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Preface

Nonlinear Problems in Applied Sciences
This book has been proposed to offer engineers and scientists vari-

ous mathematical tools, based on generalized collocation methods, to solve
nonlinear problems related to partial differential and integro-differential
equations. This preface first describes the aims of the book, then outlines
its contents, and finally develops a critical analysis focused on the merits
(and limits) of the method herein described compared to classical applied
mathematics approaches.

Aims and Users
Mathematical problems of interest in technology and in applied sci-

ences are often characterized by nonlinear features which may refer either
to the model or to the mathematical problems, and, in some cases, to both.
Linearity should be regarded as a special case that is often generated by an
artificial simplification of a physical reality.

Mathematical models are already an approximation of a physical re-
ality, which is useful in applied sciences although scientists occasionally
even refer to falsification of a physical reality. Linearity assumptions gen-
erally increase the gap between the description delivered by a model and
the effective behavior of the real system. Therefore, dealing with nonlinear
problems can contribute to a fruitful interaction between mathematics and
applied sciences.

This reasoning has motivated the search for mathematical methods to
deal with nonlinear problems generated by the application of models, stated
by partial differential and integro-differential equations, to the analysis of
real-world problems. This book specifically deals with the development and
application of generalized collocation methods—originally called differential
quadrature methods.

ix



x Preface

The application of these methods is based on the approximation and
interpolation of the dependent variables by using suitable polynomials or
functions according to their values in the collocation points corresponding
to a suitable discretization of the space variable. Lagrange polynomials and
sinc functions are usually adopted for the interpolation.

Then the space derivatives, or integral terms, are approximated us-
ing interpolation. Replacing them in the evolution equation transforms the
initial-boundary value problem into an initial value problem for ordinary
differential equations that describe the evolution of the values of the de-
pendent variables in the nodes. Boundary conditions are imposed in the
collocation points, corresponding to the boundary of the domain of the in-
dependent variables. The solution of the initial-boundary value problem is
obtained by solving the initial value problem and then interpolating the
solution again.

This book has been written both for scientists and engineers who
are interested in modelling real systems by using differential or operator
equations, and for university students who have a good knowledge of fun-
damental mathematics and differential calculus, at a masters course level,
and are interested in the application of mathematics to technology and
applied sciences.

The aim is to offer an easy-to-use handbook for the implementation of
the method and for the development and application of scientific programs.
This book deals with mathematical applications and is not addressed to
mathematicians interested in conceptual topics and proof theory in gen-
eral. This book is founded on the idea that modelling, mathematical
methods, and scientific computation should be dealt with together
in a unified presentation. All the above-mentioned features are part of
applied mathematics, and a unified presentation can contribute to a deeper
understanding of the subjects.

Scientific programs have been proposed in such a way that the reader
can find guidelines for the practical application of the method. The pro-
grams make use of the software Mathematica R©, which offers a friendly
approach to programming, as well as a careful optimization of routines re-
lated to the application of algorithms. However, the choice of this software
is also due to the authors’ personal taste; the reader can use other software
depending on his/her own experience.

Contents
The contents of the book are organized in two parts. The first part,

consisting of the first two chapters, deals with introductory topics concern-
ing a variety of mathematical models, the related statement of mathemat-
ical problems, and general aspects of interpolation techniques.
• Chapter 1 concerns modelling and analytical aspects. The first part of the
chapter describes a number of mathematical models, generally nonlinear,
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which will be used to test the application of the mathematical method at a
practical level. This chapter also deals with the statement of the problems
obtained by implementing the model with suitable initial and boundary
conditions.
• Chapter 2 discusses the technical aspects and the scientific programs
concerning the interpolation of functions and surfaces by generalized collo-
cation methods. An analysis is made to show how the selection of the in-
terpolating polynomials and their collocation can be technically organized
to obtain the best approximation.

The second part, consisting of Chapters 3, 4, 5, and 6, supported by
the Appendix, deals with the development of generalized collocation meth-
ods to solve a variety of problems related to nonlinear partial differential
equations.
• Chapter 3 deals with the solution of initial-boundary value problems for
nonlinear partial differential equations in unbounded domains. Mathemat-
ical problems are obtained by assigning the initial conditions, and interpo-
lations are developed using sinc functions.
• Chapter 4 concerns the generalization of the method proposed in Chapter
3 to the solution of initial-boundary value problems in one space dimension.
The various problems dealt with in Section 1.3 are technically treated refer-
ring to the classical Dirichlet, Neumann, and Robin boundary conditions.
• Chapter 5 discusses the application of generalized collocation methods to
the solution of initial-boundary value problems in two space dimensions.
The contents are a development of the concepts already proposed in the
preceding chapters. The application, however, has to deal with an increased
computational difficulty.
• Chapter 6 develops various generalizations of the methods to the solu-
tion of some ill-posed problems. Specifically, the chapter addresses prob-
lems with nonlinear boundary conditions and problems where the bound-
ary conditions, or source terms, are replaced by additional information on
the solution of the mathematical problem. These problems are generated
by several interesting engineering applications, where at the boundaries
measurements can provide only information on nonlinear functions of the
dependent variable rather than a direct measurement of Dirichlet or Neu-
mann boundary conditions. This section also discusses the solution of the
problems for integro-differential equations and with a critical analysis fo-
cused on the validity of the method with respect to other mathematical
tools.
• The Appendix reports the various scientific programs used for the appli-
cations proposed in this book. This chapter is not simply a collection of
Notebooks, but is also a guide to scientific programming. A useful guide
for the application of Mathematica to the solution of problems of interest
in applied sciences can be obtained from the books by Bellomo, Preziosi,
and Romano (2000), Romano, Lancellotta, and Marasco (2005), and Lynch
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(2007).
All the chapters include several examples and problems that have been

solved by computational methods. Full details of the solution technique are
given, while the last part of each chapter provides problems and exercises
so the reader can practice using the mathematical tools of each chapter.

Critical Analysis
Dealing with nonlinear models and problems in applied sciences is a

crucial passage of the application of mathematics to real-world analysis. The
mathematical methods developed in this book are also proposed considering
their immediate ability to deal with nonlinearities.

The analyses of inverse problems and of initial-boundary value prob-
lems with nonlinear boundary conditions are particularly important. This
specific feature makes the method interesting for engineering applications
as also documented in the valuable book by Chang Shu (1992) Differen-
tial Quadrature and Its Application in Engineering. Our book is directed
towards dealing with mathematical foundations of the method with spe-
cial attention to computational treatments of nonlinearities. Programming
with Mathematica leads to a rapid and efficient production of scientific
computation.

However, it would be naive to try to hide some of the well identified
limits of the method. While it efficiently deals with nonlinearity, it suffers
from computational complexity problems induced by geometrical features,
e.g., problems in more than two space variables, especially when they are
defined over complex shapes. Additional difficulties are also generated by
problems characterized by oscillating solutions, with high frequency, in the
space variables.

Applied scientists will be made aware throughout of the the limits
(not only of the advantages) of the effective applicability of generalized
collocation methods with respect to other methods of applied mathematics.

Finally, let us stress that this book has also been written for engi-
neering schools or applied sciences faculties, as part of courses of applied
mathematics where modelling aspects are followed by simulations suitable
for providing a deeper understanding of the mathematical model. Because
of these reasons, we hope that the book will help in the research activity
of those engineers and applied scientists who are involved in mathematical
problems where the interplay between mathematics technology, or applied
sciences in general, is not trivial.

N. Bellomo, B. Lods, R. Revelli, and L. Ridolfi



1
Mathematical Models and Problems
in Applied Sciences

1.1 Introduction

This book deals with computational methods for the solution and sim-
ulation of nonlinear evolution problems referred to models of interest in
technology and, more generally, in applied sciences.

Differential quadrature and collocation methods have been de-
veloped and applied to a variety of mathematical problems with the aim
of providing engineers and applied scientists with all the technical tools
(including scientific programs) they need to apply these methods to the
solution of various nonlinear mathematical problems.

This first chapter provides a concise introduction to some models and
problems in applied sciences as well as to some preliminary guidelines for ap-
plying generalized collocation methods to the solution of mathematical
problems for partial differential and integro-differential equations. Problems
are generated by the application of mathematical models to the simulation
of real-world phenomena.

The contents are not limited to technical applications. The results of
computations are often interpreted from a physics and engineering sciences
viewpoint, and simulations are used to visualize phenomena which are not
always fully observable in experiments.

Scientific programs have been developed using the software Mathemat-
ica R©, which has the great advantage of using simple programming rules
based on the use of optimized subroutines: this feature makes this software
suitable for user-friendly scientific programs.

1



2 Generalized Collocation Methods

The contents of this first chapter are proposed in four sections.
• Section 1.2 deals with the description of some models, of particu-

lar interest in applied sciences, described by nonlinear partial differential
or integro-differential equations. The selection of these models has been
proposed bearing in mind the applications developed in the subsequent
chapters.

• Section 1.3 deals with a dimensional analysis which is suitable for
writing models with dimensionless independent and dependent variables.
This technical issue plays a crucial role in the development of computational
schemes.

• Section 1.4 provides a brief introduction to the concept of a mathe-
matical problem which is obtained by linking the model (or equation) to
suitable initial and/or boundary conditions. The statement of the problem
is related to a classification of partial differential equations, which in turn
is related to qualitative properties of the mathematical models.

• Section 1.5 is a brief introduction to the guidelines of generalized
collocation methods. It is only a concise outlining of the sequential steps
to be followed in the application of the method. Each step will be properly
developed in the chapters which follow. The same section offers a criti-
cal analysis that anticipates some of the advantages and drawbacks of the
method; it actually provides an efficient tool for problems in one or two
space dimensions, but technical computational difficulties arise in the case
of space dimensions larger than three.

Note that although various models are proposed in this chapter, the
book does not deal exhaustively with modelling aspects. The reader can
refer to the books (among others) by Lin and Segel (1988), Bellomo and
Preziosi (1996), and Fowler (1997), to increase his/her knowledge of mod-
elling, the statement of problems, and the mathematical methods for non-
linear evolution problems.

1.2 Some Models in Applied Sciences

This section presents some models of interest in applied sciences which
will be used in the subsequent chapters to describe the application of the
generalized collocation method. Each model will be used for specific appli-
cations.

Referring to the contents of the subsequent chapters, the analysis of
problems in unbounded domains is related to linear and nonlinear wave
motion models, while initial-boundary value problems are related to hydro-
dynamic vehicular traffic flow models, to convection-diffusion models, and
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to reaction-diffusion models. The application of the method to the solution
of integro-differential equations is applied to a class of models of population
dynamics with an internal structure.

The definitions that follow may be useful not only to help to describe the
models, but also for a better understanding of the mathematical problems
that can be treated with the methods proposed in this book.

Real-world systems can be observed and phenomenologically studied in
order to obtain as detailed a knowledge as possible on the inner structure of
the system. This systematic observation can then be developed in the design
of a mathematical model , which is an equation, or a set of equations,
whose solution (that is, the solution to the related mathematical problems)
provides the evolution of the variable that describes the physical system
which is the subject of the modelling process.

Some technical definitions are given according to Bellomo and Preziosi
(1996).

• Independent variables: A physical system can be observed in a time
interval [0, T ] ⊆ IR+ and in a volume D ⊆ IR3. Therefore, the time

t ∈ [0, T ] ⊆ IR+ (1.2.1)

and space

x = {x, y, z} ∈ D ⊆ IR3 (1.2.2)

are the independent variables.
• The state variable, which acts as a vector-valued dependent vari-

able, is generally a function of the independent variables,

u = u(t,x) : [0, T ] ×D −→ IRn , (1.2.3)

where

u = {u1, . . . , ui, . . . , un} , (1.2.4)

so that u is the set of the variables that describe, in the mathematical
model, the physical state of the real system.

• Parameters are quantities that characterize the physical system to
be modelled. These quantities can be defined either in a dimensional or in a
dimensionless form and can be obtained either by direct measurements on
the system itself, or by comparisons between the predictions of the model
and empirical data referred to the behavior of the real system.

• A mathematical model, defined by a system of equations, is said to be
consistent if the number of linearly independent equations, which describe
the evolution of the state variable u, is equal to the dimension of the state-
dependent variable.
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In order to define the physical volume occupied by the real system, a
fixed system of orthogonal axes O(xyz) with unit vectors i, j, and k can be
used. The past is represented by the negative values of the time, t ∈ IR−;
the future by positive values t ∈ IR+. A system can be observed for positive
times, however, the mathematical model can also refer to negative times.
In this case t ∈ IR.

Both the observation and simulation of systems of the real world need
a definition of suitable observation and modelling scales. Different models
and descriptions correspond to different representation scales. For instance,
if the motion of a fluid in a pipe is observed at a microscopic scale, each
particle is observed singularly. Consequently, the motion can be described,
in the framework of Newtonian mechanics, by ordinary differential equa-
tions which relate the force applied to each particle to its mass times the
acceleration. Applied forces are generated by an external field and by in-
teractions among the particles. On the other hand, the same system can
be observed and described at a larger scale considering suitable local av-
erages of the mechanical quantities linked to a large number of particles.
This means that the model refers to macroscopic quantities, such as mass
density and velocity of the fluid. Mass density is the ratio between the mass
of the particles contained in a reference volume and the volume itself which
is, in principle, as small as possible. A similar definition can be given for the
mass velocity, namely the ratio between the momentum of the particles in
the reference volume and their mass. Both quantities can be measured by
suitable experimental devices operating at a scale of a greater order than
that of the single particle.

Bearing all this in mind, the following additional definitions can be
given.

• Microscopic scale: A real system can be observed, measured, and
modelled at a microscopic scale if all the single objects that compose the
system are individually considered. The model describes the evolution of
the state of each object considered as a whole.

• Macroscopic scale: A real system can be observed, measured, and
modelled at a macroscopic scale if suitable locally averaged quantities
related to the objects that compose the system are considered. The model
describes the evolution of the above-mentioned quantities.

• Mesoscopic scale: A real system can be observed, measured, and
modelled at a mesoscopic (kinetic) scale if it is composed of a large
number of interacting objects and the model describes the probability dis-
tribution over the state of the objects, and the macroscopic observable
quantities related to the system can be recovered from moments weighted
by the distribution function of the state of the system.

Microscopic models are generally stated in terms of ordinary differ-
ential equations while macroscopic models are usually stated in terms of
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partial differential equations, so that the dependent (state) variable corre-
sponds to macroscopic observable quantities.

The contents of the following chapters essentially refer to simulation
problems of macroscopic models. The application of the collocation method
to the study of integro-differential equations is also developed with reference
to the mesoscopic representation.

Some specific models are described which should be regarded as simple
examples, selected for tutorial purposes on the basis of the personal tastes
of the authors, to show the practical application of the method and of the
computational schemes. Other models can also serve the same purpose,
as indicated in the various problems suggested at the end of the chapters
devoted to specific applications.

Example 1.2.1

Transport and Diffusion Model

Consider the convection-diffusion of a passive chemical in a stream. The
following simple model describes this phenomenon:

∂u

∂t
+ c

∂u

∂x
= K

∂2u

∂x2
, (1.2.5)

where the state (dependent) variable is the concentration u of the chemi-
cal. The stream is schematized as a one-dimensional flow. The longitudinal
position along the stream is defined by the (independent) space variable
x. Therefore, the state variable depends on the time t and on the space
variable x.

The derivation of this model is obtained by the mass conservation equa-
tion for a fluid in a one space dimensional channel:

∂u

∂t
+
∂q

∂x
= 0 ,

where u is the mass density and q = q(t, x) is the flow. The above conser-
vation equation is not yet a self-consistent model unless it is linked to a
phenomenological model of the material behavior referring q to u.

Model (1.2.5) is obtained using the following expression:

q = c u−K
∂u

∂x
,

known also as Fick’s law, which relates the flow to a transport and to
a diffusion term. Therefore, the physical system is obviously influenced
by a parameter c, which defines a constant convective velocity, and by a
parameter K, which defines the dispersion of u along the space variable.
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The above mathematical model can be generalized to the case of a
dispersion parameter that depends on the concentration u. In this case, the
model writes

∂u

∂t
+ c

∂u

∂x
=

∂

∂x

[
K(u)

∂u

∂x

]
· (1.2.6)

In some cases, the convective term can also depend on the space variable
or even on the variable u. On the other hand, if c = 0, the nonlinear diffusion
equation:

∂u

∂t
=

∂

∂x

[
K(u)

∂u

∂x

]
· (1.2.7)

is obtained. This model is linear if K = K0 is a constant.

Example 1.2.2.a

Korteweg–deVries Solitary Wave Model

Solitary wave phenomena can be described by the model derived by
Korteweg and de Vries in 1895 (KdV for short). In the original formu-
lation it describes the evolution of the long water waves in rectangular
cross-sectional channels. The same model is also used in several fluid me-
chanics fields, such as internal gravity waves in stratified fluids or waves in
a rotating atmosphere. The model is characterized by an appropriate bal-
ance between nonlinearity and dispersion and can be regarded as one of the
relevant paradigms of nonlinear waves and soliton solutions, as documented
in, e.g., Whitham (1974) and Johnson (1997).

The KdV model is written as follows:

∂u

∂t
+ c0

(
∂u

∂x
+

3
2
u

d

∂u

∂x
+

1
6
∂3u

∂x3

)
= 0, (1.2.8)

where x is the longitudinal coordinate, t is the time, u = u(x, t) is the free
surface displacement from the equilibrium level of a nonviscous incompress-
ible fluid of quiescent depth d, and c0 =

√
gd, where g is the gravity.

Let us now define the following dimensionless quantity:

x̂ =
x− (1 + α)c0t

�

√
U , t̂ =

d2c0t
√
U3

6�3
,

û =
3u− 2αd

a
, U =

3a�2

d3
,

where a � d is an amplitude scale, �� d is a horizontal length scale, and
α = O(a/d) is an arbitrary constant.
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If the previous dimensionless quantities are introduced into (1.2.8) and
the carets dropped, the dimensionless KdV model is obtained:

∂u

∂t
+ u

∂u

∂x
+
∂3u

∂x3
= 0 · (1.2.9)

The KdV equation can be derived starting from Saint Venant equations,
see Henderson (1966),

∂h

∂t
+
∂(vh)
∂x

= 0 ,

and
∂v

∂t
+ v

∂v

∂x
+ g

∂h

∂x
= 0 ,

that model one-dimensional nonlinear water waves over a horizontal bot-
tom, where h is the water depth, v is the bulk velocity, and g is gravity
acceleration.

Water waves modelled by Saint-Venant equations are hyperbolic and do
not model dispersion effects described by the relation: ω2 = gh0k

2 = c20k
2,

where h0 is the equilibrium basic state, k is the wave-number, and c0 =√
gh0 is the wave celerity. On the other hand, it is possible to prove, e.g.,

Whitham (1974), that one-dimensional dispersive water waves are charac-
terized by the dispersion relation ω2 = gk tanh kh0, whose first term of
its Taylor expansion corresponds to the dispersion relation of Saint-Venant
equations. This observation suggests that a way to describe nonlinear dis-
persive water waves consists in modifying the Saint-Venant model to obtain
a new wave model whose dispersion relation includes the second term of
the Taylor expansion: ω2 = c20k

2 − 1
3c

2
0h

2
0k

4.
The above correction of the Saint-Venant model generates the following

form of what are called the Boussinesq equations

∂h

∂t
+
∂(vh)
∂x

= 0

∂v

∂t
+ v

∂v

∂x
+ g

∂h

∂x
+

1
3
c20h

2
0

∂3h

∂x3
= 0 ,

that describes water waves that combine dispersive effects of the order of
(h0/l)2 (where l is the wavelength) and nonlinear effects of the order of
a/h0 (where a is the wave amplitude).

The Boussinesq equations describe waves that propagate in both direc-
tions along x-axes. If waves moving only to the right direction are considered
and the bulk velocity v is eliminated, the KdV model is derived.
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Example 1.2.2.b

Generalizations of the Korteweg–deVries Model

Several generalizations of the KdV model have been proposed: for in-
stance, a generalized (dimensionless) third-order KdV model is written as

∂u

∂t
+ um ∂u

∂x
+ μ

∂3u

∂x3
= 0 · (1.2.10)

Applications of this model take advantage of some analytical solutions
which can be compared with computational ones (see Chapter 3 for details).

A further generalization of the original KdV model (1.2.8) is the fol-
lowing fifth-order KdV equation, called the Kawahara equation (see Parkes
and Duffy (1996)):

∂u

∂t
+ u

∂u

∂x
+
∂3u

∂x3
− ∂5u

∂x5
= 0. (1.2.11)

The presence of the fifth-order derivative makes this model an appro-
priate candidate to test numerical simulations.

Finally, the KdV model can also be modified introducing variable coef-
ficients, as proposed by Johnson (1997):

2
√
D(X)

∂u

∂x
+

1
2
D′(X)√
D(X)

u+
3

D(X)
u
∂u

∂ξ
+

1
3D(X)

∂3u

∂ξ3
= 0 , (1.2.12)

with

ξ =
1
ε
χ(X) − t , X = εx , χ(X) =

∫ X

0

dX ′√
D(X ′)

, (1.2.13)

where D(X) represents the local depth while ε stands for the maximum
amplitude/depth. This model describes a nonlinear dispersive wave that
propagates over a variable depth.

Example 1.2.3

The Sine-Gordon Model

The sine-Gordon model, see Whitham (1974), in its dimensionless form
is written as

∂2u

∂t2
− ∂2u

∂x2
+ sinu = 0 . (1.2.14)



Mathematical Models and Problems 9

This is a particular form of the Klein–Gordon equation

∂2u

∂t2
− ∂2u

∂x2
+ v′(u) = 0 ,

where v′ is a nonlinear function of u regarded as the derivative, with respect
to u, of a potential energy V (u). Model (1.2.14) is the most widely studied
in the literature as it refers to various interesting physical systems where
the source term shows an oscillatory behavior related to the state variable.

It was formulated for the first time to study the propagation of a slip in a
one-dimensional crystal to investigate the geometry of pseudo-spherical sur-
faces (i.e., surfaces of constant negative curvature, Whitham (1974), Shen
(1993)). Since then the sine-Gordon equation has been used to model sev-
eral phenomena as documented in the review by Dodd et al. (1982). Among
others, mention can be made of the Josephson junction phenomenon in
transmission lines, where sinu is the current across an insulator between
two superconductors and the voltage is proportional to ∂tu; of the dislo-
cation in one-dimensional solid crystals, where u describes the crystal dis-
placement; of the propagation in ferromagnetic or anti-ferromagnetic fields,
where u is the angle between the direction of magnetization and that of the
external magnetic field, etc.

The sine-Gordon model exhibits a travelling wave solution and both
periodic and solitary solutions (Whitham (1974). In particular, the solution
for two interacting solitary waves (e.g., Shen (1993)) is written as

u(x, t) = 4 arctan

[√
m2 − 1
m

sinh(mx+ c1)
cosh(

√
m2 − 1t+ c2)

]
, m > 1 , (1.2.15)

where m, c1, and c2 are integration constants.
Another analytical solution useful to test numerical procedures is called

the breather solution (Shen (1993))

u(x, t) = 4 arctan

[
m√

1 −m2

sin(
√

1 −m2t+ c2)
cosh(mx+ c1)

]
, −1 < m < 1.

(1.2.16)

Example 1.2.4

River Pollution Model

The modelling of the fate of chemicals in rivers is an important topic in
environmental studies (e.g., Fischer et al. (1979) Schnoor (1996)). We refer
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to a one-dimensional convection-dispersion model with spatially variable
coefficients and nonlinear decay involving a source term.

Let us consider a steady, turbulent open channel flow with a mild slope
ib. The depth h and the mean velocity v of the stream vary along the
channel according to the following power laws:

h = ah

(
1 +

ξ

�

)bh

and v = av

(
1 +

ξ

�

)bv

, (1.2.17)

where ξ is the longitudinal coordinate, ah and av are dimensional constants,
bh and bv are dimensionless constants, and � is a reference length, which
will be assumed to be equal to the length of the channel. The previous
relationships are commonly used to model the changes of the hydraulic
characteristics along rivers, where the coefficients and exponents are suit-
able experimental parameters that depend on the type of river. See, e.g.,
Leopold and Maddock (1953) and Gupta and Cvetkovic (2000).

The advection and dispersion of a chemical in the stream is governed
(Fischer et al. (1979)) by the following model:

∂C

∂τ
= − ∂

∂ξ
(v(ξ)C) +

∂

∂ξ

(
K(ξ)

∂C

∂ξ

)
, (1.2.18)

where C = C(ξ, τ) is the depth-averaged concentration of the chemical per
volume of water, τ is the time, v(ξ) is the transport velocity defined in Eq.
(1.2.17), and K = K(ξ) is the dispersion coefficient.

The latter coefficient can be modelled using the results by Elder (1959):
in a channel flow, dispersion can be described by the phenomenological
model

K = K(ξ) = k0 u�(ξ)h(ξ), k0 = 5.93 , (1.2.19)

where u� is the friction velocity of the stream.
Therefore, recalling that

u�(ξ) =
√
g ib h(ξ) , (1.2.20)

where g is the gravity, and the dispersion coefficient h depends on ξ, ac-
cording to the power law

K = aK

(
1 +

ξ

�

)bK

, (1.2.21)

where aK is a dimensional constant and bK is a dimensionless constant that
is equal to

aK = k0

√
giba

3/2
h and bK =

3
2
bh. (1.2.22)
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Generalizations of the model (1.2.18) can be obtained by adding suitable
source terms and including nonlinear decay reactions. The decay is mod-
elled according to the power law (Schnoor (1996)): R = −λCm, where λ is
the decay rate constant and m > 1 in order to model the common chemo-
dynamic nonlinearities. The source term is assumed to be of the shape

cS(τ)F (ξ) , (1.2.23)

where c is a dimensional constant, and S = S(τ) and F = F (ξ) are smooth
dimensionless functions of time and space, respectively.

In this case, the model (1.2.18) is written as

∂C

∂τ
= − ∂

∂ξ
(v(ξ)C) +

∂

∂ξ

(
K(ξ)

∂C

∂ξ

)
− λCm + cS(τ)F (ξ)

=
(
∂K(ξ)
∂ξ

− v(ξ)
)
∂C

∂ξ
+K(ξ)

∂2C

∂ξ2

−
(
C
∂v(ξ)
∂ξ

+ λCm

)
+ cS(τ)F (ξ) , (1.2.24)

where ξ ∈ [0, �], τ ∈ [0, T ], and C ∈ [0, Cmax], and where v(ξ), K(ξ), F (ξ),
and S(τ) have been defined above.

Example 1.2.5

First-Order Models of Vehicular Traffic Flow

Hydrodynamic modelling of a one-lane flow of vehicles on a road can be
obtained, as shown in the review paper by Bellomo, Delitala, and Coscia
(2002), using the mass conservation equation already introduced for Exam-
ple 1.2.1. In fact, the derivation follows precisely the same line.

The modelling refers to the following dimensionless variables: t = tr/T ,
that is, the time variable that refers to the characteristic time T , where tr
is the real time; and x = xr/�, that is, the space variable that refers to the
characteristic length of the road �, where xr is the real dimensional space;
both x and t are independent variables.

The first dependent variable u = n/nM is the density that refers to the
maximum density nM of vehicles in a bumper-to-bumper traffic jam, while
the second dependent variable v = vR/vM is the velocity that refers to
the maximum mean velocity vM , where vR is the real velocity of vehicles;
q = uv is the linear mean flux that refers to the maximum admissible mean
flux qM = nMvM . The characteristic time T is given by vMT = �, which
means that T is the time necessary to cover the whole length of the road
at the maximum mean velocity.
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The mass conservation equation related to the variables u = u(t, x) ∈
[0, 1] and v = v(t, x) ∈ [0, 1] is written as

∂u

∂t
+

∂

∂x
(uv) = 0 · (1.2.25)

The modelling takes advantage of the experimental information deliv-
ered by the analysis of steady uniform flow conditions. The phenomenolog-
ical behavior of the system shows that the mean velocity of the car decays
with increasing density from the value v = 1 when u ∼= 0 to v = 0 when
u = 1. The simplest way of representing this behavior is the following:

ve = ve(u) = 1 − u , qe = uve = u(1 − u) , (1.2.26)

while a relatively more precise interpretation of experiments related to the
velocity diagram was proposed in the paper by Bonzani and Mussone
(2003) by the following interpretation of experimental data:

v = exp
{
− α

u

1 − u

}
, α > 0 .

The closure of Eq. (1.2.25) can be obtained by using (1.2.26) and re-
placing u by the apparent local density u� which is related to the fact
that the driver is not able to measure the local density exactly, but simply
feels it. In other words, the driver feels a density u� that is larger than the
real one if the local density gradient is positive, and smaller than the real
one if the gradient is negative. In addition, the above multiplicative effect
increases with decreasing density.

According to these phenomenological considerations, the following ex-
pression is proposed for the local fictitious density:

u� = u

[
1 + η(1 − u)

∂u

∂x

]
, (1.2.27)

where η is a positive parameter. Technical calculations then yield

∂u

∂t
+ (1 − 2u)

∂u

∂x
= ηu2(1 − u)

∂2u

∂x2
+ ηu(2 − 3u)

(
∂u

∂x

)2

. (1.2.28)
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The same model, using the flow as an additional dependent variable,
can be rewritten as a system of two equations:

⎧⎪⎪⎨
⎪⎪⎩

∂u

∂t
= − ∂q

∂x
,

∂q

∂t
=
[
(1 − 2u) + ηu(2 − 3u)

∂q

∂x

]
∂q

∂x
+ ηu(1 − u)

∂2q

∂x2
·

(1.2.29)

The same model can be revisited using the phenomenological model
proposed by Bonzani and Mussone (2003) to relate the mass velocity to the
local density. However, for tutorial purposes the relatively simpler model
(1.2.28) appears to be suitable for the application of the method proposed
in Chapter 4.

Example 1.2.6

Population Dynamics with Internal Structure

This example refers to the population dynamics model with kinetic
interaction, which was proposed by Jager and Segel (1992) to study the
evolution of a physical state, called dominance, that characterizes cer-
tain populations of insects. The model consists of an evolution problem, in
terms of a nonlinear system of integro-differential equations, that define,
for each population, the evolution of the probability density function over
the dominance.

The physical system is constituted by n interacting populations. Each
population individual can be found in a state described by a variable u ∈
[0, 1], which can be called the microscopic state, and which should be
regarded as a dimensionless, normalized, real independent variable. The
description of the overall state of the system is given by the probability
density function that is defined, for each population, by

fi = fi(t, u) : [0, T ] × [0, 1] → IR+ . (1.2.30)

Therefore, the probability of finding, at time t, an individual of the ith
population in the state interval [u1, u2] is given by

Pi(t, u ∈ [u1, u2]) =
∫ u2

u1

fi(t, u) du . (1.2.31)
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The mathematical model is derived assuming that the microscopic state
is modified by encounters and that only binary encounters play a role in
the game. Moreover, the derivation needs a detailed analysis of microscopic
interactions, which can be identified by the following quantities:

• The encounter rate between pairs of individuals, of the ith population
in the state u and of the jth population in the state v, is identified by the
term ηij(u, v) ≥ 0.

• The probability that an individual of the ith population in the state v
ends up in the state u conditionally to an encounter with an individual of
the jth population in the state w has a density with respect to the variable
u denoted by ϕij(v,w;u) ≥ 0.

If no external action modifies the internal state, the expression of the
mathematical model follows:

∂fi

∂t
(t, u) = Ji[f ](t, u)

=
n∑

j=1

{∫ 1

0

∫ 1

0

ηij(v,w)ϕij(v,w;u)fi(t, v)fj(t, w) dv dw

− fi(t, u)
∫ 1

0

ηij(u, v)fj(t, v) dv
}
. (1.2.32)

The assumption that ϕ is a probability density is written as

I =
∫ 1

0

ϕij(v,w;u) du = 1 , ∀ i, j , v, w , (1.2.33)

which means that the number of individuals of each population is preserved.
Otherwise, if I > 1 (respectively I < 1), the number of individuals increases
(or respectively decreases).

The above model is valid in the spatially homogeneous case under
the further assumption that the variable u is not subject to external ac-
tions. The following generalizations can be proposed to describe the above-
described phenomena.

Example 1.2.7

Generalized Population Dynamics

Various generalizations of model (1.2.32) have been proposed by Arlotti
et al. (2000). Let us here consider the model described in Example 1.2.6
under the assumption that the variable u is subject to an external action
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k(u). The related flow due to transport is therefore k(u)f so that the model,
in the case of one population only, is written as

∂f

∂t
(t, u) +

∂

∂u
(k(u)f(t, u)) = J [f ](t, u) , (1.2.34)

where

J [f ](t, u) =
{∫ 1

0

∫ 1

0

η(v,w)ϕ(v,w;u) f(t, v)f(t, w) dv dw

− f(t, u)
∫ 1

0

η(u, v)f(t, v) dv
}
. (1.2.35)

An additional generalization refers to the case of models with a space
structure. In this case, a diffusion term is added to the left-hand side of the
equation. A typical example is as follows, in a one space dimension:

∂f

∂t
(t, u, x) +

∂

∂u
(k(u)f(t, u, x)) = J [f ](t, u, x) + ε

∂2f

∂x2
(t, u, x) . (1.2.36)

Example 1.2.8

A Spatial Reaction-Diffusion Model

Spatial reaction-diffusion models represent one of the most investi-
gated forms of partial differential equations; see, e.g., Grindrod (1996)
Hundsdorfer and Verwer (2003). They have attracted a lot of attention
in particular because of their possibility of generating spatial patterns, and
this explains the widespread use of reaction-diffusion models in several sci-
entific fields, e.g., biology, chemistry, and fluid dynamics. See, e.g., Cross
and Hohenberg (1993), Murray (1993).

We here consider a model introduced by Schnakenberg (1979) to de-
scribe a series of trimolecular autocatalytic reactions. The model consists
of the following system of reaction-diffusion equations in two space dimen-
sions: ⎧⎪⎪⎪⎨

⎪⎪⎪⎩

∂u

∂t
= −κ(a− u+ u2v) + ε

(
∂2u

∂x2
+
∂2u

∂y2

)
,

∂v

∂t
= κ(b− u2v) +

(
∂2v

∂x2
+
∂2v

∂y2

)
·

(1.2.37)

where u and v are dimensionless concentrations of self-activating and self-
inhibiting chemical substances, respectively; and κ, a, b, and ε are dimen-
sionless parameters.
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The terms κa, κu, and κu2 v model, in the first differential equation,
the decay, self-activation, and coupling with the second equation, respec-
tively. The last term on the right-hand side of the first equation models
spatial diffusion phenomena. Similarly, the first, second, and third terms in
the second equation model growing phenomena, interaction with the first
variable, and diffusion, respectively.

The interesting aspect of this model is its capability to select peculiar
spatial patterns where initial small perturbations are amplified and spread,
leading to the formation of spots that slowly move and interact. If relatively
large diffusion coefficients are used, the model is stiff and, for this reason,
the Schnakenberg model is a good candidate to test numerical algorithms
(e.g., Hundsdorfer and Verwer (2003)).

1.3 Dimensional Analysis

Some of the mathematical models described in Section 1.2 have already
been written in terms of dimensionless variables. This means that both the
independent and dependent variables are divided by suitable reference vari-
ables related to the physical system which is the subject of the modelling
process. This is the case, for instance, in Example 1.2.5 where we described
the characteristic density lengths and time in detail. This feature needs to
be technically generalized considering that the application of mathemati-
cal methods can take advantage of the above scaling (or dimensional)
analysis, see Barenblatt (2003).

The scaling technique consists in the partial (or even the full) removal
of physical units from a given mathematical equation by pertinent substi-
tution of variables. From a physical viewpoint, such a scaling is based on
the fact that some of the quantities involved in the model can be handled
in a more adequate way if they are measured relative to some appropriate
units. These units refer to quantities intrinsic to the system, in contrast to
the usual units one deals with (such as SI units). For a system of equa-
tions modelling a given physical process, the scaling procedure generally
follows four steps: the first one is of course to identify all the independent
and dependent variables of the system. Then, one proceeds in the substitu-
tion of each of them with a quantity scaled relative to some characteristic
unit of measure to be determined. Then a more delicate step consists in
the appropriate choice of the characteristic unit for each variable so that
the coefficients of as many terms as possible become equal to one. The final
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step consists of writing the system of equations in terms of their new di-
mensionless variables.

Let us illustrate this procedure with an example of general first
models stated in terms of partial differential equations in a bounded two-
dimensional domain and let ur = ur(tr, xr, yr) be the dimensional de-
pendent variable which describes the state of the system related to the
dimensional independent variables tr, xr, and yr. Then, all variables can
be referred to the minimum and maximum values of each variable so that
each one is defined over the interval [0, 1]. The solution of problems may,
in some cases, give a result outside the above interval. However, this is not
the point as it is sufficient to have variables of the order of one.

Considering the dependent variable, with obvious meanings of symbols,
the following dimensionless dependent variable is obtained:

u =
ur − um

uM − um
· (1.3.1)

The same reasoning can be applied to the space variables defined over
a rectangle [xm, xM ] × [ym, yM ]:

x =
xr − xm

xM − xm
, and y =

yr − ym

xM − xm

,

where xM − xm is chosen as a characteristic length for the space variables.
The dependent variable u = u(t, x, y) defines an application from [0, 1] ×
[0, 1] × [0, �] into [0, 1] where

� =
yM − ym

xM − xm
.

Analogous normalizations can be made when the space variables are de-
fined over nonrectangular domains. On the other hand, when problems are
such that the dependent variables are defined over an unbounded domain,
the variable can refer to any length that has a physical meaning, while it
can only refer to the interval [0, 1] after a suitable change in variables.

The choice of the reference time, say Tc, is technically more complex.
It must, in fact, be related to the actual analytic structure of the model,
while trying to bring the cause and effect identified in the model to the
same order. In most of the models of Section 1.2, the cause is identified
by the right-hand side term, while the effect is the left-hand term. This
is precisely what has been done in the case of the traffic flow model. The
examples which follow should further clarify the above topic.
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Example 1.3.1

Linear and Nonlinear Diffusion Models

Let us consider the diffusion model described in Example 1.2.1 obtained
when c = 0 and K = K0 is a constant. The model, in terms of real variables,
can be written as follows:

∂cr
∂tr

= K0
∂2cr
∂x2

r

. (1.3.2)

Assuming u = cr/cM , t = tr/Tc, and x = xr/�, yields

1
Tc

∂u

∂t
=
K0

�2
∂2u

∂x2
. (1.3.3)

Moreover, taking

K0Tc

�2
= 1 or equivalently Tc =

�2

K0
,

provides the following expression of the model:

∂u

∂t
=
∂2u

∂x2
. (1.3.4)

The time evolution is then analyzed in terms of units of Tc.
The same reasoning can be applied to the nonlinear diffusion model

where the diffusion coefficient is given by k0K(u). The following dimen-
sionless model is then obtained:

∂u

∂t
= Ku(u)

(
∂u

∂x

)2

+K(u)
∂2u

∂x2
, (1.3.5)

where Ku(·) denotes the partial derivative of K with respect to u.

The reasoning applied to the above simple application can be techni-
cally followed to deal with relatively more complex models such as the one
reported in Example 1.2.5. It is interesting to note how this method gen-
erates dimensionless numbers which have a well-defined physical meaning.
This peculiarity is shown in the example that follows.
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Example 1.3.2

Dimensionless River Pollution

Again considering Example 1.2.4, let us define the following dimen-
sionless variables: u = C/CM , x = ξ/�, and t = τ/Tc, where Tc is a
critical time selected in order to yield the coefficient of the term with
higher-order spatial derivative lower or equal to one. Technical calculations
yield

TcaK

�2
= ε ≤ 1, i.e., Tc = ε

�2

aK

,

where ε should be chosen with the aim of keeping Tc consistent with the
time necessary to observe the phenomena.

If the previous dimensionless variables are introduced into the model
(1.2.24), the following dimensionless equation is obtained:

∂u

∂t
= [ε1f1(x) − ε2f2(x)]

∂u

∂x
+ ε3f3(x)

∂2u

∂x2

− μum − ε4f4(x)u+ η s(t) q(x) ,
(1.3.6)

where the dimensionless parameters (ε1 − ε4) are defined as follows:

ε1 =
aKbKTc

�2
, ε2 =

avTc

�
, ε3 =

aKTc

�2
=

ε1
bK

,

ε4 =
avbvTc

�
= ε2bv ,

while the functions of the space variable are

f1(x) = (1 + x)bK−1, f2(x) = (1 + x)bv ,

f3(x) = (1 + x)bK , f4(x) = (1 + x)bv−1 ,

and the constants μ and η are μ = λCm−1
M Tc and η = cTcC

−1
M ·

Example 1.3.3

Dimensionless Population Dynamics

Let us consider the population dynamics model introduced in Example
1.2.6. The microscopic state variable u ∈ [0, 1] is a normalized dependent
variable obtained from a real state variable ur through

u =
ur − a

b− a
,
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where the real state variable ur is in the real interval I = [a, b] ⊂ IR. The
densities fi, for models with a constant number of individuals, can be nor-
malized in such a way that their integration over u is equal to one: the real
distribution is divided, for each population, by the number of individuals
of the population. If the model includes the space variable x, then this
independent variable should also be put in a suitable dimensionless form.

1.4 Classification of Models and Mathematical Problems

As already mentioned, the application of the mathematical collocation
method refers to mathematical problems that are obtained by linking the
model (for instance a partial differential equation) to the initial condi-
tions, namely the value of the dependent variable for t = 0, and to the
boundary conditions, namely the values on the boundary of the domain
of the independent variable.

As known, the statement of the problems needs to follow a certain num-
ber of rules which are necessary to assume existence and uniqueness of so-
lutions as well as their regular dependence on the data of the problem. It
is useful to provide a classification of the mathematical equations (or mod-
els) to obtain a correct statement of problems. Such a classification also
contributes to a better understanding of some qualitative properties of the
solutions.

Ordinary differential equations are usually classified according to the
order of the higher derivatives, but the classification of partial differen-
tial equations is a more delicate matter. Several methods of classification
coexist, some of them based upon Fourier analysis, others upon spectral
analysis. The classification summarized in what follows should be regarded
as a concise introduction to a topic that certainly needs additional analysis,
and which can be developed with reference to specialized literature, e.g.,
Evans (1998). The analysis is first related to second-order partial differen-
tial equations, and a relatively simple analysis of first-order equations is
then proposed.

Let us consider first the following class of second-order partial differen-
tial equations in two independent variables:

A(x)
∂2u

∂t2
+ 2B(x)

∂2u

∂t∂x
+ C(x)

∂2u

∂x2
= F

(
t, x;u,

∂u

∂t
,
∂u

∂x

)
. (1.4.1)

Some important mathematical properties of the solution are essentially
determined by the left–hand side term, which contains the highest-order



Mathematical Models and Problems 21

derivatives and the classification of such equations referred only to the
coefficient of higher-order derivatives. Just as one classifies conic sections
as parabolic, hyperbolic, and elliptic based on the discriminant, the same
can be done for the above second-order partial differential equation at a
given point:

− If B2 −AC > 0 then the equation is said to be hyperbolic.
− If B2 −AC < 0 then the equation is elliptic.
− If B2 −AC = 0, then the equation is parabolic.
Of course, the sign of the discriminant B2 − AC can also depend on

space through the local values of the coefficients A, B, and C. Therefore,
the classification can change in space.

It turns out that such a classification corresponds to real values, null,
and imaginary values, respectively, of the eigenvalues of the symmetric ma-
trix with diagonal entries A(x) and C(x) and off-diagonal entry B(x).

The above classification can be related to the following class of second-
order equations in several space variables:

n∑
i,j=1

Aij(x)
∂2u

∂xi∂xj
= F

(
x;u,

∂u

∂x1
, . . . ,

∂u

∂xn

)
, (1.4.2)

where A = (Aij(x))ij is a symmetric matrix (note, in particular, that its
eigenvalues are real). Then, it is possible to classify the types of the above
equation with respect to the sign of the eigenvalues of A:

− If A admits (at least) a zero eigenvalue (i.e., detA = 0), then the
equation is parabolic.

− If all the eigenvalues of A are nonzero and of the same sign, then the
equation is elliptic.

− If all the eigenvalues of A are nonzero and all all but one have the
same sign, then the equation is hyperbolic.

The above classification is not exhaustive. In particular, the case of a
matrix A with nonzero eigenvalues but with several of them changing signs
does not enter our classification.

Clearly, since the coefficients of A are not constant, its eigenvalues may
depend on the space variable x through the local values of the coefficients
Aij(x). In such a case, the associated equation may not belong to any of
these categories but rather be of mixed type. A simple but important
example is the Euler–Tricomi equation:

uxx = xuyy

which is called elliptic-hyperbolic since it is elliptic in the region {x < 0},
hyperbolic in the region {x > 0}, and (degenerate) parabolic on the line
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x = 0. The numerical investigation of such mixed-type equations is far more
delicate.

A similar classification can also be proposed for general first-order equa-
tions of the type:

A∂u
∂t

+ B∂u
∂x

= f , (1.4.3)

where A = (Aij)i,j , B = (Bij)i,j , and f = {fi}i can depend on the space
variable; f can also depend on the dependent variable u = (u1, . . . , un).

Under the assumption that A is nonsingular (i.e., detA 
= 0), the clas-
sification is based on the roots of the characteristic polynomial:

Pn(λ) = det(B − λA) = 0 , (1.4.4)

as well as on the number k of the independent eigenvectors vi (i = 1, . . . , k)
associated to the eigenvalue problem:

(B − λA)�vi = 0 . (1.4.5)

Precisely, the characteristic polynomial Pn(λ) has degree n, and the
classification is related to the reality of its root and the number of linearly
independent solutions to (1.4.5):

− The system is parabolic when Pn(λ) has n real zeros at least one of
which is repeated and k < n;

− The system is elliptic if Pn(λ) has no real zeros.
− Finally, it is hyperbolic if Pn(λ) has n real distinct zeros, or if Pn(λ)

has n real zeros at least one of which is repeated and k = n.
The above classification is useful for understanding the qualitative dif-

ference of the solution to mathematical problems corresponding to ellip-
tic, hyperbolic, and parabolic models. Some preliminary indications can be
given to cover some introductory aspects of the general problem, which
certainly deserves a deeper analysis.

• Hyperbolic equations are evolution equations that describe wave-
like phenomena. The solution of a hyperbolic problem in unbounded do-
mains cannot be smoother than the initial data. It can actually develop
singularities, as time goes by, even from smooth initial data, which then
characterize the whole evolution and are propagated along special curves
called characteristics. If the solution initially has a compact support, then
the rate at which the support expands can be interpreted as the speed of
propagation.

• Parabolic equations are equations that describe diffusion-like phe-
nomena and are typical for dissipative processes. In general, the solution of
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a parabolic problem is infinitely differentiable with respect to both space
and time even if the initial data are not continuous. In other words, singular-
ities can neither develop nor be maintained (smoothing effect). Moreover,
even if the initial data have compact support, perturbations are felt every-
where. This is usually indicated by saying that parabolic systems have an
infinite speed of propagation.

•Elliptic equations describe systems in an equilibrium or steady state.
They can be seen as equations that describe, for instance, the final state
reached by a physical system described by a parabolic equation after the
transient term has died out. Elliptic equations are also well suited for phys-
ical problems related to the determination of potential problems. Solutions
of elliptic partial differential equations are as smooth as the coefficients
allow, within the interior of the region where the equation and solutions
are defined. For example, solutions to Laplace equation are analytic within
the domain where they are defined, but solutions may assume boundary
values that are not smooth. As is the case for parabolic problems, any local
perturbation influences the whole domain even if the magnitude of such an
influence is decreasing with increasing distance from the (localized) source
of the perturbation. Another peculiar feature is the applicability of maxi-
mum principles which assert that the maximum of the solution to some
elliptic equation is reached only at the boundary.

The preceding considerations should be considered as very preliminary
information which may give engineers and applied scientists a rough idea
of the qualitative behavior of solutions in view of the application of compu-
tational algorithms. More detailed information can be found in specialized
literature, e.g., Dautray and Lions (1990). The reader can develop some
practice on the various models in this section; models of all the above types
have been proposed.

Moreover, models that include both first- and second-order terms may
be hyperbolic with respect to the first-order term and parabolic with respect
to the second-order term. This is, in fact, the case for the nonlinear diffusion
model that corresponds to Example 1.2.1 and the traffic flow model that
corresponds to Example 1.2.5. These models become elliptic when the time
derivative is placed equal to zero.

The application of models to the analysis of real-world systems gen-
erates mathematical problems that are obtained by adding the conditions
necessary to find quantitative solutions to the evolution equation. These
conditions refer to the behavior of the dependent variable at the bound-
aries of the dependent variables domain.

Let us first consider scalar models that involve the whole set of space
variables, say x = {x1, x2, . . . , xn}, with (n ≥ 1); the boundary conditions
have, consequently, to be assigned for all the space variables. Let us, in
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particular, consider the case of models that can be written as follows:

∂u

∂t
= f

(
t,x,

∂u

∂x1
, . . . ,

∂u

∂xn
,
∂2u

∂x2
1

, . . . ,
∂2u

∂x2
n

)
, (1.4.6)

where u is the dependent variable

u = u(t,x) : [0, 1] ×D → IR , (1.4.7)

and where the boundary of the D ⊆ IRn domain of the space variables is
denoted by ∂D. Some general definitions and rules can be given.

• The initial conditions are defined by the values of u at t = 0 for all
x ∈ D: u0(x) = u(t = 0,x).

• The boundary conditions are defined by the values, for all t ≥ 0
and x at the boundary ∂D of D, of u or its normal derivative with respect
to ∂D:

ud(t,x) = u(t,x ∈ ∂D) , (1.4.8)

or

un(t,x) =
∂u

∂n
(t,x ∈ ∂D) = n(x) · ∇u(t,x) , (1.4.9)

where n is the normal (when it is well defined) to ∂D directed inside D.

• The statement of the problem is defined by assigning, if both
time and space derivatives appear in the mathematical model, both ini-
tial and boundary conditions. The relative mathematical problem is called
an initial-boundary value problem. If, instead, the mathematical model
is static, i.e., time independent, then, of course, no initial conditions are
needed. In this case, the mathematical problem is called a boundary value
problem. If the model is constituted by a system of equations, then initial
and/or boundary conditions have to be assigned for all equations.

The above general rules can be specialized to particular problems. Let
us again consider the class of models defined by Eq. (1.4.6). The following
problems can be stated.

Problem (Dirichlet) 1.4.1. The initial-boundary value problem for the
scalar Eq. (1.4.6) with Dirichlet boundary conditions is stated with initial
condition

u(0,x) = u0(x) , ∀x ∈ D , (1.4.10)

and boundary conditions

∀ t ∈ [0, 1], ∀x ∈ ∂D : u(t,x ∈ ∂D) = ud(t,x) , (1.4.11)
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given as functions that are consistent, for t = 0, with the initial condition
(1.4.10).

Problem (Neumann) 1.4.2. The initial-boundary value problem for the
scalar Eq. (1.4.6) with Neumann boundary conditions is stated with the
initial condition (1.4.10) and boundary conditions

∀ t ∈ [0, 1], ∀x ∈ ∂D :
∂u

∂n
(t,x ∈ ∂D) = un(t,x) , (1.4.12)

given as functions of time and space and where n denotes the normal to
∂D directed inside D.

Relatively more general cases can be technically developed starting from
the indications given for the above classes of models. For instance, one can
complement Eq. (1.4.6) by the Neumann boundary conditions on some part
∂Dn of ∂D and by the Dirichlet boundary conditions on another part ∂Dd,
where ∂D = ∂Dd ∪ ∂Dn (mixed boundary conditions).

The value of some linear combination of u and its normal derivative on
∂D (Robin boundary conditions) can also be prescribed.

Finally, we mention that nonlinear boundary conditions can also
be envisaged, that prescribe a nonlinear combination of u and its normal
derivative:

∀ t ∈ [0, 1], ∀x ∈ ∂D : g(t,x, u(t,x),
∂u

∂n
(t,x)) = 0 , (1.4.13)

where g is a suitable function of its arguments.

Remark 1.4.1. The above statements can be particularized in the case of
models in one space dimension. In fact, if x ∈ D = [0, 1], and since ∂D is
only made of two points ∂D = {0} ∪ {1}, it is possible to recast, e.g., the
Neumann boundary conditions as

∂u

∂x
(t, 0) = γ(t) , and

∂u

∂x
(t, 1) = δ(t) , ∀ t ∈ [0, 1] , (1.4.14)

where γ and δ are given functions of time that are consistent with the
initial condition (1.4.10). The other classes of problems stated above can
be reformulated in the same way.

Remark 1.4.2. (Problems in unbounded domains) Some problems
refer to systems in a half-space x ∈ [0,∞), or in the whole space x ∈ IR.
In this case, the boundary conditions have to be stated as above, at the
boundaries x = 0 and x → ∞, or for x → −∞ and x → ∞. Asymptotic
behavior can be studied when the time variable goes to infinity.
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• Sufficient initial and boundary conditions. The above statement
of the problem has been obtained by linking to the evolution equations suit-
able information on the behavior of the state variable on the boundary of
the domain of the dependent variable. The number of boundary condi-
tions must match the highest order of the partial derivative with respect
to the dependent variable. If the model is provided with enough initial and
boundary conditions to find a solution, the relative mathematical problem
is dependent to be well formulated.

Example 1.4.1

Mathematical Problems for the Heat Diffusion Model

Let us consider the heat conduction problem

∂u

∂t
= κ∇2u+ f(t,x;u) , x ∈ D. (1.4.15)

This problem is well formulated if it is joined, for instance, to the initial
condition

u(t = 0,x) = u0(x) , x ∈ D, (1.4.16)

and to the boundary conditions

u(t,x) = ud(t,x) , if x ∈ ∂Dd ,

n(t,x) · ∇u(t,x) = un(t,x) , if x ∈ ∂Dn ,
(1.4.17)

where ∂Dd and ∂Dn form a suitable partition of the boundary ∂D and n
is the normal to ∂Dn.

If the model is defined by a system of equations, the initial and bound-
ary conditions have to be assigned for each equation according to the rules
stated above. For problems in an unbounded domain the same reasoning de-
veloped for problems in one space dimension can technically be generalized
to problems in more than one space domain.

Remark 1.4.3. Problems with higher-order derivatives need additional
conditions. For instance, for problems involving time derivatives of the order
r ≥ 1, the initial conditions at t = 0 have to be prescribed for the dependent
variables and their time derivatives up to the order r− 1. The same occurs
for space derivatives.

• Well-posed problems. The notion of well-posed initial-boundary
value problems can be stated as follows: the problem has a solution, this
solution is unique and continuously depends on the various data of the
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problem. The data of the problem are referring to the coefficients of the
partial differential equation, the functions appearing in boundary and initial
conditions, and also the (geometric) region on which the equation has to
hold.

In practical situations, the continuity with respect to the problem data
means that the solution of the problem changes only slightly when the
conditions by which the problem is well formulated change slightly.

The well-posedness is not an immediate consequence of the statement of
the problem. It has to be proven by a specific qualitative analysis. Such
an analysis requires a detailed knowledge of the theory of partial differential
equations, but this is not one of the aims of this book. The reader is referred
to the specialized literature; e.g., Lions and Magenes (1969); Evans (1998).
Here, it is only pointed out that the study of the well-posedness first requires
a precise definition of the class of functions to which the solution belongs.
Roughly speaking, the following guidelines apply:

− The auxiliary conditions imposed must not be too many or a solution
will not exist.

− The auxiliary conditions imposed must not be too few or the solution
will not be unique.

− The kind of auxiliary conditions must be correctly matched to the
type of the equation or the solution will not depend continuously on the
data.

We provide only a brief analysis of the well-posedness of some models
within the framework of the above.

The conditions for well-posed hyperbolic equations is closely related
to the geometry of the characteristic curves. Let us consider for instance
the simplest case of linear transport equation on the whole space IR3. The
dependent variable u(t,x) is a scalar function which satisfies

∂u

∂t
(t,x) + b(x) · ∂u

∂x
(t,x) = 0 , t > 0, x ∈ IR3 (1.4.18)

complemented with the initial condition

u(t = 0,x) = u0(x) , x ∈ IR3 ,

where b(x) = (b1(x), b2(x), b3(x)) is a given vector-valued function on IR3.
Then, the well-posedness of Eq. (1.4.18) is equivalent to the well-posedness
of the set of ordinary differential equations:

dXi(t,x)
dt

= −bi(X1(t,x);X2(t,x);X3(t,x)) ,
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with initial conditions Xi(0,x) = xi, i = 1, 2, 3. One sees that the well-
posedness of (1.4.18) is strongly related to the regularity properties of the
function b(x). More difficulties appear if one considers initial-boundary
value hyperbolic problems. In particular, one is faced with the problem
of compatibility between the behavior of the characteristic curves near
the boundaries and the boundary conditions; see Evans (1998), Chapter
3. In general, it is possible to prove a local existence result for (well-
formulated) hyperbolic problems while the global well-posedness occurs
generally on open unbounded regions.

There exists a very large variety of analytic tools well suited to prove
the well-posedness of both parabolic and elliptic problems. One may
cite, among others, the general theory of pseudo-differential operators based
upon the representation of partial differential equations by means of suit-
able Fourier transforms. Another standard way to construct the solution of
a (time-dependent) parabolic problem is to recast the original partial dif-
ferential equation as a suitable fixed point problem. To prove the existence
of a fixed point, compactness methods are a powerful tool.

Finally, we point out that variational techniques are well suited
to prove that both parabolic and elliptic problems are well posed. The
variational approach consists in looking for the solution of a given (well-
formulated) problem as the minimum of some energy functional over some
convex subset of the functional space in which the solution exists. Elliptic
problems (with, e.g., mixed boundary conditions) are generally well posed
on a sufficiently smooth bounded and open set D of IRn. We stress that,
while uniqueness of the solutions to hyperbolic problems is a difficult task,
parabolic problems generally lead to a unique solution through maximum
principles.

1.5 Guidelines for the Application of Collocation Methods

The interplay between engineering sciences, technology, and applied
mathematics often leads to the analysis of initial and/or boundary value
problems for nonlinear partial differential equations. Several interesting
problems are also stated in terms of integro-differential equations. The
preceding section has given an account of the statement of mathematical
problems related to models of interest in applied sciences.

A large variety of solution methods can be developed to help solve the
above class of problems. The selection of the proper method is, in fact, one
of the most difficult tasks of applied mathematics and mainly depends on
the structure of the problem to be solved and, to a minor extent, on the
aims of the simulation.
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A well-known solution technique of nonlinear initial-boundary value
problems for nonlinear partial differential equations is the generalized col-
location method originally called the differential quadrature method.
The original literature can be found in Bellman et al. (1971), (1972).

A concise account concerning the application of the method can be given
with reference to the initial-boundary value problem for models described
by partial differential equations. The brief description given in what follows
is analyzed in detail and generalized in the chapters which follow. Bearing
this in mind, the method can be applied as follows.

i) The space variables, say x, y, are discretized into a suitable number of
collocation points xi, yj .

ii) The dependent variable u = u(t, x, y) is approximated by interpolat-
ing polynomials or functions through the values uij(t) = u(t, xi, yj) of
the dependent variable in the collocation points. Lagrange polynomials,
splines, and sinc functions are usually adopted for the interpolation.

iii) The space derivatives are approximated using the interpolation men-
tioned in item ii).

iv) The initial-boundary value problem is transformed into an initial value
problem for a system of ordinary differential equations that describe the
evolution of the values uij(t) of u in the nodes.

v) Boundary conditions are imposed at the collocation points correspond-
ing to the boundary of the domain of the independent variables.

vi) The solution of the initial-boundary value problem is then obtained by
solving the initial value problem mentioned in items iv) and v) and
interpolating the solution by using the method given in item ii).

This method discretizes the original continuous model (and problem)
into a discrete (in space) and continuous (in time) model, with a finite
number of degrees of freedom, while the initial-boundary value problem is
transformed into an initial value problem for ordinary differential equations.

A similar method can be developed for the solution of the initial value
problem for some classes of integro-differential equations. Again, the initial
value problem is transformed into an initial value problem for the values of
the dependent variable in the collocation nodes.

This method is well documented in the literature on applied mathemat-
ics; it was first proposed by Bellman and Casti (1971) and developed by sev-
eral authors in deterministic (Satofuka (1983)) and stochastic frameworks,
Bellomo and Flandoli (1988). Additional applications and developments
are due, among others, to Chen (1999), (2000) in the context of ordinary
and partial differential equations, Shu and Richards (1992) concerning the
solution of Navier–Stokes equations, and Bert and Malik (1996), (1998)
concerning the analysis of the vibration of cylinder shells or rectangular
plates.
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Let us also mention the papers by Karami and Malekzadeh (2002),
(2004) concerning the application of the method to various problems of vi-
bration analysis, and by Artioli, Gould, and Viola (2005) and Artioli and
Viola (2005), concerning the solution of mathematical problems in struc-
tured mechanics. Finally, the reader can refer to the valuable monograph
Shu (1992) that deals with various aspects of the generalized quadrature
method in the context of fluid mechanics.

Without discussing, at this stage, the validity of the method, with re-
spect to alternative ones (which can only be done for well-defined problems),
it is well documented that the method can provide a useful discretiza-
tion of continuous models and efficiently deals with nonlinearities including
the ones related to implicit boundary conditions. These features make the
method interesting for engineering applications, as is documented in the
review paper by Bert and Malik (1996) and in the bibliography therein
cited. Their paper provides an interesting and detailed report on the appli-
cation of the original differential quadrature (collocation) method to several
engineering problems.

On the other hand, it is known that the method does not generally work
in some circumstances. For instance, referring to the Dirichlet problem,
the classical Lagrange interpolation is not useful for dealing with problems
in unbounded domains or with solutions that are oscillating, with high
frequency, in the space variables. This problem can be overcome with a
suitable use of sinc functions in the analysis of nonlinear problems, see
Lund and Bowers (1992) and Stenger (1983), (1993). A further important
aspect is the estimation of the error bounds.

It can be concluded that several studies have been developed to general-
ize and improve the mathematical method, which has subsequently been ap-
plied to interesting engineering problems. These improvements have gener-
ated a mathematical method, called the generalized collocation method,
which is useful for solving a large class of nonlinear problems in applied sci-
ences.

1.6 Problems

PROBLEM 1.1

Consider the nonlinear transport and diffusion of a chemical (Example
1.2.1) and write it in terms of dimensionless variables.
Hint: Follow the same procedure applied in Examples 1.3.1 and 1.3.2.
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PROBLEM 1.2

Identify, in all models proposed in Section 1.2, those which can be classified
as parabolic equations.

Hint: Follow the same procedure indicated in the second part of Sec-
tion 1.4.

PROBLEM 1.3

Identify, in all models proposed in Section 1.2, those which can be classified
as hyperbolic equations

Hint: Follow the same procedure indicated in the second part of Sec-
tion 1.4.

PROBLEM 1.4

Show how the models proposed in Section 1.2 generate, in the steady case,
elliptic models.

Hint: Equating the time derivative to zero generates equations which can
be discussed following the method of Section 1.4.

PROBLEM 1.5

Consider all models proposed in Section 1.2 by dimensional variables and
write them in terms of dimensionless variables.

Hint: Follow the same procedure applied in Problem 1.1.

PROBLEM 1.6

Show that both parabolic and hyperbolic models in the steady case generate
elliptic models.

Hint: Follow the same procedure applied in Problem 1.4.

PROBLEM 1.7

Write the statement of mathematical problem (Dirichlet and Neumann) for
parabolic models with second-order space derivatives in one space variable.

Hint: Develop this problem in the case of the linear diffusion model.

PROBLEM 1.8

Write the statement of mathematical problem in unbounded domains for
wave models.

Hint: Apply the method of Section 1.4.
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PROBLEM 1.9

Generalize some of the models of Section 1.2 in two space dimensions con-
sidering the case of isotropic and anisotropic material properties.
Hint: The generalization is immediate in the case of isotropic materials.
In the case of anisotropic behavior, one has to consider space dependent
parameters.

PROBLEM 1.10

Write the mathematical statement of the problems for models in two space
dimensions dealt with in Problem 1.9.
Hint: Apply the method described in Section 1.4.



2
Lagrange and Sinc Collocation

Interpolation Methods

2.1 Introduction

A brief introduction to the solution of mathematical problems using gen-
eralized collocation-interpolation methods has already been given in Chap-
ter 1. As we have seen, the application method requires the development of
suitable interpolation techniques of functions of the time and of one or two
space variables. These mathematical tools are technically described in this
chapter in view of their application to the solution of nonlinear evolution
problems described by partial differential and integro-differential equations.

The interpolation method is applied to functions with values known
over suitable collocation points of the space variables. It provides a contin-
uous approximation of the functions over the space variables, and allows
the calculation of the local derivatives. Considering that the values of the
functions in the collocation points may be given as continuous functions of
time, the approximation is continuous in time and space.

Several examples and applications provide technical indications to esti-
mate the error bounds both for the function and for its space derivatives.
Simulations are obtained by scientific programs developed with the software
Mathematica R©. The Appendix to this book reports the main features and
potential ability of several programs. Specifically, the various programs used
in this chapter are reported in Sections A.2–A.6.

The contents are developed in five more sections.

• Section 2.2 shows how time-dependent functions in one space dimen-
sion can be interpolated, and approximated, by using Lagrange polynomials

33
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and sinc functions. This section also shows how the interpolation can be ap-
plied to approximate first- and higher-order derivatives of given functions.
Calculations are developed both in bounded and unbounded domains; it is
also shown that the use of Lagrange polynomials appears to be more effi-
cient for interpolation and approximation over bounded domains, while the
use of sinc functions appears to be appropriate for functions in unbounded
domains.

• Section 2.3 develops a similar analysis for functions in two space di-
mensions. Again Lagrange polynomials and/or sinc functions are used, and
it is shown how both types of interpolating functions can be used: one for
each space variable. For instance, for problems on a strip, Lagrange poly-
nomials can be used for the bounded space variable, while sinc functions
are used for the unbounded variable.

• Section 2.4 presents various examples and applications addressed not
only to show the practical application of the method, but also to provide
useful indications concerning the selection of the parameters characterizing
the method: number of collocation points and localization of the collocation.
This section also provides useful indications on a strategy to select either
Lagrange polynomials or sinc functions.

• Section 2.5 develops a critical analysis on the contents of this chapter
focused on various computational experiments.

• Section 2.6 presents various problems to help the reader practice the
application of the method.

This chapter is based on the use of Lagrange polynomials or sinc func-
tions to interpolate and approximate functions of time and space. Their
application is technically rapid and generally ensures efficient results. On
the other hand, the reader should be aware that other types of interpo-
lations can be used, such as splines. This technical development is left to
the reader’s initiative; however, a brief discussion on the use of orthogonal
polynomials is given in the last chapter of the book.

2.2 Collocation Methods in One Space Dimension

This section deals with interpolation techniques of functions of time
and one dependent space variable using Lagrange polynomials and sinc
functions. The method is presented in view of the solution to nonlinear
boundary value problems such that the dependent variables depend on
time and one space variable.
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Let us consider functions of the type

u = u(t, x) , [0, 1] × [0, 1] → [0, 1] , (2.2.1)

where both independent and dependent variables, as shown in Chapter 1,
take values in the interval [0, 1] after having been normalized with respect
to suitable reference quantities. The domain of the space variable and/or
of the dependent variable can also be [−1, 1].

The above normalization is possible when the real space variable xr

is defined over a bounded interval, say xr ∈ [xm, xM ]. Otherwise, if xr is
defined over the whole real line (or over the positive half-line), then one
may either let x ∈ (−∞,∞) (or x ∈ [0,∞)), or apply a change of variable,
say z = z(x) with z chosen in such a way that z ∈ [0, 1].

Obviously the time variable spans over an arbitrary interval subset of
IR+, say over [0, T ] (T > 0). However, once the time T necessary for the
simulations has been fixed, the scaled time is then obtained by dividing the
real time by T , so that t ∈ [0, 1]. Additional reasoning will be referred to
specific examples.

Consider then functions u = u(t, x) defined over [0, 1]× [0, 1], such that
u defines a one-to-one map from x ∈ [0, 1] into the domain of u, for every
fixed t ∈ [0, 1], and let us define the collocation

Ix = {x1 = 0, . . . , xi, . . . , xn = 1} . (2.2.2)

This collocation can be either equally spaced

xi = (i− 1)h , h =
1

n− 1
, i = 1, . . . , n , (2.2.3)

or identified by a Chebychev-type collocation with decreasing values of
the measure |xi − xj | towards the borders:

xi =
1
2
− 1

2
cos

(
i− 1
n− 1

π

)
, i = 1, . . . , n . (2.2.4)

In general, u = u(t, x) can be interpolated and approximated by means
of Lagrange polynomials as follows:

u(t, x) ∼= un(t, x) =
n∑

i=1

Li(x)ui(t) , (2.2.5)
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where ui(t) = u(t, xi), and the Lagrange polynomials are given by the
expression

Li(x) =
(x− x1) . . . (x− xi−1)(x− xi+1) . . . (x− xn)

(xi − x1) . . . (xi − xi−1)(xi − xi+1) . . . (xi − xn)
· (2.2.6)

Since Li(xj) = δij one has un(t, xi) = ui(t). Therefore the function
u = u(t, x), of time and space, is approximated by a collection of n profiles
{ui(t)} for i = 1, . . . , n.

This interpolation can be used to approximate the partial derivatives of
the function u in the nodal points of the discretization

∂ru

∂xr
(t;xi) ∼=

n∑
h=1

a
(r)
hi (n)uh(t) , r = 1, 2, . . . , (2.2.7)

where

a
(r)
hi (n) =

drLh

dxr
(xi) · (2.2.8)

The values of the coefficients depend on the number of collocation points
n and on the type of collocation. Technical calculations provide the follow-
ing result:

h 
= i : a
(1)
hi =

∏
(xi)

(xi − xh)
∏

(xh)
, a

(1)
ii =

∑
h �=i

1
xi − xh

, (2.2.9a)

and

h = i : a
(1)
ii =

∑
h �=i

1
xi − xh

, (2.2.9b)

where

∏
(xi) =

∏
p�=i

(xi − xp) ,
∏

(xh) =
∏
p�=h

(xh − xp) . (2.2.10)

Higher-order coefficients may be computed exploiting the following re-
currence formula:

a
(r)
hi = r

(
a
(1)
hi a

(r−1)
ii +

a
(r−1)
hi

xh − xi

)
, a

(r+1)
ii = −

∑
h �=i

a
(r+1)
hi . (2.2.11)
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Remark 2.2.1. It is well known that accuracy of the interpolation can be
obtained by the selection of the proper collocation points to be related to
the selection of the interpolation functions; see Bellomo and Preziosi (1996).
In the case of Lagrange interpolation, a Chebychev collocation is needed.
Indeed, the examples in Section 2.4 show how using collocation with equal
spacing generally gives very disappointing results.

In the more general case, when x belongs to an unbounded interval,
it is still possible to use (2.2.5) and (2.2.6). In fact, let us suppose that
x ∈ (−∞,∞) for functions which tend to zero at infinity:

lim
|x|→∞

u(t, x) = 0 , ∀ t ≥ 0 . (2.2.12)

Then, the following change of variable can be applied:

z =
ex

1 + ex
, (2.2.13)

so that z = 1 when x → ∞ , and z = 0 when x → −∞, and the inverse
mapping is as follows:

x = log
z

1 − z
· (2.2.14)

If x ∈ [0,∞) for functions which tend to zero at infinity, the following
change of variable can be applied:

z = 1 − e−x , (2.2.15)

which is such that z = 0 when x → 0 , while z = 1 when x → ∞, so that
the inverse mapping is given by

x = − log(1 − z) . (2.2.16)

Similar calculations can be developed in the case of sinc functions which
are naturally defined for the interval x ∈ (−∞,∞):

u(t, x) ∼= un(t, x) =
n∑

i=−n

Si(x;h)ui(t) , (2.2.17)

where

Si(x;h) =
sin zi

zi
, zi =

π

h
(x− ih) . (2.2.18)
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In this case the collocation is as follows:

xn = hn for any relative integer n ∈ Z , (2.2.19)

where h may be related to a characteristic length of the physical system.
Hence, sinc functions require an equally spaced collocation.

The above interpolation also operates for functions defined over the
interval [0, 1], by assuming that

u(t, x) = 0 whenever x /∈ [0, 1], ∀ t ≥ 0 . (2.2.20)

Technical calculations, see Bonzani (1997), yield, for any integer r, a
simple expression of the coefficients of the space derivative matrices:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

a
(2r)
ji =

(−1)i−j

h2r(i− j)2r

r−1∑
k=0

(−1)k+1 2r!
(2k + 1)!

π2k(i− j)2k,

a
(2r+1)
ji =

(−1)i−j

h2r+1(i− j)2r+1

r∑
k=0

(−1)k+1 (2r + 1)!
(2k + 1)!

π2k(i− j)2k ,

(2.2.21a)
for i 
= j and

a
(2r)
ii =

(π
h

)2r (−1)r

(2r + 1)
, a

(2r+1)
ii = 0 , (2.2.21b)

for i = j.
The computation of the space derivatives in the collocation points gen-

erates an n×n matrix of coefficients, where n is the number of collocation
nodes. The continuous approximation of the space derivatives can be ob-
tained using the same interpolation formula used for the functions. We
stress that the interpolation is exactly satisfied in the nodal points, while
partial space derivatives are only approximated.

Finally, let us remark that the choice of the interpolating functions is
not limited to Lagrange polynomials and sinc functions. In general, it is
possible to look for interpolations of the type

u(t, x) ∼= un(t, x) =
n∑

i=1

χi(x)ui(t) , (2.2.22)

where χi(xi) = 1, and χi(xj) = 0 whenever i 
= j. Here, χ represents a
general fundamental interpolating function, such as Lagrange polynomials
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or sinc functions, but also fundamental splines, Legendre polynomials with
Legendre collocation points, and so on. The presentation that follows refers,
for simplicity, to the interpolations (2.2.6) and (2.2.18) leaving further gen-
eralizations to the reader, who may take advantage of the general contents
of the book by Bellomo and Preziosi (1996).

2.3 Collocation and Interpolation in Two Space Dimensions

The method described in Section 2.2 can be technically developed for
time-dependent functions in two space variables: u = u(t, x, y). Let us con-
sider first functions defined over the domain [0, 1]× [0, 1] × [0, 1], such that
u defines a one-to-one map from D = [0, 1] × [0, 1] into the domain of u,
for every fixed t ∈ [0, 1]. Moreover, let us introduce, in addition to the
collocation Ix, the following collocation for the y-variable:

Iy = {y1 = 0, . . . , yj , . . . , ym = 1}, j = 1, . . . ,m . (2.3.1)

It follows that

u = u(t, x, y) ∼= unm(t, x, y) =
n∑

i=1

m∑
j=1

Li(x)Lj(y)uij(t) , (2.3.2)

or

u = u(t, x, y) ∼= unm(t, x, y) =
n∑

i=1

m∑
j=1

Si(x;h)Sj(y;h)uij(t) . (2.3.3)

In principle, mixed-type interpolations can also be used:

u = u(t, x, y) ∼= unm(t, x, y) =
n∑

i=1

m∑
j=1

Li(x)Sj(y;h)uij(t) , (2.3.4)

or

u = u(t, x, y) ∼= unm(t, x, y) =
n∑

i=1

m∑
j=1

Si(x;h)Lj(y)uij(t) . (2.3.5)
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The use of a mixed-type interpolation is useful if one of the two variables
is defined over the whole real line. For instance, let us suppose that x ∈ [0, 1]
and y ∈ (−∞,∞); then the collocation

ym = hm for any relative integer m ∈ Z , (2.3.6)

can be used for the y variable, so that the interpolation is as follows:

u = u(t, x, y) ∼= unm(t, x, y) =
n∑

i=1

m∑
j=−m

Li(x)Sj(y;h)uij(t) . (2.3.7)

The approximation of the space derivatives in the collocation points is
obtained by calculations analogous to those of the one-dimensional case.
When the space variables are defined over the domain D = [0, 1] × [0, 1],
one has

∂ru

∂xr
(t;xi, yj) ∼=

n∑
h=1

a
(r)
hi uhj(t) , (2.3.8)

and

∂ru

∂yr
(t;xi, yj) ∼=

m∑
k=1

b
(r)
kj uik(t) , (2.3.9)

while mixed-type derivatives are given by

∂2u

∂x∂y
(t;xi, yj) ∼=

n∑
h=1

m∑
k=1

a
(1)
hi b

(1)
kj uhk(t) , (2.3.10)

where the coefficients a and b are given by the expressions reported in
Section 2.2.

Also, for two space dimensions the interpolation is exactly satisfied in
the nodal points

uij(t) = unm(t, xi, yj) , (2.3.11)

while partial derivatives are only approximated.
If the mathematical problem in two space dimensions is not defined

on rectangular domains, the collocation has to be dealt with referring to
the geometry of the domain of the space variables, while the interpolation
method needs to be technically modified. For instance, when the domain
is convex with respect to both axes and regular, then the number of collo-
cation points along one of the axes may depend on the collocation on the
other axis. This matter needs to be technically treated with reference to
specific applications such as those in Chapter 5.
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The same technique can also be developed for time-dependent functions
in three space variables. However, this specific problem is not discussed
here. Its application to the solution of partial differential equations is not
practical since it generates an excessively large number of equations.

2.4 Examples and Applications

Some simple applications will be proposed in this section to show some
practical aspects of the interpolation method described in Sections 2.2 and
2.3. The examples are all organized to interpolate, by means of a finite num-
ber of collocation points, functions which are known analytically. This al-
lows an immediate technical estimate of the approximation error, that is the
L∞-distance between the real function, say u = u(x) and the interpolating-
approximating one un = un(x).

The error, which depends on the number of collocation points, is defined
as follows:

En = ||u− un||∞ = sup
x∈D

|u− un| . (2.4.1)

Analogous estimates can be obtained for the space derivatives:

En
x = ||ux − un

x ||∞ = sup
x∈D

|ux − un
x | , (2.4.2)

and

En
xx = ||uxx − un

xx||∞ = sup
x∈D

|uxx − un
xx| , (2.4.3)

where the subscripts refer to the first- and second-order space derivatives.
Analogous definitions can be given for higher-order derivatives.

In general, one should expect En → 0 as n→ ∞. On the other hand, a
monotone decreasing of the error, say

(En)n is a decreasing sequence, (2.4.4)

although often observed in numerical simulations, can be proved only for
some special cases.

The same reasoning can be generalized to En
x and En

xx and possibly to
higher-order derivatives.
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The understanding of the mathematical method can be enlarged to an-
alyze the average error identified by the L1-distance:

En
1 =

1
meas(D)

∫
D

|u− un|(t, x)dx .

Analogous expressions can be written for the space derivatives.
For the applications that follow, D = [0, 1] and meas(D) = 1. The first

example aims to analyze the need of a Chebychev collocation.

Example 2.4.1

Lagrange Interpolations

This example refers to the study of the difference between equally spaced
and Chebychev collocations for Lagrange interpolation, and is illustrated
for the following function:

u = u(x) = tanh[5(2x− 1)] +
1
5

sin[5π(2x− 1)] , x ∈ [0, 1] . (2.4.5)

0 0.5 1

x

�4

0

4

u�
x�

Figure 2.4.1 - Lagrange interpolation of (2.4.5) with 21 collocation points:
Chebychev collocation (continuous line), equally spaced collocation (dashed
line).

Simulations are shown in Figure 2.4.1 referring to the approximation of
the wavy perturbation of the hyperbolic tangent (2.4.5) by Lagrange poly-
nomials with 21 nodes. The continuous line refers both to the analytical
function and its interpolation by Chebychev collocation, while the dashed
line corresponds to equally spaced nodes. This example clearly shows that
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the Lagrange interpolation needs a Chebychev collocation: indeed, the error
generated by the equally spaced collocation is remarkable, whereas the fig-
ure does not show any discrepancy for the analytic curve and its Lagrange
interpolation with a Chebychev collocation.

The computations have been performed using the program OneDLag
reported in the Appendix, Section A.2.

The second application provides a comparison between the Lagrange
and the sinc interpolations.

Example 2.4.2

Lagrange and Sinc Interpolation

This application compares the Lagrange and sinc interpolations—using
the Chebychev collocation and equally spaced collocation, respectively.

The example refers to the interpolation of the function

v = v(x) = exp[−50(2x − 1)2] , x ∈ [0, 1] . (2.4.6)

The first and the second derivatives of the interpolations are also com-
puted, while the errors En

x and En
xx are evaluated with respect to the number

of nodes. Computations have been performed with the help of the program
OneDLaSiInt, see Appendix, Section A.3.

0 0.5 1
x

0

1

v�
x�

Figure 2.4.2.a - Interpolation, with 21 nodes, of a Gaussian-like function
(continuous line): Lagrange polynomials (dashed line) and sinc functions
(dotted line). The dashed line practically overlaps with the continuous line
of the exact function.
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Figure 2.4.2.b - Interpolation of the first derivative of a Gaussian-like func-
tion (continuous line) by 21 collocation points.
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Figure 2.4.2.c - Interpolation of the second derivative of a Gaussian-like
function (continuous line) by 21 collocation points.

Figures 2.4.2.a,b,c, show that a relatively more accurate approximation
is obtained by Lagrange interpolation (dashed line). This feature is evident
in Figure 2.4.2.a when the analytical function (solid line) becomes flat; the
interpolation by sinc functions (dotted line) is wavy while the Lagrange
interpolation curve is flat. Figures 2.4.2.b and 2.4.2.c further emphasize
this aspect related to the errors of the first and second derivatives.
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Figure 2.4.2.d - Error by L∞-norm versus even number of nodes n: Sinc
functions (continuous line) and Lagrange polynomials (dashed line).
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Figure 2.4.2.e - Error by L∞-norm versus odd number of nodes n: Sinc
functions (continuous line) and Lagrange polynomials (dashed line).

Figures 2.4.2.d and 2.4.2.e report the error En corresponding to the
sinc interpolation (solid line) and Lagrange interpolation (dashed line), for
an even and odd number of nodes, respectively. The errors visualized in
Figures 2.4.2.d,e confirm that the best results are obtained in this example
by Lagrange interpolation and show the fast decrement of the errors when
the nodes number is increasing: when n is in the range 20–30, the errors
practically tend to zero.
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Example 2.4.3

Error Computation for Example 2.4.1

Consider the interpolation of a function defined as an oscillating pertur-
bation superposed to the hyperbolic tangent (2.4.5). The function is inter-
polated by Lagrange polynomials and sinc functions (always with
Chebychev collocation and equispaced collocations, respectively) making
use of the program OneDLSerr (Appendix: Section A.4).

Figure 2.4.3.a visualizes the approximation of the function u given by
(2.4.5) (solid line) by sinc functions (dotted line) and Lagrange polynomials
with Chebychev collocation (dashed line), while Figures 2.4.3.b and 2.4.3.c
visualize the behavior of its first derivative ux and its second derivative
uxx respectively. Figures 2.4.3.d and 2.4.3.e visualize the L∞-norm error
En with an even (solid line) and odd (dashed line) number of nodes for sinc
and Lagrange interpolation, respectively, while Figures 2.4.3.f and 2.4.3.g
show the L1-norm error En

1 with an even (solid line) and odd (dashed line)
number of nodes for sinc and Lagrange interpolation, respectively.

0 0.5 1
x

�1
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u�
x�

Figure 2.4.3.a - Interpolation by Lagrange polynomials (dashed line) and
sinc functions (dotted line), with 21 collocation points, of (2.4.5) (continu-
ous line).

Unlike the previous example, now the behavior of the sinc interpolation
is relatively more accurate than the one obtained by Lagrange interpolation.
The reason is the behavior of the sinc function which allows us to capture
the oscillations of the function u(x), in particular near the boundaries, as
testified by the behavior of its derivatives. As also shown in Example 2.4.2,
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Figure 2.4.3.b - Interpolation by Lagrange polynomials (dashed line) and
sinc functions (dotted line), with 21 collocation points, of the first derivative
of (2.4.5) (continuous line).
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Figure 2.4.3.c - Interpolation by Lagrange polynomials (dashed line) and
sinc functions (dotted line), with 21 collocation points, of the second deriva-
tive (2.4.5) (continuous line).

in this case the error decreases very fast with an increasing number of
nodes, even if the Lagrange interpolation shows a residual error which is
significantly different from zero.
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Figure 2.4.3.d - Error εn versus n of the interpolation by sinc functions of
(2.4.5): even number of nodes (continuous line) and odd number of nodes
(dashed line).
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Figure 2.4.3.e - Error εn versus n of the interpolation by Lagrange polyno-
mials of (2.4.5): even number of nodes (continuous line) and odd number
of nodes (dashed line).
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Figure 2.4.3.f - Error εn
1 versus n of the interpolation by sinc functions of

(2.4.5): odd number of nodes (dashed line) and even (continuous line).
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Figure 2.4.3.g - Error εn
1 versus n of the interpolation by Lagrange polyno-

mials of (2.4.5): odd number of nodes (dashed line) and even (continuous
line).
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Example 2.4.4

Gaussian Function in Two Space Dimensions

This example refers to the interpolation in two space dimensions, where
the test function is the following Gaussian-type function:

u = u(x, y) = exp[−25(2x − 1)2 − 25(2y − 1)2], x, y ∈ [0, 1] . (2.4.7)

Computations have been obtained by programs TwoDLaSiInt and
TwoDLaSiErr (see Appendix, Sections A.5 and A.6).

Figures 2.4.4.a and 2.4.4.b visualize, respectively, the approximation
of the function (2.4.7) by sinc functions and the associated error En ×
105, while Figures 2.4.4.c and 2.4.4.d show, respectively, the approximation
of (2.4.7) by Lagrangian polynomials with Chebychev collocation and the
corresponding error En × 103.

The L∞-norm error En and the L1-norm error En
1 , respectively, with

an odd number of nodes for sinc (solid line) and Lagrange interpolation
(dashed line) are visualized in Figures 2.4.4.e and 2.4.4.f.

A visual inspection of Figures 2.4.4.a,c and the magnitude of the error
show clearly that both Lagrange and sinc interpolations provide very ac-
curate results. However, due to the flat shape of the function u(x, y) in a
large part of the domain, and coherently with Example 2.4.2, the Lagrange
interpolation leads to a relatively more accurate approximation.

2.5 Critical Analysis

This chapter has shown how the interpolation and approximation of
time-dependent functions in one or two space variables can be performed
by using Lagrange polynomials and sinc functions. Some applications have
been proposed choosing various analytical functions and interpolating them,
so that an immediate estimate of the related approximation errors is pos-
sible.

The various applications have shown that the approximation by La-
grange polynomials provides accurate results only in the case of Chebychev
collocations. On the other hand, there are no well-defined rules to choose
between one type of interpolation, between Lagrange or sinc. A heuristic
indication is that the use of sinc functions may give relatively more accu-
rate results than Lagrange interpolations for a large number of nodes. On
the other hand, if the number of nodes is small, then Lagrange polynomials
are generally more efficient. This is an important issue considering that the
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Figure 2.4.4.a - Approximation by sinc functions with 15 × 15 nodes of
(2.4.7).
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Figure 2.4.4.b - ε in the approximation by sinc functions with 15×15 nodes
of (2.4.7).
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Figure 2.4.4.c - Approximation by Lagrange polynomials with 15×15 nodes
of (2.4.7).
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Figure 2.4.4.d - ε in the interpolation by Lagrange polynomials, with 15×15
nodes, of the Gaussian-like function (2.4.7).
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Figure 2.4.4.e - εn versus odd number of nodes n in the interpolation of
(2.4.7): Sinc functions (continuous line) and Lagrange polynomials (dashed
line).
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Figure 2.4.4.f - L1-norm versus odd number of nodes n: Sinc functions
(continuous line) and Lagrange polynomials (dashed line).

application of generalized collocation methods requires the solution of a sys-
tem of ordinary differential equations equal to that of the number of nodes.
Therefore, the lower the number of nodes, the less stiff the system of dif-
ferential equations. Moreover, for functions that are flat at the boundary
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of the domain, Lagrange interpolation provides more accurate results than
the sinc method, as illustrated in Example 2.4.4.

The applications have also shown that the error tends to zero as the
number of interpolation nodes tends to infinity, and that the error is mono-
tonically decreasing with different behaviors for an even or odd number of
nodes. This consistency result is certainly useful towards the solution of
initial-boundary value problems, although it is clear that the number
of collocation points cannot be made arbitrarily large—as already men-
tioned, it would generate an excessively large number of ordinary differen-
tial equations.

Various books and papers report a priori estimates of the error bounds
as documented in the review by Stenger (1983) or in the paper by Bellomo
et al. (2001). This matter is not dealt with in this chapter because the
experimental (computational) approach initiated here is relatively more
practical for applications. Indeed, the main point is the selection of the
best number of nodes related to the fact that, by increasing the number
of collocation points, one reduces the interpolation error but increases (as
we shall see) the error related to the time integration. An optimal strategy
can be developed by computational experiments which will be practically
proposed in the next chapters.

Finally, the choice of Lagrange polynomials and sinc functions is re-
lated to the fact that the method is based on approximation generated
by interpolation. The alternative of using Bernstein polynomials is also
possible; however, the authors’ experience suggests limiting the use to the
selection proposed in this chapter. On the other hand, if the approximation
is obtained by orthogonal functions, the method needs to be technically
developed as reported in Chapter 6. In this case, the use of wavelets can be
considered. Pertinent information can be found in the books by Daubechies
(1992), Meyer and Ryan (1993), and Cattani and Rushchitsky (2007). The
general framework is that of spectral approximation, Gottelieb and Orszag
(1977).

2.6 Problems

PROBLEM 2.1

Consider the function defined in Example 2.4.2 and compute, for x ∈ [0, 1],
the distance between ux and un

x obtained by Lagrange interpolation with
Chebychev collocation using 11 nodes. Discuss this result with respect to
the one of Example 2.4.3.
Hint: Use the same programs of Examples 2.4.1 and 2.4.3.
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PROBLEM 2.2

Consider the same interpolation of Problem 2.1 computing now the distance
between uxxx and un

xxx. Develop a similar analysis for the fourth-order
derivatives and discuss the result.
Hint: The distance between the analytic function and the interpolating one
increases with increasing order of the derivative.

PROBLEM 2.3

Consider the Gaussian-type function defined by Eq. (2.4.7) and compute
the errors En

x and En
xx obtained by a sinc interpolation using 20 nodes.

Hint: Use the same program applied in Example 2.4.2.

PROBLEM 2.4

Develop the same analysis of Problem 2.3 using a Lagrange collocation with
20 nodes and a Chebychev collocation.
Hint: Use the same program applied in Example 2.4.2.

PROBLEM 2.5

Develop the same calculations of Problems 2.3 and 2.4 with a variable
number of nodes and discuss the results of the computation.
Hint: Use the same procedure of Example 2.4.2.

PROBLEM 2.6

Consider Example 2.4.4 and develop the same analysis of the above prob-
lems by using mixed-type interpolations: sinc in the x-axis and Lagrange
on the y-axis (and vice versa). Then, discuss the result of the computation.
Hint: Use the same program applied in Example 2.4.2.

PROBLEM 2.7

Consider Problem 2.6 and develop the same analysis concerning the esti-
mates of the approximation for the first partial derivatives.
Hint: Use the same program applied in Example 2.4.2.

PROBLEM 2.8

Develop the same analysis of Problem 2.7 for second-order derivatives.
Hint: Use the same program applied in Example 2.4.2.

PROBLEM 2.9

Select a function f = f(x) defined for x ∈ IR such that

lim
|x|→∞

f(x) = 0
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and represent the error En corresponding to an interpolation by sinc func-
tions with an increasing number of nodes.
Hint: For the computation, use the same program used in Example 2.4.2.

PROBLEM 2.10

Consider Problem 2.9 and develop the same analysis in the case of inter-
polation by Lagrange polynomials for the function f(z(x)) obtained using
the change of variable defined in Remark 2.2.1.
Hint: Use again the program applied in Example 2.4.2.



3
Nonlinear Initial Value Problems
in Unbounded Domains

3.1 Introduction

This chapter deals with the computational solution of nonlinear initial
value problems described by partial differential equations when the space
variable is defined over unbounded domains in one space dimension. The
technical application of the solution method is developed for the classical
Cauchy problem.

The method is based on the application of the collocation and interpo-
lation technique described in Chapter 2. It generally uses interpolations by
sinc functions which appear to be particularly well suited to approximate
functions in unbounded domains with data decaying to zero at infinity. The
applications refer to various models of solitary wave propagation introduced
in Chapter 1. These numerical experiments are finalized to optimize the se-
lection of the parameters for application of the algorithms. The solutions
of the problems take advantage of the scientific programs reported in the
Appendix, Sections A.3–A.8.

The chapter is developed through six more sections.

• Section 3.2 gives a detailed description of the solution method re-
ferred to first- and second-order equations. Subsequently, it is shown how
the method can be generalized to the solution of higher-order equations.
This generalization is also proposed in view of the applications later in the
chapter that refer to higher-order equations.

• Section 3.3 deals with the the solution of the third-order Korteweg–de
Vries model. The computational solutions are compared with some analytic
results which can be obtained for some particular applications. These

57
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comparisons contribute to the proper selection of the number of colloca-
tion points.

• Section 3.4 develops a similar application of the methods to the fifth-
order Korteweg–de Vries model, which is again focused on the selection of
the number of collocation points.

• Section 3.5 reports some additional computational results related to
various wave models reported in Chapter 1 with the aim of visualizing, by
computational simulations, some interesting phenomena described by the
models.

• Section 3.6 offers a brief introduction to solution methods for ordinary
differential equations. In fact, the application of the method reduces math-
ematical problems for partial differential equations to the solution of an
approximating system with finite degrees of freedom. Its solution is based
on known techniques for ordinary differential equations, see Marasco and
Romano (2001), which are summarized with the aim of making this chapter
self-contained.

• Section 3.7 finally proposes various problems for the reader to use as
tools for practicing the application of the method.

3.2 On the Solution of Initial Value Problems

This section deals with the solution of initial value problems for partial
differential equations in an unbounded domain, with initial conditions de-
caying to zero at infinity. The application of the method is first referred to
a general class of equations with second-order space derivatives, and then
specialized to various types of models.

Let us consider the following class of second-order partial differential
equations:

∂u

∂t
= η(t, x, u)

∂u

∂x
+ μ

(
t, x, u,

∂u

∂x

)
∂2u

∂x2
+ εf

(
t, x, u,

∂u

∂x

)
, (3.2.1)

where the dimensionless dependent variable

u = u(t, x) : [0, 1] × IR → [0, 1] (3.2.2)

describes, in the mathematical model, the state of a real physical system,
and where η, μ, and f are assumed to be given functions of their argu-
ments. The perturbation parameter ε is not necessarily small. The time
variable is defined over the interval [0, 1] after normalization with respect
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to a suitable critical computational time T . Simulations for time t > 1 must
be interpreted as units of T .

The above class of equations, as we have seen from the various models
described in Chapter 1, already includes a large variety of interesting models
of applied sciences. The preceding particularization is proposed for tutorial
aims; relatively more general cases can easily be handled by the reader after
the technical contents proposed in what follows.

Referring to the above class of equations, the following initial value
problem is stated.

Problem (Cauchy) 3.2.1. Consider the initial value problem for the class
of models described by Eq. (3.2.1) with given initial condition

u(0, x) = ϕ(x) , ∀x ∈ IR , (3.2.3)

where ϕ is a given smooth function of the space variable x, such that

ϕ(x) → 0 as |x| → ∞ . (3.2.4)

The application of the generalized collocation method for the solution of
Problem 3.2.1 takes advantage of the sinc interpolation method reported
in Chapter 2, Section 2.2. The use of Lagrange interpolation is however
technically possible as will be discussed later. The application of the method
can be summarized as follows.
1. The space variable is discretized into a suitable set of equally spaced

collocation points Ix = {x−n, . . . , xn}, where

xi = ih for any relative integer i .

2. The dependent variable u = u(t, x) is interpolated and approximated
by the values ui(t) = u(t, xi) as follows:

u(t, x) ∼= un(t, x) =
n∑

i=−n

Si(x)ui(t) , (3.2.5)

where the expression of the sinc function Si(x) = Si(x, h) is given by
Eq. (2.2.18).

3. The above interpolation is used to approximate the partial derivatives
of the variable u in the nodal points

∂ru

∂xr
(t;xi) ∼=

n∑
j=−n

a
(r)
ij (n)uj(t) , r ≥ 1 , (3.2.6)
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where

a
(r)
ij (n) =

drSj

dxr
(xi). (3.2.7)

The technical expressions of the above derivatives have been reported
in Eqs. (2.2.21).

4. The initial value problem, for partial differential equations, is trans-
formed into an initial value problem for ordinary differential equations
describing the evolution of the values ui(t) of u in the nodes, with the
additional assumption that ui = 0 for |i| > n.

5. The solution of the initial value problem is then obtained solving the ini-
tial value problem for ordinary differential equations and interpolating
the solution by the method used in Step 2. Specifically, the above pro-
cedure yields a system of ordinary differential equations which defines
the time evolution of the values of the variable u in the nodal points

dui

dt
= η(t, xi, ui)

n∑
j=−n

a
(1)
ji uj + μ

(
t, xi, ui,

n∑
j=−n

a
(1)
ji uj

) n∑
j=−n

a
(2)
ji uj(s)

+ ε f

(
t, xi, ui,

n∑
j=−n

a
(1)
ji uj

)
, (3.2.8)

with initial conditions

ui0 = ui(t = 0) = ϕ(xi) , (3.2.9)

for i = −n , . . . , n, where we used the shorthand notation

a
(r)
ij = a

(r)
ij (n) .

The system can be solved using standard techniques for ordinary differ-
ential equations, see Chapter 2 of Bellomo and Preziosi (1996); also addi-
tional information is given in the last section. The solution of (3.2.8)–(3.2.9)
linked to the interpolation (3.2.5) provides the solution to Problem 3.2.1.
The software Mathematica R© ensures the selection of the integration al-
gorithms and of the time step for the integration.

The above method can be straightforwardly generalized to systems of
partial differential equations, where the dependent variable is a vector, say
u. In this case, the solution technique leads to a system of equations for
each component of the vector variable u.

The generalization of the method to models with higher-order deriva-
tives is also immediate, one simply has to use the approximation of higher-
order space derivatives using formula (2.2.21). All examples dealt with in



Nonlinear Problems in Unbounded Domains 61

the next section refer to higher-order equations with reference to the models
reported in Chapter 1.

Similar procedures can be developed for problems in the half-space, say
x ∈ [0,∞), which need the boundary conditions at x = 0 and as x → ∞,
respectively:

u(t, 0) = α(t) , (3.2.10)

and

lim
x→∞u(t, x) = 0 . (3.2.11)

In this case the interpolation can be applied in the half-space setting with
uj = 0 for any j < 0.

The use of Lagrange interpolations is technically possible. In such a
case, it is convenient to introduce a change of variable to compact the real
line into the space interval [0, 1]:

z =
ex

1 + ex
, x = log

z

1 − z
= ψ(z) , (3.2.12)

which implies

x ∈ [0,∞) ⇒ z ∈ [0, 1) . (3.2.13)

Therefore, Eq. (3.2.1) can then be rewritten as follows:

∂u

∂t
=

1
2
(1 − z2)η(t, ψ(z))

∂u

∂z

+ μ(t, ψ(z))
[

1
4
(1 − z2)2

∂2u

∂z2
− 1

2
z(1 − z2)

∂u

∂z

]

+ εf

(
t, ψ(z), u,

1
2
(1 − z2)

∂u

∂z

)
. (3.2.14)

The application of the method generates a system of ordinary differential
equations for i = 1, . . . , n such that u1 = 0 , un = 0. The use of sinc
functions has the advantage that equally spaced nodes for the variable z
generate a discretization of the x variable such that the sequence (xi−xi−1)i

is nondecreasing, that is, computationally consistent when the data decay
to zero at infinity.
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3.3 On the Solution of the Third-Order KdV Model

This section deals with the computational solution of the initial value
problem for the third-order Korteweg–de Vries model, which reads (see
Chapter 1, Example 1.2.2.b) as follows:

∂u

∂t
+ um ∂u

∂x
+ μ

∂3u

∂x3
= 0 . (3.3.1)

Computations are developed for the intial value problem with initial
condition

u0(x) = [A sech2(kx− x0)]1/m , (3.3.2)

where

A = 2μk2 (m+ 1)(m+ 2)
m2

· (3.3.3)

The problem (3.3.1)–(3.3.2) admits an analytic solution, which is called
a solitary wave solution, of the type

u(t, x) = [A sech2(kx− ωt− x0)]1/m , (3.3.4)

where ω = 4μk3/m2. Calculations have been developed for

m = 1 , μ = 1 , k = 0.3 , x0 = 0 .

The first five invariants, see Whitham (1974) and Johnson (1997),
related to the above solutions are

I1 =
∫ +∞

−∞
u dx ,

I2 =
∫ +∞

−∞

1
2
u2 dx ,

I3 =
∫ +∞

−∞

(
u3 +

1
2
u2

x

)
dx ,

I4 =
∫ +∞

−∞

(
5u4 + 10uu2

x + u2
xx

)
dx ,
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and

I5 =
∫ +∞

−∞

(
21u5 + 105u2u2

x + 21uu2
xx + u2

xxx

)
dx ,

where subscripts to the variable u have been used to denote partial
derivatives.

Computations have been referred to the space and time intervals, re-
spectively: x ∈ [−30, 30] and t ∈ [0, 40] which are scaled to the interval
[0, 1] for both variables, as visualized in Figure 3.3.1. Computations have
been performed with the help of the program KdVIII, see the Appendix,
Section A.7.

The system of ordinary differential equations corresponding to the above
model is obtained by an immediate technical generalization of the method
described in Section 3.2. The result is the following:

dui

dt
= −ui

n∑
j=1

a
(1)
ji uj −

n∑
j=1

a
(3)
ji uj

, (3.3.5)

where, according to the analysis of Chapter 2, Eq. (2.2.21),

a
(1)
ji =

(−1)i−j

h(i− j)
, a

(1)
ii = 0 , (3.3.6)

and

a
(3)
ji =

(−1)i−h

h3

(
π2

i− j
− 6

(i− j)3

)
, a

(3)
ii = 0 . (3.3.7)

The system of ordinary differential equations obtained inserting the
boundary conditions is as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

du1

dt
= −9.3312 sech2(9 + 4.32t) tanh(9 + 4.32t) ,

...

dui

dt
= −ui

n∑
j=1

a
(1)
ji uj −

n∑
j=1

a
(3)
ji uj ,

...

dun

dt
= 9.3312 sech2(9 − 4.32t) tanh(9 − 4.32t) ,

(3.3.8)
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to be solved with initial conditions

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1(0) = 6.57935 10−8 ,

...

ui(0) = 1.08sech2(9 − 18xi) ,

...

un(0) = 6.57935 10−8 .

(3.3.9)

Simulations have been developed with 51 nodes, with the aim of obtain-
ing accuracy on the third digit. Comparisons are reported in Table 3.3.1
which shows a very good agreement between the analytical and computa-
tional results. The solution is represented in Figure 3.3.1. The result of the
simulation is very regular and smooth, despite the small number of nodes.
The soliton translates without deformation, while no irregularities are vis-
ible in the flat portions of the domain. The second column of Table 3.3.1
reports the analytical value (a.v.) of the invariants which is compared with
the numerical ones. The experiment shows that increasing the number of
nodes does not substantially improve the accuracy of the solution. This is
due to the fact that although increasing n improves the accuracy of in-
terpolation, this improvement is counterbalanced by the error induced by
increasing the number of ordinary differential equations to integrate.

Table 3.3.1

a.v. t = 0 t = 0.25 t = 0.50 t = 0.75 t = 1
I1 7.200 7.200 7.200 7.200 7.199 7.198
I2 2.592 2.592 2.592 2.592 2.592 2.592
I3 4.666 4.666 4.666 4.666 4.665 4.666
I4 23.131 23.131 23.194 23.129 23.127 23.130
I5 102.792 102.793 102.778 102.776 102.757 102.784

Additional calculations can be developed in the case of two solitary
waves for the same model, referred to the solution

u(t, x) =
2∑

i=1

[
Ai sech2 (kix− ωit− xi)

]1/m
, (3.3.10)

where

Ai = 2(m+ 1)(m+ 2)m−2μk2
i ,
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Figure 3.3.1 - Simulations (with 51 nodes) of the third-order KdV model.

and

ωi = 4μk3
im

−2 , (3.3.11)

where ki, xi are given real numbers.

Table 3.3.2

t = 0 t = 0.25 t = 0.50 t = 0.75 t = 1
I1 15.3905 15.3923 15.3986 15.3760 15.3780
I2 3.17387 3.17389 3.17389 3.17386 3.17408

Computations have been developed for the following values of the vari-
ables: x ∈ [−70, 70], t ∈ [0, 360], μ = 1, k1 = 0.3, k2 = 0.2, x1 = −2, and
x2 = 3. Calculations corresponding to the first two invariants are reported
in Table 3.3.2 while the solution, for 81 nodes, is represented in Figure
3.3.2, again for the space variable scaled in the interval [0, 1]. Note that no
analytical value of the first two invariants is known. Also in this case the
result is remarkable, considering that the interaction between the solitons is
simulated very carefully: both the peak values and the different propagation
velocities appear clearly in Figure 3.3.2.
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Figure 3.3.2 - Simulations (with 81 nodes) of two waves.

3.4 On the Solution of the Fifth-Order KdV Model

This section develops an analysis analogous to the one of Section 3.3
with reference now to the initial value problem for the fifth-order Korteweg–
de Vries equation reported in Example 1.2.2.b, which reads as follows:

∂u

∂t
+ u

∂u

∂x
+
∂3u

∂x3
− ∂5u

∂x5
= 0 . (3.4.1)

The discrete system is

dui

dt
= −ui

n∑
j=−n

a
(1)
ji uj −

n∑
j=1

a
(3)
ji uj +

n∑
j=1

a
(5)
ji uj

, (3.4.2)

where, according to the calculations of Section 2.2 of Chapter 2,

a
(5)
ji =

(−1)i−j

h5(i− j)5

5∑
k=0

(−1)k+1 5!
(2k + 1)!

π2k(i− j)2k , a
(5)
ii = 0 . (3.4.3)
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Also for this fifth-order equation, some analytical solutions of (3.4.1)
are known, see Kaya (2004). In particular, if the following initial condition
is given:

u(t = 0, x) = u0(x) =
105
169

sech4

[
x− x0

2
√

13

]
, (3.4.4)

where x0 is a free parameter, the solitary wave solution is as follows:

u(t, x) =
105
169

sech4

[
1

2
√

13

(
x− x0 − 36

169
t

)]
. (3.4.5)

Application of the method to the third-order KdV model yields

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

du1

dt
= − 7.34136 sech4(4.16025 + 2.95402t) tanh(4.16025 + 2.95402t) ,

...

dui

dt
= − ui

n∑
j=1

a
(1)
ji uj −

n∑
j=1

a
(3)
ji uj +

n∑
j=1

a
(5)
ji uj ,

...

dun

dt
=7.34136 sech4(8.3205 − 2.95402t) tanh(8.3205 − 2.95402t) ,

(3.4.6)
with initial conditions

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1(0) = 5.88712 10−7 ,

...

ui(0) = 0.621302 sech4(12.48075xi − 4.16025) ,

...

un(0) = 5.88712 10−7 .

(3.4.7)

Simulations obtained using 81 nodes are reported in Figure 3.4.1. It can
be observed that the simulation is very stable and no spurious instabilities
are present. The program KdVV used for the simulations is reported in
Section A.8 of the Appendix.
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Figure 3.4.1 - Simulations (with 81 nodes) of the fifth-order KdV model.

3.5 Additional Applications and Discussion

The applications in Sections 3.3 and 3.4 have shown how the generalized
collocation method can be applied to the solution of nonlinear problems in
one space dimension in unbounded domains. Simulations have been de-
veloped by using sinc interpolation which shows the technical advantage of
describing naturally the trend to zero at infinity. Various computational ex-
periments suggest the use of this interpolation method although Lagrange
polynomials can be technically used. On the other hand, Lagrange interpo-
lation appears to be relatively more efficient for boundary value problems
in bounded domains, as is will be shown in Chapter 4.

The two applications in the previous sections refer precisely to the mod-
els reported in Example 1.2.2 of Chapter 1, by Eqs. (1.2.9) and (1.2.11).
These models are known as the third-order and fifth-order Korteweg–de
Vries equations. The selection of the applications is motivated by the possi-
bility of exploiting some analytic solutions, for particular initial conditions,
to compare them to computational results.

Computations developed and visualized in the previous sections have
clearly shown how satisfactory approximations of the analytic solution can
be obtained by a proper selection of the number of nodes. Indeed, the
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Figure 3.5.1 - Solution of the dispersive KdV model.
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Figure 3.5.2 - Solution of the sine-Gordon model.
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optimization of the number of nodes is a delicate topic which has not yet
been exhaustively dealt with in this chapter. On the other hand, additional
analyses will be proposed in the next chapters referring to various problems.

Therefore, leaving the above problem technically open, some additional
simulations are proposed in this section without reporting the scientific pro-
grams to obtain them; we assume that the reader already has the necessary
information and skills to develop programs KdVIII and KdVV to obtain
the simulations reported in what follows.

0
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t

0 1
x

�2
0
2

u�x,t�
�
0

Figure 3.5.3 - Visualization of the breather solution.

• Figure 3.5.1 shows the solution of the dispersive KdV model, described
by Eq. (1.2.12) of Chapter 1. In this case the effect of dispersion is well
captured by the simulation. The correct number of solitons emerges and
their dynamics are described without instability.

• Figure 3.5.2 visualizes the solution of the sine-Gordon model, reported
in Example 1.2.3 of Chapter 1; simulations are developed for c1 = c2 = 0
and m = 2.

• Figure 3.5.3 visualizes the breather solution, reported in Eq. (1.2.16),
and illustrates satisfactory results obtained by interpolation and collocation
using Lagrange polynomials.
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3.6 On the Solution of Ordinary Differential Equations

Generalized collocation methods reduce the solution of systems with in-
finite degrees of freedom to the solution of systems with finite degrees of
freedom. Therefore, it is useful to summarize the main lines of the qualita-
tive analysis and solution techniques for ordinary differential equations, so
that the overall presentation of the method is self-consistent. The reader
is referred to the pertinent literature, e.g., Bellomo and Preziosi (1996),
Mickens (1996), Sewell (1998), and Marasco and Romano (2001), for a de-
tailed overlook of this topic.

The application of collocation methods method leads to well-formula-
ted problems for ordinary differential equations. The system is, in fact,
made of a number of dependent variables equal to the number of linearly
independent equations, and it is associated to the correct number (the same
as the number of equations) of initial conditions. On the other hand, a
correct statement does not imply that the mathematical problem is well
posed , i.e., that the solution exists, is unique, and depends continuously
on the initial data and on the parameters of the model.

Let us consider the initial value problem

⎧⎨
⎩
du
dt

= f(t,u)

u0 = u(t0)
, (3.6.1)

and let us introduce a norm in IRn, which might be, for instance, the
Euclidean norm

‖u‖ =

(
n∑

i=1

u2
i

) 1
2

. (3.6.2)

Several analytic properties of the solution are related to what is called
the Lipschitz condition. A vector function f(t,u) satisfies a Lipschitz
condition in a region D of the (t,u)-space if there exists a constant L
(called the Lipschitz constant), such that, for any (t,u) and (t,v) in D,

∥∥f(t,u) − f(t,v)
∥∥ ≤ L ‖u − v‖ , (3.6.3)

where both terms on the left-hand side of (3.6.3) are referred to the same
instant of time.

It can be proved that if f(t,u) is defined in a bounded, closed, and
convex domain D, and if the partial derivatives of f with respect to ui exist
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with

max
i,j=1,...,n

sup
(t,u)∈D

∣∣∣∣ ∂fi

∂uj

∣∣∣∣ ≤M , (3.6.4)

then f satisfies a Lipschitz condition in convex domain D with Lipschitz
constant equal to M .

Of course, if f(t,u) satisfies a Lipschitz condition in D, f is a continuous
function of u in D for each fixed t. On the other hand, if f(t,u) is differ-
entiable with respect to u, then it satisfies the Lipschitz condition, but the
opposite is not true, as is shown by |u| that satisfies the Lipschitz condition
with constant L = 1 though it is not differentiable in u = 0.

Existence and uniqueness of the solution to problem (3.6.1) are assessed
by the following classical theorems.

Theorem 3.6.1. (Existence). If f(t,u) is continuous in the rectangle

R =
{
(t,u) : ‖u− u0‖ ≤ K , |t− t0| ≤ T

}
,

at least one solution to the initial value problem (3.6.1) exists there, and it

is of class C1 for |t− t0| ≤ T̂ , where

T̂ = min
{
T,

K

M

}
and M = max

(t,u)∈R
‖f(t,u)

∥∥ .
Theorem 3.6.2. (Uniqueness). If, in addition to the continuity condi-
tion of Theorem 3.6.1, the function f satisfies a Lipschitz condition in R,
then the solution u(t) to the initial value problem (3.6.1) is unique, and

‖u(t) − u0‖ ≤MT̂ . (3.6.5)

Remark 3.6.1. The Lipschitz condition is not needed to ensure the ex-
istence of a solution of the initial value problem. On the other hand, it is
essential in the uniqueness proof.

The literature on ordinary differential equations reports various gener-
alizations and improvements of the above theorems. The continuous depen-
dence on the initial data and on f are stated by the following.

Theorem 3.6.3. (Continuous dependence on the initial data). If f
is continuous and satisfies the Lipschitz condition, then

∥∥û(t) − ũ(t)
∥∥ ≤ ∥∥û0 − ũ0

∥∥eL|t−t0| , (3.6.6)

where û and ũ are the two solutions of the two initial value problem (3.6.1)
with initial data u(t0) = û0 and u(t0) = ũ0, respectively.
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Theorem 3.6.4. (Continuous dependence on f). Let us consider for
t ∈ [t0, t0 + T ] the initial value problems

⎧⎪⎨
⎪⎩
du
dt

= f(t,u) ,

u(t0) = u0 ,

and

⎧⎪⎨
⎪⎩
du
dt

= f∗(t,u) ,

u(t0) = u∗
0 ,

(3.6.7)

with f and f∗ defined and continuous in a common domain D. If one of f
or f∗ satisfies a Lipschitz condition with constant L and if

∥∥f(t,u) − f∗(t,u)
∥∥ ≤ ε , ∀ (t,u) ∈ D , (3.6.8)

then

∥∥u(t) − u∗(t)
∥∥ ≤ ∥∥u0 − u∗

0

∥∥eL|t−t0| +
ε

L

[
eL|t−t0| − 1

]
, (3.6.9)

where u(t) and u∗(t) are the solutions of the two initial value problems
defined in (3.6.7).

Remark 3.6.2. Theorems 3.6.1–3.6.4 give minimal conditions, while, the
domain might be larger than the estimate given by the theorems, possibly
extending to all t ≥ t0. Then one needs criteria to determine the largest
possible domain of existence. This type of analysis is often based on a deep
understanding of the qualitative properties of the system, by a qualita-
tive analysis of energy conservation, that may imply that the solution is
bounded.

Computational schemes can be applied to problems which are well
posed. These schemes are all based on the discretization of the time variable
t ∈ [t0, T ] into a suitable set of points:

It = {t0, . . . , ti, . . . , tn = T} ,

and by approximating the solution in the points of the discretization by
suitable algorithms. The application needs to take into account trunca-
tion error, accuracy, and stability of the algorithms, according to the
following definitions.

Definition 3.6.1. (Truncation error). The truncation error Terr is de-
fined as the norm of the difference between the solution to the differential
equation and the numerical solution divided by the time step used in the
numerical scheme.
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Definition 3.6.2. (Accuracy). If the truncation error goes like hp, the
method is called of the pth order. This is what is generally meant by ac-
curacy of the method.

Definition 3.6.3. (Absolute stability and stability region). A nu-
merical scheme is absolutely stable in a point ah of the complex plane if a
sequence {ui} generated by the method applied to the linearized equation
with time step Δt = h is bounded for i→ +∞. The stability region is the
set of points ah in the complex plane for which the method is absolutely
stable.

It can be proved that each scheme is characterized by a stability region,
which can be used to determine a condition on the time step to be used in
the integration. The procedure to be used is the following:

Step 1. Starting from a nonlinear model, consider its linearized form

du
dt

= Au , (3.6.10)

obtained for instance by linearization about the initial condition;

Step 2. Compute the eigenvalues λ1, . . . , λn of A, called the spectrum
of the linearized model;

Step 3. Choose, if possible, a not too restrictive time step h such that
hλ1, . . ., hλn all belong to the stability region.

Then the numerical errors are not amplified as the integration is con-
tinued. If, instead, there are some eigenvalues which remain outside the
stability region, then one must be aware that the numerical errors grow
exponentially in time. The literature on computational methods reports a
large variety of algorithms to obtain simulations of finite models.

Consider, as an example of the algorithms, the Runge–Kutta methods
which are very popular for their adaptability and versatility and work quite
well for all nonstiff problems. They are obtained by evaluating the function
f at different values of t and u, and by suitably combining these values.
In this way it is possible to obtain methods of any order of accuracy. For
instance, for second-order accuracy:

2nd order : ui+1 = ui +
h

2

(
K1 + K2

)
, (3.6.11)

where

K1 = f(ti,ui) , K2 = f(ti + h,ui + hK1) . (3.6.12)
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For third-order accuracy:

3rd order : ui+1 = ui +
h

6

(
K1 + 4K2 + K3

)
, (3.6.13)

where

K1 = f(ti,ui) ,

K2 = f
(
ti +

h

2
,ui +

h

2
K1

)
,

K3 = f
(
ti + h,ui + h(2K2 − K1)

)
.

(3.6.14)

Finally for fourth-order accuracy:

4th order : ui+1 = ui +
h

6

(
K1 + 2K2 + 2K3 + K4

)
, (3.6.15)

where

K1 = f(ti,ui) ,

K2 = f
(
ti +

h

2
,ui +

h

2
K1

)
,

K3 = f
(
ti +

h

2
,ui +

h

2
K2

)
,

K4 = f(ti + h,ui + hK3) .

(3.6.16)

3.7 Problems

PROBLEM 3.1

Solve the problem in Section 3.3 (using the program KdVIII ) for a variable
number of nodes thus visualizing the influence of the number of nodes over
the accuracy of the solution.

PROBLEM 3.2

Develop the same analysis of Problem 3.1 with reference to the problem in
Section 3.4.
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PROBLEM 3.3

Apply the change of variable (3.2.13) to compact the real line into the
interval [0, 1] for the problem in Section 3.3 and solve the problem using
Lagrange-type interpolation.

PROBLEM 3.4

Apply the same analysis of Problem 3.3 to the solution of the problem in
Section 3.4.

PROBLEM 3.5

Develop a comparison between the computational solution of the initial
value problem in this chapter using Lagrange interpolation compared to
sinc interpolation.
Hint: Follow the same procedure applied in Problem 3.1.

PROBLEM 3.6

For the problems in Sections 3.3 and 3.4, compare the spatial derivatives
with the analytical ones.

PROBLEM 3.7

Analyze the solution of the problem considered in Section 3.3 using the
same number of nodes, but in a space interval first smaller and then larger
than the one used in that application.

PROBLEM 3.8

Consider the problem in Section 3.3 in a larger space interval and identify
the number of nodes necessary to obtain the same accuracy than the one
obtained in Section 3.3.

PROBLEM 3.9

Apply the same analysis of Problem 3.7 to the model in Section 3.4.

PROBLEM 3.10

Develop an analysis analogous to that of Problems 3.7 and 3.8 to the models
considered in Section 3.5.



4
Nonlinear Initial-Boundary Value

Problems in One Space Dimension

4.1 Introduction

This chapter deals with the application of the generalized collocation
method to the solution of nonlinear initial-boundary value problems for
partial differential equations in one space dimension.

The technical difference with respect to Chapter 3, which discussed
the Cauchy problem in unbounded domains, is the implementation of the
boundary conditions. It turns out to be quite a technical problem in the
case of Dirichlet or Neumann boundary conditions, and nontrivial difficul-
ties have to be dealt with in the case of nonlinear boundary conditions, as
we shall see later in Chapter 6.

The application of the method makes use of the Lagrange polynomials,
which allow a flexible implementation of the boundary conditions. The use
of sinc functions for interpolation over bounded domains appears to be
generally less efficient.

The applications proposed in this chapter refer to the traffic flow model
described in Chapter 1, see Example 1.2.5, and to the nonlinear convection
diffusion model, described in Example 1.3.1. The contents are organized
through six more sections.

• Section 4.2 deals with methodological topics and specifically with
the description of the application of the method to the classical Dirich-
let, Neumann, and Robin problems: namely problems with linear boundary
conditions. The application refers first to second-order scalar equations, and
then technical generalizations to higher-order partial differential equations
or systems of equations are discussed.

77
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This section also shows how the method can be applied to the solution
of problems in the half-space with boundary conditions decaying to zero at
infinity.

• Section 4.3 shows how the method described in the preceding sec-
tion can be applied to the solution of problems with Dirichlet boundary
conditions for traffic flow models. Various types of boundary conditions,
corresponding to real traffic flow conditions, are used for the simulations.

• Section 4.4 develops a similar analysis for Neumann and Robin bound-
ary conditions. The application refers to the nonlinear convection diffusion
equation.

• Section 4.5 shows how problems with analytic solutions can be obtained
for models with source terms. The knowledge of analytic solutions allows
their comparison with those obtained by the computational method.

• Section 4.6 develops a technical analysis concerning the error estimates
and the selection of the optimal number of collocation points.

• The last section proposes, as in the previous chapters, various problems
suitable for practicing the application of the method.

4.2 Problems with Linear Boundary Conditions

We apply the method in this section, with tutorial aims, to the following
general class of scalar second-order partial differential equations:

∂u

∂t
= f

(
t, x, u,

∂u

∂x
,
∂2u

∂x2

)
, (4.2.1)

where the dimensionless dependent variable

u = u(t, x) : [0, 1] × [0, 1] → [0, 1] (4.2.2)

describes, in the mathematical model, the state of a real physical system,
and f is assumed to be a given function of its arguments. Technical gener-
alizations are dealt with later in this chapter with reference to systems of
equations and equations with a higher order of derivatives.

The mathematical statement of the initial-boundary value problem was
already given in Chapter 1. This section reports the statement of two-point
Dirichlet, Neumann, and mixed problems.

Let us consider the following initial-boundary value problems with linear
boundary conditions.
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Problem (Dirichlet, Neumann, Mixed) 4.2.1. The initial-boundary
value problem for Eq. (4.2.1) is stated with initial condition

u(0, x) = ϕ(x) , ∀x ∈ [0, 1] , (4.2.3)

and with boundary conditions:

i) Dirichlet

u(t, 0) = α(t) and u(t, 1) = β(t) , ∀ t ∈ [0, 1] ; (4.2.4)

ii) Neumann

∂u

∂x
(t, 0) = γ(t) and

∂u

∂x
(t, 1) = δ(t) , ∀ t ∈ [0, 1] ; (4.2.5)

iii) mixed

u(t, 0) = α(t) and
∂u

∂x
(t, 1) = δ(t) , ∀ t ∈ [0, 1] , (4.2.6)

or
∂u

∂x
(t, 0) = γ(t) and u(t, 1) = β(t) , ∀ t ∈ [0, 1] , (4.2.7)

where ϕ, is a given function of space, and α, β, γ, and δ are given smooth
functions of time, consistent with the initial condition (4.2.3), i.e.,

α(0) = ϕ(0) and β(0) = ϕ(1),

and

γ(0) =
dϕ

dx
(0) and δ(0) =

dϕ

dx
(1) .

The application of the method to the solution of Problem 4.2.1 can be
regarded as a technical generalization of the method to solve the initial value
problem in unbounded domains. The technical difference is that the space
variable is now defined on the interval [0, 1] and that boundary conditions
have to be implemented.

Lagrange interpolation corresponding to a Chebychev collocation will be
used with specific reference to the formulae reported in Chapter 2, Section
2.2. The use of sinc interpolation is however technically possible, as will be
discussed later. Based on the above considerations, the application of the
method consists in the following steps.
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1. The space variable is discretized into the collocation Ix = {xi}i=1,...,n

where x1 = 0, xn = 1. In general, a Chebychev localization is used.
2. The dependent variable u = u(t, x) is interpolated and approximated

through the values ui(t) = u(t, xi) as follows:

u(t, x) ∼= un(t, x) =
n∑

i=1

Li(x)ui(t) , (4.2.8)

where the expression of the Lagrange polynomials Li(x) is given by
Eq. (2.2.6).

3. The above interpolation is used to approximate the partial derivatives
of the variable u in the nodal points. We recall the formula already given
in Chapter 2:

∂ru

∂xr
(t;xi) ∼=

n∑
h=1

a
(r)
hi (n)uh(t) , r = 1, 2 , (4.2.9)

where

a
(r)
hi (n) =

drLh

dxr
(xi) ,

with technical expressions reported in Chapter 2, Eqs. (2.2.9)–(2.2.11).
4. The initial-boundary value problem is transformed into an initial value

problem for ordinary differential equations describing the evolution of
the values ui(t) of u in the nodes. Boundary conditions are imposed in
the nodal points on the boundaries x1 and xn of the domain of the space
variable.

5. The solution of the initial-boundary value problem is obtained by solving
the initial value problem for ordinary differential equations and inter-
polating the solution by (4.2.8).
The above procedure generates a system of ordinary differential equa-

tions which defines the time evolution of the values of the variable u in the
nodal points, which can be formally written as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1 =α(t) ,

...

dui

dt
=f

(
t, xi, ui,

n∑
j=1

a
(1)
ji uj ,

n∑
j=1

a
(2)
ji uj

)
, i = 2, . . . , n− 1 ,

...

un =β(t) .

(4.2.10)
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Remark 4.2.1. If technically useful, the first and last equations can be
written in differential form:

du1

dt
=
dα

dt
and

dun

dt
=
dβ

dt
,

so that all equations (from i = 1 to i = n) are differential equations.

The above system (4.2.10), once linked to the initial conditions

ϕ0i = ϕ0(xi) , i = 1, . . . , n, (4.2.11)

can be solved by means of standard techniques for ordinary differential
equations, so that the evolution in time of the variable u in the nodes
ui(t) is computed. The interpolation (4.2.8) provides the continuous-in-
space solution to Problem 4.2.1.

The application of the method to the solution of Problem 4.2.1 (Neu-
mann) can be developed analogously. The difference consists in a different
way to deal with the first and last equations where Neumann boundary
conditions have to be imposed. Consistency with the boundary conditions
yields the following linear algebraic system:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

a11u1 + an1un = γ −
n−1∑
j=2

aj1uj ,

a1nu1 + annun = δ −
n−1∑
j=2

ajnuj ,

(4.2.12)

where all terms ui , γ, and δ have to be regarded as functions of time, and
where we used the shorthand notation aji := a

(1)
ji for any i, j ∈ {1, . . . , n}.

The algebraic solution of the above system with respect to u1 and un

yields the following formal expression:

u1 = u1(γ, δ, u2, . . . , un−1) ,

un = un(γ, δ, u2, . . . , un−1) .
(4.2.13)

Substituting u1 and un into Eqs. (4.2.10) yields a self-consistent system
of ordinary differential equations corresponding to the model with Neumann
boundary conditions.

Also in this case, differential equations for the first and last equations
can be used. In fact, system (4.2.12) can be derived with respect to time
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with the following result:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

a11
du1

dt
+ an1

dun

dt
= γ −

n−1∑
j=2

aj1
duj

dt
,

a1n
du1

dt
+ ann

dun

dt
= δ −

n−1∑
j=2

ajn
duj

dt
.

The same algebraic separation generates a differential system corre-

sponding to system (4.2.13) in terms of
dui

dt
, for i = 1, . . . , n.

Programming the solution of the Neumann problem simply requires the
addition of a few strings with respect to the solution of the Dirichlet prob-
lem. The strings refer to the solution of the above algebraic problem. On
the other hand, it is plain that the computational complexity is increased
because the solution of the first and last equation can only be approxi-
mated, while in the former case it was exact, being precisely stated by the
boundary conditions.

Relatively simpler is the case of mixed boundary conditions: Dirichlet
in x = 0 and Neumann in x = 1, or vice versa. The corresponding algebraic
system is as follows:

⎧⎪⎪⎨
⎪⎪⎩

u1 = α ,

a1nu1 + annun = δ −
n−1∑
j=2

ajnuj ,
(4.2.14)

or ⎧⎪⎪⎨
⎪⎪⎩
a11u1 + an1un = γ −

n−1∑
j=2

aj1uj ,

un = β .

(4.2.15)

In the first case, Eq. (4.2.14)2 can be used to obtain the second boundary
condition:

un = un(α, δ, u2, . . . , un−1) , (4.2.16)

where α = α(t) and δ = δ(t) are given.
In the second case, Eq. (4.2.15)1 can be used to obtain the first boundary

condition:

u1 = u1(β, γ, u2, . . . , un−1) , (4.2.17)

where β = β(t) and γ = γ(t) are given.
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The generalization to the case of the Robin problem is immediate. The
problem is stated as a linear combination of the Dirichlet and Neumann
problems in x = 0 and x = 1.

Problem (Robin) 4.2.2. Consider the initial-boundary value problem
for Eq. (4.2.1) with initial condition (4.2.3) and boundary conditions

a(t) = c1 α(t) + c2 γ(t) , ∀ t ∈ [0, 1] , (4.2.18a)

and

b(t) = c3 β(t) + c4 δ(t) , ∀ t ∈ [0, 1] , (4.2.18b)

where ci (i = 1, 2, 3, 4) are given constants, and a = a(t) and b = b(t)
are given smooth functions of time, consistent, for t = 0, with the initial
conditions.

The technical solution of such a problem follows the same lines we have
seen above. In fact, recall that γ and δ can be approximated by the following
Lagrange interpolation:

γ = a11α+
n−1∑
j=2

aj1uj + an1β , (4.2.19)

and

δ = a1nα+
n−1∑
j=2

ajnuj + annβ . (4.2.20)

Inserting the above expression into (4.2.18) generates an algebraic sys-
tem in the unknown α and β analogous to the one we have seen for the
Neumann problem.

Remark 4.2.2. The above described mathematical method has been tech-
nically referred to the class of models (4.2.1) for problems on a segment
[0, 1]. Note that the solution method of the Dirichlet problem can be dealt
with using both Lagrange and sinc interpolations. However, recalling that
in case of sinc interpolation one has aii = 0, then the local coordinates on
the boundary do not contribute to the space derivative. Therefore Neumann
boundary conditions cannot be straightforwardly implemented.

Some technical generalizations are immediate. For instance, the above
method can also be applied to the case of the Dirichlet Problem 4.2.1 in
the half-space with initial conditions u(0, x) = ϕ(x), ϕ : IR → IR+ and
boundary conditions

u(0, x) = α(t) , lim
x→∞u(t, x) = 0 . (4.2.21)
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The solution of this problem has been introduced in Chapter 3. It can be
shown that the half-space can be compacted into the domain [0, 1) by the
change of variable

z =
ex − 1
ex + 1

, x = log
1 + z

1 − z
= ψ(z) , (4.2.22)

such that z ∈ [0, 1) yields x ∈ [0,∞). Consequently, Eq. (4.2.1) can be
rewritten as follows:

∂u

∂t
= f

(
t, ψ(z),

1
2
(1 − z2)

∂u

∂z
,
1
4
(1 − z2)2

∂2u

∂z2

)
. (4.2.23)

The application of the method follows immediately by yielding a system
of ordinary differential equations for i = 1, . . . , n such that u1(t) = α(t) and
un = 0.

Similarly, one can deal with systems of partial differential equations.
This generalization, which is also immediate, refers to the case where the
dependent variable is a vector, say u. The solution technique leads to a
system of equations for each component of u. In particular, problems with
second-order time derivatives can be reduced to a first-order system of
equations in the augmented variable

v = {v1, v2} =
{
u,
∂u

∂t

}
· (4.2.24)

For instance, the wave equation

∂2u

∂t2
=
∂2u

∂x2
(4.2.25)

can be written, by using (4.2.24), as a system of partial differential equations
as follows: ⎧⎪⎪⎨

⎪⎪⎩

∂v1
∂t

= v2 ,

∂v2
∂t

=
∂2v1
∂x2

·
(4.2.26)

Initial conditions have to be imposed both for v1 and v2 as both equa-
tions involve time derivatives, while boundary conditions have to be im-
posed for v2 only, since the first equation does not involve space derivatives.

The same procedure can be applied to the general case of higher-order
equations. The application of the methods is again developed through two
steps. First the continuous system is discretized into a finite system of n
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equations precisely as we have seen in Chapter 3. Then, boundary condi-
tions are implemented in x1 and xn. Of course, systems with higher-order
space derivatives need additional boundary conditions which contain also
x2 and/or xn−1.

The examples proposed in the following section clarify this matter. The
optimal selection of the number of nodes plays a central role in assessing
the reliability of the method. This important topic is discussed later.

4.3 Traffic Flow Model with Dirichlet Boundary Conditions

The mathematical method described in the preceding section is here
applied to the solution of the initial-boundary value problem, with Dirichlet
boundary conditions, for the traffic flow model described in Example 1.2.5.

Let us consider the model stated by Eq. (1.2.28), which is written here
again:

∂u

∂t
= (2u− 1)

∂u

∂x
+ ηu2(1 − u)

∂2u

∂x2
+ ηu(2 − 3u)

(
∂u

∂x

)2

, (4.3.1)

where u is the dimensionless density of the vehicles, while the dependent
variables are the time t and the space coordinate x ∈ [0, 1]. The parameter
η refers to the sensitivity of the driver to the space gradients of the density.
The following specific Dirichlet problem is dealt with.

Problem 4.3.1. The initial-boundary value problem is stated by linking
Eq. (4.3.1) to the following initial and boundary conditions:

u0(x) = u(t = 0, x) = 0.2 , (4.3.2)

and {
α(t) = u(t, x = 0) = 0.5 − 0.3 exp (−t) ,
β(t) = u(t, x = 1) = 0.2 , t ≥ 0 .

(4.3.3)

This problem refers to the perturbation of a uniform initial flow by a
density at the end of the road which increases exponentially in time to the
density u = 0.5.

The system of ordinary differential equations derived by the application
of the collocation method is as follows:

dui

dt
= (2ui − 1)

n∑
j=1

ajiuj + ηu2
i (1 − ui)

n∑
j=1

bjiuj
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+ ηui(2 − 3ui)

⎛
⎝ n∑

j=1

ajiuj

⎞
⎠

2

, (4.3.4)

for i, j = 1, . . . , n, and where the coefficients aji = a
(1)
ji and bji := a

(2)
ji have

been defined in Section 4.2.
The initial conditions are defined by Eq. (4.3.2):

ui = 0.2 , for all i = 1, . . . , n ,

while the boundary conditions are implemented as indicated by Eq. (4.3.3).
We remark that rather than substituting u1 with α and un with β, it is

also possible to substitute the first and last equations by

du1

dt
= 0.3 exp (−t) , dun

dt
= 0 . (4.3.5)

The result of the simulation with n = 11 and η = 0.2 is shown in Fig-
ure 4.3.1.a which represents the density u versus space x aand time t. Sim-
ulations have been obtained using Lagrange-type polynomials. Specifically,
Figure 4.3.1.b shows the density u(t;x = 0.5) versus time t in the central
node corresponding to an increasing number of nodes from n = 7 to n = 15.
Finally, Figure 4.3.1.c shows u(x, t) for various values of t varying from t = 0
to t = 1: t = 0 (solid line), t = 0.25 (dotted line), t = 0.5 (dotted-dashed
line) t = 0.75 (double dotted-dashed line) and t = 1 (dashed line). Sim-
ulations have been performed using the program Traffic1, see Appendix
Section A.9.

Simulations show a smooth behavior without numerical instabilities,
although the nodes number is small (n = 11).

Moreover, note how the Lagrange polynomials allow us to accur-
ately reproduce the behavior at the domain boundaries. In the case of Fig-
ure 4.3.1.b numerical experiments show that even a small number of nodes
is able to provide accurate results.

Analogous calculations can be developed for model (1.2.29), which uses
the dimensionless flow q as a dependent variable. The model reported in
Example 1.2.5 is written as follows:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂u

∂t
= − ∂q

∂x
,

∂q

∂t
=
[
(1 − 2u) + ηu(2 − 3u)

∂q

∂x

]
∂q

∂x
+ ηu(1 − u)

∂2q

∂x2
·

(4.3.6)

Let us consider the following problem.
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Figure 4.3.1.a - Density versus space and time.
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Figure 4.3.1.b - Density versus time in the central node.
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Figure 4.3.1.c - Density versus space at fixed times.

Problem 4.3.2. The initial-boundary value problem is stated by linking
Eq. (4.3.6) to the following initial and boundary conditions:

{
u0(x) = u(t = 0, x) = 0.2 ,

q0(x) = q(t = 0, x) = 0.16 ,
(4.3.7)

and

{
α(t) = q(t, x = 0) = 0.16 = Constant ,

β(t) = q(t, x = 1) = 0.16 + 0.1 sin(5t) .
(4.3.8)

The above problem is interesting for the application considering that
the measurement of the flux is relatively more accurate than the one of
the density. Moreover, the statement of boundary conditions for the flux is
useful when the road is dealt with as part of a network.

In detail, the application of the method generates the following system
of ordinary differential equations:
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du1

dt
= −

n∑
j=1

a
(1)
j1 qj ,

...

dui

dt
= −

n∑
j=1

a
(1)
ji qj ,

...

dun

dt
= −

n∑
j=1

a
(1)
jn qj ,

dq1
dt

= 0 ,

...

dqi
dt

=
[
(1 − 2ui) + ηui(2 − 3ui)

n∑
j=1

a
(1)
ji qj

]

×
n∑

j=1

a
(1)
ji qj + ηui(1 − ui)

n∑
j=1

a
(2)
ji qj ,

...

dqn
dt

= 0.5 cos(5t) ,

(4.3.9)

with initial conditions

{
u1(0) = · · · = ui(0) = · · · = un(0) = 0.2 ,

q1(0) = · · · = qi(0) = · · · = qn(0) = 0.16.
(4.3.10)

The result of the simulation with n = 11 and η = 0.1 is shown in
Figures 4.3.2.a and 4.3.2.b which represent respectively the density u and
the flow q versus space x and time t. Simulations have been obtained using
Lagrange-type polynomials. Finally, in Figures 4.3.2.c and 4.3.2.d, u(x, t)
and q(x, t) are respectively represented for various values of t varying from
t = 0 to t = 1, namely t = 0 (solid line), t = 0.25 (dotted line), t =
0.5 (dotted-dashed line) t = 0.75 (double dotted-dashed line) and t = 1
(dashed line).
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Figure 4.3.2.a - Density versus space and time.

Simulations are performed with the program Traffic2 (Appendix,
Section A.10). The figures confirm the same very accurate results observed
previously. In particular, the spatial behaviors for different times shown in
Figures 4.3.2.a and 4.3.2.b highlight the regularity of the simulations.
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Figure 4.3.2.b - Flow versus space and time.
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Figure 4.3.2.c - Density versus space at fixed times.

Note that the Neumann problem is also physically meaningful in the
context of traffic flow models. For instance, the assumption

∂u

∂x
(t, 0) =

∂u

∂x
(t, 1) = 0 , (4.3.11)

corresponds to the absence of gradients at the boundaries. This situation
may be induced by tollgates. The above conditions can be implemented to
Eq. (4.3.1), while a similar reasoning can be applied to model (4.3.6).
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Figure 4.3.2.d - Flow versus space at fixed time.
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4.4 Nonlinear Diffusion Models with Neumann and Robin
Boundary Conditions

This section deals with the solution of the nonlinear heat diffusion model
of Chapter 1 (Example 1.3.1). The model is rewritten here assuming that
the diffusion coefficient k = k(u) is given by k = u(1 − u). In this case the
diffusion equation (1.3.5) is written

∂u

∂t
= u(1 − u)

∂2u

∂x2
+ (1 − 2u)

(
∂u

∂x

)2

, (4.4.1)

where u is the dimensionless concentration of some chemical streaming
along a one-dimensional channel; the dependent variables are the time t
and the space coordinate x ∈ [0, 1].

Referring to the above model, consider the following problem.

Problem (Neumann) 4.4.1. The initial-boundary value problem is st-
ated by linking Eq. (4.4.1) to the following initial conditions:

u0(x) = 4x2(x− 1)2 , (4.4.2)

and Neumann boundary conditions:

γ(t) =
∂u

∂x
(t, 0) = 0, δ(t) =

∂u

∂x
(t, 1) = 0 . (4.4.3)

The use of the method proposed in Section 4.2, i.e., the application of
(4.2.12) and (4.2.13) to the above problem, leads to the following system:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1 =
1

a
(1)
n1 a

(1)
1n − a

(1)
11 a

(1)
nn

[
a(1)

nn

n−1∑
j=2

a
(1)
j1 uj − a

(1)
n1

n−1∑
j=2

a
(1)
jn uj

]
,

...

dui

dt
=ui(1 − ui)

n∑
j=1

a
(2)
ji uj + (1 − 2ui)

( n∑
j=1

a
(1)
ji uj

)2

,

...

un =
1

a
(1)
11 a

(1)
nn − a

(1)
n1 a

(1)
1n

[
a
(1)
1n

n−1∑
j=2

a
(1)
j1 uj − a

(1)
11

n−1∑
j=2

a
(1)
jn uj

]
,

(4.4.4)
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Figure 4.4.1.a - u versus space and time.

with the initial condition

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u2(0) = 4x2
2(x2 − 1)2 ,

...

ui(0) = 4x2
i (xi − 1)2 ,

...

un−1(0) = 4x2
n−1(xn−1 − 1)2 .

(4.4.5)

The results of the simulations for n = 21 nodes using interpolation by
Lagrange polynomials are shown in Figures 4.4.1.a and 4.4.1.b, showing,
respectively, u versus time and space and u versus space for fixed values of t
from t = 0 to t = 1: t = 0 (solid line), t = 0.25 (dotted line), t = 0.5 (dotted-
dashed line) t = 0.75 (double dot-dashed line) and t = 1 (dashed line).
Simulations are obtained with the help of the program DiffNeu (Appendix,
Section A.11).

It is also possible to investigate the following problem involving Robin
boundary conditions (with reference to Problem 4.2.2).

Problem (Robin) 4.4.2. The initial-boundary value problem is stated
by linking Eq. (4.4.1) to the initial conditions (4.4.2) and to the boundary
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Figure 4.4.1.b - u versus space for fixed times.

conditions {
α(t) + δ(t) = 0 ,

β(t) + γ(t) = 0 .
(4.4.6)
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Figure 4.4.2.a - u versus space and time.
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Performing simulations with n = 21 nodes, again using Lagrange inter-
polation we show, respectively, u versus time and space and u versus space
in Figures 4.4.2.a and 4.4.2.b, where the last figure shows u(x, t) for various
value of t, from t = 0 to t = 1: t = 0 (solid line), t = 0.25 (dotted line),
t = 0.5 (dotted-dashed line) t = 0.75 (double dot-dashed line) and t = 1
(dashed line). The simulations have been performed with the help of the
program DiffRob (Appendix, Section A.12).
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Figure 4.4.2.b - u versus space at fixed times.

4.5 Problems with Known Analytic Solutions

This section deals with the application of the method to problems where
an analytic solution is available. Analytic solutions can contribute to iden-
tifying the number of nodes which are necessary to obtain an accurate so-
lution. This matter is also discussed in the next section. Generally, analytic
solutions are not available for nonlinear problems; however, the addition of
a suitable source term to differential models can be technically organized
to extract, as will be shown later, an analytic solution.

When an analytic solution is available, then it is possible to obtain a
direct estimate of the errors generated by the application of the method;
namely, the distance, defined by a suitable norm, between the computa-
tional and the analytic solution. The analysis can be developed only for
the Dirichlet problem solved by application of both the sinc and Lagrange
interpolations. This will allow at least in some cases a comparison between
the use of the above two different techniques. The analysis is referred to
the following.
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Problem (Linear convection diffusion model with source) 4.5.1.
Let us consider the following model:

∂u

∂t
+
∂u

∂x
=
∂2u

∂x2
+ s(t, x) , (4.5.1)

where s(t, x) is a source term. The problem is stated with initial condition

u0(x) = exp[(1 − x)2 − 1] , ∀x ∈ [0, 1] , (4.5.2)

and boundary conditions

α(t) = exp (−t), β(t) = exp (−t− 1) ∀ t ∈ [0, 1] . (4.5.3)

In general, analytic solutions are not known referring to the above prob-
lem unless the source term is given by a very special expression. For in-
stance, the following analytic solution:

u(t, x) = exp[(1 − x)2 − t− 1] , (4.5.4)

corresponds to the following source term:

s(t, x) = − exp[x2 − 2x− t][4x2 − 10x+ 9] . (4.5.5)

The solution to Problem 4.5.1 with source term (4.5.5) can be obtained
applying the method described in Section 4.2. The results which follow have
been obtained using n = 21 nodes. The simulations are obtained with the
program ConvLaSi reported in the Appendix, Section A.13.

Figure 4.5.1.a shows both the analytical solution u(x, t) and simula-
tions by Lagrange polynomials which are indistinguishable. Figure 4.5.1.b
shows the interpolation of (4.5.4) by sinc functions. One notes that, for
sinc interpolation, an error is already developed in the interpolation and
approximation of the initial datum (4.5.2). The detailed representation of
this error is visualized in Figure 4.5.1.c.

Figures 4.5.1.d and 4.5.1.e illustrate the error representation for both the
collocation method based on sinc functions (Figure 4.5.1.d) and Lagrange
polynomials (Figure 4.5.1.e). The error can be technically estimated by
taking the L∞-norm which shows that, in the case of sinc interpolation,
one has

‖u(t, x) − un(t, x)‖∞ ≤ .2 , (4.5.7)

while in the case of Lagrange interpolation, the error is consistently smaller:

‖u(t, x) − un(t, x)‖∞ ≤ 5 ∗ 10−8 . (4.5.8)
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Figure 4.5.1.a - Simulation with Lagrange interpolation with 21 nodes.
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Figure 4.5.1.b - Simulation with sinc functions (21 nodes).
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Figure 4.5.1.c - Error in the sinc representation of the initial datum.
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Figure 4.5.1.d - Error in the simulation by sinc functions.

These two values confirm how sinc interpolation is not suitable when
boundary condition are different from zero. In this case, the rule is always
to adopt a Lagrange interpolation with Chebychev-type collocation.

The above results can be improved, up to a certain extent, by increasing
the number of collocation points. This matter will be discussed in the next
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Figure 4.5.1.e - Error in the Lagrange interpolation of the initial datum.

section, bearing in mind that the above conclusions, which are related to
this specific application, do not provide general rules. They have to be
practically verified in each case. Indeed, the advantage of one interpolation
with respect to the other depends also on the type of initial and boundary
conditions. Analytic solutions can be useful towards this type of analysis.

4.6 On the Selection of the Number of Nodes

The various applications in this chapter have shown how generalized col-
location methods can be applied to solve initial-boundary value problems
for nonlinear partial differential equations with linear, Dirichlet, Neumann,
and Robin boundary conditions. Comparisons with analytic solutions de-
rived by adding an artificial source term have shown that accurate solutions
can be obtained by a sufficiently large number of nodes.

Still, various technical problems need to be solved; specifically, the fol-
lowing:

i) Selection of the interpolating functions.

ii) Selection of the number of interpolating points.
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Some heuristic reasoning is offered in what follows with the aim of pro-
viding some useful technical indications for dealing with the above problems
at a practical level.

Referring to item i), the sinc interpolation has been shown to be suit-
able for wavy, in space, solutions. However, the straightforward use of the
above interpolation is limited to the Dirichlet problem. Therefore the rea-
soning proposed in what follows refers to both types of interpolations for
the Dirichlet problem and only to Lagrange interpolation for the other
problems.

Relatively more delicate is the second point considering that increasing
the number of nodes improves the interpolation of the dependent variable:
for n tending to infinity, the error tends to zero. On the other hand, n also
corresponds to the number of ordinary differential equations which have to
be integrated over time. If h is the time step to be used to control the error
induced by integration of the system of ordinary differential equations, one
has n↗ =⇒ h↘ ; n→ ∞ =⇒ h→ 0 .

Moreover, very small values of h may lead to excessive computational
times and to uncontrolled computational errors induced by computation of
the ratio of very small quantities. In other words En blows up for n→ ∞.

We stress that the use of Mathematica R© overcomes several technical
problems and, specifically, the selection of h for a given system of equa-
tions. The algorithms of the solver of ordinary differential equations are
able to relate h to the specific characteristics of the equation. Therefore,
the technical, however relevant, problem to be solved is the following:

Suppose that an error E is fixed a priori for a certain initial-boundary
value problem. Which is the smallest number of nodes needed to solve the
problem with an error bounded by En?

It is a difficult problem which cannot be solved in general for a large
variety of cases. On the other hand, a technical procedure can be proposed
with reference to specific problems.

Consider a given initial-boundary value problem and let us introduce the
distance dn = ‖un−un−1‖, that generally decreases with increasing n: n↗
=⇒ dn ↘. Therefore, the assessment of the number n can be achieved, for a
certain initial-boundary value problem looking at dn: specifically selecting
n in a way that dn < En, ∀t ∈ [0, T ]. Moreover, still at a heuristic level, it
can be argued that for a given model if the above procedure is developed
for initial conditions with sharp variation in space and boundary conditions
with sharp variation in time, then the scientific program can be used for
relatively less challenging initial and boundary conditions.

Finally, let us focus on how collocation methods differ technically from
finite difference methods that need discretization both of time and space
variables. Space derivatives are computed using the discretization points
which are, in the grid, close to the node where the dependent variable is
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computed. The resulting computational scheme is algebraic rather than
differential. It can be solved in the linear case by simple techniques with
computational complexity generally lower than the one of collocation meth-
ods. On the other hand, nonlinear problems need additional technical treat-
ments such as local linearization or solution of nonlinear algebraic systems.
Technical methods to compute space derivatives heavily depend on the
mathematical structure of the equation, say elliptic, parabolic, or hyper-
bolic. Several schemes are reported in Chapter 3 of the book by Bellomo
and Preziosi (1996) with reference, as already mentioned, to the structure
of the equation. If the time variable is left continuous and space derivatives
are computed as outlined above, the approach is that of the method of
lines, which is similar to the one developed in this book and is besides a
relatively less general way of computing space derivatives.

4.7 Problems

PROBLEM 4.1

Solve, by using the program DiffNeu, the Dirichlet problem, with time-
dependent boundary conditions, for the sine-Gordon model (1.2.14).

PROBLEM 4.2

Consider the initial-boundary value problem for the KdV solitary wave
model (1.2.9) with Dirichlet boundary conditions at x = 0 and x = 1 and
Neumann boundary condition at x = 0. Show how this additional condition
can be implemented.

PROBLEM 4.3

Solve, by using the program DiffRob, the Robin problem, with time-
dependent boundary conditions, for the sine-Gordon model (1.2.14).

PROBLEM 4.4

Consider the initial-boundary value problem for the KdV solitary wave
model with Neumann boundary conditions at x = 0 and x = 1 and Dirichlet
boundary conditions at x = 0. Show how this additional condition can be
implemented.

PROBLEM 4.5

Solve the initial-boundary value problem for the traffic flow model with
Neumann boundary conditions.
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PROBLEM 4.6

Solve the initial-boundary value problem for the traffic flow model with
Robin boundary conditions.

PROBLEM 4.7

Find a suitable source term for the traffic flow model which gives an analytic
solution to Problem 4.3.1 with Dirichlet boundary conditions.

PROBLEM 4.8

Solve the initial-boundary value problem related to Problem 4.7 comparing
analytic and computational solutions.

PROBLEM 4.9

Solve Problem 4.5.1 and compute dn = ‖un − un−1‖ for various values of
n. Compare this result with En.

PROBLEM 4.10

Develop the analysis proposed in Problem 4.7 for Neumann boundary con-
ditions.



5
Initial-Boundary Value Problems

in Two Space Dimensions

5.1 Introduction

Chapter 4 has shown how generalized collocation methods can be ap-
plied to the solution of several nonlinear initial-boundary value problems in
one space dimension. The advantage of this method with respect to other
techniques of applied mathematics is its rapid application which leads to a
technically simple control of nonlinearities.

On the other hand, various technical difficulties arise when the method
is applied to problems in a number of space dimensions larger than one.
This is due to the fact that when the number of independent variables
increases, the related system of ordinary differential equations generates a
stiff system, so that severe approximation problems in the time integration
are generated.

This chapter deals with the solution of initial-boundary value problems
in two space dimensions. Technically, the application of the method is a
straightforward generalization of the method presented in Chapter 3; on
the other hand the above-mentioned stiffness problems must be carefully
taken into account. Bearing all this in mind, this chapter is developed along
seven additional sections.

• Section 5.2 concerns the statement of mathematical problems for non-
linear models in two space dimensions. The classical Dirichlet, Neumann,
and mixed problems for space domains with regular boundary are stated.

• Section 5.3 presents the description of the application of the generalized
collocation methods to the solution of the problems of Section 5.2. As we

103
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shall see, the application is a simple generalization of the methods described
in Chapter 4, although various technical aspects must be dealt with.

• Section 5.4 concerns the initial-boundary problems over a strip as the
domain of the space variable. It is shown how a mixed use of the sinc
functions and Lagrange polynomials can be used for this class of problems.
Specifically, sinc functions are used for the interpolation on the variable
defined over the whole real line, while Lagrange polynomials are used for
the interpolation on the variable defined on bounded domains.

• Section 5.5 presents the application of the method to the parabolic
heat equation in two space dimensions. The computational solution of the
Dirichlet problem for a linear model is compared with the associated ana-
lytic solution.

• Section 5.6 develops a second application to a reaction-diffusion model,
due to Schnakenberg (1979), described in Chapter 1, Example 1.2.8. The
model is linear in the diffusion term but includes a nonlinear source term.

• Section 5.7 provides a critical analysis on the contents of this chapter
mainly addressed to analyze the applicability of the method to geometri-
cally complex space domains.

• Section 5.8 proposes a number of problems suggested to the interested
reader for applying the mathematical tools proposed in this chapter.

5.2 Mathematical Problems

This section discusses the statement of the initial-boundary value prob-
lems for partial differential equations in two space dimensions. The state-
ment is first developed for scalar equations with second-order partial deriva-
tives, and then technical generalizations are described for vector equations
and models with higher-order derivatives.

Let us consider the following general class of equations:

∂u

∂t
= f

(
t,x, u,

∂u

∂x
,
∂u

∂y
,
∂2u

∂x∂y
,
∂2u

∂x2
,
∂2u

∂y2

)
, (5.2.1)

where

u = u(t,x) : [0, T ] ×D → IR , x = (x, y) (5.2.2)
is the dependent variable, and where the domain D ⊆ IR2 of the space

variables has a regular boundary ∂D. The function f is assumed to be
smooth in its argument. After a suitable dimensional analysis, one can
assume that u ∈ [0, 1] and that the domain D is bounded as follows:

D ⊆ [0, 1] × [0, 1] . (5.2.3)
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For instance, if the original spatial domain is a rectangle, with sides a
and b along the respective directions x and y, the above normalization can
be obtained easily by introducing the new spatial variables

x′ =
x

a
, y′ =

y

b
. (5.2.4)

In the same way it is possible to deal with circular and elliptical do-
mains. For instance, if the original domain is a circle centered at the ori-
gin with radius R, the problem can be recast into the polar coordinates
(ρ, θ) ∈ [0, R] × [0, 2π] and then normalized by the introduction of the new
independent variables

ρ′ =
ρ

R
θ′ =

θ

2π
(5.2.5)

such that ρ′ ∈ [0, 1] and θ′ ∈ [0, 1].
The statement of the mathematical problems is first proposed assuming

boundary ∂D of D regular so that a unit vector n, directed towards the
interior of D, can be defined in any point of ∂D. Bearing all the above in
mind, consider the following problems.

Problem 5.2.1. Consider the initial-boundary value problems for Eq.
(5.2.1) with initial condition

u(0,x) = φ(x), x = (x, y) ∈ D, (5.2.6)

and boundary conditions defined as follows:

i) Dirichlet

∀t ∈ [0, T ], x ∈ ∂D : u(t;x ∈ ∂D) = α(t,x) , (5.2.7)

ii) Neumann

∀t ∈ [0, T ], x ∈ ∂D :
∂u

∂n
(t;x ∈ ∂D) = γ(t,x) , (5.2.8)

where (5.2.7) and (5.2.8) are given as smooth function consistent, for t = 0,
with the initial condition (5.2.6).

If the domain D satisfies the above regularity properties and is convex
with respect to both axes, it can be decomposed into two subdomains in
such a way that

D = D1 ∪D2, ∂D = ∂D1 ∪ ∂D2, D1 ∩D2 = ∂D1 ∩ ∂D2 = ∅ , (5.2.9)

where ∂D1 and ∂D2 belong to the contour of ∂D.
The statement of mixed-type problems refers to this decomposition as

follows.
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Problem (Mixed) 5.2.2. Consider the initial-boundary value problem
for Eq. (5.2.1) with initial condition (5.2.6) and Dirichlet boundary condi-
tion

∀t ∈ [0, T ], x ∈ ∂D1 : u(t;x ∈ ∂D1) = α1(t,x), (5.2.10)

and Neumann boundary condition

∀t ∈ [0, T ], x ∈ ∂D2 :
∂u

∂n
(t;x ∈ ∂D2) = γ2(t,x), (5.2.11)

given as smooth functions of time consistent, for t = 0, with initial con-
dition (5.2.6). Consistency of α1 and γ2 at the contact points of the two
boundaries, ∂D1 and ∂D2, has to be verified.

Remark 5.2.1. An analogous statement of the boundary condition is as
follows:

∀t ∈ [0, T ], x ∈ ∂D1 :
∂u

∂n
(t;x ∈ ∂D1) = γ1(t,x), (5.2.12)

and

∀t ∈ [0, T ], x ∈ ∂D2 : u(t;x ∈ ∂D2) = α2(t,x). (5.2.13)

The above statement can be technically particularized to specific prob-
lems when D is a rectangular domain.

Example 5.2.1

Rectangular Domains

Let us consider here the case of a rectangular domain D in IR2 that,
after suitable normalization of the independent variables, can be assumed
to be D = [0, 1] × [0, 1]. This means that D has been transformed into the
unit square of IR2. The boundary ∂D consists then in four distinct parts,
namely,

∂D = Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4 , (5.2.14)

where

Γ1 = {(x, 0) , x ∈ [0, 1]} , Γ2 = {(x, 1) , x ∈ [0, 1]} ,

Γ3 = {(0, y) , y ∈ [0, 1]} , Γ4 = {(1, y) , y ∈ [0, 1]} .
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Therefore, the Dirichlet boundary conditions can be restated, for
any t ∈ [0, T ], as follows:

∀x ∈ [0, 1] : u(t;x, 0) = α(t, x), u(t;x, 1) = β(t, x) , (5.2.15)

and

∀y ∈ [0, 1] : u(t; 0, y) = γ(t, y), u(t; 1, y) = δ(t, y) , (5.2.16)

where α, β, γ, and δ are given smooth functions of their arguments consis-
tent with the initial condition (5.2.6), which satisfy the consistency condi-
tions

α(t, 0) = γ(t, 0), α(t, 1) = δ(t, 0) ,

β(t, 0) = γ(t, 1), β(t, 1) = δ(t, 1) .
(5.2.17)

In the same way, Neumann boundary conditions are stated, for any
t ∈ [0, T ], as follows:

∀x ∈ [0, 1] :
∂u

∂y
(t;x, 0) = ψ(t, x) ,

∂u

∂y
(t;x, 1) = ζ(t, x) , (5.2.18)

and

∀y ∈ [0, 1] :
∂u

∂x
(t; 0, y) = η(t, y) ,

∂u

∂x
(t; 1, y) = λ(t, y) , (5.2.19)

where ψ, ζ, η, and λ are given smooth functions of their arguments consis-
tent, for t = 0, with the initial condition (5.2.6), which satisfy the consis-
tency conditions

ψ(t, 0) = η(t, 0), ψ(t, 1) = λ(t, 0) ,

ζ(t, 0) = η(t, 1), ζ(t, 1) = λ(t, 1) .
(5.2.20)

Finally, mixed-type boundary conditions are stated as follows:

∀x ∈ [0, 1] : u(t;x, 0) = α(t, x) , u(t;x, 1) = β(t, x) , (5.2.21)

and

∀y ∈ [0, 1] :
∂u

∂x
(t; 0, y) = η(0, y) ,

∂u

∂x
(t; 1, y) = λ(t, y) , (5.2.22)
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or else,

∀x ∈ [0, 1] :
∂u

∂y
(t;x, 0) = ψ(t, x) ,

∂u

∂y
(t;x, 1) = ζ(t, x) , (5.2.23)

and

∀y ∈ [0, 1] : u(t; 0, y) = γ(t, y) , u(t; 1, y) = δ(t, y) , (5.2.24)

for any t ∈ [0, T ], where all α, β, γ, δ, ψ, ζ, η, and λ are given smooth
functions of their respective arguments, consistent, for t = 0, with the initial
condition (5.2.6), which satisfy the corresponding consistency conditions.

The above reasoning holds when the space domain is convex with re-
spect to both axes. On the other hand, when this condition is not satisfied,
additional analysis is needed, based on the decomposition of the domain
into several subdomains. This topic is dealt with in Section 5.7.

The above statement of the problem refers to equations with second-
order derivatives on both space variables. It requires boundary conditions
on the closed contour ∂D, whereas equations with first-order derivatives
need boundary conditions on open contours. Higher-order equations require
additional conditions.

We also point out that systems of equations need boundary conditions
corresponding to each equation consistent with its structure. The statement
may differ for each equation: for instance, Dirichlet conditions for the first
equation and Neumann conditions for the second.

5.3 Solution Methods

The solution method, as already mentioned, is a technical development
of the one described in Chapter 4. The difference is that the spatial domain
is now two dimensional.

Similarly to initial-boundary value problems in one dimension, Lagrange
polynomials with a Chebychev collocation will be adopted for the interpo-
lation (see Chapter 2, Section 2.2), though the use of sinc functions is tech-
nically possible. The application of the method is developed in the following
steps.
1. The first step is the discretization of the spatial domain into the collo-

cation

Ixy = {x1, . . . , xn ; y1, . . . , ym} ,
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where equispaced collocation points or Chebychev interpolation are used.
2. The dependent variable u = u(t, x, y) is interpolated and approximated

by the values uij = u(t, xi, yj) according to

u(t, x, y) � unm(t, x, y) =
n∑

i=1

m∑
j=1

Li(x)Lj(y)uij(t), (5.3.1)

where the expressions of the Lagrange polynomials Li(x) and Lj(y) have
been given in Chapter 2, Section 2.2.

3. Interpolation (5.3.1) is then used to approximate the spatial partial
derivatives in the nodal points of Ixy. We recall the formulae given in
Chapter 2, namely

∂ru

∂xr
(t;xi, yj) �

n∑
h=1

a
(r)
hi uhj(t) , (5.3.2)

∂ru

∂yr
(t;xi, yj) �

m∑
k=1

b
(r)
kj uik(t) , (5.3.3)

and

∂2u

∂x∂y
(t;xi, yj) �

n∑
h=1

m∑
k=1

a
(1)
hi b

(1)
kj uhk(t) , (5.3.4)

where the coefficients a(r)
hi and b(r)

kj have been given in Section 2.2.
4. The initial-boundary value problem is then transformed into an initial

value problem for ordinary differential equations that describes the evo-
lution of the values uij(t) of u in the nodes. The boundary conditions
have to be enforced in the nodal points on the boundaries x1j , xnj , xi1,
and xim (i = 1, ..., n; j = 1, ...,m) of the domain D.

5. Finally, the solution of the initial-boundary value problem is obtained
by the numerical solution of the initial value problem for ordinary dif-
ferential equations and, then, by the interpolation of the solution by the
method adopted in Step 2.
If the above procedure is applied to Problem 5.2.1, with conditions

(5.2.16)–(5.2.17), then one obtains the system of ordinary differential equa-
tions

duij

dt
= f

(
t, xi, yj , uij ,

n∑
h=1

a
(r)
hi uhj(t),

m∑
k=1

b
(r)
kj uik(t),

n∑
h=1

m∑
k=1

a
(1)
hi b

(1)
kj uhk(t)

)

(5.3.5)
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supplemented with the initial conditions

ui1 = α(t, xi) , uim = β(t, xi) ,

and

u1j = γ(t, yj) , unj = δ(t, yj) ,

for any i = 1, . . . , n, j = 1, . . . ,m, and r = 1, 2.

Remark 5.3.1. Similar to one-dimensional domains, in this two-dimen-
sional case, the equations concerning the boundary conditions can also be
written in differential form. For example,

dui1

dt
=
dα

dt
,

duim

dt
=
dβ

dt
. (5.3.6)

In the following example, we illustrate this approach with a particular
simple case.

Example 5.3.1

Nonlinear Transport Diffusion Model

Consider the following nonlinear transport diffusion model which can be
seen as a generalization of the model equation (3.2.1) introduced in Chap-
ter 3:

∂u

∂t
= η1(t, x, y)

∂u

∂x
+ η2(t, x, y)

∂u

∂y
+ μ1(t, x, y)

∂2u

∂x2

+ μ2(t, x, y)
∂2u

∂y2
+ μ3(t, x, y)

∂2u

∂x∂y
+ f

(
t, x, y,

∂u

∂y
,
∂u

∂y

)
. (5.3.7)

Here the functions ηi (i = 1, 2), μj (j = 1, 2, 3), and f are given contin-
uous functions of their respective arguments. The dimensionless dependent
variable is

u = u(t,x) : [0, 1] ×D → [0, 1], x = (x, y) ∈ D ,

whereD ⊆ [0, 1]×[0, 1] is a suitable domain of IR2. For this specific problem,
the steps described above yield a system of n×m ordinary differential equa-
tions corresponding to collocations (xi, yi), which can be readily written as
follows:

duij

dt
=η1(t, xi, yj)

n∑
h=1

a
(1)
hi uhj(t) + η2(t, xi, yj)

m∑
k=1

b
(1)
kj uik(t)
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+ μ1(t, xi, yj)
n∑

h=1

a
(2)
hi uhj(t) + μ2(t, xi, yj)

m∑
k=1

b
(2)
kj uik(t)

+ μ3(t, xi, yj)
n∑

h=1

m∑
k=1

a
(1)
hi b

(1)
kj uhk(t)

+ f

(
t, xi, yj ,

n∑
h=1

a
(1)
hi uhj(t),

m∑
k=1

b
(1)
kj uik(t)uhj(t)

)
, (5.3.8)

for i = 1, . . . , n and j = 1, . . . ,m. The previous system, linked to initial
conditions

u0ij = u0(xi, yj)

and the boundary conditions

dui1

dt
=
dα

dt
,

duim

dt
=
dβ

dt
,

du1j

dt
=
dγ

dt
,

dunj

dt
=
dδ

dt
,

can be numerically simulated using the standard techniques for ordinary
differential equations. The Appendix reports programs to deal with this
system, which is nonlinear as is the original partial differential model.

The solution method for Problem 5.2.2 can be developed by the same
paths as described for Problem 5.2.1. The only difference concerns the fact
that Neumann boundary conditions must be imposed. Following the
same approach described in Chapter 4, Section 4.2, it is necessary to set
the consistency with the boundary conditions that yield the following linear
algebraic system:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a
(1)
11 u1j + a

(1)
n1 unj = η −

n−1∑
k=2

a
(1)
k1 ukj

a
(1)
1n u1j + a(1)

nnunj = λ−
n−1∑
k=2

a
(1)
knukj

b
(1)
11 ui1 + b

(1)
m1uim = ψ −

m−1∑
k=2

b
(1)
k1 uik

b
(1)
1muim + b(1)mmuim = ζ −

m−1∑
k=2

b
(1)
kmuik ,

(5.3.9)

(with i = 2, ..., n − 1; j = 1, ...,m).
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This algebraic system can be solved with respect to u1j , unj , ui1, and
uim, leading to the following:

u1j = − ann

an1a1n − a11ann

(
η −

n−1∑
k=2

ak1ukj

)

+
an1

an1a1n − a11ann

(
λ−

n−1∑
k=2

aknukj

)
,

(5.3.10)

unj = − a1n

an1a1n − a11ann

(
η −

n−1∑
k=2

ak1ukj

)

− a11

an1a1n − a11ann

(
λ−

n−1∑
k=2

aknukj

)
,

(5.3.11)

ui1 = − bmm

bm1b1m − b11bmm

(
ψ −

m−1∑
k=2

bk1uik

)

+
bm1

bm1b1m − b11bmm

(
ζ −

m−1∑
k=2

bkmuik

)
,

(5.3.12)

and

uim = − b1m

bm1b1m − b11bmm

(
ψ −

m−1∑
k=2

bk1uik

)

+
b11

bm1b1m − b11bmm

(
ζ −

m−1∑
k=2

bkmuik

)
.

(5.3.13)

The above relations can be introduced into system (5.3.5), ensuring the
self-consistency of the system itself.

The case of mixed boundary conditions can be dealt with using the
previous results; namely, by combining conveniently the expressions corre-
sponding to Dirichlet and Neumann boundary conditions.

In principle, both interpolations, sinc or Lagrange, can be used. Consid-
ering that two interpolations are applied, one for each independent variable,
then one can use different interpolations for each of them.

The technical generalization is also immediate for systems of partial
differential equations. In this case the dependent variable is a vector, say u.
The solution technique leads to a system of equations for each component
of u.
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5.4 Initial-Boundary Value Problems on a Slab

The solution method we have seen in Section 5.3 can be straightfor-
wardly generalized for partial differential equations with dependent spatial
variable defined over an infinite slab along the x-axis and bounded over the
y-variable. If the variables are scaled, one can assume that

u = u(t, x, y) : [0, T ] × [0, 1] × [0, 1] → [0, 1]. (5.4.1)

As already indicated in Chapter 2, the natural solution method con-
sists in interpolating over the x-variable by sinc functions corresponding
to equally spaced nodes, and over the y-variable by Lagrange polynomials
corresponding to Chebychev collocations. Consequently, one has

u(t, x, y) ∼= unm(t, x, y) =
n∑

i=−n

m∑
j=1

Si(x, h)Lj(y)uij(t) , (5.4.2)

where, as in Section 5.3, uij(t) = u(t, xi, yj).
The discrete dynamical system is then obtained in the same way as

in Section 5.3, the only difference being the coefficients a(r)
hk are obtained

from the sinc functions for interpolation over the x-axis and by Lagrange
polynomials for interpolation over the y-axis.

The application of the method can be shown with the solution of the
nonlinear heat diffusion model we have seen in Chapter 1. Specifically, con-
sider the following model in two space dimensions:

∂u

∂t
=

∂

∂x

[
u(1 − u)

∂u

∂x

]
+

∂

∂y

[
u(1 − u)

∂u

∂y

]
, (5.4.3)

where u = u(t, x, y) represents the dimensionless dependent variable.
The above model can be explicitly written as follows:

∂u

∂t
= (1 − 2u)

[(
∂u

∂x

)2

+
(
∂u

∂y

)2]
+ u(1 − u)

[
∂2u

∂x2
+
∂2u

∂y2

]
. (5.4.4)

The model can be implemented, in the application dealt with in this
section below, with the initial condition

u0(x, y) = u(t = 0, x, y) = e−ax2
(5.4.5)
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that does not depend on the y-variable and with boundary conditions

lim
|x|→∞

u(t, x, y) = 0, u(t, x, 0) = u(t, x, 1) = e−ax2
e−bt . (5.4.6)

Equation (5.4.4) can be discretized as follows:

duij

dt
=(1 − 2uij)

[( n∑
h=1

a
(1)
hi uhj(t)

)2

+
( m∑

k=1

b
(1)
kj uik(t)

)2]

+ uij(1 − uij)
[ n∑

h=1

a
(2)
hi uhj(t) +

m∑
k=1

b
(2)
kj uik(t)

]
(5.4.7)

with i = 2, ..., n − 1 ; j = 2, ...,m − 1.
The initial condition (5.4.5) corresponds to

uij(t = 0) = e−ax2
i (i = 1, ..., n) , (5.4.8)

while the boundary conditions (5.4.6) are described according to

u1j = unj = 0 (j = 1, ...,m) , (5.4.9)

ui2 = uim−1 = e−ax2
i e−bt (i = 1, ..., n) . (5.4.10)
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Figure 5.4.1 - u versus time and space: a = 0.1, b = 1, t = 0.5.
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Figure 5.4.2 - u versus time and space: a = 0.1, b = 1, t = 1.

Figures 5.4.1 and 5.4.2 refer to the case with a = 0.1 and b = 1, and
show the spatial behavior of the variable u at t = 0.5 and t = 1, respectively.

The program SlabTwoDim (see Appendix, Section A.14), has been
used with 31 × 31 nodes. The method provides very accurate results char-
acterized by surfaces that are regular and smooth. Very small spurious
oscillations are detectable, in the central parts of the flat zones, that vanish
when the number of nodes is increased.

5.5 Application: The Heat Equation over a Square

Let us consider the two-dimensional heat equation

∂u

∂t
=

1
π2

(
∂2u

∂x2
+
∂2u

∂y2

)
, (5.5.1)

over the square domain D = [0, 1] × [0, 1], where the dimensionless depen-
dent variable is

u = u(t,x) : [0, T ] ×D → [0, 1], x = (x, y) ∈ D .
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The partial differential equation (5.5.1) is linked to the following initial con-
dition:

u(t = 0, x, y) = u0(x, y) = cos
π

2
(x+ y) + sinπ(x− y) (5.5.2)

and boundary conditions

u(t, x, 0) = e−
t
2 cos

π

2
x+ e−2t sinπx , (5.5.3)

u(t, x, 1) = e−
t
2 cos

π

2
(x+ 1) + e−2t sinπ(x− 1) , (5.5.4)

u(t, 0, y) = e−
t
2 cos

π

2
y + e−2t sinπy , (5.5.5)

and

u(t, 1, y) = e−
t
2 cos

π

2
(1 + y)e−2t sinπ(1 − y) . (5.5.6)

The initial boundary problem (5.5.1)–(5.5.6) admits the following ana-
lytical solution:

u(t, x, y) = e−
t
2 cos

π

2
(x+ y) + e−2t sinπ(x− y). (5.5.7)

The knowledge of the solution (5.5.7) allows a comparison with that
obtained by the computational method and thus allows us to evaluate its
accuracy.

Applying the procedure developed in Section 5.3, the corresponding
system of ordinary differential equations is obtained:

duij

dt
=

1
π2

( n∑
h=1

a
(2)
hi uhj(t) +

m∑
k=1

b
(2)
kj uik(t)

)
, (5.5.8)

with i = 1, ..., n and j = 1, ...,m; while the initial conditions, given by Eq.
(5.5.2), are

uij = cos
π

2
(xi + yj) + sinπ(xi − yj) (5.5.9)

for i = 1, . . . , n and j = 1, . . . ,m. Finally, boundary conditions are imple-
mented according to Eqs. (5.5.3–5.5.6).

Simulations have been obtained using Lagrange-type polynomials with
n = m = 11 nodes. Figures 5.5.1 and 5.5.2 show the numerical solution
u(t, x, y) for t = 0.5 and t = 1, respectively. The smoothness of the solution,
despite the small number of nodes, and the accuracy of the solution method
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Figure 5.5.1 - u versus time and space: t = 0.5.
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Figure 5.5.2 - u versus time and space: t = 1.

are visualized in Figure 5.5.3, which shows the error, at t = 1, with respect
to the analytical solution (5.5.5).

It can be seen that the error is lower than 10−7. Simulations have been
performed using the program HeatTwoDim (see the Appendix, Section
A.15).
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Figure 5.5.3 - Computational error versus time and space: t = 1.

5.6 Reaction-Diffusion Equations

Consider the Schnakenberg model of diffusion of chemicals described in
Chapter 1, Example 1.2.8, which is written here again:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂u

∂t
=κ(a− u+ u2v) + ε

(
∂2u

∂x2
+
∂2u

∂y2

)
,

∂v

∂t
=κ(b− u2v) +

(
∂2v

∂x2
+
∂2v

∂y2

)
,

(5.6.1)

where u and v are the two dependent variables

u = u(t,x) : [0, 1] ×D → [0, 1], x = (x, y) ∈ D ,

and

v = v(t,x) : [0, 1] ×D → [0, 1], x = (x, y) ∈ D ,

where D = [0, 1] × [0, 1].
The following parameters: κ = 100, a = 0.1305, b = 0.7695, and ε =

0.05, are used for the simulations (see Hundsdorfer and Verwer (2003)) for
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an initial boundary problem stated by linking the above model to the two
dependent variables with the following initial conditions:

u(0, x, y) = a+ b+
1

1000
e−100[(x− 1

3 )2+(y− 1
2 )2] , (5.6.2)

and

v(0, x, y) =
b

(a+ b)2
, (5.6.3)

while boundary conditions are assumed to be given by

⎧⎪⎪⎨
⎪⎪⎩

∂u

∂x
(t, 0, y) =

∂u

∂x
(t, 1, y) = 0 ,

∂v

∂x
(t, 0, y) =

∂v

∂x
(t, 1, y) = 0 ,

(5.6.4)

and
⎧⎪⎪⎨
⎪⎪⎩

∂u

∂y
(t, x, 0) =

∂u

∂y
(t, x, 1) = 0 ,

∂v

∂y
(t, x, 0) =

∂v

∂y
(t, x, 1) = 0 ,

(5.6.5)

which correspond to homogeneous Neumann conditions.
The application of the method generates the following system of ordi-

nary differential equations:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

duij

dt
= κ(a− uij + u2

ijvij) + ε

( n∑
k=1

a
(2)
ki ukj +

m∑
k=1

b
(2)
kj uik

)
,

dvij

dt
= κ(b− u2

ijvij) +
( n∑

k=1

a
(2)
ki vkj +

m∑
k=1

b
(2)
kj vik

)
,

(5.6.6)

where i = 2, . . . , n− 1 and j = 2, . . . ,m− 1, and with the initial conditions
given by (5.6.2) and (5.6.3).

The solution of the initial-boundary value problem requires that we
express the values of the two dependent variables u and v in the boundary
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nodes. Technical calculations yield

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u1,j =
a
(1)
nn

∑n−1
k=2 a

(1)
k1 ukj − a

(1)
n1

∑n−1
k=2 a

(1)
knukj

a
(1)
n1 a

(1)
1n − a

(1)
11 a

(1)
nn

,

un,j = −a
(1)
1n

∑n−1
k=2 a

(1)
k1 ukj − a

(1)
11

∑n−1
k=2 a

(1)
knukj

a
(1)
n1 a

(1)
1n − a

(1)
11 a

(1)
nn

,

v1,j =
a
(1)
nn

∑n−1
k=2 a

(1)
k1 vkj − a

(1)
n1

∑n−1
k=2 a

(1)
knvkj

a
(1)
n1 a

(1)
1n − a

(1)
11 a

(1)
nn

,

vn,j = −a
(1)
1n

∑n−1
k=2 a

(1)
k1 vkj − a
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for j = 1, . . . ,m, and
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(5.6.8)

for i = 2, . . . , n− 1.
Simulations have been obtained using Lagrange polynomials with 51

nodes by the program EvolPatt, Appendix, Section A.16.
Figures 5.6.1.a–5.6.3.a show the evolution of the dependent variable

u at t = 0.25, t = 0.5, and t = 1, respectively. The typical feature of
patterns generated by the Schnakenberg model, that is, the amplification
and the migration of the bumps, is plainly recovered by the simulations.
This characteristic dynamics is even more evident in the representation
by contour lines shown in the corresponding Figures 5.6.1.b–5.6.3.b, where
such lines join points of domain having the same value of population, u.

Note that the above numerical simulations agree very well with the
results reported by Hundsdorfer and Verwer (2003), where different and
more complex numerical methods are used.
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Figure 5.6.1.a - u versus space at t = 0.25.
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Figure 5.6.1.b - Contour lines corresponding to Figure 5.6.1.a.
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Figure 5.6.2.a - u versus space at t = 0.5.
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Figure 5.6.2.b - Contour lines corresponding to Figure 5.6.2.a.

5.7 Critical Analysis

Initial-boundary value problems in two space dimensions have been
dealt with in this chapter. Various applications have shown how the method
is flexible enough to deal efficiently with time-varying boundary conditions.
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Figure 5.6.3.a - u versus space at t = 1.
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Figure 5.6.3.b - Contour lines corresponding to Figure 5.6.3.a.

The method provides accurate solutions, although the computational com-
plexity is increased by dealing with problems in two space variables. On the
other hand, a critical aspect is that the method can be straightforwardly
applied in the case of simple geometries, say squares, circles, or rectan-
gles, while additional work is needed for the more complex geometry of the
domain D of the space variable.
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Figure 5.7.1 - Decomposition of domains.

This section analyzes the technical development of the method by taking
into account different shapes of D.

The first problem is the case of domains D which can be decomposed
as shown in the example of Figure 5.7.1 into different subdomains Dk still
with a rectangular shape: D =

⋃
k Dk. Subsequently, a method is developed

as follows.

1. The space variables are discretized separately in each subdomain Dk.
Some of the discretization points (specifically on their boundaries) are
in common for two contiguous subdomains.

2. The mathematical model is then discretized into a system of n =
∑

k pk

ordinary differential equations, where pk is the number of nodes in each
domain Dk.

3. Boundary conditions are imposed on the boundary ∂D of the space
domain, while consistency conditions are imposed on the collocation
points belonging to the common boundaries of each subdomain Dk.

The above procedure leads to a reduced system of n ordinary differential
equations minus the number of equations corresponding to the collocation
points on the boundaries of each domain Dk.

Another useful case refers to problems where the domainD is triangular,
one of the sides is normalized over the interval [0, 1], and scaling can also
identify the position of the vertex.

Then a Chebychev collocation identifies the collocation at the side, while
the collocation points are obtained by the intersections of the lines corre-
sponding to the collocation on that sides obtained by joining the vertex
opposite to that side.

The solution method then follows the same procedure we have seen
before: discretizing the model into a system of ordinary differential equa-
tions, imposing boundary conditions on the collocation points of ∂D, and
then solving the remaining system of ordinary differential equations. The
above scheme can be used when the domain can be decomposed into several
triangles Dk, say D =

⋃N
i=1Dk. Then, the solutions in each triangle can
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be linked, as we have seen in the case of decomposition into rectangular
domains.

We note from these schemes that the generalization of the method does
not always appear practical compared with other methods of applied math-
ematics. This remark appears to be even more consistent when the space
variable is defined over a three-dimensional volume. In this case the for-
mal generalization of the method can be technically developed by a three-
dimensional interpolation. On the other hand, the computational complex-
ity related to the large number of ordinary differential equations, of the
order of n×m× p, cannot be dealt with properly.

5.8 Problems

PROBLEM 5.1

Develop a scientific program to deal with the nonlinear heat equation (5.4.3)
on a slab. Compare the results with Figures 5.4.1 and 5.4.2.

PROBLEM 5.2

Develop a scientific program to deal with the nonlinear heat equation (5.4.3)
on a slab with Neumann conditions in y = 0.

PROBLEM 5.3

Show how the solution method proposed in Section 5.4 can be technically
generalized for the two-dimensional heat equation (5.5.1) with Neumann-
type boundary conditions.

PROBLEM 5.4

Show how the solution method proposed in Section 5.4 can be technically
generalized for the two-dimensional heat equation (5.5.1) when the diffusion
coefficient K depends on the dependent variable u.

PROBLEM 5.5

Develop a scientific program to deal with the two-dimensional heat equation
(5.5.1) over a circle domain using both Dirichlet and Neumann boundary
conditions.

PROBLEM 5.6

Develop a scientific program to deal with the two-dimensional heat equation
(5.5.1) over a domain as shown in the example of Figure 5.7.1.
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PROBLEM 5.7

Develop a scientific program to deal with the Schnakenberg model with
the initial and boundary conditions described in Section 5.6. Discuss the
influence of the number of the collocation points.

PROBLEM 5.8

Develop a scientific program to deal with the Schnakenberg initial boundary
problem (5.5.8)–(5.5.12) on a rectangular domain and show the influence
of the aspect ratio.

PROBLEM 5.9

Write in detail the consistency conditions that have to be imposed on the
collocation points belonging to the common boundaries of each subdomain
Dk in the case of complex domain, as shown in the example of Figure 5.7.1.

PROBLEM 5.10

Develop a scientific program to deal with the heat equation (5.5.1), with
Dirichlet boundary conditions, in the case of complex domain, as shown in
the example of Figure 5.7.1.



6
Additional Mathematical Tools
for Nonlinear Problems

6.1 Introduction

The initial-boundary value problems of the preceding chapters have
been stated with linear boundary conditions. Nonlinearities have always
been localized in the partial differential equations and not on the boundary
conditions. However, the statements of boundary conditions, in several tech-
nological applications, are generated by measurements which cannot lead
to a direct knowledge of the dependent variable and/or its space gradients.
In some cases, measurements lead to nonlinear functions of the dependent
variable at the boundaries of the space variable domain. In other cases,
boundary measurements are not possible, and have to be substituted by
additional information on the solution of the mathematical problem.

The term inverse problem is used to classify mathematical problems
characterized by the above qualitative descriptions. Some of these prob-
lems may be ill posed as critically analyzed in Chapter 4 of the book by
Bellomo and Preziosi (1996). It is worth analyzing how generalized colloca-
tion methods can be properly developed to deal with these types of problems
due to their importance in applied sciences. The first part of this chapter
deals with the above generalizations for models in one space dimension.
Subsequently, the second part develops a critical analysis of the contents of
this book. The contents are developed through eight more sections.

• Section 6.2 presents a technical description of some ill-posed mathe-
matical problems which are dealt with later in this chapter. The statement
refers both to problems with nonlinear boundary conditions and problems
with lacunary conditions (boundary or source terms), which are replaced
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by additional measurements of the solution in interior points of the space
domain.

• Section 6.3 concerns the solution of problems with nonlinear boundary
conditions. The application of the method is technically shown for a traffic
flow model. The model describes the evolution in time and space of the
density of vehicles, while boundary conditions are delivered by measure-
ments on the flux of vehicles that is given by a nonlinear combination of
the Dirichlet and Neumann boundary conditions.

• Section 6.4 discusses the solution of problems with missing boundary
conditions. The missing data are replaced by the measurement of the de-
pendent variable in an inner zone of the domain of the space variable. The
application of the method is technically shown for a nonlinear diffusion
model.

• Section 6.5 concerns the solution of problems with given boundary
conditions, but with an unknown source term. Such an unknown source
term has to be identified by exploiting the additional information given by
measurement of the dependent variable in an inner zone of the domain of
the space variable. Subsequently, the method is applied to the solution of a
hydrodynamic model of pollution diffusion introduced by Revelli and Ridolfi
(2005).

• Section 6.6 shows how collocation methods can be applied to the
solution of integro-differential equations arising in population dynamics. It
is also shown how the method can operate in the case of ill-posed problems.

• Section 6.7 briefly discusses the use of orthogonal polynomials, which
ensure a spectral approximation, as an alternative to the use of polynomials
which identify precisely the interpolated function in the collocation points.

• Section 6.8 develops a critical analysis of the contents of this chapter
and of the whole book referred also to a comparison with spectral methods.
Advantages and drawbacks of the method are identified, and some research
perspectives are outlined.

• Section 6.9 deals, as in the preceding chapters, with problems brought
to the attention of the reader. Some of these problems are more difficult
than those of the previous chapters. The reader can possibly consider them
as perspectives for research programs in the field of engineering sciences.

Clearly, the selection of topics in this chapter is essentially due to a per-
sonal bias of the authors; additional subjects can be identified and solved
after further developments of the method. The aim is to show how gener-
alized collocation methods can be properly developed to the solution of a
large variety of problems of interest in applied sciences.
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6.2 On the Statement of Some Ill-Posed Problems

As we have seen in the previous chapters, mathematical models gener-
ate mathematical problems (in our case initial-boundary value problems),
which are well formulated if the problem is stated with all initial and
boundary conditions necessary for its solution. Problems which are not
well formulated are said to be ill formulated. Well-formulated problems
may also be well posed when the structure of the problem ensures that
the solution exists, is unique, and depends continuously upon the data of
the problem.

Improperly stated problems are underspecified if the information on
the initial data and/or boundary conditions needed for its solution is in-
complete, while the problem is overspecified if further information is given
in addition to the initial and/or boundary conditions needed for its solu-
tion. The term inverse problem is used to assess initial-boundary value
problems where some information on the initial and/or boundary condi-
tions needed for its solution and/or on the parameters that characterize
the model are missing and are replaced by suitable information on the so-
lution of the mathematical problem.

Underspecified and overspecified problems are certainly ill posed.
However, it is sometimes necessary, in engineering applications, to deal with
them, whenever the mathematical formulation of the problem is imposed by
particular practical situations. An underspecified problem occurs when
not all initial and/or boundary conditions needed for its solution can be
practically measured. On the other hand, overspecified problems occur
when more measurements than those needed for their solution are given.
The solution of a problem should show that the prediction of the model is
close to the experimental additional measurements.

However, although a problem is properly stated, it can still be ill posed.
This is the case, for instance, for nonlinear boundary conditions, which need
to be assigned when measurements at the boundary involve nonlinear com-
binations of the Dirichlet and/or Neumann boundary conditions. This type
of problem is generated, for instance, in the statement of initial-boundary
value problems for the traffic flow models presented in Chapter 1, see Ex-
ample 1.2.5, when measurements at the boundaries provide information on
the flow rather than on the density of vehicles. Flow measurements, in this
case, are relatively more precise than those related to the density. A specific
application is proposed in the example which follows.
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Example 6.2.1

Vehicular Traffic Models

Consider the traffic flow model proposed in Example 1.2.5:

∂u

∂t
+ (1 − 2u)

∂u

∂x
= ηu2(1 − u)

∂2u

∂x2
+ ηu(2 − 3u)

(
∂u

∂x

)2

, (6.2.1)

where u = u(t, x) is the density referred to the maximum density of vehicles
corresponding to a bumper-to-bumper traffic jam; t and x are, respectively,
the dimensionless time and space variables referred to a characteristic time
T and to the length of the road, where T is the time necessary to cover
the whole road length at the maximum mean velocity; and η is a pos-
itive parameter related to the reactivity of the driver to the change of
density.

The model is such that the flow q is referred to the local density and
density gradients by the following relation:

q = 1 − u

[
1 + η(1 − u)

∂u

∂x

]
· (6.2.2)

The mathematical statement of the problem is obtained linking the
above model with suitable initial conditions ϕ(x) = u(0, x), and boundary
conditions for the flow

{
ψ(t) = h(α(t), γ(t)) = 1 − α(t) [1 + η(1 − α(t))γ(t)] ,

ξ(t) = k(β(t), δ(t)) = 1 − β(t) [1 + η(1 − β(t))δ(t)] ,
(6.2.3)

where ψ and ξ are given functions of time corresponding to the inlet and
outlet flows; α and β denote the Dirichlet boundary conditions

α(t) = u(t, 0) , and β(t) = u(t, 1) , (6.2.4)

while Neumann boundary conditions are identified by

γ(t) =
∂u

∂x
(t, 0) , and δ(t) =

∂u

∂x
(t, 1) . (6.2.5)

Writing the same model as a system of two equations, where the flow
is used as an additional dependent variable, can be useful to test computa-
tional solutions. The model is as follows:
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⎧⎪⎪⎨
⎪⎪⎩

∂u

∂t
= − ∂q

∂x
,

∂q

∂t
=
[
(1 − 2u) + ηu(2 − 3u)

∂q

∂x

]
∂q

∂x
+ ηu(1 − u)

∂2q

∂x2
·

(6.2.6)

This problem is ill posed considering that Eqs. (6.2.3) do not allow
us to uniquely identify the boundary conditions for the dependent variable.
However, it is properly stated with the correct number of conditions needed
for the solution.

An interesting class of problems with underspecified conditions can
be stated if we add to the missing information suitable additional data re-
lated to the solution of the problem; these data have to be obtained by
direct measurements. Some simple examples can be referred to the non-
linear heat equation in one space dimension as introduced in Chapter 1,
Example 1.2.1,

∂u

∂t
=

∂

∂x

(
κ(u)

∂u

∂x

)
, (6.2.7)

where u = u(t, x) is the temperature for t ≥ 0 and x ∈ [0, 1], and κ = κ(u)
is the heat conductivity, which depends on u.

The Dirichlet problem for this model is well formulated with initial
condition

ϕ(x) = u(0, x) , (6.2.8)

and boundary conditions (6.2.4), while the corresponding Neumann
problem requires boundary conditions (6.2.5). On the other hand, the prob-
lem is underspecified if one of the two boundary conditions is not avail-
able. The problem becomes overspecified if, in addition to the above con-
ditions (6.2.4) or (6.2.5), also the heat fluxes

−κ(u(t, 0))∂u
∂x

(t, 0) (6.2.9a)

and/or

−κ(u(t, 1))∂u
∂x

(t, 1) (6.2.9b)

are prescribed.
Underspecified problems may have the missing boundary condition re-

placed by the solution of the problem in an interior point of the space
domain. Therefore, the problem can even be classified as an inverse type
problem. We can again use the heat diffusion model as an example.
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Example 6.2.2

Inverse Problem for Nonlinear Diffusion Models—I

Consider the initial-boundary value problem Eq. (6.2.7) with the proper
initial condition (6.2.8) and with only one of the two boundary conditions
(6.2.4) needed for its solution. One can assume, for instance, that

α(t) = u(t, 0) ,

is prescribed while the value of u(t, 1) is missing.
Consider now the case where the missing information is replaced by the

solution to the initial-boundary value problem in the point x = x∗. That
is,

u(t, x∗) = u∗(t) , ∀ t ≥ 0 , x∗ ∈]0, 1[ . (6.2.10)

The problem with unspecified boundary condition consists in deter-
mining the unknown boundary condition and the solution to the initial-
boundary value problem.

According to the above reasoning, the following additional inverse prob-
lem is stated.

Example 6.2.3

Inverse Problem for Nonlinear Diffusion Models—II

The mathematical model is characterized by the addition of a well-
localized source term and can be formally written as follows:

∂u

∂t
=

∂

∂x

(
κ(u)

∂u

∂x

)
+ s(t) δ(x− xs) , (6.2.11)

where δ is the Dirac delta function and 0 < xs < 1 is given. The mathe-
matical problem, with unspecified source term, is stated with the proper
initial and boundary conditions, say (6.2.8) and (6.2.4). The time evolution
of the source term s(t) is not known, while the solution (6.2.10) to the
initial-boundary value problem is given for any t ≥ 0 in some x∗ ∈]0, 1[.
The problem consists in solving the initial-boundary value problem (6.2.11)
and, in particular, in computing the source term s(t).

It can be observed that the preceding problems are characterized by ad-
ditional information analogous to the missing information. In other words,
a function depending on time is replaced by information given as a function
of time. These problems are characterized by instability features, as well
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documented in the book by Back, Blackwell and Saint Claire (1985), which
is devoted to the analysis of various inverse problems for the heat equation;
see also Lavrent’ev, Reznitskaya, and Yakhno (1985) and Colton, Ewing,
and Rundell (1990).

Suitable developments of the generalized collocation methods can effi-
ciently solve such problems, as we shall see in the following sections.

6.3 Problems with Nonlinear Boundary Conditions

Problems in applied sciences may require, as already mentioned, nonlin-
ear boundary conditions. The solution method proposed below is based on
the idea of extracting from the nonlinear boundary conditions a nonlinear
evolution equation for the Dirichlet boundary conditions

α(t) = u(t, 0) , and β(t) = u(t, 1) ,

where the dimensionless dependent variable

u = u(t, x) : IR+ × [0, 1] → [0, 1]

describes, in the mathematical model, the state of a real physical system.
Within a general abstract framework, nonlinear boundary conditions

can be given as follows:

{
ψ(t) = h(α(t), γ(t)) ,

ξ(t) = k(β(t), δ(t)) ,
(6.3.1)

where ψ and ξ are given smooth functions of time, and h and k are given
smooth functions of their arguments α, β, γ, δ, while

γ(t) =
∂u

∂x
(t, 0) , and δ(t) =

∂u

∂x
(t, 1) .

The derivation of ψ and ξ with respect to time yields

dψ

dt
= hα(α, γ)

dα

dt
+ hγ(α, γ)

dγ

dt
(6.3.2)

and
dξ

dt
= kβ(β, δ)

dβ

dt
+ kδ(β, δ)

dδ

dt
, (6.3.3)
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where subscripts denote partial derivatives:

hα =
dh

dα
, hγ =

dh

dγ
, kβ =

dk

dβ
, kδ =

dk

dδ
·

The terms γ and δ can be approximated by the following Lagrange
interpolation:

γ(t) = a11u1(t) +
n−1∑
j=2

aj1uj(t) + an1un(t) , (6.3.4)

and

δ(t) = a1nu1(t) +
n−1∑
j=2

ajnuj(t) + annun(t) . (6.3.5)

Therefore, recalling that α = u1 and β = un, the derivation with respect
to time yields

dγ

dt
= a11

dα

dt
+

n−1∑
j=2

aj1
duj

dt
+ an1

dβ

dt
(6.3.6)

and

dδ

dt
= a1n

dα

dt
+

n−1∑
j=2

ajn
duj

dt
+ ann

dβ

dt
· (6.3.7)

Let us now denote by u∗ the vector: {u2 , . . . , un−1}; then, substituting
(6.3.6) and (6.3.7) into (6.3.2) and (6.3.3) yields

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[hα(α, β,u∗) + a11hγ(α, β,u∗)]
dα

dt
+ an1hγ(α, β,u∗)

dβ

dt

=
dψ

dt
− hγ(α, β,u∗)

n−1∑
j=2

aj1
duj

dt
,

a1nkδ(α, β,u∗)
dα

dt
+ [kβ(α, β,u∗) + annkδ(α, β,u∗)]

dβ

dt

=
dξ

dt
− kδ(α, β,u∗)

n−1∑
j=2

ajn
duj

dt
·

(6.3.8)

The algebraic system (6.3.8) can be solved with respect to the time
derivatives of α and β which occur in the first and last equations. The
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scientific program will then be an architecture of two programs suitable for
dealing with two different problems: solution of the algebraic system and
integration of the differential system. The following example shows how this
method is well suited to deal with the model reported in Example 6.2.1.

Example 6.3.1

Vehicular Traffic Models

Consider the model proposed in Example 6.2.1 which we write again as
follows:

∂u

∂t
+ (1 − 2u)

∂u

∂x
= ηu2(1 − u)

∂2u

∂x2
+ ηu(2 − 3u)

(
∂u

∂x

)2

, (6.3.9)

complemented with the boundary conditions

{
ψ(t) = h(α(t), γ(t)) = 1 − α(t) [1 + η(1 − α(t))γ(t)] ,

ξ(t) = k(β(t), δ(t)) = 1 − β(t) [1 + η(1 − β(t))δ(t)] ,
(6.3.10)

and initial condition

u(x, t = 0) = u0(x) = 4x2(x− 1)2 . (6.3.11)

Simulations have been performed with the particular choice of η = 0.1,
and with constantly null inlet flow ψ = 0, and outlet flow given by ξ(t) = 0.

Figure 6.3.1.a shows the simulation obtained using Lagrange polynomi-
als with 41 nodes. Some irregularities are evident, testifying to the com-
plexity of the problem. The numerical result improves if the number of
nodes, n, is increased; specifically, Figures 6.3.1.b–c show the behavior of
u(x, t) when the point number is 101 and 151, respectively. In particular, in
the latter case, the numerical simulation is very regular and smooth. The
simulations shown in Figures 6.3.1.a–c are obtained with the help of the
program DiffNL (Appendix, Section A.17).

In general, the above procedure drastically simplifies when only one of
the boundary conditions is nonlinear, say ψ(t) = h(α(t), γ(t)), with given
β(t), or ξ(t) = k(β(t), δ(t)) with given α(t). In this case the reference equa-
tions are, respectively, Eq. (6.3.2) or Eq. (6.3.3).

In this case the calculations are simplified as only one of the two evolu-
tion equations needs to be used, and each equation of (6.3.8) can be dealt
with separately from the other. In detail:
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Figure 6.3.1.a - Simulation with 41 nodes.
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Figure 6.3.1.b - Simulation with 101 nodes.
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Figure 6.3.1.c - Simulation with 151 nodes.

dα

dt
=

1
[hα(α, β,u∗) + a11hγ(α, β,u∗)]

dψ

dt

− hγ(α, β,u∗)
[hα(α, β,u∗) + a11hγ(α, β,u∗)]

n−1∑
j=2

aj1
duj

dt

− an1hγ(α, β,u∗)
[hα(α, β,u∗) + a11hγ(α, β,u∗)]

dβ

dt
, (6.3.12)

or

dβ

dt
=

1
[kβ(α, β,u∗) + annkδ(α, β,u∗)]

dξ

dt

− kδ(α, β,u∗)
[kβ(α, β,u∗) + annkδ(α, β,u∗)]

n−1∑
j=2

ajn
duj

dt

− a1nkδ(α, β,u∗)
[kβ(α, β,u∗) + annkδ(α, β,u∗)]

dα

dt
· (6.3.13)

The solution can be compared with the one obtained for model (6.2.6)
for a Dirichlet problem corresponding to the one with nonlinear boundary
conditions.



138 Generalized Collocation Methods

6.4 Problems with Unspecified Boundary Conditions

This section deals with the solution of the problem described in Example
6.2.2, where the boundary condition which is missing is replaced by u(t, x∗)
for an interior point x∗ of the space domain. The description of the solution
techniques to the problem can be referred to the following solution schemes.

Scheme 1: Consider the initial-boundary value problem related to the
diffusion equation (6.2.7) with two-point boundary conditions (6.2.4), for
t ≥ 0 and initial conditions (6.2.8). According to Chapter 4, this problem
can be solved by introducing a suitable space collocation

Ix = {x1 = 0, . . . , xn−1, xn = 1} . (6.4.1)

The solution method is based on the approximation of the solution
u = u(t, x) by its interpolation

u(t, x) ∼= un(t, x) =
n∑

j=1

uj(t)Lj(x) , (6.4.2)

where Lj denote the Lagrange polynomials corresponding to the above
discretization, and uj = u(t, xj), for j = 1, . . . , n. Interpolation (6.4.2)
allows us to approximate the space derivatives in the nodal points as shown
in Chapter 2.

The time evolution of the values of the dependent variable in the nodes
ui(t) = u(t, xi) are then obtained by substituting the expression of u deliv-
ered by the interpolation (6.4.2) and of the related space derivatives into
Eq. (6.2.7) where boundary conditions have to be enforced. This yields a
system of nonlinear ordinary differential equations of the type

dui

dt
= κ(ui)

n∑
j=1

bijuj + κu(ui)

⎛
⎝ n∑

j=1

aijuj

⎞
⎠

2

, (6.4.3)

for i = 2, . . . , n − 1, with κu =
∂κ

∂u
, and the first and last equation of the

system (corresponding respectively to i = 0 and i = n) are replaced by

u0(t) = α(t) , un(t) = β(t) . (6.4.4)
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Recall that here we use the shorthand notation

bij = a
(2)
ij and aij = a

(1)
ij , i, j = 1, . . . , n ,

where the technical expression of a(r)
ij is reported in Chapter 2, Eq. (2.2.11).

This scheme consists of a suitable collocation in space followed by integra-
tion in time.

Scheme 2: Let us consider now the initial-boundary value problem for the
heat equation (6.2.7) with initial condition (6.2.8) and boundary conditions

u(t, 0) = α(t) ,
∂u

∂x
(t, 0) = γ(t) . (6.4.5)

The evolution equation can be rewritten as a first-order system, with
respect to the space derivatives, as follows:

⎧⎪⎪⎨
⎪⎪⎩

∂u

∂x
=

1
κ(u)

w ,

∂w

∂x
=
∂u

∂t
·

(6.4.6)

The solution method proceeds in a fashion similar to Scheme 1, but now
introducing, instead of the space collocation Ix, a suitable time collocation:

It = {t1 = 0, . . . , tm−1, tm = 1} .

Therefore, the state variable is approximated as follows:

u(t, x) ∼= um(t, x) def=
m∑

j=1

Lj(t)uj(x) , (6.4.7)

where uj(x) = u(tj , x) , j = 1, . . . ,m.
Similar to Scheme 1, the time derivative in the nodal points can then

be approximated, with the obvious meaning of symbols, as follows:

∂u

∂t
(ti, x) ∼=

m∑
j=1

aijuj(x) . (6.4.8)
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Substitution of the expression (6.4.8) into Eq. (6.4.6) yields the following
system of ordinary differential equations:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dui

dx
=

1
κ(ui)

wi ,

dwi

dx
=

m∑
j=1

aijuj ,

(6.4.9)

which defines the evolution, in space, of u and w corresponding to the nodal
points in time. The initial conditions are given at x = 0:

ui(x = 0) = α(ti) , wi(x = 0) = κ(α(ti)) γ(ti) . (6.4.10)

In other words, the boundary conditions of the original problem act as initial
conditions of the new problem, while the initial condition u(0, x) = ϕ(x)
acts as a boundary condition. In conclusion, this scheme is based on a
collocation in time and integration in space.

Consider now the mathematical problem stated in Example 6.2.2. The
solution of this problem needs the decomposition of the domain D =
[0, 1] of the space variable into two subdomains

D = D1 ∪ D2 , (6.4.11)

where

D1 = [0, x∗] and D2 = [x∗, 1] .

In order to avoid ambiguities in the application of solution algorithms, the
dependent variable in D1 and D2 will be denoted, respectively, by u(1) and
u(2). The initial-boundary value problem in D1 for Eq. (6.4.4) is solved by
Scheme 1. Therefore, ϕ(x) is the initial condition, whereas α(t) and u∗(t)
act as boundary conditions.

The problem in D2 is solved, subsequently, by Scheme 2. In this case
the role of initial condition is played by u∗(t) and the value of the space
derivative of the temperature in x = x∗ is obtained by the solution over D1

as

w(2)(t, x∗) = κ
(
u(1)(t, x∗)

)∂u(1)

∂x
(t, x∗)

= κ
(
u(1)(t, x∗)

) n∑
j=1

anju
(1)
j (t) . (6.4.12)
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The specific problem developed in Section 6.6 will show a practical ap-
plication of this solution scheme for a model different from the one used in
this section.

6.5 On the Identification of Source Terms

Consider now the solution of the initial-boundary value problem for
the heat equation with source term (6.2.11) stated in Example 6.2.3.
Specifically, consider a problem with unspecified source term stated with
the proper initial and boundary conditions, while the time evolution of the
source term s(t), localized in xs, is not known. On the other hand, the
solution

u(t, x∗) = u∗(t) (6.5.1)

to the initial-boundary value problem is given for any t ≥ 0 and for some
x∗ ∈]0, 1[. As already stated, the problem consists in solving the initial-
boundary value problem and, in particular, computing the source term
s(t).

This problem can be solved by decomposing the original problem into
several, properly linked, direct problems which are all well formulated.
Therefore, the solution method consists in using, for each of these direct
problems, one of the Schemes (1 or 2) described in Section 6.4.

Precisely, the domain D of the space variable is decomposed into three
subdomains:

D = D1 ∪ D2 ∪ D3 , (6.5.2)

where

D1 = [0, x∗] , D2 = [x∗, xs] , D3 = [xs, 1] .

Moreover, in accordance with the notation of Section 6.4, the dependent
variable u, in each subdomain Di, will be denoted by u(i), i = 1, 2, 3.

The problem in D1 and D2 is solved using the solution method developed
in Section 6.4. As a consequence, the solution in xs,

u(2)(t, xs) = us(t), (6.5.3)

is computed by the method developed above.
The problem in D3 is then well formulated with the proper initial and

boundary conditions ϕ(x), us(t), and β(t). Therefore, this problem can be
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solved by Scheme 1, and the source term is identified by the change of
slope in the dependent variable:

s(t) = −κ(us(t)
)(∂u

∂x

(3)

(t, xs) − ∂u

∂x

(3)

(t, xs)

)
. (6.5.4)

We stress that the space derivative of u(2) is known, by the integration
by Scheme 2, at the time collocation points ti,

∂u

∂x

(2)

(ti, xs) =
1

κ(us(ti))
w(2)(ti) . (6.5.5)

Therefore, its value for any t is obtained by interpolation,

∂u

∂x

(2)

(t, xs) =
m∑

i=1

1
κ(us(ti))

w(2)(ti)Li(t) . (6.5.6)

On the other hand,

∂u

∂x

(3)

(t, xs) =
n∑

j=1

Lj(x)u
(3)
j (t) (6.5.7)

is available essentially at any t, since in D3 we are integrating in time.
These problems refer to systems defined over space domains which are

fixed in time. However, several problems of interest in applied science are
defined over domains which evolve in time. For instance, this is the case for
diffusion problems with phase transition at the boundary, where the local-
ization of the boundary is an unknown variable, whose evolution depends
on the local slope of the temperature profiles and on the latent heat of the
phase transition.

If the temperatures in the domains D1 and D2 are denoted, respectively,
by u = u(t, x) and v = v(t, x), the statement of the mathematical problem
is as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u

∂t
=

∂

∂x

(
κ(u)

∂u

∂x

)
,

∂v

∂t
=

∂

∂x

(
κ(v)

∂v

∂x

)

dz

dt
= L(w)

(
κ(u)

∂u

∂x
|x=z − κ(v)

∂v

∂x
|x=z

)
,

(6.5.8)
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where z = z(t) is the coordinate of the moving boundary, and w is the
temperature of the phase transition.

It can be briefly shown how the methods proposed in this chapter can
be technically generalized to deal with this, problem. In fact, it is sufficient
to scale the space variables with respect to the variable z = z(t) to obtain
a problem analogous to those we have seen above, where now z is an addi-
tional variable. The interested reader now has sufficient information to deal
technically with this problem.

The preceding solution technique is applied here to a model proposed by
Revelli and Ridolfi (2005) to describe the main transport processes that a
chemical undergoes in a river. The model, reported in Chapter 1, Example
1.2.4, is rewritten here, in its dimensionless form, for completeness:

∂u

∂t
= [ε1f1(x) − ε2ϕ2(x)]

∂u

∂x
+ ε3ϕ3(x)

∂2u

∂x2

− μum − ε4ϕ4(x)u+ ηs(t)q(x) , (6.5.9)

where the dimensionless parameters εi with i = 1, 2, 3, 4 are defined as
follows:

ε1 =
aKbKTc

�2
, ε2 =

avTc

�
, ε3 =

aKTc

�2
=
ε1
bk

,

ε4 =
avbvTc

�
= ε2bv ,

(6.5.10)

while the functions of the space variable turn out to be

ϕ1(x) = (1 + x)bK−1, ϕ2(x) = (1 + x)bv ,

ϕ3(x) = (1 + x)bK , ϕ4(x) = (1 + x)bv−1 ,

and the constants μ and ν are

μ = λCm−1
M Tc

, and η = cTcC
−1
M ·

The constants av , bv, aK , bK , λ, m, and c have been defined in Ex-
ample 1.3.2.

The source term s(t) is concentrated at the position x = xs, with 0 <
xs < 1, i.e.,

q(x) = δ(x − xs) ,
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while the concentrations of pollutant in 0 < x∗ < xs and xs < x∗ < 1
are denoted, respectively, by u∗(t) = u(t, x∗) and u∗(t) = u(t, x∗).

We now discuss the following three problems.

Problem 6.5.1. Compute u(t, x) with given α(t), β(t), ϕ(x), and s(t),
where α and β are the Dirichlet-type boundary conditions and ϕ is the
initial condition.

Problem 6.5.2. Compute s(t) and u(t, x) with given α(t), β(t), u∗(t) (or
u∗(t)), and ϕ(x).

Problem 6.5.3. Compute β(t) and u(t, x) with given α(t), s(t), ϕ(x),
and u∗(t).

Problem 6.5.1 is a direct problem which requires a suitable domain
decomposition scheme; then it can be solved by the collocation method de-
scribed in Chapter 3. Problem 6.5.2 can be classified as an inverse problem,
which aims to compute the unknown temporal evolution of the source when
its spatial position, the concentration in a downstream (or upstream) point,
and the boundary conditions are known. In contrast, Problem 6.5.3 deals
with the information on the downstream boundary condition given by the
source term.

Let us now consider Problem 6.5.1 and introduce the following domain
decomposition:

D = [0, 1] = D1 ∪D2 = [0, xs] ∪ [xs, 1] (6.5.11)

with Chebychev space collocation with n1 nodes in the subdomain D1 and
n2 nodes in D2.

Scheme 1 is used in both domains D1 and D2, and the dependent variable
u(r) = u(r)(t, x) is interpolated and approximated by means of the values
u

(r)
i (t) = u(r)(t, x(r)

i ) using Lagrange polynomials, i.e.,

u(r)(t, x) ∼=
nr∑

j=1

L
(r)
j (x)u(r)

j (t) ,

where r = 1, 2. Here, the Lagrange polynomials L(r)
j (x) obviously depend

on r through the number of interpolation nodes nr, r = 1, 2.
This interpolation is used to approximate the partial derivatives of the

variable u in the nodal points of the discretization in both domains:

∂u

∂x

(r)

(t;x(r)
i ) ∼=

nr∑
j=1

dL
(r)
j

dx
(x(r)

i )u(r)
j (t) =

nr∑
j=1

a
(r)
ji u

(r)
j (t) ,
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and

∂2u

∂x2

(r)

(t;x(r)
i ) ∼=

nr∑
j=1

d2L
(r)
j

dx2
(x(r)

i )u(r)
j (t) =

nr∑
j=1

b
(r)
ji u

(r)
j (t) ,

where, with the notation of Chapter 2,

a
(r)
ij = a

(1)
ij (nr) , and b

(r)
ji = a

(2)
ij (nr) .

The solution is obtained by integration of the following system of ordi-
nary differential equations:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

dui
(1)

dt
= f

(1)
i (u(1)

1 , . . . , u(1)
n1

) , i = 1, . . . , n1 − 1 ,

duj
(2)

dt
= f

(2)
j (u(2)

1 , . . . , u(2)
n2

) , j = 2, . . . , n2 ,

us ≡ u(1)
n1

≡ u
(2)
1 = f (1,2)(u(1)

1 , . . . , u
(1)
n1−1, u

(2)
2 , . . . , u(2)

n2
) ,

(6.5.12)

where for i = 1,

f
(1)
1 =

dα

dt
, (6.5.13)

and for i = 2, . . . , n1 − 1,

f
(1)
i = [ε1ϕ1(x

(1)
i ) − ε2ϕ2(x

(1)
i )]

[ n∑
j=1

a
(1)
ji u

(1)
j

]

+ ε3ϕ3(x
(1)
i )

[ n∑
j=1

b
(1)
ji u

(1)
j

]

− μu
(1) m
i − ε4ϕ4(x

(1)
i )u(1)

i . (6.5.14)

On the other hand, for j = 2, . . . , n2 − 1, one has

f
(2)
j = [ε1ϕ1(x

(2)
j ) − ε2ϕ2(x

(2)
j )]

[ n2∑
k=1

a
(2)
kj u

(2)
k

]

+ ε3ϕ3(x
(2)
j )

[
2

n2∑
k=1

b
(2)
kj u

(2)
k

]

− μu
(2) m
j − ε4ϕ4(x

(2)
j )u(2)

j , (6.5.15)



146 Generalized Collocation Methods

and for j = n2,

f (2)
n2

=
dβ

dt
. (6.5.16)

Moreover, an additional condition is needed:

s(t) = ε3

[
∂u

∂x

∣∣∣∣
x=x+

s

− ∂u

∂x

∣∣∣∣
x=x−

s

]
, (6.5.17)

which implies

ε3

⎡
⎣n1−1∑

j=1

a
(1)
n1ju

(1)
j + a(1)

n1n1
us −

n2∑
j=2

a
(2)
1j u

(2)
j − a

(2)
11 us

⎤
⎦ = s(t), (6.5.18)

so that

f (1,2) = us =
1

(a(1)
n1n1 − a

(2)
11 )

⎧⎨
⎩
s(t)
ε3

+
n2∑

j=2

a
(2)
1j u

(2)
j −

n1−1∑
j=1

a
(1)
n1ju

(1)
j

⎫⎬
⎭ ·

(6.5.19)
The above problem is solved with suitable initial conditions delivered

by ϕ(x) in both domains. Then, the values u(r) (t, x), r = 1, 2, are finally
computed.

Consider now the solution to Problem 6.5.2, which requires the following
domain decomposition:

D = [0, 1] = D1 ∪ D2 ∪ D3 = [0, x∗] ∪ [x∗, xs] ∪ [xs, 1] (6.5.20)

and the use of Scheme 1 for the D1 and D3 domains and Scheme 2 for the
D2 domain.

The dependent variable is interpolated and approximated, in D1 and
D3, by Lagrange polynomials as in Problem 6.5.1. However, in D2 it is
often more convenient to use an interpolation by sinc functions.

The solution scheme in domains D1 and D3 is the same as that of
Problem 6.5.1. However, in the D2 domain it is necessary to introduce a
new dependent variable, v, by changing the model into the system

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∂u(2)

∂x
= v(2) ,

∂v(2)

∂x
=

1
ε3ϕ3

∂u(2)

∂t
− ε1ϕ1 − ε2ϕ2

ε3ϕ3
v(2)

+
μ

ε3ϕ3
u(2) m +

ε4ϕ4

ε3ϕ3
u(2) ·

(6.5.21)
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The following system is obtained:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

du
(2)
i

dx
= f

(2)
i (v(2)

1 , . . . , v(2)
n2

) ,

dv
(2)
i

dx
= g

(2)
i (u(2)

1 , . . . , u(2)
n2
, v

(2)
1 , . . . , v(2)

n2
)

(6.5.22)

for i = 1, . . . , n2, where

f
(2)
1 = γ(x) , (6.5.23a)

g
(2)
1 = γx(x) , (6.5.23b)

and

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

f
(2)
i = v

(2)
i ,

g
(2)
i =

1
ε3ϕ3(x)

⎡
⎣ n2∑

j=1

a
(2)
ji u

(2)
j

⎤
⎦− ε1ϕ1(x) − ε2ϕ2(x)

ε3ϕ3(x)
v
(2)
i

+
ε3ϕ3(x)
ε4ϕ4(x)

u
(2)
i +

μ

ε3ϕ3(x)
[u(2)

i ]m ,

(6.5.24)

for i = 2, . . . , n2.
The initial conditions are given by

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

u(t, x∗) =
n1∑

j=1

L
(1)
j (x∗)u

(1)
j (t) ,

v(t, x∗) =
n1∑

j=1

a
(1)
jn1

(x∗)u
(1)
j (t) .

(6.5.25)

Finally, let us consider Problem 6.5.3. The solution method is similar
to the one of Problem 6.5.2. The subdomains are the same and Scheme 1
is adopted for the D1 domain, while Scheme 2 is used for the D2 and D3

domains. In particular, Scheme 1 is used in D1 to compute u(1)
x (x∗, t). Then,

Scheme 2 in D2 allows to obtain us, u
(2)
x (xs, t), and, by means of the joint

condition (6.5.19), u(3)
x (xs, t). Finally, by applying Scheme 2 in the domain

D3, the boundary condition β(t) is computed.

Remark 6.5.1. The solution methods proposed for the inverse Problems
6.5.2 and 6.5.3 can also be applied when the measure, u∗(t), is localized
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downstream of the source, that is x∗ > xs. In this case it is sufficient to
define the following domain decomposition:

D = [0, 1] = D1 ∪ D2 ∪ D3 = [0, xs] ∪ [xs, x
∗] ∪ [x∗, 1]

and to apply the same steps proposed for Problem 6.5.2 or 6.5.3, respec-
tively.

The application developed below shows how the method can provide
computational solutions to these problems. The following values of the pa-
rameters are used:

ib = 0.001 , � = 33600 [m] ,

ah = 1.274 [m] , bh = 0.74 ,

av = 0.285 [ms−1] , bv = 0.19 ,

ε = 2.42 · 10−5 , CM = 2 · 10−3 [kgm−3] .

Detailed calculations based on these constants yield

ak = 0.845 [m2s−1] , bk = 1.11 , T = 32400 [s] ,

and

λ = 10−4 [Kg1−mm3−3ms−1] .

Therefore,

ε1 = 2.69 · 10−5 , ε2 = 2.74 · 10−1 , ε3 = 2.42 · 10−5 , ε4 = 5.22 · 10−2 .

Specifically, we consider the initial-boundary value problem for model
(6.5.11) linked to the following initial and boundary conditions:

u(0, x) = 0 , u(t, 0) = u(t, 1) = 0 . (6.5.26)

Calculations related to Problem 6.5.1 are performed with xs = 0.5 and
s(t) = t2 exp(−20t2), the space discretization has been organized with n1 =
n2 = 151 nodes on both the D1 and D2 domains, and the system of ordinary
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Figure 6.5.1.a - Temporal and spatial behavior of the concentration with a
linear decay rate.
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Figure 6.5.1.b - Temporal and spatial behavior of the concentration with a
nonlinear decay rate.

differential equations has been integrated with a predictor-corrector method
adopting an adaptative time step.
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Figure 6.5.1.a shows the temporal and spatial behavior of the concen-
tration u with a linear decay rate, that is m = 1 (μ = 3.24), while Figure
6.5.1.b shows the temporal and spatial behavior of the concentration u with
a nonlinear decay rate m = 1.25 (μ = 0.68). Both figures illustrate that the
algorithm is stable both in the peak zone of the solution and in the zone
where the values of the variable u are very close to zero (typically near the
boundary). The method turns out to be very efficient in terms of compu-
tational time: few minutes are sufficient to solve the ordinary differential
nonlinear system of n1 + n2 − 2 equations with a common computer.

Problem 6.5.2 is analyzed with the choice of xs = 0.55 while a measure
downstream of the source position in x∗ = 0.565 is chosen to be equal to
5t2 exp(−20t2), i.e.,

u(x∗, t) = u(0.565, t) = 5t2 exp(−20t2) ∀t ≥ 0.

The space discretization is organized with n1 = 151, n2 = 61, and
n3 = 151 nodes on domains D1, D2, and D3, respectively, while the system
of ordinary differential equations was integrated with a predictor-corrector
method adopting an adaptative time step. In this case it is necessary to
solve three different ordinary nonlinear systems of n1, n2, and n3 equations,
respectively.
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Figure 6.5.2.a - Evolution of the concentration.

Figure 6.5.2.a shows the behavior of the concentration for a linear decay
term (m = 1 and μ = 3.24) while Figure 6.5.2.b shows the reconstructed
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Figure 6.5.2.b - Reconstruction of the source term.

source (continuous line) compared to the measure in x∗ (dashed line). In the
same way, Figures 6.5.3.a and 6.5.3.b refer to a problem with a nonlinear
decay term (m = 2 and μ = 0.00648).
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Figure 6.5.3.a - Evolution of the concentration.

Analogous results can be obtained for Problem 6.5.3 when the source is
localized downstream of the point of the measure (i.e., in x∗). However, such
results are less relevant from a physical point of view. Actually, because of
the convective term, it would be necessary to localize the point of measure
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Figure 6.5.3.b - Reconstruction of the source term.

x∗ very close to the source xs corresponding to Problem 6.5.2 in order to
show a significant concentration u∗(t) (obviously this physical limitation
disappears in a pure diffusive model).

6.6 Collocation Methods and Integro-Differential Equations

Generalized collocation methods can be developed to solve problems
with integro-differential equations. This generalization is referred to a spe-
cific class of models, rather than to an abstract class of equations. We will
deal with direct problems here; inverse problems, such as those seen above,
can be approached by a technical development of the methods reported in
the first part of this chapter.

Let us consider the mathematical model reported in Chapter 1 in Ex-
ample 1.2.6, which is written, with reference to one population only, as
follows:

∂f

∂t
(t, u) =

∫ 1

0

∫ 1

0

η(v,w)ψ(v,w;u)f(t, v)f(t, w) dv dw

−f(t, u)
∫ 1

0

η(u,w)f(t, w) dw , (6.6.1)
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with u, v, w ∈ [0, 1], and where

∫ 1

0

ψ(v,w, u) du = 1 , ∀ v,w ∈ [0, 1] × [0, 1] . (6.6.2)

The model is such that u has the physical meaning of a state variable at
the microscopic scale, for an individual of a large population of anonymous
interacting subjects; η(v,w) is the encounter rate between individuals with
state v and w, respectively, and ψ(v,w;u) is the probability density that,
after the encounter between individuals with state v and w, the individual
with state v ends up in w. The dependent variable f(t, u) is the probability
density function over the microscopic state u.

The initial value problem is stated as follows:

⎧⎨
⎩
∂f

∂t
(t, u) =J [f ](t, u) ,

f(0, u) =f0(u) ,
(6.6.3)

where J [f ] represents the right-hand side term of Eq. (6.6.1), and

∫ 1

0

f0(u) du = 1 .

The existence and uniqueness of solutions to this problem have been
proved in a paper by Arlotti and Bellomo (1995). The existence results
are given in L1 spaces for general initial conditions and under suitable
assumptions on the terms η and ψ. Moreover, it is proved that the solution
f(t, ·) satisfies the following condition:

∫ 1

0

f(t, u) du = 1 , ∀ t ≥ 0 . (6.6.4)

The application of the generalized collocation method will now be shown
with reference to problem (6.6.3). Subsequently, some technical develop-
ments are dealt with. Consider first the collocation for the u-variable

Iu = {u1, . . . , ui, . . . , um} , (6.6.5)

where u1 = 0 and um = 1. Then, consider the approximation of f by
interpolation,

f(t, u) ∼= fm(t, u) =
m∑

i=1

Li(u)fi(t). (6.6.6)
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Similarly, consider the probability density ψ which is interpolated with
respect to the u-variable:

ψ(v,w;u) ∼= ψm(v,w;u) =
m∑

i=1

Li(u)ψi(v,w) , (6.6.7)

where ψi(v,w) = ψ(v,w;ui) while Li denotes the ith-order fundamental
interpolating functions, which can be Lagrange polynomials or sinc func-
tions. It is useful to introduce different collocation sets for the v and the
w-variables:

Iv = {v1, . . . , vp, . . . , vm} and Iw = {w1, . . . , wq, . . . , wm} ,

with v1 = w1 = 0 and vm = wm = 1; we assume here, for simplicity, that m
is the common number of collocation points for all the u, v, and w-variables.

Moreover, let us introduce the following notation:

ηpq = η(vp, wq) , ηiq = η(ui, wq) , (6.6.8)

and

ψipq = ψi(vp, wq) , (6.6.9)

where i, p, q = 1, . . . ,m.
Substituting the above expressions in Eq. (6.6.1) yields:

dfi

dt
(t) = Hi[f ](t) − fi(t)Ki[f ](t) , (6.6.10)

which defines the time evolution of the values of the variable f(t, ·) in the
nodal points ui.

The terms Hi and Ki define the approximation of the integral terms as
follows:

Hi[f ] =
m∑

p=1

m∑
q=1

cp cq ηpq ψipqfp fq , (6.6.11)

and

Ki[f ] = fi

m∑
q=1

cq ηiq fq , (6.6.12)

where [f ] denotes the set of the functions {fi}m
i=1, corresponding to the

values of f in the discretization points, and

cp =
∫ 1

0

Lp(v) dv , cq =
∫ 1

0

Lq(w) dw . (6.6.13)
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The method leads to a system of ordinary differential equations which
can be solved using the standard techniques we have seen in previous chap-
ters. The difference is that it is not necessary to compute coefficients cor-
responding to space derivatives, while the coefficients (6.6.13) have to be
computed in the early strings of the scientific program once the interpolat-
ing functions have been selected.

The above reasoning can be straightforwardly generalized to other kinds
of models. For instance, models with a forcing term can be considered:

(
∂

∂t
+ σ(t)

∂

∂u

)
f(t, u)

=
∫ 1

0

∫ 1

0

η(v,w)ψ(v,w;u)f(t, v)f(t, w) dv dw

− f(t, u)
∫

D

η(u,w)f(t, w) dw , (6.6.14)

where σ(t) is a known function of time.
In this case, the corresponding discrete system of ordinary differential

equations can be written as follows:

dfi

dt
(t) = −σ(t)

m∑
j=1

aijfj +Hi[f ](t) − fi(t)Ki[f ](t) , (6.6.15)

where the expression of the coefficient aij = a
(1)
ij (i, j = 1, . . . ,m) is reported

in Chapter 2, Section 2.2.
Moreover, boundary conditions have to be imposed at u = 0 or u = 1

using the same techniques we have seen for partial differential equations in
the previous chapters.

Analogous reasoning applies to models with diffusion, with reference to
Example 1.2.7, Chapter 1:

(
∂

∂t
+ ε

∂2

∂x2

)
f(t, x, u)

=
∫ 1

0

∫ 1

0

η(v,w)ψ(v,w;u)f(t, x, v)f(t, x, w) dv dw

− f(t, x, u)
∫

D

η(u,w)f(t, x, w) dw . (6.6.16)
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where the dependent variable

f = f(t, x, u) : [0, 1] × [0, 1] × [0, 1] → IR+ ,

stands for the probability density function of particles having position x ∈
[0, 1] and biological state u ∈ [0, 1] at time t.

In this case, the coefficients corresponding to the space derivatives have
to be computed after discretization of the state variable u. Moreover, bound-
ary conditions have to be imposed again using the same techniques intro-
duced in the preceding chapters for partial differential equations.

Precisely, for any (t, x) ∈ [0, 1] × [0, 1], using the set

Iu = {u1, . . . , ui, . . . , um}

of collocation points for the u-variable, one has, as in Eq. (6.6.10),

dfi

dt
(t, x) = Hi[f ](t, x) − fi(t, x)Ki[f ](t, x) ∀i = 1, . . . ,m , (6.6.17)

which defines the time evolution of the values of the variable f(t, x, ·) in
the nodal points ui. The terms Hi and Ki define the approximation of the
integral terms as in Eqs. (6.6.11) and (6.6.12). Now, introducing the set of
collocation points for the x-variable

Ix = {x1, . . . , xn} , (6.6.18)

where x = 0 and xn = 1, one approximates, for any i = 1, . . . ,m and any
t ∈ [0, 1], the function fi(t, x) as

fi(t, x) ∼= fn
i (t, x) =

n∑
j=1

Lj(x)fij(t) , (6.6.19)

where fij(t) is the value of fi(t, x) in the nodal point xj , namely

fij(t) = f(t, xj , ui) ,

for any i = 1, . . . ,m, j = 1, . . . , n, and any t ∈ [0, 1].
With this method, the function f is interpreted as follows:

f(t, x, u) ∼= fnm(t, x, u) =
n∑

h=1

m∑
i=1

Lh(x)Li(u)fih(t). (6.6.20)
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The corresponding discrete system is slightly different:

dfih

dt
(t) = −ε

n∑
k=1

akhfik(t) +Hih[f ](t) − fih(t)Kih[f ](t) , (6.6.21)

where the second-order derivative coefficients a(2)
kh are reported in Section

2.2 of Chapter 2. The expressions of the corresponding terms Hih and Kih

follow from technical calculations left to the initiative of the reader.
The solution to problem (6.6.3) can be numerically tested, for instance,

using condition (6.6.4). To do so, one has to compute the distance

εm(t) =
∣∣∣∣1 − 1

m

m∑
i=1

fi(t)
∣∣∣∣ , (6.6.22)

which provides an indication of the estimate of the computational error.
An additional test is obtained by comparing the computational solution

to the analytic solution f(t, u) = [f0(u) − 1]e−t − 1 that corresponds to
η = 1 and ψ(v,w;u) = 1, uniformly over the variables v and u.

Note that it is not difficult to extend the method to the unbounded
domain D of the variable u, e.g., the positive real line u ∈ D = [0,∞), or
the whole real line u ∈ D = (−∞,∞). In this case it is natural to use sinc
interpolation:

f(t, u) ∼= fm(t, u) =
m∑

i=−m

Si(u)fi(t) , (6.6.23)

while all related calculations are only technical generalizations of those
developed for bounded domains.

6.7 Collocations and Orthogonal Approximation

The development of generalized collocation methods is based, as we have
seen, on the use of fundamental interpolating functions, typically Lagrange
polynomials or sinc functions. Mixed-type interpolations can be used for
problems in two space dimensions. We have also discussed how one can
improve accuracy by linking Lagrange-type interpolations to the proper
collocation; the advantages and weaknesses have been discussed in various
chapters of the book. These interpolations allow an immediate calculation
of the space derivative in the collocation points. On the other hand, the
interpolation error may not be monotone increasing with increasing number
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of nodes, while integration over time of the system of ordinary differential
equations may propagate the error.

In general, it is useful to look for improved interpolation techniques, for
instance, by using spectral approximation rather than interpolation tech-
niques. In this case, the representation of a function u = u(t, x) is given by
an expansion of the type

u(t, x) =
∞∑

i=−∞
ci(t)hi(x) , (6.7.1)

where the functions hi = hi(x) belong to a complete space of orthogonal
functions defined in a suitable Hilbert space with weighted inner product

〈f , g〉w(t) =
∫
f(t, x)g(t, x)w(x) dx , (6.7.2)

where w = w(x) denotes the weight function.
Therefore, it is not difficult to check that the coefficients ci are given by

ci(t) = 〈u(t, ·) , ψi(·)〉w , (6.7.3)

where the calculations of the integrals may require numerical quadratures.
Various examples of orthogonal polynomials can be extracted from the

specialized literature. We describe a few here.

Example 6.7.1

Legendre Polynomials

Legendre polynomials are characterized as follows:
• Range: [−1, 1] .
• Polynomials:

L0(x) = 1 , L1(x) = x ,

and

Lm(x) =
2m− 1
m

xLm−1(x) − m− 1
m

Lm−2(x) . (6.7.4)

• Weight:

w(x) =
2

2m+ 1
. (6.7.5)
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Example 6.7.2

Laguerre Polynomials

Laguerre polynomials are characterized as follows:
• Range: [0,∞) .
• Polynomials:

La
0(x) = 1 , La

1(x) = a+ 1 − x , a > −1 , (6.7.6)

and

La
m(x) =

1
m

(2m− 1 + a− x)La
m−1(x) −

1
m

(m− 1 + a)La
m−2(x) . (6.7.7)

• Weight:

w(x) =
m!

Γ(a+m+ 1)
xae−x . (6.7.8)

Example 6.7.3

Hermite Polynomials

Hermite polynomials are characterized as follows:
• Range: (−∞,∞) .
• Polynomials:

H0(x) = 1 , H1(x) = 2x ,

and

Hm+1(x) = 2xHm−1(x) − 2mHm(x) . (6.7.9)

• Weight:

w(x) = e−x2
. (6.7.10)

In addition, sinc functions, described in Chapter 2, can be used in the
following range: (−∞,∞), with weight w(x) = 1.

The function u = u(t, x) can be approximated by the truncated ex-
pansion un corresponding to some space collocation Ix = {x1, . . . , xm}

u(t, x) ∼= un(t, x) =
n∑

i=−n

ci(t)ψi(x) , (6.7.11)
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where the coefficients ci = ci(t) can be computed numerically, exploiting
the values of u in the collocation points

cni (t) ∼=
m∑

j=1

Wju
n
j (t)ψi(xj) , (6.7.12)

where Wj denotes the weight functions in the quadrature formula.
Let us now consider the solution to the following class of equations:

∂u

∂t
= η(t, x)

∂u

∂x
+ μ(t, x)

∂2u

∂x2
+ ε f

(
t, x, u,

∂u

∂x

)
, (6.7.13)

where η, μ, and f are given smooth functions of their arguments.
Substituting (6.7.11) into (6.7.13) yields

∂

∂t

(
n∑

i=−n

cni (t)ψi(x)

)
= η(t, x)

∂

∂x

(
n∑

i=−n

cni (t)ψi(x)

)

+ μ(t, x)
∂2

∂x2

(
n∑

i=−n

cni (t)ψi(x)

)

+ εf

(
t, x,

n∑
i=−n

cni (t)ψi(x),
∂

∂x

(
n∑

i=−n

cni (t)ψi(x)

))
. (6.7.14)

The above equation, after evaluation of the inner product, can be for-
mally written as follows:

dcni
dt

= η(t, x)I1i(c, t) + η(t, x)I2i(c, t) + εI3i(c, t) , (6.7.15)

where c = {ci}i=1,...,n, and

I1i =
n∑

i=−n

〈
ηcni

dψi

dx
, ψi

〉
w

, (6.7.16)

I2i =
〈
μcni

d2ψi

dx2
, ψi

〉
w

, (6.7.17)

and

I3i =
〈
f

(
t, x,

n∑
i=−n

cni ψi,
n∑

i=−n

cni
dψi

dx

)
, ψi

〉
w

, (6.7.18)
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where the calculation of the above integral terms (6.7.16)–(6.8.18) requires
the computation of the quadratures corresponding to the space collocation.

Equation (6.7.13) has to be implemented with initial conditions:

u0(x) = u(0, x) ∼= un(0, x) =
n∑

i=−n

ci0ψi(x) , (6.7.19)

where ci0 = ci(0). Therefore,

cni0(t) ∼=
m∑

j=1

Wju0(x)ψi(xj) . (6.7.20)

Let us consider the case of linear Dirichlet conditions. Imposing com-
patibility conditions yields

α(t) = u(t, 0) ∼=
n∑

i=−n

ci(t)ψi(0) , (6.7.21)

and

β(t) = u(t, 1) ∼=
n∑

i=−n

ci(t)ψi(1) , (6.7.22)

while imposing Neumann boundary conditions yields

γ(t) =
∂u

dx
(t, 0) ∼=

n∑
i=−n

ci(t)
∂ψi

dx
(0) , (6.7.23)

and

δ(t) =
∂u

dx
(t, 1) ∼=

n∑
i=−n

ci(t)
∂ψi

dx
(1) . (6.7.24)

The above relations represent a constraint for the coefficients ci which
can be implemented to the first and last equations of (6.7.15) similarly to
the case of generalized collocation methods.

Additional analysis, as already mentioned in Chapter 2, is needed to
use wavelet approximation methods, as documented in Daubechies (1992),
Meyer and Ryan (1993), and more recently Cattani and Rushchitsky (2007),
which provides technical aspects on the application of the method.

The above application to a specific class of equations has been selected
as a simple test to show the implementation of the method. Generalizations
to other types of equations are technical. The reader can develop suitable
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calculations and compare the preceding solution technique with the ones
we have seen in the preceding chapters.

6.8 Critical Analysis

This chapter has shown how generalized collocation methods can be
developed to deal with a large variety of nonlinear problems, focusing on
to ill-posed problems and to the solution of integro-differential equations.

Applications have been referred to problems with nonlinear boundary
conditions and problems with missing boundary conditions which are sub-
stituted by additional information on the solution of the problem. The tech-
nique has been further developed towards the solution of problems with a
localized source term: the solution method has shown how it is possible
to identify the source term based upon measurements on the solution of
the problem.

The method has been tested to deal with a problem concerning the
model of diffusion of a pollutant described in Chapter 1. This application
has clearly indicated the validity of the method to deal with a large variety
of nonlinearities. Indeed, this chapter confirms both the validity and the
limitations of the method. The method is shown to be efficient in dealing
with nonlinear models with possibly nonlinear and time-dependent bound-
ary conditions.

The above-mentioned efficiency also appears to be robust in the case of
problems which need domain decomposition methods with matching of the
solution at the boundary of contiguous domains. The application of Section
6.6 has shown that the above remarks can be applied to a large variety of
problems.

On the other hand, the technical difficulties and the computational com-
plexity we have faced in Chapter 5 with reference to problems in two space
dimensions appear to be further emphasized for the complex problems in
this chapter. Even the generalization of the method to deal with problems
in two space dimensions is not straightforward and can effectively be per-
formed only for several simple geometries. The above reasoning confirms
once more the critical analysis already stated in the Preface of this book.

Finite difference methods require discretization of both time and space
variables. Space derivatives are computed using the discretization points
which are, in the grid, close to the node where the dependent variable is
computed. The resulting computational scheme is algebraic rather than dif-
ferential. It can be solved in the linear case by simple techniques with com-
putational complexity generally lower than the one of collocation methods.
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On the other hand, nonlinear problems need additional technical treatments
such as local linearization or solution of nonlinear algebraic systems.

Technical methods to compute space derivatives heavily depend on the
mathematical structure of the equation, say elliptic, parabolic, or hyper-
bolic. Several schemes are reported in Chapter 3 of the book by Bellomo
and Preziosi (1996) with reference, as already mentioned, to the structure
of the equation.

On the other hand, if the time variable is left continuous and space
derivatives are computed as outlined above, the approach is that of the
method of lines, which is similar to the one developed in this book and
is a relatively less general way of computing space derivatives.

This final chapter has been devoted to a variety of miscellaneous prob-
lems selected by the authors to show how the methods can be properly
generalized towards the computational solution of several problems which
appear technically different from those we have analyzed in the preceding
chapters. Possibly additional generalizations and applications can be pro-
posed, also considering that the preliminary analysis of this chapter has
shown an effective flexibility of the method. The interested reader can ex-
ploit the hints given here towards further generalizations.

The contents of this chapter essentially confirm the critical analysis al-
ready proposed in the previous chapters, and already anticipated in the
Preface. Indeed, the method is shown to be flexible enough to deal with
a broad variety of problems; moreover, nonlinearities are technically con-
trolled. Its application is easy and immediate.

An additional advantage of the method refers to the implementation
of the boundary conditions which can be easily enforced even for time-
dependent conditions. Moreover, it has been shown that the method oper-
ates efficiently even for nonlinear boundary conditions.

On the other hand, the method efficiently operates only in the case of
two or three, at most, dependent variables, for instance time and one or
two space variables.

The computational complexity generated by problems in several de-
pendent variables can be simplified by domain decomposition methods to
reduce the number of ordinary differential equations induced by discretiza-
tion and interpolation.

The accuracy of computations has been discussed, in the preceding chap-
ters, with reference to specific classes of problems. Also in the cases in this
chapter, the analysis is left to computational experiments rather than to a
direct theoretical convergence analysis.

The various topics in this chapter are concisely treated, leaving it to the
reader, who may be interested in specific problems, to develop and apply
them to the analysis of specific problems. In the perspective of opening a
dialogue with applied scientists, we encourage the development of scientific
programs which may enlarge the variety offered in the Appendix.
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6.9 Problems

PROBLEM 6.1

Show how the solution method for problems with nonlinear boundary con-
ditions simplifies in the case of Robin boundary conditions.

PROBLEM 6.2

Apply the solution method proposed in Section 6.3 to the traffic flow model.

PROBLEM 6.3

Develop a scientific program (with Mathematica R©) to deal with Problem
6.2 on the basis of the programming methods proposed in the previous
chapters.

PROBLEM 6.4

Show how the solution method proposed in Section 6.4 can be technically
generalized for a transport diffusion model.

PROBLEM 6.5

Show how the solution method proposed in Section 6.4 can be technically
generalized for the traffic flow model.

PROBLEM 6.6

Develop a scientific program (with Mathematica R©) to deal with Problems
6.4, 6.5.

PROBLEM 6.7

Use the program mentioned in Problem 6.6 to analyze the sensitivity anal-
ysis to variable measurements.

PROBLEM 6.8

Develop a scientific program (with Mathematica R©) to deal with prob-
lem 6.5.1 of Section 6.5 and compare the computational solution with that
shown in Figure 6.5.1.

PROBLEM 6.9

Develop a scientific program to deal with Problem 6.5.2 of Section 6.5 and
compare the computational solution with that shown in Figure 6.5.2.

PROBLEM 6.10

Develop a scientific program to deal with Problem 6.5.3 of Section 6.5 and
compare the computational solution with that shown in Figure 6.5.3.



Appendix

Scientific Programs

A.1 Introduction

This appendix provides a technical introduction to scientific program-
ming based on Mathematica R©, which solves the examples and problems
proposed throughout the book. Some of the programs could be used to
potentially solve problems of much greater complexity than those identi-
fied by the specific problems or examples. The aim is also to direct the
reader toward a natural use of Mathematica for the solution of problems
in mechanical and applied sciences.

Before describing the programs, some technical aspects are given re-
garding their formal organization. Subsequently, the inner structure of the
commands related to a specific program is described in detail. It is impor-
tant to distinguish between two possible settings of the programs within
the above framework. The first one, called Notebook, presents the lines
of the program on the screen for the user to view; the second one, called
Package, could be useful for very long programs. We assume that the
reader has some knowledge, although not necessarily deep, of the main
commands that are presented in the Mathematica Book. Therefore, the full
list of these commands is not reported here; it is necessary to consult the
handbook to complete the program.

The Notebook is structured as follows:
Program Name [input1 ,. . . ,inputn ]:=

Module [{ letters (symbols) },
Command 1;
...

Command m;

]

After the name of the program, the line in square brackets reports all
the input data with the underscore. All the commands used in the program

165
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have to be contained between two square brackets preceded by the word
Module.

The letters between the curly brackets identify the meaning of the
letters used in the framework of the program.

Type in the following line to run the program:
Program Name [input1,. . .,inputn]
where the underscore is no longer present.

Also note that the command lines end with a semicolon (;),
while the command that recalls the program does not have any punctua-
tion. The exact line that needs to be typed in is reported for the examples
contained in this appendix.

The structure of the Package is as follows:

BeginPackage ["Program Name" ]

Program Name::usage:="description of the target of the
program"

Begin ["‘private‘"]

Name of the program [input1 ,. . . ,inputn ]:=

Module [{ letters (symbols) },
Command 1;
...

Command m;

]

End[]

EndPackage[]

The Notebooks are saved on the hard disk of the personal com-
puter, as name.nb, while the Packages programs are saved as name.m.

Saving is achieved by using the Save as Special command, which is
in the File menu. The above formal organization has to be followed carefully,
otherwise the program does not run.

Two Notebooks are now explained in detail, OneDLag.nb used in
Chapter 2 and KdVIII.nb used in Chapter 3.

The OneDLag.nb program shows the difference between the Cheby-
chev and equally spaced collocations for a Lagrange interpolation.

The general command is

OneDLag[function, nodes]

in which the user must define the interpolated function and the number
of nodes. The particular case shown by the program is

OneDLag[Tanh[10x-5.]+0.2 Sin[π(10x-5.)],21]

The program writes
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OneDLag[function , Nodes ] := Module[{},
φ [x ] := function;

(*Definition of the equispaced and Chebychev collocation*)

hh = 1/(Nodes - 1);

xi := (i - 1)*hh;

x1i :=-(1/2)(Cos[(i - 1)*π/(Nodes - 1)] - 1);

(*Lagrange polynomial with Chebychev collocation*)

Lagr1[j , x ] :=Product[If[p 
=j,(x-x1p)/(x1j-x1p),1],{p,1,Nodes}]
FuncLagr1[x ] :=Sum[((φ[x] /.x→ x1k)*Lagr1[k, x]),{k,1,Nodes}]
(* Lagrange polynomial with equally-spaced collocation *)

Lagr2[j , x ] :=Product[If[p 
=j,(x-xp)/(xj-xp),1],{p,1,Nodes}]
FuncLagr2[x ] :=Sum[((φ[x] /.x→ xk)*Lagr2[k, x]),{k,1,Nodes}]
Plot[Evaluate[{φ[x], FuncLagr1[x], FuncLagr2[x]}], {x, 0, 1},
PlotRange → All, PlotStyle → {Dashing[{0.0}],
{Dashing[{0.001, 0.005}]}, {Dashing[{0.02, 0.008}]}}]
];

The sentences between the symbols (∗ · · · ∗) are comments to facilitate
the understanding of the program.

hh is the equally spaced spatial step, while xi and x1i define two
series of collocation points: the first one is equally spaced, the second one
follows a Chebychev formulation.

The sentence Lagr1[j , x ] defines the generic Lagrange polynomial
related to the equally spaced collocation points xi while Lagr2[j , x ] defines
the generic Lagrange polynomial related to the Chebychev collocation series
x1i.

Various options have been chosen relative to the Plot command. For
instance, the Dashing options are chosen in order to draw the curves with
different styles. These are shown together with the Show command.

The KdVII program performs the solution of a nonlinear initial value
problem in an unbounded domain with special attention being paid to the
solution of the third-order Korteweg–de Vries equation

∂u

∂t
+ um ∂u

∂x
+ μ

∂3u

∂x3
= 0 ·

The general command is as follows:

KdVIII[IBData, Nodes, μ, m, Type]

where IBData is a vector containing the initial and boundary conditions,
Nodes is the number of nodes, μ, m are two parameters, and Type is a
choice between the sinc or Lagrange interpolation function.
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The first part of the program is very similar to the previous one. The
differences are in its central part, which is written as follows:

...

(*Derivative Matrices*)

If[Type ===Lagrange,FDM[j , i ]:=Which[i == j,

Sum[If[k==i,0,1/(x1i-x1k)],{k,1,Nodes}],i!=j,
(Product[If[p==i,1,x1i-x1p],{p,1,Nodes}])/((x1i-x1j)*

Product[If[p==i,1,x1j-x1p],{p,1,Nodes}])];
FirstDer=Table[FDM[j, i], j, 1,Nodes, i, 1, Nodes];

SecondDer=Table[If[ij,2(FirstDer[[j,i]]*FirstDer[i,i]]-

FirstDer[[j, i]]/(x1i-x1j),0],{j,1,Nodes},{i,1,Nodes}];
Do[SecondDer[[i, i]]=-Sum[SecondDer[[k,i]],{i,1,Nodes}];
ThirdDer=Table[If[ij,3(FirstDer[[j,i]]*SecondDer[[i,i]]-

SecondDer[[j, i]]/(x1i-x1j),0],{j,1,Nodes},{i,1, Nodes}];
Do[ThirdDer[[i, i]]=-Sum[ThirdDer[[k,i]],{i,1,Nodes}];
If[Type===Sinc,

FDM[j ,i ]:=Which[i!=j,(-1)i−j/(hh*(i-j)),i==j,0];

SDM[j ,i ]:=Which[i!=j,2*(-1)i−j+1/

(hh2*(i - j)2),i==j,-π2/(3*hh2)];

TDM[j ,i ]:=Which[i!=j, (-1)i−j/hh3(6/(i-j)3-π2/(i-j)),i==j,0];

FirstDer=Table[FDM[j, i],{j,1,Nodes},{i,1,Nodes}];
SecondDer=Table[SDM[j, i],{j,1,Nodes},{i,1,Nodes}];
ThirdDer=Table[TDM[j, i],{j,1,Nodes},{i,1,Nodes}]];
(*Nodal Equations*)

Ci’[t]==((-(T1-T0)/(X1-X0))*(Sum[FirstDer[[k,i]]*Ck[t]),

{k,1,Nodes}]*Ci[t]mreact+(-μ(T1-T0)/(X1-X0)3)*

(Sum[ThirdDer[[k,i]]*Ck[t]),{k,1,Nodes}]))/.x→x1i;

EqsSys = Flatten[Table[{NdEq[i], Ci[0] == (φ[x] /. x→ x1i)},
{i, 2, Nodes - 1}]];
NdEqsSys = Join[EqsSys, {C1’[t] ==D[InitBoundData[[1]], t],

C1[0] ==(φ[x]/.x→x11),CNodes’[t] == D[InitBoundData[[3]],t],

CNodes[0] ==φ[x]/.x→x1Nodes)}];
UnKnown = Join[Table[Ci,{i, 1, Nodes}]];
NumSol=NDSolve[NdEqsSys,UnKnown,{t,0,1},MaxSteps→108]

//Flatten;
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(*Solution*)

Which[Type === Sinc, TotSol[x , t ] := Sum[NumSol[[k, 2]][t]*

Sinc[k, x],{k,1,Nodes}], Type === Lagrange,TotSol[x , t ] :=

Sum[NumSol[[k, 2]][t]*Lagr[k, x],{k,1,Nodes}]]
...

FDM, SDM, and TDM are the first, second, and third coefficients
of the space derivative matrices, respectively. FirstDer, SecondDer, and
ThirdDer collect these coefficients in three matrices. This operation is
performed to increase the efficiency of the scientific program. NdEq writes
the generic ordinary differential equation which defines the time evolution of
the value of the variable C in nodal points. The equations are then linked, in
NdEqsSys, to the boundary conditions. Unknown is a table that contains
a list of the unknown variables. Finally, NumSol performs the NDSolve
command that solves the system of ordinary differential equations with
given initial data by using the option of maximum number of time steps
given by MaxSteps.

The following sections provide a detailed description of the scientific
programs used in this book. We show the scope of each program and indicate
how to solve the examples (mathematical problems) reported in the various
chapters of the book.

The reader will not find a detailed description of each specific com-
mand, but only a brief explanation of the general input commands, the
input data, and the output results. In particular, all the variables in the
general command line have to be substituted by numbers or symbolic ex-
pressions, either before whatever calls the Notebook, followed by a semi-
colon (;), or in the calling itself. The meaning of all the variables is then
given in an easily consulted scheme. References are sometimes made to the
sections that give the theoretical basis needed to understand the output
of the program and to other applications of the program already discussed
in the book. A background, although not necessarily deep, on the use of
Mathematica is clearly necessary. Moreover, the reader is encouraged to
put great effort into performing the changes in the programs necessary to
solve the problems proposed in the book.

A.2 Lagrange Interpolation with Chebychev and Equally Spaced
Collocations

The OneDLag.nb notebook has the purpose of showing the differ-
ence between the Chebychev and the equally spaced collocation in the case
of Lagrange interpolation (see Example 2.4.1). The general command is
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OneDLag[function, nodes]

where
function: interpolating function
nodes: number of nodes.

The result is given in the form of a figure where the analytical ex-
pression of the function and its Chebychev and equally spaced collocations
are compared. For example, in the case of the function

u(x) = tanh [5(2x − 1)] +
1
5

sin [5π(2x − 1)]

the list of commands is

{function,nodes}={Tanh[10x-5.]+0.2 Sin[π(10x-5.)],21};
OneDLag[function, nodes]

A.3 Lagrange and Sinc Interpolation in One Space Dimension

The OneDLaSiInt.nb Notebook illustrates a comparison between
the Lagrange and sinc interpolations in the case of a function in one space
variable. The Chebychev collocation is adopted for the Lagrange interpola-
tion, while the program develops an equally spaced collocation for the sinc
interpolation (see Example 2.4.2). The general command is as follows:

OneDLaSiInt[function, nodes]

where
function: interpolating function
nodes: number of nodes.

The result is given in a series of figures, where the analytical form
of the function and its sinc and Lagrange interpolations are compared.
The program also compares the graphics of the first and second derivative
functions using a direct derivation of the sinc and Lagrange polynomials.

The Notebook shows two examples in order to demonstrate the dif-
ferent capabilities of the sinc and Lagrange interpolations:
• Gaussian-like form. The function is

v(x) = exp
[−50(2x− 1)2

]
and the list of commands is
{function,nodes}={Exp[-2(10x-5]2],21};
OneDLaSiInt[function, nodes]
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• Wavy hyperbolic tangent. The function is

v(x) = u(x) = tanh [5(2x− 1)] +
1
5

sin [5π(2x− 1)]

and the list of commands is as follows:

{function,nodes}={Tanh[10x-5.]+0.2 Sin[π(10x-5.)],21};
OneDLaSiInt[function, nodes]

A.4 Error Computation in One Space Dimension

This program (OneDLSerr.nb) performs the computation of the
maximum and mean errors delivered by a sinc and a Lagrange interpola-
tion with an equally spaced and a Chebychev collocation, respectively (see
Example 2.4.3). The points where the error is computed are taken equally
spaced between 0 and 1 with a step denoted by delta.

The program creates a table listing the differences between the analyt-
ical value of the function and interpolation in these points. The maximum
and the mean values of this table are then computed. The Notebook per-
forms the calculation from a minimum number of nodes, MinNodes, to
a maximum number of nodes, MaxNodes. The results are stored in two
arrays: ErrorMax and ErrorMean. The general command is as follows:

OneDLaSiErr[function, nodes, delta]

where

function: interpolating function

nodes: number of nodes

delta: incremental step in the spatial direction.

The Notebook shows two examples in order to demonstrate the dif-
ferent capabilities of the sinc and Lagrange interpolations:

• Gaussian-like form. The function is

v(x) = exp
[−50(2x− 1)2

]

and the list of commands is

{function,MinNodes,MaxNodes,delta} =
{Exp[-2(10x-5]2],2,41,0.001};

For[i = MinNodes,i ≤ MaxNodes,
OneDLaSiErr[function, i, delta];i=i+1];
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• Wavy hyperbolic tangent. The function is

v(x) = u(x) = tanh [5(2x− 1)] +
1
5

sin [5π(2x− 1)]

and the list of commands is

{function,MinNodes,MaxNodes,delta}=
{Tanh[10x-5.]+0.2 Sin[π(10x-5.)],2,41.0.001};

For[i = MinNodes,i ≤ MaxNodes,
OneDLaSiErr[function, i, delta];i=i+1];

A.5 Gaussian Function in Two Space Dimensions

The TwoDLaSiInt.nb Notebook compares Lagrange and sinc inter-
polations in the case of functions of two space variables. The collocation
for the Lagrange interpolation is a Chebychev one while the program per-
forms an equally spaced collocation for the sinc interpolation (see Example
2.4.4). The program allows different numbers of nodes to be dealt with in
the x or y directions. The general command is

TwoDLaSiInt[function, NodesX, NodesY]

where

function: interpolating function

NodesX: number of nodes in the x direction

NodesY: number of nodes in the y direction.

The result is visualized by two figures where the sinc and Lagrange in-
terpolations are represented. The program also plots the graphics of the
differences between the analytical function and the interpolated one.

The Notebook uses, as an example, the Gaussian-type function

w(x, y) = exp
[−25(2x − 1)2 − 25(2y − 1)2

]

and the list of commands is

{function,NodesX,NodesY}={Exp[-25(2x-1]2-25(2y-1]2],15,15};
TwoDLaSiInt[function,NodesX,NodesY]

A.6 Error Computation in Two Space Dimensions

The TwoDLaSiErr.nb program computes the maximum and mean
error given by a sinc and a Lagrange interpolation with an equally spaced
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and a Chebychev collocation, respectively (see Example 2.4.4), in a two-
dimensional space. The points, along the x-axis (respectively the y-axis)
where the error is computed are taken between 0 and 1 with a step of
deltax (respectively deltay).

The program creates a table listing the differences between the analyt-
ical value of the function and its interpolations and computes the maximum
and the mean values of this table. The Notebook performs the calculation
from a minimum number of nodes, MinNodes, to a maximum number of
nodes, MaxNodes, taken to be equal in both directions. The results are
stored in two arrays: ErrorMax and ErrorMean. The general command is

TwoDLaSiErr[function, nodes, deltax, deltay]

where

function: interpolating function
nodes: number of nodes in the x and y directions
deltax: incremental step in the x spatial direction
deltay: incremental step in the y spatial direction.

The Notebook shows, as an example, the error evaluation for the
Gaussian function already used in the previous program

w(x, y) = exp
[−25(2x− 1)2 − 25(2y − 1)2

]
,

and the list of commands is

{function,MinNodes,MaxNodes,deltax,deltay}=
{Exp[-25(2x-1]2-25(2y-1]2],15,15};

For[i = MinNodes,i ≤ MaxNodes,
TwoDLaSiErr[function,i,i,deltax,deltay];i=i+1];

A.7 Solution of the Third-Order KdV Model

The KdVIII.nb Notebook performs the solution of a nonlinear initial
value problem in unbounded domains with special attention devoted to
the solution of the third-order Korteweg–de Vries equation, as stated in
Section 3.3. The model is

∂u

∂t
+ um ∂u

∂x
+ μ

∂3u

∂x3
= 0 ·

The general command is given by

KdVIII[IBData, Nodes, μ, m, Type]
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where

IBData: vector containing the initial and boundary conditions
Nodes: number of nodes
μ, m: two parameters
Type: choice between sinc or Lagrange interpolation functions.

The program performs two examples:

• Solitary wave solution. The initial condition is considered

u0(x) = [A sech2(kx− x0)]1/m ,

where

A = 2μk2 (m+ 1)(m+ 2)
m2

·

The list of commands is as follows:

{T0,T1,X0,X1}={0,40,-30,30};
{Nodes,m,μ,k,x0}={51,1,1.,0.3,0};
{A,ω}={2(m+1)(m+2)(m−2)μk2,4μk3m−2};
InitCond=(A Sech[k((X1-X0)x+X0)-ω(T1-T0)t]2-x0)1/m//.t→ 0;

Bound0Cond=(A Sech[k((X1-X0)x+X0)-ω(T1-T0)t]2-x0)1/m//.x→ 0;

Bound1Cond=(A Sech[k((X1-X0)x+X0)-ω(T1-T0)t]2-x0)1/m//.x→ 1;

IBData={Bound0Cond,InitCond,Bound1Cond};
KdVIII[IBData, Nodes, μ, m, Type]

• Two solitary wave solution. We consider, in this case, the solution

u(t, x) =
2∑

i=1

[
Ai sech2 (kix− ωit− xi)

]1/m

where Ai = 2(m + 1)(m + 2)m−2μk2
i , ωi = 4μk3

im
−2, and ki, xi are real

numbers. The boundary conditions are taken to be identically equal to zero
and the initial condition is

u0(x) =
2∑

i=1

[
Ai sech2 (kix− xi)

]1/m
.

Now the list of commands is given by

{T0,T1,X0,X1}={0,360,-70,70};
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{Nodes,m,μ,k1,k2,x1,x2}={81,2,1.,0.3,0.2,-2,3};
{A1,A2,ω1,ω2}={2(m+1)(m+2)(m−2)μk12,

2(m+1)(m+2)(m−2)μk22,4μk13m−2,4μk23m−2};
InitCond=(A1 Sech[k1((X1-X0)x+X0)-ω1(T1-T0)t-x1]2)1/m+

(A2 Sech[k2((X1-X0)x+X0)-ω2(T1-T0)t-x2]2)1/m//.t→ 0;

Bound0Cond=0

Bound1Cond=0

IBData={Bound0Cond,InitCond,Bound1Cond};
KdVIII[IBData, Nodes, μ, m, Type]

The program also computes the invariants I1, . . . , I5, as reported in
Section 3.3.

A.8 Solution of the Fifth-Order KdV Model
The KdVV.nb Notebook performs the solution of a nonlinear initial

value problem in an unbounded domain and, specifically, the solution of
the fifth-order Korteweg–de Vries equation, as in Section 3.4. The model
is as follows:

∂u

∂t
+ u

∂u

∂x
+
∂3u

∂x3
− ∂5u

∂x5
= 0 ·

The general command is given by

KdVV[IBData, Nodes, Type]

where

IBData: vector containing the initial and boundary conditions
Nodes: number of nodes
Type: choice between sinc or Lagrange interpolation function

The program performs an example relative to the solitary wave solution;
the initial condition is

u0(x) =
105
169

sech4

[
x− x0

2
√

13

]
,

where x0 is a free parameter. The boundary conditions are taken identically
equal to zero. The list of commands is

{T0,T1,X0,X1}={0,100,-30,60};
{Nodes,x0}={61,0};
InitCond= 105

169
Sech[ 1

2
√

13
(((X1-X0)x+X0)-x0-

36
169((T1-T0)t+T0))]

4)//.t→ 0;



176 Generalized Collocation Methods

Bound0Cond=0;

Bound1Cond=0;

IBData={Bound0Cond,InitCond,Bound1Cond};
KdVV[IBData, Nodes, Type]

A.9 Traffic Flow Model (1 Variable) with Dirichlet Boundary
Conditions

The Traffic1.nb Notebook develops the solution method described in
Section 4.2 for the initial-boundary value problem with Dirichlet bound-
ary conditions for the traffic flow (Section 4.3):

∂u

∂t
= (2u− 1)

∂u

∂x
+ ηu2(1 − u)

∂2u

∂x2
+ ηu(2 − 3u)

(
∂u

∂x

)2

.

The general command is given by

Traffic1[IBData, Nodes, η, Type]

where

IBData: the vector containing initial and boundary conditions
Nodes: number of nodes
η: parameter
Type: choice between sinc or Lagrange interpolation function

The program shows one example with Dirichlet boundary conditions.
The list of commands is

{Nodes,η}={11,2.};
InitCond=0.2;

Bound0Cond=0.5-0.3e−t;

Bound1Cond=0.2;

IBData={Bound0Cond,InitCond,Bound1Cond};
Traffic1[IBData, Nodes, η, Lagrange]

A.10 Traffic Flow Model (2 Variables) with Dirichlet Boundary
Conditions

The Traffic2.nb Notebook solves a problem analogous to that dealt
with by the previous program, namely an initial-boundary value problem
with Dirichlet boundary conditions. However, the model now has two de-
pendent variables (u, q). Still referring to Section 4.3, the model under
consideration is defined by
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⎧⎪⎪⎨
⎪⎪⎩

∂u

∂t
= − ∂q

∂x
,

∂q

∂t

[
(1 − 2u) + ηu(2 − 3u)

∂q

∂x

]
∂q

∂x
+ ηu(1 − u)

∂2q

∂x2
·

The general command is given by

Traffic2[IBDataU,IBdataQ, Nodes, η, Type]

where

IBDataU: vector containing the initial and boundary conditions for the
variable u

IBDataQ: vector containing the initial and boundary conditions for the
variable q

Nodes: number of nodes

η: parameter

Type: choice between sinc or Lagrange interpolation function

Note that even when the model does not require boundary conditions for
the u variable, the Notebook is able to include boundary conditions. In this
case, the information is irrelevant (we have put two zeros), but it is very
simple to change the Notebook in order to consider a problem with the
proper boundary conditions.

The program shows the result for Problem 4.3.2, and the list of
commands, in this case, is given by

{Nodes,η}={11,1.};
{InitCondU,InitCondQ}={0.2,0.16};
{Bound0CondU,Bound0CondQ}={0,0.16};
{Bound1CondU,Bound1CondQ}={0,0.16+0.1 Sin[5 t]};
IBDataU={Bound0CondU,InitCondU,Bound1CondU};
IBDataQ={Bound0CondQ,InitCondQ,Bound1CondQ};
Traffic2[IBDataU, IBDataQ, Nodes, η, Lagrange]

A.11 Nonlinear Diffusion Model with Neumann Boundary
Conditions

The DiffNeu.nb Notebook performs the numerical solution of a non-
linear diffusion model with Neumann boundary conditions. We consider the
heat diffusion model, as in Section 4.4 and Problem 4.4.1:
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∂u

∂t
= u(1 − u)

∂2u

∂x2
+ (1 − 2u)

(
∂u

∂x

)2

·

The general command is

DiffNeu[IBDataU, Nodes, Type]

where

IBData: vector containing the initial and boundary conditions

Nodes: number of nodes

Type: choice between sinc or Lagrange interpolation function.

As an example, the Notebook shows the case of natural Neumann
boundary conditions and a biquadratic initial condition. The list of com-
mands is as follows:

Nodes=21;

InitCond=4x2(x-1)2;

Bound0Cond=0;

Bound1Cond=0;

IBData={Bound0Cond,InitCond,Bound1Cond};
DiffNeu[IBData, Nodes, Lagrange]

A.12 Nonlinear Diffusion Model with Robin Boundary Conditions

The DiffRob.nb Notebook shows the numerical solution of a non-
linear diffusion model with Robin boundary conditions. The solution refers
to the heat diffusion model, as in Section 4.4 and Problem 4.4.2:

∂u

∂t
= u(1 − u)

∂2u

∂x2
+ (1 − 2u)

(
∂u

∂x

)2

·

The general command is

DiffRob[IBDataU, Nodes, Type]

where

IBData: vector containing the initial and boundary conditions

Nodes: number of nodes

Type: choice between sinc or Lagrange interpolation function.

As an example, the Notebook illustrates the case of Robin boundary
conditions with a linear combination between the Dirichlet and Neumann
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conditions (where all the constants are taken to be equal to 1) and a bi-
quadratic initial condition. The list of commands is as follows:

Nodes=21;

InitCond=4x2(x-1)2;

{const1,const2,const3,const4}={1,1,1,1};
Bound0Cond=0;

Bound1Cond=0;

IBData={Bound0Cond,InitCond,Bound1Cond};
DiffRob[IBData, Nodes, Lagrange]

A.13 Problems with Known Analytic Solutions

The ConvLaSi.nb Notebook displays the numerical simulation for a
problem with a known analytic solution. It deals specifically with a linear
convection diffusion model with a source term (see Problem 4.5.1). The
model is

∂u

∂t
+
∂u

∂x
=
∂2u

∂x2
+ s(t, x),

where s(t, x) is the source term. The general command is

ConvLaSi[IBDataU, Nodes, Type]

where

IBData: vector containing the initial and boundary conditions
Nodes: number of nodes
Type: choice between sinc or Lagrange interpolation function.

As an example, the Notebook illustrates the case of a linear convection
diffusion model with a source given by

s(t, x) = exp[(1 − x)2 − t][−5 + 2x− 4(1 − x)2] .

The list of commands is as follows:

Nodes=21;

InitCond=Exp[(1-x)2];

Bound0Cond=Exp[(1-t)];

Bound1Cond=Exp[(-t)];

IBData={Bound0Cond,InitCond,Bound1Cond};
ConvLaSi[IBData, Nodes, Lagrange]

ConvLaSi[IBData, Nodes, Sinc]
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A.14 Initial-Boundary Value Problem on a Slab

The SlabTwoDim.nb Notebook deals with the simulation of initial-
boundary value problems in two space dimensions, focused on problems in
a slab geometry, as investigated in Section 5.4. The model is defined by

∂u

∂t
= (1 − 2u)

[(
∂u

∂x

)2

+
(
∂u

∂y

)2
]

+ u(1 − u)
[
∂2u

∂x2
+
∂2u

∂y2

]
.

The general command is

SlabTwoDim[IBDataX,IBDataY,NodesX,NodesY,TypeX,TypeY]

where

IBDataX: vector containing the initial and boundary conditions for the
x-variable

IBDataY: vector containing the initial and boundary conditions for the
y-variable

NodesX: number of nodes in the x direction

NodesY: number of nodes in the y direction

TypeX: choice between sinc or Lagrange interpolation function in
x direction

TypeY: choice between sinc or Lagrange interpolation function in
y direction

The example reported in the Notebook shows the solution with sinc inter-
polation in the x direction and Lagrange interpolation in the y direction.
The list of commands is

{NodesX,NodesY}={31,31};
{CoeffA,CoeffB,LL}={.1,1,40};
conciniz=Exp[-CoeffA*(LL(x-0.5))2];

concBoundX0=0;

concBoundX1=0;

concBoundY0=Exp[-CoeffA*(LL(x - 0.5)2]Exp[-CoeffB*t];

concBoundY1=Exp[-CoeffA*(LL(x - 0.5)2]Exp[-CoeffB*t];

IBDataX={concBoundX0,conciniz,concBoundX1};
IBDataY={concBoundY0,conciniz,concBoundY1};
{TypeX,TypeY}={Sinc,Lagrange};
SlabTwoDim[IBDataX,IBDataY,NodesX,NodesY,TypeX,TypeY]
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A.15 Heat Equation over a Square

The HeatTwoDim.nb Notebook performs the simulation for two-
dimensional diffusion problems over a finite domain (see Section 5.5).
More specifically, the Notebook deals with the following initial-boundary
value problem over a square:

∂u

∂t
=

1
π2

(
∂2u

∂x2
+
∂2u

∂y2

)
.

The general command is

HeatTwoDim[IBDataX,IBDataY,NodesX,NodesY,TypeX,TypeY]

where

IBDataX: vector containing the initial and boundary conditions for the
x-variable

IBDataY: vector containing the initial and boundary conditions for the
y-variable

NodesX: number of nodes in the x direction

NodesY: number of nodes in the y direction

TypeX: choice between sinc or Lagrange interpolation function in the x
direction

TypeY: choice between sinc or Lagrange interpolation function in the y
direction

The example reported in the Notebook shows the numerical solution of
a problem with Dirichlet boundary conditions that admits an analytical
solution. In this way the initial and boundary conditions are given by the
analytical solution. The list of commands is

{NodesX,NodesY}={11,11};
Anal[x ,y ,t ]:=Exp[-t/2]Cos[π(x+y)/2]+Exp[-2t]sin[π(x-y)];

conciniz=Anal[x,y,0];

concBoundX0=Anal[0,y,t];

concBoundX1=Anal[1,y,t];

concBoundY0=Anal[x,0,t];

concBoundY1=Anal[x,1,t];

IBDataX={concBoundX0,conciniz,concBoundX1};
IBDataY={concBoundY0,conciniz,concBoundY1};
{TypeX,TypeY}={Lagrange,Lagrange};
SlabTwoDim[IBDataX,IBDataY,NodesX,NodesY,TypeX,TypeY]
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A.16 Reaction-Diffusion Equations
The EvolPatt.nb Notebook deals with the simulation of an initial-

boundary value problem in two space dimensions with Neumann boundary
conditions, like the one investigated in Section 5.6. The model is

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂u

∂t
= κ(a− u+ u2v) + ε

(
∂2u

∂x2
+
∂2u

∂y2

)
,

∂v

∂t
= κ(b− u2v) +

(
∂2v

∂x2
+
∂2v

∂y2

)
.

The general command is

EvolPatt[BDataUX,BDataVX,BDataUY,BDataVY,IData,
NodesX,NodesY,TypeX,TypeY]

where

BDataUX: vector containing boundary conditions for the u variable in
the x direction
BDataVX: vector containing boundary conditions for the v variable in
the x direction

BDataUY: vector containing boundary conditions for the u variable in
the y direction
BDataVY: vector containing boundary conditions for the v variable in
the y direction
IData: vector containing the initial condition
NodesX: number of nodes in the x direction
NodesY: number of nodes in the y direction
TypeX: choice between sinc or Lagrange interpolation function in the
x direction
TypeY: choice between sinc or Lagrange interpolation function in the
y direction.

The example reported in the Notebook shows the Schnakenberg reaction-
diffusion model with natural Neumann boundary conditions. The list of
commands is

{NodesX,NodesY}={11,11};
{D1,D2,κ,a,b,TT}={0.05,1,100,0.1305,0.7695,2};
concinizV=b/(a+b)2;

concinizU=a+b+10−3Exp[-100((x-1/3)2+(y-1/2)2)];

BDataUX={0, 0};
BDataUY={0, 0};
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BDataVX={0, 0};
BDataVY={0, 0};
IData={concinizU, concinizV};
{TypeX,TypeY}={Lagrange,Lagrange};
EvolPatt[BDataUX,BDataVX,BDataUY,BDataVY,IData,

NodesX,NodesY,TypeX,TypeY]

A.17 Vehicular Traffic Model with Nonlinear Boundary Condi-
tions

The DiffNL.nb Notebook performs the numerical solution of a non-
linear diffusion model with nonlinear boundary conditions. The model is
the vehicular traffic model, like that in Section 6.3, Example 6.3.1,

∂u

∂t
+ (1 − 2u)

∂u

∂x
= ηu2(1 − u)

∂2u

∂x2
+ ηu(2 − 3u)

(
∂u

∂x

)2

and the general command is

DiffNL[IBDataU, Nodes, η, Type]

where

IBData: vector containing the initial and boundary conditions
Nodes: number of nodes
η: parameter
Type: choice between sinc or Lagrange interpolation function.

As an example, the Notebook illustrates the case of nonlinear bound-
ary conditions and a biquadratic initial condition. The list of commands is
given by

{Nodes,η}={21,0.1};
InitCond=4x2(x-1)2;

Bound0Cond=0;

Bound1Cond=0;

IBData={Bound0Cond,InitCond,Bound1Cond};
DiffNL[IBData, Nodes, η, Lagrange]
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