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PREFACE

Subsurface water constitutes an essential part of the hydrological cycle in nature and
plays an important role in water-resources management. Numerical methods have
advanced rapidly in groundwater hydrology and hydraulics, and a basic knowledge
of groundwater and modeling elements is required for researchers and engineers to
solve the problems they face.

This book contains the essentials of groundwater hydraulics: properties of porous
media and aquifers, mathematical modeling of isothermal and thermal groundwater
flow, hydraulic dispersion and two-phase flow in coastal aquifers, numerical meth-
ods, groundwater investigation, and management of groundwater resources — all of
which one needs in order to become a real specialists. Examples and exercises are
provided at the end of each chapter to reinforce and review the material that has just
been presented creating a textbook for students and engineers. Readers, who want
more advanced information, can refer to the recommended technical sources.

Several fields of science and technology are related to or concerned with ground-
water: geohydrology or hydrogeology for a macroscopic view of the hydrological
cycle and geography, groundwater hydraulics based on engineering dynamics, fluid
dynamics in porous media, and soil physics in agriculture.

With the increased public awareness of environmental problems, including soil
and groundwater pollution and contamination much attention has been directed to
remedying the problems of polluted soil and aquifers. The quality of subsurface wa-
ter thus has become more relevant.

This commemorative publication has been made possible through the efforts of
the Local Organizing Committee, the International Symposium 2000 on Groundwa-
ter, IAHR (International Association for Hydraulic Engineering and Research), at
Omiya Sonic City, Saitama, Japan, May 8-10, 2000.

The members of the LOC played a very active role in the publication of this book.
The editiors also thank Dr. S. A. Bories, directeur émérite de recherche, Institut de
Mecanique des Fluides de I’Institut National Polytechnique de Toulouse, France, and
Dr. Vu Thanh Ca, Associate professor, Marine Hydrometeorological Center, Viet-
nam for their support as members of the Committee on Groundwater Hydraulics and
IAHR.

November 17, 2003
Kuniaki Sato
Yoshiaki Iwasa
Editors
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1

Introduction to Groundwater and Aquifer System

Summary

All water below ground is called groundwater or subsurface water. Groundwater lies
in both saturated and unsaturated states in strata and soils, and its movement is slow.
Groundwater originates from precipitation (e.g., rainfall and snow) as a process of
natural recharge in the hydrologic cycle.

In this chapter, first the physical properties of water are reviewed as fundamentals
of groundwater hydraulics. Then, the concepts of porous media and flow characteris-
tics of groundwater are introduced as models. The state of the soil moisture, aquifer
systems, the system of groundwater in the hydrologic cycle, and the definition of
terms in groundwater are reviewd.

1.1 Groundwater

Groundwater generally encompasses liquid and vapor-phase water in voids below
the ground surface and namely originates from rainfall infiltration in the hydrologic
cycle. Groundwater is distinctive from surface water in the following respects:

1. Groundwater exists in voids in the subsurface and its movement is very slow.

2. Pore geometry, soil or rock fracture, surface tension, and flow resistance funda-
mentally affect groundwater movement, both in saturated and unsaturated con-
ditions.

3. Topographic and geologic structures strictly govern groundwater flows.

4. Soil, stratum, rock mineral, and geothermal conditions exert a great influence on
the chemical properties of groundwater.

The Earth, an aquatic planet, has fresh and salt water in the atmosphere, land,
and oceans. Land water, to which groundwater belongs, is distributed in soil, rivers,
lakes, and polar ice. Water and solar radiation are the most important factors affecting
the Earth’s ecosystem. Groundwater is the subject of study in several science and

K. Sato et al. (eds.), Groundwater Hydraulics
© Editing Committee of Memorial Publication 2006



2 1 Introduction to Groundwater and Aquifer System

technology fields, including hydrology, soil science, hydraulics, and soil engineering.
Groundwater hydraulics from the dynamics viewpoint, especially fluid dynamics in
porous media, is discussed in this book.

1.2 Units

All hydraulic phenomena of groundwater are described by physical quantities such
as soil porosity and particle size (geometric structure), gravity and interfacial tension
(driving forces in groundwater flow), viscosity and density (fluid properties), and
temperature and pressure (the groundwater physical environment).

Table 1.1. SI units in groundwater hydraulics

Physical Name Units Dimensions
quantities s (absolute system)
Length meter m {L]
Mass Kilogram kg M]
Fundamental Time Second s [T]
units
Absolute Kelvin K [Non-dimensional]
temperature
The ampere (A), mole, and candela (cd) are included in the SI (International System
of units.)
Force Newton [N] IN  1lkgm/s? [ML T
Pressure and stress Pascal (Pa) 1Pa  IN/m? [ML-'T2}
Derived units | work and energy Joule (J) 1J INm [ML2T?2)
Power Watt (W) W 1Js [ML2T3]
Engineering Engineers often use weight kilogram (kgf) in place of the mass kilogram in SI
units: Units. The weight kilogram is defined as the gravitational force acting on a body
of 1kilogram mass under the standard gravitational acceleration (g = 9.80665 m/s?).
[1kgf =1kg x 9.81m/s?= 9.81N]. The dimension in absolute units can be rewritten
as [F ]= [ MLT2].
Multiple G (giga) = 10% M (mega) = 105, k (kilo) = 10°, h (hecto) = 10, ¢ (centi) = 102,
symbols in i1l = 10 . - 106
ST units: m (milli) = 10, x4 (micro )= 1

The quantities that describe phenomena in mechanics are referred to as physical
quantities. These physical quantities are classified into two categories: fundamental
quantities and derived quantities. The latter are derived from and expressed in terms
of the fundamental quantities: length [L], mass [M], and time [T]. These are mea-
sured in the absolute or physical unit system. In the engineering field, the system
of length [L], time [T], and force [F] is sometimes convenient to describe phenom-
ena. The system using force [F] instead of mass [M] is termed the gravitational unit



system or the engineering unit system. Table 1.1 shows physical quantities with di-

mensions and

For the subject of groundwater hydraulics, water originating outside the hydro-

units.

1.3 Physical Properties of Water

logic cycle, e.g., fossil water and magma water, is conventionally excluded.

1.3 Physical Properties of Water

Table 1.2. Physical properties of water

Definition and con ] F lation and Propertics Units
Or 1 el
symbols S1 units Gr.avnatlonal
lunits
. Density (p) is defined as i
Density | 1 ass per unit volume. (@) a‘::gn:re};:::rye with temperature kg/m? kgf's’/m*
Unit Unit weight (7) is the weight of [b) ¥= pg, where g = acceleration N/m® kgf/m?
weight unit volume of fluid. due to gravity
Specific | Specific weight (s) is the ratio of
weight density (p) to reference density  [c)s=p/py= ¥% Non- Non-
() at 4°C under standard dimensional |dimensional
atmospheric pressure.
Viscosity (1) is 2 fluid property N 1 shear stress (9)
that relates fluid shear stress to 2 g
u+ Nm?s kef-m2-
Viscosity | spatial rate of change in the Ayi uj: A (or Pa's) ghms
. : |V s/ U velocity
velocity field, and is expressed as: ) ' o et
7= px (duldy) A Ay gade
K.inem.atic Kinematic viscosity (V) = 4/p ¥ ms ms
viscosity 0
M : changes with pressure and
temperature
Surface tension (0) exists in the @ (b) surface
interface between two fluids as a tension ()
result of molecular attraction. It pressure
Surface is balanced by the internal difference
tension pressure difference (Ap) as (Ap)
shown by the Laplace equation: N/m kgf/m
Ry, R, : radii
Ap=o (LR, + /Ry) of cuevature
surface tension (o) depends on
temperature and fluid properties
Capillarity is the result of d, d = capillary
cohesion between different diameter
substances. _ R=R;=R,
Capillarity Capillary rise or height of [Contact 4 Ap=20/R m m
water (h.) is given as: a(nﬁgle h, = capillary height
y ¥
hy= (40 cosb)/pgd
¢ & I Glass tube
For a pressure increment (Ap) Y pressure (p)
on an original volume (¥), volume (V)
Compress-| compressibility (8) is defined ) @+4ap) m¥N m¥/kgf
ibility as: 4. R
B=-(1/¥) AVI Ap , and . r AV>.
bulk modulus (E) = 1/4 s temperature and fluid N/m? keffm?
properties dependent.




4 1 Introduction to Groundwater and Aquifer System

The physical properties of water are quantitatively described by density, viscos-
ity, surface tension (or interfacial tension), and compressibility. Depending on tem-
perature and pressure, water exists in three phases: solid, liquid, and gas. The phys-
ical properties of water (G), as shown in Table 1.2, are expressed as a function of

temperature and pressure:
G = G(T, p) (1.1

Density (p) is defined as the mass of a substance per unit volume and is measured in
kg/m? in SI units or in kgf-sm* in engineering units. The highest water density is
1000.0 kg/m? at 4°C and 1 atmosphere (atm). For a different condition, e.g., 20°C
and 1 atm, the density is 998.2 kg/m>. Weight per unit volume is a quantity generally
called the unit weight and denoted by y (y = pg, g: acceleration of gravity). The spe-
cific weight of a substance (a non-dimensional quantity) is the ratio of its density (p)
to that of water at 4 °C and 1 atm (pp).

The surface tension (o) is defined as the tangential force on a gas-liquid inter-
face or immiscible liquid-liquid interface as a result of molecular attractions. The
dimension of the surface tension is F/L (F = force and L = length). The surface ten-
sion balances in itself as the interface geometry becomes flat. This force is balanced
by the pressure difference (Ap) between the two sides of the curved interface, con-
forming to Laplace’s equation or Plateau’s equation given in Table 1.2. The pressure
balance with surface tension is expressed as Ap = 20°/R for a spherical interface,
where Ry = Ry = R.

Consider a vertical standing glass tube in a water tub. In this case, the surface
tension between water and air is in equilibrium with the weight of the raised water
column in the tube. Thus, the atmospheric pressure equals the water column weight
and surface tension components. With mercury in the capillary tube, the interface
is convex upwards, indicating a larger mercury pressure than atmospheric pressure.
This phenomenon is called capillarity and is explained by Jurin’s principle: the equi-
librium between the surface tension by curvature and adhesion by molecular attrac-
tion of glass (solid) and water (liquid). The contact angle depends on the temperature
and pressure of the environment and the properties of the solid and fluids (liquid and
gas). In a capillary tube with diameter d, as shown in Table 1.2, capillary rise (A¢)
is expressed using Laplace’s equation as h; = (407/pg)(cos 0/d). Thus, the capillary
rise is directly proportional to o cos 8 and inversely proportional to tube diameter (d).

Consider the compressibility of a liquid with initial pressure (p) and volume (V).
If its pressure is increased by Ap at constant temperature, the different pressure and
volume will be (p+Ap) and (V+AV), respectively. In this case, compressibility (8) is
defined as: 8 = —(1/V)(AV/Ap). The reciprocal of compressibility is called the bulk
modulus (£ = 1/B). This definition of compressibility is applicable to the gas phase
also, but the compressibility of gases is larger than that for liquids. The compress-
ibility for liquid water is 4.5 x 1071 m%*N (E = 2.2 x 10° N/m?) at 20°C and 1 atm
pressure. For example, a pressure change of 10 atm for water at the same tempera-
ture results in only a 0.046% change in volume. Thus, the compressibility of water
is usually negligible for fluid flows in rivers and the ocean; in these cases, water is
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assumed to be an incompressible fluid. However, compressibility should be taken
into account for groundwater flow in confined aquifers, as will be discussed later.

In addition to the above-mentioned physical properties of water, the viscosity is
an important dynamic property. The velocity distribution for water flow along a hor-
izontal plane is shown in Table 1.2. Velocity at the wall is zero, increasing with
distance from the wall. The distribution is the result of viscous shear stress in the
fluid. The viscous shear stress () is proportional to the velocity gradient (du/dy),
according to Newton’s law of viscosity [t = udu/dy, where u = the dynamic coef-
ficient of viscosity and u(y) = fluid velocity in the x-direction as a function of the
normal distance from the wall].

The coefficient of viscosity is strongly dependent on temperature, and decreases
with increasing temperature for most liquids. The coefficient of viscosity is expressed
in another way as v = u/p which is known as kinematic viscosity (e.g., v = 1.004 x
107 m?/s at the ordinary temperature 20 °C and standard atmospheric pressure).

1.4 Porous Media and Groundwater Flow

Groundwater exists within subsurface voids in both saturated and unsaturated con-
ditions. Macroscopically, groundwater is a portion of inland water flowing into the
ocean in the hydrologic cycle. In this section, porous media are discussed as the
field/vessel of groundwater flow.

1.4.1 Porous Media
1.4.1 (a) Geometric Structure

Aquifers and rock masses are assumed to be porous media with void spaces and
solid matrix in the groundwater flow field. Figure 1.1 shows several types of porous
media classified with respect to interstices and porosity. From the viewpoint of void
structure, the figure shows media with (a) interconnected pores (interconnected pore
system), (b) non-interconnected dispersed pores (non-interconnected pore system),
and (c) both interconnected and non-interconnected pores coexisting. These three
types of porous media correspond to, for example, sand and gravel aquifers, porous
rock masses such as volcanic rocks, and hard rock masses with fractures respectively.
Groundwater flow or mass transport generally takes place through porous media with
interconnected void systems as in (a) and (c).
A porous medium (PM) is defined in using set theory as shown below.

PM{S9 V} = S(Sl, §2,83,.. -) U V(VI,VZ’ V3, .. )
SES, vevV
where, S = solid portion, sy, 52, §3,... = solid element, V = void portion, vy, s,

v3,... = void element, U and € = symbols representing “union” and “belongs to” in
set theory (Smullyan and Fitting, 1996).
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. oy

Fig. 1.1 a—c. Pore systems in porous media (A. E. Scheidegger, 1960)

The complementary set (S€) of the solid portion (S) corresponds to the void
portion (V) and (a) the interconnected pore system reversibly changes to (b) the non-
interconnected pore system if S and V are interchanged.

1.4.1 (b) Continuum Model and Scaling

Topographic and geologic knowledge are important in the study of groundwater flow.
The spatial scale of groundwater flow generally ranges from hundreds of meters
for relatively small flow in a local area to several hundreds of kilometers for the
flows in topographic units such as plains, alluvial fans, and mountains. Groundwater
flow fields, such as geologic formations and rock masses, are considered as porous
media from the microscopic viewpoint, although they are essentially anisotropic
and inhomogeneous because of their geological history of strata formation. Thus,
groundwater hydraulics deals with groundwater flows from the topographic and geo-
logic standpoints, and helps in understanding hydrodynamic mechanics, as stated
below.

Consider a spherical soil sample with radius r around a point P with porosity n
as a physical characteristic within a porous medium, as shown in Fig. 1.2. A volume
of porous medium is called representative elementary volume (REV). If the radius
of the REV is smaller than the diameter of the soil particles (d), then the REV will
include a portion of a soil particle. Otherwise, porosity (n) fluctuates with the number
of particles in the REV for r > d. Furthermore, the porosity statistically approaches
a constant value for a large number of particles (r > d). Thus a porous medium is
not microscopically homogeneous for a small number of particles within the REV,
but it becomes homogeneous with constant porosity for larger numbers of particles.

The continuum approach to porous media assumes homogeneity in microscop-
ically complicated void structures to simplify its description. This approach makes
it easier to mathematically describe porous media phenomena. Porous media with
a REV radius r > ry,x can be treated on the scale of geology.
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&%)
Is o
(@)

porosity (z2)
1.0 microscopic .
"~ [\inhomogeneity | homogeneous macroscopic
—»l and isotropic <& inhomogeneity
porous medium & anisotropy
05 - /
e
,l
! N
0 rd

size of representative elementary volume (REV) (9

Fig. 1.2. Size of representative elementary volume (REV) and porosity

A continuum model of porous media is defined with porosity n(r), which is one
of its physical characteristics (Bear, 1979).

—dn(r) = 0, Tmin < ¥ < I'max
dr

dn(r) <0, .‘in@>0 (0 <7 < ripin OF I > Finax) (1.2)
dar dr

Mathematical modeling of groundwater flow is based on the continuum model of
porous media.

The REV scale can be extended to macroscopic geologic formations as the
groundwater flow field, as depicted on the right hand side of Fig. 1.2. Anisotropy
and heterogeneity are discussed as macroscopic properties of formations on the geo-
logic scale. The actual stratum is heterogeneous, and porous medium properties such
as hydraulic conductivity are direction dependant for a large REV radius. If the prop-
erties are direction dependant, then the media or flow fields are called anisotropic.
Groundwater flow and transport modeling in porous media are inevitably based on
the continuum approach.

1.5 Averaged Properties of Porous Media

Geologic formations and void spaces in soil and rock masses have complicated geo-
metrical structures. Thus, microscopic discussion of pore space geometry and flow
mechanism is not always realistic and practical in engineering terms. Consequently,
it is advantageous to model groundwater and percolation flows with averaged prop-
erties.
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Figure 1.3 conceptually shows the definitions of the averaged properties with
respect to pore space and the solid, liquid, and gas phases among others. Porosity
(n = void volume/ total volume) and void ratio (¢ = void volume/ solid volume)
are principal properties of porous media. In an ideal porous medium packed with
spherical particles, porosity ranges from 25.95%-47.6%.

The dry density (pq) is another property of porous media. Because it includes the
void space, values are smaller than for solid density. Water content (6) and saturation
degree (S) represent porous medium properties in wet conditions for water and air
occupying the void space.

Properties Definition
e of Vv, V-V
- . - » porosity () o volume of void o s
solid particle —f= o O— gas (or air) total volume V v
ol*] = V,
water (or liquid) —p=_ 1-— (0<n<1.0)
°% %
Q void ratio (&) volume of void V. 0<e
c ™ 7
volume of solid V.
(a) wetted porous medium
volumetric ; volume of water (or liquid) Ve
. " e e N
S 4 gas (or air) A water content (6) total volume I
- - water where, (0 < #< 1.0)
- g | ] e o — ——
- E weight ite . :
o 2 V. water (or liquid), ( H}' \ moisture weight of water (or liquid) W,
€ S — — - -ontent (s e P U S 7 a7
3 > e i tota] | content (¥) weight of solid W
= = weight ’
';_ > ‘h ( l-{-'l degree of g=2X olume of water (or liquid) 1'.»-
= v ; solid " saturation (.5 volume of void W
v L where, (0< V,< V)
relationship V. v V, @
Szt e s =
X between mand & V T n
(b) components of wetted porous medium " "
wetted density |, W
o) [
W,
dry density (o) | P4 7

Fig. 1.3. Properties of porous media

The volumetric water content, often used in groundwater hydraulics, is defined
as the ratio of volume of water in the void space to the porous medium volume.
Moisture content (w) is the ratio of water weight to the weight of solid.

1.6 Soil Water and Driving Forces for Groundwater Flow

The soil moisture condition (i.e., the moisture content) changes with depth. A typical
cross-sectional view of soil moisture distribution and its environment are shown in
Fig. 14.

Groundwater fills the void/pore space in the soil layer and geologic formations in
saturated and unsaturated conditions. The soil water zone, usually unsaturated, is the
transmission zone or cushion zone between the ground surface and subsurface water
and is strongly influenced by the weather and climatic conditions and it brings up



1.6 Soil Water and Driving Forces for Groundwater Flow 9

also rootwater supply to vegetation, microbes, and microscopic animals in the soil.
The moisture content in the soil water zone increases with rainfall infiltration and
decreases with evapotranspiration. This zone plays an important role in rainwater
recharge to unconfined aquifers.

An intermediate zone exists between the soil water zone and the capillary fringe.
Voids in the intermediate zone are mainly occupied by pendular and funicular typed
water. Surface tension balances the gravity force in funicular water. This is a cush-
ion zone through which rainwater in the soil water zone flows down to unconfined
groundwater. An unconfined groundwater table with a free surface exists in the satu-
rated zone, and is connected to the atmosphere through the void space in the unsatu-
rated zone. The free surface varies with the water table gradient.

& observation well

@ :: soil water zone
pendular water 1
% a& intermediate zone
unsaturated zone 8 (vadose water zone)
! hygrogcopic or

funicular water

absorbed water,

capillary fringe

capillary water zone

groundwater
table

groundwater
(unconfined)

Fig. 1.4. Vertical groundwater profile

The classification of moisture distribution mentioned above is fundamental to
groundwater flow and infiltration studies. The soil moisture and its movement are
discussed next.

Figure 1.5 shows qualitative relationships between water content (pendular, funi-
cular and saturated cases) and driving forces (surface tension, gravity and pressure
head). In areas of low moisture content, pore water is held in contact with soil parti-
cles forming liquid islands around the particles. Surface tension plays the dominant
role in moisture movement. The liquid islands diminish and air bubbles appear in the
pore space as moisture content increases. The influence of surface tension gradually
weakens and gravity and pressure head mainly drive water movement. As the water
content increases to the saturation value, surface tension has no significant influ-
ence on water movement. Thus, surface tension is the major governing force in low
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moisture content environments, whereas gravity and pressure head are dominant in
saturated conditions. This fact is important to the understanding of groundwater flow
modeling and the approach to defining driving forces is important in groundwater
flow dynamics. Groundwater hydraulics originated with the study of saturated flow,
and as science progressed, the study of unsaturated flow was incorporated.

©) T water pressure (p) W
manometer

© liquid water Ppg

g TT
pt.pgi—? ) h
v _ i

" unsaturated saturated

> gravity, pressure

surface tension

== water content

Fig. 1.5. Water content and its driving forces. z, elevation; &, water head; h, capillary head;
D., capillary pressure (negative); y = pg = unit weight of water

1.7 Groundwater and Aquifers

Natural topographic and geologic systems control the occurrence of groundwater.
Thus, groundwater has various types in flow systems based on the topographic and
geologic conditions. Figure 1.6 shows a typical groundwater system with aquifers
and aquicludes maintained by natural recharge. The groundwater flow field mainly
consists of rock masses or sediment formations. Most of the sediment formations are
heterogeneous. This system consists of alternately overlying permeable layers and
less permeable layers and the bottom layer is close to the bedrock, as shown in the
figure.

The groundwater table, or the free surface is below the ground surface in the
system shown in the figure. The flow field of the unconfined groundwater is called
an unconfined aquifer in which the groundwater table forms the upper surface of
the saturated zone. The unconfined aquifer is one of the fundamental elements of
groundwater systems.

A saturated permeable geologic unit confined between two aquicludes is called
a confined aquifer. Confined aquifers without free surface have high permeability
and the water levels in the wells are higher than the upper boundary of the aquifers
as shown in the figure. Normally, unconfined aquifers having rainwater recharge exist
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near the ground surface, whereas confined auifers occur at depth in a groundwater
system.

It is important to have information on aquifer pressure to understand ground-
water movement. Observation wells with screens give pressure levels in the aquifer.
Pressure p dominates groundwater movement and is expressed as the elevation of
the water table from a reference level, i.e., piezometric head = p/pg + z, where, p =
water density, g = gravitational acceleration.

clouds @

precipitation (rain, snow etc.)

s s transpiration 373
¢N¢mtum[ recharge evaporation TTTTT

infiltration perched water  artesian well (piezometric

head above ground surface) vegetation

observation well

am_,
- lake & marsh :?/ i surface runol'f'/

groundwater _ unconfined 1
- table groundwater

piezometric head of _
second confined aquifer

-,
groundwater
flow

groundwateér

seawater
fractured | ”””.’. I LLLLLLLAL intrusion
—_— "‘“']'I"'J-_J'I-”i“l“lflu‘«i“ fresh water
- "~ leakage * e fleme
13 - I . A roch-cpr .
first confined aquifer °[| * | 3:]';:2&““”"”
rock mass e 1 1 A *
%t v aquiclude]

- L
second confined aquifer'y . |
i screen

Fig. 1.6. Groundwater classification under the hydrologic cycle

Groundwater flow occurs from an aquifer of higher piezometric head to those
with lower heads. Groundwater movement in an aquifer can be easily understood by
drawing an envelope line of piezometric heads. In Fig. 1.6, the piezometric head of
the first confined aquifer is higher than the ground surface. As a result, the observa-
tion well is depicted with a fountain and is called an artesian well. Artesian wells and
springs are generally explained by this hydraulic mechanism.

There is vertical leakage between adjacent aquifers in Fig. 1.6 through the
aquicludes, which have low and nonuniform permeability as a result of hetero-
geneous sedimentation processes. The leakage groundwater movement also follows
hydraulic potential of piezometric head difference between aquifers.

Water movement in the unsaturated zone above the water table is subject to grav-
ity and surface tension as the driving forces. A small aquifer above low permeable
layer in the unsaturated zone results in perched water.
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1.8 The Hydrologic Cycle

Groundwater comprises the subsurface water system of the hydrologic cycle.
Figure 1.7 illustrates the processes of the hydrologic cycle, which encompass the
surface water system and the subsurface water system. Part of the precipitation infil-
trates into the ground and becomes the subsurface water, as shown in the figure.

clouds

Aface wx\
precipitation system

evaporation

exchange evapotranspiration
natural between surface

y surface
interaction between T, recharge - surfiwe lT storage * runoff

surface water and = — — u and rivers oces
- : - -» s * ean
sroundwater infiltration from§ : subsurface ground i

o ::Ids ,a water surface interflow
& groundwater ‘.
extraction . . unsaturated zone .
. infiltration o
~ subsurface water gr::url—q\\ ater
E * runoff
. system
groundwater ., !

head contours)

P N -
%f"?) groundwater »*
& flow

aquifer

Fig. 1.7. The hydrologic cycle concept

A part of groundwater accretion/surplus resulting from rainfall infiltration even-
tually reaches rivers or stream channels as groundwater runoff. Both rainfall infil-
tration and water retained in shallow ditches on the ground surface cultivates soil
moisture in the top layer, and ultimately return to the atmosphere by evapotranspi-
ration. Evapotranspiration refers to the simultaneous occurrence of evaporation and
transpiration processes. The remaining portion of precipitation rapidly flows into
rivers or stream channels as direct runoff (also known as overland flow). Some water
infiltrates into shallow soil layers, travels slowly along the soil layer, and eventu-
ally joins a river, a process known as interflow. The river water flows downstream
and eventually enters the ocean. A relatively small amount of water evaporates from
river surfaces, while much more water evaporates from the ocean. Thus, the whole
precipitation ultimately returns to the atmosphere and the cycle repeats.

The hydrologic cycle can be quantitatively understood by studying the water bal-
ance. The water balance clarifies the characteristics of the hydrologic system and is
expressed as follows:

1) - o) = ds/dt
(Inflow rate) — (Outflow rate) = (Storage rate) (1.3)
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The way the water balance is quantified is to define a given region of space and
time as boundary conditions. Eq. 1.3 states that the difference between water inflow
and outflow is the storage rate for a specified period in the system. This is the mass
conservation law applied to the hydrologic system.

Exercises

[Ex. 1.1]

The groundwater table is 1 m below the ground surface of a sand layer. The vol-
umetric water content () in the unsaturated zone is 0.10, which increases to 0.15
after rainfall for 2 hr with an intensity of 40 mm/hr. Calculate the rise in groundwater
table. The porosity (n) of the sand is 0.4.

[Ex. 1.2]

The groundwater table originating from rainfall on a mountain side is shown in
Fig. E1.1. Using a tank model, show that the relationship between discharge (Q)
and time (¢) after the rainfall is exponential.

. rainfall
time (9 | |
= A t
t+dt 2 ___T___'__"”_ t+ dt
—> [ f
water level () z by
\
L \ discharge (Q) 1\ )
..... —
area (A)
tank model

Fig. E1.1 Tank model for discharge
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2

Formulation of the Basic Groundwater Flow
Equations

Summary

Groundwater flow in the subsurface is analyzed by introducing transport law (Darcy’s
law) and mass conservation law (continuity equation) coupled with the specified
boundary conditions. Thus, in the so-called deductive method, transport equations
for physical quantities such as groundwater, solute matter, and heat are applied to
groundwater-related phenomena to obtain the necessary information.

In this chapter, first the methodology for the study of groundwater hydraulics is
discussed. Then, basic knowledge such as water velocity, permeability testing, and
the equations of motion and the continuity equations are introduced. Finally, the
governing equations for groundwater flow in confined and unconfined aquifers and
the flow of isothermal unsaturated groundwater are derived.

Groundwater flow in rock masses and gas (air) seepage, which has been not sys-
tematically analyzed, will also be introduced. For further explanation and detailed
understanding, the application in groundwater flow will be explained by some solved
problems.

2.1 Methodology of the Hydraulic Approach

Since groundwater hydraulics deals with the problems of dynamic fluid motion
(e.g., water, air, and oil) in porous media, the governing equations in fluid dynamics
are introduced for the porous media modeled and solved by incorporating various
conditions to obtain the necessary information.

The hydraulic approach to groundwater flow is summarized in Fig. 2.1. In gen-
eral, the approach is classified in two ways: one is used for field applications and
the other aims at the modeling and formulation of basic phenomena. In the first
approach, the hydraulic conditions must be provided for the basic equations, giving
a clear method for solution. The latter approach is used in research when data are
insufficient and no established modeling techniques are available.

K. Sato et al. (eds.), Groundwater Hydraulics
© Editing Committee of Memorial Publication 2006
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The hydraulic approach to field application problems is summarized as follows.
First the collection and analysis are carried out of all existing and research data on
morphology, geology, hydrologic conditions (e.g., vegetation distribution, land and
water use, and meteorology), and actual groundwater conditions. Then, solutions
are obtained by solving the transport equations (e.g., Darcy’s law and Fick’s law)
and conservation equations (e.g., the continuity equation) for the transport quantities
(such as those for water, solutes, and heat) together with the boundary and initial con-
ditions. In general, either analytical or numerical solution methods are applied to the
modeled morphology, geology and groundwater to solve the basic equations, which
are written by mathematical expression. For this, hydraulic parameters and charac-
teristic formulas (such as the permeability and the coefficient of storage that connect
to the actual groundwater flow with the mathematical models) must be determined.
Results of the analyses based on the hydraulic approach are applied to understand the
present state of the groundwater flow, and to the prediction and evaluation of future
scenarios.

initial and boundary
conditions
[ taws for the velocity of
transport quantities
| (Darcy’s law etc.) solutions of governing —
- — equations prediction,
I mvestxgatmnl > K evaluation
(1aws for conservation -
of transport quantities hydraulic parameters,
(continuity equation characteristic equations
 etc.) (state law of fluid etc.)

Fig. 2.1. Hydraulic approach to groundwater flow

This is the so-called deductive method. Accordingly, the basic equations, hydrau-
lic parameters, characteristics, and conditions must be determined beforehand. If it is
not possible to develop basic equations and obtain solutions by applying the above-
mentioned procedure, then further investigation of the problem is required.

2.2 Laws of Velocity for Transport Quantities

2.2.1 Darcy’s Law

The basic resistance law for seepage and groundwater flows was made clear in
the permeability experiments conducted by Darcy H. (1857). Darcy’s experimen-
tal equipment is shown in Fig. 2.2. It consists of a vertical cylindrical column 2.5 m
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in height and 0.35 m in internal diameter filled with the material to be tested. Mer-
cury manometers for pressure measurement are installed at the two ends. Tap water
is supplied to the upper end and discharged from the lower end of the column under
saturated state. The soil sample is placed above a permeable sheet and a metal net,
which covers the entire pipe crosssection at 20 cm from the lower end. Silica sand
was used as a test sample with particle diameters of 0.77—2.0 mm and a porosity of
about 38%. The sand was collected from a tributary of the Rhone, the Sadne river, in
France.

4 Seepage velocity
S| #(em/s)
1x 10}

mercury
manometer

>
§ ..)(10“
rate

(%)

(turbulent flow)

pore Velocity (")
€ L >

coarse sand

water supply 1x 107

(laminar flow)

fine sand

mercury
manometer

silty clay
—-—-—r'—'_'l_'_'_l—_.l_—J I
2 3 5 .
9 : 4 3 b hydraulic

threshold hydraulic gradient (i) gradient (i)

Fig. 2.2. Darcy’s experimental setup (after Fig. 2.3. Experimental relationship between
original literature by H. Darcy 1857, France) flow velocity and hydraulic gradient

The column was first fully filled with water so that no air bubbles remained in the
sand layer. During the first experiment, flow discharges were measured for four cases
with sand layer thicknesses of 0.58 m, 1.14m, 1.70m, and 1.71 m and the hydraulic
head difference between upper and lower ends of the column varying in the range of
1.11-13.93 m.

The experimental results showed that the flow discharge (Q) was proportional
to the pressure difference between the upper and lower ends of the sand layer, as
depicted in Eq. 2.1:

_

Q=Au, u=ki, z—L 2.1
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where A = pipe cross-sectional area, k = hydraulic conductivity (or permeability),
Ah = difference in hydraulic heads between the upper and lower ends of the sand
column, L = sand layer thickness, and i = hydraulic gradient.

Equation 2.1 is known as Darcy’s law, in which the discharge velocity or Darcy
velocity (u), is proportional to the hydraulic gradient (i). The proportionality coeffi-
cient (k) is called the permeability or hydraulic conductivity, having the dimension
of velocity.

The experimentally determined relationships between discharge velocity and
hydraulic gradient for silty clay, fine sand, and coarse sand by several authors are
shown in Fig. 2.3.

The relationship for very fine particles (e.g., silt and clay) has three transit char-
acteristics. The first is the critical or threshold hydraulic gradient (i.). Flow does not
take place while the gradient is below its critical value (i < i). A curvilinear (nonlin-
ear) relationship between flow velocity and hydraulic gradient exists for i < i < i,
and a straight line (linear) relationship exists for i > iy. Usually a fine silty clay, origi-
nating from sediments or weathered rocks, has a high porosity and is easily deformed
due to external forces. This is one of dynamic characteristics of deformable porous
media.

The relationship between u and i for fine sand is linear, and the pore flow velocity
is directly proportional to the hydraulic gradient. Thus, Darcy’s law expresses a linear
resistance law. For coarse sand, the flow follows Darcy’s law for low flow velocities.
But when the hydraulic gradient grows larger, the flow velocity is directly propor-
tional to i'/? instead of i (the flow velocity is proportional to the one-half power of
the hydraulic gradient).

The flow velocity (u) calculated using Darcy’s Law, based on the cross-sectional
area (A) of the test sample and the flow discharge (Q) as shown in Fig. 2.3, is different
from the pore velocity (#). The Darcy velocity (v = Q/A), and the pore velocity
(W' = Q/A’, where A’ = void area in the cross-section) are related as shown in
Eq. 2.2

’

u=—u'=nu', n<l,u<u 2.2)

where n = A’/A is called the area porosity. Since the porosity is less than one, the
pore velocity is larger than the Darcy velocity.

2.2.2 Dynamic Meaning of Permeability

The permeability, which is defined on the basis of Darcy’s Law, is the proportionality
coeflicient between discharge velocity (or Darcy velocity) and hydraulic gradient
(piezometric head gradient: gradient of forces originating from pore pressure and
gravity). Its hydraulic meaning will be discussed in the following paragraphs.
Figure 2.4 shows micropipe and parallel pore models for a porous medium and
fractures in a rock mass, respectively. These two models (a and b) are simplified
as viscous fluid flows in a circular pipe and parallel interstice, respectively. Since
Darcy’s Law is applicable only for laminar flow, it is possible to explain it using
a simplified viscous fluid flow in a circular pipe. According to the law for a viscous
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Fig. 2.4. Hydraulic model in seepage flow

fluid flow in a circular pipe (Poiseuille’s law), there is a force balance between pres-
sure and shear stress. The average flow velocities (uy,) in circular and parallel pipes
are expressed by Eq. 2.3.

6% dp 82 1dp
=——L ki, k=—pg, iz=-——— ircul
Um 35 dx i 3 2;1p i g dx (circular) .
&% dp &2 1 dp ’
=——-L1=ki, k=—pg, i=-—X llel
Hm 12u dx ! 12;1pg ! pg dx (parallel)

where & = the pipe diameter (corresponds to the pore diameter or width of interstice),
p = fluid viscosity, p = fluid density, p = pressure, g = gravitational acceleration,
and x = coordinate along the pipe.

If the flow inside the porous medium is laminar, the hydraulic conductivity is
proportional to the medium pore size and fluid viscosity, as given in Eq. 2.4:

k=f.up.8), 6=f(nde) (2.4)

where f( ) = a function, n = porosity, d = particle diameter of the porous medium,
and & = particle geometrical coefficient (e.g., the ratio between the lengths of the
long and short axes of the particle).

Usually, the pore size, one of the geometrical characteristics of a porous medium,
is dependent on particle size, porosity, and particle geometry. Further, viscosity (1)
and fluid density (p) are dependent on temperature (7') and pressure (p) [i.e., u(T, p)
and p(T, p)]. The gravitational acceleration varies with the elevation, and so it is rea-
sonable to argue that fluid permeability (for water, oil, or gas) is mainly determined
by geometrical characteristics, fluid properties, location, and pore size.

K
k= Pkl K=48 (2.5)
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Table 2.1. Range of Darcy’s permeability

Intrinsic permeability (cm?)

103 10° 107 10° 101 10® 10 107 | 107 102
Types -ttt
Porosity Permeability (cm/s)
%) PR LA UANS (N AR S Lol Ul

T L v A T T L) L} T T L] T T T T ¥ L) 1 A '
Soils Gravel Sand Finesand  Clay

(-35) (30-35) (30-50) (50-70)
Aquifers Permeable layer Aquiclude  Impermeable layer
Rocks Sandy rock Limestone Granite

(0.6-7) (0.5-1.0) (0.3-5) -

Rock masses p- Fractures, weathering etc.

where K = intrinsic permeability. The intrinsic permeability has the dimension of
length squared [L?] and distinguished from the Darcy permeability (see Table 2.1).

2.2.3 Relationship Between Resistance Coefficient and Reynolds Number

Saturated flow in a porous medium entails a flow inside the pores. The resistance to
flow in a porous medium can be evaluated based on the coeflicient of resistance ()
and the Reynolds number (R.), similarly to that for flow in a circular pipe. The rela-
tionship between ¢ and R, for flow through a porous medium is defined by Eq. 2.6.

Y

d
i Re=u—-

=42’ ” (2.6)
where i = hydraulic conductivity, d = particle diameter, # = Darcy velocity, and v =
kinematic viscosity of the fluid.

Figure 2.5 shows the experimentally determined relationships between Reynolds
number and coefficient of resistance for microseepage in clay and flow in sand or
glass particles (laminar and turbulent flow). It can be observed that the coefficient
of resistance becomes larger for smaller Reynolds number, and as R, increases,
¢ decreases. Three distinct regions can be found in the figure with respect to the
Reynolds number.

1. The lower Reynolds number region in Fig. 2.5 is characterized by the increase
in resistance coefficient caused by the additional forces at the interface between
water molecules and soil particles (e.g., the absorbing effect in clay for R, <
1073-107%).

2. The region with laminar flow (R, < R. < Re), where Re, = the lowest
Reynolds number of laminar flow, R.. = the Reynolds number when the flow
changes from laminar to turbulent, or the critical Reynolds number, R.. = 1-10.
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Fig. 2.5. Experimental relationship between Reynolds number (R.) and coefficient of resis-
tance ({)

3. The region with turbulent flow (R > R.).

In the region between turbulent and laminar flows, experimental relationships
between { and R, can be expressed by the following equation.

Rl = a+ bR., Q.7

where a and b are constants. The coefficient a, determined from the experiments in
Fig. 2.5, is in the range 10°-10%, whereas b is in the range 10—10°.

As shown in the figure, the flow velocity is affected by an “additional viscos-
ity,” which results from the adhesive forces between soil particles on the microscale
(1075 m, refer to Fig. 2.5 for microscopic clay structure) and water particles (on the
scale of 10719 m); flow velocity is also affected by chemical forces between water
molecules and organic matter (the treatment of chemical forces is outside the scope
of hydraulics).

Flow is laminar for a wide range of Reynolds number, and in this regime, the
interaction between water molecules governs the resistance force. As the Reynolds
number increases, internal friction and turbulence in the fluid flow consume flow
kinetic energy. Pore size restricts the scale of turbulent eddies, the size of which
resembles the pore size distribution in the porous medium.
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2.2.4 Methods of Permeability Determination

Permeability is one of the basic parameters for groundwater flow and needs to be
determined empirically. Generally, there are two methods of determining perme-
ability:

1. Empirical equations and laboratory tests (indoor methods)
2. Field tests (outdoor methods)

In laboratory tests, soil properties (i.e., particle distribution and pore distribution)
are analyzed and sampling tests are carried out to determine permeability on the
laboratory scale. In contrast outdoor methods (pumping tests or insitu permeability
tests) examine the permeability of aquifers or rock masses by recharging water or
taking up water from observation wells bored in the field, in which case, an average
permeability for groundwater flow is determined. Because details on field methods
will be elaborated in Chapter 6, Groundwater Investigation, this chapter will focus
on a brief explanation of the laboratory methods.

2.2.4 (a) Permeability Tests in the Laboratory

Table 2.2 shows typical permeability tests carried out in the laboratory. They are
(a) the constant head permeability test, (b) the falling head permeability test, and
(c) the constant pressure rock permeability test. Corresponding permeability equa-
tions for each test method are also given. For low permeability materials such as clay,
the falling head permeability test is preferable.

Very low permeability materials such as rocks need high pressure to be applied,
and nondeformable samples of the material tend to result in gaps between the rock
specimen and the wall of the cylindrical container. Thus, a gum membrane must
be wrapped around the test sample first and a circumferential pressure (ps) applied
to make a good contact between the gum membrane and the rock sample. Then,
pressures are applied to the upper and lower ends of the sample to obtain a pressure
difference (Ap) between them. The permeability test must be carried out under the
condition that ps > p; (p; = pressure at the upper end).

The testing methods are now briefly explained. In the constant head permeability
test, both undisturbed samples and disturbed samples (samples in a state different
from the insitu state) may be put in the cylindrical test tank above the porous plate.
Then, water is supplied from the downstream tank to avoid any entrapment of air in
the sample, and the discharge is measured under a fixed hydraulic head difference
between the upper and lower ends of the sample. The, permeability is determined
following the equation in Table 2.2a.

The falling head permeability test is useful for materials with low permeability
such as clay. The standpipe and test sample are filled with water and the variation
in water level inside the tank is measured with a scale on the transparent wall of the
tank. The permeability is then calculated using the equation in Table 2.2b.

In laboratory permeability tests for rocks, a high acting pressure (high pressure is
required because of the low permeability) is applied at the upper end of the sample.
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Table 2.2. Permeability tests and associated formulae

Test methods

Test setup

Permeability

(a) Constant head
permeability test

constant water
level

_TJ

porous plate

fe—r—]

sectional
area (A)

hydraulic
head loss

S —

flow rate (Q)

k. permeability
Al hydraulic head loss
A: sectional area
L: sample length
Q: flow rate

(b) Falling head
permeability test

porous plate (A4)

By

= ——1o
A(4-1) B
k permeability
. sectional area of
stand pipe
L: sample length
A: sectional area of
the sample
hy, hy: water level in stand
pipe at £, and &
([’]>b2n tl< tZ)
Note: The test is applicable
to low permeability
materials like clay

(c) Constant pressure rock
permeability test

circumferential

pressure (p,) — 5

N

242420
YYYYY S

flow rate

(¢}

pressure gauge ? Ehl)-lgsr:ul;l;c(p,)
‘_—.

rock sample

sample length
(02)

gum membrane

b

L
¢ P8LQ
ApA

k. permeability
Ap: pressure difference

@&-p)
p- water density
& acceleration (gravity)
L: sample length
A: sample sectional area

D, circumferential
pressure on gum membrane

wep)

With the pressure difference (Ap) between the upper and lower ends of the sample
and the measured flow discharge (Q), the permeability is calculated using the equa-
tion in Table 2.2c.

It is possible to carry out gas permeability tests with the same procedure by
replacing water with gas, but the method for gas discharge measurement (Q) at the
lower end is different. Gas discharge measurement can be carried out using a gas-
capturing tube installed in the water tank as shown in Table 2.3. It is not possible to
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accurately calculate the air permeability with the equation given in Table 2.3 because
of gas compressibility, the theoretical background to which will be discussed later in
Sect. 2.7. However, the equation discussed for water permeability can be used with
a small error for small pressure differences.

Table 2.3. Typical test methods for saturated/unsaturated permeability

Test method Test setup Permeability
dh
k(6) =uf| 2%
dx
soil sample
water porous (cross-sectional | _ / (_% . ﬁ ]
supply plate j area A) 080 dx
B - k(6): unsaturated
permeability
(a) Unsaturated @: volumetric water
permeability content
tes; (§°f ;Oam h,: capillary head
and cla
Y ) x: distance, Q: flow rate
>!< u: seepage velocity
i flow rate Q
7 Xiw
—> X
éﬂow rate (Q) SB
....... _J 6.
Il L gas pressure (1) | g intrinsic permeability
S k: permeability
(b) Constant pressure T . ]
gas permeability lsamglt,llle(L) ::é Ap: pressure difference
en, -
;isl;s()f or permeable 2 ‘1' | cross-sectional |Q: flow rate
| - jarea (4) p: fluid density
gE __I r g: acceleration of gravity
L2 Ap=pip, L: length of sample
pressure p,< p, M gas viscosity

Unsaturated permeability [k(6), & = volumetric soil water content] for low per-
meability soil (such as loam and clay) under the action of surface tension can be
determined using the unsaturated permeability test as shown in Table 2.3. In this
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case, a capillary head difference (Ah;) between the upstream and downstream ends
of the test sample generates unsaturated flow. At least two tensiometers (a manome-
ter fully filled with water and connected to a porous cup at one end) are localted
with a known separation (Ax) inside the test sample to measure the capillary head
difference and the volumetric water content. The flow discharge (Q) at the down-
stream end of the sample is noted. Then, using u (= Q/A, A = test sample cross-
sectional area), AG/Ax and Ah./AB, unsaturated permeability k(6) is calculated from
u/(Ahc/A6 x AB/Ax) or u/(Ah./Ax). Practically, the maximum possible number of
tensiometers are inserted into the test sample. The number is chosen so that the ten-
siometers do not significantly disturb or interfere with the flow, thus A, and 6 are
measured at many points, which will be discussed later. Based on the measured data,
the relationship between A and 6 (known as the moisture characteristic curve) is
plotted, and hence the unsaturated permeability is determined. With the unsaturated
permeability [k(f)] determined, it is then possible to apply it to a host of unsaturated
flow analyses.

Table 2.4. Some permeability formulae

Authors Empirical formulae (unit) Notations
‘ k: Darcy’s permeability (cm/s)
Hazen | k =11642(0.7 + 0.03T) d.: 10% effective grain size on cumu-
(1893) (cm/s) lative grain size distribution (cm)

T: temperature (°C)
k: Darcy’s permeability (cm/s)
v: kinematic viscosity (cm?%s)

(1?5223_ k= 'Sg[”g/ (1 - n)’l/M? g: acceleration due to gravity (cm/s?)
v : >
(1937) (cm/s) n: porosity

M;: specific surface/unit soil volume
(For spherical particle, M = 6/d)
k: Darcy’s permeability (cm/s)
po: fluid viscosity at 10°C tempera-
ture
po\(n—-0.13 ? s fluid viscosity at T °C temperature
_)( m) d: 10% effective size (cm)
(cmys) | 7 porosity
(Note: the coefficient value for
a smooth particle surface is 800 and
for an angular particle is 460)

Terzaghi | k = (460 — 800)(
(1924)

1

Gas permeability of relatively permeable soils can be measured using a constant
pressure gas permeability test, as shown in Table 2.3. In such cases, the pressure
difference (Ap) between the upper and lower ends of the test sample should be small
so that the effect of gas compressibility is not pronounced.
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2.2.4 (b) Formulae for Permeability

Permeability is defined simply as the resistance coefficient in Darcy’s law for flow
discharge. In practice, it is a very important parameter governing infiltration and
groundwater flows. Various empirical formulae for the calculation of permeability
have been proposed for simplified sand layers, such as filter layers or ion exchange
layers at water chemical plants, based on particle size distribution, porosity, and vis-
cosity of the fluid. Table 2.4 shows some of these formulae (Harzen A., 1893, BearJ.,
1972., Terzaghi K., 1924).

2.3 Basic Equations for Saturated Groundwater Flow

This section focuses on the derivation of basic equations, i.e., continuity and trans-
port equations, for saturated groundwater flow. In general, these equations are clas-
sified into those for confined and unconfined aquifers.

2.3.1 Continuity Equation

Consider the mass balance for water inside an infinitesimal control volume with
dimensions Ax, Ay, Az and centered at a point P(x,y, z) in the Cartesian coordinate
system, as shown in Fig. 2.6. Darcy’s velocity components at point P in three direc-
tions are denoted by u, v, and w, respectively. The net water mass entering the control
volume through its surfaces within an infinitesimal time (Af) can be expressed by the
following equation:

Opu Ax dpu Ax
( " o ‘2‘)‘( “* % 7)]”“’
[(  dpvAy dpv Ay
+ »(pv 3 2 ) (pv + 9 2 )] Az Ax At
| dpw Az dpw Az
+ ( w 57 2 ) (pw+ 5 2 )]AxAyAt
=- i(pu) + 2(pv) + ﬁ(pw) Ax Ay Az At
| Ox dy 0z

where p = water density.

The change in water mass inside the control volume can also be expressed as
0/0t (np Ax Ay Az)At, where n = soil porosity and ¢ = time. Then, the continuity
equation can be written in the following form:

d(pn)
ot

0 0 0
—Vpq = | == (ou) + a—y(pV) + a—z(pW)] = (2.8)

where q(u, v, w) = the flow velocity vector, and V = (8/dx, 8/dy, 8/87).
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Equation 2.8 expresses the water mass conservation law for a unit volume. Dif-
ferent forms of the equation are in use depending on whether water density and
porosity are constant and whether the aquifers under consideration are confined or
unconfined. For a steady flow (/8¢ = 0) and constant values for p and n, Eq. 2.8 is
expressed in the following form:

ou 0Ov ow

a+6—y+'§=0 (29)

q pore velocity

d components

z(w) [pw a(pw)Az

~o] OC%C(P“ =3)

A dwater fl
A groundawater riow
[pv_M_YJS o o

oy |2 ™ A —, (pv+ a([;;,V)Azy]
d(pu) Ax

(P“"’TT) 5 Ax
o 2 st

Fig. 2.6. Control volume in groundwater flow

2.3.2 Equation of Motion

The pore veldcity in Fig. 2.6 is denoted by q’ (', v', w’), and the Navier-Stokes equa-
tion for viscous fluid flow inside pores can be expressed in the following equations:

du’ lap LHEe d 4 i} /] J

“ V ’ st d— VY — W —

i Y TTatYmtVey e

av’ 16p ;1 2, , 0 ? &P

—_= ~Vy Vis—+—+— 2.10
dt p 6y p o " dy? * livas (210)
aw’ 10p Moo

o o, Eeryy

dt p Oz g+p e

where ', v/, and w' are components of pore velocity vector in the x-, y- and
z-directions, respectively; p = pressure; and g = gravitational acceleration.
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Generally, the pore velocity (q') is very small and the nonlinear terms in Eq. 2.10
can be neglected. Noting the relationship between the Darcy and pore veloci-
ties [q(u, v, w) = nq’ (&', V', w')], the following equations can be written:

10u _ 16p V2
not pax
1dv lap 2
i v 11
n ot p(’)y @10
10w 1dp 2
=2 gty
not p 0z np e

The following equations are obtained by substituting the coefficients in the viscous
terms on the right hand side of Eq. 2.11 with the Darcy permeability k = (npg/u)K,
where K = intrinsic permeability [L?]:

iV2u, —PLV2v, ﬁ—Vzw ~ —gE,

v w
-g-, —8— 2.12
np np np k gk gk 212)

The Darcy flow velocity (q) can be expressed in terms of the velocity potential (¢)
as shown in Eq. 2.13.

T ox v_()yw 0z

s __% _.% (2.13)

Equation 2.11 can be written in the following form by substituting Eq. 2.13 into it:

_19(o __LQI_’+1 9

ng 0t\ox)  pg ox Ox

14 0¢) 1ap (0¢)
-— -—=£ 2.14
ng@t(ay pgdy  k\dy @19
L0\ _Lap_, 1%

ng 0t \ 8z pgaz k\oz

Multiplying each component equation in Eq. 2.14 by dx, dy, and dz, respectively,
and then taking summation and changing the order of differentiation gives:

_L 9¢ 9 (9%) , ¢

[ (az)d +6y((3t) y+6z(6t) Z]

_ ép, Op. Op o, 0p  9¢ \
= (6xd 6d+6d) k(axd +6yd +6zdz) dz

The definition of the total differential with respect to x, y, and z gives:

op\ 1 1
- (6t) pgdp+ kd¢ dz
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Integrating the above equation with respect to spatial variables, the following equa-
tion is obtained:
1 6¢ ¢

et 2 +2=C0 2.15)

where C(¢) is the integration constant, Wthh is a function of time only.

land surface

' gmunawat'erhead
.~ observation well }ﬁ -~ .gJé_ -
pg - - B
. "ITITmTI‘
ore velocity (¢')
o p ty (¢ uu ||l¥lle/Pg
a@ K npear l,_.__,@
z 2
A w . .9.
a b

Fig. 2.7. Definition of piezometric head in an unconfined aquifer (a) and a confined aquifer (b)

Equation 2.15 is known as the equation of motion for groundwater flow. In gen-
eral, groundwater flow is slow, and hence it is reasonable to assume that 4/t ~ 0
Thus, the equation can be written in the following form by taking C(¢) =0

¢:k(ﬂ+z) kh, h = (—+z) (2.16)
P8 P8

u=-9 _ 4o __kop
T dx T dx  pgox

op Oh  kdp

y=20 S _kOP 2.17
dy dy gay @17
_ 0¢ Oh dp
w=- 62_ kﬁz_ (az Pg)

The equation of motion for groundwater flow expresses Darcy’s law in terms of
velocity potential (¢) and piezometric head (k). From these discussions, it can be seen
that the basic groundwater flow equation can be derived by combining the continuity
equation with Darcy’s formula. Darcy’s formula is introduced only for a steady flow,
whereas the unsteady nature of the basic equation is obtained from the continuity
equation.

Groundwater in pore spaces and fractures in soils and rock masses in both satu-
rated and unsaturated conditions is either at rest or in motion. In this section, the basic
equations are derived for isothermal (i.e., groundwater moving without changing its
temperature) saturated groundwater flows. Figure 2.7 shows groundwater flow and
piezometric heads in unconfined and confined aquifers. Hydrodynamically, these two
situations can be expressed by considering hydraulic quantities originating in the
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forces (gravity and pressure for saturated groundwater flow) acting on the ground-
water.

As shown in the figure, an observation well or a borehole in the groundwater
aquifer is required to measure the pressure at an elevation (z) from the impervious
bottom. In this case, if there is no groundwater flow, for both confined and uncon-
fined aquifers, the pressure inside the observation well represents the hydrostatic
pressure (p;). Strictly speaking, this well pressure measured as the average pressure
around the screen pipe (a porous pipe) at the well bottom is different from the pore
pressure (or void pressure, p’); however, this difference is not significant in practice.
Similarly, for flowing groundwater, the pressure (p) is measured in a well, but there is
a difference between pressures p; and p, measured upstream and downstream of the
groundwater aquifer, respectively. In general, if the groundwater is flowing, the water
pressure decreases because of the influence of flow velocity and flow resistance.

The piezometric head (k), the most useful hydraulic quantity, is introduced for
a groundwater flow as follows:

h=L2 4, @.18)
P8
where p = water pressure, p = water density, g = gravitational acceleration, and z =
elevation.

The basic equations for steady groundwater flow both in confined and unconfined

aquifers are derived in the following section.

2.3.3 Basic Equations for Steady Groundwater Flow

The basic equation for steady groundwater flow can be derived by substituting
Eq. 2.13 into continuity equation Eq. 2.9, and is expressed as follows:

o ¢ ¢
24 _
Vo= o Tz 0 @19

where the Laplacian operator V2 = §%/0x* + %/0y* + 6*/37%.

This equation is known as Laplace’s equation, which is an elliptic type of partial
differential equation. When this equation is solved under boundary conditions, it is
called the boundary value problem, and is used in potential theory. Laplace’s equa-
tion has been used as a core equation in fluid mechanics, and tools to solve it have
been based on conformal mapping and the use of of complex functions and, among
others.

2.3.4 Basic Groundwater Flow Equations in Confined Aquifers

The basic groundwater flow equation for an aquifer with thickness b between an
impervious basement and a confining layer (a confining stratum) can be derived using
Eq. 2.8 (De Wiest R. J. M., 1969):

_Omp) _ on  dp

o Par "o (2.20)

-Vpq
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The piezometric head inside the confined aquifer A(x, y) is dependent on horizontal
coordinate (x, y) and time (¢). It is assumed that the confined aquifer has elastic defor-
mation resulting from changes in hydraulic head in the vertical direction (z) only, and
the pore water is considered compressible.

piezometric headTE
Ppg

IIIIIIIIIIJIII}IIIII

impermeable layer

vertical stress d(02) (confining la erl)
LLLLLRREIRRRERAINY
| ; 0
XL Q‘ o

|

ey O / &) aquifer thickness &

o) M %MWJ_

a o, + do,
impervious basement

Fig. 2.8. Control volume (a) for flow in a confined aquifer (b)

Taking an infinitesimal volume (AV = AxAyAz) of the aquifer as shown in
Fig. 2.8a, let us investigate the d(npAx Ay Az)/0t term on the right hand side of
Eq. 2.20. Because the aquifer is deformable in the z-direction only, Ax = Ay =
constant, and pn d(Ax)/3t = pn d(Ay)/dt = 0, then the equation can be written in the
following form:

-(%(pn AxAy)Az = (n(;—pAz + pgt Az + na(aAtZ)
From the definition of the compression coeflicient for water (8, where Sp = dp/dp),
the first term in the right hand side of Eq. 2.21 can be written as dp/8t = pBdp/ét.
Assuming that the solid volume in an confined aquifer [(1 — n)Ax Ay Az] is con-
stant, and since (1 — n)d(Az) — Azdn = 0, the time derivative can be written
as Az(dn/dt) = (1 — n)d(Az)dt. Denoting the compressibility of the infinitesimal
aquifer by a, a(l — n) = dn/do,, where o, = vertical stress, one can write
on/ot = —a(l — n)do,/dt. Also, the relationship between pore pressure (p) and
effective soil stress (o) in the vertical direction can be determined based on the con-
solidation theory using Terzaghi’s effective stress concept (p + o~ = constant, i.e., the
sum of the pore water pressure and the effective stress acting on the soil particle
frame is constant). Then, do, /0t = —3p/dt, and the relationship between piezo-
metric hydraulic head (%) and pressure (p) can be expressed as dp/dt = pg dh/ot.

Substitution of these expressions into Eq. 2.21 gives:

) Ax Ay 221

9 o) = pla(l - op
2,0 = pla(l = n) + pn]—- 2.22)

The left hand side (-Vpq) in Eq. 2.20 is rewritten using Darcy’s law as:
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__ Ou ov ow (9_p dp 6_p_
vea p(a +3z) (6x+v0y+wﬁz)

Compressibility (8) and piezometric head (k) are defined as:

K
q= —;(ngz +Vp), Vp=pBVp, Vp=pgV(h-2) and

an\' _(9h)" _ (3hY"
ox) ~\ay] “\oz) ~
2
Integration of Eq. 2.20 from z = 0 to z = b in the z-direction is realized:

—fprqdz=fbMdz
0 o Oz

6p oh
ot =P8y ot

and

(2.23)

(2.24)

Because the average velocity (w = —kdh/8z) in the z-direction must be zero at z = 0

and b, the basic equation of confined groundwater flow becomes:

- & 62h S oh
2 = ———
V2 = =73

PR

- 1
h—thdz

§ =S8sb=pgla+npb

T
T-kb Dy=L, r=XeE
N H

(2.25)

(2.26)
.27
(2.28)

in which S = coefficient of storage, T = transmissivity, Dy, = head diffusivity and

S = specific storage (L7!).

rocks  gravel sand clay
107 106 10 10+ 103

| | | | |
| 1 1 1 1 S; (1/m)

diluvial alluvial
deposit layer deposit layer

Fig. 2.9. General values of specific storage (Ss)
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Equation 2.25 is the basic equation of groundwater flow in a confined aquifer.
The equation is derived from the Darcy equation and the continuity equation under
the assumption that the aquifer is deformable and pore water is compressible. This
equation is a linear partial differential equation of the parabolic type (as is found in
the heat conduction equation or diffusion equation). In many cases, for convenience,
h is written instead of h.

Denoting discharge flow into or out of the aquifer through a unit area in a unit
time by N;, the following equation is obtained:

on on 2N san
— Attt == (2.29)
ox2  By? T T ot
where N; (i = 1,2,3,...). As an example, i = 1 represents uptake or discharge per
unit time per unit area and i = 2 is for vertical leakage in a compressed layer.

Hydraulic parameters such as § and k must be determined to find the hydraulic
head (k) by solving Eq. 2.29. A practical approach for this purpose is to rewrite
Eq. 2.29 in the cylindrical coordinate system, solve it using well theory, and then
compare the solutions with field pumping test results. In some cases, Eq. 2.29 is
invalid and the hydraulic parameters are determined based on numerical simulation
results and hydraulic heads measured in numerous neighboring wells. This is known
as the inverse identification method. In either case, the hydraulic parameters can be
obtained.

Figure 2.9 shows storativity values used in general practice. In general, stora-
tivity values (defined for unit thickness and length, and denoted by §) for rocks
are very small and for gravel and sand are relatively small. The values for clay and
silt are slightly larger, whereas alluvial deposits have smaller values than that for
diluvium.

2.3.5 Basic Groundwater Flow Equation in an Unconfined Aquifer
2.3.5 (a) Dupuit’s Uniform Flow Approximation

Dupuit’s uniform flow approximation for an unconfined aquifer states that the slope
of the phreatic surface is very small (8 < 10degrees), as shown in Fig. 2.10. Thus,
it is permissible to neglect vertical velocity (w) and consider horizontal groundwa-
ter flow using Dupuit’s approximation. In this case, as depicted in Fig. 2.10, we can
choose a coordinate system with the x-axis along the main flow direction and neglect
the flow component in the transverse direction. The flow velocity near the free sur-
face can be expressed as: g = —k dz/ds = —k sin 8, where k = hydraulic conductivity
and B = free groundwater surface slope. For small values of g, sinf8 ~ tanSdh/dx,
gs — u, w — 0, and u is expressed by the following equation:
dh

u=—k— (2.30)
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Fig. 2.10. Dupuit’s uniform flow in an unconfined aquifer

Equation 2.30 is known as Dupuit’s approximation in unconfined groundwater flow

(Dupuit J., 1863). Dupuit’s approximation is applicable not only for general ground-
water flow with a free surface, but it is very useful for flows with an interface (such as
the fresh water—sea water interface in coastal aquifers, cf. Fig. 3.11) to approximate

two-dimensional flows by one-dimensional flows.

2.3.5 (b) Basic Equation

effective pore
volume concept

replenishment or discharge (N)

capillary water:
vy t+dtO
entrapped air volume Sl - *\QO o(pub) d
groundwater surface fluctuation EEO %”"'1 { puh— %—-—5} dydt
o(pvh 3 g
{pvfz_(L)ﬂ'}dxdt O?/ZT v |0
oy 2 Ximet e o
o( puh o(pvh
{pu]]+—(p - )i"}dydt ot -1 {pm+—(” )‘—j}-,}dxdt
ox 2 O / olo oy 2
wz) ST
e dy
dx
X(i )0 uv) impermeable base

Fig. 2.11. Mass balance for an unconfined aquifer

Consider the mass balance in an infinitesimal control volume dx, dy, and height A,
as shown in Fig. 2.11. During a short time interval (df), the difference in water inflow
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and outflow can be expressed by the following equation:

d(puh) dx O(puh) dx
[puh ) ]dydt [puh + o 2 dydt

+ [pvh - Hovh) ‘—IX dxdt — [pvh + 6(;(;vh) %y_

ady 2
d(puh) N d(pvh) B
ox ady

dxdt

+dexdydt=—[ pN]dxdydt

where p = water density; ¥ and v = Dupuit’s uniform flow velocities in the x- and
y-directions, respectively; and N = replenishment rate into the control volume in the
vertical direction (for unit ground surface area in unit time [LTI]).

The rate of change of mass in the control volume (pn.h dxdy) can also be writ-
ten as pn.(0h/0t)dx dy dt. Then, the following equation is obtained using Dupuit’s
uniform flow approximation (i.e. ¥ = —k dh/dx, v = ~k Oh/0dy):

0 (,0h d( 0h\ N n.oh
6x( 6x)+6y(h¢9y)+ KTk ar @31)
where n, = effective porosity.

Equation 2.31 is known as Boussinesq’s approximation equation. Because this
is a nonlinear equation, it is not possible to obtain an analytical solution in general.
Therefore, many efforts have been made to find solutions under different initial and
boundary conditions. In groundwater terminology, this is called Boussinesq’s prob-
lem. Two techniques are commonly applied to allow anallytical solutions of Eq. 2.31:
(a) applying methods to particular solutions and (b) the linearization method (see
examples for analytical solutions). Because groundwater flow is slow, it is weakly
unsteady, and hence it can be considered as a time-dependent steady flow in many
cases. Thus, it can be treated as successive steady state flows.

(Example 2.1)
Prove that the Boussinesq’s approximation Eq. 2.31 can be derived directly from the
basic groundwater flow equation (—Vpq = d(np)/dt).

(Answer)

Integrating the basic groundwater flow equation from the bottom of an impermeable
base (h = 0) to the free groundwater surface (%), and using effective porosity (7.),
the following equation is obtained.

d ko k8 ko
_[ fo\h a(pu)dz+ j(; 5;(pv)dz+ j; éz(pw)dz]= j; E(pne)dz (2.32)

Applying Leibnitz’ rule to evaluate differentiation of an integral with variable limits,
and for constant water density in an unconfined aquifer (p = constant), the left hand
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side of Eq. 2.32 is expressed as follows':

;) d oh
jo‘a(pu)dz=p[aj;udz—[u]ha]

b9 a oh
\L‘a—y(pv)dz—p[a—yjo‘vdz—[v]ha] (233)

b9
f a—(PW)dZ=P[W]h
0o 07

where [ ], denotes the value at the groundwater surface (k). Also, d(pn.)/dt = 0 for
pn = constant.

Next, let the variable boundary conditions at the free groundwater surface be
denoted by a function F(x,y,z,t) = z— h(x,y, ). Then, the boundary condition at the
surface (dF/dt = 0) can be expressed by the following equation?:

dF OF OFdx OFdy OFdy _

& o T oxd T aydi arar

Since dF/dz = 1, 0F /8t = —0h/0t, 0F|dx = —3h/dx, OF [dy = —0h/0dy, and the pore
velocity component (#'ne = n.dx/dt = us, i.e., the Darcy velocity) is n. dy/dt =
v, He dz/dt = wg, the following equation can be obtained.

Oh Oh Oh
Megy +igs T Vg = We (2.34)
where the subscript (s) denotes values at the water surface.

Now, substituting Egs. 2.33 and 2.34 into Eq. 2.32 near the ground surface, and
with the flow velocities satisfying the conditions: us = [uls, vs = [V]x, and ws = [W]y,
the following equation is obtained:

6(h7 a(hv) oh -0

2 e

—f wdz - [u],,—+—fvdz—[v1h—+[w]h

whereu-—‘J(; udz,v—hf vdz.

! Leibnitz’ Rule:
Integration of a function df(x, y, z, )/t with respect to z over the range a,, a; is given, for
example,

9 (X.y,) 0 )
[ =g [ rae- a5 v

oy O ot

2 Total differential formula:
Total differential df of a function f(x,y,z,¢) is defined as,

df = gfd +-—fdy+afdz+ gd

dy 0z ot

t
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Following the Dupuit uniform flow approximation, u = —k 8h/0x, V = —k 0h/dy,
then Eq. 2.31 is obtained:

2 (, 3k, 2 (, 0k _ne0h
ox\ ox) oy\ dy) k or

2.3.5 (¢) Dupuit’s Formula

An unconfined steady groundwater flow in the x-direction, as shown in Fig. 2.10,
will now be investigated. Because dh/dt = 0 and dh/dy = 0, Eq. 2.31 becomes
d(h0h/dx)/0x = 0, where h is a function of x only. Integration of this equation with
respect to x results in hdh/dx = Cy (Co = the integration constant). Multiplying
both sides of this equation by & and integrating it, one obtains: kh X dh/dx = kCy
(= —Q, where Q = flow discharge). Now, integrating the above equation results in

the following:
kfhdh= —dex, th =-Qx+C

where C = the integration constant.
Using the boundary conditions: x = 0and & = hy, C = khg /2, the above equation
can be expressed as follows:

k
E(hé -K)=0x, hy>h (2.35)

where hy is the groundwater level at x = 0. This equation expresses the ground water
surface. If x = 0, h = hy, x = L (distance), k = h;, then

k
Q= i(h?, -1, hy>h (2.36)

Equation 2.36 is known as Dupuit’s formula.

2.4 Typical Analytical Solutions of the Basic Equations

Analytical solutions for the basic groundwater flow Eq. 2.25 and Eq. 2.31 in confined
and unconfined aquifers are very important in understanding flow behavior. This
section will introduce unsteady flows resulting from pumping from wells, variations
in water level and hydraulic head in an aquifer as a result of tidal fluctuations, and
Boussinesq’s approximation problems.

2.4.1 Groundwater Flow around a Pumping Well

2.4.1 (a) Unsteady Flow

Figure 2.12 shows groundwater flow around single well in unconfined and confined
aquifers. The flow converges toward the well in the horizontal direction and is called
converging radial flow.
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The basic groundwater flow equation in an unconfined aquifer (Eq. 2.31) can be
generalized by assuming the decrease in hydraulic head (s = H — k) to be small and
the infiltration rate to be zero (N = 0). In the case of a confined aquifer, N; is zero in
Eq. 2.29. Using the cylindrical coordinate system to represent the Laplace operator
on the left hand sides of Egs. 2.29 and 2.31, the following equations are obtained®:

&#h 18k _n.dh

ifers: Vh=—+-—n = 2.37
For unconfined aquifers 32 + S S th o (2.37)
*h 10h S oh
d aquifers: V= b i —— .
For confined aquifers Ew + T ST ar (2.38)

where T = kb = kh, and h is the average water depth.

The above two equations are linear partial differential equations of the same cate-
gory as heat conduction or diffusion equations. By using a decreasing hydraulic head
(s = H - h), the following equation is obtained:

d*s 10s _ 0Os

o ror “a

where k = ne/T = §/T and Dy, = 1/« are respectively the diffusion coefficients for

the water level (unconfined aquifers) and for the hydraulic head (confined aquifers).

It is possible to understand groundwater flows in confined and unconfined

aquifers by solving Eq. 2.39 with initial and boundary conditions. The initial and
boundary conditions are expressed as follows:

(2.39)

At very far from the well, r = 00, s = 0,7 > 0

At time ¢ = 0, s = O (initial water level, hydraulic head)
(2.40)
r = ro (well wall) = 0, pumping = Q = (2arT)ds/0r = constant

Several methods are available for solving Eq. 2.39; however, only the most com-
mon method is briefly described here. By substituting for variable ¢ = vkr/2vi,
the partial differential equation is converted into an ordinary differential equation, as
shown below, and can be solved.

0  Nkr_ {0 _ Nk _{ 8s_d{ds _ {ds
Ot~ 432 28 0r 2+F r Ot dtd: T udl
19s 10;ds ¢ds 0 +k

_r-ar—rard{_r_zﬂ’ 5=2_\/;
Ps_ 005\ 0 (xos) £ds
a2~ ar\or 4d;)  r*d

3

3 Laplace operator:
Transformation of Laplace operator V2 in Cartesian coordinates (x,y,z) into cylindrical
coordinates (r, 8, 7) is written by
a d a a 186 16 &

Ve 4 = e
6x2+8y2+622 6r2+r6r+r2602+622
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pumping volume (Q = constant)
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Fig. 2.12. Unsteady flow around a pumping well for a unconfined aquifers and b confined
aquifers

The following equation is obtained:

d*s (1 ds

— +|=-+2{]—==0

ar2 ({ * {) a
Arranging the ordinary differential equation and integrating it with respect to £,

the following equation is obtained:

(2.41)

“%(‘%)d— 2w+ Hareco, —tog(E) =2 +10gz+C
-f—s_z——{— §+Z ¢ + Co, —nglz—{+0g{+o
_{2
log gj—; = -2+ G, Z—; = ceT 2.42)

where Cp and C are integration constants.
Furthermore, according to the conditions expressed in Eq. 2.40, t = 0, s = 0 and
{ = 00, s = 0, then s is expressed in the following form:

o —{2 oo —¢?
s=C f =2 [y
4 4

The constant C in Eq. 2.42 is determined as follows:

o ds

7]
0= 11_{% 27rrTa—: = 11—13(} ZﬂrTEd_{ = 11}3 2nrT

L ds

2= = lim2xCTe™*
r { £—-0

and C = Q/2T.
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Then, the decrease of hydraulic head (s) is expressed by a new variable, u = 2=
kr¥/4t, d¢ = du/2¢ as follows.

s=H-h =T r —du = —W(u) (2.43)

kr?
u= e W(u) = deu 2.44)

where W(u) is called the well function and can be evaluated by using a power series
expansion as follows*:

2 w3
W(u) = —0.5772 — logu+u+2 T 3.3!+
1
~ log i 0.5772, (u<1). (2.45)

2.4.1 (b) Steady Flow

If a constant discharge is pumped from a well in an aquifer (confined or unconfined)
over a long period, the radial flow discharge will be equal to the pumping discharge,
and a steady state is reached. Theories for steady flow under these conditions are
fundamental in hydraulics and several such examples are shown below.

Wells in a Confined Aquifer

Putting d/0t = 0 into Eq. 2.38 and integrating with respect to r, the following equa-
tions are obtained:

di* dh d{ dn

T ar T dr( dr) 0 (2.46)
dh
ra—Cl, h=Clogr+(C; 247)

where C; and C; are integration constants.
The radial flow velocity (v,) is expressed by the following equation:

dh C1  (C; > 0: Pumping)

= —f— = k=L

dr r (Cy < 0: Recharge)

Given that Q, = 2nbr|v,|, then C; = Q,/2nkb. The boundary condition at the well
surface requires the groundwater level to be equal to the water level inside the well

¢ Integration formula of exponential function:

e x (x)"
f xdx— logx—y+x 7. 2'+ n.n!

x > 0,y = 0.5772 (Enler’s constant) (Mathematics Formula-I, S. Moriguchi et al.,
Iwanami. p. 154 in Japanese).
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(h = hp) at r = ry. Then, C; = —(Q, log ro)/2mkb + hy and Eq. 2.47 is expressed as
follows:

_ O r
h—hy= kb log(ro) (2.48)

Putting 4 = H (initial hydraulic head) at r = R (R = radius of influence of the well),
the following equation is obtained:

_ 2rkb(H — hy) _ 2rkb(H — ho)

= (2.49)
log (£) 2.30l0g,o (%)

Or

Wells in an Unconfined Aquifer

The same procedure can be applied to wells in an unconfined aquifer. However,
in this case the aquifer thickness (b) in Eqs. 2.48 and 2.49 should be replaced by
(h + ho)/2. Using the conditions at r = R and & = H, the following equations are
obtained:

Wopt =gl 2.
hy s Ogro (2.50)

_nk(H? - k) mk(H® - k)
" 1og(£)  2.30logy(£)

2.51)

2.4.2 Water Level Fluctuation in a Coastal Aquifer as a Result of Tides

Figure 2.13 simultaneously shows changes in water level or hydraulic head (k)
in a confined and an unconfined coastal aquifer as a result of tide propagation
(Jacob C. E., 1951). Substituting N = 0 and denoting s = (ko — h) as the change
in hydraulic head, the basic equation (Egs. 2.29 and 2.31) can be expressed in the
following form:
s _ Os _
a2 e T
where hy = average tidal height.
The boundary conditions are as follows:

S ne
T~ k—h_; 2.52)

x=0, s=acosot, t>0 }

x—o00, s§s=0, t>0 (2.53)

where a = tidal amplitude and o = angular frequency of the tide.
Euler’s formula (¢! = cos ot + isin ot) is used to obtain a solution of the equa-
tion:
s = cos otf(x) = R[e"" f(x)] (2.54)

Substituting Eq. 2.54 into Eq. 2.52, the following is obtained:
2

=L o =0 (2.55)
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Fig. 2.13. Variation in groundwater level as a result of tides in a coastal aquifer. Solid line,
free water surface; dashed line, hydraulic head in a confined aquifer

where R[ ] denotes the real part and i = V-1 = the imaginary unit.
Noting that Vi = (1 + i)/V2 and that (cos6 + isin)" = cosnf + isinné, the
solution of Eq. 2.55 can be obtained as follows:

fx) = AeViorx | ppVioxx
— Ae VFU+x | po=VF I+ (2.56)

where A and B are constants.
Asx > ooand s = f(x) =0,then A =0, and as x = 0 and f(x) = a, then B = a.
Therefore, the final solution is expressed as follows:

s=ae” V& cos (o-t - 4 / %Kx) .57

It is clear from Eq. 2.57 that time variations in water level or hydraulic head as
aresult of tide propagation in the x-direction decrease exponentially. As an example,
assume that hg = b = 10m, k = 10°*m/s, and n. = 1071. Then, k = n./khy =
102 s/m? for an unconfined aquifer. The specific storage (S = §/b) is of the order of
107%/m (from Fig. 2.9) and « = §/(kb) = 107! s/m? for a confined aquifer. Thus, the
tidal amplitude dissipation ( Vox/2) for a confined aquifer is larger than that for an
unconfined aquifer, and hence the tidal wave cannot propagate a great distance. On
the other hand, waves can propagate far enough for small wave amplitude dissipation
in confined aquifer. Also, the wave celerity (c) is small for an unconfined aquifer and
large for a confined aquifer because ¢ = o-/vok/2 = V20 /k.

2.5 Steady Two-Dimensional Potential Flow

This section deals with the application of potential theory for formulating time-
independent steady groundwater flow, which reduces to the geometrical analysis of
flow patterns.
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streamlines

B CQ) (y=const.)

\ AN equipotential lines
® ; (¢ = const.)
A

Fig. 2.14. Relationship between streamlines and velocity components

2.5.1 Relationship Between Stream Function and Velocity Potential

It is possible to visualize groundwater flow (along s) by tracing some marked par-
ticles in a two-dimensional steady flow as shown in Fig. 2.14. If the flow direction
of velocity vector q(u, v) at a point P(x,y) coincides with that of the infinitesimal
element ds (dx, dy), the equation of the streamline is formulated by:
dx d
ZoZ or vdx-udy=0 (2.58)
u v
If Eq. 2.58 is compared with the total differential (dy) of a function i, then u
and v can be written as follows:

o oy

dl//=vdx—udy=adx+ 5dy=0
o oy
=%’ V= I (2.59)

The function () is called the stream function, and = constant indicates a stream-
line, according to its definition.

Physically, dy = udx — vdy expresses the flow discharge in unit tube along
the s-direction. For example, noting a finite section connecting points A and B in
Fig. 2.14, the flow discharge between these two points can be expressed by the fol-
lowing equation:

B
j; dy = Yg— Y, (2.60)

On the other hand, the zero vorticity for irrotational flow is written by dv/dx —
Ou/dy = 0, and udx + vdy is necessary and sufficient condition for the existence
of total differential, and the total differential of a function (@) is expressed as fol-

lows: 5 5
—d¢ =udx+vdy = - —¢dx+ —?dy
Ox dy
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Then, the flow velocity components u# and v in the x- and y-directions can be
expressed in the following form:

)
R (2.61)

Because the velocity components in Eq. 2.61 are defined in terms of the total
differential of function (¢), the function is called the velocity potential. A line with
¢ = constant (i.e., d¢ = 0) is called an equipotential line.

Fig. 2.15. Groundwater flow around a cut-off wall (after the Hele-Shaw model)

The total velocity vector can be expressed as: g, = —d¢/dx. An example of
groundwater flow streamlines around a cut-off wall is shown in Fig. 2.15.

2.5.2 Complex Potential Theory for Solving Steady State Flow

The velocity components in two-dimensional flow (« and v) can be defined in terms
of velocity potential (¢) and stream function () as follows:

I
T oax T oy’ Ve dy ~ ox (262)

The velocity components (# and v) can be expressed in the following form by chang-
ing them from the Cartesian coordinate system (x, y) to polar coordinates (r, §) and
denoting velocity in the radial (r) and angular () directions by v, and vy, respec-
tively:

Vv, =ucos@+vsinf, vg=—-usinf+vcosé,

cos@ = dx/dr = dy/rdf, sin@ = dy/dr = —0x/r 0

or

_ 0 Oy _ 09 oy
rE e T rog’ ve = réd ~ or (2.63)
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The equation of continuity under irrotational conditions for an incompressible
fluid can be expressed by the following equations:

ou v 62¢ 62¢

— +—=0, 2 .
o + p Vg = ) + — %2 =0 (2.64)
dv  Ou 621,0 62¢

—_—-—=0, V2 2.
dx Oy v= a2 " By* =0 (265

Thus, both velocity potential and stream functions satisfy Laplace’s equation.
Equations 2.62 are called the Cauchy-Riemann differential equations. They ex-
press necessary and sufficient conditions for the existence of a regular complex func-
tion as shown in Eq. 2.66:
w(z) = ¢ + iy (2.66)

Similarly, Eq. 2.62 can be written in the following form by expressing the differential
dw/dz with respect to x and y:

dw 3¢ o . _1(0p O
o o za = u+w_i(6y+lay) (2.67)

Because the real and imaginary parts of the differential Eq. 2.67 for w are velocity
components, the function w(z) is called the complex potential.

2.5.3 Conformal Mapping

The Laplace equation (V2¢ = 0 and V2 = 0) for steady groundwater flow (discussed
later) can be solved under field boundary conditions. One of the solution methods is
known as conformal mapping.

The complex function w = f(2), w(z) = ¢ + iy, ¢ = d(x,y), ¥ = ¥(x,y) is
a single value function (a function which takes only one dependent value w for an
independent variable z). Thus, a figure A drawn from a point (z) in the z-plane is
reflected on another figure B drawn from point w in the w-plane. This is called the
mapping of figure A in the z-plane onto figure B in the w-plane through a function
w = f(z). If the function w = f(z) is a regular function (differentiable function), and
f'(a) # 0, an intersecting angle of two curves at a point (a) in the z-plane is mapped
onto an equal angle in the w-plane, the mapping is called conformal mapping.

The conformal mapping technique can be applied to solve boundary value prob-
lems of Laplace’s equation, such as in the fields of fluid flow, heat conduction, and
stress analysis. To attein solutions, the reflected image of Schwarz (if two points are
symmetric, then one point is called the reflected image of the other) and the Schwarz—
Christoffel transformation (which transforms the inner portion of a polygon into the
upper half plane by conformal mapping) are usually used.

These days, numerical methods are commonly used for the analysis of ground-
water problems; however, the conformal mapping technique is still useful in analyt-
ical methods, and can improve understanding of the basic phenomena.
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2.5.4 Boundary Conditions

In general, the boundary conditions for groundwater flow analyses are shown in
Fig. 2.16, and classified as follows.

free surface (unconfined groundwater surface)

seepage surface

D .B / atmosph;ric pressure
.......... LTS N ¢4 boundary in still 7F
water region hg

777

impervious bottom

Fig. 2.16. Boundary conditions

1. Free Surface AB

The surface of the ground water table in unconfined aquifers is in direct contact
with the atmosphere. Thus, the pressure at the surface equals atmospheric pressure
(po, also known as gauge pressure = 0). Sometimes the interface between the water
table and the atmosphere is treated as nonmixing, similar to the interface between
two immiscible fluids. At the interface, pressure p = py, velocity potential ¢ =
kz + constant, and stream function ¢ = constant (the boundary streamline).

2. Seepage Surface BC

Because seeping water is in direct contact with the atmosphere and flows down along
slope BC within a thin layer, then p = po, ¢ = kz + constant, and —9¢/0n =
~k 0z/0n = —k cos a, where n(x,y) = the normal distance to the boundary and @ =
angle of the slope.

3. Boundary in the Still Water Region CD

The equipotential lines and streamlines for the sloping surface CD in a still water
region are given by: ¢ = k(z + p/pg) = constant and d¢/dn = 0, respectively (p =
water density and g = gravitational acceleration).
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4. Impermeable Surface DE

Groundwater flows along any impermeable surface such as the rock basement DE in
Fig. 2.16. The surface itself becomes a streamline in such a case. Because there is no
flow in the normal direction to the surface, y = constant, and 8¢/dn = 0.

The above-mentioned four boundary conditions appear in various geometries of
the flow domain. Problems solving Laplace’s equations (V2¢ = 0 and V2§ = 0)
satisfying these conditions are known as boundary value problems.

2.5.5 Examples of Two-Dimensional Steady State Flow

Worked examples on basic groundwater flow and two-dimensional flows based on
complex potential theory, reflected images, and conformal mapping are presented in
this section.

2.5.5 (a) Radial Flow

A uniform radial flow is depicted in Fig. 2.17a. Assuming the complex potential w(z)
in a logarithmic form, the following equation can be written:

w(2) = —;]—;r logz, g = constant (2.68)

Using Euler’s formula [z = r(cosf + isinf) = re®], the following equation is

obtained:

G G,
w= 2ﬂlogr 12”0 o+ iy (2.69)

where ¢ = —(g;/2m)log r = constant, r = constant, and y = —(q,/2m)6 = constant.
This flow has circular equipotential lines for logr = constant, and streamlines
radiate from the flow source. The radiating velocity (v;) is given by the following
equation:
y= 2 _ 4
or 2nar
Asr — 0,v = oo, and as r — oo, vy — 0. For g, > 0, the flow is known as
diverging flow (a source) and for g; < 0, it is known as converging flow (a sink),
where g; = flow discharge per unit width per unit time, and is called the source or
sink intensity (for a thickness b, flow discharge = Q; = bgq;). If a source (g > 0)
is located at x = a on the x-axis, then the complex potential can be written as w =

—(g:/2m)log(z — a).

2.5.5 (b) Flow to a Drainage Pipe or Undersea Tunnel

A source (g, > 0) at x = —xp on the vertical x-axis is symmetrical to a sink (g, < 0)
at x = xp through the x-axis on the water bottom basement, as shown in Fig. 2.17b.
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Fig. 2.17 a, b. Two-dimensional groundwater flow. a Radial flow and b flow to a drain or an
undersea tunnel

These two points are mirror images. In this case, the complex potential is the sum of
the potentials at corresponding points, and is expressed as follows:

w(z) = 4 log(z — xo) + g-—; log(z + xo)

27
U Z— X0

=—-——1 2.70
2r Og(z+x0) ( )

Equation 2.70 can be expressed in the following form assuming that the distances of
a point P(x, y) from the sink and source are r and r/, respectively, and that 6 and ¢’
are the angles of the respective lines. Using the Euler’s equations (z + xo = re,

z—xp = r'e’?) gives:

W(Z)=_ﬁlogl—iﬂ(e—e')=¢+iw 2.71)
2r r 2
l' r, -2
¢ = log—‘ﬂlog7, = (9 &)

Therefore, the streamlines that satisfy the condition (6 — & = constant) are a group
of circles centered on the y-axis, and the equipotential lines satisfying the condition
(' /r = constant) are a group of circular lines centered on the x-axis.
The velocity potential (¢) can be generalized as shown below:
g, (x=x0)* +)
+—lo ——kH+——1 _— 2.72
¢ = g a7 O P T @.72)
where ¢ = a reference potential with ¢y = kH = constant at x = 0, k = permeability,
and H = water depth.
The velocity potential (¢y,) at the vicinity of a drainage pipe with the radius 7o

and x = xp, y = yo, (¥ = J(x — xo)2 +y?2 ~ ry, r = 2xp) is expressed as follows:

¢y, = kH + ;];r log — = khy,
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Wnk(hy, — H 2
ge = ”—(i"i———-) = 2mk(H — hxo)log(@), N @2.73)
log(£%) LR

= 4.6nk(H — hy,)log,, (@)
0

where h,, = piezometric head inside the drain pipe (if the inside pressure of the drain
pipe is atmospheric, then po/pg = 0 and h,, = —xp).

This flow is the combination of two flows: that resulting from the sink (g, < 0)
at x = xp and that from the source (¢; > 0) at x = —xg. Since each flow satis-
fies Laplace’s equation, the combined flow also satisfies this condition. Laplace’s
equation is a linear partial differencial equation and it is therefore possible to obtain
a solution for the combined flow by summing the individual solutions for each flow.
This is called the principle of superposition.

2.6 Isothermal Unsaturated Flow

Groundwater is classified as either saturated or unsaturated. Surface tension and
gravity are the driving forces for unsaturated groundwater flow. Knowledge of unsat-
urated groundwater flow is very important in various aspects of groundwater hydro-
logy. Soil water movement in the upper unsaturated zone above the groundwater
table, evaporation at the land surface and rainfall, and infiltration within soil struc-
tures such as dikes are a few examples that will be considered.

Unsaturated flow is classified mainly into two categories depending on whether
heat transport significantly influences the soil moisture movement (thermally induced
flow) or whether the thermal effect is negligibly small. The latter type of flow is
known as isothermal flow.

This section deals with the characteristics and application of isothermal un-
saturated groundwater flow, the physical relationships among various parameters,
and methods for analyzing the transport and mass conservation equations. In addi-
tion, some examples of field application are introduced to help understanding of the
problems.

2.6.1 Characteristics of the Unsaturated Flow Field
(a) Unsaturated Flow Fields

As stated in Chap. 1, the dynamic balance between surface tension and gravity forces
governs unsaturated groundwater flow. The participating quantities and flow mecha-
nism for an isothermal groundwater flow are depicted in Fig. 2.18 (see Chap. 4 for
thermal unsaturated groundwater flow). In general, an unsaturated groundwater flow
field comprises the following elements:

1. A porous medium (soil or rock mass consisting of solid particles)
2. Gas in a part of the porous space (air or gas)
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3. Unsaturated flow with liquid water and water vapor

4. Air (or gas) bubbles trapped by liquid water

5. Phase change between liquid water and water vapor (i.e., the vapor pressure
relationship between liquid water and water vapor)

External forces (e.g., surface tension, gravity, and pressure gradient) acting on
liquid- and vapor-phase water drive unsaturated groundwater flow. Denoting two
points on the upstream and downstream sides of the x-axis by x; and x,, respec-
tively, these driving forces are capillary pressure (p.; and p.») and vapor pressure
(pv1 and py,) at these points. Assuming 6, > 6, (water content), p.; < pc2 (nega-
tive pressure) and py; > py2 (vapor pressure), the unsaturated groundwater flow is
in the direction of the x-axis. For high water content values, the downward move-
ment resulting from gravity increases, and movement caused by the difference in
capillary pressure along the x-axis decreases. Surface tension plays a dominant role
for low water content environments, and hence movement due to capillary pressure
increases. Thus, spatial variation in capillary pressure drives unsaturated ground-
water flow.

.................. phase exchange between
liquid water and vapor

1%

vapor pressure (p,;)

capillary pressure (p,)

P o i Tf:t .....
h ore wzilcr : ol
| R ARy o \gm:’l‘l‘vm height (z)
tcnsmmclcro_l_'l. - Vapor pressurei——
s . 3 4 o datum line =« =" ==+ == =W\

Fig. 2.18. Unsaturated flow with various parameters

The suction pressure (negative) in unsaturated groundwater flow conditions is
measured using a tensiometer (which corresponds to manometer as used in saturated
groundwater flow with a porous cup at one end). The measured pressure is a result of
the vapor pressure and capillary pressure in the matrix of the pores. Because vapor
pressure is very small in unsaturated groundwater flow at normal temperatures, the
capillary pressure, which depends on pore size and geometry, mainly determines the
measure pressure.

(b) Darcy’s Formula for Unsaturated Flow

The transport equation in unsaturated flow is also Darcy’s law. However, the flow
velocity (4) depends on the volumetric water content (§) and capillary head (k =
Z—he, he = p./pg) as follows:
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u(6,h) = —k(9)M = D(Q)?—g 2.74)
dx Ox
— 1%k _ KO __4d
DO = kO = T2 Cu=-2 2.75)
or u®,he) = —koke 2D 4 ) = *O 2.76)
dx ko

where k(6) = unsaturated permeability, D(6) = unsaturated water diffusivity, k() =
relative unsaturated permeability [k(6) = k(6)/ko and 0 < k() < 1.0], ko = satu-
rated permeability coefficient, and Cy, = specific moisture capacity.

Darcy’s formula states that the unsaturated flow velocity is proportional to the
capillary head gradient (matrix head gradient), and is the transport equation for un-
saturated flow.

x4 -h. = capillary head = piezometric head

Ah 1 -ah : § LA
tek) e g
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Fig. 2.19. Hysteresis in wetting and drying processes for the relationship between #.(6)
and k(6)

Therefore, to determine the unsaturated flow velocity (u), it is necessary to find
functional relationships among water content (8), capillary head (%), and permeabil-
ity (k). Since k(6) and h.(6) vary with soil type and water content, these parameters
have to be determined experimentally. There are several methods for experimen-
tal determination of these relationships. For example, k(6) and h.(6) are functions
of volumetric water content, as shown in Fig. 2.19. The volumetric water content
changes between the lowest value 8. (which is called the field capacity and is a bal-
ance between water retention and gravity) to its saturated value §; = 1 (6. < 6 < 6;).
Capillary head (k) decreases with the increase in 6, and becomes zero at saturation.
On the other hand, k() increases with an increase in 8, and becomes a maximum
value at saturation. These relationships among k., k, and 6 are sometimes called the
unsaturated characteristics.
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In reality, the variation in h.(6) and k(6) with water content does not have unique
values because of hysteresis. Hysteresis can be determined by measuring variations
of these quantities during water content change for both wetting and drainage pro-
cesses. Hysteresis in 2(6) and k(8) can be explained with the help of microphenomena
inside soil pores in drainage and wetting processes (e.g., the ink bottle effect and pore
size and its distribution).

2.6.2 Basic Equations for Unsaturated Flow

The basic equations for unsaturated flow are derived from the mass conservation law
for pore water and from the extended Darcy’s law.

Fig. 2.20. Control volume for an unsaturated flow field

An infinitesimal control volume dV (dV = dxdydz) centered at point P(x, y,z) in
a uniform unsaturated flow in the Cartesian coordinate system is shown in Fig. 2.20.
Consider the difference in water mass between inflow and outflow in dV during
a small time interval (dt). For example, the difference in the x-direction is as follows.

ox 2

Similar expressions can be written in the y- and z-directions. Summation of these
differences in water mass between inflow and outflow in the control volume are
expressed as:

P u—é—lﬁlj dydzdt —plu+ Ou dx dydzdt=-—a—updxdydzdt
ox 2 Ox

Ou dv ow
—p(a + a—y + a—z)dxddedt
where u, v, and w = velocity (Darcy) components in the x-, y-, and z-directions,
respectively and p = water density.
The net inflow/outflow of water mass must be equal to its rate of change
[(BpB/8r)dt dx dy dz] in the control volume (08 dx dydz). Because water density is
considered constant, mass conservation for pore water can be written as follows:
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80
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where q(u, v, w) is the velocity vector, and V = (8/dx, /38y, /67).
The velocity components in Eq. 2.77 can also be written in terms of Darcy’s
law as:

u=-k—, v=—k—, w=-k— (2.78)

where h = z — p./pg is the tensiometer head.

The basic equation for unsaturated flow in a uniform porous medium is derived
from Darcy’s equation and mass conservation equation, and can be expressed in sev-
eral different forms. One of these expressions is given below:

0 (kﬁhc)_ 0 ( th) 6( ahc) ok  do oh,

V=g e AR

pp (2.79)

dy

Equation 2.79 is called Richards’ equation. It is not possible to solve this equation in
its present form because the unsaturated permeability k() and tensiometer head #.(6)
are dependent on water content (6). Therefore, h.(#) and k(@) have to be given before-
hand. By analogy with the diffusion equation, the following equation is obtained:

dy

M 6 (.00\ (.00 &(.06\ ok
o (9x( 6x)+6y( 6y)+8z (Daz)+ oz~ 4 250)
K6 . o8
D) = C. Cw = oh,

The above equation is called the Klute equation. Basically, Richards’ equation and
the Klute equation are the same, but, Richards’ equation uses A, as the independent
variable and Klute uses @ as the independent variable.

The above equations can be solved by adding the k() and h.(6) relationships
into the mass conservation equation and Darcy’s equation under initial and boundary
conditions.

2.6.3 Examples of Basic Unsaturated Flow

Unsaturated flows are classified as either horizontal unsaturated flows, in which the
water content gradient is dominant or vertical unsaturated flows, in which gravity
and the water content gradient act on pore water as the driving force. Analytical
solution methods are presented for limited number problems in the following sec-
tions (Swartzendruber D., 1969, De Wiest R. J. M., 1969). If solutions to boundary
condition are required, numerical computation techniques might be applicable.

2.6.3 (a) Horizontal Unsaturated Flow

Equation 2.80 with dk/dz = 0 and 80/dy = 36/dz = O and initial and boundary
conditions can be written as:
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08 (. 09
s a(pa) (2.81)
ZE(J)C’ ?)) : :1 0 } constant (2.82)

where 6, = initial water content, &, = water content at boundaries, and D = D(6).

This is a problem for determining water content of an unsaturated flow in fine-
grained soil (such as silt or clay) when the initial constant value 6, at x = 0 suddenly
changes to another constant value 8,(6p # 6;) at time ¢ = 0. This type of problem
was intensively studied over the two decades from 1940 to 1960. The problem was
solved as follows.

Applying the Boltzmann transformation ( = x/t'/2) to Eq. 2.81, the following
equations are obtained:

00 onds 1 t1d0 00 Ondb

5 otdn 2" dp ox oxdg |

0 (,,00\ ond( 00\ _,d db
ax (Dax) " dxdn (Dax) ! dn (an)

do _d [, do
—+2—|D=]= 2.83
Tan " " (an) 0 @89

ae
dn’

Nl—-

or

Equation 2.83 is an ordinary differential equation.
Furthermore, the following equation is obtained by integrating the transformed

variable from 6 to 6:
d( dé
=-2—|D—
" e ( dn)

fg ndo=—2 fg d(Dﬁ) — _2p% (2.84)
o b dn dn

where d6/dn = 0 and 2D df/dnlg, = 0 at 6.

Thus, the basic unsaturated flow is changed into Eq. 2.84 by applying the
Boltzmann transformation, and correspondingly, the boundary conditions must also
be transformed. Because 6(x,0) = 6 at 7 = x~/2 and 6(0,7) = 6, the boundary
conditions can be written as:

n6) =0, n(6) — (2.85)

In conclusion, knowledge of the diffusion coefficient D(8) is necessary to solve hori-
zontal unsaturated flow Eq. 2.84 coupled with the conditions of Eq. 2.85; however, it
is not possible to obtain an analytical solution 6(n) even if D(6) is known. The easiest
way to obtain solutions of the problem is to apply numerical techniques.

Figure 2.21 shows the setup for an experiment on horizontal unsaturated ground-
water flow. In the experiment, a horizontal soil column (with initial water content 6p)
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Fig. 2.21. Experimental setup for horizontal unsaturated flow

is connected to a porous plate and a Marriotte water supply (boundary water content
6; > 6p) at x = 0. The water content distribution 8(x, f) changes with time. If the
water content distribution is measured at time ¢, then the diffusivity (D) in Eq. 2.81
and the functional relationship between D and 6 can be determined by inverse anal-
ysis. Similarly, if we can obtain D(6) for different soils, then the water content dis-
tribution 6(x, ) can be computed. Also, the finite difference solution of §(x, ) using
Eq. 2.84 can be explained, for instance, according to Childs E. C. (1969). Given that
the values of 7 at x and x — Ax are, respectively, 7o = x/Vt and 7g_ag = (x — Ax)/ V1,
it is possible to write:

(Mg-n6 — M) 2Dg-p6/2)
- = (2.86)
Af T 1o

If it is possible to measure 6 at t, t + At, t + 2At and so on, then the unsaturated
permeability k(6) = Dd6/dh. (= D A6/Ah;) can be determined. Nonetheless, the
functional relationships A(6) and k(6) [or k(h.)], which are known as moisture char-
acteristic curves, are needed in any case.

2.6.3 (b) Formulation of h.(6) and k(6)

Basically, the suction head 4.(6) and the unsaturated permeability k(6) are deter-
mined experimentally for different soil types; however, their functional relationships
for unsaturated flow are formulated for the sake of convenience. The functions A (6)
and k(6), as shown in Fig. 2.19, can be approximated by algebraic expressions and
several formulae have been introduced. Table 2.5 shows several functional relation-
ships between h.(6) and k(6). The constants and exponents in these expressions vary
greatly depending on soil type. It must be noted that the values of k(f) at 6 ~ 1
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Table 2.5. Typical h.(6) and k(6) or k(h.) relationships

Functions h.(6) k(@)
Type-1 k=ko(2%)  (rmay, 1954)
k= -
Type-1I (5%) = explathc ~ho)l | | _ ko aexP(( aa: °33} (Gardner, 1958)
(Kroszynski, 1975) heftsb
n k = K (hcr < hc)
8| ) = (b !
s & Cory (%)= () k= Kol B (he 2 he)
1964)
m _(6-6.\\2 1mym1?
ety | = Gm) =) [1-{r- (=%)"Y
ualem, 5
van Genuchten,
1980)

8, soil water content; 6; and 8, saturated and residual water content, respectively;
a, b, m, n, @, empirical parameters; k and ko, unsaturated and saturated perme-
ability (hydraulic conductivity), respectively; K and K, unsaturated and saturated
intrinsic permeability; h., capillary pressure head; k., threshold capillary pressure
head.

(permeability near the saturated state, where dh./d6 becomes very large) are very
sensitive in analysis.

Né 10° + ponding water level (4, = const.)
< J o water content (6)
] 10! T =170 10
z TE T e
> P
é 102 Sl |e=a=1
? -3 —l- i (Sf ) t=1t+At
% 10 ¢ Vi
.;) 10+ | fine soil (such as clay) - 00 -
E advancing |.".".".| ‘N‘
§ 105 wetting front &= o 6,=0
i 1 1 1 i P
2 0 01 02 03 04 05 z
Volumetric water content (6)
Fig. 2.22. Range of water diffusivit Fig. 2.23. Vertically moving front
g y y g

Figure 2.22 shows the range of water diffusivity D(6) for different soil types.
D(6) is small for fine-grained soils, such as clay, and larger for fine sand. The
functional relationships between D(6) and 6 on semilogarithmic paper are straight
lines with different slopes. Gardner W. R. and Mayhuge M. S. (1958) assumed that
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D(6) = D;explB(@ - 6:)] with D,(6;) as the value of D at 6;, and S as a constant
(dependent on the slope of the straight line).

(Example 2.2)

Determine the transient depth {(#) of the wetting front when water with a small
hydraulic head hy (= constant) is ponded at the upper end of a soil column with
initial water content 8y (= 0), as shown in Fig. 2.23.

(Answer)
The motion and continuity relation for a vertical water column with a unit cross-
section with 6; ~ 1.0 (approximately equal to the effective porosity, n.) are as
follows: L+ lth i
+ &+

w= k%, W= ne—
where . = capillary head, k = saturated permeability, and w = flow velocity in the
vertical direction.

Integration of these equations with conditions # = 0 and ¢ = 0 gives:

/ (ﬁm)“f AL

Because the integration constant C = —(; + hg) log({. + hp), then:

(2.87)

I4 k
= (& + ho)log |1 + = —t 2.88
&=+ ho) og[ Lih| m (2.88)

Consider the power series expansion with terms up to the second order retained.
Then the moving wetting front can be approximated by:

12
2k + ho)] 2.89)

{ ~ 7701‘1/2, o = [
Re

Since 1 is constant, the moving front is almost proportional to ¢!/2. This relationship
is valid only for fine sand, where diffusion (microscopic) is predominant. For other
soils, the fingering effect (macroscopic diffusion) will be observed (see Fig. 2.24).

2.6.3 (c) Saturated-Unsaturated Groundwater Flow

The existence of a saturated—unsaturated groundwater zone is shown in Fig. 2.25.
There is a capillary zone above the groundwater table, where capillary and grav-
ity forces balance each other. Saturated and unsaturated flows take place below
and above the zone, respectively. Gravity governs saturated flow in an unconfined
aquifer, while Dupuit’s uniform flow assumption drives flow in the horizontal direc-
tion. These flows possess the following characteristics:

1. Saturated zone: water level 2 > 0, water content = n (porosity), and perme-
ability k() = ky = constant
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Fig. 2.24. A typical TCE finger in a water-saturated glass bead porous medium
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Fig. 2.25. Unsaturated vertical flow

2. Unsaturated zone: h = h. (negative capillary head), 6; (field capacity) < 8 < n,
k() # constant

At times ¢ and (¢ + At), moisture profiles above the groundwater table are 6(z, f)
and 6(z, t+ At), respectively. Moisture content at the ground surface 6(z, £) depends on
meteorological conditions (e.g., precipitation, air temperature, humidity, solar radia-
tion, wind, and plant conditions). For a deep groundwater surface, the influence of
meteorology is very weak or not present at all.

Exchange rates N and N, exist between saturated and unsaturated zones, respec-
tively, per unit area in unit time and Ny = N, for natural conditions. If there is
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pumping source from the saturated zone, then N, < N;. For a numerical model, the
two equations in Fig. 2.25 are coupled, and solved simultaneously.

2.6.3 (d) Measurement of Unsaturated Flow

The necessary hydraulic quantities in the basic unsaturated flow equations are A.(6)
and k(6). In general, the measurement techniques for these quantities can be classified
as laboratory experimentation and field observation. In laboratory experiments, it
is necessary to measure capillary head or pressure head (h.), volumetric moisture
distribution (), saturated permeability (k), and physical properties of the soil (such
as porosity, density, and particle size distribution). The quantities to be measured are
the same for field observations, but the measurement methods for these two cases are
different and are summarized in Table 2.6.

Table 2.6. Measurement of unsaturated flow

Testiype Test setup Measured quantities
radiation radiation counter ‘
source i Capillary head
|| S (pressure)
Laboratory .
experiment tensiometer Water content
distribution
nd
¢ Unsaturated
) permeability
,l, water Soil physical
“-o-o-==o-o- datum properties
radiation counter manomci’cr
sampling |@' =
—_
A
Field -f ground: |4
measurement T surface- Ywand ¥,

are, respectively,
the densities for
water and mercury

water
Pressureé  porous cup | 2
content  o5,0¢

meter

Measurement of moisture content is usually carried out using the relationship
between radiation from a source and moisture content in the soil column (indi-
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rect method) or by sampling techniques (direct method). Furthermore, the capillary
head (k) is measured with a tensiometer or by direct measurement of negative pres-
sure. Quantities measured in laboratory experiments as well as field measurements
are used for analyzing unsaturated flow under given conditions.

2.7 Gas Seepage Flow

In fluid dynamics, the treatment of gas seepage flow is similar to that of ground-
water, except that fluid compressibility and thermal effects need to be considered.
Compressibility characterizes gas seepage under normal temperatures. Gas seepage
flow was not a commonly studied aspect of groundwater hydraulics until compara-
tively recently. However, recent problems such as the remediation of contaminated
soils and the escape of gas from fuel storage caverns in rock masses, have stimulated
research in the field of gas seepage flow. The basic theory for gas seepage flow and
its features are discussed here (according to V. I. Aravin and S. N. Numerov, 1965).

OxOQ ’

gas flow £ liquid
I\\'a[cr

Fig. 2.26 a—c. Models of gas seepage flow. a Gas flow in a dry porous medium, b gas flow in
a wetted porous medium, ¢ gas flow (bubble) in a saturated porous medium

Figure 2.26 shows typical patterns of gas seepage flow with different degrees
of water saturation in a porous medium. Gas seepage flow in a dry porous medium,
a wetted porous medium, and a saturated medium are indicative of different mech-
anisms. From a dynamic point of view, the gas movement is continuous within the
pores in the dry and wetted stages, even though these stages have different saturation
levels. In a saturated pore space, however, gas bubbles move under the combined
action of gravity and surface tension. Only gas seepage flow in a dry medium as the
basic case will be considered here.

Gas is considered to be compressible and to follow Darcy’s law. The inertial force
acting on the gas is neglected in the following mathematical formulation. Usually,
there is no free surface in gas seepage flow.

Putting the velocity components u, v, w in the Cartesian coordinate system,
Darcy’s law is written as:



2.7 Gas Seepage Flow 61

Kap K dp K dp
, v=-—=, w=-=F 2.
Y ox Y u oy v U 0z (2:90)

where u = gas viscosity, K = intrinsic permeability (L?), and p = gas pressure.
The continuity equation for porous media with constant porosity is given as:

dpu)  dpv) dpw) Gp
R 5 + % +n0t—0 (2.91)

where n = porosity and p = gas density.
For a constant temperature, gas density is assumed to be a function of pressure
only (equation of state):

1.1 (G =
i {(1sothennal change) m = 1 } (2.92)

p= Bp " (adiabatic change) m = cp/cy

where = constant, ¢, = specific heat under constant pressure, and ¢, = specific
heat under constant volume (for air, 1 < m < ¢p/cy and m = 1.405).

The mass flux (pu) in the x-direction is evaluated from Eq. 2.90 using Eq. 2.92
as follows:

K op K1 :dp K d 141
U=——p-—=———pn— = —— m (2.93)
P ,up(')x up ox 'ulg(l.,.%)ax( )
and K oP
m 1
=—-———, P=—— I+3 2.94
= Bx BA+m? (2.94)
Accordingly, Eq. 2.90 becomes:
K opP K opP KoP
== =-=— =——— 2.9
pu o Ox pv 2 3y pw 0 B2 (2.95)
p and p in Eq. 2.94 can be expressed in term of P as follows:
m 1
Tim Tom
p= {M} PT, p= l{ﬂ(l i '")} P (2.96)
m B m
On the other hand, dp/dt can be evaluated from Eq. 2.96 as:
o 1 [(BA+m)\™F __ a 0P
=+ _ ) 2.
at ,B(1+m){ m > 57

Then, the continuity equation (Eq. 2.91) can be written in the following form using
Egs. 2.95 and 2.97:

PP _FP PP m {ﬁ(1+m)}ﬁ 7
t

o2 a2 o7 KBU+m | m w ) O
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Fig. 2.27 a—c. Isothermal steady air seepage flow. a Velocity profile, b test sample, ¢ pressure
profile

Equation 2.98 is the basic equation for a compressible gas and is called the Leiben-
zon’s equation for gas seepage flow.
For the steady state condition, Eq. 2.98 becomes Laplace’s equation:

#P PP P
ﬁ + —a-y—z— + —6;2— = (299)
(Example 2.3)

As shown in Fig, 2.27, a pressure (p, = 2pyp) is applied at the upper end (x/L = 0,
x: coordinate along test sample), and a constant atmospheric pressure (pg) is main-
tained at the lower end (x/L = 1.0) of a porous test sample with length L and diam-
eter d in an isothermal steady air seepage flow experiment. Determine pressure dis-
tributions (p/po) and flow velocity (u/ug, uy = flow velocity at the lower end of the
sample) inside the test sample and its intrinsic permeability.

(Answer)
The flow is steady and one-dimensional (along the x-direction). Therefore, in

Eq. 2.98:
3oy* = 048z> =8/t =0

The equation for isothermal steady air seepage flow as shown in Fig. 2.27 becomes:

&P

== =0, P=Cix+C, (2.100)
Ox

The integration constants C; and C, can be determined using the boundary condi-

tions:
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m mel
= O’ = s P P m
X P = Pa a Blm + 1)Pa
x=1L, P = Po, Py = = Po_'"t1
Bim+1)
In Eq. 2.100, P = P, at x = 0, then C; = P,, and P = Py at x = L. Then,
Cr = Py—P, m ( el mTH)
YT T Bm+npL\Po TP
Accordingly, Eq. 2.100 becomes:
P=P,~Z(P.~Py) 2.101)
or
m+l m+l X mil mil
pn = pam - Z(pam —Po"' ) (2102)

Because this is isothermal air seepage flow, m = 1, and from Eq. 2.102, the
pressure distribution (p/py) inside the test sample is written as:

2 . 2
(ﬁ) _ (Ba_) _x (_125) 1 (2.103)
Po Po L\po
The pressure applied at the upper end of the test sample is p, = 2py, and so p/py =
V(@ — 3x/L) (see the pressure distribution in Fig, 2.27).

Next, the mass flux (pu) is determined from Eq. 2.103 as:

= ﬁ%(pi — p3) = constant (2.104)
The pressure (air density p = p/B) decreases, and the flow velocity, which is in-
versely proportional to density (1/up = po/p, where uy and pg are flow velocity and
air density, respectively, at the lower end of the test sample), increases from the upper
end of the test sample toward the lower end (see the distribution in Fig. 2.27).

Furthermore, the intrinsic permeability is determined as follows. The average
pressure in Eq. 2.104 is: p = (p, + po)/2 and Bp = p (for isothermal conditions,
P = (pa — po)/2, where p, = density at pressure p, at lower end of the test sample).
Then,

pu

=_K,pa—po uQoL
VT XA @109
where Q = average seepage discharge and A = cross-sectional area of the test sample.
If the pressure difference (p, — po) between the two ends of the test sample is
large, it is not possible to assume a linear pressure distribution inside the test sample.
At the same time, a large amount of heat will be generated as a result of the com-
pressibility. Therefore, an isothermal state no longer exists and an adiabatic change
(p = p'/™B) takes place. Thus, it is unadvisable to determine intrinsic permeabil-
ity (X) from Eq. 2.105 for large pressure differences.
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2.8 Groundwater Flow in Rock Masses

2.8.1 Groundwater in Rock Masses

A rock mass is defined as a natural aggregate of rocks with reasonable dimensions.
As shown in Fig. 2.28a, a rock mass consists of two parts: solid rock and fractures.
Groundwater is either at rest or flowing. Groundwater flow velocities are different
within the rock part and the fractures within the rock mass and thus phenomenon
is known as the double porosity system. The groundwater flow velocity in rock is
usually small, although it depends on the type of rock. Groundwater flow is heavily
influenced by the continuity of fractures and the permeability of the rock mass.

Modeling and formulation of groundwater flow in rock masses reflect the follow-
ing characteristics:

1. Rock mass porosity (n) is the sum of porosity n; of the rock and »n, of the frac-
ture, i.e., n = n; + ny.

2. Flow velocity (q) comprises two components: the velocity inside the rock and
the velocity in the fractures.

3. Permeability (k) consists of two parts: k; and k, for the rock and the fractures,
respectively.

4. Groundwater flow in a rock mass follows the geometry of channeling fractures
with spatial shape and direction (i.e., the anisotropy of fracture geometry).

a , , b _ Ou, dx
rock (primary porosity n;) u, g?
dy K
1> iy dz Il S S5
? ’ .'pressure (p;)

magnification i "/_ G Fan
ou,dx Ao T

2(w) ”:"’5;"'?'_'_-_-_r(!(.‘k(.ri].k])

weathere

material (v
© 0o YV

x(u)

Fig. 2.28. Groundwater flow model in a rock mass. a Rock mass model, b control volume

The concept of the above-mentioned rock seepage model follows from
Barenblatt G. L. et al. (1960, 1990). Undoubtedly, if the permeability of the rock
itself is ignored in the double porosity system (k; = n; = q; = 0), the flow through
an ordinary porous medium will result.

Two important points should be kept in mind while studying flow through rock
masses. One is that water pressure dominates gravity as the driving force for flows in
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rock masses because pore size and permeability are very small. The other is that there
is no defined impermeable basement as there is with groundwater flow in ordinary
porous media. Therefore, the hydraulic concept of piezometric head (h = p/pg + z)
becomes ambiguous, and sometimes ineffective.

2.8.2 Basic Equations for Groundwater Flow in Rock Masses

The basic equations for groundwater flow in rock masses are derived from mass
conservation and transport equations (Darcy’s equation) based on the double porosity
system.

2.8.2 (a) Predominant Seepage in the Rock (k; > k;)

The basic equations for this case are derived from mass conservation and Darcy’s
equations by focusing on the flow inside the rock mass:

d(n1p)
—Voq; =
Pa1 ot
K K
q =-—Vp;, or - —gradp, (2.107)
H H

(2.106)

where p = water density, n; = porosity of the rock mass, u = viscosity of water, g =
gravitational acceleration, K = intrinsic permeability [L?], p; = pressure inside the
rock mass, q;(u;,v;,w;) = flow velocity vector, and Vp;, or grad p,, is defined as
(0p1/0x, dp1/8y, dp1/0z).

This equation is the same as the ordinary equations in porous media (n, =
k, = 0), but permeability greatly varies for different kinds of rocks and piezomet-
ric head replaces pressure (p;) for smaller p;. Both Egs. 2.106 and 2.107 are valid
only when a number of fractures/weathered materials (like weathered clay) or open
fractures are present as a result of high rock pressure in permeable rock masses.

2.8.2 (b) Dominant Flow in the Fractures (k; << k3)

The governing equation in this case is derived by considering that groundwater flow
in fractures will be dominant, but will interact with rock permeability. As shown
in Fig. 2.28b, an infinitesimal control volume (dV = dxdydz) is placed within
a fracture of the rock model. The mass balance equation then is obtained consid-
ering the difference of inflow and outflow in the control volume. The equation in the
x-direction for unit time is given by:

[oua — Bpu, [/0x(dx/2))dy dz — [pus + dpus/dx(dx/2)]dy dz
= —(dpu,/dx)dxdydz

The equations in the y- and z-directions, respectively, are as follows:

—(0pv2/0y)dxdydz, —(Opw,/0z)dxdydz
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The net groundwater flow into the control volume in unit time, by taking account
of an interaction rate € between the fracture and the rock in control volume AV,

becomes:
dpuy)  d(pva) = A(pwa)
- + +
ox ady 0z
According to the principle of mass conservation, the difference in inflow and outflow
in unit time must equal the rate of mass change in the control volume. Thus, the mass
balance equation can be written as:

dxdydz + edxdydz

d(pn
—Vpqp + & = (onz) (2.108)
ot
This is the mass conservation equation inside the fracture. It is necessary also to
consider the mass balance inside the rock, which can be derived in a similar manner
and expressed as:

~Vpq, — &= 53-(%‘) (2.109)

The groundwater mass balance equation can now be obtained by summing Egs. 2.108
and 2.109, i.e., —Vpq = d(pn)/dt. Here, porosity (n) = n; + n, and flow velocity
(qQ) = q1 + q2. The basic equation is obtained by combining with Darcy’s equation
(q; = —(Kipg/w)Vpi, i = 1,2). Barenblatt G. I. et al. (1960) considered that if ground-
water flow within the rock is negligible (i.e. q; = 0) in Eq. 2.109, the inflow ratio (&)
is defined as follows:

d(n1p)

omp) | . _ 11

B re=0 (2.110)
aoc—Klp—(plsz)-% @.111)

where p; and p, are, respectively, the pressure inside the rock and the fracture, £ =
a representative size of rock mass, and S, = constant.

If the fracture porosity (n2) in Eq. 2.108 is extremely small (r; > ny), then it can
be considered that d(pn,)/dt = 0. Thus, the basic groundwater flow equation in the
rock mass can be derived from mass balance Egs. 2.110 and 2.111 as:

Vp, + K(p1 —p2) =0 2.112)
P
—;1 +K(p1—p2) =0 2.113)

where K,=(K;/K>)(S:/€%), V2=0%/0x2+8%|8y* +3* /0%, K=(S /S s )(K1p/ut?), and
S, = relative storativity of the rock mass (dependent on water compressibility in the
rock and fractures, as will be seen in Example 2.4).

Thus, it can be concluded that in the double porosity model, groundwater flow
takes place in the fractures and storage takes place in the rock.

(Example 2.4)
Express and state the physical meaning of the term 9/t in the mass conservation
equation derived in the double porosity model.



2.8 Groundwater Flow in Rock Masses 67

(Answer)
The right-hand-side term in Eqs. 2.108 and 2.109 is expressed as:

dpn) on  dp

=p— 2.114
a P " 2.114)
a b vertical stress
SN { 0w
d)
= ¥ 2 2
- ddZ) _______ r’, °

N PR

fracture / ::::

dx

for 0,>> 0o, , 0,

Fig. 2.29 a, b. Rock mass beneath a mountain. a Stresses beneath a mountain, b microscopic
rock element

Consider an infinitesimal rock mass volume (dV = dxdydz) under a mountain
with the stresses acting as shown in Fig. 2.29a (the vertical stress is much larger
than the horizontal stresses, i.e., 0; > 0, o). The infinitesimal volume (dV) is
made up of the sum of the solid volume [dV = (1 — n)dxdydz] and the pore vol-
ume (dV, = ndxdydz). If elastic deformation is assumed in the rock mass, then
d[dVi] =0 and dn = [(1 — n)d(d?z)/dz] = —(1 — n)ado, i.e., the rock mass com-
pressibility = —(1/dz)[d(dz)/do,]. Then,

on do,
p-a7 = —pa(l —n) 5 (2.115)
Similarly, if the water mass in the pores is conserved, then d(pndV,) =
dpndVy +pd(ndVp) = 0, and dp = Bpdp, where B = water compressibility
= —(1/ndV,)d(ndVy)/dp. Then,

dp

na=

op

- 2.116
noB o, (2.116)
On the other hand, if the sum of pore water pressure and vertical stress is kept con-
stant (i.e., p + o, = constant), then do-, = —dp. Therefore,

ao, _132

ot ot
Now, using Egs. 2.115, 2.116, and 2.117, Eq. 2.114 can be written as:

2.117)
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a(pn)
ot
S5 = pla(l —n) + Bn]

Because the porosity of the rock mass = ny + ny, d(pn)/dt = d(pn,)/dt + d(pn,)/ot.
If the fracture porosity (n;) is extremely small (i.e., n; > ny), then d(pn)/0t =
d(pny)/0t, dp/ot ~ dp,/dt, and S = pla(l — n) + Bn,], where S = specific storage
and represents the compressibility of the rock mass and the pore water.

0 0
=pla(t-m +pn) £ = 5,2, -

In the discussion of rock masses with predominant flow in fractures, pores within
the fracture and rock are sometimes called channeling pores and storage pores,
respectively.

2.8.3 Permeability Tensor for Discontinuous Rock Masses

As stated above, groundwater flow in permeable and homogeneous fractured rock
can be treated in a similar way to that in ordinary porous media. However, ground-
water movement is subject to the discontinuity and heterogeneity of fractures and
hence the flow direction is strongly dependent on the geometry of fractures.

In general, flow velocity q(u, v, w) in an anisotropic porous medium is given by:

q = ki = —k;;Vh 2.119)
where k = permeability (with components k;;), i = hydraulic gradient (with compo-
nents i;), h = piezometric head, V = (3/dx, 8/8y, 8/dz), and

u= k11i1 + k12i2 + k13i3
v= k21 i] + k22i2 + k23i3 (2120)
w= k31i1 + k32i2 + k33i3

The subscripts i and j are defined as: x; = x, x; = yand x3 = 2.

Permeability within an anisotropic porous medium, which is characterized by
changes in density, porosity, and permeability with direction, is a tensor (called the
permeability tensor or hydraulic conductivity tensor). For i # j, k;; = 0, and fori = j,
kij # 0 (x-, y-, and z-directions), and so the permeability tensor of an anisotropic
porous medium in the principal axes can be written as:

kll 0 0 T]] 0 0
k=|04kp 0|, T=|0 Ty 0|, (2.121)
00 k33 0 0 T33

where T = permeability tensor (k;; X b;;, with b;; as thickness).

2.8.4 Better Understanding of Groundwater Flow in Rock Masses
2.8.4 (a) Geometrical Characteristics of Fractures

Percolation theory provides the basic concepts for (a) fracture modeling, (b) fracture
continuity, and (c) the quantitative formulations of (a) and (b) (Berkowitz B. and
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Balberg I., 1993). With regard to fracture modeling, assume that N fractural ele-
ments are randomly distributed in different directions, as shown in Fig. 2.30. If the
length of a fractural element (£) is much longer than the length of the rock mass (L),
i.e., /L > 1, then the structure is called a tectonic line or linearment in geology. The
structure is known as a fractured joint or fracture (or fractured zone) for £/L ~ 1.
Similarly, it is called a fracture or crack for £{/L < 1. In percolation theory, it is
assumed that £/L < 1 or {/L < 1.

pressure, p(x) average
pressure drop

Ap

.......
.....
......

local pressure drop

local flow velocity / /
q \
o A Bo 4

length of ¢
fracture element
N

—> 5 node
< L >

Fig. 2.30. Fractures and hydraulic pressure in the rock mass

For cases in which ¢/L > 1, {/L > 1, or ¢/L ~ 1, discontinuous lines are
structurally formed by geological forces. If fracture distributions are random, then
each element can be independent and separate or some fractures can be connected.

The continuity indicator (percolating quantity) Q of N fractures is empirically
expressed as:

Q o< (N - No)* (2.122)
or Qo (p- pc)K

where N, = total number of connected fractures (fractures with transmission), k = an
exponent, p (= N/N;) = probability for connected fracture numbers, p. (= N./Np),
and Ny = total number of fractures (e.g., No > 100).

In other words, Eq. 2.122 states that the numbers of seepage fractures (N — N;)
and « determine seepage discharge. Here, N, and « are values characterizing fracture
geometry and are the most important parameters governing fracture flows.

2.8.4 (b) Characteristics of Flow in Fractures

As discussed earlier, fracture seepage depends on the geometrical characteristics of
fractures. As shown in Fig. 2.30, if points A and B are separated by a rock mass
(size L), and the average pressure difference between them is Ap, then the pressure
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distributions along the x-axis [p(x)] vary with the connectivity of the fractures. The
average flow velocity (Darcy’s flow velocity, u) across A and B, and the local flow
velocity inside the fracture (#’) are given as:

uoxkAp, u «<kAp (2.123)

where k = Darcy’s permeability, kK’ = local permeability, and Ap = local water pres-
sure difference.
Darcy’s permeability (k) is given by:

ko (p—pe)* (2.124)
Exercises
[Ex. 2.1]
Examine whether Bernoulli’s theorem is applicable or not to seepage flow.
[Ex. 2.2]

Y(x,y) = constant is a general solution of the total differential equation dy(x,y) =
u(x,y)dx+v(x,y)dy = 0. Show that (udx +vdy) = 0 is an exact differential equation.

[Ex. 2.3]
Show that the velocity potential ¢(x, y) = constant and the stream function ¥(x, y) =
constant cross at right angle.

[Ex. 2.4]
Discuss the static stability of the dam shown in Fig. E2.1.

y ) —F
total water
water depth weigh
ure ght (W) head
(h) s =g Xy @
_ l resisting force
N = C . -
................ BATT - - o ) x(u)
Ao ! S0 100 D B D> SRR Chy=0
permeability (k) . F*]5L=7"F " uplift (F,): '\ 2
ISR 7SRty FIILIEIVREICITY B Milter:
v layer el i STTTRTTR) LT
Fig. E2.1 Static forces acting on a dam
[Ex. 2.5]

Derive the relationship between pumping discharge (Q;) and well water level (h;) for
a group of wells as shown in Fig. E2.2, wherei = 1,2,3,...,n.



References 71

o
—————— radius of influence (R)
mrrrt l.l L} 1
contmng
“ confined ;™"
- aquifer 7?10
- RIS
Fig. E2.2 Group of wells in a confined aquifer
[Ex. 2.6]

As shown in Fig. E2.3, two faults AB and BC cross at point B. There is a spout at
point C with precipitation (N) at point A. Calculate the piezometric head at B (hg),
and show the condition for the persistence of the spout.

precipitation (V)

v
/

hy
fault
discharge (Q)
e 7777 datum line

Fig. E2.3 Mechanism of faults and spouts
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3

Dispersion Process and Saltwater Intrusion in
Groundwater

Summary

Dispersion phenomena of solutes and pollutants (contaminants/tracers) in subsur-
face water and porous media have caught the interest of researchers since the 1960s.
The mathematical formulation of problems in terms of hydraulics has been realized
by applying mass conservation (including source or sink terms for dispersed mat-
ter), Fick’s law and empirical correlations on the parameters for linking practice and
mathematical models.

Simultaneous two-phase-flow of seawater and freshwater in coastal aquifer with
a sharp interface is one of the themes.

In this chapter, mathematical modeling for convective and hydraulic equations,
their typical analytical solutions, and the methods to determine dispersion coeffi-
cients are discussed in addition to formulation of the saltwater—freshwater interface
in coastal aquifers.

3.1 Dispersion Processes in Aquifers

3.1.1 Hydraulic Dispersion

Hydraulic dispersion is defined as a transport phenomenon of dispersive matter
(e.g., solutes and tracers), which appears in fluid flow through porous media. Knowl-
edge of hydraulic dispersion problems is indispensable for studying groundwater
quality and pollution/contamination. The physical and biochemical processes within
aquifer matrices affect fluid flow and transport of dissolved chemical compounds
in groundwater. The velocity and its spatial distribution are governing factors for
mass transport in porous media. Fig. 3.1 illustrates a vertical sectional view of an
unconsolidated groundwater aquifer consisting of several layers with different per-
meabilities in the x and z-directions. As shown in the figure, molecular diffusion,
hydraulic dispersion and macroscopic dispersion influence tracer transport as a re-
sult of convection. As time elapses from #; to #;, the tracer slug stretches under the

K. Sato et al. (eds.), Groundwater Hydraulics
© Editing Committee of Memorial Publication 2006
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effect of local velocity variations and molecular diffusion, both on the microscopic
and macroscopic scales. Microscopic dispersion processes occur at the size scale of
grains, whereas macroscopic dispersion occurs on the same spatial scale as varia-
tions in permeability. Microscopic observation at the size scale of grains reveals that
local flow with molecular diffusion is responsible for tracer transport.

magnification
o f sand p &223 (b) occurrence of
injection of tracer macroscopic dispersion

atr=
clay

o fracer slu mlgratlo
igh pcrmcablluy layer

:: ma-cf()-‘iéa ic dispersiongeuiiiisiiiiii.
\\\\\\\\ R \\\\\
sand particle
convection, molecular diffusion
and hydraulic dispersion

-»
&

ispersion
the local scale

(a) occurrence of e
microscopic dispersion magnification

Fig. 3.1. Mass transport and dispersion processes in an aquifer

Macroscopic dispersion dominates transport in a large-scale aquifer, where spa-
tial variation in permeability causes velocity gradients in a whole basin.

A model of dispersion processes in a grain-sized channel is shown in Fig,. 3.2,
where the upper and lower surfaces are bounded by solid particles. Fluid velocities
at the solid boundaries are assumed to be zero by the nonslip boundary condition.
Clearly, maximum velocity occurs at the center of the crosssection. Transport of
a chemically inert contaminant with an instantaneous slug injection at x = 0 is con-
sidered, as shown in Fig. 3.2. If convection in the transverse direction is negligible,
compared to that in the longitudinal direction (average flow direction), the driving
force for contaminant transport in the transverse direction is limited to molecular
diffusion. Except for microscopic interactions in the vicinity of the solid surface,
contaminant transport as a result of convection mainly takes place in the longitudinal
direction.

C(x, z, 1) denotes the contaminant concentration distribution, and two concentra-
tion profiles at times #; and #, are illustrated in Fig. 3.2. The profiles are increasingly
stretched in the x-direction as time elapses. It is clear that irregular stretching is the
result of local velocity variation in the z-direction.
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Consider the cross-sectional concentration variation in the z-direction at #, at
a downstream point on the x-axis. The concentration increases gradually in the upper
and lower parts close to the top and bottom solid surfaces.

peak concentration gyrface of solid material
at an arbitrary z

"'.' o——
i ir=y, fluid flow
. b M s RS C(x, Zp, 1)
B ki < Byertical mixing by molecular diffusion

C(x,,): cross sectional mean concentration
over z at time ¢, for an arbitrary x

S
>

X

X(#,): location of average concentration at f,

Fig. 3.2. Hydraulic dispersion mechanism for pore-scale fluid flow

The thick line in the center of the figure demonstrates the travel path of peak
concentration for a specified value of z. For example, the concentration profile at #, in
the x-direction for z, denoted by C(x, z,, t,), has peak concentration on the thick line
at x,. Similarly, C(x, zy, ) has peak concentration on the thick line at xp. C(x,, Za, 2)
is not necessarily equal to C(xy, zv, #2), and the difference in these two peaks increases
with time.

The term “hydraulic dispersion” can be used to define such a tracer spreading in
the flow direction as a result of differences in local flow velocity in the transverse
direction. Detailed approaches to this dispersion process in a capillary tube and in
interconnected capillary tubes, as well as in models of three-dimensional porous
media, have been studied by, for example, Taylor (1952), Aris (1956), Josselin
(1959), and Saffman (1956).

3.1.2 Determination of the Microscopic Dispersion Coefficient Using Column
Test

The mathematical formulation and statistical meaning of concentration distribution
along the x-axis are discussed here. The average concentration between ranges zo
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and z; in the z-direction perpendicular to the x-axis at time ¢, for an arbitrary section
of x within —oo to oo, is defined by Eq. 3.1:

[ Cx,z,10)dz

21— 20

C(x,tp) = 3.1

The quantity C(x, f,) represents one-dimensional concentration distribution in the
x-direction at time #,. The first-order moment of x using the weighted concentration
distribution at time ¢, is represented by Eq. 3.2 as:

f_‘: x- C(x, t)dx
f; C(x, 5)dx

In other words, Eq. 3.2 defines the mean travel distance on the x-axis of the concen-
tration distribution.

x(t) = (32)

maintain the constant
water head

supply of freshwater

drain of tracer (thin |=
saltwater)juntil the I

e measurement of
column is filled up

head loss

seepage flow
freshwater side

: ﬁtransition zone

&, il saltwater side

initially, the column is
filled with the tracer

measurement of tracer
concentration :@—_I_-
(electric conductivity)
supply of diluted saltwater 4
to fill the column - i measurement of the
A e |m steady state flow rate

open this valve to
start the experiment

Fig. 3.3. Determination of the longitudinal dispersion coefficient in a column experiment using
two different tracers

Similarly, the second-order moment of the deviation of x from X at time ¢, is

calculated as: oo —
[ (x=%?%Clx, ty)dx

f_‘:; C(x,1)dx

Higher order moments of E(x, 1;) can be also calculated if more statistical variables
are necessary for characterizing concentration distribution.

o) = 3.3)
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The microscopic dispersion coefficient Dy, ;, which is usually called “the hydrau-
lic dispersion coefficient” or “the mechanical dispersion coefficient” can be defined
as half of the time derivative of a'z(t) as follows:

1do 3([2)
Dux(r2) = T (3.4)
It is empirically proved that the microscopic dispersion coefficient (Dy, ;) converges
for a sufficiently long elapsed time.

Thus, such quantities as C(x, f), X(f), o2(t), and Dy .(r) can characterize two-
dimensional tracer distribution in the vertical crosssection in the x- and z-axes for
arbitrary x and ¢, if fluid flow in the x-direction is dominant and the point of interest
is only in that direction.

Figure 3.3 shows an experimental setup to determine the one-dimensional micro-
scopic dispersion coefficient for a homogeneous porous medium.

Initially, the column is saturated with either low-concentration saltwater or fresh-
water. Then, freshawter or saltwater is supplied to the bottom and top of the column,
respectively, as shown in the figure, so that a clear interface between two phases
can be maintained at the top of the column. One should be careful not to use high
concentration saltwater, because it may induce a significant gravitational effect. The
experiment should be started after piezometric heads at two different depths become
equal. Freshwater should be supplied instantly once the outlet valve of the column is
opened if the column is initially saturated with low concentration saltwater. Sensors
along the column will exhibit gradual changes in electric conductivity during the
experiment. The flow rate should be measured several times to ascertain consistent
conditions in the experiment. The fluid temperature should also be measured to eval-
uate fluid density, viscosity, Reynolds number, and permeability. Several series of
the experiment with different flow rates are needed to establish a correlation between
Reynolds number and normalized hydraulic dispersion coefficient.

(Example 3.1)
Explain the determination of the longitudinal dispersion coefficient using the
recorded breakthrough curve for the one-dimensional column test shown in Fig. 3.4.

(Answer)
The following one-dimensional convection dispersion equation is applicable to de-
scribe temporal and spatial concentration distributions (see Sect. 3.2).

ac ac a*C

— t+ i — =Dy, — 35

or " ox bx X2 3-5)
where C(x, ) = saltwater concentration and u’ = real pore velocity obtained from
the relationship 4’ = u/n with u and n as Darcy’s velocity and porosity, respectively.
The initial and boundary conditions necessary for solving Eq. 3.5 are given below.

When the column is initially saturated with low concentration solute, e.g., salt-

water:
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relative (b) saltwater infiltration
\C(g;?ntratnon into stagnant freshwater region
1 0
10 ------- -%K— - —.’;;‘.‘— -
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......... theoretical 4 +*"(a) freshwater infiltration
} solution 3 into stagnant saltwater region
05—
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breakthroughg”
0 curve z¥.s”
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Fig. 3.4. Theoretical and measured breakthrough curves for different tracers

C(x,0) = Co : initial condition

C@0,nH=0 . .. (3.6a)
Cloo,1) = Co } : boundary conditions

When the column is initially saturated with freshwater:
C(x,0) = 0 : initial condition
C0,n=Cy } . .. (3.6b)
Cloo,1) = 0 : boundary conditions

The analytical solution of the equation for initial and boundary conditions given
by Eq. 3.6b is expressed by Eq. 3.7 as (cf. Example 3.2):

C(x,p) 1 x—u't 1 ( wx ) x+u't
= —erfc + —exp| — Jerfc { —— 3.7

Co 2 {2 ,/_Dh,xt} 2 7P\ Dyx) ™\ 2 yDrt
where erfc(r): the complementary error function. Relation between error function

and its complement is expressed by erfc(7) = 1 — erf(7), and the error function is
defined as:

2 T _a
- 3
erf(n) \/Ej(; e d¢ 3.8)

The observed breakthrough curve can then be compared with the analytical solution
given by Eq. 3.7, as shown in Fig. 3.4.

Darcy’s velocity (u) is calculated using the measured flow rate (Q) and cross sec-
tional area of the column (A) as: u = Q/A. Then, ’ is obtained from ' = u/n. It is
also possible to experimentally evaluate #’ and determine Dy, , after best fit of the ob-
served breakthrough curve with the analytical solution. These dispersion coefficient
data for different flow rates can be identified universally using nonlinear least-squares
estimation, which can fit the analytical solution for the observed breakthrough curve,
as indicated by the broken line in Fig. 3.4.
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3.1.3 Relationship between Microscopic Hydraulic Dispersion Coefficient and
Real Pore Velocity

Many authors have used laboratory experiments to determine the hydraulic disper-

sion coefficient. For example, Harleman D.R.F. and Rumer R.R. (1963) conducted

laboratory experiments to determine the relationships between Reynolds number and

longitudinal as well as lateral hydraulic dispersion coefficients. They proposed the

following relationship for Reynolds numbers ranging from 10~4-10°.

Dy, dnt’  dyu v
v

;
=R + 5 Re==—=->, S.= B (3.9)

where v: kinematic viscosity of fluid, S.: Schmit number, which characterizes
dynamic resistance to molecular diffusion, @ = a constant, 8 =an exponent, which is
nearly equal to 1, T =tortuosity that accounts for twisted flow paths of porous media,
dn, = mean particle diameter. A similar expression to Eq. 3.9 is obtained when the
Peclet number (P.) is used.

dntt

%‘;" =a(P)t +1, P.= D (3.10)
where a: a constant and b: exponent.

Again, the parameters in Eq. 3.10 need to be determined in a laboratory column
test. Details on these nondimensional quantities are given by Bear J. and Verruijt A.
(1987).

Experimental correlations between R, and Dy /v obtained from column tests
packed with glass spheres of different diameters are shown in Fig. 3.5. The solid line
represents the best fitting curve using Eq. 3.9 with 7 = 1 (Nakagawa et al., 1998).
As seen in the figure, the second term in Eq. 3.9 is negligibly small for Reynolds
number ranging from 0.10 to 0.7, because the molecular diffusion coeflicient (Dy) is
approximately equal to 1.0 x 10~ m?s~! and kinematic viscosity is 1.0x 107 m?s!,
However, the second term becomes dominant for Reynolds number lower than 1073,

Now, let us assume that Eq. 3.9 is linear, as expressed by Eq. 3.11 (Huyakorn PS
& Pinder GF, 1983).

’ a’Lu’2
Dhy=DL=qalu|+7Dy = Nz + 1Dy 3.11)
where D = Dy, ,: longitudinal dispersion coefficient when the x-axis is taken parallel
to the flow direction and, e, is the longitudinal dispersivity.

This formula can be extended to the three-dimensional flow field in Cartesian
coordinates system as follows (Bear and Verruijt 1987). If general expression of dis-
persion coefficient Dy ;; in tensor form is Dy, ;i = a;jim(Vi Vi /V), Gijkm = @10:i0um +
(@) — ap)(6bjm + Simbjx)/2 (6;j: Kronecker delta with 6;; = O for i # j, and 6;; = 1
for i = j) for isotropic porous media, it can be written by using the summation con-
vention rule (Einstein’s convention: for example a summation A; By + Ay By + A3B3 =
23: A;B; is defined by A;B; = 23: A;B; to simplify its expression.

i=1

i=1
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Fig. 3.5. Relation between Reynolds number and normalized microscopic longitudinal disper-
sion coefficient (Nakagawa et al, 1998)
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in which, ¢; (dim. L): longitudinal dispersivity, @ (dim. L): transversal dispersivity,
Vi, Vm: velocity components, V = |V, and the last equation holds for each term in
thecasesof k =m=1~3,i=k, j=mandi=m, j =k, respectively.

Thus, the following Eq. 3.12 will be givenif V=¢, Vi =u', Vo, =V, V3 = v
by taking molecular diffusion Dy and tortuosity 7.
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o u? + a . (V? +w?) (@, —a)u'v
L T L~ %
Dh xx = 7 + 7Dy, Dh,x_v = — = Dh,yx
(@ —a)u'w av? +a W +w?)
Dh,xz = = Dh,z,x, Dh,yy = - +7-Dyg ¢
q q
(ap — e V'W aw? + e w? +v?)
Dh,yz == Dh,zya Dh,zz = ” + 7Dy
q q
(3.12)

where (¢') = ()2 + (')2 + (w’)2, and v’ and w’ are the real pore velocities in the y-
and z-direction, respectively. These nine constitutes compose of the dispersion matrix
tensor, which can be simply expressed as [Dy,;j]. The transverse dispersivity (ag) is
usually assumed to be as: a; = (1/10)a; . Equation 3.12 can be reduced to a matrix
expression with zero values for off-diagonal components if the x-axis is taken to
be along the direction of flow and the other two axes perpendicular to the flow, as
follows:

@, ¢ +™Dm 0 0
[Dhijl = 0 a;q’ + 17Dy 0 (3.13)
0 0 arq’ + 17Dy

3.1.4 Macroscopic Dispersion in Groundwater Aquifer

o 2 ©.D 1d afc
X 4 -
mac, x = 50 ‘
converging
molecular and  transient
microscopic stage
stage @ |K-=mmDkl-aofiaoo >

macroscopic variance

macroscopic
dispersion coefficient
7

elapsed time ¢

Fig. 3.6. Multistage dispersion processes

As illustrated in Fig. 3.1, natural groundwater flow in a heterogeneous aquifer is
not uniform. Although molecular diffusion and microscopic dispersion play impor-
tant roles on the local scale, large-scale dispersion (over several hundreds of meters)
is involved in groundwater pollution problems in the field. Macroscopic dispersion
gradually develops from microscopic dispersion to more extensive scales with tracer
progression to the downstream. The macroscopic dispersion process can be understood
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by the existence of a less permeable layer with higher permeability near the center
of the flow region in Fig. 3.1. Figure 3.6 conceptually illustrates two transition pro-
cesses with elapsed time by statistical variance of tracing particles, which can define
the dispersion coefficient from both the microscopic and macroscopic view points.
Through these transition processes, the cross-sectional mean concentration, mean
travel distance, the macroscopic variance, and the macroscopic dispersion coeffi-
cient in the pore space shown in Fig. 3.2 for fixed x at time ¢ can be extended over
the aquifer thickness.

The development of macroscopic dispersion structures through three distinct
stages, i.e. the molecular and microscopic stage, the transient stage and the converg-
ing stage depend on the heterogeneity of permeabilities, and geometry of the strata.
Macroscopic dispersion coefficients in the longitudinal and transverse directions can
be similarly defined using dispersion lengths a; and a, respectively, and the mean
pore velocities ¥’ and w’ in the x- and z-direction, respectively, as:

Dimac x(f) = ay - 78 Dmac:(f) = ag - w (3.14)

Generally, theoretical relationships between macroscopic dispersion lengths and the
spatial structure of permeability are rarely obtained except for simple aquifer for-
mations. The transient stage from local scale dispersion to the converging macro-
scopic stage is most important for determining the macroscopic dispersion coeffi-
cient if groundwater pollution spreads downstream, where hydrogeological structure
changes.

The following empirical relationship between longitudinal and transverse disper-
sion lengths (e; and a;) is assumed.

1
T (3.15)

A commonly used diagram for estimating the macroscopic longitudinal dispersion
length (e, ) is shown in Fig. 3.7. Readers can also refer to textbooks, e.g., these writ-
ten by Kinzelbach W. (1986) and Appelo C.A.J. and Postma D. (1996). For practical
applications, it has to be stressed that macroscopic dispersion processes depends
strongly on hydrogeological structure and downstream distance from the pollution
source (Nakagawa and Jinno, 2000).

3.2 Mass Transport Resulting from Convection-Dispersion

3.2.1 Continuity Equation

As mentioned in the preceding section, various processes such as convection, molec-
ular diffusion, and dispersion (microscopic and macroscopic) affect mass transport
in an aquifer. The mass transport equation describes temporal and spatial concen-
tration variation of a tracer or any chemical species. Figure 3.8 illustrates the two-
dimensional cross-section of an unsaturated microscopic pore space. Although there
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Fig. 3.7. Dependence of longitudinal dispersivity on longitudinal scale (after Appelo and
Postma, 1996)

is a component of mass flux in the gaseous phase when the pore space is not com-
pletely saturated, only the fundamental equation for mass transport in the liquid
phase is introduced here. In this case, the fundamental equation of the water mass
balance, which is also called the continuity equation, is written as:

9 _ (9 ow
o \dx oz

where 6(x, z,1) is the volumetric water content in a unit soil volume. This equation
is identical to the continuity equation in saturated conditions. Denoting h(x, z,t) as
the pore water pressure head, Eq. 3.16 is transformed by changing the variable as
follows:

(3.16)

06 déohn oh de
5% - ana - Cy = T (3.17)
Using Eq. 3.17, Eq. 3.16 becomes
Oh ou ow
Cw‘(:; = "(5; + _C';Z) (3.18)

where Cy,(h) is called specific water content, which implies a change in water content
in response to a change in pressure head.
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Fig. 3.8. Mass transport in unsaturated porous media

Darcy’s law is extended to the unsaturated flow region as follows:

h p
=—k—, =—k|—+— 3.19
! ax " (51 Pf) G5
where k(x,z,t): permeability applicable for both saturated and unsaturated flow,
p: fluid density that may vary with temperature (7') or concentration of dissolved con-
taminant (C), and ps: reference fluid density, which is usually taken as 1000.0kg m™3
at 4 degrees. The pressure head () and pressure (p) are correlated as: h = p/psg. The
second term in Eq. 3.19 includes the gravitational effect resulting from changes in
fluid density. The continuity equation needs to be modified for a sudden change in
fluid density, as follows:
a6p) 00

dp 06 dp C _ (d(up) = 9d(wp)
o Pa %% = Pa laca T ( * (320)

ox 0z

where dp/dC: partial differentiation of p = p(C, T, p) and represents the change in
density with respect to concentration change. When this effect needs to be consid-
ered, Darcy’s law should be expressed in terms of intrinsic permeability (K), which
has the dimension of length squared [L?], as;

K dp _ K ( ap

u= _;5;’ w= —; B-Z- +pg) (321)

3.2.2 Mass Balance Equation

The convection dispersion equation can be derived on the basis of mass conservation
in the liquid phase. The liquid phase mass flux in x- and z-direction are expressed by
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summing convection and dispersion effects, as follows:

, ac ac , ac ac
Jix=u'C— Dh,xxa - Dh,xza_z, Jl,z =wC- Dh,zxa - Dh,zzgz— (3.22)
where J; . and J;, denote liquid phase mass flux in x- and z-direction, respectively,
and u’ and w’ are real pore velocity components, defined by the following relation-
ships.

Ww=- w=-— (3.23)

Similar expressions are applicable to mass transport in the gaseous phase. The total
mass of pollutant dissolved in pore water in an infinitesimal control volume with
sides of Ax and Az, as shown in Fig. 3.8, is expressed as: 6 X Ax X Az X C(x,z,1).
Therefore, mass balance equation can be written as follows:

8615 a(8J
@AxAz = _MA)CAZ _ ( LZ)AXAZ (3.24)
ot 9x o7
adsorbed weight :: bulk soil weight

= C; (kg kg'! dry soil):

total mass of species in unit volume '
= 0C+(1-m)p,C,= §C+(1-n) p KiC |
= (8 + (1-n) p K)C ; where n : porosity :

C,= K,C ; where K, : partitioning coefficient ':
or C,=f(C) in general

Fig. 3.9. Relationship between adsorbed material in the solid phase and dissolved species in
the liquid phase

Substituting Eq. 3.22 into Eq. 3.24, we obtain the following:

A(6C) .\ (6w C) N aewC) _ 8
ot dx 0z  Ox

oC acC
(eDh,xx E + eDh,xz 6_2)
acC )

a ac
+2 (gph,ué.)7 +0Dh (3.25)

Using Eq. 3.16 for the left term of Eq. 3.25, the following expression is given:
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8C 6C ,0C 14 ocC acC
5)( +w az 0 a (GDh x 7=t 0Dh xz )

16

t (3.26)

(Gthx GthzZC)
If adsorption onto solid surfaces has to be taken into consideration, an additional
mass balance equation for the solid phase should be formulated to model the effect.
For example, an equation for a chemical material that obeys the linear adsorption
isotherm law (the Freundlich equilibrium isotherm: adsorption mass on the solid
phase is proportional to pollutant concentration), as shown in Fig. 3.9, is given as

follows:
d(1 — n)psKy4C

ot
where p; is the density of solid, Ky is the partitioning coefficient, the term S ,4 repre-
sents the rate of adsorption in the solid phase. Equation 3.25 can be modified to take
adsorption into account as:

a6c LY ouC L e owC _d
o ox 5. ox

=S 3.27)

acC ac )

(eDh xx o Ox + aDh ,XZ 32

6 0
> (Gthxa ethza ) Sad (3.28)

It should be noted that the added term S 4 has units of [kg m~3s~!] whereas concen-
tration in the dissolved phase has units of [kg m~3]. Adding of Eqgs. 3.27 and 3.28 so
that the adsorption term S .4 is canceled, the following equation can be obtained.

ac oc 0
{6+(1 —n)pst}ac +u—+w GthxaC +0thzac
ot ox Bz " ox

0
(9_2 (eDh,zxa + eDh,zz 8_z) (329)

This equation shows that convection and dispersion have direct control on the
changes in total mass within a unit soil volume in liquid and solid phases.
Now, the retardation factor (Ry) is defined as follows:

1-
Ry=1+" on)pst (3.30)
Then, Eq. 3.29 is rewritten as:
6C wuwdC waoC 1 9 ac aC
AL A ODp x— + 6D
3t " ORyox ' ORs 0z aRdax( hax gy ‘”az)
10 ac aCc
+ﬁe§a_z(6D“”‘ + 6Dy = ) (3.31)

Thus, adsorption reduces the convection velocity and dispersion coefficient by a ratio
of 1/Ry (R4 > 1), as can be seen in Eq. 3.31. This means that adsorption delays
convective mass transport and that the dispersion rate becomes smaller.
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3.2.3 Partitioning (or Distribution) Coefficient K4

A partitioning (or distribution) coefficient (Ky) is defined as the mass fraction
of a solution separated from the liquid phase to either another liquid phase or
solid phase. It should be noted that such a partition is not necessarily linear, but
varies depending on solute concentration and the characteristics of the solid surface
(Young et al., 1992). Also, values of the coefficient obtained from batch tests and col-
umn tests may not be identical, because the flow velocity and soil packing condition
may affect column tests.

The determination of the partitioning coefficient Ky has been investigated exper-
imentally by several authors. Hiroshiro et al. (1996) verified that the travel time for
the mean sulfate ion concentration to reach a fixed depth in a column packed with
weathered granite is 1.9 times longer than that for nitrate ions, which are chemically
inert in oxidizing conditions. Therefore, the retardation factor or coefficient (R4) for
sulfate ions is equal to 1.9. From Eq. 3.30, we can calculate the partitioning coeffi-
cient (Ky) as follows:

1_
Ri=1 +—7ﬁpst ~19

Substituting experimental values of 0.531 for porosity (n), 0.252 for soil water con-
tent (6), and 2.69 kg ¢! for clay density (p;), Kg = 0.18 £kg™! is obtained.

The partitioning coefficient of hydrophobic materials, such as trichloroethylene
and tetrachloroethylene, is related to the organic carbon content of the soil as follows:

K4 = Koc(OC) or logKy = log Koc + log(OC)

where (OC): organic carbon content of soil, and Koc: proportionality constant
(Appelo C.A.J. and Postma D., 1996; Fetter C.W., 2001). The value of K4 can be
estimated by measuring the (OC) mass fraction in soil and adopting the standard
value of the octanol-water partitioning factor. For example, Koc for tetrachloroethy-
lene is equal to 1.0 x 10?3 for 0.3% (OC). Then,

log K4 = log Koc + log(OC) = 2.56 + 1og(0.003) = 0.037

and we obtain Ky ~ 1.09 £kg™!.
Similarly, K4 =1200¢ kg_1 for Polychlorobiphenyl (PCB) with Koc =
1.0 x 10562,

3.3 One-dimensional Mass Transport with Adsorption and Decay

One-dimensional mass transport with a retardation coefficient (Rg) and a decay
coefficient (1) can be expressed by the following convection—-dispersion equation.

8C W dC DLOC A
A Lo 32
5 "Ry 0x Ry 022 Ry (3.32)
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where Dy : longitudinal dispersion coefficient in a uniform porous medium, which is
written as D, = a; u’ after neglecting molecular diffusion. The decay term —(4/R4)C
with Ry exhibits, for example, biodegradation of organic compounds by bacteria or
radioactive degradation with adsorption.

Assume an instantaneous injection of mass AM within a width b at the origin
of the x-axis in a confined aquifer of thickness m, that extends infinitely in the
x-direction. The injection condition at time ¢ = 0 can be expressed mathematically
using Dirac’s delta function as follows:

AM

C(;(x, 0) = m&(x) (333)

where the Dirac’s delta function is defined as:

1/e x| <le/2|

.34
0 |xl > le/2] (3:34)

6(x) =1limo,, 6, = {

and ¢ an infinitesimal interval compared to the scale of interest, n porosity, and Rq =
1 + (1 — n)psKq/n. Equation 3.33 means that the initial concentration Cs(x,0) is
given by dividing the injected mass AM (kg) by volume & X m X b (m?), and taking
into account adsorption on the solid surface. Integration of the initial concentration
defined by Eq. 3.33 over the entire domain satisfies:

f b-m-n-RiCs(x,00dx = AM (3.35)

00

The boundary condition at infinity is given as:
C(xo0,0) =0 (3.36)

Under these initial and boundary conditions, the following analytical solution is
given as (Kinzelbach W., 1986).

AM o (_ (x— u’t/Rd)2)
2b-m-n-Ry+Jna w't/Ry 4oy u't/Ry
- exp[—(A/Ry)t]

Cs(x, 1) =

(3.37)

Because of degradation effects, the peak concentration value gradually decreases
with time at the rate of exp[—(1/Rg)t].

Figure 3.10 shows transient concentration distributions satisfying Eq. 3.37 for
two cases: conservation (4 = 0) and degradation of species (1 > 0). Adsorption
apparently causes a delay in the spread of material, species are less dispersed and
degraded when R4 > 1.

Integrating Eq. 3.37 over the entire aquifer region, we obtain,

r b-m-n-RyCs(x,t)dx = AM exp[—(1/Ry)t] (3.38)

—00
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Fig. 3.10. Temporal variation of concentration distribution from Eq. 3.37 with Ry = 1 (original
figure by Kinzelbach 1986)

This equation shows that each pollutant mass decreases with time as a result of degra-
dation. Recently, the term natural attenuation (NA) has been used for degradable
organic hydrocarbons that have been major sources of pollution in groundwater and
the soil environment. The NA idea suggests that mechanical recovery of polluted
groundwater and soil up to the prescribed standards is costly and a waste of time,
and also that chemical and biological actions may be expected at the final stage of
remediation work.

If instantaneous injection at x = £ and ¢ = 7 is considered, (¢ — 7) and (x — &)
should replace ¢ and x in Eq. 3.37, respectively.

(Example 3.2)
One-dimensional mass transport as a result of convection—dispersion, and a set of
initial and boundary conditions are given in Eqs. 3.39 and 3.40, respectively:

ac  ,oc &C

— t = =p,— .
o " ox L ox2 (3.39)
C(x,0=0, CO,n=f(), Clo,n=0 (3.40)

Analytical solution of Eq. 3.39 with the given conditions is expressed as (see
Exercise 3.4, Hirano N., 1977):
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2 wx\ x2 )
C(x,t) = 7exp(2DL)f f(t—4DL/1)~exp[ (/1 +——)]d/l 341

where f(¢): an arbitrary function of ¢, A = x/2+/Dy(t - 7), u’: real pore velocity, T
variable for time, Dy : longitudinal dispersion coefficient, @ = uw’'x/4Dy, and 8 =
x/2/Dit.

Derive the solution when the function f(r) in Eq. 3.40 is equal to a constant
value Cy.

(Answer)
Replacing f(¢) by Cy in Eq. 3.41 yields the following:

2 ” x i
C(_x’t) ?CXp(zqu)f f(t 4D ﬂ) e€x P[ (,{2+§—2):|d,l

_ 20 o[ X
= ﬁexp(ZDL)I(a,ﬁ)

(342)

where

co 2
B=x[2\Dit, I@p) = L exp[ (,12+}5)]d,1 (3.43)

To obtain an explicit expression for I, we rewrite Eq. 3.43 as:

- oo
[onf(ro - Lonffe- e

=I-1L

e [eof (oo e Pl e o

Now, differentiating integral I; with respect to a and replacing 4 by 4 = a/£ to

obtain I;, we get:
dl 0 a?
o =2 ewlHAe =

or d11/11 = -2da.
Integrating the above differential equation, we obtain:

where

I = Foe ™™

Substituting @ = 0, the integration constant (Fp) is obtained as:
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Iilo=0 = f exp[-4%]dA = Nz =Fo
0 2
Finally, the following equation is obtained.
L= —‘g exp[—20] (3.45)

The integral I, can be obtained by the following procedure. Replacing { by { = a/A4,
dA = —(a/¢*)d¢, and with co and /B as the upper and lower limits of integration
in I, then:

L = %(13 + 14) (346)

where

2
= exp[2a] - s {2 exp[ ({ +{) ]d{

2
= —exp[2a] - exp[—«*]dk + exp[2a] - fm exp [— (g + {) ]d{ (347
alp+p alp ¢

I4 = exp[-2a] - r exp[ (——{)] a¢

= /- exp[-2a] — exp[-2a] - exp[—£2]d¢ — exp[2e] (3.48)

B-alp
o 2
.fmexp[—(—- +{) ]d{
/B 4

Transforming the variable ¢ into « such that k = { + @/ and dk = (1 — a/Z?)d¢
for the integration of I3, and also the variable { into £ such that ¢ = (@/{) — ¢ and
dé = —(1 + a/¢*)d¢ for the integration of Iy, simplified expression for I, is obtained

as follows:
\r

1 a
e - — — — . — —
L= > [e 2a 2e 2a erfc(ﬁ

where, erf(X) = 2/n LX exp[—X?]dX and erfc(X) = 1 — erf(X).
Accordingly, integration I becomes:

1 2a 9_
) - -2-e erfc (ﬂ + ﬂ)] (3.49)

lef)=5-1= -j—’_r {e—Z" - erfc [ﬁ - g-] +6% - erfc [ﬁ + %]} (3.50)

Substitution of u’x/4Dy for a and x/2+/Dyt for § leads to the following analytical
solution for the problem with the given initial and boundary conditions.

C 1 x+u't
E; = 5{ [2 exp[DL] erfc[2 Do } (3.51)
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3.4 Interfaces in Coastal Aquifers

3.4.1 Ghyben-Herzberg Approximation

Groundwater overflows from inland aquifers toward sea while saltwater intrudes into
the bottom of the aquifers, as depicted in Fig. 3.11. An interface between fresh-
water and saltwater lies in a mixing zone as a result of dispersion phenomena.
Two approaches have been adopted for flow analysis in coastal aquifers. In the first
approach, the flow of both fluids is simultaneously analyzed considering the mixing
(or transition) zone between them. In the second approach, the dynamic behavior
of an abrupt interface similar to the case for immiscible fluids is analyzed after the
thickness of the transition zone is disregarded. The interface is called a freshwater—
saltwater interface.

Several sets of field measurement data have revealed that there are many cases
in which the thickness of the transition zone is smaller than the aquifer thickness. In
such cases, the interface shape is analyzed using the hydrostatic pressure approxi-
mation, because groundwater flow is slow. The theory of an abrupt interface in the
steady state condition is developed (Bear J., 1979).

An unconfined coastal aquifer with a sharp interface in the steady state condi-
tion is shown in Fig. 3.11. The freshwater seepage velocity in the vertical direction
is usually negligible compared to that in the horizontal direction in coastal aquifers.
Therefore, Dupuit’s uniform flow approximation is applicable in this case. The pres-
sure distribution can be considered as static hydrostatic in such a case.

sea water

intruded saltwater
freshwater-saltwater

sharp interface

saltwater cone

Fig. 3.11. Freshwater—saltwater interface in unconfined aquifers in the steady state

The freshwater pressure (ps) on an interface at a depth (k) below sea level can be

expressed as:
pr=pig({ +h) (3.52)

where pr = freshwater density, g = acceleration due to gravity, and { = height of
groundwater table above sea level. On the other hand, the saltwater pressure (ps)
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on the interface is equal to that of seawater at depth (k) below sea level, and is
expressed as:

Ds = psgh (3.53)
Both pressures balance each other at the steady state. Equating them, we get the
following:

h=g—P gl o e (3.59)
s—pr) & Pt

Equation 3.54 shows the relationship between the height of the groundwater table

and the depth of the freshwater—saltwater interface in an unconfined aquifer. This

relationship is called the Ghyben—Herzberg approximation.

When freshwater is pumped from a well, as shown in Fig. 3.11, and the water
level in the well decreases by A/, then the groundwater table around the well also
declines, and consequently, the freshwater—saltwater interface may rise. This rise in
height of the interface (Ah) is obtained from Eq. 3.54:

_ A
_8

Ah (3.55)
For py = 1.0g/cm? and ps = 1.025 ~ 1.03 g/cm’, the value of 1/¢ is 33 ~ 40. This
means that the interface rises by up to 40 times the decrease of water level in the
well. In extreme cases, the rise in the interface results in an undesirable situation in
which saltwater is pumped from the well.

3.4.2 Shape of the Interface in a Two-Dimensional Vertical Aquifer

Consider the case of saltwater intrusion in a homogeneous and isotropic aquifer as
shown in Fig. 3.11 (Tamai and Shima, 1967). Let the origin of the coordinate system
be at the point on the ground surface at sea level. The x-axis is taken horizontally in
the inland direction while the z-axis is vertically downward. The horizontal seepage
velocity of freshwater flow above the interface is u.

Freshwater discharge per unit width (g) is given by integrating u from the ground-
water table to the interface, as:

h
q= f —udz =-uth+{) = —-uh(l +¢) (3.56)
=£

Applying Darcy’s law and Dupuit’s uniform flow assumption, we get:
u=-k—=-ke— (3.57)
X

where k = permeability.
The equation of the interface is obtained by substituting Eq. 3.57 into Eq. 3.56
and integrating along the x-axis:

2g(x — x1)

2 _ 12
W=t e

(3.58)
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where h; = depth of interface below sea level at x = x;.
Substituting Eq. 3.54 into Eq. 3.58, the following is obtained:

2 _ 2 2g(x — x1)
=t i 1/e) (3-39)
where {1 = height of groundwater table above sea level at x = x;.

The discharge per unit width (g) is calculated using Eq. 3.59. Thus, it appears
that the shape of the interface is known after the value of g is substituted in Eq. 3.58.
However, Eq. 3.58 is not clear in regions near the coastline, because the height of
the groundwater table coincides with sea level. Setting x; = 0 and £; = 0, Eq. 3.59
becomes:

2gx

2 _
i+ (3.60)

The equation of the interface corresponding to Eq. 3.60 is as follows,

o2 2

= e—— 3.61
h ke(1+¢e) ke (3.61)

Equation 3.60 satisfies the boundary condition for the groundwater table along the
coastal line. However, Eq. 3.61 gives zero depth of the interface (h = 0), i.e., there
is no exit for freshwater to flow out to sea. This shows that an error arises in inter-
face calculation using Egs. 3.58 and 3.61. This derives from the fact that Dupuit’s
assumption is not applicable in the region near the coastline; therefore, it is necessary
to take the vertical seepage velocity into consideration to calculate the shape of the
interface in this region.

Denoting the vertical seepage velocity by w, the continuity equation within the
freshwater domain is written as:

ou ivy__

a+ % 0 (3.62)

Integrating from the groundwater table to the interface, Eq. 3.62 becomes,
“ Ou
w=— I{ adz + [W]Z=_g (363)
Using Eqs. 3.54, 3.56 and 3.57, we get the following:

Ou q d(l) q 1d¢

x  (+1/edx\z]  (+1/eldx
¢ 1 1 Fu+le 1
T+ lPk+ k (h+ Q)

Then, Eq. 3.63 becomes:

(3.64)

¢ (l+e) @+
k e (m+0?
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where [w],-_; = 0, because the change in the groundwater table is small compared
to the change in the interface.
On the other hand, Darcy’s law for freshwater gives w as:

we=-td (ﬂ - z) (3.65)
0z \psg

Equating Eqs. 3.64 and 3.65 and integrating along the vertical direction, the pressure
distribution in freshwater flow is given by:

Pr (1 +¢&) z+)*
g Tt T Gr oy

(3.66)

where pr = 0 at z = —{. The freshwater pressure on the interface can be determined
from this equation while the saltwater pressure at z = k is given by ps = p;gh. Now,
using conditions pr = ps and ¢ = 0 for the coastal area, the interface depth at the

coastline (hy) is expressed as:
q [(1+¢g€)
hy = — | —— 3.
0= 72 \/ > (3.67)

h (ke/q)

Eq.(3.68)

Fig. 3.12. Comparison of calculated interface shapes

The equation for the interface, taking the vertical seepage velocity into account,
can be written in the following form by substituting x; = 0, ) = hg, and (1 + &) ~ 1
in Eq. 3.58, and finally substituting into Eq. 3.67.

2
2 q 2gx
= + = 3.68
2k ke (3.68)
The shapes of the interface calculated using Egs. 3.61 and 3.68 are shown in
Fig. 3.12. From this figure, it is clear that the effect of the vertical seepage veloc-
ity becomes large only around the coastline and decreases inland.
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These equations are derived from the analysis of freshwater flow on the up-
per side of the interface. Therefore, they are applicable to calculate the interface
shape for flows in unconfined aquifers overlying an impervious layer, as shown in
Fig. 3.13a. The theory using an abrupt interface also has been applied to confined
aquifers and two-layered aquifers, as shown in Fig. 3.13b (Henry H.R., 1959; Rumer
R.R. and Harleman D.R.F,, 1963) and Fig. 3.13c (Sugio S. and Mori K., 1989), re-
spectively. Darcy’s law and Dupuit’s assumption have been applied to the interface
in two-dimensional horizontal planes (Strack O.L.D., 1976). All these authors de-
rived the interface equation for the steady state condition. Solutions for unsteady
conditions have been obtained by numerical simulations using the Finite Difference
Method (Kawatani T., 1975) and the Boundary Element Method (Fujino K., 1985).

@ o & b)
sea —2X groundwater table impervious layer
water
freshwater-saltwater interface
impervious layer= impervious layeé
impervious layer——
Fig. 3.13. Saltwater intrusion in various aquifers
Exercises
[Ex. 3.1]
How is the coefficient of transverse dispersion (D) determined experimentally?
[Ex. 3.2]
Explain the physical meaning of molecular diffusion.
[Ex. 3.3]

Explain the reason why microscopic and macroscopic dispersions should be distin-
guished.

[Ex. 34]
Solve the following partial differential equation with D = constant,

aC ,0C 8*C
-——+ =

ot u a = Ez— (E341)
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with initial condition:
Cx,0=0 (E34.2)

and boundary conditions:

CO,0H=f(# and C(c0,0)=0 (E3.4.3)

[Ex. 3.5]

In Fig. 3.13a, H denotes the height of sea level from the impervious layer, and the
groundwater level { is 0.02H at a distance 10H from the seashore. Calculate the
shape of the freshwater—saltwater interface for (1/¢&) = 40.
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4

Groundwater Flow under a Temperature Gradient

Summary

In recent years, the behaviour of subsurface water with a temperature gradient
has generated considerable interest. Dynamic approaches to the phenomenon are
founded on simultaneous mass and heat transport in porous media. Most problems
are classified into two areas: one is natural and forced convection of fluids in sat-
urated porous media and the other is such mass and heat transfer in unsaturated
porous media, as encounterd in processes such as drying/vaporization, and pollutant
migration.

Heat exchange between atmosphere and ground surface or between groundwater
and soils/rock masses may generate new local flows and temperature gradients within
the saturated zone. Thus, the heat transfer may make the analysis of groundwater
flow more complicated because of addtional flow caused by non-uniform tempera-
ture distributions. Buoyancy effect caused by fluid density differences and exchange
between fluid and solid phases are essential factors.

Moisture transfer with a temperature gradient induces heat transfer and changes
in phase between liquid and vapor; therefore, it is very important to understand heat
and moisture transfer in porous media to gain a better insight into unsaturated flow.

The basic theories of heat and fluid transfer in saturated and unsaturated soil are
discussed in this chapter. Typical examples of heat and moisture transfer in closed
and open systems are also presented.

4.1 Heat Transfer in Saturated Soil
4.1.1 Mode of Heat Transfer

Temperature gradients (or geothermal differences) in groundwater can be caused by
geothermal energy, heat sources or well recharge for heat storage purposes and pose
scientific and technical problems as a result of natural or forced convection in sat-
urated pore spaces. Prior to a detailed discussion on the hydraulic formulation, the
modes of heat transfer will be introduced.

K. Sato et al. (eds.), Groundwater Hydraulics
© Editing Committee of Memorial Publication 2006
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There are three basic mechanisms for heat transfer: (1) Heat transfer through the
molecules of a continuous solid or liquid medium is known as conduction. (2) Con-
vection refers to heat transfer caused by the movement of a fluid medium from one
point to another. Convective flow may be classified into two types: natural and forced
convection. Fluid density differences resulting from temperature gradients cause nat-
ural convection, whereas mechanical forces such as well pumping and injection
account for forced convection. (3) Energy transfer in the form of electromagnetic
waves from various states of matter is known as thermal radiation. Conduction and
convection are usually taken into account for heat transfer in saturated and unsatu-
rated porous media, whereas the thermal radiation can be ignored.

a b ¢
I
temperature —
T Th>T
7 ® ~ Y4
\t AT l convection pressure diff‘berence Ap

T: A
oo, . O
heat  temperature source T}

Ox

~7 > temperature
>

—+T1;

I(——Ax——)‘ O 4 4 4
o0 Q

oe——>x T
nh>1

nh>T

Fig. 4.1 a—c. Examples of heat propagation in saturated porous media. a Heat conduction,
b natutal convection, and c forced convection

Heat transfer modes in saturated media are schematically shown in Fig. 4.1. The
governing equations in saturated media comprise heat conservation, Fourier’s law,
and other auxiliary equations, in addition to the mass conservation equation and
Darcy’s law.

4.1.2 Heat Transfer Mechanism

Figure 4.2 shows heat transfer associated with convection when a fluid with temper-
ature T infiltrates into saturated soil with temperature T, (T, < T;). The heat trans-
fer consists of (1) conduction between soil particles, (2) conduction in pore water,
(3) heat exchange resulting from conduction between soil particles and pore water,
and (4) convection as a result of fluid flow through the pores. The cumulative heat
of conduction from (1) to (4) is expressed as the product of the equivalent thermal
conductivity and temperature gradient. As the soil dries, the heat flux associated with
conduction becomes dominant.
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4.1.3 Basic Equations of Heat and Moisture Transfer

The heat transfer equation will be derived with reference to the flows and transfers
shown in Figs. 4.1 and 4.2.

4.1.3 (a) Laws of Heat Transfer

A porous medium, shown in Fig. 4.1a, has an infinitesimal dimension Ax and the
two ends are kept at temperatures T and T,. The heat flux (Qh,) resulting from
conduction in the x-direction can be written in the form of Fourier’s law:

th = —AEA (41)
where A = thermal conductivity (W/mK), T = temperature, and A = cross-sectional
area.

temperature 7
® heat exchange between

soil particle and soil
pore water

@ heat conduction in
soil pore water

@ heat propagation
due to convection

@ heat conduction
between soil particles

Fig. 4.2. Heat propagation mechanisms resulting from convection of a fluid with tempera-
ture T, infiltrating a saturated soil at temperature T,

In Eq. 4.1, the conduction heat flux is proportional to the temperature gradient
and the thermal conductivity, where the value of A depends greatly on the kind of
material involved, as shown in Table 4.1.

Convective heat transfer relates to the bulk movement of fluid over a solid sur-
face. The convective heat flux (Qy) is described according to Newton’s law of cool-
ing as:

On

il a(Ts — Ty) “4.2)
where @ = coefficient of heat transfer (W/m?K), T = solid surface temperature,
Tt = fluid temperature, and A = surface area.
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Table 4.1. Thermal properties of matter (at 20 °C)

Materials Thermal conductivity, Specific heat,
A (W/(m'K)) ¢, (kJ/(kg:K))
Water 0.60 418
Air 0.026 0
Sand 0.30 0.80
Concrete 0.8 ~0.9 0.84
Steel 15~ 54 046
Granite 1.80 0.80

4.1.3 (b) Equations of Heat and Liquid Water Transfer

Consider a control volume as shown in Fig. 4.3. The basic equations consist of the
continuity equation, the motion equation, the energy equation, and auxiliary equa-
tions between the density and temperature or pressure of the fluid.

/ _ 90, &
(Qu==5 = vz

fl 3 0+ B

x(u) ox

Fig. 4.3. Heat propagation in control volume

The continuity equation is the mass conservation equation, which was discussed
in Chap. 2, and written as —Vpq = d(np)/dt, where p = density of the fluid;
q = (u,v,w); u, v, w = Darcy velocity components in the x-, y- and z-directions,
respectively; n = porosity; and V = (8/dx, 3/dy, 3/8z). Assuming p to be constant,
the continuity equation becomes —Vq = 0. The motion equation can be derived from
the Navier-Stokes equation and expressed as (p/n)dq/dt = —grad p + pg — (u/K)q,
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where grad = (9/dx, 8/dy,3/3z); g(0,0,~g) is the gravity vector; u = viscosity of
the fluid; K = intrinsic permeability (dim. L?); and p = pressure.

The total heat flux (Qn) per unit area and time is obtained by summing the heat
of conduction and convection. For example, the heat flux in the x-direction (Qy,) is

expressed as:
Onx = Jx + (pc)su(T — To) (4.3)

where J, = conduction heat flux and (oc)su(T — Tp) = sensible heat flux resulting
from bulk motion with velocity u, and ¢t = specific heat of the fluid.

The net heat flux per unit time along the x-direction in the control volume is
given by:

(th UE dzx)d dz - (th

The rate of net heat flux entering the control volume is conserved according to the
first law of thermodynamics, so the equation for net total heat flux is obtained by
summing the components in the three directions as:

0 900 | 30
Ox ady

Substituting Eq. 4.3, Oy, = J, + (o)eW(T — Tp), O, = J; + (0c)ew(T — Tp), and
Fourier’s law into Eq. 4.4 yields the following:

6 th

dydz =
Ox

d
6Q;x x) dxdydz

aT
+ (pc )e =VQy + (PC)eE =0 4.4

(oC)e %g = A div(grad T) — (pc¢).q - grad T 4.5)

where 4. and (pc). are, respectively, the equivalent thermal conductivity and the
volumetric heat capacity of wetted soil.

The thermodynamic fluid properties are evaluated using the correlation between
fluid density and temperature at constant pressure. The correlation is approximated
as p = po[1 — B(T — Tp)], where pg = fluid density at an arbitrary reference tempera-
ture Ty and B = thermal expansion coefficient.

Finally, the basic equations of groundwater flow under a temperature gradient are
expressed as follows:

Vg =0 .6)
Z?=—gMpwm——q @.7)
(pc)e—é-t— = Acdiv(grad T) — (pc)eq - grad T (4.8)
p = poll — B(T - To)] 49)

where (oc)s = volumetric heat capacity of the fluid.
It should be noted that the second term on the right-hand side of Eq. 4.7
expresses the buoyancy effect in the energy conservation equation. This idea for
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buoyancy effect is also called Boussinesq’s approximation. The main interest in solv-
ing Eqs. 4.6-4.8 is whether convective flow is generated or not (see Rees, 2002)
and if it is generated, its shape, size and numbers are interested in (Combanous and
Bories, 1975).

Nondimensional quantities in the basic equations 4.64.9 are very important
when discussing experimental data and nondimensional basic equations. Before
being rendered nondimensional, the equations have dimension as follows: the mass
conservation equation for incompressible fluids Eq. 4.6 has unit of [T!] (s™! in the
SI unit system), the equation of fluid motion Eq. 4.7 has unit of [kg m~2s~2], and the
conservation equation Eq. 4.8 has unit of [Wm™].

Rewriting Egs. 4.7 and 4.8 in a nondimensional form by introducing nondimen-
sional velocity ¢* = q/qo; length s* = s/so; and time t* = vt/ sg; in which go = arep-
resentative velocity, so = a representative length, and v = kinematic viscosity (u/p).

Focusing on the vertical component (z: positive upward) of Eq. 4.7, by putting

g = —g, we get.
ow n(dp ny
— == +pg|-—w. 4.10

ot p (62 pg) pK Y (4-10)
Because groundwater flow with a temperature gradient or convective flow with a ther-
mal effect is inactive, dp/dz = —pog under hydrostatic pressure p = —pogz + C
(= constant) at temperature To. Thus, substituting Eq. 4.9 into Eq. 4.7, Eq. 4.10 is

written as: 5
w n nu
— = —pofATg — —w, AT =(T -Ty). 4.11
P ppoﬂ iy ( 0) (4.11)
The nondimensional form of the equation of motion for the vertical component using
w' =w/qo and t* = vt/ s(z) reduces to:
ow*  nsogBpo AT ns; »

4.12
o p  qov K ( )

The first term on the right-hand side is dependent on the temperature difference.

The first term without npg/p on the right-hand side multiplied by the Reynolds
number R, = goso/v is called Grashof number (G;). G, multiplied by Prandtl num-
ber (P;) is the Rayleigh number (R,). Nondimensional quantities deduced from the
equation of motion are:

s2gBAT
G, = 03'32 P = (ll/lCe)f
4 . , (4.13)
C S,
Ra = Gr . P, = gﬁ(’; f ZATSQ, EO, n
Equation 4.8 in dimensionless form becomes,

or A . (POt gso

= d dT) - —gradT 4.14
- pow iv(gradT) oo v gdl (4.14)

with

(1 (po) _ 4%
—(pc)ev_( P,)’ oo Re= T2 (4.15)
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4.2 Unsaturated Flow under a Temperature Gradient

4.2.1 Modeling of Unsaturated Flow with Heat Transfer

The governing equations of unsaturated flow in soil under a temperature gradient
consist of simultaneous heat and moisture transport equations. Soil moisture exists
mainly in two phases: liquid and vapor. In frost phenomena, solid phase ice will
appear in topsoil below the freezing temperature.

It should be noted that the physical properties of water, such as density, viscosity,
surface tension, and thermal conductivity are strongly dependent on temperature.
Therefore, the theory of heat and moisture transport is somewhat complicated and
the governing equations are nonlinear.

Based on the types of boundary conditions, simultaneous heat and moisture trans-
port can be divided into two categories: closed and open systems. There is no heat
and moisture transfer across the boundaries in closed systems while transfer does
occur in open systems. The ground surface is a typical example of an open system.
Its interaction with the atmosphere involves heat and moisture exchange in terms of
radiation, sensible heat, latent heat, evaporation, and precipitation. Latent heat is the
heat added as a result of phase change between liquid and water vapor (evapora-
tion or condensation). Sensible heat is dependent on wind velocity, roughness of the
ground surface, and the stability of atmospheric conditions.

4.2.2 Basic Equations of Heat and Moisture Transport in Unsaturated Porous
Media

Philip and de Vries (1957) and de Vries (1958) originally formulated a compre-
hensive theory of heat and moisture movement in unsaturated porous media. In their
theory, moisture movement is considered to take place in the vapor and liquid phases,
and internal vaporization and condensation mutually compensate through mass ex-
change between these two phases. Therefore, the volumetric moisture content is in-
terpreted as the sum of the volumetric liquid and vapor contents. The theory can
explain liquid and vapor movement under temperature and moisture gradients.

4.2.2 (a) Moisture Transport Equation

Consider a representative elementary control volume (dx, dy, dz), as shown in Fig. 4.4.

Liquid Water Transport
Applying Darcy’s law to liquid water transport in unsaturated porous media, the flux
transport (q¢) per unit area and time can be written as follows:

¥ Vb, he=Ftz=y+z (4.16)

Pe pPe8

where 4. = piezometric head, p. = matric potential (capillary pressure), z = vertical
ordinate, and k& = unsaturated hydraulic conductivity. Now, taking surface tension (o)
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Fig. 4.4. Control volume for unsaturated flow under a temperature gradient

into account for determining p., the matric potential head (p./p¢g) may be rewritten
asy(6,T).

Thus, the spatial gradient of k. is written as Vh, = (0¢/dT)VT + (0yr/00¢)V6, +
Vz, and considering that 9y /0T = (y/o)do/dT, Eq. 4.16 finally becomes:

q

= -—DT[VT Dg(VO ki (417)
4
k do oy
=SV Du=kgy 4.18
Dre sar? e = (4.18)

where Dt, = thermal liquid diffusivity, Dg, = isothermal liquid diffusivity and i =
the unit vector.

Water Vapor Transport
The transport mass flux of water vapor in soil per unit area and time (q,) can be
written by combining the equation of state and a Fickian type diffusion equation as:

qv = -D'Vp,; D' = Dumfna (4.19)

where q, = mass flux density of water vapor (kg/m?s), D* = vapor diffusivity in
soil pores (m%/s), Dym = vapor diffusivity in the atmosphere (m%/s), f = mass flow
factor (ratio of gas pressure to partial pressure of dry air = 1.02), n = tortuosity
(2/n = 0.67, » = 3.14), and a = volumetric air content. It is to be noted that Dy, is
a function of temperature.

Water vapor density (py) may be expressed as a function of T and ¢ (< 0) using
Kelvin’s relation as:

pv=pwHy H=e¥ (4.20)
Vpy = HVpyo + pvoVH; 4.21)
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where pyo = density of saturated water vapor, H, = relative humidity, R = gas con-
stant of water vapor, and g acceleration due to gravity. Assuming that the temperature
effect on H, is very small, and that p is a function of T only, Eq. 4.21 can be written
as:

dpvo dH; dpvo Pvg oY
Voy = H, VT + Vo = H.— — —Vo 422
7 “ar "L RT 56 “22)
Substituting Eq. 4.22 into Eq. 4.19 gives the following:
%V = -D,VT — Dy VO 4.23)
¢

where Dty = D*(H/p¢)(dpvo/dT), Doy = (0vg/p¢RT)(0y/06) and Dr, and Dy, are
called thermal and isothermal vapor diffusivities, respectively.

Total moisture flux (q) can be obtained by summing the liquid and vapor fluxes
as q = qy + q¢. Now, adding Eqs. 4.17 and 4.23, the following equation is obtained:

4 _ _p,v6- DT —ki 4.24)
Pe
where Dy = Dty + D7p, Dg = Dgy + Dge, and Dt and Dy are called the thermal and
isothermal moisture diffusivities, respectively.

Mass Conservation Equation

Applying the principle of mass conservation in the control volume (dV = dxdydz)
shown in Fig. 4.4, the x-component of the total net mass flux across an infinitesimal
area (dy X dz) per unit time is as follows:

Oup dx Oup dx
Gex = pe|ue ~ === |dydz — pe|ue + 22 == | dydz
ox 2 ox 2
p 4.25)
= 0,22 dx dy dz
ox

where g, = net mass flux in the x-direction. The first and the second terms on the
right-hand side of Eq. 4.25 are incoming and outgoing mass fluxes at (x — dx/2)
and (x + dx/2), respectively. The net mass fluxes in the y- and z-directions can be
similarly expressed.

The total net mass flux in the control volume can be obtained by using the flux
equations in the x-, y-, and z-directions as:

—pe (% + %% + %)dxdydz = -Vqedxdydz

In addition, mass transfer from the liquid to the vapor phase associated with evap-
oration should be included in the above equation. The evaporation rate (E) in the
control volume can be defined as Ep,dxdydz, and is negative for condensation.
The rate of change of mass of liquid water stored in the control volume is given
by dxdydzd(p0¢)/0t. The mass conservation equation for liquid water may be
expressed as:
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96, qe
— =-V[=]-E 4.26
or (pe) (420
Substitution of Eq. 4.17 into Eq. 4.26 yields the following:
a0
a—: = V(DgrV8;) + V(D1,VT) + g’f -E (4.27)
74

The mass conservation equation for vapor phase water can be similarly derived as:

96, Qv
== _v(Z)+E 4.28
ot (Pl) ’ 429

Evaporation plays an important role in the source term of Eq. 4.28. Equation 4.28
can be written in the following form after substituting Eq. 4.23 into it:

06

a_tv =V (DgV8,) + V(D1 ,VT) + E (4.29)
Since total moisture flux and volumetric water content are defined as the sum of the
corresponding values in the liquid and vapor phases, the mass conservation equation
for moisture can be obtained by adding Eqgs. 4.27 and 4.29 as:

% _ —v(i) = V(DyV8) + V(DVT) + X (4.30)
ot Pe oz
The second term on the right-hand site of Eq. 4.30 represents flow induced by the
temperature gradient. We can obtain Klute’s equation for the isothermal state when
T =0in Eq. 4.30 as:

a6 ok

i V(DgV6) + % (4.31)

4.2.2 (b) Heat Transport Equation

Total heat flux Qu(Qhx, @ny, On;), as represented by a vector in Fig. 4.3, can be
expressed as follows:

Qu = —4VT + (T - To)gy + ce(T — To)ge (4.32)

Equation 4.32 shows that the total heat flux in an unsaturated porous media is the
summation of the conduction heat flux and the sensible heat fluxes resulting from
liquid and vapor phase moisture movement. It should be noted that thermal conduc-
tivity correlates with volumetric water content, as depicted in Fig. 4.5.

The x-component of the total net heat flux stored in the control volume (dV) may
be expressed as —(0Q0n,/dx)dx dy dz using Taylor’s expansion. Here, dy dz represents
the boundary area of the control volume element normal to the x-axis. In a similar
fashion, heat fluxes in the y- and z-directions are given as —(00hy/3y)dx dydz and
—(00h,/0z)dx dy dz, respectively.
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Fig. 4.5. Changes in thermal conductivity (1) with volumetric water content () for fine sand

Applying the principle of energy conservation in the control volume shown in
Fig. 4.3, the rate of change in internal energy within the volume, [d{(oc)sw(T —
To)}/0t)dV, equals the sum of the total net heat flux stored and the heat of evapo-
ration (LE dx dy dz). Therefore, the heat conservation equation becomes:

AlpsweswXT =Tl _
) - _VQ, - LE (4.33)

where p,, = density of wetted porous media, ¢, = specific heat of wetted porous
media, and L = rate of heat in vaporization. The volumetric heat capacity (c) of the
control volume is calculated using the following equation:

¢ = (PswCsw) = PsCs(1 — n) + pecebe + pycyby 4.34)

where n = porosity and the suffixes s, £ and v represent solid, liquid and vapor phases,
respectively.
Substituting Eq. 4.32 into Eq. 4.33, and assuming T to be constant yields,

I[(pswesw)T]

o = V(AVT) — V(ceqeT) — V(cygyT) — LE (4.35)

4.3 Examples of Heat and Moisture Transport

Two experimental results will be presented in this section to help readers to better
understand heat and moisture transport in unsaturated soils with closed and open
boundary conditions.

4.3.1 A Closed System

A stainless steel column packed with fine sand is shown in Fig. 4.6a. The volumetric
water content of the sand throughout the column is 0.10. The top and bottom of the
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column (z = 0 and z = —z, respectively) are maintained at two different constant
temperatures, while the curved outer surface is completely insulated. The tempera-
ture gradient in the radial direction is negligibly small and the boundary condition
for mass transport can be written as (9y/3z)] 1=0,-z, = 0- Therefore, the total moisture

. . =0 . .
volume in the column is given by, (A z:_m Hdz) where A = cross-sectional area, is
always the same as the initial value.

a  volumetric water content () b temperature (T) ¢
0 0 4’0,.1 0.2 0304 0 39 30 40 S0 radius (#)
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Fig. 4.6 a—c. Examples of water content and temperature profiles in a closed unsaturated soil
column under a temperature gradient. (Sato et al., 2001). a Water content (§), b tempera-
ture (T'), and ¢ mechanism of moisture movement and phase change

Figure 4.6b shows the temperature distribution inside the soil column in the
steady state condition. The temperature increases from the cold end (top) to the hot
end (bottom) in a nonlinear fashion. This temperature gradient is attributed to the lo-
cality of the thermal conductivity and volumetric heat capacity, which are dependent
on soil water content.

Figure 4.6¢ depicts the phase change and moisture movement processes in the
column. Liquid phase transport and vapor phase transport take place simultaneously.
Although the initial water content 6; throughout the column is uniform, in the steady
state, the water content increases toward the hot end because gravity produces down-
ward percolation, as shown in Fig. 4.6a. Liquid water vaporizes at the hotter lower
end, traverses through air-filled pores, and condenses in the top low-temperature
zone. Although the movement of water vapor is much smaller than the liquid phase
flow, it becomes appreciable for the relatively dry soil layer. After vapor conden-
sation, the total pressure head gradient (hydraulic gradient) drives liquid water from
cold upper end to the hot lower end. Thus, the temperature gradient ultimately affects
moisture movement. Similar experimental results were reported by Bories (1991),
and Prunty and Horton (1994).

4.3.2 An Open System

The boundary conditions for heat and moisture transport in an open system may
be more complicated than those for a closed system because of interaction with the
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above-ground environment. The exchange of heat and moisture between the ground
surface and the atmosphere is a typical example of an open system.
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Fig. 4.7. Temporal variation of temperature and vapor flux density. Temporal and depth varia-
tion of b temperature and ¢ vapor pressure (Fukuhara et al., 1994)

Consider heat and moisture transport within a soil column in a room with peri-
odical temperature variation Tryax ~ Tmin in daily cycle, as shown in Fig. 4.7a. The
soil in the column consists of sand with a uniform diameter 0.20 mm. The saturated
water level is initially fixed at Hy below the soil surface and the volumetric water
content profile remains steady because of the constant water level. As a result, the
top of soil Hy remains dry.

The temporal variation of soil temperature over three (72 h) to four cycles (96 h)
is presented in Fig. 4.7b. The diurnal variation is evident, and positive and nega-
tive temperature gradients occur periodically. The vapor pressure profiles are, how-
ever, similar all the time, as shown in Fig. 4.7¢. The maximum water vapor density
appears below the soil surface, and its position corresponds to the interface between
the dry layer and the unsaturated layer beneath it. It can be observed that upward and
downward movements of water vapor originate at the interface. The water vapor is
eventually released to the atmosphere. It is observed that vapor density profiles in the
dry layer are approximately linear, and therefore, Eq. 4.19 in discretized form can be
written as:
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gy & _D*pvsur — Pvint (4.36)
Lp
where pys,r = vapor density at the top surface, pyin = vapor density at the interface,
and Lp = thickness of the dry layer.

Equation 4.36 indicates that the evaporation rate is approximately proportional
to the vapor density difference in the dry layer, and in inverse proportion to the thick-
ness of the dry layer. The applicability of Eq. 4.36 is shown in Fig. 4.7 through
comparison of the measured vapor flux with values calculated using Eq. 4.36. The
evaporation flux at the interface has a distinct diurnal variation as a result of air tem-
perature variations.

Exercises

[Ex. 4.1]
Prove that the relationship between vapor density (oy) and relative humidity (H;) (see
Eq. 4.20) in unsaturated porous media is expressed by the following equation:

h
pv=pwH; and H; =exp £ (E4.1.1)
RT
where A = capillary head, g = acceleration due to gravity, T = temperature, and R =
the gas constant.

[Ex. 4.2]
Formulate an influenced temperature effect upon the permeability (hydraulic con-
ductivity) in saturated and unsaturated flow.
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5

Numerical Methods in Groundwater Flow Analysis

Summary

Numerical techniques are popular in solving groundwater flow problems. The basic
concepts of the methods for solving problems are briefly discussed at the beginning
of this chapter. The finite-element and finite-difference methods are featured because
of their wide application in this field. Discretization and formulation techniques in
these two methods are well illustrated in problems such as one-dimensional flow, sat-
urated/unsaturated conditions, and steady/unsteady flows. Because the finite element
method is preferred to the finite difference technique in making choices of flexible
finite element geometry, the former is discussed in more detail.

5.1 Solution Methods for Groundwater Flow Problems

The solution methods for groundwater flow problems are classified into three cat-
egories: (a) analytical methods, (b) analog model methods (Bear, 1972, 1979), and
(c) numerical methods.

Figure 5.1a demonstrates an aquifer model with groundwater recharge, pumping
wells, boundary conditions, groundwater hydrology, and a finite element or mesh (cf.
Chap. 1). Numerical methods are aimed at solving groundwater motion in unsatu-
rated and saturated zones that meet specific boundary conditions. Groundwater prob-
lems have been classified into three areas: groundwater hydraulic quantity for water
resource development, groundwater quality to solve pollution problems, and ground-
water environments. In Fig. 5.1b, the approaches to solving groundwater problems
are summarized based on theoretical and practical methods. These are characterized
as follows.

Analytical methods are preferable in understanding the nature of the studied phe-
nomena whenever such solutions are possible. They show how characteristics of
flow domains and/or boundary conditions lie behind the phenomena. In groundwater
flow study, however, the use of analytical methods is not always possible because

K. Sato et al. (eds.), Groundwater Hydraulics
© Editing Committee of Memorial Publication 2006
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of domain heterogeneity and/or the complexity of the boundary. Additionally, non-
linearity in phreatic groundwater flow, unsaturated flow, and density flow bring about
difficulty in analysis.

land surface vegetation

unsaturated flow

boundary condition

(saturated) groundwater flow
concentration
of pollutant

t:mtlc difference mesh ‘!‘: impervious layer
or element
- I wu
2 v
;L_) y ® Datum plain
X
b Differential equation theories
(a) Analytical methods Potential theories
Parameter
Complex theory, image theory, etc.
Sand box model Identification
Groundwater] Hele-Shaw model Decision-
robiame H(b) Analog model methods ) —_— & —{making
Membrane model lan
Electric analog model, etc. Predictive
) N lans
Finite difference model P
(c) Numerical methods Finite element model

Stochastic model. hvbrid models. etc.

Fig. 5.1. a Aquifer modeling for numerical methods and b techniques applied

The analog model method is used to study phenomena in prototype aquifer sys-
tems, where the governing equations for both the prototype and model systems are
similar. Well-known analog models are: (a) the sand box model, (b) the Hele-Shaw
model, (c) the membrane analog, (d) the electric analog, and (e) the capillary tube
analog. A suitable analog model is chosen to study an encountered groundwater phe-
nomenon in which the geometry, parameters and boundary conditions are definitely
specified. Because analog methods often require expert skill and have narrow appli-
cability, they currently have few advantages.

Simulation and numerical methods are currently the most practical and useful
approaches for studying groundwater flow phenomena. Once a simulation scheme is
set up, simulation can be performed for flow domains of various geometries, param-
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eters and boundary conditions. Because simulation models are deterministic, predic-
tive quantities can be obtained by running simulations for various conditions.

Numerical simulation methods can be divided into two groups. The first group
is based on the discretization of differential equations, whereas the second is based
on the discretization of integral equations, and the best-known methods are finite-
difference and finite-element methods, respectively. These two methods are dis-
cussed in the following sections.

5.2 Finite Difference Method

The finite difference method is a numerical approximation technique that has been
employed for solving differential equations in boundary-value problems. Because
partial differential equations are frequently encountered in groundwater flow prob-
lems, the finite difference scheme for the one-dimensional diffusion equation is intro-
duced as a basic formulation for finite difference discretization.

5.2.1 Finite Difference Approximation

When a function f(x) and its derivatives are single-valued, finite, and continuous
functions of x, then by Taylor’s theorem:

d 1d2
fe+ a9 = 09+ Lnxs 2 LD a2
L1 d3f(x; L G-D
+ 2Dt v ST D pry s
2
fx—Ax) = f(x) - df D ax+ %d df (2") (Ax)2
3 n 5.2)
édf(x)(A s LI

Addition and subtraction of these expansions give Egs. 5.3 and 5.4, respectively, as
follows:

df(x)  f(x+Ax) = 2f(x) + f(x - Ax)

— 2
o 70 + O{(Ax)*} 5.3)
df(x) _ f(x+ Ax) - f(x - Ax) 2
= o + 0{(Ax)*} (5.4)

where O{(Ax)?} means the terms containing the second and higher orders of Ax.
Approximation of Eqgs. 5.3 and 5.4 after ignoring the second and higher derivative
terms results to a truncation error of the order of (Ax)?.

Equations 5.1 and 5.2 can be approximated by the first derivative with a trunca-
tion error of order Ax, respectively, as follows:

df(x) _ f(x+Ax) - f(x)
dx Ax

+ O{Ax) (5.5)
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ac : central difference
bec : forward difference
ab : backward difference

)

v

x-Ax x x+Ax

Fig. 5.2. Finite difference approximation

+ O{Ax) (5.6)

df(x) _ f(x)— f(x—Ax)
dx Ax

The finite difference approximations given by Egs. 5.4, 5.5 and 5.6 with the terms for
truncation error are called the central difference, the forward difference, and the back-
ward difference formulas, respectively (Smith, 1965). Figure 5.2 shows a graphical
formulation on these approximations.

5.2.2 Finite Difference Formulation of the One-Dimensional Diffusion
Equation

Consider the finite difference approach to the one-dimensional diffusion equation.

ac _dC

o - Poe ©7)

where C = concentration and D = diffusion coefficient. Cf.‘ denotes concentration for
x=iAxandt = kAt.

A finite difference approximation to Eq. 5.7, in which the time derivative is ex-
pressed by the forward-difference formula, whereas the space derivative is expanded
in terms of concentrations at ¢ = k At using the central difference formula, is given as:

col-ct ok -ctech
At (Ax)?

(5.8)
or

C*' = C* + D—— B )z(c,+1 2K+ ¢t ) (5.9)

Hence, Eq. 5.9 gives the unknown pivotal value of concentration C¥*! at 7 = (k+1)At
in terms of known concentrations at ¢t = kAt. A scheme, such as Eq. 5.9, which
expresses one unknown pivotal value directly in terms of known values, is called an
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explicit scheme. Because finite difference approximation to the space derivative is
based on values at t = kAt in Eq. 5.8, the approximation to the time derivative is
also based on values at ¢ = k Az, and hence is regarded as a forward difference. Thus,
Eq. 5.8 itself is called a forward difference scheme.

Although the explicit method is computationally simple, it has one serious defect,
namely that a numerical solution of the difference equation Eq. 5.9 becomes inaccu-
rate and unstable (Smith, 1965) when:

At

1

To guarantee reasonable accuracy and stability in the explicit method, the time
step and space interval must be carefully determined.

On the other hand, the finite difference approximation with respect to time at
t = (k + 1)At gives:

k
C:;+1 _ C:c _ DCI‘(H _ 2Ci+1 + ijll

i+1
At (Ax)? G-I
or
DAt 2D At D At
R (1 * (Ax)Z)dc+1 @yt =G 612

Because Eq. 5.12 contains three unknowns on the left hand side, this kind of formula-
tion necessitates solution of a set of simultaneous equations, which consists of finite-
difference formulas fori = 1,2,..., M, i.e., for all space-mesh points. A method like
this is called an implicit method. In addition, formulas, such as Eq. 5.11, in which fi-
nite approximations to both space and time derivatives are based on unknown values
at t = (k + 1)At, are known as backward-difference formula. The implicit method is
valid for all finite values of D At/(Ax)?, but large time steps will result in an inaccu-
rate approximation for the time derivative.

5.2.3 Initial and Boundary Conditions

A partial differential equation is a mathematical statement, but provides no partic-
ular solution to any specific problem. A particular solution of a partial differential
equation can be found only when initial and boundary conditions for the problem are
known. Initial conditions, for a diffusion problem, for example, would be to specify
the concentrations at all points within the domain at a certain initial time, i.e., t = 0.

Generally, there are three kinds of boudary conditions for (partial) differential
equations in mathematics: the Dirichlet condition (or the boundary condition of the
first kind) in which the values of the dependent variables only are prescribed on the
boudary; the Neumann condition (or the boundary condition of the second kind) in
which the values of the derivatives in the direction normal to the boundary only are
specified; and the Robin condition (or the boundary condition of the third kind) is
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a combination of the first and the second ones. Most of the boundary conditions
encountered in groundwater flow are either Dirichlet or Neumann conditions.
Consider finite difference formulation of the following equation with the second

type boundary condition.
ac

_DE =g (5.13)
where g.; = the prescribed flux across the boundary. Denoting the end mesh point
with M (= 1,2,3,..., M), the central-difference approximation to Eq. 5.13 is written
as:

Cu1 — Cy qes
s oM 18 5.14
2Ax D ( )
or
Gcn
CM+1 = CM_| - 2Ax3 (515)

where Cy,1 = the fictitious concentration at the extra mesh point when the domain is
imagined to be extended by Ax. By substituting Eq. 5.15 into the central-difference
formula for a second-order space derivative, such as the terms on right hand side of
Eq. 5.8 or 5.11, the boundary condition of the prescribed flux is introduced. This is
the same with respect to the fictitious concentration C_;.

When a boundary is impervious, (i.e., gz = 0), Cpy1 = Cy—; from Eq. 5.15. The
finite-difference approximation to the second-order space derivative is written as:

32_0 2 Cm1 20y +Cyy . 2ACy —Cy-y)

oxr (Ax)? B (Ax)? (5.16)

5.2.4 Two-Dimensional Horizontal Flow

Consider horizontal flow in a confined aquifer. The aquifer is assumed to be homo-
geneous and isotropic with constant depth. Equation 2.29 governs the flow:

Son &h  *h
=y 1
Tor o2 @ 8y (517
where h = piezometric head, S = storage coefficient, and 7 = transmissivity.
Applying the explicit method to Eq. 5.17, we obtain the following finite differ-

ence formula:
ihfj‘ - hf.fj ~ hf+1,j - th{j + hf.‘_u hf."jﬂ - thj + hﬁj_] 5.18)

T At (Ax)? (Ay)?

or

T
k+1 _ 1k
h,.j = hi; + <At

k k k k k k
I {hi+l,j - 2hi,j + hi—l,j + hi,j+1 - 2hi,j + hi,j—l } (5.19)

(Axy? Ay
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where hf.f i= piezometric head at a point (i Ax, jAy, kAt, i, jk=1,2,3,...). Using
Eq. 5.19, we can explicitly calculate the unknown piezomtric head #**! for each node
(i Ax, j Ay) from the known values h*. The criterion to obtain a converging and stable
solution for this case (Smith, 1965) is given by:

T 1 1 1
EAI{(X;)—Z- + W} < E (5.20)

This condition necessitates extremely small values for At.

Unlike for the one-dimensional case, the ordinary implicit method for Eq. 5.17
leads to a large set of simultaneous algebraic equations, which require a large amount
of computational capacity for their solution. A more efficient and unconditionally
stable method is the alternating direction implicit (ADI) method (Smith, 1965). The
advantage of the ADI method is that the large set of simultaneous equations to be
handled in the ordinary implicit method is reduced to a small set.

The ADI method consists of replacing only one of the second-order space deriva-
tives (e.g., the one in the x-direction) by an implicit difference approximation in
terms of unknown values of A at time level t = (k + 1)At, whereas the second-order
derivative in the y-direction is replaced by an explicit method using known values at
t = k At. Then, the difference equation is written as:

ihﬁl - _ hist; = 25+ N By = 205+ (5.21)
T At (Ax)? (Ay)? )
or
—yxhi (L4 2R — vk =y b+ (L 2y )R+ (5.22)
where

T At T At

" ESEE PSP (5.23)

The advancement of the solution from ¢ = (k + 1)Af to ¢t = (k + 2)At is achieved
by replacing the derivative in the y-direction by an implicit finite difference approxi-
mation, while replacing the one in the x-direction by an explicit approximation. The
corresponding difference equation is:

K42 _ kel pktl _ opktl o pketl K42 apkt2 4 pke2
Sk -hy WL -2y A RD R -2 AR (5.24)

T & (Bx) o &y)

or

i+ (L + 297 = B2 =yl + (L + 2y 0RET + bt (5.25)

Equation 2.31, given below, governs flow in a homogeneous and isotropic phreatic
aquifer with an impervious horizontal bottom.
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on 8 (,  6h\ 8 ok
= = —[kh=)+ — [kh= 2
mesr = o (kh 6x)+ % (kh ('7‘y) (5.26)

where n,: effective porosity.

Equation 5.26 is nonlinear, and hence linearization is required for the solution of
an implicit difference equation. In actual computations, because the phreatic surface
moves slowly with only small fluctuations at each step, the transmissivity (T = kh) at
time ¢ = (k + 1)At is calculated using the known value of h at ¢t = k At. For example,
the difference equation using the ADI method at time ¢ = (k + 1)Az is written as:
hf;‘l B hf.j k h:'c:ll.j B th;'l + h{'cfll,j k hf'c,j+1 B thf,- t+ hf,fl

=T;, + T, (5.27)

At b (Ax)? ”f (Ay)?

Re

k _ Lk
where Ti’ ;= khl., i

5.3 Finite Element Method

Inhomogeneous and anisotropic aquifers with complex boundary shapes are often
encountered in numerical simulations of groundwater flow. The finite element
method (FEM) is quite flexible and powerful for dealing with such situations
(Zienkiewicz and Taylor, 2000a; Pinder and Gray, 1977). This method is advanta-
geous when dividing a portion of the flow domain into smaller elements to study
flow patterns in detail.

The concept and formulation of the FEM and examples of its application for
saturated groundwater flow and convection—dispersion phenomena are discussed in
this section.

5.3.1 Interpolation Function

The interpolation function (or shape function) plays a most important role in the FEM.
Consider a two-dimensional horizontal flow in a groundwater basin as shown in
Fig. 5.3a. The first step of discretization in the FEM is to divide the basin into a num-
ber of elements. The elements are assumed to be interconnected at a discrete num-
ber of nodal points situated on their boundaries and occasionally in their interior. In
analysis of two-dimensional flow, the geometry of the finite elements is generally tri-
angular or quadrilateral to accord with an arbitrarily shaped boundary, and the nodes
are located on their vertices (i.e. three or four nodes for each element, as depicted in
Fig. 5.3b).

The interpolation function (or shape function) is defined as a function that
uniquely gives piezometric head over each element domain in terms of nodal heads,
as depicted in Fig. 5.4 (Zienkiewicz and Taylor, 2000a; Pinder and Gray, 1977;
Connor and Brebbia, 1976). Let N,(x,y) be an interpolation function defined for
node n. Then, the head at any point in the flow domain is approximated by a func-
tion &, which is composed of a linear combination of interpolation functions with
nodal heads as follows:
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boundary of basin

element
node

Fig. 5.3 a, b. Flow domain divided into finite elements. a Groundwater flow and b elements
and nodes

Fig. 5.4. Piezometric heads at nodes Fig. 5.5. Domain over which N, is defined

M
h= Z PnNo(x, y) (5.28)
n=1

where h, = piezometric head at node #, and M = total number of nodes.

The interpolation function is defined as nonzero when the node concerned is on
the finite element. If node n is not within the element, then N,(x,y) = 0. For the
case shown in Fig. 5.5, N,(x,y) # 0 on elements E;, E,, F3, and E4 and N,(x,y) is
dependent on the element shape. Thus, it becomes:

Nax,y) = | NE(x,) (5.29)
E.

where N:(x,y) = function defined in the element E., and [ denotes the set sum over

all the elements. For example, in the case of a quadratic element with four nodes as
shown in Fig. 5.6, the head (k) at a point P(x,, yp) is approximated in terms of the
heads at four nodes (hy, hy, h3, hy) as:

hy = hiN{(xp, yp) + BaN5 (Xp, ¥p) + B3NS (%p, Yp) + BaNS(%p, ¥p) (5.30)
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Fig. 5.6. Piezometric head approximation over a Fig. 5.7. Piezometric head approxi-
guadratic element mation over a triangular element

It is understood from Eq. 5.30 that function N;(x,y) should satisfy the following
conditions:

Ny (xn,yn) = 1 (5.31)
Ny(Xm,ym) =0 (m #n) (5.32)

For a triangular element with three nodes, the piezometric head distribution within
the element is given by a plain triangle, which contains heads A;, 4, and k3 at the
three nodes, as shown in Fig. 5.7. Thus, the interpolation function N (x, y) for node k
is a linear function written as:

N =alx+bBy+¢ (k=1,2,3) (5.33)

Applying the conditions of Eqgs. 5.31 and 5.32 to Eq. 5.33, the constants aj, b5, ¢}
are written as:

ai = (2 —y3)/28.,  b] = (x3 —x)/2A., ¢ = (xy3 — x392)/2A
a5 = (3 —y1)/28e, b5 =(x1—-x3)/2A., ¢S = (my1 —xiy3)/2A. (5.34)
a5 =1 =y2)/28e, b5 =(x2—x1)/24:, €5 = (x1y2 — x01)/2A,

where A, = the area of the element E, given by:

x1y1 1
x2 y2 1
x3y3 1

2A, = (5.35)

Although interpolation functions for quadratic elements of arbitrary shape are not
always defined, the case for a rectangular element with four nodes in local coordi-
nates (£, 7), as shown in Fig. 5.8, is given by:
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Ny =(1-&H1-m/4
N;=(1+81-n)/4
Ny =1+ +m/4
Ny=(1-6+m/4

(5.36)

Each element with irregular shape in a global Cartesian coordinate system (x, y) can
be transformed into a rectangular element in a local coordinate system (£, 7) using
an interpolation function. Then, derivatives in global coordinates (x,y) in a finite
element analysis are transformed into local coordinates (£, n). In the transformation,
the x- and y-coordinates are expressed as:

4 4
x= ) xN;, y= ) %l (5.37)
k=1 k=1

where N} = an interpolation function given in terms of local coordinates (£, 7). If
the interpolation functions used in coordinate transformation are identical with those

- 4
used for variable approximation, (e.g., piezometric head: A = 3 hNy), then the
k=1

element is called isoparametric.

n 4

s

® 1 ©)]
transformation ‘
-1
\ Qs
0]

0 > x

Fig. 5.8 a, b. Transformation of an element between global and local coordinate systems.
a Element in local coordinates (£, 77) and b correspoding element in global coordinates (x, y)

5.3.2 Governing Equations and Boundary Conditions for Saturated
Groundwater Flow

The concept and formulation of the FEM are applied to a two-dimensional vertical
saturated flow as an example.

The following governing equation can be introduced from the continuity equation
and Darcy’s law, as:
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oh o ( 0Oh\ o[ oh
Ss-é?—a(k ax) (k az) (5.38)

where S = specific storage.
A prescribed piezometric head as the boundary condition is given by:

h = hy(x,2,1) (5.39)

where hy(x, 7, 7) is a known function that describes the head 4 on the boundary.
On the other hand, the boundary condition for a prescribed discharge is writ-
ten as:

Oh oh
- {k axnx + k,— az } = qv(x,2,0) (5.40)

where gy(x, z,£) is a known function that gives flux through the boundary, and n,,
n, = x-, z-components of the unit vector normal to the boundary.

For phreatic groundwater flow, the following conditions should be satisfied on
the free water surface.

h =z¢(x, 1) (5.41)

and

—{k gh +kgh } (neézﬁ—N)nZ (5.42)

where z¢ = height of the free surface from a datum line (or surface), N = rate of
accretion per unit area and time, and n. = effective porosity. In addition, the condition

on seepage face is:
h=z (5.43)

because the pressure head becomes zero.

5.3.3 Finite Element Formulation

The governing equation in the case of steady flow is written from Eq. 5.38 as:

9 ( on\ [, oh
ax (k ax) (ka_z)_o .44

Substitution of the approximated piezometric head (which is called the trial func-
tion) A, which satisfies the boundary conditions mentioned above, into # produces an
error &(x, z), called the residual:

o (, oh oh
a(kx ) % (k 2 ) &x,0)#0 (5.45)

Thus, the best approximation of 4 requires that an integration of e(x, z) with a weight-
ing function over the flow domain equals zero, as follows:
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f e(x,2)WAE =0 (5.46)
E

where W = a set of space-weighting functions and £ = flow domain. The type of
finite element formulation based on Eq. 5.46 is called the weighted residual method
(Zienkiewicz and Taylor, 2000a). The Galerkin method is a popular weighted-residual
method in which the interpolation function is used as the weighting function.
Applying the Galerkin procedure to Eq. 5.45, the following integral equation

holds 5 - P
h h
— |k, — |+ —|k,— |} Ny dE = .
Az 5]+ o amam = 547

where the interpolation function N, is used as a weighting function. Integration of
Eq. 5.47 by parts (Green’s theorem: fr(nxX +nZ)dl' = fE((?X /0x + 0Z/82)dE, in
which X and Z are functions) leads to the following equation which consists of only
the first derivatives:

oh oh
ky— | nx = m
j;{( ax)n +(kzaz)nz}N ar
h\ ON, oh\ ON,
- ky—|—=— +|k;— | —=—}dE =0
L{( 6x) ox +(Z¢9z) 62}
where I' = the boundary of domain E.

Because the trial function / is chosen to satisfy the boundary conditions, the
integral in the first term of the above equation has to be replaced by Eq. 5.40 as:

(5.48)

h h
{kx@n,, +k 2—nz} = ~qp (5.49)
X 4

Then, Eq. 5.48 becomes:

oh\ 6N, oh\ 6N,

The summation convention is employed to avoid repetition of the summation symbol
and subscripts hereafter. For example, Eq. 5.28 is expressed as:

M
h= Z h,N, = h,N, (5.51)

n=1

Substitution of Eq. 5.51 into Eq. 5.50 leads to an equation with respect to unknown
piezometric head (%,) at node n as follows:

Apphn = 1 (5.52)

_ N,\ N, (, N,\ 8N,
A = j; {(k 6x) = +(kz 62) p }dE (5.53)

where
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'm = _f‘Ibder (5.54)
r

Coefficient Ay, and the right hand side term r,, are determined by integrating and
summing them over all elements, i.e.,

ONE ONS _ ONE
n = ke m n ____m
An ;fb—{ o ox g

Tm = — ; fr gLNE, dr (5.56)

where E, = domain of an element; I'. = boundary of an element, £ and k¢ = hydrau-
lic conductivities in the x- and z-directions, respectively, within an element; and g, =
prescribed flux through I,.

Taking the interpolation functions of M elements Ni,N,...,Np,...,Ny as
weighting function W in the Galerkin procedure, simultaneous algebraic equations
with M unknowns provide for M values of piezometric heads at the nodes. It must
be noted again that these solutions give the best approximation when adhering to
Eq. 5.46.

} dE, (5.55)
4

5.3.4 Calculation of Coefficient A ,,,

Equations 5.55 and 5.56 can be integrated if interpolation functions are defined for
each element. For a triangular element with nodes at its vertices, the interpolation
functions are given by Eq. 5.33, and hence the coefficients are written as:

.ON; ONS ON;, ON;
Amn Zf{ dx ox kaza}dE
= kaa’ + KXBEbE) dE,
E. VEe ‘

= ) (Kafaf + KEBE,bE) f dEe = ) (Kaha + KBEDE)A (5.57)
E, E E,

where a, and b, are given by Eq. 5.34.

For a quadratic element with four nodes at its vertices, integration is performed
by transforming derivatives from global to local coordinates (Zienkiewicz and Tay-
lor, 2000a). The usual rule of partial differentiation can be applied for the derivatives
of Eqs. 5.36 and 5.37 in the two coordinate systems as follows:

ON; _ONgox ONzoz ON: _ON:ox ON; o
0¢ ~ Ox 0¢ 0z 08 A dx én 0z On

and also in matrix form as:
ox 3 azve 0N°
0 Of
y az =[J] (5.58)
an 6z 6z

NS
o | _
ov: [ =
an
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The matrix [J] above is known as the Jacobian matrix, and can easily be calculated
using Eq. 5.37, i.e.,

Bx az oN; z oN;
e o | _ |%iaE Y

[J1= 6x % aNe  oNE (5.59)
o ml |Yiwm Yy

where the summation convention is applied with subscript i. Thus, global derivatives

are written from Eq. 5.58 as:
ON¢ ANE
{ W} =7 W} (5.60)
9z an

and the inverse matrix of [J] is given by:

oo L & @1 'aa[: Ztaa?] (5.61)
where J denotes the determinant of [J], i.e.,
| G| _oxdz_oxor X% g (5.62)
vl Em a2

Therefore, from Eqgs. 5.60 and 5.61, derivatives of the interpolation function in global
coordinates in terms of local coordinates (£, i7) are rewritten as:
oN, 1 ON;\ 6N .6Nie ON:
ax J oe  \“ ¢

ON: 1 ON;\ ON¢ ON;\ ON:

oz J ot | on “on ) o
For the surface integral on an element in two-dimensional analysis, it can be shown
that the differential area transforms to the following:

(5.63)

dE. (= dxdz) = Jdt dn (5.64)

This is also evaluated in terms of local coordinates.

To perform integration of the coefficient A,,, Gaussian quadrature, which is
a numerical integration technique for choosing the best integrating intervals and their
weighting coefficients, is frequently used (Zienkiewicz and Taylor, 2000a; Connor
and Brebbia, 1976). In this technique, the definite integral of f(£,n) over the square
domain (-1 < ¢ £ 1,-1 < < 1), as shown in Fig. 5.8, is written as:

My M,

ﬁ ﬁ femdgdn =), Z H:H;f(&n;) (5.65)

=1 j=1
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Table 5.1. Gauss-point locations and weighting coefficients

M, x5, *7 H;
2 0.57735 02692 1.00000 00000
3 0.77459 66692 0.55555 55555
0.00000 00000 0.88888 88888
4 0.86113 63116 | 0.34785 48451
0.33998 10436 | 0.65214 51549
n
Al
[ J
0.774 ...
-0.774 . 0774 ...
> &
-1 0 1
-0.774 ...
[ ) [ J

Fig. 5.9. Gauss points for M, = 3

where H; and H; = weighting coefficients, f(&;,77;) = value of the function at the
specified point called the Gauss point, and M, = number of Gauss points in the
numerical integration.

On the other hand, coefficient A, is a function of ¢ and n as expressed in
Eqgs. 5.63 and 5.64. Thus, when the integrand in Eq. 5.55 is written as:

ONS ON: ONS, ON:
R = ke m n ke m n .
f&m {x(')x ax e oz }J (5.66)
then the coefficient A,,, is rewritten as follows:
(5.67)

A=Y, [ fie.nrdean
E. ©

which can be evaluated using the Gaussian quadrature technique expressed in
Eq. 5.65. The Gauss-point locations and weighting factors for M, = 2, 3, 4 are listed
in Table 5.1. The locations and weighting coefficients for n Gauss points can be ob-
tained explicitly in terms of Legendre polynomials (Abramowitz and Stegum, 1965;
Zienkiewicz and Taylor, 2000a). Figure 5.9 shows nine Gauss points for M; = 3 in
a square region.
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5.3.5 Calculation of the Right Hand Side Term (r,,)

For a prescribed flux boundary, the term r,, on the right hand side of Eq. 5.52 is given
by Eq. 5.56 and is evaluated as follows:

Let g, and g, be prescribed fluxes through outer boundaries I'; and I', of ele-
ments E; and E,, respectively, as shown in Fig. 5.10. The interpolation function N,,
is linear along the boundaries I'; and I';. Thus, N,, = 1 at node m, and N,, = 0 at the
other ends.

Hence, integration of Eq. 5.56 with respect to the elements E; and E,, results in:

rm=—(1 "1 + q212)/2 (5.68)

which is equal to half the discharge through the boundaries I'y and I'; and is regarded
as the concentrated discharge at node m, as shown in Fig. 5.10.

N (‘hn“f:r:)'z

Fig. 5.10. Prescribed flux boundary conditions

For a prescribed head boundary, when the piezometric head at node m is specified
as Ny = Aom, Apn and r,,, in Eq. 5.52 are written as:

Apn = { O P (5.69)
0 (n#m)

5.3.6 Treatment of Free Surface

The location of the free water surface is unknown in finite-difference and finite-
element numerical analyses for saturated groundwater flow. This means that the
domain which is divided into elements and over which integrations of A,,, and r,,
are performed in the FEM is not specified a priori.

The location of the free surface is determined by taking the following two steps
in iterative computations (Neuman and Witherspoon, 1970).

Step-1:
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1.1 The free surface and seepage face are assumed.

1.2 Both the free surface and seepage face are regarded as prescribed head bound-
aries given by Eqgs. 5.41 and 5.43.

1.3 After head h, at the node is solved by Eq. 5.52, discharge at the node on the
seepage face is found by 7,,.

Step-2:

2.1 Both the free surface and seepage face are regarded as prescribed-flux bound-
aries. The condition on the free surface is given by Eq. 5.42, in which dz¢/0t = 0
for steady flow. The discharge specified for the seepage face is already calculated
in step 1.3.

2.2 Piezometric head h, at the node is given by solving Eq. 5.52. In most cases, the
head at a node on the free surface is not equal to the height of the free surface,
i.e., the boundary condition of Eq. 5.41 is not satisfied.

2.3 The new height z; of the free surface is chosen as:

2= (z + he)/2 (5.70)

where z; = a new height for the free surface, zz = height at the previous step,
and hy = piezometric head on the free surface as calculated in step 2.2. Then
the process is repeated from step 1.2 until the boundary condition of Eq. 5.41 is
reasonably satisfied.

5.3.7 Unsteady Saturated Flow

In the finite element formulation of governing Eq. 5.38 given by Eq. 5.28, the time
derivative reduces to:

ail dhn e e dhn
LSSEdeE_{LSSNmN,,dE} - _{;fEeSSN;,N,,dEe}7 (5.71)

where S¢ = specific storage of an element E..

On the other hand, the finite element formulation of the space derivatives on the
right hand side of Eq. 5.38 leads to the integral term on the left hand side of Eq. 5.48.
By separating the boundary into the free surface (denoted by I'r) and the remain-
ing boundary (denoted by I'y), the Neumann condition on [ is given by Eq. 5.42,
whereas that on Iy is given by Eq. 5.40. Hence, the integral term of Eq. 5.48 is

written as: . .
Oh oh
L {kxanx + kza—znz} Nm dar

a
- f (nef—N)nszdrf— f @oNmdlo
T¢ t Iy

Therefore, the finite element formula of Eq. 5.38 is expressed as:

and_:tl + Apnhn = Ep + Fp + Gy (5.73)

(5.72)
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In the above equation, coefficient A,,, is found from Eq. 5.55, and

wn = Z f SENENS dE, (5.74)
E.

—-Z f 22t ene are (5.75)

f NeneN, dI's (5.76)

=—Z f NS dIS (5.77)

where superscript e denotes the value for an element E.. In Eq. 5.73, the coefficients
and terms are functions of time, because the flow domain changes with time.

A finite difference scheme is employed for time integration, in general (Neu-
man and Whitherspoon 1971). Because the specific storage (S) is negligibly small
compared with the effective porosity (n,) for unconfined flow, B,,, = 0. In addition,
because zr = k = h,N, on the free surface, E,, in Eq. 5.75 is rewritten as:

dh, dh,
(3 (] I
- [; L neanN;nz dr?] dt mn dt (5.78)
Substitution of Eq. 5.78 and B,,, = 0 into Eq. 5.73 leads to:
I d; + Apnhy = Fpy + Gy (5.79)

The forward-difference approximation with respect to time step k to the above equa-
tion is written as:

p+D _ k)
E®HZ YT ADHY = FO + GY (5.80)
or
EOpED = (BB — At AD WD + A(FP + GD) (5.81)

where values with superscript k denote those at ¢ = k At. In the simultaneous Eq. 5.81,
only hf,k“) is an unknown variable, whereas the coefficients and the right hand side
terms are known because they were evaluated at t = k Az. Although Eq. 5.81 is easily
solved for hf,k“), the criterion for numerical stability and convergence requires that
element sizes (Ax, Az) correspond to Eq. 5.20.

The backward-difference approximation of Eq. 5.79 can be written as:

(k+1) h(k)

h,
E,(k+1/2) +A$’I:;l/2)h5,k+1) = F’(’ll(+1/2) +G£’1:+1/2) (5.82)

At
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or
(B 4 At ADYED = prEDp®) L A(FEHID | GENI2Y) - (5.83)

where values with superscript (k + 1/2) denote those at time ¢ = (k + 1/2)At, defined
as the average value for ¢ = kAt and (k + 1)Ar. Because the coefficients and terms
with superscript (k + 1/2) are unknown in Eq. 5.83, the numerical solution for A%+
requires an iteration process in which coefficients and terms at t = (k + 1)At are
modified for the newest flow domain. This approach is stable regardless of element
size and time increment.

5.3.8 Saturated—-Unsaturated Flow

The saturated-unsaturated flow analysis can be delt using a merged groundwater sys-
tem with two saturated zones as shown in Fig. 5.11. It is also possible to follow
a transient seepage process through an earth dam, as depicted in Fig. 5.12, in which
saturated and unsaturated zones exist together. The analytical domain is the whole
dam, and the phreatic surface (or free surface) is defined as an internal boundary
between positive and negative pore pressure zones.

phreatic
surface

saturated
vertical flow

______

impervious bottom

Fig. 5.11. Merger of two saturated zones

The governing equation for two-dimensional flow is given by:

T

where Y = pressure head (i.e., y = p/pg), Sy = degree of saturation, k, = rel-
ative permeability, k, and k, = hydraulic conductivities at S, = 1 in the x- and
z-directions, respectively, and n.(dSw/dy) is called the specific moisture capacity.
Clearly, ¢ > 0 in the saturated zone while ¥ < O in the unsaturated zone. The spe-
cific moisture capacity is defined only in the unsaturated zone.

The prescribed head boundary condition is written as:

¥ = (5.85)
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a : node of negative pressure

® : node of positive pressure

unsaturated zone
reservoir
z  saturated earth dam
zone
T_) TN
X

0

Fig. 5.12. Seepage analysis in an earth dam

and the prescribed flux boundary condition is given by:

o oy
- [k,k,(a—'/):nJt + kik, (a_z + l)nz] =qp (5.86)
where i, = specified head, g, = specified flux, and n, and n, are the x- and z-compo-
nents of the unit vector normal to the boundary.

Using a similar derivation process, the Galerkin formulation of Eq. 5.84 pre-
sented by Neuman and Witherspoon, 1973 is:

dyry
B,,,,,Fl/:— + Apnlin = Dy + G (5.87)
where
o [, ONS BNE  BNE ONC
Apn = ; fE e % {k; e Mt }dEe (5.88)
edS:, [ €
B = Z " +5%8¢| NENE dE, (5.89)
E, VEe
ON®
= — kM 4E, .

D ;L,k”az dE, (5.90)
Gn = —Zf gLNC dr. (5.91)

E, Ve

Integration of Eq. 5.87 with respect to time is realized by replacing the time deriva-
tive with a finite difference, as in the case of transient saturated flow. The time-
centered scheme endorses good integration results if the original flow domain re-
mains unsaturated all the time or if S # O in the saturated zone.

If S = 0 in the saturated zone, coefficient B, vanishes, and the governing equa-
tion becomes an elliptic type Laplace equation. In this case, ¥ is no longer a contin-
uous function over all finite elements because a part of the flow domain is saturated,
and so a fully implicit backward difference scheme must be adopted to overcome this
difficulty.

Regardless of the integration scheme, the coefficients are evaluated at ¢t =
(k + 1/2)At to make Eq. 5.87 quasilinear and their accuracy is improved by iteration.
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5.3.9 Numerical Scheme for Advection-dispersion Phenomena

Analysis of the advection-dispersion equation is necessary for solution of ground-
water pollution problems. A difficulty often encountered in numerical analyses of
advection-dispersion phenomena is instability when advection is large compared
with dispersion. The upwind method can get over this difficulty and ensure an accu-
rate solution.

The advection-dispersion equation for a heterogeneous flow domain in x-z coor-
dinates is written as:

%—? - 6% (Dxx-g—f + szi—(zj) - ;3% (szg—f + Dui—f) + u’%g + w’%—zc— =0 (5.92)
where C = concentration defined as mass of a solute per unit mass of water; D,,, D,;,
D,; and D,, = components of dispersion coefficient tensor, and ' and w’ are x-
and z-components of the average pore velocity components. As will be discussed in
Chap. 6, the dispersion coefficients are given by:

u12 72
D, = a— + a/t7 + Dm (5.93)
u/2 72
Dzz = + o —- + Dm (594)
q

T

Uu
D,; =Dy = () — o)

p (5.95)
where ¢ = Vu? + w?; o and @, = longitudinal and transverse dispersivities with
different length dimensions, respectively; and Dy = coefficient of molecular diffu-
sion.

Let us discuss how to deal with the advective term to get numerical accuracy
in computational processes using the one-dimensional equation in the x-direction
(0 < x < L) for the steady state:

,dC d (_dC

where D = dispersion coefficient, ¥’ = average pore velocity, and both are assumed
to be constant.
The central finite difference approximation to Eq. 5.96 becomes:

,Cir1 —Cig Ci1 —2C;+Ci g
- D = . 7
YT oAx (Ax)? 0 597

or
—(Pe+ 1)C;_1 +2C; + (Pe—1)Ciy1 =0 (5.98)

where Ax = mesh interval, C; = concentration at x = x; = i Ax, and
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u' Ax
Pe = D (5.99)
In Eq. 5.99, Pe is called the element Peclet number in the finite difference anal-
ysis. The Galerkin formulation of Eq. 5.96 employing a linear interpolation func-
tion also leads to Eq. 5.97. The accuracy of the solution by Eq. 5.98 deteriorates as
Pe increases. The solution oscillates when Pe becomes quite large. This oscillation
is attenuated if the advection term is replaced with an upwind finite difference, as

shown below:

,dC  ,Ci-Ciy
dx T Ax
This approach is based on the fact that solute transport as a result of advection occurs,
in reality, from upstream to downstream, not in the opposite direction.

The upwind finite difference approximation to Eq. 5.97 can be rewritten in a cen-

tral difference form similar to Eq. 5.97 as follows:

(5.100)

Cis1 —Ciny Cin1 —2Ci+Ciy
it —Cil_py T T bt bl 1
u Ak (1 + Pe) P 0 (5.101)

Comparing Eq. 5.97 with Eq. 5.101, the difference is that D becomes D(1 + Pe), and
Pe D = u’ Ax/2 is called the artificial diffusion or balancing diffusion.

Equation 5.101 suggests that the upwind finite formulation is attained by apply-
ing the Galerkin method to the advection-dispersion equation, in which the disper-
sion coeflicient (D) is replaced with (1 + Pe)D. Thus, the upwind Galerkin formula-
tion of Eq. 5.96 leads to the following:

f N/ —dec +D(1 + Pe )f dxC =0 (5.102)

L Ax dN;\ ,dN; dN; dN;
= +DY | —=—dxiC;= :
{L (N +5 dx) - dx}C {fo T dx}c, 0  (5.103)

Equation 5.103 indicates that the same equation can be derived when the weighted
residual formulation is applied to Eq. 5.96 with the following weighting function:
Ax dN;
W=N;+ 5.104

AT ( )
In other words, the upwind finite-element formulation can be obtained using
Eq. 5.104 as weighting functions in the weighted residual method (Zienkiewicz and
Taylor, 2000b).

Equation 5.101 is rewritten as:

or

-2Pe+ 1)Ci_1 + 2Pe +2)C; - Ciy1 =0 (5.105)

and the solution is known not to oscillate even if the Peclet number becomes infinitely
large. However, this does not mean that the solution is accurate; in fact, the accuracy
depends on the Peclet number.
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Hence, to achieve an accurate solution for various values of Peclet number, the
weighting function is modified as follows:

Ax dN,
W = N; —_—— 5.106
ta 2 dx ( )
where
a = coth |Pe| — ! (5.107)
- |Pe| '

X

Fig. 5.13. Element size (6) in the upwind finite-element method

Now, taking the flow direction into account for a two-dimensional flow, the
weighting function is given by,

=Ni+o— (W= +w = 1
W=N+a PP (5.108)

o ( ,ON; (9N,~)
u +

2q

where 6 = element size in the direction of flow as shown in Fig. 5.13. Then, using

this weighting function, the residual weighted formulation of the dispersion terms in

Eq. 5.92 leads to the following:

adéu’ [ ,0N; ON;\ ON; aéw' [ ,ON; ON;\ dN;
iy | r_J) 2t |y —Z | — i 1
f {—Zq' (u  tY 7 ) Fras %7 (u &t % | 72 dEC; (5.109)

From the above equation, the balancing diffusion (or dispersion) coefficients are
defined as:

- adu’r _ adu'w adw'’?
Dxx == DXZ = Du = 2Q' ’ Dzz = 2q,

7
The residual weighted methods with weighting functions different than the interpola-
tion function are called the Petrov-Galerkin method. The method using the weighting
function defined along the flow direction, such as Eq. 5.106 or 5.108, is called the
streamline upwind Petrov-Galerkin (or SUPG) method. For a two-dimensional ele-
ment, element size (6) in Fig. 5.13 is not always defined, but usually the average
length of the element is measured in flow direction.

(5.110)
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For analysis of unsteady advection-dispersion phenomena, the explicit character-
istic-Galerkin method is known to be effective and stable under certain conditions
fot the time interval At (Zienkiewicz and Taylor, 2000b). This formulation employs
a weighting function as follows:

A ; ;
t(u,Q_I\i+ 'aN) (.111)

W=N;+— —_

T2\ T 5
Then, in the Petrov-Galerkin method, this weighting function is applied to the gov-
erning equation, excluding the time derivative terms, which are formulated using the
Galerkin method.

Exercises

[Ex. 5.1]

Calculate the maximum possible time step for an explicit finite difference method
if the unconfined groundwater depth = 20m, permeability = 1.0m/day, effective
porosity (n.) = 0.20, and grid interval (Ax = Ay) = Sm.

[Ex. 5.2]
Groundwater heads at nodes (D through @ are 1.5, 2.0, 3.0, and 2.6 m, respectively,
as shown in Fig. ES.1. Calculate the approximate head at point a (¢ = —0.8, n = 0.5).

[Ex. 5.3]

Show interpolation functions for each node for the triangular element shown in
Fig. E5.2. Also, express the simultaneous equation for a finite element formulation
of the Laplace equation using the Galerkin method, where 4, denotes the unknowns
at each node.

[Ex. 5.4]
The groundwater heads at the nodes of the triangular element shown in Fig. E5.2
are 2.0, 3.0, and 1.5 m, respectively. Calculate Darcy’s velocities g, and g,.

n
A A
@ 1 ® )
a (3’4)
1 (® (o Q1 :
1,2)
@
4,1
O -1 @ 0 ( )= x

Fig. ES.1 A square element Fig. E5.2 A triangular element



140 5 Numerical Methods in Groundwater Flow Analysis
References

Abramowitz N, Stegun IA (1965) Handbook of mathematical functions. Dover, New York

Bear J (1972) Dynamics of fluids in porous media. American Elsevier, New York, pp 665-727

Bear J (1979) Hydraulics of groundwater. McGraw-Hill, New York, pp 125-128

Connor JJ, Brebbia CA (1976) Finite element techniques for fluid flow. Butterworth, London

Neuman SP (1973) Saturated-unsaturated seepage by finite elements. Proc ASCE, J Hydraul
Div 99(12): 2233-2250

Neuman SP, Witherspoon PA (1970) Finite element method of analyzing steady seepage with
a free surface. Water Resources Res 6(3): 889-897

Neuman SP, Witherspoon PA (1971) Analysis of non-steady flow with a free surface using the
finite element method. Water Resources Res 7(3): 611-623

Pinder GF, Gray WG (1977) Finite element simulation in surface and subsurface hydrology.
Academic Press, New York

Smith GD (1965) Numerical solution of partial differential equations. Oxford University Press,
New York

Zienkiewicz OC, Taylor RL (2000a) The finite element method, 5th edn, vol 1. Butterworth-
Heinemann, Oxford

Zienkiewicz OC, Taylor RL (2000b) The finite element method, 5th edn, vol 3. Butterworth-
Heinemann, Oxford



6

Groundwater Investigation

Summary

Groundwater investigation can be generally divided into two types: investigation of
water quantity and water quality; nevertheless, investigation priorities depend on
project requirements and objectives. Investigation techniques, in-situ tests for deter-
mining hydraulic coefficients, and groundwater quality are discussed in this chap-
ter. The first half of the chapter outlines the performances and details of ground-
water investigation and gives typical examples. Such information will help readers
to understand groundwater investigation processes and priorities.

For quantitative groundwater study, it is essential to measure not only groundwa-
ter level/hydraulic head but also the hydraulic parameters of an aquifer, such as con-
ductivity. The viability of groundwater sources and exploitation methods depend on
the water quality. Therefore, investigation of groundwater quality and result assess-
ment and interpretation are very important in deciding management policy. The lat-
ter half of this chapter describes basic measurement methods for hydraulic quantities
and groundwater quality.

Groundwater is regarded as contaminated if it contains substances harmful to
human health and the biological environment. The characteristics of soil and ground-
water contamination and some technical approaches are also discussed in this chapter.

6.1 Definition of Groundwater Investigation

Unlike surface water (rivers, lakes, and the ocean), groundwater lies in soil aquifers
and rocks. Direct observation and monitoring of groundwater without underground
surveys are, therefore, not possible. Thus, groundwater needs to be investigated
using methods different from those for surface water. The main tasks in ground-
water investigation are directed at (1) topographical and geological aspects of the
basin, (2) groundwater movement, (3) the groundwater environment, (4) the hydro-
logical conditions, and (5) management optimization. Additional investigations are
often required according to the situation.

K. Sato et al. (eds.), Groundwater Hydraulics
© Editing Committee of Memorial Publication 2006
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Groundwater investigation is conducted with the purpose of resource develop-
ment, recharge schemes, environmental protection, construction work, and ground
stability, as depicted in Table 6.1. The investigation process differs depending on the
purpose, as demonstrated in the table.

6.2 Groundwater Investigation Techniques

Groundwater investigation generally consists of three types of study: preliminary,
main, and follow-up studies, as shown in Fig. 6.1. Since investigation process varies
with the focus and objectives of the study, its standard procedure is discussed along
with the following steps.

Identify the present state with existing data Step 1
» Detect factors affecting on groundwater — -
l* Determine required items for in-situ * Feasibility of the project plan
investigation b Environmental factors
—mrm e e e —fm———
] Step 2 Prediction of environmental
y .
*Conduct site investigation and assess thel Impacts
impact on groundwater environment

pTake counter
measures

k Monitor projecting items| Step 3

oject implementatio
and monitoring

Groundwater investigation process

End

Project assessment process

Fig. 6.1. Groundwater investigation processes and procedures involved in land development
and groundwater resource development/environment protection

6.2.1 Preliminary Investigation

A desk-based study is available to identify the existing groundwater situation of
the site as a preliminary investigation. Data, mainly on hydrogeological conditions
and groundwater use, are collected at this stage. The effects on groundwater of the
planned projects, such as land development, groundwater resource development, and
engineering work are then assessed. The scope of the in-situ investigation is then
decided for quantitative and qualitative evaluation of the planned project.
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Table 6.1. Summary of items in groundwater investigation

Investigation items
Objectives GroundwatenGroundwatefContamination
Images Topography hydraulic  qualitye and

Category | Category 2 and geology" uantity® o
Groundwater ! :
resources by 1,2 {3 1 1,2
pumping -
Rainfall
infiltration [ 1-3 2 =
Groundwater K
resources lan Jdv field
and Irrigation [
roundwater and P ¥ - L3 2 1
¢ recharge drainage g[oﬂﬂw_algr:%vcll
Groundwater desert g
resources in arid Py 1-3 1-3 1 1
areas
Prediction and
Ground  |monitoring of 1.2 1.2 3 )

bsid round —_——r
SUDSI cnc{ﬁu‘hsmc oft gmund

Preservation . %pﬁl%
of springs orngina 1,2 1-4 3 3

Water base flow area
oy
lenglacepe Preservation off  +: 35700
base flow base flow area 1,2 1-4 4 3
Groundwater
environment Groundwater -
protection quality (natura] === 1 3 3
Water  |condition) dissolved substances
quality  |Contamination contaminant sourge
and 1 1,2,5 4 2
remediation
Excavation
(open-cut) I 1,2,4 3,4 3
Construction £ P — =
work and Xcavation .
; 1,2 1,2,4 3 3
ground (tunnel,cavern) e
stabilit .
b Stability of spring /¥
embankment or . z_/fj 1 1,2,4 4 )
slope Eroundwatcr level

a)Topography and geology : 1, Geologic profile/hydrogeologic condition/topographic condition;
2, groundwater/surface water use; 3, remote sensing

b) Groundwater hydraulic quantity: 1, Groundwater level/piezometric head; 2, hydraulic conductivity
(transmissivity)/storativity; 3, groundwater recharge rate/infiltration rate; 4, spring discharge/runoff
discharge; 5, parameters related to contamination

c) Groundwater quality: 1, Water quality examination corresponding to the purpose; 2, clean water is
required for recharge or use; 3, water quality investigation in case of necessity; 4, groundwater quality
investigation or tracer tracking

d) Contamination and remediation: 1, Water quality examination; 2, water quality examination
according to contaminant standards; 3, water quality investigation as occasion demands
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6.2.2 Main Investigation

The main investigation includes a geological survey, boring at various sites, ground-
water observation, impacts on the present situations like springs and wells, the hydro-
logical water balance, and a feasibility study.

Surface geological information, such as stratum formation, unconformity, dips
and strikes of layers, and the impermeable base, are studied through geological
reconnaissance. The conditions of soil water, spring water, and water from ravines
are also available. This information is summarized on a geologic map of the area
being investigated.

Geophysical exploration and electric and seismic prospects are effective meth-
ods for indirect sounding of subsurface geological structure and its physical proper-
ties. Boring exploration is important to study the geological and groundwater condi-
tions through borehole logs, giving information on subsurface geology, groundwater
depth, and basic data on aquifers. Geophysical logging and other tests are conducted
through boreholes whenever required.

Apparent resistivity

Electrode — 25¢m E'I:::::;:T;n Hydraulic conductivity
spaunb(”hm ) 50cm Nvalue %) k (em/s)
GL (m) Descriptive log 0 50 100150 ¢ 1020 304950 o 20 40 © 60 SI}JUU IO" 106 104 102
0 < ASurface T T ] T 111 [ I ] -r| 1“*11
|' \‘iﬂll . . . \ . . - ! - — i.
2| “ZC.’._.Ln'm‘l |- ,\‘1\‘., 1
| GL-3.9m [ = SR
_J'G[ﬁ’;k |Sandand |___ f
| e ":';"_ Il.,r‘m.ImIH bt il il
7 = lev | | K“‘:. |
= | ‘( lay \.\uh B Ed LT |
'g} rys = sand [ ‘f'_ L
- Tl |Silt with FTL
I 9] sand F1 ] 7 1
10+ : Jgg FTTA T T
|L | &2 Sand and [ & 11 {.
12 O |gravel with o O s TR O
clay T 1
-14} /| . I
____'_‘(‘Ia}'mlh [ el
16l Esand WE=NEER

Fig. 6.2. Typical sample of geologic surveys. Electrode spacing is the distance between elec-
trodes inserted in the borehole during resistivity measurement. Grain size distribution is, for
the sample, obtained during standard penetration tests. Of the soil samples used in mechanical
analysis, those of grain size dj, were used and the hydraulic conductivity was estimated based
on a table proposed by Creager et al. (1945) to indicate the d,o—k relationship

Figure 6.2 demonstrates a set of examples of geophysical logging and tests. It
indicates that soil resistivity is higher when it contains high proportions of gravel
and sand, and lower for high clay and silt contents. The tendency is similar for the
N value obtained from standard penetration test (to measure the resistance of the soil
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to penetration through the N value) and hydraulic conductivity (k) at depths greater
than 5 m below the surface.

Flow identification based on hydraulic head measurement is essential in ground-
water investigation. The hydraulic head is obtained by measuring the groundwater
head in observation wells. Information on springs, in which the groundwater head is
exposed at the surface, is also useful.

The impacts of groundwater resource development and underground develop-
ments on the groundwater environment are predicted using groundwater simulation
modeling. Necessary countermeasures should be taken if undesirable impacts are
expected.

6.2.3 Follow-up Investigation

Changes in groundwater head and quality during and after development must be
continuously monitored. Usually, boreholes and observation wells drilled during the
main investigation are used. Land subsidence and settlement will be monitored in
addition if groundwater drawdown is predicted.

(Example 6.1)
Assuming that several new deep wells are bored to facilitate the development of
groundwater resources, explain the necessary investigation and tests.

(Answer)
Table 6.2 shows the typical process for groundwater investigation. The investigation
is carried out in the following steps.

Table 6.2. Groundwater investigation with multiple deep wells

Investigation items Images Investigation items Images
E g g
existing wells _; 5
= A -10
(i) Existing data review £ |(iv)Environmental /“/I ) éﬁ\:‘:”
(as basic information) g impact assessment m/ Y ‘-'1;;3 -5
existing data® -+ z (;@ /
5 latfprm langd = =
& P rroundwater table E /
= [(ii) In-situ investigation i S )
z —Z- - 2 * X low land| Z' 5 |(v) Location and
= A e S &| specifications of
o . unconfined aquifer? S & 20
= (1) Geophysical =~ | e—— q_ — Z 2 new wells "
'g explorations -+ - confined aquifer: g; (vi) Pumping test and | £ “well scree:
=) including electric m S 5 water quality g = i;;“
5 surveys, and _LL examination M .-* |
E [ borehole loggi B 5
orehole logging 9 .= e :
BEINg pumping rate Water quality

Preliminary Investigation

Existing groundwater data is collected and reviewed to-plan subsequent investigation
and analyses. Useful data, such as topography, geology, the conditions of nearby
wells and aquifers, and pumping regulation are thoroughly assessed.
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Main Investigation

Necessary in-situ tests and procedures for determining groundwater behavior are
planned. Optimal stations are determined for geophysical explorations and borehole
logging. The geological formation and structure are identified by geophysical explo-
rations. Boring logs are available for analyzing permeability, grain size, and aquifer
thickness. Main aquifers for groundwater extraction are determined using these prac-
tical data.

Environmental Impact Assessment and Management

Allocation and specifications of new wells are determined based on the results of
preceding investigations. Screen depths are determined by referring to mud logging
and electrical resistivity tests during well construction. Pumping tests are carried
out after the completion of each well to sound out the pumping capacity based on the
relationship between pumping rate and groundwater head drawdown during the tests.
Water quality examination is also carried out through water sampling. The impact of
new wells on the groundwater environment and safety with regard to land settle-
ment are assessed as required. A well-oriented management policy is established for
sustainable groundwater utilization based on the results of the above tests.

6.3 In-Situ Measurement of Hydraulic Coefficients

Popular methods for measuring hydraulic coefficients, e.g., hydraulic conductiv-
ity (k) or transmissivity (T') and specific storage (S ) or storativity (S), are discussed
in this section.

It is very important to measure the groundwater table and hydraulic head to
understand groundwater flow. Observation wells and boreholes have been used for
measuring the water table and hydraulic head. There are two types of measurement
system, those which use of a float and those which use a water pressure gauge in
the observation well. Generally, a groundwater basin is composed of more than one
confined aquifer with different hydraulic heads; therefore, care must be taken while
measuring the hydraulic head of a particular aquifer. Watertight seals should be used
to avoid undesired water inflow into the designated aquifer, especially if the obser-
vation well is used to collect groundwater samples.

Table 6.3 summarizes the methods for determining in-situ hydraulic conductiv-
ity k (or T) and S, (or S). A suitable method should be adopted according to the
purpose and the geologic conditions of the aquifer. The Lugeon test is available for
determining the permeability of the rock masses.

Methods for determining hydraulic coefficients, as demonstrated in Table 6.4,
are conducted under a constant pumping rate in both steady and unsteady conditions.
These methods require pumping time (¢) and drawdown data [s(r, ) = H — h(r, £)]
measured in observation wells during pumping tests (i.e., z—s data) in the unsteady
state or in the steady state, the radial distance to the well (#) and drawdown data
(i.e., r—s data). The notation used here is defined in the conceptual figures shown in
Table 6.3.



6.3 In-Situ Measurement of Hydraulic Coefficients 147

Table 6.3. In-situ determination of kK and S,

k| §| Category Method Description and image
Measurement| The direction and rate of \Iger Kmisction
of groundwater flow are measured by
Ll groundwater |tracer methods. Pigments or
velocity electrolytes are used as tracers
0 . . constant pumping rate Q
Steady state/unsteady state pumping [observatio pumping abstn'atmnTpumping
|test using constant rate pumping wel|“ell ’T“cll well well
Bk and observation wells :
v | v | injection : : :
tests Steady state/unsteady state injection | ::iffizici liieiiiy e e
test using constant rate injection well| 77777777 R—>f A 7
and observation wells -5 curve method: Theis
rscurve method: o, Cooper-Jacob
Cooper-Jacob method 1 wihod. Hantush
(referto Table 6.4)  1ohod, etc. (refer to
| Table 6.4)
—O- <€— water injection
Rock Lugeon test: water injection ;::?s;?:mm
/| X permeability [test in borehole (refer to Ex. 6.1) % g “:Ck;ma_\_s
test | ugcun,icil e

Figure 6.3 shows groundwater flow into a pumping well within a confined and
unconfined aquifer. The same analytical method can be applied as long as the pump-
ing well drawdown is less than 25% of the initial aquifer thickness, i.e. s < 0.25H
(Marino and Luthin, 1982). The typical methods proposed for confined aquifers are
described below.

Theis (1935) solved the basic equation for a well under given initial and boundary
conditions, as derived in Chap. 2. If drawdown (s) is small, then the solution is also
applicable to unconfined aquifers, as shown in Egs. 6.1 and 6.2:

Q0 e _ . _ATw _ A(kb)tu
s_4nkb ] udu, S =n= - 6.1)
0
s = —=W(u),
4nkb
2 3 4 5 (6.2)

w W W u
2.2 3-31 4-41 5.5

W) = [—0.5772 —logu+u-—

where kb (or kh) = T = transmissivity, u = r>S/4kbt for a confined aquifer and
u = r*ne/4kht for an unconfined aquifer, r = distance to the observation well, § =
storativity, n, = effective porosity, and ¢+ = time. Using the well function W(u),
s = (Q/4nkb)W(u). The well function is equivalent to the value of the brackets
in Eq. 6.2. Theis proposed a graphical method using a type curve with respect to the
W (u)—u relationship based on s/Q and r%t obtained from a pumping test, as shown
in Fig. 6.4.
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Table 6.4. Determination of k and S by pumping tests

Steady or

Type of
aqyl,l:ifer unsteady Es::; Proposed methods
state
Steady r—s | Thiem-Dupuit method (Thiem 1906)
Unconfined

Unsteady | 7-s Neuman method (Neuman 1972,1973a, 1973b,1975; Dawson and Istok 1991)

Confined Steady r—s | Thiem method (Thiem 1906)

(without
leakage) t-s

Unsteady

@ Jacob method (Cooper and Jacob 1946)
@ Theis method (Theis 1935)

r—s | Jacob method (Cooper and Jacob 1946)

Partially Steady r-s | Hantush-Jacob method (Hantush and Jacob 1955; Hantush 1956,1964)
confined
(with Unsteady | ¢—s | Walton method (Walton 1962)
leakage)
r, Distance from the pumping well to the observation well (coordinates); s, drawdown of the observation well;
t, continuous pumping time

On the other hand, Jacob’s method (Cooper and Jacob, 1946) makes it possible to
plot a set of +—s data from a pumping test on arithmetic-logarithmic paper for anal-
ysis assuming that the third and subsequent terms on the right hand side of Eq. 6.2
can be ignored for u values less than 0.02. As described later in Exercise 6.2, a linear
relationship with As ~ log,,(f2/t1) = log;,(10) = 1.0 is obtained except for an initial
log cycle after the data are plotted. T, S, and n. are calculated using the following
equations:

23030 n) _ 0.183Q
T=kb==—=lo “’(z,) = (6.3)
S == 2.2551):0 64
r:

1

where As = drawdown over one log cycle of ¢ [from log #; to log(10 X #,), e.g., from
100 min to 1000 min], and #, = the intercept between the line obtained and the axis
representing a drawdown of s = 0.

When two or more observation wells are located at different distances (ry, r3),
then the r—s line (straight) is given by data with time ¢. Then, 7 and S are calculated
from the following equations.

23030 r\ 03660
T=kb=="—=lo 10(n) = = (6.5)
2.25kbt
S =ne === (6.6)

1

where As = drawdown over one log cycle of r, and r; = the intercept radial distance
between the straight line obtained and the axis representing a drawdown of s = 0.
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pumping well Q initial head

meSy

frawdown curve

Z = ybservation well =

—confining layer—=

unc onnnu

I N7
a) unconfined aquifer < C—> b) confined aquifer

Fig. 6.3. Groundwater flow into a pumping well. Q, constant pumping rate; r, distances from
the pumping well; H, depth between datum level and original piezometric surface; h, heads
above the datum level at distances r and from the pumping well; s, drawdown from initial
head at distances r and from the pumping well; b, aquifer thickness

6.4 Groundwater Quality Investigation

6.4.1 Objectives

Groundwater quality depends on various factors, e.g., sources of aquifer recharge,
geologic formation, and the mineral constituents of the aquifer and the surrounding
area. The important factors involved in groundwater quality are: (1) the variety of
mineral constituents in the aquifer and their mineralization (2) the variety of chemical
reactions among the constituents in the aquifer, and (3) the deterioration of ground-
water quality. There are two main objectives of groundwater quality examination:
(a) whether the quality is suitable for drinking purpose or other uses, and (b) to trace
groundwater behavior by specifying quality components.

The theory, investigation techniques, and data evaluation procedures for ground-
water quality will be discussed in the following section.

6.4.2 Chemical Constituents and Quality Examination

Groundwater quality measurement has two purposes: (1) to check the suitability and
environmental adaptability of water in accordance with quality standards and (2) to
elucidate the hydrologic behavior, the interaction between groundwater and surface
water, and the stagnant age of the groundwater aquifer. Accordingly, the test items for
groundwater quality are not always the same as those for water quality examination.

The main parameters in groundwater quality investigation are listed in Table 6.5.
These consist of cations (Na*, K*, Ca®*, and Mg?*), anions (HCOj, CI", SO%",
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Fig. 6.4. Theoretical relationship between W(x) and u

and NO3), and nondissolvable ions (SiO,). Human activity and precipitation greatly
affect the concentrations of these ions in the groundwater environment.

There are 46 parameters in total to be examined in groundwater quality investi-
gation for drinking/tap water in Japan. Of these, 29 parameters are related to toxicity,
public health, and disease, and the remaining 17 are related to physical properties.
The concept of quality examination is based on the guidelines of the World Health
Organization (WHO), which are intended to ensure public health if people consume
21 of water daily throughout their life.

To extract the required information from the analyses of groundwater quality
investigation, physical and chemical tests have to be conducted unlike in conven-
tional water quality examination, in which only physical tests are required. When
interpreting and analyzing results, hydrologic travel on and below the ground sur-
face and the geological formation processes of water quality should be taken into
consideration.

6.4.3 Hydrologic Cycle and Water Quality

Precipitation (e.g., rain and snow) and runoff processes in the hydrologic cycle are
shown in Fig. 6.5. Once it reaches the ground surface, precipitation gets divided
into four main components (Q to ®), as shown in the figure. Part of it infiltrates
the ground surface and gets accumulated in aquifers as groundwater. The modes of
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Table 6.5. Water quality parameters in groundwater investigation

Components Units Equivalent?
Water temperature °C
Electric conductivity (EC) mS /m(25°C)
pH?
Sodium ion (Na*) mg/ 1,me/ 1 22.99
Potassium ion (K*) mg/ 1,me/ 1 39.10
Calcium ion (Ca?") mg/ L, me/ 1 20.04
Magnesium ion (Mg?*) mg/ I,me/ 1 12.16
Iron ion (Fe*)® mg/ I,me/ 1 27.93
Manganese ion (Mn?*)) mg/ L,me/ 1 27.47
Ammonium ion (NH,")P mg/ L,me/ 1 18.04
Total cations me/ 1
Bicarbonate ion (HCO;") mg/ L,me/ | 61.02
Chloride ion (CI) mg/ L,me/ | 35.45
Sulfate ion (SO,%) mg/ l,me/ 1 48.04
Nitrate ion (NO5) mg/ L, me/ 1 52.01
Total anions me/ |
Silica (Si0,)? me/ 1, mmol /1 (60.09)

a) pH is defined as the negative logarithm of hydrogen ion concentration
. (pH=-log[H"]). Value of dissociation constant of water of 10~
leads to [H*][OH"] = 10", For neutral water, pH = 7 based on
[H*],[OH] = 107
b) Concentrations of substances in parentheses are small in surface
water and groundwater at shallow levels
¢) Si0, is a nondissociating constituent and the figure in parentheses
is molecular weight
d) The quantity of an element that can combine with or be replaced by
one mole of hydrogen atoms or a half mole of oxygen atoms,
expressed in grams

transport for precipitation are indicated by arrows in the figure. The chemical char-
acteristics of rainwater and other types of water are summarized in Table 6.6, and
enable us to trace the hydrologic process and understand the basics of the interac-
tions between soil and water.

Generally, the quality of rainwater is close to that of pure water. However, it
tends to adsorb salinity near coastal areas and atmospheric pollutants in urban areas.
Surface waters, such as rivers and lakes, are highly susceptible to pollution as a result
of wastewater discharge and atmospheric pollutants in urban areas. On the other
hand, unsaturated soil water and groundwater can become polluted as a result of their
long stagnation below ground and as a result of chemical and biological exchanges
between soils/rock masses and groundwater. Typical groundwater quality parameters
are summarized in Table 6.5, and these are also called groundwater quality items.
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Fig. 6.5. Precipitation and runoff into the ocean

The following chemical and biochemical reactions in the groundwater environ-
ment provide important knowledge in geohydrology.

6.4.3 (a) Cation Exchange

Because trivalent aluminum (A13+) partially replaces tetravalent silicon (Si**) in clay
mineral crystals, the minerals are negatively charged resulting in a capability to
absorb cations to some extent. The absorption potential depends on the characteris-
tics of the cations, as shown in Table 6.6 3b). A groundwater softening phenomenon
is often observed in confined aquifers because of fully developed ionic exchange in
clay minerals, as shown in Table 6.7 (i).

6.4.3 (b) Biochemical Reactions

Possible ionic change in water quality under high and low dissolved oxygen condi-
tions (oxidizing and reducing conditions, respectively) are shown in (3d) and (3e) of
Table 6.6. Because water near the ground surface is in contact with the atmosphere,
it contains a large amount of dissolved oxygen. When rainwater infiltrates the subsur-
face, the dissolved oxygen of the infiltrating water is consumed in the decomposition
of organic substances, which produces carbon dioxide (CO,). Activities of micro-
organisms in pore water bring water quality change in oxidizing (or aerobic) as well
as reducing (or anaerobic) conditions. Item (ii) in Table 6.7 gives three biochemical
reactions and their impacts on water quality (Morel, 1983).

However, it should be noted that the reactions described in Sects. 6.4.3 a, b result
not only in changes in concentration, but also in water quality composition. Nitro-
gen sbstance is converted into anion from cation by nitrification. Cation is absorbed
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Table 6.6. Hydrologic processes and water quality parameters

(1) Precipitation
a) Addition of constituents from condensation nuclei to which water vapor is attracted
Na*, Ca?*, Mg?*, CI, SO, , and NOy
b) Absorption of atmospheric constituents (N,, O,, Ar, and CO,)
(2) Temporary storage near the ground surface
a) Reaction between CO, containing water and rock-forming minerals (chemical weathering)
Cations - Silicate + CO, + H,0 = Clay minerals + cations* + HCO;" + SiO,
*Na*, K*, Ca¥, Mg¥, and (Fe?*)
b) Leaching from cohesive soil layers
i) Leaching of soluble salts from marine clay layers of younger horizon
ii) Leaching of H* and SO,* from sulfide-containing soil layers by oxidation

(3) Soil water and unconfined groundwater
a) Increases of CO, in the soil atmosphere encourage progress of 2a
b) Changes in cation composition resulting from capacity for cation exchange:
H*> Ca?*>Mg? > K*> Na*
c) Condensation of salts resulting from evaporation from the ground surface, and their
precipitation
d) Higher level of dissolved oxygen (DO) content promotes oxidation
1) Reaction 2b(ii)
ii) Insolubilization of iron (Fe?* — Fe?*)
iii) Decomposition of organic substances (— CO,)
iv) Nitrification (NH,* — NOy)
e) Lack of DO accelerates reduction
i) Solubilization of iron (Fe3* — Fe?*)
ii) Reduction of nitrate (denitrification) (NO -; - N,)
iii) Sulfate reduction (SO,> — H,S and HS")
(4) Confined groundwater
a) Progress of cation exchange: water softening
b) Progress of reduction: progress of 3e
¢) Squeezing out from confined layers by consolidated drainage- — Increase in concentrations
of HCO;", NH,* and PO,-P
d) Inflow of connate water — Increase in concentration of CI

Bold indicates major dissolved chemical species

rather than anion by soil. Nitrogen is apt to be released into groundwater from soil.
Decrease or disappearance of NO; and SO%‘ resulting from chemical reduction
brings about changes in composition as HCOJ is generated in their place.

6.4.4 Presentation of Water Quality Data

Solute concentration in groundwater is expressed in milligrams per liter (mg/l) or
milligram per kilogram (mg/kg). The former is employed for water with a specific
gravity of more or less unity (e.g., drinking water), whereas the latter is adopted for
water with high salt concentration and specific gravity more than unity (e.g., scawater
and hot spring water). The mg/kg unit is identical to parts per million (ppm).
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Table 6.7. Chemical reactions involved in groundwater quality change

Chemical reactions

Remarks

(i) Cation exchange
Na, -(clay) + Ca?*= Ca -(Clay) +2Na"

(Clay with Na*)(Ca?* in water)

The chemical reaction shown on the left represents
a process in water quality change in confined aquifers.
This process is known as groundwater softening.

(ii) Biochemical reaction

Biochemical reactions can be classified into: nitrification,
denitrification, and sulfate reduction as a result of microbial
activities.

(a) Nitrification
NH,* + 20, = NO;” +2H' + H,0

NH,* from chemical fertilizers and sewage gets partially oxidized
as shown on the left of the equation. This chemical reaction
results in increase in pH (or HCO; concentration increase). The
exchange with H* increases cation concentration including Ca?*.

(b) Denitrification

In reducing conditions, NO;" gives rise to N, as shown in the
equation. CH,0 in the equation represents organic substances,

which are nutrients for microorganisms. A condition:
CO, + H,0 5 H* + HCO, " in the reaction possibly
increases HCO,™ concentration.

4NO; + 5CH,0 + 4H* = 2N, + 5CO, + TH,0

SO.* is reduced with progressing reduction as shown in the
equation. Reduction of one mole of SO, gives rise to two moles
of HCO;  resulting to an increase of pH. Hydrogen sulfide

(H,S) is recognizable due to its offensive odor. In reducing
conditions, H,S is often fixed as FeS because iron present in soil
turns into Fe?".

(c) Sulfate reduction
SO,> +2CH,0 + 2H* = H,S +2H,0 +2CO,

In water quality examination, solute concentration is often measured in terms
of chemical equivalent, such as milliequivalents per liter (me/l) or equivalent per
million (epm). Concentration in milliequivalents per liter is obtained by dividing the
concentration in mg/l by its equivalent, shown in Table 6.5. The pH of a neutral
solution ~ 7.0, and summation of cations (3, C) and anions (3} A) should be almost
the same. However, actual analyses may have some errors, and hence the >, C/ >, A
ratio should be carefully maintained within 0.95-1.05.

Graphical representation methods are frequently adopted in water quality data
analyses and are very useful in hydrologic characterization. Changes in water qual-
ity include variations in the composition of constituents and their concentrations.
Graphical representations are expressed in terms of time series data, aerial distribu-
tion, vertical profiles, and the correlation between two different constituents.

6.4.4 (a) Concentration Diagrams (me/l)

Several techniques for expressing water quality data have been used in field inves-
tigations. Figures 6.6a, b show ionic concentration values (C1~, HCO3, SO2, Na*,
K*, Ca®* and Mg?*) on a bar graph and radial diagram, respectively. Similarly,
another graphic method shown in Fig. 6.6¢ presents ionic concentrations plotted
along three horizontal axes. These are called hexadiagrams because of their hexag-
onal shape. They are also called Stiff diagrams after the name of the developer
Stiff (1951). These diagrams are very useful in understanding water quality com-
position.
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Fig. 6.6 a—d. Graphical representations of water quality data. a Bar graph, b radial diagram,
¢ Stiff diagram, d circular diagram

6.4.4 (b) Percentage Diagram in Milliequivalents (me)

The percentage concentration of an ion (cation or anion) in milliequivalents (me/l %
or epm %) can be defined as the ratio of the ion concentration to the total concen-
tration of that type of ion (3} C or } A). The obtained percentage can be used for
making a circular diagram, as shown in Fig. 6.6d.

Moreover, water quality data with more than one component can also be pre-
sented in a diamond-shaped diagram, as shown in Fig. 6.7. The figure consists of
a diamond with two cations and anions each, and two triangles with three cations
and anions in each. This is known as a trilinear diagram.

Recently, multivariate analysis methods, especially principal factor analysis and
cluster analysis methods, have been widely employed for water quality analysis
because of the increasing use of computers.

6.5 Investigation of Soil and Groundwater Pollution

Field investigation for soil and groundwater pollution/contamination and remedia-
tion has been carried out since the early 1980s. The fundamental features of ground-
water pollution and the technical approaches in solving these problems are briefly
discussed in this section.
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data points 3,4,6 and

7 in the diagram represent
salinized groundwater.

© marks indicate seawater

Fig. 6.7. Example of a trilinear diagram

6.5.1 Definition of Pollution and Water Quality Standards

Pollution/contamination of groundwater is defined as water in which pollutant con-
centrations are above the existing standards. The origin of contaminants can be
broadly classified into two categories: (a) those existing naturally, for example geo-
logically accumulated fluorine and (b) those originating from human activity (chemi-
cals produced for various purposes, such as agriculture). Some chemicals, like heavy
metals, get accumulated in the subsurface environment in the process of geologic
formation, and this is natural background contamination. Groundwater contaminants
and their sources are summarized in Table 6.8.

Table 6.8. Classification of groundwater contaminants

Contaminant

Examples

Sources

Inorganic substances

Hexavalent chromium, mercury,

cyanide, and cadmium

Plants

Pathogenic microorganisms

Coliform bacillus, dysentery
bacillus, viruses and etc.

Individuals and groups

Organic chemicals

Tetrachloroethylene,
trichloroethylene, simazine,
benzene, and many other
constituents

Manufacturing processes,
insecticides and herbicides,
and landfill waste

Radioactive nuclides

Strontium and cesium

Eutrophication at nuclear
facilities

Salts

Nitrate nitrogen and inorganic

. |phosphorus

Fertilizers and pesticides
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Soil is a key environmental component in material cycles, along with water and
air; therefore, the soil ecosystem cannot be disregarded in the discussion of contam-
ination. Contaminants in soil get dissolved in pore water and infiltrate into ground-
water through the unsaturated zone, which ultimately results to groundwater contam-
ination. Table 6.9 shows drinking water quality standards promulgated by the World
Health Organization and the Japanese Welfare and Labor Ministry.

Table 6.9. Drinking water quality standards

Group Substance WHO? Japan®
(mg/1) (mg/1)
Arsenic 0.01 0.01
Cadmium 0.003 0.01
Cyanide 0.07 0.01
Inorganic Fluorine 1.5 0.8
substances Lead 0.01 0.05
Total mercury 0.001 0.0005
Selenium 0.01 0.01
Carbon tetrachloride 0.002 0.002
Oreanic Dichloromethane 0.02 0.02
N Trichloroethylene 0.07 0.03
substances
Tetrachloroethylene 0.04 0.01
Benzene 0.01 0.01
- 1,3-Dichloropropene 0.02 0.002
Pesticdes | gimagine 0002 | 0003

a) WHO drinking water quality guidelines
b) Drinking water quality standards of Japan

Social and economic activities depend on various industries, in which some
materials are hazardous to health and the environment. The inappropriate handling
of chemicals has led to various contamination problems.

6.5.2 Hydraulic Characteristics of Contamination

Generally, contaminant transport in soil and the groundwater environment occurs
as a result of water movement both in dissolved and nondissolved phases. In other
words, contaminant migration and dispersion result from soil water and groundwater
movement. The contaminant transport rate strongly depends on the seepage velocity
and the travel path in the unsaturated zone and aquifers. Solubility, adsorption and
contaminant dispersivity influence this transport.

Contaminant transport in soil occurs downward as a result of vertical unsaturated
flow. Horizontal contaminant movement as a result of capillarity in the unsaturated
zone is relatively small. However, in the saturated zone, horizontal movement is, in
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atmosphere vegetation
ground surface contaminant transport processes
\ ..
. composition and decomposition|
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Fig. 6.8. Contaminant transport in soil and groundwater

general, predominant. Fig. 6.8 demonstrates a conceptual view of contaminant trans-
port in soil and the groundwater environment. Soil particles adsorb dissolved con-
taminants once the groundwater is contaminated. Then, the contaminants undergo
various chemical reactions making their remediation difficult. Remediation of con-
taminated soils, in general, is time consuming and requires a lot of resources.

6.5.3 Investigation of Contamination and Remedial Measures

Investigation of soil and groundwater contamination is required not only to detect the
contaminant source and identify the contamination scenario, but also to take remedial
measures and verify their effectiveness. Fig. 6.9 shows an investigation process for
identification and remediation of soil and groundwater contaminants and monitoring

of the remediation techniques.

Investigations Remedial
measures

data collection with or without
/review temporary undesirable impact
on groundwater

o measures
in-situ Suer?)_'/ I# :> environment after
present condition permanent remediation

analysis measures
\ checking safety
detailed of groundwater
investigation environment

Fig. 6.9. Investigation and remediation processes in soil and groundwater
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Investigation is accomplished in the following steps: data collection/review, in-situ
survey/analysis of current conditions, and detailed investigation for taking remedial
measures. The investigation task starts with data collection on groundwater behavior,
toxic contaminants, and industrial practices. If contamination is a concern in water
quality analysis, then in-situ and detailed investigations are started. Data sampling
density (number of sampling points) and sampling frequency (number of samples) at
a specified depth are decided based on the contaminant source and the extent of con-
tamination. In the process, numerical simulations are carried out to predict dynamic
behaviors such as velocity and contaminant dispersion. The results indicate the best
remediation/recovery technique after the investigation is conducted.

Remedial measures are divided into two types: (1) emergency measures to pre-
vent further spreading of contaminants and (2) permanent measures for long-term
management. In remediation work, the contaminants are detoxified (various tech-
niques are applied depending on the type of contaminant) and removed (e.g., extrac-
tion of soil gas from sites contaminated with volatile organic compounds and the
pumping and treatment of contaminated groundwater). Monitoring for undesirable
impact on the surrounding environment is indispensable while taking these mea-
sures; monitoring is required to watch for effects on the surrounding atmosphere
and groundwater. Additionally, precautions must be taken in pumping and treatment
methods to prevent an excessive decrease in the water level, which may result in
subsidence or the drying of wells. Therefore, the monitoring of groundwater level
and the measurement of ground subsidence are very important in this process. Water
quality investigation may also be carried out depending on the situation. The man-
agement policy must be verified after remedial measures have been carried out.

Exercises

[Ex. 6.1]

Lugeon test was proposed by Maurice Lugeon (Barrages et Géologie, 1932) to sur-
vey rock mass permeability in the field. 1 Lugeon value is defined by injected water
volume (liter) per unit time (minute) and borehole length (m) under acting water
pressure of 10kgf/cm?, i.e. 1 /min/m/10kgf/cm?. This value approximately corre-
sponds to permeability coefficient 107> cm/s if Eq. E6.1.1 is applied.

pgQ R
k= 2'3(27er) log;o (g) (E6.1.1)
Find the Lugeon value L, and its permeability coefficient £ when the injected water
discharge Q = 51/min (= 8.33 x 10~5 m¥/sec), the borehole length L = 5.0m, acting
water pressure p = 10kgf/cm? (= 9.81 x 10 kN/m?), radius of the borehole ry =
4.5 x 1072 m, the water weight of volume pg = 9.81kN/m?, and the influence radius
of injected borehole R = 100 m.

[Ex. 6.2]
A pumping test was carried out in a confined aquifer 10 m in width and with a con-
stant discharge (Q) of 0.34 m*/min, as shown in Fig. E6.1. Head loss data of the two
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observation wells (no. 1 and 2) are presented in Table E6.1. Determine the perme-
ability (k) and the coefficient of specific storage (S ).

pumping well well no.1 well no.2
1 I ]

. @. ........... @ -
€ n=10m >, i
< ~ op=100m —>

Note: Constant pumping rate Q = 0.34m*/min.
Confined aquifer thickness b = 10m.

Fig. E6.1 Location of pumping and observation wells, and pumping conditions

Table E6.1 Drawdown in wells no. 1 and 2

Time | Drawdown in | Drawdown in Time | Drawdown in | Drawdown in
(min) | well no.1(m) | wellno.2 (m) | (min) | well no.1 (m) | well no.2 (m)
1 0.870 0.025 80 1.485 0.588
2 0.900 0.038 100 1.529 0.652
3 0.940 0.075 150 1.608 0.730
4 0.965 0.105 200 1.665 0.791
5 0.995 0.127 300 1.744 0.852
6 1.010 0.144 400 1.800 0.920
8 1.080 0.180 500 1.844 0.981
10 1.118 0.210 600 1.879 1.020
15 1.148 0.282 800 1.935 1.068
20 1.225 0.340 1000 1.979 1.108
30 1.272 0410 1500 2.058 1.195
40 1.334 0.461 2000 2.115 1.242
50 1.394 0.510 3000 2.194 1.324
60 1.429 0.539 4000 2.250 1.328

Wells no.1 and no.2 are 10m and 100m from the pumping well
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Groundwater Resource Management

Summary

Groundwater resources have traditionally been used all over the world from ancient
times. Some characteristics of groundwater resources, and a short history are
reviewed in the first part of this chapter. Then, the geologic forms of potential
groundwater reserves are classified and the present situation of groundwater resource
utilization is briefly discussed. Excessive and reckless use of groundwater resources
cause their depletion and land subsidence in all alluvial and diluvial plains, and
seawater intrusion into coastal aquifers; therefore, sustainable groundwater resource
management and development policies are mentioned in the latter part of this chapter.

7.1 Features of Groundwater Resources and Their Uses

Traditionally, groundwater has been used as an important water resource. Hydro-
geologic conditions, such as the scale of a groundwater basin, the storage volume,
natural recharge, aquifer thickness, and permeability are greatly related to ground-
water resource reservoir.

Groundwater, as a water resource, has the following main features:

1. Groundwater temperature is stable regardless of the atmospheric temperature
changes (temperature stability).

2. Water quality is suitable for drinking purposes (safe water quality).

3. Expected pumping volume is kept sustainable and stable within a groundwater
budget (qualitative stability).

4. Groundwater extraction costs are low because of simple pumping facilities (eco-
nomical water resource development).

5. Few legal regulations and ownership criteria are imposed on groundwater devel-
opers.

Groundwater resources have been used for such purposes as agriculture (irriga-
tion), industry, city water supply, fish farming, and snow melting. In Japan, from

K. Sato et al. (eds.), Groundwater Hydraulics
© Editing Committee of Memorial Publication 2006
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ancient times, people have embraced the idea that groundwater is pure and holy to
purify the body and soul. In some countries, groundwater and spring water are used

in religious ceremonies.
A historical perspective on technological development and national laws con-
cerning groundwater in Japan are shown in Fig. 7.1.

@ National law for regulating industrial
groundwater use (1956)

@ National law for regulating industrial
et groundwater in building (1962)
® Government ordinances to minimize

\A— land subsidence (1985,1991)
Local government regulations
®  The water pollution prevention act (1956)

Jomon period Heian __ Edo Meiji Taisho Showa Heisei >
Yayoi 794 1603 1868 1912 1926 1989 Year
Excessive groundwater use, pumping water regulations
pumping regulation Groundwater management by telemeter
system in drought season (1984~)
(Necessity of resource protection & rationalization)

Groundwater & land subsidence| Nationwide soil & groundwater pollution
observation/survey investigation (1982~)

Installation of observation wells (1940 ~)
Measurement of land subsidence
Start of telemeter system
in observation wells

Groundwater exploration
& engineering

Use of spring water, and drawn water Various power-driven pumps
with well-bucket . ® Turbine pump for deep wells
Shallow well digging (from USA, 1928)
Hand pumping ’
Dug wells with wooden & stone frame
in ancient times (remains) Ponded water well, Kazusa drilling with iron rod
@ Introduction of submerged pump

Funnel-shaped well — (Artesian flow)——— (from Germany, 1954)
Mining drainage ——— Start of natural gas use
hot springs ® Deep well by rotary drilling

(from USA, 1913)
@ Groundwater use for snow-melting
(1961 ~)

® Rotary well drilling for dissolved
natural gas in water (1946 ~)

Fig. 7.1. History of groundwater resources in Japan (National Land Agency 2000)

In Japan, most human remains from the Jomon period (before 3BC) have been
found near flat land adjacent to gushing primitive springs. Wells built with wooden
or stone walls were discovered from the Yayoi period (before 3AD).

In the Middle Ages, various types of wells were dug, and specialists in well-
digging appeared in the Edo (old Tokyo after 1603) period. At this time, water supply
services were started in some big cities. In the late Edo period, the percussion type
deep well drilling technique, called the Kazusa drilling method, was developed and
became popular. Rotary well drilling machines were imported from United States to
dig deep wells in the early decades of the 20th century.
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Traditionally, well water was drawn using buckets. Hand pumps were popular-
ized in the Meiji period (after 1868). Rotary well drilling machinery was imported
and pumping techniques were improved in the Taisho period (after 1912). The introduc-
tion of submersible pumps brought a new revolution in groundwater pumping tech-
niques after the Second World War (1945).

An increase in deep well exploitation and excessive pumping caused land sub-
sidence, groundwater depletion, and saltwater intrusion into coastal aquifers. These
consequences gave the alarm bells indicating unsustainable groundwater use.

Land subsidence was observed in Osaka and Tokyo in the 1930s. Observation
stations for measuring groundwater head and land subsidence were established in
these areas to consider a counter plan against land subsidence in the 1940s. In the
1950s, rapid industrial growth demanded further increases in water supply leading to
more land subsidence and secondary damage. As a result, land subsidence was recog-
nized officially as a public nuisance and groundwater use for industrial and domestic
purposes was regulated. To cope with such serious problems, numerical simulation
techniques were introduced to help forecast optimal groundwater production as well
as subsidence prevention.

The land subsidence problem gradually decreased after the implementation of
groundwater pumping regulations and water resource conservation plans. However,
water shortages in the summer months resulted in increased pumping and land subsi-
dence (e.g., during the serious droughts of 1994 and 1996). Therefore, a monitoring
system for hydraulic heads and land subsidence using telemeters was introduced
in 1997 for groundwater management in dry periods.

Such groundwater pollutants as volatile organic compounds (VOCs), and heavy
metals have been a social problem since the 1980s. Therefore, new state and local
government laws for preventing/improving soil and groundwater pollution as well as
groundwater quality standards have been put into force to maintain safe groundwater
quality.

7.2 Aquifer Types and the Groundwater Environment

Hydrogeologic knowledge of groundwater is essential in field investigations and
groundwater resource utilization planning for engineers. Basic knowledge on the
quality of typical aquifers with natural recharge and topographic and geologic con-
ditions is discussed in the following sections.

7.2.1 Chronology of Groundwater Basins

Much groundwater is used in plain areas such as seashores and alluvial and diluvial
basins. Sediment strata are composed of geologic deposits with varying grain size,
and gravel and sand-rich deposits have a high porosity of around 40%.

The period from two million years ago is known as the Quaternary based on the
evidence of human civilization and remains (see Table 7.1). It was marked by cli-
mate change with repetition of glacial and interglacial epochs over geologic time.
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Table 7.1. Geologic chronology

Comments: The sea level changes bring about sedimentary environments.
Formation Fluvial deposit :
process High sea level erosion
of strata Licd Low sea level erosion marine deposit
v
Alluvium Diluvium
Age of man Neanthropic man / Paleo-man Proto-man Man-ape
) - el hag come Repetition of sea level falls and rises —
Sea level The sea level has come .
chinie to the present stage after Marine
8 a small rise regression
- |Mi Early] Last
Glacial . Late |M"|dl'-‘J Early| -2 |Riss [Inter- [Mindelinter- | Giinz
Late glacial epoch inier ialelacial kelac R o ;
enoch -ate g P Wiirm elacial stage | lacial glaciallglacialglacial jglaciall glacial [Diastrophism
po urm glacial stage epoch [stage lepoch [stage  fepoch |stage
104 year 10 % year 10%year 2 X 10%year
Geologic H [ - . ; Early :
: olocene = Pleistocene A = Pleistocene ) FPp—
e 0 e Late Pleistocene Middle Pleistocene Pleistocens Pliocene
Quaternary Tertiary

As shown in Table 7.1, changes in seawater level favored the geologic formation of
groundwater basins over multiple glacial and interglacial epochs. During the inter-
glacial epochs, marine deposits accumulated thickly because of higher sea levels,
whereas fluvial deposits built up because of active erosion and sedimentation during
the lower sea levels of the glacial epochs.

Sea levels in glacial epoch were the lowest about 18 000 years ago. The strata
of the Quaternary period are divided into diluvium and alluvium, accumulated ealier
and later in the period, respectively. Fairly consolidated diluvium is distributed over
many sedimentary plains, and much groundwater is stored in the pore spaces of the
gravel and sand layers. Layers that can store and supply abundant water are called
aquifers.

Alluvium also forms aquifers, but it is weakly consolidated and contains soft clay
layers, and so pumping causes land subsidence as a result of water level decline and
compaction of clay layers.

7.2.2 Geologic Features of Groundwater Basins

The concept of a water balance is indispensable for groundwater management. A
groundwater basin consists of a large single aquifer or a group of aquifers depending
on the geographic and geologic features. A coastal plain faces the seashore, as shown
in Table 7.2. The stratum is composed of gravels, sand, clay and rocks buried in
a valley-shaped basement.

An alluvial fan is formed by a stream originating in a mountain area passing
through plains and sediment load as a result of velocity decrease. The sediment is
deposited on riverbank and decreases in flow velocity result in meanders (changes in
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Table 7.2. Geologic features of groundwater basins
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Geographic and geologic features

Conceptual illustrations

A coastal plain results from upheaval
of submarine sediment below sea level

alluvial fan

Coas.lal or marine regression. Excessive pumping
plain results in land subsidence and seawater
intrusion although such plains contain
abundant groundwater resources
Alluvial |An alluvial fan has a half-circular cone.
fan The area has discharge and

intake zones with abundant groundwater
resources

Sedimentary
basin

A sedimentary basin is formed by upheaval
of sedimentary deposits above a submerging
basement. The basin abounds in
groundwater resources

Terrace

Strata are classified into fluviatile and
marine deposits and lacustrine sediment
in its original formation. Many springs
sometimes are found on the terrace scarp

Volcano
foot area

A volcano consists of such volcanic
products as lava, lapilli, and pyroclastic
materials. Abundant groundwater resources
and springs are found in those areas

Limestone
area

A limestone area consists of biological
remains with calcium carbonate (CaCO;).
It can form stalactites, caves and
sinkholes depending on corrosion.
Groundwater resources in limestone areas
are very useful

| e—

D sik hole

And zone
and oasis

Groundwater in oases is very precious.
There is no surface water because
precipitation is returned to the atmosphere
as a result of evapotranspiration

river channel). The deposition is spread over a wide area, often in a fan shape, and is
called an alluvial fan.

A sedimentary basin is formed of gravel, sand, and clay deposition after a base-
ment upheaval. It is characterized by thick layers covering a large area. A terrace
consists of a stair-shaped surface and scarp situated in the center and sides of a sed-
imentary basin, as shown in Table 7.2. Strata at the foot of a volcano are composed
of lava and volcanic debris, which are permeable and often form major aquifers.
Springs are found near the foot of volcanic mountains (e.g., Mt. Fuji).

Most calcium carbonate aquifers consist of limestone and dolomite. Carbonate
rocks are composed of calcium and magnesium carbonates in varying proportions
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often mixed with clay and siliceous components. Oases are fertile spots in a desert
where the groundwater table is exposed at the surface in a lowland area. It is an
important water resource in arid regions.

7.2.3 Negative Impacts on Groundwater Aquifers

Reckless and excessive groundwater utilization brings undesirable impacts on the
groundwater environment by affecting the hydrologic balance between groundwater
extraction and natural recharge. Skills for managing groundwater resources and envi-
ronments stress the avoidance of negative impacts on the groundwater environment.
Some typical undesirable impacts on the groundwater environment are outlined in
Table 7.3, and discussed briefly in this section.

Well drying is a phenomenon in which groundwater pumping must be discontin-
ued because of the decline in groundwater level. The occurrence of this phenomenon
is related to the pumping discharge rate.

Soft clay layers settle following groundwater level decline as a result of exces-
sive pumping and this is known as land subsidence. Excessive pumping increases
the effective stress in the soil particles resulting to its settlement and compaction.
Land subsidence mostly occurs in alluvial lowland areas that have underlying inter-
calated soft clay beds. Sometimes, groundwater extraction poses serious subsidence
problems in the exploitation of dissolved natural gas.

Oxygen deficient air in the unsaturated zone sometimes causes catastrophic ac-
cidents in below-ground excavation work. The withdrawal of groundwater results in
higher oxygen consumption in the pore spaces of gravel layers and the movement of
oxygen-deficient air after pressure changes are the causes of this problem.

Groundwater salinization problems are mostly observed in coastal plains. Sea-
water gradually intrudes into coastal aquifers when the balance between seawater and
freshwater pressure is upset by excessive groundwater pumping. Once the intrusion
takes place, it is not easy to remedy the problem completely, even after the aquifer
water level recovers.

Rapid rises in groundwater level caused by recharge or other factors, also pose
problems. Most problems will affect various underground facilities; however high
groundwater levels are directly linked with the liquefaction phenomenon. The dan-
ger increases with increasing groundwater levels in conjunction with the shock of
earthquakes. Therefore, it is very important to maintain groundwater at optimum
levels.

Toxic substances used in industry, agriculture and other human activities spread
in the saturated/unsaturated subsurface environment resulting in groundwater pol-
lution. The pollution may prevent groundwater use as a result of declining water
quality.

7.3 Trends in Groundwater Resource Use

The total amount of freshwater used in Japan was 87.0km> in 2000. The total vol-
ume of groundwater resources used in 2000 was 12.9km>, of which industry used
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Table 7.3. Undesirable impacts on the groundwater environment

Impacts Explanations Conceptual illustrations
| .pumping well
Groundwater | Pumping wells run dry or can not
withdrawal | operate because of low water levels
Land subsidence is due to "ﬁsi“‘_" P‘I’"-'
Land_ consolidation of clay layers and o m cay _____
subsidence compaction of substrata by lowering groundwiote hea
groundwater head .
Oxidation of organic materials and the oxygen 1
| Oxygen iron with simultancous groundwater head = m@sm
deficient air | lowering results in oxygen deficit air in the ® )
in the unsaturated zone. There is a risk of workers oxygen-deficient air
unsaturated d_cath duc.to su!‘focatipn if oxygen deficient groundwater withdrawal
zone air flows into excavation sites Sard bk
Seawater intrusion is common in
coastal aquifers due to density
Secawater differences between fresh and secawater
intrusion (P> pr. where p,, p;= densities
of secawater and freshwater, respectively).
Pumping wells near coasts cause seawater
intrusion
Unexpected groundwater rise brings P bc::::d;?:m rIER
Unexpected | instability in underground spaces and space facilit " i cundwatic fable
Em““d“‘ﬂ‘_c' structures, which may result in ground Jlcaking water IS
recovery/rise | liquefaction if an earthquake occurs 1» <« || groundwater rise
ldeting WaLer prissure
) surface reservoir
. agrochemicals pumping well
\Groundwater | Groundwater pollution poses a threat lllllill "
pollution to groundwater resource e
soil pollution

subsurface reservoir

groundwater pollution
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3.97 km® (31%), agriculture and fish farming used 4.63 km? (36 %), and towns and cities
used 4.31km?> (33%) (Ministry of Land, Infrastructure and Transport, Japan, 2003).
The percentage of groundwater used in the total water use of 87.0 km® was 15%.

760km?

/ (Estimated total groundwater use volume) \

Japan, Central America & South America

. . North
Asia & Oceania Europe 2 Atnarics

: | ; : Middle East & Africa .
0% 20% 40% 60% 80% 100%

Fig. 7.2. World groundwater use in the world (UNDP, 2001)

The amount of freshwater used around the world was approximately 3500 km®
in 1990 (UNDP, 2001). Of this amount, 760 km>, about 20%, was groundwater. The
amount of groundwater used in Asia and Oceania (excluding Japan) was just un-
der 400 km?, around 50% of the total groundwater used (Fig. 7.2). The amount of
groundwater used in North America was over 100 km?, or less than 20% of the total.
The total sum of groundwater used in Europe, Middle East and Africa was around
100 km?, or more than 10% each. The amount of groundwater used in Central Amer-
ica and South America, was estimated at about 50 km3, or about 5% or more.

7.4 Groundwater Management Policies and Planning

Groundwater originates as precipitation as part of the hydrologic cycle. All peoples
have been closely related to groundwater in daily life and productivity regardless
of their natural and social situations. Traditionally, groundwater has been used as
a water resource, but since the mid-1900s, groundwater decline, land subsidence,
and salinization of groundwater in coastal areas due to excessive groundwater use
have posed a social problem with advances in drilling and pumping technology. The
problems occurred as a result of a rapid increase of water resource utilization in de-
veloped countries. Today, the same problems are evident in developing countries. In
the late 1990s, soil and groundwater pollution became a serious problem in devel-
oped countries as a result of industrialization. Groundwater pollution has emerged
as a new area of concern and by the end of the 1990s, disturbance of the ground-
water environment caused by urbanization and industrialization has been reported
throughout the world.

It is necessary to manage both quantity and quality in facing the present prob-
lems and in ensuring the sustainable utilization of groundwater (Friedman et al.,
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1984; Schaible et al., 1999). There is a pressing need for integrated management
policies for groundwater basin scaling (from hydraulic basins to regional basins and
hydrologic basins) and there is an urgent need to frame management guidelines in
three areas: water resources, water quality, and the groundwater environment.

Various problems related to groundwater resources or pollution occurred in the
19th century, and many are still unsolved. Our action plan to achive an integrated
management policy for groundwater will be carried out in the following three steps:
(1) Research and planning, (2) practice and management, and (3) monitoring and
maintenance.

These steps need to be applied to the following three subjects: (1) Groundwater
resources, (2) groundwater quality, and (3) conservation of the groundwater environ-
ment.

The focus of groundwater resources is recharge and storage and determination
of the allowable pumping volume in accordance with the scale of the basin. The
allowable pumping volume can be set for each area under criteria of groundwater
levels.

Preserving groundwater quality in keeping with the water quality standards requires
sound policies for groundwater conservation. Conservation of the groundwater en-
vironment is urged to avoid groundwater deterioration such as the disappearance of
springs or spouted ponds as a result of urbanization and construction.

7.4.1 Groundwater Management Policies

Optimal groundwater management is essential for sustainable extraction and to min-
imize related socioenvironmental problems such as land subsidence, groundwater
pollution, and drought. The concept of groundwater management is discussed in the
following section.

Many groundwater management-related problems are solved using numerical
models under managing constraints. Decision variables and constraints have to be
defined in this technique. The quantity of water to be developed and the required
water and its head have been dealt with under imposed constraints (Wanakule et al.,
1986; Magnouni & Treichel, 1994). Then, the optimum groundwater pumping rate,
recharge rate, and distributions in the basin have been estimated by solving ground-
water flow equations numerically (Bear, 1979). Financial aspects and risk can also
be examined by management constraints (Karatzas & Pinder, 1996; Schaible, 1999).
Impacts of contaminated water recharge and dispersion into an aquifer can be esti-
mated using the finite-element method. Then, optimal recharge/exploitation rates and
schedules can be decided based on the groundwater quality response (Willis, 1979;
Reed et al., 2000).

Human activities can have negative impacts on the groundwater environment,
which may ultimately result in serious consequences to us, and bring about eco-
logical imbalances. Groundwater resource management is a tool to minimize and
prevent groundwater-related problems. The most efficient and economical manage-
ment plan is called “the best policy” (see Fig. 7.3a). The managing criteria and con-
straints, as well as the goal period, are some of the factors that must be duly con-
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sidered in deciding the best policy. Management decides the factors to be controlled,
e.g., installation capacities and pumping rates. Water quality in aquifers, streams,
lakes, and their surroundings are controlled to protect the groundwater environment.
These are called the decision variables in groundwater management.

[Sc]cct policy &
alternative policy,

The best policy

Decision variables
(objective function) Long term
Ldr-bt Haee ‘ (" Pumping volume/rate, water — &
regional scale pIng ate, Shoit te
quality standards, installation
\_ capacity, and so on

/Maximum/minimum head,
groundwater balance,
water quality standards,
permissible land subsidence,
\ind 50 on

Natural conditions
[Manngcmcnl engineering depending
on tradition & development

3

Investigation methods, possible environmental problems,
management methods, management criteria

{

Local area Regional area Hydrologic area
1 1 r—1 Basin area (km?)
—{10°'} 110% 10°

Basin area

El

Pumping amount

Pumping volume Small-scale or Groundwater resource (10°m? / day)

local pumpage

®Legal systems
@ Data transmission system

Fig. 7.3 a, b. Concept of groundwater management policy. a process of groundwater manage-
ment, b scaling of groundwater management

Limitation constraints have a direct influence on deciding the best policy, and
these determine the optimum levels of the variables to be decided. Laws regulate
maximum/minimum groundwater heads, spring discharges, tolerable land subsidence,
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and water quality standards as limitation constraints. The policy of groundwater man-
agement is dependent upon whether the planning period is longterm or shortterm.
Similarly, it relates to the expansion of basins based on hydrological conditions as
shown in Fig. 7.3b.

Subject Items Numeration of
groundwater use

>, | Hydrogeology Geographical and Quantitative study in optimal
=] . -
2 geological data analyses groundwater pumping, change
Z .
5 Hydraulic parameters 11 glr'ound\(;-.lltu_ head apd water
] salitics &f - quality and their negative impacts
= | Realities of groundwater o R i a
S Present conditions of 51 esential in making
5 groundwater resource groundwater use plans
=3 . ..
o l Hydrological conditions
The investigation has three steps:

=]
=] % .
= * Hydraulic modeling on
.2 | Social conditions of Meteorological data and geology and groundwater
$ | groundwater utilization  groundwater observation « Model, parameter identification
5 data and application

l « Expected results of the study

Constraints on optimal  Proposal for feasibility
o I it groundwater resource use  and technical assessment
= ;nam' ; 'm‘-;t i (e.g. critical groundwater  jp groundwater resource
& | management p level, counter plan against planning
drought)

Fig. 7.4. Groundwater investigation and planning processes

Three different scales for groundwater basins are considered: local basins with
a size of several hundred meters, regional basins with a size of tens of kilometers, and
hydrological basins that stretch over several hundreds of kilometers. The allowable
pumping volumes in these basins are estimated at several thousand cubic meters
per day, more than a hundred thousand cubic meters per day, and millions of cubic
meters per day, respectively. Management engineering, i.e., management methods
and criteria, and legal systems will depend on tradition, developmental goals, and
hydrogeological view point.

(a) Groundwater Investigation and the Planning Process

The actual groundwater state in a basin is related to geographic, geologic, weather,
and land-use conditions of the area. Therefore, groundwater development plans should
be made for individual basins. The quantity of water to be drawn and local hydro-
geologic conditions must be known beforehand. A groundwater development plan
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mainly consists of three stages: surveying, prediction and feasibility study, as shown
in Fig. 7.4. The estimation of field characteristics, the collection of observed ground-
water head data, and the setting of conditions for optimal groundwater use are carried
out in sequence.

(b) Optimization in Groundwater Management

Research on the prevailing conditions, the management approach, and planning pro-
ceeds from assessing whether the present groundwater use is optimal or not in quan-
tity and quality. Focusing policy on future prospects is indispensable in making the
groundwater management plan. Some typical groundwater optimization techniques
are briefly discussed here.

A mathematical optimization approach gives the optimal pumping volume and
its distribution over a basin. Environmental conservation and political and financial
aspects have to be duly considered in the process. In this approach, optimization
is carried out using governing equations with mass conservation and Darcy’s law
under given conditions to maximize/minimize an objective function. A simulation
management model coupled with linear programming consists of (a) aquifer and
groundwater flow models, (b) constraints, (c) the objective function, and (d) bound-
ary conditions.

Hydraulic models of multiple-well systems, cell models, and numerical simula-
tion models are adopted to optimize well theory and regional allocation of pumping
volume. Numerical simulation is employed to estimate groundwater flow. Optimiza-
tion based on these models has to satisfy imposed conditions such as critical head
and allowable pumping volume.

A typical mathematical formulation for groundwater flow is as follows:

o ( oh\ 0 Oh\ 0/ Oh oh
a(kxb;)-i- 5(kya—y)+a—z(kz5'z')—ssgt-+w 71.1)

where h = hydraulic head, k,, k,, k, = permeability in the x-, y-, and z-directions,
respectively; S = specific storage; r = time; and W = summation of pumping,
recharge, and leakage in unit time and area. Equation 7.1 reduces to a set of simul-
taneous equation with n unknowns (from finite-difference/finite element analysis) at
the steady state (3/0t = 0).

(c) Linear Programming

Linear programming is used for solving an optimal allocation problem of limited
resources. The optimizing principle is to minimize (or maximize) an objective func-
tion (z), which is obtained by summing decision variables (x;) with weighting con-
stants ¢y, ¢z, c3, . . ., Cy in a set of equations. The objective function (z) can be written
as follows (Bear, 1979):
minimize
Z=Cixt+Cxp+c3xz + -+ Cpxy or (72)
maximize
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The constraint equations are:

agxi +apxy + -+ aix, b;, i=1,2,....m

IA LIV

(1.3)
x;20, j=12,...,r (nonnegative condition)

where a;;, b; and ¢; are constants whose values are known. The simplex method is
often employed to solve linear programming problems.

The management constraints are distinguished from initial and boundary condi-
tions in groundwater motion. Some typical constraints, for example, are:

Qirtmin) < Oir < Qirmaxys  Fir(min) < Gir < Gir(max) 74
Qt=Q1t+Q2t+Q3t+"'+QNt=ZQit

(7.5)
= A1q1 + A2q2; + A3q3; + - + ANgne = ZAi‘Iit

where Qj, g > 0, Q; = total pumping/recharge rate at time (¢), Q; = pump-
ing rate in the ith sub-basin at time (f), A; = area of ith sub-basin, g; = pump-
ing/recharge rate in unit area in time (), and the subscripts min/max are for specified
minimum/maximum values. The constraints show that total pumping rate (Q,) at
time (¢) is obtained by summing pumping rates (Q;,) in all the sub-basins with the
Qirtmin) < Qir < Qirmax) condition.

Furthermore, the following condition has to be satisfied to introduce additional
constraints with respect to hydraulic head in sub-basin (i):

hegiry < hir < iggmax) (7.6)

where h;) = specified critical hydraulic head.

The constraints of Eq. 7.5 and the objective function will be the same if the
pumping rate (Q;) in the former is replaced by pumping cost (C; = a;Q;;, where
a;; = conversion rate of pumping cost corresponding to pumping rate). The objective
function can be written as:

Ci = a1,Q1: + ax Qo + a3,03; + - - + ay,Qn; — min. (A

Thus, the total distributed optimal groundwater pumping rate in a basin can be
obtained by solving the governing flow equation and objective function under the
given constraints.

7.5 Groundwater Resource Management for Large Basins

Investigation results and observed data are very important in choosing pertinent tech-
niques, such as numerical analysis, in addition to imposing evaluation criteria. An
example of the fluctuation patterns in hydraulic head and land subsidence as shown
in Fig. 7.5a is presented here.
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Annual changes in pumping rate have an impact on groundwater head over long
periods, and short-term changes give seasonal variations because of recharge and
pumping. Both long- and short-term changes in groundwater head, pumping rate,
and recharge are responsible for well drying and land subsidence/rebounding.

a b
% short term change in groundwater basin
= 4 scasonal change ; £
2 | in hydraulic head  hydraulic head
2| A £ . aa ¢ long term change in
z 7 T/ hydraulic head
= : ?
- -
- : g h,
7 : : ” O0< 0, h>h,
Sa : i : number of sub-basins
3 i land subsidence due to short /1, : critical head
g H * term and ]Ong term (_‘Imngcg ;?I[J{IL.._‘S h,): representative groundwatcr
2 N\_AJ"-'X‘ depth in the i th sub-basin
H one year _: % :
T ‘e Years: 2 0, : critical pumping volume
—  winter winter t

Fig. 7.5. Typical field data (a) and optimal groundwater resource allotment (b)

Long-term changes in groundwater head reveal the trend in land subsidence year
by year. However, short-term changes, especially during drought, result in severe
land subsidence even if the annual groundwater head is maintained at the average
level. Therefore, control of groundwater head fluctuation within tolerable limits in
both the long and short-term is the best preventive measure against land subsidence.

Techniques based on practical experience, statistical analysis, numerical simu-
lation, or combinations there are very useful in maintaining groundwater head fluc-
tuations within tolerable limits. These techniques can be applied to the allotment
of optimal pumping rates in a target basin. The target basin is divided into small
sub-basins and a critical head (k) is set for each. Fig. 7.5b shows an illustration of
optimal pumping distribution in a basin.

Warning and critical heads are set to limit regional water demand so as to mini-
mize seasonal and annual land subsidence. An online system of head and land subsi-
dence monitoring using telemeters is an effective technique in groundwater manage-
ment as shown in Fig. 7.6 (Sato, 2000). The telemeter system records data collected
by groundwater head and land subsidence measuring methods, data is processed by
personal computer, and information is transmitted to facilitate groundwater extrac-
tion regulation.

Many numerical simulation codes for planning and managing groundwater
resource have been proposed with the popularization of personal computers. For
example, MODFLOW (McDonald and Harbaugh, 1988; Harbaugh and McDonald,
1996a and 1996b) was developed in USA. PMPATH (Chiang and Kinzelbach, 1994
and 1998), MT3D (Zheng, 1996) for contaminant transport and PEST (Doherty et al.,
1994) for parameter optimization based on MODFLOW were developed. These
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codes have been used for solving problems of groundwater management from the
end of the 1990s in Japan.

7.6 Monitoring

Monitoring groundwater data, such as head levels, land subsidence, and water qual-
ity, is very important in realizing sustainable groundwater management. A large num-
ber of observation wells (more than 1000) have been drilled in Japan for monitoring,
as shown in Fig. 7.8. Many observation wells are located in those regions where
groundwater-related problems such as land subsidence, and seawater intrusion have
had serious impacts.

W - ¢
Number of observation wells . &
A 1-10 1 (s
QO 10 - 20 SR s QT
© 20 - 50 L i
@ 50 - 200 e R

..#— Okinawa

Fig. 7.8. Distribution of observation wells in Japan to monitor hydraulic head and land subsi-
dence (The Ministry of the Environment, Japan 2001)
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Exercises

[Ex. 7.1]

Figure E7.1 shows some observed time series in groundwater head throughout the
year at three different sites. Discuss the characteristics of these data and the possibil-
ity of land subsidence.

[

£

8

<

Z | type(d)

5

e
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Lttt b1l wmMonth
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winter summer

Fig. E7.1 Changes in groundwater head (or table) throughout the year

[Ex. 7.2]

The groundwater discharge rate, water head and land subsidence at a pumping sta-
tion site for the last one-decade are shown in Fig. E7.2 and Table E7.1. Answer the
following questions based on the information given in the figure and table.

1. Present a correlation between minimum groundwater head and land subsidence
in graphical form. Also, estimate the minimum groundwater head for zero land
subsidence.

2. Show a graphical correlation between discharge and land subsidence and deter-
mine the discharge rate when land subsidence is zero.

3. Show a graphical correlation between discharge and minimum groundwater head.
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Answers

Chapter 1

[Ans. 1.1]
The hydrologic balance is realized in:

(1-A)x%x(0.15-0.1)+h(0.4-0.1)=0.04 x 2
h=0.12m

[Ans. 1.2]
The continuity equation for the tank model is given by:

Qdt = —n.Adh (A1.2.1)

where A = tank cross-section, A(f) = water level, 0 = discharge, n. = effective
porosity.
Assuming that the discharge Q is proportional to A:

Q = Ah, A= constant (A1.2.2)
Combining Eqs. A1.2.1 and A1.2.2, we get the following:

Ahdt = —n,Adh or - (n.A/A)dh/h = dt
—(n,Aj/)logh=t+C

Assuming h = ho, Q = Qo (Qo > Q) for ¢ = 1, the following equation is obtained:

— (neA/A)loghg = to + C
t—1to = (neA/A)log(ho/h) = (n.A/A)10g(Qo/Q)
O(t) = Qe weal=™ (A1.2.3)

Equation A1.2.3 shows the basis of the hydrograph (the relationship between dis-
charge and time).
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Chapter 2

[Ans. 2.1]
Bernoulli’s theorem can be extended for seepage flow as shown here. The equation
of motion is expressed as follows (see Fig. A2.1):

op 0z Oh,
{p - (p + Bgds)}A —pdsAg-& —pdsAgE
dp 9z Oh;
=--£ - = - — A2.1.1
s dsA pdsAgas pdsAg s ( )

where p = pressure, ds = infinitesimal length of a stream tube, A = sectional area of
stream tube, p = density of fluid, g = acceleration due to gravity, z = elevation, h; =
frictional head loss.

P
sectional area solid particle

of stream tube (A) L

—_———— datum

Fig. A2.1 Fluid flow in saturated porous media

Acceleration a; is derived from the total differential of velocity ¢’ (s, ) as follows:

. Ag 09 dq
= s SR Rk 1.
o= im =4 %t (A2.12)

Therefore, the equation of motion is written as:

pdsAas = —-(?2 dsA —pdsAgQ —pdsAg%
0s ds ds
1d¢ 0 (q? 1dp 0z Ok
——t— =]+t =+ == A2.1.
g6t+6s(2g +pg6s+6s+6s 0 (A42.1.3)

As the flow velocity is very small (g’%/2g — 0), then for steady flow:
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4 (£ +z) = (l’l + zl) - (ﬂ + zZ) = Ak, (A2.1.4)
ds\pg ds \pg 74
[Ans. 2.2]
If udx + vdy = 0 is an exact differential equation, then
udx+vdy = awdx+ %//d (u= g—‘i, V= Zﬁ)

ou _ &y _ Py v
dy  ydx  Oxdy  ox

(A2.2.1)

Equation A2.2.1 is the necessary condition.
Meanwhile, if du/dy = dv/dx and the integral of u in y = constant, then, let
F= f udx [where F(x,y) is an arbitrary function].

ok, FE_au_a
ax  Oydx dy dx

Therefore,

d |OF oF
= _yl=z0 =—-v= - _
6x[6y v] C oy VT f®), v=0F/dy- f(y)

udx+vdy = Z—I;dx+ [2—5 —f(y)]dy

=dF - fy)dy=d [F - f f(y)dy] (A2.2.2)

Equation A2.2.2 is the sufficient condition for udx + vdy = 0 to be an exact differ-
ential equation.

[Ans. 2.3]
Differentials of ¢(x, y) = constant and ¢(x, y) = constant with respect to x are:
0 0¢(dy oy oy oy
= —+—=—(=] =0 3.
ax " oy (ax =0 ooy lax), (23D

while the Cauchy Riemann equation is given as:

op _oy 0 _ 0y
ox 8y’ 8y  dx
dwow_ovow 0oy __owow

dxdx Oy dx’ dydy  Ox dy (A23.2)

Then,
6¢ (9:// L9 6¢ 61//

5 9x Byay =0 (A2.3.3)
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Substituting Eq. A2.3.1 into Eq. A2.3.3, we get the following:

d¢ dy |(8y\ [0y a
m[(a) (a)ﬁl]“’

dy ay\ _
(E) (ax) =-1 (A2.3.4)

Equation A2.3.4 shows that the directional cosine of ¢(x, y) = constant and y(x, y) =
constant cross each other at right angles.

[Ans. 2.4]

The static forces acting on a dam shown in Fig. E2.1 are: total water pressure (P),
weight of the dam (W), and uplift (F). The stability of the dam should be examined
as follows:

1. Resistance to sliding force: F, > P

2. W>F,

3. M= Wx, - (Pyl + Fyxz), M>0

4. Anti-sand boiling measures at the tail of the dam (for example, a filter layer)

The water pressure distribution (p,) to the dam bottom and uplift force (F,) are
expressed as follows:

H H
B _ hy + = cos™! (f) ~ — cos™! (f)
Jo4 m L T L
Fy L .
— = pudx = HL, p, = uplifting water pressure
Pg -L
where y; = hy/3 ~ H/3, xp ~ 2L/3, x; ~ 2L/3.
[Ans. 2.5]

From the principle of linear superposition, velocity potential ¢(x, y) at an arbitrary
point P(x,y) is given as:

¢ =kh= Z log—+constant r=x-xR+o-yP  (A25D)

where k = permeability, ~# = head, and b = thickness of confined aquifer.
In the vicinity of the jth well:

o;=khj= & log 4 constant (A2.5.2)

4 27

n
where 3. = summation of i = 1,2,3,...,n (except i = j).
i=1
Assuming the head at R (> r) to be H, we obtain the following:

R
$rk = kH = Z  10g - + constant (A2.5.3)
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From Eqs. A2.5.2 and A2.5.3, we get the following:
N0 RO QT
-h)=) —log—- ) —log— 5.
k(H - h;) 2205 0% ; 2508 (A2.5.4)
Equation A2.5.4 can be written as follows for n = 2:
27Tbk(H - hl) =0 log 5 + Q2 log £
n r21
2abk(H — hy) = Q) log 5— + 0O log -IS
2 r

Q) and O, are determined by solving the simultaneous equations.
[Ans. 2.6]
1. Piezometric head (hg) at point B:

(hy — hp) (hg — h2)

Q1 = bikj——=sinb, Q2 =byky h2

n sin 6,

where Q) and Q, are discharges between fault AB and BC, respectively.
From the continuity relationship (Q = 0; = O»):

e = hl(l +f) _ b2k2 sin02
B _( hl)’ = biky sin6,
1+ f—
hy

2. The conditions for the spring to persisting are as follows:
0>0, h>h, Q=Nb
where N = natural recharge rate per unit area and time.
Chapter 3

[Ans. 3.1]

Saltwater concentration C(x, y) is measured using an electric conductivity meter, as
shown in Fig. A3.1. The measured relative concentration values (C/Cyp, where Cy is
initial concentration) are plotted at x = x; in the figure. The dispersion equation at
the steady state is written as follows:

u’%—? = DT?,:TS (A3.1.1)
The boundary conditions are:
C0,y)=Co, =—-o00<y<0
C0,y)=0, O<y<+o0 (A3.12)

%x_
3y

0, y = o0
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Solution of the above equation is given by:

c 1

y
— = —erfc| ————
C 2 (2 VDTx/u’)
where erfc X = 1 — erf X, erf X = error function, Dy = coefficient of transverse
dispersion, u’ = real pore velocity in the x-direction. Dy is identified from the best
fit solution curve with measured C/C, values.

(A3.1.3)

e measured

relative concentration at x = x; sl
— e

by Eq. A3.1.3
1.0

0.5

saltwater
(G) o cI?cltric
reshwater conductivity meters

$hcad loss Ah

screen 9 |y discharge Q

cross-sectional area (A)

L R
et ol el

Fig. A3.1 Experimental determination of transverse dispersion coefficient

[Ans. 3.2]
Gas and liquid molecules have continuous random movement (Fig. A3.2). The veloc-
ity of the molecules increases with rises in temperature (T') or pressure (p).

When some solute molecules are injected into a groundwater flow field, solute
molecules gradually scatter as a result of collisions with water molecules. This phe-
nomenon is called molecular diffusion, which occurs both in gas and water. Einstein’s
diffusion equation is expressed as:

ac o’c
where C = concentration and Dy = coefficient of molecular diffusion.

[Ans. 3.3]
The coefficient of longitudinal dispersion (Dy ) is proportional to the product of grain
size (dn) and pore velocity (¥') in a homogeneous aquifer (D o« dpq’) for ¢’ =~ u'.
Similarly, Dt o« dp,V'.

The dispersion phenomenon in a homogeneous aquifer is called mechanical dis-
persion to distinguish it from molecular diffusion (refer to Ex. 3.2). However, an
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water molecule velocity m

* O<: /O \ orv‘vater

molecule

Cﬁ:

(0] solute
molecule

Fig. A3.2 Mechanism of solute diffusion

inhomogeneous aquifer consists of several layers with different grain diameter; there-
fore, pore velocity (¢’) and dispersion coefficients (D, and D) vary in each layer.
This is the reason why microscopic and macroscopic dispersions should be dis-
tinguished. This relates to the expression of representative velocity (¢° or Darcy
velocity g). For a homogeneous aquifer: n.qg’ = ¢, where n. = effective poros-
ity. Since the porosity varies in composed layers of an inhomogeneous aquifer, it
is rational to express each representative velocity in terms of the real pore velocity.
[Ans. 3.4]
The basic equation is:

oc oC o*C
— +u'— =D— A3.4.
o T ax =P (B341)
Initial and boundary conditions are as follows:
C(x,0=0 (A3.4.2)
CO,n=f® (A3.4.3)
C(o0,5)=0 (A344)
The variable transformation is considered by:
C(x,t) = I'(x,1) - explax + bt] (A3.4.5)
Substituting Eq. A3.4.5 into Eq. A3.4.1:
or ar &
— ' — 2aD)— / - a? =D—. 4.
£ + (u a )(9x +(au’ + b—a*D)(x,1) D8x2 (A3.4.6)

In Eq. A3.4.6, the values of constants a and b are obtained by solving equations:
W ~2aD =0and aw’ +b—a’D = 0:

’ u/2

u
a=-5 and b= ) (A3.4.7)

Then Eq. A3.4.5 is transformed to:
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’ 2
Clx, 1) =T(x1) - exp(;—Df - ‘;—D’) (A3.4.8)

Thus, the following equation holds from Eqgs. A3.4.1 and A3.4.8

or _ T
o~ ox?
Now, substituting Eq. A3.4.2 into Eq. A3.4.8:

(A3.4.9)

I'(x,0)- exp[gbx-] 0

Then, it requires initial condition:
I'x,00=0 (A3.4.10)
Substituting Eq. A3.4.2 into Eq. A3.4.8:

12t

I(0,1) - exp [—Z—D] = £

2
ro,n = £)- exp[%—D—t] (A3.4.11)

Similarly, substituting Eq. A3.4.4 into Eq. A3.4.8:
I'(c0,t) =0 (A3.4.12)

As aresult, Eqs. A3.4.1-A3.4.4 are transformed into Eqs. A3.4.9-A3.4.12.

Let us derive a required solution of Eq. A3.4.9 by superposing linearly an ele-
mentary solution (a response function) satisfying a unit step function 7'¢(0,¢) = 1 on
given boundary condition I'(0, ) = f(¢) exp[u’?t/4D] (Duhamel theorem).

Initial condition: Ip(x,0)=0 (A3.4.13)
Boundary conditions: Iy(0,n) =1 (A34.14)
To(c0,t) =0 (A3.4.15)

where the subscript 0 denotes initial and boundary conditions for a unit step function.
Laplace transformation of Eq. A3.4.9 is given by:

L[] = fw To(x, e ' dt = Y(x, 5)
0

or
L[_GTO] = sL[I'o] = T'o(x,0) = s¥(x, 5) - I'o(x, 0) = s¥(x, 5)
Now, using the following equation:
8* Iy ary
clpGe|-
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Laplace transformation of Eqs. A3.4.9, A3.4.14, and A3.4.15 are:

a2y
D— —sY = 4.
il 0 (A3.4.16)
Y(,s) = f (0, e dt = fm 1-edr=1/s (A3.4.17)
0 0
Y(oo, s) = f To(00, e dt = f 0-¢%dt=0 (A3.4.18)
0 0

The general solution of Eq. A3.4.16 is as follows:
Y(x,s) = ci(s)e™ ¥ + co(s)e?* (A3.4.19)

where g = /s/D.
From Eq. A3.4.18, c;(s) = 0, and ¢;(s) = 1/s from Eq. A3.4.17.

Y(x,5) = (1/s)e™®* (A3.4.20)

Now, using the equation, L7![¥(x,s)] = L'[(1/s)e” V/P*], the inverse Laplace
transformation of Eq. A3.4.20 is given by:
2 00
To(x, ) = 1 - erf(x/2VDr) = erfe(x/2VDt ) = —— eTdn  (A3.4.21)
VI Jx2v

Equation A3.4.21 is regarded as a response function to a unit step input in time.
Thus, required solution of Eq. A3.4.9 under Eqs. A3.4.10, A3.4.11 and A3.4.12
is written by Duhamel theorem as:

r©,0 = gt) = f(1) - % (A34.22)

t —
I(x, ) = f g(r)%(’;—’,’i)df
0

g 2 [0 x
_fof(f)'e '[5 {1 _erf(zx/D(t—r))}]dT

d W2 5 2 2
= (t)- e . [— jm — e Td ]dT (A3.4.23
£ 4 ot Jipypas Vr 7 )

Now, using the following equation:

d foo 2 ~ X ( )

- —-eldp= — -exp| -———

3t Jypvoem N2 © T aNaDu—pr P\ 4D —1)
Eq. A3.4.23 can be written as follows:

INaDG -2 " P\D T aD(-1)

Introducing a new parameter A = x/2VD( - 1),

rar) = fo F@)- )dT (A3.4.24)
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x 4vD

- m, dr = T(t T)B/zd/l.

Then, Eq. A3.4.24 can be written as:

2 x2 ’2 x2 /12
== 2 _\l.e*da
I'(x,t) ﬁ x/2«/5rf(t 4D/12) ex p[ ( 4D/12)] e*d
= = exp| Xt - Voexpl-{a2 + 22 \aa
WA (4D)£Z@7f (’ 4D/12) exp [ (’l * 16D2/12)]

Leta=u'x/4D and 8 = x/2VDt, then:

Fon) = - exp (2 fmf 2 Y exp| -2+ —2 di (A3.4.25)
D= mP\ap) g apaz) P~ *
Substituting Eq. A3.4.25 into Eq. A3.4.8, we have the following:

2 uw'x x2 , a?
C(x,t) = V_—exp( )ff(t—m)exp[ (/l +——)}d/l (A3.4.26)

Equation A3.4.26 is the solution of the basic Eq. A3.4.1 (after N. Hirano, 1977).

[Ans. 3.5]
Substituting x = 10H and = 0.02H in Eq. 3.60, we get:

T=t

g/k = {H(1 + 1/£)}/50 000

The shape of the interface between freshwater and saltwater is calculated using
Egs. 3.61 and 3.68 as shown below in Table A3.1.

Table A3.1 Freshwater saltwater interface

(x/H) 0 2 4 6 8 10
Eq.3.61] 0 [0.362{0.512(0.627|0.724|0.810
Eq. 3.68(0.023]0.363|0.513]0.628/0.725]0.810

(h/H)

Chapter 4

[Ans. 4.1]
Figure A4.1 shows a liquid water island between two solid particles in unsaturated
medium. Water molecules evaporate from the boundary surface until the vapor pres-
sure (py) becomes equal to the saturated vapor pressure (pyo)-

Static balance between pressure difference (p— py) and surface tension o becomes:
(p — pv) = 20/r, where p = water pressure, o = surface tension, and r = curvature
radius. Now, using the gas law (pyvyy = RT) at temperature 7', the energy balance
is:
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curvature radius r

Fig. A4.1 Relationship between water pressure and surface tension

Q20 /Py = f v dp = RT 1og(py/ p0) (A4.11)

Pvo
where vy = molar volume of vapor, R = gas constant, vy, = molar volume of
liquid water. Lord Kelvin (1824~1907) derived Eq. A4.1.1. Then, putting (p,/pyo) =
(ov/pvo) and he = (pc/pg) = (p — py)/pg, p = liquid water density, Eq. A4.1.1 is
written by:
Py = pvoexp(h.g/RT) (A4.1.2)

where py, pyo = density of vapor at p, and p.o, respectively.

[Ans. 4.2]

Let us introduce saturated and unsaturated viscous fluid flows in capillary pipe mod-
els as shown in Fig. A4.2. Averaged velocity uy, for saturated viscous fluid flow is
given by Poiseuille’s law:

um = ki, k=a’pg/8u, i=—-(1/pg)dp/dx (A4.2.1)

where k: hydraulic conductivity, a: radius of pipe, p: fluid density, u: fluid viscosity,
D: pressure, g: acceleration of gravity, and i: hydraulic gradient.

On the other hand, averaged velocity u,, of unsaturated flow within circular
radius a and a; becomes (using unsaturated conductivity k,):

1-(ai/a)*] _ pg

og@an’ |~ 8 Ji0) (A4.2.2)

Uum = kyl, ky = %02 1+ (al/a)2 -
8u

1 dp

pg dx
f©® =2-0-6/log(1/V1-8), 6=1-(a1/a)?

In both hydraulic conductivities k and k, it has to be noted that temperature depen-
dency on fluid viscosity u is bigger than one of fluid density p in possible circum-

stance. Thus:
_, vTo) _, WTo) _ Ty
k= ko ok ky = kuo o U ulp and k, = ko= D fO (A4.2.3)

where ko, kyo: k and k, at reference temperature Ty respectively.
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(b) Saturated

T T
Modeling Uy

(UL Ir/ 5 i (b) Unsaturated

a,

——>x

S non-moving air
(fixed boundary)

My TITT

(a) Porous medium

Fig. A4.2 Saturated and Unsaturated Flows in Capillary Pipe Model

Chapter 5

[Ans. 5.1]
The maximum possible time step is calculated using Eq. 5.20 as:

PV Y ) R S U _l(L) ) {L+L
= 2%h Ax2 " (Ay2 S| 2\T.ox20 G52 (52

= (1/2)0.01 (25/2) ~ 0.06 day

[Ans. 5.2]
The interpolation functions at point a(—0.8, 0.5) are obtained by using Eq. 5.36, as
shown below.

Ni = (1/4)(1 +0.8)(1-0.5) =0.225, N; = (1/4)(1 - 0.8)(1 - 0.5) = 0.025
N3 = (1/4)(1 - 0.8)(1 +0.5) = 0.075, Nj = (1/4)(1 +0.8)(1 + 0.5) = 0.675.

Therefore,
4
ha= )" hNE = hiN§ + hoN§ + h3N§ + haN§
k=1
=1.5%x0.225+2x%x0.025+3x0.075 +2.6 X 0.675
=0.3375+0.05 + 0.225 + 1.755 = 2.3675m
[Ans. 5.3]
Referring to Egs. 5.33-5.35, two times of element area 2A, is:
121
20 =411|=(1-4)+2xB-4+(16-3)=8

341
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a=(01-4)/8=-3/8, b =(3-4)/8=-1/8, c;=(4x4-3x1)/8=13/8
ay=4-2)/8=2/8, by=(1-3)/8=-2/8, ¢;=(3%x2-1x4)/8=2/8
a3=(2-1)/8=1/8, b3 =(4-1)/8=3/8, c3=(1x1-4x2)/8=-7/8

Therefore, the interpolation functions are:

Ny =-3/8)x-(1/8)z + 13/8, Ny = (2/8)x - (2/8)z +2/8,
N3 =(1/8)x+(3/8)z-17/8

The coefficients in the simultaneous equations are calculated using Eq. 5.57 (k, =
k; = 1.0) as follows:

Amn = f N ON, + N ON, dR = (may, + bmby) f dR = (@may + bpby)A.
R | Ox Ox 0z 0z R

For example:
Az = [(=3/8)(2/8) + (-1/8)(-2/8)] x 8 = —(4/8) = Ay
Therefore, the simultaneous equations for r, = 0 are written as follows:
1/8{10h; — 4hy — 6h3} =0, 1/8{—4h; + 8hy — 4h3} =0,
1/8{—6h; —4hy + 10h3} =0

Note that these simultaneous equations are indeterminate since the boundary condi-
tions are unknown.

[Ans. 5.4]

The groundwater head in the element is given by Eq. 5.51:

3

Therefore,

3
Gx = ~k:(0h/3x) = —k; ) (ON,/0x)h,

n=1

=-1[(-3/8)2 + (2/8) 3 + (1/8) 1.5] = —(1.5/8) m/day

3
4 = ~ky(0h/32) = ~k, ) (ONy/62)h
n=1
=-0.5[(-1/8)2 + (-2/8) 3 + (3/8) 1.5] = (1.75/8) m/day

Note that for the squared element, as shown in Fig. E5.1, (ON,/3¢) # constant,
(ON,/8n) # constant, and their velocities are not constant but dependent on their
position.
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[Ans. 6.1]

In the Lugeon test, when the injected water rate Q/L = 5 I/min/Sm = 1.0 }/min/m,
then Lugeon value is 1 Lu. The permeability equivalent to it becomes:

k=[(23x9.81x833x107%)/(2x3.14 x5 x9.81 x 10%)]

Chapter 6

x log,,{100/(4.5 x 1072)}
=2.04x10"m/s = 2.04 x 103 cm/s

[Ans. 6.2]
1. Theis’ method:

1/t

1.0

0.0001 0.001 0.01 0.1
](]‘{] = . . —— -
FO=0.340m"/min
1
1
ol L |
1.0 o] no.1 MP Ny o} no.l
Eno.2
ImEEN i 1
_ — no. | no.2 N
= 0.1 | r=10m r=100m “\n‘ -
= TTE W) =50 Wu)=3.0 =
== 7.0x 10+ u=2.0 %102
|_s=1.0m §=6.0 x10''m [
0.01 1/t=3.0x10* 1/1=9.0 %107 \
T ET=0.0796x W)Qis T 0.0796 % W) Qs
E  _1353%10'm¥min 1353 % 10'm*/min
=S =4Tul(r /1) 5=4Tul(rt)
- ;
-3 % 104 1.203% 10~
|I'2f"1 1[1“11“ Ll L LELLL 1Ll

0.001

Fig. A6.1 Best fit of observed data using Theis’ method

The observed data are plotted in Fig. A6.1. The match point (MP) of no. 1 well is
found from the best fit curve [u ~ W(u)]. The values W(u) = 5.0, u = 7.0 x 1073,
s = 1.0m, 1/t = 3.0 x 103 are then determined. Thus, T and S are given by the

following calculation from Eq. 6.2:

T = (1/47)QW(w)/s = (0.0796 x 0.340 x 5.0)/1.0 = 1.353 x 10~! (m%/min),

and from Eq. 6.1,

S =4Tu/(r¥t) = (4 x 1.353 x 107! x 7.0 x 107%)/(10? x 3.0 x 107%)

=1263x107*
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Then, k = 1.35x 102 m/min, S = 1.26 x 10~3/m. In a similar way, MP of well no. 2
is found, and T = 1.353 x 10" m¥min, § = 1.203 x 10~*.
2. Jacob’s method (¢-s data)

¢ (min)
0 1 (f,=4min) 0 100 000 10000
9 ] ” §il I‘I Ml
by Q—0.34Dn'||'.-mm
0.5 (1, = 0.038 min) oo Al ,
7
\q‘"‘tﬂ\ A5 = 0.464m
1.0 o.1 2* T
E1s } ! -
& L III%H’T& AT 1]
" - LE"P:J_, 4 =0 4580
2.0f r,=10m r;=100m I
T=0.1830/As T=0.1830/As A

| =0.136m*min = 0.134m*min
§=225Ttfr2 §=225Tt/r}

= 1.162 X104 = 1.207 X104
3.0 L i Lo

25

Fig. A6.2 Best fit of observed data using Jacob’s method (z-s data)

The observed data are plotted as shown in Fig. A6.2. As = 0458 m and 7
0.038 min for no. 1 well. Then, from Eq. 6.3:

T = (0.1830)/As = (0.183 x 0.340)/0.458 = 0.136 m%min
Similarly, from Eq. 6.4:
S = (2.25Tty)/rk, = (225 x 0.136 x 0.038)/(10)* = 1.162 x 10~

Then, k = 1.36 X 1072 m/min, S = 1.16 x 10~3/m. By the same procedure for no. 2
well, T = 0.134 m¥min, S = 1.207 x 10~*,

3. Jacob’s method (r-s data)

The observed data at t = 100 min are plotted as shown in Fig. A6.3. Then, As
0.878 m and r;—; = 550 m. From Egq. 6.5:

T = (0.366Q)/As = (0.366 x 0.340)/0.878 = 1.42 x 10~! m*min
Similarly, from Eq. 6.6:
S = (2.25Tt)/rk, = (2.25 % 1.42 x 107! x 100)/(550)* = 1.06 x 107

and k = 1.42 x 10~2 m/min, S = 1.06 x 10~5/m.
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1 () 1000
10
00 T il
0.2 /' 7, = 550m]
0.4 /
0.6
]
508 Ve
1.0 0 =0.340m*/min mel
As =0.878m N t=100min
1.2 v T=0366X0/4 T
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Fig. A6.3 Best fit of observed data using Jacob’s method (r-s data)

Chapter 7

[Ans. 7.1]

Type (a): There will be often observed in an unconfined shallow aquifer, because
groundwater level synchronizes with natural recharge in rainy season. No land sub-
sidence will occur in such a case.

Type (b): Confined aquifers with much groundwater pumping in summer results in
a water head reduction. Land subsidence possibly appears.

Type (c): The trend in summer is similar to type (b); groundwater head depression in
winter is also observed. Land subsidence may be accelerated due to double depres-
sion.

[Ans. 7.2]

1. Land subsidence does not appear when the minimum groundwater head is about
2m, as shown in Fig. A7.1.

2. The land subsidence becomes zero when a discharge of 36 000 m?/year is real-
ized, as shown in Fig. A7.2.

3. As seen in Fig. A7.2, a linear relationship is found between pumping discharge
and minimum groundwater head.
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Fig. A7.1 Relationship between minimum groundwater head and land subsidence
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C

capillarity 3
capillary fringe 9
capillary head 25
capillary rise 3
capillary tube model
cation 152

cation exchange 152
Cauchy-Riemann 45
central-difference formula

116

118

characteristic-Galerkin method 139
chemical equivalent 154

closed system 105

coastal plain = 166

coefficient of heat transfer 101

coefficient of longitudinal dispersion
77

coefficient of microscopic dispersion
75

coefficient of resistance 20

coefficient of transverse dispersion 96

coefficient of viscosity 5

collision 188

column test 75

complex function 30



complex potential 45

complementary error function 78

condensation 105

condensation heat 105

confined aquifer 5, 146

confining stratum 30

conformal mapping 30, 45

consolidation 169

consolidation theory 31

constant head permeability test 22

constant pressure rock permeability test
22

contact 46

contact angle 3

convection 99

convection dispersion equation 77

convective hydraulic dispersion 73

converging radial flow 37

critical Reynolds number 20

cushion zone 8

D
Darcy’s law 15
deep well 145

deformable porous media 18
degree of saturation 8§, 134
denitrification 153

density 2

derived quantities 2
diluvium 166

Dirichlet 119
discretization 115

double porosity system 64
drainage process 52
driving farces 10

dry density 8

Dupuit 33

E

effective porosity 35, 122
electric analog model 116
electric conductivity 151
electric prospecting 144
element Peclet number 137
elevation 10

201

engineering unit system 3
equipotential line 43

equivalent heat conductivity 100
equivalent specific heat capacity
error function 78

Euler 40

evapotranspiration 9

explicit method 119

F

103

falling permeability test 22
field capacity 51
field test, in-situ test
fingering 57

finite difference method
finite element method
fissure 71

fluid 2

fluid dynamics in porous media 60
flux 100

forced convection 99
forward-difference formula 118
forward-difference method 119
fossil water 3
Fourier’s law 100
fracture zone 69
fractured joint, fault
free surface 9
freshwater 11
freshwater-saltwater interface 92
fundamental quantities 2
funicular water 9

22

117
122

69

G
Galerkin method 127
gas phase 4
gas seepage flow 60
gases 4
Gauss 129
geophysical exploration 144
Ghyben-Herzberg 92
Grashof number 104
ground settlement, land subsidence
145, 163
ground stability 142



202 Index
groundwater basin 146, 163
groundwater flow 146

groundwater hydraulics quantity 146
groundwater investigation 146
groundwater or subsurface water 1
groundwater pollution 155
groundwater recharge 143
groundwater resource 145
groundwater salinization 168, 170
groundwater table, free surface 9

H
head 9
head diffusivity 32
heat conduction 100
heat conductivity 100
heat propagation 100
heavy metal 156
Hele-Shaw model 116

hexa diagram 154
hydraulic dispersion 73
hydraulics 40

hydrologic cycle 1
hydrostatic water pressure 30
hysteresis 51

I

impervious bottom 30

implicit method 119
incompressible fluid 5

influence radius of well 41

initial condition 119

ink bottle effect 52

interconnected pore system 5
interface, sharp interface 3, 92
intermediate zone, vadose water zone 9
International System of Units 2
interpolation function 122

intrinsic permeability 20

inverse identification method 33
isoparametric element 125
isothermal liquid diffusivity 107
isothermal moisture diffusivity 107
isothermal state 63, 108
isothermal unsaturated flow 49

isothermal vapor diffusivity 107

isotropic 7
J

Jacobian matrix 129
Jacob’s method 148
Jurin 4

K
kinematic viscosity 3
L

laboratory test 22
laminar flow 17,20
Laplace 30, 45
Laplace operator 38
latent heat 105

law of mass conservation
leakage 11
Leibenzon 62
Leibnitz rule. 35
limestone 167
linear programming
linearment 69
liquid islands 9
liquid phase 8
liquids 1
longitudinal dispersivity 83
Lugeontest 146

M

100

174

magma water 3

mapping 45

Marriotte tube 55

mass 2

mass flow factor = 106

mean or averaged velocity 19
membrane model 116
micro-seepage 21

mixing zone 92

moisture characteristic curve 25
moisture content 8
monitoring 141

N



natural convection 100
natural recharge 10
Navier-Stokes 27
Newton’s law of cooling 101
nitrification 152

non-interconnected pore system 5
(0]

observation well 9, 11, 145
open system 105
oxidation state 153

P

parallel model 18

Peclet number 79

pendular water 9

perched water 11

percolation theory 68

permeability tensor 68

permeability, hydraulic
18

Petrov-Galerkin method

physical quantities 2

physical unit system 2

piezometric head 11, 18

piezometric head line 11

Poiseuille’s law 19

pollution, contamination 155

pore pressure, void pressure 18

pore size 19

pore velocity 17

porosity 5

porous cup 50

porous media 1,5

Prandtl number 104

principle of superposition 49

pumping rate (dischargej 146

pumping test 148

pumping well 37, 39, 147

Q
quality of groundwater 145
R
100

conductivity

138

radiation

203

reduction state 153

reflected image 45, 47

relative permeability 134

relative unsaturated permeability 51
representative elementary volume 6

residual 126
Rayleigh number 104
Reynolds number 20
rock mass 60

S

saltwater wedge 97
sampling method 59
sand box model 116
saturated 8

saturated water zone 9
scaling 6

Schwarz 45
Schwarz-Christoffel 45
screen 11

screen pipe 30

sea water 11

seismic prospect 144
sensible heat 103
shape function 122
sink 47

sink intensity 47
soil 6

soil pollution 169
solid phase 6
source 47

specific gravity 153
specific heat 102

specific moisture capacity 51, 134

specific storage 32, 126, 160, 174

spring 153

Stiff diagram 155

storativity, coefficient of storage 33,
143

stream function 43

stream line 43

successive steady state flow 35

sulfate reduction 153

surface geological survey 144

surface tension 3,9
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T

Taylor’s series expansion 108
tectonic line 69

temperature gradient 99
tensiometer 25, 50, 59

tensor 68

terrace 167

Terzaghi 25

Theis’ method 148

thermal diffusivity 99
thermal liquid diffusivity 106
thermal moisture diffusivity 107
thermal vapor diffusivity 107
thermally induced flow 108
threshold hydraulic gradient 17
time-drawdown 146
tortuosity factor 79

total differential formula 36
tracer 73

transmissivity 32, 120, 143
transverse dispersivity 81
trilinear diagram 155
truncation error 117
turbulent energy 21

turbulent flow 21

two phase flow 84

U

unconfined aquifer 9, 147
unconfined groundwater 9
uniform 33

units 2,3

unsaturated 5

unsaturated permeability 24
unsaturated water diffusivity 51
unsaturated zone 9

v

vapor water 49

velocity potential 43
vertical flow 58

vertical leakage 33
viscosity 5

viscous shear stress 5

void phase 6

void ratio 8

volatile organic compounds 159
volcano 167

volumetric air content 106
volumetric water content 8
vorticity 43

W

wall effect 97

water budget, water balance 12
water content 8

water pressure 10

water quality examination 143
water quality investigation 143, 149
water quality standard 156

water resources 145

weighted residual method 137

well function 40, 147
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