0). The above can be written in the form 

die 2 0 if F = 0 and dF = 0 
(dsP, dm) E die q (T, 11) die 2 0 where (5.5.5) 

die = 0 if F = 0 or dF = 0 

If the increments (ds", dm) have non-zero values, then we say that the 
loading is plastic. The scalar die in Eq. (5.5.5) is the plastic multiplier, and 
9' (T, YJ) are the set of thermodynamically admissible directions for the 
increments (dsP, dm) satisfYing the relation of the non-negativeness of the 
intrinsic dissipation 

T dsP + 11 . dm 2 0 (5.5.6) 

The increment dm of the hardening variable is written in the form 

(5.5.7) 

In the above 9m (T, YJ) are the actual directions of the permissible 
directions for dm. 

In the case of hardening plasticity the loading function depends on the 
hardening force 11. Then the expression for dF is 

with 

d F= aF dT 
1] aT 

(5.5.8) 

(5.5.9) 

(5.5.10) 

If the plastic increments dsP have non-zero values, then we say that the 
loading is plastic. 
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In the above d'lF is the differential of function F with the hardening force 
II being held constant. The expression (5.5.10) can be written as 
dTF = - HdA, where H is the hardening modulus defined by 

(5.5.11) 

The definition (5.5.10) of dTF and the relation (5.5.11) show that H has a 
stress unit. In order to specify the plastic flow rule, we need to examine the 
specific case of hardening (H > 0) and the case of softening (H < 0). 
In the case of hardening 

if F = 0 and d'lF > 0 

(5.5.12) 

In the case of softening 

ifF<O orifF=d'lF=O (5.5.13) 

The relations (5.5.12) and (5.5.13) for hardening or softening materials 
show that if the loading point (T) is and remains on the boundary of the 
present elasticity domain CD (i.e. if F = d'lF = 0), the evolution is purely 
elastic without a change in the hardening state (i.e. deP = dm = dll = 0). Then 
we state that the loading increment dT is neutral. This situation is illustrated 
in Fig. 5.5. 

The interpretation of the hardening sign can be explained as follows. In 
the case of hardening, expression (5.5.12) states that d'lF is strictly positive 
for a plastic evolution to occur. The geometrical meaning of d'lF (the scalar 
product of the present loading increment (dT) with outward unit normal 
(8F/8T)) shows that the vector of present loading increment dT in the space 
{T} must be oriented outwards with regard to the present elasticity domain 
C [) at the present loading point (dT). In fact, in the case of a regular point, its 
scalar product with unit outward normal n must be positive. In other words, 
the new loading point (T + dT) escapes from the present elasticity domain 



70 Theory o{Thermomechanical Processes in Welding 

CD, while carrying it along. Fig. 5-5 illustrates this geometrical interpretation 
in the space {T} and Fig. 5-6 in the space {T x ll}. 

hardening H>O 

dfJ = 0 

neutra110ading 

softening H<O 

Figure 5-5. Interpretation of hardening in the space {T} 

In the case of softening, expression (5.5.13) states that d,l is strictly 
negative for a plastic evolution to occur. Consider the loading point 
(T + dT). This loading point carries the elasticity domain inside CD when 
softening occurs. Taking into account the hardening sign, we state that 
softening is negative hardening. 
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n 

hardening H>O 

n 

softening H <0 

Figure 5-6. Hardening sign in the space {T x 'Ill 

5.6 Thermal Hardening 

Consider the case where the hardening force 11 representing the evolution 
of the elasticity domain is independent of the temperature. The expression of 
free energy \.f' in this case is of the form 

and 

a\.f' 
11=-­

am 
s = _ a\.f' 

ae, 

(5.6.1) 

(5.6.2) 

In the case of thermal hardening effects, in the expression of free energy 
\.f' the temperature e = e, - e~ is included 
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tp = tp (8 = 8r - 8~ , e, eP, m) = <p (e - eP, 8 ) + U* (m, 8) (5.6.3) 

and 

a'I' 
YJ=-­am 

S =_ a'I' 
a8 

(5.6.4) 

Substituting expression (5.6.3) into (5.6.4) shows that the hardening force 
YJ depends on temperature variation 8 = 8r - 8~ . 

Assume that the temperature variation is small. The function U* (m, 8) 
can be expressed as 

U*(m, 8) = U(m) - 8S*(m) (5.6.5) 

The function U(m) is interpreted as the frozen free energy. By (5.6.3), 
(5.6.4) and (5.6.5) we get 

au as* 
YJ=--+8-am am (5.6.6) 

Consider the elasticity domain Co in the loading space {T} defined by 

F = F (T, YJ) S 0 (5.6.7) 

According to Eq. (5.6.6), due to the temperature vanatlOn d8, the 
hardening force YJ and the elasticity domain CD may change. Thennal 
hardening occurs for a zero frozen free energy U (m) = O. An inverse 
temperature variation - d8 restores the previous elasticity domain. The 
second relation (5.6.6) shows also that there is an unrecovered change in 
entropy, yielding the frozen entropy tenn S*(m). With respect to the 
linearized thennal equation (3.8.6) the quality 8~ S*(m) can easily be related 
to a hardening latent heat effect. The flow rule can be expressed as 

dA2':O 
(deP, dm) E dA q(T, YJ) dA 2': 0 where 

dA=O 

if F = 0 and dF = 0 
(5.6.8) 

if F < 0 or dF < 0 

where the plastic multiplier dA and the hardening modulus H are now 
expressed in the fonn 

dA = dmF 
H 

(5.6.9) 
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Substituting (5.6.6) into (5.6.7) d,l can be expressed in the form 

(5.6.10) 

In order to express the loading function F in tenns of e and m we use Eq. 
(5.6.6) and Eq. (5.6.7). Assume dF = 0, then Eqs. (5.6.8) and (5.6.9) give 

of 
F (T, e, m + dm) = F (T, e, m) +-. dm = F (T, e, m) - H die 

om 

5.7 The Hypothesis of Maximal Plastic Work 

(5.6.11) 

The admissible directions of the plastic strain increment dsP are defined 
by the hypothesis of maximal plastic work. This hypothesis is formulated as 
follows. 

T - T'" F(T) = 0 

a: 

Figure 5-7. Geometrical interpretation of the hypothesis of maximal plastic work 

Let (T) be the present loading state in an elementary material system 
being non-exterior to the present elasticity domain i.e. (T) E Co and dsP be 
the associated plastic increment of strain. Let (T*) be another loading state 
being non-exterior to the present elasticity domain i.e. (T*) E CD. The 
hypothesis of maximal plastic work is expressed by 

(5.7.1) 

for every (T*) E CD. 
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This means that the loading state (T) to be associated with the present 
plastic increment of strain (deP) is the one among those admitted by the 
present plastic criterion, maximizing the infinitesimal plastic work. 

Fig 5-7 represents the geometrical interpretation of the hypothesis of 
maximal plastic work. The directions of vectors (T - T* ) and deP form the 
non-obtuse angle. 

The hypothesis of maximal plastic work can be geometrically represented 
in the loading point space {T} by the convexity of the elasticity domain ED 

and by the directions permissible for the plastic increment (deP). 

The flow rule reads 

deP E die of(T) or deP E die oT] F (T, 11) dle~ 0 (5.7.2) 

where of (T) and 0'll F (T, 11) represent the subdifferential of F(T) and 0'llF 
(T, 11) respectively with respect to T. 

The hypothesis of maximal plastic work implies both the normality of the 
flow rule and the convexity of the plastic criterion. The hypothesis of 
maximal plastic work and the hypothesis of both the normality of the flow 
rule and the convexity of the plastic criterion with respect to Tare 
equivalent. 

A material is said to be standard if it satisfies the maximal plastic work 
hypothesis. The plastic criterion is then convex and the flow rule is normal. 

5.8 The Associated Flow Rule 

If a material satisfies the maximal plastic work hypothesis, then we say 
that the material is standard. The plasticity criterion is then convex and the 
flow rule is normal and we say that the flow rule is associated with the 
criterion of plasticity. 

Consider an ideal plastic standard material. Eqs. (5.5.4) and (5.7.2) lead 
to write the flow rule as 

die ~ 0 if F == 0 and dF == 0 
deP E die of(T) die ~ 0 where 

die == 0 if F < 0 and dF < 0 
(5.8.1) 

and for any regular point on the boundary of the elasticity domain in the case 
of plastic loading 

d P - d' of e - A-
cT 

die ~ 0 if F = dF = 0 (5.8.2) 



5. Thermomechanical Behaviour 7S 

Consider a hardening standard material. Eqs. (S.S.12), (S.S.13) and 
(S.8.2) give for a hardening standard material 

if F = 0 and dl]F > 0 

dEP = dm = 0 ifF < 0 or if F = 0 and dl]F S 0 (S.8.3) 

For softening (H < 0) we get 

dEl' = dm = 0 if F < 0 or if F = 0 and dl]F = 0 (S.8.4) 

Consider a regular point on the boundary of the elasticity domain and 
non-zero plastic increments dEP• Then we have 

(S.8.S) 

5.9 Incremental Formulation for Thermal Hardening 

In solution of welding thermomechanical problems an important is the 
incremental formulation for thermal hardening. Consider Eq. (S.3.9) with its 
incremental form 

dT = C (dE - dEP) - Ad8 (S.9.l) 

By Eq. (S.S.12) and (S.6.10) we get 

1 ( aF aF as * ) aF dT=CdE-Ad8-- -+---d8 C-
H aT Crt am aT 

(S.9.2) 

By contracting Eq. (S.9.1) with the tensor of/aT and adding the result to the 
of as* 

quantity ~-~-d8 gives 
OIl om 
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of C de + (OF as * _ of A) de 
of of as f aT Crt am aT - + --de = ____ .2....--'------___ ---'-_ 

aT Crt am 1+~ of C of 
(5.9.3) 

H aT aT 

By substituting (5.9.3) into (5.9.2) we get 

[ of C de + (OF as * _ A OF) del C of 
aT Crt am aT aT 

dT=Cde-Ade-Y(F) a (5.9.4) 
H+~C of 

aT aT 

where Y(x) is the Heaviside function defined by 

Y(x) = 0 if x < 0 and Y(x) = 1 if x ~ 0 

By (5.9.4) we get 

dT= aw* 
a(de) 

where W* ( de) is the incremental potential defined by 

1 
W* = - de C de - de A de 

2 

[ a~ C dE + (OF as * _ A OF) del2 
1 () aT Crt am aT 

- - Y F =------------------'=-

2 H +OF ci7F 
aT aT 

5.10 Models of Plasticity 

(5.9.5) 

(5.9.6) 

(5.9.7) 

In modeling of welding processes we should consider the appropriate 
models of plasticity. In isotropic material the loading function F involves the 
principal components of symmetric stress tensor T, i.e. the three principal 
stresses T 1, T 2 and T3. The principal stresses can be expressed in tenns of the 
three first invariants of the stress tensor. We denote the first invariant of the 
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stress tensor by JIT, the second invariant of the stress deviator tensor 
T' = T - (tr T/3)1 by J2T, and the third invariant of the stress deviator tensor 
by J3T, 

J 1T (T) = tr T = 3 p (5.10.1) 

h" = LT,(T) = ~ T' T' = ~tr(T" T') - 2 IJ JI 2 (5.10.2) 

(5.10.3) 

By (5.10.2) we have 

(5.10.4) 

The loading function for isotropic models of plasticity can be represented by 

F = F (h, p) (5.10.5) 

In the case of isotropic hardening materials, the loading function F is 
expressed in the form 

F = F (h, p, ll) (5.10.6) 

where II is the hardening force describing the evolution of the yield surface 
in loading point space {T;}. In isotropic hardening the yield surface is 
derived through a homothety of center 0 in the loading point space {T;}. 
Then the hardening force II reduces to a scalar variable II which defines this 
homothety. 

The loading function given by (5.10.6) can be expressed as a 
homogeneous polynome of degree n with regard to hand II 

F = F (h, p, ll) = lln F (hlY], ply], 1) (5.10.7) 

where by convection Y] is specified as the ratio of the homothety that 
transforms the yield surface defined by Y] = 1 into the present yield surface. 
In kinematic hardening, the yield surfaces are defined from each other 
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through a translation in the loading point space {Ti}. The hardening force 11 
reduces to a second-order symmetric tensor 11 that defines this translation 

F = F [l2T' (T + 11), lIT (T + 11)] (5.10.8) 

In space {Ti} vector (11) represents the vector of translation that 
transforms the yield surface defined by (11) = (0) into the present yield 
surface. 

Assume the convex loading function for the isotropic plastic material 

F (h, p) = h + ~ p - q (5.10.9) 

where ~ and q are material characteristics. The constant q is necessarily non­
negative to ensure that the zero loading point satisfies F (0,0) :s; O. The 
coefficient ~ is non-negative to describe an infinite tensile stress. The yield 
surface given by (5.10.9) is an axisymmetric surface around the trisector in 
principal stress space {Ti}. If ~ = 0 the loading function reduces to the 
Huber-Mises loading function. 

The form of the Huber-Mises loading function is 

F = _1_ 2 2 T2 T T T T T 3 T2 T2 T2 h TJ1+Tn + 33- TII n- 22- 33- 3311+ 12+ 23+ 31-q 
'\/3 

(5.10.10) 

or for principal directions 

(5.10.11) 

The Huber-Mises loading function can be transformed to the equivalent 

fonus if we introduce material parameter q = YF3 To, where To is the yield 

point of the material in uniaxial tension. 
Then the Huber-Mises loading function is expressed in the frequently 

met form 

F = Jc; ~(TII - T'2 Y + (T22 - T33 Y + (T33 - Til Y + 6(TI2: + T~3 + T,21 ) 

1 
- F3 Til 

(5.10.12) 
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or 

(5.10.13) 

The previous loading function (5.10.9) for an isotropic material that 
exhibits isotropic hardening is extended in the form 

(5.10.14) 

The yield surface that corresponds to the loading function (5.10.14) is an 
axisymmetric cone around the trisector in principal stress space {T;}. In this 
space, the three coordinates of the vertex of the cone are equal to q11/~. In the 
loading point space fT;} the singular points are located on a line given by 
the equation T 1 = T:~ = T 3 = q11/~. The present yield surface is the transform 
of the surface defined by 11 = I, through the homothety centred at the origin 
with 11 as the ratio. For an isotropic material exhibiting kinematic hardening 

(5.10.15) 

where the symmetric tensor f3 is the deviator of the tensor 

f3 = 11 -1/3 (tr 11)1 (5.10.16) 

In the loading point space {T;} the present yield surface is the transform 
of the surface defined by 11 = 0 through the translation defined by the vector 
with 11 and the eigenvalues 11 1, 112, 113 of the tensor 11 as components. In the 
loading point space {Ti} the singular points are located on the line given by 
the equation TI + 111 = T2 + 112 = T3 + 113 = q/~. The expression (5.10.14) 
and (5.10.15) may be combined to obtain 

(5.10.17) 

In the loading space {T;} the present yield surface is the transform of the 
surface defined by 11 = 0 and 11' = I through the translation defined by the 
vector with (11], 112, 113) as components followed by the homothety of ratio 11' 
and centred at the point (11 1, 112, 113), the translated point of origin. 
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In the loading point space {Ti} the singular points are located on the line 
given by the equation 

(5.10.18) 



Part II 

NUMERICAL ANALYSIS OF WELDING 
PROBLEMS 



Chapter 6 

NUMERICAL METHODS IN 
THERMOMECHANICS 

6.1 Introduction 

Most of the thenno-mechanical problems in welding can only be solved 
by using numerical procedures. In realistic model the thennal conductivity 
and specific heat should be considered as a function of temperature which 
complicates analytical solutions. Because of possible phase change the 
analytical methods have a limited range of applications. In most types of 
welding melting will occur and there will also be convective heat transfer in 
addition to conductive heat transfer. The heat sources in welding in realistic 
model are not concentrated in point or line. 

In this section the general data concerning the numerical solving methods 
applied to welding processes are given. The non-linearity of the constitutive 
equations describing welding process and its time-dependence require the 
advanced solution technique. 

6.2 Finite-Element Solution of Heat Flow Equations 

6.2.1 Weighted Residual Method 

Heat transfer problems can be fonnulated either by a given differential 
equation with boundary conditions or by a given functional equivalent to the 
differential equation. The weighted residual method is an approximate 
solution method for differential equations. This method widens the range of 
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problems amenable to solution since it does not require a variational 
formulation of the problem. Consider the heat flow equation 

ae 
V(k Ve)+r = C",­

at 

with boundary conditions 

(6.2.1) 

(6.2.2) 

(6.2.3) 

(6.2.4) 

where e w is the temperature of the body surface and e f is the fluid 
temperature. We look for a solution of the problem (6.2.1) - (6.2.4) in the 
class of functions e, fulfilling the boundary conditions (6.2.2) - (6.2.4). 
These functions in general do not fulfill the differential equation (6.2.1). 
Substituting one of these functions into Eq. (6.2.1) we get 

ae 
V .(k Ve)+r-C",- = E:;t 0 

at 
(6.2.5) 

The best approximation for the solution will be a function e which 
minimizes the residuum E. The simplest method of obtaining the solution is 
to make use of the fact that if E is identically equal to zero, then 

fwEdV=O (6.2.6) 
v 

where V is the volume of the body under consideration and w is an arbitrary 
function. 
A similar procedure is used for boundary conditions. We get 

Jw[ V(k ve)+r-CL\ :] dV = 0 (6.2.7) 



6. Numerical Methods in Thermomechanics 85 

and 

3 

I fWjBJe)da j = 0 (6.2.8) 
i:::l aj 

The above conditions may be replaced by the single condition 

(6.2.9) 

Since we are dealing with a second-order partial differential operator the 
function e must be continuous with continuous first-order derivatives. If we 
use the divergence theorem to lessen the order of differentiation in (6.2.9) 
then we may simply require the temperature to be of class of zero-order. 
Then we can express it in terms of shape functions, for which this condition 
is fulfilled. Using the divergence theorem, the requirements as to the 
function w increase; it now has to be a condition function. Making use of the 
divergence theorem for Eq. (6.2.9) we get 

(6.2.10) 

where a = a] u a2 u a3 is the total surface of the body. 
Since functions Wj are arbitrary continuous functions, we can put 

W 2 =W3 =-w (6.2.11) 

Finally we get 

(6.2.12) 
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Assume that the temperature can be approximated by the expression 

I 

8= LH j 8 j (6.2.13) 
j~1 

where H j are shape functions, 8 j are nodal temperatures and I stands for the 
number of nodes. The expression (6.2.13) is sometimes shown in matrix 
notation as 

(6.2.14) 

where H is the vector of shape functions and 8 is the vector of nodal 
temperatures. Functions w in Eg. (6.2.12) can be taken as 

(6.2.15) 

This assumption reduces the weighted residual method to the classical 
Galerkin method. The particular advantage of such an approach is that for 
heat exchange problems in non-moving bodies the matrix of the symmetric 
and banded. 
Substitute in Eg. (6.2.12) the functions 

i=I,2, ... ,1 (6.2.16) 

By substitution of temperature 8 in the form of (6.2.13) we get a system 
of I equations with I unknowns, 8 j 

(6.2.17) 

where 

(6.2.18) 

C:~ = fHjC,\HjdV (6.2.19) 
\' 
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Fie = fHJdV - fHiqw da + fHih8fda (6.2.20) 
v a, a] 

As we see, the matrix Kll is symmetric. Integrals in expressions (6.2.18) 
and (6.2.19) are different from zero only in the sub-domains where Hi *' 0, 
e.g. in the elements which possess the i-th node. 

6.2.2 Variational Formulation 

The heat exchange problem is uniquely defined by the partial differential 
equation with boundary conditions. It is however possible to formulate the 
problem using the extreme variational principle. According to Euler's 
theorem the solution of the partial differential equation of heat transfer 

(6.2.21) 

may be found by minimizing the functional 

(6.2.22) 

with assumptions that the function 8 fulfils the given boundary conditions 

(6.2.23) 

(6.2.24) 

(6.2.25) 

and 80 is the initial temperature distribution. 
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The condition (6.2.23) can be easily fulfilled. However, the remaining 
conditions create significant difficulties. Therefore one adds to the functional 
(6.2.22) the surface integral, which in the process of minimization leads to 
(6.2.24) or (6.2.25). In general it has the form 

(6.2.26) 

or 

(6.2.27) 

and at the same time the function 8 has to fulfill the condition (6.2.23). 
The functional in the form (6.2.27) can be expressed as the sum of 

functionals determined for each differential element 

(6.2.28) 
n 

It reaches a minimum, if all components of the sum are minimal. Assume 
that the temperature 8 is expressed by shape functions and nodal 
temperatures 

(6.2.29) 

Since all shape functions are continuous functions, derivatives appearing 
in the functional (6.2.27) are determined in order to minimize this functional 
with respect to parameters 8 j , we should solve the following system of 
equations 

for i = 1,2, ... , I (6.2.30) 

Finally we get 

(6.2.31 ) 
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where 

(6.2.32) 

C~ = fHiC~HjdV (6.2.33) 
v 

Fie = fHirdV - fHiqwda + fHihefda (6.2.34) 
v a, a 3 

and at the same time the surface integrals appear only in the cases where 
nodes are placed on the body boundary. 

6.3 Finite-Element Solution of N avier-Stokes Equations 

Navier-Stokes equations (4.2.1) - (4.2.3) with boundary conditions given 
by (4.2.6) and (4.2.7) form a complete set for the determination of the 
velocity, pressure and temperature fields in a moving fluid 

Ci\(: +(v'1)e]='1(k'1e)+r (6.3.1) 

'1v=o (6.3.2) 

p [a; + v('1 v)] = V T - pgp(e - eO) (6.3.3) 

where 

T = -po .. + II(V + V ) IJ IJ r I-J J,l (6.3.4) 

In matrix notation we can write 

(6.3.5) 
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To apply the method of weighted residuals to this problem, we assume 
that within each element, a set of nodal points is established at which the 
dependent variables Vi, p and e are evaluated. It is assumed that the 
dependent variables can be expresseq in terms of approximating functions by 

v=v p=p (6.3.6) 

where ~ indicates an approximation. To derive a discrete set of equations 
appropriate for a particular element, the approximating functions are 
expressed by 

(6.3.7) 

where N is a matrix, M, H are vectors of shape functions for the element and 
v, P, e are vectors of nodal point unknowns. 
By Eqs. (6.3.1) - (6.3.5) with boundary conditions (4.2.6) and (4.2.7) we get 
the system of finite element equations 

[ fHCL\ HT ae +(CL\ HNTVVHT e)ldV + fVHkVHT edV 
vat) v (6.3.8) 

= fHqnda + f HrdV 
v 

fp( NNT ~)dV +UPNNTVVNT dV )V-UVNTMdv)r 

+U~VA'dV )v+ fpgPNHT dV(e, -On+ !Ntnda ~ 0 

From Eqs. (6.3.8) - (6.3.10) we get 

(6.3.9) 

(6.3.10) 

(6.3.11) 
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(6.3.12) 

(6.3.13) 

where 

(6.3.14) 

K e = fVHkVH T dV (6.3.15) 
v 

Le = fC",HNTvVHdV (6.3.16) 
v 

Fe = fHrdV - fHqnda (6.3.17) 
v a 

A V = fMVNT dV (6.3.18) 
v 

R V = fpNNT dV (6.3.19) 
v 

E V = fPNNTvVNT dV (6.3.20) 
v 

(6.3.21) 
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G V =- fpgf3NHT dV(e-eo)+ fN'"Cnda (6.3.22) 
v 

(6.3.23) 

6.4 Time Discretization 

Assume the incremental approach to the equations describing the welding 
process. Thus this approach is applied to equations of thermo-elasto­
plasticity described in Section 5.9, equations of heat flow given in Section 
6.2 and Navier-Stokes equations presented in Section 6.3. The time 
discretization gives 

tn = n . L1t (6.4.1) 

where n is the time step. 
Starting from the solution Sn-l 

(6.4.2) 

known at time tn _ I the solution Sn at time tn needs to be derived. Formally 

The problem discretized with respect to time satisfies the discretized 
momentum equation, heat flow equation, the compatibility equation and the 
discretized thermal and mechanical boundary conditions. 

The discretized equations and their solutions are discussed in the 
subsequent sections. 

6.5 Time Integration Schemes for Nonlinear Heat 
Conduction 

In this section we discuss various algorithms that have been proposed for 
numerical integration after finite-element discretization. The algorithms 
reviewed comprise one-step and two-step schemes. The study is an attempt 
to define criteria for an optimum choice among such algorithms, where 
emphasis is given to the accuracy achievable. 
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Consider the non-linear transient heat transfer matrix equations (6.2.17)­
(6.2.20) 

(6.5.1) 

where 8 (t) is the vector of the nodal temperatures (with a superscript dot 
denoting its time derivative), Ka is the symmetrical and positive semi­
definite conductivity matrix, Ca is the symmetrical and positive definite 
capacity matrix and Fa is a vector of thermal loads corresponding to 8 ; 80 is 
a vector of given initial temperatures. In this section we shall consider and 
compare some of the methods currently used and proposed for the second 
stage of this solution procedure, i.e. the time integration of system (6.5.1). 
Thus we leave completely apart the problem of iterative solution of the 
resulting set of non-linear algebraic equations. 

In order to undertake such a review and to facilitate the comparison with 
computational techniques applied to typical first-order differential equations, 
we rewrite system (6.5.1) in the form 

(6.5.2) 

a a-I a a a-I a 
where A = C K has real positive eigenvalues and D = C F is a new 
forcing vector. Such a system is a stiff one, i.e. composed of exponentially 
decaying components with widely spread time constants which, in addition, 
change continuously in the non-linear case. 

In welding applications one deals with situations where the slowly 
decaying components dominate the response; hence attention will be focused 
on time integration techniques that treat adequately the long-term 
components of the response while retaining numerical stability with respect 
to the fast-varying excitations. The simplest kind of time integration 
schemes are one-step schemes in which a two-level difference 
approximation is chosen for e and a linear variation of G8 is assumed over 
the interval [tn' tn+ 1], thus yielding 

(6.5.3) 

where ~t is the time step and G~ stands for GaC8n, n~t). 
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These methods will be referred to as generalized trapezoidal schemes. A 
slightly different form of one-step scheme is obtained from the same two­
level difference approximation for e and from an assumed linear behaviour 
ofe over [tn, tn+1] 

(6.5.4) 

in which 

(6.5.5) 

They will be referred to as generalized mid-point schemes. the two 
families reduce to one if G is a linear function of the unknown (e.g. linear 
heat conduction): the so-called' S-method'. Particular cases are well known 

o Euler explicit (forward) scheme, 

t either trapezoidal or Crank - Nicolson (mid - point rule) scheme, 

') Galerkin schelne, 
3 

fully implicit or Euler backward scheme. 

All the schemes are consistent ones of the first order, except for S = 1, in 
which case the two families are second-order accurate in the time step size. 

Applied to system (6.5.2), the schemes (6.5.3) and (6.5.4) yield the 
following set of nonlinear algebraic equations, with I denoting the identity 
matrix 

for trapezoidal schemes 

(6.5.7) 

for mid-point schemes. 
Thus every step involves the construction and solution of a new set of 

equations: therefore iterative solution techniques (except for 9 = 0) are 
required in vvhich tangent or secant approximations may be used. 

A straight linearization has been proposed over a time step by assuming 
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As ~ AS 
11+1 == n 

for trapezoidal schemes 
or 

A ll ::::::A8 
B - n 

(6.5.8) 

(6.5.9) 

for mid-point schemes. This corresponds obviously to a secant or initial load 
method of solution of the non-linear systems (6.5.6) or (6.5.7). 

An extrapolation technique for the mid-point schemes family has been 
proposed by taking 

(6.5.10) 

A predictor-corrector technique has been proposed for the mid-point 
schemes family in which a predicted value 9~+1 stems from (6.5.7), by 
assuming (6.5.9); a corrected value is then obtained by again solving (6.5.7) 
with 

The procedure thus requires the solution of two linear systems of 
equations per time step. 

In two-step methods we consider the expression 

(S++)9 n+2 -2S9 n+1 +(S++)91\ +L'ltA~[!)291\+2 - -

+(I+S-2P2)9 n+1 +(P2 -S)en]=L'ltD~ 
(6.5.11) 

Clearly every step implies the construction and solution of a new system 
?f linear eqUatirns with the positive definite system matrix 
l(1 + S)I + P 2L'lt A~ . A different starting procedure is needed since the first 
application of (6.5.11) requires knowledge of 91. One of the previous one­
step schemes can be used for this purpose, but the problems associated with 
that changeover (e.g. step length change) \vill not be considered here. 

Table 6.1 shows how most of the two-step schemes that have been 
presented in the literature are derived from (6.5.11) by particular choice of S 
and P2. It should be noted that some of these schemes are equivalent to 
particular one-step schemes: this is the case for the Dupont I scheme 
(Dupont et al. 1974) when a = + and the Dupont II scheme (6.5.15) when 
a = 0, that both restore the Crank - Nicolson algorithm (scheme (6.5.7) with 
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B == 1). In addition a linearization of the unknown with [tn, tn+2], i.e. the 
assumption that 

(6.5.12) 

also restores particular one-step schemes. These are known as the Crank­
Nicolson scheme for (6.5.13) and (6.5.14) for whatever the value of a, the 
mid-point scheme (6.5.7) with B == t for (6.5.15) for whatever the value of a, 
and the fully implicit mid-point scheme (B == 1) for (6.5.16). 

The two-step methods are widely used in solutions of problems involving 
phase change. 

Table 6-1. Linearized two-step schemes 
S 132 9. t. Algorithm Integration scheme 

name 
0 .l 9 11+1 t l1+1 Lee (1 1+ tl'ltA~+1)9n+2 3 

1 8 9 (I = -"3l'ltAn+1 n+1 + "21 
(6.5.13) 

-tl'ltAn+1~n +l'ltD~+1 
0 a 9 11+ 1 tn+l Dupont I (1 1+ al'ltA~+1 )9n+2 

(a> i) 
= -(1- 2a )l'ltA~+1 9n+1 

+(tl-al'ltA~+1)9n +l'ltD~ (6.5.14) 

.l ..L+a ~9n+1 -t9 n tn+; Dupont II (1+ (t+ a~tA~ )9n +2 2 2 

(a >0) = [1- (t- 2a~tA~ PI1+1 

- al'lt A~ 9n + I'lt D~ 
(6.5.15) 

29 11 +1 - 9 n t l1+2 Linearized (11+ ~tA~ )en+2 = 2el1 +1 
fully implicit (6.5.16) 

tell + I'lt D~ 

6.6 Solution Procedure for Navier-Stokes Equation 

Thennal field and fluid flow field can be found using the factorial step 
method. With the solution known everywhere at time tn we determine the 
solution of the fluid flow equation at the next time level til + I. In this method 
an intermediate velocity field v* is calculated to satisfy only a discretized 
version ofEq. (6.3.13) without the pressure tenn. We have 

t\ v == t\t R v I (G \ - E v v n - D \ V 11 ) (6.6.1 ) 
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v*=vn+~v (6.6.2) 

The required velocity and pressure fields Vn + I and P n + I are then obtained 
by adding to v* the dynamic effect of pressure determined to ensure that the 
incompressibility condition remains satisfied 

(6.6.3) 

With the velocity and pressure at time tn + I so determined the solution is 
completed by evaluating the temperature at this time from Eq. (6.3.11). 

(6.6.4) 

(6.6.5) 

6.7 Modeling of the Phase Change Process 

Two major problems make the welding stress analysis of materials 
involving phase change difficult to handle. The first is the method of 
accounting for latent heat absorption or release during the phase change. The 
second one is the kinematics of the phase boundary. The abrupt change of 
properties during phase change (Fig. 6-1) for most materials undoubtedly 
causes numerical instability in the analysis. 

Attempts have been made to solve this type of problem by the classical 
method using the heat conduction equation with the latent heat and moving 
solid-liquid interface included in the boundary conditions. But only a limited 
number of problems involving simple geometries can be solved in this way. 
A different concept is the so-called enthalpy method. 

In constructing the solution of problems involving phase change a 
possible approach is to track accurately the position of the phase boundary 
and then to solve Eq. (6.2.1) for the solid region and Eqs. (6.3.1) - (6.3.5) 
for the fluid region. Consider the case when the phase change process is 
modeled by a variant of the enthalpy method. In this method the phase 
change is assumed to occur over a temperature range and the associated 
latent heat effects is handled by increasing suitably the specific heat in this 
range. Thus if the phase change is assumed to occur over the temperature 
interval [8" 8,], where 8, is the liquidus and 8., the solidus temperature, then 
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Figure 6-1. Thermomechanical properties in the range of phase change 

the specific heat CL used in the calculation is defined by 

where H denotes the Heaviside function 

H(t-a)={l (t>a) 
o (t sa) 

L is the latent heat, and ~8 = 8, - 8.1 is the phase change interval. 

(6.7.1) 

(6.7.2) 

When this method is applied to the analysis of pure materials, in which 
the phase change occurs at a specified temperature (i.e. 8.- = 8,), a phase 
change time interval ~t (;to 0) must be assumed. It has been demonstrated that 
reasonable results can be obtained for problems involving conduction, 
provided that the right choice is made for the values of ~8. However, for 
materials in which the phase change does occur over a reasonable 
temperature range this problem does not arise and the actual physical values 
of 8.1 and 8, can be used successfully. The enthalpy method can be used in 
conjunction with a fixed finite-element mesh. It should be noted that such an 
approach was well suited to the computation of fluid motion except for the 
problem of the application of the non-slip (or zero f1uid-velocity) boundary 
condition at the phase boundary. Exact application of this boundary 
condition at the phase change surf~lce will not be possible as the fluid-solid 
interf~lce will. in general, not coincide with the nodes of the iinite-elcment 
mesh. 
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We overcame this problem by using a smearing approach in which the 
viscosity was greatly increased in the phase change region. The problem can 
be also overcome by adopting the simpler, but perhaps less accurate 
approach of reducing the nodal velocity to zero whenever the nodal 
temperature lies below the liquidus. 

6.8 The Theorem of Virtual Work in Finite Increments 

Consider a field of finite stress increments Lln T that satisfies momentum 
equation 

div LlnT = 0 (6.8.1) 

with relation LlnT·n = Llnt on the boundary a ofthe considered domain V. 
Let LlnU* and LlnB* be respectively, a field of virtual finite increments of 

material displacement and a field of virtual strain finite increments which are 
linked through compatibility relation 

r 2LlnB = grad LlnU + (grad LlnU) (6.8.2) 

A theorem of virtual work in finite stress increments Lln T and in virtual 
finite displacement increments LlnU* can be derived from the time­
discretized equations in a similar way to the derivation of the theorem of 
virtual work (2.5.9) from the non-discretized equations of the problem 

f Ll n T Ll n B * dV - f Ll n t Ll n u* da = 0 
v 

(6.8.3) 

In (6.8.3) Lln U has the dimension of a displacement, and the integrals in 
Eg. (6.8.3) represent work quantities. Consider two fields of kinematically 
admissible finite displacement increments Lln U and Lln uo. The difference Lln U 
- Lln UO is kinematically admissible with zero finite displacement increments 
imposed on the boundary a. By (6.8.3) applied to these fields we get 

fLl n T(LlnB-LlnBo )dV - fLl n t(LlnU-LlnUo )da=O (6.8.4 ) 
v 

for every statically admissible LlnO" and LlnU and kinematically admissible 
LlnUo. Consider the statically admissible finite increment fields of stress Lln T 
and LlnTo. Their differences Lln T and LlnTo are also statically admissible with 
zero data imposed on a. By (6.8.3) applied to fields of finite increments 
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~nU*=~nU-~nUO (6.8.5) 

and to fields of auto-equilibrated stress (~n T - ~n r) 

J(~n T - ~n TO )(~n E -~n EO )dV = ° (6.8.6) 
v 

for every statically admissible ~nT, ~nr and kinematically admissible ~nu, 
~nuo. By expression (6.8.6) the sum of the virtual works of auto-equilibrated 
finite increments of all the forces, which are developed in fields of virtual 
displacements kinematically admissible with zero data, is zero. 

6.9 The Thermo-Elasto-Plastic Finite Element Model 

Consider the virtual work equation for a finite element assemblage for a 
thermo-elastic-plastic material model at time t + ~t (step n+ 1) 

where 

JBTT n+1 dV=R n+1 

v 

En+1 = BU n+1 

(6.9.1) 

(6.9.2) 

(6.9.3) 

(6.9.4) 

(6.9.5) 

and B is the total strain-displacement transformation matrix, Un+1 is the 
nodal point displacement vector, Rn-t-l is nodal point external load vector, 0 
is the deviatoric stress operator matrix and ()T is [1, I, I ,0,0,0]. Substituting 
Eqs. (6.9.2) and (6.9.5) into Eq. (6.9.1) we get 

KU n+1 =Rn-cl+ JB1Cn-clk' +eo)dV 
v 

(6.9.6) 
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where 

is the elastic stiffness matrix. 

6.10 Solution Procedure for Thermo-Elasto-Plastic 
Problems 

(6.9.7) 

The solution of thermo-elasto-plastic problems in welding usmg the 
finite-element method is a complicated process. Certain numerical 
difficulties have been apparent for some classes of problem, particularly 
when gross section yielding has been involved. The method of dealing with 
the constitutive equations governing the material behaviour is very 
important. The original formulations concentrated on forward Euler 
schemes, but more recently the advantages of backward Euler schemes and 
the radial return algorithms have been realized. For incremental finite­
element analysis, the previous equations of state have to be processed within 
each time step tn during load incrementation and iteration. Given the values 
of stress, strain, displacement and temperature at tn, a vector of nodal loads is 
used to find displacements and total strains at tn+l. From these, using the 
constitutive law which expresses the plasticity rate equations, the stress and 
plastic strains can be evaluated to furnish a complete solution at tn+l. Load 
residuals may be calculated to assess the current state of convergence and 
then to decide whether further iterations are required before completing the 
current load increment. 

From the algorithmic point of view, the way in which f: P is calculated is 
extremely important. Using the S-method we have 

(6.10.1) 

where 

(6.10.2) 

(6.10.3) 

and 
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(6.10.4) 

for arbitrary X. 
The values of & decide which type of procedure is relevant. Three main 

categories exist, differing by the direction of the flow vector at current time 
values thereby affecting accuracy and stability. The first method is called 
tangent stiffness, radial corrector where & = O. The second one it is mean 
normal where & = 1 and the last one elastic predictor, radial return where 
&=1. 

The tangent stiffness-radial corrector (& = 0) method is the original 
method and has been used extensively. The mean normal (& = 1 ) method 
uses a mean plastic flow direction, and conceptually lies between methods 1 
and 3. The elastic predictor-radial return (& = 1) algorithm assumes the 
stress can be corrected to lie on the yield surface by applying a fixed scaling 
factor to all components of deviatoric stress. The radial return method, has 
received much attention in recent years because of the high accuracy and 
quadratic convergence rate when used in conjunction with a consistent 
tangent stiffness matrix. The value of & indicates the character of the method 
of numerical integration. Thus & > 0 implies an implicit method. For Huber­
Mises criterion the method is unconditionally stable if & < 1 but 
unconditionally stable otherwise. 

An important factor in accumulating the state variables over iterations 
within a load increment is the point of reference of the data. Given an 
increment ~t = tn+! - tn , the plasticity algorithms produce in each time-step 
updates for displacements, total strains, stresses and plastic strains in that 
order. If each is a straight update of the values at tn , then path-dependent 
updating takes place. If, however, all such updates are referred back to the 
start of the load increment, say tN , with each value such as dT reflecting the 
rate value from that time, path-independent updating occurs. 

Path dependence was invariably used with the older, radial correction 
type algorithms but because of the somewhat oscillatory and self­
compensating behaviour of the increments in the main field values 
particularly over the early iterations of each load step, unfortunate effects 
could occur. Because plasticity is a discontinuous process, Gauss points 
which were nearly plastic had stresses oscillating into and out of a yielded 
state. The unnatural unloading associated with this has the effect of 
producing local point-wise divergence that could grow over several 
iterations to render a completely divergent solution. 



Part III 

HEAT FLOW IN WELDING 



Chapter 7 

ANALYTICAL SOLUTIONS OF THERMAL 
PROBLEMS IN WELDING 

7.1 Introduction 

The solution of heat flow equations for welding conditions is a 
complicated problem. In a realistic model the thermal conductivity and 
specific heat should be considered as a functions of temperature. In most 
types of welding melting occurs and convective heat transfer in addition to 
conductive heat transfer takes place. In general, the source of heat is not 
concentrated at a point or line but is spread out over the workpiece with an 
unknown distribution of heat input. In addition, most realistic welding 
problems have heat losses at the boundaries caused by convection, radiation 
and contact with other bodies, so the precise boundary conditions are often 
unknown. In order to find analytical solutions to the equations, it is therefore 
necessary to make many simplifying assumptions. The purpose of this 
chapter is to present analytical solutions to the heat transfer equations under 
conditions of interest in welding. The restrictive assumptions will however 
limit the practical utility of the results. Nevertheless the results are useful in 
that they emphasize the variables involved and approximate the way in 
which they are related. In addition, such solutions provide the background 
for understanding more complicated solutions obtained numerically and 
provide guidance in making judgments. 
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7.2 Heat Flow in Spot Welding 

Consider the welding process in the homogeneous isotropic material with 
constant thermal conductivity k. The heat conduction equation (3.9.4) 
reduces to 

(7.2.1) 

For many practical problems it is convenient to use a system of 
coordinates other than Cartesian. The heat conduction in cylindrical 
coordinates r, S, z has the form 

(7.2.2) 

and in spherical coordinates r, S, <\> 

(7.2.3) 

where the coefficient of thermal diffusion k/C,.. = a is introduced. 

Figure 7-1. Scheme of spot welding 

Thermal problems in spot welding will be solved by considering 
stationary line source in the middle of a large thin plate. The idealization of a 
spot weld is shown in Fig. 7-1. Consider the current as passing through a 
cylinder and consider it as a line between the two electrodes i.e. a line source 
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along the Xi axis of length g. Assume the current to pass through the material 
in zero time an instantaneous stationary line source along the X3 axis. 

The plates being welded are assumed to be of the same material and at 
some reference temperature equal to zero prior to the passage of the current. 

Consider two dimensional case of heat flow equation and cylindrical 
coordinate system (r, S, t). 
The initial condition is 

8(r, S, to) = 8(r, S, 0) = 0 

The boundary conditions are 

We have 

~ 8(r, 3, t ~ = 0 
or 1r=~ 

70 08 Q J -2 rckr - dt = -
o Or g 

where Q is the heat input and g is the thickness of the plate. 
The solution of Eq. (7.2.1) under these conditions is 

8 =---exp--Q 1 [_r2) 
S g 4rckt 4at 

where the introduced subscript s refers to spot welding. 
It is convenient to write Eq. (7.2.7) in dimensionless form as 

where 

r = rln s b 

(7.2.4) 

(7.2.5) 

(7.2.6) 

(7.2.7) 

(7.2.8) 

(7.2.9) 
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Figure 7-2. Dimensionless temperature as a function of dimensionless time for chosen 
constant dimensionless distances 

The rate of change of temperature with time is obtained by differentiating 
Eg. (7.2.7) with respect to time 

(7.2.10) 

The rate of heating and cooling of the metal is interesting since this 
affects metallurgical transformations. Fig. 7-2 illustrates dimensionless 
temperature as a function of dimensionless time for chosen constant 
dimensionless distances. 



7. Analytical Solutions o/Thermal Problems in Welding 109 

Figure 7-3. Dimensionless cooling rate as a function of dimensionless time for chosen 
constant dimensionless distances 

Fig. 7-3 describes dimensionless cooling rate as a function of 
dimensionless time for chosen constant dimensionless distances. Fig. 7-4 
shows dimensionless cooling rate as a function of dimensionless temperature 
for chosen constant dimensionless distances. 

7.3 Temperature Distribution in a Thin Plate 

Consider the heat flow equation (7.2.1) in Cartesian coordinate system 
(Xl , X2, X 3). 
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Figure 7-4. Dimensionless cooling rate as a function of dimensionless temperature for chosen 
constant dimensionless distances 

Assume that the heat source (i.e. a welding arc) is moving along the XI 

axis. Define a new coordinate ~ by 

(7.3.1 ) 

where v is the constant velocity with which the heat source is moving and ~ 
is the distance from the point being considered to the heat source along the 
x I axis. Consider the temperature as a function of~, X2, X3 and t 

(7.3.2) 
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We haye 

d8 00 ae o~ 
- = - +--
dt at a~ at 

(7.3.3) 

By Eq. (7.3.1) 

dO 08 c8 
-= - -y -

dt at o~ 
(7.3.4) 

By Eq. (7.3 . 1) the term a~/()xl is equal to unity and 020/0X~ =020/a~2. 

Finally we get 

(7.3.5) 

or 

(7.3.6) 

Figure 7-5. Tcmpcraturt: distribution in a thin plate /()r two dimcnsional case 
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Introducing the parameter 2"- = lIa we have 

(7.3.7) 

Ifwe assume as/81: = 0, then Eg. (7.3.7) takes the form 

(7.3.8) 

The idealization of temperature distribution in a thin plate is illustrated in 
Fig. 7-5. It is related to two dimensional case and moving line source. The 
plate is considered infinite in the ~ and X2 direction but quite thin and of 
thickness g in the X3 direction. The source of heat is considered to be a line 
source of length g. Assume that there is no temperature gradient in the X3 

direction. Under these assumptions the lines of constant temperature are the 

same top and bottom. Define the new variables r2 = ~~ 2 + X; and 
S = arctg ~/x 2 . Consider the boundary conditions 

(7.3.9) 

Assume moreover as/aX3 = 0 and that heat losses are proportional to hS. 
The solution ofEq. (7.3.8) in dimensionless form is 

(7.3.10) 

(7.3.11) 
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Figure 7-6. Dimensionless temperature as a function of dimensionless distance for chosen 
parameters Xc 

where 

82 = 2nkgS/Q 

~ =AV~ 
I 

Il = [I + (hi + h2 )/(kgv2A2 )p 
(7.3.12) 

and hi and he are the heat convection coefficient at the top and bottom ofthe 
plate and Ko is the modified Bessel function of the second kind and zero 
order. 

Fig. 7-6 illustrates dimensionless temperature as a function of 
dimensionless distances for chosen parameters x 2 = AVX 2 . Fig 7-6 was used 
to construct Fig. 7-7 which shows isotherms for two-dimensional heat flow. 
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Figure 7-7. Dimensionless temperatures for two dimensional heat flow 

Fig. 7-8 shows dimensionless cooling rate as a function of dimensionless 
distance for chosen parameters x 2 • 

In order to obtain cooling rates (Fig. 7-9), we need to differentiate of Eq. 
(7.3.1 0) with respect to time. Then 

(7.3.13) 

where KJ is a modified Bessel function of the second kind and first order 

(7.3.14) 
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Figure 7-8. Dimensionless cooling rate as a function of dimensionless distance for chosen 
constant parameter x 2 

The Bessel function Ko may be approximated by 

(7.3.15) 

where flf2 > 10 and the Bessel function K J by 

(7.3.16) 
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Figure 7-9. Dimensionless cooling rate as a function of dimensionless temperature for chosen 
values of 1'2 

7.4 Temperature Distributions in an Infinitely Thick 
Plate 

The schematic picture for temperature distribution in an infinitely thick 
plate is shown in Fig. 7-10. 

Assume the point heat source and define the variables 

r3 =~~2 +y2 +Z2 

[3 = Avr3 

(7.4.1) 
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point source moving with 
velocity v along axis ~ 

z 

Figllre 7-/0. Temperature distribution in an infinitely thick plate for three dimensional case 

The boundary conditions are 

The solution of Eg. (7.3.8) with the above boundary condition is 

exp (-Avrj -AV~) 
Avr_ ., 

(7.4.2) 

(7.4.3) 

where the temperature e with subscript 3 refers to three dimensional case. 

Fig. 7-11 IS a plot of Eg. (7.4.3) where f23 =AV~X; +x~ and 

e1 = 4;~~3. The temperature rate 83 = ae 3/ fJt IS obtained by 

differentiating of Eg. (7.4.3) with respect to time to give 

(7.4.4) 
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Figure 7-11. Dimensionless temperature as a function of dimensionless distance for chosen 
parameters f23 

Figure 7-12 is a plot of Eg. (7.4.4) where 83 = ~n~8; . Figure 7-13 is a 
QA-V-

cross plot of Fig. 7-12 to give temperature rates as a function of temperature. 

7.5 Heat Flow in Friction Welding 

7.5.1. Thermal Effects in Friction Welding 

In friction welding process the heat is produced by direct conversion of 
mechanical energy to thermal energy at the interface of the workpieces, 
without the application of electrical energy, or heat from other sources to the 
workpieces. Friction welds are made by holding a non-rotating workpiece 



7. Analytical Solutions of Thermal Problems in Welding 119 

dimensionless distance r23 

1.0 0 

0.8 0.5 

0.75 
M 0.6 

' 1(1) 

a.J 

~ 0.4 
~ 

a.J 

~ 0.2 
~ 
a.J 

8' 2 
a.J 0 ... 
'" to> 
a.J -0.1 ~ 
0 . <;:; 
.::: 
a.J -0 .2 
~ 

-0 .3 
0.5 

-0.4 0.25 
0 

-4 - 2 0 2 4 6 
dimensionless distance ~ 

Figllre 7-12. Dimensionless cooling rate as a function of dimensionless temperature for 
chosen parameters r:J 

in contact with a rotating workpiece under constant or gradually increasing 
pressure until the interface reaches welding temperature, and then stopping 
rotation to complete the weld. 

The frictional heat developed at the interface rapidly raises the 
temperature of the workpieces, over a very short axial distance, to a value 
approaching, but below, the melting range; welding occurs under the 
influence of a pressure that is applied while the heated zone is in the plastic 
temperature range. Friction welding is classified as a solid-state welding 
process in which joining occurs at a temperature below the melting point of 
the work metal. If incipient melting does occur, there is no evidence in the 
finished weld because the metal is worked during the welding stage. In this 
point we describe some methods for the analysis of the transient temperature 
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Figure 7-13. Dimensionless cooling rate as a function of dimensionless temperature for 
chosen parameter [23 

distribution in the vicinity of the weld for arbitrary axisymmetric rods. The 
common assumption in attempting to provide an analytical solution to such a 
problem is the postulated temperature independence of all material 
properties. 

7.5.2 Analytical Solutions 

Denote the rate of heat generated in the process of friction welding at the 
place of abutment by q and diameter of the rod by 2ro. The heat rate q is 
usually a function of time t and can be expressed in the form q(t) = qoexp mt, 
where m is the parameter of the process. In some cases the magnitude 
q2 = q/ A is introduced to characterize the heat rate per unit area where 
A = rrr~ . Consider the heat flow equation in the form 
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(7.5.1) 

where x is the coordinate, 8(x) is the Dirac function, b = 2hJC,.,ro and h is the 
surface film conductance. 
The boundary conditions are 

a -e (±oo,t)= 0 ax e (x,O) = 0 

Using a Laplace transformation 

Y:; 

8 (x,s)= fe (x, t)e-stdt 
o 

we get 

Since 

8(-x,s)=8(x,s) 

we have 

(7.5.2) 

(7.5.3) 

(7.5.4) 

(7.5.5) 

(7.5.6) 

(7.5.7) 
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Hence we obtain 

Introduce the new function 

1 2 ( PI ') -2 exp Pl erfc 2..h +-v"C 

where 

Then we get from equation (7.5.8) 

e(x,t)~ 2~~ m exp[ mH[~l 

x1', [[~X'(b+m)ll 

For m = 0, b > ° and then Eq. (7.5.11) has the fann 

(7.5.8) 

(7.5.9) 

(7.5.10) 

(7.5.11) 
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e(x.tl~ 2~~ ru exp[ -xlTIl 
xo/,[lTIX,btl x>O 

(7.5.12) 

For small values of the x Eq. (7.5.8) can be expressed with sufficient 
accuracy in the following form 

o(x.tl~ 2~ exp m{ ~[b:rn) erf ~((b + rnltl xl 
x 2':0 

Consider the case (b + m) = O. Then Eq. (7.5.8) has the form 

where 

CfC 

e(x,t) = ~exp(- bt)~(at) 
kA 

xierfc ~ 
2 at 

x 2':0 

ierfc u = f erfc u du 
2 'lC , 

erfc u = r f e -x dx erfc( 00 ) = 0 
"TI u u 

(7.5.13) 

(7.5.14) 

(7.5.15) 

At the place of contact when bt « 1 the temperature can be expressed as 

e(o,t)= ~exp (- btNrat) 
TIkA 

(7.5.16) 

If m = b = 0 and qo = const, then the temperature in the rods at the place 
of abutment can be described by the equation 

(7.5.17) 
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The case b + m < 0 appears in the process of cooling. Denote the time of 
heating by tc. For t ~ tc we get 

e(x,tJ~ 2~ ~ exp( mt-xffl 
+1 [f¥}0x,(b+m)] 

-W, [f¥} oX,(b+mXt-toJ]} 
F or x = 0 the temperature is given by 

e(o,tJ~ 2~ J(b:m] 
x exp mt[erf.Jf77((b-+-m----.)t'"""') -erf~((b + mXt - tc»J 

(7.5.18) 

(7.5.19) 

Consider the variation of temperature in rods along the radius in 
cylindrical coordinate system (r, x). The heat flow equation in this case can 
be written as 

C oe=k(02e+!oe+o2e] 
II at 8r2 r 8r ax 2 

+ [q2(r)-Q2]8(X) 

The boundary conditions have the form 

o 
-e(r, ±oo, t)= 0 ax 
o 
-e(o,x,t)= 0 
8r 

o 
-e(ro,x,t)= 0 
8r 

e(r,x,O)= 0 

Introduce the following dimensionless magnitudes 

(7.5.20) 

(7.5.21) 

(7.5.22) 
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- at 
t=­

[2 
o 

(7.5.23) 

(7.5.24) 

(7.5.25) 

Then the equation for dimensionless temperature 8(r,~,1) has the form 

jj(r,~,t)~ J~ (" )exp [- (~2 )] 
o 4rr t - t' 4 t - t' 

2~ [ 2 (- -,)] F(~n ) J ( -) 
x ~exp - ~n t - t --:Z--( ) 0 ~nr 

n~O Jo ~n 

(7.5.26) 

wher~ the heat source .is giv~n as ~(r) = 8(t ~ t'), t'=is the he~ting time, ~n are 
solutlOnsof theequatlOn JO(~,,)-JI(~J-O, n 1,2, ... , 

I 

F(~n) = ff(r)Jo(~nr)rdr and Jo, JI are Bessel functions. 
o 

Equation (7.5.26) can be written as 

-8(- ): -) ~ F(~ n ) J ( -) 
r, ", t = ~ 2 ( ) 0 ~ n r 

n~O Jo ~n 

'f dt ()- ~ 2] 
X 0 ~(rrt)exp -~~t- 4t 

or introducing a function 'VI (r,1) 

(7.5.27) 

(7.5.28) 
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F or ~ = 0 we have 

(7.5.29) 

For r = 0 and r = 1 we have respectively 

(7.5.30) 

(7.5.31) 

In order to get a solution for "8 (r,~, 1) it is necessary to define q2 as a 
function of radius r. 
Assume 

y; 

q2(r)= Q2Z>mrm (7.5.32) 
Ill=l 

Then we can write 

rye 1 

= 2:>m fJ 0 (/-1r)rm+1dr (7.5.33) 
m~l 0 

."£ 

= I£mFm (/-1) 
111=1 

where 
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I 

F m (/1 ) = f] 0 (/1r) rm + I dr 
o 

= ~]I (/1)+ ~ ]0(/1)- m: Fm - 2 (/1) (7.5.34) 
/1 W W 

m;?:O 

I 

F] (/1 ) = ~] 0 (/1 ) - ~ f J 0 (/1r) dr 
/1 /1 0 

(7.5.35) 

= J 0 ()l )H i (/1 ) - ] 0 ()l )H 0 (/1 ) 

and Ho (/1), HI (/1) are the so-called Struve functions. 



Chapter 8 

NUMERICAL SOLUTIONS OF THERMAL 
PROBLEMS IN WELDING 

8.1 Introduction 

The effective solutions of complex thermal problems in welding only 
recently has become possible. In the last two decades one observes the 
vigorous development of etTective numerical methods of analysis. 
Automobile, aircraft, nuclear and ship industry are experiencing a rapidly­
growing need for the numerical tools to handle complex problems of 
welding. Efficient numerical methods for nonlinear welding problems are 
needed because experimental testing in such cases is often prohibitively 
expensive or physically impossible. 

The intention of this chapter is to discuss numerical solutions of heat 
flow in chosen welding processes. The choice of topics is by no means 
comprehensive and is based on the authors results concerning laser and 
electroslag welding. In this chapter heat flow problems in arc-welding and 
friction welding are omitted to do not repeat the results which are in 
agreement with analytical solutions of there problems presented in Chapter 
7. 

8.2 Temperature Distributions in Laser Microwelding 

Laser welding has a wide application in industry. The pulsed lasers allow 
the production of impulses of radiation in the time intervals 10-3 - 10-12 sec, 
obtaining the peak power in the range of gigawatts and radiation intensity to 
1017 W 1m2• It is an important problem in laser welding to determine both 
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temperature field within welded material and changes of material's shape 
during melting process for a given laser impulse. 

Optical properties of metals are implied directly from their electrical 
properties. An electric conductivity, which is dependent on material 
properties, its temperature and frequency (0 of falling electro-magnetic wave, 
has important significance. The plasma frequency (Op for metals implying 
from quantity of electrons of conduction per unit volume (N = 1028 - 1029 

elec/m3) is equal to 1015 - 1016 Isec. For wave frequency (0 < (Op the 
reflection coefficient is very high and a part of absorbed wave is strongly 
dumped. Its intensity decreases in an exponential way. For waves of 
frequency (0 > (Op metals are to be transparent, and for instance for 
(Op = 5.7 X 1015 Isec a material becomes transparent for waves shorter than 
330 nm (i.e. in ultraviolet). In the range of visible infrared radiation for 
almost all metals the reflection coefficient is high and reaches values up to 
90% and more. However, it is strongly dependent on wave frequency and, 
for instance, for silver, in the visible range is equal to - 95%, and in 
ultraviolet 4.2%. The value of reflection coefficient depends in a significant 
way on the kind of machining and the cleanliness of the material surface. 

For temperatures in which the electric super-conductivity appears, optical 
properties change because of abnormal skin effect and need be considered in 
another way. Using a simplified model of monochromatic radiation 
absorption (only by free electrons) on the surface of a semi-infinite body we 
may assume that in the visual and infrared parts of the radiation spectrum the 
absorption is in the layer of thickness 8 < 0.1 /-tm. 

In the absorption model the value of the absorption coefficient for metals 
is equal to 108 - 107 [11m], and within the body by the Bouguer law the heat 
source IS 

(8.2.1 ) 

where Ea is absorbed, changed in time radiation intensity of the source, ~ is 
the absorption coefficient for given material, t is the time variable and z is 
the coordinate. 

Assuming Eq. (8.2.1) we may easily determine the thickness of the layer 
in which fixed part of radiation will be absorbed, The results of calculations 
for extremal values of ~ are given in Table 8-1. Experimental data confirm 
that visual and infrared radiation is absorbed in metal within the layer of 
thickness 0.01 - 0.1 /-tm. In a large number of papers the model of laser 
radiation absorption on surface of body is analyzed. Assuming such a model 
we should analyze the time intervals for which this model is correct, 
because, for instance, the laser impulses of duration 1 0 - 12 - 10 ··3 sec cannot 
be treated in the same way. For laser impulses of duration 10 - 8 sec and 



8. Numerical Solutions o/Thermal Problems in Welding 131 

longer we can analyze the temperature field in classical sense, because for 
these times we have a balance between the electrons' and mesh's 
temperature (relaxation time for metals is equal to 10 -11 - 10 -13 sec). 

Table 8-1. Absorption coefficient 13 
Absorption 
coefficient Thickness of the layer in which fixed part of radiation is absorbed 

99% 

z = 4.605 x 10-8 m 
z = 4.605 x 10 -7 m 

99,9% 

6.907 x 10 -8 m 
6.907 x 10 7 m 

We should also check whether the diffusion mechanism for shorter times i.e. 
lO - g - 10 - <) sec is sufficiently strong, in order that the model of surface 
absorption does not deform the obtained temperature field . 
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Figure 8-1. Changes of(1) dimensionless temperature and (2) dimensionless radiation 
intensity E(z)/E within the material as a function of the distance from the surface. (a) 

absorption coefficient 13 = 108, (b) absorption coefficient 13 = 107, (c) at = 65 x 10- 15 , 

(d) at = 65 x 10- 13 , (e) at = 65 x 10- 12 

To determine the thermal perturbation domain appearing during 
conduction mechanism and reciprocate it with the region in which the source 
occurs the simple calculations have been done by solving the one­
dimensional heat conduction equation 
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ae(z, t) = a a2e(z, t) 
at az 2 

(8.2.2) 

The results for various values of at are shown in Figs. 8-1 and 8-2. The 
changes of radiation intensity for interesting values only [at ~ 6.5 x 10 - 14 

(m2)] are presented in these figures. [E(z) = Eae- PZ]. The times for given 
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Figure 8-2. Dimensionless temperature (1), and dimensionless radiation intensity (2) within 
the material as a function of the distance from the surface. (a) absorption coefficient 13 = 

108, (b) absorption coefficient 13 = 107, (c) at = 65 x 10- 14, (d) at = 65 x 10 . 13 

(e) at=65 x 10- 12 

Table 8-2. Thermal parameters for chosen materials 
Material Titanium Wolfram 
Thermal diffusivity 6.36 x 10 - 6 65 x 10 6 

a (293 K) [m2/s] 
at [m2]: 6.5 x 10 -14 1.02 x IO - 8 t 
at[m2] : 6.5 x 10 12 1.02 x 10 - 6 t 
t Time (sec) 

Copper 99,999% 
116.4 x 10 6 

0.56 x 10 - 9 t 
0.56 x IO - 7 t 

parameters at for different thermal properties of materials are shown in 
Table 8-2. The graphs show that the domain of thermal perturbation 
appearing as a result of conduction for at = 65 x 10 - 14 is several times 
greater than the domain in which the volumetric source decreases 100 times 
(for P = 107 11m); for at > 65 x 10 - 13 this domain is over one order of 
magnitude higher. Figures 8-1 and 8-2 indicate that we should use the 
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condition on surface absorption for times longer than 10 - 7 sec and even for 
good conducting metals longer than 10 - 8 sec. 

The changes of radiation intensity during laser impulse may be described 
sufficiently by the sum of exponential functions or as the product of 
exponential and power functions 

E{t)= B1 exp (-v 1t)-B 2 exp (-v 2 t) 

E{t)= B {vtt exp (-V3t) 
(8.2.3) 

where constants B, v and n are taken to be dependent on the kind of laser 
head, peak power and the duration of impulse time. Changing these 
constants in Eq. (8.2.3) we may also analyze reflectivity of material 
subjected to laser light and obtain conditions determining the intensity of 
absorbed radiation. Another problem is to find the distribution of power in 
the cross-section of the laser beam. For the focal beam of radiation produces 
on the surface of material the power distribution is described by the Gauss 
function. For a multimodal beam, the power distribution in the cross-section 
of the beam depends on construction of an optical resonator and conditions 
of its work and it may be nonhomogeneous. In modern laser head systems 
the laser beam has homogeneous power distribution in the cross-section, and 
in some cases a drop of power appears in its extreme regions. 

The models of laser microwelding woll be analyzed using a finite 
element method. An example is presented in Fig. 8-3. We assume the 
following boundary conditions on the boundaries of the analyzed region (see 
Fig. 8-3): 

2R 

r 

solid "'- ~ \ 
\ 

z liquid state 

Figure 8-3. Elements subjected to laser microwelding 
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r::S:R 

-k~~la, = Eq(r,tl=o+ E(t)Go[e(r,ttlz=o -e~J 
-h(t) [e (r,tl=o -eJ 

r> R (8.2.4) 

-k:I", =E(t)o-a[e(r,ttlz=o -e!]-h(t)[e(r,tl=o-eool 

-k: 1a 2 = h](e-eJ 

where E is the coefficient of emissivity, Go is the Stefan-Boltzmann 
constant, hI is the surface film conductance, a], a2 are surfaces on the top and 
bottom of the element and e en is the environmental temperature. 
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Figure 8-4. Temperatures for different values ofz and t. (I) z = 0.05 mm, 
(2) z = 0.15 mm, (3) z = 0.25 mm, (4) z = 0.45 mm 

All numerical examples illustrating the microwelding process are 
analyzed with the assumption that the phase change occurs at a specified 
temperature. Let us consider the problem of laser beam action when 
2R = 3 mm. The finite element meshes used in the analysis has been omitted 
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because of its low importance. Material properties are given in Table 8-3. 
Fig. 8-4 shows temperature distribution on the axis (r = 0) for four values of 
coordinate z. In Fig. 8-5 we present the shape of normal laser impulse 
heating the element. This impulse is described by the formula 

E z (t) = 2.4 xl 0 10 [exp(- 750 t) - exp(-l 00 t)] (8.2.5) 

where t is seconds. We assume a constant value of radiation intensity at the 
cross-section of the beam. 

/""'0, 

N 

.§ 24xlO 8 

~ 16 xl08 

:3 8xlOB W 

time (sec) 

Figure 8-5. Radiation intensity absorbed by metal 

Table 8-3. Thermal properties of tungsten and copper 
Property Tungsten 
Melting 3280 
temperature [0C] 
Latent heat 3.357 x 106 

[kJ/m3] 

Specific heat 
[kJ/m3K] 

Thermal 
conductivity 
[W/mK] 
Viscocity [kg/m·s] 
Density [kg/m3] 
Thermal 
expansion 
coefficient 
x106 K- 1 

8<2130 c = 2476 x 0.3758 8 

2130 < 8 < 3280 c = 1743 x 6.68 8 

8> 3280 c = 4200 

8:c: 3280 k = 135.71 - 0.028 

8> 3280 k=66.16-0.018 

0.013 

19.3 

4 

Copper 
1083 

1.902 x 106 

0< 8 < 1083 c = 1357.368 - 367157 

8> 1083 c = 3573 

o < 8 < 1083 k = 340 

8 > 1083 k = 315 

0.007 

8.96 

16.6 
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Figure 8-6. Temperature field after 2.76 x 10 - 3 sec. Laser impulse described by Eq.(S.2.5) 
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Figure 8-7. Temperature field in copper specimen for points lying on the axis (r = 0); 
(1) z = 0.05 mm, (2) z = 0.15 mm, (3) z = 0.20 mm, (4) z = 0.30 mm 

The maximal value of power density appears for this impulse after 
approximately 1.2 x 10 - 3 sec and is equal to 25.3 x 10 8 W/m2• From the 
obtained results we see that this impulse causes a melting effect. The 
distribution of temperatures after 2.76 x 10 -3 sec is presented in Fig. 8-6. As 
we can see the metal is fused to a depth of 0.17 mm. In Fig. 8-7 we present 
the calculated changes of temperature for copper specimen on its axis as a 
function of four values of z. In Fig. 8-8 we show the graph describing the 
radiation intensity of a laser beam 

(8.2.6) 
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Figure 8-8. Intensity of laser impulse described by Eg. (8.2.6) 

The presented results refer to an impulse of constant intensity in the 
cross-section of the beam. For z = 0.05 mm the maximum of temperature is 
reached for a time of approximately 1.4 msec. The distribution of isotherms 
in the copper specimen after the time 1.8 x 10 -9 sec is presented in Fig. 8-9. 
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0.4 solid phase 
t----__ 

I03F-- --_ 
N 0.2 r--- ----__ 

0. 1 liquid phase 
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,.- 900°C 
.,. 1083°C 

1.6 2 

Figure 8-9. Temperature field in copper specimen after 1.8 x 10 - 3 sec 

Based on the calculated temperature fields we may analyze the influence 
of both thermal properties of materials and shape or parameters of laser 
impulse on the melting process in laser microwelding. In order to obtain 
melting of metal during normal impulses it is necessary to apply the power 
density 109- 10 10 W/m2• For metals of lower melting temperature we may 
use the power density in the range of 108 W /m2• For the copper and laser 
impulse described by Eg. (8.2.5) for z = 0.05 mm on the axis of specimen, 
for the times 0.65 and 0.95 msec the values ~el ~t change from 1.95 x 10 6 to 
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Figure 8-10. Metal t10w and temperatures in tungsten specimen 

1.66 x 10 6 Klsec for the solid state. For t = 0.8 msec the values i1eli1z for 
0.05 < z < 0.15 mm and 0.20 < z < 0.30 mm are equal to 3.93 x 10 6 and 
1.37 x 10 6 Kim. 

Assume the following boundary conditions 

r:::::R (8.2.7) 

- k :1", = E (t) 00[ e(r, t)t~o - e! ] 

r > R - h(t )[e(r, t l~o -e", ] (8.2.8) 

-k:la, =h j (8-8oc ) 
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Figure 8-11. Metal flow and temperature field in tungsten specimen 

0 2 3 r (mm) 

". ...... , ;-

• ~ , 150 mm/sec 

2 

0 2 3 r (mm) 
17OO~C 
15000 C 
13000 C 
12500 C 
1200 C 

1 

2 

Fi?,ure 8-12. Flow of metal and temperatures in cooper specimen 
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Figure 8-/3. Flow of metal and temperatures in copper specimen 

with the same notations as in expression (8.2.4). 
Assume that the phase change occurs at a specified temperature. Let us 

consider the problem of laser beam action when R = 3 mm. Material 
properties are given in Table 8-3. Figure 8-10 shows the temperature 
distribution and metal flow for a tungsten specimen and time 3 x 10 - 2 sec. 
This impulse is described by the formula 

Ea (r, t) = 0.28 x 1 014[exp(-7000t) 

- exp( -1 OOOt )]exp(- 0.3r2 ) 
(8.2.9) 

Figure 8-11 shows the temperature distribution and metal flow for the 
tungsten specimen and time 0.5 x 10 - 2 sec, when the impulse is described 
by the formula 

E a (r, t) = 0.24 x 10 16 [exp(- 6 x 10 3 t) 

-exp(- 2 x 10 3 t)]exp(-0.125r2) 
(8.2.10) 
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Figure 8-12 shows the temperatures and metal flow for a copper 
specimen and time 2 x 10 - 2 sec, when the impulse is given as 

(8.2.11 ) 

and Fig. 8-13 gives the results for the same specimen with t = 2 x 10 - 2 sec, 
and 

(8.2.12) 

8.3 Temperature Distribution in Electroslag Welding 

At this point we present the application of finite element simulation to the 
analysis of electroslag welding [Sluzalec, 1989]. A diagram of this process is 
presented in Fig. 8-14. A current is passed from a consumable electrode 
through a molten slag and molten metal pool. The 'Joule heating' in the slag 
causes the electrode to melt and the droplets thus formed pass through the 
slag and collect in the metal pool. The solidification of the pool causes the 

molten 
slag 

Figure 8-14. Scheme of electroslag welding 
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Figure 8-15. Region used to model electroslag welding 
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Figure 8-17. Streamlines (in kg s 1) for the process of electroslag welding 

Table 8-4. Thermal properties of molten slag and metal 

Molten slag 
Molten metal 

Specific heat Thermal conductivity 
(kcal kg - 1 K - 1) (kcal m - 1 S - 1 K - 1) 

0.2 0.0025 
O.IS 0.05 

Density 
(g cm 3) 

2.S 
7.3 

Viscosity 
(kg m -1 S-I) 

0.01 
0.006 

establishment of the joint connecting the two plates. Fluid motion in the 
system is represented by the fluid flow equations, which in essence express a 
balance between the rate of change of momentum within an infinitesimal 
fluid element and the sum of the net forces acting upon it. Fig. 8-15 presents 
the dimensions of the analyzed region. The results of the analysis are 
presented in Figs. 8-16 - 8-18. The material parameters assumed for the 
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Figure 8-18. Computed temperatures for the process of electroslag welding 

analysis are: melting temperature of the electrode 1553°C, melting 
temperature of the slag 1420°C. The specific heat of the molten slag and 
metal and other parameters are listed in Table 8-4. 



Part IV 

WELDING STRESSES AND DEFORMATIONS 



Chapter 9 

THERMAL STRESSES IN WELDING 

9.1 Changes of Stresses During Welding 

Changes of stresses during welding both in the weld and the base 
material are the result of welding heat source acting on the welded structure. 
This chapter analyses thermal stresses during welding. The changes of 
temperature and resulting stresses that occur during welding are presented in 
Fig. 9-1. It is assumed that the weld is made along the axis x and the moving 
welding heat source is located at point o. 

The mentioned figure shows the distribution of stresses along chosen 
cross sections. At cross-section I-I thermal stresses are almost zero. At 
cross-section 2-2 the stress near the welding heat source is equal to zero, 
because of existence of molten metal at this point. 

Stresses in short distance from heat source are compressive, because the 
expansion of these areas is restrained by the surrounding metal where the 
temperatures are lower. Since the temperatures of these areas are high and 
the yield strength of the material low, stresses in these areas are as high as 
the yield strength ofthe material at corresponding temperatures. 

The magnitude of compressive stress passes through a maximum 
increasing distance from the weld or with decreasing temperature. Stresses 
in regions away from the weld are tensile and balance with compressive 
stresses in areas near the weld. 

At cross-section 3-3 the weld metal and base metal regions near the weld 
have cooled, they contract and cause tensile stresses in regions close to the 
weld. As the distance from the weld increases, the stresses first change to 
compressive and then become tensile. 
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Figure 9-1. Changes of temperature and stresses during welding 

At cross-section 4-4 high tensile stresses are produced in regions near the 
weld, while compressive stresses are produced in regions away from the 
weld. This is the usual distribution of residual stresses that remain after 
welding is completed. The region outside the cross-hatched area remains 
elastic during the entire welding thermal process. 
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9.2 Residual Stresses 

9.2.1 Two-Dimensional Case 

Consider 20 case welding stress analysis. The solution is obtained by means 
of finite element method. A plane strain idealization at mid-section is 
presented in Fig. 9-2. The material properties assumed for computation are 

6 

2 

y 
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x -

80 -I 
Figure 9-2. Weld under consideration 
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Figure 9-3. Properties of the base material assumed for the analysis: a thermal conductivity 
k(8) and heat capacity cp(8); b initial To(O) and maximum yield limit Tn/8); c elastic modulus 

E(O) and Poisson's ratio v(8); d linear coefficient of thermal expansion aT(O) 
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Figure 9-6. Residual stress distributions at the top of the mid-section: a equivalent Huber­
Mises stress; b transverse we lding stress, c longitudinal welding stress 

given in Figs. 9-3 and 9-4. The distribution of temperature contours in the 
mid-section for heating and cooling phases for two chosen times of the 
process is given in Fig. 9-5. Residual stress distributions at the top of the 
mid-section are presented in Fig. 9.6. 

9.2.2 Plug Weld 

Plug welded element made oflow carbon steel is shown in Fig. 9-7. The 
temperatures at the weld center is assumed to be 600°C. The distribution of 
residual stresses is shown in Fig. 9-8. The material properties used for 
computations are the same as in Section 9.2.1. 

In the weld and adjacent areas tensile stresses equal to the yield stress of 
the material are observed both in radial and tangential directions. 

In areas away from the weld, radial stresses Tr are tensile and tangential 
stresses TH are compressive. Both stresses decreased as the distance from the 
weld increased. 
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Figure 9-7. Plug-welded element 
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Figure 9-8. Distribution of residual stresses in a plug weld 

9.2.3 Circular Patch Weld 

Patch weld which are used in repair jobs is shown in Fig. 9-9. Consider a 
circular plate welded into a large plate with a circular hole. Since shrinkage 
of the inner plate is restrained by the surrounding outer plate, high residual 



9. Thermal Stresses in Welding 153 

stresses are produced. The typical distribution of residual stresses in circular 
patch welds is shown in Fig. 9-9. The radial stresses Tr and tangential 
stresses Teare presented along the diameter. High tensile residual stresses 
exist in the weld area. The maximum of tangential stress is higher than the 
maximum radial stress. In the inner plate, radial and tangential stresses are 
tensile and approximately equal. 

outer plate 

outer plate outer plate 

Figure 9-9. Residual stresses in a circular patch weld 

Residual stresses in a path weld are produced primarily by shrinkage of 
the weld metal in the direction parallel to the weld or in the circumferential 
direction and shrinkage of the weld metal in the direction perpendicular to 
the weld or in the radial direction. 

9.2.4 Welded Structures 

Civil structures are often fabricated by welding. The typical distribution 
of residual stresses is shown in Fig. 9-10. 
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First one shows residual stresses in a welded T -shape. High tensile 
residual stresses parallel to the axis are observed in areas near the weld in 
sections away from the end of the column. Stresses in the flange are tensile 
near the weld and compressive away from the weld. The tensile stresses near 
the upper edge of the weld are due to the longitudinal bending distortion 
caused by longitudinal shrinkage. Angular distortion is also observed. 

T-shape 

D - shape 

X-shape 

0- shape 

Figure 9-10. Residual stresses in welded shapes 
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Figure 9-1 I. Variation of residual stresses (in KSI) in a welded H-shape 

The typical distribution of residual stress in an H-shape and a box shape 
are shown in Fig. 9-10. 

The residual stresses shown are parallel to the axis. These are tensile in 
areas near the welds and compressive in areas away from the weld. Fig. 9-11 
illustrates the calculated variation of residual stresses (in KSI) in H-shape 
made of low-carbon steel with properties given in Section 9.2.1. 



Chapter 10 

WELDING DEFORMATIONS 

10.1 Distortion 

In the course of heating and cooling processes during welding thennal 
strains occur in the weld metal and base metal near the weld. The stresses 
resulting from thermomechanical loadings cause bending, buckling and 
rotation. These displacements are called distortion in weldments. In welding 
process three fundamental changes of the shape of welded structure are 
observed. These transverse shrinkage perpendicular to the weld line, 
longitudinal shrinkage parallel to the weld line and angular distortion 
(rotation around the weld line). These changes of welded structure are shown 
in Fig. 10-1 where classification of distortion has been introduced. 

The first figure on the left shows transverse shrinkage. It is shrinkage 
perpendicular to the weld line. The second figure on the top presents 
rotational distortion. It is an angular distortion in the plane of the plate due to 
thennal expansion. The figure in the middle illustrates angular change i.e. 
transverse distortion. A non-unifonn temperature field in the thickness 
direction causes distortion (angular) close to the weld line. The second figure 
in the middle shows longitudinal bending distortion. Distortion in a plane 
through the weld line and perpendicular to the plate. The first figure on the 
bottom illustrates longitudinal shrinkage, i.e. shrinkage in the direction of 
the weld line. In the second figure on the bottom thennal compressive 
stresses cause instability when the plates are thin. It is called buckling 
distortion. 

A typical structural component in ships, aerospace vehicles, and other 
structures is shown in Fig. 10-2. It is a panel structure where a flat plate with 
longitudinal and transverse stiffness fillet is welded to the bottom. In the 
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fabrication of panel structure distortion problem is caused by angular 
changes along the fillet welds. 

The deflection of the panel changes in two directions as shown in Fig. 
10-2 when longitudinal and transverse stiffeners are fillet-welded. 

The typical distortion in two types of simple fillet-welded structures is 
shown in Fig. 10-3. In both cases, the plates are narrow in one direction and 
the distortion can be considered as two-dimensional. 

If a fillet-joint is free from external constraint then the structure bends at 
each joint and forms a polygon. If the stiffeners are welded to a rigid beam 
the angular changes at the fillet welds will cause a wavy, or arc-form 
distortion of the bottom plate. 

transverse slmnkage 

angular change 

longituchnal shrinkage 

rotational distortion 

longitudinal bending 
distortion 

buckling distortion 

Figure 10-1. Types of weld distortion 
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Figure /0-2. Welded structure with stiffeners 

rigid beam 

bottom plate 

Figure /0-3 . Types of distortion in fillet-welded structure 

The above figures illustrates only the character of welding deformations. 
The amount of defonnations should be calculated for each case of welding 
process and structure separately, because there not exist any simple formula 
for determination of welding deformations. 

10.2 Deformations in Friction Welding 

Friction welding is a complicated process, which involves the interaction 
of thermal and mechanical phenomena. In friction welding the heat for 
welding is obtained by conversion of mechanical energy to thermal energy at 
the interface of the workpieces. 
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Figure JO-4. Workpiece with chosen points for temperature analysis 

Friction welds are made by holding a non-rotating workpiece in contact 
with a rotating workpiece under constant or gradually increasing pressure 
until the interface reaches welding temperature, and then stopping rotation to 
complete the weld. The heat developed at the interface rapidly raises the 
temperature of the workpieces, over a very short axial distance. Welding 
occurs under the influence of a pressure that is applied while the heated zone 
is in the plastic temperature range. In this point thermal and displacement 
fields are analyzed in specimens of diameter 20 mm and length 75 mm made 
of 20G Steel. The results are based on experimental and numerical 
investigations [Sluzalec, 1990]. A composition of the 20G Steel used in the 
study is given in Table 10.1. 

The rotational speed was assumed as 1460 rpm and the welding pressures 
are 40 N/mm2 and 60 N/mm2• The applied pressure was held constant 
throughout the weld cycle, when the desired heating period had elapsed. The 
specimen for temperature measurements is presented in Fig. 10-4 with 
indicated points denoted by 1 through 6 where temperatures are monitored. 

At the place of abutment the rate density of heat supply heat source is 
given by the following equation 

q - fO"llwrda (10.2.1 ) 

where 0" is the axial pressure at the place of contact, 11 is the coefficient of 
friction, w is the angular speed, r is the radius and a is the surface upon 
which the heat rate acts. The following boundary conditions are used in the 
model: in the place of contact, as it is indicated above, the heat rate given by 
Eq. (10.2.1) is assumed. The surface boundary conditions, e.g. radiation and 
convection boundary conditions are introduced between the rod and the 
surrounding air. Surface forces are applied to simulate mechanical loading. 
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Figure I ()-5. Heating cycles during friction welding for various welding pressures 
a - 40 N/mm2, h - 60 Nlmm2 

These forces exists at the plane of contact between two elements which are 
welded. If a point moves out from the contact plane during the process the 
value of applied force is equal to zero. 

Figure 10-5 shows the thermal cycles of welding at different points on a 
specimen. The temperatures calculated are denoted by continuous lines, 
results from measurements by dotted lines. With all the values of welding 
pressures investigated (for constant angular speed) the equalization of 
temperatures over the end occurred at quite an early stage of the process 
before the steady temperature had been reached. 
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Tuble 10-1. Coml2osition of the 20G Steel 
C Si Mn Ni Cr P S 

0.25 0.35 I 0.05 0.05 

Tuble 10-2. Material properties of the 20G Steel 
Temperature (0C) 0 300 600 1000 1200 
Thermal conductivity 14.7 15.2 19.8 25.3 28.1 
(W/mK) 
Specitic heat (J/kgK) 390 510 980 1300 680 
Density (kg/m3) 8 x 103 8 X 103 8 X 103 8 X 103 8 X 103 

Surface film conductance 0.09 0.09 0.09 0.09 0.09 
(W/m2 K) 
Stefan-Boltzman constant 5.77 5.77 5.77 5.77 5.77 
(W/m2 K4) 
Initial yield limit (MPa) 560 430 310 100 50 
Friction factor 1.3 1.8 1 0.6 0.5 

a b 

d e f 

Figure 10-6. Real (-- -- ) and theoretical (-----) deformations of rods in friction welding for 
various parameters; heating time: (a) 7 s, (b) 12 s, (c) 18 s, (d) 3 s, (e) 7 s, 

(j) 12 s. Welding pressure: (a - c) 40 N/mm2, (d -1) 60 N/mm2 

The friction factor as a function of temperature is given in Table 10-2. The 
majority of research workers believe that this relationship is dependent 
largely on the temperature conditions of the friction surfaces. Variations in 
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welding pressures primarily affect the rate of deformation of the rubbing 
surfaces and the temperature gradient. The temperature in tum has a 
substantial effect on the mechanical properties of the material. It is suggested 
that the limiting steady temperature in the joint cannot be higher than the 
temperature at which the yield point of the material is equal to the pressure 
used in the experiment. The maximum temperature in the joint during 
frictional heating depends not only on the pressure, but also on the 
temperature gradient which depends on the rotational speed in particular. 
Figure 10-6 compares numerical results with experimental observations as to 
the shape of upset metal. Irregularities in the shape of the extruded material 
in a circumferential direction are not analyzed. These irregularities do not 
appear if specimens undergoing pressure during friction welding have 
exactly the same axis of symmetry and parallel surfaces of contact. Non­
uniform properties of the material also can lead to irregularities in these 
shapes. 
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